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Abstract

Obtaining the inverse of, and solving linear systems involving, a large symmetric
positive definite matrix A € RP*P is a continual challenge across many mathemat-
ical disciplines. Direct methods of obtaining the inverse of a symmetric positive
definite matrix can be computationally expensive, making it infeasible to calculate
the entire inverse for large matrices. In this thesis we present a novel iterative
block matrix inversion (IBMI) algorithm, which is designed to approximate the
inverse of a large, dense, symmetric positive definite matrix. We partition the
matrix A into blocks and use an iterative process involving block matrix inversion
to update our approximation until it reaches a satisfactory level of accuracy. For
the two-block non-overlapping approach, we show that the IBMI algorithm will

always converge given any symmetric positive definite matrix.

Additionally, in this thesis, we present two novel preconditioners which can
be used with the preconditioned conjugate gradient (PCG) method to solve large
positive definite linear systems. Both preconditioners are described in detail, be-
ginning with the block diagonal IBMI preconditioner. After preliminary numerical
experiments, we then introduce the IBMI hierarchically off-diagonal low rank
(HODLR) preconditioner. We show that the IBMI HODLR preconditioner can
perform better than state-of-the-art preconditioners, such as Block Jacobi and
incomplete Cholesky, for various problems. Finally, we describe how both the
IBMI algorithm, and the preconditioners derived from it, can be applied to any

large symmetric positive definite matrix.
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Chapter 1

Introduction

The solution of large systems of linear equations is a well-established problem
in scientific computing and numerical analysis, with applications spanning many
other scientific disciplines. Such large systems appear in machine learning [51],
robotics [43], and multivariate statistics [55], to name but a few. They often arise
from discretised partial differential equations (PDEs) [16], commonly found in
structural engineering, electrical engineering, data analysis, and signal processing.
Regardless of their origin, the solution of linear systems remains a challenging

problem for large, ill-conditioned systems.

Both sparse and dense linear systems of the form
Ax=b (1.1)

can have one, infinitely many or no solution depending on the coefficient matrix
A € RP*P and the right-hand side b € R? [54, §1.13]. In this thesis we are
concerned with symmetric positive definite systems, where the coefficient
matrix A is symmetric positive definite, and we seek to solve the system for the
unique unknown vector x € RP, for a given right-hand side b € RP. A substantial
amount of work has been focused on developing both direct and iterative methods
to solve Equation . Finding the solution to linear systems can be achieved
by either direct or iterative methods. One of the most popular direct methods

involves applying the Cholesky factorisation to decompose A = LLT and then
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using forwards and backward substitution to solve Equation (|1.1)).

One alternative, is to use iterative Krylov subspace methods which are widely
used for solving large linear systems. For symmetric positive definite coefficient
matrices, the conjugate gradient (CG) method is the standard method to use.
However, when systems are ill-conditioned, the convergence of the CG method can
be slow. In this case we turn to preconditioning which transforms Equation
into a comparable system using a symmetric positive definite matrix M € RP*P,
often improving the convergence rate of the CG method. Developing effective pre-
conditioners is a widely-studied area as preconditioners can be tailored to specific
problems. Some preconditioners (such as Block Jacobi or incomplete Cholesky)
are flexible, and can be applied to most problems. These algebraic precondition-
ers can also be combined with multigrid or domain decomposition techniques to

develop two level preconditioners, speeding up the convergence of the PCG method.

Additionally, there exist various applications which require the explicit (or ap-
proximate) inverse of a symmetric positive definite matrix H = A~!. In such
cases, the idea is not to solve a linear system but rather access the inverse itself
to: obtain marginal variances from the inverse of a covariance matrix [62], model
nanoscale transistors [34] and seismic imaging via full waveform inversion [60].
In this context, obtaining efficient techniques and algorithms are essential for

approximating or representing the full inverse.

For a dense, symmetric positive definite matrix A € RP*P| one common technique
to find its inverse is to use the Cholesky factorisation, which is twice as fast as
LU factorisation [20, p. 274] The cost of the Cholesky factorisation is O(p?), with
the flop count for the algorithm being %3 +p? + %. Direct inversion techniques,
such as those based on Gaussian elimination, can require O(p?) flops and have a
O(p?) storage cost [15, §3.11], making it infeasible to calculate the direct inverse
for larger matrices. It is therefore generally not advisable to compute the full

inverse A~! explicitly when solving linear systems of the form in Equation (|1.1])
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due to computational cost. Alternatively, if A is sparse, algorithms based on
direct methods that exploit this sparsity could be implemented (e.g. [34) 36]).
There exists a lot of literature on approximating the covariance matrix from its
inverse, the precision matrix, in the areas of multivariate statistics and geo-spatial
statistics. Different methods such as [45] [55] [62] aim to approximate selected
elements of the covariance matrix from its inverse. However, there still exists a
gap in the literature on approximating the full covariance matrix from its inverse.
In this thesis we investigate algorithms which can be efficient and accurately
approximate the inverse of symmetric positive definite matrices which is crucial

in large-scale scientific computing.

1.1 Aims and Main Contributions

This thesis has two main aims. First we are concerned with approximating the
entire inverse of a symmetric positive definite matrix H = A~! € RP*P. The
existing literature provides numerous methods for computing selected elements
of the inverse of a symmetric positive definite matrix. However, there is still a
notable lack of approaches which can accurately and efficiently approximate the
full inverse, as current methods are not able to accurately approximate all the
off-diagonal elements. We remedy this gap in the literature by producing the
iterative block matrix inversion (IBMI) algorithm in Chapter [3]

The second aim is to develop novel preconditioners that can be used with the
preconditioned conjugate gradient (PCG) method to solve large symmetric positive
definite linear systems. We provide two alternative algebraic preconditioners. The
first is the block diagonal iterative block matrix inversion (IBMI) preconditioner,
for which we can theoretically determine the eigenvalues of the preconditioned
matrix. We also show that our second preconditioner - the iterative block matrix
inversion, hierarchically off-diagonal low-rank (IBMI HODLR) preconditioner
- performs better than well-known one-level preconditioners such as the Block

Jacobi and incomplete Cholesky preconditioners for a range of problems.
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To this end, we state our main contributions for each aim:

1.1.1 Aim 1 - An Iterative Block Matrix Inversion Algo-

rithm

e Novel iterative block matrix inversion algorithm (IBMI). We advance
the current literature by proposing a novel block matrix inversion algorithm,
designed to efficiently approximate the whole inverse of a dense symmetric
positive definite matrix. We establish a link between a statistical estimator
used to approximate the inverse of selected principal sub-matrices, and block
matrix inversion. A breakdown of how the algorithm iteratively updates the
approximated inverse through block matrix inversion is provided. Notably,
our algorithm achieves an accurate approximation of the inverse not only for
the principal sub-matrices, but also for the off-diagonal elements, addressing

a significant limitation with current methods.

¢ Analysed convergence, and computational cost. When A is parti-
tioned into two non-intersecting sets, the algorithm is guaranteed to converge
for any symmetric positive definite matrix A. In addition to this theoretical
result, numerical results show that when the IBMI algorithm is generalised
to multiple overlapping blocks, the algorithm can also converge in a small
number of iterations. Moreover, for specific scenarios, we show that the
IBMI algorithm can outperform direct methods such as MATLAB’s inverse
function (inv). This advantage is further explored in the breakdown of the
cost of the algorithm, where we show that when the algorithm converges in

one iteration it can outperform direct methods in terms of complexity.

e Applications. The algorithm is applicable to any symmetric positive
definite matrix. However, we choose to focus on covariance matrices when
performing numerical experiments. This is motivated by the abundance of
applications that require the inverse of a covariance matrix, known as the

precision matrix, in multivariate statistics and data science e.g., Gaussian
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process regression [4, §2]. A lot of the literature focusses on the (partial)
inversion of sparse symmetric positive definite matrices. The IBMI algorithm
is a novel method which can obtain the inverse of both sparse and dense

symmetric positive definite matrices.

1.1.2 Aim 2 - An Iterative Block Matrix Inversion Pre-

conditioner

e Novel Algebraic Preconditioners. We introduce two new precondition-

ers, which can be used with the preconditioned conjugate gradient (PCG)
method to solve large symmetric positive definite linear systems: the block
diagonal IBMI preconditioner and the IBMI HODLR preconditioner. Using
an adapted version of the IBMI algorithm, we are able to use the full ap-
proximation to produce both the block diagonal IBMI preconditioner and
the IBMI HODLR preconditioner. A description of both preconditioners
is given, starting with the block diagonal preconditioner. After analysing
some preliminary experiments, we then introduce the IBMI HODLR precon-

ditioner.

Spectral Analysis. We provide a detailed analysis of the eigenvalues of
the preconditioned matrix for the two block version of the block diagonal
IBMI preconditioner. Furthermore, for specific initial guesses used with the

IBMI algorithm, we are able to give more precise bounds on the eigenvalues.

Convergence and robustness. We showcase how the IBMI HODLR
preconditioner outperforms the state-of-the-art algebraic preconditioners
such as Block Jacobi and incomplete Cholesky. In worst-case scenarios, the
IBMI HODLR preconditioner enables the PCG method to converge in the
same number of iterations as these well-established preconditioners, but
more frequently the IBMI HODLR preconditioner results in faster conver-
gence. Additionally, the robustness of the IBMI HODLR preconditioner is
established with respect to the preconditioner options, and for parameterised

coefficient matrices as these parameters are varied.
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e Applicability. Both the block diagonal IBMI preconditioner and the IBMI
HODLR preconditioner are applicable to any symmetric positive definite
coefficient matrix. Therefore, these preconditioners are suitable for many

large SPD systems which arise in numerical analysis.

1.2 Thesis Outline

This thesis is structured as follows: Chapter [2| begins by introducing basic linear
algebra concepts needed throughout this work in Section 2.1} Different methods
for finding or approximating the inverse of both dense and sparse symmetric
positive definite matrices will be covered in Section [2.3.1] and Section [2.3.2] respec-
tively. We pay close attention to one statistical method named the Block RBMC
estimator in Section [2.3.3, which is used to approximate principal sub-matrices
of a covariance matrix as shown in Section [2.3.3] The second half of Chapter
focuses on iterative methods used to solve large symmetric positive definite lin-
ear systems. We first discuss stationary iterative methods in Section and
multigrid methods in Section 2.4.2l We then turn to Krylov subspace methods to
introduce the conjugate gradient (CG) method and the preconditioned CG (PCG)
method in Section [2.5.1 and Section [2.5.2] respectively. To conclude Chapter [2

we remark on a few different types of preconditioners in Section [2.5.3]

Chapter 3] details the novel Iterative Block Matrix Inversion (IBMI) Algorithm
which is presented in the preprint [47]. We begin by establishing a link between the
Block RBMC estimator and block matrix inversion in Section [3.1] We then present
the IBMI algorithm, first for two blocks in Section and then for multiple
blocks in Section The convergence of the IBMI algorithm is proven in Sec-
tion and the computational cost is discussed in Section Numerical results
in Section [3.4] will illustrate the performance of the IBMI algorithm compared to
MATLARB’s inverse function (inv) for both 1D and 2D results. The function, inv
performs an LU decomposition (or an LDLT decomposition if A is Hermitian). If

A is sparse, inv creates a sparse identity matrix and uses the backslash operator
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[40]. We examine the performance of the IBMI algorithm as a number of parame-
ters are varied, such as: the partitioning in Section [3.4.4] the hyper-parameters
in Section [3.4.5] the initial guess in Section [3.4.6] and the ordering of the ma-
trix in Section [3.4.7] Finally, a discussion will conclude this Chapter in Section [3.5]

In Chapter [l we motivate the block diagonal IBMI preconditioner by discussing how
the IBMI algorithm could be altered to form a new block diagonal preconditioner
in Section An explanation of how the block diagonal IBMI preconditioner is
formed is given in Section 4.2 and an analysis of the spectral properties is given in
Section [4.2.1] Some preliminary experiments are presented in Section [4.2.2] which
motivate us to pivot and create the IBMI HODLR preconditioner described in
Section .3, We provide various numerical experiments in Section to highlight
the capabilities of the IBMI HODLR preconditioner including the performance
compared to state-of-the-art preconditioners such as Block Jacobi in Section
We again vary different parameters of the IBMI HODLR preconditioner such as:
the number of iterations used in the underlying IBMI algorithm from Chapter 3]
that is needed to build the preconditioner in Section [4.4.3] the number of diagonal
blocks in Section [£.4.4] the hyper-parameters in Section and the partitioning
in Section [£.4.7. We round of Chapter 4 with a discussion in Section [4.5]

Finally, we conclude with a discussion of future work in Chapter






Chapter 2

Background and Literature

Review

This chapter is divided into five main sections. First, we introduce the linear
algebra preliminaries used throughout the thesis, including notation for vec-
tors/matrices, eigenvalues/eigenvectors, symmetric positive definite (SPD) matri-
ces, and block matrices. Next, we introduce covariance matrices and Gaussian
processes (GP) which play a central role in Gaussian process regression. Here we
see the computational challenge of obtaining the inverse of a dense symmetric
positive definite matrix, which motivates the next section on matrix inversion. We
review current literature on methods for inverting both dense and sparse matrices,
and then focus in on methods specifically designed for covariance matrices, and
their inverses. A related task, that is also central to Gaussian process regression, is
the solution of linear systems with symmetric positive definite coefficient matrices.
We describe methods for solving these systems, and focus, in the final section, on

preconditioned Krylov subspace methods.

2.1 Linear Algebra

To begin, we introduce notation and basic concepts from linear algebra, which

will be used throughout this thesis.
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Matrices. Matrices of dimension m X n (m rows and n columns) are denoted by
capital letters B € R™*"™. Matrix elements are defined using MATLAB-style nota-
tion where B(i,:) and B(:, j) refers to the entire row and column of B, respectively.
Additionally, B;; = B(i, j) refers to the entry in the i—th row and j—th column
of B. A matrix A is symmetric if A = AT, where T represents the transpose of a

matrix. The identity matrix of dimension p is denoted by I € RP*P.

A matrix A € RP*? is invertible (non-singular) if there exists a matrix B € RP*?
such that AB = BA = I. The inverse of A is denoted A~ [20, p. 13]. Throughout
this thesis, we work with square, symmetric and positive definite matrices and use
the Parlett convention, which denotes a symmetric matrix by a symmetric capital
letter such as A, H, M [46, Chapter 1]. A symmetric matrix A € RP*? is positive
definite if x" Ax > 0, for every non-zero vector x € R? [20] p. 267]. Equivalently,
A € RP*P is positive definite if and only if the eigenvalues (explained below) of A

are positive [20, p. 268].

Eigenvalues and Eigenvalues. The scalar \ is called an eigenvalue of A
if there exists a non-zero vector v such that Av = Av. The vector v is called an
eigenvector of A, associated with the eigenvalue A\ [54, p. 3|. There are at most p
distinct eigenvalues A\, and they are the p roots of the characteristic polynomial
p(A) = det (A — AI). The spectrum of A is defined as the set of all eigenvalues of
A, denoted o(A) [54, p. 3]. The maximum magnitude of the eigenvalues of A is
called the spectral radius, denoted [54], p. 4]

= Al
p(A) ;Enofﬁ)! |

The condition number associated with the 2-norm is [54], p. 40]
k(A) = | All2[ A2,

and, for a symmetric positive definite matrix A, this simplifies to the eigenvalue

ratio

k(A) = Am; (2.1)
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Large k(A) indicates ill-conditioning: small perturbations or round-off errors can
significantly affect solutions of Ax = b. Later, we will see that reducing x(.A) (or
clustering the spectrum) via preconditioning can accelerate the convergence of

Krylov subspace methods for solving linear systems involving A.

Block Matrices. Any symmetric matrix A € RP*P can be represented in
block matrix form. For example, if A is partitioned into four sub-matrices

Ay € RPXL Ay € Rz AT, € RP2XPL Ay, € RP2XP2 ) then A can be repre-

sented as
A, A
A= |70 TR (2.2)
Aly A

If A is also positive definite, the principal sub-matrices on the diagonal, A;; and

Aso, are also symmetric positive definite, and therefore invertible.

Using block matrices, block matrix inversion can also be defined. Let A € RP*?
be a symmetric positive definite matrix which has been partitioned according to

Equation (2.2)). Then A™! can be found using [61], p. 13],

A A+ A A Hey ALAL — A AHos 7 (2.3)
—Hap AL AL Hao

where Hyy = (Agg — AlTQ.AﬂlAlg)_l is the inverse of the Schur complement.

2.2 Gaussian Process Regression

Gaussian process regression (GPR) is a popular non-parametric, Bayesian re-
gression technique used to model complex relationships in data. It provides
a probabilistic framework for learning functions, enabling both prediction and
uncertainty quantification. GPR is particularly powerful because it allows users
to update predictions as new data become available, measure predictive variance,
and derive confidence intervals. This approach has been successfully applied in
diverse scientific domains such as weather prediction [29], financial modelling

[49], and robotics [43]. In geospatial statistics, Gaussian process regression—more
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commonly known as kriging in the literature—relies on the covariance matrix
(and its inverse or factorisation) for spatial interpolation [I]. However, its main
limitation lies in its computational complexity, which scales cubically with the
number of data points—QO(p*) floating-point operations (flops)—making standard
GPR intractable for large datasets [51, p. 24].

2.2.1 The Multivariate Normal Distribution

To understand GPR, we first review how the multivariate normal (MVN) distri-

bution generalises the univariate normal distribution.

A normal (Gaussian) distribution is characterised by its mean p and variance
o? [14, p. 379]. A continuous random variable X is said to follow a normal
distribution, denoted X ~ N (u, 0?), if its probability density function is given by
[19, p. 305]

1 o 2

where z € R represents a potential value of the random variable X.

The multivariate normal distribution extends this idea to a vector of random
variables. For a random vector x = [z, 7o, . .. ,xp]T the mean vector p is defined
as p = E[x], and the covariance matrix 3 is a symmetric, positive definite matrix
capturing the marginal variances and pairwise covariances among the components

of x [19, p. 445]. It can be represented by [14], p. 560]

Var(z;)  Cov(xy,xe) ... Cov(xy,xp)

Cov(za,z1)  Var(zs)

Cov(z,, 1) . ... Var(z,)

where, Var(z;) = E[z?] — (E[z;])* and,

7

Cov(zi, 7;) = E [(v; — E[z])(z; — E[z;])] .

Then, given a vector of random variables x = [z, 29, ... ,ajp]T, the probability

density function of the multivariate normal distribution with mean vector pu € R?
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and covariance matrix, ¥ € RP*P is [19, p. 295]

exp | —s(x—p) T x—p)|,  (24)

fol ) = :

1
V (2m) | X
where ¥7! is the precision matrix, and | 3| represents the determinant. We will
see how the multivariate normal distribution is now used within the context of

Gaussian processes in the next section.

2.2.2 Gaussian Processes

Covariance matrices are fundamental to statistics, providing a representation of
how random variables vary together. One major statistical technique which relies
on covariance matrices is Gaussian process regression which we aim to introduce

by first defining a Gaussian process.

A Gaussian process (GP) can be defined as a collection of random variables
such that any finite subset of them follows a joint multivariate normal distribution

with a specified mean vector and covariance matrix [51, p. 13].

To understand this definition, consider a set of N input points X = {x1,...,xy} C
X, in an input space X. For a function f defined on X, the corresponding function
values at these points can be written as a random vector f = [f(x;),..., f(xn)]".
If this vector of function values follows a multivariate normal distribution, i.e.,

f ~ N(p,X), then we say that f is drawn from a Gaussian process.

Hence, Gaussian processes can be viewed as defining a probability distribution

over real-valued functions f: X — R [42] p. 681], and are concisely denoted as
f(x) ~ GP (m(x), k(x,x)). (2.5)

Gaussian processes are thus characterised by their mean and covariance (or kernel)

functions, m(x) and k(x,x’), defined respectively as [51], p. 13]
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f(x) «~ GP(m(x), k(x,x)), where,
m(x) = E[/(x)]. (2.6)
kx,x) = E [(£(x) = m()) (£(x) = m(x))"] .

for input points x and x’.

The mean function m(x) represents the expected value of the GP at each in-
put, while the covariance function k(x,x’) determines how function values at
two different inputs co-vary. The definition of the covariance function shown in
Equation defines the covariance of the GP prior, and selecting a kernel (as
we see in Section determines the functional form this expectation takes.
The covariance function, or kernel, is essential to GPR as it encodes assumptions
about the smoothness, periodicity, and linearity of the underlying functions [51] p.
89]. In practice, it is common to assume a zero-mean prior, m(x) = 0, without
loss of generality, since non-zero means can be incorporated by shifting the data

or adding deterministic trends.

2.2.3 The Covariance Function

In Equation ([2.6), the covariance function k(x,x’) determines the entries of the
covariance matrix via X;;= k(x;,x;). Intuitively, k& encodes how similar two inputs
are by calculating the covariance between them. In turn, this will reflect how the

corresponding function values vary together. It assigns the covariance to each pair

(x4,%;), L.e., Cov(f(x:), f(x;)) = k(xi,x;) [51, p. 14].

The most commonly used kernels are stationary and isotropic, meaning k(x,x’)
depends only on the Euclidean-norm distance ||x — x'||2. The covariance function
k guarantees that the resulting covariance matrix is also symmetric positive defi-
nite for a finite set of input points. The covariance functions additionally have
hyper-parameters (e.g., the length-scale £ or Matérn smoothness 7) which affect

the smoothness of the sample paths of the Gaussian process.
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Kernel Covariance kernel k(x,x’)
Exponential Agxp(x,X') = exp (_HX—T}'D
RBF Agrpr(x,x') = exp(—%)
Inverse Quadratic Aiquap(x,x') = m
Matérn % A%(x, X') = (1 + M) eXp<_M>
Matérn 2 As (x,%') = (1 + Yol 5ux3—7>2<'||2> eXp<_ VAl >
Inverse Multi-quadric A (x,x') = m

Table 2.1: Covariance functions used to generate dense symmetric positive definite

covariance matrices.

In this thesis, the following covariance functions shown in Table are used
to generate covariance matrices: the exponential kernel, the radial basis func-
tion (RBF), the inverse quadratic kernel, two Matérn kernels, and the inverse

multi-quadric kernel.

2.2.4 Using Gaussian Processes for Gaussian Process Re-

gression

To introduce GPR, we consider a data set D := {(x;,y;) | i = 1,...,n}, where
each x; € R? denotes an input vector and y; € R is the scalar response [51, p. §].
We define an unknown function f such that y; = f(x;) in the noise-free case. More
generally (and more realistically), we include independent Gaussian observation

noise ¢; ~ N (0, 0?) and write

yi = f(xi) + &,
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where o2 is the noise variance. The noise-free case is recovered by taking o2 — 0.

By choosing an appropriate covariance kernel to encode prior assumptions about
f, GPs induce a prior distribution over functions [51, p. 14]. It is common to take
a zero-mean prior
f~GP(0,k(x,x)).

