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Abstract 

This study is inspired by the key features possessed by the fins of ray-finned fish (e.g., 

soft membrane supported by bony rays, anisotropic flexibility, individual actuation of 

fin rays, active curvature and stiffness control). A better understanding of the effects 

of these characteristics will provide inspirations and guidelines for the design of 

bio-inspired underwater locomotion systems, which are playing an increasingly 

important role as the growing activities in ocean engineering. 

 

Due to the complicated structures of fish fins, it is of great challenge to numerically 

model such bio-membrane systems, which involve the fluid-structure interaction (FSI) 

between the flexible fin and the surrounding flow, and the modelling and active 

control of individual fin rays. It is therefore preferable to develop a compact and 

handy FSI solver, which allows to be tailored for specific problems, rather than using 

commercial software, which have no direct model capable of handling 

skeleton-strengthened bio-membrane systems and provides little freedom to be 

tailored. To elucidate the effects of the aforementioned main characteristics on the 

performance of biomimetic fin propulsion, a fully coupled FSI solver capable of 

simulating the dynamics of skeleton-reinforced bio-membranes is established in the 

present work. Specifically, a flow model, which solves the 3D unsteady compressible 

Navier-Stokes equations on an overset, multi-block, structured grid system with a 

finite-volume method, is coupled with a structural model, which solves a nonlinear 

Euler-Bernoulli beam equation with a finite-difference method, within a partitioned 

framework. The developed FSI solver is thoroughly validated against benchmark 

cases available in literature and good agreements are obtained. 

 

Firstly, the established FSI model is applied to investigate the effects of different 

spanwise deformations on the propulsion performance of a simplified 3D 

ray-supported caudal fin. The rays are modelled as nonlinear beams. Kinematically, 
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the leading edge of the fin undergoes a sinusoidal sway motion while the rest part 

deforms passively. Our numerical results show that with specific ray stiffness 

distributions, certain caudal fin deformation patterns observed in real fish (e.g., the 

cupping deformation) can be reproduced through passive structural deformations. 

Among the four different stiffness distributions (uniform, cupping, W-shape and 

heterocercal) considered here, we find that the cupping distribution requires the least 

power expenditure. The uniform distribution, on the other hand, performs the best in 

terms of thrust generation and efficiency. The uniform stiffness distribution, per se, 

also leads to ‘cupping’ deformation patterns with relatively smaller phase differences 

between various rays. 

 

Subsequently, the effect of active curvature control on the performance of a 

ray-strengthened caudal fin is examined. Kinematically, the fin is activated by a 

uniform sway motion at the basal ends of the rays, and distributed time-varying forces 

along each ray individually, which imitate effects of tendons that actively change the 

curvatures of the rays. The dynamics of the fin is closely associated with the exact 

distribution of phase lags (between the sway motion and external forces) among the 

rays. We find that the fin’s performance can be significantly enhanced by active control 

when the mean phase lag is less than 90 degree. Among different deformation patterns, 

the cupping deformation (C-mode) produces the best propulsion performance. The 

underlying physical mechanism is found to be areas with increased pressure attributed 

to three-dimensional fin deformations. W-shape deformations (W-mode) have a similar 

(yet less pronounced) effect. In addition to symmetric fin deformations, asymmetric 

deformations such as heterocercal mode (H-mode) and undulation mode (S-mode) are 

reproduced in the present work. Both of which are able to generate vertical forces. 

Compared with the H-mode, the S-mode creates less thrust force but it significantly 

reduces the transverse force, making it more suitable in cases when there is no other 

mechanism to balance the transverse force (e.g. during the braking maneuver). 
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Finally, the propulsion performance of a skate-inspired underwater robot with a pair of 

ray-supported undulating pectoral fins is numerically investigated with the fully 

coupled FSI solver. Each pectoral fin is activated independently via individually 

distributed time-varying forces along each fin ray, which imitate effects of tendons 

that can actively curve the fin rays. We find that the propulsion performance of the 

bio-inspired robot is closely associated with the phase difference between the leading 

edge ray and the trailing edge ray of the pectoral fin. The results show that with a 

symmetrical kinematics, the highest thrust is created when the phase difference is 90 

degree while the point maximizing the propulsion efficiency varies with the motion 

frequency. It is also found that there is a minimum frequency of generating net thrust 

for a specific parameter setup, which rises as the increase of phase difference. 

Compared with the symmetrical kinematics, the non-symmetrical kinematics 

generates more complicated hydrodynamic forces and moments which may be 

beneficial for maneuvering. 
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Chapter 1 Introduction 

1.1  Background 

Ocean exploration and engineering has increased in the past years and with that there 

is also a growing need for underwater robotics that can autonomously conduct routine 

tasks in complicated environments [1–3]. This need not only comes from the 

vulnerability of humans in aqueous environments but also from the underdeveloped 

capacities of the currently deployed robotic systems [4]. To enhance the adaptability 

and performance of underwater robotics, inspirations must be sought from aquatic 

animals that have been diversified into almost every corner of the ocean in the past 

millions of years. A system is termed bioinspired if the design is derived from nature. 

It is called biomimicry if a system directly mimics a biological system. Such 

bioinspired and biomimicry systems would have applications in a wide range of 

civilian and military missions, e.g., water pollution monitoring, erosion monitoring, 

marine animal immigration monitoring, border patrol, etc. [5]. Additionally, these 

bioinspired underwater robotic systems have advantages of high locomotion 

efficiency, low noise production, high maneuverability and eco-friendliness. 

Therefore, it is of importance to understand the locomotion mechanisms of aquatic 

animals as well as to have new conceptual designs of underwater robotic systems. In 

this section, the classification of biological aquatic locomotion systems and the 

application of bioinspired locomotion systems are briefly reviewed. 

1.1.1 Classification of biological aquatic locomotion systems 

Aquatic animals rely on various mechanisms for locomotion. With different 

methodologies, the biological aquatic locomotion systems can be categorised in 

different ways. In the present thesis, we adopt an encompassing and straightforward 
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classification proposed by Salazar et al. [4], in which all found biological systems are 

divided into three main categories: fin oscillation, fin undulation and jet propulsion, as 

demonstrated in Figure 1-1. There are many subcategories within each main class, 

along with overlap between them. For example, some species may possess more 

complicated locomotion systems that combine several locomotion styles, such as 

diodontiform and tetraodontiform swimmers. 

 
Figure 1-1 Classification of biological aquatic locomotion [4]. 

1.1.1.1 Fin oscillation 

Fish account for a vast majority of species of marine animals and most fish species 

depend on their flexible body and/or fins for locomotion. Generally, fish fins can be 

divided into two groups, namely, median fins (including caudal fin, dorsal fin and 

anal fin), and paired fins (including pectoral fins and pelvic fins), as shown in Figure 

1-2. 

 

The Fin Oscillation mode includes a great variety of species that can be classified as 

Caudal Fin swimmer, Pectoral Fin swimmer, and Dorsal & Anal Fin swimmer, 

according to the main appendages used for propulsion. The Caudal Fin 

sub-classification is the largest among Fin Oscillation species, which is attributed to 

the great variety of fish species that mainly utilise caudal fin for propulsion. The 
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Caudal Fin swimmers generate thrust by creating a traveling wave along their flexible 

body. According to the degree of body undulation, Caudal Fin subcategory can further 

be divided into anguilliform, subcarangiform, carangiform and thunniform, as shown 

in Figure 1-3. In other reports, this locomotion mode is also labelled as body caudal 

fin (BCF) mode [3,6]. 

 
Figure 1-2 Illustration of different fins possessed by a ray-finned fish [6]. 

 
 

Figure 1-3 Diagrams displaying different ways to achieve tail oscillations, (a) anguilliform, (b) 

subcarangiform, (c) carangiform, and (d) thunniform [6]. 

The fish species that mainly rely on oscillating their pectoral fins for locomotion are 

classified as Pectoral Fin (Labriform) swimmer, which is the second largest group Fin 

Oscillation category. Labriform swimmers are usually living in reef areas where they 

need more agility and maneuverability. Compared with Caudal Fin swimmers, 

(a) (b) (c) (d) 
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labriform swimmers have low speed and endurance. Thus, they also use the caudal fin 

occasionally for relaxing the pectoral fins or bursting swimming [7]. Apart from 

Caudal Fin and Pectoral Fin swimmers, some fish species utilise their dorsal & anal 

fins (Tetraodontiform) or combined caudal, pectoral, dorsal and anal fins 

(Ostraciiform) for locomotion. These two swimming modes are the smallest groups 

among Fin Oscillation category. 

1.1.1.2 Fin undulation 

 
 

Figure 1-4 (a) Bluespotted ribbontail ray (Rajiform) [8]. (b) Black ghost kinfefish (Gymnotiform) 

[9]. 

Marine animals in this category generate desired forces by creating undulatory waves 

along their fins. This Fin Undulation class is smaller than the Fin Oscillation category. 

The fish species in this class also use different fins for locomotion. For example, 

rajiform swimmers use their enlarged pectoral fins for propulsion (see Figure 1-4 (a)) 

while gymnotiform swimmers utilise their elongated undulating anal fin to create 

forces (see Figure 1-4 (b)). There are also species that use their elongated undulating 

dorsal fin (Amiiform) or combined undulating dorsal and anal fins (Balistiform) for 

swimming. Some species in Fin Undulation class are capable of multi-directional 

motion by changing the direction of the propagating wave along the fin. Besides, the 

rajiform swimmers are able to have null speed turns which enable them to navigate in 

close quarter environments. 

(a) (b)(a) (b) 
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1.1.1.3 Jet propulsion 

There are two main subcategories in this classification: Bell Constriction (e.g., 

jellyfish, Figure 1-5 (a)) and Mantel Constriction (e.g., octopus, Figure 1-5 (b)). For 

Bell Constriction locomotion, the movement is produced by ejecting water, which is 

achieved by periodically contraction and relaxation of the muscles in the bell, leading 

to the periodical change of the volume of the bell. For Mantel Constriction swimmers, 

the propulsion is produced by filling the mantel cavity with water and expelling it out 

through the siphon, which not only controls the jet speed but also the moving 

direction. 

 
 

Figure 1-5 (a) Australian box jellyfish (Bell Constriction) [10]. (b) Juvenile octopus (Mantel 

Constriction) [11]. 

1.1.1.4 Combined propulsion 

As demonstrated in Figure 1-1, some species possess more complicated locomotion 

styles by combining more than one swimming modes. Figure 1-6 (a) shows a photo of 

spotted porcupinefish, which uses a combination of oscillating caudal, dorsal & anal 

fins and undulating pectoral fin. Figure 1-6 (b) illustrates a photo of common 

cuttlefish, which combines the mantel constriction mode and undulating fin mode. 

The combined swimming modes allow the animals to select the optimal swimming 

style according to external environments. 

(a) (b)(a) (b) 
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Figure 1-6 (a) Spotted porcupinefish (Diodontiform) [12]. (b) Common cuttlefish (Mantel 

constriction and undulatory fin) [13]. 

1.1.2 Application to bio-inspired aquatic locomotion systems 

Inspired by the biological aquatic locomotion systems and aimed at having 

comparable efficiency and maneuverability, many different bio-inspired locomotion 

systems have been designed and fabricated in the past decades. These underwater 

robots are bio-inspired, i.e., they are not the exact duplicates of the biological systems. 

The real biological systems are usually complicated in terms of material properties, 

actuation mechanisms and control strategies. Thus it is of great difficulty to exactly 

mimic them. The advent of new materials and the advancement of manufacturing 

capabilities may shed light into the design and optimization of bio-inspired aquatic 

locomotion systems. In the present subsection, several typical man-made bio-inspired 

locomotion systems are briefly introduced. 

 

As one of the pioneer research groups in robotic fish design, the team of Professor 

Triantafyllou at MIT designed and tested two generations of robotic tuna in their 

laboratory, as demonstrated in Figure 1-7 [14,15]. The robots they fabricated fall into 

the category of Fin Oscillation (Thunniform), which mainly uses caudal fin oscillation 

to generate thrust. Six servomotors were used to create the body undulation. 

(a) (b)(a) (b) 
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Figure 1-7 (a) Robotuna (Charlie I) [15] and (b) Robotuna II at MIT [14]. 

 

 
 

Figure 1-8 (a) Amphibot I [16]. (b) Salamandra Robotica II [17]. 

Figure 1-8 demonstrates two anguilliform robots designed and fabricated in 

Biorobotics Laboratory, Ecole Polytechnique Federale de Lausanne (EPFL), which is 

a leading institute in the field of bio-inspired robotics. Specifically, Figure 1-8 (a) 

shows an amphibious snake-like robot taking inspiration from snakes and elongate 

fishes such as lampreys [16]. This robot is its first generation and composed of several 

identical rigid elements, which have only one DOF. This robot also serves as a 

test-bed for novel types of adaptive controllers and investigations into the 

locomotion-controlling neural networks in real animals.  

 

Research scientists in Biorobotics Laboratory, EPFL also designed and manufactured 

another amphibious robot called Salamandra Robotica II (Figure 1-8 (b)), which is 

inspired by salamanders [17]. This robot has an actuated spine composed of several 

(a) (b)

(a) (b)

(a) (b) 

(a) (b) 
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interconnected rigid elements and four legs, which enables it to perform an 

anguilliform swimming under water as well as walk on the ground. This robot can be 

used as a scientific tool to investigate the neural circuits underlying locomotion in the 

spinal cord of vertebrate animals. 

 
Figure 1-9 G9 fish at University of Essex [18]. 

A stunning fish used for pollution detection shown in Figure 1-9 was designed by the 

scientists in University of Essex [18]. This robotic fish has a rigid head, where stored 

the computers and sensors, a flexible body, which can create an undulatory motion, 

and several fins. The G9 robotic fish is able to swim like a real fish and navigate 

autonomously. 

 

Apart from those underwater robots inspired by fishes within Fin Oscillation category, 

many scientists also sought inspirations from Fin Undulation swimmers. Figure 1-10 

demonstrates two generations of robotic manta ray designed by the research group of 

Professor K. H. Low in Nanyang Technological University, Singapore. The RoMan-II 

robot has a rigid body and a pair of wide pectoral fins [19]. Each fin is supported by 

three flexible rays and each ray can be actuated individually by a brushless 

servomotor. This robotic manta ray can also perform diversified locomotion patterns 

(e.g., trilinear swimming, turning, gliding and online transition of different modes) by 

manipulating the two pectoral fins. RoMan-III is an improved version of RoMan-II. 
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The newly designed robot is more compact while maintaining the swimming speed  

[20]. 

 
 

Figure 1-10 (a) Robotic manta ray (RoMan-II) [19]. (b) Robotic manta ray (RoMan-III) [20]. 

 

Figure 1-11 demonstrates an aquatic robot designed by researchers from Florida 

Atlantic University, USA [21]. This robot is inspired by black ghost knifefish, which 

utilises its elongated undulating anal fin for locomotion. The robotic knifefish consists 

of a rigid hull plus an undulatory anal fin supported by many rays. Each ray is 

activated independently, thus it can generate a traveling wave along the fin for 

propulsion by controlling the phases between different rays. This robot can easily 

swim backwards by reversing the direction of the propagating wave. This robot also 

retains a rigid body which reduces the complexity of mechanical design. 

 

 
Figure 1-11 Robotic knifefish [21]. 

(a) (b)(a) (b) 
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Figure 1-12 Robotic jellyfish (Robojelly) [22]. 

Figure 1-12 (a) shows a jellyfish-inspired underwater vehicle designed by researchers 

from Virginia Tech, USA [22]. The bell geometry of Robojelly is reconstructed from 

experimental measurement of real jellyfish and the deformation of the bell is actuated 

by bio-inspired shape memory alloy composite actuators, which can allow a large 

deformation of the bell radius at the margin as well as can retain its original profile 

after contraction using the elastic energy stored in the bell. The robotic jellyfish is 

able to generate sufficient thrust for propulsion and also achieve proficiency 

comparable to natural jellyfish. 

 

Figure 1-13 demonstrates a multi-functional, multi-arm robotic swimmer inspired by 

octopus, featuring both manipulation and locomotion capabilities [23]. By 

coordinating the arm movements, this robot can achieve both forward and backward 

swimming, propulsion and turning. 

 
Figure 1-13 Robotic octopus [23]. 
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1.2  Motivation and scope 

1.2.1 Motivation of the present study 

As the increase of ocean exploration and engineering, there is also a growing need for 

underwater robotics with better efficiency, maneuverability and eco-friendliness. 

After millions of year’s evolution, aquatic animals have displayed a diversity of 

locomotion modes with remarkable performance (see section 1.1.1). Natural selection 

has ensured that the locomotion systems possessed by these marine animals, although 

not necessarily optimal, are highly efficient and adaptable with regard to the habitat of 

certain species. Therefore, these incredible biological locomotive systems have 

become the source of inspiration for the design of man-made underwater robotics. 

Although various bio-inspired underwater robots have been invented in the past 

decades (see section 1.1.2), our understanding for the mechanisms behind the high 

performance of these biological systems is still very limited. Thus, more research is 

needed to reveal how these mechanisms contribute to the locomotion performance. 

 

As discussed in section 1.1.1, many fishes rely on their flexible body and multiple fins 

for locomotion. For some species (e.g., Labriform and Rajiform swimmers), fish fins 

are the primary appendages for locomotion. Therefore, fish fins play a significant role 

in fish locomotion. Among all the fish species, a group of species called ray-finned 

fish distinguish themselves from others by having uniquely designed fin architectures. 

Morphologically, a fin of ray-finned fish is characterised by a complicated composite 

structure, including a collagenous membrane, bony rays and intrinsic musculature (see 

Figure 2-2). The thin and soft membrane is supported by the flexible rays, and the basal 

ends of the rays are connected to a cartilage pad supported by the supporting bones [24]. 

Such a structural design is highly extensible, collapsible and deformable.  
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Structurally, a fin forms a ray-strengthened membrane system, where the Young’s 

modulus of the collagenous membrane is much smaller than that of the supporting rays 

[25]. Therefore, the bending stiffness of the fin is mainly determined by those 

embedded rays. The non-uniform flexibility of each ray and the differences among the 

rigidity of different rays impart an anisotropic structural property of the fin so that it 

may undergo (presumably) beneficial passive deformations under hydrodynamic loads. 

According to previous studies, this passive flow control strategy is believed to improve 

the propulsion efficiency, enhance the thrust generation and reduce the lateral forces 

[25,26]. The benefits of anisotropic material property can also be seen from a 

two-dimensional study of a pectoral fin [27]. It is observed that with a strengthened 

leading edge, the performance of the pectoral fin can be significantly improved. 

 

In addition to the aforementioned passive control mechanism enabled by the 

anisotropic material property, fish fins also possess two other important features that 

enable active control over their deformations. First, each fin ray can be actuated 

individually through the sophisticated musculature system. Second, each ray has by 

itself a remarkable bio-mechanical system for motion actuation. According to 

previous morphological studies [28–30], a fin ray is composed of a central cartilage 

pad surrounded by paired, segmented bony elements called hemitrichs, which are 

connected with short ligaments and elastic fibers (tendons) at the ends. The basal end 

of each ray is attached to four separate muscles. By pulling the tendons, a hemitrich 

can slide past the other one, creating a distributed bending moment along the length of 

a ray [28]. Through the embedded tendons and the unique bi-laminar design of the ray, 

fish is able to actively modify the curvature of the ray and change the bending 

stiffness of the ray itself. This characteristic is a hallmark of the bony fish, 

distinguishing the propulsion mechanism of these creatures from those of birds and 

insects [30]. 
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The main features of the fin of ray-finned fish can be summarised as 1) anisotropic 

bending stiffness of the fin; 2) individual actuation of fin rays; 3) ability of actively 

changing the curvature of the rays. These unique characteristics enable ray-finned fish 

to perform multi-degree-of-freedom control over the motion and deformation of their 

fins. However, most previous studies of bio-inspired fin-like devices only considered 

the anisotropic flexibility and/or individual activation of rays. As mentioned before, 

ray-finned fish are capable of actively changing the curvature of the rays. However, 

this important feature, with a few exceptions, has not been accounted for in existing 

studies. The effects of these important features on the propulsion performance of fish 

fins remain to be fully understood. 

 

Generally, three approaches are available to investigate the effects of these 

characteristics, namely, observation of live fishes, biomimetic robotic devices and 

numerical models. The first approach, which involves experimental observation and 

measurement of living fishes, has been widely used for biological studies [29,31–35]. 

Although experiments using live fish shed light on the kinematics and hydrodynamics 

of fins, the disadvantages and limitations of this approach are also obvious: for 

example, it is not possible to study the effect of individual traits on the performance 

and there is not sufficient diversity among extant species. An alternative method is to 

construct fin-like robotic devices [36–39]. This approach allows more freedom in 

alternating the parameters (e.g., geometry, material properties, and kinematics) so that 

the effect of each parameter can be isolated [40]. Nevertheless, this approach becomes 

too expensive or even infeasible when searching optimized designs within a large 

parameter space. With the advancement of high-performance computers and 

high-fidelity numerical algorithms, computational modeling has become an 

indispensable complement to experimental studies [41,42]. Numerical simulations can 

provide detailed information of the flow field as well as physical insight of the 

fluid-structure interactions. The advantage of examining “what if” type of questions 
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makes the computational modelling more appealing compared with experiments [42]. 

Flow solvers based on immersed boundary method (IBM) [42–46] and moving grid 

approaches [47–51] have been widely used for biomimetic problems. However, most 

numerical studies are based on either measured fish kinematics [42–44] or simplified 

flexible flapping foil models [45,46]. As for skeleton-strengthened fins, only a few 

studies using potential flow models [25,26,52,53] and 2D IBM approaches [27,54] are 

available so far. These studies of ray-supported fins illustrate that passive structural 

deformation and non-uniform stiffness distribution can enhance fin’s propulsion 

performance. 

 

Bearing this in mind, in this thesis we develop a fully coupled viscous flow FSI model, 

which captures the three main features of a real fish fin (anisotropic flexibility, 

individual ray activation and active curvature control), to examine the effects of each 

characteristic on the performance of skeleton-strengthened fins. We are also motivated 

by the scientific need to understand the fundamental mechanisms in fish locomotion 

as well as the practical applications of these biomimetic devices on unmanned 

underwater vehicles. The present work will be the first systematic numerical 

investigation on a fin-like propeller that considers both the viscous FSI and active 

curvature control of the fin rays. 

1.2.2 Scope of the present study 

Numerical modelling of ray-supported fish fins is of great challenge. As stated in 

Section 1.2.1, real ray-strengthened fish fins are characterised by complicated 

composite structures, such as collagenous membrane, bony rays with bilaminar design, 

intrinsic musculatures. Thus, it is not possible to exactly duplicate real fish fins 

numerically. From the perspective of biomimetics, it is also preferable to design simple 

and easily manufactured devices which capture the essential characteristics of fish fins. 

Therefore, some reasonable simplifications are necessary for the numerical modelling 
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of such structures. Fins are crucial appendages for fish swimming, especially for 

labriform and rajiform swimmers, which primarily rely on fins for propulsion. 

Therefore, the present thesis is focused on one simplified caudal fin model (see Figure 

1-14) and one idealised robotic fish model with a pair of undulating pectoral fins (see 

Figure 1-15). The present thesis emphasises on the analysis of the propulsion 

performance and the fluid-structure interaction of these simplified models. 

 

1.2.2.1 Oscillating caudal fin 

As demonstrated in Figure 1-14, the simplified caudal fin has a rectangular shape and 

supported by eleven flexible rays. The caudal fin is fixed in space, i.e., it does not 

move forward and its leading edge undergoes a sinusoidal sway motion in y-direction, 

imitating the movement of the posterior part of the fish. The fish caudal fin usually 

undergoes sinusoidal sway and yaw motions according to previous experimental 

studies [31]. Therefore, the motion of fish caudal fin was usually simplified as sway 

or/and yaw motions at the leading edge [26]. Each ray can be individually actuated 

and its curvature can also be independently controlled. The bending stiffness can be 

determined individually, thus anisotropic flexibility can be easily achieved by the 

present model. Therefore, the present caudal fin model captures the three key features 

of real fish fins summarised previously (anisotropic flexibility, individual ray 

activation and active curvature control). The flow is uniform and considered in 

x-direction. This is equivalent to a problem that the caudal fin is moving at a constant 

speed along negative x-direction in calm water [55]. The effects of passive spanwise 

deformations (Chapter 5) as well as active curvature control (Chapter 6) on the 

propulsion performance of this caudal fin are studied. 
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Figure 1-14 Illustration of a simplified ray-supported caudal fin model. 

 

1.2.2.2 Undulating pectoral fin 

Figure 1-15 shows an idealised robotic fish model, which is inspired by rajiform 

swimmers and consists of a rigid body and two flexible ray-strengthened pectoral fins. 

The body is simplified as a flat plate and is fixed in space. A uniform flow is coming 

in x-direction. Similar to the above caudal fin model, the current problem is 

equivalent to one that the fish model is swimming along the negative x-direction at a 

constant speed in calm water. The pectoral fins are supported by flexible rays and the 

thrust is created by generating a wave propagating in the streamwise direction. This 

motion characteristics is possessed by some rajiform and gymnotiform swimmers, 

which is often modelled as a travelling wave along the fin [21]. The hydrodynamics 

and propulsion performance of this fish model are investigated in Chapter 7. 

Leading edge

Trailing edge

Dorsal lobe

Ventral lobe
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Figure 1-15 Illustration of an idealised robotic fish model. 

1.2.2.3 Difference between the oscillating and undulating motions 

For the caudal fin model in Figure 1-14, the fin rays are aligned with the incoming 

flow. The sway and induced yaw motion of the caudal fin produce a jet flow behind 

the fin and the reacting force from the jet is then reoriented in the negative x-direction, 

thereby generating a thrust force. Different from the rays of the caudal fin model, the 

rays supporting the pectoral fins are perpendicular to the incoming flow (Figure 1-15). 

Each ray is activated to have an effective rotation relative to the ray’s basal end. By 

controlling the phase distribution of the rotations among the rays, the pectoral fins can 

produce a wave propagating along the streamwise direction. The propulsion 

performance of the undulating pectoral fin is closely associated with the wave number 

on the fin. 

1.3  Objectives of this thesis 

The main objective of the present thesis is to establish FSI models for some simplified 

bio-inspired underwater propulsive systems and investigate their propulsion 

performance. We are also aiming at understanding the fundamental mechanisms 

involved in these FSI problems and providing potential guidelines and inspirations for 

Body

Pectoral fins

Fin ray
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the design and optimisation of bio-inspired underwater vehicles. To accomplish this 

goal, the following four specific tasks are targeted. 

 

(1) A FSI solver capable of modelling bio-membrane systems should be established 

and validated. The novelty of this FSI solver lies in the ability of modeling the 

fluid-structure interaction of skeleton-reinforced membranes. The PhD candidate 

should make the following contributions based on the existing code: a) 

re-implementing a structural solver based on an old subroutine written in 

Fortran77; b) implementing the coupling between an in-house CFD code and the 

re-implemented structural solver in a partitioned framework; c) upgrading and 

integrating an overset grid assembler into the in-house flow solver in order to 

extend its capability on coping with scenarios involving complex geometries and 

multiple bodies with relative motion; d) validating the developed FSI solver using 

benchmarks and experimental data. 

(2) With the aforementioned numerical tool, the effects of different spanwise 

deformation patterns on the performance of a simplified ray-supported caudal fin 

are investigated. This research is inspired by previous anatomic and 

morphological studies on ray-finned fish. It is revealed that fish fins have 

anisotropic material property and can achieve fully 3D deformations, which 

enables the fish generate forces in different directions. 

(3) The effect of active curvature control on the performance of an idealised 

ray-strengthened caudal fin will be investigated. This research is motivated by the 

fact that the fin rays have unique bilaminar structure which enables the ray-finned 

fish to actively control the curvature and stiffness of their rays. Besides, each ray 

is actuated individually. These features allow the fish to have multiple DOF 

control over their fin surface. 
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(4) The established FSI modelling tool should be further applied to investigate the 

propulsion performance of a simplified underwater robot with two flexible 

ray-supported undulating fins, which is a more practical problem. 

1.4  Outline of this thesis 

This thesis is organised into eight chapters and the structure is as follows. 

 

Chapter 1 introduced some background for the present research by providing the 

classification and application of bio-inspired propulsive systems as well as the 

motivation of the present work. The objectives and scope of the current thesis were 

also defined in this chapter. 

 

A critical review of experimental and numerical studies on ray-finned fish swimming 

is provided in Chapter 2. The previous studies are categorised according to the 

research methods, specifically, experiments with live fish, experiments using robotic 

devices and computational models. 

 

The governing equations and numerical methods used in the fully coupled FSI code 

are presented in Chapter 3. Detailed descriptions of these numerical schemes in 

different modules (including fluid dynamics modeling, structural dynamics analysis, 

fluid-structure coupling, moving mesh handling and overset grid) are provided. 

 

Chapter 4 presents a thorough validation for the FSI solver developed in the current 

thesis by comparing the present results with the numerical and experimental data from 

literature. The flow solver is firstly validated using several 2D and 3D benchmark 

cases. The accuracy of the structural model is then examined by two classical 

problems. Finally, the coupled solver is validated by predicting the dynamic responses 
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of a flexible plate immersed in the wake of a square cylinder and imposed a heave 

motion at the leading edge. 

 

The following three chapters are concentrated on the applications of the FSI code 

developed and validated in the previous two chapters. The three applications 

correspond to the last three minor objectives listed in subsection 1.3. In Chapter 5, the 

effects of various spanwise deformations on the performance of an idealised 

ray-supported caudal fin are investigated. In this problem, the fish caudal fin has 

solely passive deformations, i.e., the deformations are determined by the structural 

properties and the surrounding flow. 

 

Chapter 6 continues the work presented in Chapter 5 by considering the active control 

of the fin rays. By individually activating each ray, different locomotion modes 

observed in previous experiments are reproduced and their corresponding 

performance is investigated. The physical mechanism behind the performance 

enhancement of active control is also analysed. The capability of actively changing 

the curvature is an important feature possessed by ray-finned fish, which has not been 

fully studied and its effect still remains unclear. The work presented in this chapter is 

the first numerical simulation attempting to investigate the effect of active control on 

the dynamics of ray-strengthened fins. 

 

In Chapter 7, we further apply the FSI model to investigate the propulsion 

performance of an idealised underwater robotic fish, which is inspired by rajiform 

swimmers. The effects of motion frequency, wave length, non-symmetric kinematics 

of the two pectoral fins as well as Reynolds number are examined. 

 

Finally, the conclusions of this thesis and recommendations for future research are 

provided in Chapter 8. 
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Chapter 2 Literature review 

In this Chapter, experimental and numerical studies performed in the past few decades 

relevant to the problems studied in the present thesis, i.e., simplified ray-strengthened 

caudal fin model and idealised robotic fish model, are thoroughly reviewed. Generally, 

three main approaches are commonly used to study fish locomotion, namely, 

experiments with live fishes, robotic devices and computational models. Therefore, 

the present chapter is divided into three sections according to the aforementioned 

three methods. Specifically, the experimental studies using live animals are firstly 

reviewed in Section 2.1. The research works using robotic devices are subsequently 

summarised in Section 2.2. Finally, studies using computational models are reviewed 

in Section 2.3. 

