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Abstract

In this thesis we formulate an abstract model to describe ultrasonic transducers, taking
into account a high-temperature regime as well as dynamics at the boundary. We use an
abstract boundary trace theory to extend from a known thermo-piezo-electromagnetic
system, and encode boundary dynamics directly within our model. Using the theory
of evolutionary equations invented by Rainer Picard, we establish the well-posedness
of our system. Well-posedness in this context corresponds to both Hadamard well-
posedness and causal dependence on given data. Moreover, we conduct a systematic
investigation into different arrangements of complicated boundary dynamics which lead
to a well-posed system. Motivated by a set of known piezo-electric boundary conditions,
we formulate and consider novel generalised impedance like boundary conditions. Fur-
thermore, we formulate and analyse a specific example of these generalised boundary
dynamics, which account also for the influence of heat at the boundary. The resulting
example pertains to all three physical aspects of our system, and thus harnesses the

full generality afforded by our system.
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Chapter 1

Introduction

1.1 Evolutionary Equations

The field of evolutionary equations is a relatively fresh area of research in mathematical
analysis. The world was first introduced to the theory back in 2009 with the publication
of Rainer Picard’s seminal paper [ |. Although, the first stone in the path to evo-
lutionary equations was paved some twenty years prior with key observations contained
in [ ]. Since then it has been the sole focus of at least two research monographs,
three PhD theses as well as two habilitation theses. The field played a supporting —
but no less substantial — role in at least one other PhD thesis and research monograph.
Moreover, there have been over fifty research articles published in the area. The exact
routes taken by these articles are almost as varied as their total number might suggest.
In a moment we will briefly outline some of these research trends.

At its core, the field of evolutionary equations concerns itself with problems of the
form

(O, M(8,) + A)U = F. (1.1)

We first regard this prototypical equation with a high-level view. The unbounded
operator J; denotes a specific realisation of the time derivative, whereas the operator
M (0;) enjoys holomorphic and continuous properties. The role of this latter operator
will be to encode the material parameters of the physical system being modelled. The

operator A is unbounded, skew-selfadjoint and will account for the spatial aspects of



the system. Lastly, the function U is our unknown and F is a given right-hand side.
A suitable Hilbert space provides the setting. Later in Chapter 2 we will review these
key components with a concise low-level mathematical view.

The cornerstone of the theory of evolutionary equations is established by Picard’s
Theorem. This result, first presented in [ , Solution Theory, p. 1770], encapsulates
the entire solution theory of the field. Under what amounts to very mild conditions,
Picard’s Theorem guarantees both standard Hadamard well-posedness as well as causal
dependence on given data. Causal dependence pertains to a mathematical means of
reflecting a given physical phenomenons bias and evolution in a set direction of time.
We will recall this notion of causality in greater mathematical detail shortly (see Propo-
sition 2.2.5 and Remark 2.2.6). As we will note, causality emerges as an indispensable
ingredient for well-posedness in the setting of evolutionary equations. Moreover, this
solution theory is very easy to apply, with much of the required work amounting to
little more than simple algebra.

It turns out that many of the quintessential partial differential equations (PDEs) of
mathematical physics can be reformulated to fit within the archetype of (1.1). For in-
stance, it is well-known that the heat equation, wave equation and Maxwell’s equations
can each be regarded from the perspective of evolutionary equations. Furthermore,
these phenomena and more can be combined via appropriate material couplings, and
easily treated by the theory as a coupled system (see | , Section 4] and [ , Sec-
tion 6.2, Chapter 7] for a plethora of such, and other, applications).

As mentioned, research trends in evolutionary equations are themselves incredi-
bly diverse. For instance, work has been done to treat stochastic partial differen-
tial equations (SPDEs) with techniques from the field (c.f. | ]). Here, the au-
thors demonstrated the power of the theory by successfully attacking the nonstandard
stochastic Maxwell equations as well as some time fractional SPDEs. The subsequent
article | | further developed this framework. Moreover, there have been consider-
able advances made in the area of asymptotic homogenisation. In [ | the authors
used evolutionary equations to establish a setting for handling the periodic and stochas-

tic homogenisation of PDEs. The use of this framework was showcased by the authors



for several ubiquitous equations including elliptic PDEs. Various other instances of the
advances made in this direction can be found in [ I, [ | and [ ]. The
notion of a nonlinear evolutionary equation has also been studied. Fundamental to
this zone of investigation is the replacement of the skew-selfadjoint operator A in (1.1)
by a mazimal monotone relation (see for instance | , Definition, p. 276]). This
generalisation allows one to apply the theory of evolutionary equations to tackle certain
nonlinear problems in mathematical physics (c.f. | N Nl ] and | D).
The ubiquity of their application, coupled with an accessible solution theory and the
ability to handle coupled systems, are some of the main draws to apply this theory to

the problem of our thesis.

1.2 Ultrasonic Transducers and Motivation

Piezo-electric ultrasonic transducers are versatile measurement devices at the heart of
many and ubiquitous applications. Ultrasonic transducers operate by emitting a wave
towards a given material. The wave then proceeds to travel through the material being
tested, before being received again by the transducer device. The resulting mechanical
wave is then transformed into an electrical signal for analysis. Piezo-electric transducers
enjoy usage across a range of diverse fields of study, although conventional applications
of these devices mostly comprise medical imaging and non-destructive testing.

With regards to medical imaging, the most well-known example of these instruments
lies in ultrasound technologies (see for instance | I, 1 | and | ]). Piezo-
electric ultrasonic transducers provide an attractive option for medical diagnostics on
account of their cost-effectiveness, portability and non-invasiveness (c.f. [ | and
[ ]). However, there exists a host of other clinical scenarios which rely upon the
use of this technology, albeit to a variety of different ends (c.f. | ], 1 1,
[ ], [HC93), | ) and [51111]).

Ultrasonic transducers are also frequently utilised in the area of non-destructive
testing, as well as in the evaluation of safety critical systems. Instances of such sys-
tems can be found all around us. They include industrial and nuclear power plants

(c.f. [ | and | ]), aerospace structures (c.f. | ] and | ]) as well as
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oil pipelines (c.f. | 1 [ ] and [ ]). In the realm of non-destructive
testing, ultrasonic instruments are used to assess the integrity and stability of a given
system. Their use here can lead to the discovery of defects including cracks in the
material of the structure (see for instance | L I, [ I, [ ]
and [ -

The prospective modelling of such devices is clearly of practical and economic
importance. When such models are used to attune material and manufacturing de-
sign parameters, the question of the associated systems well-posedness is paramount
(c.f. [ I, 1 1, 1 I, 1 | and | |). The establishment
of a well-posed model allows one to consider the corresponding inverse problem, which
is conducive to deducing those parameters (c.f. | I, [ I, [ I, [ ]
and | ). With ultrasonic transducers providing the backbone to a span of di-
verse and nontrivial applications, it is no wonder that they are the focus of much
contemporary interdisciplinary interest.

Evolutionary equations have already been used to model ultrasonic transducer de-
vices. The first effort to model ultrasonic transducers with this theory is contained
in [ ]. There, the authors constructed a coupled thermo-piezo-electromagnetic
system and, among other objectives, addressed the question of its well-posedness under
a set of homogeneous boundary conditions. The inclusion of a thermal aspect in the
coupled system of [ ] is by no means a trivial one, as it provides some moti-
vation to consider the behaviour of an ultrasonic instrument under a high-temperature
regime. Various industrial applications necessitate the usage of piezo-electric transduc-
ers at incredibly high temperatures. For instance, some nuclear power plants are cooled
by heavy liquid metals including sodium, lead-bismuth and lead, which have melting
temperatures of 97.99°C, 123.5°C and 327.5°C, respectively (c.f. | ], 1 ]
and [ ]). Such considerations are of crucial importance to the fabrication of
ultrasonic devices for use in non-destructive testing. This is because the piezo-electric
transducer of interest could become damaged after continuous use under strenuous
thermal conditions. This is particularly true for the use of piezo-electric transducers

in the manufacturing process of molten materials including plastic. In this scenario, a



piezo-electric transducer would be required to measure properties like liquid density at
temperatures over 220°C (c.f. | ] and | ]). Besides adversely impacting
on the accuracy of any measurement readings, the failure to adequately accommodate
for a high-temperature regime can drive up production costs. Further references detail-
ing the usage of ultrasonic transducers at high temperatures abound, and can be found
for instance in [ I I I N I I ]
and | ].

A second effort to model a piezo-electric transducer with the theory of evolutionary
equations can be found in | |. This article focused on a coupled piezo-electric sys-
tem without the influence of temperature. However, it did implement some complicated
and interesting piezo-electromagnetic boundary dynamics, which we now recall. Pre-
sented in their original formulation (c.f. [ , Section 1] or | , Subsection 4.3.1]),
the following piezo-electromagnetic impedance boundary conditions

nx H—nxQ*u+nx (Exn)=0on o, L
Ton—QnxE)+(1+ad") du=0on o, -
were considered. We clarify the meaning of these boundary conditions before discussing
the meaning of an impedance boundary condition. Broadly speaking (see Chapter 4 for
the precise details) E and H are the electric and magnetic fields, respectively, whereas
u is the displacement of the underlying elastic body, 2, and T is a suitable realisation
of the accompanying stress tensor. Here, n is the outward unit normal, whereas @ and

a are given (continuous and linear) boundary mappings with
Q:V,, — HV2(0Q)* and a: HY?(00)> — HY/?(90)3.

The boundary traces and spaces V,, and H 1/2(9Q)3 are later recalled and examined
in detail (c.f. Proposition 3.1.6), but in essence allow us to translate different types of
boundary data between both elastic and electromagnetic parts of the system. Specific
regularity assumptions are made in | , Section 2, p. 4] which ensure that the

boundary conditions (1.2) are well-defined as equations on Lo (052).



Impedance boundary conditions are also known as Leontovich boundary conditions,
with much of the initial groundwork being set by M. Leontovich in the early 1940s
(c.f. [ ]). At its core, an impedance boundary condition is one which establishes a
relationship between the tangential components of the electric and magnetic fields. The
exact nuance of this connection is underpinned by an impedance function or operator,
which depends on the electromagnetic properties of the underlying material (c.f. | ,
Section 1]). Leontovich boundary conditions are frequently implemented to more read-
ily solve problems in electromagnetic scattering (see for instance | I [ ]
and | ). More specifically, they enable one to ignore any internal complexity
of the material being studied. Instead, one needs only to determine the electromag-
netic fields on the surface of the medium (c.f. | ] and | ])- The inclusion of
an impedance type boundary condition often looks to complicate the formulation of a
problem. The specific impedance boundary conditions recalled above in (1.2) are math-
ematically stimulating since they are given as a separate PDE, posed on the boundary
of the domain. For more details on electromagnetic impedance boundary conditions
and the classical impedance operator, consult | , Equation 1.40], | , Subsec-
tion 4.1.5.1], | , Chapter 1] and | , Equation 1.31].

In order to accommodate for such complicated boundary dynamics, the author
of | | deigned to use the mathematical framework provided by abstract bound-
ary data spaces (c.t. | , Section 5.2], [ , Section 4] and [ , Subsec-
tion 2.2, Section 4]). This theory provides a means of treating boundary value problems
which bypasses the need to assume any regularity of the boundary. This enables one
to consider boundary value problems for arbitrary open sets. Far from being a purely
academic exercise, the author of | ] noted how their use of abstract boundary data
space theory meant that the modelling of ultrasonic transducers with a fractal geome-
try (c.f. [ 1, [ I, [ I, [ ] and | ]) was also covered by

their system.



1.3 Research Aims

The overall goal of this thesis is to unite the disparate trajectories outlined in the
previous section, and advance the modelling of ultrasonic transducers by evolutionary

equations. More precisely, the aims of this thesis are to:

1. Extend the thermo-piezo-electromagnetic system used to model ultrasonic trans-
ducers presented in | ]. This will be achieved by applying the methodol-
ogy and outlook of | ] and | ]. In doing so, it is our aim to construct a
model for ultrasonic transducers which takes into account both boundary dynam-

ics (including impedance boundary conditions) and a high-temperature regime.

2. Identify those patterns of well-posed boundary behaviour covered by our extended
system of thermo-piezo-electromagnetism. We will collate our findings into a cat-
alogue, in an effort to make the identification of well-posed patterns of boundary

dynamics clear and accessible to a broad audience.

3. Abstract from the piezo-electric impedance boundary conditions (1.2) to obtain
a generalised impedance like boundary condition. We will also construct a novel
example of nontrivial dynamic boundary conditions. These will involve the in-
fluence of heat at the boundary as well as the piezo-electromagnetic impedance
effect of (1.2). As such, the example we have in mind will draw upon each of the

thermal, elastic and electromagnetic aspects of our extended system.

As noted, the underlying example of impedance boundary conditions, (1.2), are of key
interest to us. Indeed, they are interesting from a mathematical standpoint on account
of their complexity, appearing as a separate PDE on the boundary. Moreover, there
is very little in the way of literature which combines any notion of electromagnetic,
elastic and thermal impedance. Indeed, the notion of thermal impedance exists, and
its derivation mirrors that of electromagnetic impedance. Although, from applications
it seems as if the form of any thermal impedance function is little more than a varia-
tion on the same scalar quotient (c.f. | | and the references therein). As far as

the author is aware, there is nothing in the way of literature which addresses thermal



impedance like boundary conditions involving a combination of Dirichlet and normal
componential boundary data. As such, we are influenced by the shape of the under-
lying piezo-electromagnetic boundary dynamics from | , Section 1], and driven to
formulate and consider our own novel, generalised impedance like boundary conditions.

We will employ a nonstandard approach to our modelling efforts. It is common to
first construct a model to a given problem before embarking on its thorough analysis.
We, however, are not setting out with a specific problem in mind. Instead, our aim is
to build an abstract model and derive assumptions on the material parameters required
to obtain a well-posed system. By doing so, we will divine the form that well-posed
problems might assume. In some way then, our route to modelling travels in the
direction opposite to that which is more frequently pursued. We perform the analysis

first before asking what specific phenomenon our system might model.

1.4 Outline of Thesis

The thesis is organised as follows. We begin in Chapter 2 with a concise tour of the
essential theory of evolutionary equations. Our aim is to recall the key results and
mathematical constructions required to make sense of the prototypical evolutionary
equation, (1.1). The first key idea is covered in Section 2.1 and focuses on the afore-
mentioned realisation of the time derivative, which will be used throughout the setting.
In Section 2.2 we recall how to make sense of functions of this operator, and thus
justify the expression M (0;) appearing in (1.1). The spatial operators to appear in
our study are then covered in Section 2.3. These operators will eventually be used to
formulate our A in (1.1). Finally, in Section 2.4 we recall and re-present the central
solution theory encapsulated by Picard’s Theorem, which appears as Theorem 2.4.4 in
this work.

Our recollection of the necessary preliminary material continues in Chapter 3. Start-
ing with Section 3.1 we succinctly review the well-known classical theory of boundary
traces and spaces. This will afford us a clearer recollection of their abstract analogues —
the aforementioned abstract boundary data spaces — in Section 3.2. In Subsection 3.2.1

we compare both of the recalled classical and abstract perspectives on boundary traces,
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before setting the stage for their subsequent application in Subsection 3.2.2.

The aim of Chapter 4 is to formulate and present our extended model for thermo-
piezo-electromagnetism with boundary dynamics and a high-temperature regime. In
Section 4.1 we recall the last preliminaries on congruence transforms, which will be
needed in the proof of our systems well-posedness. In Section 4.2 we recall and re-prove
the well-posedness result for the underlying thermo-piezo-electromagnetic system with
homogeneous boundary conditions from | , Theorem 3.1]. In the current work,
this is re-presented in Theorem 4.2.1. By doing so, we also establish the fundamental
material parameters and constituent relations which will underpin our own extended
model. Additionally, we will highlight key modelling assumptions which will provide
a reference point when discussing our own model. In Section 4.3 we establish our
extended model for thermo-piezo-electromagnetism with boundary dynamics and a
high-temperature regime. The goal of Section 4.4 is to address the question of our
systems well-posedness, and this we do in the proof of the central solution theory of
this thesis, Theorem 4.4.6.

Chapter 5, is devoted to the catalogue of well-posed patterns of boundary behaviour
mentioned in our research aims. The construction of this catalogue will follow a system-
atic investigation into those patterns of boundary behaviour which lead to a well-posed
system. We first set the stage for our investigation in Section 5.1 with the recollection
of some additional prerequisites. In Section 5.2 we consider the possible inclusion and
recovery of Robin, Dirichlet and Neumann boundary conditions from within our model.
In Sections 5.3 and 5.4 we continue our investigation with a thorough analysis of dif-
ferent and complicated patterns of boundary behaviour. We classify the corresponding
variations in boundary dynamics by different subcases, and regard them in detail in
Subsections 5.3.1 to 5.3.3 and Subsections 5.4.1 to 5.4.3, respectively. Finally, in Sec-
tion 5.5 we extend the piezo-electric impedance boundary conditions (1.2) to a novel
example of thermo-piezo-electromagnetic boundary dynamics. We will then address
the question of well-posedness for this specific example.

The final Chapter 6 summarises the achievements of the thesis before concluding

with an outline of several possible avenues of future research.
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Chapter 2

A Brief Tour of Evolutionary

Equations

The aim of this chapter is to collect the key components of the theory of evolution-
ary equations needed to establish and analyse our model for thermo-piezo-electro-
magnetism. The main result of this chapter is Picard’s Theorem (Theorem 2.4.4),
which encapsulates the solution theory of evolutionary equations. On account of the
open access publication of | |, we do not feel obliged to repeat the proofs of any
of the results we now recall. The interested reader is invited to consult the proofs as
indicated there and elsewhere. The seminal paper of Rainer Picard, [ |, is one such
source that much of the material of this chapter can be traced back to. Other standard
references for the field include [ | and [ ]. For the most part we will follow

the presentation of | ].

2.1 The Time Derivative

The first stop on our tour of evolutionary equations is the establishment of time dif-
ferentiation as a normal operator. To that end we start by setting the mathemat-
ical stage of this thesis by recalling the Bochner—Lebesgue spaces. In what follows
let (Q, 3, u) be a o-finite measure space. Standard references for these spaces in-

clude | I, [ I, [ | as well as the more contemporary | , Chapter 1]
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and | , Section 3.1]. With the help of a particular Bochner-Lebesgue space, we
will realise the time derivative as a normal operator. Sources for the time derivative in
this context include | ] and the more recent | , Section 3.2]. We begin with

two definitions (c.f. | , Definitions p. 31]).

Definition 2.1.1. A function f: Q — X is called simple if ran(f) is finite and

F)= - 1a,, (1)

rzeX

where A, == f~[{z}] is measurable and of finite measure if z € X \ {0}. By S(u; X)

we denote the vector space of simple functions. O

Definition 2.1.2. A function f:  — X is called Bochner-measurable if there exists
a sequence (fn)nen in S (u; X) such that lim, o f(t) = f(¢) for p-almost every t €
Q. O

The next definition (c.f. | , Definition p. 33]) introduces the spaces we alluded

to above.

Definition 2.1.3. For p € [1, 00| define
Lp(p; X) ={f: Q@ — X; f Bochner-measurable , || f||x € L,(n)}.

The Bochner—Lebesgue spaces are defined as Ly (p; X) = Lp(p; X) /~ where ~ denotes

the equivalence relation of equality p-almost everywhere. %

As a generalisation of the scalar Lebesgue spaces, it is not surprising that many
familiar results prevail in the setting of Bochner—Lebesgue spaces (c.f. | I, 1 ],
[ | as well as the accessible [ , Chapter 1]). When equipped with the norm
defined by (c.f. | , p. 14])

171l = (/Q”f“)”?d/i(t));, it p < oo,

ess-supyeq || f () |lx, if p= oo,

12



the Bochner-Lebesgue spaces become normed vector spaces. For p € [1,00] they are in
fact Banach spaces. Moreover, when p = 2 and X = H is a Hilbert space, then so too

is Lo(p; H) with its inner product defined by

F. 9) Laustt) = /Q (), 98 a du(t).

The proofs of the latter two claims follow in a manner directly analogous to that of
their scalar counterparts (c.f. | , Proposition 3.1.4]). Suppose now that v € R

and A € B(R), the Borel-o-algebra of R. We introduce the measure

pio,(A) = / e 2 dN(t)

A

and define the exponentially weighted space
Ly, (R H) := La(p2,; H).

It is not hard to see that the inclusion of a given function f in Lo, (R; H) is granted if

and only if both f is Bochner-measurable and

[ 0@ st = [ 150 e
R R

is finite. The space Ly, (R; H) will allow us to realise the time derivative as a nor-
mal operator. To that end, we define a particular class of multiplication operators

(c.f. | , Definition p. 73]).

Definition 2.1.4. Let V: R — K be a measurable function. We define the multiplic-

ation-by-V operator as

V(m): dom(V(m)) C La(R; H) — La(R; H)
[ (= V) F(1)
where
dom(V(m)) := {f € Lo(R; H); (t = V(£)f(¢)) € L2(R; H)} .

13



Moreover, whenever V is the identity operator on R, then we will denote the operator

V(m) by m alone, and refer to it as the multiplication-by-the-argument operator. O

With this in mind, we continue by recalling the following proposition (c.f. | ,

Corollary 3.2.5]) which deals with a specific multiplication operator.

Proposition 2.1.5. Let v € R. The mapping

exp(—vm): Lo, (R; H) = La(R; H)

[ (t—e ™ f(t)

18 unitary.

Following the presentation of | , Definitions pp. 43-44, 46], we introduce the
time derivative operator via the definition of its inverse. In the following definition we

denote by ‘x’ the usual operation of convolution.
Definition 2.1.6. Let v # 0.
(i) We define the operator I,,: Ly, (R; H) — Lo, (R; H) by I, == Ljp,00)* if v € R
and I, = —1(_ 0% if v € Reo.
(ii) We define the time derivative on Lo, (R; H) by 0y, = I %
(iii) Moreover, we define 0; ¢ := exp(—vm)(d;, — v) exp(—vm)~L. O

The properties of I, allow us to infer those of J; ,,. In particular, one readily obtains
that ||I|| < 1/Jv|, that I, is injective and that CL(R; H) C ran(l,) (see | ,
Proposition 3.2.3]). It then follows that 0;, is densely defined, closed and extends the
action of the classical time derivative (for more details see | , p- 45]). We could
of course instead define the time derivative by a more rudimentary and standard means

(c.f. [ , Proposition 4.1.1]).

Proposition 2.1.7. Let v € R and f,g € Ly, (R;H). Then, f € dom(d;,) and
Ouvf = g if and only if for all ¢ € CX (R) we have

- / &(1)f (1) dt = / o(t)g(t) dt
R R
14



for almost every t € R.

Before recalling the last result of this subsection, we first recall the formal definition

of the adjoint of an unbounded linear operator (see [ , VIIL.1, p. 252]).