Let X = [x1,...,X,] be the training inputs and X, = [x],...,x .| the test
inputs. Denote the corresponding function values by f = [f(x1),..., f(x,)]" € R®
and f, = [f(x}),..., f(x:.)]T € R", and the observed (noisy) outputs by y =
[y1,...,ys]" € R™. Then, under the GP prior and with additive Gaussian noise,

the joint distribution of training observations and test values is:

0 Yxx +01 X
N | Pxx xx. || @7)
f. 0 3x.x X, X,

The covariance matrix is partitioned into four blocks, similar to Equation ([2.2))
where, (Exx)i; = k(xi,x;), (Bxx.)i; = k(xi,%]), (Ex.x.)ij = k(x],x]) and
dYx.x = (Exx*)T. If a non-zero mean is used, the zero vectors above are replaced

by the corresponding mean vectors [py, px |-

The posterior distribution of the test function values conditioned on the ob-
served data is obtained by conditioning the joint Gaussian in Equation (2.7]) [51

p. 16]:

~

p(f. | Xy, X,) = N(@,,X,), where
., = Ix.x [Sxx + 0’1 y, (2.8)

> =Sx.x. — Tx.x [Sxx + 021}71 Yxx., -

Noise can be added to the test inputs 3 (X, X.) + 21 if the aim is to measure
noisy test outputs rather than the underlying function value. Both expressions
involve the inverse (or, in practice, the Cholesky-based solve with) the n x n
matrix Yxx + o021, which forms the computational bottleneck of GPR and scales

cubically with n since a direct factorisation requires up to O(n?) floating-point



2.3. MATRIX INVERSION 17

operations (flops) and O(n?) memory [15] §3.11].

There are many methods to make GPR scalable to larger problems and reduce
the O(n?) computational costs. These methods include: fast direct methods [4] or
local and global sparse approximations [57]. In this thesis, we focus on efficiently
and accurately approximating the inverse of, and solving linear systems with,
a (shifted) covariance matrix, such as the one that appears in Equation .
Our approaches, however, are more general and can be applied to any symmetric
positive definite matrix. In order to do so, we begin by reviewing current literature
on obtaining the inverses of both dense and sparse symmetric positive definite ma-
trices, before discussing how to solve linear systems involving symmetric positive

definite matrices.

2.3 Matrix Inversion

As we have seen, the difficulty in obtaining the inverse of a symmetric positive
definite matrix A € RP*?, where H = A~!, lies in the computational expense
of doing so. In many applications, the entire inverse is not needed but rather
linear solves with A or selected entries of H, which motivates specialised factori-
sations and approximate inverse techniques. Here, we review different methods
of finding the inverse of symmetric positive definite matrices, both exactly and
approximately. We examine approaches for dense and sparse matrices, and look

at current literature on finding the inverse of covariance matrices.

Some methods mentioned below are not exclusively for symmetric positive definite
matrices and can be applied to symmetric indefinite, or non-symmetric matri-
ces. In this scenario, these methods will be described for the more general case.
However, some storage and computational savings could be made by restricting
to symmetric positive definite matrices, such as using the Cholesky factorisation

instead of an LDL' or LU decomposition.
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Additionally, forming the exact inverse A~! is not numerically stable when it
is used to solve the linear system Ax = b, via x = A~'b. Higham shows that
explicitly computing A~! explicitly and applying the inverse to b leads to larger
backward errors compared to using Gaussian Elimination with partial pivoting

(GEPP) applied directly to the system [28, §14.1].

2.3.1 Dense Matrix Inversion

One well-known method to invert a (dense) symmetric positive definite matrix
is to use the Cholesky factorisation to decompose a matrix A € RP*P into the
product of triangular matrices A = LL". Then A~ is obtained by first solving
the p linear systems Lz; = e;, where e; is the i-th unit vector and then solving
L"h; = z;, where h; is the i-th column of # = A~'. These three steps to obtain
‘H can be combined into one sweep by adopting parallel computing techniques
such as load balancing, as described in [50]. We note that the Cholesky algorithm,
which takes advantage of symmetry and positive definiteness is approximately

twice as fast as the LU factorisation (% flops for LU) [20, p. 274].

Alternatively, p linear systems could be solved using a method such as the
preconditioned conjugate gradient (Krylov subspace) method, which can solve
large symmetric positive definite linear systems of the form Ax = b. More details

on Krylov subspace methods are given in Section [2.5]

For dense matrices that can be represented using a hierarchical low-rank for-
mat, with invertible diagonal blocks, it is possible to approximate the entire
inverse (see, e.g., [7, §2.8]). There are many types of hierarchical low rank matri-
ces such as H-matrices [24] 25], H>-matrices [7, [26], hierarchically semi-separable
(HSS) matrices [11], 12] and hierarchically off-diagonal low-rank (HODLR) matrices
[3, 5, B9], which can be used to approximate the inverse of dense matrices. For
example, covariance matrices can be converted into a HODLR matrix allowing
for fast algorithms to approximate the inverse for problems involving Gaussian

process regression [4].
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2.3.2 Sparse Matrix Inversion

There exist numerous methods to obtain the entire (or partial) inverse of large
sparse symmetric positive definite matrices. In 1973, Takahashi et al. derived a
method for sparse matrix inversion [58], that was further analysed by Erisman
and Tinney [I§]. The practical goal is often to compute only selected entries of
H = A (e.g., the diagonal or entries in the sparsity pattern of A or L +LT),
since H is typically dense even when A is sparse, and computing the entire inverse
is wasteful. The starting point for the method is the observation that, given a
symmetric, non-singular matrix A € RP*? and its LDL' factorisation A = LDLT,

the inverse satisfies
A'=D'L'+(I-L") A", (2.9)

where D is a diagonal matrix and L is a lower triangular matrix with ones on the
diagonal. The key observation is that I — LT involves only the upper triangular
part of A. Thus, if we wish to compute elements #,;;, 7 < j in the upper triangular
part of H (which, since A is symmetric, also computes elements #;; in the lower
triangular part), we can work with triangular matrices only. This leads to the

recursive formula:

hij = —di" >l hyy, i <j,
ki (2.10)
hio= dy' — dg"> I hy, i=J,
k>1

for elements of H = A~L. If only a selected number of elements of A~! is required,
then we can compute these with fewer computations if A is reordered, such that the
inverse entries we want correspond to the last rows and columns of the Cholesky
factor L. By reordering A, such as using nested dissection, we ensure that the
Takahashi recursion terminates early after it has computed the desired entries.

The computational cost also depends on the sparsity of L, since we may find many
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lir = 0. We note that Rue and Martino [52] generalise the Takahashi recurrences
to enable them to compute the marginal variances for Gaussian Markov random

fields (GMRF's) with additional constraints.

Other algorithms based on Gaussian elimination for finding a partial inverse
of a sparse symmetric matrix include the Selinv [36] and the FIND algorithm [34],
which were developed to solve the non-equilibrium Green’s function to calculate
electron densities. The Selinv method exploits the block structure of each supern-
ode in a left-looking supernodal LDLT factorisation to compute selected elements
of H. A supernode is a set of consecutive columns of the lower triangular factor
L, which share an identical sparsity pattern below the diagonal. The left-looking
ordering in the LDL' factorisation describes how information is passed through
the elimination tree as each supernode is updated. The first step is to factorise
the sparse symmetric matrix using a supernodal left-looking LDL " factorisation.
Then, the block structure of each supernode can then be exploited to find the
selected elements A;; for L;; # 0. More details of how the supernodes influence
selected elements of A~!, which leads to memory reductions, can be found in
[36]. A similar approach is taken with the FIND algorithm which can be used
to compute diagonal elements of the inverse of a symmetric matrix A4 € R™*™.
It uses a factorisation based on a bottom-up LU factorisation after appropriate
reordering by nested dissection [34]. Local LU factorisations are reused, reducing

the overall computational cost of finding the inverse of these selected elements.

Moreover, an algorithm by Liu et al. [37] computes arbitrary elements of in-
verses of sparse hierarchically semi-separable (HSS) matrices, which tend to arise
naturally from discretised PDEs. The algorithm uses a randomised structured
multifrontal block LDL " factorisation, which breaks down larger problems into
more manageable frontal matrices, which can be processed independently, im-
proving scalability. As mentioned in Section [2.3.1 HSS matrices exploit the
fact that off-diagonal blocks can be represented by low-rank matrices, therefore,

allowing large sparse matrices to be put in a more manageable form whilst re-
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taining essential information. Starting with a previous algorithm which utilises
the HSS factorisation and the randomised multifrontal method, Liu implements a
ULV factorisation, to avoid using recursive applications of the Sherman—Morrison—
Woodbury formula. The ULV scheme preserves the hierarchical structure and
yields efficient recurrences for inverse entries. The inverse of the (i, j)-th entry
can be found by looking at the path connecting ¢ and j on the elimination tree.
This is broken down into two cases, depending on whether 7 is a direct ancestor
of 7 or whether another ancestor connects them. This path based interpretation
can compute a single selected entry at a cost of O(log® p?) flops given a matrix

A € RP*P,

2.3.3 Finding the Inverse of a Covariance Matrix

More broadly in multivariate statistics, we often work with a covariance matrix
3 € RP*? and its inverse, the precision matrix @ = 7', The covariance matrix
is typically dense whereas the precision matrix Q@ € RP*? is often sparse (e.g., in
Gaussian Markov random fields, where zeros in ©Q encode conditional indepen-
dences) [44, §2]. On the contrary, in applications where the precision matrix Q is
obtained first (e.g. via spatio-temporal models), recovering the marginal variances
encoded in the diagonal of 3 = Q7! becomes the key task [62]. The methods re-
viewed above involving dense/sparse factorisations, or selected inversion therefore
underpin algorithms for inverting covariance/precision matrices in statistics and

machine learning.

Beyond general-purpose inversion, there exist estimators tailored to selected
entries of ¥ (e.g., its diagonal) that avoid forming the whole inverse. If only
the diagonal of X is required, Hutchinson-type stochastic estimators [31] can be

applied:
K

ZZkQEZk

k=1

K

ZZkQZk

k=1

diag(X) ~ %) (2.11)

where elements of the random probe vectors z; take the values +1 with equal

probability, ® denotes the Hadamard product and @ represents element-wise
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division.

The main motivation behind the Iterative Block Matrix Inversion Algorithm
which will be introduced in Chapter [3| comes from “Efficient Covariance Approxi-
mations For Large Sparse Precision Matrices” by Sidén, et al. [55]. The authors
introduce fast Rao-Blackwellized Monte Carlo (RBMC) sampling-based methods
which can approximate selected elements of the covariance matrix from its inverse.
We will first establish the Block RBMC estimator proposed by the authors, which
is used to approximate one principal sub-matrix of a covariance matrix X from
the precision matrix Q. Then, we provide a more comprehensive derivation of the
Block RBMC estimtor, expanding on the outline given in the original paper. Later
in Section we view this Block RBMC estimator from a numerical linear algebra
point of view and advance this estimator to approximate the whole covariance

matrix.

To begin, we consider the precision matrix @ € RP*P and its inverse ¥ = Q1.
The covariance matrix ¥ can be approximated using a Monte Carlo method
that first computes N, samples z;, ~ N(0,Q71), k = 1,..., N, using, e.g., the
approaches in [I3], 44 [45]. These samples are then used to form the Monte Carlo
estimator mentioned in [45], which has the standard Monte Carlo convergence

rate of (’)(Ns%)

@

N,
1 1
_ )T _ T EGY (V)
C_NE: (g0 — 22" z=0" ), (2.12)

S

In 2018, Sidén et al. [55] developed three Rao-Blackwellized Monte Carlo (RBMC)
estimators for approximating elements of ¥ that improve on by combining
it with the Law of Total Variance. One of these, the Block RBMC estimator,
approximates a principal sub-matrix of 3. The block estimator requires two sets 7
and Z¢ that partition the row/column indices of @ € RP*P ie., ZUZ = {1,...,p},
ZNZ¢ = (). The matrix 37 is then defined to be the principal sub-matrix of

the approximate inverse corresponding to the elements in the rows and columns
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indexed in the set Z. The Block RBMC estimator is then defined as
A 1
Y7~ Q77 + N Q1 Qrze Zze Z1. Q170 Qs (2.13)

As for the simple Monte Carlo estimator ([2.12)), here N; is the number of Gaussian
samples z;, ~ N (0, Q7'), while Zz- represents the sub-matrix of Z in (2.12)) formed

from the rows indexed by Z¢. We now give an in-depth derivation to how this
Block RBMC estimator is derived using the Law of Total Variance and the Monte

Carlo estimators.

Derivation of the RBMC Estimator

To begin, we consider a zero-mean joint Gaussian vector partitioned as [z}, zj.|" ~
N(0, ) with a precision matrix Q = X! that is partitioned into blocks using
Equation ([2.2)),

Qrr Q1 1

(Qrze )T Qe 7e

The conditional distribution in terms of the precision matrix is

zz | 27e ~ N(—Q7;Qrze 27 , Q7). (2.14)
Alternatively, for non-zero means we have,

Elzz | z7c) = py — QE}IQIJC(ZIC — pze) and Var(zz | zz0) = Q7%

Using the Law of Total Variance, which states |21 p. 205]

Var[X] = E [Var [X|Y]] + Var [E [X|Y]],
we can approximate the target principal block matrix ﬁlzl as follows

1= E|[Var(zz | zzc)] + Var(Elzz | z7¢])

= QE}I + Var( — QilIQz,zc ch) .
—~— -
(A) (B)

Note that (A) follows from (2.14) because Var(zz | zz.) = Q7 is deterministic.

Now for (B). As we have a zero-mean Gaussian vector,

Var [E(zz | zz)] = Var [y — Q7 1 Qr1e (22 — )] -
= Var[— QileI,ICZZC]-
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The variance Monte Carlo estimator described in Equation (2.12]) can be used to

approximate this variance, giving
Var [0z} Qzln] % 3 Dk ()
ar I,IC I,ICzIC ~ N F:/I F;/I 9
S
i _ o-1 ()
where k7 = QLIQI’ICZIC.

Therefore, by combining (A) and (B), we obtain the Block RBMC estimator,
37 = E [Var(z7 | zz)] + Var [E(z7 | z7¢)]
1 Y ) .
~ Qi+ A Z k7 - (k7)", where k] = Q75 Q7 127 (2.15)
s =1

When |Z| = 1, the Block RBMC estimator reduces to the simple RBMC estimator
described in [55] p. 7], which can compute one marginal variance. For this case,
the zero-mean joint Gaussian vector is partitioned as [z7, zzc|, where z7 represents
a single Gaussian sample and zz is the complement, containing all other elements
in z. Then the simple Monte Carlo estimator can be introduced,

1 & N\ 2
‘712\40,7; N Z (Zi(J)) )
s

J=

and the simple RBMC estimator can be defined as [55, p. 6]:

Var (z;) = E [Var (z; | ;)] + Var[E(z; | 2;c)]

== Q;} + Var [—Q;’Zl chzic]

—1 RS -1 M) _ 52
~ Qi + N, Z (Q“ Qe 2 ) = Olie-

7=1
Note that because z; is a single element, @);; will also be a single element of the

precision matrix Q, and is therefore not bold.

The authors also describe an iterative interface method, based on the Block
RBMC estimator in [55], that can more accurately approximate the diagonal
of ¥ than Hutchison’s estimator in but at a higher computational cost.
The iterative interface method is designed to compute selected elements of the

covariance matrix, but it cannot approximate all elements of 3 simultaneously
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55, §3.2.2].

Zhumekenov et al. [62] presented an alternative method of selected inversion for
spatio-temporal Gaussian Markov random fields (GMRFs) which includes recover-
ing the marginal variances starting from the precision matrix. Their method is
a hybrid approach, taking inspiration from the RBMC estimators of Sidén et al.
[55], and Krylov subspace methods, which are becoming increasingly popular for

solving large linear systems in multivariate statistics.

2.4 Iterative Methods for Solving Linear Sys-

tems

In this section, we focus on different iterative methods used to solve symmetric
positive definite (SPD) linear systems. As mentioned in Section [2.3.1] the inverse
of A € RP*P could be obtained by solving p independent linear systems. We have
noted that explicitly computing A1 is impractical for large-scale problems due
to the computational cost, and now we look at various iterative methods as an
alternative. Throughout this thesis, we consider solving the symmetric positive

definite linear system

Ax = b, (2.16)

for the unknown vector x € R?. The matrix A € RP*P is assumed to be large,
sparse, and symmetric positive definite, and b € RP? is the known right-hand side

vector.

Direct methods used to solve symmetric positive definite linear systems include
both the Cholesky decomposition and the Takahashi equations mentioned previ-
ously in Section [2.3.1 These methods and others based on Gaussian elimination
can be prohibitively expensive for large problems due to both memory requirements
and computational cost [I5, §3.11]. As an alternative, basic iterative methods can

be used to solve the same linear systems.
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2.4.1 Stationary Iterative Methods

Basic iterative methods can be used to solve linear systems of the form Equa-
tion (2.16). The symmetric positive definite matrix .4 can be split such that [54]
p. 113]:

A=M-—N,
where M is chosen to be easily invertible, while N represents the remaining part

of the matrix. Substituting this decomposition into Equation (2.16)) gives:
Mx = Nx + b.
This motivates the following fixed-point iteration:

Mx; 1 = Nx;, + b,

= Xpy1 = M 'Nx;, + M 'b, (2.17)

where x; denotes the current approximation of the solution and xj,; is the up-

dated one.

Different choices of M and N lead to different stationary iterative methods.
For example, the Jacobi method defines M = D, where D is the diagonal of A
[54, p. 107]. Other well-known schemes include the Gauss-Seidel method, where
M is taken as the lower triangular part of A, and the Successive Over-Relaxation

(SORs) method, which introduces a relaxation parameter to accelerate convergence.

The convergence of stationary fixed-point methods is determined by the properties

of the iteration matrix:

G=M"'N.
At the (k + 1)-th iteration, Equation (2.17)) can be rewritten as

Xk+1 = GXk + f, (218)

where f = M~!'b. Whether the above iteration will converge to the true solution
x, depends on the spectral radius of G [54, Thm 4.1]. To prove this, we require
the following preliminary result [54, Thm. 1.1.10]:
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Theorem 2.4.1. The sequence A* converges to the zero matrix as k — oo if and

only if p(A) < 1.
We are now ready to state our convergence theorem for basic iterative methods.

Theorem 2.4.2. Let b € R? and A = M — N € RP*P with M invertible. Then,
if p(G) < 1, where G = M™'N; the iteration

Xk+1 = GXk + f
will converge to the unique solution x, = A~'b for any initial guess x.

Proof. We first define the error vector as

€pr1 = Xpr1 — X = (Gxp +f) — (Gx* + 1)
=G (x — x")

= GM (xg — x%).

Hence, the error after (k + 1) iterations is obtained by repeatedly applying the

iteration matrix G to the initial error.

From Theorem [2.4.1, since p(G) < 1, we have G*! — 0 as k — oo, which

implies ex; — 0. Consequently, x; — x*. O

The convergence of stationary iterative methods is therefore dependent on the
spectral radius of the iteration matrix G. However, convergence may be consider-
ably slower if p(G) is close to 1. In this case, we could alternatively use multigrid

methods.

2.4.2 Multigrid Methods

Multigrid methods are another class of iterative solvers, originally developed
to efficiently solve discretised partial differential equations (PDEs), such as the
discrete Poisson problem [I6]. When examining the error, some entries fluctuate
smoothly across neighbouring grid points, whilst others exhibit rapid oscillations;

these are referred to as low and high frequency components of the error, respectively.
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The key idea of multigrid methods is to tackle the low-frequency errors, which
converge slower with stationary iterative methods such as the Jacobi method. By
transferring the residual from fine grids to coarse grids, these low-frequency errors
appear high frequency relative to the coarse grid and can be effectively damped
with the stationary iterative methods. The typical two-grid multigrid method
consists of the following stages [10, pg.37].

1. Pre-smoothing: Start by applying a few iterations of a simple iterative

method (e.g., Jacobi) on the fine grid to reduce high-frequency errors.

2. Restriction: Compute the residual r = b — Ax on the fine grid and transfer

it to a coarser grid using a restriction operator R.

3. Coarse-grid correction: Solve or approximately solve the error equation
A.e. = r,. on the coarse grid, where A. = RAP and P is a prolongation

(interpolation) operator.

4. Prolongation and update: Interpolate the coarse-grid error back to the

fine grid and update the fine-grid solution: x +— x + Pe..

5. Post-smoothing: Apply another few iterations of a smoother to eliminate

any high-frequency errors reintroduced by the interpolation.

Depending on the level of recursion, V-cycles or W-cycles can be used to control
the traversal through the grid hierarchy. V-cycles start from the finest grid level,
descend to the coarsest grid level and then ascend back to the finest grid. W-cycles

do the same but make multiple visits to coarser levels before returning to finer grids.

Grid levels are usually defined geometrically, where the unknown variables are
defined at known spatial locations. However, if no geometric data is provided,
it is possible to determine grid levels using algebraic multigrid (AMG) (see [10,
Chpt.8]). Multigrid as a stand-alone solver does not always converge, and it is
often used as a preconditioner in a Krylov subspace method, which we will now

define.
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2.5 Krylov Subspace Methods

Krylov subspace methods are a powerful class of iterative solvers designed to
approximate the solution of large, sparse linear systems without requiring matrix
factorisation. Compared to stationary iterative methods, which rely on fixed
updates, Krylov subspace methods construct successive approximations by pro-

jecting the problem onto a sequence of nested subspaces.

Let A € RP*P and consider an initial guess xq for the solution of Ax = b.

The initial residual can then be defined as
ro = b — Ax,. (2.19)
The k-th Krylov subspace associated with A and rq is then defined as [54, p. 157]:
Ki (A, rg) = span{ry, Ary, A’rg, ... ,.Ak_lrg}. (2.20)

The key idea behind all Krylov methods is to select successive iterates x; from

larger and larger subspaces:
X € Xgo + ’Ck(A, I‘O).

In this thesis, we assume A is symmetric positive definite and therefore, we focus

on the Conjugate Gradient (CG) method.

2.5.1 The Conjugate Gradient Method

The Conjugate Gradient (CG) method was established in 1952 by Hestenes
and Stiefel [27]. Starting from an initial guess xo, with the associated residual
ro = b— Axg, the CG method chooses iterates x;, for £ = 1, ... such that x;, —x¢ €
Ki(A, o), minimises the error ||eg||4 = [|x — Xx||.4, where ||ex||4 = (ekTAek)% [54]
p. 47]. The error ey = x — Xy can be expressed in terms of the residual rq [20]

Lemma 21.1]:

ro =b — Ax) = A(x — x¢) = Ae,. (2.21)
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The conjugate gradient method will converge in n steps or less in exact arithmetic
for the positive definite system described in Equation where A € R™" 20,
Thm 21.1]. In practice, CG may need more than n iterations for large systems as
round off errors, which are introduced can gradually destroy the A-orthogonality
between search directions. Instead, we look at the following convergence analysis

to obtain an idea of how the CG method converges [16, §2.1.1.].

Convergence of the CG Method
To begin, we relate the iterates x; — xg € Kx(A, 1o) to the initial error ey:

X;, — Xo € span{ry, Arg, ... A" 'ry}
k—1
:xk—XO:ZajAJrO for some o;,7 =0,...,k—1
J=0

= qr—1(A)rg
= X = Xo + qp—1(A)ro,
where q;_1(A) is a polynomial of degree at most (k —1). Since ey = X3, — Xg, then:
= X=X =X = Xo + g1 (A)To
= e, = ey + g1 (A)ro
=(I— Ag_1(A)) eo = pr(A)eg.

The last line follows from the fact that ro = Aey (see Equation (2.21))). By letting
pr(z) =1 — zqr_1(2), we see that e = pi(A)ep.

