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Abstract
The strong dipole interactions of Rydberg atoms are ideal candidates to facil-
itate interactions between neutral atoms to generate entanglement for quan-
tum information processing. This offers the potential to scale to large atom
arrays through well established techniques for neutral atoms, overcoming
limitations of other architectures for quantum information processing. This
thesis presents the design and development of an experiment for quantum
information processing using Rydberg atoms, concluding with the determin-
istic preparation of two caesium atomic qubits in a maximumly entangled
Bell state.

The experiment presented achieves low error readout of two single atoms held
in optical tweezers using new imaging technology as an alternative to what is
typically used in the field, offering a cost effective solution whilst maintain-
ing high shot to shot retention as is necessary for qubit operations. Qubit
manipulations are demonstrated with fast two-photon rotations between the
hyperfine ground states and the 69S1/2 Rydberg state. Due to the cold sin-
gle atom temperatures achieved, T ≈ 10 µK, the ground-Rydberg dephasing
times measured through Ramsey spectroscopy find coherence times around
twice that of previously reported experiments, over an order of magnitude
greater than the gate time.

Demonstration of Rydberg blockade between two atoms with a separation
of 6 µm is shown with an almost compete suppression to the doubly excited
state and observation of a

√
2-enhancement of coupling to an entangled sym-

metric |W⟩ state. Finally the |W⟩ state is mapped to the ground state qubit
levels to create a maximally entangled Bell state achieving a loss-corrected
fidelity of Fpairs = 0.81 ± 0.05. This result represents the highest corrected
ground state neutral atom entanglement fidelity via Rydberg blockade and
is equal to that achieved via Rydberg dressing . The limitation of this Bell



i

state preparation is primarily due to laser phase noise as found in other ex-
periments and is verified through the long coherence times measured in this
thesis. Generation of entanglement in the magnetically insensitive hyperfine
states of caesium allows long coherence times to be achieved with Ramsey
spectroscopy used to measured transverse dephasing times of T ∗

2 = 10±1 ms
and T ′

2 = 150± 20 ms, offering an excellent platform for quantum computa-
tion.
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Chapter 1

Quantum Information - a

primer

Quantum information processing is an area which has seen rapid progres-

sion in recent years, due to the major advantages potentially offered through

quantum mechanics in comparison to conventional computing. For example

quantum entanglement offers unprecedented levels of security via quantum

cryptography [1–4], and provides a platform to overcome the limitations of

classical computation through potential exponential increases in processing

speeds though quantum computation [5–9]. Full realisation of fault tolerant

quantum computing requires harnessing over a million of qubits [10] far ex-

ceeding current advancements in the field. However small scale systems using

only a few qubits can still be utilised with simulations already been performed

on quantum computers to calculate electronic structure of molecules using

variational quantum eigensolvers [11, 12] and factorisation of small numbers

via Shor’s algorithm [13]. The building block behind all this is a two-level

quantum system known as a qubit.

2



Chapter 1. Quantum Information - a primer 3

1.1 The Qubit

This opportunity to revolutionise modern day computation is provided by

quantum mechanics. A qubit is a two-level system represented by logical

states |0⟩ and |1⟩. The state vector of a such a system is given by

|ψ⟩ = α|0⟩+ β|1⟩ ≡

α
β

 , (1.1)

where |α|2 (|β|2) represents the probability of being in state |0⟩ (|1⟩) such

that |α|2 + |β|2 = 1. The advantage quantum mechanics offers over the

classical bit, which has discrete values of 0 and 1, lies in the ability to create

superposition states such as

|ψ⟩ = 1√
2
(|0⟩+ |1⟩). (1.2)

Despite the qubit potentially occupying infinite linear combinations of α or β

only two outcomes are presented from measurement with a 50 % probability

of measuring |0⟩ or |1⟩ for the example presented above. However as we

will see the real power in quantum computation lies in the ability to create

entanglement.

1.1.1 Quantum Entanglement

Whilst this superposition can be understood from a classical viewpoint, the

concept of entanglement has no classical analog and is a quirk of the quantum

world. Consider two qubits, A and B, in states |ψ⟩A and |ψ⟩B, as with the

case above either qubit can be in state |0⟩ or |1⟩ or any superposition. The

two qubits can therefore also be described by a linear combination of two

qubit states given by

|Ψ⟩ = α|00⟩AB + β|10⟩AB + γ|10⟩AB + δ|11⟩AB, (1.3)
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normalised such that |α|2 + |β|2 + |γ|2 + |δ|2 = 1. Typically, for a pair

of qubits, the system starts off uncorrelated and it is possible to describe

the state of qubit A independent of qubit B, resulting in a product state

|Ψ⟩ = |ψ⟩A⊗|ψ⟩B. If, however, the qubits become correlated it is possible to

create states where the qubits are no longer independent of each other. An

example of such a state is given by

|Ψ−⟩ = 1√
2
(|01⟩ − |10⟩). (1.4)

This inseparable state can not be produced by a product of two single qubit

states |Ψ−⟩ ̸= |ψ⟩A ⊗ |ψ⟩B and is an example of a maximally entangled Bell

state. Measurements upon such states lead to some remarkable consequences

which truly highlight the bizarre nature of the quantum world. For example

consider two observers, Alice and Bob far apart conducting measurements on

each of the qubits after being prepared in the above state. Both will measure

|0⟩ or |1⟩ with a 50 % probability, however every time the Alice measures |0⟩

Bob will measure |1⟩ and vice-versa. Further to this, as long as Alice and

Bob conduct their measurements in the same basis the outcome remains the

same and is not dependent on the basis chosen. This perfect anti-correlation

in the outcomes of the measurements presents an interesting problem as

quantum mechanics tells us that each qubit is in a superposition until it is

measured, therefore if quantum mechanics is to be believed the result of the

measurement of qubit A instantly impacts the state of qubit B. Intuitively

one may think that this instantaneous effect presents a method of faster than

light signalling between Alice and Bob, however, this is not possible as the

outcome of first measurement will always be random and requires a classical

communication channel between Alice and Bob to determine the basis used

to be able to transfer genuine information. Nonetheless this concept of a non-

local influence on the qubit famously troubled Einstein with him describing it

as "spooky action at a distance". This led him to believe that our description
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of quantum mechanics was incomplete and to introduce the concept of local

hidden variables to describe this phenomenon [14].

This remained a contentious topic until John Bell in the 1960s derived in-

equalities for a series of measurements conducted in different bases on an

entangled pair defining the constraints of any hidden variable theory [15].

The theorem states that for any local hidden variables the following inequal-

ity must hold [16]

1 + P (⃗b, c⃗) ≥ |P (⃗a, b⃗)− P (⃗a, c⃗)|, (1.5)

where P (⃗i, j⃗) is the correlation probability of spin measurements along i⃗ and

j⃗ for qubit A and B. To test this inequality Alice and Bob can set their

detectors to one of the three orientations to measure the qubit’s state. Let

us consider what happens when a⃗ is orientated along x⃗, b⃗ along y⃗ and c⃗

to be (x⃗ + y⃗)/
√
2. From quantum mechanics we can find that P (⃗i, j⃗) =

−⃗i · j⃗ which for our chosen orientations gives correlation probabilities of

P (⃗a, b⃗) = 0 and P (⃗a, c⃗) = P (⃗b, c⃗) = −0.707 violating the inequality. Several

experiments have been performed to test variants of this inequality and have

found violations [17, 18], therefore confirming the behaviour of entangled

particles to be non-local. These experiments however do not necessarily

prove the quantum mechanical description to be correct, but rather prove

entanglement violates local realism.

1.1.2 Realisation

Utilising the tools of superposition and entanglement quantum computers

can solve classically computationally demanding problems using sophisti-

cated quantum algorithms such as Shor’s algorithm for factorising large

numbers [6] or Grover’s search algorithm [19], with the former offering an

exponential speed up in comparison to classical computation. The criteria
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for the successful implementation of a quantum computer are known as the

DiVincenzo criteria given by [20]:

• a scalable physical system with well characterised qubits,

• the ability to initialise the qubit’s quantum state,

• long coherence times in comparison to gate operation time..

• a universal set of quantum gates,

• the ability to measure qubit’s state.

Satisfying these criteria has seen several candidate two-level systems pro-

posed most notably, ions [21], superconducting circuits [22] and Rydberg

atoms [23].

1.2 State of the Art

Significant technological advancements have been realised using ions and

superconductors as a quantum architecture. Ion technologies have shown

the highest fidelities achieving single qubit gate fidelities of F > 0.9999 and

two qubit gate fidelities of F > 0.999 [24, 25] with single qubit coherence

times of over a second observed [26]. A key issue in these studies is the

trade off between gate speed and achieved fidelities, with the fore-mentioned

results requiring gate times of 10-50 µs. A recent study has however overcome

this limitation achieving a two-qubit gate with a gate speed of τ = 1.6 µs

and a fidelity of F = 0.998 [27]. This demonstrated gate speed is over an

order of magnitude increase compared to previous high fidelity studies and

represents a significant advancement taking fast ion gates close to realms of

fault-tolerant quantum computing F > 0.9999. Recent progress has seen a 5-

qubit processor developed and used to perform a 3-qubit Groover search [28,

29].
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Similarly superconducting circuits have achieved single gate fidelities of

F = 0.9992 and two-qubit fidelities of F = 0.994 using gate durations of

10’s of ns [30]. This success has seen development of several commercial

quantum computers in search of achieving quantum supremacy [31], with In-

tel, IBM and Google having built 49 [32], 50 [33] and 72 [34] qubit processors

respectively based on superconducting technology and Rigetti in the midst

of developing a 128 qubit chip [35]. Advancements as such have already seen

commercial use with IBM already offering cloud based access to quantum

computers with architectures containing up to 20 qubits. A key challenge

for current systems is scalability with high fidelity operations currently only

being performed on small numbers of qubits.

Neutral atoms can overcome this limitation with scalable trapping easily im-

plemented through microscopic dipole traps [36] or optical lattices [37], allow-

ing large 2D arrays of neutral atoms to be realised [38, 39]. Previous limits

due to probabilistic loading have been recently overcome using dynamically

reconfigurable traps [40], which can be deterministically assembled atom-by-

atom to create defect free arrays of up to ∼100 qubits with extension to

arbitrary 3D geometries demonstrated [41, 42]. Further to this the hyperfine

ground state of neutral atoms are excellent candidates for computational ba-

sis states of a qubit due to their long coherence times, with storages times

exceeding a minute being observed [43].

Interactions between ground state neutral atoms separated by more than

several angstroms are negligible. Therefore, provision of interactions to facil-

itate multi-qubit gates and entanglement is experimentally challenging. This

has been overcome using mobile optical tweezers to overlap pairs of atoms

and exploit spin exchange interactions to generate entanglement [44]. An

alternative method of providing interactions between neutral atoms uses Ry-

dberg atoms, where large dipolar interactions act over much longer ranges

than ground state atoms [23, 45].
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Property n-scaling
Binding Energy n−2

Adjacent State Energy n−3

Radiative Lifetime n3

Orbital Radius n2

Dipole Moment ⟨n′l′m′
l|µ|nlml⟩ n2

Table 1.1: Scaling properties of Rydberg atoms.

1.3 Rydberg Atoms

Rydberg atoms are atoms which have been excited to high principal quantum

number, n. These states have large orbital radii which lead to a number

of exaggerated properties, most importantly in the context of this work a

dipole moment, µ which scales as µ ∝ n2 which leads to strong interaction

potentials. Further to this, Rydberg atoms have long radiative lifetimes

typically on the order of τ > 100 µs, with even longer durations found at

cryogenic temperatures making them ideal for quantum gate protocols. This

far exceeds the timescale of gate operations which are typically less than a

µs long allowing high fidelity operations. A summary of these properties and

their scaling with n is shown in Table 1.1.

These properties form an excellent platform for implementing quantum gates

with the large dipole moment giving rise to a mechanism known as dipole

blockade [46]. In this regime the large dipole interactions between Rydberg

atoms results in an energy shift such that excitation of more than one atom

within a distance known as the blockade radius is inhibited. The mecha-

nisms behind this will be further explained in Sec. 3.4, however importantly

in the context of neutral atom quantum information the Rydberg blockade

can be facilitated over distances as large as 10 µm, much greater than the

required separation for ground state interactions. As each atom within the

blockade radius is equally likely to be excited to the Rydberg state, Rydberg

blockade can also be used to create an entangled symmetric state which ex-

hibits a collective
√
N enhancement in coupling [46]. This mechanism can
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be used to effectively implement fast two-qubit gates [23, 45] in comparison

to ion based experiments and perform efficient processing of quantum algo-

rithms such as Grover’s search algorithm [47, 48]. Further to this the strong

interactions of Rydberg atoms have also seen a great deal of focus within

quantum simulation and have been used to perform simulations of quantum

magetism [49–52].

1.3.1 Recent Experimental Advances

Evidence of suppression of Rydberg excitations and collective behaviour

has been demonstrated in several experiments using large samples of cold

atoms [53–56], however use in quantum gate protocols require using single

pairs of atoms. Progression to experiments utilising Rydberg atoms in quan-

tum gates has seen rapid progression in recent years beginning with the suc-

cessful demonstration of sub-Poissonian loading of single atoms [57] through

collisional blockade [58]. Since then major milestones towards blockade be-

tween two atoms have included demonstration of resolvable qubit rotations

of two atoms within the blockade radius [59] and coherent single atom ex-

citation to the Rydberg state [60, 61]. Experimental verification of block-

ade between two atoms was first achieved in 2008 by the group of Mark

Saffman in Wisconsin using individual addressing [62] and by the group of

Antoine Browaeys in Paris using global addressing [63]. This was quickly

followed with demonstration of ground state entanglement through mapping

the entangled Rydberg state to the ground state [64, 65] and via a CNOT

gate [66, 67]. Progression since these results has seen post corrected ground

state fidelities of up to F = 0.81 achieved [68]. Table 1.2 summarises land-

mark achievements in ground state entanglement fidelities prior to the main

results presented in this thesis.
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Species Method Deterministic Post Selected Ref
87Rb Blockade 0.46 0.75 ± 0.07 [64]
87Rb Blockade 0.48 ± 0.07 0.58 [66]
87Rb Blockade 0.58 ± 0.04 0.71 ± 0.05 [67]
133Cs Blockade 0.73 ± 0.05 0.79 ± 0.05 [38]
87Rb Spin Exchange 0.44 0.63 ± 0.02 [44]
133Cs Dressing 0.6 ± 0.03 0.81± 0.02 [68]

87Rb/85Rb Blockade 0.59 ± 0.03 - [69]

Table 1.2: Experimentally achieved entanglement fidelities between two neu-
tral atoms, error bars shown where they were available in literature.

1.3.2 A Hybrid Quantum System

These current advancements are, however, far below the required fidelity

F > 0.9999 for fault tolerant quantum computing and significantly behind

progress in ion [25] and superconducting circuit [30] entanglement fidelities.

A possible solution to overcome this could be to integrate two quantum tech-

nologies into a hybrid system with the strong microwave transitions between

adjacent Rydberg states offering strong coupling to a superconductung mi-

crowave resonator [70, 71]. A potential proposal for such a scheme is outlined

in [71], where a neutral atom is trapped above the electric field antinode of a

coplanar waveguide resonator (CPW) and offers a route to entangle neutral

atoms with the microwave cavity field. Strong coupling with a CPW also

offers the potential to generate entanglement over mm scales between atoms

trapped at different antinodes [72] which due to the characteristic of blockade

can be extended to ensembles

The objective of the experiment presented in this thesis looks towards eventu-

ally establishing a hybrid quantum system similar to the one described above.

The work presented in this thesis comprises of the building blocks towards

this experiment and therefore attention to the design for future integration

of cryogenic systems needs to be considered.
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1.4 Thesis Layout

This thesis is divided into 5 parts and is structured as follows: Part I intro-

duces the concept of quantum information and how Rydberg atoms can be

used to implement a neutral atom gate. Part II describes the basic proper-

ties of Rydberg atoms and describes the relevant theory and calculations for

the qubit operations and excitation to the Rydberg state 69S1/2. Part III

provides a focus on the experiment design and single atom cooling and trap-

ping. Part IV presents qubit rotations between the hyperfine ground states

and to the Rydberg state and measurement of their dephasing as well as

demonstration of Rydberg blockade and high fidelity ground state entangle-

ment. Finally Part V provides an outlook on the achieved results examining

possible routes to improve the experiment and future planned work beyond

this thesis.

Part I

• Chapter 2 builds on the topics covered in this introduction and intro-

duces quantum gate rotations.

Part II

• Chapter 3 introduces the relevant properties of Rydberg atoms which

make them ideal for quantum gates as well as examining the underlying

mechanisms which lead to Rydberg blockade.

• Chapter 4 contains theory behind two-photon transitions utilised in

this thesis and presents calculations of expected results.

Part III

• Chapter 5 describes the experimental setup from initial design consid-

erations to a source of cold atoms for optical transport.
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• Chapter 6 presents single atom trapping setup as well as single atom

characterisations.

Part IV

• Chapter 7 presents demonstration of fast optical rotations between the

hyperfine ground states of caesium with further measurements using

Ramsey spectroscopy to show long ground state coherence times.

• Chapter 8 presents demonstration of two photon excitation the Ryd-

berg state and examines possible causes of dephasing.

• Chapter 9 presents demonstration of Rydberg blockade and mapping of

the resulting symmetric entangled state towards the other qubit ground

state to deterministically create a Bell state.

Part V

• Chapter 10 summarises the main results of this thesis and provides an

outlook and future direction of the experiment.
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Chapter 2

Qubit Rotations and Gates

Quantum information and computing rely on the ability to manipulate a

qubit’s quantum state and to perform gate operations on qubits. This chapter

presents an introduction to the visualisation of such rotations and how they

can be used to create on demand entanglement.

2.1 Single Qubit Rotations

To understand qubit operations it is useful to introduce a visual representa-

tion known as the Bloch sphere. As |α|2+ |β|2 = 1, Eq. 1.1 can be re-written

as [9]

|ψ⟩ = cos

(
θ

2

)
|0⟩+ eiϕ sin

(
θ

2

)
|1⟩ =

 cos
(
θ
2

)
eiϕ sin

(
θ
2

)
 , (2.1)

where θ and ϕ represent coordinates on this three dimensional sphere repre-

sented by the Bloch vector (cosϕ sin θ, sinϕ sin θ, cos θ). The state of a single

qubit can lie anywhere on this sphere, as shown in Fig 2.1.

Quantum gate operations are represented by rotations around this sphere

and can be described by 2×2 matrices with the only constraint being that

gate matrix U must be unitary such that U †U = I, where U † is the adjoint

14
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Figure 2.1: Qubit rotations on the Bloch sphere showing (a) a X-gate per-
forming the transformation |ψ⟩ = |0⟩ → |ψ⟩ = |0⟩ and (b) a Z-gate rotating
around the z-axis of the Bloch sphere |ψ⟩ = 1√

2
(|0⟩+|1⟩) → |ψ⟩ = 1√

2
(|0⟩−|1⟩)

performing a global transform of phase.

of U and I =

1 0

0 1

 is the 2×2 identity matrix. Some of the elemen-

tary gate operations required in quantum information are given by the Pauli

matrices [73]

X =

0 1

1 0

 , Y =

0 −i

i 0

 , Z =

1 0

0 −1

 . (2.2)

Exponentiating these relations yields the rotation operators

UX(θ) = e−i θ
2
X =

 cos
(
θ
2

)
−i sin

(
θ
2

)
−i sin

(
θ
2

)
cos
(
θ
2

)
 , (2.3)

UY (θ) = e−i θ
2
Y =

cos
(
θ
2

)
− sin

(
θ
2

)
sin
(
θ
2

)
cos
(
θ
2

)
 , (2.4)

UZ(θ) = e−i θ
2
Z =

e−i θ
2 0

0 ei
θ
2

 . (2.5)

Where the evolution of the state vector is given by |ψ′⟩ = Ui(θ)|ψ⟩, examples

of such rotations are shown in Fig 2.1 showing an (a) X-gate and (b) Z-gate
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or phase gate. The X-gate acts to invert the quantum state such that

X|ψ⟩ =

0 1

1 0

α
β

 =

β
α

 , (2.6)

which is the quantum equivalent of a classical NOT gate inverting the quan-

tum logic and is known as a bit-flip. The Z-gate rotates the state vector

around the z-axis and results in a flip in the sign, representing a change in

the qubit’s phase. Another useful rotation is given by

H =
1√
2

1 1

1 −1

 , (2.7)

and is known as a Hadamard transformation. This operation transforms

between the bases |0⟩,|1⟩ and |+⟩,|−⟩ where |±⟩ = 1√
2
(|0⟩± |1⟩) [3] and plays

a crucial role in generating entanglement between two qubits.

2.2 Two-qubit Gates

The use of single qubit gates by themselves is very limited, however with

certain two-qubit gates form a universal set of quantum gates for computa-

tion [9]. Two-qubit gates allow implementation of controlled operations and

form the quantum equivalent of classical counterparts such as a NAND gate.

These two-qubit operations comprise of a control and target qubit. A popular

example of a two-qubit gate that lies at the heart of quantum computation is

a Controlled NOT (CN) gate. The gate matrix for this operation, expressed

in the computational basis {00,01,10,11} where the left index indicates the
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Control
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Target
<latexit sha1_base64="B8ZXl22FhSLC0nxPBPKOvV0xtY0=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAKrsqMCLosuHFZoTeYDiWTZtrQXIbkjFCGPoYbF4q49Wnc+Tam7Sy09YfAx3/OIef8cSq4Bd//9kobm1vbO+Xdyt7+weFR9fikY3VmKGtTLbTpxcQywRVrAwfBeqlhRMaCdePJ/bzefWLGcq1aME1ZJMlI8YRTAs4K+0bmLWJGDGaDas2v+wvhdQgKqKFCzUH1qz/UNJNMARXE2jDwU4hyYoBTwWaVfmZZSuiEjFjoUBHJbJQvVp7hS+cMcaKNewrwwv09kRNp7VTGrlMSGNvV2tz8rxZmkNxFOVdpBkzR5UdJJjBoPL8fD7lhFMTUAaGGu10xHRNDKLiUKi6EYPXkdehc1wPHjze1xkURRxmdoXN0hQJ0ixroATVRG1Gk0TN6RW8eeC/eu/exbC15xcwp+iPv8weo7pFk</latexit><latexit sha1_base64="B8ZXl22FhSLC0nxPBPKOvV0xtY0=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAKrsqMCLosuHFZoTeYDiWTZtrQXIbkjFCGPoYbF4q49Wnc+Tam7Sy09YfAx3/OIef8cSq4Bd//9kobm1vbO+Xdyt7+weFR9fikY3VmKGtTLbTpxcQywRVrAwfBeqlhRMaCdePJ/bzefWLGcq1aME1ZJMlI8YRTAs4K+0bmLWJGDGaDas2v+wvhdQgKqKFCzUH1qz/UNJNMARXE2jDwU4hyYoBTwWaVfmZZSuiEjFjoUBHJbJQvVp7hS+cMcaKNewrwwv09kRNp7VTGrlMSGNvV2tz8rxZmkNxFOVdpBkzR5UdJJjBoPL8fD7lhFMTUAaGGu10xHRNDKLiUKi6EYPXkdehc1wPHjze1xkURRxmdoXN0hQJ0ixroATVRG1Gk0TN6RW8eeC/eu/exbC15xcwp+iPv8weo7pFk</latexit><latexit sha1_base64="B8ZXl22FhSLC0nxPBPKOvV0xtY0=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAKrsqMCLosuHFZoTeYDiWTZtrQXIbkjFCGPoYbF4q49Wnc+Tam7Sy09YfAx3/OIef8cSq4Bd//9kobm1vbO+Xdyt7+weFR9fikY3VmKGtTLbTpxcQywRVrAwfBeqlhRMaCdePJ/bzefWLGcq1aME1ZJMlI8YRTAs4K+0bmLWJGDGaDas2v+wvhdQgKqKFCzUH1qz/UNJNMARXE2jDwU4hyYoBTwWaVfmZZSuiEjFjoUBHJbJQvVp7hS+cMcaKNewrwwv09kRNp7VTGrlMSGNvV2tz8rxZmkNxFOVdpBkzR5UdJJjBoPL8fD7lhFMTUAaGGu10xHRNDKLiUKi6EYPXkdehc1wPHjze1xkURRxmdoXN0hQJ0ixroATVRG1Gk0TN6RW8eeC/eu/exbC15xcwp+iPv8weo7pFk</latexit><latexit sha1_base64="B8ZXl22FhSLC0nxPBPKOvV0xtY0=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAKrsqMCLosuHFZoTeYDiWTZtrQXIbkjFCGPoYbF4q49Wnc+Tam7Sy09YfAx3/OIef8cSq4Bd//9kobm1vbO+Xdyt7+weFR9fikY3VmKGtTLbTpxcQywRVrAwfBeqlhRMaCdePJ/bzefWLGcq1aME1ZJMlI8YRTAs4K+0bmLWJGDGaDas2v+wvhdQgKqKFCzUH1qz/UNJNMARXE2jDwU4hyYoBTwWaVfmZZSuiEjFjoUBHJbJQvVp7hS+cMcaKNewrwwv09kRNp7VTGrlMSGNvV2tz8rxZmkNxFOVdpBkzR5UdJJjBoPL8fD7lhFMTUAaGGu10xHRNDKLiUKi6EYPXkdehc1wPHjze1xkURRxmdoXN0hQJ0ixroATVRG1Gk0TN6RW8eeC/eu/exbC15xcwp+iPv8weo7pFk</latexit>

Input
<latexit sha1_base64="Tzrcw3T3C6JY1z+s5Fw2k1Zaf/k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBKvgqsyIoMuCG91VsLXYDiWTZtrQPIYkI5Shf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecs+JEs6M9f1vr7Syura+Ud6sbG3v7O5V9w/aRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGnD9H4Ovcfnqg2TMl7O0loKPBQspgRbJ302NMiu5VJaqf9as2v+zOgZRIUpAYFmv3qV2+gSCqotIRjY7qBn9gww9oywum00ksNTTAZ4yHtOiqxoCbMZhdP0alTBihW2j1p0Uz9vZFhYcxERG5SYDsyi14u/ud1UxtfhRnLI1FJ5h/FKUdWoTw+GjBNieUTRzDRzN2KyAhrTKwrqeJKCBYjL5P2eT1w/O6i1jgp6ijDERzDGQRwCQ24gSa0gICEZ3iFN894L9679zEfLXnFziH8gff5A/wSkQM=</latexit><latexit sha1_base64="Tzrcw3T3C6JY1z+s5Fw2k1Zaf/k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBKvgqsyIoMuCG91VsLXYDiWTZtrQPIYkI5Shf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecs+JEs6M9f1vr7Syura+Ud6sbG3v7O5V9w/aRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGnD9H4Ovcfnqg2TMl7O0loKPBQspgRbJ302NMiu5VJaqf9as2v+zOgZRIUpAYFmv3qV2+gSCqotIRjY7qBn9gww9oywum00ksNTTAZ4yHtOiqxoCbMZhdP0alTBihW2j1p0Uz9vZFhYcxERG5SYDsyi14u/ud1UxtfhRnLI1FJ5h/FKUdWoTw+GjBNieUTRzDRzN2KyAhrTKwrqeJKCBYjL5P2eT1w/O6i1jgp6ijDERzDGQRwCQ24gSa0gICEZ3iFN894L9679zEfLXnFziH8gff5A/wSkQM=</latexit><latexit sha1_base64="Tzrcw3T3C6JY1z+s5Fw2k1Zaf/k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBKvgqsyIoMuCG91VsLXYDiWTZtrQPIYkI5Shf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecs+JEs6M9f1vr7Syura+Ud6sbG3v7O5V9w/aRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGnD9H4Ovcfnqg2TMl7O0loKPBQspgRbJ302NMiu5VJaqf9as2v+zOgZRIUpAYFmv3qV2+gSCqotIRjY7qBn9gww9oywum00ksNTTAZ4yHtOiqxoCbMZhdP0alTBihW2j1p0Uz9vZFhYcxERG5SYDsyi14u/ud1UxtfhRnLI1FJ5h/FKUdWoTw+GjBNieUTRzDRzN2KyAhrTKwrqeJKCBYjL5P2eT1w/O6i1jgp6ijDERzDGQRwCQ24gSa0gICEZ3iFN894L9679zEfLXnFziH8gff5A/wSkQM=</latexit><latexit sha1_base64="Tzrcw3T3C6JY1z+s5Fw2k1Zaf/k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBKvgqsyIoMuCG91VsLXYDiWTZtrQPIYkI5Shf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecs+JEs6M9f1vr7Syura+Ud6sbG3v7O5V9w/aRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGnD9H4Ovcfnqg2TMl7O0loKPBQspgRbJ302NMiu5VJaqf9as2v+zOgZRIUpAYFmv3qV2+gSCqotIRjY7qBn9gww9oywum00ksNTTAZ4yHtOiqxoCbMZhdP0alTBihW2j1p0Uz9vZFhYcxERG5SYDsyi14u/ud1UxtfhRnLI1FJ5h/FKUdWoTw+GjBNieUTRzDRzN2KyAhrTKwrqeJKCBYjL5P2eT1w/O6i1jgp6ijDERzDGQRwCQ24gSa0gICEZ3iFN894L9679zEfLXnFziH8gff5A/wSkQM=</latexit>

Output
<latexit sha1_base64="Q7pKcSzmUtVEB5mTMFSfh2Mq6yc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSq4KjMi6LLgxp0V7AOmQ8mkmTY0jyG5I5Shn+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEqeAWfP/bK62tb2xulbcrO7t7+wfVw6O21ZmhrEW10KYbE8sEV6wFHATrpoYRGQvWice3M7/zxIzlWj3CJGWRJEPFE04JOCnsGZnfZ5BmMO1Xa37dnwOvkqAgNVSg2a9+9QaaZpIpoIJYGwZ+ClFODHAq2LTSyyxLCR2TIQsdVUQyG+Xzk6f43CkDnGjjngI8V39v5ERaO5Gxm5QERnbZm4n/eWEGyU2Uc+UiMUUXHyWZwKDxLD8ecMMoiIkjhBrubsV0RAyh4FqquBKC5cirpH1ZDxx/uKo1zoo6yugEnaILFKBr1EB3qIlaiCKNntErevPAe/HevY/FaMkrdo7RH3ifP+kfkY4=</latexit><latexit sha1_base64="Q7pKcSzmUtVEB5mTMFSfh2Mq6yc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSq4KjMi6LLgxp0V7AOmQ8mkmTY0jyG5I5Shn+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEqeAWfP/bK62tb2xulbcrO7t7+wfVw6O21ZmhrEW10KYbE8sEV6wFHATrpoYRGQvWice3M7/zxIzlWj3CJGWRJEPFE04JOCnsGZnfZ5BmMO1Xa37dnwOvkqAgNVSg2a9+9QaaZpIpoIJYGwZ+ClFODHAq2LTSyyxLCR2TIQsdVUQyG+Xzk6f43CkDnGjjngI8V39v5ERaO5Gxm5QERnbZm4n/eWEGyU2Uc+UiMUUXHyWZwKDxLD8ecMMoiIkjhBrubsV0RAyh4FqquBKC5cirpH1ZDxx/uKo1zoo6yugEnaILFKBr1EB3qIlaiCKNntErevPAe/HevY/FaMkrdo7RH3ifP+kfkY4=</latexit><latexit sha1_base64="Q7pKcSzmUtVEB5mTMFSfh2Mq6yc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSq4KjMi6LLgxp0V7AOmQ8mkmTY0jyG5I5Shn+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEqeAWfP/bK62tb2xulbcrO7t7+wfVw6O21ZmhrEW10KYbE8sEV6wFHATrpoYRGQvWice3M7/zxIzlWj3CJGWRJEPFE04JOCnsGZnfZ5BmMO1Xa37dnwOvkqAgNVSg2a9+9QaaZpIpoIJYGwZ+ClFODHAq2LTSyyxLCR2TIQsdVUQyG+Xzk6f43CkDnGjjngI8V39v5ERaO5Gxm5QERnbZm4n/eWEGyU2Uc+UiMUUXHyWZwKDxLD8ecMMoiIkjhBrubsV0RAyh4FqquBKC5cirpH1ZDxx/uKo1zoo6yugEnaILFKBr1EB3qIlaiCKNntErevPAe/HevY/FaMkrdo7RH3ifP+kfkY4=</latexit><latexit sha1_base64="Q7pKcSzmUtVEB5mTMFSfh2Mq6yc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSq4KjMi6LLgxp0V7AOmQ8mkmTY0jyG5I5Shn+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEqeAWfP/bK62tb2xulbcrO7t7+wfVw6O21ZmhrEW10KYbE8sEV6wFHATrpoYRGQvWice3M7/zxIzlWj3CJGWRJEPFE04JOCnsGZnfZ5BmMO1Xa37dnwOvkqAgNVSg2a9+9QaaZpIpoIJYGwZ+ClFODHAq2LTSyyxLCR2TIQsdVUQyG+Xzk6f43CkDnGjjngI8V39v5ERaO5Gxm5QERnbZm4n/eWEGyU2Uc+UiMUUXHyWZwKDxLD8ecMMoiIkjhBrubsV0RAyh4FqquBKC5cirpH1ZDxx/uKo1zoo6yugEnaILFKBr1EB3qIlaiCKNntErevPAe/HevY/FaMkrdo7RH3ifP+kfkY4=</latexit>

H
<latexit sha1_base64="sUsjyYMyocdXc9f4giEC4NbqPZQ=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EquCozUtBlwU2XFewF2qFk0kwbm8uQZIQy9B3cuFDEre/jzrcxbWehrT8EPv5zDjnnjxLOjPX9b6+wsbm1vVPcLe3tHxwelY9P2kalmtAWUVzpboQN5UzSlmWW026iKRYRp51ocjevd56oNkzJBztNaCjwSLKYEWyd1e5rkTVmg3LFr/oLoXUIcqhAruag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEew4lFtSE2WLbGbp0zhDFSrsnLVq4vycyLIyZish1CmzHZrU2N/+r9VIb34YZk0lqqSTLj+KUI6vQ/HQ0ZJoSy6cOMNHM7YrIGGtMrAuo5EIIVk9eh/Z1NXB8X6vUL/I4inAG53AFAdxAHRrQhBYQeIRneIU3T3kv3rv3sWwtePnMKfyR9/kDqJ6PEw==</latexit><latexit sha1_base64="sUsjyYMyocdXc9f4giEC4NbqPZQ=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EquCozUtBlwU2XFewF2qFk0kwbm8uQZIQy9B3cuFDEre/jzrcxbWehrT8EPv5zDjnnjxLOjPX9b6+wsbm1vVPcLe3tHxwelY9P2kalmtAWUVzpboQN5UzSlmWW026iKRYRp51ocjevd56oNkzJBztNaCjwSLKYEWyd1e5rkTVmg3LFr/oLoXUIcqhAruag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEew4lFtSE2WLbGbp0zhDFSrsnLVq4vycyLIyZish1CmzHZrU2N/+r9VIb34YZk0lqqSTLj+KUI6vQ/HQ0ZJoSy6cOMNHM7YrIGGtMrAuo5EIIVk9eh/Z1NXB8X6vUL/I4inAG53AFAdxAHRrQhBYQeIRneIU3T3kv3rv3sWwtePnMKfyR9/kDqJ6PEw==</latexit><latexit sha1_base64="sUsjyYMyocdXc9f4giEC4NbqPZQ=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EquCozUtBlwU2XFewF2qFk0kwbm8uQZIQy9B3cuFDEre/jzrcxbWehrT8EPv5zDjnnjxLOjPX9b6+wsbm1vVPcLe3tHxwelY9P2kalmtAWUVzpboQN5UzSlmWW026iKRYRp51ocjevd56oNkzJBztNaCjwSLKYEWyd1e5rkTVmg3LFr/oLoXUIcqhAruag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEew4lFtSE2WLbGbp0zhDFSrsnLVq4vycyLIyZish1CmzHZrU2N/+r9VIb34YZk0lqqSTLj+KUI6vQ/HQ0ZJoSy6cOMNHM7YrIGGtMrAuo5EIIVk9eh/Z1NXB8X6vUL/I4inAG53AFAdxAHRrQhBYQeIRneIU3T3kv3rv3sWwtePnMKfyR9/kDqJ6PEw==</latexit><latexit sha1_base64="sUsjyYMyocdXc9f4giEC4NbqPZQ=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EquCozUtBlwU2XFewF2qFk0kwbm8uQZIQy9B3cuFDEre/jzrcxbWehrT8EPv5zDjnnjxLOjPX9b6+wsbm1vVPcLe3tHxwelY9P2kalmtAWUVzpboQN5UzSlmWW026iKRYRp51ocjevd56oNkzJBztNaCjwSLKYEWyd1e5rkTVmg3LFr/oLoXUIcqhAruag/NUfKpIKKi3h2Jhe4Cc2zLC2jHA6K/VTQxNMJnhEew4lFtSE2WLbGbp0zhDFSrsnLVq4vycyLIyZish1CmzHZrU2N/+r9VIb34YZk0lqqSTLj+KUI6vQ/HQ0ZJoSy6cOMNHM7YrIGGtMrAuo5EIIVk9eh/Z1NXB8X6vUL/I4inAG53AFAdxAHRrQhBYQeIRneIU3T3kv3rv3sWwtePnMKfyR9/kDqJ6PEw==</latexit>

|0i ⌦ |0i
<latexit sha1_base64="54G2RzFEbu5FcECpdH7Bbf5bRvI=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgFV2VGBF0W3LisYC/QKSWTZtrQTDIkZ4Qy7cKNr+LGhSJufQh3vo1pO4K2/hD4+M85nJw/TAQ34Hlfzsrq2vrGZmGruL2zu7fvHhw2jEo1ZXWqhNKtkBgmuGR14CBYK9GMxKFgzXB4Pa0375k2XMk7GCWsE5O+5BGnBKzVdUtj7AWayL5gOFDAY2bGP0bXLXsVbya8DH4OZZSr1nU/g56iacwkUEGMafteAp2MaOBUsEkxSA1LCB2SPmtblMRu62SzIyb41Do9HCltnwQ8c39PZCQ2ZhSHtjMmMDCLtan5X62dQnTVybhMUmCSzhdFqcCg8DQR3OOaURAjC4Rqbv+K6YBoQsHmVrQh+IsnL0PjvOJbvr0oV0/yOAqohI7RGfLRJaqiG1RDdUTRA3pCL+jVeXSenTfnfd664uQzR+iPnI9vUeuXyg==</latexit><latexit sha1_base64="54G2RzFEbu5FcECpdH7Bbf5bRvI=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgFV2VGBF0W3LisYC/QKSWTZtrQTDIkZ4Qy7cKNr+LGhSJufQh3vo1pO4K2/hD4+M85nJw/TAQ34Hlfzsrq2vrGZmGruL2zu7fvHhw2jEo1ZXWqhNKtkBgmuGR14CBYK9GMxKFgzXB4Pa0375k2XMk7GCWsE5O+5BGnBKzVdUtj7AWayL5gOFDAY2bGP0bXLXsVbya8DH4OZZSr1nU/g56iacwkUEGMafteAp2MaOBUsEkxSA1LCB2SPmtblMRu62SzIyb41Do9HCltnwQ8c39PZCQ2ZhSHtjMmMDCLtan5X62dQnTVybhMUmCSzhdFqcCg8DQR3OOaURAjC4Rqbv+K6YBoQsHmVrQh+IsnL0PjvOJbvr0oV0/yOAqohI7RGfLRJaqiG1RDdUTRA3pCL+jVeXSenTfnfd664uQzR+iPnI9vUeuXyg==</latexit><latexit sha1_base64="54G2RzFEbu5FcECpdH7Bbf5bRvI=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgFV2VGBF0W3LisYC/QKSWTZtrQTDIkZ4Qy7cKNr+LGhSJufQh3vo1pO4K2/hD4+M85nJw/TAQ34Hlfzsrq2vrGZmGruL2zu7fvHhw2jEo1ZXWqhNKtkBgmuGR14CBYK9GMxKFgzXB4Pa0375k2XMk7GCWsE5O+5BGnBKzVdUtj7AWayL5gOFDAY2bGP0bXLXsVbya8DH4OZZSr1nU/g56iacwkUEGMafteAp2MaOBUsEkxSA1LCB2SPmtblMRu62SzIyb41Do9HCltnwQ8c39PZCQ2ZhSHtjMmMDCLtan5X62dQnTVybhMUmCSzhdFqcCg8DQR3OOaURAjC4Rqbv+K6YBoQsHmVrQh+IsnL0PjvOJbvr0oV0/yOAqohI7RGfLRJaqiG1RDdUTRA3pCL+jVeXSenTfnfd664uQzR+iPnI9vUeuXyg==</latexit><latexit sha1_base64="54G2RzFEbu5FcECpdH7Bbf5bRvI=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgFV2VGBF0W3LisYC/QKSWTZtrQTDIkZ4Qy7cKNr+LGhSJufQh3vo1pO4K2/hD4+M85nJw/TAQ34Hlfzsrq2vrGZmGruL2zu7fvHhw2jEo1ZXWqhNKtkBgmuGR14CBYK9GMxKFgzXB4Pa0375k2XMk7GCWsE5O+5BGnBKzVdUtj7AWayL5gOFDAY2bGP0bXLXsVbya8DH4OZZSr1nU/g56iacwkUEGMafteAp2MaOBUsEkxSA1LCB2SPmtblMRu62SzIyb41Do9HCltnwQ8c39PZCQ2ZhSHtjMmMDCLtan5X62dQnTVybhMUmCSzhdFqcCg8DQR3OOaURAjC4Rqbv+K6YBoQsHmVrQh+IsnL0PjvOJbvr0oV0/yOAqohI7RGfLRJaqiG1RDdUTRA3pCL+jVeXSenTfnfd664uQzR+iPnI9vUeuXyg==</latexit>

1p
2
(|00i+ |10i)

<latexit sha1_base64="Je/8T/E8IT61Pf3GxQ8a0hP1fAc=">AAACEnicbZDLSsNAFIYn9VbrLerSTbAKLUJJiqDLghuXFewFmlIm05N26GQSZyZCSfMMbnwVNy4UcevKnW/jtI2grT8MfPznHM6c34sYlcq2v4zcyura+kZ+s7C1vbO7Z+4fNGUYCwINErJQtD0sgVEODUUVg3YkAAceg5Y3uprWW/cgJA35rRpH0A3wgFOfEqy01TPLri8wSZw0ceWdUEk1TUsT23YF5gMGZxPnB8s9s2hX7JmsZXAyKKJM9Z756fZDEgfAFWFYyo5jR6qbYKEoYZAW3FhChMkID6CjkeMAZDeZnZRap9rpW34o9OPKmrm/JxIcSDkOPN0ZYDWUi7Wp+V+tEyv/sptQHsUKOJkv8mNmqdCa5mP1qQCi2FgDJoLqv1pkiHVGSqdY0CE4iycvQ7NacTTfnBdrJ1kceXSEjlEJOegC1dA1qqMGIugBPaEX9Go8Gs/Gm/E+b80Z2cwh+iPj4xvTTp1v</latexit><latexit sha1_base64="Je/8T/E8IT61Pf3GxQ8a0hP1fAc=">AAACEnicbZDLSsNAFIYn9VbrLerSTbAKLUJJiqDLghuXFewFmlIm05N26GQSZyZCSfMMbnwVNy4UcevKnW/jtI2grT8MfPznHM6c34sYlcq2v4zcyura+kZ+s7C1vbO7Z+4fNGUYCwINErJQtD0sgVEODUUVg3YkAAceg5Y3uprWW/cgJA35rRpH0A3wgFOfEqy01TPLri8wSZw0ceWdUEk1TUsT23YF5gMGZxPnB8s9s2hX7JmsZXAyKKJM9Z756fZDEgfAFWFYyo5jR6qbYKEoYZAW3FhChMkID6CjkeMAZDeZnZRap9rpW34o9OPKmrm/JxIcSDkOPN0ZYDWUi7Wp+V+tEyv/sptQHsUKOJkv8mNmqdCa5mP1qQCi2FgDJoLqv1pkiHVGSqdY0CE4iycvQ7NacTTfnBdrJ1kceXSEjlEJOegC1dA1qqMGIugBPaEX9Go8Gs/Gm/E+b80Z2cwh+iPj4xvTTp1v</latexit><latexit sha1_base64="Je/8T/E8IT61Pf3GxQ8a0hP1fAc=">AAACEnicbZDLSsNAFIYn9VbrLerSTbAKLUJJiqDLghuXFewFmlIm05N26GQSZyZCSfMMbnwVNy4UcevKnW/jtI2grT8MfPznHM6c34sYlcq2v4zcyura+kZ+s7C1vbO7Z+4fNGUYCwINErJQtD0sgVEODUUVg3YkAAceg5Y3uprWW/cgJA35rRpH0A3wgFOfEqy01TPLri8wSZw0ceWdUEk1TUsT23YF5gMGZxPnB8s9s2hX7JmsZXAyKKJM9Z756fZDEgfAFWFYyo5jR6qbYKEoYZAW3FhChMkID6CjkeMAZDeZnZRap9rpW34o9OPKmrm/JxIcSDkOPN0ZYDWUi7Wp+V+tEyv/sptQHsUKOJkv8mNmqdCa5mP1qQCi2FgDJoLqv1pkiHVGSqdY0CE4iycvQ7NacTTfnBdrJ1kceXSEjlEJOegC1dA1qqMGIugBPaEX9Go8Gs/Gm/E+b80Z2cwh+iPj4xvTTp1v</latexit><latexit sha1_base64="Je/8T/E8IT61Pf3GxQ8a0hP1fAc=">AAACEnicbZDLSsNAFIYn9VbrLerSTbAKLUJJiqDLghuXFewFmlIm05N26GQSZyZCSfMMbnwVNy4UcevKnW/jtI2grT8MfPznHM6c34sYlcq2v4zcyura+kZ+s7C1vbO7Z+4fNGUYCwINErJQtD0sgVEODUUVg3YkAAceg5Y3uprWW/cgJA35rRpH0A3wgFOfEqy01TPLri8wSZw0ceWdUEk1TUsT23YF5gMGZxPnB8s9s2hX7JmsZXAyKKJM9Z756fZDEgfAFWFYyo5jR6qbYKEoYZAW3FhChMkID6CjkeMAZDeZnZRap9rpW34o9OPKmrm/JxIcSDkOPN0ZYDWUi7Wp+V+tEyv/sptQHsUKOJkv8mNmqdCa5mP1qQCi2FgDJoLqv1pkiHVGSqdY0CE4iycvQ7NacTTfnBdrJ1kceXSEjlEJOegC1dA1qqMGIugBPaEX9Go8Gs/Gm/E+b80Z2cwh+iPj4xvTTp1v</latexit>

1p
2
(|00i+ |11i)

<latexit sha1_base64="LoHPJMcQpkv33XZPLHSOnktMCDU=">AAACEnicbZDLSgMxFIYzXmu9jbp0E6xCi1AmRdBlwY3LCvYCnaFk0kwbmsmMSUYo03kGN76KGxeKuHXlzrcxbWehrT8EPv5zDifn92POlHacb2tldW19Y7OwVdze2d3btw8OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R9fTevuBSsUicafHMfVCPBAsYARrY/XsihtITFKUpa66lzqtZVl54jiuxGLA6fkEoRwrPbvkVJ2Z4DKgHEogV6Nnf7n9iCQhFZpwrFQXObH2Uiw1I5xmRTdRNMZkhAe0a1DgkCovnZ2UwTPj9GEQSfOEhjP390SKQ6XGoW86Q6yHarE2Nf+rdRMdXHkpE3GiqSDzRUHCoY7gNB/YZ5ISzccGMJHM/BWSITYZaZNi0YSAFk9ehlatigzfXpTqp3kcBXAMTkAZIHAJ6uAGNEATEPAInsEreLOerBfr3fqYt65Y+cwR+CPr8wfU2p1w</latexit><latexit sha1_base64="LoHPJMcQpkv33XZPLHSOnktMCDU=">AAACEnicbZDLSgMxFIYzXmu9jbp0E6xCi1AmRdBlwY3LCvYCnaFk0kwbmsmMSUYo03kGN76KGxeKuHXlzrcxbWehrT8EPv5zDifn92POlHacb2tldW19Y7OwVdze2d3btw8OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R9fTevuBSsUicafHMfVCPBAsYARrY/XsihtITFKUpa66lzqtZVl54jiuxGLA6fkEoRwrPbvkVJ2Z4DKgHEogV6Nnf7n9iCQhFZpwrFQXObH2Uiw1I5xmRTdRNMZkhAe0a1DgkCovnZ2UwTPj9GEQSfOEhjP390SKQ6XGoW86Q6yHarE2Nf+rdRMdXHkpE3GiqSDzRUHCoY7gNB/YZ5ISzccGMJHM/BWSITYZaZNi0YSAFk9ehlatigzfXpTqp3kcBXAMTkAZIHAJ6uAGNEATEPAInsEreLOerBfr3fqYt65Y+cwR+CPr8wfU2p1w</latexit><latexit sha1_base64="LoHPJMcQpkv33XZPLHSOnktMCDU=">AAACEnicbZDLSgMxFIYzXmu9jbp0E6xCi1AmRdBlwY3LCvYCnaFk0kwbmsmMSUYo03kGN76KGxeKuHXlzrcxbWehrT8EPv5zDifn92POlHacb2tldW19Y7OwVdze2d3btw8OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R9fTevuBSsUicafHMfVCPBAsYARrY/XsihtITFKUpa66lzqtZVl54jiuxGLA6fkEoRwrPbvkVJ2Z4DKgHEogV6Nnf7n9iCQhFZpwrFQXObH2Uiw1I5xmRTdRNMZkhAe0a1DgkCovnZ2UwTPj9GEQSfOEhjP390SKQ6XGoW86Q6yHarE2Nf+rdRMdXHkpE3GiqSDzRUHCoY7gNB/YZ5ISzccGMJHM/BWSITYZaZNi0YSAFk9ehlatigzfXpTqp3kcBXAMTkAZIHAJ6uAGNEATEPAInsEreLOerBfr3fqYt65Y+cwR+CPr8wfU2p1w</latexit><latexit sha1_base64="LoHPJMcQpkv33XZPLHSOnktMCDU=">AAACEnicbZDLSgMxFIYzXmu9jbp0E6xCi1AmRdBlwY3LCvYCnaFk0kwbmsmMSUYo03kGN76KGxeKuHXlzrcxbWehrT8EPv5zDifn92POlHacb2tldW19Y7OwVdze2d3btw8OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R9fTevuBSsUicafHMfVCPBAsYARrY/XsihtITFKUpa66lzqtZVl54jiuxGLA6fkEoRwrPbvkVJ2Z4DKgHEogV6Nnf7n9iCQhFZpwrFQXObH2Uiw1I5xmRTdRNMZkhAe0a1DgkCovnZ2UwTPj9GEQSfOEhjP390SKQ6XGoW86Q6yHarE2Nf+rdRMdXHkpE3GiqSDzRUHCoY7gNB/YZ5ISzccGMJHM/BWSITYZaZNi0YSAFk9ehlatigzfXpTqp3kcBXAMTkAZIHAJ6uAGNEATEPAInsEreLOerBfr3fqYt65Y+cwR+CPr8wfU2p1w</latexit>

1p
2
(|01i+ |10i)

<latexit sha1_base64="pb9AAmTODA7r6+CuGlaDwAy5OOM=">AAACEnicbZDLSgMxFIYzXmu9jbp0E6xCi1AmRdBlwY3LCvYCnaFk0kwbmsmMSUYo03kGN76KGxeKuHXlzrcxbWehrT8EPv5zDifn92POlHacb2tldW19Y7OwVdze2d3btw8OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R9fTevuBSsUicafHMfVCPBAsYARrY/XsihtITFKUpa66lzqtZVl54iBXYjHg9HyCnBwrPbvkVJ2Z4DKgHEogV6Nnf7n9iCQhFZpwrFQXObH2Uiw1I5xmRTdRNMZkhAe0a1DgkCovnZ2UwTPj9GEQSfOEhjP390SKQ6XGoW86Q6yHarE2Nf+rdRMdXHkpE3GiqSDzRUHCoY7gNB/YZ5ISzccGMJHM/BWSITYZaZNi0YSAFk9ehlatigzfXpTqp3kcBXAMTkAZIHAJ6uAGNEATEPAInsEreLOerBfr3fqYt65Y+cwR+CPr8wfU5Z1w</latexit><latexit sha1_base64="pb9AAmTODA7r6+CuGlaDwAy5OOM=">AAACEnicbZDLSgMxFIYzXmu9jbp0E6xCi1AmRdBlwY3LCvYCnaFk0kwbmsmMSUYo03kGN76KGxeKuHXlzrcxbWehrT8EPv5zDifn92POlHacb2tldW19Y7OwVdze2d3btw8OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R9fTevuBSsUicafHMfVCPBAsYARrY/XsihtITFKUpa66lzqtZVl54iBXYjHg9HyCnBwrPbvkVJ2Z4DKgHEogV6Nnf7n9iCQhFZpwrFQXObH2Uiw1I5xmRTdRNMZkhAe0a1DgkCovnZ2UwTPj9GEQSfOEhjP390SKQ6XGoW86Q6yHarE2Nf+rdRMdXHkpE3GiqSDzRUHCoY7gNB/YZ5ISzccGMJHM/BWSITYZaZNi0YSAFk9ehlatigzfXpTqp3kcBXAMTkAZIHAJ6uAGNEATEPAInsEreLOerBfr3fqYt65Y+cwR+CPr8wfU5Z1w</latexit><latexit sha1_base64="pb9AAmTODA7r6+CuGlaDwAy5OOM=">AAACEnicbZDLSgMxFIYzXmu9jbp0E6xCi1AmRdBlwY3LCvYCnaFk0kwbmsmMSUYo03kGN76KGxeKuHXlzrcxbWehrT8EPv5zDifn92POlHacb2tldW19Y7OwVdze2d3btw8OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R9fTevuBSsUicafHMfVCPBAsYARrY/XsihtITFKUpa66lzqtZVl54iBXYjHg9HyCnBwrPbvkVJ2Z4DKgHEogV6Nnf7n9iCQhFZpwrFQXObH2Uiw1I5xmRTdRNMZkhAe0a1DgkCovnZ2UwTPj9GEQSfOEhjP390SKQ6XGoW86Q6yHarE2Nf+rdRMdXHkpE3GiqSDzRUHCoY7gNB/YZ5ISzccGMJHM/BWSITYZaZNi0YSAFk9ehlatigzfXpTqp3kcBXAMTkAZIHAJ6uAGNEATEPAInsEreLOerBfr3fqYt65Y+cwR+CPr8wfU5Z1w</latexit><latexit sha1_base64="pb9AAmTODA7r6+CuGlaDwAy5OOM=">AAACEnicbZDLSgMxFIYzXmu9jbp0E6xCi1AmRdBlwY3LCvYCnaFk0kwbmsmMSUYo03kGN76KGxeKuHXlzrcxbWehrT8EPv5zDifn92POlHacb2tldW19Y7OwVdze2d3btw8OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R9fTevuBSsUicafHMfVCPBAsYARrY/XsihtITFKUpa66lzqtZVl54iBXYjHg9HyCnBwrPbvkVJ2Z4DKgHEogV6Nnf7n9iCQhFZpwrFQXObH2Uiw1I5xmRTdRNMZkhAe0a1DgkCovnZ2UwTPj9GEQSfOEhjP390SKQ6XGoW86Q6yHarE2Nf+rdRMdXHkpE3GiqSDzRUHCoY7gNB/YZ5ISzccGMJHM/BWSITYZaZNi0YSAFk9ehlatigzfXpTqp3kcBXAMTkAZIHAJ6uAGNEATEPAInsEreLOerBfr3fqYt65Y+cwR+CPr8wfU5Z1w</latexit>

1p
2
(|01i+ |11i)