2.1  Experiments with live fish 

2.1.1 Morphology and function 

Morphologically, ray-finned fish consist of a body and various fins. Most ray-finned 

fish have a total of at least seven fins, which can be divided into two major groups: 

median fins (caudal, dorsal and anal fins) and paired fins (pectoral and pelvic fins), as 

demonstrated in Figure 1-2 and Figure 2-1. The shapes and positions of fish fins vary 

significantly among different species, as demonstrated in Figure 2-1. For example, the 

pectoral fins in basal ray-finned fish (e.g., S1) are located at the ventrolateral margins 

of the body while they are positioned more laterally on the side of the body for more 

derived species (e.g., S5). Besides, the orientation of the pectoral fin base in 

spiny-finned fish (e.g., S4 and S5) is more vertically aligned [24]. 
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The tail of some basal ray-finned fish species is heterocercal (asymmetrical against 

the middle line) in shape while for more derived species, the caudal fin is homocercal 

(symmetrical against the middle line). But the homocercal caudal fin can also function 

asymmetrically to create desired lift force by generating different excursions between 

the dorsal lobe and ventral lobe [31]. 

 

 
Figure 2-1 Major patterns of ray-finned fish in the evolution of the caudal fin (green), pectoral fin 

(purple), pelvic fin (yellow), dorsal fin (red) and anal fin (blue). Modified from [24]. 

 

Despite of the variations in shapes and positions, both median and paired fins of 

ray-finned fish are characterised by a collagenous membrane supported by elongated, 

segmented and thickened rays, and the basal ends of the rays are connected to a 

cartilage pad supported by the distal edges of the supporting bones, as shown in Figure 

2-2 (a)–(c). For ray-finned fish, a fin ray is composed of a central cartilage pad 

surrounded by paired, segmented bony elements called hemitrichs, as sketched in 

Figure 2-2 (d), which are connected with short ligaments and elastic fibers (tendons) at 

the ends [28–30]. The basal end of each ray is attached to four separate muscles. By 

pulling the tendons, a hemitrich can slide past the other one, creating a distributed 

bending moment along the length of a ray (see Figure 2-2 (d)) [28]. It should be noted 

that the longitudinal forces provided by the tendons will cause a distributed bending 

S1

S2

S3

S4

S5
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moment along the ray, which will further lead to a distributed force perpendicular to 

the ray. This distributed force will actively change the curvature of the ray. Therefore, 

this is modelled as a uniformly distributed external force along a beam in Chapter 6. 

 
 

Figure 2-2 (a)Structure of a pectoral fin and the relevant skeletal supports, (b) close view of 

pectoral fin rays and membrane, (c) skeleton of a fish caudal fin, (d) schematic view of the 

bilaminar design of fin rays. Extracted from [28–30]. 

Generally, fish fins have two main purposes: generating force by coordinated 

movements and sensing for complicated locomotive tasks. The function of fins varies 

significantly according to the fin type and fish species. Many researchers have used 

the bluegill sunfish (Lepomis macrochirus) and rainbow trout (Oncorhynchus mykiss) 

as examples of ray-finned fish to investigate the functions of different fins. Caudal fin, 

as a main propeller for most fish species, is extensively studied previously 

([31–35,56–59]). Early studies usually take caudal fin as an extension of fish body; 

however, recently functional studies reveal that caudal fin of ray-finned fish 

undergoes significantly 3D kinematics, which, in turn, leads to significantly 3D flow 

pattern and force generation [32,33]. It can create considerable lateral and lift forces 

(a) (b) 

(c) (d) 
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which can be used for maneuvering. Pectoral fins can be used as the primary propeller 

during low-speed swimming for a number of ray-finned fish species. The forces 

created by the pectoral fin can be reoriented by changing the attachment angle of the 

fin, i.e., generating forces and torques needed for maneuver behaviours such as 

braking, yawing, hovering and station-holding [29,60–62]. Dorsal and anal fins also 

play important roles in both steady and unsteady swimming by creating significant 

lateral and thrust forces as well as affecting the flow wake experienced by the caudal 

fin [33,63]. For some species (e.g., knifefish), the undulating elongated dorsal or anal 

fin are used as the main propellers [64,65]. The pelvic fins were believed to have very 

limited and mainly passive stabilizing function. However, recent studies reveal that 

the pelvic fins are also actively moved during many locomotion behaviours [66]. The 

function of a fin is also different under various locomotion behaviours. Dorsal fin is 

collapsed at high-speed swimming while it is actively moved during low-speed 

locomotion [33,67]. 

2.1.2 Fin kinematics 

The study on the fin kinematics of ray-finned fish is mainly based on live fish 

experiment. The measured data can be used as input into the numerical simulations. 

The exact kinematics of a fin is closely associated with its function. A fin’s 

kinematics varies significantly according to the swimming status, the type of the fin 

and the fish species. 

2.1.2.1 Median fins 

Lauder [31] experimentally measured the kinematics of two heterocercal tails (leopard 

shark and sturgeon) and one homocercal tail (bluegill sunfish). They found the 

geometrically symmetric homocercal tail of sunfish was able to function 

asymmetrically with larger excursion at the dorsal lobe, which created a lift force. 

Flammang and Lauder [35] also examined the kinematics of the caudal fin and the 
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motor activity of the intrinsic musculature during different locomotion behaviours 

using the bluegill sunfish. They found the caudal fin deformations were modulated 

according to various maneuvers, as shown in Figure 2-3. For example, the braking 

was associated with ‘S’-shape deformation of the caudal fin by moving the dorsal 

lobe and ventral lobe in different directions. It was also found that the caudal fin 

muscles could be activated independently from myotomal musculature. 

 
 

Figure 2-3 Representative examples of caudal fin shape modulation in a bluegill sunfish during 

different maneuvers. (a) Steady swimming at 1.2 body length per second, (b) braking, (c) kicking 

and (d) gliding [35]. 

Apart from caudal fin, the kinematics of other types of fish fin was also studied by 

biologists. Chadwell et al. [67,68] investigated the kinematics of the dorsal and anal 

fins of bluegill sunfish during C-start escape response. It was found that the angular 

amplitudes of the rays in various positions within the fin were different, which 

indicated regions within the fin had different roles. They also found the fish actively 

bent the fin rays to resist the hydrodynamic load. Flammang and Lauder [69] studied 

the fin kinematics of bluegill sunfish during backward swimming. They found that the 

backward swimming was a multi-fin behaviour involving the coordination of the 

pectoral, dorsal, anal and caudal fins, rather than a simple reverse of slow forward 

swimming. 

2.1.2.2 Paired fins 

Drucker and Lauder [61] studied the function of the pectoral fin of a rainbow trout by 

kinematic analysis. The pectoral fin was adducted against the body when cruising at 

(a) (b) (c) (d)(a) (b) (c) (d) 
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relative higher speed, but was actively moved during a variety of maneuvering 

behaviours such as hovering, turning and braking. The trout was able to rotate the fin 

base over 30 degree in order to create desired force for maneuvering. Lauder et al. 

[29,62] later measured the kinematics of a pectoral fin of bluegill sunfish using high 

resolution digital videos. It was observed that the pectoral fin is highly flexible and 

subject to complicated passive and active control mechanisms, including the change 

of area, bending in both chordwise and spanwise directions, presence of two 

simultaneous leading edges by cupping the pectoral fin (Figure 2-4 (b)) and waves 

passing along the fin (Figure 2-4 (c)). 

 
 

Figure 2-4 Pectoral fin kinematics in bluegill sunfish swimming at 0.5 body length per second 

during a single fin beat cycle. (a) Pause phase prior to the start of the fin beat cycle. (b) Middle of 

the fin outstroke showing the cupped configuration of the fin in which both the upper and lower fin 

rays move out from the body together, forming two leading edges. (c) Twisting of the fin at the 

transition between outstroke and return stroke. (d) Middle of the return stroke during which the 

fin is expanded and pulled back toward the body [29]. 

Different from those fish species with multiple fins (e.g., bluegill sunfish, rainbow 

trout), most rajiform swimmers (e.g., stingray, skate) only possess a pair of enlarged 

pectoral fins, which are used for both locomotion and maneuvering. In fact, most 

(a) (b) 

(c) (d) 
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rajiform swimmers are not ray-finned fish (Actinopterygii). Instead, they belong to 

Elasmobranchs, which have completely different skeleton structures compared with 

actinopterygii fins [70]. Due to the remarkable locomotion performance and potential 

applications in biomimetic underwater robots (see examples in [71,72]) of rajiform 

swimmers, their fin kinematics also attracts research interests from biologists. Blevins 

and Lauder [73] carried out a 3D analysis of the undulating motion of the pectoral fins 

of the freshwater stingray (Figure 2-5 (a)). As observed from Figure 2-5 (b), the wave 

amplitude of the pectoral fin increases both antero-posteriorly and medio-laterally, 

and only a relatively small region of the fin moves in large amplitudes. It was also 

observed that stingrays are able to produce extreme lateral curvature to resist the 

hydrodynamic loads, which may be related to drag reduction. Santo et al. [74] studied 

the effect of swimming speed on the deformation of pectoral fin in the little skate 

(Leucoraja erinacea). They found that at higher speed, the little skate can cup the 

pectoral fin into the flow, implying the active curvature control and fin stiffening. 

 
 

Figure 2-5 (a) Illustration of stingray swimming at 1.5 body length per second. (b) Spanwise 

amplitude variation along the medio-lateral axis at positions indicated on the stingray image [73]. 

(a) 

(b) 
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2.1.3 Hydrodynamics 

2.1.3.1 Median fins 

Drucker and Lauder [75] investigated the hydrodynamic forces and wake structures 

generated by the dorsal fin of a bluegill sunfish. The dorsal fin during steady 

swimming (1.1 body length s-1) created a reverse von Karman vortex street that 

contributed about 12% of total thrust. But during low-speed turning maneuvering, the 

force generated by the dorsal fin was mostly in lateral direction. The wake created by 

the dorsal fin could constructively interact with caudal fin by increasing the thrust 

force, as demonstrated in Figure 2-6. 

 
Figure 2-6 Path (red dots) taken by the tail through the wake generated by the dorsal fin (yellow 

arrows) [76]. 

 

 
Figure 2-7 3D vortex structure for bluegill sunfish swimming at about 1.2 body length per second 

[33]. 
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Tytell [32] and Tytell et al. [33] analysed the streamwise vortex structure shed by the 

median fins. The kinematics of these fins were fully 3D, thus it was not appropriate to 

be simplified as 2D motion. A hairpin vortex structure was proposed to describe the 

vortex wake, as shown in Figure 2-7. It was also found that the dorsal and anal fins 

contributed significantly to the total thrust during steady swimming. 

2.1.3.2 Paired fins 

With live animal experiments, Drucker and Lauder [60] measured the hydrodynamic 

forces and wake structures created by the pectoral fin of black surfperch (Embiotoca 

jacksoni) and bluegill sunfish (Lepomis macrochirus) during labriform swimming and 

explained why the black surfperch swam faster than similar sized bluegill sunfish. It 

was observed that the pectoral fin could generate either single or double vortex rings 

(Figure 2-8) depending on the swimming speed. They also found that black surfperch 

was able to generate stronger wake momentum and reorient this momentum in a 

direction more favourable for propulsion. In contrast, bluegill sunfish created 

considerably larger lateral force, which may be important for body stabilising. It was 

hypothesised that bluegill sunfish may have higher maneuverability and there was a 

hydrodynamic trade-off between swimming speed and maneuverability.  

 
 

Figure 2-8 Schematic 3D representation of the pectoral fin wake at the end of the upstroke in the 

(a) bluegill sunfish and (b) black surfperch. Both fish are swimming at 50% of their maximal 

pectoral-fin swimming speed [60]. 

(a) (b) 
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Figure 2-9 (a) Flow pattern around the sunfish pectoral fin at mid-outstroke, where the cupped 

shape of the fin leads to the development of two strong leading edge vortices simultaneously on 

both the upper and lower fin edges as the pectoral fin moves away from the body. (b) The 

accelerated flow resulting from fin movement away from the body, indicating that sunfish pectoral 

fins generate thrust both during motion away and toward the body [29,62]. 

Lauder et al. [29,62] studied the hydrodynamic forces and wake patterns of the 

pectoral fin of a bluegill sunfish. It was found that in the outstroke of the pectoral fin, 

dual leading edge vortices (LEVs) with opposite signs were produced due to the 

cupping deformation (Figure 2-9 (a)). The dual LEVs were believed to minimise the 

vertical body oscillation. During both outstroke and instroke, water between the 

pectoral fin and body was accelerated, creating thrust force (Figure 2-9 (b)). It was 

also found that through complicated 3D kinematics, pectoral fin was able to create net 

thrust throughout the whole fin beat cycle, which contrasted to the data of traditional 

flapping foils, where net drag force was generated during a short period of time within 

a motion cycle.  

2.2  Experiments with robotic devices 

Although experiments using live fish shed light on the kinematics and hydrodynamics 

of fish locomotion (see Section 2.1), the disadvantages and limitations of this 

approach are also obvious [8]. Primarily, it is impossible to study the effect of 

individual traits on the performance. Another limitation is the lack of sufficient 

diversity among extant species. To address these issues, an alternative method is to 

construct fish-like or fin-like robotic devices. This approach allows more freedom in 

(a) (b)(a) (b) 
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alternating the parameters (e.g., geometry, material properties, and kinematics) so that 

the effect of each parameter can be isolated [40]. Some review papers on this topic are 

available in [40,56,77–81]. 

2.2.1 Simplified mechanical devices  

Despite the complexity of fish geometry as well as structural property, simple flexible 

panels have proven to be useful models for fish locomotion. These simple models are 

favoured because their stiffness, length and shape can be altered easily, which allow 

fast reconstructions and short turn-around time. Heathcote et al. [82,83] 

experimentally studied the propulsion performance of flexible plunging foils with 

different bending stiffness. They found that a certain degree of flexibility augmented 

both thrust and propulsion efficiency. The deformation of the flexible foil created an 

effective pitch motion, whose amplitude and phase angle with respect to the plunging 

motion played a critical role in determining the foil’s performance. It was also 

revealed that stronger trailing edge vortices (TEVs) were associated with higher thrust 

generation while weaker leading edge vortices (LEVs) were corresponding to higher 

propulsion efficiencies. Additionally, they also found that the maximum propulsion 

efficiency was achieved at a pitch phase angle of 95-100 degree whereas the thrust 

peaked at pitch phase angles in the range of 110-120 degree at higher Strouhal 

numbers. This also indicated that the highest efficiency and largest thrust could not be 

accomplished simultaneously. Quinn et al. [84] examined the ground effect of an 

oscillating flexible panel. It was found that the panel was able to produce larger thrust 

with the existence of ground effect. The propulsion efficiency could also be increased 

due to the resonance swimming. The enhancements of both thrust and propulsion 

efficiency were attributed to the suppression of three-dimensional modes. 
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Figure 2-10 Illustrations of different simplified mechanical devices used for the study of fish 

locomotion. (a) Caudal fin model [36], (b) tuna-like tail model [37], (c) fish-like foil model [85], 
and (d) fin-like foil model [86]. 

Park et al. [36] experimentally examined a biomimetic caudal fin with various shapes 

(one of them is shown in Figure 2-10 (a)) and uniform bending stiffness to identify the 

optimal kinematic condition maximising the thrust generation. They concluded that the 

maximum thrust was achieved when the phase difference between the driving motion 

and the passive bending motion was close to 90 degrees. Feilich and Lauder [37] 

experimentally investigated the effects of caudal fin shape and stiffness on 

self-propelled tuna-like tail models (one of them is shown in Figure 2-10 (b)). In their 

experiments, four different foil shapes with three different rigidities were tested. They 

concluded that the foil shape and flexibility interacted in complicated ways, i.e., no 

single ‘optimal’ foil performing the best in all scenarios was found. 

 

Considering the fact that the flexibility decreases along the fish’s anterior-posterior 

axis, some researchers examined the effect of non-uniform bending stiffness 

distribution on the performance of fish-like propellers. Lucas et al. [85] fabricated 

four different fish-like foils, where two of them had uniform bending stiffness while 

the other two were with higher stiffness at the anterior regions (one of them is shown 

in Figure 2-10 (c)). They concluded that the combination of the non-uniformly 

(a) (b) 

(c) (d) 
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distributed bending stiffness and zero-degree angle of attack (AOA) pitching program 

resulted in higher self-propelled speed at relatively high efficiency. Kancharala & 

Philen [86] experimentally measured the chordwise stiffness profiles of real caudal fins. 

Based on the measured data, a caudal fin-like foil was fabricated and tested in water 

tunnel (see Figure 2-10 (d)). Improvements in thrust generation and efficiency were 

observed for fins with non-uniform stiffness, which were attributed to larger trailing 

edge amplitudes and higher curvatures. 

2.2.2 Complex mechanical devices 

 
 

Figure 2-11 Illustrations of complex mechanical fin models. (a) Robotic pectoral fin [87], (b) 

robotic rainbow trout [88], (c) robotic caudal fin [38], and (d) robotic knifefish [21]. 

Structurally, a fin of ray-finned fish is composed of a soft membrane and supporting 

rays, forming a skeleton-reinforced bio-membrane system. The fish fins are able to 

create realistic 3D kinematics and provide multiple degree of freedoms (DOFs) for 

fish maneuvering, which cannot be achieved by using simple flexible panels. 

Therefore, some researchers are also focused on building more complicated fish-like 

or fin-like robotic systems, which can be used to investigate the hydrodynamics of 

(a) (b) 

(c) (d) 
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fish locomotion or to be the prototypes of bio-inspired underwater robots 

[30,64,70,89]. 

 

By fabricating robotic fin-like devices (Figure 2-11 (a)), Tangorra et al. [87,90] 

designed and tested a bio-robotic pectoral fin, in which the flexible, bi-laminar rays 

were embedded in a soft webbing material. The fin was actuated by individually 

controlling the nylon tendons attached to the base of each ray. Such a 

compliant-mechanism-based design allowed active control over the fin’s deformation 

and motion. However, they did not compare their actively controlled robotic fin with an 

equivalent fin with solely passive deformation. Therefore, the effect of active control 

on the fin’s performance remains unclear. 

 
 

Figure 2-12 (a) Posterior views of a bluegill sunfish performing steady swimming and 

maneuvering motions. (b) Posterior views of the robotic caudal fin performing similar caudal fin 

movements. Yellow arrows indicate the direction of motion of the individual fin rays[38] . 

Esposito et al. [38] constructed and tested a sophisticated robotic fin by imitating the 

caudal fin of bluegill sunfish (Figure 2-11 (c)). With six independently controlled and 

actuated rays, this robotic fin was able to produce some motions (e.g., C-mode: the 

C-mode

C-mode

W-mode

W-mode

S-mode

S-mode

(a) 

(b) 
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dorsal and ventral lobes lead the motion while the central part falls behind; W-mode: 

more than one curvature reversals can be observed; and S-mode: a wave-like motion 

exists along the spanwise direction) observed in live fish experiments (as demonstrated 

in Figure 2-12). They found that the cupping motion was able to create the largest thrust 

in most cases while the undulation motion produced lift of the same magnitude as thrust. 

It was also observed that larger thrust was achieved with stiffer rays at higher flapping 

frequency. Besides, it was suggested that different optimal values of ray stiffness exist 

in different scenarios.  

 

Ren et al. [39] constructed a robotic caudal fin with individually actuated rays, whose 

motion was coupled with an undulatory motion of the peduncle. It was found that the 

propulsion performance of the mechanical caudal fin was heavily dependent on the 

phase between the ray’s motion and peduncle’s motion. Wen et al. [88] investigated 

the fish linear acceleration behaviour using a biomimetic robotic fish model with a 

spiny dorsal fin and soft dorsal, anal and caudal fins (Figure 2-11 (b)). It was found 

that the linear acceleration rate was enhanced by 32.5% by erecting the soft dorsal and 

anal fins. A decrease of lateral force was observed despite of the increase of projected 

body area in the lateral plane. 

 

Shirgaonkar et al. [91] studied the hydrodynamics of ribbon fin propulsion using both 

a robotic ribbon fish and a computational model. The movement of the fin was 

idealised as a travelling sinusoidal wave. It was found that the primary thrust 

production mechanism was associated with the creation of a streamwise central jet. 

They also found that the ribbon fin was also able to create a heave force, which may 

be used to balance the body gravity. As the increase of the wave number along the fin, 

the surge force gradually surpassed the heave force, indicating a switch from 

oscillatory normal thrust to undulatory parallel thrust. Curet et al. [21] examined some 

basic properties of undulatory locomotion using a biomimetic robotic knifefish 
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(Figure 2-11 (d)). By systematically varying the critical parameters such as frequency, 

amplitude and wavelength, they recorded the forces created during different 

parameter combinations. They identified an optimal operational region within the 

kinematic parameter metrics, which was similar to those observed parameters for live 

black ghost kinfefish.  

 

Liu and Curet [92] investigated the kinematics and propulsion performance of a 

robotic kinfefish in both fully-actuated and under-actuated states. Compared with 

fully-actuated case, the under-actuated fin produced less thrust but consumed 

significant less power as well. Both the full-actuated and under-actuated fins shared 

similar scale laws, i.e., linear with enclosed area and quadratic with relative velocity. 

Besides, it was also found that the under-actuated fin produced similar propulsion 

efficiency as the fully-actuated one, indicating the possibility of exploiting the passive 

fin motion without sacrificing the efficiency. Liu and Curet [93] studied the 

propulsion performance of a mechanical undulating fin with different flexible rays 

and aspect ratios. They found that the increase of the ray’s flexibility decreases both 

the thrust generation and power consumption. However, the propulsion efficiency was 

improved by flexible rays compared with a rigid counterpart. Additionally, it was also 

observed that the aspect ratio had a significant effect on the performance of the 

undulating fin, indicating that for a given fin kinematics, there could be an optimal 

aspect ratio.  

2.3  Computational models 

From the perspective of underwater robotics design, it would be beneficial if we could 

explore a large parameter space to find the optimal combination. However, neither 

studies on live fish nor those using mechanical devices allow this. For example, the 

bending stiffness of the caudal fin plays a crucial role on its performance, however, 

we do not know if the caudal fins of live fish are at the optimal flexibility. Although 
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mechanical devices can be constructed with different structural properties, they are 

still subjected to the availability of materials. These restrictions can be circumvented 

in computational modeling. Moreover, numerical simulations can provide detailed 

information of the flow field as well as physical insight of the fluid-structure 

interactions. The advantage of examining “what if” type of questions makes the 

computational modeling more appealing compared with experiments [42]. With the 

advancement of high-performance computers and high-fidelity numerical algorithms, 

computational modeling has become an indispensable complement to experimental 

studies. Generally, the computational models of bio-inspired propulsive systems can 

be classified into flapping foil models and skeleton-reinforced fin models according 

their structural complexity. 

2.3.1 Oscillatory foil models 

 
 

Figure 2-13 Schematic view of oscillatory foils. (a) NACA0012 foil model [94], and (b) flat plate 

model [95]. 

Despite of the complicated internal structure of real fish fin (see Subsection 2.1.1), it 

has been traditionally simplified as either rigid or flexible foils, as illustrated in Figure 

2-13. The foil usually undergoes sinusoidal heave and/or pitch motion around an axis, 

which mimics the oscillatory motion of fish body or caudal fin. Lewin and Haj-Hariri 

[96] examined the thrust generation of a 2D plunging foil using a viscous flow solver. 

Both symmetric and asymmetric flow wake patterns were found in their study and the 

(a) (b)(b) (a) 
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maximum efficiency was achieved at an intermediate frequency. They propulsion 

performance was heavily dependent on the interaction (positively or negatively) 

between the LEVs and TEVs. Young and Lai [97] studied the mechanisms affecting 

the performance of a rigid foil undergoing a combined pitch and heave motion using a 

2D compressible Navier-Stokes flow solver. They found the LEV shedding could 

significantly influence the propulsion performance. The creation and convection of 

the LEVs were affected by motion amplitudes, phase angle between pitching and 

plunging, the oscillating frequency. Therefore, the performance of an oscillating foil 

could not be characterised by solely the Strouhal number. Blondeaux et al. [98] 

numerically investigated the wake structures behind a rigid flapping foil with finite 

span, which imitated the tail of a carangiform swimmer. A vortex ring was shed into 

the wake every half a cycle and the dynamics of the vortex ring depended on the 

Strouhal number. Weak vortex ring interaction was observed at small Strouhal 

numbers while vortex ring reconnection indicating strong interaction was found at 

large Strouhal numbers. 

 

Considering the structural flexibility, Zhu [95] numerically investigated the 

propulsion performance of a flapping foil with chordwise or spanwise flexibility. In 

this study, a boundary-element method based on potential flow theory was used to 

simulate the fluid dynamics while the flexible foil was structurally represented by a 

nonlinear beam model. Two different fluids (high density fluid and low density fluid) 

were considered. For high density fluid, where the foil’s deformation was primarily 

determined by the fluid force, the chordwise flexibility increased the efficiency while 

both the thrust and efficiency were declined by the spanwise deformation. For low 

density fluid, where the foil’s deformation was mainly affected by the inertia of the 

foil, it was found that chordwise deformation deteriorated both thrust and efficiency. 

However, spanwise deformation was able to increase the thrust without the reduction 

of efficiency within a small range of structural parameters.  
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Olivier and Dumas [99] studied the propulsion performance of a 2D flexible flapping 

foil at a low Reynolds number using a fluid-structure interaction model, where the 

fluid dynamics was resolved by OpenFOAM whilst the structural dynamics of the foil 

was simplified as a nonlinear beam. Both inertia-driven and pressure-driven regimes 

were considered in this study. It was found that for pressure-driven deformations, both 

thrust and efficiency could be improved by using a suitable amount of flexibility. 

Inertia-driven deformations, on the other hand, decreased both thrust and efficiency of 

the foil. However, the foil’s performance could be slightly improved by introducing 

sustainable superharmonics into the foil’s motion properly. 

 

Dai et al. [100] numerically studied the performance of an elastic low-aspect-ratio 

pitching panel. The fluid dynamics was simulated by an IBM based flow solver 

whereas the structural dynamics was solved using a 3D FEM model. It was found that 

for medium flexible panels, only a 1st order bending mode was created while higher 

bending modes were also observed for highly flexible cases. For both rigid and 

flexible panels, wake transition was seen. The wake was composed of a series of 

interconnected horseshoe-shaped vortices at smaller Strouhal numbers while the wake 

topology transited into double chains of closed vortex rings. Hua et al. [46] examined 

the locomotion of a 2D heaving elastic plate mimicking fish swimming. The fluid 

field was resolved using a viscous flow solver based on an immersed boundary-lattice 

Boltzmann method while the elastic plate was structurally represented as a nonlinear 

beam. Three locomotion states were identified, namely forward, backward and 

irregular. The occurrence of a certain state primarily depended on the heaving 

amplitude and bending stiffness of the plate. An appropriate degree of flexibility was 

able to augment the swimming performance. Two different vortex patterns (normal 

and deflected wakes) were observed. Yeh and Alexeev [51] numerically studied the 

free swimming performance of a flexible plunging panel using a coupled FSI model, 
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where the fluid dynamics and solid dynamics were resolved using a lattice Boltzmann 

model and a lattice spring model respectively. It was observed that the swimming 

speed was maximised near the resonance frequency where larger deformations were 

achieved. However, the best swimming performance was found at a non-resonance 

frequency where the deformation pattern led to a minimum transverse movement of 

the panel’s centre of mass. 

2.3.2 Ray-strengthened fin models 

As discussed in Section 2.1.1, the active and passive control over the bony rays 

embedded in the collagenous membrane enable ray-finned fish to modulate their fin 

shapes to obtain desired forces in different directions. This unique composite 

architecture of the fin has three main features: 1) anisotropic flexibility over the fin; 2) 

individual activation of the rays; 3) control on the ray’s curvature. These features 

enable the fish to have multi-degree-of-freedom control over their fins, and also 

provide a source of inspiration for the design of bio-inspired underwater robotics.  

2.3.2.1 Fin kinematics 

Previously experimental studies of live fish [29,35,62] revealed that the fish fin 

kinematics is fully 3D and is achieved by complicated active and passive control 

mechanisms. However, with the currently available algorithms, it is extremely 

difficult to numerically duplicate the exact fin kinematics. Therefore, some 

researchers only focus on the hydrodynamics of fish fins and the CFD simulations are 

carried out using the experimentally measured fin kinematics as an input [42–44]. For 

example, Dong et al. [43] numerically investigated the hydrodynamics of the pectoral 

fin of bluegill sunfish during steady swimming. The kinematics was reconstructed 

from previous experiment using live fish [29,62] using a POD-based algorithm [101]. 

The raw data was obtained from two high-speed and high-resolution video cameras 

placed in two orthogonal perspectives (lateral and ventral). The movement of the 
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pectoral fin can be divided into two phases, namely abduction and adduction. The 

reconstructed fin deformations during abduction phase are demonstrated in Figure 

2-14. It is seen that the pectoral fins of bluegill sunfish are highly flexible and exhibit 

complicated features: changes in area, bending in both chordwise and spanwise 

directions, and distinct correlated movement of the upper (dorsal) and the lower 

(ventral) edges. 

 
 

Figure 2-14 Three views of the fin motion during abduction phase. (a) Front view; (b) top view; (c) 

side view [43]. 

Although the CFD analysis using experimentally measured fin kinematics provides 

some insights into the hydrodynamics of fish fins, the fluid-structure interaction effect, 

which is an important feature of flexible fish fins, is not considered in such 

approaches. Therefore, some other researchers are focused on building sophisticated 

fin models with simplified kinematics while considering the passive fluid-structure 

interaction effect. Shoele and Zhu [52] built ray-supported pectoral fin model to 

investigate its propulsion performance. In their model, the kinematics of the pectoral 

fin was comprised three motions: a dorso-ventral flapping motion using the baseline 

as axis, an antero-posterior rowing motion of the fin rays while keeping the baseline 

fixed and a baseline pitching motion, as demonstrated in Figure 2-15. 

(a) (b) (c)
(a) (b) (c) 
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Figure 2-15 Different components of a pectoral fin kinematics [52]. 

Another 2D pectoral fin model during lift-based swimming was established by Shoele 

and Zhu [27], as shown in Figure 2-16. The fin’s deformation was determined by the 

motion of the controlling points along the fin, which represented the locations of fin 

rays. The motion of the controlling points was further determined by the motion of the 

corresponding reference points which were connected to the controlling points via 

springs, which depicted the stiffness of the rays. Such a fin model allows individual 

actuations and non-uniform stiffness distribution of the rays. 

 
Figure 2-16 (a) Schematics of a pectoral ray fin and (b) its model system representation. The 

controlling points are shown as bullets, and the reference points are shown as circles [27]. 

As illustrated in Figure 2-17, the kinematics of fish caudal fin is usually simplified as 

a sway and/or yaw motion at the leading edge of the fin, which imitates the motion of 

the posterior part of fish body [25,53,102]. The key difference between ray-supported 

caudal fin and a flexible panel is that each single fin ray can be actuated individually, 

which enables fish to modulate the conformation of the caudal fin [35]. 

(a) (b) 
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Figure 2-17 Illustrations of the caudal fin deformation within 1/4 motion period. The arrow shows 

the direction of sway [25]. 

For gymnotiform and rajiform swimmers (see Figure 1-4 and Figure 2-5 for 

examples), the undulatory motion of the anal fin (Gymnotiform swimmers) and 

pectoral fin (Rajiform swimmers) is usually idealised as travelling waves along the fin. 

Figure 2-18 illustrates simplified ribbon fin, which models the undulating anal fin of 

knifefish. The fin’s performance is mainly determined by the aspect ratio of the fin, 

wavelength, frequency and rotation angle. 

 
Figure 2-18 Schematic of the ribbon fin showing the wavelength (λ), angular fin amplitude (θ), 

and the robot body frame (surge, heave and sway) [103]. 