Algorithm 1 The Conjugate Gradient Algorithm [54] p. 200]

Compute ro = b — Ax( and set pg = ro.

for i = 0,1, ... until convergence: do

(ry,r;)
Api,pi)

oy = 7
Xit1 = X; + o;P;
rig1 =1; — aiApi

B, = (rit1,rit1)
v (ri,rs)

Pit1 = Tit1 + Bipi

end for
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Since as previously discussed, CG minimises the A-norm of the error, the CG

iterations are such that:

lexlla = min [|py(A)eola, (2.22)
pr€llE
pr(0)=1

where I denotes the set of real polynomials of degree at most &k [20, p. 76].

Since A is symmetric positive definite, it has a set of eigenvalues {\;}}; with a
corresponding (full) set of eigenvectors {v;} ;, such that Av; = A\;v;, which forms
a basis of R". The initial error can therefore be written as a linear combination

of the eigenvectors:
€ = Z Bivi.
i=1

This gives the standard CG convergence bound:

e = min Ae
lex].a pk(.A):Hk,p(O)ZIHPk( )eoll 4

pi(A)=IIx,p(0)=1

p
i=1

P (A)=IIg,p(0)=1

p
= min > Bipk(Ai)vi
i—1

A

pi(A)=T),p(0)=1

p
< min max |pg ()] Z Bivi
i=1

A

= min max |pr ()| |leol] 4 -
pr(A)=Il,p(0)=1 1 |pk( )|” OHA

Therefore,

llex|.a )
A 2.23

< min max 2)|. 2.24
S TR c L) (2.24)

The polynomial which achieves the minimisation needed for Equation ([2.24]) is

the shifted and scaled Chebyshev polynomial [54, Thm.6.25].
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The Chebyshev polynomial Ty(t) for k£ =0,1,2,... is:

(

cos(kcos™1t), for t € [-1,1],
Ty(t) = cosh(kcosh™'t), fort¢>1, (2.25)
(=1)*Tp(—1), for t < —1,

\

which has the following recurrence:
Tii1(t) = 2t Ty (t) — Th_1(2). (2.26)
Then, using Equation (2.25) and Equation (2.26))we have the following expression:

) =5 ((t+vE=1) + (- vE-1) ).

2
For t > 1 the two terms are reciprocals: ¢t — /1?2 — 1 = (t + V2 — 1)_1, so the

first term dominates and

1 3 k
ﬂu)§2(b—t«—ﬂ. (2.27)

Now, we recall the following Theorem:

Theorem 2.5.1. Let 0 < Apin < Amax- Then the minimum in Equation ([2.24)) is
obtained with the polynomial T} (t):

- )\min + Ama,x 2t )\min + /\max
Tk(t) B |frk <Amax - >\min a )\max - )\min>:| / |:Tk (Amax - AInin):| ’ (228)

where Tj(t) refers to the Chebyshev polynomial.

Proof. Using the condition number defined in Equation ([2.1) where,

)\max (A)
)\min<A) ’

we can bound the denominator of Equation (2.28) using the interval [Amin, Amax]-

k(A) =

We see that,

k

T )\min_l')\max _1 /-{‘,—|—1+ k+1 2_1 n /‘i‘{‘l_ K+1 2_1
"N — e/ 2 V=1 K—1 K— 1 K—1

()« ()

k
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Since |T(t)| <1 for t € [—1,1], we arrive at the classic CG bound:

< ] .
lewlla =< min - max  [p(A)] leoll (2.29)
p(0)=1
! leol (2.30)
> €ol|l A .
‘Tk <im?ni‘§m:x) ‘

<2 (Y55 }) feoll (231)

O

Faster convergence of the CG method is guaranteed when the condition number
k = k(A) of A is closer to one. However, having a large condition number
doesn’t necessarily indicate slow convergence. For example, if the spectrum of
A is clustered around two eigenvalues, then a polynomial of degree two could
be constructed such that the CG method could converge within two iterations.
Convergence may be improved when the eigenvalues of A are clustered, although

this is not always the case [35].

2.5.2 The Preconditioned Conjugate Gradient Method

The convergence rate of the CG method can be poor for ill-conditioned problems.
The PCG method works by transforming Ax = b into a similar system, using a
symmetric positive definite matrix M, which aims to accelerate the convergence
rate by improving the spectral properties. Therefore, the preconditioner should

be designed with the following constraints in mind [6l, §7.4.2].:
e M must be easy to construct and apply.

e M should reduce the condition number of M~ A compared to the original

matrix A, and/or cluster the eigenvalues of M~' A compared to A.
e M should be SPD so that the CG framework remains valid.

e The time taken to construct the preconditioner M and apply the PCG
method should be less than the time to solve the original un-preconditioned

system.
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Algorithm 2 The Preconditioned Conjugate Gradient Algorithm [54, p. 277]

Compute ryg = b — Axg, zg = M™'ry, and set py = 2.

for + = 0,1, ... until convergence: do

(rizi)
Api,pi)

a; = <
Xit1 = Xj + ;Pi
rip1 =1; — aiApi

_ Aq-1
Ziy1 = M7

B, = (riy1,2it11)
, = —ttbitll

(ri,zi)
Pit1 = Zi+1 + BiPi

end for

Since the conjugate gradient method solves linear systems with symmetric positive
definite coefficient matrices, application of the preconditioner must preserve
symmetry and positive definiteness. If M € RP*P is symmetric positive definite,

this can be achieved by the following symmetric (split) preconditioning [0, p. 187]:
WlAW™T) (WTx) = Wb, where M = WW'. (2.32)

The matrix W could be, for example a Cholesky factor of M, or the matrix square
root. However, the PCG method can be implemented without explicitly needing
W.

The full algorithm for the PCG method is given in Algorithm 2| It closely mirrors
the CG algorithm in Algorithm [1} but there is an extra step to update the search
direction according to the preconditioned residual z; = M™!r;. The convergence
of the PCG method can be described by the same Chebyshev-type bound, but
with x(A) replaced by k(M1 A): [16, §2.2.1]

leela o VAEMTA - 1)"
leola = "\ \/w(MTA) +1)

2.5.3 Types of Preconditioners

Here, we mention some popular choices of preconditioners for the PCG method.
As mentioned, the structural properties of A typically influence the design of

preconditioners. However, some algebraic preconditioners make no assumptions
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about the underlying structural properties of A, making them more flexible in
some cases. We start by looking at one of the simplest algebraic preconditioners,

the Jacobi preconditioner.

Jacobi and Block Jacobi Preconditioners

The Jacobi preconditioner M = diag(.A), is inexpensive, easy to implement, and
well suited for parallel computing. However, for highly ill-conditioned systems,
convergence may still be slow [59]. The Jacobi preconditioner can be improved
by considering block matrices instead. If a matrix A € R™*" can be partitioned
into K block rows and columns as in Equation with invertible sub-matrices
Ai1, ... Axx, then the block Jacobi preconditioner M~ is defined as [54], §12.2],

All Al? e AIK ’Al_ll
Ay A Ay
A= |78 7= . M= 2 (2.33)
Ak Akk | i I_(IK_

Incomplete Cholesky Preconditioners

The incomplete Cholesky (IC) preconditioner is another popular choice of al-
gebraic preconditioner. When decomposing a sparse matrix into the product
of a lower triangular matrix and its transpose using the Cholesky factorisation,
ie., A = LL", alot of zeros are destroyed causing L to be dense [41]. The
IC preconditioner aims to correct this by selectively discarding fill-in elements,
maintaining L as a sparse matrix. The trade-off between sparsity and exactness
can help to accelerate the convergence of the PCG method whilst reducing the
cost of obtaining L [48], §4.1]. However, the IC preconditioner relies on A having
some form of diagonal dominance and therefore does not exist for every symmetric
positive matrix A [54]. Remedies for this breakdown have been proposed, such as

shifting the diagonal of the matrix A + ol for a small constant « [38]. However,
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it may be challenging to find an appropriate choice of «.

Polynomial Preconditioners

Polynomial preconditioners provide an alternative approach, in which M~ is ap-
proximated by a low-degree polynomial in A such that M ™! = ¢(A) [17, 133, 53, 54].
One benefit of using polynomial preconditioners is that the matrices ¢(A) and
Aq(A) do not need to be formed, since a series of sparse matrix-vector products

can be used to compute Ag(A)v for an arbitrary vector v [33].

One common choice of polynomial is the Neumann polynomial ¢(N) = 1 +
N + N?+ ... N° where N =1 — wA, and w is a scaling parameter [54], §12.3.1].

Other choices of polynomials include Chebyshev and least-squares polynomials [53].

Similar approaches include sparse approximate inverse (SPAI/AINV) methods,
which aim to construct a sparse matrix M such that ||I — MA||r is minimised in

the Frobenius norm [54] p. 337].

Two-Level and Multilevel Preconditioners

The algebraic preconditioners discussed thus far are often referred to as one-level
preconditioners. However, in many applications, particularly those involving PDEs,
they run into scalability issues as the dimension of A increases. For example,
parallel computing becomes less efficient for the Block Jacobi preconditioner as
the number of blocks increases. Instead, two-level preconditioners are needed such
as Block Jacobi with a coarse grid correction scheme to accelerate the convergence
of the PCG method [56]. Some examples include preconditioners based on domain

decomposition and multigrid methods.

Domain decomposition preconditioners break down a system into smaller sub-
domains to solve locally, and then a global coarse solver is used across the

subdomains; see, for example, [2]. Additionally, algebraic multigrid (AMG) has
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a similar strategy of constructing multilevel approximations algebraically and
smoothing with a one-level preconditioner [9] (see Section [2.4.2]). Both AMG
and domain decomposition preconditioners are well suited for parallel computing,

making them an attractive choice for high-performance computing.

In summary, the choice of preconditioner will depend on the structure of A and the
scale of the problem. We have seen algebraic preconditioners such as Block Jacobi
and incomplete Cholesky which can be applied to any problem, but may not give
the fastest PCG convergence. Preconditioners can be more tailored to the problem
at hand, such as using two-level preconditioners based on multigrid methods or
domain decomposition. Whilst they are generally more effective, they can run
into scalability issues and can only work for certain problems. Currently, there
is still a lot of ongoing work in designing both one and two level preconditioners
for an array of problems as preconditioning remains an active field of numerical

analysis.






Chapter 3

An Iterative Block Matrix

Inversion Algorithm

This chapter is a modified version of the submitted paper “An Iterative Block
Matrix Inversion (IBMI) Algorithm for Symmetric Positive Definite Matrices with
Applications to Covariance Matrices” [47]. In Chapter [2| various methods of
inverting symmetric positive definite matrices were explored, motivated by the
many applications which require their inverse such as: Gaussian process regression,
multivariate statistics, and computational physics. When exploring techniques
with inverting precision matrices, we focused on the Block RBMC estimator
which approximates the inverse of principal sub-matrices well, but struggles to
approximate the off-diagonal elements. In this chapter we look at this estimator
from a numerical linear algebra perspective to provide insight into approximating
the full inverse, including the off-diagonal elements. We first start by making the
link between the Block RBMC estimator
1

N Q77 Qrre Zge Z1 Q. Q77, (3.1)

DIRES Q77 +

and block matrix inversion. Details of how the IBMI algorithm is constructed
will then be given in Section [3.1] first for the simplest partitioning — the two-
block, non-overlapping case — and then we will generalise this result for the
multi-block overlapping case. The convergence of the IBMI algorithm will be
analysed in Section and the computational cost is discussed in Section [3.3]

39
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Numerical results in Section [3.4] will confirm theoretical findings and illustrate the
performance of the IBMI algorithm on cases not covered by the theory. Finally,

the main findings are summarised and discussed in Section

3.1 Approximate Block Matrix Inversion

The Block RBMC estimator in Equation can be viewed in terms of approx-
imate block matrix inversion, which is the foundation of our IBMI algorithm.
Hence, in this section we introduce the (approximate) block matrix inversion
formula, and elucidate its connection to the Block RBMC approach. We begin by
describing the exact block matrix inversion formula. To this end, we introduce
the two index sets, Z and Z¢, from Equation that partition the row/column
indices of A € RP*P and that satisfy ZUZ¢ = {1,...,p}, ZNZ = (. Then, we
permute the matrix A € RP*P so that the rows and columns corresponding to

indices in 7 appear first, and then partition this permuted matrix PAPT as:

Ar  Arze
PAPT = | 7T 7P| where TUTC={1,...,p}. (3.2)

Arer  Age
The matrix Az has rows and columns indexed by Z, Azc has rows and columns
indexed by Z¢, Az z- has rows indexed by Z and columns by Z¢ and Azc 7 = A;Ic.
Note that we now index the principal sub-matrices with just one index set, either
Az or Aze in Equation . Then, the well known block matrix inversion formula

presented in Equation ([2.3]) gives:

ppip _ | AT AL Az e (Arze) AT AL gz Hae
i _,HIC(-AI,IC)T.Ail He
. Hz Hzze (3.3)
| Hzer Hie

—PHPT,

where Hze = (Aze — (Azrze)TAZ 1A171c)_1 is the inverse of the Schur complement.

Inverse permutations can then be applied to recover H = A~!. A link can now
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be made with the Block RBMC estimator, which can be expressed in terms of A
and H,

. 1
Hr ~ A7 + v A7V Arre Zge 3. AL A7 (3.4)

The upper left principal sub-matrix in Equation (3.3)) looks almost equal to the
Block RBMC estimator Equation (3.4]), which can be rewritten as:

- ~ ~ 1
HI ~ Ail + AilAI,ZcHICAIC’IAil ~ HZ, HIC - FZIC(ZIC)T.
Thus, by approximating the inverse of the Schur complement Hze, an approx-
imation of the top left principal sub-matrix Hz, can be obtained. Crucially,
approximations to the off-diagonal sub-matrices can also be obtained without
additional computations (because A7 1AI,IC7-£ZC is required to compute ’HI) and
an approximation of the complete matrix H can be obtained. The resulting
approximated matrix H is:
. A7t + AT Ar reHae Are 7 AT — A7 Az zeHze
PHP = |"F T o e . (35)
—HzeAze 7 AS! Hre
The Monte Carlo estimator in Equation (2.12) could be used for the Schur
complement approximation Hz., but this is certainly not the only choice. Other

possible choices will be considered at the end of Section [3.1.3

3.1.1 The Two-Block Non-Overlapping Case

Numerical evidence suggests the approximation in Equation (3.5) may not be
very accurate, as |Hij — Hij| 4,7 = 1,...p, may be large when |i — j| is large, i.e.,
elements in the off-diagonal blocks may be poorly approximated. To measure
the accuracy of this initial approximation, we first introduce the following error
quantity.

, (3.6)

Error = H?—leAz,zc + ﬁI,ICAIC
2

where || - ||2 is the usual matrix norm induced by the Euclidean norm. When the

exact solution is used the upper off-diagonal block of H.A = 0. This error quantity
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evalues the same upper off-diagonal block with the motivation coming from the
following matrix-matrix multiplication.

o A A s T A s A A A Fr | | A Arse
~HreAze AT Hre Azer  Age

R
0 HoeH

Y

where the exact Schur complement is denoted by ’HE} = Aze — Aze 7 AS IALIC. It
is clear that when the approximation of the Schur complement Hze is exact, i.e.,
when Hze = Hrze, then ATA =1, as expected. Recall that the error estimate
Equation involves the upper off-diagonal block matrix of H.A.

Then, to test the accuracy of the initial approximation, symmetric positive definite
matrices were generated using the RBF covariance kernel (given in Table 2.1] dis-
cussed in Section and the error of the first approximation was recorded using
the error quantity above in Equation . The smallest matrix, of dimension
p = 2% had an error of 0.856886. As the dimension of the matrix increased, the
error increased linearly, and the largest matrix, of dimension p = 24, had an error

of 20.9872. This trend was consistent with other matrices tested.

This initial approximation in Equation (3.5) can be improved by iteratively
updating the matrix, as we describe in this section. The key idea involves choosing
different sets of indices for Z, and applying the block matrix inversion formula in
Equation , using elements of the most recently computed H to approximate
Hre.

For simplicity, the two-block non-overlapping case for a matrix A € RP*?P will
be discussed here. In this case, two non-intersecting sets, Z; and Z,, are intro-
duced, where Z; UZ, = {1,2,...,p}, Zy NZy = (. At each iteration, denoted
r=1,2,..., we cycle through these two sets, with the current set indicated by
k € {1,2}. The notation H"F) is used to keep count of the iteration and set, r

and k, when updating the approximated matrix H. Additionally, permutation
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matrices are denoted by P € RP*P, where P, permutes the rows of a matrix so

that those indexed by elements of Z;, appear before those indexed by elements of Zj.

Iteration 1, Set 1.

We first set the iteration index » = 1. Then, the set index k = 1 is used to
determine Z in Equation , ie., we let Z =17, and Z¢ = Z{. An initial guess
is made for the inverse of the Schur complement, ?:[(I?c’l), and is substituted into

Equation (3.5)) to give the first approximation:

A A Ay 2 1) | Ase, Azl — Az Ag, zg g
(0,1 1 ~ 01
_ 7—[ ) Azfgl T H(Zf )

/P17'~[(11171),P;— -

- 1,1 1,1)
HY %gllc
7_[(1 111 'H 01)

Note that having just two, non—overlapping sets leads to the special case where
It = I, and vice versa. Hence, Az, = Az and Az, = Aze. Therefore, 7317-[ 731
can be re-written as:
IRV R

PHS VP! = %((1 , H%; f)
HZQ 7, Hz

Iteration 1, Set 2.

Now, set k = 2, so that Z = Z, and Z¢ = Z§ = 7Z; in Equation (3.5). Then, an
updated approximation of the matrix #H is obtained from Equation (3.5)) and
the permutation matrix P, € RP*P. However, instead of using the initial guess,
7:[(102’1), as an approximation of the inverse of the Schur complement, as in the
previous approximation, we set 7:[15 = 7:[(111’1) in Equation 1} The updated

matrix approximation using Z is then,

Az +AI Az, 7 H(Ill’l) Az 1, 521 —AE;AIQ,IQC 7'2(111’1)
— /HZ’ AZg,IgAEQI 7:[(11’1)

- - ' (3.8)
~ (1,2 1,2
"y HE

2

1,2) ~ (1,1
71, HEY

PoHEP) =

This completes one full iteration, as both sets have been used to update the

approximate inverse H. This iterative process then continues by incrementing r
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and iterating through the index sets k = 1,2 as described above. In each case,
the matrix Hz. in Equation 1) is obtained from the most recently computed
approximation of H. For example, at the next step after Equation 1} with r =2
and k = 1, the principal sub-matrix 7:[(112’2) would be retained when calculating

HE D, as we would set 7—[(2 1 751(112’2)- In general,

[ _ ~(r—1,1 _ _ ~(r—1,1
PP A+ AL AL 1Y A Al — AL Az o HETHY
1 T 7 (r— — 7 (r—
_ —H(Ic 1,1) AI{,LALI H(If 1,1)
(1 (r,1
| AT HE
r,1) r—1,1
Y HETY
(3.9)
and
= — (7,1 — — (1
P TDPT _ AIQI—i—AI;AIQ,ch(Il ) .Ajg,zzAI; —AZ;AIQ,I;H(L )
27T 2 T — (7
2 —7-[ (r,1) AI;,IQ 121 7_[(Il,l)
(3.10)

r,2) (7,2
H( Héz,}l

(r,2 (7,1
K

Before presenting the full novel iterative block matrix inversion algorithm, we
first generalise the two-block, non-overlapping case to the multi-block overlapping
case. Introducing multiple blocks is essential when handling large matrices, while
overlap significantly improves the convergence rate by facilitating faster transfer

of information between the blocks.

3.1.2 The Multi-Block, Overlapping Case

We first focus on adding overlap, and illustrate this for the two-block partitioning
discussed above. Here, overlap can be introduced by extending the two sets of in-
dices, Z; and Z,, so that some indices are in both sets. This results in the principal
sub-matrices Az, and Az, overlapping, as in the left-hand side plot in Figure
The middle and right matrices in Figure [3.1] show how the sets Z; and Z, partition
the matrix A to use the block matrix inversion formula in Equation (3.3]). For
example, if Z; is used to partition A as shown by the middle matrix in Figure [3.1]
Z =17, and ¢ = {1,...,p}\Z; would be used in Equation (3.3).
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Let us now discuss the multi-block case. When A becomes large, the princi-
pal sub-matrices Az, and Az, can become too large to easily invert. To remedy
this, we generalise the two-block variant to work with multiple overlapping block
rows and columns, which can be seen in Equation . This reduces the size of

the principal sub-matrices that must be inverted.

Az,
A : .
A= S (3.11)

Az,

For ease of exposition, we describe a concrete case, with four overlapping block
rows/columns, but in practice any partitioning can be used, as long as the principal

sub-matrices are square (hence invertible).

In Figure A € RP*P has been partitioned using four overlapping block
sub-matrices, indexed by Z. for k = 1,2, 3,4. The shaded regions, in the primary
colours blue, red, yellow, light blue, represent the four sets respectively. The
hatching and secondary colours purple, orange and green represent the overlap.

The matrix on the right-hand side displays how A is partitioned when applying

Figure 3.1: The two-block overlapping partitioning of the IBMI Algorithm for a
matrix A € RP*P? made with sets Z; and Z,. The first matrix A shows how the
two sets Z; and Z, (blue and red sections respectively) overlap, shown by the
purple hatched section. The second and third matrices illustrate how to partition
A in order to use the approximate block matrix inversion formula Equation
for Z = Z; (middle) and Z = Z, (right).
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Az, I¢

Az, IS Aze

1

Figure 3.2: The four block overlapping partitioning of the IBMI Algorithm for a
matrix A € RP*P made with sets Z; for k = 1,2, 3,4. The matrix on the left-hand
side shows the four block overlapping partitioning. The matrix on the right-hand
side shows how block matrix inversion Equation can be used for the first set
7Z:. An analogous partitioning can be made for the other sets Z,, Z3 and Z, when

using block matrix inversion.

Equation with Z = 7Z;. One iteration of the IBMI algorithm involves cycling
through the four sets Z, for k =1,...,4. In each case, we apply Equation
with Z = 7, and Z¢ = {1,...,p} \ Zx, while the Schur complement approximation
is obtained from the most recently computed H. We continue iterating until a

suitably accurate approximation H of % = A~! is obtained.

By introducing overlap and multiple sets, the blocks Az, are smaller and therefore
can be inverted much faster. As we have generalised the two-block, non-overlapping
partitioning to the multi-block, overlapping cases, the full IBMI Algorithm can

now be presented in the next section.

3.1.3 Iterative Block Matrix Inversion (IBMI) Algorithm

The full iterative block matrix inversion algorithm is given in Algorithm (3| which
can be applied for Zj, sets for £k = 1,..., K. The algorithm will produce a final
matrix ,?:[ﬁna] from the matrix A and will also return the number of iterations r
taken to reach the desired tolerance level set by the user. Within Algorithm

the termination criterion uses the error quantity given in Equation (3.6). We note
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that alternative stopping conditions could be implemented. A tolerance is set by
the user and if this error quantity is lower than the tolerance, then Algorithm

will return the full approximated matrix and number of iterations.

