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Science is not about building a body of known ’facts’. It is a method
for asking awkward questions and subjecting them to a reality-check,
thus avoiding the human tendency to believe whatever makes us feel

good. Terry Pratchett



Abstract

In this thesis the Collective Atomic Recoil Laser (CARL) model of Bonifacio et
al., which described CARL by two-level atoms, is extended to describe three-level
atoms with ladder and A energy level configurations. It is shown that, in contrast
to the case of two-level atoms where the CARL instability is quenched at high
pump rates with significant atomic excitation, CARL instabilities involving 3-level
atoms can persist at high pump rates due to transitions between the populated
states being dipole forbidden. It is also demonstrated for the ladder configuration
that, when the system is operated in the two-photon superfluorescent regime,
introduction of centre of mass motion and atomic bunching result in symmetry
breaking in the sign of detuning from field-atom resonance. CARL instabilities
involving three-level atoms with A energy level configurations are investigated
for two distinct cases : in the first the two ground states are degenerate, whereas
in the second the ground states are non-degenerate. It is demonstrated that in
the degenerate case, it is possible to decouple the atomic centre of mass motion
from the internal atomic degrees of freedom. It is also demonstrated that for the
non-degenerate case it is possible for the the atomic motion to be decoupled from
the atomic coherence but not the atomic population. The population difference
remains constant throughout the interaction, so the population inversion acts as a
parameter in the equation for the force experienced by the atoms. Consequently,
for both the degenerate and non-degenerate A configurations, CARL instabilities

can occur at higher pump intensities than for the case of two-level atoms.



Chapter 1

Introduction

1.1 Background

1.1.1 Optical Forces
1.1.1.1 History

The idea that light may exert a force upon matter is by no means a recent one.
As early as the 17th Century, the noted mathematician and astronomer Johannes
Kepler was taken by the notion that the light of the sun may be responsible for the
direction of a comet’s tail as it travels through the solar system. After observing

Halley’s Comet in 1607 he wrote that

"The direct rays of the Sun strike upon it [the comet|, penetrate its
substance, draw away with them a portion of this matter, and issue
thence to form the track of light we call the tail . . . In this manner

the comet is consumed by breathing out is own tail"

Almost a century later, in his 1704 book "Opticks: or, a treatise of the reflex-
ions, refractions, inflexions and colours of light" [5], Newton posited that light

may consist of tiny masses travelling at incredible speed. He queried

"Are not the gross bodies and light convertible into one another, and
may not bodies receive much of their activity from the particles of

light which enter their composition?"
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In 1873 James Clerk Maxwell published his treatise on electricity and mag-

netism [6] in which he stated

"In a medium in which waves are propagated there is a pressure in
the direction normal to the wave, and numerically equal to the

energy contained in unit of volume."

Maxwell’s treatise is one of a number of signposts on the path to understanding
not only light, but optical forces as well. Said understanding advanced another
step when, in 1889, Oliver Heaviside published a derivation for the force affecting
a charged particle moving through a field, referred to now as the Lorentz force.
Another step occurred in 1901 when Lebedev [7] published his observation of light
pressure on macroscopic objects.

By the twentieth century steps forward occurred at greater speed and by
only 1903 Nichols and Hull [8] provided understanding of how light could exert
force upon matter. Einstein’s 1917 paper "The Quantum Theory of Radiation"
[9] introduced the concept that upon absorbing a photon of energy hf, an atom
experiences a matching momentum "kick" of hTf in the direction which the photon
was travelling.

The first experimental demonstration of light exerting force upon the motion
of atoms was made by O. R. Frisch in 1933 [10] when he deflected a beam of
sodium atoms using light from a sodium lamp.

The invention of the laser in the 1960’s greatly enhanced the intensity of op-
tical sources available. Coupled with cooling techniques which allowed for atoms
to remain in a vaporous state[11], radiation forces became a useful experimental
tool.

By 1970 Ashkin [12] had successfully used optical forces to trap micron sized
particles with a pair of counterpropagating, focussed beams of laser light. He con-
tinued research into trapping using optical forces, proposing and demonstrating
new trap geometries in 1978 [13| and in 1980 [14].

In 1975 Hénsch and Schawlow published a paper theorising that the same

forces responsible for optical trapping could, for certain optical frequency de-
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tunings, be repurposed for cooling atoms using laser light [15]. Such "Doppler
Cooling" as it would come to be known, was experimentally realised in 1985 by
Chu et al. [16].

In the years since, numerous papers have been published with results related
to optical forces. Topics covered by such papers range from new cooling schemes
[16, 17], methods for atomic clocks [18, 19|, optically trapping and manipulating
bacteria & viruses without damage [20] and even measurement of the force gen-
erated by a single RNA polymerase enzyme pulling itself along a DNA molecule
[21].

More complete histories of the subject may be found in papers such as [22,

23, 24].

1.1.1.2 Optical scattering force

The optical scattering force can be easily understood by considering the small
momentum "kicks" which an atom receives when it absorbs or emits a photon.

As was mentioned previously with regards to Einstein’s Quantum Theory of
Radiation, a photon has a momentum Ak, where A = /5., h is Planck’s constant
and k is the wavenumber of the photon. If an atom absorbs a photon, it must
also absorb the "kick" of that photons momentum, i.e. a stationary atom would
be moved very slightly in the direction that the photon was travelling. Similarly,
when a photon is emitted from an excited atom, the photon leaves with the same
characteristic photonic momentum. From simple conservation of momentum, the
atom must experience a small momentum kick opposite to the direction of the
departing photon.

Figure 1.1 provides a simple visual interpretation of the optical scattering
force process. In the case of a laser incident upon a sample of atoms, where the
frequency of the laser is close to some resonant transition of the atoms, many pho-
tons may be absorbed and subsequently re-emitted as seen in Figure 1.1(a)&(b).
When absorbing, the atoms will always receive a momentum kick along the di-
rection of propagation for the laser beam. The photons spontaneously emitted

from the excited atoms may be ejected in any direction, giving corresponding
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momentum kicks opposite to the direction of photonic ejection, as demonstrated
in Figure 1.1(c)&(d). Averaged over many absorption/emission events, the mo-
mentum kicks from spontaneous emission average out to zero. The momentum
kicks from the absorbed photons, however, will provide a net force in the direc-
tion of propagation for the laser beam. As the optical scattering force requires
that photons be absorbed by the atoms, it is a dissipative effect which results in

heating of the atoms|25].
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absorbed photonic momentum
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Figure 1.1: Simplified Optical Scattering Force Diagram [1|. The basic steps of the
scattering force: (a) An atom absorbs a photon (b) When the atom absorbs the
photon, the photon’s momentum is added to that of the atom (c¢) The absorbed
photon is re-emitted (d) The emitted photon gives the atom a momentum "kick"
in the direction opposite to the direction in which it was emitted.
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1.1.1.3 Optical dipole gradient force

The optical dipole gradient force, sometimes referred to as the "optical gradient
force", the "gradient force" or the "dipole force", is a coherent (dispersive) optical
force.

The force experienced by an atom due to the dipole force can be understood
through analogy with a simple lens [26]. If a laser beam with a gaussian intensity
distribution is red detuned relative to an energy level transition within an atom
upon which it is incident, then the lens in the analogy is convex. Such a situation
is shown in Figure 1.2(a).

In this analogy the "lens", initially some distance away from the intensity
maxima of the incident light beam, focusses the light and thereby changes the
direction in which the photons travel. By refracting the photons away from the
optical beam the lens must, by conservation of momentum, experience a force
towards the optical beam. When the lens reaches the central intensity peak
of the optical beam, as can be seen in Figure 1.2(b), the forces resulting from
changing the direction of the photons balance out.

If the light field is instead blue detuned with respect to the atom upon which
it is incident, then the analogy can be repeated with a concave lens instead, as
in Figure 1.2(c). As before, the lens alters the path the light takes. However, for
a convex lens the photons are redirected towards the light beam, thus the lens
experiences a force counter to this and is ejected from the optical beam.

Being proportional to the gradient of optical intensity, hence the aforemen-
tioned name "gradient force", the dipole force can occur as a result of intensity
peaks in standing waves as well as the guassian beams described previously. Fig-
ure 1.3 illustrates how the intensity peaks of a standing wave result in periodic
bunching of vaporous atoms.

For the case of a laser with gaussian intensity profile acting upon a positive
(converging) lens, this means that the focussing of the beam moves the lens to
the region of highest intensity[24].

A more rigorous description of the dipole force can be found in Metcalf and

Van der Straten’s "Laser Cooling and Trapping" (1999) [27] or in Gordon and
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Ashkin’s "Motion of atoms in a radiation trap" (1980)[26],

In the event that the population becomes entirely inverted and the atom is

in the excited state, then the direction of the dipole force is reversed. For a red

detuned laser the dipole force acts to force atoms with inverted populations away

from regions of high intensity. Similarly, a blue detuned laser attracts inverted

population atoms into regions of high intensity[22].
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1.1.1.4 Example applications of optical forces

For a laser with a Gaussian intensity profile incident upon an atom, the atom
will experience an intensity gradient orthogonal to the direction of propagation
of the optical beam. If the frequency of the laser is tuned below a transition
in the atom, then the optical dipole gradient force draws the atom towards the
centre of the beam. If the beam is then focussed so that there exists a minimum
"waist" for the beam, then there should exist a point where the pull of the optical
dipole gradient force towards the intensity maximum at the beam waist balances
against the scattering force of the laser. Such a system allows for the trapping
and movement of atoms with only a single laser beam and is commonly referred
to as "Optical tweezers".

Although the system described here uses atoms, optical tweezers have been
shown to work on a multitude of matter, ranging from simple atoms, to long chain
molecules, DNA chains all the way up to macrosized objects such as glass beads
suspended in liquid [14, 22]. In the case of larger objects the forces involved can
be understood more simply through ray diagrams.

When an atom travels towards an optical field, it "perceives" the frequency of
the light as being higher than if the atom was stationary. If such an optical field
is a laser source tuned below some resonance in the atom, then the atom is more
likely to undergo a scattering event. When the atom first absorbs a photon from
the optical field it receives a small momentum "kick" in the direction opposite its
travel path. The subsequently emitted photon may be sent off in any direction,
averaging out the emission "kicks" over many scattering events to a net zero. The
result is a net force in the direction the laser travels. An atom travelling along
a single axis between two such lasers set counterpropagating with one another
would ultimately experience a loss of momentum, and thus kinetic energy, along
that axis. This process would be independent of the atom travelling in the co- or
counter-propagating direction as, due to Doppler shifting of the laser frequency,
scattering events would be more likely to occur in the direction the atom was
travelling. With three such paired counterpropagating lasers, one for each axis,

atoms could be cooled solely through such scattering events. This process is
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referred to as "Doppler Cooling".

1.1.2 Non-linear Optical Effects

While optical forces and the effects resulting from them result from the external
degrees of freedom atoms possess, there are also many non-linear optical effects

which result from an atom’s internal degrees of freedom.

1.1.2.1 Optical Bistability

If a system wherein light is incident upon matter possesses more than one stable
intensity value for the output optical field for a given input intensity of the optical
field then such a system may be described as being optically multistable. Optical
bistability is a subset of such nonlinear systems where there exist two possible
stable output intensities for the optical field for one given input intensity. It was
Szoke [28] who, in 1969, first considered that bistable states may be produced
using optical feedback. That research was later extended by Gibbs in 1976 [29].

Optical bistability may arise as a result of one of two processes. The first,
absorptive bistability, results from saturability of the absorbing material. The
equation for the absorption coefficient for a two level saturable absorber can be

taken to be

Qg

o =
I
1+I—S

(1.1.2.1)

where « is the absorption coefficient, « is the unsaturated absorption coefficient,
I is the intensity of the field in the material and I, is the saturation intensity
[30].

Considering a two level saturable absorber inside an optical cavity. It is easy
to see that as the intensity of the light being pumped into the cavity increases, the
value of the absorption coefficient decreases. As a result, the intensity of the light
escaping the cavity increases. However, the process does not produce exactly the
same result in reverse. Consider the optical output intensity vs. optical input

intensity diagram shown in Figure 1.4. When the optical input intensity is slowly
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increased from zero to point (a), the output intensity shows a gradual increase
as a result. When the input intensity reaches point (b), the absorber becomes
saturated, the optical beam passes through the absorber almost unhindered and
the output intensity increases sharply. Increasing the input intensity further
produces a commensurate increase in the output field along the "upper branch"
of the system.

When the input intensity is lowered once again to the point (c) the material
does not immediately desaturate. Consequently the optical output intensity does
not decrease back to the same value it had at point (b). Instead, when the input
intensity is decreased the output intensity proceeds along the aforementioned
"upper branch" until it reaches point (d). At point (d) there is no longer sufficient
energy being put into the system for the absorber to remain saturated, thus the
output intensity drops to the point (a) once more as the absorber proceeds to
"block" the passage of the input optical beam. Figure 1.4 demonstrates then a
hysteresis curve where there exists a region in where the output intensity may
have one of two values for a given input intensity.

The second method for achieving bistability is known as dispersive bistability.
In this second process the system operates far detuned from resonance, so the
absorption coefficient is typically considered to be negligibly small (o ~ 0). In-
stead, the physical phenomena which causes bistability is a nonlinear dependence
of the refractive index n upon the input intensity of the optical field. Whilst the
underlying phenomena may be different, the mechanism remains much the same.
It is the delay of the material responding to a diminishing input intensity which
results in a higher output intensity.

More thorough explanations of bistable processes may be found in Lugiato

1984 [31] or Collins & Wasmundt 1980 [2].
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Figure 1.4: Simplified Optical Bistability Hysteresis Curve from [2].
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1.1.2.2 Two Photon Absorption

The next nonlinear optical effect to be considered, one which forms in part the
basis for a result in Chapter 3, is that of two photon absorption.

Consider the simplified case wherein a laser of frequency w interacts with a
cold atom which has internal energy levels [1), |2) & |3) in a ladder formation
and is initially in level |1), the ground state. Such a configuration is shown in
Figure 1.5.

The frequencies associated with the transitions between each of the three
energy levels are given by ws; = wy — wq, w3 = w3 — wy and wg; = wy — wq. If
the frequency w of the laser light is close to that of the transition frequency wo;
then the single photon atom-light detuning, defined as A, = w — wyy, will have
a small value. In this case the atom can absorb the photon and become excited
from the ground state |1) to the intermediate state |2).

