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Abstract

As few stochastic differential equations have explicit solutions, the numerical schemes
are studied to approximate the underlying solution. The fast development in com-
puter science in recent years has made large scale simulations available, then the
numerical analysis for stochastic differential equations has been blooming in past
decades. However, the study on numerical solutions is still far behind the study
on the underlying solutions. This thesis is devoted to mathematically rigorous
investigation on the numerical solutions.

Among all those attractive mysteries in the numerical analysis of stochastic
differential equations, one of the popular problems is that if the numerical so-
lutions can reproduce different properties of the underlying solutions. In thesis,
we present some interesting results on this topic, which includes the asymptotic
moment boundedness, the stationary distribution and the almost sure stability.
The methods considered in this part are two classical methods, the explicit Euler-
Maruyama method and the backward Euler-Maruyama method, and one modified
method, the Euler-Maruyama method with random variable step size, which is
first introduced in this thesis. Another main focus of numerical analysis is the
finite time convergence. Our work on this topic is to modify the explicit Euler-
Maruyama method and investigate the strong convergence (in the L? sense) of
it.

Our investigation first goes to reproduce the asymptotic boundedness in small
moment of the underlying solutions. The explicit Euler-Maruyama method is

shown to be able to achieve this goal if both the drift coefficient and the diffusion
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coefficient are global Lipschitz. But with the global Lipschitz condition on the
drift coefficient violated, a counter example indicates the failure of the explicit
Euler-Maruyama method. A natural replacement, the backward Euler-Maruyama
method, then is considered and successfully reproduce the asymptotic bounded-
ness. In the case of small moment, we are only able to reproduce the boundedness
property qualitatively so far. To answer another close related question that if
we could reproduce the upper bound quantitatively, we strengthen the conditions
and show that for the case of second moment the upper bound of the underlying
solution can be reproduced as well.

As the moment boundedness is key to the existence and uniqueness of the
stationary distribution, we next study this property for the numerical solution.
Since the backward Euler-Maruyama method has better performance than the ex-
plicit Euler-Maruyama method, in this part we only discuss the backward Euler-
Maruyama method. The coefficient related sufficient conditions are given for the
existence and uniqueness of the stationary distribution of the backward Euler-
Maruyama method. Then the numerical stationary distribution is proved to con-
verge to the stationary distribution of the underlying solution as step size vanishes.
These results largely extend the existing works to cover wider range of stochastic
differential equations.

The almost sure stability is one of the hottest topics and many papers have
studied the reproduction of this property by different kinds of classical methods.
Therefore, we seek to study this property by one modified method, the Euler-
Maruyama method with random variable step size. To our best knowledge, this
is the first work to apply the random variable step size to the analysis of the
almost sure stability of the explicit Euler-Maruyama method. One of our key
contributions is that we show that the time variable is a stopping time, which
were ignored by many researchers, and only under this circumstance the rest results
hold. Compare with those fixed step size or nonrandom variable step size methods,

the Euler-Maruyama method with random variable step size is shown to be able
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to reproduce the almost sure stability with much weaker conditions.

As the strong convergence of the classical methods has already been widely
studied and the recent works have shown the good performance of the modified
classical methods, we present our findings in this area by introducing the stopped
Euler method and show the strong convergence of it to the underlying solution
with the rate a half. Briefly, the stopped Euler method is the classical Euler-
Maruyama method equipped with the stopping time technique. The stopping time
is originally employed to preserve the non-negativity of the numerical solution, and
it turns out that the non-negativity in return enables the strong convergence of the
method with the rate arbitrarily close to a half. Compare with the explicit Euler-
Maruyama method, the stopped Euler method can cover some highly non-linear

stochastic differential equations.
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Notation

Q
LP(Q;R)

almost surely, or P-almost surely, or with probability 1.

A is defined by B or A is denoted by B.

A(z) and B(x) are identically equal, i.e. A(x) = B(z) for all x.

the empty set.

the indicator function of a set A, i.e. 14(x) =1 if € A or otherwise 0.

the o-algebra generated by C.

the maximum of a and b.

the minimum of a and b.

the Euclidean norm of a vector .

the transpose of a vector or matrix M.

= /trace(MTM), i.e. the trace norm of a matrix M.
the smallest eigenvalue of a matrix M.

the largest eigenvalue of a matrix M.

the smallest integer larger than a real number x.
the set of all nonnegative real numbers.

the set of all nonnegative integers.

the set of all integers.

the set of all rational numbers.

the family of R"-valued random variables 6 with E|0|” < cc.



LP([a,b];R™) : the family of R"-valued F-adapted processes {f()}a<t<p

b
such that / |f(H)|Pdt < oo.
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Chapter 1

Introduction

All our stories could date back to the year of 1827 when Scottish botanist Robert
Brown observed the irregular motion of pollen grains in water through a micro-
scope, but he was not able to determine the mechanisms that caused it. Decades
after decades, no good explanation was given to this mystery. As time passed a
new century, the paper of Albert Einstein published in 1905 (Einstein, 1905) fi-
nally came up with an explanation that the irregular motion of pollen grains was a
result of being affected by individual water molecules. Since the number of water
molecules is huge and the motion of them is so complicated, Einstein pointed out
that one best way to describe the effects of water molecules on the pollen grain is
statistical mechanics. In 1923, a mathematically rigorous description of Brownian
motion was given by Norbert Wiener (Wiener, 1923). Since then, the study on
stochastic differential modeling started to bloom. However, due to the unbound-
edness of the variation of Brownian motion, the Brownian sample path is nowhere
differentiable and the Lebesgue-Stieltjes integral cannot be defied with respect to
Brownian motion. But this is not the end of the world, as the quadratic varia-
tion of Brownian motion is finite. Motivated by this, the Japanese mathematician
Kiyosi 1t6 firstly defined the stochastic integral (It6, 1944; 1t6, 1946) known as
Ito integral. The corresponding differential equation is called stochastic differen-

tial equations of Ito type. In this thesis, all our studies focus on Ito stochastic
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differential equations (SDEs).

1.1 Motivation

After It0’s fundamental works, SDEs have become more and more important mod-
eling tools in many disciplines, such as biology (Allen, 2007; Frank & Beek, 2001),
physics (Schuss, 1980; Sobczyk, 2001), finance (Platen & Bruti-Liberati, 2010;
Shreve, 2004) and chemistry (Gardiner, 2004; van Kampen, 1981), we just men-
tion a few of them here.

Meanwhile, increasing attention has been paid on different properties of the
solutions of SDEs. This is because, on one hand, One would like to know if the the
dynamic of the SDE model is in line with the phenomenon it is trying to describe,
for example if a population SDE model always has a nonnegative solution. One
the other hand, the studies of SDEs could be standalone interest of mathematics.

Due to that the stochastic term plays an important role in the behaviour of the
solution, the dynamic of the SDE could be so different from that of the counterpart
ODE. For example, given an ODE whose solution is explosive as time tends to
infinity, we can add a stochastic part of certain type on it and make the new SDE
system stable to the trivial solution as time advances. This is called stochastic
stabilization (Mao, 2008).

Many works have been done on the solutions of SDEs, such as existence and
uniqueness, positivity, stability, boundedness, stationary distribution and hitting
time, we just mention some of them here (Arnold, 1974; Khasminskii, 2012; Mao
& Yuan, 2006; Mao, 2008; Oksendal, 2003) and the references therein.

Although many theories have been built on the existence and uniqueness of
the solutions of SDEs, only a few SDEs can be solved explicitly. Therefore, in
most practical problems we need to demonstrate the behaviour of the solutions
numerically. Thanks to the fast development in the scientific computing technolo-

gies in recent years, the large scale computing simulations have become available.
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Then one obviously interesting question is if the numerical solution approximates
the underlying solution correctly. There already exist plenty of excellent works on
numerical analysis for SDEs, which mainly focus on finite time (strong and weak)
convergence, positivity, stability, numerical stationary distribution and bounded-
ness. We mention some of the works here (Higham et al., 2002; Higham et al.,
2007; Hu, 1996; Kloeden & Platen, 1992; Milstein, 1995; Milstein & Tretyakov,
2004) and the references therein. However, the study of numerical solutions is still
far behind the study of underlying solutions. Due to the discontinuous nature of
the numerical solutions, some essential techniques that works well on the under-
lying solutions can not be adapted to the numerical solution. Thus, alternatives
need to be found and there are many gaps needing to be filled up in the study of
numerical methods for SDEs.

This thesis contributes to finding the proper numerical methods to repro-
duce three asymptotic properties of the underlying solutions: asymptotic moment
boundedness, stationary distribution and almost sure stability. We also do some
works on the finite time strong convergence, in which the classical Euler-Maruyama
method is modified by embedding with a stopping time and the modified method

can cover larger range of SDEs.

1.2 Structure of This Thesis

In general, the next six chapters can be divided into three parts: Chapter 2 is
devoted to the brief introductions to stochastic process, stochastic differential
equations and related mathematical preliminaries which will be used in following
chapters; Chapters 3, 4, 5 and 6 contain the main results of this thesis; Chapter 7
concludes this thesis and states some potential future research.

Chapter 3 studies one important asymptotic property of numerical solutions,
the asymptotic boundedness. We first discuss a group of SDEs with the linear

growth condition and reproduce the asymptotic boundedness in small moment us-
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ing the Euler-Maruyama (EM) method. As the linear growth condition is violated,
the EM method does not function well any more. Then we move to the backward
Euler-Maruyama method and successfully reproduce the asymptotic boundedness
in small moment under the one-sided Lipschitz condition. At last, by strengthen-
ing some conditions, we can reproduce not only the asymptotic boundedness of the
underlying solution but also the upper bound accurately for the second moment.

In Chapter 4, we first investigate the existence of stationary distributions of
numerical solutions. Then we study the convergence of the numerical stationary
distribution to the stationary distribution of the underlying solution. The pur-
pose of it is to avoid solving the nontrivial Kolmogorov-Fokker-Planck equations
to find the stationary distribution of the underlying SDEs. In addition, as the
Kolmogorov-Fokker-Planck equations can be regarded as connections between so-
lutions of stochastic differential equations and deterministic differential equations,
the numerical stationary distributions could also be used as numerical solutions to
certain type of deterministic differential equations. It should be mentioned that
the moment boundedness property studied and those techniques used in Chapter
3 are essential to the proofs of this chapter.

The step size of all the numerical methods discussed in Chapters 3 and 4 is
constant. In Chapter 5, we introduce the random variable step size and embed
it with the EM method to study the almost sure stability. Most previous works
on the almost sure stability of numerical methods focused on the constant step
size, and only a few of them looked at the nonrandom variable step size. To our
best knowledge, this is the first work to apply the random variable step size to
the analysis of the almost sure stability of the EM method. The key contribution
of this chapter is that we prove the time variable is a stopping time and this
observation is crucial to other proofs. As the payoff of using the EM method with
random step size, the conditions for almost sure stability is largely released.

In Chapter 6, we continue to modify the classical EM method and study the fi-

nite time strong convergence of the modified method. As the classical EM has been



CHAPTER 1: INTRODUCTION 5

proved to fail to work on some highly nonlinear SDEs, the classical EM method
equipped with a stopping time is introduced in this chapter. The stopping time
technique is employed to prevent the numerical solution from becoming negative.
In return, this nonnegative numerical solution converges strongly (namely in the
L? sense) to the underlying solution. In addition, we are able to prove the strong
convergence rate is arbitrarily close to a half. Some Numerical simulations are
conducted and the observations are in line with the theoretical results.

Each of those four main chapters has its only introduction section, in which
more detailed literature review is given. The preliminary sections in those chapters
specify the related notations, numerical methods, lemmas and theorems that are

used in corresponding chapters.



Chapter 2

Mathematical Preliminaries

2.1 Random Variable, Stochastic Process and Mar-
tingale

For an experiment with uncertain outcomes, let {2 be the set of all the possible
outcomes. The element of €2 is denoted by w. Those subsets of €2, that are of
interest, are grouped together to form a family, F, of subsets of Q2. A family F

possessing the following three properties is called a o-algebra:

e ) e F,
e Sc F= 8¢ F,
° {Si}i21CF:>UZQi15iEJT",

where () denotes the empty set and S¢ denotes the complement of S in Q. Then
the pair (€2, F) is called a measurable space, and the element of F is called a
F-measurable set.

A probability measure P on a measurable space (€2, F) is a function: F — [0, 1]

such that

e P(Q) =1,
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e for any disjoint sequence {S;};>1 C F, P(U,S;) = > .2, P(S).

Then the triple (£2, F,P) is called a probability space.

Define x to be a real-valued function on €2, and it is said to be F-measurable if
{w:z(w)<c}eF forallceR.

This function x is called a F-measurable real-valued random variable as well. An
R™-valued function, z(w) = (z1(w), x2(w), ..., z,(w)), is said to be a F-measurable
R"-valued random variable if all the entries, {z;(w)}iz12,.. n, are F-measurable
real-valued random variables.

A filtration is a collection, {F;}+>¢, of increasing sub-o-algebra of F, i.e. F; C
F; C Fforall 0 < s <t < oo The filtration is said to be right continuous, if
Fs = MissFy for all s > 0.

Throughout this thesis, unless specified otherwise, let (2, F,{F;}i>0,P) be a
complete probability space with a filtration {F;}+>0, which is increasing and right
continuous, with Fy containing all P-null sets. We also define F, as the o-algebra
generated by U;>oF;.

A collection of R™-valued random variables, {x;}>0, is called a stochastic pro-
cess. The index t is considered to be time on [0, c0) for a convenient interpretation
in this thesis. For each fixed ¢t € [0, 00), we have a random variable z;(w) € R™.
On the other hand, for each fixed w € ), we have a function of ¢, z;(w) € R",
which is called a sample path of the process.

An R"™-valued stochastic process {z;};>¢ is said to be cadlag if it is right con-
tinuous and for almost all w € €2 the left limit lim,_,; x5(w) exists and is finite for
all t > 0. It is said to be adapted if for every t, x; is F;-measurable. It is said to
be progressively measurable if for every T > 0, {x;}o<t<r regarded as a function
of (t,w) from [0,T] x Q to R™ is B([0,T]) x Fr-measurable, where B([0,T]) is the
family of all Borel sub-sets of [0, 7.

In this thesis, we discuss both that the distribution of the numerical solution

approximates the underlying distribution of the random variable z;(w) as t — oo,
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and that the numerical solution approximates the underlying sample path.

A random variable 7 : Q — [0,00] is called an {F;}-stopping time, if {w :
T(w) < t} € F; for any t > 0. Stopping time is essential for this thesis and we
quote the following useful theorems. We refer the readers to Section 1.3 of (Mao,

2008) for more details.

Theorem 2.1.1 If {x;:}1>0 is a progressively measurable process and T is a stop-
ping time, then ;1. 1S Fr-measurable. In particular, if T is finite, then x, is

Fr-measurable.

Theorem 2.1.2 Let {z:}:>0 be an R"-valued cadlag {F;}-adapted process, and D

be an open subset of R™. Define
T=inf{t >0: 2, & D},

where inf () = 0o is used for the convention. Then T is an {F;}-stopping time, and

1s called the first exit time from D.

Conditional expectation plays an important role in this thesis, therefore we
quote the following general concept of conditional expectation. Let x € L'(€;R),
and G C F be a sub-cg-algebra of F. So (£2,G) is a measurable space. In general,
x is not G-measurable. We now seek an integrable G-measurable random variable
y such that it has the same value as x on the average in the sense that

E(lgy) = E(1gx) i.e. /Gy(w)d]P’(w) = /Gx(w)dIP’(w) for all G € G.

By the Radon-Nikodym theorem, there exists a unique y a.s. It is called the

conditional expectation of x under the condition G, and we denote it by
y = E(z|G). (2.1)

If G is the o-algebra generated by random variable y, define the o-algebra generated
by y by o(y), we write

E(z|G) = E(z]o(y)) = Ey(2).
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Some important properties of the conditional expectation we need in this thesis
are listed as follows

o E(E(z|9)) = E(z);

e z>0as = E(z|G) > 0;

o E(z|G) = z, if = is G-measurable;

e 1 is G-measurable = E(zy|G) = zE(y|G), particularly, x,y are independent
= E(E(2|G)y|G) = E(z|G)E(y[F);

o G C Gy CF=E(E(2]|G,)|G1) = E(x|G1).

The concept of martingale states that the best estimate of the expectation of future
status given all the history information is the current status. Using the concept
of the conditional expectation, formally an R"-valued {F;}-adapted integrable
process {M;};>¢ is called a martingale with respect to {F;} if

E(M|Fs) = My as. forall 0 <s <t < oo. (2.2)

If 2 = {x;:}+>0 is a progressively measurable process and 7 is a stopping time, then
7 = {Z-at}e>0 18 called a stopped process of x. The following is the well-known

Doob martingale stopping theorem.

Theorem 2.1.3 Let {M;};>0 be an R"-valued martingale with respect to {F;},

and T, p be two finite stopping times. Then
E(M;|F,) = M:p, a.s.

Particularly, if T is a stopping time, then
E(Mpi|Fs) = Mops  a.s.

holds for all 0 < s <t < oo. That is, the stopped process M™ = {M_p;} is still a

martingale with respect to the same filtration {F;}.
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If the equality in (2.2) is replaced by inequality, we have the two new concepts.
A real-valued {F;}-adapted integrable process { M, };>¢ is called a supermartin-
gale, if
E(M|Fs) < Mg as. forall 0 <s <t < 0.

And it is called a submartingale, if
E(M|Fs) > My as. forall 0 <s <t < oo.

In addition, a right continuous adapted process M = {M;};>¢ is called a local
martingale, if there exists a nondecreasing sequence {7 }r>1 of stopping times
with 7, — oo a.s. (when k — o0) such that every { M, rs — My }+>0 is a martingale.
By Theorem 2.1.3 it can be seen that every martingale is a local martingale, but
the converse statement is not always true.

The following semi-martingale convergence theorem plays a key role in the

stability analysis of this thesis.

Theorem 2.1.4 Let {A;}i>0 and {Bi}i>0 be two continuous adapted increasing
precesses with Ag = By = 0 a.s. Let {M;}1>0 be a real-valued continuous local
martingale with My = 0 a.s. Le £ be a nonnegative Fo-measurable random variable.
Define

Xi=¢(+A — B+ M, fort>0.

If X, is nonnegative, then
{lim A< oo} C {lim X, exists and is ﬁnite} N {lim B, < oo} a.s.
t—00 t—o00 t—00

where D C G a.s. means P(D N G®) = 0. Particularly, if lim; ., Ay < o0 a.s.,

then for almost all w € Q)

tlim Xi(w) ezists and is finite, and tlim Bi(w) < 0.
— 00 — 00

The next two theorems are often used in the proofs in the this thesis without

explicitly referring.
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Theorem 2.1.5 Monotonic convergence theorem If {x;} is an increasing

sequence of nonnegative random variables, then
lim Exz, = E (hm (Ek> .
k—o00 k—o00

Theorem 2.1.6 Dominated convergence theorem Letp < 1, {z}} C LP(C;R")
and y € LP(S;R). Assume that |zx| <y a.s. and {xy} converges to x in probabil-

ity. Then x € LP(Q;R), {xr} converges to x in LP, and

lim Ez;, = Ex.
k—o0

We end up this section by quoting the well-known Borel-Cantelli lemma.
Lemma 2.1.7 Borel-Cantelli’s lemma

o If{A} C F and ) ;- P(Ax) < 00, then
P (lim sup Ak> = 0.
k—o0
That is, there ezists a set Qo € F with P(Qy) = 1 and an integer-valued
random variable ko such that for every w € Qo we have w & Ay whenever

k> ko(w).

o If the sequence {Ay} C F is independent and Y - P(Ay) = oo, then

P (lim sup Ak> =1

k—o0
That is, there exists a set Qy € F with P(y) = 1 such that for every w € Qy,

there exists a sub-sequence {Ag,} such that the w belongs to every Ay, .

2.2 Brownian Motion and Stochastic Integrals

Brownian motion depicts the random movement of pollen grains suspended in wa-
ter, which was initially observed by the Scottish botanist Robert Brown through a

microscope. And the rigorous mathematical explanation is due to Norbert Wiener.
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Let (2, F,P) be a probability space with a filtration {F; }+>0. A one-dimensional
Brownian motion is a real-valued continuous {F;}-adapted process {B;}i>o pos-

sessing the following three properties:
e By=0as,;

e for 0 < s <t < oo, the increment B; — By is normally distributed with mean

0 and variance t — s;
o for 0 < s <t < oo, the increment B; — B, is independent of F;.

A n-dimensional process {B; = (B}, ..., B/") };>o is called a n-dimensional Brown-
ian motion, if, for every i, { B/} is a one-dimensional Brownian motion and {B}},
..., {B"} are independent. The one-dimensional Brownian motion has many prop-
erties (similar properties hold for n-dimensional Brownian motion), we summarise
some of them that are useful in this thesis and refer the readers to (Revuz & Yor,

1999) for more details:

e {B,} is a continuous square-integrable martingale and its quadratic variation

is (B, B); =t for all t > 0;
e The strong law of large numbers indicates that lim; ,., B;/t = 0 a.s.;

e For almost every w € Q, the Brownian sample path B;(w) is nowhere differ-

entiable.

Due to the last property, the integral with respect to the Brownian motion can not

be defined in the ordinary way. Kiyosi Ito0 firstly defined the stochastic integral

(Ito, 1944; Tto, 1946)
b
/ f(t)dB,

with respect to a Brownian motion. Let (€2, F,P) be a complete probability space
with a filtration {F;}i>o satisfying the usual conditions. Let {B;};>o be a one-
dimensional Brownian motion defined on the probability space adapted to the

filtration.
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Definition 2.2.1 Let 0 < a < b < oo. Denote by M?([a,b];R) the space of all

real-valued measurable {F;}-adapted processes f = {f(t)}a<i<p Such that

b
12, =E / F(O)dt < oo.

Briefly speaking, to define the It6 integral f ’ f(t)dBy, firstly we define the integral
f g(t)dB, for a class of simple processes g = {g(t) }a<t<p- Then we show that each
f € M?*([a,b];R) can be approximated by such simple processes g. Finally, we
define the limit of f g(t)dB; as the integral f f(t)dB;.

There are other ways to define the stochastic integral, for example the Stratonovich
integral (Stratonovich, 1966). One of the important difference between the It6 in-
tegral and the Stratonovich integral is that the former one is a martingale but the
later one is not. In this thesis, we focus on the [to integral.

The Ito stochastic integral has many sound properties, we list some of them as
follows. Let f,g € M?([0,T];R), a,b be two real numbers with 0 < a < b < T,

and 7, p be two stopping times such that 0 <7 < p < T as.
. fabf(t)dBt is Fp-measurable;
E(f) f(1)dBIF,) =0
E(] [y f<t>dBt}2|fa) —E ([} SO = [VE(S@)PIF.)dt

E([° f(t)dB:|F;) =

E(]f f<t>dBt>2\fT) = E (7 |f(O)dt] 7).

To define the multi-dimensional It6 stochastic integral, let f € M([0,T];R™*™)
and {B; = (B}, ..., B™) }+>0 be an m-dimensional Brownian motion, the n-dimensional
stochastic integral fo s)d By is a n-column-vector-valued process whose ith com-
ponent is y " =1 fo fij(s)dBZ. Similar properties like those listed above hold for the

multi-dimensional Ito stochastic integral as well.
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2.3 Stochastic Differential Equations

This section is devoted to the basic concept of stochastic differential equations
(SDEs) and the corresponding stochastic version of the chain rule for It6, which
is known as Ito formula.

