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Abstract

This thesis considers the general problem of improving the imaging of bubbles
that interact with an applied ultrasonic signal. The case of a bubble being in-
sonified by an ultrasonic excitation in the form of a linear chirp is considered
first. The dynamical equation of the bubble’s motion is analysed using approx-
imation techniques and the results compared to a numerical solution of the full
problem. The problem of maximising the amplitude of the second harmonic with
respect to the various system and signal parameters is then analysed. A theoret-
ical consideration of second harmonic imaging of a bubble encapsulated with a
thin shell under chirp insonification is then presented. By deriving approximate
solutions to the encapsulated bubble’s dynamical equation, the effect that the
chirp signal parameters and the shell parameters have on the amplitude of the
second harmonic frequency are examined. This allows optimal parameter val-
ues to be identified which maximise the encapsulated bubble’s second harmonic
response. A relationship between the chirp parameters is presented that will
produce a signal which resonates an encapsulated bubble for a given set of shell
parameters. It is shown that the shell thickness, viscosity and elasticity param-
eter should be as small as realistically possible in order to maximise the second
harmonic amplitude. Finally, the dynamics of chirp insonified bubbles are ex-
amined by taking a fractional Fourier transform of a numerical solution to the
bubble’s dynamical equation. The fractional Fourier transform is represented in

time-order plots which show the flow of the energy as the order parameter cha-



nges. These time-order plots are analysed for both single bubbles and popula-
tions of bubbles. The efficacy of the fractional Fourier transform at determining
the size and spatial distribution of bubbles within a population, as well as the
potential to enumerate a population, is discussed. The two dimensional frac-
tional Fourier cross-correlation of the response from a test bubble with that of
a bubble of a different size is also investigated and the benefits of this type of

cross-correlation is also discussed.
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Chapter 1

Introduction

1.1 Background and motivation

1.1.1 Ultrasound

Ultrasound is an acoustic pressure at a higher frequency than human hearing
(approximately 20 kHz), and can be employed passively, where a wave is trans-
mitted into a medium and the effect on the medium is recorded/investigated,
or actively, where a wave is transmitted into a medium, is affected in a va-
riety of ways, and the resulting wave is recorded and analysed. Applications
in a vast array of fields have been investigated: ultrasonic foetal scanning is
probably the most widely recognised use and is now well established as a diag-
nostic tool due to the low risk, low cost and mobility of the equipment [68]; the
non-destructive testing of concrete [47], nuclear reactors [72], aeroplanes [29],
underground pipes [49] and railroad wheels [106] often employ an ultrasonic sig-
nal which is transmitted into a medium and the resulting signal, either reflected
back or transmitted through the medium, is recorded; in dentistry ultrasonog-

raphy has been investigated as an imaging method to identify enamel thickness



on teeth and teeth composition [40]; ultrasound is used in a variety of ways
in the food industry [109], and ultrasound is used for household, industrial,
dairy and food-produce cleaning processes [88,93,94,143]. Acoustic methods
which utilise ultrasound are attractive for a number of reasons; measurements
are non-invasive, they can be obtained in real-time and can be implemented in
a multi-point system, the system is relatively cheap and it is possible to recover

some physical properties of the medium [18,38,61].

1.1.2 Bubbles

Bubbles are found in many areas of everyday life. They can be manually intro-
duced to food-stuffs, such as carbonated soft-drinks, alcoholic beverages, choco-
late bars and loafs of bread. They can arise as a result of common activities such
as boiling a kettle, pouring a glass of water from a regular office water-cooler or
washing dishes and clothes. They can be created naturally from waves breaking
in the ocean [24], waterfalls cascading into pools and raindrops splashing into
puddles [76]. The motion of an oar or a propeller through water produces bub-

bles which can adversely affect their effectiveness.

In nature, oceanic cetaceans, such as whales and dolphins, employ bubbles
to herd their prey [67]. Working in groups, the cetaceans dive below the prey
and each individual releases bubbles from its blowhole to form a large cylinder
of bubbles. This cylinder acts as a net, and the cetaceans rise to the surface,
maintaining the walls of the cylinder as they rise. This forces the prey to school
in the centre of the cylinder near the surface of the ocean, where the cetaceans
can then lunge-feed on a focused region, maximising their intake of food. Sim-

ilar methods have been used by gannets and sharks, with alternative methods



of bubble production [67]. Dolphins have additionally been observed producing
bubble-rings as a play-tool which they then swim through [39].

1.1.3 Bubbles and ultrasound

Mechanical stirring or release of a blowing agent can introduce bubbles to heated
polymers and metallic alloys [7,41] which creates a lightweight foam. Careful
design of the foam can result in desired mechanical, chemical and thermal char-
acteristics. Insonifying the foam during its formation with an ultrasonic wave
can manipulate the bubble distribution within the foam, enabling increased con-

trol over the foam’s physical properties [127].

Bioprocesses are extremely complicated chemical processes which use liv-
ing cells, typically to manufacture drugs. In the bioprocess industry it is often
challenging to measure the readiness of a product due to both the complicated
nature of the process itself and the limited physical and chemical information
available [45,71]. Because of these complications processes are often not operated
to their full potential and the resulting products are not of a consistent qual-
ity. These deficiencies can be expensive, particularly for smaller companies who
cannot afford wasted batches of products. It is therefore desirable to increase
the level of understanding of these bioprocesses throughout their manufacture.
Current attempts to increase this understanding have had limited success due
to the variability of the bioprocesses, a lack of real-time information, problems
with multi-point measurements and the possibility of fouling due to invasive
measurements [5,30,45,65,71,91]. One active area of research is to attempt to
derive the state of a bioprocess by accurately determining the size of bubbles

within the process. An ultrasonic transducer attached to the exterior of the



vessel can generate an ultrasonic signal which interacts with the bubble, causing
it to undergo large amplitude oscillations. The energy from these oscillations is
transmitted back to the transducer and information regarding the bubble and

the fluid can be recovered from this signal [69].

Bubbles are strong resonators which produce vibrations upon interaction
with an ultrasonic wave. Depending on the centre frequency and the pressure of
the ultrasound signal, the vibrations can take on different characteristics. A low
pressure signal will induce stable cavitation where the bubble vibrates steadily
in a linear fashion and as the pressure increases the vibrations will become more
violent and nonlinear [25,27,66,70,77]. Once a certain threshold is exceeded
the oscillations are chaotic [100] and the bubble will expand and contract with
such extreme displacement that inertial cavitation occurs and the bubble im-
plodes. By designing the signal such that its centre frequency corresponds with
the resonant frequency of the bubble these vibrations are maximized for a given
pressure [27,68]. Extreme retraction of the bubble wall produces a large amount
of energy which, if harnessed correctly, can play an important part in several
key areas such as therapeutic ultrasound in medicine [9,51] and in ultrasonic

cleaning in industry [78].

1.1.4 Contrast agents

The opportunities for applying ultrasound medically have been increased latterly
due to advances with ultrasound contrast agents (UCAs). These microbubbles,
which are injected intravenously into the bloodstream, are encapsulated in a
thin elastic lipid or polymer shell which prolongs their existence in the blood-

stream [50]. They are of the order of um and are therefore small enough to



pass through capillaries. UCAs have similar physical characteristics to free bub-
bles and thus have strong resonating features [8]. There are currently several
applications of stable and inertial cavitation of UCAs in medicine. Stable cav-
itation is primarily applied in the diagnostic regime whereas inertial cavitation
is being investigated for an increasingly widespread variety of therapeutic appli-
cations. Blood cells and their surrounding tissue have relatively similar acoustic
impedances [108] and UCAs can therefore be used to improve the echogenicity
of the bloodstream and make it more prominent in ultrasound scans [50, p1-2].
This can be utilised in the imaging of bloodflow through the heart [85], lungs
and liver in identifying areas which are damaged, such as in tumours [34], as well
as to identify twin-twin transfusion syndrome in the foetus [67]. New methods
of improving ultrasound imaging are constantly being proposed. These methods
tend to utilize specific facets of the stable cavitation of UCAs [10] or promote
novel processing techniques [96]. Therapeutic applications have improved the
permeability of the blood-brain barrier by applying focused ultrasound to in-
duce the inertial cavitation of UCAs during in vivo experiments [132,136]. The
energy released by the UCA collapse creates perforations in the blood-brain
barrier which allows larger drug molecules access to the brain, improving treat-
ment rates. High intensity focused ultrasound (HIFU) is widely applied in the
treatment of tumours, and recent in vitro studies have demonstrated that UCAs
can improve the efficacy of HIFU [6,53,63,137]. In wvitro [28,102,133] and in
vivo [104,128] experiments have demonstrated that intravascular gene therapy is
possible under the inertial cavitation of UCAs. UCAs can have a liquid instead
of gas core, allowing drugs to be transported throughout the circulatory system.
This means that, for example, a drug designed to treat cancer can be encased
within a contrast agent and directed through the bloodstream to the tumour.
Once it reaches the tumour, a HIFU wave can be deployed causing the contrast

agent to cavitate. The energy released will open the pores in the tumour (a



process called sonoporation [133,134]) allowing the contrast agent to enter the
tumour wherein the treatment drug contained in the contrast agent is subse-
quently absorbed by the tumour. This method of localised treatment enables a
higher concentration of drug to be used than in standard chemotherapy which
increases the success rate of the treatment. Many of the above applications can
benefit from the adhesion of the UCA to the treatment area, resulting in the
investigation of mechanical [135] and chemical [35] adhesion characteristics. Re-
cent developments in molecular imaging have instigated a new trend involving
targeted micro/nano-bubbles which are directed to the area of treatment, facil-
itate improved ultrasonic imaging for diagnosis as a result of stable cavitation
and immediately begin treatment as a result of drug release due to inertial cav-

itation [37,54,123].

1.2 Models of bubble dynamics

The focus of this thesis will be on imaging bubbles and UCAs. Detecting these
at their first harmonic amplitude is of limited use as a large non-resonant bub-
ble can produce larger oscillations than a smaller resonant bubble [92]. The
surrounding medium and the containing vessel will also produce echoes at the
frequency of the insonifying wave [27]. When a bubble is insonified close to its
resonant frequency it also produces oscillations at its harmonic and subharmonic
frequencies (27,64, 83,92, 110], [66, pp413-414]. This property can be utilised
therefore to separate the bubbles from all other reflectors and resonators as only
it will transmit back a reflected wave at precisely its second harmonic frequency.
Using an imaging protocol that filters out the reflected wave components at all

other frequencies forms the basis of second harmonic imaging [66, pp446-447].



The dynamics of a radially oscillating bubble have been studied for many
years. Rayleigh began the analysis in the early 20th century by considering
the motion of a spherical bubble undergoing cavitation in an incompressible
fluid [114]. This basic model has been extended by several authors to include
the effects of a driving external pressure field [105], the gas inside the bub-
ble [90,95] and damping due to the viscosity of the liquid [107]. The resulting
equation, which is commonly known as the Rayleigh—Plesset or RPNNP [64]
equation after its various contributers, has been widely studied in the literature.
Despite the advances in the model since Rayleigh’s initial work, the Rayleigh—
Plesset equation still has some fundamental assumptions, for example the liquid
is still considered incompressible, only damping due to viscosity is considered
and the oscillations are assumed to be spherical. Some progress has been made
to include the effects of a compressible liquid. This leads to a finite, constant,
speed of sound within the liquid. Two of the most common models of this type
are those by Herring [48] and Keller and Miksis [55], which also include the effect
of radiation damping. It has been shown that the Rayleigh—Plesset, Herring-
type and Keller-type equations can all be expressed as members of the same
family of equations [111] and are commonly referred to as the Keller-Herring
equations. All of the above models are valid only in the case when the velocity

of the bubble wall is small compared with the speed of sound in the liquid [111].

The bubble models have since been extended and adapted in an attempt to
accurately model the dynamics of a UCA under insonification. One of the first
attempts was made by de Jong et al. [26], who took a Rayleigh-Plesset type
model and included terms that would account for the elastic shell. Church re-
formed the original Rayleigh—Plesset type model to consider a bubble encased by
a shell [22]. Morgan et al. [87] developed the modified Herring model for bubbles,
proposed by Vokurka [130], by incorporating the shell effects in a similar way to



Church. MacDonald et al. [77] then developed the work done by Morgan et al.
and Prosperetti & Lezzi [111] in incorporating the effects of the shell into the
Keller—Herring equation. The advantage of this equation is that, analogously to
the bubble dynamics case, Macdonald’s model can be reduced to a Rayleigh—
Plesset type, Keller type or Herring type equation for the dynamics of a UCA by
a suitable parameter choice. These original mathematical models are continually
being improved, with the level of current interest in the area prompting more ac-
curate models. Marmottant et al. [79] originally demonstrated that the surface
tension at the gas-liquid interface could not be sufficiently represented by a lin-
ear term. The modified Herring model proposed by Morgan et al. was revised
by including a corrected, time-dependent, surface tension term. With small
acoustic amplitude however, Morgan’s original model and Marmottant’s revised
model were shown to behave in a similar fashion [79]. Stride [118] has recently
employed a more general examination of the surface tension and shown that the
Morgan model, adapted to include a time-dependent surface tension term, and
the Marmottant model are in fact both special cases of a more general equation
which can be modified to describe different shell properties. Recently, Doinikov
et al. [33] investigated non-linear viscous theory to demonstrate that the lipid
coatings may exhibit shear-thinning and strain-softening properties. Mleczko et
al. [86] proposed a model which accounts for the non-linear memory of a UCA,

a property which has been demonstrated experimentally [10].

As the bubble and UCA models are highly non-linear there have been very
few analytical studies. The dynamics of a bubble insonified by a single-frequency
pulse has been analysed by considering a small-amplitude perturbation of the
bubble’s volume in the governing differential equation [138]. This was extended
to investigate the effect that varying the frequency of the driving signal has on

the amplitude of oscillations at the second harmonic [139]. This analysis was



shown to be valid only for high concentration of bubbles within a bubble layer
by considering the coherent and incoherent parts of the average intensity of the
scattered fields [117]. A similar approach, where small-amplitude perturbations
of the bubble’s radius were considered, has also been carried out [110] and the
analysis compared well with numerical results [64]. It has been experimentally
shown that oscillations generated at the bubble’s second harmonic frequency
are large enough to distinguish from background noise, and this method can dif-
ferentiate between bubbles of different sizes [83]. Another proposed method of
detection is to insonify the bubble with a double-frequency sinusoidal pulse and
then detect vibrations at the sum-difference frequencies of the driving signal [62].
This method has been used to determine the density of bubbles in water [122]
and experimental evidence supports the efficacy of this method [97]. It has been
shown that detection at the difference frequency of a double-frequency impulse
can detect and measure a range of micron-sized gas bubbles [112]. This method
has been examined analytically by again carrying out a small-perturbation anal-
ysis [138] and by numerically integrating the governing field equations [92]. Sub-
harmonic imaging has also been studied analytically [110] and numerically [64]
for insonification by a single-frequency pulse. Detection at the subharmonic
sum-difference frequencies of a double-frequency excitation has been shown to
be better than detection at the subharmonic frequency itself. The subharmonic
frequency is present only above a certain amplitude threshold of insonifying
signal [83,103]. Leighton et al. [70] compared the effectiveness of bubble de-
tection at various harmonic, subharmonic and sum-difference frequencies and
found that although detection at the first subharmonic sum-difference frequency
is most accurate, it is difficult to implement in an experimental set-up. With
standard sinusoidal pulse signals, second harmonic generation is limited unless

the bubbles are very small, and thus spatial resolution can be very poor [92].



An analytical solution for an encapsulated bubble insonified by a sinusoidal
pulse has been found by Church by considering small-amplitude oscillations [22].
This then facilitated a study of the effect that the encapsulating shell properties
have on various system properties including the resonant frequency, the attenu-

ation and the scattering cross-section.

1.3 Coded ultrasound

Coded ultrasound (CU) signals are designed to imitate the bio-sonar waveforms
employed by mammals such as dolphins, bats and whales to navigate and forage.
The field of ultrasonics is witnessing increasing application of coded ultrasound
waveforms in all areas. The radar community originally realised the potential of
coded ultrasound in delivering relatively low power, high energy signals which
had the capacity to maintain temporal resolution. Two examples of CU are
chirps and Golay sequences. A chirp is a signal in which the frequency increases
or decreases with time whereas a Golay sequence is a complementary pair of
sequences whose out-of-phase autocorrelation coefficients sum to zero [42]. In
medical ultrasound the application of chirps and Golay sequences are increas-
ingly common due to the benefits provided: carefully designed chirps can deliver
a large amount of energy, utilising a relatively low acoustic pressure amplitude,
which increases the amplitude of oscillations of bubbles and UCAs, and Golay
sequences are able to cancel sidelobes arising from incomplete compression, both
applications resulting in improved imaging and penetration depth while preserv-

ing temporal resolution [12,120, 121].

The case of a UCA experiencing chirp excitation has been studied numerically

and experimentally in recent years. Sun et al. [120,121] compared numerically

10



derived theoretical results with simultaneous optical and acoustical experimen-
tal results of a UCA insonified with an increasing and decreasing frequency
chirp sequence. Zhang et al. [142] investigated the case of detecting a UCA at
subharmonic frequencies using numerical and theoretical results. Borsboom et
al. [11,13] found, via numerical and experimental investigations, that imaging
a UCA with a linear chirp excitation produced a marked increase in the second
harmonic component compared to that obtained using a single-frequency signal,
and that this method could potentially be applied to improve the detection of
UCAs. However, no systemic theoretical investigation into this phenomenon has

been undertaken to date and this will form the central motivation for this thesis.

1.4 The fractional Fourier transform

The Fractional Fourier Transform (FrFT) is a concept first introduced by Namias
in 1980 [89]. The FrFT is a natural way to analyse signals with non-stationary
frequency content, such as chirps, where ordinary Fourier transforms are not
strictly applicable. McBride and Kerr [80] performed a rigorous mathematical
analysis of Namias’ work, modifying the early definitions and demonstrating the
true potential of the FrFT in applied mathematics. Several authors have since
extended the analysis and applicability of the FrFT [19,20,56-60, 140, 141] and
the transform has burgeoned into a standard tool in signal analysis and pro-
cessing [43,44,73,101,124,126], and in optics [21,36,74,75,113,125]. Ozaktas
et al. [99] provide a comprehensive study of the FrFT, detailing its relationship
with the Wigner distribution and ambiguity function, and illustrating the many
applications of the FrF'T, for example in filtering, signal recovery, detection and

pattern recognition [99].

11



1.5 Outline of thesis

This thesis presents analytical and numerical studies which aim to improve the
imaging of bubbles in bioprocesses and of UCAs in blood conduits. In biopro-
cesses the ability to estimate the bubble size (or size distribution in a population
of bubbles) is of interest in controlling and monitoring the process [52]. UCAs
aid the imaging of tissue where the level and extent of the blood flow is of inter-
est. It would also be of interest in this setting to be able to measure the number
of bubbles present (or the distance between them) as this could be used to gauge

the size of the blood conduit.

Chapter 2 performs for the first time a small-perturbation analysis of a dy-
namical model governing the excitation of bubbles by a linear chirp signal. A
small parameter is utilised to permit a regular perturbation of the Rayleigh—
Plesset equation and this results in a series of linear differential equations. The
first two of these give rise to an approximate analytic expression for the ampli-
tude of the first and second harmonics of the bubble’s dynamics. By deriving
an analytical form for the harmonics rather than relying on a numerical in-
vestigation, the dependency of the second harmonic amplitude on the system
parameters, and a comparison with an equivalent gated continuous wave excita-
tion, is clearly shown. The potential of using chirp insonification for the sizing of

bubbles and the measurement of fluid viscosity in bioprocesses is also discussed.

A similar analysis is conducted for the case of a UCA insonified by a chirp
forcing signal in Chapter 3. The results support the experimental findings of
Borsboom et al. [11,13], that the second harmonic frequency component can
be detected above background noise. By obtaining an approximate analytical

solution the amplitudes for the resonant and second harmonic frequencies can

12



then be examined and optimised with respect to the chirp signal parameters and

the elasticity, viscosity and thickness of the UCA shell.

In Chapter 4 a numerical analysis of the Rayleigh—Plesset equation with a
chirp forcing signal is performed by utilising the FrF'T. Algorithms will be de-
scribed which enable the application of the discrete FrE'T in this setting. It will
be demonstrated that this form of investigation has the potential to determine
the size distribution of bubbles in a population. The two-dimensional FrFT
cross-correlation will be applied to identify the degree of similarity between two
different bubble responses. This chapter therefore sets out a methodology that
could readily be adopted by experimentalists to help interrogate fluids contain-

ing bubbles.

The original components of this thesis are essentially the entire contents of

Chapters 2—4:

e Chapter 2: there has been no previous analytical study of the Rayleigh—
Plesset equation subject to chirp insonification. This chapter lays out in
detail an approximation scheme that culminates in an analytic expression

for the second harmonic amplitude as a function of the system parameters.

e Chapter 3: Extension of the investigation of the previous chapter to the
case of a UCA undergoing chirp excitation is also an area that has not
been addressed using approximate analytical techniques before. Optimal
values for the insonifying signal parameters and the UCA shell parameters

to maximise a UCAs response are derived for the first time.

e Chapter 4: the FrFT has not been previously applied to the response
of a bubble in either experimental or theoretical studies for any type of

forcing function. The subsequent potential of the FrFT to identify size

13



distributions, and enumerate bubbles within a population is discussed.
The FrFT cross-correlation is also put forward as a more accurate method

of resolving a bubble’s location and size.
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Chapter 2

Analysis of the Rayleigh-Plesset

equation with chirp excitation

2.1 Introduction

In this chapter the Rayleigh—Plesset equation for a bubble insonified by an ul-
trasonic chirp is considered. This highly non-linear differential equation is sim-
plified by considering only small-amplitude oscillations of the bubble wall. After
non-dimensionalisation, a small parameter is identified and utilised in a regular
perturbation method analysis which generates a series of linear differential equa-
tions. The first two of these describe the bubble’s dynamics at its resonant and
second harmonic frequencies and approximate analytical solutions are obtained
which, after some manipulation, can be interpreted to reveal the amplitude of

the oscillations at these frequencies.

The frequency amplitudes are investigated as the system and signal param-
eters are varied, and the conditions for which a chirp forcing signal produces

larger oscillations than a comparable gated continuous wave are identified.
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2.2 Analysis of the Rayleigh—Plesset equation
for a bubble insonified by a linear chirp sig-

nal

The Rayleigh—Plesset equation is given by [66, pp302-306],

. 3R? 1 20 Ro\ ™"
i = ;(@”ﬁo‘pv) (%)

(2.1)

where R = R(t) is the bubble’s radius, Ry is the bubble’s equilibrium radius, p
is the density of the liquid surrounding the bubble, pj, is the hydrostatic pressure
of the liquid, o is the surface tension of the gas-liquid interface, p, is the vapour
pressure inside the bubble,  is the non-dimensional polytropic gas constant of
the gas inside the bubble, y is the viscosity of the liquid and F(t) is the forcing
function. The hydrostatic pressure is a combination of the ambient pressure
in the liquid, pg, and the force per unit area of the liquid above acting on the
bubble [66, pp239-240]. That is p, = po + pgh, where g is the gravitational
acceleration and h is the height of the liquid above. Typically p, is small and
negligible in comparison to py, and so p, — p, can be approximated by py when
h is small. The first term on the right-hand side of (2.1) describes the pressure
produced by the gas inside the bubble, following the polytropic gas law. The
third term represents the influence of surface tension on the pressure in the lig-

uid at the bubble wall and the fourth term describes the damping of the bubbles
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oscillations due to the liquid viscosity.

For small vibrations let
R(t) = Ro(1 + x(1)), (2.2)

where |z(t)| < 1; then equation (2.1) becomes

3pR%i?
2

20 1 \™ 20 e
— 4+ == — — —pg — F'(t).
<p° RO) <1+x) Ro(lta) (1ta) DO (*)

Since z < 1, then (1 + x)~* can be approximated by a Maclaurin series. Using

pR(1 + )i +

these approximations, and neglecting terms of O(z3) and above, the bubble’s

dynamic equation becomes
2 S Py
pRE(L -+ 2)i + 5 pR3

2 3
_ (po + R%) (1 — 3k + Sr(3r + 1)x2)

- (po + 2—0(1 —x+ $2)) —4pu(i — 22) — F(t) + O(2®)

Ry
20 20 20 20
Zpo+§0—po—ﬁo—l— (—3/% (po—l-ﬁo) +§0)1’
+ (gm(i’m +1) (po + %Uo) — %Uo) 7
—4p(d — z) — F(t) + O(z?)
9 9 3 20 20\ o
= —pRjwix + (§K(3K +1) <po + ﬁo) - ﬁo) x
—4pi(1 —x) — F(t) + O(z?). (2.3)

Figure 2.1 compares the dynamics of the bubble radius, calculated from the

numerical solution to the differential equation (2.1), with that obtained from
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Figure 2.1: The radial dynamics of the insonified bubble (R(t)) calculated from the numerical
solution of the differential equation (2.1) (dotted line), compared with that obtained using
equation (2.2) (full line), where x(¢) is calculated from the numerical solution of the differential
equation (2.3). The forcing function F(t) is given by equation (2.5) with the chirp signal

parameters given by Table 2.2 and the physical parameter values as in Table 2.1.

the numerical solution to the differential equation (2.3). The solutions are ini-
tially identical, although as time increases the approximate solution oscillates
at an increasingly slower rate and attenuates at a slightly increased rate. These
differences are due to the O(z3) terms in equation (2.3) being neglected. Fig-
ure 2.2 shows both solutions in the frequency-domain where they also compare
well. The natural frequency wy, calculated from the auxilliary equation of the
homogeneous form of the O(z) equation

. . 20 20
pR3E + dpi + (3/{ (po + ﬁ()) — ﬁo) x =0,

is given by [66, p306]

1/ 1 2\ 20 A\ ?
S il I D - 2.4
T (pR% (35 (po i Ro) Ro) p2R6") (24)
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Figure 2.2: The radial dynamics of the insonified bubble (R(t)) calculated from the numerical
solution of the differential equation (2.1) (dotted line), compared with that obtained using
equation (2.2) (full line), where z(¢) is calculated from the numerical solution of the differential
equation (2.3), in the frequency-domain. This power spectrum is calculated by taking a fast
Fourier transform of the time-domain data in Figure 2.1. The forcing function F(t) is given by
equation (2.5) with the chirp signal parameters given by Table 2.2 and the physical parameter

values as in Table 2.1.

The case in which the forcing function F'(¢) is a linear chirp signal is consid-

ered. A linear chirp is defined as [11]
F(t) = pee~ 9/ cos(2nt(ct + d)). (2.5)

This signal is schematically represented in the time-frequency domain in Figure
2.3. A chirp is a specific type of ultrasound signal in which the instantaneous
frequency either increases or decreases with time and for a linear chirp this

frequency variation is linear with time. In equation (2.5) p. represents the peak

19



Physical System Parameters

Symbol Description Units | Value
Ry Bubbles equilibrium radius mm 0.108
p Density of surrounding liquid kg m=3 | 998
Do Ambient pressure of liquid kPa 100
o Surface tension of gas-liquid interface | N m~! | 0.073
K Polytropic gas constant — 1
1 Viscosity of liquid mPa s | 1.003

Table 2.1: System parameter values for a bubble in water at 20°C.

Frequency

Time

Figure 2.3: A representation of a linear chirp in the time-frequency domain. The amplitude of
the signal is indicated by the Gaussian envelope (dotted line). Ideally, the resonant frequency,
wp, corresponds to the point of maximum amplitude, at time a. The spread of the Gaussian
envelope is regulated by b, the gradient of the instantaneous frequency line is given by ¢ and

the initial frequency is d.

20



pressure of the signal and the exponential term implements a Gaussian shaping
on the signal where a gives the central peak of the Gaussian curve and b controls
the variance. The signal defined in equation (2.5) can therefore be described as
a signal which is both amplitude modulated and frequency modulated. The

instantaneous frequency, f;, at time t is given by [84]
fi =2t +d, (2.6)

from which it is clear that the instantaneous rate of change of the frequency of
the signal is given by 2¢ and the initial frequency is given by d. Equation (2.3)
can be scaled by introducing a non-dimensional parameter ¥ which satisfies the
relation ¥ = ¢/T, where T' is the duration for which the forcing function F'(t)
has an amplitude above a certain threshold. Using this definition of ¢ equation

(2.5) becomes
F(t) = pG(9), (2.7)
where G(1) is the scaled forcing function defined by
G() = e~ =D/ cog(219(E0 + d)) (2.8)
and

=cT? and d=dT. (2.9)

ol

a =

- b
b:—
) T7

Equation (2.3) can be non-dimensionalised as
(a)’
(C1 +20C,) —2Cy)

+ (gfﬁ(?)li + 1) (Cl —+ 202) — 202) LE‘2
—4C3(2" — 22) + €G(V) + O(a*), (2.10)

(1+x)x" +

3
2
— (3K
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where a prime denotes d/d¢ and where the non-dimensional parameters C; are

defined as

poT™? oT? wrl
20 o= C
pR(Q) ) 2 pRga 3

T2
and €= _?

C = .
' PR3 PR3

These parameters can be interpreted as dimensionless ambient pressure, surface
tension, viscosity and forcing amplitude respectively. For the physical and signal
parameter values defined in Tables 2.1 and 2.2, the dimensionless parameters

take the following values:
Cy =0.21, Cy=0.0015, C5=0.00043, and e=0.017; (2.11)

in particular this shows that € is small.

2.3 A regular perturbation analysis of the small-

amplitude model
Now let z(1}) take the following form
r=¢(ny+em + e+ .., (2.12)

where the 7; are functions of . Substituting equations (2.8) and (2.12) into
(2.10) gives

3
5 (€ + )+ (L+ eno + €m) (enf + €0y

3
= (51'{(3:“& + 1)(01 -+ 26’2) — 2C2) (67]0 + 627]1)2
+(2C5 — 3(Cy + 2Co)k) (eno + €m1)

—4C5(1 — (eno + €2m)) (enh + €?m1) + eG(I) + O(€?).
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Expanding the brackets then gives

3
S 4 (e + e+ Enol)
3
— <§/-€(3/-$ +1)(Cy +2Cy) — 202) ey
+(20y — 3(C1 + 2Co) k) (emo + €m1)
—4C5(eny + €20} — Enonp) + eG(I) + O(€2).
Equating similar powers of € gives a series of second order differential equations,

the first two being
O(e) + 1y +4C3mp + (35 (C1 +2C3) —2C2) o = G(V) (2.13)
and
O(e®) 1 1y +4Cs1, + 3k (C1 +2C5) — 2Cy) m

3 2
= —nony — 3 (16)” + 4Csm0m)

3

5:’{
(2.14)
2.3.1 Solving the O(¢) equation
The solution to the homogenous version of the O(e) equation is
my = Ao + Bomg”
= Age® cos(B9Y) + Bye® sin( 1),

where

a = —2Cs, (2.15)

B = (36C) + 65Cy — 20, — 4C2)> (2.16)
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and Ay and By are constants of integration. The variation of parameters method

is now used to find the particular integral n’ = n’(49), given by

ny = vingt + vang’2, (2.17)

where v; = v1(9) and vy = v5(¥) are to be determined. The Wronskian deter-

H,

minant of ng'* and 7, denoted by W (ni™, nt), is

H,  H
Mo o
H,  H
Wngt,ng?) = T
' Mo’

= g = g g

— e cos(B9) (e sin(BY) + B cos(30))
—e” sin(30) (e’ cos(39) — B’ sin(50))

= 562 cos?(@39) + Fe2? sin?(30)

= Be*. (2.18)
This then gives
—15° G(V')
w 775 L)
e sin(30)G)
6620419
Y
= F/ e~ sin(pY)G (V') dY (2.19)

and

9 Hy !
Mo G(ﬁ ) dﬁl

2T W(7701>770 )
N 4 ﬁ,lg/ 19/ ,
_ / ¢ CO;(QM) W) 49
= ﬂ/ — cos(B9)G(9) dY. (2.20)
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Now

(%) (’19)

/ "cos(BY)G(V') dV'

/6/ "cos(B e~
ﬁ/ e(—o?'=('=a)*/2%%) (cos(BY' + 20’ (¢¥' + d))

+ cos(BY — 2md' (e + d))) df
9
%/ oot (9" —a)?/28?) <%{ei(w+2w'(w'+[i))}
+§R{ (B9 —210" (20" +d)) }) ay
/ —a —(9'~a)? /202 ) 6i(519’+27r19’(619’+d_))}
23
{e(_ '~ (9'=a)?/26%) Li(B0' —2m ' (c0'+d) }) a9’

7, 22b2m9’+u9’2 —i2ad’ +ia?) /2b%+ B9 + 2w’ +27rd19’)
25

(0=a)* /20 cos(2md (29 + d)) dv

L ((22b2on9’+i19’2—i2€u9’+i&2) /26%+ B9 —2ne9'* —2mdV" ) }) dy’
Ly / ﬁ (i(arevirae o2 sami () 2
20

et (om0 (a2 20 2) ) g

9
%%{/ <ei(><119’2+><219’+><3) +ei(x’119’2+x’219’+><3)> dﬁ'},

2. = 2 =
X2:5+2wd+z<bag2 “), X’2:5—27rd+z(bo;_)2 a) S (2.21)
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Completing the square for the exponential terms we obtain

0
vy = im / (62'()(1(19’+x2/2X1)2+X3—X§/4X1)
20
_I_ei(x’l (?9’+x’2/2x’1)2+xa—x’§/4x’1)) dﬁ'}
1
= ﬁ5]?{11—1—12}. (2.22)

Now I; can be rewritten as

9
I, = 6iX4/ ei(X1(ﬁ/+X2/2X1)2)dl9l (2.23)
where
2
X2
= yg — —=. 2.24
X4 = X3 o ( )

The variation of parameters method permits the inclusion of a lower constant
limit in the integral in (2.23) as this augmentation is simply absorbed by the
two constants of integration contained in the complementary function. I; can
therefore be written as

. 9 . ’ 2
I, = exs / ez(xl(ﬁ +x2/2x1)%) dy’

—x2/2x1

where the limit Q_X2 is chosen for later convenience. Substituting
X1

2x1

s = M(qﬂﬁ)

= Xx5Y + X,

where

X5 = V iX17 (225)
Vixe _ s
2\/X1 2X5’

(2.26)
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gives

6iX4 St 2
I, = e¥ ds
X5 Jo

iX4
= eX gerﬁ(st)
5
Texa
= \/Q_X erfi(xs¥ + xe),
5

where erfi(z) is the imaginary error function defined as
erfi(z) = —ierf(iz),

where erf(z) is the error function [3, p297]

2 g
erf(z) = ﬁ/o eV dv.

