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have been marked by a white circle. The last recorded profile for the system
has also been plotted as a series of white markers. (b) The coloured legend
corresponds with the presented times, which are shown for all three species. . . 85

4.10 Mass transfer evolution across the ternary phase diagram within a system of
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4.12 Free energy landscape of a system in which 𝐴 = 3 and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1,
without considering the gradient term. (a) Unscaled free energy across the
ternary phase diagram. (b) Unscaled free energy profiles for the three fixed sol-
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5.1 Diagram summarising the experimental and in-silico methodology built to ex-
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5.2 Energy diagrams depicting the different types of scattering present when per-
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5.4 Experimental setup used for the collection of the microfluidic maps. The differ-
ent pieces are labelled as follows: (A) and (B) conform the syringe pump, with
(A) being the remote control unit and (B) the pushing block; (C) microfluidic sy-
ringe; (D) inlet tubing; (E) 4-way linear connector; (F) microfluidic chip; (G) 3D
printed plastic support; (H) H interface; (I) outlet tubing; and (J) waste disposal. 106

5.5 Experimental setup used for the collection of the microfluidic mixing maps (not
to scale). (a) Two syringes pumping the different solvents into a microfluidic
channel, where their mixing is mapped by collecting Raman measurements in
columns along this channel. (b) Depiction of the meaning given to the terms
"columns" and "measurements along the channel" in this work; the columns also
correspond with the channel height. (c) Channel cross-sectional profile adapted
from the manual, depicting the meaning given to depth, also called 𝑧 measure-
ments, in this work. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.6 Diagram of the experimental procedure followed during the collection of the
Raman microscopy maps. There were 11 columns collected in each system, and
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The system is first filled up through capillarity by holding the syringe under
the vessel with solution, in order to minimise the presence of air bubbles (1-2),
and then fixed onto the stage of the Raman microscope (3). To minimise any
potential contamination in steps (1-2) due to ethanol’s hygroscopic nature, the
opening of the vessel was sealed with parafilm, and a razor was used to make a
thin cut through which to introduce the tubing. . . . . . . . . . . . . . . . . . . 107

5.8 Top: Step by step description of the data processing followed for calibration
runs. Note that 0–100wt% corresponds with the mass percentage of ethanol.
The spectra correction step is further described in Section 5.2.6. Bottom: Step by
step description of the data processing followed in the case of mixing experiments.109

5.9 Example of how the airPLS baseline removal method, with 𝜆 = 100 and first-
order difference penalties, affects spectra across the whole range of mass com-
positions (wt%) for the ethanol-water system. (a) Raw spectra. (b) Same spectra,
after baseline removal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.10 Example of how the cosmic rays in spectra are filtered without compromising the
ethanol signal. (a, b) Complete spectra. (c, d) Zoom into the relevant intensity
range for enhanced visibility. (a, c) Spectra for an ethanol mass fraction of 0.8.
(b, d) Spectra for an ethanol mass fraction of 1. Both (a, c) and (b, d) share the
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5.11 Example of how the intensities marked as zero in some spectra within the cal-
ibration dataset have been corrected by replacing these with the average of the
other two repetitions. The labels Og. R1, Og. R2 and Og. R3 denote the original
raw spectra, while the labels Avg. R3 (corrected) and Avg. R3 (Unchanged) refer
to the two parts of the modified spectra: the corrected, averaged intensities from
the beginning, and the unchanged intensities across the rest of the wavenumber
range. The spectra shown in this example correspond to a pure water measurement.112

5.12 Example of a spectra showing a disproportionately large baseline in comparison
to other measurements in the same column, resulting in the deformation of the
spectral shape. Note that each 𝑌 position in the legend corresponds with a dis-
crete colour, with 0 and 205 being the top and bottom of the channel, respectively.112

5.13 Average normalised area under the signal peak, as used to determine the borders
of the channel. The shadowed area corresponds with the standard deviation of
each average. In all cases except pure water, the 2800 – 3040 cm−1 ethanol peak
was used; the former considered instead the 3060 – 3690 cm−1 water peak. A
close-up of this figure is displayed on the right to showcase the adequacy of the
selected threshold value, 0.04, indicated by the red dashed line. . . . . . . . . . 113

5.14 (a) Average Raman spectra for each concentration in the calibration dataset, af-
ter baseline removal; the shadowed area corresponds with the standard deviation.
(b) Average and standard deviation of the highest ethanol intensity for each com-
position of the calibration dataset. Two values for the pure ethanol value were
presented, collected at different times; the earlier one corresponds with the pink
marker. Note that the error bars showcasing the standard deviation may be too
small in comparison to the marker size to be appreciated. . . . . . . . . . . . . 114

5.15 (a) Average ethanol intensity across the entire channel height for the two cali-
bration measurements of pure ethanol, labelled by the date they were acquired.
The error bars correspond with the standard deviation between repetitions. (b)
Value of the calculated scaling factor for each 𝑦 position along the channel height.115

5.16 (a) Spectra from the 90 wt% calibration measurement at 𝑦 = 125, before (solid
line) and after (dashed line) correction. (b) Original and corrected average and
standard deviation of the ethanol signal for each calibration composition, and
their linear fit. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
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and (11250,105). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.18 Step-by-step flowchart for the optimisation process. For clarity, it has been indi-
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5.19 Depiction of how the linear interpolation of missing datapoints within the first
column of experiments 4 (a) and 5 (b) affects the overall trend. In both cases,
the original trend is preserved, including when estimating an end value, as seen
in (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.20 Coordinates at which the data in the experimental and simulated maps are lo-
cated. Since the simulation mesh is finer across the 𝑦 axis, with the equations
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mental grid was required, as illustrated in the middle map. The red-shaded cells
indicate the points trimmed out of this interpolated map to match the number of
discarded rows in the experimental maps. . . . . . . . . . . . . . . . . . . . . 120

5.21 Mixing of water–ethanol solutions as observed with the Leica M165 C opti-
cal microscope: (a) Mixing of pure ethanol and pure water streams under in-
creasing flow rates (top to bottom). (b) Mixing of a pure water stream with
a water–ethanol solution of increasing ethanol composition (top to bottom) at
10 µLmin−1. The red arrows are a guide to the eye. . . . . . . . . . . . . . . . 122

5.22 Example of the effect that the SGS filter (a) and combined (b) baseline removal
methods have on the calibration dataset, at 𝑦 = 100 µm. Note that the combined
methodology consists on applying airPLS baseline removal first, followed by a
SGS filter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.23 Performance of PLS models at different channel 𝑦 positions trained under differ-
ent combinations of number of latent variables, scaling of the data and baseline
removal methods: (a) airPLS; (b) SGS filter; (c) combined (airPLS + SGS fil-
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5.25 Evolution of the Raman spectra captured during the study of the pure EtOH-
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5.26 Raman composition mixing maps for a pure water–ethanol system studied at
different flowrates: (a) 2 µLmin−1; (b) 3 µLmin−1; and (c) 4 µLmin−1; these
correspond with experiments 1, 4 and 7 in Table 5.2, respectively. Composition
is given as the ethanol mass fraction; the white squares represent eliminated
outliers, and the white column indicates a missed collection point in the 𝑥 axis.
(d) Selected composition profiles extracted from these mixing maps at two 𝑥
positions: the channel inlet, and 11250 µm. Those points at which the trendline
breaks correspond to discarded outliers. The larger pixels in the second and third
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5.27 Raman composition mixing maps for a system at 3 µLmin−1. (a) 25–100 wt%
EtOH; (b) 50–100 wt% EtOH; (c) 75–100 wt% EtOH. These correspond, respec-
tively, with experiments 8–10 in Table 5.2. Composition is given as the ethanol
mass fraction; the white squares represent eliminated outliers. (d) Composition
profiles at 𝑥 = 0 and 11250 µm for the three systems. Those points at which the
trendline breaks correspond to discarded outliers. . . . . . . . . . . . . . . . . 129
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5.33 Experimental mole fraction map (a) and best-fit simulated map, given in mole
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F.1 Chemical potentials of the two independent species, 1 and 2, for the equilib-
rium state of a system in which a stream of pure antisolvent was mixed with a
solution of 25% API. The results obtained with the form posed by Petrischeva
and Abart [121] and with the form initially explored in this work are both pre-
sented. The degree of non-ideality was 𝐴 = 3, and the interfacial free energy
coefficients correspond with (a) (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0,0,0) and (b) (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) =
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posed by Petrischeva and Abart [121] and with the form initially explored in this
work are both presented. The degree of non-ideality was 𝐴 = 3, and the interfa-
cial free energy coefficients correspond with (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0.025,0.008,0.025).190
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a system in which a stream of pure antisolvent was mixed with a solution of 45%
API. The results obtained with the form posed by Petrischeva and Abart [121]
and with the form initially explored in this work are both presented. The de-
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dient coefficient values are (a) (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0,0,0) and (b) (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) =
(0.1,0.032,0.1). In particular, (a, b) depict the compositional pathways through
the ternary diagram. The blue line in them is the solubility curve, and the dot-
ted line joins the two initial compositions, marked by a white circle. To ease
visualisation, the last recorded profile has been plotted in white. . . . . . . . . 193

F.5 Evolution of the composition with time in a system mixing pure antisolvent with
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F.6 Evolution of the composition with time in a system mixing a 45% API solu-
tion with a solution of 80∕20% antisolvent/solvent, considering that 𝐴 = 3 and
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Chapter 1

Introduction

Crystallisation is one of the most widespread separation techniques within the food, chemical
and pharmaceutical industries. In particular, crystallisation from solution of the Active Pharma-
ceutical Ingredient (API) is a core step in upstream drug manufacturing.

The properties of the final drug substance, that is, the API, play an essential role in the
safety and reliability of the final drug product, impacting its bioavailability and effect on the
human body. They also impact the downstream processing, with certain attributes associated
with problems at the filtering, blending, and tableting stages [1]. Some of the most relevant
Critical Quality Attributes (CQAs) of the API are the crystal size distribution, the crystal shape
and habit, and the polymorphic form [1]. Their importance has been highlighted by high-profile
cases such as ritonavir and rotigotine, in which the formation of an unexpected polymorph led
to their temporary withdrawal from the market [2].

Antisolvent crystallisation is one of the most commonly applied varieties of this unit opera-
tion. The key principle is that a solute of interest, dissolved in a suitable solvent, is crystallised
by mixing the solution with a third species, denominated antisolvent, in which the solute has
poor solubility. This technique is particularly suited to purify heat-sensitive compounds, and
can have a lower energetic cost than its counterparts [1]. Its combination with cooling crystalli-
sation can lead to increased yields, making this a common approach in industrial pharmaceutical
processes [3].

Despite its widespread use within the pharmaceutical industry, the observation of undesired
outcomes remains a prevalent problem in antisolvent crystallisation. Examples of this are the
formation of unwanted and unexpected crystal polymorphs, shapes, or habits [4, 5], and the
formation of a solute-rich secondary liquid phase within the mother liquor instead of solid nuclei,
referred to as oiling out or liquid-liquid phase separation (LLPS) [6]. These occurrences are
rooted in a lack of sufficient understanding of mass transfer within the antisolvent crystallisation
context and inevitably hinder the control over the CQAs.

Mass transfer in antisolvent crystallisation is governed by the mixing of the two streams, i.e.,
solution and antisolvent. When first put in contact, it is expected to find local regions within the
system with vastly different concentrations separated by interfaces which, as mixing develops,
disappear. These compositional inhomogeneities are in turn translated into spatial gradients in
supersaturation. Thus, the system may not be locally operating at the mixing point and super-
saturation that the macroscopic system was designed for. Parts of the system could be brought
into unexpected regions of the ternary phase diagram and potentially cause it to exit the design
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envelope; this concept is illustrated in Figure 1.1. This could cause the formation of unexpected
polymorphs, crystal shapes, or oiling out.

AntisolventSolvent

Solute

AS feed

Solution 

feed

L-L spinodal

L-L binodal

One-phase

Oiling out

Potential paths

S-L solubility

Assumed path

Desired phaseUndesired phase

Metastable

Unstable

FIGURE 1.1: Depiction of the potential effect of different mass transfer pathways across the ternary phase
diagram. L-L stands for liquid-liquid; S-L, for solid-liquid; and AS, for antisolvent. Commonly, mixing
models assume ideality, and thus, a straight pathway between streams (green line) predicting no breach
into the binodal/spinodal regions. Non-idealities in the system can lead to different evolutions (red and
blue lines), which could result in unwanted properties within the crystal product.

Although the problematic of oiling out and of reaching undesired crystal properties during
antisolvent crystallisation is well-known [4, 6], modelling in this context has been more dedicated
to reproducing the properties of the crystal population rather than understanding the fundamen-
tals of mass transfer behind these [7]. Only a small number of studies [8, 9] dedicate themselves
to this problem, and an even smaller number [10] tackle oiling out within their theory.

Mass transfer at the relevant scale for local composition gradients is governed by diffusion,
making its accurate description crucial. Diffusion in antisolvent crystallisation is most com-
monly described by Fick’s law [8], which defines the driving force for mass transfer as propor-
tional to the spatial gradients in concentration. This in turn enforces the assumption of ideal
behaviour, as well as a linear trajectory across the ternary phase diagram, as depicted in Fig-
ure 1.1 in the assumed path. Therefore, within this framework, the system always strives towards
homogeneity. However, this assumption does not hold even for the most intuitive systems: con-
sidering an emulsion of oil and water, one does not expect the phases to interdiffuse and fully
mix, and yet, that is the behaviour that the Fickian framework would predict. Therefore, it can-
not be expected to provide an accurate description of diffusion in a process of the complexity of
antisolvent crystallisation. This is evidenced by the occurrence of uphill diffusion, in which a
species diffuses against its concentration gradient [8, 11].
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Fundamentally, all spontaneous processes are driven to decrease the free energy of the sys-
tem, which is equivalent to the dissipation of spatial gradients in the chemical potential. This way,
in spontaneous processes, particles move from regions of high to low chemical potential until
chemical equilibrium is reached. This makes a framework that considers that the driving force for
mass transfer is proportional to the gradient in chemical potential—such as the Maxwell-Stefan
diffusion model [12, 13]—a more accurate alternative. For instance, such a framework explains
the uphill diffusion phenomenon as a case in which the chemical potential and concentration
gradients evolve in opposite directions. It also avoids assuming linear trajectories through the
phase diagram, enabling the prediction of the formation of potentially undesired crystal forms,
as depicted in the potential paths in Figure 1.1. However, the Maxwell-Stefan model still ex-
hibits limitations, namely, its incapability to contemplate the dynamics of phase transformations,
reducing its usefulness for the study and understanding of the liquid-liquid phase separation oc-
curring during oiling out. Moreover, this model neglects the effects that the temporary interfaces
formed during the mixing of the two streams may have on the system.

1.1 Thesis aim and objectives
This work aims to cover this gap through the formulation of a diffusion model capable of account-
ing for these interfaces and of predicting and simulating phase transformations, so as to improve
the accuracy of the mass transfer description within antisolvent crystallisation, and apply it to
the problematic of oiling out and unexpected crystal properties.

In particular, this gap has been addressed through the incorporation of a non-local gradient
term in the free energy definition, adapting the framework devised by Cahn and Hilliard [14]
to model spinodal decomposition. This will lead to the apparition of additional terms in the
chemical potential, which are expected to help provide a better evaluation of supersaturation
in time and space. This, in turn, will translate into better estimations of nucleation rates, and
potential times and regions where nucleation could occur. Moreover, it is expected to better
track the composition trajectories throughout the ternary phase diagram, helping explain oiling
out and the formation of unexpected polymorphic forms or crystal shapes. It could thus be
employed for design of experiments, helping avoid conditions predicted by the model to veer
outside of the design envelope. This aim has been divided in the following objectives:

• To study the effect of the non-local term on diffusion in a binary system.

– Provide a detailed introduction to the theory behind the model for a binary system,
including its main scientific motivation, physical relevance and relation to known
physical variables, behaviour in equilibrium, and main limitations.

– Compare the temporal and spatial composition and supersaturation profiles predicted
by the model with those of the two other most relevant diffusion frameworks, Fick’s
law and Maxwell-Stefan, in the context of a non-ideal system.

– Confirm the effectiveness of the model in simulating LLPS within the spinodal region
and analyse the effect that the magnitude of the gradient term has on diffusion and
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supersaturation, in the context of an ideal system and of a system undergoing phase
separation.

– Explore the mass transfer and phase behaviour of a system under crash-cooling con-
ditions. This proves the uniqueness of the model, as both Fick and Maxwell-Stefan
are unable to predict diffusion within the spinodal region.

• To study the effect of the non-local term on diffusion in a ternary system, aimed to-
wards antisolvent crystallisation.

– Provide a detailed introduction to the theory generalised to a multicomponent system,
including its main scientific motivation, physical relevance and relation to known
physical variables, behaviour in equilibrium, and main limitations.

– Explore the phase and mass transfer behaviour under the one-phase, binodal and
spinodal regions of the ternary diagram through the predicted compositional and
supersaturation spatial profiles, and compositional pathways through the ternary di-
agram.

– Explore the effect that different diffusion coefficients and degrees of nonideality be-
tween species have upon the phase and mass transfer behaviour for a system of fixed
initial conditions through the predicted compositional and supersaturation spatial
profiles, and compositional pathways through the ternary diagram. This aimed to
replicate the behaviour of different interactions between the species.

• To develop an experimental framework isolating diffusion as the dominant mass
transfer mechanism in order to facilitate the qualitative validation of the predictions
of the proposed model.

– Develop a microfluidic platform scalable to multicomponent systems through which
to study mass transfer in combination with Raman microscopy.

– Perform experimental diffusion studies of a binary water–ethanol system under dif-
ferent initial compositions and flow rates.

– Replicate the experimental system through a digital model and develop a digital opti-
misation framework through which to estimate benchmark mass transfer parameters.

1.2 Thesis contributions
The following scientific contributions have been made as a result of this work:

• The development of a diffusion model, applied to binary and ternary systems, better suited
to describing antisolvent crystallisation by accounting for non-ideal and non-local thermo-
dynamics, thus overcoming the limitations of current approaches. The model features a
driving force rooted in chemical potential gradients, allowing the incorporation of an activ-
ity model to describe non-idealities. Moreover, an additional non-local term was included
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in the free energy formulation, inspired on the Cahn-Hilliard equation [14]. This term de-
scribes the contributions of compositional inhomogeneities, and thus, of interfaces, mak-
ing it capable of modelling the dynamics of LLPS and of representing the thermodynamic
effect of transient interfaces formed during mixing. An exploration on the effects of this
term on the prediction of composition and supersaturation in time and space (binary and
ternary) and of the evolution of non-linear compositional pathways on the ternary phase
diagram is presented.

• While the non-local gradient term studied in this work has been extensively applied in other
fields, such as material science and polymers, this knowledge is not easily accessible by
scientists in adjacent fields. Many texts rely on the reader possessing a baseline knowledge
of the topic, lacking the level of algebraic detail needed for a newcomer to be introduced
into the theory. This work bridges this gap, providing a detailed derivation and analysis of
the main features of the theory and of the relationship between the gradient term and other
known physical variables, such as the surface tension. This thus brings the theory to the
pharmaceutical crystallisation community, and to antisolvent crystallisation in particular.

• Despite the extensive study of the dynamics of models incorporating the gradient term
observed in other fields, this work has identified an inconsistency with the equilibrium
states recovered from approaches found in literature. In particular, certain definitions of
the chemical potential proposed in literature do not result in a flat profile when in equilib-
rium. This work proposes, for a binary system, a revised definition of the gradient term
coefficient that does not alter the model dynamics and recovers a flat chemical potential
profile in equilibrium. It also provides insights as to what pieces of the theory one would
inspect to replicate this for ternary systems.

• This work proposes an experimental framework in which diffusion is isolated as the main
mass transfer mechanism, leveraging microfluidics and Raman microscopy to collect liq-
uid composition maps of two solvents during mixing. This could be used to qualitatively
validate the proposed modelling framework in the future, exploring whether the anoma-
lous phenomena predicted by the model are observed in the microfluidic setup. Moreover,
an optimisation algorithm is built for the quantitative estimation of mass transfer model
parameters from the collected maps, and a case study applied to a Fickian diffusion model
is provided.

1.3 Thesis outline
Given the completely computational nature of the first two results chapters and the consider-
ably lengthy methodology description required to explain the development of the experimental
microfluidic platform, each chapter was structured as a self-contained unit, comprising a brief
introduction, methodology, results and discussion, and conclusions. This approach was adopted
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to improve the accessibility of the thesis, reducing the need for readers to locate relevant method-
ological and contextual information across multiple chapters when interpreting a particular set
of results. The thesis has been organised as follows:

• Chapter 2 provides an overview of the relevant literature focusing on the general princi-
ples behind crystallisation, the most pressing problems within antisolvent crystallisation,
the most commonly applied models to describe this technique, and some background on
the models proposed in this work.

• Chapter 3 develops a binary diffusion model incorporating a non-local gradient term into
the free energy landscape, analyses its equilibrium behaviour and its performance in com-
parison to other diffusion models, and studies its application to a crash-cooling system.

• Chapter 4 develops a multicomponent diffusion model incorporating a non-local gradient
term into the free energy landscape, and analyses its performance under different scenarios
relevant to ternary systems and antisolvent crystallisation processes.

• Chapter 5 describes an experimental microfluidic platform leveraging Raman microscopy
to perform diffusion studies, tested in an ethanol–water system, and develops an optimi-
sation routine to extract benchmark mass transfer parameters of diffusion models.

• Chapter 6 summarises the main findings arisen from this research and proposes directions
for future work.



Chapter 2

Background

2.1 Crystallisation fundamentals
Crystallisation can be considered the oldest separation technique applied in chemical engineer-
ing, since the obtention of salt through this method dates back to the earliest civilisations, playing
a major role in their development [15]. It can be defined as a process concerned with the for-
mation of a solid product from an original fluid, the mother liquor, through the rearrangement
of atoms into a three-dimensional lattice. It plays an essential role in several natural processes,
such as geologic crystallisation and the crystallisation of biominerals in living creatures [16].

From a manufacturing perspective, crystallisation is applied as a separation technique
across a multitude of industries for the production of both intermediates and products, such
as (bio)pharmaceutical, agricultural and other fine chemicals [17], food manufacturing, waste
management [18, 19] and production of metallic materials [20], among others. In food technol-
ogy it is used in the production of sucrose, salt, fatty acids and artificial sweeteners [21, 22],
as well as other products such as ice-cream [23]. In the agricultural industry it is employed in
the manufacturing of fertilizers [24], pesticides [25] and other agrochemicals. Within the wider
fine chemical industry, the production of most dyes and explosives employ crystallisation as a
part of the manufacturing process [16]. Finally, within the pharmaceutical industry, 80% of the
drugs available on the market are formulated as crystals [26]; in particular, crystallisation is the
final upstream step in the manufacturing of most Active Pharmaceutical Ingredients (APIs) [27].
The wide applications of crystallisation in industry make its understanding and optimisation
paramount for the achievement of the highest possible operating efficiency.

2.1.1 The crystal formation process
The solubility of a compound in a solvent is defined as the amount of that compound that a
certain amount of solvent at a certain temperature can dissolve. A generic solubility curve is
presented in Figure 2.1.

In a cooling crystallisation process, temperature is decreased from point (1) to (2) in Fig-
ure 2.1 in order to decrease the solubility of the API in the solution and generate supersaturation.
The thermodynamic driving force in a crystallisation process is denominated supersaturation,
which in Figure 2.1 corresponds with the difference in concentrations between (2) and (3). It
can also be defined as a deviation from equilibrium, accounted for through the difference in
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FIGURE 2.1: Generic solubility curve and metastable zone representation for a solute in a certain solvent.
A typical cooling crystallisation process would follow the points (1)-(2)-(4). The difference in concentra-
tion between (2) and (3) is the supersaturation.

chemical potential between the dissolved solute and the crystalline phase [15]. The supersatura-
tion value indicates in what region of the solubility diagram the solution is situated at, as can be
seen in Figure 2.1. If, at a given temperature, the solution is placed at the solubility curve, it is
said that it is saturated. If it is located above or below the curve, it will be supersaturated or un-
dersaturated, respectively [23]. The degree of supersaturation of the solution plays an essential
role in the crystallisation, dictating what mechanisms will dominate the crystal formation.

Crystallisation is constituted by seven mechanisms, as depicted in Figure 2.2. The initial
phase separation occurs during the primary nucleation stage, in which solid crystals appear for
the first time in the solution. This is followed by a stage of crystal growth in which the small
nuclei previously formed increase their size. Thus, a trade-off is established between these two
phenomena, since if nucleation consumes the majority of the supersaturation, numerous small
crystals will be obtained, whereas a the process majorly controlled by the growth stage will result
in fewer, larger crystals. Potentially, agglomeration can also occur, with two small particles
colliding and remaining close during enough time for a crystalline bridge to be formed between
them [23].

FIGURE 2.2: Diagram of the mechanisms that occur during a crystallisation process. Adapted from [28].

The crystals formed by these three mechanisms can be denominated as parent crystals, and
they exert a catalytic effect on the nucleation phenomena. Thus, it is possible for a new batch
of nuclei to appear despite the lower overall supersaturation, following a process of secondary
nucleation from solution [16]. In addition, several other subprocesses can take place during
crystallisation. Due to collisions with other crystals, against the mixer, or because of strong
turbulences, the breakage or fragmentation of crystals can occur [29]. Moreover, it is possible
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for the roughness present in the surface of the crystals to be gradually removed, in a process
denominated attrition [30]. Lastly, Ostwald ripening consists in the dissolution of small crystals,
increasing the supersaturation in solution, and the consumption of this supersaturation through
the growth of other crystals. Occurring over long periods of time, it reduces the total surface
area of crystals in contact with the solution, therefore reducing the overall free energy of the
system [23].

The properties of the final crystalline product are highly dependent on what mechanisms
have occurred during crystal formation, and to what extent. Given the high risk associated to the
inadequate performance of a drug product, processes within the pharmaceutical industry undergo
thorough final quality controls, partly based on two parameters: the Crystal Size Distribution
(CSD) and the crystal morphology. The importance of the size distribution resides on its heavy
influence on the bioavailability of the final API [16], which dictates how well it will absorb in
the human body. Bioavailability is also affected by polymorphism, the ability of a compound
to crystallise with different morphologies. The different lattice can impact the solubility of the
crystals, and thus their performance [31]. From a manufacturing perspective, the performance
of downstream processes such as filtration [16] is affected by the CSD, as well as by the crystal
shape [23]. Finally, the purity of the final product is another of its critical characteristics, due
to the possibility of the mother liquor and/or impurities to have been included within the crystal
lattice [23].

2.1.2 Overview of the main crystallisation methods
The available crystallisation techniques can be classified in two distinct categories depending on
whether the crystals are obtained from solution or from the melt.

A melt is defined as as a pure molten solid or liquid mixture close to its melting point; when
brought to this temperature, it freezes, forming crystals. Melt crystallisation is mainly used for
the production of highly pure compounds, in the range of 99.9 to 99.999%. This purification
potential constitutes one of the main advantages of this process, together with the ability of sep-
arating compounds with close boiling points and the possibility of crystallising thermally sensi-
tive products, if their melting temperature is not high [23]. The process is normally carried out
over several steps, helping achieve higher final purity [32]. Therefore, the energy consumption
per kilogram of product can be relatively high [23].

Melt crystallisation differs from crystallisation from the solution in three main aspects.
Firstly, the crystals obtained are formed by either the melt itself or the solvent used for the
mixture, depending on the application. Secondly, by definition, this process operates close to
the freezing point of the component of interest [23]. And thirdly, this process is dominated by
heat transfer effects, in opposition to crystallisation from the solution, in which crystallisation is
controlled by mass transfer [15].

Crystallisation from solution can be applied in a single step while still achieving high pu-
rities, due to the higher rigidity of the obtained crystal lattice. It is comprised by four main
techniques, of which a brief overview is provided below: cooling, evaporative and anti-solvent
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crystallisation, and precipitation. The main advantages and disadvantages of each technique are
summarised in Table 2.1.

The basic principle of cooling crystallisation is the reduction of the temperature of the so-
lution until the solubility of the API falls below the actual concentration of the solution. This
drives the solution into the metastable zone and creates supersaturation, point at which nucle-
ation can occur. Its main advantage are the generation of narrow CSDs, and its main limitation
is the solubility of the solute at the lowest achieved temperature, which, if high, could lead to
lower yields [16].

Evaporative crystallisation induces supersaturation through the evaporation of the solvent,
leading to an increase in the solute concentration which, eventually, causes supersaturation. It is
suitable for thermally stable compounds which solubility is not a strong function of temperature.
Its main potential limitation is the possible build-up of non-volatile impurities in the remaining
mother liquor, which may be incorporated into the crystal lattice and change the solubility of the
remaining solution [23].
TABLE 2.1: Summary of the advantages and disadvantages of the main crystallisation techniques.

Technique Advantages Disadvantages

Melt
Ultrapurification is feasible,
potentially adequate for heat-
sensitive compounds.

Low separation efficiencies
can lead to high energy
consumption depending on
process efficiency.

Cooling
Adequate for high temperature
dependency in solubility. Nar-
row CSDs.

Limited yield dependent on
solute solubility at lowest
temperature.

Evaporative
Potential yields of near 100%,
adequate for low solubility de-
pendence on temperature.

Accumulation of non-
volatile impurities in
mother liquor.

Precipitation/Antisolvent
crystallisation

Adequate for thermally sensi-
tive compounds and low solu-
bility dependence on tempera-
ture; high product yields.

Locally high supersatura-
tions may lead to unex-
pected crystal attributes.

Precipitation is the only crystallisation process that involves a chemical reaction. It consists
in the mixing of two concentrated reactants in order to obtain a product poorly soluble in the
solution formed. This process achieves considerably high yields, albeit it is also linked to locally
high supersaturation values, which can translate into unexpected crystal polymorphs [23].

Antisolvent crystallisation, also known as salting out or drowning out crystallisation, is based
on the formation of the solid solute via its dissolution in a solvent and a posterior addition of an
antisolvent or nonsolvent, i.e., a liquid in which the solubility of the solute is poor. The similitude
with precipitation can be drawn immediately, with the only exception of no chemical reaction
occurring in this case.
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Since this process does not rely on large temperature differences to create supersaturation, it
is generally used for the crystallisation of thermally sensitive compounds. In the context of phar-
maceutical crystallisation, it is applied when working with compounds which solubility is only
a weak function of temperature [33]. It has been applied across a wide breadth of fields beyond
the pharmaceutical, such as for the development of piezoelectric nerve conduits in the context of
nerve tissue engineering [34], for electrode manufacturing in redox flow batteries [35], for the
preparation of perovskite films used in solar cells [36], and for the formation of polymer mem-
branes, field in which it receives the name of nonsolvent induced phase separation (NIPS) [37].

Within pharmaceutical crystallisation, it is commonly used in the preparation of poorly
water-soluble drugs, such as paracetamol [1], ibuprofen, curcumin and siramesine [38]. Some
examples of systems in which water is not part of the solvent/antisolvent pair are, as given
in [1], the crystallisation of indomethacin in acetone/heptane [39], pyrazinamide in 1,4–
dioxane/cyclohexane [40], or ammonium perchlorate in acetone/ethyl acetate [41]. Moreover,
antisolvent crystallisation is considered an effective preparation method of micro or nanoparti-
cles [33, 42], and it has been applied for the polymer coating of particles [43, 44].

From a crystal engineering perspective, antisolvent crystallisation can help in the control of
key particle properties such as shape and size. Examples of this, as given in [1], are the prepara-
tion of paracetamol in acetone/water, which helps decrease the occurrence of agglomeration [45];
the crystallisation of carbamazepine in methanol/water to produce hollow crystals [46]; or the
formation of spherical nitrendipine crystals [47]. Moreover, some systems have been linked
with the formation of a specific polymorph, such as 𝛽–glycine in water/2–propanol [48], or 𝛾–
indomethacin in 1,4–dioxane/cyclohexane [39].

Lastly, antisolvent crystallisation can be deployed as a second purification step after cooling
crystallisation, allowing to increase the yield and profitability of this process [23, 49–51].

2.1.3 General process configurations
Industrial crystallisation processes are focused around two main operational modes: batch and
continuous. A batch crystalliser operates in discrete cycles [52], while in a continuous configu-
ration the inlet/outlet streams of feed and product flow continuously into and out of the system
without interruption [53]. Semibatch mode, relevant for antisolvent crystallisation, is charac-
terised by the incorporation of one or more feed streams to the equipment during all or part of
the operation [52].

Batch crystallisation offers a higher flexibility of operation and lower maintenance than its
continuous counterparts; moreover, cycle operation helps avoid fouling between loads, albeit at
the cost of a higher downtime. It is particularly suitable for products with slow growth speeds,
or which exhibit difficulties in their processing. It remains more economically favourable up
to a capacity demand of 500 kgh−1, after which point continuous operation is more advanta-
geous. Batch crystallisers can be classified based on the type of crystallisation they perform;
some industrially applied examples are the calandria batch evaporative crystalliser, the vacuum
crystalliser with forced recirculation, and the Buflovak draft-tube crystalliser [52].
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Continuous crystallisation offers a reduced downtime and a higher efficiency regarding space
demands abd API, solvent and energy consumption, leading to reduced waste production and
helping maximise yield. Moreover, while batch operation relies on the variation of process con-
ditions to maintain supersaturation during operation [54], often leading to batch-to-batch incon-
sistencies, continuous operation avoids this by maintaining the selected conditions across the
entire crystalliser [55]. The three most common crystallisers within this process configuration
are the mixed-suspension mixed-product-removal (MSMPR), plug flow, and oscillatory baffled
crystalliser [54].

Microfluidic crystallisation has recently gained attention from the scientific community. It
offers several advantages over traditional batch/continuous operation, such as enhanced mass
and heat transfer, and a more accurate control over the process conditions and thus over crystal
nucleation and the properties of the crystalline product [56, 57]. Its reduced scale leads to sig-
nificantly lower API and solvent requirements, improving their cost-effectiveness and helping
reduce operational risks [56]. It also enables the high-throughput screening of different process
conditions and their impact on the crystal properties [57]. Moreover, they can be easily cou-
pled with in-line Process Analytical Tools (PATs) and integrated with real-time control systems,
facilitating their automation [56].

Despite their vastly different scales, diffusion exerts a great control over local mixing in all
three presented process configurations. The geometry of general microfluidic systems is asso-
ciated with Peclet numbers significantly lower than 1, indicating that mixing is dominated by
diffusion [8]; thus, they are able to achieve conditions of free interface diffusion [57]. In indus-
trial batch and continuous crystallisers the Peclet number can be much larger than 1, in which
case mixing is controlled by fluid bulk motion and diffusion. The former works by rearranging
the location of fluid elements within the system without altering the composition of each element.
That can only occur via molecular diffusion between two adjacent fluid elements, indicating that
at a small enough length scale, mixing in such a system is also controlled by diffusion [8]. Given
that supersaturation is a function of composition, its local profile is therefore also controlled by
diffusion, highlighting the importance of correctly describing this phenomenon.

2.1.4 Ethos: Quality by Digital Design
In a wider context, the challenges outlined above regarding the design and operation of crystalli-
sation processes are occurring amid a regulatory framework shift. Rather than the traditionally
favoured end-quality testing, the past two decades have seen the main regulatory agencies pro-
mote the application of Quality by Design (QbD) [58, 59]. Based on the idea that quality should
be built in the manufacturing process through adequate product and process design, it emphasises
the thorough exploration of the design space through PAT testing [60].

More recently, the Quality by Digital Design (QbDD) [61, 62] framework has drawn from the
principles behind QbD and aims to incorporate emerging capabilities in digital technologies. It
encourages the application of both physics and data-driven models to enhance the understanding
of a process, helping elucidate the relationship between its critical parameters and the critical
quality attributes of the product. In the context of crystallisation, QbDD would entail, among
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others, studying the mechanisms involved in crystal formation, such as nucleation and growth,
and, consequently, diffusion and supersaturation generation.

2.2 Challenges within antisolvent crystallisation
Traditionally, antisolvent crystallisation has been conducted in a stirred vessel with several po-
tential feed configurations, such as single or double jets, or with an additional premixing device,
such as an impinging jet [32]. Given their effect upon the turbulent and/or diffusive mass transfer
process, some of the operating conditions that dictate the quality of the crystalline product are
the temperature of the overall process; the solvent/antisolvent pair selected; the velocity of the
inlet streams, their flow ratio and their mode of addition; the size of the crystalliser, and the ag-
itation rate [33, 63]. These parameters are also crucial when operating in a continuous context,
with literature highlighting the effect of the supersaturation profiles, the residence time, the feed
concentration, and the addition and mixing of the antisolvent as relevant [55, 64]. The selection
of the operating value for each variable must be as informed and tailored to each application as
possible, in order to ensure maximum efficiency.

In addition to these, local composition profiles also affect the properties of the final prod-
uct. The local composition, and therefore the local supersaturation, vary considerably within the
crystalliser. It is expected to find higher supersaturation values near the feed point of the antisol-
vent due to the larger mass fraction of this compound in that region. This in turn influences the
nucleation and growth rates, as well as the characteristics of the final crystalline product, being
common, for example, the formation of unexpected polymorphs due to the large local supersat-
uration values [65]. Since supersaturation is a function of composition, it is affected by its local
variations, which are governed by diffusion [8]. Remarkably, local mixing is also tightly linked
to the scale-up problem. In antisolvent crystallisation, scaling issues are rooted in the different
equipment size drastically altering the mixing conditions and, thus, the local supersaturation pro-
files, resulting in many cases in unexpected and undesired product properties [65, 66]. Hence,
local mass transfer has a considerable impact on the overall performance of the crystallisation
process and the quality of the drug product.

This way, mixing between solution and antisolvent emerges as an important operating as-
pect, which optimisation is already object of considerable effort [33]. Operating variables such
as stirring speed and mixer geometry aim to enhance it from a macroscale perspective, while
parameters such as composition feed and ratio of solution to antisolvent greatly influence local
composition and thus local supersaturation. While perhaps unaware, operators tailoring such
variables to the desired CQAs were indirectly optimising diffusive mixing.

The incorrect selection of process variables can lead to one or more of the unwanted phenom-
ena commonly reported within crystallisation units. As mentioned before, the crystal morphol-
ogy can differ from the desired one, which could drastically affect the properties of the product.
A general example of this are the cases of ritonavir and rotigotine, which had to be temporarily
withdrawn from the market due to the appearance of an unexpected polymorph [2]. Tradition-
ally, the main other problem that can be encountered during crystallisation is the so-called oiling
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out process, or liquid-liquid phase separation. It consists in the formation of a secondary solute-
enriched liquid phase, previous to the potential crystal nucleation and growth steps. Figure 2.3
provides an example of this phenomenon for a binary system of salicylic acid and n-heptane.

(a) (b) (c)

FIGURE 2.3: Examples of oiling out in a binary salicylic acid–n-heptane system, at subsequent times
(a)–(c). Images collected by Dr Thomas Pickles as part of the CMAC DataFactory [67, 68].

Oiling out is highly affected by the diffusive mixing process, since it is the local composi-
tion of the system that determines in what region of the phase diagram the process operates and
whether LLPS will occur [6]. Its occurrence considerably hinders the reproducibility of crys-
tallisation batches, thus damaging the overall reliability of the pharmaceutical process [69]. It
also often leads to impure crystals, since impurities are normally soluble in the secondary liquid
phase formed, to which most of the solute migrates [70]. Finally, oiling out has also been linked
with excessively time-consuming batches, ’desert rose’ crystal morphology and difficulties in
nucleation occurring spontaneously [71]. Interestingly, recent studies [6, 72] pinned LLPS as
a possible tool to be harnessed to aid crystallisation in certain systems, highlighting potential
advantages such as enhanced product sphericity [73], enhanced favourability of certain poly-
morphs [74] and aid in the control of crystal size and aspect ratio [75, 76].

The emergence of these phenomena is clearly rooted in complex mass transfer mechanisms,
which, as mentioned above, are greatly influenced by diffusion regardless of scale. The thorough
understanding of these phenomena and the ability to predict their occurrence and follow their
evolution plays a key role in both their avoidance or deployment, through better informed design
of antisolvent crystallisation processes. These benefits evidence the high importance of this field
of study, given its great optimisation potential for processes containing crystallisation units.

Considering these challenges, the application of the QbDD framework to antisolvent crys-
tallisation could be translated into the study of the fundamental physics of diffusion, given its
relation with local supersaturation profiles and thus the nucleation mechanism [8, 65]. It could
also motivate the prediction and simulation of polymorph formation and oiling out phenomena,
processes highly affected by the mixing process [6, 65], in order to understand their behaviour
and the conditions leading to them.

For these reasons, this project is concerned with producing a model capable of simulating
diffusion and spontaneous phase transformations, which are a subset of oiling out dynamics [77].
It also aims to gather a collection of rich experimental data in a diffusion-controlled environment,
that can serve to qualitatively validate the translation of the local phenomena observed within
the model in a larger scale.



Chapter 2. Background 15

Therefore, the computational study proposed in this work is framed in the relevant scale for
diffusion, as proposed by Miller et al. [8]. As illustrated in Figure 2.4, it is assumed that at this
scale the system can be described initially as a layer of solvent-rich solution opposite to a layer of
antisolvent. This spatial scale was selected due to its high direct effect on local supersaturation,
in contrast with the indirect effect of macromixing [8, 16, 66]. Additionally, this is the most
relevant scale for the simulation of the phase change associated with the nucleation process.

FIGURE 2.4: Diagram illustrating the different scales within a crystalliser unit.

2.3 Modelling mixing in antisolvent crystallisation
Having established the main reasoning behind studying diffusive mass transfer in antisolvent
crystallisation, there are several questions that derive naturally from this motivation. It is nec-
essary to consider how the micromixing process has been described so far in antisolvent crys-
tallisation processes, and, in particular, consider how has diffusive mixing been described in the
field.

The main critical quality attributes of a crystallisation process are normally the purity of the
crystal product, its CSD, polymorphic form, shape, and yield. The Population Balance Model
(PBM) framework is capable of taking into account these properties, making it one of the most
popular choices for the modelling of crystallisation processes. These models rely on the Popula-
tion Balance Equation (PBE), which describes the different mechanisms occurring in the crys-
tallisation process through empirical and/or semi-empirical equations, following the suspended
crystals as a disperse phase. These are combined with mass and energy balances to track the
properties of the mother liquor that affect the crystallisation process, such as concentration and
temperature [7]. However, these balances are not always resolved, and when they are, it is with
different degrees of accuracy.

In many cases, the crystallisation process is still modelled through the PBM alone [78, 79].
If working with an MSMPR crystalliser, this implies assuming perfect mixing and isothermal
conditions at every single point in the unit, as well as assuming that the properties of the re-
moved slurry are identical to those remaining inside the reactor. If working with a Plug Flow
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Crystalliser, it entails assuming perfect mixing on the radial direction, and null axial mixing [7].
Thus, this option completely neglects any mixing or heat transfer effects at any scale.

Following the classification given in [80], mixing can be included in the modelling ecosystem
in three ways. (1) resolved exclusively at the macroscale, by coupling the PBE with a Computa-
tional Fluid Dynamics (CFD) simulation; (2) through a mechanistic micromixing model coupled
with the PBE and a simplified macromixing model; and (3) by combining the PBE with CFD to
solve macromixing, and using a Probability Density Function (PDF) to close micromixing.

These three options all represent diffusion from different perspectives, and none are without
limitations. The first case presents the crudest assumption, directly considering ideal subgrid
mixing. The mechanistic models employed in the second case are more directed towards de-
scribing how different fluid elements rearrange themselves to facilitate diffusion, but all of them
assume that this process happens according to Fick’s law [81]. Lastly, the combination of a
PDF with CFD and PBM can be done in two ways: by transporting the PDF, or by presuming
its shape [80]. In the first case, the system tracks the probability distribution of the continuous
property—concentration, for example—in time and space. In the second, the shape of the dis-
tribution is assumed at each point of space and time [80]. The closure schemes employed in the
first enforce the relaxation of gradients in the continuous property as the consequence of diffu-
sion; similarly, in the second, the variance of the continuous property at a diffusion scale is only
of dissipative nature, and thus cannot grow to influence the meso and macroscales. Considering
the evolution of concentration, this evidences that these three approaches have been built on the
Fickian physical interpretation of molecular diffusion, which stipulates that this phenomenon
ultimately just leads to a relaxation of concentration gradients.

It is true, however, that a crystallisation macroscopic model accounting for the crystal PBE
and bulk flow in addition to micromixing is inherently complex, which could drive the need for a
more simplified accounting of diffusion. Thus, the next question that must be answered is: how
is diffusion described when operating at its dominant scale?

In most scientific fields, molecular diffusion is most widely described through Fick’s law,
which states that the driving force for mass transfer is proportional to the spatial gradients in
concentration. This leads to the continuity expression shown in Equation (2.1).

𝜕𝑐𝑖
𝜕𝑡

=𝐷𝑖𝑗∇2𝑐𝑖 (2.1)

where 𝑐𝑖 is the molar concentration of component 𝑖 and 𝐷𝑖𝑗 = 𝐷𝑗𝑖 is the diffusion coefficient
of the mixture, always > 0. In several books this is the only diffusion model covered, and only
certain dedicated texts explore other alternatives. A detailed derivation of Fick’s model for a
binary mixture can be found in Appendix A.

Research on microfluidic devices offers perhaps one of the best areas in which to look to
understand how the scientific community understands molecular diffusion, given that it heavily
controls mass transfer in these devices. This review focuses first on antisolvent crystallization.
Although the available studies of molecular diffusion within this context are scarce, some key
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works have been summarized below, with their combination of experimental and modelling ap-
proaches highlighting how the Fickian framework dominates the understanding of diffusion.

Thorson et al. [65] presented a microfluidic approach to polymorph screening of APIs in an
antisolvent crystallization system. This rapid screening under a broad range of operating con-
ditions led to the identification of the most stable polymorph, with its success partly due to the
high level of control over diffusion offered by the microfluidic platform. These experimental
results were qualitatively compared to, and found to be in good agreement with, simulated su-
persaturation profiles in time, generated through Fickian diffusion. Similarly, Bhamidi et al. [48]
designed a microfluidic device for the polymorph screening of glycine in an antisolvent crystalli-
sation system. The diffusive mixing and supersaturation effects were correlated with an empirical
parameter that allowed to determine the recovered polymorph in most cases. Their experimental
device was modeled through combining the steady-state Navier-Stokes equation and convection-
diffusion equation, which, again, comprised a Fickian approach to molecular diffusion. In a more
recent study, Zhao et al. [82] employed a microfluidic device for the production, through anti-
solvent crystallization, of solid ultrafine particles of hexanitrostilbene (HNS). Their analysis was
also based on the Fickian framework.

This preference is maintained across a wide range of fields. Wu et al. [83] developed a non-
linear convection-diffusion model which considered the dependence of the diffusion coefficient
with the concentration, and modelled diffusive mixing through Fick’s law. In a posterior study
of this group, Wu and Nguyen [84] built several devices based on the hydrodynamic focusing
principle, in which a stream is contained between two identical other inlets. Two-dimensional
Fick’s law was used to build the convection-diffusion model used to describe the mass transfer
between these streams. Sullivan et al. [85], in a similar study, applied the lattice Boltzmann
method to simulate diffusive mixing in a Y-shaped micromixer, again considering Fickian dif-
fusion. Finally, another metric of the popularity of this model is the considerable amount of
research devoted to the study and application of its diffusion coefficient, even today [86–90].

While undoubtedly widespread and useful, Fickian diffusion presents some limitations that
gain relevance the moment a system steps away from ideality, which have been reported in [11,
91–94]. The most important is its definition of the driving force for mass transfer as propor-
tional to the concentration gradient. Considering a simple system of oil and water, we would
intuitively not expect one to diffuse into the other, despite the large concentration gradient be-
tween the two layers. This thus constitutes an incorrect definition of the driving force, which can
lead to erroneous conclusions regarding how diffusion will occur. A good example of this is the
so-called uphill diffusion: a phenomenon in which a species naturally diffuses against its con-
centration gradient, that is, from a region of low to high concentration. The Fickian framework
cannot cope with such a system, as extensively reviewed by Krishna [11] across several fields. In
a process as inherently complex as is antisolvent crystallisation, diffusion is unlikely to behave
according to the Fickian framework, and describing it in this way is expected to lead to errors.
Considering that, to the author’s knowledge, all micromixing models coupled with macromixing
have been designed to replicate the behaviour of Fick’s law, the poor suitability of this model to
describe diffusion in antisolvent crystallisation systems is motive of concern.
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The most recent literature studying diffusion in an antisolvent crystallisation context has
focused on addressing this gap, proposing Maxwell-Stefan diffusion [12, 13] as a suitable alter-
native. Unlike Fick’s law, this framework considers the driving force for diffusion to be propor-
tional to the gradient in chemical potential of a species. This definition is thermodynamically
correct, since, unlike the gradient in concentrations, this is indicative of the system reducing its
free energy [95].

To the author’s knowledge, only four relevant studies have been published on this topic.
Miller et al. [95] presented a comparison between the Maxwell-Stefan and Fickian frameworks,
finding that the supersaturation behaviour during the diffusive mixing process differed between
them: the ideal model led to the prediction of large supersaturation overshoots, whereas the
Maxwell-Stefan output predicted the solution would remain unsaturated. Given the more physi-
cally accurate nature of this model, it is thus expected that supersaturation would not be observed
in the real system, highlighting how the Fickian framework could lead to erroneous conclusions.
Moreover, the authors were able to predict when spinodal decomposition may occur by track-
ing the evolution of the composition profile in the system during the diffusion process, albeit
the simulation had to be stopped once the system entered this region. An interesting finding
was that this could occur even for systems which final composition was located outside of the
spinodal region, highlighting the importance of correctly describing local mixing pathways for
understanding the outcome of the process.

Afterwards, Zhang et al. presented two consecutive studies on the thermodynamics of oiling
out. The first [96] explored the construction of the ternary phase diagram of a DBDCS-water-
[1,4-dioxane] antisolvent crystallisation system through the CALPHAD method, which showed
good agreement with an experimentally constructed diagram used for its validation. An inter-
esting observation of this study is what the authors call “antisolvent focusing”, which is nothing
more than the uphill diffusion of the solute upon its mixing with the antisolvent-rich stream.
The authors observe that the sharper the antisolvent concentration gradient is between the two
streams, the more pronounced the solute uphill diffusion becomes.

Their second study [9] explored the suitability of Maxwell-Stefan as a framework from which
to describe diffusion in the antisolvent crystallisation system of the first study. By performing
time-resolved advection-diffusion simulations of a 1D diffusion couple and analysing their cor-
responding mixing profiles, the authors identified three general stages in the diffusion of the
two streams. If no phase separation occurred, upon their initial contact, the solute experiences
uphill diffusion and gathers in the vicinity of the interface, on the solvent-rich side, albeit the
composition in the bulk of the solvent-rich stream remains unchanged. The solute front then
travels rapidly through the solvent-rich region, until reaching a maximum when colliding with
the boundary of the system. After this point, it starts slowly diffusing downhill. Interestingly,
the authors identified the onset of spinodal decomposition in the same way that Miller et al. [95]
did: by observing whether the simulation diverged. While the Maxwell-Stefan framework can
diagnose whether a set of conditions will lead to spinodal decomposition, it is unable to model
the separation itself, thwarting the level of understanding that this model can provide on the dy-
namic and thermodynamic behaviour of oiling out. This also compromises the ability to study
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diffusion in the vicinity of the spinodal region, since, as Miller et al. [95] identified, even systems
which mixing point is outside of this region can venture into it during the mass transfer process.

To address this gap, this work proposes the incorporation of a non-local term to the free
energy landscape of the model, penalising composition gradients, and thus enabling the simu-
lation of spinodal decomposition. This was inspired by phase-field models, which have been
extensively applied in material science to model very similar mass transfer problems in material
science, among other fields [97].

2.4 Phase-field models: bases and application
The coexistence, temporal or permanent, of different phases within a system necessarily implies
the formation of an interface, which must be accounted for in the thermodynamic modelling of
such systems. Traditionally, this has been done explicitly, through the combination of several
equations to describe the mass transfer, heat production and transfer, and boundary conditions
that occur at the interface. This formulation is called the sharp-interface model, also referred to
as the Stefan Problem [98].

While in theory a combination of these expressions exists containing the necessary physics
to track the natural evolution of the interface through space and time, a notorious limitation of
the sharp-interface model is that the most appropriate form of these expressions is, in many
cases, not known. Moreover, certain phase transformations, such as the formation of dendrites,
are associated with the formation of considerably complex interface morphologies [98]. The
phase-field model (PFM) approach was developed as a solution to these limitations.