2.3.2.2 Hydrodynamics and fluid-structure interaction 

The numerical studies on the hydrodynamics of ray-supported fish fins can be divided 

into two major groups according to how the kinematics of the fin is obtained. In the 

first group, both the geometry and the kinematics are reconstructed from experimental 
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measurement of live animals. Mittal et al. [42] examined the hydrodynamics of a 

pectoral fin with significant shape-change using an IBM flow solver. The kinematics 

of the pectoral fin was obtained from experimental measurements [62]. Their study 

shows that the pectoral fin generated net thrust throughout the entire beat cycle as 

demonstrated in Figure 2-19, which is consistent with experimental measurements. 

The flow fields from CFD and PIV are also comparable as shown in Figure 2-20. 

Dong et al. [43] continued the investigation of the hydrodynamics of a highly 

deformed pectoral fin based on the work of Mittal et al. [42]. It was found that the 

high propulsion performance of the pectoral fin was attributed to the complicated 

active and passive fin deformation. A strong, long lasting and attached tip vortex was 

produced during the abduction of the fin, which was responsible for the high thrust 

creation. 

 
Figure 2-19 Computed temporal variation of thrust coefficient for the pectoral fin at Re = 1440 

[42]. 
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Figure 2-20 Vector plots on a streamwise plane located at 67% from the root of the fin [42], 
t=0.35T. (a) CFD simulation, (b) PIV measurement. 

Liu et al. [44] numerically studied the hydrodynamic benefits of body-fin and fin-fin 

interactions using geometry and kinematic data reconstructed from live fish 

experiment. They found that the LEVs generated by the caudal fin, which were 

further strengthened by the posterior body vortices, were associated with most of the 

thrust generation. The median fins in the posterior region could further strengthen the 

posterior body vortices and caudal fin wake capture mechanism. 

 

In the second group, researchers are using simplified models capturing some main 

features possessed by real fish to elucidate the effects of these characteristics. Alben 

et al. [28] developed a two-dimensional linear elasticity model of a bi-laminar fin ray, 

where the two hemitriches were represented by two identical, inextensible beams and 

the space between them was filled with incompressible linearly elastic material. By 

imposing a point force and a uniformly distributed force to the ray model, they found 

that tapered rays can achieve larger curvature near the tip; while for uniform rays, the 

curvature is localised near the base. However, the interaction with an external fluidic 

environment was not investigated in their study.  

 

Shoele and Zhu [26] studied the propulsion performance of a simplified ray-supported 

pectoral fin during lift-based swimming. The fin was actuated by dorso-ventral 

(a) (b) 
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rotations of the basal ends of the rays. They found that structural flexibility could 

increase both the thrust and propulsion efficiency and the phase lags between different 

rays played a pivotal role in determining the fin’s performance. With a similar 

numerical model, Shoele and Zhu [52] examined the propulsion performance of a 

ray-strengthened pectoral fin that geometrically, structurally and kinematically 

resembled a real fish pectoral fin during labriform swimming. The fin was activated 

by dorso-ventral and antero-posterior rotations of the rays as well as pitch motion of 

the fin base (Figure 2-15). It was found that the performance of the fin was enhanced 

by strengthening the leading edge ray, which decreased the effective AOA and 

reduced the power expenditure. 

 

Shoele and Zhu [27] also numerically examined the propulsive performance of 2D 

skeleton supported pectoral fins using an IBM flow model. They concluded that the 

non-uniform stiffness distribution may significantly improve the performance, 

especially with a strengthened leading edge. This is consistent with their previous 

paper examining a 3D ray-supported pectoral fin using a potential flow model [52]. 

Shoele and Zhu [54] continued their previous work [27] by further investigating the 

interactions between multiple fins. Three different configurations (tandem fin, parallel 

fin and three-fin triangle) were considered and in all three systems, the thrust was 

significantly enhanced compared with single-fin system. For tandem-fin system, the 

largest thrust was accomplished when the global phase difference was around 180 

degree. For parallel-fin case, best performance was achieved when two fins were in 

opposite phases and thrust increased as the distance between the two fins decreased 

until wake instability occurred.  
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Figure 2-21 Wake structures behind a ray-supported caudal fin. (a) Potential flow model [53]. (b) 

Viscous flow model [102]. (c) PIV result [104]. 

Zhu and Shoele [25] established a FSI model to study the performance of a 

ray-supported caudal fin. The fin rays were represented by nonlinear beams whereas 

the fluid force was evaluated using a potential flow model. With individual rotation of 

each ray at the basal end, the fin was able to achieve both homocercal and heterocercal 

(H-mode) deformations. They concluded that, in both cases, the flexibility can enhance 

the propulsion performance due to the introduction of an effective yaw motion and 

reduction of lateral forces. Additionally, passive flexing also reduces the sensitivity of 

the performance to the kinematic parameters. Based on their previous work [25], Zhu 

and Bi [53] further investigated the effects of various spanwise stiffness distributions 

on the propulsion performance of a ray-supported caudal fin. Some complicated 

caudal fin movements were reproduced by specific spanwise stiffness distributions. 

Compared with uniform stiffness distribution, non-uniform distributions could further 

improve the fin’s propulsion performance. 

 

Shi et al. [102] developed a FSI solver for skeleton-reinforced bio-membranes by 

coupling a Navier-Stokes flow solver with a nonlinear Euler-Bernoulli beam model. It 

was then applied to investigate the propulsion performance of a 3D ray-strengthened 

caudal fin with various spanwise ray stiffness distributions. They found that certain 

x

z

(a) 

(b) (c) 
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deformation patterns observed in experiment (e.g., C-mode, W-mode and H-mode),  

could be reproduced by specific ray stiffness distributions, among which the cupping 

distribution required the least power input while the uniform distribution performed the 

best in terms of thrust generation. Incidentally, the uniform stiffness distribution also 

caused a C-mode with relatively smaller phase differences between different rays. The 

H-mode, on the other hand, yielded considerable vertical force, which may play an 

important role in fish maneuver. Figure 2-21 demonstrates the wake structures behind 

a caudal fin from both computational modelling and experiment. It is seen that a 

linked-chain vortex structure is formed behind the fish caudal fin and numerical 

simulations using both potential flow model and viscous flow model can qualitatively 

capture this wake structure although different geometries were used. However, a 

Navier-Stokes flow solver is able to consider the viscous effect as well as the vortex 

shedding at all the edges of the fin (leading, trailing, dorsal and ventral edges), which 

can lead to more convincing results than inviscid flow models. 

 

Liu et al. [105] presented an image-guided approach for inversely determining the 

material properties of fish fins from high-speed images. This approach was then 

combined with a FEM-IBM based FSI solver to examine the dynamics of a rainbow 

trout caudal fin. They found that the developed integrated method was able to 

evaluate the kinematics and hydrodynamics of fish swimming problems. However, it 

is known that fish fins involve both active and passive control strategies that are able 

to modulate the conformation of fin surface. Some conformation patterns can be 

reproduced by solely passive deformation while some others can only be achieved by 

active control [53,102]. 

 

As discussed in Subsection 2.3.2.1, the fin kinematics of gymnotiform and rajiform 

swimmers is usually idealised as travelling waves. Most numerical studies on the 

hydrodynamics of undulating fins are based on this assumption [106,107]. Curet et al. 
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[108] examined the mechanics of an inward counter-propagating waves (where one 

wave travels from the head to tail while the other wave moves from tail to head and 

two waves meet in the middle) using both a robotic fish model and computational 

fluid dynamics. They also compared the inward counter-propagating wave to other 

wave forms such as standing wave, unidirectional wave and outward 

counter-propagating wave. They found that a clear mushroom-cloud-like flow 

structure with an inverted jet was observed for inward counter-propagating wave, as 

shown in Figure 2-22 (a). With the creation of such a downward jet, the force 

perpendicular to the direction of swimming was significantly enhanced. This also 

demonstrated how fish with undulatory ribbon fin achieved fast maneuvering. Neveln 

et al. [103] numerically visualised the flow structures of an undulating anal fin with a 

high-fidelity CFD model. They found that the wake behind the undulating fin was 

composed of a series of linked vortex tubes, which generated a jet at an oblique angle 

to the fin, as illustrated in Figure 2-22 (b). 

 
 

Figure 2-22 (a) Velocity vector field below the undulating fin of knifefish with 

counter-propagating waves [108]. (b) 3D flow structures of an undulating anal fin [103]. 

(a)

(b)
(a) 

(b) 
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2.3.2.3 Definition and visualisation of vortical structures 

Four methods are commonly used to define and visualise the wake structures in 

biomimetic problems: 

(1)   -definition 

The   -definition (or   -criteria) was proposed by Jeong and Hussain [109], in 

which a vortex core is located in regions where   < 0. Here    is the second largest 

eigenvalue of the       tensor, where   and   respectively represent the 

symmetric and antisymmetric parts of the velocity gradient tensor. The wake 

structures are visualised using the iso-surface of the    value [110,111]. 

(2)   -definition 

In this definition,    is the imaginary part of the complex eigenvalue of the velocity 

gradient tensor. This method identifies a vortical structure as the region where 

rotation dominates over strain [112,113]. The wake vortices can be visualised by the 

iso-surface of the magnitude of    [42–44] 

(3) Q-definition 

In this definition, the Q is defined as [114,109]   
 

 
 ‖ ‖  ‖ ‖  , where   and 

  are the same as those in   -definition. ‖ ‖ denotes Euclidean norm of a tensor. 

The flow structures can be visualised by the iso-surface of the Q value [47,115–117]. 

(4) ‖ ‖-definition 

Apart from the above criteria, the ‖ ‖-definition is also often used to define and 

visualise wake structures [49–51]. Here, ‖ ‖ is the magnitude of flow vorticity 

vector, which is defined as      , and   represents the velocity field. However, 

it should be noted that the ‖ ‖-definition, though fairly successful in some flows, 

may misrepresents the vortices since it does not identify vortex cores in a shear flow 

[109]. 
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2.3.2.4 Definition of propulsive efficiency in biomimetic systems 

In most biomimetic propulsive systems, the propulsion efficiency ( ) is usually 

defined as the ratio of the power used for propulsion (           ) to the total 

consumed power (      ) [118]: 

   
           

      
  (2.1) 

For rectilinear motion,             can be evaluated as 

             ∫       
  

  

  (2.2) 

where    and    are instantaneous thrust force and moving speed, t1 and t2 are the 

starting and ending time of swimming. For a swimmer moving at a constant speed   , 

Eq. (2.3) can be simplified as [25] 

                   (2.4) 

where    is time-averaged thrust force. 

 

For a rigid oscillating body, the total consumed power can be calculated using [94] 

         ∫ (   ̇     ̇)   
  

  

 (2.5) 

where    and    are the total force in heaving direction and the total moment about 

the pitching axis.  ̇ and  ̇ are the instantaneous heaving and pitching velocities. 

 

For a flexible deforming body, the total power consumption can be estimated by 

[27,44,47,100] 
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         ∫ ∬        
 

       
  

  

    (2.6) 

where        denotes the local fluid force and       is the local velocity of the 

deforming body and S is the body surface. The negative sign means the power is done 

by the body to the surrounding fluid. 

 

2.4  Concluding remarks 

2.4.1 Experimental studies 

In the past decades, the experimental studies on the fins of ray-finned fish are focused 

on the kinematics and hydrodynamics of these fins thanks to the advancement of 

techniques such as particle image velocimetry (PIV) and high-speed video camera, 

which make it possible to visualise flow patterns, calculate wake vorticity and 

estimate the fluid force. The objects of the experimental studies can be either live fish 

or robotic devices. The experimental studies on the fin deformation and corresponding 

force and flow wake generations of live fish can provide the most direct physical data 

of fish locomotion, which have become an important source of inspiration for the 

design of biomimetic underwater propellers. The robotic devices are also 

indispensable complementary methods for the functional study of fish locomotion. 

However, neither live fish experiment nor robotic fish experiment allow fully 

parametric studies. Admittedly, parametric study and isolation of certain traits are also 

allowed to some extent using mechanical devices. But the parameter matrix is limited 

by the availability of practical materials and manufacturing techniques. On the other 

hand, these limitations can be circumvented by using numerical modelling, which has 

become an important way of investigating the fish fin propulsion problems. 
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2.4.2 Computational studies 

The numerical modelling of ray-supported fish fins is essentially a multi-physics 

coupling problem, which involves unsteady viscous flow, anisotropic material 

property, bi-laminar designed fin rays, and muscle-tendon activation of individual 

rays. The interaction of fish fins with surrounding water involves shear layer 

separation, vortex shedding and turbulence, which are direct results of flow viscosity. 

Thus it is important to consider the viscous effects when simulating biomimetic flows. 

It is extremely challenging to consider all these features in a single numerical model. 

Therefore, researchers have to make assumptions to neglect or simplify some features 

possessed by real fish fins. In the present thesis, we emphasise on the effects of 

fluid-structure interaction and active curvature control of ray-strengthened fins and 

thus only the relevant numerical methods of fluid and structural dynamics used for 

skeleton-reinforced fish fins are briefly summarised in the present subsection. 

2.4.2.1 Fluid dynamics 

Fish swim by interacting their flexible body and fins with surrounding water. The 

study of the hydrodynamics of fish locomotion not only helps us understand how fish 

manipulate surrounding flows for swimming, but also provides useful guidelines for 

the design and optimisation of biomimetic underwater vehicles. In the past decades, 

both inviscid and viscous flow models have been used to investigate biomimetic 

problems. 

 

 Potential flow theory 

Under inviscid and incompressible flow assumptions, the flow velocity can be 

described by a velocity potential       , which can be decomposed into a body 

velocity potential         and a wake velocity potential        , each satisfying 

Laplace’s equation. No-flux boundary condition is usually used on the body surface 
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and Kutta condition is usually enforced at the trailing edge. The pressure distribution 

along the body surface can be determined by Bernoulli’s equation once the velocity 

potential distribution is solved. Such an inviscid flow model is computationally 

inexpensive, thus can provide a rapid evaluation of the hydrodynamic forces and other 

flow features. Examples of using such methods for biomimetic problems can be found 

in [26,52,53,95,119–122]. However, inviscid flow models carry inherent weaknesses 

when dealing with biomimetic problems where the flows are often dominated by 

shear layer separations and complicated vortex structures, which are direct 

consequences of viscous effects. Moreover, with the advance of sophisticated CFD 

algorithms and computational power, it is more appealing to use viscous flow models 

rather than inviscid ones. 

 

 Viscous flow models 

The inclusion of viscosity into the fluid dynamics immediately raises the possibility of 

turbulence, which should be accounted for simulations. In the past decades, various 

turbulence models have been developed, e.g., RANS models, DES models and LES 

models. However, even RANS models will significantly increase the computational 

cost by solving additional equations and using extra fine meshes. Table 2-1 

summarises the typical Reynolds numbers of eight different fish species. It is seen that 

the Reynolds number ranges from O(103) to O(107) according to the length and speed 

of the fish. Admittedly, these flows in nature are turbulent, which should be accounted 

in numerical simulations. However, Chang et al. [47] numerically investigated the 

hydrodynamics of a tuna-like swimmer at three different Reynolds numbers (Re = 

7.1 103, 7.1 104 and 7.1 105). The effects of turbulence models were studied at 

different motion frequencies. They found that the drag coefficient and power 

consumption from laminar case were almost identical to those using Spalart-Allmaras 

(SA) and Menter’s Shear Stress Transport (SST) turbulence models at Re = 7.1 103. 

The influence of turbulence became obvious at higher Reynolds numbers (Re = 
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7.1 104 and 7.1 105). Besides, previous numerical studies on fish swimming also 

proved that the major flow features obtained at lower Reynolds numbers showed 

strong similarities with simulations at higher Reynolds numbers and experimental 

data [49,101,123]. Therefore, without much loss of the flow features, many numerical 

simulations of fish swimming were performed using laminar flow models at lower 

Reynolds numbers at the order of O(103) where the turbulence plays insignificant 

effect on the fluid dynamics [42–44,50,102,115,124,125]. 

 

Table 2-1 Typical length, Strouhal number (St) and Reynolds number (Re) of eight different fish 

species. 

Species Length (cm) St Re 

Killer whale [126,127] 473 0.28 2.6 107 

White-sided dolphin [126,127] 221 0.24 1.3 107 

Nurse shark [128] 220 0.41 1.8 106 

Yellowfin tuna [129] 53 0.29 6.1 105 

Chub mackerel [130] 21 0.25 1.6 105 

Sockeye salmon [131] 20.4 0.31 8.0 104 

Rainbow trout [132] 5.5 0.38 1.6 104 

Goldfish (Eggfish) [133] 5.3 0.54 7.3 103 

 

In the context of biomimetics, the numerical methods used for flow simulation can be 

divided into body-fitted grid method and Cartesian grid method according to the type 

of grid employed for CFD computation. For body-fitted grid method, both structured 

[48,115,134] and unstructured grids [47,50] have been used in previous studies of fish 

locomotion. To deal with multiple bodies with relative motion, overset grid methods 

based on structured or unstructured grids are also widely used for biomimetic 

problems [102,125,135]. For such body-fitted grid methods, an ALE methodology is 
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usually adopted in order to handle moving boundaries where mesh deformation or 

regeneration should be employed. One advantage of the body-fitted grid method is 

that it offers a better resolved flow boundary layer. However, the difficulties of 

dealing with moving boundaries have limited the body-fitted grid methods to 

moderate deformations. The moving boundary problem can be nicely solved by using 

immersed boundary methods [136,137]. Different from the body-fitted grid method, 

the immersed boundary method (IBM) solve the Navier-Stokes equations on a 

stationary Cartesian grid; therefore, no mesh deformation or regeneration is required 

after body motion. In IBM, the no-slip boundary condition on the body surface is 

enforced by modifying the flow equations in the vicinity of the boundary [138]. A 

number of variants are also available according to how the boundary modification is 

accomplished. Due to the advantages of handling complicated moving boundary 

problems, the IBM approach has been widely used for flow simulations of biomimetic 

problems [42–44,103,108,110]. However, it should be noted that for high Reynolds 

number problems, extremely fine grid around the body surface is needed in order to 

properly resolve the flow boundary layer, which may greatly increase the 

computational cost of IBM methodology. 

2.4.2.2 Structural dynamics 

The fins of ray-finned fish are composed of a thin and soft membrane supported by 

flexible rays. Each ray has a unique bilaminar structure, which enables fish to have 

active control over the fin’s deformation. Such complicated architectures of fish fins 

make it extremely difficult or even not possible to model in every detail. Therefore, 

the fin rays are usually modelled as individually actuated beams rather than explicitly 

considering the ray’s bilaminar structure in most previous studies [25,26,52,53,102]. 

In most numerical models, the thin and collagenous membrane is assumed to bear no 

bending but only provide a stretching constraint for the connected fin rays. Thus, the 

effect of the membrane is usually modelled as a series of linear springs connecting the 
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neighbouring rays. On the other hand, some researchers establish 3D FEM model for 

both the fin rays and the soft membrane [105]. 

2.4.2.3 Numerical ray-supported biomimetic fin models 

Three main features of ray-supported fish fins can be summarised from previous 

morphological and anatomical studies. First, fish fins are composed of a soft 

membrane supported by bony rays, forming skeleton-reinforced bio-membrane 

systems. The stiffness variation along each fin ray and the rigidity difference among 

the rays impart anisotropic structural flexibility of fish fins. Second, each fin ray can 

be actuated individually by the muscles at the ray’s basal end. Third, the fin ray 

consists of a central bundle of collagen surrounded by small segmented bony elements 

called hemitrichs, forming a bi-laminar architecture. This unique design enables fish 

to actively control the curvature of fin rays. Table 2-2 summarises the present 

available computational models for ray-strengthened fish fins. Based on the critical 

review of previous numerical models of ray-strengthened fish fins, the following gaps 

in literature have been identified: 

1) The majority of existing studies on ray-strengthened fish fins are experiments 

using live fish or fin-like robotic devices. In contrast, numerical modelling of 

skeleton-reinforced fish fins has received less attention. 

2) Many numerical simulations of ray-supported fins use either experimentally 

reconstructed fin kinematics or idealised kinematics, where the hydrodynamics is 

emphasised while the fluid-structure interaction is not considered. 

3) For fluid-structure interaction simulations of ray-supported fins, most studies use 

potential flow models, where the viscous effects (e.g., flow separation, vortex 

shedding) are neglected. Compared with inviscid flows, viscous flow models are 

able to produce more convincing results. 

4) Most computational models of ray-supported fins only consider the first two 

characteristics mentioned above (anisotropic structural flexibility and individual 



PhD Thesis, Guangyu SHI, University of Strathclyde, April 2020 

58 

ray activation). However, the effect of active curvature control and the 

mechanisms behind the effect have not been well understood. 

 

Therefore, the studies in the present thesis are aimed at filling these gaps listed above 

using a computational model of fin-like propeller considering the main features 

possessed by ray-supported fish fins. 

 

Table 2-2 Summary of current numerical models of ray-strengthened fish fin 

Fin Model Description Picture 

Caudal fin 

Zhu & Shoele [25] 

 Trapezoid shape with nine fin rays 

 Sinusoidal sway motion at the leading edge and 

individual ray yaw motion 

 3D inviscid potential flow model 

 Nonlinear beam model for fin rays; constraints from 

membrane are considered as linear springs 

 

Caudal fin 

Zhu & Bi [53] 

 Trapezoid shape with seventeen fin rays 

 Sinusoidal sway motion at the leading edge, no 

individual ray actuation 

 3D inviscid potential flow model 

 Nonlinear beam model for fin rays; constraints from 

membrane are considered as linear springs 

 

Caudal fin 

Liu et al. [105] 

 Geometry reconstructed from experimental data 

 Experimentally measured sway-yaw motion at the 

leading edge, no individual ray actuation 

 3D laminar flow model based on IBM 

 FEM model for rays and membrane; material 

property determined by experimental data 
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Caudal fin 

Shi et al. [102] 

 Rectangular shape with eleven fin rays 

 Sinusoidal sway motion at the leading edge, no 

individual ray actuation 

 3D laminar flow model based on overset, structured 

grid system 

 Nonlinear beam model for fin rays; constraints from 

membrane are considered as linear springs 

 

Pectoral fin 

Mittal et al. [42] 

 Geometry reconstructed from experimental data 

 Experimentally measured fin deformation 

 3D laminar flow model based on IBM 

 No structural model  

Pectoral fin 

Dong et al. [43] 

 Geometry reconstructed from experimental data 

 Experimentally measured fin deformation 

 3D laminar flow model based on IBM 

 No structural model  

Pectoral fin 

Shoele & Zhu [26] 

 Pectoral fin-like shape with fifteen fin rays 

 Sinusoidal dorsal-ventral rotation at the basal end of 

each ray individually 

 3D inviscid potential flow model 

 Nonlinear beam model for fin rays; constraints from 

membrane are considered as linear springs 

 

Pectoral fin 

Shoele & Zhu [52] 

 Trapezoid shape with twelve fin rays 

 Sinusoidal dorsal-ventral and anterior-posterior 

rotation at the basal end of each ray individually 

 3D inviscid potential flow model 

 Nonlinear beam model for fin rays; constraints from 

membrane are considered as linear springs 
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Pectoral fin 

Shoele & Zhu [27] 

 Single 2D pectoral fin 

 Sinusoidal heave motion of each reference point 

representing the location of a fin ray 

 2D laminar flow model based on IBM 

 Nonlinear beam model for fin membrane 
 

Pectoral fin 

Shoele & Zhu [54] 

 Multiple 2D pectoral fin 

 Sinusoidal heave motion of each reference point 

representing the location of a fin ray 

 2D laminar flow model based on IBM 

 Nonlinear beam model for fin membrane 
 

Anal fin 

Curet et al. [108] 

 Idealised rectangular anal fin 

 Sinusoidal travelling wave along the fin 

 3D laminar flow model based on IBM 
 

Anal fin 

Neveln et al. [103] 

 Idealised rectangular anal fin 

 Sinusoidal travelling wave along the fin 

 3D laminar flow model based on IBM  
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Chapter 3 Mathematical Formulations and 

Numerical Methods 

In this chapter, the governing equations for both fluid and solid domains and the 

numerical schemes used to solve them are presented. Specifically, the flow and 

structural equations and numerical schemes are given in Section 3.1 and 3.2 

respectively. The coupling procedure and data exchange method at the fluid-solid 

interface are provided in Section 3.3. The overset grid method and the mesh 

deformation algorithm are introduced in Section 3.4. Finally, the concluding remarks 

are given in Section 3.5. 

 

 
Figure 3-1 Illustration of the main modules in the present FSI solver. 

 

There are five main modules in the presently developed FSI solver, namely, a 

computational fluid dynamics (CFD) model, a computational structural model (CSD), 

an interface between the fluid and solid domains, a grid deformation module and an 

CFD Model CSD Model

Grid 

Deformation

Overset Grid 

Assembler

1

2

1 Fluid force interpolation from CFD grid to CSD grid

2 Structural displacement interpolation from CSD grid

to CFD grid
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overset grid assembler, as shown in Figure 3-1. In the present FSI model, the CFD 

model solves the compressible Navier-Stokes equations using a finite-volume method. 

To simulate incompressible flows using a compressible flow solver, three aspects 

must be carefully considered. First, the effect of compressibility should be negligible, 

i.e., the maximum Mach number in the computational domain should be smaller than 

0.3. Second, the numerical stability and accuracy should be maintained for low flow 

speed calculation. This can be done by implementing low-speed preconditioning (LSP) 

in a compressible flow solver (see Section 3.1.5). If such a LSP method is not 

available, numerical tests should be conducted to find a suitable Mach number. Third, 

non-dimensional parameters (e.g., Reynolds number and reduced frequency) rather 

than absolute values should be used in calculation. By setting the same dimensionless 

parameters with those in other numerical simulations and experiments, the present 

compressible flow solver produces results with adequate accuracy (see Chapter 4 for 

numerical validations). 

 

For all the modules shown in Figure 3-1, the contributions from the PhD candidate are 

summarised as follows: 

(1) A preconditioning method was implemented in the flow solver, which enables it 

to deal with low speed steady flows. 

(2) A nonlinear beam model was re-implemented based on an old Fortran77 

subroutine, and then extended to cope with multiple structures. 

(3) The flow solver and beam model were coupled in a partitioned framework. 

(4) An external overset grid assembler originally developed for steady flows was 

upgraded and integrated into the existing code to handle unsteady moving 

boundary problems. 

(5) A new module interpolating the fluid force to structural grid was developed, and 

the original module transferring structural displacement to flow mesh was 

upgraded to handle multiple structures. 
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3.1  Governing equations and numerical schemes for 

computational fluid dynamics 

As demonstrated in Table 2-1, typical Reynolds numbers of fish swimming vary from 

O(103) to O(107). For high Reynolds number flows, turbulence models must be used 

to appropriately resolve the turbulence effects. However, when the Reynolds number 

is relatively low (e.g. below 103), turbulence may have insignificant effects on the 

flow field of biomimetic problems [47]. For these scenarios, a laminar flow model is 

usually adopted, see examples in [27,42–44]. As the Reynolds numbers considered in 

the current studies are at the order of O(103), therefore, a laminar flow model is used 

in the present thesis. 

 

3.1.1 Fluid governing equations in arbitrary Lagrangian-Eulerian frame 

The continuum fluid dynamics is governed by the fundamental conservation laws, 

namely, mass conservation, momentum conservation and energy conservation. We 

assume that no sinks and sources exist in this control volume, thus the conserved 

quantities can only be changed by convection and diffusion effects. Furthermore, the 

fluid body forces such as gravity are not considered in the present work. Therefore, the 

flow governing equations in its integral form can be written as [139] 

 
 

  
∭    

 

 ∬       
 

 ∬         
 

  (3.1) 

where V is the flow control volume and S denotes its closed boundary surface, and   is 

the surface unit normal vector. In Eq. (3.1), the conservative variable vector    is 

defined as 

   {             ̅}  (3.2) 



PhD Thesis, Guangyu SHI, University of Strathclyde, April 2020 

64 

where ρ is the fluid density,       are three velocity components in Cartesian 

coordinate system.  ̅ is the total energy, which is defined as 

  ̅   ̅  
        

 
  (3.3) 

where  ̅ is the flow internal energy. 

 

In Eq. (3.1),    denotes the convective fluxes (inviscid parts), and can be written as 

    

[
 
 
 
 

  ̃   ̃   ̃
   ̃      ̃    ̃

   ̃    ̃      ̃
   ̃    ̃    ̃   

   ̃       ̃       ̃    ]
 
 
 
 

. (3.4) 

In a traditional Eulerian description, the control volume is expected to be fixed in both 

space and time. However, in order to deal with moving and deforming boundaries, the 

control volume (shape, position and orientation) must be regarded as time dependent. 

Thus, the convective fluxes must be formulated in an Arbitrary Lagrangian-Eulerian 

(ALE) framework, where the convective fluxes through the control surface are defined 

relative to the motion of the control volume and are expressed in terms of relative 

velocity  ̃     ̃  ̃  ̃  : 

 
 ̃         

 ̃         

 ̃         

, (3.5) 

where            and       (                 )
 

are flow velocity and grid 

velocity respectively, both of which are defined in a stationary Cartesian coordinate 

system. 

 

The diffusive fluxes (viscous shear stresses and thermal conduction) are given by 
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, (3.6) 

where 

 
                    

                    

                    

. (3.7) 

For a Newton-Fourier fluid and using Stokes hypothesis, the shear stress tensors and 

heat fluxes in Eq. (3.6) and Eq. (3.7) can be defined as 
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  (3.8) 

where μ is the dynamic viscosity, κ is the thermal conductivity and Te is the flow 

temperature. The total enthalpy is defined as 

  ̅   ̅  
        

 
  (3.9) 

For calorically perfect gas, we have the following equations: 
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  ̅        ̅          
 

   
    

  

   
  (3.10) 

and equation of state: 

         (3.11) 

In Eq. (3.10) and Eq. (3.11),    and    are specific heats at constant volume and 

constant pressure respectively, γ is the ratio of specific heats and R is the specific gas 

constant. The viscosity coefficients for laminar flow are calculated by Sutherland’s 

formula [139]: 

  

  
 (

  
    

)

 

           

        
  (3.12) 

where    and      are reference viscosity and temperature respectively. Finally, the 

speed of sound for a perfect gas can be written as 

   √
  

 
  (3.13) 

and the Mach number is then defined as 

    
√        

 
  (3.14) 

3.1.2 Spatial discretisation: finite-volume method 

The governing equations are discretised on an overset, structured, multi-block grid 

system using a cell-centred finite-volume method. With a structured grid method, the 

fluid domain is divided into an array of hexahedral cells. Each grid cell is uniquely 

denoted by three computational coordinates i, j, k. Within the cell        , Eq. (3.1) can 

be approximated by 
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                     (3.15) 

where        are the cell-averaged conservative variables,        is the cell volume and 

       are the net fluxes entering the control volume through all cell faces    : 

        ∑      

 

   

   (3.16) 

where      
    

  are the flux vectors on the cell faces. For a structured grid 

method, a cell is essentially a hexahedron composed of six cell faces. The central 

Jameson-Schmidt-Turkel (JST) scheme proposed by Jameson et al. [140] is 

implemented. The JST scheme assumes the same influence from either side of the cell 

face; therefore, it causes nonphysical oscillations and odd-even decoupled problems, 

which will be alleviated by adding artificial dissipation. In JST scheme, the fluxes 

through a cell face are calculated by arithmetic averaging the conservative flow 

variables of the two cell centres adjacent to the cell face: 
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. (3.17) 

In order to calculate the stress tensors, the first order derivatives are defined at the cell 

vertices and then evaluated by Green’s theorem for an auxiliary cell around the vertex 

[139]: 
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   (3.18) 

where     is the auxiliary cell volume, and          is the unit normal vector on the 

auxiliary cell faces. 

