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Abstract

Air pollution is one of the most pressing global challenges, with severe consequences for human

health, ecosystems, and climate. Atmospheric pollutant dispersion is governed by turbulent

transport and diffusion, and mathematical models are used to simulate concentration fields

that represent these processes. However, the accuracy of such models typically depends on

input parameters whose values may not be known exactly, making the use of uncertainty quan-

tification (UQ) and sensitivity analysis tools essential. Conventional global sensitivity analysis

(GSA) often collapses spatial information into scalar measures, limiting its ability to reveal how

the influence of individual parameters varies across space. This thesis applies spatially resolved

GSA to steady-state advection-diffusion systems for modelling pollutant dispersal. Specifically,

Sobol indices are used to characterise how parameter influence varies across space, with confi-

dence intervals constructed at each stage of analysis to assess the reliability of the sensitivity

estimates. The investigation progresses from one-dimensional test problems, which establish

a benchmark and confirm the variance in wind speed as the dominant source of output vari-

ability, to two-dimensional models that capture more realistic dispersion. The models use the

Streamline Upwind Petrov-Galerkin (SUPG) finite element method to ensure robust and reli-

able discretisation of the problem. In the 2D case, computational demands are mitigated by

the use of artificial neural network (ANN) surrogate models trained on numerical simulations,

enabling efficient estimation of Sobol indices, which serve as the GSA measure in this work.

This approach is then applied to an urban air quality model formulated as a full PDE system.

The subsequent study demonstrates both the dominant role of wind speed and the regional

significance of the stability exponent and emission rates, with ANNs again providing scalability

while preserving key spatial sensitivity patterns. The findings show that spatially resolved GSA

reveals parameter influence in ways inaccessible to scalar approaches, highlighting how sensitiv-

ities shift across space and how targeted reduction of uncertainty in key parameters can lower

output variance. By combining numerical modelling, surrogate methods, and UQ, the thesis

demonstrates that high-resolution spatial GSA is both feasible and informative for pollutant

dispersal problems, and proposes a transferable methodology for other PDE-based models in

which spatial variability is key.
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Chapter 1

Introduction

Urban air quality is a pressing global concern, posing substantial threats to public health

and environmental well-being. A joint statement issued by several public health organisations

and scientific societies reflecting on the new World Health Organisation (WHO) Air Quality

Guidelines published in 2021 includes the observations that “there is now broad expert consensus

that air pollution is a major global public health risk factor and puts an enormous financial

burden on societies” and “air pollution currently ranks fourth among the major risk factors for

global disease and mortality’, leading to millions of premature deaths on an annual basis [23,72].

Health conditions linked to air pollution include respiratory infections, chronic obstructive

pulmonary disease (COPD), cardiovascular diseases, and neurodegenerative disorders [31, 36,

37]. The current state of global air quality is concerning as many regions worldwide face severe

challenges. Air quality standards vary across countries, and many fall short of WHO thresholds.

Despite some progress over recent decades several urban cities still exceed WHO guidelines for

regulated pollutants. Notably, even low exposure levels have measurable impacts on respiratory

and cardiovascular systems [3, 65].

1.1 Motivation for Air Quality Modelling

Air quality modelling has become an essential component of environmental research and is a

critical tool for understanding and mitigating the environmental and health impacts of pollution

in an increasingly urbanised and industrialised world. Air quality models help identify pollution

sources, simulate pollutant dispersion, and evaluate exposure risks. Effective modelling of air

quality problems helps form a scientific basis for informing regulatory frameworks.
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Air pollution originates from diverse anthropogenic sources, including industrial processes,

vehicular emissions, domestic combustion, and waste disposal. Key pollutants such as nitro-

gen oxides (NOx), sulfur dioxide (SO2), ozone (O3), carbon monoxide (CO), volatile organic

compounds (VOCs), and particulate matter, including PM2.5 and PM10, contribute to a wide

array of health effects [48, 61]. In addition, heavy metals such as zinc, often released through

industrial discharges, accumulate in soils and water systems, leading to long-term ecological

degradation and health issues for humans through contamination of water, air, and soil [33,60].

The spatial and temporal variation in air quality is substantial, shaped by factors such as

population density, industrial activity, land use, and the efficacy of environmental regulations.

Urban areas typically exhibit poorer air quality due to dense traffic and industrial emissions,

while rural areas experience variability linked to agriculture and biomass burning. These fluc-

tuations are further modulated by weather patterns, seasonal variation, and localised human

activity, necessitating high-resolution spatio-temporal monitoring systems [11,72,73].

Understanding pollutant dispersion dynamics is critical to accurately model air quality.

The spatial distribution of pollutants is influenced by emission source types, intensity, meteo-

rological conditions, and geographical layout. For instance, compact urban development does

not inherently lead to higher pollution levels; the net effect depends on the interaction between

source-specific emissions and atmospheric conditions [9, 53].

Air pollution research occupies a central role in applied mathematics, where it involves mod-

elling nonlinear, spatio-temporal, and multivariable phenomena. Predicting pollution trends,

evaluating exposure impacts, and designing intervention strategies demand sophisticated sta-

tistical and computational models [27,29]. Advances in satellite remote sensing and distributed

sensor networks are enhancing our ability to understand chemical interactions, emissions attri-

bution, and pollutant dynamics at multiple scales, leading to more effective air quality man-

agement strategies [71].

The environmental impacts of air pollution also extend beyond human health. Ecologi-

cal structures, including forests and agricultural systems, are increasingly stressed by airborne

pollutants, especially ozone, which is transported across continents, affecting biodiversity and

crop yields [2]. Long-term exposure has been linked to structural changes in forest ecosys-

tems worldwide [12]. Furthermore, the interaction between air pollution and climate dynamics

can intensify stress on regional water availability and ecosystem productivity. Regional chem-

istry–climate feedbacks can even offset expected climate change trends such as warming and

wetting unless air pollution is explicitly incorporated into climate models [13].
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Climate change is expected to amplify these effects, particularly by increasing ground-level

ozone and particulate matter concentrations [65]. Pollutants such as aerosols and greenhouse

gases alter the terrestrial hydrological cycle and contribute to radiative forcing, intensifying

both atmospheric pollution and climate variability [2]. Understanding these interactions is

essential, as they pose substantial risks to environmental sustainability and socio-economic sta-

bility. Mathematical modelling provides the tools to simulate how emissions affect atmospheric

composition, climate processes, and their feedbacks. These models are critical for developing

integrated policies that address air quality and climate change simultaneously [6].

1.2 Mathematical Models for Pollutant Dispersion

The National Physical Laboratory (NPL), as the UK’s national metrology institute, has a strong

interest in research that advances the accuracy and reliability of environmental measurements.

This work’s focus on spatially resolved sensitivity analysis directly supports the development

of robust modelling tools for air quality assessment, which are essential for evidence-based

regulation and standards. By improving methods for quantifying and managing uncertainty,

this thesis aligns closely with NPL’s mission to provide measurement science that underpins

policy, industry, and public health.

Central to standard pollutant dispersal models is the challenge of accurately describing

pollutant dispersion, the transport and spread of contaminants in the atmosphere driven by

advection, diffusion, and, in some cases, chemical transformation. In this section, we review key

developments in the mathematical modelling of pollutant dispersion, focusing on the governing

equations, modelling assumptions, and numerical solution techniques.

Modelling Approaches

Air quality models are designed to simulate real-world pollution scenarios, yet their accuracy is

inherently constrained by the complexity of atmospheric processes and the limited availability

of complete observational data. Various modelling approaches can be employed to predict and

assess pollutant concentrations in the atmosphere, from simple, steady-state formulations to

more advanced time-dependent models capable of resolving atmospheric chemistry, meteoro-

logical interactions, and multi-scale transport dynamics.

Dispersion models are typically categorised into three main types: Gaussian, Eulerian, and

Lagrangian. Each is characterised by distinct assumptions, numerical structures, and applica-

3



tion domains. Understanding their differences is essential for selecting an appropriate modelling

approach based on the objectives of a given study, spatial scale, the pollutant type, and the

computational resources available. Physical considerations such as turbulence, boundary con-

ditions, and source terms, which describe emissions, are also integral components of accurate

air quality modelling [32,38,66].

Gaussian plume models are among the earliest and most widely used dispersion modelling

techniques. They assume pollutant concentration follows a Gaussian (normal) distribution as

it moves away from the source. These models are most suitable for near-field applications (typ-

ically up to 50 km), especially when atmospheric conditions are relatively stable. Due to their

low computational demands, Gaussian models are often used for regulatory purposes and for

estimating concentrations from point, line, or area sources. However, they offer limited capa-

bility in representing time-dependent behaviour, complex terrain, or chemical transformations,

which restricts their use in more dynamic or heterogeneous environments [32,66].

Eulerian models adopt a fixed spatial grid and solve conservation equations for mass, mo-

mentum, and energy to simulate the evolution of pollutant concentrations. They are capable of

handling multiple sources, complex chemical reactions, and both near-field and far-field trans-

port. These models are widely used in regional-scale air quality assessments where the interplay

between emissions, meteorology, and atmospheric chemistry is significant. The primary advan-

tage of Eulerian frameworks lies in their ability to couple with meteorological models and to

simulate chemical transformation processes over extended spatial domains. However, their com-

putational cost can be substantial, particularly at high resolutions or when simulating a large

number of chemical species [32,47].

Lagrangian models, by contrast, track the movement of individual air parcels or particles

through time and space, using a moving frame of reference. This allows for more detailed rep-

resentation of point sources, complex terrain, and long-range pollutant transport. Lagrangian

models typically require detailed meteorological input and can be computationally intensive,

but their flexibility and adaptability make them well-suited for studies requiring high spatial

and temporal precision [32].

A further category of dispersion modelling is Computational Fluid Dynamics (CFD) mod-

els, which are particularly valuable for small-scale applications involving complex geometries,

such as urban environments or industrial sites. CFD is essentially a high-resolution Eulerian

approach. These models numerically solve the Navier–Stokes equations, adapted to atmo-

spheric flow, on a high-resolution computational mesh that captures intricate surface features.
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CFD frameworks can incorporate different turbulence models, such as the Reynolds-averaged

Navier–Stokes (RANS) approach, often paired with the widely used k−ε model, or Large Eddy

Simulation (LES), which resolves large turbulent structures [38]. While CFD provides physi-

cally detailed, high-resolution simulations, it is computationally demanding and thus generally

constrained to limited spatial and temporal domains.

Each modelling approach presents trade-offs between complexity, resolution, and compu-

tational feasibility. The choice of model is influenced by several contextual factors, including

geographic scale and topography, timescale of interest, land use characteristics, source configu-

ration, and removal mechanisms such as deposition or chemical decay [32]. Advanced models,

while more capable of simulating realistic scenarios, often require extensive environmental input

data and a strong understanding of atmospheric dynamics.

Governing Equations and Physical Processes

Pollutant dispersion models are primarily based on advection-diffusion and reaction-diffusion

equations, which describe how pollutants are transported by the airflow (advection), spread

out due to turbulent and molecular mixing (diffusion), and potentially undergo chemical trans-

formations (reaction). These equations form the mathematical foundation for most air quality

models, capturing the spatial and temporal evolution of pollutant concentrations within the

atmosphere [38, 62]. The underlying advection-diffusion and advection-reaction equations can

be understood as extensions or implementations of the Eulerian and Lagrangian frameworks. In

Eulerian models, these equations are solved at each grid point, producing spatially continuous

concentration fields, while in Lagrangian models, the equations govern the stochastic movement

of particles, ensuring that their collective behaviour reproduces the same transport and reaction

dynamics.

To represent these equations meaningfully, models must incorporate the key physical pro-

cesses that govern atmospheric pollutant behaviour. Advection describes the transport of pol-

lutants by the wind profile, which can be characterised by wind velocity and direction. In many

formulations, wind velocity is expressed as the sum of a deterministic (mean flow) and a random

(turbulent fluctuation) component to capture both organised transport and stochastic mixing.

Eddy diffusion represents the spreading due to turbulent mixing [4,62]. Turbulence accounts for

processes such as the development of mixing layers and the influence of atmospheric stability

on vertical and horizontal dispersion [38, 62]. The roughness length characterises the effect of

surface features (vegetation, buildings, terrain) on wind profiles and turbulence [25]. Deposition
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processes, both dry (gravitational settling, surface uptake) and wet (removal by rain, snow, or

other forms of precipitation), remove pollutants from the atmosphere, while chemical reactions

and transformations can alter pollutant species and concentrations over time [38].

A key challenge in solving these equations lies in the appropriate specification of boundary

conditions, which define how the model interacts with its spatial domain. These conditions

determine how pollutants enter, leave, or behave at the limits of the model, ensuring that

solutions remain physically realistic and numerically stable. In dispersion modelling, boundaries

may represent the limits of the computational domain, and their formulation can significantly

affect predicted concentration outputs. Choices of boundary conditions often depend on the

modelling approach, the spatial and temporal scale of interest, and the available observational

or input data.

Numerical Methods

Solving the atmospheric transport equations that govern pollutant dispersion requires robust

numerical methods capable of handling advection, diffusion, and reaction terms while maintain-

ing numerical stability and accuracy. Among the most widely used techniques are Finite Dif-

ference Methods (FDMs), Finite Volume Methods (FVMs), Finite Element Methods (FEMs),

and adaptive grid techniques, each offering distinct advantages and drawbacks.

FDMs use a straightforward approach to approximate derivatives in the governing equa-

tions using finite differences on a discretised grid. For explicit FDMs, the solution at the next

time step is computed directly from known values at the current step, making them simple

to implement but requiring very small time steps to ensure numerical stability. In implicit

FDMs, the solution at the subsequent time step is obtained by solving a system of equations

that simultaneously incorporates the dependent variables at that future time level. This ap-

proach permits the use of larger time steps while ensuring numerical stability, but increases

computational effort [38,49].

FVMs solve the governing equations by dividing the domain into small control volumes and

evaluating fluxes of quantities across their boundaries. Instead of working at single grid points,

FVMs calculatethe fluxes of quantities across the boundaries of these volumes, which makes

them well suited for transport problems. They are widely used in air quality models because

of their ability to handle complex flows and irregular geometries, though accurately computing

fluxes can make them more computationally demanding [69].

FEMs offer a more flexible and mathematically rigorous framework by subdividing the com-
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putational domain into elements and approximating the solution using basis functions defined

locally on each element. This piecewise representation allows FEMs to effectively handle com-

plex geometries, irregular grids, and heterogeneous conditions, which are common in urban or

varied terrain environments. Among the common FEMs applied to air quality modelling are the

Streamline Upwind Petrov–Galerkin (SUPG) method, which stabilises solutions to advection-

dominated problems by introducing directional weighting to reduce numerical oscillations, and

the discontinuous Galerkin (DG) method, which allows for discontinuities between elements,

enhancing stability and reducing numerical diffusion in sharp gradient regions [15, 38]. Tradi-

tional Galerkin FEMs can produce non-physical oscillations and instabilities when simulating

sharp concentration gradients or steep fronts common in atmospheric pollutant plumes. SUPG

mitigates these issues by modifying the weighting functions in the variational formulation, intro-

ducing an upwind bias aligned with the direction of flow (streamlines). This selective addition

of artificial diffusion along the flow direction effectively reduces oscillations, and it is known

that this approach improves numerical stability and accuracy [15].

To further enhance solution accuracy while managing computational cost, adaptive grid

techniques dynamically modify grid resolution based on evolving solution features. Three com-

mon approaches are h-refinement, which adds grid points to increase resolution in regions of

high gradients, and r-refinement, which relocates existing grid points toward areas requiring

enhanced detail, and p-refinement, which increases the degree of the polynomial basis functions

used to approximate the solution within each element. Adaptive grid methods have been shown

to significantly improve model fidelity for localised phenomena such as point source plumes

without incurring the computational expense of uniformly fine meshes across the domain [38].

The choice among these numerical methods typically depends on the modelling objectives

and constraints. FDMs are often good for large-scale, long-range dispersion models where com-

putational efficiency is paramount. In contrast, FEMs and adaptive grids are better suited to

urban-scale or complex terrain applications where accuracy in representing spatial heterogene-

ity and sharp gradients is critical, despite their higher computational cost. Across all methods,

considerations of grid resolution remain central. Finer grids enable capturing intricate spatial

variability and detailed dispersion features but increase computational demand. Conversely,

coarser grids reduce computational load but may oversimplify the plume dynamics. To address

these computational challenges, the use of parallel computing and high-performance computing

architectures has become popular, allowing for efficient handling of large-scale models with fine

spatial resolution and detailed physical parametrisations [38].

7



1.3 Uncertainty Quantification in Air Quality Modelling

In the context of mathematical modelling, uncertainty quantification (UQ) is often used for

identifying and measuring uncertainties inherent in both input parameters and model formu-

lations. In air quality simulations, these uncertainties can arise from incomplete or imprecise

data, model structure limitations, and the inherent randomness of environmental systems, all

of which can impact the reliability of model predictions [74]. By systematically managing and

analysing these uncertainties, UQ can enhance confidence in simulation outcomes and inform

robust decision-making in environmental policy and public health [42,45].

Sources of Uncertainty

Air quality models are influenced by multiple sources of uncertainty that collectively contribute

to variability in output predictions. One primary source is input data variability, where inac-

curacies and inconsistencies in emission inventories and meteorological data propagate through

simulations, leading to significant uncertainty in pollutant concentration estimates [24]. In this

thesis, the input data are the samples generated from probability distribution functions that

are used to describe model parameters. Another critical source is parameter uncertainty, which

arises from the imprecise knowledge of model parameters such as emission factors and chemical

reaction rates. These uncertainties can be amplified by nonlinear atmospheric processes, result-

ing in considerable variation in model outputs. Model structural errors also play a significant

role; these uncertainties originate from the simplifications and assumptions underlying model

design, with different conceptual frameworks often producing divergent results, underscoring

the sensitivity of predictions to model formulation [26]. Lastly, numerical approximations in-

troduced during the discretisation and approximation of governing equations contribute to

uncertainty, particularly in cases dominated by advection or stiff chemical kinetics. Although

generally smaller than errors from other sources, numerical errors remain an important factor

in the overall uncertainty.

Impact of Uncertainty on Model Predictions

The presence of uncertainties significantly affects the accuracy and reliability of air quality

predictions. Studies have shown that variability in meteorological inputs and physical model

assumptions can lead to changes of up to 20–30% in pollutant concentrations within highly

polluted regions, influencing both spatial distribution and transport pathways [19]. This level
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of variability highlights the necessity for rigorous uncertainty propagation techniques, such

as Monte Carlo (MC) simulations, which allow for the probabilistic treatment of predicted

pollutant levels and provide confidence bounds around forecasts.

Uncertainty Quantification Techniques

Several methodologies exist for quantifying uncertainty, broadly classified into probabilistic and

non-probabilistic approaches. Probabilistic methods, such as Bayesian inference, incorporate

prior knowledge and observed data to probabilistically represent uncertainty within, e.g., model

parameters. Alternatively, non-probabilistic techniques like interval analysis and fuzzy set

theory provide frameworks for representing uncertainty when statistical information is scarce

or incomplete [74].

Probabilistic methods form the foundation of many UQ studies by representing uncertainty

through probability distributions. Such approaches are particularly advantageous when dealing

with complicated nonlinear systems [74]. In the context of air quality modelling, probabilistic

methods enable the prediction of pollutant concentration distributions rather than single output

values, providing a richer understanding of uncertainty. Non-probabilistic methods, including

interval analysis and fuzzy set theory, offer alternative strategies when precise probability distri-

butions are difficult to establish due to limited data or inherent ambiguity. These frameworks

represent uncertainty through bounded intervals or membership functions rather than exact

probabilities, making them well-suited for scenarios with imprecise or incomplete information.

Such methods provide valuable flexibility in representing epistemic uncertainty where subjective

interpretation or data gaps are prevalent [74]. The choice between these frameworks depends

on the nature of available data, the type of uncertainty encountered, and the specific goals of

the modelling study.

Methods such as MC simulations can be used to address the numerical propagation of

uncertainty through models by employing repeated random sampling to explore the variability

of outputs arising from uncertain inputs, thereby offering a probabilistic approach that captures

the full range of possible outcomes rather than a single deterministic result. Enhancements like

Quasi-Monte Carlo (QMC) methods utilize low-discrepancy sequences to achieve more efficient

and faster convergence compared to traditional MC sampling. Complementing these, surrogate

models act as computationally inexpensive approximations of complex full-physics simulations,

enabling extensive uncertainty analyses that would otherwise be prohibitively expensive.
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1.3.1 Sensitivity Analysis in Air Quality Modelling

Sensitivity analysis (SA) is a fundamental tool in UQ that focuses specifically on understanding

how variations in model inputs affect the model outputs. By identifying which parameters most

influence model behaviour, SA helps prioritise efforts in data collection, model refinement, and

resource allocation [1,59,68]. While UQ broadly addresses uncertainty sources and propagation,

SA narrows the analysis to input-output relationships, providing critical insights into model

dynamics and guiding targeted improvements.

