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Abstract

The aerodynamics of a wind turbine (WT) exhibit a particular property which is important for
the design of control systems for WTs. It is referred to here as Separability. In this thesis, the
Separability property of the wind turbine’s aerodynamics is explored in much greater detail
than before. Based on Separability, a novel effective wind-field model with potential for broad

application in advanced wind turbine control is developed and validated against Bladed.

The Separability property is thoroughly investigated for constant speed WTs and variable speed
WTs. The procedure to obtain the best possible representation of the aerodynamics in terms of
its separated form, is developed. This process entails two aspects, firstly to determine the
functional nature of the most appropriate representation and secondly to optimise the
parameters of the fits.

It has been demonstrated that Separability exists in both constant and variable speed WTs and
that it holds for a very large neighbourhood with a very good accuracy. In fact, on average, it

comfortably covers more than double the rated torque of all the WTs explored.

The Separability property is exploited to develop effective wind-field models in the form of
lump parameter ordinary differential equation models that are used in the modelling of WTs.

These have been thoroughly validated against Bladed.
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Nomenclature

Sl units have been used throughout unless otherwise stated.

A
Ay

An (), A ()

G(1)

Go,..3(w)
H(B)

Hy(w)

Kr, Tk

Rar(t)
Rym (1)

rotor area or blade area (specified in contextual use)

area of the rotor disc

Fourier coefficients

power coefficient

maximum value of power coefficient

torque coefficient

coherence function

Expectation

Separability equation related to wind speed for tip speed ratio based
Separability

transfer functions

Separability equation related to pitch angle for tip speed ratio based
Separability

frequency response function for von Karman spectrum

turbulence intensity

shaping filter parameters dependent on low frequency wind speed
U (1)

turbulence length scale or blade length (specified in contextual use)
rotationally sampled wind speed at k()

edgewise RBM moment of a blade

flapwise RBM moment of a blade

power

rotor radius

wind turbine tower diameter

torque transient covariance

cross-covariance
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Rz (1)
Ry o7, (8)

Ry ryywiry) (0
R(z,D)
R"(t,D)
Rym(T,11,12)
RBM
S(w)
Sp(w)
Sn(w)

Sk (w)
Ska, (t)
Snm(w)
Svv(w;)
Sar(w)
Sv(rv(ry) (@)
Sy(w)
Svk (W)
S¢(w)
S¢(w,AY)

S"(z,D)
Sin(@)
T
TI
TS

torque covariance function

cross-covariance between the torque of the outer and inner area of
a ring shaped area

time domain cross-covariance wind speed

covariance between two point wind speeds

covariance of wind speed at rotating points

covariance between Fourier coefficients

Root Bending Moment

spectral density function of the effective wind speed

Dryden spectrum

spectral density function of the inner part of a ring shaped area
Kaimal spectrum

spectral density function of Ly (t)

cross-spectral density function

spectral density function at frequency w;

spectral density function of the torque disturbances
cross-spectral density function of the wind turbulent fluctuations
spectral density function of wind speed fluctuations at a fixed point
Von Karman spectrum

spectral density matrix

spectral density function of the effective wind speed associated
with the rotation

spectral density function of rotating points

harmonic spectrum of the blade effective wind speed
aerodynamic torque

turbulence intensity

tower shadow

rated torque

sampling interval

mean torque

axial hub torque due to a blade

torque at constant rotor speed equal to rated rotor speed
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Ty ()

r(p.1)
TS a,p,TS byp

V(rt)
Vsep ()
V(e,t)
WS
WT
W(r)

w(r,V(r,t))
WS anp ws an

ap, bp

torque at constant rotor speed on the locus of operating points

torque derived by the total contribution of blade elements

Tower shadow Fourier coefficients contribution to each layer P of
the wind-field

wind speed far upstream

wind speed

effective wind speed

effective wind speed

mean wind speed

base wind velocity

gust wind component

ramp wind component

noise wind component

mean wind speed

mean hourly wind speed

annual mean wind speed value

quasi-static mean, mean wind speed encountered over several
revolutions of the rotor

field of wind speed over the rotor disc

Effective wind speed derived from Separability

weighted average of wind speed

wind shear

wind turbine

weighting function that depends solely on the geometry of the
blades

weighting function dependent on both position and wind speed

Wind shear Fourier coefficients contribution to each layer P of the
wind-field

overhang of the wind turbine

axial flow induction factor or site specific parameter of v, (t)
(specified in contextual use)

Best fit parameters for Dryden spectrum



akq, s bkﬂo

c

ex(w)

f1'f2'f3rﬁl-rf31if32

g9(0)
ngC)

9w, ()
Iry ()
gz(')
91, 92
h
h(*)
hep ()
heo ()

hwo Q)
hs()

Tr

TO
suffix 0
suffix o

suffix xx

frequency response function parameters (page 25)

scale parameter of Weibull distribution function

frequency representation of Gaussian white noise

filters

Separability equation related to wind speed

Separability equation related to wind speed for constant rotor speed
equal to rated rotor speed

Separability equation related to wind speed for constant rotor speed
blade element Separability equation related to wind speed

blade Separability equation related to wind speed

white Gaussian noise
hub height
separability equation related to pitch angle

blade element Separability equation related to pitch angle

separability equation related to pitch angle for constant rotor speed
equal to rated rotor speed

separability equation related to pitch angle for constant rotor speed

blade Separability equation related to pitch angle

imaginary number v—1

shape parameter of Weibull distribution function
slope on regression line

gradient of gy ()

gradient of g, (*)

locus of equilibrium points

distance between 2 points

position on the rotor disc

position on a blade

distance between hub centre and the base of the blade
generally refers to rated

generally refers to operating point

generally denotes uniform weighting



suffix yy

suffix xy

Yk
0

AT(t)
AT (Bo, Vro)

AT, (B,V)

()

generally denotes linear weighting

generally denotes weighting of the cross terms

time

perturbations in wind speed about V

current value of the 10min mean

tower shadow wind speed

wind speed at hub height

wind shear wind speed

wind speed at the rotor disc

wind speed on one rotor blade

wind distribution assumed orthogonal to the plane of rotation

low frequency wind speed component

high frequency wind speed component

averaged low frequency component wind speed

perturbations relative to the wind-field about the quasi-static mean
time varying Fourier coefficients

weighting coefficient

weighting function that describes the influence of the wind along
the blade

height from the ground

roughness length

pitch angle

equivalent pitch angle

turbulent wind speed decay factor

Fourier coefficients page 24

angular offset

torque transient

contribution to the torque generated by the blade element at
position 1 keeping the value of the torque from the blade element
constant

contribution to the torque by a blade element at station position r
keeping the total torque from the blade constant

Function h(*) — g(*)

Xi



Swo(ﬂ
Swo(ﬁ

&(t) , &(t)

0
A

u()

Two(o
Two(g

W1, Wy, W3, Wy, Ws, W

w1 (t) , wo(t)

wc ()
w(t)
W;
Q(w)
Qp , Wy
1)
7C)
Fl]

Function &(+) at rated rotor speed

Function e(+) at a particular point on the locus of operating points
independent coloured noise outputs

azimuthal angle of rotation

tip speed ratio

function that describes the weak non-linear dependence of T of the
modified tip speed ratio separability

weighting function

air density

standard deviation

estimated value of the standard deviation

function that describes the weak non-linear dependence of T on the
€(+) function

Function t(+) at rated rotor speed

Function z(+) at some point on the locus of operating points
random generated phase between [- 1, 7]

angular displacement

coherence function

azimuth angle

angular velocity

rotor speed or frequency (specified in contextual use)
independent point wind speeds

white Gaussian noise (page 25)

coloured noise

white noise

discrete angular frequency page 15

frequency representation of white noise

rated rotor speed

frequency

complete gamma function

Fourier transform
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A conscious effort has been made in respecting the nomenclature proposed by other authors
when quoting their work. This has led to some duplicated nomenclature. Every effort has been

made in the associated text to explain the notation involved.

Due to the complexity and length of this thesis, in some instances nomenclature has had to be
recycled for specific purposes. When this is the case, it has been made clear in the text. For
clarity, only the most common use of every nomenclature entry is reported on the table above.
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Chapter 1

Introduction

Often thought as a right or granted commodity in the developed world, energy is the veiled source of

freedom core to humankind - who controls the energy sources holds the power to control society.

The 21% century has inherited both the benefits of the intense industrialisation over the 19" and 20™"
centuries and the man-made environmental emergency related to having developed our technologies
around fossil fuels. Furthermore the finite nature of the former and its non-homogeneous geographical
distribution, has led to a current state of energy crisis and countries being energy dependent on foreign
states that do not necessarily share the same views, priorities or ethics. Energy is a matter of national

security.

Whereas the solution to the energy and environmental challenges that we are faced with is an
interdisciplinary one, that has to include re-education of the global population about energy
consumption, construction of more efficient buildings that require less energy and institutionalisation
of recycling, there is no alternative but to migrate from the out-dated, limited and polluting fossil

fuels to renewable energy sources, which are free, unlimited and green.

This leads us to wind. Wind is one of the most ancient forms of renewable energy harvested by
humankind, used traditionally for sailing, grinding grains and extracting water. Its potential for
electricity production went unnoticed during the second industrial revolution even if electric engines
were already commonplace - perhaps due to a narrow approach taken around battery costs at the time.
It was the invention of the incandescent light bulb and its subsequent commercialisation in the second
half of the 19th century - which marked the arrival of electricity to the every day's life of the general
population, with street and domestic lighting - that opened the door for wind energy to be utilised in
what it is in present days its most familiar form. It all began in July 1887 when Scottish Professor
James Blyth of Anderson's College, now University of Strathclyde, as culmination of his pioneering
studies on wind power as a source of electricity, installed a vertical axis 'windmill' in his holiday home
in Marykirk, Aberdeenshire. And it is so, that the first wind turbine for electricity production as we
know it today was born 131 years ago, in Scotland. The following two centuries will see the
technology flourish from its humble beginnings as a low rating kW machine on a backyard garden,
to the modern horizontal axis wind turbines for off-shore use with ratings exceeding 10 MW that are
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part of a thriving global multi-billion industry.

Figure 1-1. Professor James Blyth’s wind turbine at his cottage in Marykirk 1891 circa [1]

The global deployment and exponential growth of the wind turbine's size has not been without its
technical challenges. Bigger machines pose structural and material complexities on their own right,
if those machines are also to be rotating in challenging environments under the full force of the wind,
keeping them safe and operable takes a different edge. To maximise the power production and
maintain an economical life span for wind turbines of this calibre, further improvements must be

made and major gains will come from improving control strategies.

Wind turbine control has grown from being simple strategies applied to wind turbines subsequent to
their design, to being an integrating part of the design of wind turbines. This is due to bigger machines
having operational requirements that cannot otherwise be met; for example, managing the large and

complex loads that can severely diminish wind turbines useful lifespan.

The control design task becomes increasingly demanding as turbine size increases since structural
frequencies reduce and the interactions between the different aspects of the dynamics becomes
stronger. Accordingly, improving the controllers requires better models of the rotor/wind-field

interaction.

The aerodynamic torque, T, of a wind turbine is defined by complex non-linear equations that
characterise the interaction between its three main variables: wind speed, V, blade pitch angle, S, and

rotor speed, w; under the form,



T = % pARVZC, (A, B) (1.1)

where p is the density of air, A is the rotor area, R the rotor radius, C, is the torque coefficient and 1
the tip speed ratio. The non-linear nature of (1.1) can be seen in Figure 1-2. When the dynamics of
the system are strongly non-linear, as they are here, the control design methodologies in general place
restrictions on the nature of the non-linearities and/or result in conservative designs, making it hard

to meet performance requirements.

% 10°
8

Torque [Nm]

4 B 8 10
tip speed ratio

Figure 1-2. Graphical representation of the non-linear nature of the aerodynamic torque with respect
of tip speed ratio and blade pitch

Greater insight into the non-linear nature of (1.1), that can be exploited in the control context, is
provided by a reformulation which separates out the dependencies on variables: the Aerodynamics
Separability - or as it will be more generally referred throughout this thesis, 'Separability'. Separability
enables the aerodynamic torque to be reformulated in terms of independent additive functions,
effectively separating wind speed, V, the only variable that cannot be actively controlled, from the

rotor speed, w, and pitch angle of the blades, § which can be. Specifically,

T =To+h(Bw) —g(V) (13)

where the Separability holds for a very large set of values of the variables. The significance of (1.3)
for wind turbine control, is that the rotor speed feedback control loop becomes independent from the
wind speed, which can now be considered an additive disturbance.

3



Typically, Separability holds for all turbines over a very large domain that encompasses all normal
operating conditions, see literature review in Chapter 3 and Chapter 4. For illustrative purposes,
Figure 1-3, shows the torque obtained through Separability against the torque derived from the
characteristic C, table for a particular WT. In this case, rated torque, Ty, is 1.586 x 10® Nm. The
equivalence of (1.3) to (1.1) is obvious, particularly, for values from 0 to 2 T,, highlighted with a red

box in Figure 1-3.

x10° Rotor PJ9
| ! -
£
=
&£
]
= e —
o7 : : :
E 3172p------ | R
E 1
@
=
o
o 1586
'_
D _____________________________________________
A | | |
-1 0 1.586 3Tz 4 8
Torgque from Separability (Mm) % 10°

Figure 1-3. Comparison between torque derived by Separability and torque dictated by the WT C,
table

A typical constant speed wind turbine has no control below rated wind speed, whereas above rated
wind speed the power or torque are controlled through pitch.

A typical torque control strategy for a variable speed wind turbine can be divided into 4 regions as
illustrated in Figure 1-4. Region 1 is known as the 1% constant speed region and starts at the cut-in
wind speed of the WT and sees the torque increasing until the C,, .4, curve is reached. When the
torque reaches Cp, pmqy, it marks the beginning of region 2, called C, 4, tracking region. As the name
suggests, in this region the WT operation tracks the C,, .4, Curve by letting the rotor speed and torque
to vary until rated rotor speed, w, is reached. After the WT has reached w,, the operating Region 3,
named second constant speed region, starts. In this region, the rotor speed is kept at w, and the WT
torque increases with wind speed until T, is reached, which also coincides with rated wind speed. In
regions 1, 2 and 3, the rotor speed is controlled using the generator reaction torque. After T, is

achieved, if the wind speed is above rated wind speed, rotor speed and torque are maintained at rated
4



by varying pitch angle and the generator reaction torque respectively, this is Region 4. Separability

specifically applies to Regions 4 and in part to 3.

Region 4

Torque [kNrm)]

Region 1

Rotor speed [rad/s]
Figure 1-4. Typical torque control strategy for a variable speed WT

Separability, which in its own right is exploited in control solutions, is also key for building effective
wind-field models that are statistically accurate when representing the rotor/wind-field interaction, a

very useful property in the context of advanced controller design.

To date, there is no model of the rotor/wind-field interaction of a wind turbine, suitable for control
purposes that reproduces, at least, the correct torque on each blade and the thrust on the tower with
the correct correlations over the frequency range up to 6P. Therefore, the overall research question
poised is “How do we model, suitably for control purposes, the rotor/wind-field interaction to
reproduce, at least, the correct torque on each blade and the thrust on the tower with the correct

correlations over the frequency range up to 6P?”. Central to answering that question is Separability.

1.1. Overview of the Thesis
In Chapter 1, a brief introduction for this thesis is provided.

In Chapter 2, a thorough background on wind modelling for control purposes of wind turbines is
provided.

In Chapter 3, Separability is applied to constant speed wind turbines is discussed. A review of
previous work regarding the Separability property is given. A formal mathematical analysis of the
issue of separating a two variable function into two additive components is introduced, and the initial

conditions and the range for which the property applies is identified. The best structure for the
5



representation for these functions has been explored and optimised. Discussion of results and

conclusions are also provided.

In Chapter 4, Separability is extended to variable speed wind turbines. Three possible ways of
formulating Separability are investigated and the best way of approaching these is determined. The
first formulation is based on the mathematical development of the theory in Chapter 3, the second is
driven by applicability and the third is based on the physics of the aerodynamic torque. The range of
validity and applicability is established. Discussion of results and conclusions for the Separability

property as a whole are provided.

In Chapter 5, a novel effective wind-field model based on the Separability property is developed. The
proposed lump parameter model representation, which uses a finite number of ordinary differential
equations, is tested and validated against Bladed. The chapter closes with a discussion of results.

