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Abstract

This thesis considers the mathematical modelling and analysis of the widely used
One Drop Filling (ODF) method for the industrial manufacturing of liquid crystal
displays. In the first part of the thesis, we consider three problems relating to
the fluid dynamics of nematic liquid crystals (nematics) in the ODF method. In
particular, we formulate and analyse a simple model for the squeezed coalescence
of several nematic droplets, a squeeze-film model for a single nematic droplet, and
a model for pressure-driven channel flow of nematic. Our results give significant
insight into nematic flow effects in the ODF method and indicate that these effects
could play an essential role in forming unwanted optical effects, known as ODF
mura. In the second part of the thesis, we consider a static ridge of nematic resting
on an ideal solid substrate surrounded by passive fluid. The analysis of this system
gives insight into the initial stage of the ODF method and more general situations
involving nematic free surfaces and three-phase contact lines. Specifically, we
derive the governing equations for a static ridge, which include nematic Young
and Young-Laplace equations, and then use these governing equations to study
two related problems. Firstly, we consider the situation in which the ridge is thin
and has pinned contact lines. Secondly, we use the nematic Young equations to
determine the continuous and discontinuous transitions between the equilibrium
states of complete wetting, partial wetting, and complete dewetting that can

occur.
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Chapter 1

Introduction

1.1 Liquid crystals

The three fundamental phases of matter are present in every aspect of life. Solids
retain their shape, liguids (such as water at room temperature) retain their vol-
ume and flow freely, and gases (such as air at room temperature) expand to fill
any available volume. In general, materials at constant pressure will change be-
tween the fundamental phases when an increase in ambient temperature raises (or
lowers) the temperature of the material past certain critical values [88]. At these
critical temperatures, phase transitions occur and the material changes phase.
For example, in normal atmospheric conditions as temperature is increased, at
the critical temperature 0° C, called the melting point, solid water (ice) undergoes

a melting transition and turns into liquid water [88].

The three fundamental phases of matter are sufficient to describe most materi-
als; however, certain materials in appropriate conditions can exist in mesophases,
which are not one of the three fundamental phases of matter. One such group

of materials, which are named after the mesophases they can form, are liquid
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Figure 1.1: A schematic diagram of the constituent molecules (shown by grey
rods) and phase transitions of a liquid crystal material with increasing tempera-
ture. The melting point and clearing point are also shown.

crystals [49)].

At low temperatures (below the melting point), a liquid crystal material exists
as a crystalline solid. Within the crystalline solid, long typically rod-like or disc-
like constituent molecules display a preference for orientational and positional
ordering with respect to their neighbouring molecules. As the temperature is
increased above the melting point, the crystalline solid melts into a liquid crystal
phase and the constituent molecules lose some order and begin to move more
freely, whilst they maintain their preference for orientational molecular order.
The liquid crystal phase is therefore an anisotropic liquid (i.e. a liquid possessing
behaviour dependent on direction) with constituent molecules that align so that
they display orientational molecular order. The mathematical description of this

orientational molecular order will be discussed in detail in Section 1.5.

As the temperature is increased further, a different critical temperature, known
as the clearing point, is reached. Above the clearing point, the liquid crystal con-
stituent molecules lose their orientational molecular order, and molecules move
and orient themselves freely as an isotropic liquid. A schematic diagram of the
constituent molecule behaviour and phase transitions of a liquid crystal material

with increasing temperature are shown in Figure 1.1.



Liquid crystal materials that display a liquid crystal mesophase due to tem-
perature variation, like the scenario described above, are known as thermotropic
liquid crystals [49,201]. Some liquid crystal materials display a liquid crystal
mesophase due to variation of their concentration in a solvent. These concentration-
dependent liquid crystal materials are known as lyotropic liquid crystals [49,201].
Liquid crystal materials can have varying shapes of the constituent molecules,
for example, calamatic liquid crystals have rod-like molecules and discotic liquid

crystals have disc-like molecules.

There are a number of different liquid crystal phases. The nematic liquid crys-
tal phase contains no positional order and the constituent molecules locally align
along a common direction, often called an anisotropic axis [49,201]. When there
is only a single anisotropic axis, nematic liquid crystals are referred to as uniaxial
nematic liquid crystals. The cholesteric liquid crystal phase is observed in liquid
crystal materials that have chiral constituent molecules (where there is asym-
metry between the constituent molecules and the mirror image of constituent
molecules) which encourages the formation of helical twist structures [49, 201].
Smectic liquid crystal phases contain some positional ordering which creates lay-
ers that contain orientational order. There are a number of smectic liquid crystal
phases that are classified by their behaviour within the layered structure. For
example, in smectic A phases, the liquid crystal molecules orient themselves par-
allel with respect to the layer normal, and in smectic C phases, the liquid crystal
molecules are tilted with respect to the layer normal [201]. The various differences
between liquid crystal phases can lead to them showing many different patterns
and birefringence when viewed under a microscope, as shown in the photographs

in Figure 1.2 [223].

In this thesis, we will be interested in calamatic uniaxial nematic liquid crys-

tals, which we henceforth term nematics, as these are the most commonly used



(a) The nematic phase

(c) The smectic A phase

Figure 1.2: Photographs of (a) the nematic phase, (b) the chloesteric phase,
and (c) the smectic A phase viewed through a microscope. Photographs taken
with permission from Vance Williams’ blog http://lcmicroscopy.weebly.com/lc-
photogallery.html [223].



liquid crystals in the liquid crystal display (LCD) industry [114]. From now on we
will focus entirely on developing and using mathematical models for nematics. We
will not discuss the mathematical descriptions of any other liquid crystal phase,
but for a detailed consideration of these materials see de Gennes and Prost [49]

or Stewart [201].

1.2 The discovery of liquid crystals

There is a long history of developments in chemistry and physics that proceed
the modern-day use of nematics in LCDs. The first generally accepted discovery
and description of a liquid crystal phase was by the Austrian botanist Friedrich
Reinitzer in 1888 [176,177]. Whilst Reinitzer was investigating cholesterol, he
heated samples of cholesteryl benzoate (which is a solid at a room temperature)
and observed a melting transition, at the melting point 145.5° C, at which point
the solid cholesteryl benzoate melted into a cloudy liquid. To his surprise, upon
further heating of his sample, he observed a second melting point at 178.5°C
(which is recognised to be the aforementioned clearing point) at which point the

cloudy liquid cholesteryl benzoate transitioned into a clear liquid [176,177].

Excited by this discovery, Reinitzer sent samples of cholesteryl benzoate to the
German crystallographer Otto Lehmann who had already observed similar tran-
sitions in his own material samples [32,110]. Part of Lehmann’s current work was
the design and creation of a heated microscope for observing the crystallisation of
his material samples [32,110]. After observing Reintzer’s samples with his heated
microscope and continuing his investigations, Lehmann described Reintzer’s sam-
ples as “flowing crystals” [126]. This was a remarkable observation of a new phase
of matter; a liquid with crystalline properties. Around the same time, Lehmann

was sent samples by Gattermann and Ritschke [81] who had developed the first



synthesised nematic material, p-azoxyanisole (PAA) [110]. In 1900, Lehmann’s
continued contributions to this developing field eventually lead him to adopt the

term “liquid crystals” [110].

Further important developments occurred in 1907, when Vorlander experi-
mentally determined that liquid crystal constituent molecules were typically rigid
and linear [110,215]. In 1922, Georges Friedel developed the classification of liquid
crystals into three distinct categories, nematics (derived from the Greek word for
thread), smectics (derived from the Greek word for soap) and cholesteric (meaning
cholesterol-like material) [32,77]. Although the discovery of these liquid crystal
materials and their categorisation had now come a long way in a short period,
little was still known about their optoelectrical and viscoelastic properties, which

now form the basis of an industry worth more than 150 billion dollars [140].

1.3 50 years of liquid crystal displays

The first optoelectrical effect in liquid crystals was found in 1918 by Bjornstahl
[16]. Bjornstahl found that when an electric field was applied across a thin layer of
PAA, the PAA molecules orientated themselves perpendicular to the direction of
the applied field [110]. Similar optoelectric effects were obtained by Friedel in 1922
[110] and Zwetkoff in 1935 [103]; however, much of the interest in liquid crystals
began to fade as Europe was overcome by the First and Second World Wars
[110]. The potential technological application of optoelectric effects in nematics

remained largely unexplored for the next 50 years.

Further reasons for the lack of development of a liquid crystal based display
were firstly due to the success of the cathode ray tube television [80], and secondly,
that at the time liquid crystal materials were highly unstable, with melting points

much higher than room temperature [103]. It wasn’t until 1963 that desire for



a flat panel display for use in aircraft turned attention back to liquid crystals.
The light scattering experiments of Bjornstahl and Zwetkoff were rediscovered
by Richard Williams of the Radio Corporation of America (RCA) Laboratories
in Princeton [222]. The work of Williams was then extended by Heilmeier and
Zanoni [93] who produced the first patent of a practical LCD named a dynamic
scattering LCD (DS-LCD) [92].

1.3.1 The dynamic scattering liquid crystal display (DS-
LCD)

The DS-LCD operates using a negative dielectric anisotropy nematic (meaning
that the nematic molecules align perpendicular to imposed electric fields [201])
doped with conductive particles, placed in a thin gap between two electrically
conductive transparent substrates and crossed polarisers [108], as shown in Fig-
ure 1.3. The conductive particles allow an electrical current to pass through the
nematic between the two substrates. In the off-state, the nematic aligns perpen-
dicular to the substrates and any incident light is blocked by crossed polarisers
which are positioned above and below the upper and lower substrates, respec-
tively, as shown in Figure 1.3(a). In the on-state, a voltage is applied between
the two substrates, creating an electric field and an electrical current (due to
the conductive particles) between the two substrates. The electric field and elec-
tric current create two opposite torques on the nematic molecules [108]. Firstly,
due to the negative dielectric anisotropy of the nematic, a torque from the elec-
tric field aligns the nematic molecules perpendicular to field (in-plane with the
substrates), and secondly, a torque from the transport of current between the
two substrates produces an opposing torque (out-of-plane with the substrates).
At low field strengths these opposing torques produce the formation of striped

structures called Williams domains, as shown in Figure 1.4 [222], but as the



(a) DS-LCD off-state (b) DS-LCD on-state

Figure 1.3: A schematic diagram of the mechanism of a DS-LCD in the (a)
off-state and (b) on-state. The nematic (red ellipsoids) doped with conductive
particles (dark grey spheres) is contained between two electrically conductive
transparent substrates (blue layers) and two crossed polarisers (yellow striped
layers).

field strength is increased further, the large opposing torques produce turbulent
motion of the nematic molecules, which scatters the incident light from the first
polariser, randomly changing the direction and polarisation of the light [86]. This
dynamic scattering of the incident light by the doped nematic allows some light to
pass through the upper polariser [108], creating the on-state, as shown in Figure
1.3(b). The applied voltage may then be controlled, allowing switching between
the on- and off-state, creating the basis of the display.

The invention of the DS-LCD inspired the first prototype LCD products, such
as pocket calculators and digital wrist watches, however, these displays faced
serious problems. Due to the requirement of conductive particles in the DS-LCD,
electrochemical decomposition could cause build up on the electrodes on the
substrates and the displays required large operating voltages [108]|. Ultimately,
these problems meant that DS-LCDs were not capable of replacing the cathode



Figure 1.4: Williams domains observed in PAA. An electric field is applied on
the left-hand side in the dark regions, and no electric field is applied in the right-
hand side in the light region. Williams domains are evident in the small striped
structures on the left-hand side in the dark regions. Figure taken from [222] with
Copyright permission from The American Association for the Advancement of
Science and Copyright Clearance Center.

ray tube for use in a large displays. With the large number of problems associated

with DS-LCDs, a new mechanism for a liquid crystal based display was required.

1.3.2 The twisted nematic display (TN-LCD)

It was not until 1969, after the formation of the Roche liquid crystal research
group in Switzerland, that Wolfgang Helfrich decided that investigating a display
that used an imposed twist, which had previously been observed by a French
crystallographer Mauguin in 1911 [143], was worth further investigation [103].
Mauguin had found that incident light on a twisted nematic state caused a change
in the polarisation of the transmitted light. Helfrich and his colleague Martin
Schadt, realised that by unwinding this imposed twist with an applied electric
field they could control the polarisation of light incident on the nematic layer [103]
which could be the basis of a new type of LCD.

In 1970, Helfrich and Schadt created reproducible unwinding and winding of



(a) TN-LCD off-state (b) TN-LCD on-state

Figure 1.5: A schematic diagram of the mechanism of a twisted nematic TN-LCD
in the (a) off-state and (b) on-state. The nematic (red ellipsoids) is contained
between two electrically conductive transparent substrates (blue layers) and two
crossed polarisers (yellow striped layers).

an imposed twist and could now reliably switch the nematic between a twisted
state and an untwisted state [103]. What was even more surprising about this
discovery was the low operating voltages required for the switching of this nematic
state. The invention was quickly patented and published within the year, and
the twisted nematic display (TN-LCD) was ready to be commercialised [94,191].

The TN-LCD, unlike the DS-LCD, operates using a positive dielectric
anisotropy nematic (meaning that the molecules align parallel to imposed elec-
tric fields [201]) which is placed in a thin gap between two electrically conductive
transparent substrates and crossed polarisers, as shown in Figure 1.5. In the
off-state, the nematic contains an imposed twist, which is achieved by specific
treatment of the lower and upper substrates (the specific treatment of the sub-
strates, called anchoring will be discussed in Chapter 1.7.3), as shown in Figure

1.5(a). The imposed twist acts as a wave guide for the incident linear polarised

10



light and the polarisation is rotated 90° so that when it reaches the upper po-
lariser the light is emitted. In the on-state, an electric field is applied between
the substrates, and due to the positive dielectric anisotropy of the nematic, a
torque from the electric field aligns the nematic molecules perpendicular to the
substrates, as shown in Figure 1.5(b). With the nematic molecules perpendicular
to the substrates the imposed twist is no longer present, and the polarisation
of the incident light is no longer rotated and is therefore blocked by the upper

polariser.

It often goes unmentioned that in 1970, Frank Leslie of the University of
Strathclyde described the mathematical theory for a similar mechanism which un-
wound an imposed twist within a thin nematic layer using a magnetic field [129].
Leslie calculated the magnetomechanical threshold required to cause the nematic
to untwist in a magnetic field and the analogous result for electric fields could
easily be extracted from his work. This theoretical paper may have been the
basis on which Helfrich and Schadt gained their inspiration to create the twisted
nematic display, albeit using electric fields rather than magnetic fields [103,108].
Five months after the patent was filed by Roche, the American company Fergu-
son submitted a similar TN-LCD patent [73] and a legal battle between Roche
and Ferguson began. The conflict was eventually settled when Roche bought

Ferguson’s patent.

Within the next few years some practical issues arose for the TN-LCD, includ-
ing a lack of stable and room temperature nematic materials which were crucial
for creating a room temperature display. However, most significant of all prob-
lems was a lack of funding at Roche. At the time, Roche made the majority of its
money through its cathode ray tube patents, and the company directors viewed

the TN-LCD as unwanted competition [103].

Eventually, inspired by the success of the TN-LCD in Japan, Roche began to

11



focus on developing room temperature nematic materials to bring a commercial
TN-LCD into reality. The creation of the nematic materials called cyanobiphenyls
by George Gray and others at the University of Hull [85,173] allowed the devel-
opment of new nematic mixtures, which combined a number of nematic mate-
rials and chemical additives to achieve room temperature stable nematic mix-
tures [173]. Roche had now become primarily a chemical company, and focused
its efforts developing these mixtures and entered licensing agreements with many
Japanese companies, such as Seiko, Sharp and Hitachi [103]. This long and pro-
ductive relationship brought about the first TN-LCD wrist watches, portable
games consoles, and pocket calculators. The nematic material patents developed
by Roche over this period were eventually purchased by Merck KGaA, who now

continue the research, development and production of liquid crystal mixtures.

The TN-LCD was successfully used in small portable displays, but they could
not replace the cathode ray tube for use in large displays, until their combination
with the thin-film-transistor (TFT). The TFT, developed by Paul Weimer in 1962
[220], operates using thin semiconductor deposits which use electronic signals to
allow the control of individual portions of a display, called pixels. In 1974, Brody
et al. [22] combined a TFT and a TN-LCD to create a method for constructing
a large TN-LCD. These so-called TFT-LCDs were finally able to replace the
cathode ray tube for use in large displays, and LCDs took control of the display

market.

Since the development of the TFT-LCD, advancements in engineering and
chemical design of nematic materials has allowed the introduction of many new
modes of LCDs, including the super-twisted nematic display (STN-LCD) [174],
in-plane switching display (IPS-LCD) [99], and the vertically aligned nematic
display (VAN-LCD) [228].
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-«—— metal casing
<—— optical film
-«——upper polariser

<«—— colour filter
-«—— nematic layer

- TFT
-«—lower polariser
<«——  backlight

-«—— metal casing

Figure 1.6: A schematic diagram of the layered structure of a modern LCD.
From bottom-to-top the layers consist of the lower surrounding metal casing
(shown by the grey layer), the backlight (shown by the bright orange layer), the
lower polariser (shown by the yellow striped lower layer), the glass-mounted TFT
(shown by the brown layer with a black imposed grid), the nematic layer (shown
by the red ellipsoids), the colour filter (shown by the red, blue and green layer),
the upper polariser (shown by the yellow striped lower layer), the optical film
(shown by the purple layer), and finally, the upper surrounding metal casing
(shown by the open grey layer) [225].

1.4 A modern liquid crystal display

A modern commercialised LCD requires the combination of several layered com-
ponents [225], as shown in Figure 1.6. In particular, within the outer metal
casing, the LCD is illuminated from the bottom by a mono-coloured backlight.
The backlight typically uses a mono-coloured cathode fluorescent lamp or many
individual light emitting diodes [19] to transmit light through the polariser and

the glass-mounted TFT into the nematic layer.

The TFT is used to electronically control the many pixel regions that make up

the display. In cutting-edge modern, so-called 8K resolution, LCDs, there can be

13



as many as 33 million individual pixels in a single display. These displays can now
be over 60 inches in size (diagonal measurement of the display) and each pixel
must be controlled by electronic signals through the TFT [113,202]. When a pixel
is in the off-state, there is no change in the polarisation of the incident light on
the nematic layer, and as such, the light is blocked by the second polariser, which
is orientated 90° to the first. When a pixel is in the on-state, the polarisation of
the incident light is changed by the orientation of the nematic molecules in the

nematic layer.

The orientation of the nematic molecules in the on-state and off-state is dif-
ferent depending on the type (often called the mode of the LCD) of the display.
The most common commercially available LCD modes, i.e. STN-LCD, IPS-LCD
or VAN-LCD, all use imposed twists or rotations of the nematic molecules to act
as a wave guide to change the polarisation of the incident light. As the light
passes through the pixels in the on-state, it then passes through a colour filter
which blocks certain colours from the mono-chromed light source to produce the
desired colour of the final output. Finally, the output passes through an optical
film which improves the quality of the final output [20].

Many LCD modes still exist on the market place because each mode provides
unique advantages [65,111]. For example, in computer monitors, the STN-LCD
mode can be favoured by users who play computer games for fast refresh rates
and response times; however, VAN-LCDs can be favoured for watching film and
television as they provide greater colour depth and viewing angles [65]. Whilst
LCDs in general still dominate the display market, the emergence of organic
light emitting diode (OLED) displays [138] now provide a direct competition for
LCDs. OLEDs operate through the combination of excited electrons and holes
(the absence of an electron) within an organic polymer layer sandwiched between

an anode and a cathode. When the electrons and holes combine, they form
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excited states that relax by emission of a photon of a particular wavelength. The
controlled reproduction of this effect forms the basis of the OLED display [138].
OLED displays are the current high-end display of choice, due to their improved
black state, colour depth and viewing angles; however, LCDs are still preferred

for their low manufacturing costs and longevity [29].

1.4.1 The alignment layer

In order to impose specific twists or tilts of the nematic molecules in the nematic
layer which control the polarisation of emitted light, the glass-mounted TFT
and colour filter, referred to henceforth as the substrates, are coated with thin
alignment layers, whose purpose, as previously mentioned, is to ensure that the
nematic molecules have the required orientation at the substrates for the final
display. The precision to which the required orientation of the nematic molecules
at the substrates must be maintained is often extremely high. For instance, in
VAN-LCDs, in which the required nematic orientation is close to 90°, deviations
in the orientation as small as 1° can lead to unacceptably large changes of an order
of magnitude in the LCD contrast ratio [6]. The alignment layers are therefore
crucial components of any LCD. In particular, they are, in large part, responsible

for determining its optical characteristics [104].

There are a number of methods for fabricating alignment layers. A widely-
used method for creating a preferred orientation at the substrates is the poly-
mer stabilised (PS) method. This method involves adding an ultraviolet curable
monomer to the nematic and then applying a voltage difference across the ne-
matic layer while exposing it to UV light in order to achieve the desired orienta-
tion at the polymer layers which form on both substrates due to phase separa-
tion [90,221,228]. This method is now so widely used in the display industry that

displays are often named after it, for example, the polymer stabilised VAN-LCD
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(a) PS-VA off-state (b) PS-VA on-state

Figure 1.7: A schematic diagram of the mechanism of a PS-VA in the (a) off-state
and (b) on-state. The nematic (red ellipsoids) is stabilised by a polymer (green
tubes) and is contained between the TFT (brown crossed layer), the colour filter
two electrodes (red, blue, and green layer), and two crossed polarisers (yellow
striped layer).

is often called just PS-VA. The PS-VA mode LCD is shown in Figure 1.7.

Another method for creating a preferred orientation at the substrates involves
coating the substrates with a layer of polyimide, and then mechanically rubbing
these layers to create nano-grooves in their surfaces with which the nematic tends
to align [104]. Other displays use photo-activated alignment in which the sub-
strates are coated in a polymer layer whose surface orientational properties are
changed when they are exposed to polarised light [84]. All of the methods for
creating an alignment layer rely on some form of adhesion between the molecules
of the alignment layer and those of the nematic, which leads to an energetically
preferred nematic orientation at the substrates. Depending on the alignment ma-
terial used, the physical mechanism for this adhesion can be either mechanical or

electrostatic [104].
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1.4.2 Liquid crystal display manufacturing

The industrial manufacture of modern LCDs involves a number of different pro-
cesses, a key one of which involves filling nematic between the substrates. There
are two basic methods for doing this, namely capillary filling and One Drop Fill-
ing (ODF). The first step in both of these methods is to coat the two substrates in

thin alignment layers to correctly orient the nematic molecules at the substrates.

In capillary filling, the substrates are positioned parallel to each other with
a typical gap size of around 5 pm [106]. The nematic is then introduced into
this gap from one side of the display and allowed to fill the space between the
substrates by capillary action, often aided by an applied pressure difference (an
enhancement sometimes referred to as “vacuum filling”). Even with an applied
pressure gradient, the nematic flow is still slow, and as such, capillary filling was

a bottleneck in the manufacturing process, leading to manufacturing times of the

order of a day [71,106].

In ODF, the nematic is dispensed onto the lower substrate in the form of
droplets, as shown in Figure 1.8. These droplets are allowed to equilibriate and
then the upper substrate is lowered towards the droplet-laden lower substrate,

squeezing the droplets together to form the nematic layer.

Experimental images of the transmission of light through a two-droplet ODF
test setup is shown in Figure 1.9. The ODF test set-up contains two converging
substrates with polarisers at perpendicular directions (crossed polarisers) posi-
tioned on each substrate (shown by the green arrows in Figure 1.9). The exact
gap between the converging substrates is unknown in each photograph; however,
the orientation of nematic molecules can be inferred from the regions of low light
transmission (black) and regions of high light transmission (white). While the
nematic molecules are aligned parallel to either polariser or aligned parallel to

direction of the transmitted light, no light is transmitted (black regions) through
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() (b)

Figure 1.8: A schematic diagram of the stages of the ODF method. The substrates
are ((a) and (b)) coated in alignment material (shown in light blue), ((c¢) and (d))
nematic droplets (shown in red) are dispensed and allowed to equilibriate on the
lower substrate, and ((e)—(h)) the upper substrate is lowered onto the nematic
droplets squeezing them from above to form a thin continuous layer of nematic.
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Figure 1.9: Experimental photographs of the transmission of light through a
two-droplet ODF test setup between crossed polarisers (with polariser direction
indicated by the green arrows). Left to right shows the increase of time and
regions of white show complete transmission through the drops and regions of
black show no transmission. [Photographs provided by Merck KGaA]

the ODF test setup. If the director is aligned 45° from both polarisers and per-
pendicular to the direction of the transmitted light, there is a maximum (white
regions) amount of transmission through the nematic layer. In situations between
these extremes, there is partial transmission of light through the nematic layer
(grey regions). In Figure 1.9, a black cross within the center of each droplet rep-
resents that the orientation of nematic molecules is radial from the center of each
droplet. As the gap between the substrates decreases, these black crosses move
into the combined centre of the droplets. In Chapter 2, we will make compar-
isons between the experimental photographs shown in Figure 1.9 and numerical

investigations of a two-droplet ODF setup.

The introduction of the ODF method significantly improved manufacturing
speeds so that manufacturing times were reduced from of the order of a day to
of the order of an hour [71,106], and are now even shorter than this. However,
since ODF is significantly faster than capillary filling, it involves significantly
higher nematic flow speeds, which may cause transient flow-driven distortion of

the nematic molecules at the substrates from their required orientation. This
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Figure 1.10: ODF mura formed in a three droplet ODF test cell. The hand-
drawn circles indicate the positions where the three droplets were deposited on
the bottom substrate. Note that the black shape to the right of the lowest hand-

drawn circle is a defect in the test cell not related to the ODF mura. [Photograph
provided by Merck KGaA]

may then lead to permanent or semi-permanent flow-driven misalignment of the
orientation of the molecules in the alignment layers, which may in turn degrade
the optical properties of the final display. In particular, flow-driven misalignment
of the orientation of the molecules in the alignment layers may be the cause of

unwanted optical effects known as “ODF mura” [36,125,167].

1.4.3 The ODF mura

Figure 1.10 shows an example of ODF mura formed in a three droplet ODF test
cell. In particular, Figure 1.10 shows nonuniformity within the test cell in the form
of three linear regions of relatively high light transmission equidistant between the
original locations of each droplet (indicated with the hand-drawn circles in Figure
1.10) creating an inverted “Y-shape” and a radial non-uniformity away from the
centre of the cell. For many LCD modes the ODF mura may recover over time,
but for the PS-VA mode [119], any deformation to the orientation of the molecules

in the alignment layers is “locked in” after ultraviolet light curing of the alignment
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layer. In this thesis we will be particularly interested in mathematical modelling
of nematic flow in LCD manufacturing, and understanding how nematic flow can

lead to the formation of the ODF mura.

1.4.4 Typical parameter values in the ODF method

In Chapters 2 to 4 we will consider mathematical models for various aspects of
the fluid dynamics in the ODF method. In each of these chapters we will use typ-
ical parameter values from the ODF method to motivate the various asymptotic
regimes we consider and to produce plots of key results. The key geometrical
parameters in the ODF method are; the initial radii of the nematic droplets, de-
noted by R, the initial height of the nematic droplets, denoted by H, the final gap
between the substrates, denoted by Hy, the downward speed of the top substrate,
denoted by s,, and half the separation distance of each droplet, denoted by L.
These key geometrical parameters are included in a sketch of the ODF method
for a three droplet set-up in Figure 1.11. Based on private communications with
Merck KGaA we assign typical values for these key geometrical parameters in

Table 1.1. We will refer back to these values later in Chapters 2 to 4.

1.5 Mathematical models for nematics

There are many approaches used for mathematical modelling of nematic mate-
rials, ranging from atomistic and molecular models [25,224, 230] to continuum
models [49,134,200,201,212]. The first established mathematical model used to
describe nematics was by Bose [18,26] in 1907. The Bose model used a Maxwell-
Boltzmann statistical description of nematic materials which is sometimes called

“swarm theory” [26].
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Figure 1.11: Schematic diagram indicating the geometrical parameter values in
the ODF method. The initial radii of the nematic droplets R, the initial height of
the nematic droplets H, the final gap between the substrates H;, the downward
speed of the top substrate s,, and half the separation distance of each droplet L
are shown.

Symbol Value
R 10741072 m
H 107%-10* m

Hs 107 m
Sp 1073 ms™!
L 1073-1072 m

V 107141078 m?

Table 1.1: Typical values for the geometrical parameters in the ODF method; the
initial radii of the nematic droplets R, the initial height of the nematic droplets H,
the final gap between the substrates H¢, the downward speed of the top substrate
sp, and half the separation distance of each droplet L.
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Swarm theory remained the leading theory for nematics up until the develop-
ment of a static continuum theory by Oseen [160, 161] in 1925 and Zocher [235]
in 1927. At the time, it was well known that the constituent molecules of ne-
matics tend to align so that the long axis of the molecules share a common local
preferred direction that is referred to as the anisotropic axis [201]. The theories
developed by Oseen and Zocher used a unit vector, called the director, to de-
scribe the average local preferred direction of the constituent nematic molecules.
The director formulation allows for a phenomenological theory which can account
for anisotropic elasticity, body forces and surface effects. This static continuum
theory developed by Oseen and Zocher is still widely used for nematics almost a

hundred years later [201].

The static continuum description of nematics was eventually developed fur-
ther by Frank [75] in 1958 and the resultant theory, now called Oseen-Frank
theory, has been applied to many problems involving nematics [26,201]. One of
the many successes of the Oseen—Frank theory was its capability to explain the
Freederickz transition, which was first observed by Freedericksz and Zolina [76] in
1933. The Freederickz transition is an effect observed when a magnetic field is im-
posed on a sample of nematic between two bounding substrates, which produces
a magnetisation in the sample capable of changing the orientation (or director)
of the nematic. At low magnetic field strengths, there is no observed change in
the orientation of the nematic sample and the nematic aligns itself in accordance
with the alignment of the bounding substrates. The orientation of the nematic
remains unchanged as the magnetic field strength is increased until a critical
magnetic field strength (called a Freederickz threshold) is reached, and the ne-
matic director then attempts to align with the magnetic field. We note that in
1933, Zocher [236] successfully used his theory to explain the Freedericksz transi-
tion, however, without the detailed model provided by Frank in 1958 his results

were only in qualitative agreement [26]. The model used by Zocher was identi-
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Figure 1.12: Jerald Ericksen (right) and Frank Leslie (left) photographed in Glas-
gow, sometime in the mid-1970s [8]. Figure taken from [8] with Copyright per-
mission from The American Association for the Advancement of Science and
Copyright Clearance Center.

cal to a useful approximation of the Oseen—Frank model called the one-constant

approximation which we will discuss in Section 1.7.1.

After the success of the static Oseen—Frank continuum theory, there was much
effort to develop a dynamic continuum theory of nematics which would describe
their viscoelastic properties. In 1961, Ericksen [67] formulated the balance laws
for the conservation of linear and angular momentum for nematics. In 1966,
Leslie [127,128] formulated constitutive equations for these balance laws and the
resultant dynamic theory was named FEricksen—Leslie theory. A photograph of
Jerald Ericksen and Frank Leslie together is shown in Figure 1.12. Ericksen-Leslie
theory uses the conservation of linear and angular momentum to describe coupling
of the director, the nematic fluid velocity and the nematic fluid pressure [201].
Early validation of the Ericksen-Leslie equations was carried out by Atkin [7] in
1970, who considered nematic flow between coaxial cylinders. The scaling laws
obtained by Atkin matched experimental observations of nematic flow between
coaxial cylinders made by Fisher and Frederickson [74] in 1969. The Ericksen—

Leslie theory has since been applied to numerous problems involving flow, electric
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fields, magnetic fields, and free surfaces [201]. After describing the mathematical
detail of Ericksen—Leslie theory in Section 1.8, we shall discuss relevant literature

using Ericksen—Leslie theory for this thesis in Section 1.9.

One particular shortcoming of the Oseen—Frank static theory and the Ericksen—
Leslie dynamic theory, is their difficulty describing so-called defects or disclina-
tions that occur in samples of nematics. A continuum model accounting for these
defects was established by Ericksen [69] in 1991. The most general static contin-
uum theory for nematics, which describes both the director and defects, is called
Q-tensor theory or Landau-de Gennes theory [49]. Q-tensor theory considers
the coupled behaviour of the director and a new variable called the scalar order
parameter, which describes the tendency for the nematic molecules to align with
the director. A detailed review of the development of this continuum model can
be found in [212] and a mathematical review of the detail in [152]. An often used

dynamic version of Q-tensor theory is called Berris-Edwards theory [13].

For more details on the history and development of mathematical models of
nematics, see the review by Carlsson and Leslie [26]. For the systems we shall
consider in this thesis, for which variations occur on the micron length scale and
the millisecond time scale, it is appropriate to use the director continuum model,
namely the Oseen-Frank static model and the Ericksen—Leslie dynamic model.
We will now overview the key concepts of both of these models which will be used

in Chapter 2 onwards.

1.6 The director and scalar order parameter

Nematics align so that the long axis of each constituent molecule within a local re-
gion shares a common preferred direction, referred to as the anisotropic axis [201].

This common preferred direction is named the director, and is denoted by a unit
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vector n = n(z,y, z,t), where the director may be a function of space (x, y, and
z) and time (). For achiral nematics it is common to assume that n and —n are
indistinguishable, i.e. the group of constituent molecules are symmetrical along
their anisotropic axis. In this thesis we shall only consider a so-called uniaxial de-
scription of nematics materials, where a single director, which is associated with
the common local preferred direction of the long axis of constituent molecules,
is used. A more general theory, or a so-called biaxial description of nematics,
takes into account a second director (usually denoted by m) associated with the
common local preferred direction of the short axis of constituent molecules, for

more details see Leslie et al. [131].

For simplicity, in this thesis we will often adopt the use of index notation for
vector variables so that the director components and the position vector compo-
nents are denoted by n; and x;, respectively, where the index 7 = 1 corresponds
to components in the z-direction, ¢ = 2 corresponds to components in the y-
direction, and ¢ = 3 corresponds to components in the z-direction. As is standard
in index notation, repeated indices will imply summation from 1 to 3 over that
index, so that, for example, J; = Ji1 + Joo + J33, and differentiation with respect
to x, y or z is represented by the shorthand G; = 0G/0x; with i = 1, i =2 or
1= 3.

As the director is a unit vector, its components must satisfy the constraint

The director components are often written in terms of two angles called the tilt
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director angle 0 = 0(x,y, z,t) and the twist director angle ¢ = ¢(z,y, z,t) so that

ny = cos f cos ¢, (1.2)
ny = cos fsin ¢, (1.3)
ns = sin 6. (1.4)

The degree to which nematic molecules in a region €2 of nematic align with the
director can be measured by the so-called order parameter S = S(x,y, z,t). The

order parameter is defined by a statistical average, namely
1 2 1 2
S:§<3COS Op —1>= 5 (3cos® 0, — 1) f(6,n) A, (1.5)

where 6,, is the molecular angle measured between the long axis of each con-
stituent molecule and the director and f(6,,) is the angular probability density
function for the molecules in §2 [49,152]. If the orientation of each of the con-
stituent molecules is completely random, as in the isotropic phase, then the order
parameter is zero. If the orientation of each of the constituent molecules is iden-
tical to the director, then the order parameter is unity. An order parameter of
unity corresponds to the degree of order observed in a crystalline solid. In the
nematic phase the order parameter is typical between zero and unity, however,
it is possible that the scalar order parameter can be negative for certain orienta-

tions [49,152].

Within samples of nematic materials so-called defects or disclinations [75] can
occur that are associated with an order parameter of S = 0 (for the uniaxial
nematics considered in this thesis). At these defects, a disordering transition oc-
curs and a director description of the nematic is not valid. Defects are classified
by the behaviour of the director field surrounding the defect. In particular, the

defect is named by the number of clockwise rotations of the director field com-
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Figure 1.13: The director field surrounding a (a) +1-defect, a (b) —1-defect, and
a (c) +1-defect. The defect location is shown by the black solid circle and the
director field is shown by grey rods.

pleted in a clockwise closed circuit around the defect. A clockwise circuit around
a defect with 27s rotations of the director field is named an +s-defect [49], where
2s is an integer. For example, the director field around a +1-defect completes
a full clockwise rotation, the director field around a —1-defect completes a full
anti-clockwise rotation, and the director field around a +1/2-defect completes a

half clockwise rotation, as shown in Figure 1.13.

Henceforth, unless stated otherwise, we will not consider variations in the
scalar order parameter and we shall pursue a uniaxial director description of
nematic materials. For an introduction to the static Q-tensor theory, which also
considers the order parameter, the reader is referred to Mottram and Newton
[152]. For further mathematical descriptions of liquid crystals with non-rod-like
constituent molecules, including bent-core or plank-like constituent molecules,

see Sonnet and Virga [198].
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1.7 The nematic free energy

Consider a region 2 of nematic enclosed by a surface I'. The free energy E
of the enclosed region of nematic can be defined by a combination of energy

contributions, namely

E = / (wbulk + wexternal) dQ2 + /wsurface dF7 (16)

where wpyy is the bulk elastic energy density associated with elastic distortion of
the nematic, wexternal 1S the energy density associated with any externally imposed
body forces, and wgyface 1S the interface energy density between the nematic and
the enclosing surface. We will now discuss the forms taken for each of these

energy contributions in this thesis.

1.7.1 The Oseen—Frank bulk elastic energy density

Following the approach used by Frank in 1958 [75], the bulk elastic energy density
associated with elastic distortions of the nematic is assumed to depend on the

director n and gradients of the director Vn, and hence is of the form
Whulk = Whulk (n, Vn) . (17)

Using an equilibrium zero energy state n = ng = (0,0, 1), the bulk elastic en-
ergy density wpyk can be expanded as a quadratic function of six fundamental

distortions a; about the zero energy state, which yields

1
Whulk — kiai + 5]6”'@1'66]’ for ’L,j = 1, ey 6, (18)
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where a; = 9n;/0x and ag = Ony/Jy are splay distortions, the as = Ony/dy
and ay = Ong/0x are twist distortions, a3 = dn;/0z and a; = Ony/0z are bend
distortions, and k; and k;; are the curvature elastic constants [201]. By consid-
ering frame indifference of (1.8), under both rotations and reflections, and the
invariance of the nematic phase, namely that wpuk(n, Vn) = wpuk(—n, —Vn),
the majority of the curvature elastic constants can be shown to be zero [201]. The
non-zero curvature elastic constants are ki1, koo, k33 and koy, which are known as

the Frank elastic constants, and are typically denoted
K1 = kll» K2 = ]{322, Kg = k}337 and K4 = k?24. (19)

Using (1.8), the Frank elastic constants (1.9), and the six fundamental distortions
a;, the bulk elastic energy density associated with elastic distortions, called the
Oseen—Frank elastic energy density, is given by
1 1 1
Whulk = §(K1 — Ky — Kq)nin;; + 5 2N NG5 + §K4ni,jnj,i
1
+ §(K3 — Kg)njni7jnkni7k, (110)

or, alternatively, in vector form

1 1 1
Whulk = §K1(V -n)?+ §K2(n -V xn)*+ §K3(n XV xn)?

45 (o KV - (- V)~ (V- m)) (L11)

where V = (0/0x,0/0y,0/0z) [201].

Each of the Frank elastic constants is named after the elastic deformation
they are associated with. In particular, K is the splay elastic constant, K5 is the
twist elastic constant and K3 is the bend elastic constant [49,201], as shown in

Figure 1.14. The combination K5+ K, in (1.11), called the saddle-splay constant
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Figure 1.14: Schematic diagram of (a) K splay elastic distortions, (b) Ky twist
elastic distortions, and (c¢) K3 bend elastic distortions.

is often omitted from the bulk elastic energy density as it can be transformed into
a surface term using the divergence theorem [201]. The Frank elastic constants

must obey the Ericksen inequalities [68], given by
K1 >0, Ky>0, Ky>0, K,>|Ky, Ki>3(K2+Ky) >0 (1.12)

The Frank elastic constants for the nematic 4-Cyano-4’-pentylbiphenyl (5CB) at
26°C are K; = 6.2 x 1072 N, Ky, = 3.9 x 1072 N and K3 = 8.2 x 107'2N [63],
i.e. typically around 1071' N.

A common simplification, which we will make use of in Chapters 2, 3, and 6
is the so-called “one-constant approximation” for the Oseen—Frank bulk elastic
energy density wpuk. 10 produce a mathematically tractable system of equations

it is common to assume that the splay, twist and bend elastic constants are
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equal, so that K = K; = Ky = K3 and that Ky = 0. While this one-constant
approximation is certainly a simplification of the material properties of a typical
nematic, in practice the ratios of elastic constants are rarely greater than two and
the behaviour is not expected to change qualitatively when this approximation is
used [63]. Using the one-constant approximation the Oseen—Frank elastic energy

density (1.10), is given by

Whulk — EniJn@ﬁ (113)

and (1.11) is given by

Whulk = g (V-n)’+(Vxn)P+V-(n-V)n—(V-n)n)|. (1.14)

1.7.2 Externally imposed body forces

With the exception of a brief mention of gravitational force in Chapters 5 and 6,
we will not consider any externally imposed body forces such as magnetic forces
or electric forces. So henceforth, unless stated otherwise, we set Wexternal = 0. We
briefly mention the relevant energy density for an electric field as the application
of electric fields on nematic layers is the basis of how LCDs operate. For an electric
field with components Fj, the energy density associated with any external body

forces is given by Wexternal = Welec [201]7 where
1
Welec — —§eoeanijiEj. (115)

In (1.15), € is the permittivity of free space and €, is the so-called dielectric
anisotropy of the nematic. In a positive dielectric nematic €, > 0, like those
used in the TN-LCD, the polarisation of the nematic constituent molecules cause

it to align parallel to imposed electric fields. In a negative dielectric nematic
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€, < 0, like those used in the DS-LCD, the polarisation of the nematic constituent
molecules cause it to align perpendicular to imposed electric fields. For a detailed
discussion of body forces and the inclusion static and dynamic continuum model

for nematics see Stewart [201].

In situations with no externally imposed body forces, the bulk equilibrium
equations, which are obtained from the minimisation of (1.6), lead to the well
known Euler—Lagrange equations for the Oseen—Frank bulk elastic energy density

Whulk, Which are given by

)\’I’LZ’

_ Owpe 9 <8Wbulk> (1.16)

ani a$j 6nm

where A is a Lagrange multiplier which arises from the constraint (1.1).

1.7.3 The Rapini—Papoular interface energy density

Throughout this thesis we will be particularly interested in situations which in-
volve an interface between the nematic and a solid substrate, as occurs in the ODF
method. Additionally, in Chapters 5 to 7, we will also be particularly interested
in situations which involve an interface between the nematic and a surrounding
atmosphere of passive gas, namely, situations involving a nematic free surface.
In both of these situations we will use the Rapini-Papoular interface energy den-
sity [151,201], which was first proposed by Rapini and Papoular in 1969 [172], and
is commonly called weak anchoring. The Rapini-Papoular interface energy den-
sity [172] determines the energetic preference of the nematic molecular alignment

forces on the interfaces to align the director.

In the present work, we will consider two types of weak anchoring, homeotropic
weak anchoring, where there is an energetic preference for the director to align

normally to the interface, and planar weak anchoring, where there is an energetic
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preference for the director to align tangentially to the interface. The strength
of the energetic preference for a particular alignment of the director on an inter-
face is measured by a parameter called the anchoring strength. In the limit in
which the anchoring strength becomes infinitely large, the energetic preference
for homeotropic or planar alignment fixes the director on the interface to align
exactly normal or tangential, respectively. This situation is often called strong
anchoring or, perhaps more accurately, infinite anchoring. When the anchoring
strength is zero there is no energetic preference for homeotropic or planar align-
ment on the interface, and the director on the interface is determined by bulk

forces. This situation is called zero anchoring.

As planar weak anchoring is defined as an energetic preference for the direc-
tor to align tangentially to the interface, the preferred direction in the plane of
the interface must also be discussed. Situations for which there is no energetic
preference for a preferred direction in the plane of the interface are called planar
degenerate weak anchoring and situations for which there is an energetic prefer-
ence for a particular preferred direction in the plane of the interface are called
rubbed planar weak anchoring (where the name rubbed originates from the exper-

imental method used to create planar weak anchoring in a particular direction).

Of particular importance for systems with two interfaces are situations that in-
volve opposing anchoring preferences on the two interfaces, e.g. when homeotropic
director alignment is preferred on one interface and planar director alignment is
preferred on the other interface or vice versa. This situation is called antagonistic
anchoring, while non-antagonistic anchoring refers to the opposite situation in
which the same director alignment is preferred on both interfaces. Even situ-
ations with non-antagonistic anchoring can involve competing anchoring forces,
since the preferred director alignments are measured relative to the interfaces

which are, in general, not parallel.
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Specifically, as mentioned above, we use the Rapini—Papoular interface energy

density [172], which is given by
C
Wsurface = 0 + Z (1 - 2(V : n)2) s (117)

where v, C' and o are the outward unit normal, anchoring strength and isotropic
interfacial tension of the interface, respectively. If C' > 0 then a normal director,
i.e. homeotropic alignment, is preferred on the interface, whereas if C' < 0 then
a tangential director, i.e. planar alignment, is preferred. The anchoring strength
has units of Nm™ (i.e. Jm™2), and its value depends on both the nematic and
the material the nematic is in contact with (i.e. the solid substrate or the passive
gas) [226]. Experimental techniques for the measurement of anchoring strengths
for interfaces between a solid and a nematic are well established and hence rep-
resentative values are readily available [157,226,227]; however, measurements for
interfaces between a gas and a nematic are more difficult and hence representa-
tive values are less readily available [197]. Specifically, the anchoring strength
of a planar or homeotropic nematic—substrate interface has been measured for a
variety of nematic materials and substrate coatings in the range of C' = 1076~
1073 Nm™"' [157,197,227], whereas, to the best of the author’s knowledge, the
only experimental measurements of the anchoring strength of the gas—nematic
interface are C' > 107> Nm ™! for the interface between air and the nematic mix-
ture ZLI 2860 [196] and C > 4 x 10~*Nm ™! for the interface between air and the
nematic p-methoxy-benzylidene-p-n-butyl aniline (MBBA) [30]. The anchoring
strength of the nematic-substrate interface and the gas—nematic interface can

therefore be of comparable magnitude.

Using wpui given by (1.11), Wexternal = 0 and Wgyrface given by (1.17), the
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minimisation of (1.6) leads to the standard weak anchoring condition

aC"-)bulk + 8wsurface

= A T, 1.18
(9nm~ aTLZ " on ( )

where ) is a Lagrange multiplier which again arises from the constraint (1.1).
Zero anchoring is implemented by setting C' = 0 in (1.17) and (1.18) and infinite
anchoring is implemented by replacing (1.18) with a Dirichlet condition on the di-
rector. While the anchoring energy wqurtace describes the preference of the director
for the preferred orientation, it does not capture the dynamical processes which
take place on an interface. In Section 1.8.2 we will discuss a dynamic anchor-
ing condition called a dissipative weak anchoring condition which incorporates

surface viscosity in to the weak anchoring condition (1.18).