Let (©, F,P) be the complete probability space with a filtration {F;};>¢ sat-
isfying the usual conditions. Let B(t) = (Bi(f), ..., Bi(t)) be an m-dimensional
Brownian motion defined on the space. Let zy be an Fy-measurable R"-valued
random variable such that E|zg|> < co. For any T > 0, let f : R" x [0,7] — R"
and g : R x [0,T] — R™™ be both Borel measurable. Without loss of generality,
we set the starting time ¢y = 0. The n-dimensional stochastic differential equation

of Ito type is defined as
dx(t) = f(x(t))dt + g(z(t))dB;(t), te€[0,T], (2.3)

with initial value 2(0) = . In this thesis, we call f(x(t)) the drift coefficient and
g(x(t)) the diffusion coefficient. This SDE is equivalent to the following stochastic

integral equation:

z(t) = xo +/0 f(z(s))ds —l—/o g(x(s))dB(s) fort e [0,T)]. (2.4)

The SDE (2.3) is the main equation that we focus on in this thesis, there may be
slight changes in the notations in each of the following chapters. We first give the

definition of the solution.

Definition 2.3.1 An R™-valued stochastic process {z(t) }o<i<r is called a solution

of SDE (2.83), if it possesses the following properties:
o {x(t)} is continuous and F;-adapted;
o {f(z(t)} € L([0,T|:R") and {g(x(t))} € L2([0, T;R™™);

e the stochastic integral equation (2.4) holds for everyt € [0,T] with probability
1.
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A solution {x(t) }o<i<r to (2.3) is said to be unique if any other solution {Z(t) }o<i<r

is indistinguishable from {z(t) }o<i<r, i.e.
P(x(t) =xz(t) foral 0 <t <T) = 1.

Next, we quote two theorems on the existence and uniqueness of the solutions.

The conditions in the first one are coefficients related.

Theorem 2.3.2 Assume that there exist two positive constants K = K(R) and
K such that

Local Lipschitz condition for all z,y € R" with |z|V |y| < R
[f(2) = FW)I* VIg(x) — g()* < K(R)|x —yI*
Linear growth condition for all x € R"

[f(@)*V g(@)* < K(1+ |2]).

Then there exists a unique solution x(t) to SDE (2.3) and the solution belongs to
M2([0, T]; R™).

Before presenting a more general theorem, we state the multi-dimensional Ito

formula.

Theorem 2.3.3 Let z(t) be a n-dimensional Ité process ont > 0 with the stochas-
tic differential equation (2.3), here f € LY(Ry;R™) and g € L2(Ry; R™™). Let
V(z(t),t) € C*(R" x Ry;R), which is twice continuously differentiable with re-
spect to x and continuously differentiable with respect to t. Then V(x(t),t) is also

an Ito process with the stochastic differential equation given by

R e )

0%V (x(t),t) oV (x(t),t)
ox? ox

+ %trace(gT(x(t)) g(2(0)] dt + o(x(t))dB(?).
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Let S, = {z € R": |z| < h}. For 0 < h < oo, let V(x,t) € C*1(Sy, x Ry;Ry).
Define the differential operator L associate with SDE (2.3) by

+Zfz Do 12_1[g<x<t>>gT<x<t>>]i,j%a%-

If L acts on a function V € C*1(S), x R, ; R, ), by Ito formula we see that

OV (z(t), 1)

AV (a(t),t) = LV ((t), )t + ==

g(x(t))dB(t).

The second theorem on the existence and uniqueness of the solution of (2.3) is in

a certain sense “the best possible”.

Theorem 2.3.4 Suppose that the local Lipschitz condition holds, moreover, that
there exists a nonnegative function V€ C%*1(S, x Ry;Ry) such that for some

constant ¢ > 0

LV < cV,

Vg = inf V(z,t) > 00 as R — oc.
|z|>R

Then there exists a unique solution x(t) to SDE (2.3) and the solution belongs to
M2([0, T]; R™).

In general, the Markov property means that given a Markov process, the past and
future are independent when the present is known. Mathematically, denote the
o-algebra generated by o{z(t) : 0 < r < s} by Fs. A n-dimensional F;-adapted
process {z(t)}i>o is called a Markov process, if the following Markov property is

satisfied: for all 0 < s <t < oo and A € B",
P(x(t) € A|Fs) = P(z(t) € Alz(s)).

There are several equivalent formulations of the Markov property, for example for

any bounded Borel measurable function ¢ : R* — R and 0 < s <t < o0,

E(p(x(t)Fs) = E(o(z(t))[x(s))-
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We can also rewrite it as

E(o(z(t)1Fs) = Bags),s(0(x(t)))-

The transition probability of the Markov process is a function P(z(s), s; A,t), de-

fined on 0 < s <t < o0, 2(s) € R" and A € B", with the following properties

For every 0 < s <t < oo and A € B,

P(z(s),s; A, t) = P(x(t) € Alz(s));

P(x(s), s; -, t) is a probability measure on B™ for every 0 < s < ¢t < oo and

z(s) € R™;

P(-,s; A, t) is Borel measurable for every 0 < s <t < oo and A € B";

The Chapman-Kolmogorov equation

n

Plo(s). 5 40) = [ Blyri A 0B(a(s).sidy.r)
holds for any 0 < s <r <t < 00, z(s) € R" and A € R".

If the constant time is replaced by a stopping time, we have the concept of strong
Markov property. A n-dimensional process {z(t)};>0 is called a strong Markov
process, if the following strong Markov property is satisfied: for any bounded

Borel measurable function ¢ : R® — R, any finite J;-stopping time 7 and ¢ > 0,
E(o(x(r + 1)1 F7) = E((x(r +1))[x(7)).

It can also be written as
E(¢(z( + 1) F7) = Boirr (o(2(7 + 1))).

In general, a Markov process is not a strong one. Then conditions that guarantee

that a Markov process possesses the strong Markov property are right continuity of
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the sample paths and the Feller property. If, for any bounded continuous function

¢ : R" — R, the mapping

(x(s),8) = [ o(y)P(x(x),s:dy, s+ A)

RTL
is continuous, for any fixed A > 0, we say that the transition probability (or the
corresponding Markov process) satisfies the Feller property.

Next, we quote a theorem about the Markov property of the solutions of SDEs.

Theorem 2.3.5 Let x(t) be a solution of the SDE (2.3), whose coefficients satisfy
the conditions of the existence and uniqueness theorem. Then x(t) is a Markov

process whose transition probability is defined by
P(xs,s;A,t) = P(z,, s(t) € A),
where ., 5(t) is the solution of the equation

Tp,s(t) = o5 + / [, s(r))dr + / 9(24, 5(r)dB(r) ont>s.

For the strong Markov property of the solution, we need to strengthen the condi-

tions. We quote one of the classical results as follows.

Theorem 2.3.6 Let x(t) be a solution of the Ito SDE (2.3). Assume the coeffi-
cients satisfy the global Lipschitz condition that there exists a positive constant

K such that
|f(z) = fFW)PP Vg(x) — g(y)? < K|z —yf?

for all z,y € R™. Then x(t) is strong Markov process.

It is clear that the global Lipschitz condition can indicate the linear growth con-

dition.

2.4 Useful Inequalities

Inequalities play a key role in many proofs in this thesis. Therefore, this section

serves as an arsenal of inequalities that will be used in this thesis.
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We start from the simplest one that for any x,y € R
2ab < a® + b?,
which indicates a more flexible one that for any a,b € R and any ¢ > 0
2 Lo
2ab < ea” + -b".
€
Young’s inequality states that for any a,b € R and any € € [0, 1]
jal[p| =) < efal + (1 = )|bl.

Holder’s inequality that if p > 1, 1/p+1/¢ = 1, x and y are R"-valued random

variables with E|z|? < oo and E|y|? < oo then
[E(z"y)| < (El2]?)/?(Ely|")"/,

is frequently used in the study on finite time strong convergence. The next in-

equality will be used in the estimate of the difference of polynomials
la? — | < pla — bl(aPt +0P7h)

for any a,b > 0 and p > 1.
The Gronwall-type inequality has been widely applied in the theory of stochas-
tic differential equations to prove the results on existence, uniqueness, boundedness

and stability.

Theorem 2.4.1 Gronwall’s inequality LetT > 0 andc > 0. Let u(-) be a Borel
measurable bounded non-negative function on [0,T], and let v(-) be a non-negative

integral function on [0,T]. If
¢
u(t) <c —|—/ v(s)u(s)ds for all0 <t <T,
0

then
t
u(t) < cexp (/ U(s)ds) forall0 <t <T.
0
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The discrete inequality of Gronwall type has been broadly used in the numerical
analysis for SDEs.

Theorem 2.4.2 Discrete Gronwall’s inequality Let M be a positive integer.

Let ug and vy, be non-negative numbers for k =0,1,..., M. If

k—1
up < ug + Zvjuj, Vk=1,2,...,M,
§=0
then
k—1
ur < Ug exp (Zvj> , Vk=1,2,....M.
§=0

Chebyshev’s inequality that if ¢ > 0, p > 0 and E|z|? < co then
P(lz| > ¢) < ¢ PE[z]?,

is often used in this thesis to relate properties in probability with properties in
moment.

Some moment inequalities are presented below. Let B(t) = (By(t), ..., B (1)),
t > 0 be an m-dimensional Brownian motion defined on the complete probability

space (2, F, Fi, P).

Theorem 2.4.3 Let p > 2. Let g € M*([0, T); R™ ™) such that

T
IE/ lg(s)[Pds < 0.
0

Then

E|[ " y(saB(s)| < (@) ‘rE / " lo(s)lPds.

In particular, for p = 2, the equality holds.

Theorem 2.4.4 Under the same assumptions as previous theorem,

e g(s)dB(s) ) < (327) Cr / g(s)lPds.

0<t<T
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Theorem 2.4.5 Burkholder-Davis-Gundy inequality Let g € L*(R,; R™™).
Define, fort >0,

x(t):/og(s)dB(s) and A(t):/o lg(s)|ds.

Then for every p > 0, there exist universal positive constants c,,C, dependent only

on p, such that

SEAWIE <E (s (o)) < GEIAWE

0<s<t

for all t > 0. Particularly, one may take

cp = (p/2), Cp = (32/p)p/2 if 0 <p<2;
cp =1, C,=4 ifp=2;

o= (2p)"%  Cp=("T 20— 1P ifp>2.

Theorem 2.4.6 Exponential martingale inequality Let g = (g1,...,9m) €
L2(R;RY™™) and let T, o, B be any positive numbers. Then

P (s [ [ oe1me) -5 [atras) > 5) <

2.5 Some Definitions

Definitions of different properties of both SDEs and numerical solutions are stated

in this section.

Definition 2.5.1 The trivial solution of SDE (2.3) is said to be almost surely
stable if
lim |z(f)| =0 a.s.

t—o00

for all zy € R™. Particularly, if the rate of the stability is exponential, then

1
lim sup n log|z(t)] <0 a.s.

t—o00

for all xy € R™.
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Definition 2.5.2 The trivial solution of SDE (2.3) is said to be pth moment sta-
ble, if
lim E|z(t)[? =0

t—o00

for all xy € R™. Particularly, if the rate is exponential, then there is a pair of

positive constants A and C' such that
Elz(t)[P < ClzolPe™  ont >0,
for all xy € R™.

In the case that p = 2, we call it mean square stability. When p is positive but far

less than 1, we call it stability in small moment.

Definition 2.5.3 Let p > 0. The solution of SDE (2.3) is said to be asymptoti-

cally bounded in pth moment if there is a positive constant C' such that

limsup E|z(t)]P < C

t—00

for all zy € R™.

When p = 2, we say it the asymptotic boundedness in mean square. And if p is

far less than 1, we call it the asymptotic boundedness in small moment.

Now we present the corresponding definitions for numerical solutions. Denote
the numerical solution to SDE (2.3) by {Xj}k—o1,. (Here we just use it as a
symbol, and will specify in corresponding chapters that which method the solution

is derived from). Also we denote the step size by At.

Definition 2.5.4 For all Xy = z9 € R™, the numerical solution { X3} is said to

be stable almost surely with respect to the trivial solution if
lim [ X =0 a.s.
k—o0

In addition, if the rate of the stability is exponential, then

1
limsup — log | X| <0 a.s.
IHOOP AL g | Xkl

for all Xo = xy € R™.
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Definition 2.5.5 For all Xy = oy € R", the numerical solution {Xy} is said to

be pth moment stable with respect to the trivial solution if
k—o0

In addition, if the rate of the stability is exponential, then there is a pair of positive

constants A and C such that
E|Xi|P < C|XolPe ™A onk=1,2,...
for all Xo = xy € R™.

Definition 2.5.6 Let p > 0. The numerical solution {X;} is said to be asymp-

totically bounded in pth moment if there exists a positive constants C' such that

limsup E| X [P < C

k—o00

for all Xo = x¢ € R™.



Chapter 3

Asymptotic Moment
Boundedness of Numerical

Solutions

3.1 Introduction

Asymptotic properties of the solutions of SDEs have been widely studied in the
past decades, particularly the stability theory has been attracting lots of attention
(see for example, (Mao, 2008) and the references therein).

Due to the difficulty to find the explicit solutions to SDEs, different types of
numerical methods have been introduced to approximate the underlying solutions
(see, for example, (Hutzenthaler & Jentzen, 2012), (Kloeden & Platen, 1992),
(Milstein & Tretyakov, 2004)). Thus the study of the stability of the numerical
methods has naturally bloomed in recent years. We mention (Higham, 2000),
(Saito & Mitsui, 1996) and (Schurz, 1997) here, as they are among those papers
with original ideas. More recent works investigate the stability for different types
of SDEs and different sorts of numerical methods, such as (Buckwar & Kelly,
2010; Burrage & Tian, 2000; De la Cruz Cancino et al., 2010; Higham et al., 2007,

24
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Komori, 2008; Mitsui & Saito, 2007; Rodkina & Schurz, 2005; Schurz, 2005; Wu
et al., 2010) and the references therein. We also mention some works on stochastic
difference equations (Appleby & Rodkina, 2009; Appleby et al., 2009) as they are
naturally related to discrete numerical solutions.

Another important asymptotic property of the SDE solutions, the asymptotic

boundedness, has its own right. Unlike the stability property that requires the
solutions be attracted by an equilibrium state, the boundedness property only
requires the solutions stay within certain regime as time tends to infinity (Mao
& Yuan, 2006). Works on the boundedness of the underlying SDE solutions can
be found, such as (Luo et al., 2011; Mao & Yuan, 2006; Schurz, 2007; Xing &
Peng, 2012) and their references therein. But there are few papers investigating
the asymptotic boundedness of the numerical solutions.
The main purpose of this chapter is to investigate the asymptotic moment bound-
edness of two classical numerical methods. We focus on two types of moment,
small moment (i.e. pth moment with p much smaller than 1) and second moment.
For the case of small moment, they do have some applications. For instance the
stochastic permanence studied in stochastic population model, see for example (Li
et al., 2011), in which the probability of the solution larger than some constant
can be estimated by the small moment together with Markov’s inequality. The
case of second moment is widely studied for many different asymptotic properties.
In this chapter, we find that compare with the case of small moment stronger con-
ditions are required in second moment but better results could be obtained (see
Section 3.5 for details). In addition, thanks to Hélder’s inequality the asymptotic
pth moment boundedness for 1 < p < 2 could be implied by the second moment
boundedness.

Our key aim in this chapter is to answer the question: given that the solution
of the underlying Ito type SDE is asymptotically bounded in moment, is there any
numerical method that could preserve the boundedness property?

Due to the techniques used to deal with the small moment are much more
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complicated than those for the second moment, the majority of the chapter is
devoted to the case of small moment. This chapter is constructed as follows. We
briefly introduce the two classical numerical methods in Section 3.2. The main
results of the small moment are developed in Sections 3.3 and 3.4. In each of
these two sections we first present the results for the underlying true solution, the
relative results for the numerical solution then follow. Section 3.3 is devoted to
the asymptotic boundedness of the EM method under the linear growth condition,
and Section 3.4 discusses the backward EM method applied to a set of SDEs on
which the EM method fails to work. Section 3.5 discusses the results for the case
of second moment. The last section summarizes the chapter and discusses some

possible future research.

3.2 Mathematical Preliminaries

Throughout this chapter, we let (2, F, {F;}i>0,P) be a complete probability space
with a filtration {F; };>¢ which is increasing and right continuous, with F, contain-
ing all P-null sets. Let B(t) = (Bi(t),..., Bn(t)) be an m-dimensional Brownian
motion defined on the probability space. The inner product of x, y in R™ is denoted

by (x,y). In this chapter, we consider the n-dimensional I1t6 SDE
dx(t) = f(x(t))dt + Zgi(x(t))dBi(t), t>0, z(0)eR™ (3.1)
i=1

We assume that f, g1, ...,gm: R"™ — R™ are smooth enough for the SDE (3.1) to
have a unique global solution on [0, c0) (see, for example, (Mao, 2008)).

Let us recall the two numerical methods we will use below. The reader is
referred to (Kloeden & Platen, 1992) and (Milstein & Tretyakov, 2004) for more
details on the numerical methods. The Euler-Maruyama (EM) method applied to
(3.1) is defined by

Yigr =Y+ f(YR) AL+ g:(Yi)ABiy, Yo = 2(0), (3.2)

=1
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for k = 0,1, ..., where At is the timestep and AB;, = B;((k + 1)At) — B;(kAt) is
the Brownian increment.

The backward EM method (or the drift implicit EM method) is defined by

Yier =Y+ f(Yir1) At + Z 9i(Ye)AB;, Yo =xz(0), (3.3)

i=1

for k=0,1,....

3.3 Euler—-Maruyama in Small Moment

We begin by imposing the linear growth condition on both drift and diffusion
coefficients of the SDE (3.1):

1f(@)*V |gi(@))? < K|z)* + « Ve e R" and 1 <i < m, (3.4)

where K and « are positive constants. In this section, we will be concerned with
the asymptotic boundedness in small moment of the solution z(¢) of (3.1) and the

preservation of this property using the EM method.

3.3.1 Asymptotic Boundedness

We first give a sufficient condition for the asymptotic small moment boundedness
of the SDE solution. It should be emphasized that more general sufficient condition
exists (see, for example, Theorem 5.2, p157 in (Mao & Yuan, 2006)). The condition
we employ in Theorem 3.3.1 is in line with the one for the boundedness of numerical
solution in Theorem 3.3.2, and it is still an open question that whether there exists
a numerical method could recover the asymptotic boundedness of the underlying
SDE solution under the more general condition (for example, the condition given

in Theorem 5.2 of (Mao & Yuan, 2006)).

Theorem 3.3.1 Let (3.4) hold. If there exists a positive constant D such that for

any r € R"

(. f@) + 53 e@P Y@ @) o\ Pl | B(le)

D+ |af? (D+[eP)? = D4fal? (D4 [2?)?

(3.5)
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where X is a positive constant and Pi(|z|) is a polynomial of |x| with degree i, then
there ezists a p* € (0,1) such that for all 0 < p < p* the solution of (3.1) obeys
limsup E(|z(t)|?) < C, Vz(0) € R", (3.6)
t—00

where C' is a positive constant dependent on K, o, p, D, but independent of x(0).

Following the same technique used in Theorem 5.2 in (Mao & Yuan, 2006), by
choosing the Lyapunov function V(x) = (D + |z[?)?/2, it is straightforward to
prove this theorem. So we omit it here. Now we give the result for the EM

solution.

Theorem 3.3.2 Let (3.4) and (3.5) hold. Then for any ¢ € (0, ), there exists
a pair of constants p* € (0,1) and At* € (0,1) such that for ¥p € (0,p*) and
VAL € (0,At*), the EM solution (3.2) satisfies

!
2

lim sup E| Y|P < 3 VY, € R", (3.7)
p

k—o0 (

)’
where C4 is a constant dependent on K, o, p and D, but independent of Yy and
At.

Proof. For the constant D in (3.5), we compute

D + Y |?

= D+ |Vil* +2(Ye, V)AL + > (Vi) ABii) + [f(Yi) At + > gi(Yi) ABi*.

i=1 i=1
Let

1

= W@(Yka FYRAL+ Y " g:i(Yi)ABk) + [F(Y) AL+ Y g:i(Yi)AB4[%),

i=1 i=1

&k
for any p € (0, 1) we have

D+ Y P2 = D+ [P0+ 677
Clearly &, > —1, recalling the fundamental inequality
P—2) 5, pp—2)p—4) 4

PR TRV TR

(1+u)p/2§1+gu+p u > —1, (3.8)
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we have

—2)(p—4
Ez i p(p > 3((1; )gg) '

—2
D+ Wi PP < D+ i (14 B+ 22

Hence the conditional expectation

E(|D + |Yk+1|2|p/2|]:kAt)

(p—2)(p—4)
23 x 3!

9
< D+ |ViP]P?E (1+§§k+p(p8 )§2+p §,§|fkm>.(3.9)

Since AB;, ¢ = 1,...,m, is independent from each other and is independent of
Frat, we have E(AB; ;| Frar) = E(AB; ;) = 0, E((AB;)?|Frar) = E((AB;)?) =
At and E(AB; ,AB; | Fint) = E(AB; . AB; 1) = E(AB; 1)E(AB; ) =0, for i # j.
By (3.4) we can get

E (& | Frat)
1

E(5r @0 fAL + > 0:(Yi)ABix)

i=1

+|f(Ye)At + Zgi(Yk)ABi,kP)’kat)

i=1
1

= W@(Ym f(Y2)) + ; 19:(Yi)|?) At +

1 - 2
B g e /00 + 2l 0P
&

D + |Yy[?

WV(%)PA#

IN

+ KAt + At?. (3.10)

Similarly, we can show that

4 “ C
2 2 2 2 2
E (& Frar) > [CENADE E (Vi 9:(Y3))2At — CL AL — D+ |Yk|2)2At , (3.11)
i=1
and
Cs
E(& <OAL + ——= A 12
(fk}}-kﬁt> < A" + (D+ |Yk|2>3 t7 (3 )

where (' is a positive constant dependent on K, and C5 is a positive constant

dependent on a. (4 and C5 may change from line to line. Now consider the
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following two fractions,

(D+WPPERG) (D + GPPER(Y)

3.13
D+ WP D+ TiP)? (3.13)

For 0 < p < 1 the highest degrees of |Y%| in the numerators are p+ 1 and p + 3
respectively, which are smaller than the corresponding highest degrees of |Yy| in
the denominators. Thus for any |Y;| € R there exists an upper bound for both of
the fractions. Also it is obvious that Co/(D +|Ysi1/|?)""?/2, i = 1,2, 3 are bounded
by some constant that depends on o and D. Substituting (3.10), (3.11) and (3.12)
into (3.9), then using (3.4), (3.5) and the arguement for (3.13) we have that

E((D + Y1 [*)2| Feae)

< DHIPPR(1t g R 00 S0 + 3l P

> (Vi gi(Ya) At + O{AtQ) + CyAt

=1

p(p —2)
3D+ P

Y, fVR)) + 5520 |ga(Ve) |2
— P/ =1
= (D+ |V 2[1+pAt( D+2|Yk|2

Z?L(Yk,gi(Yk))Q) p*AtY S Ve 9i(Vr))?
(D + [Yi[?)? 2(D + |Yi]?)?

+ C{Atz} + CHAL

2

AtK
< (D + |Yi>)P? <1 — pAAL + mpT - C{At2> + CyAt,

where C] is a positive constant dependent on K and p, CY is a positive constant
dependent on K, «, p and D, and both of them may change from line to line.
For any given ¢ € (0, A), choose p* € (0, 1) sufficiently small for mp* K < ¢, then
choose At* € (0,1) sufficiently small for p*AA¢* < 1 and C{At* < 1p*e. For any
p € (0,p*) and any At € (0, At*) we have

E((D + [Yirs V2| Frae) < (D + [YaP)/2(1 = p() — ) A1) + Cht.
Taking expectations on both sides yields

E((D + |Yig1 )P <E((D + |Yi)P2) (1 — p(A — €)At) + CyAtL. (3.14)
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By iteration we have
1—(1—p\—e)At)+!

