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Abstract

Surface active species can be encountered in various process industries. This can then

result in demand for their separation. Most of the conventional separation methods are

limited when the separation of surfactant from a dilute solution is required. However,

foam fractionation is an economical and environmentally friendly method that can

overcome this limitation.

In a fractionation column, bubbles rise, while surfactants adsorb on the surface of the

bubbles. Thus, the foamate taken from the top of the column is richer in surfactant

concentration than the initial feed. In the foam fractionation system with reflux, which

is the subject of this study, a part of this rich foamate is returned to the column. Hence,

reflux enriches the interstitial liquid in contact with bubbles. Consequently, the dif-

ference in surface concentration of the richer Plateau borders and the leaner adjacent

foam films results in a flow of fluid from the Plateau border towards the centre of the

film. This is due to the Marangoni stress which arises in turn due to the difference in

surface tension in those regions.

In addition, film drainage is the other significant mechanism that occurs, and is due to

the much higher curvature of the Plateau borders compared to the neighbouring films.

This difference can result in a pressure difference which causes a fluid flow from the

films towards the Plateau borders. The interaction between the Marangoni flow and

xvi



film drainage can result in the mass transport of surfactants on and within the foam

films.

The evolution of insoluble surfactants in this sort of system has previously been studied

elsewhere [1]. However, recognition of the fact that surfactants are actually somewhat

soluble in water motivated the present study. The novel contribution of this research

is to study soluble surfactant transport on and within a foam film during a fractiona-

tion process with reflux. This can then lead to the ability of designing more efficient

fractionation columns.

The present study is thereby based on the work of Vitasari et al. [1], but with the differ-

ence that in the present study, surfactant solubility has also been included. To do this,

surfactant transport processes are modelled. Nonetheless, to simplify the mathemati-

cal modelling used in the current study, we considered two specific limits. In the first,

surfactants are considered to be highly diffusive, at least across the foam films. Hence,

they are uniformly distributed across the films [2]. In the second limit however, surfac-

tants are considered to have low diffusivities. Hence, they are only being transported

via convection within the foam film, due primarily to flow associated with Marangoni-

induced stresses. In addition, we have employed a linear adsorption isotherm to relate

surfactant surface and bulk concentrations, albeit with the option to vary that isotherm

to capture, at least locally, the behaviour of a non-linear one. Note that each of the

above mentioned limits (diffusion-dominated and convection-dominated) is relevant

for surfactants with particular characteristics transported in a foam film with a specific

geometry. Therefore, the real case is generally somewhere in between the two above

mentioned limits. Despite this, these models and the limits we consider can still pro-

vide valuable information about surfactant transport which can eventually help with

the design of a more efficient fractionation column.
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Chapter 1
Introduction

The introduction chapter consists of two sections. In the first section, some general

background which describes the importance of the current field of study is explained.

Specifically, it includes a brief discussion about surface-active components and their

properties, foam fractionation as our target separation technique, surface-active com-

ponents’ adsorption behaviour on a gas/liquid interface and finally, limiting behaviours

for modelling surfactant transport on and within the foam film. Moreover, the signifi-

cance of this study in terms of industrial application is described in brief. In the second

section, the structure of the present thesis is outlined.

1.1 Motivation

Surface-active components can be found in nature or synthesised as chemical surfac-

tants, biosurfactants, proteins and enzymes [3–5]. The main common characteristic of

surface-active components is their tendency to adsorb to a gas/liquid interface due to

having a hydrophobic and a hydrophilic group in their structure [3, 6–8]. Moreover,

they can have various characteristics, such as wetting, foaming, micellisation, deter-

gency, corrosion inhibition, lubricity, and viscosity, which makes them the primary

choice in many industrial applications [9–13].
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On the other hand, their widespread usage in various industries creates a demand for

their separation using efficient techniques. This may occur since some surfactants are

valuable materials and need to be recovered from a solution, or else, some of them are

harmful to the environment and need to be removed from wastewater before disposal

[14–16]. The industries using surface-active components range from food, pharmaceu-

tical, waste-treatment, environment-related, and many more [17, 18]. However, as the

concentration of surface-active components is low in many cases, utilization of older

separation techniques, such as distillation or ultrafiltration is not efficient [19, 20].

One of the promising methods to date to separate surface-active components from an

aqueous solution is foam fractionation [21]. This physicochemical process is competi-

tive among other methods used in this area, such as gel-filtration, ion exchange, precip-

itation, membrane filtration and coagulation in terms of simplicity of the equipment,

low-cost, mild operation, and environmental compatibility [22–26]. Furthermore, its

applicability when separating a dilute solution [27–29], which is, as mentioned, be-

yond the limits of other techniques, has made it more attractive.

Foam fractionation is a foam separation technique based on the adsorption of surface-

active components on the bubbles’ surfaces [21, 30–32]. During the process, bubbles

enter at the bottom of the column, and exit at the top as foamate, while becoming

richer in surfactant concentration than the initial solution [33]. As already alluded to,

this is due to adsorption on the surface of bubbles, with high surface-to-liquid content

ratios [34]. However, as was first reported by Lemlich and Lavi [26], to increase

the efficiency of a fractionation column, or in particular, to increase its recovery and

enrichment, it is beneficial to return a part of the enriched foamate to the column.

This is called ‘reflux’ and puts higher surfactant concentration interstitial liquid in

contact with rising bubbles. This will eventually lead to having a higher surfactant

concentration foamate at the top of the column than in a case without reflux [35].

However, a lot of interesting physics is happening in foams (particularly in foams
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subject to reflux), and to model a fractionation process we need to model that physics.

In a fractionation column, it is most likely to have foam with a low liquid volume

fraction [1]. The structure of the aforementioned foam is expected to be as follows.

Bubbles have polyhedral shapes and are separated from one another by a thin liquid

film called a foam lamella [36, 37]. Three foam films meet symmetrically and form

an interstitial channel named the Plateau border. Four Plateau borders meet and form

a node [38, 39]. Plateau borders typically have a much larger quantity of liquid than

lamellae within the foam [32]. A source of liquid can also be a source of surfactant.

This then is the reason why in this study, we consider the Plateau borders as a source

of surfactants with effectively constant surfactant concentrations within the Plateau

borders [1].

On the other hand, Plateau borders have higher curvatures compared to their adjacent

films, which are assumed to be comparatively flat. According to the Young-Laplace

law, this causes a liquid flow from the thin films towards the Plateau borders, known

as film drainage [40]. Even though the quantity of liquid draining is not high, when

surfactants are soluble in bulk liquid, film drainage can play an important role in the

final recovery and enrichment of surfactant in the foam films. In the present study, we

use Reynolds’ model for a rigid interface to obtain an equation for thinning rate or the

rate of film drainage [41].

Another important mechanism which is essential in this study is the Marangoni flow.

Marangoni stresses occur at a gas/liquid interface due to the inhomogeneities caused

by the difference in surface tensions [42, 43]. As previously mentioned, reflux enriches

the liquid in Plateau borders resulting in a gradient of surfactant surface concentration

and hence a gradient in surface tension between films and the adjacent Plateau bor-

ders. As a result, Marangoni stresses bring surfactant from Plateau borders towards

the centre of the films [44]. In a fractionation process, it turns out that the Marangoni

flow is initially the dominant mechanism compared to the film drainage. However,
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after a long time, film drainage and Marangoni flow can reach a balance on the surface

corresponding to a quasi-static condition [1].

Up until now, several studies have been carried out on film drainage and its effects on

the foam and the foam film stabilization [40, 45–52]. Moreover, the transport of surfac-

tant onto the foam film surface in the presence of film drainage and Marangoni forces

has been investigated [1]. However, in previous research, the presence of surfactants in

the bulk of the film has been neglected. This has been done even though most common

surfactants have a substantial solubility in water, which can change significantly with

variations in hydrophobic tail length, head group nature, counterion valence, solution

environment, and in addition, temperature [10, 17, 53–55]. Thus, this research aims to

address soluble surfactant transport on and within the foam film in a foam fractionation

process with reflux.

Overall, to have a better understanding of the surfactant transport process, mathemat-

ical modelling and simulation is a must. Modelling a soluble surfactant transport in

a fractionation process with reflux is nonetheless a complicated task. However, to be

able to simplify it, while simultaneously gaining valuable information which helps us

increase the efficiency of the overall process, we take two extreme limits. The first

limit is the so-called ‘small Pe∆ limit’, where Pe is the Pećlet number and ∆ is the

ratio between half of the film’s initial thickness and half of its length. The key feature

of this limit is the tendency to have a uniform distribution of surfactant across the film

thickness. This can be a reasonable approximation when smaller chemical surfactants

with high diffusivities in a very thin film are considered. In this study however, the op-

posite limit considering larger surface-active components, such as proteins, that tend

to correspond to a ‘large Pe∆’ value has also been modelled. In this case, surfactants

are only transported via convection within the bulk as they have a lesser tendency to

diffuse from the surface to the bulk.
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1.2 Thesis overview

This thesis is presented under the University of Strathclyde thesis submission regula-

tions. The thesis is organised as follows.

A literature review is provided in Chapter 2. This chapter studies previous research

and background information required to carry out the present work. The main topics

covered are as follows: Surface-active components and their behaviour on the surface

and within the solution bulk, the foam fractionation process, recovery and enrichment

calculations for fractionation performance, foam properties, as well as foam film inter-

faces and their rheology.

In Chapter 3, governing equations are presented and explained. In particular, we use

continuity and momentum balance equations to obtain the velocity fields. Then, the

obtained velocity field equations are used in relevant mass transport equations to obtain

an equation for the evolution of surfactant concentration.

Having derived the governing equations, we solve two limits in the modelling of a

soluble surfactant transport on and within the foam film. These limits are presented in

the form of the original articles (accepted or submitted), as well as their supplementary

material.

Chapter 4 is ‘Transport of soluble surfactant on and within a foam film in the context of

a foam fractionation process’. This section models the so-called ‘small Pe∆ limit’, in

which, surfactants are uniformly distributed across the foam film. To carry out calcula-

tions in the above mentioned limit, two distinct adsorption isotherms have been used to

relate surfactant surface and bulk concentrations. Moreover, the study has been carried

out with and without the consideration of film drainage. In brief, Chapter 4 provides

the main article published in the journal Chemical Engineering Science, while Chap-

ter 5 provides essential background information, calculations and data used to carry

out the research. For instance, mass transport mechanisms and related equations, the
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introduction of the adsorption isotherms, nondimensionalization process, a numerical

solution procedure, the selection of simulation parameters, as well as an analytical

solution for the so-called quasisteady condition can be found in Chapter 5.

Chapter 6 is ‘Transport of convected soluble surfactants on and within the foam film

in the context of a foam fractionation process’. This chapter takes into account a

different limit in which the transport of surfactant within the foam film is convection-

dominated. This limit is called the ‘large Pe∆ limit’, in which the diffusion across the

film is ignored compared to the convection within it. Similar to what was done earlier,

supplementary material has also been provided now within Chapter 7. It consists of an

alternative method for the early time evolution calculations, a numerical approach to

the problem, simulation parameters and benchmarking, as well as using a non-linear

adsorption isotherm.

At the end, the findings are summarised in Chapter 8 and the direction for future work

is outlined in Chapter 9.
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Chapter 2
Literature review

In the present chapter, we focus on the key information from literature required to

carry out our study, as well as the background research that has been done relevant

to the field. Moreover, the novel contribution of the present study relative to the pre-

vious work, and the reason why this study can develop this particular field have also

been explained. At the start of the chapter, there is a discussion about surface ac-

tive components, their properties and their application in industry. Then, we explain

foam fractionation as an efficient surfactant separation process. Moreover, some de-

tails about foam geometry and foam’s key physics have been provided. Furthermore,

as the interfacial rheology of foam in the presence of surfactant is an important topic

needed for the present study, it is also discussed in detail.

2.1 Surface active components in a solution

In this section, we review ‘surface-active components’ as they are the materials that

can be separated using the method called ‘foam fractionation’. Moreover, we review

some of the surface-active materials’ properties, applications, and alternative methods

of separation from an aqueous solution. In this research, ‘surfactant’ is to be used

as a general term, including all surface-active molecules, including small chemicals,
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bio-surfactants, or proteins[3–5].

Surfactants are very important substances that everyone encounters in their daily life,

e.g. they are one of the main components of detergents. Research on these materials

has made great advances over more than the past half-century since an early publi-

cation by Schwartz and Perry [56] summarized their chemical, physicochemical and

technological properties.

Surfactants are amphiphilic compounds having a hydrophilic (lyophilic) part and a hy-

drophobic (lyophobic) part [6]. The hydrophilic parts are typically polar groups, while

the hydrophobic parts are often formed of hydrocarbon chains [54, 57]. For instance,

in an aqueous media, surfactant molecules will migrate to gas/liquid interfaces and ori-

entate in such a fashion as to minimise, as much as possible, the contact between their

hydrophobic groups and the liquid [9].

Typical surfactants are classified as anionic, cationic, amphoteric or non-ionic [58].

Apart from traditional chemical surfactants, there are new classes of surfactants, e.g.,

biosurfactants [4, 5]. Biosurfactants are produced by living organisms and can be cate-

gorized based on their chemical structure, including glycolipids, lipopiptides, lipopro-

tein, phospholipids, natural lipids, polymeric surfactin and fatty acids [7, 59].

Proteins also show surface activity and can be categorized as surface-active compo-

nents [3, 8]. For instance, the outer surface of a globular protein contains polar and

charged amino acid groups. The distribution of these functional groups on the hy-

drophilic outer shell is usually uneven, with the consequence that some parts of the

surface are more hydrophobic than others. Hence, adsorption at the gas/liquid inter-

face happens to allow the more hydrophobic regions on the outer surface to minimize

their exposure to the aqueous environment [60].
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2.1.1 Surfactant properties and applications

The behaviour of surfactants in an aqueous solution (on the surface and in the bulk),

gives them the following properties [9, 13]:

• Wetting

• Foaming/defoaming

• Emulsification/demulsification

• Dispersion/aggregation of solids

• Solubility and solubilisation

• Adsorption

• Micellisation

• Detergency

• Synergistic interactions with other sur-

factants

• Corrosion inhibition

• Substantivity to fibres and surfaces

• Biocidal properties

• Lubricity

• Stability in highly acidic or alkaline

media

• Viscosity modification

The named properties of surface-active components make them the primary choice in

various applications, such as [9–12]:

• Domestic, institutional and industrial cleaning products

• Toiletry and personal care products

• Crop protection formulations used in agriculture

• Oil field chemicals

• Food industry e.g., emulsifiers

• Pharmaceuticals

• Emulsion polymers for coatings, inks and adhesives

• Corrosion inhibition
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• Medical and pharmaceutical industry

• Nanotechnology

Consequently, this widespread use of surfactants can create a demand for separating

them in industry. This can be as a downstream separation for recovery of a valuable

surfactant [14, 23, 61], or else for environmental purposes, e.g. to prevent disposal of

a surfactant within an industrial effluent [15, 16, 62, 63]. In particular, some of the

applications for which surfactants are in demand are remediation of contaminated soil,

wastewater and groundwater treatment, bio-separation, removal of ink to permit the

recycling of plastic or paper, analytical chemistry, ore flotation and protein recovery in

food industries [25, 64].

Some of the conventional surfactant separation techniques include distillation, extrac-

tion, ultrafiltration, precipitation, and micro-emulsion formation [25, 26]. However,

the main disadvantage of these methods is that the efficiency of these methods de-

creases rapidly as the concentration of the desired components falls [65]. This limi-

tation encouraged researchers to find alternative methods, such as ion exchange and

selective adsorption as well as foam fractionation which has shown great potential for

the separation of dilute solutions [28, 29, 66]. In addition to the above-mentioned rea-

son, foam fractionation has other advantages over the traditional separation methods

that will be addressed in Sec. 2.2. However, prior to that, we note that surfactants have

a specific behaviour on the gas/liquid interface and in the solution bulk, and to be able

to study foam fractionation, we need to study these characteristics first.

2.1.2 Surfactant on surface

As has been alluded to earlier, due to the presence of hydrophobic groups in surfactant

molecules, they tend to locate at gas/liquid interfaces and orientate in such a fashion

as to minimise, as much as possible, the contact between their hydrophobic groups

and the (aqueous) liquid. This process is referred to as ‘adsorption’ and results in a
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change in the properties at the interface [9]. For instance, the presence of surfactant at

a gas/liquid interface can lower its surface tension.

At a gas/liquid interface, surface tension is due to the greater attraction of liquid

molecules to each other (due to cohesion) than to the molecules in the gas (due to ad-

hesion) [67]. However, the adsorption of surfactants creates a layer of weakly attracted

molecules on the surface and reduces surface tension at the gas/liquid interface. Hence,

adsorption is associated with significant energetic changes, as the free energy of a sur-

factant molecule located at the interface is lower than that of a molecule dissolved in

either bulk phase [10, 68, 69].

The adsorption of surfactant on the gas/liquid interface is recognised as the most im-

portant characteristic of surface-active components and the key factor in foam-based

separation techniques. In addition, surfactants can affect a foam separation technique

via facilitating the dispersion of gas and reducing the size of bubbles, changing the

velocity and flow regime of bubble rise, and stabilizing foams [70, 71]. Up to now,

we mentioned the reasons why a foam separation technique can be good for separating

surfactants from a solution. However, despite surfactants’ tendency to report to the

surface, they are still present in the solution bulk due to their finite solubilities. As

our main focus in the present study is to model soluble surfactant transport, we discuss

surfactant behaviour in the solution bulk in the next section.

2.1.3 Surfactant in bulk

As is shown in Fig. 2.1b, surfactants are not only present on the surface or gas/liquid

interface (air/water interface in the case of Fig. 2.1b) but also dissolved in the bulk

[10, 17, 53, 54]. As Miller and Fainerman [72] stated, if the effect produced by the

surfactants’ polar group is more significant than that of the lipophilic group, the sur-

factant is soluble in water. Furthermore, it has been found by Tanaka et al. [55] that in

addition to the structural physiochemical properties of the surfactants, conditions such

11



as temperature and pressure can influence surfactant solubility in water.

(a) Surfactant
concentration zero

(b) Surfactant
concentration below CMC

(c) Surfactant concentration
above CMC

Figure 2.1: Distribution of surfactant molecules in solution with an increase of sur-
factant concentration.

Nevertheless, aggregation is the other result of the hydrophilic groups being oriented

towards the bulk solution if the surfactant concentration is above a certain level [73].

This limit is called ‘critical micelle concentration’ (CMC) [74]. Above this concentra-

tion, aggregates or so-called micelles are spontaneously formed (see Fig. 2.1c). The

formation of micelles reduces the free energy of the solution significantly by reducing

the interaction between the hydrophobic groups and surfactants [75]. Hence, before

reaching the CMC, the surface tension decreases sharply with the increase of surfac-

tant concentration, but after reaching the CMC, the surface tension stays more or less

constant [57]. As a result, in the separation of surfactant using a foam separation tech-

nique, we are mostly interested in the solution concentrations less than the CMC: the

objective is to have as much surfactant as possible reporting to surfaces, not remaining

as micelles in the bulk.

Typically, as the length of a chain in a surfactant increases, the CMC of that surfactant

decreases and its surface concentration increases, causing a decrease in the surface

tension, or an increase in the so-called surface pressure (i.e. the difference between

surface tension without and with surfactant) at a specified surfactant bulk concentration

[54, 76].
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In summary, surface-active components are very commonly used materials in industry.

Thus, we often need to separate them. However, even though various types of these

components with different characteristics can be found in nature or synthesized indus-

trially, they share common behaviour when dispersed in a solution, in contact with a

gas phase. In particular, they exhibit adsorption behaviour on the surface, and this be-

haviour is then the basis of certain separation techniques, such as foam fractionation.

As a result, the foam fractionation technique is the subject of the next section.

2.2 Foam fractionation

Foam-based separation processes have been utilized to separate and concentrate effec-

tively a variety of constituents from aqueous solutions [27]. Some of these techniques

are ion flotation, precipitate flotation, adsorbing colloid flotation and the technique

of interest here, foam fractionation [77–81]. In Sec. 2.2.1 we discuss in brief foam

fractionation, its applicability and the effective parameters governing it. Moreover, in

Sec. 2.2.2 we look at foam fractionation as a counter-current mass transfer process and

discuss the effect of reflux on the surfactant mass transfer behaviour.

2.2.1 Fractionation applications and operation

The foam fractionation process in particular (Fig. 2.2), is based on the adsorption

of a solute, e.g., surfactant, on the bubbles’ surface, which rises through a solution

[21, 31, 32]. It is especially advantageous in treating dilute solutions where other sep-

aration methods encounter technical or economic limitations [82]. In a fractionation

column, bubbles are produced by introducing gas (typically air) at the bottom of the

column, through a sparger. Surface-active molecules then adsorb on the surface of

the bubbles in a rising foam. The foam is broken or collapsed (typically using either

mechanical or chemical methods [83]) at the top of the column. This produces the

so-called ‘foamate’, a solution that is enriched in surfactant concentration [33]. This
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enrichment occurs because foam has a relatively high surface area (hence a relatively

high amount of adsorbed material) for a specified volume of liquid [34].

However, as alluded to earlier in Sec. 2.1.2, the amount of surfactant recovered during

the fractionation process is dependent also on its solubility in the foam film’s bulk. Tak-

ing into account the amount of surfactant dissolved in the foam film’s bulk, alongside

the amount present on the surface is the novel contribution of this research. Typically,

surfactant surface concentration tends to be in equilibrium with the foam film’s bulk

liquid concentration [34]. This equilibrium can be expressed using so-called adsorp-

tion isotherms and is reviewed later on.

Foamate

Foam 
breaker

Sparger

OutletFeed

Gas inlet

Reflux

Gas

Interstitial
liquid

Gas

Gas

Figure 2.2: Schematic of a typical foam fractionation column with reflux

Foam fractionation is reported to be first used by Ostwald et al. [84] for the separa-

tion of albumin from potato and beet juices. This separation method has since then

had various applications, such as radioactive effluent purification [85], separation of

certain complex organic materials such as proteins and enzymes [86–88], separation

of non-polar compounds [89], production of pharmaceutical products [90, 91], envi-

ronmental problem remediation, e.g., waste water treatment [92], and food processing

[93]. One of the key advantages of foam fractionation over other separation methods is,
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as has already been alluded to, its effectiveness in separating solutes from very dilute

solutions [94].

Some of the process parameters influencing foam fractionation are column length [21],

bubble size [95, 96], temperature [80], pH [97–99], contaminants [100], gas flow-

rate [101, 102], pressure [96] and external reflux [82]. Among the above-mentioned

parameters, reflux is one of the most significant ones and will be discussed in the next

subsection.

Generally, foam fractionation can be operated in a batch, or a continuous mode [83,

87]. In the batch mode, a defined volume of surfactant solution is aerated, and in the

continuous mode, the surfactant solution is continuously fed into the foam column and

eventually, the process reaches a steady state [30].

2.2.2 Fractionation as a counter-current separation process

Overall, foam fractionation can be thought of and modelled as a counter-current sep-

aration process in which rising foam contains foam film surfaces and some interstitial

bulk liquid, whereas the falling stream has interstitial liquid only [15]. The falling

stream can be caused by reflux or can simply be a feed inlet stream in so called strip-

ping mode. Either way, the rising stream can be in contact and possibly in equilib-

rium with falling liquid. On the other hand, if the falling liquid happens to have an

even higher concentration than the liquid within the rising foam, the falling and rising

streams are not in equilibrium and a higher degree of separation is possible. [94].

In the ‘stripping mode’, the aim is to remove surfactant from the feed and as a result

feed enters directly into the foam (some distance above the bottom pool). It then mixes

with the interstitial liquid and reduces its surfactant concentration while trickling down.

Hence the result is a leaner bottom product [31, 103].

Reflux, in general, can either happen due to collapse or drainage of some of the en-

riched foam, which is called ‘internal reflux’ [34, 82] or else, by deliberately returning
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a fraction of the collapsed foamate to the fractionation column, called ‘external reflux’

[35]. However, regardless of the mechanism that causes reflux, as was reported by

Lemlich and Lavi [26], it can significantly enhance the ability of a foam fractionation

device to increase the concentration of surfactants in a foamate [31]. While reflux

is happening, the downward flow of surfactant-rich material through the foam liquid

channels creates high surfactant concentration gradients between bubbles and their

adjacent liquid channels, boosting the mass transport of surfactant onto the bubble sur-

faces. Moreover, as will be discussed later, this increased mass transport on the surface

can cause further surfactant mass transport within the bulk of the bubbles’ foam films.

However, even if the interstitial liquid in the falling stream is at the same concentration

as the interstitial liquid in the rising stream at some location where the two streams are

in contact in the column, the overall concentration in the rising stream remains higher

than in the falling stream [104]. This is because the rising stream contains surfactant

surface excess, not just interstitial liquid and this will contribute to the overall recovery

of the fractionation process.

Just as also happens in transfer processes like distillation [31, 105], the fractionation

process can be viewed as a sequence of transfer units [35], whereby as mentioned

earlier, the falling and rising streams are considered to be at (or near) equilibrium for

the streams leaving each unit (albeit not necessarily for the streams entering). With

multiple transfer units in sequence [106], the concentration of the falling stream then

decreases moving downwards from unit to unit, whereas the overall concentration of

the rising stream increases moving upwards from unit to unit. Hence the more units

that are present (in effect the taller the foam), the better the separation is expected to

become overall.

On the other hand, if the reflux is set up in such a fashion that there happens to be a

significant mismatch between the falling and rising stream interstitial liquid concen-

trations entering a given transfer unit (which is the case to be analysed here), then
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we expect to see somewhat more mass transfer between streams within that individual

transfer unit. In summary, looking at fractionation from a generic separation viewpoint

makes it clear that a fractionation column without reflux acts as a single-stage separa-

tion column in which the exiting foamate can be in equilibrium with the relatively low

concentration of the bottom liquid pool. However, a separation column with reflux is

like a multi-stage column, in which, mass transfer takes place between rising foam and

downward interstitial liquid leading to enhanced enrichment [35, 106].

The mass transfer process can be particularly effective when surface active material is

transferred from liquid within Plateau borders onto film surfaces. Nonetheless, mass

transfer from Plateau border to film surface is not a necessary process for reflux to

be effective (but it can enhance the effectiveness of reflux, which is why it is studied

here). Indeed in some cases, such as the case studied by Jashnani and Lemlich [104],

there might be limits in which film surfaces are already nearly packed with surfactant,

in which case mass transfer within the foam is just between the countercurrent streams

of interstitial liquids. Here instead transfer between interstitial liquid and film surfaces

will be considered as it is yet more effective. As a result, in this study, the “effect

of reflux” refers to the reflux effect due to further mass transport from Plateau border

to film not merely the benefit caused by contacting two counter-current flows with

different overall surfactant concentrations in each.

This study intends to model surfactant separation using a continuous foam fractiona-

tion process with reflux. Amongst other things, we will assess recovery and enrichment

which are two significant performance parameters of a foam fractionation process that

enable us to determine process efficiency. As a result, in Sec. 2.3, we review fraction-

ation performance in brief. In addition, modelling a foam-related system requires a

lot of information about the foam’s geometry and its physical properties which are the

subject of Sec. 2.4.
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2.3 Performance of foam fractionation

For the foam fractionation process to be viable, high recovery and enrichment of the

desired surfactant are important [107]. Recovery is the proportion of feed surfactant

recovered in the foam [61], while enrichment is the ratio of the surfactant concentration

in the foam to that of the feed solution [88, 90, 108]. The main goal in a separation pro-

cess is to shift the process where possible towards higher recoveries and enrichments.

However, as we will see, there is often a trade-off involved.

To understand the underlying mechanism of a foam fractionation process, and thereby

be able to design the process more efficiently, we need to analyse surfactant mass trans-

port in foam films. However, over and above this, process design also requires process

information, such as bubble size distribution, gas hold-up volume, dimensions of the

column, initial solution volume and concentration, as well as the foamate volume and

concentration [107]. In this study though, we focus just upon modelling surfactant

transport on and within a typical foam film in a fractionation column with reflux. As

a result, we can gain valuable information about the mass transport of surfactant oc-

curring in a foam film, when that foam film is in contact with a higher concentration

interstitial liquid. This then in turn enables us to predict the recovery and enrichment

of a typical foam film in a fractionation column. We can also investigate some of the

important process parameters, such as optimum residence time or analogously column

height.

In the modelling study to be considered here, the concentration of the initial solution

is assumed known. Moreover, we can calculate the surfactant concentration for the

foam films at each instant, which then corresponds to the foamate concentration. In

particular, as we have alluded to, enrichment can be defined as the ratio between the

surfactant concentration for a foam film to the initial solution concentration, where the

concentration for a foam film can be obtained by knowing the film surface and bulk

concentrations and also the volume of the film at each instant. On the other hand,
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the calculation of recovery is more complicated, as its common definition needs some

additional data, such as the number of foam films broken into foamate or the amount

of surfactant that entered the initial solution. However, analysing such data is beyond

the scope of the present modelling approach. Therefore, to be able to define a recovery

parameter in this research, we calculate the total amount of surfactant in a foam film at

each instant. This data can be easily converted to the conventional recovery parameter

when the number of foam films exiting a fractionation column as well as the total

amount of surfactant entering the initial solution are defined.

To summarise, in a foam fractionation column with reflux, the concentration of in-

terstitial liquid in Plateau borders is higher than the bubbles in contact with it. As

a result, mass transfer occurs between interstitial liquid and the adjacent foam films.

This then changes foam film concentrations and hence changes the total amount of

recovered surfactant. Reflux can thereby affect the recovery and enrichment in a frac-

tionation process, which is what we aim to study here. To proceed with a model for

mass transport during a foam fractionation process however, we first need to have some

information about the physics of the foam and foam properties, as well as the surfactant

adsorption on the gas/liquid interface. These topics are discussed in what follows.

2.4 Foam properties

Despite there being different possible types of foam, we use the term ‘foam’ here to

refer to liquid foams. In this context then, ‘foam’ is a well-known gas/liquid dispersed

system which is characterized by a highly developed interface, with this interface then

determining the foam properties [109]. Foam has several physical features that make

it suitable to be used in industry. High specific surface area, low relative or inter-phase

slip velocity, large expansion ratio and finite yield stress are some of these properties

[36]. Foams show interesting rheological properties: under the application of com-

paratively small stresses, they behave like a viscoelastic solid, while at higher stresses
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they become shear thinning and flow like a liquid [38]. This mechanical behaviour of

foams, in combination with a remarkably high surface area and low density, leads to a

demand in a variety of applications [110], including for instance, in the food and chem-

ical industries, firefighting, mineral processing, and as templates in structural material

science [111].

The study of geometrical and also physiochemical properties of foam and also of foam

thin films [112] have been topics of interest among scientists for more than a hun-

dred years. However, investigating the aforementioned features, e.g. inter-phase slip

velocity, expansion ratio and yield stress inside the foam can be a difficult task. Al-

though one can approximately measure film thickness, film structure and configuration,

some essential thermodynamic parameters defy simple investigations. Some directly

measurable characteristic parameters are nonetheless film tension and contact angles

between the films and bulk phase [70]. We will make use of film tensions in particular.

To perform a modelling study, it is essential to have sufficient information about foam

structure and its material properties. We first discuss foam structure in Sec. 2.4.1,

and then in Sec. 2.4.2 explain the Young-Laplace law (which derives from the struc-

ture) and its importance in describing forces present within the foam. Further to that,

Sec. 2.4.3 discusses foam properties important in the present study for determining

how foam evolves and also how foam films evolve.

2.4.1 Foam structure

As already alluded to, foam is a two-phase system in which gas cells are enclosed by

liquid [38]. Foams are divided into two major types (see below) according to their

liquid volume fraction ϕl, which is defined as the ratio of liquid volume to the total

volume of the foam. In typical foams, ϕl varies from less than 1% to about 35%. The

gas fraction in foam is 1− ϕl, and is also known as foam quality [36].

The first type of foam containing higher liquid fractions is known as ‘wet foam’. This
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type has spherical bubbles and tends just to persist in very viscous liquids or very

limited regions of space. In wet foams, there is very little contact between bubbles [70],

and wet foam does not normally exist at distances higher than a few bubble diameters

above the liquid pool [32]. Since fractionation columns are typically much taller than

this, wet foam is of limited interest in our present study.

Dry foams, on the other hand, begin to appear when ϕl is lower than roughly 0.05 [113],

although the exact boundary between wet and dry can be subject to interpretation. Dry

foams form polyhedral cells with curved faces (lamellae) [114]. The structure of dry

foams is generally described by Plateau’s laws, as below [39]:

• Bubbles are polyhedral in shape because they are jammed against neighbouring

bubbles (Fig. 2.3(a)) [115, 116].

• Bubble faces are thin films that are slightly curved either because of the pressure

differences between the bubbles, or simply because their perimeter does not lie

in one plane (Fig. 2.3(b,c)) [114].

• Three foam films meet symmetrically at angles of 120◦ in liquid-filled channels,

known as Plateau borders (Fig. 2.3(b,c)) [39].

• The cross-section of each Plateau border is a triangle with concave sides (see

Fig. 2.3(c)).

• Four Plateau borders intersect at the vertices (or nodes) of each polyhedral bub-

ble under tetrahedral angles of cos−1(−1/3) ≈ 109.47◦ (tetrahedral angle, see

Fig. 2.3(b)) [38, 70, 117].

To relate foam structure with physical mechanisms in a foam, which in turn determine

subsequently how structure evolves, we use a well-known rule, called the ‘Young-

Laplace law’, which is applicable in the context of curved fluid interfaces. We discuss

this law next.
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Figure 2.3: Schematic of a foam column (a), which is wet at the bottom and dry at
the top, and (b)–(d) are the basic structural elements of the foam.

2.4.2 Young-Laplace law

A gas/liquid interface normally conforms to the Young-Laplace law, which expresses

pressure difference (∆P ) across it, and the force of surface tension acting upon an

element of surface as below [118–121]:

∆P =
2γ

ā
(2.1)

where γ is surface tension, and ā is the mean radius of curvature, related to the two

principal radii of interface curvature, R1 and R2, by the following expression [36]:

1

ā
=

1

2

(
1

R1

+
1

R2

)
. (2.2)

In a three-dimensional system, R1 and R2 are orthogonal radii of curvature of the film

[42]. Note that, in a film within a foam, which has two surfaces, Eq. (2.1) must be

adjusted to:

∆P =
4γ

ā
. (2.3)

Generally, the Young-Laplace equation indicates a balance between surface tension

that tends to reduce the curvature of an interface and a pressure difference, which
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tends to bend the interface [114].

On the other hand, the pressure difference between the gas (typically air) in a bubble

and liquid in the Plateau border can also be calculated using Eq. (2.1). There is only

one interface that is crossed moving from a bubble into a Plateau border. Moreover,

typically (at least when the foam is dry) the radius of curvature RPb, around the Plateau

border is much smaller than the radius of curvature along it, and also much smaller than

the radii of curvature of the bubble films. In the interest of simplicity then, the film can

be considered parallel and planar, so there is typically a negligible difference between

pressure of the gas (typically air) bubbles Pair and the pressure of the liquid in film

Pfilm between them. Meanwhile, the Plateau border can be considered to be curved

only in the direction around the Plateau border, in effect then R1 ≈ RPb and R2 → ∞.

x

Air

Film (L)                       Plateau border

z
Pair

PPb

fPilm
Air

RPb

Figure 2.4: Thin film and adjacent Plateau border.

This then results in the following pressure difference ∆P :

∆P ≈ Pc ≡
γ

a
(2.4)

where ∆P is Pfilm − PPb, where γ is surface tension at the interface of the Plateau

border, and where we now use the symbol a to denote a ≈ RPb. Based on Eq. (2.4) it is
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clear that the pressure difference is associated with surface tension, so we can identify

∆P with the Plateau border’s capillary pressure, which we also denote Pc.

Therefore, in Fig. 2.4, PPb < Pair, Pfilm ≈ Pair, and consequently, PPb < Pfilm.

This follows as we have said since the film has small curvature (i.e. large radius of

curvature) which enables us to ignore any pressure difference between the film and

gas in bubbles in contact with it, while the curvature around the Plateau border is

significant. This relation Eq. (2.4), which essentially follows just from geometry and

capillarity, will be discussed further in Secs. 2.4.3.2 to 2.4.3.4: the fact that the pressure

in the Plateau border is typically lower than that in the film will be important in those

sections, and we will also see that under certain circumstances it might be necessary to

adjust the estimate of pressure difference ∆P , away from what Eq. (2.4) predicts.

2.4.3 Essential physics of a foam governing its evolution

Foams are metastable multi-phase systems that evolve by various mechanisms: gas

diffusion, film rupture or bubble coalescence, and also, foam and film drainage. The

interplay between these mechanisms determines the structure, properties and stability

of the foam [122]. However, not all these mechanisms are of equal importance in all

situations, meaning that in certain situations the effects of some of these mechanisms

can be neglected, e.g. in our study gas diffusion and film rupture/bubble coalescence

are to be ignored. However, we discuss them in brief as a part of our overall under-

standing of the foam behaviour.

Gas diffusion or coarsening happens due to the pressure difference between two adja-

cent bubbles [123]. This leads then, to the growth of the average bubble radius with

time [44, 124], but typically this growth is slow compared e.g. to the residence time

of foam films in a fractionation column. Coalescence involves the rupture of a film

shared by two adjacent bubbles leading to a new bubble with a volume equal to the

sum of the volumes of the bubbles before the film rupture event [38]. Coalescence
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is hence driven by the instability of foam films themselves [122]. Foam fractionation

however relies upon foam films being sufficiently stable to survive as they flow up

through a fractionation column: a foam that is so unstable that coalesces and collapses

completely without reaching the top of the column could not be used for fractionation.

For simplicity then, the effect of rupture/coalescence is to be neglected here.

On the other hand, foam drainage and in particular film drainage are relevant in our

model, as they contribute to processes we wish to study. These are therefore discussed

in what follows.

2.4.3.1 Foam drainage

As alluded to in Sec. 2.2, this study is to be carried out under the conditions of a foam

fractionation process with external reflux. In this case, reflux liquid will flow through

the Plateau border network, under the foam drainage mechanism (driven primarily by

gravity), and thereby comes into contact with foam films. Because in this study, we

are modelling just surfactant transport on and within the foam films, we do not require

full details of the foam drainage process itself. Rather, as we will see, we focus instead

upon its effect, namely, contacting surfactant lean films with richer Plateau borders,

and the mass transport mechanism which then results from this contact. However it is

ultimately foam drainage which provides that supply of surfactant-rich liquid through

the Plateau borders. Moreover, the more liquid that flows through those Plateau bor-

ders, the thicker they become (which then impacts in turn back on the radius of curva-

ture parameter a, already introduced in Sec. 2.4.2).

The mechanism of foam drainage is hydrodynamical [83] and involves, as we have

said, flow through the channels between the bubbles (so-called Plateau borders), as

well as through the nodes or intersections of four channels. This flow is driven by

gravity and capillarity [38, 123, 125, 126], albeit often with gravity being dominant.

The flow meanwhile is opposed by dissipation. Understanding foam drainage provides
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information on the relative flow rate between draining and rising liquid within a foam

fractionation column [102].

Early models of foam drainage were considered by Leonard and Lemlich [32]. Since

then, many researchers have developed the field based on various simplifying assump-

tions, particularly regarding the nature of the dissipation processes present in Plateau

borders and nodes [47, 49, 127–129]. Focussed as they are on flows in Plateau bor-

ders, some of these models have disregarded fluid flow from the foam films (lamellae)

towards the Plateau borders, as such flows do not contribute much to the overall vol-

ume of drained fluid [38]. However, these so-called film drainage flows are essential to

consider in the present study, as they turn out to make a contribution to surfactant mass

transport on foam films. This is relevant in the present study since, fluid flow from

the foam films towards the Plateau borders will carry surfactants, especially when sur-

factants are soluble in the bulk of the foam film. Film drainage is therefore discussed

next.

2.4.3.2 Film drainage

Typically, as we have said, the volume of liquid flowing from foam films into the in-

terstitial channels is small relative to the overall liquid draining through foams. This is

because the liquid within the foam films is typically present in a much smaller quantity

than the liquid within the Plateau borders. However, flow even of this small quantity

can nonetheless have a contribution to the mass transport of surface-active materials on

and within the foam films [1, 2]. This then, in turn affects the surfactant recovery and

enrichment (see Sec. 2.3) in a fractionation column as the liquid draining from films

itself contains surface-active materials. Moreover if films drain to become very thin,

they can also be highly enriched, since they carry a given amount of adsorbed surfac-

tant despite having a very small liquid volume. As a result, in the present study, we

need to find a model and eventually an equation describing film drainage. Moreover, to

understand better the relative importance of considering film drainage in our models,
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in the present study, cases both with and without film drainage have been considered.

Following the work of Vitasari et al. [1], in this study, one of the main assumptions

is that foam films, despite draining, are parallel and planar. Consequently, due to the

Young-Laplace law (see Sec. 2.4.2), the higher curvature of the Plateau border causes

the liquid pressure to be lower in the Plateau borders than in the adjacent films (see

Fig. 2.4). This then, causes a suction in the Plateau border that drives a flux of liquid

from the film into the Plateau border [40].

More generally, the rate of film drainage or the so-called ‘film thinning rate’ is a result

of the Plateau borders’ capillary suction, as well as other complex phenomena, such as

dimpling and non-uniformity of film thickness [130]. There are experimental methods

to measure film drainage, e.g. using a device such as the so-called Scheludko cell [131–

134]. These methods lead eventually to empirical formulae for the film thinning rate

Besides experimental methods, some researchers have developed film drainage models

based on the mobility of the film surface. However, the mobility of the interface is

affected by the type of surfactant in the solution. Some surfactants generate rigid

interfaces, while others produce mobile interfaces [83, 114]. There are three models

of film drainage, namely the Reynolds model for a rigid interface [41, 135], the power

law model for a mobile interface [35, 40, 48], and an exponential model [136].

In the present study, we consider comparatively rigid surfaces, due to the significant

Marangoni stresses (to be discussed in more detail later) produced by the gradients

of surface tension [133]. This assumption has been used and subsequently validated

by Tsekov [130], Manev et al. [137]. Moreover, in the foam fractionation context,

residence times are typically not terribly large (up to ≈ 20 s [83]) which is less than

characteristic drainage timescales: the surfactants studied tend to create rigid film in-

terfaces, leading to slow film drainage (even slower than the aforementioned typical

residence time).

To summarise, film drainage is a capillary-driven film thinning effect transporting liq-
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uid towards the Plateau border. If films ever become sufficiently thin however there

may be additional forces opposing drainage and preventing foam films from rupturing.

These forces are discussed next.

2.4.3.3 Disjoining pressure

If no forces were to oppose the film thinning mechanism, films would simply become

thinner and thinner, and eventually unstable films that can rupture would be produced

[138]. However, having surface-active materials within the film and adsorbed on film

surfaces can produce additional forces between the two surfaces of a film that prevent

rupture from happening. In the context of the current study, the foam films will be

considered not to reach the thickness in which these forces become relevant compared

to the Plateau border capillary suction [1]. However, in the interests of completeness,

in the present section, we still discuss such forces in brief.