<latexit sha1_base64="qlBwX2bgvPweQunT3ox3+Vog2DQ=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2AVWoQyKYIuC25cVrAX6JSSSTNtaCYzJhmhTOcZ3Pgqblwo4taVO9/GtB1BW38IfPznHE7O70WcKe04X1ZuZXVtfSO/Wdja3tnds/cPmiqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryRlfTeuueSsVCcavHEe0GeCCYzwjWxurZZdeXmCQoTVx1J3VSTdPSxEGuxGLA6dkE/WC5ZxedijMTXAaUQRFkqvfsT7cfkjigQhOOleogJ9LdBEvNCKdpwY0VjTAZ4QHtGBQ4oKqbzE5K4alx+tAPpXlCw5n7eyLBgVLjwDOdAdZDtVibmv/VOrH2L7sJE1GsqSDzRX7MoQ7hNB/YZ5ISzccGMJHM/BWSITYZaZNiwYSAFk9ehma1ggzfnBdrJ1kceXAEjkEJIHABauAa1EEDEPAAnsALeLUerWfrzXqft+asbOYQ/JH18Q3WcZ1x</latexit><latexit sha1_base64="qlBwX2bgvPweQunT3ox3+Vog2DQ=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2AVWoQyKYIuC25cVrAX6JSSSTNtaCYzJhmhTOcZ3Pgqblwo4taVO9/GtB1BW38IfPznHE7O70WcKe04X1ZuZXVtfSO/Wdja3tnds/cPmiqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryRlfTeuueSsVCcavHEe0GeCCYzwjWxurZZdeXmCQoTVx1J3VSTdPSxEGuxGLA6dkE/WC5ZxedijMTXAaUQRFkqvfsT7cfkjigQhOOleogJ9LdBEvNCKdpwY0VjTAZ4QHtGBQ4oKqbzE5K4alx+tAPpXlCw5n7eyLBgVLjwDOdAdZDtVibmv/VOrH2L7sJE1GsqSDzRX7MoQ7hNB/YZ5ISzccGMJHM/BWSITYZaZNiwYSAFk9ehma1ggzfnBdrJ1kceXAEjkEJIHABauAa1EEDEPAAnsALeLUerWfrzXqft+asbOYQ/JH18Q3WcZ1x</latexit><latexit sha1_base64="qlBwX2bgvPweQunT3ox3+Vog2DQ=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2AVWoQyKYIuC25cVrAX6JSSSTNtaCYzJhmhTOcZ3Pgqblwo4taVO9/GtB1BW38IfPznHE7O70WcKe04X1ZuZXVtfSO/Wdja3tnds/cPmiqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryRlfTeuueSsVCcavHEe0GeCCYzwjWxurZZdeXmCQoTVx1J3VSTdPSxEGuxGLA6dkE/WC5ZxedijMTXAaUQRFkqvfsT7cfkjigQhOOleogJ9LdBEvNCKdpwY0VjTAZ4QHtGBQ4oKqbzE5K4alx+tAPpXlCw5n7eyLBgVLjwDOdAdZDtVibmv/VOrH2L7sJE1GsqSDzRX7MoQ7hNB/YZ5ISzccGMJHM/BWSITYZaZNiwYSAFk9ehma1ggzfnBdrJ1kceXAEjkEJIHABauAa1EEDEPAAnsALeLUerWfrzXqft+asbOYQ/JH18Q3WcZ1x</latexit><latexit sha1_base64="qlBwX2bgvPweQunT3ox3+Vog2DQ=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2AVWoQyKYIuC25cVrAX6JSSSTNtaCYzJhmhTOcZ3Pgqblwo4taVO9/GtB1BW38IfPznHE7O70WcKe04X1ZuZXVtfSO/Wdja3tnds/cPmiqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryRlfTeuueSsVCcavHEe0GeCCYzwjWxurZZdeXmCQoTVx1J3VSTdPSxEGuxGLA6dkE/WC5ZxedijMTXAaUQRFkqvfsT7cfkjigQhOOleogJ9LdBEvNCKdpwY0VjTAZ4QHtGBQ4oKqbzE5K4alx+tAPpXlCw5n7eyLBgVLjwDOdAdZDtVibmv/VOrH2L7sJE1GsqSDzRX7MoQ7hNB/YZ5ISzccGMJHM/BWSITYZaZNiwYSAFk9ehma1ggzfnBdrJ1kceXAEjkEJIHABauAa1EEDEPAAnsALeLUerWfrzXqft+asbOYQ/JH18Q3WcZ1x</latexit>

|0i ⌦ |1i
<latexit sha1_base64="gLzud3xjTL22HHkjxXytwhprLQ8=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EquCozIuiy4MZlBXuBTimZNNOGZpIhOSOUaRdufBU3LhRx60O4821M21lo6w+Bj/+cw8n5w0RwA5737RTW1jc2t4rbpZ3dvf0D9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm1m99cC04Urewzhh3ZgMJI84JWCtnlueYC/QRA4Ew4ECHjMz8XOj51a8qjcXXgU/hwrKVe+5X0Ff0TRmEqggxnR8L4FuRjRwKti0FKSGJYSOyIB1LEpit3Wz+RFTfGadPo6Utk8Cnru/JzISGzOOQ9sZExia5drM/K/WSSG67mZcJikwSReLolRgUHiWCO5zzSiIsQVCNbd/xXRINKFgcyvZEPzlk1eheVH1Ld9dVmqneRxFVEYn6Bz56ArV0C2qowai6BE9o1f05jw5L86787FoLTj5zDH6I+fzB1N2l8s=</latexit><latexit sha1_base64="gLzud3xjTL22HHkjxXytwhprLQ8=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EquCozIuiy4MZlBXuBTimZNNOGZpIhOSOUaRdufBU3LhRx60O4821M21lo6w+Bj/+cw8n5w0RwA5737RTW1jc2t4rbpZ3dvf0D9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm1m99cC04Urewzhh3ZgMJI84JWCtnlueYC/QRA4Ew4ECHjMz8XOj51a8qjcXXgU/hwrKVe+5X0Ff0TRmEqggxnR8L4FuRjRwKti0FKSGJYSOyIB1LEpit3Wz+RFTfGadPo6Utk8Cnru/JzISGzOOQ9sZExia5drM/K/WSSG67mZcJikwSReLolRgUHiWCO5zzSiIsQVCNbd/xXRINKFgcyvZEPzlk1eheVH1Ld9dVmqneRxFVEYn6Bz56ArV0C2qowai6BE9o1f05jw5L86787FoLTj5zDH6I+fzB1N2l8s=</latexit><latexit sha1_base64="gLzud3xjTL22HHkjxXytwhprLQ8=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EquCozIuiy4MZlBXuBTimZNNOGZpIhOSOUaRdufBU3LhRx60O4821M21lo6w+Bj/+cw8n5w0RwA5737RTW1jc2t4rbpZ3dvf0D9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm1m99cC04Urewzhh3ZgMJI84JWCtnlueYC/QRA4Ew4ECHjMz8XOj51a8qjcXXgU/hwrKVe+5X0Ff0TRmEqggxnR8L4FuRjRwKti0FKSGJYSOyIB1LEpit3Wz+RFTfGadPo6Utk8Cnru/JzISGzOOQ9sZExia5drM/K/WSSG67mZcJikwSReLolRgUHiWCO5zzSiIsQVCNbd/xXRINKFgcyvZEPzlk1eheVH1Ld9dVmqneRxFVEYn6Bz56ArV0C2qowai6BE9o1f05jw5L86787FoLTj5zDH6I+fzB1N2l8s=</latexit><latexit sha1_base64="gLzud3xjTL22HHkjxXytwhprLQ8=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EquCozIuiy4MZlBXuBTimZNNOGZpIhOSOUaRdufBU3LhRx60O4821M21lo6w+Bj/+cw8n5w0RwA5737RTW1jc2t4rbpZ3dvf0D9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm1m99cC04Urewzhh3ZgMJI84JWCtnlueYC/QRA4Ew4ECHjMz8XOj51a8qjcXXgU/hwrKVe+5X0Ff0TRmEqggxnR8L4FuRjRwKti0FKSGJYSOyIB1LEpit3Wz+RFTfGadPo6Utk8Cnru/JzISGzOOQ9sZExia5drM/K/WSSG67mZcJikwSReLolRgUHiWCO5zzSiIsQVCNbd/xXRINKFgcyvZEPzlk1eheVH1Ld9dVmqneRxFVEYn6Bz56ArV0C2qowai6BE9o1f05jw5L86787FoLTj5zDH6I+fzB1N2l8s=</latexit>

CN
<latexit sha1_base64="ctxWhdqlCJv+ASt78M1qisM1sLg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GNdn9fYTKs1j+WgmCfoRHUoeckaNtR7q/bt+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzol59YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88TMuk9SgZIuPwlQQE5PZ3WTAFTIjJhYoU9zuStiIKsqMTadkQ/CWT16F1mXVs3x/Vamd5XEU4QRO4QI8uIYa3EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+CPn8wfd041q</latexit><latexit sha1_base64="ctxWhdqlCJv+ASt78M1qisM1sLg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GNdn9fYTKs1j+WgmCfoRHUoeckaNtR7q/bt+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzol59YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88TMuk9SgZIuPwlQQE5PZ3WTAFTIjJhYoU9zuStiIKsqMTadkQ/CWT16F1mXVs3x/Vamd5XEU4QRO4QI8uIYa3EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+CPn8wfd041q</latexit><latexit sha1_base64="ctxWhdqlCJv+ASt78M1qisM1sLg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GNdn9fYTKs1j+WgmCfoRHUoeckaNtR7q/bt+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzol59YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88TMuk9SgZIuPwlQQE5PZ3WTAFTIjJhYoU9zuStiIKsqMTadkQ/CWT16F1mXVs3x/Vamd5XEU4QRO4QI8uIYa3EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+CPn8wfd041q</latexit><latexit sha1_base64="ctxWhdqlCJv+ASt78M1qisM1sLg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRY6MWTVLQf0Iay2U7apZtN2N0IJfQnePGgiFd/kTf/jds2B219YeHhnRl25g0SwbVx3W+nsLa+sblV3C7t7O7tH5QPj1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GNdn9fYTKs1j+WgmCfoRHUoeckaNtR7q/bt+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzol59YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88TMuk9SgZIuPwlQQE5PZ3WTAFTIjJhYoU9zuStiIKsqMTadkQ/CWT16F1mXVs3x/Vamd5XEU4QRO4QI8uIYa3EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+CPn8wfd041q</latexit>

Figure 2.2: Creation of maximally entangled Bell states using a Hadamard
and CN gate, depending on input state all four entangled Bell states can be
created using only two gates.

control qubit is given by

UCN
=


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 . (2.8)

From this one can see that the action of the CN gate upon the target is

entirely dependent upon the state of the control; if the control is in state |0⟩

the target qubit remains unchanged however if the control is in state |1⟩ the

target qubit undergoes a bit-flip. Applying a Hadamard gate to the control

qubit before implementing the CN gate, as shown in Fig. 2.2 can be used to

generate any of the four maximally entangled Bell states

|Φ±⟩ = 1√
2
(|00⟩ ± |11⟩), |Ψ±⟩ = 1√

2
(|01⟩ ± |10⟩), (2.9)

providing a platform for deterministic entanglement.



Chapter 2. Qubit Rotations and Gates 18

(a)
<latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit><latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit><latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit><latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit>

(b)
<latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit><latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit><latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit><latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit>

|0i
<latexit sha1_base64="f603W6Re3ArU8EE1wNOaB1MzBGs=">AAAB+HicbZBNS8NAEIYnftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtMu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaa8abLJWp7kTUcCkUb6JAyTuZ5jSJJG9Ho9uZ337k2ohUPeA442FCB0rEglG0Us+tBNZF4pFAUzWQvOdWvZo3L7IKfgFVKKrRc7+CfsryhCtkkhrT9b0MwwnVKJjk03KQG55RNqID3rWoaMJNOJkfPiXnVumTONX2KSRz9ffEhCbGjJPIdiYUh2bZm4n/ed0c45twIlSWI1dssSjOJcGUzFIgfaE5Qzm2QJkW9lbChlRThjarsg3BX/7yKrQua77l+6tq/ayIowQncAoX4MM11OEOGtAEBjk8wyu8OU/Oi/PufCxa15xi5hj+lPP5A/JwkoU=</latexit><latexit sha1_base64="f603W6Re3ArU8EE1wNOaB1MzBGs=">AAAB+HicbZBNS8NAEIYnftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtMu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaa8abLJWp7kTUcCkUb6JAyTuZ5jSJJG9Ho9uZ337k2ohUPeA442FCB0rEglG0Us+tBNZF4pFAUzWQvOdWvZo3L7IKfgFVKKrRc7+CfsryhCtkkhrT9b0MwwnVKJjk03KQG55RNqID3rWoaMJNOJkfPiXnVumTONX2KSRz9ffEhCbGjJPIdiYUh2bZm4n/ed0c45twIlSWI1dssSjOJcGUzFIgfaE5Qzm2QJkW9lbChlRThjarsg3BX/7yKrQua77l+6tq/ayIowQncAoX4MM11OEOGtAEBjk8wyu8OU/Oi/PufCxa15xi5hj+lPP5A/JwkoU=</latexit><latexit sha1_base64="f603W6Re3ArU8EE1wNOaB1MzBGs=">AAAB+HicbZBNS8NAEIYnftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtMu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaa8abLJWp7kTUcCkUb6JAyTuZ5jSJJG9Ho9uZ337k2ohUPeA442FCB0rEglG0Us+tBNZF4pFAUzWQvOdWvZo3L7IKfgFVKKrRc7+CfsryhCtkkhrT9b0MwwnVKJjk03KQG55RNqID3rWoaMJNOJkfPiXnVumTONX2KSRz9ffEhCbGjJPIdiYUh2bZm4n/ed0c45twIlSWI1dssSjOJcGUzFIgfaE5Qzm2QJkW9lbChlRThjarsg3BX/7yKrQua77l+6tq/ayIowQncAoX4MM11OEOGtAEBjk8wyu8OU/Oi/PufCxa15xi5hj+lPP5A/JwkoU=</latexit><latexit sha1_base64="f603W6Re3ArU8EE1wNOaB1MzBGs=">AAAB+HicbZBNS8NAEIYnftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtMu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaa8abLJWp7kTUcCkUb6JAyTuZ5jSJJG9Ho9uZ337k2ohUPeA442FCB0rEglG0Us+tBNZF4pFAUzWQvOdWvZo3L7IKfgFVKKrRc7+CfsryhCtkkhrT9b0MwwnVKJjk03KQG55RNqID3rWoaMJNOJkfPiXnVumTONX2KSRz9ffEhCbGjJPIdiYUh2bZm4n/ed0c45twIlSWI1dssSjOJcGUzFIgfaE5Qzm2QJkW9lbChlRThjarsg3BX/7yKrQua77l+6tq/ayIowQncAoX4MM11OEOGtAEBjk8wyu8OU/Oi/PufCxa15xi5hj+lPP5A/JwkoU=</latexit>

|1i
<latexit sha1_base64="YsiB+VWREFUu/QXlOppmzrxDexc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kXq00AzNZDQc6tezZsXXQW/gCopqtFzv4J+yvMEFHLJjOn6XobhhGkUXMK0HOQGMsZHbABdi4olYMLJ/PApPbdKn8aptk8hnau/JyYsMWacRLYzYTg0y95M/M/r5hjfhBOhshxB8cWiOJcUUzpLgfaFBo5ybIFxLeytlA+ZZhxtVmUbgr/85VVoXdZ8y/dX1fpZEUeJnJBTckF8ck3q5I40SJNwkpNn8krenCfnxXl3Phata04xc0z+lPP5A/P8koY=</latexit><latexit sha1_base64="YsiB+VWREFUu/QXlOppmzrxDexc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kXq00AzNZDQc6tezZsXXQW/gCopqtFzv4J+yvMEFHLJjOn6XobhhGkUXMK0HOQGMsZHbABdi4olYMLJ/PApPbdKn8aptk8hnau/JyYsMWacRLYzYTg0y95M/M/r5hjfhBOhshxB8cWiOJcUUzpLgfaFBo5ybIFxLeytlA+ZZhxtVmUbgr/85VVoXdZ8y/dX1fpZEUeJnJBTckF8ck3q5I40SJNwkpNn8krenCfnxXl3Phata04xc0z+lPP5A/P8koY=</latexit><latexit sha1_base64="YsiB+VWREFUu/QXlOppmzrxDexc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kXq00AzNZDQc6tezZsXXQW/gCopqtFzv4J+yvMEFHLJjOn6XobhhGkUXMK0HOQGMsZHbABdi4olYMLJ/PApPbdKn8aptk8hnau/JyYsMWacRLYzYTg0y95M/M/r5hjfhBOhshxB8cWiOJcUUzpLgfaFBo5ybIFxLeytlA+ZZhxtVmUbgr/85VVoXdZ8y/dX1fpZEUeJnJBTckF8ck3q5I40SJNwkpNn8krenCfnxXl3Phata04xc0z+lPP5A/P8koY=</latexit><latexit sha1_base64="YsiB+VWREFUu/QXlOppmzrxDexc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kXq00AzNZDQc6tezZsXXQW/gCopqtFzv4J+yvMEFHLJjOn6XobhhGkUXMK0HOQGMsZHbABdi4olYMLJ/PApPbdKn8aptk8hnau/JyYsMWacRLYzYTg0y95M/M/r5hjfhBOhshxB8cWiOJcUUzpLgfaFBo5ybIFxLeytlA+ZZhxtVmUbgr/85VVoXdZ8y/dX1fpZEUeJnJBTckF8ck3q5I40SJNwkpNn8krenCfnxXl3Phata04xc0z+lPP5A/P8koY=</latexit>

|1i
<latexit sha1_base64="YsiB+VWREFUu/QXlOppmzrxDexc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kXq00AzNZDQc6tezZsXXQW/gCopqtFzv4J+yvMEFHLJjOn6XobhhGkUXMK0HOQGMsZHbABdi4olYMLJ/PApPbdKn8aptk8hnau/JyYsMWacRLYzYTg0y95M/M/r5hjfhBOhshxB8cWiOJcUUzpLgfaFBo5ybIFxLeytlA+ZZhxtVmUbgr/85VVoXdZ8y/dX1fpZEUeJnJBTckF8ck3q5I40SJNwkpNn8krenCfnxXl3Phata04xc0z+lPP5A/P8koY=</latexit><latexit sha1_base64="YsiB+VWREFUu/QXlOppmzrxDexc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kXq00AzNZDQc6tezZsXXQW/gCopqtFzv4J+yvMEFHLJjOn6XobhhGkUXMK0HOQGMsZHbABdi4olYMLJ/PApPbdKn8aptk8hnau/JyYsMWacRLYzYTg0y95M/M/r5hjfhBOhshxB8cWiOJcUUzpLgfaFBo5ybIFxLeytlA+ZZhxtVmUbgr/85VVoXdZ8y/dX1fpZEUeJnJBTckF8ck3q5I40SJNwkpNn8krenCfnxXl3Phata04xc0z+lPP5A/P8koY=</latexit><latexit sha1_base64="YsiB+VWREFUu/QXlOppmzrxDexc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kXq00AzNZDQc6tezZsXXQW/gCopqtFzv4J+yvMEFHLJjOn6XobhhGkUXMK0HOQGMsZHbABdi4olYMLJ/PApPbdKn8aptk8hnau/JyYsMWacRLYzYTg0y95M/M/r5hjfhBOhshxB8cWiOJcUUzpLgfaFBo5ybIFxLeytlA+ZZhxtVmUbgr/85VVoXdZ8y/dX1fpZEUeJnJBTckF8ck3q5I40SJNwkpNn8krenCfnxXl3Phata04xc0z+lPP5A/P8koY=</latexit><latexit sha1_base64="YsiB+VWREFUu/QXlOppmzrxDexc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kXq00AzNZDQc6tezZsXXQW/gCopqtFzv4J+yvMEFHLJjOn6XobhhGkUXMK0HOQGMsZHbABdi4olYMLJ/PApPbdKn8aptk8hnau/JyYsMWacRLYzYTg0y95M/M/r5hjfhBOhshxB8cWiOJcUUzpLgfaFBo5ybIFxLeytlA+ZZhxtVmUbgr/85VVoXdZ8y/dX1fpZEUeJnJBTckF8ck3q5I40SJNwkpNn8krenCfnxXl3Phata04xc0z+lPP5A/P8koY=</latexit>

|0i
<latexit sha1_base64="f603W6Re3ArU8EE1wNOaB1MzBGs=">AAAB+HicbZBNS8NAEIYnftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtMu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaa8abLJWp7kTUcCkUb6JAyTuZ5jSJJG9Ho9uZ337k2ohUPeA442FCB0rEglG0Us+tBNZF4pFAUzWQvOdWvZo3L7IKfgFVKKrRc7+CfsryhCtkkhrT9b0MwwnVKJjk03KQG55RNqID3rWoaMJNOJkfPiXnVumTONX2KSRz9ffEhCbGjJPIdiYUh2bZm4n/ed0c45twIlSWI1dssSjOJcGUzFIgfaE5Qzm2QJkW9lbChlRThjarsg3BX/7yKrQua77l+6tq/ayIowQncAoX4MM11OEOGtAEBjk8wyu8OU/Oi/PufCxa15xi5hj+lPP5A/JwkoU=</latexit><latexit sha1_base64="f603W6Re3ArU8EE1wNOaB1MzBGs=">AAAB+HicbZBNS8NAEIYnftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtMu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaa8abLJWp7kTUcCkUb6JAyTuZ5jSJJG9Ho9uZ337k2ohUPeA442FCB0rEglG0Us+tBNZF4pFAUzWQvOdWvZo3L7IKfgFVKKrRc7+CfsryhCtkkhrT9b0MwwnVKJjk03KQG55RNqID3rWoaMJNOJkfPiXnVumTONX2KSRz9ffEhCbGjJPIdiYUh2bZm4n/ed0c45twIlSWI1dssSjOJcGUzFIgfaE5Qzm2QJkW9lbChlRThjarsg3BX/7yKrQua77l+6tq/ayIowQncAoX4MM11OEOGtAEBjk8wyu8OU/Oi/PufCxa15xi5hj+lPP5A/JwkoU=</latexit><latexit sha1_base64="f603W6Re3ArU8EE1wNOaB1MzBGs=">AAAB+HicbZBNS8NAEIYnftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtMu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaa8abLJWp7kTUcCkUb6JAyTuZ5jSJJG9Ho9uZ337k2ohUPeA442FCB0rEglG0Us+tBNZF4pFAUzWQvOdWvZo3L7IKfgFVKKrRc7+CfsryhCtkkhrT9b0MwwnVKJjk03KQG55RNqID3rWoaMJNOJkfPiXnVumTONX2KSRz9ffEhCbGjJPIdiYUh2bZm4n/ed0c45twIlSWI1dssSjOJcGUzFIgfaE5Qzm2QJkW9lbChlRThjarsg3BX/7yKrQua77l+6tq/ayIowQncAoX4MM11OEOGtAEBjk8wyu8OU/Oi/PufCxa15xi5hj+lPP5A/JwkoU=</latexit><latexit sha1_base64="f603W6Re3ArU8EE1wNOaB1MzBGs=">AAAB+HicbZBNS8NAEIYnftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtMu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaa8abLJWp7kTUcCkUb6JAyTuZ5jSJJG9Ho9uZ337k2ohUPeA442FCB0rEglG0Us+tBNZF4pFAUzWQvOdWvZo3L7IKfgFVKKrRc7+CfsryhCtkkhrT9b0MwwnVKJjk03KQG55RNqID3rWoaMJNOJkfPiXnVumTONX2KSRz9ffEhCbGjJPIdiYUh2bZm4n/ed0c45twIlSWI1dssSjOJcGUzFIgfaE5Qzm2QJkW9lbChlRThjarsg3BX/7yKrQua77l+6tq/ayIowQncAoX4MM11OEOGtAEBjk8wyu8OU/Oi/PufCxa15xi5hj+lPP5A/JwkoU=</latexit>

|ri
<latexit sha1_base64="ioip8CKCLKaBiu8UYQEe2ZRVqEc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kWqaaCZGkjouVWv5s2LroJfQJUU1ei5X0E/5XkCCrlkxnR9L8NwwjQKLmFaDnIDGeMjNoCuRcUSMOFkfviUnlulT+NU26eQztXfExOWGDNOItuZMByaZW8m/ud1c4xvwolQWY6g+GJRnEuKKZ2lQPtCA0c5tsC4FvZWyodMM442q7INwV/+8iq0Lmu+5furav2siKNETsgpuSA+uSZ1ckcapEk4yckzeSVvzpPz4rw7H4vWNaeYOSZ/yvn8AViXksc=</latexit><latexit sha1_base64="ioip8CKCLKaBiu8UYQEe2ZRVqEc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kWqaaCZGkjouVWv5s2LroJfQJUU1ei5X0E/5XkCCrlkxnR9L8NwwjQKLmFaDnIDGeMjNoCuRcUSMOFkfviUnlulT+NU26eQztXfExOWGDNOItuZMByaZW8m/ud1c4xvwolQWY6g+GJRnEuKKZ2lQPtCA0c5tsC4FvZWyodMM442q7INwV/+8iq0Lmu+5furav2siKNETsgpuSA+uSZ1ckcapEk4yckzeSVvzpPz4rw7H4vWNaeYOSZ/yvn8AViXksc=</latexit><latexit sha1_base64="ioip8CKCLKaBiu8UYQEe2ZRVqEc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kWqaaCZGkjouVWv5s2LroJfQJUU1ei5X0E/5XkCCrlkxnR9L8NwwjQKLmFaDnIDGeMjNoCuRcUSMOFkfviUnlulT+NU26eQztXfExOWGDNOItuZMByaZW8m/ud1c4xvwolQWY6g+GJRnEuKKZ2lQPtCA0c5tsC4FvZWyodMM442q7INwV/+8iq0Lmu+5furav2siKNETsgpuSA+uSZ1ckcapEk4yckzeSVvzpPz4rw7H4vWNaeYOSZ/yvn8AViXksc=</latexit><latexit sha1_base64="ioip8CKCLKaBiu8UYQEe2ZRVqEc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kWqaaCZGkjouVWv5s2LroJfQJUU1ei5X0E/5XkCCrlkxnR9L8NwwjQKLmFaDnIDGeMjNoCuRcUSMOFkfviUnlulT+NU26eQztXfExOWGDNOItuZMByaZW8m/ud1c4xvwolQWY6g+GJRnEuKKZ2lQPtCA0c5tsC4FvZWyodMM442q7INwV/+8iq0Lmu+5furav2siKNETsgpuSA+uSZ1ckcapEk4yckzeSVvzpPz4rw7H4vWNaeYOSZ/yvn8AViXksc=</latexit>

|ri
<latexit sha1_base64="ioip8CKCLKaBiu8UYQEe2ZRVqEc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kWqaaCZGkjouVWv5s2LroJfQJUU1ei5X0E/5XkCCrlkxnR9L8NwwjQKLmFaDnIDGeMjNoCuRcUSMOFkfviUnlulT+NU26eQztXfExOWGDNOItuZMByaZW8m/ud1c4xvwolQWY6g+GJRnEuKKZ2lQPtCA0c5tsC4FvZWyodMM442q7INwV/+8iq0Lmu+5furav2siKNETsgpuSA+uSZ1ckcapEk4yckzeSVvzpPz4rw7H4vWNaeYOSZ/yvn8AViXksc=</latexit><latexit sha1_base64="ioip8CKCLKaBiu8UYQEe2ZRVqEc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kWqaaCZGkjouVWv5s2LroJfQJUU1ei5X0E/5XkCCrlkxnR9L8NwwjQKLmFaDnIDGeMjNoCuRcUSMOFkfviUnlulT+NU26eQztXfExOWGDNOItuZMByaZW8m/ud1c4xvwolQWY6g+GJRnEuKKZ2lQPtCA0c5tsC4FvZWyodMM442q7INwV/+8iq0Lmu+5furav2siKNETsgpuSA+uSZ1ckcapEk4yckzeSVvzpPz4rw7H4vWNaeYOSZ/yvn8AViXksc=</latexit><latexit sha1_base64="ioip8CKCLKaBiu8UYQEe2ZRVqEc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kWqaaCZGkjouVWv5s2LroJfQJUU1ei5X0E/5XkCCrlkxnR9L8NwwjQKLmFaDnIDGeMjNoCuRcUSMOFkfviUnlulT+NU26eQztXfExOWGDNOItuZMByaZW8m/ud1c4xvwolQWY6g+GJRnEuKKZ2lQPtCA0c5tsC4FvZWyodMM442q7INwV/+8iq0Lmu+5furav2siKNETsgpuSA+uSZ1ckcapEk4yckzeSVvzpPz4rw7H4vWNaeYOSZ/yvn8AViXksc=</latexit><latexit sha1_base64="ioip8CKCLKaBiu8UYQEe2ZRVqEc=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tV8FQSEfRY8OKxgv2AJpTNdtIu3WzC7kSopb/EiwdFvPpTvPlv3LY5aOvAwsP7zjCzb5RJYdDzvp219Y3Nre3STnl3b/+g4h4etUyaaw5NnspUdyJmQAoFTRQooZNpYEkkoR2Nbmd++xG0Eal6wHEGYcIGSsSCM7RSz60E1kWqaaCZGkjouVWv5s2LroJfQJUU1ei5X0E/5XkCCrlkxnR9L8NwwjQKLmFaDnIDGeMjNoCuRcUSMOFkfviUnlulT+NU26eQztXfExOWGDNOItuZMByaZW8m/ud1c4xvwolQWY6g+GJRnEuKKZ2lQPtCA0c5tsC4FvZWyodMM442q7INwV/+8iq0Lmu+5furav2siKNETsgpuSA+uSZ1ckcapEk4yckzeSVvzpPz4rw7H4vWNaeYOSZ/yvn8AViXksc=</latexit>

1
<latexit sha1_base64="DK2nF87AnRPUPR8lcfrD2k8xvYQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSKeix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5NI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEt37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6uepabtUr9Io+jCGdwDlfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz9xmYyX</latexit><latexit sha1_base64="DK2nF87AnRPUPR8lcfrD2k8xvYQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSKeix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5NI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEt37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6uepabtUr9Io+jCGdwDlfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz9xmYyX</latexit><latexit sha1_base64="DK2nF87AnRPUPR8lcfrD2k8xvYQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSKeix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5NI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEt37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6uepabtUr9Io+jCGdwDlfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz9xmYyX</latexit><latexit sha1_base64="DK2nF87AnRPUPR8lcfrD2k8xvYQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSKeix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5NI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEt37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6uepabtUr9Io+jCGdwDlfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz9xmYyX</latexit>

2
<latexit sha1_base64="ZyG3RpXaM4mEAWxScpKfqc1Srno=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FSSIuix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyKV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repab15X6RR5HEc7gHK7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Acx2MmA==</latexit><latexit sha1_base64="ZyG3RpXaM4mEAWxScpKfqc1Srno=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FSSIuix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyKV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repab15X6RR5HEc7gHK7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Acx2MmA==</latexit><latexit sha1_base64="ZyG3RpXaM4mEAWxScpKfqc1Srno=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FSSIuix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyKV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repab15X6RR5HEc7gHK7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Acx2MmA==</latexit><latexit sha1_base64="ZyG3RpXaM4mEAWxScpKfqc1Srno=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FSSIuix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyKV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repab15X6RR5HEc7gHK7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Acx2MmA==</latexit>3

<latexit sha1_base64="aZ23kg90m8RzRucaRqa8wvital0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSFfRY8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOybl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVZ9Sw3riu1szyOIpzAKVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AdKGMmQ==</latexit><latexit sha1_base64="aZ23kg90m8RzRucaRqa8wvital0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSFfRY8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOybl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVZ9Sw3riu1szyOIpzAKVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AdKGMmQ==</latexit><latexit sha1_base64="aZ23kg90m8RzRucaRqa8wvital0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSFfRY8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOybl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVZ9Sw3riu1szyOIpzAKVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AdKGMmQ==</latexit><latexit sha1_base64="aZ23kg90m8RzRucaRqa8wvital0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSFfRY8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOybl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVZ9Sw3riu1szyOIpzAKVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AdKGMmQ==</latexit>

�E
<latexit sha1_base64="9SmH+sjRJDMU61r5effE70yQI2I=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRYUMFjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0fW03npCpXksH8w4QT+iA8lDzqixVrt7g8JQctsrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezfSfk1Dp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9nvS5QmbE2AJlittdCRtSRZmxEZVsCN7iycvQPK96lu8vKrWTPI4iHMExnIEHl1CDO6hDAxgIeIZXeHMenRfn3fmYtxacfOYQ/sj5/AE/NY9X</latexit><latexit sha1_base64="9SmH+sjRJDMU61r5effE70yQI2I=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRYUMFjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0fW03npCpXksH8w4QT+iA8lDzqixVrt7g8JQctsrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezfSfk1Dp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9nvS5QmbE2AJlittdCRtSRZmxEZVsCN7iycvQPK96lu8vKrWTPI4iHMExnIEHl1CDO6hDAxgIeIZXeHMenRfn3fmYtxacfOYQ/sj5/AE/NY9X</latexit><latexit sha1_base64="9SmH+sjRJDMU61r5effE70yQI2I=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRYUMFjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0fW03npCpXksH8w4QT+iA8lDzqixVrt7g8JQctsrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezfSfk1Dp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9nvS5QmbE2AJlittdCRtSRZmxEZVsCN7iycvQPK96lu8vKrWTPI4iHMExnIEHl1CDO6hDAxgIeIZXeHMenRfn3fmYtxacfOYQ/sj5/AE/NY9X</latexit><latexit sha1_base64="9SmH+sjRJDMU61r5effE70yQI2I=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tV8FQSEfRYUMFjBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3iARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0fW03npCpXksH8w4QT+iA8lDzqixVrt7g8JQctsrV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezfSfk1Dp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjI9nvS5QmbE2AJlittdCRtSRZmxEZVsCN7iycvQPK96lu8vKrWTPI4iHMExnIEHl1CDO6hDAxgIeIZXeHMenRfn3fmYtxacfOYQ/sj5/AE/NY9X</latexit>

1
<latexit sha1_base64="DK2nF87AnRPUPR8lcfrD2k8xvYQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSKeix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5NI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEt37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6uepabtUr9Io+jCGdwDlfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz9xmYyX</latexit><latexit sha1_base64="DK2nF87AnRPUPR8lcfrD2k8xvYQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSKeix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5NI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEt37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6uepabtUr9Io+jCGdwDlfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz9xmYyX</latexit><latexit sha1_base64="DK2nF87AnRPUPR8lcfrD2k8xvYQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSKeix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5NI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEt37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6uepabtUr9Io+jCGdwDlfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz9xmYyX</latexit><latexit sha1_base64="DK2nF87AnRPUPR8lcfrD2k8xvYQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSKeix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5NI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEt37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6uepabtUr9Io+jCGdwDlfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz9xmYyX</latexit>

3
<latexit sha1_base64="aZ23kg90m8RzRucaRqa8wvital0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSFfRY8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOybl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVZ9Sw3riu1szyOIpzAKVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AdKGMmQ==</latexit><latexit sha1_base64="aZ23kg90m8RzRucaRqa8wvital0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSFfRY8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOybl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVZ9Sw3riu1szyOIpzAKVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AdKGMmQ==</latexit><latexit sha1_base64="aZ23kg90m8RzRucaRqa8wvital0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSFfRY8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOybl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVZ9Sw3riu1szyOIpzAKVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AdKGMmQ==</latexit><latexit sha1_base64="aZ23kg90m8RzRucaRqa8wvital0=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FQSFfRY8OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOqX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOybl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJb/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVZ9Sw3riu1szyOIpzAKVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4AdKGMmQ==</latexit>

2
<latexit sha1_base64="ZyG3RpXaM4mEAWxScpKfqc1Srno=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FSSIuix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyKV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repab15X6RR5HEc7gHK7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Acx2MmA==</latexit><latexit sha1_base64="ZyG3RpXaM4mEAWxScpKfqc1Srno=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FSSIuix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyKV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repab15X6RR5HEc7gHK7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Acx2MmA==</latexit><latexit sha1_base64="ZyG3RpXaM4mEAWxScpKfqc1Srno=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FSSIuix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyKV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repab15X6RR5HEc7gHK7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Acx2MmA==</latexit><latexit sha1_base64="ZyG3RpXaM4mEAWxScpKfqc1Srno=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tV8FSSIuix4MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZtUK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyKV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/2MyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoV2repab15X6RR5HEc7gHK7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8Acx2MmA==</latexit>

Control
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Figure 2.3: Example of a CZ gate using Rydberg blockade (numbers indicate
rotation order) (a) initial state |01⟩, the control atom is not couple to the
Rydberg state and the target is able to undergo a full rotation to the Rydberg
state and back to |1⟩ accumulating a π phase shift. (b) Initial state |11⟩,
the first rotation excites the control atom to Rydberg state which blockades
excitation of the target with the second rotation after application of the third
rotation the control is returned to |1⟩ and accumulates a π phase shift.

2.3 A Rydberg Quantum Gate

An example of a Rydberg mediated gate is a Controlled-Z (CZ) or controlled

phase gate which is depicted in Fig 2.3 with a pulse sequence. Consider two

atoms initially being in the state |01⟩, in this situation the control atom is

not coupled to the Rydberg state |r⟩ and the target atom is free to undergo a

full rotation to |r⟩ and back to |1⟩ and will accumulate a π phase shift. If the

initial two atom state is |11⟩, upon the first pulse the control atom is rotated

to the Rydberg state. As the target qubit is within the blockade radius the

energy shift from the dipole-dipole interaction blocks excitation so no phase

shift is acquired in the target qubit. The third pulse returns the control to

|1⟩ and a phase shift accumulated. Thus one can see that for all initial two

atom states aside |00⟩ there is a π phase shift accumulated. The evolution
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matrix for this gate is given by

UCZ
=


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

 , (2.10)

which can readily be turned into a CN gate with a Hadamard rotation on

the target atom before and after the CZ gate [23].

2.4 Summary

A two-level quantum system can be used to provide a qubit basis such as the

hyperfine ground states of a neutral alkali atom. Through single and certain

two-qubit operations a universal set of quantum gates for computation can be

realised. In order to implement two-qubit gates interactions between qubits

are typically required, this can be realised through the dipole interactions

of Rydberg atoms. Further to this the Rydberg blockade can be used to

implement a C-NOT gate which when coupled with a Hadamard rotation

can be used to provide on demand ground state entanglement.



Part II

Theory of Atom-Atom and

Atom-Light Interactions
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Chapter 3

Properties of Rydberg Atoms

The exaggerated properties of Rydberg atoms makes them ideal candidates

for neutral atom quantum gates [23]. This chapter summarises some of the

fundamental properties of Rydberg atoms and long range Rydberg-Rydberg

atom interactions relevant for the work presented in this thesis. A more

detailed introduction to Rydberg atoms can be found in [74, 75]

3.1 Alkali Rydberg Atoms

Alkali atoms only have one valence electron and can be described by the

Bohr atom picture of an electron orbiting a positive core with a 1/r Coulomb

potential at long range. The relationship of the binding energy of this electron

to the quantum numbers n, orbital angular momentum l and total angular

momentum j is given by

En,l,j = − Ry

(n− δn,l,j)2
, (3.1)

where Ry is the mass-corrected Rydberg constant and δn,l,j is the quantum

defect. This defect arises for low lying angular momentum states l ≤ 3 as

their orbits penetrate through the electron cloud around the nucleus, thus

21
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Parameter Value
δ0 4.04935665
δ2 0.2377037

Table 3.1: Quantum defects parameters for nS1/2 values taken from [79]

the properties of Rydberg states are dependent upon the effective quantum

number neff = n− δn,l,j. The quantum defect δn,l,j is given by the expansion

δn,l,j = δ0 +
δ2

(n− δ0)2
+

δ4
(n− δ0)4

+ ... . (3.2)

The quantum defect of low angular momentum states of caesium has been

measured thorough precision spectroscopy [76–79]. Values obtained for the

S1/2 state used for calculations are presented in Table 3.1

3.2 Radial Matrix Elements

Rydberg atoms have a large average orbital radius which scales as ⟨r⟩ ∝

n2a0, where a0 is the Bohr radius. This gives rise to very large dipole

couplings between neighbouring states |n, l, j,mj⟩ and |n′, l′, j′,m′
j⟩ where

l′ = l ± 1 as there is strong overlap between the wavefunctions and large

electric dipole moment µ = −er. The dipole matrix element is given

by ⟨n, l, j,mj|µ|n′, l′, j′,m′
j⟩, and by using the Alkali Rydberg Calculator

(ARC) [75] the matrix element between 69S1/2 and 69P3/2 is found to be

∼ 2800 ea0. For comparison the ground state coupling between 6S1/2 and

6P3/2 is ∼ 3 ea0, highlighting the much enhanced interaction strengths of

Rydberg states.

3.3 Rydberg State Lifetimes

Another feature of Rydberg atoms that make them ideal for quantum gates

is their relatively long lifetime which can be on the order of hundreds of
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Parameter Value
neff 64.951
τs 1.293
α 3.001
A 0.123
B 7.295 ×104

C 2.517
D 4.375
69S1/2 τeff(300 K) 134 µs
69S1/2 τeff(4 K) 349 µs

Table 3.2: Parameters used in Rydberg state lifetime calculations constants
are taken from [80]

µs. This lifetime is dependent upon not only radiative decay rate due to

spontaneous emission Γ0, but also due to transitions to near lying Rydberg

states induced via black-body radiation ΓBBR. The summation of these two

decay rates presents the effective lifetime [80]

1

τeff
= Γ0 + ΓBBR. (3.3)

The radiative decay can be calculated from the Einstein-A coefficient A(nl →

n′l′) and summation over all the possible decay pathways for Enl > En′l′ .

Black-body induced transitions, however, can result in transition to higher

lying states and are highly dependent upon the temperature and transition

frequency. Numerical calculations have been performed calculating these

decays to extrapolate a semi-empirical form for alkali-Rydberg state life-

times [80],

τeff =

(
1

τsnα
eff

+
A

nD
eff

21.4

exp(B/nC
effT )− 1

)−1

(ns). (3.4)

This thesis explores excitation to the Rydberg state 69S1/2 the relevant con-

stants for the above expression regarding this state state are shown in Ta-

ble 3.2. Computing the above relation using these parameters gives a room

temperature lifetime of τeff(300 K) = 134 µs. The importance of considering
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<latexit sha1_base64="8GsAp3GiHdC1HsKCvJPX/Nxr4cM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSs4tDjrRXrvhVfw6ySoKcVCBHvVf+6vY1yxKukElqbSfwUwwn1KBgkk9L3czylLIRHfCOo4om3IaT+bVTcuaUPom1caWQzNXfExOaWDtOIteZUBzaZW8m/ud1MoxvwolQaYZcscWiOJMENZm9TvrCcIZy7AhlRrhbCRtSQxm6gEouhGD55VXSvKwGfjW4v6rULvI4inACp3AOAVxDDe6gDg1g8AjP8ApvnvZevHfvY9Fa8PKZY/gD7/MHnVmPEg==</latexit><latexit sha1_base64="8GsAp3GiHdC1HsKCvJPX/Nxr4cM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSs4tDjrRXrvhVfw6ySoKcVCBHvVf+6vY1yxKukElqbSfwUwwn1KBgkk9L3czylLIRHfCOo4om3IaT+bVTcuaUPom1caWQzNXfExOaWDtOIteZUBzaZW8m/ud1MoxvwolQaYZcscWiOJMENZm9TvrCcIZy7AhlRrhbCRtSQxm6gEouhGD55VXSvKwGfjW4v6rULvI4inACp3AOAVxDDe6gDg1g8AjP8ApvnvZevHfvY9Fa8PKZY/gD7/MHnVmPEg==</latexit><latexit sha1_base64="8GsAp3GiHdC1HsKCvJPX/Nxr4cM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSs4tDjrRXrvhVfw6ySoKcVCBHvVf+6vY1yxKukElqbSfwUwwn1KBgkk9L3czylLIRHfCOo4om3IaT+bVTcuaUPom1caWQzNXfExOaWDtOIteZUBzaZW8m/ud1MoxvwolQaYZcscWiOJMENZm9TvrCcIZy7AhlRrhbCRtSQxm6gEouhGD55VXSvKwGfjW4v6rULvI4inACp3AOAVxDDe6gDg1g8AjP8ApvnvZevHfvY9Fa8PKZY/gD7/MHnVmPEg==</latexit><latexit sha1_base64="8GsAp3GiHdC1HsKCvJPX/Nxr4cM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMePEYwTwgWcLsZDYZMzuzzPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0+rMMN5gWmrTjqjlUijeQIGSt1PDaRJJ3opGtzO/9cSNFVo94DjlYUIHSsSCUXRSs4tDjrRXrvhVfw6ySoKcVCBHvVf+6vY1yxKukElqbSfwUwwn1KBgkk9L3czylLIRHfCOo4om3IaT+bVTcuaUPom1caWQzNXfExOaWDtOIteZUBzaZW8m/ud1MoxvwolQaYZcscWiOJMENZm9TvrCcIZy7AhlRrhbCRtSQxm6gEouhGD55VXSvKwGfjW4v6rULvI4inACp3AOAVxDDe6gDg1g8AjP8ApvnvZevHfvY9Fa8PKZY/gD7/MHnVmPEg==</latexit>

R
<latexit sha1_base64="Z3c+Hhd2/2t5iFkbsWT347BmfVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYmuhDWWz3bRLN5u4OxFKyJ/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfD31H564NiJW9zhJuB/RoRKhYBSt1Ml6QZjd5Xm/WnPr7gxkmXgFqUGBZr/61RvELI24QiapMV3PTdDPqEbBJM8rvdTwhLIxHfKupYpG3PjZ7N6cnFhlQMJY21JIZurviYxGxkyiwHZGFEdm0ZuK/3ndFMMrPxMqSZErNl8UppJgTKbPk4HQnKGcWEKZFvZWwkZUU4Y2oooNwVt8eZm0z+ueW/duL2qNsyKOMhzBMZyCB5fQgBtoQgsYSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBXqyQGg==</latexit><latexit sha1_base64="Z3c+Hhd2/2t5iFkbsWT347BmfVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYmuhDWWz3bRLN5u4OxFKyJ/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfD31H564NiJW9zhJuB/RoRKhYBSt1Ml6QZjd5Xm/WnPr7gxkmXgFqUGBZr/61RvELI24QiapMV3PTdDPqEbBJM8rvdTwhLIxHfKupYpG3PjZ7N6cnFhlQMJY21JIZurviYxGxkyiwHZGFEdm0ZuK/3ndFMMrPxMqSZErNl8UppJgTKbPk4HQnKGcWEKZFvZWwkZUU4Y2oooNwVt8eZm0z+ueW/duL2qNsyKOMhzBMZyCB5fQgBtoQgsYSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBXqyQGg==</latexit><latexit sha1_base64="Z3c+Hhd2/2t5iFkbsWT347BmfVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYmuhDWWz3bRLN5u4OxFKyJ/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfD31H564NiJW9zhJuB/RoRKhYBSt1Ml6QZjd5Xm/WnPr7gxkmXgFqUGBZr/61RvELI24QiapMV3PTdDPqEbBJM8rvdTwhLIxHfKupYpG3PjZ7N6cnFhlQMJY21JIZurviYxGxkyiwHZGFEdm0ZuK/3ndFMMrPxMqSZErNl8UppJgTKbPk4HQnKGcWEKZFvZWwkZUU4Y2oooNwVt8eZm0z+ueW/duL2qNsyKOMhzBMZyCB5fQgBtoQgsYSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBXqyQGg==</latexit><latexit sha1_base64="Z3c+Hhd2/2t5iFkbsWT347BmfVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYmuhDWWz3bRLN5u4OxFKyJ/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfD31H564NiJW9zhJuB/RoRKhYBSt1Ml6QZjd5Xm/WnPr7gxkmXgFqUGBZr/61RvELI24QiapMV3PTdDPqEbBJM8rvdTwhLIxHfKupYpG3PjZ7N6cnFhlQMJY21JIZurviYxGxkyiwHZGFEdm0ZuK/3ndFMMrPxMqSZErNl8UppJgTKbPk4HQnKGcWEKZFvZWwkZUU4Y2oooNwVt8eZm0z+ueW/duL2qNsyKOMhzBMZyCB5fQgBtoQgsYSHiGV3hzHp0X5935mLeWnGLmEP7A+fwBXqyQGg==</latexit>

ẑ
<latexit sha1_base64="KiL7cRtDO2ZWa2pvzAzKVUO4FhY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYD+gDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuc39ziPXRsTqAacJ9yM6UiIUjKKVOv0xxexpNqjW3Lo7B1klXkFqUKA5qH71hzFLI66QSWpMz3MT9DOqUTDJZ5V+anhC2YSOeM9SRSNu/Gx+7oycWWVIwljbUkjm6u+JjEbGTKPAdkYUx2bZy8X/vF6K4Y2fCZWkyBVbLApTSTAm+e9kKDRnKKeWUKaFvZWwMdWUoU2oYkPwll9eJe3LuufWvfurWuOiiKMMJ3AK5+DBNTTgDprQAgYTeIZXeHMS58V5dz4WrSWnmDmGP3A+fwCsqI+1</latexit><latexit sha1_base64="KiL7cRtDO2ZWa2pvzAzKVUO4FhY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYD+gDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuc39ziPXRsTqAacJ9yM6UiIUjKKVOv0xxexpNqjW3Lo7B1klXkFqUKA5qH71hzFLI66QSWpMz3MT9DOqUTDJZ5V+anhC2YSOeM9SRSNu/Gx+7oycWWVIwljbUkjm6u+JjEbGTKPAdkYUx2bZy8X/vF6K4Y2fCZWkyBVbLApTSTAm+e9kKDRnKKeWUKaFvZWwMdWUoU2oYkPwll9eJe3LuufWvfurWuOiiKMMJ3AK5+DBNTTgDprQAgYTeIZXeHMS58V5dz4WrSWnmDmGP3A+fwCsqI+1</latexit><latexit sha1_base64="KiL7cRtDO2ZWa2pvzAzKVUO4FhY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYD+gDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuc39ziPXRsTqAacJ9yM6UiIUjKKVOv0xxexpNqjW3Lo7B1klXkFqUKA5qH71hzFLI66QSWpMz3MT9DOqUTDJZ5V+anhC2YSOeM9SRSNu/Gx+7oycWWVIwljbUkjm6u+JjEbGTKPAdkYUx2bZy8X/vF6K4Y2fCZWkyBVbLApTSTAm+e9kKDRnKKeWUKaFvZWwMdWUoU2oYkPwll9eJe3LuufWvfurWuOiiKMMJ3AK5+DBNTTgDprQAgYTeIZXeHMS58V5dz4WrSWnmDmGP3A+fwCsqI+1</latexit><latexit sha1_base64="KiL7cRtDO2ZWa2pvzAzKVUO4FhY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYD+gDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bN20O2vpg4PHeDDPzgkQKg6777ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuc39ziPXRsTqAacJ9yM6UiIUjKKVOv0xxexpNqjW3Lo7B1klXkFqUKA5qH71hzFLI66QSWpMz3MT9DOqUTDJZ5V+anhC2YSOeM9SRSNu/Gx+7oycWWVIwljbUkjm6u+JjEbGTKPAdkYUx2bZy8X/vF6K4Y2fCZWkyBVbLApTSTAm+e9kKDRnKKeWUKaFvZWwMdWUoU2oYkPwll9eJe3LuufWvfurWuOiiKMMJ3AK5+DBNTTgDprQAgYTeIZXeHMS58V5dz4WrSWnmDmGP3A+fwCsqI+1</latexit>

(a)
<latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit><latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit><latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit><latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit>

(b)
<latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit><latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit><latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit><latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit>

A
<latexit sha1_base64="l240LcVvAsaJ+xF+/qpIqe167n4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD1WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fjD+Mrw==</latexit><latexit sha1_base64="l240LcVvAsaJ+xF+/qpIqe167n4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD1WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fjD+Mrw==</latexit><latexit sha1_base64="l240LcVvAsaJ+xF+/qpIqe167n4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD1WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fjD+Mrw==</latexit><latexit sha1_base64="l240LcVvAsaJ+xF+/qpIqe167n4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD1WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fjD+Mrw==</latexit>

B
<latexit sha1_base64="xIoqs7h219WuDkCto0eLWPBRHz0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fjcOMsA==</latexit><latexit sha1_base64="xIoqs7h219WuDkCto0eLWPBRHz0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fjcOMsA==</latexit><latexit sha1_base64="xIoqs7h219WuDkCto0eLWPBRHz0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fjcOMsA==</latexit><latexit sha1_base64="xIoqs7h219WuDkCto0eLWPBRHz0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvXhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjdt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fjcOMsA==</latexit>

E
<latexit sha1_base64="vAg5EHhQmrxyhz3Atdva1DRpjV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WRPDYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGnf9csWtunOQVeLlpAI56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xKWpdVz616jatK7SKPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/kk+Msw==</latexit><latexit sha1_base64="vAg5EHhQmrxyhz3Atdva1DRpjV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WRPDYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGnf9csWtunOQVeLlpAI56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xKWpdVz616jatK7SKPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/kk+Msw==</latexit><latexit sha1_base64="vAg5EHhQmrxyhz3Atdva1DRpjV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WRPDYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGnf9csWtunOQVeLlpAI56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xKWpdVz616jatK7SKPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/kk+Msw==</latexit><latexit sha1_base64="vAg5EHhQmrxyhz3Atdva1DRpjV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WRPDYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGnf9csWtunOQVeLlpAI56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xKWpdVz616jatK7SKPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/kk+Msw==</latexit>

�
<latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit><latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit><latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit><latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit>

Single
<latexit sha1_base64="6SsW7yYQsx12mmwBDwCDVunNBwA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSq4KjMi6LLgxmVF+4DpUDJppg3NY0juCGXoZ7hxoYhbv8adf2PazkJbDwQO59x7c++JU8Et+P63V1pb39jcKm9Xdnb39g+qh0dtqzNDWYtqoU03JpYJrlgLOAjWTQ0jMhasE49vZ37niRnLtXqEScoiSYaKJ5wScFLYMzJ/4Goo2LRfrfl1fw68SoKC1FCBZr/61RtomkmmgApibRj4KUQ5McCpm1fpZZalhI7JkIWOKiKZjfL5ylN87pQBTrRxTwGeq787ciKtncjYVUoCI7vszcT/vDCD5CbKuUozYIouPkoygUHj2f14wA2jICaOEGq42xXTETGEgkup4kIIlk9eJe3LeuDXg/urWuOsiKOMTtApukABukYNdIeaqIUo0ugZvaI3D7wX7937WJSWvKLnGP2B9/kDoWmRXw==</latexit><latexit sha1_base64="6SsW7yYQsx12mmwBDwCDVunNBwA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSq4KjMi6LLgxmVF+4DpUDJppg3NY0juCGXoZ7hxoYhbv8adf2PazkJbDwQO59x7c++JU8Et+P63V1pb39jcKm9Xdnb39g+qh0dtqzNDWYtqoU03JpYJrlgLOAjWTQ0jMhasE49vZ37niRnLtXqEScoiSYaKJ5wScFLYMzJ/4Goo2LRfrfl1fw68SoKC1FCBZr/61RtomkmmgApibRj4KUQ5McCpm1fpZZalhI7JkIWOKiKZjfL5ylN87pQBTrRxTwGeq787ciKtncjYVUoCI7vszcT/vDCD5CbKuUozYIouPkoygUHj2f14wA2jICaOEGq42xXTETGEgkup4kIIlk9eJe3LeuDXg/urWuOsiKOMTtApukABukYNdIeaqIUo0ugZvaI3D7wX7937WJSWvKLnGP2B9/kDoWmRXw==</latexit><latexit sha1_base64="6SsW7yYQsx12mmwBDwCDVunNBwA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSq4KjMi6LLgxmVF+4DpUDJppg3NY0juCGXoZ7hxoYhbv8adf2PazkJbDwQO59x7c++JU8Et+P63V1pb39jcKm9Xdnb39g+qh0dtqzNDWYtqoU03JpYJrlgLOAjWTQ0jMhasE49vZ37niRnLtXqEScoiSYaKJ5wScFLYMzJ/4Goo2LRfrfl1fw68SoKC1FCBZr/61RtomkmmgApibRj4KUQ5McCpm1fpZZalhI7JkIWOKiKZjfL5ylN87pQBTrRxTwGeq787ciKtncjYVUoCI7vszcT/vDCD5CbKuUozYIouPkoygUHj2f14wA2jICaOEGq42xXTETGEgkup4kIIlk9eJe3LeuDXg/urWuOsiKOMTtApukABukYNdIeaqIUo0ugZvaI3D7wX7937WJSWvKLnGP2B9/kDoWmRXw==</latexit><latexit sha1_base64="6SsW7yYQsx12mmwBDwCDVunNBwA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSq4KjMi6LLgxmVF+4DpUDJppg3NY0juCGXoZ7hxoYhbv8adf2PazkJbDwQO59x7c++JU8Et+P63V1pb39jcKm9Xdnb39g+qh0dtqzNDWYtqoU03JpYJrlgLOAjWTQ0jMhasE49vZ37niRnLtXqEScoiSYaKJ5wScFLYMzJ/4Goo2LRfrfl1fw68SoKC1FCBZr/61RtomkmmgApibRj4KUQ5McCpm1fpZZalhI7JkIWOKiKZjfL5ylN87pQBTrRxTwGeq787ciKtncjYVUoCI7vszcT/vDCD5CbKuUozYIouPkoygUHj2f14wA2jICaOEGq42xXTETGEgkup4kIIlk9eJe3LeuDXg/urWuOsiKOMTtApukABukYNdIeaqIUo0ugZvaI3D7wX7937WJSWvKLnGP2B9/kDoWmRXw==</latexit>

