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Abstract

This thesis proposes innovative methodologies for the many-objective optimisation of
spacecraft trajectories under epistemic uncertainty, which can also have application
outside the domain of trajectory optimisation. Epistemic uncertainty refers to a type
of uncertainty that is due to a lack of knowledge, and which cannot be adequately
quantified using standard probability theory, making it more challenging to quantify
in practice, as computational costs can become prohibitively high, in particular when
the number of uncertain variables is increased. Thus, the main challenge addressed by
this thesis was reducing the computational cost of quantifying epistemic uncertainty in
the context of trajectory optimisation. Several strategies were developed and used in
combination.

Since the quantification of epistemic uncertainty is an integral part of the objec-
tives being optimised, strategies are developed that reduce the number of evaluations
of these objectives. A surrogate model of the lower expectation is combined with a
dimensionality reduction technique to contain the computational cost. These dimen-
sionality reduction techniques take the form of control maps, which map the space of
control laws to a lower dimensional space, reducing the dimensionality of the search
space. Several control maps are tested and compared.

The second approach is to reduce the computational cost of quantifying the epis-
temic uncertainty. Techniques are proposed for some general formulations of epistemic
uncertainty. These are accompanied with studies of the scalability of their computa-
tional cost with the number of epistemic variables.

To optimise trajectories while accounting for the responsiveness of the control law

to observations of the state during the trajectory, sampling the uncertain variables and
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Chapter 0. Abstract

finding the optimal control law for each case can become prohibitively expensive, even
in the context of standard probability theory. Dynamic programming strategies have
been applied, in the literature, to stochastic optimal control. A key innovation in this
work is a dynamic programming formulation for epistemic uncertainty. This allows
designing trajectories where the control law responds to observations and corrects for
deviations, while still efficiently quantifying the epistemic uncertainty. Additionally,
by splitting the trajectory into segments affected by different epistemically uncertain
variables, this limits the growth of the computational cost with the number of epistemic
variables. Additional key contributions were theoretical proofs that bound the value of
this estimate with respect to other epistemic uncertainty quantifications of interest, in a
way which is applicable to many commonly used formulations of epistemic uncertainty.

These methodologies are incorporated into algorithms which are applied to test
cases consisting of spacecraft equipped with low thrust engines, whose parameters are
affected by epistemic uncertainty. These consist of an asteroid rendezvous mission, and
an asteroid fly-by tour of four asteroids in the asteroid belt. For these, a set of control
laws are obtained, describing the evolution of the thrust magnitude and direction over
time, and launch parameters, which are robust with respect to epistemic uncertainty in
the system parameters. The algorithms used are empirically and theoretically shown

to scale well with the number of uncertain variables.
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Nomenclature

Symbols used in this paper are listed in this section, ordered alphabetically, with Latin
letters, Greek letters, and acronyms in separate groups.

We mostly follow the convention that lower-case letters represent scalar quantities,
bold lower case letters represent vector quantities, upper-case letters represent in nite
sets, and calligraphic letters, such as Q, represent nite sets. Exceptions to these rules
include, but are not limited to, E, E, lsp, P1, P2, Q1, Q2, and T which are scalars
despite being upper-case letters, and F which is a vector quantity. Every bold letter
represents a vector quantity.

When a variable appears both in normal and bold form, such as and , the latter
is a vector of the former, so only the normal letters are shown in this list. Upper case
letters will generally be used to represent the in nite sets containing their lower case
versions such as u2 U and 2 N, and calligraphic versions are the same for when the
setis nite, e.g. u2U and 2 N. Apart from a few exceptions for symbols that occur
more often, these set variants won't be repeated when the symbol for their elements is
already listed.

Likewise, symbols where diacritics, subscripts, or superscripts are added to distin-
guish from another symbol to represent di erent quantities of the same type are not
usually repeated in this list either, unless the distinction is signi cant.

Variables used only in a single section are de ned locally and are not listed here.
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Nomenclature

Latin symbols

a

AU

h?q

Bj;q or Bj

Acceleration vector

Semi-major axis

Astronomical unit, equal to approximately 149:6 10 ° m
System dynamics depending on x only
Univariate Bernstein basis polynomial
Multivariate Bernsten basis polynomial

Coe cient vector

Controllable system dynamics

Lower expectation

Mathematical expectation

Orbital eccentricity

Stochastic process a ecting system dynamics
System dynamics depending on x, u and
Control map. For variants, see Section 2.7.
Vector of path constraints

Quantity of interest

Vector with samples of quantity of interest
Speci ¢ impulse

Set of multi-indices (vectors of indices)

Index of basis function
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Nomenclature

K Set with n samples of

L True longitude

M k[p] Marginal distribution of | when =[ ;; ,;:::] follows distribution p

M Number of segments a trajectory is split into

m System mass

mp Propellant mass spent

N Set of thresholds

n Number of samples or kernels used to estimate and expectation or lower

expectation !

NE Multi-index neighbourhood de ned in Eqg. (3.18)

NkS Multi-index neighbourhood de ned in Eqg. (3.19)

n Number of uncertain variables

Na Size of the archive used by MACS

Ng Number of evaluations of E performed to estimate E

n¢ Number of surrogate model evaluations by MACS

Np Number of agents used by MACS

Ns Number of points returned by MACS that are evaluated and used to re-

train the model at each iteration
Ninit Number of initial training points for the surrogate model

N e train Number of re-training iterations, i.e., number of times MACS is run and

the surrogate model is re-trained

In also refers to the mean motion, but this use is restricted to Section 2.3 and explicitely stated
therein.
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Nomenclature

n.r Number of coast/thrust arcs

P Set of all valid probability density functions

p Probability density function

Py, Py In-plane equinoctial elements

Q Subset of P that de nes what is known about the distribution of the

uncertain variables

q Polynomial degree

Q1, Q2 Out-of-plane equinoctial elements

r Cartesian position vector in a heliocentric frame

r Heliocentric distance

S Auxiliary variable

T Thrust magnitude

t Time

tp Departure time

u Control law

U Space of control laws

v Cartesian velocity vector in a heliocentric frame

V1 Magnitude of the hyperbolic excess velocity

X State vector

y Control law transcription

Y Set of control law transcriptions

z Proxy control vector, which is passed to a control map to obtain a control
vector y.
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Nomenclature

Greek symbols
Thrust azimuth
Thrust declination
Azimuth of the hyperbolic excess velocity

r Distance to target

v Relative speed to target
Declination of the hyperbolic excess velocity

L OFF True longitude length of a coast arc

L ON True longitude length of a thrust arc
Vector of constants

i Kernel functions used to approximate a probability distribution

i Auxiliary functions used to model stochastic processes
True anomaly
Auxiliary variable
Standard gravitational parameter
Threshold used to de ne a target set

“e(h) Upper Quantile - threshold such that E (h< )= E
Uncertain vector
Standard deviation
Space of uncertain vectors

Li Uncertain parameter in the model for the speci ¢ impulse Isp
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Nomenclature

Tii Uncertain parameter in the model for the thrust at 1 AU, T ay
Linear function such that ()2[0;1] "
State transition function
Scalar cost function
L (L) Auxiliary function equalto 1+P ;sinL+P,cosL
Vector of boundary conditions
Right ascension of the ascending node

! Argument of pericentre

Acronyms

LHSU Latin Hypercube Sampling from a Uniform distribution

MACS Multi Agent Collaborative Search - A many-objective optimisation algo-
rithm

PDF Probability density function

Qol Quantity of Interest
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Chapter 1

Introduction

In trajectory optimisation problems, generally the goal is to nd an admissible control
law that allows achieving a given set of mission objectives while minimising a cost
function. If some system parameters, such as engine thrust or e ciency, are not known
exactly, the trajectory that results from a speci ¢ control law cannot be known exactly
either. To obtain trajectories that are robust to the uncertainty in system parameters,
one has to quantify the resulting uncertainty in the achievement of mission objectives
and satisfaction of mission constraints which results from that uncertainty.

The majority of existing methods for optimisation under uncertainty, and for uncer-
tainty quanti cation in general, use standard probability theory which can only describe
aleatory uncertainty. Aleatory uncertainty refers to systems that are inherently ran-
dom, and thus this uncertainty cannot be reduced. In this PhD, the aim was to consider
instead epistemic uncertainty, which results from a lack of information, and is such that
if additional information was available, it could be reduced or eliminated. This char-
acterises, for example, the uncertainty one has on the system parameters at the early
phase of the design of a space mission [67]. It is argued in the literature that standard
probability theory can be inadequate for handling epistemic uncertainty [33,50]. For
example, in [33], the authors point out that the typical way of representing a completely
unknown variable as a uniform distribution, which follows from Laplace's principle of
indi erence, cannot distinguish scenarios where some parameter is completely unknown

and those where it is known to follow a uniform distribution.
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Using a classic example from introductory classes on probability and statistics,
standard probability theory does not allow distinguishing the scenario of taking a ball
from an urn containing the same number of black and white balls, versus the scenario
where the number of each type of balls is unknown. In the rst scenario there is
aleatory uncertainty, while in the second there is epistemic uncertainty. In addition,

a uniform distribution is not invariant under reparameterisation, so, for example, a
lack of knowledge of the side length of a cube should lead to a lack of knowledge of
the volume of the cube, but if the former is represented with a uniform distribution,
the latter will have a non-uniform distribution, which wrongly suggests some degree of
information about the volume [33]. In [50], the authors also argue that for a case with
many epistemically uncertain variables that are only known to lie in certain intervals,
characterising each of them with uniform distributions will lead to very low probabilities
given for combinations of parameters near the ends of each interval, which is not a
conclusion that can be drawn given the lack of knowledge on the probability distribution
of the parameters. For a rigorous and complete explanation of the rationale behind the
need for speci c methods to handle epistemic uncertainty, the interested reader can
nd more information e.g. in [33,50, 71].

This thesis considers the problem of trajectory optimisation subject to epistemic
uncertainty in the control action and initial conditions. In particular, the uncertainty
is considered to be time dependent, and an optimal control law is sought that is robust
against multiple realisations of a set of uncertain system model parameters. This type
of problem is applicable to the preliminary design of small-size low-cost space missions,
where the uncertainty on the performance of the spacecraft is expected to be large,
especially in the early stage of the system de nition.

To account for aleatory uncertainty a ecting the objectives one wants to optimise,
one approach is to optimise their expected value, which is estimated by modelling
the probability distribution of these objectives, starting from the knowledge of the
probability distributions of the uncertain parameters a ecting the trajectory. One
can then use general purpose optimisation methods with these new objective functions

based on mathematical expectation. For quantifying epistemic uncertainty, in this work
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the lower expectation is used in place of the expectation. The uncertain parameters,
instead of having a known probability distribution, have a set of possible probability
distributions, referred to as a family of distributions. The lower expectation is then
the minimal value of the expected value of the objective that can result from any set
of distributions in these families. The detailed de nition and computation of the lower
expectation, as well as its use in many-objective trajectory optimisation problems, is
the subject of Chapter 3.

In addition, a key novelty of this work was a dynamic programming based approach
for the computation of epistemic uncertainty in the context of multi-segment trajec-
tory optimisation problems where at each segment system parameters are a ected by
epistemic uncertainty and nearly exact observations of the system state are available.
Rather than computing the lower expectation by minimising over the joint uncertainty
space of all segments, this new dynamic programming approach allows separating the
computation of the lower expectation at each segment, thus reducing the computational
complexity of the overall uncertainty quanti cation. Since this is a multi-segment ap-
proach, it is directly applicable to feedback control problems, where the control law
is a function of sparse observations. Note that in the general case, observations are
also a ected by a mix of epistemic and aleatory uncertainty, but this work focuses on
epistemically uncertain systems and nearly exact observations. Other key contribu-
tions developed during this PhD were theoretical proofs for lower and upper bounds
on the estimate of the lower expectation obtained by this dynamic programming based
method, as well as a study of its computational e ciency and accuracy.

In addition to quantifying and optimising with respect to epistemic uncertainty,
other contributions of this work relate to optimisation under many objectives. For the
design of the trajectory of a space mission, a number of objectives are relevant, such as
minimising propellant mass spent, or the distance to possibly several targets. It may
be that there is no immediate way of combining these into a single objective, especially
in the early segments of the design process, and these objectives may also be in con ict
with each other. In this work, problems with more than 3 objectives are studied, in

which case they are referred to as many-objective problems. Such problems are tackled
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by estimating the set of nhon-dominated solutions, which are those for which no other
solution exists that is better or as good in every objective. Such solutions are also
termed Pareto-optimal, and their set is known as the Pareto set for a problem. [35]

The minimisation of the lower expectation is a hard global optimisation problem,
in the general case, while the search for an approximation to the Pareto set in high
dimensions requires a high number of calls to the objective functions. In order to make
the many-objective optimisation tractable, this work elaborates on the idea, proposed
in [22], of using a surrogate model that directly maps the decision variables into the
value of the lower expectation. This mapping completely bypasses the computation of
the lower expectation during the search for the Pareto optimal set. However, building
this mapping, and validating the approximation to the Pareto set, requires evaluating
the lower expectation a number of times, which is why, as previously mentioned, a
signi cant fraction of the research e ort in this PhD was dedicated to the e cient com-
putation of this quantity. Finally, because the accuracy of the surrogate representation
depends on the number of decision variables, this work also proposes dimensionality
reduction techniques that map a subset of the space of admissible controls into a lower-
dimensional space of proxy decision variables.

The approaches herein developed are applied to test cases consisting of missions to
asteroids in the solar system, for spacecraft equipped with low-thrust engines, whose
system parameters are known with epistemic uncertainty, and for which multiple ob-
jectives are optimised. Namely, these test cases are a rendezvous mission to asteroid

Apophis, and an asteroid tour mission that visits four asteroids.

1.1 Aim, Objectives, and Research Questions

The aim of this thesis is to develop methods for the optimisation of spacecraft tra-
jectories under epistemic uncertainty. Considering the challenges of undertaking this
task, which often revolve around the quanti cation of epistemic uncertainty, the main

research objectives can be summarised as:

~ Optimisation of multiple objectives while minimising the number of times the
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~

objective function is computed, which, since it involves quantifying epistemic

uncertainty, tends to be computationally expensive;

E cient methods for the quanti cation of epistemic uncertainty, ideally limiting
the growth of the computational cost with the number of uncertain variables, since
some methods can exhibit exponential growth such as those based on evidence

theory [13];

An e cient way to quantify epistemic uncertainty that is compatible with correc-
tions based on observations, i.e. feedback control, while also meeting the previous
objective. A related objective is to develop a methodology that permits separat-
ing the computation into di erent segments of a trajectory, for trajectories where

each segment is a ected by di erent epistemic variables;

Validation of previous approaches by testing them on realistic trajectory optimi-

sation problems, and quantifying their accuracy and computational cost.

These research objectives can also be summarised into the following research ques-

tions, corresponding to the main areas where progress was made in this thesis:

Can existing quanti cations of epistemic which currently require computational
complexity that is exponential with the number of uncertain variables instead
be estimated in polynomial time? In this thesis, more e cient methods were
developed for the quanti cation of epistemic uncertainty which can be applied
to a very general class of problems. These were empirically shown to run in
polynomial time. The dynamic programming algorithm developed to answer the

following research question also addressed this one.

Can the principles of dynamic programming be applied to epistemic uncertainty
guanti cation, and can this be done in a way that allows accounting for feedback
control in a computationally e cient manner? This thesis develops a novel dy-
namic programming based quanti cation of the epistemic uncertainty, including
theoretical and experimental results. This approach achieves the desired e ect

of allowing for feedback control, while limiting the growth in computational cost
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to polynomial with the number of segments a trajectory is divided into. The
aforementioned theoretical results also give lower and upper bounds to this novel

guanti cation of the epistemic uncertainty de ned in terms of more conventional

de nitions.

1.2 Journal Publications

S. da G. Marto and M. Vasile, "Many-objective robust trajectory optimisation
under epistemic uncertainty and imprecision’, Acta Astronautica, vol. 191, pp.

99{124, 2022, doi: https://doi.org/10.1016/j.actaastro.2021.10.022.

M. Di Carlo, S. da Graca Marto, and M. Vasile, "Extended analytical formulae
for the perturbed Keplerian motion under low-thrust acceleration and orbital

perturbations’, Celest Mech Dyn Astr, vol. 133, no. 3, p. 13, Mar. 2021, doi:
10.1007/s10569-021-10007-X.

" S. da G. Marto and M. Vasile, "A Dynamic Programming Approach to Many-
Objective Optimal Control Under Epistemic Uncertainty', Journal of Guidance,

Control, and Dynamics (submitted)

1.3 Conference Papers and Presentations

" S. G. Marto, M. Vasile, and R. Epenoy, "Multi-Objective Robust Trajectory
Optimisation Under Epistemic Uncertainty and Imprecision', 70th International

Astronautical Congress, p. 13, 2019.

" S. da Graza Marto and M. Vasile, "Multi-Objective Robust Trajectory Opti-
mization of Multi-Asteroid Fly-By Under Epistemic Uncertainty', in Advances in
Uncertainty Quanti cation and Optimization Under Uncertainty with Aerospace
Applications, M. Vasile and D. Quagliarella, Eds., Cham: Springer International

Publishing, 2021, pp. 209{230.

" S. Marto and M. Vasile, “Constrained multi-objective space trajectory opti-

misation under severe system and operational uncertainty: 72nd International
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Astronautical Congress', Oct. 2021.

1.4 Structure of the Thesis

After this introduction, the thesis is separated into two parts. Part | describes the novel
methods developed, starting with Chapter 2, where, after the general formulation of
the many-objective trajectory optimisation problems tackled in this work, methods
for their optimisation are described. Chapter 3 then introduces epistemic uncertainty,
how it is quanti ed in theory and in practice, and how this quanti cation can be inte-
grated into the optimisation problems to obtain trajectories that are robust to epistemic
uncertainty. While the preceding two chapters already introduce novel concepts and
methods, Chapter 4 introduces an approach which, to my knowledge, is unique, by
applying the concept of dynamic programming to the computation of epistemic uncer-
tainty, with the bene ts of splitting the computation into segments of the trajectory,
and of allowing handling of feedback control.

Part Il then tests these methods by applying them to trajectory optimisation prob-
lems of spacecraft equipped with low thrust engines, for a rendezvous mission with
Apophis, and a y-by tour visiting four asteroids. These tests are split into Chapter 5,
which focuses on applying and testing the methods of Chapters 2 and 3, and Chapter

6 which focuses on applying and testing the methods of Chapter 4.
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Chapter 2

Many-Objective Trajectory

Optimisation

This chapter describes in general terms the type of problem that is the focus of this
thesis, which are many-objective (MO) robust trajectory optimisation problems, as
well as the methodology used to e ciently nd solutions. Robust here means that the
mission objectives should be met to some degree even in the presence of uncertainty in
the dynamics. This means the objectives will include a quanti cation of the uncertainty,

which is to be explained in more detail in the subsequent chapters.

2.1 Related Work

The literature on trajectory optimisation under uncertainty presents a number of tech-
niques and approaches. A traditional approach, at preliminary mission design stage, is

to use resource margins, which are excess amounts of some resource beyond the require-
ment to complete the mission under nominal (deterministic) conditions. Examples of
this approach, applied to mission design, include propellant margins and missed-thrust
margins, the latter being the amount of time the thrusters can fail without compro-
mising the mission [40,51,55]. The addition of such margins is often mandatory as per
ESA guidelines, see for example [23]. These approaches, however, may lead to non-

robust trajectories with over-conservative margins [28]. In [70], the authors propose a
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method to optimise backup trajectories, to be followed by the spacecraft in the event of
permanent engine failure. If some of the engines fail, the spacecraft takes on an alter-
native trajectory focusing on di erent targets than had been planned for the nominal
mission. Other methods for dealing with this type of uncertainty model the outcomes
of the uncertain system in some way, and use this model to carry out the optimisation.
Examples are the works by Bernelli-Zazzera et al. [6] using Taylor Algebra and Greco et
al. [29] using a set-oriented approach based on generalised polynomial algebra (GPA).
In both cases, polynomial expansions are used to relate the nal state with a set of
uncertain variables. In [53], Ozaki et al. use the unscented transform [36] to develop a
method based on di erential dynamic programming, optimising a feedback control law.
Other approaches are designed to correct the trajectory once new observations of the
state of the system are available. In model predictive control (MPC), at each segment
of the trajectory, an optimal control law is found using an open-loop control based
on the current state, and a known dynamical model of the system, which predicts its
evolution over time [10]. An analogous approach is used in this work to simulate trajec-
tory corrections based on observations of the state vector. In MPC, generally the cost
function is the weighted sum of the distance to a reference trajectory and a measure of
the control e ort. As the trajectory unfolds, the state is measured, and the control law

is updated. Since the control law is updated according to measurements of the state, it
is responsive to deviations from the reference trajectory, making it a type of feedback
control. An example application of robust MPC can be found in [58], wherein a linear
time-invariant discrete-time system subject to an unknown but bounded disturbance is
optimised, using a constraint tightening approach.

All of the works hitherto mentioned have in common that they deal only with
aleatory uncertainty. Aleatory uncertainty refers to systems that are inherently random,
and thus this uncertainty cannot be reduced. Epistemic uncertainty is uncertainty
resulting from a lack of information, and is such that if additional information was
available, it could be reduced or eliminated. Chapter 3 will go into the details of
epistemic uncertainty, how it is de ned, and how one can optimise under epistemic

uncertainty, while in this chapter, these details are temporarily abstracted away.

10
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2.2 Problem Formulation

In the most general form, the MO problems studied in this work can be written as

maxE( 1); E( 2); 5 E( m)]"

s
x = b(x) + f(x; u; (t)) (2.1)
E(g(x;u; ;1) 1 g

E((X i;Xf; o ¢:tiste)) 1 ;

where =[ 1; 2 m]' is avector of scalar cost functions, is a vector of boundary
conditions and g is a vector of the path constraints. The quantities o; ¢ 2 are

vectors of uncertain parameters, (t) is a multi-variate stochastic process, u is the
control law, U is the space of control laws, and g and  are two vectors of constants.

The function E is the lower expectation, and it is a generic way to quantify epistemic
uncertainty [71]. A more detailed explanation and examples of what type of uncertainty
guanti cation methods can be used, and how they are used, is the topic of Chapter
3. For now, it suces to say that E_is a conservative estimate of the expected value
of a quantity of interest, or of our degree of belief that it will be in some desired set,
accounting for epistemic uncertainty. It is the use of Ein the objective function that
makes the solutions to Eqg. (2.1) robust to epistemic uncertainty.

The following chapters concern the practical aspects of obtaining an estimate of the
Pareto front of Eq. (2.1). First, the dynamics model used throughout this work, without
loss of generality, is described in Section 2.3. Section 2.4 discusses how the stochastic
process (t) is handled. Section 2.5 describes the transcription of the problem, i.e., the
conversion of the problem one wishes to solve into one that can be handled by numerical
methods. Section 2.6 provides a brief introduction to the solution of many-objective
optimisation problems, and the algorithm used. The solution of many-objective optimi-
sation problems can be computationally expensive, as it tends to require large numbers

of evaluations of the objectives which, because they integrate epistemic uncertainty

11
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gquanti cation, are themselves expensive to compute, as will be discussed in the next
chapters. Section 2.7 describes the use of control mapping to reduce the dimensionality
of the search space, and Section 2.8 describes the use of surrogate models to further

alleviate computational costs.

2.3 Orbital dynamics

This work will focus on heliocentric trajectories to visit asteroids, even though the
overall methodology, in particular that for uncertainty quanti cation, is more generally
applicable. The spacecraft will be subject to gravitational and thruster accelerations
a, given as

F= r—3r+a: (2.2)

Because the focus of this work is not on the astrodynamics, but rather in obtaining
optimal robust trajectories, to save time developing and running the various algorithms,
perturbations were not considered.

The state x is modelled using equinoctial elements in a heliocentric frame. This
element set has the benet of being almost singularity free (the only singularities are
i = and the rectilinear orbit) [4]. Therefore, x =[a;P 1;P2;Q1;Q2;L;m]T, which can

be written as a function of the classical orbit elements as

a=a
Py =esin(l+)
P,=ecos(!+)

(2.3)
Q1 =tan Iésin

i
Q2 =tan > cos

L= +1+

in addition to the mass m, which decreases as propellant is spent.
The control law u(t) is a normalised thrust, such that kuk 1. The search space

U is therefore the set of functions u = u(t) : R ! R 3 such that ku(t)k 1 8t. The
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thrust is modelled as being inversely proportional to the squared heliocentric distance,
following [19]. Thus, the acceleration a is written as:

T(: T 2
a= (;n U= au()r AU -

m mr 2 (2.4)

where T (;r) is the magnitude of the thrust at distance r, and T ay () is the magnitude
of the thrust at distance r =r 5y =1 AU, AU being the Astronomical Unit (around
1:5 101 m) and r =aB 2= | (L) is the heliocentric distance of the satellite.

This approximately models a scenario where the low thrust engine is being powered
by solar panels, and the power that is made available to the engine is proportional to
the amount of sunlight that hits the panels, as opposed to assuming constant thrust.
The fact that the engines are solar powered does not necessarily imply that the thrust
will follow an inverse square law, but this assumption also leads to simpler formulae
when integrating the Gauss variation of parameter equations (given by the equation
for x in Eq. (2.1) using b and f in Eqgs. (2.7) and (2.8)) using a rst order method
of perturbations [19], when compared to equivalent approximations assuming constant
thrust [73].1 The variation of the specic impulse s, that might accompany this
variation in engine power was not modelled because it could not be as easily treated
with this approach.? Consulting [26], one can infer Egs. (2.5) and (2.6), where and
V,, are the beam current and beam voltage, respectively. These imply that one can keep
the I sp approximately constant, and vary the input power, approximately P =1 ,V, by

varying only | g, which results only in a variation on the thrust T.

T/ bp Vo (2.5)

1The formulae for low thrust following an inverse square law are Eqgs (54)-(56) of [19]. Compare
to their constant thrust equivalents in Eqs (17)-(20) of [73] which use many quantities that had to be
de ned in an appendix. This di erence in complexity also translates to a di erence in computational
cost.

2For a brief overview of this method of perturbations, in addition to the cited papers, Appendix C
contains an introduction to the method of perturbations in addition to my contribution in developing
some formulae for perturbations (third body) that were not included in the main thesis work, but
which were published in [19]. Note that my contributions did not include the low thrust acceleration
following the inverse square law that is used in this thesis, so this is not included in Appendix C, but
it is also published in [19].

13
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P —
lsp/ Vb (2.6)

For the full equations the reader should consult [26] as these details are outside the
scope of this work.

In Section 5.1.1, the test cases for this work are de ned, which includes selecting
values for Isp and Tay . This selection is justi ed by consultation of a data sheet for the
NEXT ion engine and, alongside this justi cation, the reader can also nd a justi cation
for modelling the Isp as constant based on the same data sheet.