When the film is thin enough (in the order of tens of nanometres), intermolecular forces

act between two interfaces [114]. When measured per unit area, these forces, which

prevent two interfacial layers on either side of a film from contacting each other are

called ‘disjoining pressures’ [118]. In essence ‘disjoining pressure’ can be thought of

as an excess pressure in the film relative to that in the bulk solution [139]. Disjoining

pressure consists of the net effect of van der Waals, electrostatic, and steric interactions

[140–142] as follows:

Πd = ΠvdW +Πel +Πste (2.5)

where Πd is net disjoining pressure, ΠvdW is van der Waals force per unit area, Πel is

electrostatic force per unit area, and Πste is steric force per unit area.

Van der Waals force is the attraction between two molecules which have induced elec-

trostatic dipoles [140, 143]. As a result, it makes a negative contribution to the disjoin-

ing pressure. The second contribution is the electrostatic interaction, which is often

significant. This arises because interfaces are generally electrically charged, e.g. be-
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cause of the presence of charged species within surfactants. Electrostatic charges with

the same sign lead to repulsion and thus have a positive contribution to the disjoining

pressure [44]. There is an additional short-range ‘structural’ repulsive force due to

perturbation of the molecular ordering at surfaces. This arises when surfaces contain

water molecules adsorbed by hydrogen bonding [142]. For films containing surfac-

tants of low molecular mass, this is associated with steric hindrance between water

molecules and the hydrophilic head of the surfactants [114].

If the film reaches an equilibrium thickness, the capillary pressure difference of the

Plateau borders (γ/a from Eq. (2.4) or more specifically γPb/a, which is the driving

pressure for thinning of the foam films), is exactly counterbalanced by Πd the repulsive

net disjoining pressure [144].

Having discussed the pressure difference between the Plateau borders and neighbour-

ing films, as well as the forces opposing it, we can now work out an equation for film

drainage rate in a rigid interface.

2.4.3.4 Reynolds model for film drainage

When an adsorbed surfactant is present on an interface, it often happens that strong

surface stresses (to be discussed in more detail later on) make it difficult to deform

the interface. This is known as a rigid or immobile interface [114]. In the case of

a film with rigid interfaces, which is the type of interface considered in the present

study, any flow along the film is Poiseuille type. Thus, a no-slip boundary condition

can be assumed in the first instance for the purposes of estimating the velocity profile

in the film and ultimately the film drainage rate [38]. The film drainage equation for

a rigid interface has been developed by Reynolds [41], and is based on the application

of the lubrication approximation to the Navier-Stokes equation to obtain the following
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equation (the derivation can be found in Sec. A 1) [13]:

dδ

dt
= −2δ3∆P

3µL2
(2.6)

where ∆P is the pressure difference that is driving thinning of the film, δ is film half-

thickness, L is film half-length, and µ is viscosity of the film’s bulk. Here, half of

the length and thickness of the film have been considered due to the symmetry of the

two-dimensional system (see Fig. 2.4).

The pressure difference between film’s bulk and Plateau border ∆P , is now the cap-

illary pressure Pc, obtained from Young-Laplace law Eq. (2.4), which is the suction

from the Plateau border minus the disjoining pressure Eq. (2.5), that opposes it [145]:

∆P = Pc − Πd. (2.7)

As mentioned in Sec. 2.4.2, the capillary pressure (pressure caused by the difference in

curvatures of films and adjacent Plateau borders), can be expressed via the following

equation [135]:

Pc =
γPb
a

(2.8)

where γPb is the surface tension at the Plateau border, and a is the radius of curvature

around the Plateau border [1]. Note that we are specifically using the surface tension

γPb at the Plateau border here, anticipating (as we will see later on) that this might

differ from the surface tension in the film.

If, as is assumed in the present study, the film is not extremely thin (i.e. not as thin as

just tens of nanometres), the disjoining pressure can be neglected compared to the cap-

illary pressure [38]. As a result, the thinning rate equation (Eq. (2.6)) can be expressed

using the Plateau border’s surface tension and its radius of curvature, as below:

dδ

dt
= −2δ3γPb

3aµL2
. (2.9)
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This completes for now our discussion of film drainage rates, remembering however

that film drainage impacts surfactant mass transport during e.g. a foam fractionation

process. However this is not the only surfactant mass transport mechanism that is

present in a foam fractionation process, particularly one with reflux. The so-called

Marangoni effect is also a very important mechanism that drives mass transport of

surface-active materials. It will be described in Sec. 2.5.2. To explain the Marangoni

effect though, we first need to explain some background on interfacial rheology of

foam film interfaces. This is discussed next.

2.5 Foam film interface

One mechanism by which a surfactant aids foaming is by creating a gradient in surface

tension, which enables the surface to resist tangential stresses [146]. A film without

surfactant has uniform surface tension and tends to be unstable against rupture [147].

In the presence of surfactant though, a disturbance on the surface (e.g. a thin spot on a

film) will create a temporary gradient in surfactant surface concentration and hence, a

gradient in surface tension (see Sec. 2.5.2). As a result, there will be a flow towards the

thin spot in the film, which can then slow down the drainage of the foam film around

that region.

What is needed then is a technique for determining how the amount of surfactant on an

interface impacts the surface tension or some other rheological property of the surface.

Common techniques for studying interfaces containing surface-active components are

ellipsometry [148], neutron reflectometry [60, 149], X-ray reflectivity [150], Brewster

angle microscopy [151], surface tension measurements [152], atomic force microscopy

(AFM) [153], total internal reflection fluorescence (TIRF) microscopy [154] and sum

frequency generation (SFG) spectroscopy [155]. Regardless of which technique is

deployed, the aim is to determine amounts of surfactant adsorbed and corresponding

surface tensions and/or interfacial stresses.
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2.5.1 Gibbs elasticity

Interfacial rheology involves establishing a functional relationship between interfacial

stress, deformation and rate of deformation, often expressed in terms of elasticity and

viscosity coefficients [156]. Two main types of deformation of fluid elements in a

two-dimension system are [146]:

• Shear: changes in shape at a constant area or volume

• Compression/dilation: changes in area or volume at a constant shape

The surface dilational modulus, ϵ is defined as the increase in surface tension for a

small relative increase in surface area A [157]. Hence, ϵ is a measure of the resistance

of a film to change in its area [158, 159] and gives a measure of the stiffness of the

interface against a dilational compression or expansion [146, 160]. Surface dilational

modulus can be expressed as:

ϵ =
dγ

d lnA
(2.10)

where lnA is the logarithm of area of the bubble surface [161]. For an oscillatory

imposed change in lnA, the surface dilational or viscoelasticity modulus is a complex

number [158], accounting for both the elasticity and the viscosity contribution [159,

162, 163]. In the simplest case (considered in the present study), when the modulus is

purely elastic and an equilibrium state is assumed between the surface tension and the

surface concentration of surfactant, dilational modulus can be substituted by the Gibbs

elasticity modulus as follows [164–168]:

G ≈ − dγ

d ln Γ
(2.11)

where G is a Gibbs-Marangoni parameter and has the same dimension as γ. Also, Γ

here is the surface concentration of surfactant, often termed the “surface excess”. Note

that if total amount of surfactant adsorbed on the surface is fixed, then any changes in

ln Γ are opposite to changes in lnA. As can be seen in Eq. (2.11), therefore, Gibbs
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elasticity is calculated from the surface tension variations as a response to surfactant

surface concentration changes and hence to area changes of the drop [161]. Although

Gibbs elasticity is not constant over the entire domain of possible Γ values, it can be

assumed to be almost constant over any relatively small domain of surface concentra-

tions.

In summary, surface tension and surface concentration are related to one another. This

concept is important to understand Marangoni flow which happens whenever there are

variations in surface tension due to variations of surface concentration, which would

happen for instance as a result of reflux. The Marangoni effect is described next.

2.5.2 Marangoni effect

On a film interface, regions of either higher or lower surface tensions can be created as

a result of an external disturbance or external reflux [44]. One way of quantifying the

different surface tensions is to define the so-called surface pressure Π, as:

Π = γ0 − γ (2.12)

where γ0 and γ are the surface tensions of the pure solvent and the solution containing

surfactant, respectively [168].

Since addition of surfactant reduces surface tension, it is clear that Π is positive. More-

over, if a disturbance alters the surface concentration of surfactant locally, it also alters

γ and hence alters Π. Spatial inhomogeneities in the surface tension will immedi-

ately drive surfactant molecules toward the region of lower surface concentrations (or

equivalently toward the region of lower surface pressure). This then compensates for

the inhomogeneities on the surface.

The above-mentioned effect is known as the Marangoni effect and was first described

by Marangoni [169], and subsequently considered also by others [43, 45, 49]. By pre-
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venting interfaces of films from becoming denuded of surfactant, it is believed to be

one of the most important mechanisms in foam stability [123]. The Marangoni effect is

also important within surfactant mass transport models [42]. Indeed the surface redis-

tribution of surfactant can also entrain underlying liquid. If the surfactant is somewhat

soluble in bulk liquid (as will be assumed in the present work), then this entrainment

also contributes to surfactant mass transport within the bulk.

Spatial gradients in surface tension lead to stress. The so-called Marangoni stress

typically needs to be balanced by the viscous shear stress upon the liquid in the bulk of

the film and surface viscous stress, as presented in the following equation [170, 171]:

µ

(
∂u

∂z

)∣∣∣∣
z=δ

=
∂γ

∂x
+ µs

∂2us

∂x2
(2.13)

where µ is the liquid viscosity, γ is the surface tension, u is the liquid velocity com-

ponent along the film direction (x-axis), z is the coordinate from the centre of the film

across the film thickness, δ is the film half-thickness, and x is the coordinate from the

centre of the film along its length (see Fig. 2.4). Moreover, µs is the surface viscosity

and us is the velocity on the film surface.

The physical origin of the surface viscosity is that the adsorption of many species to the

surface will increase the interface’s resistance to flow. However, the surface viscosity

appears to be less important compared to the Marangoni effect, which is dominant

for typical surfactant systems even with low concentrations [172]. Consequently, the

Marangoni stress equation (Eq. (2.13)) can be simplified to the following equation

[1, 45, 51]:

µ

(
∂u

∂z

)∣∣∣∣
z=δ

=
∂γ

∂x
. (2.14)

In summary, Marangoni flow on a foam film say, occurs when there is a gradient of

concentration of surface-active material on the surface, hence a gradient of surface ten-

sion. In the present study, due to considering foam films in a foam fractionation system
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with reflux, the concentration of surface-active material on the surface of the Plateau

border, ΓPb is higher than that on the surface of the foam film Γ. The Marangoni flow

tends to bring material from the surface of the Plateau border towards the centre of

the film. This also induces a flow of bulk fluid which, at least near the surface, is in

the same direction as the surface flow itself. When the Marangoni effect dominates

other mechanisms such as film drainage, the surfactant is thereby transported from the

Plateau border towards the centre of the film [1]. On the other hand, film drainage

when present opposes this flow and tends to transport material back toward the Plateau

border (see Sec. 2.4.3.2).

2.5.3 Surfactant adsorption

Thus far we have discussed how surface tension or equivalently surface pressure is

affected by surfactant surface concentration. However, what we have not yet described

is how to quantify how much surfactant is adsorbed for a given amount of surfactant in

the bulk. As will be discussed further in Chapter 3, to develop a model for surfactant

transport, we need to know the relationship between surfactant surface concentration

and bulk concentration. The general way that such a relationship is obtained is now

discussed.

Generally, thermodynamics of the adsorption layers can provide so-called equations

of state, which relate surface tension or analogously surface pressure (Eq. (2.12)) to

the surface layer composition [173]. Then, with the application of the so-called ad-

sorption isotherms, we can relate the amount of surfactant adsorbed on the surface to

the corresponding amount dissolved in the bulk [44, 174]. The difference between the

chemical potential of a surfactant at a film interface and in the bulk phase acts as a driv-

ing force for the transport of surfactant from bulk to interface. This situation continues

until equilibrium between surface and bulk is reached. Among the approaches used

for quantifying equilibrium surfactant adsorption, the construction of an adsorption

isotherm is a popular one. To construct such an isotherm, the amount of surfactant ad-
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sorbed on a surface is specified as a function of the concentration of the solution from

which the surfactant is adsorbed, typically over a wide range of solution concentrations

[175]. Further details are given in the following sections.

2.5.3.1 Gibbs adsorption equation

We now describe an important equation relating surface tension, surface concentration

and bulk concentration. The starting point for obtaining this is the general Gibbs-

Duhem equation which describes the relationship between changes in temperature,

pressure and chemical potential for components in a thermodynamic system [176–

179]. The Gibbs-Duhem equation at a constant temperature and pressure results in the

following equation:

dγ = − 1

A

∑
Nidµi (2.15)

where γ is surface tension, A is the interfacial area, Ni is the number of moles of

the ith component, and µi is its chemical potential [180]. This equation ( Eq. (2.15))

enables us to relate surface tension with surface concentrations and chemical potentials

of the components covering the area. Now, the thermodynamic relationship between

the interfacial tension γ, and surface concentration Γ, at a constant temperature and

pressure can be found using the so-called Gibbs adsorption equation as follows [112,

181]:

dγ = −
∑(

Ni

A

)
dµi = −

∑
Γi dµi (2.16)

Using an expression for the chemical potential µi of any component i, in terms of the

activity ai, at a specified temperature T , leads to the following equation [182–184]:

dγ = −RT
∑

Γi d ln ai (2.17)

where R is the ideal gas constant. For special cases, such as the adsorption of a single

non-ionic surfactant in a pure solvent at a low concentration (below CMC), the activity
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can be replaced by the concentration c, leading to the following equation [185–187]:

Γ = − 1

RT

(
dγ

d ln c

)
. (2.18)

This equation demonstrates how the quantities Γ and γ, and the bulk concentration c,

are all related. However, Eq. (2.18) becomes more useful still to predict the equation

of state relationships when linked with adsorption isotherms. These isotherms, as we

have alluded to, provide information relating surfactant concentration on the surface,

Γ, with its bulk concentration c [44].

Nonetheless, obtaining reliable equilibrium surface tension data as a function of ln c is

an important step [93]. This can be done at each selected concentration c, by observa-

tion of the dynamic tension of a solution until it reaches a constant value [188, 189].

Values of Γ as a function of c then follow and can be compared against models. Some

of the models that are used to represent the adsorption behaviour of surfactants up to

now are the Henry, Langmuir and Frumkin isotherms [93]. The Henry and Langmuir

isotherms in particular will be discussed shortly.

To summarise, we used thermodynamics to obtain a relationship between surface ten-

sion and surface and bulk concentrations. However, to be able to use the relationship to

make predictions, we also need to know an additional relationship between surface and

bulk concentrations. Hence, in what follows we discuss adsorption isotherms which,

as mentioned, provide the necessary relationship between surface and bulk. Some

commonly used adsorption isotherms are described below.

2.5.3.2 Henry isotherm

Henry’s law was originally formulated as a simple linear relationship between gas sol-

ubility in a liquid and its pressure [190]. An analogous relationship is also applicable

for the adsorption of a surfactant surface concentration at the interface Γ, as a function
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of its bulk concentration c, and is known as the Henry isotherm [191].

Γ = KHc (2.19)

where KH is the Henry constant, and c is the bulk concentration. Here, KH can be used

as a simple measure of the surface activity of a surfactant: larger KH implies more

surface active. It also represents the thickness of the bulk solution (of concentration c),

which contains as much surfactant as in a surface monolayer with surface concentration

Γ [93]. This linear isotherm can be used in the range of very low surface coverage, θ.

Surface coverage is a fraction, namely the number of adsorbed molecules actually on

a surface, divided by the number of molecules corresponding to a filled monolayer on

that surface. Fig. 2.5 shows the typical linear relationship between surface and bulk

concentrations in a Henry adsorption isotherm.

Γ

c

Figure 2.5: Henry adsorption isotherm

Using the Gibbs adsorption equation for an ideal (usually dilute) solution, without

aggregation or micellization, one can derive the following surface equation of state for

the Henry isotherm, using Eqs. (2.18) and (2.19) [93, 181]:

Π = γ0 − γ = RTKHc = RTΓ (2.20)

where Π is the surface pressure and γ0 is the surface tension of pure solvent (water
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typically). Considering that Γ = 1/Ā, where Ā is the molar area, one obtains:

ΠĀ = RT. (2.21)

Some limitations of using the Henry isotherm are that it is only valid up to a certain

concentration, and it is not able to impose an upper limit on Γ [93]. To overcome this,

more complicated nonlinear models have been developed [192–197]. A widely used

nonlinear model is described next.

2.5.3.3 Langmuir isotherm

The equilibrium Langmuir isotherm for a single-component adsorption system can be

written as follows [198, 199]:

Γ = Γm
K̄Lc

1 + K̄Lc
(2.22)

where Γm is the maximum surface excess, and K̄L is the so-called Langmuir parameter.

Here, ΓmK̄L is a measure of the surface activity, or the surfactant’s ability per unit

concentration c, to decrease the surface tension γ [93]. For c much greater than K̄−1
L

however, the amount of adsorbed surfactant Γ, remains almost fixed at Γm. Fig. 2.6

shows the typical relationship between surface and bulk concentrations in a Langmuir

adsorption isotherm.

4

Γ

c
Figure 2.6: Langmuir adsorption isotherm
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The analogous surface equation of state for the Langmuir isotherm is the so-called

Szyszkowski equation [181, 200, 201]

Π = γ0 − γ = RTΓm ln (1 + K̄Lc) (2.23)

Π = γ0 − γ = −RTΓm ln (1− Γ

Γm

) (2.24)

where Π is the surface pressure and γ0 is the surface tension of air/pure liquid interface

(γ0 = 72.3± 0.2mN/m in the case of water [159]).

The Langmuir isotherm is one of the simplest nonlinear isotherms that has shown

reasonable agreement with experimental data [202]. Overall, it often gives a reasonable

fit for surface concentration Γ, versus concentration c, even for higher concentrations.

This fit can be observed for methods which directly measure surface concentrations

[203], as well as other indirect methods (e.g. a fit of Π vs c data to Eq. (2.23)).

To summarise, having discussed both Henry and Langmuir adsorption isotherms, we

now are able to relate surface and bulk concentrations, at least for comparatively small

surfactant molecules which typically show a straightforward surface-to-bulk relation-

ship. However, it turns out that the relationship between surface and bulk concentra-

tions can be more complicated for larger molecules such as proteins, as is discussed

next.

2.5.4 Protein adsorption characteristics

The adsorption of proteins at a liquid interface and their behaviour in the adsorbed state

play an important role in many biological and technological processes, especially in

the food and pharmaceutical industries. Moreover, proteins are often used as surface-

active agents in foam and emulsion-based products [204].

Overall, the adsorption behaviour of proteins is very different from the behaviour typ-

ical of simpler surfactant molecules. The different behaviour is due to the structural

40



reorganization and strong electrostatic or hydrophobic interactions between adsorbed

protein molecules at an interface [205]. This can be due to the ability of proteins to un-

fold and adsorb at the interface, as well as their ability to form viscoelastic interfacial

films through intermolecular interactions [206].

Some of the associated complications are outlined in the appendix. In Sec. A 2, we

present the general equilibrium adsorption behaviour of proteins. Then, we try to ap-

ply some simplifications to obtain an approximate Langmuir-like adsorption isotherm

for them in Sec. A 3, which is analysed further in Sec. A 4. As is discussed, due to

the complicated nature of protein adsorption behaviour, although fitting a Langmuir

isotherm cannot always provide a very accurate result, it can still help us model the

process using a relatively straightforward isotherm. In the mass transport calculations

in later chapters, we will employ only straightforward isotherms, even when consider-

ing proteins.

In summary, surfactants report to the surface as surface excess. Hence, we can use this

characteristic to separate them from an aqueous solution. However, to set up a model

for the transport of surfactants on and within the foam film, we need to understand all

the above-mentioned physics of foam and the physical chemistry of surfactants. Hav-

ing understood the above-mentioned concepts, in the next chapter, we start to bring all

of them together to derive governing equations that enable us to model mathematically

surfactant transport behaviour.
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Chapter 3
Governing equations

Having carried out a literature review on foams in general and especially foam frac-

tionation, we now need to derive governing equations to define our models. To do this,

we need to derive velocity fields using continuity and momentum equations, as well as

mass transport equations on and within the foam films.

3.1 Velocity field equations

Having now defined the relevant equations for film drainage (Eq. (2.9)), Marangoni

effect (Eq. (2.14)), and Gibbs elasticity (Eq. (2.11), with Gibbs elasticity assumed for

simplicity to be constant in our domain of interest), we can now proceed to derive an

equation for surfactant mass transport on and within the foam film. To do this though,

we first need to derive velocity fields using the continuity equation and a momentum

balance, treating for simplicity a two-dimensional system (given that exact film shapes

and sizes vary in any case from film to film). Even so, a thin film can be a complicated

physical system, not least when the film shape itself deforms. However, a reasonable

simplification is to assume a lubrication approximation neglecting shape deformation.

Then by considering just the dominant terms in the governing equations and neglecting

less important ones, we are able to derive a mathematical approximation that can be
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comparatively simple to analyse [207]. In our case study, we use a lubrication approx-

imation as follows [1, 41, 44, 52]:

• The film-thickness (or half-thickness δ), is very small when compared to its

length (or half-length L), e.g., δ ≪ L;

• Gravity and inertial forces are negligible when compared to viscous forces due

to the small Reynolds number;

• The fluid in the film is assumed to be Newtonian (with constant viscosity and

incompressible);

• The gas/liquid interfaces are rigid and parallel;

• The transversal velocity (along the z-axis) w, is small in comparison to the lon-

gitudinal velocity (along the x-axis) u;

• The variation of u with respect to z is much higher than that with respect to x,

i.e., ∂u/∂z ≫ ∂u/∂x. The same principle applies to the second-order derivative,

i.e., ∂2u/∂z2 ≫ ∂2u/∂x2;

• The x-component of the velocity field u, is maximum at z = 0, i.e. ∂u/∂z|z=0 =

0;

• The z-component of the velocity field w, is w(x, z = 0) = 0 along the midplane

of the film, and due to film drainage w(x, z = δ) = dδ/dt at the gas/liquid

interface;

• Due to the presence of surfactant, the stress at the film interface is driven by sur-

face tension gradients (Marangoni stresses, see Eq. (2.14)), i.e., µ ∂u/∂z|z=δ =

∂γ/∂x, but surface viscosity is not relevant.

The continuity equation for the thin liquid film in a two-dimensional system is:

∂u

∂x
+

∂w

∂z
= 0. (3.1)
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The general Navier-Stokes equations for the thin liquid film and a two-dimensional

system in x and z directions ignoring the gravity are:

ρ

(
∂u

∂t
+ u

∂u

∂x
+ w

∂u

∂z

)
= −∂P

∂x
+ µ

(
∂2u

∂x2
+

∂2u

∂z2

)
, (3.2)

ρ

(
∂w

∂t
+ u

∂w

∂x
+ w

∂w

∂z

)
= −∂P

∂z
+ µ

(
∂2w

∂x2
+

∂2w

∂z2

)
. (3.3)

Under the set of assumptions aforementioned, the Navier-Stokes equations will reduce

to the equation of motion in the lubrication approximation, as follows [208]:

∂P

∂x
= µ

∂2u

∂z2
, (3.4)

and
∂P

∂z
= 0. (3.5)

Eq. (3.5) states that there is no pressure gradient across the film thickness. To obtain

the velocity component along the x-axis, we start by integrating Eq. (3.4) with respect

to z, while applying the following boundary conditions:

∂u

∂z

∣∣∣∣
z=0

= 0, (3.6)

and

µ
∂u

∂z

∣∣∣∣
z=δ

=
∂γ

∂x
, (3.7)

leading to the following result:

1

δ

∂γ

∂x
z = µ

∂u

∂z
. (3.8)

We can now perform an integration of Eq. (3.8) with respect to z:

u =
z2

2µδ

∂γ

∂x
+ u(x, z = 0), (3.9)
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where u(x, z = 0) is an integration constant for a specific position along the x-axis.

To determine this integration constant, we need to consider the equation describing the

thinning of a lamella as follows [40]:

∂δ

∂t
= −

(
ū
∂δ

∂x
+ δ

∂ū

∂x

)
, (3.10)

where ū is the average velocity of the liquid in the x-direction. Due to the assumption

of a flat film, the film thickness is constant along the x-axis (∂δ/∂x = 0), resulting in:

ū = −x

δ

dδ

dt
. (3.11)

By averaging u in Eq. (3.9) for a specific position along the x-axis, and combining it

with Eq. (3.11), we obtain the integration constant u(x, z = 0) as follows:

u(x, z = 0) = −x

δ

dδ

dt
− 1

δ

∫ δ

0

z2

2µδ

∂γ

∂x
dz. (3.12)

If we now combine Eq. (3.9) with Eq. (3.12), we obtain the following equation giving

the velocity component along the x-axis:

u = −x

δ

dδ

dt
+

1

µ

(
z2

2δ
− δ

6

)
∂γ

∂x
. (3.13)

From Eq. (3.13), it becomes clear that the velocity component along the x-axis u, is

dependent on film drainage effects (first term on the right-hand side), coupled with the

effect of surface tension gradients present at the gas/liquid interface (second term on

the right-hand side). Due to the presence of surfactant at the film interface, the surface

tension gradient gives a Marangoni stress, originating due to the gradient of surface

concentration along the film interface. We assume that the relationship between surface

concentration Γ, and surface tension γ, obeys [1, 52]:

dγ

d ln Γ
≈ −G, (3.14)
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where G is the so-called Gibbs elasticity (see Sec. 2.5), assumed here to be constant.

We can now rewrite Eq. (3.13), as:

u = −x

δ

dδ

dt
+

G
µ

(
z2

2δ
− δ

6

)
∂ ln Γ

∂x
. (3.15)

With knowledge of the horizontal component of the velocity field u, its vertical com-

ponent w, can now be determined. Combining the continuity equation (Eq. (3.1)) with

Eq. (3.15), w is obtained as follows:

w =
z

δ

dδ

dt
+

G
µ

(
z3

6δ
− zδ

6

)
∂2 ln Γ

∂x2
. (3.16)

If we set z = δ in Eq. (3.16), as expected, we obtain the expression for the vertical

velocity of the interface dictated by the drainage mechanism, w|z=δ = dδ/dt, where

dδ/dt has a negative value due to film thinning.

We can now easily determine the horizontal surface velocity us, by setting z = δ in

Eq. (3.15), resulting in:

us = −x

δ

dδ

dt
− G δ

3µ

∂ ln Γ

∂x
. (3.17)

From Eq. (3.17), it now becomes clear that there is a competition between Marangoni

stresses and film drainage effects on the film surface. Typically, ∂ln Γ/∂x > 0 (at least

in the domain x > 0 in Fig. 2.4). This is due to reflux through the Plateau borders,

meaning Plateau borders are enriched in surfactant relative to adjacent films. On the

other hand, film thinning yields negative drainage rates, dδ/dt < 0. In order to solve

Eq. (3.17), information regarding the film drainage rates is needed, either through the

use of empirical formulae in the literature, or theoretical estimations as previously

introduced in Sec. 2.4.3.4.
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3.2 Mass transport equation

Having derived velocity fields, we now proceed to derive an equation for surfactant

mass transport at the gas/liquid interface, as well as an equation for surfactant mass

transport in the bulk.

3.2.1 Surfactant mass balance at the gas/liquid interface

The general differential equation representing the transport of surfactant at the surface

of a foam film can be defined as follows:

∂Γ

∂t
+

∂(usΓ)

∂x
= − D ∂c

∂z

∣∣∣∣
z=δ

, (3.18)

where Γ is the concentration of surfactant at the interface, also known as surface excess

and us is the horizontal component of the velocity field at the interface, previously de-

rived in Eq. (3.17). The term on the right-hand side of Eq. (3.18) represents surfactant

exchange between the film’s surface and subsurface layers due to diffusion. Here, c is

the surfactant bulk concentration, and D is the diffusivity coefficient. For surfactant

exchange to occur between surface and bulk, surfactant needs to diffuse to or from the

subsurface layer first. Below the CMC (which is always assumed to be the situation in

this study), having an unsaturated film surface can result in instantaneous adsorption of

surfactant from the subsurface layer [1]. Therefore, the dynamics of this mass transfer

process will be limited by the diffusion of surfactant to the subsurface layer. However,

what this means is that in the limit in which surfactant diffusion within the film’s bulk

is slow when compared to the Marangoni flow, surfactant exchange between bulk and

surface is severely restricted. Another way of restricting this is to have barely any

surfactant (and hence barely any surfactant concentration gradient) in the bulk. This

is referred to as the insoluble surfactant case. As a result, in the insoluble surfactant

case just as in the case with slow diffusion, the diffusion term on the right-hand side of

Eq. (3.18) can be ignored and the mass transport equation is simplified to the following
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equation:
∂Γ

∂t
+

∂(usΓ)

∂x
= 0. (3.19)

In order to solve Eq. (3.19), information regarding the fluid velocity at the liquid gas

interface provided in Sec. 3.1 is needed. Within the present context of studying foam

fractionation via reflux, considering draining films with Marangoni stresses on their

interfaces, the fluid velocity at the film interface us, can be estimated using Eq. (3.17).

Knowledge of the initial surfactant surface concentration Γ0, along with boundary con-

ditions for Γ (discussed below) are also required.

During a foam fractionation process with reflux, the concentration of surfactant in the

bulk and on the surface of the Plateau borders is kept high (i.e. higher than Γ0 initially

in the films) by the downward flow of surfactant-rich material through the Plateau

borders. Therefore, it is reasonable to assume that Plateau borders act as surfactant

reservoirs (particularly in consideration of the fact that, they typically contain more

liquid than the significantly thinner films do). Due to this, with the fractionation pro-

cess running continuously, for a specific height in the column, Plateau borders can

be assumed to maintain relatively constant values of surfactant concentration, both at

their interfaces ΓPb, and (to be discussed shortly) within their bulk cPb. On symmetry

grounds at the centre of the film (x = 0), we expect ∂Γ/∂x = 0. Another important

remark is that the surface velocity us, at the mid point of the surface (i.e., at x = 0) can

be assumed to be zero again due to the film symmetry. It then follows from Eq. (3.19)

that ∂ln Γ/∂t|x=0 + ∂us/∂x|x=0 = 0.

By combining the estimation for the surface velocity in Eq. (3.17), accounting for film

drainage, and the Marangoni stresses at the gas/liquid interface, with the surfactant

mass balance in Eq. (3.19), we obtain the second-order partial differential equation

governing the concentration at the film surface Γ, as follows:

∂Γ

∂t
=

1

δ

dδ

dt

(
Γ + x

∂Γ

∂x

)
+

Gδ

3µ

∂2Γ

∂x2
. (3.20)
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Vitasari et al. [1] obtained this equation within the context of foam fractionation with

reflux, but considering just insoluble surfactant. This means that surfactant molecules

are present only on the film surfaces. Concentration in the bulk (and hence gradients

of concentration in the bulk, and diffusive fluxes that such gradients might otherwise

induce), are then negligible. Under these assumptions, the above-mentioned study

provided insights into the evolution with time of the surfactant surface concentration

Γ. Of course, in that study, surfactant exchange between the film bulk and film surface

was disregarded (due to the assumption of insoluble surfactant).

Under the stated assumption though (insoluble surfactant), it was verified that, for

rigid interfaces leading to comparatively slow film drainage (as is also assumed in

the present study), the Marangoni flows initially dominate over film drainage effects,

allowing the Marangoni mechanism to pull surfactant from the Plateau border, onto

the film surface. This then leads to an increase of the surfactant concentration Γ, and

consequently an increase in the overall amount of surfactant on the films, and a decay

in the Marangoni flow. This system eventually however reaches a quasi-steady state,

in which residual Marangoni flows are eventually balanced by drainage effects. This

then allows (given the comparatively slow drainage in the rigid film case) an almost

uniform surfactant distribution Γ on the film surface, close to the surface concentration

in the Plateau border ΓPb.

In summary, by assuming that films have comparatively rigid interfaces and so drain

slowly, foam fractionation with reflux can enrich the bubble surfaces with surfactant,

and maintain an enriched surface over time. However, real surfactants are soluble,

meaning that there will be surfactant molecules not only at the gas/liquid interfaces

but also dissolved within the bulk of the foam films. Due to this, we now also need to

consider mass transport equations in bulk of the films. This is the novel contribution

of the present study.
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3.2.2 Surfactant mass balance in the bulk

The differential equation representing the transport of surfactant within the bulk of a

foam film can be defined as follows:

∂c

∂t
+ u.∇c = κ.∇2c, (3.21)

where c is the surfactant concentration within the film bulk, t is time, u is the veloc-

ity field within the film bulk, and κ is the diffusivity tensor containing the surfactant

diffusivity coefficient (assumed constant) D, and is defined as follows:

κ =

D 0

0 D

 . (3.22)

This mass balance equation takes into account the passive advection of surfactant with

the velocity field u, along with diffusion effects within the film bulk. Due to the thin

film geometry, δ ≪ L, the diffusion effects will be stronger in the z-direction. This

then is why we write Eq. (3.22) as a tensor (even though for now it is an isotropic

tensor): when we scale the governing equations differently in the directions along and

across the film (as is typically done in lubrication theory [209–212]), the result will

appear anisotropic.

Initial and boundary conditions are again required. The initial bulk concentration c0,

is assumed to be in equilibrium with the initial surface concentration Γ0, according to

an adsorption isotherm. Certainly, owing to reflux, c0 will be less than the analogous

concentration cPb in the Plateau border. Regarding boundary conditions, approach-

ing the interface, the instantaneous bulk concentration c|z=δ (where recall δ is the

film half thickness) is in equilibrium with the instantaneous surface concentration Γ,

again considering an adsorption isotherm. On symmetry grounds along the midplane

∂c/∂z|z=0 = 0. Boundary conditions on c in the x-direction are not necessarily re-

quired owing to the diffusion in the z-direction dominating diffusion in the x-direction
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(as a result of having thin geometry).

In summary, we have set up the flow field equations and the general form of the mass

transport equations both on the surface and within the bulk. What we have not yet

done is explain in detail how surface and bulk mass transport might couple. This will

be done in the chapters to follow. It turns out that there are two distinct limiting cases

or extreme cases in which that coupling is relatively easy to determine, although the

coupling is also different in those different limiting cases. Thus there are two extreme

limiting cases with different physics that are presented in the following chapters (Chap-

ters 4 and 6), along with supplementary material related to each of them (Chapters 5

and 7, respectively). These then constitute the main results chapters of the thesis.
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Chapter 4
Transport of soluble surfactant on and

within a foam film in the context of a

foam fractionation process

“This chapter consists of published material: [H. Rajabi, P. Grassia, “Transport of

soluble surfactant on and within a foam film in the context of a foam fractionation

process.” Chemical Engineering Science, vol.265, 118171, 2023. https://doi.

org/10.1016/j.ces.2022.118171]”

Abstract

This study models soluble surfactant transport on and within a foam film during a foam

fractionation process. Marangoni flow drives surfactant onto the film, and also surfac-

tant concentration is assumed to be uniform across the thin foam film. Adsorption

isotherms are used to couple mass transfer equations, so as to determine the evolution

of the total amount of surfactant (surface plus bulk) at any film location. Surfactant

transport is considered both in the absence and presence of film drainage. It is ob-

served that having soluble surfactant slows down evolution of Marangoni-driven flow
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compared to cases assuming insoluble surfactant. This is because in soluble surfactant

cases, surfactants diffuse to the bulk even whilst being transferred by Marangoni flow

onto the film surface. Furthermore, it is observed that a quasisteady state typically

occurs after a long time, such that Marangoni flow and film drainage flow become

comparable.

Highlights

• Foam fractionation with reflux is modelled for a soluble surfactant

• Reflux induces Marangoni-driven surfactant transfer from Plateau border to film

• Two isotherms (global and local Henry) relate surfactant on and within foam

film

• Surfactant transfer slowed by solubility and by local Henry isotherm

• Film drainage reduces surfactant recovery but improves enrichment

4.1 Introduction

The separation of surface-active components is essential in numerous industries, such

as waste treatment, food, pharmaceutical, environmental-related, and many more [108,

202, 213]. One of the important methods to separate surfactants from an aqueous so-

lution is foam fractionation [21, 183, 214]. This physicochemical process is often

competitive compared to other methods used in this area, namely ultrafiltration, ion

exchange, precipitation, membrane filtration and coagulation [17, 24]. This is primar-

ily due to the simplicity of the equipment, low cost and mild operating conditions, as

well as environmental compatibility [22, 23]. Furthermore, the applicability of this

method in the separation of dilute solutions, beyond the limits of the other techniques,

has made it an attractive alternative [27, 94]. Indeed the foam fractionation process
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has various applications, such as radioactive effluent purification [85], separation of

hydrophobic proteins and enzymes [86–88, 214], separation of non-polar compounds

[89], production of pharmaceutical products [90, 91], environmental problem remedi-

ation, [15, 92] and food processing [93].

Foam fractionation is based on the adsorption of a surfactant on the bubble surface, as

bubbles rise through a solution [31]. The recovered liquid from the top of the column

(foamate) is richer in surfactant than the remaining liquid [33]. Moreover, utilization

of reflux can increase significantly the separation ability of a foam fractionation device,

and thus increase the concentration of the foamate [26, 34, 35, 82]. In a fractionation

column with reflux, part of the surfactant rich foamate is collapsed and returned to the

column. Then, it drains through Plateau borders, where it mixes with any liquid already

in those Plateau borders and increases the Plateau border surfactant concentration. This

in turn can enhance the surfactant concentration on the foam film surfaces and within

the bulk of the foam films. As a result, reflux improves the overall foam fractionation

process efficiency. This then is the reason why in this study, we focus on the foam

fractionation process with reflux.

Air

Γ(x,t) ΓPb

z

x

Bulk
Solution

Subsurface
Layer

(a) Insoluble surfactant

Air

c(x,t)

Γ(x,t) ΓPb

cPb
z

x

Bulk
Solution

Subsurface
Layer

(b) Soluble surfactant

Figure 4.1: Insoluble (a) and soluble (b) surfactant distributed on a foam film surface
and, where applicable, within the bulk of the foam film. Here Γ and ΓPb are surface
concentrations of surfactant on the film and Plateau border, while c and cPb are the
bulk concentration in the film and Plateau border, respectively. In the present work, Γ
on the film depends on coordinate x and time t. Also, c in the film depends on x and
t, but is taken to be almost independent of coordinate z. The figure is not to scale as
in reality, the film thickness is much smaller than its length.
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This study considers the case of comparatively dry foams with typically polyhedral

bubbles [70, 117]. Foam films can then be treated as being thin (i.e. thickness much

smaller than length) and are in contact at their edges with Plateau borders. Fig. 4.1

shows a schematic figure of such a film, indicating how either insoluble or soluble

surfactant might be distributed on and within the foam film. Here Γ and ΓPb are sur-

factant surface concentrations on the film and in the Plateau border, and c and cPb are

analogous bulk concentrations. Due to reflux, Γ is typically different from ΓPb, and c

is typically different from cPb.

There are various physical mechanisms influencing surfactant transport from Plateau-

border-to-film and vice versa. For instance, Marangoni flows due to differences be-

tween Γ and ΓPb, leading in turn to differences in surface tension, have been studied by

Vitasari et al. [1], Grassia et al. [46], Elfring et al. [167], Vitasari et al. [170], Karaka-

shev et al. [172]. Several studies have also been carried out on film drainage and its

effects on foam and foam film stabilization [40, 49, 135]. By the same token, the

transport of surfactant onto the foam film in the presence of both Marangoni forces

and film drainage has been studied [1, 167, 170, 172]. However, even though we know

surfactants are soluble [36, 215], in most previous studies, surfactant transport into the

bulk of the film has been neglected [1, 45, 216–218]. Many typical surfactants have

nevertheless a substantial solubility in water which can then impact on flow behaviour

[17, 54, 55, 219].

In the case of insoluble surfactants, the work of Vitasari et al. [1] developed a model

for how quickly surfactants move onto the foam film, which is schematically presented

in Fig. 4.1a. This model has been developed both in the absence and the presence of

film drainage and has revealed that the surfactants can usually move onto the foam

films quickly compared to typical bubble residence times in a fractionation column.

However, when film drainage is present, it competes against the Marangoni effect and

slows down the surfactant transport on the foam surface. An equilibration of surfactant
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concentration between the Plateau border and the film is achieved after a sufficiently

long time, at least in the absence of film drainage. Moreover, in the presence of film

drainage, a quasisteady-state surfactant concentration is reached with a lower surfac-

tant concentration in the film than in the Plateau border. Despite all the achievements

of this model, the lack of consideration of any surfactant inside the bulk of the film

has led us to present the current model, in which surfactant solubility and its transport

inside the bulk are considered (Fig. 4.1b). In addition, a model has been developed

here for the behaviour of the soluble surfactant approaching a quasisteady-state con-

figuration at long times, albeit compared to a model already presented by Vitasari et al.

[1], some modifications are required in order to account for surfactant solubility.

The present model considers in particular the diffusive transport of soluble surfactant

into the bulk of the foam film. Diffusive transport from surface to bulk can in principle

occur at different rates relative to Marangoni and film drainage flow, but the specific

limit that we will look at here is when surfactants can diffuse very quickly across a thin

film, even though any diffusion along the film is very slow. As we explain later on,

mathematically, we can express this in terms of the product of a Péclet (Pe) number

and a film aspect ratio (∆), with this product being a small parameter. Hence, we

call it a small Pe∆ limit. To use the model to investigate the performance of foam

fractionation for a soluble surfactant, we define (later on) recovery and enrichment

factors which are quantities often measured in fractionation studies [36, 82, 83, 108].

This study is laid out as follows. Firstly, Sec. 4.2 deals with the theory used in math-

ematical models of soluble surfactant transport. That section is divided into several

subsections and explains important dimensionless parameters and governing equations

and uses them in the so-called small Pe∆ limit to develop an equation for the evolution

of the total amount of surfactant at every position along a film. After that Sec. 4.3 deals

with the numerical simulation approach to solve the model and explains some bench-

marking methods to check the validity of the simulation approach. Then, Sec. 4.4
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presents results and discussion, while Sec. 4.5 provides the conclusions of this study.

4.2 Mathematical model for soluble surfactant trans-

port

In this section, we revisit the relevant transport equations that have been developed by

Vitasari et al. [1], albeit extending that work to consider the possibility of surfactant

being present in the bulk. Note however that the work of Vitasari et al. [1], whilst re-

taining much of the essential physics of flow and mass transfer on foam films, involves

a number of significant simplifications, and we will highlight these as we develop the

model to be used here.

Sec. 4.2.1 identifies key dimensionless groups controlling the behaviour of the sys-

tem under consideration. Here we utilise dimensionless groups previously identified

by Vitasari et al. [1]. However, a newly introduced solubility parameter is a key pa-

rameter also employed in our model. Then, we look at the flow fields in Sec. 4.2.2.

Since the physical mechanisms that drive the flow fields are Marangoni flow and film

drainage, some background to these mechanisms is discussed in the supplementary

material Secs. 5.1 and 5.2. Sec. 4.2.3 describes mass transfer equations on the foam

film and within the bulk. Modelling of insoluble surfactant transport on the foam sur-

face only is reviewed in supplementary Sec. 5.3. However, returning to the soluble

case in Sec. 4.2.4, analysis of the small Pe∆ limit, which is the main novel contribu-

tion of this study compared to previous studies, is presented. Sec. 4.2.5, meanwhile,

consists of a new approach to obtaining a linear adsorption isotherm by modifying the

Langmuir adsorption isotherm. In particular, we start with a Langmuir isotherm and

make approximations, which we call respectively a global Henry isotherm and local

Henry isotherm. This approach enables us to have the convenience of working with a

linear isotherm, albeit one which is still a good representation of the original Langmuir

isotherm over a concentration range of interest. Detailed explanations of these approx-
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imations can be found in supplementary Sec. 5.4. Subsequently, Sec. 4.2.6 presents a

new variable called “total amount of surfactant at any film location”, which accounts

for surface and bulk taken together at a specific position along the foam film. This then

is the variable for which we solve. The solutions are ultimately obtained in terms of

variables recast in dimensionless form, as described in supplementary Sec. 5.5 with a

solution being obtained numerically via a method outlined in supplementary Sec. 5.6.