1.7.4 The Jenkins—Barratt—Barbero—Barberi critical thick-

ness

Of particular importance to parts of the work described in this thesis is a pio-
neering but often overlooked theoretical contribution published in 1974 by Jenkins
and Barratt [102], who investigated a static layer of nematic of uniform thick-
ness bounded between two parallel substrates with antagonistic anchoring. They
showed that when the bulk elastic energy density for the nematic layer takes
the Frank—Oseen form, there is a critical thickness of the layer below which a
uniform director field (oriented according to the preferred alignment on the sub-
strate with the strongest anchoring) is energetically preferred, and above which a
distorted director field is energetically preferred. Subsequently, in 1983, Barbero
and Barberi [9] (see also Hochbaum and Labes [98]) independently obtained the
corresponding result for a situation with weak antagonistic anchoring on both

substrates.
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Figure 1.15: Schematic diagram a static layer of nematic of uniform thickness
[ between two parallel substrates with antagonistic anchoring when (a) |h.| <1
and when (b) |h.| > I.

The critical thickness of the layer is often referred to as the Barbero—Barberi
critical thickness [9], but, for the reasons outlined above, we shall refer to it as
the Jenkins—Barratt—Barbero—Barberi critical thickness [9,102]. The Jenkins—
Barratt-Barbero—Barberi critical thickness [9,102], is denoted h. and defined by

1 1
=K|—+ — 1.1
he (CH+CP), (1.19)

where C'y and Cp are the anchoring strengths of the interface with homeotropic
anchoring and planar anchoring, respectively. Specifically, when the film thick-
ness, which we denote [, is lesser than the critical thickness |h.| a uniform director
field is energetically preferred and when [ is greater than |h.| a distorted director

field is energetically preferred, as shown in Figure 1.15.

The critical thickness is of particular importance for the static ridge of nematic
considered in Chapters 5 to 7 because the height of the ridge is, by definition,
zero at the contact lines, but may exceed the critical thickness elsewhere. Under-
standing the behaviour of the director in any regions of the ridge in which the
height of the ridge is greater than this critical thickness and hence a distorted
director field is energetically favourable, and regions of the ridge in which the

height of the ridge is less than the critical thickness and a uniform director field
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is energetically favourable, is a key aspect of understanding the behaviour of the

ridge.

1.8 The Ericksen—Leslie dynamic description of

nematics

The dynamic theory used in this thesis is the aforementioned Ericksen—Leslie
theory. For a nematic with fluid velocity v = wu(z,y, z,t) with components u;,
pressure p = p(z,v, 2,t), and director n = n(x,y, z,t) with components n;, the
Ericksen—Leslie equations [66,127,201] with no externally imposed body forces,

are the conservation of linear momentum and conservation of angular momentum,

given by
, 0 . Ot
pll; = o (p + Wou) + Gjnij + 835;’ (1.20)
- OWhulk 0 OWpuik
An; = §; — , 1.21
" g + 0n1 axj ani,j ( )

respectively, with the unit director and incompressibility constraints given by,
nmn; =1, and wu;; =0. (1.22)

The terms appearing in (1.20) and (1.21) are; the density of the nematic p, the
components of the nematic viscous anisotropic stress tensor fij, and the compo-
nents of the vector g; which are related to the nematic viscous anisotropic stress
tensor. The material time derivative of a quantity is indicated by the over dot. In

particular, the material time derivative of the fluid velocity components u; which
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appears in (1.20), is defined by

Bui

Motivated by experimental observations of nematic flows, Leslie [127] assumed
that the nematic viscous anisotropic stress tensor components fij are a linear

function of both the rate of strain tensor e;; [201], which is defined by

1
eij = 5 (ui,j + uj,i) s (124)

and the co-rotational time flux of the director N;, which is defined by

) 1
Nz‘ =nNn; — §nj (U,L'J — uj,i)~ (125)

The components of nematic viscous anisotropic stress tensor ¢;; can therefore be

expressed in the form
Ez'j = Aij + Bijk Ni. + CijipCrp, (1.26)

where A;;, B;ji, and C;jy, are functions of the director components n; [201]. Using
the symmetry of the nematic, incompressibility and symmetry of the rate of strain
tensor (e; = 0 and e;; = e;;, respectively), and the unit director constraint which
implies n; N; = 0, the components of nematic anisotropic stress tensor fij reduce

to

tij = Q1 NECrpNpTN + QQNinj + Oé3niNj

+ e + asngeipng + NNy, (1.27)

where the oy with [ =1, ..., 6 are the Leslie viscosities.
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The components of the vector g;, appearing in (1.20) and (1.21) are defined
by

gi = = Ni — 12€ipny, (1.28)

where 7, is the rotational viscosity and 7, is the torsional viscosity [201]. The

rotational and torsional viscosities can be related to the Leslie viscosities «; by

Y1 = &3 — (g, (129)

Yo = Qg — Q5 = Qg + O3, (1.30)

where the two equivalent definitions for v, are obtained from the Parodi relation

Qg — Q5 = (g + Q3 [40, 164]

We note that the Ericksen—Leslie conservation of linear momentum equation
(1.20) reduces to the familiar Navier-Stokes conservation of linear momentum
equation for an isotropic liquid upon the substitution of the isotropic viscous
stress tensor ;; = 2ue;;, where g1 is the isotropic viscosity [1], az = a3 = 0 (and
hence g; = 0), and K; = Ky = K3 = K4 = 0 (and hence wpy, = 0), which is

given by

From a direct comparison of (1.31) and, (1.20) and (1.27), the equivalent of the

isotropic viscosity p for nematics is ay/2.

1.8.1 Nematic bulk viscosities

The Leslie viscosities «; are rarely measured directly in experiments, other than

a4/2 [201]. However, there are certain linear combinations of the Leslie viscosities
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that have intuitive physical interpretations that allow them to measured directly
in experiments. These linear combinations of Leslie viscosities were first proposed
by Miesowicz in 1946 [148,149], before the aforementioned Leslie viscosities had
been defined. The Miesowicz viscosities are denoted by 7, 12, 13, and 715 and

are defined in terms of Leslie viscosities as

1
m = §(a2+2a3—|—a4+0z5), (1.32)
N2 = % (—ag +ay + as), (1.33)
N3 = %CM, (1.34)
M2 = Q1. (1.35)

We note that v1, 11, 72, and n3 are all positive for nematic materials, and that
typically o > n3 > n; > 0 [63]. The torsional viscosity v2 and Miesowicz viscosity
M2 can be negative or positive. In fact, the Miesowicz viscosity 72 is typically
smaller in magnitude than the other Miesowicz viscosities and some authors use
the assumption that 75 ~ 0 to simplify governing equations, see for example
Rickert et al. [188]. The Miesowicz viscosities for the nematic 5CB at 26° are
m = 0.0204 Pas, no = 0.1052 Pas, n3 = 0.0326 Pas, and 12 = —0.0060 Pas, and
the rotational and torsional viscosity are 7, = 0.0777 Pas and v, = —0.0848 Pas,

respectively [63], i.e. the viscosities are typically around 1072-107! Pas.

The Miesowicz viscosities can be physically interpreted by considering simple
shear flow of nematic with velocity components u; = kz and us = uz = 0 (or
u = (kz,0,0)), where k is some positive constant, so that the only non-zero
velocity gradient component is u; 3 = duy/0z = k which is in the £ direction.
When n is aligned parallel to w the relevant viscosity is 77, when n is aligned
parallel to the velocity gradient (£ direction) the relevant viscosity is 7y, and

when m is orthogonal to uw and the velocity gradient the relevant viscosity is
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ns [201], as shown in Figure 1.16. We note that the Miesowicz viscosity 712
does not correspond to an intuitive physical measurement in the same way as
n, ne and ng [201], however, it is important when n is not parallel to w or the
velocity gradient. The viscosity 73 is identical to the isotropic viscosity u, namely

N3 = p = ay/2 [201].

The rotational viscosity 7, is also shown in Figure 1.16(d). This viscosity is
associated with rotation of the director and is responsible for many important
effects observed in nematics. For example, 7, is linked to the relaxation time
in display switching problems and measures the strength of backflow, a process
by which rotations of the director by externally imposed body forces produce
a flow in the direction of the director rotation [201]. The torsional viscosity 72
describes coupling between shear gradients and the rotation of the director. For
the details of experimentally measuring these five independent nematic viscosities

see Gahwiller [79].

1.8.2 Nematic surface viscosity

In Chapter 4, we will investigate transient flow-driven distortion of the nematic
molecules on the substrates of a channel which requires the use of a so-called
dissipative weak anchoring condition. As previously mentioned, a weak anchoring
condition describes the energetic preference for certain alignments of the director
at a surface, however, it does not capture the dynamical processes which take
place close to the surface. To include these dynamic effects we include surface
dissipation which models the dissipation of energy on the surfaces. We assume
that the only surface dissipation of energy occurs due to the rotation of the
director because we assume molecules on the surface can not translate. The
surface dissipation is therefore proportional to g (9n/dt)*, where 75 (> 0) is

the surface rotational viscosity. The surface rotational viscosity 7s has units
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Figure 1.16: Schematic diagram of the measurement of Miesowicz viscosities (a)
n, (b) m2 and (c) n3, and the (d) rotational viscosity 7.
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of Pams, and its values are typically found experimentally to lie in the range
75 = 1078-107% Pams [51,162,163]. We use the term dissipative weak anchoring
for the combined effects of weak anchoring discussed in Section 1.7.3 and surface

dissipation.

A dissipative weak anchoring condition was first proposed by Pikin et al.
[166], and has since been used to study problems related to display switching
[45,83,109,180,199], relaxation of director profiles [10,50-52], and backflow [64,
145]. Surprisingly little research has thus far been conducted on the influence
of dissipative weak anchoring on nematic flows. Two contributions of note are
Kléman and Pikin [116], who formulated a dissipative weak anchoring condition in
the context of Couette flow but only considered steady solutions, and Biscari [15],
who investigated surface viscosity in the context of flow in the vicinity of a curved
surface. However, to the best of the author’s knowledge, no research has thus far
been carried out on the influence of dissipative weak anchoring on the problem
treated in Chapter 4, namely channel flow. There have been many previous works
on nematic channel flow without surface viscosity which we will discuss in the

next Section.

1.9 Previous work on nematic flows

The Ericksen—Leslie equations have been used for a variety of fluid dynamical
problems including biological and industrial flows. An adapted version of the
Ericksen—Leslie equations has been used for applications in living biological flu-
ids [214,217,218], such as suspensions of bacteria [91], which are termed “active
nematics”. Industrial flows of nematics are relevant for many applications, in-
cluding applications for particle transport [14,27,124], medical devices or pro-

cessing flows [82,124,194], and because of their importance LCD manufactur-
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ing. Some work of note which considers nematic flow in LCD manufacturing are
Ericksen—Leslie models for capillary filling considered by Mi and Yang [147], and
subsequently, by Dhar and Chakraborty [59] with the inclusion of an applied elec-
tric field, and blade coating flows of nematics considered by Quintans Carou et
al. [168-171]. To the best of the author’s knowledge, there has been no model of
the ODF method using the Ericksen-Leslie theory, which will be the main focus
of Chapters 2 to 4 of this thesis. In fact, as there is little published mathematical
modelling of the ODF method at all we consider a simple model in Chapter 2,
before considering the ODF method using the Ericksen-Leslie theory in Chapter
3 and in Chapter 4.

1.9.1 Flow-alignment in shear flow

Of particular interest in this thesis is the behaviour of a nematic in a shear flow,
which was first considered by Leslie [127,130]. In a simple shear flow, and when
the director m is static and uniformly orientated, i.e. when # = constant and
¢ = constant, substitution of a uniform shear flow of the form w = (kz,0,0) in
the Ericksen—Leslie equations (1.20) and (1.21), leads to two possible solutions
for the director angles [201]. A log-rolling solution, for which the director aligns

perpendicular to the plane of shear, with the director angles given by
T
0=0 and ¢ = (2q+1)§, (1.36)

and a flow-alignment solution, for which the director remains in the plane of

shear, with the director angles given by

0=qr+6, and ¢ =0, (1.37)
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Figure 1.17: Schematic diagram of (a) flow-alignment and (b) log-rolling solu-
tions.

where ¢ is an integer and 0y, (0 < 0, < 7/2) is the Leslie angle (sometimes called
the flow-alignment angle) [201]. The Leslie angle can be defined in terms either

the Leslie viscosities, or the rotational and torsional viscosities, by

1
61, = tan™! B st -2 (1.38)
ag 2 Vo

The log-rolling solution and flow-alignment solutions are shown in Figure 1.17.
The log-rolling and flow-alignment solutions have been observed by Piersanski
and Guyon [165] and Géhwiller [78] for the nematic benzylidene-p-n-butyl aniline
(MBBA), although only the flow-aligning solution remains stable for large shear
rates (as k is increased) [165,201].

For nematics with ag/as > 0 the flow-aligning solution is stable and hence
these nematics are called “flow-aligning nematics”. For nematics with az/ay <
0 the log-rolling solution is stable and hence these nematics are called “non-

flow-aligning nematics”. For example, for MBBA «3/ay ~ 0.01 [117,201], and
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hence, the flow-aligning solution is stable. Wahl and Fisher [216] experimentally
measured the Leslie angle of MBBA to be 6, = 8° 4+ 0.5°, in agreement with the
prediction obtained from (1.38) and the Leslie viscosities of MBBA ay, = —0.1104
and az = —0.0011 [78], namely 6, = 6°.

For nematic materials that are commonly used in industrial manufacturing
of LCDs, typically \/m > 0 and 6y, is small. For example, \/m ~ (0.210
and 0y, ~ 12° for 5CB [201], \/as/as =~ 0.143 and 6y, ~ 8° for 4-Cyano-4™-
heptylbihenyl (7CB) [101], and /az/as =~ 0.001 and 6y, >~ 0.06° for 4-Cyano-4'-
octyloxybiphenyl (80CB) [31]. In fact, as most modern industrial manufacturing
of LCDs use mixtures of nematics, for example, the mixture E7, which contains
51% 5CB, 25% 7CB, 16% 80CB and 8% of other similar biphenyl compounds
[211], and so typically as/as > 0 and 6y, is small. We will therefore only consider
flow aligning nematics in this thesis. We will also exploit the smallness of 0y, in

Chapter 4 to pursue asymptotic solutions for the director angle.

The behaviour of flow-aligning nematics has been investigated for situations
where the director is initially either in or out of the plane of shear flow, by
Derfel [57] and Derfel and Radomska [58], respectively. For non-flow-aligning
nematics, the Leslie angle does not exist and the director can exhibit complex
unsteady behaviour known as tumbling where the director continually rotates
[201,203,238]. Shear flows of non-flow-aligning nematics have been considered by

Han and Rey [89] and Burghardt and Fuller [24].

In situations involving a flow-aligning nematic and a spatial variation in shear
gradient, for example in classic situations in fluid dynamics such as Poiseuille flow
or Jeffery-Hamel flow, there can be a change in the sign of the shear rate [1]. For
a flow-aligning nematic, a stability analysis shows that in a region of positive
shear rate (Qu/0z > 0) or negative shear rate (Ju/0z < 0) the director remains

in the (z,z) plane and the director angle rotates towards the “positive” Leslie
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angle 6 = gm + 0, or the “negative” Leslie angle § = qm — 6, respectively
(165,201, 238]. In Poiseuille flow of nematics, a reorientational boundary layer
where by the director rotates between the positive and negative Leslie angle occurs
in the central region where the shear rate changes sign [5,11,37,169,170,194,201].
Similar reorientational boundary layers have been obtained by Rey and Denn [185]
for Jeffery—Hamel flow, by Rey [179] for flow between concentric disks, and by
Krekhov et al. [118] and de Andrade Lima and Rey [46] for oscillatory flows.

In situations that include shear flow and solid boundaries, a director reorien-
tational boundary layer can occur between the between the uniformly orientated
bulk and the orientation dictated by the solid boundary [128,154,201]. The sta-
bility and multiplicity of solutions for Coeutte flow between solid boundaries has
been considered extensively by Currie [39,41-43] and McIntosh et al. [146], and

more recently by Rickert et al. [188].

There has been much interest in channel flow of nematics. In particular,
Quintans Carou et al. [168-170] considered steady flow of a nematic in a slowly-
varying channel in the special case of infinite planar anchoring. Specifically,
they used a combination of asymptotic and numerical methods to analyse the
problem in the limit of small Leslie angle. More recently, Sengupta et al. [194]
observed flow transitions in channel with homeotropic anchoring on the channel
substrates. These flow transitions have been subsequently investigated theoret-
ically with Ericksen—Leslie theory by Anderson et al. [5] and Crespo et al. [37]
for weak homeotropic anchoring, and numerically using hybrid lattice Boltzmann
simulations by Batista et al. [11] for weak homeotropic, planar and hybrid (i.e.

homeotropic at one boundary and planar at the other boundary) anchoring.

Many other models have been used to describe the dynamic behaviour of
nematic flows [186]. Statistical molecular models, such as Doi theory [62], have

been used to investigate pressure-driven channel flow by Fend and Leal [72] and
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Lattice-Boltzamn simulations have been used to investigate nematic flows by
Denniston et al. [55,56]. A combination of Doi theory and Ericksen—Leslie theory
has also been considered by Rey and Tsuji [187]. Confined flows of nematics
have also been considered with models that include the nematic order parameter,
including Berris-Edwards theory by Mondal et al. [150] and molecular theory by
Herndndez-Ortiz et al. [97].

1.10 Wetting and dewetting phenomena

Of particular interest in LCD manufacturing and in many emerging nematic
technologies, such as adaptive lenses [3,112], microelectronic components [82,
237], and diffraction gratings [17,23], is understanding the so-called wetting and
dewetting phenomena for nematics. Theoretical study of these systems often
uses classical isotropic theories of wetting and dewetting for isotropic droplets
and films [48] which fail to account for the anisotropic nature of nematics [197,

Chapter 8].

Simply stated, wetting and dewetting are the phenomena in which a liquid
advances and retreats, respectively, over a substrate [48]. When a finite volume
of liquid advances or retreats over a flat horizontal substrate, it will eventually
reach an equilibrium state. This equilibrium state is known as the complete
wetting state (sometimes also called the full or perfect wetting state [48]) when
the liquid completely coats the substrate; the complete dewetting state when
the substrate completely repels the liquid; and the partial wetting state when the
liquid partially coats the substrate. For use in Section 1.10.1 and later in Chapter
7, we denote the equilibrium state of complete dewetting by D, the equilibrium
state of partial wetting by P, and the equilibrium state of complete wetting by

W. Transitions between these equilibrium states can occur due to changes in
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passive gas (G) isotropic liquid (I)

CL
solid substrate (S)

Figure 1.18: Schematic diagram of a three-phase contact line CL. The contact
angle [ is also indicated.

the liquid or substrate material properties caused by, for example, changes in
temperature that cause the liquid to advance or retreat over the substrate and/or
change its contact angle. The classification of each equilibrium state and the

transitions that can occur between them is well-known for an isotropic system [48].

1.10.1 Wetting and dewetting phenomena for isotropic
liquids

In the partial wetting state a static system comprising of an isotropic (I) liquid
resting on an ideal (i.e. flat, rigid, perfectly smooth, and chemically homogeneous)
solid substrate (S) in an atmosphere of passive gas (G), contains a three-phase
contact line CL where all three phases meet, as shown in Figure 1.18. The
interfacial energy densities of the three interfaces (which are constant for isotropic
fluids) are related to the contact angle 3, by the so-called Young equation [47,48].

The classical isotropic Young equation is given by

0Gs — 018 — 0Q1 COS,@ = O, (139)
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where ogs, o1g, and ogp are the isotropic interfacial tensions of the gas—solid,
liquid-solid and gas-liquid interfaces [47,48], respectively. The classical isotropic
Young equation (1.39) is commonly written in terms of a single parameter, namely
the (non-dimensional) isotropic spreading parameter S; [47,48], which is defined

by

0Gs — ONS

S = —1. (1.40)

OGN

The Young equation (1.39) is given, in terms of Sy, by

St + 1 =cosf. (1.41)

Specifically, (1.41) shows that the partial wetting (P) state exists only when
—2 < 51 <0 and that the contact angle is then given by 8 = cos™* (Sy + 1).

As mentioned above, the equilibrium state can also be one of complete dewet-
ting (D) for which equation (1.41) is not relevant. Although there is no angle
formed between the gas-liquid and liquid-solid interfaces in these states, and
therefore there are no contact angles, we take the values 8 = w and 8 = 0 to

correspond to the complete dewetting and wetting states, respectively.

The classification of these equilibrium states can be obtained by analytically
solving the classical isotropic Young—Laplace equation and expressing the low-
est energy state in terms of the isotropic spreading parameter Sy [48,153]. In
particular, the lowest energy state is the D state for S; < —2, the P state for
—2 < 51 <0, and the W state for St > 0, as shown in Figure 1.19. The contact
angle (3 of the lowest energy states of an isotropic system are plotted as a function

of the isotropic spreading parameter Sy in Figure 1.20.

We define the values of St at which there is a change in the number of possible

equilibrium states as transition points. At these points, a transition may occur
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Figure 1.19: Schematic diagram of the lowest energy states as a function of the
isotropic spreading parameter St for an isotropic system. The transition points
at Sy = —2 and S} = 0 are also shown by stars ().

PeW St
-2 0

Figure 1.20: The contact angle 8 (solid black line) of the lowest energy states of
an isotropic system are plotted as a function of the isotropic spreading parameter
S1. The transition points are denoted by stars (k) and the higher energy states
are shown by dashed grey lines. Schematic diagrams of the lowest energy states
for various values of Sy (solid black dots) are also shown.
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as S increases or decreases if the previously lowest energy state ceases to exist or
a new lowest energy state comes into existence. At the transition points S; = —2
and S; = 0, there is a change in the number of possible equilibrium states which
leads to continuous transitions to a new lowest energy state as Sj increases or
decreases through S; = —2 and S; = 0. For consistency with the notation used
to describe transitions between equilibrium states for a static ridge of nematic
in Chapter 7, we denote a continuous transition between two equilibrium states
for both increasing and decreasing S; with a double arrow (<). At S; = —2,
there is a continuous transition from complete dewetting to partial wetting or
vice versa, which is denoted as a D < P transition. Similarly, at S; = 0, there
is a continuous transition from complete wetting to partial wetting or vice versa,

which is denoted as a P < W transition.

We also note that the behaviour of the contact angle for this isotropic system is
non-hysteretic. The well-known phenomenon of isotropic contact-angle hysteresis
occurs only in isotropic systems with non-ideal substrates [48], and therefore does

not occur for the isotropic system considered above.

The wetting and dewetting phenomena of isotropic liquids described above
has been of scientific interest for centuries, and is now of increasing technological
importance [70]. For systems in which creating a uniform liquid film (i.e. com-
plete wetting) is required wetting is essential, and dewetting is undesirable [48].
However, in other situations, dewetting can be desirable, and in recent years there
has been considerable research in the area of tailored dewetting of liquid films
to produce patterned films [21,82,237]. In isotropic liquids, dewetting can be
initiated in a variety of ways, such as amplification of thermal fluctuations on the
liquid free surface, nucleation at impurities, chemical treatment of the substrate,
and non-uniform evaporation [54]. The thermal, mechanical and chemical sta-

bility of isotropic liquid films is therefore an area of considerable research effort,
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and understanding and controlling the onset of dewetting is crucial for creating
and maintaining both uniform and patterned films. The possibility of dewetting
leading to droplets and ridges means that it can be harnessed to organise a film
into well-defined micro- or nanometre-size structures that can be controllably
positioned on the substrate [82]. Harnessing spontaneous self-organisation in
this way can replace time-consuming and expensive processes such as subtractive

lithography, in which materials are arranged by delicate multi-step processes [95].

1.10.2 Wetting and dewetting phenomena for nematics

Wetting and dewetting phenomena for nematics can be more complicated than
they are for isotropic liquids. In particular, for interfaces involving the nematic,
the interfacial energy densities are no longer constant, and as discussed in Section
1.7.3, their energy densities depend on the nematic molecular alignment forces
on the interfaces, and so, the classical isotropic Young equation is not sufficient

to describe the wetting and dewetting behaviour in these situations [229].

Much of the recent theoretical interest in nematic wetting and dewetting phe-
nomena has focused on spontaneous dewetting transitions, or so-called spinodal
dewetting and nucleation events, that occur for thin nematic films. Spinodal
dewetting occurs for thin films of many materials, and was first observed for thin
polystyrene films by Reiter [178] in 1992, and subsequently observed in thin films
of nematic materials by Herminghaus et al. [96] in 1998. A reflection micrograph
showing spontaneous rupture of a thin film of nematic due to nucleation and spin-
odal dewetting is shown in Figure 1.21 [96]. In Figure 1.21, the formation of large
holes in the free surface show the onset of nucleation events and the smaller-scale

undulations in the free surface show the onset of spinodal dewetting.

Vandenbrouck et al. [209] and Demirel et al. [54] have since found that spinodal

dewetting of nematic films occurs when the film thickness is sufficiently small
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Figure 1.21: Spontaneous rupture of a thin film of the nematic
tris(trimethylsiloxy )silane-ethoxycyanobiphenyl (5ABy) of initial thickness 40 nm
captured using a reflection micrograph. Figure taken from [96] with Copyright
permission from The American Association for the Advancement of Science and
Copyright Clearance Center.

(on the order of 40 — 100 A depending on the material [54]). Vandenbrouck et
al. [209] proposed that spinodal dewetting occurs for nematic thin films due to a
competition between van der Waals forces between the substrate and free surface
of the thin film and nematic elastic forces. However, they ignored the impact of
anchoring forces between the substrate and free surface which have since been
shown to play an important role by van der Wielen et al. [207]. Consideration of
anchoring forces is especially important when the anchoring between a free surface
and the substrate is antagonistic (i.e. one is planar and one is homeotropic). We
note that typically homeotropic anchoring is preferred on nematic free surfaces
[196, 229], so antagonistic anchoring can be achieved by treating the substrate
to prefer planar anchoring. In fact, spontaneous rupture of thin nematic films
depends on many factors, including temperature [208], the presence of liquid
crystal phase transitions [208], and the substrate shape [60]. Spinodal dewetting

has also been observed for thin films of smectic liquid crystals [213].
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Theoretical study of these spontaneous dewetting transitions of thin nematic
films and spreading of nematic droplets has been carried out using a variety of
models from Ericksen—Leslie continuum theory [120,122,135,136], statistical me-
chanics [4,190,210], and mean-field theory [233,234]. In particular, Lin et al. [135]
considered the stability of a thin nematic film with infinite antagonistic anchor-
ing between a planar preferred substrate and a homeotropic preferred free surface
with Ericksen—Leslie theory. The authors found that elasticity stabilises the thin
film with infinite anchoring conditions, however, in a later publication [136], they
found that elasticity can act as a destabilising mechanism when combined with

weak anchoring effects.

Lam et al. [120,121] have subsequently extensively studied nucleation events
and spinodal dewetting using Ericksen—Leslie continuum theory and sophisticated
numerical tools. These authors derived a thin film evolution equation which
depends on an effective disjoining pressure which captures the effects of weak
anchoring, elasticity and van der Waals forces. The effective disjoining pressure
as a function of the film thickness is used to summarise the possible regimes of
thin film rupture. The authors model is in excellent qualitative agreement with
experimentally observed rupture of thin nematic films by Herminghaus et al. [96],
Vandenbrouck [209], and Schlagowski et al. [192]. Lam et al. have since applied
their approach to study spreading of nematic droplets on patterned substrates
[122]. Ziherl et al. [233,234] discussed spinodal dewetting in relation to a “pseudo-
Casimir” force, for which thermal fluctuations of nematic molecules can create a

destabilising or stabilising elastic forces depending on the film thickness.

There has also been much interest in the wetting and dewetting phenomena for
nematics outwith spontaneous rupture of nematic thin films. Molecular dynamics
approaches have been used by Vanzo et al. [210] to consider the spreading and

contact angles of nematic droplets, and by Rull and Romero-Enrique [190] and
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Allen [4] to consider the dynamics of a nematic-vapour interface. Blow and Telo
da Gama [17] and Rojas Gomez et al. [189] studied nematic electro-wetting on
grooved surfaces, and Zou et al. [237] studied self-organisation of disctotic liquid
crystal ridges. Luo et al. [137] studied the evaporation of an aqueous dispersion of
graphene oxide, which is a lyotropic liquid crystal, and found that nematic order
strongly effects evaporation and can prevent the well-known coffee-ring effect (see
Deegan et al. [53]). More recently, van der Kooij et al. [206] demonstrated the

control of liquid crystal polymer network free surface using incident light.

Much of the ongoing research on the wetting and dewetting phenomena for
nematics includes the study of systems with a nematic—substrate-gas three-phase
contact line. Nematic three-phase contact lines are particularly interesting be-
cause the preferred director orientations on the gas-—mematic and the nematic-
—substrate interfaces are, in general, different. Even when the anchoring is non-
antagonistic (i.e. either planar or homeotropic anchoring preferred on both in-
terfaces), since the preferred director orientation of both interfaces is measured
relative to that interface, and the two interfaces meet at the non-zero contact an-
gles, the orientations are, in general, not the same. It is therefore unclear exactly
how the director will orient in the vicinity and at the three-phase contact line.
Theoretical study of wetting and dewetting phenomena for nematics that include
contact lines often avoid the consideration of anchoring at the contact lines, by,
for example, imposing infinite anchoring on the nematic—substrate interface which
overrides the weak anchoring on the gas—nematic interface at the contact line (see,
for example, Lam et al. [120,122]), or assuming the existence of a thin precursor
film on the substrate to remove the contact line entirely (see, for example, Lin et
al. [136]). While there have been relatively few studies of nematic contact lines,
Rey [183,184] considered two rather specific two-dimensional scenarios, namely
infinite planar anchoring and equal weak planar anchoring on the two interfaces.

Although neither infinite anchoring nor equal weak anchoring is likely to occur
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in practice, his studies of these somewhat idealised situations highlight the possi-
bility that anchoring breaking, i.e. the process by which the preferred orientation
of the nematic molecules on one of the interfaces is overridden by that on the
other, occurs in the vicinity of the contact line. Rey [183,184] also discusses the
possibility of the formation of a defect, or disclination line in his two-dimensional
scenarios, located at the contact line. In Chapters 5 to 7 we consider a theoret-
ical model for a static ridge of nematic resting on an ideal solid substrate (S) in
an atmosphere of passive gas (G), which allows significant insights into many of
the systems discussed above which involve a nematic—substrate—gas three-phase

contact line.

1.11 Organisation of the thesis

This thesis considers the mathematical modelling and analysis of two main prob-
lems relating to the ODF method. Firstly, in Chapters 2 to 4, we consider three
problems relating to the fluid dynamics of nematics in the ODF method. Specif-
ically, we investigate the possibility that flow effects are responsible for forming
the ODF mura. Secondly, in Chapters 5 to 7, we consider a static ridge of nematic
resting on an ideal solid substrate surrounded by passive fluid, which gives insight
into the initial stage of the ODF method and more general situations involving
nematic free surfaces and three-phase contact lines. A brief summary of the work
undertaken in this thesis was published in Mathematics Today as part of the 2019
TakeAIM competition run by the Institute of Mathematics and its Applications
(IMA) [33].

In Chapter 2, we formulate and analyse a simple model for the squeezed
coalescence of several nematic droplets. This model predicts the radial boundary

speed of droplets in the ODF method, which shows a striking qualitative similarity
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to the ODF mura shown in Figure 1.10. The material in the first half of this
chapter was presented at the 25th International Display Workshop (IDW) in
Nagoya, Japan, and was subsequently published in the Proceedings of the 25th
International Display Workshops (IDW 2018) [36]. The second half of Chapter 2
uses the conservation of volume model for the evolution of the droplet boundaries
in two limiting regimes of Ericksen—Leslie theory, namely a flow dominated regime
and an elasticity regime. We subsequently make qualitative comparisons between
experimental photographs of the ODF method and numerical calculations of the
transmission of light through the droplets. The work detailed in this chapter was
presented orally at the Merck CASE Conference in 2018 in New Forest, the 25th
IDW in 2018 in Nagoya, Japan, the British Applied Mathematics Colloquium
(BAMC): Minisymposium on Toy Models in 2019 in Bath, and the British Liquid
Crystal Society (BLCS) Meeting in 2019 in Leeds, and was presented in poster
form at Droplets 2019 in Durham and the TakeAIM Award Ceremony in 2019 in

London.

In Chapter 3, motivated by the need for a better fundamental understanding
of the reorientation of the molecules due to the flow of the nematic during the
ODF method, we formulate and analyse a squeeze-film model for a single nematic
droplet in the ODF method. Specifically, we consider a nematic squeeze film in
the asymptotic regime in which the drop is thin, inertial effects are weak, and
elasticity effects are strong for four cases of infinite anchoring at the downward
moving top substrate and the stationary bottom substrate, and for two different
scenarios for the motion of the top substrate (namely, prescribed speed and pre-
scribed force). The results presented in this chapter were published in Physics of
Fluids [34]. Early versions of the results detailed in this chapter were orally pre-
sented at the BLCS: Young Researchers Meeting in 2017 in Durham, the Merck
CASE Conference in 2017 in New Forest, and the Alan Tayler day in 2017 in

Oxford. A more up-to-date version of the results were later orally presented at
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the BAMC in 2018 in St Andrews, the UK Fluids conference 2019 in Cambridge,
and at the Bath-Oxford-Strathclyde Network Meeting on Anisotropic Materials

in 2019 in Glasgow.

In Chapter 4, we formulate and analyse a model for pressure-driven channel
flow of nematic using a dissipative weak anchoring condition on the substrates to
investigate the transient flow-driven distortion of the nematic molecules on the
substrates from their required orientation in the ODF method. We obtain qua-
sisteady asymptotic solutions for the director angle and the velocity in the limit
of small Leslie angle, and find that solutions depend on two key non-dimensional
parameters, a ratio of viscous and elastic effects, called the Ericksen number, and
a ratio of anchoring and elasticity, called the anchoring strength parameter. The
results presented in this chapter were published in Physical Review E [35] and
have been presented orally at the Scottish Fluid Mechanics Meeting in 2018 in
Aberdeen and the Merck Liquid Crystal Minisymposium in 2018 in Darmstadt,

Germany.

In Chapter 5, the governing equations for a static ridge of nematic resting
on an ideal solid substrate surrounded by passive fluid are derived. Specifically,
we use constrained energy minimisation for the Oseen—Frank bulk elastic energy
density and the Rapini-Papoular interface energy density to obtain the govern-
ing equations for the system, which include nematic Young and Young-Laplace
equations. The results presented in this chapter are currently being prepared for

submission to Proceedings of the Royal Society A.

In Chapter 6, we apply the governing equations derived Chapter 5 to the
situation in which the ridge is thin and has pinned contact lines. We obtain an
anchoring-strength solution parameter plane, which summarises the director so-
lution behaviour in terms of the Jenkins-Barratt-Barbero-Barberi critical thick-

ness. The free surface of the ridge is also numerically investigated. The results
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presented in Chapter 6 are currently being compared with ongoing experimental
work at Nottingham Trent University, and will subsequently be submitted to Soft
Matter.

Motivated by the results of Chapter 6, which indicates that anchoring breaking
occurs in the vicinity of nematic three-phase contact lines, in Chapter 7, we anal-
yse the nematic Young equations derived in Chapter 5 with the assumption that
anchoring breaking occurs in the vicinity of nematic three-phase contact lines.
In particular, we use the nematic Young equations to determine the continuous
and discontinuous transitions between the equilibrium states of complete wetting,
partial wetting, and complete dewetting that can occur. The results detailed in
Chapter 7 will be included in the manuscript to be submitted to Proceedings of
the Royal Society A.

The work on nematic ridges presented in Chapters 5 to 7 has been orally
presented at the Durham-Oxford-Strathclyde network on Anisotropic Materials
in 2020 and 2021 (meetings held online), the 73rd Annual Meeting of the American
Physical Society Division of Fluid Dynamics in 2020 in Chicago, US (meeting held
online), the British Society of Rheology Mid Winter Meeting in 2021 (meeting
held online), Droplets 2021 in Darmstadt, Germany (meeting held online), the
BAMC in 2021 in Glasgow (meeting held online), as part of a research seminar at
the New Jersey Insitute of Technology in 2021 (seminar held online), the Society
of Industrial and Applied Mathematics (STAM) Conference on Material Science in
2021 (meeting held online), and the UK Fluids Conference 2021 in Southampton

(meeting held online).

Finally, in Chapter 8, we will present some concluding points and discuss the

possible future extensions of the work described in this thesis.
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Chapter 2

A simple model for the squeezed

coalescence of nematic droplets

In this chapter we will present a simple model for the coalescence of nematic
droplets between converging substrates, which we term “squeezed coalescence” to
provide insight into the ODF method (discussed in Section 1.4.2). In particular, in
Section 2.1 we describe a simple model for the evolution of the droplet boundary
during squeezed coalescence, which predicts the radial boundary speed of the
droplets. This simple model uses only the conservation of mass to describe the
evolution of the droplet boundaries, and therefore neglects the effects of surface
tension, elasticity, anchoring, and contact line dynamics. In the present work we
consider the nematic to be an incompressible fluid, and therefore conservation
of mass is equivalent to conservation of volume. Despite the simplicity of this
model, in Section 2.2 a plot of the speed of droplet boundary as it passes over
each point on the substrate is shown to have striking similarity with photographs
of the ODF mura, shown in Figure 1.10. This similarity leads us to hypothesise
that the formation of ODF mura is associated with stresses on the alignment

layer caused by the advancing droplet boundary.
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In Section 2.3, the behaviour of the director within an isolated droplet and
two coalescing droplets is considered in both a flow-dominated regime and in
an elasticity-dominated regime. In the flow-dominated regime, the dominant
torque on the director derives from director-flow coupling and in the elasticity-
dominated regime, the dominant torque on the director derives from elasticity.
Finally, in Section 2.4, the director behaviour calculated in Section 2.3 is used
to calculate the transmission of light through two squeezed coalescing droplets
in the flow-dominated regime and in the elasticity-dominated regime. We then
make comparisons between the transmission of light calculated in both regimes
with the experimental photographs of the transmission of light through a two-
droplet ODF test setup shown in Figure 1.9. We find similarities between the
experimental photographs and the transmission of light calculated in the flow-
dominated regime, indicating that the simple model described in this chapter is
remarkably successfully at describing both the droplet boundary evolution and

the director behaviour in squeezed coalescence.

2.1 A simple model for the evolution of droplet

boundaries

During the squeezed coalescence of droplets in the ODF method, the droplet
boundaries evolve according to a number of physical processes. In particular, the
droplet boundaries expand as the gap between the substrates reduces due to con-
servation of volume, and the droplet boundaries evolve to minimise regions of high
curvature due to surface tension. It is clear from the experimental photographs
shown in Figure 1.9 that the droplet boundaries expand as the gap between the
substrates is reduced. However, we note that as the droplet boundaries expand,

sharp corners formed where the droplets meet are visible in all three photographs,
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indicating that surface tension effects, which would tend to remove these regions
of high curvature, are acting on a much slower timescale than the expansion of
the droplet boundaries. Motivated by this qualitative experimental evidence, we
proceed with a simple model in which we assume that the evolution of the droplet
boundaries only occurs due to the conservation of volume. Specifically, this as-
sumption requires that the timescale of coalescence due to surface tension effects
is much longer than the time taken for the converging substrates to meet. The
validity of this assumption is discussed further in Section 2.5, where we compare
a naive estimate of the timescale of coalescence due to surface tension effects and

the time taken for the converging substrates to meet.

Motivated by the qualitative experimental evidence discussed above, we now
proceed by using a simple model that uses only the conservation of volume to
describe the squeezed coalescence in the ODF method. Specifically, we model
each droplet in the ODF method as a cylinder of fluid (with a constant volume
V'), being squeezed by two converging substrates which are both parallel to the
zy-plane and have decreasing gap H(t) between them, which therefore increases
the cross-sectional area and the radius R(t) of the droplets, as shown in Figure
2.1 for a three-droplet setup. We assume that the top substrate moves with a
constant downward speed, s, starting at some initial height, H, at ¢ = 0, so that

the position of the top substrate is given by

H(t) =H — spt (2.1)

for 0 <t < tpax, Where ¢, = H/sp. For typical ranges of parameters used in
the ODF method, as stated in Table 1.1, the initial gap between the substrates is
H =10"%-10"*m, and downward speed of the top substrate is s, = 103 ms™!,
and 80 tyax = 1073-107" s [36]. Note that, in theory, as t — t,., the gap between

the substrates approaches zero and the radius of the droplets R(t) and radial
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Figure 2.1: Schematic diagram of three cylindrical droplets (dark grey) in the
ODF method. The gap between the substrates H (t), the droplet radius R(t), the
separation distance of each droplet 2L, the downward speed of the top substrate
sp, and the Cartesian coordinates (z,y, z), are shown.

speed of the boundary of the droplet approaches infinity. In practice, of course,
the squeezing is stopped at some time before ¢,,., to create a cell with a prescribed

non-zero gap between the substrates.

In principle, any arrangement of droplets can be considered, but for direct
comparison to the ODF mura shown in Figure 1.10 we shall consider the three-
droplet setup shown in Figure 2.1. In particular, each droplet has initial radii
R(0) = R, where 0 < R < L, and volume V = 7R?H and is positioned at
the vertex of an equilateral triangle with side length 2L, where L is half the

separation distance of each droplet, as shown in Figure 2.2(a).

Initially, the droplets are not touching and each droplet evolves as an iso-
lated droplet. In particular, each droplet has constant volume V = 7 R?>H =
7 R(t)? H(t), and therefore R(t) = (V/mH(t))'/2. The radial speed of the bound-
ary of a single isolated droplet can be found by differentiating R(¢) with respect
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(a) initial phase (b) partially coalesced phase
0<t<t) (te <t <))

(c) fully coalesced phase
(tr <t < tmax)

Figure 2.2: The three stages of coalescence of three identical droplets; (a) the
initial stage (0 <t < t.), (b) the partially coalesced stage (t. < t < t¢), and (c)
the fully coalesced stage (tf < t < tpax)-
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to time to yield

R(t) = —H;(gf:)(t) —/ Si: (H — s,) %2 (2.2)

As the gap between the substrates H(t) continues to decrease, the three
droplets will meet and begin to coalesce at some time before ¢t = t,,.«. In partic-
ular, for the present arrangement of three droplets, the droplets will meet when
R(t.) = L at the time t = t., which is given by

v
tc = tmax - s 2.3
wspL? (2:3)

and then enter a partially coalesced phase where a region of the substrate in the
centre of the three droplet configuration is not covered by the droplets, as shown
in Figure 2.2(b). If the three droplet configuration is surrounded by air then
the region of the substrate in the centre of the configuration would form an air
bubble. In the ODF method, which is carried out in vacuum, no air bubbles are
formed [106] which we therefore assume in the present analysis. Using simple
geometric considerations of the geometry shown in Figure 2.2(b), an implicit
equation for the droplet radius R(t) during the partially coalesced phase can be

determined analytically, namely

= {w ~9cos! (iﬂ R +2LVRUP -2 (24)

R(t)

Eventually, at a later time ¢ = ¢; (where t. < t; < tyax) When R(t;) = 2L//3,
where ¢ can be obtained using (2.4) and R(t;) = 2L/+/3, to be

9v3V
(87V/3 + 18) s, L2’

te = tomax — (2.5)
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the central gap between the droplets closes up entirely and the droplets enter the
fully coalesced phase shown in Figure 2.2(c). Similarly, using simple geometric
considerations of the geometry shown in Figure 2.2(C), an implicit equation for
the droplet radius R(t) during the fully coalesced phase can again be determined

analytically, namely

%t) — {w + P(t) — 2cos™ (Rit))} R(t)? + 2L\/R(t)? — L2

2 :
- ﬁR(t)L sin P(t), (2.6)

where
P(t) = cos™" <\/§L + M) : (2.7)

As in the initial phase, in the partially and fully coalesced phases the radial
speed of the boundary of the droplets R'(t) can be obtained by differentiation
of (2.4) and (2.6), respectively. We can also determine the radial speed of the
corners formed between the droplets d’(¢) in the partially and fully coalesced

phases shown in Figure 2.2 (b) and (c), namely

R(t) R'(1)

d'(t) = R

(2.8)
and hence d'(t) > R/(t) for t. < t < tpax. The radial speed of the boundary of
the droplets R'(t) radial speed of the corners between droplets d'(t) is plotted as
a function of time t in Figure 2.3 for particular ODF parameter values provided
to us by Merck KGaA, stated in Table 2.1. (We note that these particular ODF
values stated in Table 2.1 fall within the typical ranges for the parameters shown
in Table 1.1.) Figure 2.3 shows that in all three coalescence phases R’'(t) increases

as the gap between the substrates decreases and that, as shown by (2.8), the
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Figure 2.3: Radial speed of the boundary of the droplets R'(¢) (solid) and radial
speed of the corners between droplets d'(t) (dashed), as functions of time ¢ for
three identical droplets with H(t) = H —s,t and the ODF parameter values shown
in Table 2.1. The solid dots show the times t, = 1.669x 1072, t; = 2.840 x 1072 s,
and ty. = 7.400 x 1072s.

radial speed of the corners between droplets is greater than the radial speed of

the boundary of the droplets for t. <t < tax.

2.2 A simple model for deformation to the di-

rector structure

Given the location of the ODF mura shown in Figure 1.10, and the fact that
the present model predicts that the corner speed d'(t) is larger than the radial
speed of the droplet boundary R'(t), we hypothesise that the formation of ODF
mura is associated with stresses on the alignment layer caused by the advancing
droplet boundary. We therefore use the value of R'(t) predicted by our model

to estimate the deformation to the director structure caused by the spreading
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Value
V 4.501 x 1072 m?
H 7.400 x 107° m
sp | 1.000 x 1073 ms™*
L 5.000 x 103 m
imax 7.400 x 1072 s

Table 2.1: ODF parameter values provided to us by Merck KGaA; the volume
of each droplet V', the initial height of the top substrate H, the downward speed
of the top substrate s,, half the separation distance of each droplet L, and the
maximum time ¢, [36].

droplets. Specifically, the deformation to the director structure at any point is
assumed to be proportional to the radial speed of the droplet boundary as it passes
over that point. Therefore, areas with larger values of R'(t) then correspond to
areas where the spreading droplet front causes a high shear or torque on the
alignment layer which could lead to the formation of ODF mura. The radial
speed of the droplet boundary R/(t) is shown in Figure 2.4 for the ODF parameter
values stated in Table 2.1, where lighter regions in the plot indicate regions of
larger values of R/(t) and more deformation to the director structure, and darker
regions indicate regions of smaller values of R'(¢) and less deformation to the
director structure. In particular, Figure 2.3 shows increasing R'(t), and therefore,
increasing deformation to the director structure towards the outer edges. The
theoretical prediction of the radial speed of the droplet boundary R'(t) shown in
Figure 2.4 shows a striking similarity to the ODF mura shown in Figure 1.10. In
particular, both Figure 1.10 and Figure 2.4 show three lighter linear regions of
non-uniformity between the origins of each droplet creating an inverted “Y-shape”
in the centre of the cell and lighter regions towards the edges of the substrate,

suggesting a link between areas of high R'(¢) and the positions of the ODF mura.