Similarly
TeiXa
IQ = \/7 7 erﬁ(X::"lg + Xlﬁ),
2X5
where
12
o X2
X4 - X3 4X/1 Y
X5 = Vixi
;o Viy X

Xg = = )
0 2/X0 2Xs
Thus v, can be written as

_ VT
-

V2
X5 X5

27

etxa eixfl , ,
R erfi(xs0 + x6) + ——erfi(x50 + xg) ¢ -

(2.27)



Treating v; in a similar fashion gives

n() = —1 e sin(B39) () d’

= 3 / "sin(B9)e~ W2 cos(2md (29 + d)) dV

_ 26 6( a — (¥ 1_6)2/252) (Sin(ﬁ19,+27719/(519/ _I_J))
+sin(BY — 219 (e + d))) d’

]_ v / I _=\2 /9K2 . / 1 (=97 1L T
4 (a0’ —('-a)2/25?) <g {62(519 +2m9’ (e +d))}
IS {e(w' 2w’ (¢9'+d)) }) a’
1 7 _ }
. (% {e(—aﬁ’—(ﬂ’—a)2/2b2)ei(60’+27r19’(619’+d))}

_‘_% {6(—a19’_(79/_a)2/2b2) (519/ 27”9/(019,+d }) dﬁ’

|~
53
A/_\
—
—~
-~
[\
(ol
o
Q
*®
+
>
®
»
|
>
[\
Q
%
+
N
S]
g
[\
k=l
o
_l’_
@
*®
+
N
3
£
N
+
[\
3
QU
*
~—

_ _ig {/19 (ei((27r5+z'/252)19’2+(ﬁ+27rzi+i(262a—2a/262))19’+z'a?/2132)

Lol i (—2meti/2b? )92+ (g_sz+i(2B2a_2a)/zi)2))19'+i62/2l32)) dﬁ’}
9
From (2.22)

'Ul(t) \9{]1+12}

25

and so

v1(9) = —2= erfi(ys0 + + erfi(yid + )
1( ) 4/6 s (X5 XG) Xir) (X5 XG)

ix4 X}
v = ﬁ <6X erfi(xs9 + x6) + ¢ - erfi( x50 + Xg)) (2.28)
5 5
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then

v = —=S{v(¥)} and vy = R{v(V)}. (2.29)
Thus (2.17) is now
moo= v+ v

= —S{v(¥)}e cos(BY) + R{v(9)}e™ sin(B0)
= ™ (R{v}sin(BY) — S{v} cos(BY))

and the general solution to (2.13) is given by

() = 5+ 0y
= Ape® cos(BY) + Boe® sin(p0) + e* (R{v} sin(BY) — I{v} cos(5Y))
= ™ ((By + R{v})sin(B9) + (Ag — S{v}) cos(pV)). (2.30)
The constants Ay and By can now be determined from the initial conditions
1m0(0) = Ki, 10(0) = Ko,
for some constants K, Ky. Let vy = v(0), that is
ﬁ (eim eiX4

= - erfi + erfi(y, ) ;

Vo
then
Ay = Ki+ 3w}
Differentiating (2.30) with respect to ¥ gives

m(0) = ae® ((By+ R{v})sin(0) + (A — S{v}) cos(59))

e (8 (B + R{uD cos(50) + sin(30) 5 (R{0Y)
-6 (Ag — S{v})sin(BY) — cos(ﬁﬁ)@(\s{v})) :
(2.31)
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From (2.29) and (2.19)

v} = % / ﬂe‘“'sin(ﬁﬁ’)@(ﬁ’)dﬁ’
and 5o

L(S{}) = = e sin(BI)G(0).

dv 3
From (2.20)

R{v} = % / 06_"0/(308(619')G(19’)d19'
and s0

d 1 —a
d—ﬁ(ﬂ?{v}) = 3 e~ cos(BY)G(9).
Hence (2.31) is

o = ae™ ((Bo+ R{v})sin(89) + (Ao — S{v}) cos(59))
+e*? <ﬁ (By + R{v}) cos(8Y) + % sin(89)e™ " cos(39)Go (V)

_B(Ay — S{v})sin(39) — %cos(w)e—aﬂ sin(ﬁﬁ)Go(ﬁ))

= ¢ ((a (Ao — S{v}) + B (Bo + R{v})) cos(39)
+ (a(Bo + R{v}) — B (Ao — {v})) sin(50)) .

Therefore
By — % (K> — ado + aS{ve}) — R{vo}
= % (K2 — O_/Kl) — %{Uo}.

In the simplest case, when the system is initially at equilibrium, K; = Ky =0

then

A(] = \S‘{Uo} and BO = —%{Uo}.
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So the general solution to the O(e€) equation (2.13) in that case is

() = e ((=R{vo} + R{v})sin(89) + (S{vo} — S{v}) cos(59))
= v ((R{v — vo}) sin(BY) — (S{v — vy }) cos(1)) . (2.32)
The derivative
m(0) = e ((a(R{v —vo}) + B (S{v — vo})) sin(B0)

+ (B (R{v—vo}) — a(S{v—wv})) cos(BY))  (2.33)

will be required later.

2.3.2 Approximations to the leading order solution

To make further analytical headway with this solution, v(1) is rewritten in terms
of its real and imaginary parts. To begin this process the real and imaginary

parts of the x; terms are determined. From (2.25)

[N

xs = (ix1)

— 3 (cos <9 +22k:7r) + ¢sin <9+22k:7r)> , for k=01,

where from (2.21)

: —1\° 2) 1 2.2 :
ro= l|ixa| = o + (27e) = @+47rc

and

2re

0 = arg(in) = tan_l (W) = —tan_l (471'[_?25) .

Thus x5 can take two possible values, x5, and ys, say, where

1 L\ R S DR
X5a = (4—64 + 4#202) (cos (5 tan™! (47Tb20)) — ¢sin (5 tan™! (47?620)))
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and

1
1 L\ 1 1 _ To_
5o = <@ + 47?202> <cos (5 tan~! (47rb2c) + w)
1 _
—i8in <§ tan~! (47Tb2é) + W))

1
1 1 1 _
= <@ + 4%252> <— cos (5 tan ™" (47?626))
1 _
+1sin (5 tan™? (47?625)))

= —Xsa-

In a similar way x5, = —x%,. From (2.26), (2.27) and since the imaginary error
function is an odd function, the negative signs in the second branch (xs,) will

cancel in (2.28). Hence only the first branch needs to be considered and so let

X5 = XsrtiXs51

_ 1 2-2 i 1 -1 72~ .- 1 -1 79
— (4—b4+47r c) (cos (5 tan (47Tb c) — ¢8in itan (47Tb c) ,

and

X5 = XsgtiXs

1
_ 1 AR 1 -1 79~ .. 1 1 To_
= (4—[)4 + 4n“e ) (cos (5 tan (47rb c) + 7 sin 3 tan (47rb c) .
Now from (2.26) and (2.21)

ixs
2x5

X2Xs5
2X5X5

X6 =

(i(ﬁ + 27d) — (T’zg‘{‘_’>) (ﬁ + 47?262)i
2 (ﬁ + 4%262)% (cos2 (% tan™! (4%526)) + sin? (% tan—! (4%526)))

X (cos (5 tan ™ (47rb20)) + 7sin (% tan ™ (47Tb26)))
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= ! (—(ﬁ + 27d) sin (1 tan ™! (47Tb20))
2 (g + 4m2?)* 2

o .
— (b 0%2 a) CoS (% tan~! (47rb25))

+1 ((6 + 27d) cos (% tan ™! (47?7926))

- (b%;i;“) sin (% tan-! (47rb25)))>

where the bar denotes the complex conjugate. Similarly

o

= X6Rr t+ iX6I,

1 - 1 -
Xg = T ((6 — 27md) sin (— tan ! (47rb26))
2 (& + 4m2e2)1 2

T i
— <b 0;32 a) CoS (% tan~! (47?626))

4 ((5 — 2d) cos <% tan~" (47T520)>

" (bzo‘biz‘“) cin (%tan_l (4@26))))

= Xor T Xor-
From (2.21)

X% _ X%Yl
4x, 4x1X4

- (Pa—a\\’ )
B+ 2wd +1 7 QWC—ﬁ
3 7 _ 7
4 (27TC+ 2—62) (27TC— 2—62)
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- ! 129n¢e - (ba 1
— 4(4b4 +47r202) ((5+27Td) 27T0+2(ﬁ+27rd)< - ) L

b2Oé —a 1 B2a —a
— 0 27Tc + 1 AR

Va—a _ (B+2md)?
+2(8 + 2md) < B )QWC—T))
1

T = (2me (b*(B + 2nd)® — (P — a)?)
+(8 4+ 2nd)(V’a — @) + i (4nb%¢(8 + 2nd) (B — a)

+2—i2(bza —a)? - i S (B+ 27 d) ))

and so from (2.24) and (2.21)

Yo = xs— 2
! X 4x1
1 = (pt 72 72 _\2 = 79 B
= o (2 (08 + 2md)? — (FPa —a)?) — (5 + 2nd) (o~ a)

=2
+1 (87‘[‘2(125202 + ;—52 — 47b?e(B + 2nd) (VP — a)

1 7.2 =\2 52 N2
_2—B2(b a—a)’+ 5(6 + 27d)
= X4Rr + UX4I-
Similarly
2
r_ . Xlg
X4 = X3 4,
1

Tormpia g 2re (08— 2md)* - (Fa - a)*) = (5 - 2md) (P — a)

2
(87r2a2b2c2 + — + 4nb*e(B — 2md) (VP — @)

202

—i(l’)?a —a)® + B—z(ﬁ — 27Td)2))
2b2 2

= Xir +iXas-
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I (2.28) let exfi(xs0-+x6) = fun(9)-+ifr(9) and exfi(xs0-+x4) = for(0)-+ifar (9);
then

B

( et(xar+ixar) e (XarTiXyy)

(fir+ifir) + ——————
(X5R +iX5r)
ﬁ eiX4R_X4I (X5R — ZX5I)

= (fir+ifir)
443 ( (XgR + ng)
ean X (x5 y — ixhy) ,
+ (for +1far)
(X'3r + X'31)
= —2\/7_? —— (74 (cos xar + i sin xar) (Xsr — iX51)(fir + ifir)
43(X3R + X31)
+€_Xi”(COS XZLR +isin XQR)(X/sR - iX:’;I)(f2R + ifﬂ))
N |
= e X ((x5r €OS Xar + X550 X4r) fiRr
4ﬁ(X§R + ng) (
+(X51 COS Xar — X5r SN X4r) f11

(fan+if)

443 Xs5Rr + 1X51)

+i ((X5R S0 Xar — X571 €08 Xar) f1R
+(X5R COS X4r + X518 X4r) f11))
+e X (= X5 €08 X)g + Xs1 S0 X4g) far
+(X51 €08 Xy + X5R SN Xig) fo1
+i ((—Xs5R S0 X4k — X571 €08 X4R) f2r
+(—X5R 08 X4k + X518I0 Xyp) far))) -
(2.34)

Equation (2.34) is extremely complex, and a simplified expression for v is desir-
able in order to progress with this analyisis. To achieve this simplification the

Maclaurin series expansion for erfi(z) is considered, that is [3, p297]

1 2 1 1
erfi(z) = N (22 + §23 + 525 + ﬁ/ + ) .

This is very similar to the Maclaurin series expansion for tan(z), given by [3, p75]

1 2 17
tan(z) = z + 5’23 + 1—5z5 + EJ + ...,
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Figure 2.4: The imaginary error function erfi(z) (full line) and tan(z) (dotted line) (z =
(24 3i)t, t € [—4,4]).

with the differences arising in the coefficients of z. For small z, this would
suggest that multiplying the tan approximation by a factor of % would be the
best match of the two series. However, for larger values of z the larger powers
are dominant and the unscaled tan function acts as a suitable approximation
to the erfi function. In Figure 2.4 the imaginary error function is compared to
the tangent function. The functions are virtually identical as they move away
from the origin in each direction and, after separating for some time, they curve
back towards the imaginary axis. The tangent function moves directly to a
constant value +i, while erfi spirals around before settling on the same constant

value. This constant value is of course the limit of each function as z — oo and
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multiplying tan z by % would result in a different limit. Now, since

sin(a + ib)
cos(a + ib)
%(e—i(a—i-ib) _ ez’(a—H‘b))

tan(a +ib) =

%(6—i(a+ib) + 6i(a+ib))

i((cosa —isina)e’ — (cosa + isina)e™?)

(cosa —isina)e’ + (cosa + isina)e®
_ sin(a)(e’ + e7?) +icos(a)(e’ —e?)
cos(a)(eb 4+ e~b) — isin(a)(eb - e_b)
(sin(a)(e® + ™) + i cos(a) (e’ — e7?)
cos?(a)(eb + e~?)2 + sin®*(a)(eb — e b)
(cos(a)(eb + e7b) +isin(a)(e’ — e7?))
cos?(a)(eb + e)2 + sin?(a)(eb — e~?)2
(

e’ — e ?)?%sinacosa

(e® +e7?)?sinacosa —
2(cos2a — sin®a) + €20 + =2
i((eb +e ) (e’ —e®)
2(cos? a — sin? a) + €20 4 e~
(e®+ e +2— (e +e 2 —2))isin2a+i((e® —e™?))
2(cos?a — sin® a) + €2 + e=2
2sin 2a + i((e?’ — e=%))
2cos2a + e + e~

Y

then

tan(xsv +x6) = tan(xsrV + Xer + (X519 + Xer)
2sin 2(xsr0 + Xer) + i( (2017 HXer) _ o=20ardHx61)))
2 cos 2(xsrY + X6r) + e2(xsr9+xe1)  e—2(xs19+xer)

and

2 sin 2(xt) + Xg) + (X057 HXb0) — =200k
208 2(Xhp0 + Xop) + €206 HXer) 4 o205+

tan(xs0 + xg) =

Using the approximations f; = tan(ys9 + xg) and fo = tan(xs0 + x5) will

therefore provide expressions for the real and imaginary parts of v. Since

|2sin2(x5rY + x6r)| <2 and |2cos2(xs5rY + Xer)| < 2
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then

= 2
hr = 2 + e2(xsrd+xer) 4 e—2(xs19+xer)
and so
fir—0 as ¥ — oo.
Similarly
for — 0 as ¥ — oo.
§R{f_‘lv fTQ}
03"
021
0.1F
:_/‘ i L T . | ) | 19
; 80 100
-0.1F
-0.2 -
-0.3

Figure 2.5: The real parts of (i) 100f1(9) (dotted line) and (ii) fo(¥) (full line). Note that the
amplitude of f; has been exaggerated to emphasise the form of the function. The physical

parameters are as in Table 2.1 and the chirp signal as defined in Table 2.2.

The form of the real parts of f; and f, is shown in Figure 2.5. The real part
of fi tends to zero very quickly and the real part of f, tends to zero shortly
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afterwards, agreeing with the above limiting values. The imaginary components

can be considered in a similar way to show that
fir—1 as ¥ — o0
and
for =1 as ¥ — oo,

as shown in Figure 2.6. Similar to the real case, the imaginary part of f;
approaches one almost immediately and the imaginary part of f, then tends to

one shortly afterwards.

{1, f2}
155

1.0 F

0.5}

80 100

~0.5

~1.0+

Figure 2.6: The imaginary parts of (i) 150f; (1) (dotted line) and (ii) fo(«) (full line). Note
that the amplitude of f; has been exaggerated to emphasise the form of the function. The

physical parameters are as in Table 2.1 and the chirp signal as defined in Table 2.2.

From (2.34) an approximation for v(¢)) at large ¢ is therefore given by the
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time-independent quantity

~ NZS x )
UV = 5 a5 \¢ 4I(X5I COS X4RrR — X5R SN X4R)
B0+ )
e Xar (X51€OS X1k + X5R SIN X1R)
+i(e™X (x5R COS Xar + X515 X4r)

4o Xar (—Xs5R COS Xyr + X5r1 SR XZLR))) ’

From (2.32) then

fo(¥) = e (R{v — vo}) sin(BY) — (3{v — vy }) cos(B1Y)) (2.35)
and so
M) = e ((a(R{v—vo}) + B(3{v — vo})) sin(69)
+ (B (R{0 —vo}) — a (3{v — vo})) cos(BY)) . (2.36)

Figure 2.7 compares the numerical solution to (2.13), the approximate solution

given by (2.35) and the numerical solution to (2.10).

After an initial period the approximate solution (2.35) is almost identical to
the numerical solution of equation (2.13). The solutions are also comparable to
the numerical solution of (2.10), although as time increases the phase difference
becomes more marked. The solutions also compare well in the frequency-domain,

as shown in Figure 2.8.

2.3.3 Solving the O(¢?) equation

Now consider the O(e?) approximation 7;()) given by the differential equation
(2.14). Multiplying (2.13) by 7y gives

—nony = 4Csnomp + (3k (C1 + 2Cs) — 2Ca) ng — noG(V),
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—01p

021

Figure 2.7: The numerical solution to (i) the O(e) differential equation for ng () as given
by (2.13) (full line), (ii) the approximate solution given by (2.35) (dotted line) and (iii) the
numerical solution to (2.10) (dashed line). (The physical parameter values are given in Table

2.1, the chirp signal parameters are given in Table 2.2 and ¢ = 1076.)
and substituting this into (2.14) then gives

7]1/ + 4037]1 + (3/i (Cl —+ 202) — 202) ™m

3
= 4Csmom) + (3K (Cy + 2C5) — 2Co) 2 — noG(9) — 5 (my)?

3
+4037]07]6 -+ (55(3/1 + 1) (Cl + 202) — 2CQ> 7](2)

3
= 8C3n0my — 110G — 3 ()’

9
Equation (2.37) can be rewritten as

7]1/ + 4037]1 + (3/i (Cl -+ 202) — 202) ™m

= W, + Wy + W, + Wy, (2.38)
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Figure 2.8: The numerical solution to (i) the O(e) differential equation for ny(1)) as given

by (2.13) (full line), (ii) the approximate solution given by (2.35) (dotted line) and (iii) the

numerical solution to (2.10) (dashed line), plotted in the frequency-domain. This power spec-

trum is calculated by taking a fast Fourier transform of the time-domain data in Figure 2.7.

(The physical parameter values are given in Table 2.1 and the chirp signal parameters are

given in Table 2.2.)

where the terms on the right-hand side are given by

o(V

g

(

wy(9
we(¥
(

) =
) =
) =
) =

a(v

g

(2k(k + 1) (C1 +2Cy) — 4Cs) 3.

J

(2.39)

Each of the above terms is plotted in Figure 2.9, where the lines (i) to (iv)

represent the first to fourth terms on the right hand side of (2.38) respectively.

It is clear that the w, and wy terms are negligible in comparison to w. and wy.
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Figure 2.9: The relative magnitudes of the four terms on the right hand side of equation (2.37)
(labelled in the order they appear in the equation) with (i) (dotted line), (ii) (full line), (iii)

(short dashes) and (iv) (long dashes). These terms are given by definitions (2.39).
The reduced form of the O(e?) equation is now

i + 4Csn; 4 (3k(Cy + 2C3) — 2Co)m
3, 9

= Gy (0). (2.40)

Figures 2.10 and 2.11 compare the solution to equation (2.37) with the solution
to its approximation (2.40), and the two solutions match very well. G; can be
approximated by G where the substitution v = ¥ is used so that, from (2.35)
and (2.36)

3€2a19

G = ——— ((a(R{o—vo}) + 5 (3{v = vo})) sin(539)

+ (8 (R{v = wo}) — @ (3{T — wo})) cos(89))”
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Figure 2.10: The numerical solution to the equation (2.37) (dashed line) and equation (2.40)
(dotted line) in the time-domain where the physical parameter values are given in Table 2.1

and the chirp signal parameters are given in Table 2.2.

+ (gn(ﬁ F1)(C 4+ 2C) — 402)
x e (R{D — vo}) sin(89) — (3{v — wv}) cos(B0))*
= B (a3 + BQ) sin(B9)
+ (8923 — aly) cos(89))”
+Be**" (Qy sin(B9) — Qy cos(80))°
= B ((aQs + fQ4)? sin?(8Y) + (823 — afds)® cos®(39)
+2(afds + B) (B3 — afdy) cos(80) sin(0))
1025627 (2 sin?(89) + Q2 cos?(B0) — 2050 cos(59) sin(30))
= BeXV(( (a2 + B)? + Q02) sin?(50)
+( (B3 — afdy)? + 207) cos*(8Y)
(20 (025 + B2 (895 — afly) — 20050 cos(30) sin(30))
= 3e**”(®y cos? (V) + Py cos(B1) sin(B) + g sin’(50))
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Figure 2.11: The numerical solution to the equation (2.37) (dashed line) and equation (2.40)
(dotted line) in the frequency-domain. This power spectrum is calculated via a fast Fourier
transform of the data in Figure 2.7 (the physical parameter values are given in Table 2.1 and

the chirp signal parameters are given in Table 2.2).

where the constants Qq, €y, Q3, 4, &1, $y, P3 are defined by

3 1/9
Ql = — QQ = — (§I{(I{ —|— 1)(01 —|— 202) — 402) 5

=@

25’
Qg = §R{’Z_J — Uo}, Q4 = O{’I_J — U(]},

(I)l = Ql (593 — 0494)2 -+ QgQi,
(I)g = 291(0&93 + 694)(693 - OéQ4) - 2929394,
@3 = Ql (Ozﬁg + ﬁQ4)2 + QQQ%

The homogeneous form of (2.40) is the same as that for (2.13). Therefore

= A" + B
= A cos(B9) + Bre® sin(B0) (2.41)
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for some constants Ay, B;. The particular integral ni” = nF () is

77{3 = U?ﬂ?f{l + 0477{{2> (2.42)

and the Wronskian determinant is given by (2.18) as

Wnt ) = Be*

so that

v , _
U3 = ?/ e~ sin(BY) Gy () Y

and

ﬁ/ "cos(BY9)G (1) dvY.

Looking at v, first we have

9
v, = /e_o"ycos(ﬁﬁ’)e%“y(qh0052(519/)

+®, cos(BY) sin(BY') + @3 sin®(BY)) d’
9
e (D1 cos®(BV') + By cos? (V) sin(BY') + 5 cos(B9) sin?(50)) dv’

Il
—~—

e (®y cos(BY) (1 + cos(26))

+®4(1 4 cos(289")) sin(BY') + P3(1 — cos(26)) cos(5Y')) d’
9
e ((Dy + B3) cos(BV') 4+ Py sin(BY)

+(®; — ®3) cos(BY") cos(26Y) + Pq sin(B1') cos 269" dY
9
e (D1 + ®3) cos(BY) + Py sin(BY)

N —

I
N = DN | —

_|_%((I>1 — ®3)(cos(BY') + cos(36Y'))

+%(I>2(— sin(BY) + sin(3519'))) dv’
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L[
- 3 / e (30, + y) cos(B') + By sin(50)
+(®; — ®3) cos(380") + Py sin(35Y')) dv’
ad’
— (Sj)(lo;_—(f?g;) (acos(B9) + Bsin(51))
@260‘79/ .
+4(a2 ) (asin(BV) — B cos(B19))
((I)l — <I>3)e°"9/
(a1 957)
e in(389) — 33 cos(38Y
+m(asm( BY) — 3B cos(359))
oo (((3@1 + @3)a — Py5) cos([V) + ((3D1 + P3) 5 + Poav) sin(F9))
4(a? + (3?)
| (B2~ ®y)a — 3956) cos(350) + (3(%1 — 23)5 + P30 Siﬂ(?ﬁﬁ))
— eaﬂ (
where

(accos(3019) + 30 sin(369))

(a2 + 972)

—1)™ (& +¢7)e (4
e (90 (?))]

e )

§1 = (3®1 + P3)a — Py3, £l = (3®1 + @3)8 + o0,
52 = (Cbl — @3)0[ — 3(132/6 and fé = 3((131 — (I)g)ﬁ + (I)QCE,

and m; € Z is even only if & > 0. Defining

G GER Sk et (8
61_( ﬁ(a?tﬁz)z)lj no 1<§_1)’ (2.43)

—)™ (& + )2 -1 (&

= o) and ¢y = tan”! (g

gives

vy = e (81 cos(BY — ¢1) + 02 cos(339 — b3)).
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A similar calculation for v5 can be performed:

9
U3 = — / e~ sin (B9 e (®; cos?(30)
+®4 cos(BY) sin(BY') + ®3sin®(BY))
= / (@4 cos? () sin(B0) + Py cos(BY) sin?(BY) + By sin’(50)) di’

0,

1(1 + cos(26¢)) sin(59")

\

1
2
+®4 cos(B9) (1 — cos(269")) + @3 sin(SY) (1 — cos(289))) d’
9

e (®y cos(BY') 4 (®1 4 ®s) sin(G0)

I
l\DI}—t
\

+(Py — @3) sin(BY) cos(269') — Py cos(BY") cos(239")) d’
9
e (D4 cos(BY) 4 (®1 4 ®3) sin(50)

Il
l\DI»—t
\

2((I>1 ®3)(—sin(B9") + sin(367))

—%(008(619/) + cos(389))) dV/

9
/ e (—®y cos(BY) — (Py + 33) sin(G)

+®4 cos(36Y) — (P — @3) sin(350")) dv’
o
_ —%(a cos(39) + Bsin(39))
(@) + 3D;)e?
42+ B?)
(1926‘“9 .
+m(a cos(300) + 38sin(347))

((bl — @3)60‘79 .
_W(a sin(349) — 30 cos(359))

oo ((—%a + (@1 + 385)55) cos(5Y) + (—(P1 + 3P3)a — P50 sin(59)
4(a? + 3?)
I ((I)QOé + 3((1)1 — (pg)ﬁ) 008(3619) + (3(1)26 — ((I)l — (1)3)0() Sln(?)ﬁ??))
4(a2 + 92)

(R (e ()
(RS e (9)
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where

{3 = =Py + (P + 3P3) 3, g = —(Py + 3P3)a — Py 3,
{o=Pra + 3(01 — P3)3 and &) = 3P0 — (01 — 3)a.

As before, m; € Z is even only if & > 0, and by defining

(=1)™s(& +€75)

_ = —tan-1(&
63 - 4(@2 _'2_ /62) N ) ¢3 — tan 1 <§.3) (244)
(=)™ (& +¢)2 (g
5, = 12 f9ﬁ2)4 and ¢4 = tan™! 2—4 .

then v35 can be written as

U3 = €™ (55 cos(BY — ¢3) + 64cos(339 — By)).

The particular solution nf is from (2.42)

m = (03 cos(BY — d3) + ducos(300 — ¢a))e™ cos(30)
+e27(8, cos(BY — ¢1) + 8y cos(361 — ¢3))e®” sin(BV)
= e27(§, sin(B0Y) cos(BY — 1) + Ja sin(B9) cos(369 — by)
+05 cos(B1) cos(B9 — ¢s) + 64 cos(B0) cos(36Y — ¢4)) (2.45)

and the general solution to (2.40) is, from (2.41) and (2.45)
m@) = ' +ny
= A1e™ cos(BY) + Bie® sin(B0)
4627 (8, sin(399) cos(BUY — ¢1) + o sin(B19) cos(339 — ¢y)
+63 cos(B0) cos(BY — ¢p3) + d4 cos([V) cos(35Y — ¢y)).
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This can be written more succinctly via

m(0) = e (Aycos(39) + Bysin(39))
2; 7 (61 (cos 61 sin(289) + sin 61 (1 — cos(289)))
155(cos ol — sin(260) + sin(489)) + sin ¢a(cos(289) — cos(4539)))

+05(cos da(1 + cos(239)) + sin s sin(209))
+4(cos da(cos(269) + cos(469))
4 sin ba(sin(260) + sin(489))))

_ (A, cos(B9) + By sin(39)) + 62; ’
(=81 ity + 5 5in o + B3 c0s g -+ 01 cos ) cos(260)

_|_

(01 sin ¢1 + 03 cos ¢3

(81 08 ¢y — 83 €08 oy + 83 Sin g + 0y Sin ) sin(260)
(0 Sin g + 64 c08 by) cos(439)
+(83 08 s + 8y sin ) sin(469))
ey cos(B0) + By sin(B9)) + e (A + Ao c0s(289) + X, sin(250)

2
+3 cos(439) + \j sin(459)), (2.46)

where

A1 = 01 8in ¢y + 03 cos @3,

Ay = —071 8in ¢ + o 8in ¢y + I3 COS P35 + 04 COS Py,

Ay = 01 €OS 1 — O COS (g + 03 SIN 3 + 04 SN Py, (2.47)
A3 = —0o 8in ¢y + 04 COS Py,

A = 09 COS g + 04 SiN Py.

From (2.43) and (2.44)

(=D + )3 (g
= ) @_ta“l(é)
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where f;(a, 3) is defined by

a?+ 3% fori=1or 3,

fi(av ﬁ) =
a?+94% fori=2or 4.
Since
T
sin(tan™' z) =
( ) T
then

mi Y5 '
dising;, = (_1)4f((§ _;f ) sin <tan_1 (%))
&

(—1)™i(E2 +€75)3 &

Afi(e, B) A2\ 2
-

2
(COME D &
HlaB) (@D

&l

(=)™ |G|
Afi(e, B)&:

Recall that m; is even iff { > 0. In this case (—1)™

&) = & and the above

reduces to
. 3
disingp; = ————.
= 1. B)
When m; is odd, & < 0 and so (—1)™|;| = & and the above again reduces to
. &
disingp; = ————.
= 1. B)

Making similar use of the identity

cos(tan™' ) =

V1422

o1



gives

o (CYm(E + )3 (€
eSO = T ) (“”11(5))

N CVGERHE !

Afi(e, B) A 2\ 2
&

_ Cym@@ e 1
Afi(e,B)  (2+¢0)z

<l

(=1)™]&l
4fi(057 ﬁ)
&i

A(f(a, B))’

where the last line is a consequence of the argument outlined above. Substituting

these into equations (2.47) gives

A1 = §psin ¢y + I3 cos @3
_ &1 n &3
d(a®+52)  A(a®+ 5?)
(3P + P3)5 + (1 +3P5) 3
4(a? 4 (?)
_ (D + D)0
a4 (327

Ay = —01sin ¢y + 05 8in ¢g + 93 cos p3 + 04 COS Py

g s & &
4(a?2+32)  4(a®2+962)  4(a®+5%)  4(a®?+95?)

—(DQOé + ((Dl + 3(133)ﬁ — (3(131 + (I)g)ﬁ — (I>2a

4(a? + 3?)
+3(<I>1 — ®3)5 4+ P + Do + 3(Py — P3) [0
4(a? +94?)
(2®0a — (P — 3D3)03) (0 + 96?) + (6(P) — 3P3)3 + 2D00r)(a? + 57)
4(a? + (%) (a2 +95?)