If, however, the single photon detuning is large then the photon is unlikely to
be absorbed and the population of state |2) will be negligible.

It is possible though for the single photon detunings A, and A, = w — ws3»
to be large but for the two photon detuning A, = 2w — ws; to be small or,
as in Figure 1.5, zero. In such a scenario, the atom may absorb two photons
of frequency w and acquire population in state |3). This process is known as
two-photon absorption. The two photon absorption rate is proportional to the
product of the photonic flux for each photon [32]. For the degenerate scenario
described above the two photon absorption rate is therefore proportional to the

square of the photonic flux.

12
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|1>

Figure 1.5: Simplified Energy Level Diagram for Two-Photon Absorption
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1.1.2.3 Superradiance and Superfluorescence

The traditional picture of fluorescence from a gas of atoms assumes that each
atom radiates independently. The excited state population decays exponentially
by spontaneous emission with a characteristic timescale, Tspontancous, Proportional
to the inverse of the the atomic transition’s decay rate +. The field emitted by
the fluorescing system is proportional to the number of atoms, N. This behaviour
is visualised in Figure 1.6(a). The typical argument made to justify this picture
is that the atoms are sufficiently distanced from each other that any effect a
neighbouring atom may have upon an atom’s probability of emitting a photon
should be negligible.

This is not always the case, as Dicke describes in his 1954 paper [33]. He
argues that every atom is coupled to a common radiation field and thus may not
be treated as being independent. In his paper he describes, for the first time, the
nonlinear optical process known as Superradiance. Under certain conditions, a
sample of N atoms which have been coherently pumped to an excited state may
decay cooperatively. As the emission intensity is proportional to the square of
the emission amplitude, to which each atom contributes, the maximum intensity
of the superradiant pulse is proportional to the square of the number of atoms,
N2,

Superfluorescence is a similar but differentiable optical process first described
in [34], though some literature refers to the processes of superradiance and su-
perfluorescence interchangeably [3]. In a superfluorescent system the atoms are
again pumped to the excited state, their populations inverted, but there exists
no initial macroscopic dipole. Instead, ordinary fluorescent emission initiates the
process and the system of atoms "spontaneously creates correlations"[35]. The
spontaneously formed dipole then radiates a light pulse with maximum intensity
proportional to the square of the number of emitting atoms, N2, as in superradi-

alnce.

14
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Figure 1.6: Radiated intensity vs. time for (a) Ordinary fluorescence (b) Super-
fluorescence. Adapted from an image in [3]
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1.2 Thesis layout

In Chapter 2 the Maxwell-Bloch equations for a cloud of cold two level atoms
are derived. First, equations are produced describing the evolution of the inter-
nal degrees of freedom of two level atoms as they respond to a single uniform
plane electromagnetic wave. Those equations are then used to demonstrate Rabi
oscillations in the atomic population and the variation of susceptibility with field-
atom detuning. Second, an equation is produced which governs the evolution of
a single applied field coupled to the internal degrees of freedom of the atom. It is
demonstrated that, for certain parameter values, the system is optically bistable.
Finally, the two level Maxwell-Bloch equations are expanded to describe the evo-
lution of the internal degrees of freedom of the atoms and their centre of mass
motion under the stimulus of two counterpropagating optical fields which evolve
in time. In this form the equations are used to model an instability known as
Collective Atomic Recoil Lasing.

In Chapter 3 the Maxwell-Bloch equations are expanded to describe the in-
ternal and centre of mass motional degrees of freedom of a cloud of atoms with
a three level internal energy structure in a ladder configuration. The three level
ladder equations are utilised to investigate two non-linear optical processes.

For the first of the two processes, two-photon CARL, two noteworthy expres-
sions are derived. The first expression describes the required pump intensity for
the population to saturate (i.e. for a significant proportion of the population to
shift to the excited state). This relation allows for two regimes to be defined:
The weak pump limit, where the population remains unsaturated; and the strong
pump limit, wherein a significant proportion of the atomic population is excited.
The second equation describes the expected gain in the probe beam in the weak
pump limit. The expressions are used to compare the system in the two pump
limits. It is demonstrated that, contrary to the case of two level CARL, in two-
photon CARL the instability survives the transition to the strong pump regime.

The second process investigated is that of two-photon superfluorescence. It is

demonstrated that, as was the case for single photon fluorescence |36/, introduc-
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tion of centre of mass motion and atomic bunching results in symmetry breaking
in the sign of detuning from field-atom resonance. When the emitting atoms
are stationary, the two-photon SF pulse is independent of the sign of detuning.
When centre of mass motion is included, the atoms bunch at maxima (minima)
of intensity when the field is red (blue) detuned from field-atom resonance. When
the atoms bunch at the maxima of optical standing wave intensity, the optical
pulse is enhanced over the case in which the atoms bunch at the point of intensity
minima, wherein the optical pulse is retarded.

Chapter 4 contains a derivation of Maxwell-Bloch equations for the alternate
three level A (lambda) atomic energy level configuration. Two variations of the
A configuration are considered: a case where the two lower energy levels are
degenerate, referred to as the degenerate A configuration, and a case where the
two lower energy levels are not degenerate, the non-degenerate A configuration.

In the degenerate configuration it is demonstrated that for certain field-atom
detunings it is possible to decouple the atomic centre of mass equations from
the internal atomic degrees of freedom. An expression is then produced for the
gain which may be expected of the system when operating in the degenerate A
configuration.

In the non-degenerate configuration it is shown that there exist values field-
atom detuning in which the atomic motion becomes decoupled from the atomic
coherence but not the atomic population. Although the population does not
decouple from the atomic motion, it remains constant at its initial value and acts
as a parameter more than a variable.

In both the energy level configurations described in Chapter 4, the bunching
force becomes divorced from the detrimental effects of the evolution of the atomic
population. Discussion is given to the advantages of operating CARL in a gas of
three level atoms with a A energy configuration over CARL in a system of two
level atoms.

Chapter 5 summerises the results produced throughout the thesis and con-

cludes with possible future work which may stem from the results presented here.
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Chapter 2

Two level Collective Atomic Recoil

Lasing

2.1 Collective Atomic Recoil Lasing

Collective Atomic Recoil Lasing (CARL), is a nonlinear effect which combines
both external and internal degrees of atomic freedom. In simplest terms, CARL
can be understood as follows: consider a gas of ultracold (microKelvin) ground
state atoms being illuminated by a laser light source. If the frequency w of the
laser light is close to, but sufficiently detuned from, a transition between the
ground state |1) and an excited energy state |2) within the atom, then the light
may be scattered from the atomic sample.

If some of the light is scattered in the direction exactly opposing that of the
incoming laser light, then a weak standing wave exists. As has been explained
in Section 1.1.1.3, for a negative (red) detuning the dipole force results in atoms
moving towards areas of high light intensity, so the standing wave results in a
weak bunching of the atoms with a periodic spacing of A/2.

The periodic bunching results in a cooperative backscattering of the incident
laser field, which in turn results in a stronger standing wave and even tighter
periodic bunching. This exponential bunching and backscattering is the heart of
the CARL gain mechanism. Figure 2.1 shows a simplified representation of the

CARL mechanism and the backscattering described above.
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First suggested by Bonifacio and De Salvo[37|, CARL has been described as
"unifying the physics of traditional lasers and Free Electron Lasers" (FEL)[38|.
Though the theory for CARL was published in 1994 it was almost ten years later
that Kruse et al. [4] produced the first unambiguous experimental proof of the
CARL instability. While previous experiments into collective atomic recoil had
been undertaken, most notably by Hemmer et al. [39], Courtois et al. [40], and
Lippi et al. |41], the authors were unable to demonstrate conclusively that the
gain in the optical probe beam was due to an atomic density grating, the hallmark
of the CARL instability, or a population/coherence grating.

The optical forces described in Chapter 1 have an insignificant effect upon
thermal velocities of atoms around room temperature. Experiments involving
systems of high intensity light sources, such as lasers, incident upon ultracold (mi-
croKelvin) matter, allows for optical forces to have a significant effect on atomic
motion. In such systems, the long coherence times of an atom’s or molecule’s
centre-of-mass motion may allow for interesting regimes of collective behaviour,
such as CARL.

Throughout this thesis, the term CARL is used as a shorthand label to de-
scribe collective atomic instabilities involving the simultaneous growth of periodic
atomic bunching on the scale of incident optical fields with gain in an optical
output field. It should be noted, however, that in the literature there exist other
names for processes similar to that of CARL, such as Recoil-Induced Resonances
[40], or Superradiant Rayleigh Scattering [42, 25].

Many studies, both theoretical and experimental, have been performed on such
CARL-like interactions, involving the mechanical effect of light on cold atoms,
for example instabilities involving self-organisation [25, 38, 4, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59|, collective cooling [60, 61, 62,
and optomechanical transverse pattern formation [63, 64, 65, 66, 67|.

CARL has been proposed for a number of applications, including a tunable
source of high frequency light [68, 69], or as a method for bunching atoms in a

particle beam |68, 69].
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Optical Pump Beam

Spontaneous emission and formation
of a standing wave results in bunching
of the atoms due to the dipole force
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Figure 2.1: Simplified CARL Bunching and Backscattering Diagram
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2.2 Derivation of the Bloch Equations

The first step in producing equations to model the CARL instability is the deriva-
tion of the governing equations for the internal degrees of freedom of the atoms in
the system. These are referred to as the Bloch equations. The following derivation
is reproduced from [70] as a means of introducing the notation and terminology
used throughout this thesis.

The discrete states of quantised degrees of freedom in matter may be de-
scribed by the quantum mechanical wavefunction 1) and the Hamiltonian opera-
tor H. The Hamiltonian’s discrete eigenvalues define the set of energy levels. The
eigenfunctions corresponding to those energy levels are the basis states. For the
unperturbed state, the Hamiltonian may be written as Hy. The energy levels £}
are given by fuw; with the assumption made that the eigenstate which corresponds

to that energy given by v;, so that

and the eigenstates {t;} form a complete, orthonormal basis
/?/J;W: dR =6, (2.2.0.2)
where 6, is the Kronecker Delta,

1, ifj=k
0, ifj#k

Sk = (2.2.0.3)

In cases where the photon flux is sufficiently large the electric field may be treated

as being classical, and the system as a whole may be described semiclassically.
When a near chromatic light source of frequency w is applied to a material

(in the unperturbed state) which has an energy level transition frequency of

Wik = EJ;E" which is close to that of the applied electric field, photons from the

light source striking the atoms may then be absorbed. Such photonic absorption

allows the electrons of those atoms to access higher energy states.
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If the atoms are considered to consist of an electron orbiting a nucleus, and

the electron coordinate with respect to the nucleus is denoted by ﬁ, then:

e In the unperturbed ground state, the wavefunction is spherically symmetric

and localized around a radius |R| = Ry.

e In the perturbed state, the electron cloud is distorted in the direction of

the electric field and an effective electric dipole is induced in the material.

The dipole induced by the applied light source oscillates and, as all classical
oscillating dipoles do, radiates electromagnetic waves. It can be expected then
that the induced dipoles (oscillating and emitting radiation), act to modify the
electric field.

The derivation of the Bloch equations begins with the calculation of the polar-
isation vector. The polarisation vector may be considered to be the sum of the

dipole moments of each atom in the system

P=>Y "dis(r—r;), (2.2.0.4)
J

where the dipole moment induced by the field in the jth atom, d;-, is given by

d; = e/ﬁw* dR (2.2.0.5)

In the above, R is the radius, P is the polarization vector, and e is the charge of

an electron.
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2.2.1 Step 1: Schrodinger’s Equation

It is assumed that the wavefunction (R, t) satisfies Schrodinger’s Equation

oy
ih - = Hv. (2.2.1.1)

where the Hamiltonian H is the sum of the unperturbed Hamiltonian and the

perturbed vector potential

H = Hy+0V. (2.2.1.2)

The perturbation potential V', ordinarily be given by 0V = —efE.dﬁ, may
instead be written as 6V = —cE.R as E(F, t) changes very little over atomic

distances as measured by R. The Hamiltonian then takes the form

H = Hy—eE.R (2.2.1.3)

where E is treated as approximately constant over interatomic distances |§| The
perturbation potential 6V is considered to be much smaller than the potential
VO(I%) of the unperturbed Hamiltonian H for the laser intensities considered here.
As the atoms are considered to possess no chemical bonds, neither vibrations nor
rotations around chemical bonds play any role within the system. As a result,

the potential V5(R) due to the the unperturbed Hamiltonian is considered to be
simply the Coulomb potential.
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2.2.2 Step 2: The Unperturbed States

Schrédinger’s equation can be solved by assuming that the wavefunction w(ﬁ, t)

may be written as

N
= a;(t)e;(R) (2.2.2.1)

J=1

where the v;(R) terms are the unperturbed states and the a;(t) terms are time
dependent probability amplitudes. This equation simply describes how a time

dependence factor is applied to the wavefunction.

The unperturbed states can be arranged to have the properties that

/Rw]( AR =0 (2.2.2.2)

and

/R’wj UrdR =0 (2.2.2.3)

Which means that the expectation value of the position is zero, the states are

spherically symmetric around the atomic centre of mass.
If H = H, then it can be written that

a;(t) = a;(0)e " (2.2.2.4)
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2.2.3 Step 3: The Polarization

As previously stated, the polarization or dipole moment, for a single atom is given

by

d= e/é¢¢*dﬁ (2.2.3.1)
Using (2.2.2.1) to expand the wave functions gives
N N
d=e / R (Z aj<t)¢j(3)) (Z a;;(tm;;(R)> dR (2.2.3.2)
j=1 k=1

The probability amplitude terms a;;(t) are independent of R and may therefore

be extracted from the integral leaving

i=Y" a(a(t) e/ﬁw;;(é) (R dR (2.2.3.3)

Jk=1

The time dependent density matrix elements are defined as

pik = aja, (2.2.3.4)

And the time independent dipole matrix terms are defined as

Pik = e/ﬁ Ul gy dR (2.2.3.5)

So the dipole moment for a single atom is therefore

d=""pir s
j7k

= Trace(pp) (2.2.3.6)

i.e. the polarization per atom is given by the trace of the matrix multiplication

of p and p.
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It is preferable to work with density matrix elements p;;(¢) rather than probability
amplitudes a;(t) as density matrix elements may be directly tied to physical
observables.