Parameters to use within the solution are discussed in Secs. 5.7 and 5.8. Another key

quantity that accounts for the overall amount of surfactant on the surface and within

the bulk in a specific time has been introduced in Sec. 4.2.7: this quantity is measured

over the entire film, not just at a specific location. Moreover, surfactant effective con-

centration is presented in Sec. 4.2.8, giving a measure of the extent to which adsorption

enhances surfactant concentration over and above bulk liquid. This then leads within

Sec. 4.2.9 into a discussion of surfactant recovery and enrichment during fractionation.

Finally, Sec. 4.2.10 deals with the system’s behaviour at late times, while the details of

those late-time solutions can be found in supplementary Sec. 5.9.

4.2.1 Dimensionless groups

Here key dimensionless groups that appear in the model are presented. One of the

parameters controlling the behaviour of the system is the Péclet number [220] which

is obtained here based on comparing convective surfactant transport by the Marangoni

effect to the diffusive transport of surfactant (see supplementary Sec. 5.1.1). In the

present model, the Péclet number (Pe) is expressed as follows:

Pe =
Gδ0/µL
D/δ0

(4.1)

where G is Gibbs elasticity parameter (surface tension change per change in logarithm

of surfactant surface concentration), δ0 is initial film half-thickness, µ is liquid viscos-

ity, L is film half-length and D is diffusivity coefficient. Péclet number can be thought
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of as being the ratio between characteristic velocity for Marangoni flow (along the

film) and characteristic velocity for diffusion (across the film) and is typically a rela-

tively large number (see Table 5.2). Meanwhile, the initial aspect ratio between film

half-thickness and film half-length is defined as:

∆ = δ0/L (4.2)

where δ0 is initial film half-thickness, and L is film half-length. Here ∆ is typically a

very small number as the film is considered to be extremely thin. This small number

then causes the product of Pe and ∆ to be a relatively small number.

The other significant parameter is the solubility parameter which is defined as below:

S =
δ0

ΓPb/cPb
(4.3)

where δ0 is initial film half-thickness, ΓPb is surfactant surface concentration at the

Plateau border, and cPb is surfactant bulk concentration at the Plateau border. This is a

key parameter for this work, describing the amount of dissolved surfactant relative to

the amount of surfactant on the surface. This parameter is physically the film thickness

relative to a depletion length associated with transferring surfactant between bulk and

surface.

Insoluble surfactant has S → 0, whereas a highly soluble one has S → ∞. Note that

for values of S ≪ 1, even though it is possible to compute the amount of surfactant in

the interior of the film, there is so little surfactant in the interior compared to the surface

that one might as well treat the surfactant as totally insoluble. By contrast, computing

what is happening in the interior of the film is much more relevant for larger S values.

For the parameters that we examine here, it turns out that S is an order of magnitude

or so greater than unity (see Table 5.2).

As already alluded to, film drainage can also be relevant to the surfactant transport
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process (see supplementary Sec. 5.2). Hence, we also define a dimensionless film

drainage velocity parameter, denoted VR. It is defined such that the typical ratio be-

tween drainage flow velocity [221] and Marangoni flow velocity is on the order of VR.

Here VR is expressed as follows:

VR =
2 δ0γPb
3 aG

(4.4)

where δ0 is the initial film’s half-thickness, γPb is surface tension at the Plateau border,

a is the Plateau border’s radius of curvature and G is Gibbs elasticity. This is usu-

ally a small parameter (see Table 5.2), suggesting that film drainage-driven surfactant

transport is typically rather slower than Marangoni-driven surfactant transport. That

said, in the case of soluble surfactant, it turns out that there are mechanisms by which

Marangoni-driven transport can be slowed down also, so that in relative terms, film

drainage-driven transport might become important even though VR is small. This is a

point to which we return later on. Remember also that the focus here is upon foam

fractionation with reflux. Increasing the amount of reflux flowing through a fraction-

ation column causes the Plateau borders to swell, increasing a and hence reducing VR

and thus reducing the impact that any film drainage has.

Having defined the dimensionless groups, we also make all system variables dimen-

sionless. We scale horizontal coordinates by the film half-length and vertical coor-

dinates using the film’s initial half-thickness. Moreover, we scale surfactant concen-

trations in the bulk and on the surface by surfactant concentrations in the bulk of the

Plateau border and on the surface of the Plateau border, respectively. Velocities along

the film are also nondimensionalized using a Marangoni velocity scale. Time is nondi-

mensionalized using the ratio between the film half-length and the Marangoni velocity

scale. The full details of the nondimensionalization can be found in supplementary

Sec. 5.5. In the dimensionless system, it turns out that the film half-length and the

initial film half-thickness are set to unity, and surfactant concentrations in the bulk and
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on the Plateau border surface are also set to unity. Note that from now on, we only use

dimensionless variables unless specified otherwise.

4.2.2 Velocity fields

A review of the derivation of dimensional governing equations is explained in supple-

mentary Sec. 5.3. However, here we present the equations in dimensionless form. The

equations giving velocity fields in the x and z directions (the directions are as indicated

in Fig. 4.1) are based on lubrication theory and turn out to be [1]:

u = −x
δ̇

δ
+

(
δ

6
− z2

2δ

)
∂ ln Γ

∂x
(4.5)

w = z
δ̇

δ
+

(
z3

6δ
− zδ

6

)
∂2 ln Γ

∂x2
(4.6)

where u, w are dimensionless velocities in x, z directions. Also, δ̇ is dimensionless

rate of change of film half-thickness, δ is dimensionless film half-thickness, and Γ is

dimensionless surfactant surface concentration on the film. Note that w at z = 0 is

zero, while at z = δ, it equals δ̇.

Since Γ might have an a priori unknown variation with x, Eqs. (4.5) and (4.6) indicate

that velocities are a priori unknown functions of position and time. Because we are

dealing with surfactants that are being advected on the surface, we need to know about

surface velocity. By setting z = δ in Eq. (4.5), we obtain an equation for surface

velocity us as follows:

us = −x
δ̇

δ
− δ

3

(
∂ ln Γ

∂x

)
. (4.7)

To proceed we also need to know the value of δ at any given time t. The Reynolds

drainage formula for a rigid surface [40] gives in dimensionless form:

δ̇ = −VR δ3 (4.8)
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where the respective solution for the film half-thickness is:

δ = (1 + 2VRt)
−1/2. (4.9)

Note the considerable simplifications (see Secs. 5.2 and 5.3 for details) that have gone

into all these equations. Foam films are not only assumed to be thin (so lubrication

theory applies), but in addition their thickness is treated as being spatially uniform,

albeit varying in time. In reality foam film thickness can vary spatially as the foam

film drains [51, 222, 223]. However describing that process involves the complication

that the film surface becomes curved, and a normal stress boundary condition relating

pressure to surface tension and curvature is then required at the surface. Here instead

we simplify as per Vitasari et al. [1] by retaining only tangential surface stresses (due

to the Marangoni effect associated with gradients of surfactant surface concentration).

We also assume as per Vitasari et al. [1] that the film drains as if it were a uniform

thickness squeeze film.

Yet another simplification is that Eqs. (4.5) and (4.6) are two-dimensional equations

(one dimension along the film, and one dimension across it). In reality flow is three-

dimensional (two dimensions along the film and one dimension across it). The diffi-

culty however is that the exact three-dimensional flow field that results depends on the

film’s shape, and specifically how many edges it has. Given that there will be consid-

erable variation from film to film, not only in terms of film size, but also number of

edges, we have for simplicity assumed a two-dimensional flow field here.

Having determined expressions for the velocity fields, we can now start to address the

dimensionless mass transfer equations on and within the film surface.
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4.2.3 Modelling of evolution of surfactant in a foam film

To investigate the evolution of surfactants, we use the dimensionless surfactant mass

balance equations within the bulk and on the film surface. The dimensionless surfactant

mass balance in the bulk follows a general mass transfer equation [220, 224, 225]:

∂c

∂t
+∇.(u c) =

1

Pe
∇.(κ.∇c) (4.10)

κ ≡

∆ 0

0 ∆−1


where c is dimensionless surfactant concentration in the bulk, t is dimensionless time,

u = (u,w) is dimensionless velocity in the bulk in x and z directions and ∆ is the

initial aspect ratio. A dimensionless diffusivity tensor (κ) has appeared in the equation

because of the nondimensionalization of the mass transfer equation using different

characteristic lengths in x and z directions. Therefore, the coefficients of the diffusion

terms in x and z directions are ∆/Pe and 1/(Pe∆), respectively.

As ∆ is typically an extremely small number (i.e. the film is assumed to be very thin)

and Pe is a relatively large number (see Table 5.2), ∆/Pe is an extremely small number.

This makes the diffusive flux in the x direction along the film negligible in all cases.

Convection then dominates the mass transfer in that direction, and moreover since we

have used a simplified flow field (as explained in Sec. 4.2.2), we have thereby simpli-

fied the convective mass flux. However, when Pe∆ is a reasonably small number, the

diffusive flux in the z direction across the film becomes significant. Thus, small Pe∆

refers to the case in which there is a high diffusive flux across the thin film, even though

the diffusive flux along it is negligible. This then is the case to be considered here, as

will be discussed further in Sec. 4.2.4. The dimensionless mass transfer equation for
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surfactant in the bulk can now be simplified as:

∂c

∂t
+

∂(uc)

∂x
+

∂(wc)

∂z
=

1

Pe∆

∂2c

∂z2
. (4.11)

Here c varies in the x direction, but only very weakly in the z direction due to Pe∆

being small.

As well as accounting for surfactant in the bulk, we also must account for surfactant

on the surface. Thus, we write general dimensionless surfactant mass balance on the

surface as follows [226, 227]:

∂Γ

∂t
+

∂(usΓ)

∂x
= − S

Pe∆

∂c

∂z

∣∣∣∣
z=δ

(4.12)

where Γ is dimensionless surfactant surface concentration, us is dimensionless veloc-

ity on the surface and S is the solubility parameter. Some previous works have ignored

the term on the right hand side, which represents transport of surfactant from the sur-

face into the bulk [1, 201, 216–218, 228]. Here however that term must be retained.

Nonetheless, one effect which is ignored in the present study is surfactant surface dif-

fusion [171]. The reason is that diffusion along the surface is generally much weaker

than Marangoni flow on the surface.

It is clear from the form of Eq. (4.12) that we cannot in general solve for Γ unless we

also solve Eq. (4.11), and we know specifically how c varies with both x and z. Here

however, as already alluded to earlier, we make a simplifying assumption namely the

small Pe∆ limit, which allows us to progress the analysis even prior to solving for c.

This is the subject of the next section.

4.2.4 Combining equations in the small Pe∆ limit

Here we model the evolution of surfactants on and within the foam film making use of

the small Pe∆ assumption. To have a set of equations for the evolution of surfactant,
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regardless of whether in the bulk or on the surface, we combine mass transfer equations

for the bulk and surface together. To do this, we integrate Eq. (4.11) over z from 0 to

δ, which results in:

δ
∂c

∂t
+ cw|z=δ +

∂

∂x

(
c

∫ δ

0

u dz

)
=

1

Pe∆

∂c

∂z

∣∣∣∣
z=δ

. (4.13)

Notice here that in the final term on the left hand side, the term in c has been taken

outside the integral sign. This is because as already mentioned, in the small Pe∆

limit, the value of c tends to vary only weakly across the film thickness. As Sec. 4.2.2

discussed, and as can be obtained from Eq. (4.6), w at z = 0 is zero (because of the

symmetry of the model), and w at z = δ is δ̇.

By combining two terms of the left-hand side of Eq. (4.13) and multiplying both sides

of the equation by the S parameter, we obtain:

∂

∂t
(cSδ) + ∂

∂x

(
cS
∫ δ

0

u dz

)
=

S
Pe∆

∂c

∂z

∣∣∣∣
z=δ

. (4.14)

The term on the right-hand side of the equation is the diffusive flux from the surface

to the bulk, which is the negative of the diffusive flux from the bulk to the surface

as appears in Eq. (4.12). The combination of Eq. (4.12) and Eq. (4.14) leads to the

following equation:

∂

∂t
(Γ + cSδ) + ∂

∂x

(
usΓ + cS

∫ δ

0

u dz

)
= 0. (4.15)

From Eq. (4.15), we can see that the rate of surfactant change in the bulk and on the

surface is related to the convection flows, both in the bulk and on the surface. However,

we can only progress if we can identify a relationship connecting Γ and c. This can be

done with an adsorption isotherm, which is the subject of the next section.
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4.2.5 Adsorption isotherms

So far, we have presented the evolution of surfactant in the form of a single equa-

tion (Eq. (4.15)). However, as this formula incorporates both Γ and c, we need an

adsorption isotherm to link these two quantities together. Here we choose to express

the isotherm in dimensionless form, which leads, as we will see shortly, to a rather

simple relationship between these quantities Γ and c. The derivation of the original

dimensional form and an explanation of how it is made dimensionless can be found in

supplementary Secs. 5.4 and 5.5.

As Sec. 5.4 explains, we start with a nonlinear adsorption isotherm called the Lang-

muir isotherm. This is a commonly used adsorption isotherm, which describes the

relationship between surfactant surface and bulk concentrations [93, 229, 230]. The

Langmuir isotherm is characterized by a so-called Langmuir parameter that quantifies

the affinity for the adsorption and also by a maximum amount of surface concentration

or surface excess. It is however possible to simplify the nonlinear isotherm to a linear

one as we now go on to explain.

4.2.5.1 Approximations to the isotherm

Significant simplifications will arise in the governing equations if we manage to replace

the Langmuir isotherm with a straight line. To do this, we use two distinct approaches.

First, we use a straight line to join the origin of a c,Γ plot (see Fig. 4.2) to the conditions

cPb and ΓPb at the Plateau border. This we call a global Henry isotherm approximation.

In the other approach, we construct a tangent to the Langmuir adsorption isotherm,

again at the Plateau border conditions, which we call a local Henry approximation. The

detail of how we did this and a schematic representation can be found in supplementary

Sec. 5.4 and Fig. 4.2, respectively. Here as mentioned the approximate isotherms are to

be used in a nondimensional form, such that cPb and ΓPb are in effect, both normalized
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to unity. In this case, the global Henry isotherm in dimensionless form turns out to be:

Γ = c. (4.16)

The local Henry isotherm is only slightly more complicated. We define a (dimen-

sionless) local Henry constant (KH(loc)) to be the slope of the (nondimensionalized)

Langmuir adsorption isotherm at the point at which we construct the tangent, and it

turns out to become:

KH(loc) =
1

1 +KL

(4.17)

where KL is a dimensionless Langmuir parameter (see supplementary Sec. 5.5 for how

it is obtained). One of the features of a local Henry isotherm (evident in Fig. 4.2) is that

even if we approach low concentrations, we have a minimum but still nonzero surface

coverage. The minimum amount of surfactant surface concentration for a local Henry

isotherm (Γmin), in dimensionless form, becomes:

Γmin =
KL

1 +KL

. (4.18)

Via Eqs. (4.17) and (4.18), the dimensionless local Henry isotherm becomes:

Γ = KH(loc)c+ Γmin. (4.19)

Note that Γmin is just 1−KH(loc).

The dimensionless Langmuir parameter KL is what controls the value of KH(loc), and

as can be seen from Eqs. (4.17) and (4.18), when it is small (KL ≪ 1), the local

Henry constant (KH(loc)) becomes almost unity, and the minimum amount of surfac-

tant surface concentration (Γmin) becomes negligible. Hence, according to Eqs. (4.16)

and (4.19), local and global Henry isotherms would become almost identical. On the

other hand, if KL is large (KL ≫ 1), it follows that KH(loc) is small, whereas Γmin is
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close to unity. There is now quite some difference between the global and local Henry

isotherms.

Γ

cPb

ΓPb

Γmin H(loc)K Langmuir 

Isotherm

Local Henry

Global Henry

Isotherm

Isotherm

c
Figure 4.2: Schematic of dimensionless global and local Henry isotherms drawn for
a specific Langmuir adsorption isotherm. In the dimensionless system cPb, ΓPb and
the slope of the global Henry isotherm (in effect, the global Henry constant) are all
unity. However, the slope of the local Henry isotherm (the local Henry constant) is
smaller than unity.

4.2.5.2 Considering dimensional variables for isotherms

The above discussion has been formulated, as we have said, in terms of dimensionless

variables, with cPb and ΓPb in effect normalized to unity. However, it is also useful to

consider what it means in terms of dimensional variables (such as Sec. 5.4 considers).

Using a fractionation process with reflux tends to ensure that the surfactant concen-

tration of the Plateau border is richer than in a system without reflux. In that case,

and given that the purpose of fractionation is after all, to concentrate surfactant, the

(dimensional) cPb and ΓPb are pushed towards the higher surfactant concentration part

of the Langmuir adsorption isotherm plot, where surfactant surface concentration no

longer changes significantly with changes in bulk concentration. In this situation, pro-

vided the concentration c in the foam film is not too far away from cPb, then the tangent

to the Langmuir isotherm at the Plateau border concentration or, in other words, the

so-called local Henry isotherm describes the system’s behaviour realistically (see e.g.

Fig. 5.1). On the other hand, a relatively dilute system could be considered, such that

the surfactant concentration in the Plateau border is not exceedingly rich even in spite
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of reflux. In that case the (dimensional) cPb and ΓPb are pushed towards the lower sur-

factant concentration part of the Langmuir adsorption isotherm plot, where the slope

of the isotherm is now rather larger. This incidentally tends to increase surfactant de-

pletion length, which would decrease the value of S defined via Eq. (4.3). However,

the relevant point here is that the Langmuir isotherm, global Henry isotherm and local

Henry isotherm are all then rather similar, so the global Henry isotherm (which math-

ematically speaking is a little simpler than the others) would provide an acceptable

approximation.

To summarize we have defined so-called global and local Henry isotherms which, at

least in certain parameter domains, are reasonable approximations to an overarching

Langmuir isotherm. Although we could formulate a surfactant transport model util-

ising a Langmuir isotherm directly, we elect here to work with the global and local

Henry isotherms instead. This is convenient as we will see, because it leads to a gov-

erning equation that is linear. Indeed in certain cases, i.e. without film drainage, we

will see that it is even possible to obtain exact analytical solutions, in the form of se-

ries expansions. In any case, now that we have defined the link between the amount of

surfactant on the surface and in the bulk and, we proceed to look at the total amount of

surfactant (surface and bulk taken together) and how it evolves.

4.2.6 Determining total amount of surfactant at any film location

When a fractionation system is used to recover surfactant, the distribution of surfactant

between surface and bulk within the foam film is less significant than the total amount

of recovered surfactant and how much the foamate is enriched. To begin to address

this, we define a variable (Γtot), which is the total amount of surfactant present at any

location in the film (or strictly speaking half the total amount at that location, because

we consider just half of the thickness here). This can be expressed formally as:

Γtot = Γ + S
∫ δ

0

c dz (4.20)
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where Γ is dimensionless surfactant surface concentration, c is dimensionless bulk

concentration, S is dimensionless solubility parameter and δ is dimensionless film

thickness.

For the small Pe∆ limit, such that surfactants in the bulk are evenly distributed across

the film, Eq. (4.20) can be simplified as:

Γtot = Γ + S δ c, (4.21)

an approximation already used in Eq. (4.15). Note that only if we consider insoluble

surfactant (S → 0), does the value of Γtot become almost equal to the amount of

surfactant on the surface (Γtot ≈ Γ). For any other S > 0, the values of Γtot and Γ

differ. We can however, eliminate Γ and c from Eq. (4.15) in favour of Γtot, making

use of the earlier defined adsorption isotherms.

Moreover, once the value of Γtot is known, it can be broken down into its separate

components associated with Γ and c. To show how to do this, we use the local Henry

isotherm (Eq. (4.19)) to derive the relevant equations. This is done because equations

can be easily transformed to those for the global Henry isotherm if required, merely by

setting KH(loc) = 1 and Γmin = 0. Via Eqs. (4.19) and (4.21), we obtain:

Γ =

(
Γtot +

ΓminSδ
KH(loc)

)(
1 +

Sδ
KH(loc)

)−1

(4.22)

c =
(Γtot − Γmin)

KH(loc)

(
1 +

Sδ
KH(loc)

)−1

. (4.23)

The combination of Eqs. (4.15), (4.22) and (4.23), using also Eqs. (4.5) and (4.7) gives,

after some algebra, the equation for the evolution of Γtot which becomes:

∂Γtot

∂t
=

(
1 +

Sδ
KH(loc)

)−1(
δ

3

)
∂2Γtot

∂x2
+

δ̇

δ

(
x
∂Γtot

∂x
+ Γtot

)
. (4.24)

Eq. (4.24) is a parabolic partial differential equation. Despite being linear, it is not
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always possible to solve analytically, given that coefficients depend on x and also

implicitly on t, remembering here that δ varies with time, at least when the film is

draining. As a result, a method of solving this equation numerically has been applied,

specifically a “spectral method” [231]. In this method, the solution of the equation is

expressed as a finite expansion of some set of basis functions: we employed a Fourier

series. Details of the numerical procedure are found in supplementary Sec. 5.6. When

the film is not draining at all, so that δ ≡ 1 and δ̇ ≡ 0, the situation is simpler still:

each term in the Fourier series expansion then decouples and evolves independently of

the others. A separation of variables solution then results, and so in effect, an exact

analytical solution is obtained. This situation applies regardless of whether we em-

ploy a global or local isotherm, although the rate of evolution for each Fourier term is

influenced by the choice of isotherm.

We also require initial and boundary conditions. We know that before the foam frac-

tionation process starts, there is an initial total amount of surfactant on the film surface

and in the film bulk which we denote Γtot,0 and which is assumed to be uniform with

x. Specifically Γtot,0 is selected to reflect that there is less surfactant in the film ini-

tially compared to the corresponding amount in the Plateau border, remembering here

that the Plateau border has been enriched by reflux. This difference between film and

Plateau border provides (via the Marangoni effect) the main driving force for surfactant

transport from the relatively surfactant rich Plateau border towards the relatively sur-

factant lean film. Note that given the value of Γtot,0, we can use Eqs. (4.22) and (4.23)

to determine the corresponding initial surface concentration Γ0 and initial bulk con-

centration c0. Alternatively we can use Eq. (4.21) to recover Γtot,0 for given Γ0 and

c0. Remember that within all these equations, the value of δ is unity initially (see

Eq. (4.9)).

The boundary condition of the model at x = 0 is dΓtot/dx|x=0 = 0, which is due to the

symmetry at the centre of the film. We also need a boundary condition at x = 1 where

71



the film meets the Plateau border. The challenges of imposing a boundary condition at

this particular point have been discussed by Ruschak [232, 233]: even though flow in

the film is a lubrication flow with near parallel streamlines, flow in the Plateau border

meniscus itself is generally two-dimensional. Here in the interests of simplicity, we

impose Γtot|x=1 = Γtot,Pb, where as already mentioned in Sec. 4.2.5.1, we assume

throughout that the dimensionless cPb and ΓPb are fixed at unity. In other words, the

Plateau border is treated as a reservoir of surfactant [1]. The basis for this assumption

however is that there might be rather more liquid in Plateau borders than in films, at

least when films are thin: surfactant exchange from Plateau border to film is assumed

to affect concentrations in the film, but has little impact on concentrations within the

bulk of the border. A consequence of this though is that Γtot,Pb, i.e. the total amount

of surfactant at the location at which Plateau borders connect with films is actually

weakly time-dependent if films gradually become thinner over time. Specifically it

follows from Eq. (4.21) that Γtot,Pb = (1 + S δ) where δ is given via Eq. (4.9).

4.2.7 Determining overall amount of surfactant at any time

In order to assess the fractionation process performance, we need to calculate the over-

all amount of surfactant throughout the film (surface plus bulk) at each time. This is

obtained by integrating Γtot over the film half-length (which is unity in our dimension-

less system). Thus

Γove =

∫ 1

0

Γtot dx. (4.25)

In what follows, we call Γove the overall amount of surfactant, although strictly speak-

ing it is the overall amount within a film half-length and half-thickness.

This quantity depends on time and hence upon the duration for which the film and

Plateau border are in contact as reflux proceeds. This duration is dependent on process

parameters, such as fractionation column length and velocity of bubbles through it

[61]. Thus, calculating Γove as a function of time can help to design or operate a more
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efficient fractionation column. Note that later on, we also compare the ratio between

the overall amount of surfactant at each time and the overall amount of surfactant at

the initial time, and we denote this Γove/Γove,0. This measures the extent to which the

surfactant recovered in the film is increased by contacting the film with a surfactant

rich Plateau border. Note that because of the way we select the initial condition and

also the way we normalize length in the dimensionless system, the value of Γove,0 is

actually the same as Γtot,0.

4.2.8 Determining effective concentration at any time

Another parameter that helps us evaluate foam fractionation performance is a so-called

surfactant effective concentration (ceff). This quantity tells us how rich the foamate is

at any instant. It can be expressed as the overall amount of surfactant on the surface and

in the bulk at a specific instant, divided by the volume of the film. As we are dealing

with a two-dimensional system with film half-length equal to unity, the volume can be

just expressed in terms of the film half-thickness (δ). This leads to

ceff =

∫ 1

0

Γtot/(S δ) dx ≡ Γove/(S δ). (4.26)

Note that according to Eq. (4.21), the value of effective concentration ceff only matches

the bulk concentration within the film in the limit when S δ ≫ 1, i.e. for soluble sur-

factants and films that are not too thin. Otherwise ceff exceeds the bulk concentration.

4.2.9 Recovery and enrichment

Using the definitions in Secs. 4.2.7 and 4.2.8 we can proceed to determine recovery

and enrichment which are quantities often used to assess fractionation performance

[36, 44, 82, 108]. In this study, enrichment is defined as the ratio between the effective

concentration of the foamate at each instant relative to the initial feed bulk concentra-

tion (ceff/c0). Recovery on the other hand is taken to be measured just by the value
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of Γove, which specifically is the overall amount of surfactant recovered per film (or

strictly speaking, per half-film length and half-film thickness). This differs from a

conventional definition of recovery which would be the overall amount of surfactant

recovered in the foamate relative to the overall amount fed to the fractionation column

[36, 44, 83]. Clearly, if we know the overall amount of surfactant recovered per film

and also the number of foam films that enter the foamate, then we have a measure

of the amount of surfactant recovered, which can be compared with the amount orig-

inally in the feed. Hence recovery per film Γove is proportional to the conventional

definition of recovery, but it can be defined conveniently in the current model without

needing to specify either the total number of foam films recovered or the overall quan-

tity of surfactant in the feed. To summarize, in this work Γove represents recovery and

ceff/c0 represents enrichment. As we will see later on, generally, there is a competition

between recovery and enrichment (see Sec. 4.4.8), with high solubility parameter S

favouring recovery and low solubility parameter S favouring enrichment.

Values of Γtot, Γove and ceff , as well as enrichment and recovery which derive from

them, evolve with time and can approach a final state in the limit of very long times.

This could either be a final steady state in the absence of film drainage, with an equilib-

rium between the Plateau border and film, or if there was film drainage, a quasisteady-

state balance could be reached, as we discuss next.

4.2.10 Late time behaviour of the system under consideration

Recall that in Vitasari et al. [1], the Marangoni flow is found to be the dominant con-

tribution to the flow field at short times. However, at longer times, Marangoni tends to

decay, such that a balance between Marangoni flow and film drainage flow then occurs,

which leads the system into a quasisteady-state situation. Note that strictly speaking,

this is indeed a quasisteady state rather than a true steady state, since the surfactant

surface concentration continues to evolve, albeit slowly, even after Marangoni and film

drainage flow balance. The difference in the present study is that surfactants are present
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in the bulk too. As a result, not only does the Marangoni-driven surface flow turn out

to have slower impact on the surfactant surface concentration owing to surfactant es-

caping into the bulk (see Sec. 4.4.1 and later sections), but also film drainage removes

liquid and hence surfactants from the bulk as drainage proceeds. Thus, although there

is still an eventual balance between Marangoni flow and film drainage, this will happen

at longer times compared to the insoluble surfactant case [1], and will also be further

from equilibrating with the Plateau border (i.e. further from the state reached in the

absence of film drainage). Note also that investigating the quasisteady state is primar-

ily of interest in the case of the global Henry isotherm. This is because (as we will

see later on, see Sec. 4.4.3 onwards) in the local Henry isotherm case, the impact of

the Marangoni effect upon surfactant transport is slowed down even more significantly

than in the global Henry isotherm case. Hence, for a local Henry isotherm, a balance

between Marangoni flow and film drainage flow would likely only be realized at times

much later than a typical residence time in a foam fractionation process. The following

analysis focusses therefore on the global Henry case.

Note that thus far we have focussed primarily upon a partial differential equation for

Γtot (see Eq. (4.24)). Nonetheless using Eqs. (4.22) and (4.23) it is also possible to

obtain analogous equations for Γ and c. If we are searching for a quasisteady state, it is

easier to work in terms of Γ not Γtot. This is because the boundary conditions for Γ are

time-independent even with film drainage, whereas those for Γtot are not. Specifically

for Γ we find, still using the global Henry isotherm,

∂Γ

∂t
= (1 + Sδ)−1

(
δ̇

δ
Γ +

(
δ

3

)
∂2Γ

∂x2

)
+

δ̇

δ

(
x
∂Γ

∂x

)
. (4.27)

Here Eq. (4.27) is the general unsteady equation for the evolution of Γ. It is necessary

to explore whether or not this equation approaches a quasisteady state at a sufficiently

long time. A description of the approximate analytical solution of Eq. (4.27) at late

times can be found in supplementary Sec. 5.9. In addition, further discussion and a
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comparison between analytical and numerical solutions are presented in Sec. 4.4.5.

This completes setting up the model in the small Pe∆ limit. After deriving the equa-

tions for the evolution of Γtot (or equivalently Γ or c), we need to use simulations to

calculate Γtot (or equivalently Γ or c) at every film position and every instant. These

simulations are described next.

4.3 Simulation and benchmarking

Parameters corresponding to sodium dodecyl sulphate (SDS) have been used for sim-

ulation purposes within this study. SDS is one of the most studied anionic surfactants,

and hence, relevant parameters are readily available in the literature [165, 203, 234–

249]. The origin of some of the important parameters used in our simulation and the

related tables can be found in supplementary Sec. 5.7.

Recall from Sec. 4.2.6 that a spectral method has been used to solve Eq. (4.24). Full

details of the method are given in Sec. 5.6. In our simulation, 38 Fourier terms have

been used. Having generated the Fourier series, we can reconstruct the spatial variation

of the solution from the Fourier series. To do this, we have evaluated at 500 spatial

points throughout the film half-length. For the most part, 38 Fourier terms evaluated at

500 spatial points capture the surfactant distribution adequately, except for very slowly

evolving systems at very early times (see e.g. Fig. 4.6 later on). Moreover, we have

typically solved out to 20 dimensionless time units for the process duration divided

into time steps of 0.001 dimensionless units. Time stepping is done via the fourth

order Runge-Kutta method [250]. Note that based on the parameters we have chosen,

each time unit is equivalent to 0.125 s (see Table 5.1) thereby considering surfactant

transport processes taking on the order of seconds. Note however that in certain cases

(e.g. in Figs. 4.5 and 4.11 and also in Secs. 4.4.5, 4.4.6 and 4.4.8), more than 20

time units have been considered to enable us to investigate the system’s behaviour for

somewhat longer times.
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To benchmark our numerical method, we have compared our simulation with an al-

ternative method called the “material point” method, which had previously been used

for the evolution of Γ in an insoluble case [1]. As a result, this particular comparison

has been made for the case in which the solubility parameter (S) is set to zero. These

two numerical methods yielded almost the same results for Γ with a maximum relative

difference of 3 × 10−5. Details of the material point method can be found elsewhere

[1].

We have carried out another benchmark using two analytical solutions for the case

without film drainage: note that obtaining these analytical solutions relies on having a

linear isotherm (either a global Henry isotherm or a local Henry isotherm, but not the

Langmuir isotherm which is nonlinear). Neglecting film drainage simplifies Eq. (4.24)

and enables us to solve it analytically. The analytical solutions involve a complemen-

tary error function (erfc) approach or else (as mentioned in Sec. 4.2.6) a separation of

variables solution approach, which results in a Fourier series solution. Both approaches

are valid, but the complementary error function tends to be more convenient to use at

early times, whereas the Fourier series is more convenient at later times. Details of

these analytical solutions can be found in Vitasari et al. [1]. Further discussion of so-

lutions in the absence of film drainage can also be found in Sec. 4.4, e.g. Secs. 4.4.1

and 4.4.3.

Yet another benchmark used a case in which Marangoni flow has been switched off,

but film drainage could still occur. This means that there is no mechanism driving

surfactant transfer from the Plateau border toward the centre of the film. However,

the transfer of surfactants from the film to the Plateau border still happens due to film

drainage. This turns out to lead to an analytical solution, in which Γtot is directly pro-

portional to δ, as can be easily verified from Eq. (4.24) upon dropping the Marangoni

term. Comparing the spectral method with the analytical solution in the so-called “no

Marangoni” case has confirmed the consistency of the method once again.
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Having thereby benchmarked the spectral method solution, we now consider the results

that it predicts, including in cases which cannot be readily solved analytically.

4.4 Results

In this section, simulations for the evolution of the total amount (Γtot) of soluble sur-

factant have been carried out. As already alluded to, dimensional parameters for the

system, assuming the surfactant is sodium dodecyl sulphate (SDS), are presented in

supplementary Sec. 5.7 and Table 5.1. Dimensionless parameters are then reported in

Table 5.2. The solubility parameter (S, see Sec. 4.2.1) turns out to be 8.696, the local

Henry constant (KH(loc), see Sec. 4.2.5.1) is 8.77× 10−2, and the film drainage veloc-

ity parameter (VR, see Sec. 4.2.1) turns out to be 0.0063. The global Henry constant is

unity by definition. Other dimensionless parameters obtained for the system are also

presented in Table 5.2 including a check that the parameter Pe∆ really is smaller than

unity.

To compare analogous conditions for different adsorption isotherms, we set the initial

bulk concentration equal to half of the Plateau border’s bulk concentration (c0 = 0.5)

as the reference concentration. Therefore, Γ0 is calculated to be 0.5 and 0.9561 for

the global and the local Henry isotherms, respectively (Eqs. (4.16) and (4.19) and also

Sec. 5.8). In the local Henry isotherm case, note that Γ0 is already quite close to unity,

which has implications that we discuss later on. Regardless of whether we consider

a global or local Henry isotherm case, once we know Γ0 and c0, we now proceed to

calculate the evolution of Γtot. The evolution of Γ and c can also be calculated using

Eqs. (4.22) and (4.23).

We begin this section by presenting the results for the case of the global Henry isotherm

in the absence of film drainage in Sec. 4.4.1. Then, we discuss the global Henry

isotherm case in the presence of film drainage in Sec. 4.4.2. After that, we consider

the local Henry isotherm, first without film drainage and then with film drainage in
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Secs. 4.4.3 and 4.4.4, respectively. An approximation to a quasisteady-state situation

is also presented in Sec. 4.4.5. Details of how the quasisteady-state equations have

been derived can be found in supplementary Sec. 5.9. Then, in Sec. 4.4.6, we quantify

the overall amount of surfactant in the film at any instant as well as the effective con-

centration, and compare the various soluble surfactant cases and the insoluble ones,

with and without film drainage. Moreover, we investigate the effect of varying the

solubility parameter upon the foam fractionation process: the results of this particular

parametric study are found in Sec. 4.4.7. Finally, the performance of the fractionation

column in terms of recovery and enrichment has been investigated and compared for

different cases in Sec. 4.4.8.

4.4.1 Global Henry isotherm, no film drainage

We first neglect film drainage in the interests of simplicity, while also using the global

Henry isotherm. It is reasonable to neglect film drainage as a first approximation,

because the VR parameter is generally small. For the present case, within Eq. (4.24)

we can set δ = 1, δ̇ = 0 and we replace KH(loc) by unity, which simplifies Eq. (4.24)

considerably. Results are plotted in Fig. 4.3.

Even though in this case Marangoni-driven transport is occurring along the film, it

is accompanied by diffusion taking place across the film. Thus surfactant effectively

escapes from the surface into the bulk of the film, and so does not accumulate quite so

rapidly on the surface itself. Hence, compared to the insoluble surfactant case that has

been presented by Vitasari et al. [1], the rate of evolution of Γtot is slowed down by a

1 + S factor which is significantly greater than unity. This is as expected because the

extent of the slow down depends upon how much surfactant enters the bulk, which in

turn depends on solubility.

Note that the value of Γtot at the edge of the film where it adjoins the Plateau border

remains constant in this particular system without film drainage. The constant value
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is in fact just 1 + S, and so is higher for a more soluble surfactant. The system also

reaches a spatially uniform concentration Γtot at very long times, equilibrating with the

Plateau border. However, the time scale to reach this uniform concentration is much

longer than in the insoluble case considered by Vitasari et al. [1]. When surfactant is

soluble as in Fig. 4.3, even at 20 time units some nonuniformities are still evident, and

equilibrium is still not reached.
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Figure 4.3: Γtot evolution, calculated for the no film drainage case using a global
Henry isotherm.

This completes discussion of the case with a global Henry isotherm without film

drainage. In what follows, we still consider the global Henry isotherm, but now, in

the presence of the film drainage.

4.4.2 Global Henry isotherm, with film drainage

When film drainage is happening along with Marangoni flow, the surfactant transport

process (see Fig. 4.4a) can be split into three stages of time. In the first stage at early

time, there is a large concentration gradient near the boundary but no concentration

gradient at the centre. Therefore, there is a strong Marangoni flow near the boundary

which dominates the film drainage by a large amount. However, as there is still no

Marangoni flow near the centre of the film, the effect of even comparatively weak film

drainage can decrease slightly the value of Γtot in this zone (Fig. 4.4a). It is noted
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further that, unlike the case considered in Sec. 4.4.1, there is now also continuous

reduction in Γtot at the Plateau border. This is just associated with the thinning process

(Eqs. (4.9) and (4.21) with Γ and c both unity at the Plateau border).

During the second stage occurring at intermediate times, the surfactant concentration

gradient has now reached the centre of the film. The time scale needed for this to

occur is however longer in the case of soluble surfactant than it is for insoluble sur-

factant (contrast Fig. 4.4a and Fig. 4.4b): the reasons for this slower evolution in the

soluble case have already been discussed in Sec. 4.4.1. During this second stage, the

Marangoni flow driving surfactant onto the film is the dominant effect. This follows

because there is still a significant difference between surface tension at the centre of

the film and surface tension at the Plateau border, owing to the difference between the

amount of surfactant in these zones. The film drainage, whilst present, is weaker than

the Marangoni flow because of the slow film thinning rate.

In the third and final stage at later times, as the difference between concentrations

along the surface becomes less and the Marangoni flow decays, film drainage is now

comparable to the Marangoni flow but acts in the opposite direction. This situation

might lead to a quasisteady state, to be discussed further in Sec. 4.4.5.

Particularly during this third stage, it is interesting to compare the soluble surfactant

case in Fig. 4.4a with the insoluble case in Fig. 4.4b. When surfactant is insoluble,

the amount at any spatial location always appears to increase with time as Fig. 4.4b

shows. As has already been mentioned above, in the soluble case however, this is

not the case, as can be seen in Fig. 4.4a particularly when focussing on the region

close to the Plateau border. At later times, because a significant amount of surfactant

has transferred from the film surface to the film bulk, and because the film is itself

draining, surfactant can actually be lost from the film.

Indeed the overall amount of surfactant in the film (Γove) (see Sec. 4.4.6 for details)

might start to decrease if the process continues for long enough. This would happen
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regardless of the amount of surfactant actually on the surface Γ, which always increases

(see Fig. 4.5). Solubility might therefore actually have an adverse effect on overall

surfactant recovered via foam fractionation if the film is draining and the process is

left to run for too long in time, a point to which we return in Sec. 4.4.8.
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Figure 4.4: Γtot evolution, calculated for the soluble and insoluble surfactant cases
using a global Henry isotherm.

Detail of what is happening to surfactant concentration Γ on the surface can be seen in

Fig. 4.5. The advantage of plotting Γ instead of Γtot is that, even with film drainage

present, the value of Γ at the Plateau border does not depend on time. Hence an easier

comparison between cases with and without film drainage can be performed. It is clear

that in the presence of film drainage, the value of Γ is slightly lower than in the absence

of film drainage. Moreover, in the case with film drainage, slight nonuniformities

persist in Γ even at very late times: Fig. 4.5 extends up to 100 time units rather than

just 20 units as in Fig. 4.4. Late time behaviour of the system is discussed further in

Sec. 4.4.5.

This completes for now our analysis of the global Henry isotherm case. In what follows

we switch to the local Henry isotherm, without film drainage in the first instance.

4.4.3 Local Henry isotherm, no film drainage

In the local Henry isotherm case (Eq. (4.19)), Γmin is not zero, and the initial amount

of Γ (denoted Γ0) for a given c0 is rather higher than for the global Henry isotherm.
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Figure 4.5: Γ evolution, calculated with film drainage (W/D) and with no film
drainage (N/D) using a global Henry isotherm.

As a result, Γtot in the local Henry isotherm case starts initially from a slightly higher

amount than for the global Henry isotherm. In addition, in our simulation, the local

Henry constant (KH(loc)) is determined to be 8.77 × 10−2, a relatively small number

(see Table 5.2). This makes the surfactant concentration gradient on the surface and

hence the Marangoni term much smaller than in the global Henry isotherm case. In the

global Henry isotherm case, and without film drainage, the evolution has been slowed

down by a 1+S factor because of the solubility. However, in the local Henry isotherm

case, it is slowed down by a 1 + S/KH(loc) factor (see Eq. (4.24)), which is a much

more significant slow down. The issue is that there is now very little capacity to store

additional surfactant on the surface, because Γ itself is already relatively high. Hence

most of surfactant that is gained contributes to increasing the concentration c within the

bulk of the film. Due to this very slow evolution, we see apparent oscillation at early

times within Fig. 4.6. However, this is an artifact of using a limited number of Fourier

components. Strictly speaking we need more Fourier components at those early times

[251–253], but the oscillations soon decay away.

As can be seen in Fig. 4.6 (by contrast with Fig. 4.3), the local Henry isotherm starts

from a slightly higher initial Γtot than the global Henry isotherm does. This is owing

to having a higher Γ0. However the main effect here is that the rate of increase of Γtot

83



is much slower than for the global Henry isotherm. Therefore, even after 20 time units,

the Marangoni-driven surfactant transport has only just barely managed to reach the

centre of the film.

4.5

5

5.5

6

6.5

7

7.5

8

8.5

9

9.5

10

0 0.2 0.4 0.6 0.8 1

Γ to
t

x

Time unit

0.01

0.05

0.1

0.2

0.4

0.6

0.8

1

3

5

10

15

20

Figure 4.6: Γtot evolution, calculated for the no film drainage case using local Henry
isotherm.