In Chapter 6, a summary of the results of the research presented in this thesis and final conclusions

can be found together with future work.

In Chapter 7, references list is provided and it is followed by appendixes.

1.2. Contributions to Knowledge
The contributions to knowledge of this thesis are:

1) A mathematical analysis of the Separability property has been undertaken and an existence
theorem for the separated form established.

2) It has been demonstrated that Separability exists in both constant and variable speed wind
turbines and that it holds for a very large neighbourhood with a very good accuracy. In fact,
on average, it comfortably covers more than double the rated torque of all the wind turbines
explored.

3) The best functional structure for the separated form has been determined and using it,

procedures to optimise its representation have also been determined.
4) Two different version of Separability are investigated for variable speed wind turbines.

5) Anovel effective wind-field model that exploits the Separability property is developed. This
effective wind-field model is developed with the capacity, within the region of validity of
Separability, to induce the correct in-plane moments such as the rotor torque and the in-plane
root bending moment (RBM) of a blade. By extension of the close relationship between the
in-plane and out-of-plane moments and forces the wind-field model the thrust and out-of-

plane moments are also satisfactorily induced.
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6) The novel effective wind-field model is sufficiently validated to establish its suitability for
control analysis and design purposes.
1.3. Publications

Jamieson, P., Leithead, W.E., Gala Santos, M.L., The Aerodynamic Basis of a Torque Separability
Property’. Proceedings of EWEA 2011, Brussels, 2011.

Gala Santos M.L., Leithead W.E., Jamieson P., ‘Aerodynamic Separability in Tip Speed Ratio and
Separability in Wind - a Comparison’, Torque, Oldenburg, 2012.



Chapter 2

Wind Resource and Wind Modelling

This chapter describes the nature and dynamics of the wind resource. Most common techniques used
to model wind for wind turbine control design and analysis purposes are also discussed. The first
topic is covered in Section 2.1 which is intended as an introduction to the phenomena involved in the
formation of wind and through Section 2.2 the mathematical modelling of the wind is reviewed.

2.1. The Wind

Wind is the result of changing atmospheric pressure, the engine of Earth's complex weather system.
These differences in atmospheric pressure are caused by the uneven heating of the surface of the Earth
by the Sun, due to the different angles of incidence and the differential heating of land and water
bodies. [2][3][4]

Thus, the main instigator of global wind circulation is the pressure gradient created by the difference
in temperature between the equator and the poles. The air in the equator as it gets hotter expands,
reducing its density and rising vertically to higher altitudes and cooling down to leave a low pressure
area behind. At the poles the process is inverted. Colder air sinks onto the surface as its density is
increased creating an area of high pressure. The result is that the air will flow from the high pressure

areas of the planet to the low pressure ones, that is, from the polar regions toward the Equator.

[21[3][4]

This trajectory is not completed smoothly and in one phase. In fact, each hemisphere has three cells,
namely, Hadley, Ferrel and Polar, in which the air flow circulates through the whole depth of the
troposphere. The direction of the flow in each one of the cells alternates, making them work together
as a gear. In the process some of the air that was travelling to the poles will be deflected back to the

equator, this returning flow is known as trade winds. [2][3][4]

The global circulation is also importantly affected by the rotation of the Earth, by what it is known as
the Coriolis effect. Essentially the Coriolis effect makes the flow of air from high to low pressure
zones deviate from a straight line. In the northern hemisphere this deflection will be to the right (if

standing on the North Pole as a point of reference) and winds will rotate anticlockwise around low
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pressure areas and clockwise around high pressure zones. Again, this trend is inverted in the Southern
hemisphere. [2][3][4]

There are also important local patterns that affect the way wind behaves in a particular region. These
local pressure changes are related to the topography of the site considered, the most common being
mountain and valley winds and sea breeze. Mountain and valley winds are easily explained through
the concepts already underlined. During the day the air around the slopes of the mountains becomes
hotter than the air at the same latitude but farther away from the slope, where colder air applies
pressure on the warmer valley air to force it up the slope of the mountain. At night through radiation

from the soil, air on the slope of the mountain gets colder and denser and sinks into the valley.

[2][3][4]

The sea breeze is a little different since it is caused by the differential heating of water and land bodies,
with the ground heating faster than water but also cooling faster than water. The result is that during
the day warm air rises from the ground and is substituted by cold air flowing inland from the sea and

by night the reverse occurs since water takes longer to cool down. [2][3][4]

Both of these local phenomena have a daily pattern and the strength of their effect is subjected to
seasonality (overall changes in temperature, thus pressure) and can be easily overcome by bigger

weather systems.

If the long and short term variations of the wind at a certain location were to be shown in a wind
speed spectral density function together with the turbulent component of the wind such as the Van
der Hoven spectrum (see Figure 2-1), there would be 3 distinct peaks, namely, the synoptic peak of
passing weather systems with a period of 4 days, daily variations with 24h period with sometimes a
peak at 12h indicating the reversal of the winds in locations where phenomena like sea breeze are
important and a final peak around 1min which accounts for the higher frequency turbulence
component of the wind.

The flat region between the diurnal and turbulent peaks of the wind, indicate that there is not much
energy available in the region between 10min and 2h (~0.5mHz). This is known as spectral gap and
suggests that the turbulence component of the wind can be modelled as a zero mean random
process.[5][6]

Hence, as long as the spectral gap is present and well defined, it is possible to visualise the wind as a

dual component system, with a baseline value correspondent to the mean wind speed that is

determined by the seasonal, synoptic and diurnal effects (thus varying in a time scale starting at the
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hour mark) and superimposed higher frequency turbulent fluctuations with mean value of zero when

averaged over 10min. [5]
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Figure 2-1. Van der Hoven spectra of wind speed [6]

The most common way to determine the 'quality’ of the wind resource at a site is through the Weibull
distribution at that site, that will indicate how much in a given year the mean hourly wind speed, V,
in that location tends to deviate from the annual mean wind speed value!, . [5] The probability
density function of the Weibull distribution can be defined as a two-parameter function that takes the

form:
(2.1)

(V) ~ k V k-1 17 k
f a c\C exp c
where ¢ and k are the scale and shape parameters respectively and are related to the annual mean

wind speed by the relationship:
(2.2)

V,=cl(1+1/k)

where I'(+) is the complete gamma function.
The influence of the k parameter on the probability density function is presented in Figure 2-2, with

the scale factor ¢, kept constant and equal to 6 [6]. Variations of VV from ¥, get smaller as the value

of parameter k gets bigger?. When k = 2, the Weibull distribution becomes the Rayleigh distribution

L1 the site under study shows distinctly different wind climates in summer and winter the use of a double peaked
Weibull distribution, with different scale and shape factors for the two seasons, should be implemented for accurate re-

sults [5]
2 k values of 2.5 and above are considered to be very good. [6]
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The scale factor c is an indicator of how high the annual mean wind speed is, and its influence on the
probability density function is presented in Figure 2-3, with the shape factor k kept constant and equal
to 2. [6]
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Figure 2-2. Weibull distribution as a function of k (constant ¢ = 6)
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Figure 2-3. Weibull distribution as a function of ¢ (constant k = 2)
2.1.1. Power in the Wind
Given a defined area, the power available in the wind at a certain moment in time is

1
P= EpAV3 (2.3)

where p is the density of the air equal to 1.225 kg/m3, A the area being considered and V the wind
speed.

With A the swept area for the rotor, (2.3) indicates the hypothetical maximum power that a wind
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turbine with 100% efficiency could generate. In other words, if a wind turbine was able to stop the
wind. However, to have a realistic output, a factor of extraction needs to be included in this formula,
this factor is called the power coefficient, C,, of the wind turbine. Actuator Disc theory demonstrates
that the power coefficient’s maximum value is in fact 0.593, also known as the Betz's Limit. The

maximum power coefficient, C,q,, Of @ well designed wind turbine is typically of about 0.45.

From (2.3) it can also be appreciated that the power that a wind turbine can extract from the wind is
proportional to the swept area and the cube of the wind speed that that rotor sees. This relationship
implies that doubling the area of the rotor would double the energy output, but placing the turbine in
an area with double the wind speed will provide eight times more power, thus, making appropriate

site identification vital.

When upscaling a wind turbine, it is also important to keep in mind that the 'square-cube law' of wind
turbines applies. The ‘square-cube law’ estimates that for every increase of the diameter of a wind
turbine the power extracted will increase by the square of this value, but the cost of that turbine will

increase with the cube of the diameter. [5][7]
2.2. Modelling the Wind for Wind Turbines

Correctly modelling the wind that a wind turbine sees and the interaction between them is critical for
maximisation of power output, reduction of loads and overall control of the wind turbine. For this
reason any wind-field model that is meant to be interfaced with the wind turbine control system needs
to at least accurately describe the core stochastic and deterministic components of that interaction,
that is, atmospheric turbulence (stochastic), wind shear (deterministic) and tower shadow

(deterministic), as well as rotational sampling effects.

In order to assist the control design process, the wind models involved need to be not only reasonably
accurate but also suitable for fast simulations sufficiently simple that can be included in control. Due
to this, more complex models of the wind, such as those based on CFD wind-field, are avoided in
favour of simple non-distributed models of the wind that can be used as input to BEM theory. In this
context, the wind speed models are simple in that they ultimately reduce a 3D phenomenon to a one
dimensional time varying filter and that their mathematical description consists of simple ordinary
differential equations. Since the filters are derived from the spectral density functions, it is necessary
that they spectrally factorise into frequency response functions with integers power of frequency. To
date, this need has led to effective wind speed models combined with spectral peak models (rotational

sampling) as the preferred approach. [8][9]
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2.2.1. Atmospheric Turbulence Spectra

As already mentioned in Section 2.1, the wind can be defined in terms of a mean wind speed and
turbulence. The turbulence is essentially fluctuations of wind speed relative to its mean. Their
frequency content is described by their spectral density function. Being a short term phenomena,
turbulence corresponds to the frequency spectral peak of the Van der Hoven spectrum centred on 1
min in Figure 2-1. [5]

The most commonly used models to describe turbulence have Kaimal, Von Karman or Dryden spectra

[6]. The three of them are given below in [rad/s] and double sided spectrum form,

Ly
Kaimal spectrum: S(w) = 205(#)5/ (2.4)
3
(+())
2 (L/V)
Von Karman spectrum: Syk(w) = 20y 5 (2.5)
(1+(1.339a}L/V) ) ¢
2
Dryden spectrum: Sp(w) = 1_%b (2.6)

21 (w2+d3)

with oy, the standard deviation, L the turbulence length scale® dependent on surface roughness of the
site, V7 the mean wind speed over the 5-10min of wind speed turbulence in question and w the
frequency. Parameters b, and ap of the Dryden spectrum are chosen to be the best fit that

approximates the Von Karman spectrum. They are as suggested in [6][8][9] to be

ap = 1.14 (V/L) . by = op2a (2.7)

O-V = It X ‘US (28)

where v, is the current value of the 10min mean and I, the turbulence intensity. [6]

From (2.4) to (2.6) it can be easily seen that in fact all spectra have decidedly similar mathematical
definitions. The Kaimal spectrum gives a better fit to empirical observations of atmospheric
turbulence whereas Von Karman gives a good description for turbulence in wind tunnels. Thus, Von
Karman spectrum tends to be more broadly used for consistency with analytical expressions.
However Von Karman spectrum only describes satisfactorily atmospheric turbulence above 150m

having deficiencies at lower altitudes. This has led to the development of modified versions found in

3 L, represents the turbulence dynamic properties, in other words the function’s bandwidth
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most of the more complex software packages as Bladed. [5]

The Dryden spectrum on the other hand, matches quite reasonably the von Karman spectrum except
at high frequencies (see Figure 2-4) but offers the advantage of being a rational expression in
frequency squared. Since simulations for wind turbine control purposes rarely go over 10min, the
Dryden spectrum is adequate for representing the turbulent component of the wind. Hence, it is
possible to take advantage of this simplification in the calculations. For any given 10min time series,

it is not possible to discern whether the time series is totally incompatible with either spectrum.
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Figure 2-4. Comparison between Von Karman and Dryden Spectrums [10]
2.2.2. Wind Shear
Due to the friction between the Earth’s surface and the air, the speed of the wind decreases as it
approaches the ground with a logarithmic profile. This is known as wind shear and causes a periodic

variation of the wind speed seen by a blade as it rotates with a period of rotation of the rotor 2t /1P

[11]. The wind that the rotor sees at different heights due to wind shear, v, can be described as:

In (i) In (h + LZcoos(0)>

In (%)

vp = Us(1—a) (2.10)

(2.9)

Ush = Vp

where vj, is the wind speed at the rotor disc, z the height from the ground where the wind speed is
computed, h the hub height used as a reference height, L the length of the blade, 8 the azimuthal angle
of rotation, z, the roughness length, U, the wind speed far upstream and a the axial flow induction
factor. [5][6]
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The surface roughness, z,, depends on the characteristics of the terrain and the higher its value the
bigger the decrease in the wind that the turbine effectively sees. It varies from around unitary value

in cities to 0.0001 over open water. A comprehensive set of values for z, can be found in [5][6][12]

Wind shear is a deterministic phenomenon and as such, its spectral density function is in the form of
a series of sharp peaks. The typical shape of a deterministic peak in a power spectral density function
can be seen in Figure 2-5.
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Figure 2-5. Measured power spectral density function of a 3-bladed wind turbine with blade
imbalance. [13]

2.2.3. Tower Shadow

The presence of the turbine’s tower creates a natural blockage to the wind flow, known as tower
shadow. It results in a periodic decrease of the torque that the wind turbine produces every time a
blade passes in front of the tower. The tower shadow effect can be described as,

x2(t) —y2(t)

x2(t) + y2(t)]? (211

vr(t) = vyR? [

where vy is the wind speed at hub height before tower shadow effect is included, R the radius of the
tower, x the lateral component of the point being assessed with regards to the centre of the tower and
y the longitudinal component of the same. Usually y is specified as the overhang, X, of the machine
and the x component as a combination of the radial position on the blade, r, and the azimuthal angle
of rotation, 8, becoming

() = vy R r?sin?(0) — X2
r(l) =Vy

T [r2 sin2(8) + X2]? (212)

the tower shadow effect is only of importance between 90 and 270 degrees. [5][6]
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Like wind shear, tower shadow is also a deterministic phenomenon and it too induces characteristic

sharp peaks in the spectral density function, as seen in Figure 2-5.
2.2.4. Evolution of Wind Modelling for Wind Turbine Technology

After briefly having introduced the major phenomena and concepts, the main wind models used in

wind turbine modelling are explored in the following.
2.2.4.1. Point Wind Speed

Early wind speed models used for wind turbines did not account for the wind field-rotor interaction.
Under the assumption that the wind turbine would have a yaw system, it was also assumed that
changes of wind direction would be sufficiently slow to allow the yaw system to maintain the wind
turbine pointed into the wind. Therefore only the longitudinal component of the wind would be
needed [6][14]. These models were commonly used in the early 80s and consisted of a simple wind
speed acting uniformly over the rotor disc combining additively several wind speed components. The
most basic ones, such as the Krause and Man model [15], would account only for some of the
deterministic characteristics of the wind whereas the Anderson and Bose model [16] started also to
incorporate the stochastic components [9]. In the case of the former, the wind speed, Vyy, had the

form,

Vw =Vws + Vwe + Vwr + Vwn (2.13)

where
Vwg = base wind velocity [min/h], represents the mean wind speed and is treated as a
constant

Vwe = gust wind component [min/h], accounts for fast wind gusts (I-cosine gust)

Vwr = ramp wind component [min/h], accounts for slow variations of wind (step ramp)

Vwn = noise wind component [min/h], represents the turbulent component of the with the

wind spectral density function defined by [17]

Based on the van der Hoven spectrum, see Figure 2-1, the point wind speed is described as the sum
of two components: a low frequency component, v,,(t), which describes long term and slow
variations, and a high frequency component, v, (t), which describes fast variations (turbulence). The

wind speed, v(t), is now defined as [6],

v(t) = vy, () + v (t) (2.14)
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with v,,, (t) considered constant (equal to the average wind speed) on the time-scale of the turbulence.
The averaging for v, (t) is usually performed over a 10 minute time window [6]. The low frequency
component can be used for site assessment and, as already mentioned in Section 2.1, can be described
by a Weibull distribution, or alternatively by a Rayleigh’s distribution [6][18] which is nevertheless

a special case of the Weibull distribution when k = 2, thus,
_1 —2
v =a-vg-ez® (2.15)

where parameter a, which is site specific, depends on the wind speed’s very long term average (varies
over years) and ¥ is the mean hourly wind speed. Whereas the Weibull and Rayleigh distributions are
commonly used, other general methods such as sampling the VVan der Hoven spectrum itself can be
used to generate the time series for the low frequency component. [6] If this method is chosen, then

vy, (t) is defined as,

N
v () = Vo + ) A; cos(w;t + @;) (2.16)
2
2 |1
A= E\/E (Spv (@) + Sy (@i41)) (@i41 — @;) (2.17)

with V, the mean wind speed calculated over a period considerably longer than the largest period of
the van der Hoven spectrum, A; the amplitude, w; the discrete angular frequency that varies between
i =1..N, @; the random generated phase between [—m, 7], and S,,,(w;) the power spectral density
at frequency w;. [6][14]. The reason why the above procedure should not be extended to model the
high frequency component of the wind is that it would implicitly imply that the magnitude of the
turbulence is the same regardless of the mean wind speed variations at low frequency. That is, the

turbulence properties are independent of the low frequency domain, which is not correct. [19]

The turbulent component, v, (t), describes the fast wind speed variations located on the high frequen-
cies of the VVan der Hoven spectrum (within 10 min) and it is typically modelled by one of the spectra
introduced in Section 2.2.1 which all depend on V7, the mean wind speed over the 5-10 min of wind

speed turbulence in question. [20]

In [20] the modelling of v, (t) is approached as illustrated in the dashed rectangle of Figure 2-6. White
noise, w(t), is passed through a filter which is based on the von Karman’s spectrum and has a fre-

quency response function equal to,
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Hi(w) Kr 2.18
w)=———""""7- )
‘ (1 + jwT)s (2.18)

with,

Ty = Lt/ﬁm (2.19)

where K and T depend on the mean of the low-frequency wind speed, v, (t) [6]. The parameter K

can be defined in relation to Tg, as

Kon |— 2" Tk (2.20)
T B/2,1/3) T, '

where 3 is the beta function and T, the sampling time of the turbulent component (typically 1s).