Definition 2.1.8. Let A: dom(A) C H — H be a densely defined linear operator
on a Hilbert space H. Then, y € dom(A*) if and only if there exists z € H for all
x € dom(A) such that (Az,y) = (z, 2). O

The next result (c.f. | , Corollary 3.2.6]) establishes the most important prop-

erties of the time derivative.

Proposition 2.1.9. Let v € R. Then, the adjoint of the time derivative is the operator

;V = —0, + 2v. Moreover, Oy, is a normal operator and Red;, = v.

The well-known spectral theorem for normal operators ensures that the time deriva-
tive is unitarily equivalent to a multiplication operator. The question as to the exact
form of the unitary operator under which this equivalence is achieved provides us with

the next stop on our tour.

2.2 The Fourier—Laplace Transformation and Material Law

Operators

The (unitary) Fourier—Laplace transformation will allow us to obtain a spectral rep-
resentation of the time derivative as a multiplication operator. By its usage, we will
be able to assign a functional calculus to 0;,. The class of functions we will apply
to the time derivative is known as material law. The use of this class will allow us
to encode physical properties within our eventual PDE system, and will encompass
fundamental constitutive relations, specific material parameters and any underlying
material couplings. The following use of the Fourier—Laplace transformation can be
originally traced back to | |, although, we will follow the presentation of | ,

Sections 5.1 and 5.2]. The following material law and corresponding operator concepts

can be found in | , Section 5.3].
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We recall the space Cp, (R; H) :== {f: R — H, continuous and bounded} together

with the ||-||co-norm in preparation of the next definition (c.f. | , Definition p. 67]).

Definition 2.2.1. Let H be a Hilbert space. We define the Fourier transformation on

Ly (R; H) as the unique continuous extension onto La(R; H) of the operator

F:Li(RyH)NLy (R H) = Cy (R H)

f <s > \/12?/Rei5tf(t) dt) . O

We emphasise that F is unitary on Ls(R; H) on account of Plancherel’s Theorem
(see [ , Theorem 5.1.4]). Armed with the above definition we now define the

Fourier-Laplace transformation (c.f. | , Definition p. 72]).

Definition 2.2.2. Let v € R. The Fourier—Laplace transformation is defined by

Ly: Ly, (R;H) — Ly (R H)

f+— Fexp(—vm)f. O

As the composition of two unitary operators, it is clear that the Fourier—Laplace
transformation is itself unitary. Moreover, for ¢ € C° (R; H) C L1 (R; H) and ¢ € R,

we have

(L)) (1) = \/12? /R o405 1 5) ds.

As such, the Fourier-Laplace transformation can be thought of as a shifted version of
the Fourier transform recalled above. As was hinted at, the Fourier—Laplace transform
crucially yields a spectral representation of the time derivative as a multiplication

operator (c.f. [ , Theorem 5.2.3] and recall Definition 2.1.4).
Theorem 2.2.3. Let v € R. Then 0y, = L} (im+v)L, and 0(0;,) = {it+v:t € R}.

In particular, the operator im + v acts as multiplication by ¢ — it + v. We next

define the function class of interest (c.f. | , Definition, p. 74]).
Definition 2.2.4. We call a mapping M : dom(M) C C — L(H) a material law if
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(i) dom(M) C C open and M complex differentiable,

(ii) there exists some v € R such that the half-plane Cgres, C dom(M) and

[Mlo0,Cres, = sup || M(2)]| < o0.

2€CRe>w

Additionally, we define the abscissa of boundedness of M by

sb(M) = inf{v € R: Cres, C dom(M) and || M ||so,ches, < 00} O

We now apply the spectral representation of the time derivative to this function
class. The resulting operator family, together with their key properties, is summarised
in the next result (c.f. | , Theorem 2.10], | , Proposition 5.3.2 and Proposi-
tion 8.1.4]).

Proposition 2.2.5. Let M: dom(M) C C — L(H) be a material law and suppose
that v > s,(M). Then, the following statements hold true:

(i) The operator

M(im+v): Loy(R; H) — Lo(R; H)

f= (= MGAt+v)f(t))

1s bounded.

(ii) The operator defined by

M(0y) = L,M({im +v)L,

is continuous with [|[M (0 )| < |M||so,Cres. -

(i1i) The operator M (0, ) is causal i.e. for all a € R and for all f,g € Lo, (R; H)
such that f = g on (—o0,al, then M(0;,)f = M(0¢)g on (—o0,al.

(iv) The operator M(0y,) is autonomous i.e. M (0, )1 = 75 M (0,) for each h € R,
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where 1y, denotes the translation operator

Th: Loy (RyH) — Loy (R; H)

fe=(@—= f(t+h).

Remark 2.2.6. (i) The operator defined in the second item of Proposition 2.2.5 will

(i)

be referred to in the sequel as material law operator.

As indicated in our introduction, causality (see also | , Definitions 2.8, 2.9]) is
a notion which ensures the physical meaningfulness and relevancy of our solutions.
Many physical processes exhibit and evolve according to some inherent direction
of time [ , Section 0]. As a mathematical notion, causality provides one such
means of modelling this phenomenon. In essence, causality means that previous
and current outputs do not depend on any future inputs | , Section 2, p. 4].
It turns out that one cannot avoid holomorphy in the definition of a material
law, and nor can it be exempted in the construction of causal operators (for more

details see | , Chapter 8] or | , Chapter 2]). v

The next result (c.f. | , Theorem 5.3.6]) demonstrates that the action of a

material law operator is independent of the actual choice of v. This result will help us

to more readily prove the main result of this chapter in Section 2.4.

Theorem 2.2.7. Let M: dom(M) C C — L(H) be a material law. Then, for v, >
sp(M) and f € Lo, (R; H) N Ly ,,(R; H) we have M(0y,)f = M (0 p)f.

2.3

Spatial Operators

We begin by defining the rudimentary spatial operators essential to our setting. We

will later re-examine them when we come to consider boundary traces in Chapter 3 of

this thesis. The standard definitions and results recalled here can be found in | ,

Chapters 6 and 7]. A plethora of alternative sources for this material exist including

the definitive references | I, [ I, [ ], and | ]
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2.3.1 Scalar Spatial Operators

We start by defining the scalar gradient, divergence and curl operators (c.f. | ,

Definition p. 85]).

Definition 2.3.1. Let Q C R? be open. We define the operators

grad.: C°(Q) C Ly(Q) — Lo(Q)4

¢ (9i9)jeqr,..ay and
dive: C(0)4 C Lo(Q)? — Ly(Q)

D ienay ™ D 0%

je{1,....d}

and set
grad := —div}, div:=—grad;, grad;:=—div® and divy:= —grad*.
Let  C R? be open. We define the operator

curl.: C%° (Q)° C Ly (Q)° — Ly (Q)?

Oap3 — 03¢0
(95)jeqio3 7 | 0361 — D193
0192 — 21
and set
curl := curl} and curly :== curl®. O

The next result establishes fundamental properties of these operators (c.f. | ,

Proposition 6.1.1]).

Proposition 2.3.2. The operators

grad, grady, div, divg, curl and curly

are each densely defined and closed. As such, the domains of these operators each form
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a Hilbert space when taken with their respective graph norm.

Next, we clarify the notation we will use to specify the domains of these spatial

operators. We define

H' (Q) := dom (grad),
HE () = dom (grady),
H (div, ) = dom (div) ,
Hy (div, Q) := dom (divyp)
H (curl, Q) = dom (curl) and
Hy (curl, ©2) := dom (curlp)

Each of these spaces will be familiar to the reader as the standard (spatial) Sobolev

spaces. This point is made precise in the next result (c.f. | , Theorem 6.1.2]).

Theorem 2.3.3. Let Q C R? be open. Let f € Ly (Q), g € Ly ()%, F € Ly (Q)® and
G € Ly (Q)>. Then, the following statements hold true:

(i) f € H (Q) and g = grad f if and only if for all ¢ € C* (Q) and j € {1,--- ,d}

[ r00= [ g0

(i) f € H}(Q) and g = grad, f if and only if there exists a sequence (fi)he, in
C> (Q) such that fr, — f in Ly (Q) and grad fr, — g in Ly () as k — oo,

(iii) g € H (div,Q) and f = divg if and only if for all p € CX ()

—Ang¢=Af¢

(iv) g € Ho(div,Q) and f = divgg if and only if there exists a sequence (gi)pey in
ce (Q)d such that g — g in Lo (Q)d and div gy — f in Ly (Q) as k — oo.
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(v) F e H (curl,Q) and G = curl F if and only if for all ® € C° (Q)?

/F-curl@z/G‘@.
Q Q

(vi) F € Hp(curl,Q) and G = curly F' if and only if there exists a sequence (Fy)pe

in C° (Q)* such that Fy, — F in Ly (Q)® and curl Fy, — G in Ly (Q)® as k — .

Remark 2.3.4. (i) The second item in the statement of Theorem 2.3.3 highlights that

(i)

(iii)

dom (grad,)) is precisely the closure of CZ° (£2) when computed with respect to the
H'(Q)-norm (i.e. the graph norm of grad c.f. | , Chapter 5, Theorem 2]).

The fourth and sixth items above underline similar observations.

When 0€) enjoys sufficient regularity (e.g. when 0f is Lipschitz) then membership
of a function in either of H{ (2), Hy (div, ) or Hy (curl, §2) necessitates the sat-
isfaction of an appropriate homogeneous boundary condition (c.f. | , Chap-
ter 5, Theorem 2] or | , Theorem 1.3]). More precisely, if f € Hg (2)
then f satisfies the Dirichlet boundary condition f|sq = 0 and thus vanishes
at the boundary. Similarly, if ¢ € Hy(div,2) then g satisfies the Neumann
boundary condition g¢lpn - » = 0 where n denotes the outward unit normal.
In words, this means that the normal component of g vanishes at the bound-
ary. If I € Hp(curl,Q) then F satisfies the homogeneous boundary condition

Flaq x n =0 with its tangential vector field vanishing at the boundary.

If Q is assumed only to be an open subset of RY, without the imposition of
any boundary regularity, then one can still construct each of the spatial oper-
ators grady, divg and curly introduced above. On the one hand, that H (),
Hy (div, Q) and Hj (curl, Q) are the closures of the respective CS°-type spaces
continues to hold true. On the other hand, the homogeneous boundary con-
ditions indicated in the last item cannot be realised without the imposition of
sufficient boundary regularity. Indeed, for an arbitrary open subset  C R¢ the
existence of the outward unit normal is not assured. In this case, the above

homogeneous boundary conditions need to be taken in an abstract sense. This
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observation is the starting point for considering particular generalised boundary
conditions, which do not require the imposition of any boundary regularity. We
will revisit this in Chapter 3. v

2.3.2 The Symmetric Gradient and Row-wise Divergence

Elasticity theory necessitates certain extensions of the scalar gradient and divergence
operators encountered above. Recall that R%*?¢ denotes the space of real d x d square

matrices. We start with two basic definitions (c.f. | , Definition p. 103]).

Definition 2.3.5. We define the space of real symmetric square matrices by

Réxd = {A e R> A= AT} CR™

Sym

The subspace Rglyxrff C R%*? is closed. O

Definition 2.3.6. Let Q C R? be open. We define the space of real symmetric matrices

of compactly supported continuously differentiable functions by

C (bt = (B RG)

sym Sym

dxd .\
= {((I)jk)j’ke{l,m’d} S Cré)O (Q) 0 VJ, ke {1’ s 7d}’ q>]k = (Pk‘]}
and the space of real symmetric matrices of square-integrable functions by

Lo (Q)4 = [, <Q;Rd><d)

sym sym

_ {(cpjk)j,ke{lmd} €Ly Vi ke {1,... d}, Dy = %} L0

We can now define the operators of interest (c.f. | , Definition p. 104]).

Definition 2.3.7. Let Q C R? be open. We define the symmetric gradient as

Grade: C° ()% C Ly () — Ly (2)&?

sym

1
(¢j)je{1,...d} = 9 (3k¢j + aj¢k)j,ke{1,...d}
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and the row-wise divergence as

Dive: C® ()X C Ly ()X - Ly ()¢

sym = sym

d
(k) keqr,.ay = Z 6kq>ﬂf>
k=1 ]6{1

Moreover, we define
Grad := —Div}, Div:=—Grad;, Gradp:=—Div® and Divg:=—Grad". ¢

The next result establishes the basic properties of these extended spatial operators.

In both statement and proof, it is entirely analogous to Proposition 2.3.2.

Proposition 2.3.8. The operators
Grad, Gradg, Div, and Divg

are each densely defined and closed. As such, the domains of these operators each form

a Hilbert space when taken with their respective graph norm.

As for the domains of these extended operators we define

The inclusion of a function in either of Hy(Grad,2) or Hyp(Div, ) requires the satis-

faction of a suitable (abstract) homogeneous boundary condition (c.f. Remark 2.3.4).
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2.4 Solution Theory

Before re-presenting the central well-posedness result of evolutionary equations, Pi-
card’s Theorem (Theorem 2.4.4), we need to make some additional preparations. We
first recall the following result (c.f. | , Exercise 6.5]), which we will use in the

proof of Theorem 2.4.4.

Proposition 2.4.1. Let H be a Hilbert space and A: dom(A) C H — H be a skew-
selfadjoint linear operator. Additionally, let M : dom(M) C C — L(H) be holomorphic
and, for z € dom(M) and some ¢ € Rsq, such that Re M (z) > c¢. Then, the mapping
dom(M) 3 z — (M(z) + A)~! is also holomorphic.

For what follows, we will also require the following auxiliary result which is redo-
lent of the well-known lemma of Lax—Milgram (see | , Proposition 6.3.1 and Re-

mark 6.3.2]).

Proposition 2.4.2. Let H be a Hilbert space and B: dom(B) C H — H be a densely
defined and closed linear operator such that dom(B*) C dom(B). Assume that there
exists ¢ € Rg such that for all ¢ € dom(B) we have Re(p, Bo)y > c||¢||3;. Then,
B~ '€ L(H) and |B7Y| < 1/c.

Second, we clarify some notation and recall an additional result that we will use in
the proof of Theorem 2.4.4. For a given Hilbert space H, v € R and closed operator
A: dom(A) C H — H we define its corresponding lifted operator by

At La(p;dom(A)) © Lo(p; H) — Lo(p; H)

235w~ f(w) €dom(A)] — Q25 w— Af(w) € H].

The corresponding lifted operator is the extension of A to H-valued square-integrable
functions. Moreover, for given o-finite measure spaces (€, X, to) and (21, X1, u1) and

unitary operator F: Lo(ug) — La(p1), we define the (extended) measure-translating
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operator by

Fi: Lo(uo; H) — Lo(u1; H)

Q2w flw)e H — [ D2w— Ff(w) € H].

With these preparations one readily obtains the following (c.f. | , Exercise 6.2]).

Proposition 2.4.3. Let Hy, Hy be Hilbert spaces and (Qq, Xo, tto), (1,21, 11) be o-
finite measure spaces. For i € {0,1} denote by A,, the corresponding lifted operator

and by Fp, denote the measure-translating unitary operator. Then

}—H1Au0f}k{0 - A,ul'

In the sequel we will make no distinction between A and its corresponding lifted
operator, A,. We will denote both by A, leaving it to context to reveal which is meant.

Our summary of evolutionary equations now culminates with a re-presentation of
the main solution theory of the field (c.f. | , Solution Theory, p. 1770] or |
Theorem 6.2.1]).

)

Theorem 2.4.4. Let vy € R, H be a Hilbert space, M : dom(M) C C — L(H) be a
material law such that sp(M) < vy and A: dom(A) C H — H be skew-selfadjoint. For
z € CRre>y, assume that RezM (z) > ¢ for some ¢ € Rsg. Then, for all v > vy the

operator O, M (0 ,) + A is closable and

S, = (OryM(Dp,) + A) ' € L(L,(R; H)).

Additionally, S, is such that ||Sy||L(L,,, (r;m)) < 1/c. Moreover, for all F' € dom(0;,,) we
have S, F € dom(0;,)Ndom(A). Furthermore, S, is causal and eventually independent
of vi.e. forn,v>wvy and F € L, (R; H) N Lo, (R; H) it follows that S, F = Sy,F.

Proof. Let v > 1. First, we show that 0y, M (0;,)+ A is closable for each choice of v >

vp. On account of unitary equivalence, we will instead establish that the operator (im+
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v)M (im+v)+A is closable. To that end, suppose (uy,)22; in dom((im+v)M (im+v)+A)
and f € La(R; H) such that u, — 0 and ((im + v)M (im + v) + A)u, — f in Ly(R; H)
as n — oo. For arbitrary R € Ro, we have 1_g pju, € dom((im + )M (im +v) + A).

Moreover,
((im +v)M(im +v) + A)L_g gun = L—g,g ((im + v) M (im + v) + A)uy,

converges to Il[, R,R] f as n — oo. Compact support ensures that the operator (im +
v)M (im +v)) is bounded on Lo([—R, R]; H). Thus (im +v)M (im + v) 4+ A is closed on
Ly([~R, R]; H) and it follows that 1;_g pjf = 0. As R € R+ was chosen arbitrarily,
it follows that f = 0. As such, the operator (im + v)M (im + v) + A is closable on
Ly(R; H). Now, let z € Cre>, and define B(z) := 2M(z) + A. It then follows that

dom(B(z)) = dom(zM(z)) N dom(A) = dom(A)

since we have assumed M to be a material law. As we have assumed A to be skew-
selfadjoint, it follows that A* is a densely defined linear operator (for details see | ,
Lemma 2.2.7]). Additionally, this assumption allows us to compute B(z)* = (M (z))"—
A and obtain

dom(B(z)*) = dom((zM(2))*) N dom(A) = dom(A),

from which it follows that dom (B(2)*) = dom (B(z)). As such, B(z) must also be
densely defined and closed. Next, let ¢ € dom(B(z)) and use the remaining statement

assumption to compute

Re (¢, B(2)¢)yp = Re (¢, 2M (2)¢) yy = ¢(, d)m-

By Proposition 2.4.2, it follows that B(z)~! € L(H) with ||B(2)7!|| < 1/c. As such,
the mapping

S: Cresy 2 2+ B(2) ™"
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assumes values in L(H). Moreover, S is holomorphic (c.f. Proposition 2.4.1) and
is hence also a material law with ||S(0;,)|| < 1/c. Furthermore, S(0;,) is causal
(c.f. Ttem (iii) of Proposition 2.2.5) and independent of the particular choice of v

(c.f. Theorem 2.2.7). Next, instead of showing that S (0:,) = (O, M (0 ,) —I—A)_l,

we will instead equivalently (c.f. Proposition 2.4.3) show that

S(im+v)=((Im+v)M({im+v)+ A)

We first show the inclusion S (im +v) 2 ((im+ v)M(im + v) + A) ' Let (fyu) €

(im+v)M(im+v)+ A) . Since ((im+ v)M(im+v) + A) b s closed, there exists
a sequence ((fn,u,))2% in ((im + v)M(im + v) + A)~! such that (fn,un) — (f,u) in

Lo, (R; H)? as n — oo. For n € N we have
o= (m + v)M({im + v)u, + Au, = B (im + v) uy,,

from which it follows that (f,,u,) € B (im+v)"' = S (im + v). Since S(im + v) is
closed, it then follows that lim, o (fn, un) = (f,u) € S(im+v) which yields the claim.

Now consider the remaining inclusion, S(im + v) C ((im +v)M(im +v) + A) . Let
n €N, f € Ly(R; H) and define

As S (im + v) is continuous, it is clear that lim, . gn, = S (im + v) f. Moreover, for
n € N we have ¢, € dom ((im + )M (im + v)). To see this, notice that M (im+v)g, €
Ly(R;H) as M(im + v) € L(Lao(R; H)). Recall that the operator (im + v) is a priori
unbounded since the induced multiplication factor (it + v) is unbounded in the limit as

t — 00. As such, we need to confirm that

(im + )M (im + v) gy, = [t = (it + )M (it + )S (it +v) L, 0 () f ()]
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is well-defined in Lo(R; H). To that end we compute

/ (it + )M (it + )8 (it + 1) 1 (0 (D) dt
R
:/ (it + )M (it + v)S (it + v) f(¢)]* dt,
[_nvn]
which is finite on account of compact support. It also follows immediately from the
definition of S(im + v) that g,(t) = S(it + v)1|_p, () f(t) € dom(A) for almost every
t € R. With this in mind, we next establish that g, € L (R;dom(A)). We compute
[ e+ MG+ 9)90(0) + Agn (D)3
R
= [ G+ )M+ 9) + 2 gale) By
R
:/ I (Gt + )Mt + ) + A) S (it + ) Ly (8D dt
R
S ACERIORCI

<N ey

from which it follows a posteriori that g, € Lo(R;dom(A)). Putting this all together,
we have g, € dom((im + v)M (im + v) + A) as well as that

((im + )M (im + v) + A) g () = Li—pn) (S ()

almost everywhere. On passing to the limit on both sides of this equality, we obtain

(im+v)M(im+v)+ASAm+v)f = f.

This is equivalent to (S(im + v)f, f) € (im+v)M(im+ v) + A, which is in turn

equivalent to (f,S(im + v)f) € (im+ v)M(im + v) + A Finally, we show that if
f € dom(0;,) then S, f € dom(9;, ) Ndom(A). Let f € dom(0;,). Then, by definition
of the operators involved, it follows a posteriori that (im + v)L,f € Lo(R; H). For
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t € R we compute

AS(it + V)L, f(t) = A((it +v)M(it +v) + A)~' L, f(t)
=L, f(t) — (it + v)M(it + ) S(it + v) L, (1)

from which it follows a posteriori that S(im + v)L, f € L2(R;dom(A)). By Proposi-

tion 2.4.3 it then follows that S(0;,)f € L2, (R;dom(A)). It follows similarly that (im+
v)S(im +v)L, f € Ly(R; H), from which we deduce that S(0;,)f € L2, (R;dom(d;,))

which shows the claim. O

Remark 2.4.5. (i) We specify some nomenclature and notation for what is to follow.

Let H be a Hilbert space and 7" € L(H). If there exists some ¢ € Ry such
that ReT" > ¢, then we call T' positive-definite. We will also refer to such a T as
accretive. As such, we will refer to the condition ReT > ¢ as the corresponding
positive-definiteness or accretivity condition. If T € L(H) is additionally self-
adjoint, then it is immediate that the accretivity condition simply reads T' > c.
Irrespective of whether T is selfadjoint or not, should the exact value of ¢ € R+
prove irrelevant to us, we will instead write T' > 0 for the positive-definiteness

condition.