The decision to use Equation as a stopping criterion was due to the compu-
tational cost and the measure of how well approximated the off-diagonals blocks
were. Compared to other error estimates where matrix inverses are needed, the two
matrix-matrix products and one matrix-matrix addition used in Equation ((3.6])
are less computationally expensive, even for dense matrices. Additionally, as
mentioned at the start of Section [3.1.1] the elements in the off-diagonal blocks
may be poorly approximated. Therefore, if the error is small in the off-diagonal
blocks—where the approximation can be worse—it suggests that the approxima-

tion is at least as good, if not better, in the principal sub-matrices.

We note that the framework of Algorithm [3]is similar to multiplicative Schwarz
methods due to needing the inverse of principal sub-matrices to approximate H,
and the multiplicative nature of the updates (see [8]). However, multiplicative
Schwarz methods rely on just using the principal sub-matrices whereas Algorithm
uses information from A and off-diagonal sub-matrices to find an approximation for
#. For further background, including the convergence of Multiplicative Schwarz
methods and the influence of overlap, the reader is directed to [22]. ** add in

abput block jacobi

We end this section by remarking on the choice of the initial guess for Algo-
rithm . In our experiments, we take 7:1(1(%’1) to be the identity matrix of the
appropriate dimension. This initial guess still produces an accurate approximation
H of H = A~! and we find that Algorithm [3| converges within a small number of
iterations for our test matrices (see Section . However, any symmetric positive

definite approximation of Hze can be used as an initial guess, which is discussed

further in Section 3.4.6]
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Algorithm 3 Iterative Block Matrix Inversion (IBMI) Algorithm

1: Inputs: A, tol, Z for k=1,..., K, initial approximation 7:[(1%1) of Hze in
eq. (3-5).

2: 7 =0.

3: While error > tol

4: r =1+ 1.

5 for k=1: K do

6:  Determine Zj.

7. if k=1 then

8: Get ﬁ(fzk) from H 1K),
9: else

10: Get 7:[(1?) from HF-1),
11:  end if

12.  Use 7:[(17;@ and A in the block matrix inversion equation Equation (3.5).
(k) (k)
Hz, sz,z,g
(1K) (k)
HI,;‘,Ik HZ,;‘

13:  Obtain updated approximation H"* =

14: end for
15: Compute error estimate.

16: Return: 7:[ﬁnal = H™K) and number of iterations r.

3.2 Convergence of the IBMI algorithm

In this section, the convergence of Algorithm [3] will be examined for the par-
ticular case of two non-overlapping blocks (cf. Section . In this case, the
diagonal blocks of the symmetric positive definite matrix A are defined by the
non-intersecting sets Z; and Zy. Recall that in this case Z{ = 7y and Z§ = Z;. The
first step will be to show that the error at the rth iteration is related to the error

in the initial guess.

Lemma 3.2.1. Let A € RP*P be a symmetric positive definite matrix with inverse
H, and let Z; and Z, be index sets such that Z, UZ, = {1,2,...,p}, Z1 NI, = (.
Let Hz, be the sub-matrix formed from the rows and columns of H indexed by

Z5, and let ?:[(IZ ) he the approximation of this matrix after r complete iterations
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of Algorithm . Then the error ?:[(12’2) — Hz, at iteration r satisfies,

HE =t = (A A, 2545 Az, 1) [P = | (Ar A Ar, A1)
(3.12)

Proof. To begin, we see from Equation (3.9) that the upper diagonal block of the

. . "~ (r,1 . . .
approximation, ’Hg ), at 1teration 7 1s

7(rl)  4—1 1 "~ (r—1,2) —1
HIl — 7 +'AIl AZ'-17I2HI2 AI2711 71 *

This approximation is then used to update 7:[(12 2 using Equation ([3.10]) to give

7 (7,2 — — (1 —
Hl(fz )= Izl + AIzlAI%Il,H;g[l )"411,12 Igl

= A+ A M, 3 [ A+ A A, YT A, 3, Mg Az, A
(3.13)

The exact Schur complement satisfies the same recurrence, since in this case

Equation (3.5)) reduces to Equation (3.3)). Hence,

-1 -1 —1

Mz, = Az, + A, An Mo Az, Ay,
-1 -1 -1 -1 . 7
— A12 + AIQ AIQ,Il [ Ty + AIl AIl 7ZQHIQAI2711 AII :| ‘AIl L2V

(3.14)

where Hz, = (AZC — Aze 7 AS 1AI,ZC)_1. It then follows from Equation (3.13|) and
Equation (3.14]) that

7 (r,2 - - i (r—1,2 - -
H(IZ ) — HIz = A221A22,Il ALIAZl L2 |:H(I7; ) — HIQ] AI2711 ALIAZl 712"4121'
By induction, on the iteration r, we obtain the result. O

Theorem B.2.7] can now be used to bound the error in the iterative block matrix

inversion algorithm (Algorithm , as we now show.

Theorem 3.2.2. Let A € RP*P be a symmetric positive definite matrix with
inverse H, and let Z; and Z, be index sets such that 7y UZ, = {1,2,...,p}, Zy N
Z, = (). Let Hz, be the sub-matrix formed from the rows and columns of H

indexed by Z,, and let 7:[(12 ) he the approximation of this matrix after r complete
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iterations of Algorithm |3| with sets Z; and Z,. Then, the error in 7—2({2 2 can be
bounded by,

7(7,2) -1 -1 2r |45(0,2
|0 2| < [[(At A A A ) [ [ ARD = | (3.15)
for any consistent matrix norm || - ||. Moreover, the iterative method will converge

given any symmetric positive definite initial guess 7:[(102 2,

Proof. Our goal will be to bound the norm of Hz, — 7:[(12’2), i.e., the error, after r
iterations, of the approximation to Hz,. Taking norms of Equation (3.12) shows
that

|-

= ‘ ‘ ("4221"412 1 ‘Aill AIl L2 )T [7:[(227 2 /Hfz] (AZ2 1 Agll AZI L2 Ail)T

< H <AE21AZ2711 AgllAZLIz)THQ 7:[(12’2) - HIz

< H (‘Aizl‘AI%Il ‘Ail‘AIl ,Iz) H2T 7:[(1272) - HIz

This proves the first part.

The second part follows from Theorem 7.7.7 in [30, p. 497] which shows that,
whenever A is symmetric positive definite, p(Az, 7,47 Az, 7, A7) < 1 where p(-)
is the spectral radius. Hence, by similarity, p(Az' Az, 7, A7 Az, 7,) < 1. Finally,
from Theorem we know that (A7 Az, 7, A7 Az, 7,)" — 0 as r — oo, which
shows that the iteration will converge for any symmetric positive definite initial

guess 7-2(12’2) : [

Remark 3.2.3. Although the current convergence analysis is limited to the
two-block non-overlapping case, numerical experiments have suggested that the
algorithm converges for any symmetric positive definite matrix when K > 2

overlapping blocks are used. More evidence of this is detailed in Section [3.4}

Corollary 3.2.3.1. Let A, Z, and Z, be as in Theorem [3.2.2] Let H = A~}

and let H"2 be the approximation of this matrix after r complete iterations of

Algorithm [3| with sets Z; and Z,. Then FH2) converges to H for any symmetric

positive definite initial guess 7—2([2’2).
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Proof. Let Hz, and 7:[(12 % be as in Theorem [3.2.2] Then, we know from Theo-

rem [3.2.2/that 7:[(12’2) converges to Hz,. The next step of Algorithmwﬂl, therefore,

use the exact Schur complement in Equation (3.5)), which will then return the
exact inverse H. Therefore, the two block non-overlapping case in Algorithm

will converge to the exact inverse of the whole matrix A. O]

3.3 Computational Cost of the IBMI Algorithm

The computational cost of one iteration of Algorithm 3] will now be discussed for
the multi-block partitioning with overlapping blocks. The non-overlapping case is
recovered by setting the overlap to 0, as we will see. This analysis provides insight
into the efficiency of Algorithm [3| even when a precise convergence analysis is
unavailable for this partitioning. The most expensive operations of the algorithm
are inverting the principal sub-matrices Az, , K = 1,..., K, and performing matrix-
matrix multiplications. Although the exact cost of these operations will depend
on the properties of A, and the sets Z;, the following analysis provides a sense of

the cost per iteration.

3.3.1 Cost for a dense matrix

Assume for simplicity that A is a dense symmetric positive definite matrix, which
is partitioned using K overlapping sets Z, for £ = 1,..., K. Care is needed
when calculating the cost for the multi-block partitioning, as not every set Z;
has the same amount of overlap; see Section [3.1.2] The sub-matrices Az, and
Az, will have half the number of overlapping elements compared to the other
sub-matrices Az, for k =2,..., K — 1. Therefore, we first calculate the cost for
k=1 and k = K, then consider k = 2,..., K — 1 to find an overall cost for one
iteration of Algorithm |3 We stress that for each set Zj, we must calculate the
cost of inverting each sub-matrix of Equation (3.5]), noting that the matrix-matrix

product A7 IAI,IC, or its transpose, appears four times.

Additionally, the flop counts for matrix-matrix and matrix-vector products are
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calculated according to [23, p. 18]. For matrices A€ R?**, B € R¥*" and C' € R?*
and a vector v € R®, the cost of computing AB + C' is O(2¢st) flops, and the cost
of computing Av is O(2¢s) flops. The cost of the initial guess of the inverse of
the Schur complement can also be considered here, but since we use the identity

matrix, there is no additional cost.

Overlapping Cost : Blocks k=1 or k=K

When k£ =1 or k = K, the index set Zj is chosen such that |Z;| = m + h, where h
is a fixed number of elements in the overlap. Additionally, |Z;| = (K — 1)m — h.
We break down the cost of calculating H7 in Equation , which will include
calculating the cost of the off diagonal block 7:[11671; and the principal sub-matrix
Hz,. The most costly operation is computing A7, which involves O((m + h)?/3)
flops to obtain a Cholesky factorisation and O(2(m + h)?) flops to solve the
linear systems required to find the inverse. The remaining operations to compute

Equation (3.5)) are matrix-matrix products and sums. Therefore,

( (m + h)? +2(m+h)3).

( (m+h)*>((K—=1)m—h)).

Cost (.A L

)
Cost (A7 Az ze) =

Cost (AI AZI;HIC> (m+h) (K — 1)m — h)?).
Cost (A;l 4 AT A e Age 2 A ) ~0 (2(m +h)?2 (K —1)m — h)).

Hence, the cost of one application of Equation for the set Z, where k =1 or K
is:
(k) 1 3 3
Cost (H : ) =O(3m+h)* +2(m+h)’+
2(m+h)((K —1)m — h) (2(m+h)+mK—m—h)>
(m+h)®+2(m+h)> +2(m -+ h)(Km —m — h) (m+h+mK))
(m+ h)>+2(m+ h)* 4+ 2(m + h) (K*m* —m* — 2mh — h2))

(m+h)3+2(m—|—h)(m2+2mh+h2—|—K2m2—m2—2mh—h2))

Wl Wl W~ Wl

(m+h)3+2(m+h)K2m2).



3.3. COMPUTATIONAL COST OF THE IBMI ALGORITHM 53

Overlapping Cost: Blocks 2,... K —1

A similar process can be followed for the remaining middle blocks. The sets Z, for
k=2,..., K — 1 are chosen such that |Z;| = m + 2h and |Z¢| = (K — 1)m — 2h.
Therefore, the cost of one application of Equation (3.5 can be broken down as

follows:

Cost (AglALIc) =0 ( (
Cost (A;AI,IC;QZC) = O (2(m +2h) (K — 1)m — h)?) .
)=ol

Cost (A;l + AT Ar z e Are 2 AT
Similarly to the end blocks, the final cost for one application of Equation (3.5) is:

Cost (72""”“’) =0 (g(m + 2h)3) + O (4(m + 2h)* (K — 1)m — 2h)) +

O (2(m +2h) (K — 1) m — 2h))?

1
=0 <§(m +2h)% + 2K*m? (m + 2h)> :
The total cost for one iteration of Algorithm [3|is therefore:

. 2
Cost (M’*k)) —0 (g(m )P 4 AK?m® (m + h)) +

) ((K —2) (%(m +2h)% + 2K*m? (m + 2h))>

O @ (m+h)> +4K*m?* (m + h) + (K — 2) (%(m +2h) + 2K*m® + 4K2m2h>>

2 K—2
O (g(m +h)3 + ( 3 ) (m 4 2h)® + 4K*m® + 4K*m?*h + 2K°*m® + 4K*m?h

—4K?*m? — 8K2m2h)

2 K -2
O(g(m + h)* + ( 3 )(m+ 2h)% — 4K*m?*h + 2K3m? —|—4K3m2h>

O(;(m +h)® + (KB_ 2) (m + 2h)* +4K*m*h (K — 1) + 2K3m3> . (3.16)
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3.3.2 Cost of the Non-Overlapping Multi-Block Partition-
ing

When there is no overlap, the cost of Algorithm [3]is obtained by setting A = 0 in

Equation ((3.16|):

Cost (7—2“’“) =0 (;(m +0)® + (K; 2) (m+0)> +4K*m* - 0(K — 1) + 2K3m3>.

2 K -2
O(—m3 + %mg + 2K3m3).

3

o((sae) ),

This can be verified by assuming the sets Zj are chosen so that |Zy| = m, k =

L., K, with US T, = {1,...,Km} and Z; N Z; = 0, j # k. Then a breakdown

of the cost of calculating A7' can be found:

Calculation No of Flops
Az m 4+ 2m?

At Az 10 2(K — 1)m?

AT Az 7o Hoe 2(K —1)2m?

AglAzgc?:[Ic.Azc’I.AEl 2(K — 1)m3
Therefore, the cost of one application of Equation (3.5)), for one set k=1,..., K
in Algorithm [3] is:
Cost (7:[(”‘3)> = Cost (7:[({;2) + Cost (7:[(Irk)>

=0 ((; +2K(K — 1)) m3) + 0O (2(K — 1)m?)

of(fow))

Hence, the cost per iteration of Algorithm |3|is O ((% + 2K2) Km3) .

When A is partitioned according to the multi-block non-overlapping case,
Algorithm [3| can take many iterations to converge (see Section [3.4). However, as

we will see in Section when a small amount of overlap is added between the
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diagonal blocks, Algorithm [3] can take just one iteration to converge. For these
cases, the cost of Algorithm [3[can be compared with the cost of a direct solver. The
cost of inverting A € RE™*Em ysing the Cholesky factorisation and solving Km
linear systems would be O(5 (Km)®) 4+ O(2(Km)*) = O (£(Km)?). Comparing
this cost with the leading order term for the IBMI algorithm O ((5 + 2K*)Km?),
when only one iteration is required, we can see Algorithm (3| has a lower flop count
compared to the Cholesky factorization. However, flop counts alone do not predict
runtime on modern hardware and when Algorithm [3| takes more iterations to
converge, it will be slower than direct methods Finally, we note that if the matrix
A has additional structure, this could be incorporated in the complexity analysis

above.

3.3.3 Cost for a Tri-diagonal Matrix

The cost of Algorithm [3| will now be computed for a tri-diagonal SPD ma-
trix A € RP*P. Assume A is partitioned into K non-overlapping sets I, for
k =1,..., K, where each set has a fixed number of elements: |Z;| = m. The
most expensive operation will first be analysed, which is inverting Az € R™*™. In
order to calculate A~!, the LDL? factorisation is used, as it is less expensive com-

pared to the Cholesky factorisation for a matrix with a small bandwidth [23], §4.3.5].

To find A}kl, first the LDL” factorisation is applied costing 6m — 5 flops, then
the following 3-step process is applied to solve the linear system Az, g, = e as

shown in [23| pg.157],

Lz =e¢;, Dy =z, LG, =y.
Here ey, is the the k-th canonical basis vector. The LDL” factorisation requires
4m — 3k + 1 flops. Then the inverse of Az can be found by solving m linear
systems Az, gr = ey, needing %(m2 —m) flops in total. Now the cost for the matrix

A7 1AI,IC can be computed. The matrix Az ze has only one non-zero element if A

is tri-diagonal and can be rewritten as Az 7. = aeme{. Therefore,

A}lALIc :Agl (aen,) elT,
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which shows that AZ' Az ze can be computed by first finding u = A7 (ae,,) using
the LDL” factorisation previously computed. Since the solution of Ly = ae,), is
y = ae,,, then A7' (ae,,) is obtained in m flops. Then A;' A7z = ue. Note

that the full matrix does not need to be formed.

Next, the cost of A}lAI,Zc’}:[Ic is found. Since A;'Azzc = ue/, we see that
A Az zHre = (elT'l:lzc) =u (’I:LI> -

This results in m?(K — 1) flops, as the calculation consists of an outer product of

a length m vector and a length m(K — 1) vector. Then,

AElAIleHICAIazA_l - (u (7:[16>1 :) (ueir)T
=u (7—~LZC>1’: eu’

=u (7:[Ic>1 X u’ = puu’, where = (7-[I>

1,1

As u is an m length vector, the above equation takes m flops to form fu and a
further m? flops to form Suu?’ making the total m + m? flops. Adding the final
matrix A7 produces an additional m? flops giving 2m? + m flops in total to find

AZ' Az 7eHze Aze A", The total number of flops can now be found.

Calculation No of Flops
A7 6m — 5+ 3(m(m — 1))
A7 Az 1. m
ALY Az 7 Hze m2(K —1)
AT Az e Hge Aze AT 2m? + m

Thus, the cost of one iteration of Algorithm [3] for a tri-diagonal matrix is

%a@wm):Kme5+;mm—UHWHWﬂK—U+%ﬁ+m>

11
=m?K? — ;m2K + EmK —5K.
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3.4 Numerical Results

Some numerical results to highlight the capabilities of Algorithm [3| will now be
detailed. These experiments were run on a 2023 M3 MacBook Pro with 8-core
CPU, 10-core GPU and 16-core Neural Engine, 16GB unified memory and 1TB
SSD storage, running macOS 15.1.1, using MATLAB 2024a and OpenBLAS.
(Experiments were also run with Apple’s Accelerate BLAS and the results were

qualitatively similar.)

Covariance matrices, A € RP*P_ which are dense and guaranteed to be symmetric
positive definite, were used for the following numerical results. Five covariance
kernels were used to generate covariance matrices, which are presented in Table
These are the exponential kernel (EXP), the radial basis function kernel (RBF),
the inverse quadratic function kernel (IQUAD) and the Matérn 3/2 (M3/2) and
Matérn 5/2 (M5/2) kernels. Experiments are presented for both 1D and 2D data.
We consider both noise-free and noisy covariance matrices with the latter often

becoming ill-conditioned due to the added noise. In the noise-free case, if 1D data

Table 3.1: Covariance kernels used to generate dense symmetric positive definite

covariance matrices.

Kernel Covariance Matrix
Exponential Apxp(x,x') = exp (*HXT*X'H>
RBF Agpr(x,x') = exp (—%)
Inverse Quadratic Arouap(x,x') = m
Matérn 3/2 Aniza(x,x') = (1 + M) exp (_M>
Matérn 5/2 Aprsa(x, %) = (1 + Vol 5||x3—T»2<’H2) exp (_ VBl >
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is used, the values of x and 2’ used to generate the covariance matrix from the
corresponding kernel are equally spaced values from 0 to p*°. This ensures that
the condition number increases moderately with the dimension. For the 2D data,
regular grids on a square are created with equally spaced values from 1 to png,
which results in matrices with a larger bandwidth than their 1D counterparts. In

all cases we set the kernel hyper-parameters to be 1, ie., f =7 = 1.

When considering covariance matrices with added Gaussian noise, we add 0.011
to the existing covariance matrices A, generated by each kernel. In the 1D case,
the values of z and 2’ used to generate the covariance kernel are linearly spaced
between 0 and p. For the exponential and RBF kernels we use ¢ = 103, while
for the inverse quadratic kernel we use £ = 1073. For 2D problems, we create
regular grids on a /p X ,/p square. For the exponential and RBF kernels we
choose ¢ = 10 and for the inverse quadratic kernel we choose ¢ = 0.1. These
length-scale parameters are chosen to ensure that p(A7' Az, 7, A7 Az, 7,) is larger
than 1 — 1074, as larger spectral radii lead to extremely slow convergence, even
when overlap is introduced. In all cases, the error quantity used as the stopping

condition in Algorithm [3]is shown in Equation (3.6, with a set tolerance of 1078,

The rest of this section presents as follows. First, Section [3.4.1| investigates
the time needed for Algorithm [3| to converge for both 1D and 2D data. The same
covariance matrices are used in Section |3.4.3 where the number of iterations and
the final error are tabulated. The influence of the partitioning of the covariance
matrices for 1D and 2D data is investigated in Section We consider the
effects of varying the hyper-parameters of the covariance kernels, the choice of
initial guess, and the ordering of variables in the covariance matrix on the conver-
gence of Algorithm [3]in Section [3.4.5 Section [3.4.6] and Section [3.4.7) respectively.
Finally, we conclude this section by reviewing the properties, which affect the

convergence of Algorithm [3]
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3.4.1 CPU Time

We first investigate the time taken for Algorithm [3|to satisfy the stopping criterion
based on the error quantity in Equation for a tolerance of 107%, depending on
different covariance matrices as the dimension p, of the matrices increases. When
Equation reaches this tolerance, terminates, and returns the approximated
inverse, we say that Equation has converged. Specifically, p = 2¢, where
¢=28,...,15. (Larger covariance matrices could not be stored.) Algorithm [3| took
to converge were recorded as the dimension of the covariance matrices increased.
The covariance matrices generated with 1D and 2D data were partitioned into
two block rows and columns with a 20% overlap. The time taken for Algorithm
to approximate the inverse of each covariance matrix, generated by the first three
kernels in Table |3.1] was compared with the time taken for MATLAB’s inverse

function inv () to invert the same matrices.

As stated previously, the Matlab function inv performs an LU decomposition
when finding the inverse of A (when A is dense). However, using the Cholesky
decomposition to obtain two upper triangular matrices U, which can form A~}
via A7! = U~TU~! can be computationally faster in Matlab. In the following
experiments, we use both Matlab’s function inv and the Cholesky decomposition
to investigate how Algorithm [3| performs in terms of CPU time. Later for experi-
ments where covariance matrices are generated with added noise, the Cholesky
factor could not be computed for matrices of dimension 2'* and above. For these

experiments, Algorithm [3| has just been compared to the Matlab function inv().