70



10 -

y position [mm)]

—10}+

radial speed of the boundary R’'(¢) [ms™']

—10

3|
075
0.50
0.25
0

- 0 5 10

x position [mm]

Figure 2.4: The radial speed of the droplet boundary R'(t) with H(t) = H — spt
for the ODF parameter values shown in Table 2.1. Lighter regions in the plot
indicate regions of larger values of R'(¢) and more deformation to the director
structure, and darker regions indicate regions of smaller values of R'(t) and less
deformation to the director structure, as indicated by the plot key.
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2.3 Fluid velocity and director field within squeezed

coalescing nematic droplets

We now proceed by using the simple model considered above for the expanding
droplet boundary, in two limiting cases for the behaviour of the nematic within
the droplet. In particular, we consider the in-plane fluid velocity u- and in-
plane director m- components in the plane of the substrates (i.e. the zy-plane)
numerically with the finite element analysis, solver and multiphysics simulation
software COMSOL Multiphysics [156]. The in-plane fluid velocity u- and in-plane

director n- components are given by

n- = (cos ¢, sin ¢, 0), (2.9)

u- = (u,v,0), (2.10)

respectively, where ¢ = o¢(x,y,t), u = u(x,y,t), and v = v(z,y,t). We will
not explicitly consider the out-of-plane components of the fluid velocity w, and
director m that are parallel to the substrate normal, i.e. the z-axis. Whilst
this is certainly an approximation, and requires further more robust analysis
in the future, the present analysis it is remarkably successful in comparison to

experiments.

We consider the in-plane fluid velocity u- and in-plane director n- components
in two scenarios, namely a squeezed isolated droplet and two squeezed coalescing
droplets separated by a distance 2L, to allow comparison with the experimen-
tal photographs of the transmission of light through a two-droplet ODF test
setup shown in Figure 1.9. The squeezed isolated droplet and the two squeezed
coalescing droplets expand due to the decreasing gap between the substrates
H(t) = H — spt, and the droplet boundaries are again modelled using the sim-

ple model for the evolution of the droplet boundaries given in Section 2.1. The
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Figure 2.5: The (a) squeezed isolated droplet and (b) two squeezed coalescing
droplets with boundary 0A(t), radius R(t), and outward surface normal . In
part (b) the fixed separation of the droplets centres 2L and half the distance
between the corners formed between the droplets d(t) is shown. The Cartesian
coordinates (z,y) are also indicated.

squeezed isolated droplet and the two squeezed coalescing droplets have droplet
boundary 0A(t), radius R(t), outward surface normal & = &(z,y,t), and volume
V = wR(t)*H(t), as shown in Figures 2.5(a) and (b), respectively. For later
use, the region of nematic within the droplet boundary 0A(t) is denoted A(t).
Without loss of generality, in the isolated droplet scenario, the droplet centre is
positioned at (0,0). In the two coalescing droplets scenario, one droplet centre
is positioned at (0, L) and the second droplet centre is positioned at (0, —L), so
that in the coalescing phase, the centre of the two combined droplets, i.e. the

centre of mass, is at (0,0) and the corners formed between the droplets are at

(d(t),0) and (—d(t),0), where d(t) = \/R(t)? — L2.

For the isolated droplet, the droplet boundary 0A(t) and radius R(t) evolve

as described in the initial phase in Section 2.1. For the two coalescing droplets,
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as the gap between the substrates decreases the droplets boundaries expand and
make contact at time ¢ = ¢, and enter a coalescing phase, for which the droplet

boundaries obey the implicit equation for R(t) given by

L) - {W — cos™ (%)] R(t)? + L\/R(t)? — L2. (2.11)

H(t

Unlike the arrangement of three droplets, for two droplets there are only two
phases, namely the initial phase and the coalescing phase where the droplets obey
(2.11) for t. <t < tyax- In order to avoid numerical issues for the two coalescing
droplets incurred by having sharp corners in the numerical mesh at the corners
formed between the droplets, the corners are rounded in COMSOL Multiphysics
using quadratic Bézier curves [155]. Specifically, two quadratic Bézier curves are
implemented in COMSOL Multiphysics using the control points (£d(t) + 64, L —
(R()* = (d(t) +04)*)"/?), (£d(t),0), and (£d(t)£8a, —L+(R(t)* — (d(t)+6a)*)"/?)
and the weight of the control points 1, €., and 1, respectively. The parameter
04 can be varied to adjust the position of the control points whilst ensuring all
control points remain on the droplet boundaries. The weight €. can be varied to
alter the radius of curvature of the corners formed between the droplets, namely
increasing ¢, decreases the radius of curvature and decreasing €. increases the
radius of curvature. In all the numerical results presented below §; = 1073 and

€. = 2 unless stated otherwise.

We will also consider two regimes of the in-plane director behaviour within the
boundary 0A(t) for the isolated droplet and the two coalescing droplets. Firstly,
we will consider a regime in which the dominant torque on the director derives
from director-flow coupling for which the in-plane director will completely align
with the in-plane fluid velocity vector and the out-of-plane director will align
with the flow alignment angle, and, secondly, we will consider a regime in which

the dominant torque on the director derives from elasticity for which the in-
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plane director angle will obey Laplace’s equation. The more general regime in
which flow and elasticity are coupled requires defining the full two-dimensional
Ericksen-Leslie equations within the droplet boundaries OA(t) has not yet been
considered. We note that an axisymmetric asymptotic approach for a single
squeezed nematic droplet in a more general regime in which flow and elasticity

are coupled is analysed in Chapter 3.

2.3.1 Flow-dominated regime

In the flow-dominated regime we assume that the in-plane director n. aligns with

the in-plane fluid velocity vector u.-, i.e.

u v
n- = _7_70 ) (212)
(|u=| |u-| )

which in terms of the in-plane director angle ¢ = ¢(z,y,t), is given by

6=tan~! (2. (2.13)

Although we do explicitly consider the out-of-plane director m,, in the flow-
dominated regime we assume that n | is flow aligned at the Leslie angle 6 = +6;,,
and hence the fluid viscosity can be estimated as n, = ¢(fy), where g(0) is a
viscosity function, which will be introduced in Chapter 3 and Chapter 4. In
particular, using n, = g(0), 1y, is given by

N, = m1 cos? Op, 4+ 0y sin? 61, + 112 sin? 6y, cos? Oy, (2.14)
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Alternatively, (2.14) can be expressed by using the definition of the Leslie angle

(1.38) and rearranging, as

we (- 2)en ()2 (- (2))] e

For the viscosities of the nematic 5CB, 0y, >~ +12° and n;, = 0.0237 Pas.

To find the in-plane fluid velocity u-, and hence the in-plane director n. we
use the Hele-Shaw approximation for the fluid flow within the droplet boundary
0A(t) shown in Figures 2.5(a) or 2.5(b), for an isolated droplet and two coalescing
droplets, respectively. The flow of coalescing isotropic droplets in a Hele-Shaw cell
has been studied by Crowdy and Kang [38] and Shelley et al. [195], in which the
authors include the effects of surface tension (which we neglect) and use conformal
mapping techniques to solve for the flow and evolving droplet boundaries. In the
present model, we do not solve for the droplet boundary and instead we prescribe
the droplet boundary using our model for squeezed droplet coalescence in Section

2.1.

The governing equations for flow in a Hele-Shaw cell within the boundary
0A(t) are given by the conservation of momentum, the conservation of mass, and

the boundary condition on the fluid pressure p = p(z,y,t), namely

__HEP,
U = — 2, Vp in A(t), (2.16)
__H'® .
V. u.=— H(D) in  A(t), (2.17)
P = Dvac on @A(t), (218)

where py.. is the pressure outside the droplets. As the ODF method is carried
out in vacuum, a vacuum pressure of around py,. = 1Pa [204] is appropriate.

Combining the conservation of momentum (2.16) and the conservation of mass
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(2.17) yields Poisson’s equation for the fluid pressure p, namely

_ L2nH'(1)

Vip = Hr A(t), (2.19)

with the boundary condition (2.18). For an isolated droplet Poisson’s equation for
the fluid pressure (2.19) with the boundary condition (2.18) is solved analytically
in Section 2.3.1.1 and for two coalescing droplets numerically using COMSOL
Multiphysics in Section 2.3.1.2.

2.3.1.1 An isolated squeesed droplet

We now consider the solution of (2.19) with the boundary condition (2.18) for an
isolated droplet. The boundary dA(t) is simply the circle with centre (0,0) and
increasing radius R(t), where R(t) can be calculated from V = wR(t)*H (t) with
H(t) = H — Spt. By means of direct integration of (2.19) the fluid pressure and

in-plane velocity can be obtained, namely

SO (2 i+, 220)

cH'(H)  yH'(1)
“=:<_2H(t)’_2H(t)’0)' (2.21)

As the in-plane velocity is radial, the in-plane director is also radial, namely

x Y
n. = , ,0. 2.22
(\/x2+y2 \/x2+y2 ) ( )

We shall now consider the Hele-Shaw flow within two coalescing droplets numer-

ically.
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2.3.1.2 Two squeezed coalescing droplets

As previously stated, using (2.11) we can define the droplet boundary 0A(t)
implicitly for two coalescing droplets for t. < t < tyac. Using COMSOL Multi-
physics, Poisson’s equation for the fluid pressure (2.19) and the boundary con-
dition (2.18) are solved numerically in A(t). The fluid pressure p, in-plane fluid
speed |u-|, and in-plane director n-, given by (2.12), are plotted in Figure 2.6
for the times (a) t = 0.02s (when H = 54 um), (b) t = 0.04s (when H = 34 um),
and (c) t = 0.06s (when H = 14 ym). Figure 2.6 shows that the fluid pressure p
initially attains a local maxima at the centre of each droplet and as ¢ increases,
and hence H(t) decreases, the maximum in the pressure moves towards the centre
of the two combined droplets. Figure 2.6 also shows that the in-plane fluid speed
|u-| is initially low throughout the droplets and as t increases, and hence H ()
decreases, |u-| increases, especially in the corners between the two droplets. The
increased fluid speed in the corners between the two droplets was predicted in
Section 2.1, where the corner speed d'(t) was shown to be larger than the radial
speed of the boundary of the droplets R'(¢). We note that there is a mismatch
between the numerical results for |u-| on 0A(t) and the simple model for the
evolution of the droplet boundaries which we will discuss shortly. Figure 2.6 also
shows that the in-plane director field n- points radially outwards from the posi-
tions where a maximum in the fluid pressure occurs, and hence, as t increases and
the two maxima in the fluid pressure approach the combined center between the
two droplets, the director approaches a radial distribution, as seen for an isolated

droplet.

The in-plane fluid speed |u-| on 0A(t) is similar to the radial speed of the
boundary of the droplets R'(t) predicted by the simple model for the expand-
ing droplet boundary, except at the corners formed between the droplets where

there is a significant mismatch between |u-| at (£d(¢),0) and the radial speed
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Figure 2.6: The fluid pressure p, in-plane fluid speed |u-| and in-plane director
field m- in two coalescing droplets at (a) ¢ = 0.02s (when H = 54 um), (b)
t = 0.04s (when H = 34pum), and (¢) ¢ = 0.06s (when H = 14 ym) with
H(t) = H — spt, the parameter values shown in Table 2.1, n;, = 0.0237 Pas and
Pvac = 1 Pa. The position of the maxima in the fluid pressure is marked on the
in-plane director field by a red dot.
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Figure 2.7: The in-plane fluid speed |u-| at (d(t),0) as a function of €. for two
coalescing droplets at t = 0.04s (when H = 34pum) with H(t) = H — spt,
the parameter values shown in Table 2.1, n;, = 0.0237Pas and py,. = 1Pa.
The in-plane fluid speed |u-| at (d(t),0) for a sharp corner without a quadratic
Bézier curve (dashed) and the radial speed of the corner between the droplets d(t)
(dotted) as predicted by the simple model for the expanding droplet boundary
are also shown.

of the corners between droplets d'(t). In particular, in Figure 2.6(b) at the
point (R(t), L), which is on JA(t) but not at the corners, |u-| = 0.114ms!
and R'(t) = 0.119ms™" i.e. an error of 4.4%. Whereas in Figure 2.6(b) at the
corner point (d(t),0), |u-] = 0.314ms™! and d'(¢t) = 0.176ms™! i.e. an error of
78.4%. We investigate this mismatch at the corner by varying the weight of the
control points of the quadratic Bézier curve €., namely varying the curvature of
the corners formed between the droplets, which is implemented in COMSOL Mul-
tiphysics at the corners formed between the droplets. The in-plane fluid speed
|lu-| at (d(t),0) as a function €. is plotted in Figure 2.7. Figure 2.7 shows that

as €. is increased and the radius of curvature of the corners formed between the
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droplets decreases, the in-plane fluid speed |u-| at (d(t),0) approaches |u-| at
(d(t),0) calculated for a sharp corner without a quadratic Bézier curve (shown
by the dashed line). As €. is decreased and the radius of curvature of the corners
formed between the droplets increases, |u-| at (d(t),0) decreases but remains
significantly larger than the radial speed of the corner between the droplets d(t)
(shown by the dashed line in Figure 2.7). We note that it is not sufficient to
decrease €. to match |u-| at (d(t),0) and d(t), as smaller values of €. correspond
to increasing the radius of curvature of the corners formed between the droplets,
which therefore leads to a geometry that is significantly different to the simple
model for the expanding droplet boundary. We therefore note that despite the
qualitative success of the present simple model, numerical results for the fluid
speed and fluid pressure at the corners formed between the droplets should be
used with caution to make quantitative predictions about the fluid speed and
fluid pressure at the corners formed between droplets in squeezed coalescence. In
any future considerations of the present work, surface tension should be included

and coupled with, the conservation of volume and the Hele-Shaw equations.

2.3.2 Elasticity-dominated regime

We now consider a regime in which the dominant torque on the director derives
from elasticity within two coalescing droplets. In this regime the in-plane director
inside the two coalescing droplets will obey Laplace’s equation for the director
angle ¢ [201], namely

Fo  Po_,

— 2.2
ox? + 0y? (2.23)

We apply homeotropic infinite anchoring (i.e. a Dirichlet condition) on the droplet

boundary of the two coalescing droplets which is implemented using a Dirichlet
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Figure 2.8: The in-plane director field n- through two coalescing droplets in the
elasticity-dominated regime for the three possible solutions,, (a) a defect at the
left-hand corner between the droplets, (b) a defect at right-hand corner between
the droplets, and (c) defects at both corners between the droplets, at t = 0.04s
(when H = 34 um). The position of the defects is indicated by the red dot.

condition on ¢, given by
v-n.=1 on 0A(1), (2.24)

where © is calculated from 0A(t) and is shown in Figure 2.5. As discussed in Sec-
tion 1.7.3, homeotropic anchoring is typical on the interface between a nematic
and air (or vacuum). Laplace’s equation for the director angle (2.23) and the
boundary condition (2.24) are solved in COMSOL Multiphysics and yield three
possible solutions for the director. The three possible in-plane director solutions
n- are plotted in Figure 2.8 at t = 0.04s (when H = 34 um). Figure 2.8 shows
three different in-plane director solutions in the elasticity-dominated regime,
namely solutions with a defect at the left-hand corner between the droplets, a

defect at the right-hand corner between the droplets, and defects at both corners
between the droplets.
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2.4 Transmission of light through two coalescing

droplets

We now consider the transmission of light through two squeezed coalescing droplets
between cross polarisers to allow comparison between the in-plane director solu-
tions described by the present model and the experimental setup discussed in
Section 1.4.2 and shown in Figure 1.9. We approximate the transmission of light
T = T(z,y,t) through a layer of nematic with in-plane director angle ¢ with a
polariser positioned on the bottom substrate and the top substrate aligned with

the z-axis and y-axis, respectively, as
T = Tysin? (2¢), (2.25)

where T} is the transmission when the in-plane director is aligned 45° from both
polarisers [12]. As discussed in Section 1.4.2, while the in-plane director is aligned
parallel to either polariser, i.e. when ¢ = 0 or ¢ = 7/2, there is no transmission
of light and 7" = 0. If the in-plane director is aligned 45° from both polarisers, i.e.
when ¢ = 37/4 or ¢ = w/4, there is complete transmission of light and T' = Tj,.
In situations between these extremes there is partial transmission of light and
0 < T < Ty. The scaled transmission of light 7'/Ty through two coalescing
droplets in the flow-dominated regime and in the elasticity-dominated regime is
shown in Figure 2.9 at (a) t = 0.02s (when H = 54 um), (b) t = 0.04s (when
H =34pum), and (c) t = 0.06s (when H = 14 pm). Figure 2.9(a)—(c) shows the
evolution of the scaled transmission in the flow-dominated regime where initially
there is a +1-defect at the centre of each droplet and there is also a —1-defect
in the centre of the two combined droplets (the —1-defect and +1-defect are
discussed Section 1.6). As the top substrate is lowered, the defects move towards

the centre of the two combined droplets, as shown in Figure 2.9(c), leaving one
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Figure 2.9: Scaled transmission of light 7'/7y through two squeezed coalesc-
ing droplets in the (a)—(c) flow-dominated regime and in the (d)—(f) elasticity-
dominated regime at ¢ = 0.02s (when H = 54pum) in (a) and (d), ¢ = 0.04s
(when H = 34 um) in (b) and (e), and ¢t = 0.06s (when H = 14 um) in (c) and

t

(f) with H(t) = H — spt. Regions of white show complete transmission 7" = 1
and regions of black show no transmission 7" = 0.
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Figure 2.10: The ratio rr for flow-dominated regime (solid line) and for the
elasticity-dominated regime (dashed line) as a function of time ¢.

remaining +1-defect in the centre of the two combined droplets. Figure 2.9(d)-
(f) shows the evolution of the scaled transmission for the elasticity-dominated
regime for the solution where one defect remains in the left-hand corner between

the coalescing droplets.

As the top substrate is lowered, there is a change in the transmission in both
the flow-dominated regime (Figure 2.9(a)—(c)) and in the elasticity-dominated
regime (Figure 2.9(d)—(f)). The change in the transmission can be quantified
by the ratio rt of the total transmission of light and the transmission when the
in-plane director is aligned 45° from both polarisers throughout the two squeezed

coalescing droplets, i.e.

[ T/TydA()

re = TaA® (2.26)

Figure 2.10 shows changes in in the ratio r for flow-dominated regime (solid
line) and for the elasticity-dominated regime (dashed line) as time increases. In
particular, rt shows small variation in the elasticity-dominated regime, whereas

rr clearly varies in the low-dominated regime.

The transmission of light T for the elasticity-dominated regime is shown in
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Figure 2.11: Transmission of light 7" through two coalescing droplets in the
elasticity-dominated regime for the three possible solutions, (a) a defect at the
left-hand corner between the droplets, (b) a defect at right-hand corner between
the droplets, and (c) defects at both corners between the droplets, at t = 0.04s
(when H = 34 um). Regions of white show full transmission 7" = 1 and regions
of black show no transmission 7" = 0.

Figure 2.11 at t = 0.04s (when H = 34 um) for the three different numerical
solutions obtained from (2.23) and (2.24). We also find that the two other in-
plane director solutions, namely the defect on right-hand corner between the
droplets and the defects on both the corners between the droplets in the elasticity-
dominated regime, also show little change in transmission as the top substrate is

lowered.

Comparing the transmission shown in Figure 2.9 and the experimental pho-
tographs of the transmission of light through a two-droplet ODF test setup shown
in Figure 1.9, we see a striking resemblance between the photographs of trans-
mission in the two-droplet ODF test setup and the flow-dominated regime. This,
at least qualitatively, indicates that these experimental images of a two-droplet
ODF test setup show the director behaving in a flow-dominated regime like Fig-
ure 2.9(a)—(c), and that the strong radial flow present in the ODF test setup is
holding the defects in place at the centre of the droplets. Furthermore, we can

say that the experimental photographs are significantly different to behaviour
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seen in elasticity-dominated regime, where the defects are located on the droplet

boundaries, as shown in Figure 2.9(d)—(f).

2.5 Conclusions

This chapter presented a simple model for the squeezed coalescence of nematic
droplets between converging substrates. This simple model assumed that the
timescale for coalescence due to surface tension is much longer than the timescale
of coalescence due to squeezing. Therefore, the droplet boundaries evolve due to
the conservation of volume, neglecting the effects of surface tension, elasticity, an-
choring, and contact line dynamics. In practice, we should be able to justify this
assumption by calculating the timescale of coalescence due to surface tension and
showing that it is much longer than the time taken for the converging substrates
to meet. A naive estimate of the timescale of coalescence due to surface tension
in the ODF method can be made using the well-known timescale for the coales-
cence of two identical neighbouring droplets with radius R on a single stationary
substrate, namely 7. = \/m [107,231], where p is droplet density and o is
the droplet surface tension. For typical parameters values for the ODF method
(as stated in Table 1.1) and material parameters for the nematic 5CB, for which
p = 1020kgm= [63] and o = 4.000 x 10"2Nm™" [61], coalescence of two iden-
tical neighbouring droplets occurs on the timescale 7. ~ 1074-10"!s [107,231],
which is on the same order as the time taken for the converging substrates to
meet is 1073-107!s. This naive estimate of the timescale may indicate that sur-
face tension effects could play an important role in the evolution of the droplet
boundaries in the ODF method. However, this is not in agreement with the ex-
perimental photographs shown in Figure 1.9. In particular, Figure 1.9 shows that
sharp corners formed where the droplets meet are visible in all three photographs,

indicating that surface tension effects, which would tend to remove these regions
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of high curvature, are acting on a much slower timescale than the expansion of
the droplet boundaries. Clearly further work is required to determine the role

played by surface tension effects in the ODF method.

In Section 2.1 we have assumed that each droplet can be modelled as a cylinder
of constant volume so that as the gap between the substrates decreases, the
evolution of the droplet boundary can be obtained using geometrical methods.
This model allows us to obtain implicit expressions for the droplet boundary,
which can be differentiated with respect to time to yield the radial speed of
the droplet boundary R'(t) for any arrangement of droplets. In Section 2.1 we
considered an arrangement of three droplets positioned on the vertices of an
equilateral triangle to allow direct comparison with the ODF mura shown in
Figure 1.10. We hypothesised that the formation of the ODF mura is associated
with stresses on the alignment layer caused by the advancing droplet boundary,
and therefore assumed that the value of R/(t) is proportional to the deformation
to the director structure at any point on the substrate. Areas on the substrate
for which R'(t) is highest will therefore correspond to areas on the substrate for
which the largest deformation to the director structure occurs. The deformation
to the director structure, shown in Figure 2.4, shows a striking similarity to the
ODF mura, shown in Figure 1.10. This similarity indicates that there may be a
link between the formation of the ODF mura and the radial speed of the droplet
boundaries in the ODF method.

The present simple model can therefore be used to suggest methods to reduce
R'(t), and hence, potentially to reduce the ODF mura. An obvious approach to
reduce R'(t) is to reduce the speed at which the top substrate is lowered, i.e.
reduce H'(t). Another possible method would be to dispense the total volume of
nematic required for the ODF method into more droplets with a lower volume.

The radial speed of the boundary of the droplets R'(t) for a one droplet, two
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Figure 2.12: Radial speed of the boundary of the droplets R'(¢) for a one droplet
(dotted line), two droplet (dashed line) and three droplet (solid line) arrangement
of equal volume, as functions of time t with H(t) = H — s,t and the ODF
parameter values shown in Table 2.1. Each arrangement of droplets has total
volume V' = 1.350 x 1079 m?3.

droplet and three droplet arrangement of equal volume is shown in Figure 2.12.
Figure 2.12 shows that the radial speed of the boundary of the droplets for a fixed
volume decreases as the number of droplets increases. In reality, both of these
methods to reduce R'(t) are likely to increase manufacturing times as reducing
the speed at which the top substrate is lowered will increase the time taken to
fill the nematic layer and increasing the number of droplets dispensed increase
the time taken to dispense the droplets. Manufacturers, who are often interested
in decreasing manufacturing times to increase potential profits, may not want to

pursue these options.

We have also considered the fluid velocity and director structure within the
nematic droplets in two extreme regimes. Firstly, a flow-dominated regime in
which the in-plane director aligns with the fluid velocity vector was considered,

and secondly, an elasticity-dominated regime in which the in-plane director obeys
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the Laplace equation (2.23) was considered. We have obtained the transmission
of light through a two droplet setup in both of these regimes to allow us to make
direct comparisons with experimental photographs of the transmission of light
in a two-droplet ODF test setup shown in Figure 1.9. In the flow-dominated
regime, we find a +1-defect in the centre of each droplet and a —1-defect in the
centre of the two combined droplets. As the top substrate is lowered, the defects
move towards the centre of the two combined droplets and combine. In the
elasticity-dominated regime, there are three possible solutions for the in-plane
director, namely a defect on the left-hand corner formed between droplets, a
defect on the right-hand corner formed between droplets, and defects on both of
the corners formed between droplets. In the elasticity-dominated regime, as the
top substrate is lowered, the defects show little change. Upon comparison with
the experimental photographs shown in Figure 1.9, we see a striking resemblance
between the experimental photographs and the transmission of light in the flow-

dominated regime.

The qualitative agreement of the ODF mura (shown in Figure 1.10) and the
deformation to the director structure (shown in Figure 2.4), and the experimental
photographs of transmission of light in a two-droplet ODF test setup (shown in
Figure 1.9) and the transmission of light in the flow-dominated regime (shown
in Figure 2.9(a)—(c)) indicate that the simple model considered in this chapter
is remarkably successful. Further effort should be made in future studies to
consider a regime in which flow, elasticity, and surface tension all play a role in
the squeezed coalescence, however, this is beyond the scope of this thesis. We
will now proceed in Chapter 3 by considering the full Ericksen—Leslie modelling of
the director and fluid velocity within a single squeezed nematic droplet and then
in Chapter 4 taking a closer examination of how significant transient flow-driven
distortion of the nematic molecules at the substrates may lead to the formation

of the ODF mura.
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Chapter 3

Squeezing a nematic droplet with

strong elasticity effects

We now focus on the behaviour of the director orientation and flow within a
single nematic droplet in the ODF method. The flow of the nematic during the
ODF method after the top plate has made contact with a single drop is similar
to the classical squeeze-film problem in Newtonian fluid dynamics [100]. In this
chapter we therefore consider a nematic squeeze-film problem, in which director
orientation and flow are coupled, using the Ericksen—Leslie equations in place of

the Navier—Stokes equations used to describe the Newtonian problem.

In Section 3.1, we formulate a squeeze-film model for the ODF method in
which we assume an idealised form of the shape of the nematic drop, for four spe-
cific director anchoring cases at the substrate that are commonly used in LCDs,
and for two scenarios for the motion of the top plate. After non-dimensionalising
the governing equations and boundary conditions, in Section 3.2 we consider the
asymptotic regime in which elasticity effects are much stronger than viscous ones,
and solve the resulting system of equations and boundary conditions in order to

better understand the effects of director—flow coupling. In particular, we obtain
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analytical expressions for the director, velocity and pressure, as well as the force
on the top plate (when the speed of the top plate is prescribed in Section 3.3)
and the speed of the top plate (when the force on the top plate is prescribed in
Section 3.4).

3.1 Model formulation

In order to model the squeezing and spreading of a nematic drop which occurs
during the ODF method we use the same simplified model for the geometry of the
droplet as considered in Chapter 2. In particular, we assume that at some time
t < 0 the top substrate and the drop make contact, and that by time ¢ = 0 any
transient initial effects arising from starting the squeezing process can be ignored.
For t > 0 we assume that the drop of nematic is cylindrical in shape, lies between
the moving top substrate at z = H(t) and the fixed bottom substrate at z = 0,
and has radius R(t) and height equal to the height of the top substrate H(t), as
shown in Figure 3.1. The substrates are assumed to have a fixed area, denoted
by Ag, where we assume that throughout squeezing Ag > wR(t)?. The constant
volume of the drop of nematic V' is given in terms of its radius R(¢) and height

H(t) by
V =nR(t)*H(t). (3.1)

Similarly to Chapter 2, by conservation of volume, the outer boundary of the
nematic, r = R(t), moves outward radially as the top substrate moves towards
the bottom substrate. We consider two different ambient pressures; the internal
ambient pressure between the top substrate and the bottom substrate, denoted
by p1, and the external ambient pressure above the top substrate, denoted by pg.

As discussed in Section 1.4.2, typically, manufacturing processes are carried out
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external ambient
pressure pg

top substrate (moving) z = H (t)

internal ambient
pressure pr

P N r

bottom substrate z = 0

Figure 3.1: A schematic diagram of a nematic squeeze-film problem consisting
of a cylindrical drop of radius R(t) of nematic (grey) between a moving top
substrate at z = H(t) and a fixed bottom substrate at z = 0. The motion
of the top substrate induces a flow of the nematic as indicated. The internal
ambient pressure pr, external ambient pressure pg, the director angle 8, and the
axisymmetric coordinates used to describe the problem are also indicated.

in a vacuum to avoid the formation of air bubbles [106], so in what follows we

often set p; = pg = 0.

To model the squeezing and spreading of the nematic drop we use the Ericksen—
Leslie equations [49,66,127,201] to describe the dynamics of the director orien-
tation, velocity and pressure, which were detailed in Section 1.8. At both the
substrates we impose the standard no-slip and no-penetration conditions for the
velocity. In addition, we assume that the director is at a fixed angle to the sub-
strate surface normal with an infinite anchoring condition [201]. Although the
analysis presented below is valid for any fixed angles of the director at the sub-
strates, we will focus on four specific cases of infinite anchoring that are commonly
used in LCDs, namely planar, homeotropic, hybrid aligned nematic (HAN), and
m-cell anchoring [228]. All of these anchoring cases involve various combinations

of the director being aligned parallel or perpendicular to the boundaries. In ad-
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dition to the four anchoring cases, two different scenarios for the motion of the
top substrate will be studied. The first scenario corresponds to the current ODF
method in which the top substrate is moved downwards at a prescribed constant
speed, and is hereafter referred to as the “prescribed speed” scenario. The second
scenario corresponds to the situation in which the top substrate moves downwards
under a prescribed force (such as, for example, its own weight), and is hereafter

referred to as the “prescribed force” scenario.

3.1.1 The Ericksen—Leslie equations

We assume that both the director field and the velocity remain axisymmetric
so that all dependent variables are independent of the twist angle, ¢, shown in
Figure 3.1. The director is assumed to lie in the r—z-plane, and can therefore be
described by the radial-tilt angle # between the director and the radial direction,
also shown in Figure 3.1. We therefore write the director, pressure and velocity

in the form

n = cos (0(r, z,t)) &, + sin (0(r, z,t)) &, (3.2)
u=u(r,zt)é +w(rzt)é,, (3.3)
p=p(r,z,t), (3.4)

where v is the component of velocity in the radial direction &, and w is the
component of velocity in the vertical direction &é,. The Ericksen—Leslie equations,
introduced in Section 1.8, for the director, velocity and pressure in the form of

(3.2)—(3.4), respectively, are obtained from (1.20) and (1.21) in axisymmetric
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form, and are given by

0= %agf) + 2—75, (3.5)
TN
ot 2= (gi) v 2 (SZ) —ezg—?, (3.7)

=olon) e (@)% w0

where the subscripts » and z in 6,, 0., u,, u,, w, and w, represent partial
derivatives with respect to that variable, a superposed dot denotes the material
time derivative, and p is the constant fluid density. To produce a mathemati-
cally tractable system of equations we use the one-constant approximation of the

Oseen—Frank bulk elastic energy density (1.14), which is given in axisymmetric

K | /00\* 00\?  cos?0

The dissipation function D is obtained from a reformulation of the nematic viscous

form by

anisotropic stress tensor that can be found in Stewart [201]. We use the form for
the dissipation function proposed by Leslie [127] given by

D :é (03] (nieijnj)Q + 272Nieijnj + 06461']‘62‘3‘

+ (Oé5 + 066) N;€i; €5k + ’YlNz‘Nz‘] 3 (310)

where the components of the rate of strain tensor e;j, the co-rotational time flux
of the director IN, the components of the vorticity tensor Wj;, the rotational

viscosity 71 = a3 — aw, the torsional viscosity 7. = ag + as, and the Leslie
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viscosities ay are defined in Section 1.8. Using (3.2) and (3.3) leads to

| 1 ’
D= 3 [@1 (ur cos? 0 + E(uz + w,) sin 26 + w, sin® 0)

+ 27, (%(’wz — u,) sin 20 + %(uz + w,) cos 26) (9 + %(uz — wT)>

2 u2 1 2 2
+ oy ur+ﬁ+§(uz+wr) + w?

1
+ (a5 + ag) (uf cos® 0 + Z(uz +w,)? + w? sin® 6)

+m (9+%(uz—wr))2] - (3.11)

3.1.2 Non-dimensionalisation

In order to determine the important parameter groups, and to enable progress in
considering important asymptotic regimes, the equations are now non-dimensionalised

according to

R .
t:at, r=Rr, z="HZz,
V=RV, R(t)=RR({t), H(t)=mHh(t), A=TR2A,
A R
0=20, u = U, wzb%w, p—%A7
"= P, Yo = (2, = pdg, Qg = filg, (3.12)
3 = Méég, gy = ,ud4, gy = Méé5, Qg = ,uézﬁ,
K . uld? - UUR? - pLUR? .
Wp = @WF, D= H2 D, F = 7—[2 F, Wp = TWP

where the caret (") denotes non-dimensional variables, F' is the force on the top
substrate, which will be introduced in Section 3.2.3, and W, is the weight of
the top substrate, which will be introduced in Section 3.4. Typical values of the

radial scale R, height scale H and radial velocity scale U are given in Section 3.1.5.
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The viscosity used in the non-dimensionalisation (3.12) is the isotropic viscosity,

namely = ay/2 or p = ns [148,201].

The non-dimensional aspect ratio §, defined by the ratio of the height scale

‘H and the radial scale R, is

§= (3.13)

SRS

In practice, the aspect ratio is typically small, corresponding to a thin film of
nematic, for which the radial length scale is much larger than the height scale, and
so a thin-film (i.e. small §) approximation is appropriate. The reduced Reynolds

number, defined by

B pUH?

R
e R

(3.14)

is a non-dimensional measure of the relative strength of inertial effects and viscous
effects. The limit of zero Reynolds number (Re — 0) corresponds to a regime
in which there are no inertial effects (i.e. Stokes flow), while the limit of infinite
Reynolds number (Re — o0) corresponds to a regime in which there are no

viscous effects (i.e. inviscid flow). The Ericksen number, defined by

Er=2210 (3.15)

is a non-dimensional measure of the relative strength of viscous effects and splay
elastic effects. The limit of zero Ericksen number (Er — 0) corresponds to a
regime in which there are no viscous effects, while the limit of infinite Ericksen

number (Er — o) corresponds to a regime in which there are no elastic effects.

From (3.5)—(3.8) the non-dimensional equations that govern the director angle

0, the radial velocity component u, the vertical velocity component w, and the
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pressure p are

_10(ru) | Ow

0 o
r or +8z7

(3.16)

Re pt + p, = % ldl (52% cos* 0 + (5uz + 53wr) sin 6 cos® 0 + 62w, sin? 0 cos? 9)

2 . 1
_ % (63%6’ sin 26 + B (0%u, — 0*w,) u, sin 29)

+ 26U, + (@5 + ) Ouy cos? 0]

0
4+ —

P ay (5ur sin @ cos® 0 + (uz + 52wr) sin? 0 cos® 0 + 6%, sin® 0 cos 9)

: 1 1
+ % ((59 cos 20 + 5 (u. — duy) cos26 + 5 (0w, — du,) sin 20

N | —

+ (uz + 52wr) coS 29)

(&5 + G)

t (us o+ 0%wy) + -

(uz + (52w,,)

N (sis Lo, _ 5
+2(59+2(uz 5wr))

— % <(52wz — 6%u,)0, sin 20 + (du, + 6°w,)0, cos 29)

+ M (520r9 + %(&LZ — 53wr)0971> , (3.17)
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1
52 Re pr + p, = % [&1 ((53ur sin 6 cos® 0 + 3 ((52uz + (54wr) sin? 6 cos? @

+ 53w, sin® 0 cos 9)
— % (((53wz — (53ur) sin 26 + (52u2 + 54wr) cos 29)

+ % ((539 cos 20 + % (52u2 — (54w7.) coS 20)

A

% (@5 + dﬁ)
2 4

N (35052, st
2(59+2(5uz 5wr))]

ay (52ur sin? 0 cos? O + (5uz + 53wr) sin® 6 cos 0 + 6w, sin? 6)

((52uz + 54wr) + (52uz + 54wr)

L0
0z

~

+ 2 (520’ sin 20 + % (61 — 8w, ) sin 29)

+ d462wz + (5&5 + CAYG) 5211)2 sin2 ‘9]

~

— % < (52wz — 52ur) 6, sin 260 + (5u2 + 53wr) 6., cos 20)
+ % (529’@ + % (6u. — &*w,) ez) , (3.18)

and

1 1 .
0=460,, — 3 Eru, (1 4+ y2 cos 20) + 0Er |:—’}/2§(wz — u,) sin 20 — 719}

(3.19)

L {QM_QsinQ@ 1 }’

5 5 Erw, (71 + 72 cos 20)
where we have now dropped the caret (") notation for simplicity since all quan-
tities are now non-dimensional. We will later solve (3.16)—(3.19) using certain

assumptions made about the size of the relative non-dimensional parameters 4§,

Re and Er and subject to appropriate boundary conditions on 6, u, w and p.
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3.1.3 Rescaled radial and vertical coordinates

Before proceeding further, it is convenient to rescale the radial and vertical coor-

dinates according to

7= % = \/;H(t)lﬁr and Z = )’ (3.20)

where 7 is the rescaled radial coordinate and Zz is the rescaled vertical coordinate,
and where 7 can be expressed in terms of the height of the top substrate H(t) using
(3.1). In terms of the rescaled vertical coordinate Z, the top substrate and bottom
substrate are fixed at Z = 1 and Z = 0, respectively. The change in the height of
the top substrate H(t) is included in the rescaled versions of the Ericksen—Leslie

equations (3.16)—(3.19) via the appropriate rescaling of derivatives of r and z,

namely 0/0r — V12712 H (1)Y/20/0F and 0/0z — H(t)~'0/0Z, respectively.

Henceforth we will express all equations and boundary conditions in terms
of the rescaled coordinates 7 and Z given by (3.20). However, for clarity and to
aid physical interpretation, we will plot results in terms of the original unscaled

radial coordinate r and vertical coordinate z.

3.1.4 Boundary conditions

In order to solve (3.16)—(3.19), appropriate boundary conditions must be imposed
on the variables @, u, w and p. For the velocity components, u and w, we impose
no-slip and no-penetration conditions on the solid boundaries at Z = 0 and z = 1.
The bottom substrate at z = 0 is stationary and the top substrate at z = 1 is
moving with vertical velocity H'(t) = dH/dt, and so the appropriate boundary
conditions are u(r,0,t) = 0, u(7,1,t) = 0, w(7,0,¢t) = 0 and w(7, 1,t) = H'(t).
The pressure, p, is assumed to be fixed at the constant internal ambient pressure,

p1, at the outer edge of the nematic drop, so that p(1,2,¢t) = p;. We impose
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regularity and axisymmetry at the centre of the drop by assuming that dp/or = 0

at 7 = 0. In summary, the boundary conditions for velocity and pressure are

u=0 on z=0, (3.21)
w=0 onz=0, (3.22)
w=0, onz=1, (3.23)
w=H'(t) onz=1, (3.24)
%—0 on 7 = 0, (3.25)
p=p onr =1 (3.26)

As mentioned previously, we consider four specific anchoring cases that com-
monly occur in nematic devices, namely planar, homeotropic, hybrid aligned
nematic (HAN), and m-cell anchoring. In the planar anchoring case the director
is parallel to the boundary at both the bottom substrate and top substrate, so
that 6(7,0,t) = 6(7,1,t) = 0, and in the homeotropic anchoring case the director
is perpendicular to the boundary at both the bottom substrate and top substrate,
so that 6(7,0,t) = 6(7,1,t) = w/2. In the HAN anchoring case the director is
parallel to the bottom substrate and perpendicular to the top substrate, so that
0(r,0,t) = 0 and O(r,1,t) = m/2, and in the m-cell anchoring case the director
is parallel to the bottom substrate so that 6(7,0,¢) = 0 and parallel to the top
substrate so that 6(7,1,¢) = w. The equilibrium director configurations in the
limit of no flow for these anchoring cases, namely (3.52)—(3.55), will be calculated

later and are sketched in Figure 3.2.

It is worth noting at this point that the axisymmetric form of the non-
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(a) planar (b) homeotropic (c) HAN (d) m-cell anchoring

Figure 3.2: Sketches of the equilibrium director configurations in the limit of no

flow for the four specific anchoring cases considered: (a) planar, (b) homeotropic,
(c) HAN, and (d) m-cell anchoring.

dimensional elastic energy given by (3.9) is

o= (B +ozmo () +=2)]. e

and therefore the elastic energy is undefined if 6 # 7/2 at 7 = 0, a situation that

occurs for the planar, HAN and m-cell anchoring cases. This type of singularity
in the elastic energy is associated with a discontinuity in the director orientation
and can lead to point or line defects. However, in subsequent sections we will
find that since the aspect ratio is small (i.e. & < 1), the singular 72 term in
(3.27) does not appear at leading order in . The results in the present work
are therefore valid away from the centre of the drop at ¥ = 0. In summary, the

boundary conditions for the four anchoring cases are

planar: 6=0 on Z=0, 6=0 on Z=1, (3.28)
homeotropic: 6 =7/2 on 2Z2=0,0=7/2 on Zz=1, (3.29)
HAN: =0 on z2=0, #=7/2 on Z=1, (3.30)

m-cel. =0 on Z2=0, =7 on Z=1 (3.31)
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Non-dimensional group Definition Typical value
H
4] — 10741
R
U 2 2
Re PUH™ _ pspTt 10210~
LR p
pUH  pspR 9 1
E = 10°-10
' K K

Table 3.1: Typical values of the non-dimensional groups in the ODF method,
calculated using the range of ODF parameters values listed in Table 1.1 and
isotropic viscosity 1 = 1072 Pas, one-constant elastic constant K = 10~ N, and
density p = 10® kgm™ [36,63].

3.1.5 Typical values of non-dimensional groups

In this subsection we consider the asymptotic regimes for the sizes of the non-
dimensional groups §, Re and Er corresponding to those present in the ODF
method for the ODF parameter values stated in Table 1.1 and an isotropic vis-
cosity ;1 = 1072 Pas one-constant elastic constant K = 107! N, and density
p = 103kgm™3 [63], as shown in Table 3.1. The radial velocity scale, U, appear-
ing in the reduced Reynolds number and Ericksen number is calculated using the
conservation of mass equation, (3.16), to give U = s, R/H. As Table 3.1 shows,
the assumptions of small aspect ratio (6 < 1) and small reduced Reynolds num-
ber (Re <« 1) are well justified for the range of ODF parameter values shown in
Table 1.1. The Ericksen number is typically much larger than unity during the
ODF method, indicating that viscous effects are typically stronger than elasticity

effects, and that a large Ericksen number approximation, Er > 1, is appropriate.

However, in this chapter we consider the possibility of using smaller drops
of nematic and slower downward speed of the top substrate in order to access

a possible future manufacturing regime. Specifically we consider the smallest
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length-scales possible in the ODF method, namely a height of the drop H =
10~%m, a radius of the drop R = 10~*m, and a reduced downward speed of
the top substrate of s, = 107®ms™!. These values may be relevant for a future
manufacturing method that uses ink-jet printing of nematic droplets [2,28]. All
of the material parameters (namely the viscosity, elastic constant, and density of
the nematic) remain the same as before and the aspect ratio is given by § = 1072,
the reduced Reynolds number is given by Re = 1077, and the Ericksen number
is given by Er = 107!, indicating that the assumptions of small aspect ratio
(0 < 1) and small reduced Reynolds number (Re < 1) remain well justified,
but now the value of the Ericksen number is smaller, indicating that a small
Ericksen number approximation, Er < 1, is now appropriate. In this chapter
we will therefore consider the asymptotic regime in which 6 < 1, Re < 1 and
Er <« 1, which corresponds to a thin film of nematic in which inertial effects are
weak and elasticity effects are strong compared to viscous effects. We note that
the asymptotic regime in which § < 1, Re < 1 and Er > 1, which corresponds
to a thin film of nematic in which inertial effects are weak and viscous effects
are strong compared to elastic effects will be considered in Chapter 3, albeit in a

different geometry and with different assumptions.

3.1.6 The thin-film approximation

With the assumptions that the aspect ratio and the Reynolds number are both
small, 6 < 1 and Re < 1, at leading order in ¢ the radial momentum equation,

(3.17), rescaled using (3.20), becomes

o |V 520 (oo V2
i ?H(t) 5 (Ism 20—}—300820—}—1

L% 71) 8u] L (3.32)

4 4) 0z
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With the Parodi relation, given by (1.30), we can rewrite (3.32) in terms of the

non-dimensional Miesowicz viscosities, given by (1.32)—(1.35), defined by

(—ag+2+4+a;5), (3.33)

er—t

1
=— (e +203+2+as), mn=

M2 = a1, M 5

as

ou
—4 /= H =5/2 2 [nlg sin? 6 cos® 6 + n; cos® @ + 1y sin ‘9) EER (3.34)

Similarly the vertical momentum equation, (3.18), rescaled using (3.20), becomes

op

5: =0. (3.35)

Therefore, at leading order in ¢ the pressure is independent of the rescaled vertical

coordinate Z and hence is given by

p=p(7,t). (3.36)

In addition, the angular momentum equation, (3.19), again rescaled using (3.20),

becomes

1 0% 1 ou
0= m@ - §EI' (’Yl + Y2 COS 20) % (337)

In summary, in what follows we will solve equations (3.34), (3.37) and (3.16)
subject to the boundary conditions (3.21)—(3.26) together with the appropriate
conditions from (3.28)—(3.31) for the particular problem under consideration for

the dependent variables 0(7, Z,t), u(7, Z,t), w(7, Z,t) and p(7,t).
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3.2 The Limit of Small Ericksen Number

In the limit of small Ericksen number Er < 1 we seek an asymptotic solution to

the problem in the form

0 = 0o + Er 6, + Er’6, + O (Er°) (3.38)
u = up + Er uy + Er*u, + O (Er?) (3.39)
w = wy + Er w; + Erfws + O (Er3) , (3.40)
p=po+ Er p; + Er’py + O (Er3) : (3.41)

Substituting these asymptotic expansions into the governing equations, (3.16),
(3.34) and (3.37), we are able to obtain the leading-order solutions that describe
the dominant behaviour at small Ericksen number. By finding the higher-order
corrections to these solutions we are then able to describe the perturbations to this
leading-order behaviour. Using the expansions for the velocity components given
by (3.39) and (3.40) and the rescaling (3.20), the conservation of mass equation,

(3.16), takes the same form at each order in the Ericksen number, namely

Z 5210 (Fu;) | Ow;
\/;H(t) - + EF =0 (3.42)

for i =0,1,2,.... Using the expansions (3.38)—(3.41) and the rescaling (3.20) in

(3.34) and (3.37), and considering the appropriate expressions at different orders

in the Ericksen number, yields, at leading order,

T (2P0 — 9| gy 2t
\/;H“) oF 0z {9(90) oz | (343)

0?0
072

=0, (3.44)
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at first order,

opp 0 Ouyg ouy
520P1 _ O
\/VH() 5 = 53 { 9(60)01—= + 9(6o) = | (3.45)
1 8201 8u0
H(t) 952 —m(Qo)g, (3.46)

and at second order,

dp; 0 auo 1 dug
5/20P2 _ 9 4 2
e = O [ ()0 1L (03 2

8 (9u2

4

+4'(00)01 —= oz -+ g(00) = 55 | (3.47)
1 a202 8’&0 8

FTT) = A= 4

H(t) 822 (90)91 o3 + m(e()) o3 ) (3 8)
where
g(0) = masin® § cos® § + 1y cos® O + 1y sin® 0, (3.49)
1

m(0) = 5 (N + 72 s 20). (3.50)

Equation (3.44) and (3.46) show that, while the flow of the nematic does not affect
the leading-order director angle 6y, the leading-order radial flow ug may affect the
first-order director angle ;. Indeed (3.46) has similarities to that describing the
classical flow alignment problem in a nematic [201] and, as we will see later, has
similar behaviour. Specifically, when the leading-order shear rate duy/0Z is large,
the director will be forced to align, at least away from boundaries, at angles given

by m(6y) = 0. For a positive shear rate the relevant solution to m(6y) = 0 is

0o = qm £ b1, (3.51)

where 6y, is the Leslie angle [201] discussed in Section 1.9. We remind the reader

that the terms “positive” and “negative” Leslie angles refer to the sign of the shear
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rate that is flow aligning the director rather than to the sign of the numerical
value of the angle. Considering various different Leslie angles will be important
in subsequent sections for understanding the behaviour of the first-order director

angle 6 in each of the four anchoring cases.

