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Abstract

This thesis develops a framework for coalgebra learning by investigating the intersec-
tions between automata theory, the theory of coalgebras, and modal logic.

We begin by presenting the L* algorithm together with foundational notions of au-
tomata theory, coalgebra and modal logic. We then reformulate this algorithm within
a coalgebraic setting, showing an interesting link between the classical Angluin algo-
rithm and the concept of filtration in modal logic. By reinterpreting the tests used in
L* as coalgebraic modal formulas, we provide a version of the algorithm specifically for
coalgebras that is parametric in an arbitrary finitary set functor B. This algorithm
enables the learning of a finite representation of a given, potentially infinite, regular
pointed B-coalgebra.

Furthermore, by using a duality framework, we generalise this approach to provide
an abstract learning algorithm. This framework uses logical formulas as tests based
on a dual adjunction between states and logical theories. The resulting algorithm is
stated in categorical terms together with proofs of correctness and termination. Also,
we extend this framework to handle computational effects, such as non-determinism and
alternation. This is achieved through the introduction of BT-coalgebras and forgetful
logics, which allow to abstract away from branching behaviours while maintaining a
consistent set of logical formulas whose syntax can describe the behaviour of BT-
coalgebras and their B-coalgebra counterparts in the same way.

Finally, we study how to combine minimisation and reachability rephrasing what

has been presented by Lee and Yannakakis using modal logic notions.
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Chapter 1

Introduction

1.1 Background

In computer science, the ability to define models that abstractly represent the behaviour
of a system is of particular interest. Such models enable formal techniques like model
checking and verification, allowing both humans and computers to efficiently analyse
the properties of a system [BK08; CGP99]. Among these models, automata are a
fundamental type used to represent state-based systems. An automaton is typically
defined as a state transition diagram, where states capture the internal configuration
of the system (its behaviour) and transitions represent the actions allowed in a specific
state.

In many real-world scenarios, a formal model of a specific system is unavailable
and in this context, a family of techniques called automata learning has emerged to
infer state-based models from the observations of the behaviour of a system. Over
the past decade, automata learning has found diverse practical applications, includ-
ing the analysis of smartcard readers, reverse engineering implementations of network
protocols, refactoring legacy software and methodology to describe the errors in some
programs [Cha+14; SHV16; Cha+15; FJV16; RP15].

Automata learning is fundamentally characterised as an interaction between a target
system and a learning algorithm, frequently referred to as the Learner. The primary

goal for the learner is to infer the structure of the target system and to represent it as
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a formal model, such as an automaton. This process can be approached through two
distinct paradigms. In passive learning, often referred to as learning from examples,
the algorithm receives a fixed set of data. By analysing these recorded behaviours,
the algorithm attempts to construct a model that generalises the observed data and
approximates the underlying logic of the system [AMP22; CAL94]. In contrast, active
learning involves a more dynamic interaction where the learner is permitted to actively
query the target system to refine its internal hypothesis. Within this framework, the
system is viewed as a Teacher or Oracle capable of providing precise information to the
learner. This eventually allows a construction of the exact representation of the target
system in the form of an automaton [Ang87; CAL94; Set12; SC00; WS16; Ton01].

There exist several classes of automata, categorized primarily by the nature of their
transition structures. One of the most fundamental classes is the Deterministic Finite
Automaton (DFA). A DFA consists of a finite set of states, an initial state, and a
transition function that, given a state and an input, maps to exactly one successor
state. Each state is further classified as either accepting or rejecting. The semantics of
a DFA is defined by word acceptance: given a finite sequence of inputs (a word), the
word is accepted if the unique path through the automaton ends in an accepting state,
and rejected otherwise [HMUOO].

In her seminal work, Angluin [Ang87] introduced the L* algorithm, which is capable
of inferring a regular language in the form of a DFA through two types of queries that
can be asked to an Oracle: membership queries and equivalence queries. The former
are used to check whether a specific word is accepted by the target system. The latter
are used to verify whether a current hypothesis, called conjecture and represented as a
DFA, is correct. If the conjecture is incorrect, the algorithm receives a counterexample:
a word that is incorrectly classified by the hypothesis. The L* algorithm is particularly
significant because it introduces the idea of equivalence queries allowing to learn the
target language in polynomial time relative to the size of the alphabet, the number
of states in the minimal DFA, and the length of the longest counterexample. Prior
to Angluin’s contribution, foundational works in active learning were conducted by

researchers such as Gold [Gol78], who defined the idea of learning in the limit, i.e., the
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algorithm provides a stream of DFAs based on accumulating knowledge of the target
language and guarantees only that the stream converges at some point to a correct
DFA.

In [Moo56], Moore highlighted the limitations of only using membership queries,
showing that such queries are insufficient for the exact identification of a DFA within
finite time. The underlying intuition is that any finite set of observations could remain
consistent with an infinite variety of languages. Without additional information, the
learner cannot uniquely distinguish the target system from other candidates. Subse-
quently, Angluin [Ang81] established that even if the learner possesses prior knowledge
of the number of states in the minimal DFA, any algorithm restricted to membership
queries would still face an exponential query complexity in the worst case scenario.
Recognising that a polynomial time solution required a more powerful interaction be-
tween the algorithm and the target system, Angluin in [Ang87] investigated the efficacy
of adding a new type of query and it is in this scenario, where the L* algorithm arose.
Several variations of L* have been proposed over the years. These include both op-
timisations to improve efficiency [MP95; RS93; KV94] as well as extensions to more
complex models. For example, Vilar [Vil96] adapted the L* algorithm to learn subse-
quential transducers. Based on it, several other algorithms have been defined to learn
Mealy machines [PO98]. Furthermore, the learning paradigm has been extended to
weighted automata [BV96; Bor09], alternating automata [AEF15; Ber+17] and non-
deterministic ones [Bol409] that for the nature of their transitions allow to learn a
more compact version of an automaton compared to its deterministic counterpart. An-
other class of automata, which serves as the primary tool for reasoning about reactive
systems and their behaviours, is that of w-automata [LST23]. These automata recog-
nise w-regular languages. One of the first models introduced to accept this type of
language was the Biichi automaton, which is designed to process infinite sequences
of symbols [Biic62]. Since then, various other models have been proposed, classified
by their specific acceptance conditions, such as Muller, Rabin, Streett, and parity au-
tomata [WS21]. More recently, Angluin et al. introduced families of DFAs, known as

FDFAs, as an alternative formalism for recognising w-regular languages. FDFAs pro-
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vide a structured representation that correlates states with right congruence relations
(analogous to the Myhill-Nerode theorem for finite words) and have proven effective
in enabling the development of learning algorithms for this class of languages [AF18;

ABF18; AF16]. Further variations of FDFAs are also presented in [LST23].

1.2 Coalgebras and modal logics

While extensive research has focused on generalising Angluin’s algorithm to various
specific automata, there is a parallel line of research that aims to study transition
systems more abstractly. In this regard, coalgebras play an important role. In fact,
coalgebra is the study of states and their operations and properties [Jacl16]. We can
think of a coalgebra as a description of a system modelled as a collection of states and a
map that defines the transitions between them. It acts as a black box and what we can
observe is the behaviour of the system through the transitions of it. Coalgebras focus
on the generated behaviour that is observable from a system [Rut00; Kur06; Rut98].
On the other hand, modal logic represents another significant field of research. This
area defines and studies modal languages that are simple yet expressive and that al-
low talking about relational structures. Such structures are typically defined as a set
together with a collection of relations on that set [BRV01]. Modal logic specifies infor-
mation about these structures from an internal and local perspective. As described by
Blackburn et al. [BRVO01], a modal formula can be viewed as a little automaton standing
at some state in a relational structure, and only permitted to explore the structure by
making journeys to neighboring states. So, given that coalgebras act as black boxes
where we observe the behaviour of a system through transitions between states, modal
logic stands out as a natural way for describing these models. In this direction, sig-
nificant work has been undertaken both to formalise these behaviours and to develop
specific languages, known as coalgebraic modal logics, which are capable of specifying
and reasoning about coalgebras [K1i07]. A foundational approach to extending modal
logic to the coalgebraic setting was first presented by Moss [Mos99]. Subsequently,
several works have been proposed to further refine the reasoning about coalgebras and

their logical properties [Jac00; Kur01; Sch05; Pat01; R6800; Cir+11; KP11].
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1.3 Outline of the thesis and original contribution

It is at the intersection of automata learning, coalgebras, and coalgebraic modal logics
that this thesis has been developed. The objective of this work is to apply the coalge-
braic setting to the learning techniques, so to provide a generalisation of the learning
algorithm applicable to a wide range of state-based systems. This approach also per-
mits a deeper investigation into the connections between learning and the theory of
coalgebras. This thesis puts together modal logic, automata learning, and coalgebra
theory. By doing so, we aim to uncover or to better understand the structural relation-
ships between these fields and extend the scope of existing learning paradigms. In fact,
despite the well-established link between modal logic and coalgebras, relatively little
work has been done to formally capture the process of using observations to learn the
behaviour of a system in a categorical sense. The connections between coalgebra and
learning remain far from being fully understood, a gap that this thesis tries to partially
address.

More specifically, our research began with a specific aim: to achieve a deeper un-
derstanding of the L* algorithm by investigating its structure to understand it more
abstractly. Our first observation was that the idea behind L* is closely related to the
notion of filtration in modal logic, i.e., a technique used to construct finite models
by collapsing a system into a finite number of equivalence classes. Since the L* algo-
rithm describes how to learn a regular language in the form of a deterministic finite
automaton, the use of coalgebras provided a natural framework for our intent.

By combining these two observations, we rephrased the L* algorithm. More specifi-
cally, we viewed the tests used in the Angluin algorithm (i.e., words used to distinguish
states) as Boolean-valued modal logic formulas. This allowed us to develop a version of
the algorithm for coalgebras. While this provided a successful abstraction, it remained
somewhat ad-hoc, as it was confined to Boolean-valued logics. To move beyond this, we
studied the algorithm from a more categorical perspective using duality theory, which
elegantly describes the relationship between coalgebras and their corresponding logics.

This categorical approach generalised our initial work by allowing many-valued tests



Chapter 1. Introduction

that extend the scope of the algorithm to a broader range of transition systems. Also,
it clarified the fundamental categorical requirements of the learning process, enabling
us to provide comprehensive proofs of correctness and termination. We then took
this a step further by showing how effects such as non-determinism and alternation
could be incorporated into our framework. The ability to learn non-deterministic finite
automata, for instance, allows learning regular languages with more succinct transition
structures, potentially reducing the computational effort of the learning process.

Finally, we turned our attention to a minimisation approach that combines reach-
ability closely related to the L* algorithm, but where the teacher is either absent or
operates in the background. We approached it through our logical lens, and we have
provided a preliminary investigation into how structural observations can be used to
learn system behaviours even in the absence of an external teacher providing a termi-
nation proof.

As stated above, during the years, our work and studies followed a natural path.
We first consolidated our knowledge on the foundational topics, then we proceeded
to rephrase the Angluin L* algorithm through the lens of coalgebras and modal logics.
Later, we examined these concepts via a categorical duality perspective. Lastly, we pro-
vided a review of the work by Lee and Yannakakis [LY92], focusing on scenarios where
a teacher is absent or operates implicitly. Within this context, we reformulated their
algorithm using a modal logic framework and provided formal proofs of its termination.

This thesis reflects the same path and in what follows, we briefly describe the content
of the subsequent chapters highlighting the original contribution of them, if present.
Part of the original contribution has been already published in two conference papers,

some other has been presented for the first time in this thesis.

Background

This chapter provides the reader with the necessary background introducing the basic
notions from automata theory (in particular, DFAs and the L* algorithm), coalgebra
and coalgebraic modal logic. By its own nature, this first chapter does not present

anything new. The goal is to introduce the main definitions and concepts that will be
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used during the subsequent chapters and to fix their notations in order to make the

thesis more understandable even for those readers not totally familiar with the topics.

Learning via logic

This chapter is mainly based on our first paper [BK18]. Here, we rephrase the L*
learning algorithm using notions from coalgebras and modal logics. This approach
enables a generalization of the L* algorithm allowing to learn not only DFAs but also
any automata that can be expressed as a coalgebra over an arbitrary finitary set functor
B. In other words, using logical queries (i.e., membership queries) and conjectures, we
can learn regular pointed B-coalgebras.

The generalisation of L* to a broader class of coalgebras introducing modal logics

as the basis for describing the observation constitutes an original contribution.

Learning via duality

This chapter is built on ideas from our second paper [BKR19]. Here, we introduced a
dual adjunction framework and the concept of base in categorical terms to explain the
L* algorithm. This viewpoint not only gives us a cohesive way to look at automata
theory, but it also opens the door to the discussion of types of automata models,
including Mealy machines and labelled transition systems.

This chapter also includes fresh content that has been written over the past few
years that has not been published elsewhere. B-coalgebras that can be expressed as
BT-coalgebras are the main focus here. The two functors represent different aspects of
a system: one tracks state transitions while the other describes its branching behaviour.
This dual approach allows us to explore additional state-based systems, such as non-
deterministic finite automata (NFAs), under the same framework.

The introduction of the dual adjunction into the framework for the L* algorithm
and its application to BT-coalgebras for learning more complex automata like NFAs

within a categorical setting are an original contribution.
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Learning via defects

The underlying idea of this chapter is based on [LY92], where an algorithm to compute
the minimal and reachable version of a transition system is provided. The idea is
closely related to the L* algorithm, in fact they are both iterative refinement processes
but with a key difference: the teacher is missing and it is unclear which aspect of the
algorithm makes up for it. In line with the previous chapters, we have established the
foundations to restate this algorithm in terms of logic and coalgebras introducing the
concept of defect, i.e., a modal formula that identifies and distinguishes some states of
the transition system that were previously considered equivalent. This formalisation
not only helps to clarify the underlying logical structures of the original approach but
also potentially extends the algorithm’s applicability to a wider range of transition
systems representable as finite coalgebras.

Exactly this idea of restating the algorithm with a logical formulation that could
potentially extend its applicability to a broader class of systems constitutes an original

contribution.

Lists of publications

To sum up, the following table outlines the relationship between the chapters of this
thesis and the related publications. It also includes original drafts that appear here for
the first time.

Chapter Based on

2 Review of foundational work

3 [BK18]

4 [BKR19] and unpublished draft
) unpublished draft

Table 1.1: Origin of the presented material.

1.4 Related work

In recent years, several frameworks have been proposed to unify the diverse landscape

of automata learning, ranging from common algorithmic interfaces to deep category-
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theoretic abstractions. Early attempts at unification, such as the work by Balcdzar et
al. [Bal+97], investigated learning through a cohesive lens. However, their primary
focus remained on the efficiency of algorithms and the structural properties of language
classes, rather than transitioning from DFAs to the variety of transition structures that
can be expressed via coalgebras.

A significant and fundamental area of research aimed to abstracting the learning
algorithm into a categorical framework has been conducted within the Categorical
Automata Learning Framework (CALF) project [Heel6; HSS17; HSS20; JS14]. CALF
employs category theory to generalise the learning process by varying the underlying
base category, e.g., Set, Vect, or Nom, where Nom represents the category of nominal
sets, i.e., sets equipped with a group action in a way that allows them to be finitely
representable despite being infinite, via the symmetries exposed by the action [Hee20)].
By abstracting the L* algorithm, the framework demonstrates that learning can be
extended to diverse automata types, such as tree automata, weighted automata over
semirings, and automata with side-effects determined by a monad. Our approach is
orthogonal to CALF: it differs in its primary dimension of generalisation. While CALF
focuses on varying the underlying category to encompass different classes of automata,
our framework focuses on varying the transition structure while remaining within the
category of Set.

Urbat and Schroder [US20] have provided an algebraic approach to automata learn-
ing. Their framework focuses on learning automata over a variety of algebraic struc-
tures, using monads to handle distinct transition types and generalise learning for for-
mal languages of various types (e.g., infinite words, weighted, and nominal languages).
By viewing the process through the duality of algebras and coalgebras, they move be-
yond the category of Set to handle quantitative systems. This is different to our work,
where the focus is on transition structures and their generalisation via duality within the
category of Set. However, the successful application of monads in their work suggests
a compelling future direction for our framework: incorporating full monad structures
could provide a more standardised method for modelling branching components within

the theory of coalgebras [JSS15] as we will see in Chapter 4.

10
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While Wissmann and Milius [Wifi4-19] do not provide a specific learning algorithm,
their work presents a novel iterative construction of the reachable part of a given pointed
coalgebra. This construction is inspired by, and closely resembles, a standard breadth-
first search in graphs, and it applies to coalgebras over any well-powered category C
equipped with coproducts and a factorisation system. This method for defining the
reachable part of a pointed coalgebra is closely related to the construction we present
in Chapter 4; notably, both results were obtained independently and concurrently.

Finally, Colcombet, Petrisan, and Stabile [CPS21] propose a different category-
theoretic approach to learning, proposing an algorithm called FunL*, which does not
rely on algebras or coalgebras. Instead, they present a unifying framework that exploits
the symmetry of the word automata model, which is reflected in the self-duality of the
category of input automata Z4,. This duality underpins the well-known correspondence
between observability and reachability. FunL* provides a generic L*-like algorithm that
can be instantiated for learning deterministic automata, automata weighted over fields,
and subsequential transducers by varying the input category. Unlike our approach,
which emphasizes the transition structure via coalgebras, FunL* achieves generality
through the categorical properties of the automata themselves, highlighting how reach-

ability and observability can be treated as symmetric concepts in a self-dual setting.
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Chapter 2

Background

The aim of this chapter is to introduce some concepts such as automata, coalgebras and
coalgebraic modal logics that are essential to understand our work. Readers already
familiar with these topics may find the chapter useful for fixing the notation we will
use throughout the thesis. Also, we would like to sketch the original algorithm of Dana
Angluin to give a comprehensive understanding of the starting point of this work.
The structure of this chapter is as follows: we present the definition of deterministic
finite automata and the L* algorithm (cf. Section 2.1), then we introduce the main
coalgebraic notions that are shared across all chapters (cf. Section 2.2) beginning with
an example to provide the reader with a more intuitive idea of the topic. Lastly,
we introduce the language to express coalgebras, i.e., coalgebraic modal logics (cf.

Section 2.3).

2.1 Automata and L*

2.1.1 Automata

Automata theory is a well-established area of research aiming to study abstract com-
puting machines and their computational capabilities and limitations [HMUOQO]. This
field includes various kinds of automata, such as deterministic finite automata, push-
down automata, non-deterministic automata, and Turing machines, to name a few

examples [Sip13; Koz97]. In what follows, our primary focus will be on deterministic

12



Chapter 2. Background

finite automata. However, if other types of automata are used in the next chapters,
their definitions will be introduced as necessary.

Automata theory is useful to model several types of hardware and software such
as lexical analysers, parsers, vending machines and communication protocols [Aho+06;
AUT2]. These systems are typically represented as states, instantaneous descriptions of
their configuration, and transitions that allow to move from a state to another based
on some inputs.

Among the various types of automata mentioned, this chapter focuses on the finite
automata, i.e., those ones that have only finitely many states and transitions. Moreover,
among them, we call deterministic finite automata (DFAs) those ones where all the
transitions lead to a single, specific state.

Before providing a technical definition of DFAs, following [HMUO0], let’s introduce

a couple of additional concepts.

Definition 1. An alphabet A is any finite, non-empty set of symbols. Given an al-

phabet A, a string (or word) u over A is finite-length sequence of elements of A.

For example, given A = {a, b}, a is a string, bb is a string, and the empty sequence
is a string itself. This string has zero symbol occurrences, it is called the empty word
and denoted by A. The set of all finite sequences of elements over A is indicated as A*
that is the Kleene closure of the alphabet A.

Strings can be concatenated by putting them together and obtaining a new string.
For example, given the alphabet A = {a, b} and two strings u; = aa and ug = b over it,
then their concatenation aab is a new string (over A). Where needed, we will use the
symbol - to make the concatenation operation more explicit and hence, we will write
aa-b. In what follows, given two sets of strings U and V', we also use the notation U -V
to denote the concatenation of two strings, taking the first from U and the second from
V. Moreover, given an alphabet A and the set A* of all finite sequences of elements
over A, given a string u € A*, we call prefixes all those strings w such that u = w - z
for some z € A*. On the other hand, given a string u € A*, we call suffixes all those
strings w such that u = z - w for some z € A*. For example, given the string aab, we

say that A, a and aa are the prefixes of the string and A, ab and b are the suffixes. Also,

13
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given a set of strings S C A*, this set is prefiz-closed, if for every string in the set, all
of its prefixes are also in the set. The set is suffiz-closed, if for every string in the set,

all of its suffixes are also in the set.

Definition 2 (Language). Given an alphabet A and a subset L of A*, L C A*, we call

L a language over A.

Intuitively, a language L is a set of specific strings obtained from an alphabet.

Ezample 3. Given A = {a, b} as alphabet, the set of those strings whose number of a’s
can be divided by 3 is a language L and it is a subset of A*. More formally, we can

express it as follows: L := {u € {a,b}* | # a’s mod 3 = 0} C {a,b}*.

Now, we introduce the definition of deterministic finite automata.

Definition 4 (Deterministic finite automata). A deterministic finite automaton (DFA)
D is a 5-tuple, (Q, A, d,q0, F C Q), where Q is a finite set of states, A is a finite, non-
empty set called the input alphabet, §: Q x A — Q) represents the transition function,
qo € Q 1is the initial state and F' C Q is the set of the accepting or final states.

The transition function ¢ can be also extended to accept not only one single input
but a sequence of them. The extended transition function, denoted as 6: Q x A* — Q,
is defined by induction from ¢ on the length of the input strings [Koz97]: given u = A
then S(q, A) = gq, i.e., if we are in a state ¢ and we read no inputs, we stay in gq. Given
u = w-a, then S(q, u) = 5(5(q, w),a), i.e., the state we achieve after reading a sequence
of symbols is the state that we achieve from a previous state.

DFAs are used to describe and recognise languages. A particular language can be
seen as the set of all words accepted by a specific DFA, meaning those words that when
given as input to the DFA, it reaches an accepting state starting from its initial state.

More formally, we have the following.

Definition 5 (Language accepted by a DFA). Given a DFA D = (Q,A,d,q0, F), a
string u € A* is accepted by D, if 3((]0, u) € F. The language accepted by D, denoted
by L(D), is the set of all strings uw € A* that are accepted by D.
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For instance, given the language of the Example 3, a DFA that describes it can
be represented as per Figure 2.1: starting from g, all those transitions that terminate
in qo after reading a specific string u establish whether v is in the language or not.
Moreover, this DFA is also the minimal one that accepts that language. That is, we

cannot represent the same language with another DFA with fewer states than this one.

Figure 2.1: Minimal DFA accepting the language of Example 3.

The languages that can be accepted by a DFA are called regular languages [HMUO0O]
and the language in the example above is a regular one. Regular languages are also

referred to as regular sets.

2.1.2 Learning regular sets

In [Ang87], Angluin presents an algorithm called L*. This algorithm efficiently learns
an initially unknown regular set L by learning a minimal deterministic finite automaton

by asking two types of questions to an oracle called a Teacher:

e Membership queries: given a specific string, they return yes, if the string is part

of the language the algorithm is trying to learn, no otherwise.

e Conjecture: based on the answers to the above-mentioned questions, the L* al-
gorithm builds up a conjecture, i.e., a description of L. The Teacher will answer
yes whether the conjecture is the one describing the language. Otherwise, it will

provide a new string that is accepted by L but not by the conjecture or vice versa.

Learning a regular set from examples was not a new concept and this is not the main
contribution of the Angluin paper. Indeed, previous works had been done in this direc-
tion [Gol78; AS83; Ang81]. What is important here is the introduction of the notion of

a Teacher, sometimes called Oracle, that can answer specific questions. As highlighted
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earlier in the introduction, this query-based approach opened the field of active learning
where the computational complexity of automata learning is decreased [Ang87].

To learn a regular set, the L* algorithm organises the information it gets from the
two queries mentioned before under an observation table (S, E,T"). This observation
table is defined by two sets of strings S and E where S is a prefix-closed set and FE is
suffix-closed one (as defined in the previous section at page 14) and a function mapping
T (for table) defined as T': (SUS - A) - E — {0, 1} that tracks the membership query
outputs. That is, it maps a string from the set S, possibly concatenated with a symbol
from the alphabet A and a string from FE to 1, if the resulting string is contained in
the regular set, 0 otherwise. That is, T(s - e) = 1 if and only if s-e € L. Also,
given a string s € (SU S - A), we use T to define the function row(s): E — {0,1} as
row(s)(e) :=T(s-e).

The observation table can be thought of as a matrix as presented in Table 2.1 where
the rows in the upper part of the matrix are indexed by strings from the set S, the
rows in the lower part are indexed by strings from S concatenated with a letter of the
alphabet A, i.e., S+ A, and the columns are strings from the set E. The entries of the

matrix are 1’s or 0’s according to the function map 7.

A a
A1 0
a |1 1

b |0 1
aa | 1 1
ab |1 0
ba |1 0
bb |1 0

Table 2.1: Example of an observation table.

From the observation table, the algorithm builds up a conjecture in the form of a

DFA D = (Q, A, 0, qo, F'), where its components are defined as follows:

e States (Q): The set of states includes all the unique rows in the observation

table that correspond to strings in S, i.e., @ = {row(s) | s € S}.

e Alphabet (A): The alphabet A is identical to that of the target language.
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e Transition function (¢): For any state row(s) and input symbol a, the transi-

tion function is defined as d(row(s),a) = row(s - a).

e Initial state (qp): The initial state is the row associated with the empty string,

qo = row(A).

e Final states (F'): Since strings and states overlap in this framework, if a string
s when concatenated with the empty string is accepted by the target language
(represented by T'(s- ) = 1), then its corresponding state row(s) is an accepting

state, i.e., F' = {row(s) | s € S and T'(s) = 1}.

This DFA is well-defined when the observation table satisfies the closedness and
consistency properties, which we detail next [Ang87]. If the given conjecture is correct,
we are done and we have obtained the minimal DFA describing L, otherwise the Teacher
will provide a counterexample, i.e., a string u that will be added to F together with all
its suffixes [Bol+09]. Please note that in presenting the L* algorithm, we introduce a
slight variation from its standard presentation that we will present after the definition
of consistency.

The algorithm provides a conjecture only when the observation table satisfies two
properties: closedness and consistency, and during all its runs, the aim of the algorithm
is indeed to keep the table closed and consistent. Intuitively, for a table being closed
means that the set S already contains all and the only necessary states that we need
to build up the correct DFA. Being consistent means that all those elements that we
consider as equal actually behave the same, i.e., their successors are the same and these

are both accepting or not. More formally, we have the following.

Definition 6 (Closedness). An observation table is closed when Yu € (S-A),3s € S

such that row(u) = row(s).

Definition 7 (Consistency). An observation table is consistent when given si,se € S

such that row(s1) = row(s2) then Va € A, row(s; - a) = row(ss - a).

Whenever a table is not closed, we add the string v € S - A (for which row(u)

has no match in S) to the set S, i.e., to the upper part of the observation table. In
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contrast, consistency is handled differently: when a counterexample is provided, it and
all its suffixes are added to the set E. In fact, as presented in [MP95], instead of
adding the counterexample and its prefixes to the set S, it can be added together with
its suffixes to E, keeping the table always consistent. We decided to present L* with
this optimisation because in the next chapter, where we present our L algorithm, the
consistency property, which we will call sharpness, is always preserved throughout the
execution of the algorithm, making the comparison much closer.

as mentioned before.

Importantly, one of the fundamental theorems of regular languages on finite words
is the Myhill-Nerode theorem, stating a one-to-one correspondence between the states
of the minimal DFA for a language L and the equivalence classes of its right congru-
ence, i.e., an equivalence relation ~ on strings in A* that is compatible with right-
concatenation, meaning that u ~ v implies u - a ~ v - a for any symbol a € A. The
relationship between the equivalence classes of the right congruence and the states of
a minimal DFA is at the heart of minimisation and learning algorithms for regular
languages of finite words and in the context of L*, the equivalence relation defined by
matching table rows (row(s1) = row(sz)) serves as a finite approximation of this right
congruence. As the algorithm refines the observation table through closedness checks
and counterexample additions, these row equivalence classes progressively refine until
they coincide with the Myhill-Nerode classes of the target language yielding the unique
minimal DFA recognising the target regular set [AF18].

