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Abstract

The acoustic analogy has been used as a method of jet noise prediction for several
decades. Goldstein’s generalised acoustic analogy showed that jet noise can be
formulated as the product of a spectral tensor which contains the jet turbulence
statistics and the propagator which controls how the acoustic waves propagate
to the far field. In this approach the turbulence enters through the spectral
tensor (linearly related to the space-time Fourier transform of the Reynolds
stress auto-covariance). The Afsar et al (2011) formulation for heated jets in
axisymmetric turbulence showed that the generalised analogy can be related to
11 independent components of the spectral tensor.

The main objective of this thesis is to carry out a detailed numerical analysis
of the turbulence statistics using LES of four jets. We investigate various
turbulence approximations in the spectral tensor model and its impact on
acoustic predictions. Our aim is to discover whether universality of turbulence
scales exists across Mach number and jet temperature ratio. We found that for
jet noise predictions, universality was confirmed across acoustic Mach number,
when the jet temperature ratio was fixed. Notably, universality was also found
across jet temperature ratio at the peak frequency (St = 0.2, = 30). We also
find several approximations can be made in the spectral tensor calculation to
reduce computational complexity.

This thesis also considers edge noise, utilising parallel programming across a
graphic processor unit to increase computational speed of the predictions as well
as improved analytical modelling including optimisation to obtain more accurate
acoustic predictions across a range of subsonic Mach number. These results are

then combined with the jet noise results to investigate installation effects.
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Chapter 1

Introduction

1.1 Motivation for Research

Aircraft noise has been recognised as a significant problem since the advent of the
jet engine in the mid twentieth century. The jet engine was much noisier than
the preceding propeller engines and at this time flight became more commonplace
which further exasperated the problem.

Currently, over one million people in the UK are exposed to aircraft noise
which exceeds World Health Organisation (WHO) limits over a 24-hour period
and the health impacts relating to this, such as hearing loss and cardiovascular
disease |1], are estimated to cost the government £540 million each year [2].
Furthermore, the WHO estimate that 1 million healthy-life years are lost in
Western Europe alone due to environmental noise (aviation noise being the
biggest source), with cardiovascular disease contributing to the majority of these
deaths [3].

Aircraft noise is naturally a larger issue close to busy airports, for example,
Heathrow airport impacts more people than any other European airport, and is
classed as ‘significantly annoying’ by the UK Civil Aviation Authority (CAA)
[4]. This will only worsen as airports expand, for example, in 2020 Tokyo Haneda
airport adjusted flight paths to increase the number of flights by 50 per day, this
has resulted in an increase of 10dB, resulting in 80dB aircraft noise in certain
areas, which could have ill effects on health [5]. If the London Heathrow airport
expansion goes ahead, which Heathrow CEO John Hollad-Kaye believes it will

[6], an estimated 2.2 million people will be exposed to increased aircraft noise



[7]. Although Heathrow is a large contributor to the UK economy, increased
noise pollution has been linked to cognitive impairment and behavioural issues in
children, sleep disturbance, obvious hearing damage and other consequent health
issues [1].

Covid-19 disrupted the aviation sector in 2020, bringing a halt to domestic and
international flights. Its impact is still being felt three years later with continued
reduction in demand [8]. However, forecasts predict there could be bounce-back
within this decade with 2.5 million additional flights by 2029 in Europe alone [8].
Therefore jet noise control remains a high priority in aviation.

Over the last few decades a vast amount of research in the area in combination
with tightening airport regulations has resulted in a reduction of noise by roughly
20EPNdB (effective perceived noise takes into account not only the magnitude
of noise but also the frequency and duration) despite the increase of aircraft size
and weight over that time |9]. However, although individual aircraft are becoming
quieter, due to the volume of aircraft in the skies, the overall noise levels are still
rising so it remains a prevalent issue.

This reduction in aircraft noise has been largely motivated by noise regulations
enforced by the International Civil Aviation Organisation (ICAO). Although
some noise control measures were first introduced by airports in the 1960s, the
first international noise certification standards were issued in 1972 by the ICAO
in Annex 16, Volume I to the Convention on International Civil Aviation. They
defined three locations where noise should be measured: lateral, flyover, and

approach. These are shown in Figure. (1.1}

Approach Lateral Flyover
(Max Take-off thrust) | (Cutback thrust)

2 450m N
NN .
7]

./ 6000m from roll

r—1

¥ 450m

Figure 1.1: Noise measurement locations for certification of aircraft (ICAO,
Annex 16, vol. 1)



These noise regulations have become more stringent over the years, which is
shown in Figure. [1.2] The initial regulations which were defined in Chapter 2 of
Annex 16 were tightened in Chapter 3 following the introduction of the bypass
engine since it enabled a large reduction in noise, this applied to all aircraft
certified prior to 2006. The Chapter 4 stipulations were introduced after more
noise reduction technologies were included in aircraft design. Most recently, in
2013, Chapter 14 legislation was introduced which further tightened regulations
by TEPNdB. It is important to note that these noise regulations refer to the
‘noise at source’; i.e. they will be considered in the design phase of aircraft
development. The ICAO takes a balanced approach to noise reduction, meaning
that they think each airport should address their own specific noise issues by
considering: noise at source, land-use planning and management, operational

procedures, and operating restrictions.

330.0 1
320.0 1 .g S
310.0 - | 8
5 a
300.0 + Chapter 2 (€% o ¢ 7 EPNAB
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Figure 1.2: ICAO Noise regulations for subsonic jets [10]

Before discussing aircraft noise in more detail, it is prudent to have a
deeper understanding of what constitutes noise and how it is measured. Noise
is commonly defined as unwanted sound, where sound can be described as a
combination of two main components: frequency and loudness. Human hearing
is estimated to be able to hear from 20-20,000 Hz, with the ability to hear
higher frequencies decreasing with age due to hearing loss. There are several
units that we can use to measure noise, these being decibel (dB), ‘A-weighted’
decibel (dBA) and the equivalent perceived noise decibel (EPNdB). The decibel



is the basic logarithmic scaling for sound measurements, where an increase
of 3dB represents a doubling of the sound pressure which relates formally to
a doubling of power, however note that this is the minimum sound pressure
increase that can actually be heard. Therefore, in practice an increase of 10dB
is required before sound is subjectively found to be twice as loud. Additionally,
we must remember that the human ear perceives sound differently depending on
frequency; two sounds can have the same dB but we can hear the high frequency
while not being able to hear the low frequency, A-weighting accounts for this
by applying a filter so that sound measurements using this unit are a better
representation of the sound we can actually hear. Aircraft noise regulations
however are stated in terms of EPNdB, which additionally takes into account
the length of time over which the noise occurs, since humans find noise more

annoying the longer its duration, and it is more damaging to health.

1.1.1 Jet Noise

Aircraft noise is clearly very complex but it can be split into two main groups:
engine noise and airframe noise. The airframe noise is that relating to the
interaction of the freestream air with surfaces of the aircraft such as the fuselage,
flaps, landing gear etc. The engine noise is produced from internal moving
components (such as the fan) and the high speed turbulent jet. Most noise
is produced from the engine, especially on takeoff. On approach the noise
contribution is more or less equal between the engine and airframe [11]. The
noise relating to the high speed jet can be categorised into two areas: jet noise
which considers only the isolated jet; and jet surface interaction which takes into
account the installation effects, i.e. how the jet interacts with surfaces of the
aircraft.

Turbulence in jets is made up of small-scale and large scale structures, as
depicted in Figure. [I.3 The small scale structures have been found to be more
dominant in producing high-frequency noise, and the large scale structures are
more dominant in producing low-frequency noise.

Lighthill [12] showed that jet noise was proportional to the eighth power of the
jet velocity, therefore when the turbofan engine was introduced in the 1960s jet
noise was largely reduced. The introduction of a stream of air through the bypass

duct not only improved the efficiency of the aircraft but also reduced the velocity
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Figure 1.3: Regions of turbulent jet

of the jet which consequently reduced the jet noise. However, we have reached
the bypass limit so further reductions to jet noise require smaller changes such as
the inclusion of chevron shaped nozzles, and this requires a deeper understanding
of the flow field and the production of noise.

Lighthill formulated the acoustic analogy which rewrites the Navier Stokes
equations in terms of a linear wave equation which can be solved for the unknown
variables if we assume the turbulence is known, and is therefore an ‘acoustic
source term’ in the Navier-Stokes equations. At the time of its introduction it
was impossible to know the turbulence structure however, over the past decades
computational power has increased significantly allowing simulations to be carried
out to find the turbulence statistics which can then be used within the acoustic

analogy to predict the noise.

1.1.2 Edge Noise

Since commercial jets have the engines mounted beneath the wings of the aircraft
and large bypass ratios mean that they are mounted close to the wing, there is
a significant interaction between the jet and the trailing edge of the wing. This
interaction was shown to increase the low frequency sound, particularly in the
sideline locations (perpendicular to the wing). Therefore when carrying out noise
predictions, it is also important to consider this interaction, which is known as
‘installation effect’. Several methods have been developed to do this, and they
are discussed in the literature review.

This thesis is split into two parts, looking at both jet noise and edge noise and

finally combining prediction models into a ‘hybrid” method for the prediction of



the full installation noise signature. The latter will be restricted to the jet and

edge noise spectra.

1.2 Research Questions and Objectives

We currently do not have full information on the turbulence structure of jets
across a range of acoustic Mach number (Ma) and jet temperature ratio (T'R).
This has lead to approximations of the turbulence being used in existing
research which has the potential of introducing error in acoustic predictions and

conclusions. Hence the research questions that we pose are as follows:

1. How does acoustic Mach number and jet temperature ratio affect turbulence

statistics?
2. Can certain correlation functions be neglected?
3. Is there universality for the spectral tensor across Ma and T R?

4. Can jet surface interaction noise be better predicted using more faithful

representation of the turbulence?

These questions will be answered in this thesis via targeting the main

objectives:

e RO1: Obtain raw turbulence data for several acoustic Mach numbers and

jet temperature ratio using LES simulations;
e RO2: Calculate the propagator using LES mean flow data;
e RO3: Calculate turbulence statistics using this LES data;

e RO4: Use LES turbulence statistics to calculate the spectral tensor

analytically and validate numerically;

e RO5: Combine the propagator and spectral tensor to predict the jet noise

spectrum;

e RO6: Expand the jet surface interaction model and use optimisation
techniques to achieve better predictions and utilise GPU parallelisation to

speed up the program;



e RO7: Combine jet surface interaction with jet noise to obtain the overall

noise production

1.3 Roadmap of the Thesis

Figure [I.4] shows the structure of this thesis and indicates which research

objectives are tackled in each chapter.

Computer Simulations: Jet Noise Modelling:
Results and Validation Theory

(RO1) (RO2)

Literature Review

JEENEISES STPREEIine Jet Noise: Spectral Jet Noise: Acoustic
Structure of . e
Turbulence Analysis Predictions

Turbulence

(RO3) (RO4) (RO5)

Edge Noise Modelling Installation Noise Conclusions + Future
(RO6) (RO7) Work

Figure 1.4: Roadmap of thesis

1.4 Scientific Contribution

The results obtained in this thesis have been disseminated at several conferences

and journal publications listed below:

Journal Articles Published

e Stirrat, Afsar, Minisci (2021) Assessment of optimization methods for
aero-acoustic prediction of trailing-edge interaction noise in axisymmetric

jets, MDPI Mathematics.



Journal Articles in Preparation

Koshuriyan, Stirrat (2024) On the universality of turbulence parameters in

jet interaction noise models.

Stirrat, Koshuriyan, Sescu (2024) Subsonic jet noise modelling by spectral

turbulence reconstruction using large eddy simulation.

Koshuriyan, Stirrat, Kokkinakis (2024) Analytical approximations of the
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Conference Papers
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computing for jet-surface interaction noise calculations. 33rd Scottish Fluid
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Chapter 2

Literature review

2.1 Jet Noise Modelling

Modelling jet noise has been a topic of investigation for over half a century, with
computational aeroacoustics becoming the main focus of research in the past
30 years. To predict jet noise we need to capture both the jet turbulence and
the propagation of the acoustic waves to the far field. This can be determined
through two main routes: direct numerical computation and hybrid approaches.
Direct numerical computation aims to numerically resolve both the turbulent jet
and also the sound propagation to the far field. Hybrid approaches, on the other
hand, split the domain into regions, one containing the turbulent jet where the
Navier Stokes equations can be solved, and the other in the far field where the
acoustic propagation can be found using acoustic theory. Three main hybrid
methods have emerged: the two source model, wave packet models of turbulence,
and acoustic analogies. Figure displays the different methods of hybrid jet
noise modelling and some of the major contributors.

This thesis deals primarily with the acoustic analogy framework and uses
computational fluid dynamics (CFD) to obtain the flow statistics. Hence, this
section will focus mostly on the development of the acoustic analogies and the
evolution of the use of CFD within them. Direct numerical computation, the
two-source model and wave packets will also be briefly discussed to enable a

greater appreciation of the field.
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Jet Noise Modelling

Acoustic Two-Source
. W Packet:
Analogies Model ave Fackets

1952: Lighthill [12] 1974: Brown & Roshko [34] 1963: Mollo-Christensen [45]
1960: Philips [15] 1976: Laufer et al [35] 1972: Lau et al [46]
1963: Ffowcs-Williams [17] 1996: Tam et al [37] 1976: Crighton [48]
1974: Lilley [20] 1999: Tam & Aurialt [43] 1990: Crighton & Huerre [47]

2003: Goldstein [22]

Figure 2.1: Main analytical methods of calculating jet noise (some of the main
contributors to each method are listed - Goldstein is emphasised as this is the

analogy that is used within this thesis)

2.1.1 Direct Numerical Computation

As mentioned, direct numerical computation involves solving the Navier Stokes
equations in the entire domain. This can be done using several techniques, which
were recently reviewed by Bres and Lele [13]. Direct numerical simulations (DNS)
use a very fine grid to resolve the viscous scales of turbulence, naturally this
is computationally expensive and only possible for low Reynolds number flows.
Large eddy simulations (LES) are more popular as they are less computationally
expensive as a coarser grid can be used since only the large scale motions are
resolved. The small scales are either filtered out (implicit LES) or included using
sub-grid scale modelling (explicit LES). Hybrid approaches can also be used to
reduce computational requirements, such as combining LES with the Reynolds
Averaged Navier-Stokes (RANS) equations, one example of this is detached eddy
simulations (DES) where RANS is used close the the nozzle walls and LES is
used for the free-shear flow where the turbulent length scale is larger than the
grid size. More recently a Lattice Boltzmann method has also been used for jet

surface interaction [14].

2.1.2 Acoustic Analogy

The field of aeroacoustics emerged in 1952 when Lighthill |12] published his

acoustic analogy which was the first attempt at a method which could estimate
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the intensity of the jet noise using the details of the fluid flow itself. His acoustic
analogy rewrote the Navier Stokes equations into a linear wave equation which
could then be solved using classical acoustics.

Figure shows the problem split into source and observer variables, the
source region describes the turbulent flow region, and the observer region is in

the far field where there is no turbulent motion.

Observer region (x, t)

—. @ //"‘\9\/

& Source region (y,7) ,

Figure 2.2: Source and observer regions

He showed that the Navier Stokes equations could be exactly written as a
linear wave equation for a medium at rest with a quadrupole source term. He

used the continuity and momentum equations:

ap 0

E—i—a—yj(pvj) =0 (2.1.1)
0 0 Op 0 ,
E(pvz) + a—yj(p’l}ﬂ)j) + 8_1 — a—ijij =0 1 = ]_, 2,3 (212)

where p is the density of the fluid, v; is the velocity, p is the pressure and 7;; is
the stress tensor 7;; = p(0v;/0x; + Ovj/0x;), where p is the dynamic viscosity.
Then, by taking the time derivative of the continuity equation and subtracting

the divergence of the momentum equation, this resulted in:

op, O o’ 0 P p 0?
WJrarﬁyj (pvj)— [m(pvi)er(Pvmj)Jrayiayi ~ oy0y; T,-j] =0 (2.1.3)
9 p d” *p 0?

p _ . _ 2.1.4
or?  0y;0y, (povy) + Oy 0y ayiaijJ ( )
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which, subtracting ¢?V?p from both sides, (where c is the speed of sound) gives

the wave equation form:

82 82 82 82 o 82
LAV = (py) 4 e -~ _ 2 P (2.1.5)
or Ayidy; Oyidy;  Oyidy;  OyiOy;
This can be written succinctly as:
Pp 0T
= V=" 2.1.6
gz Y FP 0y, 0y, ( )

where T}; = pvv; + 6;;(p — ¢*p) — 7;;. The wave operator on the left hand side
of is the usual wave equation operator on a homogeneous (constant c)
medium. At this point no approximations have been made, therefore is
an exact representation of the Navier Stokes equations, where the source term
includes the convection of sound with the flow, the variable speed of sound, and
dissipation through viscosity.

For the subsonic Mach numbers that were considered by Lighthill, viscous
terms, small fluctuations in density and conduction could be ignored, meaning
that the strength could be approximated by 7;; = pv;v,. Since the source term is
assumed known this equation can be solved using a Green’s function. Lighthill’s
acoustic analogy shows that there is an analogy between density fluctuations in
any real flow and small amplitude density fluctuations that would occur in a
stationary fictitious flow with a quadrupole distribution of strength 7;; (which is

assumed known) and speed of sound ¢. Doing this leads to the solution:

0 Tij(y,t — |z —yl/c)
! = A d 2.1.7
P 0z,;0x; /V(y) Adrc?|x — y| y ( )

After rewriting derivatives from jet field variable y on the right hand side of
(2.1.6) to . For low subsonic Mach numbers the source region is compact (i.e.

Tij(y,t—|x—y|/c = T;j(y,t—z/c),z = |x|), and the solution ({2.1.7) is simplified
to O(1/z):

, 1 0?
dncx 0,0z,

/ | Tty aferty (2.18)
V(y)

If we look at the dimensions of this equation, letting U;, D, represent the
characteristic velocity /length respectively then the characteristic frequency is f ~
U;/D; and characteristic wavelength is A = ¢/f ~ ¢D;/U; = D;/M;, 0/0x; ~
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1/X = M;/D;, and the integral [, ~ D;’. Since, Lighthill approximates T;; =

pviv; ~ poU? = poc® M?, the density fluctuations scale as:

1 /M2
o~ 5 () Dilpoct )
2x \ D, J J
f (2.1.9)
poDj M;
x

Therefore the mean square density fluctuation scales as:

_ poD;\ 2

o~ (TJ) M? (2.1.10)

Hence, the sound intensity scales as the eighth power of the velocity. This was one
of the main findings of Lighthill’s work and is known as the ‘eighth power law’.
This link between jet velocity and sound intensity explains why increasing the
bypass ratio at fixed net thrust, which resulted in lower jet speeds, also decreased
the jet noise.

At the time, this analogy was only useful for describing gross properties of
the acoustic field such as the eighth power law. It could not provide accurate
spectral noise predictions since (for different reasons) the near field measurement
of T;; was not known.

As noted however, some of the estimates of turbulence and mean flow
refraction of sound in Lighthill’s work are not valid for supersonic flows, hence
further studies were done to find appropriate ‘analogies’ that explicitly included
the latter and improved modelling of the former. One of which was by Philips
[15], who followed a similar approach to Lighthill except expressing the problem
in terms of pressure fluctuations rather than density fluctuations. In this
formulation the convection and variation of the speed of sound are gathered in
the left-hand side of the equations rather than in the source terms (as was done
in Lighthill [12]) and cannot be neglected. However, similar to Lighthill’s analogy
there was no explicit representation of meanflow convection in the wave operator.
But Lighthill recognised that the quadrupole sources would be convected with
the flow, and included a ‘scaling factor’ independent of the meanflow to account
for this; Ffowcs-Williams [16] then modified this factor slightly to account for
Doppler convection (when sound by a moving source propagates to a fixed
observer). Ffowcs-Williams [17] extended Lighthill’s acoustic analogy for this
and found that the intensity of a high-speed jet would scale with the third power
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of the jet velocity. Both this and Lighthill’s scalings have been confirmed with
several experiments. So, they found that the intensity of a supersonic jet scaled
as: 2US D2 .

~ oo t) T areer
where M is the eddy convection Mach number and 6 is the far field angle of the
observer. This put a prefactor of the type which obviously introduces a
singularity for supersonic jets when M cosf = 1, this is termed the ‘critical layer’
[18].

As we have mentioned, neither Lighthill nor Ffowcs-Williams explicitly

(2.1.11)

included the effects of mean flow refraction in the acoustic analogy. Figure [2.3
(adapted from [19]) shows that refraction will clearly occur since the local
velocity at point B is greater than point A. At different points the local fluid flow
will have different velocities and unless the jet is isothermal, the speed of sound is
also dependent on location. Lilley [20] modified the acoustic analogy to be more
reliable for heated jets by including the effects of mean flow refraction. This was
done through the rearrangement of the Navier Stokes equations, primarily using
the energy equation to replace the d;;(p’ — ¢?p') term which Lighthill neglected,
this results in a source term related to enthalpy and kinetic energy. The kinetic

energy term was determined to be small enough to be neglected.

Figure 2.3: Meanflow refraction

Lilley’s equation is appropriate for a parallel mean flow (i.e. v(y) = e;U(r))
which is a good approximation for unheated subsonic jets [21]. However even
this approach in which the wave operator in includes mean flow gradient
dU/dr) results in a Green’s function solution that can potentially become
unbounded at subsonic and supersonic speeds. The unboundedness in the Lilley

equation approach were for two reasons:
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1. The Green’s function possesses a discrete spectrum of instabilities (i.e.
points in the streamwise wavenumber ki) where the dispersion relation

A(w, k1) = 0 (defined by (4.2.38) and (A.2.5))), one of these points will

render the Green’s function solution singular.

2. At supersonic speeds the coefficients of the space-time Fourier transform of
the Lilley equation will be unbounded on the critical layer (see (4.2.20])).

Both of the above issues can be remedied by including a spreading mean
flow. Goldstein [22] did this in his Generalised Acoustic Analogy (GAA). This
is the most general acoustic analogy and the one that is used in this thesis.
He found that Lighthill’s analogy and the subsequent forms resulted in a wave
operator which contained a mix of linear and non-linear terms which, following
linearisation, resulted in complex source terms. He aimed to avoid this by
linearising the equations around an arbitrary base flow at the beginning of the
analysis. He split the fluid variables into their base components plus a residual
component using the Navier-Stokes equations e.g. p = p + p’ where p = p(y)
and p’ is unsteady. It is general in the sense that the base flow can be arbitrarily
chosen. He showed that Lilley’s solution can be obtained when choosing a parallel
base flow, but the true mean flow of the jet can be used to be more accurate, this
results in a relation between the mean-square pressure in the far field to the source
correlation function. Like Lighthill’s equation, Goldstein showed that there is an
exact analogy between fluctuations in a real flow and linear inviscid fluctuations
in an arbitrary base flow produced by externally imposed stress distribution and
energy flux perturbations [22].

Goldstein’s analogy has now seen wide spread use. For example, Goldstein
& Leib [23] sought to include the instability waves through the use of a weakly
non-parallel mean flow (small spread rate). They showed that the instability wave
contribution to the acoustic spectrum was only present for 8 < 30°. Furthermore,
in 2008 Goldstein & Leib [1§] found that this formulation renders the Green’s
function solution uniformly valid across the critical layer. To do this, they used
asymptotic expansions of the true non parallel low matching this now weakly
nonparallel inner solution to a parallel meanflow based Green’s function in the
outer region. This renders the Green’s function solution uniformly valid.

It is important to note that all acoustic analogies are exact formulations of

the Navier Stokes equations. The accuracy of their predictions wholly depend
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on the source term that is used. If the source term was known exactly, it would
be possible to find the exact far-field sound, as it is, the source term can only
be estimated and normally taken from numerical simulations (LES or DNS).
Samanta [24] investigated the effect of errors in the source term on the results of
the acoustic analogies and found that it was more beneficial to explicitly consider
mean flow in the wave operator than in Lighthill’s analogy. Qur work in this
thesis seeks to resolve this uncertainty by using LES together with an improved

mathematical model of the turbulence statistics.

Identifying the source term

Since the 1990s sound sources have been estimated (through turbulence
correlations) mostly using numerical methods. Initially Reynolds-Averaged
Navier Stokes (RANS) simulations were used extensively in combination with
a turbulent-viscosity model. This was computationally less expensive than
unsteady simulations such as large-eddy simulations (LES) and direct numerical
simulations (DNS) and still gave relatively good predictions despite empiricism.

The majority of research on jet noise predictions using Goldstein’s acoustic
analogy have focused on cold jets. Morris and Zaman (2010) [25] used Particle
Image Velocimetry (PIV) to measure second and fourth order correlations
and length scales of the flow at several locations and frequencies. They
found that the length scales varies with Strouhal number, i.e. at low St the
length scales are constant and at high St they vary inversely with St. They
compared their findings with a RANS simulation, for which the RANS simulation
over-predicted the length of the potential core and the rate of decay of the
centerline velocity, however the ratio of length scales was found to be similar
between the experimental data and the simulation.

As we mentioned, Goldstein and Leib (2008) [18] developed a jet noise model
for cold jets which used a RANS meanflow and also contained several empirical
constants to model the spectral tensor, that is the space-time Fourier transforms
of the Reynolds stress autocovariance tensor. Karabasov et al (2010) [26] aimed
to gain better predictions for cold jets, through the use of LES (with sub-grid
scale modelling) in addition to RANS modelling. They used the mean flow which
was determined from a RANS model, and Goldstein’s acoustic analogy using a

Gaussian function model to describe the two-point correlation function for the
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fourth order velocity fluctuations. Parameters, which describe the turbulence
length and time scales, within this Gaussian function model were assumed to
be proportional to turbulence information from the RANS model. Notably,
in this paper they found the proportionality constants from LES rather than
empirically. Based on investigation of correlation amplitude, this paper only
considered correlations Ri111, Rosoo, R3333, R1212, Ra393 in its acoustic predictions.
However, since they only considered one jet it is unclear as to whether these
assumptions will be valid for other Mach numbers or jet temperature ratios.

In 2011, Afsar et al. [27] showed that the acoustic spectral tensor for heated
jets, following several approximations, could be reduced to 11 components. This
paper notably included the ‘coupling terms’ which had never before been included
in jet noise analysis. They aimed to obtain an initial understanding of the
potential effects of the coupling terms in jet noise predictions, however since there
was no space-time data for the correlation functions, it was not possible for them
to calculate predictions. They looked at three Mach numbers: Ma = 0.5,0.9, 1.48
at a temperature ratio TR = 2.7. The main outcome from this paper was that
the coupling term R411; was found to be negative at the small subsonic Mach
number and positive for the high subsonic/supersonic cases. Hence, the coupling
term was speculated to be important in the reduction of jet noise at large Mach
numbers. However, due to a lack of space-time data this result was only obtained
at a few points along the shear layer, and other coupling terms were not fully
investigated. One of the main aims of this thesis is to further expand on this
work by running LES for several cold and heated subsonic jets to obtain the
space-time data which can then be used to calculate the spectral tensor using
an analytical model informed by the LES data (i.e. amplitude, and length scales
taken from LES). This will allow us to carry out a detailed analysis on the spectral
tensor components for heated and cold jets, and their importance in the noise

predictions. This level of analysis has not previously been done before.

Numerical methods

Over the last decade there have been many advancements made in LES, which
has been discussed in a recent review article [13]. One of the most important
changes has been the inclusion of the nozzle geometry in the simulations which

was previously neglected, instead a RANS mean flow through the nozzle was used
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and perturbations created throughout as an attempt to estimate the turbulence.
This resulted in numerical artefacts being introduced to the turbulence (and
corresponding far-field noise) which made it impossible to study the effects of
changing jet parameters (Mach number, jet temperature ratio etc.). Since nozzle
geometry was not included explicitly in the LES, the Reynolds number was
typically chosen to be in the range 0.1 — 5 x 10° since there was no high Reynolds
number wall-bounded flow to consider.

In computational aerodynamics, several meshing methods have been used with
success: structured multi-block, the Chimera (overset grids), Cartesian (cut cell
or immersed boundary) and generalised unstructured meshes. The structured
meshes were used for several years, however to include nozzle geometry this
became more difficult, particularly for more complicated geometries such as those
with chevrons. This meant that another technique had to be used, one way to
do this was by cartesian adaptive mesh refinement (AMR) on structured grids.
The LAVA framework from NASA [28] utilised this, as did the Lattice Boltzmann
method (LBM) which has been successfully used for low Mach number flows but
is still under investigation for higher Mach numbers [29, 30].

Many other researchers have developed methods using unstructured grids
instead. For example, the Navel Research Laboratory developed the ‘JENRE’
solver [31] which focused mostly on investigating jet noise from military style
nozzles, and, Cascade Technologies have developed the compressible flow solver
‘CharLES’, which recently has implemented a mesh generation technique using
Voronoi diagrams which create a mesh based on Euclidean distance [32].

There has been a lot of recent research using the different acoustic analogies
mentioned in the previous sections and making use of CFD and experimental
data to determine the empirical coefficients which will always be present within

these approaches.

2.1.3 Other Hybrid Approaches
Heuristic approach to two-source jet noise models

Before the 1970s it was thought that turbulence was made entirely of eddies from
a range of scales distributed randomly throughout the flow. Then in 1971, Crow

& Champagne [33] discovered experimentally that there were also large coherent
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structures present; Brown & Roshko (1974) [34] also observed this separation of
scales and noted that the large scale are seemingly orderly and the small scale
are random. Laufer et al (1976) [35] performed experiments for supersonic jets
to measure how the noise radiation differs at different locations. They found that
the noise radiated to 90° was characteristically different to that radiated to 30°.
The pressure signal at 90° was found to be random but smooth, similar to that
from a subsonic jet whereas the signal at 30° contained more sharp oscillation.
They concluded that there must be two different noise sources which is the cause
of this disparity.

Tam and Chen [36] then showed that jet noise is also made up of a (highly
directional) large scale component as well as the (more dominant) fine scale
component. Later Tam et al (1996) [37] empirically found two similarity spectra
when analysing jet noise data from the Jet Noise Laboratory at NASA Langley
Research Center. These similarity spectra were applicable for both supersonic
and subsonic jets indicating that the characteristics of noise and the mechanisms
of its generation are constant across all Mach numbers and jet temperature
ratio. They also found that the presence of shock waves did not exhibit any
distortion from the two similarity spectra. There has since been many more
confirmations of the similarity spectra by comparing with experimental data, for
instance Viswanathan [38, 39] compared the spectra with a range of subsonic
jets. It has also been confirmed for more complex jets, such as coaxial jets [40]
and non-axisymmetric jets [41], and even more recently to a wider range of jets
including (non-laboratory) supersonic military jets, rockets and even volcanoes
[42] emphasising that the similarity spectra do not depend on Mach number,
temperature ratio or jet diameter.

It has been generally known that large scale turbulence produces sound
via instability waves and Mach wave radiation [42]. The Mach wave radiation
dominates in the downstream region whereas the noise generated from the fine
scale turbulence dominates in the upstream and sideline locations. As the Mach
number of the jet increases the noise generated from the large scale structures
dominates over that of the small scale.

Tam & Aurialt [43] developed a semi-empirical model to predict the noise
generated from the fine-scale turbulence. The model is semi-empirical due to the

use of the k — ¢ model which they used to obtain turbulence information, and
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the acoustic model also contains three empirical constants. However, the model
accurately predicted the fine scale jet noise from all experimental data available
at that time. They suggested that the fine-scale turbulence generates noise via
the volume sources in the jet mixing layer.

Recently Xu and Li |44] developed anisotropic source models for fine-scale
and large-scale turbulence noise using Goldstein’s acoustic analogy, determining
the mean flow from RANS data and choosing empirical coefficients to match
experimental data. Their model was for isothermal jets and assumed a locally

parallel mean flow, however did consider both subsonic and supersonic jets.