SA techniques can be broadly categorised by their scope and computational approach. A

key distinction lies between local and global methods. Local sensitivity analysis (LSA) examines

the effect of infinitesimal changes around a fixed nominal input set and is best suited for linear or

near-linear models where parameter interactions are minimal [28]. Global sensitivity analysis

(GSA), in contrast, provides a more comprehensive evaluation by considering the full range

of input variability and their potential interactions. GSA is thus better suited for complex,

nonlinear systems in which understanding model behaviour across the entire parameter space is

crucial [59]. This method captures a broader perspective of model dynamics and is indispensable

when aiming to identify key drivers of uncertainty in realistic, multifactorial scenarios.

Among GSA methods, variance-based techniques, particularly Sobol indices, have gained

prominence for their ability to decompose output variance into contributions from individual

inputs and their interactions [17,52,58,63]. This quantitative decomposition of variance yields

interpretable metrics that reveal both main effects and higher-order interactions, aiding the

prioritisation of influential parameters [5, 51, 63]. However, a Sobol indices approach can be

computational expensive, especially for complex models with many parameters [68].

Screening methods are another approach to SA,design to identify efficiently non-influential

variables at early modelling stages, thereby reducing dimensionality and computational burden.

The Morris method is widely recognised for its computational efficiency and ability to provide

qualitative rankings of input importance, making it valuable in preliminary analyses [7].

SA techniques can also be distinguished based on their computational strategy, particularly

between derivative-based and variance-based methods. Derivative-based approaches assess sen-

sitivity by calculating the partial derivatives of the model output with respect to each input

parameter. These methods tend to be computationally efficient and are effective for smooth,

differentiable models. However, they may fail to accurately capture the influence of interactions

between variables or nonlinear responses [34]. On the other hand, variance-based techniques

provide a robust statistical framework for decomposing the output variance into contributions
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from individual inputs and their interactions. Among these, Sobol indices stand out for their

ability to account for complex interdependencies across the entire input space, offering detailed

and interpretable sensitivity metrics [58,63].

The handling of spatial dependence in SA is a particularly significant issue given the spa-

tially distributed nature of environmental phenomena. Traditional SA methods often rely on

scalar outputs, such as domain-averaged pollutant concentrations, which may obscure critical

spatial variability in parameter influence. One of the main challenges in employing Sobol indices

in spatially distributed models is the computational demand due to the high dimensionality and

complex interactions within such models.

To address computational challenges, surrogate methods have been increasingly employed

to approximate complex air quality simulations efficiently. By enabling extensive sampling over

high-dimensional input spaces, surrogate-based approaches facilitate the practical application

of variance-based GSA methods, including Sobol indices, in otherwise intractable problems [67].

There are many techniques being developed to incorporate spatial variability directly into

the analysis. One approach is to use spatial decompositions to handle data with spatial com-

ponents effectively. This method allows one to perform SA on spatial maps of Sobol indices,

capturing spatial variability and offering a more comprehensive view of the sensitivity across

different spatial regions [44].

However, the treatment of spatial dependence in SA still poses challenges, and ongoing

research aims to integrate spatial considerations more thoroughly to improve the reliability

and interpretability of SA in spatially distributed systems. Despite these developments, there

remains a clear gap in the literature concerning the systematic evaluation of Sobol indices with

explicit spatial dependence, particularly within the context of air quality modelling. While

methods such as spatial decomposition and surrogate modelling offer promising avenues, their

application remains relatively limited in scope, particularly within the area of air quality mod-

elling.

Spatial variability significantly impacts pollutant concentration levels because air pollution

is subject to both spatial and temporal changes influenced by factors like population density, ur-

banisation, and industrial activities. Models that incorporate spatial relationships improve the

accuracy of air quality predictions by capturing the dependencies not just between neighbouring

locations but also between sites with similar functional characteristics or patterns [70]. This

capacity to model diverse inter-station relationships enhances the predictive power of air quality

assessments. Moreover, spatial variability affects pollutant concentrations by introducing het-
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erogeneity in air pollution levels across different regions. For example, in urban environments,

factors such as local emission sources, industrial zones, traffic patterns, street and building

layouts, and meteorological conditions can create spatial variability. Research highlighted the

use of Geographic Information Systems (GIS) and spatial regression models to quantify and

map spatial variabilities, revealing how industrial activities and prevailing wind patterns con-

tribute to such inconsistencies [57]. These analyses help identify pollution hotspots and inform

strategies for air quality management. There is a growing recognition that in order to provide

SA in realistic air quality predictions, there is a need to develop comprehensive frameworks

that integrate spatial dependence more systematically into the calculation and interpretation

of Sobol indices.

1.4 Thesis Overview

This thesis aims to contribute to the field of pollution dispersion modelling by the analysis

and advancing the application of spatially-dependent analysis of Sobol indices tailored to air

quality models. Incorporating spatially-dependent SA into air quality modelling provides a

more nuanced understanding of how pollutants disperse and impact different spatial locations.

By explicitly accounting for spatial variability, this work seeks to support the development of

methodologies that enhance the understanding of input-output relationships across heteroge-

neous spatial domains. In doing so, it contributes a novel perspective to the field, demonstrating

how spatially resolved Sobol indices can uncover nuanced patterns of sensitivity that traditional,

spatially-independent techniques may overlook.

The central research question addressed in this thesis is: Which advection-diffusion model

parameters are the most significant contributors to uncertainty in pollutant concentration across

a spatial domain, and how does this influence vary regionally? This question is embedded within

a broader inquiry into how spatially resolved SA can enhance our understanding of model be-

haviour in environmental systems, specifically air quality models. As environmental phenomena

are inherently spatial, an aggregated perspective may limit the depth and reliability of uncer-

tainty assessments. Here, a aggregated perspective refers to summarising model sensitivity

using a single value over the certain regions of domain, which can obscure important spatial

variations.

The significance of this research lies in its potential to inform more precise and geograph-

ically targeted air quality management strategies. Understanding how dominant parameters
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vary spatially can help identify region-specific drivers of model uncertainty, guide monitoring

efforts, and improve source attribution. This thesis focuses on the spatially resolved GSA of

air quality models using Sobol indices.

To address this overarching question, the specific objectives of this research are as follows:

1. To identify and quantify the dominant contributors to uncertainty in pollutant concen-

trations across the spatial domain

2. To investigate how spatially distributed Sobol indices can provide more informative in-

sights by assessing how these contributions vary in different regions.

3. To develop and apply surrogate modelling techniques for efficient estimation of Sobol in-

dices and their associated confidence intervals, with a focus on preserving spatial patterns

of sensitivity.

4. To assess the trade-offs between computational efficiency and fidelity introduced by sur-

rogate approximations, evaluating their ability to retain spatial features of the sensitivity

landscape while reducing computational burden.

Through these objectives, the thesis aims to advance the methodological foundations of

spatially-dependent SA and contribute practical tools and insights for its application in air

quality modelling. This spatial insight is particularly valuable for real-world applications such

as optimising sensor placement for real-time monitoring, refining model calibration in regionally

diverse environments, and designing location-specific emission control strategies.

The thesis is structured to progressively develop and apply a novel spatially-dependent SA

framework. We proceed in Chapter 2 with a detailed account of the mathematical background

necessary for what follows. This includes a discussion of the modelling assumptions under-

lying the steady-state advection-diffusion PDE, the numerical solution strategy based on the

Streamline Upwind/Petrov–Galerkin (SUPG) method, and the implementation of QMC-based

GSA. This chapter also elaborates on the methodological details of bootstrapping for confi-

dence interval estimation. Chapter 3 introduces a one-dimensional (1D) test case designed to

verify the spatially-dependent GSA framework within a simplified setting. Part of the mate-

rial in this chapter has been published in [41]. Chapter 4 extends the methodology to a 2D

domain to test computational performance and scalability in more realistic conditions. In this

chapter, enhancements to Sobol index estimation are developed, including the introduction of

neural network surrogate modelling. Chapter 5 applies the full framework to an idealised urban

air quality model incorporating additional physical realism, such as turbulent eddy diffusion,
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atmospheric stability, and mixing layer dynamics. Finally, we summarise the key findings of

the thesis in the Chapter 6, reflecting on the methodological contributions and the insights

gained from spatially resolved SA in air quality modelling. We also outline the limitations of

the current study and suggests avenues for future work.
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Chapter 2

Mathematical Background

In this chapter, we present a detailed review of key mathematical and computational back-

ground material required for this thesis. We describe a simplified model problem on given 1D

and 2D domains in Section 2.1 and Section 2.3, respectively, based on steady-state advection-

diffusion boundary value problems (BVPs). We then present the numerical methods employed

to approximate the solutions of the BVPs under consideration. In particular, the Streamline

Upwind Petrov–Galerkin (SUPG) finite element method is adopted due to its stabilising prop-

erties for advection-dominated problems. The formulation and implementation of the SUPG

method are described in detail for the one-dimensional case in Section 2.2, and extended to two

dimensions in Section 2.4. In this thesis, we study pollutant dispersion models as uncertainty

quantification (UQ) problems and conduct global sensitivity analysis (GSA). In Section 2.5 we

present a variance-based GSA measure called Sobol indices, which we use throughout the rest

of this thesis. We also describe how bootstrapping is used to calculate confidence intervals (CIs)

of estimates of Sobol indices in Section 2.6.

2.1 A Simplified 1D Pollutant Dispersion Model

Suppose we have a pollutant in the 1D domain Ω1 = [0, b], which originates from sources at

points xs1 , xs2 ∈ Ω1 with source rates s1 and s2, respectively. We assume the pollutant is

transported through advection with a wind speed a > 0 and diffusion at a rate D > 0. With
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these assumptions, steady-state pollutant dispersion can be modelled using the simple BVP

−Dd
2u

dx2
+ a

du

dx
= s(x) in Ω1,

u(0) = 0, u(b) = 0

(2.1)

where

s(x) =
s1

σ
√

2π
exp

{
− (x− xs1)2

σ2

}
+

s2

σ
√

2π
exp

{
− (x− xs2)2

σ2

}
(2.2)

is a sum of continuous Gaussian source functions over a length scale σ, which governs the spatial

extent of each source. Smaller σ values approximate a more localised source, while larger σ

values produce a smoother and more spatially distributed release. This parameter directly

influences both the peak pollutant concentration and its spatial dispersion within the domain.

Gaussian sources are chosen to model a spatially distributed release of the pollutant, which can

better represent realistic emission profiles than idealised point sources.

We assume that the boundary conditions are implemented sufficiently far from both source

locations such that there is zero pollutant concentration at the boundaries. Here, “sufficiently

far” implies that the distance between each source and the boundary is large enough to en-

sure that the concentration field decays to negligible levels before reaching the domain limits.

Under these conditions, we have observed no evidence of interference with the interior flow or

concentration fields, such as boundary layer distortion or oscillatory behaviour, when applying

Dirichlet boundary conditions.

Other types of boundary conditions can also be considered depending on the problem setup.

For example, zero Neumann (∂u/∂n = 0 ) conditions on outflow boundaries can represent

open-domain behaviour by allowing pollutant transport to exit without imposing a concentra-

tion gradient. In this study, the Dirichlet boundaries are sufficient and do not introduce any

noticeable numerical artefacts.

In (2.1), the wind speed, diffusivity, and source rates are presented as fixed parameters that

quantify distinct physical processes within the model. In practice, these quantities are known,

but subject to uncertainty. To address the inherent unpredictability, we adopt a probabilistic

approach, where we assume that the parameters a, D, s1, and s2 are continuous random

variables with associated probability distribution functions. This means that the pollutant

concentration u is also continuous random variable. By sampling parameters from probability

distribution functions, we can carry out a parametric study that enables us to interpret the

model as a UQ problem. This probabilistic treatment allows for a realistic representation of the
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uncertainty associated with the parameters, acknowledging their variable nature in practical

scenarios.

The variability in wind speed, a pivotal parameter that influences pollutant advection, is

modelled by a Weibull distribution, following [50]. The Weibull distribution is chosen for its

adaptability in representing a variety of wind speed behaviours observed in natural settings.

To account for uncertainties in diffusivity, we employ a lognormal distribution for modelling

diffusion. This choice ensures non-negativity and positive skewness, which aligns with physical

conditions governing diffusivity, offering a flexible means to model different levels of uncertainty

while maintaining adherence to the model’s physical constraints. We use this choice of diffusion

to study the 1D BVP (2.1), and later in a 2D setting, described in Section (2.3). Finally,

the uncertainties associated with source rates are modelled using a uniform distribution for

simplicity, assuming equal likelihood for all values within a specified range. In summary, we

characterise the uncertainty in the model parameters by sampling from probability distribution

functions as follows:

a ∼Weibull(λ, k), D ∼ Lognormal(µD, σD),

s1 ∼ Uniform(α1, β1), s2 ∼ Uniform(α2, β2),
(2.3)

where λ is a scale parameter and k is a shape parameter, the lognormal mean is denoted by µD

and the lognormal standard deviation is denoted by σD. Note that α1, α2, β1, β2 > 0. Examples

of the probability distributions used are given in Figure 3.2.

For the Weibull distribution, the shape parameter k controls the shape of the distribution,

such that a higher value k indicates that the wind speed values are left skewed and a lower

value k suggests that the wind speeds are right skewed. We note that when k ≈ 3, the Weibull

distribution approximates the normal distribution. The scale parameter λ reflects the variability

within the wind speed data. Adjusting λ affects the spread of the distribution, with higher

values of λ indicating a stretched distribution with a lower peak. Conversely, smaller values

of λ indicate a narrower distribution with an increased peak. The Weibull distribution has

mean λΓ(1+1/k) and variance λ2
[
Γ(1 + 2/k)− (Γ(1 + 2/k))

2
]
, where Γ(·) denotes the gamma

function.

The lognormal distribution indicates that the logarithm of the diffusion data is normally

distributed. Increasing µD shifts the distribution to the right, which means that the median

diffusivity increases. Conversely, decreasing µD shifts it to the left, resulting in a lower median.

Larger values of σD increase the spread of the lognormal distribution, while smaller values of σD
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result in a more concentrated distribution. The lognormal distribution has mean exp(µD+σ2
D/2)

and variance
[
exp(σ2

D)− 1
]

exp(2µD + σ2
D).

The uniform distribution for source strength indicates that the sources rates between α1

and β1 are equally likely for s1. The same can be said for the source rate s2 evenly distributed

between α2 and β2. The uniform distribution has mean (αi +βi)/2 and variance (βi−αi)2/12,

for i = 1, 2.

2.2 Streamline Upwind Petrov-Galerkin Approximation

A numerical approximation of the solution to the steady-state BVP (2.1) can be obtained using

a Streamline Upwind Petrov-Galerkin (SUPG) finite element method (see, e.g. [15, §6.3.2]). The

Péclet number is a dimensionless parameter that quantifies the relative importance of advection

and diffusion in transport processes. Defined as the ratio of advective to diffusive transport

rates, it indicates whether transport is more strongly driven by advection or by diffusion. In the

discrete setting, this concept is localised to the computational mesh through the mesh Péclet

number, which measures the balance between advection and diffusion at the element level. Let

Ph denote the mesh Péclet number, where

Ph =
ha

2D
, (2.4)

for a > 0, where h is a measure of element size which we define below.

2.2.1 Weak Formulation in 1D

We begin by constructing the weak form of the model (2.1). The weak formulation of a differ-

ential equation involves multiplying the equation by a smooth test function and integrating by

parts over the domain. This approach naturally leads to Sobolev spaces, which include functions

whose derivatives exist in a weak sense and are integrable, allowing solutions that may not be

classically differentiable to be treated rigorously in the weak formulation of PDEs. The weak

form is useful because it broadens the set of admissible solutions and provides a foundation for

stable, convergent numerical approximations like FEMs.

First, we define the space in which the weak solution exists. In order to do this, we introduce
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the space of functions that are Lebesgue square integrable, given by

L2(Ω1) =

{
u : Ω1 ⇒ R

∣∣∣∣ ∫
Ω1

u2 dx <∞
}
, (2.5)

where the L2 measure ‖u‖ =
(∫

Ω1
u2 dx

)1/2

holds. Then the function space

H1
E0

(Ω1) =

{
u : Ω1 ⇒ R

∣∣∣∣u, dudx ∈ L2(Ω1), u(0) = u(b) = 0

}

is the space in which the solution of the weak form exists. That is, the weak solution is well

defined if all first derivatives of u are in L2(Ω1) and the Dirichlet boundary conditions are

satisfied [15].

The weak form is obtained by multiplying the pollutant dispersion model PDE in (2.1) by

a test function v = v(x) ∈ H1
E0

(Ω1) and integrating over the domain Ω1, where s = s(x):

−D
∫

Ω1

d2u

dx2
v dx+ a

∫
Ω1

du

dx
v dx =

∫
Ω1

sv dx.

Using integration by parts, we get

−D
[
du

dx
v

]b
0

+D

∫
Ω1

du

dx

dv

dx
dx+ a

∫
Ω1

du

dx
v dx =

∫
Ω1

sv dx.

Then, the weak form becomes: find u ∈ H1
E0

(Ω1) such that

D

∫
Ω1

du

dx

dv

dx
dx+ a

∫
Ω1

du

dx
v dx =

∫
Ω1

sv dx, for all v ∈ H1
E0

(Ω1). (2.6)

2.2.2 Galerkin Finite Element Method in 1D

To approximate the solution of the weak formulation (2.6), we must discretise the continuous

1D domain Ω1 into elements. We use a uniform mesh with N elements, where the element size

is h = b/N .

We now define a finite-dimensional test space Sh0 ⊂ H1
E0

(Ω1). The Galerkin method for the

pollutant dispersion problem is: find uh ∈ Sh0 such that

D

∫
Ω1

duh
dx

dvh
dx

dx+ a

∫
Ω1

duh
dx

vh dx =

∫
Ω1

svh dx for all vh ∈ Sh0 .

Now assume that Sh0 ⊂ H1
E0

(Ω1) is a finite n-dimensional vector space, spanned by linear
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basis functions {φ1(x), . . . , φn(x)}. These basis functions are continuous and piecewise linear

over the computational mesh, consistent with the standard finite element formulation used

throughout this thesis. The finite element approximation uh ∈ Sh0 is then uniquely associated

with the vector u = (u1, u2, . . . , un)
>

of real coefficients in the expansion

uh =

n∑
j=1

ujφj . (2.7)

For the Galerkin method, we choose n test functions equal to the basis functions φi, where

i = 1, . . . , n. Substituting u for uh in the weak form then leads to the following problem: find

uj where j = 1, . . . , n such that

n∑
j=1

uj

[
D

∫
Ω1

dφj
dx

dφi
dx

dx+ a

∫
Ω1

dφj
dx

φidx

]
=

∫
Ω1

sφi dx

for i = 1, . . . , n. This can be written in matrix form as the linear system of equations

[DK + aC]u = s,

where K, C, and s have entries

kij =

∫
Ω1

dφj
dx

dφi
dx

dx, cij =

∫
Ω1

dφj
dx

φi dx, si =

∫
Ω1

sφi dx, (2.8)

for i, j = 1 . . . n, respectively, and the convection matrix C is skew-self-adjoint [15].

2.2.3 Streamline Upwind Petrov-Galerkin Method in 1D

As the parameters in (2.3) are sampled over a set of different probability distribution functions,

there will be inherent variability in the mesh Péclet number for a fixed h. That is, here Ph is a

function of random variables, and therefore it can take a wide range of values. Standard Galerkin

finite element solutions of (2.1) are known to suffer from oscillations resulting in inaccurate and

unstable solutions when Ph > 1. Hence, it is important to consider approximation methods that

are robust when parameter variations can lead to a high degree of variability in the mesh Péclet

number. Using a SUPG discretisation ensures that our numerical approximation technique is

robust to the possibility of advection-dominated problems. In this section, we describe the

1D SUPG method used in this thesis to approximate the solution to the pollutant dispersion

problem (2.1).
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To address this issue of oscillations that arise in numerical solutions, we can incorporate

additional diffusion in the direction of the wind if the mesh Péclet number Ph > 1. This can

be done using a Petrov-Galerkin method, where we use a test space that differs from the trial

space. For the BVP (2.1), we take the test space to be the space spanned by functions of the

form

v + τa
dv

dx
, (2.9)

where v ∈ H1
E0

(Ω1) and τ ∈ R is a constant stabilisation parameter. This leads to the Streamline

Upwind Petrov-Galerkin (SUPG) method.

