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Chapter 1

Introduction

In the scientific inquiry, the integration of disparate fields from innocent connections

often yields new perspectives. This thesis explores the bidirectional nature of some

methods in Control Theory and Reinforcement Learning. The languages in which

these problems are stated are varied as they seek to address different questions, while

engaging with common structures. Our aim is to illuminate some bridges between these

applied fields, and we believe that category theory is the right language for this.

Reinforcement learning (RL) refers to a class of methods in machine learning for

optimising a long-run reward during interaction with an unknown environment. It is

considered one of the major pillars of machine learning, along with deep learning (neural

networks and differentiable programming), unsupervised learning (statistical clustering

methods, including topological data analysis [72]) and variational learning (Bayesian

inference and related probabilistic methods). It can be seen as an extension of dynamic

programming methods in optimal control theory [24], which drops the assumption that

a model of the environment is known. RL, combined with deep learning methods to

produce deep RL, notably achieved state of the art success in practical game playing,

with AlphaGo [146] defeating the human Go champion in 2016 and AlphaStar [164]

achieving Grandmaster status in the real time strategy game StarCraft II.

Category theory builds the foundations of several mathematical fields, and one of

its defining ideas is that of compositionality—the ability to build complex systems

systematically from simpler components—which also permeates the applied sciences
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Chapter 1. Introduction

where modularity is sought out, e.g. by allowing individual parts of a learning or control

system to be analysed or replaced without disrupting the whole. Such a categorical

perspective not only clarifies theoretical relationships between models but also guides

the effective design, analysis, and implementation of scalable, interpretable systems.

From this point of view there has been work both in the classic and modern literature

[101, 65]. Categorical Systems Theory [125, 128] studies systems as first class objects.

The characterisation of open systems by Fong et.al. [59] builds on the classical control

literature [140] and Willems’ study of behaviours of dynamical systems [167] to advocate

linear time-invariant systems over Kalman’s analysis of state-space models [66]:

It is remarkable that the idea of viewing a system in terms of inputs and

outputs, in terms of cause and effect, kept its central place in systems and

control theory throughout the 20th century. Input/output thinking is not

an appropriate starting point in a field that has modeling of physical systems

as one of its main concerns. — J.C.Willems [167]

During the author’s doctoral studies, being introduced to the field of Applied Cate-

gory Theory (ACT) through the theory of Open Games [82], now evolved to Cybernetic

Systems [42], the task of surmising a connection between these topics which respected

enough details about simple examples in Control Theory came with a lot of uncertainty.

However from the practitioners point of view, the attention to these details is of ut-

most importance, and abstracting them away without ‘going back down the ladder’

[162] and characterising some examples that motivate their study in the first place may

be deemed not useful. Thus a common ground found in chapter 4 of this thesis is the

study of time-variant systems, revisiting the state-space approach by Kalman.

1.1 Relational vs directional theories

ACT may be thought of as the usage of category theoretic gadgets as a tool to describe

certain aspects of existing or new methods in fields such as control theory or machine

learning, as close as possible to the honest problem-solving motivations that drive their

research. In the practice of ACT, one has to balance between the problem description
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Chapter 1. Introduction

and the solution methodology, and this gap depends on the problem at hand. Problems

characterised by a narrower gap tend to preserve more structure from domain knowl-

edge, while for others this gap is broader. While instances with a smaller gap are often

perceived as more ‘elegant’, this frequently overlooks that the problem description itself

may begin already at an already abstracted level.

Certain categorical gadgets, like the theory of hypergraphs [105, 62], decorated

cospans [59, 11, 12, 13], and PROPs [116, 109, 32] are particularly well-suited to the

study of network-like, relational theories. We call them ‘relational theories’ informally

to give the intuition of structures that lack inherent directionality, akin to the category

Rel of sets and relations. These find their application e.g. in the analysis of structural

properties of graphs, and are well-suited for what we referred to as problem descriptions

at the beginning of this section.

Conversely, other algorithms in applied fields have choices that are justified not

from the algebraic description of the problem, but from efficiency or other practical

considerations in the computation of a solution. Instead of focusing on the structure

analysis for example, they are primarily concerned with traversal strategies, and they

have a set-like flavour. Rather than considering these solution methods as ad hoc, we

will consider them in the language of ‘directional’ or ‘process’ theories. Theories of

lenses, optics [136, 132] and open games [82, 71] are some examples.

In some cases, the steady state behaviour of these systems can be functorially

mapped back to a network theory via black-boxing functors [60], at the expense of

losing transient regime behaviour.

1.2 Overview and contributions

Chapter 2 provides a review of the main category theory results used throughout the

rest of the thesis. The main original contributions, summarised in the table below, are

mostly around the category of decorated spans.
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Chapter 1. Introduction

String diagrams for continuations of optics in the free autonomi-

sation of Set

Figure 2.4

Definition of decorated spans (heavily inspired by decorated

cospans [59])

Definition 2.6.5

Relation between weighted para and decorated spans Proposition 2.6.8

Dynamic programming is a class of algorithms used to compute optimal control

policies for Markov decision processes. Dynamic programming is ubiquitous in control

theory, and is also the foundation of reinforcement learning. One of its fundamen-

tal constructs is the Bellman operator [17]. In chapter 3 we analyse its most basic

formulation in the context of Markov decision processes (MDPs), and we capture its

bidirectionality in the framework of lenses and optics. From an earlier version of this

chapter written jointly with J. Hedges [85], some of the original results are shown below.

Proof that policy improvement is not an optic Proposition 3.4.2

Identification of several Markov decision processes in the lan-

guage of optics

Section 3.5

In control theory, the Bellman operator appears in the problem of computing opti-

mal controls for linear quadratic regulators (LQRs). Chapter 4 is an exercise in char-

acterising a solution method that is in any way more efficient than exhaustive search

through the elements of a set and exploring how much structure is needed to do so.

It exploits the algebraic structure of quadratic value functions and linear dynamics to

characterise what could be called the incarnation of Bellman operators in linear algebra,

the Riccati equation, functorially in the dynamics. This requires a combination of the

problem descriptions and solution methods discussed above, by building a directional

theory on top of a rich enough relational theory.

The aim is to provide a constructive answer to an engineering problem: how is an

optimal control actually designed? This practical focus leads to an approach that may

lack elegance from a category-theoretic perspective, highlighting a significant challenge

encountered in interdisciplinary research. However, the more detailed approach pays off

in several ways. Theorem 4.4.3 proves that Riccati difference equations are functorial,
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Chapter 1. Introduction

for dynamics that are not necessarily time-invariant, that is, not endomorphic. This is

both grounded in the standard linear algebra approach to these optimisation problems,

and gives a category-theoretic language in which the potential connections with other

fields are made structurally apparent. The entire chapter is original contribution. We

highlight the main results below.

Identification of the Löwner order as the adequate order between

symmetric matrices to talk about ‘optimal choices’

Remark 4.2.6

Definition of the indexed category of symmetric matrices Sym• :

FVec→ Cat

Proposition 4.2.10

Description of the delayed rewards problem as an efficient oper-

ation in a category of F-lenses

Section 4.2.1

Proof of pointed gaussian distributions being fibred over affine

maps

Proposition 4.2.26

Specification of the linear quadratic regulator (LQR) problem as

morphisms in a certain category, and functoriality of the solution

Theorem 4.4.3

Specification of the extended Kalman filter (EKF) problem as

morphisms in a certain category and functoriality of the solution

Theorem 4.4.5

Specialisation of the time-invariant cases of LQR and EKF as

endomorphisms in such categories

Section 4.4.3

Duality between categories of biparametrised morphisms, as an

extension of the classical Hom(−, k) duality of FVeck

Definition 4.4.11

Control-estimation duality as a functor realising the bijection be-

tween linear quadratic regulators and (extended) Kalman filters

Theorem 4.4.13

Having studied the Bellman equation in an environment with a lot of structure,

chapter 5 focuses on the other direction: dealing with an unknown environment. Rein-

forcement Learning (RL) comprises a diverse set of methods that address fundamental

challenges in sequential decision-making that arise from interacting with an environ-

ment whose structure is not known at all. These methods do not seek a logically

extensional nor intensional solution concept: there’s no list of ‘correct weights’ of a

model, nor a function of the weights that asserts whether a trained model is correct
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Chapter 1. Introduction

or not. Instead, they are grounded in both experimental insights and formal analy-

ses, aiming to overcome persistent issues such as the credit assignment problem, the

exploration-exploitation dilemma, and the difficulties posed by partially observable or

high-dimensional state spaces. Notably, these challenges were also recognized in earlier

disciplines, including psychology and neuroscience [98].

Because of these assessment challenges, most of the mathematical modelling in

chapter 5 cannot assume much more than the category Set, and characterises concepts

in RL like agent, environments and models in the framework of parametrised optics.

A central piece of this chapter is the concept of feedback from samples, by which

RL algorithms learn. The notion of feedback in MDPs has been captured as metric

contractions many times, and the existence of a fixpoint for MDPs too [108]. The aim

of this chapter is however to focus on what R. Sutton calls ‘evaluative feedback’ [158,

Ch.2], by which RL algorithms operate on top of MDPs (like Q-learning) and their

respective feedback and contraction results. This is also different from the ‘instructive

feedback’ that appears in other Machine Learning areas and is independent of the

action taken, simply indicating which action is the correct one. The topic of RL is still

connected to MDPs, as the MDPs are the usual formalisation of the internal model of

a RL agent, i.e. the substrate over which it decides which actions to take. The main

original contributions—including some that already appeared in the paper [84]—are

the following.

Definition of empirical Bellman operators as parametrised optics Definition 5.4.1

Classification of RL models in terms of their interfaces Figure 5.5

Classification of RL environments in terms of their interfaces Figure 5.8
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Chapter 2

Category theory

2.1 Categories for the AI researcher

Repetition is tedious. Finding repeating patterns in code, mathematics and elsewhere

and giving them names makes the communication of ideas about patterns more efficient.

But both parties need to know what those names refer to. One such concept is a graph.

It consists of a collection of vertices and a collection of edges, where each edge links

a pair of vertices. A category is similar to a graph; it has a collection of objects (∼

vertices) and a collection of maps or morphisms (∼ edges). Every morphism f has

a domain or source object s(f) and a codomain or target object t(f). A category

has some additional requirements: for every pair of morphisms f and g for which the

codomain of the first is the domain of the second (t(f) = s(g)) there exists a composite

morphism g ◦ f : s(f) → t(g). We also sometimes use the ‘diagrammatic’ notation

f # g synonymously to g ◦ f . Also, for every object x, there is an identity morphism

idx : x → x. The composites and identities are not arbitrary though; they have to

satisfy some axioms. In particular, associativity (f # (g # h) = (f # g) # h for morphisms

f, g, h that are composable, i.e. when t(f) = s(g) and t(g) = s(h)) and unitality

(f # idt(f) = f = ids(f) #f).

Examples of categories include those of mathematical structures: The category Set

has sets as objects, and functions between sets as morphisms. We can quickly check

that every set has an identity function on it, which sends every element to itself, and
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Chapter 2. Category theory

for any pair of functions f : A → B and g : B → C, f # g : A → C is defined as one

would expect. For a field k, the category Veck consists of vector spaces over k and

k-linear maps between them. We will discuss finite vector spaces in the next section

too.

Much like undirected graphs, morphisms in a category are not always ‘directional’;

the category Rel for example has sets as objects (just like Set), but a morphism

r : A→ B in Rel is a relation between A and B, i.e. a subset of A×B, or alternatively

a function A×B → 2 where 2 is the 2-element set.

If one is overwhelmed with categories whose collection of objects and morphisms

are infinite, one may also look into smaller categories; the smallest one being the empty

category, denoted 0, has no objects and no morphisms. The terminal category, denoted

1, has one object and its corresponding identity morphism. Categories that contain a

set of objects and only identity morphisms are called discrete, and both 0 and 1 are

examples. The category 2 is another discrete category which consists of two objects

and their respective identities. The category I is a non-discrete category that contains

the same objects as 2 and an additional morphism 0 → 1. It is often the case that

simple constructions like 2, I the (non-)discreteness of categories n for higher n have

lots of different names and slight variations depending on the context, so we will spell

out what we mean when using these notations. Coming back to the beginning of this

section, any graph G = (V,E) can be canonically turned into a category whose objects

are the vertices V and whose morphisms are the edges E and all compositions of them,

including identity edges on the vertices. This is called the free category on the graph

G.

Often non-examples are just as clarifying when learning about a new concept. A

graph G on its own does not a priori form a category, as it would be missing identity

morphisms and their compositions. Sometimes the restrictions that one may impose

on objects or morphisms makes the definition of a category not possible. For example,

consider the natural numbers N as objects of a category. If one tried to define morphisms

to only add one, (+1) : n → n + 1, this would fail because (+1) : n → n + 1 and

(+1) : n+ 1→ n+ 2 compose to (+2) : n→ n+ 2. If one were to relax the definition

9



Chapter 2. Category theory

of morphisms to be strictly increasing maps (<) : n → m where n < m, compositions

would exist, but identity morphisms would not. Therefore, the set N is usually thought

of as a category where morphisms n → m exist if n ≤ m. We will see in the next

section that there are many more interesting categories whose objects are N.

One of the most important concepts in category theory is that of universal prop-

erties. An example of universal property is the characterisation of certain objects in a

category.

Definition 2.1.1. An initial object in a category C is an object 0 such that for all objects

x ∈ C, there is a unique morphism 0 → x. A terminal or final object in C is an object

1 such that for all objects x ∈ C, there is a unique morphism x → 1. If an object z in

C is both initial and final, it is called the zero object.

Looking at the categories introduced so far, the category Set has a terminal object

1, namely the set {∗} with a single element. Indeed, for any set X, there is always a

function f : X → 1 that takes every element of X to ∗, and this function is unique.

Set does also have an initial object 0, the empty set ∅. There is a unique function

f : 0 → X, by vacuous truth. In Rel, the empty set is both the initial and terminal

object, i.e. the zero object. In Veck, the zero-dimensional vector space k0 is the zero

object. The category Field of fields as objects and field homomorphisms as morphisms

does not have initial nor terminal objects. Because having initial and/or terminal

objects is a fairly basic requirement for other constructions in category theory, this

category is sometimes deemed not to be very well-behaved. The category 2, which

does not contain a morphism 0 → 1, has no initial nor terminal object, but I, which

has a morphism 0→ 1, has initial object 0 and terminal object 1.

A category C is said to be monoidal if it has a functor ⊗ : C × C → C called

the monoidal product, and an object I called the unit, that satisfy certain properties

(see definition A.1.1). For this introduction, monoidal structure formalises the idea of

‘parallel composition’. We denote a monoidal category by (C,⊗, I).

For every object Y in a monoidal category (C,⊗, I) one may construct the ‘tensoring

with Y ’ functor (−⊗Y ) : C → C that maps X 7→ X⊗Y . When this functor has a right

adjoint functor, typically denoted [Y,−] : C → C and called ‘internal hom’, C is said

10



Chapter 2. Category theory

to be closed under that monoidal product; it is a closed monoidal category. Moreover,

if the monoidal product under which a category is closed coincides with the cartesian

product, C is said to be cartesian closed.

This is only a cursory, motivational introduction to category theory, reserving thor-

ough treatment to classical books [115, 112], and expositions of the ACT-adjacent

theory [63, 125].

2.2 Be free if possible, concrete if not

The set-theoretic basis of a lot of mathematical education, particularly in applied STEM

disciplines, makes the concreteness approach to category theory incredibly easy for

newcomers. The definition of the concrete category of finite-dimensional vector spaces

FVeck over a field k consists of finite k-vector spaces as objects and k-linear maps as

morphisms. Objects are thus sets equipped with extra structure.

Treating vectors as elements of a vector space v ∈ V has some risks such as an

implicit choice of basis or the fact that the definition of structure on objects (linear-

ity) has to coincide with the structure preserved by morphisms. We can alternatively

characterize a vector by a map to V that points to the vector. The category FVeck
contains the object k1, the one-dimensional space, thus a linear map k1 → V that

maps the unit vector in k1 to v ∈ V is in one-to-one correspondence with the element

v. So considering elements as linear maps k1 → V 1, a lot of these issues are solved

(by e.g. unifying the structure to be defined only on morphisms) or moved elsewhere

(like the choice of basis, which becomes an issue of identifying the unit vector in k1).

This motivates the structuralist definition of FVeck, where objects are natural numbers

corresponding to the dimension of the vector space it refers to.

Definition 2.2.1. Let k be a field. We write FVeck for the category with objects n : N,

and morphisms n→ m being k-linear maps kn → km.

When talking about ‘elements of an object’ in a category like FVeck, we understand

them to be morphisms from an appropriate universal object. The end of this section
1These maps from the terminal object are called generalized elements
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Chapter 2. Category theory

will clarify what ‘like FVeck’ means specifically.

We mainly use the monoidal product on FVeck given by the direct sum or equiv-

alently the direct product of finite dimensional vector spaces, denoted + (with unit

0)2, and write (FVeck,+, 0) to refer to the monoidal category. The operator + is

called the biproduct as it has the universal property of both products and coproducts.

This equivalence between products and coproducts is not satisfied by categories of

non-finite dimensional spaces. In Veck for example, coproducts (direct sums) are gen-

erally smaller than products (direct products): ⊕i∈I Vi consists of tuples (vi) ∈
∏
i∈I Vi

(or rather, morphisms ∑i:I i →
∏
i:I i applying the freeness principle above) such that

only finitely many of the vi are nonzero, while ∏i∈I Vi has no such restrictions. When

considering finite-dimensional objects, there’s no difference between ‘finitely many en-

tries’ and ‘any entries’, and morphisms can always be represented as matrices without

invoking the axiom of choice.

Another monoidal product on FVeck is the tensor product × (with unit 1)3. We

write FVec without subscript to refer to the category of finite-dimensional real vector

spaces (i.e. over k = R), although many of the results, especially in chapter 4, are

appropriately generalizable to k = C.

In a category C, the ‘free approach’ using generalized elements recovers the objects

X as sets via the isomorphism C(I,X) ∼= X called the Yoneda isomorphism [104].

Nevertheless, this only recovers the underlying set of e.g. vector spaces as objects of

FVec. Given a closed symmetric monoidal category V, the appropriate (strong) Yoneda

lemma applies for V-enriched categories, where the Yoneda isomorphism is witnessed in

V0. We will be interested in categories enriched in themselves. Some examples include

FVec, the category Pos of posets and monotone maps and the category ModR of

modules over a commutative ring R. Chapter 4 will make use of the category SModR+

of semimodules over the semiring of positive reals, which is also enriched over itself

since it is symmetric monoidal with biproducts [89]. When the base of enrichment of

a category is not itself, one can only recover partial algebraic structure of objects from

generalized elements.
2In concrete terms, ⊕ with unit k0

3In concrete terms, ⊗ with unit k.
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Definition 2.2.2. The category Mfd≥k consists of k-differentiable manifolds (with charts

on finite euclidean spaces) as objects and k-differentiable functions between them as

morphisms. The product of two objects M , N is given by the cartesian product of their

underlying sets M×N , equipped with the product topology and smooth structure given

by product charts on RdimM+dimN .

The use of differential geometry in this work is minimal, limited to concepts such as

manifolds, tangent bundles and vector fields used to illustrate the inverted pendulum

example (section 3.3.3) and the Bellman operator (section 5.4). Readers seeking a more

detailed mathematical background may consult [110].

The category Mfd∞ (or simply Mfd) of smooth manifolds is not cartesian closed,

as the space C∞(M,N) of smooth maps is not a smooth manifold. Consider e.g. M = R

and M = R. C∞(R,R) is infinite-dimensional, thus cannot be modelled locally on Rn.

A ‘free’ definition of a subcategory of Mfd∞ can be constructed for manifolds that

are globally diffeomorphic to Rn for some n. We call this category Smooth.

Definition 2.2.3. The category Smooth of euclidean spaces—with their topology in-

duced from the euclidean metric—and smooth functions consists of objects n : N and

morphisms n→ m being smooth maps Rn → Rm.

We write Smooth• for the category of pointed euclidean spaces and point-preserving

smooth maps, and generally use the subscript (−)• to refer to pointed categories4.

2.3 Generalized lenses, charts and the Grothendieck construc-

tion

The study of lens combinators was partly motivated by the problem of bidirectional

(view-update) transformations on datastructures [64]. Lenses are pairs of a view map

v : X → Y and an update map u : X × Y ′ → X ′. The definition of these pairs

(v, u) : (X,X ′)→ (Y, Y ′) has been broadened in several directions, including optics and

profunctor optics [132, 46] (see also section 2.5.4 later), delta lenses [54, 95], weighted
4‘Pointed’ in the sense of pointed objects in Cat, not in the sense of categories having zero objects

13
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optics [69], and generalized lenses [151], among others. This should not be taken as an

exhaustive account of the state of research in area.

We focus on the last, reviewing how the Grothendieck construction can be used to

define generalized lenses and charts, and how these structures relate to fibrations. By

considering covariant and contravariant functors into Cat, as well as their fibrewise

opposites, we obtain a flexible language of processes, as introduced in definition 2.3.6.

We refer to [92, Ch.1, Ch.9] for a comprehensive introduction to fibred categories and

to [79] for a summary on the study of lenses in computer science.

Definition 2.3.1 (Category of elements). Given a functor F : C → Set, define its (covari-

ant) category of elements El(F ) having as objects pairs (c, x) with c ∈ C and x ∈ Fc.

A morphism (c, x)→ (d, y) is a morphism f : c→ d such that (Ff)(x) = y in Fd.

Example 2.3.2. The theory of algebraic databases [139, 142] illustrates categories of el-

ements. A simplified rendition describes database schemas as corresponding to (small)

categories C, where objects are datatypes and morphisms represent functional relation-

ships. Database instances correspond to functors F : C → Set, where each object of C

maps to the set of data elements, as rows or records in a table. Functional relationships

(morphisms in C) are mapped to actual functions between the corresponding sets. The

category of elements of an instance F integrates both the schema structure and the

data into a single structure.

An analogous definition for contravariant functors has morphisms (c, x) → (d, y)

given by f : c → d s.t. (Ff)(y) = x in Fc. When the functor indexes not sets

but categories, the corresponding construction requires F to be a pseudofunctor to

the bicategory Cat of categories, functors and natural transformations. When F is

contravariant, it is called an indexed category [75, 96].

Definition 2.3.3 (Grothendieck construction). Given an indexed category F : Cop →

Cat, define the (contravariant) Grothendieck construction
∫
F having as objects pairs

(c, x) with c ∈ C and x ∈ Fc. A morphism (c, x)→ (d, y) is a pair (f, g) of a morphism

f : c→ d in C and a morphism g : y → (Ff)(x) in Fc.

14
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Definition 2.3.4 (Cartesian and weakly cartesian morphisms). Let p : E → B be a

functor. A morphism f : s → t in E is cartesian (with respect to p) if for every

θ : s′ → t such that pθ = pf ◦ φ in B, θ factorizes too as ψ ◦ f for a unique lifting ψ of

φ.

For f to be weakly (or locally) cartesian (with respect to p), it only requires the

unique lifting property for φ = ida : a→ a.

E s′ s′

s t s t

a′

B a b a b

p

∃!ψ
∀θ ∃!ψ ∀θ

f f

φ

pθ

pf pf∫
F comes with a functor p :

∫
F → C that is a fibration, meaning that for all

objects y ∈
∫
F and morphisms g : x0 → p(y), there is a cartesian morphism f : x→ y

such that P (f) = g.
∫
F is said to be a fibred category. This universal property induces

a canonical way to ‘re-index’ or ‘pull back’ objects and morphisms from the fibre over

b to the fibre over a. Moreover, the pseudofunctoriality of the indexing functor F

ensures that these pullbacks have coherent structure: pulling back along the identity

on a fibre is isomorphic to the identity functor on the fibre, and pulling back along two

functors in sequence is isomorphic to pulling back along one after another. These are

the associativity and identity laws that are so prevalent in category theory.

Example 2.3.5. Let Pos be the 2-category of posets, monotone functions and pointwise

inequalities between monotone functions. For a pseudofunctor F : Cop → Pos, the

functor p :
∫
F → C given by p(c, x) = c is a fibration.

The Grothendieck construction allows a monoidal product that is tied to the pseud-

ofunctor into Cat to be lax monoidal [123]. In particular, for (M,⊗, I) a symmet-

ric monoidal category, a symmetric lax monoidal pseudofunctor W : (M,⊗, I) →

15
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(Cat,×, 1) defines a symmetric monoidal product on
∫
W given by

(M,wM )⊗ (N,wN ) = (M ⊗N,wM∇wN ) (2.1)

where ∇ : W (M)×W (N)→W (M ⊗N) is the laxator for W .

Generalized lenses [151] and ‘generalized charts’ (whose definition comes from a

combination of Spivak’s generalized lenses and Jaz Myers’ simply-typed charts [125])

are four variants of the construction above, given by op-ing the base category and/or

the fibres.

Definition 2.3.6. Given a functors F : Cop → Cat and G : C → Cat, the categories

LensF , LensG of (resp. contravariant and covariant) F-lenses [151], and the categories

ChartF and ChartG of (resp. contravariant and covariant) F-charts have pairs (c, x)

with c ∈ C and x ∈ Fc (resp. x ∈ Gc) as objects. Morphisms (f, g) : (c, x) → (d, y) in

all four categories have f : c→ d, but their second component g differs:

• In LensF , g : (Ff)(y)→ x in Fc.

• In LensG, g : y → (Gf)(x) in Gd.

• In ChartF , g : x→ (Ff)(y) in Fc.

• In ChartG, g : (Gf)(x)→ y in Gd.

We illustrate the morphisms of all four variants below. It should be noted that the

squiggly arrows are assignments of objects given by functors (e.g. x to (Ff)(x)), and
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should not be confused with the horizontal arrows, which are morphisms in the fibres.

C Cat LensF ChartF

c Fc x (Ff)(y) x (Ff)(y)

d Fd y y

LensG ChartG

c Gc x x

d Gd (Gf)(x) y (Gf)(x) y

Consider for any indexed category F : Cop → Cat its fibrewise opposite functor

F∨ : Cop → Cat, with F∨c = (Fc)op for x ∈ C and F∨f = Ff for f : x → y.

Note that while the fibres are opped, the functors between them are not, thus F∨

keeps the same variance as F . This allows to witness the dualities ChartF ∼= LensF∨

and LensG ∼= ChartG∨ , which are useful in simplifying the notation of bidirectional

processes.

Notation 2.3.7. When referring to morphisms in a Grothendieck construction, we will

usually draw the diagram with the base component in the bottom and the fibre com-

ponent in the top. For example, (c, x) → (d, y) in LensF for F : Cop → Cat will be

illustrated as
LensF x y

C c d

p

The categories on the left label where objects and morphisms on the right are. When

the upper category is fibered over the lower one, the arrow p shows the fibration. If

clear from context, we may omit the labelling of the categories.
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2.3.1 Extra structure

Concrete categories, as discussed at the beginning of this section, are understood to

be those with a faithful forgetful functor into Set. Their objects are ‘sets with extra

structure’ [129], and morphisms that preserve such structure.

Similarly, we may refer to ‘categories with extra structure’ here informally, as cat-

egories that have additional structure [10]. For example, a strict5 monoidal category is

both a category (by its identity and composition satisfying certain laws) and a monoid

(by its ‘monoidal product’ bifunctor ⊗ : C×C → C and monoidal unit I satisfying coher-

ence laws). Likewise, a monoidal category M has an associated one-object bicategory

BM obtained via the delooping operation (definition A.1.2).

For these sets (resp. categories) with extra structure, the obvious way to perform

the constructions introduced at the beginning of this section is by post-composing by

the forgetful functor into Set (resp. Cat). However, this loses the extra structure that

the objects (resp. elements) of the fibres would have, and thus motivates the following

definition.

Definition 2.3.8. Let D be a concrete category, and F : C → D a functor from C to

D. The category of structured elements of F , denoted by the same6 El(F ), consists of

objects being pairs (c : C, x : Fc), whose second component is an element of an object

of D, not only of a set. A morphism (c, x) → (d, y) is a morphism f : c → d in the

indexing category such that (Ff)(x) = y in D, where Ff preserves the structure of x.

This is different from
∫
F for F : C → Cat, as D is not Cat in general, and

most notably also from El(F ) for F : C → Set, as D being a concrete category has

as objects sets with structure, and morphisms that preserve such structure. Consider

the following example to see the difference with the category of elements construction

El(U ◦ F ) applied to F composed with the forgetful functor U : D → Set.

Example 2.3.9. Let I be the category of two objects and a morphism ! : 0→ 1 between

them, and the concrete category Grp of groups and group homomorphisms. Let F :
5Strict refers to the associator and unitors of the monoidal structure definition A.1.1 being identity

natural transformations.
6We choose not to introduce new notation, as sets are ‘sets with trivial structure’; categories of

structured elements for functors into Set coincide with categories of elements.
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I → Grp be a functor that picks a group homomorphism h : G → H. The second

component of a morphism (!, h) : (0, G)→ (1,H) in El(F ) is a group homomorphism,

not just a function. In contrast, the second component of (!, Uh) : (0, UG)→ (1, UH)

in El(U ◦ F ) is a function Uh : UG → UH between the underlying sets of the groups

G and H.

