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Abstract 

The predictions of composite materials responses in fire environments are important 

in terms of safety. This reality problem can be simplified as a thermal fluid-structure 

interaction problem in terms of mathematical modelling. The thermo-fluid model is 

used to simplify the physical properties of fire. The classical continuum mechanics has 

difficulty in predicting crack propagations because of the singularities of differential 

equations at discontinuities. Therefore, the peridynamic theory which uses the integral 

governing equations is a good choice to predict the damage in composite materials. It 

will bring convenience to simulate the composite response in fire environments using 

a monolithic methodology. Consequently, in the current study, both thermo-fluid 

modelling for fire and thermomechanical damage modelling in composites are 

simulated by using peridynamic theory. Therefore, the following models are 

developed step by step to achieve the final target.  

Firstly, a fully coupled thermomechanical ordinary state-based peridynamic model 

is developed for isotropic materials. Both the deformation effect on the temperature 

field and the temperature effect on deformation are taken into consideration. Then the 

fully coupled ordinary state-based peridynamic model for isotropic materials is 

extended to laminated composites. Besides, a bond-based peridynamic laminate model 

was applied to predict the responses of a 13-ply composite under a pressure shock 

loading.  

Secondly, regarding the fluid model to represent fire, a peridynamic model is 

developed for Newtonian single-phase fluid low Reynoldôs number laminar flow.  The 

high temperature should also be considered which is one of the typical properties of 

fire. Therefore, the heat transfer is incorporated into the fluid model to represent the 

thermal properties of fire. Based on the single-phase fluid peridynamic model, 

peridynamic model for multi-phase fluid flows is also developed. The Navier-Stokes 

equations including the surface tension forces are reformulated into their integral 

forms.  



x 

 

Thirdly, by combining the developed single-phase fluid peridynamic model and the 

ordinary state-based peridynamic solid model, a fluid-structure interaction model is 

developed for the simulation of weakly compressible viscous fluid and elastic structure 

interactions. Subsequently, the heat transfer is incorporated into the fluid-structure 

interaction model to predict the composite response under a fire scenario. The ISO 

temperature-time curve is utilized to present the high temperature which is induced by 

fire. The thermal degradation properties of the composite materials are also included 

in the numerical peridynamic composite model. Finally, the composite response under 

fire scenario is predicted.   
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1. Introduction 

This chapter contains four sections. Section 1.1 presents the background of the 

composite materials, fire properties, and damage prediction methods. Section 1.2 

presents the objective of this research, while the thesis structure is provided in Section 

1.3. Finally, a summary of the content in this chapter is given in the last section.  

1.1. Background 

The composite materials are widely applied to construct offshore structures such as 

oil platform and offshore wind turbine etc. due to their high-performance mechanical 

properties [1]. However, the concerns regarding their response to fire come into the 

academic research field since the composite materials are usually flammable. 

Therefore, in terms of safety, it is meaningful to investigate the composite response in 

fire environments [2]. The failure prediction of the composite materials due to fire is 

one of the important aspects. However, it is a quite complex problem since multi-fields 

are involved in this subject, e.g. solid mechanics including composite mechanics, 

thermodynamics, fluid mechanics, thermochemistry and so on [3]. It will be difficult 

to consider every factor of the composite firing process for numerical simulations. 

Therefore, the composite firing process can be simplified as a thermal fluid-structure 

interaction for numerical study. 

The peridynamic theory (PD) [4] is able to predict the failure or damage because its 

governing equations that use an integral form are meaningful even at discontinuities. 

Therefore, the peridynamic theory can be utilized to predict the composite damage in 

the fire environments. However, there is no peridynamic model available in the 

published literature to solve the thermal fluid structure interaction problems.  

Furthermore, one remaining issue is that the PD theory is originally proposed for solid 

mechanics. Hence even the PD fluid model is quite a few in published literature. 

Consequently, the extension of the application field of the PD theory is required firstly. 

Then the coupling of the PD fluid model and PD solid model can be conducted to solve 

the final problem. As a result, several PD models are developed including the 

composite model and fluid models. The coupling approach of the fluid, solid, and heat 
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is developed in the PD form. Finally, the composite response in fire environment is 

predicted by using the developed PD models.             

1.2. Research objective 

The objectives of this research are: 

¶ Developing an ordinary state-based peridynamic (OSB PD) fully coupled 

thermoelastic model to simulate isotropic materials behaviour under 

thermomechanical loadings. The coupling term between the mechanical 

field and the thermal field is considered bi-directionally. This work forms 

the foundation of the composite model introduced in Chapter 4. The results 

regarding this study are provided in Chapter 3 and published as a journal 

paper [5]. 

¶ Developing OSB PD fully coupled thermoelastic formulation for laminated 

composites by extending the isotropic material model in Chapter 3. The 

results regarding this study are provided as a part of Chapter 4 and published 

as a journal paper [6]. The formulation is reduced to a bond-based 

peridynamic (BB PD) fully coupled thermoelastic form to investigate the 

behaviour of laminates under extreme loading conditions such as underwater 

explosions. The study provides an application example of the peridynamic 

model provided in Chapter 4 in ocean engineering fields. The results are 

provided as a part of Chapter 4 and published as a journal paper  [7]. 

¶ Developing a non-local Lagrangian model based on the peridynamic 

differential operator (PDDO) for fluid low Reynoldôs number laminar flow. 

This study forms the foundation of the fire model. To the authorôs knowledge, 

this is the first time that the peridynamic differential operator is used to solve 

the Navier-Stokes equations. Furthermore, this work is one of the earliest 

researches regarding the peridynamic applications on fluid mechanics. The 

results are provided as a part of Chapter 5 and published as a journal paper 

[8].  

¶ Developing a non-local Eulerian model based on the peridynamic 

differential operator for fluid flow coupled with heat transfer problems. This 
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work is conducted based on the previous fluid model. The results are 

provided as a part of Chapter 5 and published as a journal paper [9]. 

¶ Developing a multiphase fluid model based on the developed single-phase 

fluid model in Chapter 5. The surface tension force is included in the 

multiphase fluid model. The method of the surface tension force modelling 

provides the basic idea for the fluid-structure interface numerical treatments. 

Thus, this study provides one of the fundamental models for fluid-structure 

interaction model in Chapter 7. The results are provided in Chapter 6 and the 

related manuscript is under review. 

¶ Developing a fluid-structure interaction model by combining the previous 

solid model in Chapter 3 and the fluid model in Chapter 5. The coupling 

methodology is developed based on the numerical treatments for the 

multiphase fluid interface in Chapter 6. The corresponding methods and 

simulation results are provided in Chapter 7. And the related manuscript is 

under review.  

¶ Based on the above PD models, a thermal fluid-structure interaction of 

composites for fire scenario is simulated as a comprehensive case in Chapter 

8. The thermal degradation properties of the composites are taken into 

consideration. The composite damage is predicted by direct fire contact and 

indirect fire contact. The thermal interaction between the fire-heated air and 

composites is simulated via convection and radiation interface boundary 

conditions. And the related manuscript is under review.    

In conclusion, the ultimate goal of this research is to propose a monolithic 

methodology based on the peridynamic theory to simulate the thermal fluid-structure 

interaction, e.g. composite material damage in fire environments.    

1.3. Thesis structure 

This thesis is structured in the following chapters and a brief outline of the content 

of each chapter is given below: 

¶ Chapter 1 Introduction.  
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This chapter provides basic information regarding the research background, 

the research objective, and the structure of this thesis.  

 

¶ Chapter 2 Literature Review  

This chapter represents the traditional peridynamic theory and the 

peridynamic differential operator. For the peridynamic theory, the bond-based 

form and the ordinary state-based form are reviewed. As to the peridynamic 

differential operator, the theoretical foundation, the derivation and construction 

process are provided. Furthermore, an accuracy test is performed for the 

peridynamic differential operator to investigate the accuracy of the 

approximation for first and the second derivatives.   

 

¶ Chapter 3 OSB Fully Coupled Thermomechanical PD Model for Isotropic 

Materials  

This chapter describes the OSB PD thermomechanical model for isotropic 

materials. The non-dimensional form of the PD model is also provided. 

Validation of the model is conducted by solving some benchmark problems 

and comparing the simulation results with other numerical solutions. The three-

point bending problem, plate crack propagation, and the Kolthoff problem are 

simulated in a fully coupled thermoelastic fashion [5].  

     

¶ Chapter 4 Fully Coupled Thermomechanical PD Model for Composites 

Material 

This chapter presents a fully coupled ordinary state-based peridynamic 

model for laminated composites. The formulation includes a coupling of both 

thermal and mechanical fields. To verify the proposed model, numerical 

simulations for benchmark problems are carried out and their results are 

compared with ANSYS solutions. Various loading conditions, e.g. uniform and 

linear temperature load, pressure shocks are considered for single layer laminar 

and multi-layer laminates. Finally, the crack propagation paths and temperature 

distributions are predicted for shock loading conditions [6, 7]. 
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¶ Chapter 5 Isothermal and Non-isothermal Fluid Laminar Flow Simulation 

This chapter provides a non-local model for fluid flow both in isothermal 

condition and non-isothermal condition. The fluid flow governing equations, 

i.e. Navier-Stokes equations, are reformulated in the integral formulation by 

using the peridynamic differential operator. Then the numerical simulation 

algorithms in the total Lagrangian description, updated Lagrangian description, 

and Eulerian description are provided. The numerical model is validated by 

solving the benchmark problems in fluid mechanics, e.g. hydrostatic problem, 

Poiseuille flow, Couette flow, shear driven cavity flow, Taylor-Green vortex, 

water dam breakage, natural convection, and mixed convection problems [8, 

9]. 

     

¶ Chapter 6 Multi -phase Fluid Flow Numerical Simulation 

This chapter provides a non-local model for multi-phase fluid flow based on 

the peridynamic differential operator. This is an extension work based on the 

non-local model for single-phase fluid flow in Chapter 5. The surface tension 

force existing on the interface of different fluids is modelled by the 

peridynamic differential operator. Some benchmark problems for multi-phase 

fluid flows are solved to validate the proposed model, i.e. two-phase 

hydrostatic problem, two-phase Poiseuille flow, two-dimensional droplet 

deformation. 

   

¶ Chapter 7 Fluid-Structure Interaction Numerical Simulation 

This chapter presents a new monolithic methodology based on the PD theory 

for simulating fluid-structure interactions. The fluid model developed in 

Chapter 5 is adopted. The ordinary state-based PD isotropic material model 

reviewed in Section 2.1.2 is employed. The fluid motion and elastic structure 

deformation are predicted simultaneously by using a novel interaction 

algorithm. To validate the developed fluid-structure interaction model, a dam 

collapsed under a rubber gate is simulated. 
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¶ Chapter 8 Coupled Thermo-fluid-mechanical Peridynamic Model for 

Analysing Composite under Fire Scenarios 

This chapter presents a thermal fluid-structure simulation of composites in a 

fire environment by using the developed peridynamic model. The thermal 

degradation property of the composites is also taken into consideration. There 

are two simulation cases provided, i.e. composite directly under fire 

temperature boundary condition and the composite indirectly under fire 

boundary condition via fire-heated air. The fluid and composite interact via the 

thermal field by considering the convection and radiation on the interface.      

 

¶ Chapter 9 Conclusion  

This chapter reviews the research achievements, summarises the research 

novelty and contribution. The gaps and recommended future work are listed. 

The publications from the PhD thesis are provided, and the final remarks are 

drawn. 

1.4. Summary 

Damage prediction is a challenging topic since the classical continuum mechanics 

(CCM) mathematical model is meaningless at discontinuities. Therefore, the 

peridynamic theory is adopted in this study for composite damage modelling to 

overcome the shortcomings of classical continuum mechanics. The fire scenario 

prediction is another challenging topic in fluid mechanics. To solve the composite 

damage under fire scenario in a monolithic methodology, the fire is simplified as a 

heat-conducting fluid and modelled by the PD theory. The following objectives of this 

thesis research are the proposing of 1) OSB PD model for fully coupled 

thermomechanics for isotropic materials, 2) OSB PD model for fully coupled 

thermomechanics for composite materials, 3) single-phase viscous fluid PD model, 4) 

heat-conducting viscous fluid PD model, 5) multi-phase viscous fluid PD model, 6) 

fluid-structure interaction PD model, 7) thermal fluid and structure interaction PD 

model.      
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2. Literature Review 

2.1. Peridynamic theory 

The peridynamics (PD) proposed by Silling and Askari [4] is a non-local, mesh-free 

Lagrangian method, which provides an alternative formulation for the continuum 

mechanics. PD is based on integral-differential equations as opposed to the partial 

differential equations of classical continuum mechanics [4]. Therefore, no singular 

stress or strain will be created at discontinuities. The equation will be valid everywhere 

within the body. This is one of its advantages over the classical numerical simulation 

methods such as the finite element method (FEM). Here, the basic concepts of the PD 

theory are reviewed [10].  

As shown in Fig. 2-1, each material point is identified by its location represented by 

a coordinate x  in an undeformed state. The body region is R , and the interaction 

domain of material point x  is called neighbourhood and is denoted by Hx
. The 

maximum interaction distance is called horizon size and denoted by d. The length of 

the horizon is the measure of nonlocal behaviour. The other material points in Hx
, i.e. 

¡x , are called the family members of x . Furthermore, y  and ¡y  represent the 

positions of x  and ¡x  in the deformed configuration. Hence, the displacements of 

points x  and family member ¡x  are ()= -u x y x  and ()¡ ¡ ¡ ¡= = -u u x y x , 

respectively. As illustrated in Fig. 2-1, the initial relative position vector is denoted as  

 ¡= -ɝ x x  (2.1) 

Consequently, the relative displacement between x  and ¡x  can be defined as  

 () ()( )( )¡ ¡ ¡= - = - - -ɖ u x u x y y x x  (2.2) 

The equation of motion for point x  in PD form is expressed as [10]  

() ( ) ( )( ) ( )( , ) , , , , d ,
H

t t t V tr ¡ ¡ ¡ ¡ ¡ ¡= - - - - - +ñ
x

x u x t u u x x t u u x x b x  (2.3) 
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where ()rx  represents density, V¡ represents the volume of point ¡x , ( ),tu x  

represents the acceleration of point x  at time t , ( ),tb x  represents the volumetric 

body force. The integration on the right-hand side of Eq. (2.3) represents the total PD 

force density acting on point x . The acceleration of the central point is calculated by 

the force exerted from its family members, indicating a non-local behaviour. In the 

deformed configuration, ¡t  is the PD force density function exerted from point ¡x  to 

point x . Similarly, t  is the PD force density function acting at the material point ¡x  

from point x . Depending on the magnitude and direction of the PD forces t  and ¡t , 

the PD theory can be classified into two subdomains, i.e. bond-based peridynamics 

(BB-PD) and state-based peridynamics (SB-PD). The BB-PD and ordinary state-based 

(OSB-PD) theory are used in this study, which will be explained in the following 

subsections.    