Multiplying (2.1) by the test functions (2.9) gives

−D
∫

Ω1

d2u

dx2

(
v + τa

dv

dx

)
dx+ a

∫
Ω1

du

dx

(
v + τa

dv

dx

)
dx =

∫
Ω1

s

(
v + τa

dv

dx

)
dx

⇒−D
∫

Ω1

d2u

dx2
v dx+ a

∫
Ω1

du

dx
v dx− τaD

∫
Ω1

d2u

dx2

dv

dx
dx+ τa2

∫
Ω1

du

dx

dv

dx
dx

=

∫
Ω1

sv dx+ τa

∫
Ω1

s
dv

dx
dx. (2.10)

We note that the first two terms on the LHS (2.10) and the first term on the RHS (2.10) are

exactly the same as in the Galerkin case. Therefore, by using integration by parts, we obtain

D

∫
Ω1

du

dx

dv

dx
dx+ a

∫
Ω1

du

dx
v dx− τaD

∫
Ω1

d2u

dx2

dv

dx
dx+ τa2

∫
Ω1

du

dx

dv

dx
dx

=

∫
Ω1

sv dx+ τa

∫
Ω1

s
dv

dx
dx.

We let

−τaD
∫

Ω1

d2u

dx2

dv

dx
dx ≡ −τaD

∑
E

∫
E

d2u

dx2

dv

dx
dx

be a sum over all of the elements. In order to construct a discrete formulation, we replace u

and v by uh and vh, respectively, in the same function spaces as before.

Using the expansion (2.7) as before with the same basis {φ1, φ2, . . . , φn} and v = φi, we

obtain the problem: find uj , where j = 1, . . . , n such that

n∑
j=1

uj

[
D

∫
Ω1

dφj
dx

dφi
dx

dx+ a

∫
Ω1

dφj
dx

φi dx+ τa2

∫
Ω1

dφj
dx

dφi
dx

dx− τaD
∑
E

∫
E

d2φj
dx2

dφi
dx

dx

]

=

∫
Ω1

sφi dx+ τa

∫
Ω1

s
dφi
dx

dx
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for i = 1, . . . , n.

In this thesis, we choose to use piecewise linear basis functions to construct the numerical

solution of the BVP (2.1) and hence

∑
E

∫
E

d2φj
dx2

dφi
dx

dx = 0

due to the second derivative term. Therefore, the final problem is: find uj where j = 1, . . . , n

such that
n∑
j=1

uj

[
D

∫
Ω1

dφj
dx

dφi
dx

dx+ a

∫
Ω1

dφj
dx

φi dx+ τa2

∫
Ω1

dφj
dx

dφi
dx

dx

]
=

∫
Ω1

sφi dx+ τa

∫
Ω1

s
dφi
dx

dx

for i = 1, . . . , n.

We assume for now that the wind speed a is constant. In order to improve the computational

efficiency when using the SUPG method applied to UQ problems and GSA, we write the linear

system of equations arising from the SUPG method as

[
(D + τa2)K + aC

]
u = s1l1 + s2l2, (2.11)

where the entries for K and C are given in (2.8) and

(l1)i =

∫
Ω1

φi exp

{
− (x− xs1)2

σ2

}
dx+ τa

∫
Ω1

exp

{
− (x− xs1)2

σ2

}
dφi
dx

dx,

(l2)i =

∫
Ω1

φi exp

{
− (x− xs2)2

σ2

}
dx+ τa

∫
Ω1

exp

{
− (x− xs1)2

σ2

}
dφi
dx

dx,

for i = 1, . . . , n. We take τ take to be [49]

τ =

coth
(
ah
2

)
− 2

ah for Ph ≥ 1,

0 otherwise.

(2.12)

For advection-dominated regimes, where Ph ≥ 1, (2.12) introduces numerical diffusion to sup-

press non-physical oscillations and smoothly interpolates between no stabilization and full up-

wind, depending on the local element Péclet number.
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2.3 A Simplified 2D Pollutant Dispersion Model

In this section, we extend the BVP described in Section 2.1 to a 2D domain. We will study

this problem in Chapter 4. Modelling in this way provides more realistic spatial properties. We

introduce a pollutant to the 2D domain Ω2 = {(x, y) : 0 ≤ x ≤ bx, 0 ≤ y ≤ by} at the locations

µs1 = (µx1
, µy1) and µs2 = (µx2

, µy2) such that

s(x, y) =
s1

σ
√

2π
exp

{
−
[
(x− µx1

)2 + (y − µy1)2
]

2πσ2

}

+
s2

σ
√

2π
exp

{
−
[
(x− µx2

)2 + (y − µy2)2
]

2πσ2

}
,

with scaling parameter σ. Wind speed is given by a > 0 in the direction w ∈ R2 with ‖w‖ = 1

and we assume divw = 0. Diffusion is modelled by a rate of D > 0. We therefore model

steady-state pollutant dispersion with the BVP

−D∇2u+ aw · ∇u = s(x, y) in Ω2,

u = 0 on ∂Ω2,
(2.13)

where ∂Ω2 denotes the boundary of the domain Ω2. We assume that the pollutant sources

are located sufficiently far from all domain boundaries such that Dirichlet boundary conditions

hold.

Similarly to Section 2.1, we are interested in studying the BVP (2.13) as a UQ problem

by modelling the quantities a, D, s1 and s2 as random variables to address the variability of

these quantities in practical scenarios. We characterise the uncertainty in these quantities by

sampling the parameters from the probability distribution functions given in (2.3). We conduct

analysis of the UQ problem in Chapter 4.

2.4 Streamline Upwind Petrov-Galerkin Approximation

2.4.1 Weak Formulation in 2D

To construct the weak form of (2.13), we define the space in which the weak solution exists as

H1
E0

(Ω2) =

{
u : Ω2 ⇒ R

∣∣∣∣u, ∂u∂x, ∂u∂y ∈ L2(Ω2), u = 0 on ∂Ω2

}
, (2.14)
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where L2(Ω2) denotes the space of functions which are Lebesgue square integrable, given by

(2.5). We obtain the weak form by multiplying (2.13) by a test function v ∈ H1
E0

(Ω2) and

integrating over the domain:

−D
∫

Ω2

(
∇2u

)
v dΩ2 + a

∫
Ω2

(w · ∇u) v dΩ2 =

∫
Ω2

sv dΩ2, (2.15)

where s = s(x, y).

Given the identity (
∇2u

)
v = −∇u · ∇v + div(v∇u),

we can write (2.15) as

D

[∫
Ω2

∇u · ∇v dΩ2 −
∫

Ω2

div(v∇u) dΩ2

]
+ a

∫
Ω2

(w · ∇u)v dΩ2 =

∫
Ω2

sv dΩ2

⇒D
∫

Ω2

∇u · ∇v dΩ2 + a

∫
Ω2

(w · ∇u)v dΩ2 =

∫
Ω2

sv dΩ2 +D

∫
Ω2

div(v∇u) dΩ2. (2.16)

From the Divergence Theorem, we have

∫
Ω2

div(v∇u) dΩ2 =

∫
∂Ω2

(∇u · n) v dl.

However, in the case of our Dirichlet problem, we have v ∈ H1
E0

(Ω2), so the final weak formu-

lation is: find u ∈ H1
E0

(Ω2) such that

D

∫
Ω2

∇u · ∇v dΩ2 + a

∫
Ω2

(w · ∇u)v dΩ2 =

∫
Ω2

sv dΩ2, for all v ∈ H1
E0

(Ω2). (2.17)

2.4.2 Galerkin Method in 2D

A discrete weak formulation for the BVP (2.13) is constructed by discretising the domain Ω2

using triangular partition of the domain, which we describe in Section 2.4.3. We define the finite-

dimensional test space Sh0 ⊂ H1
E0

(Ω2). We assume that Sh0 ⊂ H1
E0

(Ω2) is a finite n-dimensional

vector space spanned by standard linear basis functions {φ1(x, y), φ2(x, y), . . . , φn(x, y)}. Then,

the Galerkin method for the pollutant dispersion problem in 2D is: find uh ∈ Sh0 such that

D

∫
Ω2

∇uh · ∇vh dΩ2 + a

∫
Ω2

(w · ∇uh)vh dΩ2 =

∫
Ω2

svh dΩ2 for all vh ∈ Sh0 .
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The finite element approximation uh ∈ Sh0 is then uniquely associated with the vector u =

(u1, u2, . . . , un)
T

of real coefficients in the expansion

uh =

n∑
j=1

ujφj for j = 1, . . . , n.

Substituting for uh in the weak form and using the n basis functions as test functions leads to

the following problem: find uj , j = 1, . . . , n such that

n∑
j=1

uj

[
D

∫
Ω2

∇φj · ∇φi dΩ2 + a

∫
Ω2

(w · ∇φj)φi dΩ2

]
=

∫
Ω2

sφi dΩ2,

for i = 1, . . . , n. This can be written in matrix form as the linear system of equations

[DK + aC]u = s

with

kij =

∫
Ω2

∇φj · ∇φi dΩ2, cij =

∫
Ω2

(w · ∇φj)φi dΩ2, si =

∫
Ω2

sφi dΩ2. (2.18)

The stiffness matrix K is positive definite and symmetric. Let C be the convection matrix, and

let s be the vector of source terms. In the case of the BVP (2.13), where we only have Dirichlet

boundary conditions, the convection matrix C is skew-self-adjoint [15].

2.4.3 Domain Triangulation

In order to implement the Galerkin method, we discretise the domain into triangles. Suppose

we have an element E with local nodes 1, 2 and 3 with (x, y) co-ordinates (x1, y1), (x2, y2),

(x3, y3) and a reference triangle R with local nodes 1, 2 and 3 with (ξ, η) co-ordinates (0, 0),

(0, 1), (1, 1), where h = b/N is the mesh size, b is the length the of the domain, and N is the

number of nodes, assuming that we have some structured triangulation.

For each element E, we produce an element matrix. The element matrices are computed

for each element separately and then assembled using a connectivity array to form the global

matrix that represents the entire domain. To compute the element matrices, we define the
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Figure 2.1: Mapping of the reference triangle R to a element E in the Galerkin method,
with mesh size h = b/N .

element basis functions

ψ1(ξ, η) = 1− ξ,

ψ2(ξ, η) = ξ − η,

ψ3(ξ, η) = η,

(2.19)

on the reference element R. Then we can map to any general triangle with vertex coordinates

(xν , yν), ν = 1, 2, 3 by the change of variables

x(ξ, η) =

3∑
ν=1

xνψν(ξ, η), y(ξ, η) =

3∑
ν=1

yνψν(ξ, η). (2.20)

We note that the mappings (2.20) are differentiable. We define the Jacobian matrix

J =

 ∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

 =

 x2 − x1 y2 − y1

x3 − x2 y3 − y2

 .
Then, we find the determinant of the Jacobian |J | to be

|J | =

∣∣∣∣∣∣
∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

∣∣∣∣∣∣ =
∂x

∂ξ

∂y

∂η
− ∂x

∂η

∂y

∂ξ
= (x2 − x1) (y3 − y2)− (x3 − x2) (y2 − y1) .

We detail the construction of the element matrices Ke, Ce, and the load vector se below,

followed by the assembly of the global matrices.
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Stiffness Matrix

Consider now the element matrix entry

kij =

∫
E

∇ψi · ∇ψj dE =

∫
E

[
∂ψi
∂x

∂ψj
∂x

+
∂ψi
∂y

∂ψj
∂y

]
dE,

where i, j = 1, 2, 3. We consider the terms in the integrand, where using the chain rule, we have

∂ψi
∂x

=
∂ψi
∂ξ

∂ξ

∂x
+
∂ψi
∂η

∂η

∂x
,

∂ψi
∂y

=
∂ψi
∂ξ

∂ξ

∂y
+
∂ψi
∂η

∂η

∂y
. (2.21)

To find the derivatives ∂ξ/∂x, ∂ξ/∂y and ∂η/∂x, ∂η/∂x, we use the relationship

 ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

 =

 ∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

−1

=
1

|J |

 ∂y
∂η −∂x∂η
−∂y∂ξ

∂x
∂ξ


to obtain

∂ξ

∂x
=

1

|J |
∂y

∂η
,

∂ξ

∂y
= − 1

|J |
∂x

∂η
,

∂η

∂x
= − 1

|J |
∂y

∂ξ
,

∂η

∂y
=

1

|J |
∂x

∂ξ
. (2.22)

Hence, we can write each integrand in terms of ξ and η. Then we obtain entries of the element

stiffness matrix using the calculation

kij =
1

|J |

∫ 1

0

∫ ξ

0

[(
∂ψi
∂ξ

∂y

∂η
− ∂ψi

∂η

∂y

∂ξ

)(
∂ψj
∂ξ

∂y

∂η
− ∂ψj

∂η

∂y

∂ξ

)
+

(
−∂ψi
∂ξ

∂x

∂η
+
∂ψi
∂η

∂x

∂ξ

)(
−∂ψj
∂ξ

∂x

∂η
+
∂ψi
∂η

∂x

∂ξ

)]
dηdξ.

(2.23)

Convection Matrix

Similarly, for the convection matrix C, we have

cij =

∫
E

(w · ∇ψj)ψi dE =

∫
E

[
wxψi

∂ψj
∂x

+ wyψi
∂ψj
∂y

]
dE,

where i, j = 1, 2, 3, and w = [wx, wy]. Applying a similar approach to deriving kij by using the

chain rule (2.21) to map onto reference element T and implementing the relationship (2.22), we

obtain the entries of the element convection matrix

cij =
1

|J |

∫ 1

0

∫ ξ

0

[
wxψi

(
∂ψj
∂ξ

∂y

∂η
− ∂ψj

∂η

∂y

∂ξ

)
+ wyψi

(
−∂ψj
∂ξ

∂x

∂η
+
∂ψj
∂η

∂x

∂ξ

)]
dηdξ. (2.24)
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Source Vector

To construct the entries of the element source vector, we need to evaluate the integral

∫
E

sψi dE, i = 1, 2, 3.

This can be written as

∫
E

sψi dE = |J |
∫ 1

0

∫ ξ

0

sψi dηdξ, i = 1, 2, 3.

Assembled Matrices

For each element E, we now assemble the element matrices Ke, Ce and se constructed above

into global matrices K, C and s using a connectivity array to map the local elements to the

global domain. Before assembly, the global matrices are initialised to zero. The assembly is

implemented in practice using nested for loops, shown by the following psuedocode.

for k=1:nels

for i=1:3

for j=1:3

K(NN(k,i),NN(k,j))=K(NN(k,i),NN(k,j))+kel(i,j);

C(NN(k,i),NN(k,j))=C(NN(k,i),NN(k,j))+cel(i,j);

end

S(NN(k,i))=S(NN(k,i))+sel(i);

end

end

Here NN(k,i) denotes the global node number of element k with local node number i, nels

denotes the number of elements, and kel, cel, and sel are the entries of the matrices Ke, Ce,

and se.

2.4.4 Streamline Upwind Petrov-Galerkin Method in 2D

As stated in Section 2.2.3, the numerical solutions with the Galerkin method of advection-

diffusion problems can have oscillations if the mesh Péclet number is greater than one. This

can occur in cases where the problem is advection-dominated or if the mesh refinement is too
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coarse. We define the mesh Péclet number in the 2D case by

Ph =
ahel

2D
, (2.25)

where h is a measure of element size. In order to deal with such oscillations, we implement the

Streamline Upwind Petrov-Galerkin (SUPG) method, where we use a distinct test space and

trial space. For the pollutant dispersion problem (2.13), we take the test space to be spanned

by the functions of the form

v + τaw · ∇v, (2.26)

where v ∈ H1
E0

(Ω2) and τ > 0 is a constant stabilisation parameter, given by

τ =
δhel

a||w||
, (2.27)

where δ > 0 is a parameter and ||w|| = 1. We choose δ to be

δ = max

(
0,

1

2
− 2D

ahel

)
.

This choice of δ provides an element-wise stabilisation that correctly transitions between the

Galerkin method for diffusion-dominated cases, where Ph ≤ 1, and the optimal convective

scaling for advection-dominated cases, Ph > 1, based on the approximate solution of the 1D

boundary-layer (bubble) problem as detailed in [15, §6.3.2]. For the uniform mesh used in this

thesis, Ph is constant across all elements for any given choice of a and D. Hence, δ is also

constant across all elements.

The SUPG solution satisfies an a priori error estimate under this choice of τ given by

||u− uh||sd ≤ Ch3/2||∇2u||,

where C is a constant independent of the diffusion coefficient D, ||∇2u|| measures the H2

regularity (see below), and || · ||sd is the streamline diffusion norm given by

||v||sd :=
(
D||∇v||2 + τ ||aw · ∇v||2

)1/2
.

A problem is defined to be H2 regular if, for any square-integrable input f ∈ L2(Ω), its solution
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u has square-integrable second derivatives and satisfies a bound of the form

‖u‖2,Ω ≤ CΩ‖f‖.

For details of definition of the H2 norm and H2 regularity see [15, §1.5.1]. The above a priori

estimate is valid under specific assumptions on the problem and discretisation. In particular, it

holds for constant-coefficient convection–diffusion equations where both the advection field aw

and diffusion coefficient D are uniform across the domain, and the finite element mesh is uniform

with linear or bilinear basis functions. Moreover, the a priori estimate applies in the advection-

dominated regime, characterised by a mesh size satisfying h > 2D (or equivalently, a mesh

Péclet number Ph = h|w|/(2D) > 1). These conditions ensure stability and controlled error in

the advection-dominated regime, and it motivates the choice of τ which enhances stability along

streamlines without compromising accuracy. For further details and proof, see [15, Theorem

6.6], which is a special case of the general analysis in [21, pp. 302ff.].

In our problem, we hold the advective field and diffusivity constant in any given application

of the SUPG method, which we formulated with linear basis functions. The conditions on τ

ensure that in diffusion-dominated regimes, δ = 0. Note that when δ = 0, we reproduce the

standard Galerkin method.

Multiplying (2.13) by the test functions (2.26) gives

−D
∫

Ω2

(
∇2u

)
(v + τaw · ∇v) dΩ2 + a

∫
Ω2

(w · ∇u)(v + τw · ∇v) dΩ2

=

∫
Ω2

s(v + τaw · ∇v) dΩ2

⇒−D
∫

Ω2

(
∇2u

)
v dΩ2 + a

∫
Ω2

(w · ∇u)v dΩ2

− aD
∫

Ω2

(
∇2u

)
(τw · ∇v) dΩ2 + a

∫
Ω2

(w · ∇u)(τw · ∇v) dΩ2

=

∫
Ω2

sv dΩ2 +

∫
Ω2

s(τaw · ∇v) dΩ2. (2.28)

The first two LHS terms of (2.28) and the first RHS term of (2.28) here are exactly the same

as in the Galerkin case, which is shown in (2.16). So this can be treated in the same way as in
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Section 2.4.1 to obtain

D

∫
Ω2

∇u · ∇v dΩ2 + a

∫
Ω2

(w · ∇u)v dΩ2

− aD
∫

Ω2

(
∇2u

)
(τw · ∇v) dΩ2 + a

∫
Ω2

(w · ∇u)(τw · ∇v) dΩ2

=

∫
Ω2

sv dΩ2 +D

∫
∂Ω2

∂u

∂n
v dl + a

∫
Ω2

s(τw · ∇v) dΩ2.

As in the Galerkin case, we assume Dirichlet boundary conditions on u. Therefore, v = 0 on

∂Ω2. Hence, this reduces to

D

∫
Ω2

∇u · ∇v dΩ2 + a

∫
Ω2

(w · ∇u)v dΩ2

− aD
∫

Ω2

(
∇2u

)
(τw · ∇v) dΩ2 + a

∫
Ω2

(w · ∇u)(τw · ∇v) dΩ2

=

∫
Ω2

sv dΩ2 + a

∫
Ω2

s(τw · ∇v) dΩ2.

(2.29)

We now require a discrete formulation of (2.29). This is done by replacing u and v by uh

and vh. We now need to consider the terms:

−aD
∫

Ω2

(
∇2uh

)
(τw · ∇vh) dΩ2, a

∫
Ω2

(w · ∇uh) (τw · ∇vh) dΩ2,

and a

∫
Ω2

s (τw · ∇vh) dΩ2.