The dynamics in Eqg. (2.2) are de ned by writing the vector b from Eqg. (2.1) as

L
b= 0;0;0;0;0; LB(3)0 ; (2.7
and the function
2 3
Bnm [([P2sinL P jcosl)ar + (L)art]
h Py+sinL Q LQ L |
+Sin H 1 COS 2SIn
nam a rRcosL+ 1LT+SII’1L ar P N
B h P,+cos L QicosLQ »sinL |
H COS
—— arsSinL+ Z’LT+COSL aT+P1%aN
f(x;u; ) = B 1+Q2+Q32 sinL ;
2nam TRz o
B 1+Q2+Q2 cosL
2nam 1782 o
S_(QicosL Q ;sinL)ay
TAU()r AU
kuk lsp()g or?
(2.8)

where &, ar, and ay are the components of the acceleration a in the radial-transverse-

normal (RTN) reference frame [65], and n is the mean motion,

B= 1le2= 1P2P3Z; (2.9)

L(L)y=1+P 3sinL+PycosL; (2.10)
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and I is the speci c impulse. See [4,38] for explanations of these formulae above, which
correspond to the Gauss variation of parameters equations for equinoctial elements. In
addition to the thrust acceleration, this dynamics model could have also included, in
b(x), the e ects of perturbations. Since accurate modelling of orbital dynamics was not
the focus of this work, in the interest of simpli cation and saving time, perturbations
were not included. However, this PhD work did include the integration of the dynamics
equations of a satellite subject to third body perturbations, as part of a journal paper
that deals with this and other perturbations, published in the Journal of Celestial
Mechanics [19]. For completion, this work is included in Appendix C.

As mentioned, the formulae derived in [19] are used to propagate the orbital dy-
namics described in this section. These formulae are derived speci cally for low thrust,
which is characterised by the ratio between a and the gravitational acceleration being
much lower than 1. Note that because of the assumption that this value is inversely
proportional to the squared heliocentric distance, this ratio will stay constant, as the

gravitational acceleration follows the same rule.

2.4 Stochastic processes

The theory of stochastic processes and stochastic di erential equations (SDE) has re-
ceived extensive study, and for this reason, it is worthwhile to include some discussion
on how this work relates to this theory and some of its theoretical results. This the-
ory is not the focus of this work, which instead is focused on handling uncertainty in
systems with nite numbers of unknown variables. This section is meant to illustrate
how such an approach can nonetheless be applied to handle SDEs, starting by writing
an SDE that is similar to the problem under study.

The variables Tay and Isp in Egs. (2.4) and (2.8) are de ned as stochastic pro-
cesses, i.e. functions of time for which each evaluation is a random variable. Stochastic

processes can be written as white noise driven processes,

x = b(x; t) + L(x; tyw(t) (2.11)
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where w(t) is the white noise process, a process where each w)tis a Gaussian random
variable independent of w(t,) for any t; 6=3%, b is known as the drift term and L as the
dispersion matrix. Other driving stochastic processes can also be used, such as Levy
processes and Poisson processes, although this appears to be less common. [59]

The formulation in Eq. (2.1) would not t into Eq. (2.11) even if were to be
replaced by a white noise process, because f depends on in a possibly non-linear
manner. In that case, as said by Sarkka and Solin in [59], \... white noise should
not be thought of as an entity as such, but it only exists as the formal derivative of
Brownian motion. Therefore, only linear functions of white noise have a meaning,
whereas nonlinear functions do not". It is also for this reason that many works in the
literature choose to write d (t) instead of w(t), where (t) is Brownian motion, also

known as the Wiener process. In that case, Eq. (2.11) is re-written as
dx = b(x;t)dt+ L(x;t)d (1) : (2.12)
The dynamic equation in Eq. (2.1) can also be written as
X =b(x) +d(x; u)F() ; (2.13)

which is closer to Eq. (2.11), but F() is the vector
2 3

Tau Z
Tl (2.14)

Isp

which is not a standard stochastic process like white noise, since F is a nonlinear
function of the stochastic processes involved, and so Eq. (2.13) is not an SDE.

The issue is that Isp is a stochastic process, but it a ects the dynamics non-linearly,
which is incompatible with an SDE formulation. The same is not the case with Tay . A

solution is to consider Isp as an additional state with dispersion matrix L, and write
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the thrust as Tay = Tau +L 7d, resulting in an augmented version of the dynamics,

dx* =b*(x";u)dt+d T (x";u)d (2.15)
where
3 2 3 2 3
o= a%s bt (x*u) = 4P+ X W) Taug Cdt(x*ru) = 4wl T 0,
ISP 0 0 L,

(2.16)
Now that an SDE formulation has been obtained that is compatible with the prob-
lem formulation in the previous section, let us investigate how the approaches in this
work, which always consider a nite number of uncertain variables, may be adapted
even to this approach.
One method to approximate a stochastic process is to use a pathwise approximation

[44,59]. Such an approximation consists in writing a stochastic process X(t) as

ps
X(t) = zi i(t); (2.17)
i=1
where z are zero mean random variables and; (t) are basis functions. The Karhunen{La@ve
(KL) theorem provides the best choice of functions | (t) for convergence for a stochastic
process, i.e. its KL expansion. This expansion also makes the variables ancorrelated.
For example, for Brownian motion (t) with di usion matrix Q, the KL expansion for
t2[0;T]is
p _%
d®=  Q z i(®); (2.18)

n=1
where z are independent standard Gaussian random variables, and [59]
2 12 os @D
T 2T

i(t) = (2.19)

Other examples of pathwise expansions exist, such as Haar wavelets or the Wiener
chaos expansion.

In Eq. (2.15), if L, is a constant matrix, | sp can be solved independently of other
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variables, resulting in

lsp(l; )= i(L) i (2.20)

[
and t.; are the new uncertain variables. Similarly, if Lt is a constant matrix, the

thrust Tay = Tau +L 1 d can also be written

Tau(L; )= i(L) i (2.21)
i
where 1, and ;i are parameters of the epistemically uncertain stochastic processes
that de ne the value of T and | s, over time.

A reading of the work by Pierret [54] may suggest that this approach is awed, as the
second order terms on the thrust therein developed, and referred to as \supplementary
terms"”, are absent in this formulation. They result from an application of 1t6's formula
(also known as I1t6's lemma) [59], which can be used to obtain the SDE of a transformed

process Y = g(X),

- : X : L 1X @
d¥i = - X)dt+ | ARG @10

1)

GX)dX jdX; :  (2.22)

The last term, with second order derivatives, is the source of those supplementary
terms. The work in Pierret considers an It6 SDE, which is the most common type
of SDE, and for which Ité's formula applies. A pathwise approximation, on the other
hand, converges to the Stratonavitch integral of the SDE [59]. To indicate that this is
the de nition in use, Eq. (2.12) can be written with a between the dispersion matrix

and the driving process, i.e., the following denotes a Stratonavitch SDE:

dx =b(x;t)dt+L(x;t) d : (2.23)

Before explaining what this di erence means, let us review the formalism behind SDEs.
The integration of an SDE such as the one in Eg. (2.12) requires a formalism
that di ers from the Riemann, Stieltjes or Lebesgue formalisms used in Calculus. The

reasoning given in [59] is as follows. Stieltjes or Lebesgue integrals are de ned essentially
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as the limit

Z, X
L L0 = im - LEE ST ) (€ (2.24)
where o <t <:::<tpandt 2I[tg,tk+1]. A similar de nition exists for Riemann
integrals. In both cases, the limit must be independent of the choice of t within its
interval, which does not happen in general when d is a Wiener process. The most
common way to handle this issue is to chooseg,t=t «, which results in an It6 integral.
These have the advantage of resulting in Martingales, which are useful for theoretical
analysis, but have the consequence that the chain rule does not apply, instead one
must use It0's formula. If instead the choice is the midpoint, t = (t ¢ +ty+1)=2, the
limit results in a Stratonovich integral. These are not martingales, but instead of Itd's

formula, the normal chain rule applies, resulting in

X @g

o0 i (2.25)

@g
dYx = —(t; X)dt +
k @t( )
which is Eqg. (2.22) without the second order terms.
These facts do not limit the applicability of the proposed method, since an 1t6 SDE
can be converted to a Stratonovich one by transforming the drift term [59],

1X @l (x1)

B =bi(x;t)+ > @x Lij (1) : (2.26)

Jil

For the rest of this document, the preceding discussion will be set aside, it being
su cient to remember that a representation with a nite number of uncertain variables
can also represent a white noise driven stochastic process.

The stochastic processes A&y and lsp will be represented in a decomposition of the
form of Egs. (2.20) and (2.21). In this work, functions i, and uncertain variables T
and ., are not found by analysing an SDE, as that is outside the scope of this work.
Instead, simpler methods for discretising the stochastic processes are used, as explained
in the test cases de ned in Chapter 5 of Part II.

As a nal note, model (2.21) is not ideal to represent uncertainty in the thrust
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magnitude due to engine outage events because it would require a very high order
expansion. Thus, when studying the optimal response to engine outage, the following
piece-wise constant model is introduced, where the true longitude L at the start and
end of the outage are uncertain variables:
( .
nTau if L2[ Lon; ton *+ Ln |

Tau() = ' (2.27)
Tau otherwise

where ., 2[0;1], tn >0, Lon 2[Lo;Lt], and fAU is the reference value of the
thrust without outage. This is still a stochastic process, although not one that can be
written as a solution of an SDE in the form of Eq. (2.12).

From now on, the vector will denote an array containing every uncertain variable
in the pathwise representation 1., |:n, (if outages are being considered, this includes

Lon, Ln ,and .,),in additionto .

2.5 Transcription

The search space in Eq. (2.1) is a Hilbert space. To optimise the problem in that
equation numerically, it is necessary to transcribe the problem, i.e., to devise a repre-
sentationy 2 Y R Kfor nite integer k, such that there is a transformationu : Y ! U,

and perform the search over Y. Furthermore, instead of constraints, the optimisation
objectives include lower expectations_Eon indicator functions of the uncertain and
control variables, which are one when these constraints are met, and zero otherwise,

see Chapter 3. The result is a box constrained problem of the form:

minyav;on [E () ) E (@) )i E _((y); )1 T (2.28)

The quantity 2 N is a vector of parameters (called thresholds in the remainder of
this thesis), that are used to scale the Lebesgue measure of the target sets. More detail
on the meaning of the thresholds is given in Chapter 3.

Problem (2.28) recasts the boundary and path constraints in (2.1), into objective

functions and adds a measure of the target sets as an additional vector of objectives.
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This formulation is more amenable to a solution when little is known about the target
sets. In fact, problem (2.1) might not have any admissible solution for a given choice
of gand . On the contrary, problem (2.28) always has a solution and provides a
useful trade-o between constraint satisfaction and cost.

Two other variants of problem (2.28) will also be considered. One variant involves
xed thresholds, where the set N is reduced to a single point, and another variant
involves xing the lower expectations E, in which case the are referred to as upper
quantiles —[71]. This is described in more detail in Chapter 3.

Transcribing problem (2.1) into problem (2.28) requires solving the di erential con-
straints rst and then calculating boundary and path constraints. In the following
section, the transcription method is brie y presented. Note that although the method-
ology proposed in this work is conceived to work with direct transcription methods, it
does not rely on the speci c transcription approach de ned in this Section. This means
that in principle one could use any direct transcription approach without modi cation

to the overall methodology for the treatment of epistemic uncertainty.

2.5.1 Transcription of the Di erential Constraints

In this study, di erential, path and boundary constraints are transcribed using a variant

of the direct analytical multi-shooting algorithm proposed in [74] and implemented in
the software code FABLE (FAst Boundary-value Low-thrust Estimator) 3. The transfer
leg is split into a prede ned sequence of gr nite coast and thrust arcs. [20] Over each
arc the di erential constraints are solved analytically with a rst order expansion in
the small quantity kak, which corresponds to the rst order method of perturbations
solution mentioned previously and discussed in detail in [19]. Note that because of
the rst order nature of the solution, any second order term in a is neglected. Thus,
the second order \supplementary terms" developed by Pierret [54] and discussed in the
previous section would not be included by this approximation. The motion is assumed
purely Keplerian along coast arcs.

An additional detail is that for ease of analytical integration, the dynamics are

Shttps://github.com/strath-ace/smart-02c
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integrated over the true longitude L instead of time t, which becomes a state. The
time and true longitude swap places in this analysis [74]. Therefore, the length of these
arcs, and the \time" they take place in are de ned in terms of true longitude.

The i-th coast arc is characterised by its length in longitude L ©FF | ie., the
di erence between the true longitude at the end of the arc and at the beginning, while
the i-th thrust arc is characterised by its length L iON, and by the azimuth ; and
declination ; that the spacecraft engine is pointing towards, and by the throttle value
i. The division of the trajectory into arcs is illustrated in Fig. 2.1, while the azimuth
and declination angles are illustrated in Fig 2.2, and Eq. (2.29) shows how to obtain

the acceleration in the RTN frame given those angles.

Figure 2.1: Segmentation of the trajectory into coast arcs (black) and thrust arcs (red).
\On" nodes de ne the switching point from a coast to a thrust arc and \O " nodes
de ne the switching point from a thrust to a coast arc.

2 3
COS cos

a= 10D §cos sin z i (2.29)

m

sin
The low thrust trajectories considered in this work consist of an injection into a

heliocentric transfer orbit by a conventional launcher, followed by a number of alter-
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Figure 2.2: The acceleration vector a and the and angles, in the RTN frame.

nating coast and thrust arcs with ion propulsion. The injection is characterised by the
departure time tp, and the magnitude v; , azimuth and declination of the hyper-
bolic excess velocity relative to the Earth in a heliocentric reference frame. These four
parameters de ne the initial conditions.

The variables described above form the solution vector:

L OFF . L ON..v oot

y = D (2.30)

Variables L ©OFF L ON - - are each avector withn |t elements, each element
corresponding to each arc. When executing the algorithms described in this work on
a computer, the control laws u 2 U are represented internally with a vectory 2 Y as
above. When de ning a function that accepts u, it will also be written as accepting y
where the mapping Y ! U is implicit.

Variable v, is considered uncertain, and since it refers to the initial conditions, it
forms . Vector , as discussed previously, will thus include this variable in addition

to the parameters of the discretization of the stochastic processes T andyd, namely
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T, ©n and, if engine outage is being modelled, .o.n, n , and .,. The exact
formulation of the uncertainty in these parameters will be described in more detail in

following chapters.

2.5.2 Transcription of Cost Functions and Algebraic Constraints

Since Problem (2.1) was transcribed into Eq. (2.28), any integral path constraints or
point constraints are turned into objectives. While the theoretical development can
apply to generally any type of objectives and constraints, in our applications, in Part

I1, only the following objectives considered:

" propellant mass = m: the total propellant mass consumed is formulated as a

path cost;

" distance to i-th target ., = r ; is the distance to the i-th target at the time

of rendez-vous or yby, and is formulated as a point function cost

" the relative speed to the i-th target ., = v j, similar to the distance, is

formulated as a point function cost

By point function cost it is meant a cost function dependent on the states at given
times. [7] The only constraints that are not turned into objectives are the algebraic
constraints. In our application, the only such constraint is kuk 1, which is equivalent
to limiting the maximum thrust of the engine.

In the general case, algebraic or patch constraints can be applied to the elements
of vector y on each segment. The constraint on the thrust magnitude is achieved by
making ; 2 [0;1], which enforces kuk 1 without the need for additional constraints
besides those implicit in the de nition of the box-shaped search space Y. The thrust
level is an uncertain quantity that is constrained to follow the models in Egs. (2.21) or
(2.27), while the speci c impulse follows Eqg. (2.20).

Path cost functions are computed by adding up the contribution of each segment.
In particular, in the following we will be interested in the total propellant mass and

transfer time. For our applications, the propellant mass is the sum of the propellant
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mass over each segment, computed as the integral:
Z | oFF
ST TauQr Ay dt

Lon TepOgor2 Lo (2.31)

and as such = m= pm .

The integration of the di erential equations is carried over the true longitude L
instead of the time. As such, to compute the point function constraints on r ; and

V i, one needs to compute the time length of each segment:

4 r

r —
~tmy a s
L a B3 L(L)

ay (QicosL Q osinL) dL: (2.32)

The positions and velocities of the targets are then computed using Keplerian dynamics
at the times given by that equation.

As mentioned previously, constraints are turned into objectives by writing them
as the lower expectation that these constraints are being met, as represented in EQ.
(2.28). The transcription approach, including analytical expressions, accuracy and

computational cost, has been published in [74], [73], [21] and [19].

2.6 Solving a Many-Objective Problem

Having cast the problem into a box constrained many-objective problem in Eq. (2.28),
its solution is estimated using a memetic algorithm called Multi Agent Collaborative
Search (or MACS for short) [56], which was used in this work without signi cant
modi cations.

To simplify the following discussion, the objectives are written as a single vector
function F(p) = [F 1(p):::F m (p)] of the design points p 2 D. The general many-
objective optimisation (MOO) problem, of which Eq. (2.28) is an example, can then
be written as

In general, there is no single solution to such a problem. If two design points §§ and
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p® | are such that for every objective F it holds that
Fr@d®) F «@d?)8k; (2.34)

which is also written as R(d®) F (d®), it is said that point d ? dominates point
d® . Clearly if one has found d” , one has no interest in point d , since it is no better
than d® on every objective.

Solving Eq. (2.28) consists in nding the set of non-dominated solutions, also known

as the Pareto front [8]:

n 0}
F(d): 8d; @d2D; F( ) F(d) (2.35)

In practice this is achieved with a combination of techniques, the simplest and
most often used being scalarisation. This consists in turning the problem above into
a set of single-objective problems, optimising some combination F= F (F; @) of
the objectives, where @ is a search direction. Each one of these is then optimised
separately using numerical single objective optimisation methods, for which there has
been a large amount of research and software development. The solutions to these,
after removing dominated points, form a sample approximation of the Pareto front.

The naive scalarisation method is to consider linear combinations of the objectives,
ie., @ Fwhere @ is a vector of real numbers the same dimension as F. It can
be shown [37], however, that this does not allow sampling the whole Pareto front, i.e.,
there may be points in the Pareto front that are not optimal with respectto @ F for
any . Instead, alternatives like Chebyshev or Pascoletti Sera ni are used.

MACS is a population based memetic many-objective optimisation algorithm that
implements a combination of Chebyshev and Pascoletti-Sera ni scalarisations with an
energy-based management of the archive containing an approximation of the Pareto
set, along with several other optimisation techniques. The MACS algorithm contains
many more techniques than those mentioned here, such as combinations of local and
social search actions, which include di erential evolution techniques. For more details

on MACS, its performance versus other optimisers and its use for the solution of many-
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objective optimal control problems, the interested reader can refer to [56] and [57].
The archival technique, however, warrants some extra explanation, since it is used
for other purposes in this work. If an MOO algorithm stored every single non-dominated
point it nds during its search, since the Pareto front can be a continuous set, its
storage requirements may grow unbounded. Therefore, there must be a limit to how
many solutions are kept. The archival strategy employed by MACS consists in nding
the subset of non-dominated solutions that minimise a cost function based on the static

electric potential:

’\)érch ’\}érch 1
E =
ED) E O T FO E O

(2.36)
=1 j=i+l
where F is the value of the objectives for the i-th element of the archive and Nyen
is the number of elements in the archive. Whenever, in the course of this work, a set
of points needs to be downsampled while preserving variety, this algorithm can also be
used, even outside of the original intended application of maintaining a xed archive

of solutions.

2.7 Control Maps

The vast majority of the control laws de ned by the elements y of set Y result in
trajectories that are very far from meeting the constraints to any reasonable level of
satisfaction. If that is the search space for MACS, some of the function evaluations
will be wasted on such trajectories. This work investigates the use of control maps to
produce a reduced search spacg, that is lower-dimensional and is aimed at containing
a higher proportion of viable control laws.

A control map is a function fcumap : Z ! ¥ such that ¢ Y and where the
dimensionality of Z is much lower than Y . When such control map is in use, Problem

(2.28) becomes a search over set Z, and the control map must be computed when
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evaluating the objectives,

i TEL(( cmap @) )i E (@ cuap@): )i E _((F cvap(@): 1] T2 (2:37)

The following subsections describe the control maps that were developed in this

work.

Deterministic Control Map

In this control map, the search space is restricted to control laws that are optimal
for a deterministic setting, targeting positions and velocities in the vicinity of the
targets. This is the control map proposed in [45]. Thus the control mapping y =

fCMap( ;D ;Dy) is de ned as the vector y that solves the optimal control problem

fCMap( ;D r;Dy) = argmin mp(y; )
y

sttt r(y; ;t ta) =1 pk(tri)+D W (2.38)

v(y; it Tx) =V 1k(tTk) + D ¥ if target is not y-by only:

where the k-th target position rt.x and velocity vt are calculated using Keplerian
propagation for the target's y-by time t 1., and the spacecraft position at yby
rly; ;t tx) and v(y; ;t 1) are calculated for tr.c, by propagating the trajectory as
described in Section 2.3. While not explicit in Eq. (2.38), multiple-shooting is used to
improve the convergence of the solver. FABLE [20, 74] is used to solve Eq. 2.38.
The state at departure Xg is de ned by the departure conditions vy ; ; , the last two

being part of y as mentioned. The vectors dk) and D\(,k)

are the displacements in posi-
tion and velocity for the r-th target, and are collected into arrays D, = D §1); Dﬁz); o
and D, = D\(,l) ; D\(,z); ... . If the k-th target is y-by only, the constraint on velocity is
not applied and D\(,k) is not a part of z. If, on the other hand, the target is a rendezvous
target, the constraints are in fact applied by equating the equinoctial elements, instead

of position and velocity, for simplicity, as this is equivalent.
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This restricts the search to the set Y Y, given as
Y = y2Y 1y=fepap(;D;Dy)8 2D  2R;Dy 2Ry (2.39)

where R, and Ry are 3D box sets.
A further restricted search space Y Y Y is also considered, where the

displacements O and D, are xed to zero,
Y = y2Y 1y=fcume(;0;0)8 2 : (2.40)

For controlmaps Y and Y , the proxy control variable zisz=[;D ,;Dy]2Z =

R \ Ryandz= 2Z =, respectively.

Multiple-shooting

Multiple-shooting [7] is used to improve the convergence of deterministic single objective
trajectory optimisations, and is applied to the solution of Eq. (2.38). The optimisation
variable for such a problem includes the states at the beginning of each arc, i.e. at the
nodes, X°N for ON nodes and ¥°7F for OFF nodes. The states at a node that are
obtained by propagating from the previous node are written as x°N * and x©FF *
Figure 2.3 illustrates these quantities. When optimising with multiple shooting, addi-
tional constraints must be added of the form xON = x9N * and x9FF = xQFF ™,

which enforce that the propagation of a node must match the subsequent node.

Max-Min Control Map

In order to reduce the search space even further, and remove the dependency of the
dimensionality of the search space Z on the number of uncertain variables n another
control map, ngap, is tested, where the search is restricted to the control laws that
correspond to a worst case scenario, that is, to the uncertain vector for which the

optimal control law is worst, such that the proxy control variable is given as z =
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Figure 2.3: The trajectory split in thrust and coast arcs, showing the nodes. Black and
red arrows represent the propagation of coast arcs and thrust arcs, respectively. The
grey arrows represent the defects.

[D;;Dy]. Itis de ned as

ngap(Dr;DV):fCMap( m:Dr;Dy)

(2.41)
sttty =argmax Mp(fopmap (;D r;DV); ):

The value of ,, is de ned through a max-min problem, a bilevel problem. As written
in Egq. (2.41), the minimisation is hidden in the computation of fCMap, which is the
inner problem. To make evident the bilevel nature of this problem, the de nition of

v can be written, by combining with Eq. (2.38), as

m (D r; Dy) = argmax myin mp(y; )

story: it 1x) =1 rk(trs) +D ® (2.42)

v(y; it Tx) =V 1k(tTk) + D ¥ if target is not y-by only:

Similarly to the work in [62], a surrogate model is used for the inner problem output,
ie. () m p(fCMap( ;D ;Dy); ), and then the outer problem is solved using this
surrogate,

M = argmax mp( ): (2.43)
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A Kriging model is used and MP-AIDEA [11] is the optimisation algorithm. In the

optimisation of y , the starting points are the previously obtained solution that is
closest to satisfying the constraints, thereby reducing the computational time of this
method.

This control map restricts the search space to ¥, de ned as
YB= y2Y :y=fg&yp@r;Dy) 8D, 2R ;Dy 2Ry ; (2.44)

where YB Y, and R ; and Ry are box sets. For this control map, the proxy control
variable zisz=[D,;Dy]2ZB =R, R ,. Because this control map does not depend
on , its size is decoupled from the number of uncertain variables n. This makes the

surrogate modelling and MO optimisation process more scalable with n

Min-Max Control Map

An additional control map, fé"Map, is now proposed which de nes z the same way as
fEumap » bUt is formulated as a min-max problem where the constraint is applied on both

the minimisation and maximisation subproblems:

f&ap (D r; Dyv) =argmin maxmp(y; )
y2Y 2

(2.45)
sit: max, C(y;)
where the constraint C(y; ) is de ned as
X 2
Cly; )= kr(y; 5t 1) r otk (2.46)
k
for yby constraints, and as
X 2
Cly; )= kx(y; 5t ) X T(tri)k®; (2.47)

k

for the rendezvous constraints, where x are the equinoctial elements, with the semi-

major axis a in astronomical units.
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Equation (2.45) is solved using MacMinMax [25], a solver for Min-Max problems
with strict constraints. Because the constraints cannot be met for all , the constraint
threshold 2 R is found by MacMinMax via its iterative constraint relaxation process.
This algorithm works by solving outer, inner, and constraint subproblems, which cor-
respond, to put it in somewhat simplistic terms, to the minimisation of the objective
function as a function of y, the maximisation of the objective function as a function of
, and the maximisation of the constraints as a function of , respectively [25].

The MacMinMax algorithm allows choosing the algorithms used for the outer, inner,
and constraint subproblems. The outer and constraint subproblems are run using
MATLAB's fmincon ®, while the inner subproblem is solved using MP-AIDEA [11].

This control map de nes the following space of control vectors,
YM = y2Y :y=f %ap(D;Dy) 8D 2R;Dy 2Ry ; (2.48)

which does not necessarily satisfy ¥ Y | unlike Y B, since there is no guarantee that
the resulting control laws satisfy the constraints for any speci c values of ;D,;D,. The
proxy control variable here is the same as for ¥, ie z= [D;;Dy]2Z B=-R, R,

but here z is interpreted di erently, resulting in di erent control laws.

2.8 Surrogate Model

A MO optimisation problem requires a large number of objective function evaluations,
which can be very computationally expensive when epistemic uncertainty is being mod-
elled. Chapter 3, which describes how Eare computed, will also make it clearer why
this is a computationally expensive task. Furthermore, the computation of the control
map adds to the computational cost of evaluating the objectives.