 

Fig. 2-1 Interaction of the point of interest x  with its family member ¡x     

2.1.1. Bond-based PD theory 

The material body R  can be discretised by a set of material points. The material 

point i  is the central point and material point j  is one of its family members. The 

coordinates of point i  in the undeformed and deformed configurations are ix  and iy , 

respectively. The corresponding displacement is denoted by iu . The bold symbols are 

used to represent vectors. The same notation is applied to other material points, e.g. j .  

The initial relative position and relative displacement vectors are defined as 

Undeformed Deformed

R

x

ɝ

t

¡y

¡t

()u x

()¡u x

d

Hx

Hx

¡x

y

R

x

y

z
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ij j i= -ɝ x x  and ij j i= -ɖ u u . Then the relative position in the deformed configuration 

is j i ij ij- = +y y ɝ ɖ.  

It should be noted that in bond-based PD, the pairwise PD forces t  and ¡t  are forced 

to be equal in magnitude and parallel in direction, i.e. ¡=-t t . As a result, the 

discretised form of Eq.(2.3) becomes  

 () ( ) ( )
1

( , ) 2 , , ,
iN

i i j i j i j i

j

t t V tr
=

= - - +äx u x t u u x x b x  (2.4) 

where 
iN  is the total number of family members for point i . In BB-PD theory, a 

pairwise PD force density f  is defined as  

 ( ) ( )
( )

, , 2 , ,
2

i j j i

j i j i j i j i ij

j i

T T
t t c s a

å õ+ -
æ ö- - = - - = -
æ ö-
ç ÷

y y
f u u x x t u u x x

y y
(2.5) 

As a result, the equation of motion Eq.(2.3) is expressed in bond-based PD form as 

[10] 

 ()
( )

( )
1

( , ) ,
2

iN
i j j i

i i ij j i

j j i

T T
t c s V tr a

=

å õå õ+ -
æ öæ ö= - +

æ öæ ö-
ç ÷ç ÷

ä
y y

x u x b x
y y

 (2.6)  

in which a is the linear thermal expansion coefficient of the material. The term iT  

represents the temperature change of point ix  with respect to the initial temperature, 

( ) ( ), , 0i i iT t t=Q -Q =x x . Similarly, jT  is the temperature change of point jx . The 

term ijs  is the PD bond stretch which represents the deformation status of the PD bond 

between material points ix  and jx . It can be defined as [10] 

 
j i j i

ij

j i

s
- - -

=
-

y y x x

x x
  (2.7) 
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The term c  is the PD constant which can be calculated by equalling the strain energy 

densities obtained from PD theory and CCM. The formulations of c  for different 

dimensional problems are provided as [10] 

 

2

3

4

2
, for 1D problems

12
, for 2D problems

18
, for 3D problems

area

thick

E

A

K
c

h

K

q

q

d

p d

pd

ë
î
î
î
=ì
î
î
î
í

 (2.8) 

where 
areaA  is the cross-section area for 1D problems and 

thickh  is the thickness for 2D 

problems.   

The BB-PD theory does not distinguish the shear deformation and bulk deformation. 

Hence, the Poissonôs ratio is forced to be 1/3 in two dimensional (2D) analysis and 1/4 

in three dimensional (3D) analysis [10]. 

2.1.2. Ordinary state-based PD theory 

In order to overcome the limitation of BB-PD theory on the material properties, 

state-based peridynamic theory is proposed by Silling et al. [11]. The ordinary state-

based expressions for PD force functions are presented as provided in [12] 

 ( ) ( ) ( )
1

, , 4 4
2

ij j i

j i j i i i ij i

j i j i

ad
t n T b s Td q a d a

è øL -
- - = - + -é ù

- -é ùê ú

y y
t u u x x

x x y y
 (2.9a) 

and 

 ( ) ( ) ( )
1

, , 4 4
2

ji i j

i j i j j j ji j

i j i j

ad
t n T b s Td q a d a

è øL -
- - =- - + -é ù

- -é ùê ú

y y
t u u x x

x x y y
 (2.9b)                  

with 
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2, for 2D

3, for3D
n
ë
=ì
í

 (2.9c) 

 
j i j i

ij

j i j i

å õ å õ- -
æ ö æ öL = Ö
æ ö æ ö- -
ç ÷ ç ÷

y y x x

y y x x
  (2.9d) 

The dilatations, 
iq for point 

ix  and jq for point jx , are defined as 

 ( )
1

iN

i ij i ij j i

j

d s T V n Tq d a a
=

å õ
= - L +æ ö
ç ÷
ä   (2.10a) 

 ( )
1

jN

j ji j ji i j

i

d s T V n Tq d a a
=

å õ
= - L +æ öæ ö
ç ÷
ä   (2.10b) 

The relationship between the PD material parameters, i.e. a , b  and d , and classical 

material parameters are listed as provided in [12];  

 
3 2

1
0, , for 1D

2 2area area

E
a b d

A Ad d
= = =   (2.11a) 

 ( ) 4 3

1 6 2
2 , , for 2D

2 thick thick

a K b d
h h

q

m
m

p d p d
= - = =   (2.11b)      

 
5 4

1 5 15 9
, , for 3D

2 3 2 4
a K b dq

m
m

pd pd

å õ
= - = =æ ö
ç ÷

  (2.11c)      

By plugging Eq. (2.9) into Eq.(2.3), the equation of motion for ordinary state-based 

PD formulation in discretised form can be written as [12] 

( ) ( )( )

( )
( )

1

2

( ) ( , ) ,

4
2

i

ij

i j i j

N j i
j i

i i j i

j i j j i

ij

d
a n T T

t V t
T T

b s

d
q q a

r

d a
=

å õLè ø
+ - +æ öé ù

-æ öé ù-
= +æ öé ù

å õ+ -æ öé ù
æ ö+ -æ öé ùæ öæ ö
ç ÷ê úç ÷

ä
x x y y

x u x b x
y y

(2.12) 



12 

 

2.1.3. Peridynamic failure criteria 

Since PD equations are formulated without any spatial derivatives, PD theory is 

suitable to be applied for failure prediction. Once the stretch between material points 

exceed the critical stretch value, 
cs , the bond will be broken and will be removed 

permanently. At the same time, the force between these two points becomes zero. The 

critical stretch value for bond failure is related to the critical energy release rate 
cG  

[12]; 

 

( )

( )

4

2

for3D
3

3 2
4

for 2D
6 16

2
9

c

c

c

G

K

s

G

K

q

q

m m d

m m d
p p

ë
î
å õå õî
+ -æ öæ öî æ öç ÷î ç ÷=ì

î
î
å õî + -æ ö

îç ÷í

  (2.13) 

A history-dependent damage function ( ), ,i j tcx x  is implemented for each 

interaction between the material points [12]. The value of the function ( ), ,i j tcx x  

will be set to be zero when the bond is broken. 

 ( )
1,

2
, ,

0,
2

i j

ij c

i j

i j

ij c

T T
s s

t
T T

s s

a

c

a

ë +å õ
- <îæ ö

î ç ÷
=ì

+å õî
- ²æ öî

ç ÷í

x x   (2.14) 

The local damage at a point represents the weighted ratio of the number of broken 

interactions to the total number of interactions. Therefore, the crack propagation path 

can be presented by the local damage value as [13] 

 ( )
( )

1

1

, ,

, 1

i

i

N

i j j

j

i N

j

j

t V

t

V

c

j
=

=

= -

ä

ä

x x

x   (2.15) 
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2.2. Peridynamic differential operator 

It can be inferred from the previous section that the PD form of the material 

parameters is required for PD material modelling, which is calculated by equalling the 

strain energy density obtained from classical continuum mechanics and PD 

expressions. Based on the PD concepts, a peridynamic differential operator is recently 

proposed by Madenci et al. [14]. It is derived based on Taylor series expansion and 

orthogonal function properties. Being different from the bond-based PD theory, the 

peridynamic differential operator does not have any constraint on material properties. 

Furthermore, it can be directly applied to reformulate the partial differential equations 

to their integral forms. The classical physical parameters can be directly used without 

converting into their PD expressions, which avoids the derivation process required by 

the bond-based and ordinary state-based peridynamic theory. In addition, it does not 

have any limitation on the order of the partial derivatives both for time and space. For 

example, the second-order derivatives can be directly approximated by one integration 

by using the PD differential operator which corresponds to the second-order derivative. 

As a result, the error of the PD result is reduced by using fewer integrations, compared 

to non-ordinary state-based PD. Furthermore, the PD differential operator functions 

are also forced to be orthogonal to each term in the Taylor series expansion [14]. 

Therefore, when determining the expressions of the PD differential operators, both 

lower and higher-order terms are considered. 

The theoretical foundation and derivation of PDDO will be briefly presented for 2D 

problems in Section 2.2.1 and an accuracy test for PDDO is conducted in Section 2.2.2. 

2.2.1. PD differential operator for 2D  

The simulations involved in this thesis are for 2D, therefore peridynamic differential 

operator [14] for two-dimensional space up to second-order derivative is provided in 

an explicit form. 

The Taylor series expansion up to second-order derivatives for two-dimensional 

space is expressed in an explicit form as  
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( ) ()
() () ()

() ()
()

2

2

1 2 1 2

1 2 1

2 2

2

2 1 2 ,22

2 1 2

1

2

1

2

f f f
f f

x x x

f f
R

x x x

x x x

x xx

µ µ µ
+ - = + +

µ µ µ

µ µ
+ + +

µ µ µ
x

x x x
x ɝ x

x x
ɝ

  (2.16) 

where 
1 1 2 2x x= +ɝ e e  with 

1e  and 
2e  representing the unit vectors in x  and y  

directions. The term (),2R
x
ɝ is the remainder for Taylor series as 

 ()
( )

( )1 2

1 2

1 2

3

,2 1 2

3 1 2 1 2

1
, for some 0,1

! !

n n

n n
n n

f
R

n n x x

a
x x a

+ =

µ +
= Í

µ µ
äx

x ɝ
ɝ   (2.17) 

Note that () ( )3,2R O=x ɝ ɝ  and it is assumed to be negligible. The non-local form 

with the help of PD differential operator will be derived for following differentials 

[14].  

 
() () () () ()2 2 2

2 2

1 2 1 2 1 2

, , , ,
f f f f f

x x x x x x

µ µ µ µ µ

µ µ µ µ µ µ

x x x x x
  (2.18) 

Since the derivatives are up to the second-order, PD differential operator ()1 2p p
g ɝ 

will be used to represent the PD nonlocal expressions up to the second-order 

derivatives. 

Multiplying ()1 2p p
g ɝ by Eq. (2.16) and integrating over the horizon results in [14] 

             

() ( ) ()( )

()
()

()
()

()
()

()
()

()
()

1 2

1 2 1 2

1 2 1 2

1 2

1 2

1 2

2 2

2 2

1 22 2

1 2

2

1 2

1 2

d

d d

1 1
d d

2 2

d

p p

H

p p p p

H H

p p p p

H H

p p

H

g f f V

f f
g V g V

x x

f f
g V g V

x x

f
g V

x x

x x

x x

xx

¡+ -

µ µ
¡ ¡= +

µ µ

µ µ
¡ ¡+ +

µ µ

µ
¡+

µ µ

ñ

ñ ñ

ñ ñ

ñ

x

x x

x x

x

ɝ x ɝ x

x x
ɝ ɝ

x x
ɝ ɝ

x
ɝ

      (2.19) 
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where 
1 20 2p p< + ¢. By enforcing the orthogonality conditions for each PD 

differential operator as [14] 

for ()10g ɝ:  

() () ()

() ()

10 10 2 10

1 2 1

2 10 10

2 1 2

1
d 1, d 0, d 0,

2

1
d 0, d 0

2

H H H

H H

g V g V g V

g V g V

x x x

x xx

¡ ¡ ¡= = =

¡ ¡= =

ñ ñ ñ

ñ ñ

x x x

x x

ɝ ɝ ɝ

ɝ ɝ

  (2.20a) 

for ()01g ɝ:  

() () ()

() ()

01 01 2 01

1 2 1

2 01 01

2 1 2

1
d 0, d 1, d 0,

2

1
d 0, d 0

2

H H H

H H

g V g V g V

g V g V

x x x

x xx

¡ ¡ ¡= = =

¡ ¡= =

ñ ñ ñ

ñ ñ

x x x

x x

ɝ ɝ ɝ

ɝ ɝ

  (2.20b) 

for ()20g ɝ:  

() () ()

() ()

20 20 2 20

1 2 1

2 20 20

2 1 2

1
d 0, d 0, d 1

2

1
d 0, d 0

2

H H H

H H

g V g V g V

g V g V

x x x

x xx

¡ ¡ ¡= = =

¡ ¡= =

ñ ñ ñ

ñ ñ

x x x

x x

ɝ ɝ ɝ

ɝ ɝ

  (2.20c) 

for ()02g ɝ:  

() () ()

() ()

02 02 2 02

1 2 1

2 02 02

2 1 2

1
d 0, d 0, d 0,

2

1
d 1, d 0

2

H H H

H H

g V g V g V

g V g V

x x x

x xx

¡ ¡ ¡= = =

¡ ¡= =

ñ ñ ñ

ñ ñ

x x x

x x

ɝ ɝ ɝ

ɝ ɝ

  (2.20d) 

for ()11g ɝ: 

() () ()

() ()

11 11 2 11

1 2 1

2 11 11

2 1 2

1
d 0, d 0, d 0,

2

1
d 0, d 1

2

H H H

H H

g V g V g V

g V g V

x x x

x xx

¡ ¡ ¡= = =

¡ ¡= =

ñ ñ ñ

ñ ñ

x x x

x x

ɝ ɝ ɝ

ɝ ɝ

  (2.20e) 
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the following relations can be obtained from Eq. (2.19) as [14] 

for ()10g ɝ: () ( ) ()( )
()10

1

d
H

f
g f f V

x

µ
¡+ - =
µñ

x

x
ɝ x ɝ x   (2.21a) 

for ()01g ɝ: () ( ) ()( )
()01

2

d
H

f
g f f V

x

µ
¡+ - =
µñ

x

x
ɝ x ɝ x   (2.21b) 

for ()20g ɝ: () ( ) ()( )
()2

20

2

1

d
H

f
g f f V

x

µ
¡+ - =

µñ
x

x
ɝ x ɝ x   (2.21c) 

for ()02g ɝ: () ( ) ()( )
()2

02

2

2

d
H

f
g f f V

x

µ
¡+ - =

µñ
x

x
ɝ x ɝ x   (2.21d) 

for ()11g ɝ: () ( ) ()( )
()2

11

1 2

d
H

f
g f f V

x x

µ
¡+ - =
µ µñ

x

x
ɝ x ɝ x   (2.21e) 

In conclusion, the differentials in local form are reformulated into their non-local 

form as [14] 

 

()

()

()

()

()

( ) ()( )

()

()

()

()

()

1

10

2 01

2

20

2

1 02

2
11

2

2

2

1 2

d
H

f

x

f
g

x
g

f
f f Vg

x
g

f
g

x

f

x x

ë µ û
î î
µî î

î îµ
î î ë û
µî î î î

î î î îµî î î î
¡= + -ì ü ì ü

µî î î î
î î î îµ
î î î îí ý
µî î

î î
µî î
î îµ µí ý

ñ
x

x

x
ɝ

ɝ
x

x ɝ x ɝ

ɝ
x

ɝ

x

  (2.22) 

where the term g  represents the PD differential operator for each derivative, such as 

()10g ɝ is the PD differential operator for () 1f xµ µx . 