The output signal from the filter H,(jw), referred to as coloured noise w.(t), is then multiplied by

the estimated value on the standard deviation, &, defined in [20] as

~

Gy = ko5, Um(t) (2.21)

where k., is the slope of the regression line that describes the dependency between the standard

deviation and v,,,(t), and ,,, (t) is the mean value of the low frequency component of the wind speed.

The wind speed model is then completed by simple addition of v, (t) to v.(t), see Figure 2-6. It is
important to note that the sampling time, T, of the two components of the wind is different, usually
10 min for v, (t) and 1s for v (t) [6]. By having different time scales the system is effectively made

non-stationary. [6][19]
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Figure 2-6. Non-stationary wind speed model [6]

Whereas these methods are effective in representing the mean wind speed variations at a fixed point

for time scales ranging from seconds to years [14], it fails to account for essential variations in the
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wind-field introduced by the wind field-turbine interaction, which would be misleading. In addition

it does not represent the 3D nature of the wind field.
2.2.4.2. Effective Wind Speed

The concept of an effective wind speed, V¢, was introduced in 1984, [21]. An effective wind speed
is some averaging of the spatially and temporarily varying wind speed over the rotor disc to obtain a
scalar time varying representative wind speed. It is required that this scalar effective wind speed has
the same statistical properties as the wind speed over the rotor. It is the statistical properties that are
preserved rather than the time series properties. The properties that are inherited by the effective wind
speed from the wind speeds over the rotor disc are frequency domain ones rather than time domain

ones.

With regards to the averaging of the wind speed, two different philosophies have evolved while
developing effective wind speed models. In the first philosophy, the averaging is done prior to the
interaction with the rotor, focusing on the statistical properties of the input to the WT, that is,
determining a single uniform wind speed that replicates the spectrum of the average wind speed over
the rotor disc. Philosophy 1 is adopted in [21]. In the second philosophy, the focus is on the outputs
of the WT (i.e. forces and moments), the averaging is applied after the wind has interacted with the
non-linear aerodynamics of the WT, by determining a single uniform wind speed that induces the
same spectral properties in the rotor torque or some other scalar force or moment as the wind speeds

over the rotor disc. Philosophy 2 is adopted in [13].

When the second philosophy was introduced in 1992, [13], it was identified that in order to link the
statistical properties of the torque (the scalar object of interest in [13]) to the statistical properties of
the wind speed, their relationship needed to be simplified. The aerodynamics needed to be linearised.

To this end, two conditions are requested:

1) Quasi-static variation of the mean wind speed over the rotor: the rotation of the rotor is
sufficiently fast that there is not much change in the wind-field over the period of one

revolution of the blades.

2) Small perturbations in wind speed relative to the average wind speed over the rotor: the
average wind speed is that over the rotor disc at some time, as opposite to the more usual

average wind speed over 10min.

Unlike the first philosophy, it is clear from this development in the second philosophy that the
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effective wind speed models have some restrictions on their validity: first, they are only valid for low

frequencies below 1P and second, the turbulence intensity, T1, cannot be too high.

In other words, an effective wind speed model on its own can only appropriately represent the low
frequency components of the wind* up to 1P. This is because it only holds if the time-scale of change
in the wind-field is comparable to or longer than the period of 1 revolution (or a small number of
revolutions) of the rotor. Also, the turbulent fluctuations in the wind-field are considered as

perturbations over a uniform quasi-static mean wind speed over the rotor disc.

The first effective wind speed model reported in 1984, [21], adopted the first philosophy with no
discussion regarding the frequency range of validity, whereas the effective wind model reported in
1992, [13], was the first one to adopt the second philosophy. Both approaches model the interaction
between the WT rotor and the wind-field by simple ordinary differential equations as required for
control system analysis and design.

The wind speed models in [13], in which the emphasis is on the derivation of the axial hub torque
from a single effective wind speed, have been used successfully in many control studies
[9]1[22][24][25]. To provide more insight into effective wind speed models within the context of the
second philosophy, the derivation from [13] is given below.

The axial hub torque, T,(t), induced by the wind on a blade is defined as

T, (1) =L w(r,V(r,t))dA (2.22)

where V(r,t) is the field of wind speed over the rotor disc, W(r,V(r, t))5 is a weight function

dependent on both position, r, and wind speed, V(r,t), and A is the area of a blade.

In [13], it is observed that the aerodynamic torque does not vary much over the outer 2/3 of the blade
which is responsible for most of the torque generated; see Figure 2-7. Furthermore, in [13] it is pointed
out that since at low frequencies the change in the wind-field is slower than a period of revolution of
the rotor, the low frequency components of the torque are related to the wind-field over the complete
rotor disc (condition 1). These two observations are exploited to simplify the axial hub torque from
(2.22) to

4 Effective wind speed models are not intended to represent the deterministic components of the wind-field as tower
shadow and wind shear, nor the high frequency spectral peaks (both deterministic and stochastic) due to rotational
sampling. [13]

5 W(r, V(r, t)) can be interpreted as the contribution to the total torque of an element of a blade.
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T,(t) = f E(V(rt))dA (2.23)

r

where ¢ is some weighting function that depends only on the wind speed, and A, the area swept by

the rotor.
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Figure 2-7. Force per unit Blade element [9]

The V(r, t) can be described as the sum of a quasi-static mean wind speed, ¥, which is the mean wind
speed encountered over several revolutions of the rotor (of the order of 20 seconds)®, and the
perturbations relative to the wind-field about the quasi-static mean, v(r, t), which are relatively small
compared to ¥ (condition 2). As a result (2.23) becomes,

T (t) = f §WV+v(rt)dA (2.24)

T

The & (17 + v(r, t)) can be linearised through Taylor’s expansion

o ~ d
EV+vro)~EV)+ % (v(r,t)) + higher order terms (2.25)
where the higher order terms can be neglected. In this way, only the perturbations, v(r, t), about the
quasi-static mean, V7, and hence their resulting torque fluctuations, need to be considered. It follows
that (2.24) can be simplified to the torque transients, AT (t), as
AT(t) = kj v(r,t)dA (2.26)

Ay

where v(r,t) continues to be a field of turbulent perturbations in the wind speed about the quasi-

static mean perpendicular to the rotor disc and k is some normalising constant.[12]

6 To be stressed that this is not the 10min mean.
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Therefore the covariance for the torque transient can be defined as

Rar(t) = E[T(t + $)T(s)] (2.27)

~ k? J‘ f Elv(ry, t+ s)v(ry, s)]|dAdA,
Ar AT‘
=~ sz f Rv(rl)”(rZ)(t) dAldAZ
Ay YA,

where Ry, yu () (t) is the time domain cross-covariance between the wind at position r4 and position

ry.

By taking the Fourier transform on both sides of (2.27) the relation between the spectral density
function of the torque disturbances, Syr(w), and the cross-spectral density function of the wind

turbulent fluctuations, Sy yy(r,) (w), is established

Sar(w) = sz f Sv(rl)v(rz)(w) dA,dA; (2.28)
Ay JA,

By then assuming that the power of wind speed fluctuations at a fixed point is independent from the

position of the rotor disc, (2.28) becomes

Sar(@) = k25, (@) j j X (r1 7o @) dA,dA, (2.29)
A 4,

where S, (w) is the spectral density function of wind speed fluctuations at a fixed point and y the
coherence function of the wind speed at the two points, r; and r,. The coherence function depends
mainly on the separation, [, between the points r; and r,, and is specified in [13] to be chosen to be
that from Davenport [23],

—vlw
x(rq,12,0) = exp (YT) (2.30)
l= \/ri +7135—-2r1.1; (2.31)

where y is the turbulent wind speed decay factor and V is the mean wind speed’. An explicit form for
the spectral density function of the aerodynamic torque transients for a blade is determined in [13] to

be of the form,

7V is assumed here to be the same as V. Any difference between them can be accounted for by adjusting ¥
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—vlw
Sar(w) = kZSv(w)f f exp (T) dA,dA, (2.32)
Ay Ja,

= k28, (w)p(x)
where
YR
*= (7) @=ow (2.33)
a = 0.55 (2.34)
and ¢ (x) is approximately [13],
(2 +x?)
~ m2R* 2.35
$(x) ~ 7R 2+ ax?)(1 +x%/a) (235)
that is
2+x?)
~ k2m2R* 2.36
Sar(w) = k*m*R*S,(w) 2+ ax)d 22D ( )
The relationship of x to frequency is clarified by the following re-arrangement,
_(R) =y (CERY o
x‘(v)“"y(vo>m (237)
where V), = Rwg/Amax
At 1P, /4, = 1and it follows that,
o Vy _ 10]/0 (2.38)
X = V( max)7 = 7

With V, having a typical value of 9-10 m/s and V from 4-25 m/s, a representative range of values of
x is 4-25.

As established in (2.26) the perturbations in the torque can be interpreted as being due to the
perturbations on &(V (r, t)), which is in other words an effective wind speed, Verr(t), uniform over

the rotor disc. It follows that the spectral density function of the effective wind speed, S(w), is
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(2 +x2)

S@) = G rada T 22/a)

Sy (@) (2.39)

The linear model relating perturbations in torque to perturbations in point wind speed, as depicted in
Figure 2-8a, is derived directly from the spectral factorisation of (2.39). With the spatial averaging of
the wind speed modelled by the filter, f(s), [13]

(V2 + os)
(V2 ++aos)(1 + as/Va)

f(s) = (2.40)

If instead the input to the spatial filter is the total point wind speed including the quasi-static mean,
the output of the filter can be used in conjunction with the non-linear torque coefficient, C,(4), to

estimate the axial hub torque generated by the blade, see Figure 2-8b. [9]

Point wind speed (V2 +a(7)s) Spatially filtered Linearised Torgue
i = = i i aerodynamic gain erturbations
perturbations (\/7 + \/EO'(V)S)(l + O'(V)S/\/E) wind perturbations y g p

a. Linear model of torque perturbations

1/(ts + 1) 4
Point
wind speed
(V2 +a(V)s) Spatially filtered 1 Torque
~ — N — R3 2 __%
(\/E + \/EO'(V)S)(l + O'(V)S/\/a) wind speed 2 PRV =Cq(A)

b. Non-linear model of torque
Figure 2-8. Models of axial hub torque [9]
The quasi-static mean wind speed, 7, is estimated by subjecting the point wind speed to the filter
1/(zs + 1), which is equivalent to averaging the wind speed over T seconds. An appropriate choice

for T is equivalent to a small number of rotations by the rotor. The same procedure can be used to

estimate the axial hub torque due to the complete rotor. [9]
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2.2.4.2.1. Rotational Sampling — Corrections to Effective Wind Speed
Models

Wind turbines are non-static structures, their blades continuously cut through the wind-field as they
rotate, altering the time varying wind speed that the blade experiences. Any wind model that is in-
tended to represent the interaction between the wind and the wind turbine needs to take this rotational
sampling of wind-field into consideration as it introduces significant components to the spectral den-
sity function of the moments and forces of interest [6][18][26]. The rotational sampling or spectral
peak model, as it is also known, has both stochastic and deterministic (tower shadow, wind shear) due

to turbulence.

Since the effective wind speed models on their own only apply for frequencies up to 1P and do not
cater for the deterministic components, rotational sampling corrections for both the stochastic and
deterministic components are needed for higher frequencies and WS and TS. These corrections are

applied a posteriori to the moments and forces of interest.
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Figure 2-9. Wind power spectral density: fixed-point (solid line) vs. rotationally-sampled (dashed
line) [6]

2.24.2.1.1. Rotational Sampling: Deterministic

Deterministic peaks in the spectrum due to rotational sampling are perceived by each blade as a
periodic disturbance in the wind speed. This is because effects like gravity, wind shear and tower
shadow change little over 5-10min (if not at all) which is a time scale significantly bigger than the

time required for one revolution of the rotor.

Because these deterministic disturbances are periodic, their covariance, R(t + ¢), is also periodic

and the contribution to spectra is a series of delta functions at kQ, weighted by the Fourier

25



coefficients®, that is,

R(E+ ) = ) yiccos(kot + ) (239)
k

where vy, are the Fourier coefficients. Note that there are no sin terms due to the symmetry of WS

and TS about the vertical axis.

