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Abstract

This thesis describes an unaveraged 3D mathematical model and parallel code
of the free electron laser. It is unique in that it is a 3D model which does not
perform limiting assumptions performed by commonly used FEL codes. This
allows it to model the FEL with a higher resolution, and to model effects which
other codes cannot.

The code is written in Fortran 90. The enhanced frequency range results
in an increased memory and process uptake, and so the code is written for use
on parallel processors using the MPI standard. The problems associated with
finding an efficient method of parallelization of the FEL system are described
and solutions are considered. The enhanced frequency range also results in a
model of diffraction in the transverse dimensions which is frequency dependant,
which becomes problematic at low frequencies. To solve this, a low frequency
cut-off is defined, and the frequencies below the cut-off are filtered out during the
simulations.

Several simulations are presented to test the code against previously published
results with the enhanced frequency range in 1D. Then 3D simulations are pre-
sented showing the amplification arising from effects which cannot be predicted
in more commonly used codes. Finally, a new effect is reported involving the

evolution of short chirped electron bunches in an undulator.
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Chapter 1
Introduction

The Free Electron Laser [1] is a source of intense, spatially coherent radiation,
with devices operating at wavelengths ranging from microwave through to X-ray.
It has been of interest for decades now as a promising source of high brightness,
short pulse hard X-rays, being referred to as a Fourth Generation Light Source.

Here the term “Light Source” refers to a source of synchrotron radiation.
Synchrotron radiation is produced when a charged particle is accelerated. When
a relativistic charged particle travels in the arc of a circle it emits radiation
tangential to the direction of propagation focused into a narrow cone of angle

~ — [2], v being the relativistic Lorentz factor associated with energy E =
g

ymoc?. To produce synchrotron radiation for experimental purposes, beams of
electrons are accelerated through circular orbits in large toroidal devices, known

as synchrotrons or storage rings. Electrons are used due to their low rest mass.

1.1 Brief History of Synchrotron Radiation

Synchrotron radiation takes its name from the machine in which it was first ob-
served, at the 70MeV electron synchrotron at General Electric in Schenectady,
New York in 1947 [3]. It was several years, however, until it was thought to be
used experimentally, and was first considered an irritating energy loss. After the

spectral and polarization properties of the radiation were measured both at Gen-



eral Electric and at the 250M eV synchrotron at the Lebedev Institute in Moscow,
Tomboulian and Harteman used it experimentally for the first time in 1956, at the
320MeV electron synchrotron at Cornell [4]. Soon after, throughout the 1960’s
a number of synchrotron, and later, storage ring facilities began operation world-
wide with access to users to exploit the radiation for experimental purposes, such
as characterization of absorption spectra in solids. These are now known as the
1t generation sources, and were used in parasitic mode, meaning the technology
was not expressly designed with the purpose of producing radiation.

Thus, the so-called 2"¢ generation of dedicated sources began with the SRS
(Synchrotron Radiation Source) at Daresbury Laboratory in the UK in 1981.
Others which were completed soon after included the National Synchrotron Light
Source (NSLS) at Brookhaven National Laboratory, USA, the Photon Factory at
the KEK laboratory in Tsukuba, Japan, and the 800MeV SuperACO at Orsay
LURE, France. They were now specifically designed to produce synchrotron
radiation, resulting in more useful spectral output.

The next generation, the 3"¢, brought yet higher intensities, with lower emit-
tance electron beams resulting in higher brightness radiation output. The emit-
tance is a measure of the divergence of the electron and photon beams. A lower
emittance means a higher quality beam. The 3" generation facilities specialize
in either V-UV and soft X-ray or hard X-ray radiation [4]. By now, devices
called wigglers and undulators were commonly used in straight sections between
the bends of the storage rings to produce radiation of higher intensities. These
devices are composed of a periodic array of magnetic dipoles which force a rel-
ativistic electron beam to oscillate in a direction transverse to its direction of
propagation, and were first proposed and operated by Motz in [5] and [6]. The
multiple transverse oscillations result in an output many times greater than the
output of just one bend. Additionally undulators produce output with narrow
spectral lines, enhancing the intensity. The improvements in output led to pre-
viously unattainable results, using the radiation for X-ray microscopy and spec-
tromicroscopy experiments on a sub-picosecond time scale. 3" generation facili-

ties include the European Synchrotron Radiation Facility (the first) in Grenoble,



the Advanced Photon Source at Argonne Laboratory in the US, and Diamond
Light Source at Rutherford Appleton Laboratory in the UK. Experiments at
Diamond involve characterizing magnetic and electronic properties of materials
at the atomic level, probing material under extreme pressure and temperature

conditions, and understanding the structure of biological samples.

1.2 The Free Electron Laser

The previous generations of light sources produced radiation by accelerating elec-
trons to force them to spontaneously radiate. The electrons’ energy loss due to
producing this radiation is negligible. The FEL brings an improvement in output
intensity and temporal coherence over previous sources because the electrons give
up a significant amount of their kinetic energy to the radiation, resulting in an
exponential amplification of the radiation. The interaction is described in the
next chapter, but for now it is noted that the desired amplification is achieved
by passing both a high quality (low emittance, low energy spread) electron beam
and a radiation field through a sufficiently long undulator, and the amplification
results from an induced periodic density modulation of the electron beam.

The theory was first described by Madey in 1971 [1], which described what
is now known as the low-gain regime of FEL operation. The first lasing and
amplification from an FEL was then demonstrated at Stanford [7, 8]. That FEL
was a low gain infrared oscillator, where the undulator, enclosed in an optical
cavity, amplified radiation over many passes of the device.

The theory of the high gain FEL, in which an exponential amplification of
the radiation is achieved within a single pass of the undulator, was subsequently
developed in the late 1970’s [9, 10, 11, 12, 13, 14]. An important theoretical de-
velopment showed how the initial synchrotron radiation produced by an electron
beam at the start of a long undulator could be subsequently amplified in the high
gain regime further along the undulator. This opened the possibility for a high
gain X-ray FEL, as no suitable mirrors or seeds existed for these wavelengths.

Most current existing VUV /X-ray FEL’s exploit this effect, and so are composed



of a long linear electron accelerator followed by a long undulator. The full length
of these devices is approximately 1 or a few km, depending on the technology,
which varies from one machine to the next. The Japanese XFEL/SPring-8 source
is 750m, and is considered a compact source, due to its unique accelerator and
compact undulator [15].

A single pass, high gain X-ray FEL generates peak powers on the order of
10'W with pulses 10’s of femtoseconds in duration. FLASH was the world’s
first VUV /soft X-ray FEL, and was completed in 2005, lasing at the wavelength
range 6.5 — 50nm, with pulse durations 10 — 50fs. The LCLS is the first hard
X-ray FEL, and reported first lasing in 2009 [16]. Hard X-ray FEL’s due to
be completed in the near future include (but are not limited to) the European
XFEL at DESY in Hamburg, Germany [17], the XFEL/SPring-8 in Japan [15],
and SwissFEL in Switzerland [18]. The short, fast radiation pulse durations will

enable time-resolved investigations of ultra-fast processes at the atomic scale [19)].

1.3 FEL Simulation Codes

Of great importance in the prediction of FEL phenomena and the design of facili-
ties are simulation codes. The most commonly used codes, for example GINGER
[20], GENESIS 1.3 [21] and FAST [22], typically make a number of similar as-
sumptions, one of which, known as the Slowly Varying Envelope Approximation
or Eikonal Approximation [23], limits the time and spatial resolution of the codes.
This is not a severe restriction for describing most FEL’s currently in operation
[24]. It may be, however, that a code with this assumption will not be adequate to
describe FEL’s using electron pulses which have a quickly varying current profile,
or radiation seeds with a quickly varying intensity profile, with respect to a ra-
diation wavelength [25]. These situations have been previously unattainable, but
may soon become a reality in the push towards FEL’s either exhibiting greater
temporal coherence or of a smaller size.

This thesis presents a 3D theory and Fortran 90 simulation code which is free

of this limiting assumption. The resulting code presents significant computational



challenges due to the increased resolution of the model, and these problems are
explained and the solutions arrived at described. First of all though, the basic
principles behind the theory of the FEL are described.



Chapter 2

Basic Theory of the FEL

2.1 Qualitative Discussion

Synchrotrons are large devices which accelerate electrons around a circular orbit,
and the transverse acceleration causes the electrons to radiate. Undulators and
wigglers, so-called since they provide a spatially varying magnetic field which
causes the electrons to “wiggle” or “undulate,” produce radiation of even higher
intensities since the electron beam undergoes many transverse oscillations in one
pass of the device [2].

By distinction, in the Free Electron Laser, or FEL, radiation is amplified
by the electron beam. In the most basic terms, the FEL converts a relativistic
electron beam’s energy into coherent, intense radiation.

The Free Electron Laser consists of an electron beam with energy ymc? and

Electrons

Figure 2.1: Electrons propagating a planar wiggler.



a radiation field copropagating in a spatially varying magnetic field transverse to
the direction of propagation. The magnetic field is conventionally supplied by an
undulator or wiggler (see figure 2.1). In their simplest configuration, these consist
of either two alternating sets of permanent magnetic poles (planar) or two helical
coils with opposing current (helical). Each have an associated wiggler wavelength
Aw, peak magnetic field B,, and N,, periods.

The magnetic undulator field forces the electron beam to execute an oscilla-
tory wiggle motion transverse to both the direction of travel and the axis of the
magnetic field, see figure 2.1. The resulting transverse electron oscillation allows
an energy exchange between radiation and electrons, giving gain or absorption
of the radiation field. It differs from conventional solid state lasers in that the
electrons are unbound, or free, so the amplified wavelengths are not restricted
by the discrete energy states of the atom. The FEL can be fully described by
classical electromagnetism [26], and one need not take into account the quantum
mechanical recoil of the electrons, except in some extreme situations which are
not yet experimentally feasible.

Relativistic effects are key to its inherent tunability. As the beam is relativis-
tic, the undulator wavelength A, is twice upshifted by the relativistic factor v,
in the lab frame, so the resulting wavelength A, oc A,,/v%, and the device can be
tuned to a different frequency by adjusting the electron beam energy. In practice,
there are other limitations which limit the tunability of a single device, such as
the length of the undulator and the quality of the electron beam.

Under certain conditions, if the undulator is long enough, the energy exchange
results in an exponential amplification of the radiation field due to a cooperative
effect, whereby the electrons interact via the common radiation field. The elec-
trons bunch on the scale of a radiation wavelength and coherently amplify the
radiation field.

The following sections describe the basic theory of the FEL.



2.1.1 Electron Motion in the Undulator

FEL Spontaneous Emission

Assume the positive z-axis is the direction of electron propagation. Close to the
center of the undulator the magnetic field can be described as, in the case of the

planar undulator,
B, = —Bysin(k,2)y, (2.1)
and in the case of the helical undulator,
B, = By(cos(k,z)x — sin(k,2)y), (2.2)

where B, is the peak magnetic field of the undulator, and k, = 27/\, is the
undulator wavenumber.
An electron traversing the undulator close to the center will be deflected by

the Lorentz force, given by
F =¢q(E+v xB). (2.3)

Ignoring for the moment the effect of the radiation field upon the electron,

the electron oscillation in x for the planar undulator case will be described by

dps

i le| v, By sin(k,2) (2.4)

and changing the independent variable to z,

dv,  le| By .
= om sin(ky,2) (2.5)
By
Uy = 57L1kw cos(kyz) (2.6)
dr  le| By
i el k 2.
dz  ~ymck, cos(kw?) (27)

d
where in the last step the approximation o R~ cd— has been made (as the electron
z

is relativistic).



a)

b)

)

Figure 2.2: The electron path is shown in green and the radiation is shown in red. a)
shows the radiation from an electron travelling the arc of a circle, and the radiation
. . 1 S .

is focused into a narrow cone of angle — normal to the direction of propagation. The
wiggler, shown in b), forces the electron to oscillate transversely, and it executes many
such circular arcs, and the output is simply the summation of the multiple source points.
If the deviation from the z axis is not as severe, which is the case in the undulator,

shown in ¢), then the radiation from the source points will interfere.



eB
The undulator parameter a,, = “_ can now be introduced, so that

mcky,
dr  ay

v 2.
i cos(ky2) (2.8)

If one can assume small deflections from the z axis, then j—i ~ 0, the angle
from the z axis. The radiation from a relativistic electron travelling the arc of a
circle is focused into a narrow cone of angle ~ 1 in the forward direction. It is
easy to see from equation (2.8) that if a,, &~ 1 then the electron will overlap with
the emitted radiation cone and there will be interference effects present. This is
the distinction between a wiggler and an undulator, and is shown in figure 2.2.
An undulator has a low value of a,, and produces a spectrum with sharp peaks
around a fundamental wavelength and its harmonics, which is a result of this
interference effect. In a wiggler the spectrum is more continuous, as there are
fewer interference effects present. Depending on the electron beam energy and
other parameters, interference effects can still be very pronounced in devices with
a,, <10 [2].

To find which frequencies constructively interfere in the forward direction (the
on-axis emission), consider the radiation travelling at the speed of light ¢, and
an electron at c¢f, < ¢, where 3, = %, is the speed v, of the electron in the
z direction, as a fraction of ¢, averagecci over an undulator period. The emitted
radiation is seen to always travel ahead of the electron. Constructive interference
will occur if a whole number of radiation wavelengths A, propagate ahead of the

electron in the time it takes the electron to travel one undulator period A, i.e.

Mo nAF Ay

cB. ¢

(2.9)

which leads to equation

]-_Bz
g

This is the fundamental (n=1) wavelength of the radiation emitted on-axis

A = Ao (2.10)

from an undulator. Similar arguments can be made for the more general case of

10



Radiation \/ W

Electron
Path T

Figure 2.3: Illustration of the condition for resonance. The resonant wavelength is
that which slips over the electron by exactly one wavelength during the period of
the electron’s oscillation. This wavelength then interferes constructively. Frequencies
which do not satisfy this condition are annihilated through destructive interference

across successive undulator periods.

interference of radiation emitted at angles from the main direction of propagation.
One finds the fundamental wavelength increases with the square of increasing
angle when observing off-axis. One also finds, upon further analysis, that only
odd harmonics are generated on-axis, and even harmonics only off-axis [2]. The
interference effect also results in an output focused into a narrower cone of angle

YV Ny

By analogy with solid state lasers, this undulator radiation is referred to as

the FEL spontaneous emission, at the resonance wavelength \,.. The lasing, or
field amplification, can be investigated by considering the self-consistent effects

of the field on an electron beam.

FEL Electron Bunching

When an electron beam copropagates an undulator with a radiation field, either
the spontaneous radiation or an externally injected seed, the electrons will ex-
change energy with the field, due to the transverse oscillation provided by the

undulator.

11



To describe an electron’s energy exchange with an electromagnetic field, once
again one can look at the Lorentz force equation (2.3), this time neglecting the

magnetic field and considering only the electric field vector, so

d
F= %(vmv) =—le|E (2.11)
and multiplying both sides by v gives
d
V-%('ymv) =—le|]v-E (2.12)
d d
d—ZV-V+7d—Z-v:—|—e|V-E (2.13)
dy v dv? €]
Dy vyl )5 g 2.14
(dtv vty dt) m (2.14)

The term on the LHS can be replaced by rearranging the definition of the

relativistic factor v to obtain
v=+1+~252 (2.15)

and differentiating this with respect to t, to find

dy yav? o dy
G, .y yoev 4y 2.1
a’ YV owm T aC (2.16)
SO
dry e

For a planar wiggler, ignoring the field in the y and z directions, this becomes

dry le]
S _ g p 2.18
dz chﬁ ( )

and the electron speed in z is calculated in equation (2.6), so

cos(kyz) (2.19)
The radiation field takes the form

E = x|&]| cos(kz — wt + ¢), (2.20)

12



where |£y| and ¢ are the magnitude and phase of the slowly varying complex field
envelope &, and k and w are the radiation wavenumber and angular frequency

respectively. So from equation (2.18)

d7 @w‘fo‘
T ) cos(kyz) cos(kz — wt + @) (2.21)
:>d1 x _ bl (cos((k — ky)z — wt + @) + cos((k + ky)z —wt + @) (2.22)

dz v

The term on the left of equation (2.18) has a phase velocity > ¢, but the
term on the right leads to the condition for resonance. It shows how the electron
energy change varies with respect to the phase of the electron in the combined

“ponderomotive” undulator plus radiation field, defined as
0= (k+ky)z+wt+o¢ (2.23)

The resonant FEL wavelength is that which allows a continuous energy ex-
change between the radiation and electrons i.e. when
de
pri 0 (2.24)
which is equivalent to equation (2.10), for the resonant FEL wavelength.

In a planar undulator, the unaveraged electron velocity in the z direction,
5., oscillates at twice the frequency of the oscillation in x, which is why the
averaged velocity 3. is used to define the resonance condition. It is constant in
a helical undulator, and in that case 3, = f,. In the planar undulator, the so-
called “jitter” motion in the longitudinal axis causes a coupling not just to the
fundamental resonant frequency, but also its higher, odd on-axis harmonics. In
the helical undulator, there are no higher harmonics observed, since there is no
jitter motion.

To find /3, as an expression of the undulator parameters, and thus to define
the resonance condition in terms of the undulator, one simply rearranges the

definition of v so that

1
p2=1-p1 - = (2.25)

13



where 37 = 2 4 (3 which will be constant for a helical undulator. In the planar

undulator expression (2.19) holds, so

2 _ Ty o 1
p;=1-— pe] cos”(kyz) — o (2.26)

_ 1 (a2
oh= 1= 5 (% 4), 227

By inserting this into equation (2.10), one obtains

v (A () ) -

The term on the left in the bracket can be expanded using the Binomial expansion,

1 [a? 12
j [T 2.2
( 72(2 " )) (2.29)
1 a? 3 a? 2
~l+— 2 4+1)—— (241 .. 2.
+272(2+> 874(2+> (2.30)

and dropping all terms after second, since typically v ~ 1000, then equation

(2.28) becomes
Ao (@2
=5 (%“ + 1> . (2.31)

2

a
One more modification is made to (2.31) to generalise further. The 7“’ term
uses the peak magnetic undulator field. In the resonance expression for a helical

undulator this a,, term is not halved, since then the electron oscillates in both x

and y and

B, = %W(cos(sz)x — sin(kw2)¥), (2.32)

Working through the same steps from equation (2.26), the averaging over the

square of both oscillatory terms will result in

Aw
A = 2 (a2, +1). (2.33)

14



for the helical wiggler. If an rms undulator parameter is then defined such that

eBrms
Ay = , 2.34
“ mck,, ( )

then, for a planar undulator, a? = 2a2, so the resonant wavelength is
A== (1+a,), (2.35)

which holds for both helical and planar undulators. Rearranging (2.35) to define

the resonant energy, gives

- i—“’ (14a). (2.36)

Electrons at the resonant energy will remain at the same phase in the pon-
deromotive field over many undulator periods, and so from equation (2.22), the
radiation field will modify the electron energy. Initially, assuming a cold elec-
tron beam (so all electrons have energy ~,.), the electrons will be spread evenly
in phase, see figure 2.4, and just as many electrons will gain energy as will lose
energy. The resulting energy modulation in the electron beam will result in a
physical bunching in phase space, and the bunching causes the electrons to am-

plify the field coherently, which is the FEL lasing process.

2.1.2 Field Evolution And Approximations

Now, to complete the description of the FEL, the equation describing the field
evolution is derived. A more rigorous derivation is given in e.g. [27]: the purpose
of this rough derivation is to highlight the approximation or averaging of the
equation, as it is a relevant distinction from the 3D model derived in chapter 3
of this thesis.

The field evolution from a moving charged body, in 2 dimensions (direction
of propagation z and time t), ignoring the field diffraction and space charge, can

be described by Maxwell’s wave equation in the 1D approximation:
o? 1 0 oJ
__—_ _|E = yo— 2.
(az2 2 6t2) Ho51 (2:37)
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Figure 2.4: Figure showing the effects of the energy change upon position in the pon-
deromotive phase. The change in energy is constant over many undulator periods, see
equation (2.22). For an electron beam with electrons evenly distributed in phase, the
energy change is indicated by the dashed arrows in the plot on the left. Electrons which
gain energy will travel faster and catch up with those electrons which lose energy. The

second plot shows the electron bunching resulting from the energy modulation.

where J is the current density. If the field is assumed to be composed of a fast

2
oscillatory term with wavenumber k& = Tﬂ — % and a slowly varying complex
c
envelope, so that
I i(kz—wt)
E = —(&e + c.c.) (2.38)

V2

1
where € = E(f{ +iy), then projecting the field equation over €* gives

02 1 02 ¢ i(ha—at) 0J, (2 39)

S — 6 = —_— .

022 2oz ) Ho™ 51

The transverse current density J, = J -e* = J, —iJ, is then
N
J =—e ZULﬂS(Z' — 2;) (2.40)

j=1

where the sum is over all electrons, v, = v, — iv, is the (complex) transverse
velocity and 0(z) is the delta function.

Typically, in most FEL analysis and codes, the Slowly Varying Envelope Ap-
proximation (SVEA) is applied, which states that the complex radiation envelope
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varies slowly with respect to a radiation wavelength in both time and space. Thus
one can state that

9%

%
0z ot

< [k&ol,

and so second order derivatives in both z and ¢ can be dropped. The LHS of
equation (2.39) then becomes

98 | 108\ i(ke—wt)
(82 +- ey ) e (2.42)

The equation is then averaged over a length [ equal to at least one resonant
radiation wavelength \,, and the field envelope cannot now be driven below the
scale of a wavelength. v, can be calculated from the corresponding undulator
type (planar or helical), giving, in the case of the helical undulator, ignoring the

radiation field contribution to v,

8&] 1 850 —i((kw+k)z+wt)
<8z C 82& > l|| Ze (243>
o9& 106 1 &
750, 2T50 il —i0;
(62 + C 8t ) x lH ;6 (2'44)

where the ponderomotive phase of the j electron, 6;, was defined earlier in
equation (2.23). The sum is now over the N electrons in a localised volume of
the electron pulse /||, commonly refered to as an electron slice, and the bunching

parameter

1 Z —i6;
is defined, so that

0%  19&
(5 o 8t> b (2.46)

If the electrons are evenly distributed in the ponderomotive phase, then the

bunching term b = 0 and there is no net gain to the field. Note that if a planar
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wiggler is used, average quantities of 6; and ; must be used due to the jitter mo-
tion. They are averaged over a wiggler period in z, and the averaging introduces
a difference of Bessel functions into the equations to account for the decoupling
to the field resulting from the jitter motion.

The universally scaled FEL equations are derived in this manner. The equa-
tions describing the energy and position in ponderomotive phase of the electrons
are derived from the Lorentz equation, and describe the evolution of the dynam-
ics within a cyclic phase space. New dimensionless scaled variables are defined,
which allows the description of the system to become simpler and allows inter-
esting insight into many facets of FEL operation. The variables are defined with
respect to the FEL or Pierce parameter p [28], given by

1 [ ay,w, 23

0
The “steady state” FEL equations (ignoring a), derived in [27] from equa-
tions (2.3) and (2.37), for a helical wiggler and valid for an infinitely long electron

beam, so that the slippage of the field over the electrons is neglected, are

do; _

dv. , .

% = (A + A*em1) (2.49)
dA .
— =< > (2.50)

dz
where A is the scaled complex field envelope, which is scaled so the maximum
intensity |A|? & 1 at saturation, ; is the phase of the jth electron in the combined
(wiggler and radiation) ponderomotive field, p; is the scaled energy of the jth
electron, scaled so that when p = 0 the resonant condition is fulfilled, and Zz is
the scaled longitudinal distance into the wiggler. Z is scaled with respect to what
is referred to as the FEL gain length [, = A, /4mp. As shown in the next section,
the FEL gives exponential gain during a gain length in what is known as the high
gain regime.
Equation (2.50), the steady state equation for the evolution of the scaled com-

plex envelope, describe how the electron bunching can drive the FEL interaction.
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This can be made clearer by splitting the scaled envelope into its magnitude | A|
and phase 1) such that A = |A|e™, so that equation (2.50) becomes

d ) )
(4] V) =<e > (2.51)
W (d]A d .
e (% + i |A] d—;f) =<e > (2.52)
d|A d .
% +i|A| d—g =< e7H0FY) > (2.53)

and the real and imaginary parts of both sides can be equated to conveniently

give the rate of change of the amplitude and phase of the field as

M =< cos(0 + 1) > (2.54)

dz
a _

1 .
1Al < sin(0 + ) > (2.55)

Initially, when the electrons enter the undulator they will be distributed evenly
in phase, and, as explained in the previous section, and seen here in equation
(2.54), will give no overall gain to the field. From equation (2.22) and figure 2.4,
which showed how the electrons bunch in a resonant interaction over many undu-
lator periods, one can infer that that the electrons will bunch at § = ;, which,
from equation (2.54), is a point in phase corresponding to zero amplification, but
positive phase growth in equation (2.55). The phase changes the condition nec-
essary for amplification in (2.54), and the bunching begins to amplify the field.
The stronger field then bunches the electrons more tightly, which in turn drives
the phase and magnitude of the field in a positive feedback loop.

This is the onset of an instability which gives rise to an exponential ampli-
fication of the field, and is now explored through a linear analysis of equations
(2.48)-(2.50).
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2.2 Linear Analysis

The system is manipulated by examining around the initial values i.e. at a small

pertubation from the initial state. So in general, if f is a function of =z,

f(@) = fo+ fi(x) (2.56)

where fj is the initial value of the system, and f;(z) < 1 is the small pertubation.