The PD differential operator functions, ()1 2p p
g ɝ, are chosen as [14] 
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for ()10g ɝ: ()( ) ( ) ( ) ( ) ( )10 10 10 10 2 10 2 10

10 1 01 2 20 1 02 2 11 1 2g a w a w a w a w a wx x x x xx= + + + +ɝ   (2.23a) 

for ()01g ɝ: ()( ) ( ) ( ) ( ) ( )01 01 01 01 2 01 2 01

10 1 01 2 20 1 02 2 11 1 2g a w a w a w a w a wx x x x xx= + + + +ɝ  (2.23b) 

for ()20g ɝ: ()( ) ( ) ( ) ( ) ( )20 20 20 20 2 20 2 20

10 1 01 2 20 1 02 2 11 1 2g a w a w a w a w a wx x x x xx= + + + +ɝ (2.23c) 

for ()02g ɝ: ()( ) ( ) ( ) ( ) ( )02 02 02 02 2 02 2 02

10 1 01 2 20 1 02 2 11 1 2g a w a w a w a w a wx x x x xx= + + + +ɝ  (2.23d) 

for ()11g ɝ: ()( ) ( ) ( ) ( ) ( )11 11 11 11 2 11 2 11

10 1 01 2 20 1 02 2 11 1 2g a w a w a w a w a wx x x x xx= + + + +ɝ   (2.23e) 

or expressed in a compact form as [14] 

 

()

()

()

()

()

10 10 10 10 10 10
110 01 20 02 11

01 01 01 01 01 01
210 01 20 02 11

220 20 20 20 20 20
110 01 20 02 11

202 02 02 02 02 02
210 01 20 02 11

11 11 11 11 11 11
1 210 01 20 02 11

wg a a a a a

wg a a a a a

wg a a a a a

wg a a a a a

wg a a a a a

x

x

x

x

xx

ë ûè øë
î îé ù
î îé ù
î î

é ù=ì ü
é ùî î
é ùî î
é ùî îê úí ý

ɝ

ɝ

ɝ

ɝ

ɝ

û
î î
î îî î
ì ü
î î
î î
î îí ý

  (2.24) 

where 1 2

1 2

p p

q qa  represents the coefficients of the polynomials with 1 20 2q q< + ¢. The 

weighted function w  is defined as [14]   

  
( )

2
2 /

w e
d-

=
ɝ

  (2.25) 

By substituting Eq. (2.23a) into the orthogonality conditions provided in Eq. (2.20a) 

the following equations for ()10g ɝ can be obtained as  [14] 

 
( ) ( ) ( )

( ) ( )

10 2 10 10 3

10 1 01 1 2 20 1

10 2 10 2

02 1 2 11 1 2

d d d

d d 1

H H H

H H

a w V a w V a w V

a w V a w V

x xx x

xx x x

¡ ¡ ¡+ +

¡ ¡+ + =
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ñ ñ

x x x

x x

  (2.26a) 

 
( ) ( ) ( )

( ) ( )

10 10 2 10 2

10 1 2 01 2 20 1 2

10 3 10 2

02 2 11 1 2

d d d

d d 0

H H H

H H

a w V a w V a w V

a w V a w V

xx x x x

x xx

¡ ¡ ¡+ +

¡ ¡+ + =

ñ ñ ñ

ñ ñ

x x x

x x

  (2.26b) 
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( ) ( ) ( )

( ) ( )

10 3 10 2 10 4

10 1 01 1 2 20 1

10 2 2 10 3

02 1 2 11 1 2

d d d

d d 0

H H H

H H

a w V a w V a w V

a w V a w V

x x x x

x x x x

¡ ¡ ¡+ +

¡ ¡+ + =

ñ ñ ñ

ñ ñ

x x x

x x

  (2.26c) 

 
( ) ( ) ( )

( ) ( )

10 2 10 3 10 2 2

10 1 2 01 2 20 1 2

10 4 10 3

02 2 11 1 2

d d d

d d 0

H H H

H H

a w V a w V a w V

a w V a w V

xx x x x

x xx

¡ ¡ ¡+ +

¡ ¡+ + =
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ñ ñ

x x x

x x

  (2.26d) 

 
( ) ( ) ( )

( ) ( )

10 2 10 2 10 3

10 1 2 01 1 2 20 1 2

10 3 10 2 2

02 1 2 11 1 2

d d d

d d 0

H H H

H H

a w V a w V a w V

a w V a w V

x x xx x x

xx x x

¡ ¡ ¡+ +

¡ ¡+ + =

ñ ñ ñ

ñ ñ

x x x

x x

  (2.26e) 

Similarly, by substituting Eq. (2.23b-e) into the orthogonality conditions provided 

in Eq. (2.20b-e), the following relations can be obtained [14] 

 =Aa b   (2.27) 

with 
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After solving for the unknown coefficient a , the non-local form of derivatives of 

function f  can be found. 

2D PDDO can be easily generalized into the 3D PDDO as [14] 
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where  
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 1 1 2 2 3 3x x x= + +ɝ e e e  (2.30d)  

with 1e , 2e  and 3e  representing the unit vectors in the x , y , and z  directions. 

2.2.2. PPDO model accuracy test for 2D 

2.2.2.1 The effect of particle distribution on PDDO accuracy  

The PDDO accuracy is tested for first and second order derivatives both for uniform 

and non-uniform particle distributions. In this way, the effect of the non-uniform 

particle distribution which frequently exists in fluid flow simulation on the PDDO 

accuracy is investigated.   
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In order to test the higher-order derivatives approximation accuracy, a function is 

set as an object   

 ( ) 2 3, 2f x y x y= +   (2.31) 

with the variable domain of [ ]0,2xÍ  and [ ]0,2yÍ . The exact solutions for the 

derivatives are easy to obtain as 
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2

2 2 2

2 2

, ,
2 ; 6 ;

, , ,
2; 12 ; 0

f x y f x y
x y

x y

f x y f x y f x y
y

x y x y

µ µ
= =

µ µ

µ µ µ
= = =

µ µ µ µ

  (2.32) 

In the numerical implementation, the domain is discretized by 21 21³  particles with 

both uniform and non-uniform distributions, as shown in Fig. 2-2. The non-uniform 

distribution is generated from a standard normal distribution [15].  

  
(a) (b) 

Fig. 2-2 (a) Uniform (b) non-uniform particle distributions 

The red point located at ( )1,1  in Fig. 2-2 is set to be the point of interest, whose 

derivatives are shown in Table 1 for exact and PDDO solutions with their relative 

errors. 
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Table 1 Comparison of derivatives at ( , ) (1,1)x y =  with exact value and PDDO 

solution with 21 21³  particles 

Method  /f xµ µ /f yµ µ 2 2/f xµ µ 2 2/f yµ µ 2 /f x yµ µ µ 

Exact 

Solution 

 
2 6 2 12 0 

PDDO 

Uniform 

value 2  

(0) 

6.0536 

(0.89%) 

2  

(0) 

12  

(0) 

3.719E-15 

(-) error 

PPDO Non-

uniform 

value 2.0005 

(0.028%) 

6.0572 

(0.95%) 

1.9738 

(1.31%) 

11.9924 

(0.063%) 

-0.06672  

(-) error 

 

  
(a) Uniform (b) Non-uniform 

 
(c) Exact 

Fig. 2-3 (a) Uniform (b) non-uniform particle distributions, and (c) exact values for 

/f xµ µ 
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(a) Uniform (b) Non-uniform 

 
(c) Exact 

Fig. 2-4 (a) Uniform (b) non-uniform particle distributions, and (c) exact values for 

/f yµ µ 
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(c) Exact 

Fig. 2-5 (a) Uniform (b) non-uniform particle distributions, and (c) exact values for 
2 2/f xµ µ 

  
(a) Uniform (b) Non-uniform 

 
(c) Exact 

Fig. 2-6 (a) Uniform (b) non-uniform particle distributions, and (c) exact values for 
2 2/f yµ µ 
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(a) Uniform (b) Non-uniform 

 
(c) Exact 

Fig. 2-7 (a) Uniform (b) non-uniform particle distributions, and (c) exact values for 
2 /f x yµ µ µ 

It can be observed from Table 1 that the accuracy of the PDDO both for first and 

second-order derivatives is acceptable. However, the irregularity of the particle 

distribution will increase the numerical error compared to the regular particle 

distribution as shown in Fig. 2-3-Fig. 2-7. Therefore, the techniques that redistribute 

the particles in a nearly uniform fashion is necessary for the PDDO simulations.    

2.2.2.2 PDDO prediction accuracy test for function value prediction 

The non-uniform particles as shown in Fig. 2-2 (b) are treated as the original 

particles. The uniform distributed particles as shown in Fig. 2-2 (a) are set as the new 

particles. The function Eq.(2.31) is given to the non-uniform particles in Fig. 2-2 (b). 
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by using the derivatives on the non-uniform particle positions calculated by PDDO. 

The procedure is provided in Fig. 2-8.  

The positions of the uniform and non-uniform distributed particles are provided in 

Fig. 2-9 (a). The uniform distributed particles are set as the interest points with their 

family members being the non-uniform distributed points, as illustrated in Fig. 2-9 (b). 

Particle i  represents the particle of interest belonging to the uniform distribution 

system, and particle j  represents the particle belonging to the non-uniform 

distribution system within the horizon of particle i . Besides, the particles belonging 

to the uniform distribution are not the family members of particle i , although they are 

located within the horizon.    

 

Fig. 2-8 Function value prediction procedure  

 

Non-uniform particles

Function Eq.(2.31) 

(exact values)

Assign

Derivatives on each non-

uniform particle position 

Eq.(2.33a)

PDDO

Function values on 

uniform particle positions 

(predicted values)

Taylor series

Expansion Eq.(2.34)

Compare

0.0 0.5 1.0 1.5 2.0

0.0

0.5

1.0

1.5

2.0

y 
(m

)

x (m)



27 

 

(a) 

 
(b) 

Fig. 2-9 (a) Uniform and non-uniform distributed particle positions, (b) illustration of 

PDDO interaction between uniform particles and non-uniform particles 

First, the derivatives of function ( ),f x y  on the positions of non-uniform 

distributed particles are predicted by PDDO in the realm of non-uniform distribution 

particle system. For example, for particle j  belonging to the non-uniform particle 

distribution system, the derivatives are calculated according to Eq.(2.33) as  
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 ( ) ( )( ) ( ) ( )( )
1/2

2
1

2
2

1/2
2 2

n

jk jk

u nu nu nu

jk k j k jx x y yx xx = + = - + -   (2.33d) 

where superscript nu represents the non-uniform particle. Particle k  represents the 

family member of particle j  belonging to the non-uniform distributed system. jN  is 

the total number of the family members of particle j  which belongs to the non-

uniform distributed system. The terms 
1

jkx  and 
2

jkx  are defined as 
1 nu

jk

nu

k jx xx -=  and 

2 nu

jk

nu

k jy yx -= .   

Subsequently, the function value on the position of particle i  (shown in Fig. 2-9 (b)) 

can be predicted by using the derivatives on the position of particle j   by using Taylor 

series expansion as (as shown in Eq.(2.16)) 
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 (2.34) 

where superscript u  represents the uniform particle and nu represents the non-

uniform particle.  By using Eq. (2.34), and by using the non-uniform family members

()j  located at ( ),nu nu

j jx y of particle ()i  located at ( ),u u

i ix y , one corrected function 

value at ( ),u u

i ix y  can be obtained for each family of ()i  (such as ()j ). Therefore, the 
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predicted function value at ( ),u u

i ix y  can be obtained by averaging the corrected values 

as   
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 (2.35) 

where ,i nuN   is the total number of the non-uniform family members of particle located 

at ( ),u u

i ix y .      

The function values assigned to the non-uniform particles, ( ),nu nu

j jf x y  and 

predicted for the uniform particles, ( )( ),
pre

u
d

u

i i

icted

f x y  are plotted in Fig. 2-10 and Fig. 

2-11 for resolutions 21 21³  and 51 51³ , respectively. 

  
(a)   (b) 

Fig. 2-10 Function value, for (a) non-uniform particles (assigned),( ),nu nu

j jf x y  and 

(b) uniform particles (predicted), ( )( ),
pre

u
d

u

i i

icted

f x y  for resolution 21 21³  
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(a)   (b) 

Fig. 2-11 Function value for (a) non-uniform particles (assigned),( ),nu nu

j jf x y  and (b) 

uniform particles (predicted), ( )( ),
pre

u
d

u

i i

icted

f x y  for resolution 51 51³   

The total L2-norm error of the uniform particle set is calculated as  
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  (2.36)  

By comparing the error for different resolutions as 0.31%re=  for 21 21³ , 

0.0670%re=  for 41 41³ , and 0.0374%re=  for 51 51³ , as shown in Fig. 2-12, it can 

be concluded that a higher resolution results in a more accurate solution.   

 

Fig. 2-12 L2-norm error plot for different resolutions  
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3. Ordinary State Based Fully Coupled Thermomechanical PD 

Model for Isotropic Materials 

3.1. Introduction 

Due to the development of aerospace and mechanical industries in recent years, 

mechanical and thermal shock loadings become typical and important loading types. 

