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Abstract

The increasing demand for eco-sustainable structures and low-carbon emission systems
is driving the research in many engineering fields, pushing the boundaries of scientific
knowledge. High-performance structures, i.e. more efficient and lighter structures, are
required to comply with the continuously more stringent regulations, nowadays imposed
by many countries. This undermines the linear approximation used for modelling the
behaviour of mechanical systems and structures, exposing their ultimately nonlinear
nature. In this context, the need for a better understanding of the nonlinear dynamics
behaviour of mechanical structures is becoming of primary importance, serving as a mo-
tivation for this work. In the literature, many authors have investigated the nonlinear
behaviour of mechanical systems, mostly focusing on simplified mathematical repre-
sentation with a single degree of freedom, especially in the analysis that involves the
study of the global dynamic behaviour of the systems. This is particularly evident for
systems which show strong nonlinear behaviour, e.g. systems with contact and impact,
whose dynamics are extremely complicated and rich. In addition, it is not well known
how accurate the identified mathematical models are, especially under which conditions
they fail to capture the system dynamics from a qualitative and quantitative point of
view.

This thesis focuses on the dynamics of multi-degree freedom systems that exhibit
strong nonlinear behaviours and aims to improve the tools/methods for their analysis
and identification. In particular, mechanical systems with two degrees of freedom and
piecewise (non-smooth) stiffness characteristics are considered. The dynamics of the
systems are studied from a numerical and experimental point of view, tackling practical

problems that currently represent an issue for their analysis and identification. Firstly,
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Chapter 0. Abstract

the rich dynamics of the system are investigated using numerical procedures. The
presence of multiple period-doubling isolas and a bifurcation of the backbone curve is
numerically proven using path-following techniques and numerical integration schemes.
This represents an improvement in the fundamental understanding of the dynamics and
bifurcation mechanisms of two-degree-of-freedom piecewise systems. Then, the effect
of smoothing functions in approximating piecewise stiffness characteristics is assessed
via a comparison of the dynamics of the approximate and non-approximate systems.
It is demonstrated that the usage of the smoothing function permits obtaining a high
level of accuracy, especially when chaos or quasi-periodic behaviours are avoided, signif-
icantly reducing the computational effort of the numerical calculations and simplifying
the overall procedure. To prove the existence of bifurcation of the backbone curves and
the presence of period doubling isolas encountered during the numerical analyses, an
experimental test rigs are designed and tested exciting the main structure in two dif-
ferent ways, i.e. using an asymmetric (test-rig #1) and symmetric excitation (test-rig
#2) condition. The obtained results confirm the existence of the investigated nonlin-
ear phenomena and provide an accurate base of experimental data that can be used
for testing nonlinear models and/or methods for parameters identification. Building
on existing techniques, a novel method for the identification of nonlinear systems is
proposed. The method, named the Nonlinear Restoring Force (NRF) Method, is ca-
pable of interfacing with linear identification methods and can be easily implemented
in current industrial identification procedures, improving the accuracy of the identified
models. The proposed method is used to identify the parameters of reduced-order mod-
els associated with the experimental test rigs. The identified reduced-order models are
then validated against experimental results, using levels of excitation that are different
from the one used for the identification process. This demonstrates the efficacy of the
proposed identification method and proves that the identified reduced-order models are
capable to capture the dynamics of strongly nonlinear systems from a qualitative and

quantitative point of view.
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Chapter 1

Introduction

1.1 The Importance of Nonlinear Dynamics of Mechanical

Structures

Mechanical systems and structures have been studied for many years by engineers as
they are fundamental to developing new technologies and improving current engineer-
ing solutions. In the scienti ¢ literature, they are studied in terms of static response,
e.g. when static loads are applied, or in terms of dynamic behaviour, i.e. when time-
varying excitation is applied and the inertial e ect of the structure is considered to be
relevant. The focus of this thesis is the study of the dynamic response of mechanical
systems and structures when sinusoidal-like excitation is applied. Linear mathemati-
cal models capable of representing the dynamics of mechanical systems and structures
have been developed and are currently used in industry and academia. The capability
of such models to be e ective and simple in their implementation has been proved in
practical and experimental [7] engineering applications. Nonetheless, these models are
based on the assumption of linear behaviour which represents an idealisation of the real
world as mechanical systems and structures are ultimately nonlinear in their dynamic
behaviour. When an underlying linear system exists, mechanical structures show a
linear dynamic behaviour at low amplitudes of excitation. On the contrary, nonlinear
phenomena and nonlinear dynamics e ects appear frequently in mechanical structures

when large amplitudes of excitation are applied or/and when boundary conditions fa-
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cilitate the generation of nonlinear characteristics in the structure, e.g. the presence
of joints may introduce friction or contacts. Following this perspective, linear models
correctly describe the dynamic behaviour of mechanical systems and structures only in
certain operational ranges: this represents a problem for their design and simulation
as, most of the time, it is not known a priori if the operational conditions can trigger

nonlinear dynamic behaviour in the mechanical structures. The consequences of this

Figure 1.1: Tacoma bridge (1940) vertical and twisting limit cycle oscillations due to
the uid-structure interaction.