3.2.1 General solution

The leading-order angular momentum equation, (3.44), can be immediately solved
to yield the leading-order director angle 6y = 6,(2) for each of the four anchoring

cases given by (3.28)—(3.31), namely

o = 0 for the planar anchoring case, (3.52)
Oy = g for the homeotropic anchoring case, (3.53)
0o = %2 for the HAN anchoring case, (3.54)
0y = 7z for the m-cell anchoring case. (3.55)

These solutions are the equilibrium director configurations in the limit of no flow
for the four anchoring cases previously sketched in Figure 3.2. Note that these
solutions for #y given in (3.54) and (3.55) are dependent on time via the rescaled
vertical coordinate Z. Integrating (3.43) twice with respect to Z and using the
boundary conditions (3.21) and (3.23) then yields the solution for the leading-

order radial velocity,

w7, 5,1) = \/gH(t)m /0 2 - (190) (ap 0;;’ sy B) dé, (3.56)

where the function B = B(7,t) is found from the boundary conditions to be

p— -l /Olgfeo)dg ( /(jﬁ)? (357)
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From (3.21), (3.56) and (3.57) we can then express the leading-order radial ve-

locity as

. T 5 28]?0(7;, t) -
= \/; H(t)® — (), (3.58)

where

I, (3) = /Og dg/ eodf/ eodz(/ mcr)_l. (3.59)

The first-order correction to the leading-order director angle, 6y, is calculated by

integrating the first-order angular momentum equation, (3.46), twice with respect
to Z, and using the solution for ug given by (3.58) and the boundary conditions

f#1 =0 on both Z=0 and zZ =1, to give

\/71{ Wap” LGN, (3.60)

where

/ / m (6o) —dgdg—z / / m (6o) —dgdc (3.61)

We can now calculate the first-order correction to the leading-order radial velocity,
uy, by integrating (3.45) with respect to z, using expressions for uy and #; from
(3.58) and (3.60) as well as the first-order boundary conditions u; = 0 on both

Z=0and zZ =1, to obtain

(7,2, t) \/>H 52091 ”)Hl(z)+‘7;H() (W) II5(2), (3.62)
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where

= | g (/(fg N )1 [t

(0
g (6) Ty 4

To calculate the leading- and first-order vertical velocity components, wy and wy,
the solutions for ug and wu;, given by (3.58) and (3.62), and the conservation of

mass equation, (3.42), with i = 0,1, are used, yielding

wol(F, 2,) = —%H(t)‘*%% <fap0((§::’t)) /:Hl(g)dg, (3.64)
Wil 51) =~ (t)‘*%%( apl(;?”) /OZm(g)d&

_ (g)g/gmt)“/?%% (r (W)) /0 Ha(©)de. (365)

To calculate the leading-order pressure, py, we apply the boundary condition
(3.24) to the leading-order vertical velocity, given by (3.64), and integrate with
respect to 7 and impose the condition on the pressure gradient, (3.25), which

leads to

1

8]008(:, t) _ _;ﬂiigi (/0 I, (€) d§>_ , (3.66)

The leading-order pressure gradient, (3.66), can be substituted into (3.58), (3.60),
(3.62), (3.64) and (3.65) to yield the full solutions for 60, ug, ui, wy and wy,
respectively. A further integration of (3.66) with respect to 7 and application
of the boundary condition on the pressure, (3.26), yields the solution for the

leading-order pressure,

-1

po (7,t) = p1 + ;Z/& (1—72) ( /0 IT, (¢) d§> . (3.67)
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The same approach is used to calculate the first-order pressure gradient and first-

order pressure,

Ipy (7t V32H! (t)? !
e ([ o)

3/2 17/ ()2 !
p1 (7 1) = 12‘;3/2—?[{((29/2 (1 — 713) </0 Hl(f)d§>

-3

/0 I (€)de (3.68)

/0 My(€)de.  (3.69)

In summary, in addition to the solutions for the leading-order director angle 6,
for each anchoring case, given by (3.52)—(3.55), we find the leading-order radial
velocity ug, given by (3.58), the first-order director angle 6, given by (3.60), first-
order radial velocity u;, given by (3.62), leading-order vertical velocity wy, given
by (3.64), first-order vertical velocity wy, given by (3.65), leading-order pressure
Po, given by (3.67), and first-order pressure p;, given by (3.69). Equations (3.58),
(3.60), (3.62), (3.64), (3.65), (3.67) and (3.69) describe the director angle, velocity
and pressure at leading and first order for any fixed angles of the director at the
substrates, however, in present work we will focus on the four anchoring cases
given by (3.28)-(3.31). In fact, (3.58), (3.60), (3.62), (3.64), (3.65), (3.67) and
(3.69) provide the solution at first-order for any leading-order director angle 6y,
including the more general situation where one or more of the substrates exhibit

weak anchoring rather than infinite anchoring.

The leading-order pressure, given by (3.67), can be expressed as

3V H'(t)

THO (1-7), (3.70)

bo = D1 — 77(90)

where

1

n(0y) = — (12 /01 I (€) d§) (3.71)

is an effective viscosity which depends on the leading-order director angle via the
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Anchoring case Effective viscosity 1(6p)
Planar m = 0.6258
Homeotropic 1o = 3.2270
HAN 1.6006
m-cell 0.9184

Table 3.2: Values of the effective viscosity n(fy) given by (3.71) for the four
anchoring cases given by (3.28)—(3.31) using the material parameter values for
the nematic 5CB [201].

expression for II; given by (3.59). For future reference, values of the effective
viscosity 7(6p) for the four anchoring cases given by (3.28)—(3.31), are listed in
Table 3.2 using parameter values for the standard nematic 5CB [201]. Table 3.2
shows that 7(6y) is largest for the homeotropic anchoring case for which 1(6y) = 2

and smallest for the planar anchoring case for which n(6y) = 7.

Note that substituting (3.70) into (3.58), (3.60) and (3.64) yields

0,(F,2,1) = 6 %%Hz(aﬁ (3.72)
uo(F, 2,t) = 6 g—”(]ioéi;gt)nl(z)f, (3.73)
wn(z. ) = 1206 H'0) [ () (3.74)

and if we substitute 1(6y) = p and g(6y) = p into (3.70), (3.73) and (3.74) we

recover the classical solution to the Newtonian squeeze-film problem [100].

Equations (3.72)—(3.74) show that the first-order director angle and the leading-
order radial velocity are proportional to 7, while the leading-order vertical velocity
is independent of 7. Thus the magnitudes, but not the qualitative behaviour, of

0, and ug, vary with 7. Equations (3.67) and (3.72)—(3.74) also give the time
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dependence of the solutions 6, ug, wy and py, namely

H'(1) H'(#)

H'(t)
H(t)1/2’ Up X H(t)3/2’

s 0

wo < H'(t) and pg (3.75)

While (3.58), (3.60), (3.62), (3.64), (3.65), (3.67) and (3.69) provide explicit
expressions for the leading- and first-order solutions in the limit of small Ericksen
number, these expressions depend on the calculation of the integrals I1;, Iy and
I13. These integrals cannot be analytically evaluated for general forms of the
leading-order director angle #y. However, in two of the four anchoring cases we
consider, namely the planar, (3.28), and homeotropic, (3.29), anchoring cases,
g(0y) is constant and hence further analytic progress is possible. For the other
two anchoring cases, namely the HAN, (3.30), and 7-cell, (3.31), anchoring cases,
g(0p) is not constant, and so the integrals and solutions must, in general, be

evaluated numerically.

For the two cases in which 6 is constant, and so 7(6y), g(6p), and m(6y)
are constant and 7n(6y) = ¢g(fy), analytical expressions for the integrals I, II,

and II3 can be readily obtained and used to calculate the leading- and first-order

[ m(6) 111[/'2 —25) (1), (3.76)

solutions, namely

uy = B0 )3/2 Z(1—32) (3.77)
u; =0, (3.78)
wy = H'(t)2* (3 — 27), (3.79)
w, =0, (3.80)
Po=p1 — 39(6‘2[‘@{@) (1-7%), (3.81)
p1 = 0. (3.82)
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In particular, in the planar case 6y = 0, n(6y) = g(6p) = m and m(6y) = 1 + 2,
while in the homeotropic case 0y = 7/2, n(6y) = g(6y) = 12 and m(6y) = v1 — 2.
In both cases the first-order radial and vertical velocities, as well as the first-
order pressure, are all identically zero since II3 = 0. Analytical expressions for
the higher-order terms in these cases can also be readily obtained, but are omitted

here for brevity.

3.2.2 Shear stress and couple stress on the substrates

As mentioned in Chapter 1, liquid crystal device performance can be affected by
the misalignment of the molecules at the substrates [36,125,167]. The source
of this misalignment is a current topic of research, but there is some evidence
that this is an effect of the flow of the liquid crystal during the ODF method
[36]. Flow of a nematic may affect the alignment layer at one or both of the
substrates through, for example, a frictional force derived from the shear stress at
the substrates or a director torque derived from the couple stress at the substrates.

These stresses can be calculated from the director angle and velocity.

The leading-order shear stress, g(6y)0ug/0Z, can be obtained from (3.52)-

(3.55) and (3.58) yielding
1
§
d
/o 9(6o) ‘

(o) % = 6 %%r 1- /1 L : (3.83)
o 9(6o)
b
/ d¢
9(6o) % L %nff(ﬁ /(;)f/o 9(%) (3.84)

/01 g(é())dg’

at the top substrate and bottom substrate, respectively.
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The torque on the director depends on the couple stress. From (3.52)—(3.55),
the leading-order couple stress, 00y/0Z, is constant, and is equal to zero for the
planar and homeotropic anchoring cases, 7/2 for the HAN anchoring case, and
7 for the m-cell anchoring case. The first-order couple stress, Er 96, /0Z, can be

obtained from (3.52)—(3.55) and (3.60) yielding

o0, [Vl H'®) | [ dIT, (¢)
5221_6\/; H ()12 "”[/O m(0o) ac dg
1ope
-/ m(%)dﬁéodmg], (3.85)
%io —6[ o H/ / / (00)° dc acae, (3.86)

at the top substrate and the substrate, respectively. The leading-order shear
stress and the leading- and first-order couple stresses, for the four anchoring

cases, will be described below.

3.2.3 Forces on the substrates

In an experimental or industrial setting, two measurable quantities are the forces
on the top substrate and on the bottom substrate. Indeed, measuring the force
on the top substrate is one method used industrially to monitor the distance
between substrates and hence to determine when the squeezing of the nematic
should be stopped. The forces on the top substrate and on the bottom substrate
can be calculated by integrating the stress tensor over the appropriate boundary.

The dimensional forces on the top substrate and bottom substrate are defined by

3
N
=
|
I
o
@'
Ilet
o>

() dS and

Flo=— [ o 48] a8 (3.87)
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respectively, where the nematic anisotropic stress tensor t is expressed in compo-

nent form as

8wF
tij = —poij — mr=—— [VN],: + cungerpnyning + asNin,
J (9 [Vn]kj 7 PP J J
+ azn; N; + age;; + asnjeipng + e gng. (3.88)

In the present asymptotic limit of small Ericksen number, the leading-order term
in the stress tensor is simply that due to the pressure, and the non-dimensional
leading-order force Fy evaluated on the top substrate and on the bottom substrate

are then

[F0]— sy :/podS and [Fo]zzoz/pods, (3.89)
s s

respectively. Using the rescaling (3.20) and substituting the leading-order pres-
sure, (3.67), into (3.89) and integrating over the entire top substrate or bottom

substrate with respect to # and 7 yields

3n(00)V2H'(t)
orH (1)

[Folsoy = = [Folsmg = Aspr =

z=1

(3.90)

The leading-order force on the top substrate [Fp)._, is equal and opposite to the
leading-order force on the bottom substrate [Fy]._,. Since the effective viscosity
n(6y) appearing in (3.90) does not depend on time, the forces on the top substrate

and on the bottom substrate increase like H(t)™°.

As n(6p) is largest for the
homeotropic anchoring case (see Table 3.2), we find that this anchoring case is
associated with the largest forces on the substrates, whilst the planar anchoring
case is associated with the smallest forces on the substrates. In general, (3.90)
shows that as the film is squeezed and the height of the top substrate H () reduces,
an increasing force is required to move the top substrate, and the difference in

force required to move the top substrate for each anchoring case depends on the

value of the effective viscosity 7(6) for each anchoring case.
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The director, velocity and pressure, as well as the shear stresses, the couple
stresses and the forces on the substrates, described above all depend on the
manner in which the height of the top substrate H(t) varies in time. As described
previously, there are two important scenarios for the time-dependence of H(t): the
prescribed speed scenario and the prescribed force scenario. The ODF method, in
which the motion of top substrate is controlled by a machine which squeezes the
film of nematic until there is a prescribed gap between the substrates, corresponds
to the first scenario. Typically the ODF method uses a constant downward
speed of the top substrate, and so this special case is considered in Section 3.3
(although the analysis can be readily generalised to other cases). The widely-
studied problem in which the top substrate moves downwards under a constant
force due to its own weight is a particular case of the second scenario, and so
this special case is considered in Section 3.4 (although, again, the analysis can be

readily generalised to other cases).

3.3 Results for a prescribed speed

In the scenario of the top substrate moving with prescribed constant speed we
set the dimensional height of the top substrate to be H(t) = H — spt. The
initial dimensional height of the top substrate, H, and the constant dimensional
downward speed of the top substrate, s,, can then be used to set the values
used in the non-dimensionalisation given by (3.12) in Section 3.1.2 using U =

sp\/ V/(mH3). The non-dimensionalised height of the top substrate is then simply
H(t)y=1-t. (3.91)

For the numerical solutions described in this section we will set p; = 0 and use

the material parameter values for the nematic 5CB [201] unless stated otherwise.
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Figure 3.3: Leading-order radial velocity ug, given by (3.58), plotted as a func-
tion of the vertical coordinate z for the four anchoring cases; planar (solid),
homeotropic (dotted), HAN (dashed), and m-cell (dashed-dotted) at r = R(t)/2
and ¢t = 0.5 using p; = 0 and the material parameter values for the nematic
5CB [201]. The results for the planar and homeotropic anchoring cases are iden-
tical, indicated by the solid and dotted curves being plotted intermittently.

3.3.1 Leading-order radial velocity

The leading-order radial velocity ug, given by (3.58), is plotted in Figure 3.3 as a
function of the original unscaled vertical coordinate z for the four anchoring cases
at 7 = R(t)/2 and t = 0.5. As Figure 3.3 shows, the radial velocity is identical
in the planar (solid line) and homeotropic (dotted line) anchoring cases, with
both of these anchoring cases having a symmetric Poiseuille flow. As Figure 3.3
also shows, the leading-order radial velocity for the HAN anchoring case (dashed
line) has a Poiseuille-like profile, with the flow skewed towards the lower viscosity
region in the lower part of the squeeze film. For the 7-cell anchoring case (dashed-
dotted line), Figure 3.3 shows similar behaviour, with lower velocity in the higher
viscosity region in the centre of the squeeze film and a higher velocity in the
lower viscosity regions near the substrates. The location of the maximum radial

velocity, denoted by z = z*, can be found using (3.73) and the rescaling (3.20) to
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be

#. (3.92)
— ¢

/0 9(6h)

Clearly from (3.92) the location of the maximum velocity is a fraction H(¢), and

so varies with time ¢ like H(t). In the planar, homeotropic and 7-cell (but not

the HAN) anchoring cases it is straight forward to show that z* = H(t)/2 (i.e.

the maximum velocity is always in the centre of the squeeze film).

For the HAN and m-cell anchoring cases, the higher velocity in the lower
viscosity regions leads to changes in the shear stress at the substrates, as indicated
by the gradient dug/0z at z = 0 and z = H(t) in Figure 3.3, when compared to

the Poiseuille flow in the planar and homeotropic anchoring cases.

The evolution of the leading-order radial velocity ug, given by (3.58), is plotted
in Figure 3.4 as function of z at r = R(t)/2 for t =0,¢t = 0.2, ¢t = 0.4 and ¢t = 0.6
for each of the four anchoring cases. For each of the four anchoring cases the
radial velocity retains the same functional form shown in Figure 3.3 but increases
in magnitude as time increases. As (3.75) shows, this increase in magnitude is

proportional to H'(t)/H (t)3/?.

3.3.2 Leading-order vertical velocity

The leading-order vertical velocity wg, given by (3.64), is plotted in Figure 3.5
as a function of z for the four anchoring cases at r = R(t)/2 and ¢t = 0.5. The
behaviour of the leading-order vertical flow can be understood by considering
the leading-order radial velocity shown in Figure 3.3. By conservation of mass,
a reduction in the radial velocity must be matched by an increase in the ver-

tical velocity. The leading-order radial velocity is identical for the planar and
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Figure 3.4: The evolution of the leading-order radial velocity ug, given by equation
(3.58), plotted as a function of vertical coordinate z for the four anchoring cases;
(a) planar (solid), (b) homeotropic (dotted), (¢) HAN (dashed), and (d) m-cell
(dashed-dotted) at r = R(t)/2 for t =0,¢t =10.2,t = 0.4 and t = 0.6 using p; = 0
and the material parameter values for the nematic 5CB [201].
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Figure 3.5: Leading-order vertical velocity wg, given by (3.64), plotted as a
function of vertical coordinate z for the four anchoring cases; planar (solid),
homeotropic (dotted), HAN (dashed), and m-cell (dashed-dotted) at r = R(t)/2
and t = 0.5 using p;y = 0 and the material parameter values for the nematic
5CB [201]. The results for the planar and homeotropic anchoring case are iden-
tical, indicated by the solid and dotted curves being plotted intermittently.

homeotropic anchoring cases, this leads to the leading-order vertical velocity also
being identical, as shown in (3.79). As Figure 3.5 shows, for the HAN anchoring
case, the leading-order vertical velocity is larger in magnitude at all values of z
than any of the other three anchoring cases. This is due to the leading-order
radial velocity being skewed toward the lower part of the squeeze film, leading to
a larger vertical flux into this lower viscosity region and thus a larger downward
vertical velocity. In the m-cell anchoring case, there is a smaller vertical velocity
in the upper half (H(t)/2 < z < H(t)) of the squeeze film and a larger velocity
in the lower half (0 < z < H(t)/2) than in the planar and homeotropic anchoring
cases. As shown in Figure 3.3, there is larger radial velocity near the top sub-
strate in the m-cell anchoring case than in the planar and homeotropic anchoring
cases resulting in smaller vertical flow in the m-cell anchoring case than in the
planar and homeotropic anchoring cases. The vertical velocity near the bottom
substrate is larger in the 7-cell anchoring case than in the planar and homeotropic
anchoring cases, as the radial velocity in the middle of the squeeze film is smaller,

as shown in Figure 3.3, in the 7-cell anchoring case than that of the planar and
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Figure 3.6: Leading-order pressure pg, given by (3.67), plotted as a function
of radial coordinate r for the four anchoring cases; planar (solid), homeotropic
(dotted), HAN (dashed), and m-cell (dashed-dotted) at ¢ = 0.5 using p; = 0 and
the material parameter values for the nematic 5CB [201].

homeotropic anchoring cases. Plots of the evolution of the leading-order vertical
velocity wy, given by (3.64), are omitted since, as (3.75) and (3.91) show, the
leading-order vertical velocity does not depend on time in the prescribed speed

scenario.

3.3.3 Leading-order pressure

The leading-order pressure pg, given by (3.67), is plotted in Figure 3.6 as a func-
tion of r for the four anchoring cases at t = 0.5. The results given in Table 3.2
show that the homeotropic anchoring case has the largest effective viscosity and
hence the highest pressure, whilst the planar anchoring case has the smallest
effective viscosity and hence the lowest pressure, in agreement with Figure 3.6.
The pressures in the HAN and the mw-cell anchoring cases lie between those in
the planar and homeotropic anchoring cases, with the pressure in the HAN case

being larger due to it having a larger effective viscosity.
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Figure 3.7: First-order director angle 6, given by (3.60), plotted as a function
of vertical coordinate z for the four anchoring cases; planar (solid), homeotropic
(dotted), HAN (dashed), and m-cell (dashed-dotted) at » = R(t)/2 and t = 0.5
using p; = 0 and the material parameter values for the nematic 5CB [201].

3.3.4 First-order director angle

As we have seen, since the Ericksen number is small, the director angle is domi-
nated by elastic effects and flow has no effect on the leading-order director angle.
However, at higher orders the flow has an effect on the director angle. The first-
order director angle 6;, given by (3.60), is plotted in Figure 3.7 as a function of
z for the four anchoring cases at r = R(t)/2 and t = 0.5. As Figure 3.7 shows,
the planar and homeotropic anchoring cases exhibit a flow-aligning correction to
the leading-order director angle in response to the leading-order radial velocity
shown in Figure 3.3. For the planar anchoring case (solid line), as a consequence
of the leading-order Poiseuille flow profile, the leading-order solution 6y = 0 is
increased towards the positive Leslie angle 6y, in the lower half (0 < z < H(t)/2)
of the squeeze film and decreased towards the negative Leslie angle —0y, in the
upper half (H(t)/2 < z < H(t)) of the squeeze film. The homeotropic anchoring
case (dotted line) has a similar behaviour, the leading-order solution 6y = /2
is decreased towards the positive Leslie angle 0, in the lower half of the squeeze

film and increased towards the closest negative Leslie angle m — 6, in the upper
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half of the squeeze film. (Recall that the terms “positive” and “negative” Leslie
angles refer to the sign of the shear rate that is flow aligning the director rather
than to the sign of the numerical value of the angle.) The perturbation in the
homeotropic anchoring case is larger than that in the planar anchoring case since
the closest Leslie angle for the nematic 5CB is 61, ~ 0.208, which is closer to 0
than to /2, so that the torque applied to the director, and hence the perturba-
tion to the director angle, due to the flow is larger in the homeotropic anchoring

case.

The behaviour in the HAN anchoring case (dashed line) is more complicated.
Close to the top substrate, where the leading-order director is similar to the
leading-order director for the homeotropic anchoring case, the behavior of the
first-order director angle is similar to that in the homeotropic case (denoted by
the dotted line in Figure 3.7), such that, in this region the flow acts to align the
director towards the nearest negative Leslie angle m — 0, &~ 2.933, resulting in
a positive perturbation ;. Indeed, because the shear rate is negative over the
majority of the squeeze film (see Figure 3.3), the torque in the majority of the cell
will be positive, tending to increase the first-order director angle. However, close
to the bottom substrate at z = 0, the torque applied to the director will attempt
to align the director towards the positive Leslie angle 61, ~ 0.208. Therefore, for
leading-order director angles less than 6y, this will lead to a positive first-order
perturbation #;, whereas for leading-order director angles greater than 6, this
should lead to a negative first-order perturbation #,. However, the strength of
the elasticity and the large positive torque in the rest of the squeeze film means

that the net result is a positive perturbation #; throughout the squeeze film.

For the m-cell anchoring case, in the upper half of the squeeze film the leading-
order director angle is greater than 7/2 and in the lower half of the squeeze film

the leading-order director angle is less than 7/2. Therefore, in the upper half
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Figure 3.8: The evolution of the first-order director angle ¢, given by (3.60), plot-
ted as a function of vertical coordinate z for the four anchoring cases; (a) planar
(solid), (b) homeotropic (dotted), (c) HAN (dashed), and (d) m-cell (dashed-
dotted) at r = R(t)/2 for t =0, ¢t = 0.2, t = 0.4 and ¢t = 0.6 using p; = 0 and
the material parameter values for the nematic 5CB [201]. The arrow shows the
direction of increasing time, t.

of the squeeze film the torque applied to the director will lead to a positive
perturbation #; towards the nearest negative Leslie angle m — 6y, and in the lower
half of the squeeze film the torque applied to the director will lead to a negative

perturbation €; towards the nearest positive Leslie angle 6y,.

The evolution of the first-order director angle 6, given by (3.60), is plotted
in Figure 3.8 as function of z for the four anchoring cases at r = R(t)/2 for t = 0,
t =0.2,¢t=0.4 and t = 0.6. As the squeezing occurs the shear rate increases,

leading to an increase in the torque on the director, and thus the magnitude

125



of the first-order director angle |f;| increases as the shear gradient aligns the
director closer towards the closest Leslie angle. As (3.75) shows, this increase in

magnitude of #; is proportional to H'(t)/H (t)'/2.

In order to visualise the perturbations of the leading-order director due to
flow, Figure 3.9 shows the leading-order director field n(6y) and the director field
up to first-order n (6, + Er6;). Note that in order to clearly show the first-order
perturbation to the leading-order director field we have exaggerated the first-
order perturbation by artificially increasing the Ericksen number to Er = 100
in Figure 3.9(b), Er = 10 in Figure 3.9(d) and Figure 3.9(f) and Er = 35 in
Figure 3.9(h).

3.3.5 Shear stress and couple stress on the substrates

The leading-order shear stress g(6y)Oug/0Z at the top substrate Z = 1 and the
bottom substrate Z = 0, given by (3.83) and (3.84), and the leading- and first-
order couple stress 00y/0Z + Erof,/0zZ at Z = 1 and Z = 0, given by (3.85)
and (3.86), are shown in Table 3.3 and Table 3.4, respectively, for the four an-
choring cases, at r = R(t)/2 and ¢t = 0.5, and using material parameter values
for the nematic 5CB [201]. Table 3.3 shows that the leading-order shear stress
is largest for the homeotropic anchoring case, which is due to the large value of
g(0y) at both Z =1 and Z = 0 in this case. The HAN anchoring case is the only
case with an asymmetric solution for ug, as shown in Figure 3.3, which gives rise
to a corresponding asymmetry in the shear stress at Z = 1 and Z = 0. For the
planar, homeotropic and m-cell anchoring cases the solution for #; is antisym-
metric about Z = 0.5, as shown in Figure 3.7, which leads to equal first-order
couple stresses at Z = 1 and Z = 0 in these cases. For the HAN anchoring case
the solution for 6; is asymmetric, leading to different values of the couple stress

at Z =1 and Z = 0, as shown in Table 3.4. As (3.83)-(3.86) show, the magni-
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Figure 3.9: The leading-order director field n(6y) (

director field up to first-order n(6y + Er6;) ((b), (d), (f) and (h)) for the four

anchoring cases; (a) and (b) planar, (c¢) and (d) homeotropic, (e) and (f) HAN and
(g) and (h) m-cell at t = 0.09, where Er = 100 in (b), Er = 10 in (d) and (f) and

Er = 35 in (h), using pr

0 and the material parameter values for the nematic

5CB [201]. Note that in order to clearly show the first-order perturbation to the

leading-order director field we have exaggerated the first-order perturbation by

artificially increasing the Ericksen number.
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‘ Shear stress g(6p)0ug/02
Anchoring case

z=1 z2=0

Planar —1.1952 1.1952

Homeotropic —6.1637 6.1637

HAN —4.0358 2.0786

m-cell —1.7543 1.7543

Table 3.3: Leading-order shear stress g(0y)0ug/0Z at the top substrate Z = 1
and the bottom substrate Z = 0, given by (3.83) and (3.84), evaluated for the
four anchoring cases; planar, homeotropic, HAN, and 7w-cell, at r = R(t)/2 and
t = 0.5, using the material parameter values for the nematic 5CB [201].

. Couple stress 06y/0z + Ero0,/0z
Anchoring case
z=1 z2=0
Planar 0.0173 Er 0.0173 Er
Homeotropic —0.3967 Er —0.3967 Er
HAN /2 — 0.3855 Er /2 + 0.1076 Er
m-cell 7 — 0.0315 Er m — 0.0315 Er

Table 3.4: Leading- and first-order couple stress 06y/0z 4+ Erdf, /0Z at Z = 1 and
Z =0, given by (3.85) and (3.86), evaluated for the four anchoring cases; planar,
homeotropic, HAN, and 7-cell, at » = R(t)/2 and ¢ = 0.5, using the material
parameter values for the nematic 5CB [201].
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tude of the leading-order shear stress and the first-order couple stress increase as

H'(t)/H (t)*?F and H'(t)/H(t)'/?F, respectively.

3.3.6 Leading-order force on the substrates

The leading-order force on the top substrate [Fp),_ H(r) 8iven by (3.90), is plotted
in Figure 3.10 as a function of time for the four anchoring cases. This is the force
required to squeeze the nematic film at a constant prescribed speed. The leading-
order force on the bottom substrate is equal and opposite to the leading-order
force on the top substrate, i.e. [Fo],_y = — [Fo],_py(. As Figure 3.10 shows, an
increasing magnitude of force must be applied to the top substrate to close the
squeeze film at a constant prescribed speed. Indeed, as is immediately evident
from (3.90), the force needed to maintain a constant prescribed speed increases
as H(t)™> = (1 — )7 for all anchoring cases, and so approaches infinity as ¢
approaches the time ¢t = 1 at which the top substrate meets the bottom substrate.
It is also evident from Figure 3.10 that the anchoring case that produces the

largest pressure requires the largest force to close the squeeze film, so that the
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homeotropic anchoring case requires the largest force to close the squeeze film to
a given height of the top substrate, and therefore requires the most work during

manufacturing.

3.4 Results for a prescribed force

The second scenario studied is that in which the top substrate is free to move
under a prescribed constant force due to its own dimensional weight. Although
this is not the situation in the ODF method, it is the more commonly studied
situation for a Newtonian fluid and is of scientific interest in its own right. The
initial dimensional height of the top substrate, H, and the constant dimensional
weight of the top substrate, s,, can then be used to set the values used in the
non-dimensionalisation given by (3.12) in Section 3.1.2 using U = s,H?/uR>.
The non-dimensionalised initial height of the top substrate is then H = 1 at
t = 0. Unlike the previous scenario, for ¢ > 0 the height of the top substrate H (t)
is now unknown and must be determined by considering the balance of forces on
the top substrate. In the limit of small Ericksen number we seek a solution for

the height of the top substrate H(t) as an asymptotic expansion in the form
H(t) = Ho(t) + O(Er). (3.93)

The force on the top substrate, given by (3.90), can then be used to calculate
the unknown leading-order height of the top substrate Hy(t) by equating the sum
of the weight of the top substrate and the force from a fixed constant external
ambient pressure, pg, with the leading-order force, namely [Fp| _ H) = W+ Aspe.

Substituting the asymptotic expansion for the height of the top substrate (3.93)

130



into (3.90) at leading order in Er we obtain

37](90)V2 dHO

Aspg = Agpy — N0V %0 94
Wo it Aspe = Aspe = =5 gy (3.94)

Rearranging, setting W, = W, — As(p; — pg) and integrating (3.94) with respect
to t we obtain the solution from leading-order height of the top substrate,

1 St
0 where ( 300V 2

e (3.95)

and () is the effective viscosity defined in (3.71). As mentioned previously,
typically the ODF method is carried out in vacuum where p; = pg = 0 so that
Wp = W, and hence the leading-order height of the top substrate decreases in
time, however, we note that for Ag(pr —pg) > W, the leading-order height of the
top substrate increases in time and for As(pr —pr) = W, the leading-order height
of the top substrate remains fixed at Hy = 1. We note that upon substituting
n(0y) = p the classical solution for height of the top substrate for a Newtonian
fluid is recovered [100].

In this chapter we have only considered four infinite anchoring cases. However,
note that the expression (3.95) is more general than this, and, in fact, represents
the leading-order height of the top substrate Hy(t) for any 6y that is the solution
of (3.44) and any anchoring condition (for example, a weak anchoring condition
[172]). The leading-order height of the top substrate Hy, given by (3.95), is
plotted in Figure 3.11 as a function of time ¢ for the four anchoring cases using
pr = pg. Figure 3.11 shows that H, reduces fastest for the planar anchoring
case. This result is as might have been expected, since the planar anchoring case
has the smallest effective viscosity 7(6y), and so requires the smallest force to
close it at the same rate as the other anchoring cases. The results for each of

the anchoring cases differ due to the values of the effective viscosity shown in
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Figure 3.11: The leading-order height of the top substrate Hy in the prescribed
force scenario, given by (3.95), plotted as a function of time ¢ for the four an-
choring cases; planar (solid), homeotropic (dotted), HAN (dashed) and m-cell
(dashed-dotted) using p; = pg, W, = 1 and V = 1, and the material parameter
values for the nematic 5CB [201].

Table 3.2. As is evident from (3.95), the smaller the effective viscosity, the faster

H, decreases.

Using the leading-order height of the top substrate Hy, given by (3.95), the
solutions for the first-order director angle 6;, the leading-order radial velocity uq,
the leading-order vertical velocity wy, and the leading-order pressure py in the

prescribed force scenario are

eloaz,w::-—§<n<eo>x/§leﬁi§lf— (3.96)

2 1+ ¢t)?®
.. 3 vV L7
uo(7, 2, t) = 207 (6o) \/;<1 —|—<t)7/87 (3.97)
o V Jy T(&)d¢
w0(27 t) =3(n (90) T (1 n Ct)5/4 ) (398)
po(F,t) = pr + 3Vin(o) (=1 (3.99)

47 (1+Ct)l/4

As (3.96)—(3.99) show, the first-order director angle 6y, the leading-order radial

velocity ug, the leading-order vertical velocity wg, and the leading-order pressure
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difference pg — pr, all tend toward zero in the limit ¢ — oo.

The leading-order shear stress and the leading- and first-order couple stresses
at the top substrate and the bottom substrate for the four anchoring cases can be
calculated using (3.96) and (3.97). However, since their behaviour is qualitatively
the same as that in the prescribed speed scenario, the details are omitted for

brevity.

3.5 Conclusions

Motivated by the need for a better fundamental understanding of the reorienta-
tion of the molecules due to the flow of the liquid crystal during the industrial
manufacture of liquid crystal devices, in the present work we formulated and
analysed a squeeze-film model for the ODF method. Specifically, we considered a
nematic squeeze film in the asymptotic regime in which the drop is thin, inertial
effects are weak, and elasticity effects are strong (i.e. in which the aspect ratio
0 < 1, the reduced Reynolds number Re < 1, and the Ericksen number Er < 1
are all small) for four specific anchoring cases at the substrates (namely, planar,
homeotropic, HAN, and m-cell infinite anchoring conditions) and for two differ-
ent scenarios for the motion of the top substrate (namely, prescribed speed and
prescribed force). Analytical expressions for the leading- and first-order director
angles, 6y and #,, radial velocity, uy and u;, vertical velocity, wy and w;, and
pressure, po and p;, were obtained and interpreted in terms of the effective vis-
cosity 1(6p), given by (3.71), and the relevant Leslie angles, 0, —0; and m — 0,
where 6, is given by (3.51).

The results obtained in the present work help to improve our understanding
of the ODF method. Specifically, as mentioned in Chapter 1, the misalignment

of the molecules at the substrates due to the flow of the liquid crystal has been
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proposed as a possible mechanism for the formation of mura. The present results
capture the flow-driven reorientation of the molecules during squeezing via the
first-order director angle #,. In particular, we found that the magnitude of 6,
increases like H'(t)/H (t)'/? and that the behaviour of #; depends on the anchoring
case. Specifically, the magnitude of 6; is largest for the homeotropic and HAN
anchoring cases, suggesting that these cases are potentially more susceptible to
the formation of mura. As also mentioned in Chapter 1, damage to the molecular
alignment at the substrates has also been proposed as a possible mechanism
for the formation of mura. If this is the case, the molecular alignment at the
substrates might be related to the shear stress and/or the couple stress. The
leading-order couple stress is zero for the planar and homeotropic anchoring cases,
7 /2 for the HAN anchoring case, and 7 for the m-cell anchoring case. The leading-
order shear stress and the first-order couple stress on the top substrate and the
bottom substrate are given by (3.83)—(3.86). In particular, we found that the
magnitudes of the leading-order shear stress and the first-order couple stress
increase as H'(t)/H(t)3/%F and H'(t)/H (t)'/?F, respectively, suggesting that the
formation of mura will more likely when the downward speed of the top substrate,
H'(t), is large, the height of the top substrate, H(¢), is small, and at a large radius,

Tr.

The force required to squeeze the nematic film at a constant prescribed speed
is proportional to the effective viscosity, and so in the scenario in which the top
substrate moves with constant prescribed speed, the homeotropic anchoring case
requires the largest force and the planar condition the smallest force. Correspond-
ingly, in the scenario in which the top substrate moves downwards under its own
weight, the height of the top substrate reduces fastest for the planar anchoring
case and slowest for the homeotropic anchoring case. Note that although we
only considered four specific anchoring cases of infinite anchoring in the present

work, the solutions for 6y, 61, ug, u1, wy, po and p; also hold for other anchoring
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conditions, including weak anchoring.

Finally, it should be pointed out that, while in the present work we have
focused on the possible future manufacturing regime in which elasticity effects are
stronger than viscous ones (i.e. in which the Ericksen number Er < 1 is small),
in Section 3.1.5 we showed that in the current manufacturing regime elasticity
effects are typically weaker than viscous ones (i.e. the Ericksen number Er > 1
is typically large), and so this asymptotic regime is also of considerable practical

Interest.

135



Chapter 4

Transient flow-driven distortion
of a nematic in channel flow with

dissipative weak planar anchoring

In this chapter we investigate another aspect of the ODF method. Specifically,
we consider the possibility that significant transient flow-driven distortion of the
nematic molecules at the substrates from their required orientation may occur
during in the ODF method. We proceed by considering a rather different geomet-
rical setup then those described in Chapters 2 and 3, namely pressure-driven flow
of a nematic within a two-dimensional channel with fixed substrates, and we now
focus on the behaviour of the nematic molecules close to the substrates. In par-
ticular, we will use a dissipative weak anchoring condition, which was introduced
in Section 1.8.2, to investigate if transient flow-driven distortion of the nematic
molecules on the substrates could play a role in the formation of the ODF mura.
We proceed in Section 4.1 by formulating the governing equations and boundary
conditions for pressure-driven flow of a nematic within a two-dimensional chan-

nel with fixed substrates and then consider asymptotic solutions in the limit of a
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Figure 4.1: Unidirectional pressure-driven flow of a nematic within a two-
dimensional channel with fixed substrates located at z = 0 and z = H. The
flow is driven by a prescribed constant pressure gradient in the z-direction,
G = —dp/dz (> 0), and is indicated by the black solid arrows. The director
n with director angle 6 is indicated by the grey lines. The Cartesian coordinates
(z, z) are also indicated.

small Leslie angle in Sections 4.2 to 4.5.

4.1 Model formulation

4.1.1 Governing equations and boundary conditions

Consider unidirectional flow of a nematic with velocity in the x-direction within
a two-dimensional channel with fixed substrates located at z = 0 and z = H, as
shown in Figure 4.1, where (z, z) are Cartesian coordinates and ¢ denotes time.
The flow is driven by a prescribed constant pressure gradient in the x-direction,
denoted by G = —dp/dz (> 0), where p = p(z) is the fluid pressure, and we
assume that the director remains in the (z, z)-plane. We therefore seek solutions
for the director n = n(z,t) and the velocity w = u(z,t) in the channel in the

forms

n = (cos (0(z,t)),0,sin (6(z,t))), (4.1)

u = (u(z,t),0,0), (4.2)
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where 6 = 0(z,t) is the angle between the director and x-axis, hereafter referred
to as the director angle, as shown in Figure 4.1. For this situation, the Ericksen—
Leslie equations [66,127,201], given by (1.20) and (1.21), for the director angle

and the velocity u are given by

Rl 920 1.,  [(00\ u

Ngy = FO0) 55 +510) (&) —m(0) 5, (43)
ou 0 ou 06

2o 2 <9<9>—az ¥ m<9>§) | (1.4)

where the constants p and 7, are the density and the bulk rotational viscosity,
respectively. For a full derivation of the Ericksen—Leslie equations for rectilinear
flow, see, for example, Appendix A of Crespo et al. [37]. The elasticity function
f(0) and viscosity functions m(#) and g() appearing in (4.3) and (4.4) are defined
by

f(0) = Ky cos® 0 + Kszsin? 6, (4.5)
m(0) = asz cos® 6 — aysin® 0, (4.6)

1 1
g(0) = 5(044 + a3 + ag) cos® 6 + 5(044 — g + as)sin® 0 + g sin* @ cos* 0, (4.7)

respectively, where the reader is reminded that the constants K; and K3 are
the splay and bend elastic constants, and «y, ..., ag are the Leslie viscosities (of
which ay4/2 is the isotropic viscosity) which were introduced in Chapter 1. The
elasticity function f(0) is the effective elastic constant that the nematic exhibits
in a simple shear flow with a fixed director angle 6. The viscosity function m(#),
which is also mentioned in Chapter 3, describes the director-dependent coupling
between the rotation of the director, 00/0t, and the shear rate, du/0z. The
viscosity function g(6), which is also mentioned in boths Chapters 2 and 3, is the
effective viscosity that the nematic exhibits in a simple shear flow with a fixed

director angle 6.
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We take the boundary conditions for the director angle to be planar dissipative
weak anchoring conditions (see, for example, [10,45,50-52,64,116,145,180]), given
by

00 00 .

fysa_ +f(9)£—Csm29 at z=0, (4.8)
00 00 .

Ysgp = f(@)a —Csin20 at z="H, (4.9)

where the constants vs (> 0) is the surface viscosity and C' (> 0) is the anchoring
strength, which were discussed in Section 1.8.2 and in Section 1.7.3, respectively.
For anchoring conditions of this form the preferred director orientation on the
substrates is # = pw, where p is an integer. The present analysis is relevant to
displays with planar anchoring for which the preferred director orientations on
the substrates are parallel, such as in-plane switching display (IPS-LCD) [99].
While the present analysis is not directly relevant to displays with homeotropic
anchoring, such as vertically aligned nematic display (VAN-LCD) [228], or to
displays in which the director does not remain in the (x, z)-plane, such as twisted
nematic display (TN-LCD) or super-twisted nematic display (STN-LCD) [175],
we anticipate that many of the qualitative features of the present results will also

occur in these displays.

For the velocity we impose standard no-slip boundary conditions given by

u=0 at z=0, (4.10)

u=0 at z="H. (4.11)

Appropriate initial conditions on # and u will be described in Section 4.1.4.
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4.1.2 Non-dimensionalisation

The governing equations (4.3) and (4.4) with (4.5), (4.6) and (4.7) subject to
(4.8)—(4.11) are non-dimensionalised according to
R  GH? 2

t=r71t, z=Hz, u= u, f=Kif, m=amm, ¢g=a4g,
Qg (4.12)

K3 :Klkg, (073 2064(341‘ for i= 1,...,6, Yi :Oé4’3/i for i= 1,2,

where 7 is an appropriate timescale, which will be discussed in detail in Sec-
tion 4.1.4, and non-dimensional variables are denoted by a superimposed hat (").
Note that the velocity is non-dimensionalised using the characteristic velocity of
pressure-driven channel flow of a Newtonian fluid, which depends on G, h and ay,
the elastic function f and the bend elastic constant K3 are non-dimensionalised
with the splay elastic constant K7, while the viscosity functions m and g, the
Leslie viscosities «; for ¢ = 1,...,6, the bulk rotational viscosity =, and the

torsional viscosity 79 are all non-dimensionalised with ay.

The non-dimensional Ericksen—Leslie equations (4.3) and (4.4) are given by

wH2 00 . 9% 1. 06\ ° NG
— = ~ 16 — Erm(0)— 4.1
ay 0h o (. o  as ., . 00
=14 = — 4.14
Recmr ot 1T a2 <g 9%z + Gz ™) 8t) ’ (4.14)

where the non-dimensional elasticity and viscosity functions (4.5)—(4.7) are given

by

f(0) = cos? 0 + Kysin? 6, (4.15)
m(0) = d3 cos® O — Gy sin? 6, (4.16)

1 1
g(0) = 5(1 + éi3 + Gg) cos” O + 5(1 — Gg + G5) sin? 0 + Gy sin® O cos® 0, (4.17)
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the non-dimensional dissipative weak anchoring conditions (4.8) and (4.9) are

wHOo e 00 .
K o + f(e)ﬁz? Csin20 at 2=0, (4.18)
ysH 06 5, 00 : .

Y ey _ein2 —1 4.1
Ko7 o7 (9)82 Csin20 at z2=1, (4.19)

and the non-dimensional no-slip conditions (4.10) and (4.11) are

0 at 2=0, (4.20)

g3
I

>
I

0 at 2=1. (4.21)

Equations (4.13)—(4.21) involve three key non-dimensional groups, namely the

Ericksen number Er defined by

GH3
Er = 4.22
r= S (4.22)
the Reynolds number Re defined by
G 3
Re = P97 (4.23)
oy
and the anchoring strength parameter C defined by
CH
C=—. 4.24
< (4.24)

We note that the Ericksen number (4.22) and Reynolds number (4.23) have iden-
tical interpretations to those described in Chapter 3, namely (3.14) and (3.15),
respectively. The anchoring strength parameter C is a non-dimensional measure
of the relative strength of anchoring and splay elastic effects on the substrates. As
described in Section 1.7.3, the limit of zero anchoring strength parameter (C — 0)

corresponds to a regime in which there is zero anchoring on the substrates, while
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the limit of infinite anchoring strength parameter (C — oo0) corresponds to a

regime in which there is infinite anchoring on the substrates.