Since τ depends only on quantities defined at the element level, such as hel, a,D, and since we

employ a uniform mesh in which the element size hel is the same for all elements, these quantities

are fixed within each element. Consequently, the stabilisation parameter τ is constant over each

element. This allows the first integral to be replaced by a sum over all elements such that we

get

−aD
∫

Ω2

(
∇2uh

)
(τw · ∇vh) dΩ2 ≡ −τaD

∑
E

∫
E

(
∇2uh

)
(w · ∇vh) dE = 0,

as we are using piecewise linear basis functions. Using the same basis {φ1, φ2, . . . , φn} as before,

we can use the expansion

uh =

n∑
j=1

ujφj

where u = (u1, u2, . . . , un)
T

is a vector of the real coefficients. We obtain n equations by letting

v = φi for i = 1, . . . , n. This leads to the following problem: find uj , where j = 1, . . . , n such

31



that
n∑
j=1

uj

[
D

∫
Ω2

∇φj · ∇φi dΩ2 + a

∫
Ω2

(w · ∇φj)φi dΩ2

+τa

∫
Ω2

(w · ∇φj) (w · ∇φi) dΩ2

]
=

∫
Ω2

sφi dΩ2 + τa

∫
Ω2

s (w · ∇φi) dΩ2,

for i = 1, . . . , n. This can be written in matrix form as the linear system of equations

[DK + aC + τaT ]u = s. (2.30)

with K and C as defined in (2.18), upwind transport matrix T with entries defined as

tij =

∫
Ω2

(w · ∇φj) (w · ∇φi) dΩ2

and

si =

∫
Ω2

sφi dΩ2 + τa

∫
Ω2

s (w.∇φi) dΩ2. (2.31)

Note that T is a symmetric and positive definite matrix [15].

The element stiffness and convection matrices are the same as in (2.23) and (2.24), respec-

tively. To assemble the element matrix T , we compute

tij =

∫
E

(w · ∇ψj) (w · ∇ψi) dE =

∫
E

[
wx

∂ψj
∂x

+ wy
∂ψj
∂y

] [
wx

∂ψi
∂x

+ wy
∂ψi
∂y

]
dE,

where i, j = 1, 2, 3, ψi are the element basis functions given by (2.19), and w = (wx, wy). This

can be transformed to reference element R, as in Section 2.4.3. Using the chain rule (2.21) and

the identity (2.22), we get

tij =
1

|J |

∫ 1

0

∫ ξ

0

[
wx

(
∂ψj
∂ξ

∂y

∂η
− ∂ψj

∂η

∂y

∂ξ

)
+ wy

(
∂ψj
∂η

∂x

∂ξ
− ∂ψj

∂ξ

∂x

∂η

)]
[
wx

(
∂ψi
∂ξ

∂y

∂η
− ∂ψi

∂η

∂y

∂ξ

)
+ wy

(
∂ψi
∂η

∂x

∂ξ
− ∂ψi

∂ξ

∂x

∂η

)]
dηdξ.

Similarly, the additional term on the RHS of (2.31) is assembled by the integral

∫
E

s (w · ∇ψi) dE =

∫
E

s

[
wx

∂ψi
∂x

+ wy
∂ψi
∂y

]
dE,

⇒ 1

|J |

∫ 1

0

∫ ξ

0

s

[
wx

(
∂ψi
∂ξ

∂y

∂η
− ∂ψi

∂η

∂y

∂ξ

)
+ wy

(
∂ψi
∂η

∂x

∂ξ
− ∂ψi

∂ξ

∂x

∂η

)]
dηdξ.
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2.5 Global Sensitivity Analysis

The pollutant dispersion problems that we study in this thesis involve a number of model

parameters that impact the pollutant concentration. Sensitivity analysis (SA) is a statistical

tool that can be used to characterise the uncertainty that a parameter contributes to the

quantity of interest. It plays a key role in mathematical and computational modelling by

providing valuable information about how the parameters in a model affect its output. Global

sensitivity analysis (GSA) measures can be used to identify which parameters have the most

significant influence on the quantity of interest [52,54,59].

In the remainder of this thesis, we are interested in investigating the relative influence of

the model parameters on the variability of the pollutant concentration u(x, y). This is done

using variance-based GSA measures known as Sobol indices [1, 64]. Sobol indices quantify

the proportion of the total variance in the quantity of interest that can be attributed to each

parameter under consideration. Importantly, Sobol indices can also be used to analyse how

interactions between parameters may affect the output variance.

2.5.1 Sobol Indices

In this section, we detail the construction of two different Sobol sensitivity measures, first-order

Sobol indices and total effect Sobol indices. First-order Sobol indices provide a measure of

the variance contributed by individual parameters, whereas the total effect measures the total

variance contributed by a parameter, including the variance contributed by its interaction with

other parameters.

In the 1D case, we consider the SUPG solution of the BVP at the point x as a black

box function fx : Rk → R, and denote the map from the inputs from a vector of parameters

P = (P1, P2, . . . , Pk) to the pollutant concentration at the point x by Yx = fx(P ). The variance

in the pollutant concentration at the point x is denoted by V(fx(P )). We will use P j̃ to denote

all the parameters except the jth parameter. By the law of total variance [8],

V(Yx(P )) = EP j̃
(VPj

(Yx|P j̃)) + VPj
(EP j̃

(Yx|Pj)),

where EP j̃
(VPj (Yx|P j̃)) is the expected conditional variance of Yx given P j̃ , and VPj (EP j̃

(Yx|Pj))

is the variance of the conditional expectation of Yx given Pj , for j = 1, 2, . . . , k.

First-order Sobol indices can be computed at point x for parameter j by taking the ratio
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between the variance of an individual parameter and the total variance of the output. Thus,

the first-order Sobol index at point x for parameter j is given by

Sx,j =
VPj (EP j̃

(Yx|Pj))
V(Yx(P ))

, j = 1, . . . , k. (2.32)

An interpretation of VPj (EP j̃
(Yx|Pj)) is that it is the expected reduction in variance given

P j̃ [58] .

The total effect Sobol index at point x for parameter j is given by

Stx,j =
EP j̃

(VPj (Yx|P j̃))

V(Yx(P ))
, j = 1, . . . , k, (2.33)

where EP j̃
(VPj (Yx|P j̃)) denotes the remaining expected variance given P j̃ .

Sobol indices can be defined for the 2D case by considering the SUPG solution at a point

x = (x, y). At each spatial location x ∈ Ω2, we define a black-box function fx : Rk → R

mapping the input parameters P = (P1, . . . , Pk) to the pollutant concentration at that point,

so that Yx = fx(P ). The Sobol indices are then evaluated pointwise over the domain by

applying the same variance decomposition as in (2.32) and (2.33) at each spatial location x,

yielding spatial maps of first-order and total-effect Sobol indices, Sx,j and Stx,j , respectively.

This pointwise formulation allows for a straightforward extension to the 2D domain, enabling

sensitivity indices to be computed independently at each location.

2.5.2 Quasi-Monte Carlo Method

In order to study the relative impact of the parameters (2.3) on the pollutant dispersion prob-

lem, we estimate the Sobol indices by numerical approximation. Sobol indices are typically

estimated using Monte Carlo methods. The Monte Carlo method is a computational technique

that uses repeated random sampling in order to estimate numerical results. In this study, the

Monte Carlo method is employed to approximate pollutant concentration. Specifically, wind

speed, diffusivity, and source rate parameters are sampled from their respective probability

distributions, and the resulting simulations of the BVP are computed to estimate the pollutant

concentration levels. The Monte Carlo samples of the input parameters are taken to be inde-

pendent of each other and its rate of convergence is O(m−1/2), where m is the sample size. The

rate of convergence describes how quickly the error in the estimator decreases as the number of

samples increases Here we choose to implement a Quasi-Monte Carlo approach as this method

converges at an approximate rate of O(m−1) [35].
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A Quasi-Monte Carlo method is a low-discrepancy sampling method that generates sam-

ples of P such that the points sampled are distributed as uniformly as possible over the unit

hypercube [0, 1]k, where k is the dimension of P [58]. Low-discrepancy sampling ensures mini-

mal gaps or clusters within the distribution of points in the sampling space. Unlike the classic

Monte Carlo method, we require that successive sampling points are not independent in order

to achieve uniformity. We have to progressively fill the space using ordered digital sequences.

These sequences are constructed recursively using a base-b system. A base-b system is a po-

sitional number system in which any non-negative integer i is represented using powers of an

integer base b ≥ 2 as i =
∑
l≥0 alb

l with digits al ∈ 0, . . . , b− 1. In the construction of low-

discrepancy sequences, this is used to systematically generate each new point in an order that

fills the largest gaps left by previous points, promoting uniformity across all dimensions. Quasi-

Monte Carlo sampling can be achieved by low-discrepancy sequences, such as Sobol sequences,

Halton sequences, or Faure sequences [39]. These are a deterministic set of points designed to

achieve a more uniform and structured coverage of a given space compared to purely random

samples.

In order to use Quasi-Monte Carlo method to sample the parameters given in (2.3), we map

the unit hypercube [0, 1]k to different ranges using the inverse cumulative distribution functions

(CDFs), also known as the quantile function, with respect to each probability distribution

function. For a given random variable X with CDF FX(x), the inverse CDF F−1
X (y) maps

a value y ∈ [0, 1] to a sample in the domain of X, such that P (X ≤ F−1
X (y)) = y. This

transformation allows uniform samples in [0, 1]k to be transformed into samples from any desired

marginal distribution [20].

In this thesis, we will generate Quasi-Monte Carlo samples from the probability distributions

(2.3) using Sobol sequences. We choose to use Sobol sequences due to their equidistribution

property of sampling, and because they provide good results in high dimensions [5]. In order

to get the right probability distribution for each parameter, we apply the inverse cumulative

distribution function to each set of Quasi-Monte Carlo points.

2.6 Confidence Intervals

Confidence intervals (CIs) provide a range of plausible values for an unknown parameter based

on observed data (X1, X2, . . . , Xm). To draw meaningful analysis and conclusions about the

point estimates of the Sobol indices (2.32) and (2.33), we need a measure of accuracy and
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reliability. In this thesis, we will compute CIs of these Sobol estimates in Chapters 3, 4 and 5.

For a parameter θ, the probability that the true value lies within the (1− α) CI is defined

by

P (L ≤ θ ≤ U) = 1− α,

where L is the lower confidence limit, U the upper confidence limit, and α is the significance

level [55, §5.4]. For example, a 95% CI corresponds to α = 0.05, meaning that the true value

of a population parameter or statistical estimator should be captured within the interval 95%

of the time.

In the classical approach, the limits are derived from the sampling distribution of the

estimator θ̂. If this distribution is known or can be well-approximated , for example by a

normal distribution, the CI is obtained by

θ̂ ± z1−α/2
σ√
m

This method is effective when the distribution is known and the standard error can be calcu-

lated directly. In this work, we use the bootstrap method instead, as it allows us to estimate

confidence intervals directly from the data without requiring explicit formulas for the standard

error. Bootstrapping is a computationally inexpensive way to generate a distribution of Sobol

indices estimates.

Bootstrapping is a resampling process with replacement, in which data from a single dataset

can be used to generate new estimates of Sobol indices and hence obtain a distribution of Sobol

indices. Bootstrapping refers to the process of resampling in which we draw B samples of

the original dataset with replacement [55]. That is, suppose that we have a dataset of m

observations given by

X = (X1, X2, . . . , Xm) ,

where each Xi represents the pollutant concentration at a fixed spatial location (x, y) ∈ Ω,

obtained from numerical solutions of the governing equations, (2.1) in 1D and (2.13) in 2D,

using the SUPG method, with uncertain input parameters defined in (2.3). For b = 1, . . . , B,

where B is the total number of bootstrap replicates, we generate a resampled dataset X∗b =(
X∗b,1, X

∗
b,2, . . . , X

∗
b,m

)
from X. For each resample X∗b , compute the estimator of interest θ̂∗b .

In this study, θ̂∗b is the bootstrap estimate of a Sobol sensitivity index.

The bias-corrected (BC) percentile approach is used to account for bias in the bootstrap dis-

tribution by finding the α and (1−α) percentiles of the distribution of the bootstrap estimators
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θ̂∗b . The bias-correction factor is computed as [14, §13]

z0 = Φ−1

(∑B
i=1(θ̂∗b ≤ θ)

B

)
,

where the inverse normal Φ−1 computes the proportion of bootstrap estimates which are less

than or equal to the observed Sobol index θ̂∗b ≤ θ, where θ is the observed Sobol index. The

lower and upper percentiles of the CI are

lb = 2z0 + zα, ub = 2z0 + z(1−α),

where zα = Φ−1(α) is the α percentile point of the standard normal distribution. We compute

the quantiles of the bootstrap statistic θ∗b such that they correspond to the lower and upper

percentiles lb and ub, respectively. The CI for the Sobol index θ is then given by

θ ∈ [q(θ∗b , lb), q(θ
∗
b , ub)],

where q(θ∗b , lb) is the lower quantile and q(θ∗b , ub) is the upper quantile.

2.7 Artificial Neural Networks

Artificial Neural Networks (ANNs) are computational models inspired by the human brain’s

biological neural networks. They are composed of interconnected processing elements called

nodes, working together to solve specific problems. ANNs can approximate any continuous

function on a compact domain with arbitrary accuracy, provided they have a sufficient number

of neurons and layers. This property, known as the Universal Approximation Theorem, underlies

their ability to represent complex, nonlinear mappings in data and models. The structure of

an ANN typically consists of multiple layers of nodes, including input and output layers as well

as some “hidden layers” between them [10].

In this thesis, we focus on using feedforward neural networks (NNs), in which information

is fed forward between nodes from one layer to the next. The nodes in a NN use activation

functions, such as sigmoid, hyperbolic tangent, or rectified linear unit functions, to transform

their inputs into outputs. The sigmoid function scales inputs between 0 and 1 using an S-shaped

curve, given by f(x) = 1/(1+e−x). The hyperbolic tangent function is similar, but scales inputs

between -1 and 1 using an S-shaped curve, where f(x) = tanh(x). The Rectified Linear Unit
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(ReLU) activation function is defined as f(x) = max(0, x). These nonlinear activation functions

allow the NN to learn complex, nonlinear relationships between the input features and the target

variable being predicted [10].

Training a NN is necessary to enable the network to learn underlying patterns and generalise

accurately to unseen data. This is achieved by iteratively adjusting weights and biases based

on input data and corresponding outputs to minimise a loss function. In this work, we define

the loss function as the mean-squared error (MSE),

L =
1

mtrain

mtrain∑
i=1

(ŷi − yi)2,

which calculates the average squared differences between the predicted outcomes denoted by

ŷi, and the target value denoted by yi. The number of samples used is denoted by mtrain.

During training, the network performs a forward pass to compute predictions, then the loss

function evaluates the discrepancy. Back-propagation is used to compute the gradients of the

loss function with respect to the weights and biases, which are updated using a gradient descent

method [22].
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Chapter 3

Sensitivity Analysis of a

One-Dimensional Pollutant

Dispersion Model

In this chapter, we study a parametric differential equation as a UQ problem by assigning

probability distribution functions to model uncertainties associated with the parameters. We

are interested in assessing how the variance in pollutant concentration in a simple pollutant

dispersal model can be attributed to the variance in model input parameters such as wind

speed, diffusivity, and source strengths. A spatial analysis of Sobol indices is performed to

better understand how the relative influence of different parameters varies throughout the

spatial domain. We focus on the simple 1D pollutant dispersion model introduced in Section

2.1, which retains the key features of a more complex underlying physical problem and therefore

is still useful for gaining insight into sensitivity analysis of parameters. Part of the material in

this chapter has been published in [41].

3.1 Implementation and Validation

Recall the 1D BVP (2.1), which we solve using the SUPG method, detailed in Section 2.2. In

what follows, we focus on an example in which the sources are located at xs1 = 1.5 and xs2 = 3

in the domain Ω1 = [0, 5]. The units for spatial dimensions are arbitrary here, as we are using

a non-dimensional formulation.
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The numerical implementation of the SUPG formulation was carried out in MATLAB using

a structured, 1D mesh comprising of N uniformly spaced elements, where the mesh spacing is

given by h = 5/N . Sparse matrix storage was employed to assemble the stiffness and convective

matrices, K and C, efficiently, which significantly reduced memory overhead and improved

computational performance. Forcing functions were evaluated using MATLAB’s numerical

integration function integral to ensure accurate representation of source terms within each

element. MATLAB does this using adaptive quadrature and we set the relative error tolerance

to 1e-12. The linear system (2.11) was solved using MATLAB’s backslash operator, which

provides a robust and efficient direct solution method for sparse systems. Dirichlet boundary

conditions were applied consistently across all simulations by explicitly enforcing zero values at

the boundary nodes of the 1D mesh after solving the SUPG linear system. The implementation

allows straightforward variation of the mesh resolution, enabling systematic mesh refinement

studies.

To ensure numerical stability and reliability, the Péclet number and associated stabilisation

parameter τ , which was formulated in (2.12), were monitored to confirm appropriate scaling

with wind speed a, diffusivity D, and mesh resolution h. For small mesh sizes, the assem-

bled matrices were examined for expected sparsity patterns and consistency between K and

C. The resulting numerical solutions were visually inspected to ensure physical smoothness

and to confirm that any potential oscillations in convection-dominated regimes were effectively

suppressed by the streamline upwind stabilisation. These internal checks established confidence

in the correctness of the implementation and provided the foundation for a quantitative mesh

refinement study to support the selection of an appropriate mesh resolution.

To assess the effect of spatial resolution on the numerical results, a mesh refinement study

was performed with N = 16, N = 32, N = 64 and N = 128 uniformly spaced elements, while

the model parameters were held fixed. For the purposes of this study, we take these to be

a = 4.4062, D = 1.6487, s1 = 1, and s2 = 2. Figure 3.1 shows that across all mesh sizes,

the overall pollutant concentration levels and the position of the concentration peaks remained

relatively consistent, indicating that the global solution characteristics were not sensitive to

the mesh resolution. However, the spatial representation of these peaks was visibly sharper on

coarser meshes, which is primarily a consequence of interpolation between a smaller number of

spatial points rather than improved resolution of the underlying solution, as seen in Figures 3.1a

and 3.1b. The concentration fields became progressively smoother, and while N = 64 elements

does provide better resolution, Figure 3.1c still does not fully resolve the peak smoothly. This
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is resolved by taking N = 128 elements, as seen in Figure 3.1d. We achieve a concentration

field that is continuous and physically realistic without spurious oscillations. Table 3.1 presents

the elapsed computation time for each mesh, recorded using MATLAB’s built-in stopwatch

function, tic and toc, to illustrate the trade-off between resolution and computational cost.

We observe that while the time required to solve the linear system increases with finer meshes,

the absolute solve times remain low. In particular, the use of N = 128 elements provides a

clear improvement in spatial resolution that justifies the additional computational cost. The

consistency of pollutant concentration values across all meshes, together with the smoothness

achieved with N = 128 elements, supports that the numerical solution has reached practical

mesh independence. Accordingly, N = 128 was adopted for all subsequent uncertainty analyses

as a suitable compromise between accuracy and efficiency.

(a) N = 16 (b) N = 32

(c) N = 64 (d) N = 128

Figure 3.1: Mesh refinement study of SUPG finite element discretisation in Ω = [0, 5]
with fixed input parameters.
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N Elapsed Time (seconds)

16 0.047528
32 0.068080
64 0.073038
128 0.173974

Table 3.1: Elapsed time taken to run SUPG solver for varying mesh sizes, run on Intel
Core i5 Macbook Pro.

3.2 Uncertainty Quantification of Pollutant Concentra-

tion

We are able to evaluate the pollutant dispersion model using the SUPG method (2.11) as a

UQ problem by performing a parametric study in which we sample the parameters a,D, s1,

and s2 from the probability distribution functions (2.3). The parameters are sampled using a

Quasi-Monte Carlo approach, as detailed in Section 2.5.2, with sample size m = 104, which

was selected to ensure sufficient accuracy and convergence of the Sobol index estimates while

maintaining computational feasibility for the parametric study using the SUPG method. The

choice of this sample size is supported by an additional set of Sobol index estimates computed

for the pollutant dispersion model using an increased sample size of m = 105, as presented in

Section 3.3.2, to show visually indistinguishable results, hence motivating m = 104 as sufficient.

The parameter distributions and their respective ranges were selected to capture a repre-

sentative range of mesh Péclet numbers, allowing exploration of different regimes of advection

and diffusion dominated pollutant dispersion problems. This choice enables assessment of how

variations in these physical parameters influence the Sobol sensitivity indices, discussed in Sec-

tion 3.3.2. A summary of the parameter distributions, expected values, and variances is given

in Table 3.2. Figure 3.2 shows the plots of these probability distribution functions. We fix the

source length scale in (2.1) to σ = 0.1.