The diagonal terms of the density matrix, p, (i.e., where j=k) give the occu-
pational probability of a particular quantum state. The off-diagonal terms of the
density matrix relate directly to the coherence associated with a given transition.

In order for a particular dipole transition to occur, its corresponding dipole
transition matrix element must be nonzero (i.e. for a transition from level j to
level k, pj; must be nonzero). The strength of the transition is determined by
the magnitude of this quantity. As a result, all diagonal terms pj; are zero. Off-
diagonal terms may also be zero, indicating that direct transitions between those
two levels are forbidden. These transition restrictions are referred to as Selection
Rules. Having obtained equation (2.2.3.6) it can be seen that the next step to
obtaining the polarisation vector is to produce equations for the density matrix

elements pj; for an atom [71].
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2.2.4 Step 4: The “Raw” Bloch Equations

The first step to deriving the raw Bloch equations is to produce an equation for

the probability amplitudes. Consider initially equation (2.2.1.1):

U (R, 1)

i
o

= Hi(R,t). (2.2.4.1)

Into this both equation (2.2.1.3) and (2.2.2.1) are substituted to produce

zh— (Z a;(t)y; ﬁ) = (HO - eE.R) (Z cg(t)%(ﬁ)) . (2.2.4.2)

J=1 J=1

Multiplying out the brackets on both sides, substituting in equation (2.2.0.1) and
then dividing through by ¢h gives

N .
ij B =3 (<o) + 8- Rasu) . 22.43)
j=1
Multiplying both sides by wk(ﬁ) gives
aa]( ) al . > > e = = x/ D >3
Zwk A =5 (i iRy Ry + 5 B Rui(R (B )
j=1

(2.2.4.4)
for k = 1,...,N. Integrating this equation with respect to R throughout means
that, due to equation (2.2.0.2) the terms

/@(ﬁ)@/}k(ﬁ) R (2.2.4.5)

are equal to 1 when j = k and 0 when j # k. Therefore, any terms multiplied
by the above integral may have any j subscripts replaced by k subscripts. Addi-
tionally, as the initial £ subscripts may take any value between 1 and N whereas
the j subscripts are being explicitly summed between 1 and N, any summations

over j containing the above integral vanish as they are the sum of only one term.
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Furthermore, (2.2.3.5) allows for the substitution of the dipole matrix element

Dkj into the equation to give

dap(t) iE o~
9 = —iwga(t ? gp ja;(t (2.2.4.6)

for k = 1,....N. To avoid complications regarding subscripts in the formation of
the equation for the evolution of the dipole matrix elements, the subscript j is

replaced by [

Oay(t . E SN
a&( }— —iwanlt) +° Y Baai(t). (2.2.4.7)

fork = 1,...,N . Equation (2.2.4.7) is the equation for the evolution of the probabil-
ity amplitude. It can be seen from the definition of the density matrix elements,
given by equation (2.2.3.5), that

Opji(t) Oa;(t)

_ daj,(t)
B = ()= + a4 E (2.2.4.8)

The equation for the evolution of the probability amplitudes can therefore be
manipulated to produce an equation for the density matrix elements. Taking
equation (2.2.4.7), replacing the subscript & with j and multiplying by aj(¢)
gives

ai(t) a‘gft) = —iwja;(t)a(t) + % DY uar(t)aq(t), (2.2.4.9)
=1

for j = 1,...,N. Taking the complex conjugate of (2.2.4.7) and multiplying through
by a;(t)

Oaj(t , iE &
a;(t) i) = iwya;(t)ay(t) — 5 Z pria; (t (2.2.4.10)

for k = 1,...,N. Summing these two equations gives
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ai(t )éai§£ )-+-aj(t)§E%§§E2 = — iw;a;(t)aj(t) +—§£?' > Brat)ai(t)  (2.2.4.11)

, . ) . .
+ dwga; (t)ag(t) — - prai(t)a; (t), (2.2.4.12)

for j,k = 1,...,N. Applying the product rule to the left hand side, grouping terms
on ia;(t)aj(t) and using the substitution from (2.2.3.4) produces

—»

, N 7N
8p<k . -
aé = —i(wj — wr)pjk + e E_ jLPlk — 3 E_ DupPiji - (2.2.4.13)

The above equation describes the evolution of the atomic internal degrees of
freedom in response to an applied electric field. However, it does not yet describe
the decay of coherence between internal energy levels or the decay from upper
population levels to lower levels through spontaneous emission. Such processes
are encapsulated through the addition of homogeneous broadening terms —~;x ;.

In warm atomic samples the homogeneous broadening terms additionally de-
scribe a gradual loss of energy from the levels of interest to an effective heat bath
of all other material states. The terms «;; in such a system would represent the
decay rates due to irreversible losses to the heat bath of lower-energy states and
terms 7y;; decay rates with additional contributions due to the elastic collisions
between the atoms. For an ultracold atomic sample (typically on the order of
a few microKelvins) as is considered here, however, losses due to collision are
reduced to levels considered negligible and the population is assumed conserved,
such that «;; & ;i represent only spontaneous emission and decay in the coher-
ence, as stated above. With the homogeneous broadening terms added, the Bloch

equations are given the form

Opjk . iE [\~ iE (N~ 2.2.4.14
e —(Yjk + wjk)pjk + 5 ijzpm T Zplk/’jl , o (224.14)
=1 =1
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where wj, = w; — wy. It is clear from the above equation that the density matrix
elements, as a result of their relation to E(ﬁ, t), will likewise depend upon both
position R and time t. The time taken for energy to be coherently transfered
from an incident optical field to a system of atoms and back again is given by the
inverse of the Rabi frequency, Trup = w;zibi, where

E
WRabi = ?p (2.2.4.15)

is the Rabi frequency.
From equation (2.2.0.4) for the total polarisation of the system and equation
(2.2.3.6), describing the expected polarisation of a single atom, the polarization

field P is given by

P= Z Trace(pp)o(r —rj), (2.2.4.16)

J
i.e. the sum of the diagonal terms of the matrix multiplication of p and p for all

the atoms in the system.

2.3 Stationary atoms interacting with a single static

field

Having computed the general Bloch equations, it is an easy matter to attain equa-
tions governing the reaction of the atomic system to an applied field. Easier still
as for this initially considered system it is assumed that the atoms are stationary,

uniformly spaced and that the field does not evolve spatially.

2.3.1 Bloch equations

The electric field can be taken to be simply

E = Aje ™t 4 Atet (2.3.1.1)
where w, the frequency of the optical field, is close to the energy level transition
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frequency wo;. It can be assumed, for simplicity’s sake, that the electric field is

linearly polarised in the direction, &, so that

—

Ax,y,z) = éA(x,y, 2) (2.3.1.2)

and that the direction of the dipole moment is parallel to that of the electric field.
The response of the dipole moment of an atom to such an applied field can then

be assumed to be of the form

—

d=p(ce™™ +o%e™") e (2.3.1.3)

From equation (2.2.3.6) the dipole moment for the system of two level atoms is

d = Trace(pp)

:Tmce< Pun Pi2| | P11 P12 ) (2.3.1.4)
1721 ﬁ22 P21 P22

= (Pu1p11 + Prapar + Paprz + Paapaz) (2.3.1.5)

As has already been mentioned, the terms pj; are all zero, so the dipole moment

for a two level atom simplifies to

d = (Propa1 + Porprz) (2.3.1.6)

As the phase of a complex pjs can be included in the density matrix element pio
there is no loss of generality in taking the dipole matrix element p5; to be real |70,
p. 165]. Tt has already been assumed that the dipole moment is linearly polarised

parallel to the field, so it may therefore be written that

P12 = P = pé = pé (2.3.1.7)

Using the above in equation (2.3.1.6) leaves
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Upon comparison with (2.3.1.3), consistency requires that

P21 = 0'216_th (2319)

It is also important to note that, by its definition in equation (2.2.3.4),

P21 = Pla- (2.3.1.10)

To obtain an equation for the coherence between levels |2) and [1), po;, the

values j = 2 and k = 1 are substituted into equation (2.2.4.14) to produce

0
g;l = — (Y21 + iwa1)p21
Eo .
+ — - (Parp11 + Paapar)

Y - (P11p21 + Po1paz)

Once again, the terms p;; are zero. Taking the dot product and making the
substitution (2.3.1.7) gives
inE

= — (71 + iwa1) o1 + MT (p11 — p22) - (2.3.1.11)

Opan
ot

In a similar fashion, an expression for the population of the excited state, pas,

may be obtained by substituting j = 2 and k = 2 into (2.2.4.14), giving

0
g;z = — (Y22 + iwa2)pa2

iE .

+ W (Po1p12 + Dazp2z)
iE .

— (P12pa1 + Dazpaz)
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From its definition as w;;, = w; —wy, the frequency term wyy must be zero. Taking

the dot product, the equation becomes

dpaz _ n il
ot Y2222 T

(P12 — p21) (2.3.1.12)

Using the same method the equation for the ground state population, p;;, can
be shown to be
dp1 ik

1
= — —_— — 2.3.1.13
ot Y11pP11 + 7 (p21 — p12) ( )

The above expression governs the evolution of the population of the ground
state, thus population cannot decay away from level |1) and 7, is set to zero.
The population of the system is considered to be closed, thus py; + p22 = 1. Any
population decaying from level |2) must therefore be introduced to level |1). This
population growth is expressed in the above equation through the addition of the
term +7y2022. Equation (2.3.1.13) then becomes

dp11 ink

o = Y2P2t - (P21 — p12) (2.3.1.14)

The equations for the two population terms may then be combined to form
one equation governing the evolution of the population as a whole, rather than

solving two separate population rate equations. The term D is defined as

1
D= §(P11 — p22) (2.3.1.15)

When the value of pys exceeds that of pyq, i.e. the atom is most likely found
in the excited state, the population is considered to be inverted. The term D
is therefore referred to as the population inversion. When population inversion
occurs, D takes a negative value. From the above definition of the D, the equation

for the evolution of the population inversion is simply

33



CHAPTER 2. TWO LEVEL COLLECTIVE ATOMIC RECOIL LASING

oD 1 (3,011 aﬁm)

ot 2\ ot ot

uFE
= Y2022 + MT (021 — plz) (2.3.1.16)

As has already been stated, the system does not decay from the ground state
p11. Furthermore, the system only decays from pyy to the ground. It is said
that the system is closed, i.e. pj1 + pa2 = 1. Since it has already been defined
that the relation between the population levels and the population inversion is
D = $(p11 — p22), it can be shown that

1 1
P11 — 5 + D, P22 = 5 - D (23117)

Using these substitutions in equation (2.3.1.16) produces

oD 1 o
rr —Y22 (D — 5) + MT (p21 — p12) (2.3.1.18)

Owing to its definition, and the fact that the system is closed, the value of D may
only vary between —!/5 and 1/2. The term —799 (D — %) results in a constant
loss of population from the excited state to the ground state. To keep the system
active, energy must be supplied to it so that there exists some proportion of the
population in the excited state. The constant energy supply pumping the system
towards the excited state ( towards a negative value of D ) is captured in the
equation by changing the term 722% to the term ~9, D%, where D represents
the term which the population tends towards at equilibrium. When D is set
to % then the population in the system experiences no population pumping and
relaxes to the ground state. The expression for the population then takes the
form,

oD ik
5 = (D — D) + MT (p21 — p12) (2.3.1.19)

Into the above equation are substituted the expression for the optical field (2.3.1.1)
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and the expression for the coherences (2.3.1.9), leaving

oD

E = —7o9 (D _ Deq) + % (O_Qle—iwt o O_lzeiwt) (Aae—iwt 4 Azeiwt) ) (23120)

h

Multiplying out the brackets results in terms containing e*?*!. The use of the
Rotating Wave Approximation allows terms which vary as e=™! (for n > 2), to
be neglected under the assumption that such rapidly oscillating terms average

themselves out. Equation (2.3.1.20) is then left in the form

oD

E = — g (D - Deq) + % (A:Uﬂ _ Aa012) (2.3.1.21)

Using (2.3.1.9) and (2.3.1.15) in equation (2.3.1.11) gives it the form

a —iw . —iw
—_— ((7216 t) = —(’}/21 + 2w21)021e ¢ +

ot

2ipE

D. 2.3.1.22
: (23.1.22)

The product rule may be applied to the left of this equation to give

80'21

ot

2ipuF
h

efzwt o iwoélefzwt

D (2.3.1.23)

= _<’Y21 + ’L'W21)O'21€7iwt +

Multiplying both sides of the equation by ¢! then moving the term —iwos; to

group together terms with ioq; leaves

80’21 QZME

ot

=— (121 — i (w—wn)) o2 + De™* (2.3.1.24)

Defining the frequency difference between the optical field and the transition

frequency between levels 2 and 1 as

Aa =W — W21 (23125)

and substituting the equation (2.3.1.1) for the optical field E, gives
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80'21

ot

_ ; QZ,LL —iwt * twt) Jiwt
= — (79 — i\, i a : 3.1,
(21 — 1A,) 021 + hD<A€ + Al e (2.3.1.26)

Multiplying out the bracket and applying the Rotating Wave Approximation,

which once again allows for the neglection of terms containing exponentials of

+niwt

the form e (for n > 2), gives

80’21

ot

Y
= — (21 — ilq) 021 + %DAa. (2.3.1.27)

While the above equations can be numerically solved in their current form,
it is convenient to utilize a series of scaling terms to rewrite the Maxwell-Bloch
equations in a dimensionless scaled form. For this reason, and for consistency

with later equations and results, the scaling terms

T = wpt (2.3.1.28)
- 260
A, = — A, 2.3.1.29
! nhwp b ( )
r = 1 (2.3.1.30)
Wy P
A = A (2.3.1.31)
Wy-p
2 2
oy — 2k (2.3.1.32)
m
w 2n %
L
- 2.3.1.33
P (260w?h> ( )

are introduced. The term 7 is the scaled time variable, A, is the scaled field
variable, I is the scaled decay parameter, and A is the scaled field-atom detuning.