2.4 String diagrams

String diagrams [97, 143] are a graphical calculus for representing morphisms in monoidal

categories. It is a formal graphical representation, where associativity and other laws

align with the topological equivalence that their representation on the 2D plane has

and makes the manipulation of these diagrams intuitive.

To be more precise, the objects in a monoidal category (C,⊗, I) are represented by

wires, and morphisms by boxes. Composition is depicted by connecting wires, and the

monoidal product by placing diagrams side-by-side. The coherence axioms of monoidal

categories (associativity, unit laws) translate into topological equivalences of diagrams.

Example 2.4.1. Let f : U → V ⊕W , g : V → X and h : X ⊕W → Y be some linear

maps where U, V,W,X, Y are some finite-dimensional vector spaces. If one wanted to

express the operation of applying f to vectors in U , then applying g to the V component

of the result and finally h to the direct sum of the results in X and W , it would be

expressed equationally as

U
f−→ V ⊕W g⊕W−−−→ X ⊕W h−→ Y

Because the category of finite dimensional vector spaces is monoidal with direct sum

(FVec,⊕, k1), this can also be written in string diagram notation, as

f h
g YU

V X

W

This diagram shows the composition f # (g ⊕W ) # h : U → Y . The direct sum V ⊕W

is represented by two wires coming out of the box for f , and similarly for X ⊕W .

19



Chapter 2. Category theory

More specialised string diagrams may introduce graphical symbols for other alge-

braic operations. For example, symmetric monoidal categories (C,⊗, I) with a copy-

delete structure [45] have two maps for every object X: ‘copy’ ∆X : X → X ⊗X and

‘delete’ !X : X → I, such that (!X ,∆X) forms a commutative monoid on X compatible

with the monoidal structure (⊗, I). We choose to represent them in string diagrams

by white blobs, as show below (some authors prefer black dots).

X
X

X
X I (2.2)

Examples of copy-delete categories are (Set,×, 1), (FVec,+, 0) (see e.g. later in propo-

sition 4.3.8) and Markov categories [45, 67].

Another class of string diagrams is of bidirectional maps, which we will discuss

later in section 2.5.4 once we introduce the definition of optics. On that topic, one

last string diagram notation that will appear there (fig. 2.4) is that of autonomisations

of monoidal categories. A symmetric autonomous category is a symmetric monoidal

category such that for all objects A there are ‘adjoints’ or ‘dual objects’ A∗, for which

cups ε : A⊗A∗ → I and caps η : I → A∗⊗A are freely added and satisfy some equations.

Representing objects A with left-to-right wires, their duals A∗ are represented with

right-to-left-wires, as shown below.

I
A

A∗ ε I
A∗

A
η

The autonomisation [52] of the cartesian monoidal category (Set,×, 1), denoted

LSet, has a monoidal product ⊗ that does not coincide with the product × in Set,

which prevents LSet from having all objects be isomorphic to the monoidal unit.

2.5 Categorical cybernetics

In this section we quickly recall the main ideas of categorical cybernetics, mostly from

[42], and write down folklore knowledge on biparametrised morphisms and their relation

with (co)spans.
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2.5.1 Actegories

Given a monoidal category M and a category C, an action of M on C, also called an

actegory, is a functor • :M×C → C together with coherence isomorphisms I •X ∼= X

and (M ⊗N) •X ∼= M • (N •X) [41]. Every monoidal category has a self-action given

by ⊗ : C × C → C.

If M and C are monoidal categories and F :M→ C is a strong monoidal functor,

then M •X = F (M)⊗X is an actegory. A coherent action of one symmetric monoidal

category on another, called a symmetric actegory, is necessarily of this form. For

example, the self-action of a symmetric monoidal category is a symmetric actegory

given by the identity functor C → C. All actegories in what follows will be symmetric.

An enrichment of a category C in a monoidal category M is a functor [−,−] :

Cop×C →M plus additional data and conditions. There is a tight connection between

actegories and enrichments: if • is any actegory such that every − • X : M → C has

a right adjoint [X,−] : C → M (called a closed actegory [93, 41]) then [−,−] is an

enrichment, and conversely if [−,−] is an enrichment such that every [X,−] has a left

adjoint − • X (called a copowered or tensored enrichment) then • is an action. An

example of such a copowered enrichment is given by M = Set next.

Proposition 2.5.1. Let C be a category with coproducts. C has a tensored enrichment

in the cartesian monoidal category (Set,×, 1) and therefore an action • : Set× C → C

given by M • X =
∑
M X [41, Ex.3.2.6]. The coherence isomorphisms are given by

1 •X =
∑

1X
∼= X and ∑M×N X

∼=
∑
M

∑
N X.

Example 2.5.2. The category FVeck has direct sums as coproducts, and is enriched

in Set. Writing V for an arbitrary vector space in (the concrete category) FVeck
and X for an arbitrary set, we have that this enrichment is a copowered enrichment in

(Set,×, 1), as every [V,−] : FVeck → Set has a left adjoint − • V : Set → FVeck
given by X 7→ V ⊕ V ⊕ · · · ⊕ V︸ ︷︷ ︸

|X| times

.
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2.5.2 Parametrisation

Given an actegory • :M×C → C, a parametrised morphism f : X → Y in C is a pair of

an object M :M and a morphism f : M •X → Y . The identity parametrised morphism

is given by I :M and idX : I •X ∼= X → X. The composite of (M,f : M •X → Y )

and (N, g : N • Y → Z) has parameter N ⊗ M and morphism (N ⊗ M) • X
∼=−→

N • (M • X) N•f−−−→ N • Y g−→ Z. A reparametrisation from (M,f : M • X → Y ) to

(N, g : N •X → Y ) is a morphism α : M → N in M such that f = g ◦ (α •X).

Definition 2.5.3. Let • : M× C → C be an actegory. We denote by ParaM(C) or

Para•(C) the bicategory whose objects are objects of C, 1-cells are parametrised mor-

phisms and 2-cells are reparametrisations.

Dually, a coparametrised morphism f : X → Y is a pair of an object M : M

and a morphism f : X → M • Y . There is a bicategory CoparaM(C) of objects,

coparametrised morphisms and reparametrisations.

A morphism f : X → Y that is both parametrised and coparametrised is called

a biparametrised morphism, and consists of two objects M,N : M and a morphism

f : M • X → N • Y . A reparametrisation from (M,N, f) to (M ′, N ′, g) is a pair of

morphisms α : M →M ′ and β : N → N ′ in M such that f = (β • Y ) ◦ g ◦ (α •X).

Definition 2.5.4. Let • : M× C → C be an actegory. We denote by BiparaM(C) or

Bipara•(C) the bicategory whose objects are objects of C, 1-cells are biparametrised

morphisms and 2-cells are reparametrisations.

Definition 2.5.5. Let C be a category enriched in a monoidal categoryM. An externally

parametrised morphism f : X → Y of C is a pair of an object M ofM and a morphism

f : M → [X,Y ] of M [148]. There is once again a bicategory ParaM(C) of externally

parametrised morphisms.

In the case of a tensored enrichment this bicategory is equivalent to definition 2.5.3,

but there are also interesting cases when they differ. Coparametrised morphisms cannot

be defined for an enrichment that is not tensored.
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In certain cases, (co)parametrised morphisms coincide with (co)spans. This has

been explored in great generality in [39]. For our purposes, we focus on their relation

for categories with biproducts.

Proposition 2.5.6. Let C be a category whose monoidal product and self-action are

given by a biproduct ⊕ (i.e. M • X := M ⊕ X). Let Span(C) be the bicategory of

objects of C, spans X ← N → Y as 1-cells and 2-cells given by M → N [18] (see

also [50]). Then there are wide embeddings of bicategories Para⊕(C) ↪→ Span(C) and

Copara⊕(C) ↪→ Cospan(C).

Proof. All objects of Span(C) are present in Para(C). A morphism X → Y in

Para⊕(C) consists of f : M ⊕X → Y in C. This defines a morphism X
πX← M ⊕X f→ Y

in Span(C). Composition of morphisms in Para(C) coincides with composition of mor-

phisms X ←M ⊕X → Y in Span(C), as the pullback with one leg being a projection

results in products. Given f : M ⊕X → Y and g : N ⊕X → Y , a reparametrisation

α : M → N corresponds to a morphism α⊕X between spans

M ⊕X

X Y

N ⊕X

πX f

α⊕X

πX g

The mapping of coparametrised morphisms f : X → N ⊕ Y and their composition

to cospans X f→ N ⊕ Y ιY← Y and pushouts is similar.

Morphisms (M,N, f) : X → Y in Bipara⊕(C) decompose into ‘block matrices’, i.e.

tuples (M,N, a, b, c, d) with a : X → Y , b : M → Y , c : X → N , d : M → N in C,

denoted

f =

a b

c d


This ‘block-decomposition’ of biparametrised morphisms is given by the matrix rep-

resentation lemma for categories with biproducts [90, Lem.2.26], and gives explicit

expressions to the maps g and h next.
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Proposition 2.5.7. Bipara⊕(C) is isomorphic to a subcategory of Span(C)×Cospan(C).

Proof. Span(C)×Cospan(C) is a product category; its objects are pairs X ×Y where

X : Span(C) and Y : Cospan(C), i.e. pairs of objects of the underlying category C.

Morphisms are pairs of a span and a cospan in C.

On objects, X maps to X × X. A morphism (M,N, f) : X → Y in Bipara⊕(C)

corresponds to a pair (X πX← X×M g→ Y )× (X h→ N ×Y ιY← Y ) such that the following

commutes.
X ⊕M

X Y

Y ⊕N

πX g

f

h ιY

Proposition 2.5.8. There are the following embeddings given by strict functors, all

labelled as F when clear from context.

C

ParaM(C) CoparaM(C)

BiparaM(C)

F F

F F

Proof. ParaM(C) ↪→ BiparaM(C) is given by identity on objects, M • X → Y to

M •X → I • Y on morphisms and h : M →M ′ to (h, idI) on 2-cells, and similarly for

CoparaM (C) ↪→ BiparaM(C). See fig. 2.1 for an illustration of the embeddings for

morphisms.

The free functor F : Set → Cat that takes the indiscrete category construction

over sets has a left adjoint U : Cat → Set (forgetful functor) which maps categories

to isomorphism classes of objects, and a right adjoint π0 : Cat → Set (connected

components functor). Change of enrichment along U (resp. π0) turns any bicategory

into a 1-category by quotienting together 1-cells that are related by invertible (resp.

any) 2-cell.
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YX

I

YX

YX

YX

I I

I

Figure 2.1: Embedding of a morphism in C (top) into ParaM(C) (left), CoparaM(C)
(right), and BiparaM(C) (bottom).

Example 2.5.9. The morphisms in the 1-category π∗
0(ParaM(C)) are equivalence classes

identifying any two parameters M,N ∈ M such that there exists α : M → N in M.

On the other hand, the 1-category U∗(ParaM(C)) does distinguish between morphisms

(M,f : M •X → Y ) and (N, g : N •X → Y ) for which M and N are not isomorphic ob-

jects ofM. Similar 1-categories may be obtained from CoparaM(C) and BiparaM(C).

Proposition 2.5.10. Let M be a monoidal category with monoidal unit I.

i. If I is initial, F : C ↪→ ParaM(C) and F : CoparaM(C) ↪→ BiparaM(C) have

left inverse functors.

ii. If I is terminal, F : C ↪→ CoparaM(C) and F : ParaM(C) ↪→ BiparaM(C) have

left inverse functors.

iii. If I is a zero object, F : C ↪→ BiparaM(C) has a left inverse functor.

Proof. Let G denote all putative left inverse functors. They are all defined as identity-

on-objects. Their definition on morphisms is given next. Let f : M • X → Y be a

morphism in ParaM(C). Then, G(f) : X → Y in C is given by

X
∼→ I •X !•X→ M •X f→ Y

G is left inverse to F : C → ParaM(C), as G ◦ F : C → C is naturally isomorphic to

idC . I being initial is a condition for the well-definition of G; without it, an image of a

morphism M •X → Y in C cannot be defined.

A zero object I is both initial and final. For g : M •X → N • Y in BiparaM(C),
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the map G(g) : X → Y in C is given by

X
∼→ I •X !•X→ M •X g→ N • Y !•Y→ I • Y ∼→ Y

Similarly, G is a left inverse to F : C ↪→ BiparaM (C).

This means that, for common choices of M, working with (co- or bi-)parametrised

categories is equivalent by construction to working with C directly.

2.5.3 Categories of processes

Under some (implicit) semantics of a category C as having spaces as objects and pro-

cesses as morphisms, ParaM(C) will capture controlled processes, where we associate

the parameter M of a morphism M •X → Y with the control. Similarly, CoparaM(C)

will describe observed processes, where a morphism X → N •Y has as coparameter N

the observation. The category BiparaM(C) will unify both as controlled and observed

processes.

In particular, linear controlled processes [150, Ch.2][99] are morphisms in Para+(FVec)

and linear observed processes [150, Ch.2][99] are morphisms in Copara+(FVec).

Example 2.5.11. Linear controlled and observed processes are morphisms in Bipara+(FVeck)

for k ∈ {C,R} and Bipara+(FModR) for a ring R, where the self action + for both

is the biproduct. Even though there is not a single abstract definition of (discrete)

state space models (SSM), their common use in control theory [99, 169] is captured by

endomorphisms in Bipara+(FVec).

• In control theory, the linear dynamics of a controlled system with state space

X, control space U and observation space Y are specified by two equations that

define a morphism (U, Y,A,B,C,D) : X → X:

x′ = Ax +Bu

y = Cx +Du
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where we write x and u for the current state, control and observation vectors,

and x′ for the next state.

• In machine learning, recurrent neural networks (RNN) [91] process sequential

data by retaining internal memory in the form of a hidden state H in addition

to the input space X, output space Y , weight matrix W and bias vector b. The

hidden state update equation is typically given by ht = σ(U ·X +W · ht−1 + b),

for some nonlinear function σ. They have been characterised via delayed traces

in [153] by taking the input and output spaces as first class objects of a (strict

cartesian) category C and the hidden state in the causal extension of the category

St(C): given an initial hidden state h0, a morphism from an input sequence

{Xi} to an output sequence {Yi} is given by the (extensional equivalence class

of) the unrolling of the hidden state update and output calculation across the

input sequence. By choosing H to be first class instead, we can consider the

RNN equations as biparametrised endomorphisms (X,Y, (W, b)) : H → H. Our

understanding of RNNs is not at all dissimilar to their approach, and providing

a closer relation to their state construction [153] and signal flow graphs [31] is

future work.

Other examples of linear processes for C = FVec and the justification for the need of

definition 2.5.4 will be shown in section 4.3.

2.5.4 Optics

Having discussed F-lenses and their application for bidirectional processes in section 2.3,

we focus now on another generalization of lenses called optics. These appear for example

in applications to probability: consider the hypothetical definition of a lens between

pairs of measurable spaces (X,X ′) → (Y, Y ′) whose forward and backward maps are

Markov kernels. The image of the forward map in its codomain is a distribution over

X × Y that is not disjoint, thus the composition with (Y, Y ′) → (Z,Z ′) is not the

composition of lenses. Example 2.5.16 will revisit how these are modelled with optics.

We will start with the particular definition of mixed optics, and see how regular optics

and lenses appear as particular cases of it.
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Definition 2.5.12 (Mixed optic, cf. [46]). Let M be a monoidal category acting on

categories C and D. The category OpticM(C,D) has pairs (X : C, Y : D) as objects.

Given objects X,Y of C and X ′, Y ′ of D, a mixed optic
(
X
X′

)
→
(
Y
Y ′

)
is an equivalence

class of triples of an object M : M called the residual, a coparametrised morphism

f : X → M • Y of C and a parametrised morphism f ′ : M • Y ′ → X ′ of D. Hom-sets

consist of equivalence classes that are generated by reparametrisations and satisfy the

universal property of a coend in Set:

OpticM(C,D)
((

X
X′

)
,
(
Y
Y ′

))
=
∫ M :M

C(X,M • Y )×D(M • Y ′, X ′) (2.3)

When both actions are symmetric, or equivalently are defined by a span of sym-

metric monoidal functors C ← M → D, then OpticM(C,D) is a symmetric monoidal

category, with the tensor product on objects being pairwise [41].

In the common case that M = C = D acts on itself by monoidal product, we get

the original definition of optics.

Definition 2.5.13 ([136]). Let M = C = D, and both actions • : M × C → C, • :

M×D → D be given by tensor product ⊗ : C × C → C. The category Optic(C) has

pairs (X : C, Y : C) as objects, and morphisms are

Optic(C)
((

X
X′

)
,
(
Y
Y

))
=
∫ M :C

C(X,M ⊗ Y )× C(M ⊗ Y ′, X ′) (2.4)

The tensor product of Optic(C) is pairwise monoidal product.

Continuing the topic of section 2.4, optics forming a (symmetric) monoidal category

allow the usual string diagrammatic syntax where wires are objects (X,X ′) and a box

from (X,X ′) to (Y, Y ′) denotes an optic (M,f, f ′) with that domain and codomain

(fig. 2.2, left). In addition, there are two specialised string diagram notations for

Optic(C) that show the underlying morphisms in C too. The first (fig. 2.2, middle)

considers them as morphisms of a monoidal category [82], composing left-to-right, with

causality flowing clockwise from top-left. This has directed arrows representing the

forwards and backwards passes, and right-to-left bending wires but not left-to-right
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bending wires. The residual of the optic can be read from a diagram, as the monoidal

product of the wire labels of all right-to-left bending wires. These diagrams have only

been properly formalised for a monoidal category acting on itself, so for mixed optics

we are technically being informal. The second (fig. 2.2, right) considers them as colours

of an operad [87][168, Ch.2], composing outside-in, with causality flowing left-to-right.

For example, fig. 2.2(top) shows a typical optic (M,f, f ′) ∈ Optic(C)
((

X
X′

)
,
(
Y
Y ′

))
represented in the three notations.

M ′
Y

Y ′X ′

X

M

Z

Z ′
X X ′Y Y ′Z Z ′

M

M ′

f

f ′

Y

Y ′X ′

X

M

X X ′Y Y ′

M
f f ′

(M ′, g, g′)

(Y
Y ′
)(X

X′
)

(M,f, f ′)

(Z
Z′
)

(Y
Y ′
)(X

X′
)

(M,f, f ′)

Figure 2.2: Usual monoidal (left), ‘bidirectional’ (middle) and ‘comb’ [138, §4.3][86]
(right) string diagram notations for morphisms in Optic(C) (top) and their composition
(bottom).

There are two common cases when the coend in the definition of mixed optics (2.3)

can be eliminated using the ninja Yoneda lemma [136, 113]. Firstly, whenM = C = D

acts on itself by cartesian product then there is a natural isomorphism

∫ M :C
C(X,M × Y )× C(M × Y ′, X ′) ∼=

∫ M :C
C(X,M)× C(X,Y )× C(M × Y ′, X ′)

∼= C(X,Y )× C(X × Y ′, X ′)

This is usually known as a (concrete) Lens, as introduced earlier in section 2.3. Their

bidirectional diagrammatic syntax is shown in fig. 2.3. Although this case is much

easier to understand, there are significant conceptual advantages to the more general

definition [70]. Secondly, whenM = C = D acts on itself by a closed monoidal product

then there is a natural isomorphism Optic(C)
((

X
X′

)
,
(
Y
Y ′

))
∼= C(X,Y ⊗[Y ′, X ′]) which

produces linear lenses [136, p. 4.8]. Both of these cases can be generalised to requiring

a condition on only one side.
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f

f ′

X

X ′

Y

Y ′

Figure 2.3: ‘Bidirectional’ string diagram notation for a morphism in Lens(C). Note
that the duplication of the input is explicit by the copy map ∆X drawn as the white
blob (2.2). The drawing of the backward map as a morphism with an input from the
top is merely a stylistic choice, where it should be understood as a morphism with two
inputs.

Example 2.5.14. Let Set act on itself by cartesian product. Optics
(
X
X′

)
→
(
Y
Y ′

)
in

Optic(Set) can be written equivalently as pairs of functions X → Y and X×Y ′ → X ′,

or as a single function X → Y × (Y ′ → X ′). For the cartesian self-action of Set,

Optic(Set) coincides with the category of monomial endofunctors (those of the form

F (X) = A×XB) and natural transformations.

Example 2.5.15. Optics
(
X
X′

)
→
(
Y
Y ′

)
in Optic(Mfd∞) can be written as pairs of

smooth functions X → Y and X×Y ′ → X ′ between manifolds. When the manifolds are

globally diffeomorphic to Rn for some n, these optics are defined in Optic(Smooth).

Example 2.5.16 ([85], cf. effectful optics [136]). Let Mark be the category of sets

and finite support Markov kernels, which is the kleisli category of the finite support

probability monad ∆ : Set → Set. It is a prototypical example of a Markov category

[67], and it is neither cartesian monoidal nor monoidal closed. Optics
(
X
X′

)
→
(
Y
Y ′

)
in

Optic(Mark) can only be written as optics, it is not possible to eliminate the coend.

This is the setting used for Bayesian open games [27].

Example 2.5.17 ([85]). Let Conv be the category of convex sets, which is the Eilenberg-

Moore category of the finite support probability monad [68]. A convex set can be

thought of a set with an abstract expectation operator E : ∆X → X. Thus the functor

∆ : Mark ↪→ Conv of free algebras as algebras given by X 7→ ∆(X) on objects is fully

faithful. Conv has finite products which are given by tupling in the usual way. Conv

also has a closed structure: the set of convex functions X → Y themselves form a

convex set [X,Y ] pointwise. However, Conv is not cartesian closed: instead there is a

different monoidal product making it monoidal closed [156, section 2.2] (see also [106]).
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This monoidal product “classifies biconvex maps” in the same sense that the tensor

product of vector spaces classifies bilinear maps. The embedding ∆ : Mark → Conv

is strong monoidal for this monoidal product, not for the cartesian product of convex

sets.

We can define an action of Mark on Conv, by M • X = ∆(M) ⊗ X [41, section

5.5]. Together with the self-action of Mark, we get a category Optic(Mark,Conv)

given by

Optic(Mark,Conv)
((

X
X′

)
,
(
Y
Y ′

))
=
∫ M :Mark

Mark(X,M ⊗ Y )×Conv(∆(M)⊗ Y ′, X ′)

∼=
∫ M :Mark

Mark(X,M ⊗ Y )×Conv(∆(M), [Y ′, X ′])

(This coend cannot be eliminated because the embedding ∆ : Mark→ Conv does not

have a right adjoint.)

This category of optics will be very useful in section 3.4 for Markov decision pro-

cesses, where the forwards direction is a Markov kernel and the backwards direction is

a function involving expectations.

Any cartesian self-action in a category with finite limits can be generalised to depen-

dent lenses (also known as morphisms of containers [1]), which in the locally cartesian

closed case are equivalent to polynomial endofunctors [128]. Finding the best of both

worlds between the monoidal and cartesian cases is known as dependent optics [161]

and is only partially understood. It is common that the available actions of a rein-

forcement learning agent depends on the current state of the Markov chain [34] (see

also example 4.3.3), and dependent optics are believed to be a way to formalise this

dependency. In chapter 3 we only consider the simply-typed case, and we postpone an

alternative formalisation in terms of spans (current state space ← current action space

indexed by state → next state space) to chapter 4.

Definition 2.5.18 (States and continuations). Let C be a category with a monoidal unit

I that is terminal. By abuse of notation, we also write I =
(
I
I

)
for the monoidal unit
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of Optic(C). Then we have two natural isomorphisms:

i. Between states in C and states in Optic(C):

Optic(C)
(
I,
(
X
X′

))
∼= C(I,X)

ii. Between costates in Optic(C) and continuations in C:

Optic(C)
((

X
X′

)
, I
)

=
∫ M :C

C(X,M ⊗ I)× C(M ⊗ I,X ′) ∼= C(X,X ′)

These are obtained as the image of the representable [80] functor, defined as

K = Optic(C)(−, I) : Optic(C)op → Set (2.5)

Remark 2.5.19. The image of optics in Set under K are formal string diagrams (fig. 2.4)

in the free autonomisation [52] of (Set,×, 1), denoted (LSet,⊗, I) (see section 2.4).

The diagrammatic notation for LSet uses the isomorphism λ : A∗ ⊗ B ∼= BA and the

cap η : I → A∗ ⊗ A. Morphisms in Set like ev : BA × A → B embed via the strong

monoidal fully faithful functor F : Set→ LSet.

X X ′

Y
Y ′

M
f f ′

ev

λ

(Y ′)Y

(X ′)X

Figure 2.4: Image of a morphism (M,f, f ′) :
(
X
X′

)
→
(
Y
Y ′

)
in Optic(Set) under K in

the free autonomisation of Set.

Example 2.5.20. Let C be a Markov category. States into
(
X
X′

)
: Optic(C) are random

variables valued in X, while continuations K
(
X
X′

)
are Markov kernels X → X ′.

Example 2.5.21. Let C be a cartesian monoidal category. Given a morphism
(
f
f ′

)
:(

X
X′

)
→
(
Y
Y ′

)
in Optic(C) ∼= Lens(C) and a morphism k : Y → Y ′ in C, the action of

K on
(
f
f ′

)
is a morphism X → X ′ in C given by x 7→ f ′(x, k(f(x))).
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When we have M = C acting on both itself and on D (which includes all of the

examples above) then similarly

Optic(C, D)
((

X
X′

)
, I
)

=
∫ M :C

C(X,M ⊗ I)×D(M • I,X ′) ∼= D(X • I,X ′)

When a category of optics is symmetric monoidal, it admits a self-action. In [42]

it was shown that this action results in the category Para(Optic) of parametrised

optics, whose study was named categorical cybernetics and includes applications in

compositional game theory [49], deep learning [48], compositional Bayesian inference

[37] and variational learning [148], and applications in software engineering such as

open servers [163].

2.6 Weighted para, decorated cospans and decorated spans

Recall from section 2.3 that for a symmetric lax monoidal functor (W,∇) : (M,⊗, I)→

(Set,×, 1) (resp. (Cat,×, 1)), the category of elements El(W ) (resp. the Grothendieck

construction
∫
W ) is symmetric monoidal (2.1).

This symmetric monoidal product allows to extend an action • : M× C → C of

M on a symmetric monoidal category C to an action of El(W ) (resp.
∫
W ) on C, by

precomposing with the discrete fibration π : El(W )→M to obtain (M,w)•X = M•X.

Therefore a notion of parametrisation by El(W ) arises, where the second component

of objects in El(W ) are referred to as ‘weights’.

Definition 2.6.1 (Weighted para, cf. weighted copara [69]). We write ParaWM(C) for

ParaEl(W )(C) (resp. Para∫ W (C)), and call this weighted parametrisation.

Example 2.6.2. Let C be a symmetric monoidal category and W : C → Set a symmetric

lax monoidal functor. Consider the bicategory ParaW⊗ (C) generated by the action of∫
W on C given by (M,w) • X = M ⊗ X. A parametrised morphism X → Y of

C weighted by W consists of a morphism M ⊗ X → Y together with an element

w ∈W (M), as depicted in fig. 2.5 (left).

The construction of a 1-category out of ParaW⊗ (C) follows example 2.5.9.
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Example 2.6.3. The 1-category π∗
0(ParaW (C)) has morphisms that are equivalence

classes identifying all ways of making the cut in fig. 2.5(right), while the 1-category

U∗(ParaW (C)) does distinguish between morphisms (M,f : M •X → Y ) and (N, g :

N •X → Y ) for which M and N are not isomorphic objects of M.

YX

M

YX

M

w w

Figure 2.5: Morphism in ParaW⊗ (C) (left) and its equivalence class in π∗
0(ParaW⊗ (C))

(right).

The 1-category π∗
0(ParaW (C)) satisfies an important universal property: it is the

symmetric monoidal category that results from freely extending C with a state w : I →

X for each element w ∈W (X), for all objects X [88]7.

Weighted para categories arise by first defining the weights w over objects M in the

acting category M, and then defining the action on C, by forgetting the weight and

applying •. The weight is thus a ‘label’ which is purely syntactic and does not change

the action, unlike e.g. the action of groups in a vector space.

An alternative construction, which turns out to be useful in chapter 4 to talk about

certain algorithms in control theory, is to choose to first apply an action and later define

a ‘weight’ over the resulting object M •X. To motivate its definition, we first review

the concept of decorated cospans.