1D Data

It can be seen in Figure that Algorithm (3| is faster at approximating H for
covariance matrices generated with 1D data irrespective of dimension, compared
to the in-built function inv() for all three covariance kernels. For example, when
p = 219 Algorithm [3| took 0.0493, 0.0521, and 0.0452 seconds for the covariance
matrices generated by the exponential, RBF, and inverse quadratic kernels. On

the other hand, MATLAB’s inverse function took 0.1245 , 0.1634 and 0.2196
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seconds for the same matrices. For the largest covariance matrices, Algorithm
took in 57.8716, 54.8322, and 60.3449 seconds to approximate the inverse for the
covariance matrices generated by the exponential, RBF and inverse quadratic
kernels, while MATLAB’s inverse function took 389.7914 (EXP kernel), 401.3466
(RBF kernel), and 400.7930 seconds, respectively

When the Cholesky-based method was used to compute A~!, Algorithm 3| would
still approximate A~! faster for smaller matrices, but would be slower for dimen-
sions equal to and higher than 2!9 212, and 2! for the EXP, RBF and IQUAD
kernels respectively. For the largest matrices of dimension 2'4, Algorithm [3] still is
a competitive algorithm compared with the Cholesky decomposition when comput-
ing A~!. Algorithm [3| took 57.8716, 54.8332, and 60.3449 seconds to approximate
A~ compared to the Cholesky-based method taking 49.1932, 48.0745 and 50.0789
seconds for the EXP, RBF and IQUAD kernels respectively.
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Figure 3.3: Dimension of A and the time taken for Algorithm [3| to converge and
approximate H, compared to the time taken by MATLAB’s inv() function and a
Cholesky-based inversion to compute H for 1D data.
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2D Data

For each covariance matrix generated with 2D data, Figure [3.4] shows that Al-
gorithm [3| was also faster at approximating H compared to MATLAB’s inverse
function inv. For example, when p = 29, Algorithm [3| took 0.0703, 0.0592, and
0.0847 seconds for the exponential, RBF, and inverse quadratic kernels compared
to 0.2158, 0.2177, and 0.2392 seconds when MATLAB'’s inverse function was
applied to the same covariance matrices. When p = 2, the time taken for
Algorithm 3| to approximate H was 60.6297, 56.9321, and 124.3387 seconds for the
RBF, exponential and inverse quadratic covariance matrices, while MATLAB’s
inverse function took 394.3456 (EXP kernel), 407.0127 (RBF kernel) and 397.6399
(IQUAD kernel) seconds, respectively.

Similarly to the covariance matrices generated with 1D data, when the Cholesky-
based method was used to find A~!, Algorithm |3| was faster at approximating
matrices of dimension equal to 2!° or less, but was slower for dimensions 2'? and
24 for all three kernels. However, again Algorithm [3]is still competitive compared
to the Cholesky-based method of inversion taking 60.6297, 56.9321, and 124.3387
seconds compared to 49.332, 50.1589, and 49.9336 seconds for the EXP, RBF and
IQUAD kernels respectively.
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Figure 3.4: Dimension of A and the time taken for Algorithm [3| to reach the set
tolerance level and approximate H, compared to the time taken by MATLAB’s

inv() function, and a Cholesky-based inversion, to compute H for 2D data.
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3.4.2 CPU Time - Noisy Results

Similar results can additionally be viewed for covariance matrices with added
noise in Figure [3.5| for 1D kernels and Figure |3.6| for 2D kernels. For both 1D and
2D data, the inverse of the largest covariance matrix generated was obtained more
rapidly with Algorithm [3| than with MATLAB’s inverse function inv (). However,
this was not always the case for other dimensions of A. Algorithm [3| had the
worst performance for covariance matrices generated by RBF kernel for both 1D
and 2D data, and was faster than MATLAB’s inverse function only for covariance
matrices of dimension larger than or equal to 2! for 1D data and for the largest
dimension of 2'4 for 2D data. One possible explanation for this may be the size of
the following “factor” term we saw in Section : Azl Az, 7, A7 Az, 7,. We know
that the spectral radius of this term will be less than one, however, when it is
close to one, the number of iterations, and hence time, taken for Algorithm [3| to
approximate H increases. For coefficient matrices of dimension 2'5 generated with
1D data this factor is 0.9909, 0.9998 and 0.9996 for the EXP, RBF and IQUAD
kernels respectively, and Algorithm [3| takes 1, 4 and 2 iterations to converge.
Similarly, for coefficient matrices of dimension 2'4 and 2D data, it took 2, 6 and 4
iterations for Algorithm [3|to converge with the factor term being 0.9778, 0.9989
and 0.9987 for the EXP, RBF and IQUAD kernels respectively. The EXP kernel
had the lowest factor term for both 1D and 2D data, which could explain why the
IBMI algorithm performed better for this problem than for the IQUAD kernel,
which came in second and had the second-largest factor, and the RBF kernel,

which was the worst performing and had the largest factor.
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Figure 3.5: Dimension of A and the time taken for Algorithm [3| to reach the set
tolerance level and approximate H, compared to the time taken by MATLAB’s

inv() function to compute H for 1D data with added noise.
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Figure 3.6: Dimension of A and the time taken for Algorithm [3| to converge and
approximate #H, compared to the time taken by MATLAB’s inv() function to
compute H for 2D data with added noise.
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3.4.3 Error vs Number of Iterations

Tables [3.2] and displays the number of iterations taken for Algorithm [3] to
converge, and ||[H — H||, at the last iteration, where || - ||, is the 2-norm, as the
dimension of the covariance matrix increases. Here, H is the inverse computed
using MATLAB’s inv function. The error could not be computed for some
covariance matrices of dimension 2!% due to memory constraints. This is denoted
in the tables by ‘—’. We note that the errors in Tables [3.2] and [3.3] differ from the
error quantity used in the stopping criterion (cf. Equation (3.6)) because H is

unknown in practice.

Table 3.2: The number of iterations for Algorithm [3| to reach the set tolerance
level and the error in H, for matrices generated by the three covariance kernels in

Table for 1D and 2D noise-free data.

Data | Dim | Number of Iterations | Error |[H — ||
EXP RBF IQUAD | EXP RBF IQUAD
28 1 1 1 8.8776e-13 2.1237e-15 5.4519e-11
29 1 1 1 2.2002e-12  4.5937e-15 5.1270e-12
210 11 1 1 1.5159e-12 1.4811e-14 3.0701e-12
21 1 1 1 2.046e-12  4.8692e-14 2.7929e-11
o 212 11 1 1 2.5946e-12  1.593e-13  1.3058e-10
213 11 1 1 5.5856e-12  2.2981e-13  3.3384e-10
214 1 1 1 5.6725e-12  1.6997e-12  1.5243e-09
215 1 1 1 4.8877e-12  9.5423e-12 -
28 ) 2 4 4.0129e-10 1.6277e-13  1.3557e-10
21012 3 1 5.1995e-11 7.3451e-11  8.9139e-10
2 212 12 2 1 2.8948e-12  8.7409e-15 2.3953e-12
214 1 1 1 5.7933e-10 2.786e-14  8.3444e-12
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Noise-Free Covariance Matrices

All three covariance kernels took only one iteration to converge irrespective of the
dimension of the covariance matrix generated with 1D data, as shown in Table
The best approximated matrices came from the RBF covariance kernel for smaller
dimensions. The covariance matrices produced by the exponential and inverse
quadratic covariance kernels also had low errors for smaller covariance matrices.
For each covariance kernel, the errors tend to increase with the dimension of the

covariance matrix.

For the covariance matrices generated with 2D data, Table [3.2 shows that Algo-
rithm [3| takes between one and five iterations to approximate 7:[, depending on
the dimension of the covariance matrix. The number of iterations decreased for
the exponential and inverse quadratic kernels as the dimension of the covariance
matrices increased. The RBF kernel also saw a decrease in the number of iterations
for covariance matrices larger than 2'° in dimension. Here, the errors are uniformly
small and do not appear to increase with the dimension. The best approximated

matrix generated with 2D data came from the RBF kernel, again when p = 22,

Noisy Covariance Matrices

Similar trends are observed with the noisy covariance matrices, as displayed in
Table One of the main differences is the number of iterations taken for Algo-
rithm [3] to converge for both 1D and 2D data, especially for the RBF and IQUAD
kernels. The number of iterations for the EXP kernel is almost identical to that
shown in Table with the only difference being that for the covariance matrix
of dimension 2'* generated with 2D data Algorithm [3| took an extra iteration
to converge. For the other two kernels, the number of iterations was higher for
smaller covariance matrices, but the number of iterations then decreased as the

dimension increased.

Overall, the errors for the noisy kernels for both 1D and 2D data were higher
compared to the noiseless data in Table For 1D data the EXP kernel had the



3.4. NUMERICAL RESULTS 69

lowest error for the smallest dimension of covariance matrix and then the errors
increased slightly as the dimension of A increased. However, the opposite effect
was seen with the RBF and IQUAD kernels, for which the errors decreased as the
dimension of the covariance matrices increased. The errors strictly decreased for
the RBF kernel, but they fluctuated a little more for the IQUAD kernel. For 2D
data, the errors for the noisy kernels also tended to decrease as the dimension of

the covariance matrices increased.

Table 3.3: The number of iterations for Algorithm |3 to converge, and the error in
H, for matrices generated by the three covariance kernels in Table for 1D and
2D noisy data.

Data | Dim | Number of Iterations | Error |[H — ||
EXP RBF IQUAD | EXP RBF IQUAD
28 1 61 43 7.6236e-11  3.4053e-07 1.4895e-07
29 1 57 34 1.5150e-10 1.2732e-07 1.0019e-07
210 11 42 15 1.9113e-10 1.0622¢-07 1.9587e-08
21111 49 14 3.0266e-10  3.7242e-08  8.8206e-09
o 212 11 35 6 8.2663e-10  2.3995e-08 1.1877e-08
213 11 19 3 1.2293e-09  1.7392e-08  5.2225e-10
214 11 8 3 1.9134e-09 2.8462¢-09 7.8061e-10
215 1 4 2 - - -
28 ) 40 22 7.4144e-10  6.1582e-08  3.6973e-08
21012 24 9 1.5001e-09 1.6958e-08 1.8252e-09
2 212 12 11 4 3.5335e-12  6.3294e-09  3.8267e-09
214 12 6 3 1.0094e-11 1.5184e-09 4.2212e-10
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3.4.4 Influence of the Partitioning on the Convergence

The partitioning of the covariance matrix A can greatly affect the convergence rate
of Algorithm [3] Theorem details how Algorithm [3] will converge for the two-
block non-overlapping partitioning, given any symmetric positive definite matrix
A. Here some numerical results are displayed which suggests that the multi-block
partitioning with overlap will converge faster than the two-block partitioning.
Here, 1D and 2D covariance matrices A, of dimension 2'2, were generated using
the RBF' covariance kernel with and without noise. When partitioning the matrix
for Algorithm [3] the number of blocks was varied between 2 and 6, while the
amount of overlap varied between 0% and 20%. The effect on the time taken
for Algorithm (3| to converge, and the number of iterations required, was then

recorded.

Table 3.4: Time taken for Algorithm |3| to converge in seconds by altering the
number of blocks and overlap between the blocks, when partitioning a covariance
matrix Agrpr of dimension p = 22 generated with 1D noise-free data.

Overlap Fraction

0.00 0.05 0.10 0.15 0.20

21323.180 1.1419 1.1054 1.1807 1.0588

31398.898 1.1575 1.1486 1.1673 1.1606

41401.556 1.1791 1.1724 1.2099 1.2433

Number of Blocks

5 | 469.355 1.2222 1.2472 1.2666 1.315

6 | 487.718 1.3113 1.2535 1.2749 1.3823

Iters | 476 1 1 1 1




3.4. NUMERICAL RESULTS 71

Noise-Free Covariance Matrices

The results for the 1D problem are given in Table [3.4] Note that the number of
iterations was independent of the number of blocks, K, within the tested range of
K =2,...,6. Table illustrates how even a small amount of overlap greatly
decreased the number of iterations, and hence time, for Algorithm [3| to converge.
When non-overlapping blocks were used, Algorithm [3]| took 476 iterations to con-
verge, taking between 323 seconds (for two blocks) and 488 seconds (for six blocks).
However, by introducing only a 5% overlap, the algorithm converged in 1 iteration

and between 1.14 and 1.31 seconds.

When no overlap is used, it was quicker to use a two block partitioning with
Algorithm . When overlap was introduced, only one iteration was required and
the timings were very similar for all choices of K. The time for Algorithm [3| to
converge increased slightly with the number of blocks and the overlap fraction

and, for this particular matrix, the smallest time was achieved for two blocks and

Table 3.5: Time taken for Algorithm [3|to converge in seconds and iterations (in
parentheses) by altering the number of blocks and overlap between the blocks,
when partitioning a covariance matrix Apgp of dimension p = 2'2 generated with

2D noise-free data.

Overlap Fraction

0.00 0.05 0.10 0.15 0.20

2 [23.016 (33) 7.887 (11) 3.608 (5)  2.3125(3) 1.662 (2)
3] 222,18 (257) 11.606 (13) 6.224 (7) 4579 (5)  2.828 (3)

4129472 (33) 28.658 (32) 9.887 (11) 5.714 (6)  4.702 (5)

Number of Blocks

5| 251.16 (257) 32.121 (33) 10.904 (11) 10.709 (11) 6.239 (6)

6 | 264.14 (257) 33.662 (33) 13.435 (13) 11.345 (11) 7.365 (7)
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a 10% overlap. However, the variation in timings for the overlapping cases was
small, indicating that the algorithm is fairly insensitive to the number of blocks in
the partitioning, and the amount of overlap. Although our default choices in other
experiments are K = 4 blocks and an overlap of 5%, results are fairly similar for

other partitionings.

For the 2D problem, the number of iterations was not independent of the num-
ber of blocks (see Table . However, similarly to the 1D problem, when no
overlap was used, it was quicker to use a two block partitioning. When overlap
was introduced, the time taken for Algorithm [3| to converge, and the number of
iterations decreased as the overlap increased, and the fastest time of 1.662 seconds
was achieved when Agrpp was partitioned into two block rows/columns with a

20% overlap.

Overall, Table [3.4] and Table highlight how introducing overlap appears
to be more effective than optimising the number of blocks when partitioning the
covariance matrix to achieve faster convergence for Algorithm 3] For matrices with
a larger bandwidth, such as those generated with 2D data, it appears that using
a two-block partitioning with minimum 20% overlap can be the most effective
partitioning for Algorithm [3| to converge. However, by increasing the amount of
overlap with two blocks, the sub-matrix A7 ! can become computationally expen-
sive to calculate, so introducing more blocks may be needed as the dimension of

A increases.

Noisy Covariance Matrices

Additionally, this experiment was repeated for the 1D covariance matrix with
added noise. When no overlap was used, Algorithm [3| did not converge in the
maximum (1000) number of iterations when partitioned with 2 blocks. As more
blocks were added, the number of iterations did decrease, but it still took 373

iterations for Algorithm [3| to converge with 6 blocks.
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When overlap was introduced, the number of iterations taken for Algorithm
to converge decreased dramatically, with the largest number of iterations now
342 when 3 blocks were used with a 5% overlap. When more overlap was added
the fastest convergence rate occurred with two blocks and 20% overlap, with
just 35 iterations needed for Algorithm [3| to converge. As the number of blocks
increased from 2 to 4, the number of iterations taken for Algorithm [3| to converge
increased regardless of the percentage of overlap. When the number of blocks
further increased to 5 or 6, the number of iterations taken for Algorithm [3| to
converge did start to decrease again, but never got close to when 2 blocks were
used, e.g. 131 iterations were needed for 6 blocks with 20% overlap compared to

35 iterations for 2 blocks with 20% overlap.

If memory permits, Algorithm [3| should be used with A partitioned using 2
blocks with at least 20% overlap when using matrices generated with noisy data.
Using a 3 or 4 block partitioning may lead to an increased number of iterations of
Algorithm [3| compared to using 5 or 6 blocks, if memory constraints prohibit the
use of 2 blocks. As we have seen previously, adding more overlap helps to reduce

the number of iterations taken for Algorithm (3| to converge and is encouraged.
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Table 3.6: Time taken for Algorithm [3| to converge in seconds and iterations (in
parentheses) by altering the number of blocks and overlap between the blocks,
when partitioning a covariance matrix Agpp of dimension p = 2!2 generated with
1D noisy data. The symbol ‘-’ is used to indicate that the algorithm did not

converge within 1000 iterations.

Overlap Fraction

0.00 0.05 0.10 0.15 0.20

2 | 713.674 (-)  82.761 (120)  62.974 (90)  41.656 (65)  21.725 (35)
3 | 863.326 (995) 294.113 (342) 279.192 (311) 237.498 (286) 230.773 (280)
4| 543.086 (622) 260.330 (294) 246.618 (280) 202.717 (229) 186.356 (214)

5 | 440.580 (453) 182.523 (188) 153.173 (160) 154.037 (158) 156.807 (163)

Number of Blocks

6 | 380.135 (373) 172.962 (161) 136.396 (134) 131.298 (129) 132.504 (131)
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3.4.5 Varying Covariance Kernel Hyper-parameters

We now investigate the effect of covariance kernel hyper-parameters on the con-
vergence of Algorithm [3| for covariance matrices generated using the RBF and the
Matérn 3/2 kernels, with and without added noise, in Tables [3.1 and [3.8 In all
cases, the matrices were of dimension 2!2 and were partitioned into four blocks

with a 5% overlap.

Noise-Free Covariance Matrices

We first consider the covariance matrices generated by the RBF kernel. The
length scale parameter ¢ varied between 0.3 and 1.1; for larger values of ¢, A
was numerically singular. We see from Table that for ¢ < 0.7, Algorithm
converges in a single iteration, in a time of just over 1 second. For larger values of

¢, however, Algorithm [3| failed to converge within 500 iterations. This indicates

Table 3.7: Varying hyper-parameters ¢ and 7 of the RBF and Matérn 3/2 covariance
kernels respectively to see how this affects the convergence of Algorithm [3] and

the condition number of A in the noise-free case.

Kernel | ¢ | No of Iterations | Time (seconds) | Error Cond(A)
0.3 1 1.3854 2.4118e-16  5.2071
0.5 1 1.2875 9.8146e-15  335.3515
RBF 0.7 1 1.2450 8.0230e-11  1.7337e+05
0.9 500 (max) 475.0415 2.2618e-04  7.1930e+08
1.1 500 (max) 476.7224 2.7833e+06  2.3942e+13
Kernel | 7 | No of Iterations | Time (seconds) | Error Cond(A)
3 1 1.2552 6.0534e-13  1.275e+4-04
6 1 1.2064 1.6069e-11  1.9296e+4-05
Matérn
9 1 1.1891 9.3210e-10  9.7505e+05
3/ 12 1 1.2119 6.3821e-10  3.0794e+06
15 500 (max) A474.7873 1.0884e-08  7.5146e+-06
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that the conditioning of the matrix may affect the convergence rate of the IBMI

algorithm.

Table also shows results for the Matérn 3/2 kernel when the length scale
parameter 7 varied between 3 and 15. For 7 < 15, Algorithm [3| converged in
just over one second, and in one iteration. For larger 7 values, Algorithm
did not converge within 500 iterations, again indicating that the conditioning
of the matrix can affect the algorithm’s convergence rate. However, increasing
the amount of overlap, reducing the number of blocks can improve performance
(cf. Section , as can reducing the tolerance in applications in which a less

accurate approximation is acceptable.

Noisy Covariance Matrices

The same experiment was repeated for covariance matrices with added noise and
can be viewed in Table|3.8] This time, the length-scale parameters could be varied
more as this did not affect the positive definite qualities compared to the noise free
case. For the RBF kernel, ¢ was varied between 1 and 500, and for the Matérn 3/2
kernel, 7 varied between 1 and 10,000. Similar to the 1D case, as the length-scale
parameters increased, the condition number of the covariance matrices increased
and Algorithm [3| took more iterations to converge, with the error also slightly
increasing. Algorithm 3| could not converge when ¢ = 500 for the RBF kernel, and
the final error after 500 iterations was extremely large at 2.690e + 269. For all
other values of ¢, Algorithm [3] did converge, taking between 1 and 19 iterations.

Similar trends were observed for 7 with the Matérn 3/2 kernel. When 7 < 500,
Algorithm [3| converged in 1 iteration taking just over 1 second in each case to
converge. As 7 increased, Algorithm [3] took more iterations to converge, and
did not converge within 500 iterations when 7 = 10,000 with the error being

3.8418e + 182
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7

Table 3.8: Varying hyper-parameters ¢ and 7 of the RBF and Matérn 3/2 covariance

kernels respectively to see how this affects the convergence of Algorithm (3] and

the condition number of A with added noise.

Kernel | ¢ No of Iterations | Time (seconds) | Error Cond(A)
1 1 1.20414 1.9583e-15  5.4538e+01
d 1 1.22884 9.8375e-14  1.2540e+03
10 2 2.12883 7.7387e-13  2.5069e+03
RBF
20 8 7.39629 1.4244e-09  1.2522e+4-04
100 19 17.10066 8.2772e-09  2.4992e+04
500 500 (max) 455.37327 2.6906e+269 1.1844e+05
Kernel T No of Iterations | Time (seconds) | Error Cond(A)
1 1 1.3535 2.3843e-16  8.7785e+00
> 1 1.2182 1.7077e-14  8.6323e+02
10 1 1.1505 9.8683e-14  2.2144e+03
50 1 1.1424 8.3339e-13  1.1530e+04
Matérn
100 1 1.1986 3.4006e-11  2.3004e+04
3/ 500 4 3.8139 4.2361e-10  1.0773e+05
1000 11 10.0932 9.2387e-10  1.8843e+05
5000 40 35.7942 5.8288e-09  3.6962e+05
10,000 500 (max) 443.4872 3.8418e+182  3.9660e+05
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3.4.6 Initial Guess

In the previous experiments, the initial guess 7:[(1?8’1) in Algorithmwas the identity
matrix. We now investigate whether the initial guess has a significant impact on
the convergence rate of Algorithm [3] Four different initial guesses were considered:
the identity matrix, A7, the Monte Carlo estimator from Equation and
the Takahashi equations Equation to obtain an approximation of the inverse
Schur complement Hz." to use as the initial guess. We applied Algorithm [3| with
these initial guesses for covariance matrices of size p = 2'2, generated by the
exponential, RBF, inverse quadratic, and Matérn 5/2 kernels. These matrices

were partitioned into two non-overlapping block rows and columns.

The numbers of iterations required for Algorithm [3| to converge are shown in
Table 3.9 We see that the initial guess has very little impact on the number
of iterations needed in this case, with the possible exception of the Matérn 5/2
kernel, for which 4 more iterations were needed when the identity matrix was used
than for any other initial guess. It does not appear that one initial guess stands
out as optimal when looking at the number of iterations it takes for Algorithm
to converge. We continue to use the identity matrix as the initial guess, as it is

less computationally expensive to generate than the other three options.

For the above hyper-parameter and initial guess experiments, the matrices were

partitioned using four blocks with a 5% overlap and two blocks with no overlap

Table 3.9: The effect of the initial guess Hze on the convergence rate of Algorithm

for covariance matrices of dimension p = 22 formed from various kernels.

Number of Iterations

Initial Guess \ Kernel | EXP RBF IQUAD M 5/2

Identity Matrix 42 28 24 11
7 41 271 23 7
MC Estimator 42 28 24 7

Takahashi 41 27 23 7
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respectively. One way to improve the convergence of Algorithm |3| with these
methods would be to add more overlap and reduce the number of blocks if memory
permits as suggested by Section [3.4.4] Additionally, comparable results were
observed with covariance matrices with added noise, and there was no optimal

initial guess.

3.4.7 Re-ordering

We now assess whether the ordering of the rows and columns of A € RP*? into
the index sets Zy for k = 1,... K changes the convergence rate of Algorithm [3]
By default, the index sets Z; are made from contiguous integers, e.g., in the case
of two non-overlapping blocks of equal size, and with the dimension p an even
integer, we set Z; = {1,...,5} and 7, = {§ +1,...,p}. Here, for covariance
matrices of dimension p = 2'2, we instead partition A with a red-black ordering,

so that the index set Z; contains only odd indices and Z, contains only even indices.

For all five kernels in Table [3.I Algorithm [3] converged faster when the orig-

inal (contiguous) index sets were used than when the red-black indexing was
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T, when the covariance matrix A5/ of dimension p = 212 is partitioned into
two non-overlapping block rows/columns. The original (contiguous) ordering is

compared to a red-black ordering.