Initial values of the scaled field envelope, electron energy and phase are:

A(z) = Ay (2.57)
pi(2) = poj =6 (2.58)
0;(2) = 0p; + 62 (2.59)

where 9 is the initial detuning on the electron energy. If § = 0 then the electrons
are injected at the resonant energy.
Throughout the linear analysis dot notation is used when convenient to signify

the derivative with respect to z i.e. for variable x

_ds
dz

T

(2.60)

2.2.1 Linearization of 1D FEL equations

Here the 1D FEL equations (2.48)-(2.50) are linearized using the notation above

to give three linear coupled differential equations.

Linearization of A

Looking at equation (2.50) and using condition (2.59) and pertubation (2.56),
A =< 71 O0F02461) (2.61)

The small pertubation on the phase has been defined as |6;] < 1, and e ~
1+ 2 when z < 1, so

A=< e 02 (1 ) > (2.62)

A=< e71O0F%) 5 g emi00+02) (2.63)
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It is assumed that < e o+d2) S — =02 ~ o=ifb ~— () ag the electrons are
b

assumed distributed uniformly in phase between (0 : 27].

A =— < ife00H0%) 5
A=b

where
b= — < ife (F2) -

Linearization of p;

Now taking equation (2.49), and again linearizing around initial conditions

B = — (AT (14 ) + AT (1 — i)

(2.67)

As A and |0y;] < 1, 2" order terms can be ignored. Multiplying throughout

by e~%i*+9%) "and remembering p; = & + py; and § is a constant,
6—i(00j+62)p'1j — _(A + A*6—2i(90j+62))
Averaging gives

< e*’i(@(y{»éf)pl S—— < A > < A*€72i(90+52) >
e—i(sf < e—ieop'l S—— < A > _A*6—2i52 < 6—2i90 >

e <o Ss— < A >
Now, defining a new variable P as
P =< pyei0or2) 5

Differentiating then rearranging gives

P =< pre 0% 5 < gp et (00102

P =% < ¢70p, > 6P

e < e Wp >=P + 6P
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(2.69)
(2.70)
(2.71)

(2.72)

(2.73)
(2.74)
(2.75)



Substituting (2.75) into (2.71) gives the linearized equation for the electron

energy

PtidP=< A>
P=_A—_iSP

Linearization of 0;

Taking equation (2.48), and linearizing around initial conditions gives

d
g(eoj + Qlj -+ (52) :plj + 5
01+ 6 =p1; + 6
9'13' =P1j

+9%) and averaging,

Multiplying through by ie (%
< Gyie 0002 5= e 00 +0%)
Differentiating equation (2.66)
h=— < ifle"00+0) 5 _ 5, o700 +57) -
b=— < iflje "00H02) . _i5p

< il 0002 S | i5b

(2.81)

(2.82)
(2.83)
(2.84)

Substituting (2.84) and (2.72) into (2.81) gives the linearized equation of the

electron bunching
—b—idb =iP
b=—iP —idb
Final Form of Linearised Equations

The 3 coupled linear differential equations are now

b= —iP —idb
P=—A—ifP
A=b
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where b = — < ife 1% > and P =< pe " %+9%) > measure the electron

bunching at different points in phase space.

2.2.2 Linear Analysis
Laplace Transforms of Linearized Equations

The coupled linear differential equations (2.87)-(2.89) can be solved using Laplace

transforms. The Laplace transform L from x — s of the differential of a function

f(x) is

Lo DD — fs) ~ pia) (2.90)

Performing the Laplace transform from z — s on equations (2.87)-(2.89) one
obtains

sb=—iP — i6b + by (2.91)

sP=—A—ibP+ Py (2.92)

sA=b+ Ay (2.93)

Rearranging (2.92) for P and substituting into (2.91), then rearranging for b
and substituting into (2.93),
iA bo iPy

AT wy  sti (srap v (294)

Putting the RHS all over a common denominator and expressing in terms of

A gives
‘ (S + 25)2A0 + (8 + Z(S)bg — ZPO
A= 2.
83 4 2i0s% — 862 — i (2.95)
Then the following 2 substitutions are performed:
s=q—1id (2.96)
q=1p (2.97)
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So the equation becomes

—iPy + byip — Aop?

—ip3 4+ i0p? — 1 (2.98)
‘ PO — pbo — inAO
p3 _ 5p2 + 1 ( )

A solution for A may be obtained through the inverse Laplace transform. If
A= f(s) (2.100)

then the inverse Laplace transform is
1 i
A= - - e f(s)ds (2.101)
Performing the substitutions from s — p, ds = dgq = idp and e = (4717 =
eP=9) "and the limits change from s = v — ico and s = v + 700 to p = iy — 00

and p = iy + co. Hence equation (2.101) becomes

1 iry+00 ()
A= 5 | ie”* P f(p)dp (2.102)
' iy—00
i sy Po = pbo — ip® Ag 9103
“oni ) R 1 (2103)
iy—00 p P+

Integration Method

The integral in equation (2.103) can be solved using residue integration. If

f(z) = plz) (2.104)

then a pole is found at the points where ¢(z) = 0. The residue az, of a pole Z, of
f(2) is given by
lim [(Z — 20) f(2)] (2.105)

For an integral

I = j[f(z)dz, (2.106)



where, again
=, (2.107)

the integral is given by 27ix sum of the residues az, at the poles contained within
the circular path of integration.

Looking at the integral in equation (2.101),

I= [ywm e” f(s)ds (2.108)

Choosing a value of 7 so that the line s = v is to the right of all the poles of

f(s), a circular path of integration can be created by drawing a semi-circle from

s = — 100 to s = 7y +i00, as in figure 2.5(a).

2 §

a) 3 y+iw

L2

» {y—w iy+o

R

Figure 2.5: Diagram showing the creation of the closed integration paths for integrat-
ing(a) eq. (2.108) and (b) eq. (2.110)

It can thus be shown that

—100

/7 T st p(s)ds = 74 e f(5)ds (2.100)
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where the circular integration path encloses all the poles of f(z). After apply-
ing the transformation from s — p, the limits of integration change and there is a
shift in the complex plane over the region of integration. However, the principle
is just the same, creating a closed integration path as illustrated in fig. 2.5(b).

The solution for A becomes eq. (2.102), which, applying the residue integra-
tion theorem, becomes

1 iy400

_ - 1Z(p—0)
A omi ) ie f(p)dp (2.110)
1 : - iz(p—6
A= 5 % QWZZRGS[ZG ®=9) £ (p)] (2.111)
A= Reslie”"=) f(p)] (2.112)

So to solve eq. (2.112), the poles and their associated residues must be found.

Looking at equation (2.103), the poles will be found when

pP—6pP+1=0 (2.113)

Solution when § =0

If 6 = 0 then the electrons are injected into the wiggler at the resonant energy
v defined in equation (2.36) i.e. the initial average electron energy is such that
the electron phase remains constant with respect to the ponderomotive field.
Therefore, as illustrated in figure 2.4, half the electrons will gain energy and half
will lose energy, so there is no net gain in the system at first. However as z
increases, as explained in section 2.1.2, the energy differences imposed by the
field on the electrons will cause the electrons to start bunching on the scale of a
radiation wavelength, driving the radiation phase (according to equation 2.55),
in turn driving the magnitude of the field according to equation (2.54). The area
where the electrons provide exponential gain to the field is known as the high
gain regime.

When 6 = 0, then

1 177400 »P—b—'?A
/ jei 0 P00 W 0 g, (2.114)

A= —
270 Sy oo pP+1
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and the poles occur when

pP+1=0 (2.115)
So poles are
pr=—1 (2.116)
Py = % + ? (2.117)
ps = % - ? (2.118)

Using equation (2.105), the residue a,, where p = —1

. iz Py — bop — Agip?
a,, = lim |(p+ 1)ie"? : : (2.119)
ot (p+ D= G+ 50— (G- %)
ay, = %e*if(Po + by — i) (2.120)
Residue a,, at p = 1 + L
lim [ —i— —i))ieifp Py = bop — Aip” ]
Pt (p+ D= G+ 5D~ (G~ %)
(2.121)
Lo —ie” 33D (2P — (14 v/3i)by + (V3 + i) Ag)
" 3(1 — /30)
(2.122)
Residue ay, at p = 5 — ‘/732
ap, = lim |(p— (1 + éi))ieﬁp P — bop — Aoip”
e L2 2 - G Bk - - )
(2.123)
L —ie3(V3HD(2P) — (1 — v/3i)by + (—v/3 + 1) Ag)
" 3(1+ v/3i)
(2.124)
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Adding the residues together gives

A= Be # 4 Cez V37 4 De3(vV3t)

where
B = %(P0+bo—iAo)
o 2R = (1+V3i)bo + (V3 + i) Ao)
3(1 — +/31)
5 _ 2P = (1= V3i)by + (=v/3 + 1) Ao)

3(1+ V/30)

(2.125)

(2.126)

(2.127)

(2.128)

Looking at (2.125), there is an exponentially increasing, exponentially de-

creasing and oscillatory term in the equation.

To further examine the behaviour of the system when § = 0, how the system

depends on each parameter is examined. The equations are simplified by writing

them in terms of the roots, defined in equations (2.116) - (2.118). The complex

denominator in C' and D is removed by multiplying the top and bottom of each

by their complex conjugate. Re-expressing in this way one obtains

7 .
B = _g(Plpo + p1bo + i Ap)

7 .
C= —g(pzpo + psbo + 1 Ap)

7 .
D= —§(p3P0 + pabo + 1 Ap)

and

. 1 ,
B* = g(plpo + p1bo — i Ap)

_
3
_

3

Cr (p3Po + p2by — 1 Ap)

D* (p2Po + p3by — 1 Ap)

(2.129)
(2.130)

(2.131)

(2.132)
(2.133)

(2.134)

When examining the system’s dependance on the initial values, the other

parameters are set = 0. So when varying Fy, by = 0 and Ay = 0, and so forth.
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The behaviour we wish to examine is that of the scaled intensity \A[Z, SO

|A]” = BB*¢® + CB e 3(V373) 4 pBre3(V3+3) (2.135)
+BC*e (V330 4 0CreV32 4 DOl
+BD*e3V373) 4 0 D* 4+ DD*eV??
To examine the scaled intensity’s dependance on the initial condition F, only,

let by = 0 and Ay = 0, so intensity becomes

P2 5 5 z z z zZ z z
AP = =2 [e\/gz Fe V- e@(cos(%z) + \/gsin(%z)) —e (cos(g—z) - \/gsin(§)>1

9 2 2
(2.136)

Similarly, showing the dependance on the initial bunching by only (and thus
letting Py = 0 and Ay = 0),

b2 . . 3z 3z 3z 3z 3z 3z
AP =2 [eﬁz V3R e‘fT(COS(?Z) + \/§sm<7z)) — % (cos(g) - \/§sm<§))}

(2.137)
And examining the dependance only on Ay
A? . . s 3z — V32 3z
|A]? = ?0 [3 N Y COS(EZ) + 2% Cos(g) (2.138)

The computational maths program MATLAB was used to plot equations
(2.136) - (2.138).

Looking at all three equations it is expected that at high values of z, |A|2 —
V32, This is the exponential instability of the FEL described physically in section
2.1.2, allowing it to amplify an initial field by several orders of magnitiude, in
the high gain regime. Indeed, it is noted in figure 2.6 that the respective plots
converge for z > 3. Furthermore, the gradient of this line on the natural logarithm
scale is v/3, as expected from the equations.

On the plot examining equation (2.138), the initial value for the scaled inten-
sity |A[%, that is |A(Z)]> = |Ao|?, corresponds to a small initial seed field which
has been injected into the wiggler with the electrons. There is an interval in z in

which |A|* = |Ao|?, which will be identified in the next section as the low-gain
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Figure 2.6: Graph of In(JA]*) vs z for § = 0 from Z = 0 — 10, examining the de-
pendancies outlined above. In each plot, the value of the dependant variable by, Py or

Ay = 1074

regime. As will be shown, there is no amplification present in the low gain regime
for 6 = 0. The exponential or high gain regime begins at z ~ 2, and it is clearly
observed that the field intensity is experiencing exponential amplification with
increasing z.

In the plots of equations (2.136) and (2.137), the intensities begin at 0 as
there is no seed field to amplify in these cases. In both these cases the electrons

generate and subsequently amplify a field, due to the initial bunching in by or F.

Solution when § # 0

MATLAB was used to find the poles of equation (2.103), and to calculate the
residues at these poles for different values of §. Shown below are plots of how the

detuning affects the gain of the FEL for different values of z, where the gain is
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defined as

G = M (2.139)
| Ao|

Figure 2.7 a) is the well known Madey gain curve [27], at Z = 0.5 (low gain),
with by, Py = 0, showing no gain if the electrons are injected at resonance. There
is small positive gain if the electrons are injected with energy slightly above the
resonant energy (positive detuning), and negative gain with an energy slightly be-
low resonance (negative detuning). This occurs when the electrons bunch slightly
but do not significantly drive the phase of the field. In that case, at zero-detuning,
from equation (2.54), the electrons will only give positive amplification by bunch-
ing at # = 0/27. Again, at zero-detuning, from equation (2.22), the electrons
will bunch around 6 = 37/2 and there will be no gain, as the radiation phase
has not been driven. By giving the electrons a small energy kick, a small pos-
itive detuning, the electrons will bunch at 0/27 and the field envelope will be
amplified. This low-gain regime is utilized in cavity FEL’s, where the undulator
is enclosed by mirrors, and the radiation is reflected back and forth to interact
with a fresh beam of electrons on each pass, and the radiation builds up through
many successive passes.

As Z increases the system moves forward into the high gain regime (defined in
the solution where § = 0), and a narrow peak emerges at § = 0, as the radiation
phase is driven, described in equation (2.55). As Z continues to increase the gain
peak at 0 = 0 becomes larger and narrower, see figures 2.7 b) and ¢). Again, this
was explained in section 2.1.2 as the bunching driving the phase of the radiation
field, triggering a positive feedback loop which results in amplification at the
resonant energy.

The initial bunching parameters by and F, affect the results in different ways.
They are a measure of the bunching around different points in the ponderomotive
phase 6. Positive Py corresponds to the initial bunching around 6§ = 0/27, nega-
tive Py gives the bunchiir))lg around § = 7. Positive and negative by give the initial

T

bunching around 6 = > and g, respectively. In particular, if a seed field is

present, a positive by will drive the radiation phase much quicker (from equation
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Figure 2.7: Plots showing how the gain curve changes as Z increases for |4 = 107
and by, Pp =0. In (a) 2=0.5, (b) Z=2 and (c) z =5.

(2.55)), leading to a quicker transition into the high gain regime.

The exponential amplification continues to saturation. Saturation occurs
when the radiation field has extracted enough energy from the electron beam
so that it is no longer resonant, and it begins to reabsorb the field energy. As the
electrons gain energy they will become resonant again, and the intensity then be-
comes oscillatory. To try and hold off saturation and increase the efficiency of the
interaction the undulator can be tapered [29]. Remembering that the equation
for the resonant energy (2.36) shows that it varies with the undulator parameter
a, a tapered undulator is one which varies a,, to keep the electrons resonant as

they lose energy.
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2.3 Slippage and 3D Effects

The previous section illustrated mathematically the exponential instability in
the FEL. According to the analysis, the process can startup from a small initial
bunching in the beam. This is important since there are no seeds or appropriate
mirrors available at short (hard X-ray) wavelengths, so it is not possible to use
a low gain oscillator FEL. It was proposed in [28] that small random fluctations
on the individual electron positions and energy inherent in the pulse will give
a small random non-zero bunching from which the high gain FEL process can
begin. This process is known as SASE (Self Amplified Spontaneous Emission).
A single pass, high gain configuration is thus the method used to generate high
power X-ray radiation from an FEL.

The analysis in the previous section was performed in the steady state, which,
although it allows one to examine the FEL instability, does not take into account
the slippage of the radiation field over the electron beam. Slippage is of fun-
damental importance in SASE. Taking into account an electron beam with a
finite longitudinal length, the electron beam can be represented by many aver-
aged longitudinal regions of equal length, called electron beam slices. Each slice
possesses its own averaged bunching parameter, arising from the electrons con-
tained within it. The electrons in each slice are contained in a cyclic phase space.
Initially, different (averaged) regions of the electron beam will possess a differ-
ent, small random bunching parameter as a result of the noise in the electron
beam. The radiation generated in each of these sections will slip forward and
be ampified as they slip over different regions upstream. The longitudinal pulse
structure will therefore be largely uncorrelated, and as the radiation slips over the
electron pulse different regions of amplified radiation will develop independently.

An important concept here is the cooperation length, [, defined as
dwp’

le (2.140)

which gives the relative slippage of the radiation through the electron beam in
one gain length [30]. According to the analysis, each independent region evolves

with separation ~ 2xl., within which a temporally coherent spike emerges. This
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results in a radiation output with relatively poor temporal coherence but full
transverse coherence, with large fluctations in the shot-to-shot output [31].

The FEL parameter p governs many of the effects and criteria necessary for
successful operation. The electron beam energy spread o, and the radiation
bandwidth at saturation are both ~ p. The amplification will be significantly
reduced if the initial beam energy spread o, 2 p. The saturation power is ~ pP,
where P, is the initial power of the electron pulse: so p is the efficiency of the
FEL interaction, typically 1072 — 1074,

Diffraction and electron beam emittance can also potentially spoil the inter-
action [32]. The field diffraction reduces the coupling with the electrons if the
field diffracts significantly outside of the transverse beam area. Likewise, the elec-
tron beam transverse velocity spread will cause decoupling if the electron beam
travels outside of the transverse radiation area, so the electron beam may need
focusing during propagation along the undulator. The emittance, the area in the
transverse phase space occupied by the electrons, induces an effective longitudinal
energy spread in addition to the 1D energy spread [33]. This modifies the energy
spread requirement slightly, so that for lasing A, < p, where A, = /02 + 02
is the total energy spread due to both the longitudinal energy spread and the

effective energy spread from the beam emittance.

2.4 Limitations of Theory

The most widely used FEL codes(see e.g. GENESIS 1.3 [21], FAST [22], and GIN-
GER [20]) perform the period averaging and SVEA as outlined in section 2.1.2.
In general, it is the equations for the steady state system which are numerically
solved. If slippage is to be included i.e. including the effects of a finite length
electron beam, then the electron beam is represented by many self-contained elec-
tron phase-space slices, which independently solve the steady state FEL model,
see figure 2.8. Each beam slice simulates an electron phase-space with periodic
boundary conditions. To simulate the slippage, the radiation field is shifted along

to the next slice in sequence after calculation. This artificial method of simulating
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Figure 2.8: Figure illustrating how slippage is simulated in an averaged FEL code.
Each electron slice calculates its own independent value of A, and then passes it on to
the next slice. The electrons within each slice then interact with that portion of the
field, amplify it, then pass it on. Each slice contains an electron distribution which is

averaged over to give the bunching parameter b.

slippage is nevertheless evidently very successful. The codes have been extensively
benchmarked against experiment and found to give excellent agreement (see, for
example, [16], which compares Genesis simulations with measurements from the
LCLS).

The disadvantages are that the codes cannot describe the field amplification
from variations occuring within an averaged period. This means that they cannot
simulate coherent radiation arising from quickly varying current gradients in the
pulse, called Coherent Spontaneous Emission (CSE). As the electron beam slices
exist in a self-contained cyclic phase space, electrons cannot be exchanged between
them. This is especially problematic when simulating short electron pulses, if the
energy changes imposed by the FEL interaction cause electrons to travel from
one end of the pulse to the other, or if there is a chirp in the pulse, in which case
a small electron pulse’s size will change significantly with respect to the original
bunch length.

Some promising new schemes to improve the temporal coherence are the use
of HHG (High Harmonic Gain) seeds [34] produced in gas jets, and EEHG (Echo-
Enabled Harmonic Generation) [35]. The HHG seed has a rapidly varying tempo-
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ral structure as it contains many harmonics, and so it may be invalid to describe
it using the SVEA. The EEHG scheme requires that electrons undergo large
changes in longitudinal position, which may violate the period averaging. The
restriction on the bandwidth increases with higher harmonics, so proposals which
require modelling up to high harmonic numbers will become difficult to model
in an averaged code [25]. The mode-locked FEL [36] produces output with a
frequency distribution with features similar to a spectral comb (modulated by
the FEL spectral distribution), which may violate the SVEA. As yet more exotic
methods are proposed to improve temporal coherence, the limit of the SVEA FEL
model may begin to break down. Laser plasma accelerators, a promising driver
of compact, so-called table-top FEL’s [37], produce very short electron bunches
on the order of a few resonant wavelengths long. If these are to drive FEL’s it
would seem inevitable that an unaveraged code would be required to properly
describe it.

A number of 1D codes exist which do not perform the period averaging, see
for example [38], [39] and [40]. The code presented in this thesis is the first
unaveraged code in 3D, exhibiting diffraction and transverse emittance effects,
as well as a fully longitudinal electron beam and a quickly oscillating envelope.
The advantages are, of course, an enhanced resolution of the FEL, including a
self consistent modelling of the full radiation spectrum and polarization. The
disadvantages are an increased memory requirement and process time. The next

chapter details the theory of this new 3D unaveraged model.
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Chapter 3

Analytic Model

A theory and numerical model for the Free Electron Laser was previously de-
veloped in [41] which described a helical undulator FEL. The lack of limiting
assumptions in the theory meant that it could describe situations in 3D which
had previously been unexplored. That theoretical model is now extended to de-
scribe an undulator with variable polarization.

In the first section the mathematical definitions and assumptions in the system
are presented and explained or justified. Then in the subsequent sections the

derivation of the working equations for the numerical model are presented in full.

3.1 Definitions

3.1.1 Undulator and Radiation Field

An undulator with a variable polarization is defined

Buo s
B, = To(fe”sz +c.c.) (3.1)

2
where k,, = )\—W is the wiggler wavenumber and

f=f.%+f,iy (3:2)
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Figure 3.1: The undulator polarization is controlled by f, and f, as above.

is an unnormalised basis vector for the undulator. The variables f,, control the
relative magnitudes of the magnetic field in x and y, expressed as fractions of the
peak magnetic field B,. This is illustrated in figure 3.1. Note that there is a fixed
phase relationship between the x and y magnetic fields. Only the magnitudes of
the field can be altered.

Note that the basis vector f is not normalised. Writing (3.1) in trigonometric

form to explicitly show the z and y fields gives
B, = Byo(Xfy cos(kyz) + ¥ fysin(kyz)) (3.3)

This means that a planar undulator for instance may be defined with f, = 1 and
fy = 0, and a helical with f, = 1 and f,, = 1. It is felt that the undulator definition
is more intuitive in this way, as opposed to using a normalised expression. In this

unnormalised form either f, or f, must = 1 for a given wiggler polarization.
The RMS magnetic field is then

By,
BIMS = —20 f2+ 2 (3.4)

and the RMS undulator parameter a,, is defined using the RMS undulator field

BRMS
Gy = v (3.5)

mck,,

The electromagnetic field is composed of a complex envelope &(z, ¥y, z,t) and

a fast oscillatory exponential term, and takes the form

1 .
E(.’L’, Y, =z, t) - E(é&] ('Tu Yy, z, t)el(kz_Wt) + C'C'> (36)
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where

Sl

& (% +i¥) (3.7)

is a normalized vector basis for a circular polarized field.

Projecting the field described in equation (3.6) over &* gives
E, —iB, = &e'k==h (3.8)
A new term E |, the perpendicular field, is then defined so that
E| =E, —iE, = et (3.9)
and the radiation field vector can be expressed as

1
E(z,y,z,t) = —(eE, +c.c.) (3.10)

V2
3.1.2 FEL Parameters and Scaled Variables

The FEL interaction is solved using the 3D coupled Maxwell-Lorentz equations,

which are
1 9°E 0J 1
£ D ——— — + — A1
\V4 2P o 5 + €OVp (3.11)
dp; P;
F=—"2=_¢(E+— xB 3.12
dt e(E+ vm x B) ( )

Here, the Compton limit is assumed in which the space charge term Vp, where
for this equation only p is the charge density, may be neglected and is done so
from now on.

The change in energy of the electrons is described by:

Dy _ 4 g (3.13)

dt me

The Pierce parameter describes the strength or efficiency of the FEL interac-

tion and is given by

N

1 fauwy)?
— .14
P= ( 4ckw) (3.14)
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where

62n

P (3.15)

W, =
P €Egm

is the non-relativistic plasma frequency, and n, the peak electron density.

In the derivation, the variables are scaled to dimensionless quantities consis-
tent with the notation used in the 1D steady state model in section 2.1.2 and
[27]. A list of the scaled variables, their mathematical definition, and description
is given in the table in figure 3.2

The scaled variables are used as it allows one to see easily how the various
important characteristics relate to one another. So one unit in z is one exponen-
tial gain length, and one unit in 2z, is the cooperation length, and one resonant
wavelength in Zy (and also one wiggler period in z) is 47wp. The saturation value

for the intensity is |A|? ~ 1.

3.1.3 Approximations

The Paraxial approximation is agplied to the system which assumes small angles

d

from the z axis, meaning that — ~ c¢— for the radiation field and — ~ v,—

ot 0z dt dz

for the electrons, where v, is the average velocity of the electron beam in the z
direction.