E((D+|Yi[*)"/?) < E((D+]¥5]*)"/%) (1—p(A—2)At)"+ p(h —¢)

.

(3.15)
Since E(|Y;[P) < E((D + |Y]?)P/?), we have
BV < B((D+¥ify )1 -pr-eanf+ - PAZDA gy 3
Letting k — oo, then (3.7) follows.
3.3.2 A Linear Scalar SDE Example
Let us consider a linear scalar SDE,
dr(t) = (a1 + anz(t))dt + (01 + 0wz ())dB(t),  2(0) € R, (3.17)

where oy, g, 01,09 are real numbers. We impose the condition, ay — 03/2 < 0.

By using this example, we will illustrate
e the existence of the constant, D, in condition (3.5) and how to choose it.

Obviously both drift and diffusion coefficients of (3.17) satisfy the linear growth

condition (3.4). Now we consider the condition (3.5),
Ve, f(V)) + 3l90)1* _ (02 +303)Y2 | (a1 + 0109)Yi + 0f

= , 3.18
D + |V, [? D + |Y;|? D + |Yy|? (3.18)
and
(Y, 9(Yk)>2 = (1Y + UQYIE)Z
= O’%Y,:l + 20102Yk3 + JfY,f
2 2 U% ? ‘7% 3
= 0'2 (Yk + 27"%) — r‘_g + 20'10'2Yk . (319)

Choose D = (0?)/(203) we have
Vi, f(Vi)) + 5l9(YV)> (i, (%%))?

D+ [Yi[? (D + [Yi[?)?

1 <041+0'10'2>Yk+0'2
< (ag — 503) + oETAT 1

1 ot 3
+(D T |Yk|2>2 <40’% — 20’10’2Yk) . (320)
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Thus —\ = ay — 03/2, Pi(Y}) = (1 + 0109)Y) + 0f and (V) = of/(403) —
20105Y;?. Then the similar process to the proof of Theorem 3.3.2 leads to the
property (3.7) for the linear scalar SDE (3.17).

3.4 Backward Euler—-Maruyama in Small Moment

So far, we have established some positive results on the asymptotic boundedness in
small moment of the EM method under the linear growth condition (3.4). Now we
consider to relax the constraint of the drift coefficient by imposing the one-sided

Lipschitz condition,

(@—y, fl2) = f) <Ale—yl"+a Vo,yeR",

where i € R and @ € RT. Without losing generality, we further assume for
Ve € R"
(z, f(2)) < plz]” + a, (3.21)

where 4 € R and o € RT. The diffusion coefficient still obeys the linear growth
condition,

lg:i(@))? < K|z +a, 1<i<m. (3.22)

In this section, we start with a counter example to show that the EM solution
will blow up under (3.21) and (3.22). Then we will show that the backward EM
method can still preserve the boundedness property of the SDE solution under

these conditions.

3.4.1 A Counter Example

Consider the following scalar SDE,
dz(t) = (=0.52(t) — 2*(t) + 1)dt + (z(t) + 1)dB(¢), (3.23)

to which the EM method is applied.
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Lemma 3.4.1 Suppose At € (0,1) and p € (0,1), then for any Yy € R,
lim E|Y;|P = co. (3.24)
k—o00
Proof. By the property of conditional expectations, we have
ENYial? = EE(Yia V0] 2 ElL gy pon s EWVera V). (3.25)

Since there is a positive probability that the first Brownian motion increment
will make |Yi[P > 23/At?/2) we only need to show that for |Y;[P > 23/At/?
E(|Yeg1|?|Y1) > 25F3/AtP/? for all k > 0. We show this by induction. Clearly,
E(|Y1[P|v1) = [Y1|P > 23/ At/ Suppose E(|Y;[P|Y1) > 22/ AtP/? for some k > 1,
we will show that for any At € (0,1), E(|Yy11[P|Y7) > 2873 /At?/2. Applying the
EM method to the SDE (3.23),

Yig1| = [Ye — 0.5AY, — AtYE + Y, ABy, + At + ABy.
Then by the fundamental inequality, |a + b|" > |a|? — |b|P, we have

Y|P > JALYE + (0.5A8 — )Y + YiABP — |AtP — |AB,[P
> AP — (1 — 0.5A1)°PY, [P — |YiABL|P — |At]P — |ABy|P.
By the Hélder inequality, we have E(]Y;[*|Y1) > (E(|Y[?|Y1))®. Since ABy is

independent of Y; for all k > 0, E(|AB[?|Y1) = E(JAB|?) < 2. Then taking

conditional expectation on both sides we have

E(|Yir["|¥1)

> E(Vil[Yi) (A (E(|Y["[Y1))* — (1 - 0.5AL)" — E|ABy|") — |At]” — E|AB|”
> B(P V) APE(VPV)? —1-2) — 12
> 2k+2 22k+4 3 3
= app® T3
2k+3
ST
Then substituting it back to (3.25) we obtain
k+3 3
EfYinl” 2 pP(Nl” 2 ).
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Hence the assertion holds.

This lemma states that for any initial value, the pth moment, 0 < p < 1,
of the EM solution will blow up. This contrasts to the initial-data-independent
asymptotic boundedness of the underlying SDE solution, shown by Theorem 3.4.2.
Hence the EM method is no longer a good candidate.

3.4.2 Asymptotic Boundedness

Let us present another theorem on the asymptotic boundedness of the solution of
the SDE (3.1). The condition used in Theorem 3.4.2 will be employed in Theorem
3.4.3 as well.

Theorem 3.4.2 Let (3.21) and (3.22) hold. If there exists a constant D such that
i lgi@)P 3w, gi(x))” Pilz]) | Ps(l=])

_ < p—+ ,
D+ Ja]? D+ 22?2 =" DtaP " D+ PP

(3.26)

where p is a constant with pu+ p/2 < 0, then there exists a p* € (0,1) such that
for all 0 < p < p* the solution of SDE (3.1) obeys

limsup E(|z(t)]P) < C, Vz(0) € R", (3.27)

t—o00

where C'is a constant dependent on p, o, K,p and D, but independent of x(0).

It is straightforward to adapt the proof of Theorem 3.3.1 to show Theorem
3.4.2.
Let us now begin to discuss the asymptotic boundedness in small moment of

the backward EM solution (3.3) under conditions (3.21), (3.22) and (3.26).

Theorem 3.4.3 Let (3.21), (3.22) and (3.26) hold. Then there exists a pair of
constants p* € (0,1) and At* € (0,1/(2|u|)) such that for ¥p € (0,p*) and VAt €
(0, At*), the backward EM solution (3.3) satisfies
c
ngﬁpmym < p(A—j&_), VY, € R, (3.28)
where =X\ = u+p/2 <0, e € (0,|u+p/2|) and C} is a constant dependent on K,

a, p and D, but independent of Yy and At.
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Proof. From (3.3), we have

Vi1 ? = (Yigr, Vi + Zgi(Yk)ABi,k> + (Yig1, f (Y1) At).

=1

By (3.21), we obtain

1 1 =
Vi |* < §|Yk:+1|2 +olYet D gi(Y)AB” + nAt|Yig|* + At
=1
Hence
D D 1
— 4 Ve]? < V|2
N Yeul” = 12 Al 1= 2MAt(| g
+2(Y%, Y (V) ABk) + 1D g:i(Yi) ABi|” + 20At)
=1 =1
D+ |Y;[?
< =M
= 1- ZuAt( )
where
1 m m
G = m(Q(Yk, Zgz(Yk)ABz,k> + | Zgi(Yk)ABi,kP + 20&At).
=1 i=1

It is clear that ¢, > —1 for all £ > 0. For any p € (0, 1), by inequality (3.8) we

have

E((D + Y1 [*)2| Frar)

2\ P/2 _
(D+|Yk| > E(1+§<k+p(p 2)63

1 —2uAt 8
plp—2)(p—4)
MRV Gl Frae ) (3.29)

Then following the same way as Theorem 3.3.2, by (3.22) we can show

1 m
E(Ce| Frat) = W(Z 19: (Vi) PAt 4 2aAt), (3.30)
i=1
4300 (Vi 9i(Ya))® Py(|Vi)) At
E(C| Frar) > =1 At — 3.31
and
3 2 Pu([Yi)) A
E(Co| Frat) < CLAL + ———2—— (3.32)

(D +[Yi[?)*
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where C is a constant dependent on K. Substituting (3.30), (3.31) and (3.32)
into (3.29), then using (3.22), (3.26) and the similar argument in (3.13) we obtain

E((D + Vi1 |)P?| Frae)
D+ [P\ (| pE g (0)P
plp —2) 43770 (Ve 9:(Ya))? pip=2)(p—4) ., \ :
i At At At
8 (D + |Y3]2)?2 M TRvE TR TG
(D + )P
(1 — 2uAt)P/?

+

1 1
(1+ SPPAE + §p2mKAt + Oy AL + CyAL,

where (7 is a positive constant dependent on K and p, C is a positive constant
dependent on K, «a, u, p and D, and both of them may change from line to line.
Taking expectations on both sides, we obtain

1+ sppAt + sp*mK At + C{AL?
(1 —2uAt)P/?

E((D + [Yi|)"?) < E((D + [Yil*)"?) + A,
(3.33)
For any € € (0, |u+ p/2|), by choosing p* sufficiently small such that p*mK < e/4

and sufficiently small At*, for p < p* and At < At* we have
(1 = 2uAt)P? > 1 — puAt — CsAL? > 0, (3.34)

where C5 > 0 is a constant dependent on p and p. Then further reducing At*
gives that for At < At*

1 1 1 1
CiAt < gbe O3At < 15 Ip(pe + Zs)At! <3

Using these three inequalities together with (3.34), we have from (3.33) that

1+ ip(p+ te)At
E((D + Vi1 [)?) < —2 -
(D + [Yen[7)7) < T p(u+ 1)t

Since that for any h € [—0.5,0.5]

E((D + [Yi[*)P?) + CyAt.  (3.35)

(1—=h) ' =1+h+h*Y B <1+h+h>) 05 =1+h+2h%

i=0 =0

then by further reducing At* such that for any At < At* we obtain

1 1 1 1
4p(p + 15)2At +(p+ 58)(}7(# + Zé)At +2(p(p + Zs)At)Q) <e.
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Together with (3.35), we arrive at

E((D + Vi [*)7?)
1 1 1
< (1+ §p(p + 55)&)(1 +p(p+ Za)At
1 !
+2(p(p + 72)A))E((D + Yil)P?) + Gyt
1
< (L plp+ 5o+ )ME((D + [Vi)?) + CiAL (3.36)

Then by iteration and let £ — oo, we have

Cl
limsup E(|Yi 1 ?) < limsupE((D + |Yiiq|?)P/?) < 2 .
n sup (| Yaqr|”) I Sup (( [Yir1")P'7) it o)

The proof is complete.

3.5 The Second Moment

In this section, we discuss the asymptotic boundedness in second moment for
both the EM method and the backward EM method. Follow the same structure
as previous sections, we first give the results for the underlying SDEs, then the

results for numerical solutions are proved under the same conditions.

3.5.1 The EM Method

For the asymptotic second moment boundedness of the underlying solution, we
still require condition (3.4) but replace condition (3.5) by the following condition
that

1 m
(o, 1) + 5 2 9@ < —Blaf +an, VieR,  (337)
i=1
where 3 and a; are positive constants.

Theorem 3.5.1 Let (3.4) and (3.37) hold, then the equation (3.1) is asymptoti-

cally bounded in second moment

lim sup E(|z(£)[?) < %, vz(0) € R™. (3.38)

t—o00
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We refer to Chapter 5 of (Mao & Yuan, 2006) for the proof.
Now we consider to reproduce this boundedness property by the EM method.

Theorem 3.5.2 Let (3.4) and (3.37) hold, then for any At < 25/K the EM
solution (3.2) satisfies

) 2a1 + oAt

1 E|Vi]? < =———, VY, eR"™

pe TR
Moreover, let the stepsize tend to zero, then

. . 2 ay n
< — . .
Al%r_l)lo 1111611_>soljp E|Y:|* < 5 VY, € R (3.39)

Proof. Since AB;, ¢ = 1,...,m, is independent from each other, we have

E(ABz7k) = 0, E((ABZ’k)2) = At and E(ABLICAB]J{J) = ]E(AB%]C)]E(AB],]C) = O,
for ¢ # j. Taking square and expectation on both sides of the EM solution (3.2),
we have

ElYin [ < EYVil® + ACE(f(Y2)]?) + AER(Y:, f(Y0) + D 1g:(Yi) )

=1

< EIYi)* + AP(KE|Y;]” + a) + AL(—2BE[Yi|* + 2a1)

< (1 —2BAt + KAPE|Y; > 4+ (A + 2a,At).

By iteration, we see

1— (1 —2BAt + KAt?)F!

2 (1 2\ k+1 2 2
E[Yien|* < (1=20A6+ KA EY A+ 2m M) 5500 o 0

Choosing At < 23/K, we have 1 — 28At + KAt?> < 1. Let k tend to infinity and
At tend to 0, the assertion holds.

It is interesting to see that for the case of second moment, the EM method can
reproduce not only the boundedness property but also the upper bound accurately,
that is the upper bounds in (3.38) and (3.39) are identical. From this point of
view, the result for the second moment is better than that for the small moment.
However, it should be noticed that condition (3.37) is stronger than condition

(3.5).
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3.5.2 The Backward EM Method

To relax the constraint on the drift coefficient, we replace the linear growth con-

dition by the one-sided Lipschitz condition
(z, f(x)) < —nl|z|* +az, VreR, (3.40)

where 7 and ay are positive constant. We still need the linear growth condition
(3.22) on the diffusion coefficient. For the asymptotic boundedness of the second
moment of the underlying solution we state another theorem as follows and refer

to Chapter 5 of (Mao & Yuan, 2006) for the proof.

Theorem 3.5.3 Let (3.22) and (3.40) hold. If 2n > mK, the equation (3.1) is

asymptotically bounded in second moment

2a9 + mao
li E(lz(t)]?) < —=————
im sup (lz()]7) < 2 — K

Vx(0) € R™. (3.41)
However, in the same spirit of Lemma 3.4.1, we see the second moment of the EM
solution may blow up under condition (3.40). So we turn to the backward EM

method.

Theorem 3.5.4 Let (3.22) and (3.40) hold. If 2n > mK, then for any At > 0
the BE solution (3.3) satisfies

2
limsup E|Y;|> < 202 - ma

, VY, eR". 3.42
ko0 T 2n—mK ’ (3:42)

Proof. Taking square on both sides of the backward EM solution, by (3.40) we

obtain

Vel = (Y1, Vi + Zgi(yk)ABi,k> + (Yig1, [ (Yeq1) Al)

i=1

1 1 .
< e + 5V + D 9i(V)AB P = nA Y]’ + asAt
=1
1 @ 2ay At
< — Y J(Y)AB; 1| + ———.
- 1+277At’k+;g(k) # +1+277At
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Then taking expectation on both sides, by (3.22) we see

1 2a0 At
ElYi (2 < ——(E|Y.|]> + mKAtE|Y,|? At) + 27
Vil < gy B+ mE A+ madd) + 150
1+mKAt 2a9 + ma) At
1+ 2nAt 1+ 2nAt

By iteration, we have

k1 _ k+1
1+ mKAt) E|vo[2+ (2a3 + ma) At " 1—((14+mKAt)/(1+ 2nAt))

E|Vi]? <
1+ 2nAt 1+ 2nAt 1—(14+mKAt)/(1+ 2nAt)
Due to 2n > mK, let k — oo the assertion holds.

We have three comments on Theorem 3.5.4.

e Compare the upper bounds in (3.41) and (3.42), we observe the backward
EM method can reproduce the asymptotic upper bound of the underlying

solution accurately as well.
e There is no constraint on the stepsize for the backward EM method.

e The conditions we imposed in the case of second moment are stronger than

those used in the small moment in Section 3.4.

3.6 Conclusions and Future Research

In this chapter we have presented results on numerical asymptotic boundedness in
both small moment and second moment. In both cases, the numerical methods are
showed to be able to reproduce the asymptotic boundedness property of the under-
lying solution under certain conditions. It should be noted that the conditions for
the small moment are weaker than those for the second moment, but better results
are obtained for the second moment, that is the upper bound could be reproduced
accurately and the requirement of the stepsize could be stated explicitly.

The asymptotic moment boundedness is an essential condition for the existence
of stationary distribution of numerical solutions. Thus, in next chapter we are

going to study the numerical stationary distribution.
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Another obvious open question is in the case of small moment whether we
could recover the upper bound of the true solution of the SDE accurately by
using the numerical solution with carefully chosen D and At. Besides, although
the asymptotic boundedness property for pth moment with 1 < p < 2 could
be implied by the second moment, it is still worth to investigate if there exists
different (possibly weaker) condition for p € (1,2). Also, the existence of sufficient
conditions for the case of p > 2 is interesting for future research.

The work contained in this chapter has been published, and we refer the readers

to (Liu & Mao, 2013a) for the published version.



Chapter 4

Stationary Distribution of

Numerical Solutions

4.1 Introduction

As we mentioned in Chapter 1, stochastic differential equations (SDEs) have been
widely used in modelling uncertain phenomena in many areas. The difficulty to
find general explicit solutions to non-linear SDEs has been continuously stimulat-
ing the studies on the numerical approximations. As stated in the last section of
Chapter 3, this chapter sees our further study on the asymptotic properties of the
approximation solutions. Among all those different types of asymptotic proper-
ties, the asymptotic stability particularly interests most researchers, for example
(Berkolaiko et al., 2012; Buckwar & Sickenberger, 2012; Higham, 2000; Huang,
2012; Higham et al., 2007; Mao et al., 2011; Schurz, 1997; Wu et al., 2010) and
their references therein.

However, those stabilities mentioned above sometimes are too strong and in
this case it is interesting to see if the numerical solution converges in distribution.
Mao and Yuan’s series papers (Mao et al., 2005; Yuan & Mao, 2004; Yuan & Mao,
2005) are devoted to numerical stationary distribution of stochastic differential

equations. The motivation is to avoid solving the nontrivial Kolmogorov-Fokker-

42
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Planck equations to find the stationary distribution of underlying SDEs, in those
series papers the authors proposed to use the numerical stationary distribution
as an approximation to the underlying stationary distribution. Due to the simple
structure and moderate computational cost (Higham, 2011), the explicit Euler—
Maruyama (EM) method was used in those papers. However, the explicit EM
method has its own restriction, as mentioned in (Hutzenthaler et al., 2011), it
may not deal well with the super-linear coefficient SDEs. Therefore, both the drift
coefficient and the diffusion coefficient were required to be global Lipschitz in the
series papers. Those restrictions, however, exclude many highly non-linear models,
for example (Allen, 2007; Gray et al., 2011; Higham, 2008) and references therein.

In this chapter, we propose the Backward Euler-Maruyama (BEM) method as
the approximation solution. The BEM method, which is drift implicit, has been
broadly investigated and shown better at dealing with the highly non-linear SDEs
in both finite time convergence problems and asymptotic problems. We mention
some of works (Higham & Kloeden, 2007; Higham et al., 2002; Higham et al.,
2007; Hu, 1996; Mao et al., 2011; Schurz, 1997; Szpruch et al., 2011) and refer-
ences therein. In this chapter, we are going to investigate the numerical stationary
distribution of the BEM method and the convergence of the numerical stationary
distribution to the underlying stationary distribution. One of our key contribu-
tions is that we release the global Lipschitz condition on the drift coefficient by
assuming the one-sided Lipschitz condition instead, but we still require the global
Lipschitz condition on the diffusion coefficient. We also observe that, due to the
Kolmogorov-Fokker-Planck equations, the numerical stationary distributions of
stochastic differential equations could be regarded as alternative numerical solu-
tions to certain type of deterministic differential equations.

This chapter is constructed as follows. We first brief the method, definitions,
conditions on the SDEs as well as other mathematical preliminaries in Section 4.2.
Then, we proposed the coefficients related sufficient conditions for the existence

and uniqueness of the numerical stationary distribution in Section 4.3.1. Under the
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same conditions, the stationary distribution of the underlying solution is discussed
in Section 4.3.2. The convergence of the numerical stationary distribution is proved
in Section 4.3.3. In Section 4.4, we demonstrate the theoretical results by some
numerical simulations. We conclude this chapter and brief some future research in

Section 4.5.

4.2 Mathematical Preliminaries

Throughout this chapter, let (Q, F,[P) be a complete probability space with a
filtration {7}, satisfying the usual conditions (that is, it is right continuous and
increasing while Fy contains all P-null sets).

Let f,g: RY — R?. To keep symbols simple, let B(t) be a scalar Brownian mo-
tion. The results in this chapter can be extended to the case of multi-dimensional
Brownian motions. We consider the d-dimensional stochastic differential equation
of Ito type

dx(t) = f(x(t))dt + g(xz(t))dB(t) (4.1)

with initial value z(0) = zo.

We first assume that the drift coefficient satisfies the local Lipschitz condition and

the diffusion coefficient satisfies the global Lipschitz condition.

Condition 4.2.1 For any h > 0, there exists a constant Cy > 0 such that
[f(2) = f(y)I? < Chlz —yl?,

for any z,y € R with max(|z|, |y|) < h.

Condition 4.2.2 There exists a constant Ko > 0 such that
l9(2) — 9(y)|* < Kolz —yP,

for any x,y € R
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We further impose the following condition on the the drift coefficient.

Condition 4.2.3 Assume there exist a symmetric positive-definite matriz () €

R gnd a constant K, € R such that
(x =)' Q(f(x) = f(y) < Ki(z — )" Qz —y),
for any x,y € R,
From Condition 4.2.2 and 4.2.3, it is easy to see that for any z € R?
27Qf(z) < Kia'Qu + ay, (4.2)

and

l9(2)]? < Kalz|* + s, (4.3)

with Ky, aq, 9 > 0 and K7 € R.

4.2.1 The Backward Euler-Maruyama Method

The backward Euler-Maruyama method (BEM), also called the semi-implicit Euler
method, to SDE (4.1) is defined by

X1 = X + f(Xps1) At + g(Xp)ABy,  X(0) = o, (4.4)

where ABy, = B(tyy1) — B(t) is a Brownian motion increment and ¢, = kAt. We
refer to (Kloeden & Platen, 1992; Milstein, 1995) for more details in numerical
methods for SDEs.

Lemma 4.2.4 Let Conditions 4.2.1, 4.2.2, 4.2.3 hold and At < 0.5|/K,|7!, the
BEM solution (4.4) is well defined.

Many papers have discussed the existence and uniqueness of the BEM solution

(4.4), we therefore refer to (Mao et al., 2011; Mao & Szpruch, 2013b) for the proof

of the lemma above. From now on, we always assume At < 0.5]K;| L.
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It is useful to write (4.4) as
X1 — f(Xipp1) At = X + g(Xi) ADBy.

Define a function G : R? — R? by G(z) = x — f(x)At. Then G has its inverse
function G~ : R — RY. Moreover, the BEM (4.4) can be represented as

Xir1 = GH Xy + g(X3)ABy). (4.5)
Lemma 4.2.5 Let Conditions 4.2.1, 4.2.2 and 4.2.3 hold, then
P(Xit1 € B| X, =2) =P(X; € B|Xo =1x)
for any Borel set B C RY.
Proof. 1f Xj, = x and Xy = z, by (4.4) we see
X1 = f(Xp1) A = 2 + g(x) ABy,

and

Because ABj and ABj are identical in probability law, comparing the two equa-
tions above, we know that Xy, — f(Xxs1) and Xy — f(X;)At have the identical
probability law. Then, due to Lemma 4.2.4, we have that X, and X; are identical
in probability law under X, = x and X, = z. Therefore, the assertion holds.