To deal with this problem, surrogate models are used. Instead of the real many-
objective function F being used by MACS, MACS operates instead on a surrogate
model F(d) F(d). For problem (2.37), the lower expectations are approximated by
surrogate modelsE (z; ) E _((f cwmap(2)); ). likewise for g and , and MACS is
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tasked with solving
min; [ E (), Egz) E @) 1T (2.49)

This allows sidestepping the computation of the control map and the lower expectation
within MACS. After MACS runs, for the sample points it returns of z; , the exact
values of the objectives are computed and added to the training data of the surrogate
model, which is re-trained. Note that, in this formulation, there is no need to model
with a surrogate model. More details on this process are in the subsequent chapters.

In this work, this surrogate is built with the Kriging model implemented in the
DACE toolbox [49]. Other choices are possible but the main reason for using Kriging
and DACE is the simplicity of implementation and the exibility o ered by this model
when it comes to the choice of the samples required to build the surrogate. Its predictor
is given by [43]

FP) =b rk®) e+ reP FO)T Rk (2.50)

The parameters optimised during training are ¢y, frk, and g,. The function bgg is
the regression function, g, the regression coe cients, g is the correlation function,
parameterised by gk, which produces a matrix with the correlation coe cients between
the input and each training point, and ¢, is a weight vector for the correlations. The
training process used to nd the aforementioned parameters is described in [43].
The regression lxx and correlation g, functions are chosen by the user. In this
work, the regression function used is linear, so that g (p) = [1 p "], and the correlation
function is exponential,
M (- — Y 0] 0] .
kP FK)=  exp el oPy (2.51)
where p is the i-th training point.
In the application in this work, the design point p contains the proxy control vari-
able z and the vector of thresholds , p = [zT; T]". There are two noteworthy

implementation details regarding the use of these surrogate models in this work.
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The rst is that often some of the variables in p cannot in uence the objective
being approximated, namely only one of the thresholds in refer to each objective.
When this happens, these variables are not considered in the surrogate model de ned
for that particular objective. To allow this, the surrogate models are trained on each
objective function independently, which has the side-e ect that a di erent g is found
for the surrogate of each objective.

Secondly, when computing upper quantiles, see Chapter 3, it is necessary to evaluate
a surrogate model many times with the same value of y but varying . The predictor
in Eq. (2.50), with our choice of regressor lzx and correlation gy functions, can also
be written as

FkP) = Frko*Dbrk(@) prz *brk() rFk +
(2.52)

(@ rez) rore DT Rk

where is the Hadamard (i.e. element-wise) product. As is varied while keeping z
constant, the values of k=x(z) gy, and (¢ (z; Fk;z) do not need to be recomputed
each time. Instead, they are computed only once for each estimation of the upper

quantile, which is an example of memoisation.

2.9 Conclusion

This chapter presented the formulation of the optimisation problems that are to be
tackled in the rest of the thesis. The objectives to be optimised were de ned, alongside
the constraints. One important aspect is the fact that these objectives all involve
the quanti cation of epistemic uncertainty. While this was only mentioned in this
chapter, the next two chapters will be mostly focused on the quanti cation of epistemic
uncertainty. After the formulation, the practical aspects of the optimisation of such a
problem were discussed.

The formulation of the problem presented initially involves searching through the
space of all possible trajectories, which is impractical since this is a space of functions,

which cannot be easily searched with numerical methods. To solve it computationally,
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itis rst transcribed, i.e., a version of the problem that can be passed to an existing al-
gorithm, in this case MACS, is formulated. In the transcription process, the constraints,
that are also a ected epistemic uncertainty, were turned into objectives, to ensure that
the problem always has a solution, since it may not be generally known a-priori if the
problem is feasible. This results in a many-objective optimisation problem.

The rest of the chapter discussed the practical aspects of optimising this problem.
The rst necessary step is to introduce the many-objective search algorithm, MACS,
which was developed by other researchers and applied to this problem. In addition,
two other tools were used to complement this algorithm, the control maps and the
surrogate model. The control maps map the search space of all control laws that can
be represented by the transcription method onto a lower dimensional search space. This
has the purpose of simplifying the search process by reducing its dimensionality, but
also to focus the search on subsets of the original space that are more likely to contain
robust solutions. The surrogate models are used to speed up the search, since even
with the control maps, solving a many-objective problem requires a large number of

function evaluations.
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Chapter 3

Epistemic Uncertainty

Quanti cation

As discussed in Chapter 1, uncertainty can be divided into two major types: aleatory
and epistemic. Aleatory uncertainty is that which cannot be reduced, i.e., it is an
inherent property of the uncertain system, which is why it is also sometimes called
irreducible uncertainty. This is the most commonly used type of uncertainty, and
it corresponds to that which is normally taught in probability and statistics courses.
The unknown quantities in a system subject to aleatory uncertainty are modelled with
probability distributions, which are assumed to be known exactly. Some uncertainty,
however, is due to a lack of knowledge, the so called epistemic uncertainty. In this case,
it may happen that one is not even able to attribute a probability distribution to a set

of possible events. This work focuses on this type of uncertainty. In this Chapter, the

theoretical and practical aspects of quantifying epistemic uncertainty are discussed.

3.1 Related Work

While it is far more common to consider aleatory uncertainty only, some examples
of trajectory optimisation under epistemic uncertainty can be found in the literature.
In [13], low-thrust trajectories are optimised under epistemic uncertainty, de ned using

Dempster Shafer theory of evidence, also referred to as evidence theory. With evidence
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theory, experts assign a probability mass to subsets, called focal elements, of the set of
possible realisations of the uncertain variables, representing the degree of belief these
experts have that the variables will lie in that focal element, without specifying exact
probability values for the realisations within that set. One of the challenges of this
approach is the exponential growth of focal elements with the number of epistemically
uncertain variables. Another issue is the non-di erentiability of the belief function. [13]

In [22], an approximation of the belief function is proposed for faster computational time
and better di erentiability. A di erent approach was followed in [30], which considers
distributions with interval valued parameters. In [30], the authors propose a lter
based approach for epistemic uncertainty propagation. To reduce the computational
cost, a Gaussian mixture model with interval valued weights is used, and at the time
of inference from observations, variational inference is used to restart the Gaussian
mixture, to keep the number of kernels from increasing.

This work does not delve signi cantly into evidence theory. However, the theoret-
ical developments that support some of the methodology herein proposed are brie y
considered in the context of evidence theory, for the sake of completion. Instead, the
focus is on other approaches, based on imprecise probabilities [71]. In this formulation
of epistemic uncertainty, since the lack of knowledge has the consequence that one is not
able to attribute an exact probability distribution to the uncertain variables, instead
one considers a set of possible distributions of these variables. To quantify epistemic
uncertainty, the lower expectation, de ned as the minimum expected value of some
quantity of interest with distributions within such a set, is used.

One approach, proposed in [68], de nes the set of distributions using Bernstein poly-
nomials, a formulation which makes the lower expectation obtainable as the solution
of a linear programming problem. In this chapter, this approach is expanded upon, as
also published in [14], by developing a more e cient algorithm for the estimation of

the lower expectation for this formulation of the epistemic uncertainty.
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3.2 De nitions

When uncertainty is epistemic, the probability distribution followed by the uncertain
variables 2 is often unknown or known with a degree of imprecision. Multiple
sources of information may suggest di erent distributions. Thus, by combining these
sources of information, one obtains a set Q P() that contains all distributions
compatible with the available information, where P () is the set of all valid probability
distributions over , henceforth written just as P. It is assumed that sets Q are always
non-empty. The lower expectation E captures this imprecision by measuring the lowest
value of the expectation obtainable with distributions in Q, i.e., the lower expectation
of quantity h, E (h), see De nition 3.2.2. Using this de nition, the upper quantile [71]

is also de ned in De nition 3.2.3.

De nition 3.2.1. The expected value of a function h() : ! R, under a distribution
with probability density function given by p, is given by

z
E(h;p)=  h()p()d: (3.1)

De nition 3.2.2. If h() : ! R is a generic quantity of interest, the lower expecta-
tion operator E is de ned as follows:

z
E(h) = rgizg E(h;p) = rg;g h()p()d ; (3.2)

where the function p() is a probability distribution belonging to a family of distribu-
tions Q P(), P() is the family of all possible probability distributions over , and
is the space of the uncertain variables . When written as E (h < ), this refers to

the lower expectation of the indicator function which is 1 if h() < and 0 otherwise.

Just as the expected value of an indicator function such as; < 1 is the probability
of 1 < 1 being veri ed, the lower expectation of the same quantity can be seen as
its lower probability. With this rationale, the quantities of the form E_((y); ) in
Eqg. (2.28) are formulated as [ 1 < 1);E( 2 < »);:::], representing a lower-bound

on the probability of these chance constraints being met. If a quantity of interest is
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a function of variables other than , e.g. h(y; ), writing E_(h(y)) denotes the lower

expectation E(h ) of a function h () = h(y; ), for a speci c value of y.

De nition 3.2.3. For a scalar quantity of interest h( ), the upper quantile [71] e is

de ned as the threshold for which the lower expectation equalsE,
()= :E (h<)= E; (3.3)

where h < is an indicator function which is 1 if h() < and 0 otherwise. For all

probability distributions in Q, the E-quantile of h is at most “e(h).

The de nition of the family of distributions Q is crucial as it de nes both the appli-
cability of this uncertainty quanti cation as well as the e ciency of its estimate. If the
family of distributions is the set P, the lower expectation E(h) will be the minimum
of h. To get more useful, less pessimistic uncertainty quanti cation, some information
must be used to constrain the family of distributions. Types of information used to
constrain the set Q, as found in the literature, include [24] upper and lower bounds
of , moments such as mean and variance, correlations between variables, and ba-
sic probability assignments (evidence theory). There are many epistemic uncertainty
qguanti cation methods, but the formalism outlined herein is applicable to a large va-
riety, including all these examples. The bounds are typically considered implicitly, by
only considering distributions de ned over , as done in this work. The next sections
describe some ways of modelling epistemic uncertainty, how they can be formulated
using the terminology in this work, i.e. what is Q, and how E and —are calculated in

practice.

3.3 Lower Expectation based on Bernstein polynomials

Following [68], the family of probability distributions Q is de ned using Bernstein
polynomials. These Bezier curves are a linear combination of positive basis functions.
If the coe cients are positive, the resulting function is guaranteed to be positive, which

makes them ideal to represent probability distributions.
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Let bj.q (X) be the | h univariate Bernstein basis functions of order q 2 N, scaled so
that they are probability density functions (PDF), that is, they integrate to 1 in their
domain [0; 1]:

biq () = (g +1) Jq xI(1 x) 4 j2f0;:::;q0: (3.4)

The multivariate basis functions B are simply the products of univartiate basis func-

tions:

¥
Bjq (X) = B s (Xk); (3.5)
k=1

where g 2 N indicates the degree of the polynomial along dimension k, and j =
(1;::7;)n ) i1s a multi-index, i.e., a tuple of n indices, each of which is between 0
and ¢. Bernstein basis functions are only de ned for x 2 [0; 1], so a linear function

is applied so that ()2[01] " 8 2 .

The family of distributions could be de ned as a linear combination of multi-variate
Bernstein basis functions, as in Eq. (3.6). This allows representing multi-variate dis-
tributions (see for example Section 2.4 of [32]), including those of correlated variables.
The problem of nding the lower expectation is a linear program, but the complexity
is exponential with n , as the number of coe cients is (g + 1)" , g being the degree of

the polynomial.

8 X 9
Erm(i0)=  6Bjq (() 3
O = y ; (3.6)
£8c>0: ¢=1 2
' j2J ’
where J =1f0;:::;919 ::: f0;:::;9 ng N " represents the set of multi-indices j.

An alternative is to have the distributions be the product of univariate Bernstein
polynomials, as in equation (3.7). In this new family of distributions only independent
variables are possible, since the distributions are de ned as the product of univariate
functions. The number of coe cients is now (q + 1) n , which no longer grows

exponentially with the number of uncertain variables n . However, Problem (3.2) is no
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longer a linear program.

8 9
¥
% pu(;c) = Cj(k)t]:qk( k( k))§

k=1 j=0

Qu 3.7)

= X
§8c>02 cj(k)=18k

i

Y

Using either of these families of distributions in the de nition of the lower expec-
tation produces the same results. In fact, the discrete set of distributions Q in Eq.
(3.8) is also equivalent to either of the other two in terms of the resulting value of the
lower expectation. Since this set only requires ninteger coe cients, it is preferable to

perform the optimisation in this set.

Q =™ jq(() 823 N "g: (3.8)

Furthermore, solving for family Q, requires evaluating all elements of the set @
just to calculate the parameters for the linear program. Therefore it is less e cient
than performing a brute-force search on this discrete set. Algorithms that are less
computationally demanding will be described in Section 3.3.2, using Q as the family
of distributions.

The lemmas that follow formally demonstrate that both families Qn, or Q. are
equivalent to Q; when computing an approximation to the lower expectation E Their

proofs are in Appendix A.

Lemma 1. If E_is de ned using the family Q,, there is always at least one distribution

P2 Q; such that Eh) = E(h;p).

Lemma 2. If E_is de ned using the family Q,, there is always at least one distribution
B 2 Q; such that Eh) = E(h; ).

Henceforth, the family of distributions considered is always Q de ned in Equation
(3.8). For ease of notation, B, will be written as Bj. The optimisation problem, in
Eg. (3.2), is now written as

E(h) = rrjwziJn E(h;B)): (3.9)
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3.3.1 Estimating Expectation

Given the di culty of calculating the integral in Eq. (3.2) analytically, a quasi-Monte

Carlo approach is employed. This is identical to a Monte Carlo approach, but instead of

is used. These sequences are speci cally designed to have low integration errors, by
attempting to spread the points uniformly over the space. A random sample, on the
other hand, tends to result in some regions having a higher concentration of sample
points than others. This is supported by theoretical proofs that quasi-Monte Carlo
integration methods have better asymptotic convergence, as there is an error upper-
bound for this integration scheme, the Koksma-Hlawka inequality, that is proportional

to 1=N, while for traditional Monte Carlo, the average error is proportional to 1=IO n
[48]. It should be noted that the inequality itself does not actually produce useful
bounds on the integration error for practically realizable values of n when a large
number of variables is used, as discussed later in this section, but the fact that the
sequence is designed with integration in mind still leads to it being preferable to a
random sequence. The Halton sequence [31] is chosen for this purpose, due to its

simplicity compared to other low discrepancy sequences. The expectation E(h; p) can

be estimated as

Euip)= = h(O)p( 0y O v (310)

i=1

Here, is not arandom variable, but a deterministic sequence, the Halton sequence.
The expression U means that has uniform distribution. This corresponds to tak-
ing the Halton sequence as is, with no transformation. Later we will consider modifying
the Halton sequence so that its distribution is not uniform.

A well known upper bound on the absolute error resulting from gquasi-Monte Carlo
is given by the Koksma-Hlawka inequality [48]. However, this upper bound cannot be
used for the purposes of this work. As explained in [48], it requires an upper bound
on the discrepancy of the sequence of samples. By de nition, the discrepancy must be

lower than 1, but for n = 10, the value of the upper bounds in [48], which decrease
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proportionally to 1=n, are lower than the trivial value of 1 only when n > 101°, a
consequence of the greater-than-exponential growth of these bounds with the number
of variables n .

Therefore, the analysis of the error was performed using statistical methods in-
stead [31], as if were randomly sampled, and afterwards an experimental analysis
was performed for a special case of indicator functions that can be easily integrated
analytically.

Using probability theory, the standard deviation ( of the quantity in Eq. (3.10),
when applied to an indicator function | = h < can be written as

2 _ 1 z 2.2 : 2 1 z 2.

V=g | “pd Ipd o p<d; (3.11)
since 0 | 1in all domain. This expression is easily estimated, since the probability
distribution is over independent variables:

, 1Y Z1 2 . .
u = (07, g (X k) “ dx: (3.12)

n
k=1 ©

where X = k( k)-

R
Lemma 3. The highest value of 01 (bj:q (X)) 2dx occurs for both j=0andj=aq,q

being the degree of the Bernstein basis function;$(x).

R
Proof. (With software aid.) Letv ; = 01 (5. (X)) 2 dx. Using Wolfram Mathematica ®,

one obtains

q+1 % 29+1 ' (+1)@+2j q)
j+1 2j 4G q) 2 1 ’

Vit1 V= 0 j<q; (3.13)

which shows that sgn(y+1 Vv j) =sgn(1+2j q), where sgn() is the sign function.

Thus for j < 92, v > vjs and for j > 93, vj.1 > vj, showing that the maximum
value of v must occur at either j = 0 or j = g, the two extremes of this variable. Since
there is a symmetry in the Bernstein basis functions, it holds that y =vg4;j , and thus

both v and vg maximise v . O
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From Lemma 3, if gq is the degree of the polynomials in each dimension, the upper

bound on 3 becomes:

n

1 (q+1)?
n 2q+1

(3.14)
This upper bound for the standard deviation grows exponentially with n . For example,
if n =10, q = 4, for the standard deviation to be below 0.01, n > 2:7 10 & samples
would be necessary.

To reduce the number of samples required to obtain su cient accuracy, importance
sampling is used. By changing the sampling of the variables and correcting the values
of the samples appropriately, it is possible to obtain an estimator that is also unbiased,
but which has a di erent, ideally lower, variance. One possibility is to have B j,
henceforth referred to as P-sampling.

A sequence following a univariate distribution P with cumulative distribution func-
tion (CDF) C(x), is obtained from a uniform distribution x , U, by having x p =
C1! (xy) P. With a multivariate distribution of independent variables, such as B i
if Cx(c) is the CDF along the k™ variable, xxp = Ckl (Xk:u) results in a sampling
Xxp B j. The inverse of G cannot, in general, be found analytically, so instead it is
approximated using linear interpolation with 10000 intervals. Appendix B contains an
explanation of this method as well as a discussion of its accuracy.

With P-sampling, the estimator becomes:

1 X

Er(l;p) = =L GV (3.15)

The standard deviation now follows

z
1 1 1
2 _ 2 2 2 .
= = I d E —(E E — 3.16
B=- 10 %0) SEED o (3.16)
again using the fact that 0 | 1. This new expression does not increase with n

thus, in order to obtain a similar limit on the standard deviation as before, one only

needs 2500 samples. In all the case studies in this work the number of samples is 5000.
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To justify the choice of using P-sampling, a numerical experiment was run. For a
number of randomly generated hyper-rectangular indicator functions, the exact integral
was calculated using analytical formulae, and estimated with both strategies considered
here. The degree g of the polynomial is 4, and nwas between 1 and 10. Table 3.1
contains the maximum absolute errors with 10000 test cases obtained by comparing
both estimations with the analytical result. This test is equivalent to estimating the
expected value of quantities h() < which are hyper-rectangular shaped. This work
focuses on lower expectations of indicator functions. Regardless of their shape, for
a realistic h, such indicator functions can be approximated as the union of disjoint
hyper-rectangular subsets of , an approximation that could be obtained, for example,
by dividing the space into a ne grid and creating a union of the cells which intersect
the set de ned by h() < . As such, this test is believed to be representative of more
complex functions h. The results in the rst column are for uniform sampling with
n=1:5 10 °® samples, and in the second are for P-sampling with n = 5000 samples.
Table 3.1 shows that even with several orders of magnitude less samples the expectation
can still be estimated with good accuracy when using P-sampling, and that for high n

P-sampling is better than uniform sampling.

Table 3.1: Maximum absolute errors for di erent sampling techniques

Uniform sampling P-sampling

n=15 10 © n = 5000
n max abs error max abs error
1 83 106 6:4 10 ¢
2 55 10° 1:4 10 3
3 31104 1:5 10 3
4 1.0 10°3 2:3 10 3
5 31 10°% 2:5 10 3
6 1:1 1072 4:1 103
7 29 1072 3:6 103
8 7:9 10?2 4:7 10 3
9 1.7 101 4:3 10 3
10 5:2 101 5:7 10 3

The fact that needs to be re-sampled for each evaluation of E(h; p) with a di erent
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p, is a disadvantage, but, according to Eq. (3.14), for a given 2, the number of samples
that one would need to generate with uniform sampling grows exponentially with n,
as opposed to the number of samples generated with P-sampling that, according to
Eg. (3.16), is constant with n . Given that, with P-sampling, a new set of samples is
generated for each call to E, the theoretical maximum number of estimates of E(h; p)
below which P-sampling leads to a lower number of evaluations of | than uniform
sampling, assuming the same level of accuracy, is

@+1)? "

Ng =4
E 2q+1

(3.17)

3.3.2 Expectation Minimisation Algorithms

The value of the lower expectation is obtained by nding the multi-index j that solves
Eq. (3.9). Applying an enumerative approach that goes through each possible combina-
tion of indices is not a viable solution because the time complexity would be exponential
with the number of dimensions. Thus, in order to keep the algorithmic time complexity
polynomial with n , in this section, we propose the use of a pattern search algorithm.
With reference to Fig. 3.1, at each iteration k, the pattern search logic we propose
takes the multi-index jX = ( ¥;:::;jK ), and a neighbourhood N, and selects the
multi-index j K¥*1 2 N that minimises E(h; B w1 ). The neighbourhood N is composed
of multi-indices where only one index is di erent from jX. We consider two di erent
neighbourhoods, N> and N (see Fig. 3.1).

The former contains every multi-index in J that is identical to j ¥ in all but one
index. The latter contains only the multi-indices in the former for which the di erent
index only di ers by one unit from the corresponding index in jX.

n (0]
NEGK)= j2Jdnfj Xg:9m;8i6=m;j =K (3.18)

n (0]
NSGK) = j2Ng:om;jm=jK 1 (3.19)

This pattern search scheme is not guaranteed to always nd the global optimum.
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Figure 3.1: Diagram illustrating the neighbourhoods le‘ and NkS around a 2D multi-
index jK.

The solution returned at iteration k depends on the initial guess . Thus we considered

di erent initialisations. One is a greedy initialisation, starting from:

Z
8k; jr =argmin  h()b g, ( k)d: (3.20)
|

Letj fkl be the outcome of the pattern search algorithm starting from the initial point
in Eg. (3.20). A second initialisation re-starts the search from the point le+1 de ned
as:

it =ak j o8k (3.21)

This is also referred to as \symmetric restart" in the results, and the solution obtained
from this new starting point is termed j 2. When using this restart, the better solution

of the two j' 2 = argmin ;5 1,.;1,4 E(h;]) is retained.

i'29
We also considered an initialisation from a random starting points and a multi-
restart procedure. These alternative initialisations of the proposed pattern search
algorithm are compared with each other in Section 5.3.1, and against a number of
other heuristic search algorithms, namely simulated annealing, taboo search, and Mat-

lab's® genetic algorithm, in Section 5.3.3.
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3.4 Lower Expectation with Linear Constraints

In [27], Golodnikov et al. approach the problem where one only the mean and variance
of a distribution are known, but not the exact distribution. Common practice for the
particular problem under study, Golodnikov et al. state, is to assume a known distri-
bution, and to nd the parameters that make the distribution match these moments.
Golodnikov et al. then show, with some examples, how di erent distributions lead to
very di erent estimates of a parameter. That work never explicitly mentions epistemic
uncertainty, but it is directly dealing with the problem of an unknown probability dis-
tribution - only mean and variance are known, but not the actual distribution - and
therefore it is handling epistemic uncertainty.

Despite being motivated by a scenario where the rst two moments are known,
their formulation is more general, and applies to any linear constraints. In this section,
this work is summarised, explained following our terminology, and extended to the case
where the constraints are interval valued. Afterwards, the method used in this work to
estimate the lower expectation with this type of uncertainty is described. Chapter 4,
for feedback control under epistemic uncertainty, is mostly based on this formulation
of epistemic uncertainty, even though it applies more generally.

This section considers epistemic uncertainty constraints which can be de ned by
writing the family of distributions as:

Z
Q= p()2P():c | p()gi()d ¢ VY; 8i2fl;:::;nqg (3.22)

With an adequate choice of kernel functions (), any probability distribution can

be approximated as a weighted sum of n of those kernel functions,

X
p() = wi i() (3.23)
i=1

R
If the kernels ; are non-negative and scaled such that ()d =1, this parameter-

isation of the space P() is convenient as it allows writing the problem of estimating
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the lower expectation as the linear program

E(h)  E(hk () =min hg (hw

X
st w; =1
i (3.24)
w 0
ct Aw ¢ VY

R
where the objective vector and the constraint matrix are de ned as h (h) = Ak (h; )d
R
and A= A()d, where

2
h() 1()
Ak (h; ) = § (3.25)
h() n()
2 3
91() 1) 0o g10) n()
A() = § : : (3.26)

Ono() 10) 1 9gng() n()
The equality constrain ensures that p integrates to 1, and w > 0 enforces p > 0,
which together enforce p 2 P. The inequality constrains implement the interval valued
constrains.

For any linear program given as in Eq. (3.24), the set of solutions w that minimise
the problem also minimise a version of this problem where the inequalities are replaced
by an equality matching the value of the optimal solution. The solution to such a
problem always includes a basic feasible solution, which is a vector w with at most
ng + 1 non-zero weights, since there are g + 1 linear constraints in the equality
version of the problem.

This is the case regardless of what kernels; are being used, no matter how ne
or rough their approximation of P is. If one considers using kernels that are uniform
distributions over connected non-intersecting sets A such that [ {A; = , as the ap-

proximation is improved by making the measures of those sets go to zero, these kernels
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tend towards Dirac delta functions , but there is always an optimal w with at most
ng + 1 non-zero elements. This provides intuition for the fact that the optimal prob-
ability distribution p  for problem (3.22) is always a sum of at most iy + 1 Dirac
deltas,
PO= W ¢ (3.27)
j=1

In [27], Golodnikov et al. put this in rigorous terms, but for a slightly di erent
problem. They consider problems which are equivalent to nding a lower expectation,
as in Eq. (3.2), and with a feasible set identical to Eq. (3.22), except with only
upper bounds. It is also shown in [27] that for these problems, the set of optimal
solutions always includes a distribution described by a step cumulative distribution
function (CDF) with at most n g + 1 steps, which corresponds to a probability density
function (PDF) that is a sum of n g + 1 Dirac deltas. In this work, the feasible set
Q in Eg. (3.22) is de ned with interval valued constraints. It is trivial to write the
problem studied in this work into one written with only upper bounds as in [27], but
that would result in 2n g inequalities, suggesting the solution has at most 2g + 1 Dirac
deltas, whereas it still only has at most np + 1. Suppose that the set Q in Eq. (3.22)
was de ned with only the upper bounds ¢”, i.e without the ct or equivalently with
¢t = 1. In Section 4 of [27], it is shown that all possible values of R ag()p()d
and R h()p()d within such a Q set can be obtained by a CDF with at mostn o +1
stepst. Adding the lower bounds ¢ results in a subset, and therefore this conclusion
still applies, i.e., any combination of R g()p()d and R h()p()d obtainable for
distributions p in Q of Eq. (3.22) can be obtained with a distribution whose PDF is a
sum of at most ng + 1 Dirac deltas.