As discussed in section 2.1.2, rather than make the Slowly Varying Envelope

Approximation, which would restrict the available frequency content to wave-

lengths around the resonant frequency, instead only the backwards wave is ne-

glected via the approximation

0 10 10
which in the scaled notation is
OF, 268. OE,
_ 1
‘ 0z ‘1—@ 0%, (3.17)

This approximation, expressed in this form, shows the radiation envelope is

varying slowly in z with respect to the radiation field rate of change in z,. This

40



Variable | Mathematical Definition Description
z = 2k, pz Scaled propagation distance
g
t —
Zo (c l ?) = 2kpz Scaled time coordinate
C Aw
lg — Exponential gain length
dmp
Ar .
l. Cooperation length
4dmp
E, E, —1iE, Perpendicular radiation field
pL Pz — 1Dy Perpendicular electron momentum
e\ f2+ f2?
Al ME i Scaled perpendicular field
\/§mcwpw /Yr P
e/ f2+ f2
A M 0 Scaled field envelope
ﬂmcwp\ /Yr P
11— z .
n 5 p Scaled average z velocity of electrons
T1- 7, .
D2j 55— Scaled instantaneous energy
zj
p1 L Scaled perpendicular electron momentum
mc
x ? l Scaled x coordinate
gvc
U J Scaled y coordinate
lyle
Figure 3.2: Table describing the scaled notation. The final working equations for the

code will be expressed in terms of these variable.
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means, in the Z, or time frame, the field envelope can be described by complex
structures and even model discontinuities. The restriction is on the growth or

gain of these (potentially) complex structures as the field propogates through

20, :
the wiggler in z. Furthermore, the factor in equation (3.17) ] 65 > 1 in the

z
FEL (the electron beam is relativistic), so the condition is not anticipated to be

violated.

The consequences of this can be seen directly from the Maxwell equation

VxE= —% (3.18)
_ a;;w _ _% (3.19)
% = agf (3.20)
Changing to scaled variables (Z, z3) gives
(% 1 fzﬁza%) Be=me fzﬁzaﬁ_% (3:21)
(- 5m) B oo (3:22)

Here the approximation, in the form (3.17), can easily be applied, and it is seen
that

E, = cB, 3.23)
E, ~ —cB, (3.24)
The Poynting vector is then
1
S=—ExB (3.25)
Ho
1
= —(E,B,— E,B,) (3.26)
Ho
E 2
- 2y (3.27)
HoC

meaning that the approximation is equivalent to electromagnetic radiation trav-

elling in the forward (positive z) direction only being modelled.
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The magnetic component of the radiation field is then:

B, = (£, —c.c.) (3.28)

\/_c

So the full combined undulator and radiation magnetic field vector is

B = —2(fe ™ 4 ce) -

5 (6E, —c.c.) (3.29)

\/_ 2c
3.1.4 Field Polarization

The general elliptical wiggler field defined for use in the code can be varied from
a linear to helical polarization, and the electron beam evolves in accordance with
the supplied wiggler polarization. To complete the model, the field, including its
polarization, must evolve consistently with the electron evolution.

It is shown here how the electromagnetic field can be considered elliptically
polarized, as the envelope and phase are functions of both z and 2.

The electromagnetic field is defined in its basic general form as equation (3.6)

which, re-expressed in the scaled notation is
1 -
A(Z,7,%, %) = —= (6A(Z,7, 2, Z2)e "3/ 4 c.c. 3.30
(%,7,%, 22) 7 (6A(7,7, 7, 22)e ) (3.30)

where A(Z, 7y, Z, Zo) describes a complex envelope at the resonant wavelength.

A scaled perpendicular field may be written
A = Aexp(—i(%/2p)) = Ay —i4, (3.31)

where A, and A, are the scaled fields in Z and ¥.
Expanding the complex envelope A into its magnitude |A| and phase ¢ gives
= | Al cos(z2 — ¥) (3.32)
= |A|sin(zy — ¥) (3.33)
i.e. the fields in x and y have a fixed phase difference. This description is capable

of modelling any elliptical polarization. Polarization changes are achieved by

varying the envelope parameters |A| and v, which are functions of z and z;. To
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Figure 3.3: The above plots show how the phase and magnitude of the envelope can

vary to achieve different polarizations.

obtain the complex envelope for the desired polarization we can first rearrange

(3.31) into

A=A, exp(i(z2/2p))

(A, —iA,)(cos(Za/2p) + isin(Zy/2p))
Re(A) = A, cos(Z2/2p) + A, sin(z2/2p)

Im(A) = A, sin(z2/2p) — A, cos(z2/2p)
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and so the magnitude

|A| = \/Re(A)? + Im(A)? (3.38)

= \/(Am cos(Z2/2p) + Ay sin(Zy/2p))? + (Ag sin(22/2p) + Ay cos(Z2/2p

~—
~—
[\

(
= \/Ag(COSQ(Zg/Qp) + sin®(22/2p)) + A2(sin®(22/2p) + cos?(2/2p))  (3.40)
(

= /A2 + A2

and the phase

tan ¢ = (ZZ—&) (3.42)

[ Agsin(Z/2p) — Ay cos(Z2/2p)
tany = <Am cos(z2/2p) + A, sin(22/2p))

(3.43)

So for a simple linear polarization in x, for example, define a resonant wave
A, = cos(%2/2p) and A, = 0 giving |A| = | cos(Z2/2p)| and ¢ = arctan(tan(zy/2p)).
Examples of different field polarizations and the envelope parameters required to
describe them are shown in figures 3.3. The plots were produced using Matlab
by simply evaluating the analytic expressions given above for a desired field in

and .

3.1.5 Outline Of Derivation

In the next section the final working equations are derived in detail, from the
starting points of the previous sections. First the electron equations are derived,
and then the field equation.

For the transverse forces on the electrons, the equations are manipulated so
that they may be expressed in terms of the scaled variables. The equation for
the scaled longitudinal momentum of the electrons is an equation which combines
both the variation in the longitudinal momentum and the energy exchange with
the electromagnetic field. The field equation is derived with the backwards wave

neglected as in section 3.1.3
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3.2 Electron Equations

3.2.1 Transverse Electron Momentum

Starting from the Lorentz force equation for the jth electron

dp, p;
. . . d
Transforming the independent variable from ¢ — 2z so that p7i cﬂzjd—,
z
changing then to the scaled independent variable z = 2k,pz and dependent
_ Bz‘ d d 22 z
Zoj = kapl——JBZj<Ctj_2) so that yrl kapa, 2—; = —(kz—wt;) and % = kyz
and projecting over &* gives
1 dplj € Dzj .
— =— E,; — (B, +iB,; 3.45
\/5 dz Qﬁkwpcﬁzj Ly *yjm< yJ J) ( )

Here EJ_]' = E(fj, gja 22]'7 Z)
The combined undulator and radiation magnetic field is described in equation

(3.29), and from this

E -
Byj = Buyofscos(z/2p) — =2 (3.46)
c
E.;

B,; = Buof:sin(z/2p) + —2. (3.47)
c

And so in equation (3.45)

dp.; e D2 o E,,
- Eij = —(Bu 2
dz 2k pc.; [ L %m( ofysin(z/2p) + .
E .
+i(Bufs cos(2/2p) — %))] (3.48)
dp.; e Da o » i
= dZ] = ~peis |:EJ_j - _’YjTJn(Bw()(fy sin(z/2p) + if, cos(Z/2p))+

(Bey— iBy)] (3.49)

Remembering F| = E, —iF),, and defining a new complex term G describing

the undulator field such that

G = fycos(Z/2p) +if,sin(z/2p), (3.50)
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equation (3.49) becomes

b1y _ ‘ [ ) (3.51)

Pz . * EJ—J
=—— |F|; — —(iBuoG" + —
dz 2k pcf; L ; (iBuoG” +

ym c
Taking the factor of 1/¢f3,; inside the brackets the equation becomes
E 154

dpLj e |:ELj Pzj .

_ _ Bu,oG* 3.52
dz 2kwpleB.;  ymeB.; (BuoG ¢ )- 352

dpy; e [ELJ‘ - By
_ — iByoG* — — 3.53
dz 2kyp LeBs; HPuo ( )

dp.; e [ Ey; 1
— B, oG + —L(1 — .04
ER T e G ) (354

From the definition of pyj,
1 — 8. 1

Do = — —1, 3.55
P2 ﬁzj ﬁzj ( )

changing to the scaled p; = p, /mec, and using the definition of a, in equation
(3.5),

dpyj 1 (ﬂ *_%> (3.56)

iz 2\ JEx 2 mek.
Finally, scaling to A using the definition in table 3.2, and rearranging the

definition of p in equation (3.14) to obtain an expression for the plasma frequency,

4 kw . 3/2
Wy = % (3.57)
so that
(& = 4\/5%%/)2 (3 58)
mec2k,, NAEES
the equation becomes
dﬁlj _ i( \/Edw e 4\/5730277]92] J_‘) (3 59)
Az 20\\/[Z+ ]2 VI a7 '
dp ; p o 27, P\ 2
ZJ:J _ (ZG _ < :YP) 77p2jALj> (3.60)
: 2012+ f)p w

47



Focusing Effects on the Transverse Electron Motion

The finite electron beam emittance in z and y can result in decoupling between
the beam and radiation, which diminishes or eliminates the field amplification.
To counteract this, the electron beam may be focused in the transverse directions.
In lower energy FEL’s, the natural focusing provided by the undulator can be
sufficient to confine the electron beam to a desired transverse area. The natural
focusing arises from the off-axis magnetic field of the wiggler, which up till now
has not been taken into account. Close to the z axis it can be approximated as a
constant, linear focusing channel super-imposed upon the normal wiggle motion
[42], taken simply as
2 2

% = —k3,, % = —k3y (3.61)
It is seen that the electron beam will undergo an additional oscillation, called the
betatron oscillation, with wavenumber kg, the natural betatron wavenumber,
which is much smaller than k,. Natural focusing in a planar wiggler can be
achieved in both transverse directions by using curved pole faces [42].

In higher energy FEL’s, the beam is focused by external quadrupoles, usually
in a configuration known as a FODO lattice [32]. The quadrupoles are inserted
periodically between undulator sections. Each undulator-quadrupole section is
known as a FODO cell, and many such cells comprise the lattice. Assuming
the the FODO cell length is smaller than both the betatron wavelength and the
gain length, it may also be approximated as a linear focusing channel. Strictly
speaking, the betatron wavenumber varies across the length of the FODO cell,
with the strength of the focusing dipping in the middle, but the deviation from
the mean focusing strength is assumed to be small.

It is possible to “match” the electron beam transverse area to the focusing
channel [42], by choosing the initial transverse beam parameters such that a
constant beam radius in the transverse plane is achieved. The electrons will then
oscillate within this constant beam envelope with period 27/kg, with different

magnitudes and phases.
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The focusing described in the theory here is the natural focusing of the heli-
cal undulator, and is artificially strengthened or relaxed, if desired, by use of a
focusing factor, to achieve the correct betatron oscillation.

It is assumed that a uniform focusing channel exists in both z and y for any
values of f;,. This provides a restoring force which results in electron oscillations
within a beam envelope, given by the maximum amplitudes of the electron oscil-
lations within the beam. In a helical undulator the betatron wavenumber can be

approximated as

Ay ko

o
2y

The factor of v/2 is now replaced by a general focusing factor f [43], to alter the

(3.62)

focusing strength, so that the focusing channel is now described as [33]

d*z; az k2,
iz e (3.63)

J

Awh
where kg = 7 is the new betatron wavenumber.
v
s do.
Expressing (3.63) in terms of p,; = ’Y—Cj% = ’yjﬂzji; gives

= 1B(=k5;) (3.64)

and changing the independent variable to z

dpxj ")/jﬁzj 2
ej _ Vil g2y .
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and changing to the scaled z via the table in figure 3.2 (so that x = /l,l.Z),

dpx P)/ﬁz

d; = ]’%/ o (3.66)
dﬁxj o Vjﬁz]
5 f27] \/ loT; (3.67)

dpzj ﬁzja ks 1

iz 2P0 Rk (369

dpxj 5zjaw u) _
yE _4f2’yjp2 = i (3.69)

dﬁmj /sza”lQU n_
= — ; 3.70
dz 4 f2y;p? i (3:70)
(3.71)

Similarly for y,
dpyi _ P/ (3.72)
dz 4f%y;p* '

So the full transverse momentum equation, including focusing effects, is

dﬁ j aw vk 277‘/) 2 /Bz w .
PL _ (16"~ (22) s s) - 5552000, i) (379
2F2+ 12 : i

Recalling the betatron wavenumber in equation (3.62), and scaling to the

scaled betatron wavenumber l%ﬂ in the propagation distance z,

kg = l,kgs (3.74)
- 1 ayk
= v 3.75
g 2kwp fry (3.75)
- a
kg = —2 3.76
’ 2fpy (3.76)
= fhy = % (3.77)

So the transverse momentum equation is then

dp, ; Qo e D = _ L
d; = (zG lezjz ALJ) —BkEv/n(Z; — 1)) (3.78)
202+ 17)p
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Matched Beam

The definition of the transverse emittance is

€ =TTy (3.79)

x
where 7/ = T The normalised emittance is €, = v,¢€.
z

For a matched beam, with individual electrons oscillating with wavenumber

kg, 1y = kgry, so the matched transverse radius is given by

€n

Yr kﬁ

(3.80)

Ty =

For the transverse beam dynamics a scaled emittance € is introduced such

that

€
2pl.

(3.81)

€ =

T

N

Scaling the transverse coordinates with 7, = and using definitions

(3.74) and (3.81), equation (3.80) becomes

Vllors = |25 (3.82)

7rk6

[ (3.83)

CN Lks '
py.

A ey (3.84)
ks

The undulator wavelength in Z (and the resonant wavelength in %) is k, = 257
p

€
A 3.85
m= ek (3.85)

d
To find the matched 7,,, one must first of all relate p to d—x, which is achieved
z

SO

d
by ¢—, and

in the following by approximating «; by the resonant energy ~,, y
z

dt
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remembering that p, = p—x,

me
dx
Daj = ’ij% (3.86)
dx
p:cj ~ Vrmca (387)
dx
= Dpi N Vp—. 3.88
p J ’y dZ ( )

Therefore, 7, = 7,7, So rearranging the emittance definition (3.79):

O = — (3.89)

Oz

and then scaling to Z, and using equations (3.89), (3.77) and (3.81)

Fp = — e (3.90)
lglcrjg
_ 2pley€

Tow = 3.91

o= 2 (391)
T

S/ T 3.92

Tp gfkﬁrj ( )
_ C_Lw\/ﬁ‘g

 Gwviie 3.93

Tp fkﬁrf ( )

The same matching is performed in the y direction, so

€

Fo= = 3.94
Ty kw kﬁ ( )
i

= 3.95
pr fkﬂrg ( )

3.2.2 Longitudinal Electron Momentum

Now the equation for ps, the scaled momentum in the Z, frame, is derived. Start-

ing with the z component of the Lorentz eq (3.12)

dpzj _ € P;
dz 2kypcB.;vim

x B;)s (3.96)
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The cross product is

(p xB). (3.97)

:pry - pyBx (398)
. 1

=p, (Bwfy sin(z/2p) + % (B, + c.c.)> (3.99)

1

— Dy (Bwfa: cos(z/2p) 5 (BL — c.c.)>

Lo ) <Bw0fy sin(z/20) + 5 (B + >) (3.100)
5= 0) (Bufucos(z/20) = 5 (B1 - ce)

:% (% + By, fysin(z/2p) — iBy fa Cos(z/Qp)) (3.101)
+ %i (% + By, fysin(2/2p) + iBy fa cos(z/?p))

Substituting back into equation (3.96), and using the definition of G from
equation (3.50) gives

dpzj € Eij .
- (= _iB,G .. 3.102
dz 4k pry;mefs; [p“ ( c e ( )

This gives the changes in longitudinal electron momentum in the undulator
due to the combined magnetic field of the undulator and radiation. To include
the energy change due to coupling to the electric component of the radiation field,

one can see from the definition of momentum that

dp.:  d
P — Z (;meB.) (3.103)

dz dz
dp.; dry;
= mcvy; 5; —I—mcﬂzj%

(3.104)

Equation (3.102) can be equated with equation (3.104), but first the variation
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in energy can be found by using the expression derived in equation (2.17),

dv; e
Az 2ku,c2mpBzj

D;
R, = -E.
ﬂj J ’yjmc J

B - B

1
:Tm(ijExj + pyiEyj)
1 1 o 1 X
:,ijc(i@m +pJ.j)§(EJ-J' + EJ_j)
+ _<pJ_j - pJ_j)g

2
(p BT+ EL)

(B = E1)
1
_27jmc

dv; e

Az Akypym2AB.;

(pi BT+ 0 EL)

and substituting this back into (3.104) gives

dpzj dﬁzj e
=, - B Y B
dz jme dz 4k, py;mc? (p1; 1 TP )

Now equation (3.102) can be equated to equation (3.111) to give

dﬁz (& . y
NGz Thapmie PP L EL)
e
Ak pym?c? By (po; (BLy —icBuG) + c.c
dﬁzj (& [ 1
dz  4k,m?c3py} ( B ) B+ EL)
1B,c s
* B.; (p1,;G —p1,;G )]
zj
dﬁzj e |: 1
= =— (71 EY. * B
dz 4kwm203p’7]2- (BZ] )(pl 1j + pJ_] L])
1B,c

5—Zj(pLjG - PLG*)]

o4

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)

(3.113)

(3.114)



dpaj 1 dB.;

dz B dz ) 80
dp2j 1 e [
- — —D(p E*. +p' EL;
dz nﬁfj 4kwm2c3p%2 (523' JpLET; + i EL)
1B,c s
= 5 (G~ LG ) (3.115)
zj

. _ pbL
Scaling the transverse momentum, p, = —, so
mc

- ——1 E*. +9 . FE, .
dz nﬁgj 4kwm02p7j2 (ﬁzj ) (DL 1j TP 1)
1By,c,_ o
— 5 (PG~ P1,C ik (3.116)
2)

Scaling the transverse envelope using equation (3.58), and remembering equa-

tion (3.5) for the definition of a,,,

dpy; 1 1 [(L Y 4v/2792p?
dz  np24py; LB G/ T2+ 2
i V2a, .
. (p;G —p1,G )] (3.117)

Bej T2+ 12

dpa; 1 1  +2a, 1 2N L
5 (=0 (25 (e, +,)

(LAY, + D1 ;AL)

Az npL A PP 2LB, a2
i
_ F(MJG _ ﬁijG*)] (3.118)
2

To simplfy the derivation in terms of the scaled variables, first, from the
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definition of the relativistic factor one can find

1
— =1—42 (3.119)
7
1
J
]' 2 2 2
1 2 1 2
,y_]z =1-p; - Wlmﬂ (3.122)
1 1
S B (3.123)
g A
1 1 - 2]'
S . (3.124)
v 1+ [puyl?
Next, from (3.55),
1
5= 1 + npo; (3.125)
zj
and
1— B2
2 L = npa;(npa; + 2). (3.126)
2]

Putting equations (3.124), (3.125) and (3.126) into equation (3.118), and also
using the expression for the scaled transverse wavenumber in equation (3.76),

gives the final form of the ps equation as

dpa; _ 1 V2a, (p2j<77p2j —1—2)) [W?j
dz  Ap\/fZ+ 2\ 1+|pLP fkg

—i(np2; + 1) (PG — pLG*)] (3.127)

(ZﬂAL + ﬁjjALj)

3.2.3 Electron Axial Coordinates

Longitudinal Position

The definition of 2z, is

(3.128)



and the position in Z of the j** electron is
22]‘ = 2krp(0tj — Z)

Differentiating with respect to z gives

dZzy; dt;

—L =9k, p(c—L — 1
dz ple dz )
dfgj 1
— =2k p(— —1

7 p( o )

and scaling the differential to z gives

dZy; 1
2hkpp—2L =2k, p(— — 1
= p(ﬁzj )
@ _ ﬁ(l — *BZJ')
dz kw 5,2]'

dEQj

1 1_ﬁz
= h )
n B
dggj . '
az P

(3.129)

(3.130)

(3.131)

(3.132)
(3.133)
(3.134)

(3.135)

So it is seen that po; is the rate of change of electron position in the z, frame.

Transverse Coordinates

The momentum in z of the j** electron is defined as

Daj = 71V

and in scaled units

1d!L’j

Ped =0

and changing the independent variable to z and then scaling to 2z

drj _ P
dz  2kywpB.v;
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(3.137)

(3.138)

(3.139)
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Scaling the transverse coordinate = to & = gives

x
N

d!i’j B Qp\/ k‘wk’ﬁx]‘

— = 3.141
dz Zk’wpﬂzj’}/j ( )
d:ij Pz
—_= 3.142
dz \/ﬁﬂzj’}/j ( )

To get to an expression involving po; instead of 7; and [.; remember that

from the definition of py;

P2 = g ’ (3.143)
zj
1
np2j = -1 (3.144)
ﬂzj
1
= Np2; +1 (3145)
ﬂzj
1
= 3.146
Also remember that from the definition of v;, in equation (3.124),
1 1 - 2j
- = —7"_ (3.147)
7]2 (1+ |p;[?)
and using (3.146) gives for the numerator of the RHS
1 2
1-p2 =1-— 3.148
2j (]. + 77p2j) ( )
_ (1 + anj)Q -1 (3 149)
(1 + mp2j)?
_ (Lo ) -] (3.150)
(1 + mp2j)? '
(9 A
(1 + np2y)
and using (3.151) in (3.147)
1 np2j (Np2; + 2)
= = AN (3.152)

V; (1 P P) (X + npey)?

58



so that in (3.142), substituting in (3.152) and (3.146),

dz; npa;(Np2; + 2) 1 _
2z QJ)\/(l-%IPLJP)(l-%ﬂUbj)Q\/ﬁ j (3.153)

dz; p2;(np2; +2) _
S [P2IP 2 3.154
=\t P P (3.154)

and similarly for y

dy; _ [p24(np2; +2)

=== . 3.155
iz N\ it e P (3.155)

3.2.4 Initial Conditions

For a numerical solution the initial electron beam coordinates must be supplied.
These are now derived analytically for an initial position along the undulator z

in the absence of a radiation field.

Initial p; conditions

For the initial p; condition, ignore the field coupling and focusing terms in (3.224)

by forcing A, = 0, and integrating over z gives

V2 z z

Prjo = —— (G feisin(=—) — @y f, cos(— 3.156
0= ey GG ~tufyeos ) (3156)
So initial conditions for p, are
V2a, z
R(DLj0) = — fy cos(— 3.157
( J-JO) (f% +f3)% Yy (20) ( )
V2a,, Z
Dijo) = fesin(— 3.158
( J-jO) (f§ N ny)% (Zp) ( )
Initial p, condition
The definition of py; is
11-5,
b . 3.159
P2 n ﬁzj ( )



From equation (3.156),

PLjol” = PLjol] jo (3.160)
2 Z Z
= 2 =2 2 .2 2 2
ol = — — 3.161
|pJ_]0’ f§+f5aw(fa: S (zp)+fy COS (2p)) ( )

We can find ;o from (3.124)

1— 32
—2 230
Vo = (3.162)
T+ 510l
= Bzjo =\/1 — % L+ [Ljol) (3.163)

z

Bzjo :\/1 — fyj’(f(l + 7 j_ fgag,(fg sin2(2p) + f7 cosz(;p))) (3.164)

To calculate n use
- Bz
’]7 = =
B

where 3, is B.; averaged along the undulator for a resonant electron given by,

(3.165)

from equation (3.164),

B, =1 —~7 31+ 2@ (f—§+f—92)) (3.166)
3. z\/1 — (14 a2) (3.167)

The initial py; can then be calulated from

1— B,
np2j0 = Peio (3.168)

szO

11— ﬁsz

Daio =— 3.169
20 n ﬁsz ( )

where 3,0 is given by eqn (3.164).

Intitial Transverse Coordinates

Returning to the equation for the transverse Z coordinate in the form (3.142),

inserting initial values (the initial conditions for the transverse momentum from

60



eqns (3.157) and (3.158)), and integrating over Zz,

Zi0 = %di (3.170)
o= ﬁ;om (ﬁ\/fi% Th / COS(%)dz (3.171)
Tjo = — \/Wimjo ( fg\/fi”:;)i £420 sin(%) (3.172)
S \/ﬁﬁzjj%\/ij“;i i inly,) (347

and using (3.152) and (3.146) gives

) 9/2aup \/p2j0(77p2j0+2) in(2) (3.174)

T Er W leP)

and similarly for

Yjo = ) (3.175)

2V 28, p \/pzjo(ﬁpm'o +2) 2

(f2+ 27\ (14 1[pLjl?)
3.3 The Field Equation

The field evolution in the FEL is described by the 3D Maxwell equation in the
absence of space charge, given in equation (3.11). In the Compton limit and with
the paraxial approximation, the current density J = J, where J, = J,x + J,y

is the transverse current density, which from N electrons is

N
Jo= =N Py 2) (3.176)

m
=1 i

where p; = p,X + p,y is the perpendicular momentum vector.

Therefore equation (3.11) becomes

N



where 6%(z;,y;, z;) = 0(x —x;(¢))0(y — y;(t))d(z — z;(t)). Obviously only a trans-
verse field with vectors in the z and y dimensions (travelling in the z direction)

will arise from this. So projecting the wave equation (3.177) onto €* gives:

1 02 A
(7= 2 ) Be = -5 3 Baa%(0y,0,) (3178)
m =1 Vi

where F| = £etka=wt) = E,—iE, is the transverse field. Similarly p,; = pg;—ipy;
is the perpendicular momentum of the jth electron projected over e*.