Wavepacket models for the large scale turbulence

Wavepackets in the jet were first discovered by Mollo-Christensen (1963) [45].
Since then, there have been several wavepacket models (e.g. [46], [47]) which were
discussed in a recent review by Jordan and Colonius (2013) [48]. As mentioned,
turbulent jets are made up of two scales: fine scale and large scale structures. The
large scale structures are coherent whereas the fine-scale structures are random.
Wavelet analysis focuses on the large scale coherent structures. They decompose
the flow variables into azimuthal modes and insert these into the Navier Stokes

equations to obtain:
L(q) = Rop (2.1.12)

L(qn.) = Bne  w#0,m (2.1.13)

where L is the Navier Stokes operator linearised about the mean flow, and R, ,
represents a generalised mode-dependent Reynolds stress. The first equation is
simply the RANS equation, and is an exact representation of the Navier
Stokes equations, however to simplify the equation it is assumed that the Reynolds
stress R,, . = 0. Since the wave packet model only consider the low modes, this
is deemed to be a fine assumption as it does not matter whether or not it is true
for the higher modes [49]. This equation has been thoroughly investigated and
solved numerically for: a parallel mean flow (which reduces the equation to that
of the Orr-Sommerfeld equations)|50] and a weakly non-parallel flow, which was
found through extension of the parallel flow using multiple scales analysis [49,
51]. A parabolised stability equation (PSE) framework has also been used which

has benefits of being less computationally complex [52].
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2.2 Installation Noise Modelling: the ‘Edge
Effect’

As mentioned in the introduction, edge noise is caused by the turbulent jet
interacting with the trailing edge of the wing. Edge noise experiments began
in the 1970s by Olsen & Boldman [53]. In the 1980s, Wang [54] showed that the
presence of an external surface increased the noise measured on the same side
as the jet flow in comparison to the isolated jet, whereas noise measured on the
opposite side of the nozzle was reduced. This is shown pictorially in Figure [2.4]
where the noise measured on the same side as the nozzle is referred to as the
‘reflected’ noise and noise measured on the opposite side is referred to as the

‘shielded’ noise.

Reflected Observer

[Plate

Shielded Observer

Figure 2.4: Description of the edge noise problem

Wang also found that this effect could increase the sideline noise (6 = 90) on
take-off, which was corroborated by |55, |56]. This amplification on sound due to
the interaction with the trailing-edge is mainly at low frequencies up to the peak
Strouhal number (i.e. the normalised angular frequency, St = fD;/U; based on
jet exit velocity, U; and diameter, D); typically this is at St ~ 0.1.

Brown'’s recent experiments [57] confirm the work done in the 1970s by Olsen
& Boldman [53] and Wang’s result showing that the amplification in sound
perpendicular to the jet axis (i.e., § = 90°) is typically of the order of 10dB
for a high speed jet at an acoustic Mach number based on the speed of sound at
infinity, Ma = U /¢, of Ma = 0.9, shown in Figure 2.5 It is clear to see that

as the plate moves further away from the jet, this noise amplification (edge noise)
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reduces to become negligible in comparison with the jet noise (isolated noise).
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Figure 2.5: Comparison of edge noise and jet noise contributions at Ma = 0.9 at
(a) h =105, (b) h=1, (¢c) h =25, (d) h = 4.5 using Brown’s [57] data

Additionally, as € reduces, the jet noise contribution increases until, at shallow
angles (e.g., # = 30°), the jet noise dominates the total noise radiation signature
at almost all measured frequencies; typically this covers Strouhal numbers, St =
[0.01,2.0]. Bridges also found that the amplification in sound is greater at lower
Ma, e.g., at Ma = 0.5 cf. 0.9; which is consistent with the ‘dipole’ directionality
of the edge noise source. The streamwise location (y;) was also found to have
an important impact on the magnitude of low frequency noise amplification.
Brown’s results shows that when the edge is located in the vicinity of where the
jet potential core terminates the amplification reaches its greatest magnitude.
Lastly, the round jet appeared to result in greater noise amplification than the

high-aspect ratio rectangular (i.e. planar) jet flow .
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2.2.1 Analytical Methods in Installation Noise Modelling

This problem was first studied analytically by Ffowcs Williams and Hall [5§]
in 1970. They used Lighthill’'s acoustic analogy, neglected viscous effects
and assumed p = c%p to obtain a Green’s function equation for the pressure.
However since this theory was based on Lighthill’s method it neglected meanflow
interaction effects, meaning it was only applicable for very low Mach numbers.
Goldstein used rapid distortion theory to include mean flow effects in 1979 [59].

Rapid distortion theory can be used when the turbulence intensity is small
and the length /time scale for the interaction is much smaller than the length/time
scale of the turbulent eddy decay. Asymptotically, this means that it is possible
to find a length/time that is infinitely large compared to the interaction but
still small compared to the turbulent eddy decay, meaning that the flow is an
inviscid and non-heat conducting compressible one which can be described by

the linearised Euler equations. See Figure for a depiction of this problem.

Figure 2.6: Canonical trailing-edge noise problem

The discontinuity in the solid surface boundary condition can be treated
formally using the Wiener-Hopf technique for a flat plate that is doubly infinite in
the spanwise direction and lies parallel to the level curves of the streamwise mean
flow. The so-called ‘gust solution’ then acts as the input to an inhomogeneous
boundary value problem in which the scattered pressure field is determined at
the output.

The gust-induced boundary condition and the homogeneous solutions to the
Rayleigh equation (which enters the solution to the Wiener-Hopf problem) were
found using the method of matched asymptotic expansions at the low frequency
limit [60, (61, |62].
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Goldstein et al (2013, 2017) [60, 61] showed that the pressure and transverse
velocity fluctuations could be expressed as a convolution product of the Rayleigh
Green’s function and one of the arbitrary convected quantities. This allowed
them to formulate an equation for the acoustic spectrum of a planar mean flow.
The papers differ in their approach to relating the convected quantities to the
physical properties of the flow. Additionally, in 2013 only the low frequency
asymptotic limit was considered, whereas in 2017 a high frequency factor
was applied, allowing the acoustic spectrum to be found for a wider range of
frequencies.

Goldstein, Leib & Afsar [62] (which will now be referred to as GLA19)
extended Goldstein et al (2017)[61] to mean flows of arbitrary cross-section.
They generated a formula for the acoustic spectrum which is applicable for a
wide range of mean flows, and showed that it produced reasonable predictions
for the case of an axisymmetric round jet interacting with the trailing edge of a
flat plate. However, the formulation involved four nested integrals, which can
be computationally expensive on a desktop computer. In addition to this, the
acoustic spectrum predictions were only very good for an acoustic Mach number
of 0.7.

Hence, in Chapter 8, this thesis extends the acoustic spectrum formulation
to find better approximations across the frequency range for a range of subsonic
Mach numbers, as well as utilising computer parallelisation techniques (using
CPU and GPU) to reduce the time spent in calculating the acoustic spectrum.
As in jet noise modelling, the difficulties often are associated with inadequate
source models. Most analytical methods have also chosen parameters by hand,
this thesis investigates the use of optimisation methods to automate the choosing
of parameters in a way where they should be optimal, and investigates the

universality across subsonic Mach number, far field angle, and plate location.

2.2.2 Direct Numerical Methods

Numerical methods can also be used to predict trailing edge noise. Bondarenko et
al (2012) [63] studied edge interaction noise using an LES solver and calculating
the predicted noise via the Ffowcs Williams-Hawkings (FW-H) integral using
different surfaces. Semiletov et al (2016) [64] also used their numerical solver
CABERET and the FW-H method to predict edge noise.
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More recently, Rego et al (2020) [65] investigated the interaction noise using
the numerical lattice-Boltzmann method. Notably, they found that the overall
trends of installation noise could be predicted using by only considering the near
field for an isolated jet.

Machine learning has also been used in recent years [66] using a large database
of experimental data from NASA to generate empirical models which can predict

edge noise over a range of Mach number, far field angle, and plate location.

2.3 Summary

In this literature review, we have discussed some of the main methods and
results of research regarding jet noise and edge noise predictions. As mentioned
throughout, this thesis deals with Goldstein’s generalised acoustic analogy for
jet noise predictions and the rapid distortion theory framework for edge noise
predictions.

The main aims of this thesis are to fully analyse the acoustic spectral tensor
for all 11 correlations that were found by Afsar et al [27] for four jets. This
will enable us to check the effect of heating and increasing the Mach number
on the spectral tensor and the predictions. We aim to check the spectral tensor
(the space-time Fourier transform of the fluctuating Reynolds stress tensor)
and the predictions for universality across Mach number and temperature ratio.
Although we have highlighted certain technical difficulties in the computation
of the parallel flow Green’s function, we use this formulation for the solution to
wave propagation problem in this thesis. This is largely because of the focus on
subsonic Mach numbers. There will be a reduction in the predicted peak sound
at the small angles because of this ([67]) but it will nevertheless indicate the
limit of applicability for a parallel flow solution. Finally we can combine the
predictions for jet noise and edge noise to find predictions for the installation
noise.

Figure shows the process for this calculation, which will be tackled in the

following chapters.
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Chapter 3

Computational Simulations:
Results and Validation

As mentioned in Chapter 2, in order to use acoustic analogies to predict the
acoustic spectrum it is assumed that the turbulence is known. In this thesis, the
turbulence structure for the four jets described in Table [3.1]is calculated via LES.
Please note, from now on the set point abbreviations will be used when referring
to the jets. These jets were chosen from Tanna’s [68] experimental dataset as there
has been several experimental and computational investigations for these jets in
the literature, hence we can validate both our turbulence and acoustic results. In
this chapter the LES is described and our turbulence results are validated against
experimental data. To the best knowledge of the author, parametric LES study

of these jets has not appeared in the literature.

Table 3.1: LES database (from hereon the set point abbreviations will be used

when referring to each jet)

Set Point | Ma | TR Re
SP03 0.5 | 1.0 | 584,000
SP07 0.9 | 0.84 | 1,051,200
SP42 0.5 | 2.7 | 584,000
S P46 0.9 | 2.7 | 1,051,200

These simulations were carried out when the author was visiting Mississippi
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State University, using the in-house implicit LES code developed by Dr. Sescu,
which has been validated for other problems, such as in [69, 70, [71]. In the

following section we discuss the equations solved.

3.1 LES Equations

The program uses generalised curvilinear coordinates with the transformations:
£ = &(xq1, 29,3, t), n = n(x1, 29, 23,1), ¢ = ((21,x2,23,t) corresponding to the
computational streamwise, wall-normal and spanwise directions respectively, and
(x1, e, x3) are the equivalent physical Cartesian coordinates which are normalised
by the jet diameter D,. Similarly, the fluid velocity (v;, v, v3) is normalised by
the jet velocity Uj, pressure is normalised by the dynamic pressure pOOUjQ, and
temperature is normalised by the farstream temperature T,,. Hence the Reynolds

number, Prandtl number and Mach number are defined as:

Ui D C U
Re:w, Przu, Ma=— (3.1.1)
Hoo koo Coo

where i, is the dynamic viscosity, ¢ is the speed of sound and £ is the thermal
conductivity, all measured in the farstream.

The Navier-Stokes equations are:

8p 0
87- _|_ 8 j’OUJ = 0 (312)
0 0 dp 0 .
) __ . 7. = =1.,2 1.
87' (pvl) + ayj (pUZU]) + ayz 8y] Tl] O t ) 73 (3 3)
oF 0 0 0
aT—i—a](J )+8yj(pvj)+ajq] ayj(vTj) 0 (3.1.4)

Es-Sahli et al [69] showed that the Navier Stokes equations can be written as

a vector equation:
Qt—f‘Fg—FGn—i—HC:S. (315)

where the subscript denotes differentiation. The vector of conservative variables
(Q) is given by
1
Q=5{p pu. B} i=123 (3.1.6)
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p is the non-dimensional density of the fluid, and F is the total energy. The flux
vectors, ', G and H, are given by

1 ~ T
1 ~ T
G=- { pVa,  puiVo+ 0., (p+ Ti2), EVa+pVa+1,,0; } . (3.1.8)
1 ~ T

where the contravariant velocity components are given by
‘/1 - gmivi, ‘/2 - nwivia ‘/3 — Cxivi (3110)

with the Einstein summation convention applied over ¢+ = 1,2,3. The Jacobian
of the curvilinear transformation from the physical space to computational space
is denoted by J, and the derivatives &;., 7., (5, represent grid metrics.

The shear stress tensor and the heat flux are given as

1% c%k c%i a&f 8vj 2 8& c%k
= || =2 St ) e P el 1.11
T = e (axj 9. " or, 06 | 3% 9u, g, (3.1.11)
@i = V;Tij + s agl aT (3112)

(v — 1)M2 RePr dx; 0&,
respectively, and S is the source vector term. The dynamic viscosity (u) is linked
to the temperature using the dimensionless Sutherland’s equation:

_ 73/ 1+ Cy/Tw

1.1
T+ Cy/T (3.1.13)

where for air at sea level, ', = 110.4K. There are no subgrid scale terms in
(3.1.5)) since an implicit large eddy simulation framework is considered here.
The time marching uses the 2nd order Adams-Bashforth method:

K

Q" =Q"+ k[z BVL(Q"*”)} (3.1.14)

v=0

and the spatial derivatives are calculated using the dispersion relation preserving
(DRP) of Tam and Webb [72| or the high-resolution 9-point DRP optimised
scheme of Bogey and Bailly [73]. For further details on the numerical method see
[69, [70].
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3.2 Mesh

The mesh was generated using GridPro which takes in topology and a wireframe
and then iterates to obtain a smooth grid. It is a structured Cartesian grid which
spans from 3D; upstream to 55D, downstream of the nozzle exit. In the radial
direction the outer radius of the domain ranges from 16D; at the nozzle to 22D);
at the end of the domain.

Best practices in LES were described in a review paper by Bres and Lele
(2019)[13] and they emphasised the importance of including nozzle geometry
in simulations to achieve the correct nozzle exit conditions. We also show this
importance in Figure [3.I] which compares meanflow results for SP07 using
two nozzle geometries (where the ARN2 nozzle is the nozzle used in most
experiment /LES cases we validate against). The other nozzle did not capture
the potential core. Note that we assume that the boundary layer is laminar

inside the nozzle for all grids. Table compares the three grids.

Table 3.2: Comparison of grids

Grid Number of cells
Old 11,778,624
ARN?2 fine 13,244,832
ARN2 extrafine 23,078,528

Figure also shows that the fine grid provides enough resolution to capture
the meanflow and turbulent kinetic energy (which lies within experimental
uncertainty at most locations), therefore this fine mesh (shown in Figure 3.2/ and
detailed in Table is used for all LES cases.

The computational unsteady data was obtained after an initial transient of
400 — 500 convective time units for the Ma = 0.9 jets, and 250 — 300 convective
time units for the Ma = 0.5 jets was discarded. The statistics were then

calculated over 230 convective time units.
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Figure 3.2: Fine mesh for LES (a) whole domain (b) nozzle area

Table 3.3: Mesh details for ARN2 fine (length normalised by D;, and time

normalised by D;/U;)

ARN2 fine

578 x 158 x 144

Outer block size (N, x N, x Ny)

Total cells count
Ax at nozzle exit
Average Ax for 0 <z < 4
Average Ax for 4 < x < 10
Min Ar in shear layer
rA¢ in shear layer
Time step, At

13.2 M
0.009
0.03
0.07
0.003
0.02
0.000326
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3.3 Results

Figure [3.3| shows the meanflow results from the LES cases, where the velocity
is normalised by the jet velocity U;. We see that heating reduces the potential
core, as expected. In this thesis, most analysis will be done at the end of the

potential core since this is the maximum sound producing region. We define start

and end points of the end of the potential core, where the start point is the 1,
where U(y;,7 = 0) = 0.95 and the end point is the y; where U(y;,r = 0) = 0.9.
These locations for each jet are defined in Table [3.4]

5 10 15 20 5 10 15 20
Y U

1.5

S 1

0.5

(b)

5 10 15 20 5 10 15 20
Y Y

() (d)

Figure 3.3: LES meanflow contours for (a) SP03 (b) SP07 (c¢) SP42 (d) SP46

3.3.1 Validation

Figures|[3.4] [3.5] compare the meanflow and turbulent kinetic energy (tke) that we
obtain through our LES with data from literature. Since SP07 is most often used

as a test point in the literature, we validate the LES and grid by comparing our
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Table 3.4: Initial and terminal points of the end of potential core

Case | End of potential core: initial point | End of potential core: terminal point
(y; = start) (y1 = end)

SP03 5.8 6.8

SPO7 6.5 7.6

SP42 4.3 4.9

SP46 4.25 4.9

results with various experimental |74, 75, 76, [77] and LES data [78, [79]. SP03
and SP46 are compared with Bridges data [74] alone, and SP42 is compared with
Mielke et al [80, I81]. We see from these comparisons that the potential core is
well captured by the LES. The streamwise meanflow is predicted very well across
all jets. However the turbulent kinetic energy is under predicted at the peak, but
the initial ascent is captured. This is likely due to either the lack of a turbulent
boundary layer inside the nozzle or the grid resolution. Note, that experimental
data for the turbulent kinetic energy for SP42 was not available, therefore only
our LES result is shown here.

Further validation of the streamwise meanflow velocity and turbulent kinetic
energy is shown in Figure [3.6] which compares the radial profile of SP07 with
Bridges [82] at several y; locations. We see the LES under predicts slightly
outside the potential core region, but the spatial shape is captured well. Then,
Figure 3.7/ compares the axial profile of the meanflow and turbulent kinetic energy
on the shear layer, where the error bars for the experimental data show that for
the majority of locations the LES agrees with experiment.

The spread rate (S) and velocity decay constant (B) (defined in and
(3.3.2) respectively), were also calculated for each jet. The jet half-width rq/5(y1)
is defined as the r where U(yi,71/2) = U(y1)/2. The velocity decay constant is
found by the equation of a straight line where ¢! is the intercept with the

Y1 axis.
d
S = Tl/Q(y1>
dy,

Uy, r=0) B

= 3.3.2

Uj (y1 — 1)/ D; (332)

Our results are compared with experimental values in Table We get good

agreement with the hot jets, but not with the cold jets. This is likely due to the

(3.3.1)
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calculations taking place too close the the potential core for the cold cases, since

their potential core is longer and we do not have data for large y;.

Table 3.5: Comparison of spread rate and velocity decay constant with experiment

Case S B

SP03 (Ma =05 TR=1.0) 0.067 | 7.14
SPO7 (Ma=0.9, TR=10.84) | 0.067 | 8.3
SP42 (Ma =05, TR=2.7) 0.084 | 5.88
SP46 (Ma =0.9, TR =2.7) 0.084 | 5.0
Panchapakesan and Lumley -83- 0.096 | 6.06
Hussein et al (hot wire) | 0.102 | 5.9
Hussein et al (laser-Doppler) 0.094 | 5.8

3.3.2 Q Ceriterion

The Q criterion allows us to visualise the vortical structures within the jets, where
positive values correspond to areas of the flow field where the vorticity magnitude
is greater than the magnitude of the rate of strain.

The Q criterion was calculated for the Ma = 0.9 jets and a slice is shown in
Figures for SPO7 and SP46 respectively. This allows us to visualise the
vorticity of the jets and shows quite clearly that the heated case breaks down

faster than the cold case.
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Figure 3.8: SP07: Q criterion
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3.4 Summary

In this chapter we have calculated turbulence data using LES for four jets
and validated the meanflow velocity and turbulence kinetic energy against
experimental and computational simulations from the literature. This has
completed the first stage of the jet noise calculation and Figure [3.10] shows
that using this data we can now calculate the propagator and the turbulence
statistics.  Chapter 4 will focus on the Green’s functions and propagator
calculation and Chapters 5-6 will focus on the turbulence statistics and spectral

tensor calculation.
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Figure 3.10: Chapter 3: Summary of process so far
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Chapter 4

Jet Noise Modelling: Theory

As mentioned in the literature review, the acoustic analogy can be used to predict
jet noise. In this thesis we use Goldstein’s generalised acoustic analogy which
rewrites the Navier Stokes equations as a wave equation where the wave operator
is linear and acts upon non-linear variables. Since the operator is linear, Green’s
functions can be used to solve the equations.

This chapter goes over the mathematical derivation of Goldstein’s acoustic
analogy and its solution. Additionally, computational results of the propagator

are discussed.

4.1 Goldstein’s Acoustic Analogy

Goldstein’s generalised acoustic analogy rearranges the Euler equations (i.e.
setting viscous terms in ([3.1.2)-(3.1.4)) to zero), since viscosity and the heat flux
vector were shown to not have a noticeable effect on the sound pressure level
(SPL). The main feature of this analogy is the subtraction of a ‘base’ flow, from
the equations, i.e. the evolution of the fluctuating fluid variables can be found
by subtracting the time-averaged Euler equations from the full Euler equations,
see Appendix for details. This results in the system of equations:

ap a . B
EJr@_yj(pvj +u;) =0 (4.1.1)
(9u,- 0 . ap’ . 8171 /o~ (%Z 8€Z‘j .
(5 s Lt = =1,.3. 4.1.2
5 + 9, (Dju;) + Jy; + 7 90, + pvkayk oy, ( ;3 ( )
1 op 1 d , ,. ,00; 0 ~ _ 0y,
(y=1or (v-1) 31/;'( 2 dy; 0 yj( i) "oy, (4.1.3)
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where the source terms are on the right hand side and are given by:

€ij = — [pv;v; — ﬁ;;\v/;] (4.1.4)
- 86,-]- 1 D€7;j Gf)k 0 _
Q = _Uja_yi + 5(51] [E + 8—ykeij - a—yZ [p?];h{) - pU;hé (415)

and the stagnation enthalpy is hg = h-+v?/2, where its mean and perturbation
are defined in Appendix [A.1.3]

These equations can be written in terms of a linear operator L,q.. acting on
the fluid variables and another L. acting on the source terms, which allows a
solution to be found using Green’s theorem. Since we are interested in finding the
noise at an observer location & far away from the jet, it makes sense to use the
adjoint Green’s function (which has incoming wave behaviour at (y,7)) rather
than the direct Green’s function (which has outgoing wave behaviour at (y,7)).
Therefore the adjoint Green’s function decays at large .

We then take the inner product of the — with the adjoint Green’s
function G, (y, 7|z, t) where p = 1,2,3,4,5, and G, i = 1, 2, 3 are multiplied with
the momentum equations, G4 is multiplied with the energy equation and G5 is
multiplied with the mass equation. Taking the integral (over 7,V (y)) of the
sum of these equations, and using representation theory, allows us to obtain the

linearised adjoint Green’s function equations: (for full details refer to [85]).

an - 8G, 8G5 . Gk 8vk 4 il@ _ G4’l7k 8vi

ar U y; * 9y Ay Ay dyr

0 i=1,3 (41.6)

L 0Cs | b 0G0y 96,
vy—10r y—10y dy; Oy
8G5 - 8G5 ~ aﬁz

it} 2 Gip—— =0 4.1.8
or U 0y, Uk Y ( )

—5(x — y)5(t — 1) (4.1.7)

4.2 Parallel Flow Green’s Function

4.2.1 Derivation

Now, for a parallel mean flow where ©; = 9;;U(y2,93),p = const = poo,p =

p(y27y3)7 B = ﬁ(y% y3>7 ' reduce to:
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DG, 0G5 ou - 0G,

—G h =0  =1...3. 4.2.1

pr Ty Yy Ty i=1 (42.1)
I DG,  0G;

~—1 Dr + By dx—y)o(t—1) (4.2.2)
DG5

=0 (4.2.3)

where D/D1 = 0/01 + U(y2,y3)9/0y1. As shown in Afsar (2009) [85], (4.2.1))

can be further simplified by taking the material derivative:

D2G;, D 0Gs DG,doU D OU DhoGy - D 9G4
D " Droy.  Drom C'Droy  Droy | Drog 0 4

Since h = h(y2,ys3), Dh/D7 = 0. Using (4.2.1) with i = 1 gives DG4 /D1 =
—0G5 /0y — hoGy /0y;. and the commutative relation

DOG_ 0 DG _0UdG
Dt oy;  0Oy; Dt 0Oy; Oy

can be used to simplify (4.2.4)):
D2Gi i [ 0 DG5 oU 8G5i| _ |: 8G5 ~8G4i| oUu

D72 " Ly, Dr Oy oy, Oy oy doy, (125)
_G[i%_@Uﬁ_U] ;L[aDGAL_@U@}_O ;
Cancelling terms and using (4.2.3]), this reduces to,
D*G; - 0 DG,
= 4.2.
D2 * dy; Dt 0 (426)
dividing through by & = h(y — 1) gives,
1 D*G; 1 D
Gs 0 Dby _ (4.2.7)

@2 Dr2 +7—18_yz» Dt

then, by introducing a new variable Gy = ﬁDG;; /D7 in 1} and 1}

we obtain what will henceforth be referred to as Afsar’s conservation equations:

D2G;  ,0G, ,
Do ¢ I 0 i=1,.3. (4.2.8)
Go + aaji = —§(x —y)o(t —7) (4.2.9)
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Note that these equations do not require the gradient of the mean flow which
simplifies the process of finding the solution for a computational mean flow which
may not be smooth.

Taking the Fourier transform in time of these equations gives:

0

o .
iw+U(yz, y3)5—)’Gi + @ =—Go = 0 4.2.10
( (Y2, y3) Gyl) e 0 ( )
5, 0 5 —d(z—y)
Got 5, Gi=—g (4.2.11)
where

éxmxmozéi/‘ew@ﬂagme—Tu@—T> (4.2.12)

™ —00

(0=0,1,2,3,4).

Now taking the Fourier transform in the streamwise direction:

~ 1 o0 . -
Go(yrler;w, k) = —/ e_Zkl(“_yl)Gg(xl — Y1, Ypler;w)d(zy —yp) (4.2.13)

2 J_
0 0
gy, ~ Tt gy 21
gives )
DG — 29 _ (4.2.15)
Ay
5, 0 (xr — yr)
Go+ —G; = XL~ Y1) 42.16
0 + ayz (27'(')2 ( )
where Dy = (Uky —w). Rearranging (4.2.15) for G; and inserting this into (4.2.16)
gives:

. a[? 6A]:_%E;£ﬂ (4.2.17)

Go+ —|=—==—G
* " oy D2 Jy; ° (2m)?
Expanding the gradient operator using cylindrical coordinates and defining
A(r; ky,w) = &/D? gives:

A ‘ 0 10
G0+ [ - Zkleu + Eeri + ;%ewl}
, . ) 10 N1 1 8(R—r)5(¥— )
[A(T, k?l, W)( — 2]{;1611» + 56”‘ —f- ;%€¢Z> Go] = — (27‘{')2 ,
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Using orthogonality conditions where e,,;€,,; = 1 (no sum on m) when ¢ = j and
zero otherwise, and noting that de,;/0Y = ey; and dey,; /0y = —e,; reduces the
left hand side of this equation to:

Go + [(—ikl)QA(r; ki,w) + % <A(r; k‘l,w)gﬂ Go

or

i O 1y O+ 0 T a2 2
. 6w [A(T,kl,W)erlar}GO‘l' r |:A(T7k17 ) aw

then, expanding the second line simplifies the equation and we can define the

(4.2.19)
5o
Rayleigh operator Lg:

r or + 72 02 |

[(1 — KPA(r; khw)> + %(A(r; kl,ﬁd)%) L Alrik,w) 9 Alrsky,w) 0 ] G,

N

in
(4.2.20)
we can show that Ly is dimensionless, remember A = &/D2 = @ /(Uk; — w)? =

[L?]/[T?]1/[T~?] = [L?], therefore:
[Lr] = [1] = [L72L7) + [LLP[L ] + [LALL + [27][L77] = O(1)

Now, looking only at the terms in (4.2.20)) with derivatives in 7:

0A0G, Gy AdG, 17 0A0G,  0G, 92Gy
— A — =—|r— A A
or Or + or? +r or r[rar or + 8r}+ or?
_ 179 len o 1 G, len oen
[87‘( AW) _AEO” or > +4 or ] +A4 or?
1 0 aGo
T (‘37’( or )
(4.2.21)
Therefore we obtain the equation:
AN~ 10, 0G 1 0(R—1r)6(F — )
— 2 0 — —
(1 A+ 28@[)2>G0 r@r( rA or ) (27)? r (42.22)

We can take Fourier transforms in the azimuthal direction, noting that Go

only depends on 1, ¥ through their difference (¥ — 1)):

m 1 o0 ) N
GO )<T|Ra k17w7|m|79) = 2_/ e_zm(\l,_w)GO(ﬂRa\Ij _waklawa|w|70)d(qj—w)
e

o (4.2.23)
and
1 > —im( § ; = L o)
ool YO L (r s )[GO(T|R7W_¢’k1’w)]d(‘1}_¢) T@2n)3
(4.2.24)
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which can be written in terms of the m** mode Rayleigh operator:

(m) 1 §(R—r
I i) [GF Rkl 0)] = — s 2T )
where
—(m 10 0
T (i ke w) =1 — (k2—|——)A+;§<rAar) (4.2.26)
Remember A(r; ky,w) = /D2 and
Uk
Do=Uk —w=uw b—q
w
= w U ek 1]
Coo W
iy _M(r):—l B 1} (4.2.27)

= Cookno [M(r)l%l — 1]

= Cxo koobo

where k, = k; /kso. Then we can define ¢ = ¢ /a, where a, = ¢ /¢. Therefore,

Ak w) = — = ——— (4.2.28)
D§  a2k.D,
So we can write (4.2.26) as:
Z(Rm)(r; ki, w) = [ (k2+—2> ! _{_12(—7”_22)]
o azk?, D r Or a2k2 D, or (4.2.29)
k2 —Lgp (rik,w)
where we define Ly (7; k1, w):
—(m 2
T ey w) = [k2 (k:2 m2) = 13(%3” (4.2.30)
a2D ror\g2D, Or
Hence, (4.2.25)) becomes:
=m) —(m KX S(R—r
Ly (k) |GV (| Rs by, w, ], 0)] = o ( - ) (4.2.31)

Note that this equation can be written in standard Sturm-Liouville form:

d d \1=(m)
TQ(T,kl,w)—i-%(rP(r,kl,w)%)]Go (r|R; ky,w, |z],0) = —6(R—7) (4.2.32)
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where

. 12 (2 M
Qriky,w) =k — (kf + 7“2)@253 (4.2.33)
P(r;ky,w) = 1_2 (4.2.34)
az Dy
and .
—(m) m
Gy (r|R; ky,w, ||, 0) = [(kQ) }G< (r|R; kv, w, ||, 0) (4.2.35)

Note that a, # 0 and Dy # 0 since we restrict our analysis to subsonic jets. If

Dy = 0 this is termed the ‘critical layer’ as it introduces a singularity.

4.2.2 Green’s Function Solution to (4.2.32))
Since this is a standard Sturm-Liouville equation we can use the standard result
given by (A.2.8]) (see Appendix. for details):

(m)(.. (m)( p.
=(m) wy (rsky,w, x|, Owy (R ky,w, |x|,0)H(R — 1)
Go (rlRiky,w, x| 0) = = : J(wi)(w1 w:)

wi™ (ri ky, w, 2], )wi™ (R: kv, w, ||, 0)H(r — R)
J) (wy, wy)

_|_

(4.2.36)

where wy, ws are two linearly independent homogeneous solutions, H is the step
function and J is the invariant. Therefore, inside the jet where » < R we have
the solution for @f)m)

k2 wl™ (riky, w, 2], 0)wl™ (R; ky, w, |z, 0)

(m)
G R; k 0) = 4.2.37
0 (7" 3 R, W,y |~'B‘> ) (27T>3 J(m)<w1,w2) ( )
where we show in Appendix. [A.2}
T (wy, wy) = J™ (ky,w, |2],0) = —P(Fend)TendA™ (i, w, |2|,0)  (4.2.38)

where A™ (ky, w, |z|,0) = W(w'™, w{™)|,. . is the dispersion relation and W is
the Wronskian. Therefore:

k:2 wgm)(r;kl,w, |m|a‘9)w§m)(Ra k17w7 |JJ|,9)

k 0 4.2.
( ‘R 1, W, |w| ) ( ) _P(rend)rendA(m)(k17w7 |:c|7 9) ( 39)
Note that at reuq, since M (reng) = 0, ar(reng) = 1 P(rena) = 1.50
2 (m) (.. (m) [ p.
G (| R by, ], 0) = oW (riku o, @ By (Riky,w [2],6) -y 5 4

(2m)3 ~Tend A (b, w, 2|, 0)
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Acoustic field equations for (wy, w,)

As mentioned (wy, wsy) are homogeneous solutions which satisfy the conditions of

the Green’s function:
e continuity at r = R
e Jump in its derivative of 1/P(r)r

which are proven in Appendix. [A.2] The first solution, wy, is the solution to:

=(m)

Ly (r;k,w) [wgm)(r;kl,w, \w!,@)] =0 (4.2.41)

where the operator is radially inhomogeneous, as are the P, () coefficients:

=(m) 1d d
Ly (rik,w) = Q(r; k1, w) + ;5(7"]3(7’, kl,w)%> (4.2.42)

m)

This w'™ is found numerically as was done in [86] (é(() in that paper).