For example, the gas turbine engine casing of an aircraft can experience a temperature 

rise as high as 1700 C within an extremely short period [16]. In the analyses with such 

loading conditions, the thermomechanical coupling effects often play a crucial role 

and as a consequence, they should be considered both in thermal and structural fields 

[17]. Not only the effect of temperature on deformation but also the effect of 

deformation on the temperature field is non-negligible. Therefore, fully coupled 

thermoelasticity analyses are necessary when dealing with such types of problems. 

The basic theory of linear coupled thermoelasticity is well understood and fully 

developed for many years. Biot [18] first introduced a coupling item in heat conduction 

equation to solve the coupled problem of thermoelasticity. Later, Herrmann [19] 

generalized Biotôs principle to a three-dimensional anisotropic body. Recently, Jabbari 

et al. [20, 21] gave exact equations for classical coupled thermoelasticity in cylindrical 

and spherical coordinates. Although some analytical solutions are provided for some 

simple problems, many complex problems have not been completely solved with 

analytical methods [22]. Therefore, numerical methods such as FEM and boundary 

element method (BEM) have been widely applied to get approximate solutions [23]. 

For example, Cannarozzi and Ubertini [24] conducted FEM analyses for linear coupled 

quasi-static thermoelastic problems with a mixed variation method. Displacement and 

temperature acted as primary variables in their research. On the other hand, stress and 

heat flux acted as dual variables which were also involved directly in their analysis. 

Tehrani and Eslami [25] studied the coupling coefficients and relaxation time effects 

on thermal and elastic wave motion by using BEM. When the fracture is involved in 

the fully coupled analyses, temperature distribution around crack tips becomes a major 

concern. The high energy concentration around a moving crack produces high amount 



32 

 

of heat energy and results in unneglectable temperature increase. Atkinson and Craster 

[26] deduced some simple and asymptotic temperature distributions for the region near 

crack tips during crack propagation. Weichert and Schönert [27] investigated the 

temperature near the crack tips in brittle materials with very small plastic zones and 

high crack velocities. The crack tips were simulated as heat generation sources and 

consequently, the temperature distributions were predicted. An experimental study 

conducted by Bhalla et al. [28] estimated the temperature distribution near the crack 

tips. A temperature increase was observed in their experiments. Miehe et.al [29] 

presented a continuum phase-field model for brittle fracture in thermoelasticity. A 

bending numerical simulation test considering the crack growth and dissipative heat 

generation was provided, and its corresponding temperature field was discussed.            

When a discontinuity is involved in thermoelastic problems, the aforementioned 

numerical simulation methods based on the classical mechanical theory predict 

unbounded stresses and energy densities. Even for linear elastic fracture mechanics 

(LEFM) and dislocation dynamics, supplemental constitutive equations are needed to 

determine the motion of a dislocation. On the contrary, peridynamics [4, 30] is a 

nonlocal theory that includes damage as part of the material response. As a 

consequence, the PD equations remain valid where crack or discontinues merges [31]. 

Therefore, PD theory is especially suitable for problems with discontinues, thus it is 

adopted in this study. The crack nucleation and propagation has been investigated by 

many researchers in the realm of PD theory [32-38], but most of them are only in the 

mechanical field. In the thermal field, Oterkus et.al [39] derived the formulation of 

thermal diffusion with PD theory and utilized it to capture the fuel pellet cracking [40]. 

Bobaru and Duangpanya [41, 42] studied the heat conduction in bodies with and 

without discontinuities in bond-based PD theory. Regarding the thermomechanics, 

fully coupled bond-based PD theory was formulated by Oterkus et.al [43], Oterkus 

[44], Madenci and Oterkus [45]. Furthermore, they successfully applied their model to 

predict crack propagation [46, 47]. However, due to the aforementioned limitation of 

the BB-PD model on material properties [13], an ordinary state-based PD model is 

necessary for thermomechanical problems.  
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Regarding the fully coupled thermomechanical analysis, the ordinary state-based 

PD model has not been explicitly provided, only the expression in bond-based theory 

is available in the published literature [44, 48]. Therefore, in this section, ordinary 

state-based fully coupled PD thermoelastic equations with explicit formulations of PD 

parameters are provided in Section 3.2. Then these equations are cast into their 

corresponding non-dimensional forms in Section 3.3. 

3.2. The OSB thermomechanical isotropic PD model 

The ordinary state-based PD model for mechanical deformation prediction is 

provided in Section 2.1.2. In this section, the OSB-PD thermal model is discussed. For 

the point of interested i , the heat conduction equation in the fully coupled 

thermomechanical PD model is [43] 

 ( )
( ) ( )

( )( ) ( )0
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j i
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j j i
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where ( ),s ih tx  is the rate of heat generation per unit volume. In the above equation, 

k is defined as PD micro-conductivity with its definitions being listed as [39, 43, 49]  
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The second term within the summation of Eq. (3.1) represents the deformation 

coupling effect on temperature. The time rate of change of stretch extension, 

( )j ie -x x , can be defined as 
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 ( ) ( )j i

j i j i

j i

e
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y y
x x u u

y y
 (3.3) 

The term b is the PD thermal modulus and its formulation in OSB-PD theory is 

derived as follows (details provided in Appendix A). The physical meaning and theory 

foundation of the PD thermal modulus are fully discussed by Oterkus et al. [43]. In 

this section, the same derivation approach is adopted. The initial form of the ordinary 

state-based PD force function for point 
ix  is shown in Eq. (2.9a). In another form, 

being similar to the derivation conducted by Oterkus et al. [43, 44], the PD force 

function can be divided into two parts as [43, 44]  

 T= Ö -t u B   (3.4) 

The first part on the right-hand side includes only the structural deformation, and 

the second part is related to temperature effect. In Eq. (3.4),  is called the modulus 

state [50], the term TB  represents the effects of thermal state on deformation.  

By plugging the dilatation term in Eq. (2.10a) into the PD force function Eq. (2.9a) 

results 
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After rewriting the PD force function by splitting into pure mechanical and thermal 

part Eq. (3.5) becomes 
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By comparing Eqs. (3.4) and (3.6), local thermal modulus of the bond between x  

and ¡x  can be obtained as 

 ( )
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j i ij j
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a d
V b

d
b d a
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å õL
æ ö- = L +
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with 
j i

j i

b
-

=
-

y y
B

y y
[43, 44]. Substituting the PD parameters provided in Eq. (2.11), 

the explicit form of the local OSB thermal modulus, b, for different dimensions can 

be obtained as 
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Furthermore, for the bond-based restriction ( 0a= ) [10], the OSB-PD thermal 

modulus will reduce to its bond-based form, where 2b bb d a=  or ( )1/ 2b cb a=  [43, 

44] with c  being the bond-based PD material constant [10] as provided in Eq. (2.8). 

3.3. Non-dimensional form of OSB PD model 

The governing equation can be put in a non-dimensional form by using non-

dimensional variables [51]. Therefore, the fully coupled PD equations are cast into 

their non-dimensional forms by adopting the approach proposed by Sackman [52] and  

Oterkus et al. [43].  
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Regarding the heat conduction equation, the diffusivity is defined as the 

characteristic length/time quantity and the characteristic length/time is the elastic wave 

speed [52] 
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where l and m are Lame's constants. Combining the characteristic length/time scale 

leads to characteristic length and time as follows [52] 

 /l ag*=   (3.11a) 

 
2/t ag*=   (3.11b) 

As explained in [43, 52] following non-dimensional forms can be used  

Length related variables:  
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Velocity-related variables:  
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And the temperature: 

 
0T T=Q   (3.17) 

By using the above non-dimensional parameters and substituting the peridynamic 

parameters listed in Section 2.1.2 into Eq. (2.12) and Eq. (3.1),  the non-dimensional 

form of the fully coupled equations can be achieved by utilizing the non-dimensional 

parameters given in Eq. (3.9)-Eq. (3.17) as 
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with 
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In the above equations, the non-dimensional variables are denoted with an overscore. 

The parameters iT  and jT  are the rate of temperature changes at material point ix  and 

jx , respectively. The non-dimensional coupling coefficient, , measures the strength 
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of the coupling effect on temperature distribution due to deformation. It can be defined 

as [52] 

 
( )
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cl

vc
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3.4. Numerical implementation 

In a dimensional simulation, the accelerations and temperature changes of PD 

material points are updated according to Eq.(2.12) and Eq.(3.1). In a non-dimensional 

simulation, the accelerations and temperature changes of PD material points are 

updated according to Section 3.3. Explicit time integration is used to find the 

temperature, velocity and displacement profile at each time step [44]. The numerical 

procedure is provided in Fig. 3-1 for dimensional simulations as an example. In Fig. 

3-1, tN  represent the total number of the time step, n  represents the current number 

of the time step, and nodeN  represents the total number of PD points. 
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Fig. 3-1 Flowchart for the numerical procedure   
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temperature and displacement responses from PD solution coincide very well with 

ANSYS solution. The present two-dimensional PD model is thus validated via these 

numerical simulations both in dimensional and non-dimensional forms. As a next 

verification problem, a block is investigated with a temperature boundary condition. 

Good agreements are obtained by comparing PD and ANSYS solutions. Hence, the 

non-dimensional form of the equations is validated both for two and three-dimensional 

problems.    

3.5.1. Plate subjected to shock loading 

The validity of the non-dimensional thermoelastic PD equations for 2D problems is 

established by constructing PD solutions for an existing BEM solution provided by 

Hosseini-Tehrani and Eslami [53]. The same geometry model, boundary conditions, 

and loading conditions are adopted as in [53]. As shown in Fig. 3-2, a thin plate with 

a non-dimensional geometry 10, 10L W= =  and thickness 1h=  is subject to a shock 

loading on the edge of / 2x L=-  and fixed on the edge of / 2x L= . The edges of 

/ 2y W=  and / 2y W=-  are traction free. Furthermore, at / 2x L=-  the plate is 

subjected to temperature boundary condition and all other three edges are insulated. 

The Poissonôs ratio is set to be 0.17. Regarding the PD discretization, the grid size is 

0.05xD =  and the horizon size is chosen as 3.015 xd= D. The uniform time step size 

is 
45.0 10-³  with total simulation time 6totalt = . The boundary condition is 

implemented by using fictitious layers [54]. The applied loads are implemented on a 

real boundary layer [54]. Since there is no heat source in this simulation case, 0sh = .   

The initial conditions are: 

 ( ) ( ), , 0 , , 0 0x yu x y t u x y t= = = =  (3.22a) 

 ( ), , 0 0T x y t= =  (3.22b) 

with xu  and yu  representing the non-dimensional displacement components in the x  

and y  directions, respectively.  
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The shock loading conditions are: 

Loading 1: Pressure shock 

 ( ) 2/ 2, , 5 tP x L y t te-=- =   (3.23a) 

 ( )/ 2, , 0T x L y t=- =  (3.23b) 

Loading 2: Thermal shock 

 ( )/ 2, , 0P x L y t=- =  (3.24a) 

 ( ) 2/ 2, , 5 tT x L y t te-=- =   (3.24b) 

Loading 3: Combined pressure and thermal shock 

 ( ) 2/ 2, , 5 tP x L y t te-=- =   (3.25a) 

 ( ) 2/ 2, , 5 tT x L y t te-=- =   (3.25b) 

where t  represents the non-dimensional time. The applied pressure load is in the 

positive x  direction, as illustrated in Fig. 3-2.   

 

Fig. 3-2 A thin plate subjected to shock loading conditions 
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Fig. 3-3 to Fig. 3-5 provide the thermal and mechanical responses at 3t =  and 

6t =  along the horizontal centreline of the plate for 3 different loading conditions. 

The coupling coefficient 0=  represents the uncoupled case, where the effect of 

deformation on temperature field is ignored. Fig. 3-3(a) represents the temperature 

distribution when the plate is subjected to pure pressure shock loading (loading 

condition 1). As can be seen from the figure, when 0=  no temperature change is 

observed. On the other hand, when 0.1=  both temperature drop and temperature rise 

are observed, which are induced by the applied pressure shock due to coupling effect. 

The magnitude of the temperature change is relatively small, within the range between 

-0.02 to 0.05. As time progresses, the peak position of the temperature distribution 

moves towards a positive x  direction. Fig. 3-3(b) represents the dimensionless axial 

displacement along the horizontal centreline at 3t =  and 6t = . The wave fronts at 

these two time points are observed. There are slight differences between the 

displacement predictions from the coupled and uncoupled cases. As time progresses, 

the difference becomes larger. Therefore, it could be inferred that due to coupling 

effect, the temperature change induced by deformation does affect the deformation. 

The same conclusion is obtained from the simulation cases with loading condition 2 

as can be seen from Fig. 3-4. Due to the heating effect by the applied thermal loading, 

the plate experiences an expansion state. Subsequently, the tension loading creates a 

cooling effect. Therefore, when compared with the uncoupled case, the relatively 

lower temperature change is observed in the coupled case. Consequently, the lower 

temperature change gives rise to a smaller deformation response. This conclusion can 

also be applied to loading condition 3, whose results are presented in Fig. 3-5.   

In conclusion, good agreements are obtained for three types of loadings. For both 

the thermal and mechanical fields, the results from ordinary state-based PD predictions 

agree well with those from BEM solutions obtained by Hosseini-Tehrani and Eslami 

[53]. Therefore, via these numerical simulations, the present non-dimensional PD 

model is validated for 2D problems. 
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(a) 

 

(b) 

Fig. 3-3 Comparison of BEM method [53] and PD solutions (a) Temperature change 

distributions; (b) Displacements along the horizontal centreline of the plate for 

loading condition 1 
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(b) 

Fig. 3-4 Comparison of BEM method [53] and PD solutions (a) Temperature change 

distributions; (b) Displacements along the horizontal centreline of the plate for 

loading condition 2 
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Fig. 3-5 Comparison of BEM method [53] and PD solutions (a) Temperature change 

distributions; (b) Displacements along the horizontal centreline of the plate for 

loading condition 3  

3.5.2. Plate subjected to pressure loading 

Thermal and deformation responses of a square plate under two types of pressure 

shocks are analysed. The geometry dimensions of the plate are 0.1mL W= = , with 

the thickness being 0.001 m. The material is chosen as carbon steel and its material 

properties are given as: elastic modulus 200 GPaE= , Poissonôs ratio 0.17n= , 

thermal expansion coefficient 
6 -111.5 10 Ka -= ³ , density 

37870 kg/mr= , specific 

heat capacity ( )472 J/ kgKvc = , and thermal conductivity ( )51.9 W/ mKTk = . The 

reference temperature is 0 285 KQ = . The grid size is 0.0005 mxD =  and the horizon 

size is chosen as 3.015 xd= D. The time step size is 0.001ɛs with total simulation 

time 8ɛs. On the other hand, directly coupled plane element PLANE 223 is utilized 

in the ANSYS model. The number of nodes 80 80³  and time step size is 0.16ɛs for 

the ANSYS model. 