could be catastrophic, e.g. unstable dynamic response, unexpected amplitude of vibra-
tion, and, in the worst cases, collapse of structures. One of the most famous examples
is the collapse of Tacoma Bridge (1940) which occurred due to the interaction between
the slender structure of the bridge and the wind. The aerodynamic loading led the
system to uncontrolled vibration which resulted in high-amplitude limit cycle oscilla-
tions (represented in Fig. 1.11) and ultimately in the collapse of the structures. Other
examples come from aerospace engineering where ground test vibrations of spacecraft
and aircraft revealed the presence of nonlinear dynamic behaviours in the Cassini space-

craft [8] and the Airbus A400M [9]. The presence of nonlinear dynamic phenomena

LFigure available from https://www.structuremag.org/?p=19995
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complicated the ground test activities and required time and e ort to understand the
source of nonlinearity and its e ect on the dynamics of the systems. The complexity
of the phenomenon did not allow for nding a nonlinear dynamic model capable of
representing the observed dynamics. Therefore, in both cases, linear models were mod-
i ed so that a conservative envelope or modi ed linear model would incorporate the
nonlinear e ect in the Frequency Response Functions (FRFs). This approach is very
conservative, but still needed to overcome the certi cation of the aircraft/spacecraft
and obtain the clearance to y. On the other hand, the necessity to improve the model
representing the dynamics of mechanical structures considering nonlinear e ects has
been felt since the 80" [10], were rst studies on nonlinear utter were commissioned
by international organisations like NATO. Nowadays, the scientic literature o ers
many examples of nonlinear behaviour in aerospace structures: Kerschen and collabo-
rators [11, 12] showed the presence of complex dynamic behaviour in real aircraft and
spacecraft investigating the nature of the nonlinearities and demonstrated that nonlin-
ear models are able to characterise and represent the complex dynamic behaviour of
the considered systems. Coetzee et al. [13{16] demonstrated that typical instabilities in
ground manoeuvres of aircraft can be represented with nonlinear models and numerical
continuation techniques. High-aspect ratio wings have also been extensively studied in
aerospace engineering to optimise the drag/lift ratio and several studies [17{20] con-
cluded that nonlinear aeroelastic models, which account for structural nonlinearities,
are necessary to correctly capture the dynamics of the high aspect-ratio wings. Other
applications of nonlinear dynamic models for the analysis of aerospace structures can
be found in [21{23].

Nonlinear behaviour is typically found in mechanical systems and structures: Snoeys
et al. [24] showed that typically used mechanical structures like car frames, measure-
ment instruments, rubber and others, show nonlinear behaviours due to the presence of
nonlinear properties in their damping or sti ness characteristics. In early experimental
studies, De Langre et al. [25] showed the intricate dynamics scenarios behind a fairly
simple Du ng oscillator that presents symmetric and asymetric contacts. The authors

demonstrated the presence of co-existing stable solutions which cannot be described
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with any linear dynamic model. Claeys [26] demonstrated, numerically and experimen-
tally, the importance of non-ideal boundary conditions to describe the highly nonlinear
behaviour of a mechanical beam in clamped-clamped conditions which cannot be re-
duced to a simple linear system. More recently, Thomas and collaborators [27{29]
studied the nonlinear dynamic response of a circular plate, a Chinese gong and a piezo-
electric cantilever beam. The authors showed the presence of complex dynamics in
the considered systems characterised by internal resonances and demonstrated that
some acoustic features (e.g. pitch glide in a Chinese gong) are generated by the pres-
ence of nonlinearities in the structures. In aerospace, mechanical, marine and civil
engineering, nonlinear dynamic phenomena found practical applications in the study
of impacting capsule systems [30], impact drilling systems [31], cracked systems [32],
geared system with backslash [33, 34], mechanical oscillators [35{39] and aeroelastic
systems with free-play gaps [40, 41], description of aerodynamics forces [42], buildings
subjected to earthquakes [43], impact oscillators with rigid walls [44{46], nonlinear en-
ergy sinks [47{53] for vibration suppression and mitigation, load in vessels [54], dynamic
positioning control of oating marine structures [55], and vortex-induced vibration of
marine risers [56].

In the eld of energy harvesting, instead, nonlinearities are introduced to improve
the performance of the system; in fact, linear Vibration Energy Harvesters (VEHS)
su er from a reduced frequency bandwidth in which a high amplitude of response is
reached. This limits their energy output, and thus their potential applications. In this
context, researchers have tried to improve the frequency bandwidth of harvesters by
adding purposeful nonlinear characteristics: Cammarano et al. [6] designed, tested, and
characterised a bistable Electromagnetic Vibration Energy Harvester (EVEH) which
exploited the magnetic forces to generate a double-potential well. In certain condi-
tions, the harvester is able to trigger inter-well oscillations, generating a substantial
amount of energy. Under sinusoidal excitation, the author demonstrated the pres-
ence of a broadband high-amplitude response, highlighting its potential applicability
as broadband VEH. Wang et al. [57] introduced a frequency-up converted Piezoelectric

Vibration Energy Harvester (PVEH). The system exploits the presence of magnets to
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generate quintuple-well potential and stoppers to induce vibrations at frequencies of
excitation lower than the natural frequency of the harvester. In general, nonlinearities
in energy harvesters are associated with a wider frequency bandwidth and higher per-
formance of the harvesters [58,59] and their presence, intentional or unintentional, is
well documented in the scienti c literature [60{67].

All these examples show the presence of considerable nonlinear dynamic behaviours
in mechanical, aerospace, civil, and marine systems which should not be neglected and,
in some cases, could be exploited to enhance the system performance (e.g. in the case
of vibration energy harvesters). Under this perspective, nonlinear dynamic models

become important because:

1. they can describe the dynamics of systems that linear models are unable to cap-

ture, from a quantitative and qualitative point of view.

2. they represent a more general and accurate representation of the dynamics of the

systems which include both the linear and nonlinear dynamic behaviours.