Furthermore, because the covariance is continuous the magnitude of the weights, vy, tends to decrease

as 1/k2. In reality, the peaks are not delta functions but very sharp peaks. [27]

Extending the covariance from 1 blade to the whole rotor of a typical three-bladed wind turbine, blade
2 and blade 3 are delayed behind blade 1 by T /n and 2T /n respectively, where T is the period of

rotation and n the number of blades. The total contribution to the hub torque is proportional to

cos(kQot + ) + cos(kQ,(t — T/n) + d) + cos(kQ,(t — 2T/n) + ) (2.42)
= cos(kQ,t + ¢) + cos(kQ,(t — 2m/n) + ¢p) + cos(kQ,(t — 4n/n) + ¢p)

In other words, at the hub, there should only be deterministic peaks at integer multiples of the peaks
at nQ),. This is because, when k is not equal to a multiple of n, the loads at the hub cancel due to the
symmetry of the rotor. The loads will still be present at single blade level and contribute to fatigue
damage. However, should there be blade imbalance due to differences in the inertias or aerodynamic
characteristics of the blades, peaks will be present at each integer multiple of Q. Figure 2-5 shows
this scenario with deterministic peaks in the power spectrum of a 3-bladed wind turbine at 1,2,4 and
5P with a further deterministic peak at 3P which is not visible due to the stochastic component at that
frequency. As expected, the stochastic component carries more energy than the deterministic
component and thus it is not unusual for the deterministic peak to ‘disappear’ under the stochastic
one. [27]

2.2.4.2.1.2. Rotational Sampling: Stochastic

As seen in Figure 2-5, there are other peaks present in the spectral density function that are higher in
energy content than the deterministic ones and have a distinctive triangular shape with a broad base.
These are stochastic components caused by the wind speed turbulence varying over the rotor disc. As
in the deterministic case, the stochastic variation over the rotor disc is rotationally sampled by the

rotating blade and concentrated at integer multiples of Q,, thereby inducing spectral peaks at kQ, =

8 Because the wind shear and tower shadow are both symmetric about the vertical axis, there are no sine terms in the
Fourier coefficients, only cosine terms.
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1,2, ..., in the spectra of forces and moments related to the single blade (like blade torque spectra) and
on nP frequencies on the drive train variables. Figure 2-10 shows a clear example of the spectral

density function for a rotationally sampled peak of stochastic nature. [27]

A representation of the wind speed variations, underlying these stochastic rotationally sampled peaks
in the blade spectra is

Lka, () = £1(t) cos(kQ,t) + £, (1) sin(kQ,t) (2.43)

with, Lyq (t) being a sinusoid with randomly varying amplitude and phase, and &;(t) and &,(¢t)

independent coloured noise outputs of
€ = —akq, & T bro, 81 (2.44)
€, = —akq, & t+ bka, 82 (2.45)

where g, and g, are white Gaussian noise. The stochastic terms, &, (t) and &, (t), can be interpreted
to be the outputs of LTI systems with inputs w4 (t) and w,(t), respectively, and frequency response

function, K(w), defined as

b
K(w) = ————— (2.46)

where w;(t) and w,(t) are independent white Gaussian noise. The spectral density function,

Ska, (), corresponding to Lyq, (t), is

1 big, [w* + (afq, + (kQ)?)]
Ska, (@) = —— 5 (2.47)
Tw? — (aq, + (kQ)?)]" + 4af, w?

which has the required peak centred at kQ,,. Therefore, the frequency response function is of the form

b, [jo + [(ata, + (20)7)|

—w? + (alz(ﬂo + (kQ)?) + 2ayq jw

K(w) = (2.48)

where the equivalent representation for the stochastic rotationally sampled wind speed as the output
from the LTI system can be found by imputing white noise to (2.46) after it has been transformed to

time domain. The height and width of the resulting peak can be adjusted by varying byq_and axq_,

respectively. [27]
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Figure 2-10. Example of stochastic 3P peak in the torque spectral density function of a 3-bladed
wind turbine [27]

2.2.4.2.2.  Two Correlated Effective Wind Speeds Model

The concept of effective wind speed was extended to 2 correlated wind speeds in [13] in the context
of using fledge and sledge devices on the blades and with broader scope in [9] where the correlation
of the inner and outer parts of the rotor was explored in detail. This development is subject to the

same kind of conditions that restrict the validity of the second philosophy 2.

The correlated wind speed model, as its name suggests, provides simultaneous models to enable two
forces or moments to be generated with the correct correlation. In essence, if the auto-covariance and
cross-covariance and, thus, the spectral density functions and cross-spectral density functions, of the
two forces or moments under consideration remain unchanged, then it does not matter if they were
obtained by two different effective wind speeds uniform over their respective swept areas or by

interaction with a full wind-field.

To recreate the correlated axial hub torque, with areas A; and A, defined as per Figure 2-11, following

Section 2.2.4.2, the spectral density function for the inner part of the rotor would take the form:

Si(w) = Sy(w)py(x); P (x) = ¢y (x)/ Py1(0) (2.49)
where
_ 2n?R (4 (2 o
du(x) = 2 1+ ;f (1 —3sin?0)e 2¥<0s0 4g (2.50)
0
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Figure 2-11. Inner and outer sections of rotor disc

The cross-covariance, Rr,r,(t), between the torque of the outer-area, Ty, and the torque of the

internal area, Tj, is

Rror @ =K [ | Roriwrp(©dAda; (251)
Ap Y4,

with Ry, -,y (r,) (t) the cross-covariance between the wind at r; and the wind at r,. It follows that the

cross-spectral density function for (2.51) becomes

SToTI(w) = kZS,,(w)f f x(r, 12, )dAdA; = k%S, () o (x) (2.52)
Ap Y4,
where,

B ) sin‘l(l—iz) (z+1) cos 0+ 1-(z+1)25in26 _

¢10(x) = 47er.[ dz(1 +Z)f de dlle= (2.53)
0 0 (z+1) cos 8—/1—(z+1)?%sin2% 86
Ry, — Ry YR,

6= R ;X = (7>w = 01w (2.54)

Hence the cross-spectral density function between the effective wind speeds of the inner and outer

area is

Si0(@) = Sy (@)p10(x) 5 Pro(x) = P10(x)/ P10 (0) (2.55)

with the spectral density function for the effective wind speed of the outer area

So0 (@) = S, (W)Poo(x) ; Poo(x) = Poo(x)/ P00 (0) (2.56)
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where

Bo0(X) = Puroya+o)(x) — G (x) — 210 (x) (2.57)
and
2p 4 T
Pu+oya+o)(x) = anfz {1 +%f2(1 — 3sin? 9)e~2xcosb dQ} (2.58)
0

From (2.55) and (2.56),

[511(0)) Sio(w) _ [¢11(x)5v(w) ¢b10(x)S,(w) (2.59)
Sio(w)  Spo(w) h10(X)Sy(w)  Poo(x)Sy(w) '
After spectral factorisation of ¢,;, ¢;0 and ¢,,, such
RGO = ) — 20D (2.60)
If2Gw)|? = ppo(x) — dro(x) Y(x) (2.61)
Ifs(w)|? = ¢ro(x) (2.62)
Ifa(w)I? = P(x) (2.63)

where the spectrum y(x) is chosen so 1 (0) = 1 and f3, f5, f5 and f, can be chosen to be causal and
stable.

Finally the models for inner and outer effective wind speeds, V, and V,, as derived in [9], are of the

form
V= fi(s)w, + %w3 (2.64)
Vo = () wy + f3(s)f4(s)ws (2.65)

where w;, w, and w5 are independent point wind speeds and f; (s), f>(s), f3(s) and f,(s) suitable
filters.

The model described in this section is only capable of accurately representing the loads at

intermediate frequencies.
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2.2.4.2.3. Three Correlated Effective Wind Speeds Model

An attempt to develop 3 correlated effective wind speeds for the rotor, one for each blade was
presented in 2009, [28]. In this work the first philosophy is adopted.

The particular focus of [28] is on the correlation between 3 effective wind speeds placed on each one

of the rotor blades, v¢, defined as,

L f:; X(r)v(r)dr

(2.66)
er X(r)dr

with r the position along the blade span, r, the distance between the hub centre and the base of the
blade, R the radius of the rotor, v(r) the wind distribution assumed orthogonal to the plane of rotation
and X (r) a weighting function that describes the influence of the wind along the blade. The latter has

been chosen to be linear for all the blade forces considered, X(r) = r

For the derivation of the wind model, [28], 2 point wind speeds are considered at azimuth angles v,
Y, and radii ry, 1, denoted as v(t, 11, ;1) and v(t, r», ). These wind speeds are periodic in azimuth
angle at any given time, t. Therefore, the Fourier expansion in azimuth angle, v, for a fixed time, t,

at a radial position, r, is defined as

v(t,7,P) Z b, (t, 7)e™V (2.67)

n=—oo

with i, (¢, ) the time-varying Fourier coefficients.

Assuming that the covariance between the two point wind speeds only depends on the Euclidean

distance between them,

D= \/rlz + 1% — 2ryrycos(AY) (2.68)

where Ay = ¢, — 1, the covariance, R(t, D), becomes,

R(t,D) = E[vogt, r, P v(t + 1, rz,lpz)]

= Z E[0n (t, 1) D (¢ + 7,15) | € mP277%0)

. (2.69)
- z Rn,m (r,r,12)e {mpa=mips) = z Rn,n (t,rum)e indy
n,m=—co n=-—oo

where R, ,,(z,11,13), is the covariance between the Fourier coefficients
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_ 1 2w p2m ‘
Ryn(t,r,13) = W.f f E[v(t, rl,t/)l)v(t, rz,lpz)]e_‘(m‘pz_”wl) dy di,
0o Yo

(2.70)

1 (%" .
{ — f R(z,D)e”™¥dAyp ,m=n
= 2n 0

k 0 otherwise

In [28] it is assumed that the blades rotate at a constant angular velocity 1) = w, , leading to a constant

time evolution of the azimuth angles

v, =wt+y, 5 P,() = wt+P, (2.71)

The covariance of the wind speeds at the rotating points becomes,

R"(1,D) = E[Z(t' 1, Y1 OV + 7,72, (0))]

= Z E[#,(t, 1) T (t + T, 73) |eim@rTelmbz—nipn) glwr(m-n)t
e (2.72)

Z ﬁn,n (‘L’, 71, 7'2) enwrTo inAy

n=—oo

and the spectral density function of the rotating points,

S"(w,D) = F{R"(1,D)} = z Sun(@ — nw,, vy, 175)e™¥ (2.73)

n=-—oo

To remove the dependency on the radial coordinates, (2.66) is used, leading to the harmonic spectrum

of the blade effective wind speed being defined as,

R R
fro X(r2) fro X(r)Fy(w, 11, 13)drdr,

R (R
f,, ) X)X (ry) drydr,

Spn(w) = S(w) = Fj(0)S(w) (2.74)

where

1 (% .
F,(w,rq,1y) = er C(w,D)e MY dAy (2.75)
0

with C(w, D) the coherence function.

It follows that the cross spectral density function of the effective wind speeds associated with the

rotation (2.71) becomes
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S (w, AY) = z 5 (0 — nw,)e™ (2.76)

Assuming that the spacing between the three blades is Ay = 2?" the effective wind speed vector for
all three blades is,
2r am\1"
V=0 %O HOF=[Heo 8(0T) 83 @277)

The corresponding spectral density matrix becomes

~e
S¢(w) = z SnE (2.78)
n=—oo
where
2T . 4T
[ 1 emT em?]
., —2 .2
E = |ean 1 elnTﬂl (2.79)
| inim  p2m |
eln 3 eln 3 1

To progress the spectral factorisation, [28], the wind model is simplified with only the diagonal
elements of (2.78) being retained. The proposed wind model for a blade, j, then has the following

structure in the frequency domain:

vi(w) = Go(w)eg(w) + G1(w)ej1(w) + Go(w)ej,(w) + G3(w)ejz(w) , j=123 (2.80)

where the e, (w) are the frequency representation of Gaussian white noise and G, ;(w) the transfer
functions, corresponding to the frequency response functions. The transfer functions are obtained in

[28] by minimising a frequency domain cost functions and are listed below, in Table 2-1, with their
Bode plots in Figure 2-12.
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n Gn

0 0.017004(s + 68.99)
(s + 2.873)(s + 0.03357)

1 —0.2807(s + 2.617)(s + 0.2683)
(s + 0.4707)(s? + 0.19925s + 4.399)

2 —1.4387(s? + 0.006123s + 0.1993)
(s + 1.148)(s + 0.5589) (s + 0.3449s + 17.61)

3 —1.6613(s? + 1.059s + 1.241)
(s? + 3.143s + 2.939)(s2 + 0.4393s + 39.58)

Table 2-1. Transfer functions for wind model by [28]

Bode Diagram Bode Diagram
50 TFF 20
T no nl
T
~ o N ol o
) o
Z z
8 3
3 -50 [~ 3 20 m
5 L s
& g
= 100} —— 2 ok \
150 60 bbb breer Pob v bbied bbb breer Pkt bbbed

0 e e — 225
— 45 B _ 18—
g g
A o
3 901~ \ L g 1351 H
g il £
& 135~ / T 0 S

180 = 45k
-3 -2 -1 0 1 2 3 4 -2 -1 0 1 2
10 10 10 10 10 10 10 10 10 10 10 10 10
Frequency (rad/sec) Frequency (rad/sec)
Bode Diagram Bode Diagram

n3

n2
201 B 20
T (I—— )

& @

= s

P P

g -0~ g -0

2 £

g g

= 60(~ = 60f
-80 -80
360 225

_2n0b 180 —_

S >

5 5

Z Z

o @

8 8

2 £

o o

135 - g

180 f——— -
%0 - .
90 , 250 i
E—— e ma

0k R [

2 1 0 1 2 1 0 1 2
10 10 10 10 10 10 10 10 10
Frequency (rad/sec) Frequency (rad/sec)

Figure 2-12. Transfer functions bode plots for [28]. Top left n = 0, top right n = 1, bottom left n =
2, bottom right n = 3
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2.3. Conclusions

This chapter provides a short literature review of the nature and dynamics of the wind resource and
most common techniques used to model wind for wind turbine control design and analysis purposes.
The general characteristics of wind speed, in particular, the stochastic (atmospheric turbulence) and
deterministic (wind shear and tower shadow) components, together with previously developed wind

models suitable for control purposes are discussed.

Initially, simple models were used, which represented the wind as a uniform point wind speed over
the whole rotor disc through simple addition of several deterministic wind components [15], then
more sophisticated point wind speed models, which accounted for the stochastic and turbulent
components of the wind [16][20]. In none of these models was the wind-field/rotor interaction
considered. Subsequently, the notion of effective wind speed modelling was introduced to aggregate
the wind speeds acting over the whole rotor. A stochastic effective wind speed model of the turbulence
component, which merely averages the wind over the rotor, was proposed in [21]. In [13], it was
refined so that the statistical properties of rotor torque would be reproduced. It was indicated that over
the frequency range up to 1P, torque is reproduced with reasonable accuracy. This aspect of the model
was not addressed in [21]. In [9], the approach adopted in [13] was extended to obtain 2 correlated
effective wind speed models to reproduce 2 different rotor moments including the correlation between
them. In [9], an attempt was made to extend the approach in [21] to obtain 3 correlated wind speed
models, one for each blade. However, although models for 3 wind speeds were constructed, they were

uncorrelated.

From this literature review it is clear that an effective wind-field model suitable for control purposes
that reproduces the torque on each blade and the thrust on the tower with the correct correlations over
a frequency range up to 6P has not been previously developed.
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Chapter 3

Separability for Constant Speed Wind
Turbines

The rotor/wind-field interaction model is dependent on the relationship between the statistical
characteristics of the wind speeds acting on the rotor and the statistical characteristics of the
subsequent torques and forces induced on the rotor, this relationship is highly non-linear.
However, that relationship would essentially be linear provided Separability is a sufficiently
accurate representation of the aerodynamics over a sufficiently large domain. Separability is,
thus, a key facilitator in developing an effective wind-field model for the rotor/wind-field
interaction. In Chapter 3, the accuracy of Separability and the extent of its domain are explored

for constant speed wind turbines.

Consider an aerodynamic force or moment dependent on 2 or more variables that can be
expressed over some neighbourhood of a locus of points as the combination of two additive
components dependent on independent variables, e.g. f(B8,V) = h(B) — g(V), where S is the
pitch angle of the blades and V the wind speed for constant speed wind turbines or
f(B,V,w) = h(B,w) — g(V), for variable speed wind turbines, where w is the rotor speed.
When such behaviour is exhibited by a wind turbine aerodynamic relationship and the

neighbourhood is large, this property is referred to as Separability.

Separability has been exploited for over 20 years in the context of feedback control for wind
turbines. It was first observed in the aerodynamic pitching moment of the blades of a 330kW
constant speed wind turbine [29]. However, only Separability local to the locus, was required
in [29] and no attempt was made to determine the extent of the neighbourhood. Nevertheless,
it was the first demonstration and exploitation of Separability for control design purposes to
simplify complex non-linear aerodynamics of wind turbines. In [30], the Separability of
aerodynamic torque of a 300kW constant speed wind turbine was explored. A comparison
between torque, T, values derived from the standard BEM based non-linear relationship and

the values for torque derived from the Separability based representation is depicted in Figure
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3-1. The scope of the work in [30] was to establish the extent of the neighbourhood for which
this Separability property holds, it can be appreciated that, although the domain range of data
is big, the density of data is low and furthermore the data set includes values in the stall region
for which Separability does not seem to apply. The values in the stall region are highlighted in
Figure 3-1. The results confirm that the property holds for torque values ranging from 0 to 2.5
times rated torque, T,. The increasingly dispersed values above 1.6 x 10° Nm are well outside
the normal operational range of pitch regulated wind turbines. The accuracy of approximation
and the range over which it holds is sufficient for feedback control purposes. In [31],
Separability of classic BEM models for a 300kW variable speed WT with T, equal to 71.75
kNm was investigated. Figure 3-2 highlights that for this variable speed WT, when looking
into values restricted to the normal operating envelop, Separability does occur for a range of
+23% around rated torque (area boxed between 55 and 90 kNm). The approximation can be
considered sufficiently good for the representation of the aerodynamic torque for the purposes
of feedback control design. No attempt to derive the best possible Separability functions or
maximise their domain was made, some of the spread in the results may be due to this. In
contrast to the previous example, the data density is high in this instance but the neighbourhood

is limited to the vicinity of the normal operating range of the WT.