Py(—a® — 9ap? + a® + af?) + (P — 3P3)(—a?B — 983 + 3028 + 33%)
4(a? + B?) (a2 +93?)
(@1 — ®3)(a?B — 333) — 4Dya3
(o + 3%)(a® +96?) ’
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Ny = 01081 — 008 Py + O3 8in b3 + O, sin ¢y

& & & g
42+ 62)  4(a2+96%)  4(a2+32)  4(a?+906?)
(3@1 + @3)0[ — @26 — ((I)l + 3@3)@ — @26

4(a? + (?)
+3®2/6 - ((I)l - (I)g)Oé — ((I)l — @3)0[ + 3(1326
4(a? 4+ 94?)

(2(P; — 3®3) — 2,3)(a® + 93?) + (628 — 2(P; — 3P3))(a? + (%)
4(a? + B?)(a? +95?)

(@1 — 3P3)(a® +9af? — a® — af?) + Po(—a?B — 93° + 30?6 + 33°)
4(a? + B?)(a? +95?)

4((1)1 — @3)0[62 + (1)2(0625 - 363)

@ @07
A3 = —09sin ¢y + 04 COS Py
& . &
4(a?2+902)  4(a®+95?)
_ 13 13
424957 4(a?+957)
=0

and

Ay = 0208 g + 4 8in Py

e g
4(a2+902)  4(a®+95?)

_ £ B &2
4(a?2+96%)  4(a?+9p5?)

= 0.

Thus equation can be rewritten as (2.46) as

2000
‘ 5 (A1 + Az cos(269) + N, sin(2039)).

m@W) = e* (A cos(B9) + Bysin(B9)) +
(2.48)

To determine the constants A; and B; let
m(0) = Ky and 7)(0) = Ky,
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for some constants K; and Kj; then from (2.48)

1
Kl = Al + 5()\1 + )\2)

Hence

A - gL <(<I>1 +25)0 (21— 385)(a%0 — 35°) 4<I>2a62>
AN 2o + )(a? + 977)
~ oL ((@1 + ®3) (0?3 + 9% + (@, — 3B3) (%8 — 347) — 4c1>2aﬁ2)
= 1 2 2(a2 +ﬁ2)(a2 +9ﬁ2)
i ((2u(e?B+35%) — 205058 4 6045°
L ( (@ + F)(a2 + 97) ) '

Now differentiating (2.48) with respect to time we have

m0) = ae*(Aycos(89) + Bisin(50))
+0e (= Ay sin(39) + By cos(80))
+ae?® (A 4 Ay cos(269) + N, sin(260))
+ 3207 (= Xy sin(269) 4+ N, cos(269))
= e™((Aia+ Bif) cos(89) + (Biaw — A1 3) sin(80))
2 (ad; + (ady + BNy) cos(289) + (aXy — BAy) sin(289)).

Thus

Ky = Aja+ B+ al + aly + BN,
_ oK D, (a?B + 33%) — 20,08% + 6P3/3°
- 1‘“( (o + ) (a2 + 957) )
O, +
+Bi+a (L2220
e <(<1>1 — ®4) (0?8 — 35°%) — 4<I>2aﬁ2)
2(a? + (%) (a2 +95?)
4 <4(<1>1 — ®3)aB? + o8 — 353))
2(a? + %) (a2 + 95?)
D1 (a3B + Taf?) + Oy(—a?B? — 38%) + 203033
4(a? + §2)(a? +953?) ) '

= (IK1+Blﬁ—|—<
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Therefore

B, — l(K2 Ky - <<I>1(a3 + Taf?) + Oo(—a?B — 33°) + 2(I>3aﬁ2> .

3 A(a? + (?)(a? + 953°)
Assuming that the system is initially at equilibrium then K; = K5 = 0 and then
A _ ((1)1(0626 + 363) - 2@20&52 + 6(1)363)
b (@ 4 3?)(a? +9537)

and

B — _ (CI)l(oz?’ + Taf?) + Po(—a?B — 33%) + 2<I>30z62) '
4(a? + 4?)(a® +96?%)
In Figures 2.12 and 2.13 the analytical solution (2.48) is compared with the
numerical solution to the differential equation (2.37), in the time and frequency
domains, where 7y and 7 are replaced with 7 and 7, respectively. Notice that
despite neglecting two terms on the right hand side of (2.37) the two solutions

match almost exactly.

Figures 2.14 and 2.15 compare the analytical solution (2.48) with the numer-
ical solution to (2.37) where 7y and 7, are unaltered. Notice that the magnitudes
of the analytical and numerical solutions no longer match up. Also, in Figure
2.15 the analytical solution is picking up vibrations at the first and second har-
monics whereas the numerical solution has a dominant vibration at the second
harmonic. These differences are because solution (2.48) is calculated using the
reduced v term, v. Despite this however, the analytical solution does pick up

the correct frequency of the second harmonic.
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Figure 2.12: The analytical solution (2.48) (dashed line) is compared with the numerical
solution to the differential equation (2.37) (dotted line), where ng and 7 are replaced with 7jg
and 7, respectively, plotted in the time-domain (the physical parameter values are given in

Table 2.1 and the chirp signal parameters are given in Table 2.2).

2.3.4 An approximate analytical solution to the chirp in-
sonified bubble’s dynamics

Substituting (2.48) and (2.35) into (2.12) gives

v = (e (Qysin(B0) — Q cos(8Y)))

+€2(e* (A cos(0) 4+ By sin(B0)) +

62aﬂ

T(Al + Ag cos(2839) + Ny sin(269))) + O(€%)
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Figure 2.13: The analytical solution (2.48) (dashed line) is compared with the numerical
solution to the differential equation (2.37) (dotted line), where 1o and 7|, are replaced with 7jo
and 7}, respectively, plotted in the frequency-domain (the physical parameter values are given
in Table 2.1 and the chirp signal parameters are given in Table 2.2). The power spectrum is

calculated via a fast Fourier transform of the data presented in Figure 2.12.

2a09

= 6267)\1 + e ( Ny cos(BY) + N, sin(59))

29

+€267()\2 cos(239) + Xy sin(269)) + O(€®)

620“9 2.1 )\21
= 627)\1 + e (—1)™ (A2 4 \'}) 2 cos (519 — tan™" ()\_))
4
209 (__1\n2 ) /
+62%()\3 + N3)? cos (2619 — tan™! (%)) +O(é%)
2
= 70> 4 16 cos(BU — 1) 4+ 122 cos(239 — 0) + O(e?), (2.49)

where n; € Z are even if \; > 0 and odd otherwise, and where

)\4 = €2A1—€Q4,

N, = €B+ ey
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Figure 2.14: The analytical solution (2.48) (dotted line) is compared with the numerical
solution to the differential equation (2.37) (dashed line) in the time-domain (the physical
parameter values are given in Table 2.1 and the chirp signal parameters are given in Table

2.2).

and
To = é)\l,
n= (MO XD, 6 = tant (1),

Ty = S (A2 + X%)%, 0, = tan~! </\—l2> .

2 A2

Since the timescale is very small (the duration of a chirp is typically O(107%)s)
and by (2.15) a is O(1073), then the exponential terms in equation (2.49) can

be approximated by unity to give an analytic Fourier series solution

T =1y + 1 cos(BY — 0)) + 7o cos(269 — 0) + O(e?). (2.50)
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Figure 2.15: The analytical solution (2.48) (dotted line) is compared with the numerical
solution to the differential equation (2.37) (dashed line) in the frequency-domain (the physical
parameter values are given in Table 2.1 and the chirp signal parameters are given in Table
2.2). The power spectrum is calculated via a fast Fourier transform of the data presented in

Figure 2.14.
Note that solutions (2.50) and (2.49) can be written in terms of ¢ as

z(t) = 1T 4 reT cos(Bt/T — 0,) 4+ eV cos(26t/T — 65) + O(€%)

(2.51)
and
Z(t) = 1 + 11 cos(Bt)T — 0,) + 15 cos(26t /T — 03) + O(€?) (2.52)

respectively. Expressing x and Z in this way facilitates a comparison with a nu-
merical solution to the Rayleigh—Plesset equation (2.1) through the application
of equation (2.2), confirming the accuracy of solutions (2.51) and (2.52). Fig-

ures 2.16 and 2.17 compare the numerical (transient) solution to the differential
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Figure 2.16: Comparison of the steady state approximation (2.50) (dotted line), the transient
approximation (2.49) (short dashes) and the (transient) numerical solution to (2.3) (full line)
in the time-domain (the physical parameter values are given in Table 2.1 and the chirp signal

parameters are given in Table 2.2).

equation (2.1) to the steady-state numerical solution to (2.1), the approximate
steady-state solution (2.2) when z is given by (2.52) and the transient analytical
solution (2.2) when Z is given by equation (2.51). The steady-state numerical so-
lution was obtained by calculating the time-domain signal over a time “window”

that excludes the transient stage. The duration of the signals was kept constant.

In Figure 2.16 we can see that the analytical solution, with and without
damping (equation (2.2) with solutions (2.51) and (2.52) respectively), shows
immediate oscillations at a high magnitude, whereas the numerical solution has
a transient stage before increasing to a similar amplitude. The vibrations gradu-
ally attenuate in this numerical solution but not in the approximate cases since
the exponential terms have been neglected. Equation (2.2) where z is given

by (2.51) oscillates in harmony with equation (2.2) where Z is given by (2.52),
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Figure 2.17: Comparison of the steady state approximation (2.50) (dotted line), the transient
approximation (2.49) (short dashes), the (transient) numerical solution to (2.3) (full line)
and the (windowed) steady-state numerical solution to (2.3) (long dashes) in the frequency-
domain (the physical parameter values are given in Table 2.1 and the chirp signal parameters
are given in Table 2.2). The power spectrum is calculated via a fast Fourier transform of the

data presented in Figure 2.16.

but the amplitude gradually decreases in the former case in a similar fashion
to the numerical case. Figure 2.17 shows the corresponding frequency-domain
plots. Energy in the transient component of the numerical solution is a small
percentage of the total energy in the solution. As such the difference between
the (steady state) analytic solution spectrum and the numerical (transient) so-
lution spectrum is relatively small, as is shown in Figure 2.17. The (transient)
numerical solution has increased noise around the resonating frequency although
all solutions exhibit a similar shape with varying amplitudes of oscillations. Of
paramount importance is that all solutions retain a similar ratio between the

first and second harmonic amplitudes. The advantage of the solution given by
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(2.2) and (2.52) is that it can be interpreted as a Fourier cosine series for x(t).
Hence analytical expressions for the amplitudes of the bubble oscillations at the
first and second harmonics are given by 71 and 5. Of practical importance is an
understanding of the dependency of these amplitudes on the underlying param-
eters. This can help in designing optimal chirp signals for enhancing the second
harmonic amplitude and in formulating the inverse problems of recovering the

bubble size or fluid viscosity.

2.4 Comparison of a chirp and a gated contin-

uous wave forcing functions

In ultrasonic imaging there are two important considerations: detection and
axial resolution. Detection is optimised by maximising the signal to noise ra-
tio (SNR) of the received signal, which is dependent on the bandwidth of the
transmitted signal. Axial resolution is directly proportional to the bandwidth,
so that a signal with a larger bandwidth will allow for more accurate ranging. In
practice the ultrasound signal is produced by an ultrasonic transducer which will
have limitations on the potential bandwidth and on the potential peak pressure
produced by a signal. In order to use the transducer optimally it is therefore
desirable to produce a signal that covers all of the transducer’s available fre-
quency spectrum. A comparison between two excitation signals is therefore best
performed by ensuring that both signals have the same bandwidth so that in
a practical set-up they will both be optimising the given transducer. A gated

continuous wave forcing function with a Gaussian envelope is given by

S() = 119:56_(’9_“/)2/21’,2 cos(2mid’) (2.53)
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for some parameters o, b, d’ and p... For a signal of this form to produce a large
bandwidth it is necessary that the duration of the signal is very small, resulting
in a low production of energy. One advantage of using a chirp signal over a gated
continuous wave is that the second harmonic amplitude is relatively increased
for identical centre frequencies and —6 dB bandwidths. Figures 2.18 and 2.19
compare these two insonifying signals in the time and frequency domains. In
Figure 2.18, the gated continuous wave is shown to last for a much shorter time
than the chirp signal and so, for equal peak pressure p., the chirp signal will

produce more energy (as shown in Figure 2.19).

F(t)(MPa)

030y Y 04 0.5

Figure 2.18: A standard sinusoidal forcing function (full line) compared with a chirp forcing
function (dotted line) in the time-domain. The physical parameter values are as in Table 2.2

and the forcing functions as defined in Table 2.2.

Figure 2.20 compares the approximate solution (2.50) calculated for the chirp
and gated continuous wave parameters given in Table 2.2. The bubble oscilla-
tions when forced by a chirp function have an increased amplitude of oscillation

at both the resonant and the second harmonic frequencies but importantly they
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Figure 2.19: A standard sinusoidal forcing function (full line) compared with a chirp forcing
function (dotted line) in the frequency-domain. The physical parameter values are as in Table
2.2 and the forcing functions as defined in Table 2.2. The power spectrum is calculated by

taking fast Fourier transforms of the time data set in Figure 2.18

have a smaller ratio of resonant frequency amplitude to second harmonic am-
plitude than the equivalent ratio arising from forcing by a standard sinusoidal

forcing function. This difference can be quantified by defining a quality factor

by
Te Te
Q = <_2 - _1) 7_1!727
Tps  Tp

where the subscripts ¢ and p correspond to the chirp and gated continuous wave
amplitudes respectively. Note that () is a measure of the effectiveness of the
respective signals in resonating the bubble at its resonant and second harmonic
frequencies and is not a measure of the resonating quality of the bubble itself
or the gas contained inside it. () gives the difference between the ratio of the
amplitude of oscillation at the second harmonic frequency for chirp insonifica-

tion to that for gated continuous wave insonification, and a similar ratio at
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Forcing Function Parameter Values
Chirp Parameters | Pulse Parameters Units
a 0.18 a’ 0.18 ms
b 0.08 v 0.02 ms
c 50 d 0 kHz ms™*
d 8 d 26 kHz
De 8 A 8 kPa

Table 2.2: Parameter values for a chirp forcing function and a gated continuous wave forcing

function with equal centre frequency and —6 dB bandwidth.

|(0)|(dB)

I I I |
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Figure 2.20: The approximate solution (2.50) calculated when G(¢) is a chirp function (dotted
line) and when G(¥) is a sinusoidal function (full line). The physical parameter values are
as in Table 2.2 and the forcing functions as defined in Table 2.2. The power spectrum is
calculated by taking fast Fourier transforms of data sets obtained by solving equation (2.50)

in the time-domain.
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the fundamental frequency. This difference is then scaled by 7,, so that @ is
sensitive to differences between the chirp and gated continuous wave responses
at the resonant frequencies but is less sensitive to differences between the two
responses at intermediate frequencies. The additional energy required for the
chirp insonification ensures that the ratios 7.,/7,, and 7., /7,, are always greater
than one. In the situation when the chirp is only as effective as the gated con-
tinuous wave then the ratios at the two frequencies will be equal and so () will
be zero. However, when the chirp outperforms the gated continuous wave, and
produces a relatively higher second harmonic response, the ratio at the second
harmonic frequency will be greater than that at the fundamental frequency and
so the larger the () value the greater the chirp response outperforms the con-
tinuous wave response. Hence an optimised experimental setup can be achieved
by finding the maximum of () as a function of the system parameters, since
Q = Q(p, Ro, po, 0, K, i1, a,b, c,d). The graphs below show how () varies with the
various system parameters. Since () is calculated without the need for a FFT

this process is very fast.

In Figure 2.21(a), @ increases gradually with the viscosity p and for larger
values, () begins to increase exponentially. Thus, for larger values of u, @) is very
sensitive to small changes in viscosity so the inverse problem of recovering the
viscosity from measured values of 71 and 7, would be easier with a more viscous
liquid than water. Figure 2.21(b) shows the effect of varying the viscosity by
5% from the value given in Table 2.1 (1.003 mPa s). In Figure 2.21(c), the
bubble radius Ry is varied by up to three times the value given in Table 2.1.
The chirp signal used to produce this data is designed to resonate a bubble
of radius Ry = 1.08 x 107* m and so varying Ry leads to a non-resonant (sub-
optimal) forcing function. The chirp still outperforms the gated continuous wave

but there are rapid oscillations around the resonant value of Ry. These ripples
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Figure 2.21: The quality factor @ versus (a,b) the fluid viscosity, y, (c) the equilibrium bubble

radius, Ry, and (d,e) the fluid density, p, with other physical parameter values as in Table 2.1

and the forcing functions as given by Table 2.2.
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come from the sinusoidal nature of 25 and €. In 7., and 7,, this rippling is
smoothed out since the A2 and X3 terms have similar magnitude although in
opposite phases. However, the 7., and 7,, terms are calculated from \j and
Xi, which do not have these similarity properties due to the differences in A;
and B;. The ripples therefore do not cancel each other out and are carried
through in the evaluation of (). The ripples are also evident in Figures 2.21(d),
2.22(a) and 2.22(e). It can be seen however that () achieves a maximum value at
around Ry = 107" m as expected. From equation (2.4) the resonant frequency
of the bubble is dependent not only on the bubble’s equilibrium radius but also
on the parameters p, pg, 0 and k. Therefore if these are varied by too much
the chirp signal as defined in Table 2.2 will no longer insonify at the resonant
frequency. In Figure 2.21(d) the fluid density is varied from 0 to 5000 kg m ™3,
roughly the density of iodine at 25°C. Figure 2.21(e) shows the sensitivity of @
to a 5% variation in the density. Similar to the case for the bubble radius, the
optimum value of @ is found around the density value given in Table 2.1 (998
kg m~3). @ varies by roughly 40%, indicating that it is very sensitive to small
perturbations in the fluid density. In Figures 2.22(a) and 2.22(b), @ is varied
against the ambient pressure, pg. Figure 2.22(a) shows py varied from 0 to 200
kPa. This would be the pressure at sea-level with a depth of 10 m of water
above the bubble. If the rippling effect on Figure 2.22(a) were smoothed out,
the maximum @ values would again occur around the value of pg given in Table
2.1 (po =100 kPa). In Figure 2.22(b) py is varied by 5% and in this case ) varies
by approximately 30%, indicating that it is also quite sensitive to small changes
in pressure. There appear to be no rippling effects present in Figures 2.22(c)
and in Figure 2.22(d), where the surface tension o is varied from 0 to 500 mN
m~! (the surface tension of mercury-air), Q appears to increase gently with o.
This is highlighted in Figure 2.22(d) where a 10% change in the surface tension

o corresponds to a 0.4% change in @ and so @ is far less sensitive to changes
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in the surface tension. In Figures 2.22(e) and 2.22(f) @ is plotted against the
polytropic gas constant k. In Figure 2.22(e) & is varied from 1 to 2 (k is only
increased since it cannot have a value less than unity). If the rippling were
smoothed out the maximum value would occur around x = 1, the value used in
Table 2.1. Globally @ seems to decrease with increasing . In Figure 2.22(f)
k is varied by 10%, and a 30% change in ) results, indicating that () is also

sensitive to changes in k.

2.5 Identifying the optimal chirp parameter

values

Figures 2.21(a) to 2.22(f) highlight the benefits of using the chirp signal over
a standard sinusoidal signal since () is always positive. A further use of this
analysis is the determination of the chirp parameters that optimise the relative
magnitude of the second harmonic. By defining

Q=:(n+m), (2.54)

N —

the effect of varying the chirp parameters a, b, ¢, d and p, on Q can be ex-
amined. With this definition, () is therefore defined as the average value of the
amplitudes 71 and 75. This definition is preferred to a ratio of the amlpitudes, as
such a ratio would be overly sensitive to very large or small amplitudes. Figure
2.23(a) shows the dependency of Q on a. It is expected that the graph of Q will
be roughly parabolic while a varies, since the value of a determines where the
peak pressure of the chirp will occur. The instantaneous frequency of the chirp,
given by (2.6) as 2ct + d, increases linearly with time. The optimal situation
therefore is one where the chirp reaches the resonant frequency of the bubble

at the same time as it reaches its peak pressure, thus producing the greatest
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Figure 2.22: The quality factor @ versus (a,b) the ambient pressure, po, (c,d) the surface
tension, o, and (e,f) the polytropic gas constant, s, with other physical parameter values as

in Table 2.1, the forcing functions as given by Table 2.2 and € = 1076.
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amplitude of oscillation at the second harmonic frequency (a is recovered as
approximately 18 x 107° in Figure 2.23(a) and this agrees with the value in
Table 2.2). If the peak pressure does not coincide with the resonant frequency
of the bubble, the chirp will produce less pressure at the resonant frequency
and so will become increasingly non-resonant, producing reduced vibrations at
the second harmonic frequency. In Figure 2.23(b) the parameter b is varied and
the effect on @Q is shown. Here ) increases monotonically to an asymptotic
value as b increases. Again, this is to be expected since increasing b increases
the variance of the Gaussian envelope thus increasing the pressure at a given
frequency. Once b is large enough to produce a sufficient pressure over an in-
terval containing the fundamental frequency of the bubble the benefit of further
increasing b is minimal. The effect that varying the parameter ¢ has on Q is
shown in Figure 2.23(c). Once again @ behaves in a roughly parabolic manner.
This is because the instantaneous frequency of the chirp is given by 2ct + d [84];
thus increasing (decreasing) c increases (decreases) the growth rate of the fre-
quency. Again the optimal situation is one where the peak pressure of the chirp
occurs at a frequency coinciding with the resonant frequency of the bubble to
produce the maximum amplitude of oscillation at the bubble’s second harmonic
frequency. When the resonant frequency occurs either side of the peak pressure
the amplitude of the oscillations will diminish. In Figure 2.23(c) the optimal
value of ¢ occurs at approximately 5.22 x 107 (compare this with the value stated
in Table 2.2). A similar pattern is observed in Figure 2.23(d) where the chirp
parameter d is varied and the effect that this has on @ is shown. Similar to
the case stated above, as d increases, the frequency increases. Therefore there
exists an optimal value of d for which the resonant frequency of the bubble is
reached at the same time as the chirp produces its maximum pressure value.
As d varies from this optimal value, approximately 8 x 103 in Figure 2.23(d),

the pressure at the resonant frequency will decrease and thus the oscillations

72



at the second harmonic frequency will be reduced. In Figure 2.23(e) the peak
pressure of the chirp p, is plotted against (). As expected, as p, increases the
pressure of the signal increases and so the relative amplitude of vibrations at the
second harmonic frequency increases. Figure 2.23(e) therefore indicates that it
is desirable to have p. as large as possible; however, this is limited for several
reasons. From a modelling perspective if p. is very large then the oscillations
will be very large and thus x will no longer satisfy the requirement |z| < 1
and the approximation scheme presented here will no longer be valid. The large
amplitude oscillations may also give rise to non-spherical deformations which
would violate one of the key assumptions used to derive the Rayleigh—Plesset
equation. Also, large values of p. can lead to violent cavitation [25] that could
be detrimental to the functioning of the bioprocess or damaging to surrounding

tissue in the medical context [13].

2.6 Conclusions

A regular perturbation analysis of the Rayleigh—Plesset equation with chirp ex-
citation has been performed. This approximate solution was compared with a
numerical solution and was found to be in good agreement. Further approxi-
mations allowed the analytic solution to be considered as a Fourier cosine series
with the coefficients 71 and 75 corresponding to the amplitudes of the resonant
and second harmonic frequencies. These amplitudes were then examined to de-
termine the conditions which produced the greatest benefit from a chirp forcing
signal, as compared to a gated continuous wave forcing signal, where each sig-
nal had equal peak amplitude and —6 dB bandwidth. The results showed that
the chirp consistently outperformed the gated continuous wave and the optimal

values agreed with the resonant characteristics of the bubble.
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In Chapter 3, a similar analysis to that presented here will investigate the
case of the chirp excitation of an ultrasound contrast agent by analysing a modi-

fied mathematical model which takes into account the effects of the bubble shell.
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Chapter 3

A Theoretical Investigation of
Chirp Insonification of

Ultrasound Contrast Agents

3.1 Introduction

In Chapter 2 the dynamical equation for a bubble under chirp excitation was in-
vestigated to obtain an approximate analytical solution, and a similar approach
is taken in this chapter to the dynamical equation of an ultrasound contrast
agent (UCA) under chirp excitation. The Keller—-Herring equation, modified to
include the effects of the elastic shell and with a non-stationary surface tension
term, is simplified by considering only small-amplitude oscillations. A regular
perturbation analysis is performed upon identification of a small parameter, and
a series of linear differential equations is produced. Approximate analytical solu-
tions to the first two of these are expressed in a form that reveals the amplitude
of the UCA’s oscillations at its resonant and second harmonic frequencies. The

optimal signal and shell parameters which maximise the UCA’s oscillations are
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investigated. A heuristic series of definitions for the signal parameters are found
which ensure that a signal can be designed to resonate a UCA with given shell

parameter values.

3.2 Analysis of the Keller—-Herring equation for
an ultrasound contrast agent insonified by

a linear chirp signal

The Keller-Herring equation for an ultrasound contrast agent (UCA) with a
thin elastic shell is given, in terms of the pressure, by [111]

(1 - (A+1)§> RR+% (1 - (3A+1)3£> R?

Cr Ccr

1 R R dP
:E<<1+(1_A)Z>P+ZE>’ (3.1)

where R = R(t) is the UCA’s radius, ¢y, is the velocity of sound in the liquid,
p is the density of the liquid surrounding the UCA and P is the pressure act-
ing on the UCA wall. Equation (3.1) is known as a Keller-Herring equation
because it can take the characteristics of either Keller or Herring models, de-
pending on the value assigned to the dimensionless parameter A. By setting
A = 0 equation (3.1) reduces to the form of a Keller equation and by setting
A = 1 the equation reduces to the form of a Herring equation [111]. These
models exhibit similar characteristics [130]. In this paper A will be set to one
for computations, as the Herring model, in particular, is widely used in the lit-
erature [4,14,87,119-121,129,131, 144]. It is also worth noting that by letting
¢, — oo the liquid can be considered as incompressible and equation (3.1) re-

duces to the form of a Rayleigh-Plesset equation [111].
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The pressure P is induced by the difference between the pressure at the UCA
wall, p,, and the pressure far from the UCA, p,, and is thus given by

P =94 — Poo- (3.2)

The pressure at the UCA wall, which includes the effect of the encapsulating
shell, is given by [79,118]

B 20(Ro)\ (Ro\™ 4uR
o = (p” R, )(R) R

20(R)  12uameR

R R(R—¢)

where Ry is the UCA’s equilibrium radius, x is the non-dimensional polytropic
gas constant of the gas inside the UCA,  is the viscosity of the liquid, p is the
viscosity of the shell and ¢ is the thickness of the shell. By assuming that the
depth of the liquid is small, the hydrostatic liquid pressure is approximated by
Po, the ambient pressure in the liquid, and vapour pressure is neglected as this
is small in comparison to py [66]. The interfacial tension, o, is derived in terms
of the initial interfacial tension at the UCA wall, o¢, and the shell elasticity
parameter, x, and is given by [79,118§]

o(R) =00+ x ((%)2 — 1) :

The pressure p,, can therefore be written as

= (1 200\ (B0 _dnR
Pw = Do RO R R

2 R\’ 12peR
—ﬁ<°’°”<<ﬁo)‘l>>‘f3<gh—s>' &

The first term in equation (3.3) describes the effect of the pressure of the gas
inside the shell, according to an ideal polytropic gas law. The second term is
the damping due to the viscosity of the liquid and the last term is the damping
due to the viscosity of the elastic shell [79]. The pressure far from the UCA is
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a combination of the hydrostatic liquid pressure and F'(t), the external forcing

function and can therefore be approximated by

Pso =D0+ F. (3.4)

As in Chapter 2, the UCA’s radius R is expressed in terms of the equilibrium
radius Ry and the displacement from this, z(t), by

R(t) = Ro(x(t) + 1), (3.5)

where the UCA’s oscillations are assumed to be small so that |z| < 1. Substi-

tuting this into equation (3.3) leads to

B L 200 1 \™  Api
Po = Po R() r+1 r+1

_ﬁ(aow(@ﬂﬁn)_

1215pc
(x+1)(Ro(x+1) —¢)

Since |z| < 1, the denominator terms involving = can be approximated by a

Maclaurin series to give

Pw = (Po + %) (1 — 3kx + %(35 - 9&2):52) —Api(l — x + 2?)
0
2
——(1—xz+2?% (Uo + x (2 + 2:(:))
Ry
—12pgpei(1 — x + 2?)

1 Rol’ R(2)$2 ) 3

X - + + O(x?),

((RO —¢) (Ry—¢)? (Ry—¢)? (")
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and so from definitions (3.2) and (3.4) the pressure difference in the liquid is

20 1

P = (po+= ) —3kx+ =(3r +96*)2* | — 4u(i — ix)
Ry 2
2 2

+Ri00(ar —2%) + %(—% + z7)
(& — dx Roix
—12p, —F+0(x
th((Ro-& Ro-& +

120606\ . 200 209
- _F_ |4 <90 <% X
(MJFRO—@)er( (p0+ )+RO RO)
1
4 1204
+<M+ Nhg(Ro-& Ro-é ))

1 9 200\ 200 | 2X\ 3
+<2(3m+9m)<p0+R0> RO+RO>SL’ + O(2%).
(3.6)

Differentiating this expression with respect to time gives

' : 120608\ . 200 200  4x
P= —F—(4 -3 i
(M+R0_€)x+< fi(p0+RO)+RO Ro)
T (4t 120 (o g D (iw + 3?)
1 2 2 2
+2 (5 (3k + 9K7) ( po+ ﬂ) 2y —X) ix + O(z?),

and substituting it into equation (3.1) along with equations (3.5) and (3.6) gives

p (1 — (A + 1)@:&) Ri(x + 1) + gp (1 — (3A + 1)?%0:&) R3#?
L

CL

(o) (- (o 22)
(o (e 2) 2020,
+ <4u + 120518 (Rol— E + (ROR—O 5)2>) T
+ G (3k + 92) <p0+2RL00) _ %‘00+ 12%) 2)

Ro 12,LLsh€) ..
X

1 F— 4
s >( (“RO_E
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200 200  4x\ .
+< 3H<pO+Ro)+Ro Ro)x
1 Ry . .9
4 1244
+(,u+ Mh€<R0—€+(R0—8)2))(II+x)

1 2 2003 _ 200  2x) . 3
+2(2(3H+9/€)<p0+R0) R0+R0)x:c)+0(x).

This can be rewritten as

R} 3
pR3 G + pR3G — (A + 1)pc—%5c + §pRSx'2
L

12p6ne \ . 209 200 4x
=-F— (4 -3 — —_— = =
(,u+RO_€)a:+< /e(po+RO)+RO RO):):
1 Ry .
4 120,
+( w+ 12uspe (RO_€+(RO_€)2))x$
1 2 20-0 20-0 2X 2
+<2(3/€+9f€)<p0+R0) R0+RO)SL’
RO 12#8}18) ij

+(1—-A)=2 (—F:z:— <4u+ e

cr

20'0 20’0 4X .
-3 =0 20 ZA
+< f<;<p0+R0>+RO R0>xx)
Ry ' 12p6ne \ .. 200 200  4x .
— | -F—- (4 -3 — —_— = =
+CL< <M+RO_€>9€+< H<p0+RO>+RO Ro)x
(4 120 (o D (ix + %)
12 Msh RO ¢ (RO — 8)2
1 200 200  2x\ .
2 ( = (3k + 9x? ) -4+
+ (2(n+ /{)(po+RO) R0+R0)m)

—l—& (—Fx— (4,u+ R,u ha) T

Cr, 0 — €

_ 200 , 200 AX) 3
+< 3fi<p0+RO>+RO Ro)xx)—i-O(x),
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which is equivalent to
RO 12,u5h5 .

R+ — (4
<p 0+CL<M+R0—€ v

12uspe Ry 200 200 4y .
4 —— (-3 — —_— = =
+<M+RO_E CL( H<po+R0>—l-R0 o T

2 20 4 R}
-+Gm0m+i@)—JE+~1)x—m+4mf%¢
L

Ry Ry Ry
R2 12uge \ . Ry
R2 — Z0__ZHant 1— N2 R
+<,0 o CL(R0_€>2)xx+( )CL T

3 R2 124, AR, 12ppe .
e R2 % S o 4 S 2
+(2p 0 Cr, (R0—€>2 Cr, M+R0—€ *

_ ((4,u+ 12p5ne (Rol— . + (ROR—O €>2))

R 2 250 4
+(2-A)22 <—3/<; <p0 + ﬂ) + 0 —X)

Cr, R(] Ro Ro
RO 2 20’0 40’0 4X .
(3 9 270 Y, A
+CL (( K+ li)(po-i-RO) RO+RO)>:C36
Ry - 1 9 20 200  2x\ o
—Fr—|(=(3 9 — | -+ =
+CL x (2(/-c+ K)<pO+R0) RO+RO)17
Rq -
= —F - 22F, (3.8)
cr

where higher order terms have been neglected. The case where the forcing
function is a chirp is examined (see equation (2.5)). Figures 3.1 and 3.2 compare
the numerical solutions to equations (3.1) and (3.8) in the time and frequency
domains. It is clear that in the simplified form of (3.8), the dynamics of the

UCA are still accurately described. The resonant frequency is calculated from
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the homogeneous solution to the linearised version of (3.8) and is found to be

20’0 20'0 4X
1 (35 (po + Ro) Ro + Ro)

Wo = =
2T Ro 12u8h5
R2+— (4
(p " ( M+Ro—€))

12use Ry 20 200 4x 2
A+ Fshs 0 (3 e
_<M+R0—€ CL< K(po—i_Ro)_'_Ro R0)>

R 1214 2
4(pR§+—0(4,u+ uh&))
Cr, RO—E

(3.9)

Note that this definition can be approximated by assuming that the liquid is
incompressible then [15,87].