The accretivity condition in Theorem 2.4.4 could instead be formulated more
rigorously as requiring Re(¢, zM (2)¢)y > c||¢||% for ¢ € H and z € Cresy

(see [ , Definition, p. 89]). v
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Chapter 3

Classical and Abstract Trace

Spaces

In this chapter we consider the problem of boundary traces. We begin by recapping the
well established theory for classical traces in the case of a bounded Lipschitz domain,
Q) C R?. This will allow us to properly motivate and introduce abstract boundary trace
spaces which will prove to be an incredibly useful tool in what follows for the remainder
of this thesis. In particular, they will allow us to formulate and discuss boundary value

problems for arbitrary open subsets, Q C RY,

3.1 Classical Trace Spaces

In this section we recall the classical boundary traces for the spatial operators consid-
ered in Section 2.3. Even though we will formulate our thermo-piezo-electromagnetic
model with tools from an abstract boundary trace theory, the classical perspective
still serves as an important motivation. The notions and results recalled here are en-
tirely standard and already familiar from the study of PDEs. As such, most of the

results recalled here are done so without proof. Definitive references for this material

include | ], [ |, [ , Section 5.5], [ , Chapters 1, 2], | , Chap-
ter 1] and [ , Chapters 1, 2]. Useful summaries of the key ideas used here can be
found, for example, in [ , Section 2] and | , Section 13.6]. For boundary
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traces relating to H (curl, §2), the key reference is | |. However, there are also the
accessible presentations afforded by | , Section 2] and | , Section 4]. For
boundary traces relating to the gradient and divergence, we base our present presenta-
tion in particular on that of the contemporary references | 1, [ ] and | .

We begin by recalling a density result (c.f. | , Theorem 2.4], | , Theo-
rem 1.1], [ , Theorem 3.6] or | , Theorems 12.1.1, 12.2.1]).

Proposition 3.1.1. Let Q C R? be a bounded Lipschitz domain. The set
D= {¢; Q—R: 3y € CXRY): Yl = ¢}

is dense in H' (Q). Moreover, the set D% is dense in H (div, ().

We first recall the boundary trace of H! (Q) (c.f. [ , Theorem 3.6], | ,
Theorem A.12] or | , Theorem II1.2.19]).

Proposition 3.1.2. Let Q C R be a bounded Lipschitz domain. The operator

1s linear, densely defined and continuous. Thus, v admits a unique continuous extension

to HY(QY), again denoted by 7.

Remark 3.1.3. (i) The boundary trace of H'(Q) is more commonly referred to in

the literature as the Dirichlet trace.

(ii) The Dirichlet trace (as presented) fails in general to be surjective. This is usually
remedied by restricting its codomain to ran(y) = H'/2(d2). Doing so allows us
to characterise the space of possible boundary values for H'(€2) functions. Indeed,

it follows that H'/2(9Q) together with the norm

v f U200 = inf {lgllzr): v9 =}
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is isomorphic (by a quotient space argument for H'(Q)/ker(v)) to (ker *y)J‘Hl(Q),
and is thus itself a Hilbert space. For more details, see for instance [ ,

pp. 358-359].

iii) It is not hard to see that ker(y) = H}(Q) = dom(grad,). Indeed, this is precisely
0 0
the space of those H'-functions with vanishing trace, known also as trace-zero

functions (c.f. Item (i) from Remark 2.3.4). v

In the following let n denote the outer unit normal. We next consider the bound-
ary trace of H(div,)), known more commonly as the Neumann trace (c.f. | ,

p. 360, Theorem 6.13], [ , Theorem A.14] or | , D- 248]).
Proposition 3.1.4. Let Q C R? be a bounded Lipschitz domain. The operator

Yon: DY C H (div, Q) — H'? (09) = H™'/? (09)

g+ (vq)-n

1s linear, densely defined and continuous. Thus, 7., admits a unique continuous exten-
sion to H(div,2), again denoted by ~.,. Additionally, 7., is surjective. Furthermore,
for f € HY(Q) and q € H(div,Q) we have the integration by parts formula

(div g, f)r,0) + (@ grad ) ga = (Yna) (V) - (3.1)

It is well known that the boundary traces recalled for H'(Q) and H(div,(2) can
even be used to establish suitable boundary traces for H(Grad,) and H(Div, )
(c.f. | ], [ , Chapter 7] or | , Pp. 248-249, Lemma IV.3.3]).

Proposition 3.1.5. Let Q C R? be a bounded Lipschitz domain. Then,

H (Grad, Q) ~ H' ()¢ and H (Div,Q) ~ H (div, Q)* N Ly ()% C H (div, Q)%

sym
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Thus, the (d-dimensional) Dirichlet trace

~v: H (Grad, Q) — H'Y? (99)?

d d
(ui)i=y = (iloa)izy
is linear, continuous and surjective. Moreover, the (d-dimensional) Neumann trace

Yo : H (Div, Q) — H™/2 (00)*

d d
((I)i,j)i7j:1 = ((7¢i,j) ’ n)m‘:1

is linear, continuous and surjective. Furthermore, for f € H(Grad, Q) and ¢ € H(Div, Q)

we have the integration by parts formula
d
(Div g, f) e + {0 Grad f) p gyaxa = D (vng) (4F) - (3.2)

i=1

In preparation for the last boundary traces we will require, we introduce the space
L3 (89) = {f € Ly (00)% - f-n:o}

of tangential vector fields on the boundary, 0{2. We consider two boundary traces of
H(curl,Q) (c.f. | , Definition 2.15, Remark 2.4], | , Section 2] or | ,
Section 4]).

Proposition 3.1.6. Let Q C R? be a bounded Lipschitz domain. We define the tan-
gential trace and tangential components trace operators as

vr: HY (Q)® C H(curl, Q) — ran(v,) C L} (09)
(3.3)

g+ (vq) xn
and

7 H(Q) C H(curl, Q) — ran(m,) C L] (9Q)
(3.4)

g —n x (nxq),
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respectively. The image spaces ran(vy;) =: V, and ran(n,) =: Vi are Hilbert spaces when

considered together with the respective norms

lallv, = it (bl oy 10 = 4

and

= inf { : = }
gl peI;rll(Q)S ||7TTP||H1/2(BQ)3 Trp=4q

Both v: and 7 are linear, surjective, densely defined and continuous and thus can be

uniquely and continuously extended to operators
Yr: H (cwrl, Q) =V, and 7,: H (curl, Q) — V.
Furthermore, for p,q € H'(Q)? we have the integration by parts formula

(curlp, q) 1, ()3 + (. curlq) 1, )3 = (Trp, Vrq) L3 (80)- (3.5)

3.2 Abstract Boundary Data Spaces

The notion of an abstract boundary trace space was first introduced in [ , Sec-
tion 5.2], and provides a means of bypassing boundary regularity requirements when
addressing boundary value problems. This is of course in direct contrast to the classical
situation recalled in the previous section, where one had to at least assume 0f) Lips-
chitz. We now recall the main ideas and results from the theory of abstract boundary
data spaces, which we will employ when formulating our own model for thermo-piezo-
electromagnetism with boundary dynamics. Indeed, the importance that these spaces

hold for us cannot be understated. Whilst the ideas and results considered here can be

originally traced back to [ , Section 5.2], they were also more recently treated
in | , Section 4.1] and | , Chapter 12]. Useful summaries can also be found
in [ , Section 4] and | , Subsection 2.2, Section 4].

We start with the recollection of an elementary result, which we will use frequently

in the sequel (c.f. | , Lemma 3.2], | , Lemma 11.3.3]).
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Lemma 3.2.1. Let H be a Hilbert space andV C H a closed subspace. Let the operator

ty:V—>H

T —x,

denote the canonical embedding of V into H. Then, vyiy, : H — H is the orthogonal

projection on'V and tj;uy : V' — V is the identity on V.

Proof. First determine the form of +j,. Let x € H with decomposition x = y + z for

y €V and z € V*. Suppose v € V and compute

(v, z)g = (v,y)g = (v, Tva) m,

where my : H — H denotes the genuine orthogonal projection on V. The action of ¢j,

can thus be identified with that of my. We next determine vy ¢j, and compute

WLy = Ly Ty T = y.

As 1y is the canonical embedding of V into H, this computation realises y as an element
of H and establishes that vy¢j, is well-defined as a mapping from H to H. Boundedness
follows immediately with ||¢y¢j,|| < 1. Let @1, 2 € H with decompositions 1 = y1+ 21

and zo = Yo + 22 for y1, 42 € V and 21, 20 € V. Then, compute

(tviyer, zo)m = (Y1, ¥2 + 2205 = (W1, ¥2) 5 = (1 + 21, Y2) 1 = (21, Ly iy 22) H-

Hence vy ¢, is selfadjoint. Idempotency follows from direct computation. The claim for

ity 2V — V also follows immediately from direct computation. O

Remark 3.2.2. The use of genuine in the preceding proof might seem superfluous, but
it is important to distinguish between the true orthogonal projection and an operator
whose action merely coincides with it. Indeed an orthogonal projection is defined as
a bounded, selfadjoint idempotent operator. One immediately encounters issues upon

endeavouring to establish these properties for +j,. v
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We highlight this latter point with an elementary example.

Example 3.2.1. Let Hi, H> and H3 be Hilbert spaces and denote by H the Hilbert

space formed by their direct sum. Suppose T' € L (H) with block operator representa-

tion
0 0 O
T=10 toa O ’ (36)
0 0 ts3

for selfadjoint and invertible toy € L (H2) and t33 € L (Hs). Clearly T is selfadjoint and
we can decompose H = ker (T') @ ran (T'), with ker (T') = H; and ran (T) = Hy @ Hs.

In this case, tran(r) is the operator

0 1g,
(3.7)
0
x2
T3
x3

where 1p, and 1p, are the identity operators on Hy and H3, respectively. Its adjoint

is

. 0 1y 0
bran(T) = . 02 , :H — ran (T)
Hj
n (3.8)
Y2
yo | —
Y3
Y3
From here we determine
1y 0
L:an(T)['ran(T) = 02 1 ) (39)
Hs
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which is indeed the identity operator on ran (7), and

0 0 0
ban(T)byan(ry = | 0 1w, 0 | (3.10)
0 0 lg

which is the genuine orthogonal projector along ran (7") in H. Whilst the action of
Lfan(T) coincides with that of Lran(T)Ljan(T), the operator L:‘an(T) is neither selfadjoint

nor idempotent. In fact, it cannot be selfadjoint and fails to be idempotent since the

*

product Lyan(T) Lo

) is undefined. A

Recall the spatial operators introduced in Section 2.3 together with their respective
domains. We begin by detailing the following orthogonal complements (c.f. | ,

Lemma 5.1] or | , Proposition 12.2.4]).

Proposition 3.2.3. Let Q C R be open. Then

H; (Q)lHl(Q) = {ue H'(Q): gradu € dom(div), divgradu = u},
Hy (div, Q) H@ve) = {g e H (div,Q) : divq € dom(grad), graddivg = ¢},
Hy (Grad, Q)F#(Grad2) = {4 € H(Grad,Q): Gradu € dom(Div), DivGradu = u},

Hy (Div, Q)t#0ve) = {4 € H (Div, ) : Divq € dom(Grad), Grad Divgq = ¢}
and when d = 3
Hy (curl, Q) Heuo) = {q € H (curl, Q) : curlqg € H (curl, ), —curlcurlq = ¢} .

Proof. We only compute Hy (curl, Q)= # 9 as the other characterisations follow anal-
ogously. Suppose g € Hy (curl, Q)LH (curl.)) - By definition of the orthogonal complement,
it follows for all p € Hy (curl, Q) that

0=(p, @) H(cur,) = (P, @) 1,03 + (curlo p, curlq) r, )3-

Here, we have recalled curl | Ho(cur,) = curlp. We reformulate the above equality for
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all p € Hy (curl, Q) as

(curly p, curl q) 1, )3 = — (P, @) 1,03

Recall that y € dom (curlyy) if and only if there exists z € La(2)3 for all z € dom (curlp)
such that (curlyz,y)r,p3 = (,2)r,q)p (c.f. Definition 2.1.8). This implies that
curlg = y € dom (curly) and that —g = curljcurlg. Recalling that curl is closed
(c.f. Proposition 2.3.2), together with curly := curl® (c.f. Definition 2.3.1), allows us to
deduce the claim. ]

Remark 3.2.4. The spaces formed from the orthogonal complements in Proposition 3.2.3

are precisely our abstract boundary data spaces. We introduce the notation

Hg ()@ = BD (grad),
Hy (div, Q)#@v.e) = BD (div),
E%(Chad,Q)LH“*m‘D:: D (Grad),
Hy (Div, Q) #®iv.e) — BD (Div) and
Jfo(curLszyLH@umﬂ>:: D (curl)

where “BD” is naturally suggestive of “boundary data”. Using the characterisations
provided by Proposition 3.2.3, we might equivalently regard our boundary data spaces

as the null spaces

1 —divgrad),
1 —graddiv),

(
(
(1 - Div Grad),
(
(

BD (Div) = N (1 — Grad Div) and

BD (curl) = N (1 + curlcurl).
In the literature the use of this notation is common, for instance, to | | and
[ ]. v
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The next result summarises what happens when we restrict our spatial operators
to their corresponding abstract boundary data space (c.f. | , Theorem 5.2] or

[ , Proposition 12.4.1]).

Proposition 3.2.5. The mappings

gradgp: BD (grad) — BD (div)
u +— grad u,
divgp: BD (div) — BD (grad)
g— divg,
Gradpp: BD (Grad) — BD (Div)
u +— Grad u,
Divgp: BD (Div) — BD (Grad)
g +— Divg and
curlgp: BD (curl) — BD (curl)

q +— curlgq

are unitary with divgp = gradgp, Divip = Gradpp and curlgp = — curlpp.

Proof. We prove the assertion for curlgp only as the other assertions follow from an
analogous reasoning. We first show that curlgp is well-defined and assumes values in
BD (curl). Suppose ¢ € BD (curl). By Proposition 3.2.3 it then follows that curlg €
dom (curl) and that — curl curl ¢ = gq. Applying the operator curl to the latter equality
yields

—curl curl curl ¢ = curlgq.

As the right-hand side resides in H (curl, §2), it follows a posteriori that the left-hand
side must reside there also. Thus, we deduce that curlcurlg € H (curl, §2) also. Re-
naming § := curl g, we obtain

—curlcurlg = ¢

with curl§ € H (curl, Q), which yields the claim. We next show that curlpp is unitary.
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We first establish that curlgp preserves the norm. Let ¢ € BD (curl) and compute

(curl g, curl ¢)pp(curty = (curlq, curl ) 1, ()3 + (curlcurl g, curl curl g) 1, s
= (curlq, curl ¢) 1, )3 + (—¢, — @) 1, ()

= <Q7 Q>BD(curl) .

In the second equality we have used the characterisation provided by the assumption
that ¢ € BD (curl) (c.f. Proposition 3.2.3). The surjectivity of curlgp follows from the
fact that it is in fact bijective. Indeed, noting that curlgp is defined everywhere on

BD (curl) and such that —curlcurlg = ¢ for ¢ € BD (curl), we infer that curlgp is

bijective with curlgll) = —curlgp. Thus, curlgp is unitary. This in fact yields skew-
selfadjointness as well. Since curlpp unitary, we have curlpp = Cuﬂg]g = —curlgp. O
Remark 3.2.6. In | | and | ] the notation curl is encountered in place of

curlgp. We will also bear in mind the original (equivalent) formulation of the above

operators as

. *
gradgp = tj;, grad tgrad,
divgp = L;rad div tgiv,
Gradpp = th;, Grad tGrad,

DivDp = t{aq DIV tDiv and

*

curlpp = t.yy curl Loyl

as introduced in [ , Section 5.2] and recalled, for instance, in [ , Section 4.1].
Having such an explicit formulation to hand, in which one can work directly with the
properties of the orthogonal projectors and canonical embeddings (c.f. Lemma 3.2.1)

involved, will prove useful in the sequel. v

In the current abstract scenario we can even formulate integration by parts formulae

analogous to (3.1), (3.2) and (3.5) (c.f. | , Proposition 12.4.2]).
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Proposition 3.2.7. Let Q CRe. Foru € HY(Q) and q € H(div, Q) we have

(div g, u) 1) + (@ gradu) ) g0 = (diveD 154, L;radu>BD(grad)

= <Ldivq> gradpp Lgrad“>BD(div) :

Moreover, for u € H(Grad, ) and g € H(Div,Q) we have

<D1V q, u>L2 ()4 + <q, Grad U‘)LQ(Q)dX’i = (DiVBD /']*Div% LErad“)BD(Grad)

sym

* *
= (tbivg, Gradpp LGradu>BD(Div) :

If d = 3, then for q,p € H(curl,Q) we have

(curl q.p) ., oy — (0 Curlp) s = (UFIED i st p(ensd

* *
- <Lcur1q7 curlgp [‘curlp>BD(curl) :

(3.11)

(3.12)

(3.13)

Proof. We prove the third assertion relating to curl. The remaining assertions follow

by analogy. Suppose p,q € H(curl,2). Consider the decompositions ¢ = gy + ¢1 and

p = po + p1 for qo,po € Ho(curl, ), q1 = ¢%,,9 and p1 = ¢’ p. By the action of the

orthogonal projector, we have ¢1,p; € BD(curl) (c.f. Lemma 3.2.1). Compute

curl g, p)L @ ~ (q, curlp)LQ(Q)z

curly go, p > Lo (Q)? + (curl QI7P>L2(Q)3 — {(qo, CHFIP>L2(Q)3 — (q1, curl p)
curlqi,p), La()? — <Q1,curlp)L2(Q)3

curl g1, po)
> Q)% — <Q1,CUT1P1> Ly (Q)3

curl q1,p1>L2 + (curlcurl gy, curlpy) Lo(Q)?
curlqi, p1>BD(curl

(
=
=
=
= (curlqy, p1
=
=
=

curlgp LcurlQ? cur1p> BD(curl) *

Loy (curl q1,p1>L2(Q)3 — {q1, curly p0>L2(9)3 — {q1, curl py)

La(Q)3

La(0)3

In the first and fourth equalities we have applied the adjoint (c.f. Definition 2.3.1). In

the sixth equality we have used the corresponding boundary data space characterisa-
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tion (c.f. Proposition 3.2.3). The outstanding equality follows from applying curljp
(c.f. Proposition 3.2.5). O

Remark 3.2.8. Comparing the above abstract integration by parts formulae with their
classical counterparts reveals something of a relation between the two perspectives.
Take for instance the first integration by parts formula, (3.11). On comparison with
(3.1), it could be argued that divpp ¢;, ought to be taken as the formal replacement
of the Neumann trace, v.,. At the same time, it would seem like Lgraa Should formally
replace the Dirichlet trace, v. On account of the latter observation, this would seem

like a natural pair of replacements to make. At the same time however, (3.11) would

*
gra

also suggest that ~., could be replaced by .};, and v by gradgp ¢, 4 It is still unclear
as to how precisely the abstract boundary traces introduced should be considered as
generalisations of the classical ones recalled earlier. This is why we talk about formal

replacements and not generalisations. We will take this observation further in the next

subsection. v

3.2.1 Comparing Classical and Abstract Boundary Spaces

In this subsection we survey the deeper connection between the classical and abstract
boundary trace spaces. Whilst Proposition 3.2.7 can be elementarily compared with
each of (3.1), (3.2) and (3.5), we want to examine how exactly the abstract spaces con-
sidered can be regarded as an abstraction of the classical trace spaces regarded earlier.
The next result clarifies this (c.f. | , Theorem 12.4.3], | , Theorem 4.5]
or [ , Corollary 4.4]).

Theorem 3.2.9. Let Q C R? be a bounded Lipschitz domain. Then the operators

YIBD(arad) : BD (grad) — HY2 (0Q),
Y-n|BD(@iv) : BD (div) — H™%(09),
Y|BD(Grad): BD (Grad) — H'? (99Q)* and
YalD(Div): BD (Div) — H~ /% (0Q)*
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are bounded and bijective. When d = 3, then the operators

’YT’BD(curl): BD (curl) — V7; and

7T"”BD(curl): BD (Curl) - V;

are bounded and injective.

Proof. We prove the assertion for the tangential trace. We first show that ker(y;) =
Hy(curl, Q). For the first inclusion, suppose ¢ € Hp(curl,2). Then, there exists a
sequence (¢,)%2; in C°(Q)3 such that ¢, — ¢ in H(curl,Q) as n — oo (c.f. Theo-
rem 2.3.3). By continuity of v, and Item (iii) from Proposition 3.1.2, 0 = y,¢, — V¢
as n — oo. For the second inclusion, assume p,q € H'(Q)? such that v,¢ = 0. Using

the integration by parts formula (3.5) yields

{curlp, q) 1,y — (p,curlq) gy = (Trp, 170) L3 (00) = 0,

which we reformulate as

(curl p, q)L2(Q)3 = (p, curl q>L2(Q)3'

This implies that ¢ € dom(curl®) = dom(curlp) (c.f. Definition 2.1.8). By definition of
BD(curl) = Ho(curl, Q)1 #w12) (c.f. Remark 3.2.4), it follows that ker (V7 |BD(curl)) =
{0}. Hence Y7 |BD(curl) injective. The continuity of the restricted trace v-|pp (cum) follows
from the continuity of 7,. The density of H'(Q)3 in H(curl, Q) allows us to deduce the
claim for p,q € H(curl,2). The claim for the tangential components trace follows by
direct analogy. Surjectivity of ¥|pp(graq) follows by definition of H 1/2(0Q) = ran(y).
Surjectivity of v.,|p(div) follows from Proposition 3.1.4. The assertions for v|gp(Grad)

and 7., |gp(Div) follow analogously. O

Remark 3.2.10. Both of the restricted tangential and tangential components traces can
in fact be made bijective. This is done in [ , Theorem 4.1] by replacing the target
spaces VT' and V; with a particular pair of corresponding subspaces. The technical

details are left to the interested reader to consider in the aforenoted reference. v
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Theorem 3.2.9 affords us a particularly precise perspective on the connection be-
tween the classical and abstract boundary spaces introduced. Under sufficient boundary
regularity assumptions, Theorem 3.2.9 emphasises that there is no difference between
the boundary values obtained from either the classical or abstract perspective (at least
with respect to the restricted Dirichlet and Neumann traces). A similar but more
restricted view can be afforded to the boundary values of H(curl,€) in light of Re-
mark 3.2.10. In either case, it is interesting to observe how the above restrictions of the
classical traces arise as the natural mappings between both spaces (and perspectives)
of boundary values.