 

Artificial dissipation is added in Eq. (3.16) to stabilise the numerical scheme and to 

eliminate the nonphysical oscillations: 

  (      )                  (3.19) 

Following Jameson et al. [140],        is a blend of 2nd-order and 4th-order difference to 

provide 1st-order dissipation around shocks and 3rd-order dissipation in smooth flow 

regions, which can be expressed as [139] 

 

       ( 
  

 

 
    

  
  

 

 
    

) 

           ( 
    

 

 
  

  
    

 

 
  
) 

            ( 
      

 

 

  
      

 

 

)  

(3.20) 

The artificial dissipation through the cell face (   

 
    ) is calculated as 
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(3.21) 
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with  ̂                    . The expressions for other cell faces can be 

formulated in a similar manner and thus are omitted here. The term  ̂
    

 

 
    

 is the 

scaled spectral radius of the flux Jacobian matrices in I-direction and defined as 
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In Eq. (3.22), the scaling factor is written as 
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  (3.23) 

where   is a parameter ranging from 0 to 1, and the spectral radii read 
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(3.24) 

The coefficients      and      in Eq. (3.21) are used to control the amount of 2nd-order 

and 4th-order dissipation and are calculated by 
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where 
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and 
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|                         |

|                         |
  (3.27) 

and        ⁄ ,          ⁄ . The coefficients      and      in other directions 

can be computed in a similar way. The 2nd-order dissipation term is used to capture 

shock waves, i.e., for low Mach number flows, this term (      in Eq. (3.25)) can be 

turned off (setting      to zero) in order to reduce the amount of artificial dissipation. 

3.1.3 Temporal integration 

The discretised governing Eq. (3.15) can be rearranged as 

  

  
            (      ) (3.28) 

The time derivative in Eq. (3.28) is discretised using an implicit backward-difference 

scheme of second order accuracy 

                           

   
          (3.29) 

where    is the physical time step. It should be noted that the formulation in Eq. 

(3.29) has accounted for a temporal change of the cell volume   . Since the flow 

variable      at the current time level is not known as a priori, an iterative approach is 

applied to obtain the solution for     . As proposed by Jameson [141], the problem 

can be reformulated at each time step as a steady-state problem in a pseudo time  ̃: 

  

  ̃
     

 

     
 ̃        (3.30) 

where 

  ̃                
                          

   
  (3.31) 
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When  ̃       becomes zero, the unsteady flow Eq. (3.28) will be automatically 

satisfied. The pseudo time  ̃ has no physical meaning and is merely a variable for 

numerical iteration.  

 

A multi-stage Runge-Kutta scheme is adopted to integrate the discretised Eq.(3.30). 

The m stages of the integration are conducted as follows: 
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  (3.32) 

where    are constant coefficients. 

 

For five-stage time stepping, the coefficients are [141] 

    
 

 
    

 

 
    

 

 
    

 

 
       (3.33) 

The reformulated discretised Eq. (3.30) has the form of an equivalent steady state 

problem. Therefore, acceleration techniques such as local time-stepping and residual 

smoothing, which are developed for steady-state problems, can be directly applied to 

the pseudo-time iteration without affecting the real-time accuracy [141]. Therefore, 

both acceleration techniques have been implemented in the present code. Additionally, 

the present CFD solver is parallelised with Message Passing Interface (MPI). More 

details regarding this flow solver can be found in [139,142–147]. 
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3.1.4 Boundary conditions 

To numerically solve the fluid governing equations, appropriate variable values must 

be imposed at the grid boundary. In the present code, this is achieved by using two 

layers of ghost cells wrapped around the grid. By specifying appropriate values to the 

flow variables in the ghost cells, the fluxes and derivatives at the fluid field boundaries 

are calculated in the same manner as interior cell faces. Here, three flow boundary 

conditions, namely adiabatic solid wall, far-field and symmetric plane, are presented. 

To better demonstrate the implementation of these boundary conditions, in the 

following, the variables of the ghost cells are donated as      while the variables of 

the interior cells are donated as   , where k = 1 depicts the cell is adjacent to the 

boundary while k = 2 represents the cell at the second outer layer, as shown in Figure 

3-2. 

 
Figure 3-2 Ghost cell notations 

3.1.4.1 Adiabatic solid wall 

For viscous flow, the no-slip condition (zero flux across the wall) should be satisfied 

on the body surface. This is accomplished by assigning the negative velocity of the 

interior cells to corresponding ghost cells, i.e., the flux across the body surface is zero: 

           (3.34) 
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The temperature gradient in the direction normal to the wall should be zero to satisfy 

the adiabatic condition, which is achieved through: 

 
       

 ̅     ̅ 

       

  (3.35) 

3.1.4.2 Far-field 

For external compressible flows, the far-field condition at the outer boundary of the 

computational domain must be (approximately) nonreflective. The characteristic wave 

propagation is considered by using the Riemann invariants, where a 

quasi-one-dimensional method is applied along the normal direction of each cell. The 

1-D Riemann invariants in normal direction are defined as 

 
        

   

   

        
   

   

  (3.36) 

where    and    are speed of sound corresponding to Riemann invariants    and 

  . 

 

The flow variable values at the boundary are extrapolated by those from freestream 

(subscript  ) and interior cells (subscript  ). The extrapolation direction is determined 

by the wave propagation direction. Specifically, for subsonic inflow where the 

boundary normal velocity       , and |     |   , we have 

 
              

              
  (3.37) 

For supersonic inflow where        and |     |   , we have 
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  (3.38) 

For subsonic outflow where        and |     |   , we have 

 
              

              
  (3.39) 

For supersonic outflow where        and |     |   , we have 

 
              

              
  (3.40) 

Using the Riemann invariants defined above, the boundary normal velocity      and 

speed of sound    are then calculated as 

 
     

 

 
       

   
   

 
       

  (3.41) 

Considering that the tangential velocity component is invariant in the 

quasi-one-dimensional method, the velocity vector at the inflow boundary (       ) 

is computed from the freestream values: 

       (         )   (3.42) 

whereas the velocity vector at the outflow boundary (       ) is extrapolated from 

the first interior cell: 

       (         )   (3.43) 

The density at the boundary is obtained as 
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  (3.44) 

where the entropy   

  
  at the boundary is computed from the freestream values for 

inflow and interior cells for outflow. With the velocity, sound speed and density 

known at the boundary, the pressure and total energy can be readily determined. 

Finally, the conservative variables in the ghost cells can be computed as 

             (3.45) 

where    is the conservative flow variable vector calculated using the flow variables 

with subscript b obtained above.    is the flow variables at the interior cells adjacent 

to the boundary. 

 

3.1.4.3 Symmetric plane 

In some cases, the flow is known or assumed to be symmetric. To reduce 

computational effort, only half of the computational domain is used by setting an 

appropriate symmetric plane. For scalar variables (density, pressure and total energy), 

the values of the ghost cells are assigned in a similar manner as Eq. (3.35) while for 

the vector variable (velocity), it is mirrored by 

                   (3.46) 

With the variable values in the first ghost cell layer, the variable values in the second 

ghost cell layer can be extrapolated as: 

                   (3.47) 
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3.1.5 Low-speed preconditioning 

Numerous time-marching schemes designed to solve the compressible Navier-Stokes 

equations (Eq. (3.1)) have been very successful for transonic/supersonic flows. 

However, the accuracy and convergence rate of these original schemes are 

deteriorated for very low speed flows due to the large disparity of acoustic and 

convective wave speeds, which leads to a very large condition number (defined as the 

ratio between the largest and smallest eigenvalues of convective flux Jacobian) [148]. 

Fortunately, the problems can be addressed by utilising low-speed preconditioning 

(LSP) methods which equalise all the eigenvalues and thus reduce the stiffness of the 

system of equations. This not only produces better convergence rate, but also 

improves solution accuracy. In the past decades, various forms of LSP methods had 

been developed for both Euler and Navier-Stokes equations [148–153]. These 

methods were then extended to solve time-dependent flows [154–156] and moving 

boundary problems [135,157]. Due to the modification of the path to the steady state, 

preconditioning techniques need to be combined with dual-time stepping method in 

order to retain the temporal accuracy [154–156]. 

 

Despite of the success of preconditioning methods in solving low-speed flows with 

compressible CFD codes, the improvements of convergence and accuracy are gained 

in accompany with reduced robustness [158]. The loss of robustness arises primarily 

from the existence of stagnation points and diffusion dominated regions. For FSI 

problems, the existence of moving boundary may also lead to numerical instability. 

One possible solution is to include some cut-off values when formulating the 

preconditioning matrices. However, difficulties still remain for complicated flows in 

the proper definition of the limiting factors. Nevertheless, with properly formulated 

preconditioning matrices, the LSP techniques can be greatly useful in resolving the 

practical problems involving mixed compressible/incompressible flows. 
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Strictly speaking, low-speed preconditioning method should be adopted to calculate 

incompressible flows using a compressible flow solver. In the present thesis, the 

low-speed preconditioning technique has been implemented successfully for 

steady-state flows (see Appendix for details). However, the current preconditioned 

flow solver experienced severe deterioration in accuracy when extending 

time-dependent flow problems (see Appendix). Further investigation and 

development are needed in the future. Therefore, for the biomimetic problems 

examined in Chapter 5 – 7, the low-speed preconditioning was not used. 

 

To simulate incompressible flows using a compressible flow solver without 

preconditioning, it is necessary to ensure that the compressibility effect is negligibly 

small. A flow can be considered as incompressible if the Mach number is below the 

critical value of 0.3. In the current thesis, we choose the freestream Mach number to 

be     = 0.06, which is far below the critical value but still sufficiently large for 

numerical stability. Considering the problems with moving boundaries, the actual 

Mach number experienced by the body can be larger than     . To ensure the 

accuracy of the present flow solver, the local Mach numbers in the whole 

computational domain are monitored to guarantee that it is below the critical value. 

The present CFD code has been successfully applied to investigate various 

incompressible flow problems in our previous publications [134,145,147,159,160]. If 

not specified, all the simulations in this thesis are carried out at      =0.06. 

3.2  Governing equations and numerical schemes for 

computational structural dynamics 

3.2.1 Governing equations of nonlinear Euler-Bernoulli beams 

For a sufficiently thin plate with length Lp and uniform thickness hp, its configuration 

undergoing oscillating and deformational motions can be denoted by the instantaneous 
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location of its centreline. By using the thin-plate assumption (hp<<Lp), the potential 

energy    of the plate is given as [161,162] 
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 (3.48) 

Similarly, the kinetic energy    is 
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    (3.49) 

where         is the Cartesian coordinates of any point along the centreline, s is the 

Lagrange coordinate which measures the non-stretched distance from any point of the 

centreline to the leading edge, and    is the density of the plate, and E is the Young’s 

modulus. Employing variational analysis, within any time interval (t1, t2), we can 

derive 
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    (3.50) 

where     is the summation of all the external forces, including the fluid forces. 

By substituting Eq. (3.48) and Eq. (3.49) into Eq. (3.50), and considering the fact that 

the equation is valid at arbitrary t1 and t2, we can obtain the final governing equation for 

the structural dynamics: 
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(3.51) 

In Eq. (3.51), the first term on the left-hand side represents the inertia effect; the second 

and third terms depict the elastic effects of bending and stretching, respectively; and the 

right-hand-side term stands for external forces (including fluid force). The hysteretic 
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structural damping caused by internal friction is considered using the Kelvin-Voigt 

model, where the Young’s modulus   in Eq. (3.51) is replaced by         ⁄  , 

where   denotes the magnitude of the energy dissipation. 

 

At the ends of the beam (leading edge     , trailing edge      ), two boundary 

conditions are available. One is the boundary condition with prescribed motion, which 

is expressed as 

 
 (    )   (    )  [       ]

 

  (    )

  
 [    ]

 
 

  (3.52) 

Another boundary condition is free boundary condition (zero stress and bending), 

which can be expressed as 
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  (3.53) 

3.2.2 Discretisation: finite-difference method 

The nonlinear Euler-Bernoulli beam model described by Eq. (3.51) together with Eq. 

(3.52) and Eq. (3.53) are numerically solved by a finite difference method [162]. The 

plate centreline is discretised by N evenly distributed grid points  1, ,js j N  . Let 

Q  represents the coordinates x, y or their combinations, the derivatives are then written 

as 
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where     is the structural time step and ∆s is the grid size. The resulting system of 

linear equations is solved by an iterative Gauss-Seidel method [161,162]. 

3.3  Fluid-structure coupling and interfacing 

3.3.1 Overview of fluid-structure coupling procedures 

FSI coupling procedures have been actively developed over the past decades. Generally, 

the coupling procedures can be categorised into two groups: monolithic method and 

partitioned method. Monolithic approach is able to solve the FSI problems as a whole 

system, thus has the advantages of robustness, rapid convergence and lager permissible 

time steps, especially in low solid-fluid mass ratio scenarios. This method can be 

achieved by two schemes: discrete monolithic scheme [163–167] and unified 

monolithic scheme [168–170]. In discrete monolithic schemes, the solid and fluid 

domains are formulated and linearized separately and then are assembled into a global 

linear system. In the unified schemes, however, both fields are handled at the equation 

level. Despite of the merits in monolithic methods, it should be noted that in some 

complicated applications, it is mathematically difficult or even impossible to 

formulate single set of equations for both domains. Moreover, the monolithic 

approach is more prone to have ill-conditioned linear systems, which greatly 

compromises its accuracy and convergence rate. [171] 
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In contrary, a partitioned method defines, discretises and solves each physical field 

independently, allowing the use of existing robust and well-established solvers in each 

domain. The coupling is restricted to the fluid/solid interface at which the velocity and 

traction continuity should be satisfied [172]. Partitioned approaches can generally be 

divided into explicit schemes and implicit schemes. The explicit scheme requires no 

subiteration within one time step, but has only first-order temporal accuracy 

regardless the temporal orders of the fluid and solid solvers used. A stability analysis 

of an explicit coupling algorithm was performed by Causin et al. [173] using a 

simplified FSI model in the context of elastic structures and incompressible flows. 

They found that the complete FSI algorithm becomes unconditionally unstable if 

 
    

     
    (3.58) 

where      is the largest eigenvalue of a discrete operator from the discretised 

structural equations, which is only determined by the structural geometry. From 

Equation (3.58), we know that when the solid/fluid density ratio becomes smaller 

and/or the structure becomes more slender (thinner geometry has larger     ), the 

complete FSI system will be more unstable. For those cases involving relatively weak 

fluid-solid interactions (e.g., in the scenario of higher solid/fluid density ratio), this 

algorithm can be used due to the satisfaction of the stability condition, although the 

equilibrium condition at the coupling interface is not enforced. Piperno et al. [174] 

develop a Conventional Serial Staggered (CSS) method to study the classical 

aeroelasticity problems in aeronautical engineering. This method solves the structural 

dynamics implicitly using the fluid loads evaluated at time step index     while the 

fluid dynamics is resolved explicitly, resulting in first-order temporal accuracy. 

Besides, this algorithm is also constrained by the stability condition in Equation (3.58). 

Despite of the loss in time-accuracy and numerical stability issue associated with the 

explicit partitioned approach, this method still has an advantage in saving 
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computational time because no coupling subiteration is required within each time 

step. 

 

To recover the temporal accuracy while keeping its non-iterative manner, Piperno and 

Farhat [175] develop a generalised CSS procedure by introducing a structural 

displacement predictor. This prediction-correction approach guarantees that both the 

fluid and solid equations are resolved implicitly, which retains the second-order 

accuracy of the FSI system. Förster et al. [176] conduct a stability analysis on the 

prediction-correction type of sequential staggered coupling methods. They found that 

the explicit scheme will become more unstable if the fluid/solid density ratio is 

reduced and/or the time-step is smaller, which is consistent with the conclusions from 

Causin et al. [173]. Furthermore, they also concluded that higher order of predictors 

or time discretisation schemes will increase the instabilities of the FSI system. 

 

To remedy the instability issue associated with the explicit partitioned procedure, a 

fully implicit scheme must be used. This can be done by introducing a subiteration 

loop within each time step so that the equilibrium conditions at the interface are 

satisfied. Before proceeding to any implicit coupling scheme which requires 

subiterations within each physical time step, the flow solver (   ) and the structural 

solver (   ) are expressed in two different formulations: 

(1) fixed point formulation: 

 
      

      
  (3.59) 

(2) root-finding formulation: 

 
        

        
  (3.60) 

where   is the position of the fluid-structure interface and   is the fluid load on it.  
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With the fixed-point formulation, the coupled system (Eq. (3.59)) can be solved with 

fixed-point iterations (also known as Gauss-Seidel iterations) between the flow and 

structure solvers, where a relaxation factor ϖ is usually used [177]. Causin et al. [173] 

also analyse the stability characteristics of the Gauss-Seidel coupling method using 

their linearised FSI model. They found that for a constant relaxation factor, this factor 

is required to be a smaller value if 1) the structure becomes more flexible; 2) the 

time-step is reduced; 3) the fluid/solid density ratio is decreased. Another stability 

analysis of a Gauss-Seidel coupling method is performed by Degroote et al. [178,179] 

using a simplified one-dimensional model. By performing a Fourier error analysis, 

they demonstrate that the error modes with low spatial frequencies have higher 

amplification factors, which means that those low wave number error modes are 

responsible for the unstable behaviour. They also find that a simple fixed-point 

iterative scheme (also known as Gauss-Seidel iterative method) is difficult to 

converge, even if it converges, it often requires more subiterations. Additionally, they 

also show that reducing the time step and increasing the structure flexibility will 

increase the subiterations required in fixed-point iterative method. The performance 

of the fixed-point scheme can be significantly improved by adding artificial 

compressibility to continuity equation [180,181], introducing reduced order models 

[182] or using dynamic relaxation parameters (e.g., Aitken relaxation scheme) [183]. 

The artificial compressibility is added as a source term to the continuity equation for 

the cells adjacent to the fluid-structure interface, which imitates the effect of structural 

displacement due to the fluid force and mitigates the compressibility constraint. The 

artificially added term disappears when the coupling converges. However, adding 

artificial compressibility to flow equations requires the accessibility of the source 

code of the flow solver and the additional modification work is nontrivial. However, 

the latter two approaches can be applied to black-box solvers. 

 

The coupled equations in root-finding formulation (Eq. (3.60)) can be solved with 

Interface-Newton methods with Newton-Raphson iterations, where the (inverse) 
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Jacobian can be approximated using reduced order models [184,185]. The linear 

system within each Newton-Raphson iteration can also be solved using a matrix-free 

Krylow solver e.g., generalised minimal residual method (GMRES), with a linear 

combination of previous residual vectors [186,187]. The Interface-Newton methods 

with the Jacobian approximated with reduced order models are also referred to as 

quasi-Newton methods. Vierendeels et al. [182] develop a quasi-Newton method 

aimed at coupling black-box fluid and structural solvers. In their coupling algorithm, 

the Jacobians of both fluid and structural solvers are approximated by means of 

constructing least-squares models using fluid-structure interface information from all 

previous subiterations within one physical time step. In later publications of the same 

research group [177,188], this method is referred to as the Interface Block 

Quasi-Newton with an approximation for the Jacobians from Least-Squares models 

(IBQN-LS). Degroote et al. [177] develop a new quasi-Newton method named 

IQN-ILS (interface-quasi-Newton with inverse Jacobian from a least-squares model) 

based on the technique creating Jacobian approximation from the IBQN-LS algorithm. 

The key difference between the IQN-ILS and the IBQN-LS is that the inverse of the 

Jacobian appearing in the Newton linearisation rather than the Jacobian itself is 

approximated in the IQN-ILS algorithm. The performance of the IQN-ILS is 

compared with other partitioned algorithms (IBQN-LS, Aitken relaxation and 

Interface-GMRES(R)) by Degroote et al. [188]. They conclude that the IQN-ILS 

method has similar performance with the IBQN-LS method but better performance 

than Aitken relaxation and Interface-GMRES(R).  

 

Generally, three important aspects must be considered when selecting coupling 

algorithms, namely, implementation complexity, computational time and numerical 

stability. The explicit coupling schemes (e.g., CSS algorithm with or without 

predictors) have the lowest complexity of implementation, the least computational 

expenditure, but are the most unstable. Thus, the explicit coupling methods are 

usually applied to problems involving weak fluid-structure interactions. For strong 

fluid-structure interactions, fully implicit coupling schemes must be employed in 
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order to ensure the numerical stability. The Gauss-Seidel iterative schemes solve the 

FSI problem in fixed-point formulation by alternatively calling the fluid solver and 

solid solver within a time step until a convergence is reached. The Gauss-Seidel 

methods with no or constant relaxation factors usually cannot reach a convergence, or 

even converged, they require more coupling iterations. These methods can be 

stabilised by introducing artificial compressibility, reduced order models or dynamic 

relaxations. However, these stabilisation methods only enhance the coupling stability, 

but also increase implementation complexity. Another way of achieving fully implicit 

coupling schemes is solving the FSI system in root-finding formulation with 

Interface-Newton methods. However, all these implicit schemes require subiterations 

within one physical time step which substantially increases the computational cost. 

The features of different coupling schemes are summarised in Table 3-1. 

Table 3-1 Summary on the main features of different coupling algorithms 

Coupling Method Complexity Cost Stability 

CSS Low Low Low 

Aitken Relaxation Medium High Medium 

Interface-GMRES High Medium High 

IBQN-LS High Medium High 

IQN-ILS High Medium High 

3.3.2 Coupling between CFD solver and CSD solver 

In the present thesis, we are focusing on numerically studying bio-inspired propulsive 

systems, which are fully three-dimensional and thus require considerable 

computational time. The CSS method is therefore used in the current code 

implementation due to its simplicity and efficiency. As discussed previously, the 

numerical stabilities of explicit coupling algorithms (e.g., CSS method) are 

determined by the geometry, solid-to-fluid mass ratio and flexibility of the structure 

(see Eq. (3.58)), which means that the issues associated with the numerical stability of 
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an explicit coupling approach can be avoided by carefully selecting the parameter 

space. 

 

The CSS procedure implemented in the present code has the following basic steps 

when marching from time step    to     : 

1) Advance fluid field explicitly to time step      based on structural solution at   . 

2) Collect fluid forces on the solid boundary of the fluid mesh and interpolate onto 

the structural mesh. 

3) Advance structural solution implicitly to time step      based on newly obtained 

fluid field at     . 

4) Transfer the structural displacement at      to the fluid mesh. 

5) Update the entire mesh of the fluid domain. 

6) Build the connectivity between different sub-grids if overset grid function is used. 

 

The coupling procedure within one time step is also demonstrated in Figure 3-3 

 
Figure 3-3 Illustration of CSS fluid-structure coupling procedure within one physical time step. 
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3.3.3 Fluid-structure interface 

In the present FSI model, the fluid domain and the solid domain are discretised with 

different schemes owing to different requirements for solving the fluid and structural 

equations. The solution of the fluid equations requires an accurate description of the 

geometry of the body. However, the body is structurally represented by beams or 

plates for the dynamic analysis. Therefore, an interface used for data exchange between 

the two domains is necessary for FSI simulations. 

3.3.3.1 Structural displacement transfer 

Figure 3-4 (a) illustrates the non-conformal interface between the fluid and the solid 

grids. The geometry of the wing is accurately described by the fluid mesh while the 

wing’s structural dynamics is analysed on a planar mesh. For a fluid-structure 

interface depicted in Figure 3-4 (a), an interpolation-extrapolation approach [139] 

needs to be employed in order to convert the displacements from the structural mesh 

points to the fluid mesh points on the wet boundary of the wing. This is achieved 

using a constant-volume tetrahedron (CVT) method proposed by Goura et al. [189]. 

Here, only the concept and mathematical formulation of the CVT method are 

introduced, more details can be found in [189,190]. 

 

 
Figure 3-4 Illustrations of (a) non-conformal fluid-structure interface and (b) constant volume 

tetrahedron.  
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As shown in Figure 3-4 (b), each node    on the fluid grid is connected rigidly to 

three closest points       on the solid plane spanning a tetrahedron. During the 

deforming process, the volume of the tetrahedron is assumed to be a constant. The 

out-of-plane distance ‖ ̅  ‖ thus becomes a function of the in-plane stretching of the 

three connected solid points. In the local coordinate system spanned by difference 

vectors        and       and the normal vector                    , the position of the fluid 

node    can be described as 

                   ̅    (3.61) 

After the deformation of structural grid, the vectors      ,      and thus       are known. The 

parameters   and   are chosen to be constant, i.e.,      and      (subscript 0 

denotes the initial values). As proposed by Goura et al. [189], the parameter  ̅ is 

defined as 

  ̅  
  
        

     

     
 ̅   (3.62) 

which ensures the volume of the tetrahedron spanned by      ,       and      to be a constant. 

With the relation in Eq. (3.61), the displacement of the fluid node can be expressed as 

                 ( ̅  )  (3.63) 

In order to keep the conservativeness, the structural displacements need to be 

transformed to fluid grid linearly. However, the last term in Eq. (3.63), which 

involves cross-product calculation, is nonlinear. With the linearisation method of 

Sadeghi et al. [190], the displacement of a fluid node can be written as 

 
    { [ ]   ̃ ([ ]  

 

 ̃ 
[ ̃]) [ ̂]}     

        { [ ]   ̃ ([ ]  
 

 ̃ 
[ ̃]) [ ̂]}       

(3.64) 
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where  ̃ is the normal vector evaluated at the linearisation point, and [ ̃] is defined 

by  ̃     ̃  ̃ .  ̃  
 ̅   

 

 ̃  is an intermediate variable. The cross-product matrix [ ̂] of 

vector                
  is given by 

 [ ̂]  [

      

      

      
]. (3.65) 

Matrix [ ̂] can be formulated in a similar manner. 

3.3.3.2 Fluid force interpolation 

Due to the non-conformal feature at the fluid-structure interface shown in Figure 3-4 

(a), the fluid load calculated at the fluid nodes must be transferred onto the solid 

nodes via interpolation. The fluid force needed by the structural equation (Eq. (3.51)) 

is the force difference between the two sides of the structure. As demonstrated in 

Figure 3-4 (a), the body surface is divided by the structural mesh into two parts: the 

upper and lower surface. The fluid force at the upper and lower surfaces is 

sequentially interpolated to the CSD grid and then averaged to obtain the force 

difference required by the structural solver.  

 
Figure 3-5 Projection of the fluid and structural points onto a common plane. 

After obtaining the fluid force at the wet boundary of the body, both the fluid points at 

the upper/lower surface which contain the newly calculated fluid load and the 

structural grid points are projected onto a common plane as shown in Figure 3-5. In 

the present work, both the fluid and solid domains are discretised using structured 
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grids, i.e., the projected CFD and CSD grids are composed of quadrilaterals, as 

demonstrated in Figure 3-6. The fluid force value of CSD node p is interpolated from 

four CFD nodes a,b,c,d (which form a quadrilateral containing node p) using the 

following bilinear scheme. 

       ̂[ ̂][ ̂][ ̂]  (3.66) 

where  

 

 ̂  
 

              
  

[ ̂]  [        ]  

[ ̂]  [
        

        
]  

[ ̂]  [        ]   

(3.67) 

 
Figure 3-6 Bilinear interpolation from projected fluid nodes to projected structural nodes. 

3.4  Strategy for deformable overset grids 

The overset grid methodology uses a set of grids which can overlap/embed with each 

other to discretise the flow domain in CFD simulations. A body-fitted grid is generated 

for each component of the geometry without interfering each other, which greatly 

simplifies the overall mesh generation process. This overlapping grid method has even 
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stronger advantages when dealing with multiple bodies with relative motion due to the 

fact that the motion of a component grid will not affect the grid quality of another 

component. However, in order to make the overlapping grids work as one composite 

grid, special treatment must be done to enable the communication between each 

component grid (referred as sub-grid hereafter). Otherwise, one sub-grid will not feel 

the existence of other sub-grids. This special treatment is the process of establishing the 

connectivity between sub-grids, which is known as Overset Grid Assembly (OGA). 

Despite the advantages of overset grid on generating complicated grids and handling 

multiple bodies in relative motion, it does have some restrictions: firstly, meshes in the 

overlapping region should be in similar resolution in order to mitigate the interpolation 

errors. Secondly, the overlapping region must be sufficiently large to provide enough 

stencil points used for desired interpolation schemes. The OGA procedure can be either 

implemented in a stand-alone code, which requires additional work on 

inter-communication with the flow solver, or integrated with flow solver as a unified 

code. The overset grid methods used in the present thesis are introduced in Section 

3.4.1 and 3.4.2. 

 

The biomimetic problems studied here involve passive structural deformations. The 

CFD mesh should also be deformed accordingly. For an overset grid method with 

moving mesh, only the sub-grids associated with deforming bodies need to be 

deformed while the rest sub-grids will stay stationary. For CFD calculation on a 

moving grid, the Geometric Conservation Law (GCL) should be fulfilled [191]. In the 

present CFD solver, the discrete GCL is satisfied by using the relative flow velocity 

when formulating convective flux in Eq. (3.4) and accounting for the temporal change 

of the control volume in Eq. (3.29). No direct evidence so far has proved that the 

overset grid method will violate the GCL. The mesh deformation algorithm used here 

will be introduced in Section 3.4.3. 
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3.4.1 Implicit hole-cutting technique 

An implicit hole-cutting (IHC) method was proposed by Lee & Baeder [192,193] in 

order to alleviate the complexity of explicit hole-cutting method when creating the 

domain connectivity. The IHC method does not require explicit definition of the hole 

boundary, thus it can be completely automated. However, one disadvantage of this 

IHC method is that it could be more computationally demanding than the explicit 

counterpart. 

3.4.1.1 Basic donor detection steps 

The IHC method is intrinsically a cell selection process based on the criterion of cell 

size, and the concept of ‘donor’ and ‘receiver’ is also used here. The donor cell for a 

receiver point on one sub-grid refers to the cell on another sub-grid containing the 

receiver point, as illustrated in Figure 3-7 (a). Following Liao et al. [194], the basic 

donor detection procedure for IHC method follows three steps 

1) Low-order inside/outside cell test. The test uses a quick cross and dot product 

method to check if the testing point is inside or outside a cell. This test is required in 

every step of the donor search process. 

2) High-order inside/outside cell test. Once a potential donor cell is identified in the 

low-order cell test, a test with higher order is triggered, which requires the calculation 

of the computational coordinate (ξ) of the testing point within this cell. The cell will 

become a candidate of the optimum donor for the current testing point if ξ converges to 

a value ranging from 0 to 1. 

3) Cell size based donor selection. If multiple donor cells are found after the previous 

two steps, the one having the smallest cell volume will be selected as the optimum 

donor cell and used for inter-grid interpolation. 
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Figure 3-7 (a) Illustration of the receiver and donor in overset grid; (b) demonstration of the 

concept of ‘cluster’. 