Parameter Distribution Expected Value Variance

a Weibull(4.92,1.62) 4.4062 7.7715
D Lognormal(0,1) 1.6487 4.6708
s1 Uniform(0.5,1.5) 1 0.0833
s2 Uniform(1,3) 2 0.3333

Table 3.2: Summary of parameter distributions, expected values and variances.
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(b) D ∼ Lognormal(0, 1)
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(c) s1 ∼ Uniform(0.5, 1.5)

0 1 2 3 4 5

x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

S
o

u
rc

e
 2

 P
D

F

(d) s2 ∼ Uniform(1, 3)

Figure 3.2: Sampling distribution of pollutant dispersion parameters.

Figure 3.3 illustrates the variability in the pollutant concentration u over the whole spatial

domain using these PDFs for the input parameters. Figure 3.3a shows the empirical 2.5 and

97.5 percentiles of the solution profiles, with the empirical mean shown in black. The empir-

ical variance of pollutant concentration is shown in Figure 3.3b. We observe that pollutant

concentrations tend to be higher as we move downstream of the sources due to transport ef-

fects, causing an uneven distribution where some combinations of parameters can lead to a high

pollutant concentration compared to the mean value.

To study how the distribution of the model parameters affects the pollutant concentration,

we now consider the parameter values that give the highest and lowest pollutant concentrations.

Figure 3.4 shows boxplots of the parameters that result in pollutant concentrations below the 2.5

percentile and above the 97.5 percentile at points x = 1, x = 2 and x = 4. We can see that the

distribution of wind speed is significant to the level of pollutant concentration. Figure 3.4a shows
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(b) Variance of Pollutant Concentration

Figure 3.3: Pollutant concentration using SUPG finite element discretisation with N =
128 elements and sampling with m = 104 Quasi-Monte Carlo samples.

that large wind speeds correspond to low pollutant concentrations throughout the domain, and

conversely, low wind speeds correspond to high pollutant concentrations. Figure 3.4b highlights

the importance of the distribution of diffusivity, where we observe that at x = 2 and x = 4

a larger diffusivity results in lower pollutant concentration. Small diffusivity corresponds to

high pollutant concentrations throughout the domain. We note that at x = 1, small diffusivity

corresponds to pollutants both above the 97.5 percentile and below the 2.5 percentile. This

indicates that diffusivity is not a prominent parameter at x = 1. Figures 3.4c and 3.4d show that

greater source strengths also result in high levels of pollutant concentration. These boxplots

indicate that the variability in the model parameters affects the level of pollutant concentration,

and that the influence of certain parameters changes throughout the domain. These observations

align well with our physical intuition about pollutant dispersion.

3.3 Spatially-Dependent Global Sensitivity Analysis

Having observed the variability in the concentration across the domain, we would like to be able

to quantify the contribution of the individual input parameters to this uncertainty. We do this

by using Sobol indices, as described in Section 2.5.1, as a measure of model output sensitivity

to uncertainty in the input parameters.
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Figure 3.4: Boxplots of wind speed, diffusivity, and source strength values that result in
pollutant concentrations below the 2.5 percentile and above the 97.5 percentile: x = 1
(blue), x = 2 (red) and x = 4 (black).

3.3.1 Estimation of Sobol Indices

In order to use Sobol indices to analyse the sensitivities associated with the pollutant dispersion

model (2.1), we require a method to estimate quantities (2.32) and (2.33). We follow the

proposed best practice from the literature, using [30] to estimate the first-order indices and [58]

to estimate the total effect indices as follows.

Let Z1 and Z2 denote two m× k design matrices, where m is the sample size and k is the

number of parameters. For each spatial point x, we generate

y(l)
x = fx (Zl) , l = 1, 2,
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a vector of pollutant concentrations obtained by solving the BVP on a fixed uniform grid, where

y
(l)
x =

[∑m
i=1(y

(l)
x )i

]
/m is the sample mean concentration at the point x.

We then generate a resampled matrix Z∼j , obtained from Z2 with the entries of the jth

column fixed to the values in Z1, and use the BVP to calculate yx,∼j = fx(Z∼j). This has

mean concentration yx,∼j =
[∑m

i=1(yx,∼j)i
]
/m. The first-order indices for each parameter are

calculated according to [30]

Ŝx,j =

∑m
i=1

[(
y

(1)
x

)
i
− y(1)

x

] [(
yx,∼j

)
i
− yx,∼j

]
∑m
i=1

[(
y

(1)
x

)
i
− y(1)

x

]2 , j = 1, . . . , k. (3.1)

For the estimation of the total effects, we generate another resampled matrix Zt∼j , which is

obtained from Z1 with entries of the jth column taken from Z2, then construct ytx,∼j = fx(Zt∼j)

which contains the solution to the BVP corresponding to the resampled inputs Zt∼j . The total

effect indices for each parameter are calculated according to [58]

Ŝtx,j =
1

2

∑m
i=1

[(
y

(1)
x

)
i
−
(
ytx,∼j

)
i

]2
∑m
i=1

[(
y

(1)
x

)
i
− y(1)

x

]2 , j = 1, . . . , k. (3.2)

To calculate the computational cost of estimating Sobol indices (3.1) and (3.2), we consider

the number of function evaluations required to estimate the indices, where each function eval-

uation is the SUPG solution of an N ×N linear system. The estimates require the m function

evaluation to populate y
(1)
x . We require a further km function evaluations for yx,∼j and km

function evaluations for ytx,∼j . The total computational cost of estimating Sobol indices at all

spatial points is therefore (1 + 2k)m.

%labeltab:ishigami

3.3.2 Spatial Dependence of Sobol Indices

We are interested in using Sobol indices to conduct a spatial analysis of the sensitivity of

the model to study the processes that most affect the uncertainty in pollutant concentration

throughout the domain. Figure 3.5 shows the spatial dependence of the first-order and total

effect Sobol indices across the domain, with the constant wind blowing from left (x = 0) to

right (x = 5).

Recall that the first-order Sobol indices in Figure 3.5a indicate the proportion of variance
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Figure 3.5: Spatial distribution of Sobol indices.

that each individual parameter contributes to the overall variance in the pollutant concentration.

We see that upstream of the first source, at xs1 = 1.5, the wind speed is the most influential

parameter. As we move further downstream, we note that the relative influence of the wind

speed begins to decrease, while the influence of diffusivity increases. After the second source,

at xs2 = 3, the diffusivity becomes the dominant factor that contributes uncertainty to the

pollutant concentration. We also observe that the variance contributed by the source strength

s1 is localised about the source location xs1 , and there is a similar effect for s2 about xs2 , which

is not surprising.

The black line in Figure 3.5a shows that the sum of all first-order indices is less than one.

This indicates that the first-order indices alone do not capture all the variance contribution

towards the pollutant concentration. The total effect indices shown in Figure 3.5b highlight the

interactions between the parameters. We note that while Figure 3.5a suggests that diffusivity

has little variance contribution upstream of xs1 , the total effects show that diffusivity plays

an important role in the overall contribution of variance to pollutant concentration upstream

and downstream of xs1 when interacting with other factors. We also note that the total effect

indices for the wind speed are larger than the first-order indices, indicating that the variance in

wind speed further contributes to the pollutant dispersion problem when interacting with other

parameters. A small increase in the total effect indices for s1 and s2 is observed compared

to their first-order indices, again reflecting the influence of interaction with wind speed and

diffusivity.

In order to support the choice of the sample size m = 104, an additional set of Sobol index

estimates was computed for the pollutant dispersion model using an increased sample size of
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m = 105, which are presented in Figure 3.6. By comparing Figure 3.6 with Figure 3.5, we see

that sensitivity patterns and relative parameter contributions are visually indistinguishable,

indicating that increasing the sample size by an order of magnitude does not lead to any

appreciable change in the estimated Sobol indices. This comparison suggests that the Sobol

index estimates are stable with respect to the Quasi-Monte Carlo sampling for the pollutant

dispersion problem considered here. On this basis, m = 104 is used throughout the remainder

of the parametric study as a suitable balance between numerical reliability and computational

cost.
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Figure 3.6: Spatial distribution of Sobol indices using m = 105 Quasi-Monte Carlo
samples.

The results presented in Figure 3.5 indicate that variability in the wind speed and the

diffusivity are key factors in the overall variability in pollutant concentration throughout the

domain. Hence, it is desirable to know more about how changes in the choice of probability dis-

tribution representing these parameters affect the variability in pollutant concentration. First,

we repeat the experiment above with the mean value for wind speed fixed as E(a) = 4.4062,

but we reduce the variance by a factor of two by adjusting the shape and scale parameters

of the Weibull distribution accordingly. Specifically, we use anew ∼ Weibull(4.97, 2.38) with

E(anew) = 4.4062 as before and V(anew) = 3.8857. Figure 3.7 compares the probability density

functions of the two distributions a and anew.

Figure 3.8 shows the variability in the pollutant concentration using the new wind speed

distribution, with all other parameter distributions unchanged. Compared with Figure 3.3b, we

see that the variance of the pollutant concentration has reduced by a third, as seen in Figure

3.8b. In addition, Figure 3.8a shows that the 97.5 percentile value is slightly lower, particularly

upstream of the first source location xs1 . As seen in Figure 3.7, the probability density function
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Figure 3.8: Variability in pollutant concentration using anew ∼Weibull(4.97, 2.38).

of the new wind speed has fewer low wind speeds, and this change is responsible for the global

reduction in the 97.5 percentile pollution level.

Having seen that reducing the variation in the wind speed has resulted in an overall reduc-

tion in the variance of the concentration, we now consider whether the relative contribution of

the parameters to the new variance has also changed. Figure 3.9 shows the spatial dependence

of the new first-order and total effect Sobol indices across the domain.

Compared with Figure 3.5, we see that diffusivity and source strengths now play a more
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Figure 3.9: Spatial distribution of Sobol indices using anew ∼Weibull(4.97, 2.38).

prominent role in the overall variance of the concentration upstream of xs1 = 1.5. However, we

note that, despite reducing the variance of the wind speed, it is clearly still the most important

factor in this region of the domain. Furthermore, we observe that the sum of first-order indices

in Figure 3.5a is greater than in Figure 3.9a. This also indicates that the variance contributed

by individual parameters is greater after reducing the variance in the wind speed distribution.

We now repeat the same experiment, considering the effect of reducing the variance in the

distribution of the diffusion parameter while all other parameters remain unchanged. Here,

we sample the wind speed as a ∼ Weibull(4.92, 1.62) as before. Again, we reduce the vari-

ance by a factor of two by adjusting the lognormal mean and standard deviation parameters

accordingly. Specifically, we sample Dnew ∼ Lognormal(0.19, 0.79) with E(Dnew) = 1.6487 as

before and V(Dnew) = 2.3354. Figure 3.10 compares the probability density functions of the

two distributions D and Dnew.

Figure 3.11 shows the variability in the pollutant concentration using the new distribution

for diffusivity, with all other parameter distributions unchanged. As before, comparing with

Figure 3.3b, we see that the variance of the pollutant concentration has now been reduced

by a factor of two, as seen in Figure 3.11b. Figure 3.11a also shows that the 97.5 percentile

value is slightly lower, particularly downstream of the first source location xs1 . Similarly to

the case where a change was made to the Weibull distribution, in Figure 3.10 we observe that

the probability density function of the new diffusivity has fewer small diffusion rates, hence

reducing the 97.5 percentile pollution concentration level.

Looking at the Sobol indices for this case in Figure 3.12a, we observe that the first-order

indices for diffusivity increase at a steeper rate as compared with Figure 3.5a. Additionally,
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Figure 3.11: Variability in pollutant concentration using Dnew ∼ Lognormal(0.19, 0.79).

the first-order indices for wind speed decrease at a slightly steeper rate too. This indicates that

although we have decreased the variance in diffusion parameter distribution, diffusion actually

becomes more prominent earlier in the domain. We note that the crossover from wind speed

being the most influential parameter to diffusion also occurs slightly farther upstream of xs2 .

Although the rate at which diffusion gains prominence increases, we see in Figure 3.12b that

the total effect indices of diffusivity are slightly lower than in Figure 3.5b, indicating that the
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Figure 3.12: Spatial distribution of Sobol indices using Dnew ∼ Lognormal(0.19, 0.79).

overall variance contribution of the diffusivity has gone down. We also note that for both the

first-order and total effect indices, we see that the influence of the source strengths has increased

in Figure 3.12 as compared with Figure 3.5, both in terms of the variance contributions by s1

and s2, and also the area about xs1 and xs2 where the increased Sobol indices are observed.

This is because reducing the variance in diffusivity lowers its overall contribution to uncertainty,

thereby increasing the relative influence of the source strengths.

3.3.3 Confidence Intervals for Sobol Indices Point Estimates

In order to validate our results and make meaningful comments, we computed 95% CIs through-

out the domain for both the first-order and total effect indices, for each parameter. The results

presented in Section 3.3.2 are point estimates for the Sobol indices of each parameter throughout

the domain. We now consider CIs to ensure that the results we have are in fact reliable.

We use the bootstrapping technique described in Chapter 2.6 by taking the function evalu-

ations that are used to compute the estimates of the Sobol indices and resampling with replace-

ment B = 103 times. This choice provides a reliable approximation of the sampling distribution

of the Sobol indices and yields stable CI estimates, while keeping the computational cost man-

ageable. Further increasing B leads to negligible changes in the resulting CIs, indicating that

B = 103 is sufficient for the present analysis.

We compute a vector of pollutant concentrations y
(l)
x = fx (Zl) as in Section 3.3.1 by

solving the pollutant dispersion problem (2.1) using the SUPG method presented in Section 2.2

with N = 128. A sampling distribution of pollutant concentrations is generated by resampling

with replacement B = 103 times. Then, for each sampling distribution, we compute the sample
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mean and variance, and replicate the sensitivity indices Si[b] and Sti [b], following the estimation

method in Section 3.3.1. The CIs are then computed using the BC percentile method presented

in Section (2.6).

Figure 3.13 shows the 95% CIs for each first-order index throughout the domain using

m = 104 samples. All plots are shown on the same scale for comparability reasons. The CIs

calculated show that the first-order index for wind speed has the widest CI. However, the range

of the wind speed CI still indicates that wind speed would be the most influential parameter

upstream of xs2 . The CI is widest upstream of the first source, located at xs1 = 1.5, where in

the first-order case, only the variance in the wind speed is contributing variance to the solution.

In comparison, we see that all the other parameters have relatively narrow CIs, indicating that

the point estimates of first-order Sobol indices for the remaining parameters are accurate. In

particular, the CIs for the source strengths show that the point estimates of the Sobol indices

are highly accurate, indicating that the variance in the source strengths alone have little impact

on the variance of the model output. The CI for the first-order index for the diffusivity shows

that there may be some more variability in the point estimates in the middle of the domain,

downstream of the location of the first source at xs1 = 1.5. However, near the boundaries, we

see that the point estimates are very accurate.

These results indicate that the proportion of variance in the pollutant concentration at-

tributed to the variance in the wind speed not only plays a significant role but is also the most

difficult to accurately determine. We further analyse this by looking at the 95% confidence in-

tervals for the total effect indices. As we know from our study of Sobol indices, the total effect

indices show that interactions play a significant role in the uncertainty of the model output.

In Figure 3.14, we see that the 95% confidence intervals for the point estimates of the total

effect indices of wind speed and diffusivity are wider than in the first-order case. We see that

both these confidence intervals show the most variability upstream of the first source and, while

they do get slightly narrower after the first source is introduced, they still indicate considerable

variability in the point estimates of the total effect indices. This suggests that for the total

effect indices, we need more samples to be able to accurately estimate the “true” values of the

total effect indices of the wind speed and diffusivity. The 95% confidence intervals of the point

estimates of the total effect indices of the sources are the only total effect indices that we can

claim to be accurate. The confidence intervals for the two source strengths further confirm the

intuition that the variance in the source strengths, even with interaction to other parameters,

does not significantly impact the variance in the solution. In particular, the variance in s1 is
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Figure 3.13: 95% confidence intervals of spatial distribution of first-order Sobol indices,
computed using m = 104 Quasi-Monte Carlo samples.

considered to have a relatively minor impact on the overall uncertainty in the model output. The

confidence interval for s2 appears to indicate some variability upstream of xs2 = 3, suggesting

that the variance in s2, with interaction, could lead to some variance in the output. Therefore,

although in general the variance in the source strength contributes very little to possibly no

variance in the pollutant concentration, there is the possibility that some variance could be

attributed to the stronger source.

3.4 Summary

In this chapter, we investigated the variability in pollutant concentration within pollutant dis-

persal BVP by applying Sobol indices as a GSA tool. We have implemented numerical methods
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Figure 3.14: 95% confidence intervals of spatial distribution of total effect Sobol indices,
computed using m = 104 Quasi-Monte Carlo samples.

55



to estimate both the first-order and total-effect Sobol indices for model input parameters defined

by probability distributions.

Our results demonstrate that the variance in pollutant concentration is spatially hetero-

geneous, with the influence of individual parameters varying significantly across the domain.

Upstream of the first source location xs1 , wind speed emerges as the dominant contributor

of variance to model output, while further downstream, after the second source location xs2 ,

diffusivity assumes greater relative importance. Around each source location, the variance con-

tribution from source strengths is strongly localised. Moreover, total-effect indices highlight

the significance of parameter interactions, particularly between wind speed and diffusivity, in

driving variance even in regions where their first-order effects are minimal.

Importantly, our analysis also demonstrates that reducing the uncertainty in wind speed

and diffusivity distributions can substantially decrease the overall variance in pollutant concen-

tration. These findings show the value of spatially-resolved sensitivity measures for improving

the reliability and predictive capability of pollutant dispersal models.

CIs were computed to quantify the uncertainty in the Sobol index estimates. The 95% CIs

show that the wind speed parameter has the widest uncertainty, especially upstream of xs1

indicating greater difficulty in accurately estimating its sensitivity in this region. The source

strength parameters have relatively narrow CIs, reflecting more reliable and precise sensitivity

estimates.
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Chapter 4

Sensitivity Analysis of

Two-Dimensional Pollutant

Dispersion Model

While Chapter 3 established the foundations for studying a simple pollutant dispersion prob-

lem as a UQ problem and is useful to gain insight into the sensitivity of the parameters, the

application of a one-dimensional model is limited in its description of real-world problems. In

this chapter, we extend the UQ problem established in Chapter 3 to a two-dimensional domain

in order to better understand how the pollutant concentration varies throughout a more realis-

tic spatial domain. Furthermore, because this leads to a significant increase in computational

cost, we compare two different approaches to estimating Sobol indices and the computational

efficiency of each approach.

We now study the 2D pollutant dispersion BVP (2.13), which we solve using the SUPG

method detailed in Section 2.4. Similarly to Chapter 3, we focus on an example in which we

assume the wind speed a ∼ Weibull(4.92, 1.62), the diffusivity D ∼ Lognormal(0, 1), and the

source strengths s1 ∼ Uniform(0.5, 1.5) and s2 ∼ Uniform(1, 3). Figure 3.2 shows the above

probability distribution functions, and further details of the expected value and variance for each

of these distributions can be found in Table 3.2. We focus on an example with source locations

fixed at xs1 = (1.5, 0.5) and xs2 = (3, 0.5) in the domain Ω2 = {(x, y) : 0 ≤ x ≤ 5, 0 ≤ y ≤ 1}.

We fix the wind direction w = (1, 0) and the source length scale σ = 0.1.

We interpret the pollutant dispersion model (2.13) as a UQ problem by conducting a para-
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metric study of the model, in which we sample the parameters as described in Table 3.2 using

a Quasi-Monte Carlo approach, detailed in Section 2.5.2, with sample size m = 104. We solve

this using the SUPG method discussed in Section 2.4 with grid size h = 1/64, on a triangulation

that is symmetric with respect to both coordinate axes.

Figure 4.1 illustrates the empirical mean and variance observed in the pollutant concen-

tration. We observe that the distribution of the pollutant concentration is characterised by a

peak about each source location and spread downstream of xs2 = (3, 0.5), reflecting advection-

dominated transport. Note that the mean and variance are symmetric about y = 0.5. Figure

4.1b indicates that most of the variance is concentrated downstream of xs2 .
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Figure 4.1: Pollutant concentration using SUPG finite element discretisation on a 320×
64 mesh with m = 104 Quasi-Monte Carlo samples.

We use Sobol indices to quantify the uncertainty in the pollutant concentration by analysing

the proportion of variance contributed by each parameter. Recall that Sobol indices are de-

fined in Section 2.5.1. The first-order indices indicate the proportion of variance contributed

by individual parameters, and the total effect indices account for the proportion of variance

contributed by interactions between different parameters.