Defining the independent variables Z = 2k,,pz and 2z = 2kwpB.(ct—2)/(1-5.),
0 0 B, 0 .10 B, O 2
that — = 2k —), —— =2k, — and k = 2=
sothat 7= = 2kup(5- =5 52 ) cap — P gL, ke mwt =5
the LHS of (3.178) becomes

0?E, i 0’E, O°E, 10*E,

o2 T o T o2 & o (3.179)
PE, 0°E, o 10 o 10
02 * 0y? * (& * c@t) <£ a E@t) By (3-180)
_0*E,  O°E, 0 B, 0 B, 0
o T ( oz 1o gas) P g 5a—)
o B 0 B. 0
Y ki 181
(2bn(s ~ 25 5m) ~ Phory o ) B (3181)
o (0 28, 0
2 z
=V EJ_ + <2kw,0) (8z (az 1— ﬁz 82’2>) EJ_ (3182)
Changing the delta function from z — t — Zy [41],
_ 1 B
§(z—2z) = 5. kapl 525(22 — Z2j) (3.183)

and applying the scaling from z,¢ — Zz,Z; to the rest of the RHS of equation
(3.178) gives

0 = pu;
- %EZ%‘W—$j>5(y—yj>5(t—tj) (3.184)
_ e Bz 0
Z = 5 ?zg 0z —2;)0(y — y;)0(Z — 22;) (3.185)
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and the full field equation is now:

- 60%04 2 Q(If—z@fa%éﬁij;ja?’(xj,yj,zgj) (3.186)
i (5 (5 s ) 2 -
_ Gofnc(l ?ZB)Q(?% :1 5]:-% 5%(x5, ;s 2y) (3.187)

Neglecting the backwards wave by applying the approximation in section 3.1.3,

which is
(3.188)

1- Bz 822

‘0EL

Bz aEJ_
0z

gives
1 ) 28, 07

(2kwp)? T 1—B.020%

e < Bz )2i N bij 53(:{; .z ) (3 189)
€Egmc 1-— BZ 822 = 5,2]'73 51 Yy 225 .

z

Factori =
ring -

1 1-8._, 20?
_ E, — E, =
@hp)? B T Gzoz
N

e 3, 0 ; _
Pe G DL 5 (25,45, 22y)

comcl — 3, 0z o Baii

(3.190)

1— Bz )\r kw

and applying the resonance condition, — ,
/8 A’U] T

1, 26?2

Akpkop? YT 0207,
€ Bz 8 al pJ_j 3

- =~ a- J x'ayAaEQ'
E077101 - 5z a'22 j=1 ﬁzj'}/j ( 7 ])

E, =

(3.191)
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1
Scaling x by = = < (and the same for y), and remembering [, =
Vigle 2kyp
1
dl, = —.
an e
1 0? 0? 207
LHS = E, - E
5 4k k. p? (8x2 + 8y2) + 0Z07% +
1 1 /02 0? 20?2
- ([ + ) E - E
Tonkop? 1, (a:# * ag2> LT pzam,
0? 0? 2072
= Ak, ko | ==+ == | E. — E
Ay kep p? P (aﬁ * ag2> T 9207, ¢
0? 0? 207
=|=—+—=— ) E — E 192
(85;2+8gj2) LT 50 (8192)
and the RHS
= N
€ ﬁz 0 bij 1 3/ —
= — —— 0°(Z;, Ui, 22 3.193
60m01 - /Bz 822 s 52]7] lglc (x]?y.]?’zzj) ( )
1 o
as d(x —x;) = Wé(yc — Zj).
gle
So the full equation is now:
0? 0? 207
2 4+ 2 )E - B, =
(8@2 * ag2) 920z,
.1 0 = puy
—LB———Z P 5 (%5, Uj, Zaj) (3.194)

egmel — Bz lglc 0%y J=1 BZJJYJ'

1 - z
Further scaling, p, = DL ond nN=—= P , seen in the table in figure 3.2, and
me

z

1

1 1-524 \*
— = | ——5 | which was derived in equation (3.124), so that
;i 1+ [Pyl

1 1-65 )
_ 3.195
B (5%(1 + \ﬁu\2)> e

1 1 1
_ 1 3.196
7 B ((1 +[p1l*) (/33]' 1)> e

64

D=




Now

np2; = L= 0
’ ﬁzj
! 1
NP2 —
a ﬁzj
! +1
sz %

so that in (3.196)

NI

— — ((np2j+1)2—1)>

Beii (1+ |p1,]%)

N

1 1 2 2
= = - (np3; + 2npa; + 1) — 1
B \(1+[puP) (a2 j )

1
2

1 1

:ﬁzﬂj “\a+,P (P24 (pe; + 2)>>

Simpifying (3.194) gives
0? 0? 20?2
Y Y \g — E, =
(85:2 * 8g2> S ET e
e 0 & D
N 3, _  _
_ ~ + 2)0°(Z 5, Y;, Zo;
olyle 9% 2= /T 1 o 1pa; (1p2; + 2)0° (25, Y55 Z2)
Scaling from £, — A, by using the definition in figure 3.2,

2 2

\/imcwp\/w .
gives
0* 262
(5 + o) A+~ o =

(3.197)
(3.198)

(3.199)

(3.200)

(3.201)

(3.202)

(3.203)

(3.204)

2 2 2
_ fx + f (& Z pLJ np np 4 2 x y s
2 6077[ lcmCWp\/%p 322 1+ |pL 2 2j Jr Y5> 23
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Using the definition of p, which is

1 [ ayuw, 2/3
p= 7— (4ck ) (3.206)
and and rearranging for
4k, (rp)3/?
Wy = ET— (3.207)
and also
1 dck, \ 23
= (wca ) (3.208)
1 dek, \
ey = (wpc_tw> (3.209)
1 4ck,, 2
1202 =P (w a ) (3.210)
r prw
(3.211)

Substituting into the field equation (3.205) gives
(aa_; ’ aa_;) A= aig;/l o g ; & eonljcmc 4cl<:wa(2,np)2 X
aa 1]jj]|mg ey (npay +2)5°%(3,.5. ;) (3:212)
aa \/#\/npg] npa; + 2)0°%(Z4, s, Zaj) (3.213)

Now substitute for the plasma frequency

1
— = = (3.214)
Wy e’n,,
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where n,, is the peak electron number density, then
0? 0? 207 [f2+ f2 2 4ck,,
st s | AL - AL =~ fity ‘ %pf o
0x?  0y? 828z2 2 eonlgleme Ay €2n,
0 pJ_]
——/ +2)5°(z4,Yj, Z 3.215
a 1+ ’pJ_] NP2, 77]92] J y] 2] ( )
02  0? 2(92 [124+ f2 dkyy,p
= | ==+ == 4L — Al =y 2 07
(853-2 * ag2) * 82822 * > nllduny, |
pJ_] _
Z D2 (Mp2; + 2)0° (25,55, Z25)  (3.216)

\% 1+ ’pJ_]

Introducing the scaled electron density, which is defined from the scaling of

Z, 7 and Zo,

iy = Lylemy (3.217)
gives:
” 0 26?2
(3932 " 3y2) + 82822 =
f2 4 f2 4kw%pl PLj
- \/ NS Ts T Fops
Nl glebuy 32«2 Z \/W NP2 7]P2] +2) (xj,y]7zgj)
(3.218)

0> 20°
(o7 ) 42~ o, A

fa + Iy Akuyeple Pij
— 2)6%(Z;, 7, Z2;) (3.219
2 Nawiy 07 4 Z AV np2;(Mp2; + 2)0°(Z;, Uj, Z25) ( )

2 2 2
(8 a)A 20 A=

oz ay o 82’822
ZF12 dhuvp 0 <~ pu,
N NS T 5o
\/Tnawnﬂpk(?@Zm NP2 77p23—|- ) (Jc],y],zzj)
(3.220)
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82 82 282
(_ + 7) AL - AL =

o0x? = 0y? 0207
BT 2y lk:_i N P
e o =9 Phvien ok K
(3.221)

82 82 202
- (a— " @) A A=

P2 2yn 0~ by
- L NI o R o
\/Tawnp 0% Zl T+ ., nD2; (77]92] + 2)5 (xj, j, 22].) (3.222)
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3.4 Final Equations

To summarize, the final set of scaled working equations describing the FEL in-
teraction are then
0? 0? 20?2
—+— A - Al =
(83‘:2 * 8@2) T 0207,
N _
29 0 NPV (02 +2) o

Gty 0% V1+ Pl

(Zj,75,Z2;)  (3.223)

dpi; Q. np2;
dz 2p<ZG 2 T (3:224)

dpy _ G (ij(nmj i 2>> [TIP% (PLET; +p1 1)
J J

dz 4p 1+ ’ﬁle fQE%
—i(npay + 1) (5L, G — pij*)] (3.225)
dzy;
d—;f = oy (3.226)
dz; P2 (2 + 0p2j) oy, -
d_‘] =/ R(p) (3.227)
z 1+ DLyl
dy; P25 (2 + Mp2j) )
Wi [PE ) s 3.228
dZ 1+ |]3J_j|2 ( J—]) ( )
where F; = —’yjﬁzj/%é\/ﬁ(fj — 13;) is the focusing term. The peak undulator
20y . . .
parameter a,, = \/_—a is now used in the equations to get rid of the factors

VT

of \/fZ + [; common to the A;,p, and p, equations. The delta function is once
again represented by 0°(Z;, U, Z2;) = 0(Z — Z;)0(y — §;)0(Za — Za;) for brevity.
The working equations are now subjected to analysis to allow them to be

solved numerically.
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Chapter 4

Numerical Solution

4.1 Introduction

To solve the equations numerically, a number of further changes to the equations
derived in the last chapter must be made. The electron beam is discretised into
electron macro-particles each representing many electrons. The field is discretised
into a finite number of nodes.

The field equation is solved by use of the split-step Fourier method [44], which
splits each step forward in Z into two half-steps: the first step deals with field
diffraction only; in the second, the field is driven by the source term in the absence

of diffraction. The electron equations are driven by the field source term using
the 4" order Runge-Kutta (RK4) method.

4.2 Numerical Field Solution

The field equation is written as

AL PAL DAL 29 D = Du(papy + 2V
— i_ — ,2J_ + ,;_ + — _,Z J_]( 2j(7 2j2 1 2) 63($j’yja22j)
020z, O Yy Ay Ty 0% = (14 |V
(4.1)
0?A,

2
020z

=D+ S (4.2)
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O?A, N 0*A,
0x? 0>
can be solved numerically by solving the diffraction and source terms separately

where D = is the diffraction term and S is the source term. This

within one full numerical integration step. This technique is the Split Step Fourier
Method, and is a form of operator splitting.

First of all, the diffraction term is solved by letting the source term = 0, so

0*A,
2 =D 4.3
0z0% (4.3)
and then the source term is solved by
0*A,
2 =5 4.4
0Z0% (44)

The following outlines these two steps in detail.

4.2.1 Field Diffraction

The diffraction equation is

82AJ_ _82AJ_ 82AJ_

282@22 o 72

(4.5)

which can be solved using Fourier transforms.
Fourier transforming A, (7,9, Z2,22) — A’ (ks,ky,Z,%2) in T and y so that
0 — ik d — 1k, gi
— — 1k, and — — ik, gives
EE: ag  "ve

2

92 A’ ,
= a;? = — (K2 +k)A, (4.6)
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Then, similarly, transforming from A’ (k,, k,, Z, Z2) — Al (kg ky, Z, k.2) gives
A,

A,  —(K2+K2) -
0z ik, = (48)
0A, i(k2+ k) -
= A 4.
0z 2k (4.9)
&Zh (kI + k)
T 0z (4.10)
S
/—dAl_/ i ; )dz (4.11)
~ (k24 k2 )
InA, —z—i—lnALo (4.12)
2kz2

Replacing the propagation distance z with the step size h gives

_ . ih(k2 + k2
A (kg ky, koo, 24+ h) =A, (ky, ky, ko, 2) exp <%) (4.13)
22
This is the solution for the diffraction step.
4.2.2 Field Source Term
The field equation driven by the electron source is:
24 9 N = } 4 9))1/2
9 0°A; _ A i D1 (Why(ﬁng +2)) 53(@’%, 52;’) (4.14)

020z awnp 0z < (1+ 51572
This can be expressed as

9 loa S B (g (pas & 2)) /2
a__ a_J_ _ ’Y_ pJ_J (77])2] (77_p2]2+1/2)) 53(jj7 gj’ sz) =0 (415)
z Z ity <= (14 |pL;7)

The solution to the bracketed term must in a general form be a function of z

plus a constant. Due to energy conservation, the solution must = 0 so that

OAL e N P (npz; +2))'7?
L Dus(p2; (02 +2) s oy (4.16)
= (L) T

0z Ay
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The sum in (4.16) is still over the N electrons in the pulse. This is now
simplified to allow a sum over a number of macroparticles N,, with N, < N.

The electron beam is discretised in 6 dimensions (3 spatial and 3 momentum).

Electron Beam Discretisation

There are N real electrons in the system, which are to be represented by N,, < N
macro-electrons. In total the beam is sampled in 6 dimensions, 3 spatial (Z, g, Z5)
and 3 momenta (p,, Py, p.2). The sampling is performed and the noise added
statistically according to the algorithm of [45].

Each macroelectron represents Nj real electrons which collectively have a
mean position and momentum equal to the position and momentum of the macropar-
ticle.

This is achieved in equation (4.16) by replacing the sum over the real electrons

with a sum over the macroelectrons,

N Nm Ng
Z f(x;,p;) = Z Z f(Xki, Pr.i) (4.17)
Jj=1 k=1 i=1

where f is a function of the particle coordinates in phase space. The first sum on
the RHS is over the N,, macroelectrons, and the second sum is over the IV, real
electrons represented by the k* macroparticle.

As the position-momentum coordinate of each macroparticle is the mean of

the real electrons it represents, it can be said that

Z f(x5,p;) = Zm N f (Xk, Pr) (4.18)
j=1 k=1

The peak electron density 7, multiplied by a volume element V}, of the electron
beam which the kth macroelectron represents gives the number of electrons in
the most dense electron beam element. Defining a weighting factor yj such that
0 < x& < 1 means that the number of electrons N represented by the kth

macroelectron can be defined as

Ny = i Vi (4.19)
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Figure 4.1: A series of plots showing the electron beam discretization process. The
top left plot shows the real electrons in x vs p,. The second plot shows the initial

distribution of macroparticles. The bottom plot show the final result with noise added.

where the weighting factor y; can be given the desired distribution, with a peak
value of 1, in x and p.

The discretization process is shown for a Gaussian distribution in figure 4.1.
The top left shows a typical electron distribution in phase space. The electrons
have a Gaussian distribution in x and p,, with noise. To discretize this, an equi-
spaced grid is overlayed, shown with dashed lines. Each element has dimensions
Ax by Ap,. Into the center of each grid element a macro-particle is placed which
will represent all the real electrons within that element.

To generate the macro-electrons in the code, first the distribution of weighted
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x values are created. Each macroparticle’s x value is the fraction of electrons
it represents compared to the element with the most electrons. In this case it
is wished that a Gaussian distribution is modelled, so the x values are assigned
with a Gaussian distribution in x and p,. The plot on the top right shows the
macro-particles initialized in the center of their grid element, and their size is
proportional to their y weighting factor. The noise is then added by Poisson
statistics [45], so the “larger” macroelectrons are varied less than those repre-
senting a smaller number of real electrons. The noise is added to both the x
value and the position in x and p,. The noise has been added in the bottom plot.
Note that this illustration is in the Z phase space of one direction. In the code
the same process occurs in all 3 ordinates, which is to say, a 6-dimensional phase
space.
Using (4.18) and (4.19), the driven field equation (4.16) becomes

A LA 5 2))1/2
L zz—ZkaM(np%(%” ) 5 (Fe G Za) (4.20)
W k=1

Z (1 + Il 7

where Y = X% Vi.
The electrons have been discretised, and now the field must represented by a

finite number of sample points.

Field Discretisation

The field can be represented by a 3-dimensional grid with a linear interpolant.
Two different methods to solve this were attempted. A solution involving Fourier
transforms, presented in [46] and included in appendix A, solved the source term
in Fourier space, and led to a relatively easy method of parallelization of the
numerical integration. This method was limited, however, by the large number
of calculations needed: every electron must interact with every node in Fourier
space. With a 3-dimensional field and 6-dimensional electron beam, the number
of calculations is prohibitive. For example, a relatively small system may have
64 x 64 x 2000 field nodes in z,  and Z3, and 20 x 20 x 1000 x 7 X 7 x 7 electrons in

T, Y, Z2, Dz, Py and p,o, respectively, giving around 10 electron-field interactions,

75



each of which involves multiple calculations. The large number of calculations
prohibits the practical use of this method, even with a well parallelized code using
a large number of processors.

Instead, a solution using the Finite Element Method (FEM) developed in [41]
is used, while retaining the beneficial parallel distribution of the Fourier method
of [46] and appendix A. The Finite Element solution was revisited as in it each
electron only interacts with the 8 field nodes which surround it in 3D space. The
number of interactions is then greatly reduced to the number of macro-electrons
N, x 8.

The FEM is implemented in the field source term by replacing the field A

with a sum over elements

AL(Z.0,2,%) =Y an(2)An(T,7, 2) (4.21)

m

where a,, is a new unknown at each node and A is a series of interpolation

functions L;,

- (ZS: Li) : (4.22)

and L; are linear interpolants given in the table in figure 4.2. These could also be
replaced by higher order interpolation functions. Equation (4.21) separates the
Z and 7,7, Z» dependancies in the field into two functions. By multiplying the
interpolation functions into both sides of eqn (4.20) and integrating over Z,y and

Z» conveniently removes the delta function, as [ f(2)d(z —z;)dz = f(x;), so that

1/2
/ {Am} [A 6“—de / i Z D1y (npar(npak +2))1°

(1+ [poel?)1/2
6 (%5, U, Zaj) {Am} AV (4.23)
3am T x o Pl (np2; (np2; + 2))'/?
(K] - AU ANy e (A, (4.24)
Aoy & (1+ |p,H)V
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Figure 4.2: Table of linear interpolants for the 3D field elements.

where K is known as the stiffness matrix, given by

K] = / (ALY (A didgds. (4.25)

This equation can now be solved with the use of a standard linear solver.
K is a large, sparse matrix, so one can take advantage of sparse solvers. K is
also a singular matrix, and so boundary conditions must be applied to make
the solution valid. The boundary condition applied here is that the matrix values
corresponding to the nodes at zo = 0 must = 0, as the electrons cannot propagate
there: they cannot travel faster than the speed of light ¢, so in the z; coordinate
system, which is the radiation frame, they must always propagate in the negative
Zo direction.

The linear interpolants are also used to sample the field experienced by each

electron in the electron equations.
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4.3 Transverse Electron Beam Distribution

The electron distribution in z and ¥ is assumed to be Gaussian. However, the
method of matching the beam in [33] upon which the method in section 3.2.1
was expanded uses a “hard-edged” emittance. Figure 4.3 illustrates the problem
in the transverse electron phase space T vs p,. The red ellipse is the hard-edged
emittance, with major and minor axes 2rz, 2r;,, and will be the path taken by the
outermost electron(s) in a matched beam. The electrons are to be initialized on
a rectangular grid, shown in blue, so that the outermost electrons on the corners
then follow the path outlined by the hard-edged emittance. Since it is assumed to
be Gaussian, the rectangular beam area is of length 6oz, 605,, where oz and o5,
are the standard deviations of the Gaussian in z and p, respectively. This greatly
reduces the emittance - which for a Gaussian is o< 0,0, - from the hard-edged
emittance.

To solve this, the hard-edged emittance €, and the maximum radii rz,, and
Tpem are introduced. The rectangular area in the ellipse which covers the largest
area has length 7z,,/v/2, Tpem/ V2. Tt can then be inferred that

0z = Sr—\;ﬁ,apx = % (4.26)

Therefore the hard-edged emittance is €, = 18¢, and the maximum radii, from

equations (3.85) and (3.93),

€n
& 4.27
ron =T (127)
_ Tuy/h (4.28)

r- = =
pem fkarz
From this a matched beam is initialized with a Gaussian charge distribution

in the transverse plane and a corresponding scaled emittance €.

4.4 Parallelization

Since the system of equations is not averaged over a radiation wavelength, as

with other codes, the sampling period must be sufficiently small to resolve the
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Figure 4.3: Plot of the emittance, T vs p,. The red line represents a “hard-edged”
emittance which is used for beam matching. The red ellipse is therefore the maximum
radius of the electrons in the phase space. The blue rectangle indicates the area the
macroelectrons are initialized onto, so the outermost electrons at the corners rotate
around the ellipse. Imposing a Gaussian of width 60 onto this square distribution,
however, will result in a smaller real emittance, which = 0,0, than the hard edged

emittance shown in red given by the maximum radii.
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resonant wavelength of the FEL and any shorter wavelengths such as higher
harmonics which are required to be modelled. Furthermore, the electron beam
is fully longitudinal and the electrons are not confined to any cyclic phase space.
Because of this, the memory and computation requirements are considerable, and
the simulations must be run on a parallel machine to distribute the memory.

It is known [47] that the communication of data between processors reduces
the performance enhancement from using more processors. Designing a dis-
tributed memory code which solves this 4 dimensional FEL system and scales
well with the processor number poses an interesting problem in that there are
two systems (radiation + electrons) which are constantly shifting in time with
respect to one another due to the slippage of the field over the electrons.

An electron must interact with the local field nodes surrounding it, and the
field nodes must be driven by any electrons immediately nearby. However, the
electrons slip behind the radiation field with each step. If both systems are
evenly distributed across processors, this will require a huge amount of inter-
process communication, which will hamper the perfomance of the code for large
processor numbers. Furthermore, the rate at which the field slips ahead of the
electrons is not a constant in an unaveraged system - the equations allow the
electron to have a rapid change in energy within one radiation period e.g. for
very high radiation fields. So in general it is not possible to predict the relative
positions of electrons in advance.

One approach is to pick one of the systems, either the field or electrons, dis-
tribute it evenly across processors and fix this distribution. The data distribution
for the other system must be calculated at each step and will be shifted around
the processors as required. If the field is chosen as the fixed distribution, the elec-
tron variables will be shifted between processors. However, this leads to a poor
spread of the computational load, as the electrons can only generate, amplify,
and interact with the field finite elements which immediately surrounds them.
This is especially true for short electron bunches, which is one of the areas an
unaveraged code is particularly useful - the electrons in the bunch will only be

distributed over a small percentage of the processors available at any one time.
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Those processors will be doing all the work to drive the field.

Taking the opposite approach, by distributing the electron data uniformly
across the processors, the computational load is well spread in the source step.
However, it is desirable to uniformly distribute the field nodes across processors
for the diffractive half-step. The two approaches are illustrated in figure 4.4.

In the compromise algorithm presented here, the electrons are distributed uni-
formly across Z; in memory, and a full copy of the field is kept on each processor.
This is justified by considering the relative memory sizes for a typical FEL sys-
tem: each electron has 6 dimensions and the number of electrons can potentially
be a few orders of magnitude larger than the number of field nodes; the field has
only 3 dimensions. Clearly, the priority is to distribute the electrons in memory.
In addition, there is a large sparse stiffness matrix to store in memory, typically
~ 27 times the size of the field. This is generated and stored in a uniform pro-
cessor distribution. In this method, the source term is solved in parallel, and a
processor does not have to calculate which nodes it needs for the electrons it pos-
sesses and obtain them from the relevant processor. This is because the processor
already has all the field information stored locally. The diffraction step is easily
solved in parallel, as each processor selects a segment of the field to solve from the
locally available field array. Likewise for the stiffness matrix calculation. However
when calculating the RHS of the source term, in equation (4.24), this cannot be
solved without communication between processors. Each processor calulates its
own values for the driving term on the RHS from the electrons it possesses, and
these values must be added to corresponding values of the RHS from all other
Processors.

The linear solver used to solve the field source term stiffness matrix equation
(4.24) is SuperLU_DIST [48, 49] and the Fourier transforms needed for the field
diffraction solution are performed by FFTW 2.1.5 [50]. This is an earlier version
of FFTW and is used as it supports MPI routines.
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Figure 4.4: Methods of parallelizing the FEL system. Electrons are shown in red, and
field indicated in blue. The data must be divided amongst 8 processors, labelled Py-
P;. The first diagram on top shows the field distributed evenly over the processors, in
which case most of the processing is being performed by processors P, and Ps, as the
field nodes are only driven by the electrons which are close to them. The second shows
the electrons distributed evenly, in which case the processing effort seems to be better
balanced. Howerever, the diffraction step, which occurs for all field nodes, would then
require a redistribution of the field data to make that step have an even computational

balance amongst processors.

82



4.5 Linear Solver Limitations

The memory requirements of the algorithm pose some problems even when par-
allelizing, and some situations may not be modelled due to memory constraints.
These occur when using a long undulator or electron beam.

It is found that the most memory and processor intensive section of the algo-
rithm is solving the linear system of equation (4.24) to obtain 941 for the field

0z
equation. The SuperLU_DIST manual [51] explains there is a sequential bottle-

neck during the initial stages of the solution. In contrast, the Fourier method (in
Appendix A) has a sigificantly lower memory requirement - the Fourier method
of solving the source term was abandoned only due to slow performance caused
by the prohibitive number of calculations required.