4.4.4 Local Henry isotherm, with film drainage

Now, we consider the case of a local Henry isotherm in the presence of film drainage.

In this case, again, having a small local Henry constant slows down the Marangoni

flow. Apparent oscillations (which are numerical artifacts due to having a fixed number

of Fourier terms) can again occur in this particular system, but to avoid them we simply

started plotting from slightly later times. At the centre of the film, we can now see a

reduction over time in Γtot due to film drainage. This reduction is now much more

significant than in Fig. 4.4a, which was obtained for a global Henry isotherm. The

fact that a reduction might be seen suggests it may be important to manage carefully

the foam film residence time in order to optimize the surfactant recovered, a point we

return to discuss in Secs. 4.4.6 and 4.4.8. Another possibility to consider to mitigate

this is increasing the reflux flow through the system, which (see Sec. 4.2.1) thickens

the Plateau borders and so can reduce the parameter VR and hence the film drainage

rate.
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Figure 4.7: Evolution of Γtot, Γ, c and δ c, calculated for the case with film drainage,
and using a local Henry isotherm.

The value of Γtot is comprised (see Eq. (4.21)) of surfactant on the surface Γ plus

surfactant in the bulk S δ c, where recall S is given within Table 5.2 and the evolution

of δ is given by Eq. (4.9). To understand these separate contributions to Γtot, the

evolution of Γ, c and δ c are shown in Figs. 4.7b to 4.7d. It can be seen in Fig. 4.7b

that the Γ values are always relatively high (i.e. close to unity), as the surface already

has a significant amount of surfactant since the initial time. Over time, there is a

slight Marangoni-driven increase in Γ at positions neighbouring the Plateau border,

remembering here that the value of Γ at the Plateau border itself is fixed. On the

other hand, there is a slight decrease in Γ close to the centre of the film owing to film

drainage.

Meanwhile, it can be seen in Fig. 4.7c, that changes in c are proportional to the changes

in Γ. However, the range of c values encountered (from just less than 0.5 up to 1) is
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much larger than the range of Γ. However, we can see in Fig. 4.7d that it is δ c which

mirrors most closely the value of Γtot. This reveals that the evolution of Γtot, obtained

from Eq. (4.21), is significantly affected by both surfactant concentration in the bulk

and by film drainage.

To date we have analysed numerically the behaviour of surfactant on and within foam

films up to some finite time. However it is also of interest to know how the system

behaves in the limit of long times. Specifically, we want to obtain an approximate

analytical solution for late times. This is the subject of the next section.

4.4.5 Quasisteady-state approximation for soluble surfactant

Here we discuss the expected long-time behaviour of the system, and compare it with

the numerical results of the spectral method. The case without film drainage is simple

because the film equilibrates with the Plateau border. Hence the case we consider here

(as already alluded to in Sec. 4.2.10) is the one with film drainage.

The late-time behaviour for insoluble surfactant with film drainage has previously been

discussed by Vitasari et al. [1]. In that study, it is explained that there is a quasisteady-

state balance between Marangoni flow and film drainage terms at late times. A sim-

ilar analysis can be carried out for a case with soluble surfactant (full details are in

Sec. 5.9). A complication is that (as we have already seen) soluble surfactant slows

down the evolution of the Marangoni term, and hence delays the process of Marangoni

and film drainage coming into balance. Under these circumstances (as already ex-

plained in Sec. 4.2.10), we choose to consider the global Henry isotherm case. In

the local Henry isotherm case, as we have likewise explained, the evolution of the

Marangoni term is slowed down even more. Marangoni and film drainage would then

only balance after very long times indeed, which would likely exceed the residence

time of a foam film within a foam fractionation process.

In a system containing soluble surfactants, when film drainage is active, the relevant

86



parameter to consider when determining whether a quasisteady state is likely to occur

turns out to be S VR. We know that VR is typically a small parameter while S is typ-

ically greater than unity. If S VR is a very large parameter, film drainage effectively

dominates Marangoni flow (this case is similar to the no Marangoni case discussed in

Sec. 4.3). The case of our interest is therefore, when S > 1, but S VR is still small

compared to unity. The parameter values in Table 5.2 indicate that this is indeed the

case, so Marangoni flow and film drainage can then eventually come into balance. The

derivation of the approximate solution itself is presented, as we have said, in supple-

mentary Sec. 5.9.

Moreover, as Sec. 4.2.10 already explains, the approximate solution is expressed in

terms of Γ rather than Γtot, which is convenient because Γ has a boundary condition

that is independent of time. This approximate solution is a series expansion in powers

of the small parameter VR. When VR vanishes, the only steady state solution is to

have Γ equal to unity, i.e. equilibration between the film and Plateau border. For small

but nonzero VR, perturbations to Γ written as VRΓ1 (first order correction) and V 2
RΓ2

(second order correction) occur. Here Γ1 and Γ2 turn out to be functions of x and of δ

but not explicitly of time (although δ itself depends on time, making the solution for Γ

quasisteady). The value of Γ2 also depends on the solubility parameter S, although it

turns out that Γ1 does not depend on S (see Sec. 5.9 for details).
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Figure 4.8: Profile of Γ calculated using a quasisteady-state approximation and nu-
merically via a spectral method at 100 time units using a global Henry isotherm.
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In Fig. 4.8, we can see a comparison between the results of the numerical solution and

the approximate solution obtained in supplementary Sec. 5.9. The data shown here

correspond to 100 time units, for which a quasisteady state is likely to be a reasonable

approximation, even in the case of a soluble surfactant. As can be seen, the values of Γ

that have been predicted with the series expansion solutions are slightly larger than the

values obtained numerically from the spectral method. However, including the second-

order correction gives a better fit to the numerical solution result than including just

the first-order correction does. The relative difference between Γ calculated from first-

order correction and the one calculated using the numerical method at x = 0, which has

the greatest difference out of any x value, is equal to 5.47× 10−4, while the analogous

difference for the second-order correction is 2.35 × 10−4. It can also be seen that

taking into account the solubility is required to have a more accurate approximation, as

when the solubility parameter is ignored all together, there is a much smaller difference

between the first-order and second-order corrections (see Sec. 5.9.2 for details).

4.4.6 Quantifying overall amount of surfactant in the film

Although profiles of Γtot, Γ and/or c plotted against x as considered to date are relevant

to study, what is of primary interest for the performance of a fractionation process is

the overall amount of surfactant accounting for the entire film. In this section, overall

amounts of surfactant, for different cases have been compared with each other. These

cases consist of global and local Henry isotherms, with or without film drainage as

well as soluble and insoluble surfactant cases.

The first comparison is for the overall amount of surfactant recovered per film (Γove)

calculated by Eq. (4.25). Another comparison is the ratio of the overall amount of

surfactant in the film with respect to its initial amount (Γove/Γove,0): this is a measure

of how much extra surfactant is recovered as a result of Plateau-border-to-film mass

transfer induced by reflux. In addition, surfactant effective concentration (ceff) has been

calculated via Eq. (4.26) and compared in different cases: this measures how enriched
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the foam film is compared to an equivalent volume of bulk solution within the film

itself.
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Figure 4.9: Evolution of Γove, Γove/Γove,0 and ceff , calculated for soluble and insol-
uble cases, global and local Henry isotherm, and with and without film drainage.

Fig. 4.9a shows Γove for different cases up to 100 time units. As is expected and can be

seen from Fig. 4.9a, using a global Henry isotherm rather than a local Henry isotherm,

leads to faster growth in the amount of surfactant at early times. However, in the global

Henry isotherm case with film drainage, despite the comparatively fast initial increase,

surfactant later decreases after reaching a maximum. A decrease at late times is also

seen in the local Henry isotherm case, but there is now barely any growth in Γove at all

before the decrease begins.

Another observation is that in the soluble cases, when film drainage is absent, the

global and local Henry isotherm cases should eventually reach the same overall amount

of surfactant. However, the local Henry isotherm case evolves slowly and so on the

time scale of Fig. 4.9a still remains some way away from what is recovered the global
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Henry case. This implies that the surfactant recovered by the fractionation process

would be sensitive to the residence time (or equivalently fractionation column length

and/or bubble rise velocity). Note also that the lesser amount of surfactant predicted

to be accumulated in the local Henry case has resulted when comparing the local and

global cases at the same value of S. For a particular surfactant though, switching from

a local to a global isotherm corresponds to lowering the target surfactant concentration

(in dimensional variables) and, as has been explained in Sec. 4.2.5.2, this could lead to

an even lower S in the global Henry isotherm case. Finally, as is expected, the insoluble

cases have the least overall amount of surfactant, there now being no surfactant in the

bulk, while the differences between cases without and with film drainage cases are also

very small.

We use another comparison, the overall amount of surfactant at each time divided by

the overall amount at the initial time (Γove/Γove,0), that can be seen in Fig. 4.9b. This

quantity indicates, as we have said, the amount of surfactant recovered at any given

time relative to the state of the films at initial time, and hence the impact that the re-

flux has had on the Plateau-border-to-film mass transfer. As can be seen in Fig. 4.9b,

although the insoluble surfactant cases have much smaller Γove at any given time com-

pared to the soluble surfactant cases, their Γove/Γove,0 values grow more rapidly, with

very little difference between cases without and with film drainage.

The next most rapidly growing Γove/Γove,0 occurs for the soluble surfactant case with

a global Henry isotherm but without film drainage. The analogous value of Γove/Γove,0

for a global Henry isotherm with film drainage starts out similar but then peaks and

decreases. Choosing a residence time close to the time of the peak would ensure that

recovery is benefitting from Plateau-border-to-film mass transfer induced by reflux.

The slowest growing cases for Γove/Γove,0 are those for a local Henry isotherm, es-

pecially when film drainage is present, in which case Γove/Γove,0 barely grows at all.

In the case without film drainage, Γove,0 is actually slightly higher for a local Henry
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isotherm than for a global Henry isotherm, which means that Γove/Γove,0 for the local

isotherm at long times should always end up just slightly lower than for the global one.

However, at 100 units of time the local Henry isotherm case is still quite some way

from its final state.

The comparison of ceff (Eq. (4.26)) in various cases can be seen in Fig. 4.9c, just con-

sidering cases with soluble surfactant. This gives a measure of how rich of the foamate

is in surfactant, regardless of the actual amount of surfactant recovered. It is clear that

longer residence times enrich the foamate, even if less surfactant is recovered. There is

now relatively little difference between cases without and with film drainage, suggest-

ing that even though drainage might be detrimental to the total amount of surfactant

recovered, it is not detrimental to the concentration of what is recovered, and in fact

sometimes it is beneficial.

4.4.7 Effect of changing solubility parameter

Recall that the main novelty of this study is the fact that we introduced the solubil-

ity parameter (S). We know (see Eq. (4.3)) that the solubility parameter is dependent

on the initial film half-thickness and Plateau border’s surface and bulk concentrations.

Even though, in the particular system of interest here, we estimated the solubility pa-

rameter in Table 5.2 to be 8.696, it is important to do a parametric study with respect

to the solubility parameter.

In Fig. 4.10, we used various solubility parameters to show the effect on the evolution

of Γove/Γove,0 for both global and local Henry isotherms. Note that these comparisons

have been made specifically in the case with film drainage, although unlike Fig. 4.9b

we only considered times up to 20 time units.

By increasing the solubility parameter, the overall amount of surfactant in the film

increases, but this effect is scaled out in Fig. 4.10 by comparing Γove/Γove,0, rather

than just Γove. It can be seen from Fig. 4.10a for the global Henry isotherm case, that
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Figure 4.10: Effect of changing S on Γove/Γove,0 using global and local Henry
isotherms (the upper limit shown is the highest theoretical Γove/Γove,0 correspond-
ing to the film and Plateau border equilibrating).

systems with higher solubility parameter evolve more slowly, which is in line with

expectations.

In Fig. 4.10b meanwhile, using the local Henry isotherm, Marangoni flow is slowed

down very greatly, so the system is dominated by film drainage in the case when the

solubility parameter is high. As a result, we lose surfactant from the film as the pro-

cess evolves. Loss of surfactant from the film occurs sooner for higher values of the

solubility parameter.
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Figure 4.11: Γove vs time t, calculated using a quasisteady prediction and compared
with numerical solution. A global Henry isotherm is used and various S values are
considered.

In Fig. 4.11, in addition to numerical data from the spectral method, we also plot the
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quasisteady prediction (see Sec. 5.9) for Γove as a function of time for several S, with

data extending now up to 100 time units. Eventually, the system does approach a

quasisteady state. However, as shown in Fig. 4.11, in the cases with larger solubility

parameters, Γove calculated using the numerical solution only matches with the Γove

calculated from the quasisteady prediction at rather late times.

4.4.8 Foam fractionation recovery and enrichment

Recovery and enrichment are important quantities that can be used to assess foam

fractionation performance [34, 36, 44, 61, 83]. As Sec. 4.2.9 mentions, enrichment

is the ratio between surfactant concentration in a foamate to the initial feed solution

concentration and, in our model, is quantified as ceff/c0. Meanwhile Γove is used here

to represent the recovery of the fractionation column at any instant. Again as Sec. 4.2.9

explains, strictly speaking this quantifies surfactant recovery per film, but it can be

readily converted back to a more conventional definition of recovery once the number

of films entering the foamate and the overall surfactant amount entering the feed are

specified.

Note that recovery and enrichment usually follow opposite trends [107, 108] and so,

in a given system, to increase one we need to sacrifice the other. If we change the

fractionation operation in some way however, we may be able to improve the recov-

ery and enrichment performance. Changing residence time in the fractionation column

and/or operating the fractionation with reflux as assumed here are possible ways of do-

ing that. In fact, the recovery and enrichment at the initial instant in a column operated

with reflux turn out to give a good representation of what the recovery and enrichment

would be over a wide domain of times in an equivalent column without reflux. This

follows because in the case without reflux, there is no Marangoni driving force tending

to transfer surfactant from the Plateau border to the film. Any changes in recovery

and enrichment over time then rely on film drainage which is comparatively weak. By

the same argument, if operating with reflux is ever to be beneficial in recovery and
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enrichment terms for the mass transfer from Plateau border to film, then it is necessary

for residence time of foam films in a fractionation column to be sufficiently long for

Marangoni flows to have taken effect.

In what follows, we present two sets of comparisons. First, we investigate the evolution

of recovery and enrichment in the global and local Henry isotherm cases, both with

film drainage. After that, we compare recovery and enrichment for the global and

local Henry isotherms with and without film drainage, but just at selected times. In

both sets of comparisons, different values of solubility S are considered across the

domain 0.1 ≤ S ≤ 50.

4.4.8.1 Evolution of recovery and enrichment over time

As shown in Fig. 4.12a for the global Henry isotherm, there is a clear benefit in allow-

ing the films to reside in the system for around 20 time units or more. The recovery

vs enrichment curve has moved upward and to the right relative to the recovery vs

enrichment in the initial state.

That said, the benefit of mass transfer from Plateau border to film induced by reflux is

realised sooner in systems with small S, i.e. low solubility. In systems like that there

is little advantage in extending the residence time much beyond 20 time units. At even

longer times and for these low solubilities, we do see further slight improvements in

enrichment due to film drainage, but the improvements are attained only slowly. On

the other hand, for larger S values there is still benefit in extending residence time out

to 50 or 100 time units. In systems with larger S, the Marangoni flow induced by the

reflux itself impacts the system more slowly, and so may need longer residence times

to take effect.

In the local Henry isotherm case (Fig. 4.12b), the situation is somewhat different. We

now have more surfactant on the surface initially, which impacts the initial recovery vs

enrichment curve, particularly at low solubilities for which systems are dominated by
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the surface rather than the bulk.

Indeed, across the full set of solubilities, the difference between the initial state and

the state even at 100 time units is quite modest. We can divide the results plotted in

Fig. 4.12b into three broad domains: low solubilities (on the bottom right of the figure),

moderate solubilities (in the middle), and high solubilities (on the top left). In the low

solubility domain (bottom right) there is little benefit of mass transfer from Plateau

border to film induced by reflux at all. The system is dominated by the surfactant

on the surface, but for the local Henry case, the surface concentration on the film

already starts off very close to the surface concentration on the Plateau border, so

barely changes over the course of time.

In the moderate solubility domain (middle of Fig. 4.12b) we do see a gradual shift

over time of the recovery vs enrichment curve, with longer times (even as long as 100

time units) being beneficial. Note that the equivalent solubilities in the global Henry

isotherm case Fig. 4.12a had already converged after 20 time units, but in the local

Henry case by contrast, the evolution is slowed down somewhat, hence the reason

longer times are needed.

On the top left of Fig. 4.12b we see cases which even by 100 time units have barely

shifted away from the initial state. This is because the effects of large solubility com-

bined with a local Henry isotherm now slow down the Marangoni-driven evolution

very significantly, meaning that mass transfer from Plateau border to film caused by

reflux is yet to impact the system. To benefit from this particular reflux effect at all,

systems like this would need very long residence times indeed.

4.4.8.2 Comparison of recovery and enrichment of different systems at selected

times

In this section, comparisons between different isotherms and with and without film

drainage have been made. We examine the plots at just 20 and 100 time units.
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Figure 4.12: Recovery vs enrichment plotted for various solubilities (0.1 ≤ S ≤ 50)
and evolving over time.

We know that by construction there is no difference between cases with and without

film drainage at the initial time. What Fig. 4.13a makes clear however is that there is

still little difference between these cases even at 20 time units. Thus the main differ-

ence we see here at 20 time units is between the global and local Henry isotherm cases.

This then manifests itself in the domain of larger solubilities (towards the top left of

the figure). In the global Henry case, the film had already begun to acquire surfactant

due to Marangoni-driven reflux (which is then beneficial for recovery and enrichment),

but this has not yet happened in the local Henry isotherm case.

Meanwhile at 100 time units as can be seen in Fig. 4.13b, for less soluble surfactant

(bottom right of the figure) there is little difference between the results for the two

different types of isotherm. What we can see however is that cases with film drainage

are being enriched slightly compared to cases without film drainage.

Still at 100 time units but now for higher solubilities (top left of the figure), differences

between the global and local Henry isotherm cases remain apparent. However, differ-

ences between cases with and without drainage are also clearly seen, with film drainage

leading to less recovery. This is particularly evident in the local Henry isotherm case,

for which loss of surfactant from the film via drainage has not been compensated by
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gain of surfactant via reflux-induced Marangoni flow.
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Figure 4.13: Recovery vs enrichment plotted for various solubilities (0.1 ≤ S ≤ 50)
for systems using different isotherms and with and without film drainage.

4.5 Conclusion

Simulation of soluble surfactant transport on and within a foam film in the context

of a foam fractionation column with reflux has been carried out. Reflux produces a

Marangoni flow that drives surfactant onto the film. Despite incorporating tangential

stresses that drive the Marangoni flows, the model remains nevertheless highly simpli-

fied: lubrication theory is used to determine flow fields, but films are assumed to remain

uniform thickness, so film surface curvatures and normal stresses associated with them

are not invoked. Likewise a two-dimensional flow field is assumed, recognising that

the exact three-dimensional flow field that would otherwise result is sensitive to film

size and also to number of edges a given film has. Variation from film to film is thereby

expected.

The parameters used in the simulations were taken from relevant literature. As men-

tioned, this simulation assumes soluble surfactant, unlike previous work [1] which

considered insoluble surfactant only. However, solubilities of different systems vary,

and can be quantified by a solubility parameter (S). Moreover, a simplifying assump-
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tion has been applied in our modelling and simulations, namely, a small Pe∆ limit, in

which a uniform surfactant concentration across the film thickness is obtained. This is

what should happen in a sufficiently thin film when the diffusive transport across the

film is fast compared to the Marangoni flow along it.

Our simulations consider two different adsorption isotherms: a global Henry isotherm

and a local Henry isotherm. Both can be considered to arise from an overarching non-

linear isotherm (e.g. a Langmuir isotherm). The local Henry isotherm in particular

is a new approach in which we use the local slope of the actual surfactant adsorption

isotherm data and it gives a better approximation to the true isotherm in the higher

range of concentrations. This is useful because in a typical foam fractionation pro-

cess with reflux, the concentration in the Plateau border could well be situated at a

point on Langmuir isotherm which is not too far from saturation, such that there is

just a comparatively small change in surfactant surface concentration with respect to

change in surfactant bulk concentration. As a result, a local Henry adsorption isotherm

gives a better approximation in this domain of interest, while a global Henry isotherm

still works reasonably well for significantly lower surfactant concentrations. Note also

however that, for a given surfactant, decreasing surfactant concentration may also im-

ply a decrease in the solubility parameter.

For each adsorption isotherm, two different cases are considered here, namely, no film

drainage and with film drainage. Drainage, when included, is accounted for in a simpli-

fied fashion, i.e. still assuming the film remains uniform thickness but treating it now

as a squeeze film. In the film drainage case, the amount of surfactant recovered by the

film is less than in the case without film drainage, although the effective concentration

of surfactant may be higher. The case without film drainage eventually equilibrates

with the Plateau border, whereas the case with film drainage eventually approaches

instead a quasisteady state. This quasisteady-state solution can be applied for later

times when Marangoni flow and film drainage flow come into balance. The surfactant
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on and within the film then evolves only slowly with time due to a dependence of the

quasisteady solution on the film thickness. Increasing the solubility parameter tends

however to reduce the amount of surfactant on the surface in the quasisteady state, and

moves the system further from equilibrium with the Plateau border.

There is however a question as to whether the quasisteady state is even reached in a

typical residence time of a foam film in a fractionation column. Indeed, it has been

found that the solubility reduces the impact of the Marangoni flow acting along the

surface and so slows down the Marangoni-driven evolution. The reason is that the

surfactant carried along the surface tends not to accumulate there but instead can es-

cape into the bulk. This effect is particularly noticeable for the local Henry isotherm,

as there is then little capacity for surfactant to accumulate on the surface, so a great

deal necessarily escapes to the bulk. There also tend to be very low gradients in sur-

factant concentration along the surface in the local Henry isotherm case which slows

Marangoni flows.

Moreover adding film drainage (which opposes Marangoni flow) slows the evolution

even more compared to a case without drainage. Even though drainage is itself nomi-

nally weak, because it acts across the whole film thickness, its impact in mass transfer

terms is not necessarily less than that of the Marangoni flow.

Higher solubilities give at any specified time, less growth in the overall amount of sur-

factant relative to its initial amount. This is due to the previously mentioned fact that

higher solubilities slow down the Marangoni flow. Moreover, as film drainage is now

in relative terms more important, there will be a bigger deviation at later times from

conditions applicable in the Plateau border. The film drainage might even cause the

reduction of the total amount of surfactant recovered after a certain time, particularly

in cases with significantly slowed down Marangoni flows. This then impacts on the

amount of surfactant recovered. However, despite the decreasing recovery, the enrich-

ment always increases because both film drainage and Marangoni flow contribute to
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having richer films.

In summary, the results of the study can help to understand the evolution of surfactants

on and within foam films during foam fractionation with reflux. It is seen that reflux is

beneficial for fractionation even of soluble surfactants. However, systems exhibiting a

global Henry isotherm (or an isotherm approximating to one) benefit more from reflux

than systems with a local Henry isotherm (or likewise an isotherm approximating to

one). Indeed the local Henry isotherm case would only benefit from Plateau border to

film mass transfer induced by reflux if residence times are very long. This knowledge

can help to improve design and operation of fractionation columns.

Although an often overlooked element, i.e. the solubility parameter S, has been in-

cluded in the model considered here, other improvements to the model are nonetheless

still possible. For instance, the small Pe∆ assumption employed here is a reason-

able assumption but would only be true in a sufficiently thin film. The value of the

diffusivity coefficient is moreover another factor that might adversely affect the ap-

plicability of the small Pe∆ assumption. Generally, bulkier molecules tend to have

smaller diffusivity coefficients. Therefore, Péclet number and hence Pe∆ for those

bigger molecules (e.g. fractionation of a protein) can be much greater than for a com-

paratively small molecule such as SDS as has been considered here. In addition, by

introducing the local Henry isotherm, we have tried to use the simplicity of a linear

isotherm and simultaneously improve its accuracy over the global Henry isotherm for

a higher range of concentrations. Nonetheless taking in account the full nonlinearity

of the adsorption isotherm would be another means to improve this model. Additional

improvements would involve relaxing some of the simplifying assumptions already

mentioned above, e.g. allowing film thicknesses to be non-uniform rather than uni-

form, and allowing flow fields to be three-dimensional rather than two-dimensional.
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Chapter 5
Transport of soluble surfactant on and

within a foam film in the context of a

foam fractionation process:

Supplementary material

“This chapter consists of published material: [H. Rajabi, P. Grassia, “Transport of

soluble surfactant on and within a foam film in the context of a foam fractionation

process.” Chemical Engineering Science, vol.265, 118171, 2023. https://doi.

org/10.1016/j.ces.2022.118171]”

Abstract

In this supplementary section, we have reviewed some of the essential background con-

cepts useful in understanding the present study, such as Marangoni stress, Gibbs elas-

ticity and foam film drainage (Secs. 5.1 and 5.2). After that, a review of the governing

equations in dimensional form and how to obtain approximate adsorption isotherms are

presented (Secs. 5.3 and 5.4). Then, the nondimensionalization procedure is explained
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(Sec. 5.5). Following that, the numerical solution procedure for the equation of the

evolution of the total amount of surfactant at any location (Γtot) is explained in de-

tail (Sec. 5.6). Then, values for simulation parameters relevant to a system containing

sodium dodecyl sulphate (SDS), along with corresponding parameters for approximate

adsorption isotherms for SDS are presented (Secs. 5.7 and 5.8). Finally, an approach

to quasisteady state is discussed (Sec. 5.9).

5.1 Gibbs-Marangoni effect

The Gibbs-Marangoni effect (or simply Marangoni effect) is explained already in

Sec. 2.5.2. However we retain the section to follow as it is a part of our published

article.

The Gibbs-Marangoni effect refers to the forces that occur due to inhomogeneities in

the free surface energy of a liquid surface, i.e. due to gradients in the surface tension

[254]. This manifests itself via a Marangoni stress and Gibbs elasticity as described

below.

5.1.1 Marangoni stresses

The Marangoni stresses typically need to be balanced by the viscous shear stress upon

the bulk liquid in the film as presented in the following equation [43, 170, 255]:

µ

(
∂u

∂z

)∣∣∣∣
z=δ

=
∂γ

∂x
(5.1)

where x is the distance from the centre of the film along the film, z is the distance from

the centre of the film across the film (see Fig. 4.1), µ is liquid viscosity, u is liquid

velocity along the film, δ is film half-thickness, and γ is surface tension. Eq. (5.1)

will be used to provide a boundary condition that is then needed to obtain the velocity

field: later on it is copied over to Eq. (5.10) leading ultimately to velocity fields in
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Eqs. (5.13) to (5.15) in Sec. 5.3.1. These latter equations are also reproduced in the

main text Sec. 4.2.2 albeit in dimensionless form. For compactness of notation, we

use the same symbols (x, z, δ, u, etc.) to denote dimensional variables here, but

dimensionless variables in the main text.

5.1.2 Gibbs elasticity

Gradients of surface tension arise through having gradients in the concentration of

surfactant adsorbed on the surface, i.e. gradients in the so called surface excess. That

then gives a measure of the stiffness of the interface against a dilational compression

or expansion [146, 158–161]. In the case when the surface tension variation is purely

elastic, a Gibbs elasticity modulus can be defined [164–168].

G ≈ − dγ

d ln Γ
(5.2)

where G is the Gibbs parameter [168], γ is surface tension, and Γ is surfactant surface

excess. Eq. (5.2) allows us later on to replace surface tension with surface excess in

the equations for velocity field in Sec. 5.3.1, ultimately leading to the dimensionless

equations in Sec. 4.2.2. Again, for compactness of notation, we use the same symbol

Γ to denote dimensional surface excess here, but dimensionless surface excess in the

main text.

5.2 Foam film drainage

Foam film drainage is explained in Sec. 2.4.3.2 and a detailed derivation of the thinning

rate can be found in Sec. A 1. However, we retain the section to follow as it is a part

of our published article.

In the main text of this study, we have used a specific model for foam film drainage

(i.e. for foam film thickness versus time; see Sec. 4.2.2). The purpose of the present
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section is to explain how that model came about.

So-called Plateau borders located at the edge of the films, have much higher curvatures

than those of the films connected to them. This will create a lower pressure in the

Plateau borders than within the films and will drive capillary suction effects and hence

film drainage. Some film drainage models include the Reynolds model [221] for a

rigid interface which is utilised in the present study, and the Breward-Howell model

for a mobile interface [40, 48, 118, 256], albeit not used here. The film drainage that

develops for a rigid interface is based on the application of the conventional Reynolds

lubrication theories to develop the following equation [49]:

dδ

dt
= −2δ3∆P

3µL2
(5.3)

where t is time, δ is film half-thickness, L is film half-length, µ is film bulk viscosity,

and ∆P is pressure difference driving the drainage mechanism in the film. Typically,

this involves a capillary term [40] and a disjoining term [257, 258]. For newly formed

foam films which are not yet exceedingly thin, the disjoining pressure is negligible.

Therefore, the driving pressure difference will become [164]:

∆P =
γPb
a

(5.4)

where γPb is the surface tension of the Plateau border, and a is the Plateau border’s

radius of curvature. Solving Eq. (5.3) with the initial condition, δ|t=0 = δ0 results in:

δ = δ0

(
1 +

4

3

γPbδ
2
0

µL2a
t

)−1/2

. (5.5)

Here Eq. (5.5) is the dimensional form of the film half-thickness equation. It is pre-

sented in nondimensional form in Sec. 4.2.2.
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5.3 Governing equations

Governing equations are explained in more detail in Chapter 3. as they are essential to

our modelling. However, we retain the section to follow as it is a part of our published

article.

In this section governing equations are presented in dimensional form. These equations

are used in nondimensional form in the main text Sec. 4.2, but for compactness of

notation, deploying the same symbols as are used here. The nondimensionalization

process is explained in Sec. 5.5.

5.3.1 Continuity and momentum equations

Following Vitasari et al. [1], we make standard lubrication theory assumptions for the

continuity and Navier-Stokes equations as follows:

∂u

∂x
+

∂w

∂z
= 0, (5.6)

∂P

∂x
= µ

∂2u

∂z2
(5.7)

and
∂P

∂z
= 0. (5.8)

Here w denotes vertical velocity component, P denotes pressure and u, x and z are as

defined previously.

The following boundary conditions are applied to solve the above equations:

(
∂u

∂z

)∣∣∣∣
z=0

= 0 (5.9)

and

µ

(
∂u

∂z

)∣∣∣∣
z=δ

=
∂γ

∂x
(5.10)
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which is a copy of Eq. (5.1). The thinning rate of the foam film, according to Breward

and Howell [40] obeys the following generic equation :

∂δ

∂t
= −

(
ū
∂δ

∂x
+ δ

∂ū

∂x

)
(5.11)

where t is time, δ is film half-thickness, and ū is average liquid velocity across the

foam films. Here however the thickness of the foam film is assumed to be uniform

(dδ/dx = 0). As a result, Eq. (5.11) reduces to:

ū = − δ̇

δ
x (5.12)

where δ̇ is defined as the thinning rate. By solving the above set of equations, the

following velocity fields are obtained in x and z directions:

u = −x

δ

dδ

dt
+

G
µ

(
δ

6
− z2

2δ

)
∂ ln Γ

∂x
(5.13)

w =
z

δ

dδ

dt
+

G
µ

(
z3

6δ
− zδ

6

)
∂2 ln Γ

∂x2
(5.14)

where G is the Gibbs parameter and can be obtained from Eq. (5.2). Moreover, by

setting z = δ in Eq. (5.13), an equation for the surface velocity us will be obtained as

follows:

us = −x

δ

dδ

dt
− Gδ

3µ

∂ ln Γ

∂x
. (5.15)

This defines velocity fields, provided we know how surfactant is distributed. Next, to

keep track of surfactant distribution, we introduce mass transfer equations in the bulk

and on the foam surface.
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5.3.2 Mass transfer equations for soluble surfactants on & within

the foam film

Having obtained the velocity fields in the bulk and on the surface, we present mass

transfer equations for surfactants likewise in the bulk and on the surface. Here equa-

tions are presented in dimensional form, with dimensionless analogues in the main text

Sec. 4.2.3. Soluble surfactant mass transfer in the bulk obeys the following equation:

∂c

∂t
+∇.(u c) = ∇.(D∇c) (5.16)

where c is surfactant concentration in the bulk, t is time, u = (u,w) is velocity in the

bulk in x and z directions, and D is diffusivity coefficient. Meanwhile, mass transfer

on the surface obeys:
∂Γ

∂t
+

∂(usΓ)

∂x
= D ∂c

∂z

∣∣∣∣
z=δ

. (5.17)

This equation indicates that surfactant surface concentration changes due to convection

along the surface and a diffusion flux from or to the bulk.

To obtain a set of equations describing the evolution of surfactants with time, we need

to combine Eqs. (5.16) and (5.17) using an adsorption isotherm, to be discussed shortly,

see Sec. 5.4. Moreover, velocity equations (Eq. (5.13), Eq. (5.14), Eq. (5.15)) are

substituted into the mass transfer equations. These ultimately lead to the equations

that we solve in the main text.

5.4 Approximations to adsorption isotherms

In this section, we work out linear approximations to a Langmuir adsorption isotherm

in order to combine mass transfer equations in the bulk and on the surface (Eqs. (5.16)

and (5.17)). The Langmuir adsorption isotherm is generally a better fit to the adsorp-

tion behaviour of a surfactant/surface active material than the rather simpler Henry
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isotherm is [175]. However, its nonlinearity causes some computational complexity.

On the other hand, the Henry adsorption isotherm being linear is easier to compute

with, but typically leads to accurate results only for low surfactant concentrations

[230]. However, the aim of foam fractionation with reflux is typically to achieve the

highest possible concentrations. To extend the isotherm’s applicability to higher con-

centrations, and simultaneously keep the simplicity that the Henry adsorption isotherm

offers, we propose to replace the Langmuir isotherm with approximated linear adsorp-

tion isotherms. We use two distinct approximations in the modelling. These approxi-

mations aim to obtain a reliable but straightforward relationship between the surfactant

concentrations in the bulk and on the foam surface.

The general equation for Langmuir adsorption isotherm relating Γ and c is [93, 229,

230]:

Γ = Γm
K̄Lc

1 + K̄Lc
(5.18)

where K̄L and Γm are parameters, respectively a so-called Langmuir parameter and a

maximum surface excess.

The first approximation we now make is termed a global approximation. It consists

of a straight line joining (c,Γ) = (0, 0) to (c,Γ) = (cPb,ΓPb) in a surfactant surface

concentration versus bulk concentration plot (see e.g. Fig. 5.1 within Sec. 5.8 later

on). Here cPb is the bulk surfactant concentration at the Plateau border, and ΓPb is the

surfactant surface concentration at the Plateau border. This straight line has a slope

(that we call a global Henry constant, K̄H(glob)) as follows:

K̄H(glob) =
ΓPb

cPb
=

ΓmK̄L

1 + K̄LcPb
. (5.19)

The approximate isotherm which is obtained using the global Henry constant is:

Γ = K̄H(glob)c. (5.20)
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The global Henry approach underestimates the values of Γ for any c in the domain of

0 < c < cPb. However, this remains a reasonable approximation for sufficiently low

concentrations in the Plateau border (i.e. sufficiently low cPb such that K̄LcPb is rather

smaller than unity).

The second approximation is a local approximation, which is a tangent line to the

Langmuir isotherm at (c,Γ) = (cPb,ΓPb): again see e.g. Fig. 5.1 later on within

Sec. 5.8. This has a slope (that we call a local Henry constant, K̄H(loc)) given by:

K̄H(loc) =
dΓ

dc

∣∣∣∣
c=cPb

=
ΓmK̄L

(1 + K̄LcPb)2
=

ΓPb

cPb(1 + K̄LcPb)
. (5.21)

This is a factor 1 + K̄LcPb smaller than the global Henry constant. As a result, local

Henry constant matches global Henry constant only when K̄LcPb ≪ 1 and otherwise

is smaller than the global Henry constant. Now, the relationship between surface and

bulk concentrations (local Henry isotherm) becomes:

Γ = K̄H(loc)c+ Γ̄min. (5.22)

This equation has an intercept (a minimum value for Γ in the limit of c → 0, denoted

Γ̄min) as follows:

Γ̄min =
ΓPbK̄LcPb
1 + K̄LcPb

. (5.23)

As we can see from Eq. (5.22), the value of Γ decreases moving towards lower bulk

concentrations but never becomes less than Γ̄min. In the domain of c < cPb, the local

approximation overestimates Γ for any c, but is a reasonable approximation when c is

close to cPb. In fact in the present study it is unlikely that we would encounter values

of c exceedingly small compared to cPb. This is because we are focussing upon using

reflux to contact surfactant rich liquid in Plateau borders with somewhat less surfactant

rich liquid in films, but the films always contain at least some level of surfactant in them

to start with.
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To summarise, we worked out two linear adsorption isotherms starting from a non-

linear adsorption isotherm. Thus far we have presented the isotherms in dimensional

form, although it is possible to nondimensionalize them: dimensionless analogues are

presented in the main text Sec. 4.2.5.1. General details about nondimensionalizing the

system are given in Sec. 5.5 with specific details about values of parameters needed

for the calculations being given in Secs. 5.7 and 5.8. Once those parameter values are

set, it becomes possible to use the isotherms as given in Sec. 4.2.5.1 to combine mass

transfer equations in the bulk and on the surface, which is done in Sec. 4.2.4.

5.5 Nondimensionalization

Here we present a description of how to nondimensionalize the variables and equations

used in our model (and thereby obtain the governing equations in main text Sec. 4.2).

• We make x (distance along the film) dimensionless with respect to film half-

length L, and z (distance across the film) dimensionless with respect to initial

film half-thickness δ0.

• Velocities u in the x direction are nondimensionalized with respect to Gδ0/µL,

while velocities w in the z direction are nondimensionalized with respect to

Gδ20/µL2.

• Times t are made dimensionless with respect to µL2/Gδ0.

• Surfactant concentrations in the film c are made dimensionless with respect to

the surfactant concentration in the bulk of the Plateau border cPb. Note that

the Plateau border is treated as a surfactant reservoir. Thus, its concentration is

assumed to be constant.

• Surfactant concentrations on the film surface Γ are made dimensionless with

respect to the Plateau border surface concentration ΓPb.

• When films are draining, we make instantaneous film half-thickness δ dimen-
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sionless with respect to the initial film half-thickness δ0.

• The parameters of the local Henry isotherm, namely the local Henry constant

K̄H(loc) and the minimum amount of surface concentration (Γ̄min) are made di-

mensionless with respect to ΓPb/cPb and ΓPb, respectively. The dimensionless

analogues we denote KH(loc) and Γmin, respectively.

• KL represents the nondimensional Langmuir parameter obtained from the prod-

uct of dimensional Langmuir parameter and Plateau border bulk concentration

(K̄LcPb). Note that KH(loc) and Γmin can be obtained in terms of KL: see main

text Eqs. (4.17) and (4.18).

After nondimensionalization, we proceed to solve the equation for the evolution of

the total amount of surfactant, Γtot (with surface and bulk taken together) as given by

Eq. (4.24) in the main text. Detail of how to solve Eq. (4.24) using a spectral method

is the subject of the next section.

5.6 Numerical solution procedure for calculating evo-

lution of Γtot

This section gives the numerical solution procedure for the evolution of Γtot Eq. (4.24)

working now in dimensionless variables. To proceed we divide the total amount of

surfactant at any location (Γtot) in two parts. The first part is Γtot,sol(x, t), which is the

difference between dimensionless total amount of surfactant at any film location and

the equivalent amount at the Plateau border: this is what will be obtained as the solution

from the numerical method. The second part is Γtot,Pb(t), which is the dimensionless

total amount of surfactant at the Plateau border. Thus we have:

Γtot = Γtot,sol + Γtot,Pb. (5.24)
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Here, in the dimensionless system, Γtot,Pb is 1+S δ (see Sec. 4.2.6 in main text), which

is a known value at each time. It can be seen from the boundary condition at x = 1,

namely that Γtot = Γtot,Pb, that at a long time, provided film drainage is not too strong,

the system comes typically quite close to equilibrium. The value of Γtot approaches

Γtot,Pb and so the Γtot,sol term becomes relatively small at long time. Now, we combine

Eq. (4.24) with Eq. (5.24), which results in:

∂

∂t
(Γtot,sol + Γtot,Pb) =

(
δ̇

δ

)(
x
∂Γtot,sol

∂x
+ Γtot,sol + Γtot,Pb

)
+

δ

3(1 + Sδ/KH(loc))

(
∂2Γtot,sol

∂x2

) (5.25)

which can be simplified as follows:

∂Γtot,sol

∂t
=

(
δ̇

δ

)(
x
∂Γtot,sol

∂x
+ Γtot,sol + ΓPb

)
+

δ

3(1 + Sδ/KH(loc))

(
∂2Γtot,sol

∂x2

)
.

(5.26)

Note that ΓPb on the right hand side of this equation is normalized to unity in the

dimensionless system considered here. However, it is convenient to continue to write

it as ΓPb as a reminder of how this term originates. Note also that we have used here

the more general form of the equation for the evolution of Γtot, which is the one for

the local Henry isotherm. This is because the equation given can be easily transformed

to the equivalent one for the global Henry isotherm merely by setting KH(loc) = 1 and

Γmin = 0.

To tackle Eq. (5.26), we use the separation of variables method. This ultimately results

in a set of equations (see Eq. (5.44) along with Eq. (5.43) and Eqs. (5.45) to (5.49))

in a format that we can solve. For completeness, full details of how to derive these

equations are included below.
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5.6.1 Separation of variables

The separation of variables method has been used to express Γtot,sol as a series involv-

ing functions of position (Gn(x)) and time (τtot,n(t)) as follows:

Γtot,sol =
∞∑
n=1

Gn(x)τtot,n(t). (5.27)

From this equation, solutions for Γtot,sol and hence for Γtot can be reconstructed. Now,

by substitution of Eq. (5.27) into Eq. (5.26), the following equation is obtained:

∞∑
n=1

Gn(x)τ̇tot,n(t) =
δ̇

δ

(
x

∞∑
n=1

G′
n(x)τtot,n(t) +

∞∑
n=1

Gn(x)τtot,n(t) + ΓPb

)

+
δ

3(1 + Sδ/KH(loc))

(
∞∑
n=1

G′′
n(x)τtot,n(t)

) (5.28)

where τ̇tot,n(t) is the derivative of τtot,n(t) with respect to time, G′
n(x) and G′′

n(x)

are first- and second-order derivatives of Gn(x) with respect to position. We choose

Gn(x) to be trigonometric functions and hence write Γtot,sol as a Fourier series on a

dimensionless interval 0 ≤ x ≤ 1 [259]. Moreover, according to the symmetry of the

system and the boundary conditions, we consider Gn(x) as an expansion in terms of

cos
(
nπ
2
x
)

with n = 1, 3, 5, ... [260].