Solving the governing equations and boundary conditions (4.13)—(4.21) must,
in general, be done numerically. However, we follow an approach similar to that
of Quintans Carou et al. [169,170] and use a combination of asymptotic and

numerical methods to analyse the problem in the limit of small Leslie angle.

4.1.3 Flow alignment

As discussed at length in Section 1.4.1, for flow-aligning nematics considered in
this thesis, i.e. for nematics whose viscosities satisfy &3/ds > 0, in shear flow
the director angle approaches § = pr £ 6, where 6y, is given by (1.38) and
p is an integer. When viscous effects dominate splay elastic effects within the
channel (i.e. when Er > 1), the director angle approaches the “positive” and
“negative” Leslie angle in the bulk of the channel and reorientational boundary
and/or internal layers may occur between the uniformly orientated bulk and/or

the orientation dictated by the substrates [5,11,37,169,170,194,201].

We introduce a non-dimensional viscosity ratio denoted by € (> 0) and defined
by
€=4/—, (4.25)

so that the Leslie angle defined by (1.38) can be written in terms of € as 0, =
tan~! €. The viscosity ratio € can also be expressed in terms of the more commonly

measured bulk rotational viscosity 4, and torsional viscosity 4o [201] as

Y+ Y2
Yo — N

(4.26)

€ =

As stated in Section 1.9.1, for nematic materials that are commonly used
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in industrial manufacturing of LCDs, typically € is small. For example, for the
nematic materials discussed in Section 1.9.1, € ~ 0.210 for 5CB [201], € =~ 0.143
for 7CB [101], and € ~ 0.001 for 8OCB [31]. In Section 4.2 we will exploit the

smallness of € to seek asymptotic solutions in the limit e — 0.

For future reference, we note that the non-dimensional viscosity functions
m(f) and g(0) given by (4.16) and (4.17) can be written without explicitly men-

tioning &3 = €24 as

m(0) = ds (—sin® 6 + €* cos® §) (4.27)
1 1
g(0) = 5 (1 + €*as + &) cos® 0 + 5 (1 — Gy + Gs)sin® 0

+ G sin? 6 cos? 6. (4.28)

4.1.4 Timescales

We now discuss four timescales occurring in (4.13)—(4.21), namely

_ 7 H?

T—p—,H2 T: & —M
K17 2 — 044’ 3 GH’ -

T4
K ’

1

(4.29)

over which different physical effects occur.

Using the definitions (4.27) and (4.29) in (4.13), (4.14), (4.18) and (4.19)

yields the governing equations

noo 00 1,  (30\® s o o Ol

v f<9)822 + if (9) (82) — éuEr (¢? cos® 0 — sin” 0) 55 (4.30)
T2 8& - 6 R 811 T3 2 20 2 60

v 1+ P [9(9) 5 T (€* cos®§ — sin*0) 5| (4.31)
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and the dissipative weak anchoring conditions

T4 89 . o 89

T + f(@)g —Csin26 at z=0, (4.32)
00 . 00 : L
TE- T (9)5 —Csin26 at z=1. (4.33)

The bulk director rotation timescale T appears in the angular momentum
equation (4.30) and is the timescale of rotation of the director within the bulk of
the channel induced by the splay elastic reorientation towards a uniform director.
The fluid inertia timescale 5 appears in the linear momentum equation (4.31)
and is the familiar inertial timescale for a Newtonian fluid. The director-flow
coupling timescale T3 also appears in the linear momentum equation (4.31) and is
the timescale on which changes in the velocity affect the director orientation and
vice versa. The substrate director rotation timescale T4 appears in the dissipative
weak anchoring conditions (4.32) and (4.33) and is the timescale of rotation of
the director on the substrates of the channel driven by splay elastic effects. In
contrast to the bulk rotation timescale 7, the substrate director rotation timescale
74 depends on the surface rotational viscosity vg rather than the bulk rotational
viscosity v;. The timescales 7 and 74 depend on splay elastic reorientation, for
a discussion of the timescales depending on twist elastic reorientation (i.e. those

depending on K3), the reader is referred to the work of Rey [180].

In order to obtain order-of-magnitude estimates of the timescales 7, 75, 73 and
74 in the ODF method we use estimated parameter values for a typical nematic
mixture used in industrial manufacturing of LCDs, namely a nematic density
p = 10% kgm™3 [201], surface rotational viscosity g = 1078-107% Pasm [51,162],
Leslie viscosities az = 1072 Pas and ay = 107! Pas [31,201], bulk rotational
viscosity 71 = 1072 Pas [201], viscosity ratio e = 107!, splay elastic constant

K, = 107 N [201], and a gap between the substrates of the H = H; = 107 %m
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Timescale | Definition Physical Meaning Value
H2
T n bulk director rotation 1073 s
K
H2
Ty P fluid inertia 1078 s
87
T a2 director-flow coupling 1078 s
’ GH
T4 ’Y[s(_’H substrate director rotation 103-10" ' s
1

Table 4.1: Order-of-magnitude estimates of the timescales 11, 75, 73 and 74 in the
ODF method using the estimated parameter values given in the text.

to represent the final gap between the substrates in the ODF method (as stated
in Table 1.1). To estimate the timescale 73 we require an estimate of the pressure
gradient GG. The flow of the nematic in the ODF method is driven by the squeezing
together of the substrates, and so the pressure gradient can be estimated by using
the rescalings used in Chapter 3 in (3.1.2), namely G = ayLs,/H?, where L is the
horizontal length scale of the flow and s, is the speed of the downward moving
top substrate [100]. The timescale of squeezing in the ODF method discussed in
Chapter 2, denoted here by mopr, is the timescale over which the substrates are
squeezed together. We take the horizontal length scale L to be half the separation
distance of each droplet L, namely L = 1072 m (see Table 1.1), the the speed of
the downward moving top substrate to be s, = 107 ms™! (see Table 1.1), which
yields an estimate of the pressure gradient in the ODF method of G = 10'?

Pam™!.

Table 4.1 shows order-of-magnitude estimates of the timescales 7y, 15, 73 and
74 in the ODF method using the estimated parameter values given above. In par-
ticular, Table 4.1 shows that the fluid inertia timescale and director flow coupling

timescale, 75 and 73, are much shorter than the two director rotation timescales, 7
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and 74, and so these effects can safely be treated as instantaneous on the timescale
of the ODF method, and henceforth we set 75 = 0 and 73 = 0. The two director
rotation timescales are comparable when v¢ = 10~® Pasm, suggesting that the
regime in which 7 = 7 ~ 74 is worthy of study, but since 77 is 100 times shorter
than 74 when 75 = 107% Pasm, we also set 71 = 0. Since all of the timescales
except the substrate director rotation timescale 74 have been set to zero, we can
now, without loss of generality, set 7 = 74, so that the governing equations (4.30)

and (4.31) become

L0200 1, (90\® . A
f(@)@ t3 (0) (82) = GrEr (€% cos® 0 — sin® §) 55" (4.34)
0 ou
0=1+ 2 (g(@) 82) : (4.35)
subject to the dissipative weak anchoring conditions (4.18) and (4.19),
% = + f(@)gz —Csin20 at 2=0, (4.36)
% = — A(Q)% —Csin20 at %=1, (4.37)

and the no-slip conditions (4.20) and (4.21), where the hat (") notation on non-

dimensional variables has been dropped for clarity.

Given that the time derivatives have been removed from the governing equa-
tions (4.34) and (4.35), leaving only time derivatives of the director angle in the
dissipative weak anchoring conditions (4.36) and (4.37), we no longer require
initial conditions on the director angle and the velocity (i.e. 6(z,0) and u(z,0))
within the bulk of the channel. Instead we only require initial conditions on the

director angle on the substrates (i.e. #(0,0) and 6(1,0)). Specifically, we impose

146



initial conditions on the director angle on the substrates in the form

0= 400 at z=0 and t=0, (4.38)

0= —00 at z=1 and t=0, (4.39)

where ¥ (> 0) is the magnitude of the initial director angle on the substrates

scaled with 6;,.

At this point it is useful to consider typical values of the important non-
dimensional groups Er and C in the ODF method. Using the values discussed
above for Table 4.1, the Ericksen number is found to be Er = 10°, indicating
that the flow is usually dominated by viscous effects. However, this large value is
slightly misleading because, as we will show in Section 4.2, the effective Ericksen
number, denoted by Er, takes the somewhat smaller value Er = 1.7 x 102 and so,
for completeness, we will consider all values of Er in what follows. As mentioned
in Section 1.7.3, anchoring strengths are typically found experimentally to lie in
the range of C'= 10751073 Nm™! [157,227], and so, using (4.24) and the values
in Table 4.1, this corresponds to values of the anchoring strength parameter in

the range C = 1-102.

4.2 Asymptotic solutions in the limit of small

Leslie angle

As described in Section 4.1.3, typically the viscosity ratio € for commonly used
nematics and mixtures of nematics is small, and so henceforth we obtain asymp-
totic solutions in the limit ¢ — 0. In particular, in this limit the Leslie angle

1

O, = tan "€ ~ € < 1 is small.

In the limit € — 0 we seek asymptotic solutions for 6 and u in powers of € in
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the forms

0(z,t) = Oo(z,t) + €b1(2, 1) + €02(2, 1) + O (€%), (4.40)

u(z,t) = ug(z,t) + eur(z,t) + €us(z,t) + O (€°) . (4.41)

Substituting the expansions (4.40) and (4.41) into the angular momentum equa-
tion (4.34), the linear momentum equation (4.35), the dissipative weak anchoring
conditions (4.36) and (4.37), the initial conditions (4.38) and (4.39), and the
no-slip conditions (4.20) and (4.21), and defining an appropriately rescaled effec-
tive Ericksen number Er [169,170] (hereafter simply referred to as the Ericksen

number) given by

Fr=——2 F, (4.42)

1+ Qg

yields the leading-order equations
8U0
0 = sin®0p—— 4.43
sin® 6, 7. (4.43)
0 8u0

0=1+— 0y)— 4.44
+ o (a0, (4.44)

subject to the leading-order dissipative weak anchoring conditions

9 96, B
E = + f(e()) 02 — 2(390 at 2z = 0, (445)
9 9, B
E = — f(eo) 92 — 2090 at z=1. (446)

(Note that the definition of Er given in (4.42) incorporates the O(1) factor of

—a/(1 + ag) in order to simplify some of the subsequent expressions.)

The leading-order director angle is obtained by solving (4.43) and (4.44) sub-
ject to the (4.45) and (4.46) to yield the trivial solution 6y = 0, i.e. the leading-

order director angle is planar throughout the channel, and so at leading order
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the functions f(#) and g(#) appearing in (4.34)—(4.37) are given by f(f) = 1 and
9(0) = (14 ) /2.

The leading-order velocity is determined by integrating (4.44) with 6y = 0
subject to the no-slip conditions (4.20) and (4.21) to obtain the classical Poiseuille
flow profile

z(1-2)

= —2, 4.47
Ho 1+ Qg ( )

The first-order angular momentum equation is identically satisfied, and the

first-order linear momentum equation has the trivial solution u; = 0.

The first-order director angle then satisfies the second-order angular momen-

tum equation
026,
072

=Er(2z-1) (1-67), (4.48)

subject to the first-order dissipative weak anchoring conditions

00, 00,
E = + % - 2691 at 2z = O, (449)
060, 00,

and the first-order initial conditions
0p=4+9 at z=0 and t=0, (4.51)
0p=—09 at z=1 and t=0. (4.52)

The second-order velocity satisfies the second-order linear momentum equation

0 ou du du
0= R Oéza—zo + (201 — az + a5 — ag) 9%8—20 (1+ aﬁ)a_; ' (4.53)

which can be integrated subject to the no-slip conditions (4.20) and (4.21) to
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obtain

20(1—OéQ—|-CY5—O-’6 i 2 /1 2
= 27 — 1)0;dZ — 2z — 1)07 d
Uo (1+a6)2 {A( )1 < O(Z )1 z

&%)

+ mz(z —1). (4.54)

In the remainder of this chapter we shall discuss the quasi-steady solutions
for the first-order director angle 6; (hereafter simply referred to as “the director
angle”) of (4.48) (hereafter simply referred to as “the director angle equation”)
subject to the dissipative weak anchoring conditions (4.49) and (4.50), and the
initial conditions (4.51) and (4.52). In particular, we will obtain asymptotic
solutions in the limit of large Ericksen number Er — oo in Section 4.3 and in
the limit of small Ericksen number Er — 0 in Section 4.4, as well as numerical
solutions for general values of the Ericksen number in Section 4.5. Since we are
particularly interested in the transient flow-driven distortion of the director from
its required orientation on the substrates of the channel, we write ©(t) = 6,(0,t)
for the director angle at z = 0 (hereafter simply referred to as “the director
angle on the substrates”), and note that since ¢; is symmetric about z = 1/2,
the director angle at z = 1 is given by 60;(1,¢) = —O(¢). As we shall show, in
the limit ¢ — oo the director angle approaches a steady state solution which we
denote by 6; = 0155(z) and © = Ogg, i.e. §; — 155 and © — Ogg as t — o0.
Once the director angle ¢; has been determined, the second-order velocity us can

be calculated using (4.54).
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boundary layer near z = 1 ‘O(Erflm)

boundary layer near z = 0 O(Erfl/ 2)

Figure 4.2: The structure of the leading-order director angle 6, in the limit of
large Ericksen number, Er — oc.

4.3 Asymptotic solution in the limit of large Er-

icksen number

In the limit of large Ericksen number Er — oo the solution for the director angle
f, has narrow reorientational boundary layers near z = 0 and z = 1 and a narrow
reorientational internal layer near z = 1/2 separated by two outer regions, as

shown in Figure 4.2.

4.3.1 Outer solution

The outer solution valid in the outer regions away from the boundary and internal
layers can be obtained by seeking an asymptotic solution for 6; in powers of
Er~! when ¢ < Er~! < 1 in the form 6, = 0, + O(Er_l), where 6 o denotes
the term that is first order in e and leading order in Er—!. Substituting this
expansion into the director angle equation (4.48) yields the simple solution 6, o =
41, which corresponds to the director angle being equal to either the positive or

the negative Leslie angle at leading order. The leading-order velocity ug given by
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(4.47) satisfies Ouy/0z > 0 for 0 < z < 1/2 and Jugy/0z < 0 for 1/2 < z < 1, and
so, as described in Section 1.4.1, the appropriate uniformly orientated leading-
order outer solution is 619 =1for 0 <z <1/2and ;o= —1for 1/2 < 2 <1, as

shown in Figure 4.2.

4.3.2 Inner solutions in the boundary layers

Inspection of (4.48) suggests that the boundary layer near z = 0 is of width
O (Er~'/?) < 1 in which the director angle adjusts from its uniform value in the
outer region to its value at the substrate, and so we introduce an appropriately
rescaled inner coordinate Z defined by z = Er~'/27 to yield

020,
07?

= (2Er2Z 1) (1-6,%). (4.55)

Seeking an asymptotic solution of (4.55) in the form 6; = 6; 9+ O (Er~'/?) yields

the leading-order equation
8261’0
072

=010> - 1. (4.56)

The appropriate exact solution of (4.56) subject to the matching conditions ¢, o —
1 and 06,0/0Z — 0 as Z — oo is

Z 1 /2406
610 = 3tanh® [ — + tanh™! -2, 4.57
10 (\/5 3 ) (4.57)

where O¢(t) = 01,(0, ) is the leading-order director angle on the substrates. Note
that setting ©y = 0 in (4.57) recovers the steady solution obtained by Quintans
Carou et al. [169,170] in the limit of infinite planar anchoring, C — oo. However,
in the present problem © is, of course, not constant, and the singular ordinary

differential equation for the evolution of ©( can be obtained by substituting 6 o
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einner

Figure 4.3: The leading-order director angle in the internal layer 6;,,,., obtained by
solving (4.59) numerically using the matching conditions iner — —1 as Z — 0o
and Oner — 1 as Z — —oo plotted as a function of the inner variable Z.

given by (4.57) into the dissipative weak anchoring condition (4.49) to yield

_ d 2
Erl/Z% — 3 (1 =00)\/2+ 6¢ —2kOy, where k= Ercl/2 (>0). (4.58)

In Section 4.3.5 we will consider the solution to (4.58) subject to the initial
condition ©y(0) = . The corresponding inner solution valid in the boundary
layer near z = 1 follows immediately from the symmetry of 6; about z = 1/2

mentioned earlier.

4.3.3 Inner solution in the internal layer

Inspection of (4.48) also suggests that the internal layer near z = 1/2 is of width
O (Er_l/ 3) < 1 (i.e. much wider than the boundary layers but still much narrower
than the channel) in which the director angle adjusts between its uniform values in
the outer regions, and so we introduce an appropriately rescaled inner coordinate

Z defined by z = 1/2 + Er~Y/3Z. Seeking an asymptotic solution in the form
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0, =00+0 (Erfl/ 3) yields the leading-order equation

8281’0
072

=2Z(1 -0, (4.59)

subject to the matching conditions 6,90 — —1 as Z — oo and 0,y — 1 as
Z — —o0. Equation (4.59) cannot be solved analytically, but, since it contains no
parameters, it only needs to be solved once numerically. This numerical solution

is denoted by Oinner(Z) = 610(Z) and is plotted as a function of Z in Figure 4.3.

4.3.4 Composite solution

Combining the inner and outer solutions for ¢; yields the composite solution

/E /2
6, = 3tanh? < = 2 + tanh™* +—@0>
2 3
/E /2 —
— 3tanh® ( % (1 —2z)+ tanh™* T@O) (4.60)
_ 1 _
+ Qinner (Er1/3 (Z - 5)) + @] (El"_l) N

where O satisfies (4.58) subject to the initial condition ©4(0) = 1.

4.3.5 The director angle on the substrates

As we have already seen, the leading-order director angle on the substrates ©
satisfies the singular ordinary differential equation (4.58) subject to the initial
condition ©¢(0) = ¢. Inspection of (4.58) reveals that ©y rapidly evolves towards

its constant steady state value of ©ggg given by

2 1 2 _
Oy = Opgs = g |:k; — |X|1/3 CcOS (§ arg(x))} —-240 (Er_l) (461)
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over a short timescale of O (Er’l/ 2) < 1. Rescaling t appropriately according to
t = Er~ /2t shows that this rapid evolution is described by the implicit solution

~ \/2—|—@0—U1 \/2+@0—1]2
—/=t=alog| — | +blog | —=
3 V2+19—1 V241U — vy
V2+ 6y —
+ clog (M> , (4.62)
V2+19—us
where
2’(}1
a= , 4.63
(0= v2) (01 — 03) 463
2’02
b= , 4.64
(va — v1)(v2 — v3) ( )
2’03
c= . 4.65
(v — v1)(v3 — v2) ( )
The constants vy, v9, and wvs are the roots of the cubic polynomial
F(v) = v> + V6kv? — 3v — 2V6k, (4.66)
which can be written explicitly as
2 e (X
o == R I cos (G arg(0) )| (4.67)
2 1 0
v =3 _k‘ + |x|"/? cos (5 arg(x) — 5)} : (4.68)
2 [ 1
w= =3 [ b cos (Garsto + 7 )| (4.69)

where |x| and arg(x) are the modulus and argument, respectively, of the complex

number y, defined by

X = 18k — 8k + 6iv/6 + 3k + 16k%. (4.70)
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It is informative to consider three cases for the size of the parameter £ (and
hence for the relative size of the non-dimensional groups Er and C) in which
further analytical progress can be made. Specifically, we consider the cases k > 1
(C > ErY2 > 1), k < 1 (either Er'/2 > C > 1or Er'/2 > 1> C), and k = O(1)
(Er'/2 = 0(C) > 1).

4.3.5.1 The case k> 1

In the case k > 1 (C > Er'/? > 1) the implicit solution (4.62) reduces to the

simple explicit solution
Op = e ie Oy =X (4.71)

which approaches its steady state value ©pss = 0 as t — oo, i.e. the director on
the substrates becomes planar as t — oo. This case represents a regime in which
the anchoring is sufficiently strong that the effects of flow are negligible on the
substrates, and the (non-dimensional) timescale of the evolution of the director

on the substrates towards its steady state value, denoted by og, is given by

1
= — < 1. 4.72
s 2C<< ( 7)

4.3.5.2 The case k<« 1

In the case k < 1 (either Er'/2 > C > 1 or Er'/2 > 1 >> C) the implicit solution

(4.62) reduces to the appropriate explicit solution

2
1. 249
Oy = —2 + 3tanh (\/;t + tanh ™" 4/ %) , (4.73)
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which approaches its steady state value ©pss = 1 as t — oo, i.e. the director angle

on the substrates approaches the Leslie angle as t — oo, according to

240

Op=1—12exp [—2 tanh 5 V2Er'?t| + 0 (exp[—QErl/QtD . (4.74)

This case represents a regime in which the flow is sufficiently strong that the
effects of anchoring are negligible on the substrates, and the timescale og is given
by
! <1 (4.75)
o5 = ——— . .
S \/§Er1/2
4.3.5.3 The case k= 0O(1)

In the case k = O(1) (Er'/2 = O(C) > 1) the implicit solution (4.62) approaches
its steady state value Ogpgs (0 < Ogss < 1) given by (4.61) as t — oo. Unfortu-
nately (4.62) does not yield an explicit expression for the timescale og. However,
as we shall show in Section 4.5.2, og is always less than both (4.72) and (4.75),
and so (4.72) and (4.75) provide a upper bound on og for all values of k. This case
represents a regime in which the effects of anchoring and flow are comparable on
the substrates, and hence the behaviour of the director on the substrates depends

on a combination of these two effects.

4.4 Asymptotic solution in the limit of small Er-

icksen number

In the limit of small Ericksen number Er — 0 we seek an asymptotic solution for
6, in powers of Er when ¢ < Er < 1 in the form 6, = 010 + Er 011+ O (ErQ),
where 6; ¢ denotes the term that is first order in € and leading order in Er and

61,1 denotes the term that is first order in € and first order in Er.
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At leading order in Er the director angle equation (4.48) reduces to simply

629170
022

— 0, (4.76)

subject to the dissipative weak anchoring conditions (4.49) and (4.50)

0010 001, B
81& = —|— az QCQLO at Zz = O, (477)
809 i B
ot = 02 QCQLO at z = 1, (478)

and the initial conditions (4.51) and (4.52) 610(0,0) = 49 and 60, ¢(1,0) = —9.
Integrating (4.76) twice with respect to z, using (4.77) and (4.78) and the initial

conditions on 6 o, yields the solution for 6, o, namely

010 =1V(1 — 2z) e 21HO, (4.79)

At first order in Er the director angle equation (4.48) reduces to

820171
022

= (22— 1)(1—67,), (4.80)

subject to the dissipative weak anchoring conditions (4.49) and (4.50)

06, 06, B

ot = + 02 - 2C9171 at z = O7 (481)
06, 06y, B

ot = — 02 - 2691’1 at z = 1, (482)

and the initial conditions (4.51) and (4.52) 611(0,0) = 0 and 6;,(1,0) = 0.
Integrating (4.80) twice with respect to z, using (4.79), (4.81) and (4.82) and the
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initial conditions on 6 1, yields the solution for 6; ;, namely

2z — 1 1 5+ 302
011 = 5(22% -2z — —2(14C)t
a =S P o) e

1
+ 30? (424 —82° + 62 — 22 + 1—1——0) e_4(1+c)t} . (4.83)

Using (4.79) and (4.83) the asymptotic solution for #; is therefore

01 = 9(1 — 2z)e 21}

2, 1 1 5 + 3092
5(222—22— —2(14C)t
50 [(z © 1+c)+1+ce

1 _
+309? (424 — 823+ 622 — 22+ H——C) e_4(1+c)t} Er

+0 (Er2) , (4.84)
and hence the asymptotic solution for the director angle on the substrates © is

O = Ye 204001 | [5— (5 + 302) a—20140)t _ 3,92 e—4(1+C)t} Br

60(1+C)
+ O (Er?). (4.85)

In particular, from (4.84) the steady state solution 6;sg is given by

22— 1 1] _
L 222 — | Er+ O (Br?), (4.86)

bhss = 3 1+C

and from either (4.85) or (4.86) the steady state value Ogg is given by

Er

Oss = 12(1 +C)

+ O (Er?). (4.87)

In particular, the solution for the director angle given by (4.84) and (4.85) is
dominated by splay elastic effects with viscous effects appearing at O (Er) < 1
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In addition, from (4.85) the timescale og is given by

1

% = 3T (4.88)

Note that even in the special case C = 0 in which case there is no anchoring
force in (4.49) and (4.50), there is still an elastic restoring force due to the 06, /0z
term, and hence the director angle on the substrates still rotates such that © —

Ogs = Er/12+ 0O (El"2) as t — oo.

4.5 Solutions for general values of the Ericksen

number

In this section we obtain numerical solutions of the director angle equation (4.48)
subject to (4.49)—(4.52) for general values of the Ericksen number and, in partic-
ular, compare them with the quasi-steady asymptotic solutions in the limits of
large and small Er described in Sections 4.3 and 4.4, respectively. The numeri-
cal approach we adopt uses the programming and numerical computing platform
MATLAB [142]. In particular, we the MATLAB boundary value problem solver
bup4c with an implicit Euler method for approximating the time derivatives in
(4.49) and (4.50). In all of our numerical calculations the simulation time is cho-
sen to be six times longer than the appropriate timescale given by (4.72), (4.75)
or (4.88) in order to allow sufficient time for convergence to the steady state so-
lution. In all of the numerical calculations reported here use the value ¥ = 0.5

for the initial value of the director angle on the substrates.

160
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O1ss

(b)

Figure 4.4: (a) The initial director angle 6;(z,0) and (b) the steady state solution
for the director angle #;55(z) plotted as functions of z for C = 1 and ¥ = 0.5
according to the numerical solution (solid lines) when Er = 107!, Er
Er = 10? and Er = 10%, the large Er asymptotic solution (dashed lines) given
by (4.60) when Er = 102 and Er = 10*, and the small Er asymptotic solution
(dotted lines) given by (4.84) when Er = 107! and Er = 10. In both (a) and (b)
the insets show the corresponding results when Er = 50. The arrows show the

direction of increasing Er.
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4.5.1 The director angle

Figure 4.4(a) shows the initial director angle #,(z,0) and Figure 4.4(b) shows the
steady state solution for the director angle 6;s5(z), both plotted as functions of
z according to the numerical solution (solid lines) when Er = 107!, Er = 10,
Er = 10% and Er = 10%, the large Er asymptotic solution (dashed lines) given by
(4.60) when Er = 10? and Er = 10%, and the small Er asymptotic solution (dotted
lines) given by (4.84) when Er = 107! and Er = 10. The insets in Figure 4.4
show the corresponding results for an intermediate value of Er, namely Er = 50.
In particular, Figure 4.4 shows how the leading-order velocity in the channel
ug given by (4.47) affects both the initial director angle and the steady state
director angle. Specifically, as described in Section 4.1.3, in the lower half of the
channel the positive shear rate (Jug/dz > 0) rotates the director angle towards
the positive Leslie angle ; = 41, while in the upper half of the channel the
negative shear rate (Jug/0z < 0) rotates it towards the negative Leslie angle
0, = —1. When Er is large (e.g. when Er = 10*), the behaviour of the director
is dominated by viscous effects, with flow alignment at either the positive or the
negative Leslie angle except for within the narrow reorientational boundary and
internal layers at leading order in the limit of large Er, as described in Section
4.3. When Er is small (e.g. when Er = 1071), the behaviour of the director is
dominated by splay elastic effects, with viscous effects appearing at first order in
the limit of small Er, as described in Section 4.4. Figure 4.4 also shows that as Er
varies there is a continuous transition between the asymptotic behaviour for large
Er and that for small Er and that, in fact, the two asymptotic solutions capture
the behaviour of #; rather well for all values of Er. This continuous transition
is rather different to the discontinuous transitions observed in channel flow of a
nematic with homeotropic anchoring by Sengupta et al. [194], Anderson et al. [5],

Crespo et al. [37], and Batista et al. [11].
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Figure 4.5: The director angle 6,(z,t) plotted as a function of z for C = 1
and ¥ = 0.5 according to (a) the numerical solution (solid lines) and the (barely
visible) large Er asymptotic solution (dashed lines) given by (4.60) when Er = 10*
for t = 0.0, ¢ = 0.006, t = 0.012, and ¢ = 0.06, (b) the numerical solution
(solid lines) when Er = 50 for t = 0.0, t = 0.15, ¢t = 0.3 and ¢ = 3.0, and (c)
the numerical solution (solid lines) and the (barely visible) small Er asymptotic
solution (dotted lines) given by (4.84) when Er = 107! for ¢t = 0.0, t = 0.15,
t = 0.3 and t = 3.0. The arrows show the direction of increasing .

163



Figure 4.6: The director angle on the substrates © plotted as a function of time
t for C = 1 and ¥ = 0.5 according to the numerical solution (solid lines) when
Er = 107!, Er = 10, Er = 50, Er = 10? and Er = 10%, the large Er asymptotic
solution (dashed lines) given by (4.62) when Er = 10? and Er = 10, and the small
Er asymptotic solution (dotted lines) given by (4.85) when Er = 10!, Er = 10.

Figure 4.5 shows the director angle 6,(z,t) plotted as a function of z for
various times ¢ according to (a) the numerical solution (solid lines) and the large
Er asymptotic solution (dashed lines) when Er = 10%, (b) the numerical solution
(solid lines) when Er = 50, and (c) the numerical solution (solid lines) and the
small Er asymptotic solution (dotted lines) when Er = 107!. In each part of
Figure 4.5 the final time plotted is chosen so that the solution is close to its steady
state solution ;g shown in Figure 4.4(b). In particular, Figure 4.5 illustrates

that 0, always approaches its steady state solution #;55 monotonically as t — oc.

Figure 4.6 shows the director angle on the substrates © plotted as a function of
time ¢ according to the numerical solution (solid lines) when Er = 1071, Er = 10,
Er = 50, Er = 10% and Er = 10%, the large Er asymptotic solution (dashed lines)
when Er = 102 and Er = 10%, and the small Er asymptotic solution (dotted lines)
when Er = 107!, Er = 10. In particular, Figure 4.6 illustrates that © always
approaches its steady state value ©gs monotonically from above when Ogg < 9

and from below when Ogg > ¢ as t — oo, and that Ogg is a monotonically
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increasing function of Er.

Figures 4.5 and 4.6 also illustrate that the approach to the steady state solu-
tion gets monotonically faster as Er is increased. This behaviour will be analysed

in more detail in Section 4.5.2.

Figure 4.7 shows the steady state value the director angle on the substrates
Ogs plotted as a function of the Ericksen number Er according to the numerical
solution (solid lines), the large Er asymptotic solution given by (4.61) (dashed
lines), and the small Er asymptotic solution (dotted lines) given by (4.87) for
various values of C. In particular, Figure 4.7 illustrates that Ogg is a mono-
tonically decreasing function of C. Figure 4.7 also confirms that the numerical
solutions for Ogg for large and small values of Er are in excellent agreement with
the asymptotic solutions in the limits Er — oo and Er — 0 given in Sections 4.3
and 4.4, respectively. Moreover, as we have already seen, in the former limit the
leading-order expression for the value of ©gg depends on Er and C only in the
combination k = C/Er'/?, and hence the curves for Ogg for large values of Er are
simply appropriately horizontally stretched versions of each other, and as Figure

4.7 illustrates, the range of validity of this expression widens as C increases.

4.5.2 The timescale of substrate director rotation

In order to extract the timescale og introduced in Section 4.3.5.1 from the nu-
merical solutions we fitted the numerical solutions for ©gg with a function of ¢ of

the form

log |Oss — O] = C — -, (4.89)

os
where C' = C(9) is a function of the initial director angle on the substrates only.

In particular, this procedure recovers the asymptotic expressions for og derived

in Sections 4.3.5 and 4.4, namely (4.72), (4.75) and (4.88).
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Figure 4.7: The steady state value of the director angle on the substrates Ogg plot-
ted as a function of the Ericksen number Er according to the numerical solution
(solid lines), the large Er asymptotic solution (dashed lines) given by (4.61), and
the small Er asymptotic solution (dotted lines) given by (4.87) for (a) C = 107},
(b) C =1, (c) C =10, and (d) C = 10%.
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Figure 4.8: The timescale og plotted as a function of the Ericksen number Er
extracted from the numerical solution using (4.89) (solid line) and according to
the large Er asymptotic solution when k < 1 (dashed line) given by (4.75) and
the small Er asymptotic solution (dotted line) given by (4.88) for C = 10 and
¥ = 0.5.

Figure 4.8 shows og plotted as a function of Er extracted from the numerical
solution using (4.89) and according to the large Er asymptotic solution when
k < 1 given by (4.75) and the small Er asymptotic solution given by (4.88).
(Note that, for clarity, the timescale according to the large Er asymptotic solution
when k£ > 1, namely og = 1/(2C), is omitted from Figure 4.8 as it is virtually
indistinguishable from og = 1/(2(1 + C)).) In particular, Figure 4.8 shows that
og is a monotonically decreasing function of Er, and that as Er varies there is
a continuous transition between og = 1/(v2Er'/?) = O (Er~"/?) < 1 for large
values of Er and og = 1/(2(1 + C)) = O(1) for small values of Er. Moreover,
Figure 4.8 also shows, as mentioned in Section 4.3.5.3, that og is always less than
both (4.72) and (4.75), and so (4.72) and (4.75) provide a upper bound on oy for

all values of Er.
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4.6 Conclusions

Motivated by the need for understanding the flow-driven distortion of nematic
molecules on the substrates in the ODF method, we analysed pressure-driven flow
of a nematic in a channel with dissipative weak planar anchoring on the substrates
of the channel. We obtained quasi-steady asymptotic solutions for the director
angle 6 and the velocity u in the limit of small Leslie angle, in which case the key
parameters are the Ericksen number Er and the anchoring strength parameter C.
In the limit of large Ericksen number Er — oo the solution for the director angle
has narrow reorientational boundary layers of width O (Er‘l/ 2) < 1 near z =0
and z = 1 and a narrow reorientational internal layer of width O (Er‘l/ 3) <1
near z = 1/2 separated by two outer regions in which the director is aligned at the
positive Leslie angle in the lower half of the channel and the negative Leslie angle
in the upper half of the channel. On the other hand, in the limit of small Ericksen
number Er — 0 the solution for the director angle given by (4.84) and (4.85) is
dominated by splay elastic effects with viscous effects appearing at O (Er) < 1.
As Er varies there is a continuous transition between these asymptotic behaviours
and, in fact, the two asymptotic solutions capture the behaviour rather well for
all values of Er. The steady state value of the director angle on the substrates
Ogs and the timescale of the evolution towards this steady state value og in
the asymptotic limits of large and small Er are summarised in Table 4.2. In
particular, the values of og in Table 4.2 correspond to the dimensional substrate

director rotation timescale g7 given by

(1 B
20 for Er>1 and k>1,
—(O{4+O{6) _
~ s X 4.90
084~ s \/2(&2(%3)1/2GHK1 for Er>1 and k<1,  (490)
H _
—_— for Er < 1.
(2(K, + CH) or hr<
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Er — oo ~
Er —0
k> 1 k= 0(1) k<1
Oss 0 Equation (4.61) 1 b <1
12(C+1)
1 1 1
o 2C <1 (%) NeR <1 e+ 1)

Table 4.2: The steady state value for the director angle on the substrates Ogg and
the timescale og in the asymptotic limit of large Er in the cases k> 1, k = O(1)
and k < 1, where k = C/Er'/?, and in the asymptotic limit of small Er. The
star (x) denotes that, while there is no explicit expression for og in this case, the
expressions for £ > 1 and k < 1 provide a upper bound on og for all values of k.

Using the estimated parameter values for the ODF method given Section
4.1.4 gives Er = 1.7 x 102, C = 1-10% and hence k = 0.08-8, suggesting that the
regimes in which Er > 1 and k < 1 or k = O(1) are probably the most relevant
to the ODF method. Hence (4.90) yields a dimensional substrate director rota-
tion timescale of g7y ~ 5 x 1073 s or less, which is substantially shorter than
the dimensional timescale of the ODF method of Topr = 107! s, suggesting that
there is sufficient time for significant transient flow-driven distortion of the ne-
matic molecules on the substrates from their required orientation to occur, which
could lead to the formation of ODF mura. An obvious conclusion is that this dis-
tortion could, in theory, be reduced by decreasing Er and/or increasing C by, for
example, reducing the speed at which the substrates are squeezed together and/or
increasing the anchoring strength between the alignment layer and the nematic,
however the extent to which either of these are realistic options in practice is
not clear. It should, however, be noted that once the squeezing stops, and hence
the flow of the nematic virtually ceases (so that Er becomes very small), then
(4.90) yields a dimensional substrate director rotation timescale of approximately

o071 ~ 2.5 x 1072 s or less, which means that the flow-driven distortion of the
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nematic molecules relaxes almost immediately. The remaining issue is, therefore,
whether the significant transient flow-driven distortion of the nematic molecules
described in the present work causes permanent or semi-permanent flow-driven
misalignment of the orientation of the molecules in the alignment layers. Answer-
ing this question could lead to further understanding of ODF mura but requires

more detailed modelling of the molecules in the alignment layer.

Finally, as mentioned in Section 4.1.1, the present analysis of dissipative weak
planar anchoring is not directly relevant to displays with homeotropic anchoring,
such as VAN displays, or to displays in which the director does not remain in the
(z, z)-plane, such as TN or STN displays. However, in such displays flow align-
ment towards the (typically small) Leslie angle involves a much larger rotation of
the director than that described in the present work, and so we suspect that such
displays are even more susceptible to flow-driven misalignment of the director on

the substrates during filling than those studied in this chapter.
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Chapter 5

The governing equations for a

static ridge of nematic

Motivated by a need for increased understanding of situations involving nematic
droplets and films, such as the initial stage of the ODF method (shown in Fig-
ure 1.8)(d) and (e)), we now consider a two-dimensional static ridge of nematic
resting on an ideal (i.e. flat, rigid, perfectly smooth, and chemically homogeneous)
solid substrate surrounded by passive fluid. In addition to understanding the ini-
tial stages of the ODF method, there are many many emerging technologies that
were discussed in Chapter 1 which involve nematic free surfaces and three-phase
contact lines that may benefit from an increased understanding of this situation.
For the subsequent theory and results to make comparisons with the most com-
mon experimental situation, we refer to the fluid surrounding the nematic to be
an atmosphere of passive gas. However, the results detailed apply also to a ridge

of nematic surrounded by a static isotropic liquid.

The theoretical description of a volume of nematic bounded by a gas—nematic
and nematic—substrate interface has previously been considered by Jenkins and

Barratt [102], who obtained general forms of the interfacial conditions and the
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force per length on a contact line, and Rey [181,182], who obtained the general
forms of the nematic Young—Laplace equation and the nematic Young equations.
In this chapter, we combine aspects of these two approaches to provide the first
complete theoretical description for a static ridge of nematic, which includes the
interfacial conditions, the bulk elastic equation, the nematic Young equations, and
the relevant boundary conditions. We also provide full details of a straightforward
and, therefore, readily accessible derivation of the governing equations, which in
future work may be readily adapted to include electromagnetic forces, additional
contact line effects, non-ideal substrates, or more detailed models for the nematic

molecular order, such as Q-tensor theory [152].

We proceed by constructing the free energy of the system as a function of
both the shape of the gas—nematic interface (i.e. the nematic free surface) and
the director field, and then by minimising the free energy using the calculus of
variations, we will derive the governing equations, including both nematic Young
and nematic Young—Laplace equations. In order to determine the free energy
of the system, we will use the well-established Oseen—Frank bulk elastic energy
density W (which was discussed at length in Section 1.7.1), the gravitational
potential energy, and the Rapini—Papoular [172] interface energy density w (which

was discussed at length in Section 1.7.3).

5.1 Model formulation

As described in the previous section, we consider a static ridge of nematic (N),
resting on an ideal solid substrate (S), in an atmosphere of passive gas (G), as
shown in Figure 5.1, which also indicates the Cartesian coordinates x, y and
z that we use. The nematic ridge is bounded by the gas—nematic interface at

z = h(x) and the nematic-substrate interface at z = 0, and has two nematic—
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Figure 5.1: A schematic of a static ridge of nematic (N), resting on an ideal solid
substrate (S) at z = 0, L~ < & < LT, in an atmosphere of passive gas (G),
with gas-nematic interface at z = h and contact lines at z = d*. The Cartesian
coordinates z, y and z (where the y-direction is into the page), the boundary of
the nematic ridge I, the outward unit normals v, the contact angles 3%, and the
region of nematic in the (z, z)-plane € are also indicated.

substrate—gas three-phase contact lines at x = d~ and x = d*. We assume that
the ridge height h and the position of the contact lines do not vary in the y-
direction, so that the contact lines form two infinitely-long parallel lines in the
y-direction and the ridge height h is subject to two Dirichlet boundary conditions
given by h(d™) = 0 = h(d"). We also assume that the director m is confined to

the (z, z)-plane, and hence takes the form
n = (cosf,0,sinf), (5.1)

and 0 = 0(x, z) is the director angle, which does not vary in the y-direction.

The boundary of the nematic ridge, denoted by I', consists of the gas—nematic
interface, denoted by I'qn, and the nematic—substrate interface, denoted by I'ns.
The corresponding outward unit normals of I'ys and ['gy, which we denote by

vys and vy, are given by

hy . 1 .
BV e PRV e

(5.2)
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respectively. These two interfaces meet the gas—substrate interface, denoted by
I'gs, at the two contact lines x = d*. The left-hand and right-hand edges of
the substrate are denoted by x = L~ and x = LT, respectively, as shown in
Figure 5.1. The contact angles formed between I'qy and I'yg at x = dF are

denoted by 8~ and 7T, respectively, and satisfy
tan 8% = Fh, at =z =d*, (5.4)

where the subscript x denotes differentiation with respect to x. We note that there
is no requirement for A to be symmetric about its midpoint and, in particular,

no requirement for the contact angles to be the same.

In general, we do not fix either the contact line positions or the contact angles,
and allow d*, and 3% to be unknowns. However, if the substrate has been treated
in such a way as to pin the contact lines or fix the contact angles, then d* or
B, respectively, are prescribed and the nematic Young equations, which will
be derived shortly, are not relevant. The ridge has a prescribed constant cross-

sectional area A in the (z, z)-plane, so that

/ / 0 = A, (5.5)

where (2 is the region of nematic in the (z, z)-plane bounded by I, as shown in

Figure 5.1.

We also include the effects of gravity. We assume the gravity acts in the
(z, z)-plane but, in order to keep the setup as general as possible, do not specify

its direction.

In Section 5.2 we derive the governing equations for a nematic ridge using
the calculus of variations assuming that the ridge height h is a single-valued

function of x. A necessary, but not sufficient, condition for the ridge height to
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be single-valued is that the contact angles are acute (i.e. 0 < g+ < 7/2). We
have performed the corresponding derivation when the ridge height h is a double-

valued function of x, the details of which are provided in Appendix A.

5.2 Constrained minimisation of the free energy

Using the calculus of variations we minimise the free energy of the system E
subject to the area constraint (5.5) and the two boundary conditions h(d*) = 0,
and in doing so derive the governing equations for the dependent variables 0, h,
d*, f* and a Lagrange multiplier associated with the area constraint (5.5), which
we denote by py. The free energy of the system E is the sum of the bulk elastic
energy of the nematic, denoted by FEy,, and the interface energies, denoted by

Ean, Ens and Egg, for the interfaces I'gn, I'ns and I'gg, respectively, where

B = /d+ /Oh (W(e,ex,ez)mpg) dzda, (5.6)

d+
Eox= | /1412 [wen(0,h,)]"" d, (5.7)

.
d+

Eng = / ) [ons(6)] 7" da, (5.8)
d- Lt

EGS = / [WGS} =0 dz + /d+ [WGS} =0 dz. (59)

In (5.6) the bulk elastic energy density W (0, 0,,0,) is assumed to be of the form of
the Oseen—Frank bulk elastic energy density [201], which depends on the director
angle # and on elastic distortions of the director via its derivatives with respect to
z and z [201]. Also in (5.6), the gravitational potential energy density ¢,(x, 2) is
allowed to depend on one or both of the Cartesian coordinates x and z. In (5.7)
and (5.8) the interface energy densities wan (0, h,) and wys(f) are assumed to be

of the form of the Rapini—Papoular energy density [172], which depends on the

175



difference between the director and the orientation of the interfaces via the direc-
tor angle 6 and the slopes of those interfaces, namely h, and zero, respectively.

In (5.9) the interface energy density wgs takes a constant value.

We define the functional F' = F(0,0,,0,,h, h,,d”,d") = E + Cyrea as the sum
of the free energy (per unit length in the y-direction) of the system E and an
appropriate area constraint term C,.., corresponding to the area constraint, given

by

d+t  rh
Carea = Po X | A — / / dzdx |, (5.10)
- Jo

so that the functional F'is given by
F = Epuk + Eax + Exs + Egs + Carea- (5.11)

We now consider the variation of the functional F', given by (5.11) with (5.6)—
(5.10), with respect to small variations of the variables 6, h, d~ and d* of the

form
0 —=0+06p, h—h+6, d—=dt+064, d —d +, . (5.12)

There are no constraints on the director angle # and therefore there are no con-
straints on the variation of the director angle dy. There is, however, a constraint
on the ridge height h because of the two boundary conditions h(d*) = 0 so that

the variation of the ridge height ¢, at the contact lines satisfies

Op = —hgdg- = —tan 8~ 04~ at z=d", (5.13)

On = —hy0gr =tan BT e at x=d". (5.14)
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The variation of the functional F', denoted by 0 F, is given by

oF = F(Q + 507 (0 + 59)387 (0 + 59)27 h + 5h7 (h + 6}1)33, d- + 5d*ad+ + 5d+)
— F(0,6,,0., h, ha,d, dY). (5.15)

We now proceed by considering the variation of each term in (5.11) in turn, and

neglect terms in (5.15) that are O(d;), O(d3), O(65-) and O(63).