Before giving an example to make explicit all the definitions and the process de-

scribed above, we sketch the L* algorithm via Algorithm 1.

Ezample 8. Recalling the language presented in the Example 3, we run L* and try to
learn it.

Given an alphabet A = {a,b}, the initially unknown language we want to learn is
L = {u € {a,b}* | number of a’s mod 3 = 0}. The initial observation table is given in
Table 2.2.

The table is not closed as we have row(\) # row(a). So, we need to add a to the

upper part of the table obtaining what exemplified in Table 2.3.
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Algorithm 1 Sketch of the L* algorithm

1: Initialize S and F to {\}
2: Construct the initial observation table (S, F,T') asking membership queries for A
and all the a € A

3: repeat

4: while (S, E,T) is not closed do

5: Find s; € § and a € A such that Vs € S we have row(s) # row(s; - a),
6: Add s;-ato S,

7: Extend T to (SUS - A) - E using membership queries.

8: end while

9: Transform the observation table (S, F,T') into the DFA D(S, E,T),
10: Propose D as the conjecture.

11: if The Teacher replies with a counterexample ¢ then

12: Add t and all its suffixes to F,

13: Extend T to (SUS - A) - E using membership queries.

14: end if
15: until The Teacher replies yes to the conjecture.
16: return D.

By

===

a |
A

Table 2.2: Observation table at step 0.

A
BYES
a |0
b |1
aa | 0
ab | 0

Table 2.3: Observation table at step 1.

The table is both closed and consistent and we can provide a conjecture consisting

of an automaton with two states as per Figure 2.2.

b a,b

a

Figure 2.2: Conjecture in the form of a DFA.
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A a aa aaa
A1 0 O 1
a |0 0 1 0
b |1 0 O 1

aa |0 1 O 0
ab |0 0 1 0

Table 2.4: Observation table at step 2.

This is not the right conjecture, so we receive a counterexample in the form of the
string aaa. Please note that aaa is just one of the possible counterexamples the teacher
could provide since a counterexample is by definition any string that is accepted by
the language but not by the conjecture or vice versa. We add the string aaa and its
suffixes to the set F and we obtain a new observation table as per Table 2.4.

Once again, the table is not closed because, following the definition of closedness,
we can find a string u € S+ A such that neither row(\) = row(u) nor row(a) = row(u).
This wu is the string aa in the lower part of the table. So, we add aa to S and we obtain
a closed table as per Table 2.5. In fact, all the elements in S - A have a representative

in S.

A a aa aaa
A1 0 O 1
a |0 0 1 0

aac |0 1 O 0
b 1 0 O 1
ab |0 0 1 0
aca |1 0 O 1
acb | 0 1 0 0

Table 2.5: Observation table at step 3.

Now, the observation table is closed and consistent and hence, we can provide the
teacher with another conjecture described by the DFA we presented in Figure 2.1 at

page 15. It is the right conjecture and we are done.

Please be aware that the Teacher that is mentioned in the Angluin paper is not
really a person that is able to answer the two types of questions we mentioned, but it is

a way to emphasize the following intuition: there is a minimum amount of information
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and feedback required for the algorithm to guarantee correct and efficient learning.

2.2 Coalgebras

In this section, we introduce the notion of coalgebra and its related key concepts. We
will first provide an intuitive understanding of them restating the definition of DFAs we
discussed in the previous section according to a different perspective as in [Rut98]. Once
this intuition is given, we will move to a more general notion of coalgebra, extending
the DFA specific case to the abstract definition. In depth discussions about coalgebras
can be found in [Rut00; JRI7; Jacl6].

Also, we will take some basic notions of category theory for granted when we talk
about coalgebras. However, the reader can refer to [AHS90; Awol0; Leil4; Sim11;

BW95] for a detailed introduction to the topic or a deep explanation of it.

2.2.1 Introducing coalgebras via an example

Instead of being defined as a 5-tuple as we stated in the previous section, a DFA can

be alternatively defined as a triple, as follows.

Definition 9. Given an alphabet A, a deterministic finite automaton (DFA) is a 3-
tuple, (S,0,t), consisting of a finite set S of states, an output function o: S — 2 and a

transition function t: S — S4.

In this definition, 2 represents the set {0, 1}. The output function o takes a state s €
S and returns whether it is an accepting state or not, o(s) = 1 or o(s) = 0, respectively.
The transition function ¢ assigns to each state s € S a function t(s): A — S. This
function receives an alphabet symbol a € A and returns the successor state of s after
reading the input a. Thus, ¢ precisely captures the transitions within the automaton.

If we do not consider the initial state, the definition of DFA given in Section 2.1 is
equivalent to the latter because of the existence of the following two bijections [Rut98]

where P(S) denotes the powerset of S, i.e., the collection of all subsets of S:

P(S)=~ (S —2)and (S x A — S) = (5§ = S4)
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The first bijection establishes a one-to-one correspondence between the set of accepting
states and the output function. The set of accepting states is a subset of all states,
whereas the output function maps each state to 1 if it is accepting, or to 0 if not. The
bijection ensures that for every possible set of accepting states, there is one unique
output function o that represents it, and vice versa. The second bijection is a concept
well-known as currying [CF58]. The two forms used to define transitions are just
different syntactic ways to express the same underlying information.

If both the alphabet A and the set of states S are finite, we refer to (S,0,t) as a
finite automaton.

Given this alternative formulation of the definition of DFAs, we define a bisimulation
as a binary relation R C S x S’ between two DFAs S = (S,0,t) and S’ = (5,0, )

when V(s, ') € R, we have:

R o o(s) = o(¢'), and
sRs

Va € A,t(s)(a)Rt'(s')(a)

Intuitively, two states are related by a bisimulation whether they have the same ob-
servable output (i.e., accept or reject) and their successor states remain in the relation.

As stated in [Rut98], a bisimulation between S and itself is called a bisimulation
on S, union and composition of bisimulations are also bisimulations. The greatest
bisimulation on S, obtained by taking the union of all bisimulations on .S, is called the
bisimilarity relation and it is denoted by s ~ s’.

Intuitively, this new definition of DFAs and the bisimulation relation together say
that any automaton is like a black box where it is only possible to observe whether a
state is accepting or not, and what is the state transition based on a specific input.
The bisimulation captures the notion of observational indistinguishability: two states
are bisimilar if they have the same observational behaviour (in coalgebraic terms, we
do not speak about identity, but more about behavioural equivalence).

Furthermore, given two sets of states, S and S’, from two DFAs and a function f
between them, f: S — S’, we call such function morphism when Vs € S, 0(s) = o'(f(s))

and Va € A, f(t(s)(a)) = t'(f(s))(a). Morphisms are structure-preserving maps, i.e.,
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they map states in a way that preserves both the output behaviour and the transition
structure.

Moreover, given two automata S = (5,0,t) and S’ = (5, 0,t), if S’ C S and the
inclusion function i: S” — S is a morphism, then S’ is said to be a subautomaton of S.
We indicate as (s) the subautomaton generated by any state s € S: it is the smallest
subautomaton of S containing s, and can be obtained by including all states from S
that are reachable via a finite number of transitions from s.

Also with this formulation of DFAs, it is possible to define those languages accepted
by a DFA. Given a DFA S = (S,0,t) and a state s € S, the language accepted by s,
denoted by Lg(s) is defined as the set of all those u € A* that read from the state s
lead to an accepting state. More formally, Lg(s) = {u € A* | o(t*(s)(u)) = 1}, where
t*(s)(u) is the function obtained from ¢(s): A — S extending it to strings inductively
on the length of the string.

Moreover, since a language is a set (of words), it is quite natural to consider the
set of all languages. We can define it as £ = {L | L C A*}. This set can be equipped
with an automaton-like structure. To do so, we introduce the concept of derivative,
originally proposed by [Brz64; BS86; Con71] and elaborated in a coalgebraic context
afterwards in [Jac16; Rut00]. Intuitively, a derivative describes how a system evolves
looking at the possible successor states. In our case, given an input symbol a € A, we
call a-derivative the set of all those words u such that concatenated with a, i.e., a - u,
form the language L. More formally, L, = {u € A* | a-u € L}. The concept of a-
derivative can be extended to words such that given u € A*, L,, = {v € A*|u-v € L}.
It is possible to give an automaton-like structure to the set of all possible languages £
which is not finite by definition as £ = (£, or, tr) where the set of states is the set of
all languages as above, the output function and the transition function are defined as

follows.

lifxel
or(L) = , and
Oif \¢g L

tg(L)(a) =L,
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That is, the output function provides an immediate observation about the language L
checking if the empty word is in the language. This tells us whether L itself represents
an accepting state in £. The transition function is obtained using the concept of
derivative to define the successor state.

An interesting property is that minimal DFAs can arise as a finite subautomaton
within £ and given two or more DFAs describing the same language, they will always
be identified with the same finite subautomaton in £. The finite subautomaton exactly

describes the behaviour of the DFAs.

2.2.2 Coalgebras and their general framework

All those concepts we saw in the example above have been generalised into the more

abstract framework of coalgebras by [Rut00; JRI7; Jacl6].

Definition 10 (Coalgebra). Given the category Set of sets and an endofunctor B: Set —
Set, a coalgebra is a pair (X,7) where X € Set is a set of states and v: X — BX is a

coalgebra map (or successor function,).

It is easy to see how this general definition applies to our earlier automata definition.
In fact, a DFA S = (S, 0,t) can be translated into coalgebraic terms defining the functor
B as B(S) = 2 x S (where B takes a state s € S and returns a pair whose first
component specifies whether the state s is accepting or not and the second component
returns the successor state in the form of a function) and combining the two functions
0: S — 2 and t: S — S4 into a single coalgebra map (o,t): 2 x S4 that maps an
element s € S to the pair (o(s),t(s)). Indeed, the previous definition of DFA is a
specific instance of a B-coalgebra.

Having established the general notion of coalgebra, we now restate both the defini-

tion of structure-preserving map and the one of behavioural equivalence.

Definition 11 (Morphism). Given two B-coalgebras (X,~) and (Y,0), a B-coalgebra
morphism f: (X,v) — (Y,0) is a function f: X — Y such that the following diagram
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commutes.

x—1 .y

| lo
BX T BY

Intuitively, this diagram means that if we apply to a given state s € X the coalgebra
map v and then the function Bf, it returns the same result as applying f first and
then the coalgebra map 0 to f(x).

Now, we generalise another important concept already sketched in the DFA ex-
ample when the set of all languages has been mentioned, namely the notion of final
coalgebra. The underlying idea of a final coalgebra is that it provides a formalisation
of a behaviour of a system. It stands for the most abstract and minimal representation
of such behaviour and for a specific functor, it captures all the possible behaviours for

it. This minimality implies that no two distinct states within the final coalgebra are

behaviourally equivalent.

Definition 12 (Final coalgebra). Given an endofunctor B: Set — Set, a final B-
coalgebra is a final object in the category of Coalg(B). That is, it is a coalgebra (Z,()
such that for any coalgebra (X,7), there is a unique coalgebra morphism f: (X,~y) —

(Z,C) as depicted in the following diagram.

X - y Z
|k
BX T BZ

This unique morphism is often referred to as the behaviour map because it maps
each state from (X,~) to its corresponding behaviour in the final coalgebra. That is,
the final B-coalgebra, if exists, contains for each state z € X of an arbitrary coalgebra
exactly one state that is behaviourally equivalent to z. If f goes from the final coalgebra
to itself, due to the uniqueness, f is the identity morphism.

Having established the notions of a coalgebra, coalgebra morphism, and final coal-

gebra, we now introduce the coalgebraic notion of behavioural equivalence as follows.
Definition 13 (Behavioural Equivalence). Let B: Set — Set be an endofunctor and
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(X1,7), (Xa2,7v2) be B-coalgebras. We say that two states x1 € X1 and zo € Xo are
behaviourally equivalent if there are a B-coalgebra (Y,6) and B-coalgebra morphisms
fie (Xa,m) = (Y, 6) and f2: (X2,72) — (Y, 0) such that fi(z1) = fa(x2). That is, the

following diagram commutes.

X,y Py,
V1l ) l’m
BX) > BY < — BX

Intuitively, two states are behaviourally equivalent if a coalgebra morphism can
identify them. When two states x1 and zs are behavioural equivalent, we write z1 & p
o or simply x1 € x9. Also, if two systems are behaviourally equivalent they are
mapped to the same behaviour in the final coalgebra.

Moreover, we can extend the definition of coalgebra specifying a state to be thought
of as the initial state. In such cases, we talk about pointed coalgebra. In particular,
a pointed B-coalgebra is a triple (X,~,x) where (X,~) is a B-coalgebra as defined
before and z € X is a distinguished point. A morphism f: (X,v,z) — (Y,d,y) is a B-
coalgebra morphism f: (X,v) — (Y,0) such that f(x) = y and two pointed coalgebras
are behaviourally equivalent if x < y. DFAs where each state is reachable from the
initial state can be expressed as pointed B-coalgebras for the functor B = 2 x S4.
Indeed, their initial state can naturally be expressed by the distinguished point x of
the coalgebra. Also, the requirement that every state in the automaton is reachable
ensures that the carrier set coincides precisely with the subcoalgebra generated by that

initial state.

2.2.3 Example of coalgebraic structures

Before concluding this section, to have a better and a more general understanding of the
abstract notions we discussed so far, we now present two additional concrete examples:
streams, which represent infinite sequences of observations and Kripke frames, which

are fundamental in modal logics.
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Streams as Coalgebras

Streams can be used to model the behaviour of reactive and concurrent systems,
representing infinite sequences of elements to be thought of as outputs or observa-
tions [Rut00]. Formally, given an alphabet A, an infinite stream over A is defined as a
function o: N — A which maps natural numbers (as time steps) to elements of the set
A. A stream o can be thought of as an infinite sequence (c(0),0(1),0(2),0(3),...).

We can decompose a stream into its head and its tail. Given the sequence rep-
resentation above, the head of the stream, i.e., its first element, is ¢(0) and the tail,
the remainder of the stream is (o(1),0(2),0(3),...). This decomposition illustrates the
behaviour of the stream where at each step it is possible to both observe one element
of the system and perform a transition to a new state.

Coalgebra can be used to describe this type of systems. Indeed, given an arbitrary
set of symbols A and an endofunctor B: Set — Set defined as BX = A x X, a stream
coalgebra is a pair (X, ) where X is a set of states and v: X — BX is the coalgebra
map defined for any states x € X as y(z) = (h(z),t(x)), i.e., a pair whose first com-
ponent represents the element we are observing and the second component is a stream
itself.

A morphism between two stream coalgebras (X, ) and (Y, 6) is a function f: X —
Y that preserves the coalgebraic structure. That is, a morphism such that the following

diagram commutes.

x 1 .y

al Is
BX a7 BY
This diagram means that for every x € X, we have (idA x f)(y(z)) = d(f(z)).
As already mentioned, intuitively a morphism between two streams ensures that
the behaviour is preserved and that they are observationally indistinguishable.
Moreover, for the functor B = A x X, the final coalgebra exists and is given by
(A%, (), where A% is the set of all infinite streams over A. The coalgebra map (: AY —
A x AY is defined as ((0(0),0(1),0(2),0(3),...) = (0(0),(c(1),0(2),0(3),...)), ie.,

given an infinite stream, the coalgebra map maps it into a pair whose first component
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is the head of the stream and the second component is the tail. This map is usually
called the unfold map and it captures the unfolding behaviour of any stream. Given
a stream, if we apply the unfolding map step by step and we subsequently read the

outputs, we obtain the stream itself.

Kripke frames as Coalgebras

Kripke frames are commonly used in modal logic to model possible worlds and acces-
sibility relations between them. A standard Kripke frame is a pair (W, R) where W is
a set of states (or worlds) and R C W x W is a binary relation that establishes which
states are accessible from any given state within the frame [BRVO01].

This can be modelled as coalgebras as follows. Consider the power set functor
P: Set — Set that maps a set X to its power set P(X) and a function f: X — Y to
P(f): P(X) — P(Y) defined as P(f)(U) ={f(z) | z € U} for any U C X. A Kripke
frame (W, R) can be represented as a P-coalgebra (W, yr) where, again, W is the set
of states and yr maps an element of w € W to the set of all states that can be seen
from w, i.e., yp(w) = {w € W | (w,w’) € R}.

A morphism between two coalgebraic Kripke frames (W1i,vg,) and (Wa,yg,) is
a function f: W3 — Ws such that Pf o ygr, = yg, o f. This means that for every
w € W, if w' is accessible from w, (w,w’) € Ry then f(w’) must be accessible from
f(w), (f(w), f(w'")) € Ry. This is the standard notion of bounded morphism in modal
logic [Kur06].

The final coalgebra for the power set functor P does not exist in Set.

2.3 Coalgebraic modal logic and dual adjunction

2.3.1 Coalgebraic modal logic

Modal logics provide simple yet expressive languages for describing and reasoning about
relational structures. They offer a good balance between expressive power and low
computational complexity for their decidability [BRVO01; Var97].

As we have seen in the previous sections, coalgebras of the form (X,~v: X — BX)
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(over the category Set) serve as generic mathematical framework for describing state-
based transition systems whose concrete structure is defined by the functor B: Set —
Set. We can think of the functor as the type of transition or behaviour that the system
performs. In this setting, coalgebraic modal logics establish as a natural way to describe
these transition systems. These logics are parametric in the type of transition. That
is, they are generic enough to be applied to any system that is representable by a
B-coalgebra. So, we can build a modal language that allows us to reason about and
describe the properties and the characteristics of our system [KP11].

To define the right language for a given transition type, on the syntactic side,
we need to extend the standard propositional modal logic with a collection of modal
operators, according to the specific transition type we would like to describe. On the
semantic side, we must specify a way to interpret the modal operators we defined over
arbitrary B-coalgebras.

There are different formal approaches to do so. One is the relation lifting approach
described by Moss in [Mo0s99], where the relations are lifted to logical equivalences. This
part is not under the scope of the thesis. Another way to deal with it, the approach
we are embracing throughout the thesis, is the predicate lifting approach [Pat03] where
the focus is on how properties (predicates) are transformed across states and their
SUCCEssors.

To define and extend classical modal logic to describe transition systems as coalge-
bras, we need to choose a collection of modal operators according to our needs. This
collection is known as (modal) similarity type. The definition of similarity type re-
quires also the use of the contravariant powerset functor (): Set — Set®” that maps
a set X to the collection PX of its subsets of X, and a function f: X — Y to
the inverse image function Qf = f~': QY — QY where given V C Y, we have
Fl={zeX|feV)}.

Definition 14 (Similarity Type). A (modal) similarity type is a set A of modal op-
erators with arities. If A is a similarity type, a A-structure consists of an endofunctor
B: Set — Set, together with an assignment of an n-ary predicate lifting, that is, a

natural transformation of type [O] : (Q)" — Q o B where QQ : Set — Set is the
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contravariant powerset functor, to every n-ary operator Q € A.

Given a modal similarity type A and a corresponding A-structure (in other words,
a functor B and a suitable predicate lifting for each operator in A), we can define both
the syntax and the semantics of our logic. The syntax of the formulas is that of the
standard propositional modal logic, extended with elements of A. The semantics is
defined by providing the set of states U C X of our coalgebra in which a formula ¢ is
true. We indicate that set as [¢] x ). The semantics for the modal operators is given
by the assigned predicate lifting. Intuitively, it is a way to lift a logical property from
the successor states of a system back to the current state.

The formal definition is as follows.

Definition 15. The language induced by a modal similarity type A is the set F(A) of

formulas given by

FMN) 0,0 =T oAV ]| ¢ | Qe1,---,¢n) (© € A n-ary)

Given a A-structure B and a B-coalgebra (X, ), the semantics of ¢ € F(A) is induc-
tively given by

IITH(X,'y) =X
[e AYlixqy) = [l N Wlixyy  [2elixqy = X\ [elxq)s
[[@(8017 cees @H)H(X,'y) = (Q7 © [[@HX)([[LPI]](X,W)’ SRR [[@n]](X,v))'

Instead of x € [¢](x ) we will often write (X, ) = . In words, “the coalgebra (X,7)
satisfies 7.

Ezample 16. Recalling our definition of DFAs modelled as coalgebra (X,v: X — BX)
where B = 2 x X* with A the set of input. A modal similarity type for this coalgebra
includes two modal operators: a nullary propositional constant Acc, i.e., a nullary
operator that holds only in the accepting states and a unary modal operator (a) for

each input symbol a € A, where (a)p holds if the state reached by the input a satisfies

@Y.
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The predicate lifting related to those modal operators is defined as follows:Aacc =
{(i,f) €2x XA |i=1}and \pyU = {(i, f) € 2 x X | f(a) € U} given U C X.
Intuitively, predicate lifting defines what conditions the successor structures must meet
for a specific formula to hold regardless a specific state or set of states.

The language induced by this modal similarity type is:
F(A) > ¢, i=Acc| o AP | ¢ | (a)p.Va € A.

Given the coalgebra map v of the DFA defined as y(z) = (0,t(z)) where t(x): A —

X, and o defined as usual, the semantics for the language is defined as follows:

[Acc] = 7~ (Aace())
— {5 € 8| 7(s) € Mec))
={s € 5[ (o(s),t(s)) € {(z, ) [ i =1}}
={seS|o(s) =1}
and
[(a)e] =7 Ay ([e]))
={s € 5[(s) € Aa([]}
={s€ 5| (o(s),t(s)) € {(i, f) | f(a) € [¢]}}
={s e S|t(s)(a) € [¢]}
The semantics for the other operators (A, =) remain as usual, since they are standard

boolean operations on the set of states.

The logics give rise to the notion of logical equivalence.

Definition 17. Let (X,v) and (Y,d) be B-coalgebras and let ¥ C F(A) be a set of
formulas. Two states x € X and y € Y are logically equivalent with respect to 3 if for
all formulas ¢ € ¥ we have x = ¢ if and only if y = p. In this case we write x =y, y.
The equivalence classes wrt =x, on a coalgebra (X, ) will be denoted by |z|x, i.e., we
put x|y = {2’ € X |2/ =x x}. If ¥ = F(A) is the set of all formulas we simply write

= for the equivalence and denote the equivalence class of some = by |x|.
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The semantics of formulas of coalgebraic modal logics is invariant under behavioural
equivalence. An important stronger property that coalgebraic modal logics often pos-
sess is expressivity, i.e., the property that logical equivalence implies behavioural equiv-

alence [Sch05].

Definition 18. The language F(A) is called expressive if for B-coalgebras (X,~) and
(Y,0) and all z € X, y € Y we have x = y if and only if v < y.

For a finitary set functor B we are always able to find an expressive language [Sch05].
Moreover, we introduce the definition of separating, i.e., a condition that ensures

expressivity [Pat04; Sch05].

Definition 19 (Separatingness). Let B: Set — Set and let A be a set of predicate
liftings for B. We say A is separating if for all X € Set and all t1,t5 € BX with
t1 # to, there exists A € A, there exists subset Uy C X,..., U, C X s.t. eithert; €
Ax(Ur,....Up) 8 ta & Ax (U, ..., Up) orty € Ax(Ur,...,Uy) &ty € Ax(Uy,...,Up).

2.3.2 Dual adjunction

So far, we have seen how the semantics of modal formulas can be defined by elements of a
given set of states. Given X and &, arbitrary sets of states and formulas, respectively,
the definition of semantics can explicitly be seen as a function []: ® — 2%, which
maps a formula to the subset of states that satisfy it. On the other hand, we can define
the semantics of the system whose states are represented by the set X by mapping
a state to the set of formulas that hold in that state. This is represented by the
function th: X — 2%, called the theory map. This map associates a state with all
its logical properties. As we can see, there is a close relationship between coalgebras
and their logics and this relationship can be elegantly captured via the notion of dual
adjunction [PMWO06; Kl1i07; KP11; KKP04].

Intuitively, this notion borrowed from category theory embodies the idea that two
different mathematical structures are the best fit for each other and that they share a
symmetrical relationship between two opposite processes. In our case, on one side, we

have coalgebras and on the other side, we have modal logics.
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A dual adjunction can be sketched as per the following diagram.

P
P o
Q

The basic setting is given by two categories C, D connected by two functors P: C? —
D and @: D — C such that P 4 Q: C 2 D, i.e., P is the left adjoint functor, @ is
the right adjoint functor and together with the two categories C, D, they form a dual
adjunction. The adjunction is contravariant. The key property of dual adjunction is
that there exists a natural bijection (a one-to-one correspondence) between the the two
categories and their morphisms such that C(X,Q®) = D(®, PX) for X € C,® € D.

In our framework, the objects in C can be thought of as collections of states on which
coalgebra structures are defined whereas D is the logical universe for propositional logic
on which we define a functor for modelling modal operators. The functor P takes an
object X € C to the collection PX of predicates over X whereas the functor () maps
a formula into the set of theories.

We also define two endofunctors B: C — C and L: D — D. The former describes
the behaviour type of coalgebras, the latter is used to construct the syntax of the logic
for those coalgebras. When L has an initial algebra a: L® — &, & can be thought of

as the collection of the formulas of the logic.

Remark 20 (Initial Algebra). In the opposite way as final coalgebra, an initial algebra
for an endofunctor L : D — D is an object ® in D equipped with a structure map
a: L® — ® such that for every object Y with a structure map g: LY — Y, there exists

a unique morphism h: ® — Y that makes the following diagram commute.

Lo -ty Ly
l ig
P Sy Y

The connection between coalgebras and their logics and so, the relationship between
the functors B and L, is established via a natural transformation «: LP = PB. This

transformation is sometimes referred to as the one-step semantics of the logic, as it
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defines how the logical operators in L are interpreted over the single-step transitions
of B. Given this natural transformation, the full semantics of the logic are induced
naturally: for any B-coalgebra (X,7), the semantic map [.]: ® — PX is the unique
L-algebra morphism obtained via the universal property of the initial L-algebra (®,a)

that makes the following diagram commute.

The bijective correspondence between P and () allows us to define the dual coun-
terpart of the one-step semantics «, the mate of «, denoted as o’: BQ = QL [K1i07;
KKPO04]. Intuitively, while o describes how to interpret logical operators over system
transitions, the mate o describes how transitions define the logical properties (or theo-
ries) of the states. Formally, o’ is obtained using the unit : Ide = QP and the counit

e: Idp = PQ of the dual adjunction as follows:

o =QLeo QaQ o nBQ

Moreover, the counterpart of the semantic map [_] is the theory map th : X — Q®,
which associates each state with its theories, i.e., the collection of all logical formulas it
satisfies. Because [_] and th are related by the bijective correspondence D(®, PX) =
C(X,Q®), the uniqueness of the semantic map (established by the initiality of ® as
above) implies a corresponding uniqueness for the theory map. One can then show

that th is the unique morphism making the following diagram commute [PMWO06].

Otb
Bx -7, Bge " oL®

Ezample 21. Given a DFA as a coalgebra (X,v: X — BX), the initial L-algebra is

® = A* whose a structure is defined as a = [e, cons]: 1+ Ax A* — A* where € represents
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the empty word and cons takes a pair (u € A,w € A*) into the concatenated word
uw € A*. In this setting, if we want to identify states in a coalgebra, we need to check
which of them make the same formulas true and a test is true if, starting from a given
state, there exists a unique sequence of transitions that ends up in an accepting state
of the coalgebra, after reading the test itself. That is, the truth of tests stands for the

word acceptance.
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Chapter 3
Learning via Logic

Our primary goal is to rephrase and generalise the well-known Angluin L* learning
algorithm introduced in the Chapter 2 using those notions from coalgebras and modal
logics we presented there. In this chapter, we explore the connections between coalge-
bras and learning to understand in a more comprehensive way the process of making
observations and of using them to learn how a system works.

The main contribution of this chapter is the definition of L, an algorithm that
generalizes the L* algorithm, to learn regular B-coalgebras over any finitary set functor
B [Jac16]. This generalization allows us to learn all automata that can be expressed as
B-coalgebras representing a class wider than just DFAs such as Mealy /Moore machines
and bisimulation quotients of probabilistic transition systems. Specifically, we show
that by using logical queries (the logical counterpart of the membership queries) and
conjectures, we can learn regular pointed B-coalgebras.