The other solution wém)(R; ki,w,|x|,0) where R = 7¢,q is then found by

solving:
—(m)
Ly (Riki,w) [wém)(R; b w, |m|,9)} =0 (4.2.43)
where
—(m) 1 d d
Ly (Riky,w) = Q(Riki,w) + Eﬁ@P(r; kl,w)ﬁ> (4.2.44)

We have already shown that P(R;ky,w) = 1, therefore Q(R; ky,w) = k%, — k¥ —
m?/R? and the operator is given by:

=(m) 2 oy _m? 1.d —d2

Lp = [(k’oo—’ﬁ) "R T Rar T dRJ (4.2.45)
_[d2 +li+(2(kk‘)—m_2)] -
— dR2 RdR 'YR 1y voo R2

where v%4(k1; ko) = k% — k}. This operator is outgoing in (,t)/incoming in

(y, 7). The standard solution to this equation is the Hankel transform:

wi™ (Ryky,w) = HY (vrR) = HY (\/k2, — kI R) (4.2.46)

Therefore, the Green’s function solution inside the jet is given by:

k2
2 A, (K1, w, 0)w™ (7 by, w, |, 0) HY (vr R)

—(m)
GO (T‘R7 klaw7 ‘$|,9> = _<27T>3 m

(4.2.47)
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x(x1, R)

R= |x|sin @

X, = |x| cos @

Figure 4.1: Geometry of the problem

where
1

TendA(m) (klv w, 0)‘

Ak, w0, 0) = (4.2.48)

Tend
Now since wém) (R; k1, w, |x|,0) is found at the maximum radius R, which using
the geometry of the problem shown in Figure [4.1| we can rewrite in terms of the
distance |z|:
W™ (R ki, w, ||, 0) = HY (yg|2| sin 0)

Then when we take the asymptotic limit at |&| — oo, this is given by:

m 2 . mm ™
ws )(R; ki,w,|x|,0) = ”W'YRR exp [@(VRR - Z)} (4.2.49)

We can write the Green’s function solution simply as:

G (r| Ry ey, w, |z, 0) = O (ky, w, 0)wl™ (R; ky, w, ||, 0) (4.2.50)
where
(m) k3 (m)
" (ky,w,0) = B )3Am(k‘1,w,«9)w1 (ry k1w, |z, 0) (4.2.51)
T

which in the limit |z| — oo is:

=m) ), _ 2 g ; _mr T
Gy (r|R; k1w, |x],0) = WWRR(D (kl,w,ﬁ)exp[z<fyRR 5 4)} (4.2.52)

Now, to return back to spatial coordinates we begin by taking the inverse

Fourier transform in k; which gives:

G (g1, 7| R; w, ||, 0) :/ e @G (v Ry ko, w, |, 0)dky (4.2.53)

—0o0
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and under the limit || — oo:

© . 2
lim G( ) = lim etk [e_’klylé(m)(lﬁ,w,e)

e—i(mﬂ'/2+7r/4)i| ei’yRdel

|| —o00 || =00 oo o

(4.2.54)

Using 1 = |x|cosf and R = |x|sinf, the equation can be written as:

‘ l‘lm G (yl,r|R w, x|, 0) = | l|1m eikilel cosbinglalsinb(m) (. o x|, 0)dk,
= x| —o0

(4.2.55)
Finally, we can define h(k;, k) = ki cos 0 + g sin @ which results in the standard

— 00

form:

hm G (yl,T|R;w, |z|,0) = lim eil@lhbkoo) M) () o (22|, 0)dky

— 00

(4.2.56)

Evaluation of integral (4.2.56]) via Complexification

This integral can be solved in the Complex plane, where we represent the Cauchy
principal value using f indicating the integral limits going to oo, and removing
any singularities on our contour C":

lim G( (y1, 7| Ry w, |x],0) = lim ell@lh kL koo) g (m (kl,w |z|,0)dk, (4.2.57)

|| —o00 || —o00 C

where k; = £ + 41 is now complex. This means 7% can now be written as v% =
Vp = k3 —k? = k2 — &2+ n? — 2¢ni. Which can also be written in terms of

magnitude and angle as:

Tr = [gle’™®7n

i(arg ¥ p+2nm)

(4.2.58)
= [7gle

where argVp = Im(7g)/Re(7r) and 2nm can be added to the angle since by
Euler’s formula e*"™ = cos(2n7) + isin(2n7) = 1, therefore we can revolve 2nw
around the complex plane and there is no change to 7.

Since 7% = (k% — k%) we can introduce two new variables:
Ky = (koo + k1) = [koo + ky|e! 28 th) — || gi(are [k +2na7) (4.2.59)

k? — (kco _ kl) — |koo . k1|€iarg(koo k1) |]€b| i(arg |k8|+2n,7) (4260)
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where n,,n, are two integers. Then 7% can be written as:

Vi = KR = [k |Rg|e! ekt rere b (4.2.61)

2N

where N = n, + ny is still an integer, and therefore e still has no impact on

v%. The problem enters when we take the square root to find g, since this gives:

= |7 |/l 0/ 2arET e N ) (4.2.62)

Now the e¥™ will change vz depending on whether the N chosen is even or odd:

1/2 i(1/2arg7vR)

= [Vl
h/ ‘1/2 i(1/2arg¥p+m) _ _,Yg))
1(;) _ |7R’1/2ei(1/2arg7R+2n) _ %(;J)

Therefore if we circulate the origin of 7, by 27 then vg = 7R changes sign.
However if we circulate twice about the origin the sign returns to the original
'y](;?). Since there are infinitely many branches of g since N — oo there is
arbitrariness over which branch we choose in order to define 5.

We have shown that in order to maintain sign parity in g (which appears in
h) we have to circulate the origin twice. However, we cannot do this if we wish
to apply Cauchy’s residue theorem which only applies within one circulation of
the Complex plane (i.e. for 0 < arg(k;) < 2m). Therefore, if we want to maintain
0 < argyg < 27 we must remove a line (branch cut) of fixed arg from the complex
plane. This means we cannot cross the real axis as this gives a change in sign
and the branch cut is an interval of length 27 where argygr = (6o, 6y + 27).

The branch cut connects the branch points which are defined as the points
where vz = 0:

vr = (k{k)Y? (4.2.63)

Therefore, the branch points are k¢ = koo + ky = 0 — ki = —koo, and kb =
koo — k1 =0— k1 = ks

Alternatively, we can define k¢ = 1/£%, kY = 1/£" and the corresponding
branch points are £ = £ = 0. This means k¢ = k> = oo are also branch points.
Therefore in terms of ky, these branch points are: k; — Z+oo. Therefore the
branch cuts are indicated in red in Figure [1.2(a). Then the indented contour
that will be taken to exclude the branch cut is shown in the dashed black line

20



in Figure [£.2(b), this includes taking a small radius around the branch points.
However, when this indented contour is deformed it will cross the real axis.
Therefore, we rotate the branch cut around the branch points by 90 degrees,
which is shown in Figure [1.2(c). Note that this does not impact the indented

contour.
ina i Na
G e Nl Y S — [
T k., AR I N T o<
(a) (b)
i Na o
,,,,,,,,,,,,,,,,,,,,,, 7 ) ke + 06
—ko — i0 Y_'_S 77777777777777777777 o; i f
-00

()

Figure 4.2: Visualisation of the branch cut on the complex plane needed for
calculating the inverse Fourier transform in k; for ég’”) (a) chosen branch cut,

(b) corresponding indented contour, (c) rotated branch cut

Asymptotic Expansion of (4.2.57))

We have shown that yg = £1/k2, — k%, so we need to choose a value for vx that
satisfies wave behaviour. If vy is real, then k; < k., and we choose the positive
root which gives the correct behaviour of an outgoing wave at the observation

point (¢, R). If g is complex, then k; > k,, and for outgoing wave behaviour we
choose the positive root so v = i/k? — k..
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Looking at the inverse Fourier Transform in w shows why the positive root

was chosen:

§ =l 0)= [ G el o)

0o
R o0 ~ . . . .
_ / / @(m)(kl,w, |CL’|, 9>ezw761k1|a¢|cosﬁe—zwtemRRdwdkl
—RJ—o0

R 00
_ / / Ale™ =80 dudk,
—RJ—x

where A = &™) (ky, w, x|, 0)e™Te*1#1 | then, differentiating implicitly we see this

(4.2.64)

becomes —iA(wdt — yrdR) = 0, which can be rearranged to give the phase speed
of waves going to (R,t), i.e. dR/dl = w/vyg > 0 is outwardly propagating when
vr > 0. Hence, the positive branch of the single values square root for g is
chosen.

The integral starts off on the indented real axis which avoids the branch points:

N
/ é(m)(klﬂa()? ’w‘7 e)eilmlh(kl’kOO)dkl kl € R (4265)

N

moving this integral to the complex plane gives:
JM (W, |z],6) = /Cgb(m)(kl,w, ||, §)ell@hkrkee) g, ki eC (4.2.66)
where we define the contour C' as the path of steepest descent where
B (kf kso) =0

and the prime denotes differentiation with respect to k;, and ki is the stationary
point. A pictorial representation of the deformed contour is shown in Figure
which shows the contour split into four (L;, Ly, I'y, C') and how it avoids crossing
the branch cuts.

Then the integral can be split into four corresponding to the different regions

of the contour:

J(m) = / i)(m) (k17w7 ’w|7 e)ei‘m‘h(kl’kOO)dkl - / (i)(m)(kla w, |.’B|, 9)€i|w|h(klykm)dkl
FN Ll

/

- / B (e, w, |, 0) ok k) g, — / B (e, w, ], )11 k) g
Lo

(4.2.67)
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= e
W s N

CI

Figure 4.3: Deformed contour consisting of four sections Ly, Ly, 'y, C".

Now, the integral over I'y is neglected since it is equal to the residues from
the branch points but we do not know what they are. Then we can bound the
integrals over Ly, Lo by looking at an integral over a wedge using Jordan’s Lemma.
Later, we show the angle of the wedge can be estimated as 7/4, then if we define
ki = Ke', where K = |ky|, o = arg(k;), changing variables to «, the integral is

given by:
/ i)(m) (kl)eﬂth(kl) sin 9€iK\x| cos 6 cos ae—K|x| cos 6sin aKZ'eiada (4268)
L
using Jordan’s Lemma for a wedge, this integral can be bounded:

. 4 A :
/ q)(m)(k1>ez|w\h(k1,koo)dk1 < / |(I)( )<k1)€7K|x|cosasmaK|da
Ly 0

S g(m)(kl)KefK\ﬂcosGsina (4269)

T
4
< O(Kne—K\x|cos9sina) = o(1)
since K — oo and the exponential will go to zero. Here we have included the
modulation terms into E(m)(/ﬁ). The integral of L, will be identical since the
parabola is symmetric and the transformation of a circle on the origin along the

real axis has no effect on bounds. Hence, in the limit N — oo the integrals over

Ly, Ly are neglected. Therefore the contour integral becomes:

1™ (w, |z],0) = lim [ & (ky,w,|x|,0)el=hkike)gp, (4.2.70)

x| —00 ’
C
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Remember that C” is the contour where hA/(k}) = 0, so we can use Laplace’s

method to rewrite this integral as a Taylor expansion:

1) (0, |2], 8) = /

exp [i|x| (h(k;) + 0.5(ky — k)R (kD) + O(ky — k;)f%)} dk,
(4.2.71)

[ (k) + Ok — k)]

!

which is

10w, |2],8) = B (k) ellelhki) / gilel/20m =K (k) g, (4.2.72)

!

The integral over C” was chosen to be dominated by the stationary point,
therefore we can increase the limits to oo, then defining s = ky — k] and a =

—h" (k) simplifies the integral to:

1™ (w, |z|,0) = & (kF)ellelh*D) /OO exp [— Z|2—x|s2oz} ds (4.2.73)
Currently, s is in the complex plane but we are integrating along the real axis
from —oo to co. We can rotate s by 7/4 by introducing s’ = se™/4, then 5% =
s”emim/2 = _js” and ds = ds'e"™4, so the integral becomes:

0
1w, ||, 0) = i)(m)(kf)e“xh(kf)e_”/zl/ exp [— Asﬂ} ds' (4.2.74)

where A = |z|/2a. Lastly introducing 5 = v/As' converts the integral into the

well known Gaussian integral:
~ ) N ) 1 x©
[(m) (w’ ‘x” 9) — q)(m)(k;)edﬂh(lﬁ)e*’tﬂ'/‘lﬁ / e*Sng (4275)

which has the solution /7, therefore the Green’s function becomes:

™

G (w,|z],0) = P (KT, w, )e!lFIhkD o —im/4 2120 (4.2.76)
Now we find the stationary point &} by looking at A/(k}) =0
kjsin6
h'(k}) = cosf — S L | BN ki = koo cos 0 (4.2.77)

where k] = 4k cos 6 since this is the physically admissible wave number which
gives the correct outgoing wave in (R, t) coordinates, i.e. it propagates from the

jet to the observer.
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We find a by calculating the second derivative and evaluating it at the

stationary point:

k% sinf k% sin6 1
= s = == = 4.2.
TR R o 0P R sin® 0 Fosin® (4.2.78)
Then we find h(k}):
h(k}) = koo cos® 0 + /K2 — k2 cos20sin 0 = ky, (4.2.79)

substituting these results back into (4.2.76]) gives:

G(() )(w, |lz|,0) = &™) (k¥ w, 9)6“'9”"“""_”/4)1 / mﬂ sin 0 (4.2.80)

Remember that @ can be expanded using (4.2.54), and note that

Yr = VEk% — k" = koo sin @, therefore:

~ - 2 , :
O™ (y1, R Ky w, 0) = e® @M (kY w, 0)y | —————e "2 (4281
(y1, ) K, W, ) e ( 1) W, ) koo sin@Re ( )

Then using (4.2.51)) for &™) (k%, w, 6):

k2 ) )
Gém) (y1, 7w, |z],0) = —(27r)0‘§|$| etkec(lzl=yreosd) 4 (1 cos B, w, 9)w§’”) (r)e=mm/2
(4.2.82)
where we have absorbed a factor of 2i into A,,, so now:
0
Ak, w0, 0) = ! (4.2.83)

TendA(m) (klv W, 0)|

Now during this analysis we found the stationary point ki = & = k., cos6

Tend

and we assumed that using the path of steepest descent meant that the integral
was dominated by the result at this stationary point. To find the exact path of
stationary phase we define a new variable: Ag(k1) = |x|h(k1, ks). Then we can
look at the real and imaginary parts, where we take the real part to be a constant
which is fixed as h(k]) = ks. Then we only have to find the imaginary part of
As(ky). Then we can write:

|?1|A5(k1) = ko +iIm(h) = ky cos 0 + \/ k2 — k?sin (4.2.84)
Setting k1 = £ + in and equating real and imaginary parts gives us an expression
for the imaginary part of h: Im(h) = ncosf — &nsin®6/ks. Where ko =
koo — & cosf. This can then be used to obtain the exact path of stationary phase:

(koo — £ c080)(§ — koo cos )

sin 04/ (€ — koo cos 0)2 + k2 sin 62

n(§) = (4.2.85)
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which is shown in Figure at § = 30,5t = 0.2, M, = 0.9 where we can see
it crosses the real axis twice, the first crossing is when ky = ko cos€ = ki and
the second is when k; = k., / cosf. Now, if we approximate the parabola with a
straight line where it crosses the £-axis, it can be estimated that the angle is given
by 6, as shown in the Figure. Then if we consider large || >> 0 and || >> 0
n/& — 1 then from n/& ~ cosf/|sinf| ~ 1, therefore cosf = sinf = 1,
and 0 = /4.

1.5
1 L
s 05¢
0 -
Contour
® Stationary points
-0.5 : ' : :
0 0.5 1 1.5 2 25

3

Figure 4.4: Contour of stationary phase

Inverse Fourier transform in m

Now, lastly to obtain the Green’s function as a function of azimuthal angle (¥ —1)),
we need to take the inverse Fourier transform in m. This can be written as a

Fourier series:

Go(r.yn, ¥ =, [x].0) = / Gy (ro,w,lal, )™V dm
~ (4.2.86)
= > Gy, Je], 0)e Y
Therefore, the Green’s function can be written succinctly as:
k3 ik O N A
Go(r,y1, ¥ — ¥, w, [2],0) = @Togme’ o ([@]=y1 cos 6) Z Q,, (1, koo cOs 0, ¥ — 1))
: (4.2.87)
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where Q. (7, koo €080, U — 1b) = Ay (ko €080, w, 0)w'™ (r)e=mm/2e=im(¥=¥)  Thep

we can split the sum into three parts: negative m, positive m, and m = 0.

Y Qulrkwcosh, U —9) = Y Q+ Qo+ Y Qn (4.2.88)
m=-—00 m=—00 m=1
Then defining n = —m, brings the first term to Zi:oo Q_,,, then, since n is a

dummy variable we can go back to m, giving the sum:

Y Qulrkacos8, ¥ —v) = (Q_,, + Q) + Q (4.2.89)

1

m=—0o0

Now we need to look at the symmetry of the @ term. Firstly, looking at the

m)

wg term, remember that this was defined as the solution to ( 4.2.41), where

Q(r, koo, w) = k2 — (k3 +m?/r?)P(r, k1,w), and P(r) = 1/(af§§). When P =1,
w§m) can be written as a power series using the method of Frobenius, whereas
when P # 1, w&m) can be found numerically. This means there are two cases to

investigate.

Azimuthal mode symmetry: P(r) = 1/(a35§) #1
When P(r) # 1, the operator L depends on mode through m?. Therefore:
W™ ) = wl™(r) (4.2.90)
1 — 1 . .

This implies that the derivatives are also symmetric.
Now the amplitude factor A,, was defined in (4.2.83) and depends on mode
through the Wronskian A which is rewritten here:

A (ko cos 8, re) = w™ (r) koo sin 0HY ( Rk sin 0) — HY (Rk s sin O)wgm)/(re)
(4.2.91)
where the prime refers to the derivative with respect to the argument. Then using

the definition of Hankel transforms:

) (4.2.92)
HO(2) = ()" H) (2)
and the fact that w%m) is symmetrical, this gives:
AC™ (kg 080, 70) = (—1)™[w™ (o) koo sin OHY — HOw{™ (r,
( )= (~1)" ™) )

(—1)mA(m) (koo cOS O, 1)
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Therefore, the amplitude factor is A_,, = (=1)™A4,,. Then if we write Q,, =
Qun (7, koo c0s 0)e =M =0)+7/2] where Q. (r, koo cos 0) = A, (koo c0s 0)w'™ (7, koo cos ),
and note that Q_,,, = (—=1)™Q,,, then for negative modes:

Q= (1) Qu(r, koo cos )07/ (4.2.94)

Then, note that (—1)™ = X" therefore

o elimm/2 ‘
e g =
Therefore,
Q_, (1 koo cos 0,V —1h) = (=1)"Qp (7, koo cos §)e™¥—¥) (4.2.95)
Q,, (1, koo 080, — 1p) = (=)™ Q, (7, koo cOs §) e MI=¥) (4.2.96)
Qo(r, koo c0s 0, — 1)) = Qo (r, ko cos ) (4.2.97)

Azimuthal mode symmetry: P(r) = 1/(a2ﬁ3) =1

Now, as mentioned above, if P = 1 then wgm) can be written as a power
series which is equivalent to the Bessel function J,, (k. sin#). Again, using the

properties of Bessel functions:

Jom(2) = (=1)"Jm(2)

(4.2.98)
Jn(2) = (=1)" T3 (2)

Therefore,
wi™™ = (=1)mw(™ (4.2.99)

Then, using these results, we find the Wronskian:
AT (ko cos0) = (—=1)™(=1)" [y (Rkoo sin ) koo sin 0 HWY' ( Rk sin 6)
— HY(Rky sin 0) ks sin 0.J" (Rkoo sin 0)]
=A™ (ko cosB,r,)
(4.2.100)

and, the amplitude factor is A_,, = (—1)™A,,, which is identical to the P(r) # 1

case. Hence, the solution for @Q,, (7, ks cos 0, ¥ — 1)) is also identical for all P(r).
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Solution

Hence, using (4.2.95))-(4.2.97) the Fourier series becomes:

Z Q,, = Z(—i)QO(r, koo €08 0) | eI =Y) om0 1 O (7, ko cos 6)
m=—o0 m=1
= Z(—i)QO(r, koo cos0)2 cosm(V — ) + Qo(r, koo cos 6)
m=1
= Z(—i)meQO(r, koo cos ) cosm(¥ — 1)
m=0
(4.2.101)

where €,, =1 when m =0, and ¢,, = 2 when m > 1.

Therefore, we get the final solution for the Green’s function:

k2 .
GO _ 00 zkoo (Jz|—y1 cos 0) Z k CcoS (9) (’r’, koo COS 9) COS m(\lj — w>
@m)a] —

(4.2.102)

4.3 Acoustic Spectrum Formulation

Afsar et al (2011) [27] (referred to as AGF from now on) showed that by using
an axisymmetric approximation the acoustic spectrum could be reduced to 11
independent terms. This thesis follows the work done in this paper, therefore the
relevant equations are rewritten here for convenience.

AGF used the Goldstein (2003) [22] formulation of generalism, which
introduces the non-linear pressure variable p’e = p’ + (’y —1)(p” — ﬁv~’2) /2 so that
the right hand side source terms of (4.1.2)) and ( can be combined into the
single tensor e]); defined below in - This also requires using the full form
of h6 . The operator acting on the e}, source term can be transferred to
the Green’s function. Doing this, the acoustic spectrum is given by the Fourier

transform of the far field pressure autocovariance

1 o0
I(x;w) = —/ “Tp2(x, T)dr (4.3.1)
2 J_ o
where
_ 1 T
pi(x,T) = —/ pe(x, )pe(, t + 7)dt (4.3.2)
2T | ¢
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and
P(a, ) = / / i (@l t — ) (y, ) dydr (4.3.3)

where the negative sign comes from the integration by parts when the operator

on ey, is transferred to the Green’s function [18]. Then v,; is given by:

0G,(y, 7|z, t) Jv

- = DRIy 1)5,, 2k 4.3.4
fYV](y77-|w7t) ay] (7 )5ukaij4(yaT|w7t) ( 3 )

where G, is calculated from Gy which was found in (4.2.102) and

P 51/' —1
€ui (Y, 7) = | = (po,v = pujvj)| = M[

5 — (pv” — pv’Q)} (4.3.5)

Note that e;; can also be written as: e;;(y,T) = engme,(,%(y, 7) where

—1
Cvjom = 5uc76jm - IYT(Sz/j(;am (436)
and
Oy, ) = —[pv;vin —pvofv;n] (4.3.7)

Note that el is the generalised Reynolds stress tensor (i.e. if om reduce to
ij it reduces to (4.1.4)). It is important to note the differential operator in
the Goldstein 2002 and Goldstein 2003 formulations are identical, therefore
the Green’s function theory that we have developed in the previous section is
unchanged and can still be used.

Inserting the equation for p? into the Fourier transform gives:

1 [~ .1 [
I(x;w) = — e — Pe(T, t)pe(x,t + 7)dtdr (4.3.8)
2'/T 2T -T

Multiplying by e®'=%* allows the integral to be written as:

I (z;w) = L1 [/OO W) (z, t—i—T)d(t—{—T)]e_Mpe(w,t)dt (4.3.9)

ﬁ% =T 0

Note for the inner integral in square brackets ¢ is constant, therefore dr = d(t+7).

Notably, these integrals are Fourier transforms for which we define by integrals:

1 [~ _
De(T;w) = —/ e "“Ppe(x, 2)dz (4.3.10)
2r J_o
- L[~
pi(x;w) = 2—/ e"“pe(x, 2)dz (4.3.11)
™ —00
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Hence the acoustic spectrum becomes:
2T 1 T
gle(m;w) = ﬁ:(m;w)% /T ey, (x, t)dt (4.3.12)

which can also be written as:

I(x;w) = jlgrolo Tpe(:r; w)pe(x;w, T) (4.3.13)

Since the pressure is given by (4.3.3) and v,;(x,t,y,7) = v,;(x|y,t — 1), we
find:

be(x;w, T) = —(2m) / ( )f‘yj(w|y;w)é,,j(y;w,T)dy (4.3.14)
V(y
and

(s w, T) = —(2n) / 3 (x| z;w)el (ysw, T)dz (4.3.15)
V(z)
Note that 7" is only in the argument of é,; since this is a random variable and
required averaging, whereas fyj is deterministic and does not require averaging
and is the time Fourier transform of +,;:

I;(zly;w) =/ ="y, (xly, t — 7)d(t —7) (4.3.16)

—00

Therefore the acoustic spectrum is given by:

I (1’ w 277 / / vj m|:.'-/a ul(w|z (.U)
V(y)

711_{1;0 (ﬁ) i(yw, T)ey(z;w, T)dydz

Looking at the the product of é,;, é;,;:

(4.3.17)

1 g —iwT g T =\ J=
iy w, T)éy(z;w,T) = e /Te e, (y, 7)dr /Te (2, 7)d7
(4.3.18)
Replacing 7 in the first integral by 7 — 7¢:

1 T T
ui(yyw, T)éy(z;w,T) = (27r)2/ e_z“’(T_TO)er(y,i’ - To)di'/ e“Te ez, 7)d7

-T =T
(4.3.19)
Using the convolution theorem this gives:
2 1 —iwTo 1 T " "
2T6VJ (ya w T) ,ul(y + n;w T) 27'(' d7—0€ ﬁ [ 7 euj<y7 T)eul(y + nT + TO)dT]
1 )
= % eizwm:RVjul(ya n, 7-O)dTO
- g{l/jul(ya n; w)
(4.3.20)
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where we have replaced z = y + 1 and defined

j—fl/jll,l = EVijHamAneulAn (4321)
where
1 - —iWwT
Hyju(y,m;w) = %/ e "Ry ju(y,m, T)dr (4.3.22)
and
1 r /AN ror T
Ryju(y:m,7) = o / T[PUV’U]'—PULU;](CU»t)[ﬂ%%—p%v{](y—i—n,H—T)dt (4.3.23)

where v}, (y,t) = v,(y,t) — 9,(y), where the tilde represents the Favre average.
The fourth component of the velocity is related to the enthalpy h and is defined
as:

Y= 1 /2

]_ 2 2
vi=(y—1) [h’ + 5V } (y,1) = +——v (4.3.24)

Therefore, the acoustic spectrum is:

L(wiw) = (2n)? |

ey / I @y + 1:0)Hogpa(y,1: 0)ddy
Yy

Voo (1)
(4.3.25)
where I (z|ly + n; w) = I (zly; w)e* M using the WKBJ approximation (shown
in Appendix B of [27]), this allows (4.3.25) to be written as

I (x;w) = (27r)2/( Lyj(x|y; o)y (zly; w) @y, (y; w, k)dy (4.3.26)
V(y)
where @7, is defined in (4.3.32)). Then
I(x;w) = ‘ l‘im I (xz;w) (4.3.27)
T|—0o0

AGF [27] also showed that the acoustic spectrum could be written as a
summation of three terms, representing the momentum-flux, coupling term, and
enthalpy-flux respectively:

I(z;w) ) ‘ ) . . .
2n)? :/V(y) {1 (aly;w) + 12 (aly;w) + 1P (aly;w) py  (43.28)

following axisymmetry approximations these terms were found to be:

1M (z|y; w) = [|Gaal® + |Gasl® + 2|Gas|*| @300
+ Re[G1(Gy + Gi3)[(PT122 + Poony)
+ |G @11y + 2[Re(GaG33) — |G|’ @33
+4[|G 2l + |G1al*) 1o

(4.3.29)
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7 (x|y;w) = 2Re i1 (G + G33) P99 + TGPy
(4.3.30)
+ 2[4 Gy + F43GT3]@Z221]

I (aly; w) = [[Taf® + [Pasl’|@lasz + [Tar[* @iy (4.3.31)
where G;; = 1/2(I';; + T';;), * represents the complex conjugate, and the acoustic
spectral tensor was defined as the Fourier transform in spatial separation of ., ;.:

(I);jul<y; w, kh k.L) = / j_clxj,ul<y7 n, w>ek"'7d,’7 (4332)
n

The remainder of this chapter will find the propagator terms (i.e. the Green’s
function terms) using the numerical meanflow data obtained from the LES. Then
in chapters 5 and 6 the fourth order correlations will be found numerically from
the LES, and post-processed to find the spectral tensor @7, ,. Then in Chapter
7 the acoustic spectrum will be calculated using these equations and integrating

over y.

4.4 Green’s Function: Numerical Results

4.4.1 Code Validation

The first stage of the propagator calculation was to obtain é(()m) =

wgm)(r, ks cosf).  This was found by numerically solving the system of
equations:
acim k2 ) ~
e a—i;( — M(r) cos §)°G™ (4.4.1)
dG™ a?cos? aZ(m/r)? Him)

~ (m G,
e 1} Gl (4.4.2)

r

dr [(1 — M(r) cos0)? * k2, (1 — M(r)cosé

The Green’s function code that was used to solve these equations was first
validated using several numerical routines, for an analytical meanflow based on
Tam & Burton [87]. This comparison is shown in Figure [.5] for several Strouhal

numbers.
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Figure 4.5:

Green’s function numerical solution using different numerical

algorithms (a) St = 0.01 (b) St =0.2 (¢) St =1.0
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We see that all routines give similar results at low St, and only ode23 gives
different results at high St, therefore for the remaining calculations we use the
4th order Runge Kutta routine. Note that for this comparison b = 0.001 was
chosen for the meanflow profile, i.e. a very sharp meanflow, which implies the

numerical calculation will also be converged for a smoother meanflow.

4.4.2 Properties of the Doppler Factor

This section looks at the properties of the Doppler factor which is present in
the propagator calculations. The Doppler factor is defined as (1 — M(r)cos)™,
we look at the effect of n for different meanflow profiles (relating to different 1,
locations) in Figure [4.6]

There are two main observations;

e inverse Doppler factors are largest inside the jet, whereas positive Doppler

factors are largest in the upstream region; and

e as the flow becomes more developed the factor is smeared over a larger

angular and radial extent.

4.4.3 Resolution Checks

Since the Green’s function calculation requires derivatives it is important to check
convergence. This section checks convergence for SP03 at § = 30. Figure
shows convergence for G, Figure shows convergence for G, ~ dGq/dr, and
Figure shows convergence for dG,./dr ~ d*Gy/dr?®. All figures show that using

a grid of nr = 401 points in the radial direction is sufficient for convergence.

65



=-2 =-1 =
. 180 = 180 n=1 .
10 1.8
100 .
135 8 135
80 14
12
16
= 60 = 90 < 90 s
108
40 4
45 45 0.6
20 2 04
0.2
0 0 —
0 05 1 15 2 0 05 1 15 2 0 0.5 1 15 2
r r r
(a) (b) (c)
n=-2 n-1
180 10 180
100
135 80 8 135
60
= 90 =
40
45
20
0
0 0.5 1 15 2
r
(d) () (f)
n=-2 n=-1
180 6
25
15
135 14
2
13
= = 9o 112
0 111
1
45
! 0.9
0.8
0
0 0.5 1 15 2 0 05 1 15 2
r r
() (h) (i)

Figure 4.6: Spatial properties of Doppler factor for different meanflow profiles at
several powers of n: (a) Top hat (n = —2) (b) Top hat (n = —1) (c¢) Top hat
(n = 1) (d) Gaussian (n = —2) (e) Gaussian (n = —1) (f) Gaussian (n = 1)
(g) Fully developed (n = —2) (h) Fully developed (n = —1) (i) Fully developed
(n=1)
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Figure 4.7: SP03: Resolution check for Gy at r = 0.5 for (a) St = 0.01 (b)
St =0.2 (c¢) St = 2.0, and at y; =start for (d) St = 0.01 (e) St = 0.2 (f) St = 2.0
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Figure 4.8: SP03: Resolution check for G, at r = 0.5 for (a) St = 0.01 (b)
St =0.2 (c¢) St = 2.0, and at y; =start for (d) St = 0.01 (e) St = 0.2 (f) St = 2.0
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Figure 4.9: SP03: Resolution check for dG,/dr at r = 0.5 for (a) St = 0.01 (b)
St =0.2 (c¢) St = 2.0, and at y; =start for (d) St = 0.01 (e) St = 0.2 (f) St = 2.0

4.5 Propagator

Now we can calculate the propagator components that are present in the acoustic
spectrum formulation. For cold jets this reduces to five components, and for
heated jets this reduces to ten components. The numerical calculation follows
the process shown in Figure [£.10]

This section aims to show the propagator components at several #,5t, and
spatial location for the four jets. We wish to look at the magnitude of components
to see which components have the potential to have the most significant impact
on the acoustic spectrum. Then in the next chapters we will look at the spectral
tensors and finally in Chapter 7 we will see the total acoustic predictions.

Figures |4.1174.14) show the momentum-flux propagator components for SP03,
SP07, SP42 and SP46 respectively at § = 30, 90. These show that for the majority
of locations on the shear layer and St at § = 30 the propagator component that
multiplies ®7,,, has the greatest magnitude and therefore at this angle it is most
likely that @75, will be the main contributor to the noise. Note that for the
Ma = 0.5 jets, at high frequency (St = 2) other propagator components become

relatively large, especially the one which multiplies ®7,;;, meaning they may have
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Figure 4.10: Process of obtaining the propagator components

an impact on the high frequency noise. Another key observation is that at § = 90
there is a difference between the cold and heated jets, cold jets are still dominated
by the terms which multiplies ®7,,, inside the potential core region for small /peak
frequencies, whereas for heated jets the largest component everywhere is the one
that multiplies ®3,,,.