This transforms Eq. (5.27) to:

Γtot,sol =
∞∑
n=1

cos
(nπ

2
x
)
τtot,n(t). (5.29)

Thus, Γtot,sol can be considered as a Fourier series with τtot,n as a coefficient of the

Fourier series at every instant t. Now, in order to substitute Eq. (5.29) into Eq. (5.28),

we need to calculate, ∂Γtot,sol/∂t, ∂Γtot,sol/∂x and ∂2Γtot,sol/∂x
2 as follows:

∂Γtot,sol

∂t
=

∂

∂t

∞∑
n=1

cos
(nπ

2
x
)
τtot,n(t) =

∞∑
n=1

cos
(nπ

2
x
)
τ̇tot,n(t) (5.30)
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∂Γtot,sol

∂x
=

∂

∂x

∞∑
n=1

cos
(nπ

2
x
)
τtot,n(t) =

∞∑
n=1

−
(nπ

2

)
sin
(nπ

2
x
)
τtot,n(t) (5.31)

∂2Γtot,sol

∂x2
=

∂2

∂x2

∞∑
n=1

cos
(nπ

2
x
)
τtot,n(t) =

∞∑
n=1

−
(nπ

2

)2
cos
(nπ

2
x
)
τtot,n(t).

(5.32)

Now, using orthogonality principles [261] and by multiplying Eq. (5.28) by cos
(
mπ
2
x
)

with m = 1, 3, 5, ...., and integrating it over 0 ≤ x ≤ 1, the equation will be trans-

formed into a set of first-order differential equations for τtot,n with respect to time as

follows [262, 263]:

∫ 1

0

Γtot,sol cos
(mπ

2
x
)
dx =

∫ 1

0

∞∑
n=1

cos
(mπ

2
x
)
cos
(nπ

2
x
)
τtot,n(t) dx

=
∞∑
n=1

τtot,n(t)

2

∫ 1

0

[
cos

(
(m+ n)π

2
x

)
+ cos

(
(m− n)π

2
x

)
dx

]
=

∞∑
n=1

τtot,n(t)

2

[
2

(m+ n)π
sin

(
(m+ n)π

2

)
+

2

(m− n)π
sin

(
(m− n)π

2

)]
(5.33)

where the terms on the right-hand side of Eq. (5.33) are zero when n ̸= m, and τtot,m/2

when n = m. In addition,

∫ 1

0

x
∂Γtot,sol

∂x
cos
(mπ

2
x
)
dx

=

∫ 1

0

∞∑
n=1

−
(nπ

2
x
)
cos
(mπ

2
x
)
sin
(nπ

2
x
)
τtot,n(t) dx.

(5.34)

When n = m, the respective terms on right-hand side of Eq. (5.34) become:

∫ 1

0

−
(mπ

2
x
)
sin
(mπ

2
x
)
cos
(mπ

2
x
)
τtot,m(t) dx = −τtot,m

4
(5.35)
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while, for n ̸= m, the respective terms on the right-hand side of Eq. (5.34) become:

∞∑
n=1

−
(nπ

2

)[ 2

(m+ n)2π2
sin

(
(m+ n)π

2

)
− 1

(m+ n)π
cos

(
(m+ n)π

2

)
− 2

(m− n)2π2
sin

(
(m− n)π

2

)
+

1

(m− n)π
cos

(
(m− n)π

2

)]
τtot,n(t).

(5.36)

Here Eq. (5.36) can be simplified as follows:

∞∑
n=1

[
n

2(m+ n)
cos

(
(m+ n)π

2

)
− n

2(m− n)
cos

(
(m− n)π

2

)]
τtot,n(t). (5.37)

We know that cos
(

(m+n)π
2

)
= (−1)(

m+n
2 ) and cos

(
(m−n)π

2

)
= (−1)(

m−n
2 ). This

indicates that the ratio between cos
(

(m+n)π
2

)
and cos

(
(m−n)π

2

)
is (−1)n, where n =

1, 3, 5, ..., so (−1)n = −1. Hence, Eq. (5.37) can be simplified as follows:

∞∑
n=1

[
(−1)(

m+n
2 )
(

mn

m2 − n2

)]
τtot,n(t), (5.38)

and this is what we equate to the left hand side of Eq. (5.34). Thus arising from

Eq. (5.34) we have diagonal terms of the form Eq. (5.35) and non-diagonal terms of

the form Eq. (5.38).

Moreover,

∫ 1

0

∂2Γtot,sol

∂x2
cos
(mπ

2
x
)
dx

=
∞∑
n=1

−
∫ 1

0

(nπ
2

)2
cos
(mπ

2
x
)
cos
(nπ

2
x
)
τtot,n(t) dx

=
∞∑
n=1

−
[

n2π

(m+ n)
sin

(
(m+ n)π

2

)
+

n2π

(m− n)
sin

(
(m− n)π

2

)](
τtot,n(t)

4

)
.

(5.39)

The right-hand side of Eq. (5.39) is zero when n ̸= m, and −m2π2τtot,m/8 when
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n = m. Finally,

∫ 1

0

∂Γtot,sol

∂t
cos
(mπ

2
x
)
dx =

∫ 1

0

∞∑
n=1

cos
(mπ

2
x
)
cos
(nπ

2
x
)
τ̇tot,n(t) dx

=
∞∑
n=1

[
2

(m+ n)π
sin

(
(m+ n)π

2

)
+

2

(m− n)π
sin

(
(m− n)π

2

)]
τ̇tot,n(t)

2

(5.40)

where the right-hand side of Eq. (5.40) is zero when n ̸= m and τ̇tot,m/2 when n = m.

We also need to express ΓPb in terms of a Fourier series to substitute it in Eq. (5.26):

ΓPb =
∞∑
n=1

GPb
n cos

(nπ
2
x
)
. (5.41)

Now, we perform the same Fourier projection procedure for ΓPb to obtain the Fourier

components (GPb
n ) as follows:

∫ 1

0

ΓPb cos
(mπ

2
x
)
dx =

∞∑
n=1

∫ 1

0

GPb
n cos

(mπ

2
x
)
cos
(nπ

2
x
)
dx (5.42)

where the right-hand side of Eq. (5.42) is zero when n ̸= m and is GPb
m /2 when n = m.

In the dimensionless system, the surfactant surface concentration at the Plateau border

is always unity (ΓPb = 1), thus:

GPb
m /2 =

(
2

mπ

)
sin
(mπ

2

)
, (5.43)

where for odd values of m as considered here, sin
(
mπ
2

)
alternates between 1 and −1.

Here, upon substituting Eqs. (5.33), (5.34), (5.39), (5.40) and (5.43) into Eq. (5.26) and

rearranging, it transforms to a system of first-order differential equations with respect

to t. As a consequence, we write Eq. (5.28) in tensorial notation as below:

τ̇tot,m = 2

[
δ̇

δ
(xΓ′

mn + Γmn) +
δ

3(1 + Sδ/KH(loc))
Γ′′
mn

]
τtot,n + 2

δ̇

δ
GPb

m /2 (5.44)
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where xΓ′
mn, Γmn and Γ′′

mn are matrices and are defined as follows:

xΓ′
mn = xΓ

′D
mn + xΓ

′ND
mn (5.45)

xΓ
′D
mn =


−1

4
if n = m

0 if n ̸= m

(5.46)

xΓ
′ND
mn = (−1)(

m+n
2 )
(

mn

m2 − n2

)
(5.47)

where superscript indices D and ND refer to diagonal and non-diagonal terms, respec-

tively. It can be seen from Eq. (5.47) that the non-diagonal terms are anti-symmetric.

In addition,

Γmn =


1
2

if n = m

0 if n ̸= m

(5.48)

Γ′′
mn =


−m2π2

8
if n = m

0 if n ̸= m

(5.49)

so these involve diagonal terms only.

This set of equations can be readily solved numerically, but to obtain a solution, an ini-

tial condition is required. As surfactants are assumed here to be uniformly distributed

on the undeformed interfaces [45], we can assume that Γtot,sol(x, 0) = Γtot,0 − Γtot,Pb,

where the initial Γtot,Pb is 1+S and where Γtot,0 is the initial condition in the film. Us-

ing these values, an initial condition for each component (τtot,n|t=0) can be determined

as discussed below.
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5.6.2 Initial condition for the spectral method

To cast the initial condition in the form of a Fourier series, we proceed as follows:

Γtot,sol|t=0 =
∞∑
n=1

cos
(nπ

2
x
)
τtot,n|t=0. (5.50)

Following the same procedure that we used to take a Fourier expansion of Γtot,Pb or

analogously of ΓPb (see e.g. Eq. (5.43)), we obtain:

τtot,m|t=0 =
4 (Γtot,0 − Γtot,Pb)

mπ
sin
(mπ

2

)
. (5.51)

This can also be expressed in terms of the dimensionless initial amount of surfactant

adsorbed on the surface (Γ0) rather than in terms of the initial total amount of surfactant

(Γtot,0). To do this, we use Eq. (4.22) from the main text. Also, dimensionless Γtot,Pb

at the initial instant equals 1 + S as we have already mentioned, and dimensionless δ

(which appears in Eq. (4.22)) at the initial time equals unity. That simplifies Eq. (5.51)

to the following equation:

τtot,m|t=0 =
4(1 + S/KH(loc)) (Γ0 − 1)

mπ
sin
(mπ

2

)
. (5.52)

Here m is just an arbitrary variable. Thus, to obtain the initial τtot,n within equation

Eq. (5.52), we simply replace m by n.

To summarise, we now have a set of equations in dimensionless form which can be

used to compute evolution of surfactant on and within the film in a foam fractiona-

tion system with reflux. However, these equations contain a number of dimensionless

parameters (amongst them solubility S, local Henry constant KH(loc), and also scaled

film thickness δ, which depends in turn on a film drainage parameter VR, see Eq. (4.4)

in the main text). To determine the actual values of all those dimensionless parame-

ters, and also to relate the dimensionless system back to the original dimensional one,
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we first need estimates of all relevant dimensional parameters. This is done in what

follows.

5.7 Selection of simulation parameters

Dimensional parameters used in this study have been taken from relevant literature,

such as Vitasari et al. [1], Weaire and Hutzler [38], Durand and Stone [165], Chang

et al. [202], and are summarized in Table 5.1. Then these parameters were nondimen-

sionalized and dimensionless values used for simulation purposes (see Table 5.2). The

sources of some of the key parameters are discussed below.

The critical micelle concentration (CMC) of SDS is reported to be around 8.2molm−3

at ambient temperature (25◦C) [73, 93, 234, 235]. Thus, we assume a typical bulk

concentration of the Plateau border to be 8molm−3, which is just less than the CMC.

We have used the surface excess data versus bulk concentration reported by Nilsson

[247] which were obtained from a direct measurement method using a radiotracer.

Using these data, the corresponding ΓPb for the assumed cPb then becomes 4.6 ×

10−6molm−2.

Shear viscosity of the liquid and equilibrium surface tension at the Plateau border are

taken to be 10−3 Pa s and 38 × 10−3Nm−1, respectively, as reported by Shen et al.

[243]. The Gibbs elasticity of SDS is determined at various concentrations by a few

studies [165, 264]. Although Gibbs elasticity is actually variable and depends on sur-

face concentration, it is possible to consider a roughly constant Gibbs elasticity for a

smaller range of concentration changes. Thus, we set the Gibbs elasticity (G) in this

study to be as reported by Durand and Stone [165], namely 40×10−3Nm−1. SDS dif-

fusivity coefficient (D) is also reported by Shen et al. [243] and Liu and Shen [198] to

be around 8× 10−10m2 s−1.

It has been reported by Durand and Stone [165] that a typical initial film half-thickness
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is 20× 10−6m. However, estimates can vary because, according to Reynolds equation

Eq. (5.3), films thin quite quickly at the beginning and then the thinning rate slows

down. Given this, we will consider a film half-thickness of 5 × 10−6m somewhat

smaller than the value reported by Durand and Stone [165]. This ensures that the

surfactant has the opportunity to diffuse quickly across the film, and the assumption of

small Pe∆ which underpins the entire model used here is satisfied. Film half-length

and Plateau border radius of curvature have also been taken from Breward and Howell

[40]: values are reported in Table 5.1.

Using the parameters in Table 5.1 and the definitions in Sec. 4.2.1 in main text, the

value for Pe∆ turns out to be 0.25 (see Table 5.2), which is a small parameter. In

addition, ∆/Pe is calculated to be 4 × 10−6. That verifies that longitudinal diffusion

is indeed negligible. Moreover, the film drainage velocity parameter VR (definition in

Sec. 4.2.1) turns out to be 0.0063 (again see Table 5.2), which is a small parameter.

A number of other parameters within Table 5.1 and Table 5.2 are sensitive to surfactant

adsorption behaviour. As we will be using two different approaches to calculate ad-

sorption isotherms for SDS, an explanation of how the various parameters are obtained

comes next.

5.8 Estimating global and local Henry isotherms for

SDS

A schematic of the local and global Henry isotherms can be seen in Fig. 5.1. In this

figure, a Langmuir adsorption isotherm is fitted to the experimental SDS adsorption

data taken from Nilsson [247]. The dimensional Langmuir parameter K̄L and max-

imum surface excess Γ̄m obtained from these data are reported in Table 5.1. Using

the dimensional cPb and ΓPb also reported in Table 5.1, we can compute dimensional
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Table 5.1: Dimensional parameters taken from Vitasari et al. [1], Weaire and Hutzler [38],
Durand and Stone [165], Chang et al. [202], Shen et al. [243].

Dimensional Parameters Symbol Value Unit
Characteristic time scale µL2/Gδ0 0.125 s

Film half-length L 5× 10−3 m
Initial film half-thickness δ0 5× 10−6 m

Liquid viscosity µ 1× 10−3 Pa s
Surfactant surface concentration

at the Plateau border ΓPb 4.6× 10−6 molm−2

Bulk concentration
in the Plateau border cPb 8 molm−3

Initial surfactant surface concentration
on the film

for global Henry isotherm Γ0(glob) 2.3× 10−6 molm−2

Initial surfactant surface concentration
on the film

for local Henry isotherm Γ0(loc) 4.398× 10−6 molm−2

Initial surfactant concentration in the film c0 4 molm−3

Radius of curvature of the Plateau border a 5× 10−4 m
Surface tension at the Plateau border γPb 38× 10−3 Nm−1

Gibbs parameter G 40× 10−3 Nm−1

Diffusivity coefficient D 8× 10−10 m2 s−1

Langmuir parameter K̄L 1.3 m3mol−1

Maximum surface concentration Γm 5.05× 10−6 molm−2

Global Henry constant K̄H(glob) 575× 10−9 m
Local Henry constant K̄H(loc) 50.5× 10−9 m

Minimum surface concentration
for local Henry isotherm Γ̄min 4.2× 10−6 molm−2

parameters relevant to approximate isotherms that will replace the Langmuir isotherm.

The relevant parameters are defined in Sec. 5.4 and include a global Henry constant

K̄H(glob), a local Henry constant K̄H(loc) and a minimum surface concentration Γ̄min.

Dimensional values can also be converted to dimensionless form, with values reported

in Table 5.2. The values for local and global Henry constants become 8.77 × 10−2

and unity, respectively. In addition, the dimensionless Langmuir parameter KL and

dimensionless Γmin (see Sec. 5.5) are calculated to be 10.4 and 0.9123, respectively.

Moreover, using the assumed dimensional δ0, cPb and ΓPb, the solubility parameter

(S) is estimated (see Eq. (4.3) in main text) to be 8.696 for SDS using both global and

local Henry isotherms.
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Table 5.2: Dimensionless parameters, calculated using the data from Table 5.1. For compact-
ness of notation, some of the dimensionless quantities here (Γ0(glob), Γ0(loc) and c0) are denoted
with the same symbol as their dimensional analogues.

Dimensionless Parameters Symbol Value
Initial surfactant surface concentration on film

for global Henry isotherm Γ0(glob) 0.5
Initial surfactant surface concentration on film

for local Henry isotherm Γ0(loc) 0.9561
Initial surfactant bulk concentration in film c0 0.5

Initial total amount of surfactant
for global Henry isotherm Γtot,0(glob) 4.848

Initial total amount of surfactant
for local Henry isotherm Γtot,0(loc) 5.304

Solubility parameter S 8.696
(Initial) aspect ratio ∆ 1× 10−3

Péclet number Pe 250
Coefficient of diffusion term in x direction ∆/Pe 4× 10−6

Reciprocal of coefficient of
diffusion term in z direction Pe∆ 0.25

Film drainage velocity parameter VR 0.0063
Dimensionless Langmuir parameter KL 10.4

Local Henry constant KH(loc) 8.77× 10−2

Minimum surface concentration
for local Henry isotherm Γmin 0.9123

For both approximate isotherms, the dimensionless initial bulk concentration is set to

be half of the Plateau border bulk concentration (c0 = 0.5). However, in the local

Henry isotherm, the dimensionless initial surface concentration (Γ0(loc)) is then calcu-

lated to be 0.9561 (using Eq. (4.19) in main text), which is greater than the equivalent

amount for the global Henry isotherm (Γ0(glob)) which equals 0.5 (using Eq. (4.16).

Moreover, initial Γtot,Pb, which is 1 + S using both isotherms, is calculated to be

9.696, while Γtot,0 for global and local Henry isotherms, is determined to be 4.848 and

5.304, respectively (see Eq. (4.21) in main text).

The above results mean that in the case of the local Henry isotherm, the surface al-

ready has an amount of surfactant close to its maximum capacity. As a result, there

is little spatial variation of surfactant along the surface, and hence less driving force

for Marangoni flow. As a result, even though the local Henry isotherm case has a
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greater initial amount of surfactant Γtot,0, its subsequent rate of increase is relatively

slow compared to the global Henry isotherm case, which is an effect also seen in the

main text Sec. 4.4.6 for overall surfactant on the film for instance.

Γ
0(glob)

=0.5

Γ min
=0.912

Γ0(loc)=0.956

ΓPb =1

c0 =0.5 c
Pb

=1

K
H(loc)

=0.087

Γ

c

Exp. Data

Langmuir Fit

Global Henry
 Isotherm

Local Henry
 Isotherm

Figure 5.1: Global and local Henry isotherms plotted for a Langmuir fit using experimental
adsorption data for SDS [247]. Dimensional values of cPb and ΓPb are reported in Table 5.1,
but when data are converted to dimensionless form as is done here, cPb and ΓPb are both scaled
to unity. Meanwhile c0 is dimensionless initial bulk concentration, and Γ0(glob) and Γ0(loc) are
dimensionless initial surfactant surface concentrations for global and local Henry isotherms
respectively. Note that Γ0(glob) is identical to c0 by construction, but Γ0(loc) is larger. Other
parameters used can be found in Table 5.2.

5.9 Quasisteady state for soluble surfactant

Consider a case with a global Henry isotherm. Marangoni flow typically dominates at

early times because the film drainage is typically weak. Later on, though, Marangoni

flow decays, and eventually, there is a quasisteady balance between Marangoni flow

and film drainage. However, this balance is expected to depend on the parameters S

and VR. In Sec. 5.9.1, it is explained what conditions are needed in order to achieve

a quasisteady state in the case of a soluble surfactant. Then Sec. 5.9.2 presents an

approximate analytical solution for the quasisteady behaviour of dimensionless Γ. The

results obtained from this section are utilised in Sec. 4.4.5 and in Fig. 4.11.
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5.9.1 Balance between Marangoni flow and film drainage for a

quasisteady state

Here, as mentioned, we consider the quasisteady state using the global Henry isotherm.

We know that for S ≪ 1, surfactant effectively acts as insoluble. For the case of

insoluble surfactants, we can find a solution to the quasisteady state elsewhere [1].

However, large S tends to weaken the influence of the Marangoni flow, which slows

down the evolution of Γtot. This comes about as follows. Even though flow induced

by Marangoni stress causes the gradients of surfactant surface concentration to decay,

when surfactant escapes from the surface into the bulk, the impact upon the surface

is lessened, and so these gradients now decay more gradually. On the other hand,

film drainage is typically weak (i.e. the parameter VR is small) regardless of whether

surfactant is soluble or insoluble. As a result, the competition between Marangoni flow

and film drainage can be expressed in terms of S and VR. Two different cases can be

considered. The first case is when S is so large, that S VR ≫ 1. The other case has

S > 1, but S VR is still small compared to unity.

In the first case, solubility has caused the influence of Marangoni to weaken so much

that it is even weaker than the drainage term. Hence, the system is dominated by film

drainage. This case is also studied by Vitasari et al. [1], so we will not consider it in

detail here. In Vitasari et al. [1], the film is divided into two zones, one of them away

from the edge of the film where an assumption of no Marangoni flow is applicable,

and near the edge of the film adjacent to the Plateau border, where the Marangoni flow

becomes important again.

By contrast, the other case mentioned earlier with S > 1 but VR ≪ 1 (and with

S VR still remaining much less than unity) behaves differently. In this case, Marangoni

(although weakened by solubility) remains the dominant effect at early times. It is

only later on that drainage might become relevant after Marangoni flow decays (and as

already noted, this decay might be particularly slow when the surfactant is soluble).
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The case of the local Henry isotherm turns out to be similar, except that the parameter

S is now replaced by S/KH(loc), where KH(loc) is typically a parameter that is rather

smaller than unity. As a result, this causes (S/KH(loc))VR ≫ 1, which indicates the

film drainage now dominates Marangoni flow. In spite of this, as discussed earlier,

there may still be a zone near the Plateau border in which Marangoni retains impor-

tance. Nonetheless any Marangoni-driven evolution of that zone is now slowed down

so much, that it would only tend to impact after a very long time, which is unlikely to

be relevant on the scale of residence times in a fractionation column. Hence in what

follows we consider the global Henry isotherm case.

5.9.2 Power series expansion for the quasisteady evolution of Γ

Here we work out an approximate solution for the evolution of surfactant surface con-

centration (Γ) within the quasisteady state. The reason why we develop a solution for

Γ rather than Γtot is that the boundary conditions of Γ are time independent, making it

easier to identify quasisteady behaviour.

The solution for the quasisteady evolution of Γ can be obtained by expanding Γ in

powers of VR, which is a small parameter. We start from the equation for the evolution

of surfactant surface concentration using the global Henry isotherm (see Eq. (4.27) in

the main text):

∂Γ

∂t
= (1 + Sδ)−1

(
δ̇

δ
Γ +

(
δ

3

)
∂2Γ

∂x2

)
+

δ̇

δ

(
x
∂Γ

∂x

)
. (5.53)

Now, we expand the solution for Γ in the following form:

Γ = 1 + VR Γ1 + V 2
R Γ2 + ... (5.54)

where VR ≪ 1 and where Γ1 and Γ2 are functions to be determined. Here clearly, we

are expanding Γ in powers of VR. We assume that at a long time, there is no explicit
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dependence of Γ on time (only implicit dependence due to Γ depending on δ, with δ

depending on time via Eq. (4.8)). Hence Eq. (5.53) gives:

− VRδ
3

(
VR

∂Γ1

∂δ
+ V 2

R

∂Γ2

∂δ

)
= (1 + Sδ)−1

[
−VRδ

2(1 + VRΓ1 + V 2
RΓ2) +

δ

3

(
VR

∂2Γ1

∂x2
+ V 2

R

∂2Γ2

∂x2

)]
− VRδ

2 x

(
VR

∂Γ1

∂x
+ V 2

R

∂Γ2

∂x

)
.

(5.55)

Collecting terms at order VR gives:

0 = (1 + Sδ)−1

(
−δ2 +

δ

3

∂2Γ1

∂x2

)
(5.56)

which requires:
∂2Γ1

∂x2
= 3δ (5.57)

from which it follows:

Γ1 =
3

2
δ(x2 − 1). (5.58)

This satisfies required boundary conditions ∂Γ1/∂x|x=0 = 0, and Γ1 = 0 at x = 1.

Note that ∂Γ1/∂δ = Γ1/δ. Note further that x ∂Γ1/∂x = 2Γ1 + 3δ. Gathering terms

at order V 2
R now gives:

−δ2Γ1 = (1 + Sδ)−1

(
−δ2Γ1 +

δ

3

∂2Γ2

∂x2

)
− δ2(2Γ1 + 3δ) (5.59)

from which it follows:

∂2Γ2

∂x2
= (3δ (2Γ1 + 3δ)− 3δ Γ1)(1 + Sδ) + 3δ Γ1. (5.60)

The equation simplifies to:

∂2Γ2

∂x2
= 6δ Γ1

(
1 +

Sδ
2

)
+ 9δ2(1 + Sδ) (5.61)
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which upon substituting for Γ1 simplifies again to:

∂2Γ2

∂x2
= 9δ2x2

(
1 +

Sδ
2

)
+

9δ3S
2

. (5.62)

This then integrates to:

Γ2 =
3

4
δ2(x4 − 1)

(
1 +

Sδ
2

)
+

9

4
Sδ3(x2 − 1) (5.63)

which satisfies boundary conditions ∂Γ2/∂x|x=0 = 0, and Γ2 = 0 at x = 1.

Here, as was expected, Γ1 is negative, which means the film drainage causes Γ to fall

below unity. Note that Γ1 is entirely independent of S, so any S dependence of the

solution for Γ only appears at order V 2
R , not at order VR.

Again, Γ2 is negative, so the second-order correction makes Γ even smaller than 1 +

VRΓ1. Moreover, Γ2 exhibits dependence on S: increasing S makes the magnitude of

Γ2 larger, i.e. makes Γ even smaller. However, in the case of S > 1, one might have

to wait until quite long time to see this quasisteady state (because the entire evolution

is slowed down). It can be seen from Eq. (5.63) that the largest difference between

the first-order and the second-order correction, for given S and given δ, happens at

x = 0. This difference can be obtained as V 2
R(

21
8
Sδ3 + 3

4
δ2). Cases with nonzero S

(i.e. soluble surfactant, with the S value reported in Table 5.2) therefore exhibit much

bigger difference from the first-order correction than the insoluble surfactant case does.

A comparison between the approximate analytical solution and the numerical solution

can be found in Fig. 4.8.
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Chapter 6
Transport of convected soluble

surfactants on and within the foam film

in the context of a foam fractionation

process

“This chapter consists of published material: [H. Rajabi, R. Rosario, P. Grassia, “Trans-

port of convected soluble surfactants on and within the foam film in the context of a

foam fractionation process,” Chemical Engineering Science, vol.281, 119100, 2023.

https://doi.org/10.1016/j.ces.2023.119100]”

Abstract

This study models convective transport of soluble surfactant in a foam fractionation

system with reflux. Owing to reflux, initial surfactant concentration in films is lower

than in Plateau borders. Marangoni flows and film drainage flows arise convecting sur-

factant both on the film surface and in the bulk. An interface is set up within the film

bulk called a separatrix: this divides two regions of uniform surfactant concentration,
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one with concentration equal to that of the initial film and one with concentration equal

to that in the Plateau border. The evolution of the separatrix is tracked to determine

surfactant recovery and enrichment for the film. Surfactant lean films benefit most

from Plateau-border-to-film mass transfer induced by reflux. However for films that

are initially comparatively surfactant rich, recovery might actually decrease at long

times owing to film drainage. Nonetheless surfactant lean films and those contain-

ing surfactant with only moderate solubility benefit from Plateau-border-to-film mass

transfer caused by reflux even despite film drainage.

Highlights

• Foam fractionation with reflux is modelled for a convected soluble surfactant

• Convection occurs on film surface and within bulk of foam films

• Separatrix divides material in bulk from newly arrived material from Plateau

border

• Solutions that are leaner in surfactant benefit from reflux

• Foam drainage can cause surfactant recovery to decrease at longer times

6.1 Introduction

Foam separation techniques have been identified as alternatives to more conventional

separation processes such as ion exchange and ultrafiltration [265], particularly be-

cause of their efficiencies in dealing with dilute aqueous systems [266]. Due to these

advantages, these methods have recently been finding their place in various sectors

such as pharmaceutical, environmental-related and biochemical industries [267–275].

One of the foam separation methods which is the subject of the present study is foam

fractionation. Foam fractionation is a physicochemical process in which surface-active
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chemicals are separated from an aqueous solution by adsorption on bubbles rising in

a column [183]. As there are no solvents other than water existing during this pro-

cess, it can be considered as a “green” process in sustainability terms [30]. Some of

the advantages of foam fractionation are low capital cost, low energy requirement and

subsequently low operational costs [265]. As a result, there have been various studies

carried out in this field [14, 15, 21–23, 30, 95, 102, 214, 276–278].

Some of these studies show a potential benefit of foam fractionation by returning part

of the so called foamate back into the fractionation column, known as reflux [26].

Reflux, effectively puts into contact a rising stream of leaner bottom solution and a

falling stream of enriched collapsed foamate [35]. Rich liquid is then travelling through

a network of Plateau borders contacting the foam films. Thus, there is an opportunity

for further enrichment of the foamate [1, 2, 26, 33–35, 82, 94, 106].

Plateau borders referred to above specifically are liquid channels embedded within the

foam where three films meet [38, 279], and as we have said, they form a network. Due

to often having a higher liquid volume compared to the liquid in the films adjacent

to them, Plateau borders may to an extent be considered as surfactant reservoirs [1].

Plateau borders can therefore in principle transfer significant surfactant to adjacent

films as reflux proceeds. However to achieve this surfactant transfer, flow must occur

from Plateau border to film. For the purpose of this work, we use the term “surfactant”

to encompass any surface-active molecule including big, bulky molecules like proteins

which are often targeted for separation by fractionation [22, 23, 95, 277]. These then

are the molecules that, for reflux to be effective, must flow from Plateau border to film.

Although, in line with previous work [1, 2], we focus the discussion here on foam

fractionation with reflux, the results are also relevant to foam fractionation operated

in another mode, namely stripping mode [91, 94, 103]. In stripping mode a feed is

provided to a fractionation column and flows down through Plateau borders, contact-

ing foam films as it flows. As with reflux, surfactant is again transferred from Plateau
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borders to films. However the objective now is not so much to enrich the films, but

rather to remove surfactant from the liquid in the Plateau borders. This mode of oper-

ation would for instance be relevant for removing a surface active contaminant from a

wastewater stream. For the most part in what follows, for simplicity we discuss reflux,

even though stripping is also relevant.

Despite the potential advantages of foam fractionation over other separation methods,

in view of the complicated flows that arise in the presence of reflux, the process of

foam fractionation with reflux requires more research. In particular, it is useful to have

a modelling study which can predict the extent to which reflux permits foam films to

become enriched in surfactant, under different sets of conditions encountered during

fractionation. This can subsequently help us to design and operate a more efficient frac-

tionation column in the future. Specifically the model to be used in the present work

has been built upon two previous modelling studies on film scale surfactant transport

during foam fractionation with reflux [1, 2], and in what follows we review them.

The main effect that was included in those studies was Marangoni flow taking surfac-

tant rich material from Plateau border into the film. Moreover, film drainage which

thins the film and which causes a flow towards the Plateau border, opposes Marangoni

flow on the surface. In Vitasari et al. [1], the authors worked out the evolution of an in-

soluble surfactant over just the surface of a foam film. They also discussed a so called

quasi-steady state for cases in the presence of film drainage, in which a balance on the

film surface eventually happens between Marangoni flow and film drainage. However,

the fact that surfactants have some level of solubility was neglected. Solubility must

however affect the transport behaviour, which thereby affects the foam fractionation

process.

Later, Rajabi and Grassia [2] considered the solubility of surfactants within a foam

film in addition to their presence on the surface. Marangoni-driven and film drainage-

driven surfactant transport again occur, but transport now occurs not just on the foam
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film surface, but in the bulk of the foam film as well. However the study of Rajabi

and Grassia [2] focussed on a particular limit in which surfactant also diffuses rapidly

across the foam film. This limit could be quantified in terms of dimensionless groups

corresponding to a small Pe∆ number, where Pe denotes Péclet number (measuring

the ratio between convective and diffusive transport) and ∆ is the film thickness to film

length aspect ratio. It was identified by Rajabi and Grassia [2] that this particular limit

would be a reasonable approximation for smaller surfactant molecules (which tend to

have comparatively high diffusivity coefficients) being transported across particularly

thin films. What was found by Rajabi and Grassia [2] is that the impact of Marangoni

flow is slowed down due to the solubility, compared to the case considering insoluble

surfactants. The reason for this slow down was found to be surfactant escaping into

the bulk of the film, once the Marangoni flow transported it from the Plateau border

onto the film. It was also confirmed that the quasi-steady state condition introduced by

Vitasari et al. [1] can also occur, after a sufficiently long time: Marangoni-driven and

film drainage-driven transport are then effectively in balance.
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Figure 6.1: Diagram of a foam film in the large Pe∆ limit. Here Ab(t) is at time t the area
in the film with the Plateau border’s surfactant concentration cPb as opposed to the initial film
concentration c0. The figure is not drawn to scale: in reality film half-length is orders of
magnitude larger than film half-thickness.

However, there could be an opposite limit in which Pe∆ is relatively large. This

limit is relevant in cases with relatively small diffusivity coefficient, e.g. for bigger

molecules such as proteins [280]. It could also be relevant for foam films shortly after

they are formed, such that the film is still in the process of draining, and hence could

be quite some way from a final thickness. This limit is the subject of and the novel
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contribution of the present study (see Fig. 6.1). Diffusion across the film is now rel-

atively slow and, as a consequence, transport from the film surface to the film bulk is

relatively slow. Hence, what happens on the surface turns out to be identical to what

has been discussed by Vitasari et al. [1] (albeit distinct from the system considered by

Rajabi and Grassia [2] which has small rather than large Pe∆). Flow is affected by

competition between Marangoni-driven and film drainage-driven transport on the sur-

face. However the Marangoni and film drainage flow fields are not just confined to the

surface but exist in the bulk as well. Since, similar to Rajabi and Grassia [2], surfac-

tants are now treated as soluble and present in the bulk, the aforementioned flow fields

necessarily convect surfactant in the bulk. In the large Pe∆ limit considered here,

convection (not diffusion) is the dominant transport mechanism in the bulk. Indeed,

as we will see, convection plays an important role in transferring surfactants from the

bulk of the Plateau border into the bulk of the film.

A point to emphasise is that, since the flow on the surface here is identical to what was

found in the prior work by Vitasari et al. [1], the flow field in the bulk also turns out to

be the same. In effect therefore the results to be obtained here could have been obtained

by post-processing the results of Vitasari et al. [1]. However such post-processing was

never attempted by Vitasari et al. [1]: for an insoluble surfactant as considered in that

work, any motion in the bulk is irrelevant to surfactant transport. The novelty of the

present work is therefore to consider soluble surfactant, for which transport in the bulk

is certainly relevant, surfactant in the bulk now being passively convected.

In the model considered here, we start with a situation in which the Plateau border is

surfactant rich and the film is surfactant lean (Fig. 6.1a). Marangoni stresses offset by

film drainage set up a convective flow field. Convection then carries surfactant rich

material from Plateau border to film and carries surfactant lean material from film to

Plateau border (Fig. 6.1b). The net effect is that the film is enriched. This then is the

process we wish to model.
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Note that what we are trying to describe here (analogously to the work of Vitasari

et al. [1], Rajabi and Grassia [2]) is specifically the microscale process of surfactant

transfer between an individual Plateau border and an adjacent foam film. We are not

endeavouring at this stage to incorporate this microscale behaviour into a fractionation

model at the entire process scale. In a typical fractionation column there will be a

multitude of foam films and a multitude of Plateau borders, and the surfactant content

of each depends on where in the fractionation column they are located, and also on the

time elapsed since the fractionation process started. Sufficiently long after start up, a

continuous fractionation system with reflux should settle into a steady state operation.

However the time scale for that to happen presumably relies on residence times of

flowing foam films passing up through the entire column and likewise residence times

of flowing liquid (within Plateau borders) passing down through the column. This is

not however what is focussed upon here.

The intention here is to keep the models as simple as possible, while still endeavouring

to capture the main transport processes that are expected to occur. The models used by

Vitasari et al. [1], Rajabi and Grassia [2] were likewise greatly simplified, and analo-

gous simplifications will be employed here (see also Sec. 6.2.3 for further discussion

of some of the simplifications employed).

Two-dimensional rather than fully three-dimensional flow fields will for instance be

considered. Given however that films in a real foam have different shapes and sizes,

capturing the full three-dimensional geometry of the flow on each and every film would

be challenging in any case. Films are also to be treated as having a spatially uniform

thickness, albeit with that thickness changing over time. There are of course models

in the literature that study the fluid mechanics of a draining foam film in a much more

sophisticated fashion accounting for non-uniformities in thickness (see e.g. Yeo et al.

[51], Frankel and Mysels [222], Joye et al. [223]): film surfaces are no longer flat

leading also to pressure jumps across them. The film shape and the surfactant mass
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transport must then be determined together. These sorts of complications have been

neglected in previously mentioned work on foam fractionation [1, 2] and will be ne-

glected again here also. Indeed we assume the film geometry and how it evolves is

known, and focus just on surfactant mass transport. As we have alluded to though,

the models to be used here still capture key physics, such as Marangoni flow, drainage

flow and convective surfactant transport.

One aspect that will however differ here from previous work are the physicochemical

parameters that we assume. Previous work [1, 2] utilised parameters relevant to the

common surfactant SDS. For the simulations here however, we use parameters relevant

to the protein beta-lactoglobulin (β-LG) [281]. As a much bigger molecule than SDS,

this has lower diffusivity [280], and as a result can readily meet criteria for having

large Pe∆ which is the basis of our model. Physicochemical data for β-LG are readily

available, since it is a widely studied protein in foam and interface science [76, 149,

152, 158, 159, 161, 162, 205, 280, 282–284] and it has also been used in the context

of foam fractionation [24, 61]. As has been mentioned though, we will often use the

generic term “surfactant” to keep the discussion more general: the model we present

requires large Pe∆ but is not tied to any specific material, provided parameter values

are available.

This study is laid out as follows. Sec. 6.2 outlines the mathematical theory used in the

study of convected soluble surfactant transport, which is based on adapting the works

of Vitasari et al. [1] and Rajabi and Grassia [2] to this new convection-dominated

system. In Sec. 6.2 equations are mainly presented in dimensionless form, but the

nondimensionalisation process itself is presented in Sec. 7.1 of the supplementary ma-

terial. Technical details of numerical algorithms employed are also relegated to supple-

mentary material. Algorithms already used by Rajabi and Grassia [2] can be adapted

supplemented with some additional features, so any discussion of algorithms in the

supplementary material is focussed on those additional features. In particular the chal-
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lenge of carrying out the calculations at early times is discussed Sec. 7.2. Other than

that, the numerical approach is similar to what Vitasari et al. [1] and Rajabi and Gras-

sia [2] have already done. However here algorithms take account also of mass transfer

by convection in the bulk of the foam film, and a discussion of that can be found in

Sec. 7.3 of the supplementary material: convection in the bulk did not need to be ad-

dressed in the work of Vitasari et al. [1], but it certainly must be considered here, so the

discussion of Sec. 7.3 covers that. In addition, Sec. 7.4 deals with selecting simulation

parameters and benchmarking. Returning to the main text, results and discussion are

presented in Sec. 6.3, with some supplementary results in Sec. 7.5. Finally Sec. 6.4

deals with conclusions of the study.

6.2 Mathematical model for convected soluble surfac-

tant transport

This study models convected soluble surfactant transport on and within a foam film.

We first present in Sec. 6.2.1 essential dimensionless groups used to carry out the

study. Derivation of the velocity fields in the bulk and on the surface of the foam

film are discussed elsewhere [1]. However, due to their importance within the current

study, they are also mentioned here in brief (Sec. 6.2.2). Mass transfer equations are

presented in Sec. 6.2.3. As will be discussed in detail later, due to the Marangoni-

driven and film drainage-driven convective flows in the bulk of the film, two regions

form within the bulk. One region remains at the initial bulk surfactant concentration

and the other region has a higher bulk concentration corresponding to the concentration

found in the bulk of the Plateau border. The novel contribution of the present work is

to model, simulate and analyse the evolution of these separate regions in the bulk and

the subsequent effect on the fractionation process performance. We assess the size of

these two regions by examining a cross section of the foam film, looking at the total

area of the cross section of the film and also the areas corresponding to each of these
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regions. The details of computing these two regions and the surfactant they contain

can be found in Secs. 6.2.4 and 6.2.5. Finally Sec. 6.2.6 deals with overall measures

of fractionation performance, namely recovery and enrichment.

6.2.1 Dimensionless groups

Definitions of dimensionless groups that have been used in this study are identical to

the ones used by Rajabi and Grassia [2]. However here we are looking at a different

parameter regime. Hence we present the dimensionless groups in brief.

The first dimensionless group is Péclet number. It is obtained [285] based on balanc-

ing surfactant transport by Marangoni effects along the film in the x-direction, and

diffusive transport of surfactant across the film, in the z-direction (the directions are as

indicated in Fig. 6.1), and can be expressed as follows:

Pe =
Gδ0/µL
D/δ0

(6.1)

where G is Gibbs parameter (that measures sensitivity of surface tension to surface

concentration) [157, 166], δ0 is initial film half-thickness, µ is liquid viscosity, L is

film half-length and D is diffusion coefficient (in this case for β-LG). In fractionation

applications, Péclet number is typically a relatively large number, especially for pro-

teins that due to their bigger molecule sizes have smaller diffusion coefficients [286]

(see Table 7.3 in the supplementary material for a typical value of Pe). Meanwhile,

∆ is the initial aspect ratio between film half-thickness and film half-length, and is

defined as:

∆ = δ0/L (6.2)

where δ0 is initial film half-thickness, and L is film half-length. In a typical foam film

∆ is a relatively small parameter (see Table 7.3). However here, as can be seen in

Sec. 7.4.1 (and in particular in Table 7.3), in the particular limit of interest, the product
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of Pe and ∆ remains a relatively large number which is in line with our assumptions.

Another parameter relevant to this study is the solubility parameter S. Solubility pa-

rameter describes the typical amount of dissolved surfactant relative to the amount of

surfactant on the surface, and is defined as below:

S =
δ0

ΓPb/cPb
(6.3)

where δ0 is initial film half-thickness, ΓPb is surfactant surface concentration at the

Plateau border, and cPb is surfactant bulk concentration at the Plateau border: both ΓPb

and cPb are dimensional quantities here, although later on we will also define dimen-

sionless analogues of them. Note that for a given ΓPb an insoluble or almost insoluble

surfactant will have a very small cPb and hence a very small S, but a more soluble

surfactant will have a larger cPb and hence a larger S value. Formally ΓPb/cPb is a

depletion length (extent of a bulk region containing an equivalent amount of surfac-

tant as the surface itself), and S is then the ratio of the actual geometric extent to that

depletion length. As Table 7.3 makes clear, in systems of interest S turns out to be a

dimensionless parameter on the order of magnitude of unity, and we will allow it to

vary during the course of this study.

Finally dimensionless film drainage velocity parameter (VR) is the ratio between ve-

locity of film drainage under the action of capillary suction and typical velocity of

Marangoni convection at the start of the process, which can be expressed as follows:

VR =
2 δ0γPb
3 aG

(6.4)

where δ0 is the initial film half-thickness, γPb is surface tension at the Plateau border, a

is the Plateau border’s radius of curvature and G is Gibbs elasticity. As Table 7.3 makes

clear, VR is typically a small parameter. At least early on in the process then, film

drainage is a weaker effect than Marangoni flow. Moreover since the drainage velocity

138



parameter is low (in other words, film drainage flow is slow), effects of drainage require

quite some time before impacting the system.

To summarise, Table 7.3 gives the typical values of dimensionless groups, and is based

on dimensional parameter values obtained from literature (see Tables 7.1 and 7.2).