In an attempt to reduce the memory demand for the linear solver, an “ac-
tive” section of the field is chosen in the transverse plane, which includes only
those nodes required for the field generation throughout propagation in the entire
undulator. It is assumed the electron beam will be confined to this transverse
area with the necessary beam focusing. The nodes outside this region are only
required for diffraction.

It is worth considering that the total transverse area of the field must be
significantly larger than the electron beam, to allow for diffraction. Typically,
for 64 x 64 nodes in r and ¢, only the inner 20 nodes will be interacting with
the electron beam if it is matched to the focusing chanel, as the beam’s radius
will remain constant. This is shown in figure 4.5. The electron beam will be
confined to the area indicated by the green ellipse. The “active” nodes, indicated
in red, are the only nodes needed in the linear solver. The outer, blue, nodes
are redundant during the solution of the source term. Solving only these inner
nodes during the linear solver step dramatically reduces the computation time
and memory constraint on the code at run-time.

It may be that SuperLU_DIST is not a suitable choice of linear solver for
this problem. It seems to be better suited to non-symmetric systems. A solver

optimized for solving systems with symmetric matrices should prove a better
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Figure 4.5: Diagram showing the transverse plane of the system, and why only the
center nodes are needed to solve the source term. The green ellipse is the transverse
electron beam profile, with the transverse field nodes overlayed. The red nodes are the
so-called “active” set, which will be solved for in the source term. The blue nodes are

only required for the field diffraction.
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option and increase performance. It should be relatively simple to change the
solver in the code, as all routines pertaining to the linear solver are contained
in a single module. Alternative linear solvers which may be considered include

PSPASES [52] , MUMPS [53] and DSCPACK [54].

4.6 Diffraction Requirements

Modelling the radiation field on a grid of finite extent has consequences for the
diffraction. Since the code models the full radiation spectrum (up to the Nyquist
frequency), the code exhibits a frequency dependant diffraction length. For lower,
sub-resonant frequencies this can become a problem, especially at very low fre-
quencies which diffract more quickly. As the code must model the field within
a finite length in the transverse directions, whilst still preserving an adequate
sampling rate in  and g to model the transverse behaviour of the FEL, it poses
a problem when the field diffracts past the transverse boundaries of the sys-
tem. The diffraction algorithm is performed in transverse Fourier space, which
has periodic boundary conditions, and in real space the phenomenon emerges as
build-up of a low frequency background field which can become large. This is a
problem, in particular, for the Coherent Spontaneous Emission (CSE) from the
electron pulse, which arises from the Fourier components of the shape of the elec-
tron pulse, and so typically has significant low frequency content. This type of
emission cannot be modelled in an averaged code, and may be a significant source
of start-up from FEL’s using short electron pulses. The diffraction characteristics
and the implications for the code are now described.

The Rayleigh range is a measure of the diffraction in the system. After one
Rayleigh range in z the waist of the intensity will increase by v/2. The Rayleigh

range may be written as [23]

2
W0

— 20 4.2
2R 3 (4.29)

where w,q is the initial waist of the intensity in = (or y), and A is the radia-

tion wavelength. This is obtained assuming the following form for the intensity
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distribution [ in x and y:

— 92
I =Iyexp { - } (4.30)

Wzo
where I is the peak intensity.

The input parameters given in the code are the standard deviation oz 5 of the
electron beam and oz 5 of the seed field in the transverse directions. So it is
desirable to change to these variables.

The field envelope is defined from the standard deviation oy, by the standard

form of the Gaussian distribution,

—x2
50 = fopk exXp [?20] (431)
and the intensity is simply the magnitude of the envelope squared
2 2 —a?
I = ‘50| = €Opk exXp |:—2:| (432)
020
and so it is found that
wo = \/ﬁafzo (4.33)

So changing the Rayleigh length (4.29) to the scaled notation, recalling that
zZ=2z/ly, Zo =ct/l.,x,y = x,y/+/ll,, and changing to the standard deviation of
the field gives

Zr = k2044 (4.34)

where k.o = 27/).5 is the wavenumber in Z,.
The general expression describing the characteristic oy, of a Gaussian field

after a propagation distance z is

This places restrictions on which frequencies can be modelled with a trans-

verse plane of finite extent without excessive build-up of low frequency due to
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periodic boundary conditions. The length of the sampled field in the transverse
axes must be long enough to accomodate the full length of the radiation being
modelled. If the field diffracts to an area beyond the extent of the model then
the numerical solution becomes invalid, resulting in a significant non-zero back-
ground field arising. To avoid this, the length of the sampled field in z and y,
Lz, must be larger than the total length of the intensity distribution of the field
in those directions.

In the code a Gaussian distribution is generally assumed to be adequately
described by a total length of 60y,, for example when initializing the electron
distributions or initializing a seed field. Here, however, the Gaussian is assumed
to have significant values at the edges of the sampled field in the transverse
plane when [,,, = 40¢,. Then the length of the sampled field in the transverse

plane [,,, is able to model a frequency component with transverse size 40, when
lwe > 40y (4.36)

and converting to scaled notation and substituting in expression (4.35) to obtain
the condition of the length of the sampled field in Z, [,z after propagation distance

Z and initial transverse fied size oz gives

=2
Lo > 40 ps01 |1+ — (4.37)
ZR

and using (4.34) and rearranging gives the allowed frequencies in zZy:

- 2 ~1/2
by > — (ﬁ = 1) (4.38)

o3 \ 160%5

This shows that for the full 3D model there is a low frequency cut-off below
which the field cannot model correctly. The best solution is to employ absorbing
or transparent boundary conditions [55]. This is a non-trivial solution. Two other
simpler methods are considered.

The first is to simply not allow the lower frequencies to diffract. This is easy to

do as the diffraction solution (equation (4.13)) is in Fourier space with an explicit
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frequency dependence. It will, however, lead to an unphysical field intensity
at these frequencies. However, if these frequencies are far below the resonant
frequency they should not have any significant effect on the collective electron
beam-radiation interaction, and can be safely filtered out in post processing.

The other option is to filter the lower frequencies during the simulation. It
could be argued that this is closer to what would actually happen in the undulator
since these frequencies will diffract away very quickly.

It must be noted that either solution means that the low frequencies below the
cut-off are not being modelled correctly. The validity of this is entirely dependant
upon the parameters being modelled. For instance, in [56], which describes a 1D
helical FEL model similar to the 3D version presented here, the electrons are
decelerated in small bursts over a period smaller than a resonant wavelength by
a narrow, intense radiation pulse. If the energy exchanges happen on this small
a scale then high power low frequency components could become important. On
the other hand, for a more conventional system, where the exchange is only
significant over many undulator periods, it is safe to assume that radiation far
from resonance can be ignored.

One criticism is, of course, that the code here is designed specifically to model
frequencies away from resonance. For now it is noted that only very low fre-
quencies will be ignored, which still enables a wider frequency model than that
using the SVEA, and that ALL frequencies above the cut-off, including higher
harmonics are still modelled self-consistently.

The cutoff will fall close to the resonant frequency w, for smaller values of
the electron beam transverse dimension o, ,, because a smaller initial transverse
radius will result in a shorter gain length, from equation (4.34). In the 3D sim-
ulations presented in section 5.4.2, the highest frequency cutoff is at ~ %, that

is, one-third of the resonant frequency.
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Figure 4.6: Plot of the how the frequency cutoff, defined by equation (4.38), varies with

the initial radius oz, for a fixed z. The larger the initial radius, the smaller the cutoff.
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4.7 Code Overview

A diagram of the parallel code algorithm is shown in figure 4.7. The yellow boxes
correspond to non-parallel operations, which each processor performs on its own
in full. For example, the full global field array is kept on each processor, so it is
generated, in full, by each processor individually.

The code is written in FORTRAN 90/95, and has been written using open-
source packages, to enable maximum portability. The data is output in SDDS
format [57]. There is no parallel support for SDDS, so the processors take turns
at opening the data file(s) and writing their own local data to them.

At the moment, the post-processing of the data files is performed using a
number of routines written in MATLAB, which is proprietary software. However,
it should not be difficult to change this to its FOSS (free and open source software)
alternative, Octave. Or it may be wiser to use analysis packages on the servers
the code is run on. Given that the data files are potentially very large, so that
analysing the data on a standard desktop machine will not be possible for large
runs, and transporting the data between machines is a troublesome issue, as is
the storage of the data, if it is to be stored permanently, it may be more efficient

to analyse the data on the servers on which the code is run.
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Figure 4.7: Diagram of full algorithm.
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Chapter 5

Results

Several FEL systems are now modelled using the simulation code. The initial
results are to test the code against previous 1D unaveraged FEL results in [58],
[40] and [45], which test the 1D limit and demonstrate that the field and electron
bunching are being described correctly. The subsequent results show the effects of
the undulator polarization, undulator chicane sections, 3D electron beam focusing
and field diffraction. The final examples demonstrate new, potentially exciting,

effects that the code may be used to investigate.

5.1 1D Approximation

Initially, the code is run in the 1D limit, using parameters from [58], [40] and [45].
The results are shown in the following subsections and give excellent agreement
with the referenced works.

In the 1D limit, the source equation 4.16 is integrated over z and ¢, so that

aA "~ D (192 (1pa; + 2))'? (22— 7)) (5.1)
- awnp (1 + [y S |

where T is the transverse area of the radiation field. Diffraction is not solved,

and only one node and one electron in the transverse plane are used.
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5.1.1 CSE in a Helical Undulator

The following parameters, taken from [40], are used in this first benchmark. The
parameters test if the Coherent Spontaneous Emission (CSE) is being generated
correctly. CSE arises from current gradients in the electron pulse. The radia-
tion feedback is switched off to observe only the spontaneous emission from the
electron pulse. This is achieved by forcing A,; = 0 in the electron equations.

The FEL parameter p = 0.01 and the rms wiggler parameter a,, = 2.0 were
used. The electron pulse is 2/, long, that is, two coherence lengths, corresponding
to a length of 2 in the zy frame (as Zy = (¢t — 2)/l.). The undulator is 1 gain
length long, i.e. Z = 1. A resonant wavelength in Zy = 47p and an undulator
period in Z = 4mp. So the undulator length ~ 8 periods long. The electron pulse
has a rectangular or “flat-top” current distribution in Z, and there is no noise in
the cold, resonant distribution, meaning that py;, = 1 and the electron weighting
factor yx = 1Vk. As a consequence the current gradient is zero except at the
edges of the electron pulse, where there is a discontinuity in the current gradient.
The radiation feedback onto the electrons is artificially switched off here, so that
only the spontaneous emission from the electron pulse is generated.

As explained in section 2.4, in an averaged model of the FEL, the field is
averaged over a length in Z; equivalent to at least 1 resonant radiation cycle, and
so rapid variations in the source term on the scale of this averaged period are
not modelled correctly in such an averaged code. However, without averaging,
the discontinuities at the edges of the pulse result in a strong coherent emission
necessitating an unaveraged model of the FEL.

The plots in figure 5.1 show the scaled intensity |A,|* as a function of Z, at
different positions within the first undulator period. The electron macroparticle
positions, shown in red, are intitialized at position 0 < z; < 2 as shown in plot a).
In the 2, frame, the electron pulse tail is to the right, and as the pulse moves from
left to right it is slipping back through the stationary radiation frame. In this
sense Zj is like a scaled time variable. The intensity emitted from the pulse is seen
to oscillate within an undulator period, shown in b)- d). The electron pulse slips

back, and the observed interference effect results in the coherent radiation spikes
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Figure 5.1: Multiple plots of scaled intensity vs Z». The code is in the 1D limit, and
the plots show the generation of CSE over an undulator period. The electron beam
position in Z, is in red. The intensity over the electron pulse is seen to oscillate and a
process of constructive interference leaves the CSE spikes at the head and tail of the

electron pulse.
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Figure 5.2: The code in the 1D limit, after a further 7 undulator periods from the
simulation results in figure 5.1. Therefore 8 CSE spikes in radiation intensity have been
generated through the process shown in figure 5.1. The plot gives excellent agreement
with [40].

emitted from the edges after one full undulator period, seen in the final plot. The
region over the electron pulse 0.125 < Z, < 2 in d) has destructively interfered. If
the electron macroparticle weights had noise added, this destructive interference
cycle would result in a small random noise in the intensity, from which the SASE
process begins.

The final result after 1 gain length, or 8 undulator periods, is presented in
figure 5.2. It gives excellent agreement with the simulation presented in figure
1 of [40]. The 8 spikes of duration 1 resonant wavelength are the result of the
interference effect shown in figure 5.1. According to CSE theory the magnitude
of the coherent emission should be ~ 16p* = 1.6 x 1073 [40]. The position of
the electrons in z; are again shown in red, and the electron beam is seen to have
propagated in 2z, to 1 < 2z < 3, with the head of the pulse at Z; = 1 and the tail

at 5223.
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5.1.2 SACSE in a Helical Undulator

In the previous section, the radiation feedback onto the electrons was artificially
switched off in the code. This interaction is now switched on in the code so that
the radiation/electron interaction is self-consistent and one observes the FEL
amplifying the initial CSE. This amplification process, with startup from CSE
rather than noise, is known as Self Amplified Coherent Spontaneous Emission
(SACSE) [40]. The electron pulse in the example presented here is 10 cooperation
lengths long, the undulator is 15 gain lengths, and p = 0.005.

Again, a flat top current distribution is used, so xx = 1 for all electrons. As
in the previous section, the CSE will be emitted strongly from the edges of the
electron pulse. The intensities at two different propagation distances through the
undulator are shown in figure 5.3.

In the top plot, the electron pulse z; position is again indicated in red along
the axis, and the scaled intensity |A|? is shown in blue. The head of the electron
pulse is at zZo = 3.75. At this stage one can identify three distinct slippage, noise
and free-space regions.

The free-space region is that for 0 < zy < 3.75, and here the CSE from the
head of the electron pulse has propagated forward into free space, and does not
interact with the electron pulse. As in the previous section, the amplitude of the
CSE is oscillatory with a period of 47p, but the oscillations cannot be resolved
on the scale shown. The slippage region 10 < 2z, < 13.75 contains the CSE from
the tail of the pulse, which has propagated through the electron beam towards
the head, and has been amplified. The region 3.75 < z, < 10, is the so-called
steady state region. It shall be called the noise region here, since it is the region
evolving noise alone, and is outwith any influence of CSE.

The CSE bunches the electrons as it propagates over them from the rear, and
this, in turn, amplifies the field more strongly. This self-consistent interaction
continues until the radiation is amplified to a superradiant-type spike, shown in
the bottom plot of figure 5.3, at Z; & 14. The electron pulse is shown between
15 < zp < 25, with the front of the electron pulse at z; = 15. There is no longer

any noise region as the CSE has propagated throughout the entire electron pulse.

96



Figure 5.3 is a reproduction of the SACSE plot in [40]. It is important to
recall here, that for comparison with [40], the Zy coordinate system is inverted
with respect to the z; frame of [40]. Both models are in excellent agreement.

Reference [40] also compared the non-averaged results evolving from CSE with
those of the averaged model which contains no CSE and evolves from noise alone.
These results demonstrate that SACSE generates output of much higher output

intensity, and reduces the shot-to-shot fluctuations.

5.1.3 SACSE in a Helical Undulator with Energy Spread

The previous two sections utilized a flat-top current distribution, with no noise or
energy spread. Now, the noise and energy spread are added to allow comparison
with the two results presented in [45].

[45] describes the method of generating an electron distribution in an un-
averaged FEL code based on Poisson statistics. The results of two simulations
are shown which describe the effects of energy spread on the generated CSE,
and shows whether CSE or noise dominates the generated field, for two different
electron beam distributions, a Gaussian and a flat-top.

Both the flat-top and Gaussian cases with noise are run, with p = 7.96 x
1073, @y, = 2,7, = 100.0 and Q = 1nC, in line with the examples in the reference.
For the flat-top case an electron pulse of duration 61, is used, and the undulator
is 5l long. In the Gaussian case, the pulse is 18!, long, with standard deviation
0.2 = 3 and the undulator length is 2/,. In both cases there is a longitudinal
momentum spread of standard deviation o, = 0.008, which corresponds to the
momentum spread in the z; frame o, = 0.5 in the reference.

The main features in the flat-top case, shown in the top of figure 5.4, are the
same as those modelled in the previous section in the top graph in figure 5.3.
The free space region is between 0 < z, < 5, the amplified CSE is present in the
region 6 < Zy < 11, and the section of the pulse still evolving only from noise is
5 < Zy < 6. Note the reduction in the magnitude of the emitted CSE in the free-
space region. This is due to the energy spread smearing out the discontinuity in

the electron beam current profile at the front of the pulse. Here the oscillations in
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Figure 5.3: Plots of scaled intensity vs the scaled time coordinate Zs. The code is in
the 1D limit, using parameters used to produce figure 2 of [40]. A flat top current
distribution has been used. The electron pulse position is in red. The initial CSE can
be see in the top plot, emitted from the discontinuities in the electron current at the
edges of the electron pulse. The oscillations in amplitude are not able to be resolved at
this scale. The CSE from the back of the electron pulse, on the right side of the pulse,
has been amplified as it passes over the electron pulse. The bottom plot shows the same
process further in the undulator. The amplification of the CSE having propagated over
the electron pulse has resulted in a large intensity spike. This is SACSE.
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the magnitude of the CSE can be clearly seen to be decreasing as the interaction
progresses and the current edge has become less defined.

The bottom graph in figure 5.4 is a filtered version of the top plot. The
spectrum is filtered to allow only frequencies above &~ 0.2\, to be shown. Note
that the oscillations in the CSE are no longer present, demonstrating that the
oscillations are due to the low frequency emission which is dependant on the
shape of the electron pulse. The low frequency content causes the envelope of
the higher resonant frequency to modulate. The coherent emission at resonance
is still seen to be much larger than the emission from noise.

For a Gaussian current, the top plot of figure 5.5 again exhibits CSE from
the current gradients in the pulse. However, as the electron pulse has a Gaussian
current distribution, there are two spikes peaking where the gradient is maximum.

Both the regions 0 < zZ; < 2 and 18 < Zzy < 20 exhibit CSE from the discon-
tinuities at the head and tail of the electron pulse. This is due to the electron
pulse being sampled for a finite length of 60,5 in z;. Modelling the electron pulse
to 90 will reduce this, although not remove it completely. It is important to note
this fact. If one desires to startup the FEL process from only the noise of the
electron pulse, then this CSE must be smaller than the noise. This is not the
case here, as shown in the second plot of figure 5.5 where a high bandpass filter
has been applied. The lower frequencies are eliminated, and only the radiation
primarily from the resonant frequency is shown. Other frequencies are present,
but the dominant frequency is the resonant frequency. Without filtering there are
low frequency components of CSE present from the shape of the electron pulse.
It is seen from the noisy structure of the output that the noise dominates the
CSE at the resonant frequency. It is also seen from this filtered plot that the
CSE from the finite sampling, in the regions 0 < z; < 2 and 18 < z, < 20, is
larger in magnitude than the noise. Again, it should be emphasised, this arises
from the edges of a Gaussian sampled beam. The plots in both the flat top and

Gaussian cases agree with the results of [45].
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Figure 5.4: Plots of scaled intensity vs the scaled time coordinate Z;. The code is in
the 1D limit, using parameters used to produce figures 4 and 5 in [45]. In the top plot,
similar behaviour to the top plot in figure 5.3 is observed. The amplification of CSE
from the electron pulse tail can be seen. The bottom plot show the same result, with a
high band pass filter applied to the radiation field. Frequencies < 0.2\, are neglected.
The oscillations in the CSE intensity have disappeared.
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Figure 5.5: Plots of scaled intensity vs the scaled time coordinate z. The code is in
the 1D limit, using parameters used to produce figures 7 and 8 in [45], giving excellent
agreement. A Gaussian current distribution (with noise) is used with ¢,2 = 3. In the
top plot, the CSE, arising from current gradients in the electron pulse, peaks twice,
where the current gradients are largest. The bottom plot is the filtered intensity. All
radiation frequencies < 0.2\, are neglected. As the low wavelengths from the electron

pulse shape are now gone, the noise is seen to dominate at the resonant frequency.
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5.1.4 SACSE in a Planar Undulator

For the final test in the 1D limit, a comparison with the result presented in [58]
is performed, where an unaveraged 1D model of a planar undulator FEL was
described. The result is compared to the case of a flat-top current distribution
in the reference. There is noise present in this example. The FEL parameter
p = 0.01, a, = 2, 7 = 100 and the undulator polarization is f, = 0, f, = 1.
Figure 5.6 shows the x radiation fields at distances z = 2 and z = 25 into the
wiggler. The electron pulse measures 40!, in length. This is a much longer electron
pulse and propagation distance than the previous examples. The features of the
plots are the same as in the flat top cases of SACSE in the helical undulator,
although now, for a direct comparison with [58], the scaled = polarized field is
shown rather than the intensity. The top graph shows the initial CSE, with
the noise, free-space and slippage regions cearly visible. There is no apparent
amplification yet. The bottom graph shows the expected SACSE spike at z, ~ 45,
and the noise region over the electron pulse is at 25 < zZ; < 40, as the SACSE
spike has not propagated to this region yet. The noise region in this example has
amplified to saturation: this is SASE. The intensity spikes from the SASE appear
to have a random structure, and are evolving independently. Given that there is
no energy spread, this example is deep into saturation, and the normal expected
characteristics of the SASE process (spike separation ~ 2wl. etc) occuring at

saturation may not be valid.

5.2 Polarization

The field polarization is driven by the electrons traversing a wiggler of polarization
specified by f, and f,,. Simulations are now presented that demonstrate that the
field and its polarization are driven consistently with such a variable transverse
current. The simulations in this section are performed in the 1D approximation
described in the previous subsection.

Figure 5.7 shows the field generated in 3 separate simulations. In each, an

identical, extremely short, electron pulse propagates an undulator with different
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Figure 5.6: Plots of scaled = polarized field vs the scaled time coordinate z». The code
is in the 1D limit, using parameters used to produce figure 3 in [45], giving excellent
agreement. A flat top current distribution is used, this time in a planar undulator.
The features present in the two plots in figure 5.3 are present here, with the initial
CSE from the rear of the electron pulse (at Za = 42) in the top plot being amplified as
it propagates though the electron pulse in the bottom plot. Note this time the scaled
field is plotted rather than the intensity.
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Figure 5.7: Example of different field polarizations as driven by electrons in planar,
eliptical and helical wigglers as specified by f, and f,. The radiation polarization
profiles are shown at the bottom, and the scaled powers on top. The undulator is 20
undulator periods long. The electron pulse length [ = 0.1, so has radiated coherently,

generating an output much like a single electron with a large charge.
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Figure 5.8: The plots show the result of seeding a y polarized undulator (so the electron

oscillation is in x) with a y polarized field. The upper plot shows the intensity of the x

and y fields, and the position of the electron pulse, which has a Gaussian distribution

of 1.667 and a total length of [, = 10 in Z3. The undulator propagation distance is

Z = 10. The original Gaussian seed field is still present between 0 < Zy < 10, and has

been unaffected by the electron beam. The lower plot shows the 3 Stokes parameters,

P1, which shows the linear polarization rate, P2, which shows the skew polarization

rate, and P3, which shows the circular polarization rate.

105



Scaled Intensity

X and Y Fields

0.6k — X field
yfield
0.4 + electrons
0.2}
0 -
0 5 10 _ 15 20 25
pty)
Stokes Parameters
1 [ T T T T
—P1
P2
0 ——p3h
-1 . , , . -
0 5 10 15 20 25

|

Zo

L

Figure 5.9: The same two plots as in figure 5.8, this time using an undulator of polar-

ization f, = 0.5, f, = 1. All other parameters are the same.
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Figure 5.10: The same two plots as in figure 5.8, now using an undulator of helical

polarization, f; =1, f, = 1. All other parameters are the same.
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polarization. The FEL parameter p = 0.0796, and the electron pulse length in z,
is 1l0p, where 4mp is the resonant FEL wavelength in the scaled z, frame. The
size of the electron pulse should mean that the electrons emit coherently with
characteristics much like a single, super-charged electron. The blue lines show
a planar undulator with f, = 1, f, = 0, the green corresponds to an elliptical
undulator with f, = 1, f, = 0.5, and the red shows a helical with f, = f, = 1.
Two plots are shown per undulator: the top shows the intensity, and the bottom
shows the polarization ellipse for each case, formed by plotting A, vs A,. One
would expect for the case f, =1, f, = 0, from the Lorentz equation (3.12), that
the electron pulse oscillate in, and thus produce a field in, the y axis. Increasing
fy to 0.5, one should also expect a slight oscillation in the x direction. The
helical undulator should produce a circular polarized field. Note that in this
figure the instantaneous intensity A% + Af/ is plotted with the fast oscillatory
terms. It is not the more common time-averaged intensity. This is why the linear
and elliptical intensities are oscillatory, and the circular polarized result shows a
constant intensity.

Interestingly, the field polarization is solved self-consistently i.e. it is not pre-
defined by assumption. The electrons will only interact with the appropriate
part of the radiation field vector. For example, if the electrons oscillate in the
y-direction and are seeded with an x-polarized field there will be no interaction.

To show this the electron pulse is seeded with a linear polarized field. Again,
three simulations are performed with identical electron pulses but differently po-
larized undulators. The initial seed field, with a y polarization, is identical in
all three. The electron pulse is of length 10[., with a Gaussian distribution of
standard deviation 0.,, ~ 1.667. The seed field envelope also has a Gaussian
distribution with the same deviation.