The scaling terms w, & p are the recoil frequency, which is related to the recoil

I,

temperature by the relation 7T, = ot and the dimensionless scaling parameter

p, which may be regarded as the number of photons per atom in the cavity

respectively. In the above expressions m is the atomic mass, k is the wave number,

N

and n = -~ is the density of atoms in the cavity, where A is the cross sectional
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sample area and L is the cavity length. One of the immediate advantages of
the dimensionless form is that the parameter p may be related to the gain in
the probe beam produced by the CARL instability. Applying the scaling terms
(2.3.1.28) - (2.3.1.33) to equations (2.3.1.21) and (2.3.1.27) gives

oD

e —Tos (D — D) + p (Aloor + Ago12) (2.3.1.34)
5521 — (Do — i) 0o — 20D A, . (2.3.1.35)
.

Equations (2.3.1.34) and (2.3.1.35) describe the evolution of a system of pumped

two level atoms under the effect of a constant, nondepleting optical field, A,.
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Figure 2.2: Simplified Single Field Cavity Structure Diagram
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Figure 2.3: Simplified Two Level Energy Level Diagram
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2.3.2 Rabi oscillations

As a step towards producing more complex simulations and verifying the accuracy
of the computational methods chosen, a number of phenomena associated with a
single field incident upon a sample of ultracold atoms will now be demonstrated.

The first of these phenomena is that of Rabi oscillations.

2.3.2.1 Rabi oscillations at field-atom resonance

As previously stated in Section 2.2.4, the inverse of the Rabi frequency measures
the time taken for energy to transfer from the field to the atoms and back. The
population inversion, D, being a measure of atomic excitation, should therefore
show correlation with the Rabi frequency. The oscillations in the population of a
system such as the one being described currently are described as Rab: oscillations
or Rabi flopping. Taking the governing equations (2.3.1.34) and (2.3.1.35), and
setting I'y; = 0, I'yo = 0, A, = 0, and 09 (t = 0) = 0 reduces them to

oD

E =p (121:0'21 + Aa0-12) (2321)
oy 7y
— 2)DA, 9.3.2.2
5 p ( )
Taking -2 of equation (2.3.2.1) gives

0*D _. 0091 = Oo1g
_ 1,972} 2.3.2.3
oT? '0< *or + or ) ( )

into which (2.3.2.2) may be substituted to give

0*D

57 = —4p°|A,*D . (2.3.2.4)

The above, using the substitution o = 4p?|A4,|?, can be arranged to take the form

0*D
5 +a?D =0 (2.3.2.5)

which is that of a simple harmonic oscillator of frequency a. As this equation
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was obtained by neglecting and pumping or dampening terms for the system, the
frequency of the oscillator should correspond to the undamped Rabi frequency,
WRabi, With a period given by

27 T

Travi = = —. 2.3.2.6
frab WRabi pAa ( )

For a simple set of input values ( pA, = 3) the expected period was /3, which

compares favourably to the output curve (a) in Figure 2.4.

0.5

: ‘ ; w w N
0.4f .
0.3} |\

0.2} (c) ‘ |

0.1F

(0)

<D >
o
o

—0.1}
-0.2}
—0.3}

—0.4} (a)

—0.5 s ‘ s s )
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 2.4: Population inversion vs. time for field-atom detunings, as described
in (2.3.1.25), of (a) A,=0 (No mismatch between frequencies), (b) A,= 4, (c)
A,= 9.
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2.3.2.2 Rabi oscillations including field-atom detuning

Relaxing the previous assumptions to allow for a mismatch between the frequency
of the incident field and the atomic transition ( i.e. w and wy; may possess different

values, so that A, # 0 ) gives equation (2.3.1.35) the form

80'21

or

= iN,091 — 2pDA, . (2.3.2.7)

An expression for the evolution of D may be obtained by following a similar
process as that for used in the previous section (i.e. differentiating the equation
for the population inversion and substituting in for ¢ until the expression relies
solely upon D). Including a detuning A,, the expression for D may be shown to

be

#D

T (arapa)
=

—_— 2.3.2.
or (2.3.2.8)

The period of a single Rabi oscillation should then be given by the expression

2 2
=T = il (2.3.2.9)

TRabi = = — — .
O o Rt VAZ+4p2 A2

Keeping the value of the undampened Rabi frequency the same as for the resonant

case, i.e. pA, = 3 but allowing the frequency to become detuned gives detuned

Rabi periods of

2 2 _
T = 7 - T ~0.74 forA, =6

N RV e
2 2 ~
TRabi = T = T ~ 0.58 fOT Aa =9.
N R N OO

These value sare consistent with the curves (b) and (c¢) in Figure 2.4, which were
produced by numerically solving equations (2.3.1.34) and (2.3.1.35) for the values
used above. As can be observed from Figure 2.4(c), even a small change in the

value of the scaled detuning, A, (less than one order of magnitude) produces a

significant decrease in the peak value of the population inversion.
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2.3.3 Linear Susceptibility: Absorption and Dispersion

The next phenomenon to be demonstrated is that of the linear susceptibility of
the atomic sample. The electric susceptibility, Y., is a quantity which indicates
the degree of polarization which can be expected from a dielectric material in
response to an applied electric field. The linear susceptibility is given by the

equation

P = eyx.E (2.3.3.1)

[70, p. 167]. As the polarisation is given as the sum of the individual atomic
coherence terms, the assumption is made that the susceptibility for a single atom

may be written in scaled variables as

o1 = XA, . (2.3.3.2)

When the equation governing the evolution of the coherence, (2.3.1.35), reaches

steady state, the derivative ‘95% is zero. When the equation is then adiabatically
eliminated, then
—2pA,D(Ty; +iA,
oy = —2PAD(o1 +i8) (2.3.3.3)

(I3 + A2)
is obtained, where the field A, has been assumed purely real. In a similar manner,
the equation for the population difference may be adiabatically eliminated to give

a steady state expression for D of

D =D — L(AZUzl + Aaalg) . (2334)
F22

By substituting the above expression for g9 into the equation for the population
inversion, an expression for D is obtained which no longer depends upon any

other variables.

D4
4p?|Aq|?To1

D=
1+ roz4a)

(2.3.3.5)
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When the above expression for D at steady state is substituted back into the
equation for the coherence, then a similar expression for oo is obtained which

does not depend upon other variables.

_QpFQQAaDeq(P21 + iAa)

_ _ 2.3.3.6
(T (T3, & A7) + 492221 (2:3.3.6)

021 =

From the above and (2.3.3.2), it is trivial to obtain an expression for the scaled

susceptibility of a single atom of

2pF22D€q(—Aa + ’irgl)
F22(F%1 + Ag) + 4/)2121(21F21) 7

X = ( (2.3.3.7)

where the real and imaginary components of the susceptibility correspond respec-
tively to the dispersive and absorptive properties of the atom.

Figure 2.5 was produced using the same computation model as for section
2.3.2, i.e. numerically solving equations (2.3.1.21) and (2.3.1.27). Each point on
the curves (a) and (b) was produced by running the model for a particular value
of A, until the system reached steady state, then plotting the imaginary and
real components, respectively, of Yy = Z‘.%. The values used for Figure 2.5 were
chosen solely to demonstrate the general shape of the absorptive and dispersive
susceptibility curves, not to be representative of any particular atomic transition.
As can be clearly seen, peak absorption occurs when there is zero detuning, i.e.
the field is absorbed most readily when the frequency of the applied electric field

exactly matches that of the energy level transition.
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Figure 2.5: The (a) imaginary and (b) real components of x vs. A,
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2.4 Stationary atoms interacting with a single evolv-
ing field

The next advancement made to the model was to allow for temporal evolution
of the optical field. In doing so it is shown that the model may become optically

bistable for certain parameter values.

2.4.1 The Maxwell-Bloch equations

The governing equation for a singly polarized electric field is

- 10*E 1 0*P
2 _
B 2ot e o2’ (24.L1)

that is Maxwell’s wave equation in a nonlinear optical medium. Considering the
optical field to be a mode of an optical cavity, such as the cavity shown in figure

2.2, then the electric field E can be written as

E = A (t)el®=wt) 4 g*(f)eitha=wt) (2.4.1.2)

It is assumed that any spatial variation of A, or its complex conjugate are negli-
gible and such may be described by the cavity mode rather than by terms in the
wave equation. For the polarisation, P, given by (2.2.0.4) to show consistency

between (2.3.1.3) and (2.3.1.8) it must have the form

P — Z (,u (0_21ei(szwt) + 01267i(szwt)) é> S(r — Tj) ) (2.4.1.3)
J

Substituting (2.4.1.2) into the second term of 2.4.1.1 produces

O2E O%A, . 0A,
W = —220)

27 i(kz—wt)
oY 5 Y Aa> e +c.c. . (2.4.1.4)

Since the only evolution of the field which is of concern is that which takes place
in the z direction, the simplification of V? ~ g—; gives the spatial derivative of

the field to be
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0’E

== = — k2 A ek e e, (2.4.1.5)

Substituting (2.4.1.4) and (2.4.1.5) into the wave equation (2.4.1.1) results in the

left hand of the equation taking the form

1 (824, . 04, =
ot2 ot “

k2 Ageitheet) _ A ) elka=et) fceo (2.4.1.6)

From the dispersion relation, £ = %, so the terms —kQ/T,l and —i—“(j—jffa cancel,

leaving

1 (0°4, 04, .
~3 ( 52 2iwﬁ) eilk==wt) 4 ¢ e (2.4.1.7)

The Slowly Vary Envelope Approximation (SVEA) is the assumption that the

wave packet evolves spatially and temporally slowly, so that 8{){;“ << wa <<

a;QfTa, thus only the largest such term is considered. When this is apphed, the

left hand side of the equation reduces to

w aA i(kz—wt)
QZEWG +c.c. . (2.4.1.8)

Substituting (2.4.1.3) into the right hand side of the wave equation gives

2D 2
1 8P: 1 O—Zdjé(r

€oc? Ot egc? Ot2

6002 Z at2 5(r—r;(t)). (2.4.1.9)

Substituting d; = 1 (021" *279D 4 gype k2= 6 nto % gives
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9Pd;, O o i)\ A
atQ] — @ (,U/ (0_2161(kz wt) + op9e i(kz wt)) 6)
0? 0 ‘
_ (( 8‘;21 — 2w ;fl - w2021> gitbz—wt) 4 c.c.) ¢ (2.4.1.10)

which, upon application of the SVEA, reduces to

2d;
ot?

(kz—wt)

= —pw? (0'216i + olge_i(kz_wt)) é. (2.4.1.11)

Substituting this, equation (2.4.1.9) and (2.4.1.8) into the wave equation (2.4.1.1)

gives
0A, .
27J§We’(kz_m + c.c.
1 . .
— _2 Z ( _ MwQ (0_2161(k§2—wt) + 0-126—1(k2—wt)) é)é(r _ T](t)) ) (24112)
€pC -

To obtain an equation solely for the evolution of A,, the above is multiplied by
e'*2=wt) and the Rotating Wave Approximation is applied, so that terms multi-
plied by e (for n > 2) may be neglected. Doing so reduces the above equation

to

- <uw2021é>5(7’ — (). (2.4.1.13)

Integrating the above over the length, L, and incident area, A, of the atomic
sample applies the Dirac delta function to the right hand side of the equation,

giving

w0A, . pw?n
21— e=——5
¢ Ot €0C?

(om)é. (2.4.1.14)

The right of the above has been multiplied by »/y, so that n = N/AL and
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(-+) = % 2_; (-++) could be applied. When the dot product by ¢ of both sides

of the above expression is taken, the equation becomes

0As  ipwan
ot N 260

(091) . (2.4.1.15)

This equation describes the evolution of an idealized field, i.e. a field without
losses due to mirror imperfections in the cavity. By assuming that the field
amplitude A, evolves on a timescale much longer than the time taken for a cavity
round-trip (%), the field losses can be represented by the introduction of a loss
rate of —T'A, per round trip, where 7" = 1 — R is the mirror transmissivity |72].

The losses are described by

TA, cT
=G = e = A, (2.4.1.16)

04,
ot

losses

the detuning of the field from exact cavity resonance is described by

0A,
ot

= i(w — we) Ay = 6,A, (2.4.1.17)

detuning

and the injection/pumping of the field is described by

0A,
ot

_ﬁAéN_C\/T

IN
g/ = A£N _ QAG = KZAZq- (24118)
C

v

injection

Including these terms in (2.4.1.15) produces a more robust and realistic equation

to govern the evolution of the field amplitude

0As  ipwan
ot N 260

(091) + (i6. — K)Ag + KAST . (2.4.1.19)

To be consistent with the scaling for the equations for the population inversion
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and the coherence, equations (2.3.1.34) and (2.3.1.35), the scaling terms

_ 5.

5, = (2.4.1.20)
WP

o= — (2.4.1.21)
Wy p

along with those described in equations (2.3.1.28) - (2.3.1.33) are applied to equa-
tion (2.4.1.19) to give the scaled form of the equation for the probe field

= (091) + (10, — k) Ay + KA . (2.4.1.22)
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2.4.2 Optical Bistability

Purely in the interest of demonstrating the evolution of the internal degrees of
atomic freedom when the atoms are coupled to the cavity field, a simple bistability
result is produced. By using the final values (i.e. the final values for a single
iteration of the code, run for a sufficient length of time for the system to reach
a steady state) for each variable in the computational model as the initial values
for the next iteration, excepting the field amplitude, the bistability of the system
was investigated.

While operating close to resonance, the input amplitude was increased incre-
mentally from a low initial value. The output intensity of the system during this
phase of operation proceeded along the lower transmission branch until reaching
the critical turning point. Increasing the input amplitude beyond that critical
point resulted in the transmitted intensity of the system to jump to the upper
transmission branch as the system reached saturation point. When the input field
was then gradually decreased, the output intensity remained in the upper branch
even below the threshold value at which the output field had switched transmis-
sion branch. Tuning the field amplitude down further, it eventually reached a sec-
ond critical turning point at which the system could no longer remain saturated,
at which point the output field dropped once again to the lower transmissivity
branch. Figure 2.6 demonstrates the results of this process.