Although these statements may appear similar at rst glance there is a subtle and
important di erence between them. The rst statement suggests that nonlinear mod-
els are necessary only when linear models are proved to be inadequate, i.e. when the
linear models are not able to capture the dynamics of the investigated system. This
approach to the problem has pushed industries and engineers to develop nonlinear anal-
yses only occasionally, often after the occurrence of catastrophic events, like incidents
due to shimmy oscillations in landing gears [13]. In this context, nonlinear models are
perceived as a last resource for the characterisation of a certain phenomenon of the
investigated system, following the principle of ‘functionality’, i.e. understanding when
the e ect of nonlinearities is not negligible anymore, or in other words when and under
which conditions the linear approximation fails to describe the dynamic behaviour of
the investigated system.

The second statement, instead, considers nonlinear models as an upgraded version
of linear models. This has more profound consequences, especially nowadays that the

industry is trying to reduce its carbon footprint: in fact, the stringent green policies, im-
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posed by many countries, are forcing industries to move towards more e cient and per-
forming structures. For example, the automotive and aviation transport sectors [68,69]
have shown a change of paradigm in recent years, moving from a design strategy based
on the strength and durability of materials to a design strategy based on lightweight
structures. To reduce the weight, less material and more slender sections are utilised in
the structures. This inevitably generates large stresses and deformation, which leads to
nonlinear dynamic behaviours, and thus requires the usage of nonlinear models for the
analysis and design of these structures. A second example comes from the aerospace
industry: the usage of high-aspect-ratio wing in commercial aircraft would allow to re-
duce fuel consumption and emissions in the aviation sector. Nonetheless, aircraft would
have a very large wing span which would not allow them to access airports during op-
erations like boarding/disembarking of passengers. To solve this problem, hinges in the
wings have been proposed as a possible solution [22]. However, the presence of hinges
may generate friction and contact between components, leading to a severe nonlinear
response of the structure. Under this perspective, nonlinear models play a central role
not only in the understanding of the dynamics of mechanical structures but also in the
improvement of their performance and capabilities and, ultimately, in the reduction of

associated CO2 emissions.

1.2 Overview on the Dynamics of Nonlinear Structures

This section focuses attention on nonlinear mechanical systems and structures and pro-
poses an overview of the methods and the areas of engineering that might be involved
in the study of their dynamics. From an engineering perspective, nonlinear vibrations
can be divided into three main application areas: numerical and analytical analyses,
system identi cation, and experimental analyses. The proposed classi cation is graphi-
cally illustrated in Fig. 1.2. The rst area incorporates all the numerical and analytical
methods that are used for solving nonlinear systems and obtaining a solution from a
mathematical point of view; this ranges from numerical techniques like nonlinear Finite
Element Analysis (FEA) and numerical continuation to approximate analytical solu-

tion like the Multiple-Scales (MS) or Harmonic Balance Method (HBM). Chapter 2 will
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provide an extensive overview of this area with practical examples. The second group

Figure 1.2: Application areas of nonlinear systems and structures in engineering.

considers all the techniques and methods that are used to identify equivalent nonlinear
mechanical models and their parameters from experimental data. These techniques re-
quire di erent sets of data and therefore are generally distinguished into time-domain,
frequency-domain, and time-frequency domain (see [70, 71] for a complete overview
about the dierent classes of methods in nonlinear systems identi cation). Finally,
the last group considers the experimental techniques that are used to investigate the
behaviour of nonlinear structures. The development of mathematical theory behind
nonlinear vibrations, instead, has not been considered in the above classi cation as it
is equally shared between mathematicians and engineers, and it will not be considered
in this work. In the eld of nonlinear vibrations, the above-mentioned areas share the
same problem: the increase in complexity of nonlinear analyses when the number of De-
grees of Freedom (DOFs) of the system increases. This problem is sometimes referred
as the curse of dimensionality [72], and can make unpractical or, in certain cases, im-
possible the analysis/identi cation of nonlinear systems. The concept is graphically ex-
plained in Fig. 1.3 where the dynamic models typically used in engineering applications
are reported in terms of the number of degrees of freedom and degree of nonlinearity.
When Multiple-Degrees-of-Freedom (MDOFs) structures are considered in the analy-
sis/identi cation process, the degree of nonlinearities of the model is generally very
small or absent. This means that models are linear or that nonlinearities are localised
and a ect only one or few DOFs. On the contrary, when the degree of nonlinearities of

the structure is large, simple Single-Degree-of-Freedom (SDOF) models are generally

8
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Figure 1.3: Mathematical models adopted for describing and analysing dynamic phe-
nomena in terms of the degree of nonlinearities of the system and number of degrees
of freedom.

used to study the dynamics. In the literature, only a few studies have addressed the
problem of the dynamics of strongly nonlinear MDOF systems. This thesis focuses on
the investigation of the dynamics of these systems, speci cally considering those which
feature anunderlying linear behaviour [73,74]. The dynamic behaviour of these systems
is graphically described in Fig. 1.4 in terms of the degree of nonlinearity and amplitude
of excitation. The light-grey area indicates the presence of a linear dynamic behaviour,
hence the system obeys the linear dynamic theory for these levels of nonlinearities and
forcing amplitude. This area is associated with low amplitudes of excitation and a large
degree of nonlinearity or, conversely, large amplitudes of excitation and a low degree
of nonlinearity. When higher forcing is applied to a system with a discrete degree of
nonlinearity, the system starts to show a weak nonlinear behaviour. This condition is
characterised by the presence of forces associated with linear terms (e.g. inertial and
linear sti ness for a Du ng oscillator) that are orders of magnitude higher than the
forces associated with nonlinear terms (e.g. the cubic sti ness for a Du ng oscillator).