To prove Theorem 4.2.7, we cite the following classical result (see, for example,

Lemma 9.2 on p87 of (Mao, 2008)).

Lemma 4.2.6 Let h(x,w) be a scalar bounded measurable random function of x,

independent of Fs. Let ¢ be an Fs-measurable random variable. Then
E(h(¢,w)|Fs) = H(C),

where H(x) = Eh(z,w).
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For any = € R? and any Borel set B C R?, define
P(l'vB) = ]P(Xl € B|X0 = 27) and Pk(l‘,B) = ]P(Xk € B|X0 = 1;)

Theorem 4.2.7 The BEM solution (4.4) is a homogeneous Markov process with
transition probability kernel P(x, B).

Proof. 'The homogeneous property follows Lemma 4.2.5, so we only need to show

the Markov property. Define
Vi =G Ha + g(z)ABy),

for z € R* and k > 0. By (4.5) we know that X;,; = Y,ﬁ’“l. Let I'y,,, =
0{B(tg+1) — B(ty)}. Clearly, I'y, , is independent of F;,. Moreover, Y;?,; depends
completely on the increment B(tj11)—B(t), sois I'y,,,-measurable. Hence, Y;7, is
independent of F3,. Applying Lemma 4.2.6 with h(z,w) = I5(Y}7,), we compute
that

P(Xy11 € B‘]'—tk) = E([B(X]Prl)‘ftk) =E (IB(Yk)ikl)‘Ftk> =k (IB(Ykgirl)) ‘m=Xk

= P(z, B)| = P(Xy, B) = P(Xi11 € B|Xy).

[L'ZXk o

The proof is complete.
Therefore, we see that P(-,-) is the one-step transition probability and Py(-,-) is
the k-step transition probability, both of which are induced by the BEM solution.

4.2.2 Stationary Distributions

Denote the family of all probability measures on R? by P(R?). Define by L the

family of mappings F : R? — R satisfying
|F(z) = F(y)| <[z —y[ and [F(2)] <1,
for any x,y € R% For Py, P, € P(RY), define metric dy, by

dy(Py,Py) = sup
FeL

/R F(a)Py(d) - / F(z)Ps(dz)

Rd




CHAPTER 4: NUMERICAL STATIONARY DISTRIBUTION 48

The weak convergence of probability measures can be illustrated in term of metric
dr, (Ikeda & Watanabe, 1981). That is to say, a sequence of probability measures
{Py}r>1 in P(R?) converges weakly to a probability measure P € P(R?) if and
only if

kll_{rolo dy,(Pg,P) = 0.
Then we define the stationary distribution for {Xj}r>o by using the concept of

weak convergence.

Definition 4.2.8 For any initial value x € R? and a given step size At > 0,
{ Xy }r>0 is said to have a stationary distribution Ila; € P(RY) if the k-step tran-
sition probability measure Py (x, ) converges weakly to Tai(+) as k — oo for every

r € R?, that is
lim (sup E(F(Xg)) — EHAt(F)‘) =Y,

k—oo \ FelL

where
P (F) = [ F(o)Mau(dy).

In (Yuan & Mao, 2005), the authors provided the following three assumptions and
proved that under those assumptions the Euler—-Maruyama solution of stochastic
differential equation has a unique stationary distribution. We observe that the
three assumptions are very general and actually can cover many other types of
one-step numerical methods including the BEM method. This is because that, in
their proofs (Theorem 3.1 in (Yuan & Mao, 2005)), only the three assumptions
were required but not the structure of the numerical method. Therefore, for any
one-step numerical solution that is a homogeneous Markov process with a proper
transition probability kernel and satisfies the three assumptions, Theorem 3.1 in
(Yuan & Mao, 2005) always holds. To keep this chapter self-contained, we state

the assumptions and the theorem as follows.

Assumption 4.2.9 For any € > 0 and xy € R?, there exists a constant R =

R(e, o) > 0 such that

P(|X°| > R) <e, foranyk > 0.
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Assumption 4.2.10 For any ¢ > 0 and any compact subset K of R?, there exists

a positive integer k* = k*(e, K) such that
P|X;> — X <e)>1—¢, foranyk >k and any (zo,y0) € K x K.

Assumption 4.2.11 For any € > 0, n > 1 and any compact subset K of RY,
there ezists a R = R(e,n, K) > 0 such that

IP’( sup | X §R) >1—¢, foranyux, € K.

0<k<n

Theorem 4.2.12 Under Assumptions 4.2.9, 4.2.10 and 4.2.11, the BEM solution

{ Xk} k>0 has a unique stationary distribution I1,.

We refer the readers to Theorem 3.1 in (Yuan & Mao, 2005) for the proof.

However, those three assumptions are not easy to check as they are not directly
related to the drift and diffusion coefficients of the underlying SDEs. In next
section, we will provide some coefficients-related sufficient conditions for those as-
sumptions. It should be noted that those sufficient conditions are method related,

which makes them more constrained.

4.3 Main Results

This section is divided into three parts. In the first subsection, we propose three
lemmas that are sufficient conditions for Assumption 4.2.9, 4.2.10 and 4.2.11. Then
by Theorem 4.2.12, we see that the BEM solution has a unique stationary distri-
bution. In the second subsection, we prove that given the same conditions in
the three lemmas the underlying solution has a unique stationary distribution as
well. The last subsection is devoted to the convergence of the numerical stationary

distribution to the underlying stationary distribution.
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4.3.1 Sufficient Conditions for the Numerical Stationary

Distribution

Many works have discussed the second moment boundedness of the BEM solution
in finite time, we only mention a few of them here (Kloeden & Platen, 1992;
Mao & Szpruch, 2013b) and references therein. It should be emphasized that,
comparing with techniques employed in Lemma 4.3.1, weaker conditions and more
complicated techniques have already been developed in existing literature. But
those weaker conditions may not be sufficient for other lemmas in this chapter.
To keep the conditions consistent in this chapter and to make the chapter self-
contained, we brief the following lemma. Without confusion, in some of the proofs

we omit the superscript and simply denote X;° by Xj.

Lemma 4.3.1 Given Conditions 4.2.1, 4.2.2 and 4.2.3, the second moment of the
BEM solution (4.4) obeys

E ( sup \ka) < g (jaof? + Caln + 1) (20020 + gt +2¢/30580/7)
0<k<n
X exp (q(n +1)Cy (1 + AL+ 2(V K + \/04_2)\/2At/7r>>
for any integer n > 1, where Cy = (1 — 2| K1|At) ™" and ¢ = Anax(Q) /Amin(Q) -

Proof. Fix any initial value X (0) = 2y € R?, from (4.4) we see that
X1 QX = X1 QX + 9(Xe)ABy) + X Qf (Xigr) At

Since () is a symmetric positive-definite matrix, by Cholesky decomposition there
exists an unique lower triangular matrix L such that @ = LL”. Then by applying

the elementary inequality, Cauchy-Schwarz inequality and (4.2) we have

1 1
X1 QX1 < §|Xg+1L|2 + §|LT(Xk + g(Xp)AB)|? + (K1 X QXpp1 + o) At
1 1
< §X1<:T+1QXI€+1 + §[XkTQXk + 9" (Xp)Q9(Xp) | ABy|* + 2X] Qg(Xy) ABy]

+ <K1Xg+1QXk+1 + Oél)At.
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This implies
XE10QXe < Ci(XFQXp+9" (X3)Qg( X)) |ABy?+2X] Qg( X)) ABy,) +2C1 o A,

where C; = (1 — 2|K;|At)~!. Taking sum on both sides gives

k
X QX < X{QXo+ (Cr — 1)) (XTQXy) + 200 Ch (k + 1)At
=0

+C ) (2X]Qg(X)AB; + ¢"(X)Qg(X)|AB[*).  (4.6)

i=0
It is not difficult to show that

n

( sup (Zg X;)|AB; \2>) < Atdnax(Q) Y E(K| Xif* + ),

0<k<n i—0
and
(0335 (ZXT@g >> < Anax(@Q (Z|X\Ig IIAB; |>
< Aumax( M+\/—\/2At/wZE\X\ + Ama(Q)/200A8 /7 (n + 1),

where E|AB;| = \/2At/7 is used. Therefore, taking supremum and expectation
on both sides of (4.6) yields

E < sup |Xk\2) < /\I“L@) <|x0]2 +Ci(n+1) <2a1At + a At + 2\/2042At/7r)
0<k<n )‘mln(Q)

+C (1 + KAt +2(y/ Ky + @)W) i]E (oiili» |Xk,2) )

Then, using the discrete-type Gronwall inequality (see, for example, (Mao, 1991))
we see the assertion holds.

From Lemma 4.3.1, by the Chebyshev inequality we can conclude that Assumption
4.2.11 holds under Conditions 4.2.1, 4.2.2 and 4.2.3.

Lemma 4.3.2 Let (4.2) and (4.3) hold. If, for the same Q in (4.2), there exists

a positive constant D such that for any v € R?

g (@)Qg(x) _ 2Ae"Qo(x) _ . Pilz]) Py(]])
D+a2"Qx (D +2TQx)? — D+2TQx (D + 27Qx)?

(4.7)
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where K3 is a constant with K; + 0.5K3 < 0 and P;(|z]) is a polynomial of |x|
with degree i, then there exists a pair of constants (p*, At*) with p* € (0,1) and

At* € (0,0.5|K1|Y) such that for any p € (0,p*) and any At € (0, At*) the BEM
solution (4.4) has the property that for any k > 1

E[ X4 [P < q(DP? + | Xo|" — 2C5(p(Ky + 0.5K;5)) ™)
where ¢ = Aax(Q)/Amin(Q), and C depends on Ky, aq, D, Q and p.
Proof. Set Cy = (1 — 2K;At)™!, from the proof of Lemma 4.3.1 we have that

DCy + X[, QX i
< DCy + Ci (X QX + 2X Qg(Xp)ABy + g7 (X1)Qg( Xk )| ABg|? + 20, At)
< Cy{(D + X QXi)(1+ ),

where ¢, = (D + X[ QX)) "' (2X] Qg(Xx) ABy + g™ (Xi) Qg (Xi)[A B[ + 201 At).
Clearly ¢ > —1. For any p € (0,1), thanks to the fundamental inequality that

p(p — 2) 2 p(p—2)(p—4) 4

/2 p _
(1+u)? §1+2u+ 3 T 1, (4.8)
we see that
E((D + X} 1 QX41)"?| Feat)
—2 —2)(p—4
< "D + XTQX,)" R (1 N gﬁﬁ p(p8 )2 4 PP - i(g )ngm) -
(4.9)

Since A By, is independent of Fia;, we have that E(ABk|}"kAt) =E(ABg) =0 and
E(|ABg|?| Frat) = E(|AB[*) = At. Then

E(Ck| Frat)
=E ((D+ X} QX;,) ' 2X[ Qq(X1)ABy + ¢" (Xi)Qg(Xi)|ABy” + 201 At)| Froar)
= (D + X; QXp) " (2X; Qg(Xp)E(ABg| Frar) + g7 (Xx)Qg(Xi)E(ABy|?| Fiar)
+ 20, At)
= (D + XFQXp) g™ (Xp)Qg(Xp) At + 20, At). (4.10)
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Using the facts that E(|AB|*) = (2i — 1)!IA¢ and E((AB.)*™) = 0, where
(2¢ — 1)!! denotes the double factorial, i.e. (20 — 1)I! = (20 —1)(2i —3)---3 -1,
similarly we get that
B(C|Fiae) = (D + XTQX0) 2(4|XT Qg(X,) Pt + 3¢ (Xi)Qu(Xi)PAE + da2As?
+darg" (X3)Qq(Xp)AL?)
> (D + X QX)) 2(41 X Qg(Xy) |*At), (4.11)
and
E(Gi | Frar) = (D + X QX5) 7> (15]g7 (X3) Qg (Xx) PAL + 120797 (X3) Qg (Xx) At®
+ 8ai At + 2400 | X} Qg( X3P At + 18 |g" (X3)Qg( Xk ) [PAt?
+ 36| X5 Qg(Xi)|*g" (Xi)Qg(Xi)AL?)
< CHLAP, (4.12)
where C is a constant dependent on Ky, ay, ag, Amax(®), Amin(@Q) and D.

Substituting (4.10), (4.11) and (4.12) back to (4.9) yields

E((D + Xg+1QXk+1)p/2|kat

D+ XIQX; (D + XFQXy)?

2 T 2
p° X Qg(Xy)| pp—2)(p—4) 2
D xTQX N T AT A

where C5 depends on Ki, ay, D, Apnin(Q) and Apax(Q). Considering the following

)
< Cf/Z(D+X,fQXk)p/2E<1 _'_g (9T<Xk)Qg(Xk> Q‘XEQQ(Xk)P ) At

two fractions,
(D + X7 QXy)"* Py(| X)) and Pt XirQXy)P? Py(| X))
D+ X]QX, (D + X;QXy)?
For 0 < p < 1 the highest degrees of | Xj| in the numerators are p + 1 and p + 3

respectively, which are smaller than the corresponding highest degrees of | Xj| in
the denominators. Thus, for any | X;| € R there exists an upper bound for both
of the fractions. By (4.7), we have

E((D 4+ X{ 1 QXps1)"?| Frat)

2
< C"*(D + XFQX,)P*(1 + gKgAt + %me + CA1) + C3AL



CHAPTER 4: NUMERICAL STATIONARY DISTRIBUTION 54

where C) depends Cy and p, and Cf depends C3 and p. Taking expectation on

both sides, we have
E((D + X[, QXk 1))
2
< CP(1 4 gKgAt + %KQQAt + OLAPE((D + XTQX)P?) + CLAL. (4.13)

Set ¢ = 0.5| K + 0.5K3], choose p* sufficient small such that p*K,q < 0.25¢, then
choose At* sufficient small such that for p € (0, p*) and At € (0, At*) we have

Cy=(1-2K,At)7' > 1 —pK At — C,A? > 0, (4.14)

where (' is a positive constant dependent on K; and p. By further reducing At*

such that for any At € (0, At*)
CyAL < L e, CLAt < 15 Ip(K +15)At|< !
2 8p ) 4 4 ; p 1 4 2
Now using these three inequalities and (4.14), we derive from (4.13) that

14 0.5p(K3 + 0.5¢e)At
E((D + X[, QXi1)"?) < Pk )

E((D XT X p/2 C/At
1= p(K; +0.25¢)At (D + X QX)) + Cy

(4.15)

Considering the estimate that for any x € [—0.5,0.5]

L=k =1+r+r) K <1+a+KY 05 =1+r+26
=0 =0

by further reducing At* we see that for At € (0, At)

1 1 1 1
4p(K, + 16)2At + (K3 + 55)(1)(}(1 + ZEW + 2(p(K, + Ze)At)Q) <e.

Then (4.15) indicates that

E((D + X! 1QXk11)"?) < (14 0.5p(K3 + 0.5¢)At)(1 + p(K; + 0.25¢) At
+ 2(p(K;y 4 0.256)At)E((D 4+ XFQX,)P/?) + C4At
< (14 p(K; +0.5K3 + ) ADE((D + X QX )?/?) + CLAL.
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By iteration, we obtain that

E(D + X, QX1 )P?) < (1 + p(Ky + 0.5K;3 + ) A (D + XTI QX,)P/

1— (1+p(K; + 0.5K5 +e)At)k+!
1 — (14 p(K; +0.5K5 +¢)At)

CiAt.

Since (14 p(K; + 0.5K35 +¢)At) € (0,1) for any p € (0,p*) and At € (0, At*), we
see that

E((D + Xi QX1 )P?) < (D + XFQX0)P? — 2(p( Ky + 0.5K3)) ' C4.

Because () is a symmetric positive-definite matrix, the assertion holds.
From Lemma 4.3.2, we can conclude that Assumption 4.2.9 holds for sufficiently

small At.

Now we are investigating the sufficient condition for Assumption 4.2.10. The

techniques used in the proof of Lemma 4.3.3 are similar to those in Lemma 4.3.2.

Lemma 4.3.3 Let Conditions 4.2.1, 4.2.2 and 4.2.3 hold. Assume that, for the
same Q in (4.2.3) and any x, y € R with x # y,

(9(x) —9()"Qy(z) —g(y)) 2|(z —y)"Qyg(x) — g(¥))
(z—y)TQ(r —y) [(z = y)TQ(z — y)|?

where K is constant with K, +0.5K, < 0. Then for any two different initial values

x,y € R, the BEM solution (4.4) has the property that for any k > 1 there are
sufficiently small At* and p* such that for any pair of At and p with At € (0, At*)
and p € (0,p)

E(| X — X}P) < q(1+0.5p(Ky + 0.5K) At E(jz — y/P),
where ¢ = Apax(Q)/Amin(Q). Therefore, Assumption 4.2.10 follows.
Proof. From (4.4) we have

le+1 - Xllc/ﬂ = XZf - Xi’ + (f(XIfH) - f(XIZcJJrl))At + (g(X,f) - g(X,Z))ABk,
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Then, in the similar manner as the proof of Lemma 4.3.1, we see that

(le—H k+1>TQ(Xk+1 Xlg-i-l)
< (1= 2K A8 H((XE = X)TQXY — X7) +2(X5 — XP)" Q(9(Xy) — g(X}))ABy,

+ (9(X50) — 9(X{) " Qg(XE) — g(XD))AB[).

Set

o = 2XE = Xi)"TQUg(XE) — 9(X{))ABy + (9(Xi) — 9(Xi)"Qg(XF) — 9(Xi))|AB?
(X = X)"XE — X})

we can have

(Xi— X)"Q(X) — X))
1 — 2K, At

(X1 — k+1)TQ<Xk+1 Xi) < (1 +m).

Taking conditional expectation on both sides and using the fundamental inequality

(4.8), for any p € (0,1) we have that

E((Xi — X)) Q(XE L — XU )P | Frar)

o | (X - X)X - X)) ””E( P pp=2) , pp=2(p—4)

¢ 12
= 1 — 2K, At Tt T Tt T s g

Uﬁlfmt> :

(4.17)

It is not difficult to show that

(9(X5) —g(X¥)"Qg(XF) — 9(X) A,
(Xp — X)Xy — X)) ’

(X — XDQUXE) — g(XIP
(X — XD — Xl

E (1| Frat) =

E(n;|Fras) >

and

E(n| Frae) < C5A,
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where C5 depends on Ky, A\pin(Q) and Apax(Q). Together with (4.16) we derive
from (4.17) that

E(|(le+1 - XlgcJH)TQ(XI?H - Xig+1)|p/2‘]:km)

(XE— X)TQ(XE — X)) [ p(g(XF) — g(XD)TQg(XE) — g(XP))

< | (1 e
p(p —2) 4|(XE — XDTQg(XP) — g( X2 . pp—2)(p—4) ., «
5 - xpro—xip Mt wes 05“)

1 — 2K, At

_ (X - XD — XY)
- 2 23 x 3!

p/2 2 _ _
(1 + gK4At + p—Kqut + pp—2)(p—4) C5At2).

In the same way as in the proof of Lemma 4.3.2, we can choose sufficiently small

At* and p* such that for any p € (0,p*) and At € (0, At*)

E(|(Xii — XP) QX — XEL)PP)

< (14 0.5p(K1 + 0.5K) AOE(|(X} — X)TQ(XE — XP)I?).

Therefor, by iteration and the fact that () is a symmetric positive-definite matrix
we show the assertion.

Therefore, given the conditions in Lemma 4.3.1, 4.3.2 and 4.3.3, from Theorem
4.2.12 we conclude that there exists a unique stationary distribution for the BEM

solution as time tends to infinity.

4.3.2 The Underlying Stationary Distribution

The existence and uniqueness of the stationary distribution for the underlying

solution is discussed in this part under the same conditions as previous subsection.

Lemma 4.3.4 Assume Conditions 4.2.1, 4.2.2 and 4.2.3 hold, the second moment
of the solution of (4.1) satisfies

E ( sup |3:(t)|2> <(1+ E\xolz) exp(27 x max (K1 Amax(Q) + Ko, a1 + a2)),

0<t<T

for any T > 0.
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We refer the readers to Theorem 2.4.1 in (Mao, 2008) for the proof.

Lemma 4.3.5 Assume the conditions in Lemma 4.3.2 hold, there exists a constant

p* € (0,1) such that for any p € (0,p*)

1
Elz(t)[? < q(cit + Elazol” + DP/?) exp <p {Kl + §K3 + §K2CJ] t> < 00,

holds for any t > 0, where ¢ = Amax(Q)/Amin(Q) and ¢y is a positive constant
dependent on p, Ky, Ks, a1, ag, D, Apin(Q) and Az (Q).

Proof. For p € (0,1), from the It6 formula,

dla" (1)Qu(t) + DI"'*
= [pla" ()Qa(t) + DP*7 (2T () QS (1))
+p(5 = DI ()Qa(t) + DI 2a” (1)Qg (1))
+ Lla” (0)Qa(t) + DI (g7 (x(1)) Qg(a(t)))]at

+pla’ (H)Qu(t) + DIP?7 (2" (t)Qg(x(t)))dB(t)

T (Qf (1) 39" (@(1)Qg(z(t)  |z"(1)Qg(x(1))
2T()Qx(t)+D  2T(t)Qx(t) + D |27 () Qx(t) + D|?

]dt + pla (H)Qu(t) + D (2T (H)Qq(a(t)))dB(2).

_ T (1)Qu(t) + DI [

p o7 (H)Qg((t))?
2T (0)Qu(t) + DI?

Under (4.2), (4.3) and (4.7) it implies

1
dla"()Qa(t) + DI < pla” (6)Qu(t) + DP* | Ky + S Ky + gKQq dt + cydt

+plat (1)Qu(t) + DI (2T (H)Qg(x (1)) dB(1),

where ¢; is a positive constant dependent on p, Ki, Ks, ay, ao, D, Apin(Q) and
Amaz(@). Since K; + 0.5K3 < 0, given € € (0,|K; + 0.5K3|) we may choose
p* € (0,1) so small that 0.5p*Kyq < ¢, then for any p € (0, p*) we see that

1 t
Elz"(t)Qz(t) + DPP/* < p | K, + §K3 + §K2Q} / Ela"(s)Qx(s) + D[Pds
0

+ it + Elzl Qzo + DJP/2.
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By Gronwall’s inequality, we see that

1
Bl (0Qx(t) + DI < (st + Blaf Qoo + DY) exp (p K+ 3K+ Dkag ).

Although the time variable, ¢, appears in both the coefficient of the exponentiation
term and the exponent, the choice of the p and the fact that K; + 0.5K3 < 0
guarantee that exponentiation term decreases as t increases. Thus, the term on

the right hand side of the inequality above has an upper.