Because the optimal distribution PDF can be written as a sum of Dirac deltas, the
kernels ; are Dirac delta functions, ()= 9) , With N > n o +1 kernels, and

the kernel centres 9) are formed as a random sample of . This sample is written as

1This is stated only for the boundary of the set they call \coZ", which is the set containing the
values these integrals take for distributions in Q, but the theorem they invoke, Caratleodory's theorem,
applies to the entirety of such a set, not just its boundary, and therefore all possible values of those
integrals (subject to upper bounds c!) can be obtained by a CDF with at most n o + 1 steps, not just
those in the boundary of coZ
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K. This choice has the additional bene t of greatly simplifying the calculation of h g
and A used in Eq. (3.24), 3
a1(K)

2
A= E : (3.28)
Ono (K)

where K represents the sample ofg) as an by N matrix, n being the dimensionality
of ,suchthat R " . The row vectors g(K) are composed of the values of gapplied
to the elements of K. The vector hx consists simply of the values of h(g) ).

In [27], the authors also show that it is possible to approximate the lower expec-
tation by solving an equivalent linear program as in Eq. (3.24), for the problem with
inequality constraints, as well as for the problem with equality constraints on moments
for a 1D space of uncertain variables. These proofs cannot be easily extended to the
case of interval valued moment constraints. However, the results in Section 6.1 show

empirically that the estimation error decreases with n following a power law.

3.4.1 Moment constraints

One of the applications of this formulation, which is the one for which test cases were
obtained, are moment constraints. This work focuses on interval constraints on the
rst and second order central moments of the distributions of each variable in , i.e.,

the means i, and standard deviations ,2 of j, the i-th scalar variable in vector of

variables ,
Z
i = id (3.29)
Z i
2= (i )%d (3.30)
and the constraints are written as min i max j,andmin 2 2 max ?
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Following Eg. (3.22), the mean constraints can be written by setting

g()= (3.31a)
¢ =min (3.31b)
o’ =max | (3.31c)
fori=1;:::;n (3.31d)

where ; is the i-th element of and n is the dimensionality of .

The formulation in Eq. (3.22) cannot exactly convey interval bounds on central
moments. For instance, given that the mean is interval valued, one cannot simply
write gi() = ( 1) to constrain the variance. The raw moments can easily be
bounded, and the relation i(z) = 2+ ?Zcan be used to convert variance bounds into

raw moment bounds. These can then be implemented by writing

a)= (3.32a)
¢ =min 2 +min 2 (3.32b)
¢’ =max 3 +max ?Z, (3.32¢)
fori= iinn2n (3.32d)

These are conservative bounds, i.e. some distributions that lie within those bounds
may have variances outside the original bounds. To be exact, the bounds implemented

by using Egs. (3.32) may include distributions with variances in the interval,
2

min 2+min 2 max 2; max ?+max 2 min ? (3.33)

Instead of using raw moments, the moments used could be centred on an arbitrary
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point ~;, leading to

g()=in  ~in (3.34a)
ct=min 2 +min in ~in ° (3.34b)
&=max 2, +max in ~in ° (3.34c)
fori=n ;:::;2n (3.34d)
h [
A similar relation holds, E (i ~ i)z = 24( i - i)z, which was used to obtain Egs.

(3.34). The resulting Q still includes distributions with variances outside the original

bounds, but the range of variances that may be present in Q depends on the value of

min 2+min( ; ~ )% max( ; ~i)?; max Z+max( ;i ~ )2 min( ; ~;)?
(3.35)
The value of the di erence max( i ~ ;)2 min( i ~ ;)? quanti es how loose the bounds
are. It is minimised when
= max i;min i (3.36)

therefore that is the choice for this value used in this work.

Although the constraints on the moments just described are the only linear con-
straints of the type in Eq. (3.22) for which results were obtained, other epistemic
uncertainty formulations are compatible. Two of these are discussed brie y in the next

subsections.

3.4.2 Evidence Theory

Even though the work in this dissertation does not include numerical experiments with
evidence theory, also known as Dempster-Shafer Theory [13,17,61], it is of interest
to relate the previous sections to this theory, both to show that they apply to this
theory, but also to set up some ground work for further theoretical results in Section
7.2. In Evidence Theory, for a proposition represented as a set A , and to a set

of focal elements ;| , a basic probability assignment (BPA) bpa( ) is assigned.
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Let T be the set of all focal elements ; with non-zero BPA. These are de ned such
that bpa( ;) 0 and P o1 bpa( i) = 1. The set T, together with the BPAs of the
focal elements therein, form a Dempster-Shafer structure. The belief function B(A)
is de ned as the sum of all bpa(;) for the focal elements which are contained in the
target set A, i.e.:

X
B(A) = bpa( ;) : (3.37)
i2T @ i A

The plausibility PI(A) has a similar de nition, being the sum of all bpa( ;) for the

focal elements which intersect the target set, i.e.:

X
PI(A) = bpa( i) : (3.38)
i2T : j\A6=?
Since PI(A) =1 B(A ©), where AC denotes the complement of set A, only the belief
B is discussed henceforth, without loss of generality. Of note is that the entire set is
a possible focal element, and that focal elements can have non-empty intersections.

The following de nes the family of distributions Q B that allows for a correspondence

between Eand B:

De nition 3.4.1. If all i 2T aresuchthat i\ ; =?8i6=], i.e. ifall focal elements
are disjoint, the following set QB is de ned such that E( 2 A) is equal to B(A):

Z
Q®= p2P(): p()d =bpa( )8 2T (3.39)

Following the formulation in this section, this corresponds to Eq. (3.22) when assigning

h()= 2A (3.40a)
g()= 2 | (3.40Db)
G=ck=cY=bpa( i); (3.40c)

where h is the indicator function for set A, each constraint g is the indicator function

for focal element i, and g =ct =cV contain the BPAs.
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The set of optimal distributions for problem (3.2) with this set Q B includes distri-
butions whose PDF is a sum of Dirac delta functions with one Dirac delta centred in
each focal element ; with weight bpa( i), and located in ; n A, if this region is not
empty, or anywhere in ; otherwise.

Finally, let us consider the inclusion in T of focal elements which intersect each
other. One issue with using (3.39) arises when one considers distributions with prob-
ability assigned to those intersections. For instance, if j and ; are intersecting focal
elements each with a BPA of 0.5, a probability distribution such that p( j\ ) = 0:5and
p(in;)=p( jn i) =0would meetthe constraints in Eq. (3.39) andso { i[ ;) =0:5,
but since those two sets contain all BPAs, one must have that B(; [ ) = 1.

One way of interpreting the formalism in Evidence theory is that each BPA must
introduce additional probability mass \somewhere" in its focal element, while the def-
inition in Eq. (3.39) would allow the same probability mass to contribute to the BPA
of two di erent focal elements. To resolve this, one must ensure that all BPAs are
assigned somewhere, and separately, by verifying also that the unions of focal elements
contain the sums of those elements' BPAs. Let U be the set of all sets that result
from the union of any number of focal elements in T, in addition to the focal elements
themselves. The set 65‘0 that results in E( 2 A) being equal to B(A) in this more
general case is

g z X 9
Q%= p2P():  p()d bpa( ;)8 j 2U, i (341)
i 2T @ 0

which simpli es to Eq. (3.39) when all elements of T are disjoint. Notice that this set
is now expressed with non-strict inequalities as opposed to equalities. This can also
be written by choosing the correct g, ¢- and ¢”. This formulation ensures that all
BPAs are actually assigned for the distributions in Qg . For instance, in the previous
example, the distribution would not meet the constraint that p( ;[ j) 0:5+0:5=1,
which is part of Eq. (3.41).

In general, unless every focal element intersects every other focal element, some

of the inequalities in Eq. (3.41) are redundant. For example, if a set ; 2 U is
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obtained from the union of two disjoint non-empty elements of U, then the inequality
corresponding to ; is redundant.

This section was intended only as a very brief introduction to Evidence Theory,
focused solely on showing how it relates to the formulation used in this work. For more
information, the interested reader can consult [13,17,24,50,61]. The issue of de ning
the belief of a set A 1 2, for variables ;2 jand ,2 5, each with their own

Dempster-Shafer structures, is discussed in Section 7.2 of the next chapter.

3.4.3 P-Boxes

A di erent, commonly used method for representing epistemic uncertainty are P-Boxes
[24]. P-Boxes can be described parametrically as shown in section 3.3, but they are
often de ned by placing lower and upper bounds on the CDF, F and F respectively.
A 1D P-Box can be written as
YA X
Qpeox = P2P():F_(x) . p()d  F(x) 8x2 : (3.42)

A 1D P-Box can be converted into a Dempster-Shafer structure by discretising it and
creating a focal element for each successive pair of discretisation points, see [24] for
details. The discretised P-Box can be written as
Zy z % B N
Qpox = P2P(): p()d F _(x;)and p()d  F(xj)8ij : (3.43)
1 1

Whichever discretisation is used, it is possible to obtain an equivalent one where the
points x; and X; are such that x; < Xj, X; ::: X _, ,X1 ::: X, , and in addition
F(Xi) = F (X, ), as described in [24].

The results in [24] provide a method for converting P-boxes into near-equivalent
Dempster-Shafer structures, i.e., a set of focal elements and respective BPAs, obtained
by discretising the P-Boxes. This shows that formulation in Eqg. (3.22) describes many

commonly used strategies for epistemic uncertainty quanti cation.
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3.5 Threshold Mapping

The search space for the optimisation problems in Egs. (2.28) and (2.37) are de ned,
for convenience, as hyper-rectangles. This includes the set of thresholds N. This way,
many function evaluations of the lower expectations in those problems performed while
running MACS might be wasted because they correspond to two plateaus, one with
lower expectation equal to 0 and one with lower expectation equal to 1, as illustrated
in Fig. 3.2. Furthermore, the ridges of these two plateaus correspond to a sharp change
in the value of the lower expectation (see solid and dashed lines in Fig. 3.2), which is

undesirable if one uses a continuous function to build a surrogate model.

Figure 3.2: A diagram representing the search space - the vertical axis represents
the threshold value , while the horizontal axis represents the proxy control variable
z. When using a hyper-rectangular sample region, many of the samples fall into the
regions where the lower expectation is either 0 or 1, which are shaded in this diagram.
These regions are not useful. All points in the upper shaded region are dominated by
points on the solid black line, for example point A is dominated by B, while all points
on the lower shaded region are dominated by making the smallest value possible, for
example, point C is dominated by point D. Furthermore, in this lower shaded region
the lower expectation equals zero, meaning that meeting the constraint is impossible.
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For this purpose, a threshold mapping strategy, akin to the control maps in Section
2.7, is proposed to focus the search only in regions where the lower expectation is in

the open interval (0; 1). That is, a proxy threshold variable is introduced such that

O<E(z; ( ;2))<1: (3.44)

Let h(z; ) be the quantity of interest in the de nition of the lower expectation, as
explained in Section 3.2, with (z) = min » h(z; ) and h(z) = max » h(z; ). Eq.

(3.44) implies h< < h, which can be trivially satis ed with the following mapping:

( i=h@+ h@2 h (2 ; 21[0;1] : (3.45)

This mapping can be used only to obtain the samples used to train the surrogate
model of the lower expectation, or it can be called throughout the optimisation with
MACS. In the following, the former use of the mapping will be called thMap-dist and
the latter use of the mapping will be called thMap-whole.

With thMap-dist, a set of points z 2 Z and 2 [0; 1]"s are sampled using Latin
hypercube sampling from a uniform distribution (LHSU) [47], where ng is the number
of quantities of interest h. Note that they are both sampled in a hyper-rectangular
region. Both the control map and the threshold map are applied to each of these
points, and the lower expectations_Eare calculated. The surrogate model on Hs then
trained in the same way as if there was no threshold map, on the values of z and the
mapped values of the thresholds , so thatE(z; ) E_(z; ) as before.

With thMap-whole, the surrogate model is trained on z and , so that E(z; )
E(z; (  ;2)). Therefore the search space for MACS is Z [0;1]"s. Since the actual
quantity to be minimised is and not , the thMap-whole option requires the addi-
tional surrogate model { ;z) ( 1 2).

The method thMap-dist has the disadvantage of running MACS on a set that is not
contained within the set used to train the surrogate model. On the other hand, the
method thMap-whole has the disadvantage of doubling the amount of surrogate models

needed, which can increase computational complexity as well as adding inaccuracy to
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the expectation estimation. However, the value , which indicates where the threshold
is between minimum and maximum of the quantity of interest, may be a better predictor
of the lower expectation than the threshold itself.

In Section 5.4, these methods are compared with each other as well as with the

algorithm without any threshold map.

3.6 Overall Algorithm

The method proposed in this work was implemented in Algorithm 1 corresponding to
the owchart in Fig. 4.4.

The algorithm starts by generating sets Z and N of samples for the proxy control
variable z and threshold array , line 1 of Algorithm 1, with Latin hypercube sampling
from a uniform distribution. For each sample points z and in sets Z and N, line 3,
the following process is applied. The control law y is calculated from z, as described
in Section 2.7. From the control law y and thresholds , the lower expectations E are
calculated, at line 5, using Algorithm 2. The values of Eare then added to set E, at
line 6. The values in Z, N and E are then used, at line 6, to train the surrogate models
E for each of the expectation functions.

If the threshold map thMap-dist is used, in Line 1 the LHSU generates the set N
of sample vectors . These samples are then converted to with Eq. (3.45) before
being added to N to calculate the surrogate of the lower expectation in Line 5. If,
instead, thMap-whole is used, the surrogate of the lower expectation is built directly
on the set N and an additional surrogate model« ;z) ( ; Z) is trained.

The loop starting at line 9 is the core of the algorithm: MACS is repeatedly run for
Nrewrain Subsequent iterations. This part di ers depending on the threshold map in
use. If no threshold map is in use, or if thMap-dist is in use, only the lower expectation
needs to be approximated by the surrogate model, and as such MACS is solving

h i
min  E(z; ); ; (3.46)

where the surrogate E(z; ) approximates [ E(hi(fcmap (2)) < 1); :::]. Otherwise, if
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thMap-whole is in use, the threshold map becomes a part of the objective function, and
must thus also be approximated by a surrogate model,

n .
min  E(z ) +z )I; (3.47)

where one has the additional surrogate model « ;z) ( ; Z) of the threshold map.

At each iteration MACS evaluates the surrogate models p times to nd a set of
vectors Zyacs and Nyacs that approximate the global Pareto front (line 10). Using
the same archival strategy used in MACS [56], and brie y described in Section 2.6, at
line 11, Ns solutions are selected and added to Z, N respectively, at lines 12 and 13.
At lines 14-18 the lower expectations_Ecorresponding to the solutions in Zyacs and
Nwmacs are calculated with Algorithm 2 and added to E. The surrogate model is then
re-trained at line 20, by applying the same training process used to train the surrogate
at the start, which is described in [49], but with the newly updated sets Z, N and E.

After N (e wain  iterations, this algorithm will have created sets Z, N and E which
include the initial sample used to initialise the surrogate model, as well as the N solu-
tions coming from each run of MACS. The last step at line 22 lters out all dominated
solutions from Z, N and E to obtain the nal output sets Z ¢, Ny and . This is
done, instead of just retaining the solutions found at the last iteration, because many
of the solutions found at each iteration may not be dominated by the ones found at
subsequent iterations.

Algorithm 2 implements the computation of the lower expectation. For each stochas-
tic variable (line 1), line 2 greedily initialises the index vector j according to Eq. (3.21).
At line 3, the pattern search is run starting from this initial point. Then, from the
solution of the pattern search, a new index vector is generated at line 4, and at line 5
the pattern search is run again from this new starting point. At line 6, the multi-index
corresponding to the smallest lower expectation is selected.

Since part of the computational cost comes from propagating a given control law
corresponding to a given sample point, and the same sample points are used for each
quantity of interest, whenever the expected value is calculated for a speci ¢ quantity

h; < i, and for a speci c distribution p, proxy control variables z, and thresholds ,
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it is also calculated for all other quantities h; < ; 8j, and these results are stored for
possible future use, an example of memoisation.

The number of initial training points N iyt , nUMber of agents N,, and archive size
N5 for MACS, as well as the number of points trained from each iteration N; can all
be changed to accommodate the need for accuracy versus keeping the execution time
low. It is possible to start this method with a small amount of points, and then add

more, if a more accurate representation of the Pareto front is desired.
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Start

Sample with LHSU N training
points into sets Z, and N

l

Compute E for the values
ofzand inZ,and N

!

Create surrogate modelsE

!

Run MACS on E, obtain-
ing sets Zuyacs , Nvacs

!

Compute E for the values of
zand inZ vacs, Nvacs

l

Max. n°o
iterations
reached?

Re-train surrogate modelsE

End

Figure 3.3: Flowchart describing the overall process used in this work. The orange
blocks represent expensive computations of the control map and lower expectation.
The same process is described with more detail in Algorithms 1 and 2.
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Algorithm 1. Many-Objective Optimisation Under Epistemic Uncertainty
Output: Samples from the Pareto Front contained in Z ; and k&

1 Z, N getLhsuSamples()

2 fori=1to N i do

3 z;, Z ;N

4 |y f cmap(2)

5 E LowerExp(h k; )/ See Algorithm 2

6 E.append(E)

7

8

9

end
model DACE(fit((Z;N), E) // From the DACE library [49]
fori=1toN (etran dO

10 Zwmacs, Nmacs MACS(model.predictor)// See [56]

11 | Zmacs, Nmacs Select_ N s(Z macs Nmacs)

12 Z Join(Z, Z MACS)

13 N Join(N, N MACS)

14 forz, iInNnZ wmacs, Nmacs do

15 [ri;vi; ] splitZ (2)

16 u f omap(lri;vi; 1)

17 E LowerExp(u; ) // See Algorithm 2

18 E.append(E)

19 end

20 model DACEfit (Z, E) // From the DACE library [49]
21 end

22 (Z¢, &) RemoveDominated (Z, E)

3.7 Conclusion

This chapter introduced a formulation of epistemic uncertainty which di ers from stan-
dard probability theory. Conceptually, this can be summed up as characterising the
uncertainty in a variable not with a probability distribution, but with a family of dis-
tributions. The counterpart to the expected value in standard probability theory is the
lower expectation. This quantity is used to quantify the uncertainty in the quantities
of interest, and was used in the previous chapter to formulate the many objective opti-
misation problem under uncertainty. The lower expectation was also used to de ne the
upper quantile, which is the counterpart to the quantile in standard probability theory,
and will also be used to formulate variants of the many-objective optimisation problem

under uncertainty.
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Algorithm 2: Lower expectation
Input : A control law y and a vector of thresholds
Output: Vector of lower expectations E

/l Each E ; is the lower expectation of | iO=h ;<

1 fori=1ton ¢ do

2 | j° Greedylnitialisation(l i()) Il See Eqg. (3.20)

3 jf1 PatternSearch(j  °;1;()) /l See Section 3.3.2
/I Re-start

4 | forallkdoj [ q j [t /I See Eq. (3.21)
jf2 PatternSearch(j  f1*1;1;()) /I See Section 3.3.2
j!z argmin jzfjfl;jfng(j)

7 | Ei EQ i()i'?)

s end

Di erent approaches for formulating the family of distributions were also presented,
alongside methods for computing the lower expectation when these are used to de ne
the epistemic uncertainty. This included two types of families, one based on linear
combinations of basis polynomials, and another based on applying linear constraints
on the distributions. For both cases, algorithms are proposed with e ciency in mind.

It is worth also noting that the linear constraints based families of distributions can be
related to many common formulations of epistemic uncertainty found in the literature,
such as evidence theory. As such, some of the theoretical results obtained here and in
the next chapter are applicable beyond the cases covered by the applications in Part Il.

A separate but related development presented in this chapter were the threshold
maps, which, when optimising the lower expectation of an indicator function of the
form h() < alongside the threshold , can be used to increase the e ciency of the
search algorithm by focusing the search on more useful lower-dimensional subsets of
the search space.

The chapter nalised by combining the topics herein introduced with those of Chap-
ter 2 to create a many-objective optimisation algorithm that can produce solutions that

are robust to epistemic uncertainty.
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Chapter 4

Dynamic Programming Approach
to Epistemic Uncertainty

Quanti cation

This Chapter proposes a novel method for quantifying epistemic uncertainty that is
amenable to trajectories subject to uncertainty in system parameters, which is formu-
lated using uncertain variables that a ect separate segments of the trajectory, such as
when the evolution of the thrust and speci ¢ impulse of a spacecraft vary in an epistemi-
cally uncertain way. This approach is based on the technique of dynamic programming,
and in addition to allowing this separation of variables, since it is a multi-segment ap-
proach, it is directly applicable to feedback control problems, where the control law is

a function of sparse observations.

4.1 Related Works

In the literature on epistemic uncertainty, it is common for the distributions of each
uncertain variable to be constrained separately, without consideration for the full joint
distribution. In [27], the distributions of each variable are constrained by their mo-
ments, but no constraints are applied to the joint distribution. As another example,

in [13], using evidence theory, focal elements from dierent variables are combined
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to produce focal elements on the full vector of uncertain variables by means of a
Cartesian product, resulting not only in exponential computational cost, but also some
hidden assumptions on the type of distributions. The latter example was not the focus
of this work, but some discussion is present in Section 7.2, as suggestions of future
work.

In addition to the novel dynamic programming based approach, this chapter also
aims to examine di erent ways to extend families of distributions of individual variables
to a combination of variables. In fact, this new approach can be seen as an alternative to
these. This chapter also gives inequalities for the resulting lower expectations following
di erent formulations, including the novel dynamic programming based method.

Dynamic programming is an approach, introduced by Richard Bellman in [5], for
solving \segmented" optimisation problems. In these problems, at each segment there
is a state variable that evolves according to decisions that are made at the start of the
segment. The problem is formulated in such a way that only the state and the decision
at the start of a segment a ect the state at its end, which is also the state at the
start of the next segment. In other words, the full history before the segment does not
matter to the outcome of this decision. Additionally, the objective in such problems
is to minimise or maximise some function of the state at the end of the last segment,
which can also allow for cost functions that depend directly on the decisions taken
at each segment. [5] For such problems, Bellman's Principle of Optimality [5] applies,
which relates the solution to the original problem to the solutions to the sub-problems
starting at each segment. This allows to solve the original problem by iteratively solving
these sub-problems, which can signi cantly reduce the computational complexity of an
optimisation problem. The exact procedure depends on the specics, since dynamic
programming is best seen as a paradigm than a speci ¢ algorithm.

When these principles are applied to continuous trajectory optimisation problems,
the di erential dynamic programming (DDP) algorithm, introduced by Meyer in [46]
among other works, is used. A basic concept in DDP is the cost-to-go, which represents
the cost for the sub-trajectory starting at a given segment assuming optimal decisions

are taken at the next segments. Due to Bellman's Principle of Optimality, the decisions
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that form the solution to the original problem will also optimise the cost-to-go for each
segment for a particular state. Given the in nite nature of the state and decision
spaces in trajectory optimisation problems, in DDP a local quadratic approximation
of the cost-to-go function is made at the start of each segment. [46] A DDP algorithm
is generally composed of a forward pass obtaining a reference trajectory and forming a
quadratic approximation around this reference trajectory, followed by a backward pass
that iteratively optimises each sub-problem. The solution to each sub-problem, and the
corresponding cost-to-go, are also approximated as quadratic functions of the initial
state for that sub-problem, and passed to the previous segment during the backward
pass. The resulting algorithm is similar (but di erent) to the iterative linear-quadratic
regulator. [64]

By breaking up the problem into sub-problems in this way, DDP tackles the so called
\curse of dimensionality” (a term also introduced by Bellman in [5]). The optimisation
problem has a number of decision variables proportional to the number of segments,
and most non-linear programming (NLP) solvers have quadratic complexity with this
number. DDP breaks up the high dimensional original problem into a sequence of lower
dimensional ones, and it has been shown to require a computational e ort that is linear,
instead of quadratic, with the number of segments. [41,42]

The theory section of [41], which is freely available online as of the writing of this
thesis, provides a more complete and detailed history and literature review of DDP.
The same reference [41] also proposes a variant of DDP, hybrid di erential dynamic
programming, which incorporates certain constrained optimisation techniques into the
traditional DDP algorithm.

The DDP algorithm has also been applied to optimal control under (aleatory) uncer-
tainty in the stochastic dynamic programming algorithm introduced by Ozaki et al. [53]
that was mentioned in Chapter 1. In [53], the unscented transform [36] is used to write
a cost function that estimates the expected value of the objective, while being amenable
optimisation with DDP. In addition, the authors optimise a feedback control law with
this method. To the best of our knowledge, all dynamic programming formulations

for optimisation under uncertainty consider only aleatory uncertainty, with the work
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done in this PhD being the rst to apply dynamic programming to the quanti cation
of epistemic uncertainty.

One key point to note is that in this work, dynamic programming is not being used
to optimise the control law directly, but to compute the lower expectation, which is
also de ned as an optimisation problem where the decision variables are probability
distributions. While DDP is often used to obtain feedback control laws, and we are
using a dynamic programming formulation partly to more easily calculate the lower
expectation when there is feedback control, the reader should not interpret that we are
applying DDP, obtaining a feedback control law directly using dynamic programming,
or that there is any relation between our approach and DDP other than the general
dynamic programming structure, and a few other similarities such as the existence of
forward and backward passes as will be described.

A variant of our dynamic programming formulation that also obtains a feedback
control policy was considered but not fully pursued due to lack of time. It is, however,
considered worthwhile to pursue as future work, and what theoretical developments

were obtained are shown in Section 7.1.

4.2 Dynamic Programming Formulation

With dynamic programming, the propagation of a trajectory is split into M segments,
each a ected by a control law ux and uncertain parameter . arrays, as exempli ed in

Fig. 4.1. The following state transition function is de ned:

Xk+1 = k(XK Uk; k) (4.1)

The control laws ug can be seen, for maximum generality, as functions of time and
state ux(x;t) for; t 2 [t k;tk+1 ], and each | is an array with ny elements. The control
law and uncertainty vector are also written for multiple segments of the trajectory as
Ukj =[uk;:::;u5] and ik = [ i ], respectively, and u =uy:m, = q1um. The
probability distributions over ., will be written p jx but the subscript will be dropped

whenever this does not create confusion.
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Figure 4.1: Example of a trajectory split into segments for the computation of \, with
M=4
The quantity of interest, whose lower expectation one wants to estimate, can also
be written as
X

h(u; ) =LK m+)+ k(iU ) (4.2)
k=1

where L(xm+1 ) is a function of the nal states, while |¢(xk;uk; i) represent path
costs. In this section we pursue a method for separating the computation of the lower
expectation into separate segments, analogously to what is done with the optimization

of a control law in di erential dynamic programming [53].