Atom
<latexit sha1_base64="rtae4ZwqzmEk09Uow1pOnr8KQ48=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJiYxnBxEgSwt5mL1mye3vszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80rU4N4w2mpTatkFouRcwbKFDyVmI4VaHkD+HoZuo/PHFjhY7vcZzwrqKDWESCUXTSY8eo7Bq1mvTKFb/qz0CWSZCTCuSo98pfnb5mqeIxMkmtbQd+gt2MGhRM8kmpk1qeUDaiA952NKaK2242O3hCTp3SJ5E2rmIkM/X3REaVtWMVuk5FcWgXvan4n9dOMbrqZiJOUuQxmy+KUklQk+n3pC8MZyjHjlBmhLuVsCE1lKHLqORCCBZfXibN82rgV4O7i0rtJI+jCEdwDGcQwCXU4Bbq0AAGCp7hFd484714797HvLXg5TOH8Afe5w8SwpB6</latexit><latexit sha1_base64="rtae4ZwqzmEk09Uow1pOnr8KQ48=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJiYxnBxEgSwt5mL1mye3vszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80rU4N4w2mpTatkFouRcwbKFDyVmI4VaHkD+HoZuo/PHFjhY7vcZzwrqKDWESCUXTSY8eo7Bq1mvTKFb/qz0CWSZCTCuSo98pfnb5mqeIxMkmtbQd+gt2MGhRM8kmpk1qeUDaiA952NKaK2242O3hCTp3SJ5E2rmIkM/X3REaVtWMVuk5FcWgXvan4n9dOMbrqZiJOUuQxmy+KUklQk+n3pC8MZyjHjlBmhLuVsCE1lKHLqORCCBZfXibN82rgV4O7i0rtJI+jCEdwDGcQwCXU4Bbq0AAGCp7hFd484714797HvLXg5TOH8Afe5w8SwpB6</latexit><latexit sha1_base64="rtae4ZwqzmEk09Uow1pOnr8KQ48=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJiYxnBxEgSwt5mL1mye3vszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80rU4N4w2mpTatkFouRcwbKFDyVmI4VaHkD+HoZuo/PHFjhY7vcZzwrqKDWESCUXTSY8eo7Bq1mvTKFb/qz0CWSZCTCuSo98pfnb5mqeIxMkmtbQd+gt2MGhRM8kmpk1qeUDaiA952NKaK2242O3hCTp3SJ5E2rmIkM/X3REaVtWMVuk5FcWgXvan4n9dOMbrqZiJOUuQxmy+KUklQk+n3pC8MZyjHjlBmhLuVsCE1lKHLqORCCBZfXibN82rgV4O7i0rtJI+jCEdwDGcQwCXU4Bbq0AAGCp7hFd484714797HvLXg5TOH8Afe5w8SwpB6</latexit><latexit sha1_base64="rtae4ZwqzmEk09Uow1pOnr8KQ48=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJiYxnBxEgSwt5mL1mye3vszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80rU4N4w2mpTatkFouRcwbKFDyVmI4VaHkD+HoZuo/PHFjhY7vcZzwrqKDWESCUXTSY8eo7Bq1mvTKFb/qz0CWSZCTCuSo98pfnb5mqeIxMkmtbQd+gt2MGhRM8kmpk1qeUDaiA952NKaK2242O3hCTp3SJ5E2rmIkM/X3REaVtWMVuk5FcWgXvan4n9dOMbrqZiJOUuQxmy+KUklQk+n3pC8MZyjHjlBmhLuVsCE1lKHLqORCCBZfXibN82rgV4O7i0rtJI+jCEdwDGcQwCXU4Bbq0AAGCp7hFd484714797HvLXg5TOH8Afe5w8SwpB6</latexit>

Atom
<latexit sha1_base64="rtae4ZwqzmEk09Uow1pOnr8KQ48=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJiYxnBxEgSwt5mL1mye3vszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80rU4N4w2mpTatkFouRcwbKFDyVmI4VaHkD+HoZuo/PHFjhY7vcZzwrqKDWESCUXTSY8eo7Bq1mvTKFb/qz0CWSZCTCuSo98pfnb5mqeIxMkmtbQd+gt2MGhRM8kmpk1qeUDaiA952NKaK2242O3hCTp3SJ5E2rmIkM/X3REaVtWMVuk5FcWgXvan4n9dOMbrqZiJOUuQxmy+KUklQk+n3pC8MZyjHjlBmhLuVsCE1lKHLqORCCBZfXibN82rgV4O7i0rtJI+jCEdwDGcQwCXU4Bbq0AAGCp7hFd484714797HvLXg5TOH8Afe5w8SwpB6</latexit><latexit sha1_base64="rtae4ZwqzmEk09Uow1pOnr8KQ48=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJiYxnBxEgSwt5mL1mye3vszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80rU4N4w2mpTatkFouRcwbKFDyVmI4VaHkD+HoZuo/PHFjhY7vcZzwrqKDWESCUXTSY8eo7Bq1mvTKFb/qz0CWSZCTCuSo98pfnb5mqeIxMkmtbQd+gt2MGhRM8kmpk1qeUDaiA952NKaK2242O3hCTp3SJ5E2rmIkM/X3REaVtWMVuk5FcWgXvan4n9dOMbrqZiJOUuQxmy+KUklQk+n3pC8MZyjHjlBmhLuVsCE1lKHLqORCCBZfXibN82rgV4O7i0rtJI+jCEdwDGcQwCXU4Bbq0AAGCp7hFd484714797HvLXg5TOH8Afe5w8SwpB6</latexit><latexit sha1_base64="rtae4ZwqzmEk09Uow1pOnr8KQ48=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJiYxnBxEgSwt5mL1mye3vszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80rU4N4w2mpTatkFouRcwbKFDyVmI4VaHkD+HoZuo/PHFjhY7vcZzwrqKDWESCUXTSY8eo7Bq1mvTKFb/qz0CWSZCTCuSo98pfnb5mqeIxMkmtbQd+gt2MGhRM8kmpk1qeUDaiA952NKaK2242O3hCTp3SJ5E2rmIkM/X3REaVtWMVuk5FcWgXvan4n9dOMbrqZiJOUuQxmy+KUklQk+n3pC8MZyjHjlBmhLuVsCE1lKHLqORCCBZfXibN82rgV4O7i0rtJI+jCEdwDGcQwCXU4Bbq0AAGCp7hFd484714797HvLXg5TOH8Afe5w8SwpB6</latexit><latexit sha1_base64="rtae4ZwqzmEk09Uow1pOnr8KQ48=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJiYxnBxEgSwt5mL1mye3vszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80rU4N4w2mpTatkFouRcwbKFDyVmI4VaHkD+HoZuo/PHFjhY7vcZzwrqKDWESCUXTSY8eo7Bq1mvTKFb/qz0CWSZCTCuSo98pfnb5mqeIxMkmtbQd+gt2MGhRM8kmpk1qeUDaiA952NKaK2242O3hCTp3SJ5E2rmIkM/X3REaVtWMVuk5FcWgXvan4n9dOMbrqZiJOUuQxmy+KUklQk+n3pC8MZyjHjlBmhLuVsCE1lKHLqORCCBZfXibN82rgV4O7i0rtJI+jCEdwDGcQwCXU4Bbq0AAGCp7hFd484714797HvLXg5TOH8Afe5w8SwpB6</latexit>

Pair
<latexit sha1_base64="DDMxpYTnoYQB6aje1NKUIN/MR/Q=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBqPgKeyKoMeAF48RzEOSJcxOJsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZwaxhsslrFpR9RyKTRvoEDJ24nhVEWSt6Lx7cxvPXFjRawfcJLwUNGhFgPBKDrpsWtUVqfCTHvlil/15yCrJMhJBXLUe+Wvbj9mqeIamaTWdgI/wTCjBgWTfFrqppYnlI3pkHcc1VRxG2bzg6fk3Cl9MoiNK41krv6eyKiydqIi16kojuyyNxP/8zopDm7CTOgkRa7ZYtEglQRjMvue9IXhDOXEEcqMcLcSNqKGMnQZlVwIwfLLq6R5WQ38anB/Vamd5XEU4QRO4QICuIYa3EEdGsBAwTO8wptnvBfv3ftYtBa8fOYY/sD7/AELKpB1</latexit><latexit sha1_base64="DDMxpYTnoYQB6aje1NKUIN/MR/Q=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBqPgKeyKoMeAF48RzEOSJcxOJsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZwaxhsslrFpR9RyKTRvoEDJ24nhVEWSt6Lx7cxvPXFjRawfcJLwUNGhFgPBKDrpsWtUVqfCTHvlil/15yCrJMhJBXLUe+Wvbj9mqeIamaTWdgI/wTCjBgWTfFrqppYnlI3pkHcc1VRxG2bzg6fk3Cl9MoiNK41krv6eyKiydqIi16kojuyyNxP/8zopDm7CTOgkRa7ZYtEglQRjMvue9IXhDOXEEcqMcLcSNqKGMnQZlVwIwfLLq6R5WQ38anB/Vamd5XEU4QRO4QICuIYa3EEdGsBAwTO8wptnvBfv3ftYtBa8fOYY/sD7/AELKpB1</latexit><latexit sha1_base64="DDMxpYTnoYQB6aje1NKUIN/MR/Q=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBqPgKeyKoMeAF48RzEOSJcxOJsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZwaxhsslrFpR9RyKTRvoEDJ24nhVEWSt6Lx7cxvPXFjRawfcJLwUNGhFgPBKDrpsWtUVqfCTHvlil/15yCrJMhJBXLUe+Wvbj9mqeIamaTWdgI/wTCjBgWTfFrqppYnlI3pkHcc1VRxG2bzg6fk3Cl9MoiNK41krv6eyKiydqIi16kojuyyNxP/8zopDm7CTOgkRa7ZYtEglQRjMvue9IXhDOXEEcqMcLcSNqKGMnQZlVwIwfLLq6R5WQ38anB/Vamd5XEU4QRO4QICuIYa3EEdGsBAwTO8wptnvBfv3ftYtBa8fOYY/sD7/AELKpB1</latexit><latexit sha1_base64="DDMxpYTnoYQB6aje1NKUIN/MR/Q=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBqPgKeyKoMeAF48RzEOSJcxOJsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZwaxhsslrFpR9RyKTRvoEDJ24nhVEWSt6Lx7cxvPXFjRawfcJLwUNGhFgPBKDrpsWtUVqfCTHvlil/15yCrJMhJBXLUe+Wvbj9mqeIamaTWdgI/wTCjBgWTfFrqppYnlI3pkHcc1VRxG2bzg6fk3Cl9MoiNK41krv6eyKiydqIi16kojuyyNxP/8zopDm7CTOgkRa7ZYtEglQRjMvue9IXhDOXEEcqMcLcSNqKGMnQZlVwIwfLLq6R5WQ38anB/Vamd5XEU4QRO4QICuIYa3EEdGsBAwTO8wptnvBfv3ftYtBa8fOYY/sD7/AELKpB1</latexit>

|rr00i
<latexit sha1_base64="6i8bmC2QhwYbkYIjrHpF0HSbBhk=">AAAB+3icbZBNS8NAEIYn9avWr1qPXhaLtKeSiKDHghePFWwrNKFstpt26WYTdidiCf0rXjwo4tU/4s1/4/bjoK0DCw/vO8PMvmEqhUHX/XYKG5tb2zvF3dLe/sHhUfm40jFJphlvs0Qm+iGkhkuheBsFSv6Qak7jUPJuOL6Z+d1Hro1I1D1OUh7EdKhEJBhFK/XLFd+6SLSu1YivqRpK3i9X3YY7L7IO3hKqsKxWv/zlDxKWxVwhk9SYnuemGORUo2CST0t+ZnhK2ZgOec+iojE3QT6/fUrOrTIgUaLtU0jm6u+JnMbGTOLQdsYUR2bVm4n/eb0Mo+sgFyrNkCu2WBRlkmBCZkGQgdCcoZxYoEwLeythI6opQxtXyYbgrX55HToXDc/y3WW1WV/GUYRTOIM6eHAFTbiFFrSBwRM8wyu8OVPnxXl3PhatBWc5cwJ/yvn8AftVk6k=</latexit><latexit sha1_base64="6i8bmC2QhwYbkYIjrHpF0HSbBhk=">AAAB+3icbZBNS8NAEIYn9avWr1qPXhaLtKeSiKDHghePFWwrNKFstpt26WYTdidiCf0rXjwo4tU/4s1/4/bjoK0DCw/vO8PMvmEqhUHX/XYKG5tb2zvF3dLe/sHhUfm40jFJphlvs0Qm+iGkhkuheBsFSv6Qak7jUPJuOL6Z+d1Hro1I1D1OUh7EdKhEJBhFK/XLFd+6SLSu1YivqRpK3i9X3YY7L7IO3hKqsKxWv/zlDxKWxVwhk9SYnuemGORUo2CST0t+ZnhK2ZgOec+iojE3QT6/fUrOrTIgUaLtU0jm6u+JnMbGTOLQdsYUR2bVm4n/eb0Mo+sgFyrNkCu2WBRlkmBCZkGQgdCcoZxYoEwLeythI6opQxtXyYbgrX55HToXDc/y3WW1WV/GUYRTOIM6eHAFTbiFFrSBwRM8wyu8OVPnxXl3PhatBWc5cwJ/yvn8AftVk6k=</latexit><latexit sha1_base64="6i8bmC2QhwYbkYIjrHpF0HSbBhk=">AAAB+3icbZBNS8NAEIYn9avWr1qPXhaLtKeSiKDHghePFWwrNKFstpt26WYTdidiCf0rXjwo4tU/4s1/4/bjoK0DCw/vO8PMvmEqhUHX/XYKG5tb2zvF3dLe/sHhUfm40jFJphlvs0Qm+iGkhkuheBsFSv6Qak7jUPJuOL6Z+d1Hro1I1D1OUh7EdKhEJBhFK/XLFd+6SLSu1YivqRpK3i9X3YY7L7IO3hKqsKxWv/zlDxKWxVwhk9SYnuemGORUo2CST0t+ZnhK2ZgOec+iojE3QT6/fUrOrTIgUaLtU0jm6u+JnMbGTOLQdsYUR2bVm4n/eb0Mo+sgFyrNkCu2WBRlkmBCZkGQgdCcoZxYoEwLeythI6opQxtXyYbgrX55HToXDc/y3WW1WV/GUYRTOIM6eHAFTbiFFrSBwRM8wyu8OVPnxXl3PhatBWc5cwJ/yvn8AftVk6k=</latexit><latexit sha1_base64="6i8bmC2QhwYbkYIjrHpF0HSbBhk=">AAAB+3icbZBNS8NAEIYn9avWr1qPXhaLtKeSiKDHghePFWwrNKFstpt26WYTdidiCf0rXjwo4tU/4s1/4/bjoK0DCw/vO8PMvmEqhUHX/XYKG5tb2zvF3dLe/sHhUfm40jFJphlvs0Qm+iGkhkuheBsFSv6Qak7jUPJuOL6Z+d1Hro1I1D1OUh7EdKhEJBhFK/XLFd+6SLSu1YivqRpK3i9X3YY7L7IO3hKqsKxWv/zlDxKWxVwhk9SYnuemGORUo2CST0t+ZnhK2ZgOec+iojE3QT6/fUrOrTIgUaLtU0jm6u+JnMbGTOLQdsYUR2bVm4n/eb0Mo+sgFyrNkCu2WBRlkmBCZkGQgdCcoZxYoEwLeythI6opQxtXyYbgrX55HToXDc/y3WW1WV/GUYRTOIM6eHAFTbiFFrSBwRM8wyu8OVPnxXl3PhatBWc5cwJ/yvn8AftVk6k=</latexit>

|rr0i
<latexit sha1_base64="MyDYSkhPWs7XFzpHYYgg7AZnSxY=">AAAB+nicbZDLSsNAFIZPvNZ6a3XpZrCIXZVEBF0W3LisYC/QhDKZnrRDJ5MwM1FK7KO4caGIW5/EnW/j9LLQ1gMDH/9/DufMH6aCa+O6387a+sbm1nZhp7i7t39wWCoftXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upn67QdUmify3oxTDGI6kDzijBor9Upl37qGKHVOfEXlQGCvVHFr7qzIKngLqMCiGr3Sl99PWBajNExQrbuem5ogp8pwJnBS9DONKWUjOsCuRUlj1EE+O31CzqzSJ1Gi7JOGzNTfEzmNtR7Hoe2MqRnqZW8q/ud1MxNdBzmXaWZQsvmiKBPEJGSaA+lzhcyIsQXKFLe3EjakijJj0yraELzlL69C66LmWb67rNSrizgKcAKnUAUPrqAOt9CAJjB4hGd4hTfnyXlx3p2Peeuas5g5hj/lfP4AlpaTeA==</latexit><latexit sha1_base64="MyDYSkhPWs7XFzpHYYgg7AZnSxY=">AAAB+nicbZDLSsNAFIZPvNZ6a3XpZrCIXZVEBF0W3LisYC/QhDKZnrRDJ5MwM1FK7KO4caGIW5/EnW/j9LLQ1gMDH/9/DufMH6aCa+O6387a+sbm1nZhp7i7t39wWCoftXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upn67QdUmify3oxTDGI6kDzijBor9Upl37qGKHVOfEXlQGCvVHFr7qzIKngLqMCiGr3Sl99PWBajNExQrbuem5ogp8pwJnBS9DONKWUjOsCuRUlj1EE+O31CzqzSJ1Gi7JOGzNTfEzmNtR7Hoe2MqRnqZW8q/ud1MxNdBzmXaWZQsvmiKBPEJGSaA+lzhcyIsQXKFLe3EjakijJj0yraELzlL69C66LmWb67rNSrizgKcAKnUAUPrqAOt9CAJjB4hGd4hTfnyXlx3p2Peeuas5g5hj/lfP4AlpaTeA==</latexit><latexit sha1_base64="MyDYSkhPWs7XFzpHYYgg7AZnSxY=">AAAB+nicbZDLSsNAFIZPvNZ6a3XpZrCIXZVEBF0W3LisYC/QhDKZnrRDJ5MwM1FK7KO4caGIW5/EnW/j9LLQ1gMDH/9/DufMH6aCa+O6387a+sbm1nZhp7i7t39wWCoftXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upn67QdUmify3oxTDGI6kDzijBor9Upl37qGKHVOfEXlQGCvVHFr7qzIKngLqMCiGr3Sl99PWBajNExQrbuem5ogp8pwJnBS9DONKWUjOsCuRUlj1EE+O31CzqzSJ1Gi7JOGzNTfEzmNtR7Hoe2MqRnqZW8q/ud1MxNdBzmXaWZQsvmiKBPEJGSaA+lzhcyIsQXKFLe3EjakijJj0yraELzlL69C66LmWb67rNSrizgKcAKnUAUPrqAOt9CAJjB4hGd4hTfnyXlx3p2Peeuas5g5hj/lfP4AlpaTeA==</latexit><latexit sha1_base64="MyDYSkhPWs7XFzpHYYgg7AZnSxY=">AAAB+nicbZDLSsNAFIZPvNZ6a3XpZrCIXZVEBF0W3LisYC/QhDKZnrRDJ5MwM1FK7KO4caGIW5/EnW/j9LLQ1gMDH/9/DufMH6aCa+O6387a+sbm1nZhp7i7t39wWCoftXSSKYZNlohEdUKqUXCJTcONwE6qkMahwHY4upn67QdUmify3oxTDGI6kDzijBor9Upl37qGKHVOfEXlQGCvVHFr7qzIKngLqMCiGr3Sl99PWBajNExQrbuem5ogp8pwJnBS9DONKWUjOsCuRUlj1EE+O31CzqzSJ1Gi7JOGzNTfEzmNtR7Hoe2MqRnqZW8q/ud1MxNdBzmXaWZQsvmiKBPEJGSaA+lzhcyIsQXKFLe3EjakijJj0yraELzlL69C66LmWb67rNSrizgKcAKnUAUPrqAOt9CAJjB4hGd4hTfnyXlx3p2Peeuas5g5hj/lfP4AlpaTeA==</latexit>

|rri
<latexit sha1_base64="A+B0jZcOgZ4cidDP0KmRb99kFXg=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF6KkkIuix4MVjBfsBTSib7bZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0DCw/vO8PMvlEqhUHP+3ZKW9s7u3vl/crB4dHxiXt61jZJphlvsUQmuhtRw6VQvIUCJe+mmtM4krwTTe4XfmfKtRGJesJZysOYjpQYCkbRSn3XDayLRGsSaKpGkvfdqlf3lkU2wS+gCkU1++5XMEhYFnOFTFJjer6XYphTjYJJPq8EmeEpZRM64j2LisbchPny8jm5ssqADBNtn0KyVH9P5DQ2ZhZHtjOmODbr3kL8z+tlOLwLc6HSDLliq0XDTBJMyCIGMhCaM5QzC5RpYW8lbEw1ZWjDqtgQ/PUvb0L7uu5bfrypNmpFHGW4gEuogQ+30IAHaEILGEzhGV7hzcmdF+fd+Vi1lpxi5hz+lPP5AzIAk0c=</latexit><latexit sha1_base64="A+B0jZcOgZ4cidDP0KmRb99kFXg=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF6KkkIuix4MVjBfsBTSib7bZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0DCw/vO8PMvlEqhUHP+3ZKW9s7u3vl/crB4dHxiXt61jZJphlvsUQmuhtRw6VQvIUCJe+mmtM4krwTTe4XfmfKtRGJesJZysOYjpQYCkbRSn3XDayLRGsSaKpGkvfdqlf3lkU2wS+gCkU1++5XMEhYFnOFTFJjer6XYphTjYJJPq8EmeEpZRM64j2LisbchPny8jm5ssqADBNtn0KyVH9P5DQ2ZhZHtjOmODbr3kL8z+tlOLwLc6HSDLliq0XDTBJMyCIGMhCaM5QzC5RpYW8lbEw1ZWjDqtgQ/PUvb0L7uu5bfrypNmpFHGW4gEuogQ+30IAHaEILGEzhGV7hzcmdF+fd+Vi1lpxi5hz+lPP5AzIAk0c=</latexit><latexit sha1_base64="A+B0jZcOgZ4cidDP0KmRb99kFXg=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF6KkkIuix4MVjBfsBTSib7bZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0DCw/vO8PMvlEqhUHP+3ZKW9s7u3vl/crB4dHxiXt61jZJphlvsUQmuhtRw6VQvIUCJe+mmtM4krwTTe4XfmfKtRGJesJZysOYjpQYCkbRSn3XDayLRGsSaKpGkvfdqlf3lkU2wS+gCkU1++5XMEhYFnOFTFJjer6XYphTjYJJPq8EmeEpZRM64j2LisbchPny8jm5ssqADBNtn0KyVH9P5DQ2ZhZHtjOmODbr3kL8z+tlOLwLc6HSDLliq0XDTBJMyCIGMhCaM5QzC5RpYW8lbEw1ZWjDqtgQ/PUvb0L7uu5bfrypNmpFHGW4gEuogQ+30IAHaEILGEzhGV7hzcmdF+fd+Vi1lpxi5hz+lPP5AzIAk0c=</latexit><latexit sha1_base64="A+B0jZcOgZ4cidDP0KmRb99kFXg=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF6KkkIuix4MVjBfsBTSib7bZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0DCw/vO8PMvlEqhUHP+3ZKW9s7u3vl/crB4dHxiXt61jZJphlvsUQmuhtRw6VQvIUCJe+mmtM4krwTTe4XfmfKtRGJesJZysOYjpQYCkbRSn3XDayLRGsSaKpGkvfdqlf3lkU2wS+gCkU1++5XMEhYFnOFTFJjer6XYphTjYJJPq8EmeEpZRM64j2LisbchPny8jm5ssqADBNtn0KyVH9P5DQ2ZhZHtjOmODbr3kL8z+tlOLwLc6HSDLliq0XDTBJMyCIGMhCaM5QzC5RpYW8lbEw1ZWjDqtgQ/PUvb0L7uu5bfrypNmpFHGW4gEuogQ+30IAHaEILGEzhGV7hzcmdF+fd+Vi1lpxi5hz+lPP5AzIAk0c=</latexit>

|r0r00i
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Figure 3.1: (a) Two Rydberg atoms with dipoles µA and µB separated by R
with an angle θ. (b) Single atom basis compared to the two atom pair-state
basis. The predominant dipole-dipole interaction channel is between |rr⟩ and
|r′r′′⟩, where the energy defect ∆ is small.

black-body induced transitions is clearly illustrated when comparing to the

lifetime at 4 K τeff(4 K) = 349 µs demonstrating a significant contrast in

the expected Rydberg lifetimes. However these times still far exceed the ex-

cited state lifetime of the D2 line in caesium of τ = 30 ns [81] presenting the

ability to perform experiments on much longer timescales on Rydberg states

compared to lower lying states.

3.4 Dipole-Dipole Interactions

The Rydberg blockade arises when the Rydberg-Rabi coupling is much

smaller than the Rydberg-Rydberg interaction occurring between two closely

separated atoms. First however we must examine the dipole-dipole interac-

tion which leads to this. Consider two atoms, A and B, in the Rydberg

state |r⟩ separated by a distance R as depicted in Fig. 3.1(a), with dipole

moments µA and µB for transitions to adjacent Rydberg states |r′⟩ and |r′′⟩

respectively. Each atom has a radiating electric dipole field arising from the

oscillating dipole which in turn can interact with with the other atom and

exchange a virtual photon. This interaction energy in atomic units is given
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by [82]

Vdd(R) =
µA · µB − 3(µA · n)(µB · n)

R3
, (3.5)

where n is a unit vector pointing in the direction of R. This can be rewritten

in a spherical basis using n = sin θϵx+cos θϵy to obtain the dipole operators

µq, which are given by

µ−1 =
1√
2
(µ̂x − iµ̂y), (3.6)

µ0 = µz, (3.7)

µ+1 =
1√
2
(µ̂x + iµ̂y), (3.8)

where µ̂ = −er · ϵ and ϵ is the polarisation unit vector. These operators

govern the possible change in magnetic quantum number with µ0 conserving

such that ∆mj = 0 and µ+1 or µ−1 allowing ∆mj = −1 and ∆mj = +1

respectively. Now Vdd(R) can be rewritten as [83]

Vdd(R) =
1

R3
[A1(θ)(µA,−1µB,+1 + µA,+1µB,−1 + 2µA,0µB,0)

+A2(θ)(µA,−1µB,0 − µA,+1µB,0 + µA,0µB,−1 − µA,0µB,+1)

−A3(θ)(µA,−1µB,−1 + µA,+1µB,+1)], (3.9)

where µi,q corresponds to the atom number i = {A,B} and q = {−1, 0, 1} the

respective dipole operator. The angular pre-factors in the above relation are

A1(θ) = 1− 3 cos2 θ/2, A2(θ) = 3 sin θ cos θ/
√
2 and A3(θ) = 3 sin2 θ/2, and

dictate the total change in magnetic quantum number M = mjA+mjB from

the dipole interaction which are ∆Mj = 0, ∆Mj = 1 and ∆Mj = 2 for the

respective pre-factors. Therefore, one can see that an angular dependence

arises for the interaction strength.

Understanding the energy shift that arises from this interaction requires

moving from a single atom basis to pair-states where the two atom state

is expressed as |ψAψB⟩. The energies of these pair-states are simply the ad-
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dition of the single atom energies such that E|rr′⟩ = Er + Er′ . Strong dipole

interactions occur between pair-states where the energy difference between

the pair-states is small; consider the states shown in Fig. 3.1(b): there is a

dipole-dipole interaction between the initial state |rr⟩ and |r′r′′⟩ from which

an energy defect arises

∆ = E|r′r′′⟩ − E|rr⟩. (3.10)

Considering this to be the predominant interaction channel the Hamiltonian

of the system is given by

H =

 0 Vdd(R)

Vdd(R) ∆

 , (3.11)

which can then be diagonalised to obtain the eigenvalues

λ± =
∆±

√
∆2 + 4Vdd(R)2

2
. (3.12)

The above relation now depicts the pair state energy in terms of the separa-

tion between the two atoms. Two interesting limits arise from this [74]:

• Vdd(R) ≫ ∆: this limit is known as the short range resonant dipole-

dipole regime, where there are attractive and repulsive potentials which

result in a energy shift related to atomic separation. The strength of

this interaction is given by

∆E = ±Vdd(R) = ±C3

R3
, (3.13)

in this regime the interaction is dependent upon the atom separation

with a 1/R3 asymptote and the dispersion coefficient C3 which scales

as n4
eff . Electric fields can be used to manipulate pair-state energies to

reduce the energy defect to operate in this resonant regime [83].

• Vdd(R) ≪ ∆: this limit is known as the long range Van der Waals
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regime where the interaction scales as

∆E =
|Vdd(R)|2

∆
= −C6

R6
. (3.14)

In this regime the interaction is dependent upon the atom separation

with a 1/R6 asymptote and the dispersion coefficient C6 scales as n11
eff .

Of noticeable difference from the other interaction regime is that the

sign of the shift is now entirely dependent upon the energy defect.

The crossover between these regimes is known as the van der Waals radius

and occurs when Vdd(R) = ∆. Substituting into Eq. 3.14 and rearranging

one obtains RvdW = 6
√
C6/∆. For the excitation considered in this experi-

ment the dominant interaction occurs from |69S1/269S1/2⟩ ↔ |68P3/269P3/2⟩

where the energy defect at infinite separation is ∆/2π = 0.75 GHz. The C6

coefficient can be computed from the Alkali Rydberg Calculator (ARC) [75]

giving C6 = 573 GHz·µm6. Using these values gives a van der Waals radius

of RvdW = 3 µm. For the experiment presented in this thesis the separation

of the atoms is R > 5 µm, hence interactions presented in this work occur

in the long range van der Waals regime. In this regime for the S states

considered the angular variation in dipole interaction strength is strongly

suppressed due to the spherical charge distribution of the l=0 state, whilst

higher angular momentum states are highly anisotropic.

3.5 Rydberg Blockade

Now that the mechanisms behind the van der Waals energy shift have been

explained, we will consider two atoms in close proximity to each other ad-

dressed by equal coupling fields Ω to the Rydberg state |r⟩ as shown in

Fig. 3.2. As discussed in the previous section a position dependent energy

shift arises due to strong dipole-dipole interactions between the atoms; con-
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<latexit sha1_base64="zSIYQVP4GaN6q1gO4H4MpvSkZUo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHhsxX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fpgOMwA==</latexit><latexit sha1_base64="zSIYQVP4GaN6q1gO4H4MpvSkZUo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHhsxX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fpgOMwA==</latexit><latexit sha1_base64="zSIYQVP4GaN6q1gO4H4MpvSkZUo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHhsxX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fpgOMwA==</latexit><latexit sha1_base64="zSIYQVP4GaN6q1gO4H4MpvSkZUo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHhsxX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrcuq51a9xlWldpHHUYQTOIVz8OAaanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fpgOMwA==</latexit>

E
<latexit sha1_base64="vAg5EHhQmrxyhz3Atdva1DRpjV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WRPDYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGnf9csWtunOQVeLlpAI56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xKWpdVz616jatK7SKPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/kk+Msw==</latexit><latexit sha1_base64="vAg5EHhQmrxyhz3Atdva1DRpjV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WRPDYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGnf9csWtunOQVeLlpAI56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xKWpdVz616jatK7SKPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/kk+Msw==</latexit><latexit sha1_base64="vAg5EHhQmrxyhz3Atdva1DRpjV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WRPDYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGnf9csWtunOQVeLlpAI56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xKWpdVz616jatK7SKPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/kk+Msw==</latexit><latexit sha1_base64="vAg5EHhQmrxyhz3Atdva1DRpjV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WRPDYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5YCYJ+hEdSh5yRo2VGnf9csWtunOQVeLlpAI56v3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1442dcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xKWpdVz616jatK7SKPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/kk+Msw==</latexit>

|ggi
<latexit sha1_base64="wtMLZnUhjrD0dmBLAnzZIZvpVwU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgQUoigh4LXjxWsB/QhLLZTtKlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwowzpV3326psbG5t71R3a3v7B4dH9vFJR6W5pNimKU9lLyQKORPY1kxz7GUSSRJy7Ibj+7nfnaBULBVPepphkJBYsIhRoo00sG3fuLqI45kviYg5Duy623AXcNaJV5I6lGgN7C9/mNI8QaEpJ0r1PTfTQUGkZpTjrObnCjNCxyTGvqGCJKiCYnH5zLkwytCJUmlKaGeh/p4oSKLUNAlNZ0L0SK16c/E/r5/r6C4omMhyjYIuF0U5d3TqzGNwhkwi1XxqCKGSmVsdOiKSUG3CqpkQvNWX10nnuuG5De/xpt68KuOowhmcwyV4cAtNeIAWtIHCBJ7hFd6swnqx3q2PZWvFKmdO4Q+szx8uJ5Pt</latexit><latexit sha1_base64="wtMLZnUhjrD0dmBLAnzZIZvpVwU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgQUoigh4LXjxWsB/QhLLZTtKlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwowzpV3326psbG5t71R3a3v7B4dH9vFJR6W5pNimKU9lLyQKORPY1kxz7GUSSRJy7Ibj+7nfnaBULBVPepphkJBYsIhRoo00sG3fuLqI45kviYg5Duy623AXcNaJV5I6lGgN7C9/mNI8QaEpJ0r1PTfTQUGkZpTjrObnCjNCxyTGvqGCJKiCYnH5zLkwytCJUmlKaGeh/p4oSKLUNAlNZ0L0SK16c/E/r5/r6C4omMhyjYIuF0U5d3TqzGNwhkwi1XxqCKGSmVsdOiKSUG3CqpkQvNWX10nnuuG5De/xpt68KuOowhmcwyV4cAtNeIAWtIHCBJ7hFd6swnqx3q2PZWvFKmdO4Q+szx8uJ5Pt</latexit><latexit sha1_base64="wtMLZnUhjrD0dmBLAnzZIZvpVwU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgQUoigh4LXjxWsB/QhLLZTtKlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwowzpV3326psbG5t71R3a3v7B4dH9vFJR6W5pNimKU9lLyQKORPY1kxz7GUSSRJy7Ibj+7nfnaBULBVPepphkJBYsIhRoo00sG3fuLqI45kviYg5Duy623AXcNaJV5I6lGgN7C9/mNI8QaEpJ0r1PTfTQUGkZpTjrObnCjNCxyTGvqGCJKiCYnH5zLkwytCJUmlKaGeh/p4oSKLUNAlNZ0L0SK16c/E/r5/r6C4omMhyjYIuF0U5d3TqzGNwhkwi1XxqCKGSmVsdOiKSUG3CqpkQvNWX10nnuuG5De/xpt68KuOowhmcwyV4cAtNeIAWtIHCBJ7hFd6swnqx3q2PZWvFKmdO4Q+szx8uJ5Pt</latexit><latexit sha1_base64="wtMLZnUhjrD0dmBLAnzZIZvpVwU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgQUoigh4LXjxWsB/QhLLZTtKlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwowzpV3326psbG5t71R3a3v7B4dH9vFJR6W5pNimKU9lLyQKORPY1kxz7GUSSRJy7Ibj+7nfnaBULBVPepphkJBYsIhRoo00sG3fuLqI45kviYg5Duy623AXcNaJV5I6lGgN7C9/mNI8QaEpJ0r1PTfTQUGkZpTjrObnCjNCxyTGvqGCJKiCYnH5zLkwytCJUmlKaGeh/p4oSKLUNAlNZ0L0SK16c/E/r5/r6C4omMhyjYIuF0U5d3TqzGNwhkwi1XxqCKGSmVsdOiKSUG3CqpkQvNWX10nnuuG5De/xpt68KuOowhmcwyV4cAtNeIAWtIHCBJ7hFd6swnqx3q2PZWvFKmdO4Q+szx8uJ5Pt</latexit>

|gri
<latexit sha1_base64="nx0MQxe/RaA+imgfx/UzwxKtDAg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgQUoigh4LXjxWsB/QhLLZbtKlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwja77bVU2Nre2d6q7tb39g8Mj+/iko9NcUdamqUhVLySaCS5ZGzkK1ssUI0koWDcc38/97oQpzVP5hNOMBQmJJY84JWikgW37xsUiVjNfERkLNrDrbsNdwFknXknqUKI1sL/8YUrzhEmkgmjd99wMg4Io5FSwWc3PNcsIHZOY9Q2VJGE6KBaXz5wLowydKFWmJDoL9fdEQRKtp0loOhOCI73qzcX/vH6O0V1QcJnlyCRdLopy4WDqzGNwhlwximJqCKGKm1sdOiKKUDRh1UwI3urL66Rz3fDchvd4U29elXFU4QzO4RI8uIUmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8AfW5w8/K5P4</latexit><latexit sha1_base64="nx0MQxe/RaA+imgfx/UzwxKtDAg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgQUoigh4LXjxWsB/QhLLZbtKlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwja77bVU2Nre2d6q7tb39g8Mj+/iko9NcUdamqUhVLySaCS5ZGzkK1ssUI0koWDcc38/97oQpzVP5hNOMBQmJJY84JWikgW37xsUiVjNfERkLNrDrbsNdwFknXknqUKI1sL/8YUrzhEmkgmjd99wMg4Io5FSwWc3PNcsIHZOY9Q2VJGE6KBaXz5wLowydKFWmJDoL9fdEQRKtp0loOhOCI73qzcX/vH6O0V1QcJnlyCRdLopy4WDqzGNwhlwximJqCKGKm1sdOiKKUDRh1UwI3urL66Rz3fDchvd4U29elXFU4QzO4RI8uIUmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8AfW5w8/K5P4</latexit><latexit sha1_base64="nx0MQxe/RaA+imgfx/UzwxKtDAg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgQUoigh4LXjxWsB/QhLLZbtKlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwja77bVU2Nre2d6q7tb39g8Mj+/iko9NcUdamqUhVLySaCS5ZGzkK1ssUI0koWDcc38/97oQpzVP5hNOMBQmJJY84JWikgW37xsUiVjNfERkLNrDrbsNdwFknXknqUKI1sL/8YUrzhEmkgmjd99wMg4Io5FSwWc3PNcsIHZOY9Q2VJGE6KBaXz5wLowydKFWmJDoL9fdEQRKtp0loOhOCI73qzcX/vH6O0V1QcJnlyCRdLopy4WDqzGNwhlwximJqCKGKm1sdOiKKUDRh1UwI3urL66Rz3fDchvd4U29elXFU4QzO4RI8uIUmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8AfW5w8/K5P4</latexit><latexit sha1_base64="nx0MQxe/RaA+imgfx/UzwxKtDAg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgQUoigh4LXjxWsB/QhLLZbtKlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwkxwja77bVU2Nre2d6q7tb39g8Mj+/iko9NcUdamqUhVLySaCS5ZGzkK1ssUI0koWDcc38/97oQpzVP5hNOMBQmJJY84JWikgW37xsUiVjNfERkLNrDrbsNdwFknXknqUKI1sL/8YUrzhEmkgmjd99wMg4Io5FSwWc3PNcsIHZOY9Q2VJGE6KBaXz5wLowydKFWmJDoL9fdEQRKtp0loOhOCI73qzcX/vH6O0V1QcJnlyCRdLopy4WDqzGNwhlwximJqCKGKm1sdOiKKUDRh1UwI3urL66Rz3fDchvd4U29elXFU4QzO4RI8uIUmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8AfW5w8/K5P4</latexit>

|rri
<latexit sha1_base64="ldJ79Rw/YGJ2KxuQeSyGAYlBT1c=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REBD0WvHisYD+gCWWznbZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRang2njet1Pa2Nza3invVvb2Dw6P3OOTlk4yxbDJEpGoTkQ1Ci6xabgR2EkV0jgS2I7G93O/PUGleSKfzDTFMKZDyQecUWOlnusG1jW5UrNAUTkU2HOrXs1bgKwTvyBVKNDouV9BP2FZjNIwQbXu+l5qwpwqw5nAWSXINKaUjekQu5ZKGqMO88XlM3JhlT4ZJMqWNGSh/p7Iaaz1NI5sZ0zNSK96c/E/r5uZwV2Yc5lmBiVbLhpkgpiEzGMgfa6QGTG1hDLF7a2EjaiizNiwKjYEf/XlddK6rvlezX+8qdavijjKcAbncAk+3EIdHqABTWAwgWd4hTcnd16cd+dj2VpyiplT+APn8wdQOpQD</latexit><latexit sha1_base64="ldJ79Rw/YGJ2KxuQeSyGAYlBT1c=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REBD0WvHisYD+gCWWznbZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRang2njet1Pa2Nza3invVvb2Dw6P3OOTlk4yxbDJEpGoTkQ1Ci6xabgR2EkV0jgS2I7G93O/PUGleSKfzDTFMKZDyQecUWOlnusG1jW5UrNAUTkU2HOrXs1bgKwTvyBVKNDouV9BP2FZjNIwQbXu+l5qwpwqw5nAWSXINKaUjekQu5ZKGqMO88XlM3JhlT4ZJMqWNGSh/p7Iaaz1NI5sZ0zNSK96c/E/r5uZwV2Yc5lmBiVbLhpkgpiEzGMgfa6QGTG1hDLF7a2EjaiizNiwKjYEf/XlddK6rvlezX+8qdavijjKcAbncAk+3EIdHqABTWAwgWd4hTcnd16cd+dj2VpyiplT+APn8wdQOpQD</latexit><latexit sha1_base64="ldJ79Rw/YGJ2KxuQeSyGAYlBT1c=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REBD0WvHisYD+gCWWznbZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRang2njet1Pa2Nza3invVvb2Dw6P3OOTlk4yxbDJEpGoTkQ1Ci6xabgR2EkV0jgS2I7G93O/PUGleSKfzDTFMKZDyQecUWOlnusG1jW5UrNAUTkU2HOrXs1bgKwTvyBVKNDouV9BP2FZjNIwQbXu+l5qwpwqw5nAWSXINKaUjekQu5ZKGqMO88XlM3JhlT4ZJMqWNGSh/p7Iaaz1NI5sZ0zNSK96c/E/r5uZwV2Yc5lmBiVbLhpkgpiEzGMgfa6QGTG1hDLF7a2EjaiizNiwKjYEf/XlddK6rvlezX+8qdavijjKcAbncAk+3EIdHqABTWAwgWd4hTcnd16cd+dj2VpyiplT+APn8wdQOpQD</latexit><latexit sha1_base64="ldJ79Rw/YGJ2KxuQeSyGAYlBT1c=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5REBD0WvHisYD+gCWWznbZLN5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRang2njet1Pa2Nza3invVvb2Dw6P3OOTlk4yxbDJEpGoTkQ1Ci6xabgR2EkV0jgS2I7G93O/PUGleSKfzDTFMKZDyQecUWOlnusG1jW5UrNAUTkU2HOrXs1bgKwTvyBVKNDouV9BP2FZjNIwQbXu+l5qwpwqw5nAWSXINKaUjekQu5ZKGqMO88XlM3JhlT4ZJMqWNGSh/p7Iaaz1NI5sZ0zNSK96c/E/r5uZwV2Yc5lmBiVbLhpkgpiEzGMgfa6QGTG1hDLF7a2EjaiizNiwKjYEf/XlddK6rvlezX+8qdavijjKcAbncAk+3EIdHqABTWAwgWd4hTcnd16cd+dj2VpyiplT+APn8wdQOpQD</latexit>

Rb
<latexit sha1_base64="ytYGQT5KqoHTAZT+viH91Hick1E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYtpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGS/9DPw2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFllQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+ve/VWtcVHEUYYTOIVz8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD2e2OoQ==</latexit><latexit sha1_base64="ytYGQT5KqoHTAZT+viH91Hick1E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYtpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGS/9DPw2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFllQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+ve/VWtcVHEUYYTOIVz8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD2e2OoQ==</latexit><latexit sha1_base64="ytYGQT5KqoHTAZT+viH91Hick1E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYtpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGS/9DPw2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFllQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+ve/VWtcVHEUYYTOIVz8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD2e2OoQ==</latexit><latexit sha1_base64="ytYGQT5KqoHTAZT+viH91Hick1E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvHisYtpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLGS/9DPw2m/WnPr7hxklXgFqUGBZr/61RskLItRGiao1l3PTU2QU2U4Ezit9DKNKWVjOsSupZLGqIN8fuyUnFllQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpZW8m/ud1MxPdBDmXaWZQssWiKBPEJGT2ORlwhcyIiSWUKW5vJWxEFWXG5lOxIXjLL6+S1mXdc+ve/VWtcVHEUYYTOIVz8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOcXMMfyB8/kD2e2OoQ==</latexit>
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Figure 3.2: Energy shift between two closely separated atoms, when blockade
conditions are met excitation to the doubly excited state |rr⟩is inhibited.

sider the case where one atom is excited to |r⟩. The energy required for the

other atom to also be excited to |r⟩ is now dependent on its proximity to

the original atom. When far apart the energy shift is negligible and it can

be excited to the Rydberg state, conversely when the energy shift is greater

than coupling field ∆E ≫ ℏΩ excitation of the second atom to the Rydberg

state |rr⟩ is inhibited. This phenomenon is known as the Rydberg blockade

and occurs when both atoms are within what is known as the blockade radius

which is given by

Rb =
6

√
|C6|
Ω

, (3.15)

which scales as n1.83
eff . To see this effect it is imperative to use a high princi-

pal quantum number. For example the radius for a Ω/2π =1 MHz coupling

field to 40S1/2 is Rb ∼ 3 µm which in the context of quantum information

is experimentally challenging to implement as it is desirable to have single

site addressability with minimal cross-talk, which would require sub-µm ad-

dressing beams. In comparison for 69S1/2 one obtains Rb = 9.1 µm which is

easily achieved and offers scalability to large arrays.

Further to the suppression of the doubly excited state |rr⟩, the Rydberg

blockade offers a route to the creation of an entangled symmetric state.

Consider the two atoms separated by a small enough distance that block-
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ade conditions are met (R < Rb). When the coupling field Ω to the Rydberg

state is applied both atoms are equally likely to be excited to the Rydberg

state creating a superposition where one or the other can be in the Rydberg

state

|W⟩ = 1√
2
(|rg⟩+ |gr⟩). (3.16)

The coupling to the entangled symmetric state exhibits a
√
2Ω enhance-

ment [46] in the Rabi frequency compared to the single atom case. This

extends to N atoms where the coupling is
√
NΩ. Evidence of this enhanced

coupling has been observed in several experiments [55, 60, 63] and represents

strong evidence of Rydberg entanglement.

3.6 Summary

Rydberg atoms offer the potential to explore long range interactions through

strong dipole-dipole couplings in addition to state lifetimes exceeding τ >

100 µs, making them ideal candidates for implementing quantum operations

of two or more qubits [23]. Further to this the Rydberg blockade offers a

route to the generation of entanglement between neutral atoms [60, 63].



Chapter 4

Two-Photon Raman Transitions

for Qubit Rotations

This thesis research requires tools providing excitation to Rydberg states and

rotations between the hyperfine ground states. As the single photon electric

dipole matrix elements between the ground and Rydberg states are weak and

would require larges amounts of UV power it is less challenging to use two-

photon transitions. This also presents the opportunity to orientate excitation

into an almost Doppler free configuration. Similarly transitions between the

hyperfine ground states have weak magnetic dipole matrix elements therefore

access to fast operations also requires two-photon transitions. The two rele-

vant level schemes are depicted in Fig. 4.1 with Rydberg excitation using a

ladder configuration and the ground state rotations using a lambda scheme.

Both systems navigate to the desired state via an intermediate excited state

|e⟩ which has a short radiative lifetime, coherent operation in both setups

requires working at a large detuning ∆ to minimise spontaneous emission.

The physics behind both transitions is relatively similar therefore this chap-

ter will only consider the ladder scheme in depth and summarise the results

of the lambda scheme.