Taking this discussion further, let us consider the relation between the classical and
abstract traces themselves. The following is based on (c.f. | , p- 11, (16)]). Let
Q2 C R be a bounded Lipschitz domain, and suppose f € H! () and ¢ € H (div, Q).
Recalling the integration by parts formula (3.11), we test against Lgraq In the inner

product and compute

<L;radf? divpp L:(iivq>BD(grad)
= {f,divg) ) + (grad £, q) 1, 0

= (v, ¥n) L2 (09) (3.14)

(
((vtgraa) Lgradf s (Yentaiv) invq>L2(aﬂ)
(

(’ngrad) Lgradfv RI__Ill/z (’Y‘nLdiv) Lgivq>H1/2(8Q)

= <Lgradfa ('VLgrad)* R;Jll/z (’Y-nLdiv) ngQ)BD(grad)'

The second equality is the classical integration by parts formula (3.1). Having assumed
sufficient boundary regularity, it follows that the two different formulae must coin-

cide. In the fourth equality we follow the dual space perspective by invoking the Riesz

mapping, R;{ll /o~ For arbitrary ¢ € H (div, Q) it follows that
divep Lgivq = ('ﬂgrad)* R;{luz (V-HLdiv) Lfiivq
*y—1 7. * *
< Rpyi/2 ((Vigrad)”)  divep tiivd = (Vontdiv) Laivd (3.15)

= Yn4-

44



This can be taken as further motivation to replace the Neumann trace, ., by the oper-
ator divep ¢j;, (c.f. Remark 3.2.8). Recalling that ran(divgp) € BD(grad) (c.f. Propo-

sition 3.2.5), it would seem that the operator (yigrad)” R, arises to compensate for

1
HY/
this fact. Assuch, it is hard to consider these formal replacements as proper generalisa-
tions of the corresponding classical traces. Computations similar to (3.14) are provided
in [ , Subsection 4.3.1] which further motivate the replacement by Divpp ¢f);, and
curlgp ¢, of 7., and ., respectively.

There are other examples which highlight the need for such a compensation. In
[ , Proposition 12.5.3] the Robin boundary condition ~.,H = —i~yu, for H €
H(div, ) and v € H'(Q) on a bounded Lipschitz domain, is considered. However, this

boundary condition turns out not to be the same as divgp L*BD( H =

div) —1 LED(grad)u'
For more insight, consider the examples regarded in [ , Section 6], [ , Sec-

tion 5] and | , Section 5].

3.2.2 The Application of Abstract Boundary Traces

In this subsection we gather together the tools necessary to encode boundary dynam-
ics directly within an evolutionary equation. To that end we will rely heavily on the
notions and methodology introduced in [ , Sections 1, 2.3.2]. As we next out-
line, successfully encoding any boundary dynamics within an evolutionary system will
precipitate an extension of the evolutionary equation of interest. Let @ C R? be open.

For a given evolutionary equation

u !
(8t,uM (at,y) + A) = € L27V (R, H{ HQ)
v g
we will consider the extended system
u f
(at,l/M (at,y) + A) v — g S L2,1/ (R, Hl S H2 @ Htrace) . (316)
Ty
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Here, Hirace is an auxiliary Hilbert space upon which we will formulate boundary
dynamics pertaining to the underlying evolutionary system. In the context of abstract
boundary trace spaces, Hirace can be any of the boundary data spaces recalled in
Proposition 3.2.3. Both the material law operator M (9;,) and spatial operator A will
need to be suitably extended to accommodate for the introduction of Hiyace, as well
as the boundary condition to be formulated there. Whilst it is entirely possible to use
classical boundary trace spaces to arrive at an analogous extension, we will focus solely
on the application of abstract boundary data spaces to that end. In order to properly
realise this extension, we first recall some additional preparations. In what follows, let
X and Y be Hilbert spaces. We begin with a definition (c.f. | , Definition, p. 133]
or [ , Definition 1.3]).

Definition 3.2.11. Let C': dom(C) € X — Y be a densely defined and closed linear
operator. We define the operator C°: Y — dom(C)’ by C° := C'o Ry where C’ denotes
the dual to C. O

Remark 3.2.12. (i) By definition we have
(C%) (z) = (C" (Ryy)) (=) = (Ryy) (Cz) = (y,Cx)y

for z € dom(C') and y € Y.

(ii) Particular properties of the operator C*° follow immediately by definition or direct
computation (c.f. | , Proposition 9.2.2]). Indeed, it is not hard to see that
C? is linear, bounded and such that C* C C°. Thus, the action of C° in some
way generalises that of C*. The operator (C*)°: X — dom((C*)") is called the
extrapolated operator of C. One can also show that C' C (C*), so that the action

of (C*)® similarly generalises that of C. v

In the following we specialise to when the target Hilbert space Y is given as a direct

sum of Hilbert spaces. We consider Y = ", Y;, where for i € {1,...,n}, Y; is itself
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a Hilbert space. For i € {1,...,n} we define C; := (3, C (c.f. Lemma 3.2.1), and obtain

Ciz Ch Y1
Cr=Ciz® - dCphx = : =] lxe]| | =Y (3.17)
Cpx C,, Y,

for x € X. The column operators arising here provide a hint as to the form of the
extension to be employed in the formulation of the extended evolutionary equation
(3.16). We next consider how to compute the adjoint of such an operator. This point
is encapsulated in the next two vitally important results. The first can be found

as | , Theorem 1.6].
Theorem 3.2.13. Let C: dom(C) C X — Y be a densely defined and closed linear
operator such that (3.17) holds for x € X. Then

C* = (Cf Cﬁ) NY @ X)

:{((ylw--,yn),x)GY@X:x:ZnyiEX}.

i=1

Proof. We first determine the form of C° here. Let z € dom(C) and y € Y = @', Vi.
It follows by definition of (-)° that

n n

(C%9) (@) = (y, Ca)y = > o, Cihy, = 3 (Cowi) (a)

i=1 =1

Thus, C° = Yjy Coyi with C° = (g - €3). As for the first inclusion of the
remaining claim, it is clear by definition that both C* C C° and C* C Y & X. Thus,

Cr C (Cf Cg)m(Y@X).

For the second inclusion, suppose (y,z) € Y @ X. Then, by definition of the adjoint
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(c.f. Definition 2.1.8),

(y,x) € C* < V¢ € dom(C), (y,Co)y = (z,p) x

= V¢ € dom(C), (C%) (¢) = (z,9)x,

from which it follows that = C°y =Y " | Cfy; € X. O

Our second crucial result can be found as [ , Corollary 1.8], and its proof

follows immediately from the preceding theorem.

Corollary 3.2.14. Let C': dom(C) C X — Y be a densely defined and closed linear
operator such that (3.17) holds for x € X. Assume there exists a densely defined and

closed linear operator é’l such that

C1 c
e )
) \e.
Then,
cr=con(ér o - 0) (¢ 0 - o).

With these initial preparations to hand, we can now collect those results which
will allow us to arrive at the extension indicated in (3.16). We first recall | ,

Lemma 2.22], which provides characterisations of the operators (t3,,4)% (¢¢aq)® and
(l’:url)o'

Lemma 3.2.15. We have

(L;rad)<> = (1 + grad® grad) tgrad;
(t&rag)” = (1 + Grad® Grad) tgraq and

(L:url)<> = (1 + Curlo Curl) Leurl-

Proof. We derive the first equality only, with the others following by direct analogy.
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The assertion will follow immediately by definition of (-)® and the graph norm. For

Y € HY(Q) and ¢ € BD (grad), compute

(L;rad)<> (¢) (¢)

¢7 LZrad¢>BD(grad)
Lgrad @, V) Q)
Lgrad¢a ¢>L2(Q) + <g1"ad Lgrad¢> grad ¢>L2 (Q)

=
=
=
= (1 4 grad® grad) (tgraa®) (). =

Our next result is an auxiliary one and will help us to more readily prove the main

result of this subsection, Theorem 3.2.17.

Lemma 3.2.16. Let Q C R? be open. Suppose ¢ € H (div,Q). Then, the following

statements are equivalent:
(1) (div+ grad®) ¢ =0
(ii) ¢ € Hy (div, ),
(111) taivty;, ¥ = 0.
Suppose ¢ € H (Div,Q). Then, the following statements are equivalent:
(i) (Div+ Grad®)¢ =0,
(ii) ¢ € Hy (Div,Q),
(111) tDivi, ¥ = 0.

Let Q C R3 be open and suppose 1 € dom (curl). Then, the following statements are

equivalent:
(i) (curl® —curl)y =0,
(#) ¢ € dom (curly),

(111) teuritiy ¥ = 0.
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Proof. We show the chain of equivalences for ¢ € H(div,2) only. The other sets of

equivalences follow by direct analogy. Suppose 1 € H (div, §2) is such that
(div 4 grad®) ¢ = 0.
For ¢ € H'(2), compute

0 = (div+grad®) (¢)()
= (dive) (¢) + (grad® ¥) (¢)
= (divy), §) o) + (¥, grad ¢) 1, ()e,

which we reformulate as

(¥, grad ¢) 1, )¢ = —(dive), d) 1,(a)-

We have ¢ € dom (grad®) = Hy (div,2) if and only if there exists z € Lo(Q2) for all
r € H'(Q) such that (¥, grad )1,y = (2,7)1,(q) (c.f. Definition 2.1.8). Choosing
z = —divy € La(Q) and x == ¢ € H(Q), it follows that 1 € Hy(div,). The
implication (i) == (i), on the other hand, follows immediately. Since tgivt};, is

the orthogonal projection onto BD (div) (c.f. Lemma 3.2.1), the remaining equivalence

between (i7) and (i) is also immediate. O
Our main result for this subsection is the following (c.f. | , Theorem 2.24]).
o [grad :
Theorem 3.2.17. We have the inclusion C (—div 0), and
Lgrad
grad
dom = {(¢,7¢) € dom(div) x BD(grad): ¢3;, T + gradgp 74 = 0} .
[/*
grad

50



*

— Grad

Moreover, we have the inclusion C (Div 0), and
Lérad
*
— Grad
dom = {(T,rr) € dom(Div) x BD(grad): ¢fy;, T — Gradpp 7 = 0} .
Larad
curl
Furthermore, we have the inclusion C (curl 0), and
L:url
curl
dom = {(H, 1) € dom(curl) x BD(curl): ¢} H + curlgp 7y = 0} .

ES

beurl

Proof. We prove the assertion for the extended column operator relating to the scalar
gradient and divergence only. The other assertions follow analogously. Recalling that

H}(Q) € HY(Q), it is clear that we have

grad grad

*
0 Lgrad

Applying Corollary 3.2.14, we obtain

grad grad
C | = <— div 0) .
*
[’grad 0
*
grad
On the other hand, from Theorem 3.2.13 it follows that (¢,7,) € dom if

L*
grad

and only if ¢ € H(div, ), and

—divg = grad® ¢ + (tgraa)° 7

= grad® ¢ + (1 + grad® grad)igrad 7y

Here we have used Lemma 3.2.15 to obtain the second equality. Next, we reformulate
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the latter equality as

—divg — grad® ¢ = (1 + grad® grad)erad 7y
= (div grad + grad® grad)tgrad Ty

= (le + grado) grad lgradTq;

where in the second equality here we have applied Proposition 3.2.3. We reformulate

the last equality so as to obtain that

(div +grad®)q + (div + grad®) grad tgraqa7q = 0

<= (div + grad®)(¢q + grad tgrad7q) = 0,

from which point our auxiliary result Lemma 3.2.16 yields the equivalent statement

Ldivtaiy (¢ + grad tgraaq) = 0

<= taiv(Lgivq + gradpp 74) = 0.

The injectivity of tqiy then yields the desired boundary condition. O

Remark 3.2.18. We emphasise that the conditions present in the respective domains
of the adjoints of the extended column operators are a kind of abstract boundary
condition. In particular, these boundary conditions are to be taken in addition to any

boundary condition we might formulate on the respective Hiace Space. v

In the next chapter we will apply the notions and results recalled here to arrive at

our extended system of thermo-piezo-electromagnetism.
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Chapter 4

Our Model for
Thermo-Piezo-Electromagnetism

with Boundary Dynamics

The aim of this chapter is to present the focal point of this thesis; our full thermo-
piezo-electromagnetic model encoding dynamics on the boundary. The thermo-piezo-
electromagnetic system studied in | , Sections 2, 3| provides the basis we will
use to formulate our own extended model. Using the theory of abstract boundary data
spaces (see Chapter 3) and the methodology of | ], we will extend the system of
[ | and formulate individual boundary equations corresponding to the thermal,
elastic and electromagnetic parts of the model. In particular, these boundary equations
will be encoded directly within our model and will function as part of the system itself.
We will then address the question of evolutionary well-posedness for our system. Our
discussion will culminate in the presentation and proof of our own central solution
result, Theorem 4.4.6. Besides presenting our main solution theory, the present chapter
will serve to set the stage for us to explore those patterns of boundary behaviour which
are evolutionarily well-posed and accomodated for by our model. We will explore
this question in the subsequent and final chapter of this thesis. We begin with a
slight detour, however, and recall the idea of congruence transforms as used extensively

throughout | ] and | ]. We also briefly recall a specific preliminary result.
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4.1 Congruence Transforms

In this subsection we will briefly recall the notion of a congruence transform. At the
same time we will use this opportunity to clarify the nomenclature and notation that
we will employ in the sequel. As it will turn out, we will be concerned with applying
Picard’s Theorem (recall Theorem 2.4.4) to a large block operator system. Congruence
transforms provide an elementary but no less useful tool which will allow us to distill

key data from this system. The notion of a congruence is entirely standard in linear

algebra, with the idea itself being adopted from there. Indeed, see | , Definition 2.4]
or any standard linear algebra reference including | , - 253, Definition], [ ,
p. 352, Definition] or | , Definition 8.3.1] .

Definition 4.1.1. Let H be a Hilbert space, S,T € L(H) and let C € L(H) be

bijective. We call T' and S congruent if

CTC*==5. (4.1)
Here, C is called congruence transformation. %
Remark 4.1.2. (i) Following the nomenclature used in | | and | |, we

will refer to the action of simultaneously composing an operator 7' € L(H) by C

and C* as a symmetric Gauss step.

(ii) We will also use the nomenclature “T is congruent to the operator S under the
congruence transform C” to mean that T and S are congruent. We will employ
the preposition under when indicating that congruence with respect to which T is
congruent to S, and will specify whether the congruence has been achieved under

a symmetric Gauss step or permutation as a congruence transformation.

(iii) We will refer to (4.1) as congruent form. One might instead regard the (equiva-
lent) congruent form

cls (e =1 v
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In the next proposition we collect some facts relating to how congruent forms pre-
serve certain operator properties. We omit their proof as they follow immediately by

definition.

Proposition 4.1.3. Let H be a Hilbert space and suppose S, T € L (H) are congruent
under C € L (H). Then the following statements hold true.

(i) Additionally suppose T selfadjoint (skew-selfadjoint). Then S is also selfadjoint
(skew-selfadjoint).

(ii) Additionally suppose T positive-definite (non-negative). Then S is also positive-

definite (non-negative).
(iii) ReS =C(ReT)C*.

As suggested by the language in Item (i) of Remark 4.1.2, congruence transforms
will primarily play the role of a generalised form of Gaussian elimination. In this case,
the form that the congruence should take will be immediate (following the intuition
afforded by scalar Gaussian elimination). On the other hand, they might instead assume
the role of a permutation block operator.

For a given 2 x 2 block operator we have the following factorisation under the as-
sumption that one of the diagonal operator coefficients is continuously invertible. On
account of the block structure, this can of course be extended beyond 2 x 2 block

operator matrices. We omit the proof as it follows from direct computation. The

notion of this decomposition is completely standard; see for instance | , Theo-
rem 2.B.1], [ , Subsection 3.8.7], [ , Section 7.3], | , Lemma 1.4], | ,
Theorem 2.2] or | , Exercise 20.3].

Proposition 4.1.4. Let Hy, Hy be Hilbert spaces. Let A € L(H;) with continuous
inverse, B € L (Ho,H1) and D € L (Hy). Then

1 0 A B 1 —A1B A 0
—B*A~1 1 B* D 0 1 0 D—B*A'B
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Remark 4.1.5. (i) The continuous invertibility of A € L (H;) is guaranteed for in-

(i)

(iii)

stance in the situation of Proposition 4.1.6 when A > 0.

The operator
D-B*A™'B

obtained by this symmetric Gauss step is known as the Schur complement of A

in the block operator
A B

B* D

Of course, one could instead assume D € L (Hz) continuously invertible and

analogously obtain the congruent block operator

A—BD1B* 0
0 D

under the symmetric Gauss step provided by the congruence transform

1 —BD!
0 1

In (4.2) the congruence transform is provided by the operator

1 0
—B*A~' 1

which is clearly invertible. Its operator inverse is provided by

1 0
B*A-1 1

Such a congruence transform is known in the literature as a Frobenius ma-
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trix or Gauss matriz on account of the fact that it generalises the action of
Gaussian elimination (for the use of this nomenclature, see for instance | ,

Bermerkung 4.16, Wert 4], [ , p- 211] or | , D- 82]). v

Finally, in preparation for what is to follow in the remainder of this thesis, we recall
the following result | , Proposition 6.2.3 (b)]. It provides us with a useful criterion

for continuous invertibility of bounded operators via accretivity (c.f. Remark 2.4.5).

Proposition 4.1.6. Let T € L(H), ¢ € Ry and assume that ReT > c¢. Then
T~ € L(H) such that |T7Y| <L and ReT™1 > ¢||T72.

4.2 The Underlying Model

Our aim in this section is to recall the key components of [ , Sections 2, 3]
which will serve as the basis for the construction of our own extended model. Our
alm in this direction is twofold. We first remind ourselves of the formulation of the
model for thermo-piezo-electromagnetism as an evolutionary equation with homoge-
neous boundary conditions considered there. Second, we will recall in detail the key
evolutionary well-posedness result, | , Theorem 3.1]. This recollection is not
simply to the end of providing a complete display of the ideas behind the formulation
of our own model however. It is in fact to the end of some interesting comparisons and
discussions, which we take up later in Remark 4.4.2.

We first recall the basic equations presented in | , Section 2| underpinning
what will turn out to be a coupled thermo-piezo-electromagnetic system. The basic
system is made up of the equation of elasticity, Maxwell’s equations and the heat
equation. In the following let Q@ C R? be open and nonempty. We have the equation of
elasticity

% p.u —DivT = Fy, (4.3)

where u: R x £ — R3 denotes the displacement of the elastic body, Q, and T': R x £ —
R3X3 (c.f. Definition 2.3.5) the stress tensor. The function p,: Q — R describes the

Sym

density of ©, and Fy: R x Q — R3 is an external balancing force. Maxwell’s equations
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are

OB + curl E = F3, (4.4)

oD —curlH = F» — oE, (4.5)

where E, H, B, D: RxQ — R? are, respectively, the electric field, the magnetic field, the
magnetic flux density, and the electrical displacement. The functions Fs, F3: R x ) —
R3 denote given current sources whereas o: 0 — R describes the electrical resistance.
The heat equation is

010¢n + div g = Fy, (4.6)

where 1: R x 2 — R is the entropy density, ¢: R x Q — R3 describes the heat flux,
Fy: R x Q — R denotes a given external heat source, and Og: {2 — R is the reference
temperature with ©g, @51 € L>(Q).

Coupling between the thermal, elastic and electromagnetic aspects of the problem
will occur when the above equations are complemented by suitable constitutive material
relations. In [ , Section 3] this was achieved by utilising the material relations
described in | ], which we now recall. In | , Section 2] there are first provided

the material relations

T =CGradu —eFE — )\, (4.7)
D =e* Gradu + eFE + pb, (4.8)
B = uH, (4.9)
n= X Gradu+p*"E + a@o_le, (4.10)

where C' € L(L2()3%3) (c.f. Definition 2.3.6) denotes the elasticity tensor, &, €
L(L2(Q)3) are respectively the permittivity and permeability, o = p.c € L(L2(f))
describes the product of the mass density p, € L>°(Q2) and the specific heat capacity
¢ € L(L2(2)) whereas 6: R x 2 — R denotes the temperature. Here, the operators
e € L(La(Q)% La(0)353), A € L(La(Q); La(Q)353) and p € L(La(); La(2)?) act as

coupling parameters.
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Denoting the strain tensor by £ = Gradu and replacing the temperature, 6, by
the relative temperature, O 19, as the unknown temperature function, the material

relations then become

T =CE& —eE — (\Og) 0,0, (4.11)

D =¢e*E +eE + (pOo) 6,0, (4.12)

B = pH, (4.13)

Oon = (BpA*) € + (Bpp*) E + 700, 6, (4.14)

where the shorthand 9 = Opa has been introduced. In adapting the above ma-

terial relations to be suitable for the evolutionary equation perspective, the authors

of | ] solve for the strain tensor, £, so that (4.11) through (4.14) become

E=CT'T+C'eE+ 01 (\00) 0,0,
D=e"C'T+ (e +e*Ce) E+ (pOy + " C~'A0g) 6,0,
B =uH,

Oon = QN C7IT + (Opp* + O A*C ™ e) E + (70 + OpA*C 71 A6q) O, 6.

Approaching our PDE problem with the evolutionary equation perspective in mind, we
complement each of the given basic system equations with an appropriate constitutive
relation. This is a key facet of the evolutionary equation approach. The (standard)
constitutive relations used in the sequel can be found for instance in | , Sec-
tions 6.2, 7.1, 7.2]. The equation of elasticity, (4.3), is usually complemented by a
suitable strain-stress relation. In this case, it is already implicitly present in (4.7)
above. Indeed, setting the coupling parameters e = A = 0 here allows us to recover a
version of Hooke’s Law,

T = C Gradu, (4.19)

in the context of elasticity (c.f. Subsection 2.3.2). Maxwell’s equations, (4.4) and (4.5),
are usually complemented by three constitutive relations, the first two of which couple

the electric displacement, D, with the electric field, E, and the magnetic field, H, with
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the magnetic flux density, B, respectively. The former of these is similarly already
implicitly provided by (4.8), which can be more clearly recognised upon setting the
coupling parameters e = p = 0. The latter is indeed precisely (4.9). The third con-
stitutive relation underpinning Maxwell’s equations is provided by Ohm’s law which
relates the electrical charge to the electric field via the electrical resistivity. This is pre-
cisely the —oE term present in (4.5) (c.f. | , Section 6.2]). Finally, the authors
of | | complement the heat equation, (4.6), with a version of Fourier’s law. In
particular, they assume that the Mazwell-Cattaneo- Vernotte modification holds, which

relates the heat flux and temperature via
k1q + Ky g+ gradd = 0 (4.20)

for operators kg, k1 € L(Ly (2)%). Tt is clear that this is a generalisation of Fourier’s
law since one readily recovers the usual form of this constitutive relation upon setting
k1 = 0.