4.3 Segmented Epistemic Uncertainty De nitions

Let Oy be the sets of distributions that are known to include the real distributions
of the uncertain variables over each segment, .. These sets represent the expert
information that is available but insu cient to specify a single distribution. The set

Q is de ned as the family of distributions over all uncertain variables resulting from
such information, without any additional information on joint probability distributions

of variables in di erent segments. The corresponding lower expectation is E The

following de nition formalises this:
De nition 4.3.1. If information is only provided about the distributions of the un-
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certain variables over each segment,, of the form p( ) 2 Qk, and nothing is known

about the joint distributions of variables corresponding to di erent segments, one has
PmM ( mm ) 2 Qmm , with

n 0
Qmm = P2P( mm): MIpl( k) 2 Qk;kam;Z::;Mg 4.3)

where M [p] is the marginal distribution of p over , i.e.,

Z z Z z
M k[pl( ) = o L p()d q:::d g1 d g ii:d oy (4.4)

1 k1 k+1 M

The lower expectation de ned with respect to the family of distributions Q x.» in Eq.
(4.3) is written as E{,

Z
Ekm= min h( en )P( e ) d ke (4.5)

k:M
Furthermore, we write Q =Q 1.y and E4 = E§.

The set Qv can be seen as the most conservative way to obtain information
on the distributions on the variables ., based on the information given by §; for
k i M, as no additional information is assumed besides the fact that the marginals
over segment , are in Qk. Adding to p 2 Qv the constraint that the variables

are independent results in the family of distributions in the following de nition:

De nition 4.3.2. If, in addition to knowing that p( ) 2 Gy, one also knows that each
pair of variables ; and ; fori 6= is independent, one can write that p( oK)=

P( j)P( «)8j 6=k, leading to the following family of distributions p( .y ),

n 0
Ok:M = (k) iip o mCm)ipk( k)2 Qk;:::;pM( M) 2 QM (4.6)

composed of all possible products of distributions in each se®y, which can also be

!Independence here refers to \physical independence”, which is the de nition of independence used
in standard probability theory, as opposed to \epistemic independence" [71] which is a topic outside
the scope of this work.
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written as

Qkm = Ok Qun Qm (4.7)

As before, we write @ = Q,m. The lower expectation de ned with this family of
distributions is referred to as E}, in Eq. (4.8), with E' = E!|. Note that when it is
stated that \variables |, are independent from each other", itis meant that p( ;; ) =
P( ;)p( «)8) 6= Kk, but remembering that | are vectors, the variables within those
vectors can be dependent on each other. Let'Ebe the lower expectation with respect
to G, 2

Ei(h)= min h( km)IP( km)d km (4.8)

P2Qkm kM
Before considering the full implications of the de nitions 4.3.1 and 4.3.2, let us
brie y look at the simpler case where the marginal distributions are as unconstrained
as possible. In that case, the set€), would equal the sets of all possible distributions
over , i.e. P( k). The lower expectation of some function h(y) over such a set is
simply the minimum,
z

min h d, = min h 4.9
ooml ) kp(k)(k) K k2k(k) (4.9)

This minimum occurs for a distribution p that is a single Dirac delta function centred
at the | that minimises h. In such a case, the expressions for Eand E, become

equivalent, as

Z
Ef = min hCkemP( km)d w = min - h(;u)  (4.10)
P2P( kM ) KM kM 2 kM
and
Z
J( = pgan h( k:M )p( k:M)Gl k:M
M em z y4 y4
= min min :::  min o h(;u)d
ooun o min i min 1|01( 1) sz( 2) 1IOM( m)h(;u)
= min min ::: min h(;u)= min h( ;u)
12 1 22 2 M2 M kM 2 kM

(4.11)
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This equality is only valid in this case of totally unconstrained distributions (apart
from the implicit constraint that the variables | can only take values within ). The
aim of this study is to consider cases where some information is available to characterise
the distributions, such that Qx P( ), but where this information is not su cient
to specify a single probability distribution.

In the general case, sinced is the result of adding to Q the constraint that the
variables | are independent from each other, it holds that(ﬁk;,v, Q k™, from which,

in general, E!' E |. This is formalised in Theorem 4.

Theorem 4. Suppose I;ﬂ is de ned by Eq. (4.5), based on the family of distributions
Qk:m in De nition 4.3.1, while Ejk is de ned by Eq. (4.8) with respect to the family
of distributions Q. in De nition 4.3.2. For any quantity of interest h: 'R, and
for any families of distributions @y used in De nitions 4.3.1 and 4.3.2, the following
inequality holds:

Ef E | (4.12)

Proof. From Egs. (4.5) and (4.8), both EE and Ek are de ned as a minimum value
of the same function (the expected value of some function of ), over sets @y and
Qk;M . Sinceék;M is the subset of the distributions in Qy:y which are of independent
variables, i.e. Qum  Q km, it must hold that E ¢ E |.

This can be proven by contradiction. Supposef@ > I;L. Let the distribution
q 2 O be the minimiser of Eq. (4.8), such thatg{( = R h( «m)a( km)d em -

Because(ﬁk;M Q k™, the distribution g is also in Qk.m , and therefore the fact that

k:M

E(q) < E¥ would contradict, in De nition 4.40, that E_¢ is the minimum value of E for
distributions in Q y.v as in Eq. (4.5). Therefore, it is impossible that E! > E, which

proves this theorem. O

To summarise, Q in De nition 4.3.1 allows distributions of dependent variables,
while @ in De nition 4.3.2 does not. To illustrate the di erences between these de ni-
tions, consider the following example. Suppose M = 2 and the marginal distributions
are de ned asQy =fN(0; ) 8 2 g, where N (0; ) is the normal distribution with

mean zero and covariance matrix , and so Qy is the set of normal distributions with

72



Chapter 4. Dynamic Programming Approach to Epistemic Uncertainty
Quanti cation

zero mean and standard deviations in a set . With these de nitions, Q will include
(while not being limited to) distributions of the form
0 2 31
N @p;4 . S5A 82 '8 2R MmN (4.13)

where is constrained such that the whole covariance matrix is still positive semi-
de nite. This can be readily seen from the de nition in Eqg. (4.3). In other words, the
set Q can allow for any type of dependency between variables,, and as such is the
most general way to turn imprecise probabilities on subsets of variables into a de nition
on the whole set. The setd, on the other hand, would only include distributions of

the form 0 2 31

0
N @p;4 SA 82 (4.14)
0

where 0 is the zero matrix.

Neither Eﬂ nor EL can be computed separately on each segment, but a dynamic
programming formulation allows this. Towards that end, we propose the following
\epistemic cost-to-go" function:

4
Vik(Uiem 5 Xk) = m2in P k) Vier Uierm 5 kX Ui 1)) + (X us @) d g
Pk k Kk
(4.15)
where uc.v refers to the control laws from segments k to M, anko is the family of

distributions py for variables . The de nition is completed by adding

Vm+1 (Xm+1) = L(X m+1) (4.16)

Furthermore, the upper quantile in De nition (3.2.3) is to be de ned with V ; instead
of E.

The value of \k is an approximation of the lower expectation of the quantity of
interest h(u; ) when the propagation is started from segment k. If one again briey

considers the case where the distributions are completely unconstrained, i.eQ =
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P( k), then

Vi (Uiem 5 Xk) = mi2n (Vi1 (Uksrm 5 k(X Uks 1)) k(X uks ) (4.17)
k k

This expression is now similar to the cost-to-go used in di erential dynamic program-
ming [53F, albeit with the uncertain variable functioning like the control variable. In
this case, if one obtains the non-recursive form of Eq. (4.17), it becomes evident that
E{ =V, =EL. When Qx P( ), in general these equalities do not hold.

A very desirable property of \, is that while it does not in general equal eitherﬁ
or El, it can be shown that El V ¢ E_L. This statement means that the quantity
Vi is always bounded by relevant values of the lower expectation, it can be seen as a
conservative estimate ofj(, and the amount by which it is conservative is limited by
EE. Two theorems follow which prove each of the inequalities in that statement, but

rst, the de nition of a convex family of distributions is introduced:

De nition 4.3.3. A family of distributions Q is convex if all linear mixtures of dis-
tributions in Q are themselves in Q. More rigorously, if this family is parameterised

using , by writing p( ; ) such that
p(;)2Q82 R N (4.18)

R
and there is a weight function w() : ! R such that w()d =1, then the set Q
is convex i the following holds for all such weight functions w and parameterisations
’ z
p(;w()d 2Q (4.19)
Families of distributions of the type in Section 3.4 are always convex in the sense of
De nition 4.3.3. Assume a parameterisation of the set Q& in Eq. (3.22), p( ; ), with

parameter , such that for some set , if 2 , then p( ki) 2 Q k. The following

R R
shows that a linear mixture  p( ; )w()d, with w()d =1, is also in the

2See e.g. Eq. (5) of [53]
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same set, thus meeting the requirements for convexity of set @
zZ Z Z z
P( s w()d g i( Wd = w() P( ;)9 i( d d (4.20)
k k
| {z }

2[ck;c!] by de nition

The outer integral consists of an average of the value of the inner integral, whose value
by de nition is always in the interval c-;c” , and therefore the outer integral must

also be in this interval.

Theorem 5. Suppose I;ﬂ is de ned by Eq. (4.5) with family of distributions Qv in
De nition 4.3.1, and V  is given by Egs. (4.15) and (4.16). Suppose also that the sets
&y are convex according to De nition 4.3.3, and all distributions contained therein are
Riemann integrable. The following inequality then holds independently of the quantity
of interest h:

Ef Vi (4.21)

In other words, the lower expectation obtained by allowing distributions of dependent
variables gives a lower bound for the epistemic cost-of-go function V, when the s€ig

are convex. 3

Proof. Without loss of generality, to simplify notation this is a proof for E ¢ V 1, which
is equivalent to the statement of the theorem. Let us de ne the following families of

conditional distributions,

Qk(Pik1 )= Pk Pk( ki 1x1 )Pk ( 1x1 ) 2Quk (4.22)

where the argument must obey p.k1 2 Q1k1 (see Eq. 4.3),Q; has no arguments,
and Q; = Ql. Note that the distributions in Qy(p1x1 ) for k> 1 dependon ., as

they are conditional distributions, as opposed to those inQy. The set Q can then be

3If the sets were not convex, a lower bound could instead be obtained by de ning E ¢ with the convex
hulls of sets Q.
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expressed as
8 9
< _ . . . -
P=p1( Jp2( 2l 1) Pm( M) zm1 )i
Q=.p2P(): : (4.23)
' 8om 2 Qm(Pum1 )i 3 8p22 Q2(p1); 8p12Qy

which can be seen as analogous to writing a multivariate distribution as the product
of conditional distributions, i.e. p() =p 1( P2 o) D:::pm( mJ 1m1 ). That the
de nitions in Egs. (4.3) and (4.23) are equivalent is shown in Appendix 4.4. Using
these de nitions, one writes

z
E= min  min min pi( DP2( 2 1) Pm( mi zm1 )h(;u)d

P12Q1p2Q2(p1)  Pm 2Qwm (Pim1 )
(4.24)
Let us now take Egs. (4.15) and (4.16), which de ne ¥, and recursively replace ¥
by its expression as a function of V.1 given by Eq. (4.15) (or Eq. (4.16) for My+1 ),
and then using Eq. (4.2) to collect all the I terms and L into h(u; ), resulting in the

following expression for \{.

Z Z Z

Vi = min p1( 1) min p2( )::: min pm ( m)h(;u)d (4.25)
p12Q1 1 p22Q2 2 pm 2Qm M

To compare . with EJ it is desirable to somehow move all minimisations to the
outside of the integrals. The minimisations being inside the integrals means a di erent
px may be found for each value of the integration variable 1, . To write V1 in an
expression where all minimisations are outside the integrals, this must be made explicit,
by writing the search space for the minimisation of i as being explicitly dependent on
the integration variables .1 .

Before doing that, let us gain some intuition by considering a case with discrete
sums instead of integrals. Suppose that for two real valued functions f and f, one has
a minimisation of the form

)r(%l(nfl(x) + n2|2r>1( f2(x) (4.26)

76



Chapter 4. Dynamic Programming Approach to Epistemic Uncertainty
Quanti cation

It is well known that
Q;)l(nfl(X)HTXHZQ f2(x) min (f1(x) +f 2(x)) (4.27)

so in general the minimisation cannot be swapped with the sum in this manner. Since
the two minimisations are conducted separately, nothing changes if the name of one of

the variables is changed from x to y,
: i '
min f1(x) min fa(y) (4.28)
and now the minimisation over y can be moved to before the sum without changes,

min (F2( +f 2(y)) (4.29)
y2X

which is equivalent to Eq. (4.26). Now let us look at a more general case,

Xa X
min a min Gii 4.30
a2AIR - IbZBIR 1 B G ( )

The same idea applies, i.e. a di erent b will be found for each value of i. Following the

same logic, the above problem can equivalently be written as

) ] %a %b
oo Mo (30
gi=1; N ; =1 J=1

where the search space for the second minimisation is"B.

A similar transformation can be done with the formula for V4, although there one
has integrals instead of sums, and real variables instead of indices. Consider for now
its expression in Eq. (4.25), when M = 2. Relative to Egs. (4.30) and (4.31), i and
j are analogous to variables ; and ,, a and kj are analogous to p( ;) and px( »),
and g to the value of h(;u) =h( 4; ,;u). After interchanging the integration and
minimisation, bj; is analogous to a probability distribution of , that is parameterised

by 4. This is written in the form of a conditional distribution, i.e. p 2( 5] 1).
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An intuition for applying the transformation from Eq. (4.30) to Eq. (4.31) to an
expression with integrals instead of sums such as Eq. (4.25) can be formed by writing

the integral as the limit of a Riemann sum. [39] Consider again the case M = 2, and

suppose , is ascalarand ;= [""; M _|n this case,
Z
V1 = min p1( 1) min F(p2; 1)d 1 (4.32)
p12Q1 p22Q2

where for convenience the following function was de ned,

Z
F(p2; 1)= p2( h( =[ 1; Lliud , (4.33)

2

If the integrand in Eqg. (4.32) is Riemann integrable, its integral can be written as the

max; j 1 11 j !0, and for any choice of tl;i 2[ 1:q1 ; 1:i], which can be written

as [39]

~lim (i 2i1)p1 i minF pp; i (4.34)
maxij 1 uiz O P22Q2

This sum is in the form of Eqg. (4.30), and it can be written in the form of Eq. (4.31)
as follows
. . XII t t
~lim min (1 nmiz)P1 i F P2 1 (4.35)
maxij 1i wui1 10 pyi 2@, 8i2f1;N g i=1

Each p; is a probability distribution of 5, and inspection of the formula above shows
that the value of each optimal p, depends only on tl;i. For this reason, instead of p( »2)
one can write p 2 tl;i . Replacing in Eq. (4.32) the integral with the limit of Eq.
(4.35), one obtains an expression where all the minimisations are outside the integrals

Z

Vi = min min pi( DF(p2; 1)d 1 (4.36)
P12Q1p2( 5) 1)202 812 1 3

Extension to non-scalar variable ; proceeds the same way as does the de nition of the
Riemann integral, i.e. by nesting the Riemman sums, while extension to higher M by

applying the preceding argument iteratively. In the extension to M 2, the following
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sets are de ned, which are analogous to Bi in Eq. (4.31):

n 0
Q™ = poipk( ki 1k1)2 Ok 8 1k1 2 1k1 (4.37)

These are sets that contain all functions in Qk for each value of 1,1 2 1x1,
similarly to how B Ni contained all real vectors b 2 B for each value of i 2 f1; ;N g.
Previously, the variables b 2 B were indexed using only index j, whereas after swapping
the minimisation and the sum they become indexed with j and i, see Egs. (4.30)
and (4.31). Analogously, the distributions px go from being functions of , only, to
depending on both , and 4., . Note that they are only distributions of |, as the
pk are only constrained to integrate to 1 over that variable. For this reason, they are
written as conditional distributions p x( «J 1x1 ). Finally, V1 can be written with all
minimisations outside all integrals:

Z
Vi= min min min P1( 1)P2( 2) 1) Pm( m) w1 )(5u)d
P2Q1p,28,0  py 20, M1
(4.38)
Now Eqgs. (4.24) and (4.38) are very similar. The only di erence between them
is that the minimisation sets in Eq. (4.24) are Qx(p1:k1 ) Whereas in Eq. (4.38)

1k1

they are Qk . Using again the fact that a minimisation over a subset must result

in a less or equal value, the proof that BV 1 can now be achieved by proving
Q™ Qpik1 ) 8p1k1 2 Quk1 -

Suppose p 2 Qk“‘l , and recall the assumption that the setQy is convex. The
marginal distribution M ¢ p«( «J 1k1 JP1k1 ( 141 ) IS a linear mixture in the sense
used in De nition 4.3.3, where the parameter 2 is 4,1 2 1kx1 ,and the weight
function w is given by p1.x1 . Therefore, since from the assumption p 2 le“ it
holds that p( j 11 )2 Ok 8 141 2 1x1 ,the necessary conditions are present to
state that, when Q is convex, g 2 @, *** implies Mk pc( ki 1x1 )Pk ( 1x1 ) 2
Qk 8puk1 2 Quxi , which in turn implies px 2 Qk(Pik1 )i 8P1k1 2 Quk1 . This
proves that @, **  Qu(P1k1 ); 8P1k1 2 Qik1 . andintumn, that E¢ V 1, when

all @y are convex.
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O]

Theorem 6. Now consider I;L de ned by Eq. (4.8) with respect to the family of dis-
tributions Gy, in De nition 4.3.2, and V  given by Egs. (4.15) and (4.16). The
following inequality then holds:

Vi E | (4.39)

and just like in the previous theorem, this holds independently of h. Unlike in the
previous theorem, here it does not matter whethe€), are convex. This inequality shows
that Vi can be seen as a conservative estimate of the lower expectation that is obtained

by restricting the families of distributions to be those of independent variables.

Proof. Again, to simplify the notation, we prove V1 E ', which is equivalent to Vj
E.. Let us start by writing

4 Z Z

E'= min min ::: min p1( 1) p2( o)t pm ( m)h(;u)d (4.40)
P12Q1p20,  pw28w 4 2 1

The obstacle to separating the variables in this formulation in the dynamic program-
ming sense, is that the optimal i depends on p for j < k. Solving this problem
requires moving the minimisations to the inside of each integral. By moving a mini-
mization to the inside of an integral, the resulting value must be lower or equal to the
original value, i.e., if F is a set of real functions of x 2 X:

Z Z

in h(x)d i h(x)d 4.41
X h(rggg ()ax nf]gJ)ZF X (rjax ( )

Moving each minimization over p to just behind the integral on , results in the
same expression for Y seen in the proof of the previous theorem,

Z Z Z
Vi = min p1( 1) min P2( )i min pv( m)h( ud y iiid g
P2Q1 P22Q2 2 PvM2Qm wm
(4.42)
Given that this expression was obtained from Eq. (4.40) by moving each minimization
to the inside of each integral, one concludes that ¥ E ', from which Vi E }, which

concludes this proof.
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O]

The action of moving each minimisation to the inside of each integral in the proof
of Theorem 6, can be seen as a case where the distributiong,pnstead of being in-
dependent, are being chosen by an adversarial agent who wants the expected value
of the quantity of interest to be as low as possible, and is choosing the distributions
based on the current state to achieve this. This provides an additional intuition for
the statement proven in that theorem. The fact that this adversarial agent is only able
to act based on the current state, as opposed to being able to optimise for the whole
trajectory which would correspond to EY, provides the intuition for Theorem 5.

The formulation with independent variables, E', is suitable to describe some com-
monly used stochastic processes. For example, a Gaussian white noise process can be
discretised as a sequence of independent random variables corresponding to the value
of the process at various time instants. Other processes, such as the Wiener process,
being an integral of the white noise process, can be described by the addition of a state
variable, containing the value of this process at the start of the segment, while still mod-
elling the process using independent variables. In a scenario modelled with stochastic
processes in this way, the fact that V¥ Ejk, means that \ will be a conservative
estimate of the real lower expectation.

In general, the exact values ofj, Vk and EL cannot be obtained analytically.
Section 4.6 covers the practical computation of these quantities. However, in Section
4.5, a case is presented where these values can all be obtained analytically. Their
computation is shown step-by-step. When looking at the theorems in this section, the
reader may suspect that it is possible that some of them may actually be equalities
in the general case. Therefore, this example was constructed to be an as-simple-as-
possible case where all the inequalities of the theorems 4, 5 and 6 are veri ed in the

strict sense, i.e. B <V <EL.
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4.4 Representation with Families of Conditional Distribu-

tions

When proving Theorem 5, the set Q was represented in a form of a decomposition into
sets of conditional distributions Qy(p1:k1 ), see Eq. (4.23). Here it is shown that this
is equivalent to the original de nition in Eq. (4.3). To avoid confusion, let us re-write
Eq. (4.23), but represent the left-hand side by a di erent symbol,

8 9

< =

Qum = . pum 2P( 1m): P=pP1( JP2( 2l 1) PmM( Ml am1 )

8pm 2 Qm(Pim1 );  ; 8p22 Qa(p1); 8p12Qy
(4.43)

The proof is by induction. First it is shown that Q1 = Q; (base case), and then
that Q1 m1 =Q1m1 impliesQ1.m = Q 1:m (induction step). The base case is simple.
Replacing M by 1 in Eq. (4.43) directly results in Q; = Q 1.

For the induction step, rst write Eq. (4.43) in a recursive form,

8 9

< _ . .=
Qv = pum 2P( 1) : P=pPim1 (m1)PM( mi 2m1 ) | (4.44)
: 8om 2 Qm(Pm1 ) 8pim1 2 Qv °

To prove that Q1. = Q 1.w under the assumption that Qim1 = Qim1 , We
prove boththat p1y 2 Qim 9 P 1m 2Q1m (equivalentto Qv Q 1:.m) and vice
versa, i.e. thatpiy 2Q1m 9 P 1:m 2 Qum (equivalentto Qi Q1:m)-

The marginal distributions M j [p1.m ] of any distribution p1.v 1 can be written, by
decomposing them into conditional distributions, as

8

< Mj pumi (ama) j<Mm
Mijlpiml= e (4.45)

Mm Pm(mi 2m1) Pem1 (w1 ) =M
If pim 2 Qim, for j <M, Eqg. (4.44) impliesthatp 1:m1 2 Quwm1 , which com-
bined with the induction step assumption gives p-m1 2 Q1:m1 - Using the de nition
of Qum1 in Eq. (4.3), it follows that M j[pim1 ]2 Qj 8 < M. Forj = M, the
assumption p.m 2 Q1w and Eqg. (4.44) also imply that py 2 Qm (p1:m 1 ). Equation
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(4.22)thengivesm( mJ 1m1 ) Pim1 ( 1m1 ) 2Q1:m, and again from the de ni-
tion of Q1:m given by Eq. (4.3) this gives Mm pm( mJ 1m1 ) Pim1 (1m1 ) 2
Ow . Together, these conclusions imply that Mj[p1:m] 2 Q 1:m , which means, from Eq.
(4.3),thatp1m 2 Q1m D P 1M 2Q1Mm-

For the other direction, i.e. pim 2 Qv 2D P 1m 2 Qim, again write
Pem( am) =Pm(m I wm1) Pum1 (w1 )- Using Eg. (4.3), and the induc-
tion step assumption Q11 = Q1m1 , resultsin piv1 2 Qim1 - Now, from Eq.
(4.44), to prove pimv 2 Q1:v one only needs p 2 Qm (pim 1 ). Using Eq. (4.22),
one sees that this is a consequence of the initial assumptiom@ ( 1m) = Pm( m |

im1 ) Pim1 (1m1 )2Qum, concluding that prm 2Qum =) P 1m 2 Qum -

This completes the proof that Q1 = Q1w 8M 1.

4.5 Examples

Several non-strict inequalities were presented and proven. However, it is possible for a
doubt to remain, that some of those non-strict inequalities may actually be equalities,
which would not contradict the theorem in question, but would make it somewhat
misleading. In this section, an example is presented where the inequalities in theorems
4,5, and 6 are all strict, i.e. where it holds thatgd <V < I;‘. This serves to prove
that neither of the non-strict inequaltities in those theorems could have been written
as equalities, as this example would be a counterexample.
Consider two scalar variables, 1 2 1=[1;1]and 22 > =[1;1]. The families
of distributions of marginals Qy are de ned simply by constraining the means to be

Z€ero, 7

Q= p(K)2P( «): P(k) kd k=0 (4.46)

k

The quantity of interest function h( 1; ») is a piecewise constant function:

8
% 1; if 1 and >
h( 1; 2) = 5 2; otherwise andif ; Oand , O (4.47)
0; otherwise
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Figure 4.2: lllustration of quantity of interest function h( 1; 2)

where the parameter , for the purpose of this example, should be chosen such that
0 < < 1. In subsequent computations, it will be taken to be = 1=2. Figure 4.2
illustrates this function.

The work of Golodnikov [27] shows that the marginal distributions in the sets of

Eq. (4.46) will be a weighted sum of 2 Dirac delta kernels,
P(K)=Wk1 k k1 tWk2 kK2 (4.48)

where is the Dirac delta function. Con rming that this result also applies to this
example is outside the scope of this work, so to remove all doubt, the results in this

section can also be obtained by adding this constraint to the de nition of Qy,

Z
Q= P2P( W):P(K)=Wki Kk F1 *+Wk2 Kk f2 p(k) kd k=0
‘ (4.49)
The implicit constraint that Rpk d ¢ =1, in addition to the mean constraint, allow
writing

(4.50)
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4.5.1 Lower Expectation with Marginal Constraints Only, E d

The following distribution places all probability mass in the region where h = 0, result-

ing in E[h] =0,
dp y_ 1 1 .
(=5 (1D ( 2D+ 5 (1+1) (2+1): (4.51)

To see that (! 2 Q, it is enough to show that the marginals of p* have marginals
that are the sum of two Dirac delta functions with zero mean for both variables, in
particular, _

h i 1 1
M pdzé(kl)+ 5 (k*D) s (4.52)

where it is evident that the means of both variables are zero, and so ] p? 2 Q. i.e.
p?2Q.

The distribution in Eg. (4.51) is not one of independent variables, as it cannot be
written as a product of a distribution over 1 and a distribution over », and so it is
not in Q Therefore, the value off_i may not be zero, and in fact, in the following

subsection it is shown that it is greater than zero.

4.5.2 Lower Expectation Assuming Independent Variables, E

Because the distributions are over independent variables, @2 @ is written as

p'( 1 2)=pi( )P 2)

— C C Cc C
=SWgpaWoir 1 1 2 21 tTWaiaWz2 1 g 2 12
C C C C .
tWaioW21 o 1 1 2 11 tTWioW22 1 12 2 12
(4.53)

with wy. as de ned in Egs. (4.50).
The constraint on the mean being zero implies that if, for the k-th variable, one of
the kernel centres ¢, is non-negative, the other must be non-positive and vice-versa.