Lemma 4.3.6 Assume the conditions in Lemma 4.53.3 hold, for any two different

initial values xg,yo € RY, there ewists a constant p* € (0,1) such that for any
p € (0,p%)
E|z™(t) — 2 (1))|" < qEl(zo — yo)I” exp(p(Ky + 0.5K, + 0.5pK2q)t),

where ¢ = Amax(Q)/ Amin(Q).
Proof. For p € (0,1), from the Ito formula,

d|(z™(t) — 2 ()" Q(z"(t) — a¥ (1)) "/*

= [pl(™ () — 2% (£)) T Q™ (t) — x* () P>~ (2™ (1) — 2 (1) T Q(f (+™ (1)) — f(2* (1))

05 = DI (0) =2 (1) Q™ (1) — a ()]

x |(z7(t) — 2 (1)) Q(g(a™ (1)) — g™ (1)))]”

51 (1) = 2% (1) Q™ (1) — a ()]
< (9" (1)) — g (1) QUg(a™ (1)) — gla™ (1))t

+pla(1) - ()T Q™ (1) — ) (1) — 2(1) Qlola™ (1)) ~ 9w (1)) B0
ety s — gz (G0~ P OTQU() — Fa (1)
=0 - e O Qo) - sy (O ST T
(9™ (8)) — @™ (1)) QUo(a™ (1)) — @™ (1))
3(e0(E) — 2 (1) QD) — 7 (1)

@) = () Qo(a™ (1) — gla™ (D))

() = am (O Qe (1) — (D)
Pl O Q) O,

t
(
=+

TS @ () — 2w ()T Q™ () — 2 (1)

+pl(a™(t) — 2 ()T Q™ (1) — 2™ (1) I/~ 2™ (t) — «* (1)) Qg (2™ (1)) — g(a™(t)))dB(t).
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Under Condition 4.2.2, 4.2.3 and (4.16) this implies
d|(z™ (1) — 2 ()T Q(z"™ (1) — a*(t))["*
< pl(x®(t) — 2% ()T Q(z™ (t) — zv° (zf))]f"/2 (I_(l + 0.5K, + O.SpI_(gq) dt
+pl(x0(t) — 2 ()T Q(x™0 (1) — ™ (¢))[/*7H a™ () — 2% ()T Q(g (=™ (1)) — g(=*()))dB(¢).
Since K; + 0.5K, < 0, given € € (0,|K; + 0.5K,|) we may choose p* € (0,1) so
small that 0.5pK5q < &, then for any p € (0,p*) we have that
El(z™(t) — (1)) Q(a™ (t) — a*(1))["/*
< E|(z0 — y0)" Qw0 — yo)|p/2
+ p(K; + 0.5K, + 0.5pK5q) /Ot E|(z%(s) — 2% (s))7Q(z™(s) — ¥ (s))[/*ds.
Then Gronwall’s inequality indicates that
BI(27 (1) — 2 (1) QU (1) — 2 (1)
< E|(w0 — 40) Qw0 — y0) I"* exp(p(K:1 + 0.5K, + 0.5pK,q)t).

As (@) is a symmetric positive-definite matrix, the proof is complete.

We conclude this part by the following theorem.

Theorem 4.3.7 Given the conditions in Lemma 4.3.1, 4.3.2 and 4.3.3, the solu-

tion of (4.1) has a unique stationary distribution denoted by m(-).

Having Lemma 4.3.4, 4.3.5 and 4.3.6, the proof of this theorem follows from The-
orem 3.1 in (Yuan & Mao, 2003).

4.3.3 The Convergence

Given Conditions 4.2.1, 4.2.2, 4.2.3 and those conditions assumed in Lemma 4.3.1,
4.3.2, 4.3.3, the convergence of the numerical stationary distribution to the under-
lying stationary distribution is discussed in this subsection.

Recall that the probability measure induced by the numerical solution, X}, is
denoted by Py(-,-), similarly we denote the probability measure induced by the
underlying solution,z(t), by P.(-, -).
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Lemma 4.3.8 Let Conditions 4.2.1, 4.2.2, 4.2.3 hold and fix any initial value
xo € R Then, for any given T > 0 and € > 0. there exists a sufficiently small
At* > 0 such that

di(Prat(wo, ), Pr(mo, ) < €

provided that At < At* and kAt < T.

The result can be derived from the fact that the BEM solution converges strongly
to the underlying solution in finite time (Higham et al., 2002; Hu, 1996; Kloeden
& Platen, 1992).

Now we are ready to show that the numerical stationary distribution converges

to the underlying stationary distribution as time step diminishes.

Theorem 4.3.9 Given Conditions 4.2.1, 4.2.2, 4.2.53, (4.7) and (4.16),

lim dp (IIa.(-), 7(+)) = 0.

At—0

Proof. Fix any initial value xy € R? and set € > 0 be arbitrary real number.

According to Theorem 4.3.7, there exists a ©* > 0 such that for any ¢t > ©*
dy(Py(xo,-), m(-)) < &/3.

Similarly, by Theorem 4.2.12, there exists a pair of At** > 0 and ©* > 0 such
that

di(Pr (o, -), Tac(+)) < €/3

for all At < At™ and kAt > ©**. Let © = max(0*, ©™), from Lemma 4.3.8 there
exists a At* such that for any At < At* and kAt < © + 1

di(Prac(zo, -), Py(o, ) < /3.

Therefore, for any At < min(At*, At*™), set k = [O/At] + 1/At, we see the
assertion holds by the triangle inequality.
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4.4 Examples

In this section, we illustrate the theoretical results by three examples. First, we

consider a two-dimensional SDE with scalar Brownian motion.

Example 4.4.1

do(t) = (diag( (1), 22(8))b + diag(a1 (£), 2a(t)) Adiag(an (8), w2 (1) (1) + ) dt
+ (diag(x1(t), xo(t))o + c2) dB(1), (4.18)

where x(t) = (x1(t), 22(t))T, diag(x,(t), 22(t)) denotes a diagonal matriz with non-
zero entries x1(t) and xo(t) on the diagonal, b = (1,1)T, A = (a;); =12 with
ar; = —1l,a19 = —0.7,a21 = —1.2,a92 = =2, ¢; = (0.5,0.7)", o = (3.5,4)T and
o=(3.54)7T.

Choosing @ to be identity matrix, it is clear that the drift and diffusion coefficients
of (4.18) satisfy Conditions 4.2.1, 4.2.2, 4.2.3 and (4.2) with K; =1 and K; = 1.7,
which indicates that Lemma 4.3.1 holds. To check conditions for Lemma 4.3.2, we

see that

(3.521 + 0.3)? + (4w + 0.2)2  2]3.52% + 0.311 + 423 + 0.275|?
D + (2% 4 x3) (D + (2% 4 23))?

Set D = 0.04/25, we can derive that (4.7) is satisfied with K3 = —7 and K; +
0.5K3 < 0, then Lemma 4.3.2 holds. Finally, we have that (4.16) is satisfied with
Ky = —7and K; + 0.5K, < 0, that is Lemma 4.3.3 holds.

We simulate 1000 paths, each of which has 10000 iterations. In Figure 4.1, we
plot one path of the BEM solution for z(t) and x4(t). Intuitively, some stationary
behaviour displays.

We further plot the empirical cumulative distribution function (ECDF) of the last
iterations of the 1000 paths and the ECDF of last 1000 iterations of one path
in Figure 4.2. It can be seen that the shapes and the intervals of the ECDFs
are similar. To measure the similarity quantitatively, we use the Kolmogorov-

Smirnov test (K-S test) (Massey J., 1951) to test the alternative hypothesis that
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Figure 4.1: Left: the BEM solution to z;(¢); Right: the BEM solution to x(t).

the last iterations of the 1000 paths and last 1000 iterations of one path are from
different distributions against the null hypothesis that they are from the same
distribution for both z;(¢) and xo(t). With 5% significance level, the K-S test
indicates that we can not reject the null hypothesis. This example illustrates
the existence of the stationary distribution as the time variable becomes large.
Moreover, it may indicate that instead of simulating many paths to construct
the stationary distribution, one could just use last few iterations of one path to
approximate the stationary distribution.

To compare the numerical stationary distribution with the theoretical one, we next
consider a nonlinear scalar SDE, whose stationary distribution can be explicitly

derived from the Kolmogorov-Fokker-Planck equation.

Example 4.4.2
dz(t) = —0.5(x + 2°) + dB(t).

It is straightforward to see that K; = K; = —0.5 and K3 = K, = 0, hence all
the conditions required in Section 4.2 and 4.3 are satisfied. The corresponding
Kolmogorov-Fokker-Planck equation for the theoretical probability density func-

tion of the stationary distribution p(z) is

@) 4 o5+ () =0,

0-5 dx? dx
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Figure 4.2: Left: ECDFs for x;; Right: ECDFs for x5. Red dashed line is last
1000 iterations of one path; Blue solid line is last iterations of the 1000 paths.

And the exact solution is known to be (Soong, 1973)

where [, (z) is modified Bessel function of the first kind. We simulate one path
with 100000 iterations and plot the ECDF of last 20000 iterations in red dashed
line on Figure 4.3. The theoretical cumulative distribution function is plotted on
the same figure in blue solid line. The similarity of those two distribution is clear to
see, which indicates the numerical stationary distribution is a good approximation
to the theoretical one. The mean and variance of the numerical stationary distri-
bution are 0 and 0.453, respectively, which are close to the theoretical counterparts
0 and 0.466.

This example also demonstrates that the numerical method for stochastic dif-
ferential equations can serve as an alternative way to approximate deterministic
differetial equations.

At last, we consider a linear scalar equation, the Langevin equation (Uhlenbeck
& Ornstein, 1930). The comparison of the BEM method in this chapter with the
EM method studied in (Yuan & Mao, 2004) demonstrates that the BEM has less

constraint on the step size.
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Figure 4.3: Comparison of the ECDF with the theoretical cumulative distribution

function

Example 4.4.3 We write the Ito type equation of the Langevin equation as
dx(t) = —ax(t)dt + odB(t) ont >0, (4.19)

where o > 0 and 0 € R.
From (4.4), given the initial value Xy = 2(0) € R we have

X1 = X+ —aXp 1 At + 0 ABy.
This gives that Xy, is normally distributed with mean

E(Xi1) = (14 alt)~®Dz(0)
and variance
Var(Xp1) = (1 +aAt) *Var(Xg) + o*(1 + aAt)2At

= A1+ aAt) 2+ (1 + aAt)™ + .+ (1 + aAp) 2]

1—u+aawkﬂ

YN
AT oA -

0_2

200 + a2 At
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Therefore, the distribution of the BEM solution approaches the normal distribu-
tion N(0,0%/(2a + a?At)) as k — oo for any At > 0. Recall, from Example
3.5.1 in (Mao, 2008), that the underlying solution of (4.19) approaches its station-
ary distribution N(0,02/(2a)) as t — oo, then it is interesting to observe that
N(0,0%/(2a + *At)) will further converge to stationary distribution of the true

solution as At — 0.

4.5 Conclusions and Future Research

This chapter largely extend the results in Mao and Yuan’s series papers (Mao
et al., 2005; Yuan & Mao, 2004; Yuan & Mao, 2005). By using the Backward
Euler-Maruyama method, the linear growth condition on the drift coefficient is
released to the one-sided Lipschitz condition and the stationary distribution of
many more SDEs can be approximated by the numerical stationary distribution.
However, it should be mentioned that, compared to the three assumptions in
Section 4.2, those sufficient conditions in Section 4.3.1 are still quite strong. And
this is because that those assumptions are in probability, while those sufficient
conditions are in term of moment. Therefore, it is interesting to construct some

coefficients related sufficient conditions which are in probability.



Chapter 5

Almost Sure Stability with

Random Variable Step Size

5.1 Introduction

To continue the study on the asymptotic properties of numerical solutions, we
present some our findings on one of the most popular topics, almost sure stability.
This chapter is devoted to the analyses of the almost sure stability of numeri-
cal methods for stochastic differential equations (SDEs) by using the well-known
semimartingale convergence theory, see for example (Shiryaev, 1996) in terms of
equalities and (Appleby et al., 2006) in terms of inequalities. There are many pa-
pers that have adopted this approach to study the numerical almost sure stability,
for example (Buckwar & Kelly, 2010; Mao & Szpruch, 2013a; Rodkina & Schurz,
2005; Rodkina et al., 2008; Wu et al., 2010; Wu et al., 2011; Yu, 2011) and the
references therein. However, in most of the papers the step size is either fixed or
nonrandom variable.

Unlike the preceding two chapters, in which the constant step size methods are
considered, the methods discussed in current chapter and the coming chapter are
modified methods. In this chapter the random variable step size is introduced to

embed into the Euler-Maruyama (EM) method. Our key contribution is that we

67
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prove the time variable is a stopping time. Moreover, the stopping time is essential
for the application of the semimartingale convergence theory in our approach.
Benefiting from the random variable step size, the sufficient conditions for the
almost sure stability of the EM method obtained in this chapter are much weaker
than those established in (Mao & Szpruch, 2013a) and (Wu et al., 2010). To our
best knowledge, this is the first work to apply the random variable step size (with
clear proof of the stopping time) to the analysis of the almost sure stability of the
EM method.

It should be noted that the technique of adjusting the size of each step has been
broadly used in the multi-stage methods (see for example (Burrage & Burrage,
2002; Burrage et al., 2004; Romisch & Winkler, 2006), and the references therein).
Due to the application of the local error control technique, some steps could be
rejected then smaller steps may be retreated. Since the step size in those methods
is dependent on the state of the solution, it is indeed a random variable. However,
the current step size may be decided after future information available and this
indicates the time variable can not be a stopping time (Mauthner, 1998). In
fact, not like the case in this chapter the stopping time is not necessary for those
methods (Gaines & Lyons, 1997).

The Euler-type methods with the random variable step size, were also con-
sidered in different aspects, for instance in (Dévila et al., 2005) to reproduce the
finite time explosion of SDEs, in (Lamba et al., 2007) to study convergence and
ergodicity, and in (Miiller-Gronbach, 2002) to optimise the error constant.

We also mention here that there are lots of other approaches to study the
almost sure stability of the numerical methods for SDEs, for example by the local
error control, by directly applying the the strong law of large numbers, and by the
Chebyshev inequality and the Borel-Cantelli lemma the almost sure stability can
be derived from the moment exponential stability. We refer to some of the works
(Higham et al., 2007; Lamba & Seaman, 2006; Mao et al., 2011; Pang et al., 2008;

Schurz, 2005) and the references therein.
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This chapter is constructed as follows. Section 5.2 is devoted to the mathemat-
ical notation and some preparation for the main result. In Section 5.3 we present
our main result, Theorem 5.3.1, in which we demonstrate the strategy of choosing
the step size, give the proof of the stopping time and conclude the almost sure
stability of the EM method with random variable step size. Section 5.4 sees the
computer simulations of the proposed method. In Section 5.5, alternative sufficient
conditions for the numerical almost sure stability are proposed, which enable the
EM method with random variable step size to cover wider range of SDEs. Proofs
in the last section are only briefed as the same techniques to those in Theorem

5.3.1 are employed.

5.2 Mathematical Preliminaries

Throughout this chapter, let (Q, F,{F:}t>0,P) be a complete probability space
with a filtration {F;};>0 which is increasing and right continuous, with F, con-
taining all P-null sets. Let B(t) = (By(t), ..., Bu(t))T be an m-dimensional Brow-
nian motion defined on the probability space. The inner product of x,y in R" is
denoted by (x,y).
In this chapter, we investigate the numerical methods for the n-dimensional
SDE
dz(t) = f(z(t))dt + g(x(t))dB(t), x(0) € R", (5.1)

where f: R™ — R" and ¢g: R” — R™™. The following two conditions are imposed
on the drift and diffusion coefficients. For every integer R > 1, there exists a

positive constant C'(R) such that, for all z,y € R" with |z| V |y| < R,

|f(x) = fFW)I?V g(x) — g()]? < C(R)|z —y*. (5.2)

And Vz € R”
—z(x) = 2(, f(x)) + |g(2)]* <0, (5.3)
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From (5.3), we can see that the monotone condition holds automatically. There-
fore under (5.2) and (5.3), there exists a unique solution to (5.1) for any given initial
value z(0) € R™ (see, for example Theorem 2.3.5 in (Mao, 2008)). The theorem

for the almost sure asymptotic stability for the SDE (5.1) is presented as follows.

Theorem 5.2.1 Let (5.2) and (5.3) hold. Assume z(x) = 0 if and only if z = 0,

then for any initial value £(0) € R

tliglo z(t) =0 a.s.

We refer to the stochastic version of the LaSalle theorem in (Shen et al., 2006) for

the proof of this theorem.

Lemma 5.2.2 Assume z(z), defined by (5.3), is zero if and only if x = 0. Then
both f(x) =0 and g(z) =0 ifx =0, and f(x) # 0 if x # 0.

Proof.  We first prove f(x) # 0 if x # 0. Assume f(Z) = 0 for some = # 0, then
by (5.3) we have —z(Z) = |g(Z)|*> > 0. But this contradicts that —z(x) < 0 for
x # 0.
We now prove f(z) = 0if z = 0. Assume f(0) # 0, that is f(0) = (f1(0), ..., fo(0))T #
0. Without loss of generality, we assume f;(0) < 0. Due to the continuity of f(z),
for some sufficiently small € > 0 we have fi(x) < 0 for some vector x, where the
first entry lies in (—¢,¢) and all the rest are zeros. Then given T = (—¢/2,0, ..., 0)T,
we have (z, f(Z)) > 0. But this contradicts to —z(z) < 0.
Suppose z = 0, by (5.3) it is easy to see that |g(0)|*> = —z(0) = 0, i.e. g(0) = 0.
The next lemma is the discrete version of the semimartingale convergence theorem

(Shiryaev, 1996).

Lemma 5.2.3 Let {A;} and {B;} be two nonnegative F;-measurable processes for
i=0,1,2,... with Ag = By = 0 a.s. and {M;} be F;-measurable local martingale
fori=0,1,2,... with My = 0. If a nonnegative stochastic process {Z;}i—o1.... can

gooe

be decomposed as Z; = Zy + A; — B; + M;, then

{lim A < oo} C {hm B; < oo} N {hm Z; exists and is ﬁm’te} a.s.

1—00 1—00 1—00
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5.3 The EM Method with Random Variable Step
Size

In this section, we present our main results about the variable step size EM method.
To keep the proof simple and clear we specify the choice of the step size in the
proof, but readers should notice that there are other choices. We emphasise here
that there are two important properties of the variable step size that the sum of the
steps is a stopping time and divergent. The feature of stopping time is essential
to the proof of the local martingale term in Theorem 5.3.1, and the divergence
guarantees the time is able to tend to infinity.

The first main result is that the variable step size method can reproduce the

stability of the SDE shown in Theorem 5.2.1.

Theorem 5.3.1 Let (5.2) and (5.8) hold. Assume z(x) = 0 if and only if x = 0,

and

imin 2(2)
lleOf )P > 0. (5.4)

Define the EM method with variable step size as
Yipn =Y+ f(Y)AL + g(Y)AB;, Yo =x(0), >0, (5.5)

where AB; = B(t;) — B(t;—1) with t; = ZZ:O Aty fori=0,1,2... and t_, = 0, At;
is chosen to be 27" with n; = [1 —logy(2(Y;)/|f(Y:)|[*)] for |Yi| # 0 and 272 for
|Y:| = 0. Then t; is an {F;}-stopping time for each i = 0,1,2..., and the sequence

of time steps obeys Y. At; = 0o a.s. Moreover, for any initial value Yy € R"

IimY;, =0 a.s.

1—00

Proof. Taking square on both sides of (5.5), we have

Yia? = |Yil* +2(Ys, F(Y) AL + g(Y)AB,) + | f(Y) At + g(Yi) AB|?

= Vi’ + ALY, F(V) + oY) + [f (YD) PAt) + Amy, (5.6)

where Am; = 2(Y;, g(Y;)AB;) + 2(f(Y)) Ati, g(Y) AB;) + [g(Yi)[*(|AB;* — Aty).
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The proof is divided into three parts. Firstly, we demonstrate the strategy of
choosing the step size At; in each time step and show that ¢; is an {F;}-stopping
time for every ¢ = 0, 1,.... Then we prove that m; = ZZ:O Amy, is a local martin-
gale for i = 0,1, .... At last, we give the proof of the divergence of the sequence of

the timesteps and conclude the almost sure stability.

Step 1
Since (5.3), in each step we can choose sufficiently small and rational step size At;
such that

—U(Y;, Aty) = —2(Y;) + | f(Y)[PAt; < 0. (5.7)

For example, when Y; # 0 (by Lemma 5.2.2 we know f(Y;) # 0) we could choose
At; = 27" with n; = [1 —logy(2(Y;)/|f(Y:)]?)]. Then it is obvious that At; <
2(Y:)/(2|f(Y:)|?), thus the inequality (5.7) holds. When Y; = 0 (i.e. 2(Y;) = 0 and
f(Y;) = 0), any choice of At; will satisfy (5.7) and we simply choose, for example
At; = 272, From the iteration (5.5), we know that if at some time point the solution
becomes zero, the solution afterwards will stay at zero. Hence in this case the step
size is fixed and the almost sure stability follows naturally. In the following, we
focus on the case when At; = 27" with n; = [1 — log,(2(Y;)/|f(Y)]?)]. We
emphasise here that the requirement that each At; is a rational number is key to
the following proof that t; = "1 _ Aty = Y24 _, 27" is an {JF;}-stopping time for
every 1 = 0,1, ....

Assume t; is an {F; }-stopping time for some i > 0,i.e. {t; <t} € F, foranyt >
0. Note that Y, is F;,-measurable. Because the choice of At; ; is dependent on
Y11 we have that At;;, is F;,-measurable. Then we need to show t,11 = t;+ At; 14
is an {F;}-stopping time, that is to show {t; + At;;1 <t} € F; for any ¢ > 0. For
any s € Z and any j € N with j2° € [0,¢], we have {t; < j2°} € Fjo« C F, and
{Atiy <t—j2°} € F, C F. Thus we have {t; < j2°} N {At;1s <t —j2°} € F
(see for example (Mao, 2008)). As both Z and N are countable sets, we have that
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for any ¢ > 0 (Gihman & Skorohod, 1974)

{ti+ Atyq <t} = U ({t: < j2°Y N {Atiy, <t —j2°}) € F.

{0<j2°<t,5€Z,jEN}

Thus we have proved that t;,; is an {F;}-stopping time. Since At, is dependent
on the given initial value Yy, we have Aty and Yy are F;_,-measurable (recalling
t_1 = 0). By induction we conclude that ¢; is an {F;}-stopping time for each
i =0,1,.... Substituting (5.7) into (5.6), we obtain

Yinl? = [Yi]? = U(Y;, At;) At + Am.
Then taking sum on ¢ we have

Yie|? = Yol = Y UV, Aty) Aty + m, (5.8)

k=0
where m; = >, _, Amy,.

Step 2
Due to (5.5) and the definition of ¢;, it is clear that Y; is F;, ,-measurable for ¢ =
0,1,.... We define another filtration {G;}i——101.. by G; = F, for i = —1,0,1, ....
So Y; is G;_1-measurable and m; is G;-measurable. We are going to prove that
{m;}i>o is a {G;}-local martingale. Choosing R s.t. |z(0)] < R, we define a
stopping time

pr = inf{i > 0,|Y;| > R}.

Clearly, pr — oo a.s. when R — oo. It is easy to see that pg is a {G;_1}-
stopping time i.e. {pr < i} € G;_1. This indicates {pgr — 1 < i} € G;. Denoting
Tr = pr — 1, we have 7 is a {G;}-stopping time. By the definition of pg, we have

that |Yja( )| < Ras. so |[Yin,| < Ras. foralli>0.

pr—1
We claim that t;5,, and t;_1)a-, are {F;}-stopping times. For #;r,, we have

for any ¢t > 0

{tiney, <13 = {{ts <t 0 {7r 2 03} U{tr, <1} 0 {7R <i}}.
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Denote the complement set of A by A°. It can be seen that {rp <i— 1} € G;_1,
so the complement {rp > i — 1} = {rp <i—1}°€ G;_;. Because {rp >i— 1} is
equivalent to {7g > i}, we have {7g > i} € G; ;.