Definition 2.6.4 (Decorated cospans, [59]). Let (F,∇) : (C,+, 0) → (D,⊗, 1) be a lax

monoidal functor with laxator ∇N,M : FN ⊗ FM → F (N + M) in D. The category

FCospan of F -cospans consists of objects of C and morphisms from X to Y being

equivalence classes of cospans X i→ N
o← Y and ‘structure elements’ 1 s→ FN . Com-

position of cospans is given by pushouts, and the structure elements 1 s→ FN and

1 t→ FM compose via

1 λ−1
−−→ 1⊗ 1 s⊗t−−→ FN ⊗ FM

∇N,M−−−−→ F (N +M) F [jN ,jM ]−−−−−−→ F (N +Y M)
7Thanks to Nathan Corbyn for bringing this reference to our attention.
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where jN : N → N +Y M and jM : M → N +Y M are the two injections into the

pushout.

This definition serves as a common framework to model many classes of open sys-

tems: open electrical circuits [11], open Markov processes [12], open Petri nets [13]

among others. The usual application considers the apex of the cospan to be index-

ing some kind of autonomous system, and the legs of the cospan identify some open

interfaces under which they compose.

Our approach employs the theory of decorated cospans with a slightly different

mental model, by encoding (discrete) dynamics in the legs of spans. This allows the

composition by pullback to discard by construction the unreachable states of a tra-

jectory (cf. ’zig-zag diagrams’ [14] and reachability in sequential decision problems

[34]). We first consider a ‘dual’ construction of decorated spans, which requires the

morphisms in the base category to be spans instead of cospans, and a contravariance

in the functor F .

Definition 2.6.5 (Decorated spans). Let (C,×, 1) and (D,⊗, I) be two monoidal cate-

gories, and let C have pullbacks. Let (F,∇) : (C,×, 1)op → (D,⊗, I) be a lax monoidal

contravariant functor with laxator ∇N,M : FN ⊗ FM → F (N ×M) in D. The cat-

egory FSpan of F -spans consists of objects of C and morphisms from X to Y being

equivalence classes of spans X l← N
r→ Y and ‘structure elements’ I s→ FN from the

comonoid unit to the image of the apex under F . Composition of spans is given by

pullbacks in C
X Y Z

N M

N ×Y M

l r p q

⌟πN πM

and the structure elements I s→ FN and I
t→ FM compose in D via

I
λ−1
−−→ I ⊗ I s⊗t−−→ FN ⊗ FM

∇N,M−−−−→ F (N ×M) F 〈πN ,πM 〉−−−−−−→ F (N ×Y M) (2.6)

where πN : N ×Y M → N and πM : N ×Y M → M are the two projections from
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the pullback, and 〈πN , πM 〉 : N ×Y M → N ×M maps under the contravariant F to

F (N ×M)→ F (N ×Y M).

Notation 2.6.6. Following notation 2.3.7, diagrams for decorated spans and decorated

cospans will be drawn with the morphisms in C in the bottom layer and the decoration

above the apex. So we illustrate (i, o, s) : X → Y in FCospan and (l, r, s) : X → Y in

FSpan respectively as

FCospan s FSpan s

C X N Y C X N Y
i o l r

Parametric spans [20] are a similar construction in the context of neural networks,

given by three-legged spans whose apex is fibred over the middle leg. Next we demon-

strate the decorated span construction for the contravariant powerset functor.

Example 2.6.7. Let (C,×, 1) = (FinSet,×, I), with pullbacks being the usual subsets of

products. Let (D,⊗, I) = (Pos,×, I) be the category of posets with cartesian monoidal

product. The monoidal unit in D is the singleton poset I with ∗ ≤ ∗ and the canonical

comonoid map λ−1(∗) = (∗, ∗). The contravariant powerset functor Pop : FinSetop →

Pos maps f : X → Y to Pop : PY → PX, where a predicate p : Y → 2 is sent to

p ◦ f : X → 2. Pop is lax monoidal: the laxator ∇N,M : P(N) × P(M) → P(N ×M)

maps a pair of posets (A ⊆ N,B ⊆M) to their product A×B ⊆ N×M with pointwise

order, which we write in infix form as (N ×M,A∇B). It is not strong as not all sets

in P(N ×M) are a product of posets in P(N) and P(M) (consider e.g. N = {a, b},

M = {c, d} and the subset {a, b} ⊆ N ×M).

Objects in PopSpan are sets, and a morphism (l, r, n) : X → Y consists of spans

X
l← N

r→ Y in Set with a choice of subset of N , n : I → P(N). The composition of

(l, r, n) : X → Y (with apex N) and (p, q,m) : Y → Z (with apex M) is given by the

apex N ×Y M = {(n,m) | r(n) = p(m)} of a span X ← N ×Y M → Z and a subset

I → P(N ×Y M) which we specify next. The legs of the pullback give the projections

πN : N ×Y M → N and πM : N ×Y M → M . Their pairing 〈πN , πM 〉 : N ×Y M →

N ×M maps pairs (n,m) that satisfy the equation r(n) = p(m) to the same pairs,
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only forgetting the constraint. Pop〈πN , πM 〉 : P(N ×M)→ P(N ×Y M) precomposes

a predicate N ×M → 2 with the map 〈πN , πM 〉. The identity on X in PopSpan is

given by X ← X → X and const∅ : I → P(X).

By simplifying the domain of application of both F -spans and weighted para, we

can find a common specialization of both concepts.

Proposition 2.6.8. For a cartesian monoidal C and a strong monoidal F : Cop → Set,

there’s a wide embedding functor ι : ParaF op
× (C) ↪→ FSpan.

Proof. For a cartesian monoidal C, consider ParaF op
× (C) be as in example 2.6.2. ι is an

identity on objects, and its action on morphisms is defined next. A morphism X → Y

consists of f : M × X → Y and w ∈ FM . Following proposition 2.5.6, this defines

firstly a morphism X
πX← M × X f→ Y in Span(C). Secondly, weights w ∈ FM are

bijective with generalized elements w : 1→ FM , from which

s : 1 w−→ FM
F (πM )−−−−→ F (M ×X) (2.7)

gives structure elements from the monoidal unit 1 : Set. To prove functoriality for

weights wM , wN , one has to check that their composition via (2.1) coincides with the

composition of their corresponding structure elements s, t via (2.6). These respectively

the top and bottom arrows in the following diagram, where we omit certain product

symbols for brevity:

1 F (MN) F (MNX)

FM × FN

1× 1 F (MX)× F (NY ) F (MXNY )

wM ∇wN

λ−1

F (πMN )
∇

F (πM )×F (πN )wM ×wN

s×t ∇

F (πMXNf)

(1)

(3)

(2)

where (1) commutes by definition of the laxator and (2) by obtaining s and t from

(2.7) applied to wM and wN respectively. (3) commutes by the image of the following

diagram under F , noting that the laxator ∇ here is an isomorphism.
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MNX MXNY

MN

πMXNf

πMN
πM ×πN

It remains to be explored whether the proposition holds for lax monoidal F and

the faithfulness of ι. It should be noted however that FSpan also includes morphisms

whose structure elements are generalised elements 1 → F (M ×X) that do not factor

through FM , and as such do not arise from a weighted para construction. These

will have their application in a second example of F -spans (example 4.2.18) that will

motivate the technical machinery of chapter 4. After this, a concrete comparison with

weighted para (definition 2.6.1) will be given in example 4.4.1.
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Dynamic programming

3.1 Introduction

Here we describe basic concepts of dynamic programming in terms of categories of

optics. The class of models we consider are discrete-time Markov decision processes, also

known as discrete-time controlled Markov chains. The classical Set-based methods of

computing optimal control policies, underlying some solution methods of both classical

control theory and modern reinforcement learning, are known collectively as dynamic

programming. These are based on two operations that can be interleaved in many ways:

value improvement and policy improvement. The central idea of this chapter is the

slogan value improvement is optic precomposition, or said differently, value improvement

is a representable functor on optics.

Given a control problem with state space X, a value function V : X → R into

the reals represents an estimate of the long-run payoff of following a policy starting

from any state, and can be equivalently represented as a costate V :
(
X
R

)
→ I in

a category of optics (definition 2.5.18). Every control policy π also induces an optic

B(π) :
(
X
R

)
→

(
X
R

)
. The general idea is that the forwards pass of the optic is a

morphism X → X describing the dynamics of the Markov chain given the policy, and

the backwards pass is a morphism X ⊗ R → R which given the current state and the

continuation payoff, describing the total payoff from all future stages, returns the total

payoff for the current stage given the policy, plus all future stages.
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Given a policy π and a value function V :
(
X
R

)
→ I, the costate

(
X
R

) B(π)−−−→
(
X
R

)
V−→

I is a closer approximation of the value of π. This is called value improvement. Iterating

this operation

. . .
(
X
R

) B(π)−−−→
(
X
R

) B(π)−−−→
(
X
R

)
V−→ I (3.1)

converges efficiently to the true value function of the policy π under reasonable consid-

erations1 [133, §5.1].

Replacing π with a new policy that is optimal for its value function is called policy

improvement. Repeating these steps is known as policy iteration, and converges to the

optimal policy and value function, again under reasonable assumptions2 [133, §6.4.6].

Alternatively, instead of repeating value improvement until convergence before each

step of policy improvement, we can also alternate them, giving the composition of optics

. . .
(
X
R

) B(π2)−−−→
(
X
R

) B(π1)−−−→
(
X
R

)
V−→ I

where each policy πi is optimal for the value function to the right of it. This is known

as value iteration, and also converges to the optimal policy and value function. For an

account of convergence properties of these algorithms, classic textbooks are [133, §6],

[22, Ch.1].

In this chapter we illustrate this idea, using mixed optics to account for the cate-

gorical structure of transitions in a Markov chain and the convex structure of expected

payoffs, which typically form the kleisli and Eilenberg-Moore categories of a probability

monad.

3.1.1 Related work

An earlier version of this chapter was written jointly with J. Hedges [85], who originally

developed the idea of value iteration using open games around 2016 during discussions
1Because this is a limit in the analysis sense, the true value function exists when

supx∈X supa∈A |U(x, a)| < ∞, where A is the action space and U : X × A → R is the utility function.
See section 3.2.

2It is common in convex analysis to assume the codomain of a value function to be the extended reals,
for which an argmax operation may have empty image. The policy improvement algorithm assumes
that this does not happen, i.e. that there is always a maximizing decision rule at each x ∈ X.
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with Viktor Winschel and Philipp Zahn [71], and planned also to be a section of [80] but

cut partly for page limit reasons, and partly because the idea was quite uninteresting

until it was understood how to model stochastic transitions in open games [27] via

optics [136]. In this chapter we have chosen to present the idea without any explicit

use of open games, both in order to clarify the essential idea and also to bring it closer

to the more recent framework of categorical cybernetics [42], which largely subsumes

open games [43]. Implementations of value iteration based on open games include

a model from [15] of the social dilemma of emissions cuts and climate collapse as a

stochastic game, or jointly controlled MDP by J. Hedges and Wolfram Barfuss [83]

and an advanced implementation of reinforcement learning developed by Philipp Zahn,

currently closed-source, used for the paper [56].

The most closely related work is [126], which formulates MDPs in terms of F-

lenses (definition 2.3.6) of the functor BiKl(C × −,∆(R × −))op, where C × − is the

reader comonad and ∆(R×−) is a probability monad over actions with their expected

value. An MDP is a lens from states and potential state changes and rewards to

the agents observation and input
(

X
∆(X×R)

)
→
(
O
I

)
. Our approach in this chapter

differs in two ways. We firstly assume that the readout function is the identity, as we

are not dealing with partial observability [7]. Secondly, we discard the functoriality

of the backwards update map with respect to the forward map, thus going from F-

lenses to plain lenses, and specify a concrete structure of the backwards update map

f∗ : X × I → ∆(X × R). This allows us to rearrange the interface of this lens from

policies to value functions. Doing so opens up the possibility of composing these lenses

sequentially, which is the heart of the dynamic programming approach explored in this

chapter. Later, chapter 4 analyses how to recover the fibrational/functorial aspect of

these bidirectional algorithms instantiated in the context of control theory.

Bakirtzis et al. propose a category of MDPs as models of tasks [14]. This emphasis

on models allow them to compose different MDPs using fibre products and pushouts,

and is agnostic to the control and RL algorithms that operate on them, which they

take as given. Since our work focuses on a particular family of algorithms, we believe

this approach is orthogonal to ours, and both could potentially be done simultaneously.

41



Chapter 3. Dynamic programming

Another approach is to model MDPs as coalgebras [57, 149] from states to rewards

and potential transitions, as done by Feys et al. [58]. They observe that the Bellman

optimality condition for value iteration is a certain coalgebra-to-algebra morphism. We

similarly believe this is orthogonal to our work and could potentially be unified.

When the state space is a convex polyhedron in a vector space and the value function

is linear in the state, Bellman’s equation is a linear programming problem [22]. A proof

of Farkas’ lemma in linear programming in the graphical calculus of Diagrammatic

Polyhedral Algebra appears in [28], from Graphical Linear Algebra [32]. In this chapter

we will not assume the state space to have any more structure than a set, and the

setting of linear state spaces together with quadratic value functions will be considered

in chapter 4.

A series of papers by Botta et al. (for example [34]) formulates dynamic program-

ming in dependent type theory, accounting in a serious way for how different actions can

be available in different states, a complication that we partially tackle with open-loop

systems also in chapter 4.

3.2 Markov Decision Processes

A Markov decision process (MDP) consists of a state space X, an action space A, a

state transition function f : X ×A→ X, and a function U : X ×A→ R called utility

or reward [133]. The state transition function is often taken to be stochastic, that is, to

be given by probabilities f(x′ | x, a). In the stochastic case the utility function can be

taken without loss of generality to be an expected utility function. We imagine actions

to be chosen by an agent3, who is trying to control the Markov chain with the objective

of optimising the long-run reward.

A policy4 for an MDP is a function π : X → A, which can also be taken to be

either deterministic or stochastic. The type of policies encodes the Markov property:

the choice of action depends only on the current state, and may not depend on any
3Arguably, the use of ‘agent’ in this context is not appropriate, because the MDP and its transi-

tion probabilities and utility function are fully known, so there is no need to sample these functions.
Chapter 5 will explore reinforcement learning agents, where only the MDPs interface X,A,R is known.

4We refer to policy, scheduler and control law interchangeably.
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memory of past states.

Given an initial state x0 ∈ X, a policy π determines (possibly stochastically) a

sequence of states

x0, x1 = f(x0, π(x0)), x2 = f(x1, π(x1)), . . .

The total payoff is given by an infinite geometric sum of individual rewards for each

transition:

Vπ(x0) =
∞∑
k=0

γkU(xk, π(xk)) (3.2)

where 0 < γ < 1 is a fixed discount factor which balances the relevance of present and

future payoffs. (There are other methods of obtaining a single objective from an infinite

sequence of transitions, such as averaging, but we focus on discounting.) This sum exists

when supx∈X supa∈A |U(x, a)| < ∞. A key idea behind dynamic programming is that

this geometric sum can be equivalently written as a telescoping sum:

Vπ(x0) = U(x0, π(x0)) + γ(U(x1, π(x1)) + γ(U(x2, π(x2) + · · · ))) (3.3)

The control problem is to choose a policy π in order to maximise (the expected

value of) Vπ(x0). In terms of decision theory [19], we assume normative agents that

choose the policy under rational behaviour. Continuous and independent preferences

of outcome implies by the von Neumann-Morgenstern expected utility theorem that

the utility function has as codomain the reals [127].

3.3 Bellman operators

In dynamic programming, the agent’s objective of maximizing the overall value can be

divided into two orthogonal goals: to determine the value of a given policy π (which we

call the value improvement step), and to determine the optimal policy π∗ (the policy

improvement step). Bellman’s equation is used as an update rule for both5.
5Several other denominations for these equations exist. In reinforcement learning, value and policy

improvement are sometimes called Bellman expectation equation and Bellman optimality equation
respectively. Value improvement is also called policy evaluation.
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To define these update rules in eq. (3.4) and later, we use the tick V ′ to indicate

the redefinition of V at x to be the RHS expression, keeping V ′(y) = V (y) for any

other y 6= x. The type of these assignments is given by Bellman operators—mappings

between function spaces of either state value functions or state-action value functions

which iteratively improve the estimations.

• Value improvement updates the value function V : X → R pointwise by travers-

ing the state space X and updating the state’s estimated value V (x) with the

discounted value after one step:

V ′(x) = U(x, π(x)) + γV (f(x, π(x))) (3.4)

Because the update depends on both the previous value function V and a policy

π, we write Bval(V, π)(x) = U(x, π(x)) + γV (f(x, π(x))) for the operator Bval :

RX ×AX → RX .

• Policy improvement updates the policy function π : X → TA pointwise by

traversing the state space X and updating the action taken in the state π(x)

with the action that maximises the discounted value after one step:

π′(x) = argmax
a∈A

U(x, a) + γV (f(x, a)) (3.5)

Similarly, we write Bpol(V )(x) = argmaxa∈A U(x, a) + γV (f(x, a)) for the oper-

ator Bpol : RX → AX .

A Bellman optimality condition on the other hand determines the fixpoint of these

functional equations, and is met when V ′ = V and π′ = π respectively. The solution V

characterises the long-run values of the policy π. Provided X is finite and 0 < γ < 1,

Bπ is a contraction mapping on the supremum metric of RX , and therefore iterating

Bπ from any initial estimate of V will converge to the unique solution of the Bellman

equation in the limit [22].

The update rule (3.4) is the discounted sum (3.2) where the stream of states is co-

recursively fixed by the policy π and transition function f . The co-recursive structure
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refers to the calculation of the utility of a state x, where one needs the utility of the

next state, while in a recursive structure, x needs the previous state, starting from an

initial state as a base case.

Depending on the sequencing of these two steps, we have three classic algorithms:

Policy iteration iterates value improvement until the current policy value is optimal

before performing a policy improvement step, value iteration interleaves both steps one

after another, and generalized policy iteration interleavesm steps of policy improvement

with n steps of value improvement.

Definition 3.3.1. Policy iteration (PIT) is an iterative algorithm in which an initial value

function, typically initialized as V (x) = 0, is paired with a randomly selected policy π.

The policy is evaluated by repeatedly applying the value improvement rule (3.4) until

the value function converges to a fixed point V ′ = V , or until another convergence

criterion is met. Convergence is guaranteed under standard conditions due to the

contraction property of the Bellman operator [53]. Once convergence is achieved (or

approximated), the policy is improved via the greedy update (3.5) yielding a new policy

π′ for the next iteration.

A q-function or state-action value function qπ : X × A → R describes the value of

being in state x and then taking action a, assuming that subsequent actions are taken

by the policy π

qπ(x, a) = U(x, a) + γV (f(x, a)) (3.6)

The policy improvement theorem [17] states that if a pair of deterministic policies

π, π′ : X → A satisfies for all x ∈ X

qπ(x, π′(x)) ≥ Vπ(x)

then Vπ′(x) ≥ Vπ(x) for all x ∈ X.

The optimal policy π∗, if it exists, is the policy which if followed from any state,

generates the maximum value. This is a Bellman optimality condition which fuses steps
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(3.4) and (3.5):

Vπ∗(x) = max
a∈A

U(x, a) + γVπ∗(f(x, a)) (3.7)

Definition 3.3.2. Value iteration (VIT) is a variant of the policy iteration algorithm

in which the value update step is limited to a single iteration, effectively truncating

the policy evaluation sum (3.2) to its first summand. The value function is updated

according to the assignment

V ′(x) = max
a∈A

U(x, a) + γV (f(x, a)) (3.8)

which implicitly incorporates the value improvement step into the policy improvement.

The corresponding policy at each iteration can be recovered by

π′(x) = argmax
a∈A

U(x, a) + γV (f(x, a)) (3.9)

Definition 3.3.3. Generalized Policy Iteration (GPI) interleaves steps of policy eval-

uation and policy improvement in an iterative process, without requiring either step

to fully traverse the state space X at each iteration. Rather than strictly alternating

between exact policy evaluation and exact policy improvement, GPI allows partial or

approximate updates of the value function and the policy.

At each iteration, the value function V is updated according to (3.4) applied to

n < |X| states, and the policy is then improved via (3.5) at m < |X| possibly different

states, with respect to the updated value function. This algorithm generalizes both

value iteration and policy iteration as special cases.

GPI converges by the same contraction argument, as the operations here are point-

wise applications of the same Bellman operators.

3.3.1 Stochastic dynamic programming

Stochasticity can be introduced in different places in an MDP.

1. in the policy π : X → TA for a probability monad T on Set, where the probability

of the policy π taking action a in a state x is now notated π(a | x).
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2. in the transition function f : X × A → DX and potentially the reward function

U : X ×A→ DR independently.

3. usually the reward is included inside the transition function f : X×A→ D(X×R),

allowing correlated next states and rewards. This is relevant when the reward

is morally from the next state, rather than the current state and action. If the

reward were truly from the current state and action, the transition function can

be decomposed into a function f : X ×A→ DX ×DR.

Here we make a conceptual distinction between the monad T—which can be chosen

by the agent, as it can choose to play a deterministic policy, or a stochastic policy, or

a non-deterministic policy, etc.—and the monad D, which is given in the statement

of the MDP. For the sake of exposition, in the remaining sections of this chapter we

will assume D and T both to be the finite support distribution monad, although the

equations in the following can be formulated for arbitrary distributions by replacing

the sum with an appropriate integral.

The policy value update rule (3.4) becomes stochastic, and adopts a slightly different

form depending on which part of the MDP is stochastic. For the cases 1. and 2.:

V ′(x) =
∑
a

π(a | x)(U(x, a) + γV (f(x, a)))

V ′(x) =
∑
r

U(r | x, a)r +
∑
x′

f(x′ | x, a)γV (x′)

In the most general case, that is 1. together with 3.:

V ′(x) = E a∼π(x)
(x′,r)∼f(x,a)

[r + γV (x′)] (3.10)

=
∑
a∈A

π(a | x)
∑
x′,r

f(x′, r | x, a)(r + γV (x′))

Note that the sum over r is over the support of f(− | x, a), which we assume here

to be finite, although in general it can be replaced with an integral. The operators type

becomes Bval : RX × (TA)X → RX . Given a fixed policy π, we write the shorthand

47



Chapter 3. Dynamic programming

Bπ = Bval(−, π) : RX → RX , which has the expression

Bπ(V )(x) = E(r,x′)∼t(x,π(x))[r + γV (x′)] (3.11)

Likewise, the policy improvement rule (3.5) becomes:

π′(x) = argmax
a

E(x′,r)∼t(x,a)[r + γV (x′)] (3.12)

whose operator has type Bpol : RX → (TA)X .

The policy improvement theorem holds in the stochastic setting too [158, §4.2] by

defining

qπ(x, π′(x)) =
∑
a

π′(a | x)qπ(x, a)

Notation 3.3.4. The operator expressions allow a compact notation of the algorithms

seen so far. Let (−)† be the (in practice approximate) fixpoint of the operator. Given

Bpol : RX → (TA)X (3.12) and Bval : RX × (TA)X → RX (3.10), let Bpol =

(∆RX×!(TA)X ) # (1RX × Bpol) and Bpol = (1RX × ∆(TA)X ) # (Bval × 1(TA)X ) be the

maps (TA)X × RX → (TA)X × RX associated to each of them (fig. 3.1).

(TA)X

RX

(TA)X

RX

Bval
(TA)X

RX

(TA)X

RXBpol

Figure 3.1: Bval (left) and Bpol (right) in the cartesian monoidal category Set.

We can summarise the three dynamic programming algorithms as:

Policy iteration: (Bval
† # Bpol)†

Value iteration: (Bval # Bpol)†

Generalized policy iteration: (Bval
m # Bpol

n)† for some m,n ≤ |S|
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3.3.2 Gridworld

A classic example from reinforcement learning is the Gridworld environment, where

an agent moves in the four cardinal directions in a rectangular grid. States of this

finite MDP correspond to the positions that the agent can be in. By assuming perfect

knowledge of the finite MDP, we can use the DP algorithms introduced so far. If the

MDP’s transition function or reward functions were not known, the agent’s learning

algorithm needs samples obtained by interacting with the environment, which we treat

in chapter 5.

Assume that all transitions and policies are deterministic, and that the transition

function prevents the agent from moving outside the boundary. Suppose that the

environment rewards 0 value for all states except the top left corner, where the reward

is 1 (see fig. 3.2).

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

1 0 0 0
γ 0 0 0
0 0 0 0
0 0 0 0

1 0 0 0
γ 0 0 0
γ2 0 0 0
0 0 0 0

1 0 0 0
γ 0 0 0
γ2 0 0 0
γ3 0 0 0

1 0 0 0
γ 0 0 0
γ2 0 0 0
γ3 0 0 0

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

1 γ 0 0
γ 0 0 0
0 0 0 0
0 0 0 0

1 γ γ2 0
γ γ2 0 0
γ2 0 0 0
0 0 0 0

1 γ γ2 γ3

γ γ2 γ3 0
γ2 γ3 0 0
γ3 0 0 0

1 γ γ2 γ3

γ γ2 γ3 γ4

γ2 γ3 γ4 0
γ3 γ4 0 0

V V V

π · · ·

π

V

π

V

π

V

π

V

· · ·

Figure 3.2: Policy iteration (above) and value iteration (below). The numbers in the
cells are state values and the red arrows are the directions dictated by the policy at
each stage. The arrows between grids indicate what kind of update the algorithm does,
either value improvement (V ) or policy improvement (π). Notice how policy iteration
performs value improvement three times before updating the policy, whereas value
iteration improves the value and the policy at each stage and converges exactly after
three iterations.

Starting with a policy which moves upwards in all states and a value function which

rewards 1 only in the top left corner, a policy iteration algorithm would improve the

value of the current policy until converging to the optimal values in the leftmost column,
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before updating the policy, while a value iteration algorithm would update the value

function and also update the policy.

Take the finite set of positions as the state space X, and A = {←,→, ↑, ↓} as the

action space. Later in chapter 4, a characterisation of dependent action spaces will be

shown in example 4.3.3.

This example can be made stochastic if we add stochastic policies like ε-greedy,

where the action that the agent takes is the one with maximum value with probability

1− ε and a random one with probability ε. Another way is for the transition function

to be stochastic, for example with a wind current that shifts the next state to the right

with some probability ε.

3.3.3 Inverted pendulum

A task that illustrates a continuous state space MDP is the control of a pendulum

balanced over a cart, a ubiquitous problem used to illustrate ideas in the control systems

literature (see e.g. [8]). The dynamics can be described in continuous-time by two non-

linear differential equations [152][66, Example 2E]:

(m̄+m)ẍ+mLθ̈ cos θ −mLθ̇2 sin θ = u

mLẍ cos θ +mL2θ̈ −mLg sin θ = 0
(3.13)

where the constants are the mass of the cart m̄, the mass of the pendulum m, the

length of the pendulum L and the gravitational constant g (fig. 3.3). The variables are

the angle of the pendulum with respect to the upwards position θ, the carts horizontal

position x and our control u. The state variables define a point x = (x, ẋ, θ, θ̇) in the

(smooth) state manifold6 M = R × R × S1 × R, where horizontal position x, linear

velocity ẋ and angular velocity θ̇ take unconstrained real values, while the angle takes

values in the circle S1.

The non-linear differential equations (3.13) define a map f : M × R → TM from
6A state manifold is the state space of all configurations of the system. Because of the inherent

non-linearity that some variables like angles have, this set has the structure not of a vector space but
of a manifold, i.e. a topological space that locally looks like Rn (in our case, like R4).
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L

m̄

m

θ

u
x

Figure 3.3: Inverted pendulum on a moving cart.

the state manifold M and the control space R to tangents7 in M . For a fixed control

u, fu : M → TM is a vector field, i.e. a section of the tangent bundle TM →M . The

cost associated to the state and control is given by a map ` : M × U → R.

Let ẋ = f(x, u) refer to the continuous-time control-affine system [33]

d
dt

x(t) = f(x(t), u(t)) (3.14)

Sampling a trajectory by xk = x(k∆t) and fixing a control law π : X → U , one can

define the discrete-time propagator Φ = φ∆t by

φ∆t(x(t)) = x(t) +
∫ t+∆t

t
f(x(τ))dτ (3.15)

which allows to model the system with xk+1 = Φ(xk), where we take the state space

as the global M and the action space of the force exerted to the cart as U = R.

A further simplification of the problem is to observe that the system of equations

(3.14) can be linearized by Taylor near a state x0 and control u0 as

ẋ ≈ f(x0, u0) +Ax0(x− x0) +Bu0(u− u0) (3.16)

where the Jacobian of f defines Ax0,u0 = ∂xf |x0,u0
and Bx0,u0 = ∂uf |x0,u0

. This

linearization makes the dynamics a linear vector field on the tangent space Tx0M .