Phase-field models are situated in the mesoscale, spanning approximately from 100 nm
to 100 µm [97]. They describe the system through a continuous variable, called the order pa-
rameter (𝜙), which is used to formulate the free energy landscape. It will thus be possible to
describe any coexisting phases within the system through different values of this order param-
eter; as a result, the interfaces are described as smooth. That means that they are no longer an
infinitely sharp jump between phases, but a progressive transition. This proposition is regarded
as fundamentally correct, and the phase-field theory can be theoretically related to the mean-
field approximation of phase transformations performed within statistical mechanics. A detailed
description of their relationship was established by Provatas and Elder in [98].

Depending on the nature of their order parameter, phase-field models can be classified into
two groups: conserved and non-conserved. As their name suggests, conserved order parameters
must be naturally preserved within the field, as stipulated by a physical law; composition and
concentration of a species are classic examples. In contrast, non-conserved order parameters do
not need to be maintained in space. Solidification is a good example of this: the total amount of
solid phase within the system is expected to change, as the system goes from completely liquid
to solid. Other examples are magnetic domain growth and ordered/disordered transitions [98].
Non-conserved dynamics are traditionally described through the Allen-Cahn equation (2.2) [99],
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whereas conserved dynamics are modelled with the Cahn-Hilliard equation (2.3) [14, 100].
𝜕𝜙
𝜕𝑡

= −𝑀𝛿𝐹
𝛿𝜙

(2.2)
𝜕𝜙
𝜕𝑡

= ∇ ⋅
(

𝑀∇𝛿𝐹
𝛿𝜙

)

(2.3)

where 𝑀 , normally referred to as the mobility coefficient, is a kinetic parameter, and 𝐹 corre-
sponds with the free energy of the system.

Phase transformations are normally classified into first- and second-order. First-order trans-
formations present a discontinuity in the possible states of the order parameter. This means that
above a certain transition temperature, the order parameter has one distinct value (𝜙 = 𝜙0, for
example), but jumps to a different one (𝜙 = 𝜙1) when below this temperature; moreover, it does
not approach the previous value as the temperature of the system tends toward the transition
temperature [98]: lim𝑇→𝑇 −

𝑐
𝜙 ≠ 𝜙0. Additionally, these transformations are normally accompa-

nied by a discontinuity in the first derivatives of the thermodynamic potentials [98]: if working
in the Gibbs free energy framework, this could mean a release/consumption of latent heat, or
a change in volume; for the Helmholtz free energy, it could also entail a change in latent heat,
or in pressure. Lastly, if the transformation occurs between phases of the same symmetry, such
two liquids, or a liquid and a gas, they normally finish at a critical point, and at this point, a
second-order transformation takes place. If the two phases have different symmetries, such as a
liquid and a solid, the transformation need not terminate at a critical point.

In contrast, second-order transformations entail a continuous transition from a specific value
of 𝜙 (again, 𝜙 = 𝜙0 as an example) when above a critical temperature to several values different
from 𝜙0 when below this temperature. The second derivatives of thermodynamic potentials are
discontinuous for this type of transformation, while their first derivatives maintain continuity,
indicating that these processes are not associated with a release or consumption of latent heat.
Lastly, another mark of this class is the phase transformation being spontaneous, without needing
to overcome a free energy barrier to occur [98].

At this point, it is convenient to bring the analysis to our topic of interest and answer: where
does oiling out lie within this classification? Literature on the topic is notoriously sparse, and
the definitions above can be seemingly contradicting in some cases. Oiling out refers to the
formation of a secondary liquid phase from the original mother liquor. There are two different
dynamics it can follow, depending on the region of the phase diagram where it takes place. If
stemming from the binodal region, it will follow nucleation and growth dynamics, meaning that
it will have to overcome a free energy barrier to occur. However, if resulting from within the
spinodal region, it will follow spinodal decomposition dynamics, in which case the separation is
spontaneous, since the system is linearly unstable to all fluctuations [98].

This way, nucleation and growth and spinodal decomposition refer to the two different dy-
namics oiling out can follow, when occurring within the binodal or the spinodal region, respec-
tively. The nature of the separation itself is unclear, and if the dynamic criteria outlined above
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are applied, binodal and spinodal oiling out would be considered first- and second-order, re-
spectively. However, these two mechanisms result in the same equilibrium state: two distinct
phases with the same respective coexistence compositions. In this regard, both instances would
be considered first-order transitions.

Phase-field models have been applied across a wide range of fields, including multiphase
flow description [101] and material science, where they have been applied to the prediction of
solidification [100, 102–104], microstructure evolutions [105, 106], modelling of material fail-
ure [107–110], sintering [111, 112] and liquid metal dealloying [113, 114], among others [97]. In
polymers, they have been extensively used to study different types of phase separation, including
thermally, evaporation, nonsolvent and polymerization-induced phase separation [115]. In the
realm of biology, they have been applied to the modelling of biological tissues [116], including
tumour growth [117, 118] and cell migration [119, 120]. There clearly is a wealth of information
available for their development, and yet, this has not been leveraged for applications within the
pharmaceutical industry. While the knowledge is available, it is perhaps not accessible, with
many texts lacking the level of algebraic detail needed for a newcomer to truly understand the
theory. This is one of the gaps that this work intends to bridge.

To the author’s knowledge, there is only one published study where phase-field models are
applied to the problem of oiling out. Performed by Tsugawa et al. [10], it investigated phase sep-
aration through a 2D rendition of the Cahn-Hilliard equation in a ternary system of ethanol, water
and butylparaben. A very interesting output from their study is the confirmation that the model’s
prediction of the growth of the secondary liquid phase in the spinodal follows the expected dy-
namics: Ostwald ripening when close to the edges of the spinodal region, and bi-continuous
dynamics when further inside it. However, there are several gaps that remain unaddressed in this
study. Firstly, the outputs were not analysed in the context of their position within the ternary
phase diagram, missing the opportunity to explore the compositional pathways followed by the
system during the mass transfer process. Moreover, only the composition profiles and maps of
the solute were reported, missing important nuances on the behaviour of the other species. It was
not confirmed whether the final compositions correspond with the expected coexistence values.
Lastly, the applied theory considered the same gradient coefficient for all species. Despite these
limitations, the study was able to prove the great potential that phase-field models hold when it
comes to the understanding of oiling out.

This thesis leveraged the more detailed literature provided in other fields to establish the
foundation of the method. The work by Petrischeva et al. [121] was of particular usefulness,
given the similitude between applications—spinodal decomposition in mineral solutions, in their
case—and the good level of detail provided regarding the involved equations. Their methodology
echoes that developed by Nauman and He [122], and was more recently applied by Inguva et
al. [123] to study the effect that different activity models have on the model outcomes.

The application of phase-field models is expected to gain considerable attention in the com-
ing years for the description of mixing and phase transformations in the context of the pharma-
ceutical industry. It is the hope of the author that this work will serve as the blueprint from which
these applications will be developed.





Chapter 3

Diffusion and phase behaviour in
binary systems: the effect of a non-local
contribution to the chemical potential

Conventional diffusion models neglect interfacial contributions to the chemical potential. This
limits their ability to accurately describe systems with strong composition gradients, such as
antisolvent crystallisation processes, and prevents them from modelling phase separation alto-
gether. This work investigates the effect of incorporating an interfacial free energy term into
the formulation of the chemical potential. Before this approach can be studied in relation to a
more complex ternary system, it is first necessary to understand the model behaviour in a simpler
liquid binary context. Thus, this chapter explores the equilibrium behaviour and mass transfer
dynamics of the proposed model, analysing it in comparison with local approaches and Fickian
diffusion.

3.1 Introduction
Crystallisation is one of the most widely applied techniques within the pharmaceutical industry,
with 80% of the drugs available on the market formulated as crystals [26]. Two of its most com-
mon variants are cooling and antisolvent crystallisation, in which supersaturation—the driving
force for nucleation and growth—is generated by reducing the temperature of the solution until
crossing the solubility line, in the first case, and by reducing the solubility through the incorpo-
ration of an additional solvent in which the solute has poor solubility, in the second case. This
additional solvent is called the antisolvent.

The rates of nucleation and growth are highly dependent on supersaturation, and thus this
variable has a significant impact on a number of CQAs of the crystalline product, such as par-
ticle size distribution, shape, habit, and polymorphic form [23, 80]. Focusing on antisolvent
crystallisation, since supersaturation is generated through the incorporation of the antisolvent,
this process is intuitively highly dependent on mixing. During the mixing process it is expected
to find great variation in composition between different regions within the system, as well as the
formation of temporal interfaces that will disappear as the mixing resolves. It is entirely possible
for local regions of the system to venture into unanticipated areas of the phase diagram, which

23
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can lead to unexpected properties in the final crystals. Moreover, since supersaturation depends
on composition, this local heterogeneity will lead to local regions of high supersaturation, which
can differ significantly from the overall supersaturation level of the bulk system.

This way, it is clear that maintaining a good control over these attributes necessitates of an
adequate understanding and control of local mass transfer. Despite this clear relationship, mass
transfer in antisolvent crystallisation remains not fully understood, with the formation of un-
wanted crystal phases or the occurrence of unexpected phenomena, such as liquid-liquid phase
separation (LLPS, also known as liquid-liquid demixing and oiling out) being common obser-
vances [6].

Diffusive mixing in crystallisation is normally described through Fickian diffusion, which
defines the driving force for mass transfer as proportional to the composition gradient. However,
this is not thermodynamically accurate, with the real driving force being the gradient in chemi-
cal potential. While some recent studies [9, 95] have explored the importance of this distinction
via the application of Maxwell-Stefan diffusion [12, 13], the chemical potential definitions con-
sidered in them are only able to predict whether spontaneous liquid-liquid demixing—that is,
spinodal decomposition—will occur, no further. Moreover, these studies have not accounted for
the contribution that the temporal interfaces formed during mixing have on the thermodynamics
of the system, and thus, on mass transfer.

This work proposes the incorporation of a nonlocal term to the free energy of the system to
bridge this gap, based on the gradient term present in the Cahn-Hilliard equation [14]. While this
type of model, part of the phase-field family, has been extensively studied in the context of other
scientific fields, such as metals, polymers, and biological systems [97, 115, 116], to the author’s
knowledge there is only one published article that has leveraged this concept to study oiling out
in antisolvent crystallisation. Performed by Tsugawa et al. [10], it employed a 2D Cahn-Hilliard-
like model to study LLPS through spinodal decomposition in a water/ethanol/butylparabene sys-
tem. Interestingly, they found that the dynamics of the model followed Ostwald-ripening when in
the outer region of the spinodal. Nonetheless, the authors highlight the need for further research
on the compositional behaviour of these models when in equilibrium within the spinodal region.
Additionally, the theory remains abstruse, with the physical interpretation of the gradient term
and its coefficients unclear.

In particular, this work focuses on the study of the mentioned model in the context of a
binary system, which is not something covered in the work of Tsugawa et al. [10]. While anti-
solvent crystallisation is undoubtedly a ternary process, by starting with a less complex system
the author aims to help build intuition regarding the behaviour of the model under different con-
ditions, as well as to provide a clearer picture of the physics behind the model to crystallisation
scientists. Moreover, oiling out has been observed in a number of binary cooling crystallisation
systems [124], such as ibuprofen and water [125], vanillin and water [70], or, as shown in Chap-
ter 2, salicylic acid and n-heptane. Therefore, the binary studies conducted in this work can also
help explain LLPS in this context.
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3.2 Theoretical background
This section explores different approaches for modelling diffusive mass transfer, focusing first
on the dynamics of the process and, afterwards, on the definition of a thermodynamic framework
that takes into account interfacial contributions.

3.2.1 The driving force for mass transfer
The total flux 𝐍𝐢 of a species 𝑖 can be defined as 𝑐𝑖𝐮𝐢, where 𝑐𝑖 and 𝐮𝐢 are, respectively, the
concentration and average velocity of the species. This total flux can be separated into two
contributions: convective (𝑐𝑖𝐯) and diffusive (𝐉𝐢). The convective flux is reversible and related
to the general flow of the fluid, whereas the diffusive flux is thermodynamically irreversible and
represents deviations from this general flow.

𝐍𝐢 = 𝑐𝑖𝐯+𝐉𝐢 (3.1)

The general mass balance of species 𝑖, also referred to as its continuity equation, can be writ-
ten in terms of its general flux according to Equation (3.2), and thus decomposed into convective
and diffusive contributions by substituting Equation (3.1) into it. As explained in Chapter 2, this
work is situated at the scale at which mass transfer occurs only by diffusion, and thus convec-
tion has not been considered. Therefore, the final continuity equation of species 𝑖 is presented
in (3.3).

𝜕𝑐𝑖
𝜕𝑡

= −∇ ⋅𝐍𝐢 (3.2)
𝜕𝑐𝑖
𝜕𝑡

= −∇ ⋅𝐉𝐢 (3.3)

The diffusive flux is most commonly described through Fick’s law (3.4), greatly due to the
abundant literature available studying a wide variety of systems in the context of this model.
Moreover, the research community still dedicates considerable effort and resources to improving
the accuracy and speed with which Fickian diffusion coefficients are gathered, and to measuring
them for novel systems [87–90, 126, 127]

𝐉𝐢 = −𝐷𝑖𝑗∇𝑐𝑖 (3.4)

where 𝐷𝑖𝑗 corresponds with the Fickian mutual diffusion coefficient, also called interdiffusion
coefficient, between species 𝑖 and 𝑗.

The main feature of this model is that it considers the driving force for diffusion, 𝕕𝑖, to be
inversely proportional to the gradient in concentration of species 𝑖: 𝕕𝐹 𝑖𝑐𝑘𝑖 = −∇𝑇 ,𝑉 𝑐𝑖. This pre-
sumes diffusion will occur from regions of high to low concentration, and that the system will
reach a fully mixed final state. This formulation is incorrect and can be proved so by consid-
ering an intuitive system formed by water and oil: according to Fick’s law, these two liquids
will steadily diffuse until forming a completely homogeneous solution. However, this does not
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happen in reality, with the oil and water phases remaining firmly separated, either as an emulsion
or, eventually, as two distinct layers.

The correct thermodynamic description of the diffusive driving force is instead given by the
gradient of the chemical potential (𝜇𝑖) of species 𝑖: 𝕕𝑖 = −∇𝑇 ,𝑉 𝜇𝑖. The chemical potential is
defined as the molar partial derivative of the free energy, as presented in Equation (3.5), and
thus it indicates how much the free energy will change in a particular point in space when a
particle of species 𝑖 is added to it.

𝛽𝜇𝑖 =
𝜕𝐹
𝜕𝑛𝑖

|

|

|

|

|𝑇 ,𝑉 ,𝑛𝑗≠𝑖

(3.5)

where 𝑛𝑖 corresponds with the number of particles of species 𝑖; 𝐹 corresponds with the nondi-
mensional Helmholtz free energy of the system; and 𝛽 corresponds with 1∕(𝑘𝑇 ), where 𝑘 corre-
sponds with the Boltzmann constant. This can be related to the product of the ideal gas constant
with temperature through 𝑅𝑇 = 𝑁𝐴𝑘𝐵𝑇 , 𝑁𝐴 being Avogadro’s number. Thus, 𝛽𝜇𝑖 is nondi-
mensional.

Since all spontaneous changes in a system occur in order to minimise its free energy, it
follows that transport will take place from regions of high to low chemical potential. The decrease
in free energy caused by removing a particle of 𝑖 from a region of high chemical potential will
be larger than the increase in free energy caused by placing this extra particle in a region of low
chemical potential, and thus the total free energy of the system will decrease. When the chemical
potential is constant across the entire system, there is no drive to maintain a particle flux: the
system has reached equilibrium.

The erroneous description of the driving force for mass transfer is a fundamental flaw of
Fickian diffusion. The direction of the concentration and chemical potential gradients is not
necessarily the same, and, in certain systems, diffusion will occur from regions of low to high
concentration, which constitutes the so-called uphill diffusion phenomenon [11, 128]. Despite
going against the concentration gradient, the process is still proceeding downhill in terms of
chemical potential gradient. Even if these two gradients maintained the same direction, they
could differ in magnitude, leading to discrepancies in mass transfer kinetics. Lastly, disregarding
chemical potentials enforces the assumption of thermodynamically ideal behaviour, which only
contemplates a fully mixed final state as the result of the mass transfer process.

This makes Fick’s law inadequate for describing diffusion, especially in antisolvent crys-
tallisation processes, where mixing is highly non-ideal. Considering its widespread use, it is not
surprising that certain mass transfer phenomena rooted in non-ideal thermodynamics, such as
oiling out, remain largely misunderstood.

3.2.2 General thermodynamic framework
The independent variables through which this work describes the studied system are temper-
ature, volume and concentration of each species throughout the system. The thermodynamic
free energy that has these properties as its independent variables is the Helmholtz free energy.
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Therefore, this work, which considers an isothermal system of constant volume, is set within the
context of the nondimensional Helmholtz free energy (𝐹 ).

Given that the gradients in chemical potential constitute the driving force for diffusion, and
that the chemical potential is a derivative of the free energy, it is clear that to develop an accurate
diffusion model the first step is developing a representative free energy description. In this work,
four contributions have been considered to form the free energy: (1) that of the pure species, (2)
ideal mixing with the other species, (3) non-ideal mixing, and (4) that of non-local compositional
gradients within the system.

Let us consider a 1D binary system formed by species 1 and 0, also referred to as S and
A, respectively, where 𝑥0 = 1−𝑥1. Equation (3.6) introduces each of the free energy pieces in
the presented order for the chemical potential of species 1. An identical expression mirroring
Equation (3.6) could be written to define 𝛽𝜇0. The total chemical potential of the system is given
by 𝛽𝜇 = 𝛽𝜇1+𝛽𝜇0.

𝛽𝜇1 = 𝛽𝜇◦1(𝑇 ,𝑝0)+ ln𝑥1+𝛽𝜇𝑛𝑖𝑑1 +𝛽𝜇𝑖𝑛𝑡𝑓1 (3.6)
where ln𝑥1 corresponds with the contribution of ideal mixing, and 𝛽𝜇𝑛𝑖𝑑1 and 𝛽𝜇𝑖𝑛𝑡𝑓1 , with the
non-ideal mixing and gradient terms, respectively.

Free energy due to mixing non-idealities

This section provides the background and analysis of the local contributions to the free energy:
that of the pure species, and of ideal and non-ideal mixing. In this work, the non-idealities in
the species interaction have been described through the one-parameter Margules activity model,
given in Equations (3.8)–(3.10). This is hereafter referred to as Margules, and in some texts as
the symmetrical model [129].

𝐺ID =
𝑛
∑

𝑖=0
𝑛𝑖(𝜇◦𝑖 +𝑘𝐵𝑇 ln𝑥𝑖) (3.7)

𝐺EX

𝑘𝐵𝑇
= Ω
𝑘𝐵𝑇

𝑥1𝑥2 ≡ 𝐴(𝑇 ,𝑝)𝑥1𝑥2 (3.8)
lnG1 = 𝐴(𝑇 ,𝑝)𝑥22 (3.9)
lnG2 = 𝐴(𝑇 ,𝑝)𝑥21 (3.10)

where𝐺ID and𝐺EX correspond with the ideal and excess Gibbs free energy due to non-idealities,
respectively; G𝑖 corresponds with the activity coefficient of species 𝑖; 𝐴 and Ω correspond with
the nondimensional and dimensional Margules parameter, respectively; and 𝑥𝑖 is the mole frac-
tion of species 𝑖, defined as the ratio between the number of particles of that species and the total
number of particles in the system, 𝑛𝑖∕𝑛.

Since the aim is to qualitatively explore the effect of the interfacial free energy term, it was
decided that the simplest nontrivial activity model with the ability to reproduce phase separation
would be appropriate. However, this can be easily replaced by any other model suitable for the
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intended application, such as the commonly preferred UNIQUAC for small molecules, or Flory-
Huggins in the case of polymers. More information on their incorporation and effect on mass
transfer can be found in [123].

While the Margules model is originally defined in terms of the Gibbs free energy, the theory
proposed in this work is set within the Helmholtz free energy framework. Recasting the Mar-
gules contribution in this framework implies considering how the pressure-dependent variables
in the free energy, which in this case are 𝛽𝜇◦𝑖 (𝑇 ,𝑝) and 𝐴(𝑇 ,𝑝), will vary with pressure. This
pressure dependency has been described through a first-order Taylor expansion, which details
are given in Appendix B. Algebraic manipulation subsequently allowed to reduce the definition
of these parameters in the final Helmholtz free energy density as dependent only on 𝑝0, a con-
stant reference pressure of the system. Furthermore, an additional 𝛽𝑝0 term arises, coming from
the fundamental relations between the two free energies detailed in Equations (3.11)–(3.13).

𝐹 = 𝑈 −𝑇𝑆 (3.11)
𝐺 = 𝑈 +𝑝𝑉 −𝑇𝑆 (3.12)

𝐹∕𝑉 = 𝛽(𝐺−𝑝𝑉 )∕𝑉 (3.13)

where 𝐹 is nondimensional, thus why the RHS of the last expression had to be multiplied by 𝛽;
moreover, since 𝑓 = 𝐹∕𝑉 , the final relationship can be expressed as 𝑓 = 𝛽𝑔−𝛽𝑝.

Equation (3.14) presents the resulting Helmholtz free energy density, defined as 𝑓 = 𝐹∕𝑉 ;
𝑓 has units of [1∕𝑉 ], and 𝑉 corresponds with the volume of the system.

𝑓 (𝑐1, 𝑐0) = 𝑐1
[

𝛽𝜇◦1(𝑇 ,𝑝0)+ ln𝑥1
]

+ 𝑐0
[

𝛽𝜇◦0(𝑇 ,𝑝0)+ ln𝑥0
]

+ 𝑐𝐴(𝑇 ,𝑝0)𝑥1𝑥0−𝛽𝑝0 (3.14)

Since both the free energy density and the chemical potential are defined up to an additive
constant, it is possible to calculate the free energy density without considering the chemical po-
tential of the pure species and 𝛽𝑝0, through 𝑓 −∑

𝑖 𝑐𝑖𝛽𝜇
◦
𝑖 −𝛽𝑝0. Similarly, the chemical potential

can be calculated through 𝛽𝜇𝑖−𝛽𝜇◦𝑖 .
The behaviour of the system with respect to parameter 𝐴 is detailed in Figure 3.1. Higher

values of 𝐴 signal a stronger incompatibility between species. The free energy densities pre-
sented in Figure 3.1(a) demonstrate that this activity model can describe both systems in which
the most energetically favourable configuration is a homogeneous mixture (𝐴 < 2) and those for
which demixing into two distinct phases is more favourable (𝐴 > 2). The transition between
these behaviours occurs at 𝐴= 2, explaining why the miscibility gap in Figure 3.1(b) exhibits its
critical point at that value. Since 𝐴 = Ω∕𝑘𝐵𝑇 , increasing 𝐴 is equivalent to reducing the tem-
perature of the system. Furthermore, 𝐴 has opposite effects on the driving force depending on
whether it is above or below 2. When 𝐴> 2, increasing 𝐴 widens the miscibility gap, increasing
the energetic penalty associated with intermediate compositions and thus resulting in a stronger
driving force for demixing. In contrast, for 𝐴 < 2, increasing 𝐴 reduces the depth of the single
well, and consequently also the driving force for mass transfer.

The binodal and spinodal curves are defined, respectively, by the minima and the inflexion
points in the free energy density curve. An illustration of this is provided in Figure 3.1(c) for
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FIGURE 3.1: Free energy landscape under different values of 𝐴. (a) Free energy density evolution with
𝑥𝐴, where 𝑓 = (𝑓 −

∑

𝑖 𝑐𝑖𝛽𝜇
◦
𝑖 −𝛽𝑝0)∕𝑐. (b) Phase diagram showing the critical point and the binodal and

spinodal regions, shaded in light and dark blue, respectively, with the first conforming the boundaries
of the miscibility gap. (c) Free energy density for 𝐴 = 3, marking the chemical potentials of the pure
components, the equilibrium compositions and common tangent, and the spinodal points. Note that the
critical points of this case have been translated onto the phase diagram in (b).

𝐴 = 3; these markers have also been mapped to their corresponding locations in Figure 3.1(b).
Phase separation can occur in both of these regions, with the distinction that it is only spontaneous
in the spinodal region [77]. As shown in Figure 3.1(c), a small composition fluctuation in the
spinodal region immediately leads to a smaller total free energy than that held by the initial
system. Consequently, the free energy always decreases as phase separation proceeds. The
opposite happens, however, in the binodal region, since a small composition fluctuation leads
to a slightly higher free energy than that of the original configuration. Thus, phase separation
in the binodal region must overcome an energy barrier to occur [77]. Furthermore, if the initial
composition of the system lies outside of the miscibility gap, a final homogeneous state will be
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reached.
The equilibrium compositions of a demixing system are given by the common tangent to

both wells. Since we are considering that 𝐴10 = 𝐴01 = 𝐴, this free energy model is completely
symmetric. As a result, the common tangent joins both minima together, making them the equi-
librium compositions as well as the boundaries of the binodal region. Thus, the distance between
compositions increases with 𝐴. As mentioned previously, a more refined approach would undo
this assumption and allow an asymmetrical free energy landscape, or would consider a different
activity model altogether; both out of the scope of this work.

Lastly, while the incorporation of this activity model makes phase separation a possible out-
come for the system, the formulation of the free energy as defined so far—with only the pure
species, ideal and non-ideal mixing contributions—is not able to accurately reproduce the dy-
namics of phase separation. This is because it does not provide any constraints regarding the
spatial configuration of the final system: to group the bulk phases into two distinct layers would
be equally as likely as to reach a chessboard-like configuration, as shown in Figure 3.2. However,
intuitively, the contact surface between the two phases is expected to be minimal—consider an
oil and water emulsion, eventually coalescing into two layers. In order to overcome this limita-
tion, a new term is included in the free energy formulation, aiming to account for the contribution
of having a diffuse interface present in the system.

Phase I Phase II

FIGURE 3.2: Diagram of potential system configurations after undergoing phase separation. Note that,
if the gradient term is not incorporated into the free energy functional, both of these configurations are
equally probable.

Non-locality in the free energy functional

The contributions to the free energy presented until this point are of a local nature. To determine
their value at a particular point of the system, only the composition at that specific point is needed.
This work studies the addition of a non-local term based on Cahn and Hilliard’s formulation [14],
making the free energy dependent not only on 𝑐1 and 𝑐0, but also on their spatial gradients: ∇𝑐1
and∇𝑐0. This implies that the free energy in a particular point is also affected by the compositions
in its vicinity.

Introducing this term makes the free energy no longer a function of composition, but a func-
tional, as presented in Equation (3.15). While functions take a scalar as input and output another
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scalar, a functional takes an entire function as input—the density profile in space, in this case—
and produces a scalar.

𝐹
[

𝑐𝑖(𝐫),∇𝑐𝑖(𝐫)
]

= ∫ 𝑓
[

𝑐𝑖(𝐫)
]

𝑑𝐫+∫

[

1
2

1
∑

𝑖𝑗=0
𝜅𝑖𝑗∇𝑐𝑖(𝐫) ⋅∇𝑐𝑗(𝐫)

]

𝑑𝐫 (3.15)

where 𝒓 is the volume of the system and 𝜅𝑖𝑗
[

𝐿5] are called gradient energy parameters [14] and
can be composition-dependent.

The first term on the right-hand side of Equation (3.15) groups all local contributions to the
free energy, as written in Equation (3.14). The following gradient term constitutes the non-local
contribution.

The positive sign in the gradient term in Equation (3.15) indicates that it imposes a penalty
upon the free energy. In particular, it corresponds with the energetic cost of having composi-
tional inhomogeneities in the system, and thus, any interfaces within it. This means it not only
accounts for any temporary interfaces that arise during the mixing of the two streams, but also
helps regulate the morphology of the system during liquid-liquid phase separation. A larger gra-
dient coefficient imposes a higher energetic penalty for composition differences, forcing their
relaxation and leading to less numerous, smoother and wider interfaces.

From the perspective of a non-separating system, introducing this penalty for composition
differences could lead to faster diffusion, as it represents an increase of the driving force for mass
transfer. This hypothesis is explored in Section 3.4.3.

Therefore, the gradient term introduces a new length scale into the system, related to the
interfacial width. Since this term determines the extent to which the chemical potential at a
given point is affected by the compositions of its neighbouring regions, this length scale is also
related to the range of molecular interactions. Therefore, the thickness of the interface is also
expected to increase with molecule size, with a pharmaceutical solvent-API system exhibiting
thinner interfaces than a polymeric one, for example.

The gradient coefficients are typically composition dependent, especially for small molecule
systems such as those found in crystallisation; however, this dependency can be ignored for
polymer systems in which the molecule size is considerably larger [122]. As Inguva et al. [123]
laid out, following the approach in [130, 131], these gradient parameters can be written as a sum
of an entropic and an enthalpic contribution: 𝜅 = 𝜅𝑆 +𝜅𝐻 . If the free energy of mixing can be
decomposed into the sum of an ideal and a non-ideal contribution, as occurs in Equation (3.14),
distinct expressions can be obtained for 𝜅𝐻 and 𝜅𝑆 . Disregarding the composition dependency
in this parameter corresponds with neglecting its entropic contribution [122]. More information
on this can be found in [123].

On account of the free energy becoming a functional, the chemical potential must now be
calculated through a variational derivative of the free energy with respect to the composition pro-
file, as presented in Equation (3.16). Its physical meaning remains unchanged, describing how
the free energy at a given point varies with a small change in the composition at that point. The
subtlety is that changing the composition at this location will lead to changes in the neighbouring
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slopes of the composition profile; due to the gradient term, these will also affect the value of the
free energy at the point of interest. This is why the free energy now must take the entire profile
as input, and not just the local composition. Thus, if the gradient term was not included, the
chemical potential would again be calculated through Equation (3.5).

𝛽𝜇𝑖 =
𝛿𝐹
𝛿𝑐𝑖(𝐫)

|

|

|

|

|𝑇 ,𝑉 ,𝑐𝑗≠𝑖

(3.16)

The definition of the chemical potential given in Equation (3.16) can be expanded through a
chain rule into the variables (𝑐,𝑥1), as shown in Equations (3.17) and (3.18). It can be seen that
𝛿𝐹∕𝛿𝑐 will be a common contribution to the chemical potentials of both species, related to the
change that adding a particle into the system makes on its total mass.

𝛿𝐹
𝛿𝑐1

= 𝛿𝐹
𝛿𝑐

𝜕𝑐
𝜕𝑐1

+ 𝛿𝐹
𝛿𝑥1

𝜕𝑥1
𝜕𝑐1

(3.17)
𝛿𝐹
𝛿𝑐1(𝐫)

= 𝛿𝐹
𝛿𝑐

+
(1−𝑥1)
𝑐

𝛿𝐹
𝛿𝑥1(𝐫)

(3.18)

where 𝜕𝑐∕𝜕𝑐1 = 1 and 𝜕𝑥1∕𝜕𝑐1 = (1−𝑥1)∕𝑐.
On the other hand, 𝛿𝐹∕𝛿𝑥𝑖 is related to the changes in the composition of the system. A

similar chain rule expansion, given in Equations (3.19) and (3.20), shows that this expression
corresponds with the difference between the chemical potentials.

𝛿𝐹
𝛿𝑥1

= 𝛿𝐹
𝛿𝑐1

𝜕𝑐1
𝜕𝑥1

+ 𝛿𝐹
𝛿𝑐0

𝜕𝑐0
𝜕𝑥1

(3.19)
𝛿𝐹

𝛿𝑥1(𝐫)
= 𝑐

(

𝛽𝜇1−𝛽𝜇0
) (3.20)

where 𝜕𝑐1∕𝜕𝑥1 = 𝑐 and 𝜕𝑐0∕𝜕𝑥1 = −𝑐.
The final form of the chemical potentials is given, for both species, in Equations (3.21)–

(3.24), where it can be assumed that the system is incompressible. It was calculated according
to Equation (3.16), considering that 𝜅𝑖𝑗 = 𝜅𝑗𝑖.

𝛽𝜇1 =
𝜕𝑓
𝜕𝑐1

+ 1
2

[

𝜕𝜅11
𝜕𝑐1

−2
𝜕𝜅10
𝜕𝑐1

+
𝜕𝜅00
𝜕𝑐1

]

(

∇𝑐1
)2−(𝜅11−𝜅10)∇2𝑐1−∇

(

𝜅11−𝜅10
)

⋅∇𝑐1 (3.21)

𝛽𝜇0 =
𝜕𝑓
𝜕𝑐0

+ 1
2

[

𝜕𝜅11
𝜕𝑐0

−2
𝜕𝜅10
𝜕𝑐0

+
𝜕𝜅00
𝜕𝑐0

]

(

∇𝑐1
)2+(𝜅00−𝜅10)∇2𝑐1+∇

(

𝜅00−𝜅10
)

⋅∇𝑐1 (3.22)
𝜕𝑓
𝜕𝑐1

= 𝛽𝜇◦1 +ln𝑥1+𝐴(1−𝑥1)2 (3.23)
𝜕𝑓
𝜕𝑐0

= 𝛽𝜇◦0 +ln(1−𝑥1)+𝐴𝑥21 (3.24)

where 𝛽𝜇◦𝑖 ≡ 𝛽𝜇◦𝑖 (𝑇 ,𝑝0) and 𝐴 ≡ 𝐴(𝑇 ,𝑝0).
Note that the contribution of the ideal, non-ideal and interfacial pieces can be separated in

different terms, and therefore these expressions allow to recover local diffusion when the gradient
coefficient is zero, and Fickian diffusion when both this and the Margules parameter are zero.
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The modularity of the model also allows to study the effect of the non-local contribution in an
otherwise ideal system, by simply setting 𝐴 to zero.

Adaptability of the phase-field method to diffusion, nucleation and growth

Recalling from Section 3.2.2, LLPS can follow two different dynamics, attending to the region
of the phase diagram where they take place: binodal or spinodal. While LLPS in the spinodal
is a spontaneous process in which the free energy is decreasing at all times, transformations in
the binodal region must overcome a free energy barrier, forcing it to temporarily increase [77].
This barrier prohibits the modelling of phase separation within this region by the mass transfer
model presented in this work, since the free energy can only decrease with time. The aim of this
section is to prove this, and give an indication of how this limitation could be circumvented.

The definition of the rate of change of the free energy with time is given in Equation (3.25).
Expanding this consecutively through the chain rule, the product rule and the divergence theo-
rem, then describing the diffusive flux as proportional to 𝕕𝑖, and lastly considering that there is
no flow out of the boundaries, Equation (3.27) is reached.

𝑑𝐹
𝑑𝑡

=
∑

𝑖=1,0
∫ 𝑑𝐫

[

𝛿𝐹
𝛿𝑐𝑖(𝐫)

𝜕𝑐𝑖
𝜕𝑡

]

(3.25)

= −
∑

𝑖=1,0
∫ 𝑑𝐫

[

𝛽𝜇𝑖∇ ⋅𝐉𝐢
] (3.26)

= −∫ 𝑑𝐫
[

D10
(

∇𝛽𝜇1
)2
]

(3.27)

It can be seen from Equation (3.27) that for the free energy to increase at any point in time
the diffusion coefficient of the system would have to be negative, since the chemical potential
gradient has been squared. Since 𝐷 must remain positive, it is clear that the rate of change of
the free energy functional with time is monotonically decreasing.

Consequently, the presented model is not able to describe phase changes occurring within
the binodal region, which follow nucleation and growth dynamics and thus must overcome an
energy barrier to occur. Nonetheless, this model can predict the time and location of supersat-
uration spikes, indicating when and where nucleation could happen. Moreover, the model can
simulate the dynamics of phase transformations in the spinodal, which will improve the accuracy
of supersaturation predictions in the vicinity of this region.

The phenomenon of nucleation and growth has been extensively studied in the context of
alloy formation. There are two main methods in which this limitation may be circumvented.
The first reproduces the stochastic nature of nucleation by adding a noise term into the govern-
ing equations, which results in eventual automatic apparition of nuclei [132–135]. The second
alternative treats nucleation explicitly, by artificially inserting nuclei in the simulation when cer-
tain criteria are met. For example, the local supersaturation within the domain may be used to
calculate the local nucleation rate and subsequently the local nucleation probability. If this prob-
ability is higher than a certain threshold, a nucleus is artificially seeded into the location that
met the criteria [136]. Note that growth can be handled by the unmodified phase-field model,
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which has the capability to determine whether the nuclei will enlarge or dissolve, given that in
both alternatives the free energy naturally decreases.

Non-dimensionalisation of the governing equations

The diffusion system presented in this work has been solved in its nondimensional form, since
doing so allows to reduce the number of parameters that the system is dependent on. The only
parameter in the final system of equations that has units of time is the diffusion coefficient. Thus,
by selecting a characteristic time based on it, 𝜏 = 𝐿2∕𝐷10, it vanishes from the equation.

There are three different parameters that contain length units in the equation, and therefore
three different length scales to consider. The first is the total size of the system, 𝐿𝑏. The second
is the total concentration, which has units of 1∕𝐿3 and thus leads to a length scale 𝐿𝑐 = 𝑐−1∕3,
which is related to the distance between molecules. The last one is the gradient free energy
coefficient, which has units of 𝐿5, making the final length scale 𝐿𝑔 = 𝜅1∕5. This is related to the
range of interactions between molecules, due to the gradient, and to the width of the interface.

Since this work seeks to explore the impact of the gradient coefficient, using𝐿𝑔 as the charac-
teristic length for the nondimensionalisation is discarded. Out of the two other options, selecting
𝐿𝑐 for this purpose will be more advantageous, since it will allow to eliminate 𝑐 from the final
equation. Thus, the selected characteristic length is 𝑐−1∕3.

The remainder of the section explores the equilibrium behaviour of this model, in partic-
ular, the interfacial tension and equilibrium composition profiles, and their evolution with the
Margules and gradient coefficients.

The interfacial tension and its relationship with 𝜅

The gradient term acts as a penalty for sharp spatial compositional changes in the system, hence
controlling the formation of interfaces within it. Therefore, it is expected to have a relation with
known interfacial properties. To help provide a physical meaning to the gradient coefficients,
this section derives its relation with the interfacial tension for a binary system.

Let the system of study be one-dimensional and of infinite length, divided into two bulk
phases (I and II) joint by a planar interface and in thermodynamic equilibrium. The coexistence
compositions of these bulk phases are given by 𝑐𝐼 and 𝑐𝐼𝐼 , respectively.

The free energy functional of the system is defined in Equation (3.28), and the chemical
potential for species 1, in Equation (3.29). Since the system is in equilibrium, the chemical
potentials of both species (denoted as 𝛾1 and 𝛾0 to signal equilibrium) will maintain a constant
value at every position.

𝐹 [𝑐1(𝑧), 𝑐′1(𝑧)] = ∫ 𝑑𝑧
[

𝑓 [𝑐1(𝑧)]+
1
2
[

𝜅11[𝑐′1(𝑧)]
2+2𝜅10𝑐′1(𝑧)𝑐

′
0(𝑧)+𝜅00[𝑐

′
0(𝑧)]

2]
]

(3.28)

𝛾1 =
𝜕𝑓
𝜕𝑐1

−(𝜅11𝑐′1(𝑧))
′−(𝜅10𝑐′0(𝑧))

′+ 1
2
𝜕𝜅11
𝜕𝑐1

(𝑐′1(𝑧))
2+

𝜕𝜅10
𝜕𝑐1

𝑐′1(𝑧)𝑐
′
0(𝑧)+

1
2
𝜕𝜅00
𝜕𝑐1

(𝑐′0(𝑧))
2 (3.29)

where 𝑐′𝑖 represents the first derivative of 𝑐𝑖 in space, 𝑑𝑐𝑖∕𝑑𝑧.
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The interfacial tension (𝜎) of a system is defined as the work per unit area required to form
an interface between two bulk phases. This can be expressed as the difference between the free
energy of the heterogeneous, phase-split system, and the free energy of the two individual bulk
phases when existing disconnected from each other, as reflected in Equation (3.30).

𝛽𝜎 = 𝐹 −∫𝐼
𝑑𝑧𝑓

(

𝑐𝐼1
)

−∫𝐼𝐼
𝑑𝑧𝑓

(

𝑐𝐼𝐼1
) (3.30)

where 𝐼 goes from −∞ to the interface location, and 𝐼𝐼 , from the interface to +∞. Note that,
was this integral posed in 3D, the LHS would be multiplied by the total area of the interface, and
in the RHS the differential would have units of volume.

The relation between 𝜎 and the gradient coefficients can be found by calculating the equi-
librium free energy density of the system (𝑓 ) from 𝑐1𝛾1+ 𝑐0𝛾0, as given in Equation (3.31), and
substituting this into the definition of 𝜎 given in Equation (3.30). Details on the algebra involved
can be found in Appendix C.

𝑐1𝛾1+ 𝑐0𝛾0 = 𝑓 − 1
2
𝜅11(𝑐′1)

2−𝜅10𝑐′1𝑐
′
0−

1
2
𝜅00(𝑐′0)

2+𝛽𝑝0 (3.31)

The LHS and RHS of Equation (3.31) correspond respectively with the total Gibbs and
Helmholtz free energy densities of the system in equilibrium. A key assumption made during
its derivation (see Appendix C) is that the chemical potential of both species is a scalar, that is,
maintains a constant value across the entire system. This establishes Equation (3.31) as a key
condition for thermodynamic equilibrium, indicating that the governing equations of a system in
equilibrium must necessarily fulfil this expression. This same conclusion was reached by Nau-
mann and Balsara during their study of phase equilibria within systems incorporating a gradient
term [137]. Substituting this expression for 𝑓 into the general free energy density functional,
and that into Equation (3.30), Equation (3.32) is reached.

𝛽𝜎 = ∫𝐼
𝑑𝑧

[

𝛾1
(

𝑐1− 𝑐𝐼1
)

+ 𝛾0
(

𝑐0− 𝑐𝐼0
)]

+∫𝐼𝐼
𝑑𝑧

[

𝛾1
(

𝑐1− 𝑐𝐼𝐼1
)

+ 𝛾0
(

𝑐0− 𝑐𝐼𝐼0
)]

+∫ 𝑑𝑧
[

𝜅11𝑐
′
1𝑐

′
1+2𝜅10𝑐′1𝑐

′
0+𝜅00𝑐

′
0𝑐

′
0
]

(3.32)

This expression can be simplified further through a clever placement of the interface, chosen
so that the area between the concentration profile of the heterogeneous system and the concentra-
tion of the two respective bulk phases is equal in magnitude, but of opposite sign, on either side
of the interface. This implies that the addition of the first two terms in the RHS of Equation (3.32)
will be zero. This concept is illustrated in Figure 3.3.

Lastly, considering that the system is incompressible and grouping the gradient coefficients
into 𝜅 = 𝜅11 −2𝜅10 + 𝜅00, the final expression for the interfacial tension of a one-dimensional
binary system is given in Equation (3.33).

𝛽𝜎 = ∫ 𝜅(𝑐′1)
2𝑑𝑧 (3.33)
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FIGURE 3.3: Diagram of the heterogeneous system in equilibrium. The continuous black line depicts
its concentration profile, whereas the dashed lines correspond with the concentration of the individual,
unconnected bulk phases: 𝑐𝐼 and 𝑐𝐼𝐼 . The location of the interface, 𝑧𝐺, is chosen so that the shaded grey
and striped areas are equal in magnitude but of opposite sign.

where 𝑐′1 corresponds with the equilibrium composition profile of species 1.
The nondimensionalisation of this expression is shown in Equation (3.34). Since 𝛽𝜎 has

units of [1∕𝐿2], it can be nondimensionalised through 𝜎 = 𝛽𝜎𝑐−2∕3. As for 𝜅, it has units of [𝐿5]
and can be nondimensionalised through 𝜅̃ = 𝜅𝑐5∕3.

𝜎 = ∫ 𝜅̃(𝑥′1)
2𝑑𝑧̃ (3.34)

It is clear that the interfacial tension is directly proportional to the gradient coefficient, and
therefore the value of this coefficient for a specific system can be determined from experimental
interfacial tension measurements. Physically this was expected, since 𝜅 controls the width of
the interface by raising the free energy penalty associated with having compositional gradients
in the system. This results in an increased energetic cost for the interface, which is an equivalent
concept to raising the interfacial tension. This dependency also explains why a free energy
model without a gradient term is not capable of simulating LLPS, and fails when in the spinodal:
neglecting this term is equivalent to defining the interfacial tension as zero.

Hence, increasing or decreasing the value of 𝜅 in the simulations is equivalent to studying
a system with a higher or lower interfacial tension, respectively. Their relationship is shown for
𝐴 = 3 in Figure 3.4(a), where a concave curve dominates the trend at lower values, gradually
approaching a more linear correlation as 𝜅̃ increases. The interfacial tension also depends on
the bulk thermodynamics of the system, which in this work are controlled by 𝐴. Since the Mar-
gules parameter determines the coexistence compositions, as illustrated in Figure 3.1, it directly
affects the shape of the equilibrium composition profile within Equation (3.33). Consequently,
Figure 3.4(b) depicts the evolution of the interfacial tension with this parameter when keeping
𝜅̃ at a constant value of 0.05.

It becomes clear that the dependency between the interfacial tension and the Margules pa-
rameter is linear for most values of 𝐴 in the studied range, albeit the trend becomes more curved
in the vicinity of 𝐴 = 2. Below this threshold the interfacial tension disappears, since the free
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FIGURE 3.4: Evolution of the non-dimensional interfacial tension with respect to (a) the non-dimensional
interfacial free energy coefficient 𝜅̃, with a fixed 𝐴 = 3, and (b) with respect to the Margules parameter
𝐴, with a fixed 𝜅̃ = 0.2.

energy density of the system becomes a single well, as depicted in Figure 3.1(a), and the mix-
ing process results in only one final homogeneous phase. Moreover, since the gap between the
equilibrium compositions of both phases widens as 𝐴 increases, and so does the free energy
of the compositions in-between, it was expected to observe a positive correlation between the
interfacial tension and this parameter.

Equilibrium composition profiles

Now that the physical meaning of 𝜅 and its relation with the interfacial tension has been dis-
cussed, this section focuses on determining how its magnitude impacts the equilibrium com-
position profiles. Given the physical activity model incorporated in this work, these profiles
must be calculated numerically, with the equilibrium condition derived in Equation (3.31) as the
starting point.

Rewriting this expression for an incompressible system, Equation (3.35) is reached. For the
sake of readability, Equations (3.36) and (3.37) define the chemical potentials of both species
in equilibrium. The local Helmholtz free energy density of the system, 𝑓 , was defined in Equa-
tion (3.14).

𝜅𝑐2

2
(𝑥′1)

2 = 𝑓 − 𝑐1𝛾1− 𝑐0𝛾0+𝛽𝑝0 (3.35)
𝛾1 = 𝛽𝜇◦1(𝑇 ,𝑝0)+ ln𝑥𝐼1 +𝐴

(

1−𝑥𝐼1
)2 = 𝛽𝜇◦1(𝑇 ,𝑝0)+ ln𝑥𝐼𝐼1 +𝐴

(

1−𝑥𝐼𝐼1
)2 (3.36)

𝛾0 = 𝛽𝜇◦0(𝑇 ,𝑝0)+ ln
(

1−𝑥𝐼1
)

+𝐴
(

𝑥𝐼1
)2 = 𝛽𝜇◦0(𝑇 ,𝑝0)+ ln

(

1−𝑥𝐼𝐼1
)

+𝐴
(

𝑥𝐼𝐼1
)2 (3.37)

The entirety of the RHS in Equation (3.35) can be grouped into a known variable, Δ𝑓 . Since
the equilibrium chemical potentials are constant, the equilibrium compositions used to define
𝛾1 and 𝛾0 can correspond to either phase. Thus, the substitution of both leads to two analogous
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forms of Δ𝑓 , presented in Equations (3.38) and (3.39).

Δ𝑓 = 𝑐𝑥1 ln
𝑥1
𝑥𝐼1

+ 𝑐(1−𝑥1) ln
1−𝑥1
1−𝑥𝐼1

−𝐴𝑐
(

𝑥1−𝑥𝐼1
)2 (3.38)

Δ𝑓 = 𝑐𝑥1 ln
𝑥1
𝑥𝐼𝐼1

+ 𝑐(1−𝑥1) ln
1−𝑥1
1−𝑥𝐼𝐼1

−𝐴𝑐
(

𝑥1−𝑥𝐼𝐼1
)2 (3.39)

With this, every piece needed to calculate the equilibrium composition profile is known.
Applying the time and length nondimensionalisations discussed above, Equation (3.40) presents
the final expression used to calculate these profiles.

𝑑𝑥1
𝑑𝑧̃

=
[ 2
𝜅̃

]1∕2 [Δ𝑓
𝑐

]1∕2

(3.40)

This way, Figure 3.5 describes the effect of the gradient coefficient (a) and the Margules
parameter (b) on the equilibrium composition profile of species 1. Focusing first on the effect
of 𝜅̃ presented in Figure 3.5(a), it is clear that a higher value of this gradient coefficient leads
to a wider interface. This is due to an increased penalisation of composition gradients and thus
results in a more diffuse interface.
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FIGURE 3.5: Equilibrium composition profiles at different conditions (solid lines) and their respective
bulk equilibrium compositions (dashed lines). (a) Equilibrium behaviour at 𝐴 = 2.5 and different values
of 𝜅̃. (b) Equilibrium behaviour for 𝜅̃ = 0.2 and different values of the Margules parameter.

As for the effect of the Margules parameter 𝐴, there are two main trends observed in Fig-
ure 3.5(b). Firstly, it is clear that a higher degree of incompatibility between the two species
pushes the equilibrium compositions further apart, as expected from the discussion in Sec-
tion 3.2.2. Secondly, the interface widens with lower values of 𝐴, which was not expected given
that the value of 𝜅̃ was kept constant for this study. Attending to Figure 3.1(a), the higher the 𝐴,
the larger the drive to phase-separate is in the system, and thus the higher the energetic penalty
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becomes for compositions in-between the coexistence values. Therefore, at constant 𝜅, larger
values of 𝐴 will lead to increasingly sharper interfaces.

Solubility and supersaturation as functions of the chemical potential

The apparition of gradient terms within the chemical potential will unequivocally change the def-
inition of key variables in the crystallisation process, one of which is the supersaturation, which
is the driving force for crystallisation. Thus, supersaturation will dictate the times and regions
where a system may form solid nuclei, making it one of the most important parameters in a crys-
tallisation system. An accurate supersaturation definition will lead to a better prediction of the
nucleation rate and in turn of the probability of nucleation, both key variables in crystallisation
models such as PBM or the PRISMS framework [136].

The physical reason why crystallisation occurs is because the chemical potential of a system
containing a mixture of solid and dissolved API is lower than the chemical potential of a system
where all of the API is dissolved, making the first system more stable in comparison. Therefore,
the system will be saturated when these two chemical potentials are equal: 𝛽𝜇(𝐿)1 = 𝛽𝜇(𝑆)1 .

The chemical potential of all species in the system has been given in Equations (3.21)– (3.24);
these expressions are valid for both the solid and liquid phase. Focusing on species 1, its chemical
potential in the solid phase can be considerably simplified by assuming that the formed nuclei are
completely pure: 𝑥(𝑠)1 = 1. All contributions but that of the pure species vanish, since ln(1) = 0,
𝐴(1−1)2 = 0, and ∇(1) = 0. Therefore, 𝛽𝜇(𝑠)1 = 𝛽𝜇◦,(𝑠)1 .

Substituting this into the equilibrium condition, we find that 𝛽𝜇◦,(𝑆)1 = 𝛽𝜇(𝐿)1 . Regarding the
chemical potential of the liquid phase, 𝛽𝜇(𝐿)1 , it is important to specify that it is tracked during
the diffusion process as 𝛽𝜇(𝐿)1 −𝛽𝜇◦,(𝐿)1 . The contribution of the pure species to 𝛽𝜇1 has been not
been considered, since it bears no impact on the driving force for mass transfer—the gradient of
a constant is zero—nor on the evolution of the chemical potential with time. Thus, subtracting
it to both sides in the equilibrium condition, Equation (3.41) is reached.