The results presented in this chapter are manifold. The first one is defining an
algorithm that in terms of coalgebras and modal logics is able to learn a language in
the form of a minimal DFA. We use the same notation of the L* algorithm employing
an observation table and the two sets S and E containing states and observations
(or tests) respectively. The interpretation of tests as modal formulas (as we will see)
shows an expected connection with modal logic. On the other hand, a critical output
is observing that the closed and consistent tables can be best captured by the modal

logic concept of filtration. Moreover, this algorithm allows, in principle, the learning of
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regular coalgebras for an arbitrary finitary set functor B, i.e., for those functor we are
always able to find an expressive language [Sch05].

This chapter is mainly based on our work presented in the paper [BK18] and it
is structured as follows: we provide a high-level overview of the L algorithm, high-
lighting both how it works and the fundamental differences from the classical Angluin
L* algorithm (cf. Section 3.1). Then, we introduce some assumptions and those pre-
liminary notions that have not been covered during the previous chapter, but that are
important to understand this specific algorithm (cf. Section 3.2). Finally, we present
the complete L algorithm. Here, we introduce the formal definitions of filtration and
logical tables, provide a detailed description of the algorithm, and offer a comprehen-
sive proof of termination and correctness. We also include concrete examples to clarify

the construction and the execution of the L algorithm (cf. Section 3.3).

3.1 The L algorithm at a glance

The classical L* algorithm aims to learn a minimal DFA representing an initially un-
known regular language L where L C A*. In our coalgebraic setting, we think of L as
being represented by an infinite pointed coalgebra (A*,~, ) where y: A* — 2x (A*)4 is
given by y(u) = (o(u), t(u)(a)) for any u € A* with o(u) = 1iffu € L and t(u)(a) = u-a
for all u € A* and @ € A and )\ is the empty word. The automaton represented as
(A*,~v,\) is, by definition, always infinite with each state corresponding to a single
word and in this setting, the assumption that L is regular is equivalent to the state-
ment that the pointed coalgebra (A*,~,x) is behavioural equivalent to some finite,
minimal, well-pointed B-coalgebra (Y,6,%) where BX = 2 x X4 [Ad4+13] and this
last one is what we are trying to learn. Moreover, the L algorithm aims to generalise
this goal. It learns a finite, well-pointed B-coalgebra (Y, d,y) that is behaviourally
equivalent to a possible infinite pointed B-coalgebra (X, -, z) that is regular where B
is an arbitrary finitary set functor and (X,~,z) is our target system whose behaviour
we want to learn. Therefore, we won’t only learn DFAs, but also those systems that
can be represented by these types of coalgebras such as Mealy Machine represented

by B = (_ x O)! [HR10] where I and O are finite sets that constitute the input and
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output alphabet of the Mealy machine, respectively and discrete Markov chain repre-
sented as PAt x D, _-coalgebras where At is a set of propositional variables and D,, is
the probability distribution functor [Sok11].

As in L*, also in our setting, we assume an oracle called a Teacher and this Teacher

can answer different types of queries:

e Logical queries: given a formula ¢ € F(A) of the logic defined for the specific
B-coalgebra, the Teacher returns yes, if that formula is true at the distinguished

state x € X (these are the counterpart of the membership queries in L*).

o (onjecture: given a well-pointed B-coalgebra, that is behavioural equivalent to
the original one, the Teacher returns yes, if the conjecture is correct. Otherwise,
they return a counterexample in the form of a formula ¢ € F(A) that distinguishes
the point of the conjectured coalgebra from the point = of the coalgebra we are

trying to learn (same as in L*).

e Successor queries: these queries are used to determine which are the successors of
a specific state after performing one step in the transition structure. We require
them to obtain the successors of a specific state and then to decide whether the

Observation Table satisfies the closed condition.

3.2 Preliminaries

Even though Chapter 2 introduced general coalgebraic and modal logical notions that
will be used throughout the thesis, the L algorithm requires specific assumptions on
the functor and additional concepts related to the transition structure. In what follows,

we introduce these necessary ideas.

Remark 22. 1. Throughout this chapter, we work with an arbitrary finitary set func-
tor B: Set — Set and we will assume that B preserves finite intersections. More-
over, for any sets X,Y with X CY the inclusion map txy: X — Y is mapped to
the inclusion tpx gy : BX — BY and in particular, we have BX C BY. Under

this assumption, the finitariness of the functor B means that for all sets X and
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all elements b € BX, there is a finite subset X’ C X such that b € BX' [AT90;
Ada+13]. Also, we write X’ C,, X if X’ is a finite subset of X.

2. Another functor that will play an important role in this chapter is the contravari-

ant power set functor (cf. page 29).

3. For a given set X, we denote by #X the cardinality of X.

3.2.1 Notion of successor state in coalgebras

Coalgebras do not come naturally equipped with a notion of successor state, i.e., a
state that can be reached after performing one step in the transition structure. This
notion is important when we deal with concrete constructions of transition systems. It

is possible to formalise it via the notion of base, though.

Definition 23 (Base). Given a finitary set functor B: Set — Set and an element
b e BX, we define
Base¥ (b) := {Y Cu, X | b€ BY}.

Whenever B and X are clear from the context we will drop the superscript and subscript,

respectively, and simply write Base(b).

The base identifies the smallest possible set of successor states of a specific state x.
The following fact states that the base is the minimal set containing the successors and

if we apply the functor B to it, the minimality is preserved.

Fact 24. Let B be a finitary set functor, let X be a set and let b € BX. Then
b € BBase% (b) and for any proper subset X' C Base& (b), we have b ¢ BX'.

The notion of base can be used to associate a graph with any B-coalgebra. This
graph can be used to give a concrete representation of reachability [Add+13]. In the
following definition, we use the finite powerset functor P, : Set — Set that maps any
set X to the collection of its finite subsets, i.e., P,(X) = {S C X | S is finite} and for
any function f: X — Y, the functor takes the direct image, mapping each finite subset

S € P,(X) to its forward image under f, i.e., P,(f)(S) = {f(s) | s € S}.

39



Chapter 3. Learning via Logic

Definition 25 (Canonical graph). Let (X,~) be a B-coalgebra. The canonical graph
(X,can, : X — P,X) is defined by putting can,(x) := Base¥ (v(x)) for all v € X

Note that we can confine ourselves to finitely branching canonical graphs as we are

considering only finitary set functors.

Ezample 26. 1. B = A x Id where A is a set and Id is the identity functor. In this

case Base%((a,z)) = {2} for (a,7) € A x X.

2. B = 2 x 1d”* where A is a finite set (the alphabet). Then Base% ((, f)) = {fa |
a € A} for (i, f) € BX.

3. Let B = D, where D,X denotes the collection of discrete probability distribu-
tions over X with finite support, i.e. , D, X = {p : X — [0,1] | pexp(z) =
1,supp(p) finite.} and for a function f : X — Y and p : X — [0,1] we have
(Do f) () (y) = Zp(a)=yst(x), where supp(p) = {x € X | u(x) # 0} denotes the
support of u. In this case Base)’%” (1) = supp(u). Note that while D, does not
satisfy our condition that X C Y implies D,X C D,Y, an isomorphic modifi-
cation of D, does, e.g. , the functor D/, that maps a set X to the set of partial
funtions p : X — (0, 1] with supp(u) finite and ) 5 pu(z) = 1. We stick with
the functor D,, as it is commonly used and as this technical subtlety is irrelevant

for this specific example.

3.2.2 Minimal representation

As said, the L algorithm learns a minimal finite representation of the behaviour of
a given pointed coalgebra. In this setting, minimality means that the learned pointed
coalgebra should not have any proper subcoalgebras or proper quotients. These defini-

tions are as follows:

Definition 27. Let (X,v,x) be a pointed B-coalgebra. We say (Y,6,y) is a quotient
of (X,v,x) if there is a surjective morphism q: (X,v,x) — (Y,0,y). We say (Y,4,y)
is a subobject of (X,~,z) if there is an injection m: (Y,6,y) — (X,v,z). A quotient
or subobject (Y,d,y) of (X,~,z) is said to be proper if (Y,d,y) is not isomorphic to
(X,7,x).
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The following notion from [Adé+13] captures the minimality of a pointed coalgebra.

Definition 28. A pointed B-coalgebra (X,v,x) is called well-pointed if it is simple

and reachable, i.e., if it does not have proper quotients and proper subcoalgebras.

Ezample 29. 1. For B = 2 x ()4, the finite well-pointed B-coalgebras are DFAs
where each state is reachable from the initial state and where no two states

represent the same (regular) language.

2. For B = P,, (where P,X = {X'|X’ C, X}), the well-pointed B-coalgebras are
finitely branching Kripke frames with a designated state such that each state
is reachable from the designated state and such that no two distinct states are

bisimilar.

3.2.3 Logical quotient

We introduce the logical quotient because it allows to identify states in the initial
infinite coalgebra that share the same observable behaviour. Since the behaviour of
each state is characterized by logical formulas, the quotient precisely collapses states
that satisfy the exact same set of formulas. When this logical quotient is maximal, it
yields the desired minimal and finite well-pointed B-coalgebra. This state identification
procedure is the coalgebraic and logical counterpart to the mechanism of the Angluin
L* algorithm, where maintaining a closed and consistent table introduces the minimal
number of states required to define the DFA representing the language we want to
learn.

More formally, given an expressive modal language F(A) for B (cf. Subsection
2.3.1), we can compute the maximal quotient of a coalgebra by identifying states that
satisfy the same modal formulas in F(A). Recalling Definition 17 in Subsection 2.3.1,
we use the notation |z|y, to denote the equivalence class of x € X together with all
those other states that satisfy the same logical formulas in ¥ C F(A). The set of all
equivalent classes forms the state space of the quotient and it is denoted as | X |y, when
Y is clear from the context, we omit it. Also, we view the operation of identifying

equivalent states as a function ||y : X — |X|g. We can apply the functor B to this
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function as usual. The following fact confirms that this construction is a valid and

maximal coalgebraic quotient.

Fact 30. Let (X,v) be a B-coalgebra and let F(A) be an expressive language, let
|X| = {|z|] | * € X} and define the logical quotient yra): [X| — B|X]| by putting
Yrm) (1z]) = (B]])(v(z)). Then the logical quotient (s is well-defined and | |: X —

| X | given by x — || is a B-coalgebra map that computes the mazimal quotient of (X, 7).

The proof of well-definedness can be found in e.g., [KL09]. The maximality of
the quotient is an immediate consequence of the fact that truth of modal formulas
is preserved by coalgebra morphisms. The method also allows us to obtain the well-

pointed coalgebra that is equivalent to a given pointed B-coalgebra.

Lemma 31. Let (X,~,z) be a pointed B-coalgebra and let (Y,0,x) be its smallest
pointed subcoalgebra. The logical quotient (|Y'|,67(a),|z|) is well-pointed.

Proof. First note that the smallest pointed subcoalgebra (Y, 6, z) exists as B preserves
finite intersections [Rut00, Proposition 6.5] and [Adéd+13, Remark 2.7]. It is reachable
by definition. Therefore also its quotient will be reachable because (i) it is easy to
see that the canonical graph of the quotient is a quotient of the canonical graph of
(Y,0,x) and (ii) by [Add+13, Lemma 3.16] reachability of its canonical graph implies
reachability of a pointed B-coalgebra. Furthermore the logical quotient of (Y, 4, x) is
simple as any two distinct states can be distinguished by a formula in F(A) and can
thus not be behaviourally equivalent. This implies that (|Y'], 6x(x), |2|) is well-pointed
(cf. Definition 28). O

3.3 The L* algorithm

In what follows, we first describe the configurations of the algorithm. Then, we provide
the algorithm parametric in a finitary set functor B together with a couple of concrete

examples and lastly, we prove termination and correctness for it.
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3.3.1 Filtrations and logical tables

Following Angluin’s original terminology, we will refer to configurations of our algorithm
as logical tables or simply as tables. Before giving an intuition of how our idea of table
is related to the one of Angluin and why this is achieved via the notion of filtration,

we need to introduce some terminology concerning sets of formulas from F(A).

Definition 32 (Subformula-closedness). A set ¥ C F(A) is closed under taking sub-

formulas or subformula-closed if we have
o 1 Ao € X implies p; € ¥ fori e {1,2}
e —p € implies p € X, and
o for all © € A we have Q(p1,...,pn) € X implies p; € X for all i € {1,...,n}.

Sets that are closed under taking subformulas are used in modal logic to compute
filtrations of Kripke models and to prove a truth lemma for such filtrations, where
filtration is a method that produces finite models by taking a large, possibly infinite
model and identifying as many states as possible and the truth lemma ensures that the
truth value of any formula ¢ € ¥ is preserved when moving from the original structure
to the filtered structure [BRVO01, Theorem 2.39]. It turns out that a similar idea is at
work in the L* algorithm, although the relevant construction is a modification of the
standard filtration.

We require a subformula-closed set of formulas because this condition intuitively
replicates the role of suffix-closedness in the classical L* algorithm. In L*, the set of
tests E is suffix-closed (i.e., if uv € E, then v € E), which ensures that the immediate
precursor of any observable test is also an observable test. Analogously, in our setting,
the formulas used as tests must be structured such that if a formula (a)¢ is in our
observation set, the relevant one-step predecessor formulas (such as ¢) are also included,
which is essential for ensuring the table can achieve the closed condition.

We now give a coalgebraic account of the filtrations that play a role in our algorithm.

Definition 33 (Filtration). Let (X,~) be a B-coalgebra, let ¥ C F(A) be a subformula-

closed set of formulas and let S C X be a selection of points in X such that
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1. for all x1,22 € S we have x1 x5, T2

2. for all z € S and all 2’ € Base(vy(x)) we have |2'|s, € |S|n

where |S|s = {|z|s | z € S}. The (S, X)-filtration of (X,v) has as carrier the set |S|x

and as coalgebra structure vs s, we define the following map:

s x(zls) = (Bl-s)(v()).

Please note that usually we require ¥ to be finite but that is not necessary for

defining a filtration.

Lemma 34. Under the conditions on (S,X) from the previous definition, the (S,X)-
filtration of a B-coalgebra (X,7y) is well-defined.

Proof. This follows as x =y, 2’ implies x = 2’ and thus y(x) = y(2’) for all z, 2’ € S by
condition 1 and as (B|_|x)(7y(x)) € B|S|y as S satisfies condition 2. O

Definition 33 is reminiscent of the definition of a logical quotient in Fact 30. The
differences are that we select only one representant for each =y-equivalence class and
that a (S, X)-filtration of a coalgebra is in general not a quotient. Instead a weaker
property holds: restricted to elements in S, the map |_|y, preserves truth of formulas in

3.

Lemma 35. Let (X,v) be a B-coalgebra, let ¥ C F(A) be a subformula-closed set of
formulas and let (|S|s,vsx) be the (S, X)-filtration of (X,~) for some suitable S C X.
Then for all x € S and all p € ¥ we have

(X,7,7) F o iff ([S]zsvs,:s |z]2) @

In particular, (|S|x,vs,x) ts simple.

Proof. We prove the statement by induction on the structure of the formula . In case
@ = T is obvious. Similarly, the Boolean cases ¢ = 11 A 2 and ¢ = =) follow easily
from the induction hypothesis since we are are working with subformula-closed set of

formulas. Suppose now that ¢ = Q(¢y,...,¥y,).
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We have z = O(¢1, ..., ¥n) f v(2) € [O]x([1] (x5 - - -5 [¥nl(x ) iff
z € Py([Qx([¥1l(x)-- -+ [¥nl(x))). The last statement is by LH. on the v;’s

equivalent to

o(x) € Py ([90x (P (1l gstss)s -+ Pl (st )

which is by naturality of [©] equivalent to

2 € (Pyo PB 1) ([Olisio([11simmsmy - [Bnl(sisass))

which is equivalent to BL‘E(’Y(ZL’)) S [[@]]|S|E(H¢1H(|S|E,’YS,E))’ RN [[’lﬁn]](|5|277572)) which
finally is equivalent to |z|s = Q(¢1,...,1y,) as required. O

Given our observations on filtrations we are now ready to introduce the tables that

will form the configurations of our algorithm.

Definition 36 (Logical table). A (logical) table is a pair (S,3) where S C X and
X C F(A) is a set of formulas that is closed under taking subformulas. A table (S, )
is closed if for all x € S we have | C |Base(y(2))|S|s. Finally we call (S,%) sharp if for

all x1,x9 € S we have x1 # xo implies v1 Zx, To.

Remark 37. Readers familiar with the L* algorithm will recognise the closedness con-
dition. In fact, the closedness condition in L* ensures that the current set of states S is
sufficient to explain all one-step transitions of the DFA (the table is closed if every pos-
sible successor row, generated by taking a one-step transition from a a representative
state in S, matches a row already present in S). Analogously, in the coalgebraic setting,
the condition states that the set of immediate successor states of any = € S, which is
derived by the computation of the Base(y(x)), must belong to the equivalence classes
already defined by S based on the set of formula ¥. If this inclusion holds, it means
that the behaviour of every potential successor is already captured by one of the states
in S, guaranteeing that the current conjecture contains the necessary states to model

the system transitions. The condition that a table is sharp implies the consistency
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requirement in Angluin’s work. Sharpness will be maintained by adding counterexam-
ples to the tests and not to the states using the same approach detailed at page 18 of
Chapter 2 [MP95].

3.3.2 Description of the algorithm

Let (X,v,x) be a pointed coalgebra that is behaviourally equivalent to a finite well-
pointed coalgebra and let F(A) be an expressive language. We now describe the pro-
cedure that allows to learn the well-pointed coalgebra by asking queries to a Teacher
that knows (X, ~,z). Our algorithm will compute a closed and sharp table (S, %) such
that € S and such that the pointed B-coalgebra (|S|x,vsy, |z]s) that is based on
the (S, X)-filtration of (X, x) is the finite quotient of a subcoalgebra of (X, ~, x) that

contains x. The algorithm, depicted in Algorithm 2, makes the following steps:

1. The start table is ({z},{T}) where the first component ensures that the distin-
guished point of (X,~,z) is represented and the second component equals {T}
to keep the formulation uniform as T € F(A) independently of the choice of

language.

2. At configuration (S, X)), check whether (S, X) is closed. If so, it yields the conjec-

ture as described in item 4. If not, it proceeds as described in item 3.

3. Given a configuration (S,X) that is not closed, pick an element ' € S such
that Base(vy(z')) € |S|s. For all 2” € Base(y(z)) check whether |2”|s € |S|x,
i.e., whether the equivalence class of z” is already represented by some other
element of S. If not, then add z” to S. Otherwise check the next element
of Base(y(z')). Note that we are adding elements of Base(y(z')) one-by-one to
maintain sharpness of the table and that to keep track of the successor states and
exclude those already checked, we introduce in the concrete algorithm a working

set U = Base(vy(2')).

4. Given the closed configuration (S,X), present the (S5, X)-filtration vgy to the

Teacher. If the Teacher accepts, the algorithm terminates. If the Teacher rejects
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it, they have to provide a counterexample, i.e., a formula ¢ € F(A) such that
x = ¢ and |z|x [~ ¢ or vice versa. In this case we update ¥ with ¥ U Sub(y) and

the algorithm continues as described in the item 2.

Algorithm 2 The L algorithm

Input: Teacher (X,~,z), expressive language F(A)
Output: Pointed B-coalgebra (|S|s,vsx, |z]x)

1: > Initialization
2: Initialize table (S,X) with S = {z} and ¥ = {T}
3: > Main
4: while true do

5: if (S5,%) is closed then

6: Conjecture: vg 5 : |S|s — B|S|s

7 els e (Bls)(v()

8: if Conjecture is false then

9: Provide ¢ € F(A) s.t. 2 F p and |z| ¥ ¢
10: Y+ X USub(p)
11: else
12: return ysx: |S|y — B|S|s
13: end if

14: else
15: Pick 2’ € S s.t. Base(vy(2')) € |S|»

16: U <« Base(y(z'))
17: while U # () do

18: Take 2’ € U
19: if |2”| € |S|y, then
20: U« U\{2"}
21: else
22: S Su{z"}
23: U« U\{z"}
24: end if
25: end while

26: end if
27: end while

3.3.3 The L algorithm with two examples

We illustrate the L algorithm via two examples: one example is on learning Mealy
machines and here, there is a difference with the standard Angluin algorithm adapted

for Mealy machines [Aar+14; SG09] where the entries of the table are the output values
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that the Mealy automata produce. In our setting, the entries are always the values 0
or 1 according to the truth values of the formulas. The output values are given by
the coalgebraic map . The other example is to the best of our knowledge new, an
Angluin learning algorithm for discrete Markov chains. While learning probabilistic
automata is an active area [BCG13; Mao+11; Tze92], existing work on the matter
focuses on constructing minimal automata for a probabilistic language rather than, as

our algorithm does, on bisimulation quotients of transition systems.

Ezample 38 (Mealy Machines). Here, we show how the L algorithm learns functions
L: IT™ — O, ie., maps from finite sequences over I to elements of O where I and
O are finite sets that constitute the input and output alphabet, respectively. The
regularity assumption on L is that L can be represented by a finite Mealy machine.
The latter are a generalization of deterministic automata where each transition has an
associated input and output letter. Such Mealy machines correspond to coalgebras for
the Mealy functor B = (_ x O)! [HR10]. Learning L is equivalent to learning a finite
representation of the coalgebra I* RN (I* x O)! with designated point A € I*, where
y(w)(a) = (wa, L(wa)). The expressive language for the Mealy functor B = (_ x O)!
is defined as:

FA)2ou=TIpiji€l,0€0|][ip,icl

Given a B-coalgebra (X,7v), a state x € X and i € I, 0o € O, we put z |= p;, if
m2(y(x)(7)) = o. Intuitively, p;/, is true in x if the output of the coalgebra at x on
input 7 is equal to o. Furthermore we put x = [i]g if m1(v(2)(i)) E ¢.

As a concrete example, we want to learn L represented by the Mealy machine in
the following diagram, where the input alphabet is I = {a,b} and the output alphabet
is O = {z,y}:

According to the Algorithm 2, the first thing to do is checking if the starting table
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T Pa/y [a]pa/y

A 1 0 1

T Dajy  la]payy a 1 1 1

A 1 0 1 N b 1 0 0
Y@ [T 11 Y@@ 1 1 1
yMB) |10 0 Y(a)(b) | 10 0
v(b)(a) | 10 1

b)) |10 1

Figure 3.1: From a not closed table to a closed one.

T = ({A\},{T}) is closed. The table is trivially closed, as T is always true and the first

conjecture of the algorithm is as follows:

A)@D a,b/x

Since the conjecture is incorrect, the teacher returns a counterexample, e.g., the
formula [a]p,/,. We update the set ¥ of formulas with it together with all its subfor-
mulas.

The table is now 7 = ({A},{T, pa/y; [a]pasy}) and it is not closed because if we pick
up the only element we have in .S, its base is not included in the set of equivalent classes
generated by the elements in S. Therefore, we add another state to the set of states
according to the else part of the if-statement 5. We pick a state 2’ € | S|y such that its
successors’ equivalence classes are not represented in S, in symbols: |Base(vy(2'))|s €
|S|s. In our particular case, we can pick only A; the two successors of A are (a,z) and
(b, z) and we have Base(y(\)) = {a,b}. We take one element of this set, say a, the
equivalence class of a is not equal to |A|y, therefore we add a to S and we remove it
from Base(v()A)). We do the same for b. Because |b|x, ¢ [{\, a}|s, b is also added to S.

This procedure can be seen as the standard table filling process in the L*-algorithm:
in the lower part of the table, we identify those states that do not have a corresponding
representative in the set of states S and we add them in the upper part of the table;
in our case both a and b have to be added. The entries of the table are 1 and 0,
according to the truth values which the formula assumes in a particular state. We can

schematically see this process in Figure 3.1.
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Having added a and b to S, we have a new table: T = ({\,a,b},{T, pa/y, [a]Pasy});

that is closed. Now, we can make our conjecture:

a/y

The conjecture is incorrect and we receive a counterexample, e.g., [a][b][b][a]pq/q-
The resulting table is not closed, as |Base(v(a))|s Z |S|s. Indeed, the successor of
a, aa, should satisfy [a][b][b][a]p,/, Whereas the formula is false in a. We only pick
the element aa from Base(y(a)) = {aa, ab} as the equivalence class of ab is already
represented. The new table is: T = ({\, a,b, aa}, X).

Closing the table with aa, we go to else 8 and we compute our conjecture. Figure 3.2

represents this step.

T Pasy [a]pa/y Pajx [a]pa/x [b] [a]pa/m [b] [b] [a]pa/x [a] [b] [b] [a]pa/x
A 1 0 1 1 0 1 0 1
a 1 1 1 0 0 1 1 1
b 1 0 0 1 1 0 1 0
v(a)(a) |1 1 1 0 0 1 1 1
v(@)(®) |1 0 0 1 1 1 0 1
~(b)(a) 1 0 1 1 0 1 0 1
y®)(®) [ 1 0 1 1 0 1 0 1

¢

T Pasy [a]pa/y Pajx [a]pa/z [b] [a]pa/z [b] [b] [a]pa/x [a] [b] [b] [a]pa/x
A 1 0 1 1 0 1 0 1
a 1 1 1 0 0 1 1 1
b 1 0 0 1 1 0 1 0
aa 1 1 1 0 0 1 1 1
v(a)(b) |1 0 0 1 1 1 0 1
v(b)(@) | 1 0 1 1 0 1 0 1
BB |10 1 1 0 1 0 1
~v(aa)(a) | 1 1 1 0 0 1 1 1
yaa)®) | 11 1 0 0 1 1 1

Figure 3.2: Changing of the table according to the Base-step of the algorithm.
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No counterexamples are given back, therefore the conjecture is the right one and we

have the same automaton Aut(7) describing the Mealy machine we wanted to learn.

Ezample 39 (Discrete Markov Chain). In this example we show that our algorithm can
learn bisimulation quotients of (discrete) probabilistic transition systems. We confine
ourselves to a finite example and we model probabilistic transition systems as PAtxD,, -
coalgebras where At is a set of propositional variables. In our example we will assume
At = {p} for a single proposition p. Note, however, that the input model of our
learning algorithm could be infinite and that our coalgebraic framework is general
enough to cover a large variety of probabilistic systems [Sok11]. An expressive language

for B = PAt x D,,_ is given by
FA)3pu=TI|ppeAt| o1 Ny | Lgp,q €[0,1],

where for a coalgebra (X,v) we have z = p if p € m(y(x)) and x = Ly if

> wep m2(7(2))(2) = ¢, in words, if the probability of reaching a successor of z that
makes ¢ true is at least q. Consider now the following pointed PAt x D, _-coalgebra
based on X = {xg,x1,...,2z¢} with initial state z¢ and transition map ~, where tran-
sitions are labelled with their likelihoods and proposition p holds exclusively at state

T5:

The algorithm tries to learn a minimal pointed coalgebra that is behaviourally equiv-
alent to (X,v,zp). As always the algorithm starts with table ({xo},{T}). This table

is trivially closed and our first conjecture will be a state at which p does not hold
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and with a loop of probability 1. The teacher has to reject the conjecture and pro-
vides a counter example, e.g. the formula ¢ = LooLip as xo | ¢ and |xo| £ .
This leads to the new table ({zo},%1) with ¥y = {Lo2L1p, L1p,p, T}). We have
Base(y(xg)) = {x2,x3, 74,26} and it is easy to see that |{ze, x3,24,z6}|5, € [{z0}|5;-
Therefore the table is not closed. It can easily be checked that xo =5, x3 and z4 =y, ¢
and closing the table leads to ({xo, z2, x4}, ¥1). We have Base({vy(z2)}) = {z0, x5} and
obviously |zs5|x, & [{x0, %2, z4}|x, as 5 is the only state satisfying proposition p. Clos-
ing the table we arrive at ({xo,z2,24,25},%X1) and this table is closed as readers can

easily convince themselves. The table leads to the correct conjecture:

3.3.4 Termination and correctness

In this section we are going to prove termination and correctness of our L algorithm.
We first state the theorem and sketch its proof. After that we will provide the proofs

for the necessary technical lemmas.