The initial conditions are: 

 ( ) ( ), , 0 , , 0 0x yu x y t u x y t= = = =  (3.26a) 

 ( ), , 0 0T x y t= =  (3.26b) 

The shock loading conditions are: 

Loading 1: 

 ( ) 20 2/ 2, , 10 PaP x L y t t=- =-   (3.27) 

Loading 2:  

 ( ) 9 6/ 2, , 10 sin 10 Pa
2

P x L y t t
på õ

=- = ³æ ö
ç ÷

  (3.28) 
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Fig. 3-6 and Fig. 3-7 provide the temperature and deformation responses along the 

horizontal centreline of the plate under two loading conditions. Since only the 

mechanical loadings are applied, the temperature changes are induced due to the 

coupling term in the heat flow equation. As shown in Fig. 3-6(a) and Fig. 3-7(a), there 

is a remarkable agreement between PD and ANSYS solutions. When the plate is 

subjected to loading condition 1, the temperature drop is observed due to tension 

loading as it can be seen from Fig. 3-6(a). As time progresses, temperature change 

increases to a final value of 6.5 K. When the plate is subjected to loading condition 2, 

temperature increases where there is local compression, and temperature drops where 

there is local tension.  

Under both loading conditions displacement fields obtained from PD and ANSYS 

simulations match very well. Furthermore, it should be noted that even though carbon 

steel has a relatively small coupling coefficient, i.e. 0.002861= , the generated 

temperature change due to mechanical shock loading is considerable. Therefore, if a 

large strain rate exists, i.e. shock loading is applied, fully coupled thermomechanical 

analysis should be taken into consideration. 
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(b) 

Fig. 3-6 Comparison of  ANSYS  and PD solutions (a) Temperature change 

distributions (b) Displacements along the horizontal centreline of the plate for 

loading condition 1 
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(b) 

Fig. 3-7 Comparison of  ANSYS  and PD solutions (a) Temperature change 

distributions (b) Displacements along the horizontal centreline of the plate for 

loading condition 2. 

3.5.3. Block subjected to thermal loading 

In order to validate the proposed PD model for 3D problems, a block subjected to 

temperature boundary condition is investigated. As shown in Fig. 3-8, the 

dimensionless length, width and height of the block are 5, 0.15 and 0.15, respectively. 

The Poissonôs ratio is set as 0.33 and the coupling coefficient is 1.0. Regarding the PD 

model, the grid size is 0.0125xD =  and the horizon is chosen as 3.015 xd= D. The 

integration time step size is 44 10p -³  and the total simulation time is p. On the other 

hand, directly coupled solid element type SOLID 226 is adopted with a mesh size of 

0.05 and time step size of 0.02p in ANSYS model.    

The block is clamped at x L= . The block is gradually heated at 0x=  and all other 

surfaces are insulated. The temperature boundary condition is defined as sin( )T t= , 

where t  is the dimensionless time. A fictitious layer is used to implement boundary 

conditions [55]. 

 

Fig. 3-8 Block under thermal loading 

The temperature distributions and horizontal displacements along the line of 

/ 2y W=  and / 2z H=  are presented in Fig. 3-9 (a) and (b) at dimensionless time of 

4, 2, 3 4,t p p p p=  respectively. The results which are obtained from ANSYS 

solutions are also provided for comparison. It could be seen that both the temperature 

and displacement distributions match very well, indicating the capability of the derived 

( )T t

L

W

H x

y

z
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PD formulations to accurately predict the thermal and mechanical responses for three-

dimensional problems.   

 
(a) 

 
(b) 

Fig. 3-9 Comparison of  ANSYS  and PD solutions (a) Temperature change 

distributions (b) Horizontal displacements along the centreline of the block 

Derived formulations and explicit expressions of PD parameters including their 

dimensional and non-dimensional forms are validated through these numerical 

simulations.  

3.6. Numerical results for damage prediction 

Peridynamics is a reformulation of classical equations that is better suited for 

modelling bodies with discontinuities. The proposed model is further employed for 

failure prediction including fully coupled analysis. First, a three-point bending test is 
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considered to predict the temperature distribution and deformed shape. Then a plate 

with a pre-existing central crack is subjected to a pressure shock loading condition. 

The temperature and structural responses without crack propagation are verified 

against the ANSYS solution. Then the crack propagation is simulated, and its path is 

compared with the one from a pure mechanical simulation. In this way, the coupling 

term effect on crack propagation is estimated and analysed. Therefore, analysis 

involving cracks are considered in this section by using the developed PD model. 

Finally, a numerical simulation based on Kalthoff experiment [56] is carried out. The 

crack path predicted by the PD model is compared with the result of the experiment.  

3.6.1. Three-point bending simulation 

Three-point bending test of a simply supported beam is simulated under prescribed 

displacement condition as illustrated in Fig. 3-10. The origin of the coordinate system 

is located in the middle of the beam. The material properties are related to rubber-like 

material, the shear modulus is 1MPa, Poissonôs ratio 0.45n= , thermal expansion 

coefficient 3 -11 10 Ka -= ³ , thermal conductivity ( )0.1W/ mKTk = , density 

3906.5 kg/mr= , specific heat capacity ( )1103.14 J/ kgKvc =  [57]. The critical 

stretch value is 0.1724cs = . The reference temperature is 0 293 KQ = . The 

dimensions of the beam are 40mmL= , 10mmW= , and thickness 0.5 mmh=  . A 

pre-existing crack with length being 1 mma=  is located in the middle of the beam at

/ 2y W=- . The supports are placed 4mmb=  inwards from the outer edges. A 

prescribed displacement is applied in the middle of the beam at / 2y W= as 

( )maxtotalu t t u= , where totalt  is the total simulation time, 0.01stotalt =  and 

max 6 mmu = . The uniform PD grid size is 0.5 mmxD =  and the horizon is 

3.015 xd= D. The time step size is 
61 10 s-³  and the total simulation time is 

0.01stotalt = .  
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Fig. 3-10 Geometry of three-point bending test 

Fig. 3-11 and Fig. 3-12 present the damage plots and corresponding temperature 

distributions at 0.007 st=  and 0.01st= . It can be observed from Fig. 3-11 (a) and 

Fig. 3-12 (a) that the initial crack grows in the vertical direction. Fig. 3-11 (b) and Fig. 

3-12 (b) present the corresponding temperature distributions. As expected, the 

temperature rise is observed where the local compression is expected and the 

temperature drop is observed near the crack surfaces where there is local tension. 

 

(a) 

 

(b) 

Fig. 3-11 (a) Damage plot and (b) temperature change (K) in deformed configuration 

at 0.007 st=  (displacement scale factor is 1) 
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(a) 

 

(b) 

Fig. 3-12 (a) Damage plot and (b) temperature change (K) in deformed configuration 

at 0.01st=  (displacement scale factor is 1) 

3.6.2. Plate with a crack subjected to pressure shock loading 

Based on the previous example in Section 3.5.2, damage propagation is predicted 

for a plate with a pre-existing crack of length 0.02 m, as shown in Fig. 3-13. The 

geometry, material properties, and boundary condition are identical to those in Section 

3.5.2.  
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Fig. 3-13 An isotropic plate with a pre-existing central crack under pressure shock 

loading 

The pressure shock loading is specified as 

 ()
( )

( )

14

14

0

0 0

1 10 ,

1 0

P

a ,1
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P

t t

t t

t
P t

t>

ë- ³ <î
=ì
- ³îí

  (3.29) 

where 0 8ɛst = . The total node number in x  or y  direction for the PD model is set to 

be 500 with a grid size of 0.2 mm. Thus the critical stretch value cs  is calculated as 

0.0213 with cG  being 
242320 J/m. The horizon is 3.015 xd= D. The time step size is 

set as 
910 s-

 and the total simulation time is 30ɛs. On the other hand, directly coupled 

plane element type PLANE223 is applied in the ANSYS model with the grid size of 

0.00125xD =  and time step size of 0.6ɛs.   

In order to better understand the existence of crack surface on the temperature and 

deformation field, initial failure is not allowed. The horizontal displacement 

predictions at different time steps are shown in Fig. 3-14, Fig. 3-15, and Fig. 3-16. It 

is observed that the peridynamic results coincide very well with ANSYS solutions. 

The displacement distribution along x  axis propagates uniformly in the vertical 

direction before the elastic wave reaches the crack, as shown in Fig. 3-14. After the 

elastic wave reaches the crack surface, displacements become non-uniform due to the 

crack

( )P t

y

x

W

L
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discontinuity of the displacements along the crack surface as it can be seen from Fig. 

3-15 and Fig. 3-16.  

 

(a) 

 

(b) 

Fig. 3-14 Horizontal displacements (m)  (a) ANSYS  and (b) PD results at 7ɛst=  

 

(a) 

 

(b) 

Fig. 3-15 Horizontal displacements (m)  (a) ANSYS  and (b) PD results at 15ɛst=  
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(a) 

 

(b) 

Fig. 3-16 Horizontal displacements (m)  (a) ANSYS  and (b) PD results at 30ɛst=  

Fig. 3-17, Fig. 3-18, and Fig. 3-19 present the induced temperature distributions due 

to the applied loading. It is observed that the peridynamic results agree very well with 

ANSYS solutions. The temperature distributions along x  axis propagate almost 

uniformly in the vertical direction before the thermal wave reaches the crack, as shown 

in Fig. 3-17. After the thermal wave reaches or passes the crack, thermal waves get 

disturbed by the existence of the crack. The higher temperature drop is observed near 

the crack tip as can be seen from Fig. 3-18 and Fig. 3-19. This also indicates the stress 

concentration near the crack tips. Besides, the region near the crack tips is under 

tension, indicating a tendency of a crack growing in the vertical direction. The crack 

surfaces experience local compression. Therefore, temperature rises are observed in 

these regions as it can be seen from Fig. 3-19. 
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(a) (b) 

Fig. 3-17 Temperature change distributions (K)  (a) ANSYS  and (b) PD results at 

7ɛst=  

 

(a) 

 

(b) 

Fig. 3-18 Temperature change distributions (K)  (a) ANSYS  and (b) PD results at 

15ɛst=  

 

(a) 

 

(b) 

Fig. 3-19 Temperature change distributions (K)  (a) ANSYS  and (b) PD results at 

30ɛst=  

After verification of temperature and deformation field for a plate with a pre-existing 

crack. As a next example, crack propagation is allowed. The crack configurations at 

different time steps are provided in Fig. 3-20 to Fig. 3-22. Crack propagation patterns 

are compared with coupled and uncoupled cases. Temperature distributions at 

corresponding stages from coupled cases are also provided. 

-0.04 -0.02 0.00 0.02 0.04

-0.04

-0.02

0.00

0.02

0.04

y
 (

m
)

x (m)

-1.315

-1.131

-0.9463

-0.7619

-0.5775

-0.3931

-0.2087

-0.02438

0.1600

-0.04 -0.02 0.00 0.02 0.04

-0.04

-0.02

0.00

0.02

0.04

y
 (

m
)

x (m)

-1.315

-1.131

-0.9463

-0.7619

-0.5775

-0.3931

-0.2087

-0.02438

0.1600

-0.04 -0.02 0.00 0.02 0.04

-0.04

-0.02

0.00

0.02

0.04

y
 (

m
)

x (m)

-2.770

-2.324

-1.877

-1.431

-0.9850

-0.5387

-0.09250

0.3538

0.8000

-0.04 -0.02 0.00 0.02 0.04

-0.04

-0.02

0.00

0.02

0.04

y
 (

m
)

x (m)

-2.770

-2.324

-1.877

-1.431

-0.9850

-0.5387

-0.09250

0.3538

0.8000



58 

 

In the early stage, the cracks grow in similar patterns for both simulation cases. 

Crack start to propagate earlier for the uncoupled case (Fig. 3-20). Cracks both begin 

to propagate at around 16 ɛs . Up to 28 ɛs , the cracks propagate in a self-similar 

manner for both coupled and uncoupled cases. Cracks start branching at around 28 ɛs

(Fig. 3-21) and split into visible asymmetrical branches (Fig. 3-22). Besides, the 

branches for uncoupled case grow faster than the coupled case.  

For the coupled case, it is clear that before 16 ɛs  the temperature distribution is the 

same as the one obtained from the simulation without crack propagation. However, 

temperature drops at the crack tips move as the crack propagates (Fig. 3-21 (c)- Fig. 

3-22 (c)). The cooling region at the crack tips creates temperature-induced local 

compression at these regions. Furthermore, the temperature rise around the crack 

surfaces creates local tension against the compression created by the pressure shock 

loading. In conclusion, the induced temperature change due to deformation influences 

the crack growth in the opposite direction against the applied mechanical loading, 

leading to a reduced degree of crack propagation response. Hence, a different crack 

pattern from the uncoupled simulation is obtained.  

In conclusion, if shock loadings are applied, large strain rates are created, and thus 

the coupling term should be considered for more accurate crack propagation 

predictions.    
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(c) 

Fig. 3-20 Damage plots for (a) uncoupled case, (b) coupled case and (c) 

corresponding temperature change (K) distributions at 16ɛst=  
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Fig. 3-21 Damage plots for (a) uncoupled case, (b) coupled case and (c) 

corresponding temperature change (K) distributions at 28ɛst=  

 

(a) 

 

(b) 

 

(c) 

Fig. 3-22 Damage plots for (a) uncoupled case, (b) coupled case and (c) 

corresponding temperature change (K) distributions at 30ɛst=  

3.6.3. Kalthoff problem simulation 

Kalthoff and Winkler [58] and Kalthoff [56, 59] performed a series of experiments 

where pre-notched plates were subjected to dynamic shear loads. In the experiments, 

a cylindrical projectile impacted on the notched side of the plate with a constant 

velocity 0V  parallel to the axis of the notch. The pre-existing crack in the upper half 

steel plate was observed to grow in an angle of approximately 
o70  counter-clockwise 

with the notch axis. The failure is in a brittle fracture mode under a lower strain rate. 