When the state x0 is a (not necessarily stable) equilibrium point, like the pendulum
7The tangent bundle T M =

∑
p∈M

TpM is the disjoint union of all tangent spaces TpM . The
tangent space TpM at a point p consists of all tangent vectors γ′(0) to smooth curves γ on M that
pass through p.
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being in the upwards position, we can assume the small-angle approximations8 cos θ ≈ 1

and sin θ ≈ θ, as well as small velocities leading to negligible quadratic terms θ̇2 ≈ 0

and ẋ2 ≈ 0, which allow for A and B to be constants given by

A =



0 1 0 0

0 0 −mg/m̄ 0

0 0 0 1

0 0 (m̄+m)g/(m̄L) 0


B =



0

1/m̄

0

−1/m̄L


If we assume that the observation of the pendulum angle and cart position is dis-

cretized in time, an a priori time-discretization of this model using Euler approximation

follows xk+1 = xk + ∆t(Axk + Buk), with the same constants, where k indexes time

steps. Additionally, the immediate cost associated to the pair (xk, uk) will be given by

the cost accumulated in the ∆t interval ˜̀(xk, uk) :=
∫ tk+∆t
tk

`(x(tk), u(tk))dt. Therefore

we can say that the time-discretized, linearized model of the inverted pendulum over

a cart follows a deterministic MDP for which a controller K : X → U can be learned.

Under linearisation near an equilibrium, we take the state space as X = Tx0M = R4.

The action space does not depend on the linearisation and always be taken as U = R.

The time-discretised formulation of this problem is more common in reinforcement

learning settings than in control theory. In that case, a common payoff function is to

obtain one unit of reward for each time step that the pendulum is maintained within

a threshold of angles. The not linearized, not time-discretized setting, which is more

common in optimal control theory, allows the reward, which is usually termed negatively

as a cost function J , to have a much more flexible expression, in terms of time spent

towards the equilibrium, energy spent to control the device, etc.

J(x, u) =
∫ ∞

0
`(x(t), u(t))dt

8In calculus, the small-angle approximation is the first-order approximation of the Taylor expansion
of trigonometric functions sin θ = θ − θ3

3! + θ5

5! − · · · and cos θ = 1 − x2

2! + x4

4! − · · · .
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3.4 Dynamic programming with optics

Given an MDP with state space X and action space A, we can convert it to an optic(
X⊗A
R

)
→
(
X
R

)
. The specific category of optics in which this lives can be tailored to

some extent, and depends on how much typing information we choose to include.

The definition of this optic is given by the following string diagram (recall fig. 2.2):

+

X

A

R

X

R

f

U

×γ

(3.17)

To be clear, this diagram is not completely formal if instantiated in an arbitrary mixed

optic category OpticM(C, D). In general, we require the forwards category C to be

a Markov category (giving us copy morphisms (2.2) ∆X and ∆A), and the backwards

category D must have a suitable object9 R, together with morphisms ×γ : R→ R and

+ : R⊗ R→ R.

A formal interpretation exists for example when the forwards category acts on the

backwards category (recall section 2.5.1), i.e. C =M→ D. Then the forwards pass is

a morphism g : X ⊗A→ X ⊗X ⊗A in C where

g = ∆X⊗A # (f ⊗ idX⊗A)

and the backwards pass is a morphism g′ : X • (A •R)→ R in D encoding the function

g′(x, a, r) = EU(x, a) + γr. The resulting morphism in Optic(C,D) is given by

ψ = (X ⊗A, g, g′) :
(
X⊗A
R

)
→
(
X
R

)
(3.18)

9We denote it by R as we assume in this chapter to be working with the semiring of reals with
regular addition and multiplication and the natural order. The properties of this object will be studied
further in chapter 4.
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Given a policy π : X → A, we lift it to an optic π :
(
X
R

)
→
(
X⊗A
R

)
, by

X

R R

A

X

π

(3.19)

Here we are also assuming that the forwards category has copy morphisms ∆X (for

example, because it is a Markov category), and the backwards category has a suitable

object of real numbers. The interpretation of this diagram is the optic

(I,∆X # (idX ⊗π), idR) (3.20)

Notice that the domain (resp. codomain) of ψ (3.17) coincides with the codomain (resp.

domain) of π (3.19). This allows for an alternating sequential composition of the two.

Given a fixed policy π, we refer to the composition of the transition optic after the

policy optic as the ‘value improvement optic’ B(π):

B(π) := π # ψ :
(
X
R

)
→
(
X
R

)
(3.21)

Proposition 3.4.1. The Bellman operator Bπ (3.11) is recovered as Bπ = K(B(π)),

where K is the continuation functor (2.5).

Proof. Let a value function V : X → R be represented by a costate of optics V :(
X
R

)
→
(

1
1

)
. Then the costate B(π) #V :

(
X
R

)
→
(

1
1

)
represents Bπ(V ) : X → R.

The above proposition is a refinement of the usual view of Bellman operators as

endomorphisms of function spaces. However, as we see next, not all Bellman operators

are images under K of some optic. In particular, even though both Bval and Bpol are

treated as similar contraction operators in the dynamic programming literature, the

policy improvement step (3.23) cannot be stated as an optic.

Proposition 3.4.2. Let Bpol : RX → AX be the policy improvement Bellman operator

(3.5). There is no optic (M, g, g′) :
(
X
A

)
→
(
X
R

)
such that Bpol = K(M, g, g′).
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Proof. Recall from fig. 2.4 the image of an optic under K. Bpol involves two applications

of the currying operation (denoted λ), and therefore does not lie in the image of an

optic under the continuation functor (fig. 3.4).

R′X′

RX

π

λ

X

R
A

R

ev
X ′

R′
γ
R

X
⊕f

(a) Bπ

R′X′

AR
λ

A

R

R

ev
X ′

R′
γ
RX

arg
max

λ
AX

X

A

⊕f

(b) Bpol

Figure 3.4: Bellman operators in the free autonomisation of Set [52] (see also re-
mark 2.5.19).

3.5 Applications

3.5.1 Discrete-space deterministic decision processes

Consider a deterministic decision process with a discrete set of states X, discrete and

finite set of actions A, transition function f : X×A→ X, payoff function U : X×A→ R

and discount factor γ ∈ (0, 1). We convert this into an optic ψ = (X × A, g, g′) :(
X×A
R

)
→
(
X
R

)
in Optic(Set), whose forwards pass is g(x, a) = (x, a, f(x, a)) and

whose backwards pass is g′(x, a, r) = U(x, a) + γr.

Consider a dynamical system with the state space AX × Optic(Set)
((

X
R

)
, I
)
.

Elements of this are pairs (π, V ) of a policy π : X → A and a value function V : X → R.

We can define two update steps:

Value improvement: (π, V ) 7→ (π,B(π) # V ) (3.22)

Policy improvement: (π, V ) 7→ (x 7→ argmax
a∈A

(ψ # V )(x, a), V ) (3.23)
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We assume that argmax is ‘canonically’ defined, for example because A is equipped

with an enumeration so that we can always choose the first maximiser.

Unpacking and applying the isomorphism between costates in lenses and functions,

we can see that (3.22) does correspond to (3.8), as it replaces V with

V ′(x) = U(x, π(x)) + γV (f(x, π(x)))

and likewise (3.23) corresponds to (3.9) by replacing π with

π′(x) = argmax
a∈A

U(x, a) + γV (f(x, a))

Iterating the value improvement step converges to a value function which is the op-

timal value function for the current (not necessarily optimal) policy π. A fixpoint

of alternating steps of value improvement and policy improvement is a pair (π∗, V ∗)

satisfying

V ∗(x) = max
a∈A

(ψ # V ∗)(x, a) = max
a∈A

U(x, a) + γV ∗(f(x, a))

π∗(x) = argmax
a∈A

(ψ # V ∗)(x, a) = argmax
a∈A

U(x, a) + γV ∗(f(x, a))

Example 3.5.1 (Gridworld example). A policy of an agent in our version of Gridworld

(fig. 3.2) is a function from the 4×4 set of states X = {1, 2, 3, 4}2 that we index by (i, j)

to the four-element set of actions A = {←,→, ↑, ↓}, i.e. an element of AX . Initializing

the value function V with the environments immediate reward whose only non-zero

value is V (0, 0) = 1 (top-left corner) and the policy with a upwards facing constant

action π(i, j) = ↑ for all (i, j) ∈ X, a value improvement step would leave the policy

unchanged while updating V to B(π) # V , which differs with V only at (0, 1) 7→ γ.

If we instead perform a policy improvement step, the value function remains un-

changed while the new policy differs with π at (1, 0) 7→ argmaxa∈A(ψ #V )(1, 0, a) = ←.
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3.5.2 Continuous-space deterministic decision processes

The optic associated to the inverted pendulum on a cart problem presented in sec-

tion 3.3.3 can be defined for the non-linear (smooth) dynamics as well as the linearisa-

tion around an equilibrium point. We revisit the linearisation around arbitrary states

in the next chapter (example 4.4.10), and present the smooth version next.

Example 3.5.2 (Inverted pendulum). A state of our time-discretized inverted pendulum

on a cart consists of x = (x, ẋ, θ, θ̇) in the state space X = R×R×S1×R. The non-linear

discrete-time propagator Φ : xi 7→ xi+1 is a smooth map X → X.

The cost J(x, u) =
∑∞
i=0 γ

i ˜̀(xi, ui) defines the backwards smooth function X×U×

R→ R which adds the cost at the i-th time step ˜̀(xi, ui) to the discounted sum:

xi, ui,
∑
j=i+1

γj ˜̀(xj , uj)

 7→∑
j=i

γj ˜̀(xj , uj)

These two maps form an optic ψ :
(
X×U
R

)
→
(
X
R

)
in Optic(Mfd∞). In conclusion,

the two optics involved in this example are

ψ =
(

Φ
J

)
:
(
X×A
R

)
→
(
X
R

)
Φ : X × U → X

(x, u) 7→ φ∆t(x, u)

J : X × U × R→ R

(x, u, r) 7→ ˜̀(x, u) + γr

π =
(
π
p2

)
:
(
X
R

)
→
(
X×U
R

)
gr(π) : X → X × U

x 7→ (x, π(x))

p2 : X × R→ R

(_, r) 7→ r

Remark 3.5.3. Note that the cost function ˜̀ is itself typically not affine, but rather

convex (intuitively, since the ‘good states’ that should minimise the cost fall in the

middle of the state space). Quadratic forms are a common example of convex functions;

they will be discussed in more detail in section 4.2, with further justification for their

prominence provided in remark 4.2.14.

Remark 3.5.4. In numerical implementations, a naive formalisation of continuous state

spaces X = Rn, U = Rm makes the exhaustive search of a sequence of k optimal
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controls have complexity O(kMk) for M = |Rm| the cardinality of the set of points in

the vector space Rm. The dynamic programming approach has complexity O(kNM)

for N = |Rn|, which although better than exhaustive search, is still exponential in n,m

and thus prohibitive; R is not enumerable. In the machine learning community, one

of the interpretations of the curse of dimensionality refers to this phenomenon: the

number of samples required to estimate a function accurately grows exponentially with

n [26, §1.4].

Common approaches to this problem include the quantisation of the state space

into a possibly non-uniform grid, where X is a distribution over the barycentric coor-

dinates of a simplicial complex obtained e.g. by triangulation, and linearisation, which

we mentioned at the beginning of the example and develop in chapter 4. Other approx-

imation methods include splines, hierarchical algorithms, memory-based methods, and

the restriction of the space of values to a family of parametrized functions [141, §4]. In

the context of reinforcement learning, we discuss gradient-based methods in chapter 5

(section 5.2.3).

3.5.3 Discrete-space Markov decision processes

Consider a Markov decision process with a discrete set of states X, discrete and finite

set of actions A, a transition Markov kernel f : X × A → ∆(X), expected payoff

function U : X × A → R and discount factor γ ∈ (0, 1). We can write the transition

function as conditional probabilities f(x′ | x, a).

We can convert this data into an optic ψ :
(
X⊗A
R

)
→

(
X
R

)
in the category

Optic(Mark,Conv) given by Mark acting on both itself and Conv. This optic

is given concretely by (X ⊗ A, g, g′) where g : X ⊗ A → X ⊗ A ⊗ X in Mark is

given by ∆X⊗A # (f ⊗ idX⊗A), and g′ : ∆(X ⊗ A) → [R,R] in Conv is defined by

g′(α)(r) = EU(α) + γr, where α ∈ ∆(X × A) is a joint distribution on states and

actions. Alternatively, we can note that the domain of g′ is free on the set X ⊗ A

(although it cannot be considered free on an object of Mark), and define it as the

linear extension of g′(x, a)(r) = U(x, a) + γr.
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With this setup, value improvement (π, V ) 7→ (π,B(π) #V ) yields the value function

V ′(x) = Ea∼π(x)[U(x, a) + γV (f(x, a))]

Alternating steps of value and policy improvement converge to the optimal policy π∗

and value function V ∗, which maximises the expected value of the policy:

V ∗
π∗(x0) = E

∞∑
i=0

γiU(xi, π∗(xi))

Example 3.5.5 (Gridworld, continued). In a proper MDP, transition functions can be

stochastic, and update steps have to take expectations over values: value improve-

ment maps (π, V ) 7→ (π,B(π) # V ) and policy improvement maps (π, V ) 7→ (x 7→

argmaxa∈A E(ψ # V )(x, a), V ). This model also accepts stochastic policy improvement

steps like ε-greedy, which is an ad hoc heuristic technique of balancing exploration and

exploitation in reinforcement learning [98, §2], a problem which is known in control

theory as the identification-control conflict.

3.6 Towards Q-learning

Consider a deterministic decision process corresponding to the optic ψ :
(
X×A
R

)
→(

X
R

)
. The dynamical system with state space AX ×Optic(Set)

((
X×A
R

)
, I
)

has ele-

ments (π, q) consisting of a state-action value function q : X×A→ R as in (3.6) rather

than a state-value function V : X → R.

We can define similar update steps

Value improvement: (π, q) 7→ (π, ψ # π # q)
Policy improvement: (π, q) 7→

(
x 7→ argmax

a∈A
q(x, a), q

)

These can also be fused into a single step:

State-action value iteration: (π, q) 7→
(
x 7→ argmax

a∈A
q(x, a), ψ # π # q) (3.24)
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Observe that the only difference with the regular value iteration (definition 3.3.2)

seen in section 3.5.1 is the flipped order of composition of the ψ optic with π, as we want

an element of Optic(Set)
((

X×A
R

)
,
(
X×A
R

))
to compose with q to represent a Bellman

operator RX×A → RX×A. Other than that, the convergence properties of both are the

same, as starting with a state value function v and performing value iteration steps

following (3.8) is equivalent to starting with a state-action value function q(x, a) = v(x)

and updating by (3.24). So one might wonder, what is the point of learning state-action

value functions X ×A→ R rather than state-value functions X → R?

The advantage of this variation is that it gives a way to approximate argmaxa∈A(ψ #
π # q)(x, a) without making any use of ψ, namely by instead using argmaxa∈A q(x, a).

This leads to an effective method known as Q-learning [166] for computing optimal

control policies even when the MDP is unknown, with only a single state transition

and payoff being sampled at each time-step. This is the essential difference between

dynamic programming and reinforcement learning. The above method, despite learning

a q-function, is not Q-learning because it makes use of ψ during value improvement.

This will be the topic of chapter 5, where we explore Q-learning and other RL algorithms

in the context of agent-environment interaction.

3.7 Other research avenues

In addition to the implementation of several families of MDPs illustrated in section 3.5,

the category theoretic perspective enables the practical development of a software li-

brary or embedded language for combinators for compositional MDP solutions, allowing

engineers to synthesize optimal control strategies for large-scale systems by linking ver-

ified or pre-solved modules using the bidirectional control flow strategies provided by

the data-accessor interpretation of lenses. Furthermore, the string diagrammatic syn-

tax can be leveraged to represent these processes formally and aid the implementation

process in particular domains of knowledge.
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Control Theory

4.1 Control for the category theorist

In engineering, control theory gives the mathematical foundation for the prediction and

regulation of the behaviour of dynamical systems in order to achieve certain outcomes,

often using feedback. Two cornerstones of modern control are the Linear Quadratic

Regulator (LQR) and the Kalman filter (KF), which represent control problems (e.g.

how to best navigate a physical environment using minimal energy) and estimation

problems (e.g. how to infer the state of a dynamical system from noisy observations)

respectively under concrete enough assumptions and conditions to allow an optimal

solution that is closed-form (see [4] for a detailed exposition).

Firstly, an assumption for both LQRs and KFs is that the dynamics of the system

or ‘plant’ in question are linear, i.e. that the state and control spaces have vector space

structure and that the next state is a linear function of the current state and control

input. Secondly, LQRs constraint the control law to be linear, and assume that the

cost functions that are to be minimized are quadratic functions of the state and control,

which penalize state deviations (i.e. how far the system is from its target) and control

effort (i.e. how much energy is used to correct the system). KFs assume that the noise

corruption of the observations are zero-mean Gaussian.

The celebrated Kalman duality [100] shows that these two problems are solved by
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the same equation, namely the (matrix) Riccati equation1: by assigning the variables of

an LQR problem to the Riccati equation, one obtains a map from states to controls that

minimises the overall energy. Conversely, assigning the variables of a KF problem to

the same Riccati equation determines the map from measurements to state estimations

that minimises the mean square error.

The Riccati equation connects moreover with our work so far, by being (informally)

the ‘linear-algebra version’ of the Bellman equation, which was presented as an optic

in chapter 3. Being at the heart of some algorithms used to solve LQRs, KFs and other

control problems, one might ask whether there is also a bidirectional composition of

these algorithms. This chapter is aimed at answering this question. It is tempting to

propose a candidate solution (if the Bellman equation is a morphism in Lens(Set),

surely the Riccati equation is a morphism in Lens(FVecR)!), but analysing why these

don’t work is often very hard without engaging with the existing literature on how

these algorithms came to be in the first place.

We thus take as a guiding example first the problem of computing optimal controls

for LQRs. Along our efforts to give a categorical account of the computation of these

optimal controls, we will see how developing the necessary notation leads us naturally to

certain (modest) results on time-varying systems. Specifically, we aim to show how the

Riccati equation emerges as a functorial construction in a category of linear systems,

and how the control-estimation duality is a functor that relates LQRs and Kalman

filters. Understanding LQRs as ‘analytical MDPs’, the value improvement and policy

improvement steps are going to be characterised here as constraint pullback and Schur

complements.

Our theoretical tools will centre around Grothendieck constructions, which we in-

troduced in section 2.3, and optimality as an order relation and quadratic forms, which

we will present throughout this chapter.
1The matrix version of the original ordinary differential equation by J.Riccati [134] was mostly tied

to the development of LQRs and KFs themselves.
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4.1.1 Related work

In the intersection of control theory and category theory, [61] gives a structural char-

acterisation of controllability, and [55] gives a comprehensive account of controllability

and observability of systems in a category of signal flow diagrams [30, 31, 29], a widely

used tool in control theory. Compared to their time-agnostic and (therefore inevitably)

time-invariant formalisation, our approach is motivated by two factors: (i) transient

regime behaviour, and (ii) closeness to the implementation of algorithms. This results

in an inherently discrete time and time-variant theory that couples the discretization

of time with a morphism’s source and target. Referring back to the argument in

section 1.1, composition in their categories is ‘relational’ whereas ours is ‘directional’—

their morphisms are (open) systems whereas ours are processes. We compare their

treatment of Kalman duality with ours in section 4.4.4.

Linear quadratic regulators are a particular case of model predictive control (MPC),

which has been formalized in a category of parametrised convex bifunctions [76]. Their

work focuses around the compositional specification of the problems—in a similar vein to

how we build Symop
+ Span—whose solution is then calculated by an external solver. Our

aim in this chapter however is to prove that the solutions to these control problems are

also compositional, by restricting to a case—linear dynamics, quadratic costs—where

the convexity of cost functions has an algebraic characterisation and the minimization

has an expression (the Riccati equation) which we are able to define as a functor to a

category of optimal solutions.

4.2 Quadratic forms over a vector space

For a set X, P(X) is the set of all subsets of X, which forms a complete lattice under

the inclusion order. Focusing on the join semilattice structure of P(X) with the empty

set ∅ as least element, let P : FinSet → Pos be the covariant powerset functor into

the category of posets and monotone functions.

Elements of P(X) are also functions X → 2, that is, predicates on X. As P is

covariant, given a function f : X → Y , P(f) maps P : 1 → P(X) to a predicate
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Q : 1→ P(Y ), defined as Q(y) = ∃x.f(x) = y ∧ P (x).

We introduce next a similar construction for vector spaces and linear maps, where

instead of subsets (predicates) we will have quadratic forms (cost functions). For V a

finite-dimensional vector space, the set Sym(V ) of quadratic forms contains functions

Q : V → R such that for all u,v ∈ V and all α ∈ R, Q(αv) = α2Q(v) and Q(u +

v) − Q(u) − Q(v) is bilinear. An element Q ∈ Sym(V ) for V ∼= Rn is determined by

n(n+ 1)/2 values in R corresponding to the upper diagonal entries of the matrix (4.1),

since the lower diagonal ones are determined by the corresponding transpose.

Q =



q11 q12 · · · q1n

q>
12 q22 · · · q2n
...

... . . . ...

q>
1n q>

2n · · · qnn


(4.1)

A functorial definition of this assignment is given next.

Definition 4.2.1. The symmetric square functor Sym : FVecR → FVecR maps objects

n : FVecR to n(n+1)
2 , which correspond to the number of independent components

that define a quadratic form, i.e. a symmetric bilinear form. On morphisms f : n →

m, Sym(f) = f(−)f> is a linear map Sym(n) → Sym(m) given by pre-composition

with the transpose2 and post-composition with f . Sym(f) preserves the vector space

structure on Rn that is defined by pointwise addition and scalar multiplication.

Similarly, a contravariant functor Symop : FVecop
R → FVecR is defined on mor-

phisms as Symop(f) = f>(−)f : Sym(m)→ Sym(n).

Remark 4.2.2. This ‘free’ definition of Sym is equivalent to its ‘concrete’ definition: all

elements of the set Sym(V ), i.e. symmetric bilinear forms Q over V ∼= Rn, are given

by generalized elements 1→ Sym(n) by means of the diagonal form Q =
∑n
i=1 λiqiq

>
i .

We emphasize that the image of a morphism under Sym is linear, because com-

position of linear maps is linear. Sym is different from the endomorphism functor
2We assume a dagger structure on FVeck in the form of transpose (−)> for k = R or complex

conjugation (−)∗ for k = C.
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End : FVec → FVec defined in ‘concrete terms’ on objects as V 7→ V ⊗ V ∗ and on

morphisms as sending linear h : V → W to linear h ⊗ h∗ : V ⊗ V ∗ → W ⊗W ∗, as

the map on objects in free terms is n 7→ n2. We illustrate the difference between Sym,

Symop and End in the next example.

Example 4.2.3. Consider f : 3 → 2 given by f(x, y, z) = (2x, y), or as a matrix2 0 0

0 1 0

 under suitable choice of bases for R3 and R2. The image of this morphism

under Sym, Symop and End is shown next:

• The map Sym(f) = f(−)f> : Sym(3) → Sym(2) is given by pre-composition

with f and post-composition with its transpose:


v11 v12 v13

v>
12 v22 v23

v>
13 v>

23 v33

 7→
2 0 0

0 1 0



v11 v12 v13

v>
12 v22 v23

v>
13 v>

23 v33




2 0

0 1

0 0

 =

4v11 2v12

2v>
12 v22



• The map Symop(f) = f>(−)f : Sym(2) → Sym(3) is given by pre-composition

with the transpose and post-composition with f :

v11 v12

v>
12 v22

 7→


2 0

0 1

0 0


v11 v12

v>
12 v22


2 0 0

0 1 0

 =


4v11 2v12 0

2v>
12 v22 0

0 0 0



• The domain (resp. codomain) of End(f) = f ⊗ f∗ are 32 (resp 22), which are

bigger than Sym(3) = 6 and Sym(2) = 3.

Notice that Sym(1) = 1. By remark 4.2.2, to pick a particular quadratic form out

of Sym(n) means to define a morphism Sym(1) → Sym(n). Keeping track of these

pointed objects leads to the following definition.

Definition 4.2.4. Let Sym• := Hom(Sym(1),Sym(−)) : FVec → FVec be a functor

that maps n to the vector space of all quadratic forms over Rn, which we denote with

a • subscript to denote these pointed objects. Let Symop
• : FVecop → FVec be is
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contravariant analogue. The category of elements El(Symop
• ) (recall section 2.3.1) has

as objects pairs (n,Q) of a vector space dimension n and a quadratic form Q in the

fibre over n. A morphism (n,Q) → (m,J) is a linear map f : Rn → Rm such that

f>Jf = Q.

Proposition 4.2.5. Sym is a lax monoidal functor (FVec,+, 0)→ (FVec,+, 0).

Proof. The laxator ∇ : Sym(n) + Sym(m)→ Sym(n+m) is given by ‘embedding into

a block diagonal matrix’:

Sym(n) + Sym(m)
λ−1
→ Sym(n) + 0 + 0 + Sym(m)

id ⊕!⊕!⊕id→ Sym(n) + (n×m>) + (n> ×m) + Sym(m)

∼= Sym(n+m)

Quadratic forms are classified by Sylvester’s law of inertia in terms of the number of

positive, zero and negative eigenvalues. Those with no negative eigenvalues are called

positive semi-definite forms (the ‘positive cone’), and those with no positive eigenvalues

are called negative semi-definite forms (the ‘negative cone’).

Remark 4.2.6 (The partial order on Sym(n)). Sym(n) has a partial order where for

X,Y : 1 → Sym(n), X ≤ Y if Y − X is positive semi-definite (Löwner order) [25],

i.e. ∀v ∈ Rn.v>(Y − X)v ≥ 0. Although other orders can be defined on Sym(n)

(like spectral order, i.e. the majorization of their eigenvalues in R+, which is weaker

[118, §9.L]), Our focus is on the Löwner order because it is compatible with its vector

space structure: it’s translation invariant (X+Z ≤ Y +Z) and respects positive scalar

multiplication (for c ∈ R+ and X ≤ Y , c · X ≤ c · Y ). In contrast, spectral order

for example is not translation invariant, as eigenvalues do not behave linearly under

arbitrary matrix addition: λi(X + Y ) 6= λi(X) + λi(Y ) (see Weyl’s inequality, e.g. in

[25, §III.2]).
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Proposition 4.2.7. The Löwner order on Sym(n) is total if and only if n ∈ {0, 1}. It

does not have least upper bounds.

Proof. The order on Sym(0) is trivial, while Sym(1) = 1 inherits the natural order of

positive reals. For Sym(2), two elements
(

1 0
0 1/2

)
and

(
1/2 0
0 1

)
are incomparable. The

identity matrix I is an upper bound for which there’s no strictly smaller upper bound,

whereas B = 1
2( 2.8 1

1 2.8 ) is another upper bound, yet B and I are incomparable. Thus,

the set
{(

1 0
0 1/2

)
,
(

1/2 0
0 1

)}
does not have a least upper bound in Sym(R2). Similar

counterexamples can be constructed for any dimension higher.

Example 4.2.8. The non-existence of least upper bounds between
(

1 0
0 1/2

)
and

(
1/2 0
0 1

)
can be illustrated in the context of control. Consider a vector space R2 whose two di-

mensions encode the state and the control spaces. The two square matrices encode cost

functions, and the partiality of the Löwner order means that these two cost functions

cannot be compared.

The Löwner order defines a poset structure on Hom(Sym(1), Sym(n)), and by en-

riching over Pos, the functor Sym• : FVec → Pos (cf. definition 4.2.4) assigns the

Löwner order on the homsets. Note that in definition 4.2.4, witnessing the vector space

structure on quadratic forms led to define Sym• : FVec→ FVec, while witnessing the

order structure on them changes the codomain to Pos. It turns out that for the Löwner

order, one can accommodate both the linear structure and the order structure, and we

can define Sym• : FVec → FVec≤ → Cat to the category FVec≤ defined below, as

shown later in proposition 4.2.10.

Definition 4.2.9. Let FVec≤
k be the concrete category of partially ordered finite-dim.

k-vectors and monotone3 linear maps.

For a linear map f : n → m, consider the following diagram of two vectors in Rn

3We use monotone as in order-preserving (that is, preserving the Löwner order), not in the sense of
operator monotone functions [114].
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and their corresponding image in Rm.

n

1

m

f

v

w

fv

fw

(4.2)

The poset structure makes Sym•(n) a thin category, in addition to its vector space

structure. Moreover, Sym• sends linear maps to monotone morphisms in FVec≤ that

preserve positive semi-definiteness, thus defining a functor into Cat.

Proposition 4.2.10. The functor Sym• : FVec→ Cat is well-defined.

Proof. The homset Sym•(n) = Hom(Sym(1),Sym(n)) of quadratic forms on n : FVec

forms a thin category where P → Q is non-empty iff P ≤ Q. Sym•(f) preserves positive

semi-definiteness: Assume that an object P : 1→ Sym(n) is positive semi-definite, i.e.

it satisfies ∀v ∈ Rn.v>Pv ≥ 0. Let Sym•(f)(P ) = Q. For any w ∈ Rm we can choose

v ∈ Rn such that v = f>w, and

w>Qw = w>(fPf>)w = (f>w)>P (f>w) = v>Pv ≥ 0

By linearity Sym•(f) preserves Löwner order too: given P ≤ Q, fPf> ≤ fQf>. This

defines a functor Sym•(n)→ Sym•(m).