Typical examples are the presence of bent peaks in the FRF due to the presence of
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Figure 1.4. Dynamic behaviour of mechanical systems in terms of the degree of non-
linearities and forcing amplitude.

hardening/softening characteristics [73]. If the level of forcing increases, the system
starts to develop a strong nonlinear behaviour with the appearance of complicated
dynamics phenomena [75] which include chaos and quasi-periodic responses. Fig. 1.5
shows the four types of possible dynamic behaviour [76] that may arise from nonlinear
systems when a sinusoidal excitation is applied: between them, there are aperiodic
and multi-harmonic responses which are typically found in strongly nonlinear systems.
Finally, the dashed area of Fig 1.4 indicates a region where strong nonlinear behaviour
may occur at a lower amplitude of excitation. This typically occurs on systems that
present non-smooth characteristics such as backlash or contacts. Non-smooth terms
generate higher forces and therefore trigger strong nonlinear behaviour even when the

amplitude of excitation is not particularly large.

1.3 Research Motivation

The thesis project nds motivation from the following research questions:

" What is the dynamic behaviour of strongly nonlinear mechanical systems with

multiple degrees of freedom?

10
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Figure 1.5: Dynamic behaviours of nonlinear mechanical systems.

" To what extent mathematical are models capable of reproducing the complex dy-
namics behaviour of nonlinear structures and when linear models fail to accurately

predict the dynamics of the investigated system?
To answer these questions, the thesis has the following speci c objectives:

" to further investigate the dynamics behaviour of mechanical multi-degree of free-
dom systems with a strong nonlinear behaviour, especially in the presence of
contact. This includes studying particular dynamics phenomena such as back-

bone curve bifurcations and modal interactions in nonlinear systems.

develop system identi cation procedures based on well-established identi cation
methods and numerical tools for nonlinear mechanical systems with the intent to

ease their implementation in industrial practices.

validate the identied models against experimental results and evaluate their

prediction capabilities at di erent excitation conditions.

11
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1.4 Thesis Outline

The rest of the thesis is outlined as follows:

" Chapter 2 provides an overview of the scienti c literature on the numerical and
analytical techniques for analysing nonlinear systems. This chapter aims to in-
troduce the reader to the mathematical approaches commonly used to compute
the dynamic response of mechanical nonlinear systems. Particular attention is
devoted to highlighting the limitations, problems, and validity of the solution

obtained with the di erent methodologies.

Chapter 3 introduces a strongly nonlinear MDOF system featuring piecewise
sti ness (contacts). The nonlinear system is analysed with numerical integration
and continuation schemes. The most interesting dynamic features, like the bi-
furcations of the backbone curves, isolas, and aperiodic dynamic responses are
analysed utilising the numerical tools introduced in Chapter 2. Finally, it is
demonstrated that, under certain conditions, approximated de nitions of piece-
wise sti ness characteristics do not a ect the dynamics of the system, resulting

in simpli ed numerical analyses.

Chapter 4 discusses the design of the test rigs representing the previously analysed
system. This test rig serves as the ground truth to validate the complex nonlinear
phenomena encountered in the numerical analyses of the previous chapter. Firstly,
the product design speci cations of the experimental test rig are introduced and
then a numerical design is carried out. To this end, FEA and CAD are used
to obtain a Reduced Order Model (ROM) of the experimental system and to
perform the linear design of the test rig. The ROM is then used to conduct the
design of the nonlinear behaviour of the system, paying particular attention to

the associated bifurcation scenario.

Chapter 5 describes the experimental results obtained using two versions of the
designed test rig, named Test Rig #1 and Test Rig #2. The dynamics of the

systems are analysed in terms of time histories, steady-state orbits, frequency

12
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response, and Poincae sections, investigating the route to chaos and demonstrat-
ing the presence of quasi-periodic oscillations. In order to generate a consistent
database, the dynamics of test rigs are investigated with and without the pres-
ence of the piecewise sti ness characteristic, simulated by two motion limiting

constraints.

Chapter 6 discusses the identi cation of ROMs representing the two test rigs.
Following the experimental activities, the smooth and non-smooth characteris-
tics are identi ed separately, using meta-heuristic optimisation methods and a
novel methodology, named the Nonlinear Restoring Force (NLRF) method. The
method is based on the separation of the linear and nonlinear restoring force of the
system and aims to simplify the identi cation procedure of the nonlinear system,
thanks to the possibility of being interfaced with linear identi cation methods.
The method is introduced through a numerical example and it is used to identify

the nonlinear characteristics associated with the two experimental test rigs.

In Chapter 7, the identied ROMs are used to perform additional numerical
simulations, carrying out comparisons with experimental data and Finite Element
(FE) models. The scope of the chapter is two-fold: rstly it aims to validate
the identi ed nonlinear models and then it wants to show their extrapolation
capabilities. To this end, the numerical models are tested at di erent excitation
amplitudes, comparing the numerical simulations with a set of experimental data
that were not used during the identi cation procedure. At the end of the chapter,
the identi ed and validated model is used to obtain a complete characterisation of
the experimental system, proving the presence of complex dynamic phenomena
such as the bifurcation of the backbone curves and the detached isolas in the

investigated frequency domain.

Chapter 8 proposes the analysis and investigation of mechanical engineering sys-
tems for which the implementation of nonlinear characteristics may have bene -
cial e ects on their dynamics and performance. To this end, mechanical systems

that require high performance, such as vibration energy harvesters, are consid-
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ered. Speci cally, two case studies are analysed: the rst case study investigates
the dynamics of an electromagnetic bistable nonlinear energy harvester while the
second one shows the optimisation of a 3D planar-shaped piezoelectric energy
harvester that behaves linearly. The chapter concludes by discussing the per-
formance of two vibration energy harvesters, highlighting the advantages and
disadvantages of the di erent mechanical structures from an engineering point of

view.