By considering the field to be tuned to cavity resonance, 6, = 0 and adiabat-
ically eliminating equation (2.4.1.22) an expression is obtained for the value the

optical field assumes at steady state,

- 1 —
Aa = % <021> + AZQ . (2421)

It is assumed that the term (o91) may be replaced by simply o9, due to stationary
atoms behaving in a similar manner. Into the above expression the previously
obtained expression for the steady state value of the coherence, equation (2.3.3.6),

is substituted to give
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_ - A “ ] A
i 1 (( 2pl'99 A D (F21+@Aa>)) + A% (2.4.2.2)

- Fgg(F%l + Az) + 4,021212F21

a — —
I

where A,, as in the derivation for (2.3.3.6), is again assumed to be purely real.

Rearranging the above equation for the pump term A$? using A, = 0 gives

2pD A,

4p2 A2

A=A, + - :
HFQl(l + I‘221121>

a

(2.4.2.3)

Making a comparison with equation (32) of [31] for the bistability coefficient or
"cooperativity parameter", C, with equation (2.4.2.3) above, the approximation

can be made that

_2pD“
T kD

C

(2.4.2.4)

As can be seen from Figure 2.6, even a small increase in the value of the bistability
coefficient gives rise to vast increase in the area over which bistability can occur.
It can also be seen that there exists no bistability in Figure 2.6(a), indicating
that there exists a threshold value of C which must be exceeded for bistability to
occur. This behaviour matches well with the absorptive bistability described in
|73|, where the threshold value for bistability was C' > 4. In terms of the above
expression for C, this translates to a threshold for bistability of C' > 2, which
matches well with Figure 2.6.
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Figure 2.6: The output field for the cooperativity co-efficient C= (a) 2, (b) 4, (c)
8 and (d) 16
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2.5 Moving atoms interacting with two counter-
propagating, evolving fields

To fully describe the CARL model a second optical field must be added to the
computational model, the fields must be allowed to evolve over time and the
atoms, which until now have been considered as stationary, must be allowed to
move in response to the incident optical fields. The probe beam, which may arise
unseeded from noise within an experimental system, is considered to propagate
in the forward direction. The pump beam is taken to run counterpropagating to
the probe beam. A schematic diagram of this arrangement is shown in Figure

2.7. The total optical electric field in this system may be written as

E = (Ag(t)e’®==t) 4 Ay (t)e'h=t) ycc)é. (2.5.0.1)

The response of the dipole moment of a two level atom to such an applied field

can be assumed to be of the form

—

d=p(one ™ +cc)e. (2.5.0.2)

For this to be consistent with equation (2.3.1.6) then the slowly varying co-

herence terms o, 5 are defined as

pa1 = oge !

P12 = 0126“‘”5. (2503)

With this taken into consideration the Maxwell-Bloch equations may be derived

in much the same manner as before.
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Figure 2.7: Simplified Counter-Propagating Cavity Structure Diagram

2.5.1 The Maxwell-Bloch equations
2.5.1.1 Population inversion

Substituting the expression for the coherence, (2.5.0.3), and the new expression

for the field, (2.5.0.1), into (2.3.1.19) gives

oD
E

+ B (4,1 1 401 4 )

(0_216—iwt - Ulzeiwt) s (2511)
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where the dot product between the terms with polarisations é has been taken.
Multiplying out the brackets and applying the RWA so that terms with oscil-
lations of the order e*"™! (for n > 2) may be neglected, the equation for the

population inversion of an atom under two optical beams takes the form

oD

5 = (D — D*)

i %(0_21 (Aze—ikz + Azezkz) . (Aaeikz + Abe—ikz)) . (2512)

2.5.1.2 Coherences

In a similar fashion the equation for the coherence due to the two applied fields
may be obtained by substituting the coherence expression (2.5.0.3), the expression
for the total field (2.5.0.1) and the definition of the population inversion (2.3.1.17)

into equation (2.3.1.11). By doing so, the equation

0 . ) iy
9t (021€_Mt) = — (721 + twa1) (0216 Zwt)
ZQZD (Aaei(kz_“t) + Ayelhamet) 4 c.c.) (2.5.1.3)

was obtained. The left hand side of this equation may be expanded out using the

product rule to give

0021 _jun

ot
= - (721 + iWQ1)021€_
12uD

h

— iWO'Ql Bith

wt

(Aaei(kz_“’t) + Apeihawt) 4 c.c.) . (2.5.1.4)

The above equation can be rearranging so that the term —iwose”** is moved

to the right and subsumed into the term A, = w — wy;. By then multiplying

iwt

through by " and applying the RWA as before, the equation for the slowly

varying coherence variable, 015 becomes

%)
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Jo . 12uD
82521 = —(721 — 1A,)091 + a

(Age™ + Ape™**) (2.5.1.5)

2.5.1.3 Optical fields

The equation for the evolution of the field in the cavity is still given by the wave
equation (2.4.1.1), though using the new expression for the total field (2.5.0.1)

and (2.5.0.3) produces a more complex result than previously,

O2E 02A 0A, .
R a _ 9, a i(kz—wt)
BT ( BTE 2iw 5 Y Aa) e
24 A
(% - in% - w2Ab> ekt L ele. (2.5.1.6)

As was assumed in the case of a single beam, any spatial variations in A, or
their complex conjugates are negligible and thus may be described by the cavity
mode rather than by terms in the wave equation. As was also stated previously,
the only evolution of the field which is of concern is that which takes place in the
z direction, thus the simplification of V2 ~ % gives the spatial derivative of the
field to be

825 2 i(kz—w 2 i(—kz—w 5
i (—k‘ A, D _ k2 Ape Y+ c.c.) é. (2.5.1.7)
By substituting the two derivative expressions (2.5.1.6) and (2.5.1.7) into the

wave equation, (2.4.1.1), the following is produced.

(_kQAaei(szwt) . k,QAbei(szfwt) + C.C.) é

1 %A 0A ,
I ¢ _ 9 @ _ 2A i(kz—wt)
= ( o “or ¢ “) ‘
2A A ,
<8at2b . Qlw% i w2Ab> ez(szfwt) +ecle
1 9°P
- (2.5.1.8)
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As the terms —k?A and —°CJ—22A cancel due to the dispersion relation, the terms

remaining after subsequent application of the SVEA are

2iw 0A 2iw 0A 1 92P
a i(kz—wt b z( kz—wt) b— —
< 2 5 ¢ ) 22 e +cc)e— : (2.5.1.9)

As for the single evolving field case, the right hand side of the wave equation may

be expanded as

€oc? O0t2  €pc? Ot?

1 0%d;
_6062 v Lo(r —r;(t)), (2.5.1.10)

1 9P 1 &
or_19 > do(r
J

into which may be substituted the expression for the dipole moment, d = p(oare™ ™ + c.c) é.
When the derivative is taken and the SVEA subsequently applied, the wave equa-

tion takes the form

2w aAa i(kz—wt) 21w aAb ’L —kz—wt)
<C2 ate =R e

” 02 Zu —wlog et —w algem d(r—r;(t)). (2.5.1.11)

By taking the dot product of both sides with é, collecting terms and cancelling

down where appropriate, the equation is reduced to

ot ot

_ % (O_mefiwt + 0,12€iwt) (5(7’ o Tj(t)) . (25112)
0

A, . A
(a_ez(kz—wt) + Qez(—kz—wt) o C.C.)

J
In this form the evolution of any one individual field may not be easily de-

termined, so the equation must be split in two, one equation for each field. Mul-
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tiplying through equation (2.5.1.12) by =%+t and applying the RWA results

produces

aAa aAb —2ikz _ ZWM _ikz
(at LT )‘ 20 (021e7™%) 0 (r —14(t)) - (2.5.1.13)

J
Once again the application of the rotating wave approximation has allowed
terms which varied as e*** for n > 2 to be considered to average to zero. Inte-
grating this equation over the cavity area ./ and the cavity length L eliminates

+2ikz

the terms on the left hand side containing e and applies the Dirac delta

function on the right hand side.

0A, 1 1 ks,
= ZQCL;I:JZ%LZ(UQIG ) (2.5.1.14)

J

By multiplying the right hand side by %, substituting for the atomic density

N
n=— (2.5.1.15)
and defining the average
LN
NZ() =< > (2.5.1.16)
J

and lastly adding detuning, loss and pumping terms as derived for the one field

case, then equation (2.5.1.14) takes the form

0A,  dwun
ot a 260

(o916 ) + (i6, — k) Aq + KA, (2.5.1.17)

i.e. the equation describing the evolution of the optical probe beam. By mul-

i(kz+wt

tiplying equation (2.5.1.12) instead by e ) and following a similar series of
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steps, the equation for the evolution of the optical pump beam is found to be

0A ] " e
== Z;im (021€%7) + (i6, — k) Ay + KA. (2.5.1.18)
0

2.5.1.4 Optical force acting on each atom

The rate of change of momentum, i.e. the force, experienced by an atom as a

result of the optical fields incident upon it is given simply by

op;
ot

Q|
N‘tijl

—F,=d;-—. (2.5.1.19)
By substituting the term for the total field, (2.5.0.1) and the term for the jth
atoms dipole moment, (2.5.0.2) into the above and taking the derivative, the

equation becomes

Op; _
ot
ik Age™® 9D — ik Ay’ TR e e (2.5.1.20)

(02167“‘” + alge“’t) é

Upon taking the dot product and applying the RWA, the equation for the force

experienced by the jth atom is shown to be

% = ikp <U12 (Age™ — Ape ™) — ooy (Afe ™ — Aje™™) ) (2.5.1.21)

2.5.1.5 Evolution of atomic position

The rate of change of position for each atom is simply the velocity at which it is

travelling, or rather its momentum divided by its mass

0zj
—_— I/Z
ot J
Dj
= — 2.5.1.22
o (2.5.1.22)



CHAPTER 2. TWO LEVEL COLLECTIVE ATOMIC RECOIL LASING

2.5.2 Scaled Maxwell-Bloch equations

Equations (2.5.1.2), (2.5.1.5), (2.5.1.17), (2.5.1.18), (2.5.1.21) and (2.5.1.19) form
the Maxwell-Bloch equations for a cold atomic gas interacting with two counter-
propagating optical fields. As was the case for stationary atoms, these equations
can be numerically solved in their current form, however it is convenient to utilize
the scaling terms to rewrite the Maxwell-Bloch equations in a dimensionless scaled

form. The dimensionless scaling terms

_ Pj
= = 2.5.2.1
- .| 2¢€
- _ “ 2.5.2.2
Ay ’ nhpr o ( )
0 = 2kz (2.5.2.3)

are added to those previously defined in equations (2.3.1.28) - (2.3.1.33), (2.4.1.20),
and (2.4.1.21).
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When scaled, equations (2.5.1.2), (2.5.1.5), (2.5.1.17), (2.5.1.18), (2.5.1.21) &
(2.5.1.22) take the form

oD L, .
5 = T2(D - D)+ P<021 (AZG_Z% + AZ&%) + 01 (Aaezg + Abe‘lg)
(2.5.2.4)
dog X < ;0 < 0
oy —(P21 — iA)oa; — 2pD (Aae 2 + Ape 2) (2.5.2.5)
A .05 _ _ _
% = <0216_27> + (b — 7)Aq + RAY (2.5.2.6)
A 05 —
% = <021€Z7> + (i0. — R)Ap + RAY! (2.5.2.7)

op; L L L B O A
= (o (A(lez7 — Ab6_17> + 091 <A26_17 — A2627> (2.5.2.8)

e (2.5.2.9)
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2.5.3 Collective atomic recoil lasing

With the Maxwell-Bloch equations in a scaled notation it is now possible to
investigate CARL by solving equations (2.5.2.4), (2.5.2.5), (2.5.2.6), (2.5.2.7),
(2.5.2.8) and (2.5.2.9).

On inspection of equations (2.5.2.4) and (2.5.2.5) in particular, it can be seen
that when the pump intensity is large, the value of the coherence increases. When
the coherence grows, the population inversion moves from its initial ground state
value of !/, towards zero. The growth of the excited state population and thus
the decrease of the population inversion is troublesome for two reasons. Firstly,
population in the excited state leads to an increase in spontaneous emission and
thus heating of the atomic sample. Secondly, the optical force responsible for the
atomic bunching is dependent upon the coherence, which is in turn dependent
upon the value of the population inversion. As the population inversion tends
towards zero, so too will the coherence and thus the bunching force.

These two factors present good reason for operating CARL with parameter
choices which result in negligible growth of the excited state population. To that
end it is useful to obtain an expression for the value of pump field amplitude at

which a given "saturation" value of the population inversion could be expected.

2.5.3.1 Pump beam saturation value

An equation for the saturation pump amplitude can be obtained by solving the

equations for D and o9 in the idealised situation where y9; = Y29 = 0, A, = 0

A e*ikz
and % = 0. In this idealized state, equations (2.5.2.4) and (2.5.2.5) take
the form
oD .
E =p (O’QlF + O'lgF) (2531)
doa A
= iA,091 — 2pDF (2.5.3.2)
or

where F' = Aye 2.
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Differentiating the equation for the population difference, (2.5.3.1), produces

82D 80'21 80'12
—_— F*+ F
oT2 p ( or or )

= p (iDo(02 F* — 012F) — 4pD|F|?) | (2.5.3.3)

then when it is differentiated a second time it gives

3
0°D (iAa (3021F* . 3012F) —4[)({;—D|F|2)
T

ars P or or
_ i} oD
= =A% (p(onF* + 012F)) — 4/)2511?’2
- oD
= — (A2 +4p°|F|)?) —. 2.5.3.4
(B2 -+ 497 FP) 5 (2.534)
Looking for solutions to the above equation of the form D o ™ gives
A= — (AZ4+4p%F]) X. (2.5.3.5)

It is easy to see then that A = 0 or A = 4i\/A2 + 4p2|F|2. Using these to solve

for an equation for D

D = Ae" + Beos(w,T) + Csin(w,7), (2.5.3.6)

where w, = \/AZ + 4p2|F|2. Tt follows that at 7 = 0 the above expression is

D|,—o = A+ Bcos(0) + Csin(0), (2.5.3.7)

so then

A=D, - B. (2.5.3.8)
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By differentiating (2.5.3.6), the equation takes the form

oD
a—]Tzo = —w,Bsin(0) + w,Ccos(0) . (2.5.3.9)
-
However, as the initial coherence is considered to be zero, o91|,—¢ = 0, from

(2.5.3.1) it follows that 22|,_, = 0. Using that value in the above expression it

becomes clear that C' = 0. Differentiating (2.5.3.6) a second time gives
aﬁﬁ 2 Bcos(0) (2.5.3.10)
—|r=0 = —wBcos(0) . 5.3,
ar2 0 "

From equation (2.5.3.3), using 091|,—¢ = 0 it follows that
QZQ = —4p°|F|’D (2.5.3.11)
92 IT=0 = 4 0 -0.9.