S80CHAPTER 3. ANITERATIVE BLOCK MATRIX INVERSION ALGORITHM

applied. Indeed, for every kernel except the Matérn 5/2 kernel, Algorithm 3| did
not converge within 500 iterations with this alternative indexing. The convergence
rates for the Matérn 5/2 kernel are given in Figure , from which we see that
with the red-black indexing Algorithm [3| took 61 iterations to converge to a final
error of 5.9844e-09. When the original indexing was used, 16 iterations were

required to obtain an error of 1.8197e-09.

These results seem to suggest that, similarly to direct methods, it can be helpful
to reorder the rows and columns of A to obtain a more diagonally-dominant
matrix with a smaller bandwidth. We note that other choices of indexing could
potentially have a different effect on the convergence of Algorithm [3] but this
has not been rigorously tested. However, all indices must be in at least one set
Ty, k = 1,... K to guarantee convergence of Algorithm [3} indeed, if even one
is removed, the method may fail to converge. Noisy covariance matrices also

produced analogous results.

3.4.8 Properties Affecting Convergence

The above numerical experiments indicate that there are many factors that can
affect the rate of convergence of Algorithm [3, which we now discuss. Firstly, we
saw in Section that Algorithm [3| usually converged faster for covariance
matrices generated with 1D data than for those generated from 2D data with and
without added noise. The noiseless 1D matrices have a smaller bandwidth and
their elements decay faster away from the main diagonal than their 2D counter-
parts. When noise was added, the condition number of the covariance matrices
increased, which in turn required more iterations of Algorithm [3| to approximate
the inverse. Even when the amount of added noise added was small, its effect on
the condition number can still be noticeable when the covariance matrix has very
small eigenvalues. Therefore, indicating noise is a significant factor in the time
and number of iterations taken for Algorithm [3| to converge. The effect of these
properties on the convergence rate can be most readily understood for the case

of two non-overlapping blocks, since Theorem indicates that convergence
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should be faster when off-diagonal blocks are smaller in norm. Numerical evidence
also suggests that this is also true for multi-block and overlapping partitionings.
Therefore, we postulate that improving diagonal dominance, when this is possible,

can accelerate the convergence rate of Algorithm

Section shows that Algorithm |3| takes longer to converge as the condi-
tion number of A increases. Improving the conditioning, e.g., through scaling, is
therefore recommended when possible. However, it appears from Section that
the choice of initial guess is less important. That said, if a good approximation to

the Schur complement is readily available, it could still be beneficial to use it.

The partitioning of the rows/columns of A into sets had a significant impact
on the performance of Algorithm [3] We first saw in Section that introducing
overlap is imperative for fast convergence, and that even a small amount of overlap
can make a significant difference to the running time of the algorithm. Optimising
the number of blocks can also improve performance, although less markedly. For
covariance matrices with a larger bandwidth, the best partitioning appears to be
into two blocks with a decent overlap, e.g., 20%. Additionally, Section showed
that the ordering of the index sets Zj for £k = 1,... K is important. Given that
red-black ordering destroyed the fast decay of elements away from the diagonal
and caused slower convergence, care should be exercised when choosing the sets Z,
k=1,..., K. We recommend choosing sets to maximise the ‘weight’ of elements

near the diagonal.

3.5 Discussion

In this chapter, we have presented a novel iterative block matrix inversion algo-
rithm which can accurately and efficiently approximate the inverse of a dense
symmetric positive definite matrix. The IBMI algorithm serves as a way to
approximate the off-diagonal elements of the inverse of any symmetric positive

definite matrix, which is a known limitation for current literature. When A is
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partitioned into two non-intersecting sets, Algorithm [3| will always converge, as
shown in Theorem [3.2.2] Numerical results indicate that the multi-block par-
titioning with overlap accelerates the convergence of Algorithm [3] Moreover,
Algorithm [3] outperforms MATLAB’s built-in inverse function, inv() in terms of
time and computational complexity for the large dense matrices without noise,
examined in Section [3.3] When noise was added Algorithm [3] still managed to
outperform MATLAB’s inverse function for the largest covariance matrices. Fi-
nally, we examined the properties which can affect the convergence of Algorithm
in Section focusing on the bandwidth of the matrix, partitioning of A and

covariance matrix hyper-parameters.



Chapter 4

An Iterative Block Matrix

Preconditioner

In Section [2.5] we were introduced to Krylov subspace methods, including the pre-
conditioned conjugate gradient (PCG) method. As a reminder, a preconditioner
M aims to improve the convergence rate of the CG method by improving the
spectral properties, such as reducing the condition number of the coefficient matrix
or by clustering the eigenvalues. In this Chapter, we discuss using an adaptation
of the IBMI Algorithm described in Chapter [3] to form new preconditioners to

solve symmetric positive linear systems with the PCG method.

This chapter is outlined as follows; in Section we introduce the block di-
agonal IBMI preconditioner, which is constructed from principal sub-matrices
extracted from the full IBMI approximation. Preliminary experiments using this
block diagonal preconditioner motivate the need to consider alternative structured
preconditioners due to slow convergence results. To this end, we then present
the IBMI HODLR (Hierarchically Off-Diagonal Low-Rank) preconditioner in
Section [4.3] The construction of this preconditioner is described in detail, first
presenting the formation of the two-block IBMI HODLR preconditioner, and
then generalising to multiple diagonal blocks. Subsequently, various numerical

experiments are shown to assess the performance of, and highlight the spectral

properties of, the IBMI HODLR preconditioner in Section[4.4] Finally, this chapter

83
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concludes in Section with a discussion of the advantages and limitations of

the IBMI HODLR preconditioner.

4.1 Motivation

To begin, we motivate the block diagonal IBMI preconditioner. It is well known
that the preconditioned CG method will converge in a single iteration if the exact
inverse of A is used as a preconditioner M = A~!'. As the IBMI Algorithm
produces an accurate approximation H = A~', which was seen from the numerical
experiments in Section (3.4, we now consider adapting Algorithm |3 to develop a

new preconditioner.

As mentioned in Section a preconditioner M should be chosen so that it is
cheap to construct, easy to invert and approximates A4 well such that M~ A ~ 1.
It is therefore common to use sparse preconditioners even when dense approx-
imations satisfy M~'A ~ I. In the current form of the IBMI Algorithm, our
approximation Hisw is too dense to be used effectively as a preconditioner. There-
fore, we now consider different methods of adapting Algorithm [3|to obtain different
preconditioners which could be used to reduce the number of iterations needed for
the preconditioned CG method, given any symmetric positive definite coefficient

matrix.

It is well known that strictly block diagonal matrices such as Block Jacobi
preconditioners are succesful preconditioners when solving symmetric positive
definite systems, with the preconditioned conjugate gradient method. We now
consider obtaining a block diagonal preconditioner from the full approximate

inverse Mgy obtained from Algorithm .
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4.2 The Block Diagonal IBMI Preconditioner

To begin, we introduce the symmetric positive definite linear system
Ax = b,

such that A € RP*P is an SPD matrix, x € R? is unknown and b € RP? is the
right-hand-side. The initial step of forming the block diagonal IBMI precondi-
tioner, is obtaining an approximation Higyy from the IBMI Algorithm. A fixed
iteration version of Algorithm [3] is presented in Algorithm [4] which differs only in
its stopping criterion. In Algorithm [3] an error quantity is computed after the
final set Zx has been used to update H, and the method terminates once this
error is less than the user-specified tolerance. In contrast, Algorithm [4| does not

use any error estimation and instead has a fixed iteration limit R, as seen in step

Algorithm 4 An Iterative Block Matrix Inversion (IBMI) Algorithm
(Fixed Number of Iterations)

1: Inputs: A, Z, for k =1,..., K, initial approximation 7-2(%1) of Hze in Equa-
tion .

2: forr=1: R do

33 fork=1:K do

4: Determine Zg.

5: if £ =1 then

6: Get ﬂ%k) from H 1K),

7: else

8: Get Q(I%k) from Hk—1),

9: end if

10: Use 7-2(1%@ and A in the block matrix inversion equation Equation (3.5]).
11: Obtain updated approximation HF) = H(I:k) Hg“kz)’“

(k) " (1r,k)
Hzg,zk H:rg
12:  end for
13: end for

14: Return: 7:[IBM1 = HEBEEK),
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3. The number of iterations r will increase until » = R, and Algorithm [4] will
terminate after. In addition to setting the maximum number of iterations R, we
introduce the index sets Z, for £ =1,... K, and an identity matrix for the initial

guess of 7:1(105’1) as before, in order to run Algorithm

The output of Algorithm [4]is the following matrix:
7 (r, K ~(r, K
Hi HL

¥ g ¥ (T’K) —
Hipwr = H FrK) g rnK)
Te Tx s

(4.1)

Principal sub-matrices will be chosen from this matrix 7:[1]3M1 to form the new
block diagonal IBMI preconditioner denoted by Mp;ae. To explain the process of
constructing the block diagonal IBMI preconditioner, we give an example were
Mpiag is represented by two diagonal blocks. Then we will generalise to multiple

blocks.

The Block Diagonal IBMI Preconditioner - Two Blocks

Let A € RP*? represent a coefficient matrix with even dimension, such that £ € N.
We start by introducing some new notation. To extract the principal sub-matrices,
two index sets are defined: J; = {1,...,%} and Jo = {£ +1,...,p}. The new
index sets are created so the resulting preconditioner is strictly block diagonal
with no overlap between the diagonal block matrices. If the index sets Z; used
for Algorithm [4] are non-overlapping, one option would be to set J; = Z; and
J2 = 1.

Next, restriction and interpolation matrices R 7 and P are introduced to extract
the correct principal sub-matrix from 7—~£IBMI and subsequently “map it back” to

Mpiag. The restriction matrices Ry, € R and R 7, € R%*P are defined such
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that :

Similarly, the prolongation matrices P 7 € RP*% and P, € RP*% can be defined

as:
I 0
P, = and, Py = ,
0 I%

[N4S)
[M4S]

[MS]

which gives P g = R}l and Py, = R}Z. Finally, a permutation matrix P will
be introduced to reorder the rows and columns of Mp;,, so that they match the

ordering in A.

To begin the formation of Mpj,s, we use Algorithm [4] to compute the approxima-
tion H from which the principal sub-matrices will be extracted. Note that in this
section we drop the sub-script IBMI, i.e., we set H = Hisy, when working with
the full approximation. Using the first index set J;, the principal sub-matrix H Tis

with rows and columns indexed by 77, can be extracted:
R, HR}, = Ha,.
This extracted matrix can be added to the IBMI preconditioner Mpj,s by using

the prolongation matrices P 7, and the permutation matrix P, :

HJ1

P, HP] = (4.2)

0

Then, the same steps can be repeated for the second index set [J5. The matrix

H 7, can be extracted and added to M using:

R.HR, = H,,

Y T
PJZHJ2PJQ - %JQ
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Combining these two contributions to Mpj,g gives,
T Y T
PMpisP' =) Py H; P, =

Both principal sub-matrices H, and H_, have been successfully extracted from
Higwr, and have correctly been placed in the block diagonal IBMI preconditioner
Mpiag. This two block structure can be expanded by using more principal sub-

matrices, which we will now describe.
The Block Diagonal IBMI Preconditioner - Multiple Blocks

This process can be generalised to multiple blocks, by using multiple index sets
Jj for j =1,...J, chosen such that U;.Izl Jj={1...,p} and ﬂ;}:l J; = 0. Then
restriction and prolongation matrices can be defined as Rz, and P 7, respectively
for each of the sets J; for j = 1,...,J. These matrices can be used to extract the

correct principal sub-matrix:
S -

and embed it in Mpjag:

J

j=1

where, as before, the permutation matrix 73_ reorders the rows an_d columns of
Mpiag 50 that they match the ordering of A. This process of using the restriction,
prolongation, and permutation matrices to correctly form Mp;,, can be described
using Algorithm [ This new block diagonal IBMI preconditioner Mp;,g, can now
be used with the PCG algorithm given in Algorithm [2] to solve the linear system
Ax = b.
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Algorithm 5 Block Matrix IBMI Preconditioner Algorithm

1: Inputs: IBMI approximation Higur from Algorithm , permutation matrix
P, index sets Jj, restriction matrices Ry,, prolongation matrices Pz for
g=1...,J.

2: for j=1:J do

3:  Extract principal sub-matrix from 7:[IBM1 using Rz

7‘2@ = Rjj 7:[IBMI R}]

4:  Add extracted principal sub-matrix to block diagonal preconditioner Mp;g:

7:[;71

PMDjagPT = PMDiagPT + PJJ. ’}:[ij}j =

5. end for
6: Return block diagonal IBMI preconditioner:
7:[]1

o,
P MpinPT = 7
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4.2.1 Analysing Spectral Properties of the IBMI Precon-

ditioner

In this section, we examine the eigenvalues of the block diagonal IBMI-preconditioned
matrix M]silagA. We focus on the simplest of cases, namely the two-block version

of the preconditioner Mpj,e, computed using Algorithm [3| with no overlap.

In this case, we have two non-intersecting sets, J; and Js, that satisty J, U Jp =
{1,...,p} and J; N Jo = 0. Additionally, the sets Z; and Z, in Algorithm [3| are
chosen so that Z; = J; and Z, = J5. The permutation matrix Py is used to
order the rows of columns of A so that those with indices in [J; appear first. We
can then partition the resulting matrix as

APy = | A A (4.3)

AJQ,J1 AJQ

and, for any symmetric positive definite matrix H 7,, the IBMI preconditioner is:
Ho

1 T Y -1 -1 Y 1
P.71MDiagpjl = ) HJ1 = 'Ajl + Ajl A71772H52A727J1AJ1 :

Hj2
(4.4)
Since Py, is a permutation matrix, MgilagA and leM];}agAP}l are similar.

Hence, we can examine the eigenvalues of:

I+ AjﬁlAJth/szAJz,Jl /H\71A717\72

leM]SilagAP}1 = ~ ~ (45)
Hp Az, Hp Az
To do this, we consider the eigenvalue problem,
P\71M13i1ag"473}1x = )\X7 <46)

where the eigenvector x is partitioned conformally with A such that x = [u",v']".
Then, Equation (4.6) can be written as

A\_711A~71,~727:[..72A..72,..71u + 7:[71“4\71,\72‘/ = ()‘ - 1) u, (47)

HpAnnu+HpAzy = Av. (4.8)

In Theorem below, we characterise the eigenvalues of M]Silag/l for the general

two-block diagonal IBMI preconditioner. Before doing so, however, it will be

helpful to prove some straightforward results. The first characterises certain
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eigenvectors of P JlM]SilagAP}l.

Lemma 4.2.1. Let A € RP*? be a symmetric positive definite matrix and let
the permuted matrix PJIAP; be partitioned as in Equation 1' with index
sets J1 and J that satisfy Jy U Jp = {1,2,...,p}, J1 N T2 = 0. Moreover, let
p1 = |J1| and py = | J|. For any symmetric positive definite matrix H_z, € RP2X2,
let leMBilagP; be the matrix in Equation 1D If x is an eigenvector of
Py Mpi, AP, of the form

u € RP' u # 0, this eigenvector corresponds to the eigenvalue \ = 1.

Proof. 1f x is an eigenvector of PJIMBiIagAP}I then it must satisfy Equations 1)
and (4.8) with v = 0. In this case, Equation (4.8) implies that u € null (A, 7).
It then follows from Equation (4.7) that A = 1. Hence, if v=0 then A =1. [

Our second, and final, preliminary result describes the eigenvalues and eigenvectors

of a matrix that appears in subsequent proofs.

Lemma 4.2.2. Let A € RP*P be a symmetric positive definite matrix and let the
permuted matrix P, AP}I be partitioned as in Equation (4.3)), with index sets J;
and Jo that satisfy 73 U Jo = {1,2,...,p}, J1 N T2 = 0. Moreover, let p, = |Ja].
Then the matrix G = A, Az, 7, A Az 7, € RP>*P2 is diagonalizable. Moreover,
if rank(A 7, 7 ) = r then rank(G) = r and the r non-zero eigenvalues of G lie in

(0,1).

Proof. Since Az and Az are principal sub-matrices of a symmetric positive
definite matrix, they are themselves symmetric positive definite. Hence, rank(G) =
rank(Az, 7) = r. To show that G is diagonalizable, we note that G is similar
to the symmetric positive semidefinite matrix A}Q%A 2 n AL AL, JQAEZ%, which
is diagonalizable with real non-negative eigenvalues. Hence, G is diagonalizable.

The upper bound on the eigenvalues then follows from [30, Theorem 7.7.7]. [

We are now ready to prove our main result on the eigenvalues of M]Silag.A.
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Theorem 4.2.3. Let A € RP*P be a symmetric positive definite matrix and let
the permuted matrix leAP}l be partitioned as in Equation , with index
sets J1 and J that satisfy Jy U Jp = {1,2,...,p}, J1 N T2 = 0. Moreover, let
p1 = | 71| and py = | Js|. For any symmetric positive definite matrix H 5, € RP2X?2,
let leMBilagP}l be the matrix in Equation 1} Then, the eigenvalues, A of

MgilagA, with corresponding eigenvectors

ue R v eRP are

I. A\ =1 with multiplicity nullity (A, 7 )+nullity <.,4 Tio o [21 —H JQS] ), where
S = AJQ - AjQ,jl“A\}llAJhJQ;

1.
1 1
A= %i?/(uw B,

where 7= VT}ZJQAJQ (I + G)V’ 0 = VT,}:[CBAJQ (I + G,}_ZJQACB)(I - G>V>
G = A5 Ann A7 Ag,z and vz = 1.

Proof. As discussed earlier in this section, to characterise the eigenvalues of
M]Silag.A it is sufficient to determine the solutions of Equations 1' and 1'

As a preliminary step, we rearrange these two equations. We first note that
Equation (4.8]) implies that
HJQAJQ’jlu = ()\I — HJQAJQ) V. (4.9)

Substituting this, and the expression for 7, in Equation 1) into Equation 1'
shows that

'A}ll'Ajhjz <)‘I - 7:[J2AJ2> v+ 7:[J1AJ1,J2V = <)‘ - 1) u
= MG Az (M= A ds) v+ (AG+ At Ag 2 Hn A Al Aguzay = (A= Du
= A}jAJ1,J2 ((A + 1)1 - ,]:[72“4]2 + ,ﬁ[JzAJ2,J1A}3AJ1,J2> V= ()‘ - 1) u

= A gz (O + DI=HzS)v =0 = 1)u.
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Therefore:

()‘ - 1)11 = "4;711“4\71,‘72 [()‘ + 1)1 - /;QJQS] \Z S= AJQ - AJQ,J1A311AJ1,J2'

(4.10)
We are now ready to consider the two cases A = 1 and A # 1 separately.
Case 1.
When A = 1, Equation (4.10)) is equivalent to
A [21—7%8} v =0, (4.11)

since A, is a principal sub-matrix of A, and is therefore invertible. Thus, if A =1
then v € null (.A T, [21 - H j28]> . To determine when this occurs, we consider

the possibilities v = 0 and v # 0 separately.

If v = 0, then, since H, is positive definite, Equation (4.8) implies that
u € null(Ay, 7,), for u# 0. These conditions also ensure that Equation (4.7) is

satisfied. Hence, the number of eigenvectors of the form:

corresponding to A = 1 is equal to nullity(Az, 7 ), i.e., the dimension of the

null-space of Az, 7.

If v # 0, then there are an additional nullity (A T To [21 - H jQSD eigenvec-
tors corresponding to A = 1 of the form

u -

X = ,  veEnull (Ajl’jQ [QI—HJQSD, v #0.

v
Case II.
We begin by multiplying Equation 1} by H 7Az. .7 and then substituting
Equation (4.9) into the resulting equation to obtain:

HpAznnu(A—1) =HpAg 5 AL Az 2, [(A + DI - 7‘2;725] v

= <>‘ - 1)()‘1 - 7_~[~72AJ2)V - 7:[‘,72‘/4‘.727‘.71"4}11‘/4‘717;72 [()‘ + 1)1 - 7:[5728] v
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or
A= DN = Hp Az )V = HpAnG [+ D= Az Az (- G)| v,
which can be written as:
= VV—Aﬁ+ﬁ@A@a+Gﬂv+ﬂ@Aﬁa+Gﬁ@AﬁxL4mv:a

(4.12)

From Theorem [4.2.1] we know that v # 0 and so we can scale the eigenvector
x so that ||v||y = 1. Hence, multiplying Equation (4.12)) by v and rearranging

gives the quadratic equation,
N =A1+7)+d6=0,

where, v = v H Az(I+ G)v and § = v H AT+ GHAL) I — G)v. It

follows that non-unit eigenvalues satisfy:

1 1
Az—%lii T+ 4

as required. O

The exact value(s) of A will depend on the initial guess of the inverse of the Schur

complement Hz,. We show results for special cases below.

Corollary 4.2.3.1. Let A € RP*?, 7, and J, be as in Theorem Let M]Silag
be the matrix in Equation (4.4) with H T = A}j Then, if A is an eigenvalue of
Mg,
I. X\ =1 with multiplicity nullity(Az 7 ) + nullity(Az 2 );
IT. and all remaining eigenvalues satisfy A =1+ & + % 0;(bo; + 4), where o;,

i =1,...,r are the non-zero eigenvalues of G = A Az, 7, A Az 7,.
Additionally, all eigenvalues lie in the interval (0, 3).

Proof. We again begin by examining the unit eigenvalues.

Case I.

To prove the stated result, we need to show that nullity (A T T [21 —H JQSD =
nullity (A, z,). When H = A7, we find that,

Az.7 [21 - 7:1725} =AnnI+G),
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where G = A Az, 7, A7 Az 7, Since G has eigenvalues in [0,1) (see Theo-

rem 4.2.2), the matrix I + G is nonsingular and so null (Ajl’jQ [21 — QJQSD =
null(Az, 7,).

Case II.

We begin by substituting H 5 = A}Ql into Equation and recalling from
Theorem that, since A # 1, v # 0. This gives the quadratic eigenvalue
problem (QEP)

NI-A2I+G)+(I-G?]v=0.
From Theorem {4.2.2, we know that G = XXX} ¥ = diag(oy,...,0,,0,...,0)
is diagonalisable. Hence, the QEP can also be written as
NI-A2I+ %)+ (I-%%)]w=0,
where w = X~ !'v. The matrix \*I — (X + 2I)\ + (I — £?) is diagonal and so the

solutions, A, of the QEP, which are also the eigenvalues of M]SilagA, are

A |
A:1+%i§ o:(5o + 4),
for i =1,...,r. (We note that zero eigenvalues of G would correspond to A = 1

in the above.)

Theorem |4.2.2| shows that o; < 1,i=1,...,ps and so

1 1(5 + 4)
A<l X270
S1tg+

Hence, all eigenvalues lie in (0, 3). [

=3.

Corollary 4.2.3.2. Let A € RP*P, 7; and J5 be as in Theorem . Let Mg}ag
be the matrix in Equation (4.4) with H 7 = 871 Then, if X is an eigenvalue of

MpiaA,
I. A =1 with multiplicity nullity(Az 7 ) + nullity (A7 2 );

II. and all remaining eigenvalues satisfy \ = where o;, 1 =1,...,r are

1
EnYR
the non-zero eigenvalues of the matrix G = A7 Az, 7 A7 Az 7.

Additionally, all eigenvalues satisfy \ > %

Proof. We again begin by examining the unit eigenvalues.