With the above preparations made we can now present the full system. As an

evolutionary equation we have
(@,y]\/jo + M+ j) U=F
on L, (R; PAI) where
H =Ly (0 ® Ly (3 & Ly () & Ly () @ Ly () & Ly (2)* (4.21)

with the operators ]\//_70, ]\//_71 and A to be specified next. In this formulation, we have

the material operators

P 0 0 0 0 0
0 e Cle 0 C~1\Qy 0

7, — 0 e*C! (e+eC7le) 0 (pOg+e*CtA0g) 0 7 (4.22)
0 0 0 u 0 0
0 @A C (Bp" + BN Ce) 0 (70+OANC1Ap) 0
0 0 0 0 0 K1
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00 0 0 0 O
00 0 00 O
— 0 0 o 00 O
M, = , (4.23)
00 0 0 0 O
00 00 0 O
00 0 0 0 syt
and the spatial operator
0 — Div 0 0 0 0
— Gradg 0 0 0 0 0
~ 0 0 0 —curl 0 0
A= , (4.24)
0 0 curlg 0 0 0
0 0 0 0 0 divg
0 0 0 0 grad 0
with unknown
U= (v,T,E, H,0;,q) (4.25)
and given right-hand side
F:(F0>O,F27F37F470)- (426)
In (4.25) the function v = Ju is treated as the first unknown for the equation of

elasticity, (4.3), instead of the displacement, u. This is a standard trick and has been
employed so as to treat the equation of elasticity as a first order in time equation
(c.f. , Sections 6.2, 7.1, 7.2]).

At this point we would like to remind ourselves, and the reader, about the boundary
conditions satisfied by the spatial operator (4.24) above. The operator A satisfies a set
of abstract homogeneous boundary conditions. Considering the action of the spatial
operator (4.24) on the unknown (4.25), it is clear that we need to additionally assume
v € Hy(Grad, ), E € Hy(curl,Q) and ¢ € Hp (div,Q2) (see Item (ii) and Item (iii)
from Remark 2.3.4). It is then clear that (4.24) is skew-selfadjoint by construction
(c.f. Definition 2.3.1).

With the underlying model of thermo-piezo-electromagnetism with homogeneous

61



boundary conditions from | , Sections 2, 3] now recalled, we turn our attention
to the second of our aims for this subsection. To recall in detail the statement and proof

of the systems evolutionary well-posedness, | , Theorem 3.1].

Theorem 4.2.1 (Theorem 3.1, | 1). Let @ C R be open and H as in (4.21).
Additionally, let Mo, My € L(H) be as in (4.22), (4.23) and A as in (4.24). Assume
Psxy €, 1y, C, Yo, K1 selfadjoint and non-negative. Furthermore, assume py, p, C, v9 > 0

as well as

v(e— @op'yo_lp*@o) +o>0 (4.27)

and

vk + kg0 (4.28)

for large enough v € R<g. Then, for all v € R sufficiently large, the operator
Oy Mo+ My + A (4.29)

is densely defined and closable in Lo, (R; E[) The respective closure is continuously

inwvertible with causal inverse being eventually independent of v.

Proof. The assertion follows from applying Theorem 2.4.4 to the material law given by
M(z) = ]/\Z() + 2’71]/\4\1 (4.30)

and spatial operator A. In the discussion above we noted how A is skew-selfadjoint by

construction. As such, we need only focus on establishing
zM(z) >0

uniformly in z € Cre>, for large enough v € R.o. By several of the statement assump-

tions it is sufficient to consider the question of positive-definiteness for the sub-block
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operator

c! C~le C~ 1Oy 0 00
v| erCc! e+ e*C e POy +e*C~ N0y |+ |0 o 0Of- (4.31)
QoA O™t Opp* + O A Cle 79+ OgA*C~1AOg 0 00

Under a symmetric Gauss step provided by the congruence transform

1 0 0
C1 = —e* 1 01, (4.32)
-\ 0 1

we see that (4.31) is congruent to the operator

ct 0 0 0 0 0
v 0 e pOy|+|0 o 0f. (4.33)
0  Oop* 7 0 0 0

From here, we need only consider the sub-block operator

€ O o 0
v I . (4.34)

©op™ 0 00

A second symmetric Gauss step provided by the congruence transform

1 —pOyyyt
Cy = PR (4.35)

0 1

reveals that the operator (4.34) is congruent to

6—@0]9’}’0_1])*@0 0 N o 0
0 Yo 0 0

, (4.36)

which is positive-definite by the remaining statement assumptions. O
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Remark 4.2.2. (i) The statement assumptions allow for the case obtained when

e = Oopy, 'p* o,

provided that the electrical resistance, o, is large enough to compensate in (4.27).
Such a case wherein the effect of the dielectricity, €, is neglected arises in the study
of eddy currents. The resulting system obtained is referred to as the eddy current
approzimation (see for instance the standard reference | |, the more recent

[ I, [ , Section 5.3], | , Subsection 4.1.1] or [ , Section 6.2].

(ii) Both of the positive-definite conditions (4.27) and (4.28) could have instead (and

equivalently) been presented as requiring
deg € Rug i v (6 — ®0p'yalp*®0) 4+ Reo > ¢

and

dep € Ryg V/<;1—|—Re/-$61 > cq,

respectively. Indeed, recalling Remark 2.4.5 confirms the coincidence in notation.

\Y%

4.3 Formulating Our Extended Model

Having recalled the underlying thermo-piezo-electromagnetic system under homoge-
neous boundary conditions from | | in Section 4.2, the stage is set for the
formulation of our own extended model. We will realise this extension by the applica-
tion of tools from the abstract boundary data space framework, as reviewed earlier in
Chapter 3. We will extend from the system in Section 4.2 by first introducing three aux-
iliary Hilbert spaces, one for each of the elastic, electromagnetic and thermal aspects of
the model. Upon each of these three spaces we will formulate a boundary equation gov-
erning the boundary dynamics of the respective material part of the model. Concerning

ourselves with the use of abstract boundary data spaces, the auxiliary Hilbert spaces
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will be familiar to us from Proposition 3.2.3. By encoding these additional spaces and
equations from within our system itself, we will actually enlargen the underlying six
dimensional model to a nine dimensional one. In doing so we apply the methodology
used in [ | which was based on the observations and findings of | ].

We first recall the evolutionary equation from Section 4.2. There we had

(Y FO
T 0
| E P _
(at,yMO + M, + A) - € Ly, (R; H) (4.37)
H Fy
0,0 Fy
q 0

with the Hilbert space

~

H =Ly Q)& Ly (D)3

Ly ()@ Ly (Q)° e (4.38)

Ly (Q) & Ly ()3

We extend the above system by formally replacing
T € HDiv,Q), H e H(curl,Q) and ¢ € H(div,Q)

in the vector of unknowns (4.25) by

T 3x3
€ Lo (Q)5ym ® BD (Grad), (4.39)
T
H 3
€ Ly () @ BD (curl) and (4.40)
TH
) e, (Q)* & BD (grad) , (4.41)
Tq
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respectively. In order to accommodate for the formal replacements in our vector of
unknowns, the remaining parts in the evolutionary equation (4.37) need to be suitably

amended. As our extended evolutionary equation we obtain

v Fy

T 0

T N1

B by

(Opp Mo + My (Or,) + A) H = F3 €Ly, (R;H), (4.42)

TH I3

0y 0 Fy

q 0

Tq fs

where now we have the Hilbert space

M =Ly ()’ & Ly ()2 & BD (Grad) &

Ly (2)* @ Ly () @ BD (curl) & (4.43)

Ly (Q) ® Ly (2)® @ BD (grad)

with the correspondingly extended operators A, My and M; (0;,) to be defined in
a moment. We point out that replacing 7" by (4.39), H by (4.40) and ¢ by (4.41)
is done without the loss of any generality. One could instead replace the unknowns
v, and Oy 19 in an analogous manner. Any difference in the form of the resulting
block structure of (4.42) would be purely formal, and could be undone via congruence
transforms as permutation operators.

In defining each of A, My and M; (0, ) in turn, we will take the time to specify any
important properties that they exhibit. We will also note any pertinent mathematical
and modelling perspectives underpinning their construction and formulation. We have

as our spatial operator
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O OO B

) ()6

It is clear from construction that A is skew-selfadjoint. Recall that the domains of

-~
o o
o O
~—__—
/
o O
N
-~
o o
o O

the nonzero column adjoint operators in (4.44) each provide an additional boundary
condition (c.f. Theorem 3.2.17) and must be taken into account. As these boundary
conditions are in some way inherent to the system, we will refer to them in the sequel as
inherent boundary conditions. Descending the upper diagonal stair of adjoint operators

in A, recall that the corresponding inherent boundary conditions are

thivT — Gradpp 71 = 0, (4.45)
Lo H + curlgp 7 = 0 and (4.46)
Laivg + gradpp 74 = 0, (4.47)

respectively. We point out, upon recalling Theorem 3.2.17 that the action of A can
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actually be computed with the help of the restriction

(Lot 0 69 o o

() gg ) ( ) y g 3

0 0 0 0 —Curl 0 0 0 0 (4.48)
0 O I Y

A A N

I O Y O I i N O

We now turn our attention to the material operators My and M; (0;,). We begin by

specifying some notation. We first introduce the blocks

ct o C7le 0 0 0
Mo 33 = s Mo 36 = ;» Moy = )
0 33 0 36 0 aszg
(4.49)
w0 0 0 k1 0
Mo g6 = s Moo == s Mo g9 ==
0 g6 0 agg 0 agg
We assume that the coefficients
asz € L(BD(Grad)), ags € L(BD(curl)), agg € L(BD(grad)) (4.50)
are selfadjoint. Moreover we assume
ase € L(BD(curl), BD(Grad)), asg € L(BD(grad), BD(Grad)) (4.51)
and
agg € L(BD(grad), BD(curl)). (4.52)
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Doing so we obtain the operator

Mo =
s 0 0 0 0 0) 0 (o 0)
0 C~ ')\
M0733 MO,36 M0,39
0 0
0 0 e+e*C e 0 0) pBo + e*C~1\Og (0 0 (4.53)

0 0
Mo,36™ Mo 66 Mo 69
0 0

(eox'c™t 0) " +0xC e (0 0) 2+BAC A8 (0 0)

0 0
( ) Mo,30" ( ) Mo,60™ ( ) Mo, 99
0 0

By construction My is selfadjoint. The operator coeflicients «;;, for 4,5 € {3,6,9},

o o o o o o o o

allow us to involve the time derivative explicitly when formulating dynamics on the
boundary. Recall that for our model boundary dynamics are posed on the auxiliary
Hilbert spaces introduced in our extension above. We consider M;(z) next. We define

the block operator

Lo o (o)

CHN
) ’ (0 0)
o) e () e ()

and assume, for 7,j € {3,6,9}, that the mapping z — Mj;;(z) is holomorphic, and

/N
(]
(=]

~—

(4.54)

M; 66 (2)
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o
o
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o
o
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[ew] o [en) [en] [en) [e] o [e] [en]
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E
o)
&

that || M1 ij]|c0,Cres, < 00. In our application, the sub-block operators My ;;(z) assume

the form

My (2) = o0 , (4.55)
0 Kij(z)
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Ml,gg (Z) = s (456)

when (i,7) = (9,9). We assume that the K;;(z) boundary coefficients are linear,
bounded and individually map between the same abstract boundary data spaces as the
corresponding c; coefficient does (recall the blocks (4.49) and the mappings (4.50),
(4.51) and (4.52)). For i,j € {3,6,9}, the mapping z — K;;(z) absorbs the previous
holomorphicity assumption. In a similar way, we assume || Kjjloo,cpen, < 00. It is
not hard to see that under these assumptions M (z) is a material law. Hence, we can

replace z by 0y, in the underlying block operator and obtain

My (Orp) =
! 60 0 (0
0 0 0
( ) M 33 (O,0) ( ) M 36 (O,0) ) M 39 (O,0)
0 0 0
0 ’ (0 0) 0 (0 0) (4.57)
0 0 0
( ) M 63 (Or,0) ( ) M 66 (O,v) ) M 69 (O¢,0)
0 0 0
0 0 00 o (00
0 0 0
( ) M 93 (O¢,v) ( ) M 96 (O¢,v) ) M 99 (O,v)
0 0 0
where, for i,j € {3,6,9} and (7,7) # (9,9), we have the block operators
0 0
M ;i (0r) = (4.58)
0 Kij(Orw)
and, when (i,7) = (9,9),
lial 0
M99 (0r) = (4.59)
0 Koy (Ory)
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This yields the full material law operator (c.f. Proposition 2.2.5)
M (8y) = Mo + 8, M1 (B, (4.60)

appearing in (4.42). At this point, we would like to make a minute observation. In
the formulation of our material law operator (4.60), one could dispense with the o
boundary coefficients present in My, and instead combine their purpose with that of the
K;;(0,) coefficients present in Mj (0¢,). It is the authors opinion that this difference
is one merely in notation and taste.

In summary our extended system (4.42) encodes the following equations for each
aspect of our thermo-piezo-electromagnetic model. Starting with the equations related

to the elastic part we have

8,5,0*’[) —DivT = F(), (461)
OHC™'T + 0,C ' eH + 9,C 7'\ (0, '0) — Gradv = 0, (4.62)
(Opauzs + K33 (0r,)) 1 + (Orcuse + K36 (Op0))TH (4.63)
+ (Orazg + K39 (01,0))Tq + LGraa? = f1-

The equations corresponding to the electromagnetic aspect of the problem read
O (e+e*C7'e) E+ 0, (pOg + e*C7'\8g) 0,0 + 0 F — cwl H = P, (4.64)
01e*C7 M + OyuH + curl E = F3, (4.65)
(Oraze + Koz (0r,)) 71 + (Orass + Koo (Or,0))TH (4:66)

+ (Oragg + Koo (01,0))7q + Loy B = [
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Lastly, the equations corresponding to the thermal part of the problem are

0, (BA*C™1) T + 8, (Bgp* + OpA*C'e) B

(4.67)
+0; (70 + QoA CTINO)) Oy 10 + div g = Fy,
(01 + kg ) g + grad (65 '0) =0, (4.68)
(Oraisy + Koz (0r0)) 71 + (O + Koo (Op0)) T (469)

+ (atOégg + K99 (8t,z/))7_q + Lgrad (6510) = f5‘

As noted earlier, one cannot forget to take into account the presence of the inherent
boundary conditions (4.45), (4.46) and (4.47). We can re-present the model entirely in
terms of the original unknowns by substituting these boundary conditions into (4.63),
(4.66) and (4.69), respectively. That is to say, one can transcribe our system equations

entirely bereft of the presence of the dummy boundary 77, 77 and 7, variables.

4.4 Evolutionary Well-posedness

In this section we prove that our extended model for thermo-piezo-electromagnetism
with boundary dynamics is well-posed as an evolutionary equation. The heart of the
proof lies in the application of Picard’s Theorem (Theorem 2.4.4) to the block operator
system (4.42). At this juncture we recall the importance of Picard’s Theorem. Indeed
the solution theory of evolutionary equations is entirely encapsulated by Theorem 2.4.4.
In particular, its application will allow us to establish Hadamard well-posedness as well
as causal dependence on given data for our system (c.f. Remark 2.4.5).

As we will see in our own solution result, Theorem 4.4.6, many of the assumptions
required to apply Picard’s Theorem are already satisfied by our system. Indeed this is

by construction. However the assumptions required to ensure that the operator
RezM(z) = Rez (Mo + 2" M; (2)) (4.70)

is positive-definite are perhaps not so obvious. Here My and M (z) are as specified

in (4.53) and (4.54), respectively. In particular, it is this positive-definite question
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that we address in a systematic manner in our proof. In Lemma 4.4.1 we initially
identify an operator congruent to (4.70). The congruent form obtained will allow us
to determine conditions sufficient to assure the required accretivity in two steps. In
Lemma 4.4.3 we first establish the required conditions corresponding to the material
part of our system independent of z. Then in Lemma 4.4.4 we ascertain the conditions
needed for the remaining material part of our system dependent on z. Our solution
theory, Theorem 4.4.6, combines all three auxiliary results together with some addi-
tional observations to establish our extended model’s well-posedness as an evolutionary

equation.

Lemma 4.4.1 (Congruent Form). Let v € Rsg and z € Cres,. Let My be as in (4.53),
M (2) as in (4.54) and assume p — e*C~te and moss to be continuously invertible.

Then the operator vMo + Re My (2) is congruent to

vMy + Re M, (2)

pe 0 0 0 0 0 0 0
0 Moz O O 0 Mizz O 0 (4.71)
=V e~ + Re P
0 0 MO,66 0 0 0 M1,66 (Z) 0
0 0 0 0 0 0 Ko

under symmetric Gauss steps and permutations as congruent transformations. Here we

obtain the sub-block operator

c1 0 0 0
— 0 p—eCle 0 0
Mo 22 = - (4.72)
0 0 m0744 0
0 0 0  moss
where
— * v—1 xov—1 V=1 ok ~v—1
moss =Y — QA" C™ e (u —e'C e) e*C™ \0q (4.73)

73



and
Moas = € + e*C e — (p@g + 6*071)\@0)* (771635)_1 (p@o + e*C’*lA@o) . (474
In (4.4.1) we also obtain the sub-block operators

a33 Q36 (39

Mogs = | a3s aes e | > (4.75)

* *
Qg9 OQgg Q99

00 0O

— 0 00O

M 20 = ) (4.76)
0 0 o O
00 0O

and
K33 (2) Kse(z) Kso(2)
Migs (=) = | Kos (2) Koo (=) Koo(2) |- (4.77)
Koz (2) Kos (2) Kog (2)
Proof. There are a total of six congruence transforms to be applied in order to arrive
at the target congruent form indicated in the statement of Lemma 4.4.1. The first

congruence is provided by an elementary permutation of the entire system. We have

C1 (Z/Mo + Re M (Z))Cf = Z/Clj\/[oCiK + ReC1M; (Z) Cik ( )
4.78
=vNi+ReM(z)
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under the permutation

1000 0O0O0O00QO0
00 01O0O0O0O0OQO
01 00O0O0O0GO0O
000O0O1O0O0GO0OGO
Ct={0 0000010 O0f, (4.79)
001 0O0O0O0O0OOP
000O0O0O1QO0GO0®O
000O0O0OO0OO0OTO 01
00 0O0O0OO0OO0OT1PQ0

with A7 and M to be specified next. In (4.78) we have

N = o (4.80)

0 O 0 K1

with
e+e*Cle 0 0 POy + e*C~1\Og
— 0 Cc1 C~le C~1\O
N, = (4.81)
0 e*C~1 7 0

Oop* + BN C~le OuA*C! 0 70+ A" C A0y

—~—

and where My g6 is as it already appears in the statement of Lemma 4.4.1. We also

have in (4.78)

0 0 0 0
_ 0 M 0 0
M (z) = o (4.82)
0 0 Mg(z) 0
0 0 0 kg
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where

(4.83)

) o [an} S
) @) [en} )
) ja) [an} )
@) o [an) @)

and M 66 (2) is already of the form indicated in the statement of Lemma 4.4.1. As
such, we need now only occupy ourselves with the task of determining the intermediary

congruence transforms under which the sub-block operator N in (4.78) is congruent

to Moo in (4.72). The first of these intermediary sub-block congruences is given by

the permutation operator

01 00
1 000
Co = , (4.84)
0 01 0
0 0 01
under which we have
CoN: C5 = N (4.85)
with
c-1 0 Cle C~ X0
— 0 e+e*Cle 0 O + e C~1\O
Ny = peo °1. (4.86)
e*C1 0 I 0

O C™L Opp* + O C7le 0 40+ 6N C NG

From here we apply the second intermediary sub-block congruence, given by the oper-

ator
1 0 0 O
0 1 0 0
Cy = , (4.87)
—e* 010
—BpA* 0 0 1
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under which

CsN2Ch = N3 (4.88)
where we have
c—! 0 0 0
— 0 e+e*Cle 0 Qg + e*C~1\O
Ny = P 1. (489
0 0 u—e*Cle —e*C~1\Og
0  Oyp*+6pX*Cte —Ou N Cle Y

From here it is sufficient to consider the sub-block operator

e+e*Cle 0 p@o—f—e*c_l)\@o
N3 = 0 p—e*C e —e*C~1\Q . (4.90)
Oop™* + @0)\*0_16 —@0)\*0_16 Y0

Under the permutation as a congruence transform given by

010
Ca=11 0 0 (4.91)
0 01
we obtain the congruent form
CiNs Ci =N (4.92)
with
u—e*Cle 0 —e*C~1\Og
/\A/ii = 0 e+e*Cle pOg +e*C~1N\Og | - (4.93)
—Op\*Cle Opp* + O\ Cle Yo

At this point we recall M as specified in (4.83). It is at the symmetric application of
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the congruence transform

1 0 00
~ 0 010
Cy =
0100
00 01
that we simultaneously obtain
Ca M Ci = My 29, (4.94)

with m as given in the statement of Lemma 4.4.1. With this, we have obtained the
entirety of the congruent form M (z) as specified in (4.71). From (4.93) we then apply

the symmetric Gauss step as a congruence transform provided by

1 0 0
Cs = 0 1 0. (4.95)
QoA C e (p— 6*0716)71 0 1
under which
Cs NiC: = N (4.96)
where we have
u—e*Cle 0 0
/\/\/‘/5 = 0 e+e*Cle POy + e*C~1\O (4.97)
0 Oup* + @o/\*c_le 77/18:5/5
with
Mos5 = Y0 — O\ C e (u — e*C_le)_1 e*C71NOy. (4.98)
From here we need only consider the sub-block
v e+e*Cle Qg +e*C7 16
Ny = peo °]. (4.99)

—

Oop* + B\ C e mo 55
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The application of another symmetric Gauss step as a congruence transform given by

1 — (pOo + *C~A8y) (moss)

Cs = (4.100)
0 1
yields
CoN5 Cg = N7 (4.101)
in which we have
— moas O
No=|"0% (4.102)
0 moss

where

Moas = € + e*Cte — (p@o + e*C_l)\@o)* (75&5/5)71 (p@o + e*C_l)\@o) . (4.103)

—_—~—

With this final congruence we arrive at My 22 as specified in (4.72) which completes the

proof. O

Remark 4.4.2. (i) On account of the additional rows (and corresponding columns)

(i)

added to accomodate for boundary dynamics, the congruence transforms applied
above appear slightly different to those employed in | , Theorem 3.2]. The
displacement caused by the addition of these rows and columns is the reason
for obtaining “distorted” versions of the block operators recalled in the proof of

Theorem 4.2.1.