𝛽𝜇(𝐿)1 −𝛽𝜇◦,(𝐿)1 = 𝛽𝜇◦,(𝑆)1 −𝛽𝜇◦,(𝐿)1 (3.41)

This expression denotes the solubility of the pure solid phase in the liquid solution. The LHS
corresponds with the chemical potential tracked during the mass transfer study. As for the RHS,
the value of 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 is intrinsic to the physical system being studied, since it depends
only on the solid and liquid properties of the chosen solute. Thus, this variable defines the
solubility of the system, leading to the definition of supersaturation (s) and of the supersaturation
ratio (S) in Equations (3.42) and (3.43), respectively.

𝑠 =
(

𝛽𝜇(𝐿)1 −𝛽𝜇◦,(𝐿)1

)

−
(

𝛽𝜇◦,(𝑆)1 −𝛽𝜇◦,(𝐿)1

) (3.42)

𝑆 =

(

𝛽𝜇(𝐿)1 −𝛽𝜇◦,(𝐿)1

)

(

𝛽𝜇◦,(𝑆)1 −𝛽𝜇◦,(𝐿)1

)

(3.43)
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While the supersaturation does not have any impact on the mass transfer dynamics presented
in this work, it does help interpret its results from a crystallisation perspective. A system that
favours crystallisation will present a positive value for 𝑠, as this means that species 1 has a lower
chemical potential as a solid than in the solution. Similarly, such a system will have a value of
𝑆 larger than 1. Thus, a system is supersaturated when 𝑠 > 0 and 𝑆 > 1; undersaturated when
𝑠 < 0 and 𝑆 < 1, and at equilibrium when 𝑠 = 0 and 𝑆 = 1.

3.2.3 Diffusion dynamics
Now that the thermodynamics of the proposed model have been detailed and explored, this sec-
tion focuses on outlining the main considerations to be made regarding mass transfer dynamics.

The model chosen to describe diffusive dynamics is Maxwell-Stefan diffusion, presented in
equations (3.44) and (3.45) for a binary system. It was developed with gradients of chemical
potentials as the driving force for diffusion [11, 138], and thus it provides a suitable framework
in which to cast our proposed free energy model.

𝐉𝟏 = −Ð10𝑐1∇𝛽𝜇1 (3.44)
𝜕𝑐1
𝜕𝑡

= ∇ ⋅
(Ð10𝑐1∇𝛽𝜇1

) (3.45)

where Ð10 corresponds with the Maxwell-Stefan diffusion coefficient.
In this work, the driving force for mass transfer has been written as a difference of chemical

potentials, as detailed in Equation (3.48). This approach, seen in Petrischeva and Abart [121],
helped increase the convergence of the governing equations when solved numerically. Moreover,
it indirectly makes the framework more robust, by building in compliance with the Gibbs-Duhem
equation, shown in Equation (3.46) for a binary isothermal and isochoric system, into the driving
force.

𝑐0∇𝛽𝜇0+ 𝑐1∇𝛽𝜇1 = 0 (3.46)
∇𝛽𝜇1 = ∇𝛽𝜇1−𝑥0∇𝛽𝜇0−𝑥1∇𝛽𝜇1 (3.47)

= 𝑥0∇
(

𝛽𝜇1−𝛽𝜇0
) (3.48)

The sum of the diffusive fluxes across all species in the system must be zero. The Maxwell-
Stefan formulation, given in Equation (3.44), complies with this when the gradient term is not
included, which can be proven by substituting Equations (3.23) and (3.24) into Equation (3.49).
Note that the RHS of this expression corresponds with the Gibbs-Duhem equation (3.46).

𝐉𝟎+𝐉𝟏 = 𝑐0∇𝛽𝜇0+ 𝑐1∇𝛽𝜇1 (3.49)

This way, the reformulation of the driving force as a difference in chemical potentials enforc-
ing compliance with Gibbs-Duhem indirectly enforces the condition that the sum of all diffusive
fluxes must amount to zero. This can be seen by substituting Equation (3.48) into Equation (3.44),
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and then working through 𝐽1+𝐽0. The updated version of the diffusive flux is given in Equa-
tion (3.50).

𝐉𝟏 = −Ð𝑐𝑥1𝑥0∇
(

𝛽𝜇1−𝛽𝜇0
) (3.50)

The system will thus reach dynamic equilibrium when ∇(𝛽𝜇1−𝛽𝜇0) = 0, which, attending to
Equation (3.19), corresponds with∇(𝛿𝐹∕𝛿𝑥1) = 0. This is not a tight enough constraint to ensure
chemical equilibrium [137], which is defined through ∇𝛽𝜇 = 0; nonetheless, the correct defini-
tion of the chemical potential will fulfil both constraints. A more careful look at Equation (3.21)
reveals that whether a definition of the chemical potential is correct or not will depend entirely
on choosing an adequate form for the composition dependence of 𝜅. Thus, the dynamics and
thermodynamics of the diffusion process have been successfully decoupled, since to ensure a
correct mass transfer prediction it is only necessary to correctly define ∇(𝛽𝜇1− 𝛽𝜇0). A more
detailed insight of the consequences this has upon the thermodynamics of the system is provided
in Section 3.4.1.

Considering the definition of both chemical potentials given in equations (3.21)–(3.24), and
specialising to the case in which 𝜅𝑖𝑗 is a constant, the gradient of the difference in chemical
potentials is given in Equation (3.51).

∇
(

𝛽𝜇1−𝛽𝜇0
)

=
[

1
𝑥1

+ 1
𝑥0

−2𝐴
]

∇𝑥1−∇
[

𝜅∇2𝑐1
] (3.51)

where 𝜅 = 𝜅11−2𝜅10+𝜅00.
Substituting Equations (3.50) and (3.51) into the continuity equation, its final form for species

1 is reached in Equation (3.52). Equation (3.53) corresponds with its nondimensional formula-
tion. This model has been named "CaHiMaS" in this work, blending the name of its two main
inspirations: Maxwell-Stefan diffusion and the Cahn-Hilliard phase-field model, from which the
idea for the gradient term came from.

𝜕𝑥1
𝜕𝑡

= Ð∇2𝑥1−2𝐴Ð∇ ⋅
[

𝑥1𝑥0∇𝑥1
]

−Ð∇ ⋅
[

𝑥1𝑥0∇
[

𝑐𝜅∇2𝑥1
]] (3.52)

𝜕𝑥1
𝜕𝑡

= ∇̃2𝑥1−2𝐴∇̃ ⋅
[

𝑥1𝑥0∇̃𝑥1
]

−∇̃ ⋅
[

𝑥1𝑥0∇̃
[

𝜅̃∇̃2𝑥1
]] (3.53)

where ∇̃ corresponds with the nondimensional gradient of a variable in space, in this case eval-
uated in 1D.

3.3 Simulation methodology
The simulations presented in this work focus on a 1D spatial system, a schematic diagram of
which is shown in Figure A. The continuity equation (3.53) was solved by applying finite volume
discretisation. This method is particularly suitable for mass transfer problems, as it enforces mass
conservation over the domain [139]. In particular, the simulation was implemented within the
FiPy [140] library in Python.
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… …

dx 

Left stream Right stream

Initial interface

z = 3 z = 6z = 0

FIGURE 3.6: Schematic diagram of the discretised one-dimensional system. A two-layered initial con-
figuration is depicted, indicating the position of the interface and what in this work have been sometimes
referred to as left and right streams.

The fourth-order term within the continuity equation was discretised through a coupled sys-
tem of equations, presented in Equation (3.54), with 𝑥1 and 𝜓 as the main variables. This was
needed in order to avoid numerical instabilities, and to cast the system into FiPy’s framework.
This way, the main outputs of the system are the evolution of 𝑥1 and 𝜓 with time.

⎧

⎪

⎨

⎪

⎩

𝜕𝑥1
𝜕𝑡

= ∇̃2𝑥1−∇̃ ⋅
[

2𝐴𝑥1(1−𝑥1)∇̃𝑥1
]

−∇̃ ⋅
[

𝑥1(1−𝑥1)∇̃𝜓
]

𝜓 = 𝜅̃∇̃2𝑥1
(3.54)

The main shared parameters of all simulations are detailed in Table 3.1(left), and the stud-
ied parameter combinations have been summarised in Table 3.1(right). All studies employed
SciPy’s scipy.sparse.linalg.splu [141] solver, as well as Neumann boundary condi-
tions, which are suited to reproduce diffusion in a closed system with no flow across the bound-
aries. Figure 3.7 summarises the two different types of initial conditions studied in this work.
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FIGURE 3.7: Diagram of the two different initial conditions employed within this work. (a) Step-like,
aiming to reproduce two streams put in contact with each other. (b) Gaussian noise, randomly sampled
from a distribution with 𝑥1 = 0.35 and 𝜎2 = 10−4.

Four different studies were run as part of this work in binary mixing. Firstly, the definition of
the gradient coefficient, 𝜅, was addressed. As detailed in Section 3.4.1, this work found that the
formulation of its composition dependence is nontrivial, since not all of them fulfil the condition
of chemical equilibrium, that is, a constant value of 𝛽𝜇 in space. This work explores the three
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TABLE 3.1: Selected simulation parameters. Left: parameters shared between all performed simulations.
Right: variable set of studied conditions. Attending to the left, nx and dx correspond with the number
of volume elements in the discretised system and their width, respectively; res tol with the tolerance
allowed within the residual step of the solver; stag tol with the tolerance considered to decide whether
the minimum possible residual has been reached, or the solver has stagnated; save freq with the fre-
quency with which a timestep was saved; lastly, dt fcn is the function used to define timestepping,
and dt and n are its variables. Attending to the right, ICs corresponds with initial conditions; G to the
group of studies those simulations belong to; the three functions tested as part of group 1 have been de-
tailed in Section 3.4.1; GN stands for Gaussian noise, defined through mean (𝑥1) and variance (𝜎2); and,
lastly, 𝜅̃ and 𝐴 correspond with the nondimensionalised gradient coefficient and Margules parameter, re-
spectively.

Property Value
nx 12 ⋅103
dx 5 ⋅10−4

res tol 10−5
dt fcn 𝑒𝑑𝑡+𝑛⋅𝑖
dt −7
n 10−4

stag tol 10−14
save freq 15

G 𝜅̃ A ICs Duration
1 𝜅 = 𝑓𝐼 (𝑐) 3 Step, 50%, 0.999-0.001 400
1 𝜅 = 𝑓𝐼𝐼 (𝑐) 3 Step, 50%, 0.999-0.001 400
1 𝜅 = 𝑓𝐼𝐼𝐼 (𝑐) 3 Step, 50%, 0.999-0.001 400
2 0 0 Step, 50%, 0.999-0.001 400
2 0 1 Step, 50%, 0.999-0.001 400
2 0.2 1 Step, 50%, 0.999-0.001 400
3 0, 0.1, 0.2 0 Step, 50%, 0.999-0.001 400
3 0.025, 0.1, 0.2 3 Step, 50%, 0.999-0.001 400
4 0.025, 0.2 3 GN, 𝑥1 = 0.35,𝜎2 = 10−4 600

most natural choices, first considering no composition dependence at all (𝑓𝐼 ), then the chemical
potential form presented by Petrischeva and Abart [121] (𝑓𝐼𝐼 ), and lastly, a custom composition
dependence proposed by the author (𝑓𝐼𝐼𝐼 ). The specific equation for each form is given in
Section 3.4.1. Note that this study had to be performed for a system in which phase separation
would take place, that is,𝐴> 2, since a homogeneous final composition would necessarily return
a flat chemical potential profile.

The second study sought to compare the effect of the gradient term on a standard diffusion
problem without phase separation, with regards to the two most widely applied diffusion models:
Fick’s law and Maxwell-Stefan. The benchmark for this test was considered to be a system
that exhibited a degree of non-ideality between the two liquids equivalent to 𝐴 = 1. Note that,
as explained in Section 3.2.3, considering no gradient term immediately returns the diffusion
dynamics of the proposed model to Maxwell-Stefan, and considering ideal behaviour on top of
this returns Fickian diffusion. This way, Fick’s law was recovered by considering 𝐴 = 0 and
𝜅̃ = 0; Maxwell-Stefan diffusion, through 𝐴 = 1 and 𝜅̃ = 0, and CaHiMaS, modelled via 𝐴 = 1
and 𝜅̃ = 0.2.

The third study sought to understand the effect of the magnitude gradient coefficient alone
on an ideal system and on a system where phase separation would occur. These two cases, in
combination with those explored in the second study mentioned above, cover all the potential
scenarios allowed by CaHiMaS diffusion during the diffusion of the two streams.

Lastly, the fourth study conducted as part of this work aimed to prove the application of the
proposed model for a nearly-homogeneous system undergoing a sudden temperature decrease,
also called crash-cooling. Although the effect of temperature is not explicitly included in the
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proposed model, the nondimensional Margules parameter is an inverse function of temperature,
as explained in Section 3.2.2, and thus increasing its value is equivalent to decreasing the latter.
This way, a high-enough temperature to maintain the system as a homogeneous mixture would
correspond with 𝐴 < 2, and a sudden decrease in temperature would entail a sudden change to
𝐴 > 2. This is the reason why the proposed simulation considers a nearly-homogeneous initial
conditions and that 𝐴= 3. Note that the duration of this study had to be longer due to the system
starting further away from equilibrium.

The timestep evolution was selected to follow an exponential trend due to the nature of this
physical problem: it is fast-paced in early times, requiring very small steps, but as it approaches
equilibrium more, the changes take longer to be perceivable [142]. In fact, too small a timestep
at this stage can cause the solution to become stagnant across iterations. While it is complicated
to find a combination of parameters that can succeed in both regimes, it is not entirely necessary.
The solution stagnating in a particular timestep only entails the solution vector remaining the
same as for the previous one, meaning that these timesteps are completely inert. Eventually,
the time increase becomes large enough for the solution to continue moving forward. Hence,
the approach followed in this work was primarily concerned with an adequate simulation of
the early times, and the inert iterations were filtered out during the data postprocessing. Note
that the output of an iteration was only saved as part of the output dataset every 15 timesteps,
given the large volume of data generated by each simulation—around 4500 output files after
postprocessing, and after the implementation of this measure.

The value of all non-dimensionalised parameters within the system can be related with their
dimensional counterparts by assuming a value of the diffusion coefficient and concentration.
Thus, the real time can be determined from these quantities, and the real length, from the con-
centration value. To determine a realistic value for the nondimensional gradient coefficient, a
value for the surface tension must be defined as well. Then, 𝜎̃ can be calculated, and the value
of 𝜅̃ can then be read from Figure 3.4. As an example, a surface tension of 25mNm−1 and a
concentration of 55molL−1 gives 𝜎̃ = 0.59; for 𝐴 = 3, this corresponds to 𝜅̃ ≊ 4.

While the range of values studied for 𝜅̃ is an order of magnitude smaller than that established
above, increasing the value of this parameter would require substantially increasing the size of
the system and therefore the duration of each simulation. Since the aim of this work is to study
the effect of the interfacial term on mixing and supersaturation, going to this length was not
needed, as the chosen values still allow to study the qualitative effect of this term. Thus, the
incorporation of more realistic values of 𝜅̃ remains a challenge to be addressed in the future.

3.4 Results and discussion
This section is organised as follows. First, the interfacial free energy coefficient 𝜅 is considered.
Some of the explored alternatives were found to misbehave when it came to chemical equilib-
rium, and therefore this section is focused on reaching a form of 𝜅 that is consistent with it.
Then, its impact on mass transfer in comparison with Fickian and Maxwell-Stefan diffusion is
explored, in the absence of a gradient term. This was followed by a study on the effect that the
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value of 𝜅 has on liquid demixing dynamics. Lastly, the impact of this term on the study of a
crash-cooling crystallisation system is explored.

3.4.1 Definition of the gradient coefficient
The mass transfer dynamics presented in Section 3.2.3 consider an alternative form of the dif-
fusion driving force. As shown in Equations (3.47) and (3.48), it is rewritten in terms of the
gradient of chemical potential differences, and not the chemical potentials of the pure species
themselves. These two shapes follow from simple algebraic transformations and thus are com-
pletely interchangeable. As explained in Section 3.2.1, this change usefully decouples the mass
transfer dynamics from its intrinsic thermodynamics, since diffusion will stop when the differ-
ence between chemical potentials is constant, not when the individual chemical potentials are.
While a well-posed definition of the chemical potential will fulfil this condition when in equi-
librium, there could be incorrect forms of the chemical potential that also satisfy this condition.
Whether the chemical potential is correctly defined or not completely hinges on choosing an ap-
propriate form of the composition dependency for the gradient coefficient. In this context, this
section explores the suitability of three different definitions of this coefficient. For readability,
these have been summarised in Table 3.2, albeit each expression is also individually discussed
in its relevant section.
TABLE 3.2: Summary of all forms of composition dependence for 𝜅𝑖𝑗 tried in this work and their resulting
chemical potential. To calculate that of form I, it was assumed that (𝜅̃11− 𝜅̃10) = 0.5𝜅̃.

Form 𝜅 definition Chemical potential
I (𝜅11,𝜅10,𝜅00) ≠ 𝑓 (𝑐) 𝛽𝜇1 = 𝜕𝑓∕𝜕𝑐1−

(

𝜅̃11− 𝜅̃10
)

∇2𝑥1
II (𝜅11,𝜅10,𝜅00) = (𝑘𝑝𝑐20∕𝑐3,−𝑘𝑝𝑐1𝑐0∕𝑐3,𝑘𝑝𝑐21∕𝑐3) 𝛽𝜇1 = 𝜕𝑓∕𝜕𝑐1+ 1∕2𝑘̃𝑝

(

∇̃𝑥1
)2−𝑥0𝑘̃𝑝∇̃2𝑥1

III (𝜅11,𝜅10,𝜅00) = (𝑘𝑢𝑐20∕𝑐5,−𝑘𝑢𝑐1𝑐0∕𝑐5,𝑘𝑢𝑐21∕𝑐5) 𝛽𝜇1 = 𝜕𝑓∕𝜕𝑐1− 1∕2𝑘̃𝑢
(

∇̃𝑥1
)2−𝑥0𝑘̃𝑢∇̃2𝑥1

As discussed in Section 3.2.2, previous literature [122, 123] argues that the exact value of this
parameter is exclusively dependent on the activity model, and that it can be considered constant
if entropic contributions are disregarded. Focusing on the latter option, the chemical potential of
species 1 would take on the shape presented in Equation (3.55); this form is hereinafter referred
to as form (I). For its calculation, it was assumed that (𝜅̃11− 𝜅̃10) = 0.5𝜅̃.

𝛽𝜇1 =
𝜕𝑓
𝜕𝑐1

−
(

𝜅̃11− 𝜅̃10
)

∇2𝑥1 (3.55)

Petrischeva and Abart [121], in their study of binary systems, considered a chemical potential
which shape can be recovered by considering the interfacial free energy coefficient to be a func-
tion of composition through equations (3.56)–(3.58). Note that this is not an original assumption
made by the authors, who did not explicitly consider any composition dependencies within the
gradient coefficient. This way, the composition dependencies presented here are merely a form
in which, from our formulation of the theory, we are able to recover a nondimensional expression
of the chemical potential equal to theirs. Substituting these into Equation (3.21), the final form
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of this chemical potential, referred to as form (II), is reached in Equation (3.59).

𝜅11 = 𝑘𝑝𝑐20∕𝑐
3 (3.56)

𝜅10 = −𝑘𝑝𝑐1𝑐0∕𝑐3 (3.57)
𝜅00 = 𝑘𝑝𝑐21∕𝑐

3 (3.58)

𝛽𝜇1 =
𝜕𝑓
𝜕𝑐1

+ 1
2
𝑘̃𝑝
(

∇̃𝑥1
)2−𝑥0𝑘̃𝑝∇̃2𝑥1 (3.59)

where 𝑘̃𝑝 is a constant with respect to composition.
The last definition of the gradient coefficient was chosen to fulfil Equation (3.31). Sec-

tion 3.2.2 stipulated that this expression can only be satisfied if the chemical potentials of all
species in the system are constant at equilibrium; hence, any form of the chemical potential that
complies with equilibrium thermodynamics must satisfy this expression. This was studied in
detail by Naumann and Balsara [137], who also correctly stipulated that not all solutions that
recover a constant 𝛾𝑖− 𝛾𝑗 will constitute a solution of Equation (3.31). Forms (I) and (II) cannot
satisfy it, since the former does not result in a first-order term, and the latter carries a positive
sign in the coefficient of its first-order term. While this sign follows naturally from the variational
derivative performed to obtain the most general expression for the chemical potential, presented
in Equation (3.51), it prevents Equation (3.31) from being satisfied. As a solution, this work
proposes the application of a third alternative chemical potential definition, which composition
dependence for the interfacial free energy coefficient is outlined in equations (3.60)–(3.62). The
resulting non-dimensional chemical potential, Equation (3.63), will be referred to as form (III).

𝜅11 = 𝑘𝑢𝑐20∕𝑐
5 (3.60)

𝜅10 = −𝑘𝑢𝑐1𝑐0∕𝑐5 (3.61)
𝜅00 = 𝑘𝑢𝑐21∕𝑐

5 (3.62)

𝛽𝜇1 =
𝜕𝑓
𝜕𝑐1

− 1
2
𝑘̃𝑢
(

∇̃𝑥1
)2−𝑥0𝑘̃𝑢∇̃2𝑥1 (3.63)

where 𝑘̃𝑢 is a constant with respect to composition, with units of [𝐿]−5 and which nondimen-
sionalisation corresponds with 𝑘̃𝑢 = 𝑘𝑢𝑐−5∕3. Note that, while 𝜅 and the 𝑘𝑝 and 𝑘𝑢 parameters
proposed in forms II and III, respectively, all have different units, their nondimensional value is
always the same: 𝜅̃ = 𝑘̃𝑢 = 𝑘̃𝑝.

As mentioned, since the dynamics of the system are dependent on chemical potential dif-
ferences, rather than their absolute values, this distinction in the definition of 𝜅 does not affect
the development of the simulation itself or the observed evolution of the composition profiles.
It only influences the posterior interpretation of the chemical potential profiles. This way, the
non-dimensional continuity equation of the system, Equation (3.53), does not change when ap-
plying this composition dependence. The gradient energy coefficient 𝜅̃ is just substituted by 𝑘̃𝑢
or 𝑘̃𝑝. Moreover, considering that 𝜅 = 𝑘𝑢𝑐−3, it should be possible to determine the value of this
newly introduced parameter from the value of 𝜅𝑖𝑗 , which in turn can be determined through the
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activity model of the system, as described by Inguva et al. [123]. Lastly, it is important to note
that this might not be the only choice of composition dependency in the interfacial free energy
coefficient capable of fulfilling Equation (3.31), but merely one that does.

Figure 3.8 presents the evolution in time of the composition and chemical potential profiles
achieved with these three forms for a non-ideal system reaching a final mixed state, in which
𝐴 = 1 (Figure 3.8a, c), and for a non-ideal system undergoing phase separation, with 𝐴 = 3
(Figure 3.8b, d). In both cases, the initial conditions correspond with Figure 3.7(a), and the value
of 𝜅̃ was 0.2. It is important to note again that in this model the evolution of the composition
is completely separate from the evolution of the chemical potential, since the driving force for
mass transfer has been rewritten as ∇(𝛽𝜇1−𝛽𝜇0). This way, since 𝜅̃ = 𝑘𝑝 = 𝑘𝑢, these case studies
shared the same mole fraction profile evolution with time, given by Equation (3.54), and differ
only in the posterior interpretation of the chemical potential.
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FIGURE 3.8: Evolution with time of the mole fraction and chemical potential profile of species 1, for three
different definitions of 𝜅: (I) constant, (II) 𝜅 ∝ 𝑐−3 and (III) 𝜅 ∝ 𝑐−5. Note that these three definitions
yield the same nondimensional mass transfer equation, and thus the diffusion dynamics presented in the
mole fraction profiles are the same in all three cases. The value of the nondimensional gradient energy
parameter used in the equation dynamics was kept at 0.2, and two values of A have been evaluated: 𝐴= 1
(a, c) and 𝐴 = 3 (b, d). The dashed lines in (d) correspond with the coexistence compositions. The
equilibrium composition profile has been considered to be the last saved value of each simulation. In (a),
the equilibrium chemical potential profiles overlap.

The results shown in Figure 3.8 confirm the behaviour expected from the three forms of
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𝜅𝑖𝑗 tested. It is clear that both the mixed and phase-split systems exhausted their driving force
for mass transfer, ∇(

𝛽𝜇1−𝛽𝜇0
), since in equilibrium this difference is constant throughout the

system in both cases. This is manifested within the composition profiles by reaching a constant
value in Figure 3.8(a) and the coexistence compositions in Figure 3.8(b), for 𝐴 less and greater
than 2, respectively.

In Figure 3.8(c) the three forms of 𝛽𝜇1 produce the same constant final value as well, since
the constant equilibrium profile means that there is no gradient contribution to this chemical
potential. However, this is not true for the phase-separated system, as shown in Figure 3.8(d). In
this case, forms I and II fail to remain constant around the interface, violating the condition for
thermodynamic equilibrium. The reason why this was not observed in the fully mixed system is
that, when the final composition profile is flat, all gradient terms are necessarily zero, allowing
𝛽𝜇1 to remain flat at equilibrium and hiding any errors associated with its formulation. On the
other hand, form III is able to reach a constant final profile for 𝛽𝜇1 in both cases, indicating
this composition dependence for 𝜅𝑖𝑗 leads to a more thermodynamically robust definition of the
chemical potential.

Moreover, attending to the early times presented in Figure 3.8(c) and (d) for both the mixed
and demixed systems, forms I and II result in significant overshoots of the chemical potential,
whereas the evolution of form III does not present these. Considering the proven ill-posedness of
the former two formulations, these overshoots are most likely unphysical. Since supersaturation
directly depends on the chemical potential of the species, following Equations (3.42) and (3.43),
and local supersaturation spikes are linked with a higher probability of primary nucleation oc-
curring, it is clear that an inadequate formulation of the gradient term can lead to erroneous
predictions regarding the time and location at which supersaturation, and thus nucleation, could
be observed in the system.

Phase-field models have been traditionally employed to study microstructure evolution
within metallic systems, and in such studies the dynamics of the system may be of more concern
than the evolution of the chemical potential. This could explain why this field focuses more on
achieving an adequate description of the difference between chemical potentials, as these have
been cast as the driving force for mass transfer. This is not discussed either in any studies that ap-
ply PFM to the problematic of oiling out within antisolvent crystallisation, which, to the author’s
knowledge, only extends to the work of Tsugawa et al. [10]. While this gap has been addressed
in the past more generally, with Naumann and Balsara [137] also reaching Equation (3.31), this
knowledge does not seem to be easily accessible in literature.

As a final observation regarding these trends, the chain rule expansions of the chemical po-
tential given in equations (3.17) and (3.19) indicate that for the equilibrium chemical potential
to be flat, Equation (3.65) must be fulfilled. Section 3.2.1 explained that rewriting the driving
force as 𝕕𝑖 =−∇𝑇 ,𝑉 (𝜇𝑖−𝜇𝑗) meant shifting the equilibrium condition followed by the dynamics
to ∇(𝛿𝐹∕𝛿𝑥1) = 0. Applying a gradient to the chain rule expansion of 𝛽𝜇1, as given in Equa-
tion (3.64), quickly reveals this conclusion: if the final gradient of chemical potential is not zero,
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Equation (3.65) will necessarily remain unfulfilled in equilibrium.

∇ 𝛿𝐹
𝛿𝑐1

=∇𝛿𝐹
𝛿𝑐

+ 𝛿𝐹
𝛿𝑥1

∇
(1−𝑥1)
𝑐

+
(1−𝑥1)
𝑐

∇ 𝛿𝐹
𝛿𝑥1

(3.64)

𝑐∇𝛿𝐹
𝛿𝑐

− 𝛿𝐹
𝛿𝑥1

∇𝑥1 = 0 (3.65)

While it is not straightforward to obtain analytical expressions for the derivatives within
Equation (3.65), this can be regarded as an additional numerical equilibrium condition. Interest-
ingly, it corresponds with 𝑐∇𝛽𝜇0 = 0, which is also the outcome of expanding the Gibbs-Duhem
expression on this system, as shown in Equation (3.66).

𝑛
∑

𝑖=0
𝑐𝑖𝛁

𝛿𝐹
𝛿𝑐𝑖

= 𝑐𝛁𝛿𝐹
𝛿𝑐

− 𝛿𝐹
𝛿𝑥1

𝛁𝑥1 (3.66)

Therefore, if the chemical potential of the system in equilibrium is not constant, it is possible
that the composition dependence of the gradient coefficient, or something else in the system, is
forcing the equations to violate Gibbs-Duhem.

3.4.2 Differences between mass transfer models
Now that a definition of the chemical potential consistent with equilibrium thermodynamics
has been reached, this section compares the performance between Fickian and Maxwell-Stefan
mass transfer and the model proposed in this work, CaHiMaS. Fick’s law was replicated by
considering𝐴= 0 and 𝜅̃ = 0, and Maxwell-Stefan,𝐴= 1 and 𝜅̃ = 0. While these two frameworks
have been previously compared in literature [11, 95], the incorporation of an interfacial free
energy term to the system dynamics has not been previously explored in detail in the context of
antisolvent crystallisation. To the author’s knowledge, there is only one study, by Tsugawa et
al. [10] approaching this topic in this way. Thus, the comparison of the dynamics of this model
to other diffusion frameworks has not been done before in this context.

The system selected for this study is formed by two pure streams put in contact without flow,
with these initial conditions described in Figure 3.7(a). It was assumed that the degree of non-
ideality of the real system corresponds with 𝐴 = 1, and thus no demixing is expected to occur.
While both Maxwell-Stefan and CaHiMaS are able to reproduce this non-ideality, this is not the
case for Fick’s law. Figure 3.9 summarises the evolution of the composition (a) and chemical
potential (b) across the two mixing streams towards equilibrium.

The evolution of the two mole fractions presented in Figure 3.9(a) shows that, while all
systems reach the expected homogeneous final state, the times at which this occurs are different
for each model. It is also clear that at early times, e.g. 𝑡 = 0.6, Fickian diffusion presents the
fastest mass transfer, followed by CaHiMaS and Maxwell-Stefan. As the simulation progresses
towards equilibrium, the difference between the latter becomes less obvious.

This is a consequence of the assumptions made in each model. Fick’s law imposes ideal
behaviour, whereas both Maxwell-Stefan and CaHiMaS are able to consider incompatibilities
between species. These non-idealities imply the two species are more reluctant to mix, and thus
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FIGURE 3.9: Mass transfer performance for Fickian (𝐴 = 0, 𝜅̃ = 0), Maxwell-Stefan (𝐴 = 1, 𝜅̃ = 0),
and CaHiMaS (𝐴 = 1, 𝜅̃ = 0.2) diffusion. (a) Evolution with time of the mole fraction at two points
in the system, located at 𝑧 = 2.25 (bottom) and 3.75 (top). (b) Chemical potential profiles across the
system throughout the simulation, where the equilibrium composition profile has been considered to be
the last saved value of each simulation. Note that the Maxwell-Stefan and CaHiMaS equilibrium chemical
potential profiles overlap, since there is no gradient contribution when the composition profile is flat.

the rate of mass transfer decreases in comparison with Fick. Moreover, the difference in dy-
namics between Maxwell-Stefan and CaHiMaS are a consequence of the interfacial free energy
term in the latter. This term penalises composition nonuniformities, which leads to an increase
in the driving force for mass transfer, and thus the rate of mass transfer, at earlier times. As the
composition becomes more homogeneous, the value of this term decays, bringing closer the two
models. Hence, the activity model and the interfacial free energy are proven to have opposite
effects. This shows the importance of accounting for the interfacial free energy within the for-
mulation of the mass transfer model even for systems that do not undergo phase separation, as
its presence impacts the dynamics of mass transfer.

Figure 3.9(b) presents the chemical potentials of species 1 across the system throughout the
simulation. Attending to the initial profile (𝑡 = 0.028), there are several trends standing out.
Firstly, the Fickian 𝛽𝜇1 on the bulk left-hand side of the system shows a lower value than that
recovered through Maxwell-Stefan and CaHiMaS, which is a consequence of ignoring the non-
idealities in the Fickian case. Moreover, in the bulk phases, Maxwell-Stefan and CaHiMaS
present exactly the same chemical potential. This is due to the composition profile being still flat
in most of this region at this time, causing the gradient in composition and thus the interfacial
free energy term to drop to zero. These same arguments explain why, in equilibrium, the Fickian
model reaches a lower final value, and the other two models show no variation among theirs. As
for the bulk right-hand side of the system, where the mole fraction of species 1 is around 1, the
chemical potential drops to zero for all models; this is a consequence of the chosen form for the
activity model, and immediately follows from substituting 𝑥1 ≈ 1 into Equation (3.23).

Furthermore, all iterations show that the Fickian chemical potential is lower than the other
two at all points except when converging around 0 in the right-hand side bulk phase. Since mass
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transfer takes place from regions of high to low chemical potential, this indicates a higher driving
force for mass transfer, supporting the observed trend within the composition profiles, where
Fick’s law presented the fastest diffusion. In contrast, the profiles corresponding to Maxwell-
Stefan and CaHiMaS intersect each other, with the latter showing lower 𝛽𝜇1 values around the
interfacial region, located at 𝑧̃ = 3. This is most likely caused by the second-order term in the
driving force expression, Equation (3.51). The second spatial derivative of the composition
is related to its curvature over the simulation domain, and thus this term is likely seeking to
minimise this curvature. This implies that the bulk of the gradient effect will be seen in the
shoulders of the composition profile, the area of transition from the bulk phases towards the
interface. The CaHiMaS and Maxwell-Stefan chemical potentials intersect around this area,
supporting this idea.

3.4.3 Effect of the interfacial free energy on mixed and demixed systems
This section aims to understand how the interfacial free energy term affects the diffusion between
two streams, which can follow an ideal mixing behaviour (𝐴 = 0) or be partially immiscible
(𝐴 > 2). This way, the initial conditions employed in this study are consistent with those used
when testing the evolution of different mass transfer models, and described in Figure 3.7(a).
These outcomes, in combination with the results of the previous section for 𝐴 = 1, cover the
entire range of potential behaviours that the two mixing liquids could exhibit.
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FIGURE 3.10: Mass transfer performance for an ideal system (𝐴= 0) combined with different magnitudes
of the interfacial free energy coefficient. (a) Evolution with time of the mole fraction for two points
symmetric with respect to the original interface, and located at 𝑧 = 2.5|3.5, 2|4 and 0.1|5.9. In all cases,
the first number corresponds to the bottom trend, and the second, to the top. (b) Chemical potential
profiles across the system throughout the simulation, where the equilibrium composition profile has been
considered to be the last saved value of each simulation. Note that the equilibrium chemical potential
profiles for all 𝜅̃ overlap, in this case because there is no gradient contribution when the composition
profile is flat.
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FIGURE 3.11: Mass transfer performance for a system undergoing phase separation (𝐴 = 3) combined
with different magnitudes of the interfacial free energy coefficient. (a) Evolution with time of the mole
fraction at several points, located at 𝑧= 0.1, 2.0 and 2.5. (b) Chemical potential profiles across the system
throughout the simulation, where the equilibrium composition profile has been considered to be the last
saved value of each simulation. Note that the equilibrium chemical potential profiles for all 𝜅̃ overlap.

Figure 3.10 summarises the dynamic and thermodynamic results for the ideal solution case,
and Figure 3.11 presents those corresponding to the demixing system. In both cases, the evo-
lution of the mole fraction and the chemical potential reinforce the intuition presented from
comparing the performance of CaHiMaS and Maxwell-Stefan diffusion in the previous section.
Higher values of 𝜅̃ lead to a faster mass transfer due to a stronger penalisation of nonuniformities
within the system, thus generating a larger driving force for diffusion. Focusing on the different
positions depicted in Figure 3.11(a), it is clear that the effect of 𝜅̃ becomes more prominent when
approaching the interface; this trend is also observed in Figure 3.10(a). This is consequence of
the gradient term becoming more prominent closer to the interface, whereas in the boundaries
of the system (𝑧̃ = 0 and 𝑧̃ = 6) the composition profile remains mostly flat, even when evolving
towards the coexistence composition. This trend was captured in Figure 3.8(b). Thus, the gra-
dient contribution is much lower than at the interfacial region, tampering down the effect of any
differences in the value of 𝜅̃. Moreover, near the boundaries of the system, 𝜅̃ does not have a
strong effect on the final equilibrium composition, whereas at 𝑧̃ = 2.5 the equilibrium composi-
tions vary more significantly. Since a larger value of 𝜅̃ leads to a stronger gradient penalty, it was
expected for positions close to the interface to show compositions closer to 0.5 as this parameter
increased, signalling the widening of the interface.

Interestingly, the ideal system seems to reach equilibrium noticeably faster than the demix-
ing system does. This could be due to these initial conditions being closer in composition to
the equilibrium state of the latter, which is translated into a smaller gradient in chemical poten-
tial between the left and right phases. For this system in particular, attending to the Y axis of
Figures 3.10(b) and 3.11(b), 𝛽𝜇𝑅1 −𝛽𝜇𝐿1 ≈ −7 and −4, respectively.

Overall, the impact that the degree of non-ideality and the value of the gradient coefficient
have on the velocity of mass transfer is not straightforward, since this is also affected by the initial
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conditions of the system, and whether it wants to phase-separate. In a system with no demixing
and step-like initial conditions, such as Figure 3.7(a), a larger𝐴 will slow the diffusion, since the
incompatibility between species is higher. In contrast, a larger 𝜅̃ will accelerate it, since this term
seeks to reduce compositional inhomogeneities. This was observed in Figure 3.9(a). However,
if the same system wanted to phase-separate, the effect would be the opposite: a larger 𝐴 would
promote this, and a larger 𝜅̃ would hinder it.

3.4.4 Phase behaviour under crash-cooling conditions
This section aims to prove the application of the method developed in this work for a system
undergoing sudden temperature decrease, or crash-cooling. While temperature effects were not
explicitly part of the equations considered in the CaHiMaS model, it is possible to mimic such a
crash-cooling process by controlling the nondimensional Margules parameter, which is inversely
related to temperature. Starting from a homogeneous system (𝐴 < 2), this process would be
simulated by observing the evolution of the system when 𝐴 is suddenly set to a value greater
than 2.

Figure 3.12 summarises the composition and chemical potential profiles obtained from this
study. The initial conditions of the system, depicted in Figure 3.7(b), represent a liquid mixture
with a composition close to homogeneity but exhibiting some noise. In particular, Gaussian
noise was chosen, with 𝑥1 = 0.35 and variance 𝜎2 = 10−4, and in which the Margules parameter
is set to 𝐴 = 3. Different values of 𝜅̃ were tested, which is equivalent to the systems present-
ing different interfacial tensions: 𝜅̃ = 0.025 in Figures 3.12(a), (c), (e) and (f), and 𝜅̃ = 0.2 in
Figures 3.12(b) and (d). In particular, Figures 3.12(a) and (b) present the evolution of the com-
position profile with time; Figures 3.12(c) and (d), the evolution of the chemical potential profile;
and Figures 3.12(e) and (f) present the composition and chemical potential profiles at a subset
of times, for which phase coalescence is observed.

Moreover, Figures 3.13(a) and (b) present the evolution of the total free energy, which was
scaled by deducting its equilibrium value, taken to be that at the end of the simulation. Similarly,
all separate contributions to the free energy are presented, namely, that of ideal mixing, non-ideal
mixing, and the gradient term. They were also scaled by subtracting to it their respective values
at equilibrium.

The composition profiles in Figures 3.12(a) and (b) show three distinct stages. First, the ini-
tial noise is quietened, and the system becomes close to fully homogeneous. This can be observed
particularly well in (b), where the initial profile is lavender, and the blue profiles corresponding
to a later time are observed to be quite horizontal. The initial noise causes compositional gra-
dients to appear across the entire system, which could result in a large free energy due to the
contribution of the gradient term, which would punish the inhomogeneities caused by this noise.
While this is not visible in the free energy trends presented in Figure 3.13, this large free energy
may have been resolved in the first 15 iterations of the solver, which as explained in Section 3.3
is the saving frequency used in this work. As for the chemical potential, the flattening of the
composition profile causes it to evolve into an almost uniform value.
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FIGURE 3.12: Crash-cooling of a binary system, modelled with 𝐴 = 3 and 𝜅̃ = 0.025 for (a), (c), (e) and
(f), and with 𝜅̃ = 0.2 for (b) and (d). (a-b) Mole fraction evolution with time; same colorbar applies to both
cases. The grey dashed lines correspond with the coexistence compositions for the studied conditions. (c-
d) Chemical potential profile evolution with time; same colorbar applies to both cases. (e-f) Cmposition
and chemical potential profiles, respectively, for selected times showing phase coalescence, within the
𝜅̃ = 0.025 study. Same colorbar applies to both cases.



Chapter 3. Diffusion and phase behaviour in binary systems: the effect of a non-local
contribution to the chemical potential 55

0 100 200 300 400 500 600

t

2

1

0

1

2
Fr

ee
 e

ne
rg

y

Free energy
Ideal
Margules
Gradient

(a)

0 100 200 300 400 500 600

t

2

1

0

1

2

Fr
ee

 e
ne

rg
y

Free energy
Ideal
Margules
Gradient

(b)

FIGURE 3.13: Free energy evolution in the crash-cooling of a binary system, modelled with 𝐴 = 3 and
𝜅̃ = 0.025 and 0.2 for (a) and (b), respectively. Both the total free energy and the individual contribution
of the ideal, non-ideal (Margules) and interfacial (gradient) terms are included. They have each been
scaled by deducting their value in equilibrium, taken to be that at the end of the simulation.

The second stage corresponds with a relatively rapid phase separation, growing the small
local composition gradients into different phases; note that this outcome could have not been
predicted by any mass transfer models neglecting the gradient term contribution. This forma-
tion of two different phases causes the system to undergo uphill diffusion, that is, the diffusion
of a species against its composition gradient. The effect of 𝜅̃ is quite noticeable at this stage:
the smaller value corresponds with a larger tolerance for compositional inhomogeneities and a
smaller surface tension, and thus allows the presence of more interfaces, as can be seen com-
paring Figures 3.12(a) and (b). Additionally, the system with the larger 𝜅̃ is slower to reach this
demixing stage. At this stage, the chemical potential profile begins oscillating as the phases start
to separate, presenting several overshoots. once the initial phases have been formed, the chemical
potential profile becomes almost, albeit not fully, flat, as portrayed in the initial times presented
in Figure 3.12(f). The presence of these overshoots in chemical potential is interesting, since they
will clearly lead to matching peaks in supersaturation–see Equations (3.42) and (3.43). These
supersaturation spikes could lead to crystal nucleation at their location, with the resulting crystal
form dictated by the local composition at this region and its placement on the phase diagram.

Interestingly, a third stage in the evolution of the composition profiles could be defined, char-
acterised by the coalescence of some of the initially formed phases. Attending to the 𝜅̃ = 0.025
case, this takes place two times: in the ranges 𝑡 = 10–20 and 𝑡 = 85–110, with the composition
and chemical potential evolutions of the latter case presented in Figures 3.12(e) and (f), respec-
tively. In the case of 𝜅̃ = 0.2, the merging of phases can be observed between 𝑡 = 183–205 and
𝑡 = 230–295. This behaviour, also reported by Nauman and He [143], is reminiscent of Ostwald
ripening, highlighting the potential that phase-field models would have for the description of this
process. This was emphasised by Tsugawa et. al [10], who established that the growth dynam-
ics observed in phase-field models during phase coalescence correspond with those of Ostwald
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ripening when close to the spinodal boundary.
During this coalescence the composition trend exhibits uphill diffusion again, in the regions

rich in species 1 that become wider as a result; a good example of this is observed in Fig-
ure 3.12(e). The phase coalescence is also reflected in the free energy and the chemical potential.
When this occurs, the chemical potential in the region rapidly grows from a very slight bump into
a sharp peak, and, as the phases finish merging, this overshoot dies down and this profile returns
back to an almost fully flat state, as depicted in Figure 3.12(f). Again, these spikes will translate
directly into supersaturation spikes, which could cause crystal nucleation to occur at this time
and in this region. These overshoots in chemical potential could be caused by the compositions
in this region of the system temporarily travelling through mid-range values, around 0.5, where
the energetic penalisation from the activity model is the largest. The non-ideal contribution to
the free energy clearly spikes at this time before sharply decreasing, supporting this idea. More-
over, the total free energy presents a step-like evolution, decreasing to a lower level every time
a phase coalesces.

It is interesting to note that the gradient contribution evolves following the same qualitative
trend as the total free energy at the phase coalescence stage, but when the initial phase separation
occurs in the second stage, the gradient trend increases, since before that the system was almost
homogeneous. The ideal and non-ideal contributions to the free energy show qualitative opposite
trends, following the idea that the first aims to keep the system homogeneous at its mixing point,
whereas the second aims to push the system towards the binodal coexistence compositions.

Lastly, it is possible that the compositional configurations observed in-between phase coa-
lescence events correspond with metastable states. The free energy can remain nearly constant
for long stretches of time, until the fluctuations grow enough to trigger the merging of phases.
In combination with the chemical potential profile being almost uniform before and after coa-
lescence, this suggests these configurations may constitute metastable states of the system. The
most stable configuration would be the presence of two phases at the coexistence compositions
joined by a smooth interface, as observed in Figure 3.5 and Figure 3.8(b). However, the value of
𝜅̃ may be too low to drive the system to transition to this more stable state; and even if this were
not the case, it is not possible to predict how long this transition would take. Considering this
evidence, the final states presented in Figures 3.12(a) and (b) can be classified as metastable.

3.5 Conclusions
The aim of this work was to incorporate an interfacial free energy term to the driving force for
mass transfer within a diffusion model, and to examine its effect upon mixing outcomes in a
binary system. The shape of this term was based on that proposed by Cahn and Hilliard [14],
and it is based on the idea that the driving force should depend not only on the compositions
themselves, but also on their surrounding environment, taken into account through their spatial
gradient. This study proved that this model allows the modelling of the dynamics of liquid-
liquid phase separation, which had not been previously achieved for a binary system within a
crystallisation context. This phenomenon, albeit mostly undesired, plays an important role in
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pharmaceutical processes such as antisolvent crystallisation. Moreover, a novel form for the
composition dependency within the interfacial free energy coefficient was proposed, which al-
lowed to recover the conditions for thermodynamic equilibrium. It was observed that other in-
valid forms led to the prediction of erroneous chemical potential overshoots, which could result
in misleading conclusions regarding the times and locations where crystals may nucleate in the
system. The results of the liquid-liquid mixing study indicate that neglecting the effect of the
interfacial term in a mass transfer model can lead to inaccuracies in the estimation of diffusion
timescales, especially in the early stages of the mixing process and at locations near the inter-
face, since this term contributes positively to the diffusive driving force. Lastly, the results of the
crash-cooling study, which could not have been conducted were the interfacial term not present,
confirmed the adequacy of this model for predicting the apparition of chemical potential and
supersaturation overshoots. These indicate potential times and regions where crystal nucleation
could be observed and control the corresponding nucleation rates. Moreover, phase coalescence
and the existence of potential metastable states were observed in this study. Overall, these results
highlight the great potential that incorporating an interfacial term holds when it comes to under-
standing mass transfer in the context of crystallisation. The importance of this contribution will
only increase as the system of study becomes more complex; this way, the next chapter aims to
study the evolution of mass transfer in a ternary antisolvent crystallisation system.





Chapter 4

Diffusion and phase behaviour in
antisolvent crystallisation

The previous chapter proposed the addition of a nonlocal gradient term to the free energy formu-
lation of a diffusion model, which incorporated the contribution of interfaces in the system to its
thermodynamics. The proposed model was capable of simulating spinodal decomposition, one
of the mechanisms through which oiling out can occur, thus proving the great potential that this
framework holds for the study of this phenomenon. Moreover, by focusing on a binary system,
it helped build intuition towards the expected behaviour of the model under different conditions,
and the theory behind it. The stage is now set for the current study, which applies the same frame-
work to a ternary system, representative of an antisolvent crystallisation process. This work is
comprised of three main parts: (1) the analysis of the model behaviour under different initial
conditions, spanning across the entire phase diagram; (2) a study of its behaviour in equilibrium
across the miscibility gap; and (3) a study on the effect that the value of the diffusion coefficients
and the degree of nonideality have upon the outcomes a set process.

4.1 Introduction
Antisolvent crystallisation is a widely used purification method in the pharmaceutical industry,
which exploits the difference in solubility of a solute in two miscible liquids: a solvent and an
antisolvent [144]. In this process, the local values of the supersaturation are dictated by the
local compositions; during the mixing of the solvent and antisolvent-rich streams, local regions
of vastly different compositions will come into contact, leading to the formation of temporal
interfaces and to local regions of higher supersaturation than expected for the fully mixed system.
Variations in the supersaturation can greatly affect the properties of the final crystalline product,
and, consequently, mixing plays a major role in these processes. Unfortunately, mass transfer is
not well understood in these systems, often leading to the formation of unwanted crystal phases
or to undesired phenomena such as oiling out, also called liquid-liquid phase separation (LLPS)
(i.e. the separation of the solute via the formation of a secondary liquid phase).

Traditionally, mixing at the microscale has been described through Fick’s law, which consid-
ers composition gradients to be the driving force for mass transfer, instead of the thermodynam-
ically accurate chemical potential gradients. This significant limitation prevents this model from
correctly describing more nuanced aspects of mass transport, such as "uphill diffusion" [11]—the
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diffusion of species against its concentration gradient—which are important in antisolvent crys-
tallisation. Recent studies [9, 95] focus on the application of the less commonly used Maxwell-
Stefan diffusion model [12, 13], which is based on chemical potential gradients and thus consti-
tutes a more realistic description of diffusive mass transfer.

The key challenge is now reaching an accurate portrayal of the thermodynamics of the ternary
system, in order to obtain a chemical potential capable of describing the phenomena relevant to
mixing. So far, mixing studies in the context of antisolvent crystallisation have only included
local mixing terms in their free energy, corresponding with that of the pure species, ideal, and
non-ideal interactions. On its own, this cannot adequately describe antisolvent crystallisation,
since it does not consider the contribution of potential interfaces within a system to the free en-
ergy, and, thus, to the species chemical potentials and mass transfer. These interfaces, inevitable
due to the inherent multiphase nature of antisolvent crystallisation [145], can appear when new
phases nucleate. LLPS is an example of this, which can arise as non-idealities in the system lead
it towards unexpected regions of the phase diagram.

Moreover, the ability of models based only on these thermodynamic contributions to accu-
rately predict the mixing trajectories of the system across the phase diagram is compromised as
the process approaches the spinodal region, given their inability to deal with phase transforma-
tions. While a previous study [9] harnessed this limitation to predict when LLPS may happen
by monitoring when the model failed, it is possible that estimated times and regions where the
system entered the spinodal were less accurate than those made with a more complete thermo-
dynamic model.

Additionally, some studies [6, 72] mention the potential of LLPS as a tool to be deployed,
highlighting potential advantages such as inducing the formation of certain polymorphs [74],
aiding in the control of crystal size and aspect ratio [75, 76], and promoting the sphericity of the
product [73]. In fact, Gong et al. [146] deployed this technique experimentally to enhance the
sphericity of vanillin crystals, known to favour needle-like shapes. With this in mind, only iden-
tifying the potential for LLPS does not provide sufficient insight to increase our understanding
of this phenomenon for it to become an aid to the design of antisolvent crystallisation process.

For these reasons, these models clearly do not suffice when it comes to the description of the
dynamics of microscale mass transfer in antisolvent crystallisation, which inherently involves
multiphase phenomena.

LLPS can occur in both the binodal and spinodal regions, albeit following nucleation and
growth dynamics in the first case, and spinodal decomposition in the second. Their main differ-
ence is that binodal LLPS will need to overcome an energy barrier to occur, whereas the liquid-
liquid demixing that takes place in the spinodal is completely spontaneous. While the modelling
of this phenomenon is still new to the pharmaceutical crystallisation community, there is a vast
amount of research done on phase transformations in the context of physical metallurgy [147–
149] and polymer science [115, 123, 150], which has remained largely untapped. This work
leverages this knowledge and proposes the incorporation of an additional square-gradient term
to the free energy model, designed to enable the modelling of LLPS through spinodal decom-
position. This addition is rooted in the work of Cahn and Hilliard [14]; mainly included within
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Phase-Field Models (PFM), other names for it being the Gradient Theory and Density Functional
Theory.