These experiments have been successfully simulated by numerical methods such as 
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phase-field simulation [60], finite element method [61]. In addition, Silling [62] and 

Dipasquale et al. [63] used PD to numerically simulate the Kalthoff problem within 

the realm of the mechanical field. In this section, a fully coupled thermomechanical 

simulation is conducted based on the Kalthoff experiment.  

The problem is symmetric so that only the upper half plate is modelled. As shown 

in Fig. 3-23, a square plate is modelled with 100 mmL W= =  and its thickness is 

1mm. A pre-existing crack of length being 50 mm is located above the x  axis with 

the distance of 25 mm. Due to the symmetric conditions, the lower horizontal edge of 

the plate is fixed in the y  direction, i.e. ( ), 0, 0yu x y t= =. The other boundaries are 

free. All the boundaries are thermally insulated. The impact is simulated by imposing 

a constant velocity to the nodes on the left surface between the crack and the lower 

horizontal boundary in the PD model. The velocity is parallel to the x  direction and 

its magnitude is 

 
( )0 0 0

0

0 0

/t t v t t

v t t

¢ëî
=ì

>îí
v   (3.30) 

where 0v  represent the magnitude of the applied velocity with 0 16.5 m/sv =  and 

0 1ɛst =  [60]. The properties of the elastic material are 190 GPaE= ,  

38000 kg/mr= , 0.3n= , ( )477 J/ kgKvc = , 
6 117.6 10 Ka - -= ³ , ( )16.2 W/ mKTk = . 

The critical energy release rate is 4 22.213 10 J/mcG = ³ . The reference temperature is 

0 285 KQ = . As to the PD discretization, the mesh size is 0.0005 mxD =  and the 

horizon is chosen as 3.015 xd= D. The time step size is 0.01ɛs  and the total 

simulation time is 90ɛs. The critical stretch value is calculated as 0.0103cs = .               
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Fig. 3-23 The geometry and boundary conditions for Kalthoff problem 

The crack is observed to propagate at 20ɛst= . The crack evolution at different 

times is provided in Fig. 3-24. The angle between the crack path and the positive x  

direction is observed to be o68 , which is close to the corresponding result of the 

Kalthoff experiment. Furthermore, the temperature change distribution evolutions are 

provided in Fig. 3-25. The maximum stretch distributions in deformed configurations 

are presented in Fig. 3-26. It can be observed temperature rises near the crack and 

temperature drops in the crack, which agrees with the conclusions drawn in the last 

two simulation cases.   
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(c) 

Fig. 3-24 Crack evolution at different times, (a) 40ɛst= ; (b) 65ɛst= ;(c) 90ɛst=  

 

(a) 

 

(b) 

 

(c) 

Fig. 3-25 Temperature change (K) distributions at different times (displacement scale 

factor is 3), (a) 40ɛst= ; (b) 65ɛst= ;(c) 90ɛst= .  
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(a) 

 

(b) 

 

(c) 

Fig. 3-26 Maximum stretch distributions in deformed configurations (displacement 

scale factor is 3) at different times, (a) 40ɛst= ; (b) 65ɛst= ; (c) 90ɛst= . 

3.7. Summary 

In this chapter, fully coupled thermoelastic equations in ordinary state-based 

peridynamic theory are provided, including their non-dimensional forms. To verify the 

PD model, some benchmark problems are solved by using both peridynamics and FEM 

solutions. The good agreement between PD and other methods indicates the validity 

of the proposed PD model. Finally, crack propagation patterns are predicted for three-

point bending test, Kalthoff problem, and a plate with a pre-existing crack subjected 

to a pressure load. The following conclusions are drawn:  
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1. The ordinary state-based fully coupled thermomechanical PD model 

introduced in this chapter is capable of predicting temperature and displacement 

responses accurately both for dimensional and non-dimensional problems.  

2. When shock loadings are applied, the coupling effect on displacements and 

temperature should be taken into consideration for more accurate results.  

3. The coupling terms do have an effect on crack propagation when shock 

loadings are applied. Therefore, fully coupled analysis is necessary in such cases. 
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4.   Fully Coupled Thermomechanical PD Model for 

Composites Material 

4.1. Introduction 

In recent years, high-performance composite materials like fibre-reinforced 

composites (FRCs) and carbon-carbon composites (CCCs) are increasingly used in 

aerospace and mechanical industries, especially for the working environments with 

mechanical shocks and large temperature variations [64]. The analyses of this type of 

problems have been carried out in the past using the uncoupled or semi-coupled 

thermoelasticity theory. It is assumed that the deformation induces relatively small 

temperature changes, and hence can be conveniently neglected. Only the effect of the 

temperature on the deformation field is considered. However, the coupling coefficient 

of composites is much larger than the metal materials. Furthermore, the coupling effect 

on temperature is significant under the loading conditions like a sudden change of 

temperature or a mechanical shock. Therefore, the deformation effect on the 

temperature field is crucial in these cases. The uncoupled or semi-coupled analysis 

may not be accurate enough, and the employment of the fully coupled thermoelasticity 

theory is necessary in these cases [65].  

Many research achievements in the realm of fully coupled thermoelasticity are 

presented in the literature regarding composite materials. This problem becomes 

complex because of the anisotropic property of composite materials. Stanley [66] 

presented an experiment to test the thermoelastic constants of composite materials 

under compressive loading. Basic equations of linear thermoelasticity of composite 

material were established in Eneôs work [67]. Besides, a simple form of coupling 

constant was introduced to estimate the coupling effect for composite materials. In 

addition to the analytical and experimental methods, numerical methods are also 

popular in this field. Rao and Sinha [68] dealt with the coupled thermomechanical 

analysis of composites beams using FEM, presenting different results from uncoupled 

analyses. Moreover, the coupled thermoelastic response of a composite plate subjected 

to thermal shock was studied by Mukherjee and Sinha [69] using FEM. Khan et al. 

[70] compared the temperature profiles from different FE models in the 
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thermomechanical analysis of composites. Comparatively, boundary element method 

(BEM) was adopted by Kögl and Gaul [71] to investigate the coupling effect of 

composites. They stated that when linear elements were used, the BEM had an 

improved accuracy than FEM. Fully coupled thermomechanical analyses of one layer 

or equivalent single-layer plate were given by Brischetto and Carrera [72], providing 

a wise approach for multi-layered composites.   

In addition to thermoelasticity, failure analysis is also a hot topic in composite 

research. It is a challenging task to predict damage in composites. Composites can be 

defined as two or more materials combined to form a single material [73].  There are 

several kinds of failure exist in laminated composites materials, e.g. fibre/matrix 

debonding damage, fibre breakage in tension, as well as fibre bulking in compression, 

interlaminar delamination, and penetration due to impact [74]. Therefore, the 

inhomogeneous nature of composites must be taken into consideration in the analysis, 

to predict the corresponding failure modes. Furthermore, the stacking sequence and 

thickness also have an important effect on the failure initiation and evolution [75]. 

Although many mathematical models and computational methods have been 

developed to predict these failure mechanisms, a high challenge still exist because of 

the adoption of continuum damage mechanics. Being different from the 

aforementioned numerical methods, i.e. BEM and FEM, peridynamic (PD) theory is a 

new numerical method based on non-local continuum theory. Therefore, the PD theory 

is suitable for simulating cracks for composite materials. Oterkus and Madenci [76-78] 

successfully applied the bond-based PD theory for composite materials. Kilic et al. [79] 

predicted the crack propagation in centre-cracked composites laminates using a bond-

based PD theory. Although bond-based PD theory has been successfully employed in 

analysing composite materials, the material property is limited to having a fixed 

Poissonôs ratio [4]. Additionally, the major shear stiffness 12G  of a lamina is also 

forced to be a fixed value related to the elastic modulus in fibre direction and transverse 

direction [80]. Consequently, if bond-based peridynamic theory is utilized in analysing 

fibre reinforced composite lamina, four independent material constants 

( )1 2 12 12, , ,E E G n  will reduce to two independent constants ( )1 2,E E  [80]. On the other 

hand, state-based peridynamic theory [11] which eliminates these limitations. 
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Although various formulations are available for state-based PD composites modelling, 

most of them are limited to mechanical analysis. Oterkus and Madenci [46] provided 

a fully coupled analysis of a fibre-reinforced lamina. And then the model was extended 

to multi-layer laminates by Gao and Oterkus [7]. But the bond-based peridynamic 

theory is used for both models. To the authorsô knowledge, fully coupled formulas and 

analyses for laminates are currently not available in ordinary state-based peridynamic 

framework.    

To address this concern, the focus of this chapter is on fully coupled analysis of 

composite materials with ordinary state-based peridynamic theory. Oterkus et al. [39] 

derived the heat conduction equation with ordinary state-based peridynamic theory. 

Moreover, fully coupled thermomechanical equations for isotopic materials were 

proposed by Oterkus et al. [43] using bond-based peridynamic theory and extended to 

ordinary state-based peridynamic form by Gao and Oterkus [5]. Based on the previous 

work, in this chapter, both thermal and deformation fields are derived using ordinary 

state-based peridynamic theory. The directional dependency of composite material 

properties, as well as the coupling effect on temperature, is taken into account. Then 

the fully coupled thermomechanical numerical simulations are presented in Section 

4.2. Subsequently, the validation cases are conducted in Section 4.3. Furthermore, the 

bond-based fully coupled thermomechanical PD model is applied to simulate the 

damage of composites under underwater explosion in Section 4.4.      

4.2. PD composite model 

Regarding the fully coupled thermomechanical problems, the PD formulations are 

derived based on irreversible thermodynamics, i.e. the conservation of energy and the 

free energy density function. The general form of the fully coupled thermomechanical 

equations based on peridynamic theory is given in [43-46, 48] and Chapter 3. However, 

the fully coupled thermomechanical composite model in ordinary state-based PD 

framework has not been established so far. The following section represents the 

derivation of fully coupled thermomechanical formulations for ordinary state-based 

peridynamics for composites by taking into account their directional properties. 
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4.2.1. Single-layer PD composite model 

In this section, fully coupled ordinary state-based peridynamic single layer 

composite (lamina) model is developed in which the orthotropic property of lamina is 

taken into consideration. As shown in Fig. 4-1, it is presumed that the PD bonds are 

divided into three types according to their bond directions: fibre direction denoted by 

F , transverse direction denoted by T , and arbitrary direction denoted by FT  [10, 80, 

81]. Besides, the fibre angle is denoted by F. The bond angle with respect to the 

positive x  direction is denoted by j. 

                     

Fig. 4-1 Interaction of a family of material points for a fibre-reinforced lamina. 

PD force density function provided in [10, 82] is modified by including the thermal 

effects as; 
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where   

 
( )1 // fibre direction

0 otherwise

j i

Fm
ë -î
=ì
îí

x x
 (4.2a) 

with 

 
( )1 fibre direction

0 otherwise

j i

Tm
ë - ^î
=ì
îí

x x
  (4.2b) 

In Eq.(4.1), 1a  and 2a  represent the thermal expansion coefficients in fibre and 

transverse direction, respectively. Thereby, ja  represents the thermal expansion 

coefficient in any direction as [76]  

 () () () ()2 2cos sin sin cosx y xyja a j a j a j j= + +  (4.3)     

with [83] 

 () ()2 2

1 2cos sinxa a a= F + F  (4.4a) 

 () ()2 2

1 2sin cosya a a= F + F  (4.4b) 

In Eq.(4.1), iq and jq are the dilatations of point i  and j , respectively [10, 80]. 

The dilatation for a single layer PD model is also modified by including the thermal 

effects as 

 ( ) ( )1 2

1

plyN

i ij i ij j i

j

d s T V Tjq d a a a
=

= - L + +ä  (4.5)     

with 
3

2

thick

d
hp d

=  and plyN  representing the total number of the family members 

within the same layer. The parameters ijs  and ijL  [10, 80] are defined in Eq.(2.7) and 

(2.9d). 
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In Eq.(4.1), the peridynamic parameters Fb , Tb  and FTb  are associated with 

deformation of collective points in the fibre, transverse and other directions, 

respectively. The peridynamic parameters in Eq.(4.1) are defined as [10]: 

 ( )12 66

1

2
a Q Q= -   (4.6a) 

 66

4

6
FT

thick

Q
b

hp d
=   (4.6b) 
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  (4.6d) 

where FN , TN  are the total number of bonds in the fibre and transverse direction 

respectively (Fig. 4-1). The reduced stiffness matrix, []Q , is defined as [1]  

 []
11 12

21 22

66

0

0

0 0

Q Q

Q Q Q

Q

è ø
é ù
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é ù
é ùê ú

 (4.7) 

with 

 1 2 12 2
11 22 12 66 12

12 21 12 21 12 21

, , ,
1 1 1

E E E
Q Q Q Q G

n

n n n n n n
= = = =
- - -

  (4.8) 

In Eq. (4.8), 1E , 2E , 12G , 12n  and 21n  represent the elastic modulus in the fibre 

direction, the elastic modulus in the transverse direction, major shear modulus, major 

Poissonôs ratio and minor Poissonôs ratio, respectively.     
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Similarly, the directional dependency properties are also taken into consideration in 

the heat equation given in Eq.(3.1). Therefore, thermal micro conductivity proposed 

by Oterkus and Madenci [46] for a lamina is adopted  as 

 
for fibre direction

otherwise.

f m

m

k k
k

k

+ëî
=ì
îí

  (4.9) 

where mk  and fk  represent the peridynamic micro conductivities for fibre and other 

directions as [46] 
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In Eq. (4.10) and Eq.(4.11), 1k  and 2k  represent the thermal conductivities in CCM 

for fibre and transverse direction. 

PD thermal moduli in fibre and other directions are defined as (derivation process 

is provided in Appendix B) 
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As a summary, the ordinary state-based PD formulation for a single layer is given 

as; 
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Here jQ  and kQ  represent the temperatures at point j  and k , respectively. 

4.2.2. Multi -layer PD composite model 

The PD mechanical model developed by Oterkus and Madenci [10, 76] for 

composite laminates is adopted in this subsection. As illustrated in Fig. 4-2, each ply 

in a laminate is modelled by one-layer PD nodes (shown in blue, red, and yellow colour 

for different plies). The multi-layer laminate is modelled by assembling the single-

layer models according to the stacking sequence. Due to the directionally dependent 

properties of the laminate, four kinds of PD bonds are defined in the model: in-plane 

fibre bonds, in-plane matrix bonds, interlayer normal bonds, and interlayer shear bonds 

[10, 76]. Additional bonds, also called interlayer bonds, are added to connect points 

between neighbouring plies. The in-plane bonds have already been discussed in the 

single-layer model, so only the latter two bonds belonging to interlayer bonds will be 

explained in this section. The grid size is represented by xD .    
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Fig. 4-2 Illustration of PD laminate model for 3 xd= D and fibre direction, 0F= . 