3.4.1.2 Interpolation schemes 

In the present work, the flow variables are transferred from the center points of donor 

cells to receiver points by a trilinear interpolation method. The eight (for 3D case) or 

four (for 2D case, such as a, b, c, d shown in Figure 3-7 (a)) vertices of the donor cell 

form the interpolation stencil points for the receiver point (such as point Q shown in 

Figure 3-7 (a)). With this set of stencil points, the trilinear interpolation method used 

in the present study can be expressed as follows: 

   ̂  ̂  ̂  ∑∑∑ ̂ (   ̂)
   

 ̂     ̂     ̂ (   ̂)
   

 

   

 

   

 

   

 ̃       (3.68) 

where   ̂  ̂  ̂ is the function value at the receiver point and  ̃      are the function 

values at the stencil points. ( ̂  ̂  ̂) are the values of computational coordinate ξ 

calculated via a Newton’s method when establishing the domain connectivity. It 

should be noted that the computational coordinate ξ is not only used during the donor 

searching process, but also simplifies the interpolation of flow variables between 

different clusters in the flow solver. 
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3.4.2 Integrating IHC with hybrid multi-block system 

3.4.2.1 Concept of ‘cluster’ 

For a multi-block structured grid method, the entire computational domain is 

separated into many smaller blocks in order to reduce the complexity of mesh 

generation. Such a grid system consists of two different boundaries: physical 

boundaries (far-field, wall etc.) and matched boundaries (boundaries between 

different blocks in a point-to-point connection fashion). For an overset grid method, 

the entire computational domain is split into several sub-domains and a sub-grid 

(comprised of multiple blocks) is generated for each sub-domain. A sub-grid is here 

termed as a ‘cluster’, i.e., a cluster is a sub-grid composed of one or multiple blocks 

with matched boundaries between them. Figure 3-7 (b) shows a cluster (red coulour) 

consists of three blocks. The basic component of an overset, multi-block grid is 

‘block’, and a block belongs to a ‘cluster’. The inclusion of overset grid method 

creates a third type of boundary: overlapped boundary. Therefore, in the present 

overset, multi-block grid method, the block boundaries are classified into three 

categories: the physical boundary, matched boundary and overlapped boundary (see 

Figure 3-7 (b) for example). At the physical boundary, physical boundary conditions 

such as viscous wall boundary and far-field boundary conditions need to be applied. 

The matched boundary is the boundary where blocks are connected exactly by a 

point-to-point fashion, and the information is exchanged through two-layer of ghost 

cells around each block. The overlapped boundary is the non-physical outer boundary 

of one cluster. To ensure accurate data transfer between different clusters, the two 

layers of ghost cells are also included as fringe cells and join the grid connectivity.  

3.4.2.2 Basic steps of establishing domain-connectivity 

The IHC-based overset-grid algorithm for a multi-block grid system has the following 

basic steps [194]: 

1) The complete geometry is separated into different components; for each component, 

a multi-block body-fitted grid (a cluster) is generated. A Cartesian off-body grid is also 
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generated at the background if necessary. Then all grid clusters are assembled into a 

single overset grid. 

2) Generally, all the blocks in the overset grid have two overlapping relationship: 

overlapped or non-overlapped (far away from each other). The second step is to 

establish overlapping relationship and find donor cells for the boundary cell centre 

points (including the ghost-cell centre points) using the aforementioned donor 

detection procedure. After the process of searching donor cells for boundary cell centre 

points, the overlapping relationship between different blocks is determined. Since 

blocks in the same cluster are connected via matched boundaries, thus the donor cell 

for a boundary cell centre point in one cluster can only exist in the other clusters, and 

the cell centre points in the matched boundaries need not to be tested. 

3) The third step is to search donor cells for interior cell centre points. After 

determining the overlapping relationship in the second step, the interior cell centre 

points only need to be tested for the overlapped block-pairs. This treatment will 

tremendously reduce the computational cost of testing the large number of interior cell 

centre points by ignoring blocks that have non-overlapping relationship. Here, the 

same donor detection procedure is applied to interior points. 

4) For the parallel fluid solver used in the present study, the index information of all 

receiver points and the corresponding donor cells is stored in a preprocessed array on 

master node. Then all the information are reclassified and distributed to the other slave 

nodes. For each processor, it only requires the index information of the receiver points 

distributed to this processor and the corresponding donor cells. 

 

After the aforementioned hole cutting procedure, all grid cells in the multi-block 

overset grid system are categorised into calculated cell and interpolated cell. If a cell 

fails to find the corresponding donor cell, it will be labeled as calculated cell; otherwise, 

it is known as interpolated cell. The fluid variables of the calculated cells will be 

updated normally while the values of these variables of the interpolated cells need to be 
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obtained from their corresponding donor cells. In the present study, the information 

exchange between a receiver cell and its donor cell is completed using a trilinear 

interpolation scheme introduced in subsection 3.4.1.2. 

3.4.2.3 Identification of points inside the body 

For IHC method, it is not required to identify the cells lying inside the body (termed 

as body cells), but it is important for residual estimation and flow visualization. 

Therefore, in the present code, the body cells are identified using the following 

procedure [195]: 

1) After the IHC process, all cells are labeled as either calculated cell or interpolated 

cell. For a closed solid boundary, it is obvious that the calculated cells inside the 

body (body cells) are surrounded by interpolated cells. Thus, the body cells at the 

border of the interpolated cell region can be easily detected by checking the 

intersection status of one cell with the solid surface. First, the coordinates of the 

mid-point of the wall edge are evaluated for all wall cells. 

2) If a calculated cell is adjacent to an interpolated cell, it is labelled as suspicious 

body cell. 

3) If a wall mid-point p is located within a calculated cell abcd (as shown in Figure 

3-8), this calculated cell (abcd) is labeled as body cell. If all wall interested cells 

are discovered, the rest suspicious body cells should be marked as calculated cells 

again. 

4) If a calculated cell is adjacent to a body cell, it is then labelled as body cell. 

Continue this process until all calculated cells inside the body are labelled as 

body cell. 
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Figure 3-8 Identification of body cells, modified from [195]. 

3.4.3 Grid deformation algorithm 

For the grid system used in the present study, the geometry is divided into several 

components and a multi-block body-fitted grid termed ‘cluster’ is generated for each 

component. One or several Cartesian grids may also be needed as the background mesh. 

Only the sub-grids in the clusters involving moving/deforming bodies need to be 

deformed, which will avoid unnecessary movements of mesh vertices. For a cluster 

involving moving bodies, the grids are deformed via a fast and robust moving mesh 

algorithm developed by Tsai et al. [196], where all block corner points in this cluster 

are assumed to be connected with each other by springs whose rigidities are inversely 

proportional to the length of the connecting edges. With the prescribed displacements 

of the block corner points on the deformed surfaces, the motion of the other corner 

points are calculated by iteratively solving the equations of static equilibrium with a 

predictor-corrector process [191]. For parallel computations, the described 

predictor-corrector procedure is performed only on the master node. Once the 

coordinates of all block corner points are obtained, they will be sent to other processors, 

where the TFI algorithm is carried out independently [139]. After computing the new 
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coordinates of all grid vertices, the grid-vertex velocities are then calculated using a 

backward scheme [139]: 

       
  ̅        ̅     ̅     

   
 (3.69) 

where  ̅ is the grid-vertex coordinate. 

3.5  Concluding remarks 

In this chapter, the governing equations for both fluid and solid domains and the 

corresponding numerical methods were introduced. Specifically, the fluid dynamics 

was approximated by solving the compressible Navier-Stokes equations using a 

finite-volume method while the structural dynamics was predicted by solving a 

nonlinear Euler-Bernoulli beam equation with a finite-difference method. The flow 

solver and structural solver were coupled in a partitioned framework using a 

conventional serial staggered procedure. Additionally, the flow solver was based on 

an overset grid system, in which the domain connectivity was created using an 

implicit hole cutting technique. 
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Chapter 4 Numerical Validations 

The present CFD code based on a multiblock structured grid system and the coupling 

with a linear structural solver based modal analysis have been extensively validated 

and applied to investigate different incompressible flow problems in the previous 

publications of our research group [145,147,159,160,197]. In the present thesis, the 

CFD solver has been extended to deal with overset grids (see Chapter 3 for more 

information on the overset grid method) and been coupled with a nonlinear 

Euler-Bernoulli beam model in a partitioned framework. In this chapter, the flow 

solver with overset grids (Section 4.1), the nonlinear beam model (Section 4.2) and 

the coupled FSI solver (Section 4.3) will be validated separately. 

4.1  Validation cases for flow solver 

In this section, the CFD code is validated by four cases. The unsteady flows over 

stationary 2D and 3D cylinders are firstly simulated in Subsection 4.1.1 and 4.1.2 

respectively. In order to demonstrate the capability of the present flow solver in 

coping with moving boundaries, the flows past an oscillating 2D cylinder and a 

plunging 3D wing are simulated in Subsection 4.1.3 and 4.1.4 respectively. It should 

be noted that the present flow solver works only on 3D mesh. For 2D simulations, two 

layers of mesh vertices are used in the direction of the third axis (e.g., z-axis) and 

symmetric boundary condition is applied to the two planes perpendicular to this axis. 

4.1.1 Flow past a stationary 2D cylinder 

The first case used to validate the flow solver in the present thesis is the unsteady flow 

past a 2D circular cylinder, as sketched in Figure 4-1 (a). This case is a benchmark 

case widely adopted to test the accuracy of CFD codes. The Reynolds number based 
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on the diameter of the cylinder D and the uniform incoming flow velocity U∞ is Re = 

185. Two different types of fluid mesh (illustrated in Figure 4-1 (b)) are used in the 

present simulation in order to check the accuracy of the overset grid method. For each 

type of fluid mesh, a fine mesh and a coarse mesh are used to demonstrate the 

sensitivity of the present flow solver to mesh density. Specifically, the fine and coarse 

overset grids consist of 78656 cells and 37600 cells respectively whist the fine and 

coarse multiblock meshes are composed of 80000 cells and 45696 cells respectively. 

 
Figure 4-1 (a) Diagram of the flow past a stationary cylinder, (b) two different types of fluid mesh 

used in the present simulation. 

Figure 4-2 demonstrates the lift and drag coefficients as a function of non-dimensional 

time for fine multiblock mesh, fine overset mesh and coarse overset mesh. It can be 

seen that both lift and drag vary periodically after a transient period.  The results 

from meshes of different types and densities agree well with each other in both 

amplitude and frequency, which demonstrates that the overset grid method in the 

present thesis is accurate and not sensitive to the number of mesh cells if sufficiently 

high mesh density is used. 
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Figure 4-2 Time histories of the lift and drag coefficients obtained from different fluid meshes. 

 

Table 4-1 Numerical and experimental results of CL,r.m.s., CD,mean and St,d at Re=185. 

 
CL,r.m.s. Error CD,mean Error St,d Error 

Present Case I 0.479 8.1% 1.351 5.5% 0.190 0% 

Present Case II 0.489 10.3% 1.327 3.7% 0.183 -3% 

Present Case III 0.473 6.7% 1.351 5.5% 0.189 -0.5% 

Present Case IV 0.507 14.1% 1.347 5.2% 0.188 -1% 

Numerical [198] 0.443 0% 1.287 0.5% 0.195 2.6% 

Experimental [199] - - 1.280 0% 0.190 0% 

Numerical [199] 0.422 -4.7% 1.310 2.3% 0.195 2.6% 

Universal Strouhal [200] - - - - 0.193 1.6% 

Case I: Overset Mesh_F, dt = 0.04D/U∞. Case II: Overset Mesh_C, dt = 0.10D/U∞. Case III: Multibock Mesh_F, dt = 

0.04D/U∞. Case IV: Multiblock Mesh_C, dt = 0.10D/U∞. 

 

The mean value of drag coefficient, the root-mean-square (r.m.s.) value of lift 

coefficient and the Strouhal number from the present simulation and the literature are 

summarised in Table 4-1. It is seen that the present results obtained from different 

mesh type, mesh density and time step agree well with each other. Compared with 
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data from the literature, the present simulation slightly overestimates the CL,r.m.s. and 

CD,mean, but is still in a reasonable range. The Strouhal numbers predicted by the 

present simulation and those from literature are in good agreement. The snapshots of 

flow vorticity from overset grid and multiblock grid when CL is at the maximum value 

are demonstrated in Figure 4-3. The formation of Von Karman vortex street behind 

the cylinder can be clearly observed from this figure. Besides, the vortex shedding 

simulated using overset grid and multiblock grid agree very well with each other. 

 
Figure 4-3 Flow vorticity from fine overset mesh (a), and fine multiblock mesh (b) when CL 

reaches its peak, dt = 0.04D/U∞. 

4.1.2 Flow past a stationary 3D cylinder 

The flow past a three-dimensional cylinder with two different aspect ratios (for Case I, 

Ls/D = 6.28 and for Case II, Ls/D =10.24) is simulated to demonstrate the capability of 

the present code in dealing with fully three-dimensional flows. The spanwise length 

of the cylinder is Ls. The results from the present simulations are then compared with 

those from the literature [201,202]. The Reynolds number based on freestream 

velocity U∞ and the diameter D is Re = 300. The temporal evolutions of lift and drag 

coefficients at two aspect ratios are illustrated in Figure 4-4 (a) and (b). It can be seen 
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that the time histories of force coefficients are modulated for both cases. A similar 

phenomenon is also observed in [202].  

 
Figure 4-4 Time histories of drag and lift coefficients (a), (b) and iso-surfaces of instantaneous 

normalised vorticity magnitude at     =0.4 (c), (d).  (a), (c) Ls/D = 6.28, and (b), (d) Ls/D = 

10.24. 

Table 4-2 Comparison of the present results with those from literature. 

 Ls/D Cd,mean Difference Cl,rms Difference 

Present Case I 6.28 1.217 5.2% 0.463 11.8% 

Rajani et al. [201] 6.28 1.284 - 0.525 - 

Present Case II 10.24 1.234 13.7% 0.466 2.9% 

Constant et al. [202] 10.24 1.430 - 0.453 - 

Figure 4-4 (c) and (d) demonstrate the iso-surfaces of normalised vorticity magnitude 

in the wake of the cylinder, from which we can see that the vortex shedding behind 

the cylinder is completely 3D. The mean value of drag coefficient and r.m.s. value of 

lift coefficient from the present simulation and the literature are summarised in Table 
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4-2. It can be observed that the present results agree reasonably well with the 

published data. 

4.1.3 Flow past an oscillating 2D cylinder 

Here we consider the vortex shedding of an oscillatory circular cylinder in uniform 

incoming flow. All non-dimensional variables are normalised by the cylinder 

diameter D, incoming flow velocity U∞ and the fluid density ρ. Simulations are 

performed based on the overset grid shown in Figure 4-1 (b). The Reynolds number is 

Re = 185. The cylinder undergoes a transversal oscillation which can be described as 

                 where y is the lateral displacement of the cylinder,    and f are 

oscillation amplitude and frequency respectively. To compare the present results with 

those of Guilmineau & Queutey [198], we select y0/D = 0.2, f/f0 = 0.8, 0.9, 1.0, 1.1, 

1.12 1.2, where f0 is the vortex shedding frequency from a stationary cylinder at the 

same Reynolds number. 

 
Figure 4-5 Time histories of CL and CD at Re=185; (a) present simulation, f/f0=0.9, (b) present 

simulation, f/f0=1.2, (c) Guilmineau & Queutey, f/f0=0.9, (d) Guilmineau & Queutey, f/f0=1.2 

[198].  
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Figure 4-5 compares the time histories of CL and CD from the present simulation with 

those from Guilmineau & Queutey [198]. For both frequency ratios, the present result 

shows good agreement with that from [198]. The mean value of CD, r.m.s. values of 

CD and CL from both the present simulation and [198] are demonstrated in Figure 4-6. 

It is observed that for all three variables, the present data agrees very well with that 

from the literature. 

 
Figure 4-6 Variations of mean CD, r.m.s. CD and r.m.s. CL as a function of f/f0, red solid square is 

present simulation result, green empty delta is data from Guilmineau and Queutey [198]. 

As discussed in Subsection 3.1.3, the unsteady Navier-Stokes equation is 

reformulated at each time step as a steady-state problem with a pseudo time  ̃. Instead 

of specifying a convergence criterion, we specify the number of iterations within each 

physical time step. In order to guarantee the flow is fully converged and check the 

sensitivity of the present CFD code to certain parameters, we carry out a parameter 

test in the present thesis. The parameters involved in the test are: Mach number (Ma), 

number of time-step in each motion period (NSTEP) and number of iteration within 

each physical time step (MCYC). The time histories of lift and drag coefficients 

obtained from different parameter combinations are demonstrated in Figure 4-7. We 

can observe from Figure 4-7 (a) that with the same Mach number, if sufficiently large 

NSTEP and MCYC values are used, the flow solver can converge to the same 

 

        

       

       

   ⁄  
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solution. Similarly, Figure 4-7 (b) demonstrates that the Mach number (Ma = 0.06) is 

sufficiently low to make the compressibility effect negligible. The parameter test is 

quantitatively summarised in Table 4-3. 

 

Figure 4-7 Instantaneous lift and drag coefficients obtained from the parameter test at at Re=185, 

f/f0=0.9. Red solid line: Ma=0.06, NSTEP=100, MCYC=100; blue dash-dot-dot line: Ma=0.06, 

NSTEP=100, MCYC=50; green dash line: Ma=0.06, NSTEP=200, MCYC=100; purple dash line: 

Ma=0.1, NSTEP=100, MCYC=100. 

Table 4-3 Summary of parameter test on Ma, NSTEP and MCYC. 

 Ma NSTEP MCYC CD,mean CD,rms CL,rms 

Case I 0.06 100 50 1.544 0.129 0.377 

Case II 0.06 100 100 1.544 0.129 0.378 

Case III 0.06 200 100 1.542 0.129 0.380 

Case IV 0.1 100 100 1.541 0.128 0.372 
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4.1.4 Flow past a plunging 3D wing 

A three-dimensional plunging wing undergoing a plunge motion in a uniform flow is 

simulated and the present results are then compared with those from previous 

numerical [203] and experimental [204] studies. The plunge motion is described as 

                  where    is the plunging amplitude and   is the motion 

frequency. The Reynolds number based on freestream velocity U∞ and chord length c 

is 30,000, the plunging amplitude   = 0.175c and the reduced frequency    ( 

     ⁄ ) is 1.82. It is acknowledged that the turbulence effect may be considerable at 

this Reynolds number (Re = 30,000). However, Heathcote et al. [204] used a laminar 

flow model to validate the force measurement in their experiment and a good 

agreement was achieved in their paper, which indicates the turbulence may still paly a 

marginal role even at the Reynolds number as high as 30,000. Therefore, a laminar 

flow model is chosen in the present case. 

 

 
 

Figure 4-8 (a) Overset grid of the 3D plunging wing. (b) Experimental and numerical time 

histories of the thrust coefficients for the plunging wing within two flapping periods [203,204] 

 

Figure 4-8 (a) demonstrates the overset grid used for the CFD simulation, where a 

body-fitted cluster is generated around the wing and a Cartesian background mesh is 

used to provide a far-field boundary condition. The experimental and numerical time 
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histories of the thrust coefficients are compared in Figure 4-8 (b). It is seen that the 

experimental thrust coefficient is asymmetric between the downstroke and the 

upstroke of the wing, while this phenomenon was not observed in the numerical 

simulation of the present and Gordnier et al. [203]. However, the reason for this 

asymmetry was not discussed in Heathcote et al. [204]. The current computed thrust 

peak is in good agreement with the peak during downstroke in the experiment. The 

flow vorticity is demonstrated in Figure 4-9, where we can observe the vortex 

shedding behind the wing. 

 
Figure 4-9 Instantaneous Z-vorticity of the plunging wing at four typical positions. 

 

 

t=0 t=T/4 
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4.2  Validation cases for structural solver 

4.2.1 Structural deflections of a cantilever under static loads 

The structural solver is firstly validated by examining the deflections of a cantilever 

beam under different static external loads. Here, two different types of load are 

examined: concentrated load Pc at the free end (Case I) and uniformly distributed load 

ωu (Case II), as sketched in Figure 4-10. The length of the cantilever is l. 

Theoretically, the bending deformation of the cantilever under concentrated load 

(Case I) can be described as 

   
   

 

   
        (4.1) 

For uniformly distributed load (Case II), the deformation of the cantilever can be 

expressed as 

   
   

 

    
              (4.2) 

 
Figure 4-10 Sketch of beam deflections under static external loads [205]. 

Case I

Case II

Pc

ωu
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Figure 4-11 Deflections of a cantilever beam under different static loads. Theory [205]. 

Here, we select Young’s modulus E = 106 Pa, beam length l = 0.1 m and beam 

thickness hp = 0.001 m. The concentrated load is Pc = 5x10-4 N and the uniform load 

is ωu = 1.0x10-2 N/m. The present simulation results are compared with those 

obtained from theory in Figure 4-11, from which we can observe the present results 

agree very well with theory. 

 

4.2.2 The first and second order bending modes of a cantilever 

The accuracy of the present structural solver is further validated by numerically 

reproducing the first and second order bending modes of a cantilever via imposing a 

forced heave motion with small amplitude at the leading edge of the beam. The 

following parameters are used in this simulation: length l = 0.1 m, thickness hp = 0.001 

m, density    = 10 kg/m3, Young’s modulus E = 100 GPa, and heave amplitude y0 = 

0.5hp. The natural frequencies of a cantilever can be calculated as [205] 
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    (
  

 
)
 

√
  

   
            (4.3) 

where I is second moment of inertia, S is the cross-section area, and ,    = 1.875 and 

4.694 for the first and second order natural frequencies respectively. The modal 

functions are expressed as 

 
                      

   [                ]            
(4.4) 

where 

     
                

                
            (4.5) 

The first two bending mode shapes are shown in Figure 5.2-1 (b). It can be observed 

that the calculated and theoretical results agree perfectly well with each other. 

 
Figure 4-12 First and second order bending modes of a cantilever beam. Theory [205]. 
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4.3  Validation cases for coupled FSI solver 

4.3.1 Responses of a flexible cantilever behind a square cylinder 

To validate our coupled fluid-structure interaction solver, we numerically predict the 

dynamics of a thin elastic cantilever placed in the wake of a stationary rigid square 

cylinder (as shown in Figure 4-13). This case has been widely used as validation 

benchmark for fluid-structure interaction solvers [206–209]. When the Reynolds 

number is higher than a critical value, the flow separates from the leading corners of 

cylinder at a constant frequency. The oscillating flow results in the oscillation of 

lifting force, which excites the flexible cantilever attached behind it to vibrate 

accordingly. The dimensionless parameters for the fluid and structure are as follows: 

The structure to fluid mass ratio, which is defined as           ⁄ , is 1.27, the 

non-dimensional bending stiffness of the cantilever, which is defined as    

       
 ⁄ , is 0.226 and the Reynolds number based on D is 332. Both the multiblock 

grid and the overset grid are used for fluid dynamics simulation, as shown in Figure 

4-14. For overset grid, independent clusters are generated for the square body and the 

cantilever. 

 
Figure 4-13 Diagram of a flexible cantilever attached behind a square cyldiner. 

hp=0.06D



Fluid-Structure Interaction Simulations on Skeleton-reinforced Biomimetic Fin Propulsion 

113 

 

 
Figure 4-14 Overset grid (a) and multiblock grid (b) used for the computational fluid dynamics 

simulation. 

The time histories of the dimensionless cantilever tip displacements obtained from 

both overset grid and multiblock grid are demonstrated in Figure 4-15, from which we 

can see that the vibration of the cantilever becomes periodic after a transient region 

and results from two different kinds of mesh agree well with each other in terms of 

oscillation amplitude and frequency. Figure 4-16 shows vorticity contours when the 

beam reaches the extreme positions. It is observed that flow separates at the leading 

corners and a clockwise vortex forms at the upper region while its counterpart forms 

at the lower region. These vortices travel along the vibrating cantilever and dissipate 

into the wake. The vortices at the trailing edge shed into the wake forming the famous 

Von Karman vortex street. The quantitative reduced frequency (        ⁄ ) and 

the dimensionless maximal tip displacement (    
 ) are summarised in Table 4-4 

along with other available data. Obviously, present results from both overset grid and 

multiblock grid agree well with others from the literature though the reduced 

frequency in the present simulation is slightly higher than the results from referred 

literatures [206–209]. The maximal tip displacements obtained here     
 =1.12 and 

1.08 are close to those using different FSI solvers, which ranges from1.02 to 1.25. 

(a) (b) 
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Figure 4-15 Tip displacement of the flexible cantilever. 

 

Table 4-4 Comparison of present result with those from open literature. 

Author        
  

Matthies et al. [209] 0.192 1.18 

Dettmer et al. [210] 0.185 1.25 

Wood et al. [206] 0.179 1.15 

Kassiotis et al. [207] 0.182 1.05 

Habchi et al. [208] 0.201 1.02 

Present (overset grid) 0.211 1.12 

Present (multiblock grid) 0.213 1.08 

 

tU/D 

ytip 
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Figure 4-16 Instantaneous flow vorticity of the oscillating elastic cantilever at typical positions, 

overset grid. 

4.3.2 Responses of a heaving flexible plate in a uniform flow 

The present FSI solver is further validated against previous experiment [211], where a 

flexible plate is immersed in a uniform flow and imposed a heave motion at the 

leading edge, as schematically illustrated in Figure 4-17 (a). In the experiment, the 

plate has a rounded leading edge and tapered trailing edge. The chord length is c, the 

thickness is hp = 0.033c, and the aspect ratio is unity. The dimensionless bending 

stiffness is Kb = 4.2, mass ratio m* = 0.3. The Reynolds number based on the chord 

length and incoming flow velocity is Re = 6000. The heave motion at the leading edge 

is prescribed as                 , where y0 = 0.033c is the heaving amplitude and 

f is the heaving frequency. Although the experiment is three-dimensional, only 

two-dimensional deformations are recorded. To reduce the computational cost, in our 

simulation, a two-dimensional model is used. The multiblock mesh for the numerical 

simulation is demonstrated in Figure 4-17 (b). 
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Figure 4-17 (a) Sketch of the experimental setup [211]. (b) Fluid mesh used for CFD simulation. 

The dimensionless trailing edge amplitude    (normalised by   ) and the phase lag 

( ) between the leading edge motion and the trailing edge displacement as functions 

of reduced frequency are demonstrated in Figure 4-18. It is seen that as the increase of 

the motion frequency, the trailing edge amplitude reaches a peak when     is 

approximately 5.6, which is attributed to the resonance when the motion frequency is 

close to the natural frequency of the plate. It is observed that the present simulation 

successfully captures this peak value and the phase lag is also in good agreement with 

the experimental data. 

 
Figure 4-18 (a) Non-dimensional trailing edge amplitudes, and (b) phase lags between the leading 

edge motion and the trailing edge motion. Experiment [211]. 
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Figure 4-19 (a) Deformation patterns, fr=5.6, and (b) flow vorticity within one motion period. 

Figure 4-19 (a) shows the deformation pattern when the resonance occurs (fr = 5.6). It 

can be seen that the present result agrees quite well with that recorded in experiment. 

The flow vorticity from the present simulation is demonstrated in Figure 4-19 (b), 

from which we can see the vortex traveling along the plate and the vortex shedding at 

the trailing edge, forming a reverse Von Karman vortex street. 

4.4  Concluding remarks 

In this chapter, the present code was validated through some benchmark and 

experiments. Firstly, the flow solver was validated by simulating the unsteady flows 

over 2D and 3D circular cylinders. The time averaged lift and drag coefficients were 

compared with data from literature and good agreements were obtained. To examine 
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the accuracy of the present CFD code in coping with moving boundary problems, the 

flow past an oscillating 2D circular cylinder was simulated. The present simulation 

results agreed well with those from literature. Additionally, the sensitivities of the 

present flow solver to some parameters (e.g., grid type, grid density and time step) 

were also checked in this chapter. It was concluded that with sufficiently dense grid 

and small time step, good convergence was achieved by the present CFD code. 

Besides, results from overset grid and multiblock grid agreed very well with each 

other, demonstrating the successful implementation of the overset grid function in the 

present code. Next, the accuracy of the structural solver used in the present thesis was 

examined by numerically calculating the deflection of a cantilever under static 

external loads, and reproducing the first and second bending modes of a cantilever. 

The present simulation results agreed well with the theories. 

 

Finally, the coupled FSI code was validated by two cases. The first case involved a 

flexible cantilever attached to a rigid square cylinder. The flow separated from the 

leading corners of the square and the shedding vortices excited the flexible beam to 

vibrate. The oscillating amplitude and frequency of the flexible cantilever were then 

compared with those from literature. Good agreements were accomplished. The 

second case was a heaving flexible plate immersed in a uniform flow. The flexible 

plate experienced a resonance as the heaving frequency increases from low to high, 

which was also captured in the present simulation. 

 

In summary, the validation and sensitivity studies of the present FSI solver were 

carried out in this chapter. It can be concluded that the present FSI solver has 

acceptable order of accuracy, i.e., it can be used to investigate some fluid-structure 

interaction problems encountered in practical applications. 
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Chapter 5 Effects of Spanwise Deformations 

on the Performance of a Ray-Strengthened 

Caudal Fin 

5.1  Problem description 

In the present study, an idealised three-dimensional fin, as shown in Figure 5-1 (a), is 

numerically examined. The fin is modelled as a rectangular membrane supported by 

evenly distributed rays. The lengths in both x- and z-directions are c, resulting in an 

aspect ratio of unity. The thickness is selected to be hp = 0.004c. Kinematically, the 

front end (i.e. the basal end) of each ray undergoes a sinusoidal sway motion in 

y-direction, which is depicted as                 , where y0 is the sway amplitude 

and f is the motion frequency. In the present simulations, we select y0 = 0.5c and the 

Strouhal number based on the sway amplitude is defined as       
    

  
. It should be 

noted that this definition of the Strouhal number is different from the one based on the 

tip excursion. This is because the displacement of the trailing edge varies along the 

span so that it is difficult to specify a tip excursion. 

 
 

Figure 5-1 (a) Illustration of the idealised caudal fin model; (b) Stiffness of each ray (Ki) in various 

stiffness distributions. 

 

z 

U∞ 

Ray 1 

Ray 11 

Ray 6 

c 

c 

x 

(a) (b) (a) (b) 



PhD Thesis, Guangyu SHI, University of Strathclyde, April 2020 

120 

The fin considered here has 11 evenly distributed rays (typical number in a real fish 

fin varies from 10 to 20, [37]) with various bending stiffness. Each ray is structurally 

represented by a nonlinear beam with uniform Young’s modulus. The normalised 

bending stiffness of the ith ray is defined as    
   

   
    (i = 1,…,N), where N = 11, Ei 

is the Young’s modulus of the ray and ρ is the fluid density [161]. In this study, we 

assume that the bending stiffness of the membrane itself is negligible, i.e., the rigidity 

of the fin is solely determined by the stiffness of the rays. However, the membrane 

does provide constraints upon the ray’s motion, which are modelled as linear springs. 

Based on our numerical tests, the spring constant here is chosen to be 0.02   
  , i.e., 

the springs are soft enough to allow large spanwise deformations, yet stiff enough to 

prevent too much expansion of the membrane. To reduplicate various fin 

deformations observed in previous experiments [38] and simulations [53], four 

different distributions of Ki (as shown in  Figure 5-1 (b)), which correspond to four 

different deformation patterns, are considered in the present work: 

1) Uniform distribution:      . 

2) Cupping distribution:         ⁄ , where       [     (
      

   
)]. 

3) W-shape distribution:         ⁄ , where       [  |   (
       

   
)|]. 

4) Heterocercal distribution:         ⁄ , where       [     (
      

      
)]. 

Here Kb is a constant and measures the mean stiffness of all the rays and   

 

 
∑   

 
   . The parameter λ is selected to be 1, i.e., the stiffness of the least flexible 

ray is twice that of the most flexible one. Apart from the bending stiffness, another 

important parameter for this problem is the mass ratio, which is defined as    

      ⁄ . Here the mass ratio is selected to be    = 0.2. 

 

The propulsion performance of the fin is characterised by the mean thrust 

coefficient    
̅̅ ̅̅ , the mean power expenditure coefficient    

̅̅ ̅ and the propulsion 

efficiency η. Here    
̅̅ ̅̅  is calculated by averaging the instantaneous thrust 
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coefficient       over one motion period T. The thrust coefficient is defined as 

[83,100] 

       
      

  ⁄    
   

  (5.1) 

where       is the x-component of the instantaneous hydrodynamic force      . 