The application of PFM in the context of pharmaceutical crystallisation is starting to gain at-
tention from the scientific community, albeit, to the author’s knowledge, only one peer-reviewed
study has been published so far in this context. Tsugawa et al. [10] assessed the performance of a
2D Cahn-Hilliard-like PFM on the modelling of LLPS in a water/ethanol/butylparabene system.
Among its interesting findings, the compliance of the model with Ostwald-ripening dynamics
when in the relevant region of the spinodal stands out. Nonetheless, the authors highlight the
need for further research regarding the compositional behaviour of these models when in equi-
librium within the spinodal; additionally, the theory remains obscure, with the physical meaning
of the gradient term and its coefficients unclear.

Overall, the most recent work performed towards the understanding of LLPS in pharmaceu-
tical crystallisation highlights the need to accurately predict the trajectories of the system within
the ternary phase diagram during the mass transfer process. This is because it is their deviation
towards unexpected regions the diagram that leads to unexpected outcomes, such as different
polymorphs or LLPS. Moreover, there is interest in developing the ability to predict and also
understand these phenomena, in the first case to prevent it, and in the second, to help harness it.
Phase-field models hold great potential for this purpose, and it is the aim of this work to both
increase our understanding of diffusion in antisolvent crystallisation, and serve as a guide for
those seeking to apply PFM within this context.

4.2 Theoretical background
This work considers a ternary system which species are the API, solvent and antisolvent (1, 2
and 0, respectively), in which the antisolvent is selected as the dependent species. This means
that the continuity equations solved were that of the API and the solvent, and the antisolvent
composition was calculated through 1−𝑥1−𝑥2. Similarly to Chapter 3, the system is closed and
isothermal, with mass transfer occurring exclusively via diffusion.

This section aims to provide the bases of the mass transfer model applied in this work, con-
sidering the physical meaning of its constituent terms and their relation with known variables
and phase transformation behaviours. A detailed introduction to the theory was already pro-
vided in Section 3.2 for the case of a binary mixture; while the equations now will incorpo-
rate an additional component, most arguments will remain unchanged. This section will focus
on providing the generalisation of all relevant equations to the multicomponent case—with 𝑛
species—accompanied by key reduced explanations.

As mentioned previously, diffusive mixing in antisolvent crystallisation has traditionally
been described by Fickian diffusion, which considers the driving force for mass transfer to be the
gradient in concentration of each species: 𝕕𝐹 𝑖𝑐𝑘𝑖 = −∇𝑇 ,𝑉 𝑐𝑖. Under this definition, the only pos-
sible mass transfer outcome is a homogeneous system; while sufficient for the modelling of ideal
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systems, this is not capable of describing the complex mass transfer phenomena inherent to anti-
solvent crystallisation, such as uphill diffusion and oiling out. The correct thermodynamic defi-
nition of the driving force for diffusion is the gradient in chemical potential: 𝕕𝐹 𝑖𝑐𝑘𝑖 = −∇𝑇 ,𝑉 𝜇𝑖,
with mixing studies in the context of antisolvent crystallisation postulating this definition as the
clearly superior choice [11, 95, 151].

The square-gradient theory applied is based on the work of Petrischeva and Abart [121],
more recently implemented by Inguva et al. [123], who also refer to Nauman and He [122]
as a source, to study polymer blends. The resulting governing equations maintain the same
modular nature observed in Chapter 3 for binary systems, separating the diffusion dynamics from
the thermodynamics of the process. This way, the main difference between this formulation
and that devised for binary systems is that the employed diffusive fluxes were not formulated
following Maxwell-Stefan diffusion, but nonetheless constructed to be linear with respect to the
gradient of chemical potential, and preserving all the necessary physics. More detail is provided
in Section 4.2.2, although interested readers are directed to explore Petrischeva and Abart’s work
directly [121].

4.2.1 General thermodynamic framework
It is clear that an accurate diffusion model hinges on reaching an accurate description of the
chemical potentials within the system. This necessarily implies redefining its free energy, since
the chemical potential of a species 𝑖 is calculated from its derivative, as shown in Equation (4.1).

𝛽𝜇𝑖 =
𝜕𝐹
𝜕𝑛𝑖

|

|

|

|

|𝑇 ,𝑉 ,𝑛𝑗≠𝑖

(4.1)

Most applications in literature are limited to the contribution of local terms, that is, those
that within a discretised system depend exclusively on the composition at a specific location:
𝐹 [𝑐𝑖(𝐫),… , 𝑐𝑛(𝐫)]. These are restricted to the first three RHS terms of Equation (3.6), and in
turn can only represent the contributions of (1) the pure species, (2) ideal interactions, and (3)
non-ideal interactions.

The main limitation of this approach is that, in focusing only on compositions at a discrete
point, it completely ignores the effect that formations such as temporary interfaces—prone to
arise during mixing—have upon the free energy landscape. This work aims to bridge this short-
coming by including a fourth term in the definition of the chemical potential which accounts for
non-local contributions by considering that the free energy is not only a function of composition,
but also of its gradient: 𝐹 [𝑐𝑖(𝐫),… , 𝑐𝑛(𝐫),∇𝑐𝑖(𝐫),… ,∇𝑐𝑛(𝐫)]. As explained in Section 3.2, this
makes the free energy a functional of composition, and redefines the chemical potential into the
variational derivative presented in Equation (4.2).

𝛽𝜇𝑖 =
𝛿𝐹
𝛿𝑛𝑖

|

|

|

|

|𝑇 ,𝑉 ,𝑛𝑗≠𝑖

(4.2)
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The theory proposed in this work has been formulated in terms of the Helmholtz free energy,
following the example set by Chapter 3. The remainder of this section briefly describes the
physical meaning of the local and non-local contributions in the context of a multicomponent
system.

Free energy due to mixing non-idealities

The local free energy density of a multicomponent system is given in Equation (4.3), where the
one-parameter Margules activity model has been employed to describe the non-ideality in the
interactions between species. In accordance with the framework for binary mixtures presented
in Chapter 3, the contributions to the free energy are modular, making this activity model easily
replaceable with any other alternatives. The interested reader is encouraged to read the work of
Inguva et al. [123], who performed a detailed study of the effect of different activity models in
the field of polymer blends.

Formulating the model in the Helmholtz framework requires taking into account the variation
with pressure of the parameters that are pressure-dependent within Equation (4.3), which in this
case are the chemical potential of the pure species, 𝛽𝜇◦𝑖 (𝑇 ,𝑝), and the Margules parameters,
𝐴𝑖𝑗(𝑇 ,𝑝). This was done through a first-order Taylor series, the details of which are given in
Appendix B. Through suitable algebraic manipulation, it was possible to reduce these parameters
in the final free energy density to depend exclusively on 𝑝0, a constant reference pressure of the
system. This way, following the definition given in Equation (4.1), Equation (4.4) provides the
general chemical potential of a species in the system.

𝑓 (𝑐0,… , 𝑐𝑛) =
𝑛
∑

𝑖=0
𝑐𝑖
[

𝛽𝜇◦𝑖 (𝑇 ,𝑝0)+ ln𝑥𝑖
]

+ 𝑐
𝑛
∑

𝑗>𝑖

𝑛−1
∑

𝑖=0
𝐴𝑖𝑗(𝑇 ,𝑝0)𝑥𝑖𝑥𝑗 −𝛽𝑝0 (4.3)

𝛽𝜇1 =𝛽𝜇◦1(𝑇 ,𝑝0)+ ln𝑥1+
𝑛
∑

𝑖=0
𝐴1𝑖𝑥𝑖−

𝑛
∑

𝑗>𝑖

𝑛−1
∑

𝑖=0
𝐴𝑖𝑗(𝑇 ,𝑝0)𝑥𝑖𝑥𝑗 (4.4)

In this work, the interactions between the API and the antisolvent were considered to be
non-ideal, while, for simplicity, API-solvent and solvent-antisolvent interactions remained ideal
(𝐴12 = 𝐴20 = 0). This allows to simplify the free energy density and the chemical potential as
given in Equations (4.5) and (4.6), considering that 𝐴 = 𝐴10.

𝑓 (𝑐1, 𝑐2, 𝑐0) =
2
∑

𝑖=0
𝑐𝑖𝛽𝜇

◦
𝑖 (𝑇 ,𝑝0)+𝛽𝑝0+

2
∑

𝑖=0
𝑐𝑖 ln𝑥𝑖+ 𝑐𝐴(𝑇 ,𝑝0)𝑥1𝑥0 (4.5)

𝛽𝜇1 = 𝛽𝜇◦1(𝑇 ,𝑝0)+ ln𝑥1+𝐴(1−𝑥1)𝑥0 (4.6)

Since both the free energy density and the chemical potential are defined up to an additive
constant, the two first terms of the RHS of Equation (4.5) can be obviated, as well as the first
term of the RHS of Equation (4.6). Therefore, it is possible to calculate the free energy density
without considering these terms, through 𝑓 −

∑

𝑖 𝑐𝑖𝛽𝜇
◦
𝑖 −𝛽𝑝0. Similarly, the chemical potential

can be calculated through 𝛽𝜇𝑖−𝛽𝜇◦𝑖 .
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Figure 4.1(a) displays the resulting free energy landscape projected onto the ternary diagram,
where the degree of non-ideality between API and antisolvent has been fixed at𝐴=3. For clarity,
Figure 4.1(b) presents the matching free energy curves for each binary pair, which correspond
with the profiles along all axes within the ternary diagram in Figure 4.1(a). As expected, API-
solvent and solvent-antisolvent interactions return a single well, whereas the API-antisolvent
pair features a double well. The most prominent trend in the free energy landscape is the global
minimum around the centre and just above the miscibility gap. From there, the free energy pro-
gressively increases along the direction perpendicular to the API-AS axis, as the solvent content
decreases, and also as it increases, following the opposite direction. While the solvent content
is below the critical point, the lowest free energy values found along a constant solvent line will
be located on the binodal curve.
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FIGURE 4.1: Local nondimensional free energy density contributions, where 𝑓 = 𝑓∕𝑐 =
∑2
𝑖=0𝑥𝑖 ln𝑥𝑖+

𝐴𝑥1𝑥0. (a) Free energy landscape across the ternary diagram for a system with 𝐴 = 3 (non-ideality in the
API-antisolvent pair) and ideal interactions between API-solvent and solvent-antisolvent. The continuous
and dashed black lines correspond with the binodal and spinodal curves, respectively; the black circle
marks the critical point. (b) Nondimensional free energy density for all binary pairs within the system;
the profiles correspond to those found along the triangle axes in (a).

In the context of antisolvent crystallisation, the solid-liquid solubility of a species in the sys-
tem is determined by the local thermodynamics, and is defined through 𝛽𝜇(𝑆)𝑖 = 𝛽𝜇(𝐿)𝑖 . Thus,
attending to Equation (4.6) and considering that the solid species is pure, and therefore only
𝛽𝜇◦,(𝑆)1 contributes to its chemical potential, the solubility condition can be written as in Equa-
tions (4.7) and (4.8) for a multicomponent and ternary system, respectively.

𝛽𝜇◦,(𝑆)1 −𝛽𝜇◦,(𝐿)1 = ln𝑥1+
𝑛
∑

𝑖=0
𝐴1𝑖𝑥𝑖−

𝑛
∑

𝑗>𝑖

𝑛−1
∑

𝑖=0
𝐴𝑖𝑗𝑥𝑖𝑥𝑗 (4.7)

𝛽𝜇◦,(𝑆)1 −𝛽𝜇◦,(𝐿)1 = ln𝑥1+𝐴(1−𝑥1)𝑥0 (4.8)

These evidence that calculating the solubility only requires prior knowledge of the the degree
of non-ideality between species, 𝐴, and the chemical potentials of the pure species in the solid
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and liquid state. The last two can be combined into a parameter 𝛽𝜇◦,(𝑆)𝑖 −𝛽𝜇◦,(𝐿)𝑖 , which defines
the solubility curve of the system. The exact steps to take to obtain this curve from Equation (4.8)
have been laid out in Appendix E, together with a more detailed derivation of Equation (4.8).

The effects of 𝐴 and of this solubility parameter on the ternary diagram have been sum-
marised in Figure 4.2. The value of 𝐴 controls the properties of the miscibility gap between API
and antisolvent, such as the location of the critical point and the binodal and spinodal curves. A
smaller value indicates a lower degree of non-ideality, and thus will reduce the total area of the
miscibility gap, as well as the distance between the coexistence binodal compositions. The only
other thermodynamic feature within the ternary diagram considered in this work is the solid-
liquid solubility curve. Analogously to its effect in the binary system in Chapter 3, this curve
does not affect the dynamics of the diffusion process, and serves instead as a means to interpret
the results of the model in terms of supersaturation and, therefore, explain them in the context
of crystallisation. The solubility curve is affected by both the solubility coefficient and 𝐴, given
the positive contribution that the latter exerts over the chemical potential of the API in the liquid
phase. This can be observed in the trends depicted in Figure 4.2, where while the curve is clearly
more affected by the solubility parameter, a higher value of 𝐴 also visibly lowers it at all points
except the API-solvent axis, since at this point there is no antisolvent in the system.

FIGURE 4.2: Effect of 𝐴 and of the solubility parameter 𝛽𝜇◦,(𝑆)1 −𝛽𝜇◦,(𝐿)1 on the shape of the miscibility
gap, affected only by the former, and the solubility curve, affected by both.

Non-locality in the free energy functional

This work studies the addition of a non-local gradient term to the free energy definition, based on
Cahn and Hilliard’s formulation [14], which exerts an energetic penalty upon compositional in-
homogeneities within the system, and thus accounts for the presence of interfaces. As described
in Section 3.2.2, this redefines the free energy as a functional, given in Equation (4.9) for the
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multicomponent case at hand.

𝐹
[

𝑐𝑖(𝐫),∇𝑐𝑖(𝐫)
]

= ∫ 𝑓
[

𝑐𝑖(𝐫)
]

𝑑𝐫+∫

[

1
2

𝑛
∑

𝑖𝑗=0
𝜅𝑖𝑗∇𝑐𝑖(𝐫) ⋅∇𝑐𝑗(𝐫)

]

𝑑𝐫 (4.9)

where 𝜅𝑖𝑗 , referred to as the gradient coefficient, gradient free energy coefficient and interfacial
free energy coefficient throughout this thesis, has dimensions of 𝐿5.

The transformation of the free energy into a functional implies that the chemical potential of
a species must now be calculated through a variational derivative, as defined in Equation (3.16).
The result of this derivative for species 1 is given in Equation (4.10).

𝛽𝜇1 =
𝛿𝐹
𝛿𝑐1

=
𝜕𝑓
𝜕𝑐1

−
𝑛
∑

𝑖=0
∇ ⋅ [𝜅1𝑖∇𝑐𝑖(𝐫)]+

1
2

𝑛
∑

𝑖𝑗

𝜕𝜅𝑖𝑗
𝜕𝑐1

∇𝑐𝑖(𝐫) ⋅∇𝑐𝑗(𝐫) (4.10)

This definition of the chemical potential assumes that the independent variables of the system
are the concentrations of the species in the system, (𝑐0,… , 𝑐𝑛). An alternative choice is to pick
the total concentration and the mole fractions of all independent species (𝑐,𝑥1,… ,𝑥𝑛) for this
purpose. To calculate the chemical potential in terms of these variables, its definition, given in
Equation (3.16), can be rewritten accordingly through a chain rule, as shown in Equations (4.11)
and (4.12) for a ternary system, and Equation (4.13) for a general multicomponent case.

𝛽𝜇1 =
𝛿𝐹
𝛿𝑐1

= 𝜕𝑐
𝜕𝑐1

𝛿𝐹
𝛿𝑐

+
𝜕𝑥1
𝜕𝑐1

𝛿𝐹
𝛿𝑥1

+
𝜕𝑥2
𝜕𝑐1

𝛿𝐹
𝛿𝑥2

(4.11)

𝛽𝜇1 =
𝛿𝐹
𝛿𝑐1

= 𝛿𝐹
𝛿𝑐

+
1−𝑥1
𝑐

𝛿𝐹
𝛿𝑥1

−
𝑥2
𝑐
𝛿𝐹
𝛿𝑥2

(4.12)

𝛽𝜇1 =
𝛿𝐹
𝛿𝑐1

= 𝛿𝐹
𝛿𝑐

+ 1
𝑐
𝛿𝐹
𝛿𝑥1

−
𝑛
∑

𝑖>0

𝑥𝑖
𝑐
𝛿𝐹
𝛿𝑥𝑖

(4.13)

The resulting expression shows that the formulation of the chemical potential through these
variables becomes a sum of the contributions of compositional variations, 𝛿𝐹∕𝛿𝑥𝑖, and changes
in the bulk phase, 𝛿𝐹∕𝛿𝑐. Thus, the latter will be a contribution common to the chemical po-
tential of all the species. Since in this work the driving force for mass transfer has been cast in
terms of the differences in chemical potential between species (see Section 4.2.2), this implies
that the 𝛿𝐹∕𝛿𝑐 contribution will cancel out when calculating this difference.

Furthermore, the subsequent chain rule expansions presented in Equations (4.14) and (4.15)
reveal that 𝛿𝐹∕𝛿𝑥𝑖 corresponds with the difference in chemical potentials between species 𝑖 and
0, the latter being the dependent one, and thus are directly related to the driving force.

𝛿𝐹
𝛿𝑥𝑖

=
𝑛
∑

𝑗=0

𝛿𝐹
𝛿𝑐𝑗

𝜕𝑐𝑗
𝜕𝑥𝑖

(4.14)
𝛿𝐹
𝛿𝑥𝑖

= 𝑐(𝛽𝜇𝑖−𝛽𝜇0) (4.15)
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Therefore, the formulation of the chemical potential through Equation (4.12) is more con-
venient for the purpose of this work, and it has henceforth been considered. Assuming that the
system is incompressible, the derivations needed to calculate it for any given species through
the chain rule expansion of Equation (4.13) are given in Equations (4.16) and (4.17). Note that
𝑓 corresponds with the local free energy contributions, given in Equations (4.3) and (4.5) for a
multicomponent and a ternary system, respectively.

𝛿𝐹
𝛿𝑐

=
𝜕𝑓
𝜕𝑐

+ 𝑐
2

𝑛
∑

𝑖𝑗

𝜕𝜅𝑖𝑗
𝜕𝑐

∇𝑥𝑖 ⋅∇𝑥𝑗 +
𝑛
∑

𝑖𝑗
𝜅𝑖𝑗∇𝑥𝑖 ⋅∇𝑥𝑗 (4.16)

𝛿𝐹
𝛿𝑥1

=
𝜕𝑓
𝜕𝑥1

+ 𝑐
2

2

𝑛
∑

𝑖𝑗

𝜕𝜅𝑖𝑗
𝜕𝑥1

∇𝑥𝑖 ⋅∇𝑥𝑗 − 𝑐2
𝑛
∑

𝑖
∇ ⋅ (𝜅1𝑖−𝜅0𝑖)∇𝑥𝑖 (4.17)

where to retrieve 𝛿𝐹∕𝛿𝑥2 it is only needed to substitute 2 in place of 1 in the second expression.

Adaptability of the phase-field method to diffusion, nucleation and growth

The incorporation of this gradient term to the free energy enables the modelling of more accu-
rate diffusion dynamics and of liquid-liquid phase separation when occurring inside the spin-
odal region. That is because, by construction, the free energy functional in Equation (4.9) can
only evolve downhill with time, meaning that the free energy can only decrease. For a detailed
derivation proving this, the interested reader is directed to read Petrsicheva and Abart’s [121]
work directly.

In contrast, phase transformations that follow nucleation and growth dynamics must over-
come an initial free energy barrier before the free energy starts evolving exclusively downhill,
making it impossible for this model to simulate them. Nonetheless, by monitoring supersatura-
tion, the model is able to predict the times and locations where nucleation could occur, as well
as potential nucleation rates. Moreover, the model’s ability to handle spinodal decomposition
will help reach a more accurate description of diffusion in the vicinity of this region, without the
simulation failing if the system wandered into it.

The problem of nucleation has been extensively studied in the metallurgy and polymer fields,
where this limitation is bridged through two main alternatives. The first one consists on the ad-
dition of a noise term to the governing equations, eventually resulting in the apparition of nuclei
in a process that mimics the stochastic nature of nucleation [133–135]. The second one consists
on the artificial insertion of nuclei within the simulation domain if certain criteria are met. One
example would be the nucleation probability, calculated from the nucleation rate and the local
supersaturation, crossing over a certain threshold [136]. Lastly, it is worth mentioning that the
limitation of the model only extends to nucleation, and that it is fully capable of describing nuclei
growth (or dissolution), since this process does not require the free energy to travel uphill at any
point in the evolution.
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Nondimensionalisation of the governing equations

The governing equations have been nondimensionalised following a characteristic time and
length of 𝜏 = 𝐿2∕𝐷10 and 𝐿 = 𝑐−1∕3, respectively, where 𝑐 has dimensions of particles per vol-
ume (1∕𝐿3). This choice of characteristic length scale permits to recast the equations solely in
terms of the length scale introduced by the gradient term (𝜅1∕5𝑖𝑗 ), which is related to the range of
interaction between molecules and the interface thickness. Considering this, the gradient coeffi-
cients can be rewritten in dimensionless form as 𝜅̃𝑖𝑗 = 𝜅𝑖𝑗𝑐5∕3.

The effect of 𝜅𝐢𝐣 on the interfacial tension and the equilibrium composition profiles

The positive contribution of the gradient term to the free energy serves as a penalisation for
compositional inhomogeneities, which has the effect of controlling interface formation within
the system. Hence, it is expected to bear a relation with known physical interfacial properties.
Its link with the interfacial tension is given in Equation (4.18), in the context of a multicomponent
incompressible system of infinite length with two distinct phases divided by a planar interface.
A comprehensive review of the algebra involved can be found in Appendix C.

𝛽𝜎 = ∫ 𝑑𝑧
𝑛
∑

𝑖𝑗
𝜅𝑖𝑗𝑐

′
𝑖𝑐

′
𝑗 (4.18)

where 𝑐′𝑖 and 𝑐′𝑗 correspond, respectively, with the derivative of the one-dimensional equilibrium
composition profiles of the species pair being added. Note that these can be integrated to yield
the equilibrium composition profiles. Moreover, 𝛽𝜎 can be nondimensionalised through 𝜎 =
𝛽𝜎𝑐−2∕3.

This shows a direct relationship between the interfacial tension and the gradient coefficients
of the different pairs, indicating that neglecting the gradient term in the free energy formulation
is equivalent to setting the interfacial tension of the system to zero. Similarly, a larger 𝜅𝑖𝑗 implies
a higher interfacial tension, and this higher energetic cost for compositional inhomogeneities is
finally translated into a smoother, wider interface. Lastly, it is worth noting that the interfacial
tension is also affected by the degree of non-ideality between the species in the system through
the impact of this parameter on their equilibrium composition profiles.

Analogously to the binary case, the calculation of the total equilibrium free energy density
in the system—needed to derive the relationship between the interfacial tension and the gradient
term—leads to the expressions needed to solve for the equilibrium composition profiles, Equa-
tions (4.19) and (4.20). These clearly show the influence that both 𝜅𝑖𝑗 and 𝐴 exert on the final
profile, and thus on 𝜎. The interested reader is directed to the work of Naumann and He [143],
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who present and analyse these equilibrium spatial composition profiles.

𝑐
2

𝑛
∑

𝑖𝑗
𝜅𝑖𝑗𝑥

′
𝑖𝑥

′
𝑗 =

Δ𝑓
𝑐

(4.19)

Δ𝑓
𝑐

=
𝑛
∑

𝑖=0
𝑥𝑖 ln

𝑥𝑖
𝑥𝑒𝑞𝑖

+
𝑛
∑

𝑗>𝑖

𝑛
∑

𝑖=0
𝐴𝑖𝑗𝑥𝑖𝑥𝑗 −

𝑛
∑

𝑘=0
𝑥𝑘

[ 𝑛
∑

𝑖=0
𝐴𝑘𝑖𝑥

𝑒𝑞
𝑖

]

−
𝑛
∑

𝑘=0
𝑥𝑘

[ 𝑛
∑

𝑗>𝑖

𝑛−1
∑

𝑖=0
𝐴𝑖𝑗𝑥

𝑒𝑞
𝑖 𝑥

𝑒𝑞
𝑗

]

(4.20)
where the superindex 𝑒𝑞 indicates equilibrium compositions which can refer to either bulk phase;
thus, Δ𝑓∕𝑐 can be defined through two different expressions.

Defining supersaturation through the model dynamics

In this chapter the spatial and temporal supersaturation (S) definition has been based on the com-
position evolution predicted by the model. Its calculation entails recasting the solubility curve,
collected with (𝑥∗1,𝑥

∗
2,𝑥

∗
0) coordinates, into X-Y composition measurements of API (Y) vs the

antisolvent/solvent ratio (Y), calculated as 𝑥∗0∕(𝑥∗2+𝑥∗0). This allows to retrieve the value of 𝑥∗1 at
the solvent/antisolvent ratio pertaining to a particular point and time. Thus, the supersaturation
can be defined through Equation (4.21).

𝑆(𝑡𝑖, 𝑧̃𝑖) =
𝑥1(𝑡𝑖, 𝑧̃𝑖)
𝑥∗1(𝑧̃𝑖)

(4.21)

This definition of the supersaturation is consistent with the one normally used in antisolvent
crystallisation studies [145, 152], allowing a more direct translation of the results of this work.

On the individual chemical potential profiles

In this work, it was considered that the gradient coefficients had a linear dependence with the total
concentration: 𝜅𝑖𝑗 ≡ 𝑐𝜅𝑖𝑗 . Attending to equations (4.16) and (4.17), this choice of composition
dependence allows to recover the same form of 𝛿𝐹∕𝛿𝑥𝑖 as given by Petrischeva and Abart [121],
which in turn allows to recover their final continuity equations for both independent species.
These dynamics were also recently applied by Inguva et al. [123] for binary mixtures, and thus
it was considered best to reproduce them.

While this composition dependency does not yield the same form of 𝛿𝐹∕𝛿𝑐 given by
Petrischeva and Abart, this is not necessarily problematic. Firstly, as discussed above, 𝛿𝐹∕𝛿𝑐
does not contribute to the diffusion dynamics, since it is added to the chemical potentials of
all species and thus disappears when casting the driving force as the difference in chemical
potentials, 𝕕𝑖 = −∇𝑇 ,𝑉 (𝜇𝑖 − 𝜇𝑗). Thus, recovering a different expression for 𝛿𝐹∕𝛿𝑐 does not
compromise in any way the accuracy of the mass transfer predictions of the model.

Secondly, the form of 𝛿𝐹∕𝛿𝑐 given by Petrischeva and Abart is not thermodynamically accu-
rate, failing to recover a flat chemical potential profile in equilibrium when the system undergoes
phase separation. The proposed composition dependence results in a form of 𝛿𝐹∕𝛿𝑐 that is also
unable to do so, and, due to time constraints, it was not possible to investigate this further to reach
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a more accurate definition. Nonetheless, this does not compromise the ability of the model to
predict mass transfer. This is not only because of the irrelevance of 𝛿𝐹∕𝛿𝑐 on the driving force,
but also because the length scale employed for the nondimensionalisaton in this work ensures
that the nondimensional equivalent of a composition dependence that complies with this condi-
tion will be equal to the nondimensional 𝜅𝑖𝑗 , as seen in Chapter 3. The current thoughts of the
author on the topic of the individual chemical potentials have been summarised in Appendix F.

4.2.2 Diffusion dynamics
This work has considered the formulation of the diffusive flux posed by Petrischeva and
Abart [121], shown in Equation (4.22), instead of the Maxwell-Stefan equations, which have
so far been the primary choice for describing this flux in the studies of diffusive mixing in an-
tisolvent crystallisation [9, 95]. The reason for this choice was simplicity: the Maxwell-Stefan
formulation of the diffusive flux is considerably more convoluted for systems with more than
two species [8]. The addition of the gradient term already increases significantly the complexity
of the governing equations, and thus it was considered best to employ the simplest physically
adequate model for the diffusive flux.

𝐉𝐢 = −
𝑛
∑

𝑗=0
𝐿𝑖𝑗∇𝜇𝑗 (4.22)

where 𝐿𝑖𝑗 is the mobility of the system.
The driving force considered within these fluxes is correctly defined as 𝕕𝑖 = −∇𝑇 ,𝑉 𝜇𝑖, as re-

flected in Equation (4.22). This can be expressed as the gradient of a difference between chemical
potentials, 𝕕𝑖 = −∇𝑇 ,𝑉 (𝜇𝑖−𝜇𝑗). For details on this transformation, the reader is directed to read
Petrischeva and Abart’s work [121].

The mobility can be related with the diffusivity between species, 𝐷𝑖𝑗 , through 𝐿𝑖𝑗 =
−𝐷𝑖𝑗𝑐𝑥𝑖𝑥𝑗 . Incorporating this mobility definition into 𝐉𝐢 leads to the final formulation of this
diffusive flux and of the continuity equation used in this work, shown respectively in equa-
tions (4.23) and (4.24).

𝐉𝐢 = −
𝑛
∑

𝑗=0
𝐷𝑖𝑗𝑐𝑥𝑖𝑥𝑗∇

(

𝛽𝜇𝑖−𝛽𝜇𝑗
) (4.23)

𝜕𝑥𝑖
𝜕𝑡

= −1
𝑐
∇ ⋅𝐉𝐢 = ∇ ⋅

[ 𝑛
∑

𝑗=0
𝐷𝑖𝑗𝑥𝑖𝑥𝑗∇

(

𝛽𝜇𝑖−𝛽𝜇𝑗
)

]

(4.24)

To conclude this section, Equations (4.25) and (4.26) provide the differences in chemical
potentials, as obtained when specialising for a ternary system, between the two independent
species (API and solvent, referred to as 1 and 2) and the dependent composition (antisolvent,
0). These have been obtained through the combination of Equations (4.15) and (4.17), and their
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subsequent simplification by considering a lineal composition dependence in the gradient coef-
ficients: 𝜅𝑖𝑗 ≡ 𝑐𝜅𝑖𝑗 .

𝛽𝜇𝑎 = 𝛽𝜇1−𝛽𝜇0 =
1
𝑐
𝜕𝑓
𝜕𝑥1

− 𝜅̃𝑎𝑎∇̃2𝑥1− 𝜅̃𝑎𝑏∇̃2𝑥2 (4.25)

𝛽𝜇𝑏 = 𝛽𝜇2−𝛽𝜇0 =
1
𝑐
𝜕𝑓
𝜕𝑥2

− 𝜅̃𝑎𝑏∇̃2𝑥1− 𝜅̃𝑏𝑏∇̃2𝑥2 (4.26)

where 𝜅̃𝑎𝑎 = 𝜅̃11−2𝜅̃10+ 𝜅̃00; 𝜅̃𝑏𝑏 = 𝜅̃22−2𝜅̃20+ 𝜅̃00; and 𝜅̃𝑎𝑏 = 𝜅̃12− 𝜅̃10− 𝜅̃20+ 𝜅̃00.
Similarly, equations (4.27) and (4.28) present the nondimensional continuity equations for

the API and solvent.
𝜕𝑥1
𝜕𝑡

= ∇̃ ⋅
[

𝐷̃12𝑥1𝑥2∇̃
(

𝛽𝜇𝑎−𝛽𝜇𝑏
)

+ 𝐷̃10𝑥1𝑥0∇̃𝛽𝜇𝑎
] (4.27)

𝜕𝑥2
𝜕𝑡

= ∇̃ ⋅
[

𝐷̃12𝑥1𝑥2∇̃
(

𝛽𝜇𝑏−𝛽𝜇𝑎
)

+ 𝐷̃20𝑥2𝑥0∇̃𝛽𝜇𝑏
] (4.28)

4.3 Methodology
This work considers the diffusive mixing of two streams, one a solution of API and solvent, and
the other an antisolvent-rich solution, in a one-dimensional system. The simulations presented
follow this system from the moment the two streams are put in contact until the time they reach
equilibrium, and analyses their evolution in terms of mass transfer and supersaturation. These
simulations have been conducted using the FiPy [140] library in Python, which is based on Finite
Volume (FVM) discretisation. This method is particularly suitable for mass transfer problems,
as it enforces mass conservation over the domain [139]. To comply with FiPy’s framework,
the equations governing this process had to be divided into a system of six coupled equations
((4.29)–(4.34)), comprising the two continuity equations for the two independent components
and two gradient term definitions for each of the diffusive fluxes. Note that these equations can
be obtained by substituting and expanding Equations (4.25) and (4.26) into Equations (4.27)
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and (4.28).
𝜕𝑥1
𝜕𝑡

= ∇̃
[

𝐷̃12𝑥2∇̃𝑥1
]

−∇̃
[

𝐷̃12𝑥1∇̃𝑥2
]

−∇̃
[

𝐴𝐷̃12𝑥1𝑥2∇̃𝑥1
]

−∇̃
[

𝐴𝐷̃12𝑥1𝑥2∇̃𝑥2
]

−∇̃
[

𝐷̃12𝑥1𝑥2∇̃𝜓𝑎𝑎,1
]

−∇̃
[

𝐷̃12𝑥1𝑥2∇̃𝜓𝑎𝑏,2
]

+∇̃
[

𝐷̃12𝑥1𝑥2∇̃𝜓𝑎𝑏,1
]

+∇̃
[

𝐷̃12𝑥1𝑥2∇̃𝜓𝑏𝑏,2
]

+∇̃
[

𝐷̃10(1−𝑥2)∇̃𝑥1
]

+∇̃
[

𝐷̃10𝑥1∇̃𝑥2
]

−∇̃
[

2𝐴𝐷̃10𝑥1𝑥0∇̃𝑥1
]

−∇̃
[

𝐴𝐷̃10𝑥1𝑥0∇̃𝑥2
]

−∇̃
[

𝐷̃10𝑥1𝑥0∇̃𝜓𝑎𝑎,1
]

−∇̃
[

𝐷̃10𝑥1𝑥0∇̃𝜓𝑎𝑏,2
]

(4.29)
𝜕𝑥2
𝜕𝑡

= −∇̃
[

𝐷̃12𝑥2∇̃𝑥1
]

+∇̃
[

𝐷̃12𝑥1∇̃𝑥2
]

+∇̃
[

𝐷̃12𝐴𝑥1𝑥2∇̃𝑥1
]

+∇̃
[

𝐷̃12𝐴𝑥1𝑥2∇̃𝑥2
]

+∇̃
[

𝐷̃12𝑥1𝑥2∇̃𝜓𝑎𝑎,1
]

+∇̃
[

𝐷̃12𝑥1𝑥2∇̃𝜓𝑎𝑏,2
]

−∇̃
[

𝐷̃12𝑥1𝑥2∇̃𝜓𝑎𝑏,1
]

−∇̃
[

𝐷̃12𝑥1𝑥2∇̃𝜓𝑏𝑏,2
]

+∇̃
[

𝐷̃20𝑥2∇̃𝑥1
]

+∇̃
[

𝐷̃20(1−𝑥1)∇̃𝑥2
]

−∇̃
[

𝐴𝐷̃20𝑥2𝑥0∇̃𝑥1
]

−∇̃
[

𝐷̃20𝑥2𝑥0∇̃𝜓𝑎𝑏,1
]

−∇̃
[

𝐷̃20𝑥2𝑥0∇̃𝜓𝑏𝑏,2
]

(4.30)

𝜓𝑎𝑎,1 = ∇̃
[

𝜅̃𝑎𝑎∇̃𝑥1
]

(4.31)
𝜓𝑎𝑏,2 = ∇̃

[

𝜅̃𝑎𝑏∇̃𝑥2
]

(4.32)
𝜓𝑎𝑏,1 = ∇̃

[

𝜅̃𝑎𝑏∇̃𝑥1
]

(4.33)
𝜓𝑏𝑏,2 = ∇̃

[

𝜅̃𝑏𝑏∇̃𝑥2
]

(4.34)

4.3.1 Selection of initial conditions
The effect of the interfacial tension on mass transfer dynamics could have been approached in
many ways, since almost all scenarios across the entirety of the ternary phase diagram would be
novel in nature. It was decided to approach it from three perspectives, all of them summarised
in Table 4.1.

Firstly, the physical properties (solubility and degree of non-ideality between API and anti-
solvent) of the system were fixed, and the behaviour of different initial conditions was analysed.
The aim behind the initial conditions selected was to study diffusion in the main regions of the
ternary phase diagram—one phase, binodal and spinodal region—and to test the reduction of an-
tisolvent purity as a means of preventing liquid-liquid phase separation. Predicting how diffusion
may evolve in these regions is not straightforward, both experimentally and from a phase-field
model perspective. This way, the four initial conditions pertaining to this case have been sum-
marised in Figure 4.3(a).

The set of conditions (1) observes the mixing of a 25% API and 75% solvent solution mixed
with pure antisolvent, as per experiments 1 and 2 in Table 4.1. It represents conditions typi-
cal from an antisolvent crystallisation process, and has been used to determine the effect of the
interfacial free energy term on diffusion and supersaturation in this context. Set (2) comprises
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TABLE 4.1: Summary of conditions studied in this work. The composition indicated in the top and
bottom streams is in the form (𝑥𝐴𝑃𝐼 ,𝑥𝑆 ,𝑥𝐴𝑆 ). The abbreviations employed in the diffusion coefficients
correspond with 1 for API, 2 for solvent and 0 for antisolvent.

ID Composition 𝐃̃𝟏𝟎 𝐃̃𝟐𝟎 𝐃̃𝟏𝟐 𝐀 𝜅̃𝐚𝐚 𝜅̃𝐚𝐛 𝜅̃𝐛𝐛

1 Right stream (0.24995,0.74995,10−4) 0.5 1 1 3 0 0 0Left stream (10−4,10−4,0.9998)

2 Right stream (0.24995,0.74995,10−4) 0.5 1 1 3 0.05 0.016 0.05Left stream (10−4,10−4,0.9998)

3 Right stream (0.44995,0.54995,10−4) 0.5 1 1 3 0.025 0.008 0.025Left stream (10−4,10−4,0.9998)

4 Right stream (0.44995,0.54995,10−4) 0.5 1 1 3 0.1 0.032 0.1Left stream (10−4,10−4,0.9998)

5 Right stream (0.54995,0.44995,10−4) 0.5 1 1 3 0.025 0.008 0.025Left stream (10−4,10−4,0.9998)

6 Right stream (0.44995,0.54995,10−4) 0.5 1 1 3 0.025 0.008 0.025Left stream (10−4,0.19995,0.79995)

7 Right stream (0.8999,0.1,10−4) 0.5 1 1 3 0.025 0.008 0.025Left stream (10−4,0.1,0.8999)

8 Right stream (0.7999,0.2,10−4) 0.5 1 1 3 0.025 0.008 0.025Left stream (10−4,0.2,0.7999)

9 Right stream (0.6999,0.3,10−4) 0.5 1 1 3 0.025 0.008 0.025Left stream (10−4,0.3,0.6999)

10 Right stream (0.24995,0.74995,10−4) 0.1 1 1 3 0.025 0.008 0.025Left stream (10−4,10−4,0.9998)

11 Right stream (0.24995,0.74995,10−4) 0.5 1 1 3 0.025 0.008 0.025Left stream (10−4,10−4,0.9998)

12 Right stream (0.24995,0.74995,10−4) 0.1 0.1 1 3 0.025 0.008 0.025Left stream (10−4,10−4,0.9998)

13 Right stream (0.24995,0.74995,10−4) 0.5 1 1 3.75 0.025 0.008 0.025Left stream (10−4,10−4,0.9998)

a stream of 45% API and 55% solvent stream mixed with pure antisolvent, in order to study
diffusion in a system which mixing point lays within the binodal region. It corresponds with
experiments 3 and 4 in Table 4.1. Set (3), corresponding with experiment 5 in Table 4.1, con-
stitutes a system in which the mixing point lays within the spinodal region, and is formed by a
55% API and 45% solvent solution mixed with pure antisolvent. Together with set (2), its pur-
pose is to help esclaresce the behaviour of the system inside the binodal and spinodal regions.
Lastly, set (4), corresponding with experiment 6 in Table 4.1, comprises a 45% API and 55%
solvent stream mixed with 80% antisolvent and 20% solvent, accounting for a mixing point close
to the miscibility gap, but outside it. Its purpose is to determine whether cutting the purity of the
antisolvent stream can be an effective strategy for avoiding LLPS.

This way, the outcomes observed in this section of the results will help increase our under-
standing regarding the behaviour of experimental systems, and will also prove useful for those
seeking to employ phase-field models as a tool to simulate LLPS [10].

Secondly, a study of diffusion across the miscibility gap was performed, which initial con-
ditions are visualised in Figure 4.3(b) and correspond with experiments 7–9 in Table 4.1. Mat-
sushima et al. [153] identified the need to conduct more research regarding the equilibrium phase
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(a) (b)

FIGURE 4.3: Projection on the ternary diagram of the initial conditions studied on the first (a) and second
(b) subset of results, which respectively correspond with a study of mass transfer and phase behaviour
under different regions of the ternary diagram, and with a study of mass transfer across the miscibility
gap. These initial conditions are step-like, and the points located in the API-S and S-AS axis indicate the
compositions of the two streams being put in contact. The same colors belong to the same experiment.
Moreover, these two compositions are joint by a dashed line that indicates the pathway that a linear mass
transfer process would follow. The white circle located on each respective line indicates the mixing point
between the two streams, would the system evolve towards a homogeneous final state.

behaviour across the miscibility gap in order to better understand localised LLPS. Phase-field
models are starting to emerge as a tool for modelling this phenomenon [10], since, besides their
contribution to the general description of diffusion via the interfacial term they are capable of
simulating spinodal decomposition. However, some details of the behaviour of the different
species in equilibrium within this region remain unexplored in this context. By studying the
equilibrium behaviour across the miscibility gap, this section aims to help cover these two re-
search gaps.

Thirdly, the initial conditions and solid-liquid solubility of the system were fixed, and the dif-
fusion coefficients between the API and the two solvents was varied, as well as the non-ideality
between API and antisolvent, according to experiments 10–12 and 13 in Table 4.1, respectively.
The reason why the effect of solubility was not isolated and studied on its own is because this
variable does not affect the mass transfer dynamics on their own within the context of this model.
Was crystal nucleation incorporated, solubility would impact mass transfer through the depletion
of supersaturation to form the solid nuclei. However, in this model, its impact is reserved for
the posterior supersaturation analysis. Therefore, its value does not determine whether a super-
saturation overshoot occurs, but only whether this overshoot is large enough to make the system
supersaturated. Since the value of this variable depends exclusively of the physical system be-
ing studied, this assumption implies that the solubility of the API at different solvent/antisolvent
ratios is constant for all the studies considered in this work.

This model presents a great number of tunable parameters, considering there are three diffu-
sion coefficients in the system (𝐷̃12, 𝐷̃10, 𝐷̃20), three grouped interfacial free energy coefficients
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(𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏), the Margules interaction parameter between API and AS (𝐴), the initial compo-
sitions of the two streams, the boundary conditions with which the system is evaluated, and the
solubility of the API in the solution, albeit, as established above, this does not affect the mass
transfer dynamics. It would not be practical to study these parameters by varying them individu-
ally, and thus there are some constraints that have been applied to the values tested. The diffusion
coefficient between solvent and antisolvent (𝐷̃12) has been kept constant, whereas certain studies
(experiments 10–12) have been devoted to understanding the effect of different API diffusivities
with both solvent and antisolvent on the diffusion process. Since the diffusion coefficients can
be interpreted as the inverse of drag coefficients [11], their variation can lead to an alteration of
the mass transfer pathway through the ternary diagram. Regarding the interfacial free energy co-
efficients, Petrischeva et al. [121] state their value must obey 𝜅2𝑎𝑏 < 𝜅𝑎𝑎𝜅𝑏𝑏. Thus, it was decided
to maintain 𝜅̃𝑎𝑎 = 𝜅̃𝑏𝑏 in all studies and apply 𝜅̃𝑎𝑏 =

√

𝜅̃𝑎𝑎𝜅̃𝑏𝑏∕10, since the effect of one species
upon another is not expected to have as strong an effect as upon itself. However, a future more
thorough study of the effect of these values would be beneficial, in order to determine how larger
or lower values may impact mass transfer trends. The degree of non-ideality remained at 𝐴 = 3
in all studies except experiment 13, which explores the effect that a different antisolvent may
have. The solubility variable 𝛽𝜇◦,(𝑆)𝐴𝑃𝐼 −𝛽𝜇

◦,(𝐿)
𝐴𝑃𝐼 was kept as −1. Lastly, only Neumann boundary

conditions [154] have been presented, which enforce no-flow across the boundaries. It would be
beneficial to investigate diffusion in the context of a bulk mixing regime in a future study, which
in some cases could potentially be replicated by applying periodic boundary conditions.

4.3.2 Computational details
The one-dimensional system of study was discretised into nx = 1200 points spaced dx = 0.005
each, making the total length of the domain 𝑧̃= 6. A schematic diagram of the discretised system
can be found in Figure 3.6. Adaptive time-stepping was incorporated, since it was observed that
the conservative timestep values required at the start of the simulation resulted in the solver facing
numerical challenges with the negligible change at later times. This resulted in inert timesteps,
that is, timesteps for which the solution did not change. While this did not cause the simulation
to crash and did not constitute a major problem, it could cause a mismatch between time labels
and the profile stored under them. As a solution, the adaptive time-stepping algorithm detailed
in Figure 4.4 was applied. The two different methods of adapting the value were chosen to avoid
an excessive growth of dt destabilising the simulation. While the second criterion (adding
0.005 to the existing dt) was slightly conservative, leading to some inert iterations, this never
occurred more than 15 times in a row, ensuring that the next profile saved was never identical to
the previous one. As a final comment on the timestep, it is worth mentioning that this algorithm
was found to be more computationally efficient than the exponential time-stepping employed in
Chapter 3, and thus its implementation is also recommended for any future studies on binary
systems.

Figure 4.4 also showcases the conditions used to determine whether a time-stepping iteration
had finished correctly or not. There were two main aspects to take into account. A decreasing
residual is a sign of sweeping leading to convergence, but the lowest possible residual value
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FIGURE 4.4: Adaptive time-stepping algorithm and tolerance threshold applied during the simulations.
The tolerance value (tol) depended on what iteration the simulation was at, with the first four getting
gradually decreasing values fine-tuned for each case study. After this, all simulations maintained 𝚝𝚘𝚕 =
2 ⋅10−6. The tolerance value used to check for stagnation/equality between residual values, stagn_tol,
had a value of 1 ⋅10−14.

that can be obtained is system-dependent, with parameters such as grid size, resolution and the
choice of initial and boundary conditions influencing it. Note that, in FiPy, sweeping is used to
reach a solution that satisfies the nonlinear form of the equation as much as the discretised, linear
one, which is passed to the solver. This way, sweeping corresponds with a fixed-point iteration,
occurring within each timestep, and the residual, different to the solver tolerance, indicates how
well the current solution satisfies the nonlinear equation. Thus, in early iterations (approx. 𝑡 < 5)
the residual limit might be higher than the general specified tolerance; this does not mean that
the solution is ill-formed, but rather that the system has hit its limit. The algorithm was designed
to check for this occurrence and accept it as a good solution, since the alternative (setting a
tolerance high enough to also work with iterations at the start of the simulation) resulted in too
loose a criterion at later stages.

The residual tolerance employed as a threshold to determine the successful end of an iteration
had to be fine-tuned for the first four iterations in a given simulation, after which point they all
had the same value. This is consequence of the chosen initial conditions: the step profiles show a
discontinuity at the interface, which causes the gradient term in that vicinity to reach abnormally
large values that can be hard to work with numerically. This way, the potential solutions reached
by the solver must be herded towards reasonable values, sacrificing accuracy in the first 1–4
iterations for the sake of convergence. Acknowledging this and deciding to err on the side of
caution, the first saved iteration, which corresponds to the 15𝑡ℎ timestep, was excluded from all
presented results. Table 4.2 summarises the initial residual tolerances applied for every study.

When it comes to the postprocessing of results, the adaptive timestep algorithm applied en-
sured that only token changes were required. When presenting profiles at specific times, be it of
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TABLE 4.2: Tolerance thresholds accepted in the solver residual for the first four time iterations. The
compositions indicated in both streams are in the form (𝑥𝐴𝑃𝐼 ,𝑥𝑆 ,𝑥𝐴𝑆 ).

ID Right stream Left stream tol0 tol1 tol2 tol3

1 (0.24995,0.74995,10−4) (10−4,10−4,0.9998) 1.2 0.5 0.1 0.05
2 (0.24995,0.74995,10−4) (10−4,10−4,0.9998) 1.2 0.5 0.1 0.05
3 (0.44995,0.54995,10−4) (10−4,10−4,0.9998) 2.5 0.5 0.3 0.1
4 (0.44995,0.54995,10−4) (10−4,10−4,0.9998) 2.5 0.5 0.3 0.1
5 (0.54995,0.44995,10−4) (10−4,10−4,0.9998) 2 0.5 0.1 0.05
6 (0.44995,0.54995,10−4) (10−4,0.19995,0.79995) 2 1.5 0.3 0.05
7 (0.8999,0.1,10−4) (10−4,0.1,0.8999) 2 0.5 0.3 0.05
8 (0.7999,0.2,10−4) (10−4,0.2,0.7999) 2 0.5 0.3 0.05
9 (0.6999,0.3,10−4) (10−4,0.3,0.6999) 2 0.5 0.3 0.05
10 (0.24995,0.74995,10−4) (10−4,10−4,0.9998) x
11 (0.24995,0.74995,10−4) (10−4,10−4,0.9998) 2.6 1.3 0.5 0.1
12 (0.24995,0.74995,10−4) (10−4,10−4,0.9998) 2.6 1.3 0.5 0.1
13 (0.24995,0.74995,10−4) (10−4,10−4,0.9998) 2.75 1.5 0.5 0.1

composition or supersaturation, the profiles have been linearly interpolated between the two sim-
ulation times closest to the specified times. The scipy.interpolate.interp1d function
from the SciPy library [141] was used for this. Given the high resolution of saved timesteps, this
had minimal impact on the plotted profile, but was done for the sake of visualisation.

It is worth noting that, while the main features of the computational model have been dis-
cussed in this text, the complete code can be found in the supplementary information in case of
doubt.

4.4 Results and discussion
This section presents the outcomes of the diffusion studies described above and examines their
implications in the context of antisolvent crystallisation. Particular attention is given to the tra-
jectories followed by the system across the ternary phase diagram, the phase behaviour caused by
these pathways, and the evolution of supersaturation. Through their analysis, this model provides
insight into how different systems may evolve, why LLPS or undesired CQAs may unexpectedly
occur, and identifies the times and regions where solid-liquid nucleation becomes possible.

When interpreting these results in the context of experimental antisolvent crystallisation
systems, it is important to consider the scope of the model. As discussed by Petrischeva and
Abart [121] through a monotonicity analysis, this model can only evolve downhill in the free
energy landscape. Hence, while it is fully capable of simulating LLPS within the spinodal re-
gion, it is unable to simulate nucleation, since this phenomenon requires the overcoming of an
energy barrier to take place. This way, trajectories entering the binodal region may correlate
experimentally to the formation of solid or liquid nuclei, whereas the simulated system will con-
tinue to diffuse. Despite this, the model can predict the times and regions in which the system
becomes supersaturated and thus where nucleation could be observed experimentally.
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4.4.1 Phase behaviour under different regions of the diagram
This section seeks to explore the diffusion and phase behaviour of the system under different ini-
tial stream compositions, spanning across the three main regions of the phase diagram. To isolate
this effect, the physical characteristics of the system were fixed: (1) the Margules interaction pa-
rameter, 𝐴 = 3, which describes the degree of non-ideality between the API and antisolvent;
(2) the solubility parameter, 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1; and (c) the diffusion coefficients between
all species in the system, set to 𝐷12 = 𝐷20 = 1, and 𝐷10 = 0.5. The lower value of diffusion
coefficient between API and antisolvent aimed to replicate a system where the diffusion of API
is more challenging in the antisolvent than in the solvent. Moreover, the molar ratio between the
streams was maintained constant at 50/50.

Mixing in the one-phase region: 25% API, 75% solvent mixed with pure antisolvent

This study focuses on reproducing the conditions of a typical antisolvent crystallisation system,
with the compositions of both streams in the undersaturated region and their mixing point slightly
above it, in what could possibly be considered the metastable region had this model incorporated
nucleation. This way, a stream of pure antisolvent is mixed with a solution of 25%API. The effect
of the gradient coefficient within this setup has also been studied, with two cases presented:
𝜅̃𝑎𝑎 = 𝜅̃𝑏𝑏 = 𝜅̃𝑎𝑏 = 0 and (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.05,0.016,0.05). These correspond respectively with
experiments 1 and 2 in Tables 4.1 and 4.2.