The following diagram is the image of (4.2) under Sym, or alternatively, the image

of f : n→ m under Sym•.

Sym(n)

Sym(1)

Sym(m)

f

P

Q

fPf>

fQf>

≤
≤

By a similar proof, Symop
• is a functor FVecop → Cat that maps f : n → m to

f>(−)f : Sym•(m)→ Sym•(n).
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Restricting the functor Sym• to either the positive or negative cones weakens the

algebraic structure on the codomain to semimodule elements (elements of ‘modules over

semirings’).

Proposition 4.2.11. Let R+ be the semiring of positive reals, and SMod≤
R+

the concrete

category of partially ordered semimodule elements over R+ and monotone semimodule

homomorphisms. The mappings of a vector space to its positive semi-definite (resp.

negative semi-definite) forms define lax monoidal functors

Sym•+,Sym•− : (FVec,+, 0)→ (SMod≤
R+
,+, 0) (4.3)

Proof. Let F be either Sym•+ or Sym•−. F (n) has an additive commutative monoid

structure and scalar multiplication × : R+ × F (n) → F (n) inherited from the vector

space structure. Let f : n → m be a linear map, X,Y ∈ F (n) two quadratic forms,

and c ∈ R+. Ff : F (n)→ F (m) preserves addition and scalar multiplication by

Ff(X) + Ff(Y ) = fXf> + fY f> = f(X + Y )f> = (Ff)(X + Y )

c · Ff(X) = c · (fXf>) = f(cX)f>

Order is preserved as multiplication by an element of R+ is monotone, and lax monoidal-

ity is proved by the same argument as proposition 4.2.5. F (n) does not have a vector

space structure over R as the multiplication of a positive (resp. negative) semidefinite

form by a negative scalar is not positive (resp. negative) semidefinite.

The above defined functors Sym•+ and Symop
•+ are ‘quantitative versions’ of P and

Pop, in the sense that the functorial mapping of sets to their subsets embeds into the

functorial mapping of vector spaces to their positive semi-definite forms. Remark 4.2.15

will show why both the vector space structure and the partial order are necessary on

Sym•+ for our applications.

Definition 4.2.12. Let the functor F = Symop
•+ : FVecop → Cat be defined as in propo-

sition 4.2.11. The categories LensSymop
•+

, ChartSymop
•+

, LensSym•+ and ChartSym•+
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are defined analogously to their category of elements (definition 4.2.4) on objects. A

morphism (g,≤) : (n,Q)→ (m,J) in each of the four categories are as follows:

• In LensSymop
•+

, a linear map g : Rn → Rm such that g>Jg ≤ Q.

• In ChartSymop
•+

is a linear map g : Rn → Rm such that Q ≤ g>Jg.

• In LensSym•+ , a linear map g : Rn → Rm such that J ≤ gQg>.

• In ChartSym•+ is a linear map g : Rn → Rm such that gQg> ≤ J .

Proposition 4.2.13. The four categories in definition 4.2.12 are well-defined. LensSymop
•+
→

FVec and ChartSymop
•+
→ FVec are fibrations, and LensSym•+ → FVec and ChartSym•+ →

FVec are opfibrations.

Proof. Let us first show that LensSymop
•+

has cartesian morphisms for every g : n→ m in

FVec and (m,J ∈ Sym•+(m)). The preimage of (m,J) along g is the set g−1(m,J) :=

{(n,Q ∈ Sym•+(n)) | g>Jg ≤ Q}, which retains the preorder structure of Sym•+(n).

The pullback of (m,J) along g, which we will denote g](m,J), has a unique (vertical)

morphism from all elements of g−1(m,J). A vertical morphism (n,Q) → g](m,J)

(from any element (n,Q) ∈ g−1(m,J) of the preimage to the pullback) in LensSymop
•+

is given by Q̃ ≤ Q (note the contravariance), so the pullback is the least element of

g−1(m,J). Note that even though Löwner order does not have least upper bounds of

arbitrary subsets (proposition 4.2.7), the minimum operation is taken over elements

that are above g>Jg, and is thus the unique g>Jg itself.

To show that (g,≤) : (n,Q′)→ (m,J) where Q′ = min g−1(m,J) = g>Jg is indeed

cartesian, consider any morphism (gf,≤) : (l, P )→ (m,J). This is given by

P ≤ (gf)>J(gf) = f>(g>Jg)f = f>Q′f

The category Sym•+(l) is thin—a preorder—so the morphism (f,≤) : (l, P )→ (n,Q′)

given by f : Rl → Rn such that P ≤ f>Q′f is unique.

ChartSymop
•+

similarly has cartesian morphisms, where pullbacks are the greatest

upper bounds of g−1(m,J) := {(n,Q ∈ Sym•+(n)) | Q ≤ g>Jg}, again given by

(n, g>Jg).
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The proofs for LensSym•+ → FVec and ChartSym•+ → FVec are similar.

Note that injectivity of g is not necessary for LensSymop
•+

and ChartSymop
•+

to be well-

defined. This is possible because we define the maps in the fibres to consist of order

inequalities and not e.g. linear maps (semimodule homomorphisms) in Sym•+(n). We

illustrate this difference specifically for F-lenses by comparing with dependent lenses

(F-lenses for Slice : Cop → Cat [151, Example 3.5]) next. A morphism (f, f ]) : (c, p :

x → c) → (d, q : y → d) in LensSlice consists of f : c → d in C and f ] : f∗(y) → x in

C/c. f ] makes the following triangle commute by definition.

c×d y x

c

f]

(4.4)

In contrast, a morphism (f,≤) : (n,Q) → (m,J) in LensSymop
•+

is given by f :

n → m in FVec and ≤: f>Jf → Q in Sym•+(n) such that the following diagram

‘commutes’.
f>Jf Q

n

≤

(4.5)

If maps in Sym•+ were linear, the putative morphism f ] : f>Jf → Q requires f to

be injective. It should be noted however that while eq. (4.4) is a proper diagram in C,

eq. (4.5) is not a diagram in a particular category; the horizontal arrow is a morphism

in Sym•+(n) while the arrows pointing at n are the object components of the forgetful

functor to FVec.

The dissimilarity with the specialization of dependent lenses for open dynamical

systems [160, 126], [151, Example 3.6] follows a similar argument. By recognizing

the natural manifold structure on Sym•+(n) (as an open subset of the vector space

Sym(Rn) with its euclidean topology and dimension n(n + 1)/2), one might consider

Sym•+ : FVecop → Cat to be a specialization of Subm : Mfdop
≥1 → Cat. However, a

morphism (f, f ]) : (S, TS)→ (B,A×B) in LensSubm consists of a smooth f : S → B

and f ] : f∗(A×B)→ TS where the pullback f∗(A×B) simplifies to S ×A, such that
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the following triangle commutes:

S ×A TS

S

f]

This triangle can again be embedded in Mfd≥1, as f ] is a morphism between submer-

sions so in particular a differentiable map, and the submersion maps (pointing to S)

too.

Remark 4.2.14. The use of quadratic functions for costs—as opposed to general convex

functions for example— is motivated by several reasons. Firstly, the matrix expres-

sion the Hessian gives an algebraic characterisation of convexity via positive semi-

definiteness. Secondly, they allow an explicit solution method for several control and

optimization problems based on the fact that first order optimality conditions are lin-

ear with respect to state and control variables. Last but not least, even in cases where

cost functions are given by more involved smooth functions, the appearance in their

second-order Taylor expansion serves as a ‘canonical’ local approximation of smooth

functions. This modelling choice is consistent with standard practice in the literature

[36, 130].

4.2.1 Constraints as Lagrangians and pullbacks

Let (X,PX) and (Y, PY ) be two pairs of state spaces (vector spaces) and cost functions

(positive semi-definite forms over the spaces), and f : X → Y a linear map. A sin-

gle step of the delayed rewards or accumulated costs problem—specialized for linear

dynamics and quadratic costs—is the following optimization problem:

argmin
x∈X

J(x) = x>PXx + y>PY y (4.6)

s.t. y = f(x)

where the aggregated cost quantity J is another positive semi-definite form over X

called the cost-to-go or cumulative cost is calculated from the immediate costs PX and
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PY . The objective is to find a certain x ∈ X that minimizes the cumulative cost while

respecting the constraint y = f(x) imposed by the dynamics, and we informally refer

to the construction of such a cost-minimizing state as the optimal estimator.

We review first the Lagrangian approach used in linear algebra to solve this problem,

which can be found in any standard textbook [36, 74][130, Ch.17], and then we will

give an alternative ‘categorical’ solution method via LensSymop
+

, whose morphisms can

be thought of as selecting feasible, possibly non-optimal solutions (upper sets).

Lagrangian approach The minimization of J with respect to the constraints coincides

with the unconstrained minimization of its Lagrangian relaxation, i.e. a cost function

L defined as

L(x, λ, y) = J(x, y) + λ>(Ax− y) (4.7)

where we write A instead of f for the linear map. Because L is still a symmetric

positive semi-definite quadratic form (over X ⊕ R ⊕ Y , where R is the domain of

the Lagrange multiplier), its minimum is characterized by the first-order necessary

condition ∇L(x, λ, y) = 0. Each of the components defines an equation of the linear

system whose solution is the optimal (x, λ, y):

∂xL(x, λ, y) = 0

∂λL(x, λ, y) = 0

∂yL(x, λ, y) = 0


PX A>

A 0 −I

−I PY



x

λ

y

 =


0

0

0


The argmin operator is in general multi-valued, which in the context of vector spaces

means that it picks a subspace of X, and only in certain well-behaved situations picks

a single value. Because L is quadratic, ∇L is linearly dependent on (x, λ, y) and can

be expressed itself as a matrix as shown above. This allows to express the solution

subspace of X ⊕ R⊕ Y as

argmin
(x,λ,y)

{J(x) | y = f(x)} = ker(∇L)

One may observe two things from this toy example: By the banded structure of
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∇L, the computation of ker(∇L) via gaussian elimination requires limited pivoting

operations. Secondly, determining the optimal subspace of X requires computing the

optimal subspaces of R and Y . We address these two points in the next approach.

Pullback approach The pairs (X,PX) and (Y, PY ) define two objects (n, Pn) and

(m,Pm) of LensSymop
•+

with n = dimX and m = dim Y . The cartesian lift of f : n→ m

determines (n, f>Pmf). This object and (n, Pn) are in the same fibre Sym•+(n), whose

linear structure allows computing (n, Pn + f>Pmf). The kernel of Pn + f>Pmf is the

optimal subspace of Rn. Moreover, this circumvents the differentiation of L and the

introduction of Lagrange multipliers in the gaussian elimination algorithm.

πn ◦ ker(∇L) = ker(Pn + f>Pmf) (4.8)

Remark 4.2.15. It should be noted that both the partial order defining morphisms and

semimodule structure are necessary on Sym•+(n) because the pointwise addition P +Q

does not satisfy the universal property of coproducts (recall the non-existence of least

upper bounds from proposition 4.2.7). The pointwise addition on the right-hand side

of (4.8) cannot be expressed when only considering these cost matrices as elements of

a poset.

Theorem 4.2.16. El(Symop
•+) is the optimal estimator of quadratic costs over linear

systems.

Proof. The fibration
∫

Symop
•+ → FVec has a single cleavage, which given a linear map

f : n → m and a cost P ∈ Sym•+(m) picks f>Pf over n. The identity-on-objects

embedding ι : El(Symop
•+) ↪→

∫
Symop

•+ also picks f>Pf in the fibre, which corresponds

to the minimum cost-to-go.

When considering accumulated costs, we would like to apply the same ‘Grothendieck

construction’ to a base category of uncontrolled processes. For Pn + f>Pmf in (4.8) to

be the image of a morphism in SMod≤
R+

, note that the expression is linear in Pn and

Pm separately.
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Example 4.2.17. Consider a discrete linear dynamical process f : Rn → Rm embedded

in LinSpanR (proposition 2.5.8) as n === n
f−→ m. Given costs P ∈ Sym•+(n) and

Q ∈ Sym•+(m) associated to the current and future state spaces, the optimal cost-to-go

at n is given by the morphism f>Pf +Q ≤ J over the apex.

J

∫
Symop

+ Q f>Pf +Q P

FVecR n n m

p

≤

f

4.2.2 Linear spans and cospans decorated by quadratic costs

The category FVec and the functor Sym are special, insofar that the biproduct struc-

ture on FVec and the covariance of Sym•+ : FVec→ SMod≤
R+ (resp. contravariance

of Symop
•+ : FVecop → SMod≤

R+) allows to define both decorated cospans (defini-

tion 2.6.4) and decorated spans (definition 2.6.5) for them. We give an explicit con-

struction for their decorated span category in example 4.2.18.

Monoids (resp. comonoids) in the monoidal category (FVeck,+, 0) are k-algebras

(definition A.2.5) (resp. k-coalgebras). The canonical example of a structure-indexing

comonoid in FVecR is the R-algebra (1,∆), where ∆(∗) = (∗, ∗). Similarly, a natu-

ral choice for a structure-indexing comonoid in SMod≤
R+

is the base semiring R+ of

positive reals (i.e. the object 1) with the same ∆. Having the definition of PopSpan

(example 2.6.7) in mind, we define the category of decorated spans for the functor

Symop
+ next.

Example 4.2.18. The category Symop
+ Span of spans decorated by Symop

+ consists of

spans of linear maps n f← u
g→ m and structure elements Sym+(1) ∼= R+ → Sym+(u)

being a choice of positive semi-definite quadratic form over u.

Identity is given by n id← n
id→ n and zero quadratic form 0n : R+ → Sym+(n).

Remark 4.2.19. Discounting cannot be accounted for in the structure-indexing comonoid,

as the map x 7→ (x, γx) is not coassociative ((x, γ(x, γx)) : R⊕(R⊕R) 6= ((x, γx), γx) :
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(R⊕ R)⊕ R) nor counital.

4.2.3 Markov categories for the location-scale family

Definition 4.2.20. Let Gauss be the Markov category of Euclidean spaces and affine

functions with gaussian noise [67, §6]. That is, a morphism (f,Σ, µ) : n→ m in Gauss

consists of a linear map f : Rn → Rm, a covariance Σ : Sym+(Rm) and a mean µ : Rm

which define the conditional distribution Y : DRm with respect to X : DRn as

Y = fX + ξ

with E[ξ] = µ and Var[ξ] = Σ.

Gauss is an example of a Markov category, and is conjectured [67] not to arise as

a Kleisli category of a monad. We will assume that euclidean spaces carry appropriate

σ-algebras when taking measures on them. Recall that for a lax monoidal functor

F : C → Set, El(F ) is monoidal [145, 123]. For Hom(I,−) : Gauss → Set, the

category El(Hom(I,−)) ∼= Gauss• of pointed gaussian distributions attaches to each

euclidean space Rn an associated distribution as a generalized element (0, C, s) : I → n.

There is a strong monoidal functor Gauss → EucAff to the category of euclidean

spaces and affine linear functions [67]. We will explore how this functor relates to the

opfibration ChartSym+ → FVecR (proposition 4.2.13), and explore similar opfibrations

for a wider family of distributions that are closed under pushforward of measures along

affine transformations. We start by looking at their definition for the single-variable

case.

Definition 4.2.21 (cf. [44, §3.5]). Let f : DR be a probability distribution over the

reals. For any location parameter −∞ < µ < ∞ and any scale parameter σ > 0, the

univariate location-scale family is the family of probability distributions generated by

1
σ
f

(
x− µ
σ

)
(4.9)

The location-scale family generated from many common distributions is functionally
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closed, i.e. their parametrisation retains the functional form. This means that we can

characterise these distributions by their parameters, and that the distribution (4.9) can

be interpreted as a conditional distribution with respect to a standard distribution, and

we may type f : 1→ 1 in an appropriate category LSD of Euclidean spaces and certain

probability kernels to be specified. The location-scale family then defines the homset

LSD(1, 1).

For this category to be well-defined, morphisms should parametrise Markov kernels

whose Chapman-Kolmogorov composition must be in the family, or in other words, the

family needs to be closed under compound distributions (in the sense of mixture models,

not compound Poisson distributions). Our focus is on the location-scale family, rather

than other families encompassing gaussian kernels (such as the exponential family).

This restriction is motivated by the requirement that, for the associated category to be

opfibered over EucAff , distributions have to be represented by (hyper)parameters that

transform under affine maps in a compatible way. Some examples in the location-scale

family are univariate gaussians, uniform distributions and Student’s t-distributions.

Example 4.2.22 (Uniform distributions over a closed interval). The standard uniform

distribution over R is given by the probability density function

f(x) =


1
2 −1 ≤ x ≤ 1

0 otherwise

The family LSUnif(1, 1) consists of all uniform distributions over R, characterised by

the mean and width (µ,w) : R× R+, given by

f(x) =


1

2w µ− w ≤ x ≤ µ+ w

0 otherwise

Example 4.2.23 (Student’s t-distributions). Let ν be a fixed positive integer. The
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standard Student’s t-distribution over R is given by the probability density function

fν(x) =
Γ
(
ν+1

2

)
√
πνΓ

(
ν
2
) (1 + x2

ν

)−(ν+1)/2

where Γ is the gamma function. This includes Cauchy and normal distributions as

special cases for ν = 1 and ν →∞ respectively.

A multivariate definition of the location-scale family (over Rn for a fixed n) can be

given by appropriate parameters (µ,Σ) : 1 → n × Sym+(n), which gives us homs into

n. The resulting category of kernels in the location-scale family will result in the same

data as Gauss, but their morphisms will be interpreted as different distributions.

Definition 4.2.24. Let D be a distribution in the location-scale family closed under

compound distributions. In the category LSD of Euclidean spaces and conditional

D distributions, objects are in the comonoid (N,∆). A morphism (f,Σ, µ) : n → m

consists of a linear map f : Rn → Rm, a scale parameter Σ : Sym(1)→ Sym(m) and a

location parameter µ : 1→ m.

The mean and variance of a gaussian distribution coincide with the location and

scale parameters of LSN , so there is an equivalence LSN ∼= Gauss. However, these

parameters may encode different information; in example 4.2.22, the scale parameter

encodes the bounds or support of the distribution. The aim of LSD is thus to define a

synthetic version of the category of gaussian preserving transformations DFNµ [144].

Proposition 4.2.25. Let D be a distribution in the location-scale family. Pushforward

of measures along affine functions are still in D.

Proposition 4.2.26. Let Gauss• → EucAff be the strong monoidal functor given by

(f,Σ, µ)→ (f, µ) (cf. [67]). This functor is an opfibration.

Proof. Let (f, a) : n→ m be an affine function that maps x : Rn to (f, a)(x) := fx+ a

in Rm, i.e. a morphism in EucAff . Let X : DRn be a covariance matrix over n. This

characterises the equivalence class of all gaussian distributions over n quotiented by

their mean. The cartesian lift of (f, a) is given by the Markov kernel (f, 0, a) : n→ m
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in Gauss which corresponds to adding a Dirac distribution Y = fX + ξ with E[ξ] = a

and Var[ξ] = 0 the zero variance matrix.

The indexed category is a functor

N : EucAff → Pos ↪→ Cat (4.10)

(cf. example 2.3.5) of pointed gaussian distributions. N maps n : EucAff to the space

N (n) := Sym+(n) of covariance matrices with Löwner order, and (f, a) : n→ m to the

(degenerately monotone) N (f, a) := const0 : Sym+(n) → Sym+(m) that maps every

covariance over Rn to the bottom element of Sym+(m), the zero variance matrix. A

morphism in Gauss =
∫
N from (n : EucAff ,Θ : N (n)) to (m : EucAff ,Σ : N (m))

consists of an affine function (f, a) : n→ m such that N (f, a)(Θ)→ Σ in N (m), which

exists as N (f, a)(Θ) = 0 ≤ Σ. This is equivalent to the gaussian kernel (f,Σ, a) : n→

m.

4.3 Controlled dynamical systems

In the classical control literature [102], defining a dynamical system begins by fixing

a single state space X ∼= Rn, over which the discrete dynamics are a set of N-indexed

maps called the flow or transition matrices {A(t)}t∈N from the space X to itself such

that A(t + s) = A(t)A(s). This forms a semigroup homomorphism N → End(n),

where the monoid identity is not commonly enforced. Controlled dynamical systems

are represented via SSMs (example 2.5.11), and are said to be either open-loop and

closed-loop. Open-loop systems refer to those whose control does not depend on the

current state. For example, those with a desired output that do not get any observation

of the real state, whose state space equations are given by

x′ = Ax +Bu (4.11)

for linear maps A : X → X, B : U → X and elements x, x′ ∈ X and u ∈ U . Closed-loop

systems on the other hand consist of controls that depend on the systems state. Their
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control laws are thus maps K : X → U from a state space to a control space, and their

state space equations are given by

x′ = Ax +Bu

u = Kx
(4.12)

Our approach differs from this semigroup approach by treating discrete linear dy-

namical systems as linear maps A : X → Y between potentially different state spaces,

and relying on the structure of the category FVec to cover the monoid formalisation

as the case of endomorphisms over a fixed object X.

There are several formalisations of the concept of N-indexed maps, including arrow

categories (categories indexed by the interval category, which consists of two objects

and one nontrivial morphism between them I = {0→ 1}), categories indexed by a finite

total order N = {0→ 1→ · · · → N} or by the delooping of a monoid (definition A.1.2),

and path categories of a quiver [165].

We choose an N -indexed category of processes to model linear time-variant systems,

where not only the dynamics A(t) depend on time, but the state spaces X(t) themselves

too. We generally refer to processes as morphisms and systems as indexed collections

of (composable) processes.

Remark 4.3.1. In general, the action space at each time step U might depend on the

state itself. Environment-based constraints are an example of this (see example 4.3.3).

We say that the space of actions is a vector bundle fibred over the space of states,

under appropriate smoothness of transition functions. However, capturing this bundle

projection p : U → X as a morphism requires the ambient category to be Top. For the

sake of concreteness, we focus on the trivial bundle πn : X ⊕ U → X, which continues

to be a morphism πn : n+ u→ n in FVeck.

Definition 4.3.2 (Open-loop process). An open-loop process in a category C is a span

X ← U → Y , with the left leg being a bundle projection and the right leg being the

map f : U → Y which encode the dynamics. An identity open-loop process corresponds

to the identity in Span(C): X id← X
id→ X.
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Example 4.3.3. Consider the gridworld example from section 3.3.2, where an agent

moves in the four cardinal directions. The constraint imposed by walls preventing to

advance at certain points in the state space is captured by an action space bundled over

the state space in a non-trivial way; the set of actions in the corner states have two

elements, three elements in the wall segments and four in any middle state, defining an

open-loop process X πX←
∑
x:X A(x) → Y whose left leg is the projection of the state

from the dependent sum of state-action pairs.

Example 4.3.4 (Linear open-loop process). A linear open-loop process is an open-loop

process n ← n + u → m in LinSpanR. The control does not depend on the values of

the state, i.e. u is a constant type family over n, the apex is the (bi)product n+u, and

the dynamics are a pair (A,B) of linear maps A : Rn → Rm and B : Ru → Rm as in

(4.11).

Definition 4.3.5. A (finite) discrete linear time-variant system (LTV) is an N -indexing

of Para+(FVec). Concretely, this is a sequence of composable controllable processes

{(Ui, Ai, Bi) : Xi → Xi+1}Ni=0 with state spaces Xi, control spaces Ui and dynamics

given by xi+1 = Aixi +Biui.

An LTV is controllable when the controllability Gramian is non-singular.

Definition 4.3.6. The controllability Gramian of an LTV {(Ui, Ai, Bi)}Ni=0 is the N ×N

square matrix whose (i, j) entry for 0 ≤ i < j ≤ N is given by

C(i, j) =
j∑
k=i

φ(j, k)BkB>
k φ

>(j, k)

where φ(j, k) = Ak ◦Ak−1 ◦ · · ·Aj .

In time-invariant systems, where Xi, Ui, Ai, Bi are constant for all i, C(i, j) is in-

ductively defined both in j (starting at i, forwards) and i (starting at j, backwards).

However, in LTVs the time dependence on Ai and Bi makes only the second property

hold. For the last time step C(j, j) = BjB
>
j , and for i < j,

C(i, j) = C(i+ 1, j) + φ(j, i)BiB>
i φ

>(j, i)
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Definition 4.3.7 (Closed-loop process). A closed-loop process or state-space model with

feedback is an open-loop process n ← u → m with a choice of section or right-inverse

K : n→ u of the left leg of the span. This section is called the control law.

Proposition 4.3.8. There’s a forgetful functor from linear closed-loop systems to FVec

that maps closed-loop processes n
〈I,K〉
⇄
πn

n+ u
f→ m to linear maps

f ◦ 〈I,K〉 : n→ m (4.13)

Proof. The identity linear closed-loop process X
〈I,!〉
⇄
πn

n+0 I→ n is sent to I ◦〈I, !〉 = idn.

Two linear closed-loop processes compose via pullback as

n+ u+ v

n+ u m+ v

n m o

πn+u
f+Iv

⌟〈I,K′〉

πn
f

πm

g
〈I,K〉 〈I,K′〉

Its image under the functor is the linear map g ◦ (f + Iv) ◦ 〈I,K ′f〉 ◦ 〈I,K〉 : n→ o

is the composition of f ◦ 〈I,K〉 : n → m with g ◦ 〈I,K ′〉 : m → o, as shown in the

following string diagrams in (FVec,+, 0) (see section 2.4):

K
f

K ′
g

n

u v

m
o

∼=
K

f

K ′
g

n

u v

o

f

m

m

4.4 Linear quadratic regulators

A discrete linear quadratic regulator (LQR) is a dynamical system where the state

and control at each step k have an associated immediate cost defined by a quadratic
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function `k : Xk ⊕Uk → R, given by a matrix Sk and two positive definite matrices Qk
and Rk:

`k(xk,uk) = x>
k Qkxk + u>

k Rkuk + x>
k Skuk + u>

k S
>
k xk =

[
x>
k u>

k

] Qk Sk

S>
k Rk


xk

uk


The typical optimization problem to be solved is the search of a control law Kk that

transforms the open-loop system to a closed-loop system that minimizes a cumulative

cost quantity J ∈ Sym+(X) (cf. (4.6))

J(x0) =


N∑
k=0

`(xk,uk)

∣∣∣∣∣∣∣
xk+1 = Akxk +Bkuk

uk+1 = Kkxk

 (4.14)

up to some step N : N. It is the archetypal problem studied in the field of optimal

control theory, and can be found in any introductory textbook [66, Ch.9][154, Ch.3][4].

The search for a minimum cost J is a global optimization problem, meaning that

it depends on the whole trajectory X⊕N ⊕ U⊕N and the actions taken at each step

Kk : Xk → Uk+1. However, the quadratic nature of the cost allows to decompose it via

various methods to the sum of independent local problems. One of the methods is the

Riccati equation, which solves for the optimal Pk (which determines Jk(x) = x>Pkx)

via the expression4:

Pk = Q+A>Pk+1A− (S> +A>Pk+1B)(R+B>Pk+1B)−1(S +B>Pk+1A) (4.15)

Before we characterise this equation in section 4.4.1, we first need a language to talk

about cost functions on dynamical systems, and their composition, which is going to

be the category Symop
+ Span.

Example 4.4.1. Consider two steps of an LQR problem, defined by dynamics f : n +

u → m, g : m + v → o and associated quadratic costs Pn+u : Sym•+(n + u) and

Pm+v : Sym•+(m+ v). These define two composable morphisms n πn← n+ u
f→ m with

structure element Pn+u : 1→ Sym+(n+u) and m πm← m+v g→ o with structure element
4The derivation of this equation can be found in section A.2.1
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Pm+v : 1→ Sym+(m+ v) in Symop
+ Span. Their composition is given by the pullback

n+ u+ v

n+ u m+ v

n m o

πn+u f+Iv⌟

πn f πm g

Because we are working with spans whose left legs are projections, the expression of the

apex, calculated by the graph of f (definition A.1.3), simplifies to gr(f)+v ∼= n+u+v.

The structure element Pgr(f)+v : 1→ Sym+(gr(f) + v) is given by

Pn+u+v : 1 λ−1
−−→ 1 + 1

Pn+u+Pm+v−−−−−−−−→ Sym+(n+ u) + Sym+(m+ v)
∇n+u,m+v−−−−−−→ Sym+(n+ u+m+ v)

Sym+[πn+u,f+1v ]
−−−−−−−−−−−→ Sym+(n+ u+ v)

which encodes the addition of both cost functions under the constraint of dynamics. In

a more traditional notation, this reads: For all vectors x ∈ X ∼= Rn,u ∈ U ∼= Ru,v ∈

V ∼= Rv,

Pn+u+v(x,u,v) = Pn+u(x,u) + Pm+v(f(x,u),v)

and point-free:

Pn+u+v = (πn+u)>Pn+uπn+u + (f + 1v)>Pm+v(f + 1v) (4.16)

Following section 4.2.1, this composition of Pn+u and Pm+v specifies a cost function

on the space Rn ⊕ Ru ⊕ Rv, which consists of the state and control spaces Rn ⊕ Ru,

the control space Rv but only the subspace of Rm in the image of the dynamics f . An

explicit matrix representation for Pn+u+v will be shown in theorem 4.4.3.