Theorem 40. Let (X,~,z) be a pointed B-coalgebra and suppose it is behaviourally
equivalent to a finite well-pointed B-coalgebra (Y,6,y). Let F(A) be an expressive lan-
guage for B-coalgebras. The L algorithm with teacher (X,v,x) and test language
F(A) terminates and correctly returns the finite, well-pointed B-coalgebra (Y,0,y) that

is behaviourally equivalent to (X,~,x) .

Proof. The proof of this theorem can be split into the three step below. We provide

for each of them specific Lemma that all together establish the final proof.

e The algorithm builds tables (.S, ¥) where S is a subset of the carrier of the smallest
pointed subcoalgebra (X', +/, ) of (X,~,z) that contains x. The existence of the

finite well-pointed coalgebra (Y, d,y) implies that Y is the maximal quotient of
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X'. Therefore the size of S is bound by the number of elements of ¥ (Lemma 41

and Lemma 42).

e Whenever a table is not closed, the algorithm will be able to close it. Whenever

the algorithm turns a table into a closed one, the size of S strictly increases

(Lemma 43).

e Whenever the teacher provides a counterexample the resulting table will not be

closed (Lemma 44).

Collectively these claims show that the teacher eventually will accept the conjecture
that the algorithm produces. Correctness of the algorithm then follows: Let (.5, 3) be a
closed & sharp table. By Lemma 35, we have that the (S, X)-filtration (|S|s,vs,x, |z|s)

of (X,~,z) is simple. To see that it is reachable consider the following diagram

B
Baseg

BS PS

Bls | [P

B‘S’EB@P‘S’E
where ||y is the mapping to equivalence classes restricted to S C X. Clearly | |5
is mono (due to sharpness of (S,%)) and thus we know from [Ad4d+13, Rem. 2.49]
that the square commutes (and even forms a pullback). Whenever the algorithm
adds a state 2’ to S we know that 2/ € Base(y(z”)) for some z” € S that has
been already added at an earlier stage. Commutation of the diagram implies that
|2'|s. € Base(B|-|n(v(2"))) = Base(ysx(|z"|s)) where the equality is a consequence of
the definition of the filtration. A routine induction argument together with [Ada+13,
Lemma 3.16] reducing reachability of the coalgebra to reachability of its canonical
graph can now be used to show that the (5, X)-filtration is reachable and hence well-
pointed. If, in addition, the teacher accepts the (S, X)-filtration of (X,~,z) we have
that (X,v,2) = ¢ iff (|S]s, 755, |z]x) = ¢ for all formulas ¢ € F(A). By expressivity
of F(A) this means (X,~,z) is behaviourally equivalent to (|S|s,vsy, |z|s), i.e. we

have learned the correct well-pointed coalgebra. O

53



Chapter 3. Learning via Logic

Now, we prove the claims from the proof of Theorem 40. In the following let
(X,7v,z) be a pointed B-coalgebra that is behaviourally equivalent to a finite well-
pointed coalgebra (Y,d,y). We start by proving that states occurring in tables are

always taken from the reachable part of (X,~,x).

Lemma 41. Let (S,X) be a table that is obtained in a run of the L algorithm with
teacher (X,~,x). Then S is contained in the subcoalgebra of (X,~y) that is generated
by x.

Proof. Let (X',~;xs,x) be the smallest pointed subcoalgebra of (X,~,xz). Clearly we
have Base(vy(z')) € X' for all 2/ € X as the coalgebra map ~ restricts to a map
X' — BX’'. Now we can easily prove the claim on the number n of steps the L
algorithm was closing a table to reach the table (S,X). For n = 0 we have S = {z} and
obviously z € X’. For n = m + 1 there is a table (S’, %) such that S is obtained from
S by closing the table (S’,%). By I.LH. we know that S” C X’ and by the definition of
the algorithm we have S C S U, g Base(y(2")). But as we saw at the beginning of

our proof the latter is a subset of X’ which shows that S C X’ as required. O

Consequently, we obtain an upper bound for the number of elements of S for each

table S.

Lemma 42. Let (S, %) be a table computed by the L algorithm with teacher (X,~,x).
Then #S < #Y.

Proof. By Lemma 31, we know that (Y,d,y) is the quotient of the smallest pointed
subcoalgebra (X’,7/,z) of (X,v,x) and by the previous lemma we have S C X’. The
quotient map from (X’,~') to (Y,0) is a coalgebra morphism and preserves the truth
of modal formulas. Therefore, for any element of 2/ € S C X’ there exists a y € Y
such that 2’ = y, in other words there is a function f: S — Y such that z = f(z). We
also know that (5,%) is sharp which means that 21 = y and zo = y implies 1 = z».
Therefore the function f: S — Y has to be injective which shows that #S5 < #Y as

required. O
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This finishes the argument for why there is a finite upper bound on the number of
states stored in a table. Let us now turn to what happens in case the current table is

not closed.

Lemma 43. Let (S,X) be a table computed by the L algorithm with teacher (X,~, ).
If (S,X) is not closed then L*° computes a closed table (S',%) such that #S < #5’.

Proof. Suppose (S,X) is a table that is not closed. While (S,X) is not closed, the
L algorithm extends the collection of states S by elements of X as described in the
previous section. By Lemma 42 this can only happen finitely often which implies that

after finitely many additions to S the table will be closed as required. 0

Finally we need to investigate what happens in case the teacher is providing a

counterexample.

Lemma 44. Let (S,X) be a closed and sharp table computed by the L*° algorithm with
teacher (X,~,x). If the teacher provides a counterexample @, then (S,Y') is not closed
where X' is the smallest set of formulas that contains XU {p} and that is closed under

subformulas.

Proof. Suppose that (S,%') is closed (and hence, according to our setting, the table
will obviously be sharp because this condition is automatically preserved). For every
set Z C X let fz: |Z|s — |Z|x given by fz(|2'|sy) := |2/|x for all 2/ € Z. Note this
is well-defined as ¥’ D ¥ and thus z7 =y x9 implies x1 =5, 9. We now claim that fg
is a pointed B-coalgebra morphism from the (S, X)-filtration of (X,~,z) to its (S,X)
filtration. To check this we first note that fx o|_|sy = |.|n. Let 2’ € S be arbitrary.

We calculate:

vs:x(fs(']) = r5:0(l2']x) = (Bl12) (1) = B(fx o He) (1))
- Bfx (Bl (=)
O B (Bl s (v(2'))

which shows that fg is indeed a pointed B-coalgebra morphism between the filtrations.
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This is, however, a contradiction to ¥’ containing a counterexample, i.e. a formula

¢ € F(A) such that without loss of generality |z|y = ¢ and |z|s [~ ¢. O

This finishes the proofs of the claims that are necessary to prove Theorem 40. In
summary, we have proved termination and correctness of our algorithm. Remarkably,
if we measure the complexity of the algorithm in the number of logical and equivalence
queries, our algorithm meets similar bounds as Angluin’s L* algorithm. The main
difference is that the run-time of our algorithm also depends on the maximal number
of successors a state of the original coalgebra has. In the case of finite automata the
branching is bounded by a constant, namely the size of the input alphabet. We need

the following definitions for our complexity considerations:
e The size of a formula is the number of its distinct subformulas.

e A B-coalgebra (X,~) is k-branching, if there exists some k € w such that for all
x € X we have #Base(y(x)) < k.

Proposition 45. Let (X,v,x) be a k-branching pointed B-coalgebra, let n be the size of
the behavioural equivalent well-pointed B-coalgebra that the algorithm learns and let m
be the mazimal size of the counterexample provided by the Teacher. Then the algorithm

terminates after asking O(k - m -n?) logical queries and at most n equivalence queries.

Proof. Let (S,%) be a table occurring during the run of the algorithm. By Lemma 42
#S < n. Furthermore, the size of ¥ is bound by m - (n — 1) as each counterexample is
of size at most m and at most n — 1 counterexamples can be added to ¥ as the addition
of a counterexample always results in an increase of the size of S by Lemmas 44 and 43.
To check closedness of a table (S, %) we need to ask logical queries about the elements
of S and their successors. Therefore, we need at most (k+1)-n-m-(n—1) such queries
and we need to perform these queries at most (n — 1) times. This shows that we need

O(k - m - n?) logical queries. The upper bound on equivalence queries is obvious. [

Our complexity discussion demonstrates that the move from deterministic finite

automata to B-coalgebras does not essentially alter the number of queries.
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3.4 Conclusion

In this chapter, we introduced L, a generalisation of the Angluin L* algorithm that
allows us to learn regular B-coalgebras for an arbitrary finitary set functor B. A key
feature of this work was the shift from using words as tests to using modal formulas,
providing a logical interpretation for the process of state identification.

However, this framework remains confined to those systems whose observable be-
haviour is modelled using Boolean-valued modal logics. Also, it does not explicitly
use duality. This is one of the main motivations for what we will present in the next
chapter: the move to a fully generalized framework based on dual adjunctions. This
represents a significant improvement as it enables us to state the learning algorithm,
including its proofs of correctness and termination, in purely categorical terms.

Beyond the categorical framework, a future extension of the L algorithm should
approach the challenge of approximate learning and the consideration of many-valued
logics. These non-Boolean logics are essential for learning an additional variety of
systems, such as weighted automata or fuzzy transition systems, where observations
are real numbers or transitions are partially true or partially applicable rather than
simple truth values.

The concrete implementation of the L* algorithm has been presented in several
papers such as [Ber+05; RSB05] and additional future work related to the content of
this chapter would be to implement the L algorithm. We anticipate two interesting
challenges. On the one hand, to implement a teacher that provides good counterexam-
ples and on the other hand, to move from words checking to formula checking, that is,

implementing the logical generalisation we provided in this chapter.
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Chapter 4

Learning via Duality

In the previous chapter, we introduced the idea that the observation component of
the Angluin framework, i.e., the tests, could be characterised by modal formulas of a
specific logical language. This allowed us to obtain a generalisation of Angluin’s original
algorithm from DFAs to coalgebras for an arbitrary finitary set functor B in the sense
that given a (possibly infinite) pointed B-coalgebra that we assume to be regular (i.e.,
having an equivalent finite representation), we can learn its finite representation through
logical queries and making conjectures. That approach is confined to Boolean-valued
modal logics and does not explicitly use duality. Also, the definition of base is not given
in purely categorical terms.

This chapter introduces a significant generalization and improvement of the coal-
gebraic learning framework mainly using the key insight that dual adjunctions connect
coalgebras and tailor-made logical languages [KP11; Bor94; KR16]. This structural
connection allows us to move beyond the category of sets to a more general class of
categories and to redefine some core concepts such as the notion of base and subformula-
closedness, presenting them in purely categorical terms. Also, the result of this chapter
is still an algorithm parametric in the type of system B that can be applied to a broader
spectrum of state-based systems and together with the algorithm, we also provide a
proof of correctness and termination of it.

Within this new categorical framework, standard variants of Angluin’s algorithm

for learning Mealy machines [Aar+14; SG09] can fit more naturally than in what we
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presented in the previous chapter (cf. Subsection 3.3.3). There, formulas had to be
Boolean-valued, whereas, as we will see, this framework allows to use an intuitive
language where a formula is simply a input word w whose truth value at a state x is
the observed output after entering w at x. Later on, in the Example 46, we will provide
a concrete intuition of it and the technical details.

The core contribution of this chapter is twofold. On the one hand, we present
the results that have been published in our second paper [BKR19] which establishes, as
said, a generic duality-based learning algorithm parametric to the type of system under
consideration where there is a fundamental distinction between states of the learned
system and tests, modelled as logical formulas. In this context, we are able to learn not
only DFAs and Mealy Machines but also bisimilarity quotients of labelled transition
systems. On the other hand, we include additional content that extends this learn-
ing framework. The underlying idea is the use of a composite functor BT to learn a
representation of B-coalgebras in the form of equivalent BT -coalgebras, where B rep-
resents the transitions of the system and T represents the branching behavioural part.
Within this framework, we use forgetful logics, which are constructed by combining
an expressive modal logic for B with special logics for T' whose purpose is to resolve
branching [KR16]. Intuitively, these logics allow us to maintain a consistent syntax
across different system types; the forgetful aspect resides in the interpretation, where
the branching expressed by T is collapsed into observable values. The effect is that we
can use the same set of test formulas whether we are modelling B-coalgebras or their
branching BT counterparts. This shift expands the scope of our learning algorithm,
allowing it to handle more complex state-based systems such as non-deterministic fi-
nite automata (NFAs) and alternating automata by treating branching as an internal
behaviour to be resolved during observation.

The structure of this chapter is as follows: we introduce all those preliminary notions
that underpin the new learning algorithm (cf. Section 4.1). These concepts are in
common to both the duality paper [BKR19] and the BT enhanced version. Also, we
rephrase some ideas already presented in Chapter 3 but in categorical terms. Then,

we present the algorithm for learning via duality with its proof of termination (cf.
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Section 4.2). Then, we present the BT learning algorithm together with the idea of
forgetful logics highlighting the modifications to the proofs and definitions required to
handle this enhanced learning framework (cf. Section 4.3). Lastly, we present a couple
of practical examples to give the intuition of how both algorithms work and to show

how it is possible to learn specific structures (cf. Section 4.4).

4.1 Preliminaries

This section introduces the necessary formal notions that allow us to define a gen-
eral learning algorithm for B and BT'-coalgebras. Here, we introduce some categorical
notions (such as well-powered and complete categories, subobjects and intersection pre-
serving functors) and restate some learning concepts presented in the previous chapter
(such as subformula-closedness and the base) using a more specific categorical termi-
nology. Before these formal definitions, we first recall the idea of dual adjunctions: a
categorical framework (cf. Chapter 2, Subsection 2.3.2) which links the category of

systems to their associated logical structures:

P
P o
Q

The basic setting is given by two categories C, D connected by two functors P: C°? — D
and @): D°? — C such that P 4 @: C = D, Here, the objects in C can be thought
of as collections of states on which coalgebra structures are defined whereas D is the
logical universe for propositional logic on which we define a functor for modelling modal
operators. The functor P takes an object X € C to the collection PX of predicates over
X whereas the functor () maps a formula into the set of theories. The two endofunctors
B: C — Cand L: D — D describe the behaviour type of coalgebras and constructs
the syntax of the logic for those coalgebras, respectively. We use this framework as
foundation of our central idea: dual adjunction connects coalgebras and tailor-made
logical languages allowing us to determine a generic learning algorithm for coalgebras

that is parametric in the type of system under consideration. In this setting, we can
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distinguish between states of the learned system and tests, modelled as logical formulas.
Below, we provide two examples of this duality to concretely refresh what we presented

in Chapter 2.

Ezample 46. Let C = D = Set and consider the functors P =Q = O™, B = (O x —)4
and L = A x (14 —), where A and O are fixed sets, thought of as input and output
alphabet, respectively. Then B-coalgebras correspond to Mealy machines and the initial
L-algebra is given by the set A1 of finite non-empty words over A. For X € C, the
one-step semantics 0y : A x (1 +O0%) — OBX is defined by 6x(a,inl(*)) = A f.m1(f(a))
and dx(a,inr(g)) = Af.g(ma(f(a))). Concretely, formulas are words in AT, the (O-
valued) semantics of w € A1 at state z is the output o € O that is produced after
processing the input w from state z. Please note that in the previous chapter in the
example 38, the formulas describing Mealy machines are of the form of p;/, and such
formula is true at a state x whether the output at x after an input i is 0. With O-valued
formulas, we can test the behaviour of a Mealy machine more directly by testing what
a modal formula that corresponds to an input ¢ evaluates to. In the boolean case, we
have several formulas that represent the concept that on a specific input ¢ the system
returns o, then we can check whether the statement is true or false. Also, if the set O

would be infinite, the boolean approach would quickly become impossible.

Ezample 47. Let C = Set and D = BA, where the latter denotes the category of
Boolean algebras. Again P = ), is the contravariant powerset functor, but this
time QX is interpreted as a Boolean algebra. The functor () maps a Boolean algebra
to the collection of ultrafilters over it where an ultrafilter on a Boolean algebra is a
collection of subsets closed under finite intersections and containing either an element
or its complement, serving in the duality context as a complete theory, or a state of
affairs, that decides for every proposition whether it holds or not [BRV01]. Furthermore
B = (P—)? where P denotes covariant power set that takes an object X € C to the
set of all subsets of X and given a function f: X — Y, the map P(f): P(X) — P(Y)
maps a subset U C X to its image f(U) = {f(z)|lzr € U} CY and A a set of actions.
Coalgebras for this functor correspond to labelled transition systems, where a state has

a set of successors that depends on the action/input from A. The dual functor L: BA —
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BA is defined as LY := Fga({{a)y | a € A,y € Y})/= where Fga: Set — BA denotes
the free Boolean algebra functor and where, roughly speaking, = is the congruence
generated from the axioms (a) L = 1 and (a) (y1 V y2) = (a) (y1) V (a) (y2) for each
a € A. This is explained in more detail in [KP11]. The initial algebra for this functor
is the so called Lindenbaum-Tarski algebra [BRV01]| of modal formulas quotiented by

logical equivalence. The expressive language for it is defined as:

FA)spu=LloVo|-¢|{a)e

The definition of an appropriate § can be found in, e.g., [KP11]—the semantics [_]

of a formula then amounts to the standard one [BRVO1].

4.1.1 Subobjects and intersection-preserving functors

In our framework, the notion of subobject is important because it provides a way to
define the reachable and observable part of the system we aim to learn. Subobjects
allow us to identify the minimal structure required to support a specific transition or a
logical property, preventing the learner from working with unreachable states. As we
will see, the definition of subobject is strictly related to the notion of base. Together,
these two concepts serve as the primary ingredients for our algorithm. They ensure that
the learner consistently constructs a conjecture based on the minimal and reachable
part of the target coalgebra.

We denote by Sub(X) the collection of subobjects of an object X € C [Jacl6]. Let
< be the order on subobjects s: S — X,s': §' »— X given by s < s’ if and only if
there is m: S — S’ such that s = s’ om. The intersection )\ J — X of a family
J ={s;: S; = X}ics is defined as the greatest lower bound with respect to the order
<. In a complete category, it can be computed by (wide) pullback. We denote the
maps in the limiting cone by z;: A J — S;.

For a functor B: C — D, we say B preserves (wide) intersections if it preserves these
wide pullbacks, i.e., if (B(A J),{Bwi}ier) is the pullback of {Bs;: BS; — BX }ic;. By
[Ad4+13, Lemma 3.53] (building on [Trn71]), finitary functors on Set ‘almost’ preserve
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wide intersections: for every such functor B there is a functor B’ which preserves
wide intersections and agrees with B on all non-empty sets. Finally, if B preserves
intersections, then it preserves monos.

Moreover, we will assume that C is a complete and well-powered category. Intu-
itively, completeness is required to ensure that we can always compute the intersection
of subobjects. This is fundamental to our framework because our algorithm identifies
the reachable part of a system by finding the smallest subcoalgebra containing the
initial state. Completeness guarantees that such intersection exists and it is itself a
valid object. Furthermore, well-poweredness ensures that the collection of all possible
subobjects is still a set. As we will see, this allows the collection of subobjects to form
a complete lattice, and ultimately allows us to compute the least fixpoints required to
formalize the notion of reachability and ensures the algorithm can successfully termi-
nate. Our assumptions imply [Bor94, Proposition 4.4.3] that every morphism f in C
factors uniquely (up to isomorphism) as f = m o e with m a mono and e a strong epi
where an epimorphism e: X — Y is strong if for every commutative square where the
bottom arrow is a monomorphism, there exists a unique diagonal morphism d such that

the diagram below commutes.

>
T — ™
R
QN
\\

N — <

4.1.2 Subformula-closedness

As seen in the previous chapter, a central component of the L algorithm is the con-
struction of conjectures that are correct with respect to a specific set of formulas. In
this chapter, we review this idea through the dual adjunction framework, presenting
the notion of subformula-closedness in a more categorical manner. Specifically, the col-
lection of all tests is now formalised as the initial L-algebra (®,«: L® — &) providing
a formal way to define the increasing of the set of tests at each run of the algorithm.
The core idea will not change though: the algorithm will construct conjectures that
are partially correct, i.e., correct with respect to a subobject of the collection of all

formulas/tests. To define this notion of partial correctness we need to consider subob-
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jects of ® to which we can restrict the theory map. This is formalised via the notion of
subformula-closed subobject of ® and the definition of such subobjects is based on the
notion of recursive coalgebra: for an endofunctor L: D — D, a coalgebra f: X — LX is
called recursive if for every L-algebra g: LY — Y there is a unique coalgebra-to-algebra

map ¢ making the following diagram commute.

Lx 5 1y
-

X -2 .y

The definition of subformula-closed is now as follows.

Definition 48. A subobject j: ¥ — ® is called a subformula-closed collection (of
formulas) if there is a unique L-coalgebra structure o: ¥ — LV such that (V,0) is a
recursive L-coalgebra and j is the (necessarily unique) coalgebra-to-algebra map from

(U, 0) to the initial algebra (¥, ).

Remark 49. The uniqueness of ¢ in Definition 48 is implied if L preserves monomor-
phisms. This is the case in our examples. The notion of recursive coalgebra goes back
to [Tay99; Osi74]. Also, if L preserves preimages, then the first item of our definition
of subformula-closed collection is implied by the second one [ALMO07]. In our exam-
ples both properties of (¥, o) are verified directly, rather than by relying on general

categorical results.

Remark 50. This categorical definition generalizes Definition 32 presented in the pre-
vious chapter at page 43 into a single structural property. In the previous setting, we
explicitly ensured that if a formula was present in the set ¥, its components were also
included in X. Categorically, this idea of unfolding is now handled by the L-coalgebra
structure o which maps a formula in ¥ to its immediate subformulas. By requiring that
J is a coalgebra-to-algebra map and that the L-coalgebra is recursive, we ensure that
this decomposition is consistent with the logic defined in ® and that every formula can
be decomposed into its subformulas. This new definition characterizes a subformula-
closed collection as a subobject that is structurally closed under the syntactic operations

of L.
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The key property of subformula-closed objects ¥ is that we can restrict our attention
to the so called ¥-theory map. Intuitively, the theory map is the map that assigns to
each state x € X the collection of formulas (tests) that z satisfies and the subformula-

closedness is what allows us to define this theory map inductively.

Lemma 51. Let ¥+ @ be a subformula-closed collection, with coalgebra structure
o: W — LY. Then thy, = Qj o th}, is the unique map making the following diagram

commute.
thy,

X - > QW

| o]
BthY 5

BX —% BQU —Y» QLU

We call thy, the ¥-theory map, and omit the U if it is clear from the context.

Proof.

thy, = Qaod}oDBth} oy
= Qaod}oB(Qjoth})oy By definition of thJ,
= Qaody, 0BQjo Bth) oy By composition of B
= QaoQLjod, oBth} oy By naturality of the mate
= QaoQLjoQaoth} By subformula-closedness

— Qjoth}

Moreover, because the theory map is unique and also j is the unique coalgebra-to-

algebra map, than th}, is unique. O

4.1.3 The base

Now, we introduce the categorical notion of base of an endofunctor, following the work
presented in [Blo12]. Continuing the transition from the set-theoretic approach of the
previous chapter to our current framework, we rephrase the core components of the L
algorithm through a categorical point of view. The base allows us to formally define the
direct successors of states within a coalgebra. By identifying these successors, we can

categorically characterize reachability, providing another important ingredient required
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for the learning algorithm.

Definition 52. Let B: C — C be an endofunctor. We say B has a base if for every
arrow f: X — BY there exist g: X — BZ and m: Z — Y with m a monomorphism
such that f = Bmo g, and for any pair ¢': X — BZ',m': Z' — Y with Bm'og = f
and m' a monomorphism there is a unique arrow h: Z — Z' such that Bhog = ¢ and

m' o h = m, as per the following diagram.

BY

iBh

BZ’
We call (Z,g,m) the B-base of the morphism f.

We sometimes refer to m: Z ~— Y as the base of f, omitting the g when it is
irrelevant, or clear from the context. Note that the terminology the base is justified, as
it is easily seen to be unique up to isomorphism [Blo12].

For example, let B: Set — Set, BX = 2 x X4, The base of a map f: X — BY is
given by m: Z — Y, where Z = {(m0 f)(z)(a) | z € X,a € A}, and m is the inclusion.
The associated g: X — BZ is the corestriction of f to BZ.

For B = (P—)4: Set — Set, the B-base of f: X — BY is given by the inclusion
m: Z — Y, where Z ={y €Y | 3z € X,3a € A such that y € f(z)(a)} and also in

this example, the function g: X — BZ is the corestriction of f to BZ

Proposition 53. Suppose C is complete and well-powered, and B: C — C preserves

(wide) intersections. Then B has a base.

Proof. Let f: X — B(Y). Consider the collection of all pairs of maps g;: X — B(Uyg),
my: Ux — Y such that B(my) o g = f and my is a subobject, indexed by k € K. Let
m: AN{mg}rex — Y be the intersection of all the my, this is a (small) set since C is
well-powered. We abbreviate A{my}rex by I.

Since B preserves intersections, B(m): B(I) — B(Y) is the intersection of all the
subobjects B(my). Now the gi’s form a cone over the B(my)’s, so we get a unique

g: X — B(I) from the universal property of the pullback B(I).
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We claim that (I,g,m) is the base of f. To see this, first of all, note that m is
mono, and B(m) o g = f by definition of m and g. Further, if there is any ¢': X —
BU),m': U — Y with B(m') o¢g’ = f and m’ monic then it is (up to isomorphism)
one of the gi,my pairs. Hence, there is the map xy: I — U in the limiting cone, i.e.,
my oxy = m, and we have B(xg)og = gi. Finally zj is unique among such maps, since

B preserves monos (as it preserves intersections). O

If C is a locally presentable category, then it is complete and well-powered [AR94,
Remark 1.56]. Hence, in that case, any functor B: C — C which preserves intersections

has a base as per following corollary.

Corollary 54. If B: C — C preserves intersections and C is locally presentable, then

B has a base.

Proof. Any locally presentable category is well-powered and complete, see Remark 1.56

in Adamek/Rosicky. O

The following lemma establishes a naturality property for the base, ensuring it
behaves consistently when we map one object into another. Intuitively, the following
result states that the categorical notion of reachability is stable: the set of reachable
successors in the system we are learning corresponds exactly to the successors in the
origin system. It is crucial for the proof of Theorem 68, where we show that the existence
of a conjecture implies the closedness property of the observation table. Specifically,
this lemma guarantees that the successors identified by the algorithm via the theory

map correspond to the actual successors in the original system.

Lemma 55. Let B: C — C be a functor that has a base and that preserves preimages.
Let f: S — BX and h: X — Y be morphisms, let (Z,g,m) be the base of f and
let e: Z — W,m': W — Y be the (strong epi, mono)-factorisation of h o m. Then
(W, Be o g,m’) is the base of Bho f.

Proof. By our assumption on Z there exists a morphism g : S — BZ such that Bmog =

f. Therefore we have Bm’ o Be o g = Bh o f which shows that m’ is a candidate for
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the base of Bh o f. We still need to check the universal property of the base. To this
aim let ¢’ : S — BU and n: U — Y be the base of Bho f:

Bh

By the universal property of the base there is a morphism j: U — W making the lower

right diagram commute. Now, consider the following pullback:

p-yXx
Phl_, J/h
Urs—Y

This is a preimage because n is mono and by assumption on B we have that this
pullback is preserved under application of B. S forms a cone over the diagram with

S — BX,S — BU. So there exists a map from S to the pullback.

BX Be s BY

ppn, is mono, so Bp, o w is a base factorization. So, we get an arrow from BZ to BP,

i.e., k: Z — P such that:
(i) Bkog=w
(ii) pnok=m

Consider the following diagram. According to the diagonal filling property, we have
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Ald: W — U such that (i) nod =m’ and (ii) doe = pp o k.