By equating (2.5.3.10) and (2.5.3.10) the value for B is therefore

_ 4p?|F|*Dy

B . (2.5.3.12)
w'f’

Collating the values for A and B in (2.5.3.6) gives

4p?|F|1?°D 4p?|F|?D
D:%—p‘Jo+p‘J%mMﬂ (2.5.3.13)
w? w?
By averaging out in 7 the term cos(w,7) disappears, so in substituting for w, in

the above an expression is obtained for the value of the population as a function
of the field, namely

4p°|F|

D=Dy|]l — —m4M8MM 2.5.3.14
0|1 R aEp (2:5.3.14)
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Setting Dy = % and defining the "saturation" population inversion value as D = 1

1
then
1 1 4p*|F|?
= |]-— 2.5.3.15
4 2 A2 + 4p2|F|? ( )
Rearranging the above for the pump field, remembering that F = Aye 2,
produces
_ A |
Azt _ 12 , 2.5.3.16

where it has been taken that although the term e~** may oscillate, considering
it as constant at its highest value produces a more useful expression for the
saturation value for the pump field. Operating with parameter choices which
result in a scaled pump field sufficiently lower than the corresponding saturation
pump field value should therefore avoid the risks associated with growth of the

excited state population.

2.5.3.2 CARL in the weak pump limit

For a system operating with p = 1 and A, = 10, the saturation condition in
equation (2.5.3.16) gives a value for |A$%|, as defined in (2.5.3.16), of 5. A pump
field amplitude of A, = 0.4 means that the system is operating more than an
order of magnitude less than the saturation pump field value. Operating below
the pump saturation value in such a manner will be referred to as operating in
the weak pump limit.

Numerically solving equations (2.5.2.4), (2.5.2.5), (2.5.2.6), (2.5.2.8) and (2.5.2.9),
using the above values, produced Figures 2.8 , 2.9 and 2.10.

The computational model was run with initial values approximating condi-
tions typical for collective atomic recoil lasing. It was assumed that the atoms
were initially unexcited, so that the population inversion, D, of each atom was

1/2 at 7 = 0. Furthermore the pump field A, was taken to be considerably
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stronger than A, initially, and the pump field was assumed to remain undepleted
throughout the time the CARL instability took to occur. Operating under those
assumptions, the equation for the evolution of the pump beam was set to zero,
ensuring that the pump amplitude remained constant throughout the length of
the run. The atoms were assumed to be evenly spread in the z direction over a
distance */5, the period of the optical potential formed by the counterpropagating
optical fields. This corresponds to the position variable 6 ranging from 0 — 27,

so that the magnitude of the bunching parameter, defined as

bl = [ (™)1, (2.5.3.17)

was initially zero. As the force experienced by the atoms are periodic over the
range 0 - 27 it was taken that any atom travelling forward past § = 27 could
be accounted for by an identical atom travelling forward past the point 8 = 0.
Similarly any atom travelling backwards past 6 = 0 could be accounted for by
an atom travelling backwards from the point § = 27. Thus the computational
model needed only simulate the region between # = 0 and § = 27 and could place
any atom passing these two limits at the other boundary with its momentum
unchanged. The coherence, o9; was taken to be initially zero.

As was explained previously in Section 2.1, in a system which is capable of
experiencing the CARL instability the initially stationary atoms first interact
with the field through random scattering events. When a photon is scattered
counterpropagating with the pump beam, then a weak standing field emerges.
This weak standing field, through the action of the dipole force, resulted in the
atoms experiencing a push towards the peaks (troughs) of intensity when the field
was tuned below (above) atomic resonance |[74].

Being the result of a standing field, the peaks and troughs of intensity are
periodic over %, thus the atoms bunch on the same scale. In so bunching, the
atoms form a spatial density grating and act in a manner similar to that of a

Bragg reflector thus scattering more pump beam photons into the probe beam
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[75]. The increased number of photons in the probe beam strengthen the standing
wave, which increases the atomic bunching, resulting in a yet stronger "reflection"
and more backscattered photons.

This effect can be readily observed in Figure 2.8, in which the probe beam
intensity, shown on a log scale in the uppermost graph, experienced gain as a
result of the bunching term b, also shown on a log scale in the middle graph,
increasing. In Figure 2.9 the graphs shown are phase space plots i.e. atomic
momentum against atomic position at three points during the evolution of the
CARL instability. It can be seen that atoms to the left of the bunching point
gain momentum in the positive direction and atoms on the right of the bunching
point gain momentum in the negative direction. The end result being a tendency
towards areas of highly bunched atoms with a distinct periodicity.

It is important to note that a similar effect exists where the atoms remain

A

5 spatial

mostly stationary and it is instead the population which varies on a
period. This is known as an electromagnetically induced grating (EIG) [76, 77|.
As this effect exists, the average population inversion (D) has been plotted in
Figure 2.10 at the same time points as the graphs shown in Figure 2.9. It can
be seen that the scatter plots of atomic population inversion vs. atomic position
display no periodic excitation of the population. It can be safely said then that
the gain in the probe beam is the result of the CARL instability and not due to
an EIG.

Furthermore, it is important to be aware of the population difference experi-
enced by atoms in the system to avoid "washout" of the CARL result. From the
definition of D given by (2.3.1.15) it can clearly be seen that when the population
in levels 1 and 2 are equal, that D becomes 0. When D experiences a value of zero,
the equation for the coherence, 091, given by equation (2.5.2.5), tends towards
zero. As a result, the equation for the probe field, A,, equation (2.5.2.6), also
tends towards zero.

Figure 2.9 is a scatter plot which shows the momentum of each individual atom

plotted against its z-position. In this respect, the number of simulated particles

can be thought of as a sampling of the phase space. Running the simulation
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with too few particles can introduce numerical noise into the system due to the
averaging term (...) = %Zj\le in equations (2.5.2.6) and (2.5.2.7), which describe
the pump and probe field respectively. Running the simulation with too many
particles results in runtimes which are prohibitively long. The value of N =
1000 was chosen for the number of simulated particles as it was deemed to be

sufficiently high to mitigate numerical noise without run times becoming severely

protracted.
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Figure 2.8: Evolution of the magnitude squared of the scaled probe amplitude,
|A,|?, bunching parameter, |b|, and mean population difference, (D) for a case of
weak-excitation. Produced by solving equations (2.5.2.4) - (2.5.2.9). Parameters
used are p = 1, Ay, = 10, A, = 0.4, N = 1000. Top: Exponential growth of the
probe beam due to the CARL instability. Middle: Growth of atomic bunching
due to the CARL instability. Bottom: Population remains, on average, in the
ground state during the instability.
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Figure 2.9: Evolution of the momentum, p; of each atom for a case of weak-
excitation at (a)7 = 0.0(a)7 = 25.0 and (c¢)7 = 47.0. Parameters used and
equations solved are as in Figure 2.8. Over the course of the simulation the
particles acquire momentum, due to the dipole force, which results in bunching.
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Figure 2.10: Evolution of the population inversion D; of each atom for a case of
weak-excitation at (a)7 = 0.0(a)7 = 25.0 and (c)7 = 47.0. Parameters used and
equations solved are as in Figure 2.8. The atoms can be seen to bunch as time
progresses, however each atom remains in the ground state due to the low pump
intensity.
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2.5.3.3 The FEL Limit

It may be shown that, for carefully selected parameter values and through the
use of dimensionless scaling terms, the CARL equations take on a form similar
to those of a Free Electron Laser [37, 78|.

In the limit in which |Ay|? < |A4A5*|?, each atom experiences only a weak
internal excitation and the population remains almost exclusively in the ground
state |1) i.e. D — 3. In this limit the coherence may be taken to act as a
parameter, rather than a variable. With the pump field A, taken as undepleted
with reference to the much weaker probe beam A, and thus taken as constant,

the three remaining unscaled equations governing the system take the form

9z; _ p

% B (2.5.3.18)
% _ Zl{?/L (0_12 (Aaeikz o Abefikz) — o9 (Azefikz o Azeikz)) (25319)
0A, iwpn ik

- (ome=*) — kA, , (2.5.3.20)

where the field has been assumed to be sufficient well tuned to the cavity such
that the cavity detuning term may be neglected, d. =~ 0. Furthermore, the probe
beam is not pumped so AS? = 0. Following a process similar to |78], equations

(2.5.3.18) - (2.5.3.20), when written in terms of the scaling variables:

0 = 2kz (2.5.3.21)
_ p
= — 2.5.3.22
p i ( )
T = wept (2.5.3.23)
- . 2¢€
A = iA, 2.5.3.24
! nhwp ( )
2hk?
Wy = (2.5.3.25)
m
4, A2
3 wp nAj
= - b 2.5.3.2
P 2h3eg A2w, (2:5.3.26)
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become the CARL equations in the so-called Free-Electron-Laser (FEL) limit
[79]:

do;

d_; . (2.5.3.27)
d. .

% — — (A" +cc) (2.5.3.28)
.

da , _

ﬁ — (e —RA. (2.5.3.29)

It has been assumed in the above that the system is operating in the far detuned
limit, such that A, >> 721). In the scaling terms, 6 is the scaled position variable,
P is the scaled momentum variable, A is the scaled probe field variable, 7 is the
dimensionless time coordinate, & is the scaled cavity decay rate, w, is the recoil
frequency, and lastly p is the CARL scaling parameter.

It has been shown in e.g. [37, 80, 79| that equations (2.5.3.27) - (2.5.3.29)
display the collective instability described in section 2.5.3.2 in which the initially
homogeneous distribution of atomic positions is unstable and the resulting insta-
bility involves exponential growth of both the probe field intensity (|A|?) and the
previously mentioned bunching parameter |b| = | (™) |, sometimes referred to
as the density modulation amplitude or spatial order parameter.

A collective atomic recoil laser is a system of cold, neutral atoms illuminated
by a pump beam. A free electron laser is a completely distinct and separate
physical system in which a relativistic beam of electrons moves through a magne-
tostatic undulator. Given the difference between the two systems it is interesting
that they both display similar types of self-organising instability when interacting
with optical fields.
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2.5.3.4 Experimental Setup

As was stated in Section 2.1, in 2003 Kruse et al. [4] produced the first unam-
biguous experimental proof of the CARL instability. A simple diagram of the

experimental setup used in [4] can be seen in Figure 2.11.

imaging beam

Ti:sapphire laser

Fy
(—0— AOM

frequency control loop

interference

Figure 2.11: Diagram of the experimental setup of Kruse et al. [4]

The experiment consisted of a titanium-sapphire laser (operating at A =
797nm) split to form a pump and probe mode, o, & «_ respectively, within
a high Q ring cavity. The pump and probe modes from [4] correspond closely to
the pump and probe beams, oy, & «, respectively, used in this thesis. The light
power exiting the cavity was measured via the fields leaking through one of the
cavity mirrors. The power of the light field exciting the cavity was related to the
intracavity power by the expression P = TP = Thwé|o|?.

A frequency difference between the two cavity modes Aw = w, — w_ was
taken to correspond to a shift in the position of the standing wave node within
the cavity. Such a propagation of the standing waves nodes was translated into
a variation in the amplitude of the interference signal Py, = Thwd|a, + a_|?
exiting the cavity. The beat signal was used to monitor the phase dynamics of
the pump and probe cavity modes while time-of-flight absorption imaging was
used to monitor the density distribution of the atomic sample.

The system was operated initially with no atoms in the cavity. The shutter,
shown in Figure 2.11, was used to quickly "switch off" the probe beam (a_).

When the probe beam was switched off the beat signal dropped to Thwd|a|*
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within 10us, a time attributed to the finite closing speed of the shutter.

When atoms were then loaded into the cavity and the experiment repeated,
oscillations appeared on the beat signal shortly after the switching off of the probe
beam. While the amplitude of the beat signal oscillations dampened rapidly, they
continued for a time far in excess of the cavity decay time. Time-of-flight imaging
of the atomic sample showed that the atomic cloud’s center-of-mass was shifted
along the propagation direction of the standing wave.

The experiment was performed again with the finesse of the cavity severely
decreased by rotating the polarization of the uncoupled lasers from s to p polar-
ization. In doing so it was verified that the oscillations do not occur in the low
finesse limit.

A number of deductions were made based on the above observations. First,
the probe mode was fed with light in the presence of the atomic sample, resulting
in a standing wave with the pump mode. Second, as the oscillations in the beat
signal are due to the relative phase shift of the pump and probe modes, the
standing wave was displaced and accelerated by the presence of atoms. Third,
the amplitude of the beat signal oscillations reduces in time, fading out after 1.5
ms. And fourth, the atoms were displaced by the moving standing wave.

The above deductions and observations were explained by Kruse et al. as
being indications of Collective Atomic Recoil Lasing. The system starts with
both pump and probe modes acting upon the atoms, thus the atoms are initially
bunched at the anti-nodes of the standing wave cavity field. When the probe field
is switched off the atoms which take part in the CARL process scatter photons
from the pump mode into the probe mode. In doing so their momentum is shifted
by mv, in direction of the pump. The difference in frequency between the two
modes is then equal to twice the Doppler shift, Aw = 2kv.

This picture agrees with the experimental observations above where the in-
creasingly Doppler detuned probe beam experiences a decrease in its intensity as
its frequency shifts out of cavity resonance by an amount corresponding to Aw.

Kruse et al. then go on to expand the experiment to include a friction force (in

the form of optical molasses). This friction force acts upon the atoms to prevent
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them being accelerated and frequency shifted from resonance with the pump and
probe modes due to the Doppler shift.

The inclusion of the optical molasses has two noteworthy effects. First, it
results in the beat signal reaching a steady operating frequency ranging between
100 and 170 kHz. This corresponds to an atomic velocity ranging between 7 and
13 em/s. The beat signal persist for times longer than 100 ms, with this time
mainly limited by the finite size of the molasses region.