30
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<latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit><latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit><latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit><latexit sha1_base64="byvo7us8K+K5jEFqgXhyhAoFmA0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ5Ve9MsVt+bOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14Y2fcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmld1jy35t1fVepneRxFOIFTqIIH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gB/pY0s</latexit>

(b)
<latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit><latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit><latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit><latexit sha1_base64="p5JNlO5T0fY9pVT47zdFz2JDmF0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFahXkoigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQzW46Jcrbs2dg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZJzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwhs/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdK6rHluzbu/qtTP8jiKcAKnUAUPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AGBKo0t</latexit>

�1
<latexit sha1_base64="isy5jJi8/G/pWlGjDPDk5kCbV7c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BKvgqSQi6LGgB48VbC20oWy203bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrFuhcygFAobJEhiK9HIolDiQzi6nvoPT6iNiNU9jRMMIjZQoi84Iyu1OjcoiXX9brniVb0Z3GXi56QCOerd8lenF/M0QkVcMmPavpdQkDFNgkuclDqpwYTxERtg21LFIjRBNrt34p5apef2Y21LkTtTf09kLDJmHIW2M2I0NIveVPzPa6fUvwoyoZKUUPH5on4qXYrd6fNuT2jkJMeWMK6FvdXlQ6YZJxtRyYbgL768TJrnVd+r+ncXldpJHkcRjuAYzsCHS6jBLdShARwkPMMrvDmPzovz7nzMWwtOPnMIf+B8/gCAno+C</latexit><latexit sha1_base64="isy5jJi8/G/pWlGjDPDk5kCbV7c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BKvgqSQi6LGgB48VbC20oWy203bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrFuhcygFAobJEhiK9HIolDiQzi6nvoPT6iNiNU9jRMMIjZQoi84Iyu1OjcoiXX9brniVb0Z3GXi56QCOerd8lenF/M0QkVcMmPavpdQkDFNgkuclDqpwYTxERtg21LFIjRBNrt34p5apef2Y21LkTtTf09kLDJmHIW2M2I0NIveVPzPa6fUvwoyoZKUUPH5on4qXYrd6fNuT2jkJMeWMK6FvdXlQ6YZJxtRyYbgL768TJrnVd+r+ncXldpJHkcRjuAYzsCHS6jBLdShARwkPMMrvDmPzovz7nzMWwtOPnMIf+B8/gCAno+C</latexit><latexit sha1_base64="isy5jJi8/G/pWlGjDPDk5kCbV7c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BKvgqSQi6LGgB48VbC20oWy203bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrFuhcygFAobJEhiK9HIolDiQzi6nvoPT6iNiNU9jRMMIjZQoi84Iyu1OjcoiXX9brniVb0Z3GXi56QCOerd8lenF/M0QkVcMmPavpdQkDFNgkuclDqpwYTxERtg21LFIjRBNrt34p5apef2Y21LkTtTf09kLDJmHIW2M2I0NIveVPzPa6fUvwoyoZKUUPH5on4qXYrd6fNuT2jkJMeWMK6FvdXlQ6YZJxtRyYbgL768TJrnVd+r+ncXldpJHkcRjuAYzsCHS6jBLdShARwkPMMrvDmPzovz7nzMWwtOPnMIf+B8/gCAno+C</latexit><latexit sha1_base64="isy5jJi8/G/pWlGjDPDk5kCbV7c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BKvgqSQi6LGgB48VbC20oWy203bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrFuhcygFAobJEhiK9HIolDiQzi6nvoPT6iNiNU9jRMMIjZQoi84Iyu1OjcoiXX9brniVb0Z3GXi56QCOerd8lenF/M0QkVcMmPavpdQkDFNgkuclDqpwYTxERtg21LFIjRBNrt34p5apef2Y21LkTtTf09kLDJmHIW2M2I0NIveVPzPa6fUvwoyoZKUUPH5on4qXYrd6fNuT2jkJMeWMK6FvdXlQ6YZJxtRyYbgL768TJrnVd+r+ncXldpJHkcRjuAYzsCHS6jBLdShARwkPMMrvDmPzovz7nzMWwtOPnMIf+B8/gCAno+C</latexit>

�
<latexit sha1_base64="iVknIWVsSYVLFntHA793L9PL990=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cK9gPaUDabSbt2swm7G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVZq90MUhg6qNbfuzkFWiVeQGhRoDqpf/TBhWYzSMEG17nluavycKsOZwGmln2lMKRvTIfYslTRG7efza6fk3CohiRJlSxoyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTj51ymmUHJFouiTBCTkNnrJOQKmRETSyhT3N5K2IgqyowNqGJD8JZfXiXty7rn1r37q1rjrIijDCdwChfgwTU04A6a0AIGj/AMr/DmJM6L8+58LFpLTjFzDH/gfP4AiIaO/g==</latexit><latexit sha1_base64="iVknIWVsSYVLFntHA793L9PL990=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cK9gPaUDabSbt2swm7G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVZq90MUhg6qNbfuzkFWiVeQGhRoDqpf/TBhWYzSMEG17nluavycKsOZwGmln2lMKRvTIfYslTRG7efza6fk3CohiRJlSxoyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTj51ymmUHJFouiTBCTkNnrJOQKmRETSyhT3N5K2IgqyowNqGJD8JZfXiXty7rn1r37q1rjrIijDCdwChfgwTU04A6a0AIGj/AMr/DmJM6L8+58LFpLTjFzDH/gfP4AiIaO/g==</latexit><latexit sha1_base64="iVknIWVsSYVLFntHA793L9PL990=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cK9gPaUDabSbt2swm7G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVZq90MUhg6qNbfuzkFWiVeQGhRoDqpf/TBhWYzSMEG17nluavycKsOZwGmln2lMKRvTIfYslTRG7efza6fk3CohiRJlSxoyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTj51ymmUHJFouiTBCTkNnrJOQKmRETSyhT3N5K2IgqyowNqGJD8JZfXiXty7rn1r37q1rjrIijDCdwChfgwTU04A6a0AIGj/AMr/DmJM6L8+58LFpLTjFzDH/gfP4AiIaO/g==</latexit><latexit sha1_base64="iVknIWVsSYVLFntHA793L9PL990=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cK9gPaUDabSbt2swm7G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVZq90MUhg6qNbfuzkFWiVeQGhRoDqpf/TBhWYzSMEG17nluavycKsOZwGmln2lMKRvTIfYslTRG7efza6fk3CohiRJlSxoyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTj51ymmUHJFouiTBCTkNnrJOQKmRETSyhT3N5K2IgqyowNqGJD8JZfXiXty7rn1r37q1rjrIijDCdwChfgwTU04A6a0AIGj/AMr/DmJM6L8+58LFpLTjFzDH/gfP4AiIaO/g==</latexit>

�2
<latexit sha1_base64="C4r0hcUNHnc//v7aERRjsExg5HI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpH2a/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m907JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY8GQjNGcqJJZRpYW8lbEQ1ZWgjKtkQvOWXV0mrVvXcqnd/Wamf5XEU4QRO4QI8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+CIo+D</latexit><latexit sha1_base64="C4r0hcUNHnc//v7aERRjsExg5HI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpH2a/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m907JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY8GQjNGcqJJZRpYW8lbEQ1ZWgjKtkQvOWXV0mrVvXcqnd/Wamf5XEU4QRO4QI8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+CIo+D</latexit><latexit sha1_base64="C4r0hcUNHnc//v7aERRjsExg5HI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpH2a/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m907JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY8GQjNGcqJJZRpYW8lbEQ1ZWgjKtkQvOWXV0mrVvXcqnd/Wamf5XEU4QRO4QI8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+CIo+D</latexit><latexit sha1_base64="C4r0hcUNHnc//v7aERRjsExg5HI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpH2a/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m907JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY8GQjNGcqJJZRpYW8lbEQ1ZWgjKtkQvOWXV0mrVvXcqnd/Wamf5XEU4QRO4QI8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+CIo+D</latexit>

�
<latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit><latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit><latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit><latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit>

⌦1
<latexit sha1_base64="ld91hwNajynb63A1mQWqy+Ho6Xc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgY2cEEwPJEfY2k2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUM2ywWMS6FVGDgitsWG4FthKNVEYCH6LR9dR/eEJteKzu7TjBUNKB4n3OqHVSq3MrcUC7Qbdc8av+DGSZBDmpQI56t/zV6cUslagsE9SYduAnNsyotpwJnJQ6qcGEshEdYNtRRSWaMJvdOyGnTumRfqxdKUtm6u+JjEpjxjJynZLaoVn0puJ/Xju1/asw4ypJLSo2X9RPBbExmT5Pelwjs2LsCGWau1sJG1JNmXURlVwIweLLy6R5Xg38anB3Uamd5HEU4QiO4QwCuIQa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w9/QY+B</latexit><latexit sha1_base64="ld91hwNajynb63A1mQWqy+Ho6Xc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgY2cEEwPJEfY2k2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUM2ywWMS6FVGDgitsWG4FthKNVEYCH6LR9dR/eEJteKzu7TjBUNKB4n3OqHVSq3MrcUC7Qbdc8av+DGSZBDmpQI56t/zV6cUslagsE9SYduAnNsyotpwJnJQ6qcGEshEdYNtRRSWaMJvdOyGnTumRfqxdKUtm6u+JjEpjxjJynZLaoVn0puJ/Xju1/asw4ypJLSo2X9RPBbExmT5Pelwjs2LsCGWau1sJG1JNmXURlVwIweLLy6R5Xg38anB3Uamd5HEU4QiO4QwCuIQa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w9/QY+B</latexit><latexit sha1_base64="ld91hwNajynb63A1mQWqy+Ho6Xc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgY2cEEwPJEfY2k2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUM2ywWMS6FVGDgitsWG4FthKNVEYCH6LR9dR/eEJteKzu7TjBUNKB4n3OqHVSq3MrcUC7Qbdc8av+DGSZBDmpQI56t/zV6cUslagsE9SYduAnNsyotpwJnJQ6qcGEshEdYNtRRSWaMJvdOyGnTumRfqxdKUtm6u+JjEpjxjJynZLaoVn0puJ/Xju1/asw4ypJLSo2X9RPBbExmT5Pelwjs2LsCGWau1sJG1JNmXURlVwIweLLy6R5Xg38anB3Uamd5HEU4QiO4QwCuIQa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w9/QY+B</latexit><latexit sha1_base64="ld91hwNajynb63A1mQWqy+Ho6Xc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgY2cEEwPJEfY2k2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUM2ywWMS6FVGDgitsWG4FthKNVEYCH6LR9dR/eEJteKzu7TjBUNKB4n3OqHVSq3MrcUC7Qbdc8av+DGSZBDmpQI56t/zV6cUslagsE9SYduAnNsyotpwJnJQ6qcGEshEdYNtRRSWaMJvdOyGnTumRfqxdKUtm6u+JjEpjxjJynZLaoVn0puJ/Xju1/asw4ypJLSo2X9RPBbExmT5Pelwjs2LsCGWau1sJG1JNmXURlVwIweLLy6R5Xg38anB3Uamd5HEU4QiO4QwCuIQa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w9/QY+B</latexit>

⌦2
<latexit sha1_base64="FxB38L5d9Yrgk94EEuYLIty2+A4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCF29WsB/QhrLZTtqlu0nc3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBY+wabgR2EkUUhkIbAfjm5nffkKleRw9mEmCvqTDiIecUWOlTu9O4pD2a/1yxa26c5BV4uWkAjka/fJXbxCzVGJkmKBadz03MX5GleFM4LTUSzUmlI3pELuWRlSi9rP5vVNybpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE177GY+S1GDEFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37y0r9LI+jCCdwChfgwRXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AgMWPgg==</latexit><latexit sha1_base64="FxB38L5d9Yrgk94EEuYLIty2+A4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCF29WsB/QhrLZTtqlu0nc3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBY+wabgR2EkUUhkIbAfjm5nffkKleRw9mEmCvqTDiIecUWOlTu9O4pD2a/1yxa26c5BV4uWkAjka/fJXbxCzVGJkmKBadz03MX5GleFM4LTUSzUmlI3pELuWRlSi9rP5vVNybpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE177GY+S1GDEFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37y0r9LI+jCCdwChfgwRXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AgMWPgg==</latexit><latexit sha1_base64="FxB38L5d9Yrgk94EEuYLIty2+A4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCF29WsB/QhrLZTtqlu0nc3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBY+wabgR2EkUUhkIbAfjm5nffkKleRw9mEmCvqTDiIecUWOlTu9O4pD2a/1yxa26c5BV4uWkAjka/fJXbxCzVGJkmKBadz03MX5GleFM4LTUSzUmlI3pELuWRlSi9rP5vVNybpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE177GY+S1GDEFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37y0r9LI+jCCdwChfgwRXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AgMWPgg==</latexit><latexit sha1_base64="FxB38L5d9Yrgk94EEuYLIty2+A4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCF29WsB/QhrLZTtqlu0nc3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBY+wabgR2EkUUhkIbAfjm5nffkKleRw9mEmCvqTDiIecUWOlTu9O4pD2a/1yxa26c5BV4uWkAjka/fJXbxCzVGJkmKBadz03MX5GleFM4LTUSzUmlI3pELuWRlSi9rP5vVNybpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE177GY+S1GDEFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37y0r9LI+jCCdwChfgwRXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AgMWPgg==</latexit>

⌦1
<latexit sha1_base64="ld91hwNajynb63A1mQWqy+Ho6Xc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgY2cEEwPJEfY2k2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUM2ywWMS6FVGDgitsWG4FthKNVEYCH6LR9dR/eEJteKzu7TjBUNKB4n3OqHVSq3MrcUC7Qbdc8av+DGSZBDmpQI56t/zV6cUslagsE9SYduAnNsyotpwJnJQ6qcGEshEdYNtRRSWaMJvdOyGnTumRfqxdKUtm6u+JjEpjxjJynZLaoVn0puJ/Xju1/asw4ypJLSo2X9RPBbExmT5Pelwjs2LsCGWau1sJG1JNmXURlVwIweLLy6R5Xg38anB3Uamd5HEU4QiO4QwCuIQa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w9/QY+B</latexit><latexit sha1_base64="ld91hwNajynb63A1mQWqy+Ho6Xc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgY2cEEwPJEfY2k2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUM2ywWMS6FVGDgitsWG4FthKNVEYCH6LR9dR/eEJteKzu7TjBUNKB4n3OqHVSq3MrcUC7Qbdc8av+DGSZBDmpQI56t/zV6cUslagsE9SYduAnNsyotpwJnJQ6qcGEshEdYNtRRSWaMJvdOyGnTumRfqxdKUtm6u+JjEpjxjJynZLaoVn0puJ/Xju1/asw4ypJLSo2X9RPBbExmT5Pelwjs2LsCGWau1sJG1JNmXURlVwIweLLy6R5Xg38anB3Uamd5HEU4QiO4QwCuIQa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w9/QY+B</latexit><latexit sha1_base64="ld91hwNajynb63A1mQWqy+Ho6Xc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgY2cEEwPJEfY2k2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUM2ywWMS6FVGDgitsWG4FthKNVEYCH6LR9dR/eEJteKzu7TjBUNKB4n3OqHVSq3MrcUC7Qbdc8av+DGSZBDmpQI56t/zV6cUslagsE9SYduAnNsyotpwJnJQ6qcGEshEdYNtRRSWaMJvdOyGnTumRfqxdKUtm6u+JjEpjxjJynZLaoVn0puJ/Xju1/asw4ypJLSo2X9RPBbExmT5Pelwjs2LsCGWau1sJG1JNmXURlVwIweLLy6R5Xg38anB3Uamd5HEU4QiO4QwCuIQa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w9/QY+B</latexit><latexit sha1_base64="ld91hwNajynb63A1mQWqy+Ho6Xc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgY2cEEwPJEfY2k2TJ7t65uyeEI3/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBHcWN//9gorq2vrG8XN0tb2zu5eef+gaeJUM2ywWMS6FVGDgitsWG4FthKNVEYCH6LR9dR/eEJteKzu7TjBUNKB4n3OqHVSq3MrcUC7Qbdc8av+DGSZBDmpQI56t/zV6cUslagsE9SYduAnNsyotpwJnJQ6qcGEshEdYNtRRSWaMJvdOyGnTumRfqxdKUtm6u+JjEpjxjJynZLaoVn0puJ/Xju1/asw4ypJLSo2X9RPBbExmT5Pelwjs2LsCGWau1sJG1JNmXURlVwIweLLy6R5Xg38anB3Uamd5HEU4QiO4QwCuIQa3EAdGsBAwDO8wpv36L14797HvLXg5TOH8Afe5w9/QY+B</latexit>

⌦2
<latexit sha1_base64="FxB38L5d9Yrgk94EEuYLIty2+A4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCF29WsB/QhrLZTtqlu0nc3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBY+wabgR2EkUUhkIbAfjm5nffkKleRw9mEmCvqTDiIecUWOlTu9O4pD2a/1yxa26c5BV4uWkAjka/fJXbxCzVGJkmKBadz03MX5GleFM4LTUSzUmlI3pELuWRlSi9rP5vVNybpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE177GY+S1GDEFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37y0r9LI+jCCdwChfgwRXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AgMWPgg==</latexit><latexit sha1_base64="FxB38L5d9Yrgk94EEuYLIty2+A4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCF29WsB/QhrLZTtqlu0nc3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBY+wabgR2EkUUhkIbAfjm5nffkKleRw9mEmCvqTDiIecUWOlTu9O4pD2a/1yxa26c5BV4uWkAjka/fJXbxCzVGJkmKBadz03MX5GleFM4LTUSzUmlI3pELuWRlSi9rP5vVNybpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE177GY+S1GDEFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37y0r9LI+jCCdwChfgwRXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AgMWPgg==</latexit><latexit sha1_base64="FxB38L5d9Yrgk94EEuYLIty2+A4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCF29WsB/QhrLZTtqlu0nc3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBY+wabgR2EkUUhkIbAfjm5nffkKleRw9mEmCvqTDiIecUWOlTu9O4pD2a/1yxa26c5BV4uWkAjka/fJXbxCzVGJkmKBadz03MX5GleFM4LTUSzUmlI3pELuWRlSi9rP5vVNybpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE177GY+S1GDEFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37y0r9LI+jCCdwChfgwRXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AgMWPgg==</latexit><latexit sha1_base64="FxB38L5d9Yrgk94EEuYLIty2+A4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCF29WsB/QhrLZTtqlu0nc3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBY+wabgR2EkUUhkIbAfjm5nffkKleRw9mEmCvqTDiIecUWOlTu9O4pD2a/1yxa26c5BV4uWkAjka/fJXbxCzVGJkmKBadz03MX5GleFM4LTUSzUmlI3pELuWRlSi9rP5vVNybpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE177GY+S1GDEFovCVBATk9nzZMAVMiMmllCmuL2VsBFVlBkbUcmG4C2/vEpatarnVr37y0r9LI+jCCdwChfgwRXU4RYa0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AgMWPgg==</latexit>

�1
<latexit sha1_base64="isy5jJi8/G/pWlGjDPDk5kCbV7c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BKvgqSQi6LGgB48VbC20oWy203bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrFuhcygFAobJEhiK9HIolDiQzi6nvoPT6iNiNU9jRMMIjZQoi84Iyu1OjcoiXX9brniVb0Z3GXi56QCOerd8lenF/M0QkVcMmPavpdQkDFNgkuclDqpwYTxERtg21LFIjRBNrt34p5apef2Y21LkTtTf09kLDJmHIW2M2I0NIveVPzPa6fUvwoyoZKUUPH5on4qXYrd6fNuT2jkJMeWMK6FvdXlQ6YZJxtRyYbgL768TJrnVd+r+ncXldpJHkcRjuAYzsCHS6jBLdShARwkPMMrvDmPzovz7nzMWwtOPnMIf+B8/gCAno+C</latexit><latexit sha1_base64="isy5jJi8/G/pWlGjDPDk5kCbV7c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BKvgqSQi6LGgB48VbC20oWy203bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrFuhcygFAobJEhiK9HIolDiQzi6nvoPT6iNiNU9jRMMIjZQoi84Iyu1OjcoiXX9brniVb0Z3GXi56QCOerd8lenF/M0QkVcMmPavpdQkDFNgkuclDqpwYTxERtg21LFIjRBNrt34p5apef2Y21LkTtTf09kLDJmHIW2M2I0NIveVPzPa6fUvwoyoZKUUPH5on4qXYrd6fNuT2jkJMeWMK6FvdXlQ6YZJxtRyYbgL768TJrnVd+r+ncXldpJHkcRjuAYzsCHS6jBLdShARwkPMMrvDmPzovz7nzMWwtOPnMIf+B8/gCAno+C</latexit><latexit sha1_base64="isy5jJi8/G/pWlGjDPDk5kCbV7c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BKvgqSQi6LGgB48VbC20oWy203bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrFuhcygFAobJEhiK9HIolDiQzi6nvoPT6iNiNU9jRMMIjZQoi84Iyu1OjcoiXX9brniVb0Z3GXi56QCOerd8lenF/M0QkVcMmPavpdQkDFNgkuclDqpwYTxERtg21LFIjRBNrt34p5apef2Y21LkTtTf09kLDJmHIW2M2I0NIveVPzPa6fUvwoyoZKUUPH5on4qXYrd6fNuT2jkJMeWMK6FvdXlQ6YZJxtRyYbgL768TJrnVd+r+ncXldpJHkcRjuAYzsCHS6jBLdShARwkPMMrvDmPzovz7nzMWwtOPnMIf+B8/gCAno+C</latexit><latexit sha1_base64="isy5jJi8/G/pWlGjDPDk5kCbV7c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BKvgqSQi6LGgB48VbC20oWy203bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhhyPO+ncLK6tr6RnGztLW9s7tX3j9omjjVHBs8lrFuhcygFAobJEhiK9HIolDiQzi6nvoPT6iNiNU9jRMMIjZQoi84Iyu1OjcoiXX9brniVb0Z3GXi56QCOerd8lenF/M0QkVcMmPavpdQkDFNgkuclDqpwYTxERtg21LFIjRBNrt34p5apef2Y21LkTtTf09kLDJmHIW2M2I0NIveVPzPa6fUvwoyoZKUUPH5on4qXYrd6fNuT2jkJMeWMK6FvdXlQ6YZJxtRyYbgL768TJrnVd+r+ncXldpJHkcRjuAYzsCHS6jBLdShARwkPMMrvDmPzovz7nzMWwtOPnMIf+B8/gCAno+C</latexit>

�2
<latexit sha1_base64="C4r0hcUNHnc//v7aERRjsExg5HI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpH2a/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m907JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY8GQjNGcqJJZRpYW8lbEQ1ZWgjKtkQvOWXV0mrVvXcqnd/Wamf5XEU4QRO4QI8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+CIo+D</latexit><latexit sha1_base64="C4r0hcUNHnc//v7aERRjsExg5HI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpH2a/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m907JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY8GQjNGcqJJZRpYW8lbEQ1ZWgjKtkQvOWXV0mrVvXcqnd/Wamf5XEU4QRO4QI8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+CIo+D</latexit><latexit sha1_base64="C4r0hcUNHnc//v7aERRjsExg5HI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpH2a/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m907JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY8GQjNGcqJJZRpYW8lbEQ1ZWgjKtkQvOWXV0mrVvXcqnd/Wamf5XEU4QRO4QI8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+CIo+D</latexit><latexit sha1_base64="C4r0hcUNHnc//v7aERRjsExg5HI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LFbBU0mKoMeCHjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqAScJ9yM6VCIUjKKVOr1bLpH2a/1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m907JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY8GQjNGcqJJZRpYW8lbEQ1ZWgjKtkQvOWXV0mrVvXcqnd/Wamf5XEU4QRO4QI8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w+CIo+D</latexit>�

<latexit sha1_base64="iVknIWVsSYVLFntHA793L9PL990=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cK9gPaUDabSbt2swm7G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVZq90MUhg6qNbfuzkFWiVeQGhRoDqpf/TBhWYzSMEG17nluavycKsOZwGmln2lMKRvTIfYslTRG7efza6fk3CohiRJlSxoyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTj51ymmUHJFouiTBCTkNnrJOQKmRETSyhT3N5K2IgqyowNqGJD8JZfXiXty7rn1r37q1rjrIijDCdwChfgwTU04A6a0AIGj/AMr/DmJM6L8+58LFpLTjFzDH/gfP4AiIaO/g==</latexit><latexit sha1_base64="iVknIWVsSYVLFntHA793L9PL990=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cK9gPaUDabSbt2swm7G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVZq90MUhg6qNbfuzkFWiVeQGhRoDqpf/TBhWYzSMEG17nluavycKsOZwGmln2lMKRvTIfYslTRG7efza6fk3CohiRJlSxoyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTj51ymmUHJFouiTBCTkNnrJOQKmRETSyhT3N5K2IgqyowNqGJD8JZfXiXty7rn1r37q1rjrIijDCdwChfgwTU04A6a0AIGj/AMr/DmJM6L8+58LFpLTjFzDH/gfP4AiIaO/g==</latexit><latexit sha1_base64="iVknIWVsSYVLFntHA793L9PL990=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cK9gPaUDabSbt2swm7G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVZq90MUhg6qNbfuzkFWiVeQGhRoDqpf/TBhWYzSMEG17nluavycKsOZwGmln2lMKRvTIfYslTRG7efza6fk3CohiRJlSxoyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTj51ymmUHJFouiTBCTkNnrJOQKmRETSyhT3N5K2IgqyowNqGJD8JZfXiXty7rn1r37q1rjrIijDCdwChfgwTU04A6a0AIGj/AMr/DmJM6L8+58LFpLTjFzDH/gfP4AiIaO/g==</latexit><latexit sha1_base64="iVknIWVsSYVLFntHA793L9PL990=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8cK9gPaUDabSbt2swm7G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVZq90MUhg6qNbfuzkFWiVeQGhRoDqpf/TBhWYzSMEG17nluavycKsOZwGmln2lMKRvTIfYslTRG7efza6fk3CohiRJlSxoyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTj51ymmUHJFouiTBCTkNnrJOQKmRETSyhT3N5K2IgqyowNqGJD8JZfXiXty7rn1r37q1rjrIijDCdwChfgwTU04A6a0AIGj/AMr/DmJM6L8+58LFpLTjFzDH/gfP4AiIaO/g==</latexit>

�
<latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit><latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit><latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit><latexit sha1_base64="vRDqEVzrGi8D3WS1gE4Cyka9U8Q=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBQ8hV0R9BjQg8cI5gHJEmYnk2TM7Mwy0yuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJVJY9P1vb2V1bX1js7BV3N7Z3dsvHRw2rE4N43WmpTatiFouheJ1FCh5KzGcxpHkzWh0M/WbT9xYodUDjhMexnSgRF8wik5qdG65RNotlf2KPwNZJkFOypCj1i19dXqapTFXyCS1th34CYYZNSiY5JNiJ7U8oWxEB7ztqKIxt2E2u3ZCzpzSI31tXCkkM/X3REZja8dx5DpjikO76E3F/7x2iv3rMBMqSZErNl/UTyVBTaavk54wnKEcO0KZEe5WwobUUIYuoKILIVh8eZk0LiqBXwnuL8vV0zyOAhzDCZxDAFdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyB9/kDV4aO3g==</latexit>

!HFS
<latexit sha1_base64="JrBrSPqBge908c1xOhTS2OxA658=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBVclUQEXRYE6bKifUATwmQ6bYfOI8xMlBLzKW5cKOLWL3Hn3zhts9DWAxcO59zLvffECaPaeN63s7K6tr6xWdoqb+/s7u27lYO2lqnCpIUlk6obI00YFaRlqGGkmyiCeMxIJx5fT/3OA1GaSnFvJgkJORoKOqAYGStFbiWQnAxRlAWKZ42buzyP3KpX82aAy8QvSBUUaEbuV9CXOOVEGMyQ1j3fS0yYIWUoZiQvB6kmCcJjNCQ9SwXiRIfZ7PQcnlqlDwdS2RIGztTfExniWk94bDs5MiO96E3F/7xeagZXYUZFkhoi8HzRIGXQSDjNAfapItiwiSUIK2pvhXiEFMLGplW2IfiLLy+T9nnN92r+7UW1flLEUQJH4BicAR9cgjpogCZoAQwewTN4BW/Ok/PivDsf89YVp5g5BH/gfP4AeOGUBw==</latexit><latexit sha1_base64="JrBrSPqBge908c1xOhTS2OxA658=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBVclUQEXRYE6bKifUATwmQ6bYfOI8xMlBLzKW5cKOLWL3Hn3zhts9DWAxcO59zLvffECaPaeN63s7K6tr6xWdoqb+/s7u27lYO2lqnCpIUlk6obI00YFaRlqGGkmyiCeMxIJx5fT/3OA1GaSnFvJgkJORoKOqAYGStFbiWQnAxRlAWKZ42buzyP3KpX82aAy8QvSBUUaEbuV9CXOOVEGMyQ1j3fS0yYIWUoZiQvB6kmCcJjNCQ9SwXiRIfZ7PQcnlqlDwdS2RIGztTfExniWk94bDs5MiO96E3F/7xeagZXYUZFkhoi8HzRIGXQSDjNAfapItiwiSUIK2pvhXiEFMLGplW2IfiLLy+T9nnN92r+7UW1flLEUQJH4BicAR9cgjpogCZoAQwewTN4BW/Ok/PivDsf89YVp5g5BH/gfP4AeOGUBw==</latexit><latexit sha1_base64="JrBrSPqBge908c1xOhTS2OxA658=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBVclUQEXRYE6bKifUATwmQ6bYfOI8xMlBLzKW5cKOLWL3Hn3zhts9DWAxcO59zLvffECaPaeN63s7K6tr6xWdoqb+/s7u27lYO2lqnCpIUlk6obI00YFaRlqGGkmyiCeMxIJx5fT/3OA1GaSnFvJgkJORoKOqAYGStFbiWQnAxRlAWKZ42buzyP3KpX82aAy8QvSBUUaEbuV9CXOOVEGMyQ1j3fS0yYIWUoZiQvB6kmCcJjNCQ9SwXiRIfZ7PQcnlqlDwdS2RIGztTfExniWk94bDs5MiO96E3F/7xeagZXYUZFkhoi8HzRIGXQSDjNAfapItiwiSUIK2pvhXiEFMLGplW2IfiLLy+T9nnN92r+7UW1flLEUQJH4BicAR9cgjpogCZoAQwewTN4BW/Ok/PivDsf89YVp5g5BH/gfP4AeOGUBw==</latexit><latexit sha1_base64="JrBrSPqBge908c1xOhTS2OxA658=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBVclUQEXRYE6bKifUATwmQ6bYfOI8xMlBLzKW5cKOLWL3Hn3zhts9DWAxcO59zLvffECaPaeN63s7K6tr6xWdoqb+/s7u27lYO2lqnCpIUlk6obI00YFaRlqGGkmyiCeMxIJx5fT/3OA1GaSnFvJgkJORoKOqAYGStFbiWQnAxRlAWKZ42buzyP3KpX82aAy8QvSBUUaEbuV9CXOOVEGMyQ1j3fS0yYIWUoZiQvB6kmCcJjNCQ9SwXiRIfZ7PQcnlqlDwdS2RIGztTfExniWk94bDs5MiO96E3F/7xeagZXYUZFkhoi8HzRIGXQSDjNAfapItiwiSUIK2pvhXiEFMLGplW2IfiLLy+T9nnN92r+7UW1flLEUQJH4BicAR9cgjpogCZoAQwewTN4BW/Ok/PivDsf89YVp5g5BH/gfP4AeOGUBw==</latexit>

|gi
<latexit sha1_base64="m+qt5/XwMP1IJZgZ4X+WFd5zgcA=">AAAB+HicbVBNS8NAEJ34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7G6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7dJOeXdv/6BSPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbqVyu+dQ0ZEl9RORTYr9bcujsHWSVeQWpQoNmvfvmDhGUxSsME1brnuakJcqoMZwKnZT/TmFI2pkPsWSppjDrI54dPyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eLzPRTZBzmWYGJVssijJBTEJmKZABV8iMmFhCmeL2VsJGVFFmbFZlG4K3/PIqaV/WPbfu3V/VGmdFHCU4gVO4AA+uoQF30IQWMMjgGV7hzXlyXpx352PRuuYUM8fwB87nD0eRkrw=</latexit><latexit sha1_base64="m+qt5/XwMP1IJZgZ4X+WFd5zgcA=">AAAB+HicbVBNS8NAEJ34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7G6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7dJOeXdv/6BSPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbqVyu+dQ0ZEl9RORTYr9bcujsHWSVeQWpQoNmvfvmDhGUxSsME1brnuakJcqoMZwKnZT/TmFI2pkPsWSppjDrI54dPyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eLzPRTZBzmWYGJVssijJBTEJmKZABV8iMmFhCmeL2VsJGVFFmbFZlG4K3/PIqaV/WPbfu3V/VGmdFHCU4gVO4AA+uoQF30IQWMMjgGV7hzXlyXpx352PRuuYUM8fwB87nD0eRkrw=</latexit><latexit sha1_base64="m+qt5/XwMP1IJZgZ4X+WFd5zgcA=">AAAB+HicbVBNS8NAEJ34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7G6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7dJOeXdv/6BSPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbqVyu+dQ0ZEl9RORTYr9bcujsHWSVeQWpQoNmvfvmDhGUxSsME1brnuakJcqoMZwKnZT/TmFI2pkPsWSppjDrI54dPyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eLzPRTZBzmWYGJVssijJBTEJmKZABV8iMmFhCmeL2VsJGVFFmbFZlG4K3/PIqaV/WPbfu3V/VGmdFHCU4gVO4AA+uoQF30IQWMMjgGV7hzXlyXpx352PRuuYUM8fwB87nD0eRkrw=</latexit><latexit sha1_base64="m+qt5/XwMP1IJZgZ4X+WFd5zgcA=">AAAB+HicbVBNS8NAEJ34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7G6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7dJOeXdv/6BSPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbqVyu+dQ0ZEl9RORTYr9bcujsHWSVeQWpQoNmvfvmDhGUxSsME1brnuakJcqoMZwKnZT/TmFI2pkPsWSppjDrI54dPyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eLzPRTZBzmWYGJVssijJBTEJmKZABV8iMmFhCmeL2VsJGVFFmbFZlG4K3/PIqaV/WPbfu3V/VGmdFHCU4gVO4AA+uoQF30IQWMMjgGV7hzXlyXpx352PRuuYUM8fwB87nD0eRkrw=</latexit>

|ei
<latexit sha1_base64="VattthS3R+LM/VxBgPfNHYV9Hao=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGtixSor5kaSuhXa27dnYOuEq8gNVKg2a9++YOEZzEo5JIZ0/PcFIOcaRRcwrTsZwZSxsdsCD1LFYvBBPn88Ck9t8qARom2pZDO1d8TOYuNmcSh7YwZjsyyNxP/83oZRjdBLlSaISi+WBRlkmJCZynQgdDAUU4sYVwLeyvlI6YZR5tV2YbgLb+8StqXdc+te/dXtcZZEUeJnJBTckE8ck0a5I40SYtwkpFn8krenCfnxXl3Phata04xc0z+wPn8AUR5kro=</latexit><latexit sha1_base64="VattthS3R+LM/VxBgPfNHYV9Hao=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGtixSor5kaSuhXa27dnYOuEq8gNVKg2a9++YOEZzEo5JIZ0/PcFIOcaRRcwrTsZwZSxsdsCD1LFYvBBPn88Ck9t8qARom2pZDO1d8TOYuNmcSh7YwZjsyyNxP/83oZRjdBLlSaISi+WBRlkmJCZynQgdDAUU4sYVwLeyvlI6YZR5tV2YbgLb+8StqXdc+te/dXtcZZEUeJnJBTckE8ck0a5I40SYtwkpFn8krenCfnxXl3Phata04xc0z+wPn8AUR5kro=</latexit><latexit sha1_base64="VattthS3R+LM/VxBgPfNHYV9Hao=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGtixSor5kaSuhXa27dnYOuEq8gNVKg2a9++YOEZzEo5JIZ0/PcFIOcaRRcwrTsZwZSxsdsCD1LFYvBBPn88Ck9t8qARom2pZDO1d8TOYuNmcSh7YwZjsyyNxP/83oZRjdBLlSaISi+WBRlkmJCZynQgdDAUU4sYVwLeyvlI6YZR5tV2YbgLb+8StqXdc+te/dXtcZZEUeJnJBTckE8ck0a5I40SYtwkpFn8krenCfnxXl3Phata04xc0z+wPn8AUR5kro=</latexit><latexit sha1_base64="VattthS3R+LM/VxBgPfNHYV9Hao=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGtixSor5kaSuhXa27dnYOuEq8gNVKg2a9++YOEZzEo5JIZ0/PcFIOcaRRcwrTsZwZSxsdsCD1LFYvBBPn88Ck9t8qARom2pZDO1d8TOYuNmcSh7YwZjsyyNxP/83oZRjdBLlSaISi+WBRlkmJCZynQgdDAUU4sYVwLeyvlI6YZR5tV2YbgLb+8StqXdc+te/dXtcZZEUeJnJBTckE8ck0a5I40SYtwkpFn8krenCfnxXl3Phata04xc0z+wPn8AUR5kro=</latexit>

|ri
<latexit sha1_base64="ywb9SpHhdfoX7J4aVZiECOAICss=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGti1RTXzM1lNCv1ty6OwddJV5BaqRAs1/98gcJz2JQyCUzpue5KQY50yi4hGnZzwykjI/ZEHqWKhaDCfL54VN6bpUBjRJtSyGdq78nchYbM4lD2xkzHJllbyb+5/UyjG6CXKg0Q1B8sSjKJMWEzlKgA6GBo5xYwrgW9lbKR0wzjjarsg3BW355lbQv655b9+6vao2zIo4SOSGn5IJ45Jo0yB1pkhbhJCPP5JW8OU/Oi/PufCxa15xi5pj8gfP5A1iVksc=</latexit><latexit sha1_base64="ywb9SpHhdfoX7J4aVZiECOAICss=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGti1RTXzM1lNCv1ty6OwddJV5BaqRAs1/98gcJz2JQyCUzpue5KQY50yi4hGnZzwykjI/ZEHqWKhaDCfL54VN6bpUBjRJtSyGdq78nchYbM4lD2xkzHJllbyb+5/UyjG6CXKg0Q1B8sSjKJMWEzlKgA6GBo5xYwrgW9lbKR0wzjjarsg3BW355lbQv655b9+6vao2zIo4SOSGn5IJ45Jo0yB1pkhbhJCPP5JW8OU/Oi/PufCxa15xi5pj8gfP5A1iVksc=</latexit><latexit sha1_base64="ywb9SpHhdfoX7J4aVZiECOAICss=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGti1RTXzM1lNCv1ty6OwddJV5BaqRAs1/98gcJz2JQyCUzpue5KQY50yi4hGnZzwykjI/ZEHqWKhaDCfL54VN6bpUBjRJtSyGdq78nchYbM4lD2xkzHJllbyb+5/UyjG6CXKg0Q1B8sSjKJMWEzlKgA6GBo5xYwrgW9lbKR0wzjjarsg3BW355lbQv655b9+6vao2zIo4SOSGn5IJ45Jo0yB1pkhbhJCPP5JW8OU/Oi/PufCxa15xi5pj8gfP5A1iVksc=</latexit><latexit sha1_base64="ywb9SpHhdfoX7J4aVZiECOAICss=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGti1RTXzM1lNCv1ty6OwddJV5BaqRAs1/98gcJz2JQyCUzpue5KQY50yi4hGnZzwykjI/ZEHqWKhaDCfL54VN6bpUBjRJtSyGdq78nchYbM4lD2xkzHJllbyb+5/UyjG6CXKg0Q1B8sSjKJMWEzlKgA6GBo5xYwrgW9lbKR0wzjjarsg3BW355lbQv655b9+6vao2zIo4SOSGn5IJ45Jo0yB1pkhbhJCPP5JW8OU/Oi/PufCxa15xi5pj8gfP5A1iVksc=</latexit>

|g0i
<latexit sha1_base64="QHSQPBDOQlY5eIhYp1Z8Bo1nxe8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSp6KokIeix48VjBfkATymY7bZduNmF3Uyih/8SLB0W8+k+8+W/ctjlo64OBx3szzMyLUsG18bxvZ219Y3Nru7RT3t3bPzh0j46bOskUwwZLRKLaEdUouMSG4UZgO1VI40hgKxrdz/zWGJXmiXwykxTDmA4k73NGjZW6rhtY15DBJQkUlQOBXbfiVb05yCrxC1KBAvWu+xX0EpbFKA0TVOuO76UmzKkynAmcloNMY0rZiA6wY6mkMeown18+JRdW6ZF+omxJQ+bq74mcxlpP4sh2xtQM9bI3E//zOpnp34U5l2lmULLFon4miEnILAbS4wqZERNLKFPc3krYkCrKjA2rbEPwl19eJc3rqu9V/cebSu28iKMEp3AGV+DDLdTgAerQAAZjeIZXeHNy58V5dz4WrWtOMXMCf+B8/gCrqJLt</latexit><latexit sha1_base64="QHSQPBDOQlY5eIhYp1Z8Bo1nxe8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSp6KokIeix48VjBfkATymY7bZduNmF3Uyih/8SLB0W8+k+8+W/ctjlo64OBx3szzMyLUsG18bxvZ219Y3Nru7RT3t3bPzh0j46bOskUwwZLRKLaEdUouMSG4UZgO1VI40hgKxrdz/zWGJXmiXwykxTDmA4k73NGjZW6rhtY15DBJQkUlQOBXbfiVb05yCrxC1KBAvWu+xX0EpbFKA0TVOuO76UmzKkynAmcloNMY0rZiA6wY6mkMeown18+JRdW6ZF+omxJQ+bq74mcxlpP4sh2xtQM9bI3E//zOpnp34U5l2lmULLFon4miEnILAbS4wqZERNLKFPc3krYkCrKjA2rbEPwl19eJc3rqu9V/cebSu28iKMEp3AGV+DDLdTgAerQAAZjeIZXeHNy58V5dz4WrWtOMXMCf+B8/gCrqJLt</latexit><latexit sha1_base64="QHSQPBDOQlY5eIhYp1Z8Bo1nxe8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSp6KokIeix48VjBfkATymY7bZduNmF3Uyih/8SLB0W8+k+8+W/ctjlo64OBx3szzMyLUsG18bxvZ219Y3Nru7RT3t3bPzh0j46bOskUwwZLRKLaEdUouMSG4UZgO1VI40hgKxrdz/zWGJXmiXwykxTDmA4k73NGjZW6rhtY15DBJQkUlQOBXbfiVb05yCrxC1KBAvWu+xX0EpbFKA0TVOuO76UmzKkynAmcloNMY0rZiA6wY6mkMeown18+JRdW6ZF+omxJQ+bq74mcxlpP4sh2xtQM9bI3E//zOpnp34U5l2lmULLFon4miEnILAbS4wqZERNLKFPc3krYkCrKjA2rbEPwl19eJc3rqu9V/cebSu28iKMEp3AGV+DDLdTgAerQAAZjeIZXeHNy58V5dz4WrWtOMXMCf+B8/gCrqJLt</latexit><latexit sha1_base64="QHSQPBDOQlY5eIhYp1Z8Bo1nxe8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSp6KokIeix48VjBfkATymY7bZduNmF3Uyih/8SLB0W8+k+8+W/ctjlo64OBx3szzMyLUsG18bxvZ219Y3Nru7RT3t3bPzh0j46bOskUwwZLRKLaEdUouMSG4UZgO1VI40hgKxrdz/zWGJXmiXwykxTDmA4k73NGjZW6rhtY15DBJQkUlQOBXbfiVb05yCrxC1KBAvWu+xX0EpbFKA0TVOuO76UmzKkynAmcloNMY0rZiA6wY6mkMeown18+JRdW6ZF+omxJQ+bq74mcxlpP4sh2xtQM9bI3E//zOpnp34U5l2lmULLFon4miEnILAbS4wqZERNLKFPc3krYkCrKjA2rbEPwl19eJc3rqu9V/cebSu28iKMEp3AGV+DDLdTgAerQAAZjeIZXeHNy58V5dz4WrWtOMXMCf+B8/gCrqJLt</latexit>

|gi
<latexit sha1_base64="m+qt5/XwMP1IJZgZ4X+WFd5zgcA=">AAAB+HicbVBNS8NAEJ34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7G6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7dJOeXdv/6BSPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbqVyu+dQ0ZEl9RORTYr9bcujsHWSVeQWpQoNmvfvmDhGUxSsME1brnuakJcqoMZwKnZT/TmFI2pkPsWSppjDrI54dPyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eLzPRTZBzmWYGJVssijJBTEJmKZABV8iMmFhCmeL2VsJGVFFmbFZlG4K3/PIqaV/WPbfu3V/VGmdFHCU4gVO4AA+uoQF30IQWMMjgGV7hzXlyXpx352PRuuYUM8fwB87nD0eRkrw=</latexit><latexit sha1_base64="m+qt5/XwMP1IJZgZ4X+WFd5zgcA=">AAAB+HicbVBNS8NAEJ34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7G6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7dJOeXdv/6BSPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbqVyu+dQ0ZEl9RORTYr9bcujsHWSVeQWpQoNmvfvmDhGUxSsME1brnuakJcqoMZwKnZT/TmFI2pkPsWSppjDrI54dPyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eLzPRTZBzmWYGJVssijJBTEJmKZABV8iMmFhCmeL2VsJGVFFmbFZlG4K3/PIqaV/WPbfu3V/VGmdFHCU4gVO4AA+uoQF30IQWMMjgGV7hzXlyXpx352PRuuYUM8fwB87nD0eRkrw=</latexit><latexit sha1_base64="m+qt5/XwMP1IJZgZ4X+WFd5zgcA=">AAAB+HicbVBNS8NAEJ34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7G6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7dJOeXdv/6BSPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbqVyu+dQ0ZEl9RORTYr9bcujsHWSVeQWpQoNmvfvmDhGUxSsME1brnuakJcqoMZwKnZT/TmFI2pkPsWSppjDrI54dPyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eLzPRTZBzmWYGJVssijJBTEJmKZABV8iMmFhCmeL2VsJGVFFmbFZlG4K3/PIqaV/WPbfu3V/VGmdFHCU4gVO4AA+uoQF30IQWMMjgGV7hzXlyXpx352PRuuYUM8fwB87nD0eRkrw=</latexit><latexit sha1_base64="m+qt5/XwMP1IJZgZ4X+WFd5zgcA=">AAAB+HicbVBNS8NAEJ34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7G6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7dJOeXdv/6BSPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7j6g0T+SDmaQYxHQoecQZNVbqVyu+dQ0ZEl9RORTYr9bcujsHWSVeQWpQoNmvfvmDhGUxSsME1brnuakJcqoMZwKnZT/TmFI2pkPsWSppjDrI54dPyblVBiRKlC1pyFz9PZHTWOtJHNrOmJqRXvZm4n9eLzPRTZBzmWYGJVssijJBTEJmKZABV8iMmFhCmeL2VsJGVFFmbFZlG4K3/PIqaV/WPbfu3V/VGmdFHCU4gVO4AA+uoQF30IQWMMjgGV7hzXlyXpx352PRuuYUM8fwB87nD0eRkrw=</latexit>

|ei
<latexit sha1_base64="VattthS3R+LM/VxBgPfNHYV9Hao=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGtixSor5kaSuhXa27dnYOuEq8gNVKg2a9++YOEZzEo5JIZ0/PcFIOcaRRcwrTsZwZSxsdsCD1LFYvBBPn88Ck9t8qARom2pZDO1d8TOYuNmcSh7YwZjsyyNxP/83oZRjdBLlSaISi+WBRlkmJCZynQgdDAUU4sYVwLeyvlI6YZR5tV2YbgLb+8StqXdc+te/dXtcZZEUeJnJBTckE8ck0a5I40SYtwkpFn8krenCfnxXl3Phata04xc0z+wPn8AUR5kro=</latexit><latexit sha1_base64="VattthS3R+LM/VxBgPfNHYV9Hao=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGtixSor5kaSuhXa27dnYOuEq8gNVKg2a9++YOEZzEo5JIZ0/PcFIOcaRRcwrTsZwZSxsdsCD1LFYvBBPn88Ck9t8qARom2pZDO1d8TOYuNmcSh7YwZjsyyNxP/83oZRjdBLlSaISi+WBRlkmJCZynQgdDAUU4sYVwLeyvlI6YZR5tV2YbgLb+8StqXdc+te/dXtcZZEUeJnJBTckE8ck0a5I40SYtwkpFn8krenCfnxXl3Phata04xc0z+wPn8AUR5kro=</latexit><latexit sha1_base64="VattthS3R+LM/VxBgPfNHYV9Hao=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGtixSor5kaSuhXa27dnYOuEq8gNVKg2a9++YOEZzEo5JIZ0/PcFIOcaRRcwrTsZwZSxsdsCD1LFYvBBPn88Ck9t8qARom2pZDO1d8TOYuNmcSh7YwZjsyyNxP/83oZRjdBLlSaISi+WBRlkmJCZynQgdDAUU4sYVwLeyvlI6YZR5tV2YbgLb+8StqXdc+te/dXtcZZEUeJnJBTckE8ck0a5I40SYtwkpFn8krenCfnxXl3Phata04xc0z+wPn8AUR5kro=</latexit><latexit sha1_base64="VattthS3R+LM/VxBgPfNHYV9Hao=">AAAB+HicbVBNS8NAEN34WetHqx69LFbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmmnvLu3f1CpHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE45vZ37nEbQRiXrASQpBzIZKRIIztFK/WvGtixSor5kaSuhXa27dnYOuEq8gNVKg2a9++YOEZzEo5JIZ0/PcFIOcaRRcwrTsZwZSxsdsCD1LFYvBBPn88Ck9t8qARom2pZDO1d8TOYuNmcSh7YwZjsyyNxP/83oZRjdBLlSaISi+WBRlkmJCZynQgdDAUU4sYVwLeyvlI6YZR5tV2YbgLb+8StqXdc+te/dXtcZZEUeJnJBTckE8ck0a5I40SYtwkpFn8krenCfnxXl3Phata04xc0z+wPn8AUR5kro=</latexit>

�<latexit sha1_base64="S2nyhn3toxDG4EvsrTnmD0ah78Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBiyURQY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66rquVWvcV2pneVxFOEETuECPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHa4eMkw==</latexit><latexit sha1_base64="S2nyhn3toxDG4EvsrTnmD0ah78Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBiyURQY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66rquVWvcV2pneVxFOEETuECPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHa4eMkw==</latexit><latexit sha1_base64="S2nyhn3toxDG4EvsrTnmD0ah78Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBiyURQY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66rquVWvcV2pneVxFOEETuECPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHa4eMkw==</latexit><latexit sha1_base64="S2nyhn3toxDG4EvsrTnmD0ah78Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBiyURQY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS47JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66rquVWvcV2pneVxFOEETuECPLiBGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHa4eMkw==</latexit>

Figure 4.1: Raman transition schemes used in this experiment (a) ladder
system and (b) lambda system.

4.1 Three-level Ladder System

We consider a three-level ladder system as shown in Fig. 4.1 with states

|g⟩, |e⟩ and |r⟩. They are addressed by two monochromatic light fields at

frequency ω1 and ω2 coupling to |g⟩ → |e⟩ and |e⟩ → |r⟩ respectively. The

relative detuning of each field is ∆1 = ω1−(ωe−ωg) and ∆2 = ω2−(ωr−ωe).

The Hamiltonian for the system is given by H = H0 + Hal where the bare

Hamiltonian is

H0 = ℏωg|g⟩⟨g|+ ℏωe|e⟩⟨e|+ ℏωr|r⟩⟨r|, (4.1)

and the atom-light interaction can be expressed as an oscillating electric

dipole perturbation given by Hal = −µ̂ · E where the electric field is a plane

wave and under the dipole approximation is given by E = ϵ(E0e−iωt/2+c.c.).

Under the rotating wave approximation [84] this atom light interaction is

given by

Hal =
ℏΩ1

2
(e−iω1t|e⟩⟨g|+ eiω1t|g⟩⟨e|) + ℏΩ2

2
(eiω2t|e⟩⟨r|+ e−iω2t|r⟩⟨e|), (4.2)
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where we have introduced the Rabi frequency which for electric dipole tran-

sitions is given by

Ω =
−µ̂ · E

ℏ
=

E0
ℏ
⟨i|er · ϵ|j⟩. (4.3)

The two coupling fields thus equate to Ω1 = degE0,1/ℏ and Ω2 = derE0,2/ℏ,

where dij = ⟨i|er ·ϵ|j⟩ is the dipole matrix element for a transition from |i⟩ to

|j⟩. In the basis where the states are represented by normalised orthogonal

column vectors given by

|g⟩ =


1

0

0

 , |e⟩ =


0

1

0

 , |r⟩ =


0

0

1

 , (4.4)

this results in a Hamiltonian matrix of the form

HΞ =
ℏ
2


2ωg Ω1e

iω1t 0

Ω1e
−iω1t 2ωe Ω2e

iω2t

0 Ω2e
−iω2t 2ωr

 . (4.5)

This can then be inserted into the time dependent Schrödinger equation

iℏ∂|ψ⟩/∂t = H|ψ⟩, (4.6)

for the amplitudes ci of the wave function |ψ(t)⟩ = cg(t)|g⟩+ce(t)|e⟩+cr(t)|r⟩

to obtain three coupled differential equations

ċg = −iωgcg −
iΩ1

2
eiω1tce, (4.7)

ċe = −iΩ1

2
e−iω1tcg − iωece −

iΩ2

2
eiω2tcr, (4.8)

ċr = −iΩ2

2
e−iω2tce − iωrcr. (4.9)

This expression can then be rotated into the frame of averaged frequen-

cies using the following transformations: cg(t) = c′g(t)e
−i(−δ/2+ωg)t, ce(t) =
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c′e(t)e
−i(−δ/2+ωg+ω1)t and cr(t) = c′r(t)e

−i(−δ/2+ωg+ω1+ω2)t [85] where δ =

∆1 +∆2 and ∆ = (∆1 −∆2)/2 giving

ċ′g = −iδ/2c′g −
iΩ1

2
c′e, (4.10)

ċ′e = −iΩ1

2
c′g + i∆c′e −

iΩ2

2
c′r, (4.11)

ċ′r = −iΩ2

2
c′e +

iδ

2
c′r. (4.12)

These expressions can then be used to obtain the effective Hamiltonian in

the rotating frame of the form

HΞ =
ℏ
2


δ Ω1 0

Ω1 −2∆ Ω2

0 Ω2 −δ

 . (4.13)

Adiabatic Elimination

To minimise spontaneous emission from the intermediate state it is desirable

to operate at large a detuning relative to |e⟩. In the regime where the coupling

is much smaller than this detuning Ω1,2 < |∆1,2| it can be assumed that the

population of c′e is stationary, therefore it can be assumed that ċ′e = 0.

Rearranging Eq. 4.8 for ċ′e = 0 gives

c′e =
Ω1c

′
g + Ω2c

′
r

2∆
. (4.14)

Inserting this back into the amplitude equations gives

ċ′g = −i(δ/2 + |Ω1|2

4∆
)c′g − i

Ω1Ω2

4∆
c′r, (4.15)

ċ′r = −iΩ1Ω2

4∆
c′g + i(δ/2− |Ω2|2

4∆
)c′r, (4.16)
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where the intermediate state has now been eliminated and the three level sys-

tem is now represented by an effective two-level system with Rabi frequency

ΩR =
Ω1Ω2

2∆
, (4.17)

and AC Stark shift terms

∆g
AC =

|Ω1|2

4∆
, ∆r

AC =
|Ω2|2

4∆
, (4.18)

for the states |g⟩ and |r⟩ respectively.

Making the transformation c′g,r = c′′g,re
−i(∆eff/2−δ/2+∆r

AC)t, and introducing

∆eff = δ +∆g
AC +∆r

AC reduces this to the form

ċ′′g = −i∆eff/2c
′′
g − iΩR/2c

′′
r , (4.19)

ċ′′r = −iΩR/2c
′′
g + i∆eff/2c

′′
r , (4.20)

with a corresponding effective two-level Hamiltonian

Heff
Ξ =

ℏ
2

∆eff ΩR

ΩR −∆eff

 . (4.21)

This Hamiltonian is equivalent to that for the well known expression for

Rabi oscillations in a simple two-level system [84]. Conditions for perfect

transfer requires ∆eff = 0, however due to the the AC stark shifts arising

from the the excitations fields this does not correspond to ∆1 = −∆2 and

resonance is found when δ = −(∆g
AC + ∆r

AC) is satisfied. Conditioning the

initial populations to c′′g(0) = 1 (c′′r(0) = 0) and rearranging Eq. 4.19 and

4.20 shows that the Rydberg state population evolves as

|cr(t)|2 =
Ω2

R

Ω̃2
sin2(

Ω̃t

2
), (4.22)

where Ω̃ is the effective Rabi frequency given by Ω̃2 = Ω2
R + δ2. From this
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relation we see that on resonance i.e Ω̃ = Ω a pulse area of Ωt = π results in a

complete transfer to the upper state, this is known as a π-rotation and can be

used to implement an X-Gate. Fig. 4.2 shows the evolution of the upper state

population over time in what are known as Rabi oscillations as the population

coherently evolves between the ground and Rydberg states. Also depicted in

the figure is the numerical solution to this evolution using the time depen-

dent Schrödinger equation with the effective two-level Hamiltonian derived

in Eq. 4.21 showing good agreement with the analytical expression. However

due to dissipative effects such as spontaneous emission the oscillation can

begin to decohere and become damped as shown by the red data in Fig. 4.2

where an exaggerated damping due to spontaneous emission from the upper

state has been included using the Optical Bloch Equations (OBEs). Inclu-

sion of such dissipative effects is found to have an analytical expression given

by [86, 87]

Pr(t) =
Ω2

R

2Ω2
R + (1/τ)2

[
1− e−3t/4τ

(
cos(Ω̃′t) +

3

4τ Ω̃′
sin(Ω̃′t)

)]
, (4.23)

where τ is a damping constant and Ω̃′ =
√

Ωr + 1/(16τ 2). The evolution of

this expression is also shown in Fig. 4.2 and is in good agreement with the

numerical representation. As previously stated a source of such a dissipative

effect is spontaneous emission from the intermediate state, the probability

this occurring over a π-rotation is given by Psc =
∫ π

0
|c′e(t)|2 dt when c′g =

cos(Ωrt/2) and c′r = sin(Ωrt/2) which yeilds

Psc = Γe
1

ΩR

(
Ω2

1

8∆2
+

Ω2
2

8∆2

)
. (4.24)
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Figure 4.2: Evolution of the upper state population as a function of time by
numerically solving the time dependent Schrödinger equation for the effec-
tive two-level Hamiltonian (blue line), dashed line represents evolution using
Eq. 4.22 and evolution numerically solving the OBE’s (red line) to include
dissipative effects with the dotted line representing Eq. 4.23

4.2 Lambda System

The derivation above can also be used to find the Hamiltonian of the

lambda system shown in Fig. 4.1(b) with some minor changes. The ma-

jor difference between the systems is the redefinition of ∆2 which is now

∆̃2 = ω2 − (ωe − ωg′), ∆1 remains the same. This results in the same Hamil-

tonian as expressed in Eq. 4.13 with δ = ∆1 − ∆̃2 and ∆ = (∆1 + ∆̃2)/2.

Another important difference between the two systems not considered in this

expression is the light shift from the field upon the state it is not coupled

to. In the ladder system this effect is negligible as states |g⟩ and |r⟩ are well

separated. However in the case of the lambda system the separation can be

small therefore there will be a light shift upon |g⟩(|g′⟩) associated with the

coupling Ω2 (Ω1). In the case of this experiment the splitting between the

states |g⟩ and |g′⟩ corresponds to the hyperfine splitting of the ground state

of caesium ωHFS, such that the ground state AC stark shifts are given by

∆g
AC =

|Ω1|2

4∆
+

|Ω2|2

4(∆− ωHFS)
, (4.25)

∆g′

AC =
|Ω1|2

4(∆ + ωHFS)
+

|Ω2|2

4∆
, (4.26)
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highlighting the extra caution required when considering a lambda system.

4.3 Rabi Frequencies

Recalling that the Rabi coupling for a dipole transition between |i⟩ and |j⟩

is given by Ω = dij · E/ℏ where d = ⟨i|er · ϵ|j⟩ is the dipole matrix element.

Using Wigner-Eckart theorem the dipole matrix element can be calculated

from the product of a reduced matrix element and a Wigner 3-j symbol [88]

such that in the hyperfine basis the Rabi frequency is now given by

Ωf,mf→f ′,m′
f
=

E
ℏ
(−1)f−mf

 f 1 f ′

−mf q m′
f

 ⟨n′l′j′f ′||er||nljf⟩, (4.27)

where q = −1, 0, 1 is the lasers polarisation corresponding to the transi-

tions shown in Eq. 3.6-3.8. The term within the rounded brackets is the

Wigner 3j symbol and vanishes if m′
f ̸= mf − q. The reduced matrix element

⟨n′l′j′f ′||er̂||nljf⟩ can be decomposed into a Wigner 6-j symbol and another

reduced matrix element dependent only upon the fine structure basis [88].