Finally, Chapter 9 discusses the conclusion of the project and highlights the di-

rection of further works.

1.5 Publications

The following publications, journal and conference papers, have been produced as a

result of this project:

~

Martinelli, C., Coraddu, A., & Cammarano, A. (2023). Performance-aware de-
sign for piezoelectric energy harvesting optimisation via nite element analysis.

International Journal of Mechanics and Materials in Design, 19(1), 121-136..

Martinelli, C., Coraddu, A., & Cammarano, A. (2023). Approximating piece-
wise nonlinearities in dynamic systems with sigmoid functions: advantages and

limitations. Nonlinear Dynamics, 111(9), 8545-8569.

Martinelli, C., Coraddu, A., & Cammarano, A. (2024). Strongly nonlinear multi-
degree of freedom systems: Experimental analysis and model identi cation. Me-

chanical Systems and Signal Processing, 218, 111532.

Martinelli, C., Avadhani, R., & Cammarano, A. (2023). Identi cation of Nonlin-
ear Characteristics of an Additive Manufactured Vibration Absorber. In Society
for Experimental Mechanics Annual Conference and Exposition (pp. 229-235).

Cham: Springer Nature Switzerland.

Martinelli, C., Coraddu, A., & Cammarano, A. (2023). Experimental Parameter

Identi cation of Nonlinear Mechanical Systems via Meta-heuristic Optimisation
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Methods. In Society for Experimental Mechanics Annual Conference and Expo-

sition (pp. 215-223). Cham: Springer Nature Switzerland.

" Martinelli, C., Coraddu, A., & Cammarano, A. (2023). Experimental Analysis of
a Nonlinear Piecewise Multi-degrees-of-Freedom System. In International Con-
ference on Nonlinear Dynamics and Applications (pp. 665-675). Cham: Springer

Nature Switzerland.
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Chapter 2

Numerical and Analytical
Technigues for the Analysis of

Nonlinear Systems

2.1 Introduction

This chapter provides an introduction to the analytical and numerical techniques that
are used in the following chapters for analysing the nonlinear dynamics behaviour of
mechanical systems. A comprehensive and complete overview of all the analytical
and numerical techniques is out of the scope of this thesis and the proposed overview
should be considered as an introduction to the most common methods/techniques for
the analysis of nonlinear mechanical systems. In the considered cases, the systems
are representable as a set of Ordinary Dierential Equations (ODEs) and practical
numerical examples are also presented, discussing the potential advantages/limitations

of the di erent methods. In detail, the chapters treat the following aspects:

Section 2.2 introduces the numerical integration techniques and provides guide-
lines for their usage in the analysis of nonlinear mechanical systems. The concept
of bifurcation diagrams, Poincae section, and basin of attraction are described
in detail, providing numerical examples and linking the numerical results with

practical physical aspects. To this end, simple nonlinear systems, i.e. the Du ng
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oscillator (in its mono- and bistable con gurations) and the Van der Pol oscillator,

are utilised as reference examples.

Section 2.3 introduces the analytical methods that are mostly used in the sci-
enti ¢ literature to compute the steady-state behaviour of mechanical systems.
Particular attention is dedicated to the harmonic balance method, highlighting

its advantages and limitations.

Section 2.4 provides an introduction to numerical continuation techniques: rstly
collocation methods are introduced and then the concept of pseudo-arc-length

continuation is explained by solving nonlinear algebraic equations.

2.2 Numerical Integration Based Techniques - Bridging

Mathematics and Engineering Perspective

Direct numerical integration of ODESs represents one of the most important tools for
the analysis of nonlinear systems. These methods are generally referred to msmerical
integration in the scienti c literature and consist of directly integrating the equation of
motion associated with the system under investigation. By performing the integration,
it is possible to obtain approximate dynamic response of the system in the time domain.
Formally, numerical integration techniques are applied to an Initial Value Problem

(IVP), representing a general nonlinear system, in the following form

Yt) = f(ty(t))
y(t=0)= yo

(2.1)

wherey represents state vector andyg is the set of initial conditions. Di erently from
some approximate methods, numerical integration provides a solution for the nonlinear
system only in the time domain, introducing numerical errors [77] with respect to the
exact solution. In the literature, such methods are considered a valuable tool for under-
standing the dynamics of nonlinear mechanical systems, nonetheless a formal treatment

of numerical integration procedures, e.g. Runge-Kutta or linear multi-step methods,
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is not presented and it is considered outside the scope of this thesis. The interested
reader should refer to references [77,78] to have more insights about this aspect. In-
stead, this Section aims to show how numerical integration schemes are used to obtain
valuable information and graphical representations of the dynamic behaviour of nonlin-
ear systems, particularly using the following tools: (1) phase portrait, (2) bifurcation
diagrams, (3) Poincae stroboscopic maps and sections, and (4) basins of attractions.
These graphical representations of systems dynamics are constantly used in the scien-
ti ¢ literature (see for example [6, 33,37, 38,40, 41, 46, 79{83] and references therein),

therefore they are considered essential tools for the analysis of nonlinear systems.