Recall Item (i) from Remark 4.2.2 on the eddy current approximation. It is im-
portant to note that the manner in which we have applied our congruence trans-
forms above in Lemma 4.4.1 and Lemma 4.4.3 is nontrivial. Indeed, the pattern
we have employed allows us to retain the option of eddy current approximation
in our model for thermo-piezo-electromagnetism with dynamic boundary condi-

tions. Recall the operator (4.90) obtained above in the proof of Lemma 4.4.1.
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There we had

e+e*Cle 0 pOg + e*C~1N\O
N3 = 0 L—e'Cle  —e'CO, |- (4.104)
Bop* + QA Cle —OpA*Cle o

For what we would like to elucidate in this remark, suppose we additionally as-
sumed that the operator € be continuously invertible (which happens, for instance,
when ¢ > 0). If instead of applying the permutation as a congruence transform

(4.91) we applied the operator

1 0 0
0 10 (4.105)
— (@op* + @0)\*0*16) (6 + e*Cile)fl 0 1

Cy

then we would obtain the operator

e+e*Cle 0 0
Ni= 0 p—e*Cle —e*C12O, (4.106)
0 —OuN O e %0

!
as congruent to N3 , where we have introduced

Fo =70 — (190 +€*C A0 (e + " Cle) T (pOg + €*CTIABg) . (4.107)

From here it is sufficient to consider the sub-block operator

7 p—e*Cle —e*C71NOQ
Ny = (4.108)
—OpM\*C e Yo

which is in turn congruent to the operator
N = (4.109)
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where we have introduced

Yo =0 — (€*CTIAOY)" (u—e*C e e
0= o) ) 1 ’ (4.110)
— (pO0 +€*C7INO) " (e +e*C7e) ™ (pOg + e C7INOy) .

The approach outlined in this remark could still be employed to establish suffi-
cient conditions under which our model be well-posed as an evolutionary equation.
However, should one want to retain the possibility of an eddy current approxi-
mation (again, see Item (i) from Remark 4.2.2), then the alternative approach
suggested would obscure such a possibility. Whilst it would still be possible to

choose the operator € ‘close’ to e*C e, the limit case ¢ = —e*C e is excluded.

(iii) In the statement of Lemma 4.4.1 we assumed both u — e*C~le and mgss to
be continuously invertible. With regards to the full model system however, this
assumption will already be satisfied on account of a wider positive-definite as-

sumption (c.f. Item (i) of Remark 4.1.5 and Lemma 4.4.3). v

Our second auxiliary result addresses the accretivity required for that part of the
model independent of any boundary considerations. In other words, for that part of
the model independent of z. Whilst this might be obvious from the previous congruent
form, we should like to formalise it here.

—_~— —_~—

Lemma 4.4.3. Let v € Ry and let Mya2a, Mos5, Moaa and My oo be as in (4.72),
(4.73), (4.74) and (4.76), respectively. Assume py, €, u, C, Yo, k1 selfadjoint and non-

negative. Furthermore, assume py, C, 7770\75/5, p—e*Cle >0 as well as

vmoas+ 0 >0 (4.111)
and
vk + kgt >0 (4.112)
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for large enough v € R~g. Then the block operator

ps 0 0 0 0 0
v 0 Mz 0|+Re|0 My 0 (4.113)
0 0 K1 0 0 nal

is accretive for all v € Rsq sufficiently large.

Proof. Immediately it is clear that the first and last rows of (4.113) are accretive by
assumption. The required accretivity for the remaining sub-block will follow after

considering the congruent form obtained in Lemma 4.4.1. Indeed, we have

VMo a2 + Re My 5
c! 0 0 0 00 00
0 u—eCle 0 0 00 0 0 (4.114)
0 0 mo a4 0 00 ¢ O
0 0 0  moss 0000
which is likewise accretive by the statement assumptions. O

The third of our auxiliary results addresses the positive-definiteness of that sub-
block of the model accounting for the boundary dynamics of the system. In other
words, for the part of the system dependent on z. Recall from Lemma 4.4.1 that both
m and m (z) handle the boundary dynamics of our system via the sub-block
operator

I/M0766 + Re M1,66 (Z) . (4.115)

Before considering if the block operator (4.115) is positive-definite, we introduce some

notational simplifications. First of all recall that, when written out in full, (4.115) has

the form
Q33 Q36 Q39 K33 (2) Ks6(z) Kz (2)
vlah ass asy | TRe| Kes(2) Kes(z) Koo (z) |- (4.116)
Q39 Oy Qigg Koz (2) Ko (2) Koo (2)

82



Upon computing the real-part of m(z), the operator (4.116) coincides with the

block operator

vass + Re K33 (z) Lsg (Z) Lsg (Z)
Lsg (2)° vags + Re K (2) Ly (2) (4.117)
L39 (Z)* Lﬁg (Z)* Vg9 + Re Kgg (Z)

where, for notational ease, we have introduced for i, j € {3,6,9}

(Kij (2) + Kji (2)7)- (4.118)

DN |

Kij () =
Clearly, we have for all 4,5 € {3,6,9}
rij (2)" = kji (2). (4.119)
In (4.117) we define for i,7 € {3,6,9} the operator
Lij (2) = vou; + Kij (2) , (4.120)
and similarly it is clear that for all 4, j € {3,6,9} we have
Lij (2)" = Lj;i () - (4.121)
Moreover, we define the operators

Ui (Z) = vass + Re K33 (Z) , (4.122)
Uss (Z) = vage + Re Kegg (Z) — Lsg (Z)* U1_11 (Z) Lsg (Z) , (4.123)

Uss (2) = vagg + Re Kog (2) — Lsg (2)” U1_11 (2) Lag (z) — L* (2) U2_21 (2)L(2) (4.124)
and finally introduce

L (Z) = L6g (Z) — L36 (Z)* Uﬁl (Z) ng (Z) . (4.125)
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With these notational simplifications to hand we provide our next auxiliary result.

Lemma 4.4.4. Let v € Ry and z € Cresy. Let Mygs and My ge (2) be as in (4.76)

and (4.77), respectively. Assume

vass + Re K33 (2) > 0, (4.126)
vagg + Re Kgg (Z) — L3 (Z)* Ul_ll (Z) Lsg (Z) >0, (4.127)

vagg + Re Kog (2) — Lag (2)" Uy' (2) Lsg (2) — L* (2) Uy (2) L (2) > 0, (4.128)

for v € Ry sufficiently large. Then the block operator

—_—~

I/M0766 + Re M1,66 (Z)

vass + Re K33 (2) L3g (2) L3y (2)
= Lsg (Z)* vogs + Re Kgg (Z) Lgo (Z)
Lsg (z)* Lo (z)* vagg + Re Kgg (Z)

1s accretive for all v € Rsq sufficiently large.

Proof. The discussion prior to the statement of Lemma 4.4.4 establishes equality be-
tween the operator (4.115) and (4.117), the latter of which we take as our starting
point. Our aim is to obtain a suitable congruent form to which we can apply the state-
ment assumptions from above. The desired congruent form will be obtained after the
application of two symmetric Gauss steps. The first symmetric Gauss step is provided

by the block operator

1 00
Ci(2)=|—-Lss(2)*Un(z)™" 1 0]- (4.129)
—L39 (Z)* U11 (2)71 01

Under the congruence transform C; (z) we obtain the congruent form

C1 (2) | VMo g6 + Re Migs (2)| €1 (2)* = N7 (2)., (4.130)
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where we have the block operator

Un(z) 0 0
M (z) = 0 Nag () Nas(2) |
0 Nag(2)* Nas(z)

wherein
./\/72/2 (Z) = vags + Re Kgg (Z) — Lsg (Z)* Uy (Z)_l Lsg (Z) ,

N3 (2) = vagy + Re Kog (2) — Lsg (2)* Un1 (2) ! Lo (2)

Nag (2) = Leg (2) — Lag (2)" U1 (2) ™ Lag (2).
From this point it suffices to consider the sub-block operator

Naz () Nas (2)

J\Afl/(Z): _ .
N23(Z)* N33(Z)

The second congruence transform is provided by the block operator

1 0
C2 (Z) - * -1 ’
L (Z) Noo (z) 1

under which we obtain the congruent form
Co (2) N1 (2)C2(2)" = Na (),
where

Usz (2) 0
0 U33 (Z)

N (2) =

(4.131)

(4.132)
(4.133)

(4.134)

(4.135)

(4.136)

(4.137)

(4.138)

From here we can apply the remaining statement assumptions in order to derive the

desired accretivity claim.

O

Remark 4.4.5. (i) Notice that each of the operators first appearing on the main-
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(iif)

diagonal of (4.117)
vass + Re K33 (2), vogs + ReKgs (2), voagg + Re Kgg (2),

are selfadjoint. Indeed, that the «y; are selfadjoint for i € {3,6,9} follows from the
fact that (4.53) is selfadjoint by construction. Moreover, recall that for a Hilbert
space H and T € L(H) that the real-part of T is defined as ReT := (T + T*).
As such, it follows immediately by definition that the real-part of an operator is

itself selfadjoint.

Assumption (4.126) guarantees the existence and continuity of the inverse opera-
tor Uy (z)_1 by Proposition 4.1.6. An analogous statement holds for assumption
(4.127) and the inverse Uy (2)'. As such, both the congruence transform (4.129)

and congruent form obtained in (4.136) involving these inverses are well-defined.

In (4.123) there arises the operator
Lso (2)" Upy' (2) Las (2)

on account of the congruence transform applied. Similarly, in (4.124) there arises
the operator

L3g (2)" Uy' (2) Lag (2) + L* (2) Usy (2) L (2)..

All of these are non-negative operators by definition. As such, the assumptions

(4.127) and (4.128) could be restated so as to require

vage + Re K66 (Z) > L36 (Z)* Ul_ll (Z) L36 (Z) s

vagg + Re Kgg (Z) > Ljg (Z)* Ul_ll (Z) Lsg (Z) +L* (Z) U2_21 (Z) L (Z) ,

uniformly in z € Cre>, for sufficiently large v € R+p.

It is perhaps interesting to note that the congruent form obtained in Lemma 4.4.4
coincides with that obtained by an LDL* decomposition (see | , Theo-

rem 4.1.3], | , Satz 3.34] or any of the references mentioned at the beginning
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of Section 4.1). Indeed, recalling the operator (4.117), we have

vass + Re K33 (2) Lsg (2) Lsg (2)
L3s (2)" vags + Re Kgg (2) Leg (2)
L3g (2)* Lgg (2)* vagg + Re Kog (%)
(4.139)
Ui1 (2) 0 0
=L()| 0 Ux(x) 0 [L(2)7,
0 0 Uss (2)
where L (z) is the congruence transform provided by the block operator
1 0 0
L(z)= | Lss (2)* U 1 0. (4.140)

L3 (2)* U L(2)"Uyx 1

We have avoided using the means afforded by an LDL* decomposition in the
prequel as the operator L in the factorisation need not be an atomic matrix (see
Item (iv) of Remark 4.1.5). With that in mind, such an operator L (or more
particularly L (z) above) cannot be regarded as a symmetric Gauss step, as we

defined in Section 4.1. \Y,

We now combine all three of our auxiliary results together with some additional

observations to state and prove our main result of interest.

Theorem 4.4.6. Let v € Ryg and z € Cresy,. Let Q C R? be open and H as in (4.43).
Additionally, let My, Mi(z) € L(H) be as in (4.53), (4.54), and A as in (4.44). In
particular, let mo4a and moss be as in (4.74) and (4.73), respectively. Moreover, let
Ui1(z), U2a(z) and Uss(z) be as in (4.122), (4.123), and (4.124), respectively. Assume
Px, €, y C, Yo, K1 selfadjoint and non-negative. Furthermore, assume py, C, Tm, -

e*C~ e, Up1(2), Uza(2), Uss(2) > 0 as well as

vmgas+0 >0 (4.141)
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and

R T | (4.142)

for large enough v € R~qy. Then, for all v € R~ sufficiently large, the operator
Oty Mo + M1(0r,) + A (4.143)

is densely defined and closable in Lo, (R;H). The respective closure is continuously

invertible with causal inverse being eventually independent of v.

Proof. The assertion follows from applying Theorem 2.4.4 to the material law
M(z) == My + 2~ My (z) (4.144)

and spatial operator A. From the discussion in the presentation of our model in Sec-
tion 4.3, it is clear that A is skew-selfadjoint by construction. As such, we need only

focus on establishing

zM(z) >0

uniformly in z € Cgre>, for large enough v € R.o. However, this follows immedi-
ately from the congruent forms and sub-block positive-definite estimates provided by

Lemma 4.4.1, Lemma 4.4.3 and Lemma 4.4.4. O
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Chapter 5

Catalogue of Boundary
Behaviours Covered by the
Model

In this chapter we will conduct a systematic investigation of the boundary dynamics
captured by the thermo-piezo-electromagnetic model proposed by this thesis. Recalling
the evolutionary equation behind our extended model, (4.42), it is clear (if not by
design) that the boundary dynamics of our system are accounted for by the sub-block

operator equation

T L*Gradv fl
(&e,u Mo 66 + M1 66 (at,y)> 7 | + v E =|f]- (5.1)
-1
Tq Larad (O ' 0) f5

Here, the fixed column operator of orthogonal projections can be traced back to the

action of the extended spatial operator, A (c.f. (4.44)). There are however several
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degrees of freedom in the (arbitrary) operator coefficients of the sub-block operator

Orw Mosss + Mags (91,)
Q33 Q36 Q39 K33 (0r,) K36(0ry) K3o(Ory) (5.2)
=0 | ol ase ey | | Kes(0ry) Koo (Ory) Koo (9rr)
Q39 Qgg Qg9 Ko3 (0r,v) Ko6 (Or) Koo (Or,v)

derived from the material relation blocks My and M; (9;,) as defined in (4.53) and
(4.57), respectively. Our investigation will be characterised by the consideration of
different cases corresponding to different patterns of choice in the operator coefficients
of (5.2). Each pattern of choice will allow us to recover a different set and arrangement
of boundary conditions for our model. These are catalogued below. We will not entirely
reinvent our general well-posedness result Theorem 4.4.6 for each case. Instead we will
offer an alternative proof to the auxiliary result Lemma 4.4.4 which was used in our

solution theory to address the accretivity of the sub-block operator

v My 66 + Re M 66 (2)
33 Q36 Q39 K33(2) Kz6(z) Kszg(2) (5.3)

=V Oé§6 Qg Qg9 + Re Kﬁg(z) KGG(Z) KGg(Z)

Q39 Qbg Q99 Koz (2) Kos(2) Koo (2)

Each of the cases catalogued here can be thought of as a kind of corollary to our main
solution theory. However we have endeavoured to provide an alternative direct proof
to Lemma 4.4.4 for each case with the ends of variety and accessibility in mind.
Furthermore, we close this chapter with the presentation and consideration of an
example of particular interest. With this example we realise one of the aims of this
thesis. Namely, to further extend the piezo-electromagnetic impedance boundary con-
ditions originally considered (in terms of classical traces) in | , Section 1]. These we
recalled earlier in (1.2). The basis for our own extension is provided by that presented
in [ , Subsection 4.3.1] wherein the boundary conditions (1.2) were translated to

the setting of abstract boundary data spaces. The focus of the extension presented here
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is to account for the influence of a high-temperature regime. We begin by establishing

some additional notation.

5.1 Additional Preliminaries

Recall from (4.43) that our full thermo-piezo-electromagnetic model incorporating

boundary dynamics is posed on the Hilbert space

M =Ly ()" & Ly ()2 & BD (Grad) &

Ly (Q)* @ Ly () @ BD (curl) & (5.4)

Ly (Q) ® Ly (Q)* @ BD (grad) .

In what follows it will be convenient to specify the subspace of H upon which the

systems boundary dynamics are formulated. As such, we define
Hpp = BD (Grad) ¢ BD (curl) & BD (grad) (5.5)

as the direct sum of the three auxiliary (abstract boundary data) Hilbert spaces. Re-
call sub-block operator equation (5.1). Each successive row in (5.1) corresponds to the
respective boundary equation for the piezo, electromagnetic and thermal aspects of the
system, with each governing the boundary dynamics for that part of the model. Differ-
ent choices of the operator coefficients in (5.2) will allow us to recover correspondingly
different boundary dynamics. To that purpose, we introduce some notation which will
help us to more readily recover such varying boundary conditions. For i € {3,6,9} we

consider a general boundary equation of the form

(&t,u@ + K3 (8t,1/)) 77 + (01061 + Kie (01,0)) TH + (Orpcvig + Kig (01,0)) g + LE =f
(5.6)
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where f is the given right-hand side and we specify

aszy for i =3, agg for i =3, LoraqV  for i =3,
azi = ajs fori=6, =1 ag fori=6 L = v fori=6,
azg fori=09, agg fori=09, Lgrad (©10) fori=09.

Notice that when ¢ = 3 in (5.6) we obtain the boundary equation relating to the
equation of elasticity (c.f. (4.45)). Similarly, taking ¢ = 6 or i = 9 in (5.6) yields the
boundary equations relating to Maxwell’s equations (c.f. (4.46)) or the heat equation
(c.f. (4.47)), respectively. By definition it is clear that our general boundary equation,
(5.6), is formulated on Hpp.

Finally, we recall the next result (c.f. | , Proposition 7.1.4]) which provides
us with a useful characterisation for accretivity (c.f. Remark 2.4.5) which we will use

frequently in what follows.

Proposition 5.1.1. Let H be a Hilbert space and Ny, Ny € L(H) with Ny selfadjoint.
Assume that there exist cg,c1 € Rsg such that (x, Nox) > col|lz||? for all x € ran (Np)
and that Re (y, N1y) > cil|yl|® for all y € ker (No). Then, for all 0 < ¢, < ¢; there

exists vy > 0 such that for all v > vy we have vNy + Re N1 > cll.

5.2 Robin, Dirichlet and Neumann Boundary Behaviour

In this section we consider the problem of modelling elementary boundary dynamics.
By elementary, we refer to those boundary conditions which are rudimentary in the
common mathematical sense. In particular, we will consider how Robin-type boundary
conditions can be recovered. We will also look at the “problem” of accounting for

Dirichlet and Neumann boundary conditions within our extended system.

5.2.1 Recovering Robin Boundary Conditions

We claim that Robin-type boundary conditions are the most rudimentary type of
boundary behaviour which can be accounted for by our extended system. They are

rudimentary in that they are the mathematically simplest form of boundary condition
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that can be recovered directly from within our model by an elementary pattern of
choice in the boundary coefficients of (5.2). We now demonstrate how straightforward
this pattern of choice is, as well as how it can be applied to recover a Robin boundary
condition from the general boundary equation (5.6).

We first consider the problem of recovering a Robin-type boundary condition for
the thermal part of our extended system. As we will make frequent use of them from
now on, we invite the reader to recall the inherent boundary conditions as presented
in (4.45), (4.46) and (4.47). Fix i = 9 in (5.6) and set the given right-hand side and

all remaining operator coefficients from Mg gs and M 6 (0r,) equal to zero save for

Kogg (0;,,) = 1. This results in the greatly simplified boundary equation
Ta+ liraa (0510) =0 = 15,4 (6510) = —7. (5.7)

Whilst the equivalent reformulation in the latter part of (5.7) might seem redundant,

*

it allows us to highlight an important observation. On account of the action of Lgrad

as orthogonal projector on BD(grad) we can identify ¢3,,(0¢ 19) as the value of the
relative temperature on the boundary. At the same time 7, can be thought of as
a dummy variable in BD(grad) C H'(Q). As such, (5.7) can be understood as the
specification of the value of ©y 19 on the boundary as —T4- In other words is —7, the

Dirichlet boundary value of © 1. We then substitute (5.7) into the inherent boundary

condition for the heat equation, (4.47), and obtain the boundary condition

L3ivq — gradgp (L;ad (6610)) = 0. (5.8)

This is a Robin boundary condition. To see this note firstly, with a perspective entirely
analogous to that above, that .}, ¢ is the Dirichlet boundary term of the heat flux
q € H(div, ). Secondly by Proposition 3.2.5 we have gradBD(Lgrad(G)al@) € BD(div),
which can be identified as the Neumann boundary term.

Indeed, there is nothing stopping us from applying an analogous pattern of choice
to both the piezo and electromagnetic boundary equations to recover Robin boundary

conditions there also. Fix ¢ = 3 in (5.6) and set the right-hand side and all opera-
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tor coefficients equal to zero except for K3z (0,) = 1. This results in the simplified
boundary equation

7 + Lipaq? = 0 (5.9)

which yields the Robin boundary condition

thiv] + Gradpp (téaqv) =0 (5.10)

when substituted into the corresponding inherent boundary condition, (4.45). Similarly,
fixing i« = 6 in (5.6) and applying an analogous pattern of choice reduces the general
boundary equation to

T+ i B = 0. (5.11)

When (5.11) is substituted into the matching inherent boundary condition, (4.46), we
obtain

teH — curlpp (L5 E) =0 (5.12)

as the corresponding Robin boundary condition.

Remark 5.2.1. (i) We emphasise the dichotomy between the boundary equation as
it appears encoded in the block operator system and the corresponding Robin
boundary condition. The boundary equation (any of (5.7), (5.9) or (5.11))
are what we recover directly from our extended model for thermo-piezo-electro-
magnetism. The presence of the inherent boundary condition (any of (4.47),
(4.45) and (4.46)) allows us to recover the corresponding Robin boundary con-
dition via substitution, even though the Robin boundary condition itself (any of
(5.8), (5.10) or (5.12)) is not what appears directly in our extended system. The

correspondence between the two however is unambiguous.

(ii) The unitary property of the restricted spatial operators (recall Proposition 3.2.5)
involved in the formulation of the inherent boundary conditions means that each
of the above Robin boundary conditions can be viewed from another (unitarily
equivalent) perspective. We show this for the Robin boundary condition for

the piezo aspect of the system. Notice that (5.10) is posed in BD (Div). After
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applying Gradpp = Divpp to (5.10) one instead (and equivalently) considers the

Robin boundary condition

Div i T + tipaq? = 0 (5.13)

framed now in BD (Grad). Likewise, the above Robin boundary conditions for

both the thermal and electromagnetic parts can instead also be considered equiv-

alently as
div e T — tgraqv =0 (5.14)
and
—curlpp oy H + toynE =0, (5.15)
respectively. v

5.2.2 Full Robin Boundary Behaviour

In this case we consider the boundary behaviour characterised by Robin boundary
dynamics across all three of the piezo, electromagnetic and thermal components of
the system. Dealing only with Robin-type boundary conditions, this will prove to
be the simplest of all of our cases covered by the model. Applying the pattern of
choice discussed in Subsection 5.2.1 to each of the boundary equations (recall (5.6))
corresponding to the piezo, electromagnetic and thermal parts of the system, we arrive
at the following set of boundary conditions. In the abstract boundary data space

framework, we have

thivI + Gradpp (t¢paqv) = 0, (5.16)
v H — curlpp (¢5,0E) =0, (5.17)
L3ivq — gradpp (L;rad (6510)) =0. (5.18)
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Using the inherent boundary conditions (recall (4.45), (4.46) and (4.47)), we can encode

these boundary conditions as the block operator equation

000 100 T Leirad? 0
v [0 0 0Ol +]0 1 0 |+ vnE =10]- (5.19)
000 00 1 Ty Uiaa (©010) 0

The well-posedness of the corresponding thermo-piezo-electromagnetic system under
these boundary dynamics as an evolutionary equation then depends on the accretivity

of the operator

P S

2z Mo g6 + Mi 66 (2)

0 00 100 (5.20)
=z|0 0 O|+]0 1 0
0 00 0 01

Even though this material law is clearly positive-definite, we should like to formalise

this fact for our catalogue, and do so with the next result.