For the bulk elastic energy Fhux, given by (5.6), using the variations (5.12)
shows that 0 Ey,y is given by

oW oW a* L
6Ebulk = / / (59— + 5933 By 69'2% dzdzx -+ / 5h [W + ¢g] " dz

/Oh(w ) dz] ~ b [/Oh(w ) de

Since h(d*) = 0, the last two terms in (5.16) are identically zero. The terms

r=dt r=d~

+ Og+ (5.16)

in (5.16) containing derivatives of dy, namely dy, and dy,, are transformed into

terms involving dy by using the divergence theorem, namely

[ 3200 e var— [ [32 (D) a0 6

where @« = x or @ = z. The line integral along I" in (5.17) is composed of a
component along I'ys at z = 0 from x = d~ to x = d with dI" = dz and outward
unit normal (5.2), and a component along I'gy from z =d" tox =d” onz=nh

with dI' = —4/1 + h2 dz and outward unit normal (5.3), and is given explicitly
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a- z=h
4 / léegTW] & (hy% — 2) da. (5.18)

Equations (5.16)—(5.18) can be combined and rearranged to express the variation

of the bulk elastic energy 6 Fyu as

dt h
ow o (oW o (oW
5Ebu1k_/ /0 69(%_%(8833)_&(8_92)) dzdx
+

d dt z=h
+ / O [W + )" da — / l(s@hx%q dz

d+ z=h d+ z2=0
ow ow
+ /_ {59 892] dz — /_ {59 892] dz. (5.19)

For the gas—nematic interface energy FEgy, given by (5.7), using the variations

(5.12) and carrying out integration by parts on the terms involving dj,,, shows that

0FEgn is given by

d+
dEgn = / {50 V14 h? aggN
dwen 00 0 [ O =h
+(5h(\/1+h3 90 &-a(ahw(\/l‘Fh%WGN)))] dw
x=dt r=d~
+ 5d+ [\/ 1+ hi wGN] - 5d* [\/ 1+ h?t WGN] (520)
a rz=dt a T=d~
+ |:5hahx (\/1+h% wGN>:| - |:6hahm (\/1+h% wGN>:| .

d-

(5.21)

Substituting for the variation of the ridge height 9, at the contact lines, given by
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(5.13) and (5.14), then yields

d+
5EGN:/ {59\/1+hgaggN
duan 00 D 1 0 ="
2" 2
+5h(\/1+hm e m(ah( 1+hwaN)>)] do
+ 0g+ [\/1 +h§wGN - hx%

_ (5d— |:\/ 1+ h%u}GN — hza% (\/ 1+ h%CUGN

T

For the nematic—substrate interface energy FEng, given by (5.8), using the

variations (5.12) shows that ¢ Exg is given by

d+ 2=0
a xr= r=a
JEns = / {59 ggs] dz + dg+ [wons]" ™ — - [ons]”™ . (5.23)

For the gas—substrate interface energy Egs, given by (5.9), using the variations

(5.12) shows that 0 Egg is given by

5EGS - (5(17 [WGs]I:CF — 5d+ [wGs]x:fL . (524)

Finally, for the area constraint C,w,, given by (5.10), using the variations

(5.12) and the two boundary conditions h(d*) = 0, shows that 0Cqyea is given by

d+
0Caren = —/ Do O, dix. (5.25)

The variation of the functional F' is obtained by adding the terms from each

of the individual variations, given by (5.19) and (5.22)—(5.25), so that

OF = 0y + 0EaN + 0 Ens + 0Eas + 0Carea- (5.26)
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Since we seek extrema of the free energy F for which dF = 0, and the variations
g, [59]Z:O, [59]Z:h, Opn, 0q+ and 94— are independent and arbitrary, their coefficients
in 0F, given by (5.26), must be zero. Together with the area constraint (5.5) and
the two boundary conditions h(d*) = 0, the coefficients of each variation yield

the governing equations for a nematic ridge, as described in the next section.

5.3 Governing equations for a nematic ridge

Each of the six governing equations derived from setting the coefficients of dy,
067", [06]°=°, 64, 64+ and d,- in (5.26) to zero has a specific physical meaning,
namely the balance of elastic torque within the bulk of the nematic, the balance-
of-couple conditions on the gas—nematic and nematic—substrate interfaces, the
balance-of-stress condition on the gas—nematic interface, and the balance-of-stress
conditions at the contact lines, respectively. These equations, together with the

area constraint, are summarised below.

The balance of elastic torque within the bulk of the nematic, i.e. the Euler—

Lagrange equation, for the elastic free energy density W (6,0,,0,), is

ow o [OW g (oW
W_£(aex>_$<aez>:0' (5:27)

The balance-of-couple conditions on the gas—nematic interface and the nematic—

substrate interface, namely the weak anchoring conditions [151,201], are given by

ow oW D
_ _ 2
g0, g TV,

=0 (5.28)
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on z = h and

ow 80.)1\15
“20. T o0

=0 (5.29)

on z = (), respectively.

The balance-of-stress condition on the gas—nematic interface, which is usually

referred to as the Young-Laplace equation [48], is given by

duen 09 9 [ O
W+ g — po+ /1 + 12 C(;;NE_%(ﬁh (\/1+h%ch))—0 (5.30)

on z = h. To distinguish between the classical isotropic Young-Laplace equation

and (5.30) we henceforth refer to (5.30) as the nematic Young—Laplace equation.

The balance-of-stress conditions at the contact lines, which are usually re-

ferred to as Young equations [48], are given by

sz—w(;S—i—\/l—l—h?CwGN—hx% (\/1+hinN> =0 (5.31)

at x = d*. To distinguish between the classical isotropic Young equations and

(5.31) we henceforth refer to (5.31) as the nematic Young equations.

As mentioned previously, the theoretical description of a volume of nematic
bounded by a gas-nematic and nematic-substrate interface has previously been
considered by Jenkins and Barratt [102], who obtained general forms of the in-
terfacial conditions, which correspond to equations (5.28)—(5.30), and the force
per length on a contact line, and Rey [181,182], who obtained the general forms
of the nematic Young—Laplace equation and the nematic Young equations, which

correspond to equations (5.30) and (5.31), respectively.

Once explicit forms of the energy densities W, 1,, wan, wns and wgs have been

prescribed, the balance of elastic torque within the bulk of the nematic (5.27), the
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three interface conditions (5.28)—(5.30), the two nematic Young equations (5.31),
the area constraint (5.5), and the two boundary conditions h(d*) = 0 specify the
full problem for the five unknowns 0(x, z), h(z), d~, d* and py. The unknown

contact angles 3% are obtained from the slope of the ridge height h, and (5.4).

5.3.1 The Oseen—Frank bulk elastic energy density and

Rapini—Papoular interface energy densities

As mentioned above, for the bulk elastic energy density W we use the standard
Oseen—Frank bulk elastic energy density, defined by (1.11) and discussed in Sec-
tion 1.7.1. Substituting (5.1) into (1.11) yields

W(0,0,,0.) = % (A, cos @ — 0, sin6)” + % (0, cos0 +0,sin0)*,  (5.32)

which only depends on splay and bend elastic deformations. Although we proceed
using the full Oseen—Frank energy density (5.32), we note that the commonly used
one-constant approximation of the elastic constants [201] can be implemented in
(5.32) by setting K = K; = K3, in which case W (6,,6,) = K (0% + 62) /2. The

one-constant approximation will be used in Chapter 6.

As also mentioned above, for the interface energy densities involving the ne-
matic, namely wgn and wyg, we use the standard Rapini—Papoular form, defined
by (1.17) and discussed in Section 1.7.3. The appropriate form of the Rapini-
Papoular energy densities for the gas—nematic interface and nematic—substrate

interface is given by

C

wWaN = OogN + % (1 — Q(VGN . n)2) s (533)
C

wys = ons + % (1-2(rns - n)?), (5.34)

182



where v, Con and ogy are the outward unit normal (given by (5.2)), anchoring
strength and isotropic interfacial tension for the gas—nematic (GN) interface,
respectively, vns, Cns and ong are the outward unit normal (given by (5.3)),
anchoring strength and isotropic interfacial tension for the nematic—substrate

(NS) interface, respectively. Substituting (5.2) and (5.3) into (5.33) and (5.34)

yields
Can [1—h2 %, .
wen (0, hy) = ogn + |17 n cos 20 + T+ 02 sin20| , (5.35)
C
wns(0) = ons + TNS cos 26. (5.36)

The gas—substrate interface has constant energy density
was = 0as, (5.37)
where ogg is the isotropic interfacial tension of the gas—substrate interface.
5.3.2 Governing equations for the Oseen—Frank bulk elas-

tic energy density and Rapini—Papoular interface

energy densities

Using (5.32) in (5.27) yields the balance of elastic torque within the bulk of the

nematic,

(K1 sin? @ + K5 cos® 9) 0pr + (K1 cos? 0 + K5 sin® 9) 0., (5.38)

+ (K3 — Ky) [ (0, cosf — 0,sinf) (0, cosh + 0, sind) + 6, sin 29] = 0.
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Using (5.32) and (5.35) in (5.28) yields the balance-of-couple condition on the

gas—nematic interface,

1
(Kicos® 0+ Kysin®6)0, + 5(1(3 — K1)(6, — hyh.)sin 20

— (Kl sin? 0 + K cos? 9) h0,
Can

+—— [(h2 —1)sin20 + 2h, cos20] =0 5.39
s 02 - ) (5.39)

on z = h. Using (5.36) in (5.29) yields the balance-of-couple condition on the

nematic—substrate interface,

1
— (K cos® 0 + K3sin® )0, — 5 (K3 — K1)f, sin 26 — % sin20 =0 (5.40)

on z = 0. Using (5.32) and (5.35) in (5.30) yields the nematic Young-Laplace

equation,

hzz _|_ C'GN
(1+h2)** 41+ h2)

po — W — g + oan 572 [3/1m [(hi — 1) cos 20 — 2h, sin 26]
+(1+h2) (4 cos 26 [ex — (14 hi)ez] (5.41)

+ 25in 20 [(1 — 110, + ha (3 + hi)em} )] ~0

on z = h. In order to express the nematic Young equations (5.31) in terms of the

contact angles f~ and [, we use the relations (5.4). Then, using (5.35)—(5.37)
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in (5.31) yields

Can

%COSQQ—I— [cos2(0 — B7) cos f~ — 2sin2(0 — B7)sin B |

= 0Gs — ONs — OaNCos 37, (5.42)

Chs cos 20 + % [cos2(0 + B7) cos B+ — 2sin2(0 4 B1) sin B7]

= 0@s — ONS — OGN COS 5+ (543)

at x = d~ and x = d", respectively. The terms on the right-hand sides of (5.42)
and (5.43) appear in the classical isotropic Young equations, while the terms
on the left-hand sides are due to the anisotropic nature of the nematic arising
from the weak anchoring on the nematic—substrate interface and on the gas—
nematic interface. We note that the classical isotropic Young equations (1.39)
are recovered from the nematic Young equations (5.42) and (5.43) by setting

Cns = Cen = 0.

In summary, the balance of elastic torque within the bulk of the nematic
(5.38), the three interface conditions (5.39)—(5.41), the two nematic Young equa-
tions (5.42) and (5.43), the area constraint (5.5), and the two boundary conditions
h(d*) = 0 specify the problem for the five unknowns 6(x, z), h(z), d-, d* and
po.- We note that, as previously mentioned, while the nematic Young equations
(5.42) and (5.43) were derived assuming the ridge height A is a single-valued func-
tion of z, they also hold when the ridge height h is a double-valued function of
x (as shown in Appendix A), and therefore the nematic Young equations (5.42)

and (5.43) are valid for both scenarios.
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5.4 Conclusions

In this chapter we have derived the governing equations and boundary conditions
for a two-dimensional static ridge of nematic resting on an ideal solid substrate in
an atmosphere of passive gas. Specifically, in Sections 5.1 and 5.2, we derived the
governing equations by minimising the free energy, which is given by the sum of
the bulk elastic energy, gravitational potential energy, and the interface energies,
subject to a prescribed constant cross-sectional area. We then, in Section 5.3,
chose explicit forms of the bulk elastic energy density and the interface energy
densities, namely the standard Oseen—Frank bulk elastic energy density and the
Rapini-Papoular interface energy densities, and obtained the governing equations
(5.38)—(5.43). Specifically, (5.38)—(5.43) determine the director angle 6(x, z), the
ridge height h(z), the contact line positions z = d*, and the Lagrange multi-
plier pg, in terms of the physical parameters, namely the splay and bend elastic
constants Ky and K3, the isotropic interfacial tensions ogn, ons, and ogg, and
the anchoring strengths Cqn and Cns. The governing equations can readily be
adapted to include other effects, such as to include electromagnetic forces, addi-
tional contact line effects, non-ideal substrates, or more detailed models for the
nematic molecular order, such as Q-tensor theory [152]. The governing equations
derived in this chapter will now be applied in Chapter 6 to the scenario of a thin
ridge of nematic with pinned contact lines where we can make significant progress

in solving these equations.

The governing equations derived in this chapter represent the most common
experimental situation, in which the nematic partially coats the substrate (i.e.
the partial wetting state). These equations can also be used to describe the
equilibrium states of complete dewetting, which we denote by D, and of complete
wetting, which we denote by W. In the complete dewetting state, in which

the gas—nematic interface forms a cylinder, the nematic Young equations (5.42)
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and (5.43), the two boundary conditions h(d*) = 0, and the balance-of-couple
condition on the nematic—solid interface (5.40) are not relevant. For the case that
the gas—nematic interface is a perfectly circular cylinder, the possible director
configurations have been extensively studied (see, for example, Kleman [115]).
Similarly, in the complete wetting state, in which the nematic forms a film that
completely coats the substrate, the nematic Young equations (5.42) and (5.43)
and the two boundary conditions h(d*) = 0 are not relevant. The behaviour of the
director and gas—nematic interface for nematic films has been studied previously
(see, for example, Sonin [197] and Manyuhina [139]). In Chapter 7, we will
discuss further how the governing equations relate to the complete dewetting and

complete wetting states.
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Chapter 6

A thin pinned static ridge of

nematic

In this chapter we consider the application of the governing equations derived in
Chapter 5 to a pinned static ridge of nematic (N) of prescribed cross-sectional area
A resting on an ideal solid substrate (S) in an atmosphere of passive gas (G) as
shown in Figure 6.1. Much like in Chapter 5, the ridge has a gas—nematic interface
(the nematic free surface) at z = h(x) and a nematic-substrate interface at z = 0.
However, unlike Chapter 5, we now assume the nematic—substrate-gas three-
phase contact lines at = d~ and 2 = d* are pinned (i.e. fixed). Experimentally,
pinned contact lines can be achieved by treatment of the substrate to create either
surface roughness [105] or hydrophobic and hydrophilic areas [159]. In terms of
governing equations derived in Chapter 5, as the two contact lines are pinned,
the nematic Young equations (5.42) and (5.43) are no longer relevant and the
positions of the contact lines are now prescribed. Without loss of generality, the
positions of the pinned contact lines are given by d* = d and d~ = —d, where

d is the prescribed constant semi-width of the ridge, and therefore the Dirichlet
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Figure 6.1: A schematic of a pinned static ridge of nematic (N) resting on an
ideal solid substrate (S) in an atmosphere of passive gas (G), bounded by a gas—
nematic interface at z = h(z) and a nematic-substrate interface at z = 0, with
pinned contact lines at x = +d. The Cartesian coordinates x and z (where the y-
direction is into the page), the contact angles 5~ and 5%, outward normals of the
nematic—substrate interface and gas—nematic interface vys and vgy, respectively,
and the height at the middle of the ridge h,, are also indicated.

condition on the height of the ridge is now given by

h=0 at z=-+d. (6.1)

We proceed in Section 6.1 and formulate the governing equations and bound-
ary conditions for a thin ridge of nematic with pinned contact lines. We then
obtain analytical solutions for situations with a uniform director field in Sec-
tion 6.2 before describing situations with a distorted director field in Section 6.3.
We then obtain numerical solutions for various values of anchoring strength in
Section 6.4 and subsequently numerically investigate when either a uniform or a
distorted director field is energetically preferred in Section 6.5. In Section 6.6,
we describe the behaviour of the director in different regions of the nematic—
substrate and gas—nematic anchoring-strength parameter plane, and investigate

the behaviour of the height of the ridge in Section 6.7.

The pinned ridge of nematic we consider in this chapter has many features
relevant to recent research into the self-organisation of columnar discotic liquid
crystal (discotic) phases into ridges [21,237], which has applications to the con-

trolled printing of semiconductors. Another area of recent research in which
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pinned ridges of liquid crystal occur is diffraction gratings [17,23].

6.1 Model formulation

From Section 6.1.2 onwards we will consider the situation in which the ridge
is thin, and so it is appropriate in this chapter to assume that the height of the
ridge h is a single-valued function of z. We remind the reader that the (unknown)
contact angles formed between the nematic—substrate and gas—nematic interfaces
are given by (5.4), the height of the ridge h is subject to the prescribed cross-
sectional area constraint (5.5), and the director n = n(z, z) is expressed in terms

of the director angle § = 0(x, z), which is given by (5.1).

6.1.1 Governing equations for a pinned nematic ridge

In this chapter, unlike Chapter 5, we take the one-constant approximation of the
Frank—Oseen bulk elastic energy density (for more detail, see Section 1.7.1), so
that W is given by (1.14). The Rapini-Papoular interface energy densities wns
and wgy remain the same as in Chapter 5, namely (5.35) and (5.36), respectively.
In order to simplify the present problem we also neglect the effects of gravity.
Gravitational effects can be compared with surface-tension effects by considering
the relative size of the capillary length [ and the semi-width d. Specifically, when
[ > d gravitational effects can be neglected when compared to surface-tension
effects and when | < d surface tension can be neglected compared to gravitational
effects. The capillary length for a gas—nematic interface between air and 5CB is
given by [ = \/W ~ 2 x 1073 m, where p = 1020kgm ™2 is the density
of 5CB [201] and ¢ is the magnitude of acceleration due to gravity. We assume
that d < 2 x 107®m, and therefore neglect gravitational effects and set 1)y = 0 in

(5.41). This assumption is certainly appropriate for many applications, including
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nematic diffraction gratings where d ~ 5 x 1078 m [17], discotic ridges used for
new semiconductor applications where d ~ 3.7 x 107®m [21], and possibly for
nematic droplets used in the ODF method where d ~ 1071072 m as stated in
Table 1.1.

With the one-constant approximation of the Frank—Oseen bulk elastic energy
density, 1, = 0 and pinned contact lines, the balance of elastic torque within the

bulk of the nematic (5.38) is given by

0=10,+0.., (6.2)

and the three interfacial equations (5.39)—(5.41) are given by

0=—K60, — % sin 26, (6.3)
0=K(0. — h.0,) + _Con [(hg — 1) sin 26 + 2h, cos 20} : (6.4)
2¢/1+ h?2

Trr

_ K 2 2
0_p0_§(9m+92)+0(}NW

CGN 2 .
+ W |:3hm: ((hx — 1) cos 260 — th S11 29) (65)
+ (14 h2) (4 cos 20 [ez — (1 + hi)ez}

+2sin 20 [(1 — hY0, + ha(3 + hi)@x])] ,

on z =0, z = h, and z = h, respectively. For future reference, we note that the

total energy of the pinned ridge Fiy is given by

d h d d
Etot = / / W dzdx + / WNS dz + WEN VvV 1+ h% dz. (66)
—d JO d d
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6.1.2 A thin pinned nematic ridge

To allow for greater analytical progress and because many of the practical appli-
cations described in Section 1.10.2 the nematic ridges and droplets are thin, such
that the height of the ridge or droplet is much smaller than its width, we now
focus on the case that the ridge is thin. We define an appropriate small nondi-

mensional aspect ratio € in terms of the semi-width d and the cross-sectional area

A as

A
c= 5 <L (6.7)

For a thin ridge with e < 1 we nondimensionalise and scale the variables according

to

r=dx", z=e€dz", h=edh",

hw =edhy', BT =ef7,  BT=ep",

OGN * * 3 * (68)
Po = € d p07 Etot - dUGN Etot,a K =€ dUGN K )
2 2
ONS = OGN ONS) Cns = €“oan CRgs Con = € oan Cin,

where the stars (*) denote nondimensional variables. Note that we have nondi-
mensionalised lengths in the z-direction with d and lengths in the z-direction
with ed, and hence the contact angles are scaled with e. The interfacial tension
ons and anchoring strengths Cyg and Cgn are nondimensionalised with the in-
terfacial tension ogn. In order to study the most interesting regime, in which
surface tension, anchoring and elasticity are comparable, we have scaled the elas-
tic constant K and anchoring strengths Cxs and Cgy such that contributions of
surface tension, anchoring and elasticity appear at leading order in the governing
equations. Less interesting regimes for which elastic effects are much stronger or

much weaker than anchoring effects will be discussed shortly.
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With the stars dropped for clarity, at leading order in € the bulk elastic equa-

tion (6.2) reduces to

0., =0, (6.9)

and hence 0 is given by
z
0 = Ons + (GGN - eNs)E, (610)

where Ong = Ons(z) = 0(2,0) and gy = Ogn(z) = 0(z, h(z)) denote the (un-
known) values of 6 on the nematic—substrate interface z = 0 and on the gas—
nematic interface z = h, respectively. At leading order in €, equations (6.3)—(6.5)

reduce to

K(QGN — QNS) + Cnsh sin g cos Ong = 0, (6.11)
K(QGN — 8NS) — OGNh sin QGN COS QGN = 0, (612)
K (Ocx — Ons\”

respectively. Unlike the full balance-of-couple condition on the gas—nematic in-
terface (6.4), the leading-order balance-of-couple condition on the gas—nematic
interface (6.12) depends only on the local height of the ridge & but not its deriva-
tives. In particular, in the thin-film limit (6.12) is identical to a balance-of-couple
condition on a flat gas—nematic interface (i.e. when h is constant); therefore, dan
behaves as if the gas—nematic interface were locally flat. In the leading-order
nematic Young—Laplace equation (6.13), the leading-order curvature of the gas—
nematic interface (i.e. hy,) is coupled to a term which depends on both elastic

effects and anchoring effects, namely K (Agn — Oxs)” /(2h2).
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At leading order in €, the contact-line conditions (6.1) are given by
h=0 at x=4=£l, (6.14)

and hence it follows from the balance-of-couple conditions (6.11) and (6.12) that
0 = Ons = Ogn at © = £1. Also at leading order in €, the prescribed cross-

sectional area constraint is given by

1
- / hde, (6.15)

1

and the leading-order contact angles are given by = = h, at x = —1 and

Bt =—h, at v = 1.

For a thin pinned ridge the total energy given by (6.6) reduces to
1
Eiot = 2(1 4+ ong) + §e2AE + O(e%), (6.16)

showing that Fi. takes the constant value of 2(1 4+ ong) at leading order in
¢, and that variations in Fi, appear at second order in € via the term AE =

AE(h,Oxs,0cx), which can be decomposed as
AE = Eiso + Eelast + ENS + EGN7 (617>

where

1 1 0 -9 2
Eiso = / hi dZE, Eoast = K ( shl n NS) dl‘,
-1 -1
q
Cxs [1 Con [* (618)
ENS = T/ COS QQNS d.l’, EGN = T COS 20GN d[L’,
-1

-1

are the second-order isotropic energy Fig,, elastic energy Fej.st, nematic—substrate

interface anchoring energy Fyg, and gas—nematic interface anchoring energy Fgn,
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respectively. The special case of an isotropic fluid is recovered by setting K =
Cns = Cgn = 0, so that the second-order energy reduces to AE = Ei,. The
second-order isotropic energy Ejy, is minimised subject to the contact-line con-
ditions (6.14) and the area constraint (6.26) by the solution for the height of
the ridge and the Lagrange multiplier for a static pinned isotropic ridge in the
absence of gravity, denoted his, = hiso(z) and py, respectively, namely

hiso = 2(1 —2%) and p;= ; (6.19)

For future reference, we note from inspection of (6.18) and (6.19) that Ei,, > 3/4,
Eeast > 0, —[Cxs|/2 < Exs < |COsl/2, and —|Canl/2 < Egn < |[Canl/2.

In summary, the equations and boundary conditions for a thin pinned ridge
given by the system (6.11)—(6.15) involve the unknowns Oxs(x), gn(z), h(x) and
po and the parameters K, Cys and Cgy. Once the solutions for fys, Ogn, h, and
po have been determined, the contact angles 5T = —h,(1) and 5~ = h,(—1), the
director angle 6 = Ons + (Ogn — Ons)z/h, and the second-order energy AE (given
by (6.17)) can be readily determined.

For future reference, we note that if h, pg, Ons and Ogn are solutions of the
system (6.11)—(6.13) and (6.24)—(6.26) for anchoring strengths Cxs and Cgy, then
there are three solutions denoted by £, fo, Ons and fgy for anchoring strengths

C’Ns and C’GN with h = h, po = po and

Oxs = fox, fan = Oxs, Cns = Can, Cax = Cxs, (6.20)
~ v ~ T ~ =
Ons = 5 Ons, Oan =5~ Oan, Cnxs=—Cns, Con=-Con,  (6.21)
~ T ~ T ~ =
Ons = 5 Oan, o =5~ Ons, COxs=—Can, Con=—Cns.  (6.22)

In (6.20), exchanging Cns and Cgy leads to an exchange of the fns and Ogn solu-

tions. In (6.21), changing Cys and Cgn from planar to homeotropic preferred, or
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vice versa, leads to a rotation of the director angles by 7/2. In (6.22), exchang-
ing Cns and Cgy (as in (6.20)) and changing them from planar to homeotropic
preferred, or vice versa (as in (6.21)), leads to an exchange of the fxg and gn
solutions and a rotation of the director angles by m/2. As a consequence of
(6.20)—(6.22), any particular solution for a given pair of anchoring strengths also
provides solutions for three other pairs of anchoring strengths, which are obtained

using (6.20)—(6.22).

The leading-order problem given by the system (6.11)—(6.15) yields multiple
solutions which can be trivially related. Specifically, if h, pg, and 6 are solutions
of the system (6.11)-(6.15), then h, po, and @ are also solutions of the system
(6.11)—(6.15) where

h=h, po=po, and 6 =mr=+8, (6.23)

where m is any integer value. Provided 6 is non-constant it is useful to denote
solutions that can be expressed as mm + 6 “positive” 6 solutions, and solutions
that can be expressed as mm — 0 “negative” 6 solutions. We note that the terms
“positive” and “negative” 6 solutions refer to the sign of 6 compared to the closest
integer multiple of 7 rather than the numerical value of the # solution. Further-
more, for the thin ridge considered in this chapter, since there are no z-derivatives
of # in the system (6.11)—(6.15), any solution for  as a function of x can contain
any number of discontinuities, provided (6.11)—(6.13) are satisfied through the
discontinuity and, in particular, that (6gx — fns)? is continuous. Specifically, any
solution for € can contain a discontinuous jump to mm +6 at any position x. Any
such discontinuities in the leading-order solution are associated with disclination
lines. Although the present thin-film limit allows for the existence of disclination
lines, in the absence of the present thin-film limit, disclination lines are, in gen-

eral, energetically unfavourable compared to solutions without disclination lines
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because they have an increased elastic energy associated with large z-derivatives
of 6 [132,205,219]. The exception is for situations where the symmetry of the
system may necessitate the presence of a disclination line at the centre of the
ridge. Indeed, previous work on nematic microwrinkle grooves by Ohzono and
Fukuda [158], nematic microfluidic channels by Sungupta et al. [193], and nematic
droplets by Kleman [115] shows that disclination lines are often found experimen-
tally at the centre of grooves, channels, and droplets, respectively. We therefore

only allow a disclination line at the centre of the ridge (i.e. at z = 0).

6.1.3 The symmetry of the height of the ridge and the

director angle

For the remainder of this chapter, we assume that the height of the ridge A is
symmetric about its midpoint, i.e. that h is an even function of z, and that
h has a single maximum at « = 0, denoted by hy, = h(0). As we assume
h is an even function of z, the two contact angles 5~ and ST are equal, i.e.
B = B~ = T. Although we have been unable to formally prove the validity of
these assumptions, we note that extensive numerical investigations of the system
(6.11)—(6.15), including using asymmetric initial conditions for fxgs, Oy and h (for
more details, see Appendix B), have only ever found continuous even symmetry
solutions for h. These extensive numerical investigations have also only found
continuous solutions for fys and Ogy that have even symmetry, i.e. no solutions
for fOns and 6oy that are continuous have been found with odd symmetry or
asymmetry. Discontinuous solutions for fyg and 6qy, i.e. those that contain
disclination lines, can be obtained by using asymmetric initial conditions for Oyg

and Ogn (for more details, see Appendix B).

Given the symmetry of continuous solutions for the director angles fxg and

fan and the height of the ridge h, we can now focus on solutions for fys, Ogn and
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Figure 6.2: Schematic diagram showing the director n (indicated by the solid
grey rods) with planar anchoring preferred on the nematic—substrate interface
and homeotropic anchoring preferred the gas—nematic interface for (a) a positive
0 solution with even symmetry, (b) a negative  solution with even symmetry,
(c) a positive 6 solution in the right-hand half with odd symmetry, and (d) a
negative 6 solution in the right-hand half with odd symmetry.

h in the right-hand half of the ridge 0 < x < 1. We construct the solution for fyg
and Ogy in the left-hand half of the ridge —1 < x < 0 using either odd symmetry
about x = 0, so that 6;(x) = —0;(—z), or even symmetry about x = 0, so that
0;(x) = 0;(—z), where i = NS or i = GN. We construct the solution for A in the
left-hand half of the ridge —1 < x < 0 using even symmetry. The fng and Ogn
solutions with odd symmetry have a disclination line at x = 0, which corresponds
to a jump in 6 from mm £ 6 to mn F 6 at the centre of the ridge, and the fys and
fcan solutions with even symmetry do not have a disclination line at the centre
of the ridge. In the present thin-film limit, there are therefore four different, but
energetically equivalent, solutions for # that may be constructed from a single
solution for # in the right-hand half of the ridge, namely either a positive # solution
or a negative € solution in the right-hand half of the ridge with either even or odd
symmetry in the left-hand half of the ridge. To illustrate these four different 6
solutions, Figure 6.2 shows the director n with planar anchoring preferred on the
nematic—substrate interface and with homeotropic anchoring preferred the gas—
nematic interface. Figure 6.2(a) and (b) show the positive and negative 6 solutions
with even symmetry, respectively, where the homeotropic weak anchoring on
the gas—nematic interface fails to align the director normally to the gas—nematic

interface in the left-hand half and right-hand half, respectively, but no disclination
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line present at the centre of the ridge. Figure 6.2(c) shows the positive § solution
in the right-hand half with odd symmetry, where the homeotropic weak anchoring
on the gas—nematic interface aligns the director normally to the gas—nematic
interface, but there is a disclination line at the centre of the ridge. Figure 6.2(d)
shows the negative 6 solution in the right-hand half with odd symmetry, where
the homeotropic weak anchoring on the gas—nematic interface fails to align the
director normally to the gas—nematic interface in both the left-hand half and right-
hand half and there is a disclination line at the centre of the ridge. A consideration
of higher-order energy terms that describe the increased elastic energy associated
with the disclination line or the increased anchoring energy associated with the
director not aligning normally to the homeotropic gas—nematic interface would
be required in order to determine which solution has the lowest energy, and
is therefore energetically preferred. Although we will not consider higher-order
energy terms and can therefore not determine which of these solutions has the
lowest energy, the previous works mentioned in Section 6.1.2, which show that
disclination lines have been found at the centre of grooves, channels, and droplets,
may indicate that the lowest energy of these solutions will be the positive 6
solution in the right-hand half with odd symmetry (Figure 6.2(c)). However,

further theoretical and experimental work is required to confirm this.

As we now consider solutions in the right-hand half of the ridge, the two
contact-line conditions (6.14) may be replaced by a single contact-line condition,

namely

h=0 at z=d, (6.24)

and a symmetry and regularity condition, namely

hy=0 at z=0. (6.25)
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Also, the area constraint (6.15) may be expressed as

1
2/ hdr =1, (6.26)
0

and the two contact angles 3~ and ST are now equal, i.e. § = 3~ = g*.

6.1.4 The limits of strong and weak elasticity

Although in what follows we focus on the most interesting regime in which
surface-tension, anchoring and elasticity effects are all comparable, namely K ~
|Cxsl, |Canl, it is useful to discuss briefly the director angle behaviour in the
limit when elastic effects are much stronger than anchoring effects, namely K >
|Cxsl, |Canl|, and in the limit when elastic effects are much weaker than anchoring
effects, namely K < |Oxsl, |Can|. When K > |Cxsl, |Canl, elastic effects domi-
nate and the system (6.11)—(6.13) and (6.24)—(6.26) has director angle solutions
which are uniform everywhere with 6 = Oyg = 0gn, which will be discussed in Sec-
tion 6.2. When K < |Cxs|, |Can|, anchoring effects dominate and fyg and Ogy
are constants given by their preferred orientation on the nematic—substrate inter-
face and gas—mnematic interface, respectively. For non-antagonistic anchoring, this
leads to director angle solutions that are uniform everywhere with 6 = Ong = Ogn.
However, for antagonistic anchoring, this will lead to distorted director solutions
with Oxs # Ogn, except for close to the contact lines (i.e. near to x = £1), where
there are boundary layers, namely a narrow reorientational boundary layer in
which elastic effects become significant and fys — fgn, and a second narrow
uniform boundary layer in which 6 = Oys = fgn. In the present thin-film limit,
dimensional values introduced in Section 6.1.1 indicate that the most physically

realistic limits to consider are K ~ |Cns|, |Can| and K > |Cxsl, |Can|-
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6.2 Uniform director solutions

The system (6.11)—(6.13) and (6.24)—(6.26) has uniform director solutions for all

values of Cxg, Can and K, given by

mT
Ons = an = TR h = hiso(x), and py = pi, (6.27)

so that 0 = mm /2, where m is any integer, and h;is, and p; are the solutions for
the height and for the Lagrange multiplier for an isotropic ridge given by (6.19),
respectively. In particular, the height at the middle of the ridge and contact angle
are hy, = h(0) = 3/4 and B = —h,(1) = 3/2, respectively. We note that these
solutions are independent of Cxg, Can, and K; however, the second-order energy

(6.17) of these solutions depends on Cxs and Cgy and is given by

3 1
AE = 2 + 3 (Cns + Can) cos mar. (6.28)

Inspection of (6.28) shows that a uniform homeotropic solution, which we call
“the H solution”, with § = fxs = 0oy = 7/2 (i.e. odd values of m) and hence
n = Z, is energetically preferred when Cyg + Con > 0, and a uniform planar
solution, which we call “the P solution”, with § = fxg = Ogn = 0 (i.e. even
values of m) and hence n = &, is energetically preferred when Cxs + Cgn < 0.
When Cyg + Can > 0, either the anchoring is non-antagonistic with homeotropic
anchoring, or the anchoring is antagonistic with the homeotropic anchoring being
the strongest, and when Cyg + Cgn < 0, either the anchoring is non-antagonistic
with planar anchoring, or the anchoring is antagonistic with the planar anchoring

being the strongest.

201



H solution P solution

z=h=h

Figure 6.3: Sketches of (a) the H solution and (b) the P solution. The director
field m is indicated by the solid grey rods with n = 2 in (a) and n = & in (b).

From (6.28) the second-order energies of the H and P solutions are given by

3 1 3 1
AEH = Z — 5 (CNS + CGN) and AEP = Z + 5 (CNS + OGN) ) (629)

respectively. Figure 6.3(a) and (b) show sketches of the H solution and P solu-
tion, respectively. As the director is uniform everywhere for these solutions, the
director angle in the vicinity of the contact lines is determined by the interface
with the strongest anchoring, namely § = 7/2 when Cns + Cgn > 0 and 0 = 0
when Cyg + Can < 0.

6.3 Distorted director solutions

In addition to the H and P solutions, which are solutions for all values of Cys,
Cgn and K, for certain values of Cxg, Can and K there can also be solutions of
the system (6.11)—(6.13) and (6.24)—(6.26) with Oxs # Ocn in which the director
is distorted, and therefore the system has non-unique solutions. For these dis-
torted director solutions, the balance-of-couple conditions (6.11) and (6.12) can

be combined and rearranged into the form

he
5, = f(Oxs,0ax) for Ons # fon. (6.30)
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In (6.30), he is the Jenkins—Barratt—Barbero—Barberi critical thickness [9, 102]
discussed in Section 1.7.4, hereafter simply referred to as “the critical thickness”

for brevity, given by

1 1
he=K | — +—], 6.31
<CNS CGN) (6.31)

and the function f(fxs,fcn) is given by

sin QQNS — sin 29@1\1

Oxs. fon) = ,
(s, Bn) 2 (Oxs — ban)

(6.32)

which, using the mean value theorem, lies in the range |f(fns,0cn)| < 1 for
Ons # Oan. We note that although h. is referred to as a thickness it can be
positive, negative or zero. In particular, inspection of (6.31) shows that for
antagonistic anchoring, if homeotropic alignment is stronger (i.e. Cxs > |Can| > 0
or Cgn > |Cns| > 0) then h. < 0, if planar alignment is stronger (i.e. Cns <
—|Can| < 0 or Cgn < —|Cns| < 0) then A, > 0, and if homeotropic and planar
alignment are of equal strength (i.e. Cxs = —Cgn) then h. = 0. Similarly, for
non-antagonistic anchoring, if the preferred director alignments are homeotropic
(i.e. Cxs > 0 and Cgy > 0) then h, > 0, and if the preferred director alignments

are planar (i.e. Cxg < 0 and Cgn < 0) then h. < 0.

Equation (6.30) determines the values of the critical thickness h., and there-
fore values of Cyg, Can and K, for which distorted director solutions are possi-
ble. In particular, since |f(fxs,f0cn)| < 1 then by (6.30), h > |h.| provided that
Ons # Oan. Therefore, the director can only be distorted in the z-direction, i.e.
have a solution with Oys # fgn, at positions = for which h > |h.|. Conversely, at
positions x for which h < |h.| the director can only be uniform in the z-direction,
i.e. with 0 = Oys = gy = mm/2. Consequently, when h < |h| for all 0 <z < 1,

the director is uniform everywhere and the solution is either the H solution or

203



the P solution, given by (6.27). When h > |h.| at © = 0, either the solution for
the director is uniform in an edge region z. < x < 1, where x = x. is the critical
position at which h(z.) = |hc|, and distorted in a central region 0 < z < x
in which h > |h.| and 6 = (fgn — Ons)z/h + Oxs or the solution for the is uni-
form everywhere, i.e. the H solution or the P solution. We call distorted director
solutions with a homeotropic edge region “Dy solutions” and distorted director
solutions with a planar edge region “Dp solutions”. In summary, Dy and Dp

solutions are given by

(fen — Ons) 4 Ons for 0 <z <,
0= h (6.33)

mm
- for z. <z <1,

where m is an odd integer for Dy solutions and m is an even integer for Dp

solutions.

In the edge region, the nematic Young-Laplace equation (6.13) reduces to
hyr = —po, which may be integrated with respect to x using the contact line
condition (6.24) and h(z.) = |h.| to yield the height of the ridge h in terms of

two as-yet-unknown quantities py and x., namely

| el
1— 2

h:(l—x)[%(m—xc)Jr

] for z.<x <1, (6.34)
i.e. in the edge region h is a quadratic function of z. In the limit x. — 0T, the
solution (6.34) must satisfy the symmetry and regularity condition (6.25) and the
area constraint (6.26), which yield |he| = po/2 and py = p1 = 3/2, respectively,
and hence as x. — 07 then h — his, and |he| — 3/4, where hjg, is given by (6.19).
In particular, in the limit z, — 07 the edge region occupies the entire ridge and

Dy and Dp solutions transition to the H and P solutions, respectively.

The second-order energy AFE for Dy and Dp solutions can be expressed using
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(6.17), (6.18), (6.33) and (6.34), as

| (Bax — Oxs)”
AE—/ [K(GNTNS)_Fhi—l—%COSQQNS—I—%COSQQGN dx
0

C C h? 2
w (1 —x.)cosmm + 1 —Cacc + ]19—;

(1—20)% (6.35)

Since the director angle in the edge region enters (6.35) only through the term
involving Cxs + Can, Dy solutions (i.e. odd m) are energetically preferred to Dp
solutions (i.e. even m) when Cyns + Con > 0 and hence when h. < 0, and Dp
solutions are energetically preferred to Dy solutions when Cyg + Cany < 0 and
hence when h. > 0. Therefore, similar to the H and P solutions discussed in
Section 6.2, for Dy and Dp solutions, the director angle in the vicinity of the
contact lines is determined by the interface with the strongest anchoring, namely

0 =m/2at x =1 when Cxs+ Con > 0 and € = 0 at = 1 when Cxns + Can < 0.

In general, in the central region, the director angles fys and Ogyn, and the
height of the ridge h must be determined numerically. We note that a parametric
solution to the system (6.11)—(6.13) and (6.24)—(6.26) is available; however, the
practical value of this solution is severely limited as it relies on also obtaining
a numerical solution of the problem in order to determine if there is a turning
point in either fng or Ogn. The details of this parametric solution are provided

in Appendix C.

A special case of completely distorted director solutions, which we call “D
solutions”, occur when the anchoring strengths of the nematic—substrate interface
and the gas—nematic interface are exactly equal and opposite, i.e. when Cgn =
—(CN\s, and hence the critical thickness is zero, i.e. h. = 0. In this special case the
central region occupies the entire ridge and the director is distorted everywhere,
i.e. Ons # Oan for 0 < x < 1. We note that further analytical progress can be

made asymptotically for D solutions in the distinguished limits Cqny = —Cxg — 0
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and Cgn = —Cns — 00 (see Appendix D for more details).

6.4 Solutions for the director angles and height
of the ridge

We now proceed to solve the system (6.11)—(6.13) and (6.24)—(6.26) numerically
and determine the regions of parameter space in which the possible solutions
discussed above are energetically preferred. The numerical procedure used to
solve the system (6.11)—(6.13) and (6.24)—(6.26) used MATLAB’s stiff differential-
algebraic equation solver odel5s [142] (for more detail see Appendix B). Repre-
sentative numerical solutions for fys and Ogn (Figure 6.4) and for the height of
the ridge h and the director field n (Figure 6.5) are plotted in Figures 6.4 and 6.5,
respectively, for K = 1, with homeotropic anchoring on the gas—nematic interface
for various values of Cqy > 0 and planar anchoring on the nematic—substrate in-
terface for various values of Cxgs < 0. Figure 6.4(a) and Figure 6.5(a) illustrate
that when the planar anchoring strength of the nematic—substrate interface is
stronger than the homeotropic anchoring strength of the gas—mnematic interface
(specifically in the case when Cxg = —4.75 and Cgn = 0.75), the P solution
is obtained. Figure 6.4(b)—(d) and Figure 6.5(b)—(d) show that when the an-
choring strengths are closer in magnitude with the planar anchoring being the
stronger of the two (specifically in the cases when Cxg = —4.25 and Cgy = 1.25,
Cns = —3.5 and Cgn = 2, and Cns = —3 and Cgn = 2.5), Dp solutions are
obtained. We note that for the Dp solution shown in Figure 6.4(b) in the cen-
tral region both fys and Ogy are monotonic functions of x; whereas, for the
Dp solutions shown in Figure 6.4(c) and (d) fxs is monotonic but fgn is non-
monotonic. In Figure 6.4(e) and Figure 6.5(e), when the anchoring strength of

the nematic—substrate interface and gas—nematic interface are equal and opposite
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Figure 6.4: Representative numerical solutions for the director angle on the
nematic—substrate interface fyg (solid line) and the gas—nematic interface fgn
(dashed line) for K = 1, with homeotropic anchoring on the gas—nematic inter-

face for Cgqn = Cns + 5.5 > 0, and planar anchoring on the nematic—substrate

interface for (a) Cns = —4.75, (b) Cns = —4.25, (¢) Cns = —3.5, (d) Cxs = —3,
(e) CNS = —2.75, (f) CNS = —2.5, (g) CNS = —2, (h) CNS = —1.25, and (1)
Cns = —0.75.
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Figure 6.5: Representative numerical solutions for the height of the ridge h (solid
line bounding the grey region) and the director field n (grey rods) for K = 1, with
homeotropic anchoring on the gas—nematic interface for Cqn = Cns + 5.5 > 0,
and planar anchoring on the nematic—substrate interface for (a) Cxs = —4.75, (b)
CNS = —4.25, (C) CNS = —3.5, (d) CNS = —3, (e) CNS = —2.75, (f) CNS = —2.5,
(g) Cns = —2, (h) Cxs = —1.25, and (i) Cns = —0.75. The critical thickness
z = h(xz.) = |h| and the critical position z = x. are shown by dashed lines.
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(specifically Con = —Cns = 2.75), a D solution is obtained, in which fys and
Ocn are symmetric about /4. Figure 6.4(f)—(h) and Figure 6.5(f)—(h) show that
when the anchoring strengths are closer in magnitude with the homeotropic an-
choring being the stronger of the two (specifically in the cases when Cyg = —2.5
and Cgny = 3, Cns = —2 and Cgy = 3.5, and Cyg = —1.25 and Cgy = 4.25),
Dy solutions are obtained. Much like the Dp solutions discussed above, for the
Dy solution shown in Figure 6.4(f), both Oys and fgn are monotonic functions
of x; whereas, for the Dy solutions shown in Figure 6.4(g) and (h), fxs is non-
monotonic but gy is monotonic. Figure 6.4(i) and Figure 6.5(i) illustrate that
when the homeotropic anchoring strength of the gas—nematic interface is stronger
than the planar anchoring strength of the nematic—substrate (specifically in the

case when Cyg = —0.75 and Cgn = 4.75), the H solution is obtained.

Although there is some variation in the height of the ridge h evident in Fig-
ure 6.5, we note that for the anchoring strengths shown in Figures 6.4 and 6.5,
h does not vary greatly from h = hiy,. In particular, the maximum difference in
the magnitude of h and h = hi,, for the solutions shown in Figures 6.4 and 6.5 is
max|h — hiso| =~ 0.009 for the D solution shown in Figure 6.4(e) and Figure 6.5(e).
We note that for larger anchoring strengths than those used in Figures 6.4 and 6.5

there is a greater variation of A from h = hiy,, which we will discuss in Section 6.7.

Some of the solutions presented in Figures 6.4 and 6.5 are related to other
solutions presented in Figures 6.4 and 6.5 by (6.20)-(6.22). In particular, using
(6.22) on the solutions shown in Figure 6.4(i), (h), (g), and (f), we obtain the
solutions shown in Figure 6.4(a), (b), (c), and (d).
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6.5 Energetically preferred solutions

6.5.1 Antagonistic anchoring

For antagonistic anchoring, both distorted director solutions (i.e. Dy, Dp and D
solutions) and the uniform director solutions (i.e. the H and P solutions) are pos-
sible solutions to the system (6.11)—(6.13) and (6.24)—(6.26). To determine which
solutions have the lowest second-order energy and are therefore the energetically
preferred solutions, we now compare the second-order energy AFE, given by (6.17)
and (6.18), of the solutions shown in Figures 6.4 and 6.5 with the second-order
energy of the H and P solutions, namely AFy and AEp. The Dy and Dp so-
lutions shown in Figure 6.4(b) and (h), (c) and (g), and (d) and (f) have equal
second-order energy given by AE ~ —0.760, AE ~ —0.248, and AF ~ —0.077,
respectively. For each of these Dy and Dp solutions, AF is less than AEy and
A FEp for the same parameter values. Therefore the Dy and Dp solutions shown in
Figure 6.4(b)—(d) and Figure 6.4(f)—(h), respectively, are energetically preferred
to the H and P solutions. The D solution shown in Figure 6.4(e) has second-order
energy given by AE ~ —0.050, which is less than AFEy and AEp. Therefore the D

solution shown in Figure 6.4(e) is energetically preferred to the H and P solutions.