R(t)(pm)

1.06 -

1.04

1.02 -

1 -Al\[\ AAA,\, l | t(ps)

0.98

0.96 -

0.94 -

Figure 3.1: The radial dynamics of the insonified UCA calculated from the numerical solution
of equation (3.1) (dotted line) and equation (3.5), where « is found by the numerical solution
of equation (3.8) (full line). The forcing function F(t) is given by equation (2.5) with the
chirp signal parameters given in Table 3.2 and the physical parameter values in Table 3.1. A

has been set to 1 to give a Herring-type equation.
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Physical System & UCA Parameters
Symbol Description Units Value
Ry UCAs equilibrium radius pm 1
P Density of surrounding liquid kg m~3 998
Po Ambient pressure of liquid Pa 1 x 10°
o) Surface tension of gas-liquid interface N m™! 0.051
K Polytropic gas constant dimensionless | 1.095
1 Viscosity of liquid Pa s 1x1073
cr, Speed of sound in the liquid m s ! 1480
€ Thickness of elastic shell nm 1
X Elasticity of the shell N m! 1
Lhsh Viscosity of the shell Pa s 1
T Temporal scaling parameter s 0.03

Table 3.1: System and UCA parameter values in water at 20°C

Chirp Forcing Function Parameter Values
Parameter Units Value

a s 1.42

b 1S 0.24

c MHz pst 0.37

d MHz 9.54

De kPa 100.0

Table 3.2: Parameter values for a chirp forcing function designed to resonate a UCA with

resonant frequency calculated from equation (3.9) with parameter values given in Table 3.1.
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Figure 3.2: The radial dynamics of the insonified UCA calculated from the numerical solution
of equation (3.1) (dotted line) and equation (3.5), where « is found by the numerical solution
of equation (3.8) (full line). This power spectrum was calculated by taking a fast Fourier
transform of the corresponding time-domain solution. The forcing function F'(¢) is given by
equation (2.5) with the chirp signal parameters given in Table 3.2 and the physical parameter

values in Table 3.1. A has been set to 1 to give a Herring-type equation.

An identical set of non-dimensionalised parameters to those in equations (2.7)

and (2.9) are utilised to allow equations (3.8) and (2.5) to be non-dimensionalised
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to

Ry 12446 "

RE+ (4 —

<p ot ( thRo—g)) T?
12ue Ry 20 200 4y T
4 S 0Ny 20 _ZX)) 2
+<M+R0_5 CL( H<p0+Ro)+Ro Ry)) T

2 2 4 RS "0
+(3m<po+ﬂ)—ﬂ+—x)x—(/\+1)pc—°x$

Ry Ry R L 1°
(o= S )
Ry G/
+(1 - A)pcc—LO f

_ ((4u+ 1215 (Rol_ —+ (ROR_O 5)2))

Ry 209 200 4y
2—AN)— [ — — — -z
+( ) cL ( 3K (po + Ro ) + Ro Ro

Ry 9 200 4oy 4y 'z
(35109 270 2P0 L FA ) ) 2
+CL ((/{%— m)(po+R0) R0+Ro)) T

Ro G'x 1 2 20'0 20'0 2X 2
e +(2(3H+9l€)(p0+R0 R PR )E

By &
Cr, T7

= _pcG — Pe

where a prime denotes d/dd¥. Normalising this with the z” coefficient we can

thus write

2"+ Cia + Cox + Cs2”" 2" + Cya’’x
‘|‘€C5Gl‘, + 061’,2 + 07113'/1’ + 608G,1’ + 091'2
= €G0, (310)
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where the revised lumped parameters are

Co

Cy

Cy

Cs

Cy

Cs

Cs

Cr

Cs

and

R() 12u8h5
Ry +— (4
P 0+CL < M_I—R()—g)’
T 12,u5h5 R() 20’0 20’0
~ (4 Y% _3 =9 0 2A
CO<M+RO_5 CL< K<pO+R0)+RQ
T2 20’0 20'0 4X
S =) 20, A
Co ( “(p“ RO) Ro "R
1 [(pRi(A+1)
TC(] Cr, ’
1 1244 R2
— | pR? — —Zfshm 70
Co (p * (Ro—¢)? CL)
(A—1)Ry
TCL ’
1 3 12u8h5 R2 R() 12u8h5
— (ZpR2— bt 0 TN (g 4 MR
CO <2p 0 (RO —8)2 Cr, Cr, ( H RO — & ’
1 Ry
—— | 4 124
Co < e <Ro—€ (30—5)2)
Ry 200 200 4y
2 - A)—2 (-3 o) 00X
—|—( )CL< H(po—FRO)‘l—RO R
R(] 2 20’0 40’0
2 (3 9 =0y =2
+CL ((/—mL K)(po—FRO) R
_fo
TCL’
T2 1 20'0 20’0 2X
[ Z (9% +3 2y =2, ZA
00(2(/-@ + H)(po+R0) RO+RO ,
_T?p.
Co

Go(V) =

From definition (2.8)

(_(196—2@)6_

G — CsG'.

(0=aP /20 cos(2md(cd + d))

4x
Ry

4x
Ry

)

)

—(2n (9 + d) + 2me9)e VD2 gin(279(e9 + J)))
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and so GGy can be written as

Go = e W12 cos(2md (e + d))
—Cs (— (-2 e~ (=2 o5 (2md(E) + d))

b2
—(2n (e + d) + 2re9)e” VD2 gin(2md(e9 + J)))

N2 /072 C
— —W-a)?/2 ((1 + 5_28(19 — a)) cos(2m(cv + d))

+27Cs(260 + d) sin(279(cd + d))) . (3.11)

3.3 Regular perturbation analysis of the small-

amplitude model

For typical parameter values associated with this problem the non-dimensional

parameter € is small. This can be utilised once again by expanding x in the form
z(9) = eno(V) + Em(d) + ... : (3.12)
Substituting this into equation (3.10) gives

(eno” + €m") + Ci(eny’ + €m’) + Ca(eno + €my)
+Cs(ene” + Em”)(eno’ + m’) + Culeny” + €m”)(eno + €m)
+CseG(eny’ + e2ny) + Co(eny’ + 2ny)?
+Cq(eno’ + €2ny) (eno + €2my) + CgeG (eno + €2m1)
+Co(emo + €m)? + O(€?)
= eG,

87



which can be reduced to
(ene” + E2m") + Ci(eng’ + €m’) + Cyleng + €2n1) + 2Csm0"no’ + €2Cyno 0o
+e2C5Gny’ + 6206770/2 + e2Cmo'no + €2CsG'no + 6209778 + 0(63)

By equating similar powers of €, the differential equation (3.13) produces a series

of differential equations. The first two of these are

m” + Cino’ + Camo = Go (3.14)
and
m” 4+ Cim' + Com = G, (3.15)
where
Gy = —Csne"ne’ — Canyno — CsGny’ — Cemo’™ — Camo'no — CsG'o — Com.
(3.16)

Figures 3.3 and 3.4 compare the numerical solution to differential equation (3.10)
and equation (3.12), with ny given by the numerical solution to (3.14) and 7,
given by the numerical solution to (3.15), in the time and frequency domains.
In Figure 3.3 the numerical solution to (3.10) compares well with the solution
to (3.12) in the time-domain. The solutions also compare well in the frequency-

domain as seen in Figure 3.4.

To obtain an analytical solution to (3.10), equations (3.14) and (3.15) must
first be solved. Solving the auxiliary equation from (3.14) produces the homo-
geneous solution

my = Ao + Bomg”

= Age™ cos(B9Y) + Bye™ sin(B19), (3.17)
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Figure 3.3: The numerical solution of the differential equation (3.10) (full line), compared
with that obtained using equation (3.12) (dotted line), where 19 (t) and 7;(t) are calculated
from the numerical solutions of the differential equations (3.14) and (3.15) respectively. The
forcing function G(t) is given by equation (2.8) with the chirp signal parameters given in Table

3.2 and the physical parameter values in Table 3.1. A has been set to 1 to give a Herring-type

equation.
where
2
g = o9
and
Cy
a = ——.

2
The particular integral, nl’, is determined by the variation of parameters method

as laid out in equations (2.17) to (2.20) to give
m o= vy + v, (3.18)

where
-1 Y

uo= 5 e~ sin(B0) G () d’ (3.19)
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Figure 3.4: The numerical solution of the differential equation (3.10) (full line), compared with
that obtained using equation (3.12) (dotted line), where 1y(t) and 7 (t) are calculated from
the numerical solutions of the differential equations (3.14) and (3.15) respectively, in the scaled
frequency-domain. This power spectrum was calculated by taking a fast Fourier transform of
the time-domain data in Figure 3.3. The forcing function G(t) is given by equation (2.8) with
the chirp signal parameters given in Table 3.2 and the physical parameter values in Table 3.1.

A has been set to 1 to give a Herring-type equation.
and

9
vy = —/ e= cos(BY)Go (V') dY. (3.20)
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Using equation (3.11) the integrand of equation (3.19), I,,, is given by

I, = _71 Vsin(f)e” (=D )?/20% ((1 + Cs (v — d)/Bz) cos(2mI (¢ + d))

+2mCs(2¢0 + d) sin(279(cY + d)))
_1 =\2 /9p2
= —e -0/ ((1+ Cs(¥ — @) /b*) sin(BY) cos(2mI (e + d))

)
g
+27Cs(2¢9 + d) sin(BY) sin(279(cd + d)))
= g—ﬁle—aﬁ—w—ap/zb? ((1 + Cs(¥ —a)/ 2) (sin(B0 — 2w (¢ + d))

+sin(B9 + 279 (e + d)))
+27Cs (220 + d) (cos(30 — 20(e0 + d)
+ cos(BY + 2md(cd + J))))
—1 =12 /972 7
- e (1 oo - aym)

< {ei(ﬁﬂ—27r19(579+5)) + ei(6ﬁ+2wﬁ(a9+ci))}
+27Cs(2¢8 + d)?R{ i(BO—2m9(e0+d)) _ ,i(B0+2m9(e9+d)) })
1

_ =\ /7.2 —a9—(9—a)2 /202 +i(BY—2m0(c0+d
- %<%{(1+C8(19_a)/b)<6 (9-a)2 /262 +i(B9—2m9(e0-+d)

| o= (9-a)? /252+i(519+2ﬂ19(619+¢i))> }
R {%08(2@9 +d) ( o~ = (9-a)2 /252 +i(BY—2m0 (e0-+d)
_p—av—(9-a)? /252+i(ﬁ19+2m9(619+c?))> })
1

_ ;_5 (% { (1 49— d)/l?) <ez’((i21§2m9+z'192—i25u9+z'a2)/2B2+619—27ra92—27r&19)

i ei((i2l§2 ad+i0? —i2ad+ia?) | 26%+BI+2me0>+2mdd ) ) }

+R {27TCS(QCT9 + d) ( z( (12b% a9 4392 —i2ad+ia?) /26> + LG9 — 27r0792—27rd79)

_ ei((i2b2m9+i192—z’2a19+ia ) /21_72+619+27r5192+27rd_19)> })
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-1 _
= 35 {1+ G -a/p)
% <€i((—27r6+i/2l;2)ﬁ2+(ﬁ—2wti+i(2132a—2a/2132))19+i&2/2132)
+6i((27r5+z'/252)192+(ﬁ+2mi+i(262a—2a/262))79+z‘a2/262)) }
+R {27Cs (260 + d)
% <€i((—27ra+z'/2132)192+(5—2mi+i(2132a—2a/2132))19+z'a2/2132)

_ei((27r5+z'/2132)02+(5+2mi+i(2132a—2a/2132))19+z'a2/2132)) })
= ({1 G - a)/R) (L) 4 lar o))
+%{mmg@a¢+@(aﬁﬂ“%ﬂfm%—ékﬁ“mﬁﬂﬂ>}>

& { 2ﬁ1 (1 + Cg(9 — a)/l?) <€i(>“<1(19+>”<2/2><1) +X3—X3/4%1)

Le (Xl(19+X2/2X1)2+X3—X§/4X1)) }

+R {—71’08(2019 +d) ( (%0 0-%2/280)” 4~ X3/ 40 )
g

_ei(xl(ﬁ+><z/2><1)2+x$—x§/4xl)) }
—1 aCs | CsU\ [ i(xe-x3/15%1) gist (0-+52/251)°
— g{ﬁ(1_5_2+5_2)<6(3 5 1)6X1 X2/2X1
_|_ei(xa—x§/4><1) ix1(9+x2/2x1) )}
+%{_ i(xa

_ei(xg—xg/4)(1)eiX1(19+X2/2X1)2) } : (321)

X2/4X1) X1 (9+X2/2X1)°

8 (26 19+d)<

where 1 and & denote real and imaginary parts respectively and

X1 = 2mc + b2’ X1 = —2mc+ b2’
ba—a ba—a
ngﬁ+2muw( - ),g2:5—2muw( %QQ), (3.22)
-
a
= o )

To integrate (3.21), first note that [115]

/ﬂi%w4hﬂﬁfdﬁ VT ﬁ(wf“(ﬁ+“/2“» (3.23)
e Qmer X1 X2/4X1 .
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and [115]
9
/ erfi (/i (¢ + Xa/21) ) 4
Lo - o X1 (9+X2/2%1)°
= (19 + X2/2X1) erfi (\/ X1 (19 -+ X2/2X1)) — W
Using these definitions the following integral can be evaluated using integration

by parts to give

9
/ ﬁ/ei)zl(ﬁ—‘r)%Q/z)%l)z iy
/) — o ov
— 2\/1'XT1€rﬁ <\/Z)71 (U + X2/2X1)>
9
ﬁ Y / ) v /
/ 2\/z,zerﬁ <\/2x1 (9 +X2/2X1)> di
/) — ooy
— Werﬁ <\/Z)71 (9 + X2/2X1)>

_2\/‘/2% ((19 + X2/2X1) erfi (W (U + Xz/Qil))

X1 (9+X2/2X1)? )

iTX1

(3.24)

Hence, in equation (3.21), the first term becomes
9 _
— i 1— a_C8 + 08_19/ ei(%—)@/‘ﬁ(l)ei>“<1(79'+>u<2/2>u<1)2 Ay
23 b2 b?

= 9
= —% (1 — ab_cz's) ei(>23—>?§/4>21) / ei>“<1(19/+>“<2/2>21)2 Ay

)
_ G el (a—X3/4%1) / W X1 (0 +X2/20)" gt
20%3
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This is equivalent to
1 aCs\ i(ve_v2/av.) VT :
—— (1= 22 ¢lkexd/an) ﬁ(\/ V(0 + Xa/2% )
< )6 QWer ix1 (¥ + X2/2x1)

_ G i) (2% erfi (\/zxf (0 + >“<2/2>21))

_T\/z% ((19 + X2/2x1) erfi (\/1)71 (¥ + )?2/25(1»

62'7(1(194')22/2)21)2
VX1

_Z_g (( ) atifa) erﬁ<\/i)71(19—l—)v(2/2)21))

C (X‘S X2/4X1
_ b;% (wal (9 4+ X2/2X1)
xerfi ( \/ix1 (0 + X2/2X1)) _ ezx1(v9+>“<2/2>“<1)z>)

X4
_ VT (1 + ﬁ(ﬁ — d)) e)v( erfi (X5 + Xs)
5

where definitions (3.23) and (3.24) have been applied and

)24 = X3 — X_u%’
4X1
Xs = ViXi, (3.26)
o= Y _ i
2\/% 2X5 V,

In a similar way, the second term in equation (3.21) becomes

20 b2
s C eliX4
= —Z—ﬁ_ (1 + 6—28(19 — (_z)) . erfi (x59 + x6)
Cgexa e
40232 (\/_(Xsﬁ + x6) erfi (x50 + xg) — €X° ) ’

(3.27)
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where

X4 = X3— X—%> \
4x1
X5 = V iXb > (328)
X6 = \/EXQ = %
2yx1 2xs )

The integrals

Y
/ s (220 + d)et (s =X3/1%0) i (9+X2/200)°

B
m/7Cs _ eiXa 5 5
S 2 fi
25 (2¢0 + d) o erfi (Y50 + X¢)
meCge™X4

(\/7_T ()2519 -+ )26) erfi ()\2519 + )%6) _ €(>u<519+>u<6)2)

(3.29)

e

and

¥
/ %08(%19 + d)e! i/ ha) g (he/20)? gy

W\/%Cg _ = 6iX4
= 2¢0 +d
203 ( ) X5

& 1X4 9
WCCSQ <\/7_T (X519 + X(;) erfi (X519 -+ Xﬁ) — 6(X519+X6) )

A
(3.30)

erfi (x5¥ + x6)

are obtained with the same method. Now equation (3.19) can be solved from

equation (3.21) combined with (3.25), (3.27), (3.29) and (3.30) to yield
v = —%{Ul}—%{UQ} (331)
where

C X4 ix4
u(9) = ﬁ (1 + 6—28(19 — (‘1)) (QX erfi(x50 + x6) + eX erfi( x50 + Xﬁ))
5 5

Cy [eXa y y v v (X50+X6)>
5 (S (VRRa0 + o0 + ) - e+
5
eixa

+— (‘/7?(965?9 + x6)erfi(xs9 + x6) — e(XSMXG)Q))

X5

(3.32)
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/O, _ [ eXa y 5 eixa
walt) = TR e+ d) (e (a0 + o) — S enffnad + v )
wcCy [ eX4 y . 5 y 0L u2

—78 <>u<—§ (\/7_T (Xs0 + Xo) erfi (Y50 + Xg) — X7 F%0) )

et (x59+x6)?
-2 (x/?(w? + Xo)erfi(xs + xg) — € ) :

5
(3.33)

This process is now repeated to evaluate equation (3.20). The integrand is

I, = %e—aﬁ cos(89)e = (11 Cy(0 — a) /) cos(2m9(2) + d))

+2mCs(2e0 + d) sin(279(cY + d)))

_ %e—aﬂ—w—d)z/ﬁ (1 + Cs(0 — a)/F?) cos(30) cos(2r0(e + d)
+27Cs(2¢9 + d) cos(8Y) sin(2md () + d)))

_ %e-aﬁ—w—w?/w (14 Cs(9 — a)/B%) (cos(B9 — 2n9(e9 + )
+ cos(B9 + 279(e0 + )

121 Cs(2¢9 + d) (sin(—39 + 2w (¢9 + d))
+sin(3Y + 219(cd + d))))

_ %e-aﬁ—w—aw%z (1+ Cs(0 — a)/3?)

<R {eiwa—zw(ww’)) I 6i<w+2m9<a9+&>>}

—orCy(260 + d)S { (i(B0—2m0(c0+d) _ ei(ﬁﬁ+2m9(é§+zi))})
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1 - oo o
23 <§R { (1+Cs(v —a)/%) (6“1’9—09—&)2/%2+z<ﬁﬂ—2wﬂ(w+d>)
+ema?—(9-a)? /252+i(ﬁ19+2m9(619+c?))> }
-3 {2%08(2619 + J) <6_"19—(19—&)2/2132+z'(619—2m9(a9+g))
_e—aﬁ—(19—?1)2/2132+z‘(519+2m9(&9+ci))) })

1 - or o e o e _ _

b (R {1+ Culi = a7 (it 2
i@ a2 —i2aiia) /2132+519+27ra92+27r&9)) }

- {27TC'8(2619 + J) < ei((i252m9+i192—i2a19+ia2)/2132+60—2w602—2wJ0)

_pi(2b*av+iv? —i2av+ia?) /262+ﬁ79+27ra92+2m?v9)) })

1 o
25 (éR{(l + Cs (0¥ — a)/b2)
X <ei((_27r5+i/21_)2)192+(5—27rti+i(2l_)2a—2&/21_72))194_2'&2/252)
—|—ei((27T6+i/2132)192+(5+27rcz+i(2l;2a—2d/252))19+ia2 /21—)2)) }

—3 {2nCs(2e0 + d)

% (ei((—27r6+i/252)792+(,3—27rd_+2'(2l_)2a—2&/2l_)2))19+i&2/2l_)2)
_ei((27ré+i/21_)2)192+(B+27rcz+i(2l_72a—2é/21_72))19-{-1'&2/21_72)) })

% <§R { (1+ Cs(9 — a)/B?) (ei(X1192+>2219+X3) i ei(x1192+xz19+xa))}

~5 {2nCy(200 + d) (07 Hxr00)  glarrarie) ) 1)
R 1 (1+ Cs(0 — a)/B°) (ez’(>z1w+>22/2>21)2+>23—>23/4>21)

20

_|_ei(X1(19+X2/2X1)2+X3—X22/4X1)) }

-G {17@8@&9 +d) <ez’(>21(79+>22/2>21>2+>23—>z§/4>21)
B

_ei(Xl(19+X2/2X1)2+X3—X22/4X1)) }
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— 1 _als Gy i(Xa—x3/4x1)
= %{2ﬁ (1 + ) (e

R R

X (0+%2/251)° | ei(XB—X22/4X1)eiX1(19+X2/2X1)2)}

—& {%08(2519 + J) <ei(>?3—>?§/4>?1)ei>“<1(79+>u<2/2>u<1)2

_ei(XB—X22/4X1) eix1(P+x2/2x1 )2> }

and (3.20) can now be evaluated to show that

Vo = §R {Ul} ) {UQ} . (334)

Using equations (3.17), (3.18), (3.31) and (3.34), the particular integral is there-

fore

o= (=S {u} — R{u}) e cos(B0) 4+ (R {ur} — S {uz}) e’ sin(50)
= e (=S {u} — R{us}) cos(8Y) + (R {w} — S {us}) sin(609))

and combining this

(3.14) is

770(19)

(3.35)

with (3.17) the solution to the O(e) differential equation

=+
— e (Ag cos(39) + Bysin(39))
+e* (=S {ur} = R {ua}) cos(6Y)
+ (R {ur} — S {ua}) sin(89))
= ™ (Ao = S {ur} — R {us}) cos(8Y)
+ (Bo + R{u1} — S{uz})sin(59)) . (3.36)

The constants Ay and By can now be determined from the initial conditions

n0(0) = K, 10(0) = Ko,
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for some constants K, Ky. From (3.36)

Ki = Ay —S{w(0)} — ®{uz(0)}
and so rearranging gives

Ay = Ki+S{u1(0)} + R{uz(0)}.
Now, differentiating (3.36) with respect to 9 gives

m'(9) = ae® ((Ag — S {ur} — R {us}) cos(9)
+ (Bo + R{u1} — S {uz}) sin(57))
+0e” (= (Ao — S {ur} — R {us}) sin(3Y)
+ (Bo + R {ur} — S {uz}) cos(59))
+e <cos(5z9)i (=S {ur} = R{ua})

+ 8111(619) (§R {u} =S {U2}))
(3.37)

From (3.19) and (3.31)

—S{ur} —R{u} = 5 / "sin(B0)Go(9') dYY,

and so differentiating both sides gives

d —1 R
5 (S} =R {wd) = e sin(99)Go(0).

Also, from (3.20) and (3.34)

1 ["
—/ e cos(BY)Go () dV,

%{u:[}_g{UQ} = /6

and so

d 1 .,
70 (R{u} —S{us}) = 3 e cos(B19)Go (V).
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Hence equation (3.37) can be simplified to

m'(9) = ae® ((Ag — S {ur} — R {us}) cos(9)
+ (Bo + R{ur} — S{uz}) sin(59))
+0e” (= (Ao — S {ur} — R {us}) sin(59)
+ (Bo + R{u1} — S{uz}) cos(87)) ,

and therefore

1

By, = 3 (Ko —a (Ao — S {ui(0)} — R{uz(0)})) — R{u1(0)} + S {u2(0)}
_ % (Ky — aF)) — R {us (0)} + S {us(0)}.

In the simplest case, when the system is initially at equilibrium, K; = Ky = 0;

then
Ao =S {ur(0)} + R {uz(0)} and By = —R {us(0)} + S {uz(0)} .
Substituting these into (3.36), the solution to (3.14) is
m() = e (3 {ur(0) = ur ()} + R {u2(0) — u2(9)}) cos(39)

(S {u2(0) — u2(9)} — R {u1(0) — w1 (9)}) sin(B9)) .
(3.38)

In Figures 3.5 and 3.6 the analytical solution (3.38) is used to calculate the O(e)
term of equation (3.12) which is then compared with the numerical solution to

differential equation (3.10); it is evident that they match well.

3.3.1 Approximations of the leading order solution

To further analyse this solution the real and imaginary parts of u; and us must be

found. This requires finding the real and imaginary parts of erfi(z) for complex
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Figure 3.5: The numerical solution of the differential equation (3.10) (full line) compared with
that obtained using the first term of equation (3.12) (dotted line), where 7o(t) given by the
analytical solution (3.38). The chirp signal parameters are given in Table 3.2 and the physical

parameter values in Table 3.1. A has been set to 1 to give a Herring-type equation.

z. For large z, erfi(z) has the series approximation [1]

1 /1 1 3 15
fi = — |-+ —=+—+-—+...]. :
erfi(z) \/7?6 (z + 5.3 + P + Y + ) (3.39)

Retaining just the first term in this approximation, equation (3.32) can be ex-

pressed as

_ N ( Cxg B ) eiXa  o(Xs0+Xe6)? eixa  oxsi+xe)?
wu) = —— |1+ ((W—-a - . — +
) V)% VA ) T e vAed )

C 62)24 o o 6(56519—’—)26)2 v o
_7—8 <U_2 (\/7_1-()(519 -+ X6)—) _ e(X019+X6)2

4023 \ X2 VT (X0 + Xe
eixa e(xs9+x6)? )
+— [ V7 (x50 + xg) ——————— — els?xe)
X3 ( 0?00 i T xo)
1 Cq ) eXat(Gs94+X6)”  gixat(xs9+xo)”
= —(1+=(¥—a — — + . 3.40
40 ( b? ( ) ((X%ﬁ +XsX6) (39 + X5X6) (340)
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~120 -

Figure 3.6: The numerical solution of the differential equation (3.10) (full line) compared
with that obtained using the first term of equation (3.12) (dotted line), where no(t) given
by the analytical solution (3.38), in the scaled frequency-domain. This power spectrum was
calculated by taking a fast Fourier transform of the time-domain data in Figure 3.5. The chirp
signal parameters are given in Table 3.2 and the physical parameter values in Table 3.1. A

has been set to 1 to give a Herring-type equation.

Taking a similar approach to equation (3.33), us can be approximated by

B iXa+(X59+X6)? ixa+(xs9+x6)>
B = ™800 @ ‘< = . (3.41)
203 (X390 + Xsx6)  (XEU + Xx5X6)

Employing these approximations 7y can be rewritten as
Ny ~ hg + hy + he, (3.42)

where
ha(9) = —e*?S {1y (9)} cos(BY),
hy(9) = e2"R {u, ()} sin(B09),
he(9) = e ((S{@1(0)} 4 R {a2(0) — 2(V)}) cos(BY)
+(S{2(0) — u2()} — R{u1(0)}) sin(89)) . |

(3.43)
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The contribution of each of these components to solution (3.42) is portrayed in
Figure 3.7. It is clear that h, is the dominant term and that this term alone is a
close approximation to (3.42). However, for improved accuracy under parameter
perturbation, A, will be retained in the subsequent analysis. This leads to the

reduced 7y solution

no(9) ~ e (=S {a ()} cos(BY) + R {a,(9)} sin(59)) . (3.44)

10 -
05
| | L L L | 19
20 30 100
—05)
10l

Figure 3.7: Solution (3.42) (short dashes) compared with the inner components of the solution,
ha (dotted line), hy (full line) and h. (long dashes), given by definitions (3.43). The chirp
signal parameters are given in Table 3.2 and the physical parameter values in Table 3.1. A

has been set to 1 to give a Herring-type equation.

Consider the exponent from definition (3.32)
iXa + (Xs0 + X6)*.
Using definitions (3.22) and (3.26) this can be rewritten in terms of real and

103



imaginary parts as

iXa 4 X309 + 25(5)%679 + Xo

2 X2
( )+ZX179 +2 52X5 4 g
y iX3
(X ) 4X1
=i (X1’ + X279 + Xs)
Va—a ia’
2
(( 27?0—1——)19 (ﬂ—27rd+z< 7 ))19—1—2—&)2)
—9? 200 a 9
—ﬁ—aﬁ—kﬁ—ﬁ—kz( 2mer —i—(ﬂ—?mi)ﬁ)
— i “9252 D (39— 2n0(c0 + D)
=21 + 1%,
where
. (¥ —a)? . B _
% (0) = —ad — 572 and % (9) = (89 — 2m9(cd + d)) . (3.45)
Likewise
X359 + X5 Xe

» .
:ZX1?9+§X2
—a (W—a) i L
—7—W+§(ﬂ—2ﬂ'(2ﬂ9+d»
1

p— 5 S
=3 (21 +1i%),
and the denominator from (3.40) can thus be expressed in its real and imaginary
parts as
1 2
(X3 + Xs5X6) (% +iz)
2(2 — i)

2 =2
Z1 + 25

= (Zu/i - Z.Zu?,) )

s
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where

v 2 v 2

Z3(0) =21 + 25 . (3.46)

Reiterating the above steps with definitions (3.22) and (3.28) it can be shown

that
ixa + (xs9 + x6)
(0—a)3? I
= —ai — e +i (89 + 279(cY + d))
= 51 —|— ’éZQ,
where
2(9) = (BY + 279(cY + d)) (3.47)
and
1 2, .,
— = —(Z] —i2),
(X230 + x5X6) 23 5 2)
where
v 2 )
z3(0) = 2] + 25" (3.48)

To simplify calculations

20:%<1—|—%(19—a))

is inserted into equation (3.40) along with (3.45), (3.46), (3.47) and (3.48) to
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1 5. . 1 ..
() = 2 (v—e'zl“z? (%, — i) + —ea %2 (3] — zzé))

Z3 zZ3
e”! y e
= 2 é—(cos(,@) +isin(Z)) (2] —i%')
3
651 .. of ./
+Z—(cos(22) +isin(z2)) (2] — i25)
3
651 ¥ 5 . 651 y , .
= 2| 5 (2] cos(29) + 22" sin(Z2)) + P (2] cos(z2) + 22" sin(z))
3 3

£
+i <i— (21 sin(%) — 2’ cos(%2))
Z3
651 ol e /
+— (2] sin(z2) — 29" cos(z2)) | | -

23

(3.49)

This can now be substituted into equation (3.44) to approximate 7o further by

() ~ ¥z <— (e— (%) sin(zs) — 2o cos(22))
<3
+ (% sin(%) — 2’ cos(ég))) cos(319)
<3

Z1
+ (e_ (2] cos(z2) + 2" sin(z2))
<3

+ev—51 (%) cos(Z) + 2’ sin(ég))) sin(ﬁﬁ))

23
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= Mty (— (l (2] sin(zg) cos(B1Y) — 23" cos(z2) cos(5Y))

23

—I—vl (#) sin(Zy) cos(BV) — 25’ cos(%) cos(ﬁﬂ)))

z3

+ (l (2] cos(z2) sin(B0) + 22’ sin(z,) sin(59))

z3

+vi (%] cos(%) sin(B0) + 2" sin(Z,) Sin(ﬁﬁ))))

Z3

= Mthy, <i—i (cos(zg) sin() — sin(z) cos(51))
+Z—Z/ (cos(zg) cos(Y) + sin(zq) sin(5Y))
+%—i (cos(Z) sin(BY) — sin(%) cos(5Y))

Z3

+22 (cos(2) cos(B9) + sin(%,) sinwﬂ)))

Z3
!

!/
ey (i Sin(B9 — z) + 2 cos(39 — )
z3 <3
vy s !
+ 2L sin(F0 — %) + - cos(B0 — 52))
Z3 <3

_(w-a)? 51 . _ 32/ -
= e 22 2 - sin(2md(cd + d)) + . cos(2mv(cv + d))
3 3

!