 

Similarly, we have [83] 

       
    

  ⁄    
   

  (5.2) 

where P(t) is the instantaneous power expenditure, which is evaluated as [27,54,100] 

       ∬         
 

              (5.3) 

where            is the moving velocity of the fin, which is evaluated using Eq. 

(3.69). The mean power expenditure coefficient   
̅̅ ̅ is then calculated by averaging 

power coefficient        over one motion period. We assume that the energy 

transferred from the fluid to the caudal fin cannot be reused, thus the negative values 

of       are set to be zero [100]. Therefore, the propulsion efficiency η is calculated 

as [83,100] 

   
     

 
 

      

  ⁄    
   

    

  ⁄    
   

⁄  
   
̅̅ ̅̅

   
̅̅ ̅

  (5.4) 

It is worthy to point out that we are not exactly duplicating the real fish caudal fin 

geometrically and materially. Instead, we extract some key features (ray-strengthened, 

anisotropic flexibility and fluid-structure interaction) possessed by real fish caudal fin, 

aiming at providing some useful guidelines for bio-inspired robotic fin design. 

Additionally, the present work is definitely not a simple repeat of Zhu and Bi [43]. 
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Instead, we use a more sophisticated flow solver which is physically more accurate 

(e.g. the capturing of vorticity shedding from the leading, dorsal, and ventral edges). 

The present work also paves the way for future research involving active control over 

the curvature and stiffness of the fin rays. 

5.2  Self-consistency study 

In order to check the dependency of the current numerical results on the CFD mesh 

density and physical time step size, simulations are carried out for cupping stiffness 

distribution at Kb = 1.0 and St,a = 0.4. Since the near fluid field around the caudal fin 

has more significant effect on the fin’s performance, only the mesh density of Cluster 

2 (see Figure 5-2) is varied in mesh dependency test and the background mesh 

(Cluster 1) remains unchanged.  

 
Figure 5-2 The overset grid for the fluid domain. 

The computational domain of the body-fitted cluster is essentially a box. The mesh 

density is changed via adjusting the number of grid point along three directions. A 

fine mesh (MESH_F) is generated with 201×161×81 grid points in x-, y-, and 

z-direction respectively. Similarly, a medium mesh (MESH_M) and a coarse mesh 

(MESH_C) are generated with 161×141×61 grid points and 121×121×41 grid points 

respectively. Figure 5-3 (a) shows the instantaneous thrust coefficient within one 

motion period using different body-fitted meshes. It is observed that the thrust 
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produced by the three meshes perfectly agree with each other, indicating that 

MESH_M is sufficient to simulate the three-dimensional caudal fin case. With 

MESH_M, we then examine the sensitivity of the present CFD code to the physical 

time step size using three different time steps. The results are illustrated in Figure 5-3 

(b), from which we find that dt = T/200 is sufficient to simulate the flow field around 

the caudal fin. The time-averaged thrust, power expenditure coefficients and the 

propulsion efficiency are summarised in Table 5-1. Therefore, in the following 

simulations, we use MESH_M and dt = T/200 to investigate the proposed problem. 

Table 5-1 CFD mesh and time-step sensitivity test results. 

    
̅̅ ̅̅     

̅̅ ̅̅    

MESH_C, dt=T/200 0.545 2.980 0.183 

MESH_F, dt=T/200 0.548 3.023 0.181 

MESH_M, dt=T/200 0.547 3.024 0.180 

MESH_M, dt=T/160 0.541 3.026 0.179 

MESH_M, dt=T/240 0.545 3.023 0.180 

 
 

Figure 5-3 Sensitivity study of the present code to (a) mesh density, (b) physical time step. Cupping 

distribution, Kb=1.0, St,a=0.4. 
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5.3  Results and discussions 

The three-dimensional caudal fin problem depicted in Figure 5-1 is solved using the 

aforementioned fluid-structure interaction solver in Chapter 3. Figure 5-4 shows the 

computational domain for fluid dynamics. In Figure 5-4, the fin is enlarged for clarity, 

which does not represent the real scale in the computational domain. The origin is 

located at the leading edge of Ray 1 and the flow direction is along the x-axis. On the fin 

surface, we apply the no-slip boundary condition; while for the other boundaries, the 

non-reflective far-field boundary condition is imposed. The Reynolds number, which 

governs the fluid behavior, is defined as    
    

 
, where μ is the fluid dynamic 

viscosity, and in the present simulations we choose Re = 1000. It is worth noting that in 

real applications, the Reynolds number could be in the order to 104 or higher (see 

Table 2-1), where the turbulence effects should be taken into consideration. 

 
Figure 5-4 Sketch of the computational domain for 3D caudal fin simulation. The fin is not in scale 

with the computational domain. 

5.3.1 Fin deformation 

Figure 5-5 demonstrates the fin deformations within one motion period for various 

stiffness distributions. From the top views, we can see that the deformation patterns 

from different stiffness distributions are quite similar to each other, with the bending of 
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all the fin rays dominated by the lowest mode. However, for the deformation patterns 

viewed from behind, different stiffness distributions demonstrate distinctive features. 

Despite the fact that all the rays are identical, the fin with uniform stiffness distribution 

also displays spanwise deformation (Figure 5-5 (b)), which resembles a cupping 

deformation. This can be attributed to the non-uniformly distributed fluid forces along 

the span of the fin due to the finite aspect ratio and the vortices rolling up at the dorsal 

and ventral edges (Ray 11 and Ray 1 respectively).  

 
Figure 5-5 Typical fin deformations for different ray stiffness distributions viewed from the top (left 

column) and behind (right column); (a) (b) uniform distribution; (c) (d) cupping distribution; (e) (f) 

W-shape distribution; (g) (h) heterocercal distribution. 

For the cupping distribution of the ray stiffness (Figure 5-5 (d)), the rays at the dorsal 

and ventral edges lead the sway motion while the ray in the middle (Ray 6) falls behind. 
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This is because the ray in the middle is softer than those at the upper and lower edges, 

and the hydrodynamic loading on the central part of the fin is larger than elsewhere. 

With the W-shape stiffness distribution, the fin deformations become more 

complicated, where multiple curvature reversals are generated. The heterocercal 

stiffness distribution generates asymmetrical deformation patterns, which distinguishes 

itself from the other stiffness distributions, where the deformations obtained are 

symmetrical with respect to the centre line (Ray 6). It should be noted that the fin 

deformation patterns in the present paper are achieved solely by passive ray deflections. 

In the experiments of Esposito et al. [38], the fin deformations were modulated by 

changing the phases and excursions of the fin rays, which are intrinsically different 

from the approach we use here. 

 
Figure 5-6 Deflections in y-direction of Ray 1 (blue solid lines) and Ray 6 (red dash-dot lines) for (a) 

uniform distribution and (b) cupping distribution, St,a=0.4, Kb=0.5. 
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The actual lateral deflections of Ray 1 and Ray 6 for two different stiffness distributions 

within one flapping period are shown in Figure 5-6. Overall, the deformation patterns 

from uniform and cupping distributions are similar to each other, indicating that the 

uniform distribution actually leads to a cupping deformation. However, for the cupping 

distribution, Ray 6 deforms much more significantly due to the lower bending stiffness 

while Ray 1 has smaller lateral deflection, which creates a higher phase lag between the 

two rays. 

 
Figure 5-7 Normalised displacements of leading edge yL/c (red dash line), trailing edge yT/c (blue 

dash-dot line) and effective pitch motion (yT - yL)/c (green dash-dot-dot line) of Ray 6, and thrust 

coefficient CT (pink solid line) in cupping distribution at St,a=0.4; (a) Kb=1.0, and (b) Kb=0.3. 
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The lateral deflection of the caudal fin rays shown in Figure 5-6 essentially creates a 

pitch motion, which can be expressed as (yT - yL)/c, where yT and yL are the lateral 

displacement of the ray’s trailing edge and leading edge respectively. Figure 5-7 

demonstrates the lateral deflections of the leading edge, trailing edge and pitch motion 

of Ray 6, together with the thrust coefficient CT in cupping distribution at two different 

values of Kb. The amplitude of the ray’s trailing edge is larger than that of the leading 

edge due to the lateral deflection, which leads to a stronger wake and thereby enhancing 

the thrust generation. Another factor contributing to higher thrust is the creation of a 

pitch motion, which redirects the fluid forces acting on the fin surface and generates 

larger component in forward direction. Comparing the pitch motion curve (green 

dash-dot-dot line) with the CT curve (pink solid line), we can observe that the peak 

value of the thrust is accomplished at the largest relative displacement (corresponding 

to the largest pitch angle). A closer observation and comparison of Figure 5-7 (a) and (b) 

reveal that the thrust generation is also greatly affected by the phase lag between the 

lateral motion and the pitch motion. For example, at Kb=1.0, where the largest mean 

thrust coefficient is achieved (see Figure 5-9), the phase lag between the lateral motion 

and the pitch motion is approximately 76 degrees while the phase lag at Kb=0.3, where 

the lowest thrust is generated, is found to be around 105 degrees, which is considered 

out of the optimal range [36]. We note that the phase lag maximising the thrust 

generation in our study deviates from the optimal value obtained experimentally by 

Park et al. [36]. This may be attributed that the mechanical caudal fins used by Park et 

al. [36] have uniform material properties; whilst in the present study, the bending 

stiffness is varied along the span, leading to more complicated deformation patterns. 

Another reason may be the effect of mass ratio. To enhance numerical stability, the 

mass ratio is chosen to be 0.2 in the present simulations, whereas the mass ratio used in 

the experiment of Park et al. is below 0.03.  

5.3.2 Force generation and propulsion efficiency of the fin 

The instantaneous thrust coefficient, lateral force coefficient and power expenditure 

coefficient within one flapping period for both rigid and flexible fins are shown in 
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Figure 5-8. The most pronounced effect of the structural flexibility is the significant 

increase in the peak value of CT. This is attributed to larger flapping amplitude and 

effective pitching angle due to the structural deformation, which will be discussed later. 

Another effect of flexibility is the reduction in lateral force CY. This can be explained 

by the fact that flexibility can significantly reduce the work done to the surrounding 

fluid so that less energy is needed to activate the caudal fin. 

 

Figure 5-9 shows the mean thrust coefficient    
̅̅ ̅̅ , the mean power expenditure 

coefficient    
̅̅ ̅̅  and the propulsion efficiency η as functions of the mean bending 

stiffness of the rays for different distributions at St,a=0.4. The rigid ray case is also 

included for comparison. From these figures, we can see that the rigid fin cannot 

generate any net thrust at this Strouhal number, as the longitudinal force is mostly 

provided by shear stresses due to the lack of effective pitching motion. This is different 

from the result of Zhu & Bi [53], where finite thrust was generated by a rigid caudal fin. 

The difference is attributed to the fact that the fin used in our study is much thinner than 

the one used by Zhu & Bi (0.004c vs. 0.02c) so that the component of the pressure force 

in the forward direction is significantly reduced. Moreover, the current model includes 

viscous friction on the fin surface, which further diminishes the thrust. Within the range 

of bending stiffness considered here, all flexible fins have improved propulsion 

performance with increased thrust and efficiency. For all types of stiffness distributions, 

the mean thrust coefficient   
̅̅ ̅̅  experiences a significant increase and then a sharp 

decline with the increase of the flexibility, with the peak    
̅̅ ̅̅  values achieved at an 

optimal flexibility of Kb=1.0 [86]. A similar trend is seen in the propulsion efficiency, 

where the peaks are achieved at smaller Kb values, which vary with specific stiffness 

distribution profiles. Interestingly, a slight increase of the power expenditure    
̅̅ ̅̅   is 

witnessed at stiffer rays for all types of stiffness distributions. But due to the fact that 

   
̅̅ ̅̅   is increased at a larger magnitude, the efficiency still rises. As the bending 

stiffness becomes smaller than the optimal value, both the thrust coefficient   
̅̅ ̅̅  and the 

power expenditure coefficient    
̅̅ ̅̅  begin to fall, but    

̅̅ ̅̅  drops with a larger rate, 



PhD Thesis, Guangyu SHI, University of Strathclyde, April 2020 

130 

resulting in an increase of the propulsion efficiency. As the mean stiffness Kb further 

decreases,    
̅̅ ̅̅   decreases faster than    

̅̅ ̅̅ , which causes a significant decline in 

efficiency. 

 
Figure 5-8 Time histories of the instantaneous thrust coefficient CT, lateral force coefficient CY and 

power expenditure coefficient CP over one motion period for a rigid fin and a flexible fin (cupping 

distribution, Kb=0.5) at St,a=0.4. 

A closer inspection of Figure 5-9 reveals that when the mean bending stiffness Kb is 

larger than the optimal flexibility value, the differences between various stiffness 

distributions are marginal. The thrust forces generated by cupping and W-shape 
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distributions are only slightly higher than those from uniform and heterocercal 

distributions. However, the differences become more pronounced when the fins are 

more flexible, which is consistent with previous simulations [53] while contradictory 

with the experimental study [38], where they concluded that with more compliant fin 

rays, the forces generated by the robotic caudal fin are less varied. However, we note 

that there exists fundamental difference in terms of the mechanism used to actuate the 

rays and create various deformation patterns between the present work and the 

experiment. In our cases, all fin rays undergo the same sway motion at the basal ends 

and the various deformations are accomplished passively.  

 
Figure 5-9 Mean thrust coefficient   

̅̅ ̅̅ , mean power expenditure coefficient   
̅̅ ̅̅  and propulsion 

efficiency η as functions of the mean bending stiffness Kb for different fin deformations at St,a=0.4. 

On the contrary, in the experiment, the robotic rays were activated individually, and 

various fin shapes were created by varying the phase lags between different rays. 

Generally, more flexible fin rays are more compliant to surrounding flows. For the 

present simulations, compliance enlarges the differences between the deflections of fin 

rays, thus magnifying the effect of various stiffness distributions. In the experiment, the 
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compliance of the robotic fin rays mitigates the effects of phase lags between them and 

reduces the differences between various deformation patterns. 

 

As aforementioned, in the present study, softer caudal fins have more distinctive 

deformation patterns under different bending stiffness distributions. Therefore, the 

differences in thrust generation and efficiency between various stiffness distributions 

are more pronounced for fins with more flexibility, which can be observed in Figure 5-9. 

Specifically, for very soft caudal fins, the uniform distribution creates the largest thrust 

and highest propulsion efficiency, whereas the cupping distribution generates the least 

thrust and lowest efficiency. But cupping distribution has the lowest power expenditure 

coefficient. The W-shape and the heterocercal distributions only have mediocre 

performance. Figure 5-10 shows the same plots as Figure 5-9 at a smaller Strouhal 

number (St,a = 0.3), from which we can draw the same conclusions. 

 
Figure 5-10 Mean thrust coefficient   

̅̅ ̅̅ , mean power expenditure coefficient   
̅̅ ̅̅  and propulsion 

efficiency η as functions of the mean bending stiffness Kb for different fin deformations at St,a=0.3. 

The present conclusion that the fin with uniform stiffness distribution has the best 

overall performance in terms of thrust generation and efficiency seems to be different 
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with those from previous experimental [38] and numerical [53] studies. For example, 

Esposito et al. [38] found that the cupping motion produced more thrust than the other 

motions (flat, W, undulation and rolling). However, as previously mentioned, the 

mechanism to actuate the fin rays in the numerical studies is different from the one in 

experiments. Besides, we should note that the uniform distribution in the present work 

does not correspond to the flat motion in the experiment. In the present paper, the 

uniform stiffness distribution eventually results in cupping deformation patterns due to 

the non-uniform distribution of the fluid loads along the fin span. This cupping effect is 

more pronounced in softer rays. From this perspective, our conclusion is actually 

consistent with the experiment. Zhu & Bi [53] numerically examined a similar problem, 

where they concluded that the ‘W’-shape distribution performed the best, which is also 

different from the present simulation. The difference is likely to be attributed to the 

methods used to resolve the surrounding flows: an inviscid flow model was used by 

Zhu & Bi, which neglected the viscous effect and vortices shed from the leading edge 

and the dorsal and ventral edges. These vortices are believed to significantly affect the 

pressure distribution across the fin surface, thereby affecting the performance [212]. 

5.3.3 Near-body flow field 

The wake behind the flexible caudal fin is demonstrated in Figure 5-11. As we can see 

that for all stiffness distributions, the wake is composed of a sequence of vortex-rings 

that are comparable with the caudal fin in size. For the symmetrical deformations with 

respect to the centre line (uniform, cupping and W-shape), the vortex rings behind the 

fin are also symmetrical and resemble each other. Only subtle difference at the 

connection between neighbouring rings can be observed. However, for the 

asymmetrical deformation (heterocercal), it is evident that the vortex-rings are tilted 

upward compared with those from symmetrical deformations. The force component in 

vertical direction is thus significantly increased, which can be used for maneuvering 

and stabilising. 
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Figure 5-11 Iso-surfaces of normalised vorticity magnitude (    = 2) in the wake behind a fin 

with different stiffness distributions; (a) uniform distribution, (b) cupping distribution, (c) w-shape 

distribution, and (d) heterocercal distribution. St,a=0.4, Kb=0.5, t=T/4. 

 

A sectional view of the wake behind the caudal fin is shown in Figure 5-12. With 

symmetrical stiffness distributions, the fin produces a pair of tip vortices from the 
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trailing edges of the dorsal (Ray 11) and ventral (Ray 1) rays. These vortices are 

counter-rotating and have approximately equal strength. For the fin with heterocercal 

stiffness distribution, there are also two counter-rotating tip vortices (with different 

strength) shed from the ray trailing edges. 

 

 
Figure 5-12 Vorticity fields behind the flexible fin with (a) uniform, (b) cupping, (c) w-shape and (d) 

heterocercal ray stiffness distributions. The contours display the y-component of the vorticity within 

y=0 plane. St,a=0.4, Kb=0.5, t=T/4. 

5.4  Concluding remarks 

In this chapter, we develop a fully coupled fluid-structure interaction model that can be 

used to study skeleton-strengthened fish fins. With this model, we elucidated the 

effects of various spanwise deformation patterns on the propulsion performance of fish 

fins by numerically examining a three-dimensional ray-supported caudal fin. With four 

spanwise stiffness distributions (uniform, cupping, W-shape and heterocercal), certain 

deformation patterns observed in experiments were reproduced. For all stiffness 

distributions, the performance of the caudal fin was enhanced over a wide range of 

flexibility. Both the thrust and the efficiency experienced an increase and then a 

decrease as the flexibility increased, indicating the existence of an optimal flexibility. 
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The differences between various stiffness distributions were more pronounced in softer 

rays. Among these stiffness distributions, uniform distribution was found to have the 

best overall performance in terms of thrust generation and efficiency, while the cupping 

distribution required the least power expenditure. This conclusion seemed to contradict 

previous experimental study [38]. By analysing the actual deformations, however, it 

was found that with a uniform bending stiffness distribution, the caudal fin produced a 

‘cupping’ deformation as well due to the non-uniformly distributed fluid loads across 

the fin surface. Subsequently, both uniform and cupping stiffness distributions led to 

cupping deformation patterns. But the cupping distribution was more likely to be 

“over-cupped” (i.e. the passive ray deformations are out of phase with the swaying 

motions), which explained why the thrust generated by the cupping distribution 

dropped much more significantly than that by the uniform distribution. 

 

The current model was concentrated on illustrating the effect of ray stiffness 

distribution on the hydrodynamic performance of fish-like fins with passive 

deformation, whereas some details of actual fish fins (e.g. the geometry) were not 

considered. For example, for simplicity in this model the rays were assumed to have the 

same length. This, together with the inclusion of viscous effect and more sophisticated 

vorticity shedding model, may explain the differences in the current results and those in 

the previous study [53]. The fins of live fish, on the other hand, rely on both passive and 

active control for fin shape variation. It is thus difficult to directly relate predictions 

from the current model with dynamics of actual fish fins. 

 

The present study suggests that by appropriately cupping their fins, fish are able to save 

energy and generate more desired forces when moving against incoming surrounding 

fluids. This conclusion is consistent with previous observations [32,34,38]. On the 

other hand, unlike the fully passive fin dynamics depicted in our model, fish can 

actively control the curvature and flexibility of their fins, which is expected to further 

enhance the locomotion performance. These effects will be examined in future studies. 
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Chapter 6 Performance of an Actively and 

Passively Controlled Caudal Fin 

6.1  Problem description 

In the present study, the real ray-strengthened caudal fin (Figure 6-1 (a)) is 

geometrically and structurally simplified as a square-shaped membrane supported by N 

evenly distributed rays (Figure 6-1 (b)). This fin has length c in both chordwise and 

spanwise directions. The thickness of the fin is chosen to be hp = 0.004c. Each ray is 

structurally represented by a nonlinear Euler-Bernoulli beam with uniform Young’s 

modulus. The dimensionless bending stiffness for the i
th ray is defined as    

      
              ⁄  where N = 11,    is the Young’s modulus of the ith ray, I is 

the second moment of inertia, ρ is the fluid density and    is the incoming flow 

velocity. The mass ratio is defined as   
          ⁄ , where      is the density of the 

    ray. In the present work, two different spanwise bending stiffness distributions of 

the ray are studied: 

1) Uniform distribution:      . 

2) Cupping distribution:         ⁄ , where       [     (
      

   
)]. 

Here    is the mean dimensionless bending stiffness of all the rays and   
 

 
∑   

 
   . 

The parameter   is selected to be 1. The mean value of the stiffness is selected to be Kb 

= 3.0 and the mass ratios of the ray are chosen as   
  = 0.2. The two different stiffness 

distributions are depicted in Figure 6-2 (a).  

 

Additionally, we assume that the bending stiffness of the membrane can be neglected, 

i.e., it can only sustain stretching/compression but not bending. This assumption is 

made based on the experimental measurement of the Young’s modulus of the rays and 

membranes of the bluegill sunfish [62], where the rays have a Young’s modulus about 
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1GPa while the membrane’s Young’s modulus is between 0.3MPa and 1MPa. Thus 

the fin rays are at least 1000 times stiffer than the membranes between them. This 

assumption is also used in some previous biomimetic studies [25,26,52]. Thus the 

constraints provided by the membrane are modelled as distributed linear springs 

between neighbouring rays. Based on numerical tests, we choose the spring constant to 

be 0.02   
  , so that the springs are sufficiently flexible to allow large spanwise 

deformation and yet stiff enough to prevent excessive expansion of the membrane. 

 
 

Figure 6-1 (a) Caudal fin anatomy of bluegill sunfish, Lepomis macrochirus [30]. (b) Idealised 

rectangular ray-supported caudal fin model. (c) Dorsal view of a fin ray with two hemitrichs [28]. 
(d) Dorsal view of present ray model, represented by a nonlinear Euler-Bernoulli beam. 

Distributed external force models the pulling effect from the tendons. 

Kinematically, the basal ends of all the rays share the same sinusoidal sway motion in 

y-direction, which imitates the motion of the posterior part of the fish and is expressed 

as               , where y0 is the sway amplitude and ω is the motion frequency. 

The Strouhal number based on the sway amplitude is defined as            ⁄ . 

Here we choose      = 0.4. Besides, each ray is also actuated by independent 

distributed forces    (       ), mimicking the pulling effect of the tendons at the 

basal end of the ray (see Figure 6-1 (c), (d)). As pointed out in Chapter 2, the tendons 
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provide longitudinal forces at the ray base, which will induce a distributed bending 

moment along the ray. This distributed bending moment will further lead to a 

distributed force perpendicular to the ray. Therefore, pulling effect of the tendons is 

modelled by a uniformly distributed load along the ray as shown in Figure 6-1 (d). For 

each ray, the external load is applied on the discretised nodes along the beam model 

and the force term    is included in the external force term on the right-hand side of 

the nonlinear beam equation (see Eq. (3.51)). The external distributed loads vary with 

time as                      where   is the phase lag between the external load 

of ith ray and the sway motion.     is assumed to be distributed uniformly along each 

ray and its exact value is selected via numerical tests, i.e., the desired deformation 

patterns are activated while maintaining the numerical stability. Here, the desired 

deformations are determined based on the experimentally observed conformations of 

live fish [35,38]. The numerical stability is defined as the achievement of a converged 

result, i.e., the obtained thrust force reaches a periodic oscillation. In the present work, 

    is chosen to be 1.1    
   . 

 

For such a caudal fin model, the deforming pattern is primarily determined by the exact 

distribution of    , especially the mean phase (      ) of the rays and the phase 

difference (      ) between the maximum and minimum values of   . In the present 

work, we examine four different phase distributions among the fin rays: 

Distribution I:         ,       = 0.  

Distribution II: 

                  (6.1) 

where    =180 and      is computed as 

            ⁄  (6.2) 
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where          (
      

   
) and   

 

 
∑   

 
   . The parameter λ is determined by 

ensuring    {    }     {    } equal the designed value of      . 

Distribution III: 

          
      

      
       (6.3) 

Distribution IV:  

                   (6.4) 

where   =180 and      is computed as 

            ⁄  (6.5) 

where       |   (
       

   
)| and   

 

 
∑   

 
   . The parameter λ is determined 

by ensuring    {    }     {    } equal the designed value of      . 

 

Different phase distributions are plotted in Figure 6-2 (b). These distributions are 

determined to reproduce certain deformation patterns similar to real fish caudal fin. It 

is seen that in Distribution I, the phase lag is uniform among the rays. Distribution II 

has the maximum phase lag achieved at the ray in the middle (Ray 6) while the rays at 

the dorsal and ventral edges have the minimum value. This phase distribution is 

expected to generate cup deformations. Distribution III is designed to achieve H-mode 

or S-mode (which cannot be accomplished via purely passive deformations). 

Distribution IV has a W-shape phase distribution, where the rays at the dorsal and 

ventral edges have the same phase lag as the ray at the centre. This type of phase 

distribution is used to activate W-shape deformations observed in live fishes. 
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Figure 6-2  (a) Normalised bending stiffness of the i
th

 ray in uniform and cupping stiffness 

distributions, Kb = 3.0. (b) Phase lag of the i
th

 ray in different distributions,      = 0 degree and 

      = 45 degree. 

 

The propulsion performance of the fin is characterised by the mean thrust 

coefficient   
̅̅ ̅̅ , the mean vertical force coefficient   

̅̅ ̅̅ , the mean power expenditure 

coefficient   
̅̅ ̅, and the propulsion efficiency η. These mean values are evaluated by 

averaging the instantaneous coefficients over one motion period T. The instantaneous 

thrust coefficient, power expenditure coefficient and propulsion efficiency are defined 

in the same way as those in Chapter 5 (see Eq. (5.1), (5.2) and (5.4) respectively). It is 

worth pointing out that Eq. (5.3) measures the power done by the fin to the 

surrounding fluid. It is essentially the output power of the fin as a system. A more 

practical way of calculating the power consumed by the fin is to consider the input 

power from the sway motion at the leading edge and the uniformly distributed 

activation force (here noted as    ). In reality,   is smaller than     due to the loss 

during the transmission in the caudal fin system. However, we assume there is no 

power loss in the caudal fin system, i.e., the input power (   ) equals the output power 

( ). Therefore, Eq. (5.3) is a reasonable estimation of the power consumed by the 

caudal fin. This kind of evaluation method has also been used in previous studies 

[27,54,96,100]. 

 

(a) (b) 
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Additionally, we have 

 
      

     

      
   

  

      
     

      
   

  
(6.6) 

where       and       are the components of the instantaneous hydrodynamic force 

       in y and z directions respectively.  

 

6.2  Self-consistency study 

 
Figure 6-3 Sensitivity study of the present code to (a) CFD mesh density, (b) time step size, and (c) 

number of nodes along the beam. The fin has cupping stiffness distribution II with       =45 

degree and      = 30 degree. 
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A self-consistency study is carried out to justify the fluid mesh, physical time step and 

number of nodes along the beam we use here. To check the sensitivity to the fluid mesh, 

three meshes with different densities are generated, which are termed as Mesh_F (fine 

mesh, 5 million grid cells), Mesh_M (medium mesh, 3.7 million grid cells) and 

Mesh_C (coarse mesh, 2.8 million grid cells). These meshes have the same size of those 

used in Section 5.2 (see Figure 5-2). Similarly, three physical time steps (dt = T/160, 

T/200, T/240) and three numbers of grids along each ray (Nbm = 81, 101, 121) are 

chosen for this sensitivity study.  

 

Table 6-1 Summary of the self-consistency study results (see Figure 6-3 for physical parameters). 

 dt Nbm   
̅̅ ̅ Error 

Mesh_F T/200 101 0.443  0.0% 

Mesh_M T/200 101 0.437  -1.4% 

Mesh_C T/200 101 0.412  -7.0% 

Mesh_M T/160 101 0.436  -1.6% 

Mesh_M T/240 101 0.438  -1.1% 

Mesh_M T/200 81 0.405  -8.6% 

Mesh_M T/200 121 0.439  -0.9% 

 

Figure 6-3 (a)-(c) demonstrate the sensitivity of the present code to the fluid mesh 

density, time step size and number of points along the beam. The time-averaged thrust 

coefficients and the errors relative to the result from Mesh_F with dt = T/200 and 

     121 are summarised in Table 6-1. It is seen that with sufficiently high 

fluid/structural mesh densities and sufficiently small time step, the results are not 

sensitive to numerical parameters. Based on the self-consistency study, the following 

simulations are based on Mesh_M, dt = T/200 and Nbm = 101. 
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6.3  Results and discussions 

The ray-strengthened caudal fin problem depicted in Figure 6-1 is solved using the 

fluid-structure interaction solver described in Chapter 3. The computational domain 

used here is the same as that in Section 5.3 (see Figure 5-4) and the Reynolds number 

based on the length of the ray is Re = 1000. The height of the first grid layer off the wall 

(∆y) is calculated using flat plate boundary theory for a given y+ value. For the present 

Reynolds number, y+ is chosen to be 0.5, resulting in ∆y = 0.005c. 

 

6.3.1 Deformation pattern of the fin 

The typical deformation patterns of the caudal fin in the present study are demonstrated 

in Figure 6-4 and Figure 6-5. The notation ‘U-I-0’ stands for uniform stiffness, phase 

distribution I and         . Similarly, ‘C-II-45’ means cupping stiffness, phase 

distribution II and          degrees. Other notations are defined in a similar way. 

As concluded by Shi et al. [102], the passively deformed fin with uniform stiffness 

(Figure 6-4 (a)) leads to a C-mode (in which the dorsal and ventral edges lead the sway 

motion whilst the central part falls behind) due to the non-uniformly distributed fluid 

force. Similar C-mode patterns are also achieved by the fin with distribution U-I 

(Figure 6-4 (b)). With distribution C-II, the caudal fin displays a more significant 

cupping pattern (Figure 6-4 (c)) at a small phase difference (        ) while a 

different deformation pattern, which resembles a ‘W’-shape (see Figure 6-4 (d) at t = 0), 

is observed when the phase difference becomes larger (         ).  
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Figure 6-4 Fin deformations within half motion period. The fin moves in negative y-direction at 

positions t = 0, T/8, T/4, T/2. (a) U-Passive; (b) U-I-0; (c) C-II-45; (d) C-II-180. For all cases 

     = 30 degree. 

For distribution U-III, the fin exhibits an asymmetrical deformation pattern. As the 

phase difference increases, the fin’s deformation gradually transforms from H-mode, 

which is shown in Figure 6-5 (a), to S-mode, which is illustrated in Figure 6-5 (c). 