⟨n′l′j′f ′||er||nljf⟩ = (−1)j+I+f ′+1
√
(2f + 1)(2f ′ + 1)

×

f 1 f ′

j′ I j

 ⟨n′l′j′||er||nlj⟩, (4.28)

where the term in the curly brackets is the Wigner 6j symbol, the reduced

matrix element can now be calculated from the Einstein A coefficient

A(nlj → nl′j′) =
ω3
0

2πϵ0ℏc3
|⟨n′l′j′||er||nlj⟩|2

2j′ + 1
, (4.29)

For the transitions considered in this work the via the intermediate state |e⟩ =

6P3/2 the reduced matrix element is found to be ⟨J = 3/2||er · ϵ||J = 1/2⟩ =

4.4786ea0 [81]. However due to the unresolved hyperfine structure of the
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Rydberg state |j′,m′
j⟩ coupling from the intermediate state |f,mf⟩ requires

decomposing |j′I ′⟩ into |f ′,m′
f⟩

|j′I;m′
jmi⟩ =

∑
f ′,m′

f

C
fm′

f

j′m′
jImI

|j′I; f ′m′
f⟩, (4.30)

where Cfm′
f

j′m′
jImI

is the Clebsh-Gordon coefficient which is given by

C
fm′

f

j′m′
jImI

= (−1)j
′−I+m′

f

√
2f + 1

 j′ I f

m′
j mI −m′

f

 . (4.31)

Finally combing these relations and introducing angular momentum selection

rules m′
f = mf − q and mI = mf − q −m′

j the coupling between the inter-

mediate state and Rydberg state is given by a summation over the excited

Rydberg f ′ states

Ωf,mf→j′,m′
j
=

E
ℏ
∑
f ′

C
f ′(mf−q)

j′m′
jI(mf−q−m′

j)
(−1)f−mf+j+I+f ′+1

√
(2f + 1)(2f ′ + 1)

×

 f 1 f ′

−mf q m′
f

f 1 f ′

j′ I j

 ⟨n′ℓ′j′||er||nℓj⟩. (4.32)

4.3.1 Multi-level Atoms

The previous relations can now be used to calculate two-photon Rabi frequen-

cies, Stark shifts and scattering probabilities, however the hyperfine splitting

of the intermediate state must be accounted for. This is done through sum-

ming over all dipole allowed excitation pathways via the intermediate state

fe, such that the two photon Rabi frequency is given by

ΩR =
∑
fe

Ωf,mf→f ′,m′
f
Ωf ′,m′

f→j,mj

2(∆ +∆fe)
, (4.33)
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Figure 4.3: Calculation of the two-photon (a) Rabi Frequency (b) AC stark
shift and (c) scattering probability as a function of detuning from the in-
termediate state. Transition is from the clock state of caesium |4, 0⟩ →
|69S1/2,mj = 1/2⟩ for a σ+σ− transition. The different contributing hyper-
fine levels are shown as well as the summation in black.

where ∆fe is the relevant hyperfine levels detuning from the centre of mass of

the intermediate state. Fig. 4.3(a) shows the calculated Rabi frequency as a

function of detuning from the intermediate state for a two photon transition

from the clock state of caesium |4, 0⟩ → |69S1/2,mj = 1/2⟩ with the first

photon being σ+ polarised coupling to |3, 1⟩, |4, 1⟩ and |5, 1⟩ and the second

photon being σ−. This is similarly done for the Stark shift and scattering

probability as shown in Fig. 4.3(b) and (c). The calculation uses parameters

similar to those accessible within the laboratory using powers of 2 µW and

90 mW with waists of 14 µm and 18 µm for the first and second photon respec-

tively. What is further highlighted from these calculations is the necessity

to work at a large detuning to minimise scattering on the intermediate level,

with less than ∼ 800 MHz being susceptible to high scattering probabilities,
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Parameter Value
∆/2π +1.13 GHz
|ΩR/2π| 0.77 MHz
∆AC +1.23 MHz
Psc 0.03

Table 4.1: Calculated two-photon properties for a detuning of ∆/2π =
+1.13 GHz from the centre of 6P3/2

however relatively fast Rabi frequencies are still accessible below this. Ta-

ble 4.1 summaries the expected results for a detuning of ∆/2π = +1.13 GHz

from the centre of 6P3/2 as will be later experimentally implemented in Chap-

ter 8.

4.4 Summary

Two-photon transitions allow fast optical rotations to be performed to the

Rydberg state with relatively modest power requirements compared to single

photon transitions, as well as the possibility to implement almost Doppler free

configurations. Similarly two photon transitions overcome the weak magnetic

dipole transition for ground state rotations. Implementing these transitions

requires operating at a large detuning from an intermediate state, in the case

of this experiment 6P3/2, to reduce scattering events from the intermediate

level. Calculation of couplings between states requires summation over all

possible excitation pathways via 6P3/2 and estimated parameters have been

obtained for Rydberg excitation.
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Chapter 5

Experimental Setup

This chapter provides an overview of the experimental setup from the initial

dual chamber design to optical transport between the chambers.

5.1 Vacuum Chamber

The foundation of any cold atom experiment is the vacuum chamber provid-

ing ultra high vacuum (UHV) pressures (10−9-10−12 mbar) and the necessary

optical access. The key to a successful experiment is thorough planning of

this important piece of apparatus.

5.1.1 Experimental Considerations

The work presented in this thesis comprises the building blocks towards a five

year project and thus the eventual goals of this project must be considered

in the design of the experiment. Future work seeks to establish coupling be-

tween a superconducting microwave resonator and trapped atomic ensembles.

This presents several challenges not normally considered in atomic physics

experiments. For example, superconducting resonators operate at cyrogenic

temperatures and the highest critical temperature for a metal is 9.2 K for

42
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Niobium [89], therefore a cryogenic environment is required.

Trapping single atoms in a dipole trap requires small trapping volumes

to achieve high two body loss rates necessary to access the single atom

regime [57]. Furthermore, imaging of single atoms requires high numerical

aperture (NA) access to achieve the required high photon collection efficiency

from the sample. Although methods exist to achieve reasonable NA at long

working distances [90], an effective approach is to use lenses housed in the

vacuum chamber close to the atoms to provide the high NA for imaging and

the tight foci required for single atom loading [91, 92].

5.1.2 Design

Working at cryogenic temperatures restricts the experiment to operate with

two chambers, as the atomic species used would stick to the walls of the

chamber in the cryogenic region, the science chamber. The non-cryogenic

magneto-optical trap (MOT) chamber is designed to allow optical axis for

a 3D MOT with SAES caesium alkali metal dispensers used to supply the

atoms. Initially the dispensers were housed in a CF16 Tee however it was

found that this seriously prevented efficient loading of the MOT. To rectify

this the dispensers were moved to inside the MOT chamber facing the centre

from above. A 3 L/s ion pump is used to keep this chamber under vacuum

and maintains a pressure of P ≤10−9 mbar.

The MOT chamber is separated from the science chamber through a differ-

ential pumping tube to provide independent pressure in both chambers. The

tube is 4 mm in diameter and has a length of 10 mm to provide a differen-

tial pressure of over an order of magnitude. The diameter of the differential

pumping tube is limited to 4 mm in order to provide sufficient optical axis for

optical transport. A rendered CAD drawing of the vacuum system is shown

in Fig. 5.1
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MOT
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<latexit sha1_base64="l1FuFYUgdp0cc+bk8MfX0X3nU08=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8eK9gOaUDbbSbt0swm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SjmaQYxHQoecQZNVbyfRXnD4yjZDjtV2tu3Z2DrBKvIDUo0OxXv/xBwrIYpWGCat3z3NQEOVWGM4HTip9pTCkb0yH2LJU0Rh3k85un5NwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vl5noJsi5TDNj31osijJBTEJmAZABV8iMmFhCmeL2VsJGVFFmbEwVG4K3/PIqaV/WPbfu3V/VGmdFHGU4gVO4AA+uoQF30IQWMEjhGV7hzcmcF+fd+Vi0lpxi5hj+wPn8AVAKkcE=</latexit><latexit sha1_base64="l1FuFYUgdp0cc+bk8MfX0X3nU08=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8eK9gOaUDbbSbt0swm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SjmaQYxHQoecQZNVbyfRXnD4yjZDjtV2tu3Z2DrBKvIDUo0OxXv/xBwrIYpWGCat3z3NQEOVWGM4HTip9pTCkb0yH2LJU0Rh3k85un5NwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vl5noJsi5TDNj31osijJBTEJmAZABV8iMmFhCmeL2VsJGVFFmbEwVG4K3/PIqaV/WPbfu3V/VGmdFHGU4gVO4AA+uoQF30IQWMEjhGV7hzcmcF+fd+Vi0lpxi5hj+wPn8AVAKkcE=</latexit><latexit sha1_base64="l1FuFYUgdp0cc+bk8MfX0X3nU08=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8eK9gOaUDbbSbt0swm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SjmaQYxHQoecQZNVbyfRXnD4yjZDjtV2tu3Z2DrBKvIDUo0OxXv/xBwrIYpWGCat3z3NQEOVWGM4HTip9pTCkb0yH2LJU0Rh3k85un5NwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vl5noJsi5TDNj31osijJBTEJmAZABV8iMmFhCmeL2VsJGVFFmbEwVG4K3/PIqaV/WPbfu3V/VGmdFHGU4gVO4AA+uoQF30IQWMEjhGV7hzcmcF+fd+Vi0lpxi5hj+wPn8AVAKkcE=</latexit><latexit sha1_base64="l1FuFYUgdp0cc+bk8MfX0X3nU08=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LFbBU0lE0GPBi8eK9gOaUDbbSbt0swm7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SjmaQYxHQoecQZNVbyfRXnD4yjZDjtV2tu3Z2DrBKvIDUo0OxXv/xBwrIYpWGCat3z3NQEOVWGM4HTip9pTCkb0yH2LJU0Rh3k85un5NwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vl5noJsi5TDNj31osijJBTEJmAZABV8iMmFhCmeL2VsJGVFFmbEwVG4K3/PIqaV/WPbfu3V/VGmdFHGU4gVO4AA+uoQF30IQWMEjhGV7hzcmcF+fd+Vi0lpxi5hj+wPn8AVAKkcE=</latexit>

3 L/s ion pump
<latexit sha1_base64="4W5uam43u2m8BDqI6HMUZePXrjU=">AAAB/HicbZDLSgMxFIYzXmu9jXbpJlgFV3VGBV0W3LhwUcFeoB1KJs20oUkmJBlhGDqv4saFIm59EHe+jWk7C239IfDlP+eQkz+UjGrjed/Oyura+sZmaau8vbO7t+8eHLZ0nChMmjhmseqESBNGBWkaahjpSEUQDxlph+Pbab39RJSmsXg0qSQBR0NBI4qRsVbfrfQUzy7z+3Od23suEy4nfbfq1byZ4DL4BVRBoUbf/eoNYpxwIgxmSOuu70kTZEgZihmZlHuJJhLhMRqSrkWBONFBNlt+Ak+tM4BRrOwRBs7c3xMZ4lqnPLSdHJmRXqxNzf9q3cREN0FGhUwMEXj+UJQwaGI4TQIOqCLYsNQCworaXSEeIYWwsXmVbQj+4peXoXVR8y0/XFXrJ0UcJXAEjsEZ8ME1qIM70ABNgEEKnsEreHNy58V5dz7mrStOMVMBf+R8/gBdfZUh</latexit><latexit sha1_base64="4W5uam43u2m8BDqI6HMUZePXrjU=">AAAB/HicbZDLSgMxFIYzXmu9jXbpJlgFV3VGBV0W3LhwUcFeoB1KJs20oUkmJBlhGDqv4saFIm59EHe+jWk7C239IfDlP+eQkz+UjGrjed/Oyura+sZmaau8vbO7t+8eHLZ0nChMmjhmseqESBNGBWkaahjpSEUQDxlph+Pbab39RJSmsXg0qSQBR0NBI4qRsVbfrfQUzy7z+3Od23suEy4nfbfq1byZ4DL4BVRBoUbf/eoNYpxwIgxmSOuu70kTZEgZihmZlHuJJhLhMRqSrkWBONFBNlt+Ak+tM4BRrOwRBs7c3xMZ4lqnPLSdHJmRXqxNzf9q3cREN0FGhUwMEXj+UJQwaGI4TQIOqCLYsNQCworaXSEeIYWwsXmVbQj+4peXoXVR8y0/XFXrJ0UcJXAEjsEZ8ME1qIM70ABNgEEKnsEreHNy58V5dz7mrStOMVMBf+R8/gBdfZUh</latexit><latexit sha1_base64="4W5uam43u2m8BDqI6HMUZePXrjU=">AAAB/HicbZDLSgMxFIYzXmu9jXbpJlgFV3VGBV0W3LhwUcFeoB1KJs20oUkmJBlhGDqv4saFIm59EHe+jWk7C239IfDlP+eQkz+UjGrjed/Oyura+sZmaau8vbO7t+8eHLZ0nChMmjhmseqESBNGBWkaahjpSEUQDxlph+Pbab39RJSmsXg0qSQBR0NBI4qRsVbfrfQUzy7z+3Od23suEy4nfbfq1byZ4DL4BVRBoUbf/eoNYpxwIgxmSOuu70kTZEgZihmZlHuJJhLhMRqSrkWBONFBNlt+Ak+tM4BRrOwRBs7c3xMZ4lqnPLSdHJmRXqxNzf9q3cREN0FGhUwMEXj+UJQwaGI4TQIOqCLYsNQCworaXSEeIYWwsXmVbQj+4peXoXVR8y0/XFXrJ0UcJXAEjsEZ8ME1qIM70ABNgEEKnsEreHNy58V5dz7mrStOMVMBf+R8/gBdfZUh</latexit><latexit sha1_base64="4W5uam43u2m8BDqI6HMUZePXrjU=">AAAB/HicbZDLSgMxFIYzXmu9jXbpJlgFV3VGBV0W3LhwUcFeoB1KJs20oUkmJBlhGDqv4saFIm59EHe+jWk7C239IfDlP+eQkz+UjGrjed/Oyura+sZmaau8vbO7t+8eHLZ0nChMmjhmseqESBNGBWkaahjpSEUQDxlph+Pbab39RJSmsXg0qSQBR0NBI4qRsVbfrfQUzy7z+3Od23suEy4nfbfq1byZ4DL4BVRBoUbf/eoNYpxwIgxmSOuu70kTZEgZihmZlHuJJhLhMRqSrkWBONFBNlt+Ak+tM4BRrOwRBs7c3xMZ4lqnPLSdHJmRXqxNzf9q3cREN0FGhUwMEXj+UJQwaGI4TQIOqCLYsNQCworaXSEeIYWwsXmVbQj+4peXoXVR8y0/XFXrJ0UcJXAEjsEZ8ME1qIM70ABNgEEKnsEreHNy58V5dz7mrStOMVMBf+R8/gBdfZUh</latexit>

70 L/s ion pump
<latexit sha1_base64="1zPrR/ren2/CVD4fxw/a/EeY97s=">AAAB/XicbZDLSgMxFIbP1Futt/GyczNYBVd1RoS6LLhx4aKCvUA7lEyaaUOTTEgyQh1aX8WNC0Xc+h7ufBvTy0KrPwQ+/nMO5+SPJKPa+P6Xk1taXlldy68XNja3tnfc3b26TlKFSQ0nLFHNCGnCqCA1Qw0jTakI4hEjjWhwNak37onSNBF3ZihJyFFP0JhiZKzVcQ/aimdlf3xzpsfWGMuUy1HHLfolfyrvLwRzKMJc1Y772e4mOOVEGMyQ1q3AlybMkDIUMzIqtFNNJMID1CMtiwJxosNsev3IO7FO14sTZZ8w3tT9OZEhrvWQR7aTI9PXi7WJ+V+tlZr4MsyokKkhAs8WxSnzTOJNovC6VBFs2NACworaWz3cRwphYwMr2BCCxS//hfp5KbB8e1GsHM/jyMMhHMEpBFCGClxDFWqA4QGe4AVenUfn2Xlz3metOWc+sw+/5Hx8A9Y5lV8=</latexit><latexit sha1_base64="1zPrR/ren2/CVD4fxw/a/EeY97s=">AAAB/XicbZDLSgMxFIbP1Futt/GyczNYBVd1RoS6LLhx4aKCvUA7lEyaaUOTTEgyQh1aX8WNC0Xc+h7ufBvTy0KrPwQ+/nMO5+SPJKPa+P6Xk1taXlldy68XNja3tnfc3b26TlKFSQ0nLFHNCGnCqCA1Qw0jTakI4hEjjWhwNak37onSNBF3ZihJyFFP0JhiZKzVcQ/aimdlf3xzpsfWGMuUy1HHLfolfyrvLwRzKMJc1Y772e4mOOVEGMyQ1q3AlybMkDIUMzIqtFNNJMID1CMtiwJxosNsev3IO7FO14sTZZ8w3tT9OZEhrvWQR7aTI9PXi7WJ+V+tlZr4MsyokKkhAs8WxSnzTOJNovC6VBFs2NACworaWz3cRwphYwMr2BCCxS//hfp5KbB8e1GsHM/jyMMhHMEpBFCGClxDFWqA4QGe4AVenUfn2Xlz3metOWc+sw+/5Hx8A9Y5lV8=</latexit><latexit sha1_base64="1zPrR/ren2/CVD4fxw/a/EeY97s=">AAAB/XicbZDLSgMxFIbP1Futt/GyczNYBVd1RoS6LLhx4aKCvUA7lEyaaUOTTEgyQh1aX8WNC0Xc+h7ufBvTy0KrPwQ+/nMO5+SPJKPa+P6Xk1taXlldy68XNja3tnfc3b26TlKFSQ0nLFHNCGnCqCA1Qw0jTakI4hEjjWhwNak37onSNBF3ZihJyFFP0JhiZKzVcQ/aimdlf3xzpsfWGMuUy1HHLfolfyrvLwRzKMJc1Y772e4mOOVEGMyQ1q3AlybMkDIUMzIqtFNNJMID1CMtiwJxosNsev3IO7FO14sTZZ8w3tT9OZEhrvWQR7aTI9PXi7WJ+V+tlZr4MsyokKkhAs8WxSnzTOJNovC6VBFs2NACworaWz3cRwphYwMr2BCCxS//hfp5KbB8e1GsHM/jyMMhHMEpBFCGClxDFWqA4QGe4AVenUfn2Xlz3metOWc+sw+/5Hx8A9Y5lV8=</latexit><latexit sha1_base64="1zPrR/ren2/CVD4fxw/a/EeY97s=">AAAB/XicbZDLSgMxFIbP1Futt/GyczNYBVd1RoS6LLhx4aKCvUA7lEyaaUOTTEgyQh1aX8WNC0Xc+h7ufBvTy0KrPwQ+/nMO5+SPJKPa+P6Xk1taXlldy68XNja3tnfc3b26TlKFSQ0nLFHNCGnCqCA1Qw0jTakI4hEjjWhwNak37onSNBF3ZihJyFFP0JhiZKzVcQ/aimdlf3xzpsfWGMuUy1HHLfolfyrvLwRzKMJc1Y772e4mOOVEGMyQ1q3AlybMkDIUMzIqtFNNJMID1CMtiwJxosNsev3IO7FO14sTZZ8w3tT9OZEhrvWQR7aTI9PXi7WJ+V+tlZr4MsyokKkhAs8WxSnzTOJNovC6VBFs2NACworaWz3cRwphYwMr2BCCxS//hfp5KbB8e1GsHM/jyMMhHMEpBFCGClxDFWqA4QGe4AVenUfn2Xlz3metOWc+sw+/5Hx8A9Y5lV8=</latexit>

Aspheric lens axis
<latexit sha1_base64="/t2C1vGJAq/elIyGQqQF1qa0W5w=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBVdlRgRdVty4rGAv0A4lk562oUlmSDJiGaYLX8WNC0Xc+hjufBvTdhba+kPg4z/ncHL+MOZMG8/7dpaWV1bX1gsbxc2t7Z1dd2+/rqNEUajRiEeqGRINnEmoGWY4NGMFRIQcGuHwZlJvPIDSLJL3ZhRDIEhfsh6jxFir4x62lUivdTwAxeiYg9Rj8sh01nFLXtmbCi+Cn0MJ5ap23K92N6KJAGkoJ1q3fC82QUqUYZRDVmwnGmJCh6QPLYuSCNBBOj0gw6fW6eJepOyTBk/d3xMpEVqPRGg7BTEDPV+bmP/VWonpXQUpk3FiQNLZol7CsYnwJA3cZQqo4SMLhCpm/4rpgChCjc2saEPw509ehPp52bd8d1GqnORxFNAROkZnyEeXqIJuURXVEEUZekav6M15cl6cd+dj1rrk5DMH6I+czx8GBZc4</latexit><latexit sha1_base64="/t2C1vGJAq/elIyGQqQF1qa0W5w=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBVdlRgRdVty4rGAv0A4lk562oUlmSDJiGaYLX8WNC0Xc+hjufBvTdhba+kPg4z/ncHL+MOZMG8/7dpaWV1bX1gsbxc2t7Z1dd2+/rqNEUajRiEeqGRINnEmoGWY4NGMFRIQcGuHwZlJvPIDSLJL3ZhRDIEhfsh6jxFir4x62lUivdTwAxeiYg9Rj8sh01nFLXtmbCi+Cn0MJ5ap23K92N6KJAGkoJ1q3fC82QUqUYZRDVmwnGmJCh6QPLYuSCNBBOj0gw6fW6eJepOyTBk/d3xMpEVqPRGg7BTEDPV+bmP/VWonpXQUpk3FiQNLZol7CsYnwJA3cZQqo4SMLhCpm/4rpgChCjc2saEPw509ehPp52bd8d1GqnORxFNAROkZnyEeXqIJuURXVEEUZekav6M15cl6cd+dj1rrk5DMH6I+czx8GBZc4</latexit><latexit sha1_base64="/t2C1vGJAq/elIyGQqQF1qa0W5w=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBVdlRgRdVty4rGAv0A4lk562oUlmSDJiGaYLX8WNC0Xc+hjufBvTdhba+kPg4z/ncHL+MOZMG8/7dpaWV1bX1gsbxc2t7Z1dd2+/rqNEUajRiEeqGRINnEmoGWY4NGMFRIQcGuHwZlJvPIDSLJL3ZhRDIEhfsh6jxFir4x62lUivdTwAxeiYg9Rj8sh01nFLXtmbCi+Cn0MJ5ap23K92N6KJAGkoJ1q3fC82QUqUYZRDVmwnGmJCh6QPLYuSCNBBOj0gw6fW6eJepOyTBk/d3xMpEVqPRGg7BTEDPV+bmP/VWonpXQUpk3FiQNLZol7CsYnwJA3cZQqo4SMLhCpm/4rpgChCjc2saEPw509ehPp52bd8d1GqnORxFNAROkZnyEeXqIJuURXVEEUZekav6M15cl6cd+dj1rrk5DMH6I+czx8GBZc4</latexit><latexit sha1_base64="/t2C1vGJAq/elIyGQqQF1qa0W5w=">AAACAHicbZDLSgMxFIYzXmu9jbpw4SZYBVdlRgRdVty4rGAv0A4lk562oUlmSDJiGaYLX8WNC0Xc+hjufBvTdhba+kPg4z/ncHL+MOZMG8/7dpaWV1bX1gsbxc2t7Z1dd2+/rqNEUajRiEeqGRINnEmoGWY4NGMFRIQcGuHwZlJvPIDSLJL3ZhRDIEhfsh6jxFir4x62lUivdTwAxeiYg9Rj8sh01nFLXtmbCi+Cn0MJ5ap23K92N6KJAGkoJ1q3fC82QUqUYZRDVmwnGmJCh6QPLYuSCNBBOj0gw6fW6eJepOyTBk/d3xMpEVqPRGg7BTEDPV+bmP/VWonpXQUpk3FiQNLZol7CsYnwJA3cZQqo4SMLhCpm/4rpgChCjc2saEPw509ehPp52bd8d1GqnORxFNAROkZnyEeXqIJuURXVEEUZekav6M15cl6cd+dj1rrk5DMH6I+czx8GBZc4</latexit>

Transport trap
<latexit sha1_base64="QWUk5dcTaGge0KSqY+4l6zAOSQc=">AAAB/HicbZDLSgMxFIYzXmu9jXbpZrAKrsqMCLosuHFZoTdoh5JJM21okgnJGWEY2ldx40IRtz6IO9/GtJ2Ftv4Q+PjPOZyTP1KcGfD9b2djc2t7Z7e0V94/ODw6dk9O2yZJNaEtkvBEdyNsKGeStoABp12lKRYRp51ocj+vd56oNiyRTcgUDQUeSRYzgsFaA7fS1yJvaiyNSjTMQGM1HbhVv+Yv5K1DUEAVFWoM3K/+MCGpoBIIx8b0Al9BmGMNjHA6LfdTQxUmEzyiPYsSC2rCfHH81Lu0ztCLE22fBG/h/p7IsTAmE5HtFBjGZrU2N/+r9VKI78KcSZUClWS5KE65B4k3T8IbMk0J8MwCJprZWz0yxhoTsHmVbQjB6pfXoX1dCyw/3lTrF0UcJXSGztEVCtAtqqMH1EAtRFCGntErenNmzovz7nwsWzecYqaC/sj5/AHyNpWA</latexit><latexit sha1_base64="QWUk5dcTaGge0KSqY+4l6zAOSQc=">AAAB/HicbZDLSgMxFIYzXmu9jXbpZrAKrsqMCLosuHFZoTdoh5JJM21okgnJGWEY2ldx40IRtz6IO9/GtJ2Ftv4Q+PjPOZyTP1KcGfD9b2djc2t7Z7e0V94/ODw6dk9O2yZJNaEtkvBEdyNsKGeStoABp12lKRYRp51ocj+vd56oNiyRTcgUDQUeSRYzgsFaA7fS1yJvaiyNSjTMQGM1HbhVv+Yv5K1DUEAVFWoM3K/+MCGpoBIIx8b0Al9BmGMNjHA6LfdTQxUmEzyiPYsSC2rCfHH81Lu0ztCLE22fBG/h/p7IsTAmE5HtFBjGZrU2N/+r9VKI78KcSZUClWS5KE65B4k3T8IbMk0J8MwCJprZWz0yxhoTsHmVbQjB6pfXoX1dCyw/3lTrF0UcJXSGztEVCtAtqqMH1EAtRFCGntErenNmzovz7nwsWzecYqaC/sj5/AHyNpWA</latexit><latexit sha1_base64="QWUk5dcTaGge0KSqY+4l6zAOSQc=">AAAB/HicbZDLSgMxFIYzXmu9jXbpZrAKrsqMCLosuHFZoTdoh5JJM21okgnJGWEY2ldx40IRtz6IO9/GtJ2Ftv4Q+PjPOZyTP1KcGfD9b2djc2t7Z7e0V94/ODw6dk9O2yZJNaEtkvBEdyNsKGeStoABp12lKRYRp51ocj+vd56oNiyRTcgUDQUeSRYzgsFaA7fS1yJvaiyNSjTMQGM1HbhVv+Yv5K1DUEAVFWoM3K/+MCGpoBIIx8b0Al9BmGMNjHA6LfdTQxUmEzyiPYsSC2rCfHH81Lu0ztCLE22fBG/h/p7IsTAmE5HtFBjGZrU2N/+r9VKI78KcSZUClWS5KE65B4k3T8IbMk0J8MwCJprZWz0yxhoTsHmVbQjB6pfXoX1dCyw/3lTrF0UcJXSGztEVCtAtqqMH1EAtRFCGntErenNmzovz7nwsWzecYqaC/sj5/AHyNpWA</latexit><latexit sha1_base64="QWUk5dcTaGge0KSqY+4l6zAOSQc=">AAAB/HicbZDLSgMxFIYzXmu9jXbpZrAKrsqMCLosuHFZoTdoh5JJM21okgnJGWEY2ldx40IRtz6IO9/GtJ2Ftv4Q+PjPOZyTP1KcGfD9b2djc2t7Z7e0V94/ODw6dk9O2yZJNaEtkvBEdyNsKGeStoABp12lKRYRp51ocj+vd56oNiyRTcgUDQUeSRYzgsFaA7fS1yJvaiyNSjTMQGM1HbhVv+Yv5K1DUEAVFWoM3K/+MCGpoBIIx8b0Al9BmGMNjHA6LfdTQxUmEzyiPYsSC2rCfHH81Lu0ztCLE22fBG/h/p7IsTAmE5HtFBjGZrU2N/+r9VKI78KcSZUClWS5KE65B4k3T8IbMk0J8MwCJprZWz0yxhoTsHmVbQjB6pfXoX1dCyw/3lTrF0UcJXSGztEVCtAtqqMH1EAtRFCGntErenNmzovz7nwsWzecYqaC/sj5/AHyNpWA</latexit>

Figure 5.1: Rendered CAD drawing of vacuum system, the cooling/imaging
beams are shown in red and the optical transport dipole beam path shown
in yellow.

In order to achieve high photon collection efficiencies for single atom imag-

ing and achieve diffraction limited foci for trapping and site addressability

two high NA aspheric lenses (Geltech 355561) [91] f = 10 mm are located

within the science chamber, offering a working distance of around 7 mm and

NA=0.45 at 852 nm. These lenses were custom designed for the Rydberg

experiment at Institut d’Optique led by Antoine Browaeys and further de-

tails can be found in [91, 93]. The lenses are held in a stainless steel (316L)

custom designed mount allowing access in 3D for imaging/cooling beams,

Fig. 5.2(a). To ensure the lenses sit flush with the mount a PEEK washer is

placed between the lenses and the lip of the holder, this is then held in place

with a stainless steel nut. This assembly is shown in Fig. 5.2(b). PEEK is

used as it does not outgas at the temperatures used for baking the chamber,

150 ◦C. This mount restricts optical axis and prevents the horizontal mo-
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(a)
<latexit sha1_base64="JPEiNKlxzPBHap3J4RXfppDzGfY=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BKtQL2VXBD0WvHisYD+gXUo2zbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfqwU4SFkgyVDzilFgndXpaZlVyMe2XK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfu8UnztlgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqObIOMqSS1TdLEoSgW2MZ49jwdcM2rFxBFCNXe3YjoimlDrIiq5EPzll1dJ67LmezX//qpSP8vjKMIJnEIVfLiGOtxBA5pAQcAzvMIbekQv6B19LFoLKJ85hj9Anz+XuI+R</latexit><latexit sha1_base64="JPEiNKlxzPBHap3J4RXfppDzGfY=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BKtQL2VXBD0WvHisYD+gXUo2zbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfqwU4SFkgyVDzilFgndXpaZlVyMe2XK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfu8UnztlgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqObIOMqSS1TdLEoSgW2MZ49jwdcM2rFxBFCNXe3YjoimlDrIiq5EPzll1dJ67LmezX//qpSP8vjKMIJnEIVfLiGOtxBA5pAQcAzvMIbekQv6B19LFoLKJ85hj9Anz+XuI+R</latexit><latexit sha1_base64="JPEiNKlxzPBHap3J4RXfppDzGfY=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BKtQL2VXBD0WvHisYD+gXUo2zbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfqwU4SFkgyVDzilFgndXpaZlVyMe2XK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfu8UnztlgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqObIOMqSS1TdLEoSgW2MZ49jwdcM2rFxBFCNXe3YjoimlDrIiq5EPzll1dJ67LmezX//qpSP8vjKMIJnEIVfLiGOtxBA5pAQcAzvMIbekQv6B19LFoLKJ85hj9Anz+XuI+R</latexit><latexit sha1_base64="JPEiNKlxzPBHap3J4RXfppDzGfY=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BKtQL2VXBD0WvHisYD+gXUo2zbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfqwU4SFkgyVDzilFgndXpaZlVyMe2XK17NmwOvEj8nFcjR6Je/eoOYppIpSwUxput7iQ0yoi2ngk1LvdSwhNAxGbKuo4pIZoJsfu8UnztlgKNYu1IWz9XfExmRxkxk6DolsSOz7M3E/7xuaqObIOMqSS1TdLEoSgW2MZ49jwdcM2rFxBFCNXe3YjoimlDrIiq5EPzll1dJ67LmezX//qpSP8vjKMIJnEIVfLiGOtxBA5pAQcAzvMIbekQv6B19LFoLKJ85hj9Anz+XuI+R</latexit> Nut

<latexit sha1_base64="6Ze6+OdbXR/SNs2UWzw8DJxwfP8=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgYyURTAwkR9jbbJIlu3vn7pwQjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzokQKi77/7RVWVtfWN4qbpa3tnd298v5B08apYbzBYhmbVkQtl0LzBgqUvJUYTlUk+UM0up76D0/cWBHrexwnPFR0oEVfMIpOanWMym5TnHTLFb/qz0CWSZCTCuSod8tfnV7MUsU1MkmtbQd+gmFGDQom+aTUSS1PKBvRAW87qqniNsxm907IqVN6pB8bVxrJTP09kVFl7VhFrlNRHNpFbyr+57VT7F+FmdBJilyz+aJ+KgnGZPo86QnDGcqxI5QZ4W4lbEgNZegiKrkQgsWXl0nzvBr41eDuolI7yeMowhEcwxkEcAk1uIE6NICBhGd4hTfv0Xvx3r2PeWvBy2cO4Q+8zx9iQJAW</latexit><latexit sha1_base64="6Ze6+OdbXR/SNs2UWzw8DJxwfP8=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgYyURTAwkR9jbbJIlu3vn7pwQjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzokQKi77/7RVWVtfWN4qbpa3tnd298v5B08apYbzBYhmbVkQtl0LzBgqUvJUYTlUk+UM0up76D0/cWBHrexwnPFR0oEVfMIpOanWMym5TnHTLFb/qz0CWSZCTCuSod8tfnV7MUsU1MkmtbQd+gmFGDQom+aTUSS1PKBvRAW87qqniNsxm907IqVN6pB8bVxrJTP09kVFl7VhFrlNRHNpFbyr+57VT7F+FmdBJilyz+aJ+KgnGZPo86QnDGcqxI5QZ4W4lbEgNZegiKrkQgsWXl0nzvBr41eDuolI7yeMowhEcwxkEcAk1uIE6NICBhGd4hTfv0Xvx3r2PeWvBy2cO4Q+8zx9iQJAW</latexit><latexit sha1_base64="6Ze6+OdbXR/SNs2UWzw8DJxwfP8=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgYyURTAwkR9jbbJIlu3vn7pwQjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzokQKi77/7RVWVtfWN4qbpa3tnd298v5B08apYbzBYhmbVkQtl0LzBgqUvJUYTlUk+UM0up76D0/cWBHrexwnPFR0oEVfMIpOanWMym5TnHTLFb/qz0CWSZCTCuSod8tfnV7MUsU1MkmtbQd+gmFGDQom+aTUSS1PKBvRAW87qqniNsxm907IqVN6pB8bVxrJTP09kVFl7VhFrlNRHNpFbyr+57VT7F+FmdBJilyz+aJ+KgnGZPo86QnDGcqxI5QZ4W4lbEgNZegiKrkQgsWXl0nzvBr41eDuolI7yeMowhEcwxkEcAk1uIE6NICBhGd4hTfv0Xvx3r2PeWvBy2cO4Q+8zx9iQJAW</latexit><latexit sha1_base64="6Ze6+OdbXR/SNs2UWzw8DJxwfP8=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFqNgFe5E0DJgYyURTAwkR9jbbJIlu3vn7pwQjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzokQKi77/7RVWVtfWN4qbpa3tnd298v5B08apYbzBYhmbVkQtl0LzBgqUvJUYTlUk+UM0up76D0/cWBHrexwnPFR0oEVfMIpOanWMym5TnHTLFb/qz0CWSZCTCuSod8tfnV7MUsU1MkmtbQd+gmFGDQom+aTUSS1PKBvRAW87qqniNsxm907IqVN6pB8bVxrJTP09kVFl7VhFrlNRHNpFbyr+57VT7F+FmdBJilyz+aJ+KgnGZPo86QnDGcqxI5QZ4W4lbEgNZegiKrkQgsWXl0nzvBr41eDuolI7yeMowhEcwxkEcAk1uIE6NICBhGd4hTfv0Xvx3r2PeWvBy2cO4Q+8zx9iQJAW</latexit>

Electrodes
<latexit sha1_base64="0nBbAzP5Okar3vopYt9lX8i5dFw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEKnkoigh4LInisYD+gDWWz2bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhSln2njet1NaW9/Y3CpvV3Z29/ar7sFhWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfDPzO49UaZbIBzNJaSDwULKYEWysNHCrfSXyW06JUUlE9XTg1ry6NwdaJX5BalCgOXC/+lFCMkGlIRxr3fO91AQ5VoYRTqeVfqZpiskYD2nPUokF1UE+P3yKzqwSoThRtqRBc/X3RI6F1hMR2k6BzUgvezPxP6+Xmfg6yJlMM0MlWSyKM45MgmYpoIgp+zKfWIKJYvZWREZYYWJsVhUbgr/88ippX9R9r+7fX9Yap0UcZTiGEzgHH66gAXfQhBYQyOAZXuHNeXJenHfnY9FacoqZI/gD5/MHRAeTYA==</latexit><latexit sha1_base64="0nBbAzP5Okar3vopYt9lX8i5dFw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEKnkoigh4LInisYD+gDWWz2bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhSln2njet1NaW9/Y3CpvV3Z29/ar7sFhWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfDPzO49UaZbIBzNJaSDwULKYEWysNHCrfSXyW06JUUlE9XTg1ry6NwdaJX5BalCgOXC/+lFCMkGlIRxr3fO91AQ5VoYRTqeVfqZpiskYD2nPUokF1UE+P3yKzqwSoThRtqRBc/X3RI6F1hMR2k6BzUgvezPxP6+Xmfg6yJlMM0MlWSyKM45MgmYpoIgp+zKfWIKJYvZWREZYYWJsVhUbgr/88ippX9R9r+7fX9Yap0UcZTiGEzgHH66gAXfQhBYQyOAZXuHNeXJenHfnY9FacoqZI/gD5/MHRAeTYA==</latexit><latexit sha1_base64="0nBbAzP5Okar3vopYt9lX8i5dFw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEKnkoigh4LInisYD+gDWWz2bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhSln2njet1NaW9/Y3CpvV3Z29/ar7sFhWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfDPzO49UaZbIBzNJaSDwULKYEWysNHCrfSXyW06JUUlE9XTg1ry6NwdaJX5BalCgOXC/+lFCMkGlIRxr3fO91AQ5VoYRTqeVfqZpiskYD2nPUokF1UE+P3yKzqwSoThRtqRBc/X3RI6F1hMR2k6BzUgvezPxP6+Xmfg6yJlMM0MlWSyKM45MgmYpoIgp+zKfWIKJYvZWREZYYWJsVhUbgr/88ippX9R9r+7fX9Yap0UcZTiGEzgHH66gAXfQhBYQyOAZXuHNeXJenHfnY9FacoqZI/gD5/MHRAeTYA==</latexit><latexit sha1_base64="0nBbAzP5Okar3vopYt9lX8i5dFw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEKnkoigh4LInisYD+gDWWz2bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhSln2njet1NaW9/Y3CpvV3Z29/ar7sFhWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfDPzO49UaZbIBzNJaSDwULKYEWysNHCrfSXyW06JUUlE9XTg1ry6NwdaJX5BalCgOXC/+lFCMkGlIRxr3fO91AQ5VoYRTqeVfqZpiskYD2nPUokF1UE+P3yKzqwSoThRtqRBc/X3RI6F1hMR2k6BzUgvezPxP6+Xmfg6yJlMM0MlWSyKM45MgmYpoIgp+zKfWIKJYvZWREZYYWJsVhUbgr/88ippX9R9r+7fX9Yap0UcZTiGEzgHH66gAXfQhBYQyOAZXuHNeXJenHfnY9FacoqZI/gD5/MHRAeTYA==</latexit>

(b)
<latexit sha1_base64="hfozyLGaY2pIvNDGvejOwHav0zk=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BKtQL2VXBD0WvHisYD+gXUo2zbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfqwU4SFkgyVDzilFgndXpaZtXwYtovV7yaNwdeJX5OKpCj0S9/9QYxTSVTlgpiTNf3EhtkRFtOBZuWeqlhCaFjMmRdRxWRzATZ/N4pPnfKAEexdqUsnqu/JzIijZnI0HVKYkdm2ZuJ/3nd1EY3QcZVklqm6GJRlApsYzx7Hg+4ZtSKiSOEau5uxXRENKHWRVRyIfjLL6+S1mXN92r+/VWlfpbHUYQTOIUq+HANdbiDBjSBgoBneIU39Ihe0Dv6WLQWUD5zDH+APn8AmT6Pkg==</latexit><latexit sha1_base64="hfozyLGaY2pIvNDGvejOwHav0zk=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BKtQL2VXBD0WvHisYD+gXUo2zbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfqwU4SFkgyVDzilFgndXpaZtXwYtovV7yaNwdeJX5OKpCj0S9/9QYxTSVTlgpiTNf3EhtkRFtOBZuWeqlhCaFjMmRdRxWRzATZ/N4pPnfKAEexdqUsnqu/JzIijZnI0HVKYkdm2ZuJ/3nd1EY3QcZVklqm6GJRlApsYzx7Hg+4ZtSKiSOEau5uxXRENKHWRVRyIfjLL6+S1mXN92r+/VWlfpbHUYQTOIUq+HANdbiDBjSBgoBneIU39Ihe0Dv6WLQWUD5zDH+APn8AmT6Pkg==</latexit><latexit sha1_base64="hfozyLGaY2pIvNDGvejOwHav0zk=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BKtQL2VXBD0WvHisYD+gXUo2zbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfqwU4SFkgyVDzilFgndXpaZtXwYtovV7yaNwdeJX5OKpCj0S9/9QYxTSVTlgpiTNf3EhtkRFtOBZuWeqlhCaFjMmRdRxWRzATZ/N4pPnfKAEexdqUsnqu/JzIijZnI0HVKYkdm2ZuJ/3nd1EY3QcZVklqm6GJRlApsYzx7Hg+4ZtSKiSOEau5uxXRENKHWRVRyIfjLL6+S1mXN92r+/VWlfpbHUYQTOIUq+HANdbiDBjSBgoBneIU39Ihe0Dv6WLQWUD5zDH+APn8AmT6Pkg==</latexit><latexit sha1_base64="hfozyLGaY2pIvNDGvejOwHav0zk=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BKtQL2VXBD0WvHisYD+gXUo2zbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfqwU4SFkgyVDzilFgndXpaZtXwYtovV7yaNwdeJX5OKpCj0S9/9QYxTSVTlgpiTNf3EhtkRFtOBZuWeqlhCaFjMmRdRxWRzATZ/N4pPnfKAEexdqUsnqu/JzIijZnI0HVKYkdm2ZuJ/3nd1EY3QcZVklqm6GJRlApsYzx7Hg+4ZtSKiSOEau5uxXRENKHWRVRyIfjLL6+S1mXN92r+/VWlfpbHUYQTOIUq+HANdbiDBjSBgoBneIU39Ihe0Dv6WLQWUD5zDH+APn8AmT6Pkg==</latexit>

Electrical feedthrough
<latexit sha1_base64="n3PB5fZ6xC0274cjaX6AfezN2Ds=">AAACBHicbVDLSsNAFJ3UV62vqMtuBqvgqiQi6LIggssK9gFtKJPJTTN0kgkzE6GECm78FTcuFHHrR7jzb5y2WWjrgYHDOfdy5xw/5Uxpx/m2Siura+sb5c3K1vbO7p69f9BWIpMUWlRwIbs+UcBZAi3NNIduKoHEPoeOP7qa+p17kIqJ5E6PU/BiMkxYyCjRRhrY1b6M82sOVEuj8YcQINCRFNkwmgzsmlN3ZsDLxC1IDRVoDuyvfiBoFkOiKSdK9Vwn1V5OpGaUw6TSzxSkhI7IEHqGJiQG5eWzEBN8YpQAh0Kal2g8U39v5CRWahz7ZjImOlKL3lT8z+tlOrz0cpakmYaEzg+FGcda4GkjOGDSxOdjQwiVzPwV04hIQrXprWJKcBcjL5P2Wd01/Pa81jgu6iijKjpCp8hFF6iBblATtRBFj+gZvaI368l6sd6tj/loySp2DtEfWJ8//RqY2Q==</latexit><latexit sha1_base64="n3PB5fZ6xC0274cjaX6AfezN2Ds=">AAACBHicbVDLSsNAFJ3UV62vqMtuBqvgqiQi6LIggssK9gFtKJPJTTN0kgkzE6GECm78FTcuFHHrR7jzb5y2WWjrgYHDOfdy5xw/5Uxpx/m2Siura+sb5c3K1vbO7p69f9BWIpMUWlRwIbs+UcBZAi3NNIduKoHEPoeOP7qa+p17kIqJ5E6PU/BiMkxYyCjRRhrY1b6M82sOVEuj8YcQINCRFNkwmgzsmlN3ZsDLxC1IDRVoDuyvfiBoFkOiKSdK9Vwn1V5OpGaUw6TSzxSkhI7IEHqGJiQG5eWzEBN8YpQAh0Kal2g8U39v5CRWahz7ZjImOlKL3lT8z+tlOrz0cpakmYaEzg+FGcda4GkjOGDSxOdjQwiVzPwV04hIQrXprWJKcBcjL5P2Wd01/Pa81jgu6iijKjpCp8hFF6iBblATtRBFj+gZvaI368l6sd6tj/loySp2DtEfWJ8//RqY2Q==</latexit><latexit sha1_base64="n3PB5fZ6xC0274cjaX6AfezN2Ds=">AAACBHicbVDLSsNAFJ3UV62vqMtuBqvgqiQi6LIggssK9gFtKJPJTTN0kgkzE6GECm78FTcuFHHrR7jzb5y2WWjrgYHDOfdy5xw/5Uxpx/m2Siura+sb5c3K1vbO7p69f9BWIpMUWlRwIbs+UcBZAi3NNIduKoHEPoeOP7qa+p17kIqJ5E6PU/BiMkxYyCjRRhrY1b6M82sOVEuj8YcQINCRFNkwmgzsmlN3ZsDLxC1IDRVoDuyvfiBoFkOiKSdK9Vwn1V5OpGaUw6TSzxSkhI7IEHqGJiQG5eWzEBN8YpQAh0Kal2g8U39v5CRWahz7ZjImOlKL3lT8z+tlOrz0cpakmYaEzg+FGcda4GkjOGDSxOdjQwiVzPwV04hIQrXprWJKcBcjL5P2Wd01/Pa81jgu6iijKjpCp8hFF6iBblATtRBFj+gZvaI368l6sd6tj/loySp2DtEfWJ8//RqY2Q==</latexit><latexit sha1_base64="n3PB5fZ6xC0274cjaX6AfezN2Ds=">AAACBHicbVDLSsNAFJ3UV62vqMtuBqvgqiQi6LIggssK9gFtKJPJTTN0kgkzE6GECm78FTcuFHHrR7jzb5y2WWjrgYHDOfdy5xw/5Uxpx/m2Siura+sb5c3K1vbO7p69f9BWIpMUWlRwIbs+UcBZAi3NNIduKoHEPoeOP7qa+p17kIqJ5E6PU/BiMkxYyCjRRhrY1b6M82sOVEuj8YcQINCRFNkwmgzsmlN3ZsDLxC1IDRVoDuyvfiBoFkOiKSdK9Vwn1V5OpGaUw6TSzxSkhI7IEHqGJiQG5eWzEBN8YpQAh0Kal2g8U39v5CRWahz7ZjImOlKL3lT8z+tlOrz0cpakmYaEzg+FGcda4GkjOGDSxOdjQwiVzPwV04hIQrXprWJKcBcjL5P2Wd01/Pa81jgu6iijKjpCp8hFF6iBblATtRBFj+gZvaI368l6sd6tj/loySp2DtEfWJ8//RqY2Q==</latexit>

Lens holder
<latexit sha1_base64="ELtWuiP5FExzvSdjKyZ5dvZbDpI=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2AVXJUZEXRZcOPCRQV7gXYomcyZNjTJDEmmUIb6JG5cKOLWN3Hn25i2s9DWHwIf/zmHc/KHKWfaeN63U1pb39jcKm9Xdnb39g/cw6OWTjJFoUkTnqhOSDRwJqFpmOHQSRUQEXJoh6PbWb09BqVZIh/NJIVAkIFkMaPEWKvvuj0l8nuQ+mmY8AjUtO9WvZo3F14Fv4AqKtTou1+9KKGZAGkoJ1p3fS81QU6UYZTDtNLLNKSEjsgAuhYlEaCDfH75FJ9bJ8JxouyTBs/d3xM5EVpPRGg7BTFDvVybmf/VupmJb4KcyTQzIOliUZxxbBI8iwFHTAE1fGKBUMXsrZgOiSLU2LAqNgR/+cur0Lqs+ZYfrqr1syKOMjpBp+gC+ega1dEdaqAmomiMntErenNy58V5dz4WrSWnmDlGf+R8/gA4XJPu</latexit><latexit sha1_base64="ELtWuiP5FExzvSdjKyZ5dvZbDpI=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2AVXJUZEXRZcOPCRQV7gXYomcyZNjTJDEmmUIb6JG5cKOLWN3Hn25i2s9DWHwIf/zmHc/KHKWfaeN63U1pb39jcKm9Xdnb39g/cw6OWTjJFoUkTnqhOSDRwJqFpmOHQSRUQEXJoh6PbWb09BqVZIh/NJIVAkIFkMaPEWKvvuj0l8nuQ+mmY8AjUtO9WvZo3F14Fv4AqKtTou1+9KKGZAGkoJ1p3fS81QU6UYZTDtNLLNKSEjsgAuhYlEaCDfH75FJ9bJ8JxouyTBs/d3xM5EVpPRGg7BTFDvVybmf/VupmJb4KcyTQzIOliUZxxbBI8iwFHTAE1fGKBUMXsrZgOiSLU2LAqNgR/+cur0Lqs+ZYfrqr1syKOMjpBp+gC+ega1dEdaqAmomiMntErenNy58V5dz4WrSWnmDlGf+R8/gA4XJPu</latexit><latexit sha1_base64="ELtWuiP5FExzvSdjKyZ5dvZbDpI=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2AVXJUZEXRZcOPCRQV7gXYomcyZNjTJDEmmUIb6JG5cKOLWN3Hn25i2s9DWHwIf/zmHc/KHKWfaeN63U1pb39jcKm9Xdnb39g/cw6OWTjJFoUkTnqhOSDRwJqFpmOHQSRUQEXJoh6PbWb09BqVZIh/NJIVAkIFkMaPEWKvvuj0l8nuQ+mmY8AjUtO9WvZo3F14Fv4AqKtTou1+9KKGZAGkoJ1p3fS81QU6UYZTDtNLLNKSEjsgAuhYlEaCDfH75FJ9bJ8JxouyTBs/d3xM5EVpPRGg7BTFDvVybmf/VupmJb4KcyTQzIOliUZxxbBI8iwFHTAE1fGKBUMXsrZgOiSLU2LAqNgR/+cur0Lqs+ZYfrqr1syKOMjpBp+gC+ega1dEdaqAmomiMntErenNy58V5dz4WrSWnmDlGf+R8/gA4XJPu</latexit><latexit sha1_base64="ELtWuiP5FExzvSdjKyZ5dvZbDpI=">AAAB+XicbZDLSgMxFIYz9VbrbdSlm2AVXJUZEXRZcOPCRQV7gXYomcyZNjTJDEmmUIb6JG5cKOLWN3Hn25i2s9DWHwIf/zmHc/KHKWfaeN63U1pb39jcKm9Xdnb39g/cw6OWTjJFoUkTnqhOSDRwJqFpmOHQSRUQEXJoh6PbWb09BqVZIh/NJIVAkIFkMaPEWKvvuj0l8nuQ+mmY8AjUtO9WvZo3F14Fv4AqKtTou1+9KKGZAGkoJ1p3fS81QU6UYZTDtNLLNKSEjsgAuhYlEaCDfH75FJ9bJ8JxouyTBs/d3xM5EVpPRGg7BTFDvVybmf/VupmJb4KcyTQzIOliUZxxbBI8iwFHTAE1fGKBUMXsrZgOiSLU2LAqNgR/+cur0Lqs+ZYfrqr1syKOMjpBp+gC+ega1dEdaqAmomiMntErenNy58V5dz4WrSWnmDlGf+R8/gA4XJPu</latexit>

PEEK washer
<latexit sha1_base64="gt8d79qWRc2GZ4FadnujQBIKNa8=">AAAB+XicbZDLSgMxFIbPeK31NurSTbAKrsqMCLosSEFwU8FeoB1KJs20oUlmSDKVMtQnceNCEbe+iTvfxrSdhbb+EPj4zzmckz9MONPG876dldW19Y3NwlZxe2d3b989OGzoOFWE1knMY9UKsaacSVo3zHDaShTFIuS0GQ5vpvXmiCrNYvlgxgkNBO5LFjGCjbW6rttRIqtVq3dPj1gPqJp03ZJX9mZCy+DnUIJcta771enFJBVUGsKx1m3fS0yQYWUY4XRS7KSaJpgMcZ+2LUosqA6y2eUTdGadHopiZZ80aOb+nsiw0HosQtspsBnoxdrU/K/WTk10HWRMJqmhkswXRSlHJkbTGFCPKUoMH1vARDF7KyIDrDAxNqyiDcFf/PIyNC7KvuX7y1LlNI+jAMdwAufgwxVU4BZqUAcCI3iGV3hzMufFeXc+5q0rTj5zBH/kfP4AocCTjQ==</latexit><latexit sha1_base64="gt8d79qWRc2GZ4FadnujQBIKNa8=">AAAB+XicbZDLSgMxFIbPeK31NurSTbAKrsqMCLosSEFwU8FeoB1KJs20oUlmSDKVMtQnceNCEbe+iTvfxrSdhbb+EPj4zzmckz9MONPG876dldW19Y3NwlZxe2d3b989OGzoOFWE1knMY9UKsaacSVo3zHDaShTFIuS0GQ5vpvXmiCrNYvlgxgkNBO5LFjGCjbW6rttRIqtVq3dPj1gPqJp03ZJX9mZCy+DnUIJcta771enFJBVUGsKx1m3fS0yQYWUY4XRS7KSaJpgMcZ+2LUosqA6y2eUTdGadHopiZZ80aOb+nsiw0HosQtspsBnoxdrU/K/WTk10HWRMJqmhkswXRSlHJkbTGFCPKUoMH1vARDF7KyIDrDAxNqyiDcFf/PIyNC7KvuX7y1LlNI+jAMdwAufgwxVU4BZqUAcCI3iGV3hzMufFeXc+5q0rTj5zBH/kfP4AocCTjQ==</latexit><latexit sha1_base64="gt8d79qWRc2GZ4FadnujQBIKNa8=">AAAB+XicbZDLSgMxFIbPeK31NurSTbAKrsqMCLosSEFwU8FeoB1KJs20oUlmSDKVMtQnceNCEbe+iTvfxrSdhbb+EPj4zzmckz9MONPG876dldW19Y3NwlZxe2d3b989OGzoOFWE1knMY9UKsaacSVo3zHDaShTFIuS0GQ5vpvXmiCrNYvlgxgkNBO5LFjGCjbW6rttRIqtVq3dPj1gPqJp03ZJX9mZCy+DnUIJcta771enFJBVUGsKx1m3fS0yQYWUY4XRS7KSaJpgMcZ+2LUosqA6y2eUTdGadHopiZZ80aOb+nsiw0HosQtspsBnoxdrU/K/WTk10HWRMJqmhkswXRSlHJkbTGFCPKUoMH1vARDF7KyIDrDAxNqyiDcFf/PIyNC7KvuX7y1LlNI+jAMdwAufgwxVU4BZqUAcCI3iGV3hzMufFeXc+5q0rTj5zBH/kfP4AocCTjQ==</latexit><latexit sha1_base64="gt8d79qWRc2GZ4FadnujQBIKNa8=">AAAB+XicbZDLSgMxFIbPeK31NurSTbAKrsqMCLosSEFwU8FeoB1KJs20oUlmSDKVMtQnceNCEbe+iTvfxrSdhbb+EPj4zzmckz9MONPG876dldW19Y3NwlZxe2d3b989OGzoOFWE1knMY9UKsaacSVo3zHDaShTFIuS0GQ5vpvXmiCrNYvlgxgkNBO5LFjGCjbW6rttRIqtVq3dPj1gPqJp03ZJX9mZCy+DnUIJcta771enFJBVUGsKx1m3fS0yQYWUY4XRS7KSaJpgMcZ+2LUosqA6y2eUTdGadHopiZZ80aOb+nsiw0HosQtspsBnoxdrU/K/WTk10HWRMJqmhkswXRSlHJkbTGFCPKUoMH1vARDF7KyIDrDAxNqyiDcFf/PIyNC7KvuX7y1LlNI+jAMdwAufgwxVU4BZqUAcCI3iGV3hzMufFeXc+5q0rTj5zBH/kfP4AocCTjQ==</latexit>