+ 2L sin(2m9(e0 + ) + = cos(2m0(E0 + J)))
<3 <3

B o ! _
— WA/ <(_ A ﬁ) sin(2md(ed + d))
zZ3 23

v/

n (Zi + Z—2> cos(2m0(c9 + d))) (3.50)
z3 z3
which reduces to

Mo(0) = e O (4 sin(2m9(e) + d)) + ys cos(2m0(e0 + d))) , (3.51)

where

To obtain a more reduced approximation to 7, solution (3.51) can be expressed
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as

ﬁo(ﬁ) = hg + he + hf,

where

v

23

ha(9) = e~ (0-a)*/2° 720(19)3(19) sin(279(ed + d)),

_ N4
ho) = e 0WAB0) o4y,

% (0

. _(9—a)2 /2h2 20 19)5’1(19)
he(9) = e )/b(ﬁg,(ﬁf?)(ﬁ)
W)

sin(27wd(ed

cos(2m (el + d))) .

+d))

J

(3.52)

Figure 3.8 depicts the contribution that each term in definition (3.52) makes to

80 100

Figure 3.8: Solution (3.51) (short dashes) compared with the inner components of the solution,

hq (dotted line), h. (full line) and h; (long dashes), given by definitions (3.52). The chirp

signal parameters are given in Table 3.2 and the physical parameter values in Table 3.1. A

has been set to 1 to give a Herring-type equation.

solution (3.51). The function hy is clearly the governing component and h, is

preserved for improved accuracy. The coefficients of sine and cosine in hy and

h. are approximated by their leading order term in a Taylor series expansion
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around ¢ = a. That is,

_(#(@)
(@) (zs(a)) 28 (a2+ (8- 2n(2ac + d))°)

—

= (3.53)

and

N _ (8 — 27 (2ac + d) . -
) 2ﬁ<a2+(ﬁ—27r(2dé+§))2> - (359

Ql

20() (%é(

which can be substituted into (3.51) to obtain the final approximate solution to

(3.14),
M(0) ~ e U (5 sin(2md(e) + d)) + G2 cos(2m0(c0 + d))) . (3.55)

Having the solution in this form with constant coefficients to the trigonometric
terms shows the explicit dependency of the first harmonic amplitude on the
system parameters. Figures 3.9 and 3.10 compare the numerical solution to the
differential equation (3.10) with the analytical solution (3.55) in the time and
frequency domains respectively. As a result of the approximations there are
minor differences in amplitude and spread between the two solutions in Figure
3.9. Importantly, both solutions have a similar amplitude of oscillation at the

resonant frequency.

3.3.2 Solving the O(¢?) equation to describe the second
harmonic component

Now consider the O(e?) equation, (3.15), which is a linear ordinary differential
equation in 7;. This has the same auxiliary equation as (3.14) and thus produces

the homogeneous solution

' = Am"™ + B

= Ae® cos(B9Y) + Bie® sin(B0), (3.56)
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Figure 3.9: The numerical solution of the differential equation (3.10) (full line), compared

with 79(t) as given by the analytical solution (3.55) (dotted line) in the non-dimensionalised

time-domain. The chirp signal parameters are given in Table 3.2 and the physical parameter

values in Table 3.1. A has been set to 1 to give a Herring-type equation.

for some constants A; and Bj.

to obtain the particular integral

where

and

P Hy Ho
T = Ushy o+ vy

! —an 201(?9’)

V3 — 7
W( 7771 )
_ % e sin(39)Gh (') o’
9 Hy /
v = 771 G (29) ,19/

(nf%m )
= ﬁ/ cos (BY)GL (') dY.
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Once more the variation of parameters is used
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Figure 3.10: The numerical solution of the differential equation (3.10) (full line), compared
with 79(t) as given by the analytical solution (3.55) (dotted line) in the non-dimensionalised
frequency-domain. This power spectrum was calculated by taking a fast Fourier transform
of the time-domain data in Figure 3.9. The chirp signal parameters are given in Table 3.2
and the physical parameter values in Table 3.1. A has been set to 1 to give a Herring-type

equation.

Equation (3.14) states that

no (no” + Cin’ + Cano) = 10Go,
= Gn— CSG/’%’

which is equivalent to

n'no = —Cing'no — CsG'no — Cam + G- (3.60)
Similarly, equation (3.14) states that

o’ (m” + Cin’ + Camo) = 10’ Go

= G770/ - CSG/UO/,
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which is equivalent to
770//770/ = —01770/2 — CgG/nol - 02770/770 + G?]ol. (361)
Using (3.60) and (3.61) equation (3.16) can be expressed as

Gi = —C3(=Cin” — CsG'no' — Comy'no + Gn') — Cy (=Chmo'no — CsG'no
—Cong + Gmo) — CsGny' — Ceno'> — Cmy'no — CsG'ng — Con?
= (CiC3 = Co)m"™ + (C3Cs + C4Cy — Cr)mo'no
+(—C5 — C5)Gny’ + C3CsG'ny’ + (C2Cy — Co)mi
+(C4Cs — Cg)G'my — C4Gno

= hg + hy, + h;,
where

he(V) = (C1C5 — Cg)mo”,

hi(9) = (CyCy — Co)n,
n(0) (CoCy 9)770 (3.62)

hi(¥) = (C3Cy + C4C1 — C7)no'no + C5CsGny’ — CaGg

+(—C3 — C5)G’f](], + (0408 — Cg)G,’/](].

Vs
In Figure 3.11 each of the above terms is plotted and it is clear that the h; term
is negligible in comparison to hy and hy,. The forcing term G, can therefore be

approximated by

Gi = (C1C5 = Co)ify + (CoCy — Co) i (3.63)

Approximation (3.63) includes 72 and 7% terms which, from solution (3.51)
will produce terms involving y?, y2 and y,y,. For improved accuracy the com-

plete y; terms should therefore be used in place of the reduced y; terms and
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Figure 3.11: The amplitudes of the components of G1, hy (dotted line), by, (full line) and h;
(dashed line), given by definitions (3.62). The chirp signal parameters are given in Table 3.2
and the physical parameter values in Table 3.1. A has been set to 1 to give a Herring-type

equation.

solution (3.51) should thus be used instead of (3.55) for the evaluation of (3.63).

Squaring equation (3.51) leads to

T = e Um0 (2 sin®(210(& + d))

+y1ys sin(2md (e + d)) cos(2m9(cd + d)) + y3 cos®(2m9(cd + d)))
and differentiating (3.51) with respect to 9 gives

) = ye—@’—&?/w (1 sin(2m9(c0 + d)) + y2 cos(2m0(c) + d)))
e OB (4 sin (270 (&0 + d)) + yo cos(2m9(e) + d)))
+27(280 + d)e~ 0D/ (y1 cos(2md(cd + d))
—yo sin(279(cd + d)))

= hj + hg, (364)
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hi(0) = 27(260 4 d)e~(0=0)°/% (1 cos(2m9(cd + d))

b2 sin(279(cd + d)))
hie(9) #e—(ﬁ—aﬂ /282 (1 sin(279(cd + d)) (3.65)
+y2 cos(2m (¢ + d)))

+e~(9-0)?/20° (1 sin(2m9(c9 + d))

+yo' cos(2md (el + d))) .

V
The contribution each of these components makes towards 7, is portrayed in
Figure 3.12. h; is clearly a good approximation to 7 and the hy term can be

neglected. The derivative 7 is thus given by

) ~ 2r(2e0 + d)e -/ (y1 cos(2m9(cd + d)) — yo sin(2md (e + d))) ,

(3.66)

and so

()" ~ e P (42(269 + d)%y? cos® (2m0(E0 + d))
—41%(2¢0 4 d)*y1y cos(2n0(e) + d)) sin(279(e) + d))

+4m(280 + d)?y3 sin® (270 (¢9 + d))) .
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Figure 3.12: The derivative (3.64) (dashed line) compared with its components, h; (dotted
line) and hy (full line), given by definitions (3.65). The chirp signal parameters are given
in Table 3.2 and the physical parameter values in Table 3.1. A has been set to 1 to give a

Herring-type equation.
Equation (3.63) can therefore be written as

Gy = (C1C5 — Cq)e™ =% (4n2(260 + d)*y? cos(2md(ed) + d))
—8m%(2¢0 4 d)*y1y cos(270(e + d)) sin(279(0 + d))
+472(2¢9 + d)?y3 sin®(2md () + d)))
H(CoCy — Cg)e™ V=P (2 sin?(2m9(0 + d))

+2y1y2 sin(2mY (¢ + d)) cos(2md (el + d))

+y; cos®(2m (¢ + d)))
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e~ O=D*/Y ((4r2(C1C5 — Cy)(260 + d)*y?

1

_e_

2

1

—e

2

1

—e

2

+(CoCy — Co)y3) cos®(2mi(0 + d))
+ (—87(C1C5 — Cg) (289 + d)*y1ys
+2(CoC4 — Cy)yry) sin(2wd(e0) + d)) cos(2m9(e) + d)))
+ (47°(C1.C5 — Co) (220 + d)°y3
+(CoCy — Cy)yi) sin’(279(cY + d))
O=/% ((47%(C1Cs — Cs) (269 + d)*y?
+(CyCy — Cy)y3) (1 4 cos(4md (e + d)))
+ (—87%(C1.Cs — Cg) (220 + d)*y1y
+2(CoCy — Co)yrys) sin(4md(ed + d)))
+ (47 (C1.Cy — Cg) (260 + )%y
+(CoC — Co)y7) (1 — cos(4md (el + d)))
I=a%/5 (472(CyCs — C) (260 + d)2(y? + 12)
+(C2Cy — Co)(yi + v3)
+ (47*(C1Cs5 — C) (260 + d)* (v — 113)
—(CyC4 = Cy)(yi — 3)) cos(4mi(e) + d))
+ (—87%(C1.Cs — Cg) (220 + d)*y1y
+2(C4C4 — Co)yrye) sin(4rd(ed + d)))
0=/ (472(01C5 — C) (280 + d)ys + (CoCy — Co)ys
+ (47%(C1Cs — Cs) (269 + )y,
—(CyCy — Co)ys) cos(4md (¥ + d))
+ (—87%(C1Cs — Cg) (220 + d)*ys
+2(CoCy — Cy)ys) sin(4md(e0 + d)))

116



where

Ys = Y1 + ¥

Q

Q

Ys = y%_yz

) 1 2 1 2V 2203 ()2
= 22 (Z1)2(_2_V 72)— (22) I 2v2+(v22)

“ 2 “ v 2
() 23% (%) )

é% Z3 53 é%

e
ONI\J
A/

Q

and

Ys = Yi1Y2
N4 N4 / ~/
z z z z
1 1 2 2
= 2|—+<- 2| —+
z3 z3 z3 23
N N N N4
2 R1Ry  R1Ry | k1R | R179

Zg 235’3 2’353 ég

N NV

2 [ F1%2 | <172
ZO o _l_ v
Z3%23 z3

20(3)? (51(&)25(&) N é;(a)z;(a)) |

z(a)z3(a) Z(a)?

Q

Q

By reducing the y; terms in this way and then taking Taylor series approxi-

mations at ¥ = @, the time-dependence is completely removed and thus Gy is
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significantly more integrable and can be written as

Gy ~ e W (81 + 62 cos(4md (€0 + d)) + 03 sin(dmd(ed + d))) ,

(3.67)
where
5 = 5 (47°(CCy — Co)(2ae + @) + (G204 — o) i)
5, — % (47(C1C5 — Co) (208 + d)? — (CoCh — Co)) )
and
5y = % ((=872(C1Cs — Cs) (208 + d)? +2(CoCs — C)) Tis)

In Figures 3.13 and 3.14 the numerical solution to the differential equation (3.15)
with Gy given by definition (3.16), and 7y given by the numerical solution to
the differential equation (3.14), is compared with the similar solution when G4
is given by definition (3.67). The form of GGy given in (3.67) produces a slightly
different response in the time-domain as shown in Figure 3.13. However, since
the above Taylor approximations have been taken at ¥ = a, the solutions are
similar here. As previously described, this coincides with the insonifying signal
attaining the UCA’s resonant frequency, which gives rise to the second harmonic
oscillations. Thus the solutions are similar here, and Figure 3.14 confirms that
the simplified form of (3.67) is efficacious in retaining the second harmonic fre-

quency response with a similar amplitude.
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Figure 3.13: The numerical solution of the differential equation (3.15) with G given by (3.16)
(full line), compared with the numerical solution of (3.15) with G; approximated by equation
(3.67) (dotted line). The chirp signal parameters are given in Table 3.2 and the physical

parameter values in Table 3.1. A has been set to 1 to give a Herring-type equation.

By employing (3.67) I,,, the integrand in (3.58), becomes

Q

I, _%e_aﬁ sin(B0)e~(-@*/¥? (61 + 62 cos(4md (V) + d))

+d3 sin(4md (e + J)))

_ _%e—aﬂ—w—aﬁ/b? (6 51n(B9) + 6 sin(39) cos(dmd(cd + d))
+03 sin(BY) sin(4md (el + d)))

_ _%e—aﬂ—w—aw@z (26, sin(39)
+85(sin(BY — 47d (e + d)) + sin(BY + 4xd(ed + d)))

+03(cos(BY — 4md (e + d)) — cos(BY + 4md(ed + d)))
L ao—(-a)2p i
= —ﬁe I-(9-a)’/b (20:S {ew}
46, <3 { (i(BI—AmD(@9+d) | ez’(519+4m9(a9+ci))}>

46, <% { piBI—4m9(e9+d)) _ ez’(519+4m9(a9+ci))}>>
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Figure 3.14: The numerical solution of the differential equation (3.15) with Gy given by
(3.16) (full line), compared with the numerical solution of (3.15) with G; approximated by
equation (3.67) (dotted line), in the scaled frequency-domain, highlighting the second harmonic
frequency. This power spectrum was calculated by taking a fast Fourier transform of the time-
domain data in Figure 3.13. The chirp signal parameters are given in Table 3.2 and the physical

parameter values in Table 3.1. A has been set to 1 to give a Herring-type equation.

_ ( , {e —(9-a) /b2+zﬁz9}
3

R
+52< { o~ 0—(9-a)? /b2 +i(BY—4md (e0+d))
| om0 (9=a)? /B2 +i(B0-+4m9(e0+d)) })
465 <% { o~ 0= (9-a)/B2+i(BY—4m9(ci-+d)

_e_aﬁ_(ﬁ_c—b)z/52+i(519+47r79(519+cz)) }) > ) (3.68)
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To proceed with the integration the first exponent in (3.68) is written as

_=\2
-V Bza) +iBY
92 2a | a®
:_B_2+ (—Oéﬁ—ﬁ—i-lﬁ)ﬁ—b?
1 b2 2a . \\~ 26 . \> @
1
=\ — 6—2(?9 + Xo)?, (3.69)
where
b? 20
)\0 = §<OK—§—Z )
= | (Pa—20-i#p)
% 2 2 g2
A= Z(—a+b—2+zﬂ> — =
v/, 4da*  , dac  4aB\ @
= i(zﬂ(oﬁ— 3%) — dao + i(4af — 2b°af3)) (3.70)

The second exponent from (3.68) can be rewritten in a similar way as follows:

(¢ ;2‘_1)2 + (B0 — Axd(E0 + d))
= (—B% - z'47rc) 9? + (—a + % + (5 — 47rd)) U — C:L—z

() (o En Bty
b2 L

—a) —

2 (— — idne)
(—a+ 2 4+i(3—4rd))° @
4 (=g — i4me) b?
= A — M0+ A3), (3.71)
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1
<l_)_2 + z'47rc)

(—a+ 2% +i(6 — 4nd))

2 (— & — i4nd)

(—a + %—g +1(8 — 47?07)) (—I—)% + z'47ré)

2 (& + 167%2)
(= (—a+ %) — 47e(3 — 4nd))

i (477 (—a + &) — (3 — 4xd))

2 (77 + 16m2c2)
(- (30— a) — (3 — 4nd)

2 (3 + 167%¢2)

2 (14 16m2p'¢2)

i (4mb?c (2a — b*r) — b*(B — 47d))

2 (14 1672b'c2)
@ (~a+ %4 4nd)’

B 4(—k —idno)

4 (Biél + 167?262)

(2(—a+ %) (8- 4nd)
T @)

2 E((e+B)-@-4r

ﬁ—(@ﬂ+%f—w—w®2

)) (o + i)
J)Z)

BT 1 (L + 16722

8w (—a + %—‘Z) (B — 4md)
4 (3 + 16722)

—4me ((—a + %)2 —(B- 47TJ)2)
+1 1 -
4 (6_4 + 167222)

4 (4 + 1672c2)

B (—a+3) <ﬂ—4wd>>
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- ((za — )’ — B (B - 4@2)
7t 46% (1 + 16m2b*¢2)
8mb'e (2a — b*r) (B — 4md)
4 (1 4 167w2b%¢?)
[—ambe (20— 1) — B(5 — 4rd)?)
- ( 182 (1 + 16720°22)

2b? (2a — b*a) (B — 4nd)
M—TE (1+ 16720*c?) '
(3.72)

Likewise the remaining exponent from (3.68) can be expressed as

(ﬁé®2+a@%+gw@§+@)

= A1 — X (U + A3)?, (3.73)

Ay = (b% - i47r5)
(= (2a — b*) + 4Anb*e(B + 4md))
2 (1+1672b'e?)
i (4mb%c (2a — b*r) + b*(B + 4nd))
2 (1+ 16m2bic?)

22 ((za — ) - BB+ M)z)
e 4b% (1 + 167m2b*c2)

8mb'c (2a — b*a) (B + 4nd)

40 (1 + 16m2b'e?)

| (47@2@ ((za —Ba)’ — BB + M)z)

—a) —

where

A= -

H 40 (1 + 167w2b%¢?)

2b? (2a — b*) (B + 4md)
402 (1 + 16mw2b%e?) '
(3.74)
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Inserting (3.69), (3.71) and (3.73) into (3.68) leads to

Q

I (2516 {6)\1_Lz (9+20) } + 658 { a=Aa(9+X3)? + e>\4—>\2(79+>\3)2}
v3
PR {e 1= Xa (94 %5)? 6A4—)\2(79+)\3)2}>
= <251\${6>\ e b2 (94+Xo0) } _'_5 \S‘{ 5\2(19—}—5\3)2 + 6)\46_)\2(0—’—)‘3)2}

—|—53§R{6 e o (9+X3)2 6,)\46—)\2(19—?—)\3)2}) ’

and applying (3.23) this integrates to give

’(]3(19) ~ % (% {iﬁb5le)‘16rﬁ (%(79 —+ )\0))

oM
+i\/T 0 < erfi ( 2 (VU + A3
Vi

oM
——erfi 2 (U + \y)
+2 Eer ( + 4 )}

)
sl

-5 rerﬁ ( V(@ + A4))) }) (3.75)

Recall that the solution to (3.15) must describe the behaviour of the second

harmonic frequency component of the solution to (3.10). Equations (3.56) and
(3.57) imply that vz and vy must contribute towards this component; however, in
the above form of v3 it is not obvious how this is achieved. By utilising the first

term approximation to erfi(z) from (3.39), definition (3.75) can be approximated
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1 725 A1 (E(94+X0))”
173(19) = — (g{b 516(196_‘_)\
0)

5, (i\/z(wri\s))

Mg eMe(i\/Esz)f

S S +
22 (9 + As) 2X2(0 4 A2)

2

2
u (VROH) L )

22 (9 + As) 2%+ M)
1 225, 6)\1—5%(19-1—)\0)2 A= R2(04X3)? o a—da(94X2)?
= —[$ + 0 | = — +
43 (¥4 o) Ao (¥ 4 A3) A2(0 4+ A2)

65\4—5\2(194-5\3)2 6)\4—>\2(79+)\2)2
+R<0 S S — . 3.76
L@ X)) @+ (3.76)

Consider the term

+J < I3

22 —(04+X0)2/b?

(¥ + Ao)

Using definitions (3.69) and (3.70) this is
2526,\1—(v9+>\0)2/52
(¥ + Ao)

Op2e—al—(9—a)? /b7 +iBV

- (¥ + Ao)

202V 0= (cos(B49) + i sin(B0))

(0 + (b*a — 2a — ib*B) /2)
 4bPe 0= (cos(B9) + i sin(30))
(2(9 — a) + bPa — ib?)
Ap2e= V= 0=D/% (cos(BY) + i sin(89)) (2(9 — a) + bPa + iBb?)
(2(0 — @) + B2a)” + 0432

(3.77)
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Ay ((cos( 9)(2(9 = @) + Ba) — sin(39) 3)
(2(0 — a) + 02a)” + b1
» <cos(ﬁq9)ﬁz§2 +sin(89)(2(0 — a) + b2a))))
(2 — @) + b2a)” + b4
Y R N ((005(519)( (¢ —a) + b*a) — sin(BV)50°)
4(9 — a)? + 49 — a)b?a + bra2 + b1 32
i ((}05(619)61_92 + sin(59)(2(9 — a) + 1_9204))))
100 —a) +4(0 — a)lPa + b'a + 032
_ gp-ad-(9-)2/? ((008(619)(2(19 —a) + b’a) — sin(39)30%)
10— )P R + 400 —a)a + BP(a® + )
i < cos(ﬁﬁ)ﬁi)i +sin(39) (20 — a) + b’a)) ))
10— ) R + 400 —a)a 1 P(a® + )
o fo—o—(9-0)* /5 ((04 cos(af) — Bsin(ap))
(a® 4+ 6?)

). e

where the last line is a consequence of taking a Taylor series approximation

around ¥ = a. With definitions (3.71) and (3.72) used similarly,

65\4—5\2 (9+2X3)2

AoV + Ag)
—ad—(9-a)? /b?+i(BY—4Art(ct+d))

Ao (9 + As)

e

and the denominator becomes

Ao (9 + A3)

26,

1 RN (— = S den(B - 4d7r))
- (5_2+Z m) T e 1 L)

A
i (6_1—;‘{” —4 (%—‘2’ —a) cw))

2 (167222 + )
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1 —2a + b*a — 47b*e(B — 4nd)
== +1idrc) |0V —
(b2 o m) ( " < 2 (16725 + 1)

L <b2(ﬁ — 4rd) — 4me (2ab* — b'a) ))

2 (16m2b*c + 1)

1y N —2a + b*a — 47b*e(f — 4nd)
b 2 (1672b%¢> + 1)
e b3 — 4nd) — %Wf (2ab* — b*a)
2 (16m2b*c2 + 1)

_ _ —2a + b*a — 4wb*e(B — 4nd)
+1 (47?0 <19 + < 2 (167°5'@ + 1) ))
V(8 — 4wd) — 4w (2ab? — b'av)
62 2 (16w2b%¢® + 1)

(Y N —2a/b? + a — 4nb?e(B — 4nd)
o\ 2 (16720 + 1)
N Amb*e(B — Ard) — 167%¢ (2ab* — b'a)
2 (16m2bie® + 1)

—8mac + 4mwb*ca — 167°0* % (3 — 4nd)
| | 4mey _
- (( e < 2 (1677512 1 1)
(8 — 4rd) — 4xe (2a — b
2 (16720 + 1)

_ (“9[)‘2“) +%) _%(5 47 (260 + d)) ;

thus
—a¥—(9—a)? /b?+i(BI—4rI(ed+d))
Ao (0 + A3)
e~ 0= (0=3)*/b% (cog( B0 — Amd)(
(( —a)/b* + a/2)
(
1

e

& + d)) + isin(BY — 4md (e + d)))
P4 (8/2 - 2n(260 + d))”
— == 0=0/% (cos( 39 — Amd () + d)) + i sin(B0 — 4md(E) + d)))
(9 —a)/b* + o/2) +i (B — 47 (2¢0 + d)) /2)
(9 —a) /8% + a/2)* + (8/2 — 2x (260 + d))”
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o—a—(9—a)? /b?

(0 —a) /8% + a/2)* + (82 — 27(260 + d))”
X ((((19 —a)/b* + a/2) cos(BY — 4md(ed + d))

_ (6/2 — 27 (260 + CZ)) sin(GY — 4md(ed + J)))

+i (((9 — a)/b* + o/2) sin(BY — 479(c0 + d))
+ (B/2 — 2m(2¢9 + d)) cos(BY — 4 (el + d))))

oo —(0—a)? /b

(/2)* + (82 — 2 (2¢a + d))*
X ((a/2 cos(afB — 4ra(ac+ d))

— (8/2 — 2 (2ac + d)) sin(a — 4xa(ac + d)))

~
~

+i (a/2sin(af — Ara(ac + d))
+(8/2 — 27 (2aé + d)) cos(af — 4na(ac + d)))) .
(3.79)

Applying (3.73) and (3.74) in the same way as above gives
Ao (0 + Ag)

_ <(Q9b‘2a) +%) - % (8 + 4n(269 + d))

which leads to
—ad—(9—a)? /b2 +i(BI+4nI (69+d))

Ao (Y + Ag)

e

=9 (9—a)? /b?

(0 — a) /8% + /2)* + (8/2 + 27 (269 + d))’
x (((9 —a)/b* + a/2) cos(BY + 4md(c) + d))

— (B/2+2r(2¢9 + d)) sin(BY + 4w (e + d)))
+i (((0 = a) /0 + a/2) sin(B9 + dmd (e + d))
+ (8/2 + 27(2¢9 + d)) cos(BY + 4w () + d)))) .
(3.80)
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Combining (3.78), (3.79) and (3.80) allows (3.76) to be written as

v3(0) =~ 416 (5 de—o0—(0-a)*/?
y (bzﬂ cos(BV) + (2(9 — a) + b*a) Siﬂ(ﬂﬁ»)
4(0 — )2 /0% + 4(9 — @) + b2 (a2 + (?)

46, ( —ad—(9—a)? /b2

. ( (9 — a)/v? +a/2) sin(BY — 4m9(cY + d))
(0 — a) /B2 + a/2)” + (8/2 — 27 (2e0 + d))*
(/2 — 2m(2¢0 + d)) cos(BY — 4 (V) + d))
((19—&)/52—{—@/2) (8/2 —2m(2¢9 + d )2>

+e—m9 (9—a)?/b?

( ((9 — @) /b* + a/2) sin(B0 + 470(c0 + d)
(v —a)/b2+0z/2) (B/2+2m(2¢9 + d
. (8/2 + 2m(2¢9 + d)) cos(B9 + 4md (& + d)) ))
(0 —a) /8% + a/2)* + (8/2 + 27 (260 + d))°
46, ( 9—(9—a)? /b2
( (9 —a)/b* + a/2) cos(BV — 4mI(c) + d))
(9 —a) /b2+a/2) (ﬂ/2—27r(2019+cf))

)
)2

(8/2 — 2m(269 + d)) sin(89 — 4m9(c) + d)) )

d
(W —a)/B +a/2)’ + (82— 27(280 + d))°
—a¥—(9—a)?/b?

( ( —a) /b2+a/2 cos(ﬁ19+4m9(cz9+ )
d)

)
(0 —a)/0? + a/2)” + (8/2 + 2n(220 + d))’

(B/2 + 2m(2¢9 + d)) sin(BY + 4md(cd + d)) )))
(0 —a) /B +a)2)” + (B/2+ 2r(260 + d))°
(3.81)
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and defining

01

02

03

04

05

96

o7

Q

Q

Q

Q

Q

4% 36,

46 (4(0 — a)2 /0 + 4(0 — a)a + B2(a® + (7))
01

(a2 +52)

4209 — a) + a)d,

4B (4(9 — a)? /b2 + 4(9 — a)a + b2(a? + 32))

0651

pla®+ %)

((0— a)/B2 +a/2) 5

—a)/B + a/2)" + (8/2 - 2x(200 + d))°)

Oé52

206 (a? + ﬂ 47 ( 2ac—i—d)) )
(B/2 - 27r(2019 +d)) b,

18 (0 = @)/ +a/2)° + (8/2 - 2m(2¢0 + d))°)

(8 — 4m(2ac + d)) &

28 (a2 + (8 — 4n( 2cz9—|—d)))
((v —a)/b2+04/2)52

46 a)/P +a/2)" + (8 /2+27r(2a9+ci))2>

208 (a2 + ﬂ+47r 2ac+d)) )
(B/2+ 27r(2019 +d)) b5

45 —a)/B? + af2)? (6/2+27r(2a9+d))2>

(B + 4w (2ac + d)) by

26 (o ﬂ+47r 2ac—i—d)))
((¥ —a)/b2+a/2)53

18 (0 = @)/ +a/2)° + (8/2 - 2m(2¢0 + d))°)

Oé(53

(i
<
(@
<
( 5
"
(@
e
@
<

26 (a2 + (3 — 4r(2ac + d))°)
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08

09

and

010

Q

Q

Q

(B/2 - 27r(2a9 +d)) 03
—a)/B + a/2)” + (B/2 — 2m (260 + J))Q)
(B — 4m(2ac + d)) b5

46

20 a2+ ﬁ 4 2ac+d)))
((v —a)/b2+a/2)53

Oé(53

(@
(

4ﬁ( —a /b2—|—a/2 (/3/2+27T(2519+J))2>
(

28 (a2 + (B + 4r(2ac + d)) )

(B/2+2m(2¢9 + d)) b5
48 ((@9 —a) /B + a/2)" + (B/2 + 2r(2e0 + d))Q)
(B +4r(2ac + d)) 55
23 (az + (8 + 4w (2ac + J))2> ’

equation (3.81) can be reduced to

@3(’(9) ~

e = W=)/B (5 cos(BY) + oo sin(5)

+03sin(BY — 4w (e + d)) + o4 cos(BY — 4md(cY + d))

+05 sin(BY + 4md(ed + d)) + 06 cos(BY + drd (e + d))

+07 cos(BV — 4md (e + d)) — g sin(BVY — 4w (e + d))
— 09 cos(BU + 47Y(cY + d)) + 010 sin(BY + 4md (el + d)))
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e ad—(0-a)* /b (01 cos(BY) + oy sin(BY)

+(03 — 08) sin(B9 — 4w (e + d))

+(04 + 07) cos(BY — Amd(cd + d))

(05 + 010) sin(B0 + 470(E) + d))
(05 — 09) cos(B9 + Amd(E) + d))
=== /B (5 cos(39) + s sin(BY)
+(03 — os) sin(BY — 4mI(E0 + d))

+(04 + 07) cos(BY — Ant(c¥ + d))

+(05 + 010) sin(GV + 4w (e + d))

+(06 — 09) cos(BY + Amd(cd + d))) . (3.82)
Following the same procedure with v, leads to the approximation

04(9) =~ e~ od—(9—a)?/b® (01 8in(BY) — 09 cos([Y)

—(03 — 08) cos(fY — dm(cd + d))
+(04 + 07) sin(BY — 4m¥(ed + d))
—(05 + 010) cos(BY + 4md(ed + d))
+(06 — 09) sin(BY + 47 (cV + d))) .

(3.83)

Inserting (3.82) and (3.83) into (3.57) allows the particular integral to be ex-
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pressed as

i m ecos(B9)e Y (g cos(89) + gz sin(BY)
+(03 — 08) sin(BY — 4w (c¥ + d))
+(04 + 07) cos(BY — 4w + d))
+(05 + 010) sin(B9 + 4wd(ed + d))

+(06 — 09) cos(ﬁﬂ + 4 (e + d)))

e in(30)= 0 (g in(39) — 03 cos(0)

—(03 — 08) cos(fY — Amd (e + d))
+(04 + 07) sin(BY — 47 (e + d))
—(05 + 010) cos(BY + 4mI(cY + d))
+(06 — 09) sin(BY + 4md (e + d)))
= DY (g cos(0) + 03 cos(30) sin(5Y)
+(03 — 08) cos(B9) sin(BY — 4w (ed + d))
+(04 + 07) cos(BY) cos(BY — 4 (Y + d))
+(05 + 010) cos(B9) sin(BV + 4xd(cd + d))
+(06 — 09) cos(BY9) cos(BV + 4md () + d))
+o15i0°(89) — 09 sin(BY) cos(50)
—(03 — 08) sin(BY) cos(BY — 4wV + d))
+(04 + 07) sin(BY9) sin(BY — 4xd(ed + d))
—(05 + 010) sin(B0) cos(B9 + 4mI(0 + d))
+(06 — 09) sin(BY) sin(BY + 4w (el + d)))
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= %e_(ﬁ_‘_’)2/b2 (01(1 + cos(2017)) + g2 sin(2699)
+(03 — 0s)(sin(—4mI (Y + d)) + sin(269 — 47d(c9 + d)))

+(04 + 07)(cos(—4md (e 4 d)) + cos(260 — 4md(cd + d)))

+(05 + 010)(sin(4md(cd + d)) + sin(269 + 47w (ed + d)))

+(06 — 09)(cos(4md(e) + d)) + cos(23V + 4xd(ed + d)))
+01(1 — cos(267)) — p2sin(269)
—(03 — 08)(sin(470(eV + d)) + sin(239 — 4xd(ed + d)))

+(04 + 07)(cos(4m9(0 + d)) — cos(260 — 4mI(e + d))
—(05 + 010)(sin(—47I(0 + d)) + sin(269 + 479 (cV + d)))
+(06 — 09)(cos(—4mI(cV + d)) — cos(269 + 4w (el + d))))
= DY (o) — (05 — 0g) sin(4mI(e + d) + (04 + 07) cos(4m0(c0 + d))
+(05 + 010) sin(4md (e + d)) + (05 — 09) cos(4md(cd + d)))
= =D (o + ((05 + 010) — (03 — 08)) sin(4n9(cV + d))
+((04+ 01) + (06 — 09)) cos(4mi(e) + d)))

which combines with the homogeneous solution (3.56) to provide the solution to

(3.15) as

mo= '+l
~ e (A cos(BY) + By sin(B0))
te(0-a)/p? (gl + (05 + 010 — 03 + 08) sin(4mI (¢ + d))

+(04 + 07 + 06 — 09) cos(dmI(cV + d))) . (3.84)
Assuming that
m(0) =Ky and n7(0) = K,
then
Ki = Ai+e ™" (o1 + 04+ 07 + 06 — 09)
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and so

A = K1 —e @ (01 + 04+ 07 + 06 — 09) -

Similarly
2a _a? /B2
Ky, = aA1+ﬁBl+l—)—26 (01 + 04+ 07+ 06 — 09)
+arde™ "7 (05 + 010 — 03 + 0s) -
and so
1 20 o
B, = B (KQ—CYAl_ﬁe i (01 + 04+ 07 + 06 — 09)

T _a2/p?
—dmde™™ /" (05 + 010 — 03 + Qs))

1 _a2/h
= B([Q—a([(l—e 2/b2(Q1+Q4+Q7+96_99))
20 __ 27
-7 P (01 + 01+ 07 + 06— 09)

—dmde= @Y (05 + 010 — 03 + Qs)) .