2.2.1 Orbits, Phase portrait, and Poincae Maps

The time response is fundamental to understanding the dynamic behaviour of a nonlin-
ear system. In mathematics, the time-history of a nonlinear system (dynamical system)
is generally called atrajectory or orbit [75,84]. One powerful tool for visualising the
dynamics of a nonlinear system is thephase portrait; from a mathematical point of
view, the phase portrait is formally de ned as the partitioning of the state space into
orbits [84] %, i.e. it is a projection of the system trajectory into a limited number of
states (generally two or three for graphical reasons). In engineering applications, the
phase portrait is intended as the representation of the system trajectory in terms of
displacement and velocity, see for example the references [33, 37,41]. Although the
phase portrait could be gualitatively obtained with analytical techniques, an analytical
solution of the nonlinear system is generally not achievable, thus numerical integration
is used for quantitative representation. In order to practically visualise a phase portrait

of a nonlinear system, a Van der Pol oscillator is considered. The Van der Pol oscilla-
tor is a non-conservative system with nonlinear damping, generally used in engineering
to represent self-excited vibrations. The system is characterised by a single degree of
freedom and the associated phase portrait of the steady-state dynamic orbit is shown

in Fig. 2.1. The equation of motion of the Van der Pol oscillator is represented by the

Yformally, the state space is the space of all the families of trajectory associated with a nonlinear
system.
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following expression:
x+ (x?2 1x+x=0 (2.2)

where is the nonlinear damping parameter, x is the displacement,x_is the velocity, x

is the acceleration. Fig. 2.1(a-b) show the trajectories of the oscillator, in two di erent
conditions and starting from the same initial condition (1,0). When the parameter is
equal to -1 the system shows the presence of a stabbeed point [75], i.e. an equilibrium
point where the trajectory ends, while instead when =1 the system exhibits a stable
limit cycle, i.e. a cycle in a neighbourhood of which there are no other cycles [84],

which attracts the trajectory of the oscillator and results in a steady-state orbit. It

Figure 2.1: Phase portrait representation of the dynamics of the van der Pol oscillator
for a xed point when = 1 (a) and a limit cycle when =1 (b).

is worth noticing, that, under this de nition, periodic orbits of undamped unforced
mechanical systems are not considered limit cycles. The change of behaviour in the
system is due to a Hopf bifurcation which transforms the xed point (equilibrium) into

a limit cycle when the parameter is modied. Fig. 2.1 shows the two attractors [75],
i.e. a set of states towards which the systems tends. Attractors are stable by de ni-
tion, thus the opposite is referred to asrepellers [75], i.e. a set of states from which
the systems escape. From an engineering point of view, these conditions correspond
to two typical states encountered in the dynamics of the system: xed or equilibrium
points are steady-state static conditions, e.g. a mass-damper oscillator at the rest-

ing position; limit cycles, instead, correspond to the periodic response of mechanical
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systems, e.g. the steady-state periodic response of a mechanical oscillator. Nonethe-
less, nonlinear systems also o er other types of attractors: named torus attractors and
strange attractors. The rst one is characterised, in certain conditions, by the presence
of quasi-periodic oscillations, a form of aperiodic response which only occurs on state
spaces withtorus shape [75]. These oscillations are characterised by the presence of at
least two incommensurable harmonic components in the response [85], i.e. harmonic
components whose ratio is irrational. This causes the presence of a long-term oscilla-
tion which goes around the torus never closing itself. From a mechanical perspective,
this phenomenon occurs in MDOF nonlinear or self-excited systems driven by an ex-
ternal harmonic excitation. In these cases, the system can show the presence of both
periodic oscillations (lock-in condition) and quasi-periodic oscillations (lock-o condi-
tion). In both conditions, the trajectory of the system is moving along the torus but

in the rst case, the trajectory repeats itself after a certain number of periods. Strange
attractors, instead, are associated with chaotic behaviours.Chaos is a deterministic
aperiodic dynamic behaviour that nonlinear systems exhibit in certain conditions and

it is characterised by a strong sensitive dependence on initial conditions [75]. From a
practical point of view, this means that neighbouring trajectories, i.e. trajectories that
are slightly perturbed one from the other, can separate very fast from each other lead-

ing to completely di erent dynamic states after a certain amount of time. The four

Figure 2.2: Poincae maps: stroboscopic map (a) and section maps (b) for forced peri-
odic oscillations (limit cycle). In the panels, x represents the displacementy denotes
the velocity, t indicates the time, and z is de ned as the product t.
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Figure 2.3: Attractors of a bistable oscillator (m =1 kg, c=0:04 Ns/m, k = 2 N/m,
=0:75N/m?3, and =0 :81 rad/s) analysed in terms of 3D phase portrait, 2D phase

portrait, FFT, Poincae stroboscopic map, and time-history. In the panels, x represents

the displacement,y denotes the velocity,t indicates the time, and z is de ned as t.

attractors previously mentioned, i.e. xed point, limit cycle, torus, and strange attrac-
tors, show di erent dynamic behaviours and, although not being an exhaustive list of
all the possible attractors/repellers, they are su cient to describe most of the dynamic
phenomena associated with the mechanical systems, especially the ones considered in
this thesis.