In the first example a planar wiggler with f, = 0, f, = 1 is used, so the
electrons oscillate in x and should not interact with the orthogonal seed. In
the second the undulator polarization is f, = 0.5, f, = 1, and the third has
fo=1y =1

Figures 5.8 - 5.10 plot the results. The top plot in each figure show the
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intensity of the z (blue) and y (green) polarized fields. This time, the more
common time-averaged intensity is shown. It is found by simply averaging the
square of the field in each transverse direction over one radiation cycle in z, about
each point. The position of the electron pulse in 25 is indicated in red. There is
no energy spread in the beam in this example: the purpose of the simulation is
purely to illustrate the self-consistent evolution of the polarization in the code.
In the linear case, figure 5.8, the electron pulse passes through the undulator
and is unaffected by the seed field. The seed is visible here in green, and remains
unchanged from its initial state. The blue x field generated from noise is here
barely visible on this scale. In the second example, for the elliptical polarized
undulator, figure 5.9, the slight electron oscillation in y results in an energy ex-
change with the seed field. The seed causes a bunching of the electrons which
then emit coherently according to the undulator polarization. The reduced inten-
sity of the y field demonstrates that the electrons are generating and amplifying a
field with elliptical polarization. The helical undulator case of figure 5.10 results
in the same behaviour, but now identical intensities in = and y are generated.
To quantify the polarization, the Stokes parameters are shown in the bottom
graphsof figures 5.8 - 5.10. If the x and y polarized electromagnetic fields are

described in the form
E, = E,cos(wt) (5.2)
E, = Eycos(wt + 0), (5.3)
where E,g, Ey are the amplitudes of the fields, w is the angular frequency and ¢

is the phase difference between x and y, then the Stokes parameters are defined

So=(E:+E.) (
S = (E; - By) (
Sy = (2E,E, cos(6)) (
Sy = (2E,E,sin(0)) . (

where the brackets (...) indicate an average over many wavelengths.
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The normalised Stokes parameters are then [59]

Sh
p=2t .
1= 3, (5.8)
S
p=2 .
2= 3, (5.9)
Sy
P == — c].
575, (5.10)

These measure the degree of linear polarization aligned across the x (P, = 1)
and y (P, = —1) axis, the linear skew polarization at 45° (P, = 1) and 135°
(P, = —1) angles to the z axis, and the right hand (P; = 1) and left hand (P; =
—1) circular polarization in a given field. Since they are averaged quantities, A
is split into sections across Zp, each 20 resonant periods long, within which the
averaged Stokes parameters are calculated. This provides a way of observing how
the polarization changes along the pulse in the longitudinal z, coordinate.

The original y polarized seed field, shown in the intensity plot of figure 5.8,
is located at 0 < zZy < 10. The corresponding polarization plot on the bottom of
figure 5.8 shows the polarization as P; = —1 in this region, correctly indicating
the y polarization. The polarization then changes to P; = 1, an x polarized field,
which is the polarization of the spontaneous emission from the electron pulse.

The Stokes parameters for the second and third examples in figures 5.9 and
5.10 show the seed field polarization changes according to the electron oscillation
direction in the transverse plane. The peak of the seed field was at zZ, = 5, which
the Stokes parameters show is now almost completely circularly polarized in the

helical case of figure 5.10.

5.3 Slippage Section/Chicanes

The code can model the effects of a series of multiple phase shifts and delays
of the electron pulse with respect to the radiation field during propagation in
the undulator. Each phase shift simulates the effect of a dispersive chicane with
longitudinal shift in Z; and dispersive strength factor D. In this model, the FEL is

composed of many modules, composed of an undulator section and a chicane, see
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Figure 5.11: Tlustration of an FEL composed of multiple unduator-chicane modules.

figure 5.11. Each chicane adds a delay to the electron beam with respect to the
radiation field. The phase shifts are applied at intervals specified by a lattice file,
and the n'” line of the lattice file corresponds to the n'"* wiggler-chicane module.
Each line specifies the number of wiggler periods in the undulator section, and
then the number of resonant wavelengths the electron beam is delayed by due to
the chicane with respect to the radiation field.

As the electrons travel through the chicane, they may be travelling at different
longitudinal velocities, which, if they propagate freely, will result in a change in
their position with respect to the average position of the electron beam. This
process of dispersion is controlled here by a dispersive strength parameter D of
the chicane, which is used to artificially give “more” or “less” dispersion. A larger
value of D means the electrons will deviate further from their relative positions
according to their differences in energy. The change in Z; due to the dispersion

process and the delay 9§ is given by

(1 —payj)

3+ (5.11)

Zoj = Z2j0 — D

where 6 is the average longitudinal shift of the beam in Z; without dispersion due
to the chicane. In order to illustrate and test the effects of this, the code is run
in the 1D limit for this sub-section.

By applying periodic shifts to the electron beam by utilizing multiple undulator-
chicane modules, one can generate a frequency comb, with frequency mode spac-
ing determined by the total slippage in each undulator/chicane module [36]. The
modal envelope is equal to the usual FEL spectrum for one undulator module.
These modes can be locked with a periodic modulation on parameters, e.g. by
supplying a modulation on electron beam energy. The mode-locked FEL is pre-

dicted to generate X-ray attosecond pulse trains from an FEL [36].
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An unaveraged code may be better equipped than an averaged code to sim-
ulate the mode-locked FEL due to its enhanced frequency range. Indeed, the
unaveraged 1D simulations of the mode-locked FEL predict significantly higher
output intensities and substantially shorter radiation pulse widths than the av-
eraged simulations [60].

To check the generation of modes in this code, an electron beam of length
lz5 = 50, and Gaussian charge distribution with 0,5 ~ 8.3 and bunch charge 1nC
is propagated through a helical undulator, with p = 0.005. Each module contains
an undulator of 8 periods, followed by a chicane which delays the electron bunch
a further 23 undulator periods with respect to the radiation. The total slippage
in each module is therefore 31 x 47mp in z;. The beam passes through 18 such
undulator-chicane modules. Figure 5.12 shows the scaled intensity spectrum of
the combined x and y fields. Here D = 0, so the electron beam is simply being
delayed without dispersion. The modes are not locked in this example.

According to [36], the spacing of the generated modes in the scaled Z, frame
should be Aw., = 3.2258. The frequency axis is scaled so the fundamental
appears at 1 by multiplying the frequencies by 2p, and so in this case the spacing
should be 0.0323. This is observed in the result shown in figure 5.12, so the modes
are being generated as predicted.

More generally, this functionality allows for easy modification to allow a more
general transformation to be applied to the electron coordinates at intervals spec-
ified by the user in the lattice file. This allows for the opportunity in the future
to easily insert e.g. FODO focusing quadrupoles periodically, to allow a more

realistic transverse focusing of the electron beam.

5.3.1 3D Broadband Model

Due to not performing the SVEA| the code is capable of modelling the full radia-
tion spectrum self-consistently in 3 dimensions. It is limited only by the sampling
period specified by the user via the Nyquist condition [61]. As the code is in 3D, it
simulates the transverse intensity profile of the radiation. Coupling to harmonics

through betatron motion and Fourier components from the shape of the electron
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Figure 5.12: The spectral intensity of the field resulting from an electron beam un-
dergoing periodic phase shifts in an undulator. The electron beam has passed through
a sequence of 18 modules, each comprised of an 8 period undulator, and a chicane
which then delays the electron pulse by 23 undulator periods. In such a scheme, it is
expected the radiation field will develop a series of modes centered on w, with spacing

Aw/w, = 0.0323. The spectrum here displays such a spacing.
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bunch are also simulated, due to the fundamental nature of the equations solved.

In the example, now presented to demonstrate some of these effects, another
electron pulse a fraction of a resonant wavelength in length (o, ~ A,./60) is used
to radiate coherently much as in figure 5.7, but now in 3D, in a longer undulator.
The undulator is 50 periods long with a,, = 2 and undulator polarization f, =
1, fy, = 0, so the electrons oscillate and generate a field in y. The feedback process
onto the electrons is artificially switched off here to show only the spontaneous
undulator spectrum.

Figure 5.13 shows the spectral intensity of the y field along the Z; axis in the
center of the transverse plane at Z = 0,4 = 0 (in blue), and slightly off from
center at £ =0,y = 0.3796 (in red). The frequency axis is scaled to w/w,, so the
resonant frequency is at 1. The field at z = y = 0 exhibits strong emission at the
odd harmonics of the fundamental. Note the presence of even harmonics away
from the center in the red line, as expected in a planar undulator.

The bandwidth of the fundamental at z = 0,y = 0 is shown in figure 5.14.
The radiation generated in an undulator is expected to have a bandwidth of

dwy, 1
_—= 5.12
w, NN’ ( )

where n indicates the n® harmonic of the resonant frequency w, and dw,, is the
frequency range from the peak emission at w, to the minimum caused by the
interference effect [2]. In this example N,, = 50, so the resonant frequency should
have a bandwidth of ~ 0= 0.02. This is seen to be the case, indicated in figure
5.14.

The bandwidths of the 3" and 5" harmonics of the field at Z = 0,7 = 0 are

shown in figures 5.15 and 5.16 respectively. As the frequency axis is scaled to

Wn

i, what is shown in these figures is . As w, = nw,, from equation (5.12),
Wy Wy

0wy, 1 . . :

W _ ——, which is the same for all harmonics. So the bandwidth of the 3¢ and

W
5" harmonics should be the same as the 1** harmonic in these units. Figure 5.15

and 5.16 give good agreement with this.
To see the 3D field properties of the harmonics, the field is filtered with a

narrow band-pass filter centered around the desired frequency. Figure 5.17 shows
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Figure 5.13: Spectrum of the y-polarized field. The blue line shows the on-axis field,
and the red line is the field at point z = 0,7 = 0.3796. Note the even harmonics are
only present off-axis. The phase-front of the y-polarized field of the second harmonic

at a transverse slice in Zy. It exhibits the expected double-lobed structure.
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Figure 5.14: Spectrum of the y-polarized field, showing detail about the resonant fre-

quency.
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Figure 5.15: Spectrum of the y-polarized field, showing detail about the 3"¢ harmonic
of the resonant frequency.
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Figure 5.16: Spectrum of the y-polarized field, showing detail about the 5" harmonic
of the resonant frequency.
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a transverse slice of the y polarized field on the left and the transverse intensity
on the right, both filtered about the second harmonic, at the same fixed point
in Z;. Both the phase front and the intensity show the expected double-lobed
structure, typical of even harmonics in the planar undulator [2], with no emission

on-axis.

5.4 3D Effects

5.4.1 Emittance and Diffraction

The main 3D effects which will inhibit the gain process in the FEL over those in
a 1D model are the field diffraction and electron beam emittance. These effects
can be tested in isolation to check the validity of the simulation code.
Diffraction is tested by initializing a Gaussian field in the transverse plane,
constant along zy, and propagating 1 Rayleigh length with the field generation
from the electrons artificially switched off. The field radius should increase by v/2.
From the equation for the Rayleigh range as a function of frequency, equation
(4.34), the Rayleigh range of the resonant wavelength, which is 47p in the Z,

frame, is

_ O%o
=2 5.13
<R 2p ( )

So for 070 = 050 = 0.4 and p = 0.008, zZr ~ 10.05. Figure 5.18 shows the
initial (top) and final (bottom) transverse intensity profile, after propagating to
Zr. The result is typical of every transverse slice in Z;. The reduction in intensity
and broadening of ¢, is evident. To evaluate this more clearly, the intensity along
the x axis at y = 0 is in figure 5.19. The waist of the transverse intensity, which
is at 1/e? of the peak, is seen to increase by V2, showing the diffraction is being
simulated correctly.

The electron beam emittance and focusing can be checked by matching the

transverse dimensions of the electron beam to the undulator focusing channel.
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yiield atz = 3.4908 andz; = 2.5775

w10

Figure 5.17: The top shows the phase-front of the y-polarized field of the second har-
monic at a transverse slice in Zs, and the bottom plot shows the intensity in the same

slice. It exhibits the expected double-lobed structure.
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Intensity atz = 0 andz; = 1.4938

Figure 5.18: Plot on top shows the initial intensity, identical at all transverse slices
in Zo. The plot on the bottom shows the intensity after one Rayleigh length, and the

intensity is seen to have diffracted to twice its original area.
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Figure 5.19: Figure showing the broadening of the transverse intensity profile due to
diffraction. The intensity is shown at § = 0, the center of the g axis, varying along the
Z axis. The blue line is the initial intensity at Z = 0, the green line is the intensity after
one Rayleigh length at Zr. The intensity waist has increased by /2 after a Rayleigh

range.

The electron beam radius should then remain constant. The parameters used are

p=00l¢e=1a,=15f,=f, =1,
vy =500, Ay = 0.015m, f = 0.4

Following the procedure of beam matching in section 4.3, the scaled matched
beam radius should be 7, &~ 0.96, with an initial radius of 36, ~ 0.68. The initial
momentum spread in the transverse directions is 30, ~ 0.33. The field evolution
and interaction is artificially switched off, so the electrons travel unpeturbed
through the wiggler. This allows the effect of only the focusing channel and the
undulator on the electron motion to be observed.

Plots of z vs p, are shown in the top two plots of figure 5.20. The beam
is initialized in a square grid as shown in the first plot. As a consequence, as
the beam rotates in phase space due to the focusing channel there will be a
small oscillation in the radius from the corners between the initial radius and

the maximum radius 7,,. The oscillation should have a period of A\z/4, where
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Mg = 27 /kg is the period of the betatron oscillations in z. The definition of kg
is in equation (3.76), and in this case, A3 = 16.755. This behaviour is shown
in the bottom plot in figure 5.20, which shows the radius of the beam in z as a
function of propagation distance z. The radius is found simply by the maximum
electron position in Z. It should be noted that this does not indicate that the
charge distribution in the transverse dimensions remains constant, only that that
electrons will not travel outside the beam envelope specified by the maximum
radius.

It should also be noted that the square beam used can be made circular
by neglecting the electrons whose y; weighting falls below a certain percentage
of the maximum. Then the macro-electrons at the corners of the phase space
distribution may be ignored. The code has this capability but it was not employed

here.

5.4.2 SACSE in a Helical Wiggler in 3D

A full 3D simulation exhibiting Self Amplified Coherent Spontaneous Emission
is presented.

An electron beam 6 cooperation lengths long, with a flat-top current distri-
bution in 2z and a Gaussian current distribution in z and ¢ is injected through

an undulator with the following parameters:

p = 0.00556,6 = 0.3,a, = 1.0, f, = f, =1,
Y, =700, Ay = 0.008m, f = V2

As in the previous 1D SACSE cases, the electron pulse should emit coherent
radiation strongly from its edges, which have a large current gradient. In this high
slippage/short pulse regime, the coherent emission from the rear of the electron
pulse should propagate over the electron pulse and consequently be amplified.
Both a 1D and a 3D simulation are performed for comparison, to observe the
deleterious effects the diffraction has on the amplification.

If the Rayleigh length of the resonant wavelength zg(k,) < Iy, then the diffrac-

tion will be significant during an FEL exponential gain length. In the scaled
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Figure 5.20: Figure showing the rotation in transverse phase space of the focused
electron beam and the resulting oscillation of the radius of the beam. The first graph
on the top left plots the scaled £ momentum p, vs Z, and shows the electron beam at
zZ = 0, initialized on a square grid. The plot on the top right shows the same view at
z = 3.384, and the electron beam is shown to have rotated in the z phase space. This
results in an oscillation in the electron beam radius in  as the electrons at the corners
sweep around. The beam radius in Z is shown varying along the propagation distance z
in the bottom plot, and the oscillation has a period of quarter the betatron period 5\5.

The maximum is just below the matched beam radius calculated in equation (4.27).
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variables this becomes
Zr S L (5.14)

The electron beam is matched to the undulator, so its radius is given by equation
(3.80), and the Rayleigh range of the resonant wavelength for initial radius equal
to the matched electron beam radius g is given in equation (5.13). So equation
(5.14) becomes

o7 < 2p (5.15)
2

= 2 <o) (5.16)
I,

and then from the definition of the matched transverse radius in equation (3.80),

en S 2plgleyrks. (5.17)

Ar .
The coherence length definition (in figure 3.2) is [, = T 50 equation 5.17
TP

becomes
en < I o ks (5.18)
~ or Y
and if kgl, ~ 1, so that A\g ~ 27l,, then, broadly speaking, if
A
< Zr 5.19

then diffraction may be considered significant within a gain length.

In the scaled notation, remembering the definition of the scaled transverse
€

emittance € = from equation (3.81), this condition becomes

€Sl (5.20)

for significant diffraction.
In this simulation, € = 0.3, so one can expect diffraction to negatively impact
upon the lasing. For a source of matched transverse size the Rayleigh range of

the resonant wavelength is, in terms of the scaled emittance,

Zr= —, (5.21)

o
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which is 3.3 with these parameters. This is above but still on the order of a gain
length.

The electron betatron wavelength A\g ~ 70/, in this case. In addition to
effecting the initial radius of the emitted radiation and thus the diffraction, the
electron emittance induces a longitudinal energy spread in the beam which also

degrades the amplification. The induced spread is calculated in [33] as

_ keayfe
=

(5.22)

o
which can be expressed in terms of the scaled emittance, using equation (3.81),
as

G f €
O =
4y

(5.23)

The total effective energy spread due to both the longitudinal and transverse

or = /02 + 02, (5.24)

where o, is the usual 1D energy spread. This total effective spread must be used

emittance is then

to satisfy the condition for lasing, so that
or < p. (5.25)

In this simulation a longitudinal energy spread of 0.001 is used, which com-
bined with the induced energy spread calculated using equation (5.23), gives a
total effective spread of o7 ~ 1.005 x 107® < p. The energy spread induced from
the emittance does therefore not seem to be significant compared to o,. It is
likely then, that the transverse energy spread will not reduce the amplification.
A charge redistribution in the transverse directions due to the emittance may still
affect the interaction, due to electrons oscillating in and out of resonance, and
physically oscillating outside the radiation field radius. However, as Ag is large
compared with the gain length and the entire undulator length, any deleterious

effects are likely to mostly be due to diffraction.
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The result of the simulation is shown in figures 5.21 and 5.22. Shown are
the power, intensity at the center of the transverse plane £ = 0,y = 0, where the
intensity will be at a maximum, and the transverse intensity at a fixed point in z,.
The intensity in 3D, with a Gaussian transverse charge distribution centered on
z,y = 0, will generate a maximum radiation intensity at z,y = 0. The electrons
in the center of the Gaussian, with resonant energy, before noise is added, will
have electron weight y; = 1. The 1D case, as it is a flat-top current distribution,
will also have x, = 1 before noise. The intensity produced in the center of
the Gaussian is compared with the 1D simulation. These plots are shown at
propagation distances z ~ 4 and z ~ 8.

It is important to recall that the radiation field has a high band-pass filter
applied to stop the diffraction problems outlined earlier. Here the filter omits
frequencies below &~ 1/3" of the resonant frequency. The same filter is applied
to the 1D case also, to allow an equivalent comparison. The filtering removes
the low frequency components whose interference with the resonant wavelengths
cause the oscillation in the radiation envelope of the resonant frequency observed
in for example the simulation presented in figure 5.4 and [45]. Thus the CSE
is observed as a constant intensity emitted from the sharp edges of the electron
pulse.

The plots at the beginning of the interaction, in figure 5.21, display the CSE,
here already showing some amplification. The electron beam lies between 4 <
Zs < 10, and the radiation from Z; = 0 to 4 is the CSE fom the front edge of the
pulse, having travelled ahead into free space. The rear of the pulse from z; = 6 to
10 is in the slippage region, and the CSE has begun to be amplified. The region
Zy = 4 — 6 is still evolving from noise, and a transverse intensity slice taken from
this region shows a noisy multi-mode transverse intensity structure, as expected
(32].

Further into the interaction, in figure 5.22, the expected amplification is ob-
served, albeit significantly smaller than in the corresponding 1D case. The elec-
tron pulse now lies between zZo ~ 8 and ~ 14, and the system is dominated

entirely by slippage. The CSE from the tail of the pulse, now at z; = 14, has
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been amplified as it travels over the pulse. The diffraction of the CSE in the 3D
case has hindered the interaction, showing the importance of the 3D model in
this example.

Another 2 simulations have been performed, with € = 0.5 and € = 1.0. The
other parameters are kept the same. The FEL parameter p is being held constant
here, although by increasing the beam emittance this should be reduced due to a
larger beam diameter. It has been held constant to show the effects of only the
increasing emittance.

It can be seen in the equation for the Rayleigh range (5.21) that as € increases,
the Rayleigh range also increases, reducing the diffraction and the negative impact
on the gain from diffraction. However it is seen from equation for the energy
spread induce by the emittance (5.23) that the effective energy spread will also
increase, which inhibits the interaction further. The condition for the allowed
frequencies due to low frequency diffraction in equation (4.38) shows that the
frequency cutoff is relaxed for larger initial radii. However, for comparison, the
same frequency cutoff as the case when € = 0.3 is kept in the simulations where
€e=0.5and € =1.

The results presented here are also compared to 1D equivalent simulations, but
this time, in an attempt to simulate the decoupling due to the effective induced
spread, the total effective spread induced by the emittance is taken into account
in each of the 1D models. When é = 1, from equation (5.24) the total spread
or = 0.0011, and when € = 0.5, o7 = 0.0010308. These correspond to spreads
in Py of 0,0 = 0.0022 and 0.0010308, respectively. These are the Gaussian energy
spreads in p,s used in the 1D simulations.

Figures 5.23 - 5.25 show the comparisons for each of the three 3D simulations.
The simulations have been run to z ~ 4. Figure 5.23 shows the case where
€ = 0.3, figure 5.24 shows the result of using € = 0.5, and figure 5.24 has € = 1.0.
One can see that as the emittance is increased, the difference between the 1D case
and the 3D case reduces, and for € = 1, the solution is very similar. The effects
of diffraction are reducing, since the Rayleigh range for each case is longer with

increasing emittance. zZp = 3.3 for the case where € = 0.3, Zgp = 5.5 for € = 0.5
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Figure 5.21: 1st plot: Scaled power, which is the scaled intensity integrated over Z
and §. 2nd plot: The intensity in the center of the radiation field i.e. £ = 0,y = 0,
compared with the 1D intensity. 3rd plot: Transverse intensity slice at zs ~ 5, showing

a noisy transverse mode structure.
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Figure 5.22: FEquivalent plots as those in figure 5.21, with the electron pulse now

propagated to z = 8. Note the reduced intensity compared to the 1D case, and the

single transverse mode in the bottom plot.
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and Zr = 11.0 for € = 1.0. Examining the 1D plots, it is observed that the extra
electron beam energy spread used to approximate the effective spread from the
emittance has made negligible difference: the 1D plots are almost identical in
all three examples. It may be a reasonable assumption then that the increase in
Rayleigh length with increasing scaled emittance is causing the field to diffract
less, and inhibiting the interaction less. It would seem that the main deleterious
3D effect in the example where € = 0.3 is diffraction.

The equivalent energy spread approximated in equation 5.23 is applied to
the 1D simulations as a spread about the resonant energy. In fact, this spread
is induced such that v, is the maximum value. This is because the electrons
travelling directly in the z direction only are resonant, and the electrons travelling
at the same energy at a slight angle to the z-axis have a slighty reduced speed
in z. This leads to a detuning, which further degrades the interaction. This has
not been taken into account in the 1D case. There is also the physical decoupling
as some electrons undergo large oscillations within the beam envelope due to
the betatron motion, which cannot be taken into account in the 1D examples.
As mentioned above, the wavelength of these oscillations is 5\5 ~ 70, and is the
same for all three emittance cases. Thus, at the propagation distance z = 4
presented in these comparisons, there will not have been significant deviations of

the electrons from their initial positions in Z and y.

5.4.3 Short Chirped Pulse

Electron pulses produced by laser plasma accelerators for undulators can produce
electron pulses with longitudinal duration on the order of a few resonant wave-
lengths. An electron beam of such small duration, with a strong negative chirp,
may “flip” over in longitudinal phase space during propagation in the undulator.
During this process, the electron bunch will be smaller than a resonant wave-
length, and consequently will radiate coherently for a number of undulator periods
dependant on the magnitude of the chirp. For a stronger chirp, the electron pulse
will radiate coherently for less undulator periods, giving a broader bandwidth.

This new effect is in fact not strictly speaking an FEL effect. It is a coherent
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Figure 5.23: Comparison of intensity in the center of the transverse electron distribution
at z,y = 0 of 3D (blue) case with 1D intensity (green) produced with the equivalent
energy spread of 0,2 = 2.01 X 103 corresponding to € = 0.3.
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Figure 5.24: Comparison of intensity in the center of the transverse electron distribution
at Z,5 = 0 of 3D (blue) case with 1D intensity (green) produced with the equivalent
energy spread oy = 2.0616 x 1073 for the case where € = 0.5.
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Figure 5.25: Comparison of intensity in the center of the transverse electron distribution
at &,y = 0 of 3D (blue) case with 1D intensity (green) produced with the equivalent

energy spread ope = 2.2 x 1073 for the case where € = 1.0.

effect arising purely from the linear evolution of the electron beam due to the
chirp. Nevertheless, this code is well suited to simulating it in 3D.