Figure 4.5 presents the trajectories throughout the phase diagram (a-d) and the spatial compo-
sition profiles (e, f) of these two studies. In particular, experiment 1 is presented in Figure 4.5(a,
c, e), and experiment 2, in Figure 4.5(b, d, f).

The compositional pathways in Figure 4.5(a) and (b) correspond with a subset of the studied
times, whereas the complete temporal evolution is presented in Figure 4.5(c) and (d). Since the
diagram represents composition space only, not all profiles will span across its width. In fact,
the profiles become shorter as diffusion advances, until homogeneous mixing is achieved and
the compositions across the system overlap on the same point. It should also be emphasised that
the non-ideal interactions between API and antisolvent do not, by themselves, guarantee liquid-
liquid phase separation, even if 𝐴 > 2. Rather, they give rise to a miscibility gap within which
LLPS is possible. If the compositional trajectories do not enter this region, as is the case in the
present study, diffusion ultimately leads to homogeneous mixing.

The most prominent trend observed in these pathways is their significant non-linearity, which
contrasts with the current general understanding of the scientific community on how diffusion
occurs in antisolvent crystallisation. A linear evolution is generally assumed, with the composi-
tions of both inlet streams travelling along a straight line in the ternary diagram until they reach
the mixing point. However, both with (Figure 4.5b and d) and without (Figure 4.5a and c) con-
sidering an interfacial free energy term, the trajectories recovered by the proposed model are
very distinctly nonlinear.

This deviation from the expected linear pathways can significantly affect the outcome of the
crystallisation process. The curved trajectories could be veering outside of the design envelope,
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(a) (b)

(c) (d)

(e) (f)

FIGURE 4.5: Evolution of the composition with time in a system mixing pure antisolvent with a 25%
API solution, considering that 𝐴 = 3 and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1. The gradient coefficient values are (a,
c, e) 𝜅̃𝑎𝑎 = 𝜅̃𝑏𝑏 = 𝜅̃𝑎𝑏 = 0 and (b, d, f) (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.05,0.016,0.05). In particular, the compositional
pathways through the ternary diagram are depicted in (a-d), with (a, b) presenting a subset of times, as per
the legend, and (c, d) showcasing the the entire evolutions. In them, the solid blue line corresponds with
the solubility curve, and the dotted line joins the two initial compositions, marked by a white circle. The
last recorded profile for the system has been plotted in white. Lastly, (e, f) present the spatial composition
profiles at the same times showcased in (a, b), in this case indicated by the coloured legend.
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the region of the ternary phase diagram that guarantees the desired CQAs in the final crystalline
product. Hence, inadequately predicting the diffusion trajectories of the system could translate
into crystallising an unexpected polymorphic form, or an undesired crystal shape.

Exploring these dynamics in more detail reveals that both the system with and without a
gradient free energy term present the same general trend regarding the API evolution, which can
be divided into three major stages. (1) Immediately after the streams are put in contact, the API
experiences uphill diffusion, accumulating next to the interface (𝑧̃ = 3) on the solvent side. In
Figure 4.5(e) and (f), this corresponds with 𝑡 = 0.0016. This is due to the non-ideal interactions
between API and antisolvent causing a spike in the chemical potential at the point of contact
between streams, as shown in Figure 4.6(a) for the case in which 𝜅̃𝑎𝑎 = 𝜅̃𝑏𝑏 = 𝜅̃𝑎𝑏 = 0. Since the
API-solvent interactions are ideal, this provokes the API to diffuse uphill into the solvent. (2)
After this, and at still very early times, the wave of API continues to travel further into the solvent
side, with the peak widening, growing and smoothing. Eventually, a maximum accumulation is
reached at the boundary of this region (𝑧̃ = 6). In Figure 4.5(e) and (f), this stage corresponds
with 𝑡 = 0.15–10. The retreat of the API further into the solvent-rich region is a response to the
mixing of solvent and antisolvent, which, due to their ideal interactions and larger interdiffusion
coefficient, is more favoured than the diffusion of API into the antisolvent stream. This way, this
trend can also be explained by considering the API chemical potential and diffusive flux profiles,
presented for two consecutive times in Figure 4.6(b) together with the API composition profile.
Since mass transfer occurs from regions of high to low chemical potential, the driving force will
seek to smooth out the initial spike formed in the chemical potential profile. The reason why
doing so by diffusing uphill towards the right region is favoured over diffusing downhill towards
the left is because the non-ideality between API and antisolvent, as well as the near-zero API and
solvent compositions on the left, make the diffusive flux stronger towards the right side. This
is clearly visible in Figure 4.6(b), where the diffusive flux 𝐽1 has a larger absolute value on the
positive peak at the right side of the interface, indicating a faster rate of mass transfer towards
the solvent-rich side of the system. (3) After the wave of API reaches its maximum value at the
right boundary, its diffusion continues exclusively downhill, which in Figure 4.5(e) and (f) can
be observed at 𝑡 > 10. From a driving force perspective, this occurs because the initial chemical
potential spike has smoothed out towards the solvent-rich side to the point that its highest value is
now at 𝑧̃= 6, leaving only a left-side gradient. Given the lower interdiffusion coefficient between
API and antisolvent, and their non-ideal interactions, this downhill diffusion proceeds at a much
slower rate, as the profiles in Figure 4.5(e) and (f) demonstrate.

The fact that these composition and chemical potential trends were observed both with and
without an interfacial free energy confirms their physical validity. The same qualitative com-
position and chemical potential trends were obtained by Zhang [9] when studying oiling out in
an antisolvent crystallisation system, further supporting this conclusion. Moreover, this also in-
dicates that the curved composition pathways and API overshoots were primarily rooted in the
non-idealities of the system [151], and thus can be described by considering a thermodynami-
cally accurate driving force for diffusion. This perspective agrees with recent literature trends [9,
95], where the Maxwell-Stefan framework is identified as a more suitable alternative to Fickian
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(a)

(b)

FIGURE 4.6: Chemical potential and diffusive flux exploration in a system mixing pure antisolvent with
a 25% API solution, and considering that 𝜅̃𝑎𝑎 = 𝜅̃𝑏𝑏 = 𝜅̃𝑎𝑏 = 0, 𝐴 = 3 and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1. (a)
Evolution of the chemical potential profiles with the times reported in the legend. (b) Chemical potential,
mole fraction and diffusive flux of API for two consecutive saved iterations.

diffusion to describe the evolution of mass transfer in non-ideal systems. Lastly, it is worth men-
tioning that the three-stage cycle described above may be disrupted at any point if nucleation
occurred. This would decrease the concentration of API in the solution, which would alter the
trajectory through the phase diagram. Thus, the system may cross into different regions than
those predicted by this model.

The agreement of these qualitative trends between the cases with and without an interfa-
cial free energy should not be interpreted as evidence that this term does not bear an impact
on systems outside of the miscibility gap. This is clearly proven by the supersaturation pro-
files presented in Figure 4.7, in which (a) corresponds with 𝜅̃𝑎𝑎 = 𝜅̃𝑏𝑏 = 𝜅̃𝑎𝑏 = 0 and (b) with
(𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.05,0.016,0.05). Incorporating the interfacial free energy term predicts su-
persaturation values greater than 1 near the interface at the start of the diffusion process, when
the two streams are put in contact. To mitigate the sharpness of the initial composition gradi-
ent at the interface, the gradient term rapidly establishes a series of intermediate compositions,
which trajectory corresponds with the yellow profile in Figure 4.5(b), at 𝑡 = 0.0016. In contrast,
the initial profiles of the system without interfacial free energy shown in Figure 4.5(a) follow
a trajectory much more parallel to the solubility curve, and do not cross it at any point. After
this initial supersaturation spike, the system returns to an undersaturated state, to later become
supersaturated again at approximatedly 𝑡 = 2, in a region of the phase diagram different to the
one of the initial spike. In fact, the largest levels of supersaturation are found at this second stage
(𝑡 = 10–100), away from the interface and deep into the solution side, as the uphill diffusion of
the API comes to its end.

These results demonstrate how neglecting the contribution of the interfacial free energy to
mass transfer can lead to erroneous predictions of the time, spatial location, and region of the
phase diagram in which supersaturation occurs. If the system has long induction times at low
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(a) (b)

FIGURE 4.7: Evolution of the supersaturation profiles across the entire time range within a system of
two mixing streams, one of pure antisolvent and another formed by 25% of API and 75% of solvent. It is
considered that 𝐴 = 3 and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1. Two subsets of the interfacial free energy coefficient
are presented: (a) 𝜅̃𝑎𝑎 = 𝜅̃𝑏𝑏 = 𝜅̃𝑎𝑏 = 0, and (b) (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.05,0.016,0.05).

levels of supersaturation, nucleation may not occur during the initial spike predicted in Fig-
ure 4.7(b). However, if induction times are short, crystal nucleation may occur during this pe-
riod. In that case, since the system would be nucleating at a very different region of the phase
diagram, the resulting product may have unexpected and undesired properties, such as a different
crystal shape or polymorphic form.

Mixing point in the binodal region: 45% API, 55% solvent mixed with pure antisolvent

The second set of initial conditions was selected such that the presumed linear mixing pathway
between the streams would lie within the binodal region, by mixing a stream composed of 45%
API and 55% solvent with pure antisolvent. These correspond respectively with experiments 3
and 4 in Tables 4.1 and 4.2. Although this initial API solution is already supersaturated, the
objective of this study is to understand the behaviour of the system in different regions of the
phase diagram, rendering these initial conditions appropriate.

Figure 4.8 presents the ternary diagram trajectories (a, b) and composition profiles (c, d)
obtained from this study. The effect of the interfacial free energy has been analysed, with Fig-
ures 4.8(a) and (c) corresponding to (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025) and Figures 4.8(b) and
(d), to (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.1,0.032,0.1).

This case study is of particular interest, since without the gradient term it would not have
been possible to solve either of these simulations. The non-idealities between API and anti-
solvent have clearly driven the compositional pathways into the spinodal region, a possibility
already observed and postulated in recent mixing studies [96, 151]. However, the results of this
work seemingly indicate that whether it remains inside as a phase-separated system or not de-
pends on the magnitude of the interfacial tension. The low interfacial free energy coefficient
employed in Figures 4.8(a) and (c) shows the system becoming trapped within the spinodal re-
gion, undergoing liquid-liquid phase separation into two binodal coexistence compositions. In
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FIGURE 4.8: Evolution of the composition with time in a system mixing pure antisolvent with a 45%
API solution, considering that 𝐴= 3 and 𝛽𝜇◦,(𝑆)1 −𝛽𝜇◦,(𝐿)1 =−1. The gradient coefficient values are (a, c)
(𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025) and (b, d) (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.1,0.032,0.1). In particular, (a, b) depict
the compositional pathways through the ternary diagram. The blue line in them is the solubility curve,
and the dotted line joins the two initial compositions, marked by a white circle. To ease visualisation, the
last recorded profile has been plotted in white. (c, d) present the spatial composition profiles at the times
indicated by the coloured legend.

contrast, the larger coefficient considered in Figures 4.8(b) and (d) enables the system to leave
the spinodal region and reach a fully mixed final state, the composition of which corresponds
with the expected mixing point. This agrees with the previously discussed impact of 𝜅𝑖𝑗 : a larger
gradient coefficient implies a larger interfacial free energy, and thus imposes a greater energetic
penalty compositional heterogeneities within the system.

The spatial composition profiles presented in Figures 4.8(c) and (d) help explain why one sys-
tem remained phase-separated while the other one evolved towards homogeneity. Figure 4.8(c)
shows that, in the final configuration, the interface is located considerably close to the right-hand
boundary of the system (𝑧̃= 6). This is most likely because the uphill diffusion of the API drove



84 Chapter 4. Diffusion and phase behaviour in antisolvent crystallisation

that region of the system to compositions very close to the binodal boundary. Shortly after down-
hill diffusion began, this region settled on the binodal curve, while the remainder of the system
approached the corresponding coexistence composition on the opposite side of the miscibility
gap. Interestingly, the curved pathway characteristic of this diffusion behaviour altered its course
after reaching the coexistence composition on the solvent-rich region, with none of the interme-
diate interfacial compositions venturing further into the spinodal region than required by the
equilibrium profile. It is also interesting to note that the final profile does not follow a straight
line, as would be expected through the tie lines, but a curved one, as shown in Figure 4.8(a).
This behaviour is discussed more in depth when discussing the next set of experiments, and
in Section 4.11; it is consequence of solvent enrichment at the interface, and it is physical and
characteristic of equilibrium in a phase-separated system [143].

Close examination of the final configuration depicted in Figures 4.8(a) and (c) reveals that
the bulk phase near 𝑧̃ = 6 does not actually sit on the binodal curve, but slightly inside the
binodal region. This behaviour is most likely a consequence of the gradient term. As observed in
Section 3.4.3, the system is sufficiently large for the contribution of the gradient term to vanish at
the boundaries when the interface is located at 𝑧̃ = 3. However, when the interface is positioned
as close to the boundary as in Figure 4.8(c), this assumption no longer holds. Consequently,
the composition near 𝑧̃ = 6 does not sit exactly on the binodal curve because the gradient term
is strong enough to penalise compositional inhomogeneities in this region, thereby shifting the
composition slightly away from the coexistence value.

This argument can also explain why the system reaches homogeneous mixing in Fig-
ures 4.8(b) and (d). In this case, the gradient coefficient is larger, implying a larger interfacial
tension and, consequently, a stronger energetic penalty for compositional inhomogeneities. It
is possible that this penalty becomes large enough that, despite the system wanting to phase-
separate when crossing the spinodal boundary, the system is driven towards complete mixing,
aided in this by the Neumann boundary conditions used in these simulations.

The observed trends indicate that simply increasing the size of the simulation domain would
not alter this outcome. As explained above, the reason the system approaches the binodal region
so close to the solvent-rich boundary is that the uphill diffusion of the API drives it there. Uphill
diffusion only ceases because the wave-like profile exhibited by the API composition reaches the
boundary of the domain, which then becomes the location of maximum chemical potential, leav-
ing downhill diffusion towards the left-hand side as the only possible next pathway. Therefore,
a larger system would be expected to exhibit the same trends observed in Figure 4.8. A more
accurate assessment is that this behaviour arises from the finite nature of the system.

The available evidence therefore suggests that the fully mixed results obtained for
(𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.1,0.032,0.1) may be representative of the behaviour of a physical system in
which the interface ultimately interacts closely with the boundaries of the domain, as may oc-
cur, for example, in a microfluidic device. Were this not the case, the physical system would be
expected to undergo phase separation after the uphill diffusion of the API.

Despite this challenge, it is important to emphasise that this model can still successfully sim-
ulate liquid-liquid phase separation, as Figures 4.8(a) and (c) demonstrate. According to Fickian
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diffusion, a system with these characteristics would never undergo spinodal decomposition, since
the model cannot predict the system departing from a linear composition pathway. Although the
Maxwell-Stefan framework can predict non-linearities in the mass transfer evolution, it is unable
to capture spinodal dynamics and would therefore fail for both of the case studies presented in this
section. Incorporating the interfacial term into the diffusion model overcomes this limitation, as
shown in Figures 4.8(a) and (c).

Mixing point in the spinodal region: 55% API, 45% solvent mixed with pure antisolvent

This set of initial conditions was selected to allow the presumed linear mixing pathway between
streams and the mixing point of the homogeneous system to lay inside the spinodal region. Thus,
a stream of pure antisolvent is mixed with a solution formed by 55% API and 45% solvent.
The binary interaction parameter between API and antisolvent is maintained at 𝐴 = 3, and the
interfacial free energy coefficients, set to (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025). This corresponds
with experiment 5 in Tables 4.1 and 4.2.

The composition evolution during its diffusion process has been summarised in Figure 4.9.
At a glance, the compositional pathways follow a very similar trend to those in the previous
two case studies, with initial uphill diffusion occurring on the API-rich stream causing an API
composition overshoot on the vicinity of the interface, and with the system eventually reaching
equilibrium in a phase-split configuration. In addition to this, two prominent trends are worth
noting.

(a)
(c)

FIGURE 4.9: Mass transfer evolution across the ternary phase diagram (a) and as composition profiles
(b) within a system of two mixing streams, one of pure antisolvent and another formed by 55% of API
and 45% of solvent. It is considered that 𝐴 = 3 and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1. The interfacial free energy
coefficients are set to (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025). (a) The solid blue line corresponds with the
solubility curve, and the dotted line joins the two initial compositions, which have been marked by a white
circle. The last recorded profile for the system has also been plotted as a series of white markers. (b) The
coloured legend corresponds with the presented times, which are shown for all three species.
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Firstly, the equilibrium composition profiles were expected to follow a linear trend, com-
pletely parallel to the tie lines, when represented on the ternary diagram. However, this is not
so for the presented case, or for any other values of the gradient coefficient tested, which can
be found in Appendix F. While the compositions of the two bulk phases are symmetrical with
respect to the critical point, laying across a tie line and located on the binodal curve, the interfa-
cial compositions present a slight curvature, which maximum occurs on the critical point axis.
This curvature is caused by an accumulation of solvent at the interface, clearly identifiable in
the composition profiles in Figure 4.9(b). Interestingly, this phenomenon was also observed in
the previous case study in Figure 4.8(a). This phenomenon has been reported in literature as
characteristic of the equilibrium composition profile in a ternary system undergoing spinodal
decomposition [143], and was also reported by Petrischeva and Abart [121]. From a physical
perspective, the solvent may be accumulating at the interface because doing so decreases the total
free energy of the system. The non-ideality between API and antisolvent causes mixtures with
compositions that lay inside the spinodal to have a much higher free energy than mixtures at the
coexistence compositions. However, since passing through these intermediate values is needed
to form the interface, the system decreases the free energy at this location by trapping solvent
at the interface, which Figure 4.1 shows leads to a more energetically favourable profile. The
fact that the free energy trend supports the accumulation of solvent at the interface indicates that
this behaviour is physical. In Section 4.4.2, the question of whether this behaviour is maintained
across the entire miscibility gap is addressed.

The second trend of interest is the apparent existence of two different compositional regimes,
one observed at very early times (𝑡 = 10−3–10−1), and the other developed at later stages of the
simulation (𝑡= 1–2000). In Figure 4.9(a), the yellow and orange trends belong to the first regime,
and the magenta and purple regions correspond with the second one. It is worth mentioning that
this trend could also be observed in the two previous case studies. In particular, in Figure 4.5
it can be observed that when the interfacial free energy term is omitted, only the second com-
positional regime is visible. In Figure 4.9, for the current case study, the higher value of the
interfacial free energy coefficient yields a denser region for the first regime. This evidence in-
dicates that the first regime is related to the interfacial term, and the latter, to the more general
bulk diffusion terms. The step configuration of the initial conditions possesses a discontinuity
at the interface, which in the discretised system is translated into an extremely large composi-
tion gradient at early stages of the simulation. Thus, the value of the interfacial free energy is
also incredibly large, overpowering the other terms and forcing the system to quickly establish
an interface to relax the value of the gradients. This is the phenomenon observed in the first
compositional regime. After the initial interfacial response is sufficiently neutralised, the system
progresses with bulk diffusion, which occurs at a considerably slower pace.

Reduction of the S/AS ratio as a means of avoiding spontaneous LLPS

The last set of initial conditions was designed to establish the reduction of the solvent/antisolvent
ratio as an effective strategy for the control of oiling out. Previous work in this area [96] has es-
tablished the ratio of solvent to antisolvent as a critical parameter to control the occurrence of
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oiling out, with antisolvent streams closer to purity being reported as having a higher chance of
LLPS [9]. Observing the phase diagram, it is clear that this is caused by the higher proximity of
any potential diffusion pathways to the miscibility gap. Regardless of the degree of nonlinear-
ity, positioning the system closer to the boundaries of the miscibility gap will clearly increase
the probability of veering into the binodal or spinodal regions, potentially causing oiling out.
By cutting the pure antisolvent with some solvent, which is equivalent to decreasing the ratio
between the two, the initial composition of the antisolvent-rich stream is brought to a point in
the phase diagram much less enclosed by the miscibility gap. Thus, it will be less probable to
observe LLPS.

This is confirmed by the results summarised in Figure 4.10, where the evolution of the system
with interfacial coefficients of (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025), corresponding with experi-
ment 6 in Tables 4.1 and 4.2, is presented. In particular, Figure 4.10(a) follows the compositional
pathways throughout the ternary diagram, and Figure 4.10(b) showcases certain composition
profiles at selected times.

(a)

(b)

FIGURE 4.10: Mass transfer evolution across the ternary phase diagram within a system of two mixing
streams, one formed by 45% of API and 55% of solvent, and the other, by 80% antisolvent and 20% sol-
vent. It is considered that 𝐴 = 3 and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1. The interfacial free energy coefficients are
(𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025). (a) Composition evolution throughout the ternary phase diagram.
The solid blue line corresponds with the solubility curve, and the dotted line joins the two initial compo-
sitions, which have been marked by a white circle. The last recorded profile for the system has also been
plotted as a series of white markers. (b) Composition profiles of the three species at selected times. Note
that the times have been represented through colours of increasing intensity, and they are the same for all
three species.

The values of the interfacial free energy coefficients are the same as those explored in Fig-
ure 4.8, where a solution of the same composition was mixed with pure antisolvent, and for
which an incursion into the spinodal region was observed. However, the current initial condi-
tions managed to position the system sufficiently further away from the miscibility gap to avoid
that the initial API composition spike on the solvent-rich side causes the diffusion pathway to
cross the binodal or spinodal boundaries. Thus, this proves the effectiveness of diluting the an-
tisolvent with solvent as a strategy to reduce the probability of observing oiling out. These
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results were replicated for all tested values of the interfacial coefficients, ranging from 0 to
(𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.1,0.032,0.1). They can be seen in Appendix F.

It is worth mentioning the spike that both API and antisolvent experience immediately after
the two streams are put in contact, on their respective neighbouring regions to the interface,
as observed in Figure 4.10(b). The antisolvent also experiences some initial uphill diffusion,
albeit to a lower extent than the API and with the initial spike being smoothed out at later times.
This can also be observed in Figure 4.10(a) where some yellow points move from the initial
composition towards the pure antisolvent. This uphill diffusion is again due to the nonideality
in the API-antisolvent interactions. The reason why in the previous case studies uphill diffusion
was observed exclusively in the API trends is because the antisolvent stream was completely
pure, thus preventing it from experiencing any composition increase.

4.4.2 Diffusion and equilibrium across the miscibility gap
Having established the behaviours expected in different regions of the phase diagram and the
physical phenomena underpinning them, this section examines the diffusion dynamics within
the spinodal region in more detail. This is a unique capability of the model proposed in this
work, enabled by the incorporation of an interfacial term to the free energy. Although Tsug-
awa et al. [10] applied a ternary phase-field model to the study of diffusion dynamics within the
spinodal region, their work focused on determining the potential configurations that the system
could reach, and did not discuss the equilibrium compositions reached in each phase or at their
interface. In fact, Matsushima et al. [153] recently identified the study of equilibrium phase be-
haviour as key for the understanding of localised oiling out. This way, this section provides a
deeper insight into the diffusion and phase dynamics occurring inside the spinodal region, aiming
to contribute to the understanding of LLPS.

For this purpose, three systems which mixing points lay within the spinodal decomposition
region have been investigated, each containing a different initial solvent composition (10, 20 and
30%). The solvent composition was maintained constant across both initial streams in order to
ensure the initial conditions remained parallel to the tie lines within the miscibility gap. These
systems correspond with experiments 7–9 in Tables 4.1 and 4.2. In all cases, the degree of non-
ideality between API and antisolvent was fixed at 𝐴 = 3, while the gradient coefficients were set
to (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025).

Figure 4.11 presents the results of this study, focusing on the evolution of composition and
free energy. In particular, Figure 4.11(a) depicts the evolution with time of their trajectories
through the ternary diagram. A subset of composition pathways observed for the latter is pre-
sented in Figure 4.11(b); and Figure 4.11(c) showcases selected composition profiles from this
case, which are representative of all three studies since their evolution follows the same qual-
itative steps. Lastly, Figure 4.11(d) presents the evolution with time of the unscaled total free
energy in the three systems.

The mass transfer pathways across the ternary diagram presented in Figure 4.11(a) show
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(a) (b)

(c)
(d)

FIGURE 4.11: Summary of system evolution during diffusion for initial conditions positioned across
the miscibility gap and parallel to tie lines; 10, 20 and 30% initial solvent composition in both streams
were considered. The degree of non-ideality between API and antisolvent was fixed at 𝐴 = 3; 𝛽𝜇◦,(𝑆)1 −
𝛽𝜇◦,(𝐿)1 = −1; and the interfacial free energy coefficients were (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025). (a)
Mass transfer pathways across the ternary diagram, with the last recorded profile plotted as a series of
white markers. (b) Subset of times, from 𝑡 = 1–5, for the 𝑥𝑆 = 30% case. (c) Composition profiles at
selected times for the 𝑥𝑆 = 30% case. The times have been represented through colours of increasing
intensity, and they are the same for all three species. (d) Total unscaled nondimensional free energy in all
three systems with time.

the same accumulation of solvent at the interface observed in Section 4.4.1. Although this pre-
vents the final profile from following the tie lines, the equilibrium compositions of the two sepa-
rated phases still correspond with the expected coexistence compositions, located symmetrically
across the miscibility gap. The temporal free energy evolutions shown in Figure 4.11(d) show
that this behaviour is physical, since the free energy only ever decreases or remains constant.
Moreover, as mentioned in Section 4.4.1, this phenomenon has been previously reported in liter-
ature, and is characteristic of the equilibrium composition profiles in a phase-split system [143].
As Figures 4.12(a) and (b) demonstrate, from the critical point until the API–AS axis, the free
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energy increases as the solvent content decreases. Therefore, trapping solute at the interface
allows the system to reach a more energetically favourable composition profile in this region.

Interestingly, the curvature of the interfacial region arising from solvent accumulation be-
comes increasingly pronounced as the total solvent content decreases. The free energy curves
shown in Figure 4.12(b) prove that the penalty between the double well becomes increasingly
shallower when approaching the critical point. Therefore, at 𝑥𝑆 = 30% the bulk phases and
interfacial region maintain a much more similar free energy level. As a result, less solvent accu-
mulation is required for stability than in the 𝑥𝑆 = 10% system, in which the free energy penalty
between the wells is much steeper.
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FIGURE 4.12: Free energy landscape of a system in which 𝐴 = 3 and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1, without
considering the gradient term. (a) Unscaled free energy across the ternary phase diagram. (b) Unscaled
free energy profiles for the three fixed solvent contents explored in this study: 10, 20 and 30%.

Figure 4.11(b) presents a subset of the spatial composition profiles observed during the dif-
fusion of the 𝑥𝑆 = 30% case at the onset of the second diffusion regime, which are particularly
noteworthy. Whereas the equilibrium profile in this case shows the smallest accumulation of
solvent at the interface, the range of compositions covered by the system during this diffusion
process is the widest. This indicates the accumulation of a larger relative solvent content in the
interfacial region during the diffusion, which eventually smooths out. Notably, the concentra-
tion of solvent at the presented subset of times (before the phase separation stage occurs) is high
enough to push the system entirely out into the one-phase region, bending it away from the mis-
cibility gap. The system later returned to the miscibility gap rather than homogenising in the
one-phase region because its mixing point lies within the spinodal region. Therefore, the system
cannot maintain a homogeneous composition outside the miscibility gap, as there is insufficient
material available to do so. The system also cannot remain phase-separated outside of the mis-
cibility gap because there is no thermodynamic driving force for phase separation in this region.
Consequently, the composition pathway had to return to the spinodal region.

Lastly, the composition profiles showcased in Figure 4.11(c) reveal the same spikes of API
and antisolvent that were observed in Section 4.4.1. While their locations are maintained, appear-
ing on their respective vicinities to the interface, in this case the antisolvent peak is much more
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pronounced. Interestingly, accommodating the excess material in these two regions requires a
local decrease in solvent composition, with the displaced material potentially accumulating at
the interface.

Together with the other spatial composition profiles presented so far, this observation sug-
gests that the behaviour of the solvent is partly governed by the non-ideality between API and
antisolvent. The accumulation of solvent at the interface in order to support a more energetically
stable composition profile through this region supports this idea, as well as the mentioned dip of
the solvent composition at the sides of the interface to accommodate the uphill diffusion of the
other two species. Similarly, in Figure 4.10(b), the shape of the solvent composition profile on
the API-rich side at 𝑡= 0.15 and 1 presents kinks uncharacteristic of natural bulk diffusion. This
could be because the solvent amount is adjusting to the spike of API and the gradual diffusion of
antisolvent into this region. This behaviour is most likely a consequence of the solvent present-
ing the same affinity for the API as for the antisolvent, since the binary interaction parameters of
these pairs were zero, indicating thermodynamically ideal interactions.

4.4.3 Study on the effect of different antisolvents
The last section of this study aims to understand how different solvent-antisolvent pairs could
be investigated within this modelling framework, and their potential impact on the outcomes of
both crystal nucleation and LLPS in the antisolvent crystallisation process.

The three main variables that the proposed model offers when it comes to species customi-
sation are (1) the solubility of the API in the liquid matrix, which in this work is determined by
𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 ; (2) the diffusivities between species, and (3) the activity model used, which,
for the chosen one-parameter Margules model in this work, corresponds with the value of the
binary interaction parameters.

With this in mind, this section presents first the impact of changing the diffusion coefficient
ratios as per experiments 10–12 in Tables 4.1 and 4.2. Afterwards, the effect of increasing the
value of 𝐴 is analysed, this study corresponding to experiment 13 in Tables 4.1 and 4.2. The
reason why it was decided not to perform a dedicated solubility study is that this parameter does
not have an impact on the diffusion dynamics. Changing its value would not alter the composition
trajectories in the ternary diagram, it would only alter the supersaturation profiles, behaving as
a threshold change.

Diffusion coefficients between species

This section explores the effect of different diffusivity combinations on the mass transfer and su-
persaturation dynamics of a system in which a stream of pure antisolvent mixes with a 25% API
solution. The degree of nonideality corresponds with𝐴= 3, and the interfacial free energy coef-
ficients are fixed at (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025). Three different case studies are consid-
ered: (1) a reproduction of the values used in all previous studies, (𝐷̃10, 𝐷̃20, 𝐷̃12) = (0.5,1,1);
(2) a reduction of only the API-antisolvent diffusivity (𝐷10) to 0.1; and (3) a reduction of the
diffusion of the API in both solvents (𝐷̃10 = 𝐷̃20 = 0.1).
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Figure 4.13 summarises the outcomes of the first two studies. In particular, Figures 4.13(a,
b) and (e, f) show their trajectory across the ternary phase diagram, while Figures 4.13(c) and
(d) compare their spatial composition and supersaturation profiles, respectively.

The spatial composition profiles presented in Figure 4.13(c) show that a smaller diffusivity
between the API and the antisolvent leads to slower overall mass transfer. However, this is not the
only difference between the two cases. The lower 𝐷̃10 results in more pronounced uphill diffusion
at the first presented time and, consequently, as shown in Figures 4.13(a) and (b), a wider region
of the phase diagram is explored during the system’s evolution towards equilibrium.

Since the degree of non-idelality between the API and the antisolvent is identical in both
cases, the more pronounced uphill diffusion observed at lower 𝐷̃10 must originate from the dif-
ference in diffusivity itself. Inspection of the spatial composition profiles presented for the previ-
ous case studies—Figures 4.5(e, f), for example—shows that, although the primary response of
the API upon contact with the antisolvent stream is uphill diffusion, a small fraction of it simul-
taneously diffuses downhill, albeit to a much smaller extent. Comparison with Figure 4.13(c)
indicates that this downhill diffusion is further reduced at a given time because the decrease in
API-antisolvent diffusivity increases the time required for these species to mix. As a result, a
larger amount of API may remain at the interfacial region at a given time, making it available
for uphill diffusion and thus promoting the observed behaviour.

Interpreting the diffusion coefficient as the inverse of a drag coefficient also supports this
behaviour. A decrease in the diffusivity between the API and the antisolvent implies a larger
drag coefficient between them. Consequently, while the time required for the mixing of these
species increases, the time required for them to separate also does. Since the solvent and anti-
solvent exhibit ideal interactions and possess a substantially larger diffusivity, it is possible that
the antisolvent diffusing into the solvent-rich stream drags the API with it, thus enhancing the
uphill diffusion response.

Interestingly, although the smaller diffusivity results in a higher composition spike at the pre-
sented time, the corresponding supersaturation spike is slightly lower, as shown in Figure 4.13(d).
This contradicts the expectation that a sharper peak in the API composition would necessarily
correspond to a state further above the solubility threshold and therefore produce a larger su-
persaturation. While this interpretation holds for a binary system, in a ternary system a change
in the API composition implies a change in the solvent/antisolvent ratio and, consequently, the
solubility threshold. Therefore, this behaviour must be interpreted through its representation in
the ternary diagram.

The first point to note is that the supersaturation spike does not occur at the spatial location
of the maximum uphill-diffusion peak, but slightly to its left, within the interfacial region. Ex-
amination of the subset of early times presented in Figures 4.13(e) and (f) for 𝐷̃10 = 0.1 and 0.5,
respectively, shows that the enhanced uphill diffusion of the API, in combination with the lower
diffusivity of API into the antisolvent-rich side, forces the composition profile in the interfacial
region to align more parallelly to the solubility curve. Consequently, the profile crosses the curve
more shallowly, resulting in a lower supersaturation.
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(a)
𝐷10 = 0.1

(b)
𝐷10 = 0.5

(c)

(d)

(e) (f)

FIGURE 4.13: Evolution of the composition and supersaturation with time in a system mixing a stream
of pure antisolvent with a 25% API solution. The Margules parameter between API and AS was
fixed at 𝐴 = 3; 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1; and the interfacial free energy coefficients, at (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) =
(0.025,0.008,0.025). (a, b) Composition trajectories across the ternary phase diagram for 𝐷̃10 = 0.1 and
0.5, respectively. Note that the last profile was plotted in white to aid its visualisation. (c, d) Comparison
of their spatial composition and supersaturation profiles, respectively. (e, f) Trajectories across the ternary
phase diagram for 𝑡 = 0.0016–0.1, for 𝐷̃10 = 0.1 and 0.5, respectively.
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To conclude the diffusivity study, Figure 4.14 presents the results obtained when the dif-
fusivities of the API with both solvents (𝐷̃10 and 𝐷̃20) are reduced to 0.1. In particular, Fig-
ures 4.14(a) and (b) show the corresponding composition profiles across the phase diagram,
with Figure 4.14(b) presenting a sparse subset of times to aid in the visualisation of the over-
all trend. Figure 4.14(c) presents the spatial supersaturation profiles observed in this study and
compares them with those obtained for (𝐷̃10, 𝐷̃20, 𝐷̃12) = (0.5,1,1).

(a) (b)

(c)

FIGURE 4.14: Evolution of the composition and supersaturation with time in a system mixing a stream
of pure antisolvent with a 25% API solution. The diffusion coefficients were fixed at (𝐷̃10, 𝐷̃20, 𝐷̃12) =
(0.1,0.1,1). The Margules parameter between API and AS was fixed at 𝐴 = 3; 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1;
and the interfacial free energy coefficients, at (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025). (a, b) Composition
pathways throughout the ternary diagram. (a) The last composition profile has been plotted in white, to
aid in its visualisation. (b) comprises a smaller subset of times to help in their visualisation. (c) Spatial
supersaturation profiles. Note that the profiles of the (𝐷̃10, 𝐷̃20, 𝐷̃12) = (0.5,1,1) case were included for
comparison purposes.

The composition evolution through the ternary diagram seen in Figure 4.14(a) and (b) de-
viates from the curved trajectories observed in previous studies, exhibiting instead a sigmoid
shape. Although the API still undergoes uphill diffusion, the effect is considerably weaker than
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in the previous cases. The nearly-horizontal trajectories forming the lag and plateau segments
of the sigmoid indicate that, during the initial stages of mixing (𝑡 = 0–10), the amount of API in
both bulk phases remains almost constant while the solvent and antisolvent interdiffuse. These
pathways suggest that the increase in the drag coefficient between the API and the antisolvent and
between the API and the solvent, resulting from the reduced diffusivity of these pairs, limits the
ability of the API to separate from either species. This indicates that, in this case, the observed
uphill diffusion for the API may be driven only by the non-ideal API–antisolvent interactions.
Following this initial mixing stage, once the solvent profile becomes nearly spatially uniform,
the API and antisolvent continue to diffuse into one another at a substantially lower rate.

Interestingly, the weaker uphill diffusion causes the initial interfacial compositions to cross
the solubility curve at a shallower point, resulting in a considerably larger initial supersaturation
than in the (𝐷̃10, 𝐷̃20, 𝐷̃12) = (0.5,1,1) case. Therefore, the present system has a greater proba-
bility of overshooting past the metastable zone boundary, potentially leading to reduced control
over solid–liquid nucleation and the resulting crystalline product properties.

Non-ideality between API and antisolvent

To conclude the diffusion studies presented in this work, this section explores the effect that
different degrees of non-ideality between the API and the antisolvent have on the composition
and supersaturation mass transfer trends. The system selected for this study mixes a stream of
25% API and 75% solvent with pure antisolvent, increasing the binary interaction parameter to
𝐴 = 3.75 and maintaining (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025). A further case study consider-
ing 𝐴 = 2.5 has been included in Appendix F, as the qualitative evolution of its mass transfer
trends matches the behaviour observed for 𝐴= 3, which was discussed in Figure 4.5 within Sec-
tion 4.4.1. Decreasing the value of the interaction parameter reduces the non-ideality between
API and antisolvent, thus decreasing the miscibility gap. Since this system already started at a
considerable distance from the miscibility gap when𝐴=3, no significant changes in the diffusion
trends were expected.

The mass transfer dynamics and thermodynamics results for𝐴= 3.75 have been summarised
in Figure 4.15. In particular, Figure 4.15(a) and (c) present the evolution of the compositional
pathways throughout the entire simulation time in the ternary diagram and in space, respectively.
Similarly, Figure 4.15(b) depicts the same trends over a subset of times, from 𝑡= 4 to 200, to aid
in the interpretation of the observed behaviour, while Figure 4.15(d) shows the spatial evolution
of the supersaturation profiles. In Figure 4.15(c) and (d), the composition and supersaturation
profiles of this case study are presented alongside those corresponding to the same system, but
with 𝐴 = 3, to facilitate comparison.

The system exhibits a fully mixed final state, contrary to the expectations generated by Fig-
ure 4.8(a), which corresponds to a system with identical interfacial free energy coefficients and
comparable initial conditions. In that case, the final mixing point also fell within the binodal
region, and the antisolvent stream was likewise completely pure. However, in Figure 4.8(a), the
selected values of 𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏 and 𝜅̃𝑏𝑏 allowed the existence of a phase-separated equilibrium state.
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(a) (b)

(c)

(d)

FIGURE 4.15: Evolution of the composition and supersaturation with time in a system mixing pure
antisolvent with a 25% API solution, considering that 𝐴 = 3.75, 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1, and that the
interfacial free energy coefficients had values of (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025). (a, b) Evolution
across the entire simulation time and from 𝑡= 4–200, respectively, across the ternary phase diagram. (c, d)
Selected spatial mole fraction and supersaturation profiles, respectively, throughout the entire simulation
time. Note that in these, the solid lines correspond with the evolutions of the same system but considering
𝐴 = 3, included for comparison purposes.

This behaviour can be explained by considering that the present system seeks to phase-
separate at a section of the miscibility gap much closer to the critical point than in Figure 4.8(a).
As discussed in Section 4.4.2, and illustrated in Figure 4.12(b), the double well in the free energy
curve becomes increasingly shallow as the critical point is approached. It is possible that this
reduction in the energetic penalty between wells was sufficient for the gradient term to dominate,
despite its low coefficients, driving the system towards complete homogeneity through the same
process observed in Figure 4.8(b). Therefore, a physical system with a lower interfacial tension
than that corresponding to the gradient coefficients studied here may remain phase-separated,
whereas a physical system with a larger interfacial tension may become homogeneous.

Before reaching equilibrium, Figure 4.15(a) shows part of the system on the solvent-rich
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side evolving down the binodal curve; this behaviour can be appreciated more clearly in Fig-
ure 4.15(b). This may occur because the diffusion trajectories intersect the miscibility gap be-
fore the chemical potential gradient towards the right-hand side of the system has been levelled.
Consequently, the system still seeks to diffuse uphill and, because the binodal curve constitutes
the most energetically favoured trajectory, it evolves along this boundary. To a lesser extent, this
behaviour is also seen in Figure 4.9(a). In contrast, the cases presented in Figure 4.8 intersected
with the miscibility gap only after having started the downhill diffusion stage.

The qualitative trends of the composition profiles presented in Figure 4.15(c) remain consis-
tent with those analysed in Figure 4.5. However, the uphill diffusion of the API is considerably
more pronounced than in the 𝐴 = 3 case, most likely because the stronger repulsive interac-
tions between API and antisolvent generate a larger initial chemical potential spike. This im-
plies a steeper gradient relative to the solvent-rich bulk phase, enabling the uphill diffusion of
substantially more API. The times associated with the different profiles are consistent with this
interpretation, with uphill diffusion ceasing much sooner for 𝐴 = 3.

Similarly, the qualitative supersaturation trends presented in Figure 4.15(d) are consistent
with those observed in Section 4.4.1 for a lower degree of non-ideality, summarised in Fig-
ure 4.7. However, the greater non-ideality between API and antisolvent leads to the prediction
of a significantly larger supersaturation spike upon the initial contact of the two streams than that
observed for the 𝐴 = 3 case. This results from the effect of non-ideality on both the solubility
curve and the mass transfer dynamics. As shown in Figure 4.2 and Equation (4.8), increasing the
parameter 𝐴 lowers the solubility curve in the phase diagram and therefore reduces the supersat-
uration threshold. While this alone would lead to a greater supersaturation response, even if the
initial chemical potential spike remained unchanged, the composition profiles in Figure 4.15(c)
also suggest a larger initial chemical potential overshoot, as evidenced by the much more pro-
nounced uphill diffusion of the API. This pushes the system further above the solubility limit,
resulting in larger supersaturation. Interestingly, whereas the damping of the initial supersatura-
tion overshoot causes the 𝐴 = 3 system to return to an undersaturated state, the larger supersatu-
ration predicted for 𝐴= 3.75 is sufficient for the system to remain supersaturated throughout the
simulation.

From a crystal nucleation perspective, these results suggest that higher levels of non-ideality
between API and antisolvent increase the probability of nucleation at the start of the antisolvent
crystallisation process. If nucleation did occur, the pathways predicted by this model would differ
from those of the physical system, as crystal formation would deplete both the API concentration
and the supersaturation, thus altering the trajectory of the uphill diffusion front. Should the
system cross into the binodal region, there would be a competition between solid and liquid
nucleation, with the possibility of solid nuclei subsequently forming within the liquid droplets.
If the system also entered the spinodal region, spontaneous liquid-liquid demixing would occur.
In this scenario, any formed liquid nuclei would most likely coalesce into the larger bulk phases
characteristic of this mechanism. In contrast, the very high supersaturation found in this region
may promote the rapid growth of the solid nuclei.
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4.5 Conclusions
This work explored, in the context of an antisolvent crystallisation system, the effect of incorpo-
rating a gradient term into the free energy formulation of a diffusion model on the mass transfer
dynamics and, consequently, on the API supersaturation profiles. The effects were explored from
three different perspectives: (1) investigating how mixing develops in the different regions of
the phase diagram, (2) exploring the behaviour of the system within the miscibility gap, and (3)
mimicking the testing of different solute-antisolvent pairs by varying their physical properties.

The diffusion trajectories across the phase diagram were found to be highly nonlinear. This
arose from the uphill diffusion experienced by the API, which was found to be primarily affected
by the degree of non-ideality between API and antisolvent, and by the ratio of the diffusion co-
efficients between different species. The influence of these parameters tended to become more
significant at later stages in the simulation (𝑡= 10–100), whereas the effect of the gradient coeffi-
cient was primarily observed during the initial stages (𝑡 < 0.5), effectively dividing the diffusion
process into two distinct regimes.

Furthermore, the nonlinearity of the trajectories occasionally caused the systems to enter the
miscibility gap, and modelling such behaviour was only possible because of the incorporation of
the gradient term proposed in this work. However, in some cases, the coexistent phases formed
very close to the boundaries of the system, which could result in the gradient term driving the
system to homogeneity. This was consequence of the finite nature of the mesh and could be
representative of a physical system in which these conditions are replicated, such as in a mi-
crofluidic device. Systems entering the miscibility gap through regions close to the critical point
were found to be more susceptible to this behaviour, as the free energy barrier between the wells
becomes shallower.

In addition, reducing the amount of antisolvent within the antisolvent stream was found to
be effective in helping to avoid oiling out. This was because it positioned the initial composi-
tion profile within a less enclosed region of the phase diagram, reducing the likelihood of the
composition pathways entering the miscibility gap.

When studying LLPS within the miscibility gap, the solvent was observed to accumulate
at the interface at equilibrium, providing valuable insight into the equilibrium phase behaviour
predicted by these models.

With respect to the supersaturation, neglecting the gradient term in a system representative
of a typical antisolvent crystallisation process was found to cause an underestimation of the
supersaturation attained when bringing the two streams into contact. In this case, the model
without the gradient term predicted that the system would remain undersaturated, whereas the
model with the gradient term predicted the occurrence of local supersaturation. Thus, neglecting
the contributions of the gradient term can lead to erroneous conclusions regarding the time and
location at which crystal nucleation may occur. Furthermore, the supersaturation response was
found to be highly dependent on the region of the ternary diagram where the system crossed the
solubility line, as well as on the composition trajectory followed while doing so.

Overall, these results prove the great potential of this model for the qualitative modelling
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and interpretation of antisolvent crystallisation processes, and for increasing the understanding
of less well-characterised phenomena such as oiling out. The more accurate supersaturation
predictions provided by the model can contribute to more representative estimates of nucleation
and growth rates and similarly help inform other modelling approaches. Future research should
focus on determining a composition-dependent form of the gradient terms capable of producing
a flat equilibrium chemical potential profile, incorporating non-ideality in the API-solvent and
solvent-antisolvent interactions, and, if investigating a physical system, adopting a more suitable
activity model.





Chapter 5

Generating diffusive mixing
fingerprints via Raman microscopy

This chapter is focused on the development of an experimental setup isolating diffusion as the
dominant mass transfer mechanism, providing a platform from which the predictions of the mod-
els developed in Chapters 3 and 4 can be qualitatively assessed. The combination of a microflu-
idic device with Raman microscopy is proposed, leveraging this quantitative PAT to also enable
the generation of rich data that can be used to benchmark mass transfer models. While similar
setups have been previously applied to the measurement of diffusive mixing, these studies have
primarily focused on the determination of the Fickian diffusion coefficients as the only output.
At present, there is not any experimental data available in organic systems that can adequately
validate, qualitatively or quantitatively, the predictions of a model incorporating interfacial con-
tributions. This way, this work aims to provide the groundwork required to address this gap
by establishing an experimental platform capable of generating spatially resolved concentration
measurements under diffusion-controlled conditions. The setup was developed and tested in a
binary ethanol–water system, and, as proof of concept, used to inform a Fickian diffusion model.
The overall procedure is summarised in Figure 5.1.

Sim. comp. map

PLS

Raman map Exp. comp. map

FIGURE 5.1: Diagram summarising the experimental and in-silico methodology built to extract the value
of the benchmark parameters in a mass transfer model. The spectral maps collected via Raman microscopy
are translated into composition maps using a PLS model. In turn, these are used as the ground truth for
an optimisation loop to parameterise the models.
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5.1 Introduction
The popularity of microfluidic devices has increased in recent years. They are associated with
reduced experimental times due to their high-throughput nature, and with lower material con-
sumption, leading to an overall lower cost than traditional laboratory-scale setups. Numerous
applications for microfluidic devices can be found within life sciences, and within the pharma-
ceutical field in particular, such as drug screening, drug metabolism or pharmacokinetics; these
have been reviewed by Cui and Wang [155].

The geometry of microfluidic devices is of particular interest for the purpose of this work,
since they favour Peclet numbers—which indicates the ratio between convective and diffusive
mixing, leaning towards the former if greater than one—significantly lower than the unity [8].
This enables the control of mass transfer exclusively through diffusion, making them an excel-
lent medium in which to conduct studies able to qualitatively validate the mass transfer models
proposed in Chapters 3 and 4, which describe diffusion-driven composition evolution.

The coupling of these devices with Process Analytical Technologies (PATs) is especially
powerful, and their combination with Raman spectroscopy in particular shows significant
promise. This particular PAT has several advantages over other techniques, the most impor-
tant being that it does not require fluorescence to detect a species, and thus it does not have to
rely on tracers or dyes [156]. This is particularly advantageous when studying chemical reac-
tions, mixing, and phase transformations [157]. It is non-invasive, and it can detect the presence
and concentration of several species at once, provided they have a non-overlapping Raman sig-
nal. Hence, Raman spectroscopy remains a popular choice which application is well supported
within the literature [158].

Rinke et al. [159] applied Raman imaging with light sheets to capture concentration maps
during the evolution of a mixing process of water and ethanol. In this study, fluids passed through
several microchannels disposed in a grid-like fashion and feeding into a cuvette, being there
where the concentration evolution was monitored. The system was kept under laminar con-
ditions, but the flowrates used were 1.2 and 12 Lh−1, several orders of magnitude larger than
those used in this work. They compared their experimental results with computational fluid
dynamics modelling, finding them in good agreement. From the same group, Wellhausen et
al. [160] applied this Raman imaging technique to water–ethanol and water–methanol systems
in the same setup, with a flowrate of 1.6 Lh−1 per component. They combined these experiments
with Particle Image Velocimetry (PIV) to measure the velocity field of the system. Roetmann et
al. [157] used 2D molecular tagging velocimetry and 𝜇PIV, and planar spontaneous Raman scat-
tering, to measure the velocity and concentration fields in a water–ethanol system in the same
setup, respectively, flowing at 500mLh−1 per fluid. None of these studies extracted the values of
any mass transfer descriptors from their concentration monitoring results. Similarly, Schafer et
al. [161] applied coherent anti-Stokes Raman scattering to the monitoring of concentration in a
20 wt% ethanol–water solution, for two different microfluidic setups. They fitted the evolution
of a cross-sectional composition profile, fixing the Fickian diffusion coefficient (𝐷) to the value
reported on literature, in order to calculate the velocity profile of the system.



Chapter 5. Generating diffusive mixing fingerprints via Raman microscopy 103

When it comes to reporting mass transfer descriptors, the most popular option being the Fick-
ian diffusion coefficient, there have been several studies exploiting the combination of Raman and
microfluidics. Bouchaudy et al. [162] reported the interdiffusion coefficient of a water–glycerol
system over the whole concentration range. Flow was induced via pervaporation, the velocity
profile was measured by PIV, and 1D composition measurements were conducted via Raman con-
focal spectroscopy. Peters et al. [126] demonstrated the feasibility of measuring the Fickian dif-
fusion coefficient in a similar manner, for both binary and ternary systems, cyclohexane–toluene
and 1-propanol–1-chlorobutane–heptane, respectively. They repeated this proof of concept with
a quaternary system in their posterior work [127]. They assumed cross-sectional variation in
velocity, but a constant velocity profile along the channel; as for the composition, they took four
discrete samples along their microchannel, extracting the Fickian diffusion coefficient from their
evolution, assuming that the system stayed in steady state. Their results are in good agreement
with literature values. Finally, Salmon et al. [163] used confocal Raman imaging to map the
composition evolution of a chloroform and methylene chloride system in 2D along a microchan-
nel. The mean velocities in the channel were fitted from these maps, and the values of the Fickian
diffusion coefficient were preliminarily obtained from the slope of the line relating the width of
the diffusion zone along the channel with different 𝑥 values.

While this shows that the understanding of diffusive mass transfer is a well-studied field,
there is a gap when it comes to combining the different techniques and approaches used by all
the different studies. In general, those in which the diffusion coefficient is reported only focus
on 1D measurements, while those where a 2D map was collected do not report the value of
any characteristic mass transfer parameters. The exception to this is the work by Salmon et
al. [163], but nevertheless there are three main differences between this work and the present
one. Firstly, different chemical systems were studied. Secondly, the method in which the data is
fitted to obtain Fick’s diffusion coefficient is different, since this work makes a direct comparison
between experimental maps and maps obtained from solving a Fickian diffusion model. Finally,
the greater aim of this work is to provide the basis through which the predictions of the more
complex CaHiMaS model presented in Chapter 3 can be qualitatively assessed.

