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Abstract

The development and use of Reduced Order Models (ROMs) has attracted lots of at-
tention among the engineering and scientific community in the past decades. Indeed,
these models are able to significantly reduce the original complexity of a system, without
severely affecting the accuracy. A crucial point to consider when elaborating Reduced
Order Models (ROMs) for unsteady (e.g. transient) nonlinear problems in fluid dynam-
ics is the definition of a proper set of dominant features, alias modes or basis functions,
that can project the fluid system behaviour in a low-dimensional space without losing
essential dynamics. To ensure that this is the case, a quantitative assessment is often
necessary to define how well the low-dimensional space is approximating the underlying
dynamics. For transient nonlinear flows, elaborating such a ROM, equipped with an
efficient and reliable measure of its accuracy, can be a rather challenging task.

To address these aspects, the present work reports a heuristic study of ROM perfor-
mance, targeted for transient nonlinear fluid flows, when using different low-dimensional
spaces, that are defined using different algorithms for the extraction of dominant fea-
tures and different sorting of dominant features within each algorithm. An analysis is
also performed to assess quantitatively such ROMs. In particular, the reliability of an
error measure is investigated, namely the residual error, based on a specific discretisa-
tion of the initial set of equations of the fluid system, as opposed to an error measure
that requires the computation of high-fidelity reference solution to obtain information
about the accuracy of the ROM.

The results of these analyses have shown that different linear low-dimensional spaces,

identified by a specific set of global basis functions, are able to solve for different dy-
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namic features with a good degree of accuracy. Moreover the residual error has demon-
strated to be a reliable means to assess the relative performance of the various ROMs
considered. As a consequence, a Model-Based Adaptive ROM Framework has been
introduced. The novel framework combines the strengths of several linear ROMs in a
unique monolithic structure by selecting the best low-dimensional space, among a col-
lection of available ones, based on the specific time window where the low-dimensional
reconstruction is needed. The term Model-Based refers to the residual error that is
used to drive the selection of the basis.

The performance of the Model-Based Adaptive ROM has been finally assessed on a
set of test-cases relevant for the aeronautical field, that exhibit transient nonlinear
dynamics with advection-diffusion and interaction of flow structures. Namely, a multi-
element airfoil, also in a 3D wing-body configuration, an isolated delta wing and three
delta wing geometries in a formation flight configuration have been considered. The
Adaptive ROM has shown promising capabilities in promoting strong dimensionality
reduction (degrees of freedom less than 10-15, compared to the 108 108 degrees of
freedom (DOFSs) of a common three dimensional CFD problem), while preserving good
accuracy and physical consistency. Such a reduction in terms of DOFs will have a sub-
stantial impact on the reduction in computational cost to achieve any low-dimensional
solution within the time window where the ROM has been trained. It is worth noting
that, being the method data-driven, the overall advantage in terms of computational
cost has to be filtered with the upfront cost of generating the training dataset.

The Adaptive ROM has demonstrated to be able to solve more details in terms of flow
structures present in the field, which can be of advantage when design and/or flow

control problems are addressed.
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Chapter 1

Introduction

1.1 Motivation

The development of algorithms capable of reducing the computational e ort required to
characterize the behaviour of complex systems has attracted lots of attention in the past
decades [1, 2, 3]. Reduced Order Model (ROM) is the denomination used to indicate
this wide class of algorithms, whose aim is to nd a good trade-o between accuracy in
describing the system behaviour and reduction of the complexity of the system itself.
The complexity reduction is often associated with a reduction of dimensionality of the
original system, which might have a very large number of degrees of freedom (DOFs).
This fundamental aspect of a ROM has determined its widespread usage over almost all
elds of engineering, including modeling of electrical circuits [4, 5, 6] and Micro-Electro
Mechanical Systems(MEMS) [7, 8, 9], applications to structural problems [10, 11, 12],
processing and compression of videos and images [13, 14], aeroelasticity [15, 16, 17, 18,
19], other than uid dynamics [20, 21, 22]. For these problems, where a lot of high-
dimensional data are usually produced by experiments or computationally demanding
high- delity simulations, it is indeed possible in some cases to de ne a low-dimensional
space where to describe the system dynamics. It is crucial to prove that the behaviour
of the system is in fact con ned within a low-dimensional manifold since reliability and
accuracy of a ROM depend on it. This has proven to be the case for many systems

where the dynamics in time or the behaviour over a parameter space is con ned within
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an attractor [23]. The attractor represents a subset of the whole vector space where
solutions of the system lie. This subset is usually very low-dimensional (i.e. dependent
on very few parameters with respect to the high- delity model of the system) and
therefore paves the way for a de nition of a low-dimensional model.