Compared with H-mode, S-mode shows a wave-like deformation pattern which is not 

possible to be accomplished by purely passive deformation. This mode is observed in 

experiments [35] to be associated with braking maneuver. Incidentally, we find that 

S-mode generates less thrust and lateral force in comparison with the H-mode, but still 

creates vertical force which may be needed for motion stabilisation, which makes the 

S-mode ideal for the braking process (see Figure 6-12 and Figure 6-13). With 

distribution U-IV, W-mode is observed as demonstrated in Figure 6-5 (d). It is noted 

that the W-mode achieved with distribution U-IV is different from that created at large 

(a) (b) 

(c) (d) 
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phase difference of distribution C-II. For distribution U-IV, the rays at the dorsal, 

ventral edges and the center of the fin have the same phase lag in terms of the activation 

force with respect to the sway motion. 

 
Figure 6-5 Fin deformations within half motion period. The fin moves in negative y-direction at 

positions t = 0, T/8, T/4, T/2. (a) U-III-90; (b) U-III-180; (c) U-III-360; (d) U-IV-90. For all cases 

     = 30 degree. 

Figure 6-6 illustrates the actual deflections of Ray 1 and Ray 6 for the U-Passive case 

(Figure 6-6 (a)) and the C-II-45 case at           (Figure 6-6 (b)). It is observed 

that for both cases, the rays exhibit only first-order bending mode and Ray 6 has a 

larger lateral excursion than Ray 1. Compared with the passive case, Ray 6 of C-II-45 

(with active control) creates significantly larger deformation, which may lead to better 

oriented forces and thus result in higher thrust. 

 

(a) (b) 

(c) (d) 
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Figure 6-6 Deflections in y-direction of Ray 1 (red solid lines) and Ray 6 (blue dash-dot lines) for (a) 

U-Passive, and (b) C-II-45,      = 30 degree. 

6.3.2 Force generation and propulsion efficiency of the fin 

Figure 6-7 shows the instantaneous thrust and power expenditure coefficients within 

one motion period. It is seen that the fin with distribution U-II-45 generates 

significantly higher thrust peaks than the corresponding passive case with a slight 

increase in power expenditure (see Figure 6-7 (a) and (b)). With cupping stiffness 

distribution, the thrust of C-II-45 case can be further enhanced while consuming very 

similar input power as the U-II-45 case.  
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Figure 6-7 Time histories of thrust and power expenditure coefficients at various stiffness and 

phase distributions.      = 30 degree. 

The time-averaged thrust coefficient and propulsion efficiency of various stiffness and 

phase distributions are summarised in Figure 6-8 and Figure 6-9. It is seen that for all 

types of phase distributions and most phase difference values,    
̅̅ ̅ and   have similar 

variation trends as functions of       . Specifically,    
̅̅ ̅ decreases monotonously as 

the increase of        while the propulsion efficiency, on the other hand, rises slightly 

and then declines with the increase of       . Besides, for all cases with active control, 

the thrust and propulsion efficiency of the fin are significantly enhanced when        

is less than 90 degree. For example, the thrust and propulsion efficiency of the fin with 

distribution U-II-45 are improved by 43% (       ) and 35% (        ) 

respectively. In terms of thrust generation and propulsion efficiency, smaller phase 

difference values produce better performance. This is reminiscent of the experiment of 

Esposito et al. [38], where the cupping motion was created by imposing phase lags of 

25 and 50 degree between the middle fin rays and the dorsal and ventral fin rays. 

(a) (b) 

(c) (d) 
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Besides, in their experiment, cupping motion generated largest thrust force compared 

with other motions. 

 
Figure 6-8 Time averaged thrust coefficient and propulsion efficiency as functions of mean phase 

lag       for U-II (a) (b), and C-II  (c) (d). 

Figure 6-10 compares the time-averaged thrust coefficient and propulsion efficiency 

between different stiffness and phase distributions at a fixed value of       

(hereby         , except for distribution U-I where        ). It is revealed that 

with uniform stiffness, for the parameters considered in the present study, the 

propulsion performances of the fin at different phase distributions are quite similar to 

each other, although they are significantly higher than the one with passive deformation 

only when       is less than 90 degree. With distribution C-II, the fin’s propulsion 

performance is significantly augmented. 

(a) (b) 

(c) (d) 
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Figure 6-9 Time averaged thrust coefficient and propulsion efficiency as functions of mean phase 

lag       for U-III (a) (b), and U-IV (c) (d). 

 

 
Figure 6-10 Time averaged thrust coefficient and propulsion efficiency as functions of mean phase 

lag       at various stiffness and phase distributions. 

 

(a) (b) 

(c) (d) 
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Figure 6-11 Time averaged vertical force coefficient as a function of mean phase lag       for 

U-III. 

Figure 6-11 demonstrates the vertical force coefficients for distribution U-III at 

different values of the phase difference. For all phase difference values, two maximum 

vertical forces are generated at         (in –z direction) and           (in +z 

direction). It suggests that fish can control the phase distribution among the rays of its 

caudal fin to change both the magnitude and direction of the vertical force, which may 

play a significant role in body stabilisation. This vertical force can provide the lift 

needed to counteract the gravity force acting on the fish body and create a torque 

around the centre of mass of the fish to balance the torque (with opposite sign) 

generated by the pectoral fin. 

 

During the braking process, the motion of the posterior part of the fish may be reduced 

in order to reduce the thrust generation. However, the vertical force may still be needed 

for stabilisation. To elucidate this, we simulate cases with no sway motion at the 

leading edge of the fin. The fin with distribution U-III undergoes an H-mode at 

         while an S-mode at           (see Figure 6-5 (a) and (c)). Figure 6-12 

illustrates the time-averaged values of the thrust, vertical force and power expenditure 

coefficients. It is revealed that without sway motion, the fin generates no thrust in both 
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H-mode and S-mode. However, the S-mode creates vertical force twice as much as the 

H-mode using similar input power. This is accompanied by significant reduction in 

lateral force in the S-mode, as demonstrated in Figure 6-13. Therefore, we conclude 

that the S-mode outperforms the H-mode during the slowing down process. This is 

consistent with experimental observations. 

 
Figure 6-12 Time averaged thrust (a), vertical force (b) and power expenditure (c) coefficients of 

U-III without sway motion at      =90 (red), 180 (green) and 360 (blue). 

 

 
Figure 6-13 Time histories of lateral force coefficients of U-III without sway motion at different 

phase difference. 

= 90
= 180
= 360

(a) (b) (c) 
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6.3.3 Near-body flow field of the fin 

To further study the effect of active control over the caudal fin in sway motion and 

explain the physical underlying mechanisms in this fluid-structure interaction problem, 

we numerically visualise the near-body flow field around the fin. Figure 6-14 shows the 

iso-surfaces of vorticity magnitude in the wake behind the caudal fin for different 

deformation patterns. We can see that the wake is composed of a sequence of vortex 

rings (visualised using the iso-surface of the vorticity magnitude), which are similar to 

those observed in previous simulations [25]. These wake structures also resemble the 

hairpin structures proposed by Tytell [32] based on the PIV study of the flow field 

around a bluegill sunfish. It is observed that, in the present study, the wake structures 

from different deformation patterns are qualitatively similar to each other. 

 
Figure 6-14 Iso-surfaces of normalised vorticity magnitude (    = 2) in the wake behind the 

caudal fin for various stiffness and phase distributions at t = 0.25T. (a) U-Passive, (b) C-II-45, (c) 

U-III-360, (d) U-IV-90. For all cases,      = 30 degree. 

(a) (b) 

(c) (d) 
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Figure 6-15 Vorticity fields for the caudal fin of U-Passive (a) (c), and C-II-45,      = 30 degree 

(b) (d). The contours show the normalised z-component of the vorticity in plane z = 0.5c (a) (b), and 

the normalised x-component of the vorticity in plane x = 0.7c (c) (d) at t = 0.25T. 

Figure 6-15 demonstrates the sectional views of the flow vorticity within the z plane 

and the x plane. The vorticity of the U-Passive case (Figure 6-15 (a) (c)) and the C-II-45 

case (Figure 6-15 (b) (d)) in both the x and z planes are qualitatively similar. 

Specifically, in the plane z = 0.5c, we can observe the formations of a clockwise leading 

edge vortex and a counter-clockwise vortex is shed at the trailing edge. It is not 

surprising that the vortex shedding patterns in Figure 6-15 (a) and (b) are similar to 

each other. As previously discussed, both the U-Passive case and the C-II-45 case have 

only the first bending mode excited (see Figure 6-6). 

 

From the vorticity fields in plane x = 0.7c, we can see the formations of a clockwise 

vortex near the dorsal edge and a counter-clockwise vortex near the ventral edge and 

the vortices are symmetrical with respect to the mid-line (Ray 6) due to the symmetrical 

deformation. The C-II-45 case has more pronounced spanwise cupping deformation, so 
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that the fluid at the central part has a tendency to flow towards the mid-line. This makes 

it difficult for the fluid to move around the dorsal and ventral edges, causing an increase 

of the pressure in the central region. This will be further discussed later. 

6.3.4 Physical mechanism of the performance enhancement 

The parametric exploration in Section 6.3.2 indicates that the optimal performance 

occurs when       is approximately 45 degree and       is around 30 degree. To 

reveal the physical mechanism behind the performance improvement, the results will 

be further analysed and discussed in this section. 

 
Figure 6-16 Time histories of normalised displacements of leading end yL/c (black solid line), 

trailing end yT/c (red dash-dot line) and effective yaw motion yp = (yT – yL)/c (green dash-dot-dot 

line) of Ray 6 at (a) U-Passive, and (b) C-II-45,      = 30 degree. 

The bending deformation shown in Figure 6-6 essentially creates an effective yaw 

motion, as illustrated in Figure 6-16. This yaw motion can be represented as    

        ⁄ , where   and   are the lateral deflections of the ray’s leading and trailing 

edges, respectively. It is observed in Figure 6-16 that the yaw motion varies with time 

almost sinusoidally so that it can be approximated using a cosine function 

as            (     ), where   is the amplitude of the yaw motion and    is the 

phase lag between the sway motion and the yaw motion.  

 

(a) (b) 
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Figure 6-17 (a) The amplitudes (    ) of the effective yaw motions of the rays, and (b) the actual 

phase lags (  ) between the sway motion and the effective yaw motions of the rays. (c) Snapshots of 

the trailing edge of the fin within half motion period for C-Passive (blue dash-dot line) and C-II-45 

(red solid line). Dash arrow represents the moving direction of the leading edge.      = 30 

degree. 

Figure 6-17 (a) demonstrates the yaw amplitudes of the rays at different stiffness 

distributions and phase distributions. For uniform stiffness distribution, all the rays of 

U-II-45 have larger yaw angles than the rays of the corresponding passive case. With a 

cupping stiffness distribution (C-II-45), the yaw motions of the rays in the centre of the 

fin are further increased while those of the rays near the dorsal and ventral edges are 

suppressed, leading to a deeper cupping deformation. This is believed to further 

enhance the thrust generation. The phase lags between the sway motion and the 

effective yaw motion of the rays are shown in Figure 6-17 (b). It is seen that the 

averaged phase lags for all these three cases are actually close to each other (within the 

y/c

z/c

t=0t=0.5T
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range of 35 degree to 45 degree). The implication is that in these high performance 

cases the deformation caused by the active control mechanism and that due to passive 

structural flexibility are almost in phase with each other (see Figure 6-17 (c)); the 

primary mechanism of performance enhancement through active control is that it 

significantly increases the effective yaw amplitude (see Figure 6-17 (a)). 

 
Figure 6-18 Force vectors of the dorsal-ventral part (a) and central part (b) of the fin within one 

motion period in x-y plane. Red arrows: C-II-45 and      = 30 degree, and green arrows: 

U-Passive. 

Incidentally, we note that by carefully choosing the structural flexibility of the rays, 

deformation and performance enhancement of actively controlled C-mode motion (e.g. 

the C-II 45 case) are in fact within reach using purely passive fin deformations [102]. 

The active control mechanism, however, greatly increases the versatility and 

adaptability of the system by making it easier to switch from one swimming mode to 

another to adjust for changes in the environment. Moreover, active control enables the 

S-mode, which is particularly useful in the braking maneuver (see Section 6.3.3). 
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Figure 6-19 Force magnitudes of the dorsal-ventral part (a) and central part (b) of the fin within 

one motion period in x-y plane. Red bars: C-II-45 and      = 30 degree, and green bars: 

U-Passive. 

To better understand the origin of thrust enhancement involved in the present study, the 

caudal fin surface is split into two parts: dorsal-ventral part and central part, as shown in 

Figure 6-18. For the dorsal-ventral part (Figure 6-18 (a)), the force generated by 

U-Passive case has larger magnitude than those of the C-II-45 case, but the forces of the 

C-II-45 case are better oriented in thrust direction. The advantage of active control is 

better illustrated in the central part (Figure 6-18 (b)), where the C-II case has both larger 

force magnitude and better orientation. The force magnitudes are more clearly 

demonstrated in Figure 6-19. 
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Figure 6-20 Pressure fields for the caudal fin of U-Passive (a), and C-II-45,      = 30 degree (b). 

The contours show the pressure distribution in plane x = 0.7c, and                  
 ⁄ . The 

streamlines are drawn using in-plane flow velocity relative to the fin’s leading edge at t = T/4. (c) 

Diagrams of three different spanwise deformations. , where Uy is the flow speed relative to the fin 

and FD1, FD2, FD3 are the resulting fluid forces on the fin. 

As previously discussed, the cupping deformation tends to prevent the fluid from 

moving around the dorsal and ventral edges so that it may raise the pressure in the 

central area. This phenomenon can be more clearly observed in Figure 6-20 (a) and (b), 

where the streamlines show the relative motion of the fluid with respect to the fin. It is 

clearly seen that with the cup deformation, the streamlines remain horizontal very close 

to the surface of the fin, leading to a (slightly) wider high pressure area. Figure 6-20 (c) 

sketches three different spanwise deformation patterns, namely Flat, Cup and Reverse 

Cup. Intuitively, compared to flat deformation, the Cup deformation may hold more 

fluid in the central region by increasing the difficulty for the fluid to move around the 

upper and lower corner. Thus, the flow speed in the central area is decreased, which 

leads to higher pressure in that region so that the fluid dynamic force     should be 
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larger than the other two cases. In contrast, the Reverse Cup deformation resembles a 

streamlined body (to certain extent), making it easier for the fluid to go around the 

upper and lower edges, thereby accelerating the flow in the central region, leading to a 

decrease of pressure in the central area and a reduction in the force    . Indeed, this 

kind of deformation has been shown to compromise the thrust generation [53]. 

 
Figure 6-21 Pressure contours at the two sides of the caudal fin at t = 0.25T. (a) (b) U-Passive, and 

(c) (d) C-II-45,      = 30 degree. 

Figure 6-21 illustrates the pressure distributions over the fin surface for the U-Passive 

case and the C-II-45 case. It is seen that in both cases, a high pressure region exists 

within the area of 0.4 < x/c < 0.8 and 0.3 < z/c < 0.7 at the negative-y side of the fin. 

Compared with the U-Passive case, the high pressure region of the C-II-45 case is 

larger and stronger, which explains why the C-II-45 case creates larger force in the 

central part of the fin (see Figure 6-18). The pressure increase can be quantitatively 

observed in Figure 6-22, where the pressure coefficients along the fin surface at x = 

0.7c are plotted. 
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Figure 6-22 Pressure coefficients along the fin surface at x = 0.7c. 

6.4  Concluding remarks 

In the present chapter, we numerically examine the performance of a simplified 

ray-strengthened caudal fin with both active and passive control strategies. The caudal 

fin is activated by 1) a sway motion shared by all the leading ends of the rays, and 2) 

time-varying external loads distributed uniformly along each ray, which mimics the 

pulling effect of the tendons at the basal end of each ray. The key parameters 

controlling the deformation of the fin are the maximum phase difference among the 

rays (     ), the mean phase lag of the rays (     ) and the phase distribution. By 

changing these parameters, different deformation patterns can be accomplished. 

 

Four different phase distributions are investigated within the             

parameter space in the present study. Several deformation modes observed in previous 

experiments [35,38] are reproduced, including the C-mode, the W-mode, the H-mode 

and the S-mode (which is not possible to be achieved with purely passive 

deformation). By comparing with the passive deformation case, we find that the 

propulsion performance of all the cases with active control is significantly enhanced 

z/c

Cpre
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when       is less than 90 degree. For example, the thrust force and propulsion 

efficiency of the U-II-45 case are improved by 43% and 35% respectively. 

 

Among these deformation patterns, the C-mode created by the fin with distribution 

C-II-45 produces the best propulsion performance. This is attributed to two reasons. 

First, larger deflections and curvatures are created for the rays in the central part of 

the fin, which lead to higher yaw angles in the induced yaw motions. The forces are 

therefore better aligned in the thrust direction. Second, the chordwise bending and 

spanwise cupping deformations result in a larger, stronger and further downstream 

high pressure region, which further enhances the thrust generated by the C-mode. In 

this particular mode, in terms of the performance enhancing mechanism, there is little 

difference between actively controlled and fully passive cases. 

 

The H-mode and S-mode, on the other hand, both produce considerable vertical forces, 

which are primarily attributed to the asymmetrical deformations. Compared with the 

H-mode, the S-mode generates smaller thrust and vertical force while requiring less 

input power. This is reminiscent of the finding from previous experiment [35] that ‘S’ 

motion is associated with braking maneuver, during which the motion of the posterior 

part of the fish body may be reduced to decrease the thrust force. Thus, we further 

demonstrate that without sway motion the S-mode actually generates much larger 

vertical force than the H-mode. This, together with the significant reduction in lateral 

force, makes S-mode ideal during the braking process. 

The present work is focused on demonstrating the effect of active control strategy on 

the locomotion performance of a fish-like caudal fin instead of exactly duplicating a 

real fish fin. The present model captures several key characteristics possessed by real 

fins, e.g., anisotropic material property, individual ray activation and active curvature 

control of the rays. However, it is also worth pointing out the limitations of the present 

study. For example, for simplicity the present model is assumed to have a rectangular 

shape with rays of the same length. The aspect ratio of the current model is fixed at 
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unity while its effect is not examined. The present mass ratio is 0.2, which ensures the 

fin’s deformation is fluid-driven. But its effect on the propulsion performance of the 

present caudal fin model is not studied either. Besides, the curvature changes of the rays 

are modelled as distributed external loads rather than explicitly modeling the bi-laminar 

design of the real fin rays. For simplicity the rotations at the basal ends of the rays are 

not considered either. The effects of fish body and other fish fins are not considered in 

the present study. Previous studies revealed that the vortices shed from the dorsal and 

ventral fins could have significant impact on the performance of the caudal fin [44]. 

Therefore, the interactions between the fish body and different ray-supported fins 

should be investigated in future research. The fins of live fish have much more 

complicated internal structures, musculature and nerve systems. It is thus difficult to 

directly relate the present results with the dynamics of actual fish fins. However, the 

conclusions from the present study may provide valuable inspirations and guidelines 

for the design of robotic fish. 
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Chapter 7 Performance of a Bio-inspired 

Underwater Robot with Skeleton-reinforced 

Undulating Pectoral Fins 

7.1  Problem description 

In the present chapter, a simplified bio-inspired underwater robot which is composed 

of a body and a pair of ray-strengthened pectoral fins (as shown in Figure 7-1 (a)) is 

numerically studied. The body is idealised as a rigid plate. The length, width and 

thickness of the body are denoted as Lbody, Wbody and hp respectively, where Wbody = 

Lbody/3 and hp = 0.004Lbody. Each pectoral fin is modelled as a rectangular-shaped 

membrane supported by N evenly distributed flexible rays. The two fins are identical 

and have the same dimensions as the body, i.e., Lfin = Lbody, Wfin = Wbody and Hfin = hp.  

 

It should be noted that the rays of the pectoral fins in this chapter are perpendicular to 

the incoming flow, which is very different from the rays of the caudal fin in Chapter 5 

and 6, where the rays are align with the streamwise direction. But similar to previous 

two chapters, each ray is structurally represented by a nonlinear Euler-Bernoulli beam 

with uniform flexibility. The non-dimensional bending stiffness is defined as 

         
     

 ⁄ , (i = 1, …, N), where N = 11, Ei is the Young’s modulus of the ith 

ray, I is the second moment of inertia, ρ is the fluid density, U∞ is the freestream 

velocity and Lray = Wfin is the length of the ray. The mass ratio is defined as   
  

           ⁄ , where      is the density of the ith ray. In the present work, the bending 

stiffness of all rays is selected to be    = 3.0 and the mass ratio of the ray are chosen 

as   
 = 0.2. 
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Figure 7-1 (a) Simplified underwater robot model in the present study. (b) Schematic view of the 

actuation of a ray, where the distributed external force models the pulling effect of the tendons. (d) 

Dorsal view of a fin ray with two hemitrichs [28]. 

Besides, the bending stiffness of the membrane is assumed to be negligible, i.e., it 

cannot sustain any bending but only stretching and compression. Therefore, the 

constraints provided by the membrane are modelled as distributed linear springs 

between the neighbouring rays. Based on our numerical tests, we select the spring 

constant to be 0.02   
     , i.e., the springs are sufficiently rigid to prevent excessive 

expansion yet still flexible enough to allow large deformation. 

 

Kinematically, the body is fixed in space and all the basal ends of the ray are clamped 

to the body. Each ray is only actuated by an independent uniformly distributed load 

(see Figure 7-1 (b)), which is imposed on the grid points of the beam model. This 

distributed force perpendicular to the beam models the pulling effect of the tendons at 

the basal end of the ray (see Figure 7-1 (c)). The uniformly distributed external force 

acting on the ith ray can be expressed as 

                      (7.1) 

where F0 is the magnitude of the external force, f is the frequency,    is the phase 

and t is the time. In this study, we choose      and                ⁄ , 
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where    is the phase lag between the leading edge ray and trailing edge ray. F0 is 

assumed to be uniform along the ray and its value is chosen based on numerical tests. 

Here, F0 is selected to be 2   
     

 . The reduced frequency based on the fin length 

Lfin, frequency f and incoming flow velocity U∞ is defined as           ⁄ . The 

actuation method here is similar with that used in Chapter 6. But it should be noted 

that in the present chapter, the pectoral fins are only activated by distributed external 

loads while the caudal fin model in Chapter 6 is also imposed a sway motion at its 

leading edge. Another difference is the rays here is in perpendicular to the incoming 

flow whereas the rays of caudal fin are aligned with the freestream. 

 

The propulsion performance of the pectoral fin is characterised by the mean thrust 

coefficient    
̅̅ ̅̅ , the mean vertical force coefficient    

̅̅ ̅̅ , the mean lateral force 

coefficient    
̅̅ ̅̅ , the mean moment coefficient    

̅̅ ̅̅̅ , the mean power expenditure 

coefficient   
̅̅ ̅, and the propulsion efficiency η. These mean values are evaluated by 

averaging the instantaneous coefficients over one motion period T. The instantaneous 

coefficients      ,      ,       and       are defined in the same way as those in 

Chapter 5 and 6. Here, the propulsion efficiency also has the same definition as Eq. 

(5.4). The moment coefficient is defined as  

 

       
     

      
     

   (7.2) 

where       is the moment about the axis parallel to y-axis and through the centre 

of the body.  

7.2  Results and discussions 

The problem depicted in Figure 7-1 (a) is solved using the fluid-structure interaction 

solver described in Chapter 3. The computational domain used here is the same as that 

in Section 5.3. The Reynolds number based on the length of the fin is Re = 6000 
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unless specified. The height of the first grid layer off the wall (∆y) is calculated using 

flat plate boundary theory for a given y+ value. For the present Reynolds number, y+ 

is chosen to be 0.5, resulting in ∆y = 0.001Lfin. The current Reynolds number is 

selected according to the study of Bozkurttas et al. [101], where the measured 

Reynolds number based on the pectoral fin of bluegill sunfish was approximately 

6300. It is acknowledged that the turbulence may play a role at this Reynolds number. 

However, it is believed that the turbulence effect is marginal for the Reynolds number 

considered here. For example, Dong et al. [43] studied the hydrodynamics of a highly 

flexible pectoral fin of bluegill sunfish using an immersed boundary method at Re = 

6300. Their simulating result achieved good comparison with experimental data 

although only a laminar model was used. Chang et al. [47] numerically investigated 

the hydrodynamics of a tuna-like swimmer with different turbulence models. It was 

found that the influence of turbulence models was tiny at Re = 7100. 

7.2.1 Fin deformation and near-body flow field of symmetric fin kinematics 

Typical deformations of the undulating pectoral fins within one motion period are 

demonstrated in Figure 7-2. The two fins are labelled as Fin-L (left fin) and Fin-R 

(right fin) respectively. It is seen that with symmetric fin kinematics, the fin 

deformation patterns are also symmetrical against the middle line of the body. For 

small phase difference value (  =90 degree), the pectoral fins actually undergo 

flapping motions rather than undulating motions. As the increase of the phase 

difference, the undulating motions of the fins are more pronounced, particularly when 

  =360 degree. The undulating patterns of the fins can be better seen from the lateral 

views of the robot, which are demonstrated in Figure 7-3. As seen from this figure, 

there exists a clear traveling wave along the pectoral fin at   =360 degree. 
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Figure 7-2 Typical 3D fin deformations within one motion period, (a)   =90, (b)   =180, (c) 

  =360.   =1.2. 

 
Figure 7-3 Lateral veiw of the undulating fin’s deformation pattern at t = T/2, (a)   =90, (b) 

  =180, (c)   =360.   =1.2. 

Figure 7-4 illustrates the difference between the flexible ray in the present work and a 

rotational rigid ray. The present flexible ray is actuated by a distributed external force 

which imitates the pulling effects of the muscles. This kind of activation leads to an 

actively-controlled curvature along the ray, i.e., the slope of the ray varies 

significantly from the ray base to the ray tip. However, for a rigid ray with the same 

effective rotational angle, the slope along the ray remains unchanged. The difference 

between the flexible and rigid rays can be clearly observed from Figure 7-4. In 

addition, the actively-controlled ray is curved into the direction of motion, thus is also 

different from the case of purely passive bending in response to the surrounding fluid. 

t=0 t=T/4 t=2T/4 t=3T/4

Fin-L

Fin-R

x

y

(a) 

(b) 

(c) 
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This type of curvature changing is also observed in previous study of a live knifefish 

[65]. 

 
Figure 7-4 Schematic view of the deformations of the present flexible ray with actively controlled 

curvature and a rotational rigid ray. 

 

 
Figure 7-5 Different views of the flow wake behind the robot at t = 0. 3D view: (a), (b), (c), and top 

view: (d), (e), (f). (a), (d)   =90; (b), (e)   =180; (c), (f)   =360.   =1.2. The wake is 

visualised using the iso-surface of the normalised vorticity magnitude (    = 2). 

z/l

y/l

(a) (b) (c) 

(d) (e) (f) 
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Figure 7-6 Flow vorticity of slice z = 0.6Lray of Fin-L within half motion period.   =1.2. 

The iso-surfaces of the flow vorticity magnitude behind the bio-inspired robot are 

demonstrated in Figure 7-5. It is seen that the strongest wake is generated by the 

flapping motion at   =90 degree while the undulating motion at   =360 degree 

produces the weakest flow wake, which indicates the flapping motion will generate 

larger thrust force. The vortex shedding behind the pectoral fin can be more clearly 

observed in Figure 7-6. At   =90 degree, stronger counter-clockwise and clockwise 

trailing edge vortices are generated and shed into the wake alternatively, whist the 

trailing edge vortices become weaker at   =180 degree. When the phase difference 

value reaches 360 degree, where the pectoral fin forms a complete trailing wave (the 

wave length equals one fin length), no clear trailing edge vortex is observed, which 

also implies less thrust force will be created in this case, which will be discussed in 

later section. At   =90 degree, obvious clockwise and counter-clockwise leading 

edge vortices are created and traveling along the fin surface while no apparent leading 

(a) 

(b) 

(c) 
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edge vortex is generated at   =360 degree. The leading edge vortex will create a low 

pressure region on one side of the fin, thus leads to larger pressure difference between 

the two sides of the pectoral fin. Figure 7-7 shows the pressure coefficient (     

    

      
 ) distributions at both sides of the robot at   =90 and 360 degrees. It is clearly 

seen that the flapping motion (  =90) creates significantly larger pressure difference, 

which may contribute to the thrust generation if appropriately reoriented (see Figure 

7-9 (a)). On the other hand, the larger pressure difference also requires more power 

input (see Figure 7-9 (b)). 

 
Figure 7-7 Pressure coefficients (    ) distributions at both sides of the robot for   =90 (a) and 

360 degrees (b) at t=0.2T,   =1.2. 

7.2.2 Force generation and propulsion efficiency of symmetric fin kinematics 

Time averaged thrust coefficient    , power expenditure coefficient    and 

propulsion efficiency   as functions of    at different reduced frequencies are 

summarised in Figure 7-8. The three reduced frequencies are selected to be large 

enough to generate positive net thrust force, yet not too high to cause numerical 

instabilities. For all three motion frequencies considered here, the thrust force rises 

first and then decreases with the increase of the phase difference between the leading 

and trailing edge rays and the peak value is achieved at   =90 degree, which 

corresponds to  a wave length of 4Lfin. The power expenditure coefficient descends 

monotonously as    increases from 0 to 360 degree. The propulsion efficiency 

x

z

x

z
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Negative-y side Negative-y side

x/c x/c

z/c z/c
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undergoes a similar trend as the thrust, however, with the peak values accomplished at 

different    for different reduced frequencies. Specifically, the highest propulsion 

efficiencies are reached at   =90, 135 and 180 degrees for fr = 0.8, 1.0 and 1.2 

respectively. Previous experimental study of an undulating fin [21] found that the 

largest thrust force is produced when the wave length is half of the fin’s length, which 

is different from the present study. This difference may be attributed to various 

reasons. First, the fin in the present study has an aspect ratio of 0.33 while the aspect 

ratio of the fin used in the experiment of Curet et al. [21] is around 0.1. Another 

probable reason is that in the experiment, they used a self-propelled device while the 

robot is fixed in space in the present study. Despite of the lowest thrust force produced 

by the undulating motion at   =360 degree, it requires the least power input as well, 

which may be advantageous under certain circumstances. 

 
Figure 7-8 Time averaged thrust, power expenditure coefficients and propulsion efficiency as 

functions of the phase difference    at different reduced frequencies. 

(a) (b) 

(c) 
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Figure 7-9 Instantaneous   ,    and    within one motion period at two different phase 

difference values.   =1.2. 

The time histories of   ,     and     for   = 90 and 180 degrees at fr = 1.2 are 

demonstrated in Figure 7-9. One obvious effect of increasing    from 90 degree to 

180 degree is the reduction in the generation of thrust peaks. It is seen that two much 

higher thrust peaks are produced within one motion period at   =90 degree 

compared with the case of   =360 degree. Another effect is the significant reduction 

in the vertical force generation (force in y-direction), as shown in Figure 7-9 (b). This 

leads to a substantial decrease in power expenditure coefficient. The decreasing rate 

of the power expenditure is higher than that of the thrust force, leading to an increase 

in propulsion efficiency, as observed in Figure 7-8 (c). 

7.2.3 Effect of non-symmetric kinematics 

To examine the effects of non-symmetrical kinematics on the performance of this 

bio-inspired robot, two additional simulation cases are performed. In the first case 

(Case I), the phase difference value of Fin-R is 90 degree (  =90) while for Fin-L, 

=90
=180

=90
=180

=90
=180

(a) (b) 
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the phase difference is 180 degree (  =180). In the second case (Case II), the phase 

differences of both Fin-R and Fin-L are 90 degree, but the phase distribution of Fin-L 

is reversed while the phase distribution of Fin-R is the same as that of symmetric 

kinematics case. For both Case I and Case II, the reduced frequency is fr = 1.2 and 

Reynolds number is Re = 6000. 