Without loss of generality, consider ,‘2;1 0 and fg;z 0. It helps analysing the
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expressions if they are written in terms of non-negative values, so de ney 0 and

Ig;l = Xk1
; (4.54)
I(<:;2 =X k2
and now the weights can be written as
Xk;2 Xk;1
Wgp = ————— ; Wk = ————— & 4.55
Xk:2 ¥ X k1 Xk;2 + X k1 ( )
The problem of nding E' can be written as
", h( ) _ 1
; . i= i=1 X1;3i X2;3] N(X1;i; X2
E'= min 7t J= 700 a0 S LA (4.56)
0X g 1 (X1;2 + X 1;1)(X2:2 + X 2:1) 3

This is easily solved by the symbolic computation software of Wolfram Mathematica
[34], but a sketch of a proof that this is indeed the global minimum follows. There are
four cases for the values of h(x;; x2; ), illustrated in Fig. 4.3. The proof proceeds by
nding the minimum for each case individually. The global minimum is the smallest of
these values.

For case A, all kernel centres are located in the region where h = 1, so for that case

the lowest expected value is B =1. For case B,

- . X1:1X2:1 + 2X 1:2X2: 1
EG®) = min 1,1X2;1 12X22  _ 1. (4.57)
X 111 (X 11+tX 1;2)(X 21 X 2;2) 3
X 211
0x 121
0x 221

This global minimum corresponds to x.1 = % ; X12=0; X219 = % ; X2:2 = 1, where
one could also swap x| with x ;. Showing that this is a global optimum requires a
rather lengthy proof, of which we only present an outline. The sign of the derivative
@—%2 of the expression being minimised is the sign of X3 2x 2.2. The search space is
split in three regions, x2.1 2X 22 =0, X2.1 2X 2.2 <0, and X21 2x 22 > 0, named
cases B1, B2, and B3 respectively. For case B1, the expression simplies to 2=3, a

constant. For cases B2 and B3, the inequality on the derivative implies that, for the
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(@) Case A: §, , S, (b) CaseB: §; , 54

(c)CaseC: §; , 31 (dCaseD: iy , 3

Figure 4.3: The four di erent cases for the positions of the kernel centres, with regards
to the values of h(xy;i; X2;)
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global optimum, x1.2 = 0 and X 1.2 = 1, respectively. Inserting that into the expression
to be minimised considerably simpli es the problem, resulting in an optimum of 1=3

for both cases. For instance, for case B2,

i . X2;1
E(B2 = min ’ = == 4.58
- X 211 Xz:1+X22 +1 3 ( )
Ox 221

Cases C and D are equivalent by just swapping the variables, therefore it is enough

to analyse one of them.

. . . X1:1 + X 1:2)X2:1 + 2X 1:2X2: 1
E(C) = EGD) = min (X110 + X 1;2)X 2,1 12X22 _ 1. (4.59)
0X 11 (X110 + X 1:2)(X2:1 + X 2:2) 3
X 211
O0x 121
O0x 221

The same derivative used previously,@—gz, is now non-negative, which means that
for the global optimum x 1.2 = 0. Again substituting that into the expression being
minimised results in a simpler minimisation problem, of the same form as Eq. (4.58),
with minimum 1=3.

The global optimum is E' = 1=3. Therefore, this is an example where the inequality

in Theorem 4 is strict, as E < E'.

4.5.3 Epistemic Cost-to-Go, V¢

For the value of V4, one has to rst nd V ,. It is written as

. X1oh( 1:X11)+ X 1.1h( 13 X 1.
Vi 1)=Omm 1:2h( 15 X1;1) + X 1.10h( 1 1,2):

(4.60)
X 11 X112+ X 12

There are three possible curves h(; ) for xed 1, which are found in ; O,
0< 1 % and 1 > % For each of these curves the problem of nding ¥ can be

reduced into a problem similar to Eqg. (4.58). Each of these curves results in a di erent
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value of \,, which results in V, being the following piecewise constant function,

8
33 10
Vo( 1) = § 1, 0< ., 1 (4.61)
0; 1> 3
Then V; is
. 2oVo(X1:1) + X 11V : 1
Vi= min X2 2(X1) + X 12V2(X 12) _ 1. (4.62)
0x 211 X131+ X112 9
In summary,
E'=0
1
Vi = 5 (4.63)
; 1
E =2
- 3

and thus for the example given one has strict inequalities for all theorems, i.e. <

Vi <E'.

4.6 Algorithmics

The formulation for the many-objective optimization problem in Chapter 2 with its
transcription in Section 2.5, and the uncertainty quanti cation method in Section 3.4
are combined into an algorithm that is described in this section. It can be split into
the computation of the epistemic cost-to-go ¥ and the upper quantile “to obtain the
training data for the surrogate models, followed by the use of these surrogate models

to run the optimization algorithm.
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4.6.1 Estimating the Epistemic Cost-to-Go

The formula that relates Vi to Vi+1, EQ. (4.15), resembles the formula for the lower

expectation Eq. (3.2). The former can be turned into the latter with the substitutions

h() V k1 Uksam 5 kX Uks 1)) + 1Tk Uk k) (4.64)
K (4.65)
. (4.66)
Q O« (4.67)

For the specic case of families of distributions Oy de ned based on interval-
valued moments as in Section 3.4, this allows using the method in Section 3.4, namely
Eq. (3.24), developed to compute_Efor families Q de ned by linear constraints, to
instead compute \; for Qk also de ned with linear constraints. The estimate of E
made in Section 3.4, was referred to a§. Here, when the substitutions in Egs. (4.64)
to (4.67) are made, the resulting estimate of Y is referred to asEk.

This means that to estimate \f for a particular set of inputs uyg.y and xx, one
needs a sample of values ofy; with which to form the vector h ¢, and which are
obtained by evaluating the expression in Eq. (4.64) for values of , in set the new set
Kk of kernels centres in . Applied recursively, this would lead to an exponentially
increasing number of function evaluations. To avoid this issue, instead of evaluating
Vk+1, @ surrogate model is built V41, for 2 k M. When computing V. y, since
Vwv+1 is deterministic, Viy+1 is sampled directly without there being a surrogate model
for it. No surrogate model is built for V4, for k = 1 one directly computes the upper-
quantile —for a sample of values and uses the results to train the surrogate modet
directly from V,, more details in Section 4.6.2.

The process to obtain the training samples to train the surrogate model, and to
then train and use them to solve the many-objective optimal control problem, is the
subject of Section 4.6.3.

The computation of the Vi given the surrogate V.1, is shown in pseudo-code in

Algorithm 3. It is a lower expectation of the values of W41, as in Eq. (4.15), except
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here it is formulated as a function of the proxy control variables %, which means the
control map must be called, in Line 1. For each objective ; in Eq. (2.28), there is a
cost-to-go function ;.

For Vm+1:i , used in line 5, the de nition in Eq. (4.16) becomes

WM+t (Xm+1; i) =L(X m+1; i) - (4.68)

The reason for the inclusion of parameter ; is to support the estimation of lower

expectation of quantities of the form
LXmezs i) =hi(Xmer) < i (4.69)

which is used to compute the upper quantile in the next section. Thus, when com-
puting lower expectations with this de nition for L, the value of the threshold ;
for the particular objective is also an argument to k. Therefore, we have that
Viii = Vi (zk; Xk; i). In addition, when estimating lower expectations of this form,
one must make k(x;uk; ) =0.

The lower expectation is estimated by solving the linear program in Eq. (3.24) with
the above substitutions.

Line 2 obtains Ky by uniform random sampling. The objective vector hx is then
obtained by propagating the trajectory for all samples in Ky, producing an array Xy+; of
the states propagated to the next observation. In Lines 4-7, the vector i is computed.
If k =M, the de nition in Eq. (4.68) is used, otherwise the surrogate of the epistemic
cost-to-go at the next step, Vi+1. , is used. To reduce the computational cost, V.1 is
replaced by a Kriging surrogate model [43],V+1 . Finally, Eq. (3.24) is solved using

Matlab's® linprog function, with the dual-simplex solver, in Line 8.

4.6.2 Estimating the Upper Quantile

The upper quantile — in De nition 3.2.3, is estimated using Matlab's ® root- nding
algorithm fzero in Algorithm 4. Lines 1-3 of this algorithm do the same as Lines 1-3

of Algorithm 3, i.e., evaluate the control map, sample the uncertain space, and nally
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Algorithm 3: EpistemicCostToGo

Input: X «, Zkm, iy Vit
Output: V ;i
1 UM cmap (XK, Zkm)
2 Kg rand_sample( K)
3 Xkrr (X ki Uk;Kk)
4 if k =M then
5 | hg L(X wmss i)
6 else
7 | hk Ve Uiszm i Xiesz 1)+ Ui )

Vii (Uem i Xk; i) Ex(hk) // Eq. (3.24)

[ee]

propagate to obtain a sample of the state. The function fz( ), obtained in Lines 4 and
5, computes the value of Y for each sample pointin X, similarly to Line 8 of Algorithm

3, except here it is treated as a function of , and from its value is subtractedE, so
that the upper quantile is this function's root, which is found using Matlab's ® function

fzero.

Algorithm 4: UpperQuantile
Input: Proxy control vector z » and surrogate Vy;

Output: Upper quantile

u f cwmap(z;x1)

K1 rand_sample( 1)

X2 (X 1;uU1;Ky)

f () VaiXzzam;)

fe() Eif )-E

~i fzero(f g())// Root of f g()

o O B~ W N PP

When estimating the upper quantile using a surrogate model in the call to fzero,
this model's predictor function is repeatedly called with the same values of ¥ and z»,
but with varying . As described in Section 2.8, in this situation it is possible to save
computational time by storing some intermediate results, in particular the components

of the correlation coe cients that depend on x , and z».
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4.6.3 Solving the Many-Objective Optimisation Problem

The entire process to obtain solutions to the many-objective (MO) optimisation prob-
lem is summarised in Algorithm 5, and partly in Fig. 4.4. Again to simplify the
pseudocode, when a function is called with an array of values in place of a single value
(represented by calligraphic symbols like K, Z, etc.), the function is being called on
each element and the output is also an array.

A sample of proxy control variables Z is produced using Latin Hypercube Sampling
from a Uniform distribution (LHSU) [47], in Line 1, and a sample of random variables
K is obtained from uniform random sampling in in Line 2. These can be split into
Zy and Ky, which are sets, respectively, of the component of the elements of Z and
K that describe the k-th segment of the trajectory. Samples of the states at each
observation X, are produced in Lines 3-7, by, for all combinations of samples in ¢
and Ky, calculating the control map, and propagating the states. This would lead
an exponential increase with k in the number of sample points, but MACS's archival
technique [56], brie y described in Section 2.6, is used to downsample \ training
points, keeping the number of sample points in X% constant with k.

Surrogate modelsVy are produced in lines 9-11 by calculating ¥ using algorithm
3 and using the cost-to-go at the next stepV+1 on the training data, and using the
results to train a Kriging model. This iterative process of starting at the end of the
trajectory and going backwards to obtain the cost-to-go functions is analogous to the
similar process used to obtain the cost-to-go in di erential dynamical programming [53].
Besides Z and K, the arguments used to compute V include the thresholds , which
are in N, an array of evenly spaced values between the minimum and maximum value
of each Quantity of Interest (Qol). Because there are multiple quantities of interest

(Qal), the surrogate model V¢ has as output a vector, and is an approximation of

and 13 to obtain a model of the upper quantile™ using training data obtained with

Algorithm 4. A owchart of the part of Algorithm 5 that computes ~is shown in Fig.

4.4, The block labelled \to MACS loop" refers to Lines 14-20, explained hereafter.
This surrogate model is then passed to the MO optimiser MACS [56] in Line 15,
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which returns an array of N, solutions Z. These are then evaluated by computing the
upper quantile again following Algorithm 3, and then added to the training set of the
surrogate model (Lines 17 and 18). Similarly to previous work [14, 15], this process is
repeated Neain times (Line 14).

The number of solution points returned by MACS is at most Ng, the size of the

archive, which in this work also matches the number of agents.

Algorithm 5: Many-Objective Optimisation Under Epistemic Uncertainty

Z LHSU(Z)
K rand() // Uniform random sampling
X1 X 1
fork 1toM 1do
Ue T u(Zk:Xk)
Xiker (X ks U Ki)
Xk+1 MacsArchiveShrink(X  g+1;Nv)

Vm+1 h
fork M to 2 do

10 Vi EpistemicCostToGo  Xy;Zk;N; Vs // Algorithm 3
V' TrainKriging ([X  «;Zk; NJ1; V)

~N o o b WN P

© o

11

12 N UpperQuantile  Z; V> /I Algorithm 4
13 ~ TrainKriging Z:N

14 fOI’ | 1 to N re train dO

15 Z MACS — /I See [56]

16 N UpperQuantile Z; 5 Il Algorithm 4
17 | Z Join Z:2

18 | N Join NN

19 | ~ TrainKriging Z;N

20 Z:N RemoveDominated Z;N

4.6.4 Computational Complexity and Scalability

This section discusses how the computational resources required by this method scale
with the size of the input, i.e., its algorithmic complexity.
The memory requirements for training the Kriging surrogate model scale quadrat-

ically with the number of training points due to the calculation of the pairwise corre-
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lation coe cients. The computational time scales cubically, due to the steps taken to
compute the optimal regression coe cients, in particular, the cholesky factorization of
the matrix of correlation coe cients. The number of training points is always greater
than the number of inputs to the model, and in general should grow with it, so as to
ensure good quality of t. Since in this case, the number of inputs to the model is the
number of uncertain variables, it follows that the computational time of this method
scales with the cube of the number of uncertain variables.

However, this is a characteristic of the surrogate model chosen, whereas this method
would work with any other surrogate model. The quanti cation of the epistemic un-
certainty step when obtaining the training points is by far the most time consuming
step. It too also scales with the number of uncertain variables, but only with those
that fall within each segment. Therefore, by splitting the trajectory into small enough
segments, this method would be scalable even if the solution to Eq. (4.15) were to scale
badly with the number of uncertain variables, as it happens with some formulations us-
ing evidence theory, e.g. [13], where the computational cost of UQ scales exponentially
with the number of uncertain variables.

In terms of computational resources required, the proposed method scales linearly
with the number of segments the trajectory is split into, if this split is made without
increasing the number of uncertain and control variables. This is because the trajectory
splitting method allows independent handling of each segment. Since this split is made
for the time instants where the observations take place, this method scales linearly with

the number of observations.
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4.7 Conclusion

This chapter has proposed a novel method for epistemic uncertainty quanti cation that
was speci cally designed with trajectory optimisation problems in mind. This method
turns the computation of the lower expectation from a search over the entire space
of uncertain variables , into an iterative algorithm composed by smaller searches
over spaces . This is advantageous when the complexity of the lower expectation
calculation grows more than linearly with the number of variables.

Given its novelty, and the fact that the relationship between the introduced quantity
Vi and the usual lower expectation is not immediately obvious, this chapter spent much
time on theoretical developments. These show that, while it is not possible to say that
Vi corresponds to the lower expectation under some de nition, it is possible to bound
it from below and from above with lower expectation values_E; and E;, where the rst
does not restrict the joint probability between variables ; and ; for i 6= j while the
latter assumes that each pair of such variables are independent.

The practical algorithmic aspects of its computation are also detailed, which in-
cluded its main weakness, the use of surrogate models, that should be the subject of
further investigation for the next developments in this approach.

Ultimately, one potential development that would follow naturally from this could
not be carried out during this PhD work due to lack of time. This is the integration
of the control law optimisation and the computation of the lower expectation into the
same dynamic programming algorithm. Chapter 7, discussing future work, will cover

this in more detail.
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Chapter 5

Numerical Results for Epistemic
Uncertainty Optimisation and

Quanti cation

Some test cases for a spacecraft with a low thrust ion engine are used to apply the
methodology described in Part | of this thesis. The trajectory is transcribed as de-
scribed in Section 2.5. The uncertain parameters refer to the performance of the
launcher that places the spacecraft in heliocentric orbit, and the performance of the
spacecraft engine. The quanti cation of the epistemic uncertainty is as de ned in Chap-
ter 3, and results using the dynamic programming based uncertainty quanti cation of
Chapter 4 are left for the next chapter. The speci cs of the modelling of the uncertainty
vary for each test case, as detailed in the following sections.

In all of these test cases, the model for the epistemic uncertainty is as de ned
in Section 3.3, so the distributions of the uncertain variables belong to family Qy,
given by Eq. (3.7). No additional bounds for the coe cients c; were specied in the
de nition of the families of distributions. As shown also in Section 3.3, this is equivalent
to considering only distribution functions in family Q j. Thus, all minimisations of all

expectation functions were run over family Q. The degree of the polynomials was

The objective functions considered in all three test cases were the required propel-
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lant mass my, the distance to target r and, for test case A (Section 5.1), the relative
velocity v between spacecraft and target at rendezvous is also considered. Test case B
(Section 5.2) is based on an asteroid tour [21], designed to visit multiple asteroids in the
solar system with a single mission, which was achieved by not placing any constraints
on the relative velocity v at y-by. For test case B, only m , and r are considered.
The thresholds () for these quantities were also optimised simultaneously with the
other quantities, as in Eq. (2.37). The di erent control maps described in Section 2.7
and the threshold maps in Section 3.5 are tested and compared in Sections 5.4 and 5.5.

Real life asteroid missions use spacecraft with initial mass in the range between
500kg and 2000kg, see for example DART [2] (610 kg), Hayabusa?2 [3] (609 kg), and
OSIRIS-REX [1] (2110 kg). Therefore, for both test cases, the initial mass for the
spacecraft was picked as some value in the middle, 1000kg. The engine parameters for
both test cases di er and are described in the next sections.

The settings used for MACS and for the many-objective optimisation algorithm
are as follows, except when testing other choices of parameters (for example in Section
5.5), wherein it is indicated what values these parameters take instead. The number of
function evaluations for each run of MACS was n =10000 and the number of iterations
Nregrain Was set to 10. The size of the archive i and the number of agents in the
population N, for MACS [56] were 10, and the number of solutions to be validated Iy

before adding to the training data of the surrogate model was also 10.

5.1 Test Case A: Apophis Rendezvous

Apophis is an asteroid that in 2004 was classi ed as level 4 in the Torino scale, the
highest ever score, due to a probability of impact that reached 1 in 60 at its highest
estimate [72]. Later observations reduced this probability to the point that the asteroid
was reclassi ed as level 0 in the Torino scale. Nonetheless, its orbit regularly intersects
the Earth's, and on average it passes within two lunar orbits every ve years [72].

This makes it an excellent test case for robust design of asteroid rendezvous missions,

with the purpose of improving predictions about future approaches or even redirect it
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if ever necessary. For such missions it is important to maximise the attainment of the
objectives even in the presence of signi cant epistemic uncertainty.

The orbital elements for Apophis, for the epoch 28 September 2008, were taken
from the JPL small object database®. The initial wet mass of the spacecraft my was
set to 1000 kg.

In this test case, the mission objective is a rendezvous with Apophis, so the relative
velocity to target is also a quantity of interest, and therefore Eq. (2.37) becomes, for
this problem,

2 3
Eﬁ mp(fCMap (Z)) < mp

E (r(f cmap @) < 1)

r?_in E (v(f cvmap )< v) (5.1)

r

\"

where E(h(z) < ) represents the lower expectation of h < p, an indicator function,
where h is a quantity of interest (which can be my, r or v), and h is the respective
threshold.

This test case is subdivided into three sub-cases, which only dier in the specic

de nition of the epistemic uncertainty, as de ned in the following.

5.1.1 Test Case Al: Uncertain Engine Parameters

In this test case the engine thrust T and kp were considered to vary with true longitude

in a way that is uncertain. This is modelled with uncertain variables 1, and |;
representing the value of these parameters at equispaced longitudes. The values at
intermediate longitudes were obtained by linear interpolation. The hyperbolic excess

velocity v1 of the spacecraft as it leaves the Earth's gravity well was also considered

Lhttps://ssd.jpl.nasa.gov/sbdb.cgi
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Figure 5.1: Example curve for Tay for test case Al

uncertain. Therefore, variable is given as

=lvi T2 Ting 11 tntls (5.2)

and, referring back to Egs. (2.20) and (2.21), ; is given as:

8 9
L L 1 .
if Li; <L L ;
El—Li_ L Ii_l ' 'g
iL)= _ =" = fLi<L L 1o (5.3)
E Lisg L §
' 0 otherwise

where L; are a sequence of xi or n; true longitudes equispaced and covering the whole
trajectory. The result of dening ; as in Eq. (5.3) is that the value of Tay and Isp
at some true longitude L corresponds to the linear interpolation of the values of T
or i, respectively. An example of what this might look like for Tay is in Fig. 5.1,
which would be similar for 5. However, remember the relationship between the actual
thrust T and Tay, which is that T = T ayrZ,=r? where r is the heliocentric distance
and ray is one astronomical unit, as conveyed by Eq. (2.4).

We considered r =5 and n; =4 so that n = 10. This number was chosen to
demonstrate the ability of this method to deal with high numbers of epistemic uncertain
variables. In some tests, a variation with n = 5 is also considered. In that case, g =2

and n; = 2. The uncertain variables are bounded according to Table 5.2, where -
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and Y represent the lower and upper bounds, such that = “ Y . The thrust

Tau and lgp levels are around 0:05 N and 3000 s, respectively, which are representative
of existing hardware. For example, the NEXT lon Thruster is capable of 0:066 N of
thrust with an | sp of 2920 s when operated at 1:69 kW [63], the shaded row in Table 5.1.
In Section 2.3, a modelling assumption was made that the thrust T would vary while
Isp would stay constant, as the power varies. While this was a choice driven by a
desire to obtain simpler expressions for the integration of the dynamics, this was also
argued with recourse on literature on the theory behind ion engines [26]. One also
sees evidence that the NEXT engine can be operated in this way by consulting [63].
Table 5.1 contains a subset of Table 3 in [63], and by selecting the beam current and
beam voltage as in the unshaded rows, one can keep theplapproximately constant
while the power input changes?

The ratio of the resulting acceleration to the Sun's gravitational acceleration at r = 1
AU is around 0:008, corresponding to low-thrust, the scenario for which the formulae
used to propagate the trajectory in this paper were designed for. The values forv

are based on those reported in [22].

Beam Current Beam Voltage Power  Thrust Isp

(A) V) (kw)  (mN) ()
1.206 1010 151 614 2720
1.203 1790 2.43 814 3610
2.009 1560 3.52 127 3690
3.106 1390 4.81 185 3600

Table 5.1: A subset of Table 3 in [63], with NEXT ion engine performance data for
di erent beam voltages and currents.

2The unshaded values correspond to a higher value of thrust - the data sheet shows mostly results
with thrust values higher than the one we consider.

Table 5.2: Lower and upper bounds that de ne , the hyper-rectangular space of
uncertain variables, for the test case Al.

Vi [km/s] [Hi [S] Tii [N]
L 35 2850 0.052
U 37 3150 0.058
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5.1.2 Test Case A2: Engine Outage

A di erent type of unexpected engine behaviour is an engine outage, formulated as in
Eq. (2.27). A single outage event is considered in this test case, thus the subscript
i is dropped from the uncertain variables, which are the location of the beginning of
the outage .o, its duration | , and intensity . For longitudes between o and
Lo+ L ,the available engine thrust, which would be T without the outage, becomes
T. Variable vy is still considered uncertain. The uncertain vector for this test case
is given as
=V1 w ¢ & (5.4)

so the number of uncertain variables is n = 4.
As an example of engine outage being applied to a control vector, consider the
case illustrated in Fig. 5.2. The curves represent the engine thrust as a fraction of its

maximum value, with and without the e ect of outage.

Figure 5.2: Example of the e ect of engine outage as modelled in this work. Both lines
represent the fraction of maximum available thrust as a function of the true longitude

L. The blue solid line represents this fraction as specied by the control vector, and
the red dashed line is the thrust that is actually applied due to the outage.

The bounds for for this test case are represented in Table 5.3.
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Table 5.3: Lower and upper bounds that de ne , the hyper-rectangular space of
uncertain variables, for the engine outage test case, A2.

v [km/s] Lo [rad] L [rad]

L 35 0 0 0
Uu 37 4 =8 1

Table 5.4: Values of d used in the de nition of the reduced uncertainty space ; in
Eq. (5.5).

Vi L Tii
d 100m/s 15s 0.3 mN

5.1.3 Test Case A3: Uncertain Engine Parameters with Reduced Un-

certainty Bounds

The formulation in Section 5.1.1 assumes that the uncertainty in system parameters is
the same during the operational phase as it was during the design phase. However, this
assumption can be considered to be over-pessimistic, as the knowledge of the system
improves through the design, construction and testing phases. Hence, in this test case,
the search space for the proxy control variable is kept the sasmeasZ= D, D y, but
the lower expectation is calculated with a reduced uncertainty space ;. The reduced
uncertainty space is de ned as the hyper-rectangle centred on the value of , used in

the control map, and with a range that is 10 times smaller than the range of :

n 0
r= "2R" " = | +bjdj 8 2[1;1]8 2fL;::n g (5.5)

where the values of ¢ are given in Table 5.4. This formulation simulates a scenario
where the design variables can be chosen a priori, but during the trajectory their actual

values can vary slightly about their design values.
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5.2 Test Case B: Asteroid Tour

The developed methodology is applied to applied to a multi y-by mission to a sequence
of four near Earth asteroids (NEA), based on the tour proposed in [21, visiting 2006
UJ47, 2007 UV, 2005 YN176, and Ockeghem (Ock).

A case with 10 uncertain variables is considered (n=10). These are the hyperbolic

exhaust velocity at departure from Earth v; , the Thrust at 5 points in the trajectory

or speci ¢ impulse at each point in the trajectory is obtained by linear interpolation,

with the same ; functions of Eqg. (5.3).

Table 5.5: Nominal values for the uncertain variables.

vy [Km/s] I sp;i [s] T [N]
o 5.846 3000 0.15

The uncertainty space is the hyper-rectangle =[ '; Y], where - =0:9 , and
U=11 o, and g is the nominal value of the uncertain parameters, as de ned in
Table 5.5. These nominal values correspond to the same speci c impulse as for test
case A, and a thrust that is three times higher. The ratio of the resulting acceleration
to the Sun's gravitational acceleration is around 0:025. The NEXT lon Thruster can
also produce thrust at this level when run at a higher power, outputting 0:149 N of
thrust with an | s, of 3280 s using 3:64 kW [63]. The nominal excess velocity, vwas
taken directly from [21]. For the control law there are n_t = 20 thrust and coast arcs.

The optimal trajectory for this nominal case is displayed in Figure 5.3.

The many-objective problem for this test case consists in maximising the lower
expectation that the mass and the distance to each target are below the respective
threshold, and the minimisation of these thresholds:

2 3

min4 E (Mp(femap(@); )< m) © m 5. (5.6)

z E (r ifemap(@); )< i) ; i for each target i

3This trajectory corresponds to \T2" in Table 7 of the cited paper
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Figure 5.3: Plot of a trajectory that visits ies by the asteroids in the asteroid tour.
Obtained for the nominal case.

where r ; is the distance to target i, and ; is the threshold on this quantity.