As previously mentioned, further analytical progress can be made asymptot-
ically for D solutions in the distinguished limit Cqny = —Cns — 0. In partic-
ular; in the limit Cqn = —Cns — 0, the second-order energy of D solutions
is given by AFE =~ 3/4 — C%y/8K (see Appendix D for more details), which is
always less than the second-order energy of the H and P solutions (6.29) with
Cgn = —Cns, namely AEy = AEp = 3/4, and therefore in this limit D solutions
are energetically preferred to the H and P solutions. In fact, extensive numerical
investigations, covering a range of parameters values including 107! < K < 102,

|Cns| < 102, |Can| < 102, strongly suggest that for antagonistic anchoring, dis-
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torted director solutions (i.e. Dy, Dp and D solutions) are of lower energy than
the uniform director solutions (i.e. the H and P solutions) when || < 3/4. As a
consequence, the energetically preferred solutions for antagonistic anchoring can
be expressed in terms of the critical thickness h. as follows: H, Dy, D, Dp and
P solutions are energetically preferred for h. < —3/4, —3/4 < h. < 0, he = 0,
0 < h. < 3/4, and h, > 3/4, respectively. Figure 6.6 shows a schematic summary
of the energetically preferred solutions for antagonistic anchoring in terms of the

critical thickness h..

6.5.2 Non-antagonistic anchoring

For non-antagonistic anchoring, distorted director solutions are possible when
|he| < 3/4; however, inspection of the second-order energy AFE, given by (6.17)
and (6.18), for distorted director solutions with non-antagonistic anchoring show
that Eis, > 3/4, Eeast > 0, Exs > —|Cns|/2, and Egn > —|Can|/2, and therefore
either AE > AFEy or AE > AFEp for these solutions. Hence these distorted
director solutions are never energetically preferred, and so we will not discuss
them further here; however, we note that similar high-energy distorted director
solutions in a static layer of nematic of uniform thickness bounded between two
parallel substrates with non-antagonistic anchoring has been studied previously

(for more details, see Davidson [44]).

6.6 Anchoring-strength parameter plane

The energetically preferred solutions summarised in Figure 6.6 can be presented
in a single anchoring-strength parameter plane (i.e. a Cns—Cgn parameter plane)
as shown in Figure 6.7 in the particular case of K = 1. As we will discuss below,

this figure would be qualitatively similar for other values of K. The parame-
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Figure 6.6: Schematic summary of the energetically preferred solutions for an-
tagonistic anchoring in terms of the critical thickness h.. Sketches of (a) the
H solution (h. < —3/4), (b) a Dy solution (—3/4 < h. < 0), (c) a D solution
(he = 0), (d) a Dp solution (0 < h, < 3/4), and (e) the P solution (h. > 3/4)
are shown, where the director field n is indicated by the solid grey rods. The
magnitude of the critical thickness |h.| and the critical position z. are shown by
the horizontal and vertical dashed lines at z = |h.| and = = z., respectively.
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Figure 6.7: The Cns—Cgen parameter plane for K = 1. Regions of the parameter
plane where the H solution (shown in dark red), the P solution (shown in dark
blue), Dp solutions (shown in light blue), and Dy solutions (shown in light red) are
energetically preferred are labelled. D solutions are energetically preferred along
the solid black line corresponding to h. = 0, the black dashed line corresponds
to he = —3/4, the black dotted line corresponds to h. = 3/4, and the solutions
shown in Figures 6.4 and 6.5 are labelled (a)—(i) and indicated by solid points
(o). The dashed grey, dotted grey, and solid black lines separate the regions (I)
and (IT) in which both fys and g are monotonic functions of x, and the regions
(III)~(VI) in which one of fxg and Oy is a monotonic function of x and the other
is a non-monotonic function of x, as described in the text.
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ter plane contains three curves separating the regions of energetically preferred
solutions: the solid black line on which h. = 0 corresponds to D solutions, the
dashed line on which h. = —3/4 separates the region in which the H solution
is energetically preferred from the region in which Dy solutions are energetically
preferred, and the dotted line on which h. = 3/4 separates the region in which
the P solution is energetically preferred from the region in which Dp solutions
are energetically preferred. The solutions shown Figures 6.4 and 6.5 are labelled
(a)—(i) and indicated by solid points on the parameter plane. Using (6.31), the
curves on which h. = 3/4 and h. = —3/4 are given in terms of the parameters

CNS; CGN and K by

4K Cys
O — _2AONS 6.36
OGN 30w — 4K (6.36)
and
4K Cys
Con = ———— NS _ 6.37
GN 3C0Ns + 4K’ (6.37)

respectively. In the limit of Cyg — oo the curves (6.36) and (6.37) approach
Caon = 4K/3 and Cony = —4K/3 from above, respectively, and in the limit
of Cns — —oo they approach Cony = 4K/3 and Cgn = —4K/3 from below,
respectively. In particular, Figure 6.7 shows that for Cng > 4K/3 or Cgn >
4K /3 the planar P solution is never energetically preferred and, similarly, for
Cns < —4K /3 or Cgn < —4K /3 the homeotropic H solution is never energetically
preferred. This result may be important for industrial applications involving
pinned nematic ridges, where uniform homeotropic or planar director alignment
(i.e. the H or P solutions) could be eliminated by selecting the anchoring of the
nematic-substrate (i = NS) and/or the gas—nematic (i = GN) interfaces to be
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As K is varied, the curves on which h. = —3/4 and h. = 3/4, given by (6.36)
and (6.37), vary; however, the qualitative behaviour shown in Figure 6.7 remains
the same. In particular, for weak elastic effects K < 1, the curves on which
he = +3/4 approach the axes Cxg = 0 and Cgy = 0, showing that Dy and Dp
solutions are energetically preferred for all situations with antagonistic anchoring
when elastic effects are weak. For strong elastic effects K > 1, the curves on
which h, = £3/4 approach the straight line Cgy = —Cys, showing that the H
and P solutions are energetically preferred for all situations with antagonistic

anchoring when elastic effects are strong.

In the top right and bottom left quadrants of Figure 6.7 which correspond
to non-antagonistic anchoring, i.e. where CxsCan > 0, the P solution and the
H solution are energetically preferred for all values K, respectively. In these
quadrants we have indicated the two regions in which |h.| < 3/4, i.e. above the
dotted line in the top right quadrant and below the dashed line in bottom left
quadrant, in which the distorted director solutions are possible. However, as
previously stated, the P solution is always the energetically preferred solution in
the bottom left quadrant, and the H solution is always the energetically preferred

solution in the top right quadrant.

Figure 6.7 shows six regions, labelled (I)—(VI), which correspond to regions
of the parameter plane where either both fng and gy are monotonic functions
of x, or one of Oyg and Ogn is a monotonic function of x and the other is a
non-monotonic function of z. In particular, in the regions (I) and (IT) shown in
Figure 6.7, which are between the dashed black and grey lines and the dotted
black and grey lines, respectively, both Oyg and Ogy are monotonic functions of
x (as shown in Figure 6.4(b) and (h)). In the regions (III) and (VI) shown in
Figure 6.7, which are in the top left quadrant between the solid black and dashed
grey lines, and the bottom right quadrant between the dotted grey and solid black
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lines, respectively, fxs is a monotonic function of x and gy is a non-monotonic
function of x (as shown in Figure 6.4(f) and (g)). In the regions (IV) and (V)
shown in Figure 6.7, which are in the bottom right quadrant between the solid
black and dashed grey lines and the top left quadrant between the dotted grey
and solid black lines, respectively, fxg is a non-monotonic function of x and gy is
a monotonic function of z (as shown in Figure 6.4(c) and (d)). These six regions
of the anchoring-strength parameter plane are used as part of the parametric

solution discussed in Appendix C.

6.7 Behaviour of the height of the ridge h

As discussed previously, for the H and P solutions, the height of the ridge is given
by h = his, whereas, for Dy, Dp, and D solutions, h must be obtained numeri-
cally. In Figure 6.8, we plot contours of the height at the middle of the ridge Ay,
the contact angle 3, and the critical position z. on the Cxg—Cgn parameter plane
for K = 1. In particular, Figure 6.8 shows that h,,, £, and x. take the constant
values hy, = 3/4, 5 =3/2, and x. = 0, respectively, for the H and P solutions.

Figure 6.8(a) and (b) show that for Dy, Dp, and D solutions, h, and (3
can vary non-monotonically as a function of Cxg or Cgn. For example, for any
D solution in Figure 6.8(a) and (b) which are energetically preferred along the
line Cgn = —Cns, upon reducing the magnitude of either Cyg or Cgn, the D
solution transitions to a Dy or Dp solution, and there is an initial increase and
then a subsequent decrease in h,,, accompanied by an initial decrease and then a
subsequent increase in 5. Continued reductions in the magnitude of either Cyg or
Cgn result in h, > 3/4, where a Dy or Dp solution transitions to the H solution or
the P solution, respectively, with hy,, = 3/4 and 8 = 3/2. Figure 6.8(c) shows that

for Dy, Dp and D solutions, z. varies monotonically as a function of Cyg or Cgn.
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Figure 6.8: Contours of (a) the height at the middle of the ridge hy, (b) the
contact angle /3, and (c) the critical position . obtained from numerical solutions
of the system (6.11)—(6.13) and (6.24)—(6.26) plotted on the Cxs—Cgn parameter
plane for K = 1. The dotted and dashed curves correspond to the contours
hm = 3/4, B =3/2, and x. = 0 on which h, = 3/4 and h. = —3/4, respectively.
Regions of the Cxs—Can parameter plane are coloured and labelled as described
in Figure 6.7.
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For example, for any D solution in Figure 6.8(c), upon reducing the magnitude
of either Cyg or Can, the D solution transitions to a Dy or Dp solution and x.
decreases. Continued reductions in the magnitude of either Cyg or Cgy result in
a monotonic decrease in z. from z. = 1 to x, = 0, where a Dy or Dp solution

transitions to the H solution or the P solution, respectively.

Some of the non-monotonic behaviour of h,, and § shown in Figure 6.8(a)
and (b) can be explained by considering how the height of the ridge adjusts
through changes in h, and g to reduce the elastic energy, which is given in
(6.18). Clearly, for Dy and Dp solutions, the contribution to the elastic energy
from the edge region, where § = Ons = Oan, is zero, but the contribution to the
elastic energy in the central region, where s # 6y, is nonzero. For D solutions,
the central region occupies the whole ridge, and close to the contact lines where
h — 0, the contribution to the elastic energy is large. In order to reduce this
large contribution to the elastic energy, h adjusts accordingly. In particular,
hy, decreases and 3 increases, i.e. increasing h close to the contact lines. To
illustrate this clearly, an example D solution is plotted in Figure 6.9(a) for K =1
and Cns = —Cgn = —100. As discussed above, upon reducing the magnitude of
either Cyg or Cqy from Cns = —Cgn, a D solution will transition to a Dy or Dp
solution, and there is an initial increase in h,, and an initial decrease in . This
initial adjustment of h can be explained as h adjusting to increase h,, to reduce
the contribution to the elastic energy in the central region. Because h must obey
the area constraint (6.26), the increase in hy, is associated with a decrease in 3.
To illustrate this clearly, an example Dp solution is plotted in Figure 6.9(b) for
K =1, Cys = —100 and Cgn = 2. As discussed above, after further reducing
the magnitude of either Cg or Can, there is a subsequent decrease in h,, and an
increase in § until h,, = 3/4 and § = 3/2, where a Dy or Dp solution transitions
to the H solution or the P solution, respectively. Explaining these subsequent

adjustments of A in terms of just the elastic energy is not possible. Finally,
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Figure 6.9: Numerical solutions for the height of the ridge h (solid line bounding
the grey region) and the director field n (grey rods) are plotted for K = 1,
with homeotropic anchoring on the gas—nematic interface (a) Con = 100 and
(b) Cen = 2, and with planar anchoring on the nematic—substrate interface
Cns = —100. The height for an isotropic ridge h = hi, = 3(1 — 2?)/4 is also
shown by the thick dashed line.

we note that the values of the anchoring strengths at which the minimum and

maximum values of Ay, and 3 occur must be determined numerically.

6.8 Conclusions

Motivated by the recent interest in situations that involve droplets and ridges of
nematic, we have analysed the behaviour of a pinned static ridge of nematic rest-
ing on an ideal solid substrate in an atmosphere of passive gas. In Section 6.1, we
used the general system of governing equations and boundary conditions derived
in Chapter 5 in the limit of a small aspect ratio e = A/d*> < 1 to obtain the
governing equations for a thin ridge of nematic. When the contact lines of the
ridge are pinned the system is given by (6.11)—(6.13) and (6.24)—(6.26) and in-
volves four unknowns: the director angle on the nematic—substrate interface fys,
the director angle on the gas—nematic interface fgn, the height of the ridge h,
and the Lagrange multiplier py as well as three non-dimensional parameters: the

one-constant elastic constant K, the anchoring strength of the nematic—substrate
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interface Cyg, and anchoring strength of the gas—nematic interface Cqy.

In Section 6.2, we described the uniform director solutions of the system
(6.11)-(6.13) and (6.24)—(6.26), namely the homeotropic H solution and the pla-
nar P solution. In Section 6.3, we described the distorted director solutions
of the system (6.11)-(6.13) and (6.24)-(6.26), namely Dy solutions, which are
distorted in a central region and homeotropic in an edge region, Dp solutions,
which are distorted in a central region and planar in an edge region, and D so-
lutions, which are distorted throughout the ridge. These solutions are obtained
numerically in Section 6.4. Further extensive numerical investigations, which
were discussed in Section 6.5 show that the energetically preferred solutions can
be expressed in terms of the critical thickness h.. In particular, as shown in Fig-
ures 6.6 and 6.7 for antagonistic anchoring, the H, Dy, D, Dp and P solutions
are energetically preferred for h. < —3/4, —3/4 < h. <0, h = 0,0 < h. < 3/4
and h. > 3/4, respectively. For non-antagonistic anchoring, the H solution is
energetically preferred for Cxg + Cgon > 0, and the P solution is energetically
preferred for Cng + Can < 0. In Section 6.7, the behaviour of the height of the
ridge h was investigated numerically. In particular, we found that Dy, Dp, and

D solutions can have a non-monotonic behaviour as a function of Cyg and Cgy.

Rather intriguingly, the results obtained in this chapter may provide two al-
ternative means of measuring the anchoring strength of the gas—nematic interface
Can, which, as mentioned in Section 1.7.3 has rarely been measured. Firstly, ex-
perimental observation of a planar or homeotropic edge region could allow for a
direct measurement of the critical thickness h(z.) = |h¢|, and thus using (6.31)
and experimentally determined values of Cyg and K, Cqyn could be estimated.
This experiment could be repeated for various values € = A/d* < 1 to allow re-
peated measurement of h.. Secondly, experimental measurement of the height at

the middle of the ridge h,,, the contact angle 3, and experimentally determined
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values of Cyg and K, may provide a method to estimate Cqn by using Can as
a fitting parameter between the numerical solutions of the system (6.11)—(6.13)

and (6.24)—(6.26) and the experimental measurements of hy, and £.

In principle, the results described in this chapter can be used to measure
Cgn for any ridge of nematic that is thin and has pinned contact lines. One
of the only examples in the literature for which both Cgy and Cyg have been
measured is for a ridge of the nematic MBBA surrounded by air on a glass
substrate rubbed with paper. For this situation the material parameters can be
approximated using K ~ 6.75 x 1072 N (obtained from an average of the MBBA
splay and bend elastic constants) [201], Cay > 4x107* N m~! [30,197], and Cyg =~
—107"Nm™! [141,197], and hence the dimensional critical thickness is given by
he = K/Oxs + K/Cgn =~ —6.75 x 107 m. Specifically, this means that this
MBBA ridge the H solution is energetically preferred provided h < |h.| ~ 6.75 x
10~*m and a Dy solution is energetically preferred provided h > |h.| ~ 6.75 x
10~*m. Eliminating unwanted distortion within the centre of a nematic ridge may
be particularly useful in some practical applications where distortion within the
centre of a nematic ridge is unwanted, and a uniform homeotropic orientation is
desired, for example, for diffraction gratings [17,23] or perhaps for droplets in the
ODF method. Chapter 3 showed that flow-driven reorientation of the nematic
molecules during squeezing depended on the anchoring case considered within
the droplet. The work presented in this chapter may indicate that controlling the
initial director field within the droplets in the ODF method may be possible by
selecting thin droplets (with H < |h.|) or altering the anchoring of the nematic—
substrate interface. However, the degree to which the present results for a nematic

ridge apply to nematic droplets is still unclear.

Finally, we note that the present analysis shows that the director alignment in

the vicinity of the contact lines is dictated by the interface with the largest mag-
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nitude anchoring strength, and in the special case that the anchoring strength
of the interfaces are equal and opposite, the director adopts an average orien-
tation between planar and homeotropic at the contact lines, i.e. § = 7/4. For
example, for the MBBA ridge mentioned above, for which Cgx > |Cns| > 0, the
present analysis predicts that the director in the vicinity of the contact lines has

homeotropic orientation.
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Chapter 7

The equilibrium states and

transitions of a ridge of nematic

Motivated by the results of Chapter 6, which predicts that anchoring breaking
occurs in the vicinity of the two contact lines for a thin pinned ridge, we now
consider a final application of the governing equations derived in Chapter 5. In
particular, using just the nematic Young equations (5.42) and (5.43) under the
assumption that anchoring breaking occurs in the vicinity of the contact lines,
we determine the regions of parameter space for which the equilibrium state is
that of partial wetting P, complete wetting W or complete dewetting D, and the

parameter curves on which transitions between these equilibrium states occur.

For an isotropic system, described in Section 1.10.1, the classification of
each equilibrium state and the transitions that can occur between them are well
known [48,153] and can be obtained by analytically solving the classical isotropic
Young—Laplace equation and determining the free energy of each equilibrium
state. For a nematic ridge, unlike an isotropic ridge, the free energy of each equi-
librium state cannot be determined analytically; however, by comparison with the

well-known results for the isotropic ridge, the classification of each equilibrium
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state and the transitions that can occur between them are obtained. In particular,
in Sections 7.1 and 7.3, we use the nematic Young equations derived in Chapter
5 to determine the continuous and discontinuous transitions between the equilib-
rium states of complete wetting, partial wetting, and complete dewetting which
can occur. Previously, Rey [182] found that discontinuous transitions between
partial wetting and complete wetting, and between partial wetting and complete
dewetting occur because of weak anchoring forces at the contact lines [182]. How-
ever, without the assumption that anchoring breaking occurs in the vicinity of
the contact lines, an explicit description of these transitions was not possible.
Under this assumption, in Sections 7.1 and 7.3, we find continuous transitions
analogous to those that occur in the classical case of an isotropic liquid, a variety
of discontinuous transitions, contact-angle hysteresis, and regions of parameter
space in which multiple partial wetting states that do not occur in the case of an

isotropic liquid exist.

7.1 The nematic Young equations

Analogously to the isotropic system discussed in Section 1.10.1, for the nematic
ridge, we can determine the regions of parameter space in which the different
equilibrium states exist and the parameter curves at which transitions between
these states occur, from just the nematic Young equations (5.42) and (5.43). At
first sight, determining these regions of parameter space and parameter curves
would appear to involve solving the governing equations for # in the bulk of the
nematic ridge, which would, in turn, involve solving for the ridge height h, the
contact line positions z = d*, and the Lagrange multiplier p,. However, under
the assumption that anchoring breaking occurs in the vicinity of the contact lines,
we can make significant progress with just the nematic Young equations (5.42)

and (5.43).
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7.1.1 The director orientation at the contact lines

At the contact lines the preferred director orientations on the gas—nematic and the
nematic—substrate interfaces are, in general, different. Even when the anchoring
is non-antagonistic (i.e. either planar or homeotropic anchoring preferred on both
interfaces), since the preferred director orientation of both interfaces is measured
relative to that interface, and the two interfaces meet at the non-zero contact
angles %, the orientations are, in general, not the same. Hence the director
cannot, in general, align with the preferred orientations of both interfaces. There
are three potential remedies for this: (i) the contact angles are such that the
preferred orientations on both interfaces coincide exactly; (ii) there may be defects
(disclination lines in this two-dimensional case) at one or both of the contact lines;
(iii) the weak anchoring on both interfaces allows anchoring breaking to occur in
the vicinity of the contact lines and the director(s) on one or both of the interfaces
deviates from the preferred alignment(s) and attains the same orientation on both

interfaces.

7.1.1.1 Case (i): The preferred director orientations coincide

Case (i) is a very special case in which the contact angles are such that the
preferred director orientations on the two interfaces coincide exactly at the contact
lines. When the preferred orientations on the two interfaces are antagonistic, the
contact angles must be exactly 3% = 7/2 to allow the director to be tangent
to one interface and perpendicular to the other. In particular, if Cys < 0 and
Caon > 0 then § = 0 and 8* = 7/2, and if Cxg > 0 and Cgy < 0 then 6 = 7/2
and 3% = /2. In both of these situations, the nematic Young equations (5.42)
and (5.43) both reduce to ogs—ons = —|Cns|/4. When the preferred orientations
on the two interfaces are non-antagonistic, the contact angles must be exactly

% = 0 to allow the director to be tangent or perpendicular to both interfaces.
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In particular, for planar anchoring on both interfaces § = 0 and 8* = 0, and for
homeotropic anchoring on both interfaces § = 7/2 and 5% = 0, and the nematic
Young equations (5.42) and (5.43) reduce to ogs—ons—oan = —(|Cns|+|Can|) /4.
Since this special case is highly unlikely to occur in practice, we do not consider

this case any further.

7.1.1.2 Case (ii): Disinclination lines at one or both of the contact

lines

As discussed in Section 1.10.2, Rey [183] considered the occurrence of a disclina-
tion line at a contact line with infinite planar anchoring on the gas—nematic and
nematic—substrate interfaces. Since infinitely-strong anchoring cannot be broken,
the director must adopt a splayed configuration (for a full account of splayed
director configurations, see Stewart [201]) in the vicinity of the contact line, with
a disinclination line located at the contact line [183]. Even for finite anchoring
strengths there is still the possibility of disinclination lines forming at one or both
of the contact lines; however, in the remainder of this chapter, we assume that
the energy associated with anchoring breaking is lower than the energy associ-
ated with the formation of a disclination line, and so do not consider this case

any further.

7.1.1.3 Case (iii): Anchoring breaking in the vicinity of the contact

lines

Having ruled out cases (i) and (ii), we are left with case (iii). In this case the weak
anchoring on the interfaces allows anchoring breaking to occur in the vicinity of
the contact lines so that the director(s) on one or both of the interfaces deviates
from the preferred alignment(s) and attains the same orientation on the two

interfaces. In Chapter 5, we found that for a thin pinned ridge, because the
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height of the ridge is, by definition, zero at the contact lines, but may exceed the
critical thickness elsewhere, the energetically preferred director in the vicinity of
the contact line is dictated by the interface with the largest anchoring strength.
For an unpinned and non-thin nematic ridge, we also expect that, close to the
contact lines, where the ridge height approaches zero and hence the separation
between the nematic—substrate and gas—nematic interfaces is always less than
the critical thickness, anchoring breaking occurs and the director is dictated by
the interface with the largest anchoring strength. Specifically, if the nematic—
substrate interface has the stronger anchoring (i.e. if |Cns| > |Can|) then the
director at the contact lines aligns parallel to the nematic—substrate interface
with # = 0 at x = d* in the case of planar anchoring corresponding to Cxg < 0
or perpendicular to the nematic-substrate interface with § = 7/2 at 2 = d* in
the case of homeotropic anchoring corresponding to Cns > 0; we call both of
these scenarios “nematic—substrate (NS) dominant anchoring”. Correspondingly,
if the gas—nematic interface has the stronger anchoring (i.e. if |Con| > |Chsl)
then the director at the contact lines aligns parallel to the gas—nematic interface
with § = 5% at = d* in the case of planar anchoring corresponding to Coy < 0
or perpendicular to the gas—nematic interface with § = % +7/2 at x = d* in the
case of homeotropic anchoring corresponding to Cgny > 0; we call both of these

situations “gas—nematic (GN) dominant anchoring”.

There are two special situations in which anchoring breaking cannot occur
as described above because the interfaces have either equal anchoring strengths
(Cxs = Can) or equal and opposite anchoring strengths (Cxs = —Cgy), which
is considered for a thin pinned ridge in Appendix D. In both of these situations,
anchoring breaking occurs on both interfaces and the director orientation adopts
the average of the preferred orientations [183]. A local energy minimisation in
the vicinity of the contact lines, ignoring the contribution of the bulk energy

(corresponding to d(wan + wns)/90 = 0 at z = d*) is used to obtain the director
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angle. In particular, when the anchoring strengths of the interfaces are equal
and planar anchoring is preferred, the director angles are § = /2 at x = d+,
in agreement with Rey [183], and when the anchoring strengths of the interfaces
are equal and homeotropic anchoring is preferred, the director angles are 6 =
BE/2+ /2 at © = d*. When the anchoring strengths of the interfaces are equal
and opposite, the director angles are § = 3%/2 + 7/4 or § = p%/2 — w/4 at
x = d*. This result is in agreement with that obtained for a thin pinned ridge in

Appendix D.

Since for an ideal substrate the material properties are the same at the contact
lines, anchoring breaking must occur in the same way in the vicinity of the contact
lines, and hence the director angles at the two contact lines must be the same.
However, as we will show below, in some situations the nematic Young equations
(5.42) and (5.43) allow for more than one possible contact angles for the same
parameter values, and so 3% do not, in general, have to be the same and so
the ridge can be asymmetric. Moreover, the contact angles 5% will necessarily
be different if the substrate is non-ideal and the material properties at the two
contact lines are different (for example, if the substrate was manufactured so
that the values of Cyg at © = d* were different, or if gradients in the temperature
of the gas or adsorption of a surfactant from the gas lead to different values of
Can at @ = d* [144]). Without loss of generality, we consider only the left-hand
contact line, which is described by the nematic Young equation (5.42), and write
B~ = [ for simplicity. The corresponding results for the right-hand contact line

can be obtained in the same way.
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7.2 Nematic spreading parameters

For NS-dominant anchoring (for which either # = 0 or § = 7/2) the nematic

Young equation (5.42) reduces to a cubic equation for cos 3, namely either

ogs — (UNS + iCNs) — (OGN + iC’GN) cos 3 = —%C’GN cos 3 (coszﬁ — 1) (7.1)
when 6 =0 or

oas — (O‘NS — %ONS) — (O’GN — %C’GN) cos 3 = %C’GN cos 3 (COS2 8 — 1) (7.2)

when 6 = /2. On the other hand, for GN-dominant anchoring (for which either
0 = [ or 0 = [+ m/2) the nematic Young equation (5.42) reduces to a quadratic

equation for cos 3, namely either

oas — (ons + $Cns) — (06n + 3Can) cos 8 = $Cns (cos” B — 1) (7.3)
when 6 = 3 or

oas — (O’NS — iCNs) — (UGN — iCGN) cos 3 = —%CNS (COSQB - 1) (7.4)

when 0§ = § + m/2. Equations (7.1)-(7.4) may each be written in terms of just

two parameters as follows. Specifically, (7.1) and (7.2) may be written as
S+ 1—cosf=—Agncosf(cos®f—1), (7.5)
while (7.3) and (7.4) may be written as

Sx+1—cosf = Ays (cos? 8—1), (7.6)
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where Sy, Ans and Agy are defined by

_ 4ogs — (4ons — |Onsl)

Sy = -1, 7.7
N doan — |Conl (7.7)
2Cs
Ang = ——— i, 7.8
N7 doen — |Can| (7.8)
2C
Acn o (7.9)

~ dogn — |Canl’

respectively. Note that while the nematic spreading parameter Sy is the appro-
priate generalisation of the isotropic spreading parameter S; defined in (1.40),
the scaled anchoring coefficients Ang and Agy have no isotropic counterparts.
We also note that when Axg = Agn = 0 (i.e. when Cgn = Cns = 0) then
Sy = St = (0gs —ons)/ogn — 1, and the nematic Young equations (7.5) and (7.6)

both reduce to the classical isotropic Young equation (1.39).

The right-hand sides of the nematic Young equations (7.5) and (7.6) each
involve only one parameter, namely the scaled anchoring coefficients Ang and
Agn, respectively. At first sight, it may seem counter-intuitive that Ang ap-
pears in the case of GN-dominant anchoring and Agy appears in the case of
NS-dominant anchoring. However, for GN-dominant anchoring the director is
aligned with the preferred director orientation of the gas—nematic interface, and
so the corresponding anchoring energy, and therefore the couple on the director,
is zero. The non-zero contribution to the anchoring energy therefore derives from
the breaking of the nematic—substrate interface anchoring. The corresponding
explanation applies to the NS-dominant case. The right-hand sides of equations
(7.5) and (7.6) may therefore be interpreted physically as the contribution to the
balance of stress at the contact line associated with the breaking of the anchoring

on the interface with the weaker anchoring.

Figure 7.1 shows surface plots of the contact angle § given by (7.5) and (7.6)

as a function of Sy and Agy for NS-dominant anchoring and as a function of
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Sy and Ayg for GN-dominant anchoring. In particular, Figure 7.1 shows there
are parameter curves in both scenarios for which the number of solutions for
change. On these parameter curves the contact angle is multi-valued and therefore

a variety of continuous and discontinuous transitions can occur.

7.3 The equilibrium states and transitions of a

nematic ridge

With the director angle determined by anchoring breaking in the vicinity of the
contact lines we can now obtain the equilibrium states and transitions of a nematic
ridge from the nematic Young equations (7.5) and (7.6). Specifically, we consider
solutions for the contact angle 8 to the nematic Young equations (7.5) and (7.6).
As (7.5) and (7.6) are cubic and quadratic equations for cos /3, respectively, they
can have between zero and three real solutions for 5 and between zero and two
real solutions for [, respectively. Each of these solutions for S corresponds to
a different partial wetting state, and therefore, unlike for the isotropic system
described in Section 1.10.1, a nematic ridge can have multiple partial wetting

states.

Following the same approach as for the isotropic system in Section 1.10.1, the
Sy and Ayg (for GN-dominant anchoring) or the Sy and Agn (for NS-dominant
anchoring) values at which there is a change in the number of possible equilibrium
states are transition points. Specifically, a transition occurs when an increase or
decrease in Sy, Ans or Agy leads to an prior equilibrium state no longer existing
or a new equilibrium state coming into existence. In an analogous manner to the
isotropic case, at Sy = —2 and Sy = 0 the number of equilibrium states changes,
which leads to transitions to a new equilibrium state as Sy increases or decreases

through Sy = —2 and Sy = 0. However, unlike in the isotropic case in which only
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Figure 7.1: Surface plots of the contact angle § for (a) the NS-dominant anchoring
Young equation (7.5) as a function of Sy and Agy, and (b) the GN-dominant
anchoring Young equation (7.6) as a function of Sy and Ayg. The parameter
curves of Sy and Agy or of Sy and Ayg for which the number of solutions for 3
change are indicated on the planes § = 0 and § = 7. In particular, Sy = 0 and
Sx = —2 are shown by solid lines and Sy = —1 £ 1/4(1 + Agn)?/(27Acn) and
Sy = —1 — Ans — 1/(4Ans) are shown by dashed lines.
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continuous transitions occur, in the nematic case discontinuous transitions can
also occur, i.e. the contact angle can change discontinuously. Previously, Rey [182]
found that discontinuous transitions between the partial wetting and complete
wetting states, and between the partial wetting and complete dewetting states
are possible (his equation (19) and (20), respectively) [182]. However, without
making the additional assumption that anchoring breaking occurs in the vicinity
of the contact lines, he was not able to obtain and explicit description of these

transitions.

In both NS- and GN-dominant anchoring, the nature of the different tran-
sitions, the contact angle transitions, and the transition points can be obtained
from just the nematic Young equations (7.5) and (7.6). In NS-dominant anchor-
ing the transition behaviour depends on whether Agny < —4, —4 < Agn < —1,
—1 < Agn < 1/2; or Agn > 1/2, whereas in GN-dominant anchoring the tran-
sition behaviour depends on whether Ang < —1/2, —1/2 < Ayg < 1/2, or
Ans > 1/2. Figures 7.2 and 7.3 show sketches of the solutions for the contact
angle (§ as a function of the nematic spreading parameter Sy for these four ranges
of Agn for NS-dominant anchoring and for these three ranges of Ang for GN-
dominant anchoring, respectively. In Figures 7.2 and 7.3 and what follows, a
rightward arrow (=) denotes a discontinuous transition for increasing Sy, and a
leftward arrow (<=) denotes a discontinuous transition for decreasing Sy. Thus,
for example, a discontinuous transition from complete wetting to partial wetting
for increasing Sy is denoted by W = P, and a discontinuous transition from
partial wetting to complete wetting for decreasing Sy is denoted by W < P. In
addition, we denote the transition in the contact angle that is associated with
a discontinuous transition using the same notation, so that, for example, the
contact angle transition for a W = P transition, for which the contact angle
transitions discontinuously from g = 0 to g = 3*, is denoted by 0 = 3*. We also

remind the reader of the notation introduced in Section 1.10.1. In particular, a
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Figure 7.2: Sketches of the solutions for the contact angle g as a function of the
nematic spreading parameter Sy for NS-dominant anchoring according to (7.5)
for the four ranges of Agn: (a) Agy < —4, (b) =4 < Agn < —1, (¢) =1 <
Agn <1/2, and (d) Agn > 1/2. The transition points are labelled and shown by
stars (k) for a continuous transition and by solid points (e) for a discontinuous
transition, where S1 = \/4(1 + AGN)g/(27AGN)7 b1 = \/(1 + AGN)/(:SAGN) and
by = —1/2 + /Aaen(Acn +4)/(2A6x). The direction of the arrows shows the
direction of each discontinuous transition and the associated jump in 5. The solid
black lines denote the hypothesised local minimum energy states and the dashed
grey lines denote the hypothesised local maximum energy states.
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Figure 7.3: Sketches of the solutions for the contact angle 3 as a function of
the nematic spreading parameter Sy for GN-dominant anchoring according to
(7.6) for the three ranges of Ans: (a) Anxs < —1/2, (b) —1/2 < Ayxs < 1/2,
and (c) Ans > 1/2. The transition points are labelled and shown by stars (k)
for a continuous transition and by solid points (e) for a discontinuous transition,
where S1 = \/4(1 + AGN>3/(27AGN)7 b1 = \/(1 + AGN)/(?)AGN) and bg = —1/2+
VAen(Acn +4)/(2Agx). The direction of the arrows shows the direction of
each discontinuous transition and the associated jump in 5. The solid black lines
denote the hypothesised local minimum energy states and the dashed grey lines
denote the hypothesised local maximum energy states.
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continuous transition between two equilibrium states for both increasing and de-
creasing Sy is denoted with a double arrow (<). Summaries of all of the possible
transitions shown in Figures 7.2 and 7.3 are given in Tables 7.1 and 7.2 for NS-

and GN-dominant anchoring, respectively.

Although for a nematic ridge, unlike an isotropic ridge, the free energy of
each equilibrium state cannot be determined analytically and therefore we cannot
determine the energy of the equilibrium states, we can hypothesise the local
minimum energy states for the nematic ridge by comparison with the isotropic
system described in Section 1.10.1. In particular, the complete dewetting state
is a local minimum energy state for Sy < —2, and a local maximum energy
state for Sy > —2. Similarly, the complete wetting state is a local minimum
energy state for Sy > 0, and a local maximum energy state for Sy < 0. We also
expect that there will always be at least one local minimum energy state, and so
for —2 < Sy < 0, for which complete wetting and complete dewetting are local
maximum energy states, the local minimum energy state is one of partial wetting.
The local minimum and maximum energy states are shown in Figures 7.2 and 7.3
by black solid lines and grey dashed lines, respectively. In the absence of a full
dynamical theory, we also hypothesise that the continuous and discontinuous
transitions shown in Figures 7.2 and 7.3 each correspond to classical pitchfork
or fold bifurcations [87]. In particular, the transitions at Sy = —2 and Sy = 0
are pitchfork bifurcations which, where a change in Sy, Agn, or Ays leads to a
local minimum energy state becoming a local maximum energy state, forcing the
system to transition continuously (through a super-critical pitchfork bifurcation)
or discontinuously (through a sub-critical pitchfork bifurcation) to a new local
minimum energy state. Furthermore, the discontinuous transitions at Sy = —1+

s1 and Sy = S9, where s = \/4(1+AGN)3/(27AGN) and s, = —1 — Ang —

1/(2Ans), are associated with fold bifurcations, where a change in Sy, Agy, or

Ans leads to a local minimum energy state combining with a local maximum
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Range Sy value Nature of Contact angle
of Agn at transition transition transition
—1—s1(<-2) D<P T < cos” by
-2 DeP Continuous (8 =7
Acx < —4 (6 = m)
0 PeW Continuous (8 = 0)
(0<) —1+s P=W T—cost b =0
-2 DeP Continuous (f = )
4 < Aen < -1 (—2<) —1—s51(< —1) P<P T —cos™ 2b; < cosT by
(—1<) =145 (<0) P=P 7 —cos ™l by = cos™! 2,
0 PeW Continuous (8 = 0)
-2 DeP Continuous (8 = )
1< Agn < 1/2
0 PeW Continuous (8 = 0)
—1—s1(<=2) D<P T<7m—cos
-2 D=P =7 —cos b
Acn > 1/2 T =7 —cos by
0 P<=W cos tby <=0
(0<) —1+s P=W cos™tby = 0

Table 7.1: Summary of the transitions for NS-dominant anchoring obtained from
(7.5). The four ranges of values of Agy, the Sy value at which transitions occur,

where s; = \/4(1 + Agn)?/(27Acn), the nature of the different transitions and
the contact angle transitions, where b; = /(1 + Agn)/(3A¢n) and by = —1/2 +
\/AGN(AGN + 4)/(2AGN>7 are shown.
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Range Sy value Nature of Contact angle

of Aan at transition | transition transition

-2 DeP Continuous (8 = )
Ans < —1/2 0 P<W | cos™t(=1+2b3)<0

(0 <) s9 P=W cos t by = 0
-2 DeP Continuous (8 = )

—1/2 < Ang < 1/2

0 P W Continuous (8 = 0)

59 (< —2) D<P T <= cos ! by
Ans > 1/2 —2 D=P 7 = cos ! (14 2b3)
0 P W Continuous (8 = 0)

Table 7.2: Summary of the transitions for GN-dominant anchoring obtained from
(7.6). The three ranges of values of Agy, the Sy value at which transitions occur,
where so = —1 — Ang — 1/(4Ans), the nature of the different transitions and the
contact angle transitions, where b3 = —1/(2Ayg), are shown.
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energy state, forcing the system to transition discontinuously to an alternative

local minimum energy state.

Figure 7.2(a) and (b) and Figure 7.3(a) and (c) also show that there are ranges
of Sy values for which there are two local minimum energy states (shown by solid
black lines). Perhaps most interestingly, we see from Figure 7.2(a) that when
—2 < Sy < 0 and from Figure 7.2(b) that when —1 — 51 < Sy < —2 there are
two local minimum energy partial wetting states. This implies that the effects
of anchoring breaking in the vicinity of the contact lines can give rise to the
possibility of two local minimum energy partial wetting states, a situation that

does not occur in the analogous isotropic case.

7.3.1 Behaviour for large scaled anchoring coefficients

From the results summarised in Tables 7.1 and 7.2 the asymptotic behaviour of
the transitions in the limits of large scaled anchoring coefficients Agny — F00
and Anxs — oo may be determined. For example, for NS-dominant anchoring,
as Agn — oo the contact angle transition for the P <= W transition approaches
/2 < 0 and the contact angle transition for the D = P transition approaches
7w = 7/2. Perhaps most interestingly, this limiting behaviour shows that for GN-
dominant anchoring, in the limit Axg — oo the contact angle transition for the
D = P transition approaches m = 0, i.e. a discontinuous transition from complete
dewetting directly to complete wetting, which bypasses the partial wetting state.
Similarly, in the limit Axg — —oco the contact angle transition for the P < W
transition approaches 7 < 0, i.e. a discontinuous transition from complete wetting

directly to complete dewetting.
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7.3.2 Contact-angle hysteresis

The discontinuous transitions shown in Figure 7.2(a), (b), and (d) and Fig-
ure 7.3(a) and (c) show that the behaviour of the contact angle is hysteretic.
This nematic contact-angle hysteresis, which occurs for an ideal substrate, is fun-
damentally different from the well-known phenomenon of isotropic contact-angle
hysteresis which only occurs for a non-ideal substrate. However, we note that
when —1 < Agy < 1/2 for NS-dominant anchoring, as shown in Figure 7.2(c),
and when —1/2 < Ayng < 1/2 for GN-dominant anchoring, as shown in Fig-
ure 7.3(b), the behaviour is similar to the isotropic case and no contact-angle

hysteresis occurs.

7.4 Conclusion

Motivated by the results of Chapter 6, which predicts that anchoring breaking oc-
curs in the vicinity of the two contact lines for a thin pinned ridge, after discussing
the nematic Young equations (5.42) and (5.43) in Section 7.1, in Section 7.3, un-
der the assumption that anchoring breaking occurs in the vicinity of the contact
lines, we used the nematic Young equations (5.42) and (5.43) to determine re-
gions of parameter space for which the equilibrium state is one of partial wetting,
complete wetting or complete dewetting, and the parameter curves at which tran-
sitions between these equilibrium states occur. In particular, it was shown that
the nematic Young equations in the case of NS-dominant anchoring and GN-
dominant anchoring, which are given by (7.5) and (7.6), can each be written in
terms of two parameters, namely the nematic spreading parameter Sy, and the
scaled anchoring coefficients Agy and Ayns. In both situations, we found con-
tinuous transitions, which correspond to those that occur in the isotropic case, a

variety of discontinuous transitions, contact-angle hysteresis, and multiple partial
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wetting states that do not occur in the case of an isotropic liquid exist. Sum-
maries of all the transitions for GN-dominant and NS-dominant anchoring are

sketched in Figures 7.2 and 7.3 and shown in Tables 7.1 and 7.2, respectively.

For simplicity we considered only the left-hand contact line, which is described
by the nematic Young equation (5.42). Corresponding results are obtained for the
right-hand contact line to those detailed in Section 7.3, which also allow for more
than one possible contact angle value for the same parameter values, and so 3%
do not, in general, have to be the same and the ridge can be asymmetric. This is
in agreement with observations by Vanzo et al. [210], who found that anisotropic
effects can lead to varying contact angle values around elongated sessile nematic

droplets.

The anisotropic wetting and dewetting phenomena predicted are interesting
from a technological perspective. For instance, many authors have investigated
tailored dewetting of liquid films to produce patterned films [21,82,237] in ap-
plications that involve the structured deposition of a material, e.g. to create
a diffraction grating [17,23]. The variety of possible transitions between two-
dimensional equilibrium states will have similar forms in three dimensions, which

may be relevant to the ODF method and adaptive-lens technologies [3,112].

Concerning potential future comparisons with the results of physical experi-
ments of the situation considered in this chapter, we have shown that discontin-
uous transitions and contact-angle hysteresis will occur if the parameters are
such that Agny > 1/2 or Agn < —1, or |Axs| > 1/2. Inspection of (7.8)
and (7.9) shows that this is certainly the case when ogny ~ Cgn. For stan-
dard low-molecular-mass nematics, for which the isotropic interfacial tension is
typically larger than the anchoring strength [197], this may be difficult to achieve.
For example, for the typical parameter values stated in Section 1.7.3, |Agn| < 1

and |Axs| < 1, and so the present analysis indicates that, in general, the clas-
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sical isotropic Young equations (1.39) are a good approximation for the nematic
Young equations (5.42) and (5.43). However, for high-molecular-mass nematics,
e.g. nematic polymers, or particularly strong anchoring, the anchoring strengths
would be considerably higher, and the transitions could potentially be observed
experimentally. For example, the use of polymeric compounds to produce tai-
lored anchoring [207] produces a strong preference for polymers to align at inter-
faces [133,232] and may result in large anchoring strengths, which could lead to
|Agn| = O(1) and |Ans| = O(1) and hence the transitions predicted could po-
tentially be observed. Alternatively, the situation in which the surrounding fluid
is the isotropic melt of the nematic could lower the isotropic interfacial tension
ogn. In this situation, the isotropic interfacial tension for the isotropic—nematic
interface oy would be much smaller than the gas—nematic interfacial tension ogn
and may become comparable with the anchoring strength Cqn. For instance, oy
was measured for the nematic MBBA as ojy = 107> Nm™' [123], which is three
orders of magnitude smaller than typical isotropic interfacial tension for a gas—
nematic interface ogy [61]. Such a situation could be realised experimentally by
using controlled heating and cooling of regions of a substrate coated in a nematic

film [60, 207].

The range of anisotropic wetting and dewetting phenomena occurring in this
nematic system allows the control of nematic ridges beyond that which is possi-
ble for isotropic ridges. Further theoretical investigations, particularly into the
dynamics of transitions, and experimental realisations of this model, would be

beneficial to explore the possible applications of these results.
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Chapter 8

Conclusions and further work

8.1 Conclusions

This thesis has considered the mathematical modelling and analysis of the widely
used ODF method for the industrial manufacturing of liquid crystal displays.
Firstly, in Chapters 2 to 4, we considered three problems relating to the fluid
dynamics of nematics in the ODF method. Secondly, in Chapters 5 to 7 we con-
sidered we considered a static ridge of nematic resting on an ideal solid substrate
surrounded by passive fluid, which gives insight into the initial stage of the ODF
method and more general situations involving nematic free surfaces and three-
phase contact lines. The main results and key conclusions of each chapter are

detailed below.

In the first half of Chapter 2 (Sections 2.1 to 2.2), we considered a simple
model for the squeezed coalescence of several nematic droplets as occurs in the
ODF method. Although this simple model neglects many effects, including sur-
face tension, elasticity, anchoring, and contact line dynamics, we found that the

radial boundary speed of droplets predicted by this simple model shows a strik-
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ing qualitative similarity to ODF mura, which is often observed in the ODF
method [36,125,167]. Using the results of this model, we suggested methods to
reduce the radial boundary speed of the droplets, including dispensing the ne-
matic into a higher number of low volume droplets and reducing the downward
speed of the top substrate, which could potentially reduce the formation of ODF
mura. In the second half of Chapter 2 (Sections 2.3 to 2.4), we considered two
limiting regimes of Ericksen—Leslie theory, namely the flow dominated-regime
and the elasticity-dominated regime, which allow us to make qualitative compar-
isons between experimental photographs of a two-droplet ODF test setup (shown
in Figure 1.9) and numerical calculations of the transmission of light in these
regimes. We found striking qualitative agreement between these experimental
photographs and the flow dominated regime, suggesting that flow effects could

play an essential role in forming ODF mura.

In Chapter 3, motivated by the need for a better fundamental understanding
of director reorientation due to the flow of nematic during the ODF method, we
formulated and analysed a squeeze-film model for the ODF method. Specifically,
we considered a nematic squeeze film in the asymptotic regime in which the drop
is thin, inertial effects are weak, and elasticity effects are strong for four cases of
infinite anchoring at the downward moving top substrate and the stationary bot-
tom substrate, and for two different scenarios for the motion of the top substrate
(namely, prescribed speed and prescribed force). We obtained asymptotic solu-
tions for the director orientation, radial flow, vertical flow, shear stress, couple
stress, and force on the top substrate, which help to improve our understanding

of the ODF method.