To this end, the work conducted in this study aims to provide an environment in which the
predictions of the model can be qualitatively assessed. While the spatial resolution of Raman mi-
croscopy is insufficient to directly resolve the nanoscale interfacial structures predicted by CaHi-
MaS, the developed platform provides diffusion-controlled composition measurements that can
be compared with model predictions. Therefore, it establishes the experimental basis required
for future validation of models incorporating interfacial contributions, through the comparison
of predicted and measured composition pathways, or of other qualitative outcomes, an example
being the CQAs of the recovered crystalline product or the formation of secondary liquid phases.

5.2 Materials and methods
This section provides information on the materials used to carry out this study, as well as on the
devised experimental setup and the processing of experimental data. The optimisation routine
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developed for extracting information out of the collected maps is also described.

5.2.1 Materials
The binary mixing study comprised of ethanol absolute (≥ 99.85%v/v), purchased from VWR,
and deionised water obtained through purification with a Milli-Q IQ 7003∕05∕10∕15 unit, ac-
quired from Merck. When stored, the ethanol bottle was sealed with parafilm to minimise po-
tential water contamination, given its hygroscopicity [164].

5.2.2 Raman spectroscopy: working principle
Raman spectroscopy is a form of vibrational spectroscopy in which monochromatic light is shone
onto a sample. The incident photons are momentarily absorbed into the sample molecules, in-
ducing a dipole moment in their electron cloud and thus raising them to an unstable virtual
state of higher energy. This instability causes photons to be rapidly scattered back, lowering the
molecule into a more stable energy state. Depending on the relative configuration of the original
and final energy states, as illustrated in Figure 5.2, this phenomenon will be classified into three
categories: Rayleigh, Stokes and anti-Stokes scattering, of which the last two are considered
Raman scattering [165].

FIGURE 5.2: Energy diagrams depicting the different types of scattering present when performing Raman
spectroscopy.

Rayleigh scattering is of a completely elastic nature, since the molecule starts from, and
returns to, the ground state after absorbing and releasing the incident photon. This is the most
probable and thus most frequent outcome. Stokes scattering takes place when a molecule in the
ground state prior to the scattering event finishes in a vibrationally excited level, with higher
energy. Conversely, in anti-Stokes scattering a molecule starting from a vibrationally excited
state finishes in the ground level. The low probability of a molecule being in an excited state
at room temperature makes anti-Stokes the most infrequent scattering event. Both Stokes and
anti-Stokes constitute inelastic scattering, since in them the energy of the original molecule and
of the absorbed photon change after the event [166].
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In this work, Stokes scattering was measured by a confocal Raman microscope. In this type of
equipment, the laser is reflected and focused onto the sample by a beam splitter and an objective
lens, respectively, with both the Raman and Rayleigh scattering being collected. The latter is
filtered out and the former is focused by a pinhole, which allows only scattering from the focal
plane to pass through and be sent to the spectrograph. The sample is placed on a stage with the
ability to move in the XYZ directions, thus allowing for spatially-resolved collection of Raman
spectra in the 3D space [167].

One of the problems encountered during the collection of the spectra was the apparition of
cosmic rays. These are spectral artifacts caused by particles of high energy colliding with the
spectrometer detector at an arbitrary time and position. This creates very sharp spikes in the
spectra, which must be filtered out [168].

5.2.3 Experimental setup
The microfluidic setup used in this work is depicted in Figure 5.4 and 5.5(a). It was formed by
a Harvard Apparatus PHD ULTRATM 4400 remote syringe pump, used to infuse liquid from
two Hamilton Gastight 1∕4-28 UNF glass syringes, acquired from Darwin Microfluidics. The
two syringes were connected via PTFE tubing (1∕16 inch OD, 1∕32 inch ID) to a hydrophilic
glass Y-junction chip from Dolomite Microfluidics (part number: 3200008), of which a picture
is provided in Figure 5.3. This material was chosen for the chip in order to achieve a strong
Raman signal. The volume and length of the channel are 0.2 µL and 12.5mm, and its depth and
height are 100 µm×205 µm, respectively.

FIGURE 5.3: Y-junction microfluidic chip from Dolomite Microfluidics, fabricated with hydrophilic glass.
Taken from [169].

The shape of its cross-sectional area is illustrated in Figure 5.5 (c); Figure 5.5 (b) provides
the definitions of terms used along this chapter, such as "column" and "channel length". The
chip was set up within a H interface, and connected to tubing at both ends through a 4-way linear
connector, both purchased from Dolomite Microfluidics. A plastic support for the chip was 3D
printed, which allowed for better adjustment and positioning on the microscope stages.

The spectra for the quantitative Raman analysis were captured using the Horiba XploRA
PLUS confocal Raman microscope, which spot size is quoted as 0.5 µm [170]. A 532 nm laser
was used, paired with a 1200 grating and a 50x objective. The spectra acquisition time was 3 s,
with an accumulation time of 1 s. The slit and hole were set to 200 and 500 µm, respectively, and
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the studied wavenumber range was 400 – 4000 cm−1, in order to capture all the relevant ethanol
and water Raman peaks.
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FIGURE 5.4: Experimental setup used for the collection of the microfluidic maps. The different pieces are
labelled as follows: (A) and (B) conform the syringe pump, with (A) being the remote control unit and (B)
the pushing block; (C) microfluidic syringe; (D) inlet tubing; (E) 4-way linear connector; (F) microfluidic
chip; (G) 3D printed plastic support; (H) H interface; (I) outlet tubing; and (J) waste disposal.
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FIGURE 5.5: Experimental setup used for the collection of the microfluidic mixing maps (not to scale). (a)
Two syringes pumping the different solvents into a microfluidic channel, where their mixing is mapped by
collecting Raman measurements in columns along this channel. (b) Depiction of the meaning given to the
terms "columns" and "measurements along the channel" in this work; the columns also correspond with
the channel height. (c) Channel cross-sectional profile adapted from the manual, depicting the meaning
given to depth, also called 𝑧 measurements, in this work.

5.2.4 Experimental procedure
The collection procedure consisted of three main steps: (1) setting up the microfluidic syringes
and channel, (2) preparing the microscope, and (3) the data collection itself. The general proce-
dure, including the main components of each step, is outlined in Figure 5.6.

The experimental collection began by filling the syringes and tubing by capillary action, in
order to minimise the presence of air bubbles inside of the system. To minimise any potential
contamination during this step due to ethanol’s hygroscopic nature, the opening of the vessel
was sealed with parafilm, and a razor was used to make a thin cut through which to introduce
the tubing. This process is summarised in Figure 5.7. Once full, the tubing was reattached to the
microfluidic channel, which was then fixed to the Raman stage. With the system connected and
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Find optimal Z 
at the centre

Collect vertical line

Column collection (x11)

Fill the syringe and 
tubing by capillarity

Calibrate the 
Raman microscope

Fix the chip in place 

System preparation

Find the vertical 
gradient value

Find the centre 
of the channel

General collection prep.

Measure the 
temperature

Shift to new 
X position

FIGURE 5.6: Diagram of the experimental procedure followed during the collection of the Raman mi-
croscopy maps. There were 11 columns collected in each system, and thus the last block was repeated 11
times.

loaded, the Raman microscope, which had already been calibrated with a standard silica sample,
was prepared for the data collection process.

This process began by correcting for two particularities of the experimental setup. Firstly, a
misalignment was detected in the microscope between the true position of the laser beam and the
position indicated in the software. This meant that the true 𝑦 coordinate of the beam could not be
accurately determined through the software. Secondly, there was a slight tilt along the length of
the channel. Thus, before starting to gather the measurements, the relative position of the centre
of the channel with respect to the collection line was determined, and, to make the collection
path as perpendicular to the channel length as possible, it was attempted to correct for the tilt
in its specified coordinates. While an experimental error was incurred in at this step, it resulted
in less than 1 µm of deviation in the verticality of the columns. Finally, the temperature in the
vicinity of the microfluidic channel was measured with a thermocouple (YCT YC–747UD).

(1) (2) (3)

Syringe pump
Raman microscope

Microfluidic 
channel

Waste

.

FIGURE 5.7: Diagram outlining the steps involved in preparing the system for data collection. The
system is first filled up through capillarity by holding the syringe under the vessel with solution, in order
to minimise the presence of air bubbles (1-2), and then fixed onto the stage of the Raman microscope (3).
To minimise any potential contamination in steps (1-2) due to ethanol’s hygroscopic nature, the opening
of the vessel was sealed with parafilm, and a razor was used to make a thin cut through which to introduce
the tubing.
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The collection process of a particular column consisted in, firstly, determining the optimal 𝑧
position for the microscope stage by comparing the ethanol signal in the centre of the channel at
different depths. Then, with the stage correctly positioned in that direction, the measurements
could be collected.

2D Raman maps were made of 11 columns, each consisting of data points measured ev-
ery 5 µm on the Y direction. Measurements along the X direction were taken in 1250 µm in-
tervals, with the exception of the last column. This was always collected before the 12500 µm
mark, to avoid any inaccuracies coming from the outer 𝑌 -junction.

Initially, a calibration dataset was gathered for ethanol (EtOH)–water (H2O) mixtures across
the whole mass fraction range to translate the Raman signal into compositions, as detailed in
Table 5.1; for this dataset, each column measurement was repeated three times.
TABLE 5.1: Weights and ethanol mass percentages of the solutions used within the calibration dataset,
and temperatures at which each calibration measurement was performed.

EtOH (g) H2O (g) C (wt%) T (°C)
- 50.0 0 22.7–23.1

5.04 45.01 10.1 20.8–20.9
10.01 40.03 20.0 20.8–21.0
15.01 35.03 30.0 21.8–22.0
20.01 30.03 40.0 21.7–21.9
25.00 25.02 50.0 21.7–22.5

EtOH (g) H2O (g) C (wt%) T (°C)
29.99 20.00 60.0 20.6–20.9
35.02 15.03 70.0 22.2–22.5
40.03 10.00 80.0 21.0–21.5
45.00 4.99 90.0 21.0–21.2
50.0 - 100 22.8–23.3

- - - -

Table 5.2 provides a summary of the conditions studied during the mixing experiments. The
inlet compositions of the two streams were chosen to cover the entire mass fraction range, and the
flowrates were chosen in order to ensure a good degree of diffusion was achieved at the channel
outlet.
TABLE 5.2: List of experiments performed for the spectroscopical analysis of the EtOH–H2O system,
and the room temperatures at which they were performed. C1 and C2 correspond to the ethanol mass
percentages of the two solutions used and Q corresponds with the total flowrate, reported in µLmin−1.

ID C1 (wt%) C2 (wt%) Q T (°C)
1 100 0 2.0 20.6–20.7
2 100 0 2.0 22.3–23.0
3 100 0 2.0 21.8–22.3
4 100 0 3.0 19.9–20.1
5 100 0 3.0 22.5–23.0
6 100 0 3.0 23.4–23.6
7 100 0 4.0 20.9–21.4

ID C1 (wt%) C2 (wt%) Q T (°C)
8 100 24.96 3.0 20.7–21.1
9 100 49.93 3.0 20.5–20.8
10 100 74.98 3.0 20.7–21.0
11 0 24.95 3.0 20.9–21.1
12 0 49.98 3.0 19.3–19.6
13 0 75.00 3.0 19.3–19.5
- - - - -

5.2.5 Raman spectra preprocessing
The data processing had to be carefully tailored to the specific problems encountered throughout
the experimentation. The procedures applied to the raw data are detailed and justified in this
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section. They are classified into those based on the characteristics of a specific spectrum, and
those relative to an experiment or set of spectra as a whole. As a reference, Figure 5.8 describes
the basic steps followed depending on whether the data processed was that of a calibration file
or of a mixing experiment.

Raw spectra
0-100wt%

Remove outliers

Too negative intensities

Spectra starting in zeros

Correct spectra

ൗInew
EtOH Iold

EtOH

Not applied to pure 
water and ethanol

Find true channel indices

>0.04 AuP threshold

airPLS baseline removal

Raw spectra
𝐱 ∈ [𝟎, 𝟏𝟐𝟓𝟎𝟎]

Find true channel indices

>0.04 AuP threshold

airPLS baseline removal

Remove outliers

Too negative intensities

Spectra starting in zeros

Predict composition

Excessive baseline

Air bubbles

Parse in PLS model

Trim first and 
last 4 rows

FIGURE 5.8: Top: Step by step description of the data processing followed for calibration runs. Note
that 0–100wt% corresponds with the mass percentage of ethanol. The spectra correction step is further
described in Section 5.2.6. Bottom: Step by step description of the data processing followed in the case
of mixing experiments.

Spectra-specific preprocessing

The three main preprocessing steps applied to each spectrum were the removal of baseline, the
filtering of cosmic rays, and the correction of two types of outliers: those in which the spectra
showed negative intensities, and those in which the first few recorded intensities are zero.

The baseline removal algorithm chosen to treat the data was adaptive iteratively reweighted
penalised least squares (airPLS) [171], as applied in [172]. The parameter 𝜆 can take values
between 1 and 109 and controls the smoothness of the background vector, with larger values
leading to larger penalties for roughness and consequently resulting in little change of the actual
spectrum. This is because the spectrum is corrected according to 𝑆𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑒𝑑 = 𝑆𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 −𝑆𝑏𝑐𝑘𝑔𝑟,
and since a smoother background vector would be closer to zero, its subtraction from the original
spectrum would have little effect. A value of 100 was chosen for this work, as it allows to
completely remove the baseline in most cases, without distorting the peaks present in the spectra;
further discussion on this is provided in Section 5.3.2. First-order difference penalties were
applied, as they allowed to achieve the desired outcome. Figure 5.9 shows how this method
allows for adequate baseline removal across the whole composition range.

The cosmic rays present within the spectra were identified by applying
the scipy.signal.find_peaks function from the SciPy library [141]. The selected
threshold defines the difference in intensity that two adjacent points must have in order for one
to be considered a cosmic ray. A value of 650 A.U. was selected, as a lower value compromises
the signal of pure ethanol. As demonstrated in Figure 5.10, this value allowed to detect all of
the present rays in most spectra, without mistakenly selecting any of the spectral peaks. This
function returned an array of 5 wavenumbers, with the location of the detected spike, which
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FIGURE 5.9: Example of how the airPLS baseline removal method, with 𝜆= 100 and first-order difference
penalties, affects spectra across the whole range of mass compositions (wt%) for the ethanol-water system.
(a) Raw spectra. (b) Same spectra, after baseline removal.

we will call 𝑖, being in the middle. To correct for the spike, a line was fitted using six points,
three on each side of this group: [𝑖−4, 𝑖−3, 𝑖−2, 𝑖+2, 𝑖+3, 𝑖+4]. This line was then used to
interpolate the intensities of the cosmic ray location and its two adjacent points, 𝑖−1 and 𝑖+1.

Finally, when it comes to the handling of outliers, two specific cases could be detected by
observing spectra in isolation: those in which the spectra showed negative intensities, and those
in which the first few intensities recorded in the spectra were zero. In order to avoid unnecessary
inaccuracies in the collated results, it is important to identify and deal with both. Negative inten-
sities, which can sometimes appear due to instrumental error, will result in inaccurate compo-
sition readings. Thus, all spectra showing intensities below 150 A.U., which was the threshold
distinguishing noise from outlier, were discarded and their predicted composition replaced by
a NaN. Similarly, a spectrum starting in zeros will react inadequately to the baseline removal
algorithm and result in a distorted trend. The handling of this scenario was different for the cal-
ibration measurements and for the experiments, given that in the former each measurement was
repeated three times, and in the latter this was not possible. Thus, spectra with these character-
istics found within a mixing experiment were discarded, and their predicted composition was
replaced with a NaN. As for the calibration dataset, the affected intensities were replaced with
the average of the intensities from the two additional repetitions at these points, as depicted in
Figure 5.11.

Dataset-wide postprocessing

Two processing routines needed to be computed across the whole dataset: (1) the detection and
discarding of spectra showing a disproportionately large baseline, and (2) the identification of
what measurements actually belong within the microfluidic channel.
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FIGURE 5.10: Example of how the cosmic rays in spectra are filtered without compromising the ethanol
signal. (a, b) Complete spectra. (c, d) Zoom into the relevant intensity range for enhanced visibility. (a,
c) Spectra for an ethanol mass fraction of 0.8. (b, d) Spectra for an ethanol mass fraction of 1. Both (a,
c) and (b, d) share the legend, where 𝑦 and Rep indicate, respectively, at what 𝑌 position and in what
repetition (1, 2 or 3) the spectra was found on. There are multiple repetitions because the spectra shown
in these examples is part of the calibration dataset, for which each measurement was repeated three times.

Firstly, spectra showing excessively large baselines were detected by computing their z-score,
which indicates how many standard deviations away from the mean a data point is located [173];
for this work, a threshold of ±3.5 was selected. The area under the spectra in the range 400 –
2500 cm−1 was computed, after which the z-score of each element within this distribution of
areas was calculated using the scipy.stats.zscore function from the SciPy library [141].
Figure 5.12 shows an example of an outlier that would be discarded through this method.

Lastly, the measurements that did not fall inside the microfluidic channel were identified.
The top and bottom edges of the channel, 𝑦 = 0 and 𝑦 = 205, respectively, were considered to
be the first points at which any ethanol signal was detected within the spectra. To quantify this
signal, the area under the most prominent ethanol peak, 2800 – 3040 cm−1, was calculated, prior
normalisation of the spectra. The only exception was the pure water spectra within the calibration
dataset, for which the water peak between 3060 – 3690 cm−1 was used. These peaks correspond
with the CH and OH stretching modes, respectively [159]. The selected threshold value for this
area was 0.04, with the first 𝑌 position which spectrum showed an area under the peak higher
than this value being considered the edge of the channel. This value, as shown in Figure 5.13,
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FIGURE 5.11: Example of how the intensities marked as zero in some spectra within the calibration
dataset have been corrected by replacing these with the average of the other two repetitions. The labels Og.
R1, Og. R2 and Og. R3 denote the original raw spectra, while the labels Avg. R3 (corrected) and Avg. R3
(Unchanged) refer to the two parts of the modified spectra: the corrected, averaged intensities from the
beginning, and the unchanged intensities across the rest of the wavenumber range. The spectra shown in
this example correspond to a pure water measurement.
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FIGURE 5.12: Example of a spectra showing a disproportionately large baseline in comparison to other
measurements in the same column, resulting in the deformation of the spectral shape. Note that each 𝑌
position in the legend corresponds with a discrete colour, with 0 and 205 being the top and bottom of the
channel, respectively.

allows to distinguish between noise in the signal and the start of a peak, even for the systems with
lower concentrations. After the edge had been identified, the next 41 points were considered to
comprise the entirety of the channel, given its height of 205 µm and the 5 µm increments used
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between 𝑌 measurements.
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FIGURE 5.13: Average normalised area under the signal peak, as used to determine the borders of the
channel. The shadowed area corresponds with the standard deviation of each average. In all cases ex-
cept pure water, the 2800 – 3040 cm−1 ethanol peak was used; the former considered instead the 3060 –
3690 cm−1 water peak. A close-up of this figure is displayed on the right to showcase the adequacy of the
selected threshold value, 0.04, indicated by the red dashed line.

Note that the curved trend observed in Figure 5.13(a) is a consequence of the cross-sectional
shape of the microfluidic channel, shown in Figure 5.5. The implications of this artificially
reduced signal towards the channel edges will be discussed in Section 5.3.2.

For the calibration measurements, the indices belonging inside the channel were checked
from both top and bottom, and in both cases and for all concentrations the results were the same.
As for the mixing measurements, the indices were gathered from the side from which the solution
with the highest ethanol concentration was flowing. When the experiment consisted of mixtures
and pure ethanol, the indices were determined starting from the bottom, as that is where the
pure ethanol was introduced. When they consisted of mixtures and pure water, the indices were
detected from the top. Thus, the error in this process could be slightly higher for the latter type,
as the ethanol signal used to detect the start of the channel would have been less intense.

5.2.6 Transforming spectra into compositions
The next main step in the processing of the data was to transform the clean Raman spectra into
compositions, for which it was decided to employ a PLS model, as defined in [174], trained on
the calibration dataset detailed in Table 5.1. Moreover, to maintain accuracy across the whole
𝑦 position range, the variation in Raman signal intensity caused by the transverse shape of the
channel had to be taken into account. This shape is described in Figure 5.5, and its effect on
the signal is visible in Figure 5.13. Hence, it was decided to train one PLS model for each 𝑦
position measured along a column. Figure 5.14 presents (a) the different spectra and (b) the
highest ethanol peak intensities for each concentration studied, at 𝑦 = 100 µm.

Two different pure ethanol measurements have been included in Figure 5.14(b). Collected
at different dates, they are represented by a pink and a black marker, respectively, with the latter
being the most recent one. This is also the one included in the final calibration dataset, since
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FIGURE 5.14: (a) Average Raman spectra for each concentration in the calibration dataset, after baseline
removal; the shadowed area corresponds with the standard deviation. (b) Average and standard deviation
of the highest ethanol intensity for each composition of the calibration dataset. Two values for the pure
ethanol value were presented, collected at different times; the earlier one corresponds with the pink marker.
Note that the error bars showcasing the standard deviation may be too small in comparison to the marker
size to be appreciated.

it is more representative of the measurements obtained when collecting the mixing maps. The
earlier measurement has been included for comparison purposes.

The data presented in Figure 5.14(b) overall follows the expected linear trend [175], albeit a
slight deviation is observed at 30 wt% and a more pronounced one at 100 wt% when compared
with the more recent pure ethanol measurement. The 10–90 wt% EtOH measurements were
acquired on the same date as the earlier pure ethanol measurement, while the 0 and 100 wt%
EtOH measurements were acquired on a posterior date. Therefore, the deviation from linearity
could have been due to a number of reasons. The ethanol used for the more recent measurement
belonged to a freshly opened bottle, and thus may have been less contaminated with water; more-
over, the microscope may have been slightly better focused. Figure 5.15(a) shows the difference
in signal intensity from the two pure ethanol measurements.

It is likely that the measurements in the 10–90 wt% range were affected by the same system-
atic differences between acquisition dates. To account for this, these spectra were multiplied by a
correction factor, 𝑆𝐹 , depicted in Figure 5.15(b). For each Y position, 𝑆𝐹 was calculated as the
quotient between the average maximum ethanol intensity recorded in both dates, as presented in
Equation (5.1). Its magnitude is overall close to 1, even though the positions closer to the edges
of the channel show a much higher deviation. While this could lead to an excessive correction
at those points, this was not a matter of concern in this work, since the measurements of the first
and last 4 𝑦 positions have been excluded from the final composition map, due to an excessive
error in the PLS model at those positions; this is explained in Section 5.3.2.

𝑆𝐹 =
max(𝐼𝑛𝑒𝑤𝑦 )

max(𝐼𝑜𝑙𝑑𝑦 )
(5.1)
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FIGURE 5.15: (a) Average ethanol intensity across the entire channel height for the two calibration mea-
surements of pure ethanol, labelled by the date they were acquired. The error bars correspond with the
standard deviation between repetitions. (b) Value of the calculated scaling factor for each 𝑦 position along
the channel height.

Figure 5.16(a) compares the spectra for 90 wt% before and after the correction was applied,
making clear that the overall intensity of the signal is being corrected without incurring in an
increase of noise or a deformation of the spectral shape. Figure 5.16(b) shows the difference in
trend of the maximum ethanol intensity with and without this correction, as well as the linear fit
of both datasets; the proposed correction increases the R2 of this fit from 0.977 to 0.991.
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FIGURE 5.16: (a) Spectra from the 90 wt% calibration measurement at 𝑦 = 125, before (solid line) and
after (dashed line) correction. (b) Original and corrected average and standard deviation of the ethanol
signal for each calibration composition, and their linear fit.

The PLS models trained on these corrected data were used to translate the spectrum at their
corresponding 𝑦 position into a composition value. During the training of these models, the
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measured mass composition of each solution, displayed in Table 5.1, was considered as its ground
truth. Their performance was quantified using the leave-one-group-out cross-validation (LOGO-
CV) method, as applied in [174]. Each group was comprised of a single composition, and was
iteratively used as the test set, while the remaining compositions constituted the training set.
This way, each of these iterations yielded an error value, which corresponded to the Root Mean
Square Error (RMSE) (5.2). To condense this into a single error value for each PLS, the resulting
RMSE was averaged across all iterations, excluding those in which 0 or 100 wt% ethanol was
the test set. This is because in them, the model was asked to extrapolate, leading to falsely high
RMSE values that would skew the overall average. The final PLS models used to generate the
raw composition maps were trained in all the available groups, without leaving out any data.

𝑅𝑀𝑆𝐸 =

√

√

√

√
1
𝑛

𝑛−1
∑

𝑖=0

(

𝑤𝑖
𝑃 −𝑤

𝑖
𝐺𝑇

) (5.2)

where 𝑛 is the total number of samples in the test set, and 𝑤𝑖
𝑃 and 𝑤𝑖

𝐺𝑇 correspond with the
predicted and ground truth mass fraction values, respectively.

Finally, two postprocessing steps were applied to the raw 2D composition maps. Firstly, as
will be explained in more depth in Section 5.3.2, the overall error of the models at the top and
bottom edges of the channel was excessively high, and much larger than the error found around
the middle section. Therefore, it was decided to discard the first and last four rows of the maps.
Lastly, the points where air bubbles had interfered with the signal were discarded. These were
identified by checking the evolution of the area under the ethanol peak with each 𝑦 position for
sudden dips in the signal strength. Figure 5.17 provides an example of these trends, as found in
an experiment with a 50 wt% mixture in one inlet and a pure water stream in the other. In this
particular case it was decided to exclude the points (3750,90) and (11250,105).

5.2.7 Extraction of mass transfer model parameters
As stated in Chapter 1, the main significance of the proposed experiments revolves around their
ability to accurately reflect the behaviour of the physical system in microfluidic devices. Con-
sequently, the goal is to produce composition maps of mixing processes that can inform mass
transfer models, initially for binary systems, and that can help qualitatively ascertain the predic-
tions of the models developed in Chapters 3 and 4. The computational results of this chapter
develop the workflow needed for this purpose; as an example of this, the gathered 2D compo-
sition maps have been used to inform a Fickian diffusion model for mixing in a binary system.
Moreover, a velocity sensitivity study was performed so as to understand the impact that vari-
ations of the velocity profile could have on the recovered Fickian diffusion coefficient. This
section details the modifications made to the model, and the characteristics of the optimisation
algorithm developed to fit the model to the experimental data.
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FIGURE 5.17: Area under the ethanol peak across the height of the channel for selected 𝑥 positions
recorded in the experiment 50–0 wt%. The (𝑥,𝑦) coordinates of the points that were identified as air
bubbles and subsequently eliminated are (3750,90) and (11250,105).

Incorporating convection into the models

The mass transfer models presented in Chapters 3 and 4 were developed under stop-flow condi-
tions; however, in order to reproduce the behaviour of this experimental microfluidic system, it
is necessary to incorporate a convection term into the continuity equation (5.3).

𝜕𝜑𝐴
𝜕𝑡

+∇ ⋅ (𝜑𝐴𝐯) = −∇ ⋅𝐉𝐀 (5.3)

where 𝜑𝐴 corresponds with the volume fraction of component𝐴. This formulation assumes that
the molar volumes of both species remain constant in space and time throughout the system.

To represent the fluid flow along the channel with higher accuracy, the Navier-Stokes equa-
tions would need to be solved. However, this is beyond the scope of this work, since the aim of
this section is to provide an example of how the collected data can be used to inform and vali-
date a mass transfer model. Since the simplest way of achieving this is by considering a constant
velocity profile, a convection term was defined with these conditions: no convection along the Y
axis, and constant velocity along the X axis, with a value equal to the average velocity inside the
channel, given by𝑄∕𝐴. In this case, A corresponds with the cross-sectional area of the channel,
calculated by dividing its total volume, 0.2 µL by its length, 12.5mm.

Moreover, since ethanol and water have very different molar volumes, 58.4 and 18mLmol−1

respectively, the molar flowrate of each species entering through the top and bottom streams
is very disparate, despite them having an equal volumetric flowrate. To correct for this be-
haviour, the variable in Equation (5.3) was considered to be the volume fraction of ethanol,
𝜑𝐸𝑡𝑂𝐻 . Hence, the in-silico composition maps obtained from solving this expression are com-
prised of volume fractions. These can afterwards be related to the molar fraction of ethanol,
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𝑥𝐸𝑡𝑂𝐻 , following Equations (5.4), (5.5) and (5.6).

𝑥𝑧𝑖𝐸𝑡𝑂𝐻 =
(

𝜑𝑧𝑖𝐸𝑡𝑂𝐻∕𝑉 𝐸𝑡𝑂𝐻
𝑚

)/(

𝜑𝑧𝑖𝐸𝑡𝑂𝐻∕𝑉 𝐸𝑡𝑂𝐻
𝑚 +(1−𝜑𝑧𝑖𝐸𝑡𝑂𝐻 )∕𝑉 𝐻2𝑂

𝑚
) (5.4)

𝑉 𝐸𝑡𝑂𝐻
𝑚 =𝑀𝑊𝐸𝑡𝑂𝐻∕𝜌𝐸𝑡𝑂𝐻 (5.5)
𝑉 𝐻2𝑂
𝑚 =𝑀𝑊𝐻2𝑂∕𝜌𝐻2𝑂 (5.6)

where 𝑥𝑧𝑖𝐸𝑡𝑂𝐻 and 𝜑𝑧𝑖𝐸𝑡𝑂𝐻 correspond with the mole and volume fractions at a specific point in
space, and 𝑉 𝑖

𝑚, 𝑀𝑊𝑖 and 𝜌𝑖 correspond with the molar volume, molecular weight and density,
respectively. The molecular weights of ethanol and water were taken as, respectively, 4607
and 18.015 gmol−1.

The densities needed to obtain the molar volumes of the pure components were interpolated
based on composition and temperature from the data given in [176], with the temperature con-
sidered for each experiment being the average of the range borders given in Table 5.2. Table 5.3
summarises the value of these parameters for each experiment.
TABLE 5.3: Properties of the system studied in each experiment. Left to right: experiment identification
number; average temperature 𝑇 (◦C); ethanol mole fractions of the inlet streams; and molar volumes
(cm3mol−1) of ethanol and water at that average temperature. Note that the mole fractions correspond
with the theoretical composition of each stream, not with measured values.

ID 𝑇 𝑥𝑡𝑜𝑝 𝑥𝑏𝑜𝑡 𝑉 𝐸𝑡𝑂𝐻
𝑚 𝑉 𝐻2𝑂

𝑚

1 20.65 1 0 58.403 18.049
2 22.65 1 0 58.530 18.058
3 22.05 1 0 58.492 18.055
4 20.00 1 0 58.362 18.047
5 22.75 1 0 58.537 18.058
6 23.50 1 0 58.584 18.061
7 21.15 1 0 58.435 18.052

ID 𝑇 𝑥𝑡𝑜𝑝 𝑥𝑏𝑜𝑡 𝑉 𝐸𝑡𝑂𝐻
𝑚 𝑉 𝐻2𝑂

𝑚

8 20.90 0.115 1 58.419 18.050
9 20.65 0.281 1 58.403 18.049
10 20.85 0.540 1 58.416 18.050
11 21.00 0.115 0 58.425 18.051
12 19.45 0.281 0 58.327 18.045
13 19.40 0.540 0 58.324 18.045
- - - - -

Algorithm for informing mass transfer models

One of the main applications of experimental data gathered through this setup is their ability to
inform mass transfer models, helping determine the values of their characteristic parameters. To
illustrate this, an optimisation to a Fickian diffusion model was performed. While this model was
chosen for the sake of simplicity and due to the wealth of literature data available with which the
results can be compared, the same procedure could be applied to a more complex model, such
as Maxwell-Stefan or CaHiMaS, if focusing on the diffusion coefficient.

The optimisation algorithm developed for this purpose, which steps are summarised in Fig-
ure 5.18, relies on the minimisation of the difference between the experimental 2D composition
maps and maps generated in-silico following Equation (5.3). For the purpose of this optimisa-
tion, the volume fractions of the simulated map and the mass fractions of the experimental map
are converted to mole fractions, which is the form in which the optimisation occurs.
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FIGURE 5.18: Step-by-step flowchart for the optimisation process. For clarity, it has been indicated
what form of composition each step was conducted in. The results of the first interpolation, labelled
as "Generate left BCs", are only used to define the left boundary conditions of the simulation, but the
interpolated missing values are not considered when evaluating the error function.

The employed simulation grid had the same dimensions as the microfluidic chan-
nel, 12500 µm × 205 µm, with 2500 and 82 nodes in 𝑥 and 𝑦, respectively, and thus 2.5 and 5 µm
increments in these two directions. A timestep of 0.04 sec was employed. A two-layered config-
uration was chosen for the initial conditions, given its resemblance with the experimental flow
before any diffusive mixing takes place, whereas the boundary conditions differ depending on
location.

Zero-flow was maintained at the top and bottom of the channel, given that the fluid is con-
strained by the solid channel wall. Neumann boundary conditions were used at the outlet (right),
following the recommendation given in [177] for this type of problem. These dictate that the
gradient in composition is zero at the outlet, i.e., the composition of the last cell and the cell
that would be immediately after in the 𝑥 direction are the same. Hence, the diffusive flux at that
point is zero. Finally, Dirichlet boundary conditions were used at the inlet (left), consisting of
two-layered fixed composition values taken from the first column of the experimental map that
the model is being validated against. Since the simulation grid was finer than the experimental
grid, intermediate values were obtained through linear interpolation using the numpy.interp
Python library [178]; additionally, the values missing due to discarding the top and bottom four
rows of the experimental map were filled with the highest and lowest recorded compositions
in that particular column. Moreover, in a few cases, this first column presented values that
had been eliminated as outliers during the data preprocessing. As a workaround, these val-
ues were linearly interpolated for the purpose of defining this boundary condition, using the
pandas.series.interpolate function in the Python library [179, 180]. Figure 5.19
presents two examples of this interpolation, showing that the overall trend was mostly unaffected
by this treatment.

Before the experimental and simulated maps could be compared, the simulated map had
to be interpolated to match the grid coordinates of the experimental one; this was done via
scipy.interpolate.RectBivariateSpline() [141], with order=1. There were
two reasons for this: not only was the resolution of the simulation grid finer along the 𝑦 axis, but
also the coordinates of the final simulation do not match precisely those of the experiment. This
is because the equations are solved in the centres of each cell, and thus, while the experimental
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FIGURE 5.19: Depiction of how the linear interpolation of missing datapoints within the first column
of experiments 4 (a) and 5 (b) affects the overall trend. In both cases, the original trend is preserved,
including when estimating an end value, as seen in (b).

data are collected at discrete points from 0 to 205, the values returned by the simulation would
be displaced from those coordinates by 1.25. This is illustrated in Figure 5.20.
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FIGURE 5.20: Coordinates at which the data in the experimental and simulated maps are located. Since
the simulation mesh is finer across the 𝑦 axis, with the equations solved at the centre of each cell, an
interpolation of this map onto the experimental grid was required, as illustrated in the middle map. The
red-shaded cells indicate the points trimmed out of this interpolated map to match the number of discarded
rows in the experimental maps.

Regarding the optimiser itself, the Nelder–Mead [181] method was selected, as implemented
in scipy.optimize.minimize() [141], with a tolerance of 1 µm2 s−1 for the diffusion
coefficient, and of 10−5 for the loss function value. The chosen loss function was the Mean
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Squared Error (MSE) (5.7). An initial guess for 𝐷 of 800 µm2 s−1 was used in all cases.

𝑀𝑆𝐸 = 1
𝑛

𝑛
∑

𝑖=1

(

𝜑𝐸𝑖 −𝜑𝑆𝑖
)2 (5.7)

where 𝜑𝑆𝑖 and 𝜑𝐸𝑖 correspond with the simulation and experimental ethanol volume fractions for
each node in the composition map, respectively, and 𝑛 corresponds with the total number of cell
centres present.

Velocity profile sensitivity analysis

To test the extent to which the velocity of the streams inside the channel affected the predicted
value of the diffusion coefficient, a velocity sensitivity analysis has been conducted for experi-
ment 7, following Table 5.2 notation. This study consists on the scaling of the entire velocity
profile through its multiplication by a certain factor. Four different scaling factors were included
in this analysis: 0.25, 0.75, 1.25, 1.75. Velocity variations of this nature would have most likely
been caused by changes in the flowrate of either stream. Some possible causes for these potential
variations will be discussed in Section 5.3.2.

5.3 Experimental results
This section presents and discusses the results obtained throughout the experimental study of
this system. It first presents the outcome of an initial qualitative study of the system, comprising
of optical microscopy images captured at different conditions, with the aim to build an intuition
of what the system looks like. The Raman microscopy results are discussed afterwards, divided
in two main parts: (1) the results of the parameter search and optimisation carried out for the
PLS model, and (2) the measured spectra and calculated 2D composition mixing maps.

5.3.1 Optical microscopy
A manual Leica M165 C optical microscope was used to perform this qualitative exploration of
the system. Figure 5.21 summarises the results of this study, focusing on two aspects, namely,
the behaviour of the system when under different flowrates, and when under different inlet com-
positions. The main element to observe is the interface that forms between the two miscible liq-
uids, which corresponds with the laminar flow diffusion interface. This is commonly observed
between co-flowing liquids in microfluidic systems, and is a consequence of the difference in
viscosity among both fluids when co-flowing in a laminar regime [182].

From Figure 5.21(a) it is clear that, when pure water and ethanol streams are mixed, the
length of the interface formed between both liquids increases with increasing flow rates. Since
a higher velocity means a lower contact time for diffusive mixing, this behaviour was expected.
Figure 5.21(b) shows that the intensity and length of the interface increase with increasing com-
position differences between the two streams, while when the same solution was introduced at
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FIGURE 5.21: Mixing of water–ethanol solutions as observed with the Leica M165 C optical microscope:
(a) Mixing of pure ethanol and pure water streams under increasing flow rates (top to bottom). (b) Mixing
of a pure water stream with a water–ethanol solution of increasing ethanol composition (top to bottom) at
10 µLmin−1. The red arrows are a guide to the eye.

both inlets, no interface was formed. This was also expected since, as the difference in properties
between the two streams increases, more contact time is required for both fluids to fully mix.

5.3.2 Raman microscopy
Optimisation of the PLS model configuration

As explained in Section 5.2.6, the Raman spectra was transformed into compositions using a PLS
model. In order to discover the features of this model that would minimise the prediction error,
a hyperparameter search was performed, exploring the impact of the number of latent variables,



Chapter 5. Generating diffusive mixing fingerprints via Raman microscopy 123

the baseline method applied to the spectra and the scaling of the data. Table 5.4 summarises
these parameters and the alternatives studied for each of them.
TABLE 5.4: Hyperparameters analysed during the optimisation of the features of the PLS model, and
the different values tested for each of them. Note that the combined baseline removal method consists of
applying first airPLS to the spectra and then a Savitzky-Golay filter, with parameters (9,2,1) for window
length, polynomial order and derivative order, respectively.

Hyperparameter Range of study
Data scaling True, False
Latent variables 2, 3, 4, 5
Baseline removal airPLS, Savitzky-Golay filter, combined
𝜆 75, 100, 125, 150, 250, 500, 1000

While 𝜆 can vary between 1 and 109 [171], the studied range aimed to cover the subset of all
potential values that could yield a satisfactory baseline removal, since very large 𝜆 values were
found to not have any impact on the spectrum. When the combined baseline removal approach
was taken, airPLS was applied to the spectra first, followed by a Savitzky-Golay (SGS) filter
from the Python library [141]. The parameters of the latter were fixed at (9,2,1) for the window
length, polynomial order and derivative order, respectively. It is worth mentioning that this
hyperparameter search was carried out by testing all the possible combinations, although the
value of 𝜆 will not impact the performance outcome of the first derivative baseline removal
method.

Figure 5.9 depicts the effect of the airPLS baseline removal method, and its comparison to
the raw spectra. Similarly, Figure 5.22(a) shows the effect of the SGS filter on this same spectra,
and Figure 5.22(b), the effect of the combined method, which results in very similar spectra.
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FIGURE 5.22: Example of the effect that the SGS filter (a) and combined (b) baseline removal methods
have on the calibration dataset, at 𝑦 = 100 µm. Note that the combined methodology consists on applying
airPLS baseline removal first, followed by a SGS filter.
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Figure 5.23(a) shows the average RMSE, calculated as described in Section 5.2.6, across all
the tested number of latent variables and for both scaled and unscaled data, when employing
airPLS baseline removal in combination with 𝜆 = 100; Figures 5.23(b) and (c) show the same
information for the SGS filter and combined baseline removal methods, respectively. Several
trends can be observed. Firstly, the number of latent variables seems to not have much of an effect
on scaled data, with the average RMSE and magnitude of the error bars not changing significantly
across the studied range. On the contrary, when the data is not scaled, the performance of the
model tends to improve as the size of the PLS model increases.
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FIGURE 5.23: Performance of PLS models at different channel 𝑦 positions trained under different combi-
nations of number of latent variables, scaling of the data and baseline removal methods: (a) airPLS; (b)
SGS filter; (c) combined (airPLS + SGS filter). The 𝜆 value was kept constant at 100 for these studies
(a-c). Finally, (d) presents the performance of PLS models with 4 latent variables at different channel 𝑦
positions, trained on unscaled data which baseline was removed through airPLS, but at different values of
𝜆. The performance was quantified following the average RMSE calculated from the LOGO-CV process,
as well as its standard deviation.

As for the effect of the baseline removal method, there is not much difference between the
SGS filter and combined approaches, which was expected, given how similar the spectra returned
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from both approaches are, as can be appreciated in Figure 5.22. For scaled data, these two meth-
ods lead to better performance, while airPLS does better when the data is not scaled. Overall,
the combination leading to the lowest error and error bars is airPLS without scaling the data;
since both 4 and 5 latent variables perform similarly, 4 were selected, in order to reduce the risk
of overfitting, which would be higher with a larger model.

Regarding the effect of 𝜆, Figure 5.23(d) presents the results obtained with a model with 4
latent variables and trained on unscaled data processed through airPLS. The value of this param-
eter seems to have little effect on the model performance under these conditions, until 𝜆 = 500
is reached, in which case the standard deviation is noticeably higher. In the end, 𝜆 = 100 was
selected for the final model, since, when tested on experiment spectra, it provided a good balance
between not interfering with broader peaks and still removing the spectral baseline in most cases.
Smaller values distorted the former, and larger values were not sufficiently effective in removing
the baseline. This way, the final configuration selected for the PLS model was airPLS baseline
removal with 𝜆 = 100, no data scaling and 4 latent variables.

Finally, Figure 5.24(a) shows the average RMSE for the chosen set of hyperparameters across
the entire height of the microfluidic channel, as well as, in Figure 5.24(b), an example of one
iteration of the LOGO-CV process for one position along this height. Looking at Figure 5.24(a),
it is clear that the PLS models corresponding to the top and bottom 𝑦 positions of the channel
present an excessive error. This explains the decision to discard four rows of data from either end,
as mentioned in Section 5.2.6. The reason for this excessive error is most likely rooted in how
the channel edges had to be identified: as explained in Section 5.2.5, the first position belonging
to the channel was recognised as the first position at which signal was detected. However, the
amount of solution passing through near the top and bottom edges was very small, due to the
curved cross-sectional area of the channel shown in Figure 5.5(c). This could mean that a certain
𝑦 position could be inside the channel in reality, but due to the small flow of solution in that point,
the captured signal was not strong enough to pass the selected threshold. This would introduce
an unavoidable uncertainty in the system, which would in turn be translated into the produced
experimental maps.

Spectral results

This section provides an example of the Raman spectra measured during a typical mixing ex-
periment, which constitutes the data afterwards translated into composition maps. The system
selected, which corresponds with experiment 7 in Table 5.2, is formed by pure ethanol–water
system flowing at 4 µLmin−1. Its spectral evolution is given in Figure 5.25, both along the 𝑦 di-
rection at 𝑥=3750 µm in Figure 5.25(a), and along the 𝑥 direction at 𝑦=30 µm in Figure 5.25(b).

Figure 5.25(a) clearly shows how the ethanol and water peaks decrease and increase, respec-
tively, when travelling down the channel height. This was expected, given that pure water was
passing through the bottom stream (𝑦 =205 µm) in this experiment. Moreover, the evolution of
intensities also shows that the highest ethanol signal is located at 𝑦 =45 µm. This can be ex-
plained considering the effect of the cross-sectional area of the channel in the signal intensity,
observed in Figure 5.13: the lower amount of liquid flowing near the channel edges results in
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FIGURE 5.24: Overview of the performance of the final PLS model configuration. (a) Average RMSE
across all LOGO-CV iterations, except for those in which 0 and 100 wt% were used as the test set. (b)
Example of prediction plot for one of the LOGO-CV iterations of the 105 µm model.

800 1600 2400 3200 4000

Raman shift (cm 1)

0.0

0.5

1.0

1.5

2.0

In
te

ns
ity

 (A
. U

.)

×104

0

20

40

60

80

100

120

140

160

180

200

Y position (
m

)

(a)

800 1600 2400 3200 4000

Raman shift (cm 1)

0.0

0.5

1.0

1.5

2.0

In
te

ns
ity

 (A
. U

.)

×104

x=0 m
x=1250 m
x=2500 m
x=3750 m
x=5000 m
x=6250 m
x=7500 m
x=8750 m
x=10000 m
x=11250 m
x=12350 m

(b)

FIGURE 5.25: Evolution of the Raman spectra captured during the study of the pure EtOH-H2O system
flowing at 4 µLmin−1, without applying any baseline correction. Note that 𝑦 = 0 corresponds with the
top edge of the channel where ethanol was introduced. (a) At 𝑥 =3750 µm, along the 𝑦 axis, and (b) at
𝑦 =30 µm, along the 𝑥 direction.

a lower signal intensity. Since ethanol was flowing in this experiment through the top stream,
finding the highest ethanol signal in the upper quarter of the channel height is consistent with the
expected behaviour. Interestingly, the location of the maximum intensity at a specific channel
length is found slightly above the channel centre when at the inlet (𝑦 =60 µm, in particular). As
the mixing evolves, the effect of the cross-sectional area becomes more dominant.

Figure 5.25(b) shows how the ethanol and water content are progressively decreasing and
increasing, respectively, as the signal travels further away from the channel inlet. Since 𝑦=30 µm
is located on the top of the channel, through which pure ethanol was flowing, this signals diffusive
mixing taking place.
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2D composition mixing maps

There are two main factors contributing to the mixing evolution in this setup: the residence
time, controlled by the flowrate magnitude, and the driving force for mass transfer, which in
this case is directly related to the difference in composition of the two inlet streams. So as to
analyse their effect, these two factors have been isolated, with the main findings summarised in
Figures 5.26, 5.28 and 5.27. The reproducibility of these experiments is explored in Figures 5.29
and 5.30.

Note that compositions in these experimental maps are given as mass fractions. For the sake
of clarity, the discussion in this section is focused on the comparison of experiment outputs with
one another and the analysis of the arising trends; however, a more detailed discussion on the
composition maps recorded in each experiment will be provided in Section 5.4, when comparing
these to the simulation outputs, as it is only in light of this comparison that certain points become
relevant.

Figure 5.26 explores the effect of the flowrate in the mixing evolution by maintaining constant
the composition of the inlet streams, which are pure ethanol and pure water. In particular, Fig-
ures 5.26(a-c) present the composition maps corresponding to 2, 3 and 4 µLmin−1, respectively;
these correspond with experiments 1, 4 and 7 in Table 5.2. Figure 5.26(d) shows a comparison
of their composition profiles at 𝑥 = 0 and 11250 µm.

Overall, these composition maps clearly show a conical evolution in the mixing, which was
expected of a system in the laminar regime in which mass transfer takes place exclusively through
diffusion. This conical profile becomes wider as the flowrate decreases, due to the increase in
residence time: at the same 𝑥, the two streams will have been in contact for longer the lower
the flowrate is, thus allowing diffusion to have progressed further. This is supported by Fig-
ure 5.26(d), in which the slope of the composition profile towards the end of the channel clearly
increases as the flowrate decreases despite the very similar inlet profiles, indicating a more ho-
mogeneous final composition and thus a higher degree of mixing achieved.

The 𝑥 =5000 µm column in Figure 5.26(b) exhibits notably lower compositions than its
neighbours, which is probably consequence of an experimental error when adjusting the equip-
ment focus in 𝑧. As explained in Section 5.2.4, this focus was adjusted for every measured
column, and an error when detecting its optimal value would lead to capturing a lower intensity,
as seen in this case. Due to this potential error, this unfocused column was disregarded when
compiling the dataset for the estimation of the diffusion coefficient in Section 5.4.

The effect of the driving force for mass transfer is presented in Figures 5.27 and 5.28, in which
the composition mixing maps of six different systems flowing at 3 µLmin−1, and a selection of
their composition profiles, are presented. In particular, Figure 5.27 considers ethanol mixtures of
25, 50, and 75wt% with pure ethanol as the bottom stream, while Figure 5.28 comprises mixtures
of these same compositions with pure water flowing through the bottom. These correspond,
respectively, with experiments 8–10 and 11–13 in Table 5.2.

All the composition maps presented in Figures 5.27 and 5.28(a-c) overall follow the expected
conical evolution, although this trend is more easily identified in the systems with a higher com-
position difference between the two streams. These results also present a certain amount of
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FIGURE 5.26: Raman composition mixing maps for a pure water–ethanol system studied at different
flowrates: (a) 2 µLmin−1; (b) 3 µLmin−1; and (c) 4 µLmin−1; these correspond with experiments 1, 4
and 7 in Table 5.2, respectively. Composition is given as the ethanol mass fraction; the white squares
represent eliminated outliers, and the white column indicates a missed collection point in the 𝑥 axis. (d)
Selected composition profiles extracted from these mixing maps at two 𝑥 positions: the channel inlet,
and 11250 µm. Those points at which the trendline breaks correspond to discarded outliers. The larger
pixels in the second and third columns in (b) are due to the 𝑥 = 2500 µm column being missing in this
map.

noise and artifacts. As noteworthy mentions, the maps in Figure 5.27(b) and Figure 5.28(c) both
feature columns in which the depth focus of the microscope was not optimal. Therefore, the
compositions at these locations were not part of the dataset employed for the estimation of the
diffusion coefficient in Section 5.4. Moreover, the maps in Figure 5.27(a) and Figure 5.28(b)
show some deviation in the interface location on the first column in comparison to the rest of
the map. This was most likely caused by the rocking motion of the interface, which is discussed
more in depth in Section 5.3.2.

Comparing the maps presented across these two figures, the width of the conical profile
seems to be largely unaffected by the composition variations in the inlet, with all the composi-
tion maps across these two figures showing a very similar evolution. This means that the higher
the compositional gradient, the faster the mixing is occurring. This observation is supported
by the mass fraction profiles seen in Figures 5.27 and 5.28(d). Their value at 𝑥 = 11250 µm
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FIGURE 5.27: Raman composition mixing maps for a system at 3 µLmin−1. (a) 25–100 wt% EtOH;
(b) 50–100 wt% EtOH; (c) 75–100 wt% EtOH. These correspond, respectively, with experiments 8–10
in Table 5.2. Composition is given as the ethanol mass fraction; the white squares represent eliminated
outliers. (d) Composition profiles at 𝑥= 0 and 11250 µm for the three systems. Those points at which the
trendline breaks correspond to discarded outliers.

shows that the closer the experiment started to equilibrium, which, in an ethanol–water system,
is a homogeneous solution, the more homogeneous its final composition profile is, becoming in-
creasingly more vertical. However, when comparing the difference between the top and bottom
compositions at both inlet and outlet, it is clear that the experiments with higher initial compo-
sition disparity between the streams are changing more rapidly, and thus experiencing mixing
at a much faster rate. This can be explained by considering the thermodynamic behaviour of
this system. Since the driving force for mass transfer between two phases is proportional to the
gradient in chemical potential, and for ethanol and water this is proportional to the gradient of
composition, the larger the compositional gap is at the inlet, the larger the chemical potential
difference will be, and thus the faster mass transfer will occur.

Lastly, it is worth mentioning that the highest mass fraction recorded for the pure ethanol
stream in Figure 5.27(d) is only slightly above 0.9, which could be due to the contamination of
the ethanol with water despite the efforts taken to prevent this during its storage.