An analytic solution can be defined from the scaled equations as follows [62].
First of all an initial linear chirp, go, is defined in the electron beam such that
_ By

= 5.26
9o d227 ( )

where v; is the j™ electron’s phase velocity. Taking the initial electron beam
distribution to be a Gaussian with rms spread o, the spread after propagation

distance z will then be

0(2) = 00+ 9000z (5.27)
= 0'(2) = 0'0(1 + goz) (528)

To prevent o(Z) from becoming equal to zero from the perfect linear chirp, a

small intrinsic pulse length o; is added such that

o(z) = \/ag(l + goZ)? + o2 (5.29)
With an initial chirp and electron distribution defined in this way, the initial

Q-
\/%00

peak electron current I, = , and the electron weighting function, in 1D,
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as a function of Z, can then be found to be

s

y(zt) = 1E2) (5.30)
i

z,t exp | — 5.31

e (e e () O

The predictable evolution of the electron distribution allows the field equation
to be integrated over Z to obtain an analytic solution for the field. The field
equation used is the 1D field equation from [45], which is for a helical undulator
in the Compton limit. The solution is obtained in Fourier space, and the final

expression for the envelope as a function of f = w/w, is

- T _ 202 _1)2
-t () (o ()

Both a 1D and 3D simulation are presented here. The 1D simulation is presented

to demonstrate the evolution of the field and electron beam on propagation. In
the 3D case the electron beam is matched to the natural focusing channel in the
undulator.

The following parameters were used to simulate this effect:

p = 0.008;a, =1.5;7 =707; A\, = 1.bem

f Tz — f y = 1
d
The electron beam chirp P —0.192, and the initial o spread of the
29
Gaussian distribution in 2 is 0,5 = 0.333. There is also an energy spread of

op2 = 0.0027.

Figure 5.26 shows the evolution in phase space of the electron bunch, in 1D,
and shows bunch compression and decompression due to the energy chirp. The
corresponding 1D radiation intensity is also shown. As the electron pulse bunches
to durations of the order of the resonant radiation wavelength, it radiates coher-
ently. Recall that p,; is the rate of change of the electron’s Z, position, so that
a higher value of py; means the electron will travel faster in the positive z, di-

rection. However, the 2z, frame is the stationary radiation frame, so an electron
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Figure 5.26: These 8 plots show the intensity and electron beam phase space at 4
different propagation distances. The initial chirp in the plot at Z = 0 in the top left
causes the electron pulse to compress and then decompress. When it is bunched to
a length in zp of < 4mp (that is to say, less than a resonant radiation wavelength) it

generates a single coherent spike in intensity.
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which is travelling faster from the front of the radiation at z; = 0 is actually
travelling slower in the lab frame: it is slipping backwards through the radiation
more quickly. So, from the chirped electron beam in the top left of figure 5.26, the
electrons at the front of the electron pulse at zo = 0 have a smaller velocity in the
direction of propagation than the electrons at the tail of the pulse. This causes
the electrons to bunch. The phase space plot at zZ = 5.22 in figure 5.26 shows the
compressed electron bunch, and the resulting coherently emitted radiation spike
is shown in the corresponding intensity plot.

Note that the final radiation pulse width, shown on the intensity plot at
zZ = 7.25 in figure 5.26, is slightly less than a cooperation length. Depending on
the initial chirp, and thus the number of undulator periods the pulse is bunched
for, the radiation pulse width may be significantly less than one cooperation
length, which is smaller than pulse widths produced by the FEL process in SASE.

The radiation spectral output is shown in figure 5.27. Figure 5.28 shows the
analytic prediction in equation (5.32) for the same parameters. The analytic and
numerical solutions are seen to be in good agreement.

The 3D simulation, using the same parameters, is run with a scaled emittance
of € = 0.8, and the beam is matched to the undulator. This gives an effective
energy spread, from equation (5.23), of o, = 0.00064, which is very small com-
pared to the spread used in the 1D simulation. The betatron wavelength in Z is
5\5 = 67.01 from equation (3.76), and the Rayleigh length of the resonant wave-
length from equation (5.21) is Zg = 8.532. Using these parameters then, it would
be reasonable to assume the 3D effects will not sigificantly deviate from the 1D
solution.

The scaled power in Z; and the transverse intensity slice near the coherently
radiated peak are shown in figure 5.29 and figure 5.30. The sharp peak in the
power indicates the region where the electron beam was strongly bunched and
radiating coherently, at 6 < z, < 7. This is the same position as in the 1D case.
The transverse intensity is seen to give a sharp peak on-axis.

Also shown is the scaled spectral intensity in the center of the transverse plane,

in figure 5.31, and it again gives good agreement with the analytical solution in
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Figure 5.27: The intensity spectrum of the simulation presented in figure 5.26.

figure 5.28. The 3D effects have not significantly reduced the intensity, and the

basic mechanism has not been degraded.

135



Analytic Solution
0.012 . : :

0.01} .

0.008

™
E.,.J_.—\‘O.OOB

0.004

0.002

0 1 1 1
0 0.5 1 1.5 2

¢ Iy
u.-?;,f Wy

Figure 5.28: The analytic solution of the parameters used to produce the spectral

intensity of the simulation plotted in figure 5.27.
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Figure 5.29: The power in Zs of the 3D simulation of the short chirped pulse.
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Figure 5.30: The transverse intensity profile near the peak power shown in figure 5.29.
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Figure 5.31: The spectral intensity along the 2o axis where z = 0,y = 0.
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Chapter 6
Conclusions and Future Work

A new 3D mathematical model of the FEL has been developed which makes few
limiting assumptions. In particular, the SVEA or Eikonal approximation is not
applied, meaning the model can describe phenomena below the radiation wave-
length scale. The model describes a variably polarized undulator and radiation
field. Large changes in the initial electron positions may also be modelled.

The model is solved numerically by a parallel MPI code written in FORTRAN
which balances the electron distribution uniformly amongst processors. The nu-
merical solution requires the use of the Split-Step Fourier Method, which splits
up the field diffraction and source terms into two separate steps. The diffraction
solution uses Fourier transforms, which the code uses FFTW 2.1.5 to perform.
The source term solution demands the use of a linear solver, so SuperLU _ DIST
was used to accomplish this in parallel. The electron beam has been matched to
a linear focusing channel so that its radius remains constant. A range of “active
nodes” were chosen, which are the only nodes in the transverse plane which inter-
act with the electrons. Using only these nodes to construct the stiffness matrix
in the linear solver reduces both computational memory and time taken by the
linear solver. The problem of diffracting long radiation wavelengths has been
outlined, and a low frequency cutoff defined below which frequencies can not be
modelled due to large diffraction. Frequencies below this cut-off are filtered out

during each diffraction step in the code.
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Results have been presented which shows the code agrees with previously
established work. The polarization was shown to be solved self-consistently, and
the diffraction and focusing effects were shown to be solved correctly. The 3D
SACSE simulation presented could not have been performed in an averaged code.
The 3D effects were shown to be important to the SACSE interaction.

There are a number of improvements which could be made to the code. The
most immediate work which should be performed is the addition of boundary
conditions to the diffraction solution, and the testing of different linear solvers to
see which gives the best performance. The problem with the broadband diffrac-
tion limits the frequency range of the code, and places restrictions upon which
FEL parameters may be modelled. The low frequency cut-off means that the
resonant frequency cannot be modelled for some FEL parameters. Although the
simulations presented in this thesis show the expected behavior, if one wishes to
solve for a more realistic FEL, absorbing or transparent boundary conditions may
need to be employed.

Testing and implementing more appropriate linear solvers should allow more
complex systems to be modelled. Currently the linear solver significantly limits
the size of the field which can be modelled. The 3D SACSE runs presented in this
thesis were at the limit of the solvers capability, and the system was relatively
small compared to more typical FEL systems. The reason SuperLU_DIST inhibits
the code so much is that it is desgned and optimized for non-symmetrical linear
systems. As the stiffness matrix is symmetric, using a linear solver appropriate to
this should enhance the performance from both a speed and memory standpoint
significantly. Tests are currently underway to do this.

In a real undulator with variable polarization, it is the phase between the x
and y fields which are varied to produce the desired polarization. The model here
could concievably be altered to reflect this, rather than the current method of
varying the magnitudes of the magnetic undulator field in z and y. The constant
focusing channel could also be changed to include focusing quadrupoles. As
mentioned earlier, this could be achieved by altering the undulator-lattice/phase

shifting section of the code. In fact, after a set number of undulator periods the
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electron beam may have any coordinate transform applied to it. In practise, it
should be relatively easy to do this.

Another pressing issue is the post-processing routines. An interface was de-
signed in MATLAB for presentation of the results in [41], but this reads all the
data files at once and consumes a large amount of memory. Indeed, the final, full
3D runs could not be analysed using this interface. A separate, lighter MATLAB
script was written to generate this output.

Even this lighter script, however, was only just able to process the information
due to memory constraints in the desktop machine used. In the future it will be
necessary to employ a solution which processes the data files “on site,” meaning
the same multi-processor machines used to run the code will be needed to perform
the post-processing, simply because the data files are too big for a standard
desktop to read into memory. This will also enable the post-processing to be
more immediate: currently the data files must be transferred to a local desktop,
which takes a large amount of time over the internet, considering the files for just
a few steps are several 10’s of gigabytes in size (and these are relatively small
undulators and electron pulses).

There are tentative plans that the code, when ready, should be released via
the web under an open source licence.

There are also the numerous situations the code could be used to explore.
The mode-locked FEL has already been mentioned, as has the investigation of
lasing using very short electron pulses. The investigations begun in [56] could be
expanded upon, as the radiation pulse does not appear to saturate. In reality,
radiation growth may be inhibited by diffraction effects, and this code may be
used to research this.

The broadband nature of the code opens the possibility of seeding the FEL
interaction with lower than resonant frequencies, either to amplify the radiation,
or perhaps, to help accelerate an electron pulse in the vein of an Inverse Free
Electron Laser [63].

Different forms of the work in this thesis were presented at the international

FEL conferences in 2009 and 2010. The FEL2009 conference paper is in appendix
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A, and the two papers presented at FEL2010 are attached in appendices B and
C. Posters were also presented for the three conference papers. A paper to be
submitted to a peer reviewed journal is currently in preparation.

In general, a new, flexible FEL simulation tool has been developed that will

allow many previously unexplored types of FEL interaction to be researched.
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A FULLY 3D UNAVERAGED NON-LOCALISED ELECTRON,
PARALLELIZED-COMPUTATIONAL MODEL OF THE FEL

L.T. Campbell, R. Martin and B.W.J. \lell
SUPA, Department of Physics, University of Strathclydeasgow, UK

Abstract electron sources, and in the absence of diffraction, while a

4th order Runge-Kutta method simultaneously drives the

A new unaveraged 3D parallelized numerical model haG?Iectrons. When parallelized using MPI, the model re-

been developed that will allow investigation of previous:ly(]#[i)reS communication between three separate data sets dis-

unexplored FEL physics. Unaveraged models are reaul'siouted over multiple processors with each integratiepst

to describe such effects as amplification of Coherent SpoBf the code. The amount of communication between pro-
taneous Emission and non-localised electron dynamics (sgg :

1 d refs therei A . lelized 30 ssors should be kept to a minimum if the run-time of a
€.g. [1] and refs therein). previous parafielize .egarallel code is to scale well with the number of proces-

mo?heI(EZ]hwas bas::-r:j upon a mixed fl'.mt.f ?_Ieme_ntiﬁourl ors used, otherwise the run-time benefit of using multiple
Metnod, however, Inere were some imitations I e pag,.oq50rs can become significantly reduced [7].

allel algorithm and numerical routines. These limitation The model presented here replaces the FEGM of the
are removed in the new model presented here by using Onal%ove model with a Fourier method (using open-source

tran'sfor'ms In Fourier space enabling more effective data %FT routines [8]) similar to that described in [9]. The field
ganlz.atlon across multiple parallel processors and tb‘”?f is therefore now solved entirely in a 3D Fourier space. The
lit?ymg?n:g:gerﬁr:rllii;e tﬁzmpelee\j(io':uEsLssgsrtr?cr)gzr oxﬁis;uglsee(#;ethod allows a reduction in communication bereen pro-
commercial ﬁumerical packages, the new si|:nulation Co§gssprs anq gives a better scaling of the run-time benefit
. ' With increasing processor number. Furthermore, the com-
uses only open-source routines. mercial routines used for the FEGM are not needed, im-

proving portability and allowing an open-source code when
INTRODUCTION released.

As FEL's continue to push boundaries of radiation wave- The model is also generalised to allow any undulator po-

length and pulse lengths, and with more complex FELarlsanon from planar to helical, variable along the FEL

schemes to achieve these being explored, it may becor'rrlltteeracnon'

necessary to extend the scope of what numerical FEL codes

can model. Most current codes average the equations gov- THEORETICAL MODEL

erning the FEL interaction over a radiation period and con- Starting from the 3D Maxwell wave equation and the
fine electrons to a localised region within one radiation pe-orentz force equation, the 3D FEL equations for an helical

riod of their initial conditions (|n the electron beam reStundu|ator in the scaled dimensionless form of [2] may be
frame.) To describe the FEL interaction at the sub-radiatioyritten:

period scale, and to model electron migration over dis-
tances greater than the radiation period (non-localised), . (9?A  9°A 0A . 0*PA  y
: . —ip| =5 + 5= — +2ip—F— = ——X
numerical code that models the unaveraged equations gov- oz 0y 0z 0Z0Zy  awhy
erning the FEL interaction is required. 5 X Q,(cQ; 1 2)
A 1D non-averaged model describing both sub—perio? Zm‘jeig?/% I 587, 5, 225) (1)
phenomena and non-localised electron propagation h&$2 j= (L+1p1;l7)

previously been developed [1, 3, 4]. More recently a 3Dp . - 9 2 5,
parallel non-averaged model for a helical undulator wat dfj = 2—” ie” % — ( %p) GQjAe_%l =
developed in [2]. A substantially modified version of this “* P B

3D model, with significantly better parallel performanee, i 2, Q;(2+€Q;)) (%, —if;)

presented in this paper. ﬁ AL (110, )
The 3D FEL model of [2] uses a split-step Fourier ! !

method [5]. This method separates a single numerical inté?; _ dw Q;(¢Q; +2) [i(e(} (e

gration step, of the governing differential equations glon dz dp 14 |mj\2 !

the undulator, into two separate half-steps. In the first 2 .

half step a Fourier transform method is used to solve for( %p) €Q; (ﬁLAe‘iz%? +c.c.) 3)

the field diffracting in the absence of any electron source\ v

terms. In the second half-step a Finite Element Galerkidz,;

Method [6] is used to solve for the field being driven by the gz — Qj )
FEL Theory
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dz ; Qi(eQ; +2) The alternative solution presented here utilises a Fourier
dz 1+ [p1 ‘|2*Re(pJ.j) ) description of the field source term, similar to the multi-
! frequency FEL model of [9], so that the entire field equa-

dy; Qj(eQ; +2) tion may be solved in Fourier space. Fourier transform-
= T Im(puy) ©) ing (10) using (8) gives
z L+ |puyl g g(©)g

whered®(z;,y;, zo5) = (7 — 7;)0(5 — §;)0(22 — %) 90A _ v EN:M. Qi(eQj +2)
and all variables are as defined in [2]. The only approxi- 0z  a,f, — / 1+ Imj\Q

mations made are the neglect of space charge, the paraxial !

approximation, and exp [z‘(kzi'j + kyy; + 225 (kz, — 21p))] (11)
0E, B. OFE,
‘ 0z ‘1 — B, 0z

) Equation (11) describes how the electrons drive the field in
3D Fourier space and is relatively simple to solve numer-
ically. To obtain the field in real space, required for the

ation envelope. The latter approximation is made in [10 lectron dynamic equations of (2...6), the inverse trans-
pe. pp rm is all that is required and a finite element description

yvhere, expressed in the independent varialfles; ), it of the field in real space is unnecessary.
is shown to be equivalent to the neglect of any backward

propagating field. Focussing of the electron beam is de-
scribed by the final term of (2) corresponding to the natYARIABLE UNDULATOR POLARISATION

ural focussing’ of an helical wiggler. This term is easily The general form of the radiation field definition and the
modified for other focussing systems. _ _equation describing its evolution allows any field polarisa
The field equation (1) is solved using the Fourier splityion 1o he modelled. A relatively simple modification to the
step method by seperating it into diffraction-only and,nqyjator field then allows modelling of an elliptically po-
source-only parts. For diffraction only in the absence Ofyjsed FEL. The transverse terms of the magnetic wiggler

whereE, = goe*”% and¢&y(z, z2) is the complex radi-

sources the field equation is field are re-defined as:
0?A  0%4A 0A 0%A B .z
—ip (S + 2 ) + S 4 2ipa— =0 (7 = Z2(fe 7’5 + cc.
zp(aa_:2 + 8332) + 9z + zpazaz2 (7 B., \/i(fe +c.c.), (12)
Defining the 3D Fourier transform where the new basis vectdr = (Hx + iy)/+/2 and the

- ~ o constantH has limits0 < H < 1, whereH = 1 cor-
Alkz, ky, bz, 2) = FT {A(Z,9, 22, 2} (8)  responds to an helical undulator a#tl = 0 for a planar
undulator. For simplicity here, the axial terms of the wig-
gler field that give the natural focussing remain unchanged
) from [2]. Note thatf is not a unit vector and the scaling
Az 9)

and applying to (7) yields the solution

—ip(kZ +k2)

T oon of the equations is with respect to thecomponent of the
— 4PRz,

undulator magnetic field. The scaling fact@drappears ex-
plicitly in the equation of motion fop, ; only:

A(zy + AZ) = A(Z) exp (

for an arbitrary initialz, and where the dependencexi)f
on (kz, kg, kz,) is understood. dpij  ay [1
In the absence of diffraction, but with electron source dz 27, 2
terms, the field equation becomes 9 B
279,p _ %2
< ) €Q;Ae 2 ] -
aﬂ)

ane [Q;(2+€Q;) (T — 7))
(10) 8p2 (1+ |]5J_j|2) (1+ EQj)Q

In the previous code of [2], the field equation (10) was

solved simultaneously with the electron equations using

4th order Runge-Kutta and FEGM. One integration step r

quired 3 different sets of field data distributed across the®

parallel processors: one for the Fourier transforms used in NUMERICAL MODEL

the diffraction step, one for the finite element, and one for

the RHS of the source equation (10) plus the electron equa-The summation over real electrons is changed to a sum-

tions. The optimum form of the electron data distributiormation over macro-particles using the method of [1]. The

also changes as they migrate across field elements. localised electron density over a volume elemigptn the
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(1+H)e % — (1— H)e% )—

N
0A Yy _ iz €Qi(eQ; + 2 o
= ZPLJE 220, il 12) -/ 2)53(553'793‘,221)-
Pj=1 1+ ‘pJ—J|

0z aywn

(13)

ith all other equations in (1...6) remaining unchanged.
Note that this form allows the undulator polarisation facto
vary as a function along its lengffi( z).



DIFFRACTION STEP:
Previous method:-
Distribute

Proceedings of FEL2009, Liverpool, UK MOPC39
Gather . el
field Forward field data Solve Field Distribute Backward | (Gather field
- Fourier to single equ_ation in field over Fourier back onto 1
Processors [Transform| processor Fourier space| |processors| |Transform processor
Nk New method:-
— A olve field eqn. (Qa ackward Fourier
V - X k-?’lp . (14) Ein Fourier space E Transform ]
k

. . . FIELD SOURCE AND ELECTRON DYNAMICS RUNGE-KUTTA STEP:
Using (14), the sum oveN real electrons, appearing in the  peyious method-

source term of (11), changes to a sum oket 1... N, [

scaled spacéz, 7, z2) containingN, electrons may be de-
scribed as a by a fractional weighting factox v < 1 of
the scaled peak electron density in the pulse:

inear solvel
for Finite
Element
Method

Calculate
RHS

of electron

equations

Split data for
parallel
linear solver

Gather data Update real
back space
to root field array

i ; Calculate RHS
macroparticles each of electron charge weigtas fol- -
lows:

field equation

New method:-

1 N 1 Nm N _ [ Calculate source of [ Calculate RHS of ['EaCI_(rwardfFourier} Update field array
— — Fourier Field (1 . (2- i |
ﬁi E ( .. )j — 7—17 § Nk( .. )k: — § X}ng;(' . )k (15) ourier Field eqn. (16) |  |electron eqns. (2-6) ransform in real space
P j=1 P =1 k=1

Key:- () Parallel communication; O Parallel operation; (] Operation on a single processor

Defining the normalized weighting,, = V%, the final
form of the Fourier field equation (11) implemented in th
code is obtained:

é:igure 1: A schematic of the parallel algorithms show-
ing the differences between the previous Finite Element
Galerkin Method of [2] with the Fourier method presented
0A _ 3 A €Qu(eQx +2) here.

= XkPLlky| ————5 X
9z aw P L+ [Pl

PLANE WAVE APPROXIMATION
The field description can be altered to approximate a

ane wave by using only one node in the tranverse plane.

e |
The Fourier field is discretized into nodes along eac%my the constant, non-oscilatory term of the numerical
axis (z,y,2;) and wavevectok-values take the general goyrier series then exists i.éi;, k; = 0 and the field is

form k = 2mn/l, where the integer-M/2 < n < M/2  hen only a function of,. Note, however, that this plane
and M is the number of nodes spanning lengeiong the \\aye representation of the field still allows full 3D elec-

f';\xis. The numerical fast-Fourier transforms are taken ugp, dynamic effects such as emittance and beam focussing
ing the parallel processor FFTW open-source package [§}, pe modelled correctly. For a ‘full’ 1D limit, only one

The macroparticles and fourier field nodes are initially disyacroparticle, and so one value of the transverse variables
tributed uniformly among the parallel processors with inig  sed for each position ify. The model is therefore quite

1
exp {—i(kxi’k + kyyr + Zok(kz, — QP))} . (16)

creasingz;. _ _ flexible enabling a range of effects to be modelled, from a
The new split-step Fourier method consists of the folze|atively fast full 1D model, to the plane wave approxi-
lowing steps:

mation while retaining complete 3D electron dynamics, to
1. Field Diffraction Step: The Fourier field diffraction the complete 3D model for both radiation field and electron
equation (9) is solved. Data redistribution of the transdynamics. o
formed field is not required. To make the plane wave approximation in the numer-
ical model the real-space field equation (10) is first inte-
2. Field Driving and Electron Propagation Step: Theyrated over the transverse planegi). The equation is then
Fourier field source equation (16) is solved and th&ourier transformed to give:

macroparticle equations (2-6) are propogated using a B N

4th order Runge-Kutta method. Some macropatrticle 0A . _(1D) - eQr(eQr + 2)
; s ZXk Piky| ———— 32 X%
data needs to be communicated between processors 8z ay 1+ |posl
to act as the source for all the Fourier field nodes k=1 1
of (16). After the macroparticles drive the field in exp(—izak(kz, — —)) a7)
Fourier space a backwards Fourier transform is re- 2p
quired to calculate the real field for the macrOpartl'whereng) — vl andiy, is the range of;, initially occu-

Colved i parale withou need for commnication of 4 bY thekth macropartile. Smulations using the code
field data between processors. in the full 1D limit give very good agreement with results
from [1] and [3].
3. The latter two steps are repeated until the end of the
integration. EXAMPLE
A summary of the differences between the previous FEGM A simple example is used to demonstrate first simula-
algorithm of [2] and the new method presented here igon results using the code. Several high gain FEL schemes

shown in Fig. 1. operating at short wavelengths propose to use the exhaust
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Figure 2: Spectra in the 1D planar wiggler limit for a short

electron pulse generating CSR both with (green) and with- -4 -2 0 2 4
out (blue) coupling to the radiation field.

Figure 3: Scaled electric field vector plot using the code
electron bunches to generate long wavelength radiation vilathe 3D planar wiggler limit to demonstrate generation of
Coherent Spontaneous Radiation, where the electron burlgteraly polarised radiation from a planar wiggler.
length is less than the resonant wavelength of a long period
undulator. While averaged FEL codes cannot model this
interaction _th(_e non-averaged code described here can. Pa- REFERENCES
rameters similar to that of the UK NLS proposal [11] are _
used which in the scaling here agex 0.24;a,, ~ 60 and  [1] B.W.J. McNeil, M.W. Poole and G.R.M. Robb, Phys. Rev.
with a gaussian electron pulse~ 1/50th that of a reso- ST Accel. Beamss, 070701 (2003); B. W. J. McNeil, G.
nant radiation wavelength of ~ 100um. The code sim- R. M. Robb and M. W. Poole, MPPB060, Proceedings of

. . the 2003 Particle Accelerator Conference, Portland, Oregon,
ulated a planar undulator witH = 0 and operating in the
. . USA (2003)
1D mode over 10 undulator periods (without any waveg- ) )
uide) of A, = 1m generates the spectra of Fig. 2 both with [2] E-K-W- dNam, P]; ?Atkego?r:‘dl '?'W-Jt; MC’|\IeFI||,E|1VI2PF:‘H025,
. f g . roceedings o e nternationa onterence,
e o Gyeani. Kore o0 .. e e Ty
| he field shift r? 9149 ’ | h Modelling of the Fourth Generation Light Source, Ph.D.
energy loss to the field shifts the resonant wavelength to 1. University of Strathclyde (2009)
longer wavelengths and significantly changes the spectrum BW.J. McNeil G.RM. Robb and DA i
from that of the uncoupled case (blue) which shows thd?! B-W-J. McNeil, G.R.M. Robb and D.A. Jaroszynski, Opt.
. . . Commun.165, 65 (1999)
usual CSR wiggler spectrum with odd harmonics clearly
visible. [4] B.W.J. McNeil, G.R.M. Robb and D.A. Jaroszynski, Nucl.
Using the same parameters, the second simulation 'MStrum.Methods Phys. Res., Sectd#b, 72 (2000)
demonstrates the code operating in 3D again with a planalf] R.H.Hardin and F.D. Tappert, SIAM Reviei, 423 (1973)
wiggler. The scaled field polarisation is plotted inte®) 6] K.H. Huebner E.A. Thomton and T.G. Byrorithe Finite
plane in Fig. 3 as a vector field. This polarisation does not  Element Method For Engineers, Wiley (1995)

change as a function @, so that it describes linearly po- ] P.S. PachecoParalle Programming with MPI, Morgan
larised radiation and demonstrates the ability of the code t ™~ aufmann Publishers, Inc. (1997) ’

model variable polarisations. [8] M. Frigo and S.G. JohnsorEFTW 2.15 Manual (2003)
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AN UNAVERAGED COMPUTATIONAL MODEL OF A VARIABLY
POLARIZED UNDULATOR FEL

L.T. Campbell and B.W.J. M“Neil
SUPA, Department of Physics, University of Strathclyde, Glasgow, UK

Abstract

An unaveraged 3D model of the FEL has been devel-
oped which can model variably polarised undulators. The
radiation field polarisation is self-consistently driven by the
electron dynamics and is completely variable. This paper
describes both physical model and computational code.