The second effect to note is that, as described by von. Cube et al in [38], the
optical molasses creates a threshold value for the optical intensity. If the optical
modes have intensities below this threshold then the optical dipole force which is
responsible for the atomic bunching will be too small to overcome the debunching
effect of the finite temperature of the atomic cloud. Without the dipole force
forming periodic atomic bunching within the sample, the CARL process cannot

take place.
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Chapter 3

Three level atoms: ladder

configuration

The behaviour of the CARL instability in two-level atoms has been well docu-
mented [80, 37, 79, 78, 69]. However, the behaviour of the CARL instability in
atoms with three energy levels has not been quite so thoroughly researched.

In this chapter equations are derived which model three level atoms in a ladder
configuration. These equations are then used to model two-photon collective

atomic recoil lasing and two-photon superfluorescence including recoil.
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|3> A A A
v —b

Aab A

\Z

A w

v

| 2> A
A
v Ta

2W X
w

|1> \2 \2

Figure 3.1: Simplified Three Level "Ladder" Energy Level Diagram
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3.1 Maxwell-Bloch equations for three-level atoms
in ladder configuration

With two counterpropagating fields of degenerate frequency, a pump and a probe

beam, the substitution for the field term E can be written as

E = (Aa(t)ei(kz_”t) + Ay ()’ TheD L e é. (3.1.0.1)

The response of each atom’s dipole moment to the above field would be expected,

therefore, to be of the form

—

d=p (Uei(kZ’Wt) + gelTh==wh | c.c.)é. (3.1.0.2)

The dipole moment for the three level system, as it was for the two level system

in equation (2.3.1.4), is given by

d = Trace(pp)

P P2 Dis P11 P12 P13
:Trace( Pa1 Da2 Paz| | P21 P22 P23 )
ﬁsl 532 ﬁ33 P31 P32 P33

= P11p11 + Pi2p21 + Pi3ps1 + Paipiz + Dazpaz + Daspse + Da1pis + Dasps2 + P33P33
(3.1.0.3)

As was the case with a two level atom, the dipole matrix elements with match-
ing indices are always zero as transitions may not occur between the same level,
so pj; = 0. Furthermore, it is assumed that direct transitions between the ground
state and the highest energy level are also forbidden, i.e. p3; = p13 = 0. And
it has already been assumed that pss = 0. The dipole moment for a three level

atom can therefore be written as
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d= (2712/)21 + Do1pi2 + Paapos + 523;032)

= (p12P21 + D2a1p12 + Pa2p2s + p23,032> é (3.1.0.4)

It is assumed that the fields are far detuned, i.e. |[A,] = [(w —wa)| > 0 &
|Ap| = [(w — ws2)| > 0, so that the population of the intermediate level, pas, can
be taken to be approximately zero. By making such an assumption, an effective
two level population difference, D, may be defined between the remaining levels

in the three level ladder setup. Defining

1

and remembering that as the system is closed, i.e. p;; + p33 = 1, the population
terms may be replaced by the following terms involving the effective population

inversion

1 1
P11 = 5 + D, P33 = 5 - D. (3106)

As in the case of two level atoms, the equations governing the evolution of the
coherence and population terms for each atom may be obtained from equation
(2.2.4.14). Substituting for 5,k = 1,2,3, j # k in (2.2.4.14) gives the equations

for the three coherence terms po1, p32 and p3; for a three level atom.

3.1.1 Single photon coherences

Using j =2, k = 11in (2.2.4.14) gives
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) , iE . .
8P§1 =—(721 + ZW21)P21+? - (Pa1p11 + Pazp2r + Paspsi)
iE . B
5 (Pr1pa1 + Porpaz + Ds1p23) - (3.1.1.1)

Remembering that pj; = 0, p3; = p13 = 0 and py; = 0, a number of the terms in
the above equation vanish. As was also the case in the two level CARL derivation,
the field and dipole matrix elements are assumed for simplicity to have parallel

polarizations, such that

P21 = P12 = Hat (3.1.1.2)

P32 = P23 = € . (3.1.1.3)
Grouping the terms in equation (3.1.1.1) which remain after applying the above

substitutions and using equation (3.1.0.1) to substitute for the field term E gives

dpa1
ot

= - (721 + iw21)p21

i 4 —_ A R
+ i_i (Aaez(kz—wt) + Abez(_k 2 + C.C.) € - (Napll + Mbp31> €. (3114)

When equations (3.1.0.4) and (3.1.0.2) are compared, consistancy requires that

the coherence terms may be expressed as

par = oy (3.1.1.5)
P32 = ogae” ! (3.1.1.6)
P31 = oge 2t (3.1.1.7)

i.e. the coherence may be expressed as a slowly evolving amplitude multiplied
by a oscillating term. Substituting the above expressions for the coherences,

substituting for the effective population inversion, (3.1.0.6), and taking the dot
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product produces

0 . .
5 (o2167™") = — (721 + iwa) (o2167™")

+ % (Aaez(kz—wt) + Abez(—kz—wt) + c,C.) (Ma (— -+ D) + 'ubo.gle—%wt) '

2

(3.1.1.8)
S0
0

g;l == (721 —1 (w - WQl))O'Ql
1 A } 1 A |
+ ﬁ (Aaez(kz—wt) +Ab€z(—kz—wt) + C.C.) (,Ua (5 + D) piwt +Mb0316_Wt) .
(3.1.1.9)

Substituting A, = w — wo; and applying the RWA gives

Oo .
(?tm = — (Y21 — iAg)on
: 1 ) . . .
+% (Ha (5 + D) (Aaezkz +Abe—zkz) +,ub0—31 (Aze—zk:z _‘_Azezkz)) )

(3.1.1.10)

In a similar manner to the above, the equations for the other single photon

coherence may be shown to be

do :
8_;52 = — (32 — iAp) 032
) 1 . . . .
_;_:L (/vbb (5 _ D) (Aaezkz + Abe—zkz) + U031 (Aze—zk'z + Azezkz))

(3.1.1.11)

where, as was stated before, Ay, = w —wss. As the fields are assumed far-detuned

from one-photon resonance, it is assumed that the coherence terms between the
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intermediate level and the excited and ground states may be adiabatically elimi-

nated. Taking equation (3.1.1.10) and adiabatically eliminating, so that 8551 =0,
then

i 1 . . , ,
= .|l =+ D) (A, ikz | A, o k2 Afe—thz L A*etkz .
o= AL (u <2+ )( e + Ape ™) 4 ppogy (Aje™ ™ 4 Ape™)

(3.1.1.12)

The assumption is made that the system operates with single photon detunings
much larger than the single photon decay rates, A, >> 721 32. Operating in
such a regime allows the single photon decay rate terms to be neglected, leaving

the above equation with the form

091 = _ﬁi <Ma (% + D) (Ae™ + Aye™™) + oz (Ale ™ + AZe““Z)) :

(3.1.1.13)

In a similar manner equation (3.1.1.11) may be adiabatically eliminated to

give
1 1 A A A A
039 = —— (Nb (_ _ D) (Aaezkz + Abe—zk’z) + [aO31 (Aze—zkz + Azezkz)) )

(3.1.1.14)

The two photon detuning term is defined as
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Agpy = Ay + Ay
= (W —wa1) + (w — ws2)
= 2w — (w2 — w1) — (w3 — ws)
= 2w — (w3 — w1)

It can be seen then that if the one photon detunings are much larger than the two
photon detuning, A,, A, >> A, then (3.1.1.15) results in the approximation
Ay ~ —/A,. Using this in the above equation for the steady state value of o3

gives

039 = —hi (,ub <% _ D> (Aaeikz _|_Abefikz) + [aT31 (Azefikz +Azezkz)> '

(3.1.1.16)

3.1.2 Two-photon coherence

By following the same procedure as for the one photon coherence, os;, the equa-
tion for the coherence between the ground state, |1), and the uppermost state,

I3), 031 can be shown to be

0031

ot

= — (31 — 1Qg)031
7

7

([,LbO'Ql (Aaeikz + Abe_ikz) — [aO32 (Aae““ + Abe_““)) . (3.1.2.1)

By substituting the equations for the single photon coherences, (3.1.1.13) &

(3.1.1.16), into the above expression, the expression may be written as
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do '
(9;1 = — (131 — 1Aw)o31
i (Mg — /J“l%) ikz % —9ikz "
o (A A (AL A))
12 A ‘
_ ZhéizubD (Aa€22kz + Ab) (Aa + Abe—szz) (3122)

3.1.3 Population terms

By following the same derivation procedure as that which produced equations
(3.1.1.10), (3.1.1.11) and (3.1.2.1) for the coherence variables, the equations for
the populations of the excited and ground states of the three level system may

be found to be

85;1 — 3 (% _ D) n Z,;fla ((721 (Azefikz + Azeikz> — 019 (Aaeikz + Abefikz)>

(3.1.3.1)

1 ; A A | |
8(;;:3 = —"33 (§ — D) + Zlu?b (0-23 (Aae“fz + Abe—lkz) — 039 (Aze—zkz + A;s;ezkz)) :

(3.1.3.2)

where it has been assumed that as the population for pys is negligible, all popu-
lation from level |3) decays to level |1) and thus the term 733 (5 — D) has been
added to the equation for the population of the ground state. From (3.1.0.5) it

can be seen that

dp11 Opss 0 oD

Substituting (3.1.3.1) and (3.1.3.2) into the above gives
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ot 2 h

- (—733 <% - D) - Z%b (025 (Age™ + Ape™™%) — 039 (Ale™™ + A;')‘e““))) ,

28_D — (733 <1 _ D) 4 g (021 (Azefikz + Azeikz) — o (Aaeikz + Abeikz>)>

(3.1.3.4)

Substituting for the one-photon coherences o9, and 032 using equation (3.1.1.13)

and (3.1.1.16) respectively , then

oD iﬂaﬂb
—— = —73 (D - D*
or ~ 1l )FTeA,

( 013 (Aa + Ab€_2ikz) (Aae%kz + Ab)

—og1 (A% 4 Ape¥) (Aze ¥R 4 A7) ) .
(3.1.3.5)

3.1.4 Force equation

As for the two level atom case, the dipole force experienced by an atom is given by
(2.5.1.19). Substituting (3.1.0.1) for the field and (3.1.0.4) for the dipole moment

gives

op; _ g OF
o7 0z
= (p12p21 + P21p12 + P32p2s + Paspsz) €
0 . .
5 (Aa(t)el(szwt) + Ay(t)e!hamwt) o ce)eé. (3.1.4.1)
z

Substituting for the dipole matrix elements (3.1.1.2) and (3.1.1.3) using equa-
tion (3.1.1.5), along with equation (3.1.1.5) for the coherence, the equation for

the force experienced by an atom becomes
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—iw

op;
ot

t jwt jwt —iwt
= (,UaUzle + Ha012€™" + ppoaze™” + ppozae )

(ikAaei(szwt) o ikAbei(szfwt) - ikAZei(szert) + ,l»kAZei(szrwt)) )
(3.1.4.2)

Substituting for the one-photon coherence variables, 051 and o3, using equa-

tion (3.1.1.13) and (3.1.1.16), then

Op; .Qka *x2 —2ikz * ikz ikz —2ikz
%:l hgaﬂb [agl(Aaze 2ik _Ab262k)_013(14262k —Aie 2k>]

12k A A 1
o (AsAve ™ = A ALe™™) | o (g + 4iy) + D (1 — 1)
(3.1.4.3)
3.1.5 Position equation
The equation for the position of the jth atom is given again by simply
0z; _ pj
— = —. 3.1.5.1
at  m ( )

3.1.6 Field equations

The equations for the field amplitudes can be derived once again from the wave
equation (2.4.1.1) by substituting for the polarisation using equations (3.1.0.1)
& (3.1.0.4). Substituting equation (3.1.0.1) into the left hand side of the wave

equation produces the same result as for the two level case, namely

L 1 0%E 2iw A, . 2w OA,
VE- 2 = (Z—;‘)We“’”—““ + Z—fa—t”e“‘kz—wt) + c.c.> e, (3.1.6.1)
C C

Substituting equation (3.1.0.4) into the right hand side of the wave equation,
using equations (3.1.1.2), (3.1.1.3), (3.1.1.5), (3.1.1.6) and (3.1.1.7), produces
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P "
F 8252 Zdér—'r’j

82d
8t2 T o r] ))
" 9?2 ) )
= Z prel (Ma021€_ZWt + paOz0e ™ c.c)é d(r—r;(t)). (3.1.6.2)
Expanding the term o°d ea glves
8261_; 32 tw —iwt ~
P 8152 (,uaagle b HaO32€ + c.c)e
0 0 , 0 A
== (Ma ( gjl — iwagl) et 4+ ( ng — iwagg) e W c.c) é
0? 0 A
= (1o (Tt 20— on )
0? 0 :
+ ( 8(75752 — 2iw % - (JJ20'32) et 4 c.c)é. (3.1.6.3)

Applying the SVEA to the above and substituting into the right hand side of the

wave equation gives

29w 0A, . sz 0A

s Ta i(kz—wt) b i(—kz—wt) A
1 — . ,

= — > (—pawome™ — pwlope ™ +cc)e d(r—ri(t)).  (3.1.6.4)

€gC

c2

J
From the above, an equation for the temporal evolution of A, can be acquired

by first multiplying through by e (=***«%) and applying the RWA to produce
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%aAa 22_("}% —2ikz |\ 2
¢z Ot 2 Ot ‘ ‘

n

1 . A
= (—paw?oore™™ — ppwlosse™**) e S(r —r;(t)). (3.1.6.5)
€gC -
J

Integrating the above over the cavity area ./ and the cavity length L, any terms

+2ikz

containing e on the left hand side are averaged out and eliminated and the

Dirac delta function on the right hand side produces

2iw 0A, . 1 —

_ 2 —ikz; 2 —ikz;\ 5
ML?WG = 60? Z (—,u,a(,u O91€ 7 — Upw  O32€ J) e. (3166)

By rearranging the constants to the right hand side and cancelling down terms

the equation becomes

5’AaA W " —ikzs —ikz:\ A
5t C = FTaey 2 (Huome™ o) . (31.67)
0

J

Multiplying the right hand side by &, using (2.5.1.16) & (2.5.1.15) and taking
the dot product of the equation with é the expression for the evolution of the

probe beam A, can be rewritten as

0A, iwn ik ik
ot = ? <,ua0'21€ kzj + Hpo32€ k J> . (3168)
0

Substituting for oy; and 093 using eq. (3.1.1.13) and (3.1.1.16) then
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0A iwn to 1 1 . .
a . —ikzj | _ .= D Aa ikz A —ikz
ot 26 <“ ‘ { hA, (“ (2 * ) (Aac™ + Are™™)

+ MUpO 31 (Aze_ikz + AZ€ikz) ):|

+Mb€_lkzj |:— A (,ub (5 - D) (Aae K + Abe b )

+ paoz (Afe™ ™ + Are’™?) )] > . (3.1.6.9)

Collecting terms and adding the detuning, loss and pumping terms derived in
Section 2.5.1.3 gives the final form of the equation for the probe field amplitude
ACH

aAa —iwn * —2ikz *
ot 2heoAa< 2otz (Age™ s Ap)
+% (12 + 13) (A + Ape2*2)
+ (13 = ) D (A + Ape™ ) > + (16, — k) Aq + KA.