In Chapter 4, we formulated and analysed a model for pressure-driven channel
flow of nematic using a dissipative weak anchoring condition on the substrates

to investigate the transient flow-driven distortion of the nematic molecules on
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the substrates from their required orientation in the ODF method. We obtained
quasi-steady asymptotic solutions for the director angle and the velocity in the
limit of small Leslie angle and found that solutions depend on two key non-
dimensional parameters, namely the Ericksen number and an anchoring strength
parameter. Our findings indicate that there is sufficient time for transient flow-
driven distortion of the nematic director on the substrates from their required

orientation to occur, which could potentially lead to the formation of ODF mura.

In Chapter 5, we derived the governing equations for a static ridge of nematic
resting on an ideal solid substrate surrounded by passive fluid. We derived the
governing equations using the constrained energy minimisation of the free energy
of the nematic ridge, which consists of energy contributions from the bulk of the
nematic, which depend on the Oseen—Frank bulk elastic energy density, and from
the nematic—solid and gas—nematic interfaces, which each depend on the Rapini—
Papoular surface energy density. The governing equations include nematic Young

equations, which describe the behaviour of the nematic three-phase contact lines.

The governing equations derived in Chapter 5 were applied to two related
problems involving a ridge of a nematic in Chapters 6 and 7. In Chapter 6, we
obtained an anchoring-strength parameter plane in terms of the nematic—solid and
gas—nematic anchoring strengths, which summarises the energetically preferred
solutions for the situation in which the ridge is thin and has pinned contact lines.
In particular, we found that the energetically preferred solutions can be related
to the Jenkins—Barratt—Barbero—Barberi critical thickness [9,102]. The analysis
presented in Chapter 6 predicts that in the vicinity of each nematic three-phase
contact line, anchoring breaking occurs, and the interface with the strongest
anchoring determines the director orientation. In Chapter 7, motivated by the
results in Chapter 6, we considered analysis of the nematic Young equations under

the assumption that anchoring breaking occurs in the vicinity of each contact line.
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In particular, we analysed continuous and discontinuous transitions between the
equilibrium states of complete wetting, partial wetting, and complete dewetting
that occur. We found continuous transitions analogous to those that occur in the
classical well-studied case of an isotropic liquid, and a variety of discontinuous
transitions, contact-angle hysteresis, and regions of parameter space in which
multiple partial wetting states exist that do not occur in the case of an isotropic

liquid.

8.2 Further work

The work presented in this thesis could be extended in several directions. In
general, throughout this thesis, we have used continuum models for nematics
which only consider the average orientation of the nematic molecules and neglect
variations in the orientational order of the nematic. In Chapters 2 to 4, various
approximations of Ericksen—Leslie theory were used to examine aspects of the
fluid dynamics of the ODF method and in Chapters 5 to 7, we used the Oseen—
Frank bulk elastic energy density, which all neglect variations in the nematic
orientational order. Future work should undoubtedly consider how nematic ori-
entational order evolves in the ODF method, for example, using Berris—-Edwards
theory [13], and how defects can occur in nematic ridges, for example, using

Q-tensor theory [152].

The simple model considered in Chapter 2 could be extended and improved in
several ways. In particular, the model for the evolution of the droplet boundary
only considers the conservation of volume, and so many effects could be included
in future studies, including anchoring, surface tension, and elasticity. We also
considered two limiting regimes of Ericksen—Leslie theory, and therefore an obvi-

ous extension of this work would be to consider the full Ericksen—Leslie theory
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within the squeezed coalescing droplets, which would likely require a numerical

approach.

The asymptotic solutions obtained in Chapter 3 neglect many physical effects,
which may be important in the ODF method. For example, the values shown
in Table 3.1 indicate that the Ericksen number is typically large in the ODF
method, and an asymptotic solution in the limit of a large Ericksen number may
be more appropriate. However, we note that seeking a solution in the limit of
a large Ericksen number leads to a non-linear boundary layer problem that will
probably need to be solved numerically. An extension of the squeeze film problem
undertaken in Chapter 3 should therefore consider numerical solutions to the full
Ericksen—Leslie equations to account for a full range of Ericksen numbers. We
also note that for the planar anchoring case considered in Chapter 3, it would
be relatively straightforward to use the asymptotic approach used in Chapter 4
for the squeeze film problem, in which we assumed that the ratio of viscosities
€ is small and obtained the large Ericksen number behaviour asymptotically.
However, we note that this approach would not be relevant to the other anchoring
conditions considered in Chapter 3 where flow alignment towards the (typically
small) Leslie angle would require rotations of the director angle that are not
asymptotically small, and therefore would be invalid for the asymptotic approach

used in Chapter 4.

In Chapter 4, we used a dissipative weak anchoring condition to examine
flow-driven distortion of the nematic director on the substrates to give insights
into the ODF method and the formation of ODF mura. Although this approach
describes how the nematic director on the substrates may respond to flow, it
does not include a model of elastic or inelastic deformation to the alignment layer
caused by the flow. In future work, a model that allows for the preferred director

orientation of the substrate to change due to high flow rates may be more realistic

247



in considering flow-driven distortion of nematic and alignment layer molecules.
We also note that the results of Chapter 4 are relevant for devices with planar
anchoring, such as IPS devices, and are not directly relevant to devices with
homeotropic anchoring, such as VAN devices, or to devices in which the director
does not remain in-plane, such as TN or STN devices. In the future, dissipative
homeotropic weak anchoring could be considered to give insight into VAN devices
where flow alignment towards the (typically small) Leslie angle involves a much
larger rotation of the director than that described in Chapter 4, and so we suspect
that such devices are even more susceptible to flow-driven misalignment of the
director on the substrates during filling than those studied in Chapter 4. We
note that the approach used in Chapter 4 would have to be adapted considerably
to handle dissipative homeotropic weak anchoring as the asymptotic expansions,
which assume the director angle is small, would no longer be valid, and perhaps

a numerical approach would be required.

The governing equations derived in Chapter 5 for a static ridge of nematic
provide the basis for several relatively straightforward extensions. In particu-
lar, the approach could easily be adapted to include electromagnetic forces, a
non-uniform substrate, including prescribed surface grooves or varied substrate
anchoring behaviour, or more detailed models for the nematic order, such as
Q-tensor theory [152]. We note that the governing equations were derived on
the assumption that the director remains in-plane, which could undoubtedly be
relaxed in future studies to allow director alignment in three dimensions, such
as twist deformations [201]. Finally, we note that the more common situation
of a nematic droplet, rather than a two-dimensional ridge, could be considered
using the same energy minimisation framework and is certainly worthy of future

research.

In Chapters 6 and 7, we considered two applications of the governing equations
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derived in Chapter 5. The thin-film limit considered in Chapter 6 decouples the
slope of the gas—nematic interface and the gas—nematic interface anchoring terms
in the governing equations, and so, the director angle on the interface behaves
as if it were locally flat. In future work, the thin-film limit should be relaxed so
that the behaviour of the free surface anchoring can account for the variation of
the free surface slope; however, we note that a numerical approach will probably
then be required. Another valuable direction for future work would be to include
the effects of electric fields to study how the application of electric fields may be
used to control the equilibrium states of partial wetting, complete wetting and
complete dewetting. The results obtained in Chapter 7 could also be extended to
consider the dynamics of wetting or dewetting, which may help with comparisons
to equivalent experimental investigations, and would be an exciting area of future
study. However, it may then be necessary to allow for flow within the ridge
and include a model of contact line movement, which would require significant

adaptions of the governing equations derived in Chapter 5.

Perhaps the most obvious direction for future work on ridges of nematic would
be to use the approach presented in Chapter 6 to consider a thin unpinned nematic
ridge. The key difference between this future consideration and Chapter 6 would
be that the semi-width d would now be unknown, and the Young equations (5.42)
and (5.43) would be required to complete the governing equations. Preliminary
results for this situation indicate that the solutions obtained in Chapter 6 for a
thin pinned ridge are relevant for a thin unpinned ridge. In particular, the uniform
homeotropic and planar solutions (i.e. the H and P solutions), distorted solutions
(i.e. Dy, Dp, and D solutions), and an additional solution for which the nematic
completely wets the substrate (denoted the wetting W solution) are obtained.
Similarly to Figure 8.1 in Chapter 6, the energetically preferred solutions for a
thin unpinned ridge of nematic can be presented in a Cxs—Cqn parameter plane,

as shown in Figure 8.1. Whilst the behaviour of the director in this unpinned
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Figure 8.1: The Cns—Cgn parameter plane for K = 1 for a thin unpinned ridge
of nematic. Regions of the parameter plane where the H solution (shown in dark
red), the P solution (shown in dark blue), Dp solutions (shown in light blue),
Dy solutions (shown in light red) and the W solution are energetically preferred
are labelled. D solutions are energetically preferred along the solid black line
corresponding to h. = 0, the black dashed line corresponds to h. = —3/4, the
black dotted line corresponds to h. = 3/4.
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system is similar to the pinned ridge, initial numerical results indicate that the

behaviour of the height of the ridge can be significantly different.

In summary, the work undertaken in this thesis has gone a long way to analyse
problems relating to LCD manufacturing and systems with a nematic free surface
and three-phase contact line, but there are still many interesting aspects which

future work should seek to uncover.
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Appendix A

Derivation of the governing
equations for a static ridge of
nematic when the ridge height h

1s a double-valued function of z«.

In this Appendix the derivation of the governing equations for a nematic ridge
when h is a double-valued function of z is presented. For simplicity of the ex-
pressions derived in this Appendix, we take the one-constant approximation and
neglect gravitational effects. This derivation involves splitting the gas-nematic
interface into three parts in each of which h is a single-valued function of z. In
particular, we divide the gas-nematic interface into three single-valued functions

of z, namely the lower left (“L”), upper (“U”), and lower right (“R”) components
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gas (G)

VUGN

nematic (N)
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z z=0

e
=1L r=d substrate (S) ¢VNS x=d" z=L"

Figure A.1: A schematic of a static ridge of nematic when h is a double-valued
function of z. The Cartesian coordinates x, y and z (where the y-direction is into
the page), the points x = a® and x = a~, the components of the gas-nematic
interface hy(z), hy(z) and hg(z), boundary of the nematic ridge I', the outward
unit normals v, the contact angles %, and the region of nematic in the (z, 2)-
plane €2 are also indicated.

z=hp(z), 2= hy(x) and z = hg(x), such that

hy=hy at z=a", (A1)
hU:hR at LL’:CL+, (A2)

where hyy > hy and hy > hg, and x = ¢~ and = a™ are the locations for which
dhp/dx — —oo and dhy/dx — oo, and dhg/dz — oo and dhy/dx — —o0,
respectively, as shown in Figure A.1. In this formulation the boundary conditions
are subject to the two Dirichlet boundary conditions hr(d™) = 0 = hg(d™) and

the definitions of the contact angles (5.4) are given by

hr. =tanfp~ at x=d", (A.3)

—hg, =tan " at z=d", (A4)
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and the unit outward normals (5.2) are given by

vns =—2 on z =0, (A.5)
h 1
VoN = Lz =X — =2z on z=hr,, (A.6)
V1+hp: 1+ hp;
v e oo L h (A.7)
aN = — X Z on z=hy,, )
; V1d+hyt N1+ hyt g
h 1
VoN = Az =X — =2 on z=hg,. (A.8)
1+ hg; 1+ hg;

The free energy components (5.6)—(5.9) in this formulation can then be expressed

d- hU(ai) d- hu
Ebulk = / / W dzdx +/ / W dzdx
a~ hr, a~ hy(a™)
+ hu

d at  rhy(a™h)
+/ W dzdz +/ / W dzdz
d dt Jhg

- Jo
at hy

+ / W dzdz, (A.9)
+ Jhy(at)

d
a-

EGN = —/ [wGN(H, th)]Z:hL \/ 1 + hLi dl‘
at

+/ wen (8, hy,)) 7" V1+hot de
d+
— 0, hr,)"~"% /1 + hg? du, A.10
/a+ [wan (0, hry)] re da (A.10)

Fs = / " los(B) de. (A11)

as

L =0 @ =0
EGS:/ [WGs]Z_ d$—|—/ [WGs]Z_ d$, (A.12)
d

+

and the area constraint term C,ea, 1S given by

at

dt d~
Carea = Do (A - / hU dl’ - / (hU — hL) d.I’ — / (hU — hR) d[lf) . (A13)
- a— d+
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We now proceed using the same method described Section 5.2. Specifically, we
take the variation of the functional F, given by (A.9)—(A.13) and (5.11), with

respect to small variations of the variables 6, hr, hy, hg, d~ and d* of the form

(9—>9+(59, hR—)hR+5hR, hU—>hU+(5hU,
(A.14)
hL_)hL_’_(ShLa d+—>d++5d+7 d_—>d_+5d7‘

The variation of the functional F', denoted by 0F', is given by

OF = F(e + 597 (9 + 59)277 (9 + 59)Z7 h‘L + (5hL7 (hL + 6hL):E7
hi + Ony s (ho =+ Oy )as BR + Ongy, (R + Ong)wy d™ + 0, d™ + 5d+)
- F(eaewaezahLathahUahvahRathvd_7d+)' (A15)

The variation of each term in (A.9)—(A.13) and (5.11) is considered in turn, and
we neglect terms in (A.15) that are O(d7), O(03,), O(d;,), O(d;,), O(d3-) and
0(2.).

For the bulk elastic energy Fyu, given by (A.9), using the variations (A.14)
and after some manipulation we arrive at the variation of the bulk energy 0 Fy, .,

which can be expressed as

ow ow ow
0Epux = // (&'W + 593587 + 59z87) dQ

r qx=d~

hy(a™) hu hu
+ 04— / Wdz—i—/ W dz — W dz
h

|V he v(a™) 0

[ rho hy hy (at)
+ O+ Wdz—/ Wdz—/ W dz
h

0 v(at) hr

1 rx=dt

_- a+
- / 5o, W10 dg + / 5, V=" da
a+

— [ O, (W) da. (A.16)
d+
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Similarly to Section 5.2, hy and hj that are evaluated at x = d~ and z = d*
are removed using the two Dirichlet boundary conditions hy(d~) = 0 = hg(d")
and the terms that contain derivatives of a variation, namely dq, and dy,, are
simplified using (5.17). Some care should be taken as the line integral along I" in
(5.17) is now composed of many components. In particular, namely a component
along I'yg which remains the same as Section 5.2 and components along I'gy for
z = hr, z = hy, and z = hg. Specifically, the components are; a component
along I'yg at 2 = 0 from z = d~ to x = d© with dI" = da and outward unit
normal (A.5), a component along T'qny at 2z = hg from = = d* to x = a™ with
dI' = m dz and outward unit normal (A.6), a component along 'y at
z = hy from z = at to z = a~ with dT" = —\/mdx and outward unit
normal (A.7), and a component along I'gny at z = hy, from x = a= to z = d7
with dI' = \/1 + hg_ dz and outward unit normal (A.8). The line integral along
I'in (5.17) is given by

r 00, - 00,

+ T q z=hpg
4 ow . L 4

+ /d+ (598—6(l (&~ (hp,& — 2)) da
T ow]

+ A+ 598_90[ (& (hUin - 2)) dx
e o]

+/ dg 50 (&~ (hp,&—2)) de. (A7)

The combining (A.16), (5.17), and (A.17) yields variation of the bulk energy
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0 Bk, namely

oW 0 [OW o [(OW - a—hy,
6Ebulk—//50 (W—%(aem)—g(aez)> dQ—/a_ 5hL[W] dI

(l+ (Z+
+ / Sy (W= da — / Oy, (W=7 da
a~ d+
+ r 1 z2=hg _ z=hy
“ ow @ ow
+/+ hRra 6089 d$+/+ hUmlégae ] dz
d T a T
r q z=hp, 2=0
a oW oW
+/ hLm 5980 dl’—/ 5988 dx
+ T - z:;zR _ z=hy
“ ow “ ow
— 0, dr — 0 d
/d+ "90. ’ / [f’a@] !
r 9 z=hp,
oW
— . Al
/a ey | (A.18)

For the gas—nematic interface energy Egn, given by (A.10), substituting the
variations (A.14) into (A.10) and carrying out integration by parts on any terms

involving 0y, ., Ony,> OF Ony,, and simplifying, yields the variation of the gas-
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nematic interface energy d Eqn:
OF — . ) 1 h QawGN 5 1 h QaWGN 00
L=~ [ o\/ 1+ hpy 90 Ton, | V1t Iy 90 0»
z=hp,
0 0 / 9
_ %{8]”436( 1—|—th wGN>]>] dz
+
@ / ow / Owan 00
2 GN 2 GN
—|—/a_ [(59 1+hUg; 90 +6hU( 1+hUg; 90 &
ol o ( —— e
_ o 2
a.’[‘ {8hUx( 1+hUx wGN>]>] dx
d+
Ow Owan 00
_ 2 GN 2 GN_
/a+ [59\/1—1—th 20 +5hR<V1+th 36 9
ol o ( —— e
_ o 2
oz {8]11%( 1+th CUGN):|>] dz

a x=dt+
— Og+ {\/ 1+ hpiwen — hRIWRx (\/ 1+ hg; WGN)}
9 T=d~
+5d* |:\/]_—|—hL:2EwGN—hLIah—Lx <\/1+hL§wGN):| . (A].g)

For the nematic—solid interface energy Ens, given by (A.11), the variations

(A.14) in (A.11) yields the variation ¢ Exs:

00

d+
o
0FNs = / [59 sz] dz + dg+ [WNS]w:d+ — 04~ [WNS]x:d* ) (A.20)
z=0

which is identical to result obtained in Section 5.2, namely (5.23).

For the gas—solid interface energy Egg, given by (A.12), the variation 0 Egg
is found by combining the gas—solid interface energy (A.12), and the variations

(A.14), yielding
dEcs = 0a- |was],—g- — Oa+ [was),—gs (A.21)
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which is identical to result obtained in Section 5.2, namely (5.24).

Finally, the variation of the area constraint C,ea, given by (A.13), is found by
combining (A.13), the variations (A.14), and the two Dirichlet boundary condi-
tions hy(d~) =0 = hg(d") to give

at d~ at

5Carea = _/ Po 5hU dx ‘|’/ Po 6hL dz +/ Po 6hR dzx. <A22)

d+

Again we proceed identically to Section 5.2 and seek extrema of the free energy
E for which §F = 0, and the variations 8, [65]7=", [06]°="%, [66]°="", [6]""", 64, ,
Ohys Onps O0g+ and d4- are independent and arbitrary, their coefficients in 6F,
given by (5.15), must be zero. Together with the area constraint (5.5) and the
two boundary conditions hz(d”) = 0 and hg(dt) = 0, the coefficients of each
variation yield the governing equations for a nematic ridge, as described in the

next section.

The meaning of each of the coefficients dp, [do],_g, [00].—p, s [06].—p,,+ [06].—p .
Ony s Onys Ong, 0g+ and d4- correspond to meaning of the coefficients discussed in
5.3. However, there are now three coefficients representing the balance-couple-
condition on the gas-nematic interface, namely (g, , [d0]._;,, [06].—,, and

the nematic Young-Laplace equation, namely 95, , 0n,, 0n,. These equations,

-
together with the area constraint, are summarised below.
The the balance of elastic torque within the bulk of the nematic and the
balance-of-couple on the nematic—solid interface when the ridge height h is a
double-valued function of x are identical to the the balance of elastic torque
within the bulk of the nematic and the balance-of-couple on the nematic—solid
interface stated in Section 5.3 when the ridge height h is a single-valued function

of x , namely (5.27) and (5.29). The balance-of-couple condition on the three
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components of the gas—nematic interface, are given by

oW oW > Owen
po. e gg V1 hi 5 =0, (A.23)
ow ow 2 &uGN .
89 —hy, — 8(9 +1/1+ hy, 20 0, (A.24)
ow 8&)@,1\1 .
0 th a 0 + hgp2 =8N — (A.25)

on z = hy, z = hy, and z = hg, respectively. The nematic Young—Laplace

equation on the three components of the gas—nematic interface, are given by

Owan 00
W —po—\/1+h? agNaz
8 8wGN hL
+— | \/1+h2 - L —wen | =0, A .26
o (et e 0 am

0 OweN hr
— 1+ hp? z =0 A.28
o (v e G, g ) T8

on z = hy, z = hy, and z = hg, respectively, and the nematic Young equations

[47] at the contact lines are given by

/ 0 /

wns —was — A/ 1+ hL?; weN + tha—hm ( 14 hLi wGN) = 0, <A29)
/ 0 /

WNSs — Was — 1+ hRi waN + tha_hI < 1+ hRi WGN) = 0, (A?)O)

at © = d~ and x = dT, respectively. We note that the nematic Young equations
(A.29) and (A.30) are different to (5.31); however, as we will see shortly, when

the Young equations are expressed in terms of the contact angles with (A.3) and
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(A.4) the Young equations are identical.

The full set of governing equations (5.27), (5.29), and (A.23)—(A.30) is then
completed by the area constraint (5.5), the two Dirichlet boundary conditions
hr(d=) = 0 = hg(d"), and the continuity conditions (A.1) and (A.2). Once
explicit forms of the energy densities W, wgn, wns and was have been prescribed,

the solutions for 0, hr, hy, hg, d~, d™ and py can be determined.

A.1 Governing equations for the Oseen—Frank
bulk elastic energy density and Rapini—Papoular

interface energy densities

Similarly to Section (5.2), the Rapini—Papoular energy densities wgn and wys,
the constant gas—solid interface energy density, and Oseen—Frank elastic energy
density W, given by (5.33), (5.34), (5.37) and (5.32), respectively, are now used
with the unit outward normals (A.5)—(A.8), to specify the governing equations.
In particular, we recover the the balance of elastic torque within the bulk of the
nematic (5.38) and the balance of couple on the nematic—solid interface equation
(5.40), and the balance of couple on the gas-nematic interface equation (5.39) is

now given by

Cen

2/1+hy?

Can

2v/1+ hy?

Can

2v/1+ hg>

K (0, — hp,0,) — ((h? —1)sin20 + 2hy, cos26) =0,  (A.31)

K (0, — hy,0,) + ((hy2 —1)sin260 + 2hy, cos26) =0,  (A.32)

K (0, — hp,0,) — ((hg2 —1)sin26 + 2hp, cos20) =0,  (A.33)
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on z = hy, z = hy, and z = hg, respectively, the nematic Young—Laplace

equation (5.41) is now given by

th:c i C1GN
(1+h2)"" 41402

xT

po— W —ogn

[3@“ ((th ~ 1) cos 20 — 2hy, sin 29)
+(1+hi2) (4 cos 26 [ez — a1+ th)ez]

+ 2sin 26 [(1 —h2)0. + b (3 + hLi)exD] =0, (A.34)

hU:r:B _ C’GN
(1+ho2)? a1+

xT

po— W —ogn

3 ((hUi ~ 1) 0826 — 2hy, sin 29)

+(1+h?) (4 03200, — hura (14 hur2)6.

+ 2sin 20 [(1 — he)Y0, + hya(3+ hUi)é’xD] ~0, (A.35)

hR:c:c i C(GN
(1 + hRi)3/2 4 (1 + hR2)5/2

T

po— W —ogn

3R ((hRi ~ 1) cos 20 — 2hp, sin 20)

+ (1 + hg2) <4 cos 20 [Qx — hpy(1+ hRi)ez}

+ 2sin 26 [(1 — hp)0. + hra(3 + hRi)%])] =0, (A.36)

on z = hy, z = hy, and z = hg, respectively, and we recover the nematic Young

equations (5.42) and (5.43).

In summary, when the ridge height h is a double-valued function of = the
balance of elastic torque within the bulk of the nematic (5.38), the interface
equations (5.40) and (A.31)-(A.36), Young equations (5.42) and (5.43), the two
Dirichlet boundary conditions hy(d~) = 0 = hgr(d"), the area constraint (5.5)

and continuity conditions (A.1) and (A.2) completely describe the nematic ridge.
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Appendix B

Numerical procedure for solving
the system (6.11)—(6.13)
and (6.24)—(6.26)

The solutions presented in Chapter 5 were obtained with the programming and
numerical computing platform MATLAB [142]. Specifically, MATLAB’s stiff
differential-algebraic equation solver ode15s was used to be obtain numerical so-
lutions to the system (6.11)—(6.13) and (6.24)—(6.26). We included pseudo-time
derivatives and pseudo-time coefficients, denoted by &1, &, &3, and &4 to the sys-
tem (6.11)—(6.13) and (6.24)—(6.26) so that the balance-of-couple condition on
the nematic—substrate interface (6.11), the balance-of-couple condition on the

gas—nematic interface (6.12), and the Young-Laplace equation (6.13), take the
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forms

de ;
é1=g = K (Bax — Oxs) + Crshsin O cos O, (B.1)
de ;
£ dCt?N _ K(QGN _ 9Ns) — Cgnhsin Oy cos g, (B.2)
dh K (fon —Ons )\

respectively, and the area constraint (6.26) takes the form
oo _ 1 / hd (B.4)
—_— === x. )
a2 ),

The contact-line condition (6.24) and the symmetry and regularity condition
(6.25) are unchanged. We numerically solved the pseudo-time-dependent equa-
tions (B.1)—(B.4), (6.24) and (6.25), and then allowed the pseudo-time-dependent
numerical solutions to approach a steady state, at which point the solution of
(B.1)-(B.4), (6.24) and (6.25) approaches the solution of the system (6.11)—(6.13)
and (6.24)—(6.26).

All of the numerical solutions presented in the current work used the initial
condition Oys = Ogn = 7(sin(27z) +1)/4, h = hiso = 3(1 — 2?)/4 and py = p; =
3/4 and pseudo-time coefficient values of & = 0.01, & = 0.01, &3 =1, and & =
0.01. As mentioned in Section 6.1.3, during numerical testing asymmetric initial
conditions for fys, gy and h were used, which led to symmetric solutions for A
and symmetric continuous # solutions. The asymmetric discontinuous # solutions
mentioned in Section 6.1.2 were generated by numerically solving the system
(6.11)—(6.15) with asymmetric initial conditions. In particular, the asymmetric
initial condition g = Ogn = w(tanh(4(x — 7)))/2, where z = & (0 < |z| < 1),
h = hixw = 3(1 — 2?)/4 and py = pr = 3/4 was used to obtain asymmetric

discontinuous f solutions with a discontinuity at x = .
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Appendix C

Parametric solution for the
system (6.11)—(6.13)
and (6.24)—(6.26)

In this Appendix we provide a parametric solution of equations (6.11)—(6.13)

and (6.24)—(6.26). First we introduce a parameter k = x(x) defined by

2K Ogn — Ons

K= C.1
CnsCen D (©1)

in terms of which (6.11) and (6.12) give
sin 20ng = —Cank,  sin20gny = Cngk. (C.2)
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Therefore Oys, Oy and h may be written in terms of x as

mysT B (—1)mNS

Ons = 5 5 sin™!(Cank), (C.3)
—1)maN
GGN = mC;Nﬂ- + ( 1; Sin_l(ONSl‘i), (04)
K
) (©5)

where myg and mgn are integers, and f(x) is defined by f(k) = 2(0an — Ons) /K,

that is,

. (mGN — mNs)TF (—1)mGN Sinil(CNslﬁ) + (—1)mNS Sinil(CGNI{)

K K

(C.6)

Clearly the representation of yg, gy and h, given by (C.3)—(C.5), respectively,
requires that —1 < Cygk < 1 and —1 < Cgyk < 1. Since s, gy, b, hy
and h,, are continuous, and since Oxs = 0oy = mn/2 for © > z. (where again
z. denotes the position z = x. where h(x.) = |h.|), equation (C.1) shows that
k=0 at z = z., and so (C.3) and (C.4) require that myxs = mgn = m on
the branch of solutions that contains z = z.. Without loss of generality we
may take mys and mgy to be either mys = mgn = 0 corresponding to a Dp
solution or mys = mgn = 1 corresponding to a Dy solution on the branch of
solutions that contains x = z.. We remind the reader that inspection of (6.35)
shows that Dp solutions (i.e. mys = mgn = 0 on the branch of solutions that
contains x = x.) are energetically preferred to Dy solutions for h. > 0 and Dp
solutions (i.e. mys = mgn = 1 on the branch of solutions that contains = = x.)

are energetically preferred to Dy solutions for h. > 0.

Inspection of the solutions of the system (6.11)—(6.13) and (6.24)—(6.26) shows
that for certain values of Cyg and Cgn (see those shown in Figures 6.4 and 6.5),
either both Oyg and 6oy are monotonic functions of = or one of Oyg and gy is a

monotonic function of x and the other is non-monotonic. In the case that both
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fns and fqn are monotonic functions of x, the branch of solutions that contains
xr = x. is valid for the entire central region 0 < x < x.. However, when one of
Ons and Ogyn is a monotonic function of x and the other is non-monotonic, the
branch of solutions that contains x = x. is valid only in an interval xs < x < z,
where x = x4 is the position of a stationary point of x(x), at which x takes the

stationary value kK = ks where

sgn(C’Ns)
HlaX(|CNS\7 |CGN|>'

(C.7)

Rg =

At x = x4 the angle Oys (if |COns| < |Can|) or Ogn (if |[Cns| > |Can|) takes the
value 7/4, and the other angle, Ogn or fng respectively, has a stationary point
as a function of z. To the left of x4, that is, in the interval 0 < x < x4, the
angle that takes the value w/4 at x = xy must change to a different branch,
corresponding to a different value of either myg or mgy in the representation
(C.3)—(C.5). Inspection of solutions of the system (6.11)—(6.13) and (6.24)—(6.26)
allow us to assign regions (I)—(VI) of the Cxs—Cgn parameter plane, shown in
Figure 6.7, where either both Oyg and Ogn are monotonic functions of x or one
of fns and Ogy is a monotonic function of x and the other is non-monotonic, and
therefore we can assign regions of the Cng—Cgn parameter plane where a change
in the solution branch is required. Table C.1 provides the relevant values of myg
and mgn on the different branches, as indicated by numerical solutions of the
system (6.11)—(6.13) and (6.24)—(6.26), which depend on the regions (I)-(VI) of

the Cns—Cgn parameter plane shown in Figure 6.7.

To complete the solution we need to relate x to x. Substitution from (C.1)
and (C.5) into (6.13) gives a differential equation for x, namely
CRsCén 2 _ K

po+ R =

Yo —m[f(ﬁ)]m (C.8)
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Region of Figure 6.7 | mns | man z

0 0<a <

(IV) 1 =r=
1 T < x < x,

1 0< o<

(v) 0 —r=t
0 Tz, <z <z,

1 0<x<ua

(VI) { 0 {—I—x
0 Tz, <z <z,

Table C.1: The values of myg and mgy in the intervals 0 < z < z, and z, <
x < z. in the parametric representation of fyg, fgn and h given by (C.3)—(C.5),
respectively, for the six regions (I)—(VI) of the Cxs—Cgn parameter plane shown
Figure 6.7.

(which, we note, does not involve the independent variable x explicitly). Defining

q=q(z) by
he = /(1) (C.9)
=l = 5~ K)Rg, .
1 CnsCan
so that
CnsCon ¢
K 7R (C.10)
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we thus have

CRsCén ~ CnsCon q4x

P= gy = — = : 11
Po + SK K qx qxbkz K f/(I{) (C )
Therefore
K CI%ISC(ZSN 2 /
= — —=5 — , C.12
qq CoCon <p0 +—e ")) (C.12)
and so, on the assumption that h, < 0in 0 <z < x., we have
g = /10, (C.13)
where I = I(k) is defined by
Ts) = =2 7y E8Cen 2 ps) ar (C.14)
~ OxsCon & 8K ’ '
that is,
(k) = CxsCan | 4Kpof(R) - ’%2f(’~‘f) — (—1)ms V1- C(2}N’%2
2 C3Cen 2 Can
Ji-cz@2|™
_(_1)chC—NSH , (C.15)
NS

with k,, denoting the (as yet unknown) value of x at x = 0. With (C.9), equation
(C.13) is

CoCom f(R)ke = =/ 1(k), (C.16)

which may be integrated to give z in terms of x:

r = J(k), (C.17)
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where J = J(k) is defined by

K Km f/(,’%)

I) = CnsCon Jy I(F)

dF. (C.18)

The positions © = x. and © = x5 correspond to x = 0 and k = kg, respectively,

and so

e = J(0), (C.19)
Ts = J(ﬁs)- (C20)

At x = x. the parametric solution must match with the solution in the edge
region, i.e. where z. < x < 1, in which either Ons = gy = 0 or Ong = Ogn = 7/2
and the free surface height is a quadratic function of x with unknown coefficients
given by (6.34). Continuity of h and h,, at x = x. are trivially satisfied, and

continuity of h, at x = z. leads to the condition

hel %p()(l o) = VI(0). (C.21)

1— =,
In addition using (C.5), (C.17) and (6.34) the area constraint (6.26) reduces to

2UC [ SR

Po 3
1=lh|(l —a) +—(1 —x)” +

(C.22)

In summary, when h > |h.| the solution for fyns, Ogn and hin 0 < z < z.
is given parametrically (with parameter k) by (C.3)—(C.5) and (C.17), with the
values of myg and mgn and the k intervals as specified in Table C.1, and when
h < |h¢| the solution for g, gy and b in x. < z < 1 is given explicitly by Ons =
Oan = 0 or Ons = Ogn = 7/2 and (6.34), in which, the four unknown constants z,
T, Po, and Ky must be determined numerically from the four algebraic relations

(C.19)-(C.22). The height of the free surface in the middle of the ridge and the
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contact angle 8 may then be determined by

K 1 | e
s m d = —_—— 1— c —
CNSCGNf(“) and  f=—5po(l - xc)

P

respectively.

C.1 Applying the parametric solution to the so-
lution shown in Figure 6.4(d) and Figure 6.5(d)

We now consider a particular example to demonstrate use of this parametric
solution. Consider the solution shown in Figure 6.4(d) and Figure 6.5(d) where
K =1, Cxs = =3, and Cgy = 2.5 which is within region (V) of the Cns—
Cgn parameter plane. As stated in Table C.1, for region (V) of the Cns—Can
parameter plane myg = 0 and mgy = 1 for 0 < x < z,, and myg = mgn = 0 for

zs <z < z., and hence (C.3)—(C.5) take the forms given by

1
Ons = —3 sin~*(Cgnr) for 0<az <, (C.24)
(7 1.
— — —sin” (Cnsk) for 0<ux <z,
fon = f 2 (C.25)
3 sin™! (Cngk) for s <z <,
\
(K _an— 1 so—1
[ﬂ' sin™'(Cygk) + sin (CGNFL)} for 0<z<a,
h = CnsCanr (C.26)
— .1 1 .
K [sin™'(Cnsk) + sin™ (Cank) ]
for zy <z <ux,
\ CNScGNI{

respectively, where k is obtained from (C.17) with the algebraic conditions (C.19)-
(C.22). In this case fxg increases from —(1/2) sin ™' (Cankm) at = 0 to a maxi-

mum value —(1/2)sin™!(Cqn/Cys) at © = 2, and then decreases to 0 at x = .,
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T/2F
._GGN(O) =7/2 — (1/2)sin"!(Oxskm)
. T ~ - ona) = /4
S /4t Se
e, \
= L \
< Oxs(0) = —(1/2) sin™ (CaonFim) \
) *—— . \
Q)Z HNS(l's) e —(1/2) sin™ (CGN/CNS)
Ot
S 2 0200 ks = 1/COxs
0.0 0.5 T . 1

Figure C.1: Solutions for the director angle on the nematic—substrate interface
Oxs (solid line) and the gas—nematic interface gn (dashed line) obtained using the
parametric solution given in this Appendix for K = 1, Cys = —3 and Cgn = 2.5.
The parameter k (dotted line) is also plotted and the values of fxg (blue dots),
Oan (red dots), k (green dots) at x = 0 and = = x, are labelled.

whereas gy decreases monotonically from 7/2 — (1/2) sin™* (Cnskm) at z = 0 to

0 at & = z., passing through the value 0oy = 7/4 at @ = x5, as shown in Figure

C.1.

Corresponding descriptions for other values of Cyg and Cgn are similar, but

are omitted here for brevity.
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Appendix D

Asymptotic analysis of

completely distorted D solutions

Unlike Dy and Dp solutions, significant progress can be made asymptotically for
D solutions in the limits of small Cyg = —Cgn and large Cng = —Cgn. In order
to make analytical progress in this case we set C' = Cns = —Cgn, and note that
the system (6.11)—(6.13) and (6.24)—(6.26) has solutions for fys and gy of the

form
QNS:¢+5 and QGN:@/)—(S, (Dl)

where 9 is a constant and § = §(x). Without loss of generality we consider only
C > 0 for which Cxs > 0 and Cgn < 0, and note that solutions for C' < 0
can simply be obtained from the solutions for C' > 0 using (6.22). From (D.1)

and (6.10) the solution for the director angle is given by

9:¢+(1—2§)5, (D.2)

and therefore 6 takes the constant value 6(x,z = h/2) = on z = h/2.
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Using (D.1) the governing equations (6.11)—(6.13) can be expressed in terms
of the unknowns ¢, ¢, and h and the parameters C' and K as

0= —4K0 + Ch (sin 21 cos 26 + cos 21 sin 29) , (D.3)

0=—4K4 + Ch (sin2¢ cos 2§ — cos 21 sin 20) , (D.4)
2

0=mpy+ 2K (%) + gy (D.5)

Subtracting (D.4) from (D.3) yields

_ pr

N

where p is any integer. We note that because of the equivalence of the director
angles 6 and 6 + mm mentioned earlier, all solutions with odd p are identical, and
all solutions with even p are identical. Without loss of generality we set p = 0 so
that 1) = m/4 and note that solutions with even p can be obtained by adding pm,
and solutions with odd p can be obtained by adding (p — 1)7 and using (6.22).

Combining (D.3) or (D.4) and (D.6) and rearranging yields an expression for

h in terms of 9, namely

4K 3§

T C cos28’ (D7)

where the equation satisfied by § is given by combining (D.5) and (D.7) to yield

2 4 2
O:po+C—cos22(5+—Kd—< 0 ), (D.8)

8K C dz? \ cos26

which must, in general, be solved numerically. The appropriate conditions on
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are

0=0 at z==1, (D.9)
5, =0 at z=0, (D.10)
C Ly

— = D.11
8K /0 cos 20 dz, ( )

which are obtained from the contact-line condition (6.24), the symmetry and
regularity condition (6.25) and the area constraint (6.26) with (D.7), respectively.
From (D.2) and (D.9), for D solutions the director at the contact line is given by

n = (1/v/2)(1,+1).

We now consider the solutions of (D.7)—(D.11) in two useful, albeit specialised,
asymptotic limits for which asymptotic solutions indicate the dependence of an-
choring effects on both the director angle and the height of the ridge. In partic-
ular, we consider the limit of small C', where antagonistic anchoring effects are
much weaker than elastic, namely C' < K, and in the limit of large C', where

antagonistic anchoring effects are much stronger than elastic, namely C' > K.

D.1 Asymptotic solution in the limit of small C

In the limit C' — 0 we seek asymptotic solutions for § and pg in powers of C' in

the forms

§ = 8o+ Coy + C?0y + C?03 + C*04 + O(C?), (D.12)

Po = po,o + Cpo + C2p0,2 + C3P0,3 + C4p0,4 + 0(05)7 (D.13)

and note that the asymptotic solution for A in powers of C' can be obtained form

(D.7) and (D.12). Substituting the expansions (D.12) and (D.13) into (D.7)-
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(D.11), we obtain the asymptotic solutions for h, § and py, given by

3 9 4 3 2 2 4 5
h:Z(1_;p)_c m(l—x)@—z&r +72%) +0(C®), (D.14)
- 3 2y 3 27 2 3 5
0= O (1=2%) = o (1-2%)7 + 0(C), (D.15)
1 2
Do = 3_ C?— 44 ! + 0(C9). (D.16)

2 8K 2240 K3
Combining (D.1), (D.6), (D.15) and (6.10) yields the solution for the director
angle 6 given by

9:%+12—CK (1-2?) (1—2—hz> +O(C?). (D.17)

At leading order in C', # is uniform everywhere with 6 = i) = /4 (i.e. the average
of planar and homeotropic orientation), and py = p; and h = his,. At first order

in C, 0 is quadratic function of x.

Using (D.14), (D.15), (6.17) and (6.18) the second-order energy AFE is given
by

3., 0(C?), (D.18)

AFE = —
4 8K

which is always less than the second-order energy for the H solution and P solution
with C' = Cns = —Cgn, which is given by AEp = AEy = 3/4. Therefore in
the limit of small C' = Cyg = —Cgn, the completely distorted solutions given by
(D.14)—(D.15) are energetically preferred to uniform solutions given by (6.27).
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D.2 Asymptotic solution in the limit of large C

In the limit C' — oo, (D.8) is a singular differential equation for 6. Inspection of

(D.8) yields the appropriate outer solution 6§ = §y + O(C~1) where

Jo = =+ % (D.19)

AN

and ¢ is any integer. The outer solution for the director angle is therefore given

by

9:% q+1—(2q+1)% +o(CcY. (D.20)

Consideration of the second-order energy, given by (6.17) and (6.18), yields that
the outer solution (D.19) with ¢ = 0, i.e. §o = 7/4, is the energetically preferred

outer solution. We can therefore write the outer solution 4, given by (D.19), as
m -1
J= il oC™), (D.21)
which leads to the outer solution for the director angle, given by (D.20), namely

h—T <1 - 2—Z> Lo, (D.22)
2 h

Inspection of the boundary condition (D.9), the outer solution (D.22), and
the Young—Laplace equation (D.8) shows that there is a boundary layer in ¢ near
x = 1 of thickness O(C~3/2). The inner solution is then given by § = 6+O(C~3/?),
where the leading-order inner solution § = 0(7) satisfies (D.8) with the rescaling

T =+/C3/(32K)(1 — ), namely

, i}
d ( 0 ) + cos® 26 = 0. (D.23)

dz? cos 20
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The solution 0 is obtained by solving (D.23) numerically subject to the boundary
condition § = 0 at # = 0 (obtained from (D.9)) and the matching condition
§ — m/4 in the limit Z — oco. A composite solution can then be formed using the

outer solution and inner solution, namely

T < c? 1
6= 1 +4 ( 32—K(1 — x)) +O0(C™). (D.24)

The height of the ridge h can then be obtained by combining (D.7) and (D.24).

The composite solution (D.24) has to be obtained numerically from (D.23),
and hence the solution for the height of the ridge h, given by combining (D.7)
and (D.24), is unknown. Instead of proceeding numerically to obtain the height
of the ridge h we approximate the solution for ¢ using only the outer solution dy,
i.e. d = 6y = /4, ignoring the contribution from the boundary layer. Combining
d =~ 6y =m/4, h = hy, (D.7) and (D.8) yields

K
—— ~ —h D.25
Do + 8]7% Ozx> ( )

which has the implicit solution for hg, given by

bV K

4hmg/2 (1—2z)=~ F(a,b) — E(a,b), (D.26)

where F(a,b) and E(a,b) are the incomplete elliptic integrals of the first and

second kind, respectively,

h 8P0hmig
a = arcsin —O, and b:_po 0

. D.27
hmo 7T2 K ( )

Substituting (D.26) into the symmetry condition (6.25) and the area constraint
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(6.26) leads to

22/3 [CL/3p2/3
hmo — 2/3 (D28)
21/3 (E(b)2 _2E(b)F(b) + F(b)2>
and
1 4hy* (2(1 = BYF(b) — (2 — D) E(b))
5 — hmo —|— 3K1/2b2ﬂ' 5 (D29)

respectively, where F'(b) and E(b) are the complete elliptic integrals of the first
and second kind. Equations (D.28) and (D.29) can be combined to obtain an
algebraic equation for m which can be solved numerically, and subsequently A,
can be obtained from (D.28) or (D.29), and finally py can be obtained from
po = —bn?K/(8hmp).

In the limit x — 1, the approximate implicit solution for hg, given by (D.26),

satisfies

2/3
1 K
ho ~ 3 <3W;/_> (1—2) as z—1. (D.30)

Differentiating (D.30) yields the approximate gradient of the height of the ridge
in the limit C' — 00, given by

2/3
1 (3nvK
hoy ~ —= ( W\/_> (1—2)" as z—1, (D.31)

3 2
and so, in particular, the (scaled) contact angle approaches infinity (8 ~ —hg, —
o0) as C' — +oo.

In summary, in the limit of large C' the outer solution for the director angle
is given by (D.22) and approximate solution for the height of the ridge is given
by (D.26).
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D.3 Comparison of asymptotic solutions and nu-

merical solutions

Figure D.1 shows the director angle on the nematic-substrate interface fxg and
the gas—nematic interface 6qy, and the height of the ridge h plotted as functions
of = for the numerical solution of (6.11)—(6.13) and (6.24)—(6.26) (shown in Fig-
ure D.1(a) and Figure D.1(b)), small C' asymptotic solutions given by (D.17) with
z =10, (D.17) with z = h and (D.14) (shown in Figure D.1(a)) and the large C
asymptotic solutions (D.22) with z = 0, (D.22) with z = h and (D.26) (shown
in Figure D.1(b)) for K =1 and (a) C' =1 and (b) C' = 1000. In Figure D.1(a)
when C' = 1, the height of the ridge h shows good agreement between the nu-
merical and small C' asymptotic solution, namely A is approximately isotropic,
i.e. h = his,, as predicted by (D.14). Figure D.1(a) also shows Oxs and Ogy are
small perturbations around /4, as predicted by (D.15). In Figure D.1(b) when
C = 1000, the numerical and large C' approximate asymptotic solution which
is given by § = +7/4 and (D.25), show good agreement for the free surface
height A for 0 < x < 1, and for the director angles fns and fgn except in the
boundary layer near x = 1. We note that the numerical solution shown in Fig-
ure D.1(a) has AE ~ 0.629 and the numerical solution shown in Figure D.1(b)
has AF ~ —991.335, i.e. the second-order energy for completely distorted solu-
tions is lower than the uniform director solutions with C' = Cyg = —Cgn, which
is given by AEy = AFEp = 3/4, and therefore completely distorted solutions are
energetically preferred for C' =1 and C' = 1000.
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Figure D.1: The director angle on the nematic—substrate interface fyg and the
gas—nematic interface Ogyn, and the height of the ridge h from the numerical
solution of (6.11)—(6.13) and (6.24)—(6.26) (shown in (a) and (b) by solid lines
for h and g, and dashed lines for Ogy), small-C' asymptotic solutions given by
(D.17) with z = 0, (D.17) with z = h, and (D.14) (shown in (a) by solid circles
for Ons and h and open circles for Ogy ), respectively, and the large-C' asymptotic
solutions (D.22) with z = 0, (D.22) with z = h, and (D.26) (shown in (b) by
solid squares for h and fyg and open squares for fgy), respectively, are plotted
as functions of x for K =1 for (a) C' =1 and (b) C' = 1000.
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