HG)W

Z
P
|

Ph

\‘_//
Ur—s—Y
By the universal property of the base we have d o j = idy. Moreover, m' o jod =

nod=m’', and because m’ is monic we have jod = idy . O

The B-base provides an elegant way to relate reachability within a coalgebra to a
monotone operator on the (complete) lattice of subobjects of the carrier of the coalge-
bra. Moreover, we will see that the least subcoalgebra that contains a given subobject
of the carrier can be obtained via a standard least fixpoint construction. Finally, we
will introduce the notion of prefix-closed subobject of a coalgebra, generalising the
prefix-closedness condition from Angluin’s algorithm.

By our assumption on C, the collection of subobjects (Sub(X), <) ordered as usual

forms a complete lattice. This can be stated in the following lemma.

Lemma 56. If C is complete and well-powered, then for each X € C, we have Sub(X)

has arbitrary meets. Consequently, Sub(X) is a complete lattice.

Proof. Consider some X € C and an arbitrary family of subobjects {m;: S; — X }icr.
Let P be the pullback with pullback maps {p;: P — S;}ic;. As the m; are mono, the
p; are mono as well, so let define p := m; op;: P — X € Sub(X). Obviously, we have
p <m;foralli € I. So, P is a lower bound. To see that P is the greatest lower bound,
consider an arbitrary P’ with p’: P — X that is a lower bound of the same family of
subobjects. By definition of lower bound we have for each ¢ € I a map p;: P’ — S;
such that m; o p; = p/. By universal property of the (wide) pullback, there exists a

!, i.e., p’ <p. As P’ was an arbitrary lower

unique map c: P’ — P such that poc=1p
bound, we showed that P is the greatest lower bound. This finishes the proof of the

fact that Sub(X) has arbitrary meets. Completeness of the lattice can now be proven
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in a standard way by defining the join of an arbitrary collection of subobjects as the

meet of all upper bounds of this collection. O

Recall that the meet on Sub(X) (intersection) is defined via pullbacks. In categories
with coproducts, the join s1 V sg of subobjects s1, s9 € Sub(X) is defined as the mono
part of the factorisation of the map [s1,s2]: S1 + S2 — X, i.e., [s1,82] = (s1V s2)oe
for a strong epi e. In Set, this amounts to taking the union of subsets.

For a binary join s1V sy we denote by inly : S; — (S1V.S2) and inry: Sy — (S1V.S2)
the embeddings that exist by s; < s1Vsg fori = {1,2}. Let us now define a key operator

that we need in our further discussion.

Definition 57. Let B be a functor that has a base, s: S — X a subobject of some
X € C and let (X,v) be a B-coalgebra. Let (F(S),g,l“?(s)) be the B-base of yo s, as

per the following diagram.

S — 5 X
s 1|
BI(S) 5y BX

Whenever B and v are clear from the context, we write I'(s) instead of Ff(s).

Lemma 58. Let B: C — C be a functor with a base and let (X,~) be a B-coalgebra.
The operator I': Sub(X) — Sub(X) defined by s — I'(s) is monotone.

Proof. 1t is obvious that I' is well-defined. To check monotonicity, we consider the
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following diagram for subobjects s : S — X and s’ : 8" — X such that s < 5.

S u X
\
| \
!
! BI'(S) 2l
; \ BI(s)
!
\ [
gl 3h | BX
! !
! !
! ¥ A)
| BT'(5) v
!
!
Y /
S’ X

Here j exists by the definition of < and h exists by the universal property of the base

of v o s. Therefore we have I'(s) < I'(s’) as required. O

Intuitively, for a given set of states S, I' computes the set of immediate successors,
i.e., the set of states that can be reached by applying + to an element of S. We will
see that pre-fixpoints of I' correspond to subcoalgebras. Furthermore, I' is the key to

formulate our notion of closed table in the learning algorithm.

Proposition 59. Let s: S — X be a subobject and (X,~) € Coalg(B) for X € C and
B: C — C a functor that has a base. Then s is a subcoalgebra of (X,~) if and only if
I'(s) < s. Consequently, the collection of subcoalgebras of a given B-coalgebra forms a

complete lattice.

Proof.
S s X
N y
. Br(s) ** px
S
BS Bs

= Consider the diagram above. As s is a subcoalgebra there exists o: S — BS such

that the outer square commutes. By the universal property of the base there
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exists j: I'(S) — S such that soj =TI'(s). In other words, I'(s) < s as required.

< By assumption there exists a j : I'(S) — S such that soj = I'(s). We define a
B-coalgebra structure on S by putting ¢ := Bj o e. We have to show that the
outer square in the above diagram commutes, but this is easy to show because
the inner square commutes by definition of the base, the left triangle commutes

by definition of o and the right one by assumption on j.

Finally, that the collection of subcoalgebras of (X, ) forms a complete lattice is now
a direct consequence of the fact that the collection of pre-fixpoints of the monotone

operator I' forms a complete lattice (Knaster-Tarski theorem). ]

Using this connection, reachability of a pointed coalgebra can be expressed in terms

of the least fixpoint Ifp of an operator defined in terms of I'.

Theorem 60. Let B: C — C be a functor that has a base. A pointed B-coalgebra

(X, v, x0) is reachable iff X = Ifp(I' V z¢) (isomorphic as subobjects of X, i.e., equal).

Proof. Suppose X = Ifp(I" V zg), and let s: S — X be a subcoalgebra together with
an arrow sg: 1 — S with g = s o sg. The latter implies that xg < s. Further, since
S is a subcoalgebra, by Proposition 59 we get I'(s) < s. Hence I'(s) V xg < s, i.e., s
is a pre-fixed point of I' V zy. By the Knaster-Tarski theorem (using that Sub(X) is a
complete lattice), Ifp(I"V x¢) is the least pre-fixed point, so it now suffices to prove that
s < Ifp(T"V ). But this follows easily, since s is a subobject of X and X = Ifp(T"V xg).

Conversely, suppose (X, 7, o) is reachable. We have that I'(Ifp(I'Vz¢)) < T'(Ifp(T"V
xg)) V xo = Ifp(T" V x0), so by Proposition 59, Ifp(I" V zq) is a subcoalgebra of (X,~).
Moreover, we have zg < T'(Ifp(I' V zg)) V 2o = Ifp(I" V xg), so there exists a map
so: 1 — Ifp(I" V z9) such that xg = s o sp, where s: Ifp(I" V xg) — X is the inclusion.

Hence, by definition of reachability, we get that s is an isomorphism. O

This justifies defining the reachable part from an initial state xg: 1 ~— X as the
least fixpoint of the monotone operator I' V zy. Standard means of computing the least

fixpoint by iterating this operator then give us a way to compute this subcoalgebra.
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Further, I provides a way to generalise the notion of prefiz-closedness from An-

gluin’s L* algorithm to our categorical setting.

Definition 61. Let sg, s € Sub(X) for some X € C and let (X, ) be a B-coalgebra. We
call s so-prefiz-closed with respect to v if s = \/I_s; for some n >0 and a collection

{si|i=1,...,n} with sj;1 <I( g:(]si) for all j with 0 < j < n.

This categorical definition offers a generalization of the prefix-closedness used in the
L* and L algorithm. In our previous setting, a set of strings S C ¥* is prefix-closed if,
for every w € S, all prefixes of w are also contained in S. Translated to the set of states
of an automaton, this means that every state in S must be reachable from the initial
state via a path that stays entirely within S. To see how the categorical definition
captures this, consider the category Set and a DFA given as a coalgebra (X, v, zg) with
v: S — 2x X* where sq is the subobject representing the initial state {zo} € X. Here,
the I" operator characterizes the set of direct successors under all possible inputs from
Y, defined as I'(S) = {d(z,a) | * € X,a € X}, while the join \/ corresponds in Set
to union. The definition ensures prefix-closedness through an inductive construction:
each new subobject 5,1 must be a subset of the successors of the states already defined
in the previous steps. This ensures that no state can be added to the collection unless
its parent state is already present, effectively reconstructing the path-dependency of

prefixes in a general way.

4.2 Learning via duality

We will now define a general learning algorithm for B-coalgebras. First, we describe the

setting, in general and slightly informal terms. The teacher has a pointed B-coalgebra

(Xa’yv SO)'

Our task is to learn a pointed B-coalgebra (.S, %, $¢) such that:

e (S,4,80) is correct with respect to the collection ® of all tests, i.e., the theory of

(X,~) and (S, %) coincide on the initial states so and §g, (Definition 69);
e (5,4, 8p) is minimal with respect to logical equivalence;
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e (S,4,8p) is reachable.

The first point means that the learned coalgebra is correct, that is, it agrees with the
coalgebra of the teacher on all possible tests from the initial state. The other two points
state that the learned coalgebra is the minimal one and it contains all and only the
states that are reachable from the initial state.

Concretely, we are only provided limited access to the coalgebra v: X — BX.

Indeed, the teacher gives us:

e for any subobject S — X and subformula-closed subobject ¥ of ®, the composite

thy
theory map S —— X —% QU ;

e for (5,4, 380) a pointed coalgebra, whether or not it is correct with respect to the

collection ® of all tests;

e in case of a negative answer to the previous question, a countererample, which
essentially is a subobject W’ of ® representing some tests on which the learned

coalgebra is wrong (defined more precisely below);

e for a given subobject S of X, the ‘next states’; formally, the computation of the

B-base of the composite arrow S —— X -2, BX .

The first three points correspond respectively to the standard notions of membership
query (filling in the table with rows S and columns V), equivalence query and coun-
terexample generation. The last point, about the base, is more unusual: it does not
occur in the L* algorithm, since there a canonical choice of (X, ~) is used, which allows
to represent next states in a fixed manner. It is required in our setting of an arbitrary
coalgebra (X,v) and it has been required also in the L algorithm since we need to
compute the base to perform what we called successor queries.

Now, we describe the abstract learning algorithm and its correctness. First, we
describe the basic ingredients needed for the algorithm: tables, closedness, counterex-
amples and a procedure to close a given table. Based on these notions, the actual

algorithm is presented, followed by proofs of correctness and termination.
Assumption 62. Throughout this section, we assume
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o that we deal with coalgebras over the base category C = Set;

a functor B: C — C that preserves preimages and wide intersections;

a category D with an initial object 0 such that arrows with domain 0 are monic;

a functor L: D — D with an initial algebra L® = d;

e an adjunction P 4Q: C = D™, and a logic §: LP = PB.
Moreover, we assume a pointed B-coalgebra (X,7, so).

Remark 63. We restrict C to be the category of Set, but a key contribution is to state
the algorithm in categorical terms: the assumptions cover a wide class of functors on
Set, which is the main direction of generalisation. Further, the categorical approach
will enable future generalisations. As said, we restrict what follows to the category of
sets, but this framework can be extended to a general category C under the following
assumptions: it is complete, well-powered and satisfies that for all (strong) epis ¢: S —
S € Cand all monos i: S’ — S such that goi is mono there is a morphism ¢~*: § — S
such that (i) gogq™! = id and ¢-'ogoi = i. In Set, the existence of such a ¢!,
i.e., the fact that (strong) epimorphisms split, is a direct consequence of the Axiom of

1 is obtained by choosing a preimage in each fibre of ¢.

Choice: since ¢ is surjective, g~
Determining whether other categories satisfy these assumptions, or how the framework
might be modified to accommodate categories such as Nom or Vect, remains an open
problem. In particular, as it stands, our algorithm cannot be directly extended to

Nom [US20].

4.2.1 Tables and counterexamples

Definition 64. A table is a pair (S N X, U 2 ®) consisting of a subobject s of X

and a subformula-closed subobject i of P.

To make the notation a bit lighter, we sometimes refer to a table by (S, V), using

s and ¢ respectively to refer to the actual subobjects.
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The pair (S, ¥) represents rows and columns respectively, in the table; the elements

of the table are given abstractly by the map thy, o s.

Y

S th\I/
Sr— X — QV.

In particular, if C = D = Set and Q = 27, then this is a map S — 2%, assigning a
Boolean-value to every pair of a row (state) and a column (formula).

In the original L* algorithm, an observation table is defined by two sets of strings,
S and E. The set S contains strings that represent the states currently selected by
the algorithm. Similarly, in the L framework, S is a subset of X, representing a
selection of some states of the state space of the (potentially infinite) target coalgebra.
The current categorical definition generalizes these concepts through the subobject s,
which abstractly represents the collection of elements that have been already reached
and explored. Furthermore, while E in the L* algorithm consists of experiments, i.e.,
strings, used to distinguish states, the L algorithm moves from strings to formulas.
In that setting, the experiments are represented by a subformula-closed set of formulas.
In our current categorical definition, we abstract this further: the experiments are no
longer just a set of formulas, but a subformula-closed subobject i: ¥ — .

For the definition of closedness, we use the operator I'(.S) from Definition 57, which

characterises the successors of a subobject S — X.

Definition 65. A table (S, V) is closed if there exists a map k: I'(S) — S such that

the following diagram commutes.

s th

S > X QY
th
I'(S) SOM X

h”
A table (S, V) is sharp if the composite map S —— X 0, QY s monic.

Thus, a table (S,¥) is closed if all the successors of states (elements of I'(S))

are already represented in S, up to equivalence with respect to the tests in ¥. In
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other terms, the rows corresponding to successors of existing rows are already in the
table. Again, this definition provides a categorical abstraction of the logical closedness
previously introduced with Definition 36 at page 45. In the setting of the L°® algorithm,
a table was considered closed if the behaviour of every successor of all the states in S
was already represented within the filtration of S, i.e., for every successor, there existed
an equivalent state in S modulo the set of logical formulas under consideration. Now,
this requirement is captured by the existence of the morphism k. The diagram asserts
that the observations of the successors (factoring through I'(s)) are already contained
within our subobject. In other words, every logical behaviour exhibited by a successor
state is already witnessed by some state in S under the theory map th”.

Sharpness amounts to minimality with respect to logical equivalence: every row has
a unique value. The latter will be an invariant of the algorithm (Theorem 76).

A conjecture is a coalgebra on S, which is not quite a subcoalgebra of X: instead,
it is a subcoalgebra up to equivalence with respect to W. That is, the successors agree

up to logical equivalence.

Definition 66. Let (S, V) be a table. A coalgebra structure 4: S — BS is called a

conjecture (for (S,V)) if the following diagram commutes.

S—3 v x — 7 . BX

ﬂ JVBthV

BS —— BX —— BQU

Given the definition of conjecture, we can redraw the diagram as follows.

S—2 3 X

LI
BS = BX S0 BQY

It is easy to see from the latter diagram, that intuitively the conjecture is an approx-
imation of the target system up to logical equivalence. In fact, given the conjecture
(S,4) in the form of a coalgebra, s: S — X is a coalgebra morphism up to ¥, i.e., the

states in S and in X are not mapped to the same elements in BX but their observable
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behaviours through the set of formulas ¥ is the same.
We can show that, if the table is sharp and the functor B preserves monos, then

given a conjecture, this conjecture is unique.

Lemma 67. If the table is sharp and B preserves monos, then the conjecture 7 is

UNIQUE.

Proof. Suppose that there are two conjectures v; and + such that that BthY o Bsovy; =
Bth" oy o s and Bth" o Bs o, = Bth? oy os. Then, we have BthY o Bsoy; =
Bth” o Bs o v,. As B is a functor, it preserves composition, so we can rewrite the
equation as B(thY o s) oy; = B(thY o s) o ¥o. Also, we know that the table is sharp,
therefore (th? o s) is mono and since B preserves mono also B(th? o s) is mono. By

definition, a morphism f is mono if fog; = f o gs = g1 = g2, then 71 = 5. 0

Once we have a closed table, we have to be able to construct a conjecture. The

following theorem ensures it.
Theorem 68. A sharp table is closed if and only if there exists a conjecture for it.

Proof. Given a table (S, V) that is closed, it is straightforward to construct a conjecture
4 as composite of g : S — BTI'(S) and the arrow Bk : BI'(S) — S, where g is part
of the base (I'(S),g,I'(s)) of yos and k : I'(S) — S is the morphism that exists by
closedness of (S, V).

For the converse, consider a conjecture (S,%) for a sharp table (S, V) and let
(I'(S),g,T(s)) be the base of yos and let (h : T'(S) — Y,m : Y — QV¥) be the
factorisation of th” oI'(s). By Lemma 55, as h is epi, we have that (Y, Bhog,m) is the
base of Bth” oy o s. The situation is depicted in the (commuting) upper square of the

diagram below.

Bth”
N

/,BQ(\I!)
Bm

Bth”
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The bigger outer square commutes by the fact that 4 is assumed to be a conjecture.
As the table is sharp, we have th” o s is mono. Therefore the universal property of the
base yields existence of a morphism j : Y — S such that th” o soj = m. We define
k := joh and claim that this k is a witness for (S, ¥), i.e., that k£ makes the relevant

diagram from Definition 65 commute. To see this, we calculate:
thY oT'(s) =moh=th"osojoh=1th"osok.

This finishes the proof. ]

Theorem 68 is a stronger variation of Proposition 59. While the latter requires
that all immediate successors of S are contained within S, i.e., S is already a closed
sub-system, the theorem relaxes this condition in favour of an observational one. It
establishes that for a closed table, even if a transition from a state in .S leads to a state
outside of S, there exists an equivalent state in S that is logically indistinguishable with
respect to the formulas in ¥ allowing us to treat S as if it is a subcoalgebra modulo
the logical theory W.

Our goal is to learn a pointed coalgebra which is correct with respect to all formulas.
To this aim we ensure correctness with respect to an increasing sequence of subformula-

closed collections W.

Definition 69. Let (S, V) be a table, and let (S,4,S0) be a pointed B-coalgebra on S.

We say (5,4, So) is correct with respect to ¥ if the following diagram commutes.

X

1— S — QU
50 th”

As we will see in the Algorithm 3 at page 84, we are constructing conjectures that
will be correct with respect to the subformula-closed collection ¥ of formulas under
consideration. The aim of the following lemma is to guarantee that every time we
have a closed table and hence, we provide a conjecture, that conjecture is correct with

respect to the set of formulas we are considering.

79



Chapter 4. Learning via Duality

Lemma 70. Suppose (S, ) is closed, and ¥ is a conjecture. Then thy, os = th?l,: S —

QV. If 50: 1 — S satisfies s o §g = so then (5,4, 80) is correct with respect to V.

Proof. The map thY is, by definition, the unique map making the following diagram

commute.
th

S QY

&l Ja

BS —— BQV — QLY

Here, d: ¥ — LWV is the coalgebra structure from subformula-closedness of W.

Consider the following diagram.

h“/
Sy 4 X Do QU
A Ja
BS g BX oo BQU —— QLY

The rectangle on the right commutes by definition of thy,. Together with 4 being
a conjecture, it follows that the outside of the diagram commutes. Since th?l, is the

unique such map, we have th% 0§ = thzj. O

We next define the crucial notion of counterexample to a pointed coalgebra: a sub-
object W’ of ¥ on which it is incorrect. The role of the counterexample is fundamental
to the learning process. In fact, it allows to expand the set of formulas ¥ so that the
algorithm can distinguish states that previously appeared equivalent, thereby forcing
an increase in the size of the state space. This process ensures that the algorithm con-
tinues step by step to refine its conjectures eventually learning the correct coalgebra

equivalent to the target one.

Definition 71. Let (S, V) be a table, and let (S,4,50) be a pointed B-coalgebra on S.
Let W' be a subformula-closed subobject of ®, such that V is a subcoalgebra of ¥'. We
say ¥’ is a counterexample (for (5,4, §p), extending W) if (S, 4, §9) s not correct with

respect to W',

The following elementary lemma states that if there are no more counterexamples
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for a coalgebra, then it is correct with respect to the object ® of all formulas.

Lemma 72. Let (S,¥) be a table, and let (S,4,80) be a pointed B-coalgebra on S.
Suppose that there are no counterexamples for (S,%, So) extending V. Then (S,%, 80) is

correct with respect to ®.

Proof. If there is no counterexample, then in particular ® is not a counterexample.
The object ® is subformula-closed subobject of itself, and ¥ is a subcoalgebra of ®.
Hence, by definition of counterexamples, it must be the case that (5,4, 3p) is correct

with respect to ®. ]

The following describes, for a given table, how to extend it with the successors (in
X) of all states in S. As we will see below, by repeatedly applying this construction,

one eventually obtains a closed table.

Definition 73. Let (S, V) be a sharp table. Let (S,q,r) be the (strong epi, mono)-

factorisation of the map th” o (s VI'(s)), as in the following diagram.

sVI'(s)

SV I(S) G x M7, QY
x /
S

We define close(S,¥) := {5: S — X | thY o5 = 1,5 < 5 < sV I(s)}. For each

5 € close(S, V) we have s <5 and thus s =5 o K for some k: S — S.

This definition provides a categorical formalization of the process already described
in the previous chapter in the Algorithm 2 at page 47, where the L° algorithm closes a
table by picking a state x € S whose successors are not yet represented in S modulo the
logical formulas in ¥ (i.e., | /Base(y(x)) € |S]x). Intuitively, that approach focused on
identifying specific states whose behaviours were not already captured by the current
set of states according to the logical formulas in 3. Now, we generalize this idea via
the (strong epi, mono)-factorization applied to the map th” o (s V I'(s)).

In this framework, the object S represents the collection of unique behaviours (i.e.,
rows) present in the expanded space of states, i.e., S together with the one-step suc-

cessors I'(S). The set close(S, ¥) then identifies the subobjects s that can be used to
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extend our current selection. By selecting such a subobject, we ensure that s is ex-
panded just enough to include the missing successor behaviours, allowing us to define
a conjecture that is behaviourally consistent with the formulas in W.

Having defined how a table can be extended, we must ensure that such an extension
is always possible. Specifically, we need to prove that the expanded state space is related
to the current one and that the set of subobjects needed to close the table is non-empty
and this is crucial for the algorithm’s progress. In fact, if the set close(S, ¥) were empty,
the algorithm would not be able to progress and close the table. To guarantee it, we
introduce the following two lemmas: Lemma 74 ensures that the relationship between
S and the expanded object is uniquely determined and consistent with the theory map,

while Lemma 75 establishes that a valid expansion of .S is guaranteed to exist.
Lemma 74. In Definition 73, for each's € close(S, V), we have k = q o inly.
Proof. Let s € close(S, V). We calculate:
thYosokx = th?os=1th7o(sVI(s))oinly =roqoinly
= th"oSogqoinly
which implies kK = g o inly as r = th” 03 is a mono. O
We will refer to k = q o inly as the connecting map from s to s.

Lemma 75. In Definition 783, if there exists ¢~': S — SV I(S) such that goq~! = id

1

and ¢~ o qoinly = inly, then close(S, ¥) is non-empty.

Proof. Given the assumption of the lemma we are able to define a morphism 5 : § — X
by putting 5 := (s V I'(s)) o ¢~ L. Obviously 5 is a mono as it is defined as composition
of monos. Furthermore, by definition, we have s < sV I'(s). To see that s < 3, we

calculate

Soqoinly = (sVI(s))oqg togoinly = (sVI(s))oinly =s.
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Finally, the condition concerning the theory map also follows easily:
thYos=1thYo(sVI(s)oqg =roqoqgt=r

This finishes the proof of the lemma. O

By our assumptions, the hypothesis of Lemma 75 is satisfied (Remark 63), hence
close(S, ¥) is non-empty. It is precisely (and only) at this point that we need the strong

condition about existence of right inverses to epimorphisms.

4.2.2 The algorithm

Having defined closedness, counterexamples and a procedure for closing a table, we are
ready to define the abstract algorithm. In the algorithm, the teacher has access to a
function counter((S,4, $0), ¥), which returns the set of all counterexamples (extending
U) for the conjecture (5,4, 380). If this set is empty, the coalgebra (5,4, 5y) is correct
(see Lemma 72), otherwise the teacher picks one of its elements U’

We also make use of close(S, ¥), as given in Definition 73.
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Algorithm 3 Abstract learning algorithm

Input: (X,~,sq)
Output: (5,4, S0)

1: > Initialization
s S0

2 (S—X)«+ (1—X)

3: §p « idy

4: U0

5: > Main
6: while true do

7: while (S = X, V) is not closed do

8: let (S — X) € close(S, ¥), with connecting map : S — S

9: (S5 X) « (8> X)

10: S0 Ko&g
11: end while
12: let (S,4) be a conjecture for (S, V)
13: if counter((S,%,30), V) = 0 then
14: return (5,4, 5o)
15: else
16: U < U for some ¥’ € counter((S, 4, $0), ¥)

17: end if
18: end while

The algorithm takes as input the coalgebra (X,~,sg) (which we fixed throughout
this section). In every iteration of the outside loop, the table is first closed by repeatedly
applying the procedure in Definition 73. Then, if the conjecture corresponding to the
closed table is correct, the algorithm returns it (Line 14). Otherwise, a counterexample

is chosen (Line 16), and the algorithm continues.

4.2.3 Termination and correctness

Correctness is stated in Theorem 80. It relies on establishing loop invariants as per the

following theorem.

Theorem 76. The following is an invariant of both loops in Algorithm 3:
1. (S,V) is sharp,
2. so0 8y = sg, and

3. s is sg-prefiz-closed with respect to ~y.
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We need a few auxiliary lemmas to prove the above theorem.
Lemma 77. If (S, V) is sharp, then (5: S — X, V) is sharp for any s € close(S, ¥).

Proof. This follows immediately from Definition 73, since th” o's = r, where r is monic.

O]

Lemma 78. Let W and ¥’ be subformula-closed, with ¥ a subcoalgebra of W', witnessed

by a mono i: ¥ — W'. Then we have Qi o thy, = thy,.

Proof. Let o’: ¥/ — LY and o: ¥ — LV be the coalgebra structures from subformula-

closedness of U/ and ¥ respectively. Consider the diagram below.

th;’l,

X , Q(U) —2 5 QU

’Yl o' Ta
Bth?

b
Pyr

BX % (v 2 v’y -2 QL

BQU

By definition, thy, is the unique map making the left rectangle commute. The (right)
square commutes by assumption that i is a coalgebra homomorphism, and the (lower)
triangle by naturality. Since thy, is the unique map such that thy, = Qo o p}, o Bthy, o7,
we have th], = Qi o thy,. O

Lemma 79. Suppose (S,V) is sharp, and V' is a counterexample. Then (S, V') is

again sharp.

Proof. Let i: ¥ — W' be the inclusion of the coalgebra (¥,c) into (¥',¢’). By
Lemma 78, we have Qi o th), = thy,. Hence Qio thy, os = thj, os, and since thy, o s is

monic, it follows that th?p/ o § is monic. ]
We are now ready to prove Theorem 76.

Proof. To show that each of these is an invariant of both loops, it suffices to prove

that they hold once we enter the first iteration of the outer loop, and that both loops
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preserve them (that it holds at the start of each first iteration of the inner loop then

follows).

1. (Holds at entry of the outer loop.) At the beginning of the algorithm our table
(S, W) is initialised as (sp,0). Since @ is a right adjoint, it maps 0 to the ter-
minal object Q0 = 1 of C. Hence, the map from Sy = 1 to Q¥ is of the form

h”
1o, x Q¥ =1 which is an iso, so in particular monic.
(Preserved by the inner loop.) This follows from Lemma 77.

(Preserved by the loop body.) If (S, ¥) is sharp on entry of the body of the outer
loop, and the inner loop terminates, then (.S, ¥) is again sharp at Line 12. Tt only
remains to show that if ¥’ is a counterexample (extending ¥’) for a conjecture

for (S, W), then (S, ¥’) is sharp. This follows, in turn, from Lemma 79.

2. (Holds at entry of the outer loop.) Follows immediately from the first two lines

of the algorithm.

(Preserved by the inner loop.) Suppose §p0 s = sp, and let s € close(S, V). We
need to prove that 5po0k039 = sg where x : S — S is the connecting map. Indeed,

we have Sy o k0 §5 = s o0 §y = s, by definition of k and assumption, respectively.

(Preserved by the outer loop.) This follows immediately from preservation by the

inner loop.

3. Clearly the initial configuration (sg,0) is so-prefix-closed. Suppose now that
(S,¥) is a table with s being so-prefix-closed. We need to check that any
5 € close(S, W) is so-prefix-closed as well. By assumption on (S, ¥) we have
s = \i_ysi for a suitable family of subobjects s, ...,s,. Let 5 € close(S, V).
Then by definition we have § < sV I'(s), so we put s,41 := I'(s) AS. It is then

easy to check that 5 is sg-prefix-closed:
n+1 n
\/ si=\siVsn1=sV(I(s)A5)=(sVI(s)A(sV5) =5
i=0

=0

where the last equality follows from s <5 < sV I'(s) . By definition we have

sp1 < T(s) =T(Vi, si) as required.
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O]

After proving the loop invariants of the algorithm, we are now ready to prove the

correctness and termination of it.