Figures and compare the coupling propagator terms for SP42 and
SP46, these show that the term that multiplies the spectral tensor ®},,, has the
greatest magnitude for most locations and both angles. However, again note
that for the Ma = 0.5 jet at high frequency (St = 2) the other terms become
significantly large, especially ®},,;.

Finally, Figures and compare the enthalpy-flux propagator
components for SP42 and SP46. Similarly to the coupling term case, it is clear
that the term multiplying ®J,,, has the greatest magnitude at all locations on
the shear layer, both angles and most St. The main difference between jets lies
in the high frequencies, where for SP42 at # = 30, St = 2 both terms have similar

magnitudes.
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Figure 4.11: SP03: Comparison of momentum-flux propagator components on the
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4.6 Summary

In this chapter we have re-derived the Green’s function solution GGy and calculated
the propagator components that enter the acoustic spectrum formulation.
The process diagram in Figure 4.19|summarises our progress so far and shows

that the next step in the calculation is to calculate the 4th order correlation

functions.
LES data
(w,v,w,p,p,T)
Y l L 4
4th ord
LES Mean flow or .er
) correlations
(Rvjul)
. Physical Spectral
Green’s functions
(Go, G, Gy, Go) Tensor
0, Y1, 92,493 (lpvjy.l)
Acoustic Spectral
Propagator
(T,) Tensor
i (q);j/,tl)

Acoustic Spectrum

(Is)

Figure 4.19: Chapter 4: Summary of process so far
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Chapter 5

Jet Noise: Space-time Structure
of Turbulence

In the previous chapter, Goldstein’s acoustic analogy was summarised, and we
saw it can be broken down into two parts: the spectral tensor which contains
the turbulence information, and the propagator. We have found the propagator
components in the previous chapter, and now chapters 5 and 6 focus on the
spectral tensor.

The first step in the spectral tensor calculation is to calculate the 4th order
correlations from the turbulence data. AGF [27] showed that the acoustic
spectrum could be written as a summation of the three basic sound production
components. That is, sound generated by momentum flux (i.e. Reynolds stress
only), enthalpy flux (temperature fluctuations) and coupling terms involving the

interaction between these two. This formula is shown below:

3
L(zly; k) = > 1 (a]y; k) (5.0.1)

n=1

where k? is the acoustic wavenumber that is defined later in Chapter 6, and:

I(xy; k) = Gij(xly; w) Gy (@ly; w) P 1 (y; K, w) (5.0.2a)
12 (x|y; k) = 2Rel yj(x|y; w)Gy(®ly; w) Py, 1 (y; kS w) (5.0.2b)
I (@ly; k) = Ty (aly; w) T (]y; w) @5, 4 (y; k¢ w) (5.0.2¢)

and Gj; is the propagator related to the vector Green’s function of the adjoint

linearised Euler equations given by Eq.(6) in [27].
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The spectral function ®;. , enters the acoustic spectrum by the following
components in Table when an appropriate axisymmetric approximation is
made. These are directly linked to the fourth order correlations of the turbulence
data via Fourier transforms. Hence, this chapter focuses on the space-time
structure of the turbulence (via the correlation functions), which will then be
used in Chapter 6 to calculate the spectral tensor. This full analysis of the
turbulence structure for heated and cold jets has not yet been done fully in the

literature.

Table 5.1: Spectral Tensor Components.

Spectral Tensor | Independent

Components Components

P* P P*
X 11115 22225 12125
Momentum flux term q)ijkl

* * *
(I)22337 c1)11227 (1)2211

Enthalpy
ﬂux/momentum (I)ijl (I)Zkllll: CI)ZlQQv (I)Zk1221

flux coupling term

Enthalpy flux term @LAZ D415 Phoso

5.1 Amplitudes

Fourth order correlations for two points in space are calculated using the equation:

R/j,jl/l(w7 n, T) = [’U;/U;' - U;IL/U;‘]("B7 t)[vluvf - m](m +mn, L+ T) (511)

Where we define the point x as the probe location (y1,7), and m,7 are the

spatial and temporal separations respectively. The overbar indicates Reynolds

time averaging % fTT(...)dt, and the Greek indices range from 1 — 4 whereas the

Latin indices range from 1 — 3. Then, (v}, v}, v}) are the velocity perturbations
and v} is related to the enthalpy fluctuation and is given by:

1
vy = (y = 1) [h’ + 57/2] (5.1.2)
There are 63 independent components of R,;,;, which reduces to 45

components when looking at their initial amplitude (i.e when 7 = n = 0). The
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amplitudes for the momentum correlations are compared in Figure for all
four jets, where the red bars indicate correlation functions that are present

within the AGF acoustic spectrum.
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Figure 5.1: Comparison of amplitudes for the momentum flux correlations for (a)
SP03 (b) SP0O7 (c) SP42 (d) SP46 (red bar indicates correlation functions present

within the AGF formulation of the acoustic spectrum).

From this comparison it is clear that we can neglect Rao33 from our following
calculations since its magnitude is negligible in comparison to Ri11;. We also
see from this figure that heating the jet does not significantly affect the level of
contribution from any of the momentum flux terms. Additionally, we see that
the acoustic Mach number of jet also does not have a significant impact on the
contribution of terms.

On the other hand, Figure compares the coupling terms Ryji; for both
Mach numbers and we see the contribution of these coupling terms (in comparison

to Ri111) increases for the lower Mach number, where for Ma = 0.5 the coupling
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terms are almost double that of the Ma = 0.9 terms.
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Figure 5.2: Comparison of amplitudes for the coupling correlations for (a)
SP42 (b) SP46 (red bar indicates correlation functions present within the AGF

formulation of the acoustic spectrum).

This difference in contribution is further magnified in the temperature flux
terms Ryjq shown in Figure where for Ma = 0.5 the enthalpy-flux terms are
almost quadruple that of the Ma = 0.9 terms.
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Riju/(¢% Rim) L=
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Figure 5.3: Comparison of amplitudes for the coupling correlations for (a)
SP42 (b) SP46 (red bar indicates correlation functions present within the AGF

formulation of the acoustic spectrum).

This increase in contribution is intuitive since the momentum correlation Rji11
will be smaller in amplitude for the smaller Mach number since the velocity

perturbation v} will be smaller. However v} does not vary as much with Mach
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number since it is dominated by the temperature fluctuations. Since both jets
are heated at the same temperature ratio, the Ry;, terms will remain more or
less constant across jets.

Therefore, based on comparing the amplitudes to Rj117 we can only neglect
one term in the AGF formulation of the acoustic spectrum. Therefore, we have 10
terms which will be required for the acoustic spectrum calculations. Five terms

for the unheated jets, and ten terms for the heated jets.

5.2 Axisymmetric Turbulence

It should also be noted that the AGF formulation of the acoustic spectrum
assumed axisymmetric turbulence, however it was not confirmed. Therefore
in this section we check that this assumption holds using our LES data using
formulations derived in Koshuriyan et al (2024) |88]. We check both, the diagonal

quadratic form:

Riikk _ Ry + Riige + Riizs + Ragin + Ragge + Rogss + Rszin + R3zee + R33ss

[1 —
Ri111 Ry
(5.2.1)
where isotropic turbulence would approximate this to
, R
Ie=9—12-22
1111
and axisymmetric turbulence would approximate it to
I =1+ (Raz02 — Rozas + Ri122)
1111
and the Hermitian quadratic form:
ja Riki  Riinn + 2Ri912 + 2Ry313 + 2Ra323 + Raogo + Hasss (5.2.2)
5 = = 2.
Ry Ry111
where isotropic turbulence would approximate this to
. R
I° =346 1212
1111

and axisymmetric turbulence would approximate it to

I =1+

2
R (Ra292 + 2R1912 + Rasa3)
1111

Figure compares the spatial structure of the diagonal and hermitian

forms of the correlations using the isotropic approximation and the axisymmetric
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approximation for SP03. It shows that the axisymmetric approximation appears
to be good at most spatial locations, whereas the isotropic approximation is
poor as expected. Figure [5.5) compares the approximations for both forms on
the shear layer for SP03 confirming that the turbulence can be approximated as

being axisymmetric. This is also true for the other jets, which can be seen in

Appendix B.1]

I, - I, (Isotropy) I, - I, (axisymmetry)

0.8 ) 0.8
| 5
0.6 0.6 |4
. 14 =
3
0.4 3 0.4
2
02 2 0.2
X 1
0 0 0
0 5 15 0 5 10 15
L)1
(a) (b)
I - I, (Isotropy) I, - I, (axisymmetry)
|
(l 3 35
0.8 1
/ 25 :
2.5
0.6 'I 1 12
~ o' 1 - 2
| | BH15
0.4 15
- 1
0.2
05 0.5
0 0
0 5 10 15
n n
(c) (d)

Figure 5.4: SP03: Compare diagonal quadratic form using (a) isotropic and (b)
axisymmetric approximations, and compare Hermitian form using (c) isotropic

and (d) axisymmetric approximations
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Figure 5.5: SP03: Check the axisymmetry approximation on the shear layer using
(a) the diagonal form (b) the Hermitian form.

5.3 Convective Velocity

The convection velocity was calculated following the methodology from Liu and
Lai (2021) [89]. This method looks at the correlation data and for each streamwise
separation (1;) finds the time separation 7 where the correlation is maximum.
Then by plotting this 7 against 7; the gradient can be found which is the
convective velocity in the streamwise direction. Similarly, this can be done for 7
to find the transverse convection velocity.

It is known that the convection velocity varies depending on location in the jet.
Figure [5.6/shows the spatial variation of R111; and Rj912 for SP03 and SP07. This
figure shows that U, is relatively constant along y;, particularly at the potential
core region (5 < y; < 8) on the shear layer (r = 0.5). It experiences more
variation in the radial direction, however it should be noted that the LES mesh
resolution is also reduced outside of the jet shear layer.

Figure compares the space time structure of the correlations using our U,
(U. = 0.6) with correlations from the literature |[90] and we show good agreement
for Ri111 and Rys15. Our Ragg does not decay as fast in space as theirs does,
however the auto-correlation and 7, = 0.1 matches well.

The streamwise convection velocity was calculated for each of the ten
correlations within the AGF formulation and values along the shear layer are
compared in Figure It is found that for all correlations in the cold jets the

convection velocity can be taken as U. = 0.6. However, for heated jets, U. = 0.6
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Figure 5.6: Spatial variation of the streamwise convective velocity, U., for (a)
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is only true for Rii11 and Ris1o, for all other correlations U. = 0.4 is a better

estimation for the shear layer. This difference in convective velocity for heated

correlations has, to my knowledge, not been found before.
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Figure 5.8: Values of U, along shear layer (r = 0.5) for each correlation for (a)
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5.3.1 Taylor’s Hypothesis

Taylor’s hypothesis states that a turbulence field will remain relatively ‘frozen’
within a flow, and as such evolve with respect to a convected variable. Taylor’s
basic assumption was that if the turbulence intensity is sufficiently small, then
flow disturbances (eddies of a lengthscale smaller than an O(1) body dimension)
are convected, or transported, with the local mean flow without change to their
spatial structure.

Since spatial correlations are always more difficult to obtain due to probe
displacement effects in real experiments and/or increased streamwise resolution
needed in computational simulations, the principal advantage of using Taylor’s
hypothesis is the conversion of an Eulerian spatial function to a temporal

correlation function meaning:
Rii(m, 0;z7) = Ria (0, UeTs 7). (5.3.1)

as was shown in [91,(92]. In other words, a streamwise spatial correlation function
at zero time separation is identical to an Fulerian time correlation at zero spatial
separation when the time co-ordinate is re-scaled via ‘convected time unit’, U.7.

There are two approximations underlying Taylor’s hypothesis: first that the
convection velocity is constant, and second, that the flow is incompressible. The
interesting extension then arises of whether the hypothesis in the form of
is applicable to shear flow turbulence[93, [94] at high Mach numbers and for
high-order correlations.

Figure checks Taylor’s hypothesis for our four jets, using the fourth order
turbulence correlations (Ry111, Ri212), where we used U, = 0.6. Although Taylor’s
hypothesis appears to be remarkably accurate at the start of the potential core
and along the jet shear layer, remember we have shown that there is spatial
variation in U.. Therefore, these results only indicate that at least in the location
where convection velocity is constant, Taylor’s hypothesis remains very accurate.
In other words, there is a direct correspondence between the (Eulerian) temporal
correlation function and the zero-time delay streamwise spatial correlation. For

further details on this investigation see [95].
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5.4 Space-time Correlations

The fourth order correlations were calculated from the LES data using
for a range of spatial (n;,72) and temporal (7) separations. In the next chapter
we use this data to calculate the spectral tensor in two ways: analytically and
numerically. To calculate the spectral tensor analytically we fit an analytical
function to the data, this function is based on that from Afsar et al (2019)[67]

and is given by:

Ruj/tl(ya n, T) _ |:1 4 ang] e—X(y,’f]ﬂ')

Rl/j,ul(y’ Oa O) or (5 4 1)
— alUcT _ _X(yvan) h
= |:1 + —ng (771 UJ)]@
where
2 2
Ui (m — U.r) 2 \™
X(y,n,7) = + + 5.4.2
.7.7) \/ll(y)2 lo(y)? (lz(y)> (542)

and there is no sum on v, j,u,l. This section discusses the fourth order
correlations, uses optimisation to find the optimal length scales ([, l1,l2) for the
analytical model to fit the LES data, and checks for universality across acoustic

Mach number and jet temperature ratio.

5.4.1 Optimised Turbulence Length Scales

The length scales were found on the shear layer at the start of the potential core,
at, lo,ly were optimised when setting 7o = 0, and then [y was optimised when
setting 71 = 0, m (the power of the transverse separation) was optimised for
R1111 and found to be 1, this was then fixed for all correlations. The objective
function was defined as the root mean squared error of the model compared
to the numerical data for all available temporal and spatial separations. The
optimisation routine MP-AIDEA [96] was used for the optimisation and is
discussed in more detail in Chapter 8.

Figures and compare the optimised model with the numerical data
for SPO3 when 7, = 0, and 7, = 0 respectively. These show that in general
the model fits the data very well, particularly for Ri111, Ri212 and Rasgo, however
since Ri122 and Ra91; have some oscillations in the numerical data the model
cannot capture these, this is a larger problem for the [, optimisation where

only the auto-correlation has good representation for these correlations. This
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is similar for all the jets which can be seen in Appendix. B.2] Figures and
similarly compares the optimised model against the numerical data for the
coupling/enthalpy flux correlations for SP42.

This shows that the model works well for all correlations, however, like
Ri192, Ro911 oscillations are present in the numerical data for Ry100 which cannot
be captured by the model. Also, note that since the convection velocity is
smaller for the coupling/enthalpy flux correlations the x-axis does not extend as
far as the SP03 figures. Coupling/enthalpy flux correlations for SP46 are also
well represented by the model, which can be seen in Appendix. [B.2]

Since these optimisations were performed separately for each correlation and
jet we define the lengthscales which were found as the individually optimised
lengthscales. These are then shown in Tables for SP03, SP07, SP42 ad
SP46 respectively.

Table 5.2: SP03: Individual optimised lengthscales

Momentum-flux
Riin1 | Riziz | Razez | Riaa | Raont
ay | -0.02 | -0.11 | -0.20 | -0.42 | 0.23
lo | 0.17 | 0.10 | 0.09 | 0.15 | 0.15
Iy | 055 | 0.37 | 0.26 | 048 | 0.38
lo | 0.05 | 0.06 | 0.04 | 0.20 | 0.10

Table 5.3: SP07: Individual optimised lengthscales

Momentum-flux
Ry | Riziz | Razoo | Riiza | Raont
ay | -0.04 | -0.12 | -0.14 | -0.23 | -0.03
lo | 0.15 | 0.10 | 0.09 | 0.15 | 0.15
ly | 042 | 032 | 0.28 | 0.64 | 0.32
lo | 0.04 | 0.05 | 0.04 | 0.12 | 0.09

91



0.8

0.6

0.4

0.8

0.6

0.4

Figure 5.10: SP03: comparison of the optimised model with the numerical data

R1111

—+—optimised y = 0

—a-reference n = 0
—+—optimised 1 = 0.3
o reference n = 0.3
—+—optimised 1 = 0.6
reference = 0.6
—+—optimised 7 = 0.9
o reference n = 0.9
optimised = 1.2
reference n = 1.2 |

0.5 1 1.5 2

R2222

—+—optimised = 0

—o-reference p = 0
—+—optimised n = 0.3
o reference n = 0.3
—+—optimised = 0.6
reference = 0.6
—+—optimised # = 0.9
o reference n = 0.9
optimised # = 1.2
reference = 1.2 |

“w@g‘?}gg\w il Qam-«nrm&}@gggaég
0.5 1 1.5 2
UHT
(c)
R2211

—+—optimised 1 =0
o reference n = 0
—+—optimised y = 0.3
o reference n = 0.3
—+—optimised 7 = 0.6 |
reference = 0.6
—+—optimised = 0.9
o reference n = 0.9
optimised 5 = 1.2
reference n = 1.2 |

R1212

—+—optimised n = 0

—o-referencen=0 |

—+—optimised = 0.3
o reference = 0.3

0.6 —+—optimised n = 0.6
o reference n = 0.6
—+—optimised = 0.9

0.4 o--reference n = 0.9 ]

optimised n = 1.2
reference n = 1.2 |

Sttt pa@ac o 560868
0.5 1 1.5 2
U.r
(b)

R1122

—+—optimised n = 0

—o-reference =0

—+—optimised n = 0.3
o reference = 0.3

—+—optimised n = 0.6 -
o reference n = 0.6

—+—optimised n = 0.9

$ o reference n = 0.9 ]
\ 'chx%\é optimised 7 = 1.2

2

0.8

0.6

0.4

0.2 ,(‘eference n=12 |
000 DS %ﬂ G0
okassitERTRS
-0.2 * - *
0 0.5 1 1.5 2
Uer

(When e = 0) for (a) R (b) Ri212 (C) Ra20 (d) Ri122 (e) Raory



R1111

+optimised b
~o- reference 7
—+—optimised 5
o reference 7
—+—optimised 5
reference 1)
—+—optimised 7
o reference 1
optimised 7
reference

UG

SCoCofoloCo
NNFEpHLOo
v

0 a hcleTe! y“"‘*"ﬁ*&(‘i‘e@e%’@“““

ARG, ansodtteaRR
s

0 0.5 1 1.5 2
Ut
(a)
R2222
19 T : .
| —+—optimised n = 0
0.8 ~-a- reference n = 0 |
. —+—optimised 5 = 0.05
o reference = 0.05
0.6 ~—+optimised 5 = 0.1 |
reference n = 0.1
. —+—optimised 5 = 0.15
0.4 o reference = 0.15 1
optimised = 0.2
0.2% reference n = 0.2 |
0 1956368000000208000060 5009
-0.2
0.5 1 1.5 2
U.t
()
R2211
l 3
—+—optimised = 0
0.8 ~o-reference = 0 |
: —+—optimised » = 0.05
o reference = 0.05
0.6 —+—optimised = 0.1 |
reference = 0.1
—+—optimised 5 = 0.15
0.4 o reference = 0.15 1
optimised 5 = 0.2
reference = 0.2

0 560,
0 o ho S‘bﬂaﬁ%anqgun - L BB0a09
o aNegc Eaeng
-0.2
0.5 1 1.5
U.t

Figure 5.11: SP03: comparison of the optimised model with the numerical data

R1212

—+—optimised = 0
o reference =0
—+—optimised 1 = 0.05 |
o reference = 0.05
—+ optimised 5 = 0.1
reference 5 = 0.1
—+—optimised n = 0.15
o reference n = 0.15 -
optimised r = 0.2
reference = 0.2

8856088580000 -
‘“’“‘“Vuuowtw&mQ{,uv‘.’s‘u«aswung

0.2 . . .
0 0.5 1 1.5 2

(b)

R1122

—+—optimised n = 0
o reference n =0 ]
—+—optimised » = 0.05
o reference = 0.05
—+—optimised = 0.1
reference 5 = 0.1
—+—optimised n = 0.15
o reference n = 0.15 1
optimised r = 0.2
reference = 0.2

(when 1, = 0) for (a) Ri11 (b) Rizia (€) Razeo (d) Riize (e) Roon



R4111

0.8

0.6

0.4

—+—optimised y = 0
—a-reference n = 0

—+—optimised 7 = 0.3 |

o reference n = 0.3
—+—optimised 7 = 0.6
reference = 0.6
—+—optimised 7 = 0.9

optimised = 1.2

o reference n = 0.9 ]

reference n = 1.2 |

R4122

0.8

0.6

0.4

0.2

—+—optimised n = 0

—o-reference p = 0

—+—optimised = 0.3
o reference p = 0.3

—+—optimised n = 0.6 |

reference = 0.6
—+—optimised n = 0.9
o reference n = 0.9
optimised = 1.2

reference n = 1.2 |

0.2
0% ]
-0.2 0.2 . . .
0 0.5 1 1.5 0.5 1 1.5 2
U(:T (/D;T
(a) (b)
R4221 R4141
1 T T ; 1 T T T

0.6 —+—optimised n = 0.6 0.6 —+—optimised n = 0.6 -
reference = 0.6 o reference n = 0.6
—+—optimised # = 0.9 —+—optimised n = 0.9

0.4 o reference n = 0.9 0.4 o reference 5= 0.9 ]

—+—optimised = 0

—o-reference p = 0

—+—optimised = 0.3
o reference n = 0.3

optimised 5 = 1.2

reference n = 1.2 |

—+—optimised n = 0

—o-reference =0

—+—optimised n = 0.3
o reference = 0.3

optimised n = 1.2

reference n = 1.2 |

0.2 0.2
-0.2 - : -
0.5 1 1.5 2
U.t
(c) (d)
R4242

—+—optimised 7 =0

~-o- reference n = 0
—+—optimised y = 0.3
o reference n = 0.3
—+—optimised = 0.6
reference n = 0.6
—+—optimised = 0.9
o reference n = 0.9
optimised 5 = 1.2

reference n = 1.2 |

Figure 5.12: SP42: comparison of the optimised model with the numerical data
(when 75 = 0) for coupling and enthalpy flux correlations (a) Rg111 (b) Rai22 (c)
Ryoo1 (d) Ry (e) Ryo40

94



R4111

—+—optimised 5
- reference 7
—+—optimised 5
o reference 1
—+—optimised 5
reference 7
—+—optimised 5
o reference 1
optimised 7
reference g

0 0.5 1 1.5

(a)

R4221

—+—optimised 5
--o- reference
—+—optimised 5
o reference 1
—+—optimised 5
reference 7
—+—optimised 5
o reference g
optimised
reference 7

()

R4242

—+—optimised 5
--a--reference
—+—optimised 5
o reference 1
—+—optimised 5
reference 7
—+—optimised 5
o reference 1
optimised 5
reference 7

U w G

SCoPoPoloCo
NNHER 2 OO

R4122

—+—optimised n = 0
o reference = 0
—+—optimised » = 0.05
o reference = 0.05
—+—optimised n = 0.1
reference 5 = 0.1
—+—optimised n = 0.15
o reference = 0.15
optimised r = 0.2
reference n = 0.2

-0.2
0.5 1 1.5 2
U{:
R4141
—+—optimised =0
~o-reference = 0 i
—+—optimised » = 0.05
o reference 5 = 0.05
—+optimised n = 0.1 |
reference 5 = 0.1
—+—optimised 5 = 0.15
o reference n = 0.15
optimised 5 = 0.2
reference = 0.2 |
-0.2
0 0.5 1 1.5 2
U.r

Figure 5.13: SP42: comparison of the optimised model with the numerical data
(when 1, = 0) for coupling and enthalpy flux correlations (a) Rq111 (b) Rai22 (c)
Ryomn (d) Rym (e) Ryo40

95



Table 5.4: SP42: Individual optimised lengthscales

Momentum-flux Coupling Enthalpy-flux
Rinnn | Rigiz | Rozoe | Rutoz | Roonn | Rann | Raioz | Raonn | Ruan | Razao
a; | 0.00 | -0.15 | -0.01 | -0.18 | 0.14 | 0.10 | -0.15 | 0.01 | 0.10 | 0.01
lp | 0.20 | 0.12 | 0.09 | 0.15 | 0.17 | 0.17 | 0.11 | 0.10 | 0.14 0.09
ly | 042 | 032 | 0.19 | 048 | 0.37 | 0.32 | 0.36 | 0.26 | 0.25 | 0.20
lo | 0.04 | 0.04 | 0.04 | 0.10 | 0.09 | 0.04 | 0.10 | 0.05 | 0.04 | 0.05

Table 5.5: SP46: Individual optimised lengthscales

Momentum-flux Coupling Enthalpy-flux

Rinn | Rigiz | Raooz | Rutoe | Roonn | Bann | Ranoz | Razor | B | Razao
a; | 0.05 | -0.06 | 0.09 | -0.07 | 0.26 | 0.11 | -0.02 | 0.12 | 0.10 | 0.11
lp | 018 | 0.12 | 0.08 | 0.13 | 0.18 | 0.16 | 0.10 | 0.09 | 0.12 | 0.08
ly | 038 | 031 | 0.19 | 0.40 | 0.27 | 0.31 | 0.36 | 0.25 | 0.22 | 0.19
lo | 0.03 | 0.04 | 0.03 | 0.08 | 0.08 | 0.03 | 0.10 | 0.04 | 0.03 | 0.05

5.4.2 Universality

By visual inspection of the correlation functions it appears that they might be
universal across acoustic Mach number and jet temperature ratio. Therefore, in

this section we compare three methods of optimisation:

1. Individual optimum (e.g. SP03 Ryi11)
2. Temperature optimum (e.g. cold jet Ryj11)

3. Component optimum (e.g. Rji11)

Note that a universal correlation function that would represent all correlation
functions is not possible since we can clearly see from Figures that the
rate of decay of the amplitude changes depending on function. Therefore the
most general function we can investigate is the component optimum.

The individual optimum was found in the previous section, so in Figures [5.14
and we compare these with the temperature optimum (which checks
universality across Ma) and the component optimum (which checks universality
of the temperature ratio) for Rjj11, Rio2, Rasoe for the isothermal jets and
heated jets respectively.

This figure shows that the temperature optimum gives a good representation

of the data, implying that there is universality across Mach number. The
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component optimum on the other hand, only works well for some correlations
and is noticeably poor for Rag99 since the heated jets decay faster in 7,. However,
since Raggoo is not the largest contributor to the acoustic spectrum, it is possible
that using the component optimum will still result in good acoustic predictions.
This will be investigated in Chapter 7.

Figure similarly compares R4i11, R4141, R4040 for SP42 and SP46. This
also confirms universality of parameters across Mach number.

Tables show the optimised lengthscales for a cold jet and a hot jet
respectively. Then Table [5.8 shows the optimised lengthscales for the component

optimum (i.e. assuming universality across Ma and TR).

Table 5.6: Optimised lengthscales for a cold jet

Momentum-flux
Riin1 | Riziz | Razez | Rioz | Raont
ay | -0.03 | -0.11 | -0.17 | -0.32 | 0.08
lo | 0.16 | 0.10 | 0.09 | 0.14 | 0.14
Iy | 047 | 0.34 | 0.27 | 0.56 | 0.35
lo | 0.05 | 0.06 | 0.04 | 0.19 | 0.12

Table 5.7: Optimised lengthscales for a hot jet

Momentum-flux Coupling Enthalpy-flux
Rin | Rigiz | Raooo | Rutge | Rooin | Rann | Raroz | Razor | Ranan | Razao
ap | 0.02 | -0.11 | 0.04 | -0.13 | 0.18 | 0.11 | -0.08 | 0.06 | 0.10 | 0.06
lo | 019 | 0.12 | 0.08 | 0.14 | 0.17 | 0.17 | 0.11 | 0.10 | 0.13 | 0.08
{4 {039 | 031 | 019 | 044 | 0.31 | 0.31 | 0.36 | 0.26 | 0.23 | 0.19
I | 0.04 | 004 | 004 | 0.11 | 0.09 | 0.04 | 0.11 | 0.05 | 0.04 | 0.05

Table 5.8: Component optimised lengthscales

Momentum-flux Coupling Enthalpy-flux
Rinnn | Rigiz | Rozoe | Rutoz | Roonn | Runn | Raioz | Raonn | Ruan | Razao
ay | -0.01 | -0.11 | -0.06 | -0.22 | 0.15 | 0.11 | -0.08 | 0.06 | 0.10 | 0.06
lp | 0.17 | 0.11 | 0.08 | 0.14 | 0.16 | 0.17 | 0.11 | 0.10 | 0.13 | 0.08
ly | 043 | 032 | 0.22 | 049 | 0.32 | 0.31 | 0.36 | 0.26 | 0.23 | 0.19
lo | 0.04 | 005 | 0.04 | 0.14 | 0.10 | 0.04 | 0.11 | 0.05 | 0.04 | 0.05
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5.4.3 Quasi-Normality Approximation

Quasi-normality approximates the fourth order correlations using second order
correlations:

Ryju = Ry, R+ RuRj, (5.4.3)

where

Ru(y,m.7) = oy, v, (y. )0/ oy + nt + 1ol (y+mt+7)  (5.4.4)

Figure[5.17] compares the fourth order correlation calculated directly from the
LES data with the quasi-normality approximation for SP03 on the shear layer
at the start of the potential core. We see that the approximation holds well for
most of the correlations and only Rjj00 is not well represented. Similar results
were found for SP07, which are shown in Appendix [B.3

However, Figures |5.18/ and compare the approximation for the heated jet
SP42. Figure [5.19 shows that the approximation works well for most of coupling
and enthalpy flux correlations, however, Figure [5.18| shows that it does not work
well for most momentum flux correlations. Similar results were found for SP46,
which are shown in Appendix [B.3|
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5.5 Summary

In this section we have post-processed the LES data to obtain 4th order
We

confirmed that the LES data is axisymmetric, and that the Ras33 component

correlations which will be utilised in the spectral tensor calculation.

can be neglected due to its negligible amplitude in comparison to Ry11;. We also
optimised length scales for each correlation and investigated their universality,
finding that universality across Mach number is a good representation of the
data, and universality across Mach number and temperature ratio is a good
representation for some correlations but not all, R becomes underrepresented
for the cold jets at some spatial separations.

The process diagram in Figure summarises our progress so far and shows
the next step in the calculation is to find the physical spectral tensor which will
be done in the next chapter. In this chapter we will also check universality for
the spectral tensor since then we will gain a better understanding of the impact

of the potential under-representation of the correlation functions.
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Figure 5.20: Chapter 5: Summary of process so far
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Chapter 6

Jet Noise: Spectral Turbulence
Analysis

This chapter calculates the spectral tensor in two ways: semi-analytically by
using the length scales which were found by optimising against the correlation
data in Chapter 5 as an input into an analytical formula, and fully numerically
by calculating the numerical Fourier transforms of the correlations. Note the
numerical spectral tensor is only found at one location to validate the analytical
solution, this location is where the turbulent kinetic energy is the largest.

The spectral tensor was defined in (4.3.32)) as the Fourier transform of 3,;,,,
where H,;,; is linearly related to H,;,, the Fourier transform in time of the
physical 4th order turbulence correlation. Hence, we can define a new variable

VU, ;u as the physical spectral tensor (i.e. it is physically related to the turbulence):

Vs (Y5 @, b, k) :/Hujm(y,"?;W)e““'"dn
(6.0.1)

n
1 > i(k-n—wTt)
= o ¢ Ryju(y,m, 7)drdn
T JnJ oo
Then the acoustic spectral tensor @7, , is found through the linear relation:
:;jy,l - EVij\IijHZE,uD\n (602)

where €5, was defined in (4.3.6]).
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6.1 Analytical Spectral Tensor: Derivation

6.1.1 Physical Spectral Tensor

We assume the turbulence correlation functions R,;,; are represented by the

analytical model from [67]:

RVle(yv TI? T) < a >
———" = (1 — | R 6.1.1
Ryjul(y,0,0) + alTaT 0(!//'7,7') ( )
where there is no sum on v, j, u, [ and
Ro(y,m,7) = e X7 (6.1.2)
and
2 2
Ui (m —Uer)
X(y,m,7) = + + il 6.1.3
where [;(y1,7) = ¢;Lr(y1,7r) are length scales related to the turbulence since

Lr(y1,7) = k(y1,7)%?/e(yy,r) from the LES data. In the previous chapter we
optimised [; at one spatial location (start of potential core and on the shear layer),
this allows us to calculate ¢; at that location. We make the assumption that c;
is a constant since it would be impossible to calculate at every spatial location
(since the optimisation at a single location for one correlation takes roughly 2
minutes, across all spatial locations (nx,nr) = (321,49) this would be 22 days
per correlation per jet!), therefore the spatial nature of the length scales comes
from Ly(yp,r) alone.