In line with what has been done in Vitasari et al. [1] and Rajabi and Grassia [2], in

addition to defining the above dimensionless groups, we also make all the system’s

variables dimensionless. The process of nondimensionalisation is again similar to Vi-

tasari et al. [1] and Rajabi and Grassia [2] and can be found in Sec. 7.1. Briefly, we

scale horizontal coordinates by the film half-length and vertical coordinates using the

film’s initial half-thickness. In addition, the crossectional areas within the bulk of the

foam film are nondimensionalised with respect to the initial film area. Meanwhile, we

scale surfactant concentrations in the bulk and on the surface of the film by surfactant

concentrations in the bulk and on the surface of the Plateau border, respectively. Veloc-

ities along the film have also been nondimensionalised using the Marangoni velocity

scale, but transverse velocities have an additional factor of aspect ratio included in the

scaling. Time is nondimensionalised using the ratio between the film half-length and

the Marangoni velocity scale. Note from Table 7.2 that the characteristic time scale

is actually rather short, significantly shorter in fact than was the case in Rajabi and

Grassia [2], owing to focussing on not quite so thin films in the present work which

admit higher velocities along them. Certainly typical film residence times in a foam

fractionation column are likely to be many dimensionless time units.

Note that from now on, we only use dimensionless variables unless specified otherwise.

6.2.2 Velocity fields

To work out the velocity fields in the bulk and on the surface, we use the same ap-

proach taken by Vitasari et al. [1]. The physical mechanisms that drive the flow fields

are Marangoni stresses and film drainage. Details of these mechanisms are discussed
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elsewhere [2]. To derive the velocity fields, a lubrication approximation has been used

which leads to the dimensionless velocity fields in the bulk as follows:

u = −x
δ̇

δ
+

(
δ

6
− z2

2δ

)
∂ ln Γ

∂x
(6.5)

w = z
δ̇

δ
+

(
z3

6δ
− zδ

6

)
∂2 ln Γ

∂x2
(6.6)

where u and w are dimensionless vertical and horizontal velocity components in the

bulk and Γ is dimensionless surfactant surface concentration. Here also δ is dimen-

sionless film half-thickness and δ̇ is dimensionless rate of change of δ with time. By

the same token and using Eq. (6.5) with z = δ, the velocity field us on the surface

becomes:

us = −x
δ̇

δ
− δ

3

(
∂ ln Γ

∂x

)
. (6.7)

Note that in the present model, even though we are considering a soluble surfactant, the

velocity fields here are unchanged from those considered by Vitasari et al. [1] for an

insoluble surfactant. This is because (unlike the work of Rajabi and Grassia [2] which

allowed surfactant to diffuse readily between bulk and surface), here it turns out that

surfactant fails to diffuse off or onto the surface on time scales of interest. Thus as far

as setting up the velocity field is concerned, the surfactant might as well be insoluble.

What is different from Vitasari et al. [1] is that this same velocity field, established as

a result of conditions on the surface, now transports surfactant both on the surface and

in the bulk. Hence, we move on to the mass transfer equation.

6.2.3 Mass transport equation in a foam film

The general dimensionless mass transfer equation for surfactant in the bulk can be

expressed as follows [220]:

∂c

∂t
+

∂(uc)

∂x
+

∂(wc)

∂z
=

∆

Pe

∂2c

∂x2
+

1

Pe∆

∂2c

∂z2
(6.8)

140



where, c is surfactant concentration in the bulk (which recall is made dimensionless

here with respect to the analogous concentration in the Plateau border), Pe is Péclet

number and ∆ is initial aspect ratio. In the limit of interest of the present study, Pe∆

(see Table 7.3) is large and Pe /∆ is extremely large. Hence diffusion terms in both x

and z directions are negligible. Moreover, using the continuity equation for an incom-

pressible liquid, Eq. (6.8) turns out to give Dc/Dt = 0, which means that following an

element of fluid, there will be no change in the concentration with time.

The general mass transfer equation on the surface is as follows [2]:

∂Γ

∂t
+

∂(usΓ)

∂x
= − S

Pe∆

∂c

∂z

∣∣∣∣
z=δ

(6.9)

where Γ is surfactant concentration on the film surface (again made dimensionless

using the analogous Plateau border surface concentration) and S is the solubility pa-

rameter defined earlier. The term on the right-hand side of the above equation is the

diffusive flux from the bulk to the surface (in the z direction). It turns out to be negli-

gible due to the large Pe∆ assumption (with S being order unity here). This then con-

firms that, at least on the time scale of interest for Marangoni flow and film drainage,

there is not any diffusive transport from surface to bulk. As Eq. (6.9) shows, the larger

the value of S, the more likely it is that bulk-to-surface transport becomes relevant, but

here Pe∆ is much larger than S, so convection along the surface is much faster than

any bulk-to-surface transport (which ultimately requires diffusion to be active).

As already alluded to, as far as mass transport on the surface is concerned, the system

is then equivalent to the insoluble case which has already been considered by Vitasari

et al. [1]. Combination of Eq. (6.9) and Eq. (6.7) and using the mentioned assumptions

in Vitasari et al. [1] leads to the following mass transfer equation on the surface:

∂Γ

∂t
=

(
δ

3

)
∂2Γ

∂x2
+

δ̇

δ

(
x
∂Γ

∂x
+ Γ

)
. (6.10)
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Eq. (6.10) has initial and boundary conditions defined as follows:

Γ(x, t = 0) = Γ0

Γ(x = 1, t) = 1

δ(t = 0) = 1

us(x = 0, t) = 0 ⇒ dΓ

dx

∣∣∣∣
x=0

= 0,

(6.11)

where in particular Γ0 < 1 so that the film starts off leaner than the Plateau border.

The value of δ evolves according to δ̇ = −VRδ
3 [2] and hence

δ = (1 + 2VR t)−1/2 (6.12)

where recall VR is a relatively small parameter, so δ evolves comparatively slowly.

As can be seen from Eq. (6.10), the evolution of surfactant on the surface is due to

a competition between Marangoni flow and film drainage. Eq. (6.10) is a parabolic

partial differential equation. A method of solving this equation numerically has been

applied, specifically a “spectral method” [287] (details can be found in Rajabi and

Grassia [2]).

As was mentioned previously, this study uses a similar set of simplifying assumptions

used previously by Vitasari et al. [1] and Rajabi and Grassia [2] (two-dimensional

system, lubrication approximation, film surface remains flat, etc.).

One significant simplification that we highlight, is the assumed boundary condition in

Eq. (6.11) that the Plateau border surface remains at (dimensionless) surface concen-

tration unity. To justify this, it is important to recall a physical picture of how foam

fractionation with reflux operates. Foam films rise up through the fractionation col-

umn, whilst simultaneously reflux liquid drains down through a network of Plateau

borders, and we are looking at the mass exchange process between the two. For suf-

ficient reflux flow, it can be the case that there is more liquid in the Plateau borders
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than in the films [1]. Similarly there can be more liquid flux (and also more surfactant

flux) in the Plateau borders than in the films [278]. As a result, the relative change in

surfactant content in the comparatively surfactant lean films should be greater than the

relative change in surfactant content in the surfactant rich Plateau borders. Even though

the Plateau border surfaces do lose surfactant to the films, the surfactant remaining on

them is carried down under gravity, and so is replaced by additional surfactant arriving

from higher up. In effect therefore Plateau borders are approximated here as being

surfactant reservoirs. Ultimately though what the boundary condition in Eq. (6.11)

attempts to capture is the notion that Plateau borders are richer in surfactant than films.

Here of course since surfactant is soluble, we do not consider just surfactant transport

on surfaces, but also surfactant transport in the bulk. That said, even though the sur-

factant is soluble here, we reiterate that there is no transfer between bulk and surface

on the time scale of interest due to the large Pe∆ assumption. Convection between the

bulk of the film and the bulk of the Plateau border is still permitted, but to the extent

that the Plateau border is treated as a surfactant reservoir, what we must focus upon

here is surfactant convection in the bulk of the film. Treating a Plateau border as a

reservoir, as is done here, is arguably more relevant for foam fractionation with reflux

than for foam fractionation in stripping mode (see Sec. 6.1 for a discussion of strip-

ping mode; removing surfactant from Plateau borders such that they become leaner is

an inherent part of stripping mode). Even when reflux is considered though, it is nec-

essary to establish what is happening on the surface first, and then use those surface

conditions to determine how surfactant is transported in the bulk.

On the surface though, as was the case with Vitasari et al. [1], we have already men-

tioned that there is a competition between Marangoni flow and film drainage. Due to

the dominance, at least early on, of Marangoni flow, there is a flow on the surface in

the direction from the Plateau border towards the centre of the film.

The physics that the model describes is as follows. In general a gradient in surfactant
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concentration is present on the surface. This gradient then is what sets up a flow field,

and that flow field is what causes a convective flow also in the bulk. Comparatively

close to the surface, the bulk flow carries fluid from the Plateau border towards the film.

This fluid is richer in surfactant than the film itself, as reflux in foam fractionation tends

to keep the Plateau border’s concentration (cPb) higher than the bulk film concentration

(c0). Here in fact we work in a dimensionless system in which cPb becomes unity, and

c0 also turns out (as we discuss later) to be the same as dimensionless Γ0 (with Γ0 < 1

here). Thus a new region in the bulk with the Plateau border’s concentration appears,

and is carried towards the centre of the film. However to compensate the incoming

flow from the Plateau border, a leaner concentration fluid exits the film into the Plateau

border. The latter flow is not from locations near the surface (z = δ), but instead

mainly from locations closer to the midplane of the film (z = 0) with concentration c0

as we have said.

As can be seen in Fig. 6.1b, the film is divided into two regions with distinct concen-

trations. One region has area Ab. The other has area At − Ab, where At here is the

total area, or more specifically At is the total area of a half-length and half-thickness

of film. Owing to the way in which we make the system dimensionless, in fact At is

identical to δ as given by Eq. (6.12), or if the film is not draining, At and δ are fixed

at unity. In any case, once we know these areas Ab and At − Ab we can also figure

out how much surfactant is in the film. The boundary that divides these regions is to

be called the separatrix, and to determine what the areas are we need to work out what

the evolution of the separatrix is.

6.2.4 Calculating evolution of separatrix

As can be seen from Fig. 6.1a, the boundary which separates bulk and Plateau border

concentrations is initially a vertical line which passes through x = 1 at the edge of the

film (where it meets the Plateau border). As already alluded to, we call this boundary

a separatrix. However during the foam fractionation process with reflux, the shape of
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this boundary changes continuously due to the effects of convective flow in the bulk.

As mentioned, close to the surface, a flow of uniform concentration (in dimensionless

form, cPb ≡ 1) is pulled towards the centre of the film, while around the midplane of

the film, fluid (with lower concentration c0) moves out of the film towards the Plateau

border. In the no film drainage case, the amount of fluid entering matches the amount

leaving. However in the case with film drainage, the amount leaving is always slightly

more than the amount entering. Nonetheless, since the fluid leaving tends to be leaner

in surfactant than the fluid entering, there is still a possibility to use reflux to recover

more surfactant in the film.

As mentioned previously, we need a model for how the separatrix evolves and then

knowing the shape of the separatrix we must calculate the areas Ab and At − Ab. As

a result, we track a number of initially uniformly distributed material points on the

separatrix with time. The general equations for how these material points evolve and

hence how the separatrix is convected are as below (the details of implementing these

equations numerically can be found in supplementary Sec. 7.3):

dxsep/dt = u(xsep, zsep) (6.13)

dzsep/dt = w(xsep, zsep) (6.14)

where xsep and zsep are x and z positions of the material points on the separatrix and

u and w are velocity fields in the x and z directions. However at initial time, the

velocity field Eq. (6.5) turns out to be singular, leading instantaneously to an infinite

velocity [220]. Hence, at early times, the numerics are difficult to handle and we need

a bespoke method to evolve the separatrix early on. The relevant method is addressed

in supplementary Sec. 7.2.

Having defined the separatrix, it is now easy to calculate the size of the respective

regions containing surfactant with the Plateau border’s concentration and containing
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surfactant with the initial bulk concentration. This is discussed next.

6.2.5 Total amount of surfactant present in the foam film

In what follows we determine the size of the bulk regions containing surfactant with the

Plateau border’s concentration and containing surfactant with the initial bulk concen-

tration, the regions themselves being sketched in Fig. 6.1b. The amount of surfactant

in the bulk then immediately follows. However this does not represent the total amount

of surfactant in the film, since we must also account for surfactant on the surface. This

is again determined in what follows.

At a specific dimensionless time t, the total dimensionless amount of surfactant con-

tained in the film, ST , is the sum of the surfactant SS on the film surface and SB in the

film bulk

ST = SS + SB. (6.15)

In particular SS can be obtained from the following formula

SS =

∫ 1

0

Γdx. (6.16)

Here, SS is identical to what has previously been worked out in Vitasari et al. [1].

However the dimensionless amount of surfactant SB contained in the film bulk is a

new concept not considered by Vitasari et al. [1] and can be calculated as follows:

SB = S
∫ 1

0

∫ 1

0

c dx dz (6.17)

where S is solubility parameter (Eq. (6.3)), c is dimensionless concentration of surfac-

tant in the bulk. Note in particular the prefactor S appearing in this equation which

follows owing to the way the system has been nondimensionalised. An analogous

prefactor appears in the work of Rajabi and Grassia [2].
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Within Eq. (6.17), c has different values either side of the separatrix (in dimensionless

variables, unity on one side, and c0 on the other), but in each of those regions c itself is

spatially uniform. Hence in each region, c can be taken outside the integration, and the

integrals then merely compute areas, respectively Ab and At−Ab. At the initial instant,

Ab = 0 and SB = S c0At. Immediately after that, Ab starts to grow and At − Ab falls.

Note also the difference between c in this study and in Rajabi and Grassia [2]: c(x, t)

in Rajabi and Grassia [2] was in instantaneous equilibrium with Γ(x, t), but here it is

not, remaining fixed instead at either unity or c0.

Thus far in this section we have considered surface SS and bulk SB contributions sep-

arately. However it is important also to understand how they are coupled. This is

discussed in Secs. 6.2.5.1 and 6.2.5.2.

6.2.5.1 Extent of coupling between surface and bulk

Above we mentioned a difference between the present model and the work of Rajabi

and Grassia [2]. Note another important difference from Rajabi and Grassia [2] here.

The flow fields that convect surfactant in the bulk here can be determined entirely

from knowledge of Γ and δ (see Eqs. (6.5) and (6.6)). However Γ and δ both evolve

in the present model entirely independently of solubility S as Eqs. (6.10) and (6.12)

make clear. Consequently there is only one-way coupling here: the surface drives the

bulk, but the bulk does actually not influence the surface. The separatrix shape that we

compute is S independent, as is the integral term in Eq. (6.17). The only S dependence

in SB therefore is due to the multiplicative prefactor S outside the integral. This means

that we can solve for the separatrix shape just once, and we then know SB for all S

values: in effect we are post-processing the results of Vitasari et al. [1] here. Of course

the value of SS here is also independent of S and so must be the same SS as computed

by Vitasari et al. [1] for an insoluble case. Since ST is nothing more than the sum of

SS and SB, it can also be obtained for all S by doing a computation just once.
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The situation is rather different from the regime considered by Rajabi and Grassia [2].

Coupling was much stronger there such that the bulk could also affect the surface. The

evolution equation for Γ that resulted then depended explicitly on S, so to evaluate the

various amounts of surfactant present (SS , SB and ST ) it was necessary to compute a

separate solution for each different value for S, a rather more laborious process.

6.2.5.2 Relating bulk surfactant with surface surfactant

Returning to the problem at hand, thus far we have explained how to obtain the amount

of surfactant in the bulk and the amount of surfactant on the surface, but not specifically

how it might be possible to relate the two. In order to relate the surface and bulk surfac-

tant concentrations, generally speaking we need an adsorption isotherm [93, 229, 230].

Especially when we are dealing with proteins rather than simple surfactant molecules,

isotherms can take rather complicated forms [159, 163, 288]. Specifically what the

isotherm does [289] is to relate the equilibrium amount of surfactant on the surface to

the equilibrium amount of surfactant in the bulk.

However, in the dimensionless system with which we are working, the equilibrium

amount of surfactant on the surface of the Plateau border and in the bulk of the Plateau

border are both unity by construction. Any isotherm that we select must respect that.

Even with that constraint though, there are still different isotherms that could be used.

However following Rajabi and Grassia [2], we will simplify the model and use what we

call a global Henry adsorption isotherm. The global Henry isotherm in dimensionless

form then requires that at equilibrium Γ = c. However a feature of the surfactant mass

transfer model employed in the present work is that there is no general requirement at

any instant for there to be equilibrium between surface and bulk. Equilibrium might

still apply between the surface and a subsurface immediately adjacent to it. However

diffusion is considered too slow on times scales of interest for equilibrium across the

entirety of the bulk to be achieved.
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Hence, in the specific model used here, we only ever utilise the isotherm to relate

the amount of surfactant on the film surface initially with the amount in the film bulk

initially. Using the global Henry isotherm this turns out to be in dimensionless form

Γ0 = c0, where Γ0 and hence c0 are necessarily less than unity: owing to reflux through

the Plateau borders, the film starts off leaner in surfactant than the Plateau border. Any

other isotherm could be chosen and would just give us a rather more complicated rela-

tion [159, 163, 288] between Γ0 and c0 (see Sec. 7.5 for an example). The requirement

to have Γ0 < 1 and c0 < 1 in the dimensionless system here would however be re-

tained.

By coupling the isotherm with the evolution with time of the separatrix shape, we now

have a definitive formula for the amount of surfactant in the bulk, namely

SB = S[Ab + c0(At − Ab)] = S[Ab + Γ0(At − Ab)] (6.18)

where the global Henry isotherm has been assumed, i.e. c0 is the same as Γ0. We then

use Eq. (6.16) to obtain SS , and Eq. (6.15) to obtain ST .

The way we proceed here is to set various different values for Γ0. The value of Γ at

any given position and time depends of course on Γ0, but is, as we have mentioned, in-

dependent of the bulk, i.e. independent of S. Since flow fields depend on Γ (Eqs. (6.5)

and (6.6)), and since flow fields also advect the separatrix (Eqs. (6.13) and (6.14)), the

areas Ab and At − Ab at any instant depend on Γ0 in a non-trivial way. Thus the way

that SB in Eq. (6.18) evolves over time is likewise affected by the value of Γ0 in a

non-trivial way. Meanwhile the evolution of SS (Eq. (6.16)) depends on the instanta-

neous values of Γ which again are sensitive to the choice of Γ0. Determining how the

evolution of overall amount of surfactant ST (i.e. the sum of SS and SB via Eq. (6.15))

is affected by different Γ0 is therefore less straightforward than determining how the

evolution of ST is affected by different S.

Having now quantified the amount of surfactant, in the next section we present how we
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define recovery and enrichment of a fractionation process with respect to the parame-

ters discussed earlier.

6.2.6 Recovery and enrichment

Recovery and enrichment are two quantities which are often used to evaluate the per-

formance of a foam fractionation process [5, 33]. In this study, total amount of surfac-

tant, ST is a measure at any instant of the recovery per foam film (or in fact part of a

foam film, as we are using film half-length and half-thickness in our model). It also

can be converted to the conventional recovery definition by specifying the number of

foam films leaving the fractionation column [2]. Meanwhile, enrichment is the ratio

between surfactant concentration in the foamate to the initial feed solution concentra-

tion and hence, enrichment can be quantified as ST/(S c0At), where S is solubility

parameter (Eq. (6.3)), c0 is initial solution concentration (and in our case is equal to

Γ0) and At is instantaneous cross sectional area of a film half-length and half-thickness.

We can see from the form of the equations (Eqs. (6.15), (6.16) and (6.18)), enrichment

and recovery are dependent on solubility parameter, initial surfactant concentration and

film half-thickness (given via Eq. (6.12)). Results for recovery and enrichment will be

discussed later (Sec. 6.3.6).

Now, having defined the model, we solve it numerically using the procedure that we

have already established in previous work [2] along with some additional methodology

to evolve the separatrix (see also supplementary Secs. 7.2 and 7.3) and the parameter

values that we use are given in supplementary Tables 7.2 and 7.3 within Sec. 7.4.1.

Benchmarking is also done within supplementary Sec. 7.4.2, so we turn now to results.

6.3 Results

In this section, results are discussed in the following order. We start by considering

the evolution with time of the total amount of surfactant on the surface of a foam
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film in Sec. 6.3.1. Then Sec. 6.3.2 discusses the evolution within the film bulk of the

so called separatrix with time, while Sec. 6.3.3 explains the evolution with time of

Ab/At, where Ab is the area of the region containing material initially in the Plateau

border’s bulk but then advected into the film. This is then normalised by the total

cross sectional area At. The effects of initial surface concentration Γ0, and solubility

parameter S, on the evolution of total amount of surfactant in the film ST , measured

relative to initial amount of surfactant ST,0, are discussed in Sec. 6.3.4. We then analyse

in Sec. 6.3.5 the effect of time evolution upon systems with various different initial

surfactant concentrations and different solubility parameters. Then Sec. 6.3.6 considers

recovery and enrichment in a foam fractionation process.

6.3.1 Evolution with time of the total amount of surfactant on the

surface of a film

The evolution with time of the dimensionless amount of surfactant on the surface SS

(Eq. (6.16)), is simulated and plotted in Fig. 6.2. More specifically we plot 1−SS , this

being a quantity which we know decays over time. The evolution of SS is the same

as what happens for an insoluble surfactant and has previously been investigated by

Vitasari et al. [1]. However, due to the effect that evolution of surfactant on the surface

has on the advection of surfactants in the bulk, we discuss SS here in brief. The results

for the cases with no film drainage and with film drainage are displayed in Fig. 6.2a

and Fig. 6.2b, respectively.

By comparing Fig. 6.2a with Fig. 6.2b, at early time, the evolution of SS is very similar

for the cases not including or including film drainage effects. This is to be expected

from Vitasari et al. [1], due to the dominance of Marangoni flow on the surface of

the film over any film drainage effects at early times. However, as time continues to

evolve and Marangoni flow becomes weaker, the competition between Marangoni flow

and film drainage in the case with film drainage (Fig. 6.2b) slows down the evolution
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Figure 6.2: Evolution with time of the dimensionless amount of surfactant on the film surface,
SS . Here, 1 − SS is plotted for various Γ0 versus time t in a log-log scale to emphasise the
difference between the no film drainage and with film drainage case at late time. Values of
other model parameters, e.g. VR in the case with drainage, are as per Table 7.3.

of SS slightly, compared to the no film drainage case (Fig. 6.2a). The main differ-

ences between the two cases are observed at later times though. In the case without

film drainage (Fig. 6.2a), the surface evolves quickly towards a uniform surfactant dis-

tribution, in dimensionless form Γ(x) → ΓPb ≡ 1, with no surfactant concentration

gradients remaining to keep pulling material onto the surface (hence SS = 1). On the

other hand, when film drainage is considered, SS will only approach this final state

rather more slowly. This is due to the fact that, at later times, a quasi-steady state be-

tween weak remaining Marangoni effects and slow film drainage is reached [1]. This

prevents the surface from reaching a completely uniform concentration, at least as long

as the film keeps draining.

Fig. 6.2 also shows that the parameter Γ0 affects at least slightly the dimensionless

time it takes for the film surface to reach a uniform surfactant distribution without film

drainage. Here, as Γ0 is increased, leading to less discrepancy between the Plateau

border surface and the film surface, the time to reach a uniform surfactant distribution

on the surface is less, albeit this time is only a weak function of Γ0. On the other hand,

in the case with film drainage it is apparent that the quasi-steady state once it is attained

is independent of Γ0, as the curves for all the different Γ0 values collapse together.
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6.3.2 Evolution with time of the separatrix shapes

Since in this study surfactants are considered to be soluble, they are present in the bulk

too. Thus, it is necessary to understand how surfactants in the bulk are transported

due to the advection flow driven by surfactant transport on the surface. The results

presented in Fig. 6.3 reflect the passive advection of points in the separatrix, where re-

call the separatrix is the boundary separating material that has arrived from the Plateau

border from material that was originally in the film. These material points are initially

distributed along the line at the edge of the film (x = 1), but move due to the advective

flow in the bulk, generated either by Marangoni stresses on the surface alone, e.g. the

no film drainage case (Fig. 6.3a for Γ0 = 0.1), or due to the interplay between those

Marangoni stresses and film drainage, e.g. the film drainage case (Fig. 6.3b again for

Γ0 = 0.1). As mentioned already, in this study, transport in the bulk is considered to

be purely advective, because surfactant diffusive transport from the surface to the film

bulk has been neglected (large Pe∆ limit).

Overall, it can be seen in Fig. 6.3 that the separatrix is pulled towards the the left,

i.e. towards the centre of the film over time, at least at locations close to the surface

(z = δ). However for locations close to the midplane of the film (z = 0), it is pulled

to the right over time and ultimately out of the film. This is caused mainly due to

the effect of Marangoni flow which is leftward on the surface, and rightward near the

midplane. Film drainage if present, also competes with Marangoni near the surface,

but cooperates with Marangoni near the midplane.

Results for the case with no film drainage, in Fig. 6.3a, show that, at early times,

Marangoni flow is rapid, so the separatrix evolves quickly initially. At later times,

Marangoni flow becomes much slower as the surfactant surface concentration gradients

weaken as a result of the gradual enrichment of surfactant on the film surface. The

separatrix shape therefore evolves increasingly slowly over time, as Fig. 6.3a shows,

until it reaches a final steady shape for which Marangoni effects are no longer present
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(c) Γ0 = 0.5, No film drainage
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(d) Γ0 = 0.5, With film drainage

Figure 6.3: Evolution with time of the material points on the separatrix, assuming points
initially equally spaced on the boundary separating the film and Plateau border bulks (initially
at x = 1). The parameter values used here are taken from supplementary Tables 7.2 and 7.3.

because a surface uniformly covered in surfactant (Γ → ΓPb ≡ 1) is achieved. After

that, there is no more convective exchange of material between the film and Plateau

border.

In the case in which film drainage is included in the model along with Marangoni ef-

fects (Fig. 6.3b), at early times, flow due to Marangoni effects dominates film drainage.

However as a result of an ongoing competition between Marangoni-driven flow and

film drainage opposing it, the evolution of the separatrix shape is slightly slower.

Proceeding towards later times, the decrease in the vertical coordinate of the leftmost

and topmost point in the separatrix (point at the film surface; see Fig. 6.3b) now shows

the film becoming progressively thinner as time evolves, due to film drainage effects.

This same leftmost and topmost separatrix point also of course migrates horizontally.

However from about t ≈ 5 onward, the material on the surface of the film is barely

moving horizontally at all, due to film drainage and Marangoni effects coming into a
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quasi-steady balance on the surface [1]. Although the top left of the separatrix then no

longer moves leftwards, material points lower down in the separatrix (within the film

bulk) are still moving rightwards towards the Plateau border, as a result of ongoing

film drainage in the bulk. As well as moving rightwards though, these same points are

also moving downwards and this is the main effect we see in Fig. 6.3b at later times.

In Figs. 6.3c and 6.3d we show analogous data but for Γ0 = 0.5 (instead of Γ0 = 0.1).

The main effect we see is that the separatrix is pulled less strongly to the left as Γ0

increases. There is also a weak effect in the z direction (evident by comparing the

right hand end of the separatrix in Figs. 6.3c and 6.3d with the right hand end of the

separatrix in Figs. 6.3a and 6.3b). At any given time, increasing Γ0 seems to move the

right hand end of the separatrix downward very slightly relative to cases with smaller

Γ0. However this is a much weaker effect than what is seen in the horizontal.

In summary, at early times, there is rapid surfactant exchange between the Plateau bor-

der and film bulks, dominated by Marangoni effects pulling material with dimension-

less concentration cPb ≡ 1 from the Plateau border into the film, at least for locations

near the surface. Meanwhile for locations closer to the midplane of the film, material

of dimensionless concentration c0 (with c0 = Γ0 here) is pulled out of the film into

the bulk of the Plateau border due to continuity. At later times, material inside the

film is being pulled into the bulk of the Plateau border throughout, although locations

near the midplane tend to be moving faster than those near the surface. As has been

noted, different regions within the film have different concentrations, although those

concentrations do not themselves evolve with time. As a result, by calculating just the

areas of those regions we are able to calculate total amount of surfactant in the bulk of

the film. Therefore in the next section we focus on these areas and how they evolve

over time.
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6.3.3 Evolution with time of area ratio Ab/At

In this section, the evolution with time of the area ratio Ab/At is presented. Recall that

Ab here is the area within the film containing material that was initially in the bulk of

the Plateau border. Meanwhile (see Sec. 6.2.3), the total area At has a straightforward

evolution which is due to the film drainage: indeed in a no film drainage case, it is

constant, equal to unity in the dimensionless system used here. Data are presented in

Fig. 6.4. Specifically data for cases without film drainage and cases with film drainage

are found in Fig. 6.4a and Fig. 6.4b, respectively.
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Figure 6.4: Evolution with time of the dimensionless ratio Ab/At. The parameter values used
here are taken from supplementary Tables 7.2 and 7.3.

Results with no drainage, with the value of At now equal to unity at all times, are

shown in Fig. 6.4a. We see that Ab/At increases significantly at early times. At later

times though, Ab/At eventually reaches a final steady value. The final steady value

of Ab/At is dependent on the dimensionless initial uniform surfactant concentration

along the film surface, Γ0. Smaller values of Γ0 (less surfactant initially on the film

surface) will lead to higher values of Ab/At being achieved, i.e. more material being

pulled from the Plateau border surface onto the film surface.

In the case where film drainage is included, Ab/At has a similar behaviour at early

times (as observed in Fig. 6.4b), due to the dominance of Marangoni effects over film

drainage effects early on. Indeed Marangoni effects manage to produce a significant

amount of mass transfer even before the film has had time to drain substantially. How-
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ever, as has also been observed in Secs. 6.3.1 and 6.3.2, the early time evolution is now

slightly slower due to the competition between Marangoni flow and film drainage. Ma-

jor differences in Ab/At for the two cases are however observed at late times, when the

film drainage effect can no longer be neglected (see Fig. 6.4b). To analyse the effect

of Γ0 on Ab/At, it is helpful now to write the rate of change of Ab/At with time as

follows:
d

dt

(
Ab

At

)
=

1

At

(
dAb

dt
− Ab

At

dAt

dt

)
. (6.19)

As long as Marangoni flow dominates, d(Ab/At)/dt is always positive, so that Ab/At

increases with time. At this stage, both terms on the right hand side of Eq. (6.19), i.e.

both dAb/dt and −(Ab/At) dAt/dt are positive. However, at late time for the case

with film drainage, the second term on the right hand side is positive, but the first term

on the right hand side can become negative. Hence, the sign of Eq. (6.19) depends

on the relative magnitude of these two terms. Since in the cases with smaller Γ0, the

value of Ab/At at any given time is larger (i.e. more surfactant exchange has taken

place), the second term on the right hand side of Eq. (6.19) is larger and hence Ab/At

remains an increasing function of time. The opposite happens for the cases with larger

Γ0, the value of Ab/At is then lower, and hence the second term on the right hand side

of Eq. (6.19) is less important than the first term: the right hand side of Eq. (6.19)

is then negative, and so the value of Ab/At can decrease at long times. Knowing the

value of Ab/At and how it behaves with time is of interest, since Ab/At turns out to

determine the average concentration of dissolved surfactant in the film bulk which can

be obtained from c0 + (cPb − c0)Ab/At. Of course in the dimensionless system here,

cPb ≡ 1 and c0 = Γ0.

In summary in the case with no film drainage, at early times, Ab/At increases quickly

at first, increasing the overall amount of surfactant in the film, since material of con-

centration c0 is being substituted by material of higher concentration, cPb ≡ 1. At later

times, the system reaches a steady state, where Ab/At reaches a final steady value. Fur-
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thermore, as we decrease Γ0, the early-time rate of growth of Ab/At becomes faster,

leading also to higher final values of Ab/At in the late-time limit. In the case where

film drainage effects are present, a slightly slower initial increase is observed for Ab/At

compared to the no film drainage case. At later times, once the film drainage effects

start to become more significant in relative terms, two different situations can be ob-

served depending on the value of Γ0. In cases with smaller Γ0, the value of Ab/At

continues to increase, while it decreases at longer times in cases with larger Γ0.

Having now considered the areas of two regions within the bulk with uniform but

different concentrations, now we can calculate the amount of surfactant in the bulk, as

well as the overall amount of surfactant on the surface plus the bulk. This is discussed

in the next section.

6.3.4 Total amount of surfactant relative to initial amount

Now, we proceed to analyse the influence of the solubility parameter S (Eq. (6.3))

and initial surfactant concentration Γ0, on the total amount of surfactant contained in

the film ST (surface plus bulk). Specifically, we plot total amount of surfactant (ST )

relative to its initial value (ST,0), for different S and Γ0 (see Figs. 6.5 and 6.6). This

ratio ST/ST,0 is a measure of how Plateau-border-to-film mass transfer induced by

reflux affects the recovery of a fractionation process over time relative to the initial

recovery prior to any benefit from this effect of reflux. The larger this ratio, the more

the system benefits from reflux. However the other relevant factor in cases with film

drainage is thinning of the film, which can result in a decrease of the total amount of

surfactant in the film, and subsequently, a decrease in the recovery over time. First, we

present the results of the no film drainage case in Sec. 6.3.4.1. Then, the case with film

drainage will be discussed in Sec. 6.3.4.2.

In this study, using relevant data from literature (see Tables 7.2 and 7.3), a base case

estimate for the solubility parameter S (as per the definition in Eq. (6.3)) turned out to
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be 3.09. To investigate the effect of solubility parameter being varied about the base

case, we selected values S = 3 and S = 30 for the no film drainage case. In this

particular case, we did not explore solubility parameters smaller than S = 3, because

the completely insoluble case has been solved by Vitasari et al. [1]. We know already

what happens there: ST/ST,0 grows over time from unity to Γ−1
0 , at least in the absence

of film drainage. In the case with film drainage, behaviour is more complex, and so to

elucidate the behaviour a little more, we look at a wider domain of S, namely S = 0.03,

S = 0.3, S = 3 and S = 30.

6.3.4.1 Case without film drainage

The results of the no film drainage case are presented in Fig. 6.5 for two different

solubility parameters, 3 and 30 as we have said. What we see in each case is that

ST/ST,0 increases with time and then eventually reaches a final steady state value. The

final steady state value becomes larger as the initial surfactant amount Γ0 becomes

smaller. Moreover the final steady state value also becomes larger as the solubility S

decreases. However the final steady state value of ST/ST,0 always falls short of Γ−1
0

(the value attained for an insoluble surfactant [1]).

The final amount of surfactant in the film can be calculated by considering the final

values resulting from Eqs. (6.15) to (6.18). This then leads to the equation ST =

ΓPb+S(cPbAb+c0(At−Ab)), where Ab now specifically denotes a final area. This final

ST value can also be written in the form ST = ΓPb+S cPbAt−S(cPb− c0)(At−Ab).

In our dimensionless system ΓPb and cPb are unity, At is also unity (in the absence

of film drainage), and c0 is the same as Γ0. Hence, with those substitutions ST =

1 + S −S(1− Γ0)(1−Ab). Recall also (see Sec. 6.2.5.1) that the only S dependence

here is the dependence showing explicitly: the value of Ab is sensitive to Γ0 but not

sensitive to S.

By similar arguments, in our dimensionless system ST,0 = (1 + S)Γ0. It is clear now
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that the ratio ST/ST,0 always falls short of Γ−1
0 , and the amount it falls short grows as S

grows. In a hypothetical case in which Ab/At became as large as unity, ST/ST,0 could

attain the value Γ−1
0 . However we know from Fig. 6.4a that Ab/At never becomes

that large. The other way to prevent ST/ST,0 falling short of Γ−1
0 is to have Γ0 itself

approaching unity. However the difference between the initial surfactant concentration

on the film and the concentration in the Plateau border is then so small, that there is

essentially no benefit to derive from Plateau-border-to-film mass transfer induced by

reflux.
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Figure 6.5: Total amount of surfactant (ST ) relative its initial value (ST,0) versus time, calcu-
lated for surfactants with solubility parameters, 3 and 30 and for various values of Γ0, in the no
film drainage case.

In summary, the total amount of surfactant in the film ST increases when solubility S,

is increased, but the relative amount, ST/ST0 actually decreases. We observe that high

solubility results in having more surfactant in the film initially, but simultaneously that

reduces the factor by which reflux can then increase the recovery over time.

6.3.4.2 Case with film drainage

Regarding the case in which film drainage is included (Fig. 6.6), at early times the be-

haviour of ST/ST,0 is similar to what is seen when film drainage effects are neglected.

However the rate of increase of ST/ST,0 is slightly less than in the no film drainage

case, because of the competition between Marangoni flow and film drainage, which

slightly slows down the evolution of ST .
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Figure 6.6: Total amount of surfactant ST relative to its initial value ST,0 versus time, calcu-
lated for surfactants with solubility parameters, 0.03, 0.3, 3 and 30 and for various values of Γ0,
in the case with film drainage. The drainage velocity parameter VR is given in supplementary
Table 7.3.

At later times though, a decrease in ST/ST,0 is observed. This is due to the fact that,

after reaching a (quasi-steady) balance on the surface, the main effect influencing the

amount of surfactant is film drainage from the bulk. Hence, the total amount of surfac-

tant or equivalently surfactant recovery of the film decreases from this time onward.

For the less soluble surfactant cases (Figs. 6.6a and 6.6b), the late time decrease in

ST/ST,0 is comparatively small. This is due to the fact that in cases with only moder-

ate solubility, although film drainage is indeed removing material from the bulk, there

is now barely any surfactant in the bulk to start with. However the reduction at late

times is more significant in the more soluble surfactant cases. The other important

factor affecting the late-time behaviour is the initial surfactant concentration. In fact,

most of the surfactant loss from the bulk is from locations near the midplane of the

film containing surfactant with the initial bulk concentration c0 (equal to Γ0 in the di-

mensionless system here). As a result, films with lower initial bulk concentration tend
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to lose only surfactant lean material, whereas films with higher initial concentration

stand to lose more surfactant.

Once sufficient material is lost from the bulk, the surfactant recovery ST for a film

might even become less than the initial amount ST,0. As Fig. 6.6 shows, this typically

happens for the cases with higher solubilities S and higher initial surface concentra-

tions Γ0. Even when that happens though, there might still be a benefit for the film in

enrichment terms, as we will see later on.

In summary, in cases with film drainage, surfactant recovery reaches a maximum

around the time that a quasi-steady state is reached, then decreases. In cases with

higher solubility parameters, due to the same reason mentioned in Sec. 6.3.4.1, the

increase of ST/ST,0 up to the quasi-steady state is less. However its decrease from that

time onward is higher: when S is large, most of the surfactant is contained in the bulk,

and we are specifically losing surfactant from the bulk. Overall, more soluble cases

are more sensitive to film drainage.

6.3.5 Effect of time evolution in cases with film drainage

In this section, we investigate in more detail how ST/ST,0 and also ST itself are af-

fected by the fractionation process time evolution. We focus on the case with film

drainage, since this is the case which exhibits interesting non-monotonic behaviour.

We have chosen just two values of the solubility parameter S , namely 3 and 30, as

these are cases in which the non-monotonic behaviour is more evident. The times

when ST/ST,0 and ST reach a maximum for various values of Γ0 are identified, along

with the maximum values themselves. Moving to later times, values of ST/ST,0 at 10

and 100 time units are also presented for selected S and Γ0 within Tables 6.1 and 6.2.

Looking at Tables 6.1 and 6.2 separately, reveals the fact that in each case there is a

certain time corresponding to the maximum ST or equivalently maximum ST/ST,0,
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Table 6.1: Time for maximum ST /ST,0 and maximum ST , as well as values of these maxima
are reported. In addition values of ST /ST,0 at 10 and 100 time units are given. Here Γ0 takes
values 0.1, 0.5 and 0.9, solubility parameter S = 3 and film drainage is assumed to occur.

Γ0 0.1 0.5 0.9
ST,0 0.4061 2.0034 3.6007

Time of max ST/ST,0 5.78 3.44 0.40
Max ST/ST,0 4.0734 1.2465 1.0055

Max ST 1.6542 2.4973 3.6205
ST/ST,0 at t = 10 4.0224 1.1934 0.9245
ST/ST,0 at t = 100 3.4430 0.8805 0.6374

Table 6.2: Time corresponding to the maximum ST /ST,0 and maximum ST , as well as values
of these maxima are reported. In addition values of ST /ST,0 at 10 and 100 time units are
given. Here Γ0 takes values 0.1, 0.5 and 0.9, solubility parameter S = 30 and film drainage is
assumed to occur.

Γ0 0.1 0.5 0.9
ST,0 3.1061 15.5034 27.9007

Time of max ST/ST,0 4.46 1.82 0.01
Max ST/ST,0 2.5062 1.0647 1.0002

Max ST 7.7846 16.5061 27.9053
ST/ST,0 at t = 10 2.4041 0.9700 0.8752
ST/ST,0 at t = 100 1.6270 0.5619 0.5027

and this time is highly dependent on the value of Γ0. For lower Γ0 values, longer time

is required for the maximum to happen. What leads to the maximum in ST/ST,0 is the

following. Initially, Marangoni effects dominate, hence ST/ST,0 increases. However

film drainage is also taking surfactant out from the bulk. After some time, the amount

of surfactant being removed from the film due to film drainage outweighs the amount

brought in as a result of Marangoni flow on the surface and any associated convective

flow in the bulk. Choosing smaller Γ0 drives a stronger Marangoni flow, so it then

takes longer for film drainage to dominate over it.

Moreover, it is confirmed that, as Fig. 6.6 also shows, systems with lower Γ0 eventually

reach a higher maximum value of ST/ST,0. This means that the cases with lower Γ0

gain in relative terms more surfactant due to reflux, despite the fact that total amount

of surfactant in these cases is less than cases with higher initial concentrations.

Looking now towards even longer times, e.g. t = 10 and t = 100, less of the surfactant
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that was gained is subsequently lost in the cases with lower Γ0. This is again due

to having leaner bulk in these cases. For instance, in the case with Γ0 = 0.1 and

solubility parameter S equal to 3, at 10 and 100 times units respectively, ST/ST,0

is approximately 1% and 15% less, relative to its maximum amount. However the

analogous amount for Γ0 = 0.9 is around 8% and 36% less at 10 and 100 time units,

respectively. Leaner solutions therefore not only benefit more from reflux up to the

maximum, but also lose less surfactant as the process continues. As a result enrichment

(see definition in Sec. 6.2.6) in these cases can be high without much decrease over

time in their recovery (to be discussed later on in Sec. 6.3.6). On the other hand,

solutions that were richer initially e.g. Γ0 = 0.9 lose more surfactant later on, and

indeed they can lose so much surfactant that they end up by t = 10 or t = 100 with

less than they had initially. Overall, it can be seen that leaner solutions benefit more

from foam fractionation with reflux.

Now, instead of looking at Table 6.1 and Table 6.2 individually, we can compare them

to gauge the effect of different solubilities. In fact the initial total surfactant amount

ST,0, in the systems which contain higher solubility surfactants are significantly higher.

Hence, as far as recovery is concerned, even without benefitting from Plateau-border-

to-film mass transfer induced by reflux, surfactants with higher solubilities can be re-

covered to a greater extent than lower solubility surfactants. Plateau-border-to-film

mass transfer induced by reflux merely increases that recovery, i.e. the maximum ST

is even higher than ST,0. However, as can be seen in Table 6.2, the time when ST/ST,0

for more soluble surfactants reaches a maximum is significantly less than cases with

lower solubilities. This is due to the fact that in these cases the contribution from the

film bulk is more important than in low solubility cases. As a result, the effect of losing

surfactant from the bulk due to the film drainage can be seen sooner.