On the other hand, even though the weighted para construction composes quadratic

costs (as ‘weights’) via the appropriate laxator, it cannot express quadratic costs Pn+u

over n+ u, only Pn : F ◦ Sym•+(n) as a set (after the forgetful F : SModR+ → Set).
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4.4.1 Compositional Riccati equations

At the end of section 4.2, theorem 4.2.16 showed how El(Symop
•+) picks optimal esti-

mations of non-cumulative costs in
∫

Sym•+ for uncontrolled linear dynamics. Exam-

ple 4.2.17 gave a category where accumulated costs can be compared. The formalisation

of open-loop systems as LinSpanR morphisms and costs as their decorations gives us

the necessary machinery to talk about the optimal estimation of accumulated costs.

Lemma 4.4.2. The Riccati difference equation (RDE) (4.15) defines a smooth (non-

linear) operator Sym+(m)→ Sym+(n) when R is positive definite.

Proof. The set Sym•(n) is smooth manifold that is globally diffeomorphic to Rn(n+1)/2.

The space Sym•+(n) is an open subset of Sym•(n), thus also a smooth manifold. We

have to show that the following expression is smooth in Pm ∈ Sym•+(m).

Q+A>PmA− (S> +A>PmB)(R+B>PmB)−1(S +B>PmA) (4.17)

Q + A>PmA is affine in Pm. Pm is positive semi-definite so (R + B>PmB) is strictly

invertible when R is positive definite. Sums and products of smooth terms are smooth.

To better understand the matrix expression of the Riccati equation, it is useful to

separate its derivation into two distinct steps:

• Constraint pullback: Given immediate state-action costs Pn+u, future state costs

Pm and dynamics f : Rn ⊕ Ru → Rm, we can give explicit expressions for their

block matrix decompositions. By the universal properties of the biproduct in

(FVec,+, 0), let πu : n+u→ u, πn : n+u→ n, ιu : u→ n+u and ιn : n→ n+u

be the projection and injection maps for control and state spaces.

The block matrices Pn+u =
(
Q S

S> R

)
and f = (A B ) are given by

Q := πn ◦ Pn+u ◦ ιn A := f ◦ ιn

S := πn ◦ Pn+u ◦ ιu B := f ◦ ιu

R := πu ◦ Pn+u ◦ ιu

(4.18)
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which satisfy f(x,u) = Ax + Bu and (x,u)>Pn+u(x,u) = x>Qx + x>Su +

u>S>x + u>Ru. Note that by Pn+u being symmetric, (πn ◦ Pn+u ◦ ιu)> =

(ιu)> ◦ P>
n+u ◦ (πn)> = πu ◦ Pn+u ◦ ιn, thus S> is well-defined.

Following section 4.2.1, we compute the cumulative current costs (which we will

denote P ∗
n+u to differentiate it from the immediate costs Pn+u) as:

P ∗
n+u = Pn+u + f>Pmf =

 Q+A>PmA S +A>PmB

S> +B>PmA R+B>PmB

 (4.19)

• Schur complement: The optimal current state cost is given by the Schur comple-

ment (definition A.2.2) of the cost associated to the control space Ru in P ∗
n+u

P ∗
n = P ∗

n+u/(R+B>PmB) (4.20)

The theorem presented next shows that the Riccati equation picks the optimal cost

of the control problem, just like El(Symop
•+) picked the optimal cost for a non-controlled

system in theorem 4.2.16. However, because the Schur complement step is not a linear

but smooth expression of P (lemma 4.4.2), our target category is not FVecR. For

now, we choose to track cost functions (elements of the object Sym+(n)) as quadratic

forms with vector space structure, so we define the codomain category to consist of

(pointed) euclidean spaces and smooth maps. If we insisted to also retain their positive

semi-definiteness, the category Smooth• would not be enough, as an object n(n+1)/2

only generates freely a space Rn(n+1)/2 ∼= Sym(n) and the subspace Sym+(n) can only

be characterised as an object of Mfd∞.

Theorem 4.4.3. The Riccati difference equation defines a functor RD : (Symop
+ Span)op →

Smooth•, that sends objects n to optimal cost functions5 RD(n) = (n(n + 1)/2, P ∗
n)

and decorated spans (πn, f, Pn+u) : n → m to the smooth operator RD(πn, f, Pn+u)

given by (4.17).
5Recall the dimension of the space of positive semi-definite matrices Sym+(n) is n(n + 1)/2. This

natural number is the object in Smooth.
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Proof. Let (πn, f, Pn+u) : n← n+u→ m be a morphism in Symop
+ Span. RD(πn, f, Pn+u)

is given by (4.17) where Q,R, S,A,B are calculated via the block matrix decomposi-

tions (4.18). By lemma 4.4.2, RD(πn, f, Pn+u) is a morphism in Smooth, and by

proposition A.2.7 it is a morphism in Smooth• that given a point in Sym+(m), picks

an optimal point in Sym+(n).

The functoriality is proven by two preservation properties:

• Preservation of identity: Let (idn, idn, 0n) be the identity morphism on n in

Symop
+ Span. The control space is the zero-dimensional space U = R0, and the

zero cost function 0n is defined over n+ 0 = n.

RD(idn, idn, 0n)(Pn) = 0n + id>
n Pn idn = Pn (4.21)

• Compositionality: Let (πn, f, Pn+u) : n → m and (πm, g, Pm+v) : m → o, and

denote their composition as (πn, g ◦ (f + 1v), Pn+u+v) : n→ o. We need to show

that the diagram (4.22)—following notation 2.6.6 composes to (4.23). In this

diagram, the pullback symbol denotes the constraint pullback step (4.19) and

Schur denotes the Schur complement step (4.20).

Smooth• P ∗
n P ∗

n+u P ∗
m P ∗

m+v Po

Symop
+ Span Pn+u Pm+v

FVecR n n+ u m m+ v o

Schur

⌟

Schur

⌟

πn f πm g

(4.22)

Smooth• P ∗
n P ∗

n+u+v Po

Symop
+ Span Pn+u+v

FVecR n n+ u+ v o

Schur

⌟

πn g◦(f+1v)

(4.23)
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Equationally, this consists of showing the equality of matrix expressions

RD(πn, f, Pn+u)◦RD(πm, g, Pm+v)(Po) = RD(πn, g◦(f+1v), Pn+u+v)(Po) (4.24)

This is proved pointwise for all Po : Sym∗
+(o) next. Let Pn+u =

(
Q S

S> R

)
and

Pm+v =
(
Q′ S′

S′> R′

)
. We expand the expressions of each side of the equation and

show their equality.

LHS: Given Po : Sym•+(o), the computation of P ∗
n via the left hand side of (4.24)

following (4.22) goes by substituting P ∗
m = RD(πm, g, Pmv )(Po) into the argument

of RD(πn, f, Pn+u):

P ∗
m = Q′ +A′>P ∗

oA
′ − (S′> +A′>P ∗

oB
′)(R′ +B′>P ∗

oB
′)−1(S′ +B′>P ∗

oA
′)

P ∗
n = Q+A>P ∗

mA− (S> +A>P ∗
mB)(R+B>P ∗

mB)1(S +B>P ∗
mA) (4.25)

= Q+A>Q′A+A>A′>PoA
′A

−A>(S′> +A′>PoB
′)(R′ +B′>PoB

′)−1(S′ +B′>PoA
′)A

− (S> +A>Q′B +A>A′>PoA
′B −A>(S′> +A′>PoB

′)(R′ +B′>PoB
′)−1(S′ +B′>PoA

′)B)

· (R+B>Q′B +B>A′>PoA
′B −B>(S′> +A′>P ∗

oB
′)(R′ +B′>P ∗

oB
′)−1(S′ +B′>P ∗

oA
′)B)−1

· (S +B>Q′A+B>A′>PoA
′A−B>(S′> +A′>P ∗

oB
′)(R′ +B′>P ∗

oB
′)−1(S′ +B′>P ∗

oA
′)A)

RHS: The matrix representation of Pn+u+v composed as in (4.16) under a basis

of Rn ⊕ Ru ⊕ Rv is given by

Pn+u+v = (πn+u)>Pn+uπn+u + (f + 1v)>Pm+v(f + 1v)

=


I 0

0 I

0 0


 Q S

S> R


I 0 0

0 I 0

+


A> 0

B> 0

0 I


 Q′ S′

S′> R′


A B 0

0 0 I



=


Q+A>Q′A S +A>Q′B A>S′

S> +B>Q′A R+B>Q′B B>S′

S′>A S′>B R′


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Now we calculate RD(πn, g ◦ (f + 1v), Pn+u+v)(Po) following (4.23) in two steps:

Firstly, the cumulative costs over n+ u+ v via constraint pullback:

P ∗
n+u+v = Pn+u+v + (g ◦ (f + 1v))>Po(g ◦ (f + 1v))

=


Q+A>Q′A S +A>Q′B A>S′

S> +B>Q′A R+B>Q′B B>S′

S′>A S′>B R′

+


A>A′>

B>A′>

B′>

Po
[
A′A A′B B′

]

=


Q+A>Q′A+A>A′>PoA

′A S +A>Q′B +A>A′>PoA
′B A>S′ +A>A′>PoB

′

S> +B>Q′A+B>A′>PoA
′A R+B>Q′BB>A′>PoA

′B B>S′ +A>A′>PoB
′

S′>A+B′>PoA
′A S′>B +B′>PoA

′B R′ +B′>PoB
′



Secondly, P ∗
n is given by the Schur complement of the lower left 2× 2 block. By

lemma A.2.4, the equality with (4.25) is immediate:

P ∗
n = P ∗

n+u+v/
(
R+B>Q′BB>A′>PoA′B B>S′+A>A′>PoB′

S′>B+B′>PoA′B R′+B′>PoB′

)
= Q+A>Q′A+A>A′>PoA

′A

− (S> +A>Q′B +A>A′>PoA
′B − (A>S′> +A>A′>PoB

′)(R′ +B′>PoB
′)−1(S′B +B′>PoA

′B))

· (R+B>Q′B +B>A′>PoA
′B − (B>S′> +B>A′>P ∗

oB
′)(R′ +B′>P ∗

oB
′)−1(S′B +B′>P ∗

oA
′B))−1

· (S +B>Q′A+B>A′>PoA
′A− (B>S′> +B>A′>P ∗

oB
′)(R′ +B′>P ∗

oB
′)−1(S′A+B′>P ∗

oA
′A))

− (A>S′> +A>A′>PoB
′)(R′ +B′>PoB

′)−1(S′A+B′>PoA
′A)

4.4.2 The extended Kalman filter

A similar functor can be defined for optimal estimation of observed processes, in par-

ticular, the Kalman filter (KF) for linear systems. Let Rn and Ru be fixed state and

observation spaces. From a linear observed process f : n → n + u given by matrices
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A : n→ n and C : n→ u, KF computes the optimal correction from observations in Ru

to transform prior estimations of the state in Rn to posterior estimations such that the

estimation covariance is minimal. The estimation covariance Σk+1|k+1 is a symmetric

positive semi-definite matrix that characterises the Gaussian distribution of the error

between the estimation and the true state. We subscript it with k + 1|k + 1 to clarify

that it is the error for step k + 1 given estimations up to step k + 1. A derivation of

the Kalman filter algorithm and the optimal estimation covariance Σ∗
k+1|k+1 is given in

the appendix (section A.2.2).

The extended Kalman filter (EKF) [94, 119] adapts this algorithm to non-linear

models x′ = f(k,x), y = g(k,x) by a time-variant linearisation

xk+1 = Akxk + wk

yk = Ckxk + vk

(4.26)

where the linear maps are given by Ak = ∂xf(k,x)|x=x̂k
and Ck = ∂xg(k,x)|x=x̂k

and wk and vk are zero-mean gaussian noise with covariances E[wkw
>
k ] = W and

E[vkv>
k ] = V . A time-variant observed process (recall section 2.5.2) will be a linear

cospan n f→ m+u
ιm← m, whose left leg f consists of the dynamics map A : n→ m and

the observation map C : n→ u. The right leg ιm : m→ m+u is simply the inclusion of

the next state into the apex. This linear cospan holds the deterministic fragment of the

system (4.26), while we choose to hold the noise covariance data as a Sym+-decoration

Σm+u :=
(
W 0
0 V

)
on the apex m+u of the morphism. The derivation of the optimal gain

matrix (the Kalman gain) resulting in the optimal (that is, minimal) variance Σ∗
k+1|k+1

is given by solving the same Riccati equation as LQRs. The relation between Kalman

filters and LQRs later will be discussed in section 4.4.4. We give next the definition

of the Riccati matrix difference functor for estimation, which we denote with the same

label RD.

Definition 4.4.4. Let RD : Sym+ Cospan → Smooth• be the covariant functor that

sends objects n to estimation covariances RD(n) = (n(n + 1)/2,Σ∗
n) and decorated

cospans (f, ιm,Σm+u) : n → m with f =
(
A
C

)
and Σm+u =

(
W 0
0 V

)
to the smooth
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operator RD(f, ιm,Σm+u) given by

Σn 7→ AΣnA
> +W − (AΣnA

> +W )C>(C(AΣnA
> +W )C> + V )−1C(AΣnA

> +W )

(4.27)

Theorem 4.4.5. The functor RD is well-defined and computes the extended Kalman filter,

that is, the optimal estimation of states of a linearised observed dynamical system.

Proof. Let Σn be an initial covariance matrix, and Σm+u =
(
W 0
0 V

)
the covariance asso-

ciated to the zero-mean gaussian noise in (4.26). Let f =
(
A
C

)
denote the deterministic

component of the dynamics.

Smooth• Σn Σ∗
m+u Σ∗

m

Sym+ Cospan Σm+u

FVecR n m+ u m

Schur

⌟

f ιm

(4.28)

The cumulative covariance Σ∗
m+u is given by:

Σ∗
m+u =

 W +AΣnA
> (AΣnA

> +W )C>

C(AΣnA
> +W ) V + C(AΣnA

> +W )C>


The Schur complement step computes:

Σ∗
m = Σ∗

m+u/(V + CΣnC
>)

= W +AΣnA
> − (AΣnA

> +W )C>(V + C(AΣnA
> +W )C>)−1C(AΣnA

> +W )

which results in (4.27). Compositionality and preservation of identity is proved analo-

gously to theorem 4.4.3.

4.4.3 The LTI monoid

Having shown the compositionality of Riccati differences for time-variant systems, their

time-invariant (LTI) case falls out of the restriction of RD to the monoid of decorated
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spans over a fixed state space. The fixpoint of the (endomorphic) Riccati difference

equation is known as the discrete algebraic Riccati equation (definition A.2.9).

Definition 4.4.6 (Riccati evolution map [51]). Let n : FVecR be a fixed vector space Rn,

A : n→ n a square matrix representing a time-invariant system, and G,H ∈ Sym•+(n)

two immediate cost matrices. The forward and backward evolution maps are:

Φ : Sym+(n)→ Sym+(n) Φ̂ : Sym+(n)→ Sym+(n) (4.29)

P 7→ A(I + PH)−1PA> +G P 7→ A>(I + PG)−1PA+H

Lemma 4.4.7. The Riccati evolution map Φ defines the forward Riccati evolution semi-

group {Φk} ⊆ End(Sym+(n)) whose elements consist of k times iterated composition

of Φ. The semigroup operation is operator composition.

Although seldom mentioned in semigroup theory, {Φk} is a (noncommutative)

monoid with the identity operator as the neutral element Φ0 := idSym+(n), so we will

talk about the forward Riccati evolution monoid. The operator idSym+(n) should not be

confused with the identity matrix I in Sym•+(n). Similarly, Φ̂ defines the backward Ric-

cati evolution monoid. The following corollaries to theorem 4.4.3 (resp. theorem 4.4.5)

show how we can generalize Riccati monoids to ‘Riccati categories’.

Corollary 4.4.8. The backward Riccati evolution map (4.29) is the image of endomor-

phisms in Symop
+ Span with zero state-control costs S = 0 under RD.

Proof. Let (πn, f, Pn+u) : n← n+ u→ n be an endomorphism in Symop
+ Span. Given

the same decomposition of f and Pn+u into (A,B,Q, S,R) as (4.18), we have S = 0 by

assumption. Then

RD(πn, f, Pn+u)(Pm)

= Q+A>PmA− (S> +A>PmB)(R+B>PmB)−1(S +B>PmA)

= A>Pm(I +GPm)−1A+Q (with G = BR−1B> by proposition A.2.10)

= A>(I + PmG)−1PmA+Q

= Φ̂(Pm) (with H = Q)
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The second to last equality is given by transposing the first term, and noting that

for symmetric positive semi-definite Pm and G we have the equality (I + PmG)−1 =

(I +GPm)−1.

Corollary 4.4.9. The Kalman filter is given by the EKF for linear time-invariant sys-

tems. This corresponds to images of endomorphisms in Sym+ Cospan under RD.

The inverted pendulum example introduced in section 3.3.3 was modelled in terms

of optics over smooth maps in example 3.5.2. Given a time discretization, the value

improvement step for the propagator Φ : X → X (3.15) consisted of the composition

of two morphisms in Optic(Mfd∞) with an action u = Kx given by a fixed policy

or control law K : X → U . The improvement of the policy, or the computation of

an optimal one, was handled extraneously by updating the value function. We now

revisit this example in the framework of Sym+-decorated spans, and illustrate how RD

provides a functorial characterization of the Bellman equation in the context of LQRs.

Moreover, the general theory of non-endomorphic decorated spans allows computing

optimal controls for linearisations out of equilibrium, and problems whose state or

control spaces change over time.

Example 4.4.10 (Inverted pendulum out of equilibrium). Let M = R×R×S1×R, and

f : M ×R→ TM . Given a trajectory ((x0, u0), (x1, u1), . . . ) of state-control pairs, the

linearisation of f(xk, uk) at these different points by Taylor (3.16) is given by matrices

Axk,uk
, Bxk,uk

that change over the course of the trajectory. These are only constant

when the trajectory is near an equilibrium, so in general they constitute a discrete LTV

(definition 4.3.5) {(U,Ak, Bk) : Xk → Xk+1} in Para+(FVec) with constant control

space U , or equivalently a sequence of composable morphisms in LinSpanR following

proposition 2.5.6. Here we qualify the cost function ˜̀
k : Xk × U → R to be quadratic.

Its associated Hessian, which we may call Pnk+uk
=
(
Q S

S> R

)
for nk = dimXk and uk =

dimU , decorates the sequence and defines morphisms (πnk
, f, Pnk+uk

) : Xk → Xk+1 in

Symop
+ Span.

By theorem 4.4.3, the images RD(πnk
, f, Pnk+uk

) define the backward maps of op-

timal cost functions P ∗
nk

, from which the optimal controls u∗
k at each time step k are
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given by the linear control law K∗
k : Xk → U defined according to (1) as:

K∗
k := −(Rk +B>

k P
∗
nBk)−1(Sk +B>

k P
∗
nAk)

The forgetful functor to FVec (proposition 4.3.8) defines the optimal trajectory of the

inverted pendulum that minimizes the cumulative cost as the closed-loop system.

4.4.4 The control-estimation duality

Kalman’s control-estimation duality [100] establishes a correspondence between the

problems of optimal control and optimal state estimation by highlighting the structural

similarity between the design of a controller for a dynamical system and the design of

an estimator for the system’s state. Rather than producing ‘new’ information, dualities

in control theory often are alternative representations of the same data (thus necessar-

ily involutive) that are useful to identify these similarities, and potentially transport

solution methods from one area to another.

In particular, the similarity between the computation of optimal costs of LQRs and

optimal covariances for Kalman filters is first reflected by the fact that both covariance

matrices and quadratic cost functions can be encoded as positive semi-definite matrices.

This leads to the realization that the Kalman filter and the linear quadratic regulator

are dual problems. Specifically, both problems are solved using a Riccati difference

equation, but in dual forms: the Kalman filter uses the Riccati equation to propagate

the estimation error covariance forward in time, whereas the LQR uses it to propagate

the cost-to-go (value function) backward in time.

While for time-invariant systems, a duality entails a correspondence between the

monoids of forward and backward Riccati equations, for time-variant systems, the du-

ality must account for the time-dependent nature of the state and control spaces. This

requires extending the duality to categories of controlled and observed processes, which

we give in this section.

Recall how processes with control and observation were modelled as biparametrised

endomorphisms in Bipara+(FVec) (example 2.5.11). The dual space construction is
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an adjunction Hom(−,R) : Vectop
R ⇆ VectR : Hom(−,R) that restricts to an adjoint

equivalence for the category of finite dimensional vector spaces FVecop
R
∼= FVeck [115,

§IV.2]. We extend Hom(−,R) ≡ (−)> to a homonymous functor that maps morphisms

in Bipara+(FVec) to their duals, while preserving the time-indexed structure. This

duality will ensure that the forward and backward Riccati equations for time-variant

systems are consistent with their time-invariant counterparts when restricted to fixed

state and control spaces.

Definition 4.4.11 (Biparametrised duality). The duality functor (−)∗ is an identity-on-

objects, involutive contravariant endofunctor

(−)∗ : Bipara+(FVeck)op → Bipara+(FVeck) (4.30)

with k ∈ {R,C}, whose definition on morphisms is given by transpose (resp. complex

conjugation) and a permutation between parameters and coparameters. For f : X → Y

given by (U, V,A,B,C,D), f∗ : Y → X is given by (V,U,A∗, C∗, B∗, D∗).

The definition of (−)∗ specialises to a functor relating observed and controlled pro-

cesses via the projections Bipara+(FVeck)→ Para+(FVeck) and Bipara+(FVeck)→

Copara+(FVeck) defined in proposition 2.5.10 and the embeddings Para+(FVeck)→

LinSpank and Copara+(FVeck)→ LinCospank defined in proposition 2.5.6:

Bipara+(FVeck)op Bipara+(FVeck)

Para+(FVeck)op Copara+(FVeck)

LinSpanop
k LinCospank

(−)∗

(−)∗

Moreover, the duality functor (−)∗ extends to a functor between the categories

Symop
+ Span and Sym+ Cospan, allowing us to relate the optimal control and estima-

tion problems in a compositional way.

Definition 4.4.12 (Control-estimation duality functor). The functor D : (Symop
+ Span)op →

Sym+ Cospan is given by (−)∗ : LinSpanR → LinCospanR on the base category, and
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identity on the decorations. Concretely, it maps a morphism (f, g, P ) : n← n+u→ m

in Symop
+ Span to (g∗, f∗, P ) : m→ n+ u← n in Sym+ Cospan.

This provides a unified framework for analysing the control-estimation duality in

both time-invariant and time-variant settings.

Theorem 4.4.13. The control-estimation duality functor D makes the following diagram

commute; it gives a bijection between solutions of LQRs and solutions of EKFs.

(Symop
+ Span)op Sym+ Cospan

Smooth•

D

(theorem 4.4.3) RD RD (definition 4.4.4)

Proof. Recall that LQR maps are those in Symop
+ Span whose left leg is a projection,

n
πn← n + u

f→ m, decorated by the immediate cost function Pn+u ∈ Sym•+(n + u).

D(πn, f, Pn+u) is a morphism m → n in Sym+ Cospan given by m
f∗
→ n + u

π∗
n← n.

Note that because objects in these categories are free finite dimensional vector spaces,

we identify the extension of functionals π∗
n : (Rn)∗ → (Rn+u)∗ with the embedding

of subspaces ιn : Rn → Rn+u. Therefore, D(πn, f, Pn+u) can be identified with m
f∗
→

n+ u
ιn← n with decoration Pn+u, which is a symmetric square matrix over Rn+u that

defines the correlation matrix of an extended Kalman filter.

Putting aside the differences between the biparametrisation and prop approaches to

control, the duality functor (−)∗ resembles Erbele’s −∗ duality of the prop ContFlowk

[55]. One of the differences lies in the time reversal nature of D, which in our first-class

treatment of time steps—as domain and codomain of morphisms—is evident from its

contravariance, while it remains hidden in the Laplace domain of Erbele. This Laplace

transform reveals another key difference, which is the choice of interfaces and their

composition (fig. 4.1).

4.4.5 Bellman lenses

Here we will relate the results in this chapter back to the lenses from chapter 3.
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S T

V1 V2

(sI−A)−1

CB

D

(a) Morphism in the prop Statefulk [55] rep-
resenting the (Laplace transform of) a contin-
uous dynamical system.

X X ′

U V

A

CB

D

(b) Morphism in Bipara+(FVeck)
representing a discrete dynamical
system.

Figure 4.1: Comparison between state space models in the prop and biparametrisation
approaches.

At the end of example 4.4.10, we mention that the open-loop system ni
πni← ni+ui

fi→

ni+1 with fi(x,u) = Aix + Biu, closed with the optimal control law K∗
i : ni → ui,

defines the optimal trajectory in FVec. Concretely, this optimal trajectory consists of

linear maps ni → ni+1 that take x ∈ Rni to (Ai +BiK
∗
i )(x) ∈ Rni+1 .

A similar construction derives optimal control laws for discounted costs, which

introduces a discount factor 0 < γ < 1 in the constraint pullback step as P ∗
ni+ui

=

Pni+ui + γf>
i Pni+1fi.

Let Pni+ui and Pni+1 be some fixed immediate and final costs functions. These

determine K∗
i , which in the context of (time-discretized) LQRs as MDPs is realized as

the value improvement optic B(K∗
i ) :

(
ni
1

)
→
(
ni+1

1

)
from the diset

(
ni
1

)
—associated

to the state space Rni at step i and the reward space R1—to the state and reward spaces

at the next step
(
ni+1

1

)
in Optic(Smooth). Figure 4.2 shows its string diagram.

Perhaps more surprisingly, the functor RD : (Symop
+ Span)op → Smooth• gives a

characterization of the Bellman operator for value iteration (definition 3.3.2), that

is, the application of the value improvement step followed by the policy improve-

ment step that computes the optimal control laws, for linear dynamics and quadratic

costs/utilities. Roughly, the constraint pullback step corresponds to value improvement

and the Schur complement to policy improvement. This addresses the efficiency issue

of the policy improvement map in (3.23) (see remark 3.5.4), which when applied to the

LQR problem either iterates through all control vectors in Ru (by exhaustive search of

the set with cardinality |Ru|) or searches for a free linear map n→ u (in a space with
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+1

ni+1

1

fi

Pni+ui

×γ

ni
K∗
i

ui

Figure 4.2: Value improvement optic for the optimal control law in a linear quadratic
regulator.

cardinality n × u) which ignores any linear map that is not freely generated from its

function representation in Set.

This cannot be stated as a lens or mixed optic (without stretching their definitions

too much), as their usual formulations require the forwards map to be a morphism in a

‘directional’ category (section 1.1). If we were to propose an optic that resembles (4.22)

with type
(

n
n(n+1)/2

)
→
(

m
m(m+1)/2

)
in Optic(FVecR,Smooth), the definition of such

a putative mixed optic would be given by
∫ u:FVec FVec(n, u•m)×Smooth(u•m(m+

1)/2, n(n+1)/2), which already requires the pre-computation of a policy or control law

(optimal or not) to define a forwards map n→ u+m, whereas finding this control law

is the whole point of studying this problem.
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Reinforcement Learning

5.1 Introduction

Reinforcement Learning (RL) may be defined as optimal control of agents that don’t

have perfect knowledge of their environment. The modern landscape of this field is

often characterized by a rich yet fragmented ‘algorithmic zoo’, where subtle variations

in environment representation, objective functions, and optimization methods obscure

fundamental conceptual similarities. Several theoretical frameworks offer unifying per-

spectives, usually based on statistical methods, information theory, and ODEs [158,

23, 24, 120]. The core motivation for this chapter is to build on the lessons on Cate-

gory Theory applied to Dynamic Programming learned in chapter 3, to provide some

structural insights into the field of RL.

By defining Bellman equations, policies, value functions, and the decision-making

process within categorical structures, we aim to hopefully pave some of the way towards

the seemingly distant goal of enabling systematic comparison, generalization, and the

principled derivation of novel learning algorithms from first principles, ultimately es-

tablishing a more robust and coherent mathematical foundation for the field.

Chapter 3 shows that value iteration, a fundamental method common to both dy-

namic programming and reinforcement learning, can be represented (in the technical

sense) by precomposition with a certain optic. Specifically, for each policy π we define
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an optic B(π) :
(
S
R

)
→
(
S
R

)
, where S is the set of states of a Markov decision process1.

This has the property that for any value function V : S → R, represented as an optic

V :
(
S
R

)
→ I, the composed V ◦ B(π) is a better value function.