Because these targets are all y-by only, in the control maps of Section 2.7, the
constraints on velocity are not applied, and the displacements in velocity are not part
of the proxy control variables z.

In order to use with the dynamic programming based method of Chapter 4, it is
convenient that each value of T (L) and Isp(L) only depends on one value of 1; and

;i ,» respectively. As such, for this test case, one has a piecewise-constaniyland Isp,

corresponding to 8 9

< H =
1 ifLi<L L ;
L= ! A (5.7)
-0 otherwise

with an example in Fig. 5.4.
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Figure 5.4: Example curve for Tay for test case B

5.3 Lower Expectation Algorithm Comparison

In this section, the algorithms for the estimation of the lower expectation that were
presented in Section 3.3.2 are compared in terms of computational cost and accuracy.
For test cases Al, A2, and B, N, = 100 initial guess solutions were generated
to build the initial surrogate model, followed by N etain = 10 iterations, or calls to
MACS, with N, = N5 = Ns = 10, giving a total of 200 evaluations of the lower
expectation for each test case. If dominated solutions are not removed this gives, for
each test case, a sample of 200 pairs of z, which is representative of a typical run of
Algorithm 1 when applied to the case studies in this work. Given the similarity of test
case A3 with test case Al, the analyses in this Section do not include case A3. However,
the next sections will present speci c results also on this test case. For each pair of
z, , the values of E(h; < ;) were estimated using each of the proposed methods, for
each quantity of interest (Qol) hj, using the methods in Section 3.3.2. Since for test
cases Al and A2 there are 3 Qols, three values of the expectation were estimated per
pair z, , corresponding to a total of 600 values of the lower expectation for each test
case. For test case B, where there are 5 Qols, there are a total of 1000 values of the

lower expectation.
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5.3.1 Pattern Search Variants

In Tables 5.6, 5.7, and 5.8, the variants of the pattern search algorithm are compared for
test cases Al, A2, and B, respectively. In these tables, the error rate is the percentage
of pairs z, for which each method does not obtain a value of E higher than the lowest
known minimum by less than 108 , for each Qol. This lowest known minimum value
of E is the putative global minimum and is estimated by taking the best estimate of
E from all algorithms being tested, including the ones in Section 5.3.3. The average
number of evaluations of E(l; ), N g, is used to measure the e ciency of each algorithm.
Due to memoisation (see Section 3.6), estimates of E used when computing the lower
expectation for one of the Qols, are used also for the other Qols, sodis the average
number of expectation evaluations to estimate all three lower expectations, Enyp),
E(r) and E_(v), for each pair y, . The greedy initialisation in Eq. (3.20) is
computed by estimating the expectation for each possible marginal distribution iy
on all uncertain variables. The starting multi-index j © is then formed by choosing
for each dimension the marginal that minimises the expectation. This results in an
extra (g + 1)n evaluations of the expectation, which, for the methods that use this
initialisation strategy (G and G+S), is included in the value of N g reported in Tables
5.6 and 5.7.

The letter G in Tables 5.6, 5.7, and 5.8 refers to the greedy initialisation in Eq.
(3.20), and the letters G+S refer to the re-initialising in Eq. (3.21), the symmetric
restart. R5 and R20 refer to initialising with 5 and 20 random starting points, re-
spectively. For the initialisation G and G+S we compared both neighbourhoods N
and NE. However, since I\E was consistently producing better results, both tests with
random initialisations R5 and R20 used only neighbourhood I}?

The results on Tables 5.6, 5.7, and 5.8 show that the G+S initialisation is the one
that consistently produced the best results. Furthermore, it used signi cantly fewer
function evaluations than R5 and R20. Note that the G and G+S strategies are not
necessarily globally convergent. Thus one can quantify the computational e ort to
converge locally but cannot guarantee global convergence, even asymptotically. In

Section 5.3.2 it is shown that a random restart can provide global convergence in
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probability. Table 5.7 shows the results for case A2. In this case, there are only 4
uncertain variables, thus fewer evaluations of E are required to converge to a minimum.
However, this problem appears to have a more complex landscape and thus the error
rates are higher. Table 5.8, with results for test case B, allows similar conclusions, with
the G+S initialisation with neighbourhood N 2 producing more consistent results in
terms of accuracy. The value of N- is now signi cantly higher, a consequence both
of the higher number of Qol, but also of the higher complexity of this problem. The

results in the last column, using the genetic algorithm, are discussed in Section 5.3.3.

Table 5.6: Comparison of pattern search variants proposed in Section 3.3.2 for test case
1, with 10 uncertain variables. The error rate is the percentage of pairs z, for which
each method does not obtain the minimum value of E within 10 © , this minimum
being computed across all algorithms being tested.

Starting point G G+S R5 R20
Neighbourhood NS N NS NB NP NE

E(m,) |50% 4.0% 15% 1.0% 25% 2.0%
E(r) |3.0% 20% 3.0% 05% 1.0% 0.5%

Error rate
E(V) 55% 2.0% 55% 0.0% 15% 0.0%
average| 4.5% 2.7% 3.3% 05% 1.7% 0.8%
NEg 113.3 177.1 203.4 390.3 1263.0 7469.6

Table 5.7: Comparison of pattern search variants proposed in Section 3.3.2, as in Table
5.6, for test case A2

Starting point G G+S R5 R20

Neighbourhood NS NE NP N2 N2 NE
E(mp) | 16.5% 3.5% 10.0% 1.0% 2.0% 1.5%
E(r) 205% 45% 14.0% 25% 55% 2.5%

Error rate
E(v) 245% 8.0% 145% 25% 85% 5.0%
average| 20.5% 53% 12.8% 2.0% 5.3% 3.0%
Ng 54.4 77.7 110.1 1395 2123 4723
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Table 5.8: Comparison of pattern search variants proposed in Section 3.3.2 for test case
B

Starting point G G+S R5 Genetic
Neighbourhood NS NE N2 N2 N2 -
EMs) | 10.0% 45% 10.0% 1.0% 1.0% 5.5%
EW4 | 20% 05% 15% 0.0% 0.5% 0.0%
Accuracy EYY 30% 15% 15% 0.0% 1.0% 0.0%
EN76 1 30% 15% 15% 05% 0.5% 0.0%
EOck 6.0% 25% 35% 1.0% 1.0% 1.0%
average| 48% 2.1% 36% 05% 0.8% 1.3%
Ng 320.7 486.8 590.1 1049.5 15054 2553

5.3.2 Experimental Convergence Analysis of the Pattern Search Al-

gorithm

In this section we present an experimental analysis of the convergence of the pattern
search algorithm with NE and a random initial point j 9. We call this method R1. We
performed 200 independent runs of method R1, each with a di erent randomly chosen
starting j o and recorded the value of the solution to which each run converged, on data
from test case Al.

Firstly, the problem appears to have a small nhumber of basins of attraction. As
shown in Fig. 5.5, for most of the expectation values, there were 3 or fewer di erent
outcomes. Therefore, for each expectation value, the density function p(e) most appro-
priate to represent the outcomes e of each search, started from a random initial solution,
is a multinomial distribution. The probabilities of each outcome e are estimated for
each pair z, by their relative frequency in the 200 random restart test.

For each pair z; , we computed the probability P (e < E_+ ) for an array of values
of . Figure 5.6 presents the resulting 90% con dence lower bounds for this probability,
i.e. the values r such that P(e < E + ) 2 [r; 1] with 90% probability. Also note that
if Ng random restarts are performed, where we take the best estimate &, we have
PE<E+)=1 (1 Pe<E _+)) =,

Thus, for test case Al, the pattern search algorithm can estimate the global lower
expectation with a maximum error of 20% with probability 0.95. Note, however, that

the error quickly decreases to 5% with probability 0.87. This is true in the case of a
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Figure 5.5: Histogram of the number of di erent outcomes obtained by the 200 random
restarts with pattern search (PS). These results were obtained for 200 pairs z; , with
3 Qols, producing 600 estimates of the expectation, for test case Al. The results are
segregated for each Qol.

random restart of the pattern search but we have empirically shown that the greedy +
symmetric initialisation is more robust than a random start (Tables 5.6 and 5.7) thus
Fig. 5.6 is providing an empirical lower bound on the probability of identifying the

global lower expectation.

5.3.3 Other Heuristic Search Algorithms

Finally, we compared the performance of other heuristic search algorithms, namely
simulated annealing (SA), taboo search (TS) and Matlab's genetic algorithm (GA).
The implementation of simulated annealing follows [52] by using the parameters

suggested in [66] and having 5 jNgj moves per iteration, where jNgj is the size of
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Figure 5.6: Curves of 90% con dence lower bounds for lower expectations on each of
the Qols. The plots represent r such that P(e < E+ ) 2 [r; 1] with 90% probability

(i.e. for 90% of pairs z, ) where e is the outcome of pattern search from a random
initial point, and E_is the best estimate of the lower expectation available. This data
was obtained for test case Al.

the neighbourhood. The taboo search implementation is completely deterministic, the
point in the neighbourhood that minimises E and is not on the taboo list is always
chosen. For this reason, the taboo list has no size limit. Both of these algorithms are
run for both N2 and NJ. Because the lower expectation is always greater than or
equal to zero, whenever any of these algorithms nds a zero, the search is terminated.
Matlab's genetic algorithm is run with the default parameters, i.e., a uniformly random
initial population with 50 elements, the scattered crossover function with 0.8 crossover
fraction, and a Gaussian mutation function. The results are in Tables 5.9 and 5.10.

These results demonstrate the e ciency, robustness and accuracy of the pattern
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search algorithm with symmetric re-start. For test case Al, in Table 5.9, the pattern
search algorithm with symmetric restart (G+S) and neighbourhood N2 performs better
in accuracy and e ciency than all non-pattern search algorithms. For the outage
scenario, Table 5.10, the taboo search has the smallest error rate, but it is evaluating
almost 5*+4 5 values of E, which corresponds to the cardinality of P ; plus the number
of integrations required for the initial guess, in Eg. (3.20), so this algorithm is close to
a brute-force search.

Table 5.8 shows results for test case B, and only include the genetic algorithm in
addition to the pattern search results. For this test case, the genetic algorithm is more
competitive, achieving an average error rate of 1.3% but still performing worse both in
terms of accuracy and in terms of N: than G+S with neighbourhood N E.

Table 5.9: Comparing the best pattern search algorithm variants (PS G+S) with other

algorithms, namely simulated annealing (SA), taboo search (TS) and genetic algorithm
(GA), for test case Al.

Method PS G+S SA TS GA

Neighbourhood NS N2 N2 N2 NS N2 N2
E(m,) |15% 1.0% 4.0% 45% 45% 4.0% 2.0%
E(r) 3.0% 05% 4.0% 25% 15% 1.0% 1.0%

Error rate
E(v) 55% 0.0% 4.5% 3.5% 2.0% 1.0% 2.0%
average| 3.3% 0.5% 4.2% 3.5% 2.7% 2.0% 1.7%

Ng 203.4 390.3 4884.9 6623.7 4015.9 5953.3 10165.9
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Table 5.10: Comparing the best pattern search algorithm variants (PS G+S) with other
algorithms, namely simulated annealing (SA), taboo search (TS) and genetic algorithm
(GA), for test case A2.

Method PS G+S SA TS GA

Neighbourhood N2 N Np© NE N N2 Np
E(mp) | 10.0% 1.0% 6.0% 0.0% 1.0% 0.0% 2.0%
E(r) 14.0% 25% 10.5% 25% 0.0% 0.0% 3.0%

Accuracy
E(v) 145% 25% 125% 7.0% 0.5% 0.5% 6.0%
average| 12.8% 2.0% 9.7% 3.2% 05% 02% 3.7%
Ng 110.1 1395 233.8 401.0 616.8 629.5 431.1

5.3.4 Scalability with the Number of Uncertain Variables

This section is concerned with the experimental assessment of the number of evaluations
of expected values E that are required to nd the putative global minimum E with
error less or equal than 1¢ , as the number of uncertain variables increases. Figure
5.7 shows the average number of evaluations of E (over all 200 solutions evaluated in
test case 1) as a function of n, for the two initialisations G and G+S in Table 5.6.
Note that while initialisation strategy G scales better than G+S, because there is no
restart, the percentage of times it converges to the global minimum is lower, as Tables
5.6, 5.7 and 5.8 show.

Figure 5.7 also represents the limit case given by Eq. (3.17), which is the number
of evaluations of the expectation E that one would need to perform to have a total
number of samples with P-sampling equal to the number of samples that would be
required with uniform sampling. Note that for the sake of clarity of representation, the

black line is limited ton 5.

5.4 Threshold Map Comparison

This section contains tests of the threshold mapping methods discussed in Section 3.5,

on test cases 1A, 1B, and 1C. The values of land h were calculated with Matlab's
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Figure 5.7: Average number of evaluations of E(l;j), for test case 1, for the pattern
search algorithms with N2 with only the greedy start (G, in blue line) and with the

greedy start followed by the symmetric restart (G+S, in red line). The black line is the
limit number of calls to the expectation E given by Eq. (3.17).

fmincon-sqp, starting from the minimum and maximum of 5000 samples drawn from a
Halton sequence. The evolution with the number of iterations of four MO optimisation
metrics and of the accuracy of the surrogate model for di erent threshold mapping
methods was compared. Figures 5.8 and 5.9 show test case 1A with 10 uncertain
variables, Figs 5.10 and 5.11 are the same case with 5 uncertain variables, Figs 5.12
and 5.13 show test case 1B from Section 5.1.2 which has 4 uncertain variables, and
nally, Figs 5.14 and 5.15 show the results for test case A3 from Section 5.1.3 with 10
uncertain variables.

The hypervolume was estimated with quasi-Monte Carlo sampling with 16 sam-
ples and a reference point obtained as the maximum value of each minimisation of
the objectives for the points obtained in all the methods being compared. We also

measured the generational distance (GD), the Hausdor distance and the modi ed in-
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verse generational distance (IGD+) [8]. The reference Pareto samples used to calculate
these quantities were the combination of all non-dominated samples obtained from all
methods being compared.

As can be seen from Figs. 5.8, 5.10, 5.12 and 5.14, the threshold mapping methods
0 er a statistically signi cant improvement of the convergence to the global Pareto front
and a faster convergence. Without threshold mapping, the many-objective metrics
barely improved with each iteration. Overall, thMap-whole appears to be the more
e cient threshold mapping algorithm.

The model accuracy was measured as the root mean squared error (RMSE) be-
tween the model prediction and the exact value of the lower expectations for the values
obtained in the last iteration for each method. This is plotted in Figs. 5.9, 5.11, 5.13
and 5.15. The reason for this choice is that the surrogate model will only converge for
regions near the estimated Pareto front, since those are the training points. Because
this is a Kriging model, the error for any of the training points is zero, which is why
only points from the last iteration are included - otherwise the RMSE would trivially
decrease as the points from previous iterations get added to the training set. This is
also why the last iteration always has error equal to zero.

These tests show that, for the thMap-whole method, the error in the estimation of
the lower expectation after 10 iterations of the surrogate was below 10% on average and
in some cases even lower than 5%. This level of approximation was deemed a su ciently
accurate result considering the computational cost. An exception was the outage test
case, where the surrogate model errors were much larger, Fig. 5.13, perhaps due to
the discontinuous nature of the uncertainty. Here, the thMap-whole method produced
much larger errors, while the others approach the 10% value (except the no threshold
map version for E( v)). However, even here it is thMap-whole that produced the best
results in terms of the multi-objective metrics, which were calculated using the real
values, not values obtained using surrogates.

The no threshold map method tends to produce the worst results in terms of MO
metrics, see Fig. 5.8. In most of the cases it also produced the lowest RMSE on

E(mp < ), but the highest RMSE on the other Qols, see Figs 5.9 to 5.15. The thMap-
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dist method tended to have only slightly worse results than thMap-whole, and thus can
be seen as an acceptable trade-o between MO metric convergence and computational
complexity. In test case 2, thMap-dist produced better surrogate models than thMap-

whole (Fig. 5.13), but worse MO metrics, as shown in Fig. 5.12.

Figure 5.8: Pareto sample metrics as a function of the number of iterations. We include
the generational distance (GD), the modi ed inverted generational distance (IGD+),
the Hausdor distance, and the hypervolume. Apart from the hypervolume, smaller
value is better. The value for O iterations corresponds to the metrics for the initial
training points. The shaded areas enclose the observed values of these quantities for
90% of 50 trials and the solid lines show the median.

It is possible for a method to produce better solutions in terms of many-objective
metrics, while producing worse results in the RMSE for the surrogate. A method that
obtains a wider variety of points will also make it more di cult for the surrogate model
to t the data. For instance, a method that only produced points in a very small set,

would result in a surrogate model with good accuracy but the quality of its Pareto
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Figure 5.9: Plots of the RMSE of the surrogate model, at each iteration, for the values
obtained at the last iteration. Four runs are presented here, each a line on each subplot.
The sub- gures, from left to right, contain the RMSE on the surrogates of the propellant
mass m, the distance to target r and the relative speed to target v. Again the
shaded areas enclose the observed values of these quantities for 90% of 50 trials and
the solid lines show the median.

samples would be very low. Thus, when comparing these methods, the factors that
decide between better and worse methods are the MO metrics, not the surrogate model
accuracy, since it is the former which measures the quality of the resulting Pareto set.

Comparing the results obtained in test case A1 with n =5 and withn = 10 gives
insight into the e ect of n  on the quality of the results. The di erence does not appear
signi cant, either in terms of the evolution of the MO metrics, Figs 5.8 and 5.10, or
the RMSE of the surrogate models, Figs 5.9 and 5.11. The only substantive di erence
is that the range of values of the RMSE for the thMap-whole method is higher with
n =10 than withn =5.
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Figure 5.10: Many-objective metric plots, as in Fig. 5.8, for test case 1 with 5 uncertain
variables.

Figure 5.11: RMSE plots, as in Fig. 5.9, for test case 1 with 5 uncertain variables.
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Figure 5.12: Many-objective metric plots, as in Fig. 5.8, for the outage test case.

Figure 5.13: RMSE plots, as in Fig. 5.9, for the outage test case.
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Figure 5.14: Many-objective metric plots, as in Fig. 5.8, for test case 3.

Figure 5.15: RMSE plots, as in Fig. 5.9, for test case 3.
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5.5 Control Map Comparison

This Section is mainly concerned with comparing the di erent control mapping strate-
gies proposed in Section 2.7, although these comparisons are repeated both without
any threshold map, and using thMap-whole.

In Fig 5.16 some many-objective metrics are shown as a function of the itera-
tion number, for test case B. Methods are compared with and without the threshold
map in Section 3.5, and with the four di erent control maps explained in Section 2.7.
Throughout these results, the control mapping strategies are referred to by the reduced
dimensionality subset of the transcribed control variables Y that they result in, which
areY ,Y ,YB,and YM, and whose de nition is in Section 2.7.

The metrics used are the generational distance (GD), the Hausdor distance (Haus-
dor ), the modi ed inverse generational distance (IGD+) [8], and the nhumber of points
that are not dominated by the reference front (Np). The reference front, used to cal-
culate all of these metrics, is the combination of all samples obtained from all methods
being compared, after removing all dominated values. These results suggest that™
is an improvement on the simpler control maps Y and Y . The deterministic control
map Y , struggles to improve the metrics beyond their initial values, shown in Fig
5.16 as iteration 0, and which are determined only by the initial training points for
the surrogate model. Furthermore, the threshold map consistently improves the results
obtained using the YB and YM control maps. Furthermore, this improvement is not
simply due to a reduction in the number of dimensions, since the dimensionality of Y
(N =10) is lower than YM (12), yet YM performs better.

Finally, the errors on the surrogate models are presented in Fig. 5.17.

The same tests were performed for the Apophis rendezvous test case Al. Figure 5.18
shows the MO metric comparisons, and Figure 5.19 plots the errors on the surrogate
models. For this test case, the threshold map is still consistently advantageous, but the
newly proposed control maps are not. Possibly the higher number of targets, or the
fact that they are y-by only, is what makes the asteroid tour test case benet from

the control map YM, which takes displacements on target positions as input.
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Figure 5.16: MO metrics for test case B. The colour of the lines indicates which control
map was used, red for Y, green for Y , blue for YB and black for YM, which are
described in Section 2.7. The line and marker styles indicate whether threshold mapping
is used, solid lines with circles when threshold mapping is not used (), and dashed
lines with asterisks when thMap-whole is used ().

5.6 Inuence of MACS Settings

This section considers the e ect of three parameters that de ne the settings of MACS:
the number of agents N,, the size N, of the archive where Pareto solutions are stored,
and the number of points Ns, in the archive, which are validated every time the surro-
gate is re-trained. By de nition the number N g has to be less or equal to .

Note that no historical point is used, but only the most recent set of points returned
by MACS. For all tests the number of function evaluations of the surrogate by MACS,

ng, was kept constant at 10000.
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Figure 5.17. Root mean square errors (RMSE) for the surrogates of the lower expec-
tation (left) and threshold map (right), for the asteroid tour test case. The RMSE is
evaluated for the points that are obtained at the last iteration, and the mean is taken
across all metrics. For the threshold map, the error is normalised by dividing by the
di erence between the maximum and minimum values. The line and marker styles
follow the same pattern as in Fig. 5.16.

Since the validation of the Ng points requires the exact calculation of the lower
expectation and the control mapping, it is reasonable to try to keep this number as
low as possible. On the other hand, an increase in these three parameters is expected
to lead to an improvement of the results, thus there is a trade-o between quality of
the Pareto front and computational cost. In these tests, two di erent values for each
parameter are used, 10 and 20 and we tested many combinations of these values. Figure
5.20 shows that the combination N, = N 5 = N s = 20 is statistically better. However, it
comes with the cost of validating twice as many points per re-training of the surrogate.

It is also apparent that an increase in N; is what leads to an improvement of all the
metrics. Because these improvements come at the expense of a higher computational
cost, tests in following sections will continue to use ) =N 5 = N5 = 10. Figure 5.21,
on the other hand, does not show a signi cant di erence in the RMSE for the di erent
parameter choices, even though when N= 20, the surrogate model has more training

points.
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Figure 5.18: MO metrics for test case Al, as in Fig. 5.16.

Figure 5.19: Root mean square errors (RMSE) for the surrogates of the lower expec-
tation (left) and threshold map (right), for the Apophis Rendezvous test case. Same
format as Figure 5.17.
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Figure 5.20: Many-objective metrics, as in Fig. 5.8, but varying the numbers N, N5
and Ng for test case 1 with n = 10.

Figure 5.21: RMSE of the surrogate model, as in Fig. 5.9, varying the numbers N
N4 and Ng for test case 1 with n = 10.
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5.7 Resulting Trajectories

In this Section, some solutions obtained with the methodology proposed in Chapter 3
are presented, with some values of the lower expectation of quantities of interest and
associated thresholds. Chapter D then shows additional details such as selected plots
of the trajectories and control laws for some of these solutions. This includes some

discussion on the nature of these trajectories.

57.1 Case Al

Table 5.11 shows a selection of validated solutions found by MACS for the 6 objective
problem in Eq. (5.1), using the threshold mapping technique thMap-whole and Iy =
Na = Ng =10. The thresholds on the distance , and relative speed , to target
that allow a non-negligible lower expectations (E> 0:01) are quite large for practical
mission planning purposes. On the distance, ; ranges from 0:042AU to 0:094AU or,
in kilometres, from 6:28 10° km to 1:41 10 7 km. On the velocity, , ranges from
0:856km=s to 2:711km=s.

If the problem had been solved with xed thresholds, all one would nd is that the
problem is unfeasible with those thresholds. With this approach, one has information
on how large the thresholds would have to be to allow feasibility, which can be useful
information for the mission designer to re-adjust the parameters of the mission accord-
ingly. Besides the size of the bounds on the uncertain variables, which are reduced for
Test Case A3, another reason for the high degree of uncertainty in these results is the
inability of the control law to correct errors based on information on the spacecraft's or-
bital state. The dynamic programming approach introduced in Chapter 4, with results
in Chapter 6, was motivated partly by this shortcoming.

Two reduced optimisation problems were also addressed within test case Al, to get
results that are easier to visualise. One with only the three expectations as objectives,
and xed thresholds, and one with the three expectations plus the threshold on the
terminal velocity as objectives and the rest of the thresholds kept xed.

Figure 5.22 shows the Pareto front for the 3 objective case. Given the lower number
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Table 5.11: A selection of solutions for the 6 objective problem in test case 1. After
solutions with any E  0:01 were removed, 16 solutions were left, of which 10 are
presented which were selected using the archival strategy used by MACS [56].(8 is
used as short-hand for Ex < ).

E(mp) E(r) E_(V) m kgl ¢ [AU] v [km/s]

0.989 0.024 0.277 47.922 0.042 2.348
0.442 0416 0.123 53.881 0.061 1.692
1.000 1.000 1.000 33.643 0.089 2.711
0.188 0.061 0.925 40.955 0.045 2.645
0.013 0.010 0.013 50.275 0.023 0.856
0.342 0.999 0.278 50.330 0.097 2.516
0.522 0.975 0.032 42.922 0.079 0.965
0969 0.519 0.029 46.256 0.094 1.774
0.035 0.133 0.618 51.188 0.049 2.622
0996 0.756 0.230 51.204 0.083 2.303

of objectives we increased the values of )N N, and Ns to generate a clearer gure.
Figure 5.22 was generated with l} = N 4 = N = 10, 100 initial training points, and
thresholds n,, r ,and , xedto 38 kg, 0.05 AU and 1.5 km/s respectively. Figure
5.23 corresponds to the same problem but was generated withfN= N 5 = N 5 = 105, 200
initial training points. It is interesting to note that Fig. 5.22 is a good approximation
of a portion of Fig. 5.23 which implies that Algorithm 1 can be e ectively run with a
reduced computational cost and still produce a good rst approximation of the Pareto
set.

Figure 5.24 shows an approximation of the Pareto front for the 4 objective problem
with N, = N4 = N = 220 and 200 initial training points. Here the thresholds m,
and , were xed to 38 kg and 0.06 AU, respectively. In order to better visualise
this result, Fig. 5.25 shows three slices of the 4-dimensional Pareto front obtained by
only showing the points for which each of the lower expectations is higher than 95%.
In this gure one can better appreciate the relation between the threshold , and

E(v<  v).

129



Chapter 5. Numerical Results for Epistemic Uncertainty Optimisation and
Quanti cation

Figure 5.22: Scatter plot of the 41 non-dominated solutions obtained for the 3 objective
problem, test case 1, of optimising all lower expectations, having the thresholdsp,,,

r yand  , xedto 38 kg, 0.05 AU and 1.5 km/s respectively. The lower expectations
are represented on the gure axis. The value of K r < r ) is also represented with
the colour map. This graph was obtained with Ny = N, = N = 10 and 100 initial
training points.