INTRODUCTION

Future FEL’s may need to utilize effects which occur on
the scale of a resonant radiation wavelength or smaller,
timescales which are beyond the resolution of averaged
FEL simulation codes. In order to investigate these ef-
fects and the facilities which will exploit them, 3D codes
which solve unaveraged mathematical models of the FEL
will be needed. The simulation codes of [1] and [2] are
such codes. The disadvantage of a mathematical model
with increased resolution is of course the much higher sam-
pling rates needed to accurately model the system. To han-
dle potentially very large data sizes such codes are best run
in parallel on multiple processors.

In this paper the development of the unaveraged parallel
computational model from [1] and [2] is reported. In [2],
the variable H was added to describe the strength of the
wiggler field in the z axis. This has been replaced by two
new variables to control the strength of the wiggler field
in both « and y enabling full variable wiggler polarization.
The numerical method has been further refined to enhance
its speed returning to the original Finite Element Method
used in [1] while retaining the parallel memory distribution
of [2]. The radiation field in x and y is now described fully
including the ‘fast’ phase variations rather than via a com-
plex envelope description. The code utilizes only open-
source routines.

THE MODEL
An unnormalized vector basis:
f=fux+if,y (1)
is used to define a variable polarized undulator field

By & .
—(fem*e® 4 cc) ()

B, =
2

where B, is the peak magnetic field strength so that f, and
fy describe the strength of the wiggler magnetic field in
and y. The vector basis f is un-normalized so that the RMS
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magnetic field B,, varies from B,,/v/2 < B,, < B,, as the
wiggler changes from planar to helical.
The electromagnetic field is defined as:

E(:z:,y,z,t) (e§0€ (kz—wt) +A*§* —i(kz— wt))

1
V2
3)
with complex envelope &y(x,y, z,t) and the normalized
vector basis &€ = \}(x+zy) is defined with é-é = é*-é* =
Oande-ée* =1.
The 3D FEL is described using the coupled Maxwell-
Lorentz equations which in the Compton limit and with the
paraxial approximation gives:

1 0°E Hoe P
VZE—EW— 27553 (5,95,2) (&)
Jj=1

F=—-¢(E+vxB),. 5)

where 0%(z;,y;5,2;) = o(x — 2;(t))d(y — y;(t))d(» —
zj(t)).

Projecting the wave equation (4) onto €* gives:

1 02
2 _—_—
(V c? 8152)

where £, = &e'F*~«t) = E, —iFE, is the transverse
field. Similarly p; = ps; — ipy; is the perpindicular mo-
mentum of the jth electron.

Defining the independent variables zZ = 2k,,pz and Zy =
2k, pB.(ct — 2)/(1 — B3.), equation (6) becomes:

28, 0 B
1526_22» B
e Pij
B —4]{;2 2 Ly 3

€ome wh (1 — ﬂz) 822 g B35 o

e
E, = _Hof Zplj(ss m]aijz]) (6)
=1 i

o (0
0z \ 0z

V EL + (kaP) (

Ij? Yis ZQJ')
(7

and the independent variable of the parameters of the §3
Dirac delta function is now Z.

Assuming:

3 9
=305+

E, ®)

=

<<‘

which is equivalent to the neglect of the backwards
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wave [3], then the wave equation (7) simplifies to:

28, OE,
2E - 2 w 2 £ =
ViEL = @Rot) 15 5oan,
e Jé; 29 XN DL
_ 4]{}2 2 Z_ j 53 . L
€Egmec wf (1—ﬁz) 622 Zﬁz]'yj $]7yj322j)

©)

Projecting the Lorentz equation (5) onto €* and chang-
ing to the variables (Z, Z2) the equation for the transverse
momentum is obtained:

dpj_'] — —° |:£06_i22if‘77_
dz kapcﬁzj

2 (Bt i)

10)

and the z component is:

de] o —€plj
dz — 4dmckypyiB.;

(50 i —iB, G)-|—c.c., (11)

where G = (f; cos(Z/2p) + if,sin(z/2p)) is a term de-
scribing electron ‘jitter’ motion in z resulting from prop-
agation in a non-helical wiggler field. Using relation (11)
with the equation for the electron energy:

dpzj d

DL — e (36:)

along with equations (9), (10) and (11) and the scaling of
[1], modified slightly so that:

1—B.; 1-3.

P T Y
/J)ZJ Bz

F=— *——
Iyle’ Vil

2

5= DL SR

PL= e mcwpw/2'yrp

gives the final set of working equations which are solved
numerically by the code:

. 82AL 82AL . 82AL
_ oL 9 -
e ( 272 | o >+ K ErES

1/ i+ fyz Tr i i D1j y
2 C_lwﬁp (922 = (1 + ‘ﬁLj‘2)1/2
(€Q;(€Q; +2))'/26% (25,95, 225)

(12)

2
(iG* —€Q; (23Tp) AJ_j) + Iy (13)
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dQ; _ aw Qi(eQ; +2)
dz. Ap\| f2+ 12 1+ |pLl?

(—i(eQs + 1)(p2sG ~ 71,6+

2
@ (22) (uas, +pia) a9
dfgj A
P Q; (15)
di‘j Qj(2 + er) B
— = | 2R i 16
dy; 2
% _ Q]( + EQ]) (pJ_j) (17)

1+ |pJ_J|

where the equations for the Z, ¢y and Z; electron coordinates
are simply derived from the scaled momentum/energy rela-
tions. The field term A = A, —iA, is the scaled perpen-
dicular field, related to the scaled complex envelope A by

Al = Ae™"3 . Hence the code now solves explicitly for
the & and ¥ radiation field components. This assists in re-
solving some numerical issues requiring many conversions
between real and complex numbers when the electrons in-
teract with a complex envelope A.

The term F}; describes a generic focussing channel of
the electron transverse motion. This is similar to the natu-
ral focussing of the helical wiggler which for convenience
may be varied independently of the actual undulator used
via a scaling factor f. In the scaled notation used here the
focussing force is given by:

sz d?y \/E
87;p?
COMPUTATIONAL SOLUTION

The code integrates the working equations by using a
split step Fourier method [4], where the first half step
solves field diffraction in the absence of the electron trans-
verse current and the second step propogates the electrons
and field equation in the absence of diffraction. Where
previously the code solved the non-diffractive half-step in
Fourier space, as outlined in [2], it is now solved using a Fi-
nite Element Method [5]. However, the beneficial memory
and processing distribution across processors in the parallel
algotithm of the previous Fourier method is retained.

The resolution of the model is not limited to the resonant
radiation wavelength. The field must be sampled on the
sub-wavelength scale to describe the resonant wave oscilla-
tions to the desired resolved frequency. Because of this, the
data sizes for a full 3D field and 6D electron phase-space
distribution can be large, hence the use of a parallel code
algorithm to distribute the data and solve the equations.

The code of [2] used a fully distributed memory so-
Iution which solved both field source and diffraction in
the Fourier domain. In terms of memory distribution this

Fj = —f ({i‘j — Zgj) (18)
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works well, however the solution requires a prohibitive
number of calculations per step. In order to drive the
Fourier field each electron must interact with every field
node, and the number of calcuations required is then pro-
portional to the number of electrons x the number of
Fourier nodes. In a full 3D system (and with electrons in 6
dimensions), this can give the order of 10** interactions per
quarter step using a standard Runge Kutte 4th order method
for a moderately sized system, each of which is composed
of many computational operations. The base number of
calculations for a moderate simulation is prohibitively in-
efficient.

In replacing the Fourier method with the finite element
method, however, each electron interacts with only its 8
surrounding nodes, so the number of calculations is propor-
tional to the number of electrons x8. The base number of
calculations is therefore significantly smaller and the code
runs much more efficiently.

The main problem with a parallel algorithm for this finite
element model is in the uniform distribution of the data.
There are two different interaction systems, the electrons
and the field, which are constantly shifting spatially in time
with respect to each another due to the slippage of the field
with respect to the electrons. Any given electron must have
its local field stored on its processor for any given step.
However, the local field shifts with each step. Furthermore,
the rate at which the local field shifts is not a constant in
an unaveraged system - the equations allow the electron to
have a rapid change in energy within one radiation period
e.g. for very high radiation fields.

One approach is to pick one of the systems, either the
field or electrons, distribute it evenly and fix this distribu-
tion. The data distribution for the other system must be
calulated at each step and will be shifted around the pro-
cessors as appropriate. If the field is chosen as the fixed
distribution, the electron variables will be shifted between
processors. However, this leads to a poor spread of the
computational load, as the electrons can only generate,
amplify, and interact with the field finite elements which
immediately surrounds them. This is especially true for
short electron bunches, which is one of the areas an un-
averaged code is particularly useful - the electrons in the
bunch will only be distributed over a small percentage of
the processors available at any one time. Those proces-
sors will be doing all the work to drive the field. Tak-
ing the opposite approach, by distributing the electron data
uniformly across the processors, the computational load is
well spread. However, the management of the field data be-
tween processors can become complicated by the need for
the electrons on one processor to interact with potentially
distant field nodes and the desire to uniformly distribute the
field nodes across processors for the diffractive half-step.

In the compromise of the code presented here, the elec-
trons are distributed evenly in memory and a full copy of
the field is kept on each processor. This is justified by
considering the relative memory sizes for a typical FEL
system: each electron has 6 dimensions and the number
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Figure 1: Illustration of the the differences in computa-
tional solution between [2] and the code used here.

of electrons can potentially be a few orders of magnitude
larger than the number of field nodes; the field has only 3
dimensions. Clearly, the priority is to distribute the elec-
trons in memory. However, recalculating the field distribu-
tion each step can add significant inter-processor commu-
nication time, which can hamper the ability of a parallel
code for large processor numbers.

3D BEAM EFFECTS

The effects of the 3D electron beam are illustrated with
a simple example. The beam is said to be matched when its
radius is matched to the undulator focussing channel which
may be calculated from the normalised emittance relation
Yex = Y€y = €, = yri/B [6], and in terms of the scaled
notation and putting in terms of the normalised emittance

1
B 2\/§p6n 2
Op = | —= 5
€Qylg
where [, is the gain length of the FEL, and & is the Gaus-
sian radius in Z and ¥.
A simulation to test the beam matching effects was per-
formed. The parameters used were

€n,

19)

p=0.0151, =4l.,e, =10 4 m,a, = 1.5,
fe=fy=1,7 =489, \, = 0.03m,

and electron beam shot noise is simulated via the method
of [7]. The beam radius should therefore be =~ 1.61. The
field evolution and interaction is artificially switched off, so
the electrons travel unpeturbed through the wiggler. This
allows the effect of only the focussing term on the electron
motion to be observed.

The result is shown in figure 2. The matched beam ra-
dius is calculated by the code and the particles are then
loaded according to the shot-noise model of [7]. It is
seen that the noise introduces a small deviation from the
matched beam radius giving a value of ~ 1.56. The elec-
tron beam radius then exhibits a very small oscillation on
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Figure 2: The radius of the electron beam as a function of
propagation distance through the wiggler Zz.

propagating through the wiggler. Increasing the number of
macroparticles will decrease this small noise-oscillation.
A simulation including self consistent electron-field in-
teraction is now shown. The electrons are seeded by a field
with a constant gaussian profile in the tranverse plane. The
scaled rms radius of the seed radiation intensity is chosen
to match the rms value of the gaussian distribution of the
electron beam ¢, = &,. Radiation diffraction was artif-
ically switched off for this example. This will therefore
show only the effects of the 3D electron beam on the sys-
tem. The electron beam parameters are the same as for the
previous example, the seed field peak intensity in Z and ¥
is chosen so that the scaled power is 10~3. For compari-
son, simulations are performed both with and without the
emittance and focussing. The results are shown in Fig. 3.
For the case of no emittance or focussing the beam trans-
verse monmentum has zero spread and therefore does not
diverge even without a focussing channel. For the case with
emittance and focussing the beam is matched and retains
a constant radius as shown above. Hence any effects in
the generation of radiation can be attributed to emittance
and betatron effects only. The expected reduction in power
generated and rate of the instability are clearly seen.

CONCLUSIONS

A new model for describing a 3D variably polarized FEL
has been presented which uses an efficiently parallelised
algorithm with finite elements to solve the working equa-
tions. A simple example of matching a 3D electron beam to
a focussing channel and a diffraction-free FEL interaction
were shown. The new code uses only publically available
linear-solvers etc. and is intended for open-source release
in the near future. A post processing visualization package
is being worked on. The method of modelling diffraction is
currently being updated from the method of [2] which uti-
lized a complex envelope A to describe the radiation field.
The new model uses the full field of the radiation i.e. in-
cluding the fast oscillatory variations.
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Figure 3: Power as a function of Z, after ~ 10 gain lengths
through the wiggler. Both simulations were run with iden-
tical parameters, one with emittance and beam focussing
(blue) and one without (green).
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Abstract

To date, short wavelength Free Electron Laser amplifiers
have generated linearly polarised radiation. For several im-
portant classes of experiment, variable polarisation is re-
quired. For example, in the wavelength range from 1.5
to 2.5 nm, light polarisation is important in characterising
magnetic materials where measurements depend critically
upon the handedness of the polarisation. It is therefore
important that the polarisation does not fluctuate between
measurements. In this paper, we study possible methods to
generate variably polarised light and consider its shot-to-
shot stability.

INTRODUCTION

Free Electron Lasers can now generate high intensity, fs
pulses of linearly polarised radiation [1]. It is desirable to
generate such radiation with circular polarization. It may
be possible to modify existing facilities to generate circu-
larly polarized light rather than build potentially expensive
helical wiggler SASE FELs. Microbunched electron beams
from existing planar wiggler SASE sources may be able to
generate coherent circularly polarized radiation with simi-
lar powers to those of the existing planar wiggler FEL with-
out extensive modification.

Conceptually, the simplest option is to inject mi-
crobunched electrons from a pre-saturated SASE planar
wiggler FEL into a relatively short helical wiggler mod-
ule. However, this may pose engineering challenges, and
helical wigglers are significantly more expensive than pla-
nar wigglers. An alternative is the crossed planar wiggler
scheme proposed in [2] and [3]. A secondary planar wig-
gler rotated 90° with respect to the first SASE wiggler will
generate linearly polarized radiation perpendicular to that
generated by the first wiggler. Ideally, the microbunched
beam will radiate coherently and produce similar powers
to that of the first wiggler in ~ 1.3 gain lengths [4] of the
second wiggler. If a w/2 phase shift is supplied between
the two wigglers the combined radiation of the 2 sources
should sum to give circularly polarized light. However,
since the second wiggler must be ~ 1.3 gain lengths to
produce ‘perfect’ circular polarization, the system can only
be optimised for one resonant wavelength for a given set of
beam parameters.

A modified crossed planar wiggler proposed in [5] and
shown schematically in Fig. 1 may remove this constraint.
By dumping the radiation from the first SASE wiggler and
then using two wigglers of equal length rotated 90° with
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Figure 1: Illustration of the alterative crossed wiggler
scheme from [5]

respect to each other, the powers generated by the micro-
bunched beam in each of these wigglers can be made equal
and the polarization controlled by a relative phase shift be-
tween the two. The polarization stability of this scheme
has been analyzed in [6], where 3D GENESIS simula-
tions were used to calulate the radiation fields from the two
crossed wigglers.

The unaveraged model presented in [7] describes a FEL
with a variably polarised wiggler, and is capable of self-
consistently describing the seperate transverse radiation
fields through a common complex field. In addition, the
model describes an extended radiation spectrum including
significantly higher and lower frequency content simulta-
neously, subject to the Nyquist condition. The ability of
this model to describe different radiation and wiggler polar-
izations accurately is discussed, and an example of how the
crossed planar wiggler scheme can be simulated is shown
with some preliminary results.

THE MODEL

Details of the derivation and scaling of the working
equations may be obtained from [7] and are summarised
here.

The FEL interaction is described by the coupled 3D
Maxwell-Lorentz equations in a variable magnetic wiggler
field defined as:

(fe= ™z 4 c.e) (D)

By,
B, =
2

where the unnormalized vector basis:
f=fx+if,y )

is used to define a variable polarized wiggler field and
where B, is the peak magnetic field strength. Hence, f,
and f, describe the strength of the wiggler magnetic field
in x and y. The vector basis f is un-normalized so that the
RMS magnetic field B,, varies from B,,/v/2 < B, < By,
as the wiggler changes from planar to helical.

New and Emerging Concepts
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The electromagnetic field is defined as:

= 1 A i(kz—w Ax ek —i(kz—w
E(z,y,2,t) = E (efoe (kz—wt) 4 g &e (k t))
(3)

with complex envelope &y(x,y, z,t) and the normalized

vector basis & = %(fﬂ—zy) is defined with é-é = é*-é* =

0 and & - € = 1. Projecting the field onto &* gives:
E| = &'k = B, — B, ©))

where E; and E, are the field components in = and y, or
in terms of the scaled units of the working equations:

A = AeXp(_i(22/2p)) =A; - iAy~ (5)

Rewriting the complex envelope A with an explicit magni-
tude and phase A = | Ale'¥ gives

A, = |Alcos(za — ) (6)
A, = |Alsin(zs — ¥) (7)

For constant |A| and 1), these fields describe a circularly
polarised field. More generally, if | A| and v are both func-
tions of z and Z5 they can describe any polarization. This is
what happens in the code which solves numerically for A4 :
the radiation amplitide, phase and polarization evolve self-
consistently, both driving, and being driven by, the trans-
verse electron current due to a variable wiggler polariza-
tion. Unlike other simulation codes, the radiation field po-
larisation is not fixed with respect to any transverse axis.
To obtain the complex envelope required for a given po-
larization equation (5) is re-arranged to obtain the real and
imaginary parts of the envelope in terms of A, and A,.
It can then be shown that the magnitude and phase of the
envelope vary as:

1A = /A2 + A2 ®)

_ [ Az sin(z2/2p)— A, cos(z2/2p)
tany = (Aw 005(522/22)+Ay sin(zz/QZ)) )

for the given polarization.

COMPUTATIONAL SOLUTION

The code which solves the combined electron-field in-
teraction is described in more detail in [7]. The partial
differential equations describing the field and electron vari-
able evolution are solved using a Fourier split-step integra-
tion method, where the first half-step solves field diffrac-
tion using Fourier transform methods, and the second half
step integrates the driven electron and field equations us-
ing a Runge Kutte 4th order and finite element method. All
computation is performed in parallel and memory usage is
spread evenly across processors increasing code efficiency.

VARIABLE WIGGLER POLARISATION
SIMULATION

A general elliptical wiggler field can be varied from a
linear to a full helical polarization with the electron beam
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Figure 2: Illustration of how the complex envelope magni-
tude and phase vary to obtain different polarizations.

Power atz = 10 [—_1 =0
T T —— fx=1,fy=0.5
—— fx=1,fy=1

Figure 3: Example of different field polarizations as driven
by electrons in planar, eliptical and helical wigglers as
specified by f; and f,. The radiation polarization profiles
are shown at the bottom, and the scaled powers on top.

having a corresponding transverse current. Simulations are
now presented that demonstrate that the field and its polar-
ization are driven consistently with such a variable trans-
verse current.

In Figure 3 the x and y components of the radiation
fields driven by a very short ~ \,./10 electron pulse prop-
agating through three 20-period wigglers of different po-
larisation of are plotted. The electron pulse has a gaussian
charge distribution and, being of sub-wavelength duration,
behaves almost like a single high-charge particle emitting
coherently. The self-consistent interaction of the field on
the electrons was artificially switched off. The wiggler pa-
rameter a,, = 0.5, so there is a relatively small harmonic
content. The FEL parameter p = 0.0796. This simulation

623



THPB15

demonstrates that the electrons drive the correct field polar-
ization via the complex field. Note that the scaled ‘instan-
taneous power’ oc |E| |2, i.e. including the fast oscillatory
field term, has been plotted. The sinusoidal amplitude of
the electric field is evident in the planar and elliptical cases
whereas the non-oscillatory ampluitude of the electric field
in the helical case gives a continuous instantaneous power.

PRELIMINARY RESULTS FROM A
CROSSED PLANAR FEL SYSTEM

Although the crossed planar wiggler scheme of [5] in
principle allows tunable circular polarization in SASE, the
electron bunching is initially noisy. Such bunching may
impede the ability of this scheme to achieve good circular
polarization. This is because the phase slippage induced to
achieve the circular polarisation, even for relatively small
wiggler lengths and phase shifts, may not allow good am-
plitude and phase matching of the electric fields to give
the desired polarisation. A simulation with the unaveraged
code to examine the effects of this is now outlined and pre-
liminary results presented.

An electron pulse of 40 cooperation lengths is propa-
gated through a long planar wiggler to just before satura-
tion, approx 17.5 gain lengths. The FEL parameter was set
to p = 0.01. This is larger than typical values for short
wavelength SASE FEL’s however it reduces the computa-
tional load and enables initial predictions and investigation
of the principles to be made quickly.

The noisy radiation output and bunching is typical of the
SASE process. A cold, flat top current distribution was
used so that a large fraction of the beam evolves only from
shot-noise. However, as this is an unaveraged code, CSE is
generated at the edges of the beam, with that from the back
developing into a superradiant spike. The front 15 coop-
eration lengths of the electron pulse have been untouched
by superradiant SACSE spike evolution and have evolved
only from shot-noise. To artificially remove CSE effects,

Field atz = 17.25

Electron Phase space

38.5

Zo 40 60 10 20 30 Zo 40 50 60
Figure 4: Simulation of the SASE bunching FEL. On the
left is a plot of the x and y fields at the end of the wiggler.
On the right is the electron phase space. Note the SACSE
spike at Z5 ~ 42. In the Z; frame the tail of the pulse is to
the right and the head to the left. A section of the electron
pulse from zZo = 17.25 to 32.25 which has evolved from
noise only (no CSE) was selected for input into the crossed
planar FEL.
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Figure 5: Simulation of the crossed planar FEL. The mi-
cro bunched electron beam has propagated to z = 1. The
wiggler polarization was switched from a planar in y to a
planar in = and a 7/2 phase shift added at Z = 0.5. The
z and y fields are shown here, the bottom plot is enlarged
to show the structure of the fields, and the magnitudes are
scaled to the total magnitude of the radiation vector for ease
of comparison.

this section only of the beam was selected for input into
the two crossed planar wigglers with the remainder of the
beam discarded.

The shortened beam was then injected into a combined
cross wiggler a total of 1 gain length long. As the beam
had been pre-bunched, high power radiation is emmitted
in both wigglers sections. After one half a gain length the
planar wiggler polarization was rotated by 7/2, to change
from a y to x polarized planar wiggler, and a 7/2 phase
shift was added to the electron beam.

Figure 5 shows the resulting transverse radiation fields.
As this model is unaveraged the higher harmonics evolve
self consistently and the odd harmonics of the planar wig-
gler are seen in Fig. 6. The waveforms in Fig. 5 show the
fields in both planes are modulated, possibly by the har-
monic content, which may adversely affect the generation
of good circular polarization. The scaled instantaneous ra-
diation power | A, |* shows significant modulation indicat-
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Figure 6: Simulation of the crossed planar FEL. On top is
the scaled power, and the bottom shows the frequency con-
tent of the signal scaled to the frequency of fundamental.

ing that the degree of circular polarization of the radiation
is quite poor. Also note that the amplitude of the y com-
ponent of the radiation field is less than that of the z com-
ponent. This may result from electron de-bunching in the
first y polarized planar wiggler reducing power output in
the second = polarised wiggler. Further optimisation may
mitigate such effects.

CONCLUSION

The model presented here is a potentially powerful tool
for investigating variable polarization effects in the FEL,
allowing fully variably polarized wigglers and radiation
fields to be modelled self consistently. The examples
shown are ‘work in progress’ and, although rudimentary,
demonstrate the potential of the code to investigate polar-
ization phenomena in FEL physics. The example simula-
tion of the crossed planar FEL is an initial step towards ex-
amining how the beam characteristics affect the final field
polarization. The field polarization must now be described
in a quantitative manner, for example via Stoke’s parame-
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ters. The form of the transverse field components are writ-
ten here in terms of the common complex field envelope.
To determine the Stokes’ parameters this description must
now be related to the independently varying magnitude and
phase of the transverse fields.
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