This is more obvious in systems with higher Γ0 which need very little time at all to

reach a maximum in ST/ST,0. For instance, in the case with Γ0 = 0.9 and solubility
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parameter S equal to 30 say, the time required to reach the maximum is just 0.01

time units and the maximum amount of ST itself is only around 0.02% higher than

the amount of surfactant at initial time ST,0. In addition, in higher solubility cases,

more surfactant is lost at longer times. For instance, approximately 12% and 49% of

surfactant relative to its peak amount will be lost after 10 and 100 time units in this

last mentioned case (Γ0 = 0.9 and S = 30). Thus, for these cases there is barely any

benefit for having long residence time if increasing the recovery is our primary goal in

foam fractionation. However, as is discussed next (Sec. 6.3.6), reduction of recovery

even in these cases can still be offset by increased enrichment as the film thins.

6.3.6 Recovery and enrichment

We now consider recovery and enrichment which as was discussed in Sec. 6.2.6 are

important parameters for assessing performance of a fractionation process: formal

definitions are given in Sec. 6.2.6. In Fig. 6.7, we have plotted recovery versus en-

richment for various solubility parameters (0.1 ≤ S ≤ 50) at different times, assuming

film drainage is present, and for two different initial surfactant concentrations (Γ0),

namely 0.1 and 0.5. We do not consider Γ0 = 0.9 here, because Plateau-border-to-film

mass transfer induced by reflux is expected to have only very modest benefit in that

case.
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Figure 6.7: Recovery versus enrichment, plotted for various solubility parameters (0.1 ≤ S ≤
50) at different times.

We can see that there is a trade off between recovery and enrichment. As a result, to
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increase one, we generally need to decrease the other. High solubility parameter S

leads to high recovery but low enrichment, whereas low solubility parameter leads to

low recovery but high enrichment. Nonetheless, in the presence of reflux, recovery

and enrichment benefit as time evolves: the recovery-enrichment curves are pushed

upwards and to the right. However the extent of that benefit depends on the initial

surface concentration (Γ0): there is much more benefit when Γ0 is small (Fig. 6.7a)

than when it is larger (Fig. 6.7b).

The other observation is that in all cases, after around t = 10 further benefits in the

recovery versus enrichment plot are limited: the t = 10 and t = 100 curves lie close

to one another, so are a little difficult to distinguish in the plots. Between t = 10

and t = 100, as film drainage continues to remove material from the bulk, in the

high solubility part of the plot there is a modest decrease in recovery, while in the

low solubility part of the plot there is a modest increase in enrichment. To summarise

then, the effect seen at longer times, is an enhancement of enrichment at the expense

of recovery. Long times (i.e. many units of dimensionless time) are needed to see this

though, since (as already noted in Sec. 6.2.1) drainage flow is comparatively slow.

It is worth remembering also here that throughout data have expressed in terms of

dimensionless time. The conversion back to dimensional time using typical parameter

estimates is given in Table 7.2. For the given parameter values, dimensionless t = 100

corresponds to only around 1 s of dimensional time. Even this is short compared with a

typical residence time that might be expected for a foam film in a fractionation column.

Hence not just in Fig. 6.7, but in Figs. 6.2 to 6.6 and in Tables 6.1 and 6.2 also, it

is actually the long-time limiting behaviour that is of particular interest for typical

fractionation applications.
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6.4 Conclusion

Simulation of convected soluble surfactant transport on and within a foam film has

been carried out in the context of a foam fractionation process with reflux (or analo-

gously, a foam fractionation process operated in stripping mode). This study builds

on related models developed and published earlier [1, 2]. However the main novelty

of the present study is that here mass transfer of soluble surfactant in the bulk of a

foam film due to convective flow is taken into account. The convective flow happens

as a result of an interplay between Marangoni flow and film drainage on the surface

of the foam film, albeit with the resulting flow fields then extending into the bulk.

The parameters used for the simulation purposes were taken from relevant literature

[158, 159, 162, 205, 280, 283]: see supplementary Sec. 7.4.1 for details. Here also

dimensionless parameters that were identified as being particularly relevant to system

behaviour were the solubility parameter S and initial surface surfactant concentration

Γ0, so various values of these parameters have been considered. Note that we are refer-

ring to “surfactant” generically in this work, but the main application considered here

is protein separation, e.g. β-LG.

In general, this study tackles a specific limit, namely large Pe∆, in which diffusion

of surfactant from the surface of a foam film into the bulk is ignored, so convection

dominates. For simplicity and following on from the work Rajabi and Grassia [2], we

have selected a Henry isotherm to relate the bulk and surface concentrations. However

we could have used another adsorption isotherm at the expense of making the relation-

ship between bulk and surface non-linear [194, 288, 290]: adsorption isotherms for

proteins in particular are often rather complex [159, 163, 288]. Here though specifi-

cally the isotherm is needed to relate initial surface and initial bulk concentrations. The

consequence of switching to a non-linear isotherm would be to have less bulk concen-

tration for a given surface concentration (see Sec. 7.5 for an example). Thus we would

recover less surfactant from the bulk than the model here predicts.
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In addition, in line with previous literature [1, 2], two different cases during this study

have been considered, namely, a no film drainage case and a case with film drainage.

The main difference between these two cases is that there is more surfactant on the

surface and in the bulk of the film in the case without film drainage than with film

drainage. Indeed, in the film drainage case, so much surfactant can be lost at late

times, that even less is recovered than was present initially. Even so, there can still be

a benefit in terms of enrichment.

In this study, within the bulk, we track a locus that we call a separatrix, which forms

a boundary between two regions with uniform, but different concentrations. These

regions are the one with the Plateau border’s concentration and the one with the initial

film concentration (the Plateau border’s concentration is higher than that of the film,

due to reflux). The separatrix evolves with time as a result of the convective flow

extending into the bulk, thereby defines how the areas covered by the aforementioned

regions change with time. Knowing the areas enables us in turn to calculate the amount

of surfactant in the bulk and subsequently, the overall amount of surfactant in the film

(surface and bulk together).

As surfactant evolution on the surface has previously been investigated elsewhere [1],

we mostly focus on what happens in the bulk and its effect on the overall amount of

surfactant. It has been found that over time, the top of the separatrix is pulled towards

the centre of the film, while for locations closer to the midplane of the film, the separa-

trix is pulled instead towards the Plateau border. This is as expected consistent with the

direction of convective flow in the bulk. The parameter that has most influence upon

the evolution of the separatrix is found to be the initial surfactant surface concentra-

tion Γ0, that causes the driving force for setting up Marangoni flows. Lower surfactant

surface concentrations create a larger driving force on the surface, hence, a stronger

convective flow towards the centre of the film, at least for locations close to the sur-

face. This then causes the separatrix to displace more and results in having more fluid
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with the Plateau border’s concentration arriving in the bulk of the film.

It has also been found that higher initial surfactant concentration Γ0 and higher sol-

ubility parameter S lead to having more initial overall amount of surfactant on and

within the film, but less overall amount of surfactant relative to the initial amount. In

the no film drainage case, the overall amount of surfactant relative to the initial amount

increases up to a point and then reaches a steady state. However, in the case with

film drainage, surfactant amount relative to initial amount decreases after reaching a

maximum.

To analyse the effects due to drainage at later time when this decrease happens, we

determined the time at which the overall amount of surfactant relative to the initial

amount reaches a maximum, and also the decrease in amount of surfactant afterwards.

It has been observed that in the cases with higher initial surfactant concentration Γ0,

and higher solubility parameter S, the time to reach maximum is less, and the amount

of surfactant being lost from the film afterwards is greater. Thus, in cases with higher

Γ0 and higher S, the residence time optimising the surfactant recovery is much lower,

and the negative effects of extending residence time to longer times are also more

significant. Hence we can say that these cases are more sensitive to the residence time

(or equivalently to the fractionation column length). However the system has been

made dimensionless on a scale such that typical residence times will likely be well

beyond that optimum time. Moreover this is merely an optimum for recovery: longer

residence times can still lead to better enrichment. Indeed, this study revealed that

higher solubilities are more beneficial for surfactant recovery, and lower solubilities

are more beneficial for enrichment of the foamate in a fractionation process. Systems

with lower initial concentrations benefited more from reflux in terms of both recovery

of surfactant and enrichment.

In summary, previous work [1] looked at the insoluble case. In Rajabi and Grassia

[2], solubility was taken into account, but in the limit of small Pe∆ (rapid surfactant
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diffusion across films, applicable for relatively small surfactant molecules and very

thin films). Here, we worked out another relevant limit, namely soluble surfactant with

large Pe∆ (convection-dominated limit, for bulky surfactant molecules within films

that are not quite so thin). However in reality systems will presumably be in between

these two limits. Moreover, just as Vitasari et al. [1], Rajabi and Grassia [2] did, we

simplified the film’s shape, using instead the assumption of a flat film. As a result,

even though we captured Marangoni and film drainage effects to an extent, the flow

fields we determined are simplified ones. The adsorption isotherm has also been sim-

plified as has been mentioned. Furthermore Plateau borders are treated as if they were

surfactant reservoirs. However, despite the simplifying assumptions and the particular

limit assumed, we were able to obtain predictions of fractionation performance, which

can help to guide the separation by fractionation of surface-active materials, such as

proteins.

There is an important point here however for a practitioner aiming to use fractionation

to separate a big bulky molecule like a protein (likely to have a large Pe∆ and hence

involve convection-dominated transport): relying on convective transport to enrich a

foam film significantly could well be challenging. Indeed convection is only able to

enrich a bulk foam film to the extent that bulk liquid is transferred between a film and

a surrounding surfactant rich Plateau border. Since the amount of liquid convected is

always less than the total amount of liquid in the film’s bulk, the extent of enrichment

could therefore be rather limited. A less bulky molecule (e.g. a smaller surfactant

molecule, instead of a protein) with a small Pe∆ can be transported into the bulk of

foam films via diffusion, and might therefore become enriched more readily.

The predictions however come with a number of caveats, that are important to mention.

Although we have considered only convective surfactant transport in the film bulk, in

reality Pe∆ is large but finite (on the order of 1000 or so according to Table 7.3).

This means weak diffusion of surfactant will actually be present concurrently with the
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convection. That diffusion will of course be active where concentration gradients are

largest. Clearly there are large concentration gradients at the separatrix itself, so a

sharp concentration front there will be smeared out by diffusion even as the separatrix

advects. Diffusion will also be present near the film surface. Material in the subsurface

(immediately below the surface) can be in equilibrium with the surface, but is not in

equilibrium with the remainder of the bulk slightly further from the surface.

However weak diffusion (whether near the separatrix or near the surface) can also

couple with the convective flow fields. If diffusion causes surfactant to diffuse a small

distance away from what is nominally a sharp front, then spatiotemporal differences

in velocity will exist between the actual position of the surfactant and the nominal

position of the front. Depending on the velocity gradients present in the flow field, this

potentially could advect the surfactant even further away from the nominal position of

the front.

Another caveat is that despite some similarities between the insoluble surfactant case of

Vitasari et al. [1] and the large Pe∆ case considered here (i.e. in both cases limitations

are placed on surfactant exchange between surface and bulk), there are also differences.

In the insoluble case, i.e. small values of S, even if surfactant did manage to transfer

from surface to bulk, according to Eq. (6.17) there would never be much of it in the

bulk, even if surface and bulk were to equilibrate. In the present situation, i.e. large

values of Pe∆, it is merely the case that Eq. (6.9) predicts surfactant diffuses off

or onto the surface comparatively slowly, certainly on time scales longer than any

Marangoni or film drainage flows might proceed. After several units of dimensionless

time then, the separatrix will have reached a steady configuration (or in the case when

film drainage is present, a quasi-steady configuration), and convection will have have

come almost to a stop or at least will have slowed significantly. Even after that though,

diffusion is still ongoing: provided S is not too small, significant amounts of surfactant

can still eventually manage to enter the bulk diffusively, albeit as we have said, this
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occurs slowly compared to the prior convective transport. The surfactant distribution

that results at the end of the convective transport stage is an initial condition for the

diffusive transport stage.

In fact based on Eq. (6.9) we would need dimensionless times on the order of several

multiples of Pe∆ to see significant diffusion. A single unit of dimensionless time in the

present problem, when converted back to dimensional variables (see Table 7.2) is how-

ever only around 0.01 s. This is short compared to a typical residence time expected for

a foam film rising through a fractionation column in a laboratory experiment, which

could be on the order of seconds or even more. Hence the end of the convective stage

is reached quickly, at least on a laboratory time scale. The dimensionless time scale for

diffusion meanwhile is, as we have said, several multiples of Pe∆. With Pe∆ values

on the order of 1000 as given by Table 7.3 this corresponds to a time scale up to the

order of a minute. On that sort of time scale, diffusive transport cannot be ignored, and

the model already considered by Rajabi and Grassia [2] (which incorporates significant

diffusive surfactant transfer effects right from the outset) arguably then becomes more

pertinent than the convective transport dominated model that has been considered here.
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Chapter 7
Transport of convected soluble

surfactants on and within the foam film

in the context of a foam fractionation

process: Supplementary material

“This chapter consists of published material: [H. Rajabi, R. Rosario, P. Grassia, “Trans-

port of convected soluble surfactants on and within the foam film in the context of a

foam fractionation process,” Chemical Engineering Science, vol.281, 119100, 2023.

https://doi.org/10.1016/j.ces.2023.119100]”

Abstract

In this supplementary section, we present some additional information used to develop

a model for convected soluble surfactant transport on and within the foam film. In

Sec. 7.1 we review the nondimensionalisation process. Sec. 7.2 is an important section

to progress our simulations: in that section we explain how to manage the numerical

complications that arise due to the singularity of the flow field at early times. The
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numerical approach applied after that very early time is then presented in Sec. 7.3.

Sec. 7.4 provides the physical and physicochemical data used in the simulations and

also the benchmarking procedure used to set numerical parameters. Finally Sec. 7.5

considers the possible role of having a non-linear adsorption isotherm.

7.1 Nondimensionalization

Here we show how to nondimensionalise the parameters and equations used in our

model, as presented in Sec. 6.2 in the main text.

• We make x (distance along the film) dimensionless with respect to the film half-

length (L), and z (distance across the film) dimensionless with respect to the

initial film half-thickness (δ0).

• Velocities u in the x direction are nondimensionalised with respect to Gδ0/µL

(a characteristic Marangoni velocity with G being Gibbs parameter and µ being

viscosity), while velocities w in the z direction are nondimensionalised with

respect to Gδ20/µL2.

• Times t are made dimensionless with respect to µL2/Gδ0.

• Surfactant concentrations in the film c are made dimensionless with respect to

the surfactant concentration in the bulk of the Plateau border cPb. Note that

the Plateau border is treated as a surfactant reservoir. Thus, its concentration is

assumed to be constant.

• Surfactant concentration on the film surface Γ is made dimensionless with re-

spect to the Plateau border’s surface concentration ΓPb.

• When films are draining, we make instantaneous film half-thicknesses δ dimen-

sionless with respect to the initial film half-thickness δ0.

• Cross sectional areas Ab and At within films (or strictly speaking within each
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film half-length and half-thickness) are made dimensionless with respect to the

initial film cross sectional area At|t=0 or equivalently δ0L.

7.2 Early time evolution

In this work, we are trying to track the material points which form the boundary be-

tween material that was originally in the film and material that was originally in the

Plateau border. These material points form the so called separatrix. Due to a step

change in concentration between Plateau border and film at initial time, the velocity

field Eq. (6.5) is singular, i.e. initially velocity turns out to be infinite [220]. Hence,

at early times, the numerics are difficult to handle, and we need to specify a method

to proceed. Subsequently, the early-time results obtained from the present section will

be needed to continue tracking material points at later times. Hence we discuss the

early-time case in some detail here.

In Sec. 7.2.1 we work out an analytical formula to find the position, after the first time

step, of the material points that were initially at x = 1. Essentially what we find is

that if we can track the material point at the top of the separatrix on the film surface,

we can also track material points on the separatrix in the bulk: the situation on the

film surface is therefore explained in Sec. 7.2.2. Interestingly, as will be discussed

later, the material point that separates initial material on the film surface from newly

arrived Plateau border material turns out to correspond to the point on the surface with

maximum velocity: the derivation of this result can also be found in Sec. 7.2.2. Finally,

the dependency of the accuracy of this first time step upon the size of the time step itself

is calculated in Sec. 7.2.3.

7.2.1 Early-time evolution during the initial time step

In the limit of interest, i.e. very early times, Marangoni flow on the surface is the

dominant transport mechanism. Hence, we can ignore film drainage for this specific
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time, and use instead the analytical solution involving complementary error functions

for the evolution of surfactant surface concentration Γ, introduced by Vitasari et al. [1].

However, for the purpose of our calculations, using one term of the complementary

error function solution is sufficient, as follows:

Γ ≈ Γ0 + (1− Γ0) erfc

[√
3(1− x)

2
√
t

]
, (7.1)

where Γ0 is initial surface concentration, and Eq. (7.1) is in dimensionless form. As

film drainage early on is ignored, the velocity field in the x-direction Eq. (6.5) in the

main text, is reduced to the following equation:

u =

(
1

6
− z2

2

)
1

Γ

∂Γ

∂x
, (7.2)

again in dimensionless form. Moreover, ∂Γ/∂x can be obtained from Eq. (7.1) as:

∂Γ

∂x
=

√
3

πt
exp

(
−3(1− x)2

4t

)
(1− Γ0). (7.3)

Thus, a horizontal velocity field equation can be obtained from the combination of

Eqs. (7.2) and (7.3) as:

u =

(
1

6
− z2

2

) √
3 exp

(
−3(1−x)2

4t

)
(1− Γ0)

√
πt
(
Γ0 + erfc

(√
3(1−x)

2
√
t

)
(1− Γ0)

) (7.4)

and, by substituting z by unity, the equation for surface velocity field would be:

us =
− exp

(
−3(1−x)2

4t

)
(1− Γ0)

√
3πt

(
Γ0 + erfc

(√
3(1−x)

2
√
t

)
(1− Γ0)

) . (7.5)

176



We can simplify Eq. (7.5), by introducing the variable β = Γ0/(1− Γ0) as follows:

us =
− exp

(
−3(1−x)2

4t

)
√
3πt

(
β + erfc

(√
3(1−x)

2
√
t

)) . (7.6)

We find that u scales similarly to Kt−1/2 at early times, where K is a quantity that de-

pends on z and also on Γ0. Moreover, K has a well-defined limit at t → 0. Therefore,

it is possible to estimate the final position of separatrix points after the first time step

(∆t) by integrating the velocity component associated with the x-direction as follows:

xend = xstart +

∫ ∆t

0

u dt (7.7)

where xstart and xend are the positions of the material points initially and after the first

time step, respectively. Substitution of u from Eq. (7.4) into Eq. (7.7) gives:

xend = xstart + 2K∆t1/2

uend = K∆t−1/2

 =⇒ xend = xstart + 2uend ∆t (7.8)

where xstart = 1 and where uend is the horizontal velocity field at the material point

position after the first time step. In particular we suppose

uend ≈ u(xm, zstart,∆t), (7.9)

where xm denotes the particular x value after time ∆t of the specific material point

that was located at x = 1 and z = 1 at t = 0 (i.e. xm gives the top boundary of the

separatrix, at least at early times). Meanwhile, zstart can be any arbitrary z location.

Note however from Eq. (7.4) if we know uend at any one zstart location, e.g. at zstart =

1, then we know it at all z locations. Our challenge therefore is to estimate xm.

Notice that we focus on the x-component of velocity here. In the initial state, since

the separatrix (dividing film from Plateau border) is vertical, even if material points

177



on this boundary do acquire a non-zero vertical velocity component w, this velocity

component is initially tangential to the separatrix and hence has no impact upon the

evolving shape of the separatrix during the first time step. This then is the reason why

uend in equation Eq. (7.8) can be evaluated at zstart at least for this first time step. Points

at different zstart will of course displace horizontally by different amounts according

to the shape of the velocity profile u from equation Eq. (7.4). As alluded to above, we

do however need to find xm. This is discussed next.

7.2.2 Behaviour at the film surface for the initial time step

Here, we are trying to identify a particular material point at the topmost end of the

separatrix (on the surface of the film), ideally such that its trajectory in (x, t) space is

particularly easy to track. What we are working towards here turns out to be a very

simple result (Eq. (7.20)) but the detailed derivation of it is given below.

For convenience, we define χ which is a similarity variable, as below:

χ = (1− x)/
√
t. (7.10)

The following equation is the rate of change of χ with time:

dχ

dt
= −dx/dt√

t
− χ

2t
(7.11)

where dx/dt is the speed of a material point. It is convenient to try to find a material

point which always has the same value of χ, because that material point then can be

shown to have a very simple trajectory for x. Indeed, to find the particular material

point which has always the same χ value, the time rate of change for χ following that

specific material point should be zero.

More generally, we know that a material point on the surface moves with the velocity

of the fluid on the surface, us. As a result, the time rate of change of χ following any
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material point on the surface can be obtained by substituting dx/dt with us, as follows:

dχ

dt
= −us(x, t)√

t
− χ

2t
. (7.12)

Now, at early times and using Eq. (7.6), it is possible to write us, as below:

us(x, t) = −V (χ)√
t

(7.13)

where

V (χ) =
exp

(
−3

4
χ2
)

√
3π (β + erfc (

√
3
2
χ))

. (7.14)

Hence, Eq. (7.12) can be rewritten as

dχ

dt
=

V (χ)

t
− χ

2t
. (7.15)

Now, suppose there is a particular χ value that we call χm, such that χ following a

material point does not change with time. To find it, as has been mentioned, dχ/dt

should be equal to zero. This then requires

V (χm) =
χm

2
. (7.16)

Eq. (7.16) is a non-linear equation which can be solved numerically to find χm (the

particular χ value that always corresponds to the same material point on the surface).

Note that Eq. (7.16) when coupled with Eq. (7.8) and Eq. (7.13) is sufficient to ensure

that xend at the top within Eq. (7.8) retains the value χ = χm, so the equations are all

consistent.

However it turns out that χm is also the χ corresponding to maximum surface veloc-

ity. To work out the χ corresponding to maximum velocity, denoted χmax say, we set
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dV/dχ|χ=χmax = 0. In general, from Eq. (7.14), we first evaluate as follows:

dV (χ)

dχ
=

exp
(
−3χ2

2

)
π
(
erfc

(√
3χ
2

)
+ β

)2 −

√
3χ exp

(
−3χ2

4

)
2
√
π
(
erfc

(√
3χ
2

)
+ β

) . (7.17)

Eq. (7.17) simplifies as:

dV (χ)

dχ
= 3V 2(χ)− 3χ

V (χ)

2
. (7.18)

Then, setting dV/dχ|χ=χmax = 0, using Eq. (7.18) results in:

V (χmax) =
χmax

2
. (7.19)

We can see that Eq. (7.16) and Eq. (7.19) are identical. Thus, the material point χm,

turns out to correspond to the point of maximum velocity χmax. Interestingly, as time

evolves, the point χ = χmax does not remain at x = 1.

To understand why the maximum velocity is not at x = 1, we can consult Eq. (7.2).

According to Eq. (7.2), as x falls below 1, the value of 1/Γ rises (from 1 to 1/Γ0).

Likewise, as x falls below 1, the value of ∂Γ/∂x falls. For a small set of x values the

rise in 1/Γ can outweigh the fall in ∂Γ/∂x. Hence the maximum velocity is not exactly

at x = 1. It is clear now, in any case, that the point of maximum velocity is itself also

a material point.

We now convert from coordinate χ to coordinate x. The point of maximum velocity

certainly must coincide with x = 1 exactly at t = 0. As time evolves though, we can

identify xm, the location at the top of the separatrix, with xmax, which is the point of

maximum velocity. However at χ = χm, the relationship between x and χ following

a material point is very simple. Because χ = (1 − x)/
√
t does not change for that
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material point, the equation for xm becomes simply:

xm = 1− χm

√
t (7.20)

which is the key equation we have been aiming to derive here.

It still remains to find the numerical value of χm as a function of β or equivalently as

a function of Γ0. By combining Eq. (7.14) and Eq. (7.16) we obtain:

χm =
2 exp

(
−3

4
χ2
m

)
√
3π (β + erfc (

√
3
2
χm))

. (7.21)

This can be solved numerically, remembering that β = Γ0/(1 − Γ0). In Fig. 7.1 we

can see the graph of χm vs Γ0 over the domain 0.01 ≤ Γ0 ≤ 0.99.
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Figure 7.1: χm = (1− xm)/
√
t versus Γ0, plotted over the domain 0.01 ≤ Γ0 ≤ 0.99.

As we can see, χm decreases as Γ0 increases. Fig. 7.1 tells us that as initial sur-

factant surface concentration increases, Marangoni flow driving material points along

decreases due to less driving force on the surface. This then causes xm to stay closer

to unity, owing to having a smaller χm.

As already alluded to, we can see that Eq. (7.20) is consistent with Eqs. (7.7) to (7.9).

At the top, 2K is equivalent to χm, and K is equivalent to V (χm). Moreover at the

end of the time step, V (χm)∆t−1/2 is equivalent to us (the velocity on the surface at

x = xm).
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As Sec. 7.2.1 already mentions, once we know where the top of the separatrix has

reached during the initial time step (which is exactly what Eq. (7.20) gives us), we also

know where the rest of the separatrix has reached. This is because we know the hori-

zontal velocity at any z value relative to the horizontal velocity at the top (Eq. (7.2)).

Thus the shape of the separatrix after the first time step has now been characterised,

which is what we set out here to achieve.

Nonetheless, it turns out that the value chosen for initial time step ∆t can affect the

accuracy of the calculations of the position of material on the surface after the com-

pletion of that first time step. The calculation of the difference of separatrix location

using different size of time steps can be found in the next section.

7.2.3 Accuracy for the initial time step

Due to singular behaviour during the first time step, we are at risk of making significant

truncation error, if we do not choose time steps small enough. Hence, one thing we

need to do is to assess the accuracy of the initial time step.

Here, we evaluate the difference which occurs if we use half of the original time step

size or ∆t/2 (instead of ∆t), for the initial time step calculations. To do this, we first

calculate the material point position on the surface at t = ∆t, using Eq. (7.8), as below:

xend = xstart + 2uend ∆t (7.22)

where xstart = 1. Now, we calculate the analogous position, but using instead two

steps. Consequently, we use the same method as Eq. (7.22) for the first step, which

gives us the position at time ∆t/2, which we will denote xmid. Then we use Heun’s

method for the second step to calculate xend, or more precisely a new estimate xend,New.

Thus we have for the first step:

xmid = xstart + 2umid ∆t/2 (7.23)
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where umid is the velocity at t = ∆t/2, and where xstart = 1. Now, for the second step

(Heun’s method) we have:

xend,New = xmid + umid∆t/4 + uend∆t/4 (7.24)

where, as mentioned, xend,New is the final position using the two-step calculation.

Hence:

xend,New = xstart + 2umid ∆t/2 + umid∆t/4 + uend∆t/4. (7.25)

We know from Eq. (7.13) that at the early stages when Eq. (7.1) is applicable, u scales

proportionally to 1/
√
t. Thus by substitution of umid with

√
2uend, the difference of

using half of the size instead of the original time steps (i.e. xend,New − xend) turns

out to be 0.0178uend ∆t. Therefore, this analysis reveals the importance of using a

greater number of time steps or small enough time intervals to have a more accurate

simulation. Fortunately, the numerical prefactor 0.0178 is actually relatively small.

7.3 Numerical approach (Heun’s method) after the ini-

tial time step

In this section, we present the numerical method that has been used for the purpose of

simulating soluble surfactant transport in the bulk of a foam film as a result of convec-

tive flow. This method is used to update the position of the material points forming the

so called separatrix after the first time step, the very first time step having already been

considered in Sec. 7.2. Recall that the separatrix is made up of points that separate

material located originally in the film from material that has newly arrived from the

Plateau border. Note that the evolution of surfactant on the surface itself (Eq. (6.10)

in the main text) has been solved using a spectral method which is explained in de-

tail elsewhere [2]. Hence we focus solely on the method for updating the separatrix

location here.
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The position of the separatrix (in the bulk) is computed using Heun’s method [291].

This is a second-order Runge-Kutta method so the local truncation error is therefore

of order O(∆t3) [292]. This method is implemented by representing the separatrix as

a collection of individual material points. Each material point is tracked during a time

step starting from some time t as follows [291]:

xest,end = xstart + ustart∆t (7.26)

zest,end = zstart + wstart∆t (7.27)

where xest,end and zest,end are estimates of the position in the x-coordinate and z-

coordinate directions, respectively, at the instant t + ∆t, based on the position (xstart,

zstart) and the velocity field (ustart,wstart) at the instant t: the subscript “start” here de-

notes now just the start of the time step (not the start of the entire process). An estimate

of the dimensionless velocity at the estimated final position is then as follows:

uest,end = u(xest,end, zest,end, t+∆t) (7.28)

west,end = w(xest,end, zest,end, t+∆t) (7.29)

where uest,end and west,end are the components of the estimated velocity field at the

instant t + ∆t. The final coordinates of the material points, at the instant t + ∆t, are

now calculated as follows:

xend = xstart + (ustart/2 + uest,end/2)∆t (7.30)

zend = zstart + (wstart/2 + west,end/2)∆t. (7.31)

The process now iterates to the next time step. By using this method, the position of

separatrix at each instant can be obtained. Although we envisage the above equations
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as applying in the film bulk, we can also apply them right at the top of the separa-

trix where it meets the film surface. However there is an alternate method to locate

this particular point. The aforementioned spectral method describing the state of the

surface tells us how surfactant on the surface evolves. We know moreover how much

surface material must be to the left of the separatrix, because that is all material that

was originally on the surface. We will exploit this idea later on (Eq. (7.32)) as a way

of gauging the accuracy of the computed separatrix shape.

This completes our presentation of the numerical method. A discussion around pa-

rameter values employed to carry out the simulations, and how we obtained those

parameters are the subject of the next section.

7.4 Simulation parameters and benchmarking

In this section, we supply parameters employed in the simulations. In Sec. 7.4.1, the

physical data used within the simulations are explained. Data are given in dimensional

form in the first instance, and then dimensionless groups are defined. Moreover, to

ensure accurate simulations we benchmarked our simulations using various choices of

numerical parameters. The results of the benchmarking and a discussion related to

how to select the parameters in question are given in Sec. 7.4.2.

7.4.1 Physicochemical data used in the simulations

Although we often employ the generic term “surfactant” throughout the present study,

we chose to look at parameters relevant to β-LG (β-lactoglobulin) protein as it is a

common protein which makes up 50–55% of whey proteins [281], and its foaming and

adsorption properties have been widely studied [76, 149, 158, 161]. For simplicity, we

consider that β-LG is the only surface active species present, although in fractionation

it is sometimes the case [103, 273] that we have a main species that we aim to separate,

and a second species present as foam booster, merely to increase the volume of foam.
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The surfactant transport model that is studied in the present work is only sensitive to

the flow field that is set up in the presence of surface active material: it does not matter

whether this flow field is due to a single surface active species or multiple species.

Of course, for a convective mass transport model to apply (as is considered here),

the transport of all species must be dominated by convection. If large bulky protein

molecules (as a main species) are mixed with much smaller surfactant molecules (as

a foam booster), diffusive [2] rather than convective transport might be relevant to the

booster, and the model would then need to change. With just a single species though,

i.e. β-LG as considered in the present work, that sort of issue does not arise.

The molecular mass of β-LG is 18.3kDa [293, 294]. It exhibits good foaming proper-

ties due to its specific molecular structure [76]. In particular β-LG strongly adsorbs at

the air/water interface forming viscoelastic layers and stabilises foam films. This then

provides stability to foams preventing coalescence [152, 282].

Typically, the adsorption isotherm of a protein [288] is much more complicated than a

simpler surfactant, such as SDS. Moreover, large area and large number of conforma-

tions of an adsorbed protein can increase the complexity of the system. For this reason,

the most simple isotherm models (e.g. Henry or more generally Langmuir adsorption

isotherms [289]) do not usually describe protein adsorption accurately [159, 163, 288].

That said, all we need for the purposes of the present study is a reasonable estimation

of a typical amount of a protein, such as β-LG, dissolved in the Plateau border’s bulk

and the corresponding concentration on the Plateau border surface. Common β-LG

concentrations used in fractionation and other separation applications are reported to

be on the order of 10−4–10−1mol.m−3 in literature [24, 61, 159, 282, 284]. Consulting

experimental data from Gochev et al. [159] (Table 7.1), we have therefore chosen data

which are likely to be relevant in a foam fractionation process. This provided us with

some typical values of both c and Γ. It is clear from Table 7.1 that the relationship

between c and Γ is non-linear, so Γ/c is not a constant. Nonetheless having selected
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typical surfactant concentrations ΓPb and cPb on and within the Plateau border (both

richer than the concentrations in the film owing to the underlying assumption of re-

flux through the Plateau borders) and hence having selected the ratio between them

ΓPb/cPb, we can make a very crude approximation that the initial concentrations for

the film Γ0 and c0 are in a comparable ratio and hence c0 ∼ (Γ0/ΓPb)cPb.

This corresponds to assuming a so called global Henry constant in Rajabi and Grassia

[2], denoted KH(glob) and defined as KH(glob) ≡ ΓPb/cPb. A more general relation

would be to assume a so called local Henry constant (again see Rajabi and Grassia

[2]), which contemplates the value of dΓ/dc near the Plateau border concentration.

However all that would do in the present model is change the value of c0 for a given

Γ0, assuming fixed ΓPb and cPb. Note that in the present model, although Γ can evolve

away from Γ0, the value of c is held at either c0 or cPb depending on whether a point

in the film is to the left or right of the separatrix. Hence qualitatively we expect to

see similar results regardless of whether a global isotherm (a crude estimate) or a lo-

cal isotherm (a better estimate) or indeed a more complex relation entirely is used to

estimate c0. For simplicity, we assume the global isotherm case. Note that in the main

text, it was mentioned that the model for foam fractionation with reflux as considered

here largely carries over to foam fractionation in stripping mode [91, 94, 103]. Global

isotherms tend to be especially relevant for low surfactant concentrations in both films

and Plateau borders, a situation which is likely to be particularly relevant to stripping

mode: the purpose of stripping mode is to reduce surfactant concentration in say a

wastewater stream down to a comparatively low level.

Table 7.1: Experimental data for β-LG surface concentration Γ at selected bulk concentration
c taken from Gochev et al. [159].

c [mol.m−3] Γ [mol.m−2] Γ/c [m]

10−4 6.4× 10−8 6.4× 10−4

10−2 8.1× 10−8 8.1× 10−6

10−1 1.1× 10−7 1.1× 10−6

The values in Table 7.1 indicate that compared to a small surfactant molecule such as
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sodium dodecyl sulphate (SDS) (data reported in Rajabi and Grassia [2]), the values

for the ratio Γ/c for proteins such as β-LG, are larger. This implies, even though bigger

molecules like proteins can exist in solution in the film, they are not quite as soluble as

SDS would be. For our case of interest, we have chosen cPb to be 10−2mol.m−3 and

ΓPb to be 8.1 × 10−8mol.m−2 (see Table 7.2). Even though, in principle, the protein

concentration can affect the rheology of the foam film [155], in many cases, the film’s

viscosity µ can be comparable to that of water [158] around 10−3 Pa.s. Gibbs elasticity

G of β-LG is taken from Fainerman et al. [283], and remains almost constant even for

concentrations up to 0.1mol.m−3 as stated by Lexis and Willenbacher [158], Gochev

et al. [162]. The value of G is taken as 85× 10−3N.m−1. In addition, for the particular

concentration that we have chosen, surface tension at the Plateau border γPb for β-LG

is reported to be approximately 42×10−3N.m−1 [205]. The diffusion coefficient D of

β-LG is taken to be 5× 10−11m2.s−1, which has been reported by Miller et al. [280].

In addition to the above mentioned physicochemical parameters, we also need geo-

metric parameters, the film half-length L, the initial film half-thickness δ0, and the

curvature radius a of the Plateau border attaching to the film. These are chosen (see Ta-

ble 7.2) to have typical values L = 5×10−3m, δ0 = 2.5×10−5m and a = 5×10−4m.

Thus the film is comparatively long and slender, and is also thin compared to the

Plateau border, but can become yet more slender over time as liquid drains out of

it. Note that with these choices of L, δ0 and a there is actually a comparable amount

of liquid in the film and in the Plateau border (unlike the case with a much smaller δ0,

in which the amount of liquid in the film is much less than the amount in the Plateau

border). Despite this we will persist with our simplifying assumption that the Plateau

border can be treated as a reservoir of surfactant. We bear in mind here that liquid is

also draining down through the network of Plateau borders. Even as a Plateau border

in contact with a given film starts to become depleted, the depleted liquid will drain

out through the network, and be replenished by less depleted liquid from higher up in

the Plateau border network.
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Table 7.2: Dimensional parameters for β-lactoglobulin (β-LG), available from Lexis and Wil-
lenbacher [158], Gochev et al. [159, 162], Pradines et al. [205], Miller et al. [280], Fainerman
et al. [283]. A number of geometric parameters for foam films are also reported.

Dimensional Parameters Symbol Value Unit

Characteristic time scale µL2/G δ0 1.18× 10−2 s
Film half-length L 5× 10−3 m

Initial film half-thickness δ0 2.5× 10−5 m
Liquid viscosity µ 1× 10−3 Pa.s

Surfactant surface excess at Plateau border ΓPb 8.1× 10−8 mol.m−2

Bulk concentration in Plateau border cPb 1× 10−2 mol.m−3

Radius of curvature of Plateau border a 5× 10−4 m
Surface tension at Plateau border γPb 42× 10−3 N.m−1

Gibbs parameter G 85× 10−3 N.m−1

Diffusion coefficient D 5× 10−11 m2.s−1

Global Henry constant KH(glob) 8.1× 10−6 m

Having gathered together all the dimensional variables for the purpose of our simu-

lations (Table 7.2), we worked out base case values of various dimensionless groups

using definitions in Sec. 6.2.1. Data are reported in Table 7.3. These include Péclet

number Pe, film aspect ratio ∆, a solubility parameter S and a drainage parameter VR.

Table 7.3: Dimensionless parameters, calculated using the data from Table 7.2. Values of
Pe and Pe∆ are comparatively large, so surfactant transport is assumed to be dominated by
advection.

Péclet number Pe 2.13× 105

(Initial) aspect ratio ∆ 5× 10−3

Value of Pe∆ Pe∆ 1.06× 103

Solubility parameter S 3.09
Film drainage velocity parameter VR 1.65× 10−2

Within Table 7.3, values for Pe∆ are relevant as they appear in the surfactant mass

transfer equations (see Eqs. (6.8) and (6.9) in the main text). Note that Pe∆ is a large

parameter here (unlike the work of Rajabi and Grassia [2] which considered SDS not

β-LG, leading to a different parameter set with a small Pe∆, so had rather different

physics). The mass transfer equations also include a term in Pe /∆, but this is a very

large parameter indeed.

Table 7.3 also contains a base case value of the solubility parameter S, although in the
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main text we also allow S to vary. Note that in the present model (unlike the work

of Rajabi and Grassia [2]) varying S does not actually change the computations for

how mass is transferred in any way. All varying S does is to change a post-processing

step, changing the weighting between material on the surface and material in the bulk.

A film drainage velocity parameter VR is also included in Table 7.3. Clearly it is a

relatively small parameter, meaning film drainage is a comparatively weak effect. In

the main text we consider situations both without film drainage and with film drainage.

Note also that the dimensionless analogues of ΓPb, cPb and KH(glob) are all unity by

definition so these do not appear in Table 7.3. The only other dimensionless parame-

ters affecting the system are then the dimensionless analogues Γ0 and c0 of the initial

film concentrations. For compactness of notation, we use the same symbol for these di-

mensionless analogues and the original dimensional concentrations. Indeed we already

considered dimensionless Γ0 back in Sec. 7.2. In the present work, these dimensionless

quantities Γ0 and c0 are equal to each other, and (since the film is less surfactant rich

than the Plateau border which is subject to reflux) they necessarily take values between

zero and unity.

We have now specified all the various physical parameters which influence the model.

In the next section we move on to numerical aspects.

7.4.2 Benchmarking the simulations and selecting numerical pa-

rameters

To benchmark our simulations, we carry out the following steps. In general, there

are three numerical parameters which contribute to the accuracy of our simulations.

One is the number of Fourier terms used in the spectral method calculations [2]. This

parameter must be set to obtain evolution of Γ for the surface using Eq. (6.10) in the

main text. The Γ thereby obtained will then be used in the calculation of the velocity

fields Eqs. (6.5) and (6.6), which are then used to determine how material points move

190



around in the bulk. As Rajabi and Grassia [2] also found, using a larger number of

Fourier terms improves accuracy at earlier times. However using more Fourier terms

than needed leads to little further improvement, but on the other hand, extends the

simulation run time considerably.

The second important parameter is the size of the time steps. Due to the model’s

boundary conditions, the initial changes are very rapid and the changes slow down over

time. Owing to this, we can make a significant error at the initial time if we do not use

small enough time intervals. The size of time steps can affect not just what happens

on the surface, but also what happens in the bulk, particularly while calculating the

separatrix evolution. Especially, as can be seen in Sec. 7.2.3, it influences in particular

the calculation of the separatrix evolution during the very first time step.

The third parameter is the number of material points that we consider in the separatrix.

Including and following more material points gives a more accurate shape of the sepa-

ratrix, improving the accuracy of the quadratures used to find the areas of regions either

side of the separatrix which govern the amount of material in the film (see Fig. 6.1b

in the main text for a sketch). Of course including more material points also makes

calculations more expensive.

The main focus of the present work is to investigate the evolution of the separatrix with

time. As a result, to identify a sufficient number of Fourier terms to represent the sys-

tem, a sufficiently small size of time step size, and also sufficient material points on the

separatrix, we have run many different simulations considering various ranges of the

mentioned parameters. Then, we have devised several ways of measuring differences

between the various results to assess the numerical accuracy, specifically in regards to

how accuracy impacts the separatrix.

Firstly, we have performed a comparison of the shape of the separatrix. To to this, we

have plotted the separatrix and visually compared the shapes obtained using different

numerical parameters. We have also used an alternative numerical calculation to track
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the position of the specific material point on the surface xsurf which separates the ma-

terial that has always been on the surface from the newly arrived surface material from

the Plateau border1. That calculation is determined as follows.

We know that the separatrix is a boundary between a region with initial bulk concentra-

tion c0 and a region with the Plateau border’s concentration cPb, normalised to unity in

the dimensionless system considered here. The region with concentration c0 starts off

in contact with the film surface with a concentration Γ0. In our dimensionless system,

c0 and Γ0 are equal. Over time, surface concentration Γ evolves away from Γ0. How-

ever the amount of surfactant on the surface to the left of xsurf ideally always equals

the total initial amount Γ0. This is due to the fact that because of the lack of diffusion

in the model, surfactants on the surface remain there throughout the process. Hence,

xsurf at each instant can be calculated by solving the following equation:

(∫ 1

0

Γdx

)∣∣∣∣
t=0

=

∫ xsurf

0

Γdx (7.32)

where Γ at the initial time (t = 0) ideally should be Γ0 everywhere for 0 ≤ x < 1.