It is clear from this early work that Separability existed when derived from aerodynamic
torques related to BEM modelling, and that it had a range and domain suitable for control. But
an essential question remained, was Separability the outcome of the simplification of the rotor
aerodynamics that BEM introduces or was it a real property of the aerodynamics of wind
turbines? In [32] the aerodynamic model of a 1MW commercial wind turbine was identified
from field data and Separability established. The normalised' result of the comparison between
the aerodynamic torque derived from experimental field data and Separability relationship
derived from the same data set can be seen on Figure 3-3. The data in Figure 3-3 has been
normalised to the interval, (0,1), with the rated torque 0.5. Regardless of the restricted nature
of the range of aerodynamic torques that were used, close to T,,, due to the data being obtained
during normal operation of the WT (big excursions from optimal operation would not occur)
the results are remarkable. The correlation between Separability results for a real operating

strategy of a variable speed WT and field data demonstrates that Separability is exhibited by

" The data has been normalised to protect commercial interests.
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experimental data (WT aerodynamics derived directly from field measurements) and thus it
cannot be an artifice related to BEM simplifications. [29][30][31][32]
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Figure 3-1. Separability in a constant speed 300kW wind turbine [30]
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Figure 3-2. Separability for a 300kW Figure 3-3. Separability (normalised) for a
variable-speed wind turbine [31] 1MW variable speed wind turbine [32]

The significance of the above, particularly in the context of wind turbine control, is that the
speed feedback control loop is independent from the wind speed. The wind turbine can be
modelled as a non-linear dynamic system dependent on the nonlinearity h,, (8) and an
additive external disturbance, g,,,(V), dependent only on wind speed' [31]. Figure 3-4 shows

a control block diagram incorporating the aerodynamic Separability relationship and the speed

" Functions h,, (8) and g (V) are unique for each w, and rotor
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feedback control loop. The speed feedback loop is independent of wind speed and its dynamics

are only non-linear in pitch angle.

wyg * e

— Controller pitch » Actuator WT
_ demand —‘
w

Figure 3-4. Block diagram decomposition of aerodynamic non-linearity and speed feedback
control loop

4

During these early studies the main objective was to ascertain that Separability held sufficiently
well for feedback control purposes. There was no concerted effort to determine how good an
approximation it could provide. However, this initial research did not only provide answers to
the initial questions posed, but it also brought new ones. Since Separability had been proven to
apply to both BEM aerodynamics and field derived aerodynamics (derived from direct
measurements on a real WT), there was a strong suggestion that Separability was indeed a
property of the aerodynamics of WTs. The strength of the property mainly depends on how
good a representation of the aerodynamic torque it could provide. If Separability is proven to
be highly accurate over large neighbourhoods, then more questions arise: such as, what exactly
does Separability tell about the aerodynamics of a WT? What are the implications? Is it related

to optimum design of the rotor? What is the best functional representation of Separability?

Furthermore, the control of WTs has evolved and become more complex with controllers
including feed forward terms and sophisticated effective wind speed models, e.g. PAC for wind
turbine control [33]. The higher complexity of modern WT control is one of the main reason
for looking into the Separability property in detail, here. The second is that Separability enables
an effective wind-field model to be developed in Chapter 5. To this end the study of
Separability is divided between Chapter 3, which focuses on constant speed WTs, and Chapter

4, which covers variable speed WTs.

In this Chapter, Separability of the aerodynamic toque for a constant speed wind turbine, i.e.
the additive property, T(B8,V) = h(B) — g(V), is investigated in detail. In Section 3.1, basic

additive approximation methods are discussed. In Section 3.2, an Additivity Property theorem
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core to the Separability property is introduced. In Section 3.3, global Separability behaviour is
discussed. In Section 3.4, the application of Separability to the aerodynamic torque of a wind
turbine is considered. Section 3.5, derivation of the functions involved in the separated
representation is investigated. In Section 3.6, the results for Separability for constant speed
WTs are discussed and, in Section 3.7, the conclusions for the Separability property for

constant speed WT are summarised.
3.1. Simple Additive Approximations

Consider a function F(x, y) for which F(xs, ys) = F, for all points, (xg, y5), on some locus,
£. There are several approaches to obtaining an approximation of F(x,y) as an additive
combination of a function of x and a function of y such that F(x,y) = h(x) — g(y). Some
standard approaches are discussed in this chapter. To support the Separability property, the
minimal requirement is that the approximation has the correct values and derivatives for
F(x,y)on?.

3.1.1. Taylor’s Expansion

At a point, (x, y5) on the locus, ¢, by Taylor’s series linearisation

dF (x,y) 0F (x,y)
F(x,y)zF0+(x—xs)T +(}’—}’s)a—
(x575) y (x5,¥5) (31)
Clearly, this approximation is additive with
dF (x, OF (x,
() =Fo+ (x —x) 22| and g(y) = —(y — y5) 2 (32)
X5,Ys) y (x5,¥s)

Provided (x, y) remain within a sufficiently small neighbourhood of (xs, y;), then F(x,y) =

h(x) — g(y) to arbitrary accuracy with both the value and derivatives correct at (xg, y;).

When this additive property is applied to a given function, the main characteristics exhibited

are:

At a specific point, (xg, y;), the value of the function is correct, i.e. F(x, ys) = Fj.

e The derivatives at (x,, ys) are correct.

e A measure of nearness to (xg, ys) is simply the Euclidean distance.

e The approximation is specific to the point, (x, y;) only and does not extend over all

points for which F (xs, ys) = F.
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3.1.2. Direct Approach

Since the Taylor’s expansion linearization only applies to a specific point, it is unsatisfactory
and a better approach, that applies over the whole locus, ¢, is required. For any function, g(y),
define the function h(x) by

h(O)lx=x, = 9Wly=y, + F (X0, %) (3.3)

for all points, (x,,y,), on £ then

F(x,y) = h(x) — g(y) (3.4)

that is, the dependence of F on x and y can always be expressed additively on the locus. At the
points on the locus, (3.4) gives the correct value of F(x,y) but, depending on the choice of
g(y), the difference between F(x,y) and h(x) — g(y) can increase rapidly as the distance
from the locus increases. Furthermore, the gradients of the derivatives on the locus need not be

correct.

When this additive property is applied to a given function, the main characteristics exhibited

are:

e At the points on the locus, the correct value of the function is obtained.
¢ Information about the correctness of the derivatives on the points on the locus cannot

be inferred.

e Ingeneral h(x) — g(y) need not be a good approximation to F(x, y) outside the locus.

3.2. Additivity Property Theorem

The approaches to obtaining an additive approximation to F(x, y) discussed in Section 3.1
are clearly insufficient to provide insight into the Separability property. The following
Theorem, [34], provides that insight.

Theorem 3.2: Consider a function F(x,y) with domain D c R, . Suppose F(x,y) is

continuously differentiable on £ < R,, a continuous locus closed in R,, on which

F(x,, yo) =F (3.5)

with F,, constant. Provided that, for all (x,,y,) € ¥,
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oF(%,,Y,)
Yo Yol 4
; (3.6)

and, for almost all (x,,y,) € %,

aF(XO’yO) >0 Or a|:(X0’y0) <O (3'7)
OX OX

then there exist continuously differentiable functions, h(x) and g(y), such that

I) for a” (xOJyO) € f’ g(yo):h(xo)
OF (%51 Yo)

i) forall (x,,y,) € 4, wzh'(xo) and T=—g’(yo)

iii) forall (x,,y,) € £, Fy + h(x) — g(y) is tangentional to F(x, y)
iv) for any p > 0, there exists a § > 0 such that |F(x,y) — (Fo + e(x,y))| < u for all

(x,y) € {(x,y) « [e(x,y)| < &}, where e(x,y) = h(x) — g(¥)

v) forany u > 0, there exists a 6;, 5, > 0 such that |% — h’(x)| < u, forall (x,y) €

() eyl <8}, and [FE2—g'Gol <u, for all (xy) € {(x,):

oy
|£(x! Y)l < 62}

Proof: By the implicit function theorem, for any (x,,y,) € £, there exists an open set U ¢ R
containing x, and a unique continuously differentiable function f(+) such that, for all x € U,
(x,f(x)) € £ and
oF(x, f(x)) _ _ df (x) oF (x, f(x)) (3.8
OX dx oy

Hence, since £ is continuous, there exists a unique continuously differentiable function, F(-),

such that, for all (x,,v,) € ¢, vy, = f(x,) and

OF (o) __dF () OF (x,,Y,) (3.9

OX dx oy

Clearly, for almost all x € {x, : (x,, f(x,)) € €}, f'(x) >0 or f'(x) < 0. Let h(-) and g(*)
be continuously differentiable functions with domains, D, ={x|(x,y) ¢ for some y} and
D, ={y|(x,y) ¢ for some x}, respectively, and ranges R, and R, respectively. Furthermore,
let h=*(-) exist with domain R, and g'(y,) # 0, for all y, € D,. The derivative of h=1()
exists and is continuous almost everywhere in Rj, and g~*(*) exists with domain R, and its

derivative exists with domain R, . Consider the transformation, (x,y) — (u,v) for all
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(x,,Y,) € £, such that

u=nhx)+g®») (3.10)

v =h(x) —g() (3.11
then, for all (u,,v,) € £ = {(u,v)|u = h(x) + g(y),v = h(x) — g(y), for all (x,y) € £},
the inverse transformation, (u, v) — (x,y), also exists such that

x=h"E u+Vv)) (3.12)

y=9"GUu-v)) (3.13)
Hence, there exists a function, G (u, v), such that

F (% Yo) =G (U, V) (3.14)

for all (u,,v,) € 2. Furthermore, other than at those points (x,,v,) € £ for which the

derivative of h=1(-) does not exist, G (u, v) is continuously differentiable with

OF (%, %) G (U, v,
OX _ h’(xo) h’(xo) ou

OF (%Yo {9’(3/0) —g’(yo)} 0G (U, V) (3.15)
oy ov

Without loss of generality, it is possible to choose h(-) such that, for all (x,,y,) € ¢,

h(x,) =g(f(x,))=9(Y,) (3.16)
thereby meeting (i). It follows that
h'(x,) = f'(X,)9"(f (%,)) = F'(%,)9'(Y,) (3.17)
and, for almost all x € {x, : (x,, f(x,)) € €}, K'(x) > 0 0r k'(x) < 0 as required by

existence of h=1(+). Hence, for almost all (x,,y,) € Z,

0= IF (X1 ¥o) | df (X,) OF (%o, ¥o) (3.18)
S dx oy

= (0(x,) + ) gy, T Cod (- L) gy EEUrte)

_ df(xo) ! aG(uo’vo): ! 6G(UO,VO)

-2 806 gy o) gy EECarte)

And, for almost all (u,, v,) € 2,

oG(u,,V,) (3.19)

ou

=0
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Furthermore, since, for all (x,,y,)e?, 25 Ye) _ o and g'(y,)=0, it is possible without
oy

loss of generality to choose g(-) such that

oy OF (%1 Y,) (3.20)
9'(Yo) oy
) oF(%,,Y,) o 0G(u,,V,)
for all (x,,y,) € £. Consequently, since T:_g (yO)T for almost all
(U0, Vo) € 2,
oG(u,,Vv,) _1 (3.21)
Soret=

for almost all (u,,v,) € 2. In addition, since h(+) and F (x, y) are continuously differentiable

oG(u

for all (x,,y,) € ¢ and wz h'(xo)TO’V") for almost all (x,,y,) € 2,
X

OF (X5 o) (3.22)

() = =

forall (x,,y,) € £, thereby meeting (ii).

Part (iii) follows directly from (i) and (ii) and near any (x,,y,) €/,

F(x,y) = Fy + (h(x) — g()) (3.23)

To be more precise, since F(x,y), h(x) and g(y) are continuous, for any (x,,y,) € £ and
u > 0, there exists a § > 0 such that | F(x,y) — (Fo + h(x) — g(¥))| < u and, since h(x)

and g(y) are continuously differentiable on Dy, and D, respectively, &(x,Y) € (&, &) TOr

all (x,y) e{(x,y)]l(xy)—(X,,Y,)|l,< S} Moreover, since ¢ is closed in R,, it is compact in
R,, and, therefore, for any u > 0, there exists § > 0 and associated ¢,;, <0 and &, >0
such that (X% Y) €{(X,Y) 1 60X, Y) € (Erin s Evex )+ implies
£069) 106 V) = (%, ¥o) [l < 8, for some (x,, ¥,) € 3 and so | F(x, ) — (Fo + e(x, )| < u.
Hence, for any u > 0, there exists a8 > 0 such that | F(x,y) — (Fy + &(x,¥))| < u for all
(x,y) € {(x,y) : |le(x,y)| < 8} as required by (iv).

Part (V) is established in a similar manner to (iv).

In short, what Theorem 3.2 implies is that provided (x, y) remain within a sufficiently small

neighbourhood of the locus, Z, as measured by &, then, the function F(x,y) is to arbitrary
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accuracy uniformly equal to the additive combination of functions of x and y, i.e.

F(x,y)=Fy+¢ ; e€=h(x)—g() (3.24)
Similarly, the derivatives are uniformly equal to arbitrary accuracy as measured by «¢.

From Theorem 3.2 and its proof, several useful properties of the functions involved in the

Separability property are observed:

1) Functions h(-)and g(-) are continuously differentiable functions with domains, D;, =

{x|(x,y) € £ for some y} and D, = {y|(x,y) € £ for some x}, respectively.

2) The gradients, aF(z;’C’y") and aF(’aC;'y"), must not change sign on the locus, 2.
3) Forall (x,,y,) € £, 522 = p'(x,) and %y” =—g'()

4) Forall (xo,,) € £, h(x,) = g(¥,), Where y, = f(x,).

5) Hence, with respect to accuracy, € acts as the measure of displacement from the locus,

L.

The maximum possible domain for F(x, y), over which the Separability property is valid, is

restricted by the above observations. By 1), the region of validity is D, X Dy < Dg. In other

words, it is the points, (x,y) € D, for which there exists a y, such that (x,y,) € £ and a x,

such that (x,,y) € €. By 2), if either aF(g;'y") or aF(g;'y") changes sign within D, x D, then

additional boundaries arise from the loci of points on which either derivative is zero. For
example, since the derivative of aerodynamic torque with respect to rotor speed changes sign

on entering stall, the data points in the stall region in Figure 3-1 should be discounted.

3.3. From Local Additivity to Global Separability Behaviour

When the neighbourhood of applicability of the additivity property defined in Section 3.2 is
big, that is, when the property becomes global rather than local, then Separability as defined at
the beginning of this chapter applies. When considering this global relationship, a
generalisation of the non-linear dependence on ¢ is possible. The additivity property in Section
3.2, i1s modified such that,

F(x,y) = t(Fy + &) = ©(Fy + h(x) — g(»)) (3.25)

where function 7 is a non-linear function. By choosing t(F,) = F,, where F, is a constant,

(3.25) is consistent with (3.5) of Theorem 3.2. Also, by choosing ©'(F, + ¢,) = 7'(F) = 1,
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where g, = h(x,) — g(y,) = 0, it is ensured that the gradients of the derivatives are correct

by construction. In a sufficiently small neighbourhood of the locus, (3.25) can be simplified to:

F(x,y) =Fy+h(x) —g(y) (3.26)

which is, in fact, (3.23).

3.4. Separability in the Context of Wind Turbines

In Section 3.2 a local Additivity property is introduced and, in Section 3.3 its extension to
Separability is considered. In the current section the Separability property is investigated in the
context of the aerodynamic torque, T, for constant speed WTSs, which is non-linearly dependent

on the pitch angle, 3, and wind speed, V.

In applying the theory from Section 3.3 to WTs, (B, V) supplant the generic variables (x, y).
Similarly, h,, () and g,,(-) supplant the generic functions h(-) and g(-), &,,(*) supplants
e(*) and ,,, (*) supplants z(:).