As the optic formalisation of these operators worked for perfect knowledge of the en-

vironment, we now take this idea to express other algorithms in reinforcement learning

where agents only learn from the environment by interacting with it through sam-

ples. The outline of the main construction in this chapter is: (1) We extend B(π)

to a parametrised optic representing a more general class of Bellman operators known

as empirical Bellman operators that apply to action-value functions and depend on a

sample as a parameter. (2) We apply the continuation functor K, a representable con-

travariant functor that already plays a foundational role in compositional game theory,

obtaining a parametrised function B = K(B(π)) that applies the Bellman iteration.

(3) This parametrised function becomes the backward pass of another parametrised

optic that represents the model, which interacts with an environment via an agent.

Thus, parametrised optics appear in two different ways in our construction, with one

becoming part of the other.

As we show, many of the major classes of algorithms in RL can be seen as extremal

cases of this general setup: dynamic programming, Monte Carlo methods, temporal

difference learning, and deep RL. We see this as strong evidence that this approach

is a natural one and believe that it will be a fruitful way to think about RL in the

future. Although we focus on single-agent RL, the compositionality of our methods

makes them naturally well-suited to multi-agent RL, which is a close relative of game

theory (see e.g. [2]). An earlier version of this chapter can be found at [84].

5.2 When models are not perfect

Because of its interdisciplinary origins, the fragmentation of algorithm families in RL

also affects its terminology. Many fundamental concepts—such as agent, environment

or model—are often inconsistent, so we choose to introduce them in this section oper-
1In this chapter, we write S for the state space instead of X following convention in the RL literature.

They can be treated interchangeably.
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ationally rather than through formal propositions. Subsequent sections will introduce

more concrete definitions for some of the terms once the sufficient theory is developed.

Algorithms in RL specify how agents learn optimal behaviours through interaction

with their environment. This interaction provides feedback to actions, and is the key

feature that differentiates it with respect to supervised and unsupervised learning. The

fundamental goal of RL is to enable agents to make sequential decisions in dynamic en-

vironments to maximize long-term cumulative rewards. This process involves the agent

taking actions, observing the resulting states and rewards, and using this information

to update its decision-making strategy over time.

This thesis adopts a structural approach to the study of these algorithms, with

the main structural distinction drawn between the agent and the environment. The

environment represents the external system with which the agent interacts. It can

have a lot of structure—from non-linear dynamical systems to non-deterministic IO—

but as agents only interact with it through samples, it may be assumed to be a Markov

decision process. A Markov process consists of a set of states S and a stochastic

transition function f : S → DS, where D is some probability monad over Set and f

is given by probabilities f(s′ | s). A Markov reward process is a Markov process with

an additional function r : S → DR that outputs the immediate reward for the current

state. This reward function can be in general be correlated with the transition, in

which case we write f : S → D(S × R). When clear from context, let r stand for the

reward of a particular state, e.g. (s′, r) ∼ f(s).

Markov decision processes (MDP), which we introduced in section 3.2, are MRPs

with a set A of actions, whose transition and reward functions now depend additionally

on the action taken at each state, and is also in general correlated as well f : S ×A→

D(S×R). The cases where the reward function is decorrelated with f as in S×A→ DR,

S → DR, or S ×A× S → DR can be embedded in our modelling choice for f .

As in Dynamic Programming (DP), an agent’s goal is to maximize the expected

long-run reward ∑
γir(si) (cf. (3.2)), where 0 < γ ≤ 1 is the discount factor, a

hyperparameter that controls the agent’s “patience”, or preference between rewards in

the present and rewards in the future.

101



Chapter 5. Reinforcement Learning

Unlike DP however, the agent’s knowledge about the environment consists of the

MDP’s interface via S, A and R, but not the definition of the transition nor reward

functions. The environment’s response to an action of the agent, described next, is

given by the transition dynamics f that can be assumed to have the Markov property,

and the environment’s state is known to the agent. The agent learns therefore only via

samples; if we assume the environment’s transition function is given by f : S × A →

D(S × R), the agent only has access to points in S × A × S × R. When the agent’s

knowledge of the environment is further limited to partial observations of the state

S, the setting is modelled as a partially observable MDP (POMDP), and samples are

points of O ×A×O × R, where ι : O ↪→ S is unknown too.

The core components of an agent are the policy, the reward, the value function and

the internal model. A policy π : S → TA defines its strategy mapping states to actions,

for a monad T associated to the type of policy. The policy is either single-valued or

deterministic (T = 1 the identity functor), many-valued (T = P the powerset functor,

like argmax) or probabilistic (T = D the same distribution functor as the environment,

like ε-greedy), with probabilistic being the most common. The type of policies encodes

the Markov property: the choice of action depends only on the current state, and may

not depend on any memory of past states. The reward is the immediate response of

the environment after an action, and the maximization of its expected cumulative sum

is the goal of the agent under the reward hypothesis [147]. A value function estimates

this expected long-term reward associated with following a particular policy. Usually

one works with either a state value function V : S → R or a state-action value function

Q : S ×A→ R, where V (s) estimates the long-run reward of following a certain policy

from each state, and Q(s, a) estimates the long-run reward of taking each action in

each state and then following a certain policy after that.

When S and A are finite sets the function Q is typically implemented as a mutable

lookup table called a Q-table or Q-matrix. A model is a (possibly partial) approxima-

tion or representation of the environment’s dynamics, allowing the agent to simulate

or predict future states and rewards. One surrogate objective of an agent is to improve

its model. Not all agents have models, so there’s a distinction between model-based
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and model-free methods.

Methods whose policies for environment interaction πbeh (“behaviour policy”) are

different to the ones for model improvement πtgt (“target policy”) are called off-policy.

On-policy methods only have a single policy. Finally, another distinction is drawn

between online and offline or batch RL methods, where the former family learns while

interacting with the environment, while the latter learns from pre-recorded experiences.

The diversity of methods encompassed by RL employs experimental and formal

justifications to tackle weak spots in this learning theory such as the credit-assignment

problem, the exploration-exploitation trade-off and coping with state that is hidden or

too big to represent explicitly. Notably, these challenges were also recognized in earlier

disciplines, including psychology and neuroscience [98].

A central class of approaches within RL is the family of DP algorithms, discussed

in detail in chapter 3. These methods are an idealized class of model-based algorithms

that do not need to interact with the environment because they rely on a perfect model

of it as an MDP. The search for an optimal policy happens therefore entirely within

the agent’s model, interleaving the two feedback operations—value improvement and

policy improvement—in a process of updating previous estimates called bootstrapping.

Beyond dynamic programming, RL includes additional algorithmic paradigms such

as Monte Carlo methods, temporal difference learning, and deep reinforcement learning.

An overview of each will be given in subsequent sections.

5.2.1 Monte Carlo

Monte Carlo (MC) methods are antithetical to DP, because they don’t assume any

prior knowledge of the environment’s dynamics. Without this knowledge, the way to

learn the value function and obtain an optimal policy is to estimate it from sample

trajectories. Averaging over many trajectories should converge to the expected value.

The agent’s internal model consists of a value function Q : S×A→ R, from which a

policy like the ε-greedy π : S → DA is derived: π(s) = argmaxaQ(s, a) with probability

1− ε and uniformly random between all actions with probability ε. The value function

improvement is pointwise, but unlike DP, MC improves Q(s, a) by averaging over many
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returns that start at (s, a). Given a single episode (s, a, r, s′, a′, r′, . . . ) starting at (s, a),

we define the update target—denoted in the rest of this chapter as G, following [158]—

to be G =
∑
t γ

trt, and the value function updates as

Q′(s, a) = (1− α)Q(s, a) + αG (5.1)

where the learning rate 0 ≤ α ≤ 1 is a step size hyperparameter. Note that the lack of

bootstrapping is shown by the fact that G does not contain any reference to the value

function.

5.2.2 Temporal difference learning

Temporal difference learning (TD) is a class of methods that learn from both the

interaction with the environment (MC’s sampling) and from previous estimates of the

value function (DP’s bootstrapping).

Given a finite episode (s, a, r, . . . , sn, an) starting at (s, a), we can modify the target

for (5.1) to consist of the discounted sum of the n−1 returns and an estimated long-run

value of the last state-action pair. We write n-TD for the class of TD methods whose

trajectories contain n return values.

Example 5.2.1 (SARSA [157]). SARSA is a 1-TD on-policy control method, which

updates the (s, a)-indexed Q-value with the target G = r + γQ(s′, a′). The name

originates from the model feedback consisting of a 1-step episode (s, a, r, s′, a′). Some

variants of SARSA include n-SARSA, with G =
∑n−1
t=1 γ

trt + γnQ(sn, an), and Exp-

SARSA, with G = r+ γEa∼πtgt(s)Q(s′, a′), which is off-policy because the last action is

determined in expectation by a target policy πtgt.

Example 5.2.2 (Q-learning [166]). In Q-learning, given the current state s the agent

performs an action a ∼ πbeh(s) using a policy derived from its internal Q-table, for

example an ε-greedy policy, and gets from the environment the reward r and the next

state s′. The feedback to the model is the tuple (s, a, r, s′). The model then updates
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its Q-table with its target policy

G = r + γQ(s′, πtgt(s′)) = r + γmax
a′∈A

Q(s′, a′) (5.2)

It is an off-policy method because the last action used to compute the update is

πtgt(s′) = argmaxa′∈AQ(s′, a′) and not πbeh(s′).

Note that both the new state s′ and the reward r are obtained by interacting with

the system, rather than looked ahead by s′ = f(s, a) and r = U(s, a), again because the

agent does not have knowledge about the environment’s dynamics. This illustrates the

important distinction in RL between actions that the agent actually performs during an

interaction with its environment, and actions which are “internal” or “simulated”. The

actions that the agent actually performs in Q-learning are always drawn from the policy

πbeh, whereas the action argmaxa′∈AQ(s′, a′) is used only when computing updates.

We can consider this to be a separate target policy, πtgt(s′) = argmaxa′∈AQ(s′, a′).

The reader may note from (5.2) the resemblance to Exp-SARSA: one way to define

Q-learning is Exp-SARSA with a greedy target policy.

5.2.3 Approximation methods

The methods seen so far are usually denoted tabular methods, because they work

around an encoding of value and/or policy functions as lookup tables, taking into

account that the state and action spaces S,A are finite sets of manageable cardinality.

Approximation methods tackle the state space explosion problems that arise when these

sets become too big, e.g. the curse of dimensionality in continuous state space settings

or even in situations where the observation of an image as a pixel space begs for lossy

encodings (see section 3.5.2). In the context of RL, the family of supervised-learning

function approximation methods are known as deep reinforcement learning, based on

the same gradient-based methods as deep learning.

Given a loss function L : Θ → R from parameter space Θ to real values, these

methods minimise L by iteratively updating the model parameters θ in the direction

that reduces the loss, that is, the opposite to the gradient ∇θL : TθΘ. In contrast
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to traditional machine learning methods where this loss function is computed from an

error function (in supervised learning like classification or regression) or from data-

intrinsic objectives reflecting structural fit (in unsupervised learning like k-means used

for clustering), RL computes loss from errors against bootstrapped value estimates

derived from rewards and prior predictions.

By trading the computational burden of calculating the Jacobian matrix from the

entire dataset to the lower convergence of estimating it from a sample (xi, yi) or subset

{(xi, yi)}ni of samples [35], stochastic gradient descent (SGD) [137, 73, 24] approximates

the parameter update

θ′ = θ − α∇θL(θ)

computed from the whole dataset with an update computed from a sample (xi, yi):

θ′ = θ − α∇θL(θ, xi, yi) (5.3)

Deep Q-networks (DQN) [122] are a notable method in this area. One can motivate

them by observing the Q-table update Q, (s, a, r, s′) 7→ Q′ of Q-learning as a stochastic

(semi)gradient2 descent update. Let L = (Q(s, a) − G)2 be a loss function, which

quantifies the discrepancy between the Q-value and the sample target. The update

equation (5.1) becomes Q′(s, a) = Q(s, a)− α
2 ∂Q(s,a)L(Q(s, a), G). Therefore, Bellman

updates are SGD on points. A DQN parametrises the Q-table as a function Θ×S×A→

R. For performance considerations, the function is curried into DQN : Θ× S → (A→

R), which is implemented as a neural network with |S| inputs and |A| outputs with

values in R. The encoding of the Q-learning method as a neural network leverages SGD

and other powerful techniques of deep learning.

In DQN, the policy is still obtained as a function of the now approximate Q-function.

Policy gradient (PG) methods [159] bypass the generation of a value altogether, by

directly outputting an action distribution PG : Θ × S → DA. One can see DQNs
2Semi-gradient because the Q-function is contained in the target, yet it is considered constant in

the gradient computation [158, §9.3][16].
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as a special PG method by transforming the Q-function into an action probability

via the Boltzmann distribution, also known as softmax. The policy gradient theorem

[117] states that the gradient of the expected cumulative reward with respect to model

parameters ∇θL(θ) = Eτ∼πθ

∑T
t=1 rt does not depend on

∇θL(θ) = Eπ̃θ

[
T∑
t=1

rt · ∇θ log πθ(at | st)
]

This justifies the lack of model of certain methods like REINFORCE. Actor-Critic (AC)

methods [107] are a further improvement over this class (see example 5.5.1), solving the

high sample variance by introducing a baseline value function learned by a DQN called

the critic. The PG-like network in AC is called the actor, hence the method name.

5.3 States, contexts and iteration

An optic, as introduced in section 2.5.4 (definition 2.5.13), is a process consisting of a

forward pass followed by a backward pass. In many applications this process is iterated

through repeated interaction with an outside environment. In the case of supervised

learning, this could simply be samples drawn from a dataset. This section will develop

a theory of iterated optics, partly popularized by [78].

Definition 5.3.1 (Iteration functor). Let C be a symmetric monoidal category. The

iteration functor is a symmetric lax monoidal functor I : Optic(C)→ Set. On objects,

we set

I
(
X
X′

)
=
∫ M :C

C(I,M ⊗X)× C(M ⊗X ′,M ⊗X)

Given a representative element (M,x0, i) ∈ I
(
X
X′

)
we call M the state space, x0 : I →

M ⊗X the initial state and i : M ⊗X ′ →M ⊗X the iterator.

Given an optic f = (N, f, f ′) :
(
X
X′

)
→

(
Y
Y ′

)
in Optic(C), we get a function

I(f) : I
(
X
X′

)
→ I

(
Y
Y ′

)
given by taking (M,x0, i) to the state space M ⊗N , the initial

state I x0−→M ⊗X M⊗f−−−→M ⊗N ⊗ Y , and the iterator

M ⊗N ⊗ Y ′ M⊗f ′
−−−−→M ⊗X ′ i−→M ⊗X M⊗f−−−→M ⊗N ⊗ Y
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Proposition 5.3.2. The iterator I : Optic(C)→ Set is well-defined.

Proof. We have to prove that the following function is well-defined:

Optic
((

X
X′

)
,
(
Y
Y ′

))
→
[
I
(
X
X′

)
→ I

(
Y
Y ′

)]
(5.4)

Following Riley’s proof method of sequential composition of optics [136], the uncurried

form of the above function has as domain:

(∫ M

C(X,M ⊗ Y )× C(M ⊗ Y ′, X ′)
)
×
(∫ N

C(I,N ⊗X)× C(N ⊗X ′, N ⊗X)
)

∼=
∫ M,N

C(X,M ⊗ Y )× C(M ⊗ Y ′, X ′)× C(I,N ⊗X)× C(N ⊗X ′, N ⊗X)

(coend-Fubini)

By the universal property of coends it suffices to construct maps natural in M and N

into the codomain of (5.4):

C(X,M ⊗ Y )× C(M ⊗ Y ′, X ′)× C(I,N ⊗X)× C(N ⊗X ′, N ⊗X)

→C(I,N ⊗M ⊗ Y )× C(N ⊗M ⊗ Y ′, N ⊗M ⊗ Y ) (composition in C)

→
∫ P

C(I, P ⊗X)× C(P ⊗X ′, P ⊗X) (coprN⊗M )

where the first map takes morphisms f, f ′, x0, i to

I
x0−→ N ⊗X N⊗f−−−→ N ⊗M ⊗ Y

N ⊗M ⊗ Y ′ N⊗f ′
−−−→ N ⊗X i−→ N ⊗X N⊗f−−−→ N ⊗M ⊗ Y

This also admits a graphical representation, depicted in fig. 5.1.

Proposition 5.3.3. The iterator I : Optic(C)→ Set is functorial.

Proof. Let f = (N, f, f ′) :
(
X
X′

)
→
(
Y
Y ′

)
and g = (P, g, g′) :

(
Y
Y ′

)
→
(
Z
Z′

)
be two
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Figure 5.1: Composition of an optic with an iterator yields another iterator.

morphisms in Optic(C). Preservation of identity is shown by:

I(I, 1X , 1X′) : (M,x0, i) 7→ (M ⊗ I, x0; (I ⊗ 1X), (M ⊗ 1X′); i; (M ⊗ 1X))

Preservation of composition is shown by the isomorphic images of I(N, f, f ′); I(P, g, g′),

which maps (M,x0, i) : I
(
X
X′

)
to the state space M ⊗ N ⊗ P , the initial state I x0−→

M ⊗X M⊗f−−−→M ⊗N ⊗ Y M⊗N⊗g−−−−−→M ⊗N ⊗ P ⊗ Z and the iterator

M ⊗N ⊗ P ⊗ Z ′

M⊗N⊗g′
−−−−−−→M ⊗N ⊗ Y ′

M⊗f ′
−−−−→M ⊗X ′

i−→M ⊗X
M⊗f−−−→M ⊗N ⊗ Y

M⊗N⊗g−−−−−→M ⊗N ⊗ P ⊗ Z

which defines the element in I
(
Z
Z′

)
, and I(N ⊗ P, (f ;N ⊗ g), (N ⊗ g′; f ′)), which maps

(M,x0, i) to the same state space, the initial state x0; (M⊗(f ;N⊗g)), and the iterator

(M ⊗ (N ⊗ g′); f ′); i; (M ⊗ (f ;N ⊗ g)).

When C = Set and similar cases, given an element i = (M, (m0, x0), i) ∈ I
(
X
X′

)
and

a function k : X → X ′, we can define an infinite sequence 〈k|i〉 : Xω by the corecursive

formula

〈k|M, (m0, x0), i〉 = x0 : 〈k|M, i(m0, k(x0)), i〉

This defines a dinatural transformation 〈−|−〉 : K
(
X
X′

)
× I
(
X
X′

)
→ Xω which is well-

defined.
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f

f ′

x0, i

M M

N

X

X ′

Y

Y ′

Figure 5.2: Typical morphism in OpticI(C) = π∗
0

(
ParaI(Optic(C))

)
which consists

of a morphism in Optic(C) extended by a representative element (M,x0, i) ∈ I
(
X
X

)
.

Adapted from [78].

Proposition 5.3.4. The map 〈− | −〉 : K
(
X
X′

)
× I
(
X
X′

)
→ Xω is a dinatural transfor-

mation when C = Set.

Proof. Considering that Optic(Set) ∼= Lens, the domain and codomain functors of

the transformation are K × I : Lensop × Lens → Set and Vω : Lens → Set, where

Vω is the forwards pass functor V : Lens → Set followed by the stream functor

(−)ω : Set → Set. This being a purely covariant functor makes the dinaturality

condition into the following pentagon identity for every lens λ :
(
X
X′

)
→
(
Y
Y ′

)
whose

forward and backward maps we denote f and f ′:

K
(
X
X′

)
× I
(
X
X′

)
Vω
(
X
X′

)
= Xω

K
(
X
X′

)
× I
(
X
X′

)

K
(
X
X′

)
× I
(
X
X′

)
Vω
(
X
X′

)
= Y ω

〈−|−〉( X
X′)

Vω(λ)=fω

K(λ)×I( X
X′)

K( X
X′)×I(λ) 〈−|−〉( X

X′)

For k, (M, (m0, x0), i) in K
(
Y
Y ′

)
× I
(
X
X′

)
, the diagram commutes when the streams

fω 〈λ; k |M, (m0, x0), i〉 and 〈k |M, (m0, f(x0)), j〉 are equal, where j is given by

j = (M × f ′); i; (M × f) (5.5)
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We proceed by coinduction, showing that the streams have equal heads and tails; an

equivalent perspective is that they are generated by bisimilar (in fact isomorphic) state

machines. The heads of both streams is f(x0), and their tails operate as state machines

for states (m0, x0):

fω 〈λ; k |M, i(m0, (λ; k)(x0)), i〉 = f(i(m0, (λ; k)(x0))1) :: 〈· · ·〉

〈k |M, j(m0, k(f(x0))), j〉 = j(m0, k(f(x0)))1 :: 〈· · ·〉

Thus we show for all pairs (m,x),

f(i(m, (λ; k)(x))1)

=f(i(m, (f ; k; f ′)(x))1) (Composition of lens with continuation)

=((M × f ′); i; (M × f))(m, k(f(x)))1

=j(m, k(f(x)))1

In the general case, we believe this can be accomplished using the machinery of

monoidal streams [111].

We also have an evident laxator ∇ : I
(
X
X′

)
× I

(
Y
Y ′

)
→ I

(
X⊗Y
X′⊗Y ′

)
defined up to

symmetries by

(M,x0, i)∇(M ′, x′
0, i

′) = (M ⊗M ′, x0 ⊗ x′
0, i0 ⊗ i′0)

The resulting symmetric monoidal category OpticI(C) = π∗
0

(
ParaI(Optic(C))

)
ex-

tends Optic(C) with states I →
(
X
X′

)
defined by elements of I

(
X
X′

)
. A typical mor-

phism is depicted in fig. 5.2.

Given a symmetric monoidal category C, a context for morphisms X → X ′ is a

state I →
(
X
X′

)
of Optic(C). When C is itself a category of optics, this is known as

double optics and is a central idea of Bayesian open games [27]. These can be depicted

as combs with one hole and bidirectional wires, or combs with two holes and only
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forwards wires.

Putting this together, we are now in a position to define iteration contexts for optics(
X
X′

)
→
(
Y
Y ′

)
.

Definition 5.3.5. An iteration context for the category OpticI(C) is a (representable)

state of Optic(OpticI(C)). This defines a functor Ienv : Optic2(C)→ Set depicted in

fig. 5.3(left), and by pulling the state variable of i through k we can define it equivalently

by a coend over C rather than over OpticI(C):

Ienv
((

X
X′

)
,
(
Y
Y ′

))
∼=
∫ M,M ′:C

C(I,M ⊗X)×C(M ⊗ Y,M ′⊗ Y ′)×C(M ′⊗X ′,M ⊗X)

(5.6)

The idea of iteration contexts can also be presented under alternative formalisations

based on Tambara theory [131] and combs [138, §4.3][111][86].

Remark 5.3.6. Given a symmetric monoidal category C, a functor Optic(C)→ Set can

be equivalently defined as a Tambara comodule: a functor W : C×Cop → Set (note the

variance) equipped with a natural family of functions W (M ⊗X,M ⊗Y )→W (X,Y ).

This is a dualisation of the fundamental theorem of Tambara theory [131, 46]. Given

this data, a ‘generalised comorphism’ X → X ′ can be defined as an element of W
(
X
X′

)
,

that is, a state of OpticW (C) = π∗
0

(
ParaW (Optic(C))

)
(see [81, §9]).

Remark 5.3.7 (Combs for iteration contexts). An alternative depiction of iteration

contexts in fig. 5.3(right) shows the coend (5.6) as a 3-hole comb. Moreover, the

unrolling into n steps produces 2n-hole combs, including ω-combs [111] for the limiting

case.

X

X ′

Y

Y ′

M

M ′

k
i

x0 x0

M M ′

X Y Y ′ X ′ X

M

k i

Figure 5.3: Iteration contexts as states of Optic2(C) (left) and as 3-hole combs (right).
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5.4 Empirical Bellman operators

The type of Bellman operator introduced in section 3.3 updates an entire value function

at once, as is most common in basic dynamic programming. However, as discussed

in section 5.2, reinforcement learning, viewed as ‘incremental dynamic programming’,

updates the value function one entry at a time, with a sample that acts as a moving

target determining which state-action pair must update its value [166].

This kind of Bellman operators do not directly factor through K, and we propose

an alternative factorisation that we sketch next.

Definition 5.4.1 (Empirical Bellman operator, cf. [158, 77]). Let B : RS×A → RS×A be

a Bellman operator. An empirical Bellman operator is a map Υ × RS×A → T (RS×A)

that assigns to each sample in Υ and point Q ∈ RS×A a tangent vector in TQRS×A.

The Bellman error or target is given by Υ × RS×A → S × A × R, whose output

(s, a, r) is the (s, a)-component of the tangent vector TQRS×A. For a space of value

functions Θ, let ∆Θ denote the space of these components of tangent vectors. So

∆(RS×A) ∼= S ×A× R, ∆(RS) ∼= S × R and ∆(AS) ∼= S ×A.

From this, we understand the empirical Bellman operator to be composed of |S|×|A|

Bellman errors or ‘deltas’ that define all components of the true tangent vector. This

same change of perspective applies to deep RL where the delta is replaced with a

gradient vector, so it is an interesting observation that the category theory suggests

the same for the more discrete setting of tabular RL. In the same approximation that

SGD does of true gradient descent (recall section 5.2.3), Bellman errors provide update

rules that in the limit approach the true Bellman operator.

Example 5.4.2. Consider an environment with three states and two actions. Assume

that the agent has a Q-function Q : 3×2→ R that estimates the value of all state-action

value pairs. If the interaction with the environment returns samples Υ = S×A×S×R

of a state, the action taken in that state, the next state and a reward value, a Bellman
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error given by Q-learning (example 5.2.2) is:

3× 2× 3× R× R3×2→ 3× 2× R

s, a, s′, r, Q 7→ s, a, max
a′∈2

Q(s′, a′)

The bellman errors or targets computed from samples for all |S| × |A| = 6 state-action

pairs define a tangent vector TQR3×2.

Remark 5.4.3. As the state value and state-action value functions are elements of eu-

clidean spaces RS and RS×A, we treat the tangent and cotangent spaces as isomorphic

via their canonical Riemannian metric. It can be argued from the differential geometry

perspective of Myers’ categorical systems theory [125] and Capucci [40], that the cor-

rect definition of empirical Bellman operators, in analogy to gradient descent, should

output cotangent rather than tangent vectors.

Definition 5.4.4 (Externally parametrised lenses). Let Lens = Optic(Set) be the cat-

egory of lenses over sets. Since Lens is enriched in Set, we can form its category of

externally parametrised morphisms, ParaSet(Lens). A morphism
(
X
X′

)
→
(
Y
Y ′

)
of

this category consists of:

i. a parameter set Υ (representing samples in the context of RL),

ii. a forwards pass function Υ×X → Y ,

iii. a backwards pass function Υ×X × Y ′ → X ′.

Let us consider one of the Bellman operator for SARSA (example 5.2.1).

Example 5.4.5 (SARSA, continued). The Bellman update for SARSA is a lens B :(
1

S×A×R

)
→
(
S×A
R

)
, with parameter set Υ = S ×A×R× S ×A, where the backward

pass function is r, v 7→ r + γv (fig. 5.4).

We lift the functor K : Lensop → Set to the functor ParaSet(K) : ParaSet(Lensop)→

ParaSet(Set). Applying this functor to B results in a Bellman error

ParaSet(K)(B) : Υ× RS×A → S ×A× R

((s, a, r, s′, a′), Q) 7→ (s, a, r + γQ(s′, a′))
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+

SARSA

S
A

RR

S
A 7−→K G

SAR SARSA

RS×A

Figure 5.4: Target computation in SARSA as a parametrised lens, and its ParaSet(K)-
image in Set.

where S ×A×R is the Bellman error ∆(RS×A) at Q ∈ RS×A. The application of this

Bellman error in the update of a value function Q consists of the substitution of the

value Q(s, a) with the new r + γQ(s′, a′) or an interpolation between the old and new

values weighted by a given learning rate 0 ≤ α ≤ 1. This defines an iterator (M, q0, i)

on
(

RS×A

∆(RS×A)

)
(definition 5.3.1), where M = RS×A, q0 : I → M ⊗ RS×A is the initial

choice of Q-matrix Q, and the iterator i : M ×∆(RS×A)→M ⊗ RS×A is given by:

i : RS×A ×∆(RS×A)→ RS×A ⊗ RS×A (5.7)

Q, s, a, r 7→ Q′, Q′

with Q′ : S ×A→ R being:

Q′ : S ×A→ R

(s′, a′) 7→


r if s = s′, a = a′

Q(s′, a′) otherwise

In methods where the sample requires the operator to make use of the continuation

only once, this parametric operator can be represented as a lens. SARSA is an example

of this, where the usage of Q by the target is linear in the sense of linear type theory.