Theorem 80. If Algorithm 3 terminates, then it returns a pointed coalgebra (S,4, So)
which is minimal with respect to logical equivalence, reachable and correct with respect

to .

Proof. Minimality with respect to logical equivalence follows from the fact that sharp-
ness of the table is maintained throughout. As the algorithm terminated there is no
counterexample, which means by Lemma 72 that the coalgebra is correct with respect
to ®. For reachability we show that the pointed coalgebra that is returned by the
algorithm is reachable by showing that any conjecture that is constructed during the
run of the algorithm is reachable. While running the algorithm we will only encounter
conjectures that are built from tables that are both sharp and closed. Therefore we
consider an arbitrary sharp and closed table (S, ¥) together with the conjecture (.5, %)
that exists according to Theorem 68. We are going to prove that (5,4, sp) is reachable.
By Theorem 76 we know that (S, W) is so-prefix-closed. This means that s =
V7 s; for suitable subobjects si,...,s, € Sub(X). Suppose now that (S,7,30) is a
subcoalgebra of (5,4, sp) with inclusion j : S — S such that j o35 = s5. We prove by
induction on i that s; < 3 for all ¢ € {0,...,n} and thus s < 3, this will imply s =35
and thus, as 5§ was assumed to be an arbitrary (pointed) subcoalgebra, reachability of
(5,45 So)-
Casei=0. Then So05y =s0josy=so0sy= sy and thus sy <35 as required.
Caset =3+ 1. Then

J Thm. 68

I.H.
th o sj41 < th7 o F(\/ 5j) < th"oI'(5) < th7 o3
=0

where we slightly abuse notation by writing f < g for arbitrary morphisms f : X; - Y
and g : Xo — Y is there exists a morphism m : X; — Xy such that gom = f. The

inequality implies that there is a map k;4+1 : S; — S such that thY oSokjy1 = thYosjy1.
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This implies
thTosojokji =th” osjiq (4.1)

On the other hand, we have s oinj 1 = sj11 where inj;1 = s;41 denotes the inclusion
of sj11 into s. Therefore we have th” o s oinjy; = th” o sj;1. Together with (4.1)
this implies th” o s oinjy ;1 = th” o s 0 j o kj;1. By sharpness of the table s we obtain
inj41 =jokjyr and finally sj41 = soinji; = sojokj1 = ¢’ okji1 which shows that

$j+1 < §'. This finishes the induction proof. O

In our termination arguments, we have to make an assumption about the coalgebra
which is to be learned. It does not need to be finite itself, but it should be finite up
to logical equivalence, for example, in the case of deterministic automata the teacher
has a (possibly infinite) automaton representing a regular language, but the learned
automaton will consist of a finite representation of it. To speak about this precisely,
let ¥ be a subobject of ®. We take a (strong epi, mono)-factorisation of the theory
map, ie., th], = (X A |X|\p>ﬂ> QY ) for some strong epi e and mono m. We
call the object | X |y in the middle the W-logical quotient. For the termination result
(Theorem 106), | X |¢ is assumed to have finitely many quotients and subobjects, which
just amounts to finiteness in Set. Please note that this logical quotient is the categorical
version of what has been defined at page 41, but there is a key difference between the
two approaches. In the previous chapter, we assume to have an expressive language
so to compute the bisimulation quotient via the logical quotient. In this approach, we
just do the logical quotient, i.e., if the language we use is not expressive we might be
able to characterise a weaker quotient than bisimulation.

We start with termination of the inner while loop (Corollary 83). This relies on
two results: first, that once the connecting map k is an iso, the table is closed, and
second, that, under a suitable assumption on the coalgebra (X, ), during execution of

the inner while loop, the map x will eventually be an isomorphism.

Theorem 81. Let (S, V) be a sharp table, let S € close(S,¥) and let k: S — S be the

connecting map. If k is an isomorphism, then (S, V) is closed.
Proof. Suppose « is an isomorphism. Consider the following diagram (using the nota-
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tion from Definition 73), where g: S — BX is the map which forms the base of v o s
together with I'(s): I'(S) — X.

B(SVTI(Y)) Bth”

Br
Br~1|(4)

hd g

BS ———— BX —— BQ(¥)

The inner shapes commute, from top to bottom: (1) by definition the base, (2) by

definition of inry, (3) by definition of (g, r); for the bottom triangle (4), we have

S € close(S, @)
= r

Def. of —
thYos "= "thVosok oK

which suffices since s is an iso. Since the entire diagram commutes, the coalgebra
structure on S gives a conjecture for (S, V). Hence, by Theorem 68, the table is

closed. O

Lemma 82. Consider a sequence of sharp tables (S; =, X,U)ien such that sipq1 €
close(S;, W) for all i. Moreover, let (k;: S; — Si+1)ien be the connecting maps (Defini-
tion 73). If the logical quotient | X|¢ of X has finitely many subobjects, then k; is an

isomorphism for some i € N.

Proof. First, observe that the .S;’s form an increasing chain of subobjects of X. Since
all these tables (S;, ¥) are sharp, they give rise to an increasing chain of subobjects
of Q(), by composition with thy,, given by thj, o s;: S; — Q(¥). By Lemma 78, it

follows that each th% 08;:5; = QP is monic, and we obtain a sequence of subobjects
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of &:

K K K
SO 0 Sl 1 SQ 2

FE
X X X
Y
QP
It follows that this induces a chain of subobjects of | X |4:

K K K
S() 0 Sl ! SQ 2>...

};0 )l;l )l;z,
N

| X o

By assumption, | X|g has finitely many subobjects, so x; must be an isomorphism for

some 1. ]

Corollary 83. If the ®-logical quotient |X|o has finitely many subobjects, then the

inner while loop of Algorithm 8 terminates.

Proof. The while loop computes a chain of subobjects of X as in Lemma 82; in par-
ticular, each of these forms a sharp table (with W), since sharpness is an invariant
(Theorem 76). Hence, after a finite number of iterations,  is an iso. By Theorem 81

this implies that (S, ¥) is closed, which means the guard of the while loop is false. [

Please note that we refer to finitely many subobjects rather than simply finitely
many states, as was the case in the previous chapter (cf. Section 3.2 and page 39). This
distinction is necessary because the categorical proofs presented here are not limited
to the category Set, but are developed for any general category C satisfying certain
structural properties. In Set, these two notions coincide. However, in other categories
a system may have infinitely many states while maintaining a finite-dimensional lattice
of subobjects [HSS17].

For the outer loop, we assume that | X |¢ has finitely many quotients, ensuring that

every sequence of counterexamples proposed by the teacher is finite.
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Theorem 84. If the ®-logical quotient |X|¢ has finitely many quotients and finitely

many subobjects, then Algorithm 3 terminates.
For termination of the outer loop, we need several auxiliary lemmas.

Lemma 85. Let (S, V) be table, and let V' be a subformula-closed subobject of ®, such
that W is a subcoalgebra of W'. Then there is a unique map q making the following

diagram commute.
€yt M/
X 2 | X|p — QU

NG

Moreover, this map q is an epimorphism.

¥
| X g ——— QU

Proof. The outside of the diagram commutes by Lemma 78. The map ¢ arises by the

unique fill-in property. That ¢ is an epi follows since ey is an epi, and ey = goeg,. [

Lemma 86. Let (S s X,¥) be a closed table, and (S,%, 30) a pointed coalgebra, such
that (S,%) is a conjecture and so 8y = so. If ¥’ is a counterexample for (S,%, 8y), then

the map q: | X|g — |X|w from Lemma 85 is not an isomorphism.

Proof. Suppose that ¢ is an iso; we prove that, in that case, (5,4, §p) is correct with
respect to U/, Let ¢! be the inverse of ¢q. Since goeg = ey we also have ey = ¢ L oey.

Hence, the two shapes on the lower right in the following diagram commute.

S—2 3 X T BX

Bey

The rectangle commutes since 4 is a conjecture for the closed table (S, V). Since the
entire diagram commutes, it shows that (S,4) is a conjecture for the closed table (S, ¥)
as well. Together with s o §y = sg, by Lemma 70, we obtain that (5,4, 5) is correct

with respect to ¥'. O
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We are now ready to prove Theorem 84.

Proof. The inner while loop terminates in each iteration of the outer loop by Corol-
lary 83. The outer loop generates a sequence Vo, W1, Vs, ... of subobjects, such that

for each 4, there is a pointed coalgebra (.S;,7, $9) such that
e (S; =, X, ;) is a closed table,
e (S;,%) is a conjecture for this table,
e s; 038y = sg, and
e U, 4 is a counterexample for (S;, 79, S0).

We will show that such a sequence is necessarily finite.
By the last point and Lemma 85, for each ¢, there exists a map g;+1,; making the

diagram on the left-hand side commute:

X

X
TV Qf 1 7«1%/ Y
qi

qi+1,i
| X, — (X w4 [ X|w, ¢« [X]o

Moreover, again by Lemma 85, for each i, there is a map ¢; making the diagram on the

right-hand side above commute. For each ¢, we have
Qi+1,i © Gi+1 © €d = (i41,i © €i41 = €¥; = G; © €

and since eg is epic, we obtain ¢;11, © ¢;+1 = ¢;. Hence, we get the following sequence

of quotients:
[ X|o

- % lq\

[ Xlwo g5 [ Xlw, < [Xlwy 457

It follows from Lemma 86 and the previous assumptions that none of the quotients
gi+1,; can be an iso. But since for each i, | X|y, is a quotient of |X|p, and the latter

has only finitely many quotients, the sequence of counterexamples must be finite. [
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4.3 Learning BT-structures

In this section, we aim to learn a succinct representation of transition structures tradi-
tionally identified as B-coalgebras. We achieve this by introducing BT-coalgebras and
adapting our learning algorithm to this framework. For instance, it is well-known that
non-deterministic finite automata can be much smaller than deterministic automata
for a regular language in terms of number of states and transitions [HSS20]. To do
so, we first explain the concept of forgetful logics [KR16] and subsequently provide an
extension of the algorithm presented in the previous section to cover this objective. We
will show how this framework can be used to learn complex structures such as non-
deterministic and alternating finite automata. The core of this approach lies in using a
composite functor BT to learn B-coalgebras via their equivalent BT-representations,
where B defines the transition structure and 7' characterises the branching behaviour
of the system. Forgetful logics will be used as tests. In what follows, we first present
forgetful logics, then we extend our categorical definitions to adapt the Algorithm 3 to

this new framework and we rephrase the proofs for termination and correctness.

4.3.1 Forgetful logic

Intuitively, a forgetful logic is a logic that forgets its syntax component. In our case,
this allows us to maintain the same set of formulas as tests whenever we are modelling
coalgebras using B or BT functors. That is, we will have the same theories but different
interpretations of them according to the two functors. Indeed, this forgetful logic allows
to abstract away from branching. On the other hand, the coalgebraic semantics of
the functors B and BT is different. The behavioural functor in the latter case is a
composition of B and T where T describes the branching aspect of the transitions and
B gives information about the observations.

More technically, as we view logics as natural transformations (cf. Section 2.3), we
can compose logics easily [CP04]. That is, given B, L defined as we did previously and
two more functors, T: C — C describing a signature for a coalgebra and N: D — D

being a syntax for T', we can compose their logics and obtain the logic for the functor
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composition in the following way: given a logic for B, o : LP = PB and a logic for T,
fB: NP = PT, we have a logic for BT as («®f) = aToLf = LNP = PBT. Similarly,
we can compose the mates that we defined in Section 2.3 at page 28 of the two logics
such that, given o”: BQ = QL and °: TQ = QN, we obtain the composition of the
mate as (a ® 8)” = o’ N ® Bf” = BTQ = QLN by o’ ® 8* = (a« ® 8)’ [CP04; Jacl6].

Following [KR16], we require a logic that is interpretable over both B-coalgebras
and BT-coalgebras to be able to have a notion of equivalence between them. In fact,
given a logic that can be interpreted over both B and BT-coalgebras, we can determine
that those two representations are equivalent if they satisfy exactly the same set of
formulas. To achieve this, the functor N is defined as the identity functor (N = Id).
The composition of the mates is given then by (a ® ﬂ)b: BTQ = QL. In this setting,
the branching behaviour of the transition system is summarised within the semantic
interpretation. The syntax is unchanged. Indeed, the syntax for BT remains identical
to that of B, since Lo N =Lold=1L

This forgetful logic approach is what enables us to learn a succinct BT-representation
(such as an NFA) that remains functionally equivalent to the target B-system (such as

a DFA).

Ezample 87. The following example is paradigmatic for this section. A deterministic
finite automaton can be represented as a coalgebra (X,v: X — BX) where X € Set
and B = 2 x —4, with A the input alphabet. The initial L-algebra is ® = A* whose a
structure is defined as a = [\, cons|: 1 + A x A* — A* where A\ represents the empty
word and cons takes a pair (u € A, w € A*) into the concatenated word uw € A*. In
this setting, if we want to identify states in a coalgebra, we need to check which of
them make the same formulas true where a test is true if, starting from a given state,
there exists a unique sequence of transitions that ends up in an accepting state of the
coalgebra, after reading the test itself. That is, the truth of tests stands for the word
acceptance. On the other hand, a non-deterministic automaton (NFA) is viewed as a
BT-coalgebra, where T' = P is the powerset functor that characterizes the branching.
The transition structure is given by v: X — 2 x P(X)4. Although a state € X after

an input a € A ends up in a set of next states, we use the same syntax & = A* to
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describe the transition system.

The critical point that relates the DFA and NFA is the forgetful logic that, in the
case of the NFA, can intuitively be seen as the union of sets of theories. In fact, while
the semantics of the DFA is handled by the mate o”: BQ — QL, the NFA semantics is
defined by the composite mate (o ® ﬂ)b. Here, the branching part represented by the
mate 3”: PQ — Q takes the set of theories reachable from a state and collapses them
into a single theory by checking if at least one transition leads to an accepting state.
Intuitively, 5> summarises away the branching before o’ processes the observation.
The NFA behaves as a DFA from the perspective of the logic. This ensures that the
set of possible theories for the NFA can be handled exactly like the DFA case.

The general idea of this section is therefore learning a representation of a pointed
B-coalgebra in the form of an equivalent BT-coalgebra using a forgetful logic [KR16]
as tests.

The above composition is usually made of a functor B: Set — Set and in addition
a monad 7. We will be slightly more general in only requiring 7' to be a pointed
endofunctor, i.e, a functor T : Set — Set together with a natural transformation 7 :
Id = T. Note that since we require that the logic for T consists of a single unary
operator that can be eliminated through a syntax representation of logical formulas,
the semantics of it is 8: P = PT and equivalently its mate is 3°: TQ = Q.

To ensure that our forgetful logic provides an interpretation across both B and BT

structures, we require the following.

Assumption 88. 3’ is a forgetful logic for the pointed endofunctor T, i.e., a forgetful

logic B° such that the following diagram commutes.

TQ<TQ

| A

The following proposition rephrases the intuition we previously gave via the DFA
and NFA example: evaluating the theory of a state directly yields the same result as

embedding that state into a branching structure and then applying the forgetful logic.
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Proposition 89. In our setting, we have that for all X € C, ¥ € D, and f: X — QV,

the following diagram commutes.

x — L ou

o s

TX 7 TV
Proof.

now o f =T fonx By naturality of n
= 5'31, onguo f= 6*&/ oTfonx Composition B?I, both sides
= f=p80Tfonx By Assumption 88

4.3.2 BT learning

In what follows, we adapt the definitions and lemmas previously established for B-
coalgebras to the composite setting of B and T'. Our objective is to provide a version
of Algorithm 3 that is capable of learning BT-coalgebras. To ensure that this adapted
version of the algorithm is sound, we reformulate the core definitions using these two
functors and prove the necessary lemmas to guarantee the algorithm’s correctness and
termination. Throughout this section, we will highlight the key differences between the
previous setting and the one currently under consideration.

We begin by adapting the definition of closedness. Intuitively, a table is closed
when all successors of the elements currently in the table can be represented by states
already present in that table. In our framework, this requirement is weakened: a table is
considered closed if all successor rows are constructible from the rows already selected.
Given an observation table, this means that a successor row is not required to be an
exact match of an existing row. Instead, it can be viewed as a combination of those rows
currently in the table. The specific type of combinations is defined by the functor 7'
For instance, in our NFA example, T is the powerset functor and here, a successor row

is considered constructible if it can be represented by the union of rows already in the
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table. This weaker requirement allows the algorithm to represent complex transitions

using the existing elements of the observation table, leading to more succinct models.

Definition 90 (T-closedness). A table (S, V) is closed if there exists a map k: T'(S) —

S such that the diagram below commutes.

Tth
TS — T Tx M TQU

31{ » iagp

ING)! » X > QU

4
thY

As in the previous section, the I" operator identifies the successors of the elements in
the subobject S — X according to the definition of the base. Since our goal is to learn
a B-coalgebra in the form of a BT -coalgebra in order to have a more succinct represen-
tation of it, we can maintain the same notion of next state as before. Specifically, we
define the successors by computing the B-base of the composite arrow S — X 2 BX.

The underlying idea of the notion of closedness is always the same. A table is closed
whenever all successors of all the states we have in the set S can already be represented
by elements in S themselves up to equivalence wrt the set of test ¥. Indeed, we can
prove that the definition of T-closedness is implied by the notion of closedness (that is,
there exists an arrow k: I'(S) — S such that th, osok = th, oI'(s)). Moreover, the

definition of sharpness is the same as presented at page 76.

Lemma 91. Closedness implies T-closedness as shown in the diagram below.

h\I/
75 — Ty x 1M row
nST nxT
s —2 3 X o
al N
r'es) o X = > Q

Proof. We assume that the table is closed, i.e., there exists a k: I'(S) — S such that the
bottom diagram commutes. Under this assumption, the composition of k with n gives

rise to an arrow which satisfies the definition of T-closedness and we prove it by showing
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that the above outer diagram commutes. It commutes because the upper left square
commutes by naturality, the bottom diagram commutes, as we said, by closedness and

the diagram on the left by Proposition 89. O

Once the observation table is closed, we construct a conjecture in the form of a BT'-
coalgebra on S. The transition map is defined as 4: § — BT'S. This is an important
difference compared to our previous version. Now, the conjecture incorporates the
branching behaviour of T', allowing each state in .S to move to a combination of states

(such as a set as per NFA example) rather than to a single successor.

Definition 92 (Conjecture). Let (S,V) be a table, a BT-conjecture for (X,v: X —
BX) is a BT -coalgebra (S,%: S — BTS) such that the following diagram commutes.

S —* s x T +BX

w
R Bth
ol
BTthY

BTS 275 prx ™% Brow -2 BQw

It is important to ensure that once the table is closed, we can effectively construct

a conjecture from it. The following theorem proves that.

Theorem 93. If a sharp (S, V) table is T-closed, then there exists a BT-conjecture

¥: 8 — BTS such that the following diagram commutes.

S s X il BX
\‘ y lBth;I’
4 BI(S)

BQU
Baﬂ\
A BTs BTthgj
BTS BTX —— BTQWV

Proof. The upper triangle commutes by the definition of the B-base of s o~. The map
g: S — BI'(5) is the factorisation of the transition map through its base. The lower
diagram commutes by the assumption that the table is T-closed. The left-hand side
triangle commutes because of the base definition. Hence, the full diagram commutes

from the combination of the parts above. O
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In what follows, we prove that every conjecture we build up during the algorithm
is correct with respect to the set of tests W we are considering. Here, correctness
means that given the initial object for X, zg: 1 — X and for S, sg: 1 — S, we have

th,y oxy = th& 0 8.

Theorem 94 (Correctness wrt V). Given a closed table (S,V) and a conjecture y for
it, if 80: 1 — S satisfies s o s = xo then (5,4, 80) is correct wrt U, i.e., th,‘f 0§ =

thy: S — QU.

v

Proof. In order to prove th;l’ os = ths,

we have to show that the map thlf o s makes

the following diagram commute.

th¥
S X i QU
b o
R Bth,\f p?p
¥ BX —— BQV —— QLY
Tp*"l,oBocb
BTS ST BTX BT BTQV

Because ¥ is a conjecture for S we have, precomposing with Qc o p*{l,:

QcopYy o Ba’ o BTthY o BT'so4 = by Definition 92
Qcopl o Bthg’ ovos = by Lemma 51 (4.2)

"
th7 oS

Now, because of Lemma 51, we know that there exists a unique map making the
previous diagram commute, i.e., th%’, but as we have seen, also thg’ o s does, then

v _ 4
thWOS—th,Ay. D

The mechanisms for identifying counterexamples and extending the observation
table remain identical to those presented in Section 4.2.1. In particular, the definition
of a counterexample (Definition 71) and the proof that the absence of counterexamples
implies correctness w.r.t the set of formulas under consideration (Lemma 72) are also

valid for the BT setting.
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Similarly, the process of closing a table by expanding the subobject S — X via
the I' operator remains the same. The definition of the set close(S, ¥) (Definition 73)
and the associated lemmas regarding the connecting map x and the existence of s
(Lemmas 74 and 75) are unchanged. These results are independent of the branching
functor T" because they concern the discovery of states in the target system rather than

the branching structures expressed by the T' functor.

4.3.3 Termination and correctness

We established the key notions of the BT-learning framework. Now, we can turn to
the algorithm itself and prove its termination and correctness.

The structure of the learning process closely follows Algorithm 3 presented in Sec-
tion 4.2.2, meaning that the code itself requires no changes and need not be restated
here, but some specific lines require reinterpretation within the current setting.

At Line 7, closed must now be understood as T-closed in the sense we detailed above
rather than closed in the sense of Definition 65. At Line 12, a conjecture for (S, V)
must be understood as a BT-conjecture as states in Definition 92, whose transition map
has type 4: S — BTS rather than 4: S — BS. Correspondingly, the algorithm now
returns a BT-coalgebra. On the other hand, the initialisation, the procedure close(.S, ¥)
used to grow S, and the handling of counterexamples are unaffected, since they concern
the discovery of new B-successor states in X via ', independently of 7.

Furthermore, it is important to notice that close(.S, ¥) is designed to restore closed-
ness in the original, stronger sense of Definition 65. It grows S whenever a successor
is not represented, up to logical equivalence, by a single existing state. It does not
attempt to first check whether a successor can instead be represented as a combination
of existing states via T', which is all that T-closedness requires. As a consequence, using
close(S, ¥) unchanged as the growth procedure may add states to S that are not strictly
necessary for T-closedness, even though it always terminates in a T-closed table as we
will prove in Proposition 97. Whether close can be refined to first and primarily exploit
T-combinations before growing .S is left open, but as we can see in the worked examples

of Section 4.4 this check is possible and can be performed explicitly against all relevant
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combinations. As a consequence, the conjecture produced in this setting may not be
the canonical one. The algorithm, and the correctness result of Theorem 96, remain
valid regardless of which such conjecture is chosen at Line 12, but the resulting output
is not canonical in the way it is for plain B-coalgebras. As also noted in the conclusion
of this chapter, in [MS22] and [HSS20], the authors explored learning automata with
side-effects and proved that this class possesses canonical representatives that can be
constructed via a finite number of observations. It is an interesting direction for our
future research to investigate whether our construction can be adapted and extended
within their framework, so to obtain a canonical conjecture.

Given the above remark, generally speaking, the algorithm continues to operate
by closing the observation table in an iterative manner and refining the conjecture
based on counterexamples provided by the teacher. However, while the structure of
the algorithm remains unchanged, the proofs of correctness and termination must be

adapted to the BT framework:

e Correctness: in the BT setting, we need to ensure that the summarised theory
of the branching transition in the conjecture matches the theory of the target

transition. This is mediated by the composite mate (o ® 3)°.

e Termination: it still relies on the growth of the subobject S ~— X. However, the
use of T-closedness means that the algorithm can terminate with a significantly
smaller state space S, as many branching behaviours are now summarised by the

logic rather than requiring new states to be added to the table.

As in the previous setting, we represent the teacher as a function teacher((S, 4, $0), ¥),
which either returns a set of counterexamples ¥’ extending ¥ or returns () if the con-
jecture is correct. In the latter case, the proposed BT-coalgebra (5,4, $p) is the final
result.

Correctness is stated in Theorem 96 below and it relies on the following establishing

loop invariants.
Theorem 95. The following are invariants of both loops in Algorithm 3:
1. (S,%) is sharp,
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2. so08g = sg, and
3. s is so-prefix-closed with respect to 7.
Proof. Cf. proof of Theorem 76 at page 84. O

Theorem 96. If Algorithm 3 terminates, then it returns a pointed coalgebra (S,4, So)

which is minimal with respect to logical equivalence and correct with respect to .

Proof. Minimality with respect to logical equivalence follows from the fact that sharp-
ness of the table is maintained throughout. As the algorithm terminated there is no
counterexample, which means by Lemma 72 that the coalgebra is correct with respect

to ®. ]

Also in this framework, in order to prove the termination of the algorithm, we
still have to assume that the coalgebra we are going to learn is finite up to logical
equivalence. That is, the object | X |y, the U-logical quotient has finitely many quotients
and subobjects (which just amounts to finitariness, in Set), where | X |y is given as the
object in the middle of a (strong epi, mono)-factorisation of the theory map, i.e.,
thy,: X — | X|y — QU for some strong epi e and mono m, and ¥ subobject of ®.

We start with termination of the inner while loop (Corollary 83). This relies on two
results: first, that once the connecting map « is an isomorphism, the table is closed, and
second, that, under a suitable assumption on the coalgebra (X, ), during execution of

the inner while loop, the map « will eventually be an isomorphism.
Proposition 97. If k is an isomorphism, then (S, V) is T-closed.

Proof. We know that if x is an isomorphism, then the table (S, ¥) is closed as proved
in Theorem 81. Moreover, by Lemma 91, we have that closedness implies T-closedness.

Hence, the statement of this theorem easily follows. O

The following lemma and corollary correspond to Lemma 82 and Corollary 83,
respectively. These results remain valid in the BT setting as the definition of the set
close(S, ¥) remains unchanged. While the proofs follow the same logic as in the previous

section, we restate the results here for clarity and ease of reference in subsequent proofs.
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Lemma 98. Consider a sequence of sharp tables (S; 2, X,VU)ien such that sj;q1 €
close(S;, ) for all i. Moreover, let (k;i: S; — Sit+1)ien be the connecting maps (Defini-
tion 73). If the logical quotient | X|o of X has finitely many subobjects, then k; is an

isomorphism for some i € N.

Corollary 99. If the ®-logical quotient |X|o has finitely many subobjects, then the

inner while loop of Algorithm 3 terminates.

Because the definition of the set close(.S, ) did not change with respect to the one
in the previous section and so the requirements on | X|y, the proofs of the Lemma 98
and of Corollary 99 are the same as before.

Now, the last thing left to prove in the termination of the outer loop. For this, as
we said, we assume that | X |¢ has finitely many quotients in order to ensure that every
sequence of counterexamples proposed by the teacher is finite, but before providing it,
we need some other lemmas, required in the termination proof.

Intuitively, the following proposition shows that whenever we extend the set of tests,
the truth of already performed tests do not change, even when we take into account

combinations of states.

Proposition 100. Let ¥ and V' be subformula-closed, with ¥ a subcoalgebra of W',

witnessed by a mono i: W — V. Then we have Qi o %, o Tth], = of, o Tth,.

TX———»TQWAE—»Q@

i e e

TQU —— QU
Xy

Proof. The triangle commutes because if we let ¢': W/ — LU’ and o: ¥ — LU be

the coalgebra structures from subformula-closedness of ¥/ and ¥ respectively and we
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consider the diagram below.

We have by definition, th?lj/ is the unique map making the left rectagle commute. The
(right) square commutes by assumption that ¢ is a coalgebra homomorphism, and
the (lower) triangle by naturality. Since thy, is the unique map such that thy, =
Qo o pY o Bth}, o7, we have th], = Qi o th],, i.e., Qio th‘wpl = th:I/’. Also, the square

commutes by naturality of o”. Hence, the full diagram commutes. O

Now, we restate the definition of the logical quotient with respect to the BT set-
tings. In the previous section, the quotient identified individual states that are logically
equivalent. Here, the quotient identifies branching structures that are logically equiva-

lent under the forgetful logic.