The spectral tensor is the 3D Fourier transform:

\If:jwl@/, w, kla kT) _ / z(k:'r])l >
n

: 0
Tl — | Rod7d 6.1.4
Ryju(y,0,0) o ) € ( T ) odrdn — (6.14)

or

We define new variables: 7 = U.r/ly, ; = 1;/l; where i = 1,2,3, and £ =
(m — Ue)/ly = Ml — 7 where [, = [1/ly. Since we are assuming axisymmetry
(I = I3 = lr). Note that 70/0T7 = 70/07, and iwt = iwlyT /U, = iwT when we
define & = wiy/U,, likewise i(k - 1) = i(k - ) when we define k; = k;l;.

Rewriting the integral using these scaled variables gives:
U (Y 0,k k 121,1 N P .
(Y30 R br) ( 1 0) / (k) e"‘”(l—l—aﬁ—)Rod%dn (6.1.5)

Ry;u(y,0,0) U. ) J; or | o7
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In the a; term of the integral we can replace 7 using

0 i e s
— = —iTe
0w
Therefore the time integral becomes
lo 1 > _ aq 8 _ (9 ~
WWT T 1.
U.2m { Ho +[ G 0n" 8TRO}}dT (6.1.6)

where the term in square brackets can be integrated by parts:

a a —i0T 62 —i0T ~
o7 (R08_~€ )_Roa%aae ]dT

_a1l0 1 o

U, 2r |_

The first term integrates to zero, and using

352@6_’“% = %( - z@e—W> _ —i(l n @3)6—1’&%

the integral is reduced to:

. a110 1 & - 8 7%”_ -
= e | [1 + wa—w} d7 (6.1.7)
Inserting this back into gives
l ]. & ~ o~ 710:)‘7- ~
UOCL~%/ Ro(, 7, 1(y))e— " d7 (6.1.8)
where we define 5
Ly;=(1—a) —alwa—~

Inserting this time integral back into the full spectral tensor gives:

\IIVJul(y;W7 kjl,kT) :L&)/ez(kﬁ)i - —sz _\/nl 117« T +f(77T den
AO( )RVjul(y7O70) 7 21

(6.1.9)
where Ag(y) = (I7(y)*lo(y)li(y))/U. is an amplitude. Then if we introduce

£ = Tl — 7, then the integrals can be rewritten as:

y* (ydz l~€1 %T> / ey | x© — = - ~
v\ Y@ B 0r) [ i) / i / 0 (/TN g g o
= L e e ee d&dndnr
AO( )Ruj,ul(y7070) T 1 27 —o0

(6.1.10)

where we define k; = /;1 — @l,. This enables us to use the result (#867) from

Campbell and Foster [97], which reduces the right hand side of the equation to:

ey [ B+ T Gir)
Ly | etbrmm) [ ot YL g (02 4 1)Y2\ /5 + [(ar) ) diidii
/ﬁ:r . Yo B ( ) i+ f(0r) ) dindir
(6.1.11)
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Then, using another result (#917.8) from Campbell and Foster [97], this becomes:

* & L L - 1/2 N
U7 u(y; @, ks k) _ L@/ oi(kr-iir) [1 +x'2y f(nT)}e—xl/z\/f(TT)dﬁT

AO(y)RVjul<yv 07 O) fiT X3/2
(6.1.12)
where y = (k1 — 0L)2 + &2+ 1=k + &+ 1.
We can write this succinctly as:
P, (yaiiﬁ /%T) o
vipl\dr ¥ vl o i(kr-fiT) ~ . ~
=L F.(mp;x)d 6.1.13
AO (y)Rl/j,ul(ya 07 0) /ﬁT ‘ (nT X) i ( )
where "
1 v f(m -
Fu(nr;x) = [ X Xg/zﬂnT)]e‘Xw f(ir) (6.1.14)
Then, in the cylindrical coordinate system we write 7, = (77 cos, fjpsini),

and kp = (krcos W, kpsin O) where 7y = |fjp|, kr = |kr|. This means the dot

product is I;:T ‘N = ﬁchT cos  where 6 =) — U, and the integral becomes:

\IIijl(y7 ('Dv ]%17 %T)
AO(y)RVjul<yv 07 0

27 B
) = L; / / ke cosf o (s \ipdfdiyy (6.1.15)
fir J0

where we assume F, only depends on the magnitude of 7r. Then, since

27TJ0(]~€T77T) = fo% eiirkT €030 40 this becomes:

\Ij* !(y)w~7k: El) /
ViR ? [

which is simply the Hankel transform of F:
\Ilz]ul(y7 @7 1217 IP%T)
AO(y)Rllj,ul<y7 07 0)

The derivative of the Hankel transform with respect to omega can be found via

= Lz2mH(x) (6.1.17)

the chain rule:
OH OHOy OH[oyom® Ox 0k OH[ . -
o _OHOx _OHpox0w  Ox Ok _OHf) - o ¢ 6.1.18
oo Oy om oy [awa@+ak1 a@] Ox 2 ] (6.1.18)

Therefore, the physical spectral tensor is analytically given by:

(Y @, Ky, or) ) 7_
vjul ) Wy 3 R /

= (1 —a)H(x) = 2m&(@ = kalr) H 6.1.19

21 Ao(y) Ruju(y, 0,0) ( ) H(x) 10 1) H' (x) ( )
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where,

H(x) :/ E, (705 ) ir Jo(krfip)diip (6.1.20)
nr
—, OH L o
H'(x) = v F (i X) i Jo (ke ) dijr (6.1.21)
X Uiy
and ~ 1+X1/2A Ny
Fuo(firs x) = [T]e (6.1.22)
oF, 3 A 1/2 Al A 1/2
rwoooy = Fa (3 5 AN _area Al 724
Fy(irix) = o (—5x x2>e : <x + Xg/z)e (6.1.23)

where A =/ f(77)

6.1.2 Acoustic Spectral Tensor

The acoustic spectral tensor which enters the acoustic spectrum formula is a linear
combination of the physical spectral tensor found above. Using (/6.0.2)), assuming
axisymmetry (i.e. Ujjgg = Wiy, Wigyy = Wiy, Uiszg = W3yyy) and neglecting

Wioas, Piay, this gives:

] ) -1, (v=1)7_,
P11y = (2 - 7)‘111111 5 (2‘1’1122 + 2‘1’2211> qummnn (6'1-243‘)
D509 = (2 - 7)‘112222 (‘1’1122 + ‘1’2211) 1 | S— (6‘1~24b)
Plo1e = Vlopo (6.1.24c)
Pli90 = (2 - ’7)‘111122 5 (‘111111 + lI’2222 + ‘111122> T\Pmmnn
(6.1.24d)
D501y = (2 - 7)\1’2211 5 (‘Ijnn + Whooo + \1’2211> T\I/mmnn
(6.1.246)
(I)4111 = T\Pzﬂll - 7(2\1’4122) (6-1-24f)
* 7 *
Q190 = Viroe — (‘1/4111 + 2‘114122) (6.1.24g)
Dloor = Wiom (6-1-24h)
@2141 = \111141 (6-1-241)
q)1242 = ‘1’2242 (6-1-24j)
where the invariant WU}, = Wi, 4+ 2(Uhogo + Viige + ¥io1p)-
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6.2 Analytical Spectral Tensor: Results

This section will analyse some of the results of the physical spectral tensor. It is
well known (and was shown in Chapter 4) that the spectral tensor ®7,,, (which
is equivalent to Wj,,) is responsible for the peak noise (i.e. at 8 = 30), so
Figure [6.1] shows its contours for SPO7 at different St for = 30,90. This shows
that the spectral tensor is dominant downstream for very low Strouhal numbers,
and at the nozzle exit on the shear layer for high St. For the peak frequencies it
dominates close to the end of the potential core region (particularly at § = 90).
Additionally the magnitude of the spectral tensor is maximum at low St and
decays as frequency increases which is expected. Figure similarly shows ®7,;,
for the heated jet SP46 and we see similar trends. It is clear that heating the jet
reduces the magnitude of the spectral tensor and re-positions the peak (still to
the end of the potential core), this is in agreement with data from the literature
(Fig.7 in [67]), although note this paper only looked at the peak St and 6 = 30,
and focused on supersonic jets.

These trends for far field angle and Strouhal number are present for all spectral
tensors (V. ), and also the Ma = 0.5 jets (SP03, SP42). Figurecompares all
spectral tensors for SP07 at St = 0.1, 0 = 30. The spatial structure is very similar
across most of the spectral tensors, with the only exception being Rji150 which
experiences a negative region downstream and outside the jet (r > 1). The other
notable observation is the magnitude of the spectral tensors: W7i,;; is largest as
expected, however ¥3,,; and Uj,,, also have large magnitudes in comparison to
our observation from the correlation amplitudes in Chapter 5. This is likely due
to the Iy length scale which was optimised in Chapter 5 and found to be large in
comparison to the other correlations. This optimised length scale is difficult to
trust due to the oscillatory nature of the numerical data. Therefore, from this
point on we use [, = 0.04 for all Ry199, Ro911 correlations. Figure shows 07T, 5,
and W3,,, using this approximation for SP07. We also make this assumption for
the coupling tensor Wj,,, in the heated jets since it also experienced oscillations
in the numerical data which led to a large [y being optimised.

Figures and show the momentum-flux, and coupling/enthalpy-flux
spectral tensors respectively for SP46 at St = 0.1, = 30. Note that the
assumption [y = 0.04 is used for Ryj99, Roo11 and Ryj9e. These figures show

that the enthalpy flux terms are the strongest in magnitude, which agrees with
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the initial assessment of the amplitudes of the correlations in Chapter 5. Similar
figures for SP03 and SP42 can be found in Appendix.

6.2.1 Universality of Wi

To assess universality of the spectral tensor we look at Wy, ,/Riju(y,0,0) since
the amplitudes of the correlation functions themselves depend on Ma and
temperature ratio. Figure compares the momentum-flux spectral tensors for
the four jets and Figure compares the coupling/enthalpy-flux tensors for the
heated jets. Note that these figures are comparing the spectral tensors which
were found using the individually optimised lengthscales.

Both figures interestingly show that the amplitude of the spectral tensors
are greatly affected by jet and are therefore not universal, this difference must
be due to the optimised lengthscales. This shows that the spectral tensor is
very sensitive to the lengthscales chosen. However, we showed in Chapter 5 that
universal lengthscales, such as those in Table 5.8, could be chosen to obtain a more
general spectral tensor. These universal spectral tensors are shown in Figures[6.9]
[6.10] Note that the small differences between jets in these figures is caused by
kr which depends on the Mach number and temperature profile. However, if we
use these universal spectral tensors we will potentially lose information from the

turbulence as the amplitude difference between the individual spectral tensors
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and the universal ones are quite large.

However, note that this universality is only applicable at the start of the
potential core where the lengthscales were optimised. Since the length scales also
depend on space through Ly = k%2 /¢, unless this Ly is also universal across jets,
the spectral tensor will not be universal. Figure compares W7, for the four
jets at the end of the potential core using the universal lengthscales and shows
that there are slight amplitude differences between the jets. In chapter 7 we will

assess the impact of using universal length scales on the acoustic predictions.

6.2.2 Effect of Spatially Dependent Length Scales

So far in our analysis we have used spatially dependent length scales where we
assume they vary spatially identically to how Ly = k%2 /e varies. This section
assumes that the length scales are in fact constant, and are equal to those scales
we optimised in Chapter 5.

Figure [6.12] shows @74, for SP07 while using the constant lengthscales.
Similar to Figure it compares the spectral tensor at 6 = 30,90 and
St = 0.01,0.1,1.0. Notably, we see that the spatial structure of the contours
remains constant, showing that the spatial variation of the spectral tensor with
respect to angle and frequency is only dependent on the spatial variation of
the lengthscales. When we approximate the lengthscales to be constant the
peak turbulence is located on the shear layer close to the nozzle exit which is
equivalent to the correlation function. Additionally the amplitude is smaller
than that of ®7,,, when using spatially varying lengthscales.

Figure [6.13] compares ®7,,, using spatially varying lengthscales and using
constant lengthscales for all four jets, at the end of the potential core on the shear
layer at 8 = 30. This clearly shows the reduced magnitude when using constant
lengthscales is present for all jets, particularly for the Ma = 0.9 cases. Figure|6.14]
then compares this magnitude difference at the peak frequency St = 0.2 for
Ui, Uise and Wi,,, for all four jets at = 30,90. This shows that at § = 90
the peak frequency is roughly captured by the constant lengthscales.

However, since the spatial variation of the spectral tensor is largely different
for constant lengthscales, it is likely that once multiplied by the propagator and
integrated the acoustic spectrum predictions will not be accurate, particularly

the variation with frequency.
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6.2.3 Effect of Approximations

There are several approximations that we can use to simplify the analytical

spectral tensor further. In this section we look at three approximations:
1. Set a; =0
2. Set aq :O,/;T =0
3. Set kr =0, H'(x) = 0 (Approx)

Figures [6.15] and compare these approximations with the full analytical
formulation at the end of the potential core on the shear layer at § = 30 for the
isothermal jets and heated jets respectively. From this figure we see that U7y, ;
is well represented by all approximations, which is intuitive since the optimised
ay for this tensor was already very small, therefore these approximations mostly
check the effect of l;:T. Therefore we can conclude that l;:T can be taken to be zero
which agrees with the findings of Afsar et al [67].

From the other tensors we see that only the third approximation is close
to the full analytical form at most St. Figure then compares this
approximation at St = 0.2 for angles § = (30,90). This figure better shows the
difference in amplitude at this frequency, and shows that for U3, it is a very
close approximation for all jets, however the other tensors do show a greater
difference. However, it is unlikely that this difference will have a large effect on

the acoustic predictions and this will be assessed in Chapter 7.
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6.3 Numerical Spectral Tensor

So far we have only considered the analytical reconstruction of the spectral tensor
which is informed by LES. This section will aim to validate the analytical model
by comparing each stage of the calculation against the equivalent numerical
Fourier transforms. Only one location is chosen to carry out this check due
to time constraints and spatial resolution in 1 at locations outside the shear layer
of the jet. Therefore we look at the start of the potential core where the length
scales were optimised, this should be the location that has the best fit against
the numerical data.

Since the analytical calculation changed variables to & = (il /ly — 7) in
to enable the use of an analytical solution to the Fourier transforms,
we can only compare the 2D Fourier transform of (7;,7) with the numerical
calculation and not the individual ones. This comparison is shown in Figure [6.18
for SP07, this shows that the analytical reconstruction gives a reasonable
approximation to the direct numerical Fourier transform. An exact replication
is not expected since clearly the model will not represent the numerical data

exactly for all n;, 7.
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Figure 6.18: SP07: Comparison of the 2D (7;,7) Fourier transform of the
analytical reconstruction with the Numerical Fourier transform on the shear layer
at the start of the potential core for (a) Rij11 (b) Ri212 (¢) Rago2

Similarly, Figure [6.19 compares the full 3D Fourier transform of the analytical
reconstruction and the numerical data. Evidently, the ny Fourier transform is
not as well represented by the analytical reconstruction. This is due to the
numerical data going to zero at 7, = 0.3, whereas the analytical model takes
longer. Figure|6.20] compares the Fourier transforms when the analytical function

is set to zero for ny > 0.3, and we see much better agreement. It should be noted
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however, that at different locations in the jet, the turbulence does not decay at
1o = 0.3, therefore to allow this structure to be captured we choose to retain the

analytical s model.
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analytical reconstruction with the Numerical Fourier transform on the shear layer

at the start of the potential core for (a) Ryj11 (b) Ri212 (¢) Rageo while setting
Rijkl(ﬂZ > 03) =0

6.4 Summary

In this chapter we have analysed the spectral tensor, the effect of spatially
dependent length scales and the effect of several approximations for the analytical
calculation. At present, it is difficult to fully understand what impact these

differences will have in the acoustic spectrum, since we still have to multiply
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by the propagator and integrate over space. This will be analysed in the next
chapter.
Figure summarises the process so far and shows that we now have

everything required to calculate the acoustic spectrum.
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Figure 6.21: Chapter 6: Summary of process so far
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Chapter 7
Jet Noise: Acoustic Predictions

In the previous chapters we have obtained the propagator components and the
analytical reconstruction of the spectral tensor using an analytical function
informed by the LES data. This chapter calculates the acoustic predictions
for each jet and analyses the effect of certain correlation functions, and the
amplification of terms in the acoustic predictions. We will also assess the
performance of universal lengthscales across Mach number and temperature
ratio. To my knowledge, this the the first time this type of analysis has been
done.

Recall that in Chapter 4 we showed that the acoustic spectrum I(x;w) could
be written as the integral over space of the summation of the momentum-flux,

enthalpy-flux and coupling terms:

I(@;w) = (2r)? / (1@, ys) + 1P, y50) + 19 (@, y) | dy (701

[e o]

In cylindrical coordinates for an axisymmetric jet, this becomes

I(x;w) = (27r)3/ / [I[”(m,y;w) + 1%z, y; w) +I[3](:B,y;w)}rdrdy1 (7.0.2)
y1Jr

7.1 Comparison against Ffowcs Williams-Hawking

(FFWH) Calculation

FFWH predictions were carried out for the Ma = 0.9 jets and are compared

with experimental data and our acoustic predictions using the acoustic analogy

formulations in Figures [7.1]
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acoustic analogy for (a) # =30 (b) 6 =45 (¢) § =60 (d) # =75 (e) = 90 and
then (f) OASPL
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From these figures we see that the FFWH calculations are quite oscillatory in
comparison to other FFWH results in the literature [13], especially in the high
frequencies. The FFWH calculation is sensitive to the length of time it is run
for, this might explain the oscillations which are present. To combat this we
also calculate the OASPL which integrates over frequency and we find for both
jets that the OASPL is over-predicted using this method. The acoustic analogy
overall gives better predictions however do tend to under-predict the spectrum
at high frequencies for the cold jet, and under-predict the low frequencies for
the heated jet. The peak frequency is captured well for both jets (note that the
under-prediction in § = 30 for SP46 is expected due to parallel flow assumptions),
and the OASPL is also predicted well.

7.2 Effect of Approximations

7.2.1 Approximating the Acoustic Spectral Tensor

Recall that the acoustic spectral tensor ®,, was calculated from a linear
combination of the physical spectral tensor W7, which was shown in
section [6.1.2] Therefore, one simplification of the spectral tensor would be to

*
mmnn’

neglect the invariant terms ¥ Another simplification would be to assume
Ui 99 = U35, since it would reduce the number of correlations required.

Figures [7.3]{7.6| compare these approximations for SP07, SP03, SP46, and
SP42 respectively. They show that the approximation of ¥7,,, = ¥3,,; makes no
noticeable change in the acoustic predictions for all jets. Additionally, neglecting
the invariant also does not have a great impact for most jets, only affecting the
low frequencies very slightly. For SP03 however, neglecting the invariant leads
to large differences in the low frequencies for large far field angles and actually
brings the predictions closer to experimental data.

The acoustic predictions shown in these figures clearly give better results for
the Ma = 0.9 jets, where the experimental data is matched quite well for both
the heated and unheated jets. The Ma = 0.5 jets are not predicted as well, for
SP03 the high frequencies are especially under-predicted, and the low frequencies
are over-predicted particularly for large far field angles. Whereas the heated jet
SP42, is under-predicted for all frequencies. This could be due to two reasons:

either there are frequency dependent length scales which we have neglected or
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the difference could be due to the spatial distribution of length scales which came
from Ly = k*?2/e which was calculated from the LES data. Since the mesh
resolution decreases outside of the shear layer and downstream, Ly may not be

captured accurately everywhere.

7.2.2 Effect of the Heated Spectral Tensor Components

It is also interesting to check the effect of the heated components of the acoustic
spectrum. Recall that the formulation we use for the acoustic analogy reduces
to a summation of three main components: momentum-flux, coupling and
enthalpy-flux terms. Figures [7.7] compare the SPL and OASPL when
removing the coupling and enthalpy terms for SP46 and SP42 respectively.
These figures show that the coupling terms have a very small impact at small far
field angles (1dB), and are negligible at the large angles. Since they have very
low impact on the acoustic spectrum results they can be neglected. Interestingly,
the enthalpy-flux terms, on the other hand, have a larger impact on the large far
field angles (7dB at peak St), particularly for the M=0.9 jet, where the impact
on small angles is fairly small (3dB at peak St). The enthalpy terms also have a

larger impact at high frequencies.

7.2.3 Approximating the Physical Spectral Tensor

When we were calculating the physical spectral tensor in the previous chapter
we looked at several approximations, and found that we could take kr = 0. We
also assumed from that chapter that the approximation F/(x) = 0 also gave a
relatively good approximation at the end of the potential core. However, not all
correlations were as well represented using this approximation and it was difficult
to assess the performance at all spatial locations. Figures (7.9 will assess the
impact of these approximations on the acoustic spectrum for SP07, SP03, SP46,
and SP42 respectively.

Interestingly, from these figures it is clear that only the kr=0 approximation
can be taken for all jets. Neglecting a;, and using the approximation ﬁ/(x) =0
result in over-prediction of the acoustic predictions for both cold jets. Notably,
however, for the heated jets these approximations have a negligible effect on the

acoustic spectrum.
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Figure 7.3: SP07: SPL acoustic predictions checking the effect of neglecting the
invariant terms in the acoustic spectral tensor and assuming Wi, = U3,,; for
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Figure 7.5: SP46: SPL acoustic predictions checking the effect of neglecting the
invariant terms in the acoustic spectral tensor and assuming Wi, = U3,,; for

(a) 0 =30 (b) 0 =45 (c) 6 =60 (d) 6 =75 (e) 6 = 90
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Figure 7.6: SP42: SPL acoustic predictions checking the effect of neglecting the
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7.3 Jet Comparison

Figures and show the effect of increasing the Mach number at fixed jet
temperature ratio and the effect of increasing the temperature at fixed acoustic
Mach number respectively. The first figure shows that increasing the Mach
number at fixed temperature ratio increases the acoustic spectrum across all
frequencies and far field angle, by around 20dB.

The second figure shows that for both Mach numbers heating the jet appears
to reduce the noise across low/peak frequency and across most far field angles,
this effect is greater for Ma = 0.9 which experiences a 4dB reduction at § = 30,
compared to the 2dB reduction for Ma = 0.5. Note that experiment shows that
for low Mach numbers heating the jet should increase the jet noise, since our

heated jet SP42 was under-predicted at all frequencies and our cold jet SP03 was

over-predicted at high frequencies we do not obtain these results.
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Figure 7.13: Effect of Ma on SPL predictions at # = 30 for (a) cold jets (b) hot
jets, and effect on OASPL predictions for (c) cold jets (d) hot jets
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Ma = 0.9, and effect on OASPL predictions for (¢) Ma = 0.5 (d) Ma = 0.9

7.4 Universality

In the previous chapter universality of length scales across Mach number and
jet temperature ratio was discussed. Figures [7.15H7.18 check the acoustic
predictions using the universal length scales shown in Tables for SP07,
SP03, SP46, SP42 respectively. Note that this assumes universal length scales
10,11,12 on the shear layer at the start of the potential core. Ly = k%?/¢ was
assumed universal across Mach number which is shown in Appendix to be a
reasonable assumption. Therefore [0,[1,[2 will still vary across temperature for
all universality checks.

From these figures we can conclude that we can use universal lengthscales

across Mach number since each jet shows close agreement with the original
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predictions. However, universal lengthscales across Mach number and
temperature ratio are shown to increase the noise predictions at high frequency
for the cold jets, particularly at large far field angles. It should be noted
however, that for the peak jet noise (i.e. at § = 30,5t = 0.2) total universality
gives similar predictions to the individual predictions. This means that using
the length scales in Table for any subsonic jet along with Ly = k%2/e,
the meanflow of the jet and the amplitude of the correlations it is possible to

calculate the peak jet noise.
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7.5 Summary

In this chapter we have calculated the acoustic predictions for all four jets
using the propagator and analytical spectral tensor which were found in the
previous chapters. We obtained good predictions against experimental data
for the M = 0.9 jets, where the M = 0.5 jets were over/under predicted for
some angles. However, the predictions allowed us to check the importance of
certain components of the acoustic spectral tensor where we discovered that the
invariant can be neglected as it has little impact on the predictions. We also
found that we can replace Rij90 with Raoqp since it had negligible impact on the
acoustic spectrum and will reduce the number of calculations required.

Then we checked the effect of various approximations of the physical spectral
tensor, where we concluded that only the approximation of kr = 0 is valid for
all jets. Interestingly, neglecting the a; scale or setting H = 0 both result in
over-prediction of the high frequencies in unheated jets, while having no impact
on heated jets.

For heated jets we investigated the effect of the coupling and the enthalpy-flux
terms. In both jets we found that coupling terms have a very small impact on
the acoustic spectrum at small far field angles, and can be neglected. Whereas
the enthalpy-flux terms have a much larger impact, particularly at large far field
angles.

In general we found that by increasing the acoustic Mach number in both
cold and heated cases this increased the peak jet noise by around 20dB. We also
found that heating the jets at fixed Mach number reduced the sound produced
at most frequencies. From the literature it is expected that the slow Ma = 0.5
jet would in fact increase in sound when heated, and it is possible that we do not
obtain these results since the SP42 jet was shown to under-predict the noise, and
the SP0O3 jet was shown to over-predict the noise. The Ma = 0.9 results agree
with the literature that a high subsonic jet would decrease in sound when heated.

Arguably the most important finding from this research is the fact that
universal length scales can be used to obtain noise predictions for all jets. This
could be used to obtain faster predictions using meanflow data from RANS rather
than LES, which reduces the complexity of the predictions.

Now we have obtained jet noise predictions for four jets at several far field

angles, this concludes the jet noise portion of this thesis. In the next chapter
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we will move on to discuss the edge noise problem and obtain predictions for
edge noise. Finally, in Chapter 9, we will be able to combine the predictions for
jet noise and edge noise in a hybrid model to obtain predictions for installation

noise.
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Chapter 8

Edge Noise Modelling

This chapter of the thesis details work done on the edge noise problem. Sections
8.2 and 8.3 covers research which was presented at ATAA conference [9§] and
is in preparation for an archived journal publication. Section 8.4 was published
as a journal article in 2021 [99], and section 8.5 is in preparation for journal

publication.

8.1 Rapid Distortion Theory (RDT)

As discussed in the literature review, rapid distortion theory can be used when
the interaction takes place over small length/timescales in comparison to the
characteristic scales over which the turbulent eddies evolve. This means that the

flow can be considered inviscid and is governed by the linearised Euler equations:

S5 —0, i=1,23 8.1.1
DTt + lvjayj * 8yz ! ( )
Dp 0 ,
— + —cv; =0 8.1.2
Dr * 8yjc Y ( )
where D/D1 = 0/0T 4+ U0d/0y; is the convective derivative and y = (y1, y2,y3) =

(yhyT)'
The physics of the problem (i.e. the viscosity which must be present due

to the plate) enters through the Kutta condition on the vortex sheet which is

produced downstream of the plate. A visualisation of the problem is shown in

Figure
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Figure 8.1: Visualisation of the edge noise problem

8.1.1 Solution Structure to (8.1.1) and (8.1.2)

Goldstein [59] showed that the velocity could be written in terms of a pseudo
induced velocity: v; = v; +FZ~, where F' = 0 when the level curves of the meanflow
and solid surface align which we assume to be the case. Therefore, the velocity
is defined simply by the psuedo induced velocity, given by:

- DX, oUu
Vy = U = <DT — Zlﬁ_y])\j) (813)

similarly, the pressure fluctuation was shown to be expressed in terms of a function
o(y, 7):
D3¢
D73
Substituting these equations for velocity and pressure into the momentum

p= (8.1.4)

equation, shows that:
A = Do (8.1.5)

where we define

0 D ou 0
A, = — — 8.1.6
<8yi Dt + y; 0y1) ( )
Therefore v; can be written as:
D oUu
(s 5 ZE VAL 1.
V; (5” Dr 521 ay]) ]qb (8 7)

To find ¢ we substitute v; and p’ into the energy equation (8.1.2)) (details are
in Appendix [D.1]) which results in:

Lo ==t — 11 /U,yr) (8.1.8)
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where @, is an arbitrary convected quantity, and L, is the operator defined

o= DD—; — ai (CQAZ-) (8.1.9)

Appendix shows that the momentum and continuity equations can also

as:

be written as

Lp=0 (8.1.10)
where D3 L, OU 02 D 0 0
== _22 + = ( ) (8.1.11)
D3 Oy; Oy10y; DT dy; \ Oy,
is the well known Rayleigh operator and of which, L, is its adjoint.
We introduce the direct Green’s function:
Lg(y,7|x,t) = 6(x —y)o(t — 7) (8.1.12)
Since L, is the adjoint Rayleigh operator, ¢Lg = gL,¢, which means
P(y, 7)6(x —y)o(t — 7) = —g(y, 7lx, o7 — y1/U, yr) (8.1.13)
By definition of the delta function, integrating over all (y, ) gives
/ / oy, 7|2, )5 — 31U, yp)dydr (8.1.14)

Since pressure and velocity were defined in terms of ¢, this means they can

also be written as Green’s function integrals:

p(x,t) / / Gy, 7lx, )T — y1 /U, yo)dydr (8.1.15)
s, 1) / / Gl 7|, (T — g1 /U, yp)dydr (8.1.16)
where ,
Gly,7la,t) = 5 39(y, 7], 1) (8.1.17)
and
- D oUN, O D _9U O
Gi(y, 7|z, t) = <E(Sij — g — )(axl D7 25 ax1> (y,7|®,t)  (8.1.18)

However, the boundary conditions for the Green’s function require the normal
velocity perturbation , which is defined as:

ou

|VU|UL(Q:’ t) = Ui(’mv t)a_xz

(8.1.19)
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and after substituting in the velocity, contracting indices and using OU/0x; = 0

can be written as

VU vy (2, 1)

/ / yu T‘.’.C t)(,dc(T - yl/U yT)dydT (8120)
axz Vi)

where we define

0 D ou o
oy, 7l 1) = -

50t 29 ) (y, 7|z, 1) (8.1.21)

where the pressure Green’s function G(y,7|x,t) is related to the normal
velocity Green’s function g;(y, 7|x,t) by the relation (details in Appendix |D.3)):

2

el

Gy, 7|z, t) = Y, T|x, 1) (8.1.22)

o0x;

8.1.2 Frequency Domain

Since the acoustic spectrum is the Fourier transform of the mean squared pressure,
we calculate the Fourier transform of (8.1.15]) first:

) L [ )
pa) =5 [ e [ [ Glrla @t - /Ul yrdpdrat (5.1.23)

since G(y, 7|z, t) only depends on (¢,7) through their difference (¢ — 7), and we

can switch the order of integration, this can be rewritten as:

~ 1 > W - ~
pa) =5 [ [t [ Gl b=z Uy yr)drdy (s.122)

Therefore the integral over 7 is a convolution and by definition the Fourier

transform of a convolution is equal to the product of Fourier transforms, hence

(18.1.24)) becomes:

) = [ Gyl vy (8.1.25)
where we define
Glylz;w) = % /Z G(y|z, t — 7)e“7d(t — 1) (8.1.26)
and .
Syric) =5 [ dr—m/Uuremar (5127
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we can use the substitution z = 7 — y, /U(y;) to rewrite Q:

1 . o0 .
i) = 5-c 000 [ (e gp)eias

| (8.1.28)
Q(?JT% w) = _eiwyl/U(yT)@c(yTQ w)
2T
So (8.1.25|) becomes:
) = 21 [ Glyles)iyr )00 dy (8.1.29)
1%

We can then split the volume integral into 1;, and Ar (the area of the

transverse coordinates):

pla,w) = 27?/ Q(y:r;w)/ Gz — g, yrler;w)e /@) dy dy,  (8.1.30)
Ar Y1
Again, the y; integral is a convolution, however, since we are not taking its
Fourier transform this time, we use the convolution theorem to write it in terms
of the inverse Fourier transform of the Fourier transformed variables:
(@, w) = 2 / Qypw)2r | Clypler: by, w) (ke ™k, (8.1.31)
AT kl

where we define

_ 1 [ . e (e
G(yrler; ki, w) = o G(xy — y1, yplep; w)e T @ v q(z —y)  (8.1.32)
and
_ 1 ) )
H(kl) = %/ eWyl/U(yT)eflklwdyl
Y1
1 [ _
=5 e~ (ki—w/Ulyr)) gy, (8.1.33)

= 0(k1 —w/U(yr))

Therefore, (8.1.30) becomes:

Pla,w) = (2m)%e™™t | Glyrlmr; b, w)Q(yp; w)dyy (8.1.34)
A

where k1 = w/U(yy). Similarly, we can take Fourier transforms in the spanwise

direction, which using the convolution theorem gives:

]5(371, T, k’1, ]{33, W) = (271‘)36““961 / Q(yg; k‘g, w)@(y2|x2; k?l, k’g, W)dyg (8135)
Y2
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where we define:

A 1 . )
Qy2; k3, w) = %/ Qyp;w)e "¥dy, (8.1.36)
and
A 1 fag 4
G<y2’$2, kl, kg,CL)) = % / G(yT\a:T, k’l, W)eizks(x?’iys)d(ﬂfg — yg) (8137)

which is the solution to the reduced Rayleigh equation (derived in Appendix [D.5))

6(ya — x2)

LGyl by, ks, w) = (27)? (8.1.38)
where
d c? d (k2 + k32)c?
Lr(yo: ky, kg, w) = — — |+ [1- 13 8.1.39
rR(Y2; k1, ks, w) dys L(w — U(yz)k1)? dQZ] [ (w— U(y2>k1>2] ( )

8.1.3 Physical Boundary Conditions

Since we are dealing with linear acoustics, the pressure fluctuation can be split

into two: a ‘gust’ (p(¥) and a ‘scattered’ (p*)) component:

p(x,t) = pO(x,t) + p¥(x, 1) (8.1.40)
Likewise, the normal velocity can also be split:

vy (x,t) = vf)(m, t) + vf)(m, t) (8.1.41)

Goldstein et al [60] showed that only the scattered component generates
sound. Since @, = @.(7 — y1/U,yr) depends on (y;,7) via convected time,
(1 —y1/U), the autocovariance of «J, is independent of y;. Therefore, if p(@) (x, t)
(where o = 0, s) satisfy different boundary conditions in x; then G(y, 7|z, t) also
satisfy discontinuous boundary conditions in the streamwise direction, as does its

3D Fourier transform:
G| wa; kr, kg, w) = GO (y|aa; Ky, ks, w) + GO (yo|a; K, ks, w) (8.1.42)

and using (8.1.38]) we can say

6(ya — x2)

LrGO (ya|za; k1, k3, w) = (27)?