The elaboration of a ROM often represents the starting point to perform further analysis
later, for example in the phase of the conceptual and preliminary design of engineering
devices, where it is fundamental to have algorithms able to provide solutions in a real-
time manner [17, 19], as opposed to computational demanding high- delity simulations

or time demanding experiments that need to be set up [24, 25, 26, 27].

1.1.1 Why Reduced Order Models in uid dynamics

Model reduction in uid mechanics can be discussed from two fundamental conceptually

di erent, yet linked, points of view:

1. identify patterns and physical primitives governing the nonlinear behaviour of the

ow system;

2. approximate the detailed dynamics of the system for a range of operating condi-

tions in a much faster yet physically consistent manner.

The research on ROMs in the uid dynamic eld has widely covered both aspects. The
former is quite important due to the huge amount of data coming from both experi-
ments and high- delity models. This makes the extraction of meaningful information
about time dynamics, as well as parametric system behaviour, unmanageable without
relying on any algorithm for projecting initial data on a low-dimensional manifold,
where data can be more interpretable. The problem has been historically introduced in
the uid dynamics community through the analysis of turbulent ows, where it became
rather soon clear that the very chaotic behaviour hides an underlying more organized
motion happening in the ow [28, 29, 30]. This observation led for the rst time to
de ne a procedure that allow identifying some coherent structures in space and time,
which are the main responsible for the ow time dynamics [23, 31, 32]. Since then,

isolation of dominant ow features, and often also the extraction of important dynam-

2
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ical information (e.g. frequencies and growth/decay rates) associated to them, was
introduced in many elds of uid dynamics, in order to visualize essential dynamics
and/or parametric behaviour with only few degrees of freedom. The e ort has been
put in de ning extraction algorithms for the identi cation of ow features that pro-

vide correct information about the actual physics underlying the collected data. For
the speci c case of pure unsteady ows, it has been shown that being able to de ne
dominant structures on the basis of important physical consideration was a key point
to extract physically meaningful information from the uid system [33, 34, 35, 36, 37].
Dominant ow features not only provide a deeper understanding of the ow physics
but also put the basis to act on speci ¢ spatial structures that have a strong impact on
the overall ow dynamics. This last aspect is strongly related to the many applications

of ROMs for ow control problems [20, 38, 39, 40, 41, 42].

When the focus is only on the numerical aspect of uid dynamics problem, the second
point listed above becomes important. The need to elaborate ROMs in this case is
linked to the very high computational demand of CFD simulations. Solving a uid
dynamics problem using CFD techniques requires the discretisation of the original sys-
tem of Partial Di erential Equations (PDESs), i.e. the set of Navier-Stokes equations
for the general case of a viscous compressible ow, over a speci ¢ computational do-
main. When dealing with complex geometries and three dimensional (3D) problems,
the computational mesh can count up to hundreds of millions grid points leading to
an equivalently large number of Degrees of Freedom (DOFs). The very high number
of points in the computational mesh is linked to the need to resolve important spa-
tial scales, catch all the meaningful dynamics and limit numerical di usion. Figure
1.1 shows some examples of CFD problems of this kind. It becomes clear that retain-
ing the entire description of the system in the high-dimensional space, when unsteady
behaviours need to be described or the system behaviour needs to be explored over
a large parameter/design space, makes the analysis unfeasible due to the well-known
curse of dimensionality problem. Therefore, approximating the system evolution over
a low-dimensional space with few degrees of freedom is fundamental for these kind of

problems.
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