Graphical representations can facilitate the visualisation of the dynamic behaviour
of nonlinear mechanical systems, showing what type of attractor is driving its dynamics.
Together with the phase portrait, Poincae maps are one of the graphical tools for the

analysis of nonlinear systems. Formally, the Poincae map is a mapping of the trajectory
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Figure 2.4: Attractors of a forced Van der Pol (F =18 N and = 1) oscillator analysed
in terms of 3D phase portrait, 2D phase portrait, FFT, Poincae stroboscopic map,
and time-history.In the panels, x represents the displacementy denotes the velocity, t
indicates the time, and z is de ned as t.

of a system from sectionP of the state-space to itself [75]. The intersection between
the trajectory and the section P de nes the Poincae map. From a mathematical point

of view, the section can represent any state of the system, including the time. This
happens because, imon-autonomous systems, i.e. systems with direct expression of
the time t in the equation of motion, the time represents one state of the system. Non-
autonomous systems can be reduced to aautonomous versionby adding additional

states to the set of equations that describe the dynamics of the system. Let's consider

a simple linear mechanical forced oscillator as a reference example. The associated
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equation of motion can be written as:
mx + cx + kx = F cos( t) (2.3)

wherem, Kk, ¢, and F are the mass, damping, sti ness, and forcing amplitude. The term
cos ( t) contains the frequency of excitation and the time t. Reducing the system to
its rst-order form, an additional equation is added to the system along with a second
variable y = x. Similarly, it is possible to eliminate the direct dependence from the
time t by adding an equation and another state; in this case, the variablez = t is

added. The system of Eq. 2.3 is transformed into the following rst-order system:

:
:

>
1
<

Kx + L cos@) (2.4)

<
1

3|o

<

|N
11

From an engineering perspective, time is generally considered a special state. This
results in a slight distinction between Poincake stroboscopic maps and Poincae section
maps: the rst one represents a map which samples the trajectory every period (or
combinations of it) while the second one indicates a Poincae map which samples the
trajectory of every time that it passes to physical phase space section, e.gx = 0.
The two concepts are graphically reported in Fig. 2.2 for a steady state limit cycle,
Fig. 2.2(a) describes a Poincae stroboscopic map and Fig. 2.2(b) describes a Poincae
section for x = 0 forced oscillator. It should be noted that in both cases a periodic
oscillation (limit cycle) is represented but in the stroboscopic map the additional state
is the time and the mapping occurs everyn period T (in the gure n = 1) while in the
Poincae section consider the additional statez = t

In order to visualise the di erent types of attractors, two simple SDOF nonlinear
models are considered: a bistable and a forced van der Pol oscillator. These systems
possess the four attractors previously introduced and therefore are chosen as reference
examples. Firstly a bistable oscillator is considered to visualise: xed points, limit

cycles, and chaotic attractors. The bistable oscillator presents the following equation
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of motion in the autonomous form:

:
:

>
1

y

Sy+ Kx  —x3+ Ecos@) (2.5)

<
I

|N
1

where represents the cubic sti ness coe cient. The forced Van Der Pol oscillator has

the following equation of motion instead:

:
:

X
1
<

(x2 1)y x+ Fsin(z) (2.6)

<
1

|N
1

The attractors of the two oscillators are obtained by varying the force F and the
excitation frequency . The attractors associated with the rst system are reported

in Fig. 2.3 where the panels in the rst row represent 3D attractors, the second row
represents the phase portrait, the third row the FFT of the state x, the fourth row
indicates the Poincae stroboscopic maps, and the last row shows the associated time
histories. Each column is associated with a di erent force level in the following order
from left to right: 0, 0.15, 0.5, 0.99, and 1.05 N. AtF = 0 N, the bistable oscillator shows
one of its stable equilibrium points (in the potential well at negative displacement) 2,
at F = 1:05 N the oscillator shows the presence of a chaotic attractor, and aff = 0:15,
0:5, and 099 N the oscillator is characterised by periodic responses with di erent
periods, respectively, single period (1:1), period-doubling (2:1), and period-tripling
(3:1) 3. Moving from left to right it is possible to see that the steady-state orbits
increase in complexity, requiring more periods of excitation to complete a cycle. When
the force is large enough, the system ends in chaos, as shown by the last column of
Fig. 2.3. It is possible to note that the increment of the periods in the response is

associated with an increment in the frequency content of the FFT of the associated

2For graphical reasons, the 3D attractor is represented with a point.
3period doubling responses are de ned asM : N, where M represents the number of periods of the
excitation frequency and N is the number period necessary to complete a multi-periodic response.
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time history. The Poincae maps provide useful information about the dynamics of
the system: when a xed point or single period limit-cycle is found, the map shows
just a point. This occurs because the map is sampling the trajectory every period of
excitation; in the case of the xed point the system does not move so the sampling occurs
in the same point of the phase space, leading to a single point in the Poincae map. In
the case of a single-period response, instead, the system returns to the same point of
the phase space at every period. Since the sampling occurs every period, the Poincae
map appears, once again, as a single point. When the response of the system passes
through a period-doubling bifurcation, more points appear in the Poincae maps. This
occurs because period-doubling dynamic responses require more periods of excitation
to complete a cycle. This leads to nding the system at di erent locations of the phase
space if the map samples the trajectory at every period of excitation. Speci cally, if
sampled every period, the number of points in the map indicates the number of periods
that are required to complete a periodic response. For example, the Poincae map of
Fig. 2.3 associated with F = 0.5 N (third column) shows two points which evidence the
presence of a 2:1 period doubling dynamic response. Moving towards a higher amplitude
of excitation, the bistable oscillator passes through the typical period-doubling cascade
that ends with the generation of chaos. The chaotic response is represented by the last
column of the gure: in this condition, the dynamics of the system is aperiodic and the
system continuously oscillates around the two equilibrium points. Given the presence
of chaos, the associated Poincae map results in a strange attractor. The last row of
Fig. 2.3 shows the time histories associated with the investigated attractors. Di erently,
from the FFT and Poincae maps, the time histories do not provide particularly useful
information about the dynamics of the system. It is quite di cult to see the di erence
between the multi-periodic and chaotic attractors. On the contrary, phase portrait and
Poincae maps o er more insights into the dynamics of the system.