57.2 Case A2

Again in this test case, the solution of the six objective problem is obtained using
threshold mapping thMap-whole, with Nipiy = 100 and Np = N 3 = N 5 = 10. Table 5.12
shows a selection of solutions obtained as for case Al. The thresholds also have large
values, albeit slightly smaller, with  still in the order of 0:01AU or millions of km,
and delta-v in the order of 1km=s. To help illustrate the outage scenario, Fig. 5.26
shows, for the same control law, the thrust fraction that results from three di erent

values of the uncertain parameters.
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Figure 5.23: Scatter plot of the 324 non-dominated solutions obtained for same condi-
tions as Fig. 5.22, but with N, = N 4 = N s = 105 and 200 initial training points.

Table 5.12: A selection of solutions of the 6 objective problem in test case A2 returned
by our method. These results were chosen in the same was as those in Table 5.11

E(mp) E(r) E_(V) m[kal ¢ [AU] v [km/s]

0.015 0.024 0.085 36.629 0.054 2.623
0.742 0.324 0.036 45.798 0.070 1.726
0.902 1.000 1.000 44.033 0.094 3.301
0.898 0.151 0.105 40.790 0.178 5.240
0.152 0979 0560 32.897 0.070 1.945
0.041 0.073 0.751 39.594 0.041 2.746
0.993 0.879 0.018 38.407 0.081 1.084
0.904 0.011 0.019 48366 0.012 0.534
0.797 0.365 0.769 43.871 0.045 2.193
0.032 0.044 0.015 44.112 0.023 0.461

Figure 5.27 shows histograms for the values of the Qols h. It is noticeable that
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Figure 5.24: A plot of the 711 samples of the Pareto front obtained for the maximisation
of the lower expectations and the minimisation of the threshold , with the other
thresholds xed. Each axis represents one of the lower expectations, and the colour
scale represents the threshold , . The thresholds , and ; were xed to 38 kg
and 0.06 AU respectively. This data was obtained using N =N 5 = N s =220 and 200
initial training points.

these histograms are not uni-modal, a characteristic of the outage test case that is
possibly related to the higher di culty experienced in optimising this problem, most
clearly seen in the higher errors for the surrogate model (Fig. 5.13), and in the lower
expectation estimation (Table 5.7), as well as the somewhat lower quality Pareto front
plots in Fig. 5.29. Nonetheless, this method produced a variety of robust solutions for
this problem.

After studying the 6 objective case, we xed the thresholds on terminal position and
velocity and solved a reduced 4 objective case with only the three lower expectations
and the threshold on mass. The remaining thresholds . and , were xed to 0.05 AU
and 2 km/s. Figure 5.28 shows an approximation to the Pareto front with 415 solutions.
Figure 5.29 shows three slices of the four dimensional Pareto front corresponding to

expectations E> 80%.
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Figure 5.25: This gure contains approximate slices of the Pareto front in Fig. 5.24,
obtained by only showing the points for which each of the lower expectations is higher
than 95%. The other two lower expectations that are not used to Iter the data
are represented in the vertical and horizontal axis, as labelled. The threshold , is
represented in the depth axis, as well as the colour scale.

5.7.3 Case A3

The experiments carried out so far resulted in large values of the thresholds, due to the
severity of the assumed epistemic uncertainty during operations. Therefore, test case
Al was run again but with a smaller uncertainty space ; for the calculation of the
lower expectation, while the uncertainty space used in the control map remained the
same.

A sample of the solutions produced by the many-objective optimisation is presented
in Table 5.13. Compare with Table 5.11, while the values of , and  are still large,
they are now around one order of magnitude smaller, with  in particular now in the
order of the hundreds of thousands of km.

Similarly to Fig. 5.25, Fig. 5.30 shows slices resulting from optimising the 4 objec-
tive problem, where the objectives are all the lower expectations, and the threshold on
the propellant mass ,. The remaining thresholds , and , are xed to 0.007 AU
and 250 m/s, respectively. A total of 778 non-dominated points were found. It is clear
from both Table 5.13 and Fig. 5.30 that this uncertainty formulation produced solu-
tions with much better thresholds , and . Figure 5.30 illustrates the dependency
of the lower expectations on the thresholds. Note in particular how the expectation on

the terminal velocity decreases as the available propellant decreases.
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Figure 5.26: Plot of the thrust modulus for three dierent values of the uncertain
parameters . The legend shows the numerical values of , de ned as in Eq. (5.4). For
the yellow line, the outage happened during coasting arcs, producing no e ect.

Figure 5.27: Histograms showing the samples of the Qols that are obtained for the third
solution in Table 5.12 for test case 2. The blue histogram is the result of assuming a
uniform distribution in , while in red is the distribution that corresponds to the lower

expectation for each Qol.
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Figure 5.28: Scatter plot representing the 415 non-dominated solutions obtained for
the maximisation of E mp< n, , E(r< r ), E(v< v ) and the minimisation
of the threshold on the propellant mass n,,, for test case 2. The lower expectations are
represented on the gure axis, while the threshold on propellant mass is in the colour
scale. The thresholds ; and , were xed to 0.05 AU and 2 km/s respectively.
Obtained using N, = N 5 = N s = 220, and 200 initial training points.

Figure 5.29: This gure contains approximate slices of the Pareto front in Fig. 5.28,
obtained by only showing the points for which each of the lower expectations is higher
than 80%.
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Table 5.13: A selection of solutions of the 6 objective problem in test case A3 returned
by our method. These results were chosen in the same was as those in Table 5.11

E(mp) E(r) E_(V) m[kal ¢ [AU] v [km/s]

0.875 0.036 0557 41.575 0.006 0.361
0.987 0.010 0.201 37.724 0.009 0.245
1.000 1.000 1.000 57.415 0.019 0.640
0.025 0.995 0.018 50.855 0.010 0.299
0.014 0.105 1.000 47.556 0.009 0.351
0.990 1.000 0.081 31.558 0.016 0.477
0.061 0.073 0.013 45.436 0.008 0.278
0.999 0970 0.740 49545 0.011 0.402
0.704 0.999 0.066 45.769 0.011 0.264
0991 1.000 1.000 34.165 0.020 0.681

Figure 5.30: This gure contains approximate slices for the maximisation of the lower
expectations, and the minimisation of the threshold on the propellant mass . The
remaining thresholds ; and  are xed to 0.007 AU and 250 m/s, respectively.
These gures are obtained by only showing the points for which each of the lower
expectations is higher than 95%, as in Fig. 5.25. Obtained using N=N 5 =N s = 220,
and 200 initial training points.
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574 CaseB

In this section some of the solutions to the asteroid tour test case, obtained using the
Min-Max Y M control map, are presented. Table 5.14 shows ten solutions, selected form
the 188 non-dominated solutions found with this method, by using the same archival
strategy employed by MACS [56]. The values of the thresholds here are extremely
large, representing distances on the order of tens of millions of kilometres. The dynamic
programming approach, with results in Chapter 6, will be applied to this same test case,

achieving much better results.

Table 5.14: A selection of solutions returned by our method. Solutions were selected
using the same archival algorithm employed by MACS [56]. If x is one of our targets,
E® is used as short-hand for € ,, < . )and  is short-hand for , , and is in

AU. For the propellant mass m,, EMe) = E(mp < m), and its threshold , is in Kg.

E(m p) EUJ47 EUV EYNl?G EOCk m [Kg] U347 uv YN176 Ock

0.044 0.239 0.232 0.548 0.032 129.742 0.212 0.306 0.327 0.104
0.000 0.333 0.727 0.162 0.657 74.023 0.265 0.396 0.255 0.522
1.000 1.000 0.000 0.000 1.000 89.345 0.463 0.012 0.040 0.700
1.000 0.000 1.000 1.000 1.000 190.913 0.016 0.519 0.491 0.810
1.000 1.000 1.000 1.000 0.000 79.550 0.484 0.539 0.536 0.024
0.000 1.000 0.000 1.000 0.993 259.146 0.488 0.004 0.534 0.648
1.000 0.000 0.000 0.000 0.000 87.848 0.005 0.041 0.062 0.013
0.000 1.000 1.000 0.000 0.000 189.049 0.478 0.507 0.009 0.063
1.000 0.000 0.000 1.000 1.000 92.752 0.039 0.018 0.555 0.694
1.000 1.000 1.000 0.000 1.000 62.334 0437 0.577 0.052 0.746
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5.8 Execution Times

The execution time was split into four parts: the computation of E, the control map,
the threshold map, and running MACS on the surrogate model. The following times
were obtained in Matlab® 2018b on a Windows 10 computer with Intel(R) Core(TM)
i7-8700 @3.2GHz and 8GB of RAM. Matlab is used, a language that is not amongst
the most computationally e cient, but since it, and the other software and hardware
speci cations, remain a constant in all experiments, any comparisons that are made

between di erent approaches remain valid.

" Running MACS on the surrogate model took 27 seconds per iteration with 10000
function evaluations for the test case Al. For the test case A2, it took 15 seconds
per iteration with the same settings, due to the lower dimensionality of the search

space.

~

The control map Y took on average 4.4 seconds, to calculate y from z. For the

computational times with other control maps, see text later in this section.

Solving Problem (3.9) to obtain E from v took on average 390.3 estimates of E
and 11.7 seconds for the test case Al (variable thrust and Isp), for an average of
0.030 seconds per estimate of E. For the engine outage test case, A2, there was an
average of 139.5 evaluations of E (lower due to the smaller number of uncertain
variables) and 15.1 seconds, for an average of 0.108 seconds per estimate of E
(higher because the calculation of the Qols for the quasi-Monte Carlo estimation

of E could not be fully vectorised).

~

The computation of the threshold map, requiring the estimate of h and h, took

on average 0.45 seconds for test case Al and 0.50 seconds for test case A2.

The total time when using the Y on test cases Al, A2, and A3, evaluating 100 initial

points plus 10 per each of 10 iterations, is approximately 1 hour. Despite the outage
scenario (A2) having fewer dimensions in the uncertainty space, this is counter-acted
by the di culty in vectorising the code that applies the outage conditions, which in

Matlab can make a signi cant di erence in the execution time.
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The control maps other than Y , de ned in Section 2.7, were only used to obtain
the results in Section 5.5, which were also the only results in this chapter using test case
B, the asteroid tour. Because, for those results only, the di erent test cases were run
in parallel and on di erent machines, the execution times obtained for that case were
di erent from the ones shown above, and are merely indicative of the relative amount

of time it took to compute each control map.

“Y andY took approximately 35 seconds for test case B and 8 seconds for case
Al,

" Y B took approximately 205 seconds for test case B and 55 seconds for case Al,

~ Y M took approximately 128 seconds for test case B and 75 seconds for case Al.

Test case B with control map YM took approximately 8 hours.

The newly proposed control maps have considerably higher computational times,
however, they use algorithms with many hyper-parameters, that could be further ne-
tuned. Furthermore, in the asteroid tour test case, control maps Y and Y were not
allowing any improvement in the many-objective metrics at all, in light of which the
newly proposed control maps are certainly advantageous.

The threshold map, with its relatively low computational cost and its signi cant

advantage it brings to the MO metrics, is a promising approach.

5.9 Remarks on Accuracy of the Results

Although a formal convergence theory was not derived, it is important to remark some

features of our results that come, by construction, from the way the method was devised.

~ Since each uncertain variable is modelled with a p-box and the upper and lower
probability of each p-box are modelled with Bernstein polynomials, the range of
probability distributions within each p-box depends on the degree of the Bernstein

polynomials.

" The lower expectation is minimal with respect to the set of distributions that can

be represented with Bernstein polynomials of a given degree de ned on a bounded
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support. Thus our results are valid for every distribution in that set. This implies
that a Monte Carlo simulation drawing samples from any distribution, within that

set, that is not minimal would return a higher expectation.

From the error analysis on the minimisation of the expectation and on the conver-
gence of the surrogate one can expect an average error of < 10% on the value of
the lower expectation. This error does not necessarily correspond to an outer ap-
proximation of the lower expectation but is deemed to be su cient to compute an
optimal solution. Once a solution is available one can invest more computational

resources to further re ne the computation of the lower expectation.

~

The control law is optimal within the reduced control space de ned by the di-
mensionality reduction technique. Thus no consideration can be made on control

laws that are outside this reduced space.

5.10 Conclusion

This chapter applies the methods of Chapters 2 and 3 to two test cases, both based on
low thrust trajectory optimisation under epistemic uncertainty. The main purpose was
to exemplify the application of the algorithms developed in both of those chapters, and
also to test di erent variations for subcomponents of the overall method, such as the
threshold and control maps, and the settings for MACS.

The results conclusively showed that applying either of the two threshold maps
introduced in this work improves the quality of the results, with thMap-whole appearing
to be the more e cient version.

The comparison on the control maps was not as conclusive. On test case B, the
control maps YM appears to signi cantly improve the quality of the results relative to
the simpler control maps which were developed earliest, Yand Y , while Y B appears
to be worse. However, on test case Al, the exact opposite conclusion is reached, here
YM performs the worst, while Y and Y perform the best. This test was carried
out for all control maps both with the threshold map thMap-whole, and without any

threshold map, to test whether its usage had an e ect on which control map is most
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advantageous. While no such e ect was found, this had the incidental outcome of
con rming the advantage of using this threshold map since the tests with thMap-whole
always led to better results, for both test cases, and for all control maps.

Finally, there was a test looking at some parameters used by the numerical many-
objective solver. The only parameter that was found to have a signi cant in uence on
the quality of the results was the size of the archive, N, which unfortunately is also
the one parameter that has by far the most e ect on the computational cost of the
algorithm. There is therefore a trade-o between quality and computational cost, that
is mainly controlled by N .

In terms of the actual resulting trajectories, and the values of the objective func-
tions, which were of the form E (h < ) and 4 for each quantity of interest h, the
results shows that E only has a high value, indicating a high degree of belief in the
condition h < | being met, when 1, has an impractically large value. This is the case
for the quantities of interest related to the distance and relative speed to each target.
One factor contributing to this is the unrealistic implicit assumption that the trajec-
tory, once started, cannot be corrected based on observed deviations from the nominal
trajectory. One of the aims of Chapter 4 was the development of a method that can
handle this, and thus produce a more realistic scenario. The next chapter applies this

method to test case B.
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Chapter 6

Numeric Results with Dynamic

Programming Approach

As in the work in [16], the proposed approach is applied to a multi y-by mission to a
sequence of four near earth asteroids (NEA), based on the asteroid tour designed in [21],
visiting 2006 UJ47, 2007 UV, 2005 YN176, and Ockeghem (Ock). The optimisation

problem for this test case is written as

min “(Mp)i Te(r 1) e(r 2)iTe(r a)iTe(r 4) (6.1)

where my, is the propellant mass, and r ; is the distance to the i-th target. The control
laws u are functions of time t, and of a single observation of the state %, along with
the proxy control variable z through the control map Y , described in Section 2.7.

A total of 20 thrust arcs are considered, each with the same length. The trajectory
is divided into two transfer legs, the rst comprising the rst 5 arcs and the second
the remaining 15 arcs. In this test case, the trajectory is split into two segments, i.e.,
M = 2. At the instant when going from the rst leg to the second leg, t ,, the state
X, IS observed with exactitude and used to obtain a new control law for the second
transfer leg. MACS is ran with N5 = 11 agents, which is also the size of the archive.
For the upper quantile, we useE = 0:9 as the xed value of the lower expectation E.

In the results, the upper quantile with this value of E is written as ~gp.
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The uncertain variables are the thrust T, speci ¢ impulse lsp, and the magnitude
of the hyperbolic excess velocity at departure y . The thrust and speci ¢ impulse are
considered to vary randomly throughout the trajectory. In this test-case this is rep-
resented by having variables T and |sp; which describe the values of these quantities
in di erent thrust arcs of the trajectory. Table 6.1 shows the nominal values of these
quantities. The space is de ned as the hyper-rectangle [0:99, ; 1:01 ;]. The epis-
temic uncertainty in these variables is de ned following the framework in Section 3.4.1,
by specifying the means and variances of the distribution to lie in intervals. The means
are taken within the interval 2[(1 10 #)) 4; (1+10%) ], and the variances are
in 22[0:025; 0:045] 10+ 3.

Table 6.1: Nominal values for the uncertain variables.

vy [Km/s] | sp;i [s] Ti [N]
o 5.846 3000 0.15

The observation which is used to compute the feedback law is obtained after 5
thrust arcs. Thus the trajectory is split into two segments, the rst comprised of the
rst 5 thrust arcs and the second of the remaining 15. Variables T and Isp;; describe
the rst segment, while T; and lgp; for j 2 f2;3;4g describe the following segments of

6.1 Estimation of the Lower Expectation

For the estimation of the lower expectation, the user chosen parameter that controls
the trade-o between accuracy and computational time is the number of kernels used n.
To determine the in uence of the number of kernels and variables on the mean absolute
error and execution time t to calculate the lower expectation, the following experiment
was carried out. For various numbers of kernels n and numbers of uncertain variables
n , spherical indicator functions were used, de ned as h() < , with h() =k k, and
chosen such that 80% of the volume was inside the sphere. The accuracy in Fig. 6.1

is the mean absolute accuracy for 100 di erent random samples for each pair of number
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Figure 6.1: Log-log plots of mean absolute errors of lower expectation estimations for
spherical indicator functions. Least squares trend lines are also shown.

of kernels and number of variables. The real value of the lower expectation used to
calculate the accuracy is estimated as the smallest value obtained in all experiments
for a particular number of uncertain variables. The results in Fig. 6.1 show that the
mean absolute error follows a power law, with the respective trend line shown on the
log-log plot. These trend lines are obtained using the method of least squares, and can
be written as

= on (6.2)

In Fig. 6.2, the accuracy estimations for the asteroid tour test case previously
presented are shown overlaid on the data in Fig. 6.1. The data is separated for each
Qol, showing some dependency of the accuracy on the Qol. For both Figs 6.1 and 6.2,
the indicator functions were obtained by choosing a threshold such that for 80% of the
measure of , the value of the Qol is below that threshold, to make the results more
comparable. Even though the asteroid tour data is obtained with n = 9, the mean
absolute errors obtained with this data are higher than those obtained with the ball

shaped indicators for n = 10 in some cases, and lower than those with n= 7 in other
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Figure 6.2: Log-log plots of mean absolute errors of lower expectation for the Qols
obtained for the asteroid tour test case overlaid on Fig. 6.1.

cases, due to the in uence of the shape of the indicator function on the accuracy of the
estimate of E

The execution times also follow a power law relationship, as shown Fig. 6.3, as
t=ton' (6.3)

The evolution of the exponents and  in Egs. (6.2) and (6.3) with n is shown in Fig.
6.4. Since there are mean and variance constraints being applied on each variable, n
a ects the number of constraints, which are no =2n . The execution time, regardless
of n , is approximately proportional to n 2, while the error is inversely proportional

to n for low n , but for higher n becomes inversely proportional top n.

6.2 Accuracy of Surrogate Model Y,

For the asteroid tour test case, the surrogate modelV, was trained with dierent

numbers of uncertain variables and control variables in the second segment, to study
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Figure 6.3: Log-log plots of mean execution time of lower expectation estimations for
spherical indicator functions. Least squares trend lines are also shown. Only points
with n 2500 were included in the least squares, as only then does the power law

appear to hold.

Figure 6.4 Plot of exponents and ; in Egs. (6.2) and (6.3) versus the number of
uncertain variables n .
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Table 6.2: Mean absolute errors for the surrogate models 0¥, for various values of
n ., the dimensionality of .

N2 Mp ra ro r s I a4

2 0.016 0.014 0.014 0.014 0.014
4 0.017 0.016 0.016 0.016 0.016
6 0.021 0.017 0.018 0.023 0.019

the resulting model accuracy. The results are in Table 6.2. The values reported in
Table 6.2 are obtained by training the model with 800 training points and evaluating it
on 200 testing points. These points are randomly selected from the set of 1000 points
that is obtained using MACS's archival technique [56], described in Section 2.6.

These errors grow with n.», the dimensionality of 5, and the error for m, appears
higher than the other cases, being between 1.4% and 2.3%. In addition, these errors

are of similar magnitude to the results shown in Fig. 6.2.

6.3 Accuracy of Surrogate Model of Upper Quantiles -

The accuracy of the outer surrogate™is less important than that of V¥, since the solution
points returned by MACS, which is run with evaluations of — are then evaluated as in
Algorithm 4, obtaining more accurate values, whose accuracy depends nonetheless on
the accuracy ofV,. The accuracy of~a ects, however, the e cacy of the optimiser.
The accuracy of the~models, for each quantity of interest, is estimated by compar-
ing the values obtained from ~with those obtained using Algorithm 4, for the values
obtained in the last iteration. As more points are added on each iteration, the model
accuracy should converge, at least in the vicinity of the Pareto front, since the points
that are being obtained by MACS should be in that region. This is why the model is
tested with the points obtained in the last iteration. Figure 6.5 shows the evolution of
the root mean square of this error, normalised by dividing by the standard deviation of
the data, which is equivalent to P 1 R 2, where R is the coe cient of determination.
For each iteration, the model is trained with the initial training points plus all the

points returned by MACS up to and including that iteration, and is then tested. At
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Figure 6.5: RMSE of model error normalised by dividing by the standard deviation of
the data.

the last iteration, the model contains in its training data the points it is being tested
with, which for the case of Kriging models results in zero error, as the Fig. 6.5 also
shows. The results in Fig. 6.5 show that we do not have a monotonic convergence, but

the model error tends to decrease when it starts large, or remain small otherwise.

6.4 Many-Objective Optimisation Results

Running the MO search algorithm in Algorithm 1, a number of robust solutions to the
asteroid tour problem are obtained. Some of these are presented in Table 6.3. There is
an interesting pattern in these results, which becomes clear when they are plotted in a
spider plot, in Fig. 6.61. Note that the axis on (m p) is broken for better visualisation.
The shaded area is drawn between the minima and maxima of each objective, and each

line corresponds to a di erent solution. The r upper quantiles T{r ) do not usually

1Plot based on Stack Over ow answer: https://stackoverflow.com/a/78122416
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exhibit trade-o s among themselves, but there is a trade o between them and(m p).
In other words, generally, when either{r ) decreases, so do the other values ofr )
decrease while{m ;) increases.

Some of the solutions in Table 6.3 are represented in Figs. 6.7, 6.8, and 6.9, which
show the engine throttle, azimuth, and declination, respectively, throughout the tra-

jectory for these robust solutions.

Table 6.3: A selection of solutions of the 5 objective problem for the asteroid tour test
case when using feedback. Of the 25 resulting solutions, 10 were chosen using MACS's
archival strategy [56].

oo(Mp)  o0o(r 1)  oo(r 2) 9o(r 3) oo(r a)
[ka] [AU] [AU] [AU] [AU]

52.6 0.0254 0.0300 0.0329 0.0673
52.2 0.0480 0.0566 0.0595 0.1167
52.4 0.0366 0.0435 0.0464 0.0962
52.5 0.0306 0.0361 0.0394 0.0835
52.3 0.0427 0.0503 0.0537 0.1082
52.5 0.0277 0.0329 0.0355 0.0770
52.3 0.0400 0.0473 0.0496 0.1024
52.4 0.0338 0.0399 0.0430 0.0903
52.2 0.0450 0.0533 0.0565 0.1124
52.7 0.0272 0.0322 0.0333 0.0638

The last trajectory in Table 6.3 is also plotted in Fig. 6.10. The observation is shown
as a green diamond. After the observation, the real trajectory would change according
to the state observed at that location. In the plot, however, only the nominal case
(= o) isshown.

The whole Pareto front lies in a 5D space, so given the di culty of representing
such a shape, instead plots of two of the objectives are shown in Fig. 6.11, for the
asteroid tour test case with and without feedback. These plots make it evident that,

as expected, the solutions with feedback are better than those without. In fact every
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Figure 6.6: Spider plot representation of Table 6.3

single point in the Pareto front of the no feedback problem is dominated by those of

the feedback problem.

6.5 Execution Times

The usage of the MACS archival strategy to select 1000 points from a sample of 500000
took 84 seconds, and does not constitute a signi cant part of the total execution time.
The feedback law 2 ' u , took 11 seconds per sample point, and the calculation of the
lower expectation \b for each Qol, and each sample of x took on average 2 seconds
for the sample of . Thus, obtaining the training data for the surrogate model of V»
took around 6 hours in total. Training the ¥, surrogate models for all Qol took 310

seconds, and each evaluation of it takes 1.3 milliseconds on average, which highlights
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(a) Solution that minimises fm ,g (b) Solution that minimises fr ,g

Figure 6.7: Engine throttle plotted against true longitude L for solutions that min-

imise objectivesTm g and fr g, obtained with and without feedback. For the case
with feedback, the nominal case ( = ;) is shown. The engine throttle is the control
variable corresponding to the ratio between the actual thrust and the maximum thrust,

the latter being an uncertain variable.

(a) Solution that minimises tm ,g (b) Solution that minimises fr ,g

Figure 6.8: Thrust azimuth plotted against the true longitude L for the solutions that
minimise each objectivestTm ,g and fr »g, obtained with and without feedback. An
azimuth of 0° corresponds to having the thrust vector pointing in the radial direction,
and 90° to the transverse direction. For the case with feedback, the nominal case

(= o) isshown.
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(a) Solution that minimises Tm ,g (b) Solution that minimises fr ,g

Figure 6.9: Thrust declination plotted against the true longitude L for the solutions
that minimise each objectives™m pg andfr g, obtained with and without feedback.
A declination of 0° corresponds to in-plane thrust. For the case with feedback, the
nominal case ( = ) is shown.

the time savings a orded by the surrogate model. The calculation of the control map
for the whole trajectory took on average 15 seconds, while the calculation of using
that surrogate took 2.2s on average per Qol, leading to an average of 15+ 2:2 5
seconds for the evaluation of all objectives starting from the proxy control variable
z, i.e. Algorithm 4. There were a total of 210 evaluations of the objective vector.
In addition, each run of MACS took 10 seconds, leading to a total of 1.7 minutes
spent in MACS, a minority of the total run time. In total the whole algorithm took
approximately 7.5 hours to complete. In all of these steps, there is the option to trade-
0 execution time for accuracy. More or fewer training points for ¥, and 5 di erent

number of agents in MACS, etc.

6.6 Conclusion

Ultimately, the main results obtained during the course of this PhD for the Dynamic
Programming based epistemic uncertainty quanti cation were theoretical, i.e. the the-
orems that show the bounds of the estimate of the epistemic cost-to-go. The numerical
results, though mainly aimed at exemplifying the application of the algorithm, still

showed important practical results on the quality of the surrogate models used in this
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Figure 6.10: Plot of the last trajectory in Table 6.3. The spacecraft's trajectory is
shown as a cyan to magenta line, which, as indicated by the colour bar on the right
side of the gure, indicates the engine throttle.
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