4.1 Estimation of Sobol Indices

In Section 3.3.1, we presented an approach to estimating Sobol indices, following the literature

[30] to estimate the first-order indices (3.1) and a method presented in [58] to estimate the

total effect indices (3.2). In this section, we describe an alternative approach to estimating the

first-order Sobol indices for 2D space.

As before, we let Z1 and Z2 denote m × k design matrices, where m is the sample size

and k is the number of parameters. For each spatial point x = (x, y), the vector of pollutant
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concentrations obtained by solving the BVP on a given grid for the sampled parameters is

y(l)
x = fx(Zl), l = 1, 2,

where y
(l)
x =

[∑m
i=1(ylx)i

]
/m is the sample mean concentration at the point x.

In Chapter 3, we generated two resampled matrices, Z∼j to estimate the first-order indices

and Zt∼j to estimate the total effect indices. However, we see that instead of generating two

resampled matrices, we can use one resampled matrix and make use of the design matrix Z2.

Previously, Z2 was only used in the generation of the resampled matrices.

Here, we take the same overall approach as in Section 3.3.1, but take Z2 as the base matrix

instead of Z1. Specifically, we only resample the matrix Zt∼j , which is obtained from Z1 with

entries in the jth column taken from Z2.

This modification yields identical approximations of the Sobol index results while achieving

a computational saving: the same resampled matrix can now be used for both first-order and

total effect indices, avoiding redundant function evaluations and reducing the total number

of model runs by km function evaluations. As before, the BVP is solved such that ytx,∼j =

fx(Zt∼j), with mean concentration ytx,∼j =
[∑m

i=1(ytx,∼j)i
]
/m. We now estimate the first-order

indices for each parameter as

Ŝx,j =

∑m
i=1

[(
y

(2)
x

)
i
− y(2)

x

] [(
ytx,∼j

)
i
− ytx,∼j

]
∑m
i=1

[(
y

(2)
x

)
i
− y(2)

x

]2 , j = 1, . . . , k. (4.1)

The method of estimation for the total effect indices is the same as before. The total effect

indices are estimated as in (3.2)

Let each function evaluation correspond to one SUPG solve of the linear system arising

from the discretisation over the spatial domain Ω2 = (0, 5) × (0, 1). The computation of y
(1)
x

and y
(2)
x each requires m function evaluations, while ytx,∼j requires km evaluations. Therefore,

the total computational cost of estimating both the first-order and total-effect Sobol indices at

each spatial location using the above method is (2 + k)m function evaluations.

In comparison, the method described in Section 3.3.1 incurs a higher cost of (1 + 2k)m

function evaluations. The revised approach in this chapter therefore achieves a reduction of

(k− 1)m function evaluations, representing a substantial computational saving, particularly in

light of the high cost per evaluation in the domain Ω2. This efficiency gain is largely due to

requiring function evaluations of only a single reassembled matrix Zt∼j , as opposed to two in
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the previous method. Estimating the spatial distribution of the Sobol indices is significantly

more expensive in the domain Ω2 due to the increased number of spatial points to be evaluated.

4.2 Study of Spatially-Dependent Sobol Indices

Using the method described in Section 4.1, we calculate the first-order and total effect indices

at each point on the finite element grid to study the variance contribution of each parameter.

Figure 4.2 shows the spatial dependence of the first-order Sobol indices throughout the domain,

with parameter distributions described in Table 3.2 and fixed wind direction w = [1, 0]. Recall

that the first-order indices presented in Figure 4.2 show the proportional variance contributed

by each individual parameter to the overall variance shown in Figure 4.1b. We see that the
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Figure 4.2: Spatial distribution of first-order Sobol indices.

most influential parameters are the wind speed and diffusivity. In comparison, the proportion

of variance contributed by the source strengths throughout the domain is very low. We present

the Sobol indices for the source strengths on a zoomed in scale in order to study their impact

more closely in Figure 4.4. Upstream of the first source, at xs1 = (1.5, 0.5), we observe that

wind speed is more significant and as we move further downstream, we observe that the relative

influence of diffusivity begins to overtake that of wind speed. We see that downstream of xs1

the diffusivity becomes the dominant factor, but we note that about xs2 = (3, 0.5) wind speed

briefly gains prominence. Downstream of xs2 diffusivity becomes the most influential parameter

again. We observe in Figures 4.2c and 4.2d that the variance contributed by the source strength
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s1 is localised about the location of the source xs1 and there is a similar effect for s2 about xs2 .

We note that all first-order indices are less than one. This indicates that the first-order

indices alone do not capture all the variance contribution towards the pollutant concentration.

There is therefore interest in considering the total effect indices. This is due to the direction of

the wind w = [1, 0]. Figure 4.3 shows the spatial dependence of the total effect Sobol indices

throughout the domain. The total effect indices of wind speed and diffusivity clearly show that
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Figure 4.3: Spatial distribution of total effect Sobol indices.

interaction plays a significant role in the variance contributed by these parameters. Figure 4.2b

suggests that diffusivity has very little variance contribution upstream of xs1 , but the total effect

indices in Figure 4.3b show that diffusivity plays an important role in the overall contribution

of variance to pollutant concentration upstream and downstream of xs1 when interacting with

other factors. A similar pattern can be observed for wind speed downstream of xs2 . Figure

4.2a shows very little variance contribution, however, Figure 4.3a shows that the wind speed

does have an impact downstream of xs2 when we consider interactions with other parameters.

The total effect indices for s1 and s2, also shown in Figure 4.4, highlight that the variance

contributed by these parameters is also heightened by interaction. In particular, we note that

Figure 4.4c shows that the variance contributed by s1 extends upstream of xs1 , and Figure

4.4d shows that the variance contributed by s2 extends downstream of xs2 . We also note the

symmetry of all of the Sobol indices about y = 0.5.

The findings shown in Figures 4.2 and 4.3 highlight that variability in the wind speed and

diffusivity constitute a significant portion of the overall variance in pollutant concentration
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Figure 4.4: Spatial distribution of Sobol indices of source strengths.

across the spatial domain. We therefore now conduct further investigation into how changes in

wind speed and diffusivity affect variability in pollutant concentration. This is done by repeating

the pollutant dispersion simulations with the mean wind speed and diffusivity fixed as before

but reducing the variance by half, similarly to the experiments carried out in 1D in Section

3.3.2. We look at this on a case-by-case basis. First, we reduce the variance of the wind speed by

adjusting the shape and scale parameters of the Weibull distribution accordingly. Specifically,

we use anew ∼ Weibull(4.97, 2.38) with E(anew) = 4.4062 as before and V(anew) = 3.8857.

A comparison of the probability density functions of the two distributions a and anew can be

found in Figure 3.7.

Figure 4.5 shows the pollutant concentration using the new wind speed distribution, with

all other parameter distributions unchanged. By comparing Figure 4.5b directly with Figure
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Figure 4.5: Pollutant concentration using anew ∼Weibull(4.97, 2.38).

4.1b, we see that the variance of the pollutant concentration has reduced by 20%. We also note

the reduced pollutant concentration shown in Figure 4.5a, with greater concentration dispersion
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about the source locations. We now consider how the relative impact of each parameter has

changed given the new wind speed distribution and the overall variance reduction. Figure 4.6
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Figure 4.6: Spatial distribution of first-order Sobol indices using anew ∼
Weibull(4.97, 2.38).

shows the first-order indices for the pollutant dispersion problem using the new wind speed

anew. We observe by comparison with Figure 4.2 that the relative impact of diffusivity has

increased upstream of xs1 . This is due to the slight reduction in the impact of the wind speed

upstream of xs1 , although it still remains the most influential parameter in this region.

Figure 4.7 shows the total effect indices using the new wind speed anew. By comparing

directly with Figure 4.3, we note the total effect of wind speed downstream of xs1 has decreased.

We see that in this region, the total effect of diffusivity has increase slightly, with peaks spread

further along the y-axis. Figure 4.8 shows that for both first-order and total effect indices, the

relative impact of the source strengths has increased as a result of the reduction in wind speed

variance.

Now we study the case where we reduce the variance of the diffusivity, keeping the wind

speed and sources fixed as before. Specifically, we draw samples fromDnew ∼ Lognormal(0.19, 0.79).

This distribution maintains the previously established expectation E(Dnew) = 1.6487, but with

the reduced variance V(Dnew) = 2.3354. Figure 3.10 provides a comparison of the probability

density functions of the two distributions D and Dnew.

Figure 4.9 shows the pollutant concentration using the new diffusivity distribution. We

observe a variance reduction of 40% in Figure 4.9b as compared with Figure 4.1b. We also note

the reduced pollutant concentration shown in Figure 4.5a, with greater concentration dispersion
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Figure 4.7: Spatial distribution of total effect Sobol indices using anew ∼
Weibull(4.97, 2.38).
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Figure 4.8: Spatial distribution of Sobol indices of source strength using anew ∼
Weibull(4.97, 2.38).
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about the source locations. We next consider how the relative impact of each parameter has

changed given the new diffusivity distribution and the overall variance reduction.
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Figure 4.9: Pollutant concentration using Dnew ∼ Lognormal(0.19, 0.79)
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Figure 4.10: Spatial distribution of first-order Sobol indices using Dnew ∼
Lognormal(0.19, 0.79).

Figure 4.10 shows the first-order indices using the new wind speed Dnew. We observe by

comparison with Figure 4.2 that the relative impact of diffusivity is very similar to Figure 4.2b.

However, we note the slight difference in the spread of the first-order indices of diffusivity. In

particular, the region between xs1 and xs2 has a steeper peak, indicating that the impact of

diffusivity in this region has decreased slightly. We also note that upstream of xs1 , the wind

speed has gained prominence.

Figure 4.11 shows the total effect indices for the pollutant dispersion problem using the new

wind speed Dnew. By comparing directly with Figure 4.3, we see that the impact of wind speed

has actually increased throughout the domain as a result of interaction with other parameters.

The total effect of diffusivity is also similar to Figure 4.3b, but we note the change in the
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Figure 4.11: Spatial distribution of total effect Sobol indices using Dnew ∼
Lognormal(0.19, 0.79).

dispersion again. We also note that the total effect of diffusivity upstream of xs1 has decreased.

Figure 4.12 shows slight changes for both first-order and total effect indices. In particular,

Figure 4.12a highlights increased impact of s1 upstream of xs1 . The first-order and total effect

indices of the sources are similar to Figure 4.4, but we note that the Sobol indices are now less

dispersed than before. Across all figures of Sobol indices, we note that there is significantly less

variations along the y-axis compared to the horizontal changes. Generally we observe slightly

higher values toward the centre of the domain and lower values toward the top and bottom

boundaries. All spatial sensitivity maps exhibit strong symmetry about the midline y = 0.5.

4.3 Confidence Intervals for Sobol Indices Point Estimates

The results presented in Section 4.2 indicate that variability in diffusivity is a key factor in

the overall variability in pollutant concentration throughout the domain. However, similar to

Chapter 3, these results are point estimates for the Sobol indices of each parameter. We now

compute the 95% CIs for the Sobol indices to accurately make observations about the variance

contributed by each parameter. In this section, we select a few key spatial locations at which we

observed a significant variance contribution by each parameter. In the 2D domain, computing

CIs throughout the entire domain can be very costly. Choosing a few key points to compute the

CIs at is more cost-effective. We implement this using the bootstrapping technique described

in Section 2.6 by taking the function evaluations that are used to compute the estimates of
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Figure 4.12: Spatial distribution of Sobol indices of source strength using Dnew ∼
Lognormal(0.19, 0.79).

the Sobol indices and resampling with replacement B = 103 times, using the same method

described in Section 2.6.

Based on Figure 4.2 and Figure 4.3, we choose the query points qp1 = (1.0, 0.5), qp2 =

(1.75, 0.5) qp3 = (4.5, 0.5) to evaluate the CIs upstream of the first source location xs1 , between

the two sources, and downstream of the second source location xs2 , respectively. The CIs at

the query points are illustrated in Figure 4.13. All plots are shown on the same scale for

comparability reasons.

The CIs shows the influence of wind speed and diffusivity throughout the domain. At qp1,

wind speed clearly has the greatest impact despite also having the widest CI. Figure 4.13a

shows that the range of the wind speed CI compared with the CIs for diffusivity and the source

strengths still indicate that wind speed is the most influential parameter at qp1. However, we

observe that the impact of diffusivity at qp1 is made more prominent by interactions, as we

see in Figure 4.13b. We also note that the CI for the total effect of s1 indicates that it is the

more influential source strength at qp1. At the query points qp2 and qp3, we observe that the

diffusivity has a much larger impact than all other other variables for both first-order and total

effect indices. Although the width of the CIs for the Sobol indices of diffusivity are notably the

largest, the impact of the other variables is very small in comparison to the impact of diffusivity.

These results indicate that as we move further downstream of the sources, the wind speed loses

prominence very quickly in both the first-order and total effect indices.
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Figure 4.13: Confidence intervals of Sobol indices at query points with xs1 = 1.5 and
xs2 = 3. Computed using Quasi-Monte Carlo method with sample size m = 104.
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4.4 Estimating Spatially-Dependent Sobol Indices using

a Surrogate Model

While our previous simulations provide valuable insight into the pollutant concentration through-

out the domain, computational challenges arise as estimating Sobol indices typically requires

a large number of model evaluations to achieve convergence. Here this means that we have

CIs narrow enough to accurately assess the relative influence of each parameter. Each model

evaluation involves numerically solving a PDE, leading to a computationally expensive process.

This is where surrogate modelling becomes indispensable.

Surrogate models are approximations of computational models used to reduce computa-

tional costs and enable efficient analysis of complex systems. The motivation for employing

a surrogate model stems from the need for efficient global sensitivity analysis and uncertainty

quantification. We use the MATLAB Regression Learner App to train and validate multiple

regression models. The Regression Learner App enables us to build predictive models from

simulated pollutant concentration data, making it particularly useful for developing surrogate

models. Figure 4.14 shows the typical process of training regression models using the Regression

Learner App. We select the generated training data and all models to be evaluated in parallel,

as well as selecting the validation approach. The Regression Learner App automatically trains

all available models and assess model performance based on root mean square error (RMSE),

mean square error (MSE), mean absolute error (MAE) and the R-squared statistics, such that

we are able to easily compare and select the “best” regression model for our data [46]. Here

we focus on the MSE of the predicted data compared with the simulated pollutant concentra-

tion data, in order to select the best model. Then we can export the best model and test the

surrogate model’s ability to capture the pollutant dispersion model uncertainty.

Figure 4.14: Workflow for training regression models using the MATLAB Regression
Leaner App [46].
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4.4.1 Surrogate Approximation using an Artificial Neural Network

We use an feedforward neural network (NN) as a surrogate model for the pollutant dispersion

problem because it achieved the lowest MSE of validation data compared with other methods

tested. These included linear regression models, regression trees, support vector machines,

Gaussian process regression, kernel-based models, and ensembles of regression trees. Within

the neural network category, a range of architectures was explored, including narrow, medium,

and wide networks, as well as multi-layered designs, with the chosen narrow NN providing the

best performance [46]

Pollutant dispersion processes often exhibit nonlinear dependencies on input parameters

and NNs are well-suited to capture such complex, nonlinear relationships without requiring

explicit analytical formulations. The NN is trained using a dataset of simulated pollutant con-

centrations at selected spatial locations. The inputs to the model consist of a design matrix

with columns corresponding to the parameters a,D, s1 and s2, while the outputs are the pol-

lutant concentrations at the selected spatial locations. A separate model is trained for each

query point, and no data pre-processing, such as scaling or normalisation, is applied. A Quasi-

Monte Carlo sampling approach was selected to provide a space filling design. This ensures a

more comprehensive exploration of the input domain, which is particularly important in high-

dimensional uncertainty quantification tasks. Additionally, a well-distributed training set leads

to lower approximation error in the NN surrogate model.

The NN used consists of a single fully connected hidden layer with a layer size of 10 nodes.

Each node uses the ReLU activation function. The output layer, which produces the prediction

of the continous response variable, has a single node with no activation function. During

training, no regularisation techniques were implemented to prevent overfitting for simplicity and

computational efficiency. However, the Regression Learner App protects against over-fitting by

applying 5-fold cross-validation. Prior to applying cross-validation, 10% of the training dataset

is held back for testing.

Cross-validation is a model validation technique used to evaluate the predictive performance

of a model by partitioning the dataset into k-folds. Here, the data is divided into k = 5 disjoint

subsets, and in each iteration, one fold is set aside as the validation set while the remaining

folds are used for training. The model is trained on the training folds and then evaluated on

the validation fold. This process is repeated for all folds. The average validation error across

all iterations is then computed, providing a robust estimate of the model’s predictive accuracy

when trained on the full data set. Although cross-validation requires fitting the model multiple
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times, it maximises the use of available data.

To assess how the training sample size, mtrain, influences the predictive performance of the

NN, we conduct an experiment to explore the relationship between the training sample size

mtrain and the MSE at the same three query points as above: qp1 = (1, 0.5), qp2 = (1.75, 0.5),

and qp3 = (4.5, 0.5), using input parameters sampled from the distributions specified in (2.3).

The MSE is evaluated on an independent validation set. Table 4.1 shows that the MSE decreases

as we increase the sample size for each query point.

mtrain

MSE
qp1 qp2 qp3

50 4.9023E-04 1.1011E-02 1.1329E-02
100 1.9356E-04 2.5038E-03 6.5185E-03
500 4.8198E-05 8.1870E-04 6.4670E-04

1000 4.5320E-05 5.1189E-04 4.9856E-04
5000 4.4471E-05 3.1216E-04 1.1223E-04

10000 4.1086E-05 2.8140E-04 9.9705E-05

Table 4.1: MSE of the pollutant concentration using feedforward NNs with respect to
number of training samples.

We implement the NN surrogate model using a training sample size of mtrain = 103, which

provides a balance between sufficient data for learning the complex input–output mapping and

keeping the computational cost manageable. Figure 4.15 shows response plots comparing the

simulated pollutant concentration values with the predicted NN output at each query point

using training data. We observe that there is strong correlation between the observed and

predicted pollution concentration levels. Hence, the overall prediction capabilities of the NN

are strong. Furthermore, the cost of using the NN to compute Sobol indices is negligible

in comparison to computing Sobol indices using function evaluations with the SUPG method.

While the NNs incur a one-time upfront cost of training, which takes approximately 20 seconds,

using MATLAB’s stopwatch, we find that estimating Sobol indices takes approximately 58

seconds using the trained NN. In comparison, estimating Sobol indices using the full PDE-

based model takes approximately 1,352 seconds. Therefore, we see a reduction of almost two

orders of magnitude in evaluation time using the feedforward NN. We study the CIs of the Sobol

estimates computed using the NN surrogate model at the same query points as in Section 4.3

for ease of comparison.
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Figure 4.15: Response plots comparing the pollutant concentration simulations with the
predicted feedforward NN output at specific query points, generated using a training
dataset of mtrain = 103 samples.
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4.4.2 Study of Sobol Indices using a Surrogate Model

We compute the first-order and total effect Sobol indices as detailed in Section 4.1, where the

parameters of interest are taken from the probability distributions given in Table 3.2, as before.

As the computational cost of the surrogate model is cheaper than numerically solving the BVP

(2.13), we can perform the sensitivity analysis using larger sample sizes. We are interested in

studying the CIs of the Sobol indices. This is done by performing bootstrapping on the predicted

concentration levels obtained by Quasi-Monte Carlo sampling using the feedforward NN. Figure

4.16 shows the point estimates and the 95% CIs at the query points qp1 = (1.0, 0.5), qp2 =

(1.75, 0.5), and qp3 = (4.5, 0.5) using increasing sample sizes. We observe that as the sample

sizes increase, the estimates of the Sobol indices converge rapidly. This allows us to better

approximate the true value for the first-order and total effect Sobol indices at the query points.

In particular, we consider the Sobol indices with m = 105 samples. At qp1, the variance in the

wind speed a contributes substantially to the output variance, with non-negligible interactions

involving the diffusivity D. At qp2, D becomes the dominant factor, and we note that the

impact of interactions diminish significantly. Meanwhile, at qp3, we deduce that D alone

accounts for nearly all variance and the impact of a becomes negligible. While the indices for

s1 and s2 remain small across all scenarios, we note that at qp1 and qp2, the variance in s1

also contributes uncertainty to the model. This is because qp1 is located upstream of xs1 , and

qp2 is located downstream. Both these locations pick up the impact of s1. This is further

highlighted by the total effect indices of s1 and qp1 and qp2, which show the impact that s1

has when we consider how it interacts with other parameters. We also see a similar effect for

s2 at qp3, which is located downstream of xs2 .