As for the reproducibility of these experimental results, this has been studied by performing
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FIGURE 5.28: Raman composition mixing maps for a system at 3 µLmin−1. (a) 25 wt% EtOH–H2O; (b)
50 wt% EtOH–H2O; (c) 75 wt% EtOH–H2O. These correspond, respectively, with experiments 11–13
in Table 5.2. Composition is given as the ethanol mass fraction; the white squares represent eliminated
outliers. (d) Composition profiles at 𝑥= 0 and 11250 µm for the three systems. Those points at which the
trendline breaks correspond to discarded outliers.

two repetitions of two of the experiments conducted: pure ethanol and pure water flowing at 2
and 3 µLmin−1. Unfortunately, the considerable length of each experiment (7–12 h) impeded
the collection of more repetitions. The results of this study are summarised in Figures 5.29
and 5.30, with the former presenting the composition maps for both cases, and the latter showing
a comparison of some of their composition profiles.

Focusing first on the mixing maps presented in Figure 5.29, they present the expected conical
evolution. In particular, the maps captured at a lower flowrate, given in Figure 5.29(a) and (b),
exhibit a larger width in this conical profile; this agrees with the trend observed in Figure 5.26.
A noticeable trend is the increase in the number of outliers within Figures 5.29(a), (b) and (d).
This is suspected to be a consequence of an equipment malfunction, which will be treated in
more detail when discussing the experimental sources of uncertainty in the next section.

Regarding the composition profiles depicted in Figure 5.30, it is worth noting that the error
in these figures must be read horizontally, as the degree of variation in the composition that a
particular 𝑦 position could have. Considering this, these profiles show an overall good agreement
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FIGURE 5.29: Repeated Raman composition mixing maps for pure ethanol–water flowing at 2 µLmin−1
(a, b), and 3 µLmin−1 (c, d). In particular, the maps correspond with experiments 2 (a), 3 (b), 5 (c) and
6 (d), as per Table 5.2. Composition is given as the ethanol mass fraction; the white squares represent
eliminated outliers, and a white column indicates a missed collection point in the 𝑥 axis.

between repetitions. While the difference among repetitions varies slightly between columns,
the system flowing at 3 µLmin−1, shown in Figure 5.30(b), displays perhaps a smaller disparity.
Moreover, the discrepancy among repetitions seems to be roughly constant across the 𝑦 axis
for all columns except the inlet, in which the top and bottom sections of the channel show a
much higher consistency than the interface region towards the middle. The higher variability
in this region is a consequence of operating at such small flowrates. The gear in the syringe
pump could not maintain a continuous rotation when operating in this range, and had instead to
alternate rotating with completely stopping. This led to a vertical rocking motion at the channel
inlet, affecting mostly the interface location in the 𝑦 direction. This will be further discussed
below, in the experimental uncertainty section.

Lastly, there are certain specific points at which these profiles show a considerable deviation
from the trend, with the first repetition at 𝑥=3750 µm of Figure 5.30(b) being the most prominent
example. These points, which in the mentioned case most likely corresponds with an undetected
air bubble, are clear outliers that managed to bypass the prior screening. Hence, they should not
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FIGURE 5.30: Composition profiles for pure ethanol–water flowing at (a) 2 µLmin−1, and (b) 3 µLmin−1
at different 𝑥 positions along the channel. R1, R2 and R3 correspond respectively with experiments 1–3
in (a) and 4–6 in (b), as per Table 5.2. The points at which the trendline breaks correspond to discarded
outliers.

be taken into account when interpreting the overall variability from one repetition to another.

Experimental sources of uncertainty

Now that the experimental results and their collection method have been presented and analysed,
this subsection examines the different areas within the experimental procedure from which un-
certainty may arise, and aims to provide a more complete understanding of the challenges faced
during the experimental collection stage.

Firstly, there was probably an accumulation of uncertainty from small experimental sources,
such as the microfluidic syringes having one end open to the environment when being filled
up; this could have caused the ethanol concentration to decrease, given its hygroscopic nature.
During several experiments there were works being carried out inside the laboratory, which could
have impacted the stability of the interface. Moreover, during the collection of experiments 2,
3, 5 and 6 the Raman microscope was showing signs of malfunction, leading to a much larger
amount of outliers in these.

Another source of error to consider is the need to identify which spectra belong inside the
channel through an inspection of its ethanol or water signal, which was a consequence of the
misalignment in the Raman microscope. Had the cross-sectional area of the channel been rect-
angular, this would not have led to further issues. However, as explained in the PLS results
segment within Section 5.3.2, the cross-sectional area of the channel is curved. This imposes
increasingly small amounts of material towards the top and bottom borders, resulting in a pro-
gressively weaker Raman signal and, potentially, in 𝑦 positions that do belong within the channel
being overlooked. Incurring in an error of this nature when processing a calibration file would
impact all further data processing: the PLS model would incorrectly learn that the signal at the
channel borders is higher/lower than it actually should be, and thus it will return an artificially
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low/high composition when processing the experimental data. This would lead to an increased
uncertainty in this region of the channel, which is clearly observed in Figure 5.24(a). This is
the reason why four rows of data are discarded from both the top and the bottom of the channel
in all experiments. Similarly, if this error occurred when determining the start of a column in a
mixing map, it would displace the entire column, impacting the conical profile expected in the
mixing process. To minimise the probability of such an error, the threshold was chosen with the
utmost care, selected to work with both pure water and the whole ethanol composition range, as
explained in Section 5.2.5.

Another issue that can contribute to the uncertainty in the experimental measurements is
the up-and-down oscillation of the interface near the channel inlet, consequence of the low
flowrates the pump had to operate at. This oscillation led to a higher discrepancy between rep-
etitions in this region, as discussed in the experimental sources of uncertainty segment within
Section 5.3.2. To test the extent to which this uncertainty would decrease if repeating the mea-
surement enough times, a column at 𝑥 =0 µm was measured 17 times in a pure ethanol–water
system. Figure 5.31(a) depicts the average and standard deviation of the spectra gathered at
𝑦 =120 µm, and Figure 5.31(b) shows the evolution of the ethanol signal intensity across the
whole channel height.
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FIGURE 5.31: Uncertainty test performed in a pure ethanol–water system, consisting on measuring
the column at the channel inlet 17 times. (a) Average and standard deviation of the spectra located at
𝑦 =120 µm. (b) Averaged ethanol signal across the 𝑦 axis, and its standard deviation. In both cases, the
standard deviation is presented as a shadowed area.

Figure 5.31(b) clearly shows that the standard deviation in the ethanol signal is negligible
towards the top and bottom of the channel, but that its value increases significantly when in the
interfacial region. Nonetheless, its value is still reasonably small, with the 2800–3040 cm−1

ethanol peak in Figure 5.31(a) showing an intensity of approximately 1.3 104±2 103 A.U. at its
highest value. Therefore, despite the low flowrates causing uncertainty around the interface in
the channel inlet, its impact could be minimised by sampling enough times.
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Another point of consideration is the presence of a slight horizontal gradient along the 𝑥 axis
of the channel. In an effort to make the column collection path as perpendicular as possible to
the channel border, their start and end coordinates took the effect of this gradient into account.
While a small experimental error was incurred in at this step, it resulted in less than 1 µm of
deviation in the verticality of the columns, and thus is considered to have had a negligible effect
in the final result.

Finally, some unexpected formations were observed during the experimental work, with
some examples displayed in Figure 5.32. After a few hours of flow through the microchannel,
what seemed to be pockets of air appeared in the channel, as seen in Figure 5.32(a), as well as a
fine trail of dot-like bubbles, shown in Figures 5.32(b) and (c), and, in some cases, air bubbles
that seemed to grow attached to the channel wall, as shown in Figure 5.32(d), and exit only after
certain size had been reached. These were observed in experiments 2, 3, 5, 6, and 10–13. None
of these formations seemed to give any Raman signal, supporting the hypothesis that they were
air pockets. Contamination of the setup was considered as a possible source, since these forma-
tions seemed to disappear only when flushing the system with ethanol; however, this was tested
and subsequently discarded. While the used microfluidic chips had been in storage for over a
year when the experimentation was conducted, the inner channel did not have any coatings that
could have degraded with time. Nonetheless, the most plausible explanation for this behaviour
is a wetting problem in the channel walls.

(a) (b) (c) (d)

FIGURE 5.32: Unexpected formations observed during the gathering of the compositional maps. (a)
Pocket of air located against the top wall of the channel; (b, c) trail of dot-like bubbles; (d) formation and
growth of an air bubble against a channel wall. These formations did not show any Raman signal.

While these unexpected formations did not seem to bear any effect on the Raman spectra,
it is highly probable that the velocity field inside the channel was affected by them. To min-
imise their impact, when one of these formations was identified, the flowrate was momentarily
increased to fully expel it from the system, and then reduced to its original value, waiting for it to
stabilise before taking the next measurement. Nonetheless, the velocity profile was most likely
still affected, as air bubbles further along the channel or inside the tubing would not have been
spotted, but still would affect the flowrate due to their compressible nature. This would result in
uncertainty in the final composition maps, and, consequently, the diffusion coefficients obtained
using these maps as the ground truth will also carry a certain error. The extent to which the
predictions could be affected is discussed in the velocity sensitivity analysis presented in Sec-
tion 5.4.3. This same analysis can be applied to the small air bubbles that sometimes seeped into
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the system at the connections.

5.4 Computational results
This section illustrates how the compositional information provided by the collected mixing
maps can be leveraged to inform mass transfer models. It focuses on the development of an opti-
misation platform through which parameters from a mass transfer model—the Fickian diffusion
coefficient, in this case—may be estimated from these maps. As mentioned in Section 3.1, this
diffusion model was chosen for the sake of simplicity, but the same procedure could be applied to
estimate parameters of a more complex model, such as Maxwell-Stefan or CaHiMaS. Therefore,
while the obtained composition maps are resolved at a coarser scale than that of the models stud-
ied in Chapters 3 and 4, they provide useful compositional information. This can be leveraged
for the qualitative validation of the gradient coefficients in the CaHiMaS model, and enables the
extraction of other mass transfer parameters.

For the sake of clarity, the reader is again directed towards Figure 5.18, which provides a
schematic diagram of the developed optimisation platform. Particularly noteworthy is the fact
that, while the experimental composition maps were collected as mass fractions, and the simu-
lated map is solved for volume fractions, their comparison and the error minimisation step occurs
between both maps converted to mole fractions.

This section is divided in three parts: the comparison between the experimental ground truth
and the in-silico composition maps produced by the simulation; the comparison of the retrieved
diffusion coefficients with literature values; and, lastly, the velocity sensitivity analysis.

5.4.1 Experimental vs simulated maps
The information algorithm was built on the minimisation of the MSE between the simulated
and experimental molar fraction maps, and thus it is expected to lead to a simulation output as
similar as possible to the provided experimental data. The quality of the fit can be qualitatively
evaluated by comparing these two maps, as done in Figure 5.33 for experiment 7, following the
notation presented in Table 5.2.

Regarding the evolution of the mass transfer and the final degree of mixing achieved, the sim-
ulated map in Figure 5.33(b) shows a remarkable resemblance to the experimental one, given in
Figure 5.33(a), despite the slight experimental noise. This trend is overall maintained throughout
all experiments. The first column of both maps match almost perfectly, including the small area
around the channel centre in which the interface rocking, as explained in Section 5.3.2, caused
a blurring of the interface. Recalling, from Section 5.2.7, this is because the values of the inlet
column in the experimental map were used to define the left boundary conditions of the sim-
ulation. Hence, this high level of similitude indicates that this design choice is mitigating the
impact of the interface rocking in the simulation, as desired. It not only accounts for the width of
this interface rocking area at the inlet region the simulation, but it also forces the conical mixing
trend to adapt to it, leading to a more accurate result.
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FIGURE 5.33: Experimental mole fraction map (a) and best-fit simulated map, given in mole fractions,
(b) for experiment 7. The outliers present in (a) were not taken into account when evaluating the loss
function, despite their corresponding cells being full in (b).

To facilitate the understanding of spatial composition trends, it is useful to consider what
information can these trends provide in the context of the optimisation routine. A good agree-
ment between experimental and simulated profiles indicates how well the algorithm has been
able to match the experimental ground truth. However, this is not necessarily indicative on how
close the diffusion coefficient it is to the real physical value. Each experiment has one optimal
set of simulated composition profiles—namely, the set that minimises the loss function—which
the optimisation algorithm seeks by varying the diffusion coefficient. Therefore, a poor agree-
ment between the experimental and composition profiles can indicate whether the predicted mass
transfer parameter is reliable. However, good agreement between these profiles does not neces-
sarily imply a good prediction of this parameter.

Having outlined the context of these results, Figure 5.34 presents a comparison between
the experimental composition profiles and those from the simulation best-fit of experiment 4,
in Figure 5.34(a), and experiment 13, in Figure 5.34(b). These two experiments correspond, re-
spectively, with a stream of pure water mixing with a stream of pure ethanol, and with a stream of
pure water mixes with an ethanol–water solution of 75wt%. This comparison has been collected
for all of the experiments within Appendix D.

The results are in good agreement in both cases, indicating that the algorithm was able to
successfully minimise the loss function. The differences among both profiles are most likely
consequence of an accumulation of one, or more, of the potential experimental sources of error
discussed in Section 5.3.2. This similarity between experimental and simulated evolution of the
ethanol mole fraction is maintained for most of the experiments (see Appendix D), indicating that
the optimisation routine successfully captures the overall mixing behaviour across the studied
range of conditions.

Only four cases show a stronger disparity between the experimental and simulated trends,
two of which are presented in Figure 5.35. These have been analysed to demonstrate how the
experimental uncertainties identified in Section 5.3.2 may affect the collected results.

Figure 5.35(a) corresponds with experiment 10, and presents the highest level of discrepancy
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FIGURE 5.34: Comparison between experimental and simulation best-fit composition profiles for experi-
ment 4 (a) and 13 (b), at different points along the channel length. The missing points on the trends reflect
discarded outliers.

between both trends. There is a noticeable level of noise in the experimental profiles, which
matches the trends observed in its 2D mixing map presented in Figure 5.27(c). Moreover, at all
𝑥 positions except for the inlet the composition profiles show a considerable difference between
experimental and simulation.

Another noticeable trend is that the experimental compositions recorded at the positions
shown in Figure 5.35(a) along the channel for the bottom stream (𝑦 = 102.5–205 µm) are higher
than the inlet compositions, which is the opposite of the expected result. Figures 5.35(c) and (d)
present the evolution of the spectra along the channel height for positions 𝑥 = 0 and 1250 µm,
respectively. The ethanol peak located between 2800 and 3040 cm−1 shows that the signal col-
lected at the second position is higher, explaining the smaller compositions observed in the inlet
profile. This behaviour is consistent with a focusing error affecting the first column, which would
subsequently propagate into the simulation because the inlet compositions are used to define the
left boundary conditions. This thus explains the difference between the simulated and experi-
mental composition profiles.

Figure 5.35(b) shows the experimental and simulation composition profiles for experiment
12, in which pure water is mixed with a solution of 50wt% ethanol. The simulation profiles
are observed to lay higher in composition than their experimental counterparts in all positions
beyond the inlet. There are two prominent features that could be leading to this outcome. Firstly,
the profile at 𝑥=0 µm exhibits a large disparity in layer height between both inlet streams, which
is not maintained in the profiles captured further along the channel. Moreover, the compositions
recorded near the top edge (𝑦 =0 µm) of the channel at 𝑥 =1250 µm are subject to a considerable
error, disrupting the trend followed by the rest of this profile and presenting values above those
recorded at the inlet.

The presumably erroneous difference in layer heights at 𝑥 =0 µm could have skewed the
model results because of these values specifying the left boundary conditions of the simulation.
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FIGURE 5.35: Comparison between experimental and simulation best-fit composition profiles for exper-
iment 10 (a) and 12 (b) at different points along the channel length. The missing points on the trends
reflect discarded outliers. Evolution along the 𝑦 axis of the spectra captured for experiment 10 at 𝑥 = 0
(c) and 𝑥 =1250 µm (d).

Since the the ethanol-rich stream is favoured, this would explain why its profiles lie above all
their experimental counterparts. In the case of 𝑥=1250 µm, this difference between the simulated
and experimental profiles may have been exacerbated by the non-physical compositions recorded
near its top edge.

These non-physical compositions are most likely a consequence of incorrect channel-edge
detection. If the true edge of the channel is missed, the subsequent measurement point is incor-
rectly assigned as the boundary. Because this point lies further within the channel, it produces a
stronger Raman signal than would normally be obtained at the edge due to the greater depth of
the cross sectional profile and thus larger amount of liquid sampled at that point. The PLS model,
having been trained on spectra acquired at the true channel boundary, may therefore interpret this
increased signal intensity as a higher composition. Beyond the 𝑦 =20 µm point, the gradient of
the cross-sectional profile may have decreased enough for this effect to become unnoticeable.
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The disparity in layer heights observed at 𝑥=0 µm could have been caused by interface rock-
ing, although this experiment was conducted at the same flowrate as many others, 3 µLmin−1, in
which this behaviour was not observed. Since the wetting problems described in Section 5.3.2
were observed when performing this experiment, another reason could be the presence of en-
trapped air within the system leading to an inconsistent flowrate in one or both streams.

It is important to note that these are educated guesses of the causes behind the observed
trends; the many variables simultaneously at play make it impossible to isolate them with cer-
tainty. Furthermore, despite the differences between simulated and experimental profiles being
higher in these four instances, the rest of the experiments show good agreement between them.
This indicates that the measured experimental maps evolve as expected, at least qualitatively,
increasing the confidence in them.

5.4.2 Comparison with literature diffusion coefficients
As mentioned before, a high resemblance between composition profiles does not correlate with
a good predicted diffusion coefficient. This section aims to understand the quality of these pre-
dictions by comparing them with the relevant literature data.

The interdiffusion coefficient, also referred to as the mutual diffusion coefficient, between
water and ethanol has been measured through several experimental techniques, which can be
broadly grouped into three categories. Hammond and Stokes [183] and Tyn and Calus [184]
measured it using a diaphragm cell, whereas Pratt and Wakeham [185] and Harris et al. [186]
employed Taylor dispersion. Although Pratt and Wakeham’s later measurement of the water–1-
propanol system was later proved inaccurate [186], their original ethanol–water measurements
are consistent with the rest of the literature, and have therefore been included in the compar-
ison. Finally, several authors [187–189] have measured the interdiffusion coefficient through
thermodiffusion measurements, following the relaxation of Ludwig–Soret-induced concentra-
tion gradients.

Although the experimental techniques used in the literature to determine the interdiffusion
coefficient differ substantially from the setup employed in this work, the reported measurements
exhibit a consistent trend. Peters et al. [126], who used an experimental setup similar to that
adopted here, obtained values that were in good agreement with literature data measured through
a diaphragm cell. Consequently, the values recovered in the present work would be expected to
fall within the range defined by the broader body of literature, which includes diaphragm-cell
measurements.

Table 5.5 summarises the recovered values of the Fickian diffusion coefficient for each ex-
periment, and Figure 5.36 presents their comparison with the summarised literature. The ethanol
mole fraction chosen to represent each case corresponds with the theoretical final composition
of the mixed streams. Additionally, the literature data for which different temperatures were
available was taken at 25 ◦C.

Figure 5.36 shows that the interdiffusion coefficients recovered in this work are situated in
the same order of magnitude as those reported in literature. In particular, experiments 8–12
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TABLE 5.5: Interdiffusion coefficient values predicted by the optimisation algorithm after fitting Fickian
diffusion to the experimentally measured composition mixing maps.

ID 𝑥𝑡𝑜𝑝 𝑥𝑏𝑜𝑡 D (µm2 s−1)
1 1 0 1732
2 1 0 1835
3 1 0 1471
4 1 0 1864
5 1 0 1463
6 1 0 1618
7 1 0 1189

ID 𝑥𝑡𝑜𝑝 𝑥𝑏𝑜𝑡 D (µm2 s−1)
8 0.115 1 728
9 0.281 1 838
10 0.540 1 810
11 0.115 0 1471
12 0.281 0 1255
13 0.540 0 1309
- - - -
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FIGURE 5.36: Comparison of the predicted interdiffusion coefficient values in this work with
literature. Note that the compositions assigned to each of the values reported in this work
corresponds with the theoretical final composition of the mixed streams. Literature data taken
from [183], [187], [188], [186], [184], [189], [185]. Note that, as pointed out in [190], the value for
D at an ethanol mass fraction of 0.8968 was erroneously listed as 2.51×10−10m2 s−1 in Table 3 of [189];
however, the correct value of 6.51×10−10m2 s−1 was displayed in Fig. 4. Therefore, it is this amended
value that was included in this work.

differ from literature by a factor of approximately 2 or less, while for experiments 1–7 and 13
this factor ranges from, approximately, 2.5–4.6.

The error present was expected, given the experienced hurdles outlined in Section 5.3.2.
Assigning the recovered values to the theoretical final composition of each experiment may be
inadvertently contributing to this, since it assumes no water was absorbed by the ethanol in the
solutions and the pure streams. If this was the case, as suggested by the composition profiles
presented in Section 5.4.1, the real composition may be lower than reported. This could help
explain the differences between experiments 1–3 and 4–6, which are repetitions of the same
conditions, but in which experiments 1 and 4 were performed with a less fresh ethanol bottle.

Furthermore, there is a noticeable variation in the predicted values between experiments 1–7,
which correspond with those in which pure ethanol and water mixed at different flowrates. This
was not the expected behaviour, since the diffusion coefficient is only dependent on concentra-
tion and temperature. These differences are probably consequence of the obstacles encountered
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during the experimental data collection, which were different for each case, explaining the incon-
sistency. Unfortunately, the high number of overlapping factors that impacted the data collection
renders impossible finding a specific culprit for the error in each particular case.

The spread in the recovered value for the measurements at varying flowrate obscures the per-
ception of the evolution of the predicted diffusion coefficient following the same trend seen in
literature. Out of these, experiment 7 presents the least amount of inaccuracies, which was then
translated to a considerably clean experimental composition map. Moreover, this experiment re-
covers the lowest prediction for the diffusion coefficient within the 1–7 experiment range. Thus,
under the assumption that this value is the most accurate out of all of these, the predicted values
do seem to mostly follow the same trend as literature data.

Overall, despite the presence of error and the obstacles outlined in Section 5.3.2, the recov-
ered diffusion coefficients are relatively close to the expected values. While there is room for
optimisation of the experimental setup, this proves the potential that this setup holds for the ac-
curate estimation of diffusion coefficients. Moreover, it provides a data-rich composition map
that could also serve as the ground truth from which to inform other mass transfer models.

5.4.3 Velocity scaling
To conclude this discussion, a sensitivity analysis studying the effect of variations in the velocity
profile has been performed for experiment 7. Its results have been outlined in Figures 5.37(a)
and (b), which respectively present a comparison between case studies of selected composition
profiles and the evolution of their predicted diffusion coefficients with different scaling factors
applied to the velocity.
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FIGURE 5.37: Results of the velocity sensitivity analysis conducted for experiment 7. (a) Selected com-
position profiles for all studied scaling factors. (b) Variation of the predicted diffusion coefficient based
on the applied scaling factor.
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The composition profiles of Figure 5.37(a) follow the expected trend, since, as explained
before, there is only one set of profiles that minimise the loss function, and what varies is only
the value of the diffusion coefficient required to achieve them.

As for Figure 5.37(b), the observed trend follows a perfect straight line, yielding a 𝑅2 = 1.
This was also expected, since including convection in the system allows it to become stationary,
and therefore makes the temporal derivative of composition in the continuity equation drop to
zero. This implies that the diffusive and convective fluxes are equal to each other, and thus that
the diffusion coefficient will show a proportional change when scaling the entire velocity profile.
The trendline itself is notably steep, indicating that a change in velocity of 10% could make
the predicted diffusion coefficient change by approximately 150 µm2 s−1. In order to recover the
literature value for the diffusion coefficient, in this case the velocity needs to be a 35% of its true
value; however, the difference will be significantly lower for experiments 8–12.

This analysis proves that having flowrate fluctuations in the system, which could be caused by
air bubbles or by the wetting problems mentioned in Section 5.3.2, could have had a significant
impact in the measurements. Moreover, a more refined approximation of the velocity profile
may have increased the accuracy of the predicted diffusion coefficients.

5.5 Conclusions
This work proposed an experimental methodology capable of isolating diffusion as the domi-
nant mechanism contributing to mass transfer. Based on the coupling of Raman microscopy and
microfluidics, it allows to acquire mixing data capable of qualitatively validating the advanced
mass transfer models proposed in Chapters 3 and 4. The captured data takes the form of compo-
sition mixing maps that, in principle, constitute an exact representation of the behaviour of the
system. This methodology was applied to different ethanol–water binary systems, with the result-
ing mixing maps following the expected qualitative trends. Moreover, an in-silico optimisation
framework was built, leveraging the experimental data to estimate the benchmark parameters of
mass transfer models. In particular, it was validated through the estimation of Fickian diffusion
coefficients in the studied ethanol–water system. These predicted coefficients remained within
one order of magnitude of those reported in the literature using different methods, despite having
to contend with the several inevitable sources of experimental inaccuracy. This, in combination
with the successful isolation of diffusion as the mass transfer mechanism, indicates the great
potential that this platform holds for, in the future, qualitatively and quantitatively validating the
outcomes of the advanced mass transfer models developed in this thesis. Finally, to improve
the accuracy of the experimental results, the best option would be to choose a rectangular cross-
sectional profile for the microfluidic channel. This would eliminate the dependency of the signal
intensity with the channel position, and thus reduce the uncertainty in the channel-edge detection
process, as well as eliminate the need for a different PLS model at each 𝑦 point of the channel.
Other elements that could mitigate the identified uncertainty sources are the degassing the solu-
tions prior to filling up the system to minimise entrapped gas; a more stable microfluidic setup;
and a more appropriate microfluidic pump for the selected flowrate.



Chapter 6

Conclusions and future work

6.1 Conclusions
This thesis has explored the development of a diffusion model capable of simulating spontaneous
LLPS through the incorporation of a non-local gradient term into the free energy formulation,
and the development of an experimental platform through which to isolate diffusion as the dom-
inant mass transfer mechanism. The main conclusions of this work are summarised here, in
relation to the initial objectives mentioned in Section 1.1.

• To study the effect of the non-local term on diffusion in a binary system.
The non-local gradient term was proven to successfully reproduce diffusive mixing in a
homogeneous system and to enable the modelling of spontaneous LLPS in the system,
which also takes place via diffusion. It therefore overcomes the limitations of previous
models, such as Fick’s law and Maxwell-Stefan, allowing the exploration of composition
trajectories throughout the entire phase diagram. Upon further analysis of the effect of the
gradient term at different locations in the system, it was established that it bears the great-
est effect on the composition profiles at, and close to, the interfacial region, whereas the
boundaries of the system barely changed their trajectory when increasing the value of the
gradient coefficient. Moreover, during the development of this model, it was found that the
chemical potential expression used in several relevant studies in literature did not comply
with the condition for chemical equilibrium, not leading to flat chemical potential profiles
for the final system. It was possible to define a composition dependence for the interfa-
cial free energy coefficient that allowed to comply with this condition without modifying
the nondimensional continuity equation, and thus not altering the mass transfer dynamics
that had been developed and proved in the literature. It was found that other inaccurate
definitions of this coefficient predicted a spike of chemical potential upon the two streams
getting in contact, whereas this more accurate definition did not predict this feature. Thus,
this highlights the importance of correctly describing the system to avoid reaching erro-
neous conclusions regarding the times and regions where nucleation may occur, as well as
the corresponding nucleation and growth rates, which are dependent on supersaturation.
Lastly, the developed model was used to simulate a system under crash-cooling conditions,
leading to the observation of different metastable states and phase coalescence following
the initial phase split. It was observed that the coalescence of a phase triggers a spike
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in the chemical potential, and consequently, on the supersaturation of the system, which
in certain physical systems could lead to crystal nucleation competing with the already
occurring liquid-liquid phase separation.

• To study the effect of the non-local term on diffusion in a ternary system, aimed to-
wards antisolvent crystallisation.
The non-local interfacial term was proven to successfully enable the simulation of spon-
taneous liquid-liquid phase separation in a ternary antisolvent crystallisation system, thus
allowing the description of the mass transfer pathways followed by the system across the
entire ternary phase diagram. These pathways were found to be significantly nonlinear,
with the evidence suggesting this is consequence of both the non-ideal API-antisolvent in-
teractions causing the API to undergo uphill diffusion towards the solvent-rich bulk phase,
as well as of the different diffusivity ratios between species. Additionally, these nonlinear
trajectories were found to lead the system into the miscibility gap on occasion. This proves
how neglecting them could lead to undesired LLPS or unexpected properties of the crystal
product, due to the system crossing into unexpected regions of the ternary diagram. Upon
entering the spinodal region, a physical system would immediately undergo liquid-liquid
phase separation, and thus the modelling of these systems was only possible because of the
incorporation of the gradient term. Low values of the gradient coefficient allowed to re-
cover the physical separated configuration, whereas larger values led to a homogeneously
mixed final system due to the finite nature of the system. Moreover, it was found that in a
phase-split system the solvent accumulated at the interface, leading to this region deviating
from the tie line despite the coexistence compositions of the bulk phases maintaining the
expected symmetry. Examining the supersaturation, it was found that the incorporation of
the interfacial free energy term into a system representative of a typical antisolvent crys-
tallisation process predicted a larger spike at the interface upon the first contact between
the two streams, leading to the interfacial region becoming supersaturated. Moreover, it
was found that the extent to which supersaturation occurred is also dependent on both the
API-antisolvent non-ideality, since it affects the placement of the solubility curve in the
diagram, and the diffusivity between species, since this alters the composition pathways
observed during diffusion. Overall, these results prove that neglecting the gradient con-
tribution to the free energy can lead to erroneous predictions of supersaturation, and thus,
of the time and place where nucleation could occur, and of nucleation and growth rates.

• To develop an experimental framework isolating diffusion as the dominant mass
transfer mechanism in order to facilitate the qualitative validation of the predictions
of the proposed model.
The developed platform leveraged the advantageous hydrodynamics that a microfluidic
geometry presents for this purpose, in combination with Raman microscopy for the quan-
titative translation of spectra into composition. This platform was applied to different
ethanol–water binary systems, proving able to capture composition mixing maps across
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the microfluidic channel that, in principle, constitute an exact representation of the com-
position values in the physical system. While there were several experimental sources of
error outside the author’s control which compromised the quantitative accuracy of the ex-
perimental measurements, these maps still followed the expected qualitative trends. More-
over, an in-silico optimisation framework was built, leveraging the captured data to help
inform benchmark parameters of mass transfer models. It was tested through the estima-
tion of Fickian diffusion coefficients in ethanol–water systems, with the predicted values
remaining on the same order of magnitude as those available in literature. It was found that
the velocity profile of the experimental system exerted the largest effect on the predicted
diffusion coefficient, highlighting the importance of accuracy in its measurement. Despite
the encountered challenges, this experimental platform successfully isolated diffusion as
the dominant contributing mechanism to mass transfer in the system. Thus, in the future
it could serve to qualitatively validate the outcomes of the advanced mass transfer models
developed in this work, helping elucidate whether the predictions of certain events, such
as liquid-liquid phase separation, are observed during the mixing.

6.2 Future work
Upon reflection on the limitations and potential areas of improvement of the results attained dur-
ing the completion of this PhD, the following recommendations are provided for future scientists
wanting to build upon this work. The first section presented is applicable to both the develop-
ment of the binary and the ternary models, whereas the second one focuses on the limitations
and recommendations unique to the ternary case. Lastly, the third section contains the advice
pertaining to the developed experimental framework.

6.2.1 General model development
The one-parameter Margules activity model was selected for this work because it is the simplest
model that allowed to capture non-ideal interactions. However, the application of the developed
mass transfer model to a real system may require its substitution by a more advanced activity
model, such as NRTL or UNIQUAC. The modularity of the model should avoid this transition
affecting any other terms in the free energy definition.

The simulations conducted in this work were limited to a one-dimensional mesh. However,
the gradient term may show anisotropy, that is, unsymmetrical behaviour across dimensions.
Therefore, investigating the performance of the model in 2D or 3D could be an area of interest
for future exploration.

The mesh size considered in this work was not large enough to allow the nondimensional
gradient coefficients to take values consistent with what a physical system would require, due to
a constraint in the computing power and time required to complete each simulation. Future work
conducted in this area would benefit from implementing an adaptive mesh, in order to obtain
both a sufficient resolution at the interfacial region and a coarser mesh at the boundaries of the
system, where the effect of the gradient term fades.
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Spontaneous phase separation occurs because the system is linearly unstable to all fluctua-
tions, which are a normal occurrence in a system due to thermal noise. However, the present
work relied on the small numerical fluctuations inherent to computation to provide this noise.
While this same method has been applied across a wide range of literature [10, 121, 123], it
would be beneficial to incorporate a thermal noise term for enhanced physical accuracy.

The proposed model did not consider the effect of temperature on diffusion. Upon mixing,
certain species may release or consume heat, which will affect the value of the diffusion coef-
ficient and the value of the binary interaction parameters, and thus, the shape and location of
the miscibility gap. Therefore, incorporating this effect may result in a change in the pathways
across the ternary phase diagram; it could potentially show that a system predicted to cross into
the miscibility gap in this work does not actually do so, or vice versa. Hence, incorporating the
effect of temperature into the governing equations of the system should be a priority for future
development.

6.2.2 Development of a ternary model
The binary model developed in Chapter 3 was able to find a form of the composition dependence
for the interfacial free energy coefficient, 𝜅, that allowed to recover a flat chemical potential in
equilibrium for a phase-split system; however, due to time constraints it was not possible to do
the same for the ternary model of Chapter 4. Appendix F summarises the current ideas of the
author on the topic. While accuracy of the mass transfer predictions were not compromised by
this limitation, finding the form of the composition dependence that complies with this condition
may lead to important insights on the theory. Therefore, it should be explored in the future.

The binary model possesses only two parameters that affect the mass transfer dynamics: the
degree of non-ideality between species and the interfacial free energy coefficient. However, in-
troducing a third species substantially increased the number of input parameters, now grown
from two to seven: 𝐷10,𝐷20,𝐷12,𝜅10,𝜅20,𝜅12,𝐴. Due to time and length considerations, certain
constraints were applied to their values in this work. However, a deeper understanding of their
effect upon mass transfer may be attained by performing more simulations for a wider combina-
tion of parameters. Moreover, it would be beneficial to test the effect of the weight given to the
counter-species gradient term: 𝜅𝑎𝑎∕𝜅𝑎𝑏 and 𝜅𝑏𝑏∕𝜅𝑎𝑏.

One of the assumptions made to simplify the system was that the interactions between solvent
and antisolvent, as well as API and solvent, were ideal. While in a physical antisolvent system it is
not expected to find non-idealities large enough to cause a miscibility gap between either of these
two pairs, it may not be uncommon for them to show a small degree of non-ideality. Therefore,
future work should consider this, and study the effect that non-idealities in the interactions of
these other two pairs have upon mass transfer.

6.2.3 Leveraging microfluidics and Raman microscopy to isolate diffusion
The semicircular cross-sectional profile of the microfluidic channel used in this work resulted in
the recovery of different Raman intensities across the channel height, due to the different amounts
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of liquid passing through them. This had to be dealt with through the development and training
of one PLS model per node measured, forcing the same resolution and points to be used for any
test or experiment. This could be avoided altogether by switching to a microfluidic channel with
a rectangular cross-sectional profile.

The velocity profile was found to be one of the most important factors in the determination
of the diffusion coefficient between solvents. It is highly sensitive to the presence of gas bubbles
inside the system, and thus every precaution should be taken to avoid them. For this purpose, it
is recommended to degas any solutions prior to loading them in the system, and to change the
tubing connecting the syringes with the channel regularly. In this work, this was also caused by
the gas pockets that appeared due to wetting problems on the channel wall. However, this is a
limitation specific to the microfluidic channel used, and is not expected to pose a problem for
other scientists.

On the topic of velocity, in this work it was approximated through the quotient between
flowrate and cross-sectional area. This was chosen because the estimation of the velocity profile
through the Hagen-Poiseuille equation led to a significant overestimation of the mean velocity,
which in turn considerably increased the error in the estimated diffusion coefficient. However,
this approximation does not consider the effect of friction against the walls, which will natu-
rally cause a lower velocity near the top and bottom of the channel. This could be causing an
increased error in the estimation of the diffusion coefficient. Therefore, it is recommended that
more suitable methods be investigated for the determination of the velocity profile inside the
microchannel.

The confocal Raman microscope employed to conduct this work presented several chal-
lenges. Among the most relevant were its inaccuracies in the software visualisation when show-
ing the point in space it was measuring, that led to the need to develop a bespoke procedure
relying exclusively on the Raman signal. In addition, during the latter experiments, the system
was unable to auto-calibrate without a very specific sequence of prior steps. These hurdles are
specific to the instrument available for this work, and are not expected to become problematic
for any future scientists.

To enhance the robustness of the PLS calibration model, it would be advantageous to expand
the calibration dataset through more measurements, as well as validate the composition of the
stock solutions used to build it through a suitable method, such as Karl Fischer titration.

The extremely low flowrates employed in this work were observed to cause an oscillation
of the interface at the entrance to the channel. This will most likely have contributed to inaccu-
racies in the measured composition in that region, since the oscillation period was shorter than
the Raman collection time at a particular point. To mitigate the effect of this oscillation, it is
recommended to perform several repeats of the same measurement. As an alternative, this oscil-
lation could be avoided altogether if working at larger flowrates. To ensure a sufficient degree of
mixing is achieved, a longer microfluidic channel would have to be employed. These measures
could be implemented without making the experimental time prohibitively long by reducing the
range of wavenumbers measured, coarsening or reducing the grid, or performing the repeated
experiments on separate days; this would also help quantify the reproducibility of the results.
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Lastly, while the Fickian interdiffusion coefficient has been predicted under the assumption
that it does not depend on composition, this data could be leveraged to inform a more complex
model, such as Fickian diffusion incorporating a composition dependence in𝐷, Maxwell-Stefan,
or, qualitatively, CaHiMaS. The qualitative validation of CaHiMaS would benefit from the se-
lection of a system that exhibits a miscibility gap, in the case of binary systems; an example of
this could be salicylic acid–n-heptane, as shown in Chapter 2. Similarly, the validation of the
ternary model requires extending the system to three components.
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Appendix A

The fundamental diffusion models

This section aims to serve as a theoretical background for two of the main diffusion models in-
volved in this project: the first and second Fick’s laws, and the Maxwell-Stefan equation. A
mathematical derivation of these models is performed, providing valuable insight on their ad-
vantages and limitations. With this purpose, the mass balance over the control volume shown in
Figure A.1 is presented.

FIGURE A.1: Differential volume element over which the mass balance is performed. Adapted from
Byron et al. [1]

The notation used in Figure A.1 is as follows: 𝑛𝛼 𝑧|𝑧 represents the mass flux of component
𝛼 along the x axis due to both convection and molecular diffusion evaluated on the coordinate
𝑧 = 𝑧; its definition is included in Equation (A.1). In the same way, 𝑛𝛼 𝑧|𝑧+Δ𝑧 corresponds to the
combined mass flux of 𝛼 on the z direction, evaluated on the coordinate 𝑧 = 𝑧+Δ𝑧. Finally, the
points A and A’ have, respectively, the coordinates (𝑥,𝑦,𝑧) and (𝑥+Δ𝑥,𝑦+Δ𝑦,𝑧+Δ𝑧).

𝑛𝛼𝑧|𝑧 = 𝑣𝑧𝜌𝛼 + 𝑗𝛼𝑧 (A.1)

where the first term corresponds to the mass transport due to convection: 𝑣𝑧 is the 𝑧 component
of the mass average velocity (𝒗) of the fluid, measured in ms−1, which vector is defined in
Equation (A.2), and 𝜌𝛼 (kgm−3) is the mass concentration of component 𝛼. The second term,
𝑗𝛼𝑧, represents the mass transport along the z direction occurring due to molecular diffusion, and
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is measured, as the first one, in kgm−2 s−1.

𝒗 =
𝑁
∑

𝛼=1
𝑤𝛼𝒗𝜶 (A.2)

where 𝑤𝛼 is the mass fraction of 𝛼 in the mixture, and 𝒗𝜶 (𝑚∕𝑠) is the average velocity of all the
molecules of component 𝛼 present in the control volume.

The general mass balance equation of a system is depicted in Equation (A.3). For gener-
alisation purposes, the first step considers a multicomponent system, and the development of a
chemical reaction within the boundaries of the volume element.

𝐼 +𝑃 = 𝑂+𝐶 +𝐴 (A.3)

where 𝐼 and 𝑂 represent the mass flowrate of component that enters and exits the system, re-
spectively; 𝐴 refers to the mass that is accumulated within the system; and, finally, 𝑃 and 𝐶
correspond with the production and consumption of component due to homogeneous chemical
reactions. It is worth mentioning that the production or consumption of component as a con-
sequence of a heterogeneous reaction would instead be considered in the boundary conditions
used to evaluate the differential equation that results from the mass balance.

The contributors to the mass balance are described, in the above-mentioned order, in Equa-
tions (A.4 – A.7). This step only presents the equations in relation to the x component for the
inlet and outlet terms, although analogous expressions for the y and z directions can be deduced.
Production and consumption have been combined in only one term, R, which overall sign will be
positive or negative depending on which one of the two it corresponds with, respectively. These
two terms do not depend on the direction of the flux, and, therefore, they are evaluated for the
whole volume element studied.

𝐼𝛼𝑧 = 𝑛𝛼𝑧|𝑧 ⋅Δ𝑥Δ𝑦 (A.4)
𝑂𝛼𝑧 = 𝑛𝛼𝑧|+Δ𝑧 ⋅Δ𝑥Δ𝑦 (A.5)
𝑅𝛼 = 𝑟𝛼 ⋅Δ𝑥Δ𝑦Δ𝑧 (A.6)
𝐴𝛼 =

𝜕𝜌𝛼
𝜕𝑡

⋅Δ𝑥Δ𝑦Δ𝑧 (A.7)

where 𝛼 = 1,2, ...,𝑁 and 𝑟𝛼 is the rate of production of component 𝛼. The z component of the
inlet and outlet terms can be found, according to Figure A.1, across the whole surface of the
shaded faces, since all the points comprised in them have the same z coordinate.

The next step in this deduction is the consideration of the inlet and outlet terms along the
x and y axis. After dividing by the volume of the control element, Δ𝑥Δ𝑦Δ𝑧, and allowing this
volume to become infinitesimally small, the continuity equation for 𝛼 is found. This is shown in
Equation (A.8), where all the terms have units of kgm−3 s−1.

𝜕𝜌𝛼
𝜕𝑡

= −
(

𝜕𝑛𝛼𝑧
𝜕𝑧

+
𝜕𝑛𝛼𝑥
𝜕𝑥

+
𝜕𝑛𝛼𝑦
𝜕𝑦

)

+ 𝑟𝛼 (A.8)
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Rewriting this expression so that the mass flux of 𝛼 is expressed as a vector, instead of through
its three components, and considering Equation (A.1), it is possible to obtain the vectorial con-
tinuity equation of 𝛼 in terms of the convective and molecular diffusive transport, as shown in
Equation (A.9). Finally, in Equation (A.10) this expression is written in terms of the mass frac-
tion of 𝛼, making use of the fact that 𝜌𝛼 = 𝑤𝛼 ⋅𝜌, and considering that 𝜌 is constant throughout
the control volume. Equation (A.11) shows the molar equivalent of this continuity expression.

𝜕𝜌𝛼
𝜕𝑡

= −(∇ ⋅𝐯𝜌𝛼)− (∇ ⋅ 𝐣𝛼)+ 𝑟𝛼 (A.9)

𝜌
(

𝜕𝑤𝛼

𝜕𝑡
+(𝐯 ⋅∇𝑤𝛼)

)

= −(∇ ⋅ 𝐣𝛼)+ 𝑟𝛼 (A.10)

𝑐
(

𝜕𝑥𝛼
𝜕𝑡

+(𝐯 ⋅∇𝑥𝛼)
)

= −(∇ ⋅ 𝐣𝛼)+ 𝑟𝛼 (A.11)

A.1 Fick’s law of binary diffusion
The deduction of Fick’s first law follows, in general, an empirical reasoning, and therefore that
is how it will be covered in this report. A more in-depth explanation of the scenario presented
here can be found in [94].

Let us imagine two bulbs full with gaseous nitrogen and carbon dioxide, respectively, and
connected by a capillary tube. Fick defined the flux of a component as the amount of that species
that flows through a certain area in a certain time. He stated that, as Equation (A.12) shows, this
quantity was proportional to the difference between the concentration measured in the bulbs poor
and rich in 𝛼, respectively, and relative to the length of the capillary tube.

𝐉𝛼 = −𝐷𝛼𝛽 ⋅
Δ𝑐𝛼
Δ𝑧

(A.12)

where 𝐷𝛼𝛽 is the proportionality constant. Physically, it corresponds with the diffusion coef-
ficient of one component in another, and it indicates how miscible the two species are. As for
the negative sign, it appears to keep the flux positive, since the difference in concentration is a
negative quantity.

Considering that the concentration varies in the other two dimensions, and that the length
of the studied capillary is infinitesimal, Fick’s first law (A.13), (A.14), in molar and mass units,
respectively, is obtained.

𝐉𝛼 = −𝐷𝛼𝛽 ⋅∇𝑐𝛼 (A.13)
𝐉𝛼 = −𝐷𝛼𝛽 ⋅∇𝜌𝛼 (A.14)

A.2 Fick’s second law of diffusion
This derivation is based on a simple combination of the final expressions obtained for the mass
balance and Fick’s first law of binary diffusion. Firstly, it is possible to substitute Equation (A.14)
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into Equation (A.10). Considering the density of the solution as constant, Equation (A.15) is
obtained.

𝜌
(

𝜕𝑤𝛼

𝜕𝑡
+(𝐯 ⋅∇𝑤𝛼)

)

= 𝜌𝐷𝛼𝛽∇2𝑤𝛼 + 𝑟𝛼 (A.15)
This equation adequately describes diffusion in dilute liquid solutions, provided that the pres-

sure and temperature of the system are constant. If, additionally, no chemical reactions are tak-
ing place, and the velocity of the system can be considered zero, this expression can be further
simplified into Equation (A.16), Fick’s second law of diffusion in mass units. Analogously, sub-
stituting Equation (A.13) into Equation (A.11) and considering the mentioned approximations,
Fick’s second law in molar units would be obtained.

𝜕𝜌𝛼
𝜕𝑡

=𝐷𝛼𝛽∇2𝜌𝛼 (A.16)

A.3 Maxwell-Stefan model
The Maxwell-Stefan model is derived along the lines of the studies presented in [92, 93]. Let
us consider a binary system formed by species 𝛼 and 𝛽. For mass transfer to occur, there must
exist a driving force in the system that allows the molecule of 𝛼 in movement to overcome the
molecular friction exerted on it. Specifically, this friction is caused exclusively by molecules of
a different species, which is this case corresponds to 𝛽. This can be proven through collision
theory, since this molecular friction corresponds with the linear momentum transferred from a
molecule of 𝛼 to 𝛽, shown in Equation (A.17).

𝐌𝛼 =
𝑚𝛼𝑚𝛽
𝑚𝛼 +𝑚𝛽

⋅ (𝐯𝛼 −𝐯𝛽) (A.17)

where 𝐌𝛼 is the transferred linear momentum, and𝑚𝑖 and 𝐯𝐢 are the mass and velocity of species
𝑖, respectively.

Equation (A.17) shows that, in order to have a transfer of momentum, the velocity of the two
molecules must be different. This proves that the momentum transferred in an 𝛼−𝛼 collision is
zero, and that the system will only exhibit molecular friction if the species are in movement with
respect to each other. It is also worth noting that the rationale behind this kinetic analysis is only
applicable to low-density gases. In denser fluids, such as liquids, the amount of linear momen-
tum transferred cannot be validly approximated to that corresponding to two-particle collisions.
Nonetheless, the physical significance of Equation (A.17) remains intact, and therefore can be
applied to the deduction of the Maxwell-Stefan model for liquids [93].

This equation is derived below through a force analysis following Newton’s second
law (A.18), which states that the sum of the forces imposed on a system is proportional to the
time rate of change of the momentum in that system.

∑

𝐅𝐢 ∝
𝑑(𝑚𝐯𝐢)
𝑑𝑡

(A.18)
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Intuitively, the right term must correspond with the average momentum exchanged in a col-
lision, written in Equation (A.17), multiplied by the number of 𝛼−𝛽 collisions in the system per
unit of time. In turn, the latter should be proportional to the molar fraction of both components,
since a higher number of particles will increase the probability of an 𝛼−𝛽 collision. Substituting
these within Newton’s law, Equation (A.19) is obtained.

∑

𝐅𝛼 = 𝑓𝛼𝛽𝑥𝛼𝑥𝛽
(

𝐯𝛼 −𝐯𝛽
) (A.19)

where 𝐟𝛼𝛽 is a proportionality constant manually included in the expression. Physically, it can
be understood as a drag coefficient, since this term corresponds with the molecular friction ex-
perienced by the moving molecule.

The analysis of the left term requires the performance of a force balance on species 𝛼, il-
lustrated in Figure A.2, over the control volume shown in Figure A.1. Only the pressure forces
are considered for this derivation, and therefore the Maxwell-Stefan model is invalid when other
external forces, such as an electric field, are acting on the system.

FIGURE A.2: Differential volume element over which the force balance is performed.

The terms in this force analysis, presented in Equation (A.20), are analogous to those in the
mass balance at the beginning of this section. In this case, the homogeneous chemical reaction
and accumulation are zero, being the only contributors the partial pressure of 𝛼 evaluated in 𝑧
(in) and 𝑧+Δ𝑧 (out).

∑

𝐅𝛼 =
(

𝑃𝛼𝑧|𝑧−𝑃𝛼𝑧|𝑧+Δ𝑧
)

⋅Δ𝑦 ⋅Δ𝑥 (A.20)
Dividing by the volume of the system, Δ𝑥 ⋅Δ𝑦 ⋅Δ𝑧, Equation (A.21) is obtained. Finally,

allowing this volume to become infinitesimally small, and generalising for the 𝑥 and 𝑦 directions,
the sum of the forces per volume acting on 𝛼 in the system is written in Equation (A.22).

∑

𝐅𝛼 =
𝑃𝛼𝑧|𝑧−𝑃𝛼𝑧|𝑧+Δ𝑧

Δ𝑧
(A.21)

∑

𝐅𝛼 = −∇𝑃𝛼 (A.22)
If the system is considered to be isobaric, it is still possible to further operate the left term

expressing it as a function of the composition gradient of 𝛼, as shown in Equation (A.25). To
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continue developing this term, it is necessary to consider the derivative of the chemical potential
with respect to space, presented in equations (A.23) and (A.24).

𝜕𝜇𝛼
𝜕𝑧

= 𝑅𝑇
𝜕 log𝑥𝛼
𝜕𝑥𝛼

⋅
𝜕𝑥𝛼
𝜕𝑧

(A.23)

∇𝑥𝛼 =
𝑥𝛼
𝑅𝑇

∇𝜇𝛼 (A.24)

Introducing these expressions, Equation (A.25) can be rewritten in terms of the chemical
potential gradient of 𝛼, as Equation (A.26) describes.

∑

𝐅𝛼 = −𝑃 ⋅∇𝑥𝛼 (A.25)
∑

𝐅𝛼 = −𝑃 ⋅
𝑥𝛼
𝑅𝑇

⋅∇𝑇 ,𝑃𝜇𝛼 (A.26)

At this point, it is convenient to combine the developed expressions for the left and right
term of Newton’s second law, which correspond with equations (A.19) and (A.26), respectively.
This is presented in Equation (A.27).

−𝑃 ⋅
𝐱𝛼
𝑅𝑇

⋅∇𝑇 ,𝑃𝜇𝛼 = 𝑓𝛼𝛽𝑥𝛼𝑥𝛽
(

𝐯𝛼 −𝐯𝛽
) (A.27)

One last mathematical operation is required. Until now, a diffusion coefficient has not ap-
peared in any of the equations obtained in this derivation, and the proportionality constant 𝑓𝛼𝛽
has not been defined either. In this case, 𝑓𝛼𝛽 is considered as the inverse of the Maxwell-Stefan
diffusion coefficient, Ð𝛼𝛽 , multiplied by the global pressure of the system, 𝑃 . Considering this,
defining 𝛽 = 1∕𝑅𝑇 and simplifying 𝑥𝛼 from both sides, the final version of the Maxwell-Stefan
model (A.28) for a liquid binary mixture is obtained.