3.4.1. Constant Speed Wind Turbines

For a constant speed wind turbine, with a constant rotor speed, w, and rated torque, T,, in
above rated conditions, there is a pitch angle at which T, is attained for each wind speed; that
is, there is a locus of equilibrium operating points on which the torque is T,. Provided that as
per (3.9), fu,, (V) is monotonic, where f,, (V) is the relationship of 5 to V along this locus of
equilibrium points, and h,, (f) and g,,, (V) are chosen following (3.16), then, by part ii), the
Additivity Theorem in Section 3.2, it follows that,

T (B, f, !
R 0, (B) = @ g ﬁ° ) (3.28)
9wy (V) = — w1, V) ‘”a"l(/v)’ V) (3.29)
(3.23) becomes,
T(B,V) = T(B,V, 0wy = To + ey (BV) = To + (hsy (B) = 9o, (1)) (3.30)

with (h,,(B) — gw,(V)) = 0 on the locus. The partial derivatives by construction are, also,

correct on the locus as required.
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Locally to the locus of equilibrium operating points, T, + &,,(8,V) is a good representation
of T(B,V); that is, within a sufficiently small neighbourhood of the locus the difference can be

made arbitrarily small. More generally, bringing in the discussion in Section 3.3, near the locus,
Ty (B.V) = Ty (To + 2,,) = Ta (To + (g (8) = 90y 1)) (3:31)

for some function 7, such that,

7o (To + £,,,) =T, (3.32)

Ewy=0

Ty (TO + gwo) =1 (3.33)

Ewy=0

By judicious choice of z,, (-), the size of the neighbourhood can be maximised. In effect, in a
region that includes the whole set of equilibrium operating points, the dependence of
aerodynamic torque on pitch angle is through h,, (f) and on wind speed through g, (V)
whilst the dependence on displacement of the operating point from the locus is through z,, ,

see observation 5) in Section 3.2.

As is known from previous work [29][30][31][32], somewhat surprisingly, T, (8,V) =
Tw, (TO + (hwo(ﬁ) = 9w, (V))) applies for a very large neighbourhood for a very wide range

of rotors, in fact, for all investigated to date. Furthermore, z,, (-), is generally a weak nonlinear
function. Typically, the neighbourhood includes values of aerodynamic torque between 0 and

2T, .

The Additivity Property Theorem, Section 3.2, provides insight into the domain of g and V for
which Separability may apply, since a necessary condition for Separability is that the Additivity
Property must hold locally to the locus of equilibrium operating points. The valid domain for
B and V is restricted to those points such that there exists a pitch angle of the blade for that
wind speed for which the torque is T, and that there exists a wind speed for that pitch angle for
which the torque is T,. Other restrictions are that values of g and V for which the torque is
negative and those for which there is a change of sign in the derivatives compared to the locus
should not be considered. Nevertheless for illustrative purposes, some of them have been
included in the analysis. [29][30][31][32]
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3.5. Determination of the Separated form of Torque

There are two main approaches when it comes to determining the separated equations for
torque, direct integration of the partial derivatives, for example as used in [31], see Figure 3-2.
The second approach avoids the need for derivatives and can achieve higher accuracy when
the derivatives would be noisy [29]. The second approach is adopted here. The data used are
C, tables from aerodynamic simulations in Bladed, which can be coarse, see Figure 3-5, where
the constant pitch angle lines are not especially smooth. These tables would need to be
numerically differentiated to get the derivatives, which would be noisy leading to the separated

form having inaccuracy near Ty, which is unfortunate.

3.5.1. Procedure for Determining g,,, (V) and h,, (B)

An empirical/graphical explanation of the method used to determine the equations in
Separability to high accuracy. This method was initially introduced in [29] but its full potential
is only explored here. The method is explained step by step in the following and the Matlab
code used can be found in Appendix L. A 3MW WT with a well-designed rotor, PJ9, is used

to illustrate the procedure.

The starting point of the process is the C, table of the WT of interest. The C, table used is
obtained from Bladed for a pitch range of -3 to 50 degrees in 1 degree increments and a tip
speed ratio range of 0.1 to 21.9 with 0.1 increments. The values of C, are plotted in Figure 3-

5, where each line represents a constant pitch angle and the arrow indicates increasingly
positive values of pitch angle. Since the rotor speed is constant, this table is re-tabulated in

terms of pitch and wind speed instead of pitch angle and tip speed ratio.
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0.1 T T T T T T T T T

—— Constant pitch angle line

Torque Coefficient

tip speed ratio

Figure 3-5. C, table for rotor PJ9

Having re-tabulated the C, table, the following steps ensue:

1) Calculate the equilibrium wind speed at each pitch angle, for which C, is tabulated, to
obtain f;,,(V), that is, the pitch scheduling, see Figure 3-6. This function is monotonic
as required by Theorem 3.2.

2) Transform the wind speed values of the C, table into pitch angles using the pitch
scheduling, these pitch angles are referred to as equivalent pitch angle, g* = f,, (V).
This process is illustrated with red arrows in Figure 3-6, where a wind speed of 15m/s

is transformed into an equivalent pitch angle of 10 degrees.

20 T T ot
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pitch [degree]
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©

<
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o 1 r

10 15 20 25

wind velocity [m/s]

Figure 3-6. Pitch scheduling for rotor PJ9

3) Calculate the aerodynamic torque at each combination of pitch angle and wind speed, for

which C, is tabulated. In Figure 3-7. , these values are plotted for constant pitch angle

against the equivalent pitch angle, 8*. Unsuitable data are neglected, specifically negative
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torque values, stall region torque values and generally any value that cannot physically

allow the WT to regain equilibrium.

x10°
8 : ; : ;
—— Constant pitch angle line
2] S Symympeyeeeyr gy g gy ey g SRS SRR RSy a
E
=
[:h]
=
(=
5
=
1586 1
U ________ 1 : [T = e i T = ol R —
1 I I I I I I I I
2 4 6 8 10 12 14 16 18 20

B* [deg]

Figure 3-7. Torque table with modified axes for rotor PJ9

4) From the set of torque values calculated in 2), those closest to rated torque are indicated on
each plot of constant pitch angle in Figure 3-8.

w10°

—— Constant pitch angle line

Torgue [Mm]

] 1 1
2 4 B 8 10 12 14 18 18 20
B* [deg]

Figure 3-8. Torque table with modified axes and T,.,:.4 Surrounding values for rotor PJ9

From observation 4) in Section 3.2, when the local sections in Figure 3-8 are displaced
vertically to form a continuous plot, see Figure 3-9. , the relationship obtained between

torque and S* is the function, —h,, ().
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w107
8 T T T T

—— Constant pitch angle line

Torgue [Mm)

] 1 I
2 4 B 8 10 12 14 16 18 20
R [deg]

Figure 3-9. Torque table with modified axes, rated torque surrounding values and g(8*)
function for rotor PJ9

5) With each pitch angle, for which C, is tabulated, represented by a single data point, the
mirror image of the relationship shown in Figure 3-9. is constructed, see Figure 3-10, and
then the least squares quadratic fit

hy, (B) = (—1.46 x 101)5% + (-1.21 x 10%) + 1.75 x 10°

for h,,(-) is determined. It represents this relationship well, see Figure 3-11.

Torgue [Mrm]

1 |
2 4 B B 10 12 14 16 18 20
R" [deg]

Figure 3-10. Torque table with modified axes, rated torque surrounding values, g, (8*) and
h.,,(B) functions for rotor PJ9
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% hif)

quadratic

Torque

y=- 14684004 - 1.21e+004%x + 1.75e+006
-5 1 1 1

1 1
2 4 G 8 10 12 14 16 18 20
B’ [deg]

Figure 3-11. Function h(f)for rotor PJ9

6) The function g, (V) is constructed by combining the relationships between torque and 8~

and between pitch angle and wind speed, Figure 3-11 and Figure 3-6, respectively, and then

the quadratic fit
Ga, (V) = —(7.40 x 10*)V% — (1.95 x 10°)V + 1.65 x 10°

is determined, see Figure 3-12.

x10°
-1
+ av)
2l quadratic fit ||
3+ _
=4 ]
O
=
o
s -5F -
e
FL _
Tr y=- 7.424+003%% - 1.950+005%% + 1.65e+006 1
-8 1 1
10 15 20 25

wind speed [m/s]
Figure 3-12. Function g, (V) for rotor PJ9

The above procedure ensures that T, + (ha,0 (B) — gwo(V)) = T, with the correct derivative

values along the locus of equilibrium points; that is, the local behaviour from the Theorem 3.2
is preserved. It, also, avoids the need to invert functions. For each combination of wind speed

and pitch angle, for which Cj, is tabulated, the torque values calculated using the functions,

9w, (V) and h, (B), obtained from following the above procedure are compared in Figure 3-
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13 to those using the C, table directly. Inevitably, some of the data in Figure 3-13 is close to
the boundary of admissible points, e.g. those points close to the stall boundary, when deviation

from Separability can be expected.

w108 Rator PJ9
B T
_ Stall
E
= B e R -
o
=
o
=
'_
1.586
] S— S - Ty#Ea0 (BV) |-
R | l
-1 0 1.586 4 8
Separability Torgue (Nm) x10°

Figure 3-13. Comparison between the torque values predicted by Bladed and the torque
values calculated through the Separability theory equations for rotor PJ9

3.5.2. Procedure for determining z,, ()

The z,, () function describes the weak non-linear dependence of T on the ¢, () function. The

application of general purpose fitting methods to all the data points in Figure 3-13 would be
influenced by those points which are close to the boundary of admissible point and so not really

valid. Instead, a few key values far from the boundary are selected, see Figure 3-14.

When determining the appropriate fit to those representative points, it has been taken into
account that the region for which there should be most accuracy, lies around the value of Tj,.
Roughly between 0 Nm and 2 x T, Nm. Specifically, to comply with Theorem 3.2 at T,
7w, (To) = To and z,,,"(Tp) = 1. When analysing cubic and quartic fittings in this region, it
was found that a quartic fitting would provide a better fit with the gradient value closer to 1,

whilst still avoiding overfitting, see Figure 3-15.

Therefore a quartic polynomial fit is then applied, see Figure 3-16, which for rotor PJ9 is

Two (To + €0,) = —(2.24 x 1072) (T, + £w0)4 +(1.86 x 107 (T, + £w0)3
+ (7.67107°)(Ty + £, )" + 0.849(Ty + &4, ) + (1.57 x 10°)

which when normalised by T, becomes,
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4

Ty + €y Ty + €y
., (Ty + ¢, )=—(1.4173 x 10* (—") + (7.4203 x 10* (—")
wo(To + £0,) = = ) 1.586 x 10° ( ) 1.586 x 10°

2

Ty + €
0~ ) +(1.3465><106)<

Ty + €4,
1.586 x 10° )

+ (1.9296 x 10%) ( 1.586 x 10°

+1.57 x 10°

The comparison of the fit with and without z,, (-) is depicted in Figure 3-17.
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Figure 3-14. Manually selected points for characterisation of z,, (+), rotor PJ9
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3.6. Results

Over many years, the Separability property has been observed for many different rotors and
has been exploited in many control applications. What remained to be investigated is how good
an approximation the Separability property provides and whether it is related to a specific
aerodynamic property of the blades of the WT. In the following this is investigated in detail by
exploring the results for 3 different rotors. Two of these rotors are aerodynamically efficient,
the already introduced 3MW rotor PJ9 and the 2MW Demo rotor which is available on Bladed

itself. The third is an aerodynamically inefficient 2MW rotor denoted as Demo-modified. This
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rotor, as the name suggests, is based on the Demo rotor but its blade profile is modified to be

a simple rectangle with no twist.

For the aerodynamically efficient rotors, PJ9 and Demo, it can be appreciated from Figure 3-
13. and Figure 3-18, that, over data points ranging from 0To to 2.5To, except for a weak non-
linearity there is a close match between the directly calculated torque values using the C, table
and those using &,,(B8,V). As expected, the accuracy is especially good near To. In other
words, there is full coverage over the common operating points range and beyond. Values that
lie close to stall region together with negative torque values, are included in order to provide
insight into the behaviour of the theory at the extremes of its range of applicability; this should

not to be interpreted as the property breaking down.

For the non-aerodynamically efficient rotor Demo-modified, Figure 3-19, there is still a
reasonable match between for T, + £, (B, V) and the correct values. The results are more

scattered than for the aerodynamically efficient rotors.
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Figure 3-18. Function T, + €,,,(5, V), rotor Demo
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Figure 3-19. Function T, + &, (5, V), rotor Demo-modified

In Figure 3-20, Figure 3-21 and Figure 3-22, a direct comparison between Ty, + &, (8,V) and
7, (To + €0 (B,V)) for the rotors PJ9, Demo and Demo-modified, respectively, are provided.

For all three cases, the 7, (-) function is reasonably effective.
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Figure 3-20. Comparison of T;, + ¢,,(B,V) and z,,(+), rotor PJ9
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For rotor PJ9, the contours of constant error for T, + ¢, (5,V) and z,, (TO + &0, (B, V)) are

presented in Figure 3-23 and Figure 3-24, respectively. The improvement in the error achieved
by the introduction of z,, (-) is evident. In a similar manner, Figure 3-25 and Figure 3-26 show
the error contours for rotor Demo. Note that the errors for rotor Demo are considerably smaller
than for rotor PJO.

Clearly from comparison of the results for the three rotors, the extent to which Separability
holds is dependent of the design of the rotors. In particular, it is stronger for aerodynamically

efficient rotors than for less aerodynamically efficient rotors.
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3.7. Conclusions

The main conclusions regarding Separability property in the context of constant speed WTs

are,

Separability has been observed over the past 25 year for a substantial range of
different WTs. In fact, to date, there has been not a single example of lack of
Separability in the WTs that have been studied. The detailed examination of rotors
PJ9, Demo and Demo-modified, provides a clear demonstration of the strength of
the Separability property and a better understanding of the degree of accuracy of
Separability.

The range of data points, for which Separability is valid has been clarified. It
provides a good approximation to aerodynamic torque within the region for which
data points are valid according to Theorem 3.2, including all the normal operating
points of the wind turbine.

The strength to which Separability holds is related to the efficiency of the rotor
design.

Both functions g, (-) and 7, (-) are weakly non-linear.

The general fit for the Separability property equations for constant speed WT is

quadratic for functions, h, (f) and g, (V), and polynomial for the function,

Twg ).

Therefore, it is demonstrated in Chapter 3 that representing the aerodynamics in separated form

is highly accurate over a very large domain, certainly sufficiently so to support the development

of the rotor/wind-field interaction model for constant speed wind turbines.
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Chapter 4

Separability for Variable Speed Wind
Turbines

Modern WTs are, in their majority, variable pitch and variable speed machines. Therefore, for
the purpose of designing the rotor/wind-field interaction model, it is important, as per the
constant speed case, to explore the accuracy and domain of Separability, and to determine the

best structure of the separated form for control purposes for this particular case.

Consequently, in the current Chapter, the Separability property is explored for an aerodynamic
moment or force in the context of variable speed WTs. As discussed in the introduction to
Chapter 3, Separability of the form of f(B,V,w) =Ty + h(B, w) — g(V), where f is non-
linearly dependent on rotor velocity, w, pitch angle, 8, and wind speed, V, has been observed
to apply to variable speed WTs. The (B, ) pair are controllable variables, whereas V is non-

controllable.