Case I.
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When H 4, = S, we have that Az, 7 [21 — 7:[328} =Azn.5-
Hence, null (Aj17j2 [21 - 7:[‘72SD = null( A7) from which the first part of the
result follows.
Case II.
Since ST' Ay, = (I — G)~', substituting H, = S~ into Equation (4.12)) gives

NMv-AI+(I-G)'(I+G)]v+I-G) (I+G(I-G) " )(I-G)v =0. (4.13)
Multiplying Equation by I — G and recalling from Theorem that,
since A # 1, v # 0, then gives the QEP

[N —G)=2XI+1I]v=0.
From Theorem we know that G = XXX ¥ = diag(oy,...,0,,0,...,0)

is diagonalizable with non-negative eigenvalues , and so
(NI-3)-2\I+I]w=0,
where w = X~ v,

The diagonal matrix [A\*(I — X) — 2AI + I} is singular when its diagonal entries

are zero, i.e., when \*(1 — ;) =2\ +1=0,7=1,...,ps. Hence, the eigenvalues
A satisfy
1
A= )
1+ /0;
for i =1,...,r. Since zero eigenvalues of G correspond to A = 1 in this equation,

we need only consider the r non-zero eigenvalues of G in this case. Since the

non-zero eigenvalues of G lie in (0,1) (see Theorem [4.2.2)), we see that

v b b
“ 1512
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4.2.2 Preliminary Numerical Experiments

To assess the quality of the new block diagonal IBMI preconditioner Mpj,g, it was
compared to two other preconditioners: the Block Jacobi preconditioner, using
the same partitioning as for Mp,g, and the full IBMI approximation H = 7:[IBMI.
Although, as discussed earlier, the full approximation # is dense, and hence too
costly to apply as a preconditioner in practice, we would like our preconditioner
to be as close to this matrix as possible as it is the best approximation of A4~!

that we have. Hence, it has been included to ascertain the effect of dropping the

102 T T T T T 10°
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s |BMI Block Diag
10° Full IBMI H
£ £
S -
o 10? O 10°
4 =z
W 104 ©
5" 5
S S
3 10 3 1010
(14 (14
108 s Block Jacobi
s [BMI Block Diag
Full IBMIH
1071 - . - . . 10715
0 2 4 6 8 10 12 0 1 2 3
Number of Iterations Number of Iterations
(a) RBF Kernel (Arpr) (b) EXP Kernel (Agxp)
102
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73] N 106
o o 10
(14 (14
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Figure 4.1: The relative residual norms at each PCG iteration: the full IBMI
approximation (yellow), the block diagonal IBMI preconditioner (red) and the

block Jacobi preconditioner (blue).
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off-diagonal blocks on the effectiveness of Mpj,g, the block diagonal preconditioner

formed from # in Algorithm .

The true relative residual norms ||rg|[2/||ro||2 were plotted at each iteration in
Figure 4.1} The full details of the set-up for these figures is given in the main
numerical experiments section in Section and the covariance kernels used to
generate symmetric positive definite coefficient matrices A of size 2!% are defined
in Table 2.1} For this experiment, the CG tolerance was set to le — 8, the noise
parameter was 0.001 and the length-scale parameters were all set to £ = 10, 000.
Finally, the block diagonal IBMI preconditioner Mpj,s, and block Jacobi pre-
conditioner, were built using two sets J; = {1,...,21} and Jo = {21 +1,..., 212},

In Figure 4.1, we see that convergence is faster with the full IBMI precondi-
tioner H compared with the other two preconditioners. The only exception is for
the coefficient matrix A generated using the exponential kernel, as in this case,
the full IBMI approximation preconditioner H converges in the same number of
iterations as the Block Jacobi preconditioner. In contrast, the block diagonal
IBMI preconditioner needed the most iterations for the PCG method to converge
for each coefficient matrix, taking approximately twice as many iterations as when

Hisyr was used as a preconditioner.

The results from this preliminary experiment indicate that the full IBMI ap-
proximation Mg is successful at improving the PCG convergence rate but is an
impractical preconditioner. In contrast, the block diagonal IBMI preconditioner
Mpiag 18 n0t a good enough approximation of A~! to sufficiently reduce the num-
ber of PCG iterations needed. This suggests that there is valuable information in
the off-diagonal blocks which is being lost when restricting 7—~[IBM1 to a strict block
diagonal preconditioner. Therefore, in the next section, we explore an approach
which aims to bridge the gap between the full approximation Mgy and the block

diagonal preconditioner Mpag.
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4.3 The IBMI HODLR Preconditioner

As we saw in the previous section, the full IBMI approximation Hipw significantly
improved the rate of convergence of PCG, but was prohibitively expensive to apply.
It is clear that some information contained in the off-diagonal blocks is needed
for fast convergence. Here we investigate the use of hierarchically off-diagonal

low-rank (HODLR) matrices to capture this information in a data-sparse way.

HODLR matrices use recursive partitions along the diagonal of a matrix, until
a minimum block size is reached, with the principal matrices stored in full and
the off-diagonal matrices are approximated by low-rank factorisations [39]. By
incorporating these low-rank off-diagonal matrices, it was hoped that the block
diagonal IBMI preconditioner could be improved upon while still ensuring that

matrix-vector products with the preconditioner are not too expensive to compute.

The HODLR structure can be used with non-symmetric matrices; however, we
will be focusing on using symmetric positive definite matrices A € RP*P. HODLR
matrices represent A using the following block structure:

A Ap

A= , (4.14)
(-/412)T A22

where A and Ay, are low-rank matrices. The block principal matrices Aqq
and Asy can themselves be HODLR matrices as this four-block structure is used
recursively at each level. HODLR matrices also rely on a tree structure to organise

the recursive levels. The following definitions are taken from [39].

Definition 4.3.1. Given p € N, let 7; be a completely balanced binary tree of
depth d whose nodes are subsets of {1,...,p}. We say that 7T is a cluster tree if

it satisfies:
1. The root is IV := T ={1,...,p}.

2. The nodes at level ¢, denoted by I7, ..., I%,, form a partitioning of {1,...,p}
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into consecutive indices:

¢ ¢ ¢
Ij = {p§31+1---,p§)—1,p§)}
: _ O 0 ~ ... 0 _ _ :
for some integers 0 =py’ < p;’ < <py =p, £=0,...d. In particular,
if p9, = p! then I = 0.

3. The node If has children I35, and I3, for any 1 < ¢ < d — 1. The children

form a partitioning of their parent.
Definition 4.3.2. Let A € RP*? and consider a cluster tree 7,,.

1. Given k € N, the matrix A is said to be a (74, k)-HODLR matrix if every off-
diagonal block A (I-é jff) such that I¢ and If are siblings in 7y, {=1,...,d,

177)

has rank at most k.

2. The HODLR rank of A (with respect to 73 ) is the smallest integer k such
that A is a (74, k)-HODLR matrix.

A visual example of the levels of the cluster tree is displayed in Figure [4.2] In
this figure, the cluster tree presented has a tree with a depth of 3. However, in
this thesis, we will only consider HODLR matrices with either 2, 3 or 4 diagonal
blocks and therefore our cluster trees with have a maximum depth of 2. We now
give an example of how to produce the sets I for the number of blocks. In each
case, we assume that the dimension of the matrix A enables partitioning into
blocks of even size. Of course, if this is not the case it is straightforward to adjust,

e.g., the sets [gg for the last block on each level.

2 Blocks
Let A € RP*P where p is even. Then, the sets for J = 2 blocks are:

1}:{1,...,2}, [gz{gu,...p}.

3 Blocks
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Let A € RP*P where p is divisible by 3. Then, the sets for J = 3 blocks are:

p 1 p
112{1,...,—}, I:{— 1,... }
1 3 2 3+ p

ﬁ:{L w§+1}, 2=,

4 Blocks

Let A € RP*P| where p is divisible by 4. Then, the sets for J = 4 blocks are:

p 1 p
11:{1... —} 1:{— 1}
1 ) )2 ) 2 2+7 p )
p 2 p p
12={1... —} 1:{— 1...—}
1 ) )4 ) 2 4+7 2 I

P 3p 2 | 3p
=< 4+1,... = == 41 .p%.
3 {2+7 4}7 4 {4+7 p}

A visual example of a HODLR matrix with these 2, 3 and 4 block diagonals is
given in Figure [£.3]

I=1{1,2,3,4,5,6,7,8}

Il ={1,2,3,4}
‘ /“\\-i
If ={1,2} I3 = {3,4} I3 = {5,6} I = {7,8}
N N N N
B={1} B={} B={} B={4 E={ E={ E={1 K={s

I = {5,6,7,8}
T~

Fic. 1. Example of a cluster tree of depth 3.

(=0 (=1 £=2 (=3

F1a. 2. Block partitions induced by each level of a cluster tree of depth 3.

Figure 4.2: An example of a cluster tree with a depth of 3. The blue striped

matrices are low-rank. Image taken from [32].
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3

500

3

0 500 1000
(a) HODLR matrix made with 2 blocks.

1000

500

1000

0 500 1000

(b) HODLR matrix made with 3 blocks.

500

1000

0 500 1000

(¢) HODLR matrix made with 4 blocks.

Figure 4.3: Example of hierarchically off-diagonal low-rank (HODLR) matrices
partitioned with 2 (top), 3 (middle), and 4 (bottom) diagonal blocks.



4.4. NUMERICAL EXPERIMENTS 103

4.3.1 The IBMI HODLR Preconditioner Algorithm

Now that all the components of the IBMI HOLDR preconditioner are defined,
we can introduce Algorithm [6] used to construct the preconditioner. The IBMI
approximation Hipa 18 decomposed into the HODLR format using the Matlab

toolbox, hm-toolbox, where full details are provided in [39].

Firstly, an approximation of A~! = Hiswvr € RP*P is produced using the IBMI
algorithm with fixed iterations, as shown in Algorithm 4l Then, levels of the cluster
tree, represented by the vector ¢ in Algorithm @ are defined to partition Higwmr
into a HODLR matrix with J diagonal blocks for J = 2,3,4. The J contiguous
blocks are found by diving the interval [1, p] into almost equal segments, allowing
for small discrepancies when p cannot exactly divide by J. One example of how
to do so is shown between lines 2-7 in Algorithm 6} When J = 3, the cluster
tree vector ¢ has to have a repeated first element, creating the if-statement in
Algorithm [6] Otherwise for J= 2 or 4, the leading 0 is removed. More details on

using the ‘cluster’ option can be found [39, §3.7].

A threshold, tol, must also be given to set the accuracy for the low-rank approxi-
mation for the off-diagonal blocks when using the hm-toolbox. A larger threshold
will be cheaper to compute, but will result in lower accuracy due to smaller ranks.
For the numerical experiments, we set this tolerance to be tol = 10~ for all
kernels except the Matérn 5/2, which was set to a lower tolerance of tol = 107%.
This was due to the hodlr function returning matrices which were not symmetric
positive definite, which could therefore not be applied with the PCG method as a
preconditioner. Finally, the IBMI HODLR preconditioner HuopLr can then be

constructed using the hodlr function.
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Algorithm 6 The Algorithm used to construct the Iterative Block Matrix Inver-

sion, Hierarchically Off-Diagonal Low-Rank (IBMI HODLR) preconditioner

1:

Inputs: IBMI approximation Higy € RP*? from Algorithm , number of
HODLR blocks J, tol.
¢ = round(linspace(0,p,J+1)).
if J==3 then
c(1)=c(2); % To ensure the cluster tree is set up correctly.
else
c(1)=[1; % To remove the leading 0.
end if
hodlroption(‘threshold’,tol);

ﬂHODLR = hOdlI(?‘ZIBMI, ‘cluster’, ‘c ’)

4.4 Numerical Experiments

In this section, we present various numerical experiments to highlight the ca-

pabilities of the IBMI HODLR preconditioner. Coefficient matrices A € RP*P

were generated using covariance kernels to ensure that the resulting matrices

were symmetric and positive definite, as is needed for the PCG method. The

length-scale parameters for all kernels were ¢ = 7 = 10, 000. For convenience, the

covariance kernels shown in Table [3.1] are also shown below in Table 4.1l The

coefficient matrices were built with 1D and 2D data, and unless otherwise stated,

Table 4.1: Covariance kernels used to generate dense symmetric positive definite

covariance matrices.

Kernel Covariance Matrix
Exponential Apxp(x,x) = exp (—HxT—x’II>
RBF Arpr(x,X') = exp (—%)
Inverse Quadratic Arouap(x,x') = €+||>1<7x’||2
Matérn 3/2 Anrzja(x,X) = <1 + M) exp <_M>
Matérn 5/2 Apssja(x, %) = (1 bl 5||x3—:2au2) exp (_ Vilxx] )
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additional Gaussian noise was added, similar to Section [3.4] Specifically, we
add 10T to the noise-free covariance matrices. For 1D data, both x and 2’ are
generated from p equally spaced points between 0 to p. For 2D data, p% equally

spaced points from 0 to p% are generated to create 2D grids on a regular square.

The right-hand-side vector b in Ax = b is formed using;:
b = sin(wnz), (4.15)

where z is a vector of equally spaced points between 0 to p, and w is a random

weight between 1 and 10. Finally, we set the PCG tolerance to 1le — 08.

This section is presented as follows. First, we compare the novel IBMI HODLR
preconditioner, to the full approximation Higyr and two state-of-the-art precondi-

tioners: incomplete Cholesky and Block Jacobi, by looking at the relative residual

[[b—Ax]|
bl

norms at each iteration of the PCG method |[|r|| = . Then, we compare
the time taken to construct and apply all four preconditioners with the PCG
method. Next, we focus on how the number of iterations taken to form the full
approximation 7-[IBMI affects the IBMI HODLR preconditioner. Then, the number
of blocks used to generate the IBMI HODLR preconditioner is varied, to see how
this affects the number of iterations needed for the PCG method to converge. The
condition number of the preconditioned system is then compared to the condition

number of the original coefficient matrix A, as we look at the spectral properties

of the preconditioned system, including the largest and smallest eigenvalues.

A more detailed look at the spectrum of M~'A for several preconditioners is also
discussed. Next, the length-scale parameters ¢ and 7 will be varied to view the im-
pact on the number of iterations taken for the PCG method to converge. The last
experiment will focus on how the original IBMI algorithm impacts the robustness
of the IBMI HODLR preconditioner as we vary the number of blocks and overlap

used to produce 7'21131\/11- Finally, this section will conclude with a discussion to
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summarise the experiments and highlight the advantages and limitations of the

preconditioners presented in this Chapter.

The two state-of-the-art preconditioners were implemented as follows. The Block
Jacobi preconditioner was implemented as a stand-alone MATLAB function. The
function takes as input the coefficient matrix A, the number of blocks which will
partition the diagonal of A (typically between two and four), and an overlap
parameter, expressed as a fraction of the block size (e.g., an overlap of 0.25
corresponds to 25% overlap between principal sub-matrices). The dimension of
A is partitioned into approximately equal-sized blocks, allowing for small ad-
justments when the division was not exact. For each block, the corresponding
principal sub-matrix was extracted, and its inverse was computed via Matlab’s
inv function. The extracted principal sub-matrices were stored as sparse ma-
trices, allowing for Cholesky to be applied when inv was called. The resulting
block-diagonal (or block-overlapping) matrix was then used as the Block Jacobi
preconditioner. The incomplete Cholesky preconditioner was constructed using
Matlab’s ichol function. The covariance matrices generated were stored as dense
matrices, and therefore had to be converted to sparse matrices to use the ichol
function. The resulting preconditioner was obtained using the command L =

ichol(sparse(A)).

4.4.1 Iterations vs PCG Residual

We first look at the relative residual norms ||ry||2/||ro||2 at each iteration of the
PCG method, similar to the experiment in Section We split these results
into two categories depending on whether noise was included when generating
the coefficient matrices A. As with Section [4.2.2] the dense IBMI approximation
7—~£IBMI has been retained as a preconditioner to measure the effectiveness of the
IBMI HODLR preconditioner. Additionally, the IBMI HODLR preconditioner is

assembled using two diagonal blocks.

The noisy results presented in Figure 4.4 and Figure [4.5] had the noise parameter
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set to le — 3 and the length-scale parameters set to 10,000 for each kernel in
Table [4.1] The IBMI HODLR preconditioner took fewer iterations to converge
compared to the Block Jacobi preconditioner for all kernels except for the EXP
kernel with 2D data. The incomplete Cholesky preconditioner converged in one
iteration for all eight coefficient matrices. For the IQUAD and IMULT kernels
both the IBMI HODLR preconditioner and the full dense approximation of Hiswi
also managed to converge within one iteration. For five kernels (EXP, IQUAD,
IMULT, Matérn 3/2, and RBF with 2D data) the IBMI HODLR preconditioner
converged in the same number of iterations as the dense IBMI approximation
7:[IBM1. The IBMI HODLR preconditioner did take more iterations compared with
the other three preconditioners for the coefficient matrix generated with the EXP
kernel with 2D data. One reason for this subpar performance could be that A

was very ill-conditioned.

Similarly, noiseless results are presented in Figure [4.6] and Figure [4.7] with
length-scale parameters ¢ = 7 = 1.2 for the 1D RBF, EXP, IQUAD, and IMULT
kernels, ¢ = 7 = 2 for the 1D Matérn kernels and ¢ = 7 = 1.01 for the 2D RBF
and EXP kernels. The IBMI HODLR preconditioner converged faster than the
Block Jacobi preconditioner for every generated coefficient matrix A. Again the
incomplete Cholesky preconditioner converged in one iteration for each coefficient
matrix. For six kernels (RBF, EXP, Matérn 3/2, Matérn 5/2, RBF with 2D
data and EXP with 2D data), both the IBMI HODLR preconditioner and the
dense IBMI approximation 7—~lIBM1 converged in the same number of iterations.
For the coefficient matrix generated from the EXP kernel with 2D data, the
IBMI HODLR preconditioner converge faster and performed better compared
with the noisy coefficient matrix as seen in Figure [4.5] despite thei matrix also

being ill-conditioned.

Overall, the IBMI HODLR preconditioner is successful in reducing the num-
ber of iterations needed for the PCG method to converge for both 1D and 2D
coefficient matrices with and without added noise. The IBMI HODLR precondi-
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tioner has a worst-case performance of the same number of iterations or better than

state-of-the-art preconditioner when compared to the Block Jacobi preconditioner.
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Figure 4.4: The relative residual norms at each PCG iteration for four precon-

ditioners: the full IBMI approximation (blue), incomplete Cholesky (red), block
Jacobi (yellow) and the IBMI HODLR preconditioner (purple). Coefficient ma-

trices were generated using the following kernels with and added noise: RBF

(top-left), EXP (top-right), IQUAD (bottom-left), and IMULT (bottom-right).
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Figure 4.5: The relative residual norms at each PCG iteration for four precon-
ditioners: the full IBMI approximation (blue), incomplete Cholesky (red), block
Jacobi (yellow) and the IBMI HODLR preconditioner (purple). Coefficient ma-
trices were generated using the following kernels with added noise: Matérn 3/2
(top-left), Matérn 5/2 (top-right), RBF with 2D data (bottom-left), and EXP 2D
data (bottom-right).
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Figure 4.6: The relative residual norms at each PCG iteration for four precon-

ditioners: the full IBMI approximation (blue), incomplete Cholesky (red), block

Jacobi (yellow) and the IBMI HODLR preconditioner (purple). Coefficient ma-

trices were generated using the following kernels without added noise: RBF

(top-left), EXP (top-right), IQUAD (bottom-left), and IMULT (bottom-right).
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Figure 4.7: The relative residual norms at each PCG iteration for four precon-
ditioners: the full IBMI approximation (blue), incomplete Cholesky (red), block
Jacobi (yellow) and the IBMI HODLR preconditioner (purple). Coefficient matri-
ces were generated using the following kernels without added noise: Matérn 3/2
(top-left), Matérn 5/2 (top-right), RBF with 2D data (bottom-left), and EXP
with 2D data (bottom-right).
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4.4.2 Timing Comparison of Preconditioners

The time taken to construct each preconditioner used in Section [4.4.1| and apply
it to the PCG method was also recorded. The results from two kernels, RBF and
Matérn 3/2, have been complied in Table and Table respectively. The
coefficient matrices were generated with a noise parameter of 0.001 and length

scale parameters ¢ = 7 = 10, 000.

For both kernels, the dense IBMI approximation, and the IBMI HODLR precon-
ditioners were faster to generate and apply to the PCG method compared to the
incomplete Cholesky preconditioner. The Block Jacobi preconditioner was the
fastest preconditioner for all dimensions of A, for both kernels. However, both
the dense IBMI approximation and the IBMI HODLR preconditioners remain
competitive with their timings in comparison to the Block Jacobi preconditioner.
This can be seen when A had dimension 2! with the Matérn 3/2 kernel. Both the
dense IBMI approximation and the IBMI HODLR preconditioners took 96.4275,
and 111.8334 seconds, respectively, which remains competitive with the Block
Jacobi preconditioner taking 84.5811 seconds. The timings were slightly slower
for the same dimension of A with the RBF kernel taking 105.8831, 165.8337, and
82.8707 seconds for the dense IBMI approximation, the IBMI HODLR precondi-

tioner and the Block Jacobi preconditioner, respectively.

Therefore, despite the dense IBMI approximation and the IBMI HODLR. precon-
ditioners incurring a higher setup cost than Block Jacobi or incomplete Cholesky;,
the overall timings remain competitive. It is also worth noting that the HODLR
implementation used here is not yet fully optimised, so the reported timings could

be interpreted as an upper bound on the achievable performance.
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Table 4.2: Time taken to generate four preconditioners; the full IBMI approxima-

tion, incomplete Cholesky, Block Jacobi and the IBMI HODLR preconditioner,

and apply them to the PCG method to solve a linear system generated with the

RBF kernel.

Dim | Preconditioner | Iters | Time (sec) | Dim | Preconditioner | Iters | Time (sec)
IBMI Approx. 3 0.4240 IBMI Approx. 3 17.1957
Ichol 1 2.6283 Ichol 1 149.7784

211 213
Block Jacobi 14 0.3824 Block Jacobi 18 11.6615
HODLR 4 0.6143 HODLR 9 21.1837
IBMI Approx. 3 2.3048 IBMI Approx. 3 105.8831
Ichol 1 17.5524 Ichol 1 1146.8813

212 214
Block Jacobi 15 1.8238 Block Jacobi 16 82.8707
HODLR 5 3.4211 HODLR 7 165.8337

Table 4.3: Time taken to generate four preconditioners; the full IBMI approxima-

tion, incomplete Cholesky, Block Jacobi and the IBMI HODLR preconditioner,

and apply them to the PCG method to solve a linear system generated with the

Matérn 3/2 kernel.