Since {1t > i} € G;_1 C G; = F,, we have {t; <t} N{rg > i} € F,. And

i—1

{tr <t} {me <i} = J{{t; <t} 0 {rr =5},

=0
because {rp = j} € F, for j = 0,1,...i — 1 we have {¢t,, <t} N{rg < i} € F.

Hence {tinr, <t} € F;. Similarly for t(i—1)arr, We have
{ti—oam <t} ={{tin <t} {rr 2 i = 1}} U {tr, <t} {rr <i—1}}

Similarly, we have that {7z < i—2} € G,_, indicates {Tp > i—2} = {7p <i-2}°¢
Gio. As {Tr > i — 2} is equivalent to {7g > i — 1}, we see {Tr > i — 1} € G;_».
Since {Tp > 1 — 1} € G;_o C F,, we have {t;, <t} N{rg >i—1} € F;. And

i—2

{tm <ty n{mr <i—1} = JW{t; <t} n{m =7},

=0
we have {{t,, < t} N{mr < i—1}} € F due to {rr = j} € G; C F, for
§=0,1,..i — 2. Thus {ti_1yrm, < t} € Fi.

Due to the iteration (5.5) and the fact that |Yiar,| = |Yr,| for any & > 75,
we define the Brownian motion increment with the stopping time by ABjn., =
B(tineg) — B(ti-1)ar,) and the time step with the stopping time by At;n,, =
tinrg — tli—1)arg- Since Tg — oo a.s. when R — oo, those two definitions can
reproduce the original ones we used in the statement of the theorem. Thus they

are valid. In addition, we have

INTR )
mi/\’T‘R - § Amk - E ATn/k‘/\’?’]{ and mi/\’T‘R - m(’i—l)/\TR + A/rrLZ‘/\’T'R‘
k=0 k=0

From condition (5.2) and Lemma 5.2.2, for |z| < R there exists a constant ¢(R)

dependent on R such that |f(z)| V |g(z)| < ¢(R). By the elementary inequality,
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we have
INTR
|mi/\TR | E Amk’
k=0

< Y Yarra 19Yirr) 1A Binra| + 21 f Yinrs )19 (Yinrs) [ Atinry | ABrar|
k=0
H9(Yinra) A Brare|” — Atiary)

< Z(Cl<R)’ABk/\TR’ + c2(R)|AByarg ), (5.9)

k=0

where ¢;(R) and co(R) are constants dependent on R only. Hence we have
E|minrg] < (c1(R)E|ABgary| + c2(R)E|AByr,|*) < o0
k=0

Also we have

E(mz’/\mwiq) = E(mg-1ar + Ami/\m‘gzel) = M(i—1)Arp T E(Ami/\m’giq)-
(5.10)

Because {Tg > i — 1} € G; 1 and AB; is independent of G; 1, we have

E(ABinry|Gio1)
= E[(B(t:) = B(ti-1))l{rpi-1}|Gi-1] + E[(B(trs) — B(trp)) Lirpsi1}| i1l
= Ly E[B(t:) — B(ti)]

= 0,

E(‘ABZ'/\TRP‘gi*l)
= E[B(t) = Btiot)"Lrgoi-1y |Gia] + B[l B(trg) = Bltr)"Limgeio1y|Gici]
= LiinEIB(t) = B(tiy)P’]

= sy (t — tic),
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and
E(Atz’/\TR|gi—1)
= Ati/\‘l'R
= Lot —tic1) + ey (b — )
= Lgsiony(ti — tiza).
Hence

E(AMing,|Gin1)

= EQ2(Yirrg: 9(Yinrg ) ABinrg) + 2(f (Yinrg) Atinrg, §(Yinrg ) ABinry)
+Hg(Yinr) P(|ABinrg|* — Atineg)|Gi1)

= 2(Yinrg, 9Yirrn NE(ABiney |Gio1) + 2(f (Yinr): 9(Yinrg)) Atinrg E(ABinry | Gi1)
HgYinre) P(E(JABinr ||Gio1) — E(Aling, |Gio1))

= 0 (5.11)
Combining (5.10) and (5.11), we achieve the required
E<mi/\TR|gi—1) = M@G-1)Arg-

This means that {m;n,}i>0 is a {G;}-martingale. Recalling that 7, — oo a.s.

when R — oo, we see that {m;};>o is a {G;}-local martingale.

Step 3

Therefore from (5.8) and Lemma 5.2.3, we have

lim |V < oo as. (5.12)
1—00
and
> UMk, At)Aty < oo as. (5.13)
k=0

From (5.13), we have lim; ,, U(Y;, At;)At; = 0 a.s. We next show the time step

At; will never tend to zero as i goes to infinity, that is liminf; ,.o At; > 0 a.s.
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According to (5.12) for almost all w € €, there exists C(w) € Ry such that
lim; o |Yi(w)| = C(w). Fix any such w, write C(w) = C and Y;(w) = Y;. Consider
two cases:

(i) For the case when C # 0, there exists a sufficiently large integer i} such
that for all i > i}, 0.5C' < |Y;| < 1.5C. This indicates either 0.5C' < Y; < 1.5C' or
—1.5C < Y; < —0.5C'. Because that z(z) = 0 and f(z) = 0 if and only if z = 0,
in both of the two intervals we have z(Y;) # 0 and f(Y;) # 0. Furthermore, due

to the continuity of z(x) and f(z), we have

2(z)

' — 5 =n>0.
0.502;&1.50 |f(x)]? 7
So for any ¢ > i}, we have
2(Y)
>n>0
[F(Y))P?

then
1 —log, (2(Y:)/1f(Y:)[*) < 1 —log,(n).

Recalling the choice of the step size, we see
n; = [1 = logy(2(Y;)/|f(Yi)*)] < [1 — logy(n)]

then
At; =27 > 9~ [1=logy ()] - ().

(ii) For the case when C' = 0, suppose the limit of (5.4) be D > 0. There exists
a constant § = §(D) > 0 such that |z2(z)/|f(z)]> — D] < 0.5D for all |z| € (0,4).
Also, there exists an integer i such that for all i > i3, |Y;| € (0, ), which indicates

|2(Y:)/|f(Y;)|? = D| < 0.5D. So for any i > i}, we have
1 —1logy(1.5D) < 1 —logy(2(Yi)/|f(Yi)[?) < 1 —1log,(0.5D).
Recalling the choice of the step size, we see

At; = 27" > 27 171es(05D)1 5
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Thus At; will never tend to 0 as ¢ tends to infinity. Hence we have Z;io At; = oo
a.s.

Now we have lim; ., U(Y;, At;) = 0 a.s. Due to (5.7) and the choice of At;
that At; < 2(Y;)/(2|f(Y:)[?), we have

U(Y;, Ati) = 2(Y:) = [f(Y)P At > 0.52(Y;) > 0.

Therefore lim; ;o 2(Y;) = 0 a.s. Given the condition “z(z) = 0 < z = 07, we
obtain that lim;_,., Y; = 0 a.s. Hence the proof is complete.

We have two comments on the proof.

e The condition in Theorem 5.3.1 for the EM method with variable step size is
weaker than the condition for the EM method with fixed step size (i.e. when
0 = 0) stated in Theorem 5.3 of (Mao & Szpruch, 2013a). For example, a
scalar SDE dx(t) = (—x3(t) — z(t))dt + 2*(t)d B(t) satisfies the conditions in
Theorem 5.3.1, but not in Theorem 5.3 of (Mao & Szpruch, 2013a).

e When conducting computer simulation, the step size is naturally rational
number as computers can only deal with finite number of decimals. Thus we
may simply set each step size to be az(Y;)/(|f(Y;)]?) for any rational number

a € (0,1). We generalise Theorem 5.3.1 to the next theorem.

Theorem 5.3.2 Let (5.2) and (5.3) hold. Assume z(x) = 0 if and only if z = 0,
and (5.4). For the EM method with variable step size (5.5), At; is chosen to be
rational number satisfying At; = az(Y;)/(|f(Y;)|?) with a € (0,1) for |Y;] # 0,
and any nonzero rational number for |Y;| = 0. Then t; is an {F;}-stopping time
for each i = 0,1,2..., and the sequence of time steps obeys Y .oy At; = 00 a.s.

Moreover, for any initial value Yy € R™

limY, =0 a.s.

1—+00
Most part of the proof of Theorem 5.3.2 is similar to the proof of Theorem 5.3.1,
and the only different part is the proof of the stopping time as follows.
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Assume t; is an {F;}-stopping time for some ¢ > 0, i.e. {t; <t} € F; for any
t > 0. Note that Y;;; is F;,-measurable, because the choice of At;;; is dependent
on Y;;; we have that At;;, is Fj,-measurable. Then we need to show ¢;11 =
t; + At; 1 is an {F;}-stopping time, that is to show {t; + At;,; < t} € F; for
any t > 0. For any rational number s € [0,t], we have {t; < s} € F, C F;, and
{At;1; <t—s} e F, CF. Thus we have {t; < s} N{At;1 <t—s} € F (see for
example (Mao, 2008)). As the set of all rational number s € [0,¢] is a countable
set, we have that for any ¢ > 0 (Gihman & Skorohod, 1974)

{titAtin <t}= | ({ti<s}n{At <t—s})EF.
{0<s<t,5€Q}

Thus we have proved that t;,1 is an {F;}-stopping time. Since At is dependent
on the given initial value Y, we have Aty and Yy are F;_,-measurable (recalling
t_1 = 0). By induction we conclude that t; is an {F;}-stopping time for each
i=0,1,...

5.4 Examples
We first consider a scalar SDE
dr(t) = (—2°(t) — z(t))dt + 2*(t)dB(t) (5.14)

with a given initial value z(0) = 1. It is easy to verify that for any z € R and
x#0

—z(x) == 2(z, f(x)) + ¢*(x) = —22% — 2* < 0.
It is clear that z(x) = 0 & x = 0, by Theorem 5.2.1 we have the solution of the

underlying SDE is asymptotically almost surely stable. Moreover,

2 2 4
iminf —%) liminf 25t ooy
lel=0 |f(z)]?  Jal=0 22 4 224 4 26

Choose the step size, for example At; = 0.982(Y;)/|f(Y:)|*> in each step, from

Theorem 5.3.2 we obtain the variable step size EM solution is asymptotically
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almost surely stable as well. Set Yy = 1, we simulated 1000 time steps of one path
of the variable step size EM solution. The left plot on Figure 5.1 is the solution
path, from which we can see that the oscillation decays and the solution tends
zero as time increases. This is in line with the theoretical result. The plot on the
right of Figure 5.1 is the size of each time step. It is clear that with the solution
approaching the origin the step size tends to 1.96 and this is due to the limit 2
and the choice of factor 0.98. In addition, the plot also shows that the step size

does not need to tend to zero, thus we have Y >°  At; = oo a.s.

25
2
N 3 15
1
-1 ‘ ‘ ‘ ‘ 05 : ‘ ‘ ‘
0 200 400 600 800 1000 0 200 400 600 800 1000
Number of the time step i Number of the time step i

Figure 5.1: Left: One simulation path, Right: The step size of each time step
Now we consider a two-dimensional case
dx(t) = diag(z1(t), 22(t)) ((b + Adiag(z1(t), 22(t))x(t)) dt + odB(t)),  (5.15)

where diag(zy(t), x2(t)) denotes diagonal matrix with nonzero entries z;(f) and
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x5(t) on the diagonal, z(t) = (x1(t), z2(t))T, b = (by,b)T, A = (aij)ijeqiay, 0 =
(O-ij)i,je{l,Q} and B(t) = (Bl(t),Bg(t))T
We set b = (-1,—2)T,(111 = a92 = —1,a12 = —2,CL21 = 1,011 = 019 —

0.5,091 = 1,099 = —1. It is easy to verify that for any € R? and x # 0

2(z, f(x)) + ¢*(w)

= (2b) + 0%1 + Jfg)x% + (2by + 051 + 032)m§ + (a2 + agl)xfxg + anﬁ + azgxé" < 0.

From Theorem 5.2.1, we know the SDE solution is almost surely stable. In addi-

tion, by the elementary inequality ab < a? + b*> we have

e 2(x)
liminf ———
jel=0 | f(2)]?
~ Lminf 1.52% + 222 + 2322 + 2t + 25
2|0 1?2 + 227 + 2% + 22223 + batrd + 423 + 4x5 + 5

L |z[?

> liminf

= 50 422 + 6.5/z]* + [2]° + 2.5[z[F
1

= —->0.
4

By choosing the step size, for example At; = 0.12(Y;)/|f(Y:)|> in each step, we
have from Theorem 5.3.1 that the variable step size EM solution is almost surely
stable as well.

We simulated 10000 time steps and plotted the two solution paths on the left
of Figure 5.2. It can be seen that as time increases both the solutions tend to zero.
And from the plot on the right of Figure 5.2 the size of the time step approaches to
0.025 as the solutions go to zeros, which shows the step size will not tend to zero.
Hence both the simulations of the one-dimensional and the multi-dimensional cases

are in line with the theoretical result.

5.5 Other Sufficient Conditions

In this section, we propose some other sufficient conditions which can cover some

SDEs that are not included in Section 5.3.
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4 ‘ ‘ ‘ ‘ 0.05
>_Ff 2\ N 0.041
% 2000 4000 6000 8000 10000 _0.03r
Number of the time step i 3
5 : : ‘ ‘ 0.02f
>-(\I \h"\“‘\\l; 001l
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Number of the time step i Number of the time step i

Figure 5.2: Left: One simulation path of Y; . and Y5 ., Right: The step size of each

time step.

A slightly better condition than (5.3) is to assume there exists a symmetric

positive-definite n x n matrix () such that for Vo € R"

—2() := 207 Q f (z) + trace(g” (z)Qg(z)) < 0. (5.16)

Thanks to the stochastic version of the LaSalle theorem in (Shen et al., 2006), we
have that the underlying solution of (5.1) is almost surely asymptotically stable if
(5.2) and (5.16) hold, and z(x) = 0 if and only if x = 0. In addition, it is obvious
that given the condition that z(x) = 0 if and only if = 0 the results in Lemma
5.2.2 still hold for f(x) and g(x). Denote the smallest and largest eigenvalue of @)
by Amin(Q) and Ayax(Q) respectively. Now we are ready to present the following

theorem.
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Theorem 5.5.1 Let (5.2) and (5.16) hold. Assume zZ(z) = 0 if and only if x = 0,
and

2(x)
lim nf 2T

For the EM method with variable step size (5.5), At; is chosen to be rational
number satisfying At; = az(Y;)/(Amax(Q)|f(Y:)|?) with o € (0,1) for |Y;| # 0,

> 0.

and any nonzero rational number for |Y;| = 0. Then t; is an {F;}-stopping time
for each i = 0,1,2..., and the sequence of time steps obeys Y >  At; = 00 a.s.

Moreover, for any initial value Yy € R"

limY; =0 a.s.

1—+00
Proof. Since @) is a symmetric positive-definite n x n matrix, it is clear that for
any ¢ > 0
Anin(Q)Yi* < V' QYi < A (Q) Y3

and
Amin(Q)f (YD) < FF(Y)QF(Y:) < Anax ()] F (V)]

From (5.5) we have

Y QYi = Y QY+ ALY Qf (Vi) +trace(g” () Qg(Ya))+ [T (Y))Qf (Vi) Aty +Am;,

where

Am; = 2YQg(Y)AB; +2f" (Y;)Qq(Y) AB
+(9(Y)AB:) Q(9(Y)AB;) — trace(g" (Y;)Qq(Yi)) At
Then the proof can be completed by adapting the same procedure used in Theorem
5.3.1.

We see condition (5.16) as a generalisation of (5.3) as we can recover (5.3) by

choosing @) to be identity matrix in (5.16).

To keep the notations simple in the next theorem, we investigate the SDEs

with the scalar Brownian motion

dx(t) = f(a())dt + g(x(£)dB(t), (0) € R",
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where f: R" — R", g: R" — R™ and B(t) is a scalar Brownian motion. We
still assume condition (5.2), but replace condition (5.3) by the following condition:
there exists a constant p € (0,2) such that

oy (HLEDHMR 0y o

z€R™,x£0 ’37‘2 ’$‘4

Also we assume f(0) = 0 and g(0) = 0.
Under (5.2) and (5.17), the true solution of SDE (5.1) is almost surely asymp-
totically stable (Shen et al., 2006). Now we study the numerical solution.

Theorem 5.5.2 Let (5.2) and (5.17) hold. Assume

lim sup /()] < 00, (5.18)
|z]—0 |'T|
and
lim sup lg(@)l < 0. (5.19)
w0 |2l

Define the EM method with variable step size as
Yien =Yi+ f(Y)AL + g(Y)AB;, Yo =(0), =0, (5.20)

where AB; = B(t;) — B(t;—1) with t; = ZZ:O Aty fori1=0,1,2... and t_; = 0.
For Y; # 0, At; is chosen to be rational number satisfying At; < (p/12)x
mingj—1 2345 {(v/A4;(Y:) YD}, where {A;},-12345 are defined in the proof. For
Y, = 0, At; is chosen to be any nonzero rational number. Then t; is an {F;}-
stopping time for eachi = 0, 1,2..., and the sequence of time steps obeys "~ At; =

oo a.s. Moreover, for any initial value Yo € R

IimY;, =0 a.s.

1—00

Proof.  From the first line of (5.6), we have that for the p given in (5.17) and
Yi #0

p/2
I 20V, f(Y) AL + g(Y)AB,) + | f(Y) AL + g(Yi)AB; [
Yia [P = |YiP [ 1+ :
;]2
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When Y; = 0 (i.e. f(Y;) =0 and ¢g(Y;) = 0) for some i > 0, due to the iteration
(5.20) the solution will stay at zero afterwards. In this case At; could be set to be
any nonzero rational number. In the following we focus on the case that Y; # 0

for all 4 > 0. Let

2(Y;, f(Y)) At + g(Y)AB:) + | f(Y;) AL + g(Y;) AB,|?
|Yi[? ’

and by the fundamental inequality that for any ¢ > —1

p(p —2) p(p—2)(p—4)
8 23 x 3!

L+ <1+50+ ¢+ ¢,

we have

, , p. pp—=2) , plp—2)(p—4)
Yl < ¥ (1+2<+ "2 20D cg). (5.21)

We compute

1

¢ = |Y‘2(At( (Vi f(V) + g (V)[*) + AL F (V7))

+2(Y;, g(YI))AB; + 21" (Y))g(Y) At;AB; + g(Y)) (AB} — Aty)),

g2 =
(ALY (1))
HAL (A(Y:, F(Y2)? + gVl + Y5, fY) g (YD) + 8(Yi, g(Ya)) /1 (Yi)g(Y))
FAL (6] f(Y2) Pl (V) ? + 4(Yi, FYNF(YD)P) + At F (V)

+(Y;, g (YD) (ABY — Ati) + [g(Y))["(AB] — A) + 4Y;, f(Y)) lg(YVo) At (ABF — At;)
+8(Yi, g(Y)) [T (YD) g(V)AL(AB] — Ati) + 6| (V) P|g (Vo) PAG (ABF — Aty)
+8(Y;, f (YD) (Vi g(Vi)) ALAB; + 41 f (V)P 1 (Vi) g (Vi) AL AB;
+4 (V) g(Yi)lg(Y) PALABY
(

+8(Y;, f(Y)) T (Vi) g(V) A AB; + A(Y:, g(Y))f (V) PAGAB; + 4(Y;, g(Y))|g(Y) PABY),
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and

¢ =

|Y|6(At2(24<Y Y g(Y))? +12(Y;, g(Yi)*9(YD) )

AL (8(Y;, f(Y))? + 12(Yi, f(Y0))?|g(Yo) * + 48(Yi, f (YD) (Yi, g(Va)) ST (Yi)g(Y7)
+H12(Y;, g (V) [F (YD) + 6(Y2, F (YD g (YD) * + 19(Y)[® + 24(Y:, g (V) [f (V3) g (Y2)]P)
+HAL(12(Y5, f(Y)) [ f (V) + 36(Y:, f(YO)F (VD) Plg(YVo)I* + 15] £ (Y2) Pl (Y2)]*
+24(Y;, g(Y)) I F (YD) Plg (Vo)1)

AL (6(Y;, f(Y))F (V)" + 15 £ (YD) [*la (YD) )

+AL (| f(Y7)[°)

+24(Y, f(YV2))* Vi, g(YO))AtFAB; + 24(Y;, (Vo)) (Y5, 9(Y2)* Ati(AB] — At;)

+8(Y;, g(Y2))PAB} + 24(Y;, f(Y)) /1 (Vi) g (Yo A7 AB;

H12(Y, f(Y2))?|g (V) PAE(AB? — At))

+24(Y;, f(Y))(Yi, g(Y) | (Vo) PAEIAB;

+H8(Y;, f(Y)))(Yi, g(Yo)) £ (Yo)g(Yi) At} (AB} — At;)

F24(Y;, F(Y)(Yi, (Vi) g(YVa) PALAB +12(Y;, g(V:))?| f (Vi) At (ABF — At;)
+24(Y;, g (V)2 F1 (V) g (V) ALAB] 4 12(Y;, g(Yi))?|9(Yo) P (AB] — At})

F24(Y;, FY)IF (Y2 FT (V) g(Y) At AB; + 36(Y;, f(Y) | F(YD) Plg(Ya) PAL (ABF — At;)
F24(Y, FY)) T (YD) g(Y)lg(Yo) PAEAB] + 6(Y;, f(Yi) |g(Yo)|"Ati(AB; — At)
6| £ (V)| FT (Y g(Y) A AB; + 15| f (V)9 (Ya) PAti (AB} — At)

+20f (V)P 1 (YD) g (V) g (Vo) AL ABY

+15|f (V) Pla(Y) A (AB] — At) + 61 (Y)g(Y))|g(Y) |"At;ABY + 1g(Y:) | (AB] — At)
+6(Y:, g(Y) | f (V)" A AB; + 24(Y;, g(Yi) £ (Vo) Pg(Yo) | At} (AB] — At;)

+36(Y:, g(Yo)) lf (Vo) Plg(Ya) PAGABY + 24(Y;, g(YO)) | f(Y)llg (V) PAt(AB] — At)
+6(Y;, 9(Y0)|g(Y)*ABY).
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Then we can rearrange (5.21) into

Yipa ! < [YilP = [Yi[PALUL(AL;, Y;) + Am, (5.22)
where
_UL(ALLY) =
(Yo, fY3) + [g(Y9) > p—24(Y;, g(7))?
2( Yl TP )
plf(Y3)]?
+ oA (2 e
+p(p—2)4<Yi,f(Yi)>2+|g( DI+ 45, fFY) lg(Yo) P + 8(Y;, g(Yi)) fT (Yi)g(Y7)
8 Yi|*
+p(p—2)(1?—4) 24(Y;, F(Y)) (Y, 9(Y3))? + 12(Yi, 9(Y7))?|g(Y)|? )
23 % 3! Y;|6
2P0 —2) 6| f(Y)P|lg(Yo)|? + 4Y5, fYNIF(Y)IP | plp—2)(p—4)
N Ati( 8 ML LT EVETEE
(S(Ym FY0)? + 12(Y;, f(Y0))?lg(Yo) P + 48V, f(Y)) (Y, g(Yo)) [T (Yo)g(V7)
;|
12(Y;, g(Y)? L f (YD) I? + 6(Y;, F(Y) [g(YD)|* + 1g(YD)|® + 24V, g(YO) I F(Y)|lg (Vi) P
i Yi[°
s(p0=2) [fY)* | plp—2)(p—4) 12(Y;, f(Y3)? | F(Y)]?
y At( S T 2x3 X( i
N 36(Y, fFOYO)f (YD) Plg(Y) |2 + 15[ f(Y2) Plg(Ya)|* + 24(Y;, g(Yi)) | f (YD) Plg (Y )|>)
Y|

2P0 —2)(p—4)6(Y;, FY) | F(Y)* + 15| f(Y3)|*|g (V) |2
v o (Mg e )
s (P —2)(p—4)|f(YD)[°
At( I E TR AT )
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and
Ay =
V(Y gD AB, + 21 (V)a(V) ALAB, + la(V)F (AB? - Ary)
(gD (ABE - At)
Ha(Y)[(AB! — AR+ 4(Y,. F(Y))]g(V) PALAB? - At)

80V, (V) ST (Vg (Y)AL(ABE — At) + 6 F(Yi) g (V) PA(AB? — At,)

F8(Y;, F(V) (Y (V) ALAB, + 4L F(Y5) T (Vg (V) AL AB,

FAFT (V) gV g (Vo) PALABS

L8V, FY) FT(V)g(Y) AL AB, + A(Y, gV | (V) PABAB; + 4(Y;, g(Y)g(Vi) PABY)
LAY, FR)2 Vi, g (V) MEAB, + 24(Y;, FY)Y:, g(V2)2At(ABE — At)

Rz
+8(Y;, g(Y2))PAB} + 24(Y;, f(Y)) /1 (Vi) g (Yo A7 AB;

H12(Y, f(Y2))?|g (V) PAE(AB? — At))

+24(Y;, f(YO)(Ya, g(Y) (Vo) PAEIAB;

+HA8(Y;, f(Y)))(Yi, g(Yi)) £ (Yo)g(Yi) At} (AB} — At;)

F24(Y;, F(YV)(Yi, (Vi) g (Vi) PALABY +12(Y;, g(V:))?| f (Vi) At (ABF — At;)
+24(Y;, g (V)2 F1 (V) g (V) ALAB] 4 12(Y;, g(Yi))*|9(Yo) P (AB] — At})

+24(Y;, fFYF (V)12 FT (Vi) g(Ya) Ati AB; + 36(Yi, fF(Y) f (Vo) Plg(Yo) PAt} (AB} — At;)
F24(Y, FY)) T (YD) g(Y)lg(Yo) PAEAB] + 6(Y;, f(Yi) |g(Yo)|"Ati(AB; — At)
6| £ (V)| FT (Y g(Y) A AB; + 15| f (V)9 (Ya) P Ati (AB} — At)

+20[F (YD) P f1 (V) g(Ya) g (Vo) PAt; AB}

15| £ (V) Plg(Ya) AL (AB] = Af) + 617 (V) g(Yo) g (V) |* At ABY + g(Y7) | (ABY — At))
+6(Y;, g(YI)) | (V)P At AB; + 24, g(Y) £ (Vo) P9 (Vo) | AL (AB? — At;)

+36(Y;, g (Y (Vo) Plg(Ya) PAtZAB] + 24(Yi, g(Yo) | £ (Vo) |l9(Yo) PAL(AB] — At3)

+6(Y;, g(Y))|g(Y)[*ABY)).