(8.1.43)

LrG® (yo|w; by, ks, w) = 0 (8.1.44)
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where the homogeneous boundary condition for the gust Green’s functions is:

oGO

Rl — — 1.4
n; 97 Lo 0 00 <1y < 00 (8.1.45)

which is valid on surfaces parallel to U(y;) = constant. The scattered Green’s
function satisfies discontinuous boundary conditions (given in [60]) which are

linked to the physical boundary conditions:
1. Continuity of normal velocity through plate
2. Continuity of normal velocity through plate/downstream of plate
3. Change in pressure through s = 0 downstream of the trailing edge is zero

The coordinates of the problem are shown in Figure Mathematically, these

boundary conditions are defined below.

XA
Us, P>
0 9761
V<, P<
Figure 8.2: Plate boundary conditions
Condition 1
/ e®1 1y (05 ky, kg, w)dky =0 —oco<x <0 (8.1.46)

since

—1 10U dp(zy; ki, ks, w)

'UJ_(:U27 1, 3,&)) (w_Ukl)‘VU| 85132 dxy

(8.1.47)
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and OU/0xy = |VU|sgn(dU/dzx,), and we have a monotonically increasing
velocity (i.e. sgn(dU/dzy) = 1), this reduces to

—i dp(xe; ki, ks, w)
(w — Uk’1) dl‘g

vy (295 Ky, k3, w) = (8.1.48)

now, we define U(xzy = 0) = Us as the plate velocity, Goldstein et al (2013)[60]
showed that the acoustic spectrum is independent of U, so we set it to zero,

which results in:
—1 dﬁ(%; k1, ks, W)

v (295 k1, k3, w) = s (8.1.49)
which gives us a condition for the pressure derivative on the plate:
/ eiklxlﬁ;(o; ]{Zl, kg,&))dk’l =0 —oco<z; <0 (8150)
Condition 2
/ eikmp;(o; ki, ks, w)dk; = / eiklxlﬁ;(o; ki, ks, w)dky —00 < 71 < 00
) ) (8.1.51)
Tells us
/ gk []5>(0; oy, ks, w)dky — pL(0; kzg,w)]dkl —0  —oo<a <00
) (8.1.52)
Therefore:
ﬁ;(O, ]{?17]{53,(,4)) :]5;(0, kl,kg,W) V:z:l (8153)
Condition 3
po('rlv 07 k?n (,d) + / 6ik1x1ﬁ> (Oa k:la k37 w)dkl = / 6ik1$1ﬁ< (Oa kla k3a w)dkl
pressure azove plate pressure k:;low plate
(8.1.54)
for 0 < 1 < co. This can be rewritten as:
]70(.%1, 0, kg,(.d) + / €ik1xlﬁl>(0; kl, kg,éd)ﬁo(kl, kg,w)dkl =0 0< T < 00
(8.1.55)

where we define

~ ﬁ>(0;k’1,k’3,UJ) ﬁ<(0;k’1,k’370~))
kakaw = = - X 8156
Polk Ko ) = 50 e, gy P03y, iy, ) (8:1.56)
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These physical boundary conditions define a Wiener-Hopf problem, which
Goldstein et al (2013)[60] showed could also be written with the Green’s function
being the dependent variable rather than pressure, and solved to give the acoustic
spectrum. In 2019 [62] this formula was extended to curvilinear coordinates,
which is what we need for the round jets considered in this thesis. The solution

process is summarised in Figure [8.3]

Obtain equation for pressure fluctuation:

Take Fourier

o
Linearized Euler Eqns p'(x,t) = j f G(y,Tlx, )@, (‘r —%,yr) dydt transforms in y;, t
o V(y)

Solve Wiener-Hopf problem Decompose p’ and G into
for G©) (yr|x; w, ky) where Find the gust solution ‘gust’ and ‘scattered’

G enters the gust induced GO (yp|xp; @, ky) components
boundary condition across

the vortex sheet

Calculate the acoustic
spectrum I, (x)

Figure 8.3: Flowchart summarising the RDT solution procedure

8.1.4 Acoustic Spectrum for Curvilinear Coordinates

Using asymptotic analysis to determine both G (y,7|x,t) and G (y, 7|z, 1)
Goldstein et al (2019)[62] obtained the following formula for the acoustic spectrum

valid at low frequencies:

2 0 0
I(w;w):<4iT;|> //D(u,ﬂ;@)g(u,ﬂ;k}w)dudﬂ, (8.1.57)

for an arbitrary mean flow which has level curves that are relatively concentric
inasmuch as U(yz,y3) = U(u(yz,ys)) where u is the real part of the conformal
mapping given by (Eq. 5.1) in Goldstein et al[62]. D(u,a;6) is the round jet
directivity factor determined by application of the Wiener-Hopf technique (i.e.
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Eq. 13 in Afsar et al (2017)[100] written in (u, @) co-ordinates where @ is another

location along the level curve u = const):

(8 — cos 0)[M (u) M (@)]*/2

D(u,w;0) = = —
V1= BM(@)][1 — BM (w)][1 — M (@) cos 0][1 — M (u) cos 0]
(8.1.58)
S(u, a; ks, w) = / /S w, v, v k:3,w) d% 2 dv do, (8.1.59)

where v(ys, y3) = const. are the orthogonal curves to u(ys, y3) = const. defined by
the Cauchy-Riemann equations and dz/ dW is the appropriate inverse Jacobian
function between the mapping z(ys, y3) — W(u,v)) (details in App. A of [62]),

which gives A

‘ ‘ - (e7* —2cosv + e*)?

(8.1.60)

By considering the upstream asymptote of the Fourier transform of the
evolution equation for the convected quantity, @., Goldstein et al [62] also
showed that the function S(u, @|v, 0; k%, w) is defined by

dU/du dU /du
U?(u) U?(a)

Tof —
X ﬁlﬁ(ﬂ/l +@2).

Where the amplitude function A(u, %) was taken as

S(u, v, 8) =1 A(u, @) (pou?,)?

W |‘v )w] (8.1.61)

Alu, @) = AO\/ (wid)#(dU /du)(dU /d) |dW/dz|U:0‘dW /dz‘H (8.1.62)

and the jet mean flow near the plate by the function: U(u) = Uy(1 — e="*=r1u"),

This shows, among other things, that S(u, @|v, 7; k%, w) is directly proportional
to the Fourier transform of the streamwise-independent transverse velocity
correlation function, Rge, for which considerable turbulence data exists (see
Afsar et al. 2017)[100]. However, their turbulence model for Ry neglected
to include a parameter which allows for negative correlation, which does
occur within the experimental data. Our work therefore involves more faithful
modelling of Ras.

Note that @ is the O(1) scaled frequency, defined by & = wry = O(1) and

the length scales (I3, [3) enter the transverse spectral decay function, f = | /Iy +

ns/l3|.
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There are also several parameters within this model (Ag,k,x1) in the
meanflow/ amplitude models and (ls, 3, 7) which are related to the turbulence
structure of Ryy.  Ideally these parameters are found by comparison to
experimental data as was done in the rectangular jet problem by Goldstein et
al. (GLA17, p.499)(61]. However, in the literature these parameters were mostly
chosen through hand-tuning which means it is likely that the optimum results
were not found.

Additionally, since the numerical computation of ( requires calculation
of at each point in the (u,@)-domain and requires a call to a Bessel
function library to evaluate Kj(...), the acoustic spectrum calculation is
potentially computationally expensive.

Therefore, the remainder of this chapter will discuss several extensions of this

work:

1. Extension of the Ryy model to have a more faithful representation of the

turbulence;

2. Introduction of GPU parallelisation for the acoustic model to speed up the

calculations;

3. Introduction of numerical optimisation to select model parameters based

on comparison with experiment without the need of hand-tuning; and

4. Analysis of optimised parameters at off-design conditions.

8.2 Extension of the Ry, Model

To better capture the anti-(negative) correlation in the structure of Ry we
investigate adding additional terms to the model. Ry enters the source term
(8.1.61)) via its Fourier transform (Eq. 4.22 in [62]):
1 [
2 ) oo

6iw+R22(7A'7 772, 773)d% (8-2-1)

where 7 =7 — [ /U (1) — y1/U(u)], 12 = n2/l2, N3 = n3/l3 and

Ros(7, 1lg, 3) = e~ X (7270 (8.2.2)

and X (7,2, M3) = \/[f (12, 13)]2 + 72 /7. We extend this (amplitude normalised)

function for Ras as a power series to include more terms:
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Roo (7,12, 13) [1—|—aAa+aA2—82 —|—aA383
T = T T T
22T, 712,73 1757 2T 55 3T 573

+ ] e~ X(hiadn) (8.9.3)

which gives the Fourier transform

L[ [1 T g f 0 1 gof? 0 1?3 o
(& a1 T aoT asT
Yor TP a2 T g3

+ ] e~ X(Finin) gz (8.2.4)

2r ) o

The first additional (a;) term enables the anti-correlation, so if we only

consider the first two terms of the power series we can show that the term

Tof K1(fvV1+&?)/(mV/1+ &?) in (8.1.61)) is replaced with:

(1- al)ﬂ\/%[(l(f\/l T o)+

ar7o f20% 11 ~3 \/ 02 Ki(fV1+ &%)
1 o B UVTF D) 4 VTR + ]

(8.2.5)

(see Appendix for details.)
This simple extension of the old model for Ry, is compared with experimental

data in Figure [8.4(a) where we can see it has an anti-correlation region.
However, Bridges’ measurements show that the auto-correlation of Ry will
possess finite amplitude algebraic oscillations—that is, they appear not to be a
small perturbation of the main exponential decay, however, it is unclear as to
whether these oscillations are related to physics. Therefore, we attempted to
capture this feature of the turbulence structure by developing a set of models
of increasing algebraic complexity in terms of the combination of suitably
weighted trigonometric/transcendental functions multiplied by an appropriate
exponentially decaying function of time delay. We look at three models (A, B, C')
which were found using a linear regression code, these models do not have
an analytical Fourier transform so the Fourier transforms must be calculated
numerically. This increases the complexity of the acoustic model and also
increases the computational time, which is summarised in Table. [8.1] To reduce
the time required, we investigated parallel computing using a GPU. The models

for Ryy are:

Model A

22
(&

Roy = (1 — ay + ay7* — agsin (b7))e”

(8.2.6)
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Model B

2 ~2

Ros = (1 — ay + as?® — agsin (b7))e™ = + (aqcos (by?))e 2 (8.2.7)

Model C

2 22 22

Roy = (1 — ay + ap?® — agsin (Zﬁ'))e_% + (a4 cos (bﬁ))e_% + (a5 cos (b3T))e <

(8.2.8)

The model coefficients in (8.2.6H8.2.8) were found using the optimisation
routine reported in Afsar et al. (2019)[101] and are:

Model A :ay = 12.6340, ay = 6.2913, a3 = 5.2367,b = —1.5782, ¢ = 2.0305

Model B : a; = 12.5603, as = 6.2155, a3 = 5.2429, a; = 0.0355,b = —1.5679,
by = —10.4573, ¢ = 2.0530, ¢ = 50.0

Model C  : a; = 1.7854, as = 0.8735, a3 = —0.1984, ay = —0.2196, a5 = 0.2030,
b= —8.5513, by = —0.4033, by = 6.7250, ¢ = 3.1649, ¢, = 18.2664,
c3 = 1.4039

Time (30 St) Model 1 Model A Model B Model C

Each Case 10 mins 35 mins 3.2 hours 4.2 hours
9 Cases 1.5 hours 5.25 hours 28.8 hours 38.8 hours

Table 8.1: Compare acoustic model computational time using different Roo
models growing in complexity for 1 case and 9 cases (3 Mach numbers & 3 polar

angles)

Figure compares the acoustic predictions using model 1 with the
predictions from Goldstein et al [62]. We can see that the low frequencies are
better predicted for Ma = 0.9, and the high frequencies are better predicted at
Ma = 0.5 using this extended model.

8.2.1 Comparison with our LES

Figure compares the experimental R, with the Ras calculated from our LES

results for the four jets analysed in the previous chapters. We see that the
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Optimisation of Parameters
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Figure 8.4: Models for Rsy (a) Model 1 (b) Model A (c¢) Model B (d) Model C
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Figure 8.5: Acoustic predictions using model 1 Ry compared with Goldstein et
al for (a) Ma = 0.5 (b) Ma=0.9
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initial decorrelation is captured with the LES for all four jets, but they also do
not capture the oscillations, this implies that the oscillations are not related to
physics. Therefore model 1 will also give a good representation of the turbulence
from the LES.

1 i - * Bridges Exp
* Bridges Exp *) ) LES (SP03)
0.8 LES (SP03) | 08FRAN LES (SP07)
----------- LES (SPO7) # 4 LES (SP42)
——LES (SP42) AN LES (SP46)
----------- LES (SP46) | 0.6
o
= 04
0.2
s By ol
* e
E %ﬁ%ﬁ [ 0
o3 o el S
* * * #
-0.2 : : : —*
4 5 0 0.2 0.4 0.6 0.8 1
U.t
(a) (b)

I LES
——Bridges Exp

SP0O3 SP0O7 SP42 SP46

(c)

Figure 8.6: Comparison of Bridges Rss with our LES cases (at 7 = 0.5, y; =start
of potential core) for (a) all data (b) initial decorrelation region, and (c)

comparison of the decorrelation time constant for all cases

8.3 Parallel Computing

As mentioned above, the acoustic problem reduces to a four-dimensional integral
with an integrand that (for model 1) includes several Bessel functions. To evaluate
these Bessel functions the AMOS library is used, however, this library is outdated,
written in Fortran 77 and takes a long time to run. Profiling led to the discovery

that roughly 97% of computation time was spent within the AMOS library.
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Therefore we looked to parallelise the code. This was done by using OPENACC

directives to enable compilation for either a multi-core CPU or offload to a GPU.

8.3.1 Theory
Central Processing Unit: CPU

Figure shows a basic description of the CPU. The orange squares represent
Arithmetic Logic Units (ALUs) which carry out the arithmetic and logic
operations, of which there are normally 4 in each core. The green square
represents the control unit, of which there is one per core. The control unit sends
instructions to the ALU as well as moving data from registers to ALU’s and
caches/main memory. Registers contain very small amounts of data that are to
be operated on (input register) or are an output of an operation (output register).
The number and size of caches depends on the individual CPU. However, most
CPU’s today have at least 2 levels of cache and most have 3 (some processors
may even have 4 levels). Here, cache levels 1,2 and 3 are shown. The size of
cache increases in each level, and only L1 (and normally L2) are contained on
the physical core. The threads will look for data first in L1, then L2, then L3
and finally the system memory if the data is still not found. The amount of
time the thread spends searching for data/instruction increases as the level of
cache increases, since they become larger. Typically there is one thread per core,
unless the processor uses hyper-threading (a technique in which a single core
uses logic to act like two cores) in which case there can be two threads per core.
Cores within a CPU share the system memory (DRAM), which means that it is
important to define certain variables as private otherwise multiple threads can

be trying to access and change the same variable, which will give wrong results.

Figure 8.7: Basic Architecture of a 4 core CPU
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Graphical Processing Unit: GPU

The GPU market is dominated by NVIDIA and AMD, however, since we only use
NVIDIA the descriptions that follow refer to NVIDIA components (they may be
named differently for AMD). In this work we use the Tesla K40c. A GPU has two
main components: streaming multi-processors (SM’s), which are like the cores of
a CPU; there can be more than one, and the device memory (like RAM for the
CPU). Figure shows the basic architecture of a GPU, it should be noted that
this shows Kepler architecture (which is used on the Tesla K40c) with 192 CUDA
cores in each streaming multi-processor that can run single precision operations,
and 64 cores that can run double precision operations. Since the Tesla K40c has

15 SM’s it has 960 double precision cores.

Figure 8.8: Basic Architecture of a GPU with 2 streaming multi-processors

Since GPU’s have hundreds of cores, their potential speed up is much greater
than that of a CPU. However, they typically have much smaller memory which
is not always ideal. Additionally, a program cannot be run on a GPU alone
and since CPU and GPU normally have their own independent memory, it is
necessary to transfer data to and from the GPU. This limits speed up and needs
to be minimised to achieve maximum results. It may be faster to run a program
on the CPU over multiple cores than transferring a lot of data to and from the
GPU.

A CPU aims to minimise latency while accessing its memory which is

accomplished through the use of several data caches to be able to find the most
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used data quickly. On the other hand, a GPU aims to hide latency through the
use of many threads. This is illustrated in Figure [8.9] which is adapted from
1102].

Waiting for data

GPU: Streaming Multiprocessor u Processing

Ready to be processed

CPU: Core
G N =@ N e NN eE N

Figure 8.9: CPU: Low Latency, GPU: High Throughput

Increasing the number of threads in a CPU improves performance until it
reaches a point where threads cannot access the caches concurrently. At this
point, latency increases as threads need to wait until they can get access to data.
On the other hand, when the number of threads in a process is very large the
program uses thread level parallelism which hides this latency by running other
threads while some are waiting to access memory. Figure [8.10| shows how the
number of threads affects performance, and highlights the multi-core region (that
used by multi-core CPU) and the multi-thread region (that used by GPU) [103].

Multi-core Multi-thread
Region Valley Region

l

Performance

Number of Threads

Figure 8.10: Performance vs. number of threads
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OpenMP

OpenMP enables parallelisation of code via multiple cores of a CPU, it has
recently added the capability of offloading to the GPU, however we use OpenACC
for this since it was designed for that specific purpose and has been around longer.

OpenMP involves the addition of directives within the code to create parallel
regions, this means that the entire program need not be parallelised, we can focus
on the areas which slow down the code and would benefit most. Therefore, we
create a parallel region on the outer loop which has the maximum number of
iterations. So the nested integrals will be calculated as indicated in Figure [8.11]

We use a 4-core machine which, theoretically, should result in a speed up of four.

Loop (nu/4 Loop (nit Loop (nv Loop (n? Loop (nx
iterations) iterations) iterations) iterations) iterations)
Thread 2 Loop (nu/4 Loop (nit Loop (nv Loop (n? Loop (nx
iterations) iterations) iterations) iterations) iterations)

Thread 3 Loop (nu/4 Loop (nit Loop (nv Loop (n¥ Loop (nx
iterations) iterations) iterations) iterations) iterations)

Thread 4 Loop (nu/4 Loop (nit Loop (nv Loop (nv Loop (nx
iterations) iterations) iterations) iterations) iterations)

Figure 8.11: Using OpenMP to parallelise outer integral over 4 cores

Thread 1

—>

OpenACC

OpenACC also enables parallelism through the use of directives. and can use
kernels or parallel regions. Using a kernel means that the compiler will decide
which loops can be parallelised or not, whereas using a parallel region means
that it will be parallelised and it is up to the programmer to ensure that there
is no data dependencies which could result in wrong results. Our program is too
complicated to use kernels, therefore we use a parallel region.

The GPU and CPU do not have shared memory, this means that data must be
explicitly copied between them. The amount of data to be copied should ideally
be reduced to save time. This is done by first ensuring that data which is not loop
dependent is copied to the device prior to entering the parallel region. Memory
space can also be created on the device for variables which are not yet defined,
and updated on each iteration. Figure shows the basic program architecture

where we parallelise on the outer loop.
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CPU  GPU

Thread 1
—>

Thread 2

Copy data

Thread 3

Loop
(nu/N

iterations)

Loop
(nu/N

iterations)

Loop
(nu/N

Loop (nit
iterations)

Loop (nit
iterations)

iterations)

Thread 4 Loop
(nu/N

iterations)

Loop
(nu/N
iterations)

Thread N

Loop (nit
iterations)

Loop (nv
iterations)

Loop (nv
iterations)

Loop (nv

iterations)

Loop (n
iterations)

Loop (nit Loop (nv Loop (n¥
iterations) iterations) iterations)

Loop (n¥

iterations)

Loop (n¥
iterations)

Loop (nil Loop (nv Loop (n¥
iterations) iterations) iterations)

CPU

Copy data
—

Figure 8.12: Basic program architecture parallelising the outer loop on the
GPU

8.3.2 Speed up

We discovered that using model 1 for Ry did not require many iterations to
achieve convergence in the integrals, therefore, the GPU was not fully utilised.
Figure [8.13| shows that so few iterations were needed for convergence to Odp that
offloading to the GPU actually slows down the code since the initialisation of the
GPU takes longer than the code takes to run. It also shows that even for 2dp
convergence, speed up is low due to number of iterations not fully utilising the

GPU and the complexity of the code meaning each iteration does not take long

to compute.
Serial GPU
nu nil nv nv TOTAL 1st 30t 30t 30 st
0dp 50 10 10 10 50,000 0.156 4.481 14.342 0.3
1dp 1000 20 20 10 4,000,000 10.474 313.11 37.808 8.3
2dp 1000 20 20 20 8,000,000 19.690 593.93 71.971 8.3
Figure 8.13: Model 1: speed up for different levels of convergence.

(nu,na, nv,nv) are the number of iterations in loops (u, u,v,v). Total refers to

the total number of iterations across all loops.

However, since Models A-C require an additional loop through the numerical
Fourier transform, this obviously increases the total number of iterations
required in the model.
GPU parallelisation, and indeed it is shown in Figure that the using the

Therefore, these models will benefit more from using

177



GPU achieves a speed up of 30 times.

Numerical FT Models: Speed Up

40
a 30
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Q
a
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W Serial ®4 Cores (OpenMP) m GPU (OpenACC)
Figure 8.14: Speed Up for models including a numerical Fourier transform

However, this is still quite low since the GPU is not fully utilised. If we
increase the number of outer iterations we can get a better speed up, as indicated
in Figure Speed up doubles until it reaches 4000 iterations at which point
the GPU is saturated. Beyond this, speed up still increases but at a slower rate

until it reaches the maximum (for the Tesla K40c) of 130.

Outer Loop Iterations vs Speed Up

140
120

100
80
60
4
> n |

1000 2000 4000 8000 16,000 32,000
Number of iterations on u loop

Speed Up
(=]

o O

Figure 8.15: Model A: Increasing the number of iterations in the outer loop

The acoustic predictions using model 1 for Rss were good, and since we
assume that the oscillations present in Bridges experimental data for Roy are

not physical, model 1 is also a good representation of the turbulence. Therefore,
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since convergence to Odp is fine for the acoustic spectrum, we do not use the GPU

for the remaining calculations in this section.

8.4 Optimisation of Parameters for a Fixed

Plate Location

All acoustic models are formulated with arbitrary ‘tuning’ parameters to quantify
the degree of spatial and temporal decorrelation of the turbulence, as well as the
permanence of a finite anti-correlation region in spatial and temporal separation
[98]. Previous modelling approaches, however, tuned these scales by hand to
obtain good agreement with the acoustic data.

In this section we show that this form of empiricism can be avoided entirely
by using an appropriate numerical optimisation routine to determine the
parameters for an objective function that seeks to minimise the difference
between the functional form of the turbulence model and turbulence data as well
as minimising the difference between acoustic predictions and acoustic data.

A (single-objective) optimisation problem can be described in terms of
minimising the objective function J(x, ), where x;(i = 1,n) are the n design
variables which are modified to find the optimum, and ¥ are the state parameters
which describe the system [104]. The objective function may also be subject to

(in general) a total (m, p) of (inequality /equality) constraints that take the form:

IN

j=1m

gj(x) <0
0  k=1p,

(8.4.1)

Additionally, the design variables may be bounded (known as side constraints):

TiLower < T; < Tiupper 1= 1,n (8.4.2)

(An optimisation problem is considered unconstrained if the only constraints are
the design variable bounds.) Optimisation algorithms can find multiple solutions
to this problem which are known as local optimums. Therefore, optimisation
algorithms can be split into two categories: local optimisation methods (which
find the local minimum for the starting conditions) and global optimisation
methods (which aim to find the global minimum of the search space). Figure m

shows the family of optimisation techniques.
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Figure 8.16: Family of optimisation techniques

The majority of local methods use gradient information to find the optimum.
They do this through a 2 step process, mainly finding the search direction
through the gradient information and finding the optimum step size through a
one-dimensional search. There are several methods to do this [105] [106] (107,
108]. A valid search direction is one which improves the objective function and
does not violate constraints. Different local methods use different algorithms to
find the search direction and step size .

Figure demonstrates an example of a gradient method, the algorithm will
first find a search direction which improves the value of the objective function
and then calculates the optimum step size. On each iteration of the optimiser

the solution moves closer to the local optimum.

Figure 8.17: Example of a gradient method in two dimensions. Step 1: Find
search direction which improves objective function. Step 2: Find optimum step

size

The Karush-Kuhn-Tucker (KKT) conditions are used to determine whether a

local optimum has been found |109]. These are:
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e The optimum design point &* must lie within the bounds and not violate

conditions.

e The gradient of the Lagrangian must vanish at the design point i.e.
m p
V@) +> ANV + > mVhi(z*) =0
j=1 k=1
where A\; > 0 and p, are unrestricted in sign.

e Each inequality constraint has \;g;(x) =0 j=1,m

If the problem has multiple local minima, the gradient methods described
above will converge to the closest minimum which will not necessarily be the
global. Each minimum has a basin of attraction, where a design point initialised
within the basin converges to that local minimum. Hence, local optimisation
strongly depends on the location of the initial design point. Global optimisation
methods aim to find the global optimum, however, it should be noted that it
cannot be guaranteed that the global optimum will be found, only that it would
be if the algorithm could run indefinitely. Global optimisation can be split
into three types of algorithm: multi-start algorithms, evolutionary algorithms
and deterministic algorithms. Multi-start algorithms perform local optimisations
at different starting locations, and choose the best local optimum to be the
global optimum. Evolutionary algorithms are stochastic and heuristic, they
advance a population of design parameters through the search space to find the
global optimum. Deterministic algorithms typically require manipulation of the
objective function and are designed to solve specific classes of problem[109], an
overview of these is described in [110], and will not be further discussed here.

Optimisation methods have been used for this kind of problem in aeroacoustics
before, for example the Multipoint Approximation Method (MAM) [111} 112,
113]. This method was designed for computationally expensive and noisy
objective functions, so it uses trust regions and a series of approximations to
the objective function. It is similar to the Multi-start algorithm in that it uses
multiple starting locations, however it differs by approximating the objective
function. In our work, the objective function is not computationally expensive,
therefore we investigate the Multi-start method instead.

This section reviews the various types of optimisation that can be used for

problems of this type paying particular attention to evolutionary algorithms.
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Popular evolutionary algorithms include the Genetic Algorithm (GA) [114]
which was inspired by Darwin’s principle of survival of the fittest, particle swarm
optimisation (PSO) [115] which is based on a social model and differential
evolution (DE) [116].

Specifically, we discuss the advantages and disadvantages of three methods
(the non-evolutionary Multi-start [117, [118, |119] , and the evolutionary
algorithms: particle swarm optimisation (PSO) [115] and multi-population
adaptive inflationary differential evolution algorithm (MP-AIDEA)[96] which is
an extension to the original differential evolution algorithm) for a problem of
this type and the results that are obtained for the parameters under different
objective functions for the turbulence and/or final acoustic predictions (i.e.

when comparison is made to turbulence and/or acoustic data).

8.4.1 Defining the Objective Function

We use model 1 for Ry which was summarised in previous sections and when the

auto-correlation (n = 0) is:
RQQ(T) ~ (1 — CLlT)eiT, (843)

where 7 is the time-delay between the two space-time points being correlated.

The objective functions are then defined as the mean squared error between

the acoustic/turbulence models (8.1.57| & [8.4.3) and the relevant experimental
data[b7]|74], as described in (8.4.4)).

Ny
Ja(w, ) = NLA > (@, wi, ) — Ea(@,w;, )’

;; (8.4.4)
Jr(x, ) = NLR Z(Rn(%ﬂﬂ/)) - ER<CU77'¢7¢))27

i=1
where: N4, Ng is the number of experimental data points we are optimising
against for acoustics and Rgy respectively, I(x,w;, 1) is the acoustic spectrum
result using the model for frequency w;, and Ea(x,w;, ) is the experimental
data for frequency w;. Likewise Ros(x,T;, %) is the result using our turbulence
model at time 7;, and Ep is the corresponding experimental data.

The state parameters (tp) are the minimum set of parameters which describe

the system and how it responds to input [104]. Our problem can be thought of
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as an ‘input/output system’ where an input turbulence spectrum interacts with
the streamwise discontinuity at the trailing-edge and produces noise. The sound
radiation will depend on the acoustic Mach number of the jet (Ma), the location
where the noise measurements take place (far field angle, 6, measured with respect
to the jet axis and azimuthal angle, ¢). On the other hand the turbulence
correlation function, Ras, is independent of these parameters, and instead depends
on the location where the turbulence is measured (y/D,r/D). Where we define
y/D to be the streamwise location from the nozzle exit normalised by the nozzle
diameter and /D to be the radial location from the jet centerline also normalised
by the nozzle diameter. The experimental set-up can be found in several papers
[57, 161, 62].

The O(1) parameters (aq, l2, I3, 7p) in the model are selected in order to find the
optimum acoustic spectrum predictions across acoustic Mach number (Ma) and
far-field angle 6, whilst maintaining a physically admissible turbulence structure.
In the following sections we discuss the different optimisation methods that can

be used to achieve this.

8.4.2 Evolutionary versus Non-evolutionary Optimisation

Algorithms

The non-evolutionary Multi-start method is the most straightforward global
optimisation routine. It follows on from local optimisation in that it simply
performs a local optimisation algorithm at several different starting points within
the design space[117, |118, |119]. The local optima can then be compared to find
the global optimum. As the number of starting points increase, the probability
of finding the global optimum also increase. Often, a Design of Experiments
(DOE) is performed prior to multi-start to initialise design points within known
basins.

Evolutionary algorithms are specifically designed to work on black box
problems, i.e. they do not need direct access to the inner workings of the
objective function nor do they need gradient information. Consequently, they
can be used for non-smooth functions and it is not required that the programmer
knows anything about the structure of the objective function. Evolutionary
algorithms are known to be robust and have a good chance of finding the global

optimum since they advance a fixed population of design variables through the
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search space. However, they are computationally expensive and require the
tuning of parameters to solve each problem[109]. There are several types of
evolutionary algorithm, three of the most popular are the Genetic Algorithm
(GA), Particle Swarm optimisation (PSO) and Differential Evolution (DE).