Dim | Preconditioner | Iters | Time (sec) | Dim | Preconditioner | Iters | Time (sec)
IBMI Approx. 1 0.5334 IBMI Approx. 1 13.9529
Ichol 1 2.5318 Ichol 1 139.7445
211 213
Block Jacobi 5) 0.3304 Block Jacobi 5 11.3873
HODLR 1 0.6381 HODLR 1 15.8460
IBMI Approx. 1 2.3944 IBMI Approx. 1 96.4275
Ichol 1 18.9242 Ichol 1 1069.8832
212 214
Block Jacobi 5) 1.6197 Block Jacobi 4 84.5811
HODLR 1 2.5265 HODLR 1 111.8334
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4.4.3 Number of Iterations of the IBMI Algorithm

In Section it was mentioned that a fixed number of iterations R is set when
using the IBMI algorithm in Algorithm [4] to obtain the dense IBMI approxima-
tion ﬁIBMI before creating the IBMI HODLR preconditioner. An experiment
was conducted to see how the number of iterations R of Algorithm {4 affected

the convergence of the PCG method when using the IBMI HODLR, preconditioner.

Two covariance kernels, RBF and Matérn 3/2, were used to produce coefficient
matrices of dimension 2'? with a noise parameter of le — 03, and ¢ = 7 = 10, 000.
The number of iterations of the IBMI Algorithm was varied between 2 and 20,
and two non-nonoverlapping index sets Z; and Z, were used to partition A in

Algorithm [4] The results are displayed in Table [4.4]

For the Matérn 3/2 kernel, the number of iterations of the IBMI algorithm
did not affect the number of iterations needed for PCG to converge with the IBMI
HODLR preconditioner. There was, however, a difference for the RBF kernel, and
the PCG method achieved faster convergence when the number of iterations, R, of
Algorithm {] increased. Increasing the number of iterations of the IBMI algorithm
improves the approximation Higr of H = A~'. Therefore, the approximation
7:LIBMI used to construct the IBMI HODLR preconditioner should also be more

accurate, and this could be one reason why the number of iterations needed for

Table 4.4: Varying the number of iterations of the IBMI algorithm in Algorithm ,
needed to produce the IBMI HODLR preconditioner, to see how this affects the

convergence of the PCG method.

Kernel RBF Matérn 3/2

No of Iterations

of IBMI Algorithm

2 6 10 14 18 20|12 6 10 14 18 20

No of Iterations

of the PCG method




4.4. NUMERICAL EXPERIMENTS 115

the PCG method to converge decreases. However, as the number of iterations
R, of the IBMI Algorithm increases, the longer it will take to produce Higw,
consequently, the decision between cost and accuracy must be considered. For all
other experiments in this section, two iterations of the IBMI algorithm are used

to produce the approximation 7:[IBM1, ie., R=2.

4.4.4 Varying the Number of Blocks HODLR Matrix

In Section we introduced 2, 3 and 4, block HODLR matrices as seen in
Figure 4.3l An experiment was conducted to determine whether varying the
number of blocks used to produce the IBMI HODLR preconditioner affected the
number of iterations needed for the PCG method to converge. All kernels in
Table |4.1] were used to produce coefficient matrices of dimension 2'* with a noise

parameter of 0.001, and length-scale parameters ¢, 7 = 10, 000.

Figure and Figure both display the number of iterations needed for the
PCG method to converge for five preconditioners: the dense IBMI approximation
s, the incomplete Cholesky factorisation, the Block Jacobi preconditioner
and the IBMI HODLR preconditioner constructed with 2, 3 and 4 diagonal blocks.
This data is also represented in Table [£.5] where the number of iterations is

recorded for each preconditioner.

For the majority of kernels considered (all except EXP) the IBMI HODLR
preconditioners with 2, 3 and 4 blocks and the dense IBMI approximation 7'21131\/[1
needed the same or fewer iterations for the PCG method to converge than the
other preconditioners. Both the the 2 block IBMI HODLR preconditioner and
the dense IBMI approximation 7-LIBM1 needed fewer iterations compared to the
Block Jacobi preconditioner for all kernels except the EXP and IQUAD kernels,
which converged in the same number of iterations. When comparing just the
IBMI HODLR preconditioners, the IBMI HODLR preconditioner assembled with
2 blocks either performed the same as, or better than, the HODLR preconditioners
with 3 and 4 blocks. The IBMI HODLR preconditioner with 4 blocks sometimes
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converged in fewer iterations (e.g. with the RBF kernel) than the IBMI HODLR

preconditioner with 3 blocks, see Figure |4.9|

Therefore, it is not strictly true

that adding more blocks to the IBMI HODLR preconditioner leads to slower

convergence. For all other experiments in this section, we use the two block IBMI

HODLR preconditioner.
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Figure 4.8: The relative residual norms at each PCG iteration for: the full IBMI

approximation (blue), incomplete Cholesky (red), Block Jacobi (yellow) and the
IBMI HODLR preconditioner with 2 (purple), 3 (green) and 4 (light blue) blocks.
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compared with the relative residual norm at each PCG iteration for: the full IBMI
approximation (blue), incomplete Cholesky (red), Block Jacobi (yellow) and the
IBMI HODLR preconditioner with 2 (purple), 3 (green) and 4 (light blue) blocks.
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Table 4.5: The number of PCG iterations needed for: the full IBMI approximation,
incomplete Cholesky, Block Jacobi and the IBMI HODLR preconditioner with 2,
3 and 4 blocks.

Preconditioners

Kernel | Hipyi ICHOL Block Jacobi HODLR (2) HODLR (3) HODLR (4)
RBF 4 1 11 6 11 6

EXP 2 1 2 2 2 3

IQUAD |1 1 1 1 1 1

IMULT |1 1 2 1 1 1

M3/2 4 1 5 4 5 5

M5/2 3 1 7 3 3 3

RBF 2D | 5 1 9 5 5 9

EXP 2D | 10 1 29 10 10 10
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4.4.5 Condition Number and Spectrum of the Precondi-

tioned Matrix

The spectral properties of the preconditioned matrix will now be discussed. In Ta-
ble [4.6| the condition number of the preconditioned system is tabulated, along with
the largest and smallest eigenvalues. Additionally, in Figures to 4.12] the full

spectrum of various preconditioners is presented. We begin by examining Table |4.6|

The condition numbers of A and MyippA are given for the coefficient ma-
trices generated by five different kernels from Table (RBF, EXP, Matérn
3/2, Matérn 5/2 and RBF with 2D data). The condition number x(A) of the
(un-preconditioned) coefficient matrix ranges from 3.9660e + 05 to 2.1578e + 07.
For each kernel, the IBMI HODLR preconditioner greatly reduces the condition
number of the preconditioned system My A, with the best reduction going
from 2.1578e¢4-07 to 1.133 for the Matérn 5/2 kernel. In addition to the condition
numbers, the largest and smallest eigenvalues were computed to give an idea of
the size of the spectrum of the preconditioned matrix. The maximum eigenvalues
were close to 1 for each coefficient matrix. The minimum eigenvalues were all
bounded away from 0, with the closest being 0.08824 for the RBF kernel generated
with 2D data.

In Figure 4.10, Figure and Figure the spectra of preconditioned matrices

Table 4.6: The condition numbers of A and Mpip A, and the largest and

smallest eigenvalues of My hp;pA-

Kernel Cond(A)  Cond(MpoprrA) Amax Amin

RBF 2D 4.0960e+05 341.587 1.00000000029748  0.008824
RBF 4.0398e+05 1339.817 1.00000003937519 0.016362
EXP 3.5746e+05 37.677 1.00000000008695  0.679885
Matérn 3/2 | 3.9660e+05 587.929 1.00000000011135 0.073957
Matérn 5/2 | 2.1578e+07 1.133 1.00002486136625 0.998449
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are shown for covariance matrices generated by six different kernels and for four
different preconditioners: the block diagonal IBMI preconditioner Mp,g, the
dense IBMI approximation 7:LIBMI, the IBMI HODLR preconditioner Myoprr

and the Block Jacobi preconditioner M .o

A small jitter was applied to all the figures to reveal how the precondition-
ers cluster the eigenvalues and mitigate overlap. Additionally, a vertical dashed
line at x = 1 was added to emphasis how each preconditioner concentrates the
spectrum around the ideal value. For preconditioners which did not achieve strong
clustering around x = 1, the eigenvalue distribution is shown on a log-scale to
make the spectral behaviour visible. We would like the reader to be aware of the
difference in scale for the x-axis for each of the preconditioners in Figure [4.10],

Figure [4.11) and Figure [4.12

For each kernel, the block diagonal IBMI preconditioner had the largest interval,
compared to the other three preconditioners. The largest interval was observed for
the RBF kernel with 2D data, with eigenvalues lying in [0.499968,44785]. This is
consistent with the preliminary experiments in Section highlighting that the
block diagonal IBMI preconditioner is slow to converge due to the large spectral

interval.

The spectrum for the full approximation 7:[IBMI was either spread out over a
very small interval around 1 (EXP, Matérn 5/2 and EXP with 2D data) or clus-
tered around two points (RBF, Matérn 3/2 and RBF with 2D data). It was
intriguing to see how the spectra for the IBMI HODLR preconditioner compared
to this. It appears that when the full approximation Mgy results in two distinct
eigenvalue clusters, the IBMI HODLR preconditioner retains this two cluster
structure as seen with with the RBF, Matérn 3/2 and 2D RBF kernels. When the
dense approximation Mgy has a lot of eigenvalues spread over a small interval,
the IBMI HODLR preconditioner further clusters these eigenvalues as seen with
the following kernels: EXP, Matérn 5/2, and EXP with 2D data.



4.4. NUMERICAL EXPERIMENTS 121

The Block Jacobi preconditioner also clusters the eigenvalues close to 1. However,
there are generally more clusters of eigenvalues with Block Jacobi compared
to the IBMI HODLR preconditioner, and the smallest eigenvalues are closer to
0. The spectral interval is often larger for Block Jacobi compared to the IBMI
HODLR preconditioner, indicating why the IBMI HODLR preconditioner takes

fewer iterations for the PCG method to converge.
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Figure 4.10: The spectrum of the matrix M~ A, for four preconditioners: the block
diagonal IBMI preconditioner Mpj,, (top-left), the dense IBMI approximation
Hisv (top-right), the block Jacobi preconditioner My, coni (bottom-left), and the
IBMI HODLR preconditioner Mpyoprr (bottom-left).
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Figure 4.11: The spectrum of the matrix M~ A, for four preconditioners: the block
diagonal IBMI preconditioner Mp,, (top-left), the dense IBMI approximation
Hisa (top-right), the block Jacobi preconditioner M j,coni (bottom-left), and the
IBMI HODLR preconditioner Mpyoprr (bottom-left).
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Figure 4.12: The spectrum of the matrix M~ A, for four preconditioners: the block

diagonal IBMI preconditioner Mpj,, (top-left), the dense IBMI approximation

Hisv (top-right), the block Jacobi preconditioner My, coni (bottom-left), and the
IBMI HODLR preconditioner Mpyoprr (bottom-left).
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4.4.6 Varying Covariance Kernel Hyper-parameters

The length-scale parameters £ and 7 are also known to affect the condition number
of the coefficient matrix A as we saw in Section [3.4.5] Therefore, an experiment
was conducted to see how varying the length-scale parameters affected the number
of iterations needed for the PCG method to converge with the IBMI HODLR and
Block Jacobi preconditioners. The RBF and Matérn 3/2 covariance kernels were
used to generate coefficient matrices of dimension 2'2, with a noise parameter of

le — 03.

Table displays the number of iterations taken for the PCG method to converge
as the length-scale parameters increases from 10 to 10,000. For the RBF kernel,
the IBMI HODLR preconditioner converges in fewer iterations for each value of ¢,
compared to the Block Jacobi preconditioner. Although the number of PCG iter-
ations increases slightly with the length-scale parameter ¢ for the IBMI-HODLR
preconditioner, this increase is smaller than for the Block Jacobi preconditioner,

indicating that the Myoprr is more robust to this parameter change.

The Matérn 3/2 kernel also has similar results. As the length-scale parame-
ter 7 increases, the number of iterations for both the IBMI HODLR and Block
Jacobi preconditioner does increase slightly, but the increase is milder for the
IBMI HODLR preconditioner. For both kernels, the Block Jacobi preconditioners
needs more iterations for the PCG method to converge, compared to the IBMI

HODLR preconditioner.

This experiment highlights the robustness of the IBMI HODLR preconditioner.
Although the length-scale can influence the condition number of the coefficient
matrix leading to increasing ill-conditioned systems, the IBMI HODLR precondi-
tioner consistently converges within a small number of iterations and is therefore

robust with respect to changes in hyper-parameters.
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Table 4.7: Varying the length-scale hyper-parameters ¢ and 7 for the RBF and
Matérn 3/2 kernels respectively to compare the number of iterations needed for the

PCG method to converge for the IBMI HODLR and Block Jacobi preconditioners.

Kernel |/ Number of Iterations Number of Tterations | x(.A)
HODLR Preconditioner | Block Jacobi
10 4 8 2.4991e+05
100 5 9 2.0983e+06
RBF 1000 8 16 3.8835e+06
5000 7 15 4.0398e+06
10000 6 12 2.5060e+-04
Kernel | 7 Number of Iterations Number of Iterations | x(.A)
HODLR Preconditioner | Block Jacobi
10 3 3 2.2994e+05
100 3 3 1.8843e4-06
Matérn
1000 4 5 3.6962e+06
3/2
5000 4 6 3.9660e+06
10000 4 5 1.6137e+04

4.4.7 Influence of the Partitioning of the Original IBMI
Algorithm on the IBMI HODLR preconditioner

In Section , it was explained that the full IBMI approximation 7:[1]31\/[1 is used
to generate the IBMI HODLR preconditioner. To obtain this dense matrix using
Algorithm [], index sets Zy for k = 1,..., K need to be chosen to partition the
coefficient matrix A, and can be varied by introducing more diagonal blocks
and/or adding overlap between the blocks (see, for example, Figure . Here we
investigate if increasing the number of blocks and the amount of overlap between
the blocks in Algorithm [4] affects the number of iterations needed for the PCG
method to converge with the IBMI HODLR preconditioner. The number of blocks

ranges from 2 to 5, and the amount of overlap is varied between 0% — 30%. The
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Table 4.8: Influence of the partitioning used to create the dense approximation
7:LIBMI on the number of iterations taken for the PCG method to converge with
the Myuoprr preconditioner. The coefficient matrix A was generated using the
RBF kernel of dimension 2'2, with a noise parameter of le — 03 and length-scale

parameter ¢ = 10, 000.
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RBF kernel was used to produce a coefficient matrix with dimension 2'?, with a

noise parameter of le — 03 and length-scale parameter of 1000.

The number of iterations taken for the PCG method to converge depending
on the partitioning of A, can be viewed in Table It can be seen that the num-
ber of blocks and overlap can have a small influence on the number of iterations
taken for the PCG method to converge. If no overlap is used, it is best to use
two blocks to partition A, if memory permits. When overlap is introduced, the
number of iterations decreases slightly as the overlap increases. When 4 blocks
were used to partition A, the overlap could not be computed for 30% overlap.
The smallest number of iterations in which the PCG method converged was 2
iterations for the two block partitioning with a 30% overlap. This partitioning

was used for all other experiments in this section.
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4.5 Discussion

In this Chapter we have presented two novel preconditioners, which can be used
with the preconditioned conjugate gradient method to solve large systems of
linear equations: the block diagonal IBMI preconditioner and the IBMI HODLR
preconditioner. We saw that the full IBMI approximation 7:[IBMI was a good
but impractical preconditioner, as it was effective at clustering eigenvalues, and
reducing the number of PCG iterations. It therefore, seemed natural to develop
a block diagonal preconditioner from this approximation and expect to see simi-
larly good results, but this was not the case. Retaining an approximation of the
off-diagonal blocks is crucial to developing a successful preconditioner with the
full IBMI approximation Higyi. Surprisingly, a low-rank approximation of these

off-diagonal blocks is sufficient as we saw with the IBMI HODLR preconditioner.

The effectiveness of the IBMI HODLR preconditioner is affected by both the
initial approximation of the IBMI Algorithm in Algorithm 4, and the parameters
of the HODLR preconditioner. The PCG iteration convergence improves as Hiswm
better represents A~! but the differences are not huge. Even a fairly rough
approximation of A~! is sufficient to significantly reduce the condition number of

the preconditioned matrix, cluster eigenvalues and reduce the PCG iterations.

The HODLR approximation of 7:[IBMI is a successful preconditioner as seen in
Section [£.4. We saw in Section that the IBMI HODLR preconditioner
performed equally well or, in more cases, out-performed state-of-the-art precon-
ditioners such as Block Jacobi and incomplete Cholesky. This can be explained
by considering the spectrum of MpoprA, since the largest eigenvalue is very
close to 1, and for most kernels the smallest eigenvalue is bounded away from
0, as seen in Section [4.4.5] Despite the high set-up cost, the IBMI HODLR
preconditioner nevertheless demonstrates a competitive performance compared
with state-of-the-art preconditioners as seen in Section [4.4.2] To reduce the cost,

the algorithm used to construct the IBMI HODLR preconditioner as shown in
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Algorithm [6] could be further optimised. A natural direction for future work would
be to investigate whether the HODLR structure could be incorporated earlier
in Algorithm 4| compared to after once the approximation of A~! has been fully
formed. In addition, it would also be worthwhile considering the structure of
other hierarchical low-rank matrices such as hierarchically semi-separable (HSS)
matrices when building a preconditioner using the IBMI algorithm, to see how

they would compare with the IBMI HODLR preconditioner.

The number of blocks used to produce the IBMI HODLR preconditioner ﬁHODLR
also affects convergence. If memory permits, then the two block IBMI HODLR
preconditioner would be the appropriate choice. However, the number of itera-
tions does not increase significantly with the number of blocks, highlighting the
robustness of the preconditioner. Further evidence of its robustness is given in
Section [4.4.6] which shows that variations in the length-scale parameters have a
small effect on the performance of the IBMI HODLR preconditioner, and that the
IBMI HODLR preconditioner is more robust than the Block Jacobi preconditioner.

Overall, we have seen in this Chapter that the IBMI HODLR preconditioner
is very successful at reducing the number of iterations of the PCG method
compared with well-known alternatives. The IBMI HODLR preconditioner is
applicable to any SPD coefficient matrix A, making it a flexible preconditioner

which can be applied to many problems.






Chapter 5

Conclusion

In this thesis we aimed to approximate the inverse of a symmetric positive defi-
nite matrix, and develop novel preconditioners to work with the PCG method.
Chapter 2l motivates our work by introducing us to an array of applications which
require the approximate inverse of a matrix, and the solution of linear systems,
such as in Gaussian process regression, multivariate statistics and computational
physics. Additionally, we familiarise ourselves with the preconditioned conjugate
gradient method and briefly discuss certain types of algebraic preconditioners. In
Chapter [3] the link between the Block RBMC estimator, used to approximate
the inverse of principal sub-matrices of a covariance matrix, and block matrix
inversion was established. By looking at this statistical estimator from a numerical
linear algebra perspective, we were able to produce the iterative block matrix
inversion algorithm, which can approximate the entire inverse of any symmetric
positive definite matrix. This advances the current literature on finding inverses
of diagonal elements or principal sub-matrices [34, [55], by also providing accurate
approximations of off-diagonal elements. We saw how the IBMI Algorithm can
out-perform MATLAB’s own inverse function (inv) in both time in Section
and computational complexity in Section (when it converges in 1 iteration).
Moreover, many properties which could affect the convergence of the IBMI Al-
gorithm were examined in detail for covariance matrices made from 1D, 2D and
noisy data. We found that the partitioning used greatly affects the convergence of

Algorithm [3] and that introducing overlap when partitioning of A leads to faster

131
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convergence. Other parameters such as the ordering of A, initial guess and varying

the covariance matrix hyper-parameters were explored in detail.

Future considerations and applications for the IBMI Algorithm are plentiful.
Algorithm 3| is generally applicable to any symmetric positive definite matrix,
without any additional constraints such as converting A into a hierarchical semi-
separable matrix and therefore, has the potential to assist with a wide range of
modern problems within data science, machine learning and multivariate statistics.
One application which could benefit significantly is Gaussian process regression
(GPR), as both the covariance matrix and its inverse (the precision matrix) are
needed for prediction and uncertainty quantification. For high dimension data sets,
directly inverting the covariance matrix to derive the posterior predictive equations
(shown in Equation (2.8))) can become computational infeasible. Algorithm [3|could
offer a potential solution for obtaining the inverse, allowing GPR to be applied
to these high dimensional data sets. Furthermore, the IBMI algorithm could
potentially be altered to approximate block diagonal sub-matrices of H rather
than the full matrix. This partial approximation may be beneficial to methods
where only a portion of the entire inverse is required, such as in the literature

discussed in Section [2.3| and referenced in [34) 136] 60, 62].

In Chapter [d, we introduced two novel preconditioners; the block diagonal IBMI
preconditioner and the IBMI HODLR preconditioner. After viewing the success of
the IBMI Algorithm’s performance in Chapter [3] it was thought that Algorithm
could be adapted to form a strict block diagonal preconditioner. Eigenvalue
analysis was used to bound the eigenvalues of the resulting preconditioned matrix
and for certain initial guesses the spectral interval could be bounded. However,
this spectral interval could be large, or get arbitrarily close to zero. Both of these
scenarios could result in slow convergence of the PCG method, as was observed in
our preliminary experiments. To remedy this slow convergence, it was decided
to look at hierarchically off-diagonal low-rank (HODLR) matrices and form the
IBMI HODLR preconditioner. In Section [4.4] we saw that the IBMI HODLR
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preconditioner was a very competitive preconditioner performing almost equally
well or, better than state-of-the-art algebraic preconditioners such as Block Jacobi
and incomplete Cholesky. The performance of the IBMI HODLR preconditioner
was tested for coefficient matrices made with 1D, 2D, and noisy data. Different
choices which affected the IBMI HODLR preconditioner were varied such as: the
number of blocks used in the HODLR matrix formation, the hyper-parameters
of the kernels used to produce coefficient matrices and the partitioning of the
original IBMI Algorithm. Moreover, the spectra of several preconditioned matrices
were compared to showcase how the IBMI HODLR preconditioner is effective at

clustering eigenvalues close to 1 and away from 0.

Adaptations of the IBMI HODLR preconditioner are now considered here as
future work. On occasion, the IBMI HODLR preconditioner constructed using
[39] was close to, but not exactly, symmetric. One consideration could be to
either find a way to force symmetry with this toolbox, or perhaps find an al-
ternative method. This may also reduce the time taken to construct the IBMI
HODLR preconditioner and apply it with the PCG method, making it even
more competitive with state-of-the-art preconditioners such as Block Jacobi and
Incomplete Cholesky. We only consider the HODLR structure when formatting
the full IBMI approximation, however, other formats could be looked into such as
hierarchical semi-separable matrices. More generally, although we know from
Section that an approximation of the off-diagonal elements is needed this does
not necessarily have to be a low-rank approximation. Therefore, other formatting
considerations can be investigated. Perhaps inspiration could be taken from the
IBMI HODLR preconditioner without using the IBMI approximation. If there
exists another method which is good at approximating the inverse of a symmetric
positive definite matrix, there may be a way to use the HODLR structure with

this to obtain another successful algebraic preconditioner.

Approximating the inverse of, and solving systems involving, large SPD ma-

trices is still an evolving field within mathematics. With recent advancements in
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machine learning, artificial intelligence (Al) algorithms and data science, there
is more reason to develop algorithms suited to work with ever growing data.
This thesis has developed new, efficient algorithms for solving problems involving
covariance matrices, which are common in data science and statistical applications.
However, these approaches may be able to be adapted to other applications in
these fields, and may provide inspiration for novel approaches for tackling these

challenging but important problems.
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