Definition 101. Given the theory map for T'X, a?I, o Tth,‘f: TX — QU, we define
|TX |y as the intermediate object obtained from the strong epi mono factorization of

that map as follows:

ol o Tthy: TX —» [TX|g " QU

If we consider the NFA example, an element of T'X is a set of states. The theory
map here represents the union of all the languages (theories) arising from that set.
|T X |y is the quotient that identifies different sets of states as equivalent if they happen
to accept the same language.

Intuitively, if, for example, we are dealing with NFA, the theory map represents the
union of all the theories arose from the states and the combinations of states in the
NFA and |T'X |y is the quotient of those states with respect to logical equivalence.

The following lemma states that after receiving a counterexample, we will be able
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to distinguish more states. That is, the algorithm will add to the table S at least a

state or a combination of states that were not in S before.

Lemma 102. Let (S, V) be a table, and let V' be a subformula-closed subobject of @,
such that W is a subcoalgebra of W'. Then there is a unique map q making the following

diagram commute.

b w!
oij,oTth,Y

TX 2 ITX |y —s QU

| m e
TX —5 |TX |y —25 QU
oakfl,oTth,%'

Moreover, this map q is an epimorphism.

Proof. The outer diagram commutes by Lemma 100. According to Definition 101, we
can factorize the two theory maps and the unique map ¢: |TX |y — |TX |y arises from
the diagonal fill-in property. Moreover, we know that eg is an epimorphism and that
ey = qoeys, hence ¢ is an epimorphism. In fact, fog=goq= fogoey = gogoey =

f = g because q o ey is epi, then ¢ is epi. O

With the following lemma, we demand that the map ¢ of Lemma 102 is not an
isomorphism. Intuitively, this requirement aims to ensure that at each step of the
algorithm, after receiving a counterexample, the number of quotients will increase.
That is, if the conjecture is wrong, we need to have a counterexample that can actually

allow to distinguish states.

Lemma 103. Let (S, V) be a closed table and (S,¥, 80) a conjecture. If W' is a coun-

terexample then the map q: |TX |y — |T X |y is not an isomorphism.

Proof. Suppose ¢ is an iso. We show that this implies that (.S, 4, o) is again a conjecture
for (S,¥’) in order to derive a contradiction, i.e., the counterexample was not able to

distinguish more states and therefore, it cannot be a counterexample.
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* 3 X 1 y BX

S
7| %ﬂ/
BTS 2L, BTX 4 BTQY -5, BQV
Tth'%} Bmg v
B\k / Bth'v
B|TX |y BQ
Bqllqu* T\_Ii\

e ~
Bmy

BTX 2™, BITX |y 22% BQU

Ba’oBTthY

The full outer diagram commutes because we have a conjecture for . Moreover,
my is a mono with non-empty domain (in fact, we can assume that X # (), since X
represents a system and it contains at least one state. Consequently, since T" is assumed
to be pointed, also TX # (), hence we get an inverse such that Bmy o Bmy = id) x|y -

Furthermore, because of Assumption 88, we have:
Bo’ o BTthY' o By = BthY' (4.3)

Proving Bthfgl oyos = BaboBTth;I'l o BT'so 3 is equivalent to show that Ba"OBTthlf/ o
Bno~yos = Ba’ o BTth%’ o BT's o 8 because of Equation 4.3. Furthermore because
BaEI,, o BTthY = Bmy: o Beyr, it suffices to prove that

Beg o Bnovyos= Beg oBTsof (4.4)

and Equation 4.4 can be obtained by precomposing both sides with Bmy:.

Now,

BQio BthY ovos=BQioBa’ o BTthY o BT'so 3 by Lemma 102
= BQio Bd’ oBTth,)‘l,ﬂ oBnovyos=BQioBa’ oBTth,‘f, o BTsof by Equation 4.3
= BQio Bmy o Bey o Bnoyos= BQioBmy oBey oBTsof3 by factorization
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Applying both sides Bq~ o Bmy, and we get:
Bq~ o Bmg0BQio Bmy: o Bey oBnoyos = Bq~ o BmgoBQioBmy oBey oBTsof3
And it is what we wanted in Equation 4.4, because
Bq™ o Bmyg, o BQio By o Bey = Bq~ o Bmy, 0 Bqo Begy: = Bey

O

Lemma 104. If|X|¢ has only finitely many quotients and T preserves finite sets, then
|TX|¢ is finite and thus has finitely many quotients.

Proof. By assumption, if |X|¢ has finitely many quotients, then |X|g is finite. Now,
we show that if T'|X|¢ is finite, then also |TX|¢ is finite and we do that by showing

that exists a unique arrow d: T'|X|¢ — |T'X|e and this arrow is an epimorphism.

Tx ey 700 %, QP

N

TX|o

As we can see from the diagram above, the arrow d exists because of the diagonal
fill-in property.

Moreover, given f,g: |TX|es — Q®, we compose them with d: fod = god. We
know that Te is an epimorphism by definition, so we can precompose the previous
arrows with it and because d o Te is epi, then f = g, hence also d is epi. In fact,

fod=god= fodoTe=godoTe=f=g -

The following example describes the quotient from the previous Lemma in the case

that T is the power set functor.

Ezample 105. Consider the case T'= P. In this case we can represent |PX|¢ and | X|e
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concretely as follows:

Xle = {th®()|zec X}

IPXs {r 13V C X\ J{th®(2) |z € V) = r}

It is easy to see that for Y C | X|g there exists V3 C X such that
Y = {th®(z) | € Wy}

Therefore the map d : P|X|¢ — |PX|e given by d(Y) = JY for all Y C |X|¢ is
well-defined. Furthermore, given an arbitrary I' € |PX|g, there is some V' C X with
U{th®(z) |z € V} =T, ie., T =d({th®(z) | 2 € V}). As T was arbitrary this shows

that d is surjective.

We are now able to prove termination of our algorithm.

Theorem 106. If the ®-logical quotient |T X |¢ has finitely many quotients and finitely

many subobjects, then Algorithm 3 terminates.

Proof. The closing table loop terminates in each iteration of the conjecture loop by
Corollary 99. This last loop generates a sequence Vg, W1, Wo, ... of subobjects, such

that for each 7, there is a pointed coalgebra (S;, %, so) such that
1. (S; =, X, ¥;) is a T-closed table,
2. (S;,%: S; = BT'S;) is a conjecture for this table,
3. 8;089 = z0, and
4. U,;,4 is a counterexample for (S;, 9, so).

We will show that such a sequence is necessarily finite.
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Given the following diagram:

TX

TX|w, G T X v <g7 [TXe

qi

We know that exists a map g;+1,; making the left-hand side triangle commute because
of Lemma 102 and the previous point 4. Also, the map ¢;4+1,; is the only candidate
that makes the diagram commute. In fact, given two quotient maps ey,, ey, ,, there
is at most one morphism from ey

to ey,. Suppose f,g: [T X|y,,, = |TX|y,, then

i+1 i+1

foey, , =ey, =goey,,, but because ey,,, is an epimorphism, we have f = g.

i+1

Moreover, again by Lemma 102, for each i, there is a map ¢;41 making the right-
hand side triangle commute and for the same reason as above this map is the only
candidate.

Lastly, for each ¢, we have ;11,0 ¢iy1 0 €s = ¢i+1,i© ev,,, = ey, = ¢ © ep and

i+1
since eq is epic, we obtain ¢;11; © ¢i+1 = ¢;. Hence, we get the following sequence of

quotients:
ITX e

|TX’\I/O«W‘TX|‘P1 q2,1 ’TX“I’Q g32 7

It follows from Lemma 103 and the previous assumptions that none of the quotients
gi+1,; can be an iso. But since for each ¢, [T X |y, is a quotient of |TX|¢, and the latter
has only finitely many quotients by assumption, the sequence of counterexamples must

be finite. O

Remark 107. It can happen that even if we add a counterexample to ¥ as a result
of a wrong conjecture, the number of states in S remains the same during the next
closing table process, i.e., the algorithm recognises that the table is still closed even
without adding states to .S, that is why we need the assumption on 7'X and termination
argument has to work on the number of equivalent classes of T'X and not on the number

of states.
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In summary, we have the following.

Corollary 108. If | X|e has only finitely many quotients and T preserves finite sets
(T restricts to finite sets), then the Theorem 106 terminates.

Proof. The two conditions are those ones required by Lemma 104. Hence, |T'X|¢ has

finitely many quotients. Then the algorithm terminates. O

This corollary shows that Theorem 106 is an extension of Theorem 84.

4.4 Examples

In order to show how the algorithm works in practice, and to give an intuitive and
concrete idea of the definitions introduced above, we present two examples: the learning
of an NFA and of an alternating automaton, for two regular languages.

In both examples, given the specific language £ we want to learn, we assume we
have a DFA associated to it. As usual in our framework, the DFA is expressed as a
pointed B-coalgebra (X, ~,zo) where B = 2x X4, Also, X = A*, 29 = A and v = (o, t)
with o(w) = 1 iff w € £ and t(w)(a) = wa for a € A. Moreover, throughout these
examples the set of tests @ is given as ¢ = A*, and a set ¥ C ® of tests is subformula-
closed if it is a suffix-closed subset of A*. Here, we assume that tests are words and

the state space is composed of states represented as words themselves.

Ezample 109 (Non-deterministic finite automaton). We first consider the case of learn-
ing an NFA. The target language L is the one that contains all those words with an «
at the third-last position, that is, £ = %*a¥? with ¥ = {a, b} [Bol+09].

As per Example 87, we fix the functor T = P, so that (finite) BT-coalgebras
correspond to NFAs.

Given the initial configuration, i.e., a starting table (S = {\}, ¥ = 0), the first step
of the algorithm is to check whether the table is P-closed, that is, whether there exists
a k: I'(S) — PS such that

ol o Pthg’ oPsok = th:l; oI'(s), (4.5)
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where 0)"1, : PQU — QV is the mate of the forgetful logic for P, which intuitively takes
the union of the elements of PQWY to obtain an element of QW. The subobject s can be
thought of as the inclusion of S into X, so that Ps is the inclusion of subsets of S into
subsets of X. Given a subformula-closed set ¥, the theory map th;l’ : X — QV takes a
state x € X to the set of all tests in W that are true at x.

At the first run, the table is trivially P-closed: if we define k to map both possible
successors of A, i.e. a,b € I'(S), to {\} itself, Equation (4.5) is satisfied. The resulting

conjecture is an automaton with a single non-accepting state and a loop on it reading

both a and b.
H@D a,b

This conjecture is not correct, so we receive a counterexample in the form of a
subformula-closed set of formulas ¥’ containing at least one formula that is accepted
by our conjecture but not by the original automaton, or vice versa. In this case the
distinguishing formula is aaa, so V' = {\, a, aa, aaa}.

Given (S = {A},¥’) as the new table, we check closedness again. This is not the
case: thg’/ maps a — {a,aa} and b — {aaa}, whereas the elements of PS, namely {\}
and (), are mapped to {aaa} and ) respectively. There is thus no value we can assign
to k(a) satisfying (4.5), so the table is not P-closed.

We therefore add a to S and check P-closedness again. The table is still not
closed: the successor of a, i.e., aa, is mapped by thg’l to {a,aa,aaa}, and again no k
satisfying (4.5) exists. We add aa to S as well. Once more the table fails to be closed,
since ab — {a,aaa} and none of the subsets of S = {\,a,aa} give rise to the same set
of formulas, as showed by Figure 4.1 with an exemplification of all possible subsets.

None of the eight subsets of S produces the target set {a,aaa}, so ab must be
added to S as well. Checking again, we find that abb — {\,aaa} has no correspon-
dence in PS either, so we add abb too. With S = {\ a,aa,ab,abb}, the table is
finally P-closed: every successor of an element of S can now be expressed as a com-
bination of elements already in S. For example, aba — {\,aa,aaa} is obtained as

{a,abb} — {{aa,aaa},{\ aaa}t} — {\ aa,aaa}. Note that the same table would not
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oy oy M {{aaa)}} Y f{aaa)
{a} KR {a} Lih, {{aa,aaa}} 2 {aa,aaa}
{aa} EiR {aa} L, {{a, aa,aaa}} 2 {a,aa,aaal
{A\ a} 2, {\,a} Lih, {{A},{aa,aaa}} = {aa,aaa}
{\,aa} KR {\, aa} Lih, {{aaa},{a,aa,aaa}} = {a,aa,aaa}
{a,aa} KR {a,aa} Lih, {{aa, aaa},{a,aa,aaa}} = {a,aa,aaa}
{\, a,aa} KR {\, a,aa} Lih, {{aaa}, {aa,aaa},{a,aa,aaa}} = {a,aa,aaa}
I {0} 5 0
ab L, ab ﬁ) {a,aaa}

Figure 4.1: Exemplification of the closing table process for NFA example.

be closed in the sense of Definition 65, since no single element of S is by itself a suitable
representative for every such successor (e.g., aba).

The table is closed and the conjecture is the following automaton.

Recalling Definition 92 and Theorem 93, we can determine whether a state is accept-
ing because this information is already encoded in the functor B: via g: S — BI'(S),
the algorithm reads off the acceptance condition directly, and in the case above A
is not a word of the language. The second component of the BT-conjecture, i.e.,
k: BT'(S) — BTS, is instead what determines which states of I'(S) are equivalent to

states already present in the table.
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The final NFA consists of five states, which is more succinct than the DFA for the
same language, which has at least 8 states.

It is worth noting that a counterexample does not always force S to grow. Take
Y = {a} and £ = ¥*: the first run of the algorithm yields a conjecture consisting of
a single accepting state with no transitions, since the successor of A\ is mapped into
(). The teacher then returns the counterexample ¥/ = {\ a}. Checking P-closedness
again shows that the table is still closed: this time a can be mapped to the state A € S

itself instead of to (), without any need to enlarge S. The resulting conjecture,

O

is correct, and the algorithm terminates without ever adding a state to S. This illus-
trates concretely the observation made after Theorem 106: termination is guaranteed
by the growth of the number of equivalence classes of P.S with respect to the tests, not

by the growth of S itself.

Ezample 110 (Alternating automaton). Alternating finite automata [CKS81], AFA in
short, generalise NFAs by adding the notion of universal branching. That is, besides
the existential branching of an NFA | where a word is accepted if there exists at least one
transition leading to an accepting state, an AFA also incorporates universal branching
through the notion of forks, i.e., sets of states. Reading the first letter a of a word
aw, the automaton moves to a collection of forks, and aw is accepted if there exists at
least one fork (existential branching) all of whose states accept w (universal branching).
Dually, aw is rejected if every fork contains at least one state that rejects w.

Coalgebraically, this type of automaton is captured by the functor BPP, where B
is the usual DFA functor and both occurrences of P are the covariant powerset functor,
so that v: X — 2 x P(P(X))*?: a successor is a set of forks, and each fork is a set of
states.

Our algorithm can also be used to learn this type of automaton. We use a simple but
effective example already presented in [Hee+19], learning the small AFA representation
of the DFA for the language £ = {a, ba, bb, baa}.

We first note that a BP P-coalgebra fits naturally into our framework: although
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PP is known not to be a monad [KS18; GP20], it does carry a natural transformation
n:1d — PP given by nx(U) := {{z} | z € U}. The forgetful logic o’: PPQ — Q is
defined by

o’ (e PPQX) = J{(\U | U €T} € QX,

where | J: PQX — QX and [): PQX — QX denote, respectively, the union and the
intersection of a collection of subsets of X. Intuitively, o’ builds the set of formulas
accepted by a state by first taking, within each fork, the intersection of the theories of
its states (all states in a fork must accept), and then taking the union over all forks (at
least one fork must accept).

Starting from the B-coalgebra (X, ~) for £, we aim to learn its B P P-representation,
beginning with the table S = {A}, ¥ = 0, so that I'(S) = {a,b}. As in the previous
example, at the first run the table is trivially PP-closed, and the conjecture is again a
single non-accepting state with an a- and b-loop.

This conjecture is wrong, and the teacher returns a counterexample extending the
set of tests to ¥ = {\,a,aa,baa}. To check PP-closedness against this new ¥, and
to make the connection with the classical Angluin algorithm more explicit, we display

the successive closing steps as observation tables in Figure 4.2.

A a aa baa

A0 1 O 1

A a aa baa a |1 0 O 0

A0 1 0 1 b |0 1 1 0

A a aa baa a |1 0 O 0 aa |0 0 O 0

A0 1 0 1 b |0 1 1 0 ab| 0 0 O 0

a|l 0 O 0 aa |0 0 O 0 ba |1 1 O 0

b0 1 1 0 ab| 0 0 O 0 bb |1 0 O 0
(a) Check 1 (b) Check 2 (c) Check 3

Figure 4.2: Exemplification of the closing table process for AFA example.

The entries in the rows are given by the arrow thg’ o s; to check P P-closedness, we
verify that every row in the lower part of the table (a successor) can be written as a
combination of rows in the upper part (states already selected), where the combination

is a join/meet expression as dictated by the functor PP.
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Neither a nor b can be mapped to A, so we add a to the upper part of the table
and, since it is still not closed, b as well (Checks 1-2). At the third check, two rows in
the lower part still lack a matching combination: aa and ba. The row aa is matched by
(), the empty join of upper rows, intuitively, a deadlock with no transitions. The row
ba, instead, is matched by the meet of the rows labelled A and b, joined with the row
labelled a. That is, we set ba — {{\, b},{a}}, and indeed

PPth

)l 225 (unh a2 {{{a,baa}, {a,aa}}, {1} =2 {Aa),

which agrees with th, (ba) = {A,a}, meeting the PP-closedness condition for ba. The

table is now P P-closed, and the following conjecture is constructed.

Here the black square denotes the fork {\,b} (the meet of rows A and b above).
This AFA is the correct conjecture and the algorithm terminates. The DFA accepting
the same language has five states [Hee+19].

4.5 Conclusion

In this chapter, we showed the central and natural role of duality in generalising au-
tomata learning by formally linking system states and logical tests via the dual adjunc-
tion. Our main contribution was twofold: first, we provided a learning framework and
we extended it to handle, e.g., non-deterministic and alternating automata introducing
in the framework the idea of forgetful logics. In this setting, we had been able to handle
the branching part of coalgebras using BT functors. On the other hand, even if we
defined all the notions in categorical terms, our work is based on the category of set and
the main focus had been learning different types of coalgebras based on their functor

B. Hence, we should consider this approach more as coalgebra learning than automata
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learning.

Regarding automata learning, a closely related work is the one that has been car-
ried out during the CALF project [Heel6; HSS17; HSS20; JS14]. The CALF framework
focuses on generalizing the learning process across different underlying categories (e.g.,
Set, Vect), thereby studying a large variety of automata types defined on various do-
mains. In contrast, our approach is more focused on the variation in the type of the
transition structures while remaining based in the category of Set. These two different
works suggest that the integration of our duality approach with the CALF framework
could be an area of exploration for future work, as it could potentially combine our
capacity for handling branching with their ability to generalise across domains. It is im-
portant to note that in [MS22] and [HSS20], the authors have already explored the pos-
sibility of learning automata with side-effects, specifically focusing on non-determinism
within the context of residual nominal automata. One of their primary achievements
was developing the theory of residual nominal automata and proving that this class
possesses canonical representatives that can be constructed via a finite number of ob-
servations. This is a crucial property for active learning, where the goal is to identify
the minimal automaton representing a specific language. Consequently, the framework
presented in Section 4.3 is not intended to propose a new method for learning non-
deterministic automata. Rather, it demonstrates how our algorithm can be extended
in that direction. An interesting area for future research would be to investigate whether
our construction can be extended within their framework, so to address also the open
points we mentioned earlier in this chapter.

Furthermore, another approach to the automata learning field has been proposed
in [US20] where a generic categorical framework for learning formal languages of various
types (e.g., finite or infinite words, weighted and nominal languages) is described. This
work is related to what we presented but it proceeds in a different direction. In fact, our
focus is on transition structures and their generalisation via duality within the category
of Set. On the other hand, they use monads and abstract automata to generalise learn-
ing over different types of algebraic structures, moving beyond the category of Set. The

successful use of monads in their work suggests a future direction for us: incorporating
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monads into our framework to provide a more accurate and standard way to model and
handle branching components within the existing theory of coalgebras [JSS15].
Finally, moving from theory to application, another open problem is the concrete
implementation of a learning algorithm parametric in the type of coalgebra B. The
main challenge here is finding an efficient and concrete way to represent the tests we
presented as logical formulas and executing queries against them (generating an ex-
plicit logical formula for a long word can be computationally expensive). However,
works such as [Dei+19] and [Dor+17] offer a promising starting point to find an ef-
ficient way to define such an algorithm that is parametric in each B-coalgebra. It is
important to note that within this abstract framework, the teacher could potentially
return the entire set of formulas ® as a counterexample. This is not the case for the
framework presented in the previous chapters, where a counterexample consists of a
single additional formula, or the traditional L* algorithm, where a counterexample is a
specific string that distinguishes previously equivalent states. While an Oracle return-
ing the complete set ® would allow the learner to close the table and produce a correct
conjecture immediately, such a response is trivial in the learning process. Furthermore,
in cases where the logic ® is infinite, providing the entire set would be computation-
ally impossible, highlighting the necessity of incremental counterexamples in practical

applications.
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Learning via Defects

The starting point of this chapter is the work of Lee and Yannakakis [LY92] where we
can find two algorithms to perform transition system minimisation. The first algorithm
minimises a given transition system, while the second computes the minimal reachable
part of a specific system. The underlying concept is closely related to the L* algorithm
discussed in the previous chapters, in fact they are both iterative refinement processes,
but with a significant difference: the Teacher seems missing and it is unclear which
aspect of the algorithm makes up for it. Because the process of handling counterexam-
ples is refined and reduced, a concrete implementation of this approach may be easier
compared to the traditional ones, even if the complexity of the algorithm itself won’t
be reduced. In line with our work, we would like to apply logic and coalgebras con-
cepts to abstract the algorithm behaviour in order to better understand how it works,
extend it to a variety of transition systems and to prove termination. Indeed, the aim
is to extend the algorithm applicability to transition systems that can be represented
as coalgebras with a finite quotient.

This chapter provides a foundational study of the Lee and Yannakakis algorithms,
aiming to review the mechanics of joint minimality and reachability through a logical
lens. Rather than a final characterisation, our logical representation is just the starting
point for a deeper study of this way of learning transition systems. For example, some
open questions are to determine whether the assumption we will maintain throughout

this chapter, i.e., the closure under duals, can be relaxed or eliminated while still guar-
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anteeing termination and to understand and establish the connection of this work with
other coalgebraic partition refinement approaches [Rot+17; KK14; Ada+12; Dei+19].

Following the structure of the original work by Lee and Yannakakis, we first restate
their minimisation algorithm within our logical framework, providing formal proofs of
its correctness and termination (cf. Section 5.1). This minimisation algorithm serves
as the foundation for incorporating reachability. In fact, in the next section, we in-
vestigate a version that computes both reachability and minimisation simultaneously,
viewed through a logical lens. On the one hand, the minimisation approach aligns with
standard partition refinement algorithms that determine behavioural equivalence for
coalgebras by factoring out redundant information [KK14]. On the other hand, Lee
and Yannakakis also describe an algorithm specifically designed for symbolic transition
systems, a feature that our logical approach fully supports. So, we then move beyond
simple minimisation to consider the more complex problem of computing the minimal
reachable part of a system relative to a given initial state. We explore the extension of
our algorithm to incorporate reachability, discussing the current limits of our approach

while outlining the core idea for future development (cf. Section 5.2).

5.1 Minimisation

The objective of this section is to restate the minimisation algorithm proposed by
Lee and Yannakakis within a logical framework. The algorithm aims to compute the
reduced version of a transition system by identifying the partition induced by bisimu-
lation equivalence [LY92]. In this context, the set of states is grouped into blocks, i.e.,
sets that contain only those states that are behaviourally equivalent. The set of blocks
forms a partition. The partition is iteratively refined checking for stability, a condition
that ensures that for any two blocks B and C' in the partition, every state in B has a
transition to some states in C'. This way, the algorithm refines the partition until all
the blocks contain only those states that are behaviourally equivalent. The resulting
system is a minimal version of the target one.

In our setting, we rephrase these concepts using ideas from modal logic. We define

the idea of logical partition where each block is represented by the modal formula that

119



Chapter 5. Learning via Defects

represents it. Also, rather than speaking explicitly about stability, we introduce the
notion of defect, i.e., a modal formula that allows us to distinguish states. Defects allow
to refine the partition.

As in previous sections, we work with a functor B : Set — Set and a set of predicate
liftings A for B. The aim of this section is to describe an algorithm for minimising
a B-coalgebra (X,7). We assume that B preserves inclusions, i.e., X C Y implies
BX C BY.

We begin by recalling how given a modal similarity type A and its corresponding
A-structure, we can define a logic (cf. Definition 15 at page 30). Based on this, we

define a logical partition as follows.

Definition 111 (Logical partition). A logical partition 11 of a B-coalgebra (X,7) is a
(finite) set of formulas {1;}icr such that for all x € X we have x |=1; for exactly one
i € I and for alli € I there exists a x € X such that x |= ;.

In this context, with abuse of notation, given a logical partition {t;};cr, we will use
¥; to denote both the formula 1; and the subset U C X such that U = {z € X |z
¥;}, i.e., 1; represents both a formula and a block of (X, ), i.e., the block contains all
the states in which 1); is true. Please note that in case we want to explicitly distinguish
formulas from the blocks they represent, we will indicate the blocks as 1. Also, because
the logical partition can be seen as both the formula and the block, we can define a
function that takes the formula and returns an element of the block that makes that

formula true. This function is called a selection of points and it is defined as follows.

Definition 112 (Selection of points). Given a logical partition II = {1;}icr, we call
s:II — X a selection of points if s(;) = ¥;.

Please note that by definition of logical partition there exists at least one (but
usually more than one) selection of points for II.

As we mentioned before, a key distinction between the original work by Lee and
Yannakakis and the framework presented here lies in the mechanism used for partition
refinement. Rather than explicitly checking for stability as they do, we introduce the

concept of defect. Informally, in our setting, a defect is a modal formula that acts
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as a witness of behavioural inconsistency, revealing that our current partition is too
coarse because it groups behaviourally distinct states together. Specifically, suppose we
examine a block 1; in our partition. By looking at the one-step transitions of its states
via a modal operator (below in the definition, it will be called ())) targeting other
blocks 1); of the partition, we might find that some states inside v; can reach those
target blocks while others cannot. A defect at 1); captures this exact disagreement using
formulas formed from other blocks ;. When we discover such a formula ¢, it allows
us to split the block 1; into two refined blocks, i.e., ¥; A ¢ and 1; A =p. The partition
is then more accurate and it can distinguish states previously considered equivalent.

We can define it formally as follows.

Definition 113 (Defect). Given a logical partition 11 = {1; }ier of (X,7), a defect at
¢i € IL s a modal formula ¢ = (X) ;¢ ;¥; for some A € A and J C I such that

{5} jer e U {i Ao} U {9 A g}

s a logical partition.

Please note that here we adopt the notation (\) for our modal operators, which
marks a difference from what we previously introduced in Definition 14 of Chapter 2
where we used a generic symbol ¢. Indexing the operator with A explicitly connects the
syntactic diamond to its semantic counterpart, that is the specific natural transforma-
tion A (the predicate lifting) defining its interpretation. This notation aims to clarify
the interaction with predicate liftings, simplifying our upcoming proofs and lemmas,
while also allowing the framework to naturally accommodate multiple distinct operators
belonging to the similarity type A.

If, for example, we were dealing with a DFA, the transition type corresponds to
reading a specific letter a of the alphabet, yielding the concrete modal operator (a). Our
defects are then defined using these operators to check whether a state can transition via
specific actions into designated target blocks, as illustrated in Example 16 on page 30.