A sinusoidally excited bistable oscillator does not show quasi-periodic behaviour;
to visualise the attractor associated with this dynamic condition, a forced Van der Pol
oscillator (Eq. 2.6) is taken as a reference example. Similarly to the bistable oscillator,

the attractors of the system are studied in terms of 3D phase portraits, 2D phase
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portraits, FFT of the time-histories, Poincae maps, and time-histories. Fig. 2.4 shows
the results when the frequency and force are varied. The gure follows the same
description of Fig. 2.3 with the di erent columns, from left to right, representing the
following conditions: F =0 Nand =0rad/s, F=18Nand =3radls, F =18
N and =5rad/ls,and F =18 N and =4 rad/s. The system shows the presence
of a xed point (rst column), a single limit cycle (second column), a 5:1 period-
doubling limit cycle (third column), and a limit torus (last column). Again, the FTT
shows the increment in the frequency content of the response which results in a more
complicated phase portrait. In the case of a limit torus, the frequency response is
composed of incommensurable frequencies, as shown in the detail of the FFT. This is
a clear indication of the presence of quasi-periodic oscillations in the system response.
More interestingly, the quasi-periodic oscillations result in aninvariant circle in the
Poincae map, i.e. a continuous closed line. The detail of the limit torus attractor
demonstrates that the 3D representation of the invariant circle coincides with a section
of the torus, as expected from the de nition of quasi-periodic oscillations.

Fig. 2.3 and Fig. 2.4 presented the attractors associated with a bistable oscillator
and a forced Van der Pol oscillator. The gures demonstrate the usefulness of graphical
representations such as Poincae maps and phase portraits, showing how they allow

gathering additional insights into the system dynamics.

2.2.2 Bifurcations and Bifurcation Diagrams

Poincae sections, time histories, and phase portraits are useful tools to understand
the dynamics of nonlinear systems and their attractors. Nonetheless, as shown by
the analysis of the van der Pol and bistable oscillator, attractors may change when
a parameter of the system is modied. In the scientic literature, the topological

change in the phase-portrait is known as &bifurcation [84]. Formally, the bifurcation is

de ned as a topological change of the attractor and indicates a change in the dynamic
behaviour of the system. A complete classi cation of bifurcations is out of the scope
of this section, and the interested reader is invited to refer to the references [75,84] for

more information about the classi cation of bifurcations. Nonetheless, to introduce the
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reader to the concepts discussed in the next chapters, a short list of the bifurcations,

typically encountered in the dynamics of mechanical nonlinear systems, is presented:

Saddle-Node bifurcation of a cycle : indicates the coalesce and annihilate of
two limit cycles. An example of this bifurcation is the change of stability in the

periodic response of a Du ng oscillator.

Period doubling bifurcation : it occurs when the topology of limit cycles

changes and a di erent number of periods is required to complete the cycle. In
the previous examples, both the forced Van der Pol oscillator and the bistable
oscillator showed the presence of period-doubling bifurcations when the frequency

and/or amplitude of the forcing function changes.

Hopf bifurcation : it is the transformation of a xed point into a limit cycle.
This bifurcation is typically encountered in self-excited systems, e.g. aeroelastic
systems that overcome the utter speed. In the previous examples, a Hopf bi-
furcation is found in the unforced Van der Pol oscillator when the parameter

changes from -1 to 1.

Neimark-Sacker bifurcation  : this bifurcation occurs when the periodic re-
sponse of the system changes and becomes aperiodic. It is also called secondary
Hopf bifurcation as it is equivalent to a Hopf bifurcation in the Poincae maps,

i.e. a point becomes an invariant closed curve.

Branch bifurcation : this bifurcation occurs when a cycle or a xed point bi-

furcates into two possible solutions, e.g. pitchfork bifurcation.

Engineers and mathematicians rely on the bifurcation analysis to understand and
visualise how one or more system parameters in uence the dynamic of the system and
its bifurcation scenario. In the eld of nonlinear vibrations, the bifurcation parameter,
generally called , is typically represented by the forcing amplitude F or by the fre-
quency of excitation , although times to times other parameters might be used. The
bifurcation diagrams describe the evolution of the system dynamics for a certain bifur-

cation parameter ; they can be obtained by exploiting numerical integration schemes:
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Figure 2.5: Bifurcation diagram of the Du ng oscillator ( m = 1 kg, ¢ = 0:04 Ns/m,
k=2N/m, =0:75N/m?3, and Q =0:1 N) in terms of displacement amplitude.

rstly the steady-state dynamic response must be achieved for a certain set of system
parameters. This can be obtained by letting the transient dynamics die throughout a
long enough numerical integration procedure. At this point, the obtained steady-state
condition is post-processed and plotted for a single value of the bifurcation parameter
in the bifurcation diagram. The procedure is then repeated changing the bifurcation
parameter to obtain more points in the bifurcation diagram. Authors often use either
amplitude, maximum/minimum value, or value of the Poincae section of the selected
signal, achieving a di erent representation of the bifurcation diagram. The subsequent
steady-state conditions can be obtained by 'continuing' the previous solution. The ‘con-
tinuation' of the solution can be performed without resetting the initial condition [73],
i.e. passing the nal condition of the system as initial conditions for the next integra-
tion procedure, or by continuously resetting the initial condition to achieve multiple
co-existing steady-state solutions.

Taking a forced Du ng oscillator as a reference example, Fig. 2.5 shows the bifur-
cation diagram in terms of the amplitude of response at di erent excitation frequencies

. In this case, the bifurcation parameter is set equal to . The equation of motion
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