The magnitude of the wind speed over the blades in the outer third of the rotor is typically
dominated by the component induced by the rotation of the rotor. Thus, aerodynamic
characteristics of the rotor are, indeed, sensitive to the rotor speed. The first indication that
Separability may apply and be of a range broad enough to be useful, is that contour lines
relating torque to rotor speed with constant wind speed at constant pitch angle of 0 degrees, are

relatively parallel within the normal operating envelope when away from stall, see Figure 4-1.
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Figure 4-1. Aerodynamic torque versus rotor speed for 300 kW variable speed wind turbine
with operating envelope [35]

For variable speed wind turbines, the Additivity property functions, see Section 3.1, h,, (),
9w, V), and the Separability equation z,, (-), see Section 3.3, can be determined for different
values of rotor speeds, w,. Hence, for all operating points, (8, V, w), for which T(8,V, w) is

To,
T(B,V,w) =Ty + (h(B,w) — g(V,w)) (4.1)

where h(B, w) and g(V, w) are defined by
h(B, )l w=w, = ha, (B) (4.2)

IV, 0)|w=w, = Gu, (V) (4.3)

Note, w, has a range of possible values, that includes rated rotor speed, w,, and that the locus
of operating points for which T(8,w,V) =Ty, is now a 2-dimensional surface in a 4-

dimensional space. In the neighbourhood of the locus of equilibrium operating points,
TB,V,w) = T(w,TO + (B, V, a))) =T (w,TO + (h(ﬁ, w) — gV, a)))) (4.4)

where 7(w,)|y=w, = 7w, (*)- Consider the set of points, (8, w, V), on the locus, for which the
aerodynamic torque has constant value, T,. These points can be continuously parameterised by

a such that
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T(a) =T(B(), w(x),V(x) =Ty (4.5)
and since

OT df(a) 0T dw(a) 0T dV(a) _dT(a) _

= (4.6)
0 da Jw da WV da da

the partial derivative with respect to w is simply related to the other two partial derivatives.
Since the partial derivatives with respect to g and V of the separated form, (T0 + h(B, w) —

g, w)), on the locus of equilibrium points are correct by construction, the partial derivative

with respect to w is also correct. [36]

There is more than one way of formulating Separability for a 3-dimensional function, it can be
purely mathematically motivated, (4.4), driven by applicability i.e. suitable for control
engineering purposes, or related to the physics of the aerodynamic torque. In Chapter 4, the
choice of that formulation, together with the characteristics and nature of the functions
themselves, is explored. The extent of the Separability functions’ domains are also explored.
Separability in wind speed, in its most generic form with functions h(8, w) and g(V, w), it is
explored in Section 4.1. Subsequently, a simplified form of the Separability functions of the
form h(B,w) and g(V), is investigated in Section 4.2. Separability in tip speed ratio, is
discussed in Section 4.3 and Section 4.4. Section 4.5, provides a direct comparison of the
Separability results for the simplified wind speed version and tip speed version. Section 4.6

summarises findings and conclusions.
4.1. Direct Extension of Separability to Variable Speed Wind Turbines

The natural extension of Separability to the variable speed case, (4.4), as discussed in the
introduction, is investigated here for the same rotors as in Chapter 3.

For rotor PJ9, an extended range of variations covering +20% variations from rated rotor
speed, w,, with increments of 10%, have been applied. Results for function g(V, w) can be
seen in Figure 4-2 and for function h(B,w) in Figure 4-3. The comparison of T, +
(h(B, w) — g(V, w)) for the different values of w can be found in Figure 4-4 and Figure 4-5.
As per Chapter 3 some points outside the range of applicability of the Separability property
have been kept for illustration i.e. negative values, stall regions values, non-physical values;

this is also true for rotor Demo and Demo-modified. The main exploration of the nature of the
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Separability fits is done using rotor PJ9, and therefore, more extensive tests than for the other

rotors, which are used for further illustration, have been performed.

For rotor Demo, only +10% w, are determined. Results for function g(V, w) can be seen in
Figure 4-6 and for function h(B, ) in Figure 4-7. These equations are derived using the same
methodology described in Section 3.5. The comparison of T, + (h(ﬁ, w)— g, a))) for the

different values of w can be found in Figure 4-8.

For rotor Demo-modified, as for rotor Demo, only £10% w, are determined. Results for
function g(V, w) can be seen in Figure 4-9 and for function h(B, w) in Figure 4-10. The
comparison of Ty + (h(B, w) — g(V, w)) for the different values of w can be found in Figure

4-11.

A remarkable result is that for the aerodynamically efficient rotors PJ9 and Demo, when
looking at function g(V, w) in Figure 4-2 (rotor PJ9) and Figure 4-6 (rotor Demo), there is a
strong suggestion that function g(V, w) can be considered independent from w. However, for
the non-aerodynamically efficient rotor Demo-modified, see Figure 4-9, this observation does
not hold. On the other hand, results for function h(g, w) for all three rotors, in Figure 4-3,
Figure 4-7 and Figure 4-10, confirm that the pitch dependent function is strongly dependent
on w, as expected. Furthermore, results in Figure 4-4, Figure 4-5 and Figure 4-8 would suggest

that the t(w,") of each aerodynamically efficient rotor does not change with variations of w.

Overall, for both aerodynamically efficient rotors, results in Figure 4-4, Figure 4-5 and Figure
4-8 show a strong presence of Separability. This is true not just for the envelope of operating
points related to rated conditions but Separability also holds reasonably well when variations
occur between 10-20% of w,. For the rotor Demo-modified in Figure 4-11, the Separability
property as an approximation becomes poorer than the one exhibited by the aerodynamically
efficient rotor counterparts. Nevertheless, results would suggest that Separability would still
find application for control purposes on an ill-designed rotor, still, particular caution should be

taken in that case.
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Figure 4-11. Comparison between the torque values predicted by BLADED and the torque
values calculated through the Separability theory equations for Demo-modified rotor for
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For the rotor PJ9, further tests are conducted. The behaviour of the aerodynamics when at the
same time as w is modified, the rated torque of the WT is also modified by the same percentual

measure, is explored. The results can be seen in Figure 4-12 for function g(V, w), Figure 4-13
for function h(8, w) and Figure 4-14 for Ty + (h(B, w) — g(V, )).
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In contrast to results seen in Figure 4-2, Figure 4-6 and to an extent Figure 4-9, the g(V, w)
functions cannot be superimposed as they maintain their dependence on w; as it would be
initially expected from the theory. The variation of g(V, w) with w is due to rated torque

changing and thus, the Separability functions also changing.

The individual fits in Figure 4-14 are successful regarding Separability but they do not work
together in the same measure that it was seen in Figure 4-4, Figure 4-5 and Figure 4-8. This
strongly suggests that also, function 7(w,-) maintains its dependency on w. When looking at
the individual behaviour of the Separability fits, T, + (h(8, w) — g(V, w)) starts to deteriorate
when encountering points outside the region of applicability of Separability, as expected. This
is especially evident when approaching the stall region which is more prominent on the +20%
and +10% case studies, highlighted with a circle in Figure 4-14.
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Figure 4-12. Function g(V, w) for rotor PJ9 for different rated torque and rated rotor
velocities
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4.2. Wind Speed Based Separability

The observation made in Section 4.1, that the plots of function g(V, w) in Figure 4-2 and
Figure 4-6 are very similar, strongly suggests that the Separability property could have a
simplified form with g(V, ) only dependent on V and t(w, Ty + £(-)) only dependent on

(To + () , that is, on the locus of equilibrium operating points,

TB,V,w) =1(To + (B, w,V)) =1(Ty + (h(B,w) — g(V))) (4.7)
For any choice of constant rotor speed, w,, on the locus of equilibrium operating points,

gwo(ﬁ: V)= hwo(ﬁ) - gwo(V)
= hwo (B) + Juw, W) - Jw, ) - Jw, )

= Ry (B) + Guoy (frk (B)) = Gy (frk (B)) = Gy V)
= Guo (fol (B)) = 9oy V) = £0, (B V)

(4.8)

where w,, is rated rotor speed. Along the locus of equilibrium operating points, there is a
relationship between the V and the g and between the h(-) and the g(-) through f(-). This

relationship is encapsulated by Observation 4) in Section 3.2, whereby on the locus,

9o,V = go, (fa,‘ol (8)) and also h,,, (B) = g, (fir (8, from which (4.8) results.

Leté,, = (ga,o (fwo"l(ﬁ)) - gwo(V)>- On the locus &, = 0 as required, but the partial

derivatives are no longer correct since

dé, de
“o = —q' —a’ = “o 49
5y = 9wW*F-9,,)=—77 (4.9)
ag‘l’o I -1 r -1 ’ -1 r -1 agwo
N (e ) A (O R N (AR ) VR DR (4.10)

It follows that T, + (gwo (fwo_l(ﬁ)) - gwo(V)> =Ty + &,, is not related to T(B3,V, w)

by the Additivity property as per Section 3.2 but by the Additivity property as per Section
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3.1.2 Nevertheless, when g,, (V) = g,,,(V), as observed in Figure 4-16, and, therefore,

Two(To + &w,) = 70, (To + €,,) =Ty at &,, = &,, =0,

o = (9 (foo 7 B)) = 9 ) = (90, (fi, ' B)) = 90, 1) = 20,

d z-(’-’0 (TO + ga’o) ~ aT(Jl)o (TO + gwo)

ETG EYG (4.11)
d Two (TO + gwo) aTwo (TO + gwo)
ap - B
Hence, choosing g (V) to be g,,,(V), an appropriate choice for h(5, w) is
R )l wmw, = Guy (furk (B)) (4.12)

In Figure 4-15, h,, () and g, (fa,‘ol(ﬁ)) are compared with w, values of 80%, 100% and

120% of rated rotor speed, w,, for rotor PJ9. The pairs of functions match closely.
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Figure 4-15. Validation of simplified wind speed Separability for rotor PJ9

By using the least square method on the data for all the ranges 80% to 140% w,, the function
g(V) has been optimised. The result of the optimised g(V) function, together with the

associated h,, () functions to cater for the specified range, is shown in Figure 4-16. The
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optimised fit is quadratic with coefficients shown in Table 4-1. The coefficients for function
7(+) for rotor PJ9, which is independent from the rotor speed can be found in Table 4-2 with a

4" order polynomial fit.

Separation in wind speed is based on an empiric observation that g(V) does not depend on w.
However, it might be that basing the derivation of the separated functions, h and g, on the
Additivity property in Section 3.1.2 rather than the Additivity property in Section 3.2,
compromises the degree of accuracy of the separated form. To test whether this is the case, a
more principled version of Separability for variable speed WTs is better. Separability based on

tip speed ratio is such an approach, and is discussed in detail in Section 4.3 and Section 4.4.

Results and discussion for the simplified Separability in wind speed can be found in Section

4.5 alongside the comparison with Separability in tip speed ratio.

6
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[ [
" Goprimsep (V) = 9177.5V2 + 1.3714 x 105V — 1.1375 x 10°
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:
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p [degree]

Figure 4-16. Wind speed based Separability for rotor PJ9
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Function Coefficients: aV? + bV + ¢
Rotor Speed a b c

g Any 9177.51 137136.99 -1137466.98
40% w, -28920.16 43995.09 -392548.12

30% w, -25304.80 37291.54 -305735.25

20% w, -21315.35 17972.22 -156346.38

he, B) 10% w, -18022.19 5270.26 -31787.00

Wy -16124.76 20225.35 -23332.39

-10% w, -12993.33 2752.10 131741.14

-20% w, -10357.91 -6598.68 235101.73

Table 4-1 Coefficients for function g(V) optimised and associated h,, () for rotor PJ9

Function Coefficients: a(-)* + b(:)3 +c()?> +d() +e

Rotor
a b c d e
Speed
() | ANy | _22372x10771 | 18647 x 10" | 7.6695x10~° | 0.84856 | 1.5665 x 10°

Table 4-2 Coefficients for function t(-) for rotor PJ9

4.3. Tip Speed Ratio Based Separability

The Additivity property can also be derived from the physics of the torque, with aerodynamic

torque defined as:

T(w,B,V) = % pARV2C,(B,2) = kV2Cy(B, 2) (4.13)

1
k=5pAR (4.14)
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where p is air density, A area swept by the rotor, R radius of the rotor and k is a constant. The
torque coefficient, C,, is dependent on the variables § and A, thus it would be convenient to

have all related dependencies on V replaced by A:

(L)R (JJZRZ
A= 7 _— VZ = /12 (415)
2R2 C ,A
T(w,B,V) = kV2C, (B, 2) = kchq(ﬁ,z) - Ka? % (4.16)

where K is a constant.

Cq (ﬁ ,A)
A2

Wthh C(B,A) = C(Bo,lo) = CO Wlth AO = R(Uo/Vo,

Applying the additivity property to C(B,4) = along the locus of operating points on

CB,A) =Co+ (HB) —G) (4.17)

on the locus. In Figure 4-17 and Figure 4-18, for this form of Additivity, function G (1) with a
quadratic fit, and function H(f) with a cubic fit, are shown for rotor PJ9. The functions have
been found using the same method as in Section 3.5, with C, = 6.6694 x 10~* for rated
torque, see Table 4-3 for function G (1) and Table 4-4 for function H(f).

Once the Additivity equations are established, the existence and range of Separability is
investigated. The data used includes wind speeds from 11m/s to 25m/s (catering for rated wind
speed up to cut-off wind speed), rotor speed varying from 80% to 120% of w, and pitch angle
values from 0 to 23 degrees. It can be seen from Figure 4-19 that the separated form, C, +
(H(B) — G(A)), is a good representation for C(B, A) for a very large neighbourhood enclosing
the locus of equilibrium points with values of C(f, A) that vary from 0 to 2C,. As per previous
Separability results, the data present in Figure 4-19 does include values outside the range of

applicability of Separability i.e. negative values and stall region values.

The main drawn back from applying the Additivity property to the tip speed ratio is that the
locus of points for which the Additivity properties, like correctness of partial derivatives, are

warrantied, does not correspond with the operating points of the WT.
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Figure 4-19. Separability for constant C, for variations of 80%, 90%, 100%, 110%, and

Rotor PJ9
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Figure 4-17. Function G(A) for rotor PJ9
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Figure 4-18. Function H(f) for rotor PJ9
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Function Coefficients: aA? + bA + ¢

a b c

G(A) 0.035117 0.0066006 -0.00053145

Table 4-3. Function G (1) coefficients

Function Coefficients: af® + b2 + cf + d

a b c d

H(B) | —6.1224x 1078 | —4.1873x10™® | —2.206 x 1075 | 7.5734x10°°

Table 4-4. Function H(p) coefficients

4.3.1. Comparison of Aerodynamic Relationships

One main requirement of the Separability property is that the gradients of the derivatives of
points on the locus of operating points are correct by construction and as required, see
Observation 3) in Section 3.2.

Separability in tip speed ratio is applied to rotor PJ9, rotor Demo and rotor Demo-modified at
their rated rotor speed and +10% variations of it, no t(w,") function has been applied. By
looking at C,/A* vs 4, a visual representation of how good the surfaces, including the fact that
they are tangentional to each other at the locus of equilibrium points and the existence of a
substantial range, can be achieved. For the separated form, the domain of A is restricted to that
for which Additivity applies. The results can be seen in Figure 4-20 to Figure 4-22 for rotor
PJ9, Figure 4-23 to Figure 4-25 for rotor Demo and Figure 4-26 to Figure 4-28 for rotor Demo-

modified.

It is, of course, also useful to be able to visualise the same on C, vs A plots. Results can be seen
in Figure 4-29 to Figure 4-31 for rotor PJ9, Figure 4-32 to Figure 4-34 for rotor Demo and
Figure 4-35 to Figure 4-37 for rotor Demo-modified.

From Figure 4-20 to Figure 4-37, the continuous lines indicate Bladed results for both C, /2

vs A and Cg vs A, the dashed lines are for the separated representation and the plus signs (+)
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represent the locus of operating points. Each line of data corresponds to a constant pitch value.
More data points than the strictly applicable ones for Separability theory have been included
to study the behaviour beyond ideal conditions, this is particularly obvious where there is a
change of sign of the gradient in the Separability results (dashed lines) in the plots.

The results from all three rotors display that Separability is a good approximation. It clearly

breaks down in the stall region which limits the domain.

The results are clear in confirming that the derivatives of the functions involved in Separability
are correct along the locus of equilibrium points as posited in Section 3.2 and that there exists
a substantial range of reasonable accuracy. To be noted that the results are good even in absence
of the T(w,") function, the inclusion of which would had provided better results over a bigger

domain.