For sake of simplicity, given a set of predicate lifting A and a set of formulas ¥, we

refer to the (A\) ;¢ ;¥; formula as the AV- disjunction formula, if A € A and ¢ € V.
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Intuitively, a defect is a certain AW- disjunction formula ¢ satisfied by the state x and
not by another state z or vice versa in a specific block. We call x the witness state.
We now introduce the following assumption on the AW- disjunction formula .
This assumption is required to ensure the termination of the algorithm. In fact, the
algorithm must be capable of evaluating a potential split triggered by a defect . It
has to verify that both ¥; A ¢ and ¥; A = are satisfiable. This prevents the algorithm
from branching into empty, unreachable blocks, which would otherwise compromise the

termination of it.

Assumption 114. For each formula 1 in the model, we can decide whether it is

satisfiable in the model.

The aim of the algorithm is to obtain the minimal quotient that is equivalent to
the target coalgebra. So, given a partition and a selection of points, we define the

II-quotient as follows.

Definition 115. Given a logical partition II = {1;}icr of (X,7) and a selection of

points s, the I1-quotient relative to s, denoted by (I1,~s) is given as

o x5 Bx 2% BII

where b : X — 11 is the map that maps each x € X to its block ; in the partition, i.e.,

Given the formal definitions above, we can now outline the minimisation procedure
detailed in the Algorithm 4. Intuitively, it begins with the coarsest possible assumption:
all the states in the system are behaviourally equivalent and we represent this initial
assumption setting up a partition II containing only the top formula T, which is satisfied
by every state in X, the set of states of our coalgebra representing the target system. We
then set a variable, change, which tracks whether the partition is the finest one. In each
iteration, the algorithm scans the current logical partition and checks for defects. As
defined previously, a defect is a modal formula that identifies states that were assumed

to be equivalent within the previous settings. When a defect is found, we remove the
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previous formula from the partition and we add the new modal formula. This allows
to refine the partition adding a new block to it. This refinement continues until no
further defects can be found. At this point, the algorithm uses the map s to pick a
representative state for each logical block and constructs the minimal quotient (IT,~s).

This resulting system is the most succinct representation of the original B-coalgebra.

Algorithm 4 Logical minimisation
Input: (X,~)
Output: (II,~;s)

1: > Initialisation
2: II {T}

3: change <~ T

4: > Split
5. while change = T do

6: change <L

6 for each ¢; € II do

8: S < CHECKFORDEFECT(¢;, IT)

9: if S # () then
10: let p €S
11: remove ; from 11

12: add ¥; A p and ¥; A —p to 11
13: change < T

14: end if
15: end for

16: end while
17: Choose a selection of points s : I — X such that s(1;) = ; for all ¢; € 11
18: return (I, vs)

In particular, the function CHECKFORDEFECT below allows us to find a defect,
if present. Intuitively, a defect occurs when a state satisfies a formula describing a
specific transition, but its successors are not contained within the block induced by

that formula or vice versa.

1: function CHECKFORDEFECT(¢;, IT)

2: for each A¥-disjunction formula ¢ = (A) V;c; ¢, do

3: if 3z € X st. o = A g and v5(¢i) € An({¥j}jes) then

4: return {p}

5: else if dz € X s.t. =¥ A~ and v5(¢5) € An({¥j}es) then
6: return {¢}
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7 end if
8: end for
9: return ()

10: end function

After sketching the algorithm, we will show that it terminates and it is correct. To
prove it, we need some lemmas.

The first one ensures that the output of the algorithm is the minimal quotient of

the original system.

Lemma 116. Given a B-coalgebra (X, ) and a logical partition II = {1; };e1, we have

Vo€ X,VJ CLYA€ A= () \/ ¢ & Bb(v(x)) € An({¥)}jer).
jeJ

Proof.

z = A) Ve ¥

v(@) € Ax(Ujes @J) by predicate lifting

(@) € Ax(2({Wi}ien)) by 2°({W5}ies) = Ujes ¥,
v(z) € 2P*(An({¢j}jes)) by naturality

Bb(y(x)) € An({¥j}jes) Dby definition of preimage function

t ¢t

O]

The following lemma ensures that given a logical partition, we are able to find a
defect, i.e., the logical partition can be refined, only when the current partition over-
approximates or under-approximates the target system. That is, there exists an z € X

that behaves differently compared to the set of formulas that defines the partition II.

Lemma 117. Let (X,v) be a B-coalgebra and 11 = {;};cr be a logical partition and
s :II — X be a selection of points. Then II has a defect {1j}jcs at ¢ if and only if

one of the following conditions is true:
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1. dz € X ,3J C I and I\ € A s.t.

r = () \/ ¥ and v.(b(x)) & MAu({v;}jes)

jeJ

2. dee X,3J CI and N € A s.t.

2= (N \ ¢ and 7s(b(2)) € An({e;}je)

jed

Proof. The claim follows easily from the observation that vs(b(x)) = Bb(y(s(b(z)))) by

definition of 5 and that the latter is equivalent to

s(b(@) = N\ )

JjeJ
by the previous lemma. ]

We now prove that if there are no defects, the map b we defined in Definition 115

is a coalgebra morphism.

Lemma 118. If there are no defects, b: X — 11 is a coalgebra morphism, i.e., Bboy =

Vs o b.
Proof. In order to prove this lemma, by separatingness it suffices to prove that v,(b(z)) €

An({¢;}jer) < Bboy(x) € Am({¥;}jer)-

15 (b(2)) € An({¥j}jer)
< 2 FE M Vies¥)) by definition of defect
& Bb(y(z)) € Au({v;}jes) by Lemma 117

Lemma 119. If there are no defects, then (I1,~s) does not have a proper quotient.

Proof. Follows from the fact that for each v;,v; € II we have (IL,vy),v; = v, iff
i=j. O
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In order to prove that the algorithm terminates, we define an upper bound and a
lower bound to the number of states the algorithm can generate. The upper bound
is given by the number of states in the minimal system, whereas the lower bound
is given by the number of formulas in the logical partition. By definition of II it is
clear that |II| < n where n is the maximum number of pairwise distinct non-bisimilar
points in (X,7) (because elements of different blocks are non-bisimilar as they are
distinguishable by a modal formula). The size of II increases whenever a defect is
removed, so the algorithm part of removing defects will terminate in at most n steps.
The algorithm will return a correct quotient (Lemma 118) which is mazimal, i.e., no

further quotienting is possible (Lemma 119).

5.2 Combining minimisation and reachability

The aim of what follows is extending the minimization algorithm to also embrace reach-
ability. That is, given a specific state of a transition system computing only the part
of the system that is made of those states that are reachable starting from that given
initial state. There are mainly two ways for building up a reachable minimal graph.
On the one hand, it is possible to compute first all the reachable states starting from
the initial state and then minimise the transition system induced on them or, on the
other hand, it is possible to minimise the transition system first and then compute the
reachable part. However, combining these two approaches could be better in perfor-
mance. In their work, Lee and Yannakakis introduce the definition of marked block,
i.e., a block together with a state. These kinds of blocks are those reachable in the
system, the associated state is a representative for that block. Also, they introduce the
notion of semi-stability to compute the reachable minimal transition system [LY92].
In what follows, we would like to extend the minimisation algorithm to compute
only the reachable part of the transition system in a way where the reachability part of
the algorithm is combined with the minimality one. In order to do that, we need first
to introduce an assumption to ensure that our algorithm can correctly terminate using
the logical framework and the notion of defects we have defined. Intuitively, the new

algorithm refines blocks by considering only those ones that are currently marked as
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reachable. However, a situation may arise where two states ought to be distinguished
by a transition into a block that is not yet known to be reachable, preventing us
from constructing a valid defect directly. Ensuring that the set of predicate liftings is
closed under duals resolves this issue by allowing us to equivalently characterise the

behavioural discrepancy using only the reachable blocks we have already discovered.

Assumption 120. The set A of predicate liftings is closed under duals, i.e., X € A
implies A € A where A% (U) = BX \ \(X \ U).

Also, we need to extend the previous definition of defect introducing the notion of
reachability. Given a partition II and a subset ¥ containing only the formulas of those
blocks that are reachable, the role of a reachable defect is to allow the algorithm to
refine the partition using exclusively known reachable information. More formally, we

define it as follows.

Definition 121. Let IT = {¢;};c1 be a logical partition of (X,~) and let ¥ C II. We
call a defect ¢ = () vjeJ Vi at ; W-reachable if for all j € J, we have v; € ¥. In

this case, we refer to this defect as the AV g- disjunction formula.

We will now modify the logical minimisation algorithm presented in Algorithm 4
by accounting for an initial state: the algorithm that we will describe takes a pointed
B-coalgebra (X,~,z¢) as input and return the maximal quotient (Rx,?¥,zo) of the
reachable part, assuming that that quotient is finite.

Please note that in the following discussion, R C ¥ x X denotes a set of pairs
of the form (i, z) and each pair represents a marked block. We define Ry as the
set of reachable formulas and Rx as the set of reachable states. Formally, letting
po: ¥ x X —Wandp;: ¥ xX — X be the standard canonical projections, these sets
are given by Ry = po(R) and Ry = pi(R), respectively. Throughout the rest of this
section, we will leave these projections implicit for the sake of readability.

Intuitively, the core idea behind the algorithm is simple. After initialising the set of
formulas and the set of pairs, the algorithm first identifies all reachable blocks starting
from the initial state. Following this reachability search, it splits any blocks where a

defect can be found. The set U of successors is computed according to the definition
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of the base previously established in Section 23 on page 39. The way for identifying
and resolving these inconsistencies is detailed in the CHECKANDSPLITDEFECT function
defined below. Please note that the algorithm does not simply compute the entire
reachable part of the system first and then perform all the possible and necessary
splits. Rather, the two processes are closely combined. The algorithm constructs the
reachable part until no more new states can be found. This is achieved by verifying if
any successor of a marked state (a state in a pair) satisfies a formula in the partition
that has not yet been identified as reachable. If so, the corresponding formula and state
pair is added to the set of reachable pairs R. This mechanism is closely related to the
process of closing the observation table in the L* algorithm. Just as L* ensures the
table is closed by adding successors whose behaviour is not the same of the predecessor
state, this algorithm ensures reachability by expanding the set R until no new logical
behaviours can be reached from the current settings.

To compute the reachable part, the algorithm checks if there exists a successor
state of a specific marked state that makes true a formula in the partition that is not
considered reachable yet, we add this pair to the set of reachable pairs. As said, this
process is closely related to the process of closing a table in L* where the algorithm
checks whether the successors of a state already in the table behave as this state, if no,
the successors are added to the table.

The algorithm then triggers a split to resolve any defects. Because a split changes
the partition, the algorithm must check reachability again. This loop continues until
both reachability and split parts cannot be performed any further. Once neither search
nor split loops can be performed, the algorithm terminates and returns the (Rx, ¥, zo)
coalgebra.

The algorithm looks as follows.

128



Chapter 5. Learning via Defects

Algorithm 5 Logical minimisation with reachability

Input: (X,~v,xz¢), set of formulas U, set of pairs R
Output: (Rx,%, o)

1: > Initialization
2: U {T}H R+ {(T,z0)}

3: change < T

4: > Search
5: while change = T do

6: change <

7: while 3(¢, x) € R with unexplored transitions do

8: U « Base(y(z))

9: if 3¢ € ¥ s.t ¢ does not occur in Ry, dy € U.y = ¢ then
10 add (¢,y) to R
11: change <+ T
12: end if

13: end while
14: > Split
15: for each (¢,z) € R do
16: oldR <~ R
17: CHECKANDSPLITDEFECT (R, ¥, (¢, ))
18: if 01dR # R then
19: change < T
20: end if
21: end for

22: end while
23: return (Ry,¥,xo)

Intuitively, the following function checks for defects within a block. If a defect
is found, the algorithm splits the block into two more precise formulas and updates
the corresponding reachable pair in R. Finally, we set the change flag to true. This
forces the algorithm to execute another reachability check, as splitting a block may

have exposed new transitions or isolated others.
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1: function CHECKANDSPLITDEFECT(R, ¥, (¢, x))
2 for each A¥-disjunction formula ¢ = (\) \/,c; ¢, do
3 if © = ¢ and 9 A - is satisfiable in the model then
4: replace (¢, z) with (¢ A p,x) in R
5: add ¥ A —p to ¥
6 end if

7 if = = ¢ and 9 A ¢ is satisfiable in the model then
8 replace (¢, z) with (¢ A =@, z) in R

9 add Y A p to ¥

10: end if

11: end for

12: end function

As we did for the minimisation algorithm, we now introduce some lemmas that
allow us to prove termination. The first lemma shows that if the search part of the

algorithm terminates, then also the split part does.

Lemma 122. If the search part of the algorithm terminates, then split part also even-

tually terminates.

Proof. Splits are triggered only by Rgy-reachable defects (cf. Line 15 of the Algo-
rithm 5). If the search part stops extending R, then there is a fixed finite number of

Ry-reachable defects, which gives an upper bound to the number of possible splits. [

Intuitively, the following lemma says that the search loop terminates if and only if
all the characteristic formulas that represent the reachable states are already present
in the set Ry. That is, the if condition of the Line 9 of the algorithm is false and

therefore, we cannot explore the transition system any further.
Lemma 123. Vx € Rx.Bb(Base(vy(x))) C Ry < search loop terminates.

Proof. Suppose that the algorithm does not terminate, but we have Vax € Rx.

Bb(Base(y(z))) € Ry. Then we have, Vo € Rx.{b(z)|x € Base(y(z))} C Ry. Be-
cause we define Rx := m[R], then we have V((¢,z)) € R, {¢|vp € mo[R]} C Ry. If
this is the case, the if condition at Line 9 of the algorithm would be false for all the
possible pair in R and the search loop should terminate, but this is a contradiction

with the assumption. Let now suppose that the algorithm terminates, but we have
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Vx € Rx.Bb(Base(y(x))) € Ry. This means that 3¢ € Bb(Base(y(x))) and ¢ € Ry.
Hence, Jy € Base(y(z)).y | ¢ and ¢ ¢ Ry. Indeed, the if condition of the algorithm
at Line 9 should be true, but as we assumed the search loop should terminate, hence

such ¢ should not exist. We have a contradiction also in this second case. ]

The following lemma allows us to define a coalgebra map 4: Rx — BRyg by re-

stricting Bbo~ to BRy.
Lemma 124. If the search loop terminates then Base(Bbo vy(x)) C Ry.

Proof. Consider the following diagram.

BX Bwe, px

W |

BY —— PV
Base

It commutes by naturality of Base. Hence, Base(Bby(x)) = Pb(Base(vy(x))) by natu-
rality, where y(z) is to be considered as an element of BX. By Lemma 123, we know

that Pb(Base(vy(x))) C PV, therefore Base(Bby(x)) C PV. O
We need the following new lemma about predicate liftings.

Lemma 125. Let t € BX, X CY and suppose t € AN(U) for some U C Y. Then
te NUNX).

Proof. This is a direct consequence of A being a natural transformation, which can be

seen by looking at the naturality diagram for A applied to the inclusion i : X — Y.

oY Ay 9BY

2| B

2X ; 2BX
Ax

O]

Now, we need to prove that the algorithm is correct and it terminates. In order to

prove correctness, we need the following lemma.
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Lemma 126. Assuming that both the search and the split loops terminate, every reach-

able state should be contained in a marked block.

Proof. We prove this lemma by induction on the depth of a path, i.e., the minimal
number of the steps in the system we need to follow to reach a state from the initial
one.

Step = 0: The initial state xg is by construction the selected point representing the
first block. Once a point marks a block, it will stay in the final output.

Step = n + 1: We assume by induction that the claim holds for those states reachable
in n steps. So, given any reachable x € X and a pair (¢,y) where the formula 1
defined the block 1 and x belongs to 1, we have that ¢ is reachable. Moreover, given
an ' € Base(y(x)), reachable by construction of Base, we need to prove that given a
formula v’ where 2’ |= 1, the block v’ identified by 1)’ is reachable. To do that, a case

distinction is needed.

1. x is the selected point of the block, i.e., x is the second component of the pair
(¥, ). Hence, by construction of the search loop, x’ |= ¢ and ¢’ is reachable.
Indeed, according to the Line 9 of the algorithm if there exists a formula that
is not yet considered as reachable, but exists a state in the successors of the
selected point that makes that formula true, then we add the formula to the set
of reachable elements. Hence, we know that also ¢ represented by the formula

would be considered reachable.

2. x is not the selected point of the pair (¢, y). Then, given y |= ¢ and y the selected

point, we have two additional cases.

e Y/ N Base(y(y)) # 0 and we are done; otherwise

e ' N Base(y(y)) = 0, but ¢’ N Base(y(x)) # @ (by assumption that 2’ € ¢’
and z’ is a successor of ).
We use separatingness that we provided in Definition 19 at page 32 to prove
that there exists a formula ¢ s.t. y = ¢ and x £ ¢ or vice versa. Since
we assumed that the algorithm does not split nor search anymore, this is a

contradiction and we are done.
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In fact, we have what follows.

¥’ N Base(y(y)) = 0 &4’ N Base(y(z)) # 0

& Y & Pb(Base(y(y))) &y’ € Pb(Base(y(x))) applying b

& Y & Base(Bb(v(y))) &' € Base(Bb(y(x))) by naturality of base
< Base(Bb(v(y))) # Base(Bb(y(z))) by def. on inclusivity
< Bb(y(y)) # Bb(v(x)) applying def. of base

Now, because we have two elements that are not equal, by definition of
separetingness, there exists w.l.o.g. a subset I' C W and a A s.t. o = (\) VT’
and y = (A\)VT. This is w.l.o.g. because if z = (A\) VT and y £ (\) VT,
then we can take the dual modal operator A¢ and I = ¥ \ T to obtain
v (M) VI and y = (A) VIV,

We have y = (\) \/ T is equivalent to Bb(y(y)) € A(T") and the latter is an
element of BRy. By Lemma 125 this implies Bb(y(y)) € A(I' N Ry). At
the same time we have x [= (A) \/ I which implies Bb(y(z)) € A(I') and thus
Bb(v(x)) € A(T'N Ry).

Together the above implies that \/T' N Ry is a Ryg-reachable defect at the
block ¥ of y which is a contradiction to our assumption that both search

and split terminated.
O

In other words, this lemma says that the final coalgebra is partitioned by the marked

blocks or, also, that all the reachable states are covered.

5.3 Conclusion

As we have seen, this chapter provides the necessary components to reformulate the
algorithms presented by Lee and Yannakakis in logical terms, specifically for computing
transition systems that can be represented as coalgebras with a finite quotient.

We also mentioned that there is a relationship between the L* algorithm and the
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simultaneous computation of the reachable and minimal versions of a transition system.
We have highlighted parallels between these two approaches. For instance, the process
of closing a table in L* where the algorithm ensures that all transitions lead to states
already represented in the model, can be viewed as the reachability search described
in the present algorithm. Furthermore, the partition refinement process uses modal
formulas to split blocks and test behavioural equivalence in a manner really close to
our versions of the L* algorithm, where modal formulas serve as tests. It would be
interesting to further explore these connections and unify our coalgebraic framework to
fully encompass this algorithm as well. Additionally, as noted at the outset, the minimi-
sation algorithm proposed by Lee and Yannakakis aligns with established coalgebraic
partition refinement processes [Rot+17; KK14; Ada+12; Dei+19]. A compelling direc-
tion for future work would be to determine whether these refinement techniques could
be used to translate not only the minimisation algorithm into a coalgebraic setting but
also the version that incorporates reachability. This would potentially allow the algo-
rithm to be extended to cover the learning of transition systems described on categories
other than Set.

Finally, a significant open question concerns our assumption regarding closure under
duals (or the presence of negation) in the modal logic. Currently, our proof of termi-
nation for the minimisation algorithm relies on the logic being sufficiently expressive
to distinguish any two non-bisimilar states. It remains to be investigated whether this
assumption is a mechanical necessity or if termination can be guaranteed without this

assumption.
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Conclusion

This thesis has investigated the field of automata learning through the lens of coalgebra
and coalgebraic modal logics. We approached the classical Angluin L* algorithm and we
studied it in a more abstract way. We started with the observation that the concrete
process of learning a regular language, represented as a minimal deterministic finite
automaton, is closely related to the notion of filtration in modal logic. By viewing the
tests of the L* algorithm as logical formulas used to collapse a model into a finite number
of equivalence classes, we developed a version of the Angluin algorithm for coalgebras
using Boolean-valued modal formulas as tests. This approach allowed us to adapt the L*
framework into a new algorithm, L°°, which is capable of learning regular B-coalgebras
for an arbitrary finitary set functor B. The key intuition was to shift from using words
as tests to modal formulas, providing a logical interpretation of the process that allows
to identify states that are behaviourally equivalent. In this context, we rephrased some
classical definitions from the L* framework in a coalgebraic and modal logic setting,
replacing the notion of suffix-closedness with subformula closedness and the concept
of a successor state with the idea of the base. These notions allowed us to define a
logical observation table with its own definitions for closedness and consistency, which
we termed sharpness. With these ingredients, we defined an algorithm that learns not
only DFAs but also other transition systems, such as Mealy machines (whose formulas
are Boolean-valued formulas) and Discrete Markov chains. Finally, we provided the

proofs for termination and correctness together with a complexity analysis. While this
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initial version provided a successful abstraction, it remained somewhat ad-hoc due to
its reliance on Boolean-valued formulas and definitions that, while abstract, were not
fully expressed in categorical terms. To address this, we worked within a framework
based on the categorical concept of duality.

This shift to a dual adjunction framework allowed us to move beyond the category
of sets to a more general class of categories. We redefined core concepts such as the
notion of the base and subformula closedness. We began by introducing the notion of a
subobject, which is the ground to introduce other main concepts such as the conjecture
or presenting the definitions of subformula closedness and the base in categorical terms.
We also restated the definition of closedness categorically. While intuitively a table is
closed when all successors of a state are already represented within the elements of the
conjecture, we stated that a table is closed when there exists a morphism such that all
successor states behave identically under a specific set of formulas. That is, we moved
from a definition focused on the specific elements of a set to a broader one focused on
the maps. Following this, we proved the correctness and termination of this algorithm
in a proper categorical manner. Moreover, we extended these results by adapting the
definitions, lemmas, and proofs to learn not only B-coalgebras but also BT -coalgebras.
This extension enables the learning of more complex transition structures, such as non-
deterministic finite automata or alternating automata, allowing to learn more succinct
versions of transition systems. The key observation was the identification of a specific
class of forgetful logics, which maintain the same set of formulas to describe both B
and BT-coalgebras by abstracting away from the branching represented by the functor
T, while the semantics ensure the correct behaviour is interpreted.

Furthermore, we investigated the work of Lee and Yannakakis, who proposed an
algorithm for the simultaneous computation of reachability and minimisation in tran-
sition systems. This approach seems closely related to the L* algorithm, in fact they
are both iterative refinement processes but with a key difference: in this context the
teacher is missing and it is unclear which aspect of the algorithm makes up for it. This
approach is particularly compelling for developing concrete implementations, as the re-

moval of the requirement for an active Oracle can simplify the algorithmic architecture.
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In line with our research objectives, we have applied logical and coalgebraic concepts
to formalise the behaviour of this algorithm, aiming to extend its applicability to a
broader class of transition systems representable as coalgebras with a finite quotient.
Our logical representation serves as a foundational framework for deeper investigation,
providing a lens through which the structural properties of these teacherless learning

methods can be further explored.

Future work

This thesis aimed to approach the learning framework through the lens of coalgebra
and modal logic. However, studies in this area are far from being exhausted. There
remain several research topics open to future investigation, ranging from categorical
generalisations to the concrete implementation of a coalgebraic learning algorithm. In

what follows, we try to sum up the main central topics.

Generalisations

In this work, we show how duality plays a central role in generalising automata learn-
ing. We proposed an algorithm parametric in the type of category, but we remain
mainly focused on the category of sets, with a primary focus on learning different types
of coalgebras based on their functor B. This approach can be considered more as coal-
gebra learning than automata learning. A closely related line of research is the CALF
project which focuses on generalising the learning process across different underlying
categories (such as vector spaces or nominal sets) to study a variety of automata types
across diverse domains. In contrast, as said, our approach focuses on the variation of
transition structures within the category of sets. Integrating our approach with the
CALF framework represents a promising area for future work, as it could combine our
capacity for handling branching with their ability to learn automata across different
domains.

Also, we provided a learning framework able to handle non-deterministic and alter-

nating automata by introducing the concept of forgetful logics. This setting allowed
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us to successfully manage the branching part of coalgebras using BT -functors. Exten-
sive work [JSS15] has been conducted to study the correlation between branching and
monads moving beyond the category of sets. The success of monads in those frame-
works suggests a future direction for our research: incorporating monads into our dual
adjunction framework to provide a more standard way to model and handle branching
components within existing coalgebraic theory.

Moreover, as already reported in [MS22] and [HSS20], the authors have already
explored the possibility of learning automata with side-effects, specifically focusing
on non-determinism within the context of residual nominal automata developing the
theory of residual nominal automata and proving that this class possesses canonical
representatives that can be constructed via a finite number of observations. This is a
crucial property for active learning, where the goal is to identify the minimal automaton
representing a specific language. An interesting area for future research would be to
investigate whether our construction can be extended and empowered within their

framework.

Many-Valued Logics and Approximate Learning

As established in the previous chapters, modal logic is a framework for describing transi-
tion systems and distinguishing non-equivalent states. However, for some systems such
as probabilistic or weighted automata, behavioural distance provides a more nuanced
framework to distinguish states compared with the Boolean-valued logics [Fah+23].

It would be of considerable interest to investigate many-valued logics [KP21] and
fuzzy logics to determine whether our categorical learning algorithm can be extended
to systems where observations are real numbers or where transitions represent degrees
of applicability. This is particularly relevant for the learning of weighted automata or
fuzzy transition systems, where behaviours are represented by degrees of truth rather
than true or false.

Building on this, future research should address the challenge of approximate learn-
ing, where the objective is to identify a sufficiently close model rather than an exact

representation. This shift would require a deep review of our framework, specifically
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regarding the construction of the observation table. Also, the properties of closedness
and consistency must be redefined. Such an extension would bridge the gap between

exact learning and the approximate nature of real-world quantitative observations.

Lee and Yannakakis Framework

In the work of Lee and Yannakakis [LY92], two algorithms are proposed for transition
system minimisation: the first minimises a given system, while the second computes its
minimal reachable part. The underlying concept is closely related to the L* algorithm,
with the significant distinction that here the teacher appears to be absent. Nevertheless,
we observe a close relationship with L*, where the process of closing a table and the
use of tests to distinguish states can be mapped to the search and split phases of the
Lee and Yannakakis algorithm, respectively. It would be of great interest to investigate
this connection further to deeply understand the underlying learning mechanism. Such
an understanding would provide an opportunity to extend our coalgebraic framework
to fully encompass this algorithm as well. Also, while the minimisation component
appears relatively straightforward topic, largely due to its proximity to established
areas in coalgebraic partition refinement [KK14], the reachability aspect presents a
more significant challenge.

Moreover, a substantial open question remains regarding our assumption of closure
under duals in the modal logic. At present, our proof of termination for the algorithm
relies on the logic being sufficiently expressive to distinguish any two states that do not
behave the same. It remains to be investigated whether this assumption is a mechanical
necessity or if termination can be guaranteed in its absence.

Finally, a concrete implementation of this methodology may prove more feasible
than traditional active learning methods, as the reliance on a teacher is reduced or

removed entirely, potentially simplifying the algorithmic concrete implementation.

Concrete implementation

From a practical perspective, implementing a learning algorithm that is truly paramet-

ric in the functor B presents significant challenges. Future work must find efficient ways
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to represent modal formulas and execute queries against them to avoid computational
inconsistencies [Dei+19] and [Dor+17] . Additionally, the role of the teacher requires
further attention, in an abstract setting, an oracle could potentially return an infinite
set of formulas as a counterexample, or trivially the full set of formulas that allow to
characterise the target model, but developing a concrete oracle that provides minimal
and incremental counterexamples is crucial to have an algorithm that is applicable to
real-world scenarios. Also, the algorithm proposed by Lee and Yannakakis could be of
interest to investigate a possible way of defining a concrete implementation of an active

learning algorithm in a more simple way.
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