Corollary 5.2.2. Let v € Ryg, 2 € CRresy, and Hpp be as in (5.5). Let M(;G/G and

m(z) be as in (5.20). Then the operator z Myes + M gs (2) is accretive for all

v € Ry sufficiently large.

Proof. The assertion follows immediately since

1 00 1BD(Grad) 0 0
Re 01 0 - 0 1BD(cur1) 0 (521)
0 01 0 0 1BD(grad)
is the identity operator on Hpp and is positive-definite by definition. O

Remark 5.2.3. (i) Assuming it exists, denote by n the outward unit normal. In the
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setting of classical traces the above boundary conditions correspond formally to

T-n+v=0on 0, (5.22)
Ht —n X Et =0on 8@, (523)
q-n—06,'0=0on Q. (5.24)

In this classical perspective, both boundary equations (5.22) and (5.24) explicitly
involve (versions of) the Neumann trace. This is because both of the operators
gradgp and Gradpp arising in the corresponding abstract boundary data space
formulation are unitary. To see how this arises for the thermal Robin boundary

condition, recall the abstract boundary data space formulation and compute
* * —1 : * * -1
13ivq — gradgp (Lgrad (@0 9)) =0 <= divBD t3iv? — lgrad (@0 9) =0. (5.25)

The latter equation here indeed formally corresponds to (5.24) in the classical

setting. An analogous computation holds for identifying (5.22) from (5.16).

In this case, were we to additionally allow for the inclusion of the diagonal operator

coefficients as3, ags and agg in the sub-block operator equation (5.1) we would

obtain
Q33 0 0 1 0 0 T Laradv 0
dv| 0 agg O [+]0 1 0 |+ ) =10
0 0 ag 001 Tq Viaa (©010) 0
(5.26)
The corresponding boundary equations would then read
(Oryass + 1)7g + Lgraq (9619) =0,
(Orpaee + 1)T1r + tipaqt = 0, (5.27)

(at,l/a99 + 1)TH + L:urlE = 0.

It is obvious (c.f. Lemma 4.4.4) that the corresponding system is well-posed as an
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evolutionary equation when for i € {3,6,9} one assumes va;; +1 > 0 for v € Ry

sufficiently large. v

5.2.3 Homogeneous Dirichlet and Neumann Boundary Conditions

As was indicated in Item (ii) and Item (iii) from Remark 2.3.4, abstract homogeneous
Dirichlet and Neumann boundary conditions are usually accommodated for by specific
assumptions on the domains of the spatial operators in use. Indeed it is these assump-
tions which yield the skew-selfadjointness of the spatial operator (4.24) in Section 4.2
which is required to apply Picard’s Theorem.

Unlike the Robin-type boundary conditions considered above, homogeneous Dirich-
let and Neumann boundary conditions cannot be recovered directly from our extended
system for thermo-piezo-electromagnetism. We have already seen above how Robin
boundary conditions could be recovered directly from the sub-block operator (5.2) by
a specific pattern of choice in its operator coefficients. A formal modification of the
block structure of the extended model is however required in order to capture any ho-
mogeneous Dirichlet or Neumann boundary behaviour. We elucidate this point with

an example.

Example 5.2.1. Recall the extended system proposed in Chapter 4. However, instead
of modelling arbitrary inhomogeneous boundary dynamics for the elastic part of the
system, consider homogeneous Dirichlet boundary data. This is usually modelled by
assuming that v € dom (Gradp) (c.f. Item (ii) of Remark 2.3.4). Modelling this bound-
ary behaviour amounts simply to replacing the piezo block in our extended system

(4.42) with the corresponding block already employed in the underlying system (4.37)
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(c.f. Section 4.2). Doing so we obtain the evolutionary equation

v Fo
T 0
E Fy
H F3
(O Mo + My (0r) + A) = € Loy (R;H)
TH I3
0,10 Fy
q 0
Tq f5

posed now on the Hilbert space

H=Lr ()’ & Ly (>3

Ly ()% & Ly () @ BD (curl) &

Ly (Q) @ Lz (2)* @ BD (grad)

(5.28)

(5.29)

with the appropriately amended constituent block operators to be specified next. Notice

how dispensing with the auxiliary boundary data space for the elastic part of our system

precipitates a drop in the dimension of the extended system by one. In this case, we

have
Mo =
ps 0 0 (0 o) 0 (0
! 0 (ce o) 200 (0
0 e+e*Cle (0 0) pOo + e*C71AOg (0
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o

0 0
M()’G@ MO,69
0 0

ON'CTH B + 0N CTre (0 0) 0+ O CAOs (0 0)

0 . 0
M0769 M0,99
0 0

(5.30)



as well as
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— Gradg
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o O
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0 0 0 0 0
0 0 0 0 0
*
grad
Lgrad
00 grad 00
0 0 Lgrad 0 0

(5.31)

(5.32)

Of course, it is not hard to show that this amended system is also well-posed as an

evolutionary equation.

A

Remark 5.2.4. From our view the need to formally modify the block structure in order to

accommodate for such boundary conditions is no real shortcoming. Indeed, the task of

modifying the model in this way is an unlaborious task. We are much more concerned

about the potential provision afforded by the model to cater to scenarios involving

much more complicated boundary dynamics. It is also worth bearing in mind that,
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within the realm of evolutionary equations, both the consideration and implementation
of homogeneous Dirichlet and Neumann boundary conditions are already very well-

known. Indeed, consider any of the examples presented in | , Chapters 6, 7]. V

5.3 Mixed Boundary Behaviour I

In this case we consider the first of two situations concerning mixed-type boundary
behaviour. This particular scenario is characterised by non-standard inhomogeneous
boundary behaviour for one part of the system, and Robin boundary dynamics for
the remaining two parts. This first instance of mixed boundary behaviour consists of
three subcases, with each corresponding to a different arrangement of the aforemen-
tioned boundary dynamics across the piezo, electromagnetic and thermal components
of the system. With the difference across each subcase being (mathematically speak-
ing) purely symbolic, it suffices to prove that the real-part condition holds for any one

of the three subcases without the loss of any generality.

5.3.1 Subcase (i)

This subcase comprises non-standard inhomogeneous boundary behaviour for the piezo
part of the system, and Robin boundary behaviour for the remaining electromagnetic
and thermal parts. Allowing the operator coefficients in the piezo boundary equation
(c.f. (5.6)) to be arbitrary, and applying the pattern of choice discussed in Subsec-
tion 5.2.1 to the electromagnetic and thermal boundary equations, we arrive at the
following set of boundary conditions. In the abstract boundary data space setting we

have

(8,5,,/0433 + K33 (8157”)) Divgp L*DivT + Ksg (6t7y) curlgp [‘:urlH

(5.33)
— K39 (ath) divep Ljth + Laradv = f17
curlgp toyH + tenE =0, (5.34)
— diVBD 5ivq + Lgraa (O '0) = 0. (5.35)
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With the use of the inherent boundary conditions (recall (4.45), (4.46) and (4.47)),

these boundary conditions can be encoded as the block operator equation

asz 0 0 K33 (0ry) K36 (0ry) K39 (Ory) we
v 0 0 Of+ 0 1 0 |+
0 00 0 0 1 Ty
(5.36)
L*Gradv fl
+ Ty i =10
L;rad (9619) 0

Evolutionary well-posedness of the corresponding thermo-piezo-electromagnetic system
under these boundary dynamics depends only on the positive-definiteness of the oper-

ator

e~ o~

z Mo,66 + Mi 66 (2)

33 0 O K33 (Z) Kg@ (Z) Kgg (Z) (5 37)
=z 0O 0 0]+ 0 1 0
0 0 O 0 0 1

and is established in the next result.

Corollary 5.3.1. Let v € Ryg, z € Cresy, and Hpp be as in (5.5). Let m and
m (2) be as in (5.37). Assume there exists cs3 € Rsg such that ass > css. Then the

operator z My es + M 66 (2) is accretive for all v € Rsq sufficiently large.

Proof. The assertion will follow from applying Proposition 5.1.1 to the material law
given by
M (2) = Mogs + 2~ My g6 (2) (5.38)

which will allow us to establish the positive-definiteness of zM (z) uniformly in z €

Cre>y for large enough v € R5g. In the situation of Proposition 5.1.1 we have Ny =

Moyes and N1 = M 66 (2). We first show that the restriction of Mgge to its range is

positive-definite. This restriction will be realised by the application of operators of the

102



form indicated in Lemma 3.2.1. To that end we introduce the operator

—_~—

L —— :ran | M, > — H
ran(Mo’gg) ( 0,66 BD

1 (5.39)
r1—= 10
0
which has the block operator representation
1BD(Grad)
Lran(%) - 0 ' (540)
0

Its adjoint is the operator with the block operator representation

L:an<]\m) - (1BD(Grad) 0 0) : (541)

The restriction of My g to ran (Moﬁ(,-) is then realised as

—_—

L:an(m) Mo 66 Lran(]\m) = au33. (5.42)

—~—

For x € ran <M0766> we then compute

* - —_ o _ > 2 ‘
<:c, Lker(Mo,66> Moy 66 Lker(Mo,@-G)x> (x,aszz) > css|x||*, (5.43)

where we have used our statement assumption. Thus Mg is positive-definite on
ran <M0766>. Next we need to show that the restriction of M g6 (2) to ker <M0766> is

also positive-definite. To that end we compute

K33 (Z) K36 (2‘) K39 (Z) Re K33 (Z) %Kg(, (Z) %Kgg (Z)
Re 0 1 0 = | L1Ks(2)" 1 0 . (5.44)
0 0 1 1 K39 (2)" 0 1
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Just as we have done above, in order to realise the specific restriction of this operator

we introduce

0 0
Lker(]\%) = 1BD(cur1) 0 : ker <M0,66> — HBD
0 IBD(grad
(ered) (5.45)
0
Y2
=l Y2
Y3
Y3
together with its adjoint
0 1 0
o BD(curl) ' (546)
() o 0 Tepge

The restriction of Mj g6 (2) to ker (M0766> is then realised as the identity operator

* Y 1BD(curl) 0

Lker(]%) M1,66 (Z) Lker(m) - 0 1BD(grad) (547)

which is positive-definite by definition, with a bound provided by the positive unit.
By Proposition 5.1.1 it follows that for all choices of the scalar cll € (0,1) there exists
vy € Rsg such that for all v > 1 the operator zM (z) is accretive uniformly in z €

CReZV- ]

Remark 5.3.2. Assuming it exists, denote by n the outward unit normal. The above

boundary conditions would correspond to

(Oppass + K33 (0r)) (T -n) + K36 (0r,) (n < Hy)

(5.48)

—K39 (01y) (qg-n) +v = fi on 09,
(n x Hy) + E; = 0 on 09, (5.49)
—(q-n) +65'0 =0 on 00 (5.50)
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in the setting of classical traces. v

As indicated and explained in the introduction to this section, the remaining two
subcases for our first instance of mixed boundary behaviour are detailed without proof.
Indeed, one can work in a manner analogous to that employed in the proof of Corol-

lary 5.3.1.

5.3.2 Subcase (ii)

The second subcase consists of non-standard inhomogeneous boundary behaviour for
the electromagnetic part of the system, as well as Robin boundary behaviour for the re-
maining piezo and thermal parts. A completely analogous pattern of choice of operator

coefficients in the boundary equations yields the abstract boundary conditions

Divep thivI + tGpaq? = 0, (5.51)
K3 (81571,) Divpp /’]*DivT + (81&,1/0466 + Kgg (815,,/)) curlgp LzuﬂH (5 52)
+Ke9 (Or,v) diVBD tgivq + toun B = f3,
— diVBD (5,0 + thraq (05 '0) =0 (5.53)
which we encode as the block operator equation
0 0 0 1 0 0 T
O |0 age O+ | Kes(0n) Koo (0r) Koo (Orp) T | +
0O 0 O 0 0 1 Tq
(5.54)
L*Gradv
+ L:urlE = f3
. -1
Lgrad (@0 0) 0
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Evolutionary well-posedness of the matching thermo-piezo-electromagnetic system is

determined by the accretivity of the block operator

—_—~

z Mo g6 + Mi 66 (2)
0 0 0 1 0 0
=210 ass O+ | Ko3(2) Kes(z) Kegl(z)
0 0 0 0 0 1

(5.55)

and is encapsulated by the next result.

Corollary 5.3.3. Let v € Ryg, 2 € CRresy, and Hpp be as in (5.5). Let m and
m (z) be as in (5.55). Assume there exists cgs € Rsq such that ags > ce6. Then the

operator z My e6 + M 66 (2) is accretive for all v € Rsq sufficiently large.

Remark 5.3.4. Assuming it exists, denote by n the outward unit normal. The set of

boundary conditions regarded in this subcase would correspond to

(T'-n)+v=0on 0%, (5.56)
K3 (0r0) (T n) + (0,066 + Koo (0r,)) (n x Hy) (5.57)
— Koo (Orv) (q-n) + By = f3 on 0L,
—(q-n) + 610 =0 on 00 (5.58)
in the setting of classical traces. v

5.3.3 Subcase (iii)

The third and final subcase is composed of non-standard inhomogeneous boundary
dynamics for the thermal part of the system, and Robin boundary conditions for the

outstanding piezo and electromagnetic parts. Again, an analogously systematic choice
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of operator coefficients yields the abstract boundary conditions

Divep thivT + tGraq? = 0, (5.59)
curlgp toyH + tenE =0, (5.60)
Kos (6t7l,) Divpp LEiVT + Kog (atﬂj) curlgp L:urlH (5 61)
— (199 + Koo (31)) diVBD Liivq + tgraa (©5 '0) = f5
which we encode as
0 0 O 1 0 0 s
at,zx 0 0 0 + 0 1 0 TH +
0 0 ag K93 (0r) Koe (0rn) Kog (Or,0) Ty
(5.62)
Laradv 0
+ L:urlE = 0
L;rad (9619) f5

Like before, the evolutionary well-posedness of the corresponding thermo-piezo-electro-

magnetic system depends on the positive-definiteness of the block operator

e~

z Mo 6 + Mi 66 (2)
0 0 O 1 0 0
=z|0 0 0 |+ 0 1 0
0 0 g Ko (z) Kop(z) Kog(2)

(5.63)

and is formalised in the next result.

Corollary 5.3.5. Let v € Ryg, z € Cresy, and Hpp be as in (5.5). Let ]\/485/6 and
m (z) be as in (5.63). Assume there exists cgg € Rsq such that agg > co9. Then the

operator z My e6 + M 66 (2) is accretive for all v € Rsq sufficiently large.

Remark 5.3.6. Assuming it exists, denote by n the outward unit normal. The boundary
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conditions considered above correspond to

(T'-n)+v=0on 092, (5.64)
(n x Hy) + Ey =0 on 012, (5.65)
Ko3 (Or) (T - n) + Kog (Or,) (n x Hy)
(5.66)
— (Orpage + Kog (8:,,)) (q-n) + 0,10 = f5 on 90
in the classical boundary trace setting. v

5.4 Mixed Boundary Behaviour II

In this case we consider the second of our mixed-type boundary behaviour scenarios.
This instance is characterised by non-standard inhomogeneous boundary behaviour for
two parts of the system, and Robin boundary dynamics for the remaining part. As
such, this second instance of mixed boundary behaviour is seemingly more complicated
than that considered previously. Like before however, this instance of mixed boundary
behaviour consists of three subcases. Again, each subcase here corresponds to a different
placement of the distinct boundary dynamics across the piezo, electromagnetic and
thermal aspects of the system. Similarly, and without the loss of any generality, it

suffices to prove accretivity for any one of these three subcases.

5.4.1 Subcase (i)

This subcase comprises non-standard inhomogeneous boundary behaviour for the elec-
tromagnetic and thermal parts of the system, and Robin boundary behaviour for the
remaining piezo part. We proceed in a manner analogous to the preceding mixed
boundary behaviour case. Allowing the operator coefficients in the electromagnetic
and thermal boundary equations (c.f. (5.6)) to be arbitrary, and applying the pattern
of choice discussed in Subsection 5.2.1 to the piezo boundary equation, we arrive at the

following set of boundary conditions. In the setting of abstract boundary data spaces
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we have

DiveDp thiyI + tGpaq? = 0, (5.67)
K3 (0r) Divep thiy I’ + (Orpe6 + Ke6 (1)) curlpp toy H (5.68)
— (069 + Koy (Or,p)) diVBD Liiyq + o B = f3,
K3 (0r,y) Divep thiy T + (Opagy + Kog (0r,)) curlpp thy H (5.69)

— (Orpr99 + Koo (01,)) diVeD 131y + tirad (05'0) = f5.

With the use of the inherent boundary conditions (recall (4.45), (4.46) and (4.47)), the

above boundary conditions can be encoded as the block operator equation

0 O 0 1 0 0 T
0w |0 ass asy | + | Koz (0ry) Koo (0rn) Koo (Or) TH | T
0 agy g9 Ko3 (0ry) Koo (0r) Kog (0r) Tq
(5.70)
Laradv 0
+ Lo & =1 /3
L;rad (@0_19) f5

Evolutionary well-posedness of the corresponding thermo-piezo-electromagnetic system
under these mixed-type boundary dynamics depends then only on the accretivity of the

operator

e~

2 Mo g6 + Mi 66 (2)

0 O 0 1 0 0 (5.71)
=210 ags g9 + Kgs (Z) Kge (Z) Kgg (Z)

0 Oégg Q99 K93 (Z) KgG (Z) Kgg (Z)
which is proven in the next result.

Corollary 5.4.1. Let v € Ry, 2z € Cresy, and Hpp be as in (5.5). Let ]\/JEEG
and m(z) be as in (5.71). Assume there exist cgs, Co9 € Rsg such that ags >

C66, Olg9 — aggag61a69 > ¢g9. Then the operator z My gs + Mi 66 (2) is accretive for all
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v € Ryq sufficiently large.

Proof. The proof follows the same line of reasoning as that of Corollary 5.3.1. Applying

Proposition 5.1.1 to the material law given by
M(z) == Mogs + 2~ Mies () (5.72)

will allow us to establish the desired accretivity of zM(z) uniformly in z € Cre>,
for large enough v € Ryg. Once again, in the situation of Proposition 5.1.1 we have
No = Mg and N1 = M g6 (2). To that end we first show that the restriction of M g6

to its range is positive-definite. To actualise this restriction we introduce the operator

0 0
Lran<m> = | 1gD(cur) 0 : ran <M0766) — HBD
0 1BD(grad
(grad) (5.73)
0
x2
H $2
z3
3
together with its adjoint
g = BD(curl) : Hgp — ran (M0766>
ran(M()’%) 0 0 1BD(grad)
n (5.74)
Y2
y2 | —
Y3
Y3
The restriction of m to ran (%) is then realised as
—— a6 Q69
o\ Mogst o = (5.75)
I‘an(MO’Gg) ran(M(),aG) O[gg ()[99
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which, via a rudimentary symmetric Gauss-step, is itself congruent to

a6 0
1 (5.76)
0 99 — 0%90466 g9
For x € ran <Mg766> we compute
< . M\/ > T Qe 0 T
Tyl 0,660 (~—\T )= )
) M, —
ran(Mo,se) ran( 0,66) T 0 Qg9 — agga%la@g Lo

=(z1, agez1) + (T2, (9 — afargg 69 ) T2)
> min {cge, Coo } [|2*,
where we have used both of our statement assumptions. Hence Mj g6 is positive-

definite on its range as required. Secondly, we show that the restriction of Mj g6 (2) to

ker <M0766) is positive-definite. We compute

1 0 0 1 %K(;g (Z)* %Kgg (Z)*
Re | Ko3(2) Koo (2) Koo (2) | = | 3Kes(2)" ReKgs(z) koo (2) (5.77)
Kgg (Z) Kgﬁ (z) Kgg (Z) %Kgg (z)* K69 (Z)* Re Kgg (Z)

where, to the end of simplicity, we have recalled the &;; (z) notation for i, j € {3,6,9}

from (4.118). The appropriate restriction will be realised after introducing the operator

Lker(ﬂm) : ker (M0,66) — HBD

Yy (5.78)
y— 10

0
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which exhibits the block operator representation

1BD(Grad)
Lker(]\?&&;) = 0 . (579)
0

Its adjoint is the operator with the block operator representation

*

Lker<m) = (1BD(Grad) 0 0)- (5.80)

The restriction of m (z) to ker (m) is then given by

P

Lker<N) M1’66 (Z) Lker(]\m) = 1BD(Grad)' (581)

For y € ker <M0,66> we then compute

* —_— - 2
<@/, Lkm(]\%) Re Mi 66 (2) Lker<M0,66>y> = |lyll*, (5.82)

so that M; g6 (2) is positive-definite on ker (MO,G(;) with bound provided by the positive
unit. By Proposition 5.1.1 it follows for all choices of cll € (0,1) that there exists vy €

R+ so that for all v > vy the operator zM (z) is accretive uniformly in z € Cre>,. O

Remark 5.4.2. Assuming it exists, denote by n the outward unit normal. The boundary

conditions above correspond to

T-n+v =0 on Jf, (5.83)
K3 (01,) (T - n) + (Orp0i66 + Kee (Or,)) (n x Hy) (5.84)
— (Orwaeo + Koo (Or,0)) (g - n) + Ey = f3 on 0,
Koz (Or) (T - n) + (Orpage + Kog (Or,0)) (n X Hy) (5.85)
— (Drprg9 + Koo (81.)) (q-n) + 0510 = f5 on 00

in the setting of classical traces. v
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As noted and justified in the introduction to this section, the remaining two subcases
in this scenario of mixed boundary behaviour are provided without proof. The above

proof of Corollary 5.4.1 can be easily amended to fit either of the remaining subcases.

5.4.2 Subcase (ii)

Our second subcase consists of non-standard inhomogeneous boundary behaviour for
the piezo and thermal parts of the system, as well as Robin boundary behaviour for the
remaining electromagnetic part. A completely analogous pattern of choice in the oper-
ator coefficients of the corresponding boundary equations yields the abstract boundary

conditions

(8,57,/@33 =+ K33 (&w,)) Divgp [’*DivT + K36 (&W) curlgp L:urlH

(5.86)
— (Orp039 + K39 (01,)) diveD (350 + tiraa? = f1,
curlgp toyH + tenE =0, (5.87)
(815,,/0&39 + Kgg (am,)) DiVBD L]givT + Kgﬁ (815,,,) curlBD L:urlH (5 88)
— (D199 + Koo (81,0)) diVBD 55, + tieaa (05 10) = f5
which are encoded as the block operator equation
aszz 0 asg K33 (0r) K36 (0ry) K3zg(0rw) we
S|l 0 0 0 |+ 0 1 0 |+
azg 0 agy Koz (0rv) Ko6 (0r,) Koo (Or,) T4
(5.89)
Laradv fl
+ Ty i =10
% -1
Lgrad (@0 6) f5
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Evolutionary well-posedness of the corresponding thermo-piezo-electromagnetic system

is then determined solely by the positive-definiteness of the block operator

—_—~

z Mo,e6 + Mi 66 (2)

ass 0 asg K33 (2) Ksze(z) Kzg(2) (5.90)
=z 0O 0 O + 0 1 0
ajy 0 oo Koz (2) Kog(z) Kogg(2)

and is encapsulated in the next result.