Setting aside the convergence properties of the Bellman operator, we treat it from this

point on as a morphism G : Υ×RS → ∆(RS) in Set. This morphism becomes a central

part of our formalisation of an RL model, explained next.
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5.5 Models, agents and environments

We understand a model for an RL method to contain the data to generate the pol-

icy from certain inner parameters and the data to update those parameters based on

bootstrapping and/or samples via an empirical Bellman operator (definition 5.4.1). It

matches the structure of a lens from model parameters to agent interface, which we

annotate in fig. 5.5a.

The forward map uses parameters of the method to generate a policy for the agent’s

interaction with the environment. In Q-learning for example, which is a TD method

(fig. 5.5b), P : RS×A → (DA)S takes the current Q-table Q : RS×A and returns the

greedy policy π : (DA)S defined by π(s) = argmaxaQ(s, a).

The backward map takes the sample returned from the agent and the current pa-

rameters to generate an update target as a Bellman error for the parameters. The

sample space Υ usually takes the form of some product of types S (states), A (actions)

and R (rewards). In SARSA (fig. 5.5b), G takes a sample (s, a, r, s′, a′) (right input)

and the bootstrapped Q-table (upper input) to calculate the target r+γQ(s′, a′), which

is the direction of the tangent at (s, a).

Non-bootstrapping methods correspond to optics whose action is given by the ter-

minal category (called isos or adaptors in the optics literature [132][136, §4.3]). For

instance, the backward map of MC (fig. 5.5c) calculates the target without bootstrap-

ping the value function Q : RS×A.

In DP (fig. 5.5d), there is no return from the agent, and the update target is the

output of the Bellman operator Bval as a section of the tangent bundle: for every state

s ∈ S, Bval(V )(s) defines the direction that V (s) must change to.

Certain DP methods like GPI (definition 3.3.3) or asynchronous DP [21] don’t

enforce an execution order for value improvement and policy improvement, and benefit

from treating the two Bellman operators as separate backward morphisms (fig. 5.5e).

This also captures some deep reinforcement learning methods, which use a gradient-

based approximation of the value functions instead of a tabular approach.

Example 5.5.1 (Actor-critic). Actor-critic methods [107] consist of a neural network
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policy called the actor, and an additional function called the critic that learns a baseline

value function. The actor P : Θ → (S → DA) appears in the forward map of the

diagram (fig. 5.5f), but the critic V : Ω→ (S → R) does not, as it does not act on the

environment. Being a deep RL method, the actor map P : θ 7→ πθ is a neural network,

and the associated backward loss map Lac is defined by the improvement of expected

return

Lac : Θ× Ω× SARS → ∆Θ

(θ, ω, s, a, r,_) 7→ (r − Vω(s))∇θ log πθ(s, a)

with the baseline given by Vω. The critic map V : ω 7→ Vω has as the backward loss

map Lcr the reduction of policy update variance

Lcr : Ω× SARS → ∆Ω

(ω, s, a, r, s′) 7→ r + γVω(s′)− Vω(s)

This generic model lens, and any of the variants above, embed into Optic(C) which

is extended to OpticI(C) by an iteration functor I that we illustrated for SARSA in

(5.7). The left interface to the model optic is closed by two pieces of data: An initial

state q0 : I → M ⊗ Θ and an update rule i : M ⊗ ∆Θ → M ⊗ Θ that acts as the

iterator. The bootstrapping type M is usually the whole parameter space Θ, but

the optic iteration functor allows M to be any state space, e.g. a subset of Θ or an

alternative encoding of it. In gradient-free methods, the update is generally pointwise

as in (5.1). Conversely, gradient-based methods use neural network optimizers like

stochastic gradient descent, Adam and other variations as the update rule. However,

as mentioned in section 5.2.3, the change value passed to the update rule is computed

from bootstrapped values and sample trajectories from the environment, and do not

come directly from an error function with respect to labelled data, as done for example

for lens semantics of SGD in [48, §3.3] for supervised learning.

The right interface of a model parametrises an agent, which is a morphism (N, ev, ret) :(
S
I

)
→
(
A
F

)
in Para(Optic(C)) for some N : C. The forward map ev : S ⊗ (DA)S →
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samplechange

P

G

bootstrap

Θ

∆Θ

(DA)S

Υ

(a) Generic RL

(DA)SRS×A

SARSA∆(RS×A)

P

G

(b) Temporal difference (TD)

(DA)SRS×A

SARn∆(RS×A)

P

G

(c) Monte Carlo (MC)

(DA)SRS

I∆(RS)

P

B

(d) Dynamic programming (DP)

(DA)SAS

I∆(AS)

P

Bpol

RS

∆(RS)
Bval

(e) Generalized policy iteration (GPI)

(DA)SΘ

SARS∆Θ

PΩ

∆Ω Lcr

Lac

(f) Actor-critic (AC)

Figure 5.5: Lens string diagrams for several RL model architectures (recall fig. 2.3).

A⊗N evaluates a given policy π : (DA)S in a state s : S, resulting in an action a : π(s)

and some internal state n : N . Note that the evaluation map is not canonical since a

Markov category is not cartesian closed in general. The backward map ret : N⊗F → Υ

aggregates any internal state n : N and the feedback from the environment F to gen-

erate a sample in Υ that goes back to the model as a coparameter. As it is common

that the model uses any possible information from the agent’s interaction with the

environment, this map is usually an isomorphism N ⊗ F ∼= Υ.

The coend in the environment is taken over states of the Markov chain. Even though

samples have been described so far as elements in the set Υ, these points can be equally

be described as points of a random variable C(I,Υ) in the ambient Markov category

C. Moreover, the random variable is correlated with any effect that the agent has on

the environment. This is illustrated in the next proposition (whose string diagram

representation is shown in fig. 5.6), were the composition of an agent (a parametrised

optic) with an environment (an iteration context) is described in detail for the case of
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Q-learning.

Proposition 5.5.2 (Agent-environment interation in Q-learning). Let Ienv
((

S
I

)
,
(

A
S′⊗R

))
be an environment in a Markov category C, and (S ⊗ A, ev, 1) :

(
S
I

)
→
(

A
S′⊗R

)
an

agent. Given a policy π : S → DA, samples in Υ ∼= S⊗A⊗R⊗S′ are given by Markov

morphisms C(I,Υ⊗M ′) that result from the agent (S ⊗ A, ev, 1) evaluating the policy

π in the environment Ienv.

Proof. Let Ienv
((

S
I

)
,
(

A
S′⊗R

))
be an environment in a Markov category C. Given

the type of the environment Ienv, for some M,M ′ ∈ C there exist x0 : C(I,M ⊗ S),

k : C(M ⊗ A,M ′ ⊗ S′ ⊗ R) and i : C(M ′ ⊗ I,M ⊗ S). Likewise, for some S : C there

exist ev : S ⊗ (DA)S → A ⊗ S. In the following derivation we label each homset with

the representative element above.

x0
C(I,M ⊗ S)×

π

C(I, (DA)S)×
ev

C(S ⊗ (DA)S , A)×
k

C(M ⊗A,M ′ ⊗ S′ ⊗ R)

→ C(I,M ⊗ S ⊗ (DA)S)× C(S ⊗ (DA)S , A)× C(M ⊗A,M ′ ⊗ S′ ⊗ R)

→ C(I,M ⊗ S ⊗ S ⊗ (DA)S)× C(S ⊗ (DA)S , A)× C(M ⊗A,M ′ ⊗ S ⊗ R)

→ C(I,M ⊗ S ⊗A)× C(M ⊗A,M ′ ⊗ S ⊗ R)

→ C(I, S ⊗A⊗M ⊗A)× C(M ⊗A,M ′ ⊗ S ⊗ R)

→ C(I, S ⊗A⊗M ′ ⊗ S′ ⊗ R)

∼= C(I,Υ⊗M ′)

ev

AS

Agent

A

R

Environment

S′

S A R S′

S

x0

i
k

Figure 5.6: Composition of an agent and an environment for Q-learning.
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Offline methods, unlike their online counterparts, interact with the agent only in a

trivial way by showing samples to it. To reflect this, the residual types are given by

M = S ×A×F and M ′ = I, by which the continuation ignores the agent’s action and

just projects the action and feedback as a response to the agent. Moreover, the iterator

type C(M ′⊗ I,M ⊗ S) ∼= C(I,M ⊗ S) coincides with the initial state, which highlights

the fact that the environment samples experiences (s, a, f) from a distribution defined

by a dataset (figs. 5.8a and 5.8b).

ev

AS

Agent

A

R

RS×A T ∗
(s,a)(S×A)

Model

ev
Agent

A′

Environment

S′

S A R S′ A′

π

AS ∼=
S

x0

i
k

G

k

ev

AS

Agent

A

R

RS×A T ∗
(s,a)(S×A)

Model

Environment

S′

S A R S′

π

S

x0

i
k

G′

ev

(a) SARSA is on-policy.

ev

AS

Agent

A

R

RS×A T ∗
(s,a)(S×A)

Model

Environment

S′

S A R S′

π

S

x0

i
k

G′

π′ ev

(b) Q-learning is off-policy.

Figure 5.7: Comparison between on-policy and off-policy algorithms.

To clarify the interplay between these the three structures described in this section,

we look at the role played by internal and external policies in on- and off-policy methods.

First, fig. 5.7a shows the full representation of SARSA. It consists of a model optic
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parametrising two copies of an agent that are composed with a 2-hole environment.

The policy evaluated by both instances is the same, and the return to the model

consists of (s, a, r) from the first agent optic and (s′, a′) from the second. SARSA is an

on-policy method, as the policy deployed to obtain a′ ∼ π(s′) is the same as the one

used to compute the first action a ∼ π(s). Calculating the target G from the sample

(s, a, r, s′, a′) is equivalent to calculating G from (s, a, r, s′) and its internal policy π,

even though the model does not know the environment’s dynamics k. This is why the

same method can be equivalently specified by the diagram on the right.

On the other hand, Q-learning (fig. 5.7b) is an off-policy method, because the last

action is computed by an internal policy π′ = argmax different from the one being

deployed.

x0

M M ′

S A F S

M

k i

(a) Online RL environment

x0

S×A×F

S A×F S

S×A×F

p x0

(b) Offline RL environment

x0

M

S F S

M

k x0

A

(c) Contextual bandit environment

F

k

A

(d) Multi-armed bandit environment

Figure 5.8: Environments for RL and bandit problems as iteration contexts (defini-
tion 5.3.5). Omitted arrows are the unit. The offline continuation is a projection p of
A× F .

5.5.1 Prediction and bandit problems

The presented framework handles RL prediction problems for free in all the previous

methods by trivialising the set A = I, which pinpoints the idea that a prediction

algorithm is a control algorithm where there’s no choice of actions. For example,

MC prediction of the long-term value of states from n-long episodes becomes an optic(
RS

∆(RS)

)
→
(

I
SRn

)
, and 1-TD prediction becomes

(
RS

∆(RS)

)
→
(

I
SRS

)
. The forward

maps for both are trivial since the agent has no policy to execute, perhaps better called
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observer rather than agent here. The corresponding environments have the type of a

Markov reward process.

Moreover, bandit problems emerge by trivialising M ′ = I (figs. 5.8c and 5.8d).

In particular, contextual bandits involve finding the best action in A associated to a

particular state in M for which only partial information of type S is given, yielding

feedback in F . This action does not affect further distributions of states, so the object

between the continuation and the update rule is trivial. Multi-armed bandit prob-

lems are a further special case, characterized by environments whose only non-trivial

morphism is the continuation k : A→ F .
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Conclusion

This thesis has explored the rich interplay between Control Theory and Reinforcement

Learning through the unifying lens of Category Theory. Our primary goals were firstly

to illuminate structural commonalities and distinctions between these fields, partic-

ularly focusing on how their problem descriptions and solution methodologies can be

expressed and analysed using categorical tools. Our hope is to offer a common language

for interdisciplinary communication, potentially bridging the gap between control en-

gineers, machine learning researchers, and category theorists. A secondary goal was to

provide a constructive answer to an engineering problem: how is an optimal control

actually constructed? This practical focus leads to an approach that may lack elegance

from a category-theoretic perspective, highlighting a significant challenge encountered

in interdisciplinary research.

Out of this effort, a core contribution of this work is the demonstration that fun-

damental constructs in both dynamic programming and optimal control, such as the

Bellman operator and Riccati equations, can be captured as morphisms within cate-

gories of optics and decorated spans. In chapter 3, we showed how value improvement in

Markov Decision Processes can be understood as optic composition, providing a novel

categorical perspective on dynamic programming. Chapter 4 then focused on the more

structured domain of Linear Quadratic Regulators, where we established the functorial-

ity of Riccati difference equations for dynamics that are not necessarily time-invariant,

and discussed how the control-estimation duality arises in this context. This duality,
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realized as a functor between categories of biparameterised morphisms, highlights the

deep structural equivalence between optimal control and state estimation problems.

Finally, chapter 5 extended these ideas to the less structured realm of Reinforcement

Learning, modelling empirical Bellman operators and RL agents and environments us-

ing parameterized optics, thereby providing an algebraic framework for understanding

feedback and learning from samples.

To the applied control theorists, it lays groundwork on the design of domain spe-

cific languages for combinators for compositional MDP solutions. These would allow

engineers to synthesize optimal control strategies for certain large-scale systems whose

control flow follows the bidirectional processes composed via the data-accessor interpre-

tation of lenses and the decorated span construction. Furthermore, the string diagram-

matic syntax can provide a representation of these process that is not only illustrative

but formal, thus aiding the implementation process in particular domains of knowledge.

To the category theory community, this thesis provides one (arguably opinion-

ated) framework that clarifies some underlying mathematical structures of these ap-

plied fields. The categorical formalisms developed here, particularly the use of optics

and decorated spans, open new avenues for generalization and the discovery of novel

algorithms. For instance, the functorial treatment of Riccati equations suggests new

ways to compose and transform optimal control solutions, while the optic-based models

for RL provide a foundation for developing more compositionally sound and theoret-

ically grounded learning algorithms. Ultimately, this work aims to equip researchers

with a powerful toolkit to analyse, design, and innovate within the complex landscapes

of control and learning.

6.1 Future work

Theorem 4.4.3 followed a linear algebra argument to show that Riccati equations pro-

duce optimal cost functions. For dynamic programming algorithms not over FVec,

their convergence to optimality proof typically proceeds by noting that the set of all

value functions form a complete ordered metric space and that value improvement is

a monotone contraction mapping. The metric structure is used to prove that iteration
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converges to a unique fixpoint by the contraction mapping theorem, and then the order

structure is used to prove that this fixpoint is indeed optimal. Since value improvement

is optic composition, these facts would be a special case of the category of optics being

enriched in the category of ordered metric spaces and monotone contraction mappings.

We do not currently know whether such an enrichment is possible. Unlike costates,

general optics have nontrivial forwards passes, so there are two possible approaches:

either ignore the forwards passes and defining a metric only in terms of the back-

wards passes, or defining a metric also using the forwards passes, for example using

the Wasserstein metric between distributions. This would also be a reasonable place

to unify our approach with the coalgebraic approach with metric coinduction [58], and

the stream calculus on vector spaces [121].

Chapter 4 leaned heavily on objects of certain categories to be elements. It is dif-

ficult to talk about optimality of choices without comparison of elements of a space.

This forces the definitions of functors like Sym• and Sym•+ to be pointed. Luckily

our choice of order between quadratic forms allowed collapsing linear maps and orders

as a single class of morphisms in definition 4.2.9, but we believe that, in the same

way decorated spans are a close construction to decorated cospans, a double categor-

ical formalisation similar to open Markov processes [12] might lead to a more elegant

formalisation of composition along dynamics. This also serves as a first step towards

providing a unification with indexed optics with choice functions in the theory of open

games, in particular to the solution concept of subgame-perfect equilibria.

Another point about chapter 4 is that not formalising processes with gaussian noise

immediately as morphisms in e.g. the Markov category Gauss allowed us to define the

duality between estimation algorithms and control algorithms as a functor, by making

the isomorphic structure of covariances and quadratic costs explicit. The study of the

location-scale family in section 4.2.3 and the fibrational perspective might be more

appropriately formalised within the field of information geometry, where distributions

are points of certain statistical manifolds. Many other dualities in control theory, as well

as relations between hidden Markov models, Bayesian filters, etc. remain to be explored

from this perspective and are part of future work. As an example, the control-estimation
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duality functor D (definition 4.4.12) may be extended by an additional transformation

of decorations P 7→ P−1 that assigns to every immediate cost matrix its inverse (which

is still a symmetric positive semi-definite matrix), which defines the precision matrix

(a Fisher information matrix for linear dynamics with gaussian noise [103]). Even

though they have equivalent behaviour, there is significant computational trade-offs in

the choice [6]. A construction analogous to theorem 4.4.13 may then realise a functorial

version of the information filter and its information form duality [5, 124], and further

avenues towards distributions other than gaussian might open also in the context of

information geometry [3].

Continuous time MDPs pose a serious challenge to any approach for which cate-

gorical composition is sequential in time, as is done in this thesis, since composition of

two morphisms in a category appears to be inherently discrete. (Open games are sim-

ilarly unable to handle dynamic games with continuous time, such as pursuit games.)

A plausible approach to this is to associate an endomorphism in a category to every

real interval, by treating that interval of time as a single discrete time-step, and then

requiring that all morphisms compose together correctly, similar to a sheaf condition.

It is hoped that the Bellman-Jacobi-Hamilton equation, a PDE that is the continuous

time analogue of the discrete-time Bellman equation, will similarly arise as a fixpoint

in this way. Exploring this systematically is important future work.
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A.1 Miscellaneous

The concept of a monoidal category may be found in any textbook [115, Section

VII.1][135, E.2] and is also covered in several reports and articles [155, 9]. The fol-

lowing definition is spelled out for completeness.

Definition A.1.1 (Monoidal category). A category C is said to be a monoidal category if

A monoidal category C is category with an additional structure of a monoidal product

(a bifunctor) ⊗ : C × C → C, and a monoidal unit I ∈ C0, which can both be seen as

functors

⊗ : C × C → C I : ?→ C

Also, for given objects a, b, c ∈ C0, three natural isomorphisms:

• the associator αa,b,c : (a⊗ b)⊗ c→ a⊗ (b⊗ c)

• the left unitor `a : I ⊗ a→ a

• the right unitor ra : a⊗ I → a

such that the following diagrams commute for all objects w, x, y, z ∈ C0:

127



Appendix A

• Associativity: the pentagon equation, governing the associator:

(w ⊗ x)⊗ (y ⊗ z)

((w ⊗ x)⊗ y)⊗ z w ⊗ (x⊗ (y ⊗ z))

(w ⊗ (x⊗ y))⊗ z w ⊗ ((x⊗ y)⊗ z)

αw,x,y⊗zαw⊗x,y,z

αw,x,y⊗1z

αw,x⊗y,z

1w⊗αx,y,z

• Triangle equation, governing the unitors:

(x⊗ 1)⊗ y x⊗ (1⊗ y)

x⊗ y

αx,1,y

rx⊗1y 1x⊗`y

Definition A.1.2 (Delooping). Given a monoidal category (C,⊗, I), its delooping is the

bicategory BC which consists of a single 0-cell ∗ and a hom-category BC(∗, ∗) being C.

Given a monoid M , we also call the category BM its delooping, responding to the

fact that the delooping operation can be described for any (weak) k-tuply monoidal

n-category and results in a (k − 1)-tuply monoidal (n+ 1)-category [10].

Definition A.1.3 (Graph of a morphism). In a cartesian category C, the graph of a

morphism f : X → Y is the image gr(f) of X ∆X−−→ X ×X X×f−−−→ X × Y that ‘carves

out’ the product X × Y . If C has pullbacks, the graph gr(f) is given by

gr(f) Y

X Y

⌟

f

which is canonically isomorphic to X itself. In (FVec,+, 0), the graph of f : Rn → Rm

is the set

gr(f) = {(x,y) ∈ Rn ⊕ Rm | f(x) = y} ∼= Rn ⊆ Rn ⊕ Rm
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A.2 Linear algebra

Lemma A.2.1 (Sherman-Morrison-Woodbury). The matrix inversion identity is given

by

(A+BCD)−1 = A−1 −A−1B(C−1 +DA−1B)−1DA−1

Definition A.2.2 (Schur complement). For p, q : N, let M =
(
A B
C D

)
be a (p+ q)× (p+ q)

block matrix. If D is invertible, the Schur complement of D in M is the p× p matrix

defined by

M/D := A−BD−1C

If A is invertible, the Schur complement of A in M is the q × q matrix defined by

M/A := D − CA−1B

When D or A are singular, the generalized Schur complement is given by substi-

tuting a generalized inverse—like the Moore-Penrose pseudoinverse, axiomatized in the

context of dagger categories [47]—for the inverses in M/D and M/A [36, A.5].

Lemma A.2.3. Let M =
(

A B
B> D

)
and let M/D be the Schur complement of D in M .

Then an expression of the inverse of M is the following:

M−1 =

 I 0

−D−1B> I


(M/D)−1 0

0 D−1


I −BD−1

0 I



Lemma A.2.4. Let M =
(

A B C
B> D E
C> E> F

)
be a symmetric 3 × 3 block matrix. The Schur

complement with respect to its lower right 2× 2 block is given by

M/
(
D E
E> F

)
= A− (B − CF−1E>)(D − EF−1E>)−1(B> − EF−1C>)− CC>
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Proof.

M/
(
D E
E> F

)

=A−
[
B C

]  D E

E> F


−1 B>

C>

 (lemma A.2.3)

=A−
[
B C

]  I 0

−F−1E> I


(D − EF−1E>)−1 0

0 F−1


I −EF−1

0 I


B>

C>


=A− (B − CF−1E>)(D − EF−1E>)−1(B> − EF−1C>)− CF−1C>

Definition A.2.5. Let k be a field. A k-vector space A with an additional binary opera-

tion · : A×A→ A is called a k-algebra if the following identities hold for all x,y, z ∈ A

and all a, b ∈ k:

• Right distributivity: (x + y) · z = x · z + y · z

• Left distributivity: z · (x + y) = z · x + z · y

• Compatibility with scalars: (ax) · (by) = (ab)(x · y)

Definition A.2.6. The collection of all k-algebras forms a category Algk with morphisms

being k-algebra homomorphisms, i.e. k-linear maps k : A → B that preserve the

multiplication.

A.2.1 Algebraic Riccati equations in LQRs

The following proposition is a standard result in control theory; for completeness, we

include it here with reference to standard treatments [154, 99]. Recall the statement of

the linear quadratic regulator problem in section 4.4.

Proposition A.2.7. Let x′ = Ax + Bu be the state-space equation for a discrete linear

dynamical system with x,x′ ∈ X ∼= Rn and u ∈ U ∼= Rm for some finite n,m. Let

` : X ⊕ U → R be the symmetric bilinear function that defines the immediate cost of
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the system, given by a matrix S ∈ Rn×m and two positive definite matrices Q ∈ Rn×n

and R ∈ Rm×m:

`(xk,uk) = x>
k Qxk + u>

k Ruk + x>
k Suk + u>

k S
>xk =

[
x>
k u>

k

]  Q S

S> R


xk

uk


The optimal control u∗ ∈ U that minimizes the cumulative cost J(x0, {uk}k) =

{
∑
k `(xk,uk) | xk+1 = Axk +Buk} is given by a linear map of the state K : X → U :

u∗
k = Kxk := −(R+B>Pk+1B)−1(S +B>Pk+1A)xk (1)

Its associated optimal cost-to-go function J∗(x0) = x>
0 P0x0 is given by the Riccati

difference equation (RDE):

Pk = Q+A>Pk+1A− (S> +A>Pk+1B)(R+B>Pk+1B)−1(S +B>Pk+1A) (2)

Proof. The total cost function can be expressed (co)recursively1as

Jk(xk, {ui}Ti=k) = `(xk,uk) + Jk+1(Axk +Buk, {ui}Ti=k+1)

Moreover, the optimal total cost function J∗ can also be written corecursively, as the

minimization of quadratic forms is decomposable:

J∗
k (xk) = min

uk,...,uT
Jk(xk, {ui}Ti=k)

= min
uk

{
`(xk,uk) + J∗

k+1(Axk +Bu∗
k)
}

Assume J∗
k+1(xk+1) = x>

k+1Pk+1xk+1 for some Pk+1 : Sym∗
+(n). Because the cost
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function is quadratic, it admits a unique minimum reached at the zero gradient point:

∂

∂uk
Jk(xk,uk) = ∂

∂uk

(
`(xk,uk) + (Axk +Buk)>Pk+1(Axk +Buk)

)
= 2u>

k R+ 2x>
k S + 2(Axk +Buk)>Pk+1B

!= 0

which yields the optimal control law (1). By substituting it into J(x0, {u∗
k}k), we

obtain equation (2).

Remark A.2.8. When (R+B>Pk+1B) is singular, we use the convention of substituting

a generalized inverse for the inverses in (1) and (2).

Definition A.2.9. The discrete algebraic Riccati equation (DARE) is the fixpoint of the

Riccati difference equation (2)

P = Q+A>PA− (S> +A>PB)(R+B>PB)−1(S +B>PA)

whose solution P determines, in the context of infinite-horizon time-invariant LQRs,

the steady state optimal cost.

Proposition A.2.10. When the system cost does not have a state-action correlation

component S, (2) simplifies to:

Pk = A>Pk+1(I +GPk+1)−1A+Q (3)

with G = BR−1B>.

Proof. Assign S = 0 to (2) and apply the matrix inversion lemma (lemma A.2.1).
1The cost function is a corecursive function of the state-action pairs, as the cost of the current

state-action pair is the sum of the immediate cost and the cost of the next state-action pair. However,
its proof method is recursive as the trajectory horizon is assumed to be finite and takes as a base case
the cost of the last state-action pair.
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A.2.2 Kalman filter

The basic Kalman filter [100] is the optimal (minimum mean square, i.e. minimum

variance) state estimator of a linear dynamical system with gaussian noise. Let the

state-space equations be given by x′ = Ax + w and y = Cx + v, where w and v

are zero-mean gaussian noises with variances E[ww>] = W and E[vv>] = V . Note

that the probability distribution function f of a zero-mean Gaussian random variable

w ∼ N (0,W ) has the form

f(x) = 1√
(2π)n det(W )

exp
(
−1

2
x>W−1x

)

and thus the distribution is characterized by the symmetric quadratic form W .

Estimated values are denoted with a hat (̂ ), and can be either priors or posteriors.

Priors are given by predictions from past steps; for example, x̂k+1|k is the prior on

the state at step k + 1 predicted from information available at step k. Posteriors are

corrections on priors given by new measurements or observations. The posterior state

given information available at step k + 1 is denoted x̂k+1|k+1.

Briefly, the Kalman filter assumes an estimation of the initial state x̂0|0 and an

uncertainty Σ, and applies iteratively the following operations for each step k:

1. Predict the next state x̂k+1|k and error2 Σk+1|k:

x̂k+1|k = Ax̂k|k

Σk+1|k = E[(xk+1 − x̂k+1|k)(xk+1 − x̂k+1|k)>]

= E[(Axk + wk −Ax̂k|k)(Axk + wk −Ax̂k|k)>]

= AE[(xk − x̂k|k)(xk − x̂k|k)>]A> + E[wkw
>
k ]

= AΣk|kA
> +W (4)

2. Measure yk+1, calculate the innovation or residual zk+1 and innovation covariance
2The second to last step of the error prediction is why we need the model to be linear.
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error ζk+1:

zk+1 = yk+1 − Cx̂k+1|k

= Cxk+1 + vk+1 − Cx̂k+1|k

ζk+1 = E[zk+1z>
k+1]

= E[(Cxk+1 + vk+1 − Cx̂k+1|k)(Cxk+1 + vk+1 − Cx̂k+1|k)>]

= CE[(xk+1 − x̂k+1|k)(xk+1 − x̂k+1|k)>]C> + E[vk+1v>
k+1]

= CΣk+1|kC
> + V

3. Calculate the optimal gain (Kalman gain) K∗
k+1: The minimization of the trace of

the estimation covariance Σk+1|k+1 is given by the first-order optimality condition

∂Kk+1 Tr(Σk+1|k+1)
∣∣∣
Kk+1=K∗

k+1
= 0

which results in

K∗
k+1 = Σk+1|kC

>(CΣk+1|kC
> + V )−1 (5)

4. Update the prediction of state and error to the posteriors x̂k+1|k+1 and Σk+1|k+1:

x̂k+1|k+1 = x̂k+1|k +Kk+1zk+1

Σk+1|k+1 = E[(xk+1 − x̂k+1|k+1)(xk+1 − x̂k+1|k+1)>]

= · · ·

= (I −Kk+1C)Σk+1|k(I −Kk+1C)> +Kk+1V K
>
k+1

This last expressions is known as the Joseph form [38]. After substituting (4) and the

optimal gain (5) and a bit of algebra, we get the expression of the optimal posterior
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covariance Σk+1|k+1 in terms of the previous posterior Σk|k for a gain Kk+1:

Σ∗
k+1|k+1 = AΣk|kA

>+W−(AΣk|kA
>+W )C>(C(AΣk|kA

>+W )C>+V )−1C(AΣk|kA
>+W )

(6)
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