By considering the simplest case when the system is initially in equilibrium, the

constants K; and K5 can be assumed to be zero. This allows A; and B; to be

written as
A = —e % (01 + 04 + 07+ 06 — 09)
and
B, = 6_;/b2 ((a - %) (01 + 04+ 07 + 06 — 09)

—4md (05 + 010 — 03 + 03))
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and solution (3.84) is thus

m o~ e (—6_62/52 (01 + 04 + 07 + 06 — 09) cos(BY)

e_az/l‘)z
+ 3 (a(01+ 04+ 07 + 06 — 09)
2a
_[—)_2(91_94_Q7_Q6+Q9)

+47d (05 + 010 — 03 + Qs)) Sin(ﬁﬁ))
+e "D (o1 + (05 + 010 — 03 + 0s) sin(dnd (eI + d))
+(04 + 07 + 06 — 09) cos(4mI(c) + d)))
= hi+ b, (3.85)

where

3

hy () = e~ (0-a)/%? (91 + (05 + 010 — 03 + 0s) sin(4m(cY + d))
+(04 + 07 + 06 — 09) cos(4m(cV + J))) ;
b () = e*? (—6_‘7‘2/52 (01 4 04+ 07 + 06 — 09) cos(BY)

752/52
57— (a (o1 + 04+ 07+ 06 — 00)

(3.86)
_I_E

—22 (01 — 04 — 07 — 06 + 09)

+47d (05 + 010 — 03 + QS)) sin(ﬂﬁ))

) Vs

Figure 3.15 demonstrates the contribution that h; and h,, make towards the
solution 7. It is clear that the magnitude of h; completely overwhelms h,, and
that h; is a close match to ;. This gives the approximate solution to differential

equation (3.15) as

o= e O (o) 4 (05 + 010 — 03 + 08) sin(4mI(eI + d))

+(04 + 07 + 06 — 09) cos(4mI (e + d))) . (3.87)

Figures 3.16 and 3.17 compare this analytical solution with the numerical so-

lution to the differential equation (3.15). It is clear that there are differences
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Figure 3.15: Solution (3.85) (short dashes) compared with the inner components of the solu-
tion, h; (dotted line) and h,, (full line), given by definitions (3.86). The chirp signal parameters
are given in Table 3.2 and the physical parameter values in Table 3.1. A has been set to 1 to

give a Herring-type equation.

in the time-domain response, as shown in Figure 3.16, where the significant ap-
proximations made in the derivation of (3.87) result in slight shifts in phase and
amplitude. However, by making approximations around a both responses are a
good match at the second harmonic frequency component which is confirmed in

Figure 3.17.
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Figure 3.16: The numerical solution of the differential equation (3.15) (full line), compared
with the analytical solution (3.87) (dotted line). The chirp signal parameters are given in
Table 3.2 and the physical parameter values in Table 3.1. A has been set to 1 to give a

Herring-type equation.

3.3.3 Analytical approximation to the small-amplitude of
oscillation solution
An approximate solution to equation (3.10) is therefore given by
7 = e OV (g sin(209(c9 + d)) + G cos(2mI(e9 + d)))
+eZe (0 (01 + (05 + 010 — 03 + 0s) sin(470(c) + d))
+(04 + 07 + 06 — 09) cos(4md (V) + d))) . (3.88)

This analytical solution is compared with the numerical solution to equation
(3.10) in Figures 3.18 and 3.19. There is excellent agreement and it can be seen

that the n; solution provides the second harmonic component.

By taking Fourier transforms of the 7, and 7; solutions the amplitudes of

the signals at the fundamental (71) and second harmonic (73) frequencies can be
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Figure 3.17: The numerical solution of the differential equation (3.15) (full line), compared
with the analytical solution (3.87) (dotted line), in the scaled frequency-domain, highlighting
the second harmonic frequency. This power spectrum was calculated by taking a fast Fourier
transform of the time-domain data in Figure 3.16. The chirp signal parameters are given
in Table 3.2 and the physical parameter values in Table 3.1. A has been set to 1 to give a

Herring-type equation.

extracted from this solution as follows

1 ten ot
a = — ey dt
1 % J; Mo
1 ten

= 5 givotp=(0-2)*/26° (y1sin(270(cY + d)) + 72 cos(2m9(cd + d))) dt
ch Jo

and
1 [fler
ay = _/ €Z2w0t7_]1 dt
2ten Jo

tch
1 ten 20 =\2 /72
- e wote—(ﬁ—a) /b
2., /0 ( (o1

+(05 + 010 — 03 + 0s) sin(479(c0 + d))

+(04 + 07 + 06 — 09) cos(4mi (e + J)))) dt,
where wy = wp/T is the scaled resonant frequency and ¢, is the period of the
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Figure 3.18: The numerical solution of the differential equation (3.10) (full line), compared
with the analytical solution (3.88) (dotted line) in the non-dimensionalised time-domain. The
chirp signal parameters are given in Table 3.2 and the physical parameter values in Table 3.1.

A has been set to 1 to give a Herring-type equation.

chirp forcing function. The final approximated solution to equation (3.10) is

now
T = 11 cos(Wot — 1) + T2 cos(2wpt — o) (3.89)

where the trigonometric terms in (3.51) and in (3.87) have been combined and

the amplitude and phase of the first harmonic are

o o1 _%{|a1|}
71 = —€la;| and ¢ = tan ( Rl

respectively. Similarly for the second harmonic the amplitude and phase are

o~
_ o SHleel}
Ty = € |as] and ¢, = tan ( rﬂaﬂ} )

In Figures 3.20 and 3.21 the numerical solution to differential equation (3.10)
is compared with the approximate solution (3.89). It is not surprising that

the solutions are very different but importantly the amplitudes of the first and
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Figure 3.19: The numerical solution of the differential equation (3.10) (full line), compared
with the analytical solution (3.88) (dotted line), in the non-dimensionalised frequency-domain.
This power spectrum was calculated by taking a fast Fourier transform of the time-domain
data in Figure 3.18. The chirp signal parameters are given in Table 3.2 and the physical

parameter values in Table 3.1. A has been set to 1 to give a Herring-type equation.

second harmonics compare very favourably.

3.4 The dependency of the first and second har-

monic amplitudes on the model parameters

It is of interest to examine the effect that varying the model parameters has
on the first and second harmonic amplitudes, 7 and 75. By identifying which
parameters have the most influence, the insonifying chirp signal that excites the
UCA or the properties of the UCA itself can be designed to maximise these
amplitudes. Three sets of numerical investigations are presented below: the

chirp parameters are varied with all other parameters kept constant; each chirp
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Figure 3.20: The numerical solution of the differential equation (3.10) (full line), compared
with the analytical solution (3.89) (dotted line). The chirp signal parameters are given in
Table 3.2 and the physical parameter values in Table 3.1. A has been set to 1 to give a

Herring-type equation.

parameter is varied together with a UCA shell parameter and the UCA shell

parameters are varied for a particular chirp function.

3.4.1 Improving the second harmonic amplitude by
chirp parameter selection

In Section 2.5, the effect of the chirp signal parameters on the amplitudes of
the resonant and second harmonic frequencies of a UCA are discussed and op-
timal parameter values are identified. The linear chirp signal defined by (2.5),
and schematically represented in the time-frequency domain in Figure 2.3, has

instantaneous frequency, f;, at time t given by equation (2.6):

.fz' = 2Ct+d,
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Figure 3.21: The numerical solution of the differential equation (3.10) (full line), compared
with the analytical solution (3.89) (dotted line), in the non-dimensionalised frequency-domain.
This power spectrum was calculated by taking a fast Fourier transform of the time-domain
data in Figure 3.20. The chirp signal parameters are given in Table 3.2 and the physical

parameter values in Table 3.1. A has been set to 1 to give a Herring-type equation.

from which it is clear that d is the initial frequency of the signal. For a chirp
with a linearly increasing frequency, d must therefore be smaller than wy to
ensure that the resonant frequency is attained by the signal. The maximum
amplitude of the signal occurs at a time ¢ = a, and to ensure that this coincides
with the transmission of the resonant frequency, ¢ is defined as ¢ = (wy — d)/2a.
Additionally, b controls the spread of the Gaussian envelope around this centre
frequency and should be set at an appropriate fraction of a. A heuristic approach
to choosing these parameter values which supports the results of Section 2.5

could therefore be the following:

15 a
a=—, b= -,
w 6 (3.90)
c=2_" d = 0.9wp.
2a
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For a given time-span of the insonifying signal, say from zero to t.,, the
range of a should be bounded so that essentially all of the signal energy within
its Gaussian envelope is delivered within this time-frame. With the chirp pa-
rameters defined by (3.90) a reduction in a leads to a decrease in b and, if the
signal’s energy is fixed, this requires an increase in the peak amplitude of the
signal, p.. This is depicted in Figure 3.22. A high acoustic pressure can deform
or corrupt the UCA as well as the surrounding tissue which is unacceptable for
in vivo applications. Therefore an upper limit exists on p., and in turn a lower
limit is imposed on a. It is also desirable to have a as small as possible in an
experimental setup as this will allow a short time-gap between the successive
signals used to average out noise. The range of b is also limited due to the
relationship between b and the bandwidth of the signal. Figure 3.23 shows how
the —6 dB bandwidth of the signal varies with b. The bandwidth of the signal
is restricted experimentally by the transducer and Figure 3.23 illustrates that

for a limited bandwidth there is a range of b values which are suitable.

Figures 3.24-3.27 show the effect that varying the chirp parameters one at a
time has on the harmonic amplitudes. In each case all other parameters are kept
constant at the values given in Tables 3.1 and 3.2. Therefore, in this setting,
the resonant frequency of the UCA remains constant. Inserting the parameter
values in Table 3.2 into equation (3.9) gives a resonant frequency of 10.6 MHz.
The insonifying chirp is also normalised by adjusting the peak pressure (p.) so
that each signal contains the same amount of energy as each parameter is varied.
This is achieved by defining

10° [20 F,(t, o) dt
Pe = [ Fu(t,z)dt
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Figure 3.22: The peak pressure of the chirp signal F' defined by equation (2.5) calculated for
various values of the chirp parameter a. The remaining chirp parameters are varied with a
according to the definitions given by (3.90) and (3.9). The energy of the signal is kept constant

for each value of a.
where F, is a chirp signal with a peak pressure of one,
Fy(t,z) = e &2 cos(2nmt(ct + d)).

In this notation the variable x can represent any non-temporal parameter, and
xo denotes the value of this parameter given in Tables 3.1 and 3.2. It will become
apparent that F, can indeed depend on the UCA shell parameters. Defining p.
in this way makes comparisons between plots more equitable and ensures that

the peaks that appear in each plot arise from resonant behaviour only.

There is a clear optimal value of a detected in Figure 3.24, highlighting the
fact that the value of a and therefore the position of the Gaussian envelope is
paramount in achieving an optimal signal. In Figure 3.25 the amplitudes 7; and

79 are shown to be optimised by having b as small as possible. Recall however
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Figure 3.23: The bandwidth of the chirp signal F' defined by equation (2.5) calculated for
various values of the chirp parameter b. The bandwidth is given as a percentage of the centre
frequency, f.. The remaining chirp parameters are kept constant at the values given in Table

3.2.
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Figure 3.24: (a) 71(x10%) and (b) 72(x10) calculated for varying values of the chirp parameter

a(us). All other parameters were kept constant, at values given in Tables 3.1 and 3.2.

that b has a finite lower bound since a smaller b corresponds to a larger am-
plitude and the peak amplitude has an upper bound. As anticipated a distinct

maximum is also apparent in Figures 3.26-3.27. This implies that for a given

146



T T2

2.775

2751

501
2.725

L L L L L L
0.3 0.45 0.6 0.3 0.45 0.6

(a) (b)

Figure 3.25: (a) 71(x10%) and (b) 72(x10) calculated for varying values of the chirp parameter

b(us). All other parameters were kept constant, at values given in Tables 3.1 and 3.2.
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Figure 3.26: (a) 71(x10%) and (b) 72(x10) calculated for varying values of the chirp parameter

c(MHz ps~1). All other parameters were kept constant, at values given in Tables 3.1 and 3.2.
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Figure 3.27: (a) 71(x10%) and (b) 72(x10) calculated for varying values of the chirp parameter

d(MHz). All other parameters were kept constant, at values given in Tables 3.1 and 3.2.
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set of UCA parameters and a maximum pressure, the parameters of the chirp

can be set to attain an optimal signal.

In the following figures a lower bound has been placed on b which restricts the
—6 dB bandwidth to 70% of the center frequency of the signal defined by Table
3.2. An upper bound is then set by demanding that b is less than a/2 to ensure
that essentially all of the signal energy is transferred in the given time-interval.
Attention is restricted to chirps whose frequency content increases with time by
ensuring c is positive and hence, to guarantee that the signal will contain the
resonating frequency component, d is varied from zero to 95% of the resonant

frequency.

The procedure for defining the chirp parameters given by definitions (3.90)
is supported by Figures 3.28 and 3.29. In Figure 3.28 the amplitudes 7; and 7
are evaluated as the chirp parameters a and c are varied independently whilst
b depends on a according to definitions (3.90) and d remains constant. It can
be seen that for a particular a a corresponding ¢ can be found which will give
a maximum amplitude. The structure of this optimal ridge suggests that c
is inversely proportional to a and that the definition of ¢ given by (3.90) is
appropriate. There appears to be no unique value of a and ¢ which gives a clear
global maximum; however, a combination of smaller a and larger ¢ appears to
be conducive to larger amplitudes. 7 and 75 are computed as a and d are varied
in Figure 3.29. The chirp parameters b and ¢ are varied with a and d using
definitions (3.90) and the physical parameters are kept constant at the values in
Table 3.1. It is evident that 7 and 7» are maximised by taking a to be as small
as possible. Additionally, taking values of d close to the resonant frequency, w,
appears to improve the amplitudes 71 and 7. Figure 3.29 thus further supports

the definitions of the chirp parameters given by equations (3.90).
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Figure 3.28: (a) 71(x10%) and (b) 72(x108) calculated for varying values of chirp parameters
a(us) and ¢(MHz ps~!). The remaining chirp parameters, b and d, are given by definitions
(3.90) and (3.9) and the physical parameters were kept constant at values given in Tables 3.1
and 3.2.

Figure 3.29: (a) 71(x10%) and (b) 72(x108) calculated for varying values of chirp parameters
a(us) and d(MHz). The remaining chirp parameters, b and ¢, are given by definitions (3.90)
and (3.9) and the physical parameters were kept constant at values given in Tables 3.1 and

3.2.

Figure 3.30 re-examines the optimal values of a with respect to 7 and 7.
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However, in contrast to Figure 3.24, the chirp parameters b and ¢ are now
defined as functions of a by equations (3.90). The optimal value of a which
was highlighted in Figure 3.24 is no longer evident and in fact the harmonic
amplitudes are now maximised by employing as small an a as possible. The
energy of the signal is kept constant for each value of a so that a smaller a
corresponds to a smaller b, larger ¢ and larger p. in support of the preceding

analysis.

200 1
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Figure 3.30: (a) 71(x10%) and (b) 72(x10) calculated for varying values of the chirp parameter
a(us). The remaining chirp parameters are given by definitions (3.90) and (3.9) for each value

of a and the physical parameters were kept constant at values given in Table 3.1.

3.4.2 The effect of the UCA properties and chirp param-
eters on second harmonic imaging

In each of the following plots one chirp parameter is varied along with one shell
parameter, and the remaining shell parameters are kept constant. By varying
a shell parameter the resonant frequency will also vary and so, to render any
comparisons and conclusions meaningful, the remaining chirp parameters are

varied according to the definitions given by equations (3.90). The amplitude of
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the insonifying signal is once again normalised to ensure that the energy in each

signal remains constant to further ensure that the comparisons are equitable.

In Figures 3.31-3.34 the first and second harmonic amplitudes (77 and 7)
of the UCA’s response are calculated for varying values of the shell thickness
¢ and the chirp parameters a, b, ¢ and d. Figure 3.31 suggests that these am-
plitudes are maximised by having a as small as possible. By definitions (3.90)
this corresponds to a lower value of b, a shorter timespan for the signal, a wider
bandwidth and a higher peak pressure. Figure 3.32(b) displays similar charac-
teristics to Figure 3.31 for the reasons given above. Figure 3.33 indicates that
there is an optimal value for ¢ for each shell thickness. This optimal value is
fairly constant and suggests that the resonant frequency is not heavily depen-
dent on the shell thickness. Figure 3.34 indicates that there is no distinctive
value of d which optimises 7y and 7». In addition, Figures 3.31-3.34 show that
the harmonic amplitudes increase as the shell thickness decreases. The situation
where the shell thickness, e, reaches zero corresponds to a free bubble which is
naturally able to oscillate more freely than the encapsulated bubble. The be-

haviour seen in Figures 3.31-3.34 is therefore to be expected.

Figures 3.35-3.38 show the amplitudes 7 and 7, calculated when the shell
viscosity, psp, is varied with the chirp parameters a, b, ¢ and d. Figures 3.35 and
3.36 display similar characteristics to Figures 3.31 and 3.32, and show that a
and b should both be as small as possible in order to maximise 75. The reasons
for this are detailed above. As in Figure 3.33 there is a clear optimal value for
c in Figure 3.37, which corresponds to the value given in Table 3.2. Figure 3.38
indicates that there is no clear optimal value for d. As in Figures 3.31-3.34 each
figure also highlights the fact that the oscillations increase in amplitude as the

shell viscosity decreases, which corresponds to the shell disappearing and the
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Figure 3.31: (a) 71(x10%) and (b) 72(x10) calculated for varying values of chirp parameter
a(us) and shell thickness, ¢(nm). All other physical parameters were kept constant at values
given in Table 3.1. The remaining chirp parameters were evaluated for each pair of a and ¢

values by definitions (3.90) and (3.9).

Figure 3.32: (a) 71(x10%) and (b) 72(x108) calculated for varying values of chirp parameter
b(us) and shell thickness, e(ns). All other physical parameters were kept constant at values
given in Table 3.1. The remaining chirp parameters were evaluated for each pair of b and ¢

values by definitions (3.90) and (3.9).
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Figure 3.33: (a) 71(x10%) and (b) 72(x10°) calculated for varying values of chirp parameter
c(MHz pus~!) and shell thickness, ¢(nm). All other physical parameters were kept constant at
values given in Table 3.1. The remaining chirp parameters were evaluated for each pair of ¢

and ¢ values by definitions (3.90) and (3.9).

Figure 3.34: (a) 71(x103) and (b) 72(x10°) calculated for varying values of chirp parameters
d(MHz) and shell thickness, e(nm). All other physical parameters were kept constant at values
given in Table 3.1. The remaining chirp parameters were evaluated for each pair of d and ¢

values by definitions (3.90) and (3.9).
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Figure 3.35: (a) 71(x10%) and (b) 72(x10%) calculated for varying values of chirp parameter
a(us) and shell viscosity, psp(Pas). All other physical parameters were kept constant at values

given in Table 3.1. The remaining chirp parameters were evaluated for each pair of a and pp
values by definitions (3.90) and (3.9).

—
=

=
#gg.{-’#g.

Figure 3.36: (a) 71(x103) and (b) 72(x10°) calculated for varying values of chirp parameter
b(us) and shell viscosity, psp(Pa s). All other physical parameters were kept constant at values

given in Table 3.1. The remaining chirp parameters were evaluated for each pair of b and pgp,
values by definitions (3.90) and (3.9).
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Figure 3.37: (a) 71(x10%) and (b) 72(x10°) calculated for varying values of chirp parameter
c(MHz ps™!) and pgp(Pas). All other physical parameters were kept constant at values given
in Table 3.1. The remaining chirp parameters were evaluated for each pair of ¢ and pgj, values

by definitions (3.90) and (3.9).

Figure 3.38: (a) 71(x103) and (b) 72(x10°) calculated for varying values of chirp parameters
d(MHz) and shell viscosity, usp(Pa s). All other physical parameters were kept constant at
values given in Table 3.1. The remaining chirp parameters were evaluated for each pair of d

and pgp, values by definitions (3.90) and (3.9).
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In Figures 3.39-3.42 the shell elasticity, y, is varied along with the chirp
parameters, a, b, ¢ and d to calculate the amplitudes 71 and 7. Figure 3.39
reinforces that a should be as small as possible to maximise 71 and 73, although
a has only a limited effect on the harmonic amplitudes unless x is relatively
small. The influence of b on x is portrayed in Figure 3.40. It is clear that the
amplitude of 7, and 7, is maximised by reducing b, although this is distinct only
for small values of x. In Figure 3.41 it is evident that for each value of y, and
thus each resonant frequency of the UCA, there is an optimal value of ¢ which
should be used to maximise the amplitudes of 71 and 7,. There is evidence of
a greater amplitude of 7, and 7 for a combination of lower ¢ with a smaller y.
Figure 3.42 once more illustrates that there is no clear optimal value that should
be assigned to d and that x should be as small as possible to maximise 7, and

T2.

Figure 3.39: (a) 71(x10%) and (b) 72(x10%) calculated for varying values of chirp parameter
a(us) and shell elasticity, x(N m~!). All other physical parameters were kept constant at
values given in Table 3.1. The remaining chirp parameters were evaluated for each pair of a

and x values by definitions (3.90) and (3.9).
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(b)

Figure 3.40: (a) 71(x10%) and (b) 72(x10°) calculated for varying values of chirp parameter
All other physical parameters were kept constant at

b(us) and shell elasticity, x(N m~1)
values given in Table 3.1. The remaining chirp parameters were evaluated for each pair of b

and x values by definitions (3.90) and (3.9).
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Figure 3.41: (a) 71(x10%) and (b) 72(x10°) calculated for varying values of chirp parameter

c¢(MHz ps™!) and x(N m~1). All other physical parameters were kept constant at values given

in Table 3.1. The remaining chirp parameters were evaluated for each pair of ¢ and x values
by definitions (3.90) and (3.9).
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Figure 3.42: (a) 71(x10%) and (b) 72(x108) calculated for varying values of chirp parameters
d(MHz) and shell elasticity, x(N m™1). All other physical parameters were kept constant at
values given in Table 3.1. The remaining chirp parameters were evaluated for each pair of d

and x values by definitions (3.90) and (3.9).

3.4.3 The effect of the UCA shell properties on the har-
monic amplitudes

In each of the following figures two shell parameters are varied and the third is
kept constant at the value given in Table 3.1. The chirp parameters are then
adjusted by calculating the resulting resonant frequency via equation (3.9) and
then using definitions (3.90). As before the peak pressure of the chirp signal is

varied so that its energy remains constant.

In Figure 3.43 it is clear that the optimal situation occurs when either, or
both of, the shell thickness, ¢, and shell viscosity, psn, approach zero. This
highlights that an unencapsulated bubble will produce larger oscillations than a
UCA. Similarly, in Figure 3.44, the harmonic amplitudes are maximised as the
shell thickness, e, and the shell elasticity parameter, y, approach zero. A similar

situation is seen in Figure 3.45 where the shell viscosity, pg, is varied with the
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shell elasticity, x.

Figure 3.43: (a) 71(x10?%) and (b) 72(x108) calculated for varying values of shell thickness,
e(nm) and shell viscosity, psp(Pa s). The remaining shell parameter and other system param-
eters were kept constant at values given in Table 3.1. The chirp parameters were evaluated

for each pair of € and psp, values by definitions (3.90) and (3.9).

Figure 3.44: (a) 71(x10?%) and (b) 72(x105) calculated for varying values of shell thickness,
e(nm) and shell elasticity, x(N m~!). The remaining shell parameter and other system param-
eters were kept constant at values given in Table 3.1. The chirp parameters were evaluated

for each pair of € and x values by definitions (3.90) and (3.9).
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Figure 3.45: (a) 71(x10%) and (b) 72(x10°) calculated for varying values of shell elasticity,
X(N m™!) and shell viscosity, usn(Pa s). The remaining shell parameter and other system
parameters were kept constant at values given in Table 3.1. The chirp parameters were

evaluated for each pair of x and s, values by definitions (3.90) and (3.9).

The results presented here were evaluated with the dimensionless parameter
A set to one to give a Herring-type model. A similar set of results have been
examined for the case A = 0, a Keller-type model, and the results were qualita-
tively the same. Results were also analysed for a Rayleigh—Plesset-type model
by examining the limit as ¢, — oo. The results were again similar although the
amplitudes 7 and 7, were generally increased. However, the Rayleigh—Plesset-
type model does not retain important information on the dependency of the

system on the shell elasticity parameter y.

3.5 Conclusions

The case of an Ultrasound Contrast Agent (UCA) insonified by a linear chirp
was considered here. A Keller—Herring type non-linear, non-homogeneous, dif-
ferential equation model, modified to include the effects of the elastic shell, was

utilised. This differential equation was then simplified by considering only small-

160



amplitude oscillations and normalised to identify a small-parameter. A regular
perturbation in this small-parameter was then performed to obtain a series of
linear ordinary differential equations. The first two of these were solved to ob-
tain an approximate analytical solution for the variation of the UCA’s radius
with time. By performing a Fourier transform the amplitudes of the first and
second harmonics, 71 and 75, were derived. These amplitudes were then stud-

ied numerically to identify optimal parameter settings that maximise their value.

A heuristic set of rules for the optimal choice of the chirp parameters (a, b, ¢
and d), for a particular set of shell parameters, was proposed. The evidence then
gathered from a series of numerical experiments supports this. It was also found
that, for chirp signals of constant energy, a, which controls the midpoint of the
Gaussian envelope, and b, which controls the variance of this envelope, should be
chosen to be as small as possible to maximise the second harmonic amplitude,
T9. However these values are bounded below by bandwidth constraints related
to the transmitting transducer. It was found that an optimal value for ¢, which
governs the rate of frequency increase, could always be found that maximised 7
and that d, the initial frequency of the signal, had limited influence on this sec-
ond harmonic amplitude. By examining the influence that the shell parameters
(€, usp, and ) had on these harmonic amplitudes it was consistently found that
they should be as small as realistically possible in order to maximise 7. It was
also found that the resonant frequency of the UCA was particularly sensitive
to changes in the shell elasticity, y, and hence on the choice of optimal chirp

parameters via equation (3.90).

In Chapter 4 an alternative to second harmonic imaging will be presented.
The response of an unencapsulated bubble will be analysed in the fractional

Fourier transform space. This analysis will reveal features of the bubble’s re-
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sponse which pass unnoticed in a single domain (such as time or frequency)
investigation, and these features will be employed to establish the size distribu-

tion and enumeration of bubbles within a population.
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Chapter 4

A Fractional Fourier Transform
Analysis of a Bubble Excited by

an Ultrasonic Chirp

4.1 Introduction

In Chapters 2 and 3 the dynamical equations which describe the behaviour of a
bubble and a UCA under chirp insonification were solved analytically to produce
approximate solutions. These solutions were investigated in order to reveal the
parameter values that would maximise the bubble’s (UCA’s) response at the sec-
ond harmonic frequencies in order to aid detection of the bubble (UCA) at this
frequency (second harmonic imaging). In this chapter an alternative imaging
method is proposed: the fractional Fourier transform (FrFT). The FrETs of the
numerical responses of a variety of single bubbles and bubble systems are investi-
gated, and the potential of this technique to ascertain the size distribution and to
enumerate bubbles within a population is demonstrated. The cross-correlation of

the FrE'T of two signals is shown to give improved confirmation of the similarity
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between the signals on comparison with standard time-domain cross-correlation.
In this chapter, when more than one bubble is investigated, it will be assumed

that all bubbles have a sufficient separation that their oscillations are uncoupled.

4.2 The Rayleigh—Plesset equation

The Rayleigh—Plesset equation is defined in equation (2.1) as

. 3R2 1 20\ (Ro\* 20 4uR
== ) 2) = - — F(t
RR+= p<<p0+R0)<R) 7 g o F®) )

(4.1)

with the hydrostatic pressure assumed to be equal to the ambient pressure, py,
and the vapour pressure of the gas inside the bubble assumed to be negligible
in comparison to these. The forcing function is a linear chirp signal of the form

given in equation (2.5) by
F(t) = pee= T2 cos(2mt(ct + d)). (4.2)

The previous chapters have focused on determining the parameter regimes which
enhance the second harmonic component of the bubble’s response. Designing the
forcing signal such that its frequency range is focused around the UCA’s resonant
frequency was found to increase the amplitude of oscillation, thus enhancing the
UCA’s detectability. This prompted the development of a heuristic method
for choosing the signal parameters. The fundamental principle of this method
is that the frequency of the signal should equal the resonant frequency of the
UCA at the mid-point of the signal, when it produces its maximum amplitude.
This stipulation is guaranteed with the definition of ¢ in equation (3.90). UCAs
display similar resonating characteristics to an unencapsulated bubble; therefore

the definition of ¢ is maintained here to ensure that the signal resonates at a given
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resonant frequency. However, in the present study the forcing signal is desired to
excite responses from a population of bubble sizes and not just a single bubble,
necessitating a signal designed to cover a wider spread of frequencies with a high
amplitude and not just a single frequency. Reducing the duration of the bubble
response is also desirable in order to enumerate bubbles within a population, to
enable quicker processing and, as will become apparent later, to enable shorter
computation time. For this reason, the remaining chirp definitions are adapted
from those proposed in equation (3.90). The parameters a and d have been
reduced to decrease the duration of the signal and increase the frequency range
respectively. Correspondingly, b has been refined to produce a suitable spread of
high amplitudes at the central frequencies. The chirp parameters are therefore

defined here as

5) a
a=—, b=—,
wo 2 (4.3)
c= 2 and d = 0.6wy,
2a

where wy is the undamped resonant frequency of the bubble, defined in equation
(2.4) as
1
1 1 20 20 4p? N\ 2
=—|—13 — - —-== . 4.4
T <PR(% ( " <p0+ RO) RO) 0233) #4)

As before, the introduction of the non-dimensional parameter 1, where
satisfies ¥ = t/T and T is a typical timescale of the forcing function F(t), allows
equations (4.1) and (4.2) to be scaled to

RR" 3R* 1 20\ (Ro\* 20 4uR
2 "o =, \\P TR\ R) "R TR 02O
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and

Ft) = pG(0)

= poe D2 cos(2m9(ed + d)), (4.6)
where
a=% 5=l o and d=dr
a= =g &=c an =dT.

Solving equation (4.1) with the parameter values given in Table 4.1 results in
an O(107%) time variable and hence an O(10%) frequency variable. However, by
re-scaling R, non-dimensional time and frequency variables are generated, both
of O(10). This will be vital when implementing the FrF'T analysis on R. To aid

visualisation R(?) is shifted, normalised and amplified to give

A

R(u) = 10° (R (u) — Ry), (4.7)

where u = 9 + t.,/2T.