Aspheric lens
<latexit sha1_base64="Jx8hAlHrmecc5dOFukWmAV4yNJA=">AAAB+3icbZDLSgMxFIYzXmu9jXXpJlgFV2VGBF1W3LisYC/QDiWTnmlDk8yQZMQyjI/ixoUibn0Rd76NaTsLbf0h8PGfczgnf5hwpo3nfTsrq2vrG5ulrfL2zu7evntQaek4VRSaNOax6oREA2cSmoYZDp1EAREhh3Y4vpnW2w+gNIvlvZkkEAgylCxilBhr9d1KT4nsWicjUIw+cZA677tVr+bNhJfBL6CKCjX67ldvENNUgDSUE627vpeYICPKMMohL/dSDQmhYzKErkVJBOggm92e41PrDHAUK/ukwTP390RGhNYTEdpOQcxIL9am5n+1bmqiqyBjMkkNSDpfFKUcmxhPg8ADpoAaPrFAqGL2VkxHRBFqbFxlG4K/+OVlaJ3XfMt3F9X6SRFHCR2hY3SGfHSJ6ugWNVATUfSIntErenNy58V5dz7mrStOMXOI/sj5/AHMkZTT</latexit><latexit sha1_base64="Jx8hAlHrmecc5dOFukWmAV4yNJA=">AAAB+3icbZDLSgMxFIYzXmu9jXXpJlgFV2VGBF1W3LisYC/QDiWTnmlDk8yQZMQyjI/ixoUibn0Rd76NaTsLbf0h8PGfczgnf5hwpo3nfTsrq2vrG5ulrfL2zu7evntQaek4VRSaNOax6oREA2cSmoYZDp1EAREhh3Y4vpnW2w+gNIvlvZkkEAgylCxilBhr9d1KT4nsWicjUIw+cZA677tVr+bNhJfBL6CKCjX67ldvENNUgDSUE627vpeYICPKMMohL/dSDQmhYzKErkVJBOggm92e41PrDHAUK/ukwTP390RGhNYTEdpOQcxIL9am5n+1bmqiqyBjMkkNSDpfFKUcmxhPg8ADpoAaPrFAqGL2VkxHRBFqbFxlG4K/+OVlaJ3XfMt3F9X6SRFHCR2hY3SGfHSJ6ugWNVATUfSIntErenNy58V5dz7mrStOMXOI/sj5/AHMkZTT</latexit><latexit sha1_base64="Jx8hAlHrmecc5dOFukWmAV4yNJA=">AAAB+3icbZDLSgMxFIYzXmu9jXXpJlgFV2VGBF1W3LisYC/QDiWTnmlDk8yQZMQyjI/ixoUibn0Rd76NaTsLbf0h8PGfczgnf5hwpo3nfTsrq2vrG5ulrfL2zu7evntQaek4VRSaNOax6oREA2cSmoYZDp1EAREhh3Y4vpnW2w+gNIvlvZkkEAgylCxilBhr9d1KT4nsWicjUIw+cZA677tVr+bNhJfBL6CKCjX67ldvENNUgDSUE627vpeYICPKMMohL/dSDQmhYzKErkVJBOggm92e41PrDHAUK/ukwTP390RGhNYTEdpOQcxIL9am5n+1bmqiqyBjMkkNSDpfFKUcmxhPg8ADpoAaPrFAqGL2VkxHRBFqbFxlG4K/+OVlaJ3XfMt3F9X6SRFHCR2hY3SGfHSJ6ugWNVATUfSIntErenNy58V5dz7mrStOMXOI/sj5/AHMkZTT</latexit><latexit sha1_base64="Jx8hAlHrmecc5dOFukWmAV4yNJA=">AAAB+3icbZDLSgMxFIYzXmu9jXXpJlgFV2VGBF1W3LisYC/QDiWTnmlDk8yQZMQyjI/ixoUibn0Rd76NaTsLbf0h8PGfczgnf5hwpo3nfTsrq2vrG5ulrfL2zu7evntQaek4VRSaNOax6oREA2cSmoYZDp1EAREhh3Y4vpnW2w+gNIvlvZkkEAgylCxilBhr9d1KT4nsWicjUIw+cZA677tVr+bNhJfBL6CKCjX67ldvENNUgDSUE627vpeYICPKMMohL/dSDQmhYzKErkVJBOggm92e41PrDHAUK/ukwTP390RGhNYTEdpOQcxIL9am5n+1bmqiqyBjMkkNSDpfFKUcmxhPg8ADpoAaPrFAqGL2VkxHRBFqbFxlG4K/+OVlaJ3XfMt3F9X6SRFHCR2hY3SGfHSJ6ugWNVATUfSIntErenNy58V5dz7mrStOMXOI/sj5/AHMkZTT</latexit>

Spacer
<latexit sha1_base64="kx79vxzQliMrMPeW5nabIbZUV8k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBKvgqsyIoMuCG5cV7QOmQ8mkmTY0jyHJCGXoZ7hxoYhbv8adf2PazkJbDwQO59x7c++JU86M9f1vr7S2vrG5Vd6u7Ozu7R9UD4/aRmWa0BZRXOlujA3lTNKWZZbTbqopFjGnnXh8O/M7T1QbpuSjnaQ0EngoWcIItk4Ke1rkDykmVE/71Zpf9+dAqyQoSA0KNPvVr95AkUxQaQnHxoSBn9oox9oywum00ssMdaPHeEhDRyUW1ET5fOUpOnfKACVKuyctmqu/O3IsjJmI2FUKbEdm2ZuJ/3lhZpObKGcyzSyVZPFRknFkFZrdjwZMU2L5xBFMNHO7IjLCGhPrUqq4EILlk1dJ+7IeOH5/VWucFXGU4QRO4QICuIYG3EETWkBAwTO8wptnvRfv3ftYlJa8oucY/sD7/AGbPZFb</latexit><latexit sha1_base64="kx79vxzQliMrMPeW5nabIbZUV8k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBKvgqsyIoMuCG5cV7QOmQ8mkmTY0jyHJCGXoZ7hxoYhbv8adf2PazkJbDwQO59x7c++JU86M9f1vr7S2vrG5Vd6u7Ozu7R9UD4/aRmWa0BZRXOlujA3lTNKWZZbTbqopFjGnnXh8O/M7T1QbpuSjnaQ0EngoWcIItk4Ke1rkDykmVE/71Zpf9+dAqyQoSA0KNPvVr95AkUxQaQnHxoSBn9oox9oywum00ssMdaPHeEhDRyUW1ET5fOUpOnfKACVKuyctmqu/O3IsjJmI2FUKbEdm2ZuJ/3lhZpObKGcyzSyVZPFRknFkFZrdjwZMU2L5xBFMNHO7IjLCGhPrUqq4EILlk1dJ+7IeOH5/VWucFXGU4QRO4QICuIYG3EETWkBAwTO8wptnvRfv3ftYlJa8oucY/sD7/AGbPZFb</latexit><latexit sha1_base64="kx79vxzQliMrMPeW5nabIbZUV8k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBKvgqsyIoMuCG5cV7QOmQ8mkmTY0jyHJCGXoZ7hxoYhbv8adf2PazkJbDwQO59x7c++JU86M9f1vr7S2vrG5Vd6u7Ozu7R9UD4/aRmWa0BZRXOlujA3lTNKWZZbTbqopFjGnnXh8O/M7T1QbpuSjnaQ0EngoWcIItk4Ke1rkDykmVE/71Zpf9+dAqyQoSA0KNPvVr95AkUxQaQnHxoSBn9oox9oywum00ssMdaPHeEhDRyUW1ET5fOUpOnfKACVKuyctmqu/O3IsjJmI2FUKbEdm2ZuJ/3lhZpObKGcyzSyVZPFRknFkFZrdjwZMU2L5xBFMNHO7IjLCGhPrUqq4EILlk1dJ+7IeOH5/VWucFXGU4QRO4QICuIYG3EETWkBAwTO8wptnvRfv3ftYlJa8oucY/sD7/AGbPZFb</latexit><latexit sha1_base64="kx79vxzQliMrMPeW5nabIbZUV8k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBKvgqsyIoMuCG5cV7QOmQ8mkmTY0jyHJCGXoZ7hxoYhbv8adf2PazkJbDwQO59x7c++JU86M9f1vr7S2vrG5Vd6u7Ozu7R9UD4/aRmWa0BZRXOlujA3lTNKWZZbTbqopFjGnnXh8O/M7T1QbpuSjnaQ0EngoWcIItk4Ke1rkDykmVE/71Zpf9+dAqyQoSA0KNPvVr95AkUxQaQnHxoSBn9oox9oywum00ssMdaPHeEhDRyUW1ET5fOUpOnfKACVKuyctmqu/O3IsjJmI2FUKbEdm2ZuJ/3lhZpObKGcyzSyVZPFRknFkFZrdjwZMU2L5xBFMNHO7IjLCGhPrUqq4EILlk1dJ+7IeOH5/VWucFXGU4QRO4QICuIYG3EETWkBAwTO8wptnvRfv3ftYlJa8oucY/sD7/AGbPZFb</latexit>

Molasses beam
<latexit sha1_base64="Cg+E1CGa6ETAMn8jc5NJRLyBc7Q=">AAAB+3icbVDLSgMxFM34rPU11qWbYBVclRkRdFlw40aoYB/QDiWT3mlDk8yQZMQy1E9x40IRt/6IO//GTDsLbT0QOJxzT3JzwoQzbTzv21lZXVvf2Cxtlbd3dvf23YNKS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPxde63H0BpFst7M0kgEGQoWcQoMVbqu5WeEtltzInWoJ9Cm5z23apX82bAy8QvSBUVaPTdr94gpqkAaWh+Udf3EhNkRBlGOUzLvVRDQuiYDKFrqSQCdJDNdp/iU6sMcBQre6TBM/V3IiNC64kI7aQgZqQXvVz8z+umJroKMiaT1ICk84eilGMT47wIPGAKqOETSwhVzO6K6YgoQo2tq2xL8Be/vExa5zXf8ruLav2kqKOEjtAxOkM+ukR1dIMaqIkoekTP6BW9OVPnxXl3PuajK06ROUR/4Hz+AMV5lM4=</latexit><latexit sha1_base64="Cg+E1CGa6ETAMn8jc5NJRLyBc7Q=">AAAB+3icbVDLSgMxFM34rPU11qWbYBVclRkRdFlw40aoYB/QDiWT3mlDk8yQZMQy1E9x40IRt/6IO//GTDsLbT0QOJxzT3JzwoQzbTzv21lZXVvf2Cxtlbd3dvf23YNKS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPxde63H0BpFst7M0kgEGQoWcQoMVbqu5WeEtltzInWoJ9Cm5z23apX82bAy8QvSBUVaPTdr94gpqkAaWh+Udf3EhNkRBlGOUzLvVRDQuiYDKFrqSQCdJDNdp/iU6sMcBQre6TBM/V3IiNC64kI7aQgZqQXvVz8z+umJroKMiaT1ICk84eilGMT47wIPGAKqOETSwhVzO6K6YgoQo2tq2xL8Be/vExa5zXf8ruLav2kqKOEjtAxOkM+ukR1dIMaqIkoekTP6BW9OVPnxXl3PuajK06ROUR/4Hz+AMV5lM4=</latexit><latexit sha1_base64="Cg+E1CGa6ETAMn8jc5NJRLyBc7Q=">AAAB+3icbVDLSgMxFM34rPU11qWbYBVclRkRdFlw40aoYB/QDiWT3mlDk8yQZMQy1E9x40IRt/6IO//GTDsLbT0QOJxzT3JzwoQzbTzv21lZXVvf2Cxtlbd3dvf23YNKS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPxde63H0BpFst7M0kgEGQoWcQoMVbqu5WeEtltzInWoJ9Cm5z23apX82bAy8QvSBUVaPTdr94gpqkAaWh+Udf3EhNkRBlGOUzLvVRDQuiYDKFrqSQCdJDNdp/iU6sMcBQre6TBM/V3IiNC64kI7aQgZqQXvVz8z+umJroKMiaT1ICk84eilGMT47wIPGAKqOETSwhVzO6K6YgoQo2tq2xL8Be/vExa5zXf8ruLav2kqKOEjtAxOkM+ukR1dIMaqIkoekTP6BW9OVPnxXl3PuajK06ROUR/4Hz+AMV5lM4=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="6J6ohMbROhwgHhDdgfip5ngeoPc=">AAAB8HicbZDLSgMxFIbPeK216titm2ARXJUZN7oU3LgRKtgLtEPJpJk2NJchyYhlGB/FjQtFfBp3vo2ZtgttPRD4+P+ck5M/TjkzNgi+vY3Nre2d3cpedb92cHjkH9c6RmWa0DZRXOlejA3lTNK2ZZbTXqopFjGn3Xh6U/rdR6oNU/LBzlIaCTyWLGEEWycN/fpAi/xOcWwMNc+x6yyGfiNoBvNC6xAuoQHLag39r8FIkUxQaUk5qB8GqY1yrC0jnBbVQWZoiskUj2nfocSCmiif716gM6eMUKK0O9Kiufq7I8fCmJmI3U2B7cSseqX4n9fPbHIV5UymmaWSLB5KMo6sQmUQaMQ0JZbPHGCimdsVkQnWmFgXV9WFEK5+eR06F83Q8X0AFTiBUziHEC7hGm6hBW0g8AQv8AbvXuG9eh+LuDa8ZW51+FPe5w9l85OG</latexit><latexit sha1_base64="6J6ohMbROhwgHhDdgfip5ngeoPc=">AAAB8HicbZDLSgMxFIbPeK216titm2ARXJUZN7oU3LgRKtgLtEPJpJk2NJchyYhlGB/FjQtFfBp3vo2ZtgttPRD4+P+ck5M/TjkzNgi+vY3Nre2d3cpedb92cHjkH9c6RmWa0DZRXOlejA3lTNK2ZZbTXqopFjGn3Xh6U/rdR6oNU/LBzlIaCTyWLGEEWycN/fpAi/xOcWwMNc+x6yyGfiNoBvNC6xAuoQHLag39r8FIkUxQaUk5qB8GqY1yrC0jnBbVQWZoiskUj2nfocSCmiif716gM6eMUKK0O9Kiufq7I8fCmJmI3U2B7cSseqX4n9fPbHIV5UymmaWSLB5KMo6sQmUQaMQ0JZbPHGCimdsVkQnWmFgXV9WFEK5+eR06F83Q8X0AFTiBUziHEC7hGm6hBW0g8AQv8AbvXuG9eh+LuDa8ZW51+FPe5w9l85OG</latexit><latexit sha1_base64="pMaYz3pThUL2rP8ClK5RPUOmObI=">AAAB+3icbVDLSgMxFL1TX7W+al26CVbBVZlxo8uCGzdCBfuAdiiZNNOGJpMhyYhlGD/FjQtF3Poj7vwbM+0stPVA4HDOPcnNCWLOtHHdb6e0tr6xuVXeruzs7u0fVA9rHS0TRWibSC5VL8CachbRtmGG016sKBYBp91gep373QeqNJPRvZnF1Bd4HLGQEWysNKzWBkqkt5Jjral+CmwyG1brbsOdA60SryB1KNAaVr8GI0kSQSND8ov6nhsbP8XKMMJpVhkkmsaYTPGY9i2NsKDaT+e7Z+jMKiMUSmVPZNBc/Z1IsdB6JgI7KbCZ6GUvF//z+okJr/yURXFiaEQWD4UJR0aivAg0YooSw2eWYKKY3RWRCVaYGFtXxZbgLX95lXQuGp7ld269eVrUUYZjOIFz8OASmnADLWgDgUd4hld4czLnxXl3PhajJafIHMEfOJ8/xDmUyg==</latexit><latexit sha1_base64="Cg+E1CGa6ETAMn8jc5NJRLyBc7Q=">AAAB+3icbVDLSgMxFM34rPU11qWbYBVclRkRdFlw40aoYB/QDiWT3mlDk8yQZMQy1E9x40IRt/6IO//GTDsLbT0QOJxzT3JzwoQzbTzv21lZXVvf2Cxtlbd3dvf23YNKS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPxde63H0BpFst7M0kgEGQoWcQoMVbqu5WeEtltzInWoJ9Cm5z23apX82bAy8QvSBUVaPTdr94gpqkAaWh+Udf3EhNkRBlGOUzLvVRDQuiYDKFrqSQCdJDNdp/iU6sMcBQre6TBM/V3IiNC64kI7aQgZqQXvVz8z+umJroKMiaT1ICk84eilGMT47wIPGAKqOETSwhVzO6K6YgoQo2tq2xL8Be/vExa5zXf8ruLav2kqKOEjtAxOkM+ukR1dIMaqIkoekTP6BW9OVPnxXl3PuajK06ROUR/4Hz+AMV5lM4=</latexit><latexit sha1_base64="Cg+E1CGa6ETAMn8jc5NJRLyBc7Q=">AAAB+3icbVDLSgMxFM34rPU11qWbYBVclRkRdFlw40aoYB/QDiWT3mlDk8yQZMQy1E9x40IRt/6IO//GTDsLbT0QOJxzT3JzwoQzbTzv21lZXVvf2Cxtlbd3dvf23YNKS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPxde63H0BpFst7M0kgEGQoWcQoMVbqu5WeEtltzInWoJ9Cm5z23apX82bAy8QvSBUVaPTdr94gpqkAaWh+Udf3EhNkRBlGOUzLvVRDQuiYDKFrqSQCdJDNdp/iU6sMcBQre6TBM/V3IiNC64kI7aQgZqQXvVz8z+umJroKMiaT1ICk84eilGMT47wIPGAKqOETSwhVzO6K6YgoQo2tq2xL8Be/vExa5zXf8ruLav2kqKOEjtAxOkM+ukR1dIMaqIkoekTP6BW9OVPnxXl3PuajK06ROUR/4Hz+AMV5lM4=</latexit><latexit sha1_base64="Cg+E1CGa6ETAMn8jc5NJRLyBc7Q=">AAAB+3icbVDLSgMxFM34rPU11qWbYBVclRkRdFlw40aoYB/QDiWT3mlDk8yQZMQy1E9x40IRt/6IO//GTDsLbT0QOJxzT3JzwoQzbTzv21lZXVvf2Cxtlbd3dvf23YNKS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPxde63H0BpFst7M0kgEGQoWcQoMVbqu5WeEtltzInWoJ9Cm5z23apX82bAy8QvSBUVaPTdr94gpqkAaWh+Udf3EhNkRBlGOUzLvVRDQuiYDKFrqSQCdJDNdp/iU6sMcBQre6TBM/V3IiNC64kI7aQgZqQXvVz8z+umJroKMiaT1ICk84eilGMT47wIPGAKqOETSwhVzO6K6YgoQo2tq2xL8Be/vExa5zXf8ruLav2kqKOEjtAxOkM+ukR1dIMaqIkoekTP6BW9OVPnxXl3PuajK06ROUR/4Hz+AMV5lM4=</latexit><latexit sha1_base64="Cg+E1CGa6ETAMn8jc5NJRLyBc7Q=">AAAB+3icbVDLSgMxFM34rPU11qWbYBVclRkRdFlw40aoYB/QDiWT3mlDk8yQZMQy1E9x40IRt/6IO//GTDsLbT0QOJxzT3JzwoQzbTzv21lZXVvf2Cxtlbd3dvf23YNKS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPxde63H0BpFst7M0kgEGQoWcQoMVbqu5WeEtltzInWoJ9Cm5z23apX82bAy8QvSBUVaPTdr94gpqkAaWh+Udf3EhNkRBlGOUzLvVRDQuiYDKFrqSQCdJDNdp/iU6sMcBQre6TBM/V3IiNC64kI7aQgZqQXvVz8z+umJroKMiaT1ICk84eilGMT47wIPGAKqOETSwhVzO6K6YgoQo2tq2xL8Be/vExa5zXf8ruLav2kqKOEjtAxOkM+ukR1dIMaqIkoekTP6BW9OVPnxXl3PuajK06ROUR/4Hz+AMV5lM4=</latexit><latexit sha1_base64="Cg+E1CGa6ETAMn8jc5NJRLyBc7Q=">AAAB+3icbVDLSgMxFM34rPU11qWbYBVclRkRdFlw40aoYB/QDiWT3mlDk8yQZMQy1E9x40IRt/6IO//GTDsLbT0QOJxzT3JzwoQzbTzv21lZXVvf2Cxtlbd3dvf23YNKS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPxde63H0BpFst7M0kgEGQoWcQoMVbqu5WeEtltzInWoJ9Cm5z23apX82bAy8QvSBUVaPTdr94gpqkAaWh+Udf3EhNkRBlGOUzLvVRDQuiYDKFrqSQCdJDNdp/iU6sMcBQre6TBM/V3IiNC64kI7aQgZqQXvVz8z+umJroKMiaT1ICk84eilGMT47wIPGAKqOETSwhVzO6K6YgoQo2tq2xL8Be/vExa5zXf8ruLav2kqKOEjtAxOkM+ukR1dIMaqIkoekTP6BW9OVPnxXl3PuajK06ROUR/4Hz+AMV5lM4=</latexit><latexit sha1_base64="Cg+E1CGa6ETAMn8jc5NJRLyBc7Q=">AAAB+3icbVDLSgMxFM34rPU11qWbYBVclRkRdFlw40aoYB/QDiWT3mlDk8yQZMQy1E9x40IRt/6IO//GTDsLbT0QOJxzT3JzwoQzbTzv21lZXVvf2Cxtlbd3dvf23YNKS8epotCkMY9VJyQaOJPQNMxw6CQKiAg5tMPxde63H0BpFst7M0kgEGQoWcQoMVbqu5WeEtltzInWoJ9Cm5z23apX82bAy8QvSBUVaPTdr94gpqkAaWh+Udf3EhNkRBlGOUzLvVRDQuiYDKFrqSQCdJDNdp/iU6sMcBQre6TBM/V3IiNC64kI7aQgZqQXvVz8z+umJroKMiaT1ICk84eilGMT47wIPGAKqOETSwhVzO6K6YgoQo2tq2xL8Be/vExa5zXf8ruLav2kqKOEjtAxOkM+ukR1dIMaqIkoekTP6BW9OVPnxXl3PuajK06ROUR/4Hz+AMV5lM4=</latexit>

Figure 5.2: (a) Lens mount inside science chamber, vertical molasses beam
not shown (b) Lens holder assembly, PEEK washer ensures lens holder sits
flush and stainless steel nut used to lock in place.

lasses beams for single atom cooling and readout being orthogonal, requiring

an angle of 35◦. Prior to baking the chamber it is necessary to ensure that

the focal planes of both lenses are equivalent. This is achieved by inputting

a well collimated beam at λ = 1064 nm into the lenses and controlling the

separation between them until the output is also well collimated. The sep-

aration is controlled with a set of stainless steel spacers and adjusting their

thickness until the the desired output is achieved. The minimum thickness

alteration that can made to the spacers is around 50 µm.

Due to the high sensitivity of Rydberg states to external fields further consid-

erations have to be made in the design. The close proximity of the trapping

sites to the lens surface requires the lenses to be coated in a layer of indium

tin oxide (ITO) to suppress background electric fields. Further control over

the electric field environment is achieved via 8 electrodes shown in Fig. 5.2(a).

Control of magnetic field environment is provided by 3 pairs of square shim

coils in Helmholtz configuration designed to provided ∼ 1 G/A. This is suffi-

cient to cancel residual magnetic fields for sub-Doppler cooling and to provide

large enough bias fields for optical pumping. However larger fields are re-
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Figure 5.3: (a) Complete chamber assembly with shim coils and (b) along
the aspheric lens axis with extra bias coils mounted on the chamber window.

quired along the aspheric lens axis to provide large separations between the

hyperfine magnetic sub-levels for qubit rotations, this is achieved through an

additional pair of circular bias coils mounted on the science chamber view-

port to provide an additional ∼ 1.3 G/A. A photo of the complete setup with

the shim and bias fields is shown in Fig. 5.3.

5.2 Laser Cooling

Since the advent of laser cooling of atoms [94–96] in the mid 1980s, prepa-

ration of cold atomic samples is now readily achieved in laboratories across

the world. The basis of such experiments usually comes in the form of a

MOT [97], comprising 3 orthogonal pairs of counter-propagating beams and

a pair of anti-Helmholtz coils. The coils provide a magnetic quadrupole field

where there is zero field in the centre is surrounded by a linear gradient in all

directions. The laser beams intersect at the centre of this field and are red

detuned from an atomic resonance ω0, such that as an atom is moving away

from the centre it is Zeeman shifted into resonance with the laser beam in the

opposite direction of the atoms displacement from the trap centre, creating a

localised trap for the atoms. Cooling is achieved by the viscous force applied

upon the atoms due to the Doppler effect. Atoms counter-propagating to the
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Figure 5.4: (a) Energy level of Caesium D2 line and relevant transitions used
for probe (red), cooling (blue), optical pumping (yellow) and repump (green).
(b) Setup for MOT loading an imaging. DP = Differential Pumping Tube.

red detuned laser are Doppler shifted into resonance which slows and cools

the atoms. The temperature limit of this cooling mechanism is known as the

Doppler limit and is given by [94]

TD =
ℏΓ
2kb

, (5.1)

where Γ is the natural line-width of the cooling transition used, h is Planck’s

constant and kB is the Boltzmann constant. For caesium this corresponds to

a temperature of TD = 125 µK where Γ/2π = 5.23 MHz [81] for the D2 line.

However in reality much colder temperatures are observed via sub-Doppler

cooling mechanisms [96] cooling atoms to about ten times the recoil limit [84]

Tr =
ℏ2k2

mkb
, (5.2)

for cooling on the D2 line of caesium this equates to Tr ≈ 200 nK.

5.2.1 Cooling Lasers

Two lasers are required for laser cooling on the experiment; the master cool-

ing laser which provides light for cooling, optical pumping and probe beam,
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and the repump laser which is used to pump atoms out of the dark F = 3

state. A level diagram of caesium and the transitions driven by these lasers is

shown in Fig. 5.4(a). Both lasers are home-made external cavity diode lasers

(ECDL) [98] and use the same 150 mW laser diode (Thorlabs: L850P150).

The master cooling laser is locked to the F = 4 → F ′ = 5 atomic transi-

tion via polarisation spectroscopy [99], shifted by 400 MHz through a double

passed 200 MHz AOM. Light for the probe and optical pumping are then

picked off via polarising beam splitters (PBSs) and passed through indepen-

dent AOMs to shift the desired frequency allowing control of detuning. The

master source is then passed through a tapered amplifier (TA) to increase

the available power for trapping, cooling and to offer flexibility for future ex-

periments. This then passes through another double passed 200 MHz AOM

to bring the light back into resonance. The repump laser is also locked us-

ing polarisation spectroscopy however it is locked onto the F ′ = 2− 4 cross

over feature and shifted by a double passed 88 MHz AOM to bring it into

resonance with the F = 3 → F ′ = 4 transition.

5.2.2 MOT

The MOT cooling and repump light are combined on a 50:50 non-polarising

beamsplitter with the same polarisation and coupled into a single mode fibre

and brought over to the experiment table. They are then split on a PBS which

allows the power balance between the MOT chamber and science chamber

to be controlled with a λ/2 waveplate. The MOT beams are then expanded

using a 1:5 telescope to a 1/e2 beam intensity radius (waist) of 4.7 mm,

this size of the beam is limited by the clear aperture of the MOT windows

(25.4 mm). Further splitting of the cooling beam with PBS’s allows the

cooling light to be balanced between three pairs of retro-reflected beams, as

shown in Fig. 5.4(b). The MOT is loaded directly from background vapour

which is provided by applying a current of 3.1 A through a SAES getter.
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Figure 5.5: (a) Atom number vs cooling intensity and detuning finding an
optimal detuning of ∆ ∼ −3Γ, I/Isat corresponds to the intensity per beam.
(b) MOT load curve (single shot) obtaining a fill time τL = 2.8 s and an
equilibrium number of Neq = 4.5± 0.1× 106.

The anti-Helmholtz coils provide a magnetic field gradient of 1.11 G/cm/A

and fast switching the coils enabled through a water cooled FET circuit. It

is found that optimal loading of the MOT occurs when a gradient of 13-14

G/cm is applied.

The number of atoms and the size of the atomic cloud is measured using a

weak resonant probe beam to absorption image onto a CCD camera (DMK

335G445). To characterise the loading of the MOT the detuning and intensity

of the cooling beams are investigated over 1 s loading durations. The results

of this investigation are presented in Fig. 5.5(a). It is found that the optimal

detuning for loading atoms into the trap is ∼ −3Γ.

After loading for a period of time t, the MOT will reach an equilibrium

number Neq, the relation between this and the number loaded is is given

by [100],

N(t) = Neqexp(1− t/τL), (5.3)

where τL is the fill time constant. After loading the MOT for different dura-

tions this is fitted to the data in Fig. 5.5(b) obtaining a fill time τL = 2.8 s

and an equilibrium number of Neq = 4.5 ± 0.1 × 106. Increasing the dis-

penser current could yield larger atom numbers however for the purpose of
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this experiment loading 105atoms/s is sufficient.

5.2.3 Optical Molasses

The cooling mechanism responsible for loading the 3D MOT typically cools

the atoms to T ≈ 300 µK further cooling to sub-Doppler temperatures is

achieved through an optical molasses stage following trapping at null field.

This sub-Doppler phenomenon is due to the varying potential an atom experi-

ence in the presence of polarisation gradients created by counter-propagating

circularly polarised fields [96] and is known as polarisation gradient cooling

(PGC). Fig. 5.6(a) shows how the temperature rapidly changes during the

PGC period from around 300 µK to less than 10 µK within 5 ms. The

temperature reached from this method is directly related to a dimensionless

light-shift parameter Ω2/|∆|Γ [101]

kBT

ℏΓ
= Cσ+,σ−

Ω2

|∆|Γ
+ C0, (5.4)

where Ω = Γ
√
I/2Isat is the Rabi frequency and Isat the saturation intensity.

This relation is investigated through temperature measurements made for

different molasses parameters. The MOT is loaded for 1 s following this the

magnetic field gradient is switched off and the detuning and intensity are

then ramped over a period of 2 ms to the desired value and cooled for a

further 10 ms. The light is then extinguished to allow the cloud to expand

for a variable time t, before the imaging pulse is applied. Measuring for

different time-of-flight durations allows the temperature to be extracted as

the atom cloud’s expansion is dependent upon the temperature

σx(t)
2 = σx(0)

2 +
kBT

m
t2, (5.5)

where σx is the standard deviation of a gaussian fit to the cloud. The temper-

ature is then determined from the gradient of t2 vs σ2
x. Fig. 5.6(b) shows the
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Figure 5.6: (a) Temperature vs molasses duration, at t=0 the temperature
of the cloud is T ∼ 350 µK. (b) Temperature compared to the dimensionless
light shift obtaining a minimum temperature of T = 2.5 ± 0.2 µK, corre-
sponding to a molasses detuning of ∆/2π = −15Γ and molasses intensity per
beam of I/Isat = 0.5 mW/cm2, the fit yields Cσ+,σ− = 0.28

results from the experiment described above to extract Cσ+,σ− = 0.28 with

the minimum obtained temperature T = 2.5 ± 0.2 µK in close agreement

with results obtained in [102].

5.3 Optical Transport

The MOT described in the previous section provides a source of cold atoms

for the experiment, however these atoms are still required to be transported

30 cm through to the science chamber. This is achieved via an optical dipole

trap and a mechanical translation stage.

5.3.1 Dipole Traps

The interaction between an electric field and an atom induces a dipole mo-

ment. The dipole potential arising from this interaction is dependent upon

the intensity of the field and the detuning of the interacting fields. For a

red (blue) detuned beam the atom is drawn and trapped in the regions of

high (low) intensity. Red detuned traps are therefore simple to implement

with the focus of a gaussian beam offering confinement in 3D. In the limit of
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the rotating wave approximation [84] this conservative trapping potential is

given by [36]

Udip(r) =
3πc2

2ω3
0

Γ

∆
I(r), (5.6)

where ω0 is the angular frequency of the atomic resonance and the scattering

rate from the trapping field is given by

Γsc(r) =
3πc2

2ℏω3
0

(
Γ

∆

)2

I(r). (5.7)

What is imperative from the relations above is that Udip ∝ I/∆ and Γsc ∝

I/∆2, it is therefore advantageous to use light far detuned from the transition

frequency, this however results in a reduction in trapping potential but can

be compensated by increasing the laser power.

For a focused beam the atom experiences a spatially varying potential due

to the intensity distribution of a Gaussian beam [36]

I(r, z) =
I0

1 + z2/z2r
exp

(
− 2

r2

w2(z)

)
, (5.8)

where for a Gaussian beam I0 = 2P/πw2
0 . In the axial direction the waist

evolves as w(z) = w0(1 + (z/zR))
1/2 where w0 is the 1/e2 intensity radius of

the waist and the Rayleigh range is zR = πw2
0/λ. Thus the trapping potential

takes the form

U(r, z) =
U0

1 + z2/z2R
exp

(
− 2

r2

w2(z)

)
, (5.9)

where U0 can be obtained by evaluating Eq. 5.6 for the peak intensity I0,

In reality atoms have more than two levels so it is necessary to expand this

expression to considered the effective detuning’s from the D1 line (6S1/2 →

6P1/2), ∆D1 and the D2 line (6S1/2 → 6P3/2), ∆D2 [36]

U0 =
3πc2

2

(
1

3

ΓD1

ω3
D1∆D1

+
2

3

ΓD2

ω3
D2∆D2

)
I0. (5.10)
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Figure 5.7: Optical setup for dipole trapping; the position of the waist behind
the 1:1 telescope is controlled by the position of the two mirrors on the
translation state with the position before the relay lens being reflected in the
chamber. For ease of illustration the beam expander is not shown.

Due to the Gaussian profile the trapping in this potential is anisotropic with

confinement in the radial direction (r) being much stronger than that in the

axial direction (z). As the atoms are cooled and loaded into the trap it can

be expected that they sit at the bottom of the potential where it is approxi-

mately a harmonic potential with axial and radial trapping frequencies

ωz =

√
2U0

mz2r
, ωr =

√
4U0

mω2
0

. (5.11)

5.3.2 Experimental Implementation

The dipole trap used in this experiment requires a waist that can be trans-

lated from the MOT chamber to the science chamber to transport the atoms,

which is achieved using a mechanical stage. Light is sourced from a 10 W

1064 nm Nd:YAG laser. After passing through an AOM for switching the

beam is expanded by a telescope f1 = −30 mm, f2 = 300 mm to 1.9 mm.

This is then focused down to a 40 µm spot by a f = 200 mm lens. Two

mirrors on the translation stage form a folded path and control the position

of this focus before a 1:1 f = 250 mm relay telescope which then images this

waist into the vacuum chamber. This allows the waist, and therefore the
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Figure 5.8: (a) Dipole trap loading vs overlap period with the MOT (b) trap
lifetime yielding a 1/e lifetime of 4.9 s

trapping potential to be kept constant when moving the focus position from

the MOT position to the centre of the science chamber. A schematic of the

setup is shown in Fig. 5.7.

In order to perform fast and efficient optical transport the axial trapping

frequency must be fast compared to the timescale of the transport. Initial

attempts to implement transport on the experiment found serious limitations

due to a weak axial frequency ωr < 3 Hz due to thermal lensing when trying

to use focus adjustable lenses as in [103]. This resulted in a 20 µm increase

is spot size compared to target specification. The setup here is designed for

a target waist of w0 = 40 µm to achieve wz/2π ≈ 9 Hz.

Loading the dipole trap is simply achieved by turning the trapping potential

on after the MOT has loaded. It is found a period of 50 ms overlapping the

dipole beam with the MOT beams is sufficient to load the trap obtaining

over 105 atoms before collisions within the trap cause the number loaded

to decay, Fig. 5.8(a). Following loading a polarisation gradient step ensues

cooling the trapped atoms down to 10 µK. This temperature is slightly more

than obtained from molasses and is due to adjusting parameters to max-

imise number loaded over temperature with spatially varying AC stark shifts

making it hard to satisfy both parameters.
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Figure 5.9: Trap frequency measurements (a) axial ωz/2π = 8.1± 0.1 Hz (b)
radial ωr/2π = 1.1 kHz.

Trap Lifetime

The lifetime of the trap is measured through varying the time the trap is

held after loading and cooling before imaging. In Fig. 5.8(b) this data is fit

to an exponential decay finding a 1/e decay time of 4.9 s. This lifetime is

found to be predominantly limited by collisions with background gasses as

pumping into F = 3 to reduce the two body loss rate does not result in any

improvement [36, 104].

Trap Frequencies

The axial frequency is measured by using the translation stage to change the

focus of the dipole trap slightly off the centre of the MOT when loading.

This causes the loaded atoms to slosh around the bottom of the potential

at the angular frequency ωz recording the position of cloud as a function of

the time held which allows the axial frequency to be extracted. Data from

this measurement are shown in Fig. 5.9(a) and fitted to a damped sine wave

obtaining ωz/2π = 8.0± 0.1 Hz. After factoring in losses through the AOM

and transmission through lenses and the vacuum windows 6.8 W of power is

available at the atoms in the MOT chamber. Since the power is known the

trap waist can know be extrapolated obtaining w0 = 43 µm and therefore

U0 = 600 µK.
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Figure 5.10: (a) Round trap efficiency using vmax = 0.2 m/s, amax = 0.6 m/s2
and jerk=20 m/s3 the dip in return efficiency occurs around the differential
pumping tube. (b) Finding micro-trap location, a resonant probe is aligned
through the aspheric lenses to located position of microtraps.)

The radial frequency can also be measured through modulating the trap

intensity at nωr, this causes parametric heating of the atoms and results

in their loss from the trap. In order to do this the power in the trap has

to be reduced so there is an overhead to modulate. The trap is reduced

to 4 W (expected ωr/2π = 1.1 kHz using the waist obtained from the axial

measurement) and the intensity is sinusoidally modulated for 100 cycles with

an amplitude of 0.5 W, the frequency of this modulation is scanned and

shown in Fig. 5.9(b). It can be seen that there are two regions of loss in this

scan, these correspond to ωr and 2ωr obtaining ωr/2π = 1.1 kHz. For 4 W

of power this obtained frequency is in excellent agreement with what was

obtained from the axial measurement

The slight discrepancy between the waists indicated from the trap frequency

measurements and with target specification is suspected to arise from thermal

lensing of the NBK-7 chamber windows.

5.3.3 Transport

Following loading and cooling of the trap the translation stage is triggered to

move 150 mm (moving 300 mm due to the folded path). The stage controller
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Figure 5.11: First image obtained of the transport trap and mircotrap over-
lapped, the mircotrap can be seen as a small region of localised density within
the transport trap.)

allows input of an S-curve profile in velocity for motion with a set maximum

velocity (vmax), acceleration (amax) and jerk da/dt. Once initiated the stage

moves at maximum jerk until maximum acceleration is reached, it then begins

to decelerate smoothly with negative jerk to achieve maximum velocity. The

opposite of this process then occurs to bring the stage to a stop. During the

alignment phase this required operation with modest parameters ( vmax =

0.2 m/s, amax = 0.6 m/s2 and jerk=20 m/s3) for adiabatic transport so that

the atoms could survive a round trip without being heated out of the trap due

to the motion, taking around 2 s for a one way trip. Fig. 5.10(a) shows the

round trip efficiency obtained using this sequence with a constant trapping

duration to remove lifetime effects. There is a reduction in efficiency around

50 mm which corresponds to the region of the differential pumping tube. The

slight increase thereafter is attributed to the better background pressure in

the science chamber.

Alignment of the transport axis so that it intercepts the MOT as well as the

centre of the aspheric lenses proved to be a challenging issue. This ultimately

required aligning the probe beam by the side of the aspheric lenses and

monitoring the retention of the atoms that made the return journey to the

MOT chamber as shown in Fig. 5.10(b). Once the probe was aligned upon

the atoms (represented by maximising loss on return trip) a beam profiler

was used to work out the trap height in the chamber. Over many iterations
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this process finally yielded a signal on the single atom camera as shown in

Fig. 5.11 where the mirco-trap has also been set up to intercept the trap as

can be seen in the small region of high intensity in the image.

Upon achieving alignment it was found that single atom loading was not

detrimentally affected through operating the stage at its maximum velocity

and acceleration, vmax = 0.6 m/s and amax = 10 m/s2, reducing the optical

transport time to 800 ms.

5.4 Summary

A cold atomic source is provided through a 3D MOT and due to experimental

considerations this is housed in a separate chamber and requires the cold

atoms to be optically transported via a dipole trap into the science region.

High NA access is offered to the experiment through lenses housed in this

chamber offering tight focuses required for single atom trapping and high

collection efficiencies for imaging.



Chapter 6

Single Atom Trapping and

Imaging

Single atom imaging requires both spatial and number resolution, where a

finite number of scattered photons are collected by high numerical aperture

(NA) optics in order to obtain a large collection efficiency from atoms in mi-

croscopic traps [90, 91, 105, 106], optical lattices [107] or magnetic traps [108].

This enables multiple readouts of the same atom with hyperfine resolved de-

tection of atomic qubits [109] or counting of individual atoms in ensembles

of over 100 atoms [110].

Due to the low photon numbers reaching the detector (typically ∼ 10 photons/

ms/atom), single atom detection has typically been performed by single pho-

ton counting modules (SPCMs) [57] or photomultiplier tubes (PMTs) [111]

offering extremely low dark counts but only a single pixel. Therefore spatially

resolved detection has until now been exclusively performed with electron-

multiplying charge-coupled device (EMCCD) cameras [112] or a standard

scientific CCD coupled with an intensifier [113].

This chapter presents the trapping, imaging and characterisation of single

atoms. Imaging is achieved using a scientific complementary metal-oxide

59
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semiconductor (sCMOS) camera. Unlike an (EM)CCD camera, each pixel is

read out independently, removing clock induced charge noise and permitting

higher readout speeds whilst offering a superior signal-to-noise-ratio (SNR)

for intermediate incident photon rates. The work presented in the chapter

resulted in the publication [114].

6.1 Camera SNR

Essential to performing imaging with single atom resolution is overcoming

detector noise to discriminate the weak photon events from a single atom

over the background count rate. The signal-to-noise ratio (SNR) of a camera

is given by [115]

SNR =
nQE√

Fn
2QE(n+ nb) + (δro/M)2

, (6.1)

where n is the number of incident photons per pixel, nb is the number of

background photons per pixel, QE is the quantum efficiency, Fn the noise

factor, M the multiplication factor and δro is the camera readout noise. Other

camera noise factors such as clock induced charge and dark noise have been

considered negligible for the cameras and imaging timescales examined. From

the above relation it can be seen that having a low readout noise coupled

with a large QE is crucial to achieve high SNRs at low photon levels.

Standard scientific CCD detectors perform with SNRs close to that of an ideal

detector for high photon numbers due to their near perfect noise factor, Fn =

1. However in the limit of few photons ≈ 10 photons/px, the SNR suffers

due the high readout noise [116] δro > 6e−. An EMCCD camera overcomes

this constraint through an electron multiplying process which amplifies the

signal up to M ∼ 1000, allowing an effective readout noise δro/M < 1e− to

be achieved [117]. This multiplication process results in an increased noise

factor, Fn =
√
2, but makes it an incredibly powerful tool for low photon
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imaging applications, such as imaging single atoms and ions.

Recent advances in sCMOS cameras have made it a contender in low light

imaging. Each pixel is read out independently, enabling larger sensor sizes

with a high speed FPGA to process readout [118, 119]. The use of ultra

low noise MOSFETs reduces the readout noise to values [120] as low as 2e−.

This ensures fast integrated readout times and since there is no additional

amplification process a near perfect noise factor Fn = 1 is achieved, allow-

ing the sCMOS to be competitive at intermediate photon levels of 10-100

photons/px.

The sCMOS camera used on the experiment is the Andor Zyla 5.5. In global

shutter mode with 200 MHz readout speed, δro = 2.2 e− rms with a maximum

QE of 60%. Table 1 compares the SNRs for top of the line cameras using

EMCCD and CCD technology as well as the Zyla. It can be seen when

operating in the range of the best QE that the Zyla outperforms the other

technologies for mid level photon events while still providing a competitive

SNR for low level imaging. For caesium imaging, λ = 852 nm, QE = 22%

giving a performance that is comparable to an EMCCD for 100 photons/px.

Detector 10 photons/px 100 photons/px 1000 photons/px
Best 852 nm Best 852 nm Best 852 nm

Zyla 1.8 0.8 7.4 4.2 24.4 14.7
EMCCD 2.1 1.7 6.7 5.2 21.2 16.6

CCD 0.7 0.2 5.4 1.8 24.7 11.5

Table 6.1: SNR comparison of different available camera technologies for
both the best QE and the QE at 852 nm. The EMCCD considered is the
Andor iXON Ultra 897 (QE = 90%, QE852 = 60%, δro = 89 e−(17 MHz
operation),M = 1000, Fn =

√
2) [117] and the CCD is the Hamamatsu Orca-

R2 (QE = 70%, QE852 = 20%, δro = 10 e−(fast scan mode), Fn = 1) [116].
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Figure 6.1: (a) Single atom imaging setup. Yellow = transport trap, orange
= microtraps , red = fluoresced 852 nm light (b) Single shot image of two
single atoms separated by 10 µm

6.2 Single Atom Loading

Following the optical transport described in the previous chapter the trans-

port beam is overlapped with a pair of microscopic tweezer traps for a period

of 60 ms with weak 3D cooling light, I = Isat = 2.7 mW/cm2 [81] per beam

with a detuning ∆ = −6Γ to load multiple atoms into each of the micro-

scopic traps. The traps are formed using λ = 1064 nm using the optical

layout shown in Fig. 6.1 with PBS’s used to split and recombine light to

provide two trapping sites. After loading atoms into the microscopic dipole

traps, a 100 ms single atom loading stage is performed at a detuning of

∆ = −8Γ and an intensity of ∼0.5 Isat per beam. To remove light shifts

associated with the trapping potential, cooling light is chopped out of phase

with the trapping light at 1 MHz with a 35% duty cycle. Due to the small

trapping volume single atom loading via collisional blockade [58] is achieved.

In this regime light-assisted collisions (LACs) cause pairs of atoms to be lost

from the trap.
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Figure 6.2: Schematic of Light Assisted Collision process, red- detuned light
excites two ground state atoms into the excited molecular pairstate where
attractive dipole-dipole interactions cause the atoms to accelerate towards
each other rolling down the potential. Upon spontaneous emission this is
transferred to an increase in kinetic energy causing the loss of both atoms
from the trap.

6.2.1 Light Assisted Collisions

Consider two atoms with a ground and excited state molecular potentials

Vg(r) and Ve(r) with an inter-nuclear atomic separation r. At long range

there is a ground pair-state represented by |S + S⟩ and the first excited

state |S + P ⟩ separated by ℏω. The ground state interaction is governed by

a long range asymptote V (r) = C6/r
6 and thus is weak and contribution

can be neglected. The excited molecular state interacts via resonant dipolar

interactions and has a long range of asymptote V (r) = ℏω±C3/r
3, resulting

in either a repulsive or attractive potential [121, 122]. This results in a shift of

the resonance dependent on the separation of the atoms and as illustrated in

Fig. 6.2 a choice of detuning can excite into either the attractive or repulsive

potential. We will concentrate on the attractive potential excited with red-

detuned light. In this situation the atoms accelerate towards each other and
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roll down the |S + P ⟩ potential curve before spontaneous emission returns to

the excited atom to ground state gaining kinetic energy ∆E ≫ ℏU0 resulting

in both atoms being lost from the trap. Therefore single atom loading is

dependent on the stochastic process of the initial number of atoms loaded

(odd reduces to single atom, even reduces to zero) resulting in an expected

loading rate if 50% via this method. Near deterministic approaches have

been shown achieving over 90% loading via blue detuned light on the D1

transition. This is achieved through careful choice of the detuning to limit

the kinetic energy gained to cause only one atom to be lost [112, 123]. Until

recently, loading by this method generally took over 0.5 s, however a recent

demonstration has shown to reduce this to 170 ms [124] offering a potential

for near deterministic loading without compromising experiment duty cycle.

6.3 Single Atom Imaging

Light scattered by the atoms is collected by the aspheric lens described in

Sec. 5.1.2 and separated from the microtrap beams using a dichroic mirror

as shown in Fig. 6.1(a). The collected light is then focused by a f = 200 mm

lens to create a confocal imaging setup where the beam is imaged onto the

Zyla sensor chip through a relay telescope (f1 = 100 mm, f2 = 30 mm).

This enables filtering in the Fourier plane using narrowband interference

filters to block the 1064 nm light reaching the camera and transmit only the

852 nm light from the atoms, with a measured transmission of 83% at 852 nm.

The combined detection efficiency of the imaging system including the filters

is 3.5%. Zemax calculations give a paraxial magnification of -20.5 at the

intermediate focus of the 200 mm lens, resulting in a total magnification of

M=+0.62 between object plane in the chamber and the image plane on the

Zyla; this corresponds to an effective pixel size of 1 µm. Calibration of the

relay imaging using a USAF 1951 resolution test chart finds a sub-pixel point

spread function of 0.7± 0.1 µm.
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Figure 6.3: Probability distribution of the counts from 500 measurements
recorded for (a) trap 1 and (b) trap 2 using a 40 ms exposure. (c) Correlation
plot showing counts from the first image plotted against the counts for an
image taken 50 ms later

In order to detect single atoms, a sufficient number of photons must be

scattered in order to distinguish between scattered background light and the

events due to the single atom. The photon scattering rate for a single atom

is given by [84]

Γsc =
Γ

2

I/Isat
1 + I/Isat + 4(∆/Γ)2

, (6.2)

where ∆ is the detuning and I the intensity. The above relation clearly shows

that the largest scattering rate is achieved on resonance, however imaging on

resonance causes heating and eventually the loss of the atom from the trap.

Imaging in experiments is therefore performed with 0.5 Isat of cooling power

per beam at a detuning of ∆ = −3 Γ, utilising the same out of phase chopped

light pulses described above resulting in an effective photon scattering rate

of Γsc = 450 photons/ms, with an expected flux of 15 photons/ms incident

on the camera. Fig. 6.1(b) show a typical image obtained imaging in this

way using a total imaging time of 40 ms, showing two clearly resolved optical

traps with a separation of 10 µm.

Single atom loading of the trap sites is verified through the emergence of a

bimodal probability distribution for the number of counts detected within a

3 × 3 pixel region of interest centred on each trap following the LAC stage.

Fig. 6.3(a,b) shows the probability distribution obtained from 500 repeated
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measurements using the imaging parameters described above for each trap,

which clearly reveals two well separated distributions corresponding to a

Poisson distribution centred at a mean count rate µ0 when no atom is loaded,

and a second distribution centred at a mean µ1 when an atom is present.

The reduced count rate observed from atoms in trap 1 is due to a weak

standing wave in the retro-reflected MOT beams creating a position-sensitive

scattering rate.

Further evidence for single atom loading is obtained by comparing the results

of imaging the same trap twice in a single measurement run. Fig. 6.3(c)

shows correlations between counts in shot 1 and counts in a second shot

taken 50 ms later, revealing two distinct clusters associated with having 0

(1) atoms present in both shots, and a small number of points in the lower

right quadrant corresponding to an atom initially loaded in shot 1 but having

been lost by shot 2. Collating the data in this way also clarifies the ability to

retain the atom after readout, with > 98% retention probability for having

an atom present in the second shot for both traps (dominated by collisional

loss from background gas as shown below). With the LAC stage, we never

observe counts corresponding to double load events confirming a robust single

atom loading sequence.

In order to analyse the data, we approximate the Poisson count distributions

with a large mean to a bimodal Gaussian distribution using the equation

P (c) = p0G(c, µ0, σ0) + p1G(c, µ1, σ1), (6.3)

where pi is the probability of loading zero or one atom and G(c, µ, σ) =

1/
√
2πσ2 exp{−(c−µ)2/(2σ2)} is a normalised Gaussian distribution. Fitting

the data in Fig. 6.3 gives the parameters summarised in Table. 6.2, with both

traps loading atoms > 50% of the time corresponding to sub-Poissonian

loading as observed in other experiments [57].

For each measurement the count rate in the first shot is used to determine
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Figure 6.4: (a) Readout error and (b) Acceptance as a function of imaging
duration.

if an atom is present in the trap by introducing a threshold value cmin above

which an atom is assigned to the trap. Data in shot two is then analysed

conditional upon detection in shot 1, either through fitting the resulting

bimodal distribution to extract p1 or again using a threshold method. The

error ϵ associated with correctly labelling an atom in the trap is calculated

using

ϵ =

∫ ∞

cmin

p0G(c, µ0, σ0)dc =
p0
2

[
1− erf

(
cmin − µ0√

2σ0

)]
, (6.4)

whilst the acceptance A (defined as the fraction of single atom load events

accepted using c > cmin) is given by

A =

∫ ∞

cmin

G(c, µ1, σ1)dc =
1

2

[
1− erf

(
cmin − µ1√

2σ1

)]
. (6.5)

Fig. 2 shows cut-off values chosen to minimise the overlap volume between

the two probability distributions corresponding to cmin = 346, 345 for trap

1 and 2 respectively. The corresponding error is ϵ < 8 × 10−7 with an

acceptance A > 99.99% for both traps, giving high measurement fidelity.

Trap µ0 σ0 µ1 σ1 p1(%)
1 206 29 586 51 52
2 191 29 685 67 57

Table 6.2: Fit parameters for data in Fig. 2 to Eq. 6.3.
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Fig. 6.4 shows the evolution of ϵ and A as a function of imaging duration

for both traps, showing that 40 ms provides an optimal readout time as for

longer imaging durations heating in trap 1 limits readout fidelity.

6.4 Comparison to EMCCD hardware

The results above demonstrate that high fidelity state detection is achiev-

able using sCMOS sensors despite the limited quantum efficiency compared

to EMCCD cameras as summarised in Table 1, meaning simply scattering

more photons and thus slightly increased heating to achieve the same num-

ber of photon detection events but still providing excellent performance. For

experiments requiring fast repetition rate, readout time is also a consider-

ation. Using the present hardware multiple images can be performed with

a minimum separation of 10 ms for frame transfer, compared to 100 ms

for a recent demonstration of non-destructive quantum state readout with

an EMCCD camera [109], significantly reducing sensitivity to losses arising

from background-gas collisions between detection events and enabling faster

experiment cycle times. Another important factor however is cost, with the

Andor Zyla providing comparable performance for less than a third of the

cost of the popular Andor iXon EMCCD camera, making sCMOS highly

competitive for single atom imaging applications.

To extend the current results to enable a hyperfine-resolved imaging for quan-

tum state readout, it is necessary to scatter light from the upper hyperfine

ground-state using a closed-transition and collect a sufficient number of pho-

tons to discriminate the counts above background before the atom undergoes

a hyperfine changing transition due to off-resonant Raman processes or im-

perfect polarisation of light. Kwon et al. have demonstrated this for Rb,

where with 2% conversion efficiency from photons to counts they observed

non-destructive quantum state discrimination from 7500 photon scattering
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events [109]. In the present Cs experiment we obtain an equivalent conver-

sion efficiency of 2.1, 2.7 % for the two traps respectively, meaning similar

results should be achievable.

Finally, due to the FPGA hardware integrated alongside the sCMOS sensor

chip [120] it should be possible to perform high-speed single pixel readout

and image processing on the camera itself [119], resulting in high-speed state

detection and removing the need for frame transfer. Progress towards this

goal is currently limited by the proprietary camera firmware, however in

future customisable hardware will become more widely available.

6.5 Non-Destructive Hyperfine State Discrim-

ination

The ability to image without a repump beam as in [109] is experimentally

tested as a precursor to performing non-destructive hyperfine state discrim-

ination. This experiment requires the addition of an optical pumping and

probe beam (for further details see section 7.1-7.2) along the transport axis.

Optical pumping with a circularly polarised beam to drive σ+ transitions

allows the atom to be initialised in |F = 4,mf = 4⟩. The probe beam is ori-

entated with the same polarisation as the optical pumping and thus will drive

the closed transition |F = 4,mf = 4⟩ → |F = 5,mf = 5⟩. The power in the

probe beam corresponds to 1Isat and is detuned from the Zeeman shifted

closed transition by ∆ = −Γ. A second image using only the probe beam to

scatter photons is then taken with a duration of 30 ms with an applied field

along the quantisation axis of 3 G. It should be noted that for this experi-

ment the probe beam remains on constantly during the second image while

the trapping light is chopped. This is simply due to limitation in available

chopping channels on the experiment.