As illustrated in Fig. 4-2, the equation of motion for material point k  in thn  ply can 

be expressed as [10] 

    ( )
1 1, 1 1, 1 1

2
ply shear

N N
n n n n nm m nm m n

k kj jk j k k kj j k

j m n n m n n j

V V Vr
= = + - = + - =

= - + + +ä ä ä äu t t P q b         (4.17) 

where nm

kP  represents the PD force density vector due to transverse normal bond and 

nm

kjq  is the force density vector associated with transverse shear deformation. The 

superscripts, n  and m , represent the sequence number of the layer where the material 

point is located. The term shearN  represents the number of family members connecting 

to kx  through interlayer shear bonds. It should be noted that the first term on the right-

hand side of Eq. (4.17) is presented in Section 4.2.1.   
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Fig. 4-3 Representation of interactions of material point k  in multi-layer composite 

model.   

In the transverse normal deformation, the laminate (resin-rich layer) is treated as the 

matrix material in its thickness direction [10]. Therefore, the material properties in the 

thickness direction are assumed the same as the material properties of the matrix, i.e. 

 , andz m z m z mE E G G a a= = =  (4.18) 

where the subscript m  represents the matrix material. The transverse normal force 

density function [10] including the thermal effects is represented as 

 ( ),
Ĕ4

m n
nm nm nm k k
k N k m avg k m n
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b s Td a
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y y
P

y y
 (4.19) 

where nm

kP  represents the force density between point k  in 
thn  ply and its 

corresponding point in 
thm  ply with the same in-plane coordinate. The term Ĕd is the 

horizon in the transverse normal direction. The term ,
nm

avg kT  is the average temperature 

change of point n

kx  and m

kx . The transverse normal peridynamic parameter, Nb , is 

given as [10]; 
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where 1nh + , nh  and 1nh -  are illustrated in Fig. 4-4(a).   
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Similarly, transverse shear bond force density function can be modified by including 

the thermal effects as; 

 ( )( )( ), ,4

m n

j knm nm nm nm nm
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or 
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with 
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where mh  and nh  are the thickness of thm  and thn  layer in the laminate, respectively. 

Here 
thm  layer represents the one layer above or one layer below the 

thn  layer (Fig. 

4-4(a)). Thereby, 
nm

kjf  represents the average shear angle in the interlayer shear 

direction. 
nm

kjs  is the stretch between nodes n

kx  and 
m

jx , and ,

nm

avg kjT  is the average 

temperature difference between nodes n

kx  and 
m

jx , with respect to the initial 

temperature. The term 
nm

kjq  is the transverse shear force density vector between 

material point k  in 
thn  ply and material point j  in 

thm  ply. The horizon size in 

transverse shear direction, d, is defined as 2 2Ĕd d d= +  ( Fig. 4-4(b)). The term Sb  

is a PD parameter and it is given as [10]; 
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  (4.22) 

 
(a) 

 
(b) 

Fig. 4-4 (a) Illustration of each lamina in a laminate with N  representing the total 

number of layers; (b) Horizon in transverse shear direction 

In this chapter, the multi-layer laminates composed by uniform thickness (thickh ) 

plies are considered. As a result, Eq.(4.20) for the expression of Nb  and Eq.(4.22) for 

the expression of Sb  can be simplified as  
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Similarly, the effect of interlayer thermal bonds is considered in the coupled heat 

equation by modifying Eq.(4.16) as  
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The second and third terms on the right-hand side of Eq. (4.25) represents the heat 

flow between adjacent layers. interN  is the family member number those connect to n

kx  

through interlayer thermal bonds. Rate of change of bond extension is considered only 

through the thickness direction for interlayer thermal bonds. Interlayer PD micro 

conductivity and PD thermal modulus are given as 
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and 
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The derivation process for interk  and interb  is given in Appendix B. And their surface 

correction factor formulations are provided in Appendix C. 

4.2.3. Reduced bond-based model  

Based on the previous state-based PD multilayer laminate model, the reduced bond-

based PD formulation is derived in this section. The discretized form of the PD 

equation of motion for a material point nkx  in the n  layer of a laminate can be written 

as 
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The first three terms on the right-hand side of Eq.(4.28) represent the PD forces 

developed by in-plane bonds (including fibre bonds and matrix bonds), interlayer 

normal bonds, and interlayer shear bonds in sequence. If the bond direction is parallel 

to the fibre direction, Fm  is equal to 1, otherwise, it is 0. fc , mc , inc , and isc  are PD 

material constants associated with in-plane fibre bonds, in-plane matrix bonds, 

interlayer normal bonds, and interlayer shear bonds, respectively. The definitions for 

PD material constants are listed as [10, 76] 
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It is assumed that a material point interacts with other points in adjacent plies 

through interlayer normal bonds and interlayer shear bonds. Therefore, the horizon of 

the interlayer normal bond is taken as equal to the thickness of one-ply, thickh . In 

Eq.(4.29), FN  represents the total number of family members those connect to the 
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material point with fibre bonds. In Eq. (4.31), the value of V  can be calculated as the 

average volume of material points connected through interlayer normal bonds. As to 

the thermal expansion coefficient Ja , the same formulation Eq.(4.3) developed in [84] 

is utilized. ma  represents the thermal expansion coefficient of the matrix material. In 

Eq. (4.28), f represents the shear angle of the diagonal shear bonds. 

It should be noted that because of the adoption of bond-based PD theory, the four 

material constants existing in a laminate, i.e., 1E , 2E , 12n , and 12G , reduce to two 

constants: 1E  and 2E [76, 80]. The major Poissonôs ratio 12n  is limited to 1/3, and the 

major shear modulus is 12 2
12

12 211

E
G

n

n n
=
-

 with 12 1 21 2/ /E En n= . 

Regarding the bond-based thermal model, the heat conduction equation given for a 

laminate is  
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where interk  represents the micro-conductivity for both interlayer normal and shear 

bonds defined by Eq.(4.26). 

The PD thermal modulus b depends on the PD material bond constant [43, 44, 46]. 

PD thermal modulus for in-plane bonds and interlayer bonds can be expressed as 

 
1

2
f fc Jb a=  (4.34) 
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where fb , mb , inb  and isb  are associated with in-plane fibre bonds, in-plane matrix 

bonds, interlayer normal bonds, and interlayer shear bonds. 

4.2.4. Failure criteria 

The general PD failure criteria are provided in Section 2.1.3. Due to the anisotropic 

material properties of the laminates, the failure criteria should be modified 

correspondingly. The mode mixity effects can be captured by the selected failure 

criteria, which is demonstrated by Vazic et al. [38]. The PD predictions for failure 

mode ranging from pure mode I to pure model II are consistent with the experiments 

[85]. Because of the four different types of PD bonds in a multi-layer composites 

model, four different critical stretch values are needed in the failure analyses. The 

critical stretch values are considered as [10, 86]   
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where ms , 
fs , ins , isf  are the critical stretch values for matrix bonds, fibre bonds, 

interlayer normal bonds, and interlayer shear bonds, respectively. The material 

constants mK  and mm  are bulk modulus and Lamé constant of the matrix material. 

Besides, ICG  and IICG  are critical energy release rate for the first and second failure 

mode in classical fracture mechanics, respectively. The terms 1ts  and 1cs  are the 

longitudinal tension and compression strength properties of a single ply. The critical 

stretch in Eq.(4.39) has a similar meaning of critical strain in the context of classical 

continuum mechanics. On the other hand, the critical stretches given in Eqs. (4.38), 

(4.40), (4.41) are obtained by equating the energies required to eliminate all PD 

interactions across the crack surfaces to the mode I or mode II critical energy release 

rates. Thus, the failure criteria mentioned in Eqs. (4.38), (4.40), (4.41) are energy-

based [10]. By applying the above failure criteria, it can be observed that the fibre 

bonds can fail both in tension and compression. The matrix bonds, interlayer normal 

bonds, and interlayer shear bonds are only allowed to fail in tension.  

Eq. (4.38) and (4.39) are related to the intralaminar failure mode. Eq. (4.38) 

corresponds to matrix damage and splitting failure mode. Eq. (4.39) corresponds to 

fibre damage. Eq.(4.40) and (4.41) are related to the interlaminar failure mode. Eq. 

(4.40) corresponds to interlaminar mode-I fracture and Eq. (4.41) corresponds to 

interlaminar mode-II fracture as shown in Fig. 4-5. 

 
 

  

(a) (b) 

Fig. 4-5 Interlaminar failure modes: (a) Mode-I Fracture; (b) Mode-II Fracture 

Broken interlayer normal bonds
Broken interlayer shear bonds
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The history-dependent failure function, c in Eq. (2.14), is defined for each 

interaction to indicate the bond breakage, i.e. being 1 for intact bond and being zero 

for a broken bond, as [10, 40, 86]  
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where fc , mc , inc  and isc  are related to fibre bonds, matrix bonds, interlayer normal 

bonds, interlayer shear bonds. As a result, Eqs. (4.1), (4.5), (4.19), and (4.21b) with 

including the failure functions Eq.(4.42)-(4.45) are expressed as  
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Correspondingly, for each kind of PD bond damage the local damage parameter Eq. 

(2.15) becomes as [13]; 
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4.3. Simulation cases 

In order to validate the derived ordinary state-based thermomechanical PD 

formulations, several numerical simulations are conducted, and then the results are 
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mainly compared with those obtained from ANSYS solutions. Firstly, in Section 4.3.1, 

temperature changes are imposed on the composite models to estimate the equation of 

motion which includes the thermal loading. Secondly, heat transfer simulations in 

multi-layer composites are implemented in Section 4.3.2, in order to validate the 

developed PD thermal model for multi-layer composites. Thirdly, pressure shock loads 

are applied in fully coupled thermomechanical analyses in Sections 4.3.3. The 

emphasis is put on the predictions of the displacements and the temperature, which act 

as primary variables in the simulations. And the validity of the fully coupled 

thermomechanical PD model is investigated by the comparisons of the simulation 

results with the ANSYS solution. Finally, in Section 4.3.4, failure analyses with central 

pre-existing cracks on the models are carried out. The crack propagation paths and the 

temperature distribution evolutions are predicted. 

During the numerical simulations, the composite material is chosen as 

graphite/epoxy. The material properties are listed in Table 2 [1]. The length and width 

of the single-layer composite model specified as 0.1m. The thickness of the single-

layer model is 0.001m. The multi-layer composite model is constructed with three 

single-layer models with a ply stacking sequence of 0/90 /0è øê ú, as illustrated in Fig. 

4-6. Each ply is modelled as a two-dimensional orthotropic structure with one node in 

the thickness direction. The models are discretized into 200 subdomains both in x  and 

y  directions, leading to a space between material points, xD , as 
45 10 m-³ . High 

accuracy and desired numerical efficiency can be achieved by adopting this grid size. 

The in-plane horizon is chosen as 3.015 xd= D, which is recommended by [13] and 

[10]. The origin of the coordinate system is set at the middle of the bottom ply as 

illustrated in Fig. 4-6. The reference temperature is 0 285 KQ = . 
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Fig. 4-6 Multi -layer composite model with a stacking sequence 0/90 /0è øê ú.  

Table 2 Material property of composites [1] 

Mechanical Properties Thermal Properties 

Longitudinal elastic 

modulus ( )1 GPaE  
181 

Longitudinal coefficient of 

thermal expansion 

( )1 ɛm/m/Ka  
0.02 

Transverse elastic modulus  

( )2 GPaE  
10.3 

Transverse coefficient of 

thermal expansion 

( )2 ɛm/m/Ka  
22.5 

Shear modulus ( )12 GPaG  7.17 
Longitudinal thermal 

conductivity ( )1 W/m/Kk  
8.3075 

Major Poisson's ratio 12n   0.28 
Transverse thermal conductivity 

( )2 W/m/Kk  
0.7575 

Mass density ( )3kg/mr  1620 Specific heat ( )J/kg/Kvc  1092.728 

Elastic modulus of matrix 

material ( )GPamE  
3.4 

Thermal conductivity of matrix 

material  ( )W/m/Kmk  
0.2 

Shear modulus of matrix 

material ( )GPamG  
1.308 

Thermal expansion coefficient 

of matrix material 

( )ɛm/m/Kma  
63 

4.3.1. Composite subject to temperature change 

In this section, temperature changes are imposed on both the single-layer and multi-

layer composite models. All four edges of both composite models are free to deform, 

and they are insulated. An adaptive dynamic relaxation (ADR) approach introduced 

by Kilic and Madenci [87] is utilized for the quasi-static analyses. A unit time step size 

is used to save computational time [10]. The displacements predictions are compared 

with the ones from ANSYS or classical laminate theory (CLT) [88] solutions. 

x
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4.3.1.1 Constant temperature change 

As a first case, simple loading condition, i.e. a constant temperature change of 50 K , 

being applied to single-layer composite with a fibre orientation of o=0F  is considered. 

The analytical solution based on the CLT for a single layer ply can be calculated as 

[89]; 

 ( ) ( )1, 0xu x y T xa= = D   (4.51a) 

 ( ) ( )20,yu x y T ya= = D   (4.51b) 

The term xu  and yu  represent the horizontal and vertical components of displacement.   

During the numerical simulations, convergence study is utilised by tracing the 

displacements of a point as shown in Fig. 4-7. The horizontal and vertical 

displacements predictions along the central lines of the single-layer model are 

provided in Fig. 4-8. The good agreements indicate the successful application of the 

state-based PD equation of motion by considering the effect of temperature on the 

mechanical field.  

 

Fig. 4-7 Convergence study by tracing the displacements of the material point at 

0.0495mx=-  and 0.0355my=- .  
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(a) 

 
(b) 

Fig. 4-8 (a) Horizontal (b) Vertical displacements along the central lines of the 

single-layer model subjected to constant temperature change. 

As a second case, the same constant temperature change is imposed on the multi-

layer composite model. The analytical solution based on the CLT for multi-layer 

composite model can be calculated as [89];  

 ( )x xu T xa*= D   (4.52a) 

 ( )y yu T ya*= D   (4.52b) 

 ( )z mu T za= D   (4.52c) 

where xa
* and ya

*
 are the thermal expansion coefficients of the laminate with respect 

to the global coordinate system. They can be presented as [89] 
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where 
k

Qè øê ú is the reduced transformed stiffness matrix as defined in Eq. (4.7), {}
k

xy
a  

is the thermal expansion coefficient vector with respect to the global coordinate system 

and kh  is the thickness of the thk  layer. In ANSYS, the solid element type SOLID186 

is utilized in the static analysis. The mesh size in x  and y  directions are 
32 10 m-³  

with three elements in the z  direction.       