∇𝑇 ,𝑃 𝛽𝜇𝛼 =
𝑥𝛽

Ð𝛼𝛽
⋅
(

𝐯𝛽 −𝐯𝛼
) (A.28)

This expression can be re-written in order to obtain the diffusive fluxes of both components
of the mixture, 𝐽𝛼 and 𝐽𝛽 . Multiplying both sides by 𝑥𝛼 and considering that 𝐍𝛼 = 𝑐𝑥𝛼𝐯𝛼 and
𝐍𝛽 = 𝑐𝑥𝛽𝐯𝛽 :

−𝑥𝛼∇𝑇 ,𝑃 𝛽𝜇𝛼 =
𝑥𝛽𝐍𝛼 −𝑥𝛼𝐍𝛽

𝑐 Ð𝛼𝛽
(A.29)

The left term of this expression can be further developed by considering that, for a non-
ideal fluid mixture, the chemical potential can be defined in terms of activity coefficients, as
Equation (??) shows. Therefore, introducing this in Equation (A.29), and applying the chain
rule to the subsequent derivative, Equation (A.31) is obtained.

−𝑥𝛼∇𝑇 ,𝑃 𝛽𝜇𝛼 = −𝑥𝛼∇𝑇 ,𝑃
(

ln𝑥𝛼 +ln𝛾𝛼
) (A.30)

−𝑥𝛼∇𝑇 ,𝑃 𝛽𝜇𝛼 = −𝑥𝛼

(

1
𝑥𝛼

∇𝑇 ,𝑃𝑥𝛼 +
𝜕 ln𝛾𝛼
𝜕𝑥𝛼

∇𝑇 ,𝑃𝑥𝛼

)

(A.31)

Grouping the terms multiplying the gradient of 𝑥𝛼, it is possible to obtain Equation (A.32).
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The parameter formed as a result of this operation corresponds with the thermodynamic factor,
defined by Γ = 1+𝑥𝛼

𝜕 ln𝛾𝛼
𝜕𝑥𝛼

. It is used to account for the non-linear behaviour present in non-ideal
mixtures.

−𝑥𝛼∇𝑇 ,𝑃 𝛽𝜇𝛼 = −Γ ∇𝑇 ,𝑃𝑥𝛼 (A.32)
In order to derive the individual diffusive fluxes, it is required to transform the right term of

Equation (A.29) by considering 𝑥𝛽 = 1−𝑥𝛼, 𝑁𝛽 =𝑁𝑡−𝑁𝛼 and that 𝐍𝛼 = 𝐉𝛼 +𝑥𝛼𝐍𝐭 . This way,
Equation (A.33) is obtained.

−𝑥𝛼𝛽∇𝑇 ,𝑃𝜇𝛼 =
𝐉𝛼

𝑐 Ð𝛼𝛽
(A.33)

Therefore, knowing that 𝑐𝛼 = 𝑐𝑥𝛼, it is possible to express the diffusive flux of species 𝛼 both
in terms of the gradient of its chemical potential and of its molar fraction, as Equation (A.34)
shows.

𝐉𝛼 = −Ð𝛼𝛽 𝑐𝛼∇𝑇 ,𝑃 𝛽𝜇𝛼 = −𝑐 Ð𝛼𝛽 Γ ∇𝑇 ,𝑃𝑥𝛼 (A.34)
Comparing this expression with Fick’s law (𝐉𝛼 = −𝑐 𝐷𝛼𝛽 ∇𝑇 ,𝑃𝑥𝛼), the relationship between

Fick’s and Maxwell-Stefan’s diffusion coefficient, included in Equation (A.35), can be deduced.

𝐷 = Ð𝛼𝛽 Γ (A.35)

As Krishna and Wesselingh [93] stated, the Maxwell-Stefan coefficient can be interpreted as
an inverse drag coefficient, whereas Fick’s coefficient is a group of two different effects: the drag
phenomenon covered in Maxwell-Stefan’s and non-ideal mixture behaviour. Therefore, Fick’s
law and the Maxwell-Stefan model will yield identical resutls when the value of the thermody-
namic factor is one, in which case the Maxwell-Stefan diffusion coefficient will not be a function
of composition. According to these authors, this assumption is only feasible for gaseous mixtures
provided that their pressure is not high, and for thermodynamically ideal liquid mixtures.





Appendix B

Formulation of the nondimensional
Helmholtz free energy density

The aim of this appendix is to demonstrate how the Helmholtz free energy density of a nonideal
multicomponent system, with units of (1∕𝑉 ), can be derived from its nondimensional Gibbs free
energy. In particular, the nonideality has been described through the Margules activity model,
since this is the simplest nontrivial model for the intended application of this work. We start by
defining the Gibbs free energy of the system in Equation (B.1).

𝛽𝐺 =
𝑛
∑

𝑖=0
𝑁𝑖[𝛽𝜇◦𝑖 (𝑇 ,𝑝)+ ln𝑥𝑖]+

𝑁
2

𝑛
∑

𝑖≠𝑗
𝐴𝑖𝑗𝑥𝑖𝑥𝑗 (B.1)

where 𝛽𝐺 is the nondimensional Gibbs free energy, and 𝛽 =1∕𝑘𝑇 ;𝑁 and𝑁𝑖 are the total number
of molecules in the system, and the molecules of species 𝑖, respectively; 𝜇◦𝑖 is the chemical
potential of the pure species 𝑖; 𝐴𝑖𝑗𝑖𝑗 is the Margules interaction coefficient between species 𝑖
and 𝑗; and 𝑥𝑖 is the mole fraction of species 𝑖.

In the Gibbs framework, the temperature (𝑇 ) and pressure (𝑝) of the system are independent
variables, and this free energy can only be minimised in a system in which these are kept constant.
In contrast, the thermodynamic volume (𝑉 ) of the system is allowed to vary. The volume of the
system in equilibrium can thus be calculated through Equation (B.2).

𝛽𝑉 =
𝜕𝛽𝐺
𝜕𝑝

|

|

|

|

|𝑇 ,𝑁𝑖

(B.2)

It is possible to leverage this to reach a definition of the thermodynamic 𝛽 in this system.
Considering that 𝜕𝜇◦𝑖 ∕𝜕𝑝 = 𝑉

◦

𝑖 , the substitution of Equation (B.1) into the expression above can
be expanded into Equation (B.3). Then, dividing this resulting expression by 𝑉 , the definition
of 𝛽 is reached, as shown in Equation (B.4).

𝛽𝑉 =
𝑛
∑

𝑖=0
𝑁𝑖𝛽𝑉

◦

𝑖 (𝑇 ,𝑝)+
𝑁
2

𝑛
∑

𝑖≠𝑗

𝜕𝐴𝑖𝑗
𝜕𝑝

𝑥𝑖𝑥𝑗 (B.3)

𝛽 =
𝑛
∑

𝑖=0
𝑐𝑖𝛽𝑉

◦

𝑖 (𝑇 ,𝑝)+
𝑐
2

𝑛
∑

𝑖≠𝑗

𝜕𝐴𝑖𝑗
𝜕𝑝

𝑥𝑖𝑥𝑗 (B.4)
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Now, the aim of this derivation is to reach an expression for the nondimensional Helmholtz
free energy density, 𝑓 = 𝐹∕𝑉 , which, again, has units of (1∕𝑉 ). Considering first the definitions
of the Helmholtz and Gibbs free energies, given in Equations (B.5) and (B.6), respectively, it
becomes clear that the two can be related through 𝐹 = 𝐺−𝑝𝑉 .

𝐹 = 𝑈 −𝑇𝑆 (B.5)
𝐺 = 𝑈 +𝑝𝑉 −𝑇𝑆 (B.6)

where 𝑈 is the internal energy of the system, and 𝑆 is its entropy.
This way, the nondimensional Helmholtz free energy density can be defined as 𝑓 = 𝛽(𝐺−

𝑝𝑉 )∕𝑉 , which in turn can be expanded into Equation (B.7) by substituting in it Equation (B.1).

𝑓 =
𝑛
∑

𝑖=0
𝑐𝑖
[

𝛽𝜇◦𝑖 (𝑇 ,𝑝)+ ln𝑥𝑖
]

+ 𝑐
2

𝑛
∑

𝑖≠𝑗
𝐴𝑖𝑗(𝑇 ,𝑝)𝑥𝑖𝑥𝑗 −𝛽𝑝 (B.7)

The Helmholtz formulation assumes that the temperature and the volume of the system are
independent variables, and can only be minimised in equilibrium for a system in which they
are kept constant. On the other hand, the pressure of the system is allowed to vary. Therefore,
the pressure dependency of the Margules parameters and of 𝜇◦𝑖 needs to be accounted for. For
simplicity, in this work the pressure dependency of these two variables have been expanded
through a first-order Taylor series, as shown in Equations (B.8) and (B.9). This is equivalent to
assuming that the system is incompressible.

𝜇◦𝑖 (𝑇 ,𝑝) ≈ 𝜇
◦
𝑖 (𝑇 ,𝑝0)+𝑉

◦
𝑖 (𝑇 ,𝑝0)(𝑝−𝑝0)+⋯ (B.8)

𝐴𝑖𝑗(𝑇 ,𝑝) ≈ 𝐴𝑖𝑗(𝑇 ,𝑝0)+
𝜕𝐴𝑖𝑗(𝑇 ,𝑝0)

𝜕𝑝
(𝑝−𝑝0)+⋯ (B.9)

where 𝑝0 has been chosen to be the initial pressure of the system.
Substituting these definitions within Equation (B.7), Equation (B.10) is reached. Grouping

then its terms into zero and first-order contributions, Equation (B.11) is obtained.

𝑓 =
𝑛
∑

𝑖=0
𝑐𝑖[𝛽𝜇◦𝑖 (𝑇 ,𝑝0)+𝛽𝑉

◦
𝑖 (𝑇 ,𝑝0)(𝑝−𝑝0)+⋯+ln𝑥𝑖]

+ 𝑐
2

𝑛
∑

𝑖≠𝑗
𝐴𝑖𝑗(𝑇 ,𝑝0)𝑥𝑖𝑥𝑗 +

𝑐
2
∑

𝑖≠𝑗

𝜕𝐴𝑖𝑗(𝑇 ,𝑝0)
𝜕𝑝

(𝑝−𝑝0)𝑥𝑖𝑥𝑗 +⋯−𝛽𝑝
(B.10)

𝑓 =
𝑛
∑

𝑖=0
𝑐𝑖[𝛽𝜇◦𝑖 (𝑇 ,𝑝0)+ ln𝑥𝑖]+

𝑐
2

𝑛
∑

𝑖≠𝑗
𝐴𝑖𝑗(𝑇 ,𝑝0)𝑥𝑖𝑥𝑗 −𝛽𝑝

+

[ 𝑛
∑

𝑖=0
𝑐𝑖𝛽𝑉

◦
𝑖 (𝑇 ,𝑝0)+

𝑐
2

𝑛
∑

𝑖≠𝑗

𝜕𝐴𝑖𝑗(𝑇 ,𝑝0)
𝜕𝑝

𝑥𝑖𝑥𝑗

]

(𝑝−𝑝0)+⋯

(B.11)

The last term of the right-hand side in Equation (B.11) corresponds exactly with the def-
inition of the thermodynamic 𝛽 in this system, given in Equation (B.4). Substituting this in,
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Equation (B.12) emerges. This constitutes the final version of the nondimensional Helmholtz
free energy density used in this work.

𝑓 =
𝑛
∑

𝑖=0
𝑐𝑖[𝛽𝜇◦𝑖 (𝑇 ,𝑝0)+ ln𝑥𝑖]+

𝑐
2

𝑛
∑

𝑖≠𝑗
𝐴𝑖𝑗(𝑇 ,𝑝0)𝑥𝑖𝑥𝑗 −𝛽𝑝0 (B.12)

Note that all thermodynamic variables within this expression depend only on the temperature
of the system and its initial pressure, both of which are constant. Thus, the free energy used in
this work is independent of pressure.





Appendix C

Interfacial tension in one-dimensional
multicomponent systems

We are concerned with the derivation of an expression for the interfacial tension of a system of
infinite length, formed by 𝑛 number of species, and divided into two bulk phases joined by an
interface, all in thermodynamic equilibrium. Its non-dimensional Helmholtz free energy func-
tional is given in Equation (C.1), which integrand corresponds with the free energy density of
the system. While it has been attempted to provide all detail needed for the algebra to be under-
standable, the reader is advised to work backwards if stuck on a particular step, taking note on
what terms changed and which remained constant.

𝐹 = ∫ 𝑑𝐫
[

𝑓 (𝐫)+ 1
2

𝑛
∑

𝑖𝑗
𝜅𝑖𝑗∇𝑐𝑖(𝐫) ⋅∇𝑐𝑗(𝐫)

]

(C.1)

where 𝑓 corresponds with the free energy associated to the pure species and their ideal and
non-ideal mixtures; 𝑐 is the concentration, in units of particle density; and in the second term,
which corresponds with the interfacial free energy, 𝜅𝑖𝑗 is defined as the interfacial free energy
coefficient.

The chemical potential of the system for a species 𝛼, obtained by performing a variational
derivative of the free energy functional with respect to 𝑐𝛼, is given in Equations (C.2) and (C.3)
for the generalised and one-dimensional forms, respectively. Note that because of the system
being in equilibrium, the chemical potentials of all species, denoted as 𝛾𝑖, must be spatially
constant.

𝛾𝛼 =
𝜕𝑓
𝜕𝑐𝛼

−
𝑛
∑

𝑖
∇ ⋅ [𝜅𝛼𝑖∇𝑐𝑖(𝐫)]+

1
2

𝑛
∑

𝑖𝑗

𝜕𝜅𝑖𝑗
𝜕𝑐𝛼

∇𝑐𝑖(𝐫) ⋅∇𝑐𝑗(𝐫) (C.2)

𝛾𝛼 =
𝜕𝑓
𝜕𝑐𝛼

−
𝑛
∑

𝑖
[𝜅𝛼𝑖𝑐′𝑖 (𝑧)]

′+ 1
2

𝑛
∑

𝑖𝑗

𝜕𝜅𝑖𝑗
𝜕𝑐𝛼

𝑐′𝑖 (𝑧)𝑐
′
𝑗(𝑧) (C.3)

The interfacial tension of a system is defined as the work per unit area required to form
an interface between two bulk phases. This can be expressed as the difference between the free
energy of the heterogeneous system and that of the two individual bulk phases when disconnected
from each other, as seen in Equations (C.4) and A for the generalised and one-dimensional cases,
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respectively.

𝛽𝜎𝐴𝐼 = 𝐹 −∫𝐼
𝑓
(

𝑐𝐼1 (𝐫),… , 𝑐𝐼𝑛 (𝐫)
)

𝑑𝐫−∫𝐼𝐼
𝑓
(

𝑐𝐼𝐼1 (𝐫),… , 𝑐𝐼𝐼𝑛 (𝐫)
)

𝑑𝐫 (C.4)

𝛽𝜎 = 𝐹 −∫𝐼
𝑓
(

𝑐𝐼1 (𝑧),… , 𝑐𝐼𝑛 (𝑧)
)

𝑑𝑧−∫𝐼𝐼
𝑓
(

𝑐𝐼𝐼1 (𝑧),… , 𝑐𝐼𝐼𝑛 (𝑧)
)

𝑑𝑧 (C.5)

where I goes from −∞ to the interface location, and II, from the interface location to +∞; and
𝐴𝐼 corresponds with the area of the interface.

Substituting the free energy functional𝐹 into Equation (C.4), Equation (C.6) is reached. This
expression can be further simplified by relating the obtained differences in free energy densities
with the chemical potential.

𝛽𝜎 = ∫𝐼
𝑑𝑧

(

𝑓 −𝑓 (𝑐𝐼0 ,… , 𝑐𝐼𝑛 )
)

+∫𝐼𝐼
𝑑𝑧

(

𝑓 −𝑓 (𝑐𝐼𝐼0 ,… , 𝑐𝐼𝐼𝑛 )
)

+ 1
2 ∫

𝑑𝑧
∑

𝑖𝑗
𝜅𝑖𝑗𝑐

′
𝑖 (𝑧)𝑐

′
𝑗(𝑧) (C.6)

Therefore, the equilibrium Helmholtz free energy densities of these two contributions must
be calculated in order to reach an expression for the surface tension. We will focus first on 𝑓 ,
since the expressions for 𝑓 (𝑐𝐼0 ,… , 𝑐𝐼𝑛 ) and 𝑓 (𝑐𝐼𝐼0 ,… , 𝑐𝐼𝐼𝑛 ) can be derived from its definition.

A general equilibrium Gibbs free energy density can be defined through ∑𝑛
𝑖=0 𝑐𝑖(𝐫)𝛾𝑖. Since

the equilibrium composition profile in the system (𝑐𝑖(𝐫)) is not known, and not constant, the
free energy density must be calculated by summing over the product of the equilibrium chemical
potential of all species with the spatial derivative of the concentration of that species, as presented
in Equation (C.7), and subsequently integrating this expression.

𝑛
∑

𝑖
𝑐′𝑖𝛾𝑖 =

𝑛
∑

𝑖
𝑐′𝑖
𝜕𝑓
𝜕𝑐𝑖

−
𝑛
∑

𝑖𝑗
𝑐′𝑖
[

𝜅𝑖𝑗𝑐
′
𝑗

]′
+ 1
2

𝑛
∑

𝑖𝑗𝑘
𝑐′𝑖
𝜕𝜅𝑗𝑘
𝜕𝑐𝑖

𝑐′𝑗𝑐
′
𝑘 (C.7)

The first and third terms of the right-hand side in this expression constitutes an expansion of
the chain rule for the spatial derivative of 𝑓 and 𝜅, respectively. The expression becomes

𝑛
∑

𝑖
𝑐′𝑖𝛾𝑖 = 𝑓

′−
𝑛
∑

𝑖𝑗
𝜅𝑖𝑗𝑐

′
𝑖𝑐

′′
𝑗 −

𝑛
∑

𝑖𝑗
𝜅′𝑖𝑗𝑐

′
𝑖𝑐

′
𝑗 +

1
2

𝑛
∑

𝑗𝑘
𝜅′𝑗𝑘𝑐

′
𝑗𝑐

′
𝑘

The last two terms can be summed, and the second term on the right-hand side can be rewrit-
ten as the result of a product rule. In turn, the two terms resulting from these two simplifications
also constitute the expansion of a product rule, and thus can be collapsed this way.

𝑛
∑

𝑖
𝑐′𝑖𝛾𝑖 = 𝑓

′− 1
2

𝑛
∑

𝑖𝑗
𝜅𝑖𝑗

(

𝑐′𝑖𝑐
′
𝑗

)′
− 1
2

𝑛
∑

𝑖𝑗
𝜅′𝑖𝑗𝑐

′
𝑖𝑐

′
𝑗

= 𝑓 ′− 1
2

𝑛
∑

𝑖𝑗

[

𝜅𝑖𝑗𝑐
′
𝑖𝑐

′
𝑗

]′
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Lastly, considering that the chemical potentials are constant, and therefore their derivative is
zero, the derivatives in the expression can be generalised for the entire left and right-hand sides.

[ 𝑛
∑

𝑖
𝑐𝑖𝛾𝑖

]′

=

[

𝑓 − 1
2

𝑛
∑

𝑖𝑗

[

𝜅𝑖𝑗𝑐
′
𝑖𝑐

′
𝑗

]

]′

Integrating both sides with respect to r, Equation (C.8) is reached. This expression relates
the Gibbs and Helmholtz free energy densities of the system in equilibrium, and will only be
fulfilled if the chemical potentials of all species in the system are constant.

𝑛
∑

𝑖
𝑐𝑖𝛾𝑖 = 𝑓 − 1

2

𝑛
∑

𝑖𝑗
𝜅𝑖𝑗𝑐

′
𝑖𝑐

′
𝑗 +𝛽𝑝0 (C.8)

where 𝛽𝑝0 appears as an integration constant when evaluating the result at the integral limits, at
which the composition is constant and that of equilibrium, and thus, at which the gradient term
becomes zero. In this case, the LHS and RHS of the expression correspond with the equilibrium
Gibbs and Helmholtz free energy densities, respectively. The reason why this term is constant
is because of the specific pressure dependency considered in this work, which has been detailed
in Appendix B.

Equation (C.8) yields a definition of 𝑓 that can be substituted into Equation (C.6). The
free energy densities of the bulk phases can also be defined from this expression, taking into
account that there will be no contribution from the interface in this case, and considering that
the compositions will be the coexistence values. These have been defined in Equations (C.9)
and (C.10).

𝑓 (𝑐𝐼0 ,… , 𝑐𝐼𝑛 ) =
𝑛
∑

𝑖=0
𝑐𝐼𝑖 𝛾𝑖−𝛽𝑝0 (C.9)

𝑓 (𝑐𝐼𝐼0 ,… , 𝑐𝐼𝐼𝑛 ) =
𝑛
∑

𝑖=0
𝑐𝐼𝐼𝑖 𝛾𝑖−𝛽𝑝0 (C.10)

Moreover, Equation (C.8) also leads to a differential expression through which to solve for
the equilibrium composition profile, by integrating 𝑑𝑐𝑖∕𝑑𝑧 and 𝑑𝑐𝑗∕𝑑𝑧. This equilibrium com-
position profile must be used to calculate the coexistence compositions, which in turn are needed
to calculate 𝑓 (𝑐𝐼0 ,… , 𝑐𝐼𝑛 ) and (𝑐𝐼𝐼0 ,… , 𝑐𝐼𝐼𝑛 ).

Substituting these free energy densities into Equation (C.6), Equation (C.11) is reached.

𝛽𝜎 = ∫𝐼
𝑑𝑧

𝑛
∑

𝑖
𝛾𝑖
(

𝑐𝑖− 𝑐𝐼𝑖
)

+∫𝐼𝐼
𝑑𝑧

𝑛
∑

𝑖
𝛾𝑖
(

𝑐𝑖− 𝑐𝐼𝐼𝑖
)

+∫ 𝑑𝑧
∑

𝑖𝑗
𝜅𝑖𝑗𝑐

′
𝑖𝑐

′
𝑗 (C.11)

Lastly, this expression can be further simplified by placing the interface so that the area
between the concentration profile of each species within the heterogeneous system and its con-
centration in the two bulk phases is equal in magnitude, but of opposite sign. This concept is
illustrated in Figure C.1.
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FIGURE C.1: Diagram of the heterogeneous system in equilibrium. The continuous black line depicts
its concentration profile, whereas the dashed lines correspond with the concentration of the individual,
unconnected bulk phases: 𝑐𝐼𝑖 and 𝑐𝐼𝐼𝑖 . The location of the interface, 𝑧𝐺, is chosen so that the shaded grey
and striped areas are equal in magnitude but of opposite sign.

This way, the final expression for the interfacial tension of a one-dimensional multicompo-
nent system is given in Equation (C.12).

𝛽𝜎 = ∫ 𝑑𝑧
∑

𝑖𝑗
𝜅𝑖𝑗𝑐

′
𝑖𝑐

′
𝑗 (C.12)

This equation can be specialised for both binary and ternary systems, as given in equa-
tions (C.13) and (C.14), respectively; note that species 0 was considered to be the dependent
one in both cases. Note that the binary 𝜅 corresponds with 𝜅00+𝜅11−2𝜅10. In the ternary case,
we have that 𝜅𝑎𝑎 = 𝜅11+𝜅00−2𝜅10; 𝜅𝑏𝑏 = 𝜅22+𝜅00−2𝜅20; and 𝜅𝑎𝑏 = 𝜅12+𝜅00−𝜅10−𝜅20.

𝛽𝜎 = ∫ 𝜅
(

𝑐′1
)2𝑑𝑧 (C.13)

𝛽𝜎 = ∫ 𝑑𝑧
[

𝜅𝑎𝑎
(

𝑐′1
)2+𝜅𝑏𝑏

(

𝑐′2
)2+2𝜅𝑎𝑏

(

𝑐′1𝑐
′
2
)

]

(C.14)



Appendix D

Supplementary material on the
experimental microfluidic platform

The following section includes the comparison between the experimental and the best-fit simu-
lation profiles obtained from the optimisation of Fickian diffusion to the collected experimental
maps. Figure D.1 presents this comparison for experiment 7. Figure D.2 presents these results
for experiments 1–3. Figure D.3 presents these results for experiments 4–6. Figure D.4 presents
these results for experiments 8–13.
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FIGURE D.1: Comparison between the experimental and the best-fit simulation profiles for experiment 7.
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FIGURE D.2: Comparison between the experimental and the best-fit simulation profiles for experiments
1 (a), 2 (b) and 3 (c).
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FIGURE D.3: Comparison between the experimental and the best-fit simulation profiles for experiments
4 (a), 5 (b) and 6 (c).
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FIGURE D.4: Comparison between the experimental and the best-fit simulation profiles for experiments
11 (a), 8 (b), 12 (c), 9 (d), 13 (e), 10 (f).



Appendix E

Building the ternary diagram

This section describes how to obtain the relevant curves and features of the ternary diagram,
according to the thermodynamic models proposed in this work. In particular, it focuses first on
the spinodal curve, followed by the binodal and solubility ones.

There are three components in our system: the API, the solvent and the antisolvent, which
mole fractions have been defined in this section, respectively, as 𝑥𝐴𝑃𝐼 , 𝑥𝑆 and 𝑥𝐴. The interac-
tions between API and solvent, as well as between solvent and antisolvent, have been considered
ideal, and the one-parameter Margules activity model has been used to describe the nonideality
in the interactions between API and antisolvent. The nondimensional molar Helmholtz free en-
ergy, 𝐹 ∗, is given in Equation (E.1). Note that this nondimensionalisation is achieved through
multiplying 𝛽 to the original free energy, 𝐹𝑜𝑔: 𝐹 ∗ = 𝛽𝐹𝑜𝑔.

𝐹
∗
= 𝑥𝑆

(

𝛽𝜇◦𝑆 +ln𝑥𝑆
)

+𝑥𝐴
(

𝛽𝜇◦𝐴+ln𝑥𝐴
)

+𝑥𝐴𝑃𝐼
(

𝛽𝜇◦𝐴𝑃𝐼 +ln𝑥𝐴𝑃𝐼
)

+𝐴𝑥𝐴𝑥𝐴𝑃𝐼 −𝛽𝑝0 (E.1)

where 𝛽𝜇◦𝑖 = 𝛽𝜇◦𝑖 (𝑇 ,𝑝0) and 𝐴=𝐴(𝑇 ,𝑝0), 𝑝0 being a reference pressure of the system, constant.
Since both the free energy and the chemical potential are defined only up to an additive con-

stant, any constants and terms linearly dependent on composition—which become constants in
the chemical potential equation—do not have an impact on the system. Thus, the molar nondi-
mensional Helmholtz free energy of the system can be defined as 𝐹 = 𝐹

∗
+ 𝛽𝑝0 − 𝑥𝑆𝛽𝜇◦𝑆 −

𝑥𝐴𝛽𝜇◦𝐴−𝑥𝐴𝑃𝐼𝛽𝜇
◦
𝐴𝑃𝐼 , and Equation (E.1) can be rewritten as Equation (E.2):

𝐹 = 𝑥𝑆 ln𝑥𝑆 +𝑥𝐴 ln𝑥𝐴+𝑥𝐴𝑃𝐼 ln𝑥𝐴𝑃𝐼 +𝐴𝑥𝐴𝑥𝐴𝑃𝐼
= (1−𝑥𝐴−𝑥𝐴𝑃𝐼 ) ln (1−𝑥𝐴−𝑥𝐴𝑃𝐼 )+𝑥𝐴 ln𝑥𝐴+𝑥𝐴𝑃𝐼 ln𝑥𝐴𝑃𝐼 +𝐴𝑥𝐴𝑥𝐴𝑃𝐼

(E.2)

The chemical potential of a species 𝑖 can be defined with respect to 𝛽𝐹 through Equa-
tion (E.3). Performing this derivative, the chemical potentials of the three species are found
in Equations (E.4)-(E.6).

𝛽𝜇𝑖 =
𝜕(𝑛𝛽𝐹 )
𝜕𝑛𝑖

|

|

|

|

|𝑇 ,𝑉 ,𝑛𝑗≠𝑖

(E.3)

𝛽𝜇𝐴 = ln𝑥𝐴+𝐴𝑥𝐴𝑃𝐼 (1−𝑥𝐴) (E.4)
𝛽𝜇𝐴𝑃𝐼 = ln𝑥𝐴𝑃𝐼 +𝐴𝑥𝐴(1−𝑥𝐴𝑃𝐼 ) (E.5)
𝛽𝜇𝑆 = ln𝑥𝑆 (E.6)
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E.1 Binodal curve and tie lines
The binodal curve encloses the miscibility gap, and defines the coexistence compositions in the
two-phase equilibrium within it. These compositions correspond with the intersection between
the free energy density curve and the common tangent between the two wells in this curve.
Since the activity model considered in this work leads to a symmetric free energy density, this
intersection corresponds with the minima of the two wells.

The tie lines relate the equilibrium between the two phases, joining the two coexistence
compositions of one equilibrium state. In order to determine where the tie lines sit, the condition
of chemical equilibrium must be enforced. This entails the chemical potentials of all components
being equal in both phases, as per Equations (E.7)-(E.9).

𝛽𝜇𝑆(𝑥𝐼𝐴,𝑥
𝐼
𝐴𝑃𝐼 ) = 𝛽𝜇𝑆(𝑥

𝐼𝐼
𝐴 ,𝑥

𝐼𝐼
𝐴𝑃𝐼 ) (E.7)

𝛽𝜇𝐴(𝑥𝐼𝐴,𝑥
𝐼
𝐴𝑃𝐼 ) = 𝛽𝜇𝐴(𝑥

𝐼𝐼
𝐴 ,𝑥

𝐼𝐼
𝐴𝑃𝐼 ) (E.8)

𝛽𝜇𝐴𝑃𝐼 (𝑥𝐼𝐴,𝑥
𝐼
𝐴𝑃𝐼 ) = 𝛽𝜇𝐴𝑃𝐼 (𝑥

𝐼𝐼
𝐴 ,𝑥

𝐼𝐼
𝐴𝑃𝐼 ) (E.9)

In the case of the solvent, which does not have a nonideality term, the condition of equilib-
rium becomes ln𝑥𝐼𝑆 = ln𝑥𝐼𝐼𝑆 . Therefore, in equilibrium, 𝑥𝐼𝑆 = 𝑥𝐼𝐼𝑆 , which indicates that the tie
lines inside the binodal are horizontal for this system.

Now, the free energy will have critical points at those compositions for which its first deriva-
tives become zero: 𝜕(𝐹 )∕𝜕𝑥𝐴 = 𝜕(𝐹 )∕𝜕𝑥𝐴𝑃𝐼 = 0. These first derivatives are given in Equa-
tions (E.10) and (E.11).

𝜕(𝐹 )
𝜕𝑥𝐴

=

[

−ln(1−𝑥𝐴−𝑥𝐴𝑃𝐼 )+ (1−𝑥𝐴−𝑥𝐴𝑃𝐼 )
−1

(1−𝑥𝐴−𝑥𝐴𝑃𝐼 )
+ ln𝑥𝐴+𝑥𝐴

1
𝑥𝐴

+𝐴𝑥𝐴𝑃𝐼

]

= [ln𝑥𝐴−ln(1−𝑥𝐴−𝑥𝐴𝑃𝐼 )+𝐴𝑥𝐴𝑃𝐼 ]
(E.10)

𝜕(𝐹 )
𝜕𝑥𝐴𝑃𝐼

= [ln𝑥𝐴𝑃𝐼 −ln(1−𝑥𝐴−𝑥𝐴𝑃𝐼 )+𝐴𝑥𝐴] (E.11)

Expanding the condition for critical points above,

ln𝑥𝐼𝐴−ln𝑥𝐼𝑆 +𝐴𝑥
𝐼
𝐴𝑃𝐼 = ln𝑥𝐼𝐴𝑃𝐼 −ln𝑥𝐼𝑆 +𝐴𝑥

𝐼
𝐴 (E.12a)

ln𝑥𝐼𝐴−ln𝑥𝐼𝐴𝑃𝐼 +𝐴
[

𝑥𝐼𝐴𝑃𝐼 −𝑥
𝐼
𝐴
]

= 0 (E.12b)
ln𝑥𝐼𝐴−ln𝑥𝐼𝐴𝑃𝐼 +𝐴

[

1−𝑥𝐼𝑆 −2𝑥𝐼𝐴
]

= 0 (E.12c)
This is the final identity that we will use to determine the binodal, knowing also that the tie

lines are horizontal. The methodology used to determine this curve is: (1) Give values to 𝑥𝐼𝑆
in the interval [0,1]. (2) From Equation (E.12c), calculate 𝑥𝐼𝐴. (3) The dependent composition
comes as 1−𝑥𝐼𝑆 −𝑥𝐼𝐴. (4) Finally, since the tie lines are horizontal: 𝑥𝐼𝐼𝐴 = 𝑥𝐼𝐴𝑃𝐼 , and 𝑥𝐼𝐼𝐴𝑃𝐼 = 𝑥𝐼𝐴.
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E.2 Spinodal curve
The lower and upper composition bounds of the spinodal region, what is referred to as the spin-
odal curve, are delimited by the inflexion points of the molar Helmholtz free energy surface. In
a ternary system this molar free energy has two variables, the two independent compositions.
Therefore, its inflexion points are determined as those that make zero the determinant of its
Hessian matrix. For a function 𝑓 (𝑥,𝑦) this matrix is given by

𝐻 =

[

𝑓𝑥𝑥 𝑓𝑦𝑥
𝑓𝑥𝑦 𝑓𝑦𝑦

]

and its determinant is given by 𝑑𝑒𝑡(𝐻) = 𝑓𝑥𝑥𝑓𝑦𝑦−𝑓𝑥𝑦𝑓𝑦𝑥.
Therefore, the first step to obtain the spinodal curve is to calculate the second-order deriva-

tives of the molar Helmholtz free energy, given in Equations (E.13)-(E.16). Note that the first-
order ones were given in Equations (E.10) and (E.11).

𝜕2(𝐹 )
𝜕𝑥2𝐴

= 𝜕
𝜕𝑥𝐴

𝜕(𝐹 )
𝜕𝑥𝐴

= 𝜕
𝜕𝑥𝐴

[

ln𝑥𝐴−ln(1−𝑥𝐴−𝑥𝐴𝑃𝐼 )+𝐴𝑥𝐴𝑃𝐼
]

= 1
𝑥𝐴

+ 1
1−𝑥𝐴−𝑥𝐴𝑃𝐼

= 1
𝑥𝐴

+ 1
𝑥𝑆

(E.13)

𝜕2(𝐹 )
𝜕𝑥2𝐴𝑃𝐼

= 1
𝑥𝐴𝑃𝐼

+ 1
𝑥𝑆

(E.14)

𝜕2(𝐹 )
𝜕𝑥𝐴𝑃𝐼𝜕𝑥𝐴

= 𝐴+ 1
𝑥𝑆

(E.15)
𝜕2(𝐹 )

𝜕𝑥𝐴𝜕𝑥𝐴𝑃𝐼
= 𝐴+ 1

𝑥𝑆
(E.16)

Following the equation for the determinant of the Hessian given above, we get that the free
energy density will have inflexion points for the compositions that make the following relation
true:

[

1
𝑥𝐴

+ 1
𝑥𝑆

][

1
𝑥𝐴𝑃𝐼

+ 1
𝑥𝑆

]

−
[

𝐴+ 1
𝑥𝑆

]2

= 0 (E.17a)
[

𝑥𝑆 +𝑥𝐴
𝑥𝐴𝑥𝑆

][

𝑥𝑆 +𝑥𝐴𝑃𝐼
𝑥𝐴𝑃𝐼𝑥𝑆

]

−
[

1+𝐴𝑥𝑆
𝑥𝑆

]2

= 0 (E.17b)

1
𝑥𝑆

[

[

𝑥𝑆 +𝑥𝐴
𝑥𝐴

][

𝑥𝑆 +𝑥𝐴𝑃𝐼
𝑥𝐴𝑃𝐼

]

−
[

1+𝐴𝑥𝑆

]2
]

= 0 (E.17c)

(𝑥𝑆 +𝑥𝐴)(1−𝑥𝐴)
𝑥𝐴𝑥𝐴𝑃𝐼

−
𝑥𝐴𝑥𝐴𝑃𝐼 (1+𝐴𝑥𝑆)2

𝑥𝐴𝑥𝐴𝑃𝐼
= 0 (E.17d)
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(𝑥𝑆 +𝑥𝐴)(1−𝑥𝐴)−𝑥𝐴𝑥𝐴𝑃𝐼 (1+𝐴𝑥𝑆)2 = 0 (E.17e)
(𝑥𝑆 +𝑥𝐴)(1−𝑥𝐴)−𝑥𝐴(1−𝑥𝐴−𝑥𝑆)(1+𝐴𝑥𝑆)2 = 0 (E.17f)

Equation (E.17f) has become an expression that relates the two independent compositions,
from which the spinodal curve can be plotted. The methodology is as follows: (1) Give values
to 𝑥𝑆 in the interval [0,1]. (2) For each of these 𝑥𝑆 , use the condition derived for the inflexion
points to calculate 𝑥𝐴. (3) Apply 𝑥𝐴𝑃𝐼 = 1−𝑥𝐴−𝑥𝑆 to get the third composition missing.

E.3 Solubility curve
The solubility marks the point at which the liquid and solid phases of the API are in equilibrium.
Thus, from the chemical equilibrium condition, 𝛽𝜇(𝑆)𝐴𝑃𝐼 = 𝛽𝜇

(𝐿)
𝐴𝑃𝐼 . The expressions for these are

given in Equations (E.18) and (E.19).

𝛽𝜇(𝑆)𝐴𝑃𝐼 = 𝛽𝜇
0,(𝑆)
𝐴𝑃𝐼 +ln𝑥(𝑆)𝐴𝑃𝐼 (E.18)

𝛽𝜇(𝐿)𝐴𝑃𝐼 = 𝛽𝜇
0,(𝐿)
𝐴𝑃𝐼 +ln𝑥(𝐿)𝐴𝑃𝐼 +𝐴

(

1−𝑥(𝐿)𝐴𝑃𝐼

)

𝑥(𝐿)𝐴 (E.19)

Considering that the crystals that form in the solid phase are completely pure, 𝑥(𝑆)𝐴𝑃𝐼 = 1, and
in turn, ln𝑥(𝑆)𝐴𝑃𝐼 = 0. This means that the equilibrium condition now reads

𝛽𝜇0,(𝑆)𝐴𝑃𝐼 = 𝛽𝜇0,(𝐿)𝐴𝑃𝐼 +ln𝑥(𝐿)𝐴𝑃𝐼 +𝐴
(

1−𝑥(𝐿)𝐴𝑃𝐼

)

𝑥(𝐿)𝐴 (E.20)
𝛽𝜇0,(𝑆)𝐴𝑃𝐼 −𝛽𝜇

0,(𝐿)
𝐴𝑃𝐼 = ln𝑥(𝐿)𝐴𝑃𝐼 +𝐴

(

1−𝑥(𝐿)𝐴𝑃𝐼

)

𝑥(𝐿)𝐴 (E.21)
(E.22)

where the compositions in the liquid phase are those we had been looking at in the rest of the
sections.

This provides all the tools needed to plot the solubility, considering that the entire LHS
is a quantity defined by the specific system being studied, and thus defined by the user. The
methodology is: (1) Pick the LHS value. (2) Give values to 𝑥𝐴 in the interval [0,1]. (3) Use
the equilibrium condition to calculate 𝑥𝐴𝑃𝐼 . (4) Apply 𝑥𝑆 = 1− 𝑥𝐴 − 𝑥𝐴𝑃𝐼 to get the third
composition missing.



Appendix F

Supplementary material on the ternary
mass transfer model development

F.1 Towards defining the correct chemical potential
This appendix summarises the current progress made towards the discovery of a form of the
composition-dependent interfacial free energy coefficient that produces a flat profile in equi-
librium in a phase-separated system. The author makes all the effort to provide clarity on her
thoughts; however, the reader must note this is unfinished investigation—not all the answers are
available.

The first thing to assert is that the chemical potential of a system which does not present
phase separation does remain flat. Two equations have been tested so far for the calculation of
the chemical potential, both calculating it in terms of (𝑐,𝑥1,𝑥2). The first form is that proposed by
Petrischeva and Abart [121], and the second is a preliminary form proposed in this work, based
on Equation (C.8). These two forms share common expressions for 𝛿𝐹∕𝛿𝑥1 and 𝛿𝐹∕𝛿𝑥2—
also referred to as 𝛽𝜇𝑎 and 𝛽𝜇𝑏—which are defined in Equations (F.2) and (F.2), respectively.
However, their expressions for 𝛿𝐹∕𝛿𝑐 are different, with their form given in Equation (F.3) and
ours in Equation (F.4).

𝛽𝜇𝑎 =
𝜕𝑓
𝜕𝑥1

−𝜅𝑎𝑎∇2𝑥1−𝜅𝑎𝑏∇2𝑥2 (F.1)

𝛽𝜇𝑏 =
𝜕𝑓
𝜕𝑥1

−𝜅𝑎𝑎∇2𝑥1−𝜅𝑎𝑏∇2𝑥2 (F.2)
𝛿𝐹
𝛿𝑐

=
𝜕𝑓
𝜕𝑐

+
𝜅𝑎𝑎
2

(∇𝑥1)2+𝜅𝑎𝑏(∇𝑥1∇𝑥2)+
𝜅𝑏𝑏
2
(∇𝑥2)2 (F.3)

𝛿𝐹
𝛿𝑐

=
𝜕𝑓
𝜕𝑐

−
𝜅𝑎𝑎
2

(∇𝑥1)2−𝜅𝑎𝑏(∇𝑥1∇𝑥2)−
𝜅𝑏𝑏
2
(∇𝑥2)2 (F.4)

Thus, this preliminary form takes the same expression proposed by Petrischeva and Abart,
but inverts the sign of the first-order terms to negative, in order to comply with the equilibrium
condition found in Equation (C.8). Figure F.1 presents the chemical potentials of experiments 1
and 2, calculated through both expressions.

Considering the Y scales, Figure F.1 proves that the chemical potentials in a homogeneous
system do remain flat in equilibrium. The reason why both equation forms reach exactly the

189
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(a) (b)

FIGURE F.1: Chemical potentials of the two independent species, 1 and 2, for the equilibrium state of a
system in which a stream of pure antisolvent was mixed with a solution of 25% API. The results obtained
with the form posed by Petrischeva and Abart [121] and with the form initially explored in this work
are both presented. The degree of non-ideality was 𝐴 = 3, and the interfacial free energy coefficients
correspond with (a) (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0,0,0) and (b) (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0.025,0.008,0.025).

same output here is that, in the absence of a composition gradient, the interfacial terms become
zero and both equations are the same.

The next thing to ascertain is that the differences in chemical potential used to define the
driving force in this work, 𝛽𝜇𝑎 = 𝛽𝜇1−𝛽𝜇0 and 𝛽𝜇𝑏 = 𝛽𝜇2−𝛽𝜇0, do return a flat profile when in
equilibrium, for a phase-separated state. For this purpose, Figure F.2 presents these profiles for
experiments 3 and 4, which correspond, respectively, with (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025)
and (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.1,0.032,0.1).

(a) (b)

FIGURE F.2: Chemical potential differences between the independent and the dependent species for the
equilibrium state of a system in which a stream of pure antisolvent was mixed with a solution of 45%
API. In particular, (a) presents 𝛽𝜇𝑎 = 𝛽𝜇1 − 𝛽𝜇0, and (b), 𝛽𝜇𝑏 = 𝛽𝜇2 − 𝛽𝜇0. The results obtained with
the form posed by Petrischeva and Abart [121] and with the form initially explored in this work are both
presented. The degree of non-ideality was 𝐴 = 3, and the interfacial free energy coefficients correspond
with (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0.025,0.008,0.025).

The outputs of Figure F.2 prove that the chemical potential differences do remain constant,
which is consistent with the dynamic evolution of mass transfer. The composition had ceased
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evolving, which can only occur when the driving force for diffusion is depleted. In this case, this
corresponds with 𝛽𝜇𝑎 and 𝛽𝜇𝑏.

As for the individual chemical potentials pertaining to experiments 3 and 4, they are pre-
sented in Figure F.3(a) and (b), respectively. These outputs make clear that, while the higher
value of the gradient free energy coefficient can retrieve a flat profile—given that it led to fully
homogeneous mixing—this is not the case for the lower value, when the system phase-separated.

(a) (b)

FIGURE F.3: Chemical potentials of the two independent species for the equilibrium state of a system
in which a stream of pure antisolvent was mixed with a solution of 45% API. The results obtained with
the form posed by Petrischeva and Abart [121] and with the form initially explored in this work are both
presented. The degree of non-ideality was 𝐴 = 3, and the interfacial free energy coefficients correspond
with (a) (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0.025,0.008,0.025) and (b) (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0.1,0.032,0.1).

The most prominent trends in Figure F.3(a) are the fact that Petrischeva and Abart’s form
of the chemical potential returned a very similar overshoot at the interface for both species, and
that the form proposed in this work does manage to reduce this overshoot, although it does not
flatten it completely. The reason why 𝛽𝜇1 shows a slight slope before the peak while 𝛽𝜇2 is
completely flat may be because the API needed slightly more simulation time to fully reach
equilibrium. Since the changes occurring at these stage of the simulation were imperceptible in
the composition profiles, this does not compromise the accuracy of those results.

After establishing what is correct and what still needs to be worked on, we can turn our
attention towards the equation defining the chemical potential. By definition, it must correspond
with the variational derivative of the free energy with respect to the concentration of the species
of interest. The specific expressions that this derivative takes for the three species in the system,
species 0 being the dependent one, are given in Equations (F.5)–(F.7). Therefore, calculating
𝛽𝜇1 by parsing the composition profile to this expression will, undoubtedly, return a flat profile.
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(F.5)
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Moreover, the definition of the chemical potential in terms of (𝑐,𝑥1,𝑥2) through the applica-
tion of the chain rule is also correct. Hence, a direct calculation of 𝛿𝐹∕𝛿𝑐, 𝛿𝐹∕𝛿𝑥1 and 𝛿𝐹∕𝛿𝑥2
(Equations (F.8)–(F.10)) will also, by definition, produce a flat profile.
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(F.10)

The problem arises through the definition of the interfacial free energy coefficients in these
expressions. The reason why Equation (F.5) could not be used directly was because the dy-
namics of the model had been built upon differences between chemical potentials as the driving
force, corresponding exactly to Equations (F.8) and (F.9). In them, the interfacial free energy
coefficients naturally group into the three groups represented as 𝜅𝑎𝑎, 𝜅𝑎𝑏 and 𝜅𝑏𝑏. Therefore, the
dynamics were defined based on these three values. It is not possible to determine the value of
(𝜅11−𝜅10) or (𝜅22−𝜅20) from them.

Calculating it through the chain rule, rewriting its definition in terms of (𝑐,𝑥1,𝑥2), is an
easier choice, since, as mentioned, Equations (F.8) and (F.9) were embedded into the continuity
equations. Therefore, the only outstanding expression to define is 𝛿𝐹∕𝛿𝑐, which corresponds
with the contribution of the bulk phase to the chemical potential. However, attending to its
definition in Equation (F.10), we can see that this expression is not defined exclusively in terms
of 𝜅𝑎𝑎, 𝜅𝑎𝑏 and 𝜅𝑏𝑏, but instead also counts with a lone term at the end that depends only on 𝜅00.
While at a first glance it may appear odd, that term is correct, and needed in order to recover
Equation (F.5) from the chain rule expression.
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This indicates that the definition of the gradient coefficient of the dependent species is non-
trivial, and might be the key component for producing a flat equilibrium chemical potential pro-
file in a phase-split system. It may be the case that sampling a sufficiently large range of values
for 𝜅00 is enough to land on one that enables this, since the groups of parameters 𝜅𝑎𝑎, 𝜅𝑎𝑏 and
𝜅𝑏𝑏 could maintain their value through adjusting the relative value of the other interfacial coef-
ficients. However, a suitable value for 𝜅00 obtained in this way may be specific to the profile it
was designed to flatten. Therefore, perhaps a more robust approach would be to test different
forms of the composition dependence of this parameter.

F.2 Additional results
Figure F.4(a) presents the composition evolution through the ternary diagram of a system without
non-ideal or gradient contributions, meaning that 𝐴 = 0 and (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0,0,0). In partic-
ular, the system is formed by a stream of pure antisolvent and a solution of 25% API. Similarly,
Figure F.4(b) presents the evolution of this system when the gradient contributions are acknowl-
edged, with the coefficients being (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0.1,0.032,0.1). Lastly, it was considered that
𝛽𝜇◦,(𝑆)1 −𝛽𝜇◦,(𝐿)1 = −1.

(a) (b)

FIGURE F.4: Evolution of the composition with time in a system mixing pure antisolvent with a 45%
API solution, considering that 𝐴 = 0 and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1. The gradient coefficient values are (a)
(𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0,0,0) and (b) (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.1,0.032,0.1). In particular, (a, b) depict the composi-
tional pathways through the ternary diagram. The blue line in them is the solubility curve, and the dotted
line joins the two initial compositions, marked by a white circle. To ease visualisation, the last recorded
profile has been plotted in white.

The pathway in this case is not fully linear, as Fickian diffusion would indicate, because
the form of the flux employed in this work—defined by Petrischeva and Abart [121]—does not
reduce exactly to Fick’s law. Nonetheless, the trajectories are still considerably more linear than
they are when there interactions between the API and the antisolvent are nonideal.

Figure F.5 presents the composition evolution through the phase diagram (a) and in space
(b) of a system in which a solution of 55% API and 45% solvent is mixed with pure antisolvent.
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It was considered that 𝐴 = 3 and that 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 ; the interfacial free energy coefficients
had values of (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0.05,0.016,0.05).

(a)
(b)

FIGURE F.5: Evolution of the composition with time in a system mixing pure antisolvent with a 45%
API solution, considering that 𝐴 = 3 and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1. The gradient coefficient values are
(𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.05,0.016,0.05). In particular, (a) depicts the compositional pathways through the
ternary diagram. The blue line in them is the solubility curve, and the dotted line joins the two initial
compositions, marked by a white circle. To ease visualisation, the last recorded profile has been plotted
in white. (b) Spatial evolution of the composition profile.

Figure F.6(a) presents the composition evolution through the ternary diagram of a system in
which a stream of 45∕55% API/solvent is mixed with a solution of 80∕20% antisolvent/solvent.
In it, 𝐴 = 3, and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1. Two sets of values of the gradient free energy coeffi-
cient have been tested: (a) (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0,0,0), and (b) (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0.1,0.032,0.1). Its
purpose was to assert the dilution of the antisolvent stream with solvent as an effective means of
reducing the possibility of phase separation, which these results prove it is.

Lastly, Figure F.7 presents the composition evolution through the ternary diagram of a system
in which a solution of 25∕75% API/solvent is mixed with a stream of pure antisolvent. In it,
𝐴= 3, and 𝛽𝜇◦,(𝑆)1 −𝛽𝜇◦,(𝐿)1 =−1. Two sets of values of the gradient free energy coefficient have
been tested: (a) (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0,0,0), and (b) (𝜅𝑎𝑎,𝜅𝑎𝑏,𝜅𝑏𝑏) = (0.1,0.032,0.1).
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(a) (b)

FIGURE F.6: Evolution of the composition with time in a system mixing a 45% API solution with a
solution of 80∕20% antisolvent/solvent, considering that 𝐴 = 3 and 𝛽𝜇◦,(𝑆)1 −𝛽𝜇◦,(𝐿)1 = −1. The gradient
coefficient values are (a) (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0,0,0) and (b) (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.1,0.032,0.1). The blue line
in them is the solubility curve, and the dotted line joins the two initial compositions, marked by a white
circle. To ease visualisation, the last recorded profile has been plotted in white.

(a) (b)

FIGURE F.7: Evolution of the composition with time in a system mixing a 25∕75% API/solvent solution
with a stream of pure antisolvent, considering that 𝐴 = 2.5 and 𝛽𝜇◦,(𝑆)1 − 𝛽𝜇◦,(𝐿)1 = −1. The gradient
coefficient values are (a) (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0,0,0) and (b) (𝜅̃𝑎𝑎, 𝜅̃𝑎𝑏, 𝜅̃𝑏𝑏) = (0.025,0.008,0.025). The blue
line in them is the solubility curve, and the dotted line joins the two initial compositions, marked by a
white circle. To ease visualisation, the last recorded profile has been plotted in white.
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