 
Figure 7-10 Instantaneous   ,    and    within one motion period for Case I (a) (b) (c), and 

Case II (d) (e) (f). 

Figure 7-10 demonstrates the time histories of   ,     and     of Fin-L, Fin-R and 

body for Case I and II. It is seen that non-symmetrical kinematics leads to more 

complicated force generations on the pectoral fins. Specifically, the thrust forces 

generated by Fin-L and Fin-R are no longer symmetrical. This non-symmetry will 

create a moment in y-direction (see Figure 7-11), which may be useful during turning 

maneuvering. For symmetrical fin kinematics, the total force along z-axis is zero 

because the two fins generate forces of the same magnitude but in opposite directions. 

Due to the non-symmetrical kinematics, the forces in z-axis have different magnitudes, 

which lead to a net force in z-direction. Compared with Case I, Case II not only 

creates non-equal thrust forces, but also in opposite directions. In particular, Fin-R 

generates net thrust while Fin-L creates net drag with larger magnitude. This leads to 

(a) (b) (c) 

(d) (e) (f) 
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a larger rotational moment along y-direction, as shown in Figure 7-11, indicating 

faster turning maneuvering will be achieved compared with Case I. 

 
Figure 7-11 Time histroies of y-moment coefficients for Case I and Case II. 

7.2.4 Effect of Reynolds number 

Up to this point, our simulations are carried out at a fixed Reynolds number (Re = 

6000). The effect of Reynolds number on the performance of the underwater robot is 

examined by performing the simulations at two additional Reynolds numbers (Re = 

300, 1000). In order to avoid significant turbulence effects, two lower Reynolds 

numbers are chosen here. Similar numbers were also chosen by Bozkurttas et al. [101] 

to examine the Reynolds number effect on a pectoral fin of bluegill sunfish (Re = 1440 

and 540). The two pectoral fins have symmetrical kinematics and the reduced 

frequency fr is fixed at 1.2. The time averaged values of thrust, power expenditure 

coefficients and propulsion efficiency as functions of    are demonstrated in Figure 

7-12. It is observed that for the Reynolds numbers considered here, both the thrust and 

propulsion efficiency have been seen significant enhancements as the increase of 

Reynolds number. It is also seen that the differences of the power expenditure 
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coefficients between various Reynolds numbers are marginal, especially when 

compared with those of thrust force.  

 
Figure 7-12 Time averaged thrust, power expenditure coefficients and propulsion efficiency as 

functions of the phase difference    at different Reynolds numbers.   =1.2. 

 

 
Figure 7-13 Instantaneous    and    within one motion period at different Reynolds numbers. 

  =1.2 and   =90 degree. 

(a) (b) 

(c) 
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The time histories of    and    within one motion period at different Reynolds 

numbers are shown in Figure 7-13. All cases at different Reynolds numbers produce 

both thrust and drag within one motion period. The drag accounts for higher 

percentage than the thrust at low Reynolds number (Re = 300) while larger thrust force 

is produced at higher Reynolds number (Re = 6000). However, since no turbulence 

model is used in the present simulation, the present results may have limited accuracy 

in the prediction of flow separation, especially at Re = 6000, which is believed to be in 

turbulent regime. Therefore, it should be acknowledged that the present data may only 

give some indications of the general trends while a more accurate study using 

high-fidelity turbulence models is needed in the future. 

 
Figure 7-14 Flow vorticity of slice z = 0.6Lray of Fin-L (a) (b), and pressure coefficient distributions 

at both sides of the robot at t=0.5T (c) (d).  (a) (c) Re=6000, and (b) (d) Re=300.   =1.2 and 

  =90 degree. 

Flow vorticity of slice z = 0.6Lray of Fin-L at t = 0.5T for different Reynolds numbers 

are shown in Figure 7-14 (a) and (b). It is observed that stronger trailing edge vortex 

is generated in the higher Reynolds number case, while the lower Reynolds number 

case has significantly thicker shear layer, which may be attributed to the more 
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dominated effect of the viscosity. The pressure distributions at both sides of the robot 

at t = 0.5T are demonstrated in Figure 7-14 (c) and (d), from which we can see that 

only subtle differences can be observed, which may explain why the power 

expenditures for the two cases are very similar to each other (see Figure 7-13 (b)). 

This also indicates that the larger shear stress in the lower Reynolds number case may 

be the primary reason for the increase of the drag force (see Figure 7-13 (a)). 

 

7.3  Concluding remarks 

In the present chapter, we numerically examined the propulsion performance of a 

biomimetic robot with two sided pectoral fins, which were supported by flexible rays 

with actively controlled curvatures. The fin rays were activated individually by 

time-varying distributed forces along each ray, which imitated the pulling effect from 

the tendons attached at the basal end of each ray. By controlling the phase difference 

(  ) between the leading edge and trailing edge rays, the pectoral fins could achieve a 

flapping motion (smaller phase difference) as well as an undulating motion (larger 

phase difference). The present results demonstrated that for all three motion 

frequencies considered in this work, the largest thrust was generated when   =90 

degree (corresponding to a wave length of 4Lfin), where the pectoral fins were 

undergoing flapping motions. The maximum propulsion efficiency, on the contrary, 

was accomplished at different    values for various motion frequencies. Specifically, 

the peaks of propulsion efficiency were achieved at smaller    values for lower 

frequencies. Additionally, undulating motion created significantly smaller pressure 

differences between the upper and lower sides of the fin, thereby leading to a significant 

decrease in power expenditure. With non-symmetrical kinematics, the force generation 

on the pectoral fin became more complicated. Non-equal thrust forces were created by 

the left and right fins, which creates a non-zero moment along y-direction. The 

non-symmetrical kinematics also led to a non-zero lateral force in z-direction, which, 

together with the y-moment, may contribute to the turning maneuvering of the robot.  
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It is acknowledged that the Reynolds number used in the present study (6000) is in the 

turbulence regime. Thus, the laminar flow model used here may not accurately predict 

the flow separation and capture the true shedding vortices. Therefore, the numerical 

results in this chapter only provide some general indications of the flow behaviour. 

Further investigations using high-fidelity turbulent flow solvers are needed in future 

research. 

 

Generally, the motion of the ray-supported fin can be categorised into flapping mode 

and undulating mode, according to the wave number existing along the fin. The present 

study suggests that the largest thrust force is produced by flapping mode 

(corresponding wave number is 0.25). However, this may not be a general conclusion 

for all different morphologies. An experimental study of Curet et al. [21] using a 

robotic knifefish found that the highest thrust was achieved at a wave number of two. 

As discussed in section 4.2, the difference may be caused by the aspect ratio of the fin. 

In the present work ,the aspect ratio of the fin is 0.33 while the aspect ratio of Curet et al. 

[21] is 0.1. Therefore, we anticipate that for ray-strengthened fins with larger aspect 

ratios, flapping mode may produce better propulsion performance, but for fins with 

smaller aspect ratios, better performance may be achieved by undulating mode. Besides, 

undulating mode may require more rays for actuation, e.g., the anal fin of the weakly 

electric ghost knifefish (Apteronotus albifrons) is composed of approximately 150 

individual rays [65], which enables the existence of multiple traveling waves along its 

fin. The present study also suggests that undulating mode needs much less power 

expenditure than flapping motion, which may be a significant advantage of undulating 

mode. 

 

Another important feature of fish fin is the ability of actively controlling the curvature 

and bending stiffness of the rays [28–30,65]. The actively controlled ray is able to curve 

into the flow, i.e., the bending direction of the ray is the same as its moving direction. 
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This is significantly different with the rigid and passively deformed rays. The rigid ray 

does not change its curvature while the passively deformed ray bends in the direction 

opposite to the moving direction. Such a curvature change is supposed to have 

significant impact on the fins’ performance. Tangorra et al. [87] designed and tested a 

biomimetic pectoral fin with a novel actuation mechanism inspired by bluegill sunfish. 

However, the effects of active control over the curvature as well as the bending stiffness 

are not fully studied and understood, which requires more work in the future research. 
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Chapter 8 Conclusions and Recommendations 

In this chapter, the conclusions drawn from the studies of the present thesis are given 

in subsection 8.1 and the recommendations for future work are suggested in 

subsection 8.2. 

8.1  Conclusions 

Inspired by previous experimental and numerical studies on ray-finned fish that these 

species possess fins with unique features (anisotropic bending stiffness, individual 

actuation of fin rays and ability of active curvature control over the rays), we propose 

four objectives in subsection 1.3 in order to investigate the effects of these 

characteristics on the performance and hydrodynamics of some bio-inspired 

propulsive systems within the scope of the present thesis (subsection 1.2.2). All the 

objectives are fulfilled and the main outcomes and contributions from these studies 

are summarised as follows: 

8.1.1 An overset grid based method for rigid and flexible fluid-structure 

interaction modelling (Chapter 3 & Chapter 4) 

The first objective of this thesis was developing a fluid-structure interaction solver 

that can be applied to investigate a range of scientific problems, including the 

biomimetic problems we are particularly interested here. Based on the in-house CFD 

solver of our research group, several new modules (including a nonlinear beam model, 

an overset grid assembler and a fluid-structure coupling procedure) were successfully 

integrated into our in-house code. The main conclusions from this work are: 

(1) A FSI solver was successfully developed by coupling a finite-volume flow solver 

based on an overset, multi-block, structured grid system and a nonlinear 

Euler-Bernoulli beam model. 
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(2) The flow solver, structural solver and the coupled FSI solver were validated 

separately against available benchmarks in literature and the results showed that 

the present code is of adequate accuracy and reliability. 

(3) The established FSI solver is able to deal with a series of fluid-structure coupling 

problems, in particular, the skeleton-reinforced bio-membrane problems (e.g., 

fish fins and insect wings). 

 

As noted in Chapter 3, no turbulence model was included in the current flow solver. 

Considering most flows of real biological systems are fully turbulent, the results of 

the present laminar flow model may be different from the turbulent ones. However, 

according to Chang et al. [47], where the hydrodynamics of a tuna-like swimmer was 

numerically investigated, the difference between the laminar and the turbulent (SA 

and SST models) simulations was marginal at Re = 7,100. At higher Reynolds 

numbers (Re = 71,000 and 710,000), the inclusion of turbulent models led to a slight 

increase of thrust force whereas the power consumptions were almost identical. As 

the highest Reynolds number studied in the present thesis was 6,000, the deviation 

due to the laminar flow assumption is believed to be small. Another factor that can 

possibly have significant effects on the accuracy of the present compressible flow 

solver is the lack of low-speed preconditioning (LSP). The LSP may have 

considerable impact on the flow separation of wind turbines at high Reynolds 

numbers [157], however, its influence on the force generation is small according to 

the validation cases in Chapter 4 and the previous publications of the research group 

[145,147,159,160,197]. 

 

8.1.2 Effects of spanwise deformations on the performance of a ray-strengthened 

caudal fin (Chapter 5) 

The second objective of the present thesis was investigating the effects of different 

spanwise deformations on the propulsion performance of a 3D ray-supported caudal 

fin. Four deformation patterns were considered in this study, which were 
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accomplished via four different stiffness distributions (uniform, cupping, W-shape 

and heterocercal) among the rays. The main outcomes from this study can be 

summarised as: 

(1) Compared with rigid caudal fin, the flexible caudal fin had an enhanced 

propulsion performance over a wide range of ray stiffness. Besides, there was an 

optimal flexibility maximising the thrust and propulsion efficiency. 

(2) Both the uniform and the cupping stiffness distributions produced ‘cupping’ 

deformation. However, the deformation of the fin with cupping stiffness 

distribution seemed to be ‘over-cupped’, leading to a degraded propulsion 

performance compared with the uniform stiffness case. 

(3) Among all the four stiffness distributions, the uniform stiffness distribution 

produced the best propulsion performance in terms of thrust generation and 

efficiency. The heterocercal stiffness distribution created a vertical force which 

can be used for stabilising and maneuvering. 

(4) By appropriately cupping the fins, fish are able to save energy and generate larger 

thrust and propulsion efficiency. 

 

8.1.3 Performance of an actively and passively controlled caudal fin (Chapter 6) 

Our third objective was studying the effect of active curvature control of the rays on 

the performance of a simplified skeleton-strengthened caudal fin. This research was 

inspired by an important feature of fish fin that the curvatures of the rays are actively 

controlled. In the present model, the curvatures of the rays were actively changed by 

distributed external loads which imitated the pulling effects of tendons at the basal 

ends of the rays. The main conclusions drawn from this study are: 

(1) The performance of the caudal fin was controlled by three main factors, namely, 

the phase between the leading edge sway motion and the external force (     ), 

the phase difference between the dorsal edge and ventral edge (    ), the phase 

distribution among the rays. By carefully combining these parameters, various 
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deformation patterns (the C-mode, the W-mode, the H-mode and the S-mode) 

observed in experiments had been reproduced. 

(2) The propulsion performance of all the cases with active curvature control were 

significantly improved when       is less than 90 degree. The thrust and 

propulsion efficiency could be improved by up to 43% and 35% respectively. 

(3) The C-mode produced the best performance in terms of thrust generation and 

propulsion performance, which was attributed to larger deflections of rays in the 

central part of the fin and the resulting larger, stronger and further downstream 

high pressure region. 

(4) The H-mode and S-mode both created considerable vertical forces. Compared 

with the H-mode, the S-mode could produce smaller thrust and larger vertical 

force when the swaying motion was reduced to zero. This, together with the 

reduction in lateral force, makes S-mode ideal for braking maneuvering. 

(5) The present model captured several key features of real caudal fin, whereas some 

details were not considered. For example, the present caudal fin model was 

simplified as a rectangular shape and the bi-laminar design of real fin rays was 

not explicitly modelled. Besides, the complicated internal structures, musculature 

and nerve systems were not considered either. However, the conclusions from 

this study can provide useful inspirations and guidelines for the design of robotic 

fish. 

8.1.4 Performance of a bio-inspired underwater robot with skeleton-reinforced 

undulating pectoral fins (Chapter 7) 

The final objective of the present thesis was investigating the propulsion performance 

of a bio-inspired underwater robot with two sided undulating pectoral fins. The fins 

were supported by several flexible rays with actively controlled curvatures and 

independent actuations. The robot was fixed in space with a uniform incoming flow. 

The key findings from this study can be concluded as follows: 
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(1) By controlling the phase difference (  ) between the leading edge ray and 

trailing edge ray, both flapping motion (smaller   ) and undulating motion 

(larger   ) could be achieved by the pectoral fins. Higher thrust and efficiency 

were accomplished by flapping motion while the undulating motion required 

much less energy expenditure. 

(2) With non-symmetric kinematics, non-equal thrust forces were generated on the 

pectoral fins, which created a non-zero moment along vertical axis. This also 

generated a non-zero force along lateral direction, which, together with the 

non-zero moment, may contribute to the turning maneuvering of the robot. 

(3) With an incoming flow, the in-place rotation of the robot could not be 

accomplished by simply reversing the direction of the travelling wave along one 

of the pectoral fins. It may require more complicated control strategies to achieve 

this. 

(4) The propulsion performance of an underwater robot with undulating fins may 

also be significantly influenced by the aspect ratio of the fin. It is anticipated that 

with a larger aspect ratio, the flapping motion creates higher thrust whereas for 

smaller aspect ratio, the undulating motion may produce better performance. 

 

8.1.5 Efficiencies of various biomimetic propulsive systems 

Table 8-1 summarises the maximum propulsion efficiencies of biomimetic systems 

reported in previous publications. It is seen that for most biomimetic systems listed 

here (including the two studied in this thesis), the highest propulsive efficiency falls 

between 0.2 and 0.4. Bozkurttas et al [101] reported an efficiency as high as 60% for a 

highly flexible pectoral fin. The fin’s conformation was reconstructed from 

experimental measurement, indicating that the real biological systems can achieve 

much higher efficiency by more complicated kinematics control. Therefore, more 

research effort should be made to understand the mechanism in order to design more 

efficient biomimetic propulsion devices. 
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Table 8-1 Summary of the propulsive efficiency of various biomimetic systems 

Fin Type Approach 
Reynolds 

Number 

Strouhal 

Number 

Maximum 

Efficiency 

Flexible caudal fin (present) Numerical 1,000 0.4 0.21 

Flexible Pitching Panel [100] Numerical 640 0.58 0.21 

Flexible caudal fin [213] Numerical 2,500 0.47 0.23 

Flexible caudal fin [25] Numerical Inviscid flow 0.3 0.22 

Rigid flapping foil [214] Numerical 200 0.46 0.26 

Flexible pectoral fin [101] Numerical 6,300 0.54 0.60 

Flexible pectoral fin [52] Numerical Inviscid flow 0.31 0.32 

Flexible pectoral fin [27] Numerical 400 0.45 0.36 

Flexible pitching panel [215] Experimental 7,200 0.3 0.37 

Flexible heaving panel [85] Experimental 21,000–115,000 - 0.45 

Flexible tuna-like foil [216] Experimental 27,750 - 0.21 

Undulating pectoral fin (present) Numerical 6,000 - 0.18 

Undulating pectoral fin [217] Numerical 10,000 - 0.21 

Undulating anal fin [92] Experimental - - 0.17 

 

8.1.6 Practical guidelines for the design of fin-inspired underwater propellers 

The conclusions from the present thesis also provide some general guidelines for the 

practical design of bio-inspired underwater propellers. 

(1) Ray-supported membrane architecture. Such a structure allows rays to have 

different material properties, making non-uniform stiffness distribution over the 

propeller relatively easier for manufacturing. The flexibility distribution may be 

optimised to enhance the propeller’s performance. 

(2) Individual ray activation. The separate actuation of each ray enables the propeller 

to achieve various conformations (e.g., C-mode, S-mode and H-mode) according 

to different needs, which gives the propeller more DOFs for control. 
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(3) Active curvature control. Our study reveals that active curvature control over the 

fin rays can further increase the thrust production. Novel mechanical designs of 

fin rays able to actively change the bending curvature may be needed in the future. 

8.2  Recommendations for future research 

The present thesis is concentrated on numerically investigating the effects of several 

key features of ray-finned fish on the propulsion performance of simplified 

bio-inspired propulsive systems. However, these systems are very complicated and 

involve multiple disciplines. Due to the limited research time and computing 

resources, the present studies inevitably have some limitations and cannot cover all 

those details involved in the biological locomotion systems. In the field of numerical 

modelling of bio-inspired locomotion, there are still many interesting topics worth 

further investigation. The suggestions based on available studies for the future 

research are outlined as follows: 

(1) In the present FSI tool, the structural dynamics is resolved by a nonlinear beam 

model, which can only represent simple geometries. To study the dynamics of 

more realistic biomimetic problems, more sophisticated structural models should 

be used. Some open source codes such as Calculix (http://www.calculix.de/), 

deal.II (https://www.dealii.org/) and FEniCS (https://fenicsproject.org/) may be 

good options. 

(2) Most biomimetic problems involve large structural deformations, which pose a 

great challenge for CFD mesh manipulation. Overset grid methods may enhance 

the capability of flow solvers dealing with complex geometries and/or multiple 

bodies with relative motion, but it has limited use when handling large local mesh 

deformation. Two approaches may be utilised to solve this problem: 1) overset 

grid plus local re-meshing; 2) immersed boundary method with adaptive grid. 

(3) In nature, most aquatic animals swim at moderately high Reynolds numbers, 

where turbulence may play an important role. However, most numerical 

simulations on biomimetic locomotion systems use laminar flow models by 

http://www.calculix.de/
https://www.dealii.org/
https://fenicsproject.org/
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reducing the Reynolds number to an acceptable regime. This is not only because 

of the complexity for high-fidelity turbulence modelling itself, but also because 

of the large amount of computational time required. The development of 

advanced reduced order models for complicated turbulence flows may provide a 

solution for this kind of problem. 

(4) The bio-inspired propulsion is a multi-disciplinary subject. It not only involves 

strong fluid-structure interaction, but also needs multi-body dynamics in order to 

achieve self-propelled motion. However, the coupling of multi-physics is very 

challenging in terms of convergence and numerical stability. The recently 

released open source multi-physics coupling tool named preCICE 

(https://www.precice.org/), which adopts the most advanced coupling algorithms, 

may be very helpful for developing more powerful biomimetic simulation tools. 

(5) The CFD (including multi-physics coupling) can also be integrated with 

advanced control strategies, which will greatly enhance the capability and 

applicability of numerical tools in the area of biomimetics. 

 

https://www.precice.org/
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Appendix: Preconditioning Methods for 

Compressible Navier-Stokes Equations 

A.1 Preconditioned Navier-Stokes equations 

The original integral form of Navier-Stoke equations for compressible flow is given in 

Eq. (3.1). With preconditioning, the equations are formulated as follows: 

 
 

  
∭    

 

     ∬            
 

    (A.1) 

where   and   are the transformation and preconditioning matrices respectively. 

The transformation matrix is needed if conservative flow variables are used in 

computation. Here, the primitive variables are selected as 

    {          }  (A.2) 

For perfect gas, the transformation matrix from primitive to conservative variables 

       ⁄  reads 

   

[
 
 
 
 
 
  ⁄        ⁄

   ⁄         ⁄

   ⁄         ⁄

   ⁄         ⁄

  ̅  ⁄              ⁄ ]
 
 
 
 
 

. (A.3) 

where    ‖ ‖ 
          . 

 

The Weiss-Smith preconditioning matrix is used in the present implementation, which 

can be expressed as [151,152] 
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where       ⁄  for perfect gas.   is defined as 
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where   
  is the square of the reference Mach number, which is computed as 
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 )   )  [152,155], where   ~O(1) and is 

selected to be 5 here.     
  and    

  are cut-off values based on the local diffusion 

velocity and local pressure difference, which are defined as [152] 
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where        (           ),        (           ) and  ~O(10-6). 

 

The eigenvalue matrix of the convective flux Jacobian of the preconditioned system 

      is given by 
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where       is the contravariant velocity, and    and    denote the modified 

contravariant velocity and modified speed of sound respectively. The two modified 

terms are calculated as 
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(A.8) 

The spectral radii used in the calculations of the artificial dissipation and local time 

step should be replaced by the following modified formula 

     |  |         (A.9) 

Since the preconditioning matrix has been included when calculating spectral radii (in 

different forms with Eq. (A.4)), the artificial dissipation term should not be multiplied 

by     . Therefore, the formula used to compute the artificial dissipation (Eq. (3.21)) 

should be modified as 
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(A.10) 

The far-field boundary condition (Subsection 3.1.4.2) is based on the flow 

characteristic variables, and should also be modified as the convective flux Jacobian 

has been changed. In the present implementation, the following simplified 

non-characteristic far-field boundary condition [148] is used for preconditioned 

computation. For inflow condition, the flow velocity and temperature at the boundary 

are obtained from freestream flow, and the pressure at the boundary is given by the 

interior cell adjacent to the boundary: 

                      (A.11) 
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For outflow condition, the flow velocity and temperature at the boundary are obtained 

from the interior cell adjacent to the boundary, and the pressure at the boundary is 

given by freestream pressure: 

                        (A.12) 

The flow density at the boundary is computed using the gas state equation. 

 

A.2 Test cases 

Test 1: Steady flow in a lid-driven cavity 

 
Figure A-1 The computational mesh and boundary conditions for lid-driven cavity flow. 

The lid-driven cavity flow is used to test the accuracy of the present implementation 

of the above preconditioning method. As shown in Figure A-1, both the length and the 

height of the cavity is L. The upper wall is moving at a constant speed of U0, and the 

other walls are fixed. The Reynolds numbers based on L and U0 are selected to be 

Re=100 and 1000. The computational mesh is composed of 80x80 hexahedral cells 

and is refined near the walls as demonstrated in Figure A-1. 

 

Wall

Wall

Wall

Moving Wall

x/L
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Figure A-2 illustrates the u-velocity profiles along the vertical middle line and the 

v-velocity profiles along the horizontal middle line obtained using different Mach 

numbers. At Re=100 and Ma=0.06 (Figure A-2 (a), (b)), both preconditioned and 

non-preconditioned results match very well with the reference data. The 

preconditioned code can also produce the same result at an extremely low Mach 

number (Ma=0.001), indicating the converged result is independent of the Mach 

number when preconditioning technique is used. At a higher Reynolds number 

(Re=1000), the preconditioned results are slightly closer to the reference data. 

 
Figure A-2 U-velocity profiles (a), (c) and V-velocity profiles (b), (d) at Re=100 (a), (b) and 

Re=1000 (c), (d). Reference data is from [218]. 

 

Figure A-3 demonstrates the convergence histories of the normalised flow density 

change rate    ⁄  (the value is averaged within the entire computational domain). It is 

observed that preconditioning significantly improves the convergence rate at Re=100. 
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Despite of the slower convergence of preconditioned case at Re=1000, preconditioned 

simulation produces more accuracy results (see Figure A-2 (c), (d)). 

 
Figure A-3 Flow convergence histories at Re=100 (a) and 1000 (b). 

 

Test 2: Steady flow past a circular cylinder at Re=40 

 
Figure A-4 The computational mesh for steady flow past a circular cylinder. 

The steady flow past a circular cylinder at Re=40 is simulated in order to test the 

external flows. Figure A-4 shows the computational mesh and the Reynolds number is 

based on the incoming flow velocity and the diameter (D) of the cylinder. The 
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far-field boundary is located at 100D away from the cylinder in order to mitigate the 

possible negative effect of non-characteristic far-field boundary condition. 

 
Figure A-5 (a) Pressure coefficient distribution along the surface of the cylinder. (b) Flow 

convergence histories. 
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Figure A-6 Contours of pressure coefficient. Solid-lines: non-preconditioned results, and 

dash-lines: preconditioned results. 

Figure A-5 (a) shows the distribution of pressure coefficient along the upper surface 

of the cylinder, it is seen that at higher Mach numbers (Ma=0.1 and 0.06), the 

preconditioned and non-preconditioned distributions are very close to each other. 

However, at a lower Mach number (Ma=0.01), the non-preconditioned code gives 

incorrect result while the preconditioned solver still produces accurate data even at 

Ma=0.001. Figure A-5 (b) compares the convergence histories of preconditioned and 

non-preconditioned codes at different Mach numbers. It is observed that the 

convergence performance is improved by preconditioning. Therefore, preconditioning 

not only maintains the accuracy for very low speed flows (e.g., Ma<0.01), but also 

accelerates the convergence. The pressure contours are illustrated in Figure A-6. 
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Similar to the pressure distribution along the cylinder, the preconditioned code gives 

the same contours at all Mach numbers considered here. In contrast, the 

non-preconditioned code only produces accurate results at higher Mach numbers 

(Ma=0.1 and 0.06). 

 

Test 3: Steady flow past a NACA0012 foil at Re=1000 

 
Figure A-7 The computational mesh for steady flow past a NACA0012 foil. 

The third case used to test the present implementation of preconditioning is the steady 

flow past a NACA0012 foil at two different angle of attack (AOA=0 and 10 degree). 

The chord length of the airfoil is c and the Reynolds number based on the incoming 

flow velocity and the foil length is Re=1000. Figure A-7 shows the O-grid used for 

flow computation and the far-field boundary is located at 100c away from the airfoil. 
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Figure A-8 Pressure coefficient distributions along the surface of the foil. (a) AOA=0 degree, and 

(b) AOA=10 degree. 

 
 

Figure A-9 Contours of pressure coefficient. Solid-lines: non-preconditioned results, and 

dash-lines: preconditioned results. (a)-(c) AOA=0 degree, and (d)-(f) AOA=10 degree. 

Figure A-8 shows the pressure distribution along the surface of the airfoil. It is seen 

that for both values of AOA, the pressure distributions from preconditioned code are 

the same independent of the Mach numbers. For non-preconditioned code, however, 

the results are dependent on the Mach numbers. When Ma decreases to 0.01, the 

non-preconditioned solver is not able to produce accurate results. Similar conclusions 

can be drawn from the pressure contours demonstrated in Figure A-9. 
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The convergence histories of flow density residuals and drag coefficients are 

demonstrated in Figure A-10. It is seen that the convergence is significantly 

accelerated. For example, the preconditioned code takes only 1000 iterations to reach 

a convergence of drag coefficient while the non-preconditioned requires at least 3000 

iterations. Considering the preconditioned code consumes more computational time 

per iteration, the computational efficiency is briefly summarised in Table A-1. It can 

be observed that the time required for convergence of the precondition solver is 

approximately half of that required by the non-preconditioned code. 

 
Figure A-10 Flow and drag coefficient convergence histories. (a), (b) AOA=0 degree, and (c), (d) 

AOA=10 degree. 

Table A-1 Summary of computational time used for the case at AOA=10 degree, Ma=0.06. 

 Total 
iterations Total time (s) Time per 

iteration (s) 
Least time used to 

converge (s) 

Non-preconditioned code 3000 645 0.215 0.215 3000=645 

Preconditioned code 3000 1113 0.371 0.371 1000=371 
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Test 4: Unsteady flow past a circular cylinder at Re=185 

In this test, we extend the above preconditioning to a time-dependent problem: the 

vortex shedding behind a cylinder at Re=185, which is also used as a validation case 

in Subsection 4.1.1. The computational mesh is the same with the one shown in 

Figure A-4 and the time step is 0.04D/U∞. Figure A-11 (a) shows the instantaneous 

lift coefficient, from which we can see that the non-preconditioned code produces a 

periodical vortex shedding after a starting period while the preconditioned code has 

lost its time accuracy. The convergence histories within ten physical time steps are 

demonstrated in Figure A-11 (b). It is seen that the residual of non-preconditioned 

code drops more than four orders of magnitude whereas the preconditioned residual 

reduces less than three orders, implying the convergence rate of preconditioned code 

is deteriorated for unsteady flow computations. 

 
Figure A-11 (a) Lift coefficient histories of preconditioned and non-preconditioned solutions at 

Ma=0.06. (b) Convergence histories within 10 physical time steps. 

 

Various reasons can lead to such an inaccuracy. First, a fully-explicit multiple stage 

Runge-Kutta stepping scheme (Eq. (3.32)) is used for temporal integration in the 

present implementation. Compared with semi-explicit Runge-Kutta stepping methods 

[151,157] and implicit lower-upper symmetric-Gauss-Seidel (LU-SGS) methods 

[135,156], the fully-explicit Runge-Kutta scheme is more prone to stability issues. A 
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second reason may be the definition of    in Eq. (A.5). It is suggested that a new 

cut-off value considering the effect of physical time step should be included [154,155]. 

Campobasso and Drofelnik [157] developed a mixed preconditioning method to 

further enhance the stability and robustness of the preconditioned code and great 

accuracy was obtained in their study. A third reason may be the simplified 

non-characteristic far-field boundary condition, which is no longer effective for 

unsteady flow problems, as pointed out by Vatsa and Turkel [149]. Further rigorous 

tests of these possible solutions are needed in the future. 

A.3 Summary 

In the current appendix, the implementation of preconditioning technique for 

compressible Navier-Stokes equations is presented. Conservative variables and 

Weiss-Smith preconditioning matrix are used in the preconditioned flow equations. A 

simplified far-field boundary condition is used in replacement of the 

characteristic-based boundary condition. The performance of the preconditioned code 

is evaluated using three steady flow cases and one unsteady flow case. It is observed 

that for steady flows, preconditioning can increase the convergence rate and the 

preconditioned solution is independent of the Mach numbers. Therefore, the present 

implementation of preconditioning is successful for steady flow problems. However, 

for time-dependent flows, the present preconditioning cannot produce time-accurate 

results, which may be attributed to the temporal integration scheme, the definition of 

the cut-off values in preconditioning matrix, and the non-characteristic far-field 

boundary condition. Therefore, the preconditioning method introduced in this 

appendix is not used for the investigation of the biomimetic problems in the present 

thesis. The examinations of these issues are subject to the future work. 
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