4.5 Summary

In this chapter, we have studied a simple BVP pollutant dispersal model in a 2D domain and

described a more efficient method of estimating Sobol indices using existing samples. This

method use km fewer function evaluations compared to the method we used in Chapter 3.

The results of our spatial study of Sobol indices show that the uncertainty in wind speed and

diffusivity have a significant impact on the variability in pollutant concentration throughout

the domain. In addition, we calculated CIs at selected query points to ensure the reliability of

our findings in order to draw accurate conclusions. Furthermore, the experiments demonstrate

that a reduction in the variance of the input parameter distributions for wind speed and dif-
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Figure 4.16: Confidence intervals of Sobol indices at query points, computed with a
feedforward neural network.
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fusivity can lead to a substantial decrease in the variance observed in the resulting pollutant

concentration levels.

We also trained a surrogate model using using simulated pollutant concentration data to

carry out further analysis of the CIs of the first-order and total effect Sobol indices at a lower

computational cost with larger sample sizes. The mesh size h = 1/32 was chosen by testing

different mesh sizes to ensure that the solution was sufficiently resolved while remaining com-

putationally feasible, following the 1D mesh refinement study presented in Section 3.1. We

observe that the results of the sensitivity analysis converge rapidly. Such results show the

potential usefulness of surrogate models in estimating sensitivity measures for informing and

improving pollutant dispersal models.

75



Chapter 5

Sensitivity Analysis for an

Atmospheric Dispersion Model

The pollutant dispersion model presented in Section 2.3 serves as a good basis for understand-

ing how Sobol indices can be applied to an advection-diffusion BVP. However, in this chapter

we are interested in developing a model which more realistically reflects a wide range of at-

mospheric physics properties. We do this by adapting the 2D steady-state advection-diffusion

model (2.13) to incorporate the effects of turbulent eddy diffusion and allowing the impact of

the atmospheric boundary layer to be modelled within the wind speed. This approach to mod-

elling an atmospheric dispersion problem attempts to address atmospheric turbulence which is

responsible for most turbulent transports.

5.1 An Atmospheric Dispersion Model

We begin by considering the domain Ω2 = {(x, y) : 0 ≤ x ≤ b1, 0 ≤ y ≤ b2} to be a horizontal

cross section at a fixed height zr above the surface at which the pollutant is emitted. We make

the assumption that, at this height, variations in ground topography are negligible, therefore

the wind flow is assumed to be horizontal. Furthermore, as we want to focus on the steady-state

pollutant dispersion model, all physical properties are considered to be time invariant.

Atmospheric turbulence is an important property in atmospheric dispersion modelling. A

key characteristic of turbulent flows is that velocity components may vary randomly at any

location in the domain. Although sensor data can measure wind speeds, the presence of such
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random fluctuations are difficult to measure in practice. To account for this, the wind velocity

can be expressed as the sum of a deterministic and a random component [4, 62],

a = ā+ a′, (5.1)

where ā is the mean wind velocity and a′ is a random perturbation with zero mean. That is,

the wind velocity a is a random variable with mean ā. Let

u = ū+ u′,

where ū is a mean pollutant concentration and u′ is the random perturbations in the pollutant

concentration as a result of randomness in wind speed. Assuming that wind velocity and pol-

lutant concentration are continuous functions in the domain Ω2, we are interested in modelling

the mean pollutant concentration.

We focus on short-range particulate transport over distances on the order of a few kilome-

tres. This is discussed further in Section 5.1.1. On this length scale, we assume that molecular

diffusion of the pollutant is negligible. Therefore, the diffusivity in the model is due to the

presence of turbulent eddies. Eddy diffusion is a function of turbulence, modelled here by the

wind velocity field (5.1), that describes the mixing of atmospheric fluids and masses. Prandtl’s

mixing-length theory describes the distance travelled by a particle at which it blends with

surrounding atmospheric fluids [4]. This leads to the eddy diffusivity tensor

D =

 Dxx 0

0 Dyy

 . (5.2)

In this study, we make the simplifying assumption that Dxx = Dyy = D. The use of a diffusion

equation implies that the length scale of the transport is much smaller than the characteristic

length over which the mean concentration is modelled [62].

In an urban setting, there are thousands of individual sources of pollutant emission. To

simplify the model setting we will consider large sources, such as industrial facilities, modelled

here as point sources. We consider a pollutant that is emitted at rates s1 and s2 from sources
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at locations µs1 = (µx1 , µy1) and µs2 = (µx2 , µy2), respectively, such that

s(x, y) =
s1

σ
√

2π
exp

{
−
[
(x− µx1)2 + (y − µy1)2

]
2πσ2

}

+
s2

σ
√

2π
exp

{
−
[
(x− µx2

)2 + (y − µy2)2
]

2πσ2

}
,

with the spatial scaling parameter σ. Both source rates s1 and s2 are modelled at the same

height z. The following BVP (5.3) describes the horizontal transport of the pollutant, such

that

−D∇2u+ aw · ∇u = s(x, y) in Ω2,

u = 0 on ∂Ω2,
(5.3)

where D = Dxx = Dyy, u is the mean concentration, and the wind velocity field a is decomposed

into the mean wind speed, denoted a, and wind direction, denoted w. We do this so that we

are able to study the impact of wind speed independent of wind direction. Here, we assume

constant wind direction.

The wind speed is modelled by the power-law correlation

a = ar

(
z

zr

)p
, (5.4)

where ar denotes a reference wind speed at zr, the height (in metres) at which we model the

dispersion of the pollutant, and p is a fitting parameter which depends on atmospheric stability

and surface roughness [25]. We note that mean transport wind speeds are typically assumed to

be uniform in the horizontal direction within an urban boundary layer [4].

The diffusivity of the pollutant is no longer considered an independent parameter in (5.3).

We now model the diffusivity as a function of the reference wind speed ar to reflect the properties

of (horizontal) turbulent eddy diffusion, which incorporates the turbulent mixing of pollutants,

such that [25,62]

D ' 0.1a∗z
4/3
i (−κL)−1/3, (5.5)

where a∗ = κar/ ln(zr/z0) is the friction velocity, expressed as a function of the roughness

length z0 and the von Karman constant κ. We note that [62] contains a typographical error in

the exponent of zi in the expression for eddy diffusivity, where it is incorrectly given as 3/4.

If we substitute this exponent into the expression (5.5), where a∗ has units m s−1 and both

zi and L have units m, we obtain D ∼ a∗z
3/4
i L−1/3, which has units m17/12 s−1. This is not
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dimensionally consistent with eddy diffusivity, which must have units of m2 s−1. By correcting

the exponent to 4/3, as used in (5.5), we obtain the correct units and ensure dimensional

consistency. This error in the expression of (5.5) has been replicated in [25].

The height of the mixing layer is denoted by zi in (5.5), where zi > zr > z. The Monin-

Obukhov length L is estimated as

1

L
= c+ d log10(z0), (5.6)

where the parameters c and d are determined by the Pasquill stability class. The Pasquill

stability classes are defined on the basis of routine observations, including surface wind speed

(at 10 m), solar radiation, and night-time cloud cover [62]. Table 5.1 shows the Monin-Obukhov

parameters for different stability classes.

Pasquill stability class c d

A (Extremely unstable) -0.096 0.029
B (Moderately unstable) -0.037 0.029
C (Slightly unstable) -0.002 0.018
D (Neutral) 0 0
E (Slightly stable) 0.004 -0.018
F (Moderately stable) 0.035 -0.036

Table 5.1: Monin-Obukhov length parameters for different stability classes, taken from
[25].

5.1.1 Uncertainty Quantification of an Atmospheric Dispersion Model

The components of the atmospheric dispersion model (5.3) discussed in the previous section

have inherent uncertainty, stemming from variable environmental and physical conditions. To

investigate this, we again perform a parametric study by treating key model parameters as

random variables drawn from suitable probability distributions.

We aim to explore model behaviour across a representative range of environmental con-

ditions. Table 5.2 shows the observed ranges taken by the parameters of the atmospheric

dispersion model. The ranges for the Monin-Obukhov length L are computed using (5.6) with

c and d taken from the unstable Pasquill class A, B, and C, as seen in Table 5.1. In our study,

we use stability class B and a roughness length of z0 = 0.1 to compute the value for L. We take

the height of the mixing layer to be zi = 103 m, and the height at which we model emission

to be z = 100 m. The height at which we model the pollutant dispersion model is zr = 10 m.
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Parameter (units) Symbol Range

Wind speed exponent p [0.1, 0.4]
Monin-Obukhov length (m) L [-15, 100]
Height of mixing layer (m) zi [102, 3× 103]

Table 5.2: Parameters of the atmospheric dispersion model (5.3) and their accepted
ranges, taken from [62].

The von Karman constant κ = 0.4.

To incorporate these parameters into a stochastic framework, we assign probability dis-

tributions based on their physical characteristics and empirical evidence. All parameters are

converted into consistent units, with the spatial domain defined in metres: Ω2 = {(x, y) : 0 m ≤

x ≤ 1000 m, 0 m ≤ y ≤ 200 m}. The spatial scaling parameter σ = 20.

The reference wind speed, denoted ar, plays a central role in pollutant transport. Empirical

studies show that wind speeds are well described by the Weibull distribution due to its flexibility

and good fit to observational wind data [50]. Accordingly, we assume ar ∼ Weibull(λr, kr),

where λr is a scale parameters and kr is a shape parameter. We note that the specific values for

λr and kr are taken from [50], with wind speeds expressed in ms−1. Full details can be found

in Table 5.3.

The wind profile exponent p characterises how wind speed varies with height. This exponent

is directly related to atmospheric stability, with p = 0.1 suggesting very stable and p = 0.4

suggesting very unstable atmospheric conditions [62]. In the absence of further information, we

assume all values within this range are equally likely, and hence we use p ∼ Uniform(0.1, 0.4).

This range is based on the typical bounds for p listed in Table 5.2.

To model the source strengths s1 and s2, we select the gamma distribution as it is continuous

and has a strictly positive support. Hence we use

s1 ∼ Gamma(α1, β1), s2 ∼ Gamma(α2, β2),

where α1, α2 are shape parameters, and β1, β2 are rate parameters. To determine these hyper-

parameters, we use engineering estimates derived from an inverse Gaussian plume model, using

a linear least squares method [40]. The Gaussian plume model is a well-established pollutant

emission model, which solves the advection-diffusion equation with ground-level deposition for

known emission sources [4, 62, 66]. This forward solution is integrated into an inverse problem

framework, where a linear least-squares approach is applied. By minimising the discrepancy
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between predicted and observed pollutant concentrations, the emission rates are iteratively re-

fined to achieve the best fit with the observed data. The emission rates are initially given in

tons per year and converted to grams per second as follows:

seng,1 =
30× 106

3.154× 107
, seng,2 =

85× 106

3.154× 107
.

We solve for αj , βj by computing the inverse cumulative distribution function, such that the

mode of the gamma function is equal to the engineering estimates seng,j of the point sources:

αj − 1

βj
= seng ,j ,

qgamma (0.99, αj , βj) = 3seng ,j .

where j = 1, 2 and qgamma is the quantile function for the gamma distribution. We fit the

distribution of the source strength in this way by assuming that the 99th percentile of the

gamma distribution will be 3 times its mode, following [18,66].

In summary, we consider the parameters modelled as random variables with the following

probability distribution functions:

ar ∼Weibull(λr, kr), p ∼ Uniform(0.1, 0.4),

s1 ∼ Γ(4.7299, 0.2550), s2 ∼ Γ(4.7299, 0.7225).
(5.7)

Table 5.3 provides the full specification of the sampled parameters, including their expected

values and variances. The corresponding probability density functions are shown in Figure 5.1.

All other parameters are kept constant initially, for the purposes of the sensitivity analysis

conducted in Section 5.2. However, we note that other parameters may be considered in the

parametric study by similarly sampling from relevant probability distributions.

Parameter Distribution Expected Value Variance

ar Weibull(4.92,1.62) 4.4062 7.7715
p Uniform(0.1,0.4) 0.25 0.0075
s1 Gamma(4.7299,0.2550) 1.2061 0.3076
s2 Gamma(4.7299, 0.7225) 3.4174 2.4690

Table 5.3: Summary of parameter distributions, expected values and variances.

We are now able to conduct a parametric study of the atmospheric dispersion model (5.3).

We approximate the solution of (5.3) using the SUPG method detailed in Section 2.4. Here,
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Figure 5.1: Sampling distribution of pollutant dispersion parameters.
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we used a uniform mesh of triangular elements with mesh size h = 1/32 to ensure a sufficiently

resolved solution while maintaining computational feasibility. Dirichlet boundary conditions

were implemented, and the MATLAB backslash operator was used as a direct solver to solve

the linear system given by (2.30), with constant stabilisation parameter τ given by (2.27).

In the remainder of this chapter we use the source locations xs1 = (300, 100) and xs2 =

(600, 100). We fix the wind direction w = [1, 0]. Figure 5.2 shows the sample mean and

variance of the pollutant concentration throughout the domain. We observe that the pollutant

concentration tends to be higher as we move downstream of the sources due to transport

effects, and note that the mean and variance of the pollutant concentration are symmetric

about y = 100, as expected. Figure 5.2b indicates that most of the variance is concentrated

downstream of xs2 .
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Figure 5.2: Pollutant concentrations were computed using the SUPG finite element
discretisation on a uniform mesh with size h = 1/32, using m = 104 Quasi-Monte
Carlo samples.

5.2 Study of Spatially-Dependent Sobol Indices

We now estimate the first-order and total effect Sobol indices to study the variance contribu-

tion of each parameter using the method described in Section 4.1. Figure 5.3 shows the spatial

dependence of the first-order Sobol indices. Recall that these indices quantify the proportion

of variance each individual parameter contributes to the overall variance in the pollutant con-

centration. We can clearly see that the most influential parameter is the reference wind speed

ar. In particular, we note that the relative impact of ar increases as we move downstream in

the domain. The wind speed exponent p upstream of xs1 contributes a small proportion of

uncertainty contributed by p in that region. However, in comparison to the first-order indices

of ar, the first-order indices of p and the source strengths s1 and s2 are very small. Figures
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Figure 5.3: Spatial distribution of first-order Sobol indices.

5.4a and 5.4b provide a closer look at the first-order Sobol indices for source strengths. We see

that the indices for s1 are smaller than the indices for s2, which aligns with our intuition since

the variance of s1 is also smaller than the variance of s2. We can also see that the first-order

indices of s1 peak around xs1 , rapidly declining as we approach xs2 . The first-order indices of

s2 peak downstream of xs2 . Finally, we note that all the first-order indices are less than one,

indicating that the first-order indices alone do not capture all the variance contribution towards

the pollutant concentration.

We now study the total effect indices to evaluate the relative impact that interactions

between the parameters have on the variance of the pollutant concentration. The total effect

indices presented in Figure 5.5 highlight that the uncertainty contributed by each parameter

becomes more pronounced than in Figure 5.3, confirming that parameter interactions play a

significant role in the variance of the pollutant concentration. The total effect indices of p show

that the proportion of variance contributed by p upstream of xs1 is in fact significant. This

was not properly captured by the first-order indices. Furthermore, the relative impact of the

source strengths is also increased with respect to their first-order indices, as seen in Figures

5.4c and 5.4d. In particular, we note that the impact of s1 upstream of xs1 is now much more

significant than we observed for the first-order indices. However, despite the increased impact

of p, s1 and s2, the most influential parameter throughout the domain remains ar.
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Figure 5.4: Spatial distribution of Sobol indices of source strengths.
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Figure 5.5: Spatial distribution of total effect Sobol indices.
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Since the spatial study of Sobol indices suggests that the reference wind speed ar is the

most significant parameter contributing uncertainty to the overall pollutant concentration, we

now conduct a further investigation into how changes in ar affects variability in pollutant

concentration. This is done by repeating the simulations (as in Section 3.3.2) with the mean

reference wind speed fixed, but reducing the variance by half. Specifically, we use anew ∼

Weibull(4.97, 2.38) with E(anew) = 4.4062 and V(ar2) = 3.8857, as before. A comparison of the

probability density functions of the two distributions for ar and anew can be found in Figure

3.7.

Figure 5.6 shows the variability in the pollutant concentration using the new wind speed

distribution, with all other parameter distributions unchanged. Direct comparison between
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Figure 5.6: Variability in pollutant concentration using anew ∼Weibull(4.97, 2.38).

Figure 5.6b and Figure 5.2b shows a reduction in the variance of the pollutant concentration by

two orders of magnitude. We now estimate the Sobol indices with respect to the new reference

wind speed anew so that we can study how the proportion of variance contributed by each

parameter has changed.

Figure 5.7 shows the first-order indices using the new reference wind speed anew. Comparing

with Figure 5.3, we observe that there is a decrease in the first-order indices of anew. In fact,

we can see that as a result of the reduced variance in anew, the relative impact of p, s1 and s2

has increased significantly. In particular, we note that the first-order indices of p becomes the

dominant parameter contributing uncertainty to the pollutant concentration upstream of xs1 .

Elsewhere in the domain, the new reference wind speed anew remains the dominant contributor

of uncertainty.

Figure 5.8 shows the total effect indices for the pollutant dispersion problem using the new

reference wind speed anew. We now see that the impact of uncertainty in all parameters has

increased, highlighting the role that interaction between parameters plays with respect to the

new reference wind speed. Upstream of xs1 , the most influential parameter is p, while down-
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Figure 5.7: Spatial distribution of first-order Sobol indices using anew ∼
Weibull(4.97, 2.38).
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Figure 5.8: Spatial distribution of total effect Sobol indices using anew ∼
Weibull(4.97, 2.38).

stream, the most influential parameter remains anew. The relative impact of s1 has increased

in comparison to Figure 5.5c; however the impact of s2 has remained similar to Figure 5.5d.
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5.3 Confidence Intervals for Sobol Indices Point Estimates

The results presented in Section 5.2 indicate that the variability in the reference wind speed ar is

a key factor in the overall variability in the pollutant concentration throughout the domain. We

are interested in computing the 95% CIs for the Sobol indices to accurately make observations

about the variance contributed by each parameter.

As in Section 4.3, in this section we select a few spatial locations at which we observe a

significant variance contribution by each parameter in order to study the CIs in a cost-effective

manner. We estimate the CIs using the bootstrapping technique described in Section 2.6 by

taking the function evaluations that are used to compute the estimates of the Sobol indices

and resampling with replacement B = 103 times (that is, using the same method described in

Section 3.3.3).

Based on Figure 5.3 and Figure 5.5, we choose the query points qp1 = (275, 100), qp2 =

(450, 100), and qp3 = (900, 100) to evaluate the CI. Not that these observation points lie

upstream of the first source location xs1 , between the two sources, and downstream of the

second source location xs2 , respectively. The CIs at the query points are illustrated by the

point estimates with the CIs as error bars shown in Figure 5.9. All plots are shown on the same

scale for comparability reasons.

We observe that across all query points, the reference wind speed ar is clearly the most

influential parameter, exhibiting the highest first-order and total effect indices throughout, de-

spite having wider CIs. This indicates that uncertainty in the reference wind speed contributes

most significantly to the overall model variance. We note that at qp2 the CI for the total effect

index of s1 is greater than that of p or s2, highlight that downstream of the first source location

xs1 , we see the impact that the uncertainty of s1 has on the overall variance in the pollutant

concentration. Similarly, at qp3, the CI for the total effect index of s2 is greater than that of

p or s1, because the impact of s2 is highlighted downstream of the second source location xs2 .

These CIs confirm the overall trends observed in Figures 5.3 and 5.5.

We now compare the CIs in Figure 5.9 to the CIs of the second experiment with anew ∼

Weibull(4.97, 2.38) in Figure 5.10. Here we observe that the widths of the CIs for the Sobol

indices of anew are smaller at all query points, due to the reduced variance in anew. As a result

of the narrower CIs, the relative influence of the model parameters becomes more apparent.

Across all query points, the reference wind speed ar remains the most influential parameter,

exhibiting the largest Sobol indices. Figure 5.10 highlights that reducing the variance in a key
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Figure 5.9: Point estimates and 95% confidence intervals of Sobol indices at three query
points with xs1 = (300, 100) and xs2 = (600, 100), computed using Quasi-Monte Carlo
method with sample size m = 104.
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Figure 5.10: Point estimates and 95% confidence intervals of Sobol indices at three
query points using anew ∼Weibull(4.97, 2.38).
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parameter also reduces the CIs of the Sobol point estimates, making more reliable Sobol index

estimation easier.