In each step, we need to choose At; such that U;(At;,Y;) < 0. To do this, we
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could choose At; such that

—Ua(At, ) = =B Ay (V) At A (V) M +Ag (V) At ALY At A5 (V) A < 0,

where
_ o plfM)IP | p2 = p) AlYillg(Yo)® + 8Yillf (VD)9 (Ya)]
A= ST TS v
L =2)(p - 4) 24)Y; | F(Y)llg(Ya) |? + 12|V g(Y7)[*
23 x 3! Y;|6 ’
 p2=p) AVl plp—2)(p—4)
) = = v, P %3
<8|Y| |FOYDI? + 12131 (YD) Pl (Yo)|? + 48]Ya* L f (VD) Pg (YD) |2
Y36
12IYI |f(YD)Plg(YD) ] + 6Yillf (YD llg(Y)l* + [g(Ya)|® + 24[Yil[ f (YD) 19 (Vi )|>
|Y;[6 ’
plp—2)(p—4)
(Vi) = =3 3
L2Yi P f (Y9! + 36]Yil [ f (YD) Plg(Yo)* + 151 f (V) [Plg(Ya)[* + 24|Y3[ £ (YD) lg (V) [?
Y36 ’
_pp=2)(p = 4) 6|Yil[ (YD) + 15 f (YD) [*|g (VD)
AY) == |Y;]6 ’
and

p(p—2)(p —4) |f(¥)[°
23 x 3| Y;[6

By the elementary inequality (a, b) < |a||b|, it is clear that —U; (At;,Y;) < —Us(At;, ;)

A5 (Y;) =

a.s. We choose rational number At; such that

P , .y
Aty < 5 ALY VDY,
12 {AJ(E#{)I}J‘IBLZ,SA,E)}{(U/ 1 (Ya)) 7}

Apply the same techniques used in Theorem 5.3.1, we can prove that t¢; is an
{Fi}-stopping time for each i = 0,1,... and {m; = 3j_, Amy}iso is a Gi-local

martingale. Now from (5.22), we have

Vi [P < [Yol? =) At Vi PUL (A, Vi) + m.

k=0
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By Lemma 5.2.3, we conclude

lim |Y;]P < oo as. and E Atg|YiPU (Atg, Vi) < 00 a.s.
1—00
k=0

Hence we have lim; ., At;|Y;[PU1(At;,Y;) = 0 a.s. For almost all w € Q, there
exists C'(w) € Ry such that lim; . |Y;(w)| = C(w). Fix any such w, write C(w) =
C and Y;(w) = Y;. Due to the choice of At;, we have U; > pv/12 > 0. Since
(5.18) and (5.19), applying the same techniques employed in Theorem 5.3.1 we
have liminf; , v/A;(Y;) > 0 for each j = 1,2,3,4,5. That is to say there is no
requirement that At; vanishes as 7 increases, thus Z?io At; = oo a.s. Hence we

can only have lim;_,, |Y;|? = 0. The proof is complete.

Because of the extra negative term in the condition (5.17), 2(x, f(x)) + |g(z)|? is
not necessarily less than 0 for all nonzero x. Therefore Theorem 5.5.2 does cover
some SDEs that can not be covered by Theorem 5.3.1. But it should be noted
that Theorem 5.3.1 is not fully included in Theorem 5.5.2. For example a scalar
SDE with f(z) = —0.52° — 2° and g(x) = 22. We check the conditions (5.3) and
(5.4) that for any € R™ with « # 0

2
2 (o) = 205 <0 and Timinf 2 — 2 g

(z, f(z)) + g°(z) T and - Hminf reeE = 025~ O

i.e. all the conditions in Theorem 5.3.1 hold. To check the condition (5.17) in

Theorem 5.5.2, we have

2(z, f(x)) + lg(x)

|2

(z,g(x))?

I —xt + (p - 2)2”.

+(p—2)

But for any p € (0,2), we can not find a v > 0 to satisfy (5.17).

5.6 Conclusions and Future Research

In this chapter, we investigate the Euler-Maruyama method with random variable
step size and successfully reproduce the almost sure stability of the true solution

using this method with the semimartingale convergence theory. Conditions we
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impose on the drift and diffusion coefficients for the random variable step size
method are much weaker than those for the fixed or nonrandom variable step size
methods. Our key contribution also goes to the proof that the time variable is a
stopping time, and only when this is true the rest of our proof is proper.
Considering that the random variable step size method works well for the sta-
bility, it is interesting to investigate other asymptotic properties of this method.
Other numerical methods with random variable step size, such as the stochastic

f-method, are also worth to investigate.



Chapter 6

Strong Convergence of the

Stopped Euler Method

6.1 Introduction

We have enjoyed the benefit brought by modifying the classical EM method in last
chapter and this chapter sees an alternative modification. The current chapter is
devoted to another important aspect of numerical analysis for SDEs, finite time
strong convergence.

The convergence of numerical methods for stochastic differential equations
(SDEs) has been broadly studied. Since the classical explicit Euler-Maruyama
(EM) method has its simple algebraic structure, cheap computational cost and
acceptable convergence rate under the global Lipschitz condition, its has been at-
tracting lots of attention (Higham, 2011). Under the global Lipschitz condition,
the convergence of the classical EM method is well established (see (Kloeden &
Platen, 1992; Milstein & Tretyakov, 2004)). However, most SDE models in real
life do not obey the global Lipschitz condition. In (Higham et al., 2002), the au-
thors studied the SDEs without global Lipschitz condition, and proved the strong
convergence of the classical EM method under the assumption of pth moment

boundedness of both true solution and numerical solution to the underlying SDE.

92
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However, the authors in (Higham et al., 2002) pointed out that in general, it is
not clear when such moment bounds can be expected to hold for the EM method
even when both drift coefficient and the diffusion coefficient are C' (unbounded
derivatives of course). More recently, the authors in (Hutzenthaler et al., 2011)
answered the question negatively by proving that the explicit EM methods will
diverge in finite time for those SDEs with either the drift coefficient or the diffu-
sion coefficient being superlinear. The same group of authors then developed an
explicit method to approximate SDEs with one-sided Lipschitz drift coefficient and
the linear growth diffusion coefficient in (Hutzenthaler et al., 2012). The method
is called the tamed EM method, and to the best our knowledge it is the first ex-
plicit method to converge strongly to that type of SDEs. In (Wang & Gan, 2012),
the authors used similar idea and constructed a higher order method, the tamed
Milstein method.

Implicit methods are widely discussed as well. We refer here to the papers
(Burrage & Tian, 2002; Higham et al., 2002; Hu, 1996; Klauder & Petersen, 1985;
Milstein et al., 1998; Saito & Mitsui, 1993) and the book (Kloeden & Platen,
1992). Compare with the explicit methods, the implicit methods are better at
tackling the nonlinear SDEs but are computationally expensive. Methods with
variable step size also attract a lot of attention (Burrage & Burrage, 2002; Miiller-
Gronbach, 2002; Valinejad & Hosseini, 2010; Romisch & Winkler, 2006). Other
weak forms of convergence, say weak convergence, convergence in probability and
pathwise convergence, are discussed in (Anderson & Mattingly, 2011; Gydngy,
1998; Jentzen et al., 2009; Kloeden & Platen, 1992; Mao, 2011; Marion et al.,
2002; Milstein & Tretyakov, 2005; Wu et al., 2008), just to mention a few.

We propose a new Euler-type method in this chapter and study the strong

convergence of that method for one-dimensional SDEs in the form of
da(t) = f(a(t)dt + g(x(£)dB(t), 2(0) =z >0, (6.1)

where B(t) be a scalar Brownian motion. We assume that f(x(¢)) can be decom-
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posed into two parts denoted by f(x(t)) = hqy(z(t)) — ho(z(t)). Denote max(a, b)
and min(a.b) by a Vb and a A b respectively. We impose several conditions on the

drift and diffusion coefficients in the following.

For hy(z) and g(x), we require them to satisfy the global Lipschitz condition, i.e.

for Va,y € R there exists a constant K; € RT such that

[ha(2) = ha(y)]* V |g(@) — g(y)I* < Kilw —y|*. (6.2)
For hs(z), we need he(xz) > 0 for all x > 0, and the polynomial growth condition,
i.e. for Vx,y € R, there exist constants K, € R and a € Z* such that
|ha(2) = ha(y)[* < Ka(1 + [a|* + [y|") e — yI”. (6.3)
Also for f(z) = hi(z) — ha(x), we assume for all z,y > 0 there exists a constant
K3 such that
(z =yl (@) = f(y)] < Kslz —y|*. (6.4)
With further assuming hq(0) = h2(0) = g(0) = 0, we see that for Vo € R
(@) V [g(@)]* < Ko, (6.5)
and for some constant a > 0
[ha(2)[? < Kp(1+ |2]**2). (6.6)
There are many models satisfying those conditions. For example by choosing
hi(z(t)) = bx(t), he(z(t)) = ax?(t) and g(x(t)) = ox(t), we recover the stochastic
Lotka-Volterra model (see for example, Chapter 11 of (Mao, 2008)). Also when
hi(z(t)) = 0.502x(t), ho(x(t)) = 23(t) and g(z(t)) = ox(t) we get the stochastic
Ginzburg-Landau equation (Ginzurg & Landau, 1950). Due to requirement of the

nonnegativity of the solution for biological models and financial models, numerical

solutions to these models need to be nonnegative as well.

For a given fixed time step At and the initial value X, = 2(0), the classic EM
method for (6.1) is defined by
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where AB; = B(t;11) — B(t;) is a Brownian motion increment and t; = iAt. In

our analysis it will be more natural to work with the continuous version

X(t) = Xo + /0 B (X () — ha(X(5))]ds + /O o(X(s))dB(s),  (68)
where X (t) is defined by
X(t)=X; fort€ [titi1).

The existing known results have only so far shown that the classic EM solutions
converge to the true solution in probability (Mao, 2011; Marion et al., 2002). Since
the drift coefficient of (6.1) does not satisfy the linear growth condition, the theory
established in (Higham et al., 2002) is not applicable. Besides, as f(z) satisfies the
one-sided Lipschitz condition only for nonnegative x, the result of the tamed Euler
method in (Hutzenthaler et al., 2012) may not be applicable either. Moreover, the
drift coefficient is in fact superlinear. Thus, according to the recent theory in
(Hutzenthaler et al., 2011), the classical EM method (6.7) will diverge in L? sense
in finite time from the true solution of (6.1). All of these known results strongly
indicate that the classical EM method is not good enough for the underlying SDE
(6.1). However, the classical EM method has its great advantage due to its simple

algebraic structure and cheap computational cost. The question is:

e Can we modify the classical EM method so that not only the modified
method will preserve the simple algebraic structure and cheap computational
cost of the classical EM method but also the approximate solutions based on
the modified method will converge to the true solution in the strong sense

(namely in L?)?

To tackle this problem, we introduce a stopped EM method in this chapter. Firstly,
the classical EM method (6.8) equipped with a stopping time is considered. Define
the stopping time

p=inf{t>0:X(t) <0},
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where throughout this chapter we set inf () = oo (as usual () denotes the empty
set). It should be noted that the stopping time, p, depends on the continuous
version of the approximate solution. Then the continuous approximate solution of

the stopped EM method is defined by
Xa(t)=X({tAp), t>0, (6.9)

while the corresponding discrete one is defined by

Xa(t)=X({tAp), t>0. (6.10)
There are two benefits from the technique of stopping time. Firstly, the stopping
time can guarantee the non-negativity of the numerical solution, i.e. Xa(¢) > 0 for
all t > 0 almost surely. It is easy to see from (6.7) that the classical EM numerical
solution could become negative due to the random effect of the Brownian motion.
However, from Theorem 6.2.1 in Section 6.2 we can see that the underlying SDE
solution is always positive. Hence, numerical methods that can preserve non-
negativity are more desired. Next, and more importantly, both continuous and
approximate solutions of the stopped EM method converge strongly to the true
solution of the underlying SDE (6.1). We should mention that the preservation of
non-negativity has been discussed in e.g. (Appleby et al., 2010; Berkaoui et al.,
2008; Deelstra & Delbaen, 1998), and the technique of stopping time has widely
been used to control diffusion processes (see e.g. (Gobet & Menozzi, 2004; Gobet
& Menozzi, 2010)). We also mention the classical projection scheme that prevents
the numerical solution from escaping from a closed domain (Pettersson, 2000) and
its application on simulating reflected SDEs (Dangerfield et al., 2012).

It should emphasized that the stopping time p functions on the continuous
version of the method (6.8) which requires the whole Brownian path. However, in
practice when we implement the stopped EM method in computer simulation we
actually use a finite number of points of a Brownian path, thus a different stopping

time which functions on the discrete version of the method X (¢) is introduced and
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defined by
p=inf{t>0:X(t) <0}.

It is clear that p < p a.s. We denote the discrete version of the method with
this stopping time by Xx(t) = X(t A p). Our main result, Theorem 6.3.6, shows
that X% (t) converges strongly to the true solution of the SDE (6.1) with a order
arbitrarily close to a half. It should be emphasized that most of the existing results
are about the strong convergence of the continuous version of the approximate
solution, but in this chapter the main result is about the strong convergence of the
discrete version of the approximate solution. It can be seen in Section 6.3 that,
compared with the continuous version, to deal with the discrete version needs much
more mathematical techniques for the stopped EM method.

This chapter is organized in the following way. In section 6.2, the positivity
and the pth moment boundedness of the true solution to the underlying SDE will
be discussed. The properties of our stopped EM method will be studied in detail
in section 6.3, where several useful lemmas as well as our main results will be
established. Section 6.4 presents the numerical simulations to demonstrate the

convergence of our stopped EM method.

6.2 Properties of the Underlying SDE

Throughout this chapter, let (2, F,P) be a complete probability space with a
filtration {F},., satisfying the usual conditions (that is, it is right continuous
and increasing while Fy contains all P-null sets), and E denotes the expectation
corresponding to P. Let B(t) be a scalar Brownian motion defined on the space.
Define the o-algebra generated by y(t) by o(y(t)) and we denote the conditional
expectation by Eq; ) (-) = E(-|o(y(t))).

We state some known results about the underlying SDE solution that will be

used in the proofs in next section.
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Theorem 6.2.1 Assume hy(0) = h2(0) = ¢g(0) = 0 and, (6.2) and (6.4) hold, for
any given initial value x(0) > 0, there ezists a unique positive global solution x(t)

to the SDE (6.1) ont > 0.

This is because the Feller’s boundary classification assures the boundary 0 not
accessible and the drift coefficient satisfies the one-sided Lipschitz condition (see

for example, Theorem 2.3.6 and Lemma 4.3.2 in (Mao, 2008)).

Lemma 6.2.2 Givenxy > 0, for eachp > 2 andT > 0 there is Ay = Ay (p, T, K1) >
0, such that

E ( sup |x(t)|p> < AE|zg .

0<t<T
Due to (6.2), (6.4), (6.5), (6.6) and Theorem 6.2.1, it is straightforward to prove

this lemma (see for example, Theorem 2.4.1 in (Mao, 2008)).

6.3 Strong Convergence
Let us first present a number of useful lemmas before we prove our main results.

Lemma 6.3.1 Given any initial value X (0) > 0, for each p > 2 and T > 0 there
1s Ay dependent on p, T and Ky, but independent of At, such that

E ( up |XA<t)|P) < AE|X(O)P.

0<t<T
Proof. By definition of Xa(t) and continuity of X (t), we know Xa(t) = X(p) =0

for all t > p. For every integer n > 1, define the stopping time
kn =T ANinf{t € [0,T] : | X(t)| > n}.

Clearly, k, T T a.s. By Itd’s formula, using condition (6.5) and hy(z) > 0 a.s. for
all x > 0 a.s. we have, for 0 <t < p Ak,
dIX (O] = [2X(0)[(X(1) — ha(X (1)) + |g(X (1))1)] dt + 2X (t)g(X(t))dB(t)

< [2VEX(OX(0) + KiX20)] dt + 2X (0)g(X(1)dB(1),
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Taking integration on both sides yields
tAPNEnR

X(EApAm)E < X)) + / 2/ KX (5) X (5) + K1 X(s)] ds

+/0 T 90X (5)g(X ())dB(s).

M|
[NIiS)

For t, € [0,7] and p > 2,
VAV AT B
s [X(enpp < Ixor s evE) ([T xexes)
0<t<t1Akn 0
» t1ANpAEn _ %
+K? (/ X2(s)ds)
0

+eVEDE s | [T XX (aB0) ] |

0<t<t;
Taking expectation on both sides and by the Holder inequality, we have

E ( sup | X(tApA K;n)|p)

0<t<t

. L, p=2 t1 _ P
< 421{E!X(0)|p+(2 Kp)%t, 2 / E(X(s ApAkn)X(s ApAtin))2ds
0
p p=2 t S
e [ B n0 AP
0

HavRE e

/OtX(s/\p/\/ﬁn))_((s/\p/\nn)dB(s)

0<t<ty

) } (6.11)

E(IX (s ApAkn)|2|X(s A pAka)l?)

It is clear that

[NIiS]

IN

E(X(sApAkpn)X(sApAky))

< E(Sup X (rApA sy

0<r<s 0<r<s

IN

E ( sup |X(T’/\p/\f{n>|p) :

0<r<s

and

E (| X(sApAkn)P) <E ( sup |X(7‘/\p/\/<on)]p> :

0<r<s

/OtX(sApAmn)X(sApAmn)dB(s)

)

By the Burkholder-Davis-Gundy inequality

E | sup
0<t<ty
4

1
< CpE</ \X(s/\p/\/-cn)|2X2(s/\p/\/fn)ds) :
0

sup | X(r A pA Ky

)
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where C), depends on p only. By the elementary inequality and the Holder inequal-
ity,

p
4

t1 _
E(/ ]X(s/\p/\/in)|2X2(s/\p/\/£n)ds)
0

L]

IN

E[sup | X (s A pAKp) 12)/ X2(s A p A kp)ds)

0<s<ty

|
(/ X2(s A pAky)ds )g

h

|X(5 Ap A k) |Pds

IN

1
ﬁ]E(sup | X(s ApAkn)P )+

0<s<t1

2K 0<s<t;

_l_

1
< —]E(sup |1 X (s A pA Ky )—i—

MIN MIN MIN

1
< ﬁ]E(sup I X(sApAEKp)lP

0<s<ty

E ( sup |[X(rApA /{n)|p) ds.

0<r<s

Hence, substituting these into (6.11) and choosing K = 47/2(2¢/K;)P/*C, /6 yields

E ( sup | X(tApA Iin)|p)

0<t<ty

. » p p=2 [0
< 421{E\X(0)|p+ (2 Ky)? + K?)t,? / E ( sup !X(T/\ﬂ/\/fn)’p> ds
0

0<r<s

p o K ez [0
+(2 Kl)ﬁCpgtl2 / E < sup | X(r ApA lin)|p> ds]
0

0<r<s

+2]E( sup |[X(sApA /in)’p) :

0<s<t1
Namely,

E< sup |X(t/\p/\lin)|p>

0<t<ty

p_ p=2 t
< #EXOP+ (@VE)F +aD [B (s XA paRP ) ds
0

0<r<s

» K ez M
—1—(2\/[(1)501,?1512 / E(sup ]X('r/\p/\/in)]p) ds}
0

0<r<s

Applying the Gronwall inequality and let n — oo, we obtain the required assertion
with
Ay = 422 exp[(AT)P*(K? + (20/ K1 )P/? + 0.5KC,(2y/ K1)P?)).

The proof is complete.
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Since E(supg<i<r | Xa()]P) < E(supgcicr | Xa(t)[P), the moment bound for Xa(¢)
is easy to obtain from Lemma 6.3.1. However, it should be emphasized that X3 (¢)
is different from Xa(t), as p < p a.s. Thus we can not obtain a moment bound
result for X% (¢) directly, but need some extra effort. Before presenting the result
about the moment bound of X% (¢), we first prove the strong convergence of Xa (t)
to Xa(t) with the rate arbitrarily close to one half.

It is easy to see from (6.5), (6.6), Lemma 6.2.2 and Lemma 6.3.1 that there
exists a constant A’ dependent on ¢, A;, As and x(0) such that for V¢ > 1 and
F = hy, hs, g,

E ( sup |F<x<t>>rq) <4, E( rF<XA<t>>|q) <

0<t<T 0<t<T

and

E ( sup |F<XA<t>>|q> <A

0<t<T

The technique used to deal with the expectation of Brownian motion increment
with stopping time in the next lemma is essential and will be employed several
times in the rest of the chapter. We emphasize that given any real-valued stopping
time a, we do not have E|AB(a)|?> = E|B(a + At) — B(a)|? = At, but need the
technique of raising power to handle it. A similar approach was used in (Mao,

2011).