To increase the accuracy of the xsurf calculation using Eq. (7.32), the value of Γ in

Eq. (7.32) has been calculated using a large number 1000 Fourier terms (by contrast

with Sec. 7.4.2.1 below which considers fewer terms) and the size of time steps has

been chosen to be comparatively small 5× 10−4 (by contrast with Sec. 7.4.2.2 later on

which considers larger time steps).

Note that using our Fourier approach the left-hand side of Eq. (7.32) is close to Γ0,

but is not exactly Γ0 as a finite number of Fourier terms has still been used in our

calculations. Having calculated xsurf , we have measured and compared the difference

between the values of xsurf (the position of the material point on the surface along the

x-axis obtained from Eq. (7.32)), with the values obtained from the simulations that

1The material point xm in Sec. 7.2.1 is analogous to xsurf considered here, although xm was con-
sidered only for early times, whereas xsurf applies for arbitrary times.
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calculate the trajectory of the separatrix at each instant, looking specifically at the top

of the separatrix. This then is one measure of the accuracy of the simulation.

The value of xsurf of course only measures the top of the separatrix and not the accuracy

of the shape of the separatrix as a whole. As a global measure of accuracy of the

separatrix shape, we considered root mean square difference (denoted rmsd) as below:

rmsd =

√∫ 1

xsurf

(zsep,1 − zsep,2)2 dx (7.33)

where zsep,1 and zsep,2 correspond to the z positions of the material points on the sepa-

ratrix with the same x positions, calculated using different numerical parameters.

Remember also that the purpose of computing the separatrix is to determine the area

Ab (to the right of the separatrix) occupied by material with a surfactant concentration

equal to that in the Plateau border, and how that then compares with the area At of

the film as a whole. Accordingly we have computed the ratio between these (Ab/At),

based on finding Ab via a numerical (trapezoidal rule) integration of the points on the

separatrix. Comparing Ab/At for different sets of numerical parameters is then another

measure of the accuracy of the simulations.

To summarise, we have changed number of Fourier terms, size of time steps and num-

ber of material points on the separatrix, and compared the simulation results. Based

on the data presented in what follows, ultimately we decided that 30 Fourier terms,

10−3 as the dimensionless time step and 50 material points on the separatrix would

give us a reasonable accuracy without causing the simulation time to become exces-

sively long. On an ASUS laptop computer (3.3GHz processor with 16GByte RAM),

a simulation with those parameters took around an hour per dimensionless time unit to

complete. Some of the comparisons that were done are mentioned below as examples

of our benchmarking procedure.
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7.4.2.1 Number of Fourier terms

Fig. 7.2 is a comparison between the separatrix shapes produced using respectively 3,

30 and 100 Fourier terms in the simulations. The points marked with a cross (×) on

the graphs correspond to xsurf , calculated for each instant using Eq. (7.32).
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Figure 7.2: The difference in the shape of the separatrix calculated using 3, 30 and 100 Fourier
terms. In all three cases, size of time steps is 2 × 10−3 and 50 material points have been used
on the separatrix. The dimensionless initial surface concentration (Γ0) in all the simulations is
assumed to be 0.1.

We have also calculated using Eq. (7.33) the root mean square difference between the

position of the material points on the separatrix using different numbers of Fourier

terms as presented in Fig. 7.3.

1×10-5

0 2 4 6 8 10

rm
sd

t

Fourier 
Terms

3 
30 

1×10-4

1×10-3

1×10-2

1×10-1

Figure 7.3: Root mean square difference between position of the material points calculated
with 3 and 30 Fourier terms with the one calculated with 100 Fourier terms. In all calculations
time steps of 2× 10−3 and 50 material points have been used.

It can be seen that the shapes of the separatrix produced with 30 and 100 Fourier terms

are visually at least almost identical. Moreover, Fig. 7.2 also shows that the material

points on the surface calculated with the simulations using 30 and 100 Fourier terms

are much closer to the corresponding xsurf obtained from Eq. (7.32), than the one

194



calculated with only 3 Fourier terms. Furthermore, the calculated root mean square

difference between the position of the material points on the separatrix with 30 Fourier

terms and with 100 Fourier terms (less than 1× 10−3 for all times) in Fig. 7.3 confirms

this. Hence, we have decided to use 30 Fourier terms in the simulations.

7.4.2.2 Size of time steps

Table 7.4 shows the difference in the calculations of xsurf using simulations with 30

Fourier terms, but different size of time steps at three times, e.g. 0.1, 1 and 10.

Table 7.4: In this table, the difference is reported at various times between the top of the sep-
aratrix calculated using simulations with 30 Fourier terms and different sizes of dimensionless
time steps (1× 10−2, 2× 10−3, 1× 10−3 and 5× 10−4) and the material point on the surface
xsurf calculated using Eq. (7.32). Initial surfactant concentration on the surface (Γ0) in all the
simulations is assumed to be 0.1.

∆t 0.01 0.002 0.001 0.0005
Time
0.1 1.55× 10−2 0.88× 10−2 0.64× 10−2 0.44× 10−2

1 1.44× 10−2 0.65× 10−2 0.46× 10−2 0.31× 10−2

10 0.79× 10−2 0.35× 10−2 0.24× 10−2 0.16× 10−2

It can be seen from Table 7.4 that using smaller time steps increases the accuracy of

the calculations. Here, by utilisation of time steps equal to 2 × 10−3, the difference

in xsurf using simulation (i.e. the point computed at the top of the separatrix) is never

further than 10−2 from the one calculated using Eq. (7.32). On the other hand, using

time steps equal 5 × 10−4 leads at most to around 4.4 × 10−3 difference from xsurf

values, but increases the simulation run times by a factor of four. Thus, choosing time

step equal to 1× 10−3 is selected as a compromise between accuracy and a reasonable

simulation run time.

7.4.2.3 Number of material points in separatrix

By using more material points on the separatrix, we capture the separatrix shape more

accurately, but the simulation becomes more expensive to run. Ultimately we are using

the separatrix to compute areas of regions with specified surfactant concentration (area
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Ab with concentration of the Plateau border, area At −Ab with initial concentration of

the film, and At as area overall). Accuracy of computing areas is therefore what we

must assess.

We have evaluated as a function of time the ratio Ab/At calculated using 10, 20, 30,

50 and 100 material points. Then we calculated at each instant the difference in Ab/At

obtained using 10, 20, 30 and 50 material points compared to the area calculated with

100 material points.
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Figure 7.4: The difference between area ratio Ab/At calculated with 10, 20, 30 and 50 mate-
rial points and area ratio calculated with 100 material points (MP in the legend here denotes
material points). In all calculations 30 Fourier terms and a time step of 2 × 10−3 have been
used.

As can be seen in Fig. 7.4, as the number of material points increases, the difference be-

tween the Ab/At values becomes smaller. Clearly using more material points improves

the accuracy of trapezoidal rule integration. In particular the difference between Ab/At

calculated using 50 material points and the one calculated with 100 material points is

always smaller than 10−4, so we selected in the end 50 material points.

7.5 Non-linear adsorption isotherm

As alluded to in Sec. 6.2.5.2 (in the main text), throughout the study thus far we have

used a global Henry adsorption isotherm (i.e. a linear isotherm) to relate the equilib-

rium amount of surfactant on the surface to the equilibrium amount of surfactant in the

bulk. Using a linear adsorption isotherm would also be in line with what Rajabi and
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Grassia [2] have previously done. Nonetheless we can also use a non-linear isotherm

when required. In this section, we investigate what the effect of a non-linear adsorp-

tion isotherm would be on the performance of a fractionation process assuming (as has

been done throughout the present study) a large Pe∆ limit.

7.5.1 Specifying the non-linear isotherm

Remember here that we work with a dimensionless system, such that for the Plateau

border, the dimensionless surface concentration ΓPb and dimensionless bulk concen-

tration cPb are both unity. What this means then for a non-linear adsorption isotherm,

such as e.g. a Langmuir isotherm, is that the equilibrium surfactant concentration on

the film surface, Γ is higher than the corresponding amount in the film bulk, c. Of

course in the large Pe∆ limit, surfactant transfer between surface and bulk is consid-

ered slow, so that, in the film itself, we only impose equilibrium between initial surface

concentration Γ0 and initial bulk concentration c0. A non-linear isotherm then requires

that dimensionless Γ0 exceeds dimensionless c0 (equivalently c0 is below Γ0), but both

are less than unity.

Exactly how much c0 falls below any given Γ0 depends on exactly how much the

isotherm departs from linearity. This depends in turn upon exactly where Plateau bor-

der conditions lie on an original non-linear isotherm. If dimensional ΓPb and cPb are

increased, the departure from linearity is greater. Here though we work in a dimen-

sionless system with ΓPb = cPb = 1 as mentioned.

In view of the discussion above, we have chosen three initial surface concentrations,

i.e. Γ0 = 0.1, 0.5 and 0.9. For the lowest surfactant surface concentration, namely,

Γ0 = 0.1, we only used surfactant bulk concentration c0 = 0.1 which corresponds

to using the global Henry adsorption isotherm, i.e. a linear isotherm. However, for

Γ0 = 0.5, besides using c0 = 0.5, which corresponds again to using the global Henry

adsorption isotherm, we have also used c0 = 0.1 as if a non-linear isotherm had been
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selected. The same approach has been taken for Γ0 = 0.9 with c0 = 0.9, 0.5 and 0.1,

which corresponds to using a linear adsorption isotherm and two non-linear ones with

differing extent of non-linearity.

7.5.2 Expected behaviours for non-linear isotherm

Before proceeding with examining data, it is useful to make some general predictions

as to how the system might behave. For example the initial total amount of surfactant

recovered in the film satisfies ST,0 = Γ0+S c0 where S is solubility parameter. Reduc-

ing c0 at fixed Γ0 (i.e. making the isotherm increasingly non-linear) clearly makes ST,0

reduce. The final amount of surfactant recovered on the film is expected to be around

ST ≈ 1 + S
(
Ab

At

+

(
1− Ab

At

)
c0

)
(7.34)

at least if film drainage is ignored, and where we assume Ab/At here specifically is

a final ratio of areas (area brought in from the Plateau border divided by area of the

film). The value of Ab/At (which is always less than unity) depends on Γ0 (it reduces

as Γ0 increases), but does not depend on c0. Reducing c0 at fixed Γ0 of course reduces

ST .

Note that the maximum value of ST/ST,0 is also the maximum relative amount that

recovery can increase over time. If solubility S is small, this can be on the order of

Γ−1
0 . On the other hand, if solubility S is large and bulk concentration c0 is low, the

maximum value that ST/ST,0 can reach will be on the order of Ab/(Atc0). This is

always less than c−1
0 . In fact it might be substantially less than that: values of Γ0 close

to unity give values of Ab/At much smaller than unity. Conversely an effective way of

increasing Ab/(Atc0) is of course to reduce Γ0. Another way of increasing Ab/(Atc0),

even at fixed Γ0, is to reduce c0, in other words to make the isotherm increasingly

non-linear.

We now turn to consider enrichment. Films are richer than bulk solution even prior
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to any effect of reflux. Initial enrichment is ST,0/(S c0). If solubility S is small, then

initial enrichment is Γ0/(S c0). Making the isotherm non-linear, in other words making

c0 smaller than Γ0 clearly benefits initial enrichment. On the other hand, when S is

large, the initial enrichment is close to unity.

Turning now to the final state (still ignoring film drainage though) in the low solubility

limit, final enrichment can reach (S c0)
−1. In the high solubility limit, final enrichment

might reach instead Ab/(Atc0), where remember that the value of Ab/At depends on

Γ0 but not on c0. In this case, decreasing Γ0 benefits enrichment, and also, even at fixed

Γ0, making the isotherm non-linear benefits enrichment too.

The various estimates provided above ignore film drainage of course, whereas the re-

sults to be presented in what follows will include drainage. Nonetheless to the extent

that film drainage is a relatively weak effect compared to Marangoni, the trends pre-

dicted by the above estimates will be borne out.

7.5.3 Non-linear isotherm data for ST/ST,0

The graphs of ST/ST,0 for the various above mentioned initial concentrations (see

Sec. 7.5.1) are plotted in cases with different solubility parameters, i.e. S equal to

either 0.3, 3 or 30 in Fig. 7.5.
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Figure 7.5: Total amount of surfactant (ST ) relative its initial value (ST,0) versus time, cal-
culated for surfactants with solubility parameters, 0.3, 3 and 30 and for various values of Γ0

using linear c0 = Γ0 and non-linear c0 < Γ0 isotherms.

Looking first at low solubilities (Fig. 7.5a), we see that decreasing Γ0 leads to increased

ST/ST,0, whereas setting Γ0 close to unity keeps ST/ST,0 close to unity also: this is
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what Sec. 7.5.2 anticipated. On the other hand, for a given Γ0, switching to a non-linear

isotherm also increases ST/ST,0 albeit slightly. This increase follows because, as was

anticipated (Sec. 7.5.2), using a non-linear adsorption isotherm reduces the initial total

amount of surfactant, ST,0, i.e. the amount of surfactant in the bulk is less than when

using a linear adsorption isotherm.

Switching now to moderate solubilities (Fig. 7.5b), we see that ST/ST,0 exhibits non-

monotonic behaviour with time: a decrease is seen at late times due to loss of surfactant

from the bulk due to film drainage. The smallest Γ0 values still lead to the largest

ST/ST,0, but ST/ST,0 does not now reach anywhere near Γ−1
0 as it would in a low

solubility case. Meanwhile at a given Γ0, we now see a greater difference between

the non-linear and linear isotherm cases. This is in part due to ST,0 being larger in the

linear isotherm cases. The difference in ST/ST,0 between non-linear and linear cases

is also more significant when Γ0 is smaller: this follows because the value of Ab/At

in Eq. (7.34) is itself more significant when Γ0 is smaller. In essence, using a linear

isotherm increases the recovery of a fractionation column (increases ST ) but reduces

the relative effect of reflux (reduces ST/ST,0).

Switching again to the highest solubility (Fig. 7.5c), we now see a much clearer effect

of film drainage reducing the value of ST/ST,0 at late times. Small Γ0 still gives higher

ST/ST,0 compared to large Γ0. Moreover for a given Γ0, the non-linear isotherm again

gives higher ST/ST,0 than the linear one, the difference between the non-linear and

linear cases again being more significant when Γ0 is smaller.

7.5.4 Non-linear isotherm data for recovery and enrichment

Now, we compare recovery and enrichment for Γ0 = 0.1, using a linear adsorption

isotherm, with Γ0 = 0.5, for both linear and non-linear adsorption isotherms.

From Fig. 7.6 and in particular Fig. 7.6a, we can see that overall there is more benefit

over time in the case with lower initial surface concentration (i.e. lower Γ0), in terms
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Figure 7.6: Recovery versus enrichment, plotted for various solubility parameters, at different
times. Linear adsorption isotherm has been used for Γ0 = 0.1, while both linear and non-linear
isotherms have been used for Γ0 = 0.5.

of relative increase over time in recovery and enrichment. This is just as Sec. 7.5.2

anticipated.

However, comparing different adsorption isotherms for Γ0 = 0.5, e.g. Fig. 7.6b (linear)

and Fig. 7.6c (non-linear) can reveal some interesting findings. First, we can see that in

the non-linear isotherm case (Fig. 7.6c), generally, enrichment is higher, while recov-

ery is a little lower than in the linear isotherm case (Fig. 7.6b). This is due to the fact

that the amount of bulk surfactant in the non-linear isotherm case is less than for the

linear isotherm. However, both cases recover more or less comparable total amounts

of surfactant at long time. As a result, the case that is leaner in the bulk initially (i.e.

the non-linear isotherm case) is found to be more enriched.

The other interesting finding is that in the high solubility region, there is, in relative

terms, more benefit from Plateau-border-to-film mass transfer induced by reflux over

time in the case with a non-linear isotherm. This is in line with what Sec. 7.5.2 antic-

ipated, and is due to the fact that, for a non-linear isotherm we are replacing material

from the film with a very low dimensionless concentration c0, with material with unit

concentration from the Plateau border. However, in the low solubility region despite

the fact that the case with a non-linear isotherm has higher initial enrichment, the ben-

efit from reflux (in terms of relative change in recovery and enrichment over time) is

not really any different in the non-linear and linear adsorption isotherm cases, at least

if Γ0 is held fixed: this is again in line with what Sec. 7.5.2 anticipated.
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In summary, for surfactants with a linear adsorption isotherm, in the high solubility

region, there is a limited benefit from Plateau-border-to-film mass transfer induced by

reflux, unless films are initially very depleted in surfactant. That said, less soluble

surfactants (smaller S) manage to benefit more over time from reflux than more solu-

ble surfactants (larger S) do. On the other hand, when using a non-linear adsorption

isotherm, surfactants with all solubilities can benefit from reflux. Despite reflux being

beneficial in such cases, the important effect for non-linear isotherms is higher enrich-

ment. Recovery however in the case of non-linear isotherms can actually be lower than

with linear ones.
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Chapter 8
Summary and conclusions

As discussed in Sec. 2.1, surface-active materials are widely used in industrial pro-

cesses. This is due to their characteristics which make them suitable for various ap-

plications, e.g., food industry, oil recovery and pharmaceuticals. This widespread use

of surface-active materials can also create a great demand for their separation within

the abovementioned industrial processes. The tendency of surfactants to adsorb on a

gas/liquid interface is one of their main characteristics. Therefore, using a separation

method that takes advantage of this characteristic can be worthwhile [9].

As discussed in Sec. 2.2, foam fractionation is a separation method that works based on

the adsorption of surfactants on bubbles surfaces. Moreover in a fractionation column

with reflux, rising bubbles are in contact with richer interstitial liquid. This then causes

a driving force for mass transfer to happen between these regions [26].

As mentioned in Sec. 2.1, because of their structure, surfactants tend to report to the

surface of foam films. Previous work has treated surfactants as being entirely on the

surface [1]. However, each surfactant has a specific solubility in water. Within a given

foam film, the newly-introduced solubility parameter, S, represents the typical amount

of dissolved surfactant in the bulk relative to the typical amount on the surface. The

purpose of the present study has been to model surfactant transport on and within a
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foam film in a fractionation column with reflux, but accounting now for solubility.

As discussed in Sec. 2.4, in the system of interest here, foam is considered to be com-

paratively dry, i.e. with low liquid content. In this case, bubbles are polyhedral, foam

films are thin and almost flat, and three of them join each other in a so-called Plateau

border. In contrast, Plateau borders’ surfaces are curved. According to the Young-

Laplace law, this difference in curvature between foam films and the adjacent Plateau

borders causes the so-called foam film drainage. Hence, since surfactants are now

present in the bulk, film drainage from the bulk contributes to mass transport during

the fractionation process.

The other important mechanism for surfactant transport though is the Marangoni effect.

The fact that there is a difference, due to the reflux, in the surface concentrations on the

films and on the neighbouring Plateau borders leads to differences in surface tensions.

These in turn now act to produce a driving force to bring surfactants from the surface

(and also bulk) of the Plateau borders towards the centre of the film. Thus, Marangoni

flow has a significant effect on the evolution of surfactant distribution on the surface

and consequently also, when surfactant is soluble, in the bulk of the foam films.

Modelling of insoluble surfactants transported on the foam film surface accounting

for the mentioned effects, i.e. Marangoni flow and film drainage, has previously been

developed, as has been mentioned, by Vitasari et al. [1]. Behaviour has been considered

both in the absence and the presence of film drainage. However, as discussed already,

surfactants are in reality soluble. This then is what has led us to consider the current

model, in which surfactant solubility and its transport inside the bulk are included.

Moreover, in line with Vitasari et al. [1], we consider cases both with and without film

drainage.

Just as Vitasari et al. [1] did, we consider the lubrication approximation to the Navier-

Stokes equations. Then, we numerically solve mass transport equations based on the

approximation made. However, to do that, we need to know the relationship between
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surface and bulk concentrations. Here, we use an adsorption isotherm. In this study,

to avoid complications associated with non-linear adsorption isotherms, we use a lin-

ear isotherm based on data taken from relevant literature [1, 165, 202, 247]. Having

employed all the aforementioned models, we can obtain an equation for the evolu-

tion of surfactant concentration with time, considering both the film surface as well as

the bulk. We then solve numerically the obtained equations using a so-called spectral

method, and simulate the system to obtain results. In addition to the evolution of sur-

factants at specified locations on the surface and within the film, the overall surfactant

concentration of the films, and the resulting recovery and enrichment have been calcu-

lated and analysed. The latter enables us to predict the performance of a fractionation

column with respect to its length or else with respect to the foam film residence time.

In this study, we consider two limits to carrying out our modelling. The two limits

differ according to whether or not we take into account diffusive transport from the

surface to bulk. Generally, the diffusive transport from the surface to bulk can in prin-

ciple occur at different rates relative to Marangoni and film drainage flow. In the first

particular limit we look at, surfactants can diffuse very quickly across a thin film, even

though any diffusion along the film is very slow. Therefore, surfactants are distributed

uniformly across the film thickness. Mathematically, we can express this in terms of

the product of a Péclet number (Pe) and a film aspect ratio, ∆, with this product being

a small parameter. This then is known as the small Pe∆ limit. The important findings

of the abovementioned limit are as below:

• The reflux produces a Marangoni flow that drives surfactant onto the film.

• Higher initial surfactant concentration Γ0, leads to slower Marangoni flows and

as a result less rapid improvement in recovery and enrichment.

• Higher solubilities slow down the Marangoni evolution of the overall amount of

surfactant.

• The so-called local Henry isotherm (effectively a local tangent line to a more
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general isotherm) leads to even more slow down than the global Henry isotherm.

• In film drainage cases, the amount of surfactant recovered by the film is less,

but the effective concentration, i.e. enrichment, is higher. This is due to the fact

that, as the film drains, the contribution from the surface relative to the bulk,

increases.

• In cases with significantly slowed down Marangoni flows (high solubilities with

local Henry isotherm), the film drainage might even cause a reduction of the total

amount of surfactant recovered after a sufficiently long time on the time scales

we examined.

However, there could be an opposite limit in which Pe∆ is relatively large: transport

within films is now dominated by convection. This is the second limit we consider.

This limit is relevant in cases with relatively small diffusivity coefficients, e.g. for

bigger molecules such as proteins [280]. It could also be relevant for foam films shortly

after they are formed, such that the film is still in the process of draining, and hence

could be quite some way from a final thickness. In this part of the study, within the

bulk, we tracked a locus that we call a separatrix, which forms a boundary between two

regions with uniform, but different concentrations. The findings in this second limit

can be summarized below:

• The top of the separatrix is pulled towards the centre of the film, while for loca-

tions closer to the midplane of the film, the separatrix is pulled instead towards

the Plateau border.

• Higher initial surfactant concentration Γ0, and higher solubility parameter S,

lead to having a more initial overall amount of surfactant on and within the film,

but less overall amount of surfactant relative to the initial amount.

• In the no film drainage case, the overall amount of surfactant relative to the initial

amount increases up to a point and then reaches a steady state. However, in the
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present case with large Pe∆, this increase is not as much as was seen in the first

limit (with small Pe∆).

• In the case with film drainage, the surfactant amount relative to the initial amount

decreases after reaching a maximum.

• In the cases with higher initial surfactant concentration Γ0, and higher solubility

parameter S, the time to reach maximum recovery is less and the amount of

surfactant being lost from the film afterwards is greater.

• Higher solubilities are more beneficial for surfactant recovery, and lower solu-

bilities are more beneficial for the enrichment of the foamate in a fractionation

process.

Having discussed the results of each limit separately, now the difference between them

is considered. As far as the surfactant transport onto the surface is concerned, the two

limits are comparable. This means that the dominant mechanism for increasing the

amount of surfactant on the surface is the Marangoni flow. As a result, the difference

between the surfactant surface concentration initially on the film and that of the Plateau

border is an essential parameter governing how surfactant transport happens on the

surface. However, in the first limit, the rate of surfactant increase on the surface is

also dependent on the solubility parameter as some of the surfactants diffuse into the

bulk, along with being transported on the surface by Marangoni flow. On the other

hand, there is no solubility dependence in the second limit, at least when surfactant

transport on the surface itself is concerned: results on the surface are then identical to

the insoluble case of Vitasari et al. [1].

The difference between the two models is much more obvious in the bulk. This is

due to the fact that in the first limit, different positions in the bulk have uniform con-

centrations across the thickness of the bulk. This concentration is determined by the

surfactant concentration on the surface. However, in the second limit, there are two

regions in the bulk with different but uniform concentrations. These concentrations
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are the Plateau border bulk concentration and the initial film bulk concentration. The

shape of the boundary that separates the two regions needs to be computed.

It is expected that the insights gained from the models developed here should assist de-

sign of foam fractionation processes with reflux, and should also help to make existing

processes more efficient by indicating how process performance depends on operating

parameters.
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Chapter 9
Future work

Although this thesis has provided insights into foam fractionation with reflux, there is

still more work that can be done. In this thesis, the various assumptions and simplifi-

cations used to develop the models have been discussed in-depth. However, regardless

of how much effort is employed to make the assumptions closer to real physical con-

ditions, they certainly can affect the accuracy of the mathematical models developed

and consequently the accuracy of the final results. Therefore, a general statement for

future work could be to reconsider such simplifications wherever possible. Now, we

discuss some of them in brief.

One significant assumption has been to consider Marangoni-driven flow in the foam

films solely for films treated as being flat and uniform thickness, albeit with that thick-

ness changing with time (specifically via a film drainage model that assumed rigid

interfaces). In reality though, the Marangoni flow and film drainage flow are coupled,

with the film thickness becoming non-uniform. A normal stress boundary condition

then relates a pressure jump across the film to surface tension and surface curvature.

The film drainage flow and film thinning rate must then be obtained as part of the so-

lution to the Marangoni flow problem [51, 222, 223], not as a drainage flow that is

externally imposed (imposed from e.g. empirical observations of film thinning rates).
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Even in the context of a film drainage flow that is externally imposed as mentioned

previously, in the present thesis, two extreme limits regarding the diffusion of sur-

factant across the film relative to the Marangoni flow along it have been considered.

However, despite the fact that these cases could be reasonable approximations under

particular conditions, the real case should always be somewhere in between them. As

a result, one potential direction for future work would be to model and simulate the fi-

nite Pe∆ case or “in-between” case (in-between the small Pe∆ and large Pe∆ limits)

considering thereby all the relevant terms in the governing equations.

Moreover, in this thesis, we carried out a study of surfactant transport both on and

within the foam films. Hence, we needed a relationship between surfactant surface

and bulk concentrations which has been done by using an adsorption isotherm. Par-

ticular simple isotherms were selected here. The future work related to this part could

thereby concern using more complicated adsorption isotherms to expand the model to

the surface active components with different adsorption behaviours.

In addition, in the large Pe∆ limit, we have looked just at convective transport and

ignored the diffusion between two regions in the bulk separated by the separatrix. This

is a good approximation for early stages of the process as long as convective flow in

the film dominates the diffusion transport in the aforementioned regions. However,

we know that convection can decay comparatively quickly as Marangoni forces decay

away (see e.g. the characteristic time scale in Table 7.2): the surfactant diffusion that

happens long times (once convection has in effect ceased) still needs to be considered.

Furthermore, we have looked at just the impact of reflux on enhancing surfactant trans-

port on the film scale. This understanding of the film scale needs, in the future, to be

incorporated into a model on the entire process scale for foam fractionation with re-

flux. Finally, the impact of this thesis would be greater if the obtained results were

to be experimentally tested and investigated. Here, the scope of the project did not

include any experimental analysis, but it should be considered in the future.
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Appendix

The appendix section includes some extra information used when carrying out this

study. In Sec. A 1, the derivation of the thinning rate equation for a rigid interface is

presented. In Sec. A 2, we review the adsorption isotherm used in the case of a

protein, while in Sec. A 3, we try to simplify the obtained isotherm and present it in

the form of a Langmuir adsorption isotherm. Finally, in Sec. A 4, we analyse the

resulting non-linear isotherm.

A 1 Thinning rate equation for a rigid interface

In this section, we aim to derive Eq. (2.9) known as the thinning rate equation. The

presented two-dimensional model for film drainage derives from the work developed

originally by Reynolds [41], under a set of assumptions known as the lubrication

approximation (see also [135, 295]):

• The film-thickness or half-thickness δ, is very small when compared to its

length (or half-length, L), i.e. δ ≪ L;

• Gravity and inertial forces are negligible when compared to viscous forces;

• The film fluid is assumed to be Newtonian (with constant viscosity) and also

incompressible;

247



• The liquid-gas interfaces are rigid and parallel;

• The transversal velocity (along the z-axis) w, is small in comparison to the

longitudinal velocity (along the x-axis) u;

• The variation of u with respect to z, is much higher than that of u with respect

to x, i.e. ∂u/∂z ≫ ∂u/∂x.

In the analytical estimate for thinning rate presented here, the film is assumed to be

flat, non-deformable and in a quasi-steady state (as far as momentum balance is

concerned), with also a boundary condition of zero velocity at the film interface

(no-slip). Due to this, the fluid velocity field within the film will present a profile

similar to a Poiseuille flow [171].

By applying the lubrication approximation to the momentum conservation equations

for a two-dimensional thin film in Cartesian coordinates, we obtain:

∂P

∂x
= µ

∂2u

∂z2
, (A 1.1)

∂P

∂z
= 0, (A 1.2)

where P is the pressure within the film, and µ is the liquid viscosity. The film

pressure varies only along the film length, being uniform across the film thickness, for

any given position on the x-axis. The aforementioned equations have the following

boundary conditions, due to symmetry with respect to the x- and z-axes:

∂u

∂z

∣∣∣∣
z=0

= w|z=0 =
∂P

∂x

∣∣∣∣
x=0

= u|x=0 = 0. (A 1.3)

The no-slip boundary condition at the liquid-gas interface is expressed as follows:

u|z=±δ = 0. (A 1.4)
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Finally, the initial film half-thickness, and the instantaneous film drainage velocity

and pressure at the film boundaries are:

δ|t=0 = δ0, (A 1.5)

w|z=±δ = ±dδ

dt
(A 1.6)

P |x=L = P0. (A 1.7)

In these circumstances, there are three dependent variables in the aforementioned

equations that need to be solved to obtain an expression for the drainage rate of the

film dδ/dt. These dependent variables are the velocity along the x-axis u, the velocity

along the z-axis w, and the pressure field along the film P . An analytical solution for

u is obtained by integrating Eq. (A 1.1) twice, with the boundary condition

Eq. (A 1.3) ∂u/∂z|z=0 = 0, and the no-slip boundary condition in Eq. (A 1.4),

u|z=±δ = 0, as follows:

u(x, z, t) = − 1

2µ

∂P

∂x
(δ2 − z2). (A 1.8)

The continuity equation in Cartesian coordinates is:

∂u

∂x
+

∂w

∂z
= 0. (A 1.9)

By substituting the expression for u found in Eq. (A 1.8) into the continuity equation

(Eq. (A 1.9)), and integrating with the boundary condition in Eq. (A 1.3) w|z=0 = 0,

we can now derive an expression for the transversal velocity w, as follows:

w(x, z, t) =
1

2µ

∂2P

∂x2

(
δ2z − z3

3

)
. (A 1.10)

We can now relate pressure P , with the film thinning rate dδ/dt, and the film

half-thickness δ, by applying the boundary condition Eq. (A 1.6), to the expression
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just obtained for w, in Eq. (A 1.10):

∂2P

∂x2
=

3µ

δ3
dδ

dt
. (A 1.11)

A solution for the pressure along the film, P (x), is obtained by integrating

Eq. (A 1.11) twice, with the boundary conditions from Eq. (A 1.3) ∂P/∂x|x=0 = 0,

and also Eq. (A 1.7) P |x=L = P0:

P = −3µ

δ3
dδ

dt

(
L2

2
− x2

2

)
+ P0. (A 1.12)

Here, δ and hence dδ/dt are treated as spatially uniform. The film drainage rate

dδ/dt, can now be expressed as a function of the pressure change between the centre

of the thin film and its boundary with the Plateau border ∆P = P |x=0 − P0, thereby

obtaining the so-called Stefan-Reynolds equation [41, 49, 133, 171, 295]:

dδ

dt
= −2δ3∆P

3µL2
, (A 1.13)

where δ is the film half-thickness at an instant t, L is the film half-length, µ is the film

bulk viscosity, and ∆P is the excess pressure driving the drainage mechanism within

the film.

Generally speaking, the excess pressure ∆P involves combining a capillary pressure

Pc, and a disjoining pressure Πd. At a sufficiently large δ, the disjoining pressure Πd,

is small compared to capillary Pc, therefore the excess pressure in the film will be

approximately the capillary pressure. Thus ∆P ≈ γPb/a, where γPb is surface

tension and a is the radius of curvature of the Plateau border. We can now rewrite

dδ/dt as follows:
dδ

dt
= −2γPbδ

3

3µL2a
. (A 1.14)

It is now possible to derive an expression to estimate the film half-thickness δ, by
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rearranging and integrating Eq. (A 1.14), using initial condition Eq. (A 1.5):

δ = δ0

(
1 +

4

3

γPbδ
2
0

µL2a
t

)−1/2

. (A 1.15)

where δ0 is the film half-thickness at the initial time. This then is the expression for

evolution of film thickness which we employ here.

A 2 Equilibrium adsorption behaviour of proteins

This section provides extra information to support the discussion in Sec. 2.5.4 on how

adsorption isotherms for proteins are calculated. The large area and large number of

conformations of an adsorbed protein molecule can be modelled as a significant

increase in the non-ideality of the system. This is the reason why the simplest

adsorption isotherms, e.g. Henry, and Langmuir adsorption isotherms do not always

describe protein adsorption with high accuracy [163, 288].

Components of a mixture cover surface area A, with their partial molar surface areas

ωi, and moles adsorbed values N s
i [163], related as expressed below:

ω0N s
0 + ω1N s

1 + ω2N s
2 + ... = A (A 2.16)

where the partial molar surface areas are defined as ωi = ∂A/∂N s
i at fixed N s

j ̸=i

values. Here as mentioned N s
i is the number of moles of ith component in the surface

layer. In addition, we define Γi = N s
i /A and also the respective fractions of surface

coverage θi = ωiΓi. Moreover, ω0 is the molar area of the solvent, although its value

may depend on the choice of the position of the dividing surface [296]. From

Eq. (A 2.16) we obtain:

ω0Γ0 + ω1Γ1 + ω2Γ2 + ... = θ0 + θ1 + θ2 + ... = 1 (A 2.17)
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where subscript 0 refers to the solvent. In what follows, the subscript P stands for

protein, where ΓP is the total adsorption of proteins in all n available states. For

macromolecules such as proteins, since they typically have an actual molar area much

larger than that of the solvent, the notation makes a distinction between values of the

area ω0, on the solvent and the areas ωj , corresponding to all the dissolved species (or

conformational states thereof). Thus to distinguish ωP from ω0, the following

relations are used [297, 298]:

ω0 ̸= ωP =

∑n
i=1 ωiΓi∑n
i=1 Γi

=
ω1Γ1 + ω2Γ2 + ...

Γ1 + Γ2 + ...
(A 2.18)

ΓP =
n∑

i=1

Γi. (A 2.19)

Here clearly ωP is the weighted-average molar surface area, and depends on the total

protein adsorption. Moreover we define

θP = ωPΓP =
n∑

i=1

ωiΓi. (A 2.20)

Here, θP =
∑

i≥1 θi = 1− θ0 is the total fraction of the surface covered with protein.

The following equation of state can be used for the protein’s surface layer [299]:

Π = −RT

ω0

[
ln(1− θP ) + θP (1− ω0/ωP ) + αP θ

2
P

]
(A 2.21)

where Π denotes surface pressure (i.e. the difference in surface tension arising due to

adsportion), αP is the parameter of non-ideality (Frumkin’s parameter, αP > 0

implies intermolecular attraction [159]). This is associated with an adsorption

isotherm equation for each state j of the protein molecule in the surface layer, as

follows [300]:

bPjcP =
ωPΓj

(1− θP )ωj/ωP
exp[−2αP (ωj/ωP )θP ] (A 2.22)

where cP is the concentration of the protein in the subsurface layer, and the bPj terms
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are the adsorption equilibrium constant of protein in the state j. Here specifically, bPj

is the adsorption equilibrium constant for the protein in the jth state; ωP is the average

molar surface area of the protein (see Eq. (A 2.18)). Also ωj = ω1 + (j − 1)ω0 is the

molar surface area of the protein in the jth state, assuming that the increment of molar

surface area upon transition from a given state to a neighbour state is equal to ω0, such

that ω1 = ωmin and ωmax = ω1 + (n− 1)ω0. For solutions of single surfactants

adsorbed in a single state at the surface, this equation transforms into a Frumkin

model equation [301].

It is known that the surface activity of adsorbed proteins increases with increasing the

partial molar area ωj , according to a power law with a constant exponent α, as below

[194]:

bPj = bPmin

(
ωj

ωmin

)α

. (A 2.23)

Note that bPmin
is the adsorption equilibrium constant for the protein molecules in the

first (i.e. smallest area) state. Then, combining Eqs. (A 2.22) and (A 2.23), one can

obtain [159]:

bPmin
cP =

ωPΓj

(ωj/ωmin)α(1− θP )ωj/ωP
exp[−2αP (ωj/ωP )θP ]. (A 2.24)

To summarise, in this section, a set of parameters, relationships and equations have

been presented to demonstrate just how complicated protein adsorption behaviour can

be. Generally, these adsorption isotherms contain numerous unknowns and are

required to be matched with experimental data to enable us to calculate parameters

values. A simpler (albeit less accurate) approach is proposed in the next section.

A 3 Simpler approach to protein adsorption isotherm

In this section, we indicate how to simplify the very complicated protein adsorption

isotherm discussed in Sec. A 2 by fitting a Langmuir isotherm to it (effectively
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replacing Eq. (A 2.22) with something much simpler). Even though we are aware that

this is not a perfect fit, it nonetheless allows us to obtain adsorption parameters in our

model and as a result to carry out mass transport calculations.

First, we obtain an average value for bPj over the concentration domain of interest

and name it bavg. Then, we average all the ωj (for j ≥ 1) to obtain ωavg. Next, starting

from Eq. (A 2.22), we determine θP values in the domain of interest, and we use an

average for it (θavg) within the exponential term. This results in replacing

exp(−2αP θP ) with exp(−2αP θavg). As long as θP does not change too much in the

range of interest, this assumption can be reasonable [162].

By replacing bPj by bavg, ωj by ωavg and ωP by ωavg in Eq. (A 2.22), the following

equation will be obtained:

bavgcP =
ωavgΓj

(1− θP )
exp(−2αP θavg). (A 3.25)

If we sum over j and by using BP = n bavg, we obtain the following expression:

BP cP =
ωavgΓP

(1− ωavgΓP )
exp(−2αP θavg). (A 3.26)

We define an effective BP as B̄Peff = BP exp(2αP θavg), which can be considered an

analogue to the Langmuir parameter (K̄L), we now have:

B̄PeffcP =
ωavgΓP

(1− ωavgΓP )
(A 3.27)

and maximum packing is Γ̄Pmax = 1/ωavg. Rearranging Eq. (A 3.27) leads to the

following equation:

ΓP =
Γ̄PmaxB̄PeffcP
1 + B̄PeffcP

. (A 3.28)

This then is a simple way to replace the complicated protein isotherm with a simple

approximate Langmuir one. However, as mentioned previously it cannot predict
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protein concentration behaviour on the surface and in the bulk quite so accurately.

Nonetheless it has the advantage that it can be used easily in our modelling study.

A 4 Analysing non-linear isotherm for β-LG

In the small Pe∆ case discussed in Chapter 4, we used both global and local Henry

isotherms when relating surfactant surface and bulk concentrations, with the local

Henry isotherm taking account, at least to some extent, of rather more complicated

isotherm shapes. In the large Pe∆ case discussed in Chapter 6 however, we focussed

mostly on a local Henry isotherm. However, the large Pe∆ case is special in that fluid

elements in the bulk retain their bulk concentration throughout the evolution. Given

that we typically normalise the system by respective surface and bulk concentrations

in the Plateau border, all the information we really need from an isotherm is to obtain

bulk concentration in the film given initial surface concentration of the film. However,

in this case, we can also easily substitute a non-linear isotherm, such as the Langmuir

adsorption isotherm (see Fig. 2.6) instead of a linear one (see Sec. 7.5.1 for example).

In what follows we estimate some typical parameter values that could be used in an

analysis like that in Sec. 7.5.1.

To obtain a simplified Langmuir adsorption isotherm for β-LG, we used the

procedure explained in Sec. A 3. We have also taken β-LG relevant adsorption data

from [159, 162, 205]. Doing this results in the following parameters,

BP = 1.9× 103m3.mol−1, αP = 0.4, θavg = 0.9 and ωavg = 107m2.mol−1. This will

then result in an amount for B̄Peff ≈ 3900m3.mol−1 and for

Γ̄Pmax = 10−7mol.m−2. We also set cPb equal 1× 10−2mol.m−3 to be consistent

with data assumed in Tables 7.2 and 7.3. Using this cPb, the value of ΓPb turns out to

be 9.75× 10−8mol.m−2. As can be seen, the obtained ΓPb is slightly different from

what had been used in Chapters 6 and 7 as now a Langmuir isotherm is fitted to the

β-LG adsorption data (rather than reading from data directly as Table 7.1 did).
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Now, we convert to dimensionless variables, effectively normalising by the cPb and

ΓPb mentioned above. For compactness of notation we use the same symbols cP and

ΓP as before. The nondimensional Langmuir adsorption isotherm is:

ΓP =
ΓPmaxBPeffcP
1 +BPeffcP

(A 4.29)

where ΓPmax and BPeff are dimensionless analogues of Γ̄Pmax and B̄Peff , and turn

out to be 1.0256 and 39, respectively, from the nondimensionalization procedure

explained in Sec. 5.5. Using Eq. (A 4.29) and the aforementioned variables will lead

to the β-LG adsorption isotherm in dimensionless form as plotted in Fig. A 4.1.
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Figure A 4.1: β-LG approximation to Langmuir adsorption isotherm cast in dimen-
sionless form

Table A 4.1 (again in dimensionless form) shows surfactant concentrations on the

surface for various initial surfactant bulk concentrations.

Table A 4.1: Values of various initial surfactant bulk concentrations and
their corresponding surface concentrations are taken from Eq. (A 4.29).
Data are presented in dimensionless form.

c0 Γ0

0.1 0.816
0.3 0.945
0.5 0.976
0.7 0.989
0.9 0.997

Alternatively Table A 4.2 shows surfactant concentrations in the bulk for various

initial surfactant surface concentrations.
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Table A 4.2: Values of various initial surfactant surface concentrations and
their corresponding bulk concentrations are taken from Eq. (A 4.29). Data
are presented in dimensionless form.

Γ0 c0

0.1 0.00277
0.3 0.01060
0.5 0.02439
0.7 0.05512
0.9 0.18367

As can be seen from Tables A 4.1 and A 4.2, dimensionless surfactant surface

concentration is always higher than the corresponding dimensionless bulk

concentration or alternatively, for the same initial surfactant surface concentration,

initial surfactant bulk concentrations are always much smaller. Remember (see

Secs. 6.3.3 and 6.3.4) that to have significant surfactant exchange between the bulk of

the film and the bulk of the Plateau border, it was necessary for an area ratio Ab/At

(film area cross section exchanged divided by total film cross section) to be not too

small, and the way to achieve that was to have comparatively small Γ0. It is clear

though that, for the isotherm considered here, this only occurs for extremely low

initial surfactant bulk concentrations (even lower than c0 = 0.1).
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