4.3 The fractional Fourier transform

The o' order FrFT of a function f(u) is denoted by f,(u). When a is an integer
then f,(u) denotes the number of repeated applications of the ordinary Fourier
transform (F'T). In this way f3(u) represents FT(FT(FT(f(u)))). However, a is
not restricted to the integers and can assume the value of any real number. The
ath order transform can be considered as a rotation in the time-frequency plane:
when a is zero the transform is simply the original function in the time-domain;
a equal to one is equivalent to the ordinary FT and generally, the domain of

the transform can be represented by a line radiating from the origin. This can

be visualised as in Figure 4.1. It is evident from Figure 4.1 that the FrF'T is
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Frequency (a = 1)

Time (a = 0)

a=-1/2

Figure 4.1: The domain of the FrFT, f,(u), for a sample of order parameters a. The domains
corresponding to the positive z- and y-axes are respectively the time and frequency-domains.

The domain of f,(u) can be recognised as a rotation in the time-frequency plane.

periodic in a with period four. The FrFT is defined in several ways, depending
on the proposed application [99, p117-183]. Each definition offers insight to
different aspects of the transform’s behaviour. The definition that will be used

here represents the FrE'T as a linear integral transform with f,(u) given by

fo(u) = / Ko(u,u')f(u')du', a€R, (4.8)
where the kernel K, is
Kq(u,u') = A, exp <z’7r(cot(oz)u2 — 2csc(a)uu’ + cot(a)u'2)) , (4.9)
—i(r SgN(a)/4—a/2)
A, =S , = a (4.10)

77

V| sin o
for 0 < |a| < 2 or equivalently 0 < |a| < w. In Figure 4.1, « therefore rep-

resents the anti-clockwise angle that the domain of the transform makes with
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the positive time-axis. It is evident from definitions (4.8)—(4.10) that the order
parameters a and « occur only as arguments of the trigonometric terms. This

confirms that the FrF'T has a period of 4 in a:

fa(u) = faraj(u), j€Z.

Definitions (4.8)—(4.10) can be extended to include a = 0 by employing the
first term from the Laurent series for cot z and csc z around the origin. That is,

for |a| < 1, K, reduces to

, o—im SEN(a)/4 o, / /2
K,(u,u) = Wexp [m(u Ja—2uu'/a+u"/a)
—im SEN(a)/4
= ————exp [ir(u—1u')?/a].

Vel

Considering the limit as a — 0 leads to [99, p§]
Ko(u,u') = 6(u—u')
and, from equation (4.8),

Jo(u) = /w5(u—u')f(u’)du’

— 00

= f(uw), (4.11)

the original function. Taking a similar approach for a — %2, equation (4.8)

produces [99, p119]

fra(u) = /005(u+u')f(u’)du’

— 00

= f(—u). (4.12)

With a = 1, definitions (4.8)—(4.10) reduce to

f = [ e du

— 00
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the ordinary Fourier transform, and similarly

f—l(u) _ /_OO 6i27ruu’f(u/) du/

gives the definition of the inverse Fourier transform. This confirms that the
definitions of the FrFT given by definitions (4.8)—(4.10) are in accordance with
standard properties of the ordinary FT.

However, when a is in the vicinity of an even integer, the delta functions
that arise in the kernels of equations (4.11) and (4.12) produce highly oscillatory
integrals and thus numerical computations of the FrFT in these regions can be
inaccurate and time-consuming [99, p218]. A fundamental property of the FrF'T
is the order additivity property [80],

fb—i—c(u) = fb(fc(u))a b: cE R? (413)

where a = b+ ¢. Armed with this property the FrFT definitions (4.8)—(4.10)
can be numerically implemented for the entire range 0 < |a| < 2 by writing 0
and +2 as b+ ¢ for some real valued numbers b and c. Utilising the additivity
property in the described way overcomes the computational difficulties; this is

described later in equation (4.31).

Combining definitions (4.8) and (4.9) the at! order transform can be written

as
fa (U) _ Aaeiw cot(a)u? / e—i27r csc(a)uu’ <ei7r cot(a)u'? f(u/)) du', (4 14)

for 0 < |a|] < 2. Implementing this in the numerical analysis of a function
f requires definition (4.14) to be discretised. To achieve this it is essential to
restrict the period of every transform f, to some finite interval. Therefore let

fa(u) be zero outwith the region u € [—Au/2, Au/2| for all values of a such that
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la| € (0,2), where Au is chosen to be sufficiently large that this property holds
(at least to some tolerance in practice). Each component of definition (4.14) can

then be discretised in turn.

The Nyquist—Shannon sampling theorem states that a function, g(u), with
compact support centred on the origin and bandwidth of 2Aw, where the band-
width indicates the length of the region of support, can be successfully recovered
from a series of samples taken at intervals ou = 1/(2Au) [116]. The sampled

function, g, can be written as

e}

glu) = Z g(ldéu) sinc (51; l)

l=—o0

- f; (55 ) s (280 (0= 550))

where sinc denotes the normalised sine cardinal defined as

' 1, foru=0
sinc(u) = sin(w) (4.15)
, otherwise.
U
Letting
g(u/) _ eiwcot(a)u’zf(u/)’

and assuming that g(u’) has a bandwidth of 2Aw, this term can then be expressed
discretely as

l l
i cot( a)u im cot(a)(l/2Au)? . o
e E e f (2 ) sinc (2Au (u 5 u))

l=—00
The function f(u) has been defined to be zero outwith the region
u € [—Au/2, Au/2|, and the limits of the summation can therefore be restricted

to

= l l
e :_Nem L (mu) ine (mu (“ - E))

(4.16)
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Nyquist’s sampling theorem stipulates that for a function with compact sup-
port over an interval of length Awu, the separation between sampled data points
should be at most 1/Au. Therefore sampling f(u) over this region with 2N data
points, where N = (Au)?, is more than adequate and ensures that no aliasing
is introduced in the sample solution [17, p81-83]; aliasing is an undesirable ef-
fect which arises when the sampling resolution is not refined enough to capture
higher frequency components of the signal. The upper limit has been restricted
further to ensure an even number of samples is obtained. Substituting (4.16)

into definition (4.14) gives

=2

-1

M

fa (u) — Aaeiw cot(a)u? / 6—227r csc(a)uu’ (

X sinc (2Au (u — E))

N—-1
_ 140{61'7rcot(a)u2 Z eurcot(oz (1/2Au)2 f
2Au

I=—N

; ’ l
—i2m csc(a@)uu’ _: /
X /_ e sinc <2Au (u ~ AL u)) du’.  (4.17)

By making the change of variable

l
im cot()(1/2Au)?
‘ / <2Au)

/

\—/2

v=2Au(u —1/(2Au)), (4.18)

the integrand can be rewritten as

1 - e—i27r csc(a@)u(v/(2Au)+1/(2Aw))

A sinc(v) dv
1 : <
_ 2Au6—z27r csc(a)ul/(2Aw) /;oo e—zZWCSC(a)uv/(QAu) SiHC(U) dv

o0

1 , .
_ 2Au6—z2ﬂcsc(a)ul/(2Au)/_ 6—227rwv SiIlC(U) dU, (419)

e}

where

w = csc(a) (4.20)

2Au
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This final integrand can now be identified as the Fourier transform of sinc(v)

with respect to the frequency variable w, which is simply rect(w) [16, p138],

( f € L1

or w S —

’ 22
for w = :I:% (4.21)

where

rect(w) =

1
1
2 )
0, otherwise.

)
\

Equation (4.19) can therefore be expressed as

1 - e—i27r csc(@)u(v/(2Au)+1/(2Aw))
2Au J_

_ 1 6—i27r csc(a)ul/(2Aw)
2Au

1 .
= Ee_lz’r ese(@)ul/(28u) yect (cse(a)u/(2Au)).

sinc(v) dv

rect(w)

The function f(u) is defined such that
which is equivalent to

Now, with the order parameter a considered over the range (it will be shown
later that a need only be considered over this range, since the transform’s index

additivity property can be used)

< la| < g (4.22)

Y

1
2
or equivalently

7r<||<37r
J— a [—
4 — — 4’

the following bound can be stated:
1 < |esc(a)] < V2.
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This leads to
\/§ U \/§
4 )

— Socla)gy, =

from which it is clear that

< csc(a) Y <
—_—= CsCl&Y) ——
2 2Au

1

5
Compiling this result with definitions (4.20) and (4.21), equation (4.19) can be
simplified to

1 - —i2m csc(a)u(v/(2Au)+1/(2Aw))

3 ) e sinc(v) dv

1 6—i27r csc(a)ul/(2Aw)
2Au

Equation (4.17) can now be expressed as

A — I
— o im cot(a)u? im cot(a)(1/2Au)? —i2m csc(a)ul /(2Aw)
Jalu) 2Au" l;\f ‘ f <2Au) ‘ '

Note that by introducing the variable v defined by (4.18), the integral in equation
(4.17) has been evaluated. This reformulates the original two-variable problem
in terms of only one variable, u. Discretising f,(u) = f.(ux), where the ath
order transform is sampled at each point u, = k/(2Au) for k = —N, ..., N — 1,

leads to

where

k = A4
fa ( ) — Z o ei7r cot(a)(k/2Au)? e—i27r csc(a)kl/(2Au)?

. [
« emrcot(a)(l/?Au)?f (E) ) (423)

Equation (4.23) allows the at! order transform of a function f to be evaluated

by considering samples of the function itself. Although effective, this process is
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time-consuming and takes O(N?) calculations. However, by rewriting equation

(4.23) as

k A

« i 2 _ 1.2 _NN2_7j2 2

fa (_) _ § _ezwcot(a)(k/ZAu) emcsc(oa)( k24 (k—1)*—1%)/(2Au)
2Au 2Au

I=—N

. [
w el cot(a)(l/2Au)? .
¢ / 2Au

N-1 A
_ Z o eiw(cot(a)—csc(oa))(k:/2Au)26i7r csc(a)((k—1)/(2Au))?
2Au

l=—N

im(cot(a)—csc(a))(1/2Au)? !
X PR
‘ f ( 2Au )

A N-1
_ a _im(cot(a)—csc())(k/2Au)? im csc(a)((k—1)/(2Au))?
28" Z <6 )

l=—N

. l
im(cot(ar)—csc(a))(1/28u)? ¢ [ Y 4.24
X (6 .f <2AU) ) ) ( )

the final summation can be identified as a discrete convolution between the two

bracketed terms. The kth sample of f, can therefore be written as

f k — AOl 6i7r(cot(a)—csc(a))(k/2Au)2
“\ 2Au 2Au

imcsc(a)(k/(2Au))? im(cot(a)—csc(a))(k/2Au)? k
X — .
( - 169)

(4.25)

By the convolution theorem, the convolution of two functions, f and g, is
equal to the inverse Fourier transform of the product of the Fourier transforms

of each function [17, p60]. That is

frg=F 1 (F(NHF ),

where F denotes the ordinary F'T. Applying the convolution theorem to equation
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(4.25) leads to

k Aa : 2 ; A 2
fa (_) _ _ewr(cot(a)—csc(a))(k/QAu) f-—l (F (627rcsc(a)(k:/(2 u)) )
2Au 2Au

. k
F im(cot(a)—csc())(k/2Au)? )
% <6 / 2Au

The Fourier transforms here can be evaluated using the fast Fourier transform

(4.26)

and, on comparison with equation (4.24), equation (4.26) enables a significantly
faster computation time as the number of calculations has been reduced to

O(N log(N)).

4.4 Applying the FrFT to the Rayleigh—Plesset

solution

The scaled solution to the Rayleigh—Plesset equation, f?(u), is found by first
obtaining a numerical solution, R(¥), to the non-dimensionalised equation (4.5).
The built-in Mathematica [2] algorithm NDSolve, with StiffnessSwitching method
selected, is implemented to find a solution in the non-dimensionalised time-
domain. This algorithm switches between explicit and implicit numerical meth-
ods to solve highly oscillatory differential equations correct to eight significant
digits, with the resulting solution expressed as an interpolating function. This
generates a smooth, continuous solution, R(?) and, by applying equation (4.7),
]A%(u) is computed. This solution is then sampled at 2N data points over the
region u € [—Au/2, Au/2] to satisfy Nyquist’s sampling theorem.

th

An accurate representation of the a"" order transform is compiled by pro-

ducing 2N samples of f,(uy), utilising equation (4.26) for k = —N,...,. N — 1.
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This provides an efficient method of discretely computing the ath order FrFT
of a function f, which is applied to the sampled solution f?(uk) by means of an
algorithm constructed in Mathematica. From equation (4.26), the discrete ath

order transform can be written as

fa = gen ¥ (F(g1)F (g2f)) (4.27)

where the four components on the right-hand side are vectors of length 2N and

are defined as

3
8ch — {gchk} )
g = g1 5
! tout (4.28)
g2 = {9219},
f = {fk} ) )
for k=—N,...,N — 1, where
Ao im(cot(a)—csc(@)(/28u)? )
gchk — ﬁelﬂ— cot(ox Csclox u ,
— imcse(a)(k/(2Au))?
g1 = € )
g (4.29)

Gop = eiﬂ(cot(a)—csc(a))(k/ZAu)2’

fi = R(s) )

where R is defined by equation (4.7). The algorithm requires three inputs: the
order parameter a, the interval Au and the vector dimension 2/N. Prescribing
these input values allows the vectors defined by equations (4.28) and (4.29) to

be evaluated.

Positive and negative frequency components are inherent artifacts of the
discrete F'T [23, p56] [16, p262], and power spectra generated with this technique
commonly display a symmetrical output. A regular power spectrum represents

the positive frequency components first, increasing from zero to the maximum
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frequency captured, followed by the negative frequency components, decreasing
from the maximum frequency captured to zero. In this study the transform
fao is defined on the interval [—Auw/2, Au/2] for all values of a. It is therefore
natural to represent the first-order transform, the ordinary FT, with the negative
frequency component first, followed by the positive component, maintaining a
smooth transition between each order a. One observation of the bubble response
defined by equation (4.7) is that its FrF'T in all domains, including time and
frequency, exhibit increased amplitudes around u = 0. Interchanging the order
of the frequency components therefore has the added advantage of focusing
the most significant information around the centre of each transform as it is
portrayed over the interval [—Aw/2, Au/2]. Focusing the information in this
way will prove to be important in minimising the loss of data which results from
the visualisation of the FrF'Ts, described in Section 4.5. To implement this step

in the algorithm, the vector product from equation (4.27),

Epn :F_l(F(gl)}—(gﬁ)
is converted to gnp, Where

gnpk:gpnk’ fOI'k:Oy...,N—1,—N,...,—1.

th

From equation (4.27) the vector of sampled a"" order transforms can now be

written as

fa = Zch8np- (430)

Section 4.3 outlined how the order additivity property, given by equation
(4.13), could be employed in order to apply equation (4.26) for any value a €
[—2,2]. However, it was found that the highly oscillatory nature of the integrals
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led to significant errors in certain cases. That is

1 3
Fo(f) # fore Vbl |l € [5, 5] |

To circumvent this issue a series of heuristic rules is prescribed. Empirical
observations suggest that for some values of the order parameter the transform

should be applied twice. In these regions, if a = b+ ¢ then f, = f,(f.), where b

and c satisfy

b+c<

DN W

and sgn(b) # sgn(c).

In some regions of the order parameter a it was necessary to apply a third

transform. In these regions, if a = b+ ¢+ d then f, = f,(f.(fs)), where

b+c+d<—-, sgn(b) # sgn(c),

[\RGV]

and b, ¢ and d satisfy |b] > |c| > |d|. Following these rules, f, can be expressed

explicitly over the various regions as

fo15(for(faros)) for —2<a< —1.5,

f—l(fa-l—l) for —05<a< 0,
fa=1q fa for 0.5 < |a| < 1.5, (4.31)
f1(fa-1) for 0 < a < 0.5,

\ frs(f-07(fa—0s)) for 1.5 < a < 2.

4.5 Visual representation of the FrFT

Calculating f, over the entire range a € [—2, 2] produces a complete picture of

the FrF'T as a varies, providing a wealth of information on the characteristics of
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the function f under each transform. Two methods are used here to visualise

this broad spectrum of transforms. The first method constructs a matrix

F.(u) = fa;(u), for a; € [-2,2], (4.32)

where the ath

order transform of a function f is f,, defined by equation (4.30).
The matrix F,(u) therefore details the FrFT of the function f(u) over the range
u € [—Au/2, Au/2] for order parameters satisfying a € [—2,2]. This matrix
can be considered as a function of two variables, the independent variable, wu,
and the order parameter, a. The absolute value of each matrix element is found
and the results are displayed in a density plot. Transforms for every value of a
are then displayed simultaneously over the complete range of u. In this repre-
sentation each horizontal line illustrates one transform f,(u) over the interval
u € [—Au/2,Au/2]. The bottom edge of the plot corresponds with the —2nd
order transform and the top edge of the plot corresponds with the 2nd order
transform. Note that by the periodicity of the FrFT these are the same. The
central horizontal line corresponds to the zero order transform or the original
time-domain function. Depicting all distinct FrFTs of a function in this way
enables an observer to identify features which are not apparent when studying

a single-order transform. Plots of this nature are called rectangular time-order

plots [99].

An alternative method of displaying the FrF'T for each value of a € [-2, 2]
is the polar time-order plot. The rectangular time-order co-ordinates (u,a) are
expressed as polar co-ordinates, where the angular co-ordinate is the order pa-
rameter o and the radial co-ordinate is the variable u. Every ray emanating
from the origin represents an individual transform f,(u), except for the negative
x-axis which simultaneously shows fy(u) and f_5(u), which are of course equiv-

alent. Since every transform stems from the origin, it is the single undefined
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point in this representation. The positive x- and y-axes respectively correspond
to the zero order (time-domain) and the 1st order (frequency-domain) trans-
forms. In some studies [81,82,98] each transform f,(u) is restricted to the
interval u € [0, Au/2]. This allows the positive z- and y-axes to be identified
as time and frequency axes, both zero at the origin and assuming increasing
positive values as they extend. The polar time-order plot can then be realised
as a time-frequency phase plot, and it is straightforward to interpret the results
physically. However, in this report, the transform f,(u) is generally not sym-
metric around v = 0, and truncating the range of u would therefore discard half
of the available information. For this reason each line radiating from the origin
can theoretically represent a transform f,(u) for u € (—Au/2, Au/2]. The polar
time-order plot is represented here as a square, not a circle, and in practice only
the diagonal rays are able to portray the full transform f,(u) over this range.
Thus the transforms along the diagonal rays, a = £0.5 and £1.5 or « = £7/4
and £37/4, are length 2N and a simple calculation reveals that the transforms
along each axis, a = 0, £1 and £2 or a = 0, £7/2 and =+x, will be of length
V2N. The area examined in the polar time-order plot is evidently reduced in
comparison with the rectangular time-order plot; however, this reduction facili-

tates a more focused investigation.

To construct the polar time-order plot, the area of the plot is covered in a
fine mesh M,, for z = —\/§N, ...,\/iN and y = —\/iN, ...,\/iN. Each node
of the mesh is assigned the co-ordinates (u,a), which describe the transform

fa(u) passing through this node. The co-ordinates u and a are calculated by a
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standard Cartesian-polar transformation. The order of a node M,, is defined as

(2
~tan! (E) for z > 0,
iy x
2 (Y
— tan (—)+7T forx <0,y >0,
2c0 72T Y
a=—= Ztan! (g>—ﬂ' forx <0,y <0, (4.33)
s T x
g forx =0,y >0,
-
[ & forx =0,y <0,

which ensures that the correct quadrant is used when defining a, and the radial
component, u, is u = \/Wyz An example mesh is illustrated in Figure 4.2
and it is clear that each node will not necessarily lie directly on the ray of a
transform, f,. The co-ordinates (u,a) must therefore be rounded to the nearest
(ug, ax), where uy has been previously defined as uy = k/(2Aw) and, in a similar
way, ar = k/Aa, where 1/Aa is the interval between two successive values of a.

The node can then assume the value of the sample f, (uy).

4.6 Numerical results of the FrFT applied to
the response of single bubbles and bubble

systems

Defining the time-scaling parameter as T' = 1/wy, the scaled Rayleigh—Plesset
solution, }A%(u), is manipulated to cover the range u € [—8,8] in the Oth order
domain. The resonant frequency, wy, is calculated from equation (4.4) with the
parameter values defined in Table 4.1. Note that the viscosity has been increased
to simulate the signal attenuation when detected by an ultrasonic receiver at
a distance from the bubble. With T and wy defined as such, oscillations at

the resonant and second harmonic frequencies from a bubble (with equilibrium
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Figure 4.2: A sample mesh covering the area of the polar time-order plot. The angle between
the positive x-axis and the ray of the transform is denoted by « and each node is assigned
the co-ordinates (u,a) which correspond to the value of u and the order of the transform as

it passes through this node.

radius Ry = 0.10 mm) will appear at v = 1 and u = 2 respectively in the 1st
order (frequency) domain. Figure 4.3 demonstrates this feature, with the dashed
lines through © = 1 and u = 2 intersecting the solid line through a = 1, the first
order domain, at the resonant and second harmonic frequency components of the
bubble’s response. Note that a bubble with an equilibrium radius greater than
Ry = 0.10 mm equates to a scaled resonant frequency smaller than v = 1 and
similarly a bubble with equilibrium radius less than Ry = 0.10 mm equates to
a scaled resonant frequency greater than v = 1. In Figure 4.4 an example polar
time-order plot is shown. The positive and negative components of the resonant
frequency can be seen along the 1st order domain (positive vertical axis) on
either side of u = 0. The positive second harmonic frequency component can

also be seen.
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Figure 4.3: The rectangular time-order plot of the FrFT of a bubble’s dynamics with equilib-
rium radius Ry = 0.10 mm. The solid line through a = 0 represents the time-domain and the
solid line through a = 1 represents the frequency-domain. The dashed lines are through u =1

and u = 2 for all orders of the transform.

In the results which follow Au = 16, resulting in 2N = 512. The forcing
signal parameter values given in Table 4.2 are used in all simulations. This
signal is designed to resonate a bubble with equilibrium radius Ry = 0.10 mm,
and to produce large amplitude oscillations of bubbles with equilibrium radius
satisfying Ry € [0.08,0.13] mm, resulting in an identifiable second harmonic
component at each of these bubble sizes. This ensures that the response of

each bubble is enhanced. The sampling interval between order parameters is

1/Aa = 1/100.
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Physical System Parameters
Symbol Description Units Value
Ry Bubbles equilibrium radius mm 0.1
p Density of surrounding liquid kg m~3 998
Do Ambient pressure of liquid Pa 1 x 10°
o Surface tension of gas-liquid interface Nm™! 0.073
K Polytropic gas constant dimensionless 1
U Viscosity of liquid Pa s 50 x 1073

Table 4.1: System parameter values used in the numerical simulations.

Chirp Forcing Function Parameter Values
Parameter Units Value

a ms 0.181

b ms 0.090

c kHz ms™! 30.652

d kHz 16.609

De kPa 25.000

Table 4.2: Parameter values for a chirp forcing function designed to resonate a bubble with

resonant frequency calculated from equation (4.4) with parameter values given in Table 4.1.
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Figure 4.4: The polar time-order plot of the FrFT of a bubble’s dynamics with equilibrium
radius Ry = 0.10 mm. The circle and the triangle respectively mark the positive and negative
components of the resonant frequency along the 1st order (frequency) domain. The square
represents the positive second harmonic frequency component in the 1st order (frequency)

domain.

4.6.1 The FrFT of a solitary bubble

The FrF'T is applied to the dynamic responses from a range of bubble sizes.
All other parameters values are given in Tables 4.1 and 4.2. The rectangular
time-order plots are displayed in Figure 4.5 and the corresponding polar time-
order plots are shown in Figure 4.6. The results are fascinating, with clear
differences apparent between bubble sizes. Observers could be overwhelmed,
however by the wealth of data, and deciphering any physical information is a

challenge which would require a significant amount of time to gain expertise. To
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aid investigations the data is thresholded. Let

)
0, for <0.2
T L
v A R

where max(f,(u)) is the maximum value of f,(u) over all a and u values within
each bubble size. Considering f,(u) thus filters out the lower amplitude be-
haviour and allows the critical features to be observed. Thresholded rectangular
time-order plots are shown in Figure 4.7 with the equivalent polar time-order
plots in Figure 4.8. The Oth and 1st order transforms have been included in

Figures 4.9 and 4.10 to highlight the benefits of applying FrFTs in this setting.

In Figure 4.5, each plot portrays the smooth transition between subsequent
values of the order parameter a. The plots are symmetric along the z-axis, the
Oth order transform, and the 1st order, or —1st order, transforms highlight the
negative and positive frequency components, bisected at u = 0. The resonant
frequencies appear as hot-spots of white on each plot, and the second harmonic
component is evident in each plot. The chirp signal defined by parameter values
in Table 4.2 will resonate a bubble with equilibrium radius Ry = 0.10 mm, and
plots (c¢) and (d) in particular highlight the resonating qualities of the chirp
with bubbles around this size, as higher harmonic components are apparent.
The contribution that each peak in the Oth order transform makes towards the
peaks in the 1st order transform can be traced, displaying the complex nature

which is intrinsic to the FrFT.

The polar time-order representations of these plots, Figure 4.6, are equally
fascinating. Section 4.5 explained why the range of u is curtailed in these plots.
Indeed, examining each plot along the positive y-axis, the 1st order transform,

reveals that the fundamental and second harmonic frequency components are
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(b) Rp = 0.09mm

Ty

(f) Ro = 0.13mm

Figure 4.5: Rectangular time-order plot of the FrFT of the response from single bubbles with
various equilibrium radius, Ry. The response R(u) is calculated by the method described in

Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(c) Ry = 0.10mm (d) Rp = 0.11mm

0 -4 -8 -4 0 0 -4 -8 -4 0
u u

(e) Rp = 0.12mm (f) Ro = 0.13mm

Figure 4.6: Polar time-order plot of the FrE'T of the response from single bubbles with various
equilibrium radius, Ry. The response R(u) is calculated by the method described in Section

4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) Ry = 0.12mm (f) Ro = 0.13mm

Figure 4.7: Thresholded rectangular time-order plot of the FrFT of the response from single
bubbles with various equilibrium radius, Ro. The response R(u) is calculated by the method

described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(a) Ry = 0.08mm

0 -4 -8 -4 0

0 -4 -8 -4 0 0 -4 -8 -4 0
u u
(e) Ry = 0.12mm (f) Ro = 0.13mm
Figure 4.8: Thresholded polar time-order plot of the FrE'T of the response from single bubbles

with various equilibrium radius, Ro. The response R(u) is calculated by the method described

in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(a) Ro = 0.08mm (b) Ry = 0.09mm
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(¢) Rp = 0.10mm (d) Rp = 0.11mm
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(e) Rp =0.12mm (f) Ro = 0.13mm

Figure 4.9: Oth order (time-domain) FrFT of the response from single bubbles with various
equilibrium radius, Ry. The response R(u) is calculated by the method described in Section

4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) Ro = 0.12mm (f) Ry = 0.13mm

Figure 4.10: 1st order (frequency-domain) FrFT of the response from single bubbles with
equilibrium radius, Ry, equal to (a) 0.08mm, (b) 0.09 mm, (¢) 0.1 mm, (d) 0.11 mm, (e) 0.12
mm, (f) 0.13 mm. The response R(u) is calculated by the method described in Section 4.4.

All other parameters are given in Tables 4.1 and 4.2.
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captured, but the higher harmonics are neglected. These plots again feature a
symmetry along the z-axis, which corresponds to the Oth order and +2nd order
transforms in this instance. The energy at these transforms is produced over a
relatively large span of u, and as it flows into the domain of the +1 transforms,
this energy is focused on what appears to be single points. These singular points
correspond to the positive, negative and zero frequency components. Interest-
ingly, however, these focal points do not lie exclusively along the +1 transforms.
An imaginary line which links the focal points corresponding to the positive and
negative components of the resonant frequency would make a unique angle with
the positive z-axis in each plot. This angle gradually shifts from an obtuse angle
in plot (a), displaying the FrF'T of a bubble with Ry = 0.08 mm, to approxi-
mately 90° in plot (f) which shows the FrF'T of a bubble with Ry = 0.13 mm.

The thresholded time-order plots, Figures 4.7 and 4.8, highlight the fea-
tures of the FrF'T of these bubble sizes. Figure 4.7 demonstrates that the high-
amplitude behaviour of each FrFT is located around the origin and that the
behaviour of each bubble size is portrayed differently. Plot (a) illustrates the
characteristics of a bubble with Ry = 0.08 mm. A relatively thick area is high-
lighted stretching along the direction of the y-axis. This highlighted area is
slightly curved: the high-amplitude behaviour at the Oth order transform occurs
for more negative values of v than the corresponding behaviour at the 4+2nd
order transforms. On comparison with plot (f), this region of high-amplitude
behaviour has significantly reduced in width and the slight curve has evolved
into a substantial kink. The intermediate plots exhibit a smooth progression

between the two contrasting displays.

In Figure 4.8 the high-amplitude behaviour is represented as rings. The va-

riety in thickness and curvature of the region of interest which is depicted in
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Figure 4.7 is manifested here in rings of varying thicknesses and origins. Circu-
lar, as opposed to elliptic, regions of high-amplitude behaviour are attributable
to the steady transition of these regions between each order for a given bubble

size.

Figures 4.9 and 4.10 display the Oth order, or time-domain, and 1st order, or
frequency-domain, representations of each bubble size. The time-domain rep-
resentations in Figure 4.9 demonstrate how the chirp induces larger amplitude
behaviour around Ry = 0.10 mm, and the differences between the thickness of
the regions of high-amplitude behaviour are confirmed to be true for a = 0. In
Figure 4.10 the frequency-domain representations clearly show negative and pos-
itive components for the fundamental and second harmonic frequencies. Each
plot has evidence of higher harmonic components, with plot (c) in particular,
for bubble size Ry = 0.10 mm, evincing significant amplitude of the higher har-

monics.

4.6.2 FrFTs of two bubbles of the same size

A similar investigation is carried out for two independent bubbles, where both
bubbles have identical equilibrium radius, Ry but are shifted in space. This
investigation is performed for three bubble sizes: Ry = 0.08 mm, Ry = 0.10 mm
and Ry = 0.12 mm. The response of the first bubble is fixed throughout each
investigation and the response of the second bubble is shifted. To obtain a
clear picture of the two separate responses, the response of the first bubble is
advanced, so that it appears as far left as possible in the reduced range of the
polar time-order plots. Investigations of this type simulate the response obtained

from two bubbles of equal size separated spatially. The bubbles are assumed to
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be sufficiently separated in space that their responses do not interfere with each
other. In this way the response from the population is expressed as a linear

combination of the individual responses. That is,
R, (u) = R(u + 500u) + R(u — kéu), (4.34)

where du = 1/(2Au) and k is varied to give a range of shifted responses. The
results are displayed in Figures 4.11 to 4.28.

In Figure 4.11 the rectangular time-order plot of the FrFT from two indepen-
dent bubbles of the same size, with Ry = 0.08m and one bubble response shifted
in time, are displayed. In plot (a) both bubble responses occur simultaneously
and the result appears identical to that of a single bubble with Ry = 0.08 mm.
However, as the shift between responses increases, the contribution of the shifted
bubble becomes increasingly prevalent and the spread of the Oth order transform
has approximately doubled between plots (a) and (f). Similar observations can
be made in the corresponding polar time-order plots, shown in Figure 4.12, al-
though in both Figures the characteristics of the FrFT are flourished with such
intricate detail that any meaningful investigation is difficult. Each plot in Figure
4.12 evinces a series of beautifully symmetric and elegant swirls but quantifying
the differences between each plot would be an arduous task. The advantage of
the thresholded plots in Figures 4.13 and 4.14 is that only the dominant be-
haviour is retained. This concisely displays the behaviour of the FrFT and in
Figure 4.13 the response of the shifted bubble becomes increasingly apparent as
the separation increases. Plots (e) and (f) clearly depict two distinct responses,
and comparison with plot (a) reveals that the influence of the fixed bubble is
fully retained, with the shifted bubble adding to the overall response. Upon in-
vestigation, the maximum separation in each plot between the two responses is

approximately equivalent to the difference in terms of u between each response
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which are apparent from equation (4.34). Figure 4.14 displays similar features,
although due to the restricted range the maximum separation between responses

cannot be so readily identified.

In Figures 4.15 and 4.16 the corresponding time and frequency-domain rep-
resentations are given. The time-domain signals do not provide any discernable
insight towards the existence of two bubbles, or towards the separation between
these bubbles. Similarly the frequency-domain signals offer limited information.
The increased amplitude on comparison with Figure 4.9(a) could be interpreted
as a second bubble; however, this is by no means conclusive, and there is no

means of extracting information as to the separation between bubbles.

Figures 4.17-4.22 and Figures 4.23-4.28 show equivalent studies when both
bubbles are of size Ry = 0.10 mm and Ry = 0.12 mm respectively. The results
throughout each of these investigations complements the results found above.
The case where Ry = 0.10 mm increases the complexity of Figures 4.17 and 4.18,
due to the enhanced harmonic contribution from the higher harmonic compo-
nents. However this behaviour is naturally low-amplitude, even utilising chirp

insonification, and thus is not retained in the thresholded plots.