Corollary 5.4.3. Let v € Ryg, 2 € Cresy, and Hpp be as in (5.5). Let Myges
and My g6 (2) be as in (5.90). Assume there exist c33, Cgg € Rsg such that azz >
€33, Qlgg — a§9a§31a39 > ¢g9. Then the operator z My gs + Mi 66 (2) is accretive for all

v € Ryg sufficiently large.

Remark 5.4.4. Assuming it exists, denote by n the outward unit normal. The boundary

dynamics regarded above coincide with the following boundary conditions

(O a3 + K33 (0r)) (T - n) + K36 (0r,) (n < Hy)

(5.91)
— (GO39 + K39 (Orv)) (¢ - 1) +v = f1 on 09,
(n x Hy) + By = 0 on 0, (5.92)
(B vy + Koz (81,,)) (T - n) + Kog (3r,,) (n x Hy) (5.93)
— (D99 + Kog (8:)) (q-n) + 050 = f5 on 90
in the classical setting. v

5.4.3 Subcase (iii)

Our final mixed-type subcase is composed of non-standard inhomogeneous boundary
dynamics for the piezo and electromagnetic parts of the system, and Robin boundary

conditions for the outstanding thermal part. Again, an analogously systematic choice
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of operator coefficients yields the following set of abstract boundary conditions

(Orpzz + K33 (0r,)) Divep thiy T + (Orpase + K36 (0r)) curlpp teyn H

— K39 (Or,0) diveD tdiyq + LGraa? = f1,

(5.94)
(8t,ya§6 + Kgs (8157”)) Divgp L*DivT + (8t,ua66 + Kge (8t7y)) curlgp LzurlH

—Ke9 (Or,v) diveD tiiq + toun £ = f3,

(5.95)
— divBD Liivd + grad (050) =0 (5.96)
which are encoded as
azz age 0O K33 (0ry) K36 (0ry) K3zg(0ry) T
Oy | g ass 0|+ | Kes(0rw) Koo (0ry) Koo (9rr) TH |+
0 0 0 0 0 1 7Y
(5.97)
Laradv fl
+ L:urlE = f3
L;rad (@619) 0

Like before, the evolutionary well-posedness of the corresponding thermo-piezo-electro-

magnetic system depends on the accretivity of the block operator

z Mo,e6 + Mi 66 (2)

asz ags O K33 (2) Ksze(z) Kzg(2) (5.98)
=z |as ass 0| T | Kez(z) Kes(2) Koo ()
0 0O O 0 0 1

and is the focus of the next result.

Corollary 5.4.5. Let v € Rsg, 2 € Cresy, and Hpp be as in (5.5). Let ]\/48,_6/6
and m(z) be as in (5.98). Assume there exist cs3, cgs € Rso such that asgs >

€33, Qg6 — a§6a§31a36 > ¢e6. Then the operator z My gs + Mi 66 (2) is accretive for all
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v € Ryq sufficiently large.

Remark 5.4.6. Assuming it exists, denote by n the outward unit normal. The boundary

conditions considered correspond to

(Orpass + K33 (0r0)) (T n) 4 (O pase + K36 (0rn)) (0 x Hy)

(5.99)
—K39 (O1,) (¢ n) +v = f1 on 0%,

(Orvaize + Kes (Or0)) (T - n) + (O + Koo (Or,)) (n x Hy) (5.100)
—Ke9 (0r,) (¢ n) + Ey = f3 on 09,

—(g-n)+6,5'0 =0 on 00 (5.101)

in the setting of classical boundary traces. v

5.5 An Abstract Example

We conclude this chapter with the presentation of an example of particular interest.
Our example consists of a set of abstract boundary conditions which make full use of the
scope for thermo-piezo-electromagnetic boundary data afforded by our solution result,
Theorem 4.4.6. The piezo-electromagnetic impedance boundary conditions originally
considered in | , Section 1] (recalled earlier in (1.2)) form the basis for this example.
With this example we realise one of the aims of this thesis, which is to extend these
boundary conditions to accommodate for the influence of a high-temperature regime.
We begin this section by first recalling the translation of these boundary conditions
to the language and setting of abstract boundary data spaces, as achieved in | ,

Subsection 4.3.1]. In this setting the boundary conditions (1.2) take the form

curlpp toy H — curlgp Q" téyaq? + Loy £ = 0,
(5.102)

Divgp thi, T — Q curlpp tf B + (1 + aagj) LGraq? = 0.

In this formulation, the originally given boundary mappings @ and a (c.f. (1.2)) have
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been replaced by the arbitrary (bounded) boundary operators
Q@: BD(curl) - BD(Grad) and «: BD(Grad) — BD(Grad),

respectively. In the case of a bounded Lipschitz domain however, the underlying bound-
ary mappings @ and & could be recovered via
Q@: BD(curl) - BD(Grad)

i (5.103)
H sy 'QmH

and

a: BD(Grad) — BD(Grad) ( )
5.104

vy Layw,

respectively. This translation will serve as the starting point for the formulation of
our own example. In doing so we will be careful to highlight important observations
underpinning any modelling decisions made. Indeed, we collate these observations in
Remark 5.5.1. We will also indicate the required choices in the operator coefficients
of (5.2) needed to recover the boundary dynamics of this example from within our
extended system. Just as was done with the preceding boundary cases investigation,
we will offer an alternative and direct proof of the required positive-definiteness needed
to establish evolutionary well-posedness of the extended system under these boundary

conditions.

5.5.1 Formulating New Boundary Conditions

Extending the boundary conditions (5.102) in a particular manner will yield a novel
set of impedance boundary conditions suitable for full thermo-piezo-electromagnetic
boundary data. We will achieve this in part by augmenting the boundary conditions
(5.102) with the addition of a new boundary condition for thermal data. In addition, the
existing two equations for piezo and electromagnetic boundary data will be enhanced

by the inclusion of new thermal boundary terms. These points will be explored further

117



in Remark 5.5.1 below. Using (5.102) as the starting point, we arrive at the following

set of novel boundary conditions. We present

curlpp (g H — curlgp Q" téaq? + Lo £ + ﬁbgrad@alﬁ =0, (5.105)
Divep oy, T — Q curlpp i F + (1 + a@,;,l) Lirad? + Qﬂbzrad@alﬁ =0, (5.106)

—divep t4ivq — B Q% tiaq? — B e B + Lgrad@alﬁ =0, (5.107)
where there has been introduced the arbitrary (bounded) boundary operator
B: BD(grad) — BD(curl).

Like before, this new boundary operator could be traced back to an underlying (bounded

and linear) boundary mapping 3: H'/2(0Q) — V,, via

8 BD(grad) — BD(curl)

u =y By

in the instance of a bounded Lipschitz domain. With the help of the inherent boundary
conditions (recall (4.45), (4.46) and (4.47)) we can encode the new boundary conditions

(5.105) as the block operator equation

T 1 —g —B*Q* Vo (©010) 0
ml+| B 1 — curlgp Q* vk =10 (5.108)
T QB —Qcurlgp (14 ad;,}) Lirad? 0

The next remark is offered to contextualise the modelling decisions behind the formu-

lation of the abstract boundary conditions just presented.

Remark 5.5.1. There are several key observations which justify the proposed extension

of the boundary conditions (5.102). These we now outline.

(i) Firstly, notice that the original piezo and electromagnetic boundary conditions

in (5.102) are posed on BD (Grad) and BD (curl), respectively. Indeed, one can
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(iii)

see this more clearly upon recalling Proposition 3.2.5 and Lemma 3.2.1, being
careful to note the action of the orthogonal projectors involved. Should one
wish to extend these boundary conditions to account for the role of temperature,
then there needs to be formulated an entirely new equation for boundary data
pertaining to the thermal part of the system. In a manner analogous to the
formulation of the underlying piezo and electromagnetic boundary conditions,
any new thermal equation needs then to be framed within BD (grad). Indeed the

last and entirely new equation in (5.105) is posed there.

Secondly, notice that each of the original, underlying boundary conditions in
(5.102) involve both of the respective unknowns for the corresponding part of the
system. In particular, the electromagnetic boundary condition explicitly involves
both the electric field, F/, and the magnetic field, H, whereas the piezo boundary
condition explicitly involves the stress tensor, 7', as well as the introduced un-
known v := dyu (c.f. Section 4.2). As such, any new equation for the thermal part
of the system should expressly involve the heat flux, ¢, and relative temperature,

0, 19, which our new equation does.

Thirdly and finally, the original boundary conditions (5.102) need to be suit-
ably modified in order to accommodate and couple with the newly implemented
thermal boundary data. Indeed such a coupling already exists in the original
boundary conditions between piezo and electromagnetic boundary data and is
achieved by the action of the underlying boundary operators ) and a. To see
this more clearly, consider the boundary spaces they map between as well as the
action of the orthogonal projectors involved. For our extended set of boundary
conditions, the newly introduced boundary operator 8 allows us to achieve this
with the relative temperature, 6, 19. Indeed, notice how in the first two equa-
tions of (5.105) f translates thermal boundary data to the respective realms of
electromagnetic and piezo boundary data. Although in the latter of these cases
one additionally needs to make use of () in order to properly realise and justify

the translation. \V/
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For the sake of completeness we would like to indicate how our new boundary
conditions can be recovered from the operator coefficients in the sub-block operator
(5.2). Taking the block operator formulation of our boundary equations (5.108) as our
starting point, we first compute and apply the inverse (the existence of which we later
show in (5.120) with the help of Proposition 4.1.6 for large enough v € R~) to instead

equivalently consider

-1

1 —p* - Q" T LGradV
1] 1 — curlgp Q* g | + Ty ) =0.
QB —Qcurlgp (14 ad;,)) Tq birad (©0 ')

Here, the computed inverse

-1

1 —p* -p*Q* Koo (0rv) Ko6 (0r,) Koz (Or,)
B 1 — curlgp Q* = | Koo (0r,) Koo (0r,) Ke3(0r)
QB —Qcurlgp (14 ad;,)) K39 (Orp) K36(0ry) Ksz(0rw)

has for diagonal coefficients

Kas (O1) = (1+ QB (QB)" + a0y, — [QBB" — Qowrlpp] (1+ 457)

(5.109)
[B(QB)* — Qcurlgp]) !,
Koo (0r) = (1+ BB%) "+ (1+ 8% [B(QB)* — curlpp Q*] K33 (8;,) 5.110)
- [QBB* — Qeurlgp] (1+ 85%) 7",
Koo (81,) =1+ [—ﬁ* (1+88°)7" B+ |8 (1+ 66" B(QB)* — curlgp Q7]
(5.111)

~ (Q8)) K3 (9h) | QB — [QB8" — Qewrlep] (1 + 587~ 4] |
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and for off-diagonal coefficients

Koo (01) = — [[(@8)" = 8" (1+ 887) 7 [3(QB)" — curlep Q°] — 6°
K33 (01.) [QBF" — Qcurlpp]] (1+ 5677,

Koo (O1) = = (14 887" [8— [8(QB)" — curlpp Q]
K3 (01,,) QB — [@B5" — Qeurlgp] (1+ 88°) 8]

(5.112)

(5.113)

and

Kog (9r) = — |8 (14687 [8(QB)" — curlep Q] — (QB)] Kag (9h0),  (5.114)

K39 (0r,v) = —K33 (04) [QB — [QBB* — Qcurlpp] (1 + BB*) 5] , (5.115)

as well as
Koz (0r0) = — (14 8% [B(QB)" — curlpp Q] K3 (01,) , (5.116)
K3 (1) = — K33 (01,) [QBB* — Qcurlp] (14 BB%) ", (5.117)

where the skew-symmetry of curlgp (recall Proposition 3.2.5) means that the inverse
is only ever ‘almost’ symmetric. In this example there are only zero coefficients in
the sub-block operator m. Hence it can be ignored when addressing the question
of accretivity. With these coefficients computed, the actual form of the material law

operator M (0, ) in this instance can be fully realised.

5.5.2 Evolutionary Well-posedness

The next result summarises the evolutionary well-posedness of our extended thermo-
piezo-electromagnetic system under the newly formulated set of boundary conditions.
Much like in the preceding catalogue of evolutionarily well-posed cases, there is no need
to completely reinvent our main solution result, Theorem 4.4.6. Like before, we simply
provide an alternative proof to the auxiliary result Lemma 4.4.4, which addressed the

accretivity of the sub-block operator governing boundary dynamics. As noted, since

Myes = 0 we need only concern ourselves with the accretivity of the block operator

121



e~

M1,66 (Z)

Corollary 5.5.2. Let v € Ry, 2z € Cresy, and Hpp be as in (5.5). Then the operator

K33 (2) Kz6(z) Kszo(2)
Mg (2) = | Kes(2) Kee(2) Ko (2) (5.118)
Kgg (Z) Kg(; (Z) Kgg (2’)

is accretive for all v € Rsq sufficiently large.

Proof. We will use Proposition 4.1.6 to indirectly establish the positive-definiteness of
zM (z) uniformly in z € Cre>, for large enough v € R(. Here the (simplified) material

law is

M(z) = 2" "Mig (2) . (5.119)

The indirect means employed here is convenient as it allows us to avoid making any
recourse to the cumbersome block operator inverse computed above. For 2z € BD (Grad)

compute

<ZL', 1+ Re (042_1) x>BD(Grad) = ’|$||%D(Grad) + <1:’ Re (az_l) x>BD(Grad)
= HxHQBD(Grad) + Re (z, (O‘Z_l) x>BD(Grad)

> HxH%D(Grad) - HaH ‘Z_lmxH%D(Grad)

[ 2
> <1 -, %] 5D (Graa)

which in turn we use to compute

1 —BQ" 10 0
Re | 8 1 —curlpp@* | = [0 1 0
QB —Qcurlgp (1+a2‘1) 00 Re(l—l—ozz‘l) (5.120)
> min{l,l - ”a“}
v
el
v
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By Proposition 4.1.6 we can use this bound to estimate the real-part of the inverse,

which is actually just the operator ]\/4:(; (z). Indeed

-1

1 —p* -5 Q"
Re| B 1 — curlgp Q*
QB —Qcurlgp (1 + az_l)
s (5.121)
1 —B* —B*Q*
_ el .
> (1 » B 1 —curlgp Q
QB —Qcurlgp (1 + ozz_l)
which yields the desired positive-definiteness. O

Remark 5.5.3. (i) Assuming it exists, denote by n the outward unit normal. As

was done in the preceding catalogue of cases, we conclude the consideration of
this example by pointing out that in the classical setting these new boundary

conditions correspond formally to

antfnva*quthLg(@glG):Oonaﬁ,
T-n—Q(nxE)+ (1+ad;}) v+ QB (65'0) =0 on a9,

—q - n+§*@*v+§*Et —i—@o_lﬁ =0 on 99.

(ii) The same computation of the bound and real-part condition in the proof of Corol-

lary 5.5.2 is retained when a simpler Robin-type boundary condition is considered
instead. Indeed, in this case the corresponding block operator encoding boundary

dynamics reads

Tq 1 0 0 L;rad (6619)
|+ 10 1 — curlgp Q* ) =0,
T 0 —Qcurlgp (1 + a@;l,l) Loirad?

for which it is clear that the same real-part calculation holds. As such, the cor-

responding system continues to enjoy evolutionary well-posedness. This example
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falls in particular within the scope of the second instance of mixed boundary

behaviours, as examined in Section 5.4. v
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Chapter 6

Conclusion and Future Work

6.1 Summary

As we come to the end of the present work, let us recall what we have achieved. First,
we used the setting provided by the theory of evolutionary equations to formulate and
pose our own extended system for thermo-piezo-electromagnetism. We extended from a
known thermo-piezo-electromagnetic system under homogeneous boundary conditions,
first presented in | , Sections 2, 3] (c.f. Section 4.2). Using the tools afforded to
us by abstract boundary data space theory, we encoded boundary dynamics from within
our model system. To this end we followed the methodology of | , Sections 1,
2.3.2] and | , Subsections 4.1, 4.3] (recalled here in Section 3.2 and exhibited in
Section 5.5, respectively). Armed with the workhorse solution theory of evolutionary
equations, Picard’s Theorem (c.f. Theorem 2.4.4), we established the well-posedness of
our extended system in Theorem 4.4.6.

Second, we conducted a systematic investigation into different patterns and ar-
rangements of boundary dynamics across the three physical aspects of our system. The
results were disambiguated according to varying levels of formal complexity, and cat-
alogued in Chapter 5. In Section 5.2 we argued how Robin boundary conditions were
the most rudimentary type of boundary condition catered to by our model. We also
addressed the ‘problem’ of directly recovering elementary homogeneous Dirichlet and

Neumann boundary conditions from within our extended model. However, we did in-
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dicate how they can be recovered by a simple yet formal modification of our system.
Then, in Sections 5.3 and 5.4, we ascertained the different placements of boundary
dynamics which lead to our system being well-posed. The boundary dynamics con-
sidered comprised an arrangement of Robin and general impedance type boundary
conditions. The arrangements regarded were ordered according to subcases, and de-
tailed throughout Subsections 5.3.1 to 5.3.3 and 5.4.1 to 5.4.3. To the ends of variety
and accessibility, we provided an alternative proof of well-posedness for each of the
parent cases (c.f. Corollaries 5.3.1 and 5.4.1).

Thirdly and finally, in Section 5.5 we extended the impedance (Leontovich) bound-
ary conditions first introduced in | , Section 1] and later developed in | , Sub-
section 4.3.1]. Our particular extension provides an abstraction of these impedance
boundary conditions. This abstraction accounts not only for the classical piezo-electro-
magnetic impedance boundary effect, but also for the influence of heat dynamics at the
boundary. In Subsections 5.5.1 and 5.5.2 we addressed the most abstracted extension
of the underlying boundary conditions. However, in Item (ii) of Remark 5.5.3 we indi-
cated the form of the simplest generalisation of these impedance boundary conditions
to the setting provided by our model.

Our modelling approach deviated from that of the norm. Usually, one models a
phenomenon first before undertaking the corresponding analysis. Nonetheless, our ap-
proach sketched a blueprint for what potential systems might look like, and provided
assumptions for material parameters which will lead immediately to a well-posed sys-

tem.

6.2 Avenues of Future Research

Whilst the boundary conditions formulated in Section 5.5 are mathematically interest-
ing in their own right, we emphasise that they are an abstract example. As was noted
in Remark 5.5.1, the construction of these boundary conditions followed several con-
nected observations on the shape of the underlying piezo-electric impedance boundary
conditions from | , Section 1] and [ , Subsection 4.3.1]. The task of finding a

physically relevant set of boundary conditions, which also fit within the schema afforded
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by our extended model, remains an open topic of research. To the best of the authors
knowledge — and efforts — no comparable boundary conditions which fall within the
scope of the generalised impedance type boundary condition harnessed by our model
prevail in the literature. Should the search for inspiration from physically relevant
applications continue to prove fruitless, then the task will turn to the formulation of
potentially physically relevant boundary conditions. The use of “potentially physically
relevant” is not offered as a euphemism for “abstract”. Rather, it pertains to the
conceptually sensible and physically meaningful formulation of boundary conditions,
despite being done from a hypothetical vantage point. It is the authors expectation
that effective collaboration and standardised nomenclature between applied and pure
schools will bridge the gap, and catalyse such formulations.

Perhaps it goes without saying, but translating our model and its central well-
posedness result, Theorem 4.4.6, from the language of abstract boundary data spaces
to that of classical boundary traces, might help with this endeavour. Providing poten-
tial collaborators hailing from the realms of applied mathematics and engineering with
findings in a common mathematical language could better engender fruitful collabora-
tions. Despite being used effectively to address the well-posedness of a piezo-electric
system with boundary dynamics in [ |, it cannot be assumed that abstract bound-
ary trace theory be known by the wider ultrasonics community. Classical boundary
traces, however, are much more widely known. As such, the reformulation of the key
ideas of this thesis in terms of classical traces might abet the search for physically
relevant boundary conditions.

However, as we recalled in the introduction to this thesis, there is a connection
between the use of an abstract boundary data space formulation and piezo-electric
transducers. In | | the author remarked how the use of abstract boundary traces
covered the modelling of ultrasonic devices with a fractal boundary (c.f. | ],
[ I, [ I, [ | and | ]). As is common throughout the modelling
of ultrasonic devices, the systems employed in the papers cited here centre on a piezo-
electric model. Perhaps there is scope then to extend these models to take into account

the influence of a high-temperature regime, and apply the framework established in
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this thesis. Moreover, one could investigate the (potential, if not yet realised) use of
such fractal piezo-electric transducer devices in harsh and corrosive environments. En-
vironments not entirely unlike those of a nuclear or industrial plant, as indicated in the
introduction. Indeed, much of the literature in this realm of application underlines the
need to manufacture ultrasonic transducers which can operate at, and withstand, op-
pressive temperatures (again, see for instance | I, [ I, [ I, [ ],
[SKC07), | |, [HPHO3] and [JLPO0]).

It should be noted that the modelling of ultrasonic transducers is but one use case
in the broader area of piezo-electric material modelling. As such, it could prove fruitful
to consider the application of the system proposed in this thesis to areas related to,
but beyond the sole scope of, piezo-electric transducers. Indeed, whilst the modelling
of ultrasonic transducers focuses almost exclusively on their piezo-electric properties,
the modelling of smart materials and composite structures often additionally includes
temperature as standard. Smart materials are structures whose physical boundary
and properties can be altered with changing temperature regimes, electrical input and
physical stresses (c.f. [ | and [ ]). For instance, | ] models a thermo-
piezoelectric actuator device with an emphasis on the underlying thermo-piezo material
coupling. One can find similar thermo-piezoelectric systems which additionally consider
a mechanical wave (c.f. | | and [ ). A wealth of related and seemingly
promising applications prevail, and include | I, [ I, [ I, [ ]
as well as | ].

Emerging trends in the modelling of piezo-electric and smart materials offer us
promising future candidates for the boundary conditions we seek. However, it may still
prove necessary to formulate theoretical but no less physically sensible and inspired
boundary conditions, which fit within the framework afforded by our extended system of
thermo-piezo-electromagnetism. An endeavour, no doubt, which will require no modest
amount of creativity. And one which will benefit immensely from effective collaboration

between manufacturers, engineers as well as applied and pure mathematicians.
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