The data is then analysed based on an atom being present or not in the first
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Figure 6.5: Readout using weak circularly polarised probe beam I ∼ Isat/2
detuned by ∆/2π = −Γ in the presence of a 3 G field to drive the cycling
transition |F = 4,mf = 4⟩ → |F ′ = 5,mf = 5⟩, removing the need for re-
pump light. Red counts correspond to incidences where the presence of an
atom is detected in the first image and blue counts correspond to background
scatter.

image. If an atom is not present in image 1 the counts registered on the

camera for image 2 correspond to background scatter. If the atom is in the

first image there is the potential to scatter light assuming optical pumping

has worked effectively and the atom is still in F = 4. As can be seen in

Fig. 6.5 there is a clear difference in counts reaching the camera between

the two cases indicating the ability to distinguish between hyperfine states,

however there is still a significant overlap in the distributions due to loss or

decay to F = 3 during readout which would limit fidelity. This could be

further improved by applying a larger bias field along the quantisation axis

to further reduce off-resonant excitations which result in the atom becoming

stuck in the dark state F = 3 as in [109] where an applied field of 20 G is

used. Further to this, the uni-directional nature of the probe beam heats the

atom and perhaps compromises retention therefore the addition of a mirror

to retro-reflect will reduce heating during imaging.

Although limited these results show promising potential for future work with

counts of over 300 above background being registered in the case of an atom

being present, more than enough to discriminate with high fidelity.
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Figure 6.6: Single atom retention for multiple 40 ms measurements at -3Γ
separated by 60 ms. The single shot retention α, is found to be > 99% for
both traps when fitted to P (m) = αm. The total duration of this sequence
following the initial detection image is 900 ms.

6.6 Characterisation of Single Atom Traps

6.6.1 Retention

Quantum gate operations not only require the ability to readout with high

fidelity, but that the imaging process is non-destructive to avoid losing the

atom from the trap corresponding to a high retention rate. To accurately

determine the retention between measurements, 10 sequential imaging se-

quences each separated by 60 ms are performed. Following the 40 ms imag-

ing pulse, the atoms are heated to 25 µK, so to aide retention a short 10 ms

cooling cycle is added between images. It can be seen from Fig. 6.6 that the

atom can be retained for many sequential images, from which a single shot

retention α > 99% in both traps is obtained from fitting data to P = αm,

where m is the number of images and P is the survival probability. For com-

parison, measurement of the trap lifetime returns a 1/e lifetime τ = 8.7±0.2 s

(section 6.6.4) for both traps and a survival probability of 87% for trap 1 and

90% for trap 2 after 600 ms. These results indicate that the main limita-

tion in the retention measurements is the background-limited lifetime of the

atoms in the trap.
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Figure 6.7: Double-drop method for trap frequency measurements. (a) Ex-
ample oscillation observed in each trap for t1 = 20 µs and t2 = 20 µs fitting
to a damped sine wave obtains ωr/2π = 23.7 ± 0.7, 23.2 ± 0.9 kHz (b) the
obtained oscillation frequencies for various powers finding the waists to be
w1 = 1.88± 0.02 µm and w1 = 1.81± 0.01 µm.

6.6.2 Trap Frequencies

As in the previous chapter measurement of the trap frequencies allows the

waist to be determined and thus the trap depth. Due to the tighter focus

the radial frequency is much higher than experienced in the transport trap

making it harder to excite via parametric heating. Instead a different ap-

proach is used known as the double drop method [91, 125]. In this method

the trap is dropped twice for durations t1 and t2 separated by a time ∆t.

The purpose of the first drop is to ‘kick’ the atom to increase it’s oscillation

amplitude at the bottom of the potential. The atom’s survival of the second

drop is then dependent on the delay between drops, revealing the oscillation

frequency. The loss on the second drop entirely depends on the atoms lo-

cation in the potential when the second drop occurs. if the atom is at the

bottom of the trap it has a high probability of being lost as this is when the

atom has it’s maximum velocity. Likewise if the atom is at the extremity of

it’s oscillatory motion it is at its minimal velocity so is likely to survive. Due

to the symmetric nature of the oscillation loss occurs at 2ωr when varying

the delay between drops. Such an experiment is shown in Fig. 6.7(a) giving

ωr/2π = 23.7±0.7, 23.2±0.9 kHz for the trap 1 and 2 respectively for 6.5 mW
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of trapping power. This experiment is repeated for several trapping powers

and the frequencies obtained shown in Fig. 6.7(b). Fitting this data finds the

waists to be w1 = 1.88±0.02 µm and w2 = 1.81±0.01 µm. This discrepancy

in spot size can be attributed to the slightly differing path length from the

trap collimator to the aspheric lens for each trap.

6.6.3 Temperature

Temperature measurements on the single atom use the release-recapture

method [126, 127] as time of flight measurements present several techni-

cal challenges without an image intensifier [113]. In this method the trap

is turned off for a time ∆t. The principle behind this is an atom with high

energy is less likely to be recaptured by the trap after its free flight. Ex-

periments are performed for several release durations and the temperature

estimated from comparing the data to a Monte-Carlo simulation. The simu-

lation is constructed as follows [127]; the atom within the trap has an initial

position xi and velocity v with standard deviations ∆xi =
√
kBT/mω2

i and

∆v =
√
kBT/m. A random position-velocity vector is generated from these

initial distributions assuming a Maxwell-Boltzmann distribution for temper-

ature T . The trajectory and position of the atom is then calculated for a

free flight time ∆t, and the kinetic energy of the atom in the trap potential

is then calculated. If this is greater than U(r) the atom is removed from the

trap. Many trajectories are simulated for each time step for different initial

position-velocity vectors to construct an average survival probability. Com-

parison experiment data is performed through χ2 minimisation to obtain a

fit by repeating simulations for various temperatures.

Single atom cooling via PGC can typically cool the atom to around 10-

20 µK [127, 128], as shown in Fig. 6.8(a). Further cooling can be achieved

through an adiabatic lowering of the trapping potential following a scaling
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Figure 6.8: Release-recapture measurement (a) after cooling via PGC at
U0 = 1.8 mK reaching T = 16 ± 2 µK and (b) after adiabatic lowering of
the trapping potential from Ui = 1.8 mK to U0 = 300 µK following PGC
achieving a temperature of T = 3.4± 0.4 µK

law given by [127]

T/
√
U0 = Ti/

√
Ui, (6.6)

where Ti and Ui are the initial temperature and trap depth before potential

is changed. Fig. 6.8(a) presents data where cooling is performed with PGC

alone at a trap depth of U0 = 1.8 mK where the cooling cycle is 10 ms

long following the first image using a detuning of ∆ = −5Γ and intensity of

I = 0.5Isat per beam. A temperature of T = 16± 2 µK is obtained through

radiative cooling alone. Adiabatic ramping of the potential is performed

after this PGC phase by lowering the intensity over 10 ms to reduce the trap

potential from Ui = 1.8 mK to U0 = 300 µK. Using an initial temperature of

Ti = 16 µK the expression in Eq. 6.6 predicts that this should further cool the

atoms to 6 µK. The resulting release-recapture measurement for this method

is shown in Fig. 6.8(b) where a temperature of T = 3.4±0.4 µK is obtained in

reasonable agreement with the predication yielded from the above relation.

Further cooling to the vibrational ground state can be achieved through

Raman sideband cooling [129–131] this also offers the ability to optically

pump while cooling.
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Figure 6.9: Single atom lifetime measurement, fitting to P (t) = P1(t) · P2(t)
extracts a 1/e lifetime of τ = 8.7±0.2 s and heating rate of α = 18±1 µK/s)

6.6.4 Lifetime

Similar to the optical transport trap, the lifetime can be deduced from hold-

ing the atoms in the tweezers and monitoring the decay of the survival prob-

ability. As there is only one atom in the trap two body losses do not factor

into the lifetime and trap loses will be primarily due to collisions with resid-

ual gases with an exponential decay in survival expected P1(t) = exp(−t/τ).

However the atom can also escape the trap if it is heated sufficiently by the

trapping beam during the hold time. Assuming this heating rate, α is linear

over time the survival probability due to heating is [93]

P2(t) = 1−exp

(
− U0

kB(T0 + αt)

)(
1 +

U0

kB(T0 + αt)
+

U2
0

2k2B(T0 + αt)

)
(6.7)

where T0 is the initial temperature. The data shown in Fig. 6.9 represents

an experiment performed with a trap depth of U0 =1 mK where the time

the atom has been held in the trap is varied, the initial temperature in this

instance is T0 = 15 µK. Fitting this data with these constraints to P (t) =

P1(t) · P2(t) gives a lifetime of τ = 8.7 ± 0.2 s and finds the heating rate to

be α = 18±1 µK/s. These results present an excellent basis for experiments

to be performed with the lifetime far exceeding any gate sequence and a

minimal heating rate.
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6.7 Conclusion

Single atom imaging using an sCMOS camera with high fidelity has been

demonstrated with the ability to perform atom detection with small error

ϵ < 8×10−7) and perform multiple non-destructing measurements with high

retention > 99% in two spatially resolved optical traps. In addition to this

imaging without repumper light has been demonstrated as a precursor to non

destructive hyperfine discrimination. Despite the limited QE of the camera

at the imaging wavelength the performance is comparable to experiments

using costly EMCCD based detectors with a superior SNR possible at the in-

termediate photon count rates. This technology offers a viable, cost-effective

alternative to other currently used techniques in low photon detection, and

has the additional benefits of a larger sensor size and the ability to indepen-

dently readout single pixels with the high-speed integrated FPGA hardware

for performing scalable quantum state detection.

Further to this single atom characterisations have been carried out to calcu-

late the single atom trapping frequencies, temperature and lifetime as well

as initial experiments showing a future potential to perform non-destructive

state readout. The results of these measurements indicate an excellent envi-

ronment for performing qubit rotations with long coherence times hopefully

possible due to the cold atomic temperature and low retention losses.
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Chapter 7

Ground State Operations on a

Single Atom

Transitions between the hyperfine states of alkali atoms have routinely been

carried out through the use of microwaves and, in fact, form the basis of

frequency standards across the world [132]. Coherent oscillations using mi-

crowaves, however, are restricted to slow Rabi frequencies due to the in-

ability to focus the microwave source to achieve desired intensities and the

weak magnetic dipole matrix element. However, long coherence times are

achievable with single atoms isolated in a dipole trap [133]. Optical cou-

plings can achieve much faster rotations due to the much stronger electric

dipole transitions and offer the ability to focus laser light down to small

sizes to achieve addressability. Fast ground state rotations are therefore re-

alisable through two photon transitions. Rabi flopping via this two photon

process was demonstrated by the Saffman group in 2006 using single atoms

in microscopic tweezers achieving Ω/2π = 1.36 MHz and a dephasing time

of 870 µs [59]. This measurement provides a benchmark for achievable per-

formance by allowing optimisation of optical pumping and characterisation

of the addressing beams.

78
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Figure 7.1: (a) Schematic of set-up for ground state rotations. An optical
pumping and probe (blow-away) beam coupled into the same fibre are aligned
along the y axis with a waist of around 500 µm. The Qubit B beam is focused
to wB = 4.5 µm and is circularly polarised and a bias field along y applied to
drive σ− transitions. (b ) Level diagram for ground state rotations showing
both possible orientations from the clock state. Rotations are performed with
a large detuning to minimise scatter from the intermediate state |∆|/2π >
30 GHz

7.1 Hyperfine Discrimination

Key to performing ground state rotations is the ability to determine what

state the atom is in. This is performed through a destructive measurement

where the single atom is exposed to light resonant on the F = 4 → F ′ = 5

transition by a uni-directional blow-away beam that is directed down the y-

axis perpendicular to the optical tweezers as shown in Fig. 7.1(a). When the

atom is in the upper hyperfine state it is heated out of the trap, hence atoms

that remain in the trap are in the state |0⟩ = |6S1/2, F = 3⟩. The beam

has a waist of wBA = 500 µm and the power is 20 µW corresponding to

I ∼ 2Isat. Effective fidelity in determination between the states is achieved

with a lower trap depth U0 = 300 µK which reduces the heating required

to lose the atom from the trap. The trap is chopped on and off at 1 MHz

to removed associated light shifts, however the blow-away beam remains on

constantly.

Fig. 7.2 shows the results of state discrimination for when the atom is pumped

into either hyperfine state. The survival probability when pumped into F = 3
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Figure 7.2: Atom Retention after state discrimination protocol for when (a)
pumped into F=3 and (b) pumped into F=4.

approaches 1 and the error is found to be the result of a small retention error

in the sequence not associated with the blow-away beam. In the case when

the atom is pumped into F = 4 almost a complete loss of the atom is seen

after 150 µs with a 1 % error that an atom in F = 4 survives the blow-away

pulse. In order to prevent depumping from F = 4 into F = 3 due to leakage

light from the blow-away beam it is necessary to use a mechanical shutter at

all times out-with state discrimination protocol. It is found that this method

is around 99% effective in determining hyperfine state.

This process could be adapted in the future to achieve non-destructive dis-

crimination through using large bias fields, deep traps and high purity cir-

cularly polarised light to scatter photons on the cycling transition during

readout as recently demonstrated in [109]. Results presented in section 6.5

show that this could possibly be implemented with the Zyla camera offering

the necessary sensitivity, however current optical axis prevents implementing

the necessary retro-reflecting mirror on the probe beam to reduce heating

and perform with high fidelity.
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Figure 7.3: Available optical pumping schemes for the experiment, (a)
stretched state and (b) clock state. In both schemes the atom will even-
tually spontaneously decay into a dark state not coupled by the light fields
due to angular momentum selection rules.

7.2 Optical Pumping

The ability to readily initialise a qubit’s quantum state is essential to quan-

tum information processes [20]. For coherent operations this requires to not

only pump into a discrete hyperfine state but also into a specific Zeeman

magnetic sub-level. With the current laser systems there exist three states

which can be readily initialised, utilising what is known as dark state pump-

ing. They are the magnetically insensitive state |F = 4,mf = 0⟩, known as

the the clock state and |F = 4,mf = ±4⟩, known as the stretched states

Fig. 7.3.

Pumping into these states is achieved though a weak uni-directional beam de-

rived from the cooling laser resonant on the |6S1/2, F = 4⟩ → |6P3/2, F
′ = 4⟩

transition along the same path as the blow-away beam with repump light

sourced from the molasses beams used for imaging to prevent occupation of

F = 3. The polarisation and bias field applied during pumping are dependent

on desired target state.

The optical pumping beam passes through a Glann-Taylor polariser to

achieve high-purity horizontally polarised light. Pumping into the clock state



Chapter 7. Ground State Operations on a Single Atom 82

is then achieved by applying a bias field along the y-axis (see Fig. 7.1a))

to drive π transitions. The π polarised light only drives transitions where

∆mf = 0, but the spontaneous decay is random ∆mf = −1, 0, 1. How-

ever the |F,mf = 0⟩ → |F ′,mf = 0⟩ transition is forbidden due to angular

momentum selection rules creating a dark state to accumulate in as can be

seen in Fig. 7.3(b). Stretched-state pumping requires the addition of a λ/4

waveplate and a bias field applied along the optical pumping axis to drive σ+

or σ− transition as in Fig. 7.3(a). Like clock state pumping a dark state is

eventually reached where the light fields no longer couples to another state.

7.3 Ground State Rotation Laser System

The master laser used to drive ground state rotations -Qubit B- uses the

same design as used for the cooling and repump lasers detailed previ-

ously. The laser is detuned ∆/2π=-88 GHz from the 6S1/2 → 6P3/2 tran-

sition and is passed through an Electro-Optic Modulator (EOM) to gen-

erate side-bands ±4.6 GHz at half the ground state hyperfine splitting,

ωHFS/2π = 9.192631 GHz [81]. Suppression of the carrier frequency and

second order sidebands is achieved using an Haubrich-Dornseifer-Wynands

interferometer [134] yielding > 95 % of the amplitude equally shared between

the two first order side-bands. This is then passed through a 80 MHz AOM

to enable fast switching of the light fields before coupling into a single mode

polarization maintaining fibre taking the light over to the experiment.

7.3.1 Qubit B Alignment

Alignment of the Qubit B light is achieved through coupling the 1064 nm

trapping light for the desired microtrap into a single mode fibre and optimis-

ing the collimator focus for the 1064 nm light. The 852 nm Qubit B light is

then back-coupled along this beam path and then fine-tuned onto the target



Chapter 7. Ground State Operations on a Single Atom 83

Figure 7.4: Pulse sequences used for ground state rotation for Cooling, Re-
pump, Optical Pumping (OP), blow-away (BA) Probe and Optical Dipole
Trap (ODT) from the verification readout (RO1) to measurement readout
(RO2) (a) Standard sequence for experiment the dashed line on the ODT
represents the sequence used in some experiments before full optimization
(b) Example of the pulse sequence used for Ramsey interferometery where
two π/2 pulses are separated by a time,τ .

atom by applying resonant light to cause loss of the atom from the trap. This

method verifies that optimal alignment can be achieved by simply aligning

the Qubit B focus onto the same pixel as the trapped atom on the camera.

Imaging this on the camera and using the calculated magnification of the

imaging system gives a waist of wB = 4.5× 4.3 µm in the focal plane of the

atoms.

7.4 Ground State Rotations

The trap depth is set to U0 = 2 mK for imaging and loading. Following the

first image to determine the presence of an atom, the atom is cooled via a

PGC stage as outlined in section 6.6.3. The trap depth is then adiabatically

lowered over a duration of 10 ms to U0 = 1 mK where optical pumping into

|1⟩ = |4, 0⟩ is performed. This reduction in trap depth allows for better

extinction of trapping light when chopping. Following completion of optical

pumping the trap depth is then reduced again to U0 = 0.3 mK over 10 ms to
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Figure 7.5: Raman ground state rotation of a single atom (a) Spectroscopy of
the transition with the duration fixed to 500 ns data is fitted to Eq. 7.1 giving
a resonance of -410 kHz (b) Flopping with the detuning fixed to resonance
from the unshifted resonance (verified against GPS clock) obtaining Ω/2π =
1.06 MHz

further cool the atom. All light to the experiment apart from the trapping

light is then extinguished via mechanical shutters before applying the Qubit

B pulse. The state detection protocol then follows with the blow-away beam

applied for 0.5 ms. The trap is then ramped back to U0 = 2 mK over a

period of 10 ms and another PGC stage is initialised before the second image

is taken. A schematic of the pulse sequence used is shown in Fig.7.4(a).

In order to obtain good coherence and prevent driving to other states it is

necessary to lift the degeneracy of the mf levels by a differential shift larger

than the two-photon Rabi frequency. This is achieved by applying a bias

field of 7 G along the quantisation axis, to drive either σ+ or σ− transitions

depending on the handedness of the input circular polarisation. As the two

addressing fields have not been separated and are contained in the same

beam, the transitions that can be driven are restricted to ∆mf = 0, as

shown in Fig. 7.1(b). The sign of the differential AC Stark shifts induced by

the addressing light are dependent on the driving polarisation; σ+ transitions

counteract the shift from the applied magnetic field reducing the separation

of mf levels, therefore it is more constructive to use σ− transitions.
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Two photon spectroscopy of the transition is performed by applying the pulse

for the expected π time and scanning the frequency of the microwave source

used to generate the side-bands. Rabi flopping is then simply performed at

resonance and scanning the pulse duration.

Fig. 7.5(a) depicts one of the first spectroscopy obtained in the laboratory

before full optimisation of optical pumping using a pulse duration of tπ =

500 ns and a power of 45 µW. This is fitted to

P0 =
Ω2

Ω2 + δ2
sin2

(√
Ω2 + δ2

t

2

)
, (7.1)

with the time constrained to the duration of the pulse, finding the shifted

resonance due to the differential AC Stark shift to be δAC/2π = -410 kHz.

Fig. 7.5(b) shows the Rabi flop obtained upon sitting on this resonance and

is fitted to Eq. 4.23 finding a flopping rate of Ω/2π = 1.06 MHz. Repeating

these measurements for different driving powers allows the beam waist at

the atom to be extrapolated, AC stark shift measurements obtain a waist of

wB =4.6±1 µm and Rabi flopping measurements indicate wB =4.4± 0.4 µm

in excellent agreement with each other and the predicted waist from imaging.

7.5 Optimisation of Clock State Pumping

Data in the previous section uses a 4 G bias field for optical pumping attaining

a peak transfer of around 80 %, limited by the optical pumping preparation

fidelity. Further optimisation is performed with an applied field of 1.5 G

and scanning the shim fields for population transfer at the π time. The

preparation fidelity can be calculated by comparing the optical pumping time

to the the time it takes an atom to be depumped from the clock state with

only the optical pumping light on [135]. The data from these measurements

is presented in Fig. 7.6(a) and (b) fitting this data to −Aexp(−t/τ)+B time

constants of τDP = 9 ms and τOP = 390 µs are obtained for the depumping
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Figure 7.6: Optical Pumping Optimization, (a) depump duration and (b)
optical pumping duration (c) Ground state Rabi Flop upon optical pumping
optimization, dashed line indicates FOP.

and pumping times respectively. The optical pumping fidelity is then found

via the relation

FOP = 1− 1

τDP/τOP

, (7.2)

giving FOP = 0.96 for the optical pumping fidelity. A Rabi flop with these

optimised settings and an optical pumping duration to 4 ms to ensure com-

plete pumping is shown in Fig. 7.6(c). As can be seen a far greater contrast is

obtained than previously with almost perfect transfer between the hyperfine

states obtained, indicating good optical pumping fidelity.

Preparation fidelities could be further improved through optically pumping

on the D1 transition 6S1/2, F = 4 → 6P1/2, F
′ = 4 where there is less levels

to off-resonantly couple to and a larger separation between hyperfine states,

where fidelities FOP > 0.99 have been observed [67].



Chapter 7. Ground State Operations on a Single Atom 87

7.6 Calibration of Applied Magnetic Fields

In order to accurately determine the applied field the atom experiences from

the bias coils, transitions using magnetically sensitive states can be moni-

tored as a function of applied current to the coils. Due to the configuration

of the Raman beams, transitions are limited to ∆mf = 0, therefore perform-

ing transitions from |4, 4⟩ with a well defined field is not possible, and with

|4, 0⟩ being magnetically insensitive both of the preparation states are not

suitable for this measurement. Pumping into F = 3 or F = 4 using the re-

pump or cooling light before applying a bias field randomly prepares across

the sub-levels yielding preparation populations of 1/7 and 1/9 depending on

the hyperfine state. This, however, does not present a large enough signal to

measure accurately. Instead a new pumping scheme is implemented based

on spontaneous emission. The atom is initially prepared in |4, 4⟩ using cir-

cularly polarised optical pumping light and a bias field along the OP axis

with repump. Following preparation the repump light is extinguished and

the optical pumping light remains on. In a well defined field depumping to

F=3 should only occur due to off-resonant processes and should favourably

populate |3, 2⟩ and |3, 3⟩. The time until the population has fully depumped

into F = 3 is measured to be around 10 ms.

Implementing this scheme into the sequence requires a rotation of fields after

optical pumping turning on the field along z-axis before turning off the field

along the y-axis to remain pumped, otherwise the procedure remains the

same. Spectroscopy is performed with a pulse duration of 1 µs and the

detuning from resonance is now ∆/2π = 119 GHz, the power of the Qubit

B beam is 30 µW. As shown in Fig. 7.7(a) there is now two distinct peaks

corresponding to the |3, 3⟩ → |4, 3⟩ and |3, 2⟩ → |4, 2⟩ transitions. Tracking

the relative frequency shift between these peaks allows calibration of both

the x-bias and x-shim field coils by comparing to theoretical expected values.

The energy separation of the zeeman sub-levels from an applied magnetic
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Figure 7.7: Applied magnetic field calibration (a) The two resonances for
|3, 3⟩ → |4, 3⟩ and |3, 2⟩ → |4, 2⟩ transitions (b) The change in resonance
frequency for the two transitions red points correspond to |3, 3⟩ → |4, 3⟩ and
blue to |3, 2⟩ → |4, 2⟩ (c) The relative shift between the two transitions.

field is given by

∆Ef,mf
= mfgfµBB (7.3)

the differential shift is thus given by δB = ∆EF=4,mf−∆EF=3,mf . The Landé

g-factor for the ground hyperfine states of caesium is gf = 0.25 for F = 4 and

gf = −0.25 for F = 3 hence the |3, 2⟩ → |4, 2⟩ (|3, 3⟩ → |4, 3⟩) transition is

expected to shift by 2.1 MHz/G (2.8 MHz/G). Thus the separation between

the peaks should scale as 0.7 MHz/G. Analysing the data for different applied

magnetic fields strengths finds that the x-bias coil provides 0.9 ± 0.1 G/A

providing a bias field of 4.6±0.5 G with the maximal available current 4.97 A.

Fig. 7.7 (b) and (c) show the calibration of the x-shim coil when the x-bias

field is at maximum field. It is found that it provides 1.3 ± 0.1 G/A and at

the maximum available current (2.2 A) provides a bias field of 2.9 ± 0.2 G.

Therefore running both coils at full capacity, as has been done throughout

the previous measurements yields an applied field of 7.5 ± 0.5 G.
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7.7 Ground State Phase Accumulation

The accumulated phase of the Qubit can be measured using Ramsey interfer-

ometry. After the application of a π/2-pulse the atom is in a superposition

state, the same as the Hadamard operation given in Eq. 2.7. Once in the

superposition state it is free to rotate around the z axis of the Bloch sphere.

The resulting state after a second π/2 pulse is therefore dependent on the

phase accumulated. Changing the free evolution time, τ between the two

pulses results in what are known as Ramsey fringes [84]. The frequency

of these fringes corresponds to the detuning from resonance and differential

shifts the atom experiences during the free evolution time

ωRam = δ + δL−S + δB, (7.4)

where δ is the two-photon detuning, δL−S is the differential shift due to

the trapping field and δB is the shift due to the quadratic Zeeman effect.

Thus performing this experiment on resonance presents information of the

trapping field and applied magnetic bias. The quadratic Zeeman shift of the

|4, 0⟩ → |3, 0⟩ transition is 430 Hz/G2 [81] for a 7.5 G field this corresponds

to δB/2π =24.2 kHz. The differential AC Stark shift experienced due to the

trapping light is small and is due to the different relative detunings from each

hyperfine state and equates to [133]

ℏδL−S = U0(∆eff)− U0(∆eff + ωHFS). (7.5)

The previously outlined experiment is performed on the single atom using

a tπ/2 = 300 ns on resonance. This measurement was performed before

full optimisation of the procedure and the trap depth for imaging, optical

pumping and rotation is U0 = 3.2 mK. This gives a differential shift of

δL−S/2π =-8.92 kHz, therefore expect the Ramsey fringes to be ω′
Ram/2π =

δL−S + δB = 15.3 kHz. Fig. 7.8(a) shows the results from the measurement.
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Figure 7.8: Ramsey interferometry of the ground state phase accumulation
from inhomogeneous dephasing mechanisms for (a) U0 = 3.2 mK, T≈60 µK
and (b) U0 = 300 µK, T=10µK. Fitting to Eq. 7.6 gives ωRam/2π = 14.895±
0.03 kHz and T ∗

2 = 1.36± 0.2 ms for the first dataset and ωRam/2π =26 kHz
and T ∗

2 = 10± 1 ms for the second dataset.

To fit this data the method employed in [133] is followed and the data is

fitted to

P3,Ram = B + A

[
1 + 0.95

(
t

T ∗
2

)2
]−3/2

× cos(ωRamt+ ϕ). (7.6)

Where A and B correspond to the initial amplitude and an offset respectively,

ωRam is the frequency of the fringes and the T ∗
2 decay constant is the inhomo-

geneous dephasing time. From this fit the frequency of the oscillation is found

to be ωRam/2π = 14.9± 0.03 kHz, which is slightly smaller than expected for

a phase accumulation due to the trapping field and quadratic Zeeman shift.

However, it is still within the tolerance of the calibrated applied magnetic

fields. The inhomogenous dephasing time is found to be T ∗
2 = 1.4± 0.2 ms.
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Figure 7.9: Ramsey Spin-Echo sequence to measure the irreversible dephasing
of the qubit, fitting gives T ′

2 = 150± 20 ms

The correlation between T ∗
2 and the atom temperature is given by [133],

T ∗
2 = 0.97

2ℏ
ηkBT

(7.7)

where η is a scaling factor from relating the hyperfine splitting and effective

trapping laser detuning, ωHFS/∆eff for the laser parameters used this is cal-

culated to be 1.57×10−4. Using the fitted T ∗
2 and rearranging Eq. 7.7 the

corresponding atom temperature is found to be 70 µK in good agreement

with the expected temperature for the given trap depth (release-recapture

measurements indicate a single atom temperature of T ∼ 60 µK for the

U0 = 3.2 mK after optical pumping). Following further optimisation of the

experiment, temperatures of 10 µK after optical pumping became realisable

when adiabatically ramping the trap depth down to U0 = 300 µK. The results

from a Ramsey experiment using these parameters with tπ/2 = 330 ns are

shown in Fig. 7.8(b). For such a low trap depth the differential shift from the

trap beam is small (δL−S/2π =800 Hz) therefore the frequency of the Ramsey

fringes is expected to be 24 kHz primarily due to the quadratic Zeeman effect.

The ascertained frequency is found to be 26 kHz within the error of the field

calibration and the dephasing time found to be T ∗
2 = 10± 1 ms, in excellent

agreement with Eq. 7.7 which predicts T ∗
2 = 9.4 ms for a temperature of

T = 10 µK.
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7.8 Homogenous Dephasing

The effects due inhomogeneous mechanisms can be recovered through the ap-

plication of a π-pulse to reverse the decay in between the two π/2-pulses. This

method is known as spin-echo [133] presents a measurement of the homoge-

nous dephasing time T ′
2. The measurement is performed with U0 = 300 µK

and with a single atom temperature of 10 µK. The π = 675 ns pulse is placed

directly inbetween the π/2 pulse with the free evolution time either side corre-

sponding to t/2. For no free evolution time this corresponds to a 2π-rotation

on the qubit and results in the atom populating F = 4. As the free evolution

time decreases this will eventually decrease to 0.5 as irreversible dephasing

dominants. The results of this measurement are presented in Fig. 7.9 and

fitting to P1 = Aexp(−t/T′
2) + 0.5, obtaining T ′

2 = 150± 20 ms.

7.9 Conclusion

Fast optical Raman ground state rotations have been demonstrated on a

single atom. This has allowed thorough optimisation and characterisation of

optical pumping achieving a clock state pumping fidelity of FOP = 0.96 as

well as calibration of applied magnetic fields before attempting two photon

transitions to the Rydberg state. Coherence times in excess of 104 times

longer than the π/2 pulse in Ramsey spectroscopy have been observed with

over 105 possible with recovery of homogenous dephasing mechanisms via a

π pulse. The transitions demonstrated can be used in conjunction with the

Rydberg lasers to demonstrate a mesoscopic gate as outlined in [136].



Chapter 8

Rydberg Rabi Flopping

Due to the weak dipole matrix elements excitation to the Rydberg state gen-

erally requires a two-photon excitation scheme, although single photon single

photon excitation has been demonstrated [137]. Rotations to the Rydberg

states require well stabilised lasers to minimise gate errors. This is achieved

using a high finesse ultra low expansion (ULE) cavity to obtain sub-kHz

linewidth with a measured linear frequency drift of ∼1 Hz/s [138] . Further

details of the ULE system and lasers can be found in the thesis of R. Legaie

whose PhD work ran cocurrently with the data presented in this thesis. This

chapter presents work demonstrating excitation to the Rydberg state.

8.1 Rydberg State Detection

State detection of Rydberg atoms utilises the anti-trapping potential that a

Rydberg atom experiences due to the dipole trapping beam. Rotations are

performed in free space with no potential before the tweezers are restored to

detect/recapture the atom. A key requirement for this to work effectively is

that the Rydberg lifetime τRyd, is large compared to the time it takes the

atom to leave the trapping region τr. For n > 50 the error associated with

this detection scheme is eD = τr/τRyd [139]. As the Rydberg lifetimes scales

93
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as τRyd ∝ n2 it is desirable to work at high n to increase detection efficiency,

however as will be shown in this chapter τr can also be controlled through

the recapturing trap depth.

The measured quantity using this method is the probability of being in the

ground state Pg it is inferred that the Rydberg population corresponds to

Pr = 1−Pg however due to errors with detection, optical pumping efficiency

(eOP) and false-positives (eF, atoms which are lost from the trap when the

trapping potential is off not due to Rydberg excitation) this differs slightly

to the actual Rydberg population, P̃r such that [139]

Pr = eFeOP + (1− eOP)
[
eFP̃g + (1− eD + eDeF)P̃r

]
. (8.1)

Due to the cold atomic temperature, 10 µK and good background pressure

the error associated with false positives is small (eF<0.01). From the previous

chapter it was found that the clock state preparation error is eOP = 1 −

FOP = 0.04. A measurement of the detection error will be presented later

in this chapter. However as a guide the Parisian group of Antoine Browaeys

obtain eD ≈ 0.05, factoring these errors in suggest that a measured Rydberg

population of Pr = 0.9 should be possible.

8.2 Excitation Scheme

Excitation to the Rydberg state is achieved using the two photon ladder

system outlined in Sec. 4.1, Parity rules restrict excitation to only a nS

or nD state. Unlike the ground state rotations presented in the previous

chapter, two separate excitation lasers are used; a 852 nm laser exciting

from the ground state, |g⟩ = |6S1/2, F = 4⟩ to the intermediate state |e⟩ =

|6P3/2, F = 5⟩ and a laser at 509 nm coupling |e⟩ to the Rydberg state, |r⟩.

The lasers used to drive the Rydberg rotations are stabilised using a ULE
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Figure 8.1: (a) Rydberg laser setup counter propagating beams minimises
Doppler shifts, beams are focused to wA = 14.6 µm for Qubit A and wB =
18 µm for the Rydberg laser. (b) Excitation scheme to 69S1/2 using σ+σ−

configuration, the detuning from F ′ = 5 is ∆/2π = +871 MHz.

cavity to obtain sub-kHz laser line-widths [138].

Light at 509 nm is sourced from two interchangeable lasers Rydberg A and

B. The master source for these lasers is a 1018 nm AR-coated laser diode

(Toptica LD1020-0400-2 and Sacher SAL-1030-060, respectively). This light

is then passed through a tapered amplifier to obtain the necessary high

power required for Rydberg excitation due to weak dipole matrix element

for |e⟩ → |r⟩. This then passes through a home-built second harmonic gen-

eration cavity to generate light at 509 nm. When operating at peak capacity

up to 125 mW of green light can be obtained on the experiment table. The

509 nm intensity is stabilised using a single pass 80 MHz AOM in conjunc-

tion with a homemade PID control circuit to modulate the dumped light in

the first order of the diffracted light from the AOM. The source of light at

852 nm, Qubit A is obtained from an ECDL laser similar to that used to

drive ground state rotations.

Due to the free spectral range of the ULE cavity,∼ 1.5 GHz there are bound-

aries to accessible states, and the detuning from the intermediate state. The

Qubit A laser is locked to a cavity mode detuned from |6P3/2, F = 5⟩ by

∆/2π = +1.03 GHz. This is then shifted by a double-pass 80 MHz AOM to
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∆A/2π = +870 MHz

In order to minimise dephasing due to Doppler broadening mechanisms exci-

tation is performed with two counter-propagating fields orientated as shown

in Fig. 8.1(a). There still exists a small contribution due to Doppler broad-

ening arising from the large difference in excitation wavelengths which yields

an effective wavevector keff = |k1 + k2|.

The almost unresolvable hyperfine splitting of Rydberg states <100 kHz [140]

requires exciation to be constructed on an mj basis. The stretched states

can be though as a mj = ±1/2 with the clock state being a super-position

of both. The work presented in this chapter considers excitation to the

|69S1/2,mj = 1/2⟩. The strongest coupling arises when prepared in the

stretched state and exciting in σ+σ− configuration, however preparation

in the clock state offers more flexibility when introducing other rotations

to generate ground state entanglement, the excitation scheme is shown in

Fig. 8.1(b).

8.3 Alignment

The Qubit A beam uses the same beam path as the Qubit B beam presented

in the previous chapter and alignment is easily controlled, the setup is shown

in Fig. 8.1(a). The beam waist is increased to 14.6 µm by using an iris to

aperture collimator, to achieve similar couplings for both single atom sites

necessary for demonstration of blockade (see Chapter 9). Control of the

Rydberg beam waist is however more challenging, this is due to the focal

plane of 509 nm light lying 350 µm before the plane of the trapping light.

To push to focal plane towards the trapping sites the 509 nm light is focused

down to 120 µm, around 50 mm before the aspheric lens. This should provide

a focus of around 10 µm at the single atoms but due to potential aberrations

of the green light is expected to be bigger.
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As the transition line-width for off resonant excitation is narrow and sensitive

to Stark shifts, alignment of the Rydberg beam is performed on resonance

with the molasses beams, which has a very broad resonance. This not only

presents a straight forward alignment method but also once the resonant fre-

quency for the Rydberg laser is found an expected range for the off-resonant

resonance can easily be calculated. Alignment is performed with the dipole

trap chopped out of phase with with the molasses beams, as in imaging,

and Rydberg light applied. The alignment of the Rydberg beam is adjusted

to maximise the loss from this process. It is found that fine tuning align-

ment is best achieved through moving the trapping site of the single atoms

and monitoring the retention per pixel region to obtain the best Rydberg

coupling.

8.4 Rydberg Rotations

The standard sequence for spectroscopy of the Rydberg state and performing

rotations is outlined in Fig. 8.2. The single atom is released for a constant

duration, typically 5-10 µs dependant upon the experiment although drop

times of up to 17.5 µs can be achieved with a high retention probability

> 0.95. In order to increase the Rydberg detection efficiency the recapture

depth is 1 mK. The 509 nm field remains on for the entirety of the drop

with the Qubit A beam pulsed on for the desired time before detection.

This allows measurements to be made with only a dependency on the pulse

area of Qubit A. Spectroscopy is performed with the pulse duration set to the

expected π time with the sideband detuning of the green laser scanned. Once

a resonance is found Rabi flopping is performed on resonance for varying pulse

durations. The drift of the cavity lock is found to be 1 Hz/s [138] therefore

as long as powers remain constant there is no need to repeat spectroscopy

over the course of a days experiments. Fig. 8.3 (a) shows an example of such

a Rabi flop from the stretched state obtaining a two photon Rabi frequency
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<latexit sha1_base64="0/X/XvNUo/fw0hV35gP78jRWrdc=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJV8FR2RdBjwYs3K9gPaJeSTadtaJJdkqxQlv4ILx4U8erv8ea/MW33oK0vBB7emSEzb5QIbqzvf3uFtfWNza3idmlnd2//oHx41DRxqhk2WCxi3Y6oQcEVNiy3AtuJRiojga1ofDurt55QGx6rRztJMJR0qPiAM2qd1epqmd3Xp71yxa/6c5FVCHKoQK56r/zV7ccslagsE9SYTuAnNsyotpwJnJa6qcGEsjEdYsehohJNmM3XnZJz5/TJINbuKUvm7u+JjEpjJjJynZLakVmuzcz/ap3UDm7CjKsktajY4qNBKoiNyex20ucamRUTB5Rp7nYlbEQ1ZdYlVHIhBMsnr0Lzsho4friq1M7yOIpwAqdwAQFcQw3uoA4NYDCGZ3iFNy/xXrx372PRWvDymWP4I+/zB1PTj3Q=</latexit><latexit sha1_base64="0/X/XvNUo/fw0hV35gP78jRWrdc=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJV8FR2RdBjwYs3K9gPaJeSTadtaJJdkqxQlv4ILx4U8erv8ea/MW33oK0vBB7emSEzb5QIbqzvf3uFtfWNza3idmlnd2//oHx41DRxqhk2WCxi3Y6oQcEVNiy3AtuJRiojga1ofDurt55QGx6rRztJMJR0qPiAM2qd1epqmd3Xp71yxa/6c5FVCHKoQK56r/zV7ccslagsE9SYTuAnNsyotpwJnJa6qcGEsjEdYsehohJNmM3XnZJz5/TJINbuKUvm7u+JjEpjJjJynZLakVmuzcz/ap3UDm7CjKsktajY4qNBKoiNyex20ucamRUTB5Rp7nYlbEQ1ZdYlVHIhBMsnr0Lzsho4friq1M7yOIpwAqdwAQFcQw3uoA4NYDCGZ3iFNy/xXrx372PRWvDymWP4I+/zB1PTj3Q=</latexit><latexit sha1_base64="0/X/XvNUo/fw0hV35gP78jRWrdc=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJV8FR2RdBjwYs3K9gPaJeSTadtaJJdkqxQlv4ILx4U8erv8ea/MW33oK0vBB7emSEzb5QIbqzvf3uFtfWNza3idmlnd2//oHx41DRxqhk2WCxi3Y6oQcEVNiy3AtuJRiojga1ofDurt55QGx6rRztJMJR0qPiAM2qd1epqmd3Xp71yxa/6c5FVCHKoQK56r/zV7ccslagsE9SYTuAnNsyotpwJnJa6qcGEsjEdYsehohJNmM3XnZJz5/TJINbuKUvm7u+JjEpjJjJynZLakVmuzcz/ap3UDm7CjKsktajY4qNBKoiNyex20ucamRUTB5Rp7nYlbEQ1ZdYlVHIhBMsnr0Lzsho4friq1M7yOIpwAqdwAQFcQw3uoA4NYDCGZ3iFNy/xXrx372PRWvDymWP4I+/zB1PTj3Q=</latexit><latexit sha1_base64="0/X/XvNUo/fw0hV35gP78jRWrdc=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJV8FR2RdBjwYs3K9gPaJeSTadtaJJdkqxQlv4ILx4U8erv8ea/MW33oK0vBB7emSEzb5QIbqzvf3uFtfWNza3idmlnd2//oHx41DRxqhk2WCxi3Y6oQcEVNiy3AtuJRiojga1ofDurt55QGx6rRztJMJR0qPiAM2qd1epqmd3Xp71yxa/6c5FVCHKoQK56r/zV7ccslagsE9SYTuAnNsyotpwJnJa6qcGEsjEdYsehohJNmM3XnZJz5/TJINbuKUvm7u+JjEpjJjJynZLakVmuzcz/ap3UDm7CjKsktajY4qNBKoiNyex20ucamRUTB5Rp7nYlbEQ1ZdYlVHIhBMsnr0Lzsho4friq1M7yOIpwAqdwAQFcQw3uoA4NYDCGZ3iFNy/xXrx372PRWvDymWP4I+/zB1PTj3Q=</latexit>

Rydberg
<latexit sha1_base64="5l/yQarJzrTnwbnijZ8Y8yltwso=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8EquCqJCLosuHFZxV6gCWUymbRDZyZhZiKE0Ndw40IRt76MO9/GaZuFtv4w8PGfczhn/jDlTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKuTTBHaIQlPVD/EmnImaccww2k/VRSLkNNeOLmd1XtPVGmWyEeTpzQQeCRZzAg21vJ9JYqHPAqpGk2H9YbbdOdCq+CV0IBS7WH9y48SkgkqDeFY64HnpiYosDKMcDqt+ZmmKSYTPKIDixILqoNifvMUnVsnQnGi7JMGzd3fEwUWWucitJ0Cm7Fers3M/2qDzMQ3QcFkmhkqyWJRnHFkEjQLAEVMUWJ4bgETxeytiIyxwsTYmGo2BG/5y6vQvWx6lu+vGq2zMo4qnMApXIAH19CCO2hDBwik8Ayv8OZkzovz7nwsWitOOXMMf+R8/gBwPZHW</latexit><latexit sha1_base64="5l/yQarJzrTnwbnijZ8Y8yltwso=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8EquCqJCLosuHFZxV6gCWUymbRDZyZhZiKE0Ndw40IRt76MO9/GaZuFtv4w8PGfczhn/jDlTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKuTTBHaIQlPVD/EmnImaccww2k/VRSLkNNeOLmd1XtPVGmWyEeTpzQQeCRZzAg21vJ9JYqHPAqpGk2H9YbbdOdCq+CV0IBS7WH9y48SkgkqDeFY64HnpiYosDKMcDqt+ZmmKSYTPKIDixILqoNifvMUnVsnQnGi7JMGzd3fEwUWWucitJ0Cm7Fers3M/2qDzMQ3QcFkmhkqyWJRnHFkEjQLAEVMUWJ4bgETxeytiIyxwsTYmGo2BG/5y6vQvWx6lu+vGq2zMo4qnMApXIAH19CCO2hDBwik8Ayv8OZkzovz7nwsWitOOXMMf+R8/gBwPZHW</latexit><latexit sha1_base64="5l/yQarJzrTnwbnijZ8Y8yltwso=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8EquCqJCLosuHFZxV6gCWUymbRDZyZhZiKE0Ndw40IRt76MO9/GaZuFtv4w8PGfczhn/jDlTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKuTTBHaIQlPVD/EmnImaccww2k/VRSLkNNeOLmd1XtPVGmWyEeTpzQQeCRZzAg21vJ9JYqHPAqpGk2H9YbbdOdCq+CV0IBS7WH9y48SkgkqDeFY64HnpiYosDKMcDqt+ZmmKSYTPKIDixILqoNifvMUnVsnQnGi7JMGzd3fEwUWWucitJ0Cm7Fers3M/2qDzMQ3QcFkmhkqyWJRnHFkEjQLAEVMUWJ4bgETxeytiIyxwsTYmGo2BG/5y6vQvWx6lu+vGq2zMo4qnMApXIAH19CCO2hDBwik8Ayv8OZkzovz7nwsWitOOXMMf+R8/gBwPZHW</latexit><latexit sha1_base64="5l/yQarJzrTnwbnijZ8Y8yltwso=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8EquCqJCLosuHFZxV6gCWUymbRDZyZhZiKE0Ndw40IRt76MO9/GaZuFtv4w8PGfczhn/jDlTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKuTTBHaIQlPVD/EmnImaccww2k/VRSLkNNeOLmd1XtPVGmWyEeTpzQQeCRZzAg21vJ9JYqHPAqpGk2H9YbbdOdCq+CV0IBS7WH9y48SkgkqDeFY64HnpiYosDKMcDqt+ZmmKSYTPKIDixILqoNifvMUnVsnQnGi7JMGzd3fEwUWWucitJ0Cm7Fers3M/2qDzMQ3QcFkmhkqyWJRnHFkEjQLAEVMUWJ4bgETxeytiIyxwsTYmGo2BG/5y6vQvWx6lu+vGq2zMo4qnMApXIAH19CCO2hDBwik8Ayv8OZkzovz7nwsWitOOXMMf+R8/gBwPZHW</latexit>

QubitA
<latexit sha1_base64="sEPUB8rUC7lgOWNkArZytqHE1hM=">AAAB83icbZDLSgMxFIYzXmu9VV26CVbBVZkRQZcVNy5bsBfoDCWTZtrQJDMkJ0IZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyx5ngBnz/21tb39jc2i7tlHf39g8OK0fHbZNaTVmLpiLV3ZgYJrhiLeAgWDfTjMhYsE48vp/VO09MG56qR5hkLJJkqHjCKQFnhaGWedPGHPDdtF+p+jV/LrwKQQFVVKjRr3yFg5RayRRQQYzpBX4GUU40cCrYtBxawzJCx2TIeg4VkcxE+fzmKb5wzgAnqXZPAZ67vydyIo2ZyNh1SgIjs1ybmf/VehaS2yjnKrPAFF0sSqzAkOJZAHjANaMgJg4I1dzdiumIaELBxVR2IQTLX16F9lUtcNy8rtbPizhK6BSdoUsUoBtURw+ogVqIogw9o1f05lnvxXv3Phata14xc4L+yPv8AdBgkW0=</latexit><latexit sha1_base64="sEPUB8rUC7lgOWNkArZytqHE1hM=">AAAB83icbZDLSgMxFIYzXmu9VV26CVbBVZkRQZcVNy5bsBfoDCWTZtrQJDMkJ0IZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyx5ngBnz/21tb39jc2i7tlHf39g8OK0fHbZNaTVmLpiLV3ZgYJrhiLeAgWDfTjMhYsE48vp/VO09MG56qR5hkLJJkqHjCKQFnhaGWedPGHPDdtF+p+jV/LrwKQQFVVKjRr3yFg5RayRRQQYzpBX4GUU40cCrYtBxawzJCx2TIeg4VkcxE+fzmKb5wzgAnqXZPAZ67vydyIo2ZyNh1SgIjs1ybmf/VehaS2yjnKrPAFF0sSqzAkOJZAHjANaMgJg4I1dzdiumIaELBxVR2IQTLX16F9lUtcNy8rtbPizhK6BSdoUsUoBtURw+ogVqIogw9o1f05lnvxXv3Phata14xc4L+yPv8AdBgkW0=</latexit><latexit sha1_base64="sEPUB8rUC7lgOWNkArZytqHE1hM=">AAAB83icbZDLSgMxFIYzXmu9VV26CVbBVZkRQZcVNy5bsBfoDCWTZtrQJDMkJ0IZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyx5ngBnz/21tb39jc2i7tlHf39g8OK0fHbZNaTVmLpiLV3ZgYJrhiLeAgWDfTjMhYsE48vp/VO09MG56qR5hkLJJkqHjCKQFnhaGWedPGHPDdtF+p+jV/LrwKQQFVVKjRr3yFg5RayRRQQYzpBX4GUU40cCrYtBxawzJCx2TIeg4VkcxE+fzmKb5wzgAnqXZPAZ67vydyIo2ZyNh1SgIjs1ybmf/VehaS2yjnKrPAFF0sSqzAkOJZAHjANaMgJg4I1dzdiumIaELBxVR2IQTLX16F9lUtcNy8rtbPizhK6BSdoUsUoBtURw+ogVqIogw9o1f05lnvxXv3Phata14xc4L+yPv8AdBgkW0=</latexit><latexit sha1_base64="sEPUB8rUC7lgOWNkArZytqHE1hM=">AAAB83icbZDLSgMxFIYzXmu9VV26CVbBVZkRQZcVNy5bsBfoDCWTZtrQJDMkJ0IZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyx5ngBnz/21tb39jc2i7tlHf39g8OK0fHbZNaTVmLpiLV3ZgYJrhiLeAgWDfTjMhYsE48vp/VO09MG56qR5hkLJJkqHjCKQFnhaGWedPGHPDdtF+p+jV/LrwKQQFVVKjRr3yFg5RayRRQQYzpBX4GUU40cCrYtBxawzJCx2TIeg4VkcxE+fzmKb5wzgAnqXZPAZ67vydyIo2ZyNh1SgIjs1ybmf/VehaS2yjnKrPAFF0sSqzAkOJZAHjANaMgJg4I1dzdiumIaELBxVR2IQTLX16F9lUtcNy8rtbPizhK6BSdoUsUoBtURw+ogVqIogw9o1f05lnvxXv3Phata14xc4L+yPv8AdBgkW0=</latexit>

Trap
<latexit sha1_base64="yhTxQO+GBFUbOK0VrET6hKTK6X0=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AKnsquCHosePFYoV/SLiWbTtvQJLskWaEs/RVePCji1Z/jzX9j2u5BW18IPLwzQ2beKBHcWN//9tbWNza3tgs7xd29/YPD0tFx08SpZthgsYh1O6IGBVfYsNwKbCcaqYwEtqLx3azeekJteKzqdpJgKOlQ8QFn1DrrsatlVtc0mfZKZb/iz0VWIcihDLlqvdJXtx+zVKKyTFBjOoGf2DCj2nImcFrspgYTysZ0iB2Hiko0YTZfeEounNMng1i7pyyZu78nMiqNmcjIdUpqR2a5NjP/q3VSO7gNM66S1KJii48GqSA2JrPrSZ9rZFZMHFCmuduVsBHVlFmXUdGFECyfvArNq0rg+OG6XD3P4yjAKZzBJQRwA1W4hxo0gIGEZ3iFN097L96797FoXfPymRP4I+/zBxwJkIA=</latexit><latexit sha1_base64="yhTxQO+GBFUbOK0VrET6hKTK6X0=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AKnsquCHosePFYoV/SLiWbTtvQJLskWaEs/RVePCji1Z/jzX9j2u5BW18IPLwzQ2beKBHcWN//9tbWNza3tgs7xd29/YPD0tFx08SpZthgsYh1O6IGBVfYsNwKbCcaqYwEtqLx3azeekJteKzqdpJgKOlQ8QFn1DrrsatlVtc0mfZKZb/iz0VWIcihDLlqvdJXtx+zVKKyTFBjOoGf2DCj2nImcFrspgYTysZ0iB2Hiko0YTZfeEounNMng1i7pyyZu78nMiqNmcjIdUpqR2a5NjP/q3VSO7gNM66S1KJii48GqSA2JrPrSZ9rZFZMHFCmuduVsBHVlFmXUdGFECyfvArNq0rg+OG6XD3P4yjAKZzBJQRwA1W4hxo0gIGEZ3iFN097L96797FoXfPymRP4I+/zBxwJkIA=</latexit><latexit sha1_base64="yhTxQO+GBFUbOK0VrET6hKTK6X0=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AKnsquCHosePFYoV/SLiWbTtvQJLskWaEs/RVePCji1Z/jzX9j2u5BW18IPLwzQ2beKBHcWN//9tbWNza3tgs7xd29/YPD0tFx08SpZthgsYh1O6IGBVfYsNwKbCcaqYwEtqLx3azeekJteKzqdpJgKOlQ8QFn1DrrsatlVtc0mfZKZb/iz0VWIcihDLlqvdJXtx+zVKKyTFBjOoGf2DCj2nImcFrspgYTysZ0iB2Hiko0YTZfeEounNMng1i7pyyZu78nMiqNmcjIdUpqR2a5NjP/q3VSO7gNM66S1KJii48GqSA2JrPrSZ9rZFZMHFCmuduVsBHVlFmXUdGFECyfvArNq0rg+OG6XD3P4yjAKZzBJQRwA1W4hxo0gIGEZ3iFN097L96797FoXfPymRP4I+/zBxwJkIA=</latexit><latexit sha1_base64="yhTxQO+GBFUbOK0VrET6hKTK6X0=">AAAB8HicbZBNSwMxEIZn/az1q+rRS7AKnsquCHosePFYoV/SLiWbTtvQJLskWaEs/RVePCji1Z/jzX9j2u5BW18IPLwzQ2beKBHcWN//9tbWNza3tgs7xd29/YPD0tFx08SpZthgsYh1O6IGBVfYsNwKbCcaqYwEtqLx3azeekJteKzqdpJgKOlQ8QFn1DrrsatlVtc0mfZKZb/iz0VWIcihDLlqvdJXtx+zVKKyTFBjOoGf2DCj2nImcFrspgYTysZ0iB2Hiko0YTZfeEounNMng1i7pyyZu78nMiqNmcjIdUpqR2a5NjP/q3VSO7gNM66S1KJii48GqSA2JrPrSZ9rZFZMHFCmuduVsBHVlFmXUdGFECyfvArNq0rg+OG6XD3P4yjAKZzBJQRwA1W4hxo0gIGEZ3iFN097L96797FoXfPymRP4I+/zBxwJkIA=</latexit>