The displacement components along the midline of the multi-layer composite model 

obtained from PD, ANSYS and analytical simulations are compared and presented in 

Fig. 4-9.  It can be easily observed that the results from these methods agree very well. 

Thus, the PD equation of motion for multi-layer composite under a constant 

temperature change is validated. There is a slight difference between PD results and 

classical ones near the boundary due to the PD surface effect [90]. It should be noted 

that the deformation of multi-layer composite differs significantly from the single-

layer because of the orientation of each ply in the stacking sequence. 
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(b) 

 

(c) 

Fig. 4-9 (a) Horizontal (b) Vertical (c) Out of plane displacements along the central 

lines of the multi-layer model subjected to constant temperature change. 

4.3.1.2 Linear temperature change 

The thermal loading is changed to a linear temperature change, ()500 KT xD =  with 

x  representing the horizontal location. As a first case, the non-uniform temperature 

change is applied for the single-layer composite model. In ANSYS, the plane element 

type PLANE182 with the plane stress assumption is utilized in the static analysis. The 

mesh size is 
31 10 m-³  with only one element in the thickness direction. As shown in 
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Fig. 4-10 and Fig. 4-11, the horizontal and vertical displacements predictions from 

peridynamic solutions are in agreement with the ANSYS predictions. 

 
(a) 

 
(b) 

 Fig. 4-10 Horizontal displacements, ( )ɛmxu  (a) PD and (b) ANSYS results 

 
(a) 

 
(b) 

Fig. 4-11 Vertical displacements, ( )ɛmyu  (a) PD and (b) ANSYS results 

As a second case, the same linear temperature change is applied to the multi-layer 

composite model. The ANSYS model is the same as described in Section 4.3.1.1. The 

displacements components are compared with ANSYS predictions, as shown in Fig. 

4-12 to Fig. 4-17. Due to symmetric fibre orientations of the composite, the horizontal 

and vertical displacements distributions are the same for top and bottom plies. As 

expected, the displacement in the thickness direction, the top and bottom plies have 

deformation in the opposite direction. The transverse displacement of the middle ply 

is observed as zero. It can be inferred from Fig. 4-16 and Fig. 4-17 that a delamination 
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tendency exists on the right side due to higher temperatures. Good agreements are also 

obtained with ANSYS solutions. 

 
(a) 

 
(b) 

Fig. 4-12 Horizontal displacements, ( )ɛmxu  (a) PD (b) ANSYS results for bottom 

ply. 

 
(a) 

 
(b) 

  Fig. 4-13 Horizontal displacements, ( )ɛmxu  (a) PD (b) ANSYS results for middle 

ply 
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(a) (b) 

Fig. 4-14 Vertical displacements, ( )ɛmyu  (a) PD (b) ANSYS results for bottom ply. 

 
(a) 

 
(b) 

Fig. 4-15 Vertical displacements, ( )ɛmyu  (a) PD (b) ANSYS for middle ply. 

 
(a) 

 
(b) 

     Fig. 4-16 Transverse displacement, ( )ɛmzu  (a) PD (b) ANSYS for bottom ply. 
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       Fig. 4-17 Transverse displacement, ( )ɛmzu  (a) PD (b) ANSYS for top ply. 

4.3.2. Heat transfer in composites  

In this section, pure heat transfer analyses in the single and multi-layer composite 

model are tested in order to validate the proposed multi-layer PD thermal model. 

4.3.2.1 Composite subject to heat flux on the top ply 

Constant heat flux 
25000 W/m  is applied to the top ply of the multi-layer model. 

The composite model is initially at the reference temperature, 0Q . The total simulation 

time is 50 st=  and the time step size in PD solution is defined as d 0.01st= . On the 

other hand, the element type SOLID278 is utilized in the transient thermal ANSYS 

analysis. A grid 60 60³  in the -x y plane with three elements in the z  direction is 

chosen in the ANSYS model. In addition, the time step size used in ANSYS model is 

2.5 s. The temperature change distribution predictions during the simulation process 

are compared with those from ANSYS simulations, as shown from Fig. 4-18 to Fig. 

4-20. The remarkable match indicates the successful application of the PD interlayer 

heat flow formulation.  

 
(a) 

 
(b) 

Fig. 4-18 Temperature change distributions at 10 st=  (a) PD (b) ANSYS results 
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(a) 

 
(b) 

Fig. 4-19 Temperature change distributions at 30 st=  (a) PD (b) ANSYS results 

 
(a) 

 
(b) 

Fig. 4-20 Temperature change distributions at 50 st=  (a) PD (b) ANSYS results  

4.3.2.2 Composite subject to a temperature boundary condition  

In order to verify the PD heat conduction model for in-plane and transverse 

directions, a temperature boundary condition ( )()100 KT y z tD = +  is applied at 

/2x L=- , wherex , y  and z  represent the coordinate components and t  is the 

simulation time. The composite model is initially at the reference temperature, 0Q . 

The total simulation time is 300 s and the time step size in PD solution is d 0.01st= . 

The SOLID278 element type is chosen for the ANSYS model with a time step size 

10 s. The ANSYS model is constructed with 40 elements in x  and y  directions and 

3 elements in z  direction. The PD results of temperature distributions are compared 

with the ANSYS solutions, as shown from Fig. 4-21 to Fig. 4-23. Good agreement is 

achieved, thus the PD thermal model of the laminate is validated.    
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(a) 

 
(b) 

  Fig. 4-21 Temperature change distributions at 50 st=  (a) PD (b) ANSYS results  

 
(a) 

 
(b) 

Fig. 4-22 Temperature change distributions at 100 st=  (a) PD (b) ANSYS results 

 
(a) 

 
(b) 

Fig. 4-23 Temperature change distributions at 300 st=  (a) PD (b) ANSYS results.       
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4.3.3. Composites subject to pressure shock 

In order to validate the fully coupled thermomechanical PD formulations, the 

deformation and thermal responses of single-layer and multi-layer composite models 

under pressure shock loads are investigated. As illustrated in Fig. 4-24, the plate is 

fixed on the right edge and it is subjected to pressure loading on the left edge. The 

plate is insulated at the top, bottom and right edges. 

The initial conditions are: 

( ) ( ) ( ), , , 0 , , , 0 , , , 0 0x y zu x y z t u x y z t u x y z t= = = = = =  (4.54a) 

( ), , , 0 0T x y z t= =   (4.54b) 

The boundary conditions are: 

( ) ( ) ( )/2, , , /2, , , /2, , , 0x y zu x L y z t u x L y z t u x L y z t= = = = = =  (4.55a) 

( ) ( ) ( ), /2, , , /2, , , /2, , 0xx yy zzx y W z t x y W z t x y W z ts s s=° = =° = =° = (4.55b) 

( ) ()/2, ,xx x L y t P ts =- =    (4.55c) 

( ), /2, /2, , 0xT x L y W z t=° =° =   (4.55d) 

( ), /2, /2, , 0yT x L y W z t=° =° =   (4.55e) 

( ), /2, /2, , 0zT x L y W z t=° =° =   (4.55f) 

where zu  represents the displacement in z  direction.  
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Fig. 4-24 The top view of composite models under a pressure shock.  

4.3.3.1 Single-layer composite subject to pressure shock 

Pressure shock loading is applied to the single-layer composite model for 2 different 

cases. 

Case 1:  

() ( )10 6 o10 sin 10 Pa; for fibre angleū=0P t tp= ³   (4.56a) 

Case 2: 

() 14 o10 Pa; for fibre angleū=90P t t=-    (4.56b) 

The induced temperature changes and horizontal displacements along the central 

line of the ply are predicted with the newly developed fully coupled thermomechanical 

model. The results are compared with ANSYS solutions by using a directly coupled 

method [91]. The directly coupled element PLANE223 is utilized in the transient 

thermomechanical analysis. The mesh size is 
42 10 m-³  and the time step size is 

88 10 s-³  in ANSYS solution.  

Fig. 4-25 and Fig. 4-26 provide the temperature change distributions and horizontal 

displacements for 2 different cases. In case 1, a compressive wave is generated. As the 

wave moves to the right, the temperature rise is observed where there is local 

compression, on the other hand, the temperature drop is observed where there is local 

L

W()P t
x

y
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tension. On the other hand, in case 2 temperature drop is observed due to applied 

tension loading. The observed temperatures coincide with the theory and experimental 

results [92]. As seen from Fig. 4-25-Fig. 4-26, the induced temperature changes and 

horizontal displacements match very well with ANSYS solutions. 

 

(a) 

 

(b) 

Fig. 4-25 (a) Temperature change distributions (b) horizontal displacements at 0y=  

for case 1   
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(a) 

 
(b) 

Fig. 4-26 (a) Temperature change distributions (b) horizontal displacements at 0y=  

for case 2 

4.3.3.2 Multi -layer composite subject to pressure shock 

In order to validate the proposed PD fully coupled thermomechanical model for 

multi-layer composites, a pressure shock loading is applied to the multi-layer model 

as:  

 () 1610 PaP t t=-   (4.57) 

The induced temperature changes and displacements along the central lines of all 

three plies are predicted with the proposed PD model. Furthermore, the results are 
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compared with ANSYS solutions by using coupled element type SOLID226. The 

mesh size and time step remain the same with the ones from the multi-layer composite 

as in Section 4.3.1.  

Fig. 4-27 and Fig. 4-28 are the horizontal displacements and temperature change 

distributions of each ply, respectively. Due to the symmetry stacking sequence and 

loading condition, the top ply and bottom behave similarly. As it can be seen in Fig. 

4-27, the displacements of the middle ply are slightly larger than the bottom ply due 

to fibre orientation since the fibres in the middle ply are perpendicular to the loading 

direction, on the other hand, the fibres in the top and bottom plies are in the loading 

direction. Similarly, in terms of the temperature field, temperature changes of the 

middle ply are also much larger than the bottom ply as seen in Fig. 4-28. As time 

progresses, sudden temperature variations are observed near the boundary. Although 

there are little discrepancies between the PD and ANSYS results in the later stage 

especially in the middle ply, such variations are also captured in PD results.  
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(b) 

Fig. 4-27 Horizontal displacements at 0y=  (a) bottom ply (b) middle ply  
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(b) 

Fig. 4-28 Temperature change distributions at 0y=  (a) bottom ply (b) middle ply 

4.3.4.  Crack propagation predictions of composites  

After verifying the developed PD thermomechanical formulations for both single 

and multi-layer composites, in this section, damage patterns and corresponding 

temperature change distributions for single layer and multi-layer composite model at 

different integration times are presented with a pre-existing crack size of 2 2.0 cma=  

as seen in Fig. 4-29. The initial and boundary conditions are identical to those from 

Section 4.3.3. PD discretization is achieved with a uniform grid of 300 300³ . The 

critical stretch values are calculated as 0.0177ms =  and 0.03734ins =  with 

32.37 10 MPa/mICG -= ³  [76]. The critical stretch value of fibre bond is assumed to 

be twice the matrix bond, i.e 0.0354fs = . The critical stretch value of interlayer shear 

bonds is calculated as 0.1043isf=  with 37.11 10 MPa/mIICG -= ³  [86]. The 

simulation time is chosen as 14ɛs with time step size 
910 s-

.  

 

Fig. 4-29 Top view of a composite model with a central crack under a tension 

pressure shock. 

4.3.4.1 Single-layer composite with a central crack 

Pressure shock loading is applied to the single-layer composite with a crack for 2 

different cases. 

()P t

L

W2a
x

y
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Case 1: 

() ( ) ( )( )14 o

0 0 03 10 Pa; for fibre direction =0P t tH t t t H t t=- ³ - + - F (4.58a) 

Case 2: 

() ( ) ( )( )12 o

0 0 05 10 Pa; for fibre direction =90P t tH t t t H t t=- ³ - + - F (4.58b) 

where 0 4.0ɛst = . 

The damage plots and temperature change distributions at different time steps are 

provided from Fig. 4-30 to Fig. 4-32 for case 1. As shown in Fig. 4-30(a), the crack 

begins to propagate at 8ɛst= . Coinciding with the predictions in previous solutions 

[79, 80], the crack grows along the fibre direction which is perpendicular to the pre-

existing crack direction. From this figure, it can also be noticed that the cracks on either 

side of the pre-existing crack tips grow equally. It indicates the fibre/matrix debonding 

[93] failure mode, which arises from in-plane shear stress in the matrix. A similar 

failure pattern is observed in the experiments conducted by Bogert et al.[94]. As 

presented in Fig. 4-32(b), temperature increases near the crack, which agrees with the 

conclusion in [95]. There is a temperature drop due to local tension near the crack tip. 

On the other hand, there is a temperature rise along the crack surfaces due to local 

compression. The temperature change distribution has a similar pattern as the crack 

growth.  

 
(a) 
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Fig. 4-30 (a) Matrix damage plot (b) Temperature change distributions ()K  for case 

1 at 8ɛst= . 

 
(a) 

 
(b) 

Fig. 4-31 (a) Matrix damage plot (b) Temperature change distributions ()K  for case 

1 at 11ɛst= . 

 
(a) 

 
(b) 

Fig. 4-32 (a) Matrix damage plot (b) Temperature change distributions ()K  for case 

1 at 14ɛst= .  

The crack growth and temperature change predictions at different time steps are 

provided from Fig. 4-33 to Fig. 4-35 for case 2. Similar to case 1, the crack propagates 

along the fibre direction, indicating the fibre/matrix debonding. Only the splitting 

failure mode is observed in the PD prediction, which is consistent with the 

experimental observations from [96, 97]. The temperature drops at crack tips are 

observed from Fig. 4-33 to Fig. 4-35.  
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(a) 

 
(b) 

  Fig. 4-33 (a) Matrix damage plot (b) Temperature change distributions ()K  for case 

2 at 7.5ɛst=  

 
(a) 

 
(b) 

Fig. 4-34 (a) Matrix damage plot (b) Temperature change distributions ()K  for case 

2 at 8ɛst= . 

 
(a) 

 
(b) 

Fig. 4-35 (a) Matrix damage plot (b) Temperature change distributions ()K  for case 

2 at 10.5ɛst= . 
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