(3.1.6.10)

In a similar manner, the equation for the amplitude of the pump beam A, is

found to be
aAb — —iwn * * 2ikz
ot 2heoAa< 2Hafb731 (Aa + e )
1 .
+5 (e + 1) (Aac™ + Ay)
+ (g — py) D (Ae®™ + Ay) > + (i6e — k) Ay + KA

(3.1.6.11)

90



CHAPTER 3. THREE LEVEL ATOMS: LADDER CONFIGURATION

3.1.7 Describing the AC Stark shift

The AC Stark shift terms within the three level ladder equations derived above
result from the small difference between the dipole matrix elements p, and .
Prior to scaling, it is convenient to first rearrange the equations to a form where
the effects of the AC Stark shift can be easily recognised.

The terms p, and p;, appear in three configurations in the three level ladder
equations. Setting p, = p and p, = p+ Ay, where A, = p1, — i in each of the

three configurations gives

A
tapty = p(p + A,) = p?(1+ 7’“‘)

A, A\ 2

2 2 2 2 2 2 [ Ay Ay ’
Mo =ty = 1" — (H+D)" = =2p0, — A = —p* | — + | — :
0 1
Defining
A#
€, = — 3.1.7.1
BT ( )
gives

plaps = 11°(1 4 €,)

ui—}-u%:ﬂQ (2—|—26M+Ei)

po — iy = —p° (e +€) -
As the dipole matrix terms p, and p, are of a similar magnitude, by its very
definition, A, < p, so from (3.1.7.1) it must therefore be true that €, << 1.

Likewise ei << ¢,. Keeping only the terms with the most significant influence,

the AC Stark shift terms above become
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Lty = 1 (3.1.7.2)
2+ pi = 2p° (3.1.7.3)
[ — = —ple, . (3.1.7.4)

Substituting equations (3.1.7.2) - (3.1.7.4) into equations (3.1.3.5), (3.1.2.2), (3.1.4.3),
(3.1.5.1), (3.1.6.10) & (3.1.6.11) produces the closed set of equations for three-

level atoms interacting with two optical fields:

oD ip?
- = _ €q
ot 33 (D D ) + hQAa

( o13 (Aa + Abe—%kz) (AaGQikz + Ab)

e (AZ + AZ€2ikz) (A:;e—Qikz + A;) >

(3.1.7.5)
0o .
(97::1 = - (’731 - ZAab)U31
szu 2ik 2ik
~ I3 031 (Aae HE + Ab) (AZe* tE + AZ)
A,
92 2 ) .
o ;LZZ D (Aaemkz‘f‘Ab) (Aa+Abe—2zkz) (3176)
8])' i2]€#2 %2 —%kz * ikz ikz —2ikz
G_tj = T, [031 (AGQe Zikz _ Ab2e2 k ) — 013 (A?le2 Fe _ A2em 2k )}
22]{?#2 * —2ikz * 2ikz
PA. (ArApe™ — A, Ape®™**) (3.1.7.7)
8zj Dj
Rt —— 3.1.7.8
ot m ( )
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0A,  —iwp’n
ot a 2h€0Aa

<2031 (Are ™ + A7) + (Aa + Abemz)> + (0. — k) Ay + KA

(3.1.7.9)

0A,  —iwp’n
ot 2hel\,

<2031 (AL + Ape*™) + (4™ + Ab)> + (i0e — K)Ap + KA}

(3.1.7.10)

The terms —;’;16” o1 (Aae®™* + Ap) (Aze 2% + Ap) and iAgos; from the equa-

tion for the coherence, equation (3.1.7.6), may be grouped together to produce
. 2¢ . .

the term 1 <Aab — }fl‘Q—A’; (]Aa|2 A Az A Aye2ike 4 !Ab\2)> os1. In such a

form it is easy to see the the terms dependent upon the term ¢, act to modify

the detuning of the field from atomic resonance. The AC Stark shift may then

be thought of as an intensity dependent detuning, or (when multiplied by /) as

an intensity dependent energy shift.

3.1.8 Scaling the 3 level ladder equations

The equations derived in the above section, (3.1.7.5) - (3.1.7.10), can be rewritten
in a manner which more easily lends itself to exploring CARL with three energy

levels through use of the common [81, 44, 38, 42, 53| substitution terms

Qg bp = Aa,b Fioo (3181)
w

= .1.8.2

9= 5 hy (3.1.8.2)
Uy &

0= A (3.1.8.3)

where Uy is the dispersive frequency shift due to a single atom, ¢ is the single
photon Rabi frequency and |a,|? represents the number of photons in the probe

(a) or pump (b) beam.
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Substituting the scaling terms (3.1.8.1) - (3.1.8.3) into the closed set of equa-
tions for three-level atoms interacting with two optical fields (3.1.7.5) - (3.1.7.10)

gives the scaled, two-photon CARL equations

88_12 = —733 (D — D) + iUo< 013 (g + e > (e + ay)

—o31 (o + ape®™) (aie ™™ + ;) > (3.1.8.4)

do3

ot

= — (31 — 1Agw)0o31
—12UyD (aaemz + ab) (aa + abe’QikZ)

— iUpe,031 (aaemz + ab) (aZe_zikZ + OzZ) (3.1.8.5)

% _ Z2hk’UO |:O'31 (a*2e—2ikz o a2262ikz) — 013 (a(2162ik:z o age—%kz)]

ot “
+ 12hkUy (aZabe_ZikZ — aaazemz) (3.1.8.6)
aZj pj
— === 3.1.8.7
ot m ( )
Oay,

ot = —ZNUO< 2031 (a;;e_mz + CYZ)

+ (g + e %) >

+ (i0. — K)ag + kal! (3.1.8.8)

a
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c%zb

W = —ZNUO< 2031 (OJZ + a;e%kz)

+ (ozaemz + oq,) >

+ (10, — K)oy + Koy (3.1.8.9)
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3.2 Two-photon collective atomic recoil lasing

In what follows, two regimes for two-photon CARL are investigated. A regime
of low pump intensity, referred to as the weak pump limit, and a regime of high
pump intensity, referred to as the strong pump limit. Both pumping limits are
considered for the case where the AC Stark effect is included and neglected. To
better highlight the effect being investigated, we will consider an idealised case
where there is no incoherent decay of the two-photon coherence or excited state
population, i.e. 33 = 33 = 0. It is also assumed that cavity losses are negligible
on the timescales considered here (k — 0), that the atoms are initially uniformly
distributed in space, and that the atoms are initially sufficiently cold that any
thermal dephasing occurs on timescales much longer than the development of the

instability (p; =0V j).

3.2.1 Including the AC Stark shift

The first step to investigating how the two-photon CARL instability varies with
population excitation is to define a reference or "saturation" pump intensity. This
can be achieved by solving the equation for the two-photon coherence, (3.1.8.4)
and the equation for the population inversion, (3.1.8.5) in the same manner as in

section (2.5.3). Solving for D in the limit where a, = 0 we obtain

D=2 A2+ AUl ) . (32,11
2A3b+4Ug|ab|4+A§,,+4Ug|ab|4c°s(\/ a 0|O‘b|) (32.1.1)

By averaging over an oscillation period, this becomes

= — . 3.2.1.2
2A(2lb—|-4U02‘Oéb‘4 ( )

Defining a "saturation" pump intensity as being that for which the average
excited-state population, (ps3), is 1/4 i.e. (D) = 1/4, we can see from the above

equation that this occurs when the pump photon number is
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2 _ Aab
sat 2UO

|aw|” = |u| (3.2.1.3)

3.2.1.1 Gain in the weak pump limit

A more thorough derivation of the response of the system to the pump and probe
beams is performed in Appendix A. It is shown that when the system operates
in the weak pump limit and is sufficiently detuned that A, >> 731, the expected

gain for the system is approximately

V3 | 2N k2| |? ( 3UB w2 20U apt
Gain = — ¢ —— 121 [p2 4 =20 + =0 ) . 3.2.1.4
2 m 0 Aab AZb ( )

The term %, being of an odd power of both Uy (which is proportional to 1/ ,)
and Ay, is positive when both the single and two photon detuning terms have
the same sign. However, for opposing signs of detuning, it should be expected

that this term would detract from the gain experienced by the system.

3.2.1.2 The weak excitation limit

We consider first the limit |o,|* < |ap)2, such that each atom experiences only
a weak internal excitation and the population remains almost exclusively in the
ground state |1) i.e. D — L and o3 — 0. In this limit equations (3.1.8.4) -

2
(3.1.8.9) reduce to

dz; pj
dat - om 3.2.1.5
dt m ( )
dp. ,
L = —i2hkUy (aaape™ — cc.) (3.2.1.6)
dav, (t ,
adt( b~ _iNUy (0t an () + (=), (3217)

where there is no field for o, injected into the system, so a? = 0. The above,

when written in terms of the dimensionless variables:
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2 2
0=2kz , p=—-p , a=4/—a,,
p V pN

in a similar manner as to section 2.5.3.3, become the CARL equations originally
derived for two-level atoms [37, 80| in what is referred to as the Free-Electron-

Laser (FEL) limit [79]:

do;

— = D 3.2.1.8

dr Pj ( )

dp; 0.

L= (@ ce) (3.2.1.9)

da - __

- = (e ") —ka, (3.2.1.10)
where it has been assumed that o, = —i|ay| and 0. = NUy, that the dimensionless
time coordinate 7 = w,pt, that the cavity decay rate k = wirp, that w, = % is

the recoil frequency and lastly that the scaling parameter p can be defined as

ONUZ o\ /*
p=(—3%—]

Wy

As was described previously, in section 2.5.3.3, equations (3.2.1.8)-(3.2.1.10)
exhibit a collective instability. The case in which the atoms are equally distributed
in the z direction proves to be unstable after spontaneous emission in a direction
counter to the pump beam produces a weak standing wave and produces a bunch-
ing force. The instability results in exponential growth of the backscattered probe
beam |a|? and the bunching parameter [b| = | (e7*) |.

Figures 3.2, 3.3 and 3.4 demonstrate the evolution of the system in the weak-
excitation regime. Figure 3.2 detail the evolution of the magnitude squared of
the probe photon number |a,|?, bunching parameter |b|, and average population
difference (D) in descending order.

From Figure 3.2 it can be seen that an exponential growth of the number
of photons in the probe beam occurs in unison with the growth of the bunching
parameter. This behaviour is indicative of a modulation in the atomic density

with spacial period /2 occurring within the atomic sample. The same behaviour
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in two-level systems is described as the CARL instability [37, 80, 79]. Figure 3.3
provides a clearer look at the development of this density modulation through
snapshots of the phase space (6, p) evolving in time. The behaviour of the atomic
motion contrasts with that of the atomic population as can be seen in Figure 3.4
through its snapshots on the atomic population distribution (0, D) evolving in
time. In the snapshots the population differences vary only a tiny amount from
their original values, meaning that as the system evolves temporally the popula-
tion remains almost entirely spatially uniform in the ground state.

Comparing Figure 3.2 back to Figure 2.8 from section 2.5.3.2 shows a high
degree of similarity, as would be expected as it has been shown the three level
ladder equations can be scaled to match the two level CARL equations in the

FEL limit.
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Figure 3.2: Evolution of probe photon number, |,|?, bunching parameter, |b|,
and mean population difference, (D) for a case of weak-excitation. Produced by
solving equations (3.1.8.9) - (3.1.8.4). Parameters used are Up/w, = 5 x 1077,
Agy = 10, a, = 100, N = 1000, €, = 0.1. Top: As was the case for two level
CARL, in the three level ladder system the probe beam experiences exponential
growth due to the CARL instability. Gaingee ~ 1. Middle: Growth of atomic
bunching due to the CARL instability. Bottom: Population remains, on average,
in the ground state throughout the evolution of the instability.
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Figure 3.3: Snapshots of momentum distribution (6;,p;) for each atom j =
1..1000 when (a) t = 0w !, (b) t = 21w, (¢) t = 30w, ! in the case of weak
excitation. Parameters used and equations solved are as in Figure 3.2. Similarly
to the case of two level CARL, the three level ladder particles acquire momentum
due to the dipole force which results in bunching.
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Figure 3.4: Snapshots of population difference distribution (¢;, D;) for each atom
J = 1..1000 when (a) t = 0w, !, (b) t = 21w, !, (¢) t = 30w, ! in the case of weak
excitation. Parameters used and equations solved are as in Figure 3.2. As was
the case in the two level CARL system the atoms bunch as time progresses with
each atom remains in the ground state due to the low intensity of the pump field
Qp.
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Figure 3.2 displays the CARL instability for the case where both the single
photon detuning A, (and consequently Uy) and the two photon detuning A,

both have positive values and the system is operating in the weak pump regime.

As both Uy and A, are positive, so too is the term AU—Ob in equation (3.2.1.4)
in section 3.2.1.1. As the expression AU—“b is also positive when both Uy and A,

are negative, it is to be expected that the when the system operates with those
signs the resulting gain should closely match that of Figure 3.2. This prediction
is shown to be accurate when the comparison is made between Figures 3.2 and
3.5.

However, when only one of the two detuning terms is negative and the other

3U3 |

takes a positive value, the term Aoy

in equation (3.2.1.4) takes a negative value
and acts to counter the gain expected in the system. This loss of gain is shown
to take place regardless of which detuning