Lemma 6.3.2 For any T > 0 and any integer r > 2, let p > 1 be any integer

sufficiently large for

2rp \ a
T+1)2 < 2. 12
(5225) @+ < (6.12)
Then
E ( sup | Xa(t) —XA@)V) < GAt %, (6.13)
0<t<T

where G = (221 + 27 1rp) (A + 1).

Proof. For t € [0,T A p|, let ¢ = i(t) be the integer part of t/At. So t € [t;, t;11)
and

Xa(t) = Xa(t) = (ha(Xi) — ho(X3))(t — i) + g(Xi)(B(t) — B(t:)).



CHAPTER 6: THE STOPPED EM METHOD 102

Raising the power to r on both sides then taking the supremum and expectation,

we compute, by the elementary inequality and the Holder inequality, that

B ( s 1Xa() - Xal0r)

B <o<iﬁ%p X0) = (X)) + 90X (B) — B )
< B( sup 2 (X~ COF @) + (0B - B )
< B( sup 2 @M OO! + GO - ) + (XN 1B0) - B )
< 2¥R (0<§1<1%p |h1(XZ»)|’"> At" 4 272K (@3%,) |h2(XZ~)|T) At"
v | (s loxor ) (| sw 150 - B )|

< OZLAAP 4o {E( sup \g(XD!Q’”)F {E< sup ’B“)_B@")PTH

0<t<TAp 0<t<TAp

< 227"—1A'At"+2?"—1\@[1@< sup  sup IB(t)—B(tu>|2”’)rp, (6.14)

u=0,1,...N ty <t<ty41 AT

where N is the integer part of T'/At. By the Doob martingale inequality,

B sw s 1B~ B)P)

u=0,1,..N t, <t<ty 11 AT

ﬁ:E< sup |B(t)_B(tu)‘2rp)

<
u— tu <t<ty1 AT
27‘p 2rp N )
< E|B(tus: AT) — B(t,)|?”
_<2rp)2|+1> (t)
2 27“p
< < P ) (2rp—1)!!At”p
2rp — e

< 2rp \ > 2 DT + 1) AP
- 2rp —1 P

where (2rp — 1)!l denotes the double factorial, i.e. (2rp — 1)!l = (2rp — 1)(2rp —
3)---3-1. Substituting this into (6.14), and recalling (6.12) and [(2rp — 1)!]*/? <
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2rp, we have

E ( sup | Xa(t) — XA<t)|T>
0<t<TAp
1

2 2rp 2p
< AN+ 2 WA | () @2 - DINT + DA
2rp — 1
2r—1 Al A 3T r—1 2rp " 1 1 . rp-1
< 2 AN+ 27 VA 5 7 (T + 1)z [(2rp — DN]2p At 2»
rp —
S 22r71A/Atr + 2T+1 /A/rpAtg—ﬁ

< (2 42t (A 4+ 1)AE .
In the case where p < T', we have that for p <t < T

E ( sup | Xa(t) — XA(t)V) =E (|Xalp) — Xalp)]") < (2271 4 2 ) AT AL

p<t<T
Hence the proof is complete.

Now we are ready to prove the pth moment boundedness of X} (t).

Lemma 6.3.3 Given any initial value X(0) > 0, for each integer p > 2 and
T > 0, there exists a constant As dependent on T, p and Ky, but independent of
At such that

E ( sup |X2(t)|p> < A3E[Xo?,

0<t<T

and for any € > 0
E(1{p<r} X (p)]*) = O(AL'™).

Proof. For any nonnegative real number «, we denote the integer part of it by

[a]. For every integer n > 1, define the stopping time
Fn =T ANinf{t € [0,T]: |X(t)| > n}.

Clearly, n 1 T a.s. For 0 <t < p ARy, define 7 = [t/At]At. Because (6.8) and

ha(z) > 0 for all > 0, we have that
0< XA(t)=X(1) = Xo+ /OT[hl(X'(s)) — ho(X (s))]ds + /OTg(X(S))dB(s)

< Xo+ / (X (s))ds + / (X (s))dB(s).
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Then for any integer p > 2, raising the power of both sides to p we have

/ "y (X (s))ds /0 " (X ())dB(s) p) |

0
Taking supremum and expectation, for ¢; € [0, T] we have
/ hi(X(s))ds

E( sup |X2(t)|p> < 3p_1(E|X0|p+E< sup
0

0<t<pAt1 NRn 0<t<pAt1ARn
/ h (X (s))ds
0

p

XA < 3 <|X0|p ; ;

)
)

+E ( sup

0<t<pAt1 ARn

/OTQ(

3p1 (E|X0|p +E ( sup

0<t<pAt1ARn

IN

t p
—i—E( sup / g(X(s))dB(s) ))
0<t<pAtiARn |J0
By (6.5), the Holder inequality and the Burkholder-Davis-Gundy inequality, we
obtain
B( _sw 1x:0P)
0<t<pAEn

[NIiS]

2 _p p 3
< 3PIE|X[P + 3P KT <T2 + ( P )

T
E X(r)|? ) ds.
2(p—1) > /o <0§r§3ApﬁARn| ")l ) ’

Then applying the Gronwall inequality and letting n — oo give

E( sup |Xz<t>|p)<A3E|Xo|p, (6.15)

0<t<pAT
where As = 371 exp{3P~ K> TP2=1(TP/2 1 (p3/(2(p — 1)))P/2T}.
By the definition of p, we know p is a multiple of At, and denote p/At by nj.

Since X,,,—1 > 0 and X,,, <0 when w € {p < T}, we have

an- - an-—l + (hl(XTLp-—l) - hQ(Xnﬁ—l))At + g(XTLp-—l)ABnp—l

> (hl(Xnﬁ—l) — h2<an_1)>At + g(Xnﬁ_l)ABnﬁ_l.

Taking square and expectation on both sides, we have

E(lp<ry X2) < 4AAP(E(Lp<ry i (Xn,-1) %) + E(Lp<ry ha(Xn,-1)[%))
+2E(1 <1y |9(Xnpe1) P ABr,—1[)
AN (E| by (X, 1)) + Elho (X, 1))

(

IN

+2E(|g(Xn,-1) [ )E(ABy, 1),
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where 14 is the indicator function of A. The Brownian motion increment in the
last term involves the stopping time p, thus we employ the technique of raising
power used in Lemma 6.3.2 here and by a similar approach we can show that
E(JAB,,-1]*) = O(At'™#) for any € > 0. Let ¢ > 1 be any integer sufficiently large

for

( 24 )2(T+1)§ <2,

29 —1
by the Hélder inequality, the Doob martingale inequality and [(2¢ — 1)!!]'/ < 2¢

we have

E(|AB,, 1) = E(B(p) — B(p— At)]*)

< E( sup |B(t)—B(t—At)|2>

0<t<pAT

< E( wp sup |B<t>—B<tu>|2q)]q

L u=1,....N t, <t<ty 1 AT

- E
< E su B(t) — B(t, 2q)
< |2 (p| (t) - B(t,)| ]

i 2q 2¢g N , %
< E|B(tys1 ANT) — B(t,)|*?
< |(555) Lmmtn T - B

i 2q 2¢ N q
< 29 — IINAH
< (2q_1) >eo-1)

[ 2q 2 1 %
< 20 — DINT + 1) AT
< |(52) eo-nur ey
< 4qAt .

The required rate follows. By (6.5), (6.6) and (6.15), we know all the three terms,
E|h1(X,-1)]?, Elho(X,,-1)* and E|g(X,,—1)|?, are bounded by some finite num-
ber independent of At, so

E(Lpery X (0)") = E(L ey Xn,|*) = O(ALT). (6.16)

Hence the proof is complete.
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It is straightforward to adapt the proof above to show that for a fixed 7" > 0 and
any integer ko such that kyAt € (0,7) we have

Epoat, % (ko) ( sup |X2(t)|p) < As| X (ko At)[P. (6.17)

koAt<t<T

Lemma 6.3.4 For Ye > 0, the continuous approzimate solution (6.9) of the

stopped EM method satisfies

E < sup |x(t) — XA(t)IQ) = O(At). (6.18)

0<t<T

Proof. Set e(t) = x(t) — Xa(t). By It6 formula and inequalities (6.2), (6.3) and
(6.4), for t € [0, p A T] we compute

le()]* = /0 2(f(x(s)) = f(Xa(S)))e(S)d8+/0 l9((s)) — g(Xa(s))["ds
+M(t)
/0 [2(f(2(s)) = F(Xa(s)e(s) + Kilz(s) — Xa(s)[*] ds

IN

+2/0 (f(Xa(s)) = f(Xa(s)))e(s)ds + M(2)

IN

2 / (Ksle(s) + Kile(s)” + K| Xa(s) — Xa(s)?)ds

4 / (I/(Xa(s) = F(Xa($) + le(s))ds + M(2)

IN

(1+2(K1+K3))/0 le(s)[ds
+/O D'(1+ |Xa(s)|* + 1 Xa(s)|)Xa(s) — Xa(s)]*ds + M(t),

where M(t) = fot 2¢(s)(g(x(s)) — g(Xa(s)))dB(s) and D' is a positive constant

dependent only on K7 and K5, which may change from line to line in the following
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proof. Using the Cauchy-Schwarz and Lemma 6.3.2 with r = 4, we further compute

B ( sup |e<s>|2)
0<s<t

(1 + 2K, +K3))/ Eje(s)|2ds

0

IN

+ / D [E(1+ [Xa(s)|" + | Xa(s)" Bl Xa(s) = Xa(s)[| "ds +mi(t)

IA

(14+2(K; + Kg))/o Ele(s)|*ds
+GD' At /OtIE(l + | Xa(8)** + | Xa(5)|**)ds + m(t)

¢ 1
< (1+2(K1+K3))/ Ele(s)ds + GD'T(1 + 24 At % + m(t),
0

where m(t) = E(supg<,<; |M(s)|). But, by the Burkholder-Davis-Gundy inequal-

ity, we have

_ 3
i) < 168 [ [ (o) Plo(a(s)) - a(Xao) ]
3
< 168 | sup (s / Kifo(s) — Xa(s)ds|
0<s<t
1 ! N
< —E | sup |e(s + 128 K4E | |x(s) — Xa(s)|7ds
2 \o<s<t 0
1 t _
< -E ( sup |e( ) + 256K1/ (Ele(s)|> + E|Xa(s) — Xa(s)]?)ds
2 0<s<t 0
1 t
< -E ( sup le(s ) + 256K1/ Ele(s)|*ds + GTAt" %
2 \o<s<t 0
Hence,

B ( sup \e<s>|2)
0<s<t

¢
< (1+258K; + 2K3)/ E ( sup |e(r)] ) ds + (GD'(1 4 2A") + G)TAtlf*
0

0<r<s

Since p can be arbitrarily large, by the Gronwall inequality, we see

IE( sup ]e(t)]Q) = O(A1). (6.19)

0<t<pAT
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In the case where p < T, by the strong Markov property and (6.19) we have that

E( sup [a(t) = X(tAp)l*) = E(sup |a(t) — X(p)*)

p<t<T p<t<T

= E(sup |z(t)]*)

p<t<T

e [2 (sup ls(0F|otelo) )

’ [E“( )
E (Ale(p)?)
ALE (Aa(p) — X(p)P)

IA

IA

IN

O(At' ).

The proof is therefore complete.
The next theorem follows from Lemma 6.3.2, Lemma 6.3.4 and the triangle

inequality directly.

Theorem 6.3.5 For Ye > 0, the discrete approximate solution (6.10) of the
stopped EM method satisfies

E < sup |z(t) — XA(t)]Q) = O(At ).

0<t<T
However due to the definition of the stopping time p, neither X (t) nor X (t) can

be implemented in practice. So it is actually the approximate solution X} (¢) that

we use for simulation. The following theorem is therefore more important.

Theorem 6.3.6 Assume (6.2), (6.3), (6.4), (6.5) and (6.6) hold, then for Ve > 0
the approzimate solution X3 (t) converges strongly to the true solution x(t) with

order 1 — e,

B ( sup lol0) - X (0)F) = 0(a0)

0<t<T

Proof. 'To prove the assertion, by triangle inequality we need to show

E ( sup |x(t) — X(t A ,0)|2> = O(At9), (6.20)

0<t<T
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and

E ( sup | X(tAp)—X(tA p)|2) = O(At9). (6.21)

0<t<T

We already proved (6.20) in Lemma 6.3.4, now we try to prove (6.21). By the
definition of p, we know that X (¢t A p) = X(p) =0 for p <t < T. It is clear that

e sup X000 - X(0A))

0<t<T

< IE( sup yX(t)—X(t)|2>+E( sup IX(/))—X(??)|2)

0<t<pAT pAT<t<pAT

vE (s 1X() - X)),

PAT<t<T
According to Lemma 6.3.2, the first term on the right hand side of the inequality
equals O(At7¢).

Now we consider the second term. For w € {p < T}, denote the next time
point larger than p by 7 = ([p/At] + 1)At, by (6.8) for pAT <t <1 AT, we
have

t _ _ t _
X(t) ZX(P)+/ [hl(X(S))—hz(X(S))]d$+/ 9(X(s))dB(s).
pAT pAT
Due to Lemma 6.3.3, (6.5) and (6.6), we know hy, he and g are all bounded,
together with 7 — p < At a.s. it is easy to obtain
E < sup |X(t)|2) = O(At9).

PANT<t<T1 AT

The degradation of the rate is again due to the stopping time in the Brownian

motion increment and the application of the technique of raising power. Then by
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(6.17) and the strong Markov property we obtain

B s |X<p>—X<t>|2)

pPAT<t<pAT

< e s XOP)+E( sw IX0P)
7'1/\T<t<p/\T AT <t<T1 AT

< [ ( sup | X(¢)*|o( (7'1/\T))>]—I—O(At1_€)

TINT<t<pAT
< E[Eunrin (s 1XOF)| 00
TIAT<t<pAT
< E (A X(n AT)]?) + O(AE )

O(At'™9)

Also by Lemma 6.3.3 we have

B(_sw X0~ X)) =B (Lpen| X(IF) = 048~

PANT<t<T

Hence we can obtain (6.21). The proof is therefore complete.

6.4 Numerical Simulation

In this section we present two SDEs and their numerical simulations to illustrate
the strong convergence as well as the convergence rate of the stopped EM method.
We choose the SDEs with their explicit solutions in order to test the efficiency of
our stopped EM method.

Firstly, we consider the stochastic Lotka-Volterra model (see for example,
Chapter 11 of (Mao, 2008)), namely the SDE (6.1) with f(z(¢)) = bx(t) — az?(t)
and g(z(t)) = ox(t), where a,b,0 > 0. Obviously, the assumptions of f, hy, ho
and g are satisfied. In (Oksendal, 2003), the explicit solution is expressed by

zoexp((b— 30t + oB(t))
1+ azxg f(f exp((b — 102)s + o B(s))ds

() = (6.22)

Although the integral in the denominator cannot be computed analytically, we will

use a very small step size, say 107%, to approximate it. The approximate solution
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obtained in this way is regarded as the true solution in the following numerical

tests.
° ‘ —true ‘ ‘ —true
, m —1079 0.34 n —1079
) FM “ m 107" —10™
sy W
o) N ‘M\N‘" w e
8 2) f’“ M} M\ / {M % ’ 8
L NV .
‘ ‘ ‘ ww M 0.28 ‘ ‘ ‘
% 0.2 04 06 038 1 0.98 085 099 0.995

Figure 6.1: Simulation of the EM solutions with step size 107°, 10~* and 1073
respectively. The coefficients, a =1 b = 1 0 = 2. Left: the true solution and the
EM solution on [0, 1]. Right: zoomed in plot of the left one.

We set a =1, b =1 and o = 2 for all the experiments in this section. The stopped
EM solutions with step sizes of 107°, 10~* and 1073 respectively are plotted in
Figure 6.1. The initial value is X (0) = 2. It is difficult to distinguish the true
solution from the three simulated solutions on the left plot, which indicates that
all the three step sizes can result in a good approximation. To find which step
size is more precise, a detailed graph is plotted. It can be seen that with the
step size decreasing the stopped EM solution makes better approximation to the

true solution. In the simulation, if the numerical solution touches 0 or becomes
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negative at some time point, we set the numerical solution at this time point and
all the time points afterwards be zero.

We calculate the strong error by

e=E (_r1n2ax |z(iAt) — XZ(iAt)|) .

—+—strong error —+—strong error
- - -referecne line = - - -referecne line

. .
-5 —4 -3 -5 -4

10 10 10 10 10 10
At At

Figure 6.2: Left: The strong error plot for the stochastic Lotka-Volterra equation.
Right: The strong error plot for the stochastic Ginzburg-Landau equation. The

dashed line of slope 0.5 is the reference slope.

We carry 1000 simulations for the true solution and each of the three stopped EM
solution. The strong error is calculated based on those simulations. In Figure 6.2,
the strong error plot on the left indicates better approximation with smaller step
size, which is in line with the right plot in Figure 6.1. In addition, compared with

the dashed reference line of slope 0.5, we obverse the order of about 0.5 for the
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strong convergence.
Next we consider the stochastic Ginzburg-Landau equation (Ginzurg & Lan-
dau, 1950)

da(t) = (%a%@) - 1;3(15)) dt + ox(t)dB(t), (6.23)

to which the true solution is known (Kloeden & Platen, 1992)
B zoexp(cB(t))
\/1 + 232 [ exp(20B(s))ds

0 (6.24)

The same simulation as the stochastic Lotka-Volterra equation is carried with
o = 7. The strong error is on the right plot of Figure 6.2. It can be seen that the
order of the strong error is around 0.5 as well, which is in line with Theorem 6.3.6.
Equation (6.23) was also considered in (Hutzenthaler et al., 2011) to illustrate the
divergence of the classical EM method. In (Hutzenthaler et al., 2011), the authors
found that, for the classical EM method with fixed step size, the second moment of
the classical EM solution at the terminal time point approaches the second moment
of the true solution very poorly for ¢ = 5,6 and even is explosive for ¢ = 7. Since
the finite time moment boundedness is key to the strong convergence, in Table
6.1 we display the simulation results for the stopped EM method at the terminal
point T'= 3. The initial value is X(0) = 1 and the step size is At =1 x 107°.

It can be seen that the stopped EM performs well in approaching the second
moment of the true solution for all the ¢ and no explosion occurs in such a large

number of Monte Carlo runs.

Hence from both the theoretical results and the simulations, we can conclude that
the stopped EM method outperforms the classical EM method greatly for the SDE
(6.1) and the use of the stopping time contributes mostly to that outperformance.
One of our future work is to extend our theory to multi-dimensional nonlinear
SDEs.

The work contained in this chapter has been published, and we refer the readers

to (Liu & Mao, 2013b) for the published version.
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Table 6.1: Simulation of E(z(3))? and E(X%(3))? for the stochastic Ginzburg-
Landau equation where the step size is At = 1 x 107°. The number of Monte

Carlo runs is 10° for both the stopped EM solution and the exact solution.

c=2 o0=3 o0c=4 oc=5 o0o=6 oc=7

exact solution E[z2(3)] 0.4740 0.6917 0.9233 1.1478 1.3960 1.5878

simulation 1 0.4640 0.6847 0.9166 1.1138 1.3286 1.5854
simulation 2 0.4721 0.6919 0.8963 1.1302 1.3364 1.6377
simulation 3 0.4784 0.7101 0.9329 1.1373 1.3521 1.6360
simulation 4 0.4700 0.6974 0.9088 1.1386 1.3871 1.6280
simulation 5 0.4706 0.6895 0.9125 1.1127 1.3565 1.5657
simulation 6 0.4666 0.6927 0.9187 1.1452 1.3724 1.5977
simulation 7 0.4638 0.6947 0.9255 1.1596 1.3946 1.6391
simulation 8 0.4757 0.7081 0.9442 1.1824 1.4218 1.6706
simulation 9 0.4677 0.6947 0.9240 1.1568 1.3909 1.6026

simulation 10 0.4695 0.6823 0.9050 1.1287 1.3521 1.5926




Chapter 7

Conclusions and Future Research

7.1 Conclusions

Two important aspects of numerical analysis for stochastic differential equations,
the asymptotic properties and the finite time convergence, have been investigated
in this thesis. The classical explicit Euler-Maruyama method and the (implicit)
backward Euler-Maruyama method are the fundamental schemes for this thesis.
Besides, we developped two new schemes by modifying the classical method: the
Euler-Maruyama method with random variable step size was introduced to study
the almost sure stability and the stopped Euler method was developped to cope
with the finite time strong convergence.

In Chapter 3, we presented our observations on the asymptotic boundedness for
numerical solutions. Theorem 3.3.2 and Theorem 3.4.3 state our findings on the
asymptotic boundedness in small moment for the EM method and the backward
EM method, respectively. The EM method works well when the linear growth
conditions hold and the backward EM method is a good replacement for it when
the linear growth condition on the drift coefficient is violated. However, in the
case of small moment, we have only been able to reproduce the asymptotic bound-
edness qualitatively, but not the exact value of the bound. Then in Theorem 3.5.2

and Theorem 3.5.4, by strengthening some conditions we successfully reproduced

115
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the asymptotic boundedness both qualitatively and quantitatively for the second
moment.

Chapter 4 could be treated as a continuous study of Chapter 3, as the mo-
ment boundedness obtained in Chapter 3 is essential for the study of the numer-
ical stationary distribution. The coefficient-related conditions for the existence
and uniqueness of the stationary distribution of the backward Euler-Maruyama
method were given in Lemmas 4.3.1, 4.3.2 and 4.3.3. Then we further studied
the convergence of the numerical stationary distribution to the stationary distri-
bution of the underlying solution and stated the main result in Theorem 4.3.9.
The numerical simulations in Section 4.4 are in line with the theoretical results.
In addition, we observed that the numerical stationary distributions could be used
as numerical solutions to certain type of deterministic differential equations.

The EM method with random variable step size was introduced in Chapter 5.
The first almost surely stability theorem of it was given in Theorem 5.3.1. To our
best knowledge, Chapter 5 is the first work to apply the random variable step size
(with clear proof of the stopping time) to the analysis of the almost sure stability
of the EM method. Compare with the existing results, by employing the random
variable step size the new scheme is able to reproduce the almost sure stability of
much larger range of SDEs. Other sufficient conditions were provided in Theorems
5.3.2, 5.5.1 and 5.5.2, which make the new scheme more applicable.

Having tasted the sweet of modification of the classical method in Chapter
5, we considered to use the modified EM method to approximate the underlying
solution in finite time in Chapter 6. The idea of embedding a stopping time into
the classical EM method was initially adopted to preserve the non-negativity of the
numerical solution, and it turned out that the non-negativity in return guarantees
the scheme to converge to the underlying solution strongly with the rate a half.
Compare with the classical method, the stopped EM method can cover highly
nonlinear SDEs with just a little computational cost added. The main results

were stated in Theorems 6.3.5 and 6.3.6.
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7.2 Future Research

As we mentioned at the beginning chapter of this thesis, the study on the numerical
solutions of SDEs is far behind its underlying counterpart. Those results presented
in this thesis is just a tip of the iceberg, and there is still a boundless ocean to
explore.

This thesis focuses on stochastic differential equations, and it is worth to in-
vestigate if those results obtained still hold for, such as stochastic functional dif-
ferential equations and stochastic differential equations with jumps.

From Chapters 5 and 6, the non-fixed step size methods look promising. As
we mentioned at the start of Chapter 5, there already exist some works on the
adapted step size methods showing better performance than the constant step
size methods. However, the methods with constant step size still dominate the

literatures. Therefore, the study on the adapted method is an interesting direction.
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