Particle Swarm optimisation (PSO)[115] was developed from a social model.
Each particle utilises not only its own past experience to find an optimum but
also that of the group at large. It involves initialising the population and a
velocity vector for each particle. The velocity vector is then updated by including
information from the particles past and from the group. A basic description of
this method is shown in Figure [8.18|

Initialise Update position Update velocity

B — — —
AF— a4 oo, @-x | D
P— x; = x; + viAt o TS W on S ey I
mm— — — —

Figure 8.18: Example of particle swarm optimisation for a population of 4 vectors

The time step, At = 1 is typically used [109]. p; is the best location found so
far by particle ¢ and p? is the best location found so far by the group.There are
three parameters which need to be tuned for the specific optimisation problem.
These are, the inertia parameter w, and the trust parameters (c¢p,cz). If the
inertia parameter was set to be small (around 0-0.5) the algorithm would perform
poorly, likely converging to a local optimum, increasing this value (to around 1.4)
typically results in global optimisation since it allows a larger design space to be
searched [109]. The trust parameter ¢; represents how much the particle trusts
itself, and ¢, represents how much it trusts the group. If ¢; > ¢5 it is likely that
the particles will simply move around the design space independently whereas
if ¢co > ¢ it is more likely that the particles will converge prematurely to a
local optimum [115]. The choices of parameters are very important and some
recommendations are given in [120]. There have also been modifications to PSO
to better handle optimisation problems with constraints [121].

Differential Evolution (DE)|116] also initialises a population of design
points and then utilises information from these points to mutate and find the

next generation of design points. Differential evolution has three components:
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mutation, crossover and selection. There are several different methods of
differential evolution but the ‘classic’ method is named DE/rand/1/bin, this
implies that random vectors are chosen to calculate the difference vectors in the
mutation equation, only one difference vector is calculated, and binary crossover

is used. For this method, the mutation equation is:
et =28 + F(29, — 29) (8.4.5)

where g is the generation, i is the individual in the population, and (ry, 72,73 #
i) are random parents in the population. The parameter F' is the differential
weight and controls the amplification of the differential, it typically lies within
the interval 0.4-1 [122]. The mutation is demonstrated in Figure for two
dimensions. Another common version of mutation is DE/target-to-best/1/bin,

which includes the difference of the current point and the best point so far:

g+l g g g g g
xi - xi + F(xbest - xz) + F(xrl - xrg) (846)
A
F(xj —x{)
[
g
xl.l xfz
= [ ]
° @
@
x7 x0
= x.;;-%—l
\ g+l _ g g g
X; =X+ F(xrz _ xrll

Figure 8.19: Example of Differential Evolution mutation in 2D (DE/rand/1/bin)
(adapted from [116])

Following mutation the algorithm utilises crossover. The second parameter of
differential evolution which needs to be tuned by the programmer is the crossover
ratioo 0 < CR < 1. There are different methods of crossover but the most
common is binary. For each individual in the population and for each dimension
a random number 7(0,1) is generated, if » < C'R the mutated design is used
for that dimension and if » > C'R the parent design is used for that dimension.
Crossover is designed to increase the diversity of the population.

Lastly, selection compares the objective function using the parent vector to

the objective function using the new vector. The best is chosen to be the design
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point for the next generation for that individual. The process for differential

evolution is demonstrated in Figure [8.20

Parent Mutation Crossover Selection
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Figure 8.20: Example of the Differential Evolution algorithm

There are several variations of the evolutionary algorithms which make
them more complex and robust. An extension of the differential evolution
algorithm, which we wuse in this paper, is the multi-population adaptive
inflationary differential evolution algorithm (MP-AIDEA)[96].  This uses
multiple populations and combines basic differential evolution with monotonic
basin hopping (MBH) to reduce the risk of converging to a minimum which is
not global, it also adapts the optimisation parameters autonomously. It is a
further advancement on the inflationary differential evolution algorithm (IDEA)
which only uses a single population and requires the parameters to be chosen by
the programmer |[123].

When a minimum has been found the monotonic basin hopping (MBH) [124]
method generates a new point within the neighbourhood of this minimum (where
the neighbourhood is defined as 2A). A local search is performed from this point
and if the minimum found is better than the previous one it is chosen and a new
point generated in its neighbourhood, and so on. If no better points are found for
Nsamples then a restart can be performed. The parameter A needs to be chosen
carefully, if too small the local search will be unable to escape the current basin,
and if too large it would become a random search.

IDEA uses MBH when the population contracts within a radius defined as
the contraction limit (a parameter to be defined), when the population reaches
this limit it is unlikely to be able to escape and search elsewhere in the design
space, hence the need for a restart. Instead of using a local search within MBH

it uses differential evolution. Additionally, to improve convergence it runs a local
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optimisation routine at the converged point to ensure it is truly a local minimum,
before using MBH to basin hop. Figure demonstrates this.

If no better Global Initialise
points are restart population |
detected for n 5 | within clusters of
iterations local minima
Run DE el o] Rtlijrr;iI:act?;n
algorithm FEEER rtfutine from i
& contracted oo (reit: If new minimum | Lo¢@! Dl adliubblle
found, this restarE a.ro.un oca
'y minimum and e
becomes local S
. reinitialise
minimum X
population
Figure 8.21: Description of the Inflationary Differential Evolution algorithm

(IDEA)

MP-AIDEA adapted IDEA to adjust the main parameters (crossover
probability C'R, differential weight F', local restart bubble §;,..;, and the number
of local restarts nypr) autonomously. This makes the algorithm easier to apply
to different problems. For full details of the algorithm refer to [96]. To adapt
the values of 0j,c; and npg the restart of the population needs to be evaluated,
therefore, multiple populations are used and evolved in parallel. The parameter
nrr is removed in this algorithm and a procedure to decide whether a local or
global restart should be run is implemented instead. Figure demonstrates
the algorithm.
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Figure 8.22:
Differential Evolution algorithm (MP-AIDEA)

Description of the Multi-Population Adaptive Inflationary

8.4.3 Possible

Function

Routes to Minimising the Objective

There are various approaches to determine the parameters in the model. One

way is by hand as in Goldstein et al[62], but here we use the following methods:
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Method 1: optimise the acoustic model to find the 4 parameters.

Method 2: optimise the Ry model to find a; and hand-tune the other 3

parameters for acoustic predictions.

Method 3: optimise the Ryy model to find a;, and optimise the acoustic

model to find the other 3 parameters.

Table sets out the optimisation problem which is to be solved for each

method, where the objective functions Jy, Jr were defined in (8.4.4)).

Table 8.2: Optimisation problem statement for each method.

Method 1 Method 2 Method 3
Acoustics Ryy | Acoustics Ry Acoustics Roy
Objective function Ja(z,p) =01 - - Jr(x, ) =0 | Ja(z,) =0 | Jr(z,v) =0
State parameters (1)) Ma,0,¢ - - xz/D,y/D Ma,0,¢ x/D,y/D
Design parameters () | aq,l2, 13,70 - - ay la, 13, 70 ay
Constraints g1 - - g2 gs g2

There are no equality or inequality constraints for this problem, only side

constraints which were chosen to be:

g1:0<a1<1,0<l<5,1<13<10,1 <715<10
g 0<a; <1 (8.4.7)

g3:0<ly <), 1<l3<10,1 <719 <10

The acoustic spectrum results using these methods will be compared to
experimental results from [57] for three acoustic Mach numbers Ma = 0.5,0.7,0.9
above the plate where ¢ = 90, and at the far field angle # = 90 where jet surface
interaction is greatest.

We also compare the Ry model using the values found for a; against
experimental data from Bridges [74] at y/D = 6,7/D = 0.5, i.e. at the end of
the potential core on the shear layer.

To reduce the time taken in optimisation, for each acoustic Mach number 30
points were chosen from the experimental acoustic data. The acoustic model was
then run for each of these points to calculate the objective function. The points

chosen from the experimental data can be seen in Figure [8.23]

188



We compare the results from three optimisation routines: the multi-population
adaptive inflationary differential evolution algorithm (MP-AIDEA), particle
swarm optimisation (PSO), and multi-start. The multi-start and particle
swarm optimisation optimisations were done using the in-built Matlab routines.

Multi-start was carried out using 500 starting points.

Optimisation Data (Ma=0.7, 9=90)
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Figure 8.23: Chosen points from experimental data to calculate the objective
function (a) Ma =0.9 (b) Ma =0.7 (¢) Ma=0.5

8.4.4 Results and Discussion

Since the optimisation routines are stochastic, we ran them several times for
Ma = 0.9,606 = 90 to see if they consistently converged. Figure [8.24] shows
the variance of parameters found using particle swarm optimisation. Likewise,
Figures and show the variance of parameters for MP-AIDEA and

Multi-Start respectively. The range of objective function values corresponding
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to these parameters obtained from each routine are then shown in Figure [8.27]
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Figure 8.24: Parameter variance across 10 runs of PSO (a) Iy (b) I3 (¢) 79 (d) a4

Tables [8.3|[8.4] and [8.5] compare the parameters found through each method
and optimisation routine, the resulting objective function value (fval) and the
time taken for the optimisation routine to run.

Figure [8.28 compares the acoustic spectrum for methods 1 and 3 using

each optimisation routine. Then in Figures [8.29| and [8.30] we compare the

acoustic spectrum for methods 1, 2, and 3 using the evolutionary algorithms and
Multi-start respectively.

Method 1 was used to find the four parameters through optimisation of our
acoustic model against the experimental data in Goldstein et al[62]. Figure [3.2§]
shows that the predictions are particularly good for Ma = 0.7, and Ma = 0.9
for all optimisation routines. For Ma=0.5 multi-start gives a poorer prediction
due to the change in 3 which affects low frequency roll-off. From this figure, it is

shown that MP-AIDEA and PSO give more or less the same acoustic predictions
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Comparison of optimum parameters (ly)
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Figure 8.25: Parameter variance across 10 runs of MP-AIDEA (a) Iy (b) I3 (¢) 7
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Table 8.3: Ma

optimisation methods.

0.9, 6 = 90: Comparison of parameters found from the

Ma = 0.9, 0 =90
Method 1 Method 2 Method 3
MP-AIDEA | Multi-Start | PSO | Hand-Tuned | MP-AIDEA | Multi-Start | PSO
ay 0.52 0.56 0.54 0.85 0.85 0.85 0.85
ly 0.89 0.82 0.89 0.55 0.68 0.57 0.69
I3 1.22 2.37 1.16 5.00 1.12 9.19 1.07
To 3.54 4.35 3.55 5.00 4.08 5.48 4.08
fval 9.21 9.73 9.20 11.36 9.97 10.48 9.96
Time (s) | 9,501 5,684 | 14,921 - 7,075 4,450 | 7,393
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Comparison of optimum parameters (ly)

Comparison of optimum parameters (l3)
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Table 8.4: Ma

optimisation methods.

Run number

(d)

0.7, 6 = 90: Comparison of parameters found from the

Ma = 0.7, 6 =90
Method 1 Method 2 Method 3

MP-AIDEA | Multi-Start | PSO | Hand-Tuned | MP-AIDEA | Multi-Start | PSO
a 0.59 0.56 0.60 0.85 0.85 0.85 0.85
Iy 1.39 1.14 1.37 0.90 1.05 0.89 1.06
I3 1.02 3.22 1.00 5.00 1.00 2.80 1.00
To 3.71 3.73 3.64 5.00 3.75 4.28 3.75
fval 4.91 5.15 4.18 5.70 4.27 5.12 4.26
Time (s) 9,596 5,841 | 8,944 - 7,183 4,610 | 7,264
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Comparison of objective function (fval)

Comparison of objective function (fval)
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Table 8.5: Ma = 0.5, § = 90: Comparison of parameters found from the

optimisation methods.

Ma = 0.5, 6 =90
Method 1 Method 2 Method 3
MP-AIDEA | Multi-Start | PSO | Hand-Tuned | MP-AIDEA | Multi-Start | PSO
ay 0.01 0.10 0.00 0.85 0.85 0.85 0.85
Iy 2.52 2.18 2.57 1.30 1.51 1.30 1.49
I3 1.01 1.01 1.00 5.00 1.00 2.50 1.00
To 2.61 2.04 2.69 5.00 3.68 3.52 3.54
fval 14.29 15.47 14.24 20.75 15.68 17.90 15.66
Time (s) 9,538 6,044 | 7,766 - 7,098 4,700 | 7,507
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Figure 8.28: Comparison of acoustic predictions using different optimisation

routines for method 1 and 3 at 8 = 90
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Figure 8.29: Comparison of the acoustic predictions for methods 1, 2 and 3 using

particle swarm optimisation (PSO) and MP-AIDEA
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for all acoustic Mach numbers.

However, the turbulence correlation function Ras that we use is a function of
ay: Rgs ~ (1 —ay7)e "and the values for a; that were found from this method for
each optimisation routine do not give a good representation of Ras, as shown in
Figure [8.31. The initial decay is too slow and there is little to no anti-correlation
region, this is particularly the case for Ma = 0.5. Note, that we have allowed
T7U./D — 10 to show where the model goes to zero, there is no turbulence data
at these locations most likely due to measurement difficulties.

In methods 2 and 3, we optimised the Ry model separately against
experimental data from Bridges (y/D = 6,7/D = 0.5)[74]. This means that the
anti-correlation region is represented and the initial decay is steeper, as shown
in Figure for methods 2 and 3. Only the initial de-correlation is of interest,
therefore we have used a simple model for Ry. A different model could be used
to capture the oscillations but this would make the acoustic model much more
complicated (as shown in the previous section) and have no improvement on the
acoustic spectrum predictions.

For method 3 we use the this Ry optimised value a; (0.85) in the acoustic
model and then optimise the other parameters against the acoustic data to find
the best prediction. This allows us to find the optimal predictions for the acoustic
spectrum while also having a good representation of the turbulence structure. It
results in slightly poorer acoustic predictions, with the exception of Multi-start
for Ma = 0.7, as noted in Tables 8.3, [8.4] and [8.5] However, Figure [8.2§ shows
that they still give very good predictions for the level of accuracy that we require.
Since this method also allows Ras to be better represented, overall it is deemed
to be better than method 1.

In method 2, we also use this value (a; = 0.85) in the acoustic model and
hand tune the other parameters to find the best prediction. We aimed to find
one set of parameters for all acoustic Mach numbers. However, it was found that
due to the level shift in the acoustic spectrum, one parameter (l3) must change
for each Mach number. As this method did not require different optimisation
routines, the results are included in Figures [8.29, and and are identical in
each. We can see that the predictions are similar to methods 1 and 3. However,
hand tuning these parameters is not ideal as it relies on human judgement as to

what is a ‘good’ prediction.
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It is easy to see in Figures and that the three methods of
optimisation give similar acoustic predictions for all optimisation routines, with
only Multi-start giving a noticeable change in prediction for Ma = 0.5. Note
that from Figure only PSO and MP-AIDEA consistently converged to a
minimum objective function value (fval = 9.2), Multi-start displayed a more
widely varying value, possibly due to the number of starting points chosen (500).
Figure 8.26| shows that the parameters found for Multi-start also vary widely
on each run of the routine, hence it is less likely that acoustic predictions found
using multi-start are optimal. On the other hand, Figures and show
that the parameters found by PSO and MP-AIDEA respectively, only vary
slightly.

We can conclude that our acoustic spectrum model for the trailing-edge noise
problem is ‘parametrically flat’, i.e. the objective function is not noticeably
sensitive to the variation of parameters (ls, 3, a1, 7p) within their specified range.
Both evolutionary optimisation routines that we have used in this paper have
given good results and almost identical predictions. The time taken in optimising
method 1 naturally took longer than method 3 since an extra parameter was being
found. In general, it was found that method 1 was faster using particle swarm
optimisation, however method 3 was faster using MP-AIDEA. However, for the
number of starting points that was chosen, multi-start was fastest of all, and
since the objective function value was still smaller than method 2, if there was a
time constraint which restricted the use of evolutionary algorithms, it would be

worthwhile to use Multi-start rather than hand-tuning the problem.

8.5 Robustness of Model at Off-design Conditions

The previous section discussed the optimisation of parameters for a fixed plate
at the location which produces peak edge noise (on the shear layer at the end
of the potential core). In this section we discuss the robustness of the model
at off-design conditions (i.e. at different vertical plate locations h). Figure [8.32]
shows the variation of experimental data depending on the plate location. It is
clear that as the plate moves away from the jet axis the edge noise decreases until
it reaches the point where jet noise dominates and it is negligible. Likewise as the

plate edge moves closer to the nozzle edge noise also decreases until negligible.
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Figureuses the model parameters from the previous section (referred to as
the 2021 Model) and compares the acoustic predictions with experiment varying
h. Since the model parameters were optimised for h = 1 those predictions are
good, however it is clear that the model under/over predicts the acoustic spectrum
if the plate is located closer to/further from the jet centerline respectively. In this
section we look at optimising extra parameters (k, k1 from the meanflow, and u
from the amplitude function) to see if the model can work for other plate locations.

To understand the individual effects of parameters in the acoustic model,
Figure [8.34] shows a design of experiments. We see the main effect of x, x; is to
change the broadband amplitude of the acoustic predictions, u also changes the
amplitude but has a greater impact on the high frequencies, and 7y has an effect
on amplitude but its most important feature is that it moves the peak noise to
different frequencies. Based on experiments, we expect modifying x, k1, 79 to have
the largest impact to obtain more accurate predictions, since we need to move
the peak frequency and adjust the amplitude for h # 1.

We also modified the meanflow profile by including an additional parameter
ho:

Uy(1 — e (u—ho)*=m(u—ho)" u < hy

Uu) = . o (8.5.1)

this allows the core region (i.e. where U(u) = 0) to increase as |hg| increases as
shown in Figure [8.35] It should be noted that the meanflow profile in (8.5.1)) is
identical to that of the 2021 model if hg = 0.
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Figure 8.35: Meanflow profile modifying hg (k = k1 = 0.5)

To investigate the universality of parameters across plate location we look at
several different optimisation routes where we optimise certain parameters while

keeping others fixed. These routes are summarised in Figure [8.36]
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Y
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— e

ModYeI 3

Figure 8.36: Different routes to optimisation of meanflow parameters, when

parameters are not optimised they are kept at their 2021 values (k = k; =
0'57 hO = 07 n= |@|

Figure [8.37] compares the acoustic spectrum obtained from each model for
Ma = 0.9, 6 = 90 at different vertical plate locations h. It is easy to see that when
the plate is close to the nozzle every model gives good acoustic predictions. It is
only when the plate is further away that the different models give varying levels

of accurate predictions. This is particularly the case for Ma = 0.9 at h = 2.5,
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however it should also be noted that for this degree of vertical separation the
edge noise is near negligible in comparison to jet noise. Therefore, based on these
acoustic predictions, models 1-3 seem to give the best results across the range of
plate locations, this indicates the importance of the x, k; meanflow parameters
which were not optimised in the 2021 model [99]. The objective function error is
compared for models 1-3 in Figure and we see for small h < 1.5 (where edge
noise is a significant portion of noise) the models perform similarly, with model
3 being slightly better, however at large h, model 3 is significantly better. Since,
ideally it is preferred to have as few free parameters as possible, model 1 should

be chosen as the best model.
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Figure 8.37: Compare models for an optimised acoustic spectrum for Ma =
0.9,0 =90 at (a) h=0.5,(b) h=1, (¢) h=1.5,(d) h=25

Figure [8.39| compares the optimised parameters from models 1-5 and the 2021
model for different plate locations h at Ma = 0.9, § = 90. Note that for h = 0.5, 1
the optimised parameters vary across the models, but as we have already shown in
Figure the acoustic spectrum remains more-or-less constant across models
for low h. This is further proof of a flat objective function; a large range of

parameter values can result in good acoustic predictions.
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Figure [8.40 compare the optimised parameters at different plate locations
for models 1-3 for Ma = 0.9. This shows that the optimisation varies different
parameters to achieve the correct acoustic spectrum, there does not appear to
be a consistent change of parameters as h increases. However, since the previous
figures showed there were different parameter choices to obtain good predictions,
it is likely that there is a balance of parameters.

It is important to note that the optimisation for all models in this
section is to optimise meanflow parameters, this is required due to the lack
of experimental/computational meanflow data at different vertical plate
locations.  Since we cannot use a physical meanflow profile we instead
use optimisation to choose meanflow parameters that give correct acoustic
predictions. Unfortunately, this means that although the acoustics are physical
and react accordingly (smaller h gives larger sound), the meanflow may or
may not be physical. If computational/experimental data for the meanflow is
available in the future, it would allow a physical meanflow profile to be used in

the model and remove the need for these optimised scales.
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Figure 8.40: Compare optimised parameters for varying h for Ma = 0.9,0 = 90
using (a) Model 1, (b) Model 2, (¢) Model 3
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8.6 Summary

Aeroacoustic models for turbulence interaction problems will always require a set
of parameters that define the rate of temporal and spatial decorrelation. For the
trailing-edge noise problem the acoustic spectrum (8.1.57)) is proportional to the
Fourier transform of the streamwise-independent transverse velocity correlation
function, Roe(0 — u,? — v;w). In this chapter we extended the model for Ras to
include a term which enabled an anti-correlation region to be represented resulting
in a more faithful representation of the turbulence structure than in Goldstein et
al [62] which improved acoustic predictions.

The Fourier transform of Ryy depends on O(1) parameters (ls, I3, a1, 7o, K,
K1, i, hg). These parameters can be chosen by hand-tuning, however this will
not result in a ‘mathematically’ optimal choice of parameters, and could result
in under/over prediction of the acoustic spectrum. It also adds to the time taken
in assessing its predictive capability.

In this chapter we also highlighted how optimisation routines, both
evolutionary and non-evolutionary, can be used to determine what the optimal
parameters are, resulting in slightly better acoustic predictions.

To find acoustic predictions across a range of Mach number at a fixed plate
location we found only /s needed to change, and since this decreases linearly as the
Mach number increases it can be found for any Mach number without the need for
optimisation showing that the model is robust at a fixed plate location. However,
we found that varying the vertical plate location does require an optimisation of
meanflow scales due to a lack of experimental /computational meanflow data. For
the model to be more predictive at arbitrary h, this data is required, and could
be a subject for future research.

Now that we have investigated both jet noise and edge noise, in the next

chapter we will combine them both and look at the installation effects.
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Chapter 9
Installation Noise

So far in this thesis we have obtained acoustic predictions for both jet noise and
edge noise for several jets. This chapter combines these predictions to obtain the
installation noise. Figure [9.1| shows a pictorial representation of the different jet

and edge noise sources.

Installation Noise

Edge Noise Source

Wing

1 o

S O JetNoise Source
S S

S &)

Figure 9.1: Pictorial representation of noise sources involved in the total

installation noise

Installation noise is therefore a combination of three terms; in words this is:
Installation Noise = Edge Noise + Jet Noise + Coupling (9.0.1)

where the coupling terms refer to the statistical interaction between the jet and
edge noise components. The main assumption we make is that the coupling terms
are negligible and we can simply say that the installation noise is formed from

the addition of the jet and edge noise. Since we only considered cold jets for the
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edge noise problem, here we only look at the installation noise for cold jets SP03
and SPO07.

9.1 Predictions

Figure 0.2 shows the predicted installation noise for the isothermal jets at several
far field angles. These angles were chosen since edge noise is largest at the sideline
area. It is evident from comparison with Chapters 7 and 8 that these predictions
are dominated by the edge noise and jet noise is negligible in comparison, which
is to be expected at these angles.

The overall sound pressure level was calculated for edge noise, and then
installation noise as shown in Figures and respectively. These figures also
show that edge noise is the dominant noise source at these angles. We also see
that the predictions using our hybrid model are within 2dB of the experimental

data at the angles considered.

209



SPL 6 = 60

140
* Experimental data
130 Edge + Jet noise predictions
120 ¢
_, 1o
o
7]
100
90
80
70
1072 107 10°
St
(a)
140 SPL 6 =75
* Experimental data
130 Edge + Jet noise predictions
120
_, 1o
o
7]
100
90
80
70 -
102 107" 10°
St
()
140 SPL 6 = 90
* Experimental data
130 1 Edge + Jet noise predictions
120 ¢
_, 1o
o
7]
100
90
80
70
102 107! 10°
St

Figure 9.2: Installation noise predictions compared against experiment for (a,c,e)

SP03 (b,d,f) SP0O7

()

150 SPL 6 = 60
* Experimental data
140 ¢ Edge + Jet noise predictions
130 [ 1
120
o
7]
110
100
90
80
102 107! 10°
St
(b)
150 SPL 6 =75
* Experimental data
140 ¢ Edge + Jet noise predictions
130 [ 1
120
o
(7]
110
100
90
80 ‘
102 107" 10°
St
(d)
150 SPL 6 = 90
* Experimental data
140 | Edge + Jet noise predictions
130 [ 1
120
o
7]
110
100
90
80
102 107" 10°
St

210



110
—e— Experimental data
= o Prediction
105
T -»
5 | oo ——
< M
o
100
95
60 65 70 75 80 8 9
0
(a)
120
—e— Experimental data
= o Prediction
118
e = = = - I i a
116 ]
o
)
5
114
112 1
110
60 65 70 75 80 85 90
0

Figure 9.3: OASPL for edge noise for (a) Ma

110
—e— Experimental data
=& Prediction
105
1 ————
o -
G | __--=
<O( :_—/
100 -
95
60 65 70 75 80 85 90
0

OASPL

115

—e— Experimental data
=& Prediction
______ F)
- - -
o - - -
2 110
®)
105
60 65 70 75 80 8 90
0
(b)
= 0.5 (b) Ma=0.7 (¢) Ma=0.9
120
—e— Experimental data
= o Prediction
1181
p——-:‘—":_/:‘_'_—fv_. __________ s
116 |
1141
112
110
60 65 70 75 80 8 90
0

Figure 9.4: OASPL for installation noise for (a) SP03 (b) SP07

211



Chapter 10

Conclusions and Future Work

10.1 Conclusions

The main research aims of this PhD were to investigate the turbulence statistics
for a range of subsonic jets considering the effect of acoustic Mach number and
jet temperature ratio. We stated in Chapter 2 (p.17) that our work in this thesis
seeks to reduce the uncertainty regarding the source term construction within the
acoustic analogy approach. We conducted a formal assessment of the contribution

of the individual correlation function terms in the source structure given by Afsar

et al [27] repeated here in (4.3.29)-(4.3.31)). This assessment was performed using

a first of its kind spectral (i.e. space-time Fourier transforms) analysis using an
LES database of 4 axisymmetric jets to quantify the amplitude and spectral decay
rates of the correlation functions.

To simplify the formula we considered universality of length scales within
the turbulence correlation functions (analytical formula (6.1.23)) asking whether
these could be used to obtain a universal spectral tensor and universal acoustic
predictions. Lastly, we investigated whether jet surface interaction noise could
be better predicted using a more faithful representation of the turbulence. Here

we will summarise some of our main results:

Effect of Mach number and jet temperature ratio

e Increasing the acoustic Mach number also increased the jet noise across all
frequencies and far field angles (see Figures [7.13] ;

e Heating the jet at a constant acoustic Mach number resulted in a reduction
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of the jet noise for most far field angles and frequencies (maximum reduction
of 2 —4dB at 0 = 30 for Ma = 0.5,0.9 respectively).

Our results for the SPL and OASPL of the low speed Ma = 0.5 do not agree
with experimental results where it is expected that heating the jet will increase
the jet noise. This is likely due to the acoustic predictions from the heated SP42
jet being under-predicted. Interestingly, for the Ma = 0.9 jets we found that
heating the jet increases the noise slightly at the sideline positions (6 > 707).

Approximations to the spectral tensor

e Axisymmetry approximations were found to be appropriate for our LES
jets and therefore the representations of the starting equation (4.3.25)) to
the AGF [27] formula, repeated here at (4.3.29)-(4.3.31)) could be used;

e The spectral tensor could be simplified by neglecting the invariant terms
within the CID;M formulation, and approximating Rjjso = Raoqp, this is
shown in Figures [7.3][7.6}

e Evolutionary optimisation could be used to find the optimum parameters
that govern the spatial/temporal rate of decay of turbulence correlation

functions.

We formulated the spectral tensor using an analytical model informed
by LES for the lengthscales and anti-correlation parameter a;. This model has
been used previously in [67] however the lengthscale parameters (co, ¢1, c2) were
hand chosen in that paper to fit the acoustic predictions. In this thesis we optimise
the lengthscales and a; against the now full turbulence data from the LES using
an evolutionary algorithm described in Section to obtain a more accurate
model of the turbulence data for each correlation function and each jet as shown
in Figures This reduced the time taken for model determination since
we do not rely on any hand-tuning. Using this model we also showed that we can
take kr = 0 in since it has negligible impact on the spectral tensor and
the acoustic predictions as shown in Figures [6.15], [6.16] [7.9}{7.12] We also found
from these figures that for both heated jets setting a; = 0 also had negligible

impact on the spectral tensor and acoustic predictions, however this parameter

remains important for isothermal jets as it affects the high frequency decay.
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Universality

One of the main questions we posed in this thesis was whether there existed
universality in the turbulence length scale parameters for jet noise prediction?

We discovered:

e [t is not possible to have a ‘universal correlation function’ because the

spatial decay is dependant on correlation function, as shown in Figures

b-145.16]

e There is universality across acoustic Mach number for all correlation

functions;

e There is not universality across jet temperature ratio for some correlation

functions.

Although we found that universality did not exist across temperature ratio
for some correlation functions, we did find that the peak noise (6 = 30", St = 0.2)
could in fact be captured by such universal length scales across temperature and
Mach number as shown in Figures [7.I57.18] So if only the peak noise is desired,
the length scales in Table could give a reasonable estimation for any subsonic

jet (between Ma = 0.5 — 0.9) at any temperature ratio (between TR = 1 — 2.7).

Jet surface interaction

e By including the anti-correlation parameter (a;) in the turbulence model
for Roy (see (8.4.3)) it was possible to obtain both a better representation

of the turbulence, and better acoustic predictions as shown in Figures [8.29

and

e Evolutionary optimisation can be used to find the optimal turbulence and

acoustic parameters for agreement with turbulence and acoustic data;

e The acoustic model can be used for different vertical plate locations when
parameters governing the meanflow profile are optimised for acoustic

predictions.

We also investigated various optimisation algorithms to find the optimal

parameters and found MP-AIDEA gave the optimum results in the shortest
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time. However, it was also noted that a non-evolutionary algorithm, multistart,
could also be used if time was a limiting factor since it is roughly two times
faster and still gives more optimal results compared to hand-tuning.

When using the acoustic model for different vertical plate locations it was
necessary to modify the meanflow profile. In the absence of experimental/
computational meanflow data we instead allow the meanflow to change by

including the meanflow parameters within the acoustic optimisation.

10.2 Future Work

Acoustic modelling will always require parameters which govern the rate of
spatial/temporal decay and anti-correlation of the turbulence. In this thesis
we have obtained these parameters through mathematical optimisation of an
analytical turbulence model against the LES turbulence data. In doing so we
have made several assumptions such as the functional form itself and that the
lengthscales ¢; and convective velocity U. are constant, all of which could be
checked in future work.

We also assumed that the meanflow is parallel which allowed us to simplify
the Green’s function solution. Future work therefore could consider a non-parallel
flow which could result in better acoustic predictions at 8 = 30°.

As noted in Chapter 7, our acoustic predictions tend to under-predict the high
frequencies. This could be due to our assumption that the length scales do not
depend on frequency. Therefore, another consideration for future work is to look
at frequency dependent length scales and see if the acoustic spectrum is better
captured at the high frequencies.

In Chapter 8, we noted that when using the acoustic model for various vertical
plate locations it was necessary to optimise the meanflow parameters for each
location. This was to enable a change in meanflow profile which will occur
when the plate is moved, however due to the lack of experimental /computational
meanflow data it is uncertain as to how it will change. Therefore, future work
could involve obtaining this data and implementing it into the model to remove
the need for this optimisation which will increase the generality of the model and
improve the predictive capability.

In our unified model we have assumed that the coupling terms between jet
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noise and edge noise can be neglected, so future work can further investigate the
coupling terms. Additionally, we have only considered edge noise for cold jets, so
it would be interesting to check if heating has an effect on edge noise.

Currently the workflow for calculating the jet noise predictions is complicated
and somewhat disjointed with several codes to calculate correlations, spectral
tensors and propagators separately, which are finally combined to calculate the
acoustic predictions. To improve ease of use and potentially have industrial
applications it would be useful to merge the codes and simplify the input
parameters to reduce the skill required to operate it. Since we have found
universality in the turbulence correlation scales, this could allow a simplified tool
to be created.

The hope is that the work we have conducted in this thesis will lay the

foundation for any such future study.
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Appendix A

Goldstein’s Acoustic Analogy
2002

A.1 Derivation

Goldstein split the fluid variables in (3.1.2)-(3.1.4) into a ‘base’ component and
a fluctuating component, i.e. p=p+p, p=p+p, ho = ho + hy, vi = U; + ',
where the overbar denotes time averaging, i.e.