For Ry = 0.12 mm, the bubble’s response occurs over a comparatively small
interval of w. This improves the distinction between the response from each
bubble, particularly in Figures 4.25 and 4.26 where the two responses are easily
distinguishable in the majority of plots. This enhanced clarity in thresholded

plots is extremely advantageous.
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(e) k = 250 (f) k =325

Figure 4.11: Rectangular time-order plots of the FrFT of the response from two independent
bubbles. Each bubble has equilibrium radius, Ry = 0.08mm and the combined response is
calculated from equation (4.34) for various values of k. The response R(u) is calculated by

the method described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.

197



4 8 -4 0
u u

(e) k = 250 (f) k =325

Figure 4.12: Polar time-order plots of the FrFT of the response from two independent bubbles.
Each bubble has equilibrium radius, Ry = 0.08mm and the combined response is calculated
from equation (4.34) for various values of k. The response R(u) is calculated by the method

described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(f) k =325

Figure 4.13: Thresholded rectangular time-order plots of the FrF'T of the response from two
independent bubbles. Each bubble has equilibrium radius, Ry = 0.08mm and the combined
response is calculated from equation (4.34) for various values of k. The response R(u) is
calculated by the method described in Section 4.4. All other parameters are given in Tables

4.1 and 4.2.
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Figure 4.14: Thresholded polar time-order plots of the FrFT of the response from two indepen-
dent bubbles. Each bubble has equilibrium radius, Ry = 0.08mm and the combined response
is calculated from equation (4.34) for various values of k. The response R(u) is calculated by

the method described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) k =250 (f) k=325

Figure 4.15: Oth order (time-domain) FrFT of the response from two independent bubbles.
Each bubble has equilibrium radius, Ry = 0.08mm and the combined response is calculated
from equation (4.34) for various values of k. The response R(u) is calculated by the method

described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) k =250 (f) k=325

Figure 4.16: 1st order (frequency-domain) FrFT of the response from two independent bubbles.
Each bubble has equilibrium radius, Ry = 0.08mm and the combined response is calculated
from equation (4.34) for various values of k. The response R(u) is calculated by the method

described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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4.6.3 FrFTs of two bubbles of different sizes

This study involves applying the FrFT to the response from two independent
bubbles, where the bubbles have different equilibrium radius Ry, and Rg,. Re-
sults indicate that the response from a bubble with an equilibrium radius of
Ry = 0.12 mm has a short interval of u while retaining strong resonating prop-
erties. Therefore in this study the equilibrium radius of the first bubble, R,,,
is fixed throughout at Ry, = 0.12 mm and the radius of the second bubble,
Ry, is varied. The combined response from the system is calculated from an

adaptation of equation (4.34), namely

A

Re,(u) = Ry(u+ 500u) + Ry(u — 1256u), (4.35)

where R, denotes the response from a bubble with equilibrium radius Ry,, and
Ry is similarly defined. The delay between the responses is fixed for each bubble
size. Figures 4.29-4.34 show the associated plots.

Figure 4.29 displays the rectangular time-order plots of the corresponding
FrFTs. The separation between bubbles is substantial enough that both re-
sponses can be identified here. The amplitude and characteristics of the peaks
are subtly different for each size of bubble, although all plots exhibit similar char-
acteristics. A similar situation is evident in the polar time-order plots in Figure
4.30. Each individual response can be identified, since the complex interaction
between different orders of a is slightly reduced by prescribing a sufficient sep-
aration between the bubble responses. Thresholding is again applied in Figures
4.31 and 4.32 where these characteristics of the bubbles’ response are highlighted.
Figure 4.31 portrays the responses weaving around each other, intersecting at
the +1st order transforms and completely separating in-between. The response
of the second bubble is shifted by the same amount in each plot; however, Figure

4.31 indicates that the separation between bubbles is not consistent. This may
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(e) k = 250 (f) k =325

Figure 4.17: Rectangular time-order plots of the FrFT of the response from two independent
bubbles. Each bubble has equilibrium radius, Ry = 0.10mm and the combined response is
calculated from equation (4.34) for various values of k. The response R(u) is calculated by

the method described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) k = 250 (f) k =325

Figure 4.18: Polar time-order plots of the FrFT of the response from two independent bubbles.
Each bubble has equilibrium radius, Ryp = 0.10mm and the combined response is calculated
from equation (4.34) for various values of k. The response R(u) is calculated by the method

described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.

205



(f) k =325

Figure 4.19: Thresholded rectangular time-order plots of the FrF'T of the response from two
independent bubbles. Each bubble has equilibrium radius, Ry = 0.10mm and the combined
response is calculated from equation (4.34) for various values of k. The response R(u) is
calculated by the method described in Section 4.4. All other parameters are given in Tables

4.1 and 4.2.
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(e) k = 250

Figure 4.20: Thresholded polar time-order plots of the FrFT of the response from two indepen-
dent bubbles. Each bubble has equilibrium radius, Ry = 0.10mm and the combined response
is calculated from equation (4.34) for various values of k. The response R(u) is calculated by

the method described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(c) k =100 (d) k=175

Jo(u) Jo(u)

(e) k =250 (f) k=325

Figure 4.21: 0th order (time-domain) FrFT of the response from two independent bubbles.
Each bubble has equilibrium radius, Ry = 0.10mm and the combined response is calculated
from equation (4.34) for various values of k. The response R(u) is calculated by the method

described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) k =250 (f) k=325

Figure 4.22: 1st order (frequency-domain) FrFT of the response from two independent bubbles.
Each bubble has equilibrium radius, Ry = 0.10mm and the combined response is calculated
from equation (4.34) for various values of k. The response R(u) is calculated by the method

described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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require further investigation. This behaviour is captured in Figure 4.32, where
two distinct sets of rings are apparent in each plot. Evidently, the size of the
rings produced by the second bubble decreases and translates to the left as the
bubble’s equilibrium radius increases. However, this may be an artefact of the
apparently reduced separation between the bubbles as the size of the second

bubble increases.

In Figure 4.34 the corresponding ordinary frequency-domain plots are dis-
played, and comparison with Figures 4.29 and 4.30 emphasises the advantages
of FrF'T analysis. Each plot in Figure 4.34 shows the frequency response from
two bubbles; however, this is not clear. T'wo bubbles of different sizes can be an-
ticipated to display two distinct peaks at different resonant frequencies (around
u = 1), and second harmonic frequencies (around u = 2); however, this feature
is not prominent in any plot. The advantage of FrFT analysis in this case is that
the bubbles’ responses are investigated under a range of order parameters, so
that the features exhibited by a bubble’s response can clearly be distinguished
from noise arising within an individual order parameter, and two bubbles’ re-

sponses can therefore clearly be identified.

4.6.4 FrFT of a population of five bubbles of the same
size

Naturally progressing the previous results, the FrFT of a five-bubble popula-
tion is investigated, where each bubble has identical equilibrium radius Ry =

0.12 mm. The response of the population is evaluated by extending the linear
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response combination given by equation (4.34) to

Rey(u) = R(u+1750u) + R(u + 500u) + R(u — 750u)
+R(u — 2006u) + R(u — 3256u). (4.36)

The delay between successive responses is chosen to highlight each separate re-
sponse. The response of the entire population ranges over a large interval of wu,
covering the window of investigation for the rectangular time-order plot. The
polar time-order plots are therefore omitted in this study, since their reduced
range will not include the complete population response. The results are dis-
played in Figures 4.35-4.38, where the FrFT of the response of each bubble

within the population is additionally included for reference.

Plots (a)—(e) in Figure 4.35 show the rectangular time-order plots of the
five individual bubbles which make up the population under investigation. In
order to obtain an adequate range of bubble responses for investigation, it is
necessary to shift the responses, resulting in extremely delayed or extremely
advanced bubble responses. This leads to extremely low amplitude behaviour
around u = 0 for plots (a) and (e), and the definitions given in equation (4.31)
are not sufficient to provide a smooth transition between the separate regions
of the order parameter. However, the essential behaviour is captured, and the
bubbles’ responses are clearly different in each instance. Plot (f) illustrates the
combination of these responses. The result is more complex than any of the
individual components; however, it is not clear that this is a representation of
five distinct bubbles. Examination of Figure 4.36 achieves this goal. The high-
amplitude behaviour of each individual response is portrayed in plots (a)—(e)
and the resulting combination is given in plot (f). The full detail of each in-
dividual response is not retained in plot (f) but it is clear that there are five

distinct responses, each of which is characteristic of the single bubble response
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evident in plots (a)—(e).

Figures 4.37 and 4.38 show the corresponding responses in the time and
frequency domains respectively. Plot (f) in each of these Figures once again rep-
resents the combined response from the entire population. In each case there is
no indication that this is the response from a population, as there are no distinct
signals evident in the time-domain and there is not a significantly increased sig-
nal amplitude in the frequency-domain from which the number of bubbles could
be extracted. This investigation therefore highlights the potential of the FrFT
in enumerating populations of bubbles, a feat which is extremely difficult using

standard time and frequency-domain analysis.

4.7 Cross-correlation of two signals

The results from Section 4.6 indicate that an experimentalist could examine the
FrE'T of the response from a chirp insonified bubble population, and would be
capable of inferring from the time-order plots of this transform the number and
size of the bubbles which constitute the population. In practice, the response
from a bubble population will not be as idealistic as the responses presented in
Section 4.6. There will undoubtedly be an element of noise introduced from the
experimental apparatus, and the bubbles could be tightly packed which would
make the identification of an individual response difficult. Therefore simply de-
ciphering the FrF'T of an experimentally obtained population response may have
limitations in identifying the specifications of the individual bubbles within the

population.

An alternative approach is to measure the degree of similarity between the

experimental response and the theoretical responses. Optimisation of the theo-
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(e) k = 250 (r) k = 325

Figure 4.23: Rectangular time-order plots of the FrFT of the response from two independent
bubbles. Each bubble has equilibrium radius, Ry = 0.12mm and the combined response is
calculated from equation (4.34) for various values of k. The response R(u) is calculated by

the method described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) k = 250 (f) k =325

Figure 4.24: Polar time-order plots of the FrFT of the response from two independent bubbles.
Each bubble has equilibrium radius, Ryp = 0.12mm and the combined response is calculated
from equation (4.34) for various values of k. The response R(u) is calculated by the method

described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(f) k =325

Figure 4.25: Thresholded rectangular time-order plots of the FrF'T of the response from two
independent bubbles. Each bubble has equilibrium radius, Ry = 0.12mm and the combined
response is calculated from equation (4.34) for various values of k. The response R(u) is
calculated by the method described in Section 4.4. All other parameters are given in Tables

4.1 and 4.2.
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(e) k = 250 (f) k =325

Figure 4.26: Thresholded polar time-order plots of the FrFT of the response from two indepen-
dent bubbles. Each bubble has equilibrium radius, Ry = 0.12mm and the combined response
is calculated from equation (4.34) for various values of k. The response R(u) is calculated by

the method described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) k =250 (f) k=325

Figure 4.27: 0Oth order (time-domain) FrFT of the response from two independent bubbles.
Each bubble has equilibrium radius, Ry = 0.12mm and the combined response is calculated
from equation (4.34) for various values of k. The response R(u) is calculated by the method

described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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Figure 4.28: 1st order (frequency-domain) FrFT of the response from two independent bubbles.
Each bubble has equilibrium radius, Ry = 0.12mm and the combined response is calculated
from equation (4.34) for various values of k. The response R(u) is calculated by the method

described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) Rop = 0.12mm (f) Rop = 0.13mm

Figure 4.29: Rectangular time-order plots of the FrFT of the response from two independent
bubbles. One bubble has equilibrium radius Ry, = 0.12 mm, and the equilibrium radius of
the second bubble, Ry, is varied. The combined response is given by equation (4.35). The
response R(u) is calculated by the method described in Section 4.4. All other parameters are

given in Tables 4.1 and 4.2.
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Figure 4.30: Polar time-order plots of the FrF'T of the response from two independent bubbles.
One bubble has equilibrium radius Ry, = 0.12 mm, and the equilibrium radius of the second
bubble, Ry, is varied. The combined response is given by equation (4.35). The response R(u)
is calculated by the method described in Section 4.4. All other parameters are given in Tables

4.1 and 4.2.
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(e) Rop = 0.12mm (f) Rop = 0.13mm

Figure 4.31: Thresholded rectangular time-order plots of the FrF'T of the response from two
independent bubbles. One bubble has equilibrium radius Ry, = 0.12 mm, and the equilibrium
radius of the second bubble, Ry, is varied. The combined response is given by equation (4.35).
The response R(u) is calculated by the method described in Section 4.4. All other parameters

are given in Tables 4.1 and 4.2.
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(e) Rop = 0.12mm (f) Rop = 0.13mm

Figure 4.32: Thresholded polar time-order plots of the FrFT of the response from two inde-
pendent bubbles. One bubble has equilibrium radius Ry, = 0.12 mm, and the equilibrium
radius of the second bubble, Ry, is varied. The combined response is given by equation (4.35).
The response R(u) is calculated by the method described in Section 4.4. All other parameters

are given in Tables 4.1 and 4.2.
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(e) Rop = 0.12mm (f) Rop = 0.13mm

Figure 4.33: Oth order (time-domain) FrFT of the response from two independent bubbles.
One bubble has equilibrium radius Ry, = 0.12 mm, and the equilibrium radius of the second
bubble, Ry, is varied. The combined response is given by equation (4.35). The response ]:B(u)
is calculated by the method described in Section 4.4. All other parameters are given in Tables

4.1 and 4.2.
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Figure 4.34: 1st order (frequency-domain) FrFT of the response from two independent bubbles.
One bubble has equilibrium radius Ry, = 0.12 mm, and the equilibrium radius of the second
bubble, Ry, is varied. The combined response is given by equation (4.35). The response I:E(u)

is calculated by the method described in Section 4.4. All other parameters are given in Tables

4.1 and 4.2.
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(e) R(u — 3256u) (f) The Population

Figure 4.35: The rectangular time-order plot of the FrFT of the response from five single
bubbles within a population, with equilibrium radius Ry, = 0.12 mm and with various shifts,
(a)—(e), and the FrFT of the combined response of the population, given by equation (4.36),

(f). The response R(u) is calculated by the method described in Section 4.4. All other

parameters are given in Tables 4.1 and 4.2.
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(e) R(u — 3256u) (f) The population

Figure 4.36: (a) The thresholded rectangular time-order plot of the FrFT of the response from
five single bubbles within a population, with equilibrium radius Ry, = 0.12 mm and with
various shifts, (a)—(e), and the FrFT of the combined response of the population, given by
equation (4.36), (f). The response R(u) is calculated by the method described in Section 4.4.

All other parameters are given in Tables 4.1 and 4.2.
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Figure 4.37: (a) The Oth order (time-domain) FrFT of the response from five single bubbles
within a population, with equilibrium radius Ry, = 0.12 mm and with various shifts, (a)—(e),
and the FrFT of the combined response of the population, given by equation (4.36), (f). The
response R(u) is calculated by the method described in Section 4.4. All other parameters are

given in Tables 4.1 and 4.2.
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Figure 4.38: The 1st order (frequency-domain) FrFT of the response from five single bubbles
within a population, with equilibrium radius Ry, = 0.12 mm and with various shifts, (a)—(e),
and the FrFT of the combined response of the population, given by equation (4.36), (f). The
response R(u) is calculated by the method described in Section 4.4. All other parameters are

given in Tables 4.1 and 4.2.
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retical response which is the closest match to the experimental response would
suggest the most likely population composition. One method of examining the
similarity between two signals is cross-correlation. Ozaktas et al. have demon-
strated that the two-dimensional cross-correlation of the FrETs of a pair of
signals, where the integration variables represent the order parameter a and
the independent variable u, is capable of superior discrimination than standard

time-domain cross-correlation [99].

The two-dimensional cross-correlation of the FrFT of two signals, f(u) and

g(u), is defined as
Fax Gy = //Fa/ (u)Gar—a) (v — u) du' dd’, (4.37)

where the bar denotes the complex conjugate and x denotes the cross-correlation
operation. Each matrix F,(u) and Ga(u) is calculated through definition (4.32).
The two-dimensional cross-correlation operation essentially fixes one matrix,
F.(u), and slides the second matrix, Ga(u), along the u and a axes, calcu-
lating the product of the matrices at each shifted position. The maximum value
of this product indicates where the matrices are best-matched. Zero-padding
is included in both matrices to facilitate sliding G, (u) to the extreme u and
a values along each axis. Consequentially, the matrices Fa(u) and G,(u) pre-
sented here are of dimensions RG*2N)x(3x440) " where only the central 2N x 4Aa

elements are non-zero.

Computing the integral (4.37) over the complete range of u and a values
would be a computationally expensive process; however, the cross-correlation
theorem states that this operation can be defined in terms of Fourier transforms.

That is [17, p65—69]

H, = Fax Gy = F! (]—“ (F.) F (Ga)) . (4.38)



The use of FFTs allows the cross-correlation to be calculated efficiently and
quickly. An algorithm is constructed in Mathematica to perform this calcula-
tion. The resulting matrix H, is rearranged to correctly position the positive
and negative frequency components. This is necessary for both variables, along
the u- and a-axes. Zeroes arising from the zero-padding are also removed. The

entire process is extremely efficient and does not require much computation time.

4.7.1 Results

In this Chapter the theoretical response of a particular bubble of equilibrium
radius Ry, is employed to simulate the experimental data and the matrix F,(u)
is then formed using equation (4.32). The theoretical response from a differ-
ent bubble is used to form the matrix G,(u), and the cross-correlation of the
two matrices is performed using equation (4.38). A series of matrices G,(u) is
formed from the response of a second bubble of equilibrium radius Ry,, where
Ry, is varied over the set {0.08,0.09,0.10,0.11,0.12,0.13} mm. This scenario
is investigated for three separate bubble sizes, Ry, = 0.08,0.10,0.12 mm. In
each case the output H, is represented as a three-dimensional surface, a density
plot of this surface and a cross-section of the surface at @ = 0. The cross-section

is compared with an ordinary time-domain cross-correlation of the two responses.

In Figure 4.39 the three-dimensional surfaces of H,, the cross-correlation,
between the (simulated) experimental response and the theoretical bubble re-
sponse are displayed. The response from a bubble with equilibrium radius
Ry, = 0.08 mm is used as the test response, and a second bubble of varying
equilibrium radius is used as the theoretical response. Plot (a), which is the

auto-correlation of the test response with itself, clearly shows a sharp spike at
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the origin, with little evidence of energy dissipating to other regions. This spike
dissipates slightly in Plot (b), with a decreased amplitude and more diffused
surface, and in Plots (c)—(f) it is hard to distinguish any spike at the origin.
This behaviour is of course expected, as the correlation of the test response
with itself will obviously produce the largest degree of similarity. Figure 4.40
shows the corresponding density plots which exhibit the intricate and complex
interaction between the two signals. It is possible that information gleaned from
the investigation of these density plots could provide insight as to the quality
of the cross-correlation between two signals. The largest amplitude behaviour
does appear to be focused around the origin in Plot (a), and in contrast the
high-amplitude behaviour is spread over a larger area in Plots (b)—(f). In Fig-
ures 4.41 and 4.42 the benefit of cross-correlating the FrFT of two signals, in
comparison with standard time-domain cross-correlation is shown; the former
shows a very clear spike at the origin. The plots in Figure 4.41 show a cross-
section of the surface of the FrFT cross-correlation, taken at a = 0. These plots
give an elementary portrayal of the similarity between the two signals, with Plot
(a) exhibiting a clear spike centred on the origin, with relatively low side-lobes
and of greater amplitude than is evident in Plots (b)—(f). Comparison with
the corresponding plots in Figure 4.42 reveals that the standard time-domain
cross-correlation struggles to identify the auto-correlation of the test response
with itself; the auto-correlation does not exhibit the largest amplitude, and the

peaks in each plot are not distinct.

Figures 4.43-4.50 display the three-dimensional, density, cross-sectioned and
standard (time-domain) cross-correlation plots when the test response is from
a bubble with equilibrium radius Ry, = 0.10 mm and Ry, = 0.12 mm. These
plots agree with the findings above, and confirm that by employing the FrFT and

two-dimensional cross-correlation, a superior discrimination between the auto-
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correlation of a signal with itself and the cross-correlation of the signal with a

different signal can be obtained.

4.8 Conclusions

The dynamics of a bubble insonified by an ultrasonic chirp has been analysed
by taking fractional Fourier transforms of the bubble’s response. Two methods
of visualising the transformed signal over the full range of the order parameter
a are presented; namely the rectangular and polar time-order plots. These plots
have the capability of revealing the phenomenological behaviour which are in-
trinsic characteristics of a bubble’s dynamics, behaviour which would be very
difficult to detect under a particular order parameter analysis, such as standard

time or frequency-domain analysis.

A study of the efficacy of the FrFT in enumerating and identifying the size
and spatial distribution of bubbles within a population was conducted. It was
found that by thresholding the time-order plots in order to highlight the high-
amplitude behaviour of the response, the FrFT could enumerate bubbles within
a population. This was demonstrated with up to five bubbles. It was found that
the FrFT could potentially reproduce the separation between two responses, a
technique which could be used to infer the distance between two bubbles within
a population. In the investigation of two bubbles with different equilibrium ra-
dius, the results suggest that the FrFT is capable of quantitatively identifying
the different sizes present. However, the apparent difference between sizes was
only identifiable due to the separation between the signals. It is therefore un-
clear how effective the current results are at discerning spatial separation and/or

size distribution, and more investigation is necessary.
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(e) Rop =0.12 mm

Figure 4.39: A three-dimensional plot of the cross-correlation surface of the FrFT of the
response from a single bubble of equilibrium radius Ry, = 0.08 mm with various single bubbles
of equilibrium radius Ry;. The method used to calculate each bubble’s response and its FrF'T

is described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.

233



0o 4

u u
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Figure 4.40: A density plot of the cross-correlation surface of the FrF'T of the response from a
single bubble of equilibrium radius Ry, = 0.08 mm with various single bubbles of equilibrium
radius Rgp,. The method used to calculate each bubble’s response and its FrFT is described

in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.

234



Ho(u) Ho(u)

80 80
60 60
40 40

0k
I\MNM\MJ\IV\A i . N o

(a) Rop = 0.08 mm (b) Rop = 0.09 mm
Ho(u) Ho(u)

(¢) Rop = 0.10 mm (d) Rop =0.11 mm
Ho(u) Ho(u)

(e) Rop =0.12 mm (f) Rop =0.13 mm

Figure 4.41: A cross-section, taken at a = 0, of the cross-correlation surface of the FrFT of
the response from a single bubble of equilibrium radius Ry, = 0.08 mm with various single
bubbles of equilibrium radius Rg,. The method used to calculate each bubble’s response and

its FrF'T is described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(¢) Rop = 0.10 mm (d) Rop =0.11 mm
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(e) Rop =0.12 mm (f) Rop =0.13 mm

Figure 4.42: A standard time-domain cross-correlation of the response from a single bubble
of equilibrium radius Ry, = 0.08 mm with various single bubbles of equilibrium radius Ryy.
The method used to calculate each bubble’s response is described in Section 4.4. All other

parameters are given in Tables 4.1 and 4.2.
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(e) Rop =0.12 mm (f) Rop = 0.13 mm

Figure 4.43: A three-dimensional plot of the cross-correlation surface of the FrFT of the
response from a single bubble of equilibrium radius Ry, = 0.10 mm with various single bubbles
of equilibrium radius Ry;. The method used to calculate each bubble’s response and its FrF'T

is described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) Rop =0.12 mm (f) Rop = 0.13 mm

Figure 4.44: A density plot of the cross-correlation surface of the FrF'T of the response from a
single bubble of equilibrium radius Ry, = 0.10 mm with various single bubbles of equilibrium
radius Rgp,. The method used to calculate each bubble’s response and its FrFT is described

in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(e) Rop =0.12 mm

(f) Rop =0.13 mm

Figure 4.45: A cross-section, taken at a = 0, of the cross-correlation surface of the FrFT of

the response from a single bubble of equilibrium radius Ry, = 0.10 mm with various single

bubbles of equilibrium radius Rg,. The method used to calculate each bubble’s response and

its FrF'T is described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(a) Rop = 0.08 mm (b) Rop = 0.09 mm
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(e) Rop =0.12 mm (f) Rop = 0.13 mm

Figure 4.46: A standard time-domain cross-correlation of the response from a single bubble
of equilibrium radius Ry, = 0.10 mm with various single bubbles of equilibrium radius Ry;.
The method used to calculate each bubble’s response is described in Section 4.4. All other

parameters are given in Tables 4.1 and 4.2.
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(e) Rop =0.12 mm (f) Rop = 0.13 mm

Figure 4.47: A three-dimensional plot of the cross-correlation surface of the FrFT of the
response from a single bubble of equilibrium radius Ry, = 0.12 mm with various single bubbles
of equilibrium radius Ry;. The method used to calculate each bubble’s response and its FrF'T

is described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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Figure 4.48: A density plot of the cross-correlation surface of the FrF'T of the response from a
single bubble of equilibrium radius Ry, = 0.12 mm with various single bubbles of equilibrium
radius Rgp,. The method used to calculate each bubble’s response and its FrFT is described

in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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Figure 4.49: A cross-section, taken at a = 0, of the cross-correlation surface of the FrFT of
the response from a single bubble of equilibrium radius Ry, = 0.12 mm with various single
bubbles of equilibrium radius Rg,. The method used to calculate each bubble’s response and

its FrF'T is described in Section 4.4. All other parameters are given in Tables 4.1 and 4.2.
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(a) ROb =0.10 mm (b) ROb =0.10 mm

(¢) Rop = 0.10 mm (d) Rop = 0.10 mm
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(e) Rop = 0.10 mm (f) Rop = 0.10 mm

Figure 4.50: A standard time-domain cross-correlation of the response from a single bubble
of equilibrium radius Ry, = 0.12 mm with various single bubbles of equilibrium radius Ryy.
The method used to calculate each bubble’s response is described in Section 4.4. All other

parameters are given in Tables 4.1 and 4.2.
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The cross-correlation of the FrFTs of two single bubble responses was pre-
sented as a second method of determining bubble parameters from experimental
data. Evolving this method to accurately identify the similarities between two
bubble systems and populations requires further work, but the potential has
been demonstrated for the case of a single bubble. This could be applied in an
industrial setting, where the signal received from a population is cross-correlated
with a sequence of theoretical responses, and the composition of bubbles within

the population ascertained in-situ.
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Chapter 5

Conclusions

5.1 Introduction

This thesis has been concerned with improving the imaging of bubbles and ul-
trasound contrast agents (UCAs). Improved imaging of bubbles is beneficial to
several industries, such as the bioprocess industry. Bubbles, either naturally
occurring or induced by mixing or interaction with an ultrasonic field, are found
in many bioprocesses. The ability to measure the size and concentration of these
bubbles would provide experimentalists with information regarding the evolu-
tionary state of the process and the readiness of the product. Improved imaging
of UCAs has the ability to improve numerous cutting-edge medical treatments
such as reducing the risk of heart disease and strokes, improving cancer treat-
ments and reducing organ transplant rejection, to name but a few. The beneficial
effects of chirp insonification are demonstrated for bubbles, and these effects are

utilised in the investigations of bubbles and UCAs.

This thesis has laid out the first approximate analytical solutions to the dy-

namical equations which govern a bubble and a UCA under chirp insonification.
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These analytical solutions are investigated and optimal parameter regimes are
identified for a bubble and a UCA which will maximise their respective second
harmonic amplitudes. The fractional Fourier transform (FrF'T) is employed as
an alternative imaging method and the efficacy of this method is demonstrated
as a means of identifying the size distribution and enumeration of bubbles within

a population.

5.2 Results

In Chapter 2 the Rayleigh—Plesset equation with chirp excitation was consid-
ered, by identifying a small non-dimensionalised parameter and performing a
regular perturbation analysis. This led to a series of linear ordinary differential
equations for which approximate analytical solutions were obtained. These ap-
proximations enabled the solutions to be considered as a Fourier cosine series,
providing analytical expressions for the amplitude of the bubble’s oscillations at
its resonant and second harmonic frequencies. Investigating these amplitudes
under parameter variations revealed the conditions under which a chirp was
preferable to a gated continuous wave as the forcing function. It was found that
the chirp consistently outperformed the continuous wave, and the sensitivity of
the bubble’s response to variations in the fluid viscosity and the bubble’s initial
equilibrium radius suggest that interpretation of the bubbles response could ac-

curately identify these parameter values.

A similar approach was taken in Chapter 3, where the case of an ultrasound
contrast agent (UCA) insonified by an ultrasonic chirp signal was considered.
The UCA’s dynamics were described by a Keller—Herring type equation, modi-

fied to include the effects of the elastic shell and incorporating a time-dependent
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viscosity term. The complexity of this model was reduced by considering only
small-amplitude oscillations before non-dimensionalising and identifying a small
parameter. This small parameter was utilised in a regular perturbation analysis
which yielded a series of linear differential equations. Fourier transforms were
taken of approximated analytical solutions to the first two of these differential
equations, and the resulting solution provided analytic expressions for the ampli-
tude of the UCA’s oscillations at its resonant and second harmonic frequencies.
In order to maximise these amplitudes, optimal values were identified for the
chirp signal parameters and the elastic shell parameters. A series of heuristic
rules were proposed to optimise the signal parameters, which were confirmed by

numerical investigations.

Chapter 4 presented an alternative approach to imaging bubbles by taking
fractional Fourier transforms (FrF'Ts) of numerical solutions to the Rayleigh—
Plesset equation with chirp excitation. The bubble’s dynamics were presented
simultaneously for each order parameter of the FrF'T, revealing the transfer
of energy between each domain. This method of investigation was found to
accurately identify the number of bubbles within a population and the potential
to recover bubble size and separation was demonstrated. The cross-correlation of
the FrF'T of two bubble’s responses was shown to be an effective tool in matching
an artificially produced experimental response with a theoretical response. The
significant benefits in comparison with ordinary time-domain cross-correlation

were presented.

5.3 Future work

The sensitivity of the second harmonic to the bubble size and fluid viscosity

demonstrated in Chapter 2 indicate that the inverse problem of recovering these
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parameters from experimental data is feasible. The next stage will therefore be

to construct an experiment to test this theory.

To produce the results in Chapter 4 the discretised integration step (Au)
was defined as 16. Ideally, Au would have been defined as 32 or even 64. This
would allow larger time-spans for the bubble response, providing more detailed
information. Additionally, a larger sampling window would allow more bubble
responses to be simultaneously examined, particularly in the restricted polar
time-order plots. A study of larger bubble populations would then be feasible.
However, with the number of samples for a given transform, 2N, inextricably
linked to Aw, this was not feasible as computation times became prohibitive.
A lower level programming language, for example Fortran, would be faster at
performing the evaluations, and future work could involve rewriting the relevant
algorithms in such a programme. This would enable validation of the results
in Section 4.6, and could reveal the true efficacy of the FrFT in identifying size

distributions and spatial separations within a bubble population.

It has been shown by several theoretical and experimental investigations that
the size of a bubble can be successfully recovered from an appropriate interpre-
tation of its second harmonic frequency component. The thresholding applied
here was useful in highlighting the largest amplitude behaviour, but a conse-
quence of this is that the second harmonic component is lost. Amplification
of the second harmonic component or filtering would allow the inclusion of the
related behaviour in the thresholded plots and could be a useful tool to ascertain

the size distribution of bubbles within the population.

Similar investigations to those described in Chapter 4 could be applied to

the dynamical equation governing an ultrasound contrast agent (UCA). The
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medical ultrasound community has witnessed a dramatic increase in the use of
UCAs due to the range of medical applications which it could contribute to.
UCAs are currently employed for delivering cancer fighting treatments and for
transfecting genes which reduce organ transplant rejection, as well as for several
other cutting-edge medical applications. The process by which several of these
techniques delivers the treatment to the desired area is dependent on accurate
imaging of the UCAs. The application of FrFTs on a diagnostic ultrasound
signal has the potential to reveal the number of UCAs which have reached the
treatment zone, therefore enhancing the performance of the treatment itself. Ac-
curately discerning the separation between two UCAs has the potential to reveal
how wide an artery or blood vessel is — valuable information in the treatment

and assessment of heart disease and strokes.

In Chapter 4 the responses from more than one bubble are considered to
be uncoupled, with each response entirely separate from each other response.
Coupled oscillating bubbles have been examined by several authors [31,32,46].
Future research could investigate the FrFTs of the coupled responses from sys-
tems of bubbles in close proximity. Coupled oscillation models are more accurate
representations of bubbles within a population and the intricate detail provided
by the FrF'T investigations could reveal new dynamical features which are cur-

rently unknown.
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