® 100%, rotor PJ 9

3 3 3 T

tip speed ratio ( A)

Figure 4-20. C, /2% vs A (continuous lines) for rotor PJ9, predicted values from equations
(dashed lines) and equilibrium points (plus signs)

80
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Figure 4-21. C, /2% vs A (continuous lines) for rotor PJ9 with rotor speed diminished by -
10%, predicted values from equations (dashed lines) and equilibrium points (plus signs).

o 110%, rotor PJ 9
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[EnY
]
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Figure 4-22. C, /2% vs A (continuous lines) for rotor PJ9 with rotor speed increased by +10%,
predicted values from equations (dashed lines) and equilibrium points (plus signs)

X 10'3 ® 100%, Demo rotor

> 4 6 8 10 12 14
tip speed ratio ( A)

Figure 4-23. Cq/)L2 vs A (continuous lines) for Demo rotor, predicted values from equations
(dashed lines) and equilibrium points (plus signs)
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X 10'3 ® 90%, Demo rotor

2 6 8 10 12 14
tip speed ratio ( 1)

Figure 4-24. C,/A* vs A (continuous lines) for Demo rotor with rotor speed diminished by -
10%, predicted values from equations (dashed lines) and equilibrium points (plus signs)
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Figure 4-25. C,/A* vs A (continuous lines) for Demo rotor with rotor speed increased by
+10%, predicted values from equations (dashed lines) and equilibrium points (plus signs)
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Figure 4-26. C, /2% vs A (continuous lines) for Demo-modified rotor, predicted values from
equations (dashed lines) and equilibrium points (plus signs)
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X 10'3 o 90%, Demo-modified rotor
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Figure 4-27. C,/A* vs A (continuous lines) for Demo-modified rotor with rotor speed
diminished by -10%, predicted values from equations (dashed lines) and equilibrium points
(plus signs)

X 10'3 ®» 110%, Demo-modified rotor

14
tip speed ratio ( A)

Figure 4-28. C, /A vs A (continuous lines) for Demo-modified rotor with rotor speed
increased by +10%, predicted values from equations (dashed lines) and equilibrium points
(plus signs)

o 100%, rotor PJ 9
0.08 : c
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S o0.04
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tip speed ratio ( A)

Figure 4-29. C,, vs A (continuous lines) for rotor PJ9, predicted values from equations (dashed
lines) and equilibrium points (plus signs)
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® 90%, rotor PJ 9
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Figure 4-30. C, vs A (continuous lines) for rotor PJ9 with rotor speed diminished by -10%,
predicted values from equations (dashed lines) and equilibrium points (plus signs)
® 110%, rotor PJ 9
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Figure 4-31. C,; vs A (continuous lines) for rotor PJ9 with rotor speed increased by +10%,
predicted values from equations (dashed lines) and equilibrium points (plus signs)
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Figure 4-32. C, vs A (continuous lines) for Demo rotor, predicted values from equations
(dashed lines) and equilibrium points (plus signs)
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o 90%, Demo rotor
0.08 : . C
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g 0.04

0.02
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tip speed ratio ( 1)

Figure 4-33. C4 vs A (continuous lines) for Demo rotor with rotor speed diminished by -10%,
predicted values from equations (dashed lines) and equilibrium points (plus signs)

®» 110%, Demo rotor
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tip speed ratio ( A)

Figure 4-34. C, vs A (continuous lines) for Demo rotor with rotor speed increased by +10%,
predicted values from equations (dashed lines) and equilibrium points (plus signs)
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Figure 4-35. C; vs A (continuous lines) for Demo-modified rotor, predicted values from
equations (dashed lines) and equilibrium points (plus signs)
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» 90%, Demo-modified rotor
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Figure 4-36. C, vs A (continuous lines) for Demo-modified rotor with rotor speed diminished
by -10%, predicted values from equations (dashed lines) and equilibrium points (plus signs)

®» 110%, Demo-modified rotor
0.08 . : :
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Figure 4-37. C, vs 4 (continuous lines) for Demo-modified rotor with rotor speed increased
by +10%, predicted values from equations (dashed lines) and equilibrium points (plus signs)

4.4. Modified Tip Speed Ratio Based Separability

Because the tangentional nature of the separated form to the plots of C,/A* can be seen to hold
pretty well within a broad region about the locus of equilibrium points in Figure 4-20 to Figure
4-28, itis justifiable to apply additivity in A and g along the locus for which T is constant rather
than C; that is the Additivity in the more desirable form

T(B, 2, w) = w*(To/wg + (h(B) — g(1))) (4.18)

on the locus of equilibrium points with T (8, 4, w) = T, . However, the Additivity property in

Section 3.2 no longer applies. Instead, only the Basic Additivity of the form described in
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Section 3.1.2 applies. More generally, preserving the correct values at the equilibrium points,

Separability is formulated as,
T(B, 2, w) = w*n(To/wf + (h(B) — g(1))) (4.19)

for some w(+) such that u(Ty/w3) = T,/w3. Where the u(+) function could be thought to be to
the tip speed ratio Separability as the t(+) function is for the wind speed Separability.

4.4.1. Characterisation of the Additivity Equations h(B) and g(4)

The initial observation on the basis of results in Section 4.3 that (4.19) may apply, although
with Basic Separability, suggests that a fitting procedure similar to Section 3.5, could be
appropriate. Unfortunately, when applied, results are not satisfactory. Better results are

obtained by fitting the gradients as functions of 1/4, then integrating the resulting polynomials.

The reason for using functions of 1/A can be seen from Figure 4-38. The asymptotic behaviour
implies that a fit as a polynomial in X is likely to be inappropriate. However, Figure 4-39
strongly suggests that a fit in 1/A would be better. The functions, h'(8) and g'(1), are
determined for the separated form of T(B,4, w)/w? using data sets for which T(B, 1, w) is
close to T, with rotor speeds of 80%, 90%, 100%, 110%, 120% and 140% w,. To find g'(1)

2
the fits to % are determined as functions of 1/A. A satisfactory fit is cubic, as can be seen

from Figure 4-40. Hence:

g =a(2) +5(3) +e(3)+a @20
gd) = fg'()l) daA =AG)2 +BG) +CIn(A) + DA+E (4.21)

with A = %a, B = b, C = cand D = d. Note, the presence of the In(1) term in (4.21). It is the

reason why fitting the g’ (1) as a polynomial in 1/A rather than g(1) is a better approach.

Following the same methodology for h'(B), the initia

2
I a(g;;) Vs [ data can be seen in Figure

4-41. The best fitting for h’(B) is also cubic, as can be seen in Figure 4-42. Hence:

W(B) =kB3+152+mB +n (4.22)
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h(B) = fh’(ﬁ) dB =KB*+ LB3+ MB? + NB + P (4.23)

withK=§k,L=l,M=mandN=n.

Having determined the form of the fits (4.21) and (4.23), the coefficients for g(1) and h(B)
are optimised directly, using the least squares method. The g(4) and h(f) equations are shown

on Figure 4-43 and the coefficients are as in Table 4-5.

Optimised coefficients for
functions g(A) and h(B)

-4.36
188.47
-6543.44
14058.73
-20181.90
-54699405.81
28264102.03
4940730.35
-240218.21
-11552999.06

)

g|lo|m>»| 0|z Z|r

m

Table 4-5. Optimised coefficients for functions g(4) and h(f)
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Figure 4-42 Equation fitting for h'(B) Figure 4-43. Equations g(4)and h(B) with

optimised coefficients
The values of T(B,4, w)/w? at the operating points along the locus of constant T, are
compared to the above fit in Figure 4-44. It can be seen that basing the fit on Observation 3)
Section 3.2, is successful even though only the Basic Additivity as described in Section 3.1.2
really applies.

5
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x 10°
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5+ (h(B) — g(A)

Figure 4-44. Equilibrium points after separation
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4.4.2. Modified Tip Speed Ratio Separability, from Local to Global

Behaviour

The u(*) function is determined separately for the different rotor speeds between 80% and

140% w, as depicted in Figure 4-45, with the p(+) functions scaled by w?, as per (4.19).

X 106

i [Nm]

%( o 80%
/g —t 0 90%

1.586 2 ——  100%

vl S @ 110%

F e 0 120%

0 4 o 130%

o 140%

-1 0 1.586 5
To + w*(h(B) + g(A)) X 106

Figure 4-45. Function u(+) scaled by w? for Rotor PJ9
It can be appreciated from Figure 4-45, that there is a noticeable difference between the pu(*)

functions for the different rotor speeds, in particular y’(TO/wO) # 1, but all fits are clearly

weakly non-linear. This is a clear consequence from the Additivity property in Section 3.2 not
applying anymore. Instead, the Basic Additivity in Section 3.1.2 applies, but the fitting of the
equations has continued to be based on Observation 3). The function u(-) coefficients for rotor

speeds varying from 80% to 140% w, can be seen in Table 4-6.
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Function Coefficients: a(-)3 + b(:)? + c(-) + d

Rotor

Speed a b c d
80% w, —-1.49 x 10714 1.2101 x 1077 0.84237 41478
90% w, —-1.54x 10714 1.4431 x 1077 0.75763 96090
Wy —1.2306 x 1014 1.3031 x 1077 0.75355 1.0591 x 10~°

u() | 110% wy | —7.2452x 10715 | 9.6426 x 1078 0.76346 | 1.5002 x 105

120% w, | —2.5267 x 107> | 6.2676 x 1078 0.76755 2.2174 x 107°

130% wy | —2.414x 10715 | 6.6202x 1078 0.71419 3.2405 x 107>

140% wy | —1.9659 x 10715 | 2.2092 x 1078 0.78475 3.4826 x 107°

Table 4-6. Function u(-) coefficients for rotor PJ9

To ascertain the extent of the deviation of ¢/ from 1 at the equilibrium points, the equilibrium
points have been analysed for 80%-140% w,. The results can be seen from Figure 4-46 to
Figure 4-52. The gradients vary for the different w but remain reasonably close to 1 for a broad

range of w.

Because the u(+) functions differ for each choice of w, comparisons in Section 4.4.3 of

T (B, A, w) to the separated fit, do not include the «(+) functions nor t(+).
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Figure 4-48. Equilibrium points ® 100%
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Figure 4-50. Equilibrium points ® 120%
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Figure 4-49. Equilibrium points ® 110%
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Figure 4-51. Equilibrium points ® 130%
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Figure 4-52. Equilibrium points ® 140%

4.4.3. Results for Modified Tip speed Ratio Based Separability

The results for T = w? (TO + (h(B) — g(A))) can be seen from Figure 4-53 to Figure 4-59 and
for % =Ty, + (h(B) — g(1)) from Figure 4-56 to Figure 4-62. All results account for the

whole set of data for each w that is represented. The results are discussed in Section 4.5 along

with the comparison with the wind speed based Separability.
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Figure 4-55. Separability in tip speed ratio
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Figure 4-56. Separability in tip speed ratio
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4.5. Comparison of Wind Speed Based Separability and Tip Speed Ratio Based
Separability

In Section 1 and Section 4.4, two different versions of Separability are discussed, specifically,
Separation using function g(-) only dependent on wind speed, (4.7), and Separability using tip
speed ratio, (4.18), namely,

T~ 7(To + (h(w,) — g0))) and T ~ w?u(To/w} + (h(B) — (1)) (4.24)

For Separability in wind speed, h(w, 8) and g (V) together with optimised polynomial fits,
h(w,B) = a,p? + b,B +c, and g(V) = aV? + bV + c, are shown in Figure 4-16. For
Separability in tip speed ratio, h(B) and g(1), together with optimised fits h(8) = KB* +
LB+ MB? + NB+ P and g(1) = AA1"2+ BA™1 + CIn(A) + DA + E, are shown in Figure
4-43.

From Figure 4-67 to Figure 4-73 the two versions of Separability are compared directly for
rotor speeds of 80%, 90%, 100%, 110%, 120%, 130% and 140% w,, respectively. Neither
function z(-) nor function u(-) have been used. Results show that both types of Separability are
good approximations to the aerodynamic torque for large neighbourhoods enclosing the locus
of equilibrium points. As would be expected, the 100% w, case exhibits the closest match. The
least good is the 80% w, case, but that is not unexpected since its operating points are the

closest to stall.
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Each Figure is further accompanied by a blow up of the data close to Ty, i.e. the data local to
the equilibrium operating points. It can be seen from these blow up graphs, that there is a small
inaccuracy in the tip speed ratio based Separability version. The inaccuracy is particularly clear
for the lambda case 140% w, shown in Figure 4-73, where the deviation is at its most severe
having a displacement in the order of 5% from the assumed value. The underlying reason for
this inaccuracy is the implicit assumption in Section 4.3, that for the data sets for 80%, 90%,
100%, 110%, 120%, 130% and 140% w, the A fit being based on the Basic Additivity property
as in Section 3.1.2, would be as good as the Additivity property in Section 3.2.

For Separability in tip speed ratio, the neighbourhood for which the separated representation
of the aerodynamic torque is a close approximation, extends in every case at least from 0 to
2T,. This area increases as the set of operating points for the different rotor speeds move away

from the stall region, being a particularly good approximation even when T >> T,.

For Separability in wind speed, the neighbourhood for which the separated representation of
the aerodynamic torque is a close approximation, also extends in every case at least from 0 to
2Ty, and it is particularly good when T << T, . Although there is no first principle justification
for the simplified wind speed version of Separability, i.e. for a g(V') being independent of w,

the latter even locally to 1, is at least as good as Separability in tip speed ratio. In addition, it

has a consistent z(-) function over the different rotor speeds.

It can be concluded that both versions of Separability provide very good approximations to the
aerodynamic torque over extensive neighbourhoods of T, at least from 0 to 2T,. If anything,
the Separability in wind speed is better but it has the least analytic support being more empirical

in nature.
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4.6. Conclusions

The Separability property is investigated for constant speed WTs and variable speed WTs. The
general structure of the Additivity functions h(-) and g(-) for both the wind speed and tip speed
ratio based Separability, and their relationship is determined. In particular, the optimised fit for
the wind speed based Separability, is found after the best parametric form for the individual

equations k() and g(-) are identified.

Both the g(-) and z(-) functions are proven to be weakly non-linear and can be considered
independent from w. Whereas the w () function has been confirmed to have both, dependency
on w and more non-linearity, albeit still relatively weakly so. This is largely due to the Basic

Additivity property in Section 3.1.2 applying to Separability in tip speed ratio rather than the

Additivity property from Section 3.2, an important consequence being that ;/(To/woz) + 1.

It is demonstrated that Separability exists for both constant and variable speed WTs and that it
holds for very large neighbourhoods with very good accuracy. In fact, on average, it
comfortably covers more than double the rated torque of all WTs explored.

It is established that both, principled Separability based on tip speed ratio and empirical
Separability based on a simplified version of wind speed, provide good approximations for the
aerodynamic torque with the latter as good as the former. Therefore, when exploiting
Separability to develop advanced controllers and other purposes, such as wind speed models,
which require good accuracy, the use of the empiric Separability relationship of the form,

T~ o(Ty + (h(,) - 91)))
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is fully justified.

This form of Separability provides with the correct values and derivatives at the equilibrium

operating points and the =(-) function is invariant with w.

It is demonstrated in Chapter 4 that representing the aerodynamics in separated form is highly
accurate over a very large domain, certainly sufficiently so to support the development of the

rotor/wind-field interaction model for variable speed wind turbines.
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Chapterb

Effective Wind-Field Model

Previously in Chapter 3 and Chapter 4, the feasibility of representing the relationship between
the statistical characteristics of the wind speeds action on the rotor and the statistical
characteristics of the momenand forces induced on the rotor as a linear one, has been
explored and validated. Chapter 6 uses this insight to build an effectiveialthdhodel that

is suitable for control purposes and that is capable of inducing in the rotor, at least, the correct
torque on each blade and the thrust on the tower with the correct correlations over the frequency

range up to 6P.

Since the stochastic and deterministic components of the wind are statistically independent
from one another, it is natural to discuss theesately. Accordingly, Chapt®éris structured

as follows: inSection5.1 the overall structure of thevind-field andaerodynamianodel is
discussedin Section5.2, the stochastic component of the windlevdoped in Section5.3,

the deterministic component (tower shadow, wind sheatgveloped. Theomplete wind

field modelis presenteth Section5.4. In Sectiorb.5the complete effective winfield model

is validated againsBladedwhen the WTmodel usedor testingis represented as a stiff
structure In Section5.6 a Simulink model including the effective wiigtld model is
compared to Bladed with full structural dynamasd in Section5.7 a discussioron the

outcomesan be found
5.1. Structure of Wind-Field and Wind Turbine Models

In Chapter3 and Chapted, the Separability propertgstablishs, within its region of validity,

a weskly non-linear relatioshipbetween the iplanetorque and the wind speed

On the basis of this relationshign efective wind-field modelis developed with the capacijty
in the region of validity of Separabilityo induce the correct iplane momentsuch aghe
rotor torque and the iplaneroot bending momentRBM) of a blade Because of the close

relationship beveen the ifplane and oubf-plane moments and forgabke windfield model
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