T

_ 1 .
P= o Hm _Tp(y,T)dT

and the tilde denotes Favre averaging, i.e. v; = pv;/p.

The time averaged Euler equations are derived in [85] and given by:

0
— (P = All
5, (P71) =0 (A1)
o op 0Ty .
—(pvv;) + — = — i1=1,..3 Al1.2
) - 10, - OH,
— (pijho) = = — (v;Tye) + =2 ALl

where T;; = —p(vjv}) and Hyj=H;= p(vihg).
These time averaged equations can then be subtracted from the original Euler

equations as was done by Goldstein (2002)[125].
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A.1.1 Mass Equation

0 0 0
ot p) = 2 (p+ o) (@ + ) — —(70;) = Al4
Clearly 0p/01 = 0, hence this equation simplifies to:
o' 9 . "o
E+8_yj(pvj+pvj) =0 (A.1.5)

Goldstein (2002) introduced a nonlinear variable w; which represents the

momentum fluctuation, i.e. u; = pv’, this leads to the equation:

) 0
— (P +u;) = Al
87_ ay](pvj u]) 0 ( 6)

A.1.2 Momentum Equation

Likewise, subtracting the time averaged momentum equations from the full Euler

equation gives:

J N J . . o
57 (P + ) (0 + ) + a—y(p + ) (0 + ) (T + ) + a—y(p +7)
b j
9 op 97 (A.1.7)
— —(pojvy) — — =——2L =13
ay] (pU]U ) ay] 8y] ?
which simplifies to
0 N 0 N . N oT';; .
E(Uz + [)/Ui) + a—yj(ui'l,’j + [)/’Uj'l,’i + U;; + 5Z-jp/) = WJJ 1= 1, .3 (A18)
where T, = —(pvjv; — pvjvy)

Goldstein (2002) then introduced a tensor 7;; = d;;p + ﬁ@ Then using the
time averaged momentum equation (A.1.2]) the spatial derivative is:

0 0
By — Al
8yj pu UJ aijJ ( 9)

Then using the time averaged continuity equation (A.1.1)) this reduces to:

ov; 107;
byt = =0T (A.1.10)
9y; p 0y;
The red terms in ({A.1.8) can be rewritten as:
~ 8,0’ an 8 /~ (%Z /~ 8171
vi[—+—+—pv-]+u<—+pv< Al.11
or  9y;  oy;" L oy ! 9y, ( )
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where the square brackets are equal to zero using (A.1.6)), and the last term can
be rewritten using (A.1.10]) resulting in:
p, 8%2] 8'171
poy; 0y

(A.1.12)

which gives the final result for the momentum equation:

(w0, - (=)= =—1 1=1,.3.] (A.1.13
or  0y; p) Oy, 0y; ( )

A.1.3 Energy Equation

Similarly we subtract the time averaged energy equation from the full energy
equation. The stagnation enthalpy is expanded as hy = h + v?/2, which after
splitting variables into their base flow + fluctuating components becomes hy =
h+ ' + (; + v)?/2. Therefore we can say hy = ho + hj, where hy = h + ©2/2
and hj = b/ + 0,0} + v*/2. So the energy equation is:

0 N (T N _ (= / 10 — N (5 1\2 d - N (5 A2 I
57 [P 1) = )] + 550 (0 )0+ ) + 5o+ )+ ) (o 1)
10 — N ([~ AYE 1\2 0 —~ 7
+ 5@—%(0 + ') (05 + V) (0; + v}) oy, (PU;ho)
- OH,;

(A.1.14)

This equation is simplified to:

0 ~ 1 0 ~ 1 ~
— | p'h+ ph + 5p'7§2 + u;v; — p’] + — {(p'h + ph')o; + ép/@jfﬂ + u;0;05 + ujhg

or 0y;
101, 10 , - OH,;
S . AR ——— TS J
2 01 * 2 8y]~ (U] kk) + ayj
(A.1.15)
where H; = —(pv'.hl, — ﬁvf’.\h/’ . The red term can be expanded:
J J'°0 3’70
ph+ph' = p'h+ (p+p)(h - h)
—ph—h (A.1.16)

= ph — ph
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Then using the perfect gas assumption p = pRT, h = cpT, ph = #p, therefore:

ol =2 T p= Ty A117
ph+p o R L ( )
Therefore, ({A.1.15]) can be written as:
o1 7 L, N 0 vy, 1, o -
or |7 —1 + 50'02 + Wﬂz} + 8—% [7 — 11?’%‘ + 50’%1}2 + w005 + ujhg

10Ty, 10 oH,
— = =9 oy
2 or 20y, TG,
(A1.18)

To simplify the equation further we replace ho by its definition and split
' /(y—1) = p'v;/(y — 1) +p'0;. This leads to the LHS of the equation

becoming;:

1 op 1 0, ,. a -
—187+7—15’_yj( P+ 3%( uih)
rerm 1 (A.1.19)

a 111—1— +a s+ S+ w4 =
U;V; — i+ —pv; W; V05 i—
Tor |27 dy; 112" D

J

~
term 2

Then term 2 can be further simplified by looking first at the red terms and

using the definition of 7;;:

g(u.@.) 4 i(u b0;) = b Ou; 0 (u;0;0;)
87_11 ay] zzg—zaT 83 1UiUj
52 4,5, 0 ﬁi(u@-) A.1.20
= 7 aT 1 Ja 8yj Y] ( «AL. )
- @A% + {,i(u{,) _ %@T;j
- 8’7' Z@yj v f) Oyj
Therefore the second term becomes:
term 2 =p L — =4
dy;  p Oy
+ 21’62 +i 1)01 +'zlf12 —i—vau—i— a( 0j) + 0 ik
or |2 ay, |27 T “or Yoy, Yoy,
(A.1.21)

220



when we have also expanded the 0(p'?;)/0y; term. The red term can be written

as:
10,,45 10, ,. 4 o 1 o100 o, ,. Ou, .. 0y ov;
297 P 5, (PUTHuT) = ot Lo gy, P+ ayj} TP, Uil

=0
The term in square brackets is equal to zero from the continuity equation ({A.1.6).
Again, we use 7;; to replace p'0;9;00;/0y;. Inserting this back into the curly

brackets gives:

_Ou; . O op o 0T _ oy,
Rl N o A1.22
{vl . + 0 (u 0j) + 0 Zﬁyi — (= )8% —I—u]vlayj} ( )

Note that this is equivalent to ©;07};/0;. Hence, term 2 reduces to:
o0, _wi0ry o 0Ty

term 2 = p/ - ; A.1.23
dy; P Oy; Iy, ( )

Inserting both term 1 and 2 back into the energy equation gives:

1 8p’ 1 a . ,817 0 ~ u; 0T}
G-Dor Doy " ey T a5y, T A
where or.. 1. 9T, 1. 0 OH'
P gy s W Cy Y (5T J A1.2

@ Y Ay; + 27 or + 27 Oy, (0T3y) + Yy, ( 5)

A.1.4 Summary

It is convenient to replace 7;; with its definition which gives the final equations

in Goldstein’s acoustic analogy (2002):

o' 0, ,.
2P (. ) — A.1.2
5 + o0, (p'v; +u;) =0 ( 6)
Ou; o . op) . 0, _ oy, 3T/] .
) .l 4 / = Z =1,2.3. A.1.27
5 " oy (0;u;) + o, + » + 'Ok o = O, i=1,2, ( )
1 oy 1 o . ,00; 0 ~ _ oy
= / + —|— uh = ! A.1.28

Now we have a set of differential equations which have a linear operator acting

on the fluid variables, meaning that they can be solved using Green’s theorem.
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A.2 Standard Solution to a Sturm-Liouville

Problem

A Sturm-Liouville problem is of the form:

d d
— | P(r; k1, w)rg] Gém)(r]R; ki,w) 4+ rQ(r; ki, w)Gém)(r]R; ki,w)=—0(R—r)

dr
(A.2.1)
Now, by properties of the delta function the right hand side of this equation is

zero when r # R, and can therefore be written as:
Ly |GEY Ry w)| = 0 (A.2.2)

There will be two independent solutions for this equation, which we can define as
v1(r), v2(r). Since these are linearly independent we can define two new variables
(w1, ws) which are a combination of them, where w; satisfies the boundary

conditions for r < R and wsy satisfies the boundary conditions for r > R.

wy(r) = Croy(r) + Cava(r)

(A.2.3)
wa(r) = Cyvy(r) + Cyva(r)

However, the Green’s function must also be continuous across r = R, therefore it
is defined as:
wy(r)we(R r<R
G (r|R) = 1(r)ea(R) (A.2.4)
wy(r)w(R) r>R

Now, look at the jump in the derivative of G(()m):
AG&’Z) (r|R; k1, w) = lir% [ng,f)(R +€|R; ky,w) — G(()T)(R — €| R; kl,w)}
b 6% b b

= lim [wl(R)wg,r(R +¢€) —wa(R)wy (R — e)]

e—0

(A.2.5)
= wl(R)'LUQJ‘(R) — U)Q(R)IULT(R)

= W(wb w2) ’R
when the subscript r denotes a derivative with respect to r, and W (wy, ws) is the

Wronskian. Appendix|A.2.2{shows that the jump must be AG&Z) =—1/(P(R)R).

Therefore we define the invariant J(wy, ws):

J(wy, we) = —P(r; ky, w)rW (wy, ws)|, (A.2.6)
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Note, that by Abel’'s Theorem (shown in Appendix [A.2.3), J(wy,wsy) is
independent of r and can be evaluated anywhere along the radial axis, we
evaluate at » = R for convenience. Therefore, we can define the Green’s function

solutions to be:

w2 (A.2.7)

which can be written as:
_ wy(r)wa(R)H (R — 1) + wa(r)wy (R)H (r — R)
J(wl, UJQ)

G (r|R) (A.2.8)

A.2.1 Verification of the Solution

This section inserts the solution for Gém) into the left hand side of 1} to
verify that it does give the right hand side. First we need the first and second

order derivatives for G(()m):

G (| R by, ) = © ws(R) (wn o (P)H(R — 1)+ wn () Ho (R — 1))

J (A.2.9)
wr(R) (w2 () H(r = R) + ws(r) Hy(r = R))|
Since the definition of H,(r) = d(r), this can be written as:
G Ry w) = = [un(R) (w1, () H(R = 1) = wn(r)3(R — 7)) o

i (R) (wa, (N H(r = R) + w5(r)o(r = R))|
and since the Dirac-d function is even those terms cancel leaving:
m 1
G (| R ke, ) = < [wa(R)wn,(r) H(R = 1) + wi (Rywa, (V) H(r = R)|
(A.2.11)
The differentiate again:

Gy (r| Ry by, w) = % |3 (R (1) H(R = 7) = wy(Rywy ,8(R — 1)
twy (R)ws o (r) H (r — R) + wi(R)ws . (r)d(r — R)
(A.2.12)
Again, using 6(r — R) = §(R — r) and the definition of the Wronskian gives:
GO (| Ry by, w) = % wa( R)wn o (r) H(R = 1) + wi (R)ws,rp (r) H(r — R)
+ 0(R — r)W (w1, ws)r
(A.2.13)
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Inserting these derivative into the LHS of (A.2.1), letting P(r) = rP(r) then

gives:

P, (r)GS (r|R) + P(r)Gym(r|R) + rQ(r)GY™ (r|R) =

_ P}(T) ws(Rywno(r)H (R = 7) + wi(Rywa, (1) H(r = )|
+ P§T> |:w2(R>w17rr(T)H(R = 7) Fwi(R)wa, (r)H(r — R) 2

+ 0(R —r)W (wy, w2)R}

+1Q(r) |wa(Rywr (1 H (B = 1) + wy(ryuwn(R)H (r — R)|

This can be rewritten as

) () [P+ P e+ Q0
+—H(TJ_ k) wy (R) [T%(r)wg,r + P(rywa,. + TQ(T)wz} (A.2.15)
+ L (;)TW(wl, ws)S(R — 1)
where the first two terms go to zero from the definition of w;,wy. Therefore
inserting J = —P(r)rW (w1, ws) the equation becomes:
POT o wn)S(R — 1) = —6(R — 1) (A.2.16)

—P(r)rW(wy, ws)

which is the right hand side of (A.2.1)) and therefore confirms that wq,w, are

solutions to the problem.

A.2.2 Jump in the Green’s Function

The jump in the Green’s function can be derived through integrating the

Sturm-Liouville problem from ({A.2.1)):

d s
P(r; kl,w)r%Ggm)(r\R; kl,w)—i-/ rQ(r; k1, w)GS™ (7| R: by, w)dr = —H (r—R)+o(R)
0

. S

1r1R)
(A.2.17)

which can be rearranged to

d
—G(()m)(r|R; ki,w) = —

dr 1 . [H(T —R)+ f(r|R) —a(R)|  (A2.18)

P(r; ki, w)
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Since there is a Heaviside function present it is obvious that there will be a jump
in the derivative of Gy at r = R. We define this jump as A and We look at a
point slightly above (r) and below (r~) r = R:

dGy" 1
A d?ﬂ :_P(rﬂkl,w)ﬁ(H(TJr_R)WLf(TﬂR)_a<R)>

: (A.2.19)

- [_ P(r=;ky,w)r= <H<T_ — R+ f0IR) - a(R)>]

By definition of the Heaviside function H(r* — R) = 1 and H(r~ — R) = 0.

Therefore, when we take the limit v+ = r~ = R the jump is:
AdG(()M) = -2 ! (A.2.20)
dr "P(Rjk,w)R -

A.2.3 Abel’s Theorem: J(wp,ws) is a Constant in r

If the invariant is constant, then its derivative will be zero. This will be checked
in this section.

We can write the derivative as:

Jolws,ws) = = [Po(r)W (ws, wa) + PW,(wy, w)| (A.2.21)
where the subscript denotes the derivative and P(r) = P(r)r. The derivative of

the Wronskian is given by:

W, (w1, ws) = W ,Wa, + WiWa,pp — Wa 3W1 , — Wall)y 1y
(A.2.22)

= W1W2 ry — WoW1 pr

Therefore:
—Jr(wl, wg) = ﬁr (wlwzr — wzwu) + ?(wlwzw — w2w1,rr) (A223)

Note that P,w;, + Pwy .. +rQ(r)w; = 0 from the definition of the problem,

likewise for wy. Therefore the derivative of J can be written as:

_Jr(’lU1, 'lUQ) = W1 (]_DT"LUQJ + szﬂﬂr) — Wa (Frwl,r + le,rr)
= wi (=rQ(r)ws) — wy(—rQ(r)w:) (A.2.24)
=0

Therefore, since the derivative w.r.t. r is zero, then J(w, ws) is constant and can

be evaluated at any r.
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Appendix B

Space-time LES: Additional Plots

B.1 Axisymmetric Turbulence

Figures[B.1], [B.2] and[B.3|compare the axisymmetric and isotropic approximations
[88] for both the diagonal and hermitian forms of the correlations for SP07, SP42,

and SP46 respectively.
Figure then compares the approximations on the shear layer, confirming
that the LES data is axisymmetric for all jets, and therefore the axisymmetric

form of the acoustic spectrum can be used.
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Figure B.1: SP07: Compare diagonal quadratic form using (a) isotropic and (b)
axisymmetric approximations, and compare hermitian form using (c) isotropic

and (d) axisymmetric approximations
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Figure B.2: SP42: Compare diagonal quadratic form using (a) isotropic and (b)
axisymmetric approximations, and compare hermitian form using (c) isotropic

and (d) axisymmetric approximations
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Figure B.3: SP46: Compare diagonal quadratic form using (a) isotropic and (b)
axisymmetric approximations, and compare hermitian form using (c) isotropic

and (d) axisymmetric approximations
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Figure B.4: Check the axisymmetry approximation on the shear layer using (a)
SPOT7: diagonal form (b) SP07: hermitian form (c) SP42: diagonal form (d) SP42:
hermitian form (e) SP46: diagonal form (f) SP46: hermitian form
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B.2 Space-time Correlations

Figures and compare the optimised model with the numerical data for
SP07 when 7, = 0, and 7, = 0 respectively. Similar to SP03, these show that in
general the model fits the data well. Figures [B.7 and compare the optimised
model with the numerical data for SP42 for the momentum flux correlations
when 7o = 0, and 7; = 0 respectively. Lastly, Figures and compare
the optimised model with the numerical data for SP46 for the momentum flux
correlations when 7, = 0, and 7, = 0 respectively, and Figures [B.11] and [B.12]

compare the model for the coupling/enthalpy flux correlations.
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B.3 Quasi-normality Approximation

Figures [B.13], [B.14], and [B.15| compare the fourth order correlations calculated

directly from the LES data with the quasi-normality approximations on the shear

layer at the start of the potential core.

Ry Ry
1 : 1 1212
7, =0 —Full c'orrelat|o'n —— Full correlation
0.8l S Quasi-normality osl e Quasi-normality |
A 1, = 0.15
0.6 \
0.4+ .
% 11 =045
0.2
0 E
-0.2 -0.2
0 0.5 1 1.5 2 0 0.5 1 1.5 2
U‘T U.r
(a) (b)
Ry
Raoao 1n I'L
1 ol . — Full correlation
= Full correlation i i
| == Quasi-normality |
osll e Quasi-normality | 0.8 Y
0.6
0.6
0.4+}:
0.4
0.2
0.2
/ of
0
-0.2
-0.2 0 0.5 1 1.5 2
0 0.5 1 15 2 Ur
U.r
(c) (d)

Figure B.13: SPO7: comparison of the quasi-normality approximation at (y,7) =
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Appendix C

Further Parametric Studies on

the Spectral Tensor

C.1 Analytical Spectral Tensor: Full Equation

Note that for all figures in this section, the assumption [, = 0.04 is used for Ri199,
Roo11 and Ryi99. Figure compares L7 for each of the four jets, and shows that
there are some issues with Ly for SP03. Therefore, since this figure also shows
that for heated jets Ly is roughly universal across Mach number, we assume that
Ly from SP07 will be a good representation for SP03.

Figure shows the momentum-flux physical spectral tensors W7, for SP03
at St =0.1,0 = 30. Compared to SPO7 we see that the turbulence is less spread
out and more focused close to the shear layer at the end of potential core.

Figures and show the momentum-flux, and coupling/enthalpy-flux
spectral tensors respectively for SP42 at St = 0.1, 60 = 30. Similar to SP46, these
figures show that the enthalpy flux terms are the strongest in magnitude, which
agrees with the initial assessment of the amplitudes of the correlations in Chapter
5.
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Appendix D

Mathematical Formulations for

RDT

D.1 Equation for ¢

To find ¢ we substitute (8.1.4)),(8.1.7) into the energy equation (8.1.2) which

results in:

S50 [Py

y;

=0 (D.1.1)

-~

2nd term

Following contraction of indices, the second term becomes:

0 (4D ,0U 0
gy (o) =550
replacing A;¢:

0 [2D(0D
8yl DTt 8yz DTt

azi (CQD% ai g_f)

1st term

dy; Dt
0 2D 2
Oy;  Oy; DT 0y

J/

Using the identity:

Do _9D o
Dt oy;  Oy; Dt 0Oy, Oy
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o 9 LU & ;0 D
)]~ a2

LOU 0 0 D¢

8yj 83/1 (93/] DTt

(D.1.2)

oUu o
—_—— D.1.3
8%’ ayl>¢ ( )

020U OU 8%

dy; Oy; Oy3

(D.1.4)

(D.1.5)



the first term becomes:

0 < D 0¢ N oU % >
yi DT D7 y;  Oy; Oy

9 (D* ,0¢ oU D 0¢
D.1.
y; <D72 ay) oy; (C oy; Dt 8y1> ( 6)
Using the identity
LN ) 017
D720y, Oy, Dr? Oy; Oy, DT o
this becomes:
D? o O ou 0 D /,0¢ oU D 0¢
2 —_— D.1.
D 0y1< ay) 25 o G ay) * o (C 9y D7 ay1> (D-1.8)

substituting this back into (D.1.4)) gives

D? <a¢>+3a ,0U D 96 90U & ,D

0¢p >
Dr? y; Ay;

X y; ¢ 8yz Dr 8y1 * Qy; 0y ¢ DTt (8yi

2nd term

8_UiiD_¢ _2028_U@_U@ (D.1.9)

83/; Oy1 0y; D1 dy; Oy; Oy3

4th term

The second and fourth terms can be rewritten as

(28 8U8>8U8¢ C@U@(D@qﬁJr@U@gb)
DT dy; 8,% o/ Oy; Oy Qy; Oy1 \ D1 dy; ~ y; Oy

(D.1.10)

which after cancellation of terms brings (D.1.9)) to

2
D 8(28> 8U 0 D 0 D o0 8U8¢ (D.1.11)

—_— 33—
D295\ 05 ®) T 95 B Drow 2D 0y oy o,

Substituting this back into the energy equation (D.1.1]):

D =0 (D.1.12
Dr| D T Dr DT 33/@ yi Gyzc DDy "0y, Dy: Oy ( )

2nd term

D[ D% ( a¢)+ P60 ,0U 06

rearrange the second term:

( o D 0U 0 ) 5 00
QY Dr ayz Oy Dy
0 D ,00 U9 ,09
dy; DT~ dy; Oy ayl Iy
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8(2£8¢>_6U282¢

dy; “Dr 0y; ayz'c Y1y,
0 ( 9 Dy U a¢> LU, 0%
Yy dy; DT Oy, Oy, 0yi Oy
using , 0 D 20U 0
2
A= 9y Dr + 262 S (D.1.13)
this becomes
0 (. 0 (20U 06\ U , &
Ao) —3 - D.1.14
(9yz< ¢> 03/@( 0y 8y1) 83/7, Gylayz ( )

Substituting this back into the energy equation and cancelling terms leaves:

D | D3¢ 0 [,
~ - A; ) D.1.15
Dr [DT3 Oy; (C ¢ ( )
which can be written in terms of an operator L,:
D
a D.1.16
Dt ( ¢) ( )
Integrating gives:
Lo = =0T —y1/U, yr) (D.1.17)

where @, is an arbitrary convected quantity.

D.2 Introducing the Adjoint Operator, L,

Taking the gradient of the momentum equation (8.1.1) and multiplying by ¢?
allows a single equation for p’ to be found when also taking the convective

derivative of the continuity equation (8 . The momentum equation becomes

9 Du; a@ U >+ a< ap)

dy; Dt 3% oy Oyi N\ Oy;

D 0 ou 0 50U Ou,; 0 1 ,0p
— — - D.2.1
(DT yi " Yi 8y1>c ke Jy; Oy * 8y1< ay) 0 ( )

Taking the convective derivative of the continuity equation:

D*' D 9/,
i] =0
D72 s Dt dy; (C u)
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SO

D o/, D?p’
= ) =— D.2.2
Dt 9y, (C “ ) D2 ( )
Using this equation in (D.2.1]) gives:
D?p/ oU du; 0 1 ,0p'
_ 962 i ( ) 0 D.2.3
D " Oy oy oy \ oy, (D23
Taking the convective derivative again:
D3y’ Du; D
LD 920U 0 “+—a<6p) 0 (D.2.4)
D73 Y 8y1 Dt D71oy; \ Oy,

using the momentum equation to replace Du;/D7 in the second term and

taking OU /0y, = 0 since we are dealing with a parallel flow results in:

D3y ,OU 0% D 9 /,0p
— — 262 —_— D.2.5
D73 8yz 0y10Yy; * Dt 8% ( 8@/1) ( )
which can be written as
Ly =0 (D.2.6)
where
D? , 0U 0? D 0 0
=—— — 9277 D.2.7
D73 dy; 0y10y; *Dbr DTt Oy; ( ay) ( )

To find the adjoint operator, L,, we use the definition: ulv = vL,u plus

conservation terms. Following integration by parts, this results in the adjoint

operator:
D3 D
) _ i(g 20U 0 ) 0 20 (D.2.8)
T D3 0y, 8y] oy dy; Oy, Dt
using (8.1.6)) this becomes
D3 0
L,=— — —CA D.2.
a D7—3 ay]c J ( 9)

D.3 Green’s Function Relations

We can find a relation between the pressure Green’s function G and the normal

velocity Green’s function g; by looking at the gradient of G:
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a 3
which is
0 D?> /D 0 oUu 0
52, C o) = 5 (B s + 35,7y 90 ) (D.3.2)
0 D? /0 D oUu 0
5 O rle.t) = 5 (G5 + 255 Jaly. 7l ) (D.3.3)
Therefore,
O Gy, vl 1) = 2 iy, vl 1 (D34
8ffi yaT CC, - DtQ.gz yaT CU, T
D.4 Fourier Transforms
D.4.1 Time
Look at a Fourier transform of the form:
1 * — af(y|m7t_7—)
. - iw(t—T) .
Iy, z;w) o /_Ooe o d(t —7) (D.4.1)

if we let ¢ =t — 7 where t > 7, then 0/0t = 9/0t|, and 9/0T = —9/0t|,
Integrating by parts gives:
w

1 <9 . _ R _
Iyoiw) =5 [ erylend- 3 [ iylend (D42

Assuming f is a ‘good’ function (i.e. is bounded at +o00) the first term can be

neglected and we are left with:

Iy, z;w) = L /OO et (—iw) f (y|a, t)dE (D.4.3)

27 J_o

which, using 9/t = 9/0t|, and relating (D.4.3)) with (D.4.1]) gives the result:

0

= = D.44
Similarly, 5

— =1 D 4.

5y = W (D.4.5)
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D.4.2 Space

Similarly, look at a Fourier transform of the form:

) 1 > —ikl(ml—yl)af(yT|mT7xl_yl) B
I(Yr, ®ri k1) = 27r/ e A d(z1 — 1) (D.4.6)

if we let z = x; —y; where 1 > yy, then 0/0z, = 0/0%|,, and 0/0y; = —0/0%|,,
Integrating by parts gives:

’Lkl

. J— 1 OO a *’L'k'lZ 77,'k‘1z
Hyrarih) =5 [ St ™ flurler. a5 [~ o™ flurler. )
(D.4.7)

Assuming f is a ‘good’ function (i.e. is bounded at +o00) the first term can be

neglected and we are left with:

1 [ _. ,
Iy, xr|ki) = %/ e ™ (iky) f(ypler, 2)dz (D.4.8)
which, using 0/0z, = 0/0%|,, and relating (D.4.8]) with (D.4.6) gives the result:
0
=ik D.4.9
(9x1 — ( )
Similarly, 5
— = —ik D.4.10
oy i ( )

D.5 Reduced Rayleigh Equation

Taking the third order convective derivative (in x,¢ coordinates) of the direct

Green’s function equation gives:

L) 2 gyl t) = 2 sy — 2)i(r — 1 (D.5.1)
Yy, T Dtgg Y, T\, Dt?’ T .O.
which, using (8.1.17)) gives

L(y,7)G(y, |z, t) = 5t35( x)0(T — 1) (D.5.2)

Taking Fourier transforms in time and the streamwise direction using results from
Appendix , which show D/Dt = (ik,U(xr) — iw) gives the right hand side:

D3
'LUJ T kl CCI 1
wo(t—7)— )] Dt36( x)0(1T —t)d(x1 — y1)d(t — 7)

_ —z(klU(a:T) — W
(2m)?

P s(wr — ur)

(D.5.3)
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and the left hand side:

27r / / W=kl Ly 1) Gy plor, 21 — g1t — 7)d(zy — yr)d(t — 7)

= [_/(yT’ k’l, (A))G(yT|wT; kl) CO)
(D.5.4)

via the convolution theorem. Where we define,
T . . . 2 2 a 8 . 2
Llyrs ki, w) = (iw = Ulyy)ik) [ (k)26 + ¢ — (1w = Ulyy)iky)
Oyr  Oyr
ou 0
2—c(ik
" ‘ (Z 1)5)?/T

Oyr
(D.5.5)

and

_ 1 0 oo
G(yrlzr; ki, w) = W/ / ez[w(t_T)_kl(m_yl)]G(ya 7|z, t)d(z1 — y1)d(t — T)

The operator L can be rewritten as:

where we define:

- kic? s, ? 9,
Lo =1~ G hnF + By o= TR o) (D-5:8)

Therefore, combining left and right hand side gives:

(w = Ul@r)k))* 0(yr — )

L Ky, w)G -k = D.5.9
o(yr; k1, w)G(yrler; ki, w) (w—Ulyp)k ) (27)2 ( )
which can be rewritten as:
- - U(xr); k,w) 6 —x
Lo(yr; k1, w)G(yr|xr; ki, w) = J(U(r); k1, w) o(yr 7) (D.5.10)

fUyr);k,w)  (2m)?

where f(U(2);k1,w) = (w - U(z)k1>. Integrating both sides across an infinite
transverse area Ap reduces the right hand side to 1/(27)? which can then be

taken to the left hand side by multiplying by a delta function:

1
Grpr —er)dyr =0 (D51

/ Lo(yy: ki, w)Glyglar: kyw) —
Ap (27
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It then follows that

Lo(yr; k1, w)G(yp|or; ki, w) =

(2ﬂ)25(yT —xr) (D.5.12)

Similarly, the spanwise Fourier transform can also be taken, which when we

assume U(yy) = U(yz) gives:

0(y2 — 2)

Li(ys; o, ks, )G (yalza; kr, ks, w) = () (D.5.13)
where Lg is in the form of a Sturm-Liouville operator:
d c? d (ki + k3)c?
L vk, ks, w) = — — |+ |1 - D.5.14
{u; b sy 10) dys [(w — Ul(y2)kn)? dyz} [ (W —U(yz)k1)? ( )

and G is the 3D Fourier transform of G:

. 1 [ _
G(yo|z2; k1, kg, w) = %/ e ks w) Gy pler; by, w)d(zs —ys3)  (D.5.15)

o0

D.6 Extend model for R

We have a Fourier transform of a power series representation of Ras, considering
only two terms of this series gives:
1 o0

2r ) o

0 }e‘Xd% (D.6.1)

wT 1 ~
¢ [ T oTgs

Calculating the derivative,

0 x_ _e—\/JTE (524 ij)‘l/z]ﬁ T (D.6.2)

97 ¢ N 8 B X73 ‘
For a spatial separation of n =0, f =0, X = TT—O and Ry becomes:
T\ _*&
R22 = (1 — a1—>e 70 (D63)
To

To calculate the Fourier transform (D.6.1)) we look at the individual terms.

The first term simply becomes:

1 oo

2 )

e e d7 (D.6.4)

Using the fact that 77 = 1.2¢%7  the second term can be rewritten as:
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A a/ e L =X gz (D.6.5)

miow | . © 07°
Which, integrating by parts gives;
0 o 00 o0 L
2%@'% [[e“‘”e_x] T /_OO iwe’“”e_xd%] (D.6.6)

The first term is bounded in the limits and therefore eliminated. Hence, the

a; term can be written as:

—;—;%w/ e“Te Xdr (D.6.7)

Therefore, the Fourier transform of Ry is:

—00

[1 — ala%w] % /_O; e Xdr (D.6.8)
and since, .
% 3 et =X ga 7r\/%Kl( fV1+a?) (D.6.9)
this becomes,
[1 . aliw] M g (T ) (D.6.10)
Ow /14 &2

using the chain rule this is:

<l—a1—wala%+...) W%.K&(f\/l—{—dﬂ) (D611)

The derivative with respect to omega is calculated using the substitution
u = fv/1+ @? and the chain rule:

0 0 Ou Ow
- (D.6.12)
Simply,
ou f@ o)
a_d') = T ?, and 8_w =170 (D613)
And, using the product rule,
0 [7of? n0f* 9 7o/
gl e K1) = T g ) - 25K (D614)

and the identity 0K (u)/0u = —(Ko(u) + Ky(u))/2 gives,
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0 T0f2 . T0f2 1 Kl(u)
2k ()] = B S + o) - — =] (D6.1)
Therefore, the derivative with respect to omega is:
7'0f2 1 Kl (U,) f(;:)
o [ S (Ko(w) + Ka(u) — = } = (D.6.16)
Which simplifies to;
8T L)+ Kaw)) - ) (D.6.17)
muyv 1+ @2 2" ? u o

Returning to original variables we get;

7T(T10§_22> [_ %(Ko(f\/ 1+@%) 4+ Ky(fV1+@?%)) — Kl;{/i\ﬁ‘;bQ)] (D.6.18)

Inserting this into (D.6.11)) gives,

(- al)ﬂ ZO—]:— @2K1(f V14 w?) —wa
Xﬂ(Tlof_g2) [_ %(Ko(f\/ L +@?) + Ky(fv1+@?)) — Kl;{/i\ﬁ;;:y)] (D.6.19)

Substituting w = @ /7y gives,

(1—a) To.f Ki(fV1+ &%)+

™1+ a?
7?(1170£ ;2) %(K‘MV 14+@%) + Ka(fV1+@?) + Kl;@%;ﬂ)] (D.6.20)
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