5.4 Estimating Spatially-Dependent Sobol Indices using

a Surrogate Model

In this section, we extend the surrogate modelling approach developed in Chapter 4.4 to ef-

ficiently compute Sobol indices for the atmospheric dispersion model (5.3). In this study, we

again use a feedforward neural network (NN) as the surrogate model and employ the MATLAB

Regression Learner App to facilitate the training and validation of surrogate models. For details

on the workflow of the Regression Learner App, see Figure 4.14. The evaluation criteria for

selecting the surrogate model are discussed in Section 4.4.

5.4.1 Atmospheric Dispersion Surrogate Model

The architecture for the feedforward NN remains consistent with the model used in Section

4.4.1: a single hidden layer comprising 10 fully connected nodes activated by the ReLU function,

followed by a output layer with one node. While the input layer differs in terms of the variables

used, which now consists of the design matrix with columns representing samples of ar, p, s1 and

s2, the number of input nodes remains the same, and no data pre-processing such as scaling or

normalisation was applied. The surrogate model is trained on a dataset of simulated pollutant

concentration outputs generated via the SUPG method for the atmospheric dispersion model

(5.3). This is done in a pointwise manner for specific spatial locations, and the NN is trained

separately at each query point. In this section, we focus on the same query points as before,

qp1 = (275, 100), qp2 = (450, 100), and qp3 = (900, 100). As before, the input parameters are

sampled using a Quasi-Monte Carlo approach to ensure a well-distributed training set. The

dataset was divided such that 10% was reserved for independent testing, while the remaining

data was used in a 5-fold cross-validation procedure to train and validate the model, as described

in Section 4.4. We estimate the pollutant concentration values using the NN.

To assess how the training sample size, mtrain, influences the predictive performance of

the NNs in the context of the atmospheric dispersion model at each query point, we conduct

a similar experiment to that presented in Section 4.4.1. Results are summarised in Table 5.4,

where we observe that increasing the training sample size leads to improved surrogate accuracy.
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mtrain

MSE
qp1 qp2 qp3

50 5.7977E-05 2.4307E-05 2.9949E-04
100 1.6253E-05 2.2648E-05 9.2920E-05
500 5.3110E-06 9.4105E-06 2.1175E-05

1000 5.0111E-06 5.3820E-06 1.7246E-05
5000 4.6760E-06 4.4503E-06 1.6082E-05

10000 3.0810E-06 4.1664E-06 9.2111E-06

Table 5.4: MSE of the pollutant concentration prediction using feedforward NN with
respect to size of training samples.

Figure 5.11 compares the predicted pollutant concentration levels of the surrogate model

against the PDE-based pollutant concentration simulations at each query point. While the

MSE values reported in Table 5.4 indicate low overall prediction error, the scatter plots in

Figure 5.11 exhibit a more noticeable spread around the ideal prediction line. This apparent

discrepancy arises because the neural network captures a moderate proportion of the variance

in the simulated data, as indicated by the coefficient of determination, R2. At all query points,

the R2 values range between 0.45 to 0.52. Nevertheless, we observe that the predicted values

generally follow the trend of the simulated values indicating that the surrogate model demon-

strates good predictive capability at the query points, capturing nonlinearities induced by the

underlying turbulent dispersion processes. Thus the feedforward NNs demonstrate satisfactory

overall performance, successfully learning the nonlinear mapping from input parameters to pol-

lutant concentrations across most of the domain, and reliably capturing the dominant trends

of the dispersion process.

The trained NNs can now be used as a surrogate for computing Sobol indices. The neg-

ligible computational cost of evaluating the surrogate allows for extensive Quasi-Monte Carlo

evaluations to estimate both first-order and total-effect indices. This enables an efficient sen-

sitivity analysis of the atmospheric dispersion model. The results provide insight into the

dominant drivers of variability within the atmospheric dispersion model (5.3), without the need

for repeated high-fidelity PDE evaluations.

5.4.2 Study of Sobol Indices using a Surrogate Model

In this section, we compute Sobol indices using pollutant concentration predictions estimated

from the feedforward NNs, with respect to the input parameter distributions defined in (5.7).

The significantly lower computational cost of the surrogate model, compared to the full PDE-
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Figure 5.11: Response plots comparing the pollutant concentration simulations with the
predicted feedforward NN output at specific query points, generated using a training
dataset of mtrain = 103 samples.
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based pollutant dispersion solver, allows for the use of much larger sample sizes in the global

sensitivity analysis. This enables a systematic investigation of how the CIs of the estimated

Sobol indices behave with increasing sample size.

Using MATLAB’s stopwatch, we find that the estimation of Sobol indices and CIs at se-

lected query points required approximately between 46 seconds with the trained neural network

surrogate, compared to approximately 5,832 seconds for the full PDE-based model. Although

training the NNs incur an upfront cost of approximately 20 seconds each, the dramatic reduction

in evaluation time, over two orders of magnitude, demonstrates the substantial computational

efficiency gained by employing the surrogate model, enabling extensive global sensitivity anal-

yses that would be otherwise prohibitively expensive.

Figure 5.12 presents the 95% CIs for the estimated Sobol indices at three spatial query

points: qp1 = (275, 100), qp2 = (450, 100), and qp3 = (900, 100). These CIs are again obtained

by applying a bootstrapping procedure to the predicted concentration values generated using

a Quasi-Monte Carlo sampling scheme applied to the surrogate model.

As the sample size increases, we observe that the Sobol index estimates converge rapidly,

enabling more accurate approximation of the true values for both the first-order and total-effect

indices at all specified query points. The CIs shown in Figure 5.12 are typically narrower than

the intervals computed in Figure 5.9. We observe that the reference wind speed ar is the most

influential parameter contributing uncertainty to the surrogate model at all query points, which

is consistent with the results presented in Figure 5.9.

In addition to the effect of reference wind speed, the CIs of first-order indices at qp1 indicate

the impact of s1 upstream of xs1 . We see a similar effect downstream of xs1 at qp2 as well.

At qp3, we observe that the first-order indices indicate that s2 has a greater relative impact

in this region, downstream of xs2 , than s1. However, ar remains the dominant contributor of

uncertainty to the surrogate model.

We note that the total effect indices at all the query points show that when parameter

interactions are considered, the variance contributed by p, s1 and s2 to the surrogate model

becomes more significant, whereas the first-order indices indicate that the effects of some of these

parameters on their own can be considered negligible at certain query points. In particular, we

note that at qp1, the total effect indices highlight the impact of s1 and p, which tells us that

the variance in the wind speed exponent, which describes atmospheric stability, has a greater

impact on the uncertainty of the surrogate model upstream of xs1 . At qp2, the total effect

indices highlight the impact of s1 as sample size increases as qp2 is downstream of xs1 . Similarly,
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Figure 5.12: Point estimates and 95% confidence intervals of Sobol indices computed
at selected spatial query points using neural network surrogate models trained at each
query point respectively.
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we note that at qp3, the total effect indices highlight the impact of s2 as sample size increases

as qp3 is downstream of xs2 . The total effect indices also support that the reference wind speed

is the dominant contributor of uncertainty, with the impact of ar also being heightened when

we consider its interaction with other parameters.

The surrogate model provides an efficient means of capturing the sensitivity of the at-

mospheric dispersion model (5.3), despite the increased modelling complexity. It successfully

reproduces the dominant trends and key sensitivity results, demonstrating its effectiveness for

conducting sensitivity analysis in atmospheric modelling.

5.5 Summary

In this chapter, we have studied a more realistic pollutant dispersion problem in a 2D domain

by modelling turbulent eddy diffusion. Here, we considered the parameters ar, p, s1 and s2

when analysing the global sensitivity of the atmospheric dispersion model. The results of our

spatial study of Sobol indices show that the uncertainty in reference wind speed ar has the

most significant impact on the variability in pollutant concentration throughout the domain.

The CIs calculated at selected query points showed that despite wide intervals, ar remained

the most influential parameter, hence confirming the robustness of our conclusions. Further

analysis demonstrated that reducing the variance in ar leads to a significant reduction in the

overall variance observed in the resulting pollutant concentration. Moreover, as the uncertainty

in ar decreases, the CIs become narrower, indicating increased accuracy in the estimates of the

pollutant concentration. This is also observed in the variance for the pollutant concentration

with the new reference wind speed. This finding highlights the critical importance of accurate

measurements of input parameters such as wind speed when evaluating atmospheric dispersion.

To reduce the computational burden of full PDE evaluations, we also developed a surrogate

model using a feedforward NN to approximate pollutant concentrations and facilitate efficient

sensitivity analysis. The surrogate demonstrated good predictive accuracy at selected spatial

locations, capturing the nonlinear dynamics of pollutant dispersion. By leveraging the surrogate

model’s low computational cost, we computed CIs of Sobol indices at selected query points.

Results revealed spatial variability in dominant input parameters, such as the influence of s1

and s2 downstream of their respective emission sources and notable interaction effects of p

upstream of xs1 . The NN supported the conclusion that uncertainty in ar most significantly

impacted the uncertainty in the surrogate model. Overall the surrogate effectively reproduced
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the key sensitivity trends of the full model, providing a reliable and efficient approach for global

sensitivity analysis in complex atmospheric pollutant dispersion modelling.
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Chapter 6

Conclusions and Future Work

This thesis set out to advance the methodological foundations of spatially distributed global

sensitivity analysis (GSA) for atmospheric models. Traditional GSA approaches often rely on

scalar outputs, which can obscure critical spatial heterogeneities in model response. However,

pollutant dispersion is inherently spatial in nature, and understanding how input uncertainty

manifests across different regions of the domain is essential for a more complete interpretation

of model behaviour.

The central aim of this research was to apply spatially-resolved Sobol index techniques to

quantify how uncertainty in model inputs influences pollutant concentrations across a spatial

domain. By explicitly incorporating spatial variability into the sensitivity analysis process, this

work provides some informative insights on uncertainty quantification in PDE-based systems.

In this thesis, we have investigated spatially-resolved model uncertainties in steady-state air

quality models by GSA techniques. In particular, our study focused on the use of Sobol indices

to quantify how uncertainty in key input parameters propagates through advection-diffusion

PDEs to affect pollutant concentrations throughout the spatial domains considered. The study

progressed systematically from simple, idealised test cases to more realistic scenarios, with

increasing physical complexity. Across all experiments, Quasi-Monte Carlo sampling was used

to estimate first-order and total-effect Sobol indices, and non-parametric bootstrap resampling

was employed to construct confidence intervals. To manage computational demands at larger

scales, surrogate models based on artificial neural networks were employed, enabling efficient

approximation of pollutant concentrations and scalable sensitivity analysis.

After a summary of key mathematical background is presented in Chapter 2, Chapter 3

introduces the underlying PDE problem in a one-dimensional setting, where the advection-
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diffusion PDE is discretised using the Streamline Upwind Petrov–Galerkin (SUPG) finite ele-

ment method. For details on the numerical method see Section 2.2. This controlled environment

enables a detailed exploration of spatial sensitivity patterns resulting from uncertainty in the

wind speed, diffusivity, and source strengths. Strong spatial variation in Sobol indices is re-

vealed, with wind speed emerging as the dominant source of output uncertainty. These results

establish a conceptual and computational benchmark for the rest of the study. Moreover, the

experiments illustrate how targeted reduction in input uncertainty can significantly reduce out-

put variance, providing a concrete example of the usefulness of spatially-dependent sensitivity

information. Part of this work has been published in [41].

The experiment is extended to two-dimensional space in Chapter 4, where the computa-

tional burden associated with QMC-based sensitivity analysis increases substantially. To enable

efficient spatially-resolved sensitivity analysis, we adapt the standard Sobol index estimation

procedure to reduce computational cost while preserving accuracy. Instead of generating two

separate resampled matrices for the first-order index calculation, as in Chapter 3, we reuse

the original design matrices Z1 and Z2, and generate a single resampled matrix, formed by

replacing the jth column of Z1 with that of Z2. Since each function evaluation corresponds to

a full SUPG solve over the 2D domain, this revised approach significantly reduces the number

of high-cost PDE solves required. resulting in a computational saving of (k − 1)m evaluations.

This efficiency gain is especially valuable in high-resolution spatial domains where sensitivity

indices are computed pointwise across a dense grid.

The Sobol indices computed are point estimates. We construct confidence intervals for

the Sobol indices using bootstrap resampling at selected spatial points to provide insight into

estimator reliability. To further reduce the computational burden associated with solving the

full PDE model in Chapter 4, a feedforward neural network (NN) surrogate model is introduced

and trained to approximate pollutant concentration outputs. NNs are chosen due to their ability

to learn complex, nonlinear input–output relationships from limited training data. Once trained

on a representative dataset of inputs and corresponding PDE solutions, the surrogate model

serves as a fast, differentiable approximation of the forward model. Because the NN surrogate

can produce significantly faster predictions than the PDE solver, it enables the computation of

spatially-dependent Sobol indices across a broader range of sample sizes than would otherwise

be manageable. The experimental results provide insight into the robustness of the surrogate-

assisted sensitivity analysis and offer practical guidance on the sample sizes required to obtain

reliable sensitivity indices in pollutant dispersion models.
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In Chapter 5, we apply the above methodology to a physically motivated pollutant dis-

persion scenario with uncertain meteorological parameters, including the reference wind speed,

atmospheric stability exponent, and emission rates. This model reflects more realistic atmo-

spheric dynamics. The Sobol analysis reveals that while the wind speed remains dominant in

most regions, the relative importance of other parameters shifts spatially, illustrating the value

of location-specific sensitivity analysis. Once again, a feedforward NN surrogate model was

trained on the full PDE solution to facilitate efficient computation of Sobol indices and their

confidence intervals. The NN is employed to overcome the computational cost of large-scale

uncertainty quantification, allowing us to examine the convergence and statistical reliability of

the sensitivity estimates.

Overall, this thesis demonstrates that spatially-resolved GAS, supported by accurate surro-

gate modelling, provides a powerful framework for understanding how parametric uncertainty

propagates through atmospheric dispersion models. By incrementally increasing model fidelity

and numerical complexity, each chapter contributes to a coherent and rigorous exploration of

spatial sensitivity in PDE-based environmental systems.

The implications of this work are relevant to both environmental modelling practice and

methodological development. From a modelling perspective, the findings show that meaningful

reductions in predictive uncertainty can be achieved by tightening distributions on key param-

eters, most notably wind speed, identified through spatial sensitivity patterns. This can be

achieved on a practical level by deploying sensors to collect more accurate wind speed data.

Targeted sensor placement, informed by spatial sensitivity maps, enables strategic data collec-

tion in regions where the model output is most sensitive to wind speed variability. This not

only improves the reliability of model predictions but also ensures that limited observational

resources are used most effectively.

From a methodological standpoint, this thesis demonstrates how surrogate modelling and

uncertainty quantification techniques can be effectively combined to enable spatial GSA in

complex environmental systems. By using a NN to approximate a computationally intensive

air quality model, the analysis becomes feasible at the high sample sizes needed for reliable

estimation of spatially dependent Sobol indices. The implementation of CI estimation further

enhances the statistical rigour of the results, offering a practical way to quantify uncertainty in

sensitivity metrics. Together, these elements form a scalable and generalisable approach that

is well suited to models with high-dimensional input spaces and spatially distributed outputs.

Beyond its specific application to atmospheric pollutant dispersion, the strategy extends more
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broadly to other scientific domains where computational cost and spatial complexity limit the

application of traditional uncertainty quantification methods. The use of surrogate models also

opens avenues for multifidelity modelling approaches, where computationally cheap surrogates

are combined with high-fidelity PDE solvers to balance accuracy and efficiency across scales of

analysis.

While we demonstrate the effective use of NN surrogate models for spatial sensitivity anal-

ysis, the development and integration of multifidelity strategies were beyond the scope of this

thesis. Incorporating multifidelity approaches typically requires thorough algorithmic frame-

works to manage the interactions between models of differing resolutions and accuracies, as

well as rigorous error control mechanisms. These requirements introduce additional method-

ological and computational challenges that that were beyond the focus of the current research.

Nonetheless, multifidelity modelling represents a promising direction to extend the applicability

of spatial SA to more computationally demanding and realistic atmospheric systems.

Improving the accuracy of surrogate models remains an important consideration in extend-

ing their applicability. In the air quality surrogate modelling study presented in Chapter 5,

some minor discrepancies in the first-order Sobol indices were identified upstream of the first

source location, highlighting localised challenges in capturing sensitivity information. These

limitations, though not critical to the overall analysis, suggest that more advanced surrogate

architectures may offer improved performance. Emerging research on physics-informed neural

networks (PINNs) offers promising avenues to embed governing equations directly into surro-

gate training, potentially enhancing accuracy and robustness [43]. This remains an active area

of investigation that could improve surrogate fidelity in future applications.

A further consideration is that this thesis did not incorporate observational data for model

calibration or validation. All experiments were conducted using simulated outputs, limiting

direct applicability to real-world scenarios. Integration of spatially-resolved sensitivity analysis

with observational datasets, potentially through data assimilation, would greatly enhance the

practical relevance and impact of the methodology developed here [16,56]. We also note that the

input parameter spaces considered were deliberately limited to a small number of key uncertain

parameters in each case. While this allowed for focused exploration of dominant variance con-

tributors, real-world applications often involve higher-dimensional uncertainty with potentially

complex parameter interactions. Investigating the scalability of the spatial sensitivity approach

and surrogate modelling techniques to higher-dimensional parameter spaces remains an open

challenge.
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Other natural extensions of this work could include broadening the spatial GSA to encom-

pass time-dependent and three-dimensional pollutant dispersion models. Addressing temporal

evolution and vertical transport would better capture the complexities of atmospheric dynam-

ics, offering a more comprehensive characterisation of uncertainty propagation. Additionally,

the model could be extended to account for more complex source configurations, such as non-

collinear sources or multiple sources with differing emission profiles, as well as wind fields

that are not aligned with the centreline of the domain. Such an extension would necessitate

enhanced surrogate modelling strategies capable of handling spatio-temporal outputs and in-

creased computational demands, aligning with the challenges highlighted regarding multifidelity

and surrogate accuracy.

Moving toward practical application, leveraging real-time sensor networks to iteratively

inform and update spatial sensitivity analysis offers a promising avenue. Such a dynamic ap-

proach would enable continuous refinement of uncertainty characterisation, allowing models to

adapt responsively to evolving environmental conditions. Employing targeted data acquisition

strategies, such as adaptive sampling informed by current sensitivity patterns, can enhance the

efficiency and accuracy of surrogate model training, particularly in regions exhibiting complex

or poorly understood behaviour. This integration of data-driven refinement with spatial sensi-

tivity analysis has the potential to transform static uncertainty assessments into agile tools for

environmental monitoring and decision-making.

Applying spatially-resolved GSA beyond air quality to other environmental systems with

spatially distributed processes, such as wildfire spread, groundwater contamination, or flood

risk modelling, presents a promising avenue to extend the impact of this methodology. Each of

these applications would benefit from spatially explicit insights into uncertainty propagation,

potentially informing more targeted monitoring and mitigation strategies.

To summarise, this thesis has examined how spatially-resolved GSA can enhance the un-

derstanding of air quality models. It is hoped that the contributions presented will serve as a

foundation for further work at the intersection of environmental modelling and efficient uncer-

tainty quantification , ultimately supporting more informed and responsible decision-making

for addressing one of the most pressing challenges in modern society.
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[18] J. G. Garćıa, B. Hosseini, and J. M. Stockie, Simultaneous model calibration and

source inversion in atmospheric dispersion models, Pure and Applied Geophysics, 178

(2019), pp. 757–776.

[19] R. C. Gilliam, C. Hogrefe, J. M. Godowitch, S. Napelenok, R. Mathur, and

S. T. Rao, Impact of inherent meteorology uncertainty on air quality model predictions,

Journal of Geophysical Research: Atmospheres, 120 (2015).

[20] P. Glasserman, Generating Random Numbers and Random Variables, Springer New

York, 2004, pp. 39–77.

[21] L. T. Hans-Görg Roos, Martin Stynes, Robust Numerical Methods for Singularly

Perturbed Differential Equations, Springer Berlin Heidelberg, 2 ed., 2008.

[22] T. Hastie, R. Tibshirani, and J. Friedman, Neural Networks, Springer New York,

Dec. 2008, pp. 389–416.

[23] B. Hoffmann, H. Boogaard, A. de Nazelle, Z. J. Andersen, M. Abramson,

M. Brauer, B. Brunekreef, F. Forastiere, W. Huang, H. Kan, J. D. Kaufman,

K. Katsouyanni, M. Krzyzanowski, N. Kuenzli, F. Laden, M. Nieuwenhuijsen,

A. Mustapha, P. Powell, M. Rice, A. Roca-Barceló, C. J. Roscoe, A. Soares,
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