⌧
<latexit sha1_base64="6L184NgooNIzj20HZYjJUCZFihw=">AAAB63icbZBNSwMxEIZn61etX1WPXoJV8FR2RdBjwYvHCrYW2qVk02wbmmSXZFYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49u8/vjEjRWJfsBJykNFh1rEglHMrR7SrF+t+XV/LrIKQQE1KNTsV796g4RlimtkklrbDfwUwyk1KJjks0ovszylbEyHvOtQU8VtOJ3vOiPnzhmQODHuaSRz9/fElCprJypynYriyC7XcvO/WjfD+CacCp1myDVbfBRnkmBC8sPJQBjOUE4cUGaE25WwETWUoYun4kIIlk9ehfZlPXB8f1VrnBVxlOEETuECAriGBtxBE1rAYATP8ApvnvJevHfvY9Fa8oqZY/gj7/MHGCmOKg==</latexit><latexit sha1_base64="6L184NgooNIzj20HZYjJUCZFihw=">AAAB63icbZBNSwMxEIZn61etX1WPXoJV8FR2RdBjwYvHCrYW2qVk02wbmmSXZFYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49u8/vjEjRWJfsBJykNFh1rEglHMrR7SrF+t+XV/LrIKQQE1KNTsV796g4RlimtkklrbDfwUwyk1KJjks0ovszylbEyHvOtQU8VtOJ3vOiPnzhmQODHuaSRz9/fElCprJypynYriyC7XcvO/WjfD+CacCp1myDVbfBRnkmBC8sPJQBjOUE4cUGaE25WwETWUoYun4kIIlk9ehfZlPXB8f1VrnBVxlOEETuECAriGBtxBE1rAYATP8ApvnvJevHfvY9Fa8oqZY/gj7/MHGCmOKg==</latexit><latexit sha1_base64="6L184NgooNIzj20HZYjJUCZFihw=">AAAB63icbZBNSwMxEIZn61etX1WPXoJV8FR2RdBjwYvHCrYW2qVk02wbmmSXZFYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49u8/vjEjRWJfsBJykNFh1rEglHMrR7SrF+t+XV/LrIKQQE1KNTsV796g4RlimtkklrbDfwUwyk1KJjks0ovszylbEyHvOtQU8VtOJ3vOiPnzhmQODHuaSRz9/fElCprJypynYriyC7XcvO/WjfD+CacCp1myDVbfBRnkmBC8sPJQBjOUE4cUGaE25WwETWUoYun4kIIlk9ehfZlPXB8f1VrnBVxlOEETuECAriGBtxBE1rAYATP8ApvnvJevHfvY9Fa8oqZY/gj7/MHGCmOKg==</latexit><latexit sha1_base64="6L184NgooNIzj20HZYjJUCZFihw=">AAAB63icbZBNSwMxEIZn61etX1WPXoJV8FR2RdBjwYvHCrYW2qVk02wbmmSXZFYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49u8/vjEjRWJfsBJykNFh1rEglHMrR7SrF+t+XV/LrIKQQE1KNTsV796g4RlimtkklrbDfwUwyk1KJjks0ovszylbEyHvOtQU8VtOJ3vOiPnzhmQODHuaSRz9/fElCprJypynYriyC7XcvO/WjfD+CacCp1myDVbfBRnkmBC8sPJQBjOUE4cUGaE25WwETWUoYun4kIIlk9ehfZlPXB8f1VrnBVxlOEETuECAriGBtxBE1rAYATP8ApvnvJevHfvY9Fa8oqZY/gj7/MHGCmOKg==</latexit>

RO1 + PGC
<latexit sha1_base64="cybSvkNu+fSyxZixU4IKUyu4X6c=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8EqCEKZEUGXhS50ZxV7gXYsmTTThiaZIckoZeh7uHGhiFvfxZ1vY9rOQlt/CHz85xzOyR/EnGnjut9Obml5ZXUtv17Y2Nza3inu7jV0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbVSb35SJVmkbw3o5j6AvclCxnBxloPHSXSuxsPnaLaVXXcLZbcsjsVWgQvgxJkqnWLX51eRBJBpSEca9323Nj4KVaGEU7HhU6iaYzJEPdp26LEgmo/nV49RsfW6aEwUvZJg6bu74kUC61HIrCdApuBnq9NzP9q7cSEl37KZJwYKslsUZhwZCI0iQD1mKLE8JEFTBSztyIywAoTY4Mq2BC8+S8vQuOs7Fm+PS9VjrI48nAAh3ACHlxABa6hBnUgoOAZXuHNeXJenHfnY9aac7KZffgj5/MHpi+RMg==</latexit><latexit sha1_base64="cybSvkNu+fSyxZixU4IKUyu4X6c=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8EqCEKZEUGXhS50ZxV7gXYsmTTThiaZIckoZeh7uHGhiFvfxZ1vY9rOQlt/CHz85xzOyR/EnGnjut9Obml5ZXUtv17Y2Nza3inu7jV0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbVSb35SJVmkbw3o5j6AvclCxnBxloPHSXSuxsPnaLaVXXcLZbcsjsVWgQvgxJkqnWLX51eRBJBpSEca9323Nj4KVaGEU7HhU6iaYzJEPdp26LEgmo/nV49RsfW6aEwUvZJg6bu74kUC61HIrCdApuBnq9NzP9q7cSEl37KZJwYKslsUZhwZCI0iQD1mKLE8JEFTBSztyIywAoTY4Mq2BC8+S8vQuOs7Fm+PS9VjrI48nAAh3ACHlxABa6hBnUgoOAZXuHNeXJenHfnY9aac7KZffgj5/MHpi+RMg==</latexit><latexit sha1_base64="cybSvkNu+fSyxZixU4IKUyu4X6c=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8EqCEKZEUGXhS50ZxV7gXYsmTTThiaZIckoZeh7uHGhiFvfxZ1vY9rOQlt/CHz85xzOyR/EnGnjut9Obml5ZXUtv17Y2Nza3inu7jV0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbVSb35SJVmkbw3o5j6AvclCxnBxloPHSXSuxsPnaLaVXXcLZbcsjsVWgQvgxJkqnWLX51eRBJBpSEca9323Nj4KVaGEU7HhU6iaYzJEPdp26LEgmo/nV49RsfW6aEwUvZJg6bu74kUC61HIrCdApuBnq9NzP9q7cSEl37KZJwYKslsUZhwZCI0iQD1mKLE8JEFTBSztyIywAoTY4Mq2BC8+S8vQuOs7Fm+PS9VjrI48nAAh3ACHlxABa6hBnUgoOAZXuHNeXJenHfnY9aac7KZffgj5/MHpi+RMg==</latexit><latexit sha1_base64="cybSvkNu+fSyxZixU4IKUyu4X6c=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8EqCEKZEUGXhS50ZxV7gXYsmTTThiaZIckoZeh7uHGhiFvfxZ1vY9rOQlt/CHz85xzOyR/EnGnjut9Obml5ZXUtv17Y2Nza3inu7jV0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbVSb35SJVmkbw3o5j6AvclCxnBxloPHSXSuxsPnaLaVXXcLZbcsjsVWgQvgxJkqnWLX51eRBJBpSEca9323Nj4KVaGEU7HhU6iaYzJEPdp26LEgmo/nV49RsfW6aEwUvZJg6bu74kUC61HIrCdApuBnq9NzP9q7cSEl37KZJwYKslsUZhwZCI0iQD1mKLE8JEFTBSztyIywAoTY4Mq2BC8+S8vQuOs7Fm+PS9VjrI48nAAh3ACHlxABa6hBnUgoOAZXuHNeXJenHfnY9aac7KZffgj5/MHpi+RMg==</latexit>

PGC+RO2
<latexit sha1_base64="g7OLyXI3XtmfLyXI91kKC9fjjF8=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgFQSgzRdBloQvdWcVeoB1LJs20oUlmSDJKGfoeblwo4tZ3cefbmLaz0NYfAh//OYdz8gcxZ9q47reztLyyurae28hvbm3v7Bb29hs6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPqpN58pEqzSN6bUUx9gfuShYxgY62HjhJp7aqKztDdTXncLRTdkjsVWgQvgyJkqnULX51eRBJBpSEca9323Nj4KVaGEU7H+U6iaYzJEPdp26LEgmo/nV49RifW6aEwUvZJg6bu74kUC61HIrCdApuBnq9NzP9q7cSEl37KZJwYKslsUZhwZCI0iQD1mKLE8JEFTBSztyIywAoTY4PK2xC8+S8vQqNc8izfnhcrx1kcOTiEIzgFDy6gAtdQgzoQUPAMr/DmPDkvzrvzMWtdcrKZA/gj5/MHp+SRMw==</latexit><latexit sha1_base64="g7OLyXI3XtmfLyXI91kKC9fjjF8=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgFQSgzRdBloQvdWcVeoB1LJs20oUlmSDJKGfoeblwo4tZ3cefbmLaz0NYfAh//OYdz8gcxZ9q47reztLyyurae28hvbm3v7Bb29hs6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPqpN58pEqzSN6bUUx9gfuShYxgY62HjhJp7aqKztDdTXncLRTdkjsVWgQvgyJkqnULX51eRBJBpSEca9323Nj4KVaGEU7H+U6iaYzJEPdp26LEgmo/nV49RifW6aEwUvZJg6bu74kUC61HIrCdApuBnq9NzP9q7cSEl37KZJwYKslsUZhwZCI0iQD1mKLE8JEFTBSztyIywAoTY4PK2xC8+S8vQqNc8izfnhcrx1kcOTiEIzgFDy6gAtdQgzoQUPAMr/DmPDkvzrvzMWtdcrKZA/gj5/MHp+SRMw==</latexit><latexit sha1_base64="g7OLyXI3XtmfLyXI91kKC9fjjF8=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgFQSgzRdBloQvdWcVeoB1LJs20oUlmSDJKGfoeblwo4tZ3cefbmLaz0NYfAh//OYdz8gcxZ9q47reztLyyurae28hvbm3v7Bb29hs6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPqpN58pEqzSN6bUUx9gfuShYxgY62HjhJp7aqKztDdTXncLRTdkjsVWgQvgyJkqnULX51eRBJBpSEca9323Nj4KVaGEU7H+U6iaYzJEPdp26LEgmo/nV49RifW6aEwUvZJg6bu74kUC61HIrCdApuBnq9NzP9q7cSEl37KZJwYKslsUZhwZCI0iQD1mKLE8JEFTBSztyIywAoTY4PK2xC8+S8vQqNc8izfnhcrx1kcOTiEIzgFDy6gAtdQgzoQUPAMr/DmPDkvzrvzMWtdcrKZA/gj5/MHp+SRMw==</latexit><latexit sha1_base64="g7OLyXI3XtmfLyXI91kKC9fjjF8=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgFQSgzRdBloQvdWcVeoB1LJs20oUlmSDJKGfoeblwo4tZ3cefbmLaz0NYfAh//OYdz8gcxZ9q47reztLyyurae28hvbm3v7Bb29hs6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPqpN58pEqzSN6bUUx9gfuShYxgY62HjhJp7aqKztDdTXncLRTdkjsVWgQvgyJkqnULX51eRBJBpSEca9323Nj4KVaGEU7H+U6iaYzJEPdp26LEgmo/nV49RifW6aEwUvZJg6bu74kUC61HIrCdApuBnq9NzP9q7cSEl37KZJwYKslsUZhwZCI0iQD1mKLE8JEFTBSztyIywAoTY4PK2xC8+S8vQqNc8izfnhcrx1kcOTiEIzgFDy6gAtdQgzoQUPAMr/DmPDkvzrvzMWtdcrKZA/gj5/MHp+SRMw==</latexit>

2 mK
<latexit sha1_base64="VSx7e5Xyt+y1aOcBg50DnNmiAK4=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0E6yCqzJTBF0W3AhuKtiLtEPJpJk2NMkMSUYoQ30JNy4UcevjuPNtTNtZaOsPgY//nEPO+cNEcGM97xutrK6tb2wWtorbO7t7+6WDw6aJU01Zg8Yi1u2QGCa4Yg3LrWDtRDMiQ8Fa4eh6Wm89Mm14rO7tOGGBJAPFI06JddZDV8us+iRvJ71S2at4M+Fl8HMoQ656r/TV7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcKiKZCbLZwhN85pw+jmLtnrJ45v6eyIg0ZixD1ymJHZrF2tT8r9ZJbXQVZFwlqWWKzj+KUoFtjKfX4z7XjFoxdkCo5m5XTIdEE2pdRkUXgr948jI0qxXf8d1FuXaax1GAYziBc/DhEmpwA3VoAAUJz/AKb0ijF/SOPuatKyifOYI/Qp8/1E2QUQ==</latexit><latexit sha1_base64="VSx7e5Xyt+y1aOcBg50DnNmiAK4=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0E6yCqzJTBF0W3AhuKtiLtEPJpJk2NMkMSUYoQ30JNy4UcevjuPNtTNtZaOsPgY//nEPO+cNEcGM97xutrK6tb2wWtorbO7t7+6WDw6aJU01Zg8Yi1u2QGCa4Yg3LrWDtRDMiQ8Fa4eh6Wm89Mm14rO7tOGGBJAPFI06JddZDV8us+iRvJ71S2at4M+Fl8HMoQ656r/TV7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcKiKZCbLZwhN85pw+jmLtnrJ45v6eyIg0ZixD1ymJHZrF2tT8r9ZJbXQVZFwlqWWKzj+KUoFtjKfX4z7XjFoxdkCo5m5XTIdEE2pdRkUXgr948jI0qxXf8d1FuXaax1GAYziBc/DhEmpwA3VoAAUJz/AKb0ijF/SOPuatKyifOYI/Qp8/1E2QUQ==</latexit><latexit sha1_base64="VSx7e5Xyt+y1aOcBg50DnNmiAK4=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0E6yCqzJTBF0W3AhuKtiLtEPJpJk2NMkMSUYoQ30JNy4UcevjuPNtTNtZaOsPgY//nEPO+cNEcGM97xutrK6tb2wWtorbO7t7+6WDw6aJU01Zg8Yi1u2QGCa4Yg3LrWDtRDMiQ8Fa4eh6Wm89Mm14rO7tOGGBJAPFI06JddZDV8us+iRvJ71S2at4M+Fl8HMoQ656r/TV7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcKiKZCbLZwhN85pw+jmLtnrJ45v6eyIg0ZixD1ymJHZrF2tT8r9ZJbXQVZFwlqWWKzj+KUoFtjKfX4z7XjFoxdkCo5m5XTIdEE2pdRkUXgr948jI0qxXf8d1FuXaax1GAYziBc/DhEmpwA3VoAAUJz/AKb0ijF/SOPuatKyifOYI/Qp8/1E2QUQ==</latexit><latexit sha1_base64="VSx7e5Xyt+y1aOcBg50DnNmiAK4=">AAAB8HicbZDLSgMxFIZPvNZ6q7p0E6yCqzJTBF0W3AhuKtiLtEPJpJk2NMkMSUYoQ30JNy4UcevjuPNtTNtZaOsPgY//nEPO+cNEcGM97xutrK6tb2wWtorbO7t7+6WDw6aJU01Zg8Yi1u2QGCa4Yg3LrWDtRDMiQ8Fa4eh6Wm89Mm14rO7tOGGBJAPFI06JddZDV8us+iRvJ71S2at4M+Fl8HMoQ656r/TV7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcKiKZCbLZwhN85pw+jmLtnrJ45v6eyIg0ZixD1ymJHZrF2tT8r9ZJbXQVZFwlqWWKzj+KUoFtjKfX4z7XjFoxdkCo5m5XTIdEE2pdRkUXgr948jI0qxXf8d1FuXaax1GAYziBc/DhEmpwA3VoAAUJz/AKb0ijF/SOPuatKyifOYI/Qp8/1E2QUQ==</latexit>

1 mK
<latexit sha1_base64="kdsrmY5IwI9CndEbB7dt0YLdYuc=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EquCozIuiy4EZwU8FepB1KJs20obkMSUYoQ30JNy4UcevjuPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGl1P661Hqg1T8t6OExoKPJAsZgRbZz10tciCJ3E76ZUrftWfCS1DkEMFctV75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nEosaAmzGYLT9Cpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFptejPtOUWD52gIlmbldEhlhjYl1GJRdCsHjyMjTPq4Hju4tK7SSPowhHcAxnEMAl1OAG6tAAAgKe4RXePO29eO/ex7y14OUzh/BH3ucP0sWQUA==</latexit><latexit sha1_base64="kdsrmY5IwI9CndEbB7dt0YLdYuc=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EquCozIuiy4EZwU8FepB1KJs20obkMSUYoQ30JNy4UcevjuPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGl1P661Hqg1T8t6OExoKPJAsZgRbZz10tciCJ3E76ZUrftWfCS1DkEMFctV75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nEosaAmzGYLT9Cpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFptejPtOUWD52gIlmbldEhlhjYl1GJRdCsHjyMjTPq4Hju4tK7SSPowhHcAxnEMAl1OAG6tAAAgKe4RXePO29eO/ex7y14OUzh/BH3ucP0sWQUA==</latexit><latexit sha1_base64="kdsrmY5IwI9CndEbB7dt0YLdYuc=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EquCozIuiy4EZwU8FepB1KJs20obkMSUYoQ30JNy4UcevjuPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGl1P661Hqg1T8t6OExoKPJAsZgRbZz10tciCJ3E76ZUrftWfCS1DkEMFctV75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nEosaAmzGYLT9Cpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFptejPtOUWD52gIlmbldEhlhjYl1GJRdCsHjyMjTPq4Hju4tK7SSPowhHcAxnEMAl1OAG6tAAAgKe4RXePO29eO/ex7y14OUzh/BH3ucP0sWQUA==</latexit><latexit sha1_base64="kdsrmY5IwI9CndEbB7dt0YLdYuc=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EquCozIuiy4EZwU8FepB1KJs20obkMSUYoQ30JNy4UcevjuPNtTNtZaOsPgY//nEPO+aOEM2N9/9srrKyurW8UN0tb2zu7e+X9g6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGl1P661Hqg1T8t6OExoKPJAsZgRbZz10tciCJ3E76ZUrftWfCS1DkEMFctV75a9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSambGppgMsID2nEosaAmzGYLT9Cpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFptejPtOUWD52gIlmbldEhlhjYl1GJRdCsHjyMjTPq4Hju4tK7SSPowhHcAxnEMAl1OAG6tAAAgKe4RXePO29eO/ex7y14OUzh/BH3ucP0sWQUA==</latexit>

300 µK
<latexit sha1_base64="kuH0wSV7j250q/0RvQOW5kevshM=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EquCozKuiy4EZwU8FeoDOUTJppQ5PMmGQKZaiv4caFIm59GHe+jWk7C239IfDxn3M4J3+YcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUcaoIbZCYx6odYk05k7RhmOG0nSiKRchpKxzeTOutEVWaxfLBjBMaCNyXLGIEG2sFF6775IvUVyK7m3TLFbfqzoSWwcuhArnq3fKX34tJKqg0hGOtO56bmCDDyjDC6aTkp5ommAxxn3YsSiyoDrLZ0RN0ap0eimJlnzRo5v6eyLDQeixC2ymwGejF2tT8r9ZJTXQdZEwmqaGSzBdFKUcmRtMEUI8pSgwfW8BEMXsrIgOsMDE2p5INwVv88jI0z6ue5fvLSu0kj6MIR3AMZ+DBFdTgFurQAAKP8Ayv8OaMnBfn3fmYtxacfOYQ/sj5/AFDO5Gr</latexit><latexit sha1_base64="kuH0wSV7j250q/0RvQOW5kevshM=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EquCozKuiy4EZwU8FeoDOUTJppQ5PMmGQKZaiv4caFIm59GHe+jWk7C239IfDxn3M4J3+YcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUcaoIbZCYx6odYk05k7RhmOG0nSiKRchpKxzeTOutEVWaxfLBjBMaCNyXLGIEG2sFF6775IvUVyK7m3TLFbfqzoSWwcuhArnq3fKX34tJKqg0hGOtO56bmCDDyjDC6aTkp5ommAxxn3YsSiyoDrLZ0RN0ap0eimJlnzRo5v6eyLDQeixC2ymwGejF2tT8r9ZJTXQdZEwmqaGSzBdFKUcmRtMEUI8pSgwfW8BEMXsrIgOsMDE2p5INwVv88jI0z6ue5fvLSu0kj6MIR3AMZ+DBFdTgFurQAAKP8Ayv8OaMnBfn3fmYtxacfOYQ/sj5/AFDO5Gr</latexit><latexit sha1_base64="kuH0wSV7j250q/0RvQOW5kevshM=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EquCozKuiy4EZwU8FeoDOUTJppQ5PMmGQKZaiv4caFIm59GHe+jWk7C239IfDxn3M4J3+YcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUcaoIbZCYx6odYk05k7RhmOG0nSiKRchpKxzeTOutEVWaxfLBjBMaCNyXLGIEG2sFF6775IvUVyK7m3TLFbfqzoSWwcuhArnq3fKX34tJKqg0hGOtO56bmCDDyjDC6aTkp5ommAxxn3YsSiyoDrLZ0RN0ap0eimJlnzRo5v6eyLDQeixC2ymwGejF2tT8r9ZJTXQdZEwmqaGSzBdFKUcmRtMEUI8pSgwfW8BEMXsrIgOsMDE2p5INwVv88jI0z6ue5fvLSu0kj6MIR3AMZ+DBFdTgFurQAAKP8Ayv8OaMnBfn3fmYtxacfOYQ/sj5/AFDO5Gr</latexit><latexit sha1_base64="kuH0wSV7j250q/0RvQOW5kevshM=">AAAB9HicbZDLSgMxFIbP1Futt6pLN8EquCozKuiy4EZwU8FeoDOUTJppQ5PMmGQKZaiv4caFIm59GHe+jWk7C239IfDxn3M4J3+YcKaN6347hZXVtfWN4mZpa3tnd6+8f9DUcaoIbZCYx6odYk05k7RhmOG0nSiKRchpKxzeTOutEVWaxfLBjBMaCNyXLGIEG2sFF6775IvUVyK7m3TLFbfqzoSWwcuhArnq3fKX34tJKqg0hGOtO56bmCDDyjDC6aTkp5ommAxxn3YsSiyoDrLZ0RN0ap0eimJlnzRo5v6eyLDQeixC2ymwGejF2tT8r9ZJTXQdZEwmqaGSzBdFKUcmRtMEUI8pSgwfW8BEMXsrIgOsMDE2p5INwVv88jI0z6ue5fvLSu0kj6MIR3AMZ+DBFdTgFurQAAKP8Ayv8OaMnBfn3fmYtxacfOYQ/sj5/AFDO5Gr</latexit>

Figure 8.2: Rydberg excitation sequence after cooling the single atom is
initialised in either |4, 0⟩ or |4, 4⟩ via optical pumping. The trap is then
lowered to U0 = 300 µK to further cool the atom before two photon excitation
performed with the trap extinguished. Following the excitation beam the
single atom is recaptured at U0 = 1 mK to increase detection efficiency
before ramping back to U0 =2 mK for second readout.

Ω/2π = 0.69 MHz, using 590 µW of Qubit A power and 92.5 mW of Rydberg.

Taking this information and modiflying the calculations in section 4.3.1 it can

be deduced that the waist of the Rydberg beam is wC ∼ 18µm.

Fig. 8.3(a) and (b) show Rabi flops |69S,mj = 1/2⟩ obtained from the

stretched state Ω/2π = 0.69 MHz, and clock state Ω/2π = 0.73 MHz, respec-

tively for relatively similar two photon Rabi frequencies. Between taking the

stretched state and clock state data a faulty shutter was discovered causing

intermittent optical pumping which explains the poorer contrast observed in

the stretched state data. Both oscillations are susceptible to a fast decay

τ = 2.9, 2.4 ms however as this decay is symmetric it indicates that this is

not due to spontaneous emission. Further verification is found by increasing

the Qubit A power to perform a flop at faster frequency Fig. 8.3(c) where

a similar decay time is observed τ = 2.9 ruling out spontaneous emission.

As the measurements are performed with counter-propagating beams and at
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Figure 8.3: Rydberg Rabi Oscillations to |69S,mj = 1/2⟩ from, (a)|4, 4⟩
obtaining Ω/2π = 0.69 MHz, τ = 2.9 µs (b)|4, 0⟩ obtaining Ω/2π =
0.73 MHz, τ = 2.4 µs (c) |4, 4⟩ obtaining Ω/2π = 2.06 MHz, τ = 2.9 µs.

T = 10 µK, Doppler broadening cannot be attributed to this. Similarly the

Rydberg laser intensity is well-stabilised by a noise-eater to less than 1 %

fluctuations and the Qubit A beam is found to have around a 2.5 % instabil-

ity indicating intensity noise is not the issue either. Fluctuations in magnetic

fields can also be ruled out as the |4, 4⟩ → |69S,mj = 1/2⟩ transition has no

differential Zeeman shift so one would expect a significant difference between

excitation from the clock and stretched state if this was the case.

A recent publication has found that a consequence of ULE locks for Rydberg

excitation is the creation of laser phase noise at around 2π · 1 MHz causing

rapid decoherence of oscillations [139]. This has been further verified in [141]

where light from the ULE cavity was used as a spectral filter to injection

lock another laser diode, greatly reducing the associated laser phase noise

from the lock, leading to oscillations with decay constants of up to τ = 27 µs
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Figure 8.4: Ramsey interferometry for |4, 4⟩ → |69S1/2,mj = 1/2⟩ using a
τπ/2 = 400 ns, obtaining T ∗

2 = 15 ± 4 µs in reasonable agreement with the
predicted Doppler limitation for T = 10 µK

being achieved. However despite this, gate operations generally require fast

rotations therefore high fidelity operations can still be achieved without the

need to address the laser phase noise on the experiment.

8.5 Measurement of T ∗
2

Like the previous chapter an excellent measure of the ability to perform qubit

operations is Ramsey interferometry, as the laser is off for the majority of

the Ramsey sequence this should also help clarify if the dephasing observed

is indeed laser-phase related. The inhomogenous dephasing time for Ryd-

berg states has been found to have two contributing factors magnetic fields

fluctuations T ∗
2,B and Doppler effects T ∗

2,D [23], as we observe no significant

difference in clock state vs stretched state excitation we can consider our

magnetic fields fluctuations to be negligible and the dominant factor to be

due to Doppler effects. The Doppler limitation is given by [23]

T ∗
2,D =

(
2m

kBT

)1/2(
1

keff

)
, (8.2)

for the experiment parameters and a temperature of 10 µK this calculation

yields a decay time of around 11 µs indicating that if this is the dominant
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factor the Ramsey spectroscopy should yield a similar result.

The spectroscopy is performed on the stretched state using two π/2 = 400 ns

pulses separated by a variable duration. Fig. 8.4 shows the result of this

measurement, what is immediately obvious from this data is the far superior

damping compared to the oscillations presented in Fig. 8.3. This represents

a strong indication that the previous issues are caused by laser phase noise.

The data is fitted to an adaptation of Eq. 7.3 obtaining an oscillatory fre-

quency of ωRam ∼1 MHz and T ∗
2 =14.8±4 µs, in good agreement with the

predicted Doppler limited T ∗
2,D. The time obtained is longer than what has

been observed in other experiments [141] and can be primarily attributed to

the cold temperature and heavier atomic species minimising Doppler effects.

This demonstrates coherences far longer than required for Rydberg mediated

gates. The obtained time can be used to estimate the attainable fidelity via

Rydberg interactions for pulses separated by t [23]

F =
1

2
(1 + exp(−t2/T ∗

2 )), (8.3)

suggesting for a 500 ns gap time a fidelity F > 0.99 should still be be

realisable

8.6 Measurement of Rydberg State Detec-

tion Efficiency

As outlined in Sec. 8.1 the Rydberg state detection is dependant upon a

number of factors. A dominant factor that can easily be controlled experi-

mentally is the magnitude of the anti-trapping potential the Rydberg atom

experiences, i.e the trap depth at recapture. To measure the detection ef-

ficiency at different potentials the atom is placed into the Rydberg state

through the application of a π-pulse the trap is then applied for a varying
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Figure 8.5: Measurement of Rydberg detection through applying a varying
duration of the trapping potential following a π rotation to |r⟩. After the
potential is applied the state is returned to |g⟩ though another π rotation and
recaptured. Blue points correspond to U0 = 300 µK and red points represent
U0 = 1 mK fitting to exponential decays 1/e time constants are obtained of
τ = 25.7 µs and τ = 8.2 µs for the respective applied potential.

Parameter Error
Clock State Pumping Error eOP 0.04

Rydberg Detection Error eD 0.06
False-Positive Error eF 0.01

Table 8.1: Rydberg detection errors

duration before a second π- pulse is applied returning the atom to the ground

state before recapture. Detection depths of U0 = 300 µK and U0 =1 mK are

considered and the results presented in Fig. 8.5. The time τr is simply the

1/e decay constant from an exponential fit to the data obtaining durations

of 25.7 and 8.2 µs respectively. The 300 K lifetime of 69S1/2 is τRyd = 134 µs

giving an estimated detection errors of eD =0.2 and 0.06 demonstrating a

significant advantage of performing Rydberg detection with deeper trapping

potentials.

This result now allows the maximal expected population of Pr to be esti-

mated with the experimental errors factored in, Table 8.1. Using Eq. 8.1 and

setting P̃r = 1 and P̃g = 0 as would be expected at a π time absent of error

and dephasing returns a measured population Pr = 0.9. This is in excellent

agreement with the fitted amplitude to the clock state data in Fig. 8.3 of
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0.9. The damping from laser phase noise prevents a population of 0.9 being

measured with a population of only 0.84 observed by the π duration. Driv-

ing faster oscillations may overcome this effect and allow maximal Rydberg

transfer however this may result in a compromise with spontaneous emission.

8.7 Conclusion

Coherent excitation to the Rydberg state has been achieved from the clock

and stretched state. Although oscillations are quickly damped due to laser

phase noise the ability to drive fast rotations with a dephasing time far ex-

ceeding that of a gate rotation has been shown though Ramsey interferometry

achieving T ∗
2 = 14 µs around two orders of magnitude longer than the π/2

rotation used. Solutions to reduce the laser phase noise from the ULE lock

have been shown in [141] with coherence times of 27 µs being observed in

their Rabi Oscillations. However the T ∗
2 on this experiment still exceeds the

time achieved in their setup by a factor of two indicating that a change is

not required to drive gates where the laser atom interaction is short.



Chapter 9

Rydberg Blockade and Ground

State Entanglement

The previous chapters demonstrate the ability to drive controlled rotations

between the ground states and to Rydberg states with single atoms. This

chapter now considers excitation with a second atom introduced within the

blockade distance to create the entangled |W⟩ state. Mapping this state

back down to the other hyperfine manifold allows deterministic ground state

entanglement to be realised. The first experimental observations of the Ry-

dberg blockade between two atoms were obtained by the Wisconsin [62] and

Paris [63] group in 2009. Both experiments showed suppression of excitation

to the doubly excited state |rr⟩ ∼ Prr =30 % and 15 % for the respective

experiments. Since then experiments have been developed which suppress

the excitation of |rr⟩ even further to Prr < 5 % [141]

104
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Figure 9.1: (a) Laser setup for blockade and ground state entanglement
generation. Qubit A and B are orthogonally polarised and are focused to
waists of wA = 14.6 µm and wB = 20 µm respectively. (b) Excitation
scheme for ground state entanglement. The detuning for the ground state
Raman lasers is now ∆B/2π = 43 GHz.

9.1 Collective Enhancement and Rydberg Block-

ade

The experimental procedure remains the same as the previous chapter all

aside the introduction of the second atom with the setup and excitation

pathway shown in Fig 9.1. The atoms can be separated down to a mini-

mum spacing of 5 µm (pixels), any distance smaller than this results in large

amounts of cross talk between the atom ROIs making discrimination difficult

and hopping of atoms between traps is observed. The experiments presented

in this chapter use a separation of 6 µm which is still well within the block-

ade radius for the driving frequencies characterised in the previous chapter.

Recalling that Rb = 6
√
C6/Ω, for 69S1/2 C6 = −573 MHz·µm6 [75] and for

a two photon Rabi frequency Ω/2π = 0.75 MHz gives a blockade radius of

9.6 µm. For two-atom experiments there are four possible outcomes:

• Pgg the probability both atoms are in the ground state |11⟩, both are

recaptured.
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Figure 9.2: Two atom Rydberg Rabi flops, red and blue points represent trap
one and two where only respective trap loaded, green points shows the two
atom probability of one atom being excited to the Rydberg state |1r⟩+ |r1⟩
and the yellow points correspond to population of the doubly excited state
|rr⟩. Single atom probabilities are shown in (a) and (c) for excitation from
the clock and stretched state respectively and similarly for the two atom
probabilities in (b) and (d). A clear collective enhancement in coupling is
observed in the two atom probabilities |1r⟩ + |r1⟩ compared to the single
atom case as well as a high suppression of excitation to |rr⟩, Prr < 0.05.

• Prg,Pgr the probability one atom is in the Rydberg state and the other

is in the ground state |r1⟩,|1r⟩, one atom is lost the other is recaptured.

• Prr the probability both atoms are in the Rydberg state |rr⟩, both are

lost.

These are normalised such that Pgg + Prg + Pgr + Prr = 1. As the like-

lihood of atom loading for each trial is stochastic for 200 repeats of the

experiment one obtains around 60 two-atom data measurements, with sin-

gle atom data for each trap obtained in the instances where only one atom

is loaded. Fig 9.2 presents experiments conducted from the clock (a)-(b)
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and stretched state (c)-(d). The single atom trails obtain Rabi frequencies of

Ωr/2π = 0.73 ± 0.01, 0.69 ± 0.01 MHz and a clear enhancement in coupling

in the two atom data is observed Ω′
r/2π = 1.04 ± 0.02, 0.97 ± 0.01 MHz.

The ratio of these couplings gives Ω′
r/Ωr = 1.42 ± 0.03, 1.41 ± 0.02 ≈

√
2

in excellent agreement with the predicted theory. Further evidence of block-

ade is seen with an almost complete suppression of excitation to the doubly

excited state |rr⟩ with Prr < 5 %.

9.2 Ground State Entanglement

The entangled |W⟩ state created by blockade is short lived therefore it is

preferential to map this entanglement down to the long lived hyperfine ground

states. Achieving this requires re-introducing the Qubit B rotation laser used

in Chapter 7 to drive ground state rotations. This laser has now been coupled

into a separate fibre and is combined with Qubit A on a PBS before the

chamber as shown in Fig 9.1(a) and is focused to a waist of wB = 20 µm at the

atoms with a detuning of ∆B/2π = −43 GHz from the 6P3/2 transition. As

Qubit A and B have orthogonal polarisations they drive σ+ and σ− transition

respectively as shown in Fig 9.1(b).

Ground state entanglement is created by the following sequence; following

preparation in |1⟩ = |F = 4,mf = 0⟩ a π-pulse at the
√
2-enhanced Rabi

frequency to the symmetric state |W⟩ is applied using the Rydberg rotation

lasers creating the state |W⟩ = 1√
2
(|1r⟩ + |r1⟩). This is then followed by a

π-pulse using the ground state Raman laser creating |ψ⟩ = 1√
2
(|0r⟩ + |r0⟩).

Finally another π-pulse is applied using the Rydberg lasers at the single atom

Rabi frequency to create the maximumly entangled Bell state

|Ψ+⟩ = 1√
2
(|01⟩+ |10⟩). (9.1)

This pulse sequence is summarised and shown in Fig 9.3(a).



Chapter 9. Rydberg Blockade and Ground State Entanglement 108

9.2.1 Parity Oscillations

Transferring this |W⟩ state to the ground state similarly yields a popula-

tion of 50 % in P01 and P10. However this can not be distinguished from

a statistical mixture through population measurement alone. Evidence of

entanglement requires direct measurement of the off-diagonal coherences of

the density matrix ρ, which has the following form

ρ = |ψ⟩⟨ψ| =


P|00⟩ ρ00,01 ρ00,10 ρ00,11

ρ∗00,01 P|01⟩ ρ01,10 ρ01,11

ρ∗00,10 ρ∗01,10 P|10⟩ ρ10,11

ρ∗00,11 ρ∗01,11 ρ∗10,11 P|11⟩

 . (9.2)

For the perfectly prepared Bell state in Eq. 9.1 this should read

ρ =


0 0 0 0

0 0.5 0.5 0

0 0.5 0.5 0

0 0 0 0

 . (9.3)

The fidelity of this state is equal to F = ⟨Ψ+|ρ|Ψ+⟩ = (P01 + P10)/
√
2 +

R(ρ01,10). Measurement of the the off-diagonal coherences can be performed

through preparing |Ψ+⟩ and applying a global ground-state rotation pulse to

extract the parity which is defined as

Π = P00 + P11 − P01 − P10. (9.4)

Upon application of the analysis pulse with an area θ and phase ϕ the parity

is equal to [142]

Π(θ) = P cos2 θ − 2R(ρ00,11e
i2ϕ) sin2 θ + 2R(ρ01,10) sin

2 θ

+Im
[
(ρ00,10 − ρ01,11 + ρ00,01 − ρ10,11)e

iϕ
]
sin 2θ,

(9.5)
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Figure 9.3: (a) Pulse sequence to generate Bell state via Rydberg blockade.
(b) Parity oscillation at the expected 2Ω showing evidence of off-diagonal
coherence. (c) Evolution of the observing atoms in |00⟩ state during analysis
pulse.

thus an analysis pulse with an area of θ = π/2 reduces this to Π(π/2) =

2R(ρ01,10) − 2R(ρ00,11e
i2ϕ) allowing the off-diagonal coherences be extrapo-

lated. As the atoms are addressed simultaneously there is no direct control

over ϕ and it is assumed that the phase is random and averages out over the

course of the experiment. This procedure also does not account for losses

which need to be considered as will be shown below.

The Bell state is prepared using the sequence described earlier and shown in

Fig 9.3(a), the powers of the rotation lasers at the atoms are PA = 2 µW,

PB = 200 µW and PC = 90 mW for the Qubit A, Qubit B and 509 nm

Rydberg lasers respectively. This corresponds to pulse durations for the re-

spective rotations of πR/
√
2 = 500 ns, πG = 700 ns and πR = 700 ns with
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the entanglement sequence completed within 2 µs to allow for pulse padding

due to differing trigger delays. Following the completion of the entangle-

ment preparation the atoms are recaptured at U0 = 300 µK and the Raman

laser analysis pulse applied with a variable pulse area θ = ΩBt to perform

parity oscillations. This is then followed by a blow away pulse to deter-

mine the atomic states and find the two atom populations, similarly to the

blockade measurements four different population probabilities are obtained

P00, P11, P01 and P10.

Fig 9.3(b) shows the resulting parity oscillation which exhibits a strong os-

cillation at 2ΩR and is fitted to Π(θ) = P0 + A cosΩB + B cos 2ΩB. In the

case of a perfectly prepared Bell state this would correspond to fitted ampli-

tudes of A = 0 and B = −1. Following [143] the fit of this oscillation can

be used to extract R(ρ01,10) = |B|/2 giving a fidelity F ∼ 0.76. However

this does not account for loss of atoms that remain in the Rydberg state or

that fall out-with the basis states after initialisation. These losses result in

a false-positive error associated with the measurement of atoms in the state

|1⟩ which are lost during the blow away pulse. Therefore an intuitive way

to measure the relative coherences and populations is through the analysis

of P00 during the analysis pulse. This state is less susceptible to error as the

only way it can be measured is through survival of both atoms and therefore

can not be overestimated due to loss of atoms unlike P11.

The P00 population during the analysis pulse is shown in Fig 9.3(c). Following

the analysis presented in [63, 64] where it is assumed that ϕ is random and

averages out over the course of the measurement; Populations P|00⟩ and P|11⟩

are simply extracted from this taking P00(0) = P|00⟩ = 0.03 ± 0.02 and

P00(π) = P|11⟩ = 0.01 ± 0.01. Calculation of P|01⟩ + P|10⟩ however requires

losses to be considered. In the absence of losses over the duration of the

analysis pulse one would expect the average survival probability of each atom

independent of the other ⟨P1,2⟩ to be 0.5, thus the loss probability of each
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Figure 9.4: Probability of survival in either trap following parity analysis
sequence. Line (Dashed) indicates average survival probability of trap 1 (2)
giving L1,2 = 0.13, 0.12.

trap is given by [63]

L1,2 = 1− 2⟨P1,2⟩, (9.6)

the survival probability of each trap is shown in Fig 9.4, from this the loss rate

from each trap averaged over θ is found to be L1,2 = 0.13± 0.01, 0.12± 0.01.

This yields a total loss rate of Lt = 1 − ρ = L1 + L2 − L1L2 = 0.24 ± 0.01

which is in excellent agreement with the measured recapture probability of

two atoms without the presence the state discrimination pulse, precap = 0.78±

0.03. Finally one can calculate P|01⟩+P|10⟩ = 1−Lt−P|11⟩−P|00⟩ = 0.72±0.03.

The off-diagonal coherence R(ρ01,10) can also be calculated from analysis of

P00(θ) with P00 averaged over theta equal to [63]

⟨P00(θ)⟩ = (P|01⟩ + P|10⟩ + 3(P|11⟩ + P|00⟩) +R(ρ01,10))/8. (9.7)

Calculation of the coherence via this method obtains R(ρ01,10) = 0.27± 0.09

in excellent agreement with the value obtained from the simple analysis of

the parity oscillation. This can be further verified with a more in depth
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Elements Measured Value
ρ00,00 = P|00⟩ = P00(0) 0.03±0.02
ρ11,11 = P|11⟩ = P00(π) 0.01±0.01
ρ01,01 + ρ10,10 = P|01⟩ + P|10⟩ 0.72±0.03
R(ρ01,10) 0.27±0.03
F = (P|01⟩ + P|10⟩)/2 +R(ρ01,10) 0.63±0.03

Table 9.1: Measured values of the density matrix extracted from analysis of
the parity oscillation data of Fig 9.3.

analysis by altering the above relation and fitting the data to [63]

P00(θ) =
1

8

(
P|01⟩ + P|10⟩ + 2R(ρ01,10) + 3(P|11⟩ + P|00⟩)

)
+

1

2
(P|11⟩ − P|00⟩) cos θ

+
1

8

(
P|00⟩ + P|11⟩ − P|01⟩ − P|10⟩ − 2R(ρ01,10)

)
cos 2θ,

(9.8)

and constraining already obtained values, with the resulting fit shown in

Fig 9.3(b). This analysis yields R(ρ01,10) = 0.27± 0.03, which is in excellent

agreement with the previous methods . Collating the obtained information

presents a deterministic fidelity of F = 0.63± 0.03, in excess of the F > 0.5

threshold for entanglement verification. Factoring in the measured losses

from the experiment the loss corrected fidelity is Fpairs = F/precap = 0.81±

0.05. This represents the highest post-selected ground-state entanglement

achieved via Rydberg blockade and equal to that obtained though Rydberg

dressing [68]. A summary of the values obtained is presented in Table 9.1

It is expected that the main limitation preventing higher fidelities is caused

by imperfect Rydberg excitation due to laser dephasing. For instance the

maximum transfer in blockade measurements presented in Fig 9.2(b) sees

around a 81 % transfer to the |W⟩ state. Factoring in detection and optical

pumping efficiency this corresponds to an actual population of P̃r ≈ 0.9 in-

dicating around 0.1 of the population are out-with the basis state following

the first pulse mapping to |W⟩. Improvements to optical pumping and up-

grading the laser system as in [141] should see the number of atom transfer
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to |W⟩ increase and therefore should result in a higher ground state entan-

glement fidelity as seen by a demonstration of F = 97 % in |W⟩. In the

short term this could be overcome by driving faster Rydberg rotations to

maximise state transfer, however this is detrimental to the blockade radius

and will introduce spontaneous emission into the system.

9.3 Single Site Addressability

The vast majority of two-qubit gates such as CZ and CN require operations

on each qubit to performed independent of the other. This requires single site

addressability with the rotation lasers. As the 509 nm light does not couple

to anything when an atom is in the ground state it requires no alteration and

localised addressing can be achieved with only the 852 nm lasers. Removing

the aperture placed in the Qubit A path allows the beam to be focused down

to 2 µm this is aligned using the imaging system as previously as previously

discussed to overlap with the same pixel as one of the traps. The power in

the beam is reduced to 35 nW and a flop performed at resonance as shown in

Fig 9.5(a), with the other site is located 6 µm away. As can be seen from this

dataset a flop is observed in only one trapping site and a relatively constant

baseline is observed within the other trap, indicating the ability to address

a single trap. However a much faster dephasing in the Rabi flop is observed,

τ = 1.2 µs compared τ > 3 µs in previous measurements. This is surprising

as the relative couplings are similar, giving a two photon Rabi frequency of

Ω/2π = 0.74 MHz. It is hypothesised that this observed increase in dephas-

ing could possibly be due to a beam pointing instability due to the much

smaller focus or being more sensitive to the atomic motion during the 5 µs

drop. Verification of this hypothesis is sought through increasing the Qubit

A focus to 3.8 µm and repeating the measurement, Fig 9.5(b). A much

better flop is obtained which is consistent with previous Rabi oscillations

performed to the Rydberg state obtaining Ω/2π = 0.73 MHz and τ = 2.5 µs.
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Figure 9.5: Rydberg excitation with a Qubit A waist of (a) wA = 2 µm
and (b) wA = 3.8 µm focused upon trap 2 (red points). In both cases an
oscillation is observed with Ω/2π = 0.74 MHz and Ω/2π = 0.73 MHz with
minimal cross-talk in the other site trap 1 (blue) points.

Furthermore crosstalk < 5 % is seen in the other trapping site with slight dis-

crepancies consistent with shot to shot retention, thus demonstrating single

site addressability without detrimental effects on rotations.

9.4 Conclusion

Rydberg blockade has been shown between two single atoms achieving an

almost complete suppression in the population of the double excited state

Prr < 5% and demonstration of excitation to the entangled |W⟩ shown

through the collective enhancement in the Rabi frequency. This state has

been mapped to to the other ground state level to create a maximumly

entangled Bell state |Ψ+⟩ achieving a deterministic preparation fidelity of

F = 0.63±0.03 and a loss-corrected fidelity of Fpairs = 0.81±0.05. This rep-

resents the highest post-selected ground-state entanglement achieved via Ry-

dberg blockade. The deterministic fidelity could be further improved through

elimination of laser phase noise as shown in [141], to reduce losses associated

with imperfect Rydberg excitation and to increase the initial preparation fi-

delity in |W⟩. Further to this in preparation of future experiments single

site addressability has been demonstrated between atoms separated by 6 µm
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presenting a setup ready for gate operations.
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Conclusions and Outlook
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Chapter 10

Conclusion

The work in this thesis has presented a system capable of performing fast

rotations between hyperfine ground states and ground-Rydberg excitation as

well as demonstrating the necessary high fidelity readout for implementing

quantum gate protocols. Further to this demonstration of the Rydberg block-

ade has been shown with the resulting entangled |W⟩ state being mapped to

create a ground-state entangled Bell state.

10.1 Qubit Delivery and Readout

Single atom trapping using microscopic tweezers with waists of w0 =

1.82, 1.87 µm has been shown achieving sub-Poissonian loading of single

atoms with a probability P > 0.5. To improve the statistics gathered by

the experiment and reduce the number of measurements cycles required the

loading probability could be increased to P > 0.9 to give a near determinis-

tic loading of single atoms, through careful tuning of light assisted collisions

using light on the D1 transition [112, 123] without compromising the exper-

iment cycle time.

High fidelity imaging with a shot to shot retention probability limited by

117
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background pressure has been demonstrated using an sCMOS camera offering

far superior readout rates compared to EMCCD technology. Further to this

the possibility to perform hyperfine selective readout has been shown as

in [109] with the ability to scatter enough photons for high fidelity readout

demonstrated without the need for repump light. This could be effectively

implemented in the experiment though minor changes to increase the bias

field along the probe axis and introducing a counter propagating probe beam,

ideally with a frequency offset from the original probe beam to avoid creating

of a standing wave.

The first statement of the DiVincenzo criteria for quantum computing re-

quires a scalable physical system with well characterised qubits. As previ-

ously discussed a prime advantage of neutral atoms in quantum computation

is scalability, with large 2D defect free arrays already possible with dynami-

cally reconfigurable tweezers [40]. The fast readout speeds of sCMOS tech-

nology combined with enhanced loading and reconfigurable tweezers should

offer a system that not only satisfies this criteria, but offers better scalabil-

ity potential compared to EMCCD technology due to the larger available

detector sizes.

10.2 Qubit Rotations

Two-photon transitions have been used to circumnavigate weak magnetic

dipole coupling to perform rotations between hyperfine states with state

transfer limited by optical pumping fidelity FOP = 0.96. This could be

further improved through optical pumping on the D1 transition to achieve

FOP > 0.99 [67] due to the larger excited state hyperfine splitting of 1.2 GHz

compared to 250 MHz on the D2 line.

Ramsey spectroscopy has been performed on the qubit rotation and found

an inhomogenous dephasing time of T ∗
2 = 10 ± 1 ms which is over 4 or-
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der of magnitudes greater than the π-rotation and in good agreement with

the predicted limitation due to temperature. This coherence time can be

further extended through a spin-echo sequence where reversible dephasing

mechanisms are recovered through the application of a π-pulse in between

the Ramsey pulses obtaining T ′
2 = 150± 20 ms.

Similarly two photon transitions to Rydberg states overcome weak single pho-

ton electric dipole transitions to Rydberg states and have been performed to

|69S1/2,mj = 1/2⟩. Rabi oscillations to this state are found to be limited

by laser phase noise arising from the ULE cavity lock at 2π × 1 MHz caus-

ing rapid dephasing of oscillations [139, 141]. However, it has been shown

through Ramsey interferometry that rotations where the laser atom interac-

tion time is short can still attain long coherence times with an inhomogenous

dephasing time of T ∗
2 = 15±4 µs, far exceeding the timescale for the majority

of quantum gates as required by the DiVincenzo criteria and demonstrating

the longest ground-Rydberg coherence time to date. This is primarily due

to the cold atomic temperature and almost Doppler free excitation configu-

ration.

Rydberg state detection has been improved through recapturing the atom

after excitation with a deeper trapping potential reducing the detection er-

ror to eD = 0.06 from eD = 0.2. This will be further improved when the

experiment moves to a cryogenic environment at 4 K as the Rydberg lifetime

will increase due to a suppression in black body induced transitions with the

lifetime of 69S1/2 extending to τ ′Ryd = 349 µs from τRyd = 134 µs, decreas-

ing the detection error to e′D = 0.023. This combined with the scheduled

upgrade of the optical pumping to the D1 transition will see the total mea-

surable Rydberg population scale up to Pr = 0.97 assuming no losses to back

ground collisions and an improved optical pumping fidelity of F ′
OP = 0.99.

Observation of this will however still require an upgrade of laser systems to

remove the associated phase noise as the dephasing caused by this also limits
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Rydberg state transfer.

Coherence times of both hyperfine rotations and ground-Rydberg rotations

could be further enhanced by cooling to the vibrational ground state via

Raman sideband cooling [129, 131] which also optically pumps the atom thus

avoiding heating caused by the optical pumping schemes presented in this

thesis. Colder atoms however may increase Rydberg state detection error as

they will now take longer to leave the trapping region and may decay to the

ground state before having moved sufficiently far from the trapping region

to not be recaptured. This can be compensated by increasing the potential

the atom in recaptured with.

10.3 Two Atom Experiments

Rydberg blockade has been demonstrated between two atoms separated 6 µm

attaining a high suppression of populating the doubly excited state |rr⟩ with

Prr < 0.05 in line with other blockade experiments [141]. Excitation to the

entangled symmetric |W⟩ state has also been demonstrated through observa-

tion of a collective
√
N enhancement in the observed Rabi coupling compared

to the single atom case Ω′ =
√
2Ω.

The entangled |W⟩ state generated by blockade has been mapped down to the

other hyperfine manifold to create the maximally entangled Bell state |Ψ+⟩.

Fidelity of this preparation has been determined through measurement of the

off-diagonal elements of the density matrix to obtain a deterministic fidelity

of F = 0.63± 0.03. Imperfect Rydberg excitation and atoms being out with

the basis states result in losses with the measured recapture probability of

two atoms with no blow away pulse precap = 0.78± 0.03 attaining a loss cor-

rected fidelity of Fpairs = 0.81± 0.5 matching the best post selected Rydberg

mediated ground state entanglement fidelity. Table 10.1 shows the current

achieved fidelities for neutral atoms including this work.
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Species Method Deterministic Post Selected Ref
87Rb Blockade 0.46 0.75 ± 0.07 [64]
87Rb Blockade 0.48 ± 0.07 0.58 [66]
87Rb Blockade 0.58 ± 0.04 0.71 ± 0.05 [67]
133Cs Blockade 0.73 ± 0.05 0.79 ± 0.05 [38]
87Rb Spin Exchange 0.44 0.63 ± 0.02 [44]
133Cs Dressing 0.6 ± 0.03 0.81± 0.02 [68]

87Rb/85Rb Blockade 0.59 ± 0.03 - [69]
87Rb Blockade 0.91 ± 0.02* 0.97 ± 0.03* [141]
133Cs Blockade 0.63 ± 0.03 0.81 ± 0.05 [144]

Table 10.1: Experimentally achieved entanglement fidelities between two
neutral atoms following this work, error bars shown when provided in lit-
erature. Asterisk indicates Rydberg |W⟩ state entanglement fidelity rather
than ground state entanglement. The work presented in this thesis is high-
lighted in bold.

It is clear that the Rydberg dephasing issues on the single atoms are promi-

nent in the two atom experiments with laser phase noise limiting transfer to

the |W ⟩ state being the main source of loss as atoms remaining in the Ryd-

berg state will be lost from the trap. However it is expected implementing

upgrades to the laser systems should see the deterministic fidelity reach the

loss corrected fidelity and with improvements in optical pumping efficiencies

allowing the possibility to exceed it. Experiments have already shown signif-

icant advancements through such upgrades to avoid the detrimental effects

of laser phase noise with a landmark result showing a deterministic fidelity

of F = 0.91 in the |W⟩ state. Although this fidelity is for ground-Rydberg

entanglement one would expect this to have a huge impact when mapping

down to create ground state entanglement considering that currently the best

deterministic ground state entanglement is F = 0.73 [38].

10.4 Outlook

The final experiment presented in this thesis demonstrated site addressability

within the Rydberg blockade radius a necessary step before performing quan-
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Figure 10.1: Proposed EIT gate, (a) EIT conditions make the Raman lasers
transparent to the target atoms and they follow a dark state and remain
in |1⟩. (b) The control is excited to the Rydberg state and dipole interac-
tions cause and energy shift lifting EIT conditions allowing Raman transfer
between |1⟩ → |0⟩. (c) The proposed setup for implementation on the exper-
iment using a phase lock to bring Qubit A and B to a common detuning.

tum gate operations. The next step for the experiment will be to implement

a proof of principal demonstration of a mesoscopic gate based on Rydberg

electromagnetically induced transparency (EIT), as proposed in [145]. In

this proposed gate Rydberg blockade mediates the Raman transfer between

hyperfine ground states. An example of the setup for the gate is shown in

Fig 10.1. A single atom acts as a control and can be rotated to the Rydberg

state if initialised in |1⟩. The target ensemble is controlled by Raman lasers

ΩB which is in two-photon resonance with a coupling laser ΩC to the Rydberg

state. In the situation shown in Fig 10.1(a), where the control is in |0⟩ and

the two-photon resonance on the target satisfies the condition ΩC >> ΩB,

upon application of the Raman pulse EIT conditions are met and the Raman

lasers become transparent to the target ensemble. The ensemble will adiabat-

ically follow a dark state where it remains in |1⟩. Conversely, if the control is

initialised in |1⟩ as in Fig 10.1(b), can be excited to the Rydberg state when

dipole interactions with the target ensemble shift the two-photon resonance

condition for EIT and transfer between |1⟩ → |0⟩ can occur. The scheme can

be used to realise a CN gate and combined with Hadamard transformations
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used to generate entanglement between a single atom and an ensemble. A

significant advantage of this gate is that the target ensemble is not susceptible

to a
√
N enhancement from Rydberg blockade removing the error associated

with stochastic numbers loaded in the sample.

The necessary transitions required for this gate have been demonstrated

in this work, however experimental realisation requires a common detun-

ing of Qubit A and Qubit B from the intermediate state as shown in

Fig 10.1(c). This is currently being setup in the laboratory by phase locking

Qubit B to Qubit A, with ground state rotations demonstrated when phase

locked. A critical parameter in achieving high fidelity using this gate is that

ΩC/ΩA ≥ 2 [145]. Due to configuration of the ground state rotation laser

implementation requires operation from the clock state, therefore achieving

the necessary high coupling strength requires changing to a nD5/2 state us-

ing a σ+σ+ excitation. Further to this nD5/2 states have smaller blockade

radiuses compared to nS1/2 states for an angle of θ = π/2 between the atoms

therefore reduction of blockade error requires operation at higher n. Due to

cavity modes restricting accessible states the target state for this experiment

will be 81D5/2 where C6 = −1628 GHz·µm6 and the blockade radius for

Ω/2π = 1 MHz is Rb = 10.85 µm.

Finally, following demonstration of the above gate the experiment will pro-

ceed to installation of a cryostat and introduce a superconducting resonator

into the science chamber. Immediate goals will be to demonstrate strong

coupling between a single atom and the microwave cavity field via the Ry-

dberg state to achieve high fidelity entanglement. Following this the next

target will be to demonstrate long distance entanglement (over several mm)

between two single atoms by using the resonator to mediate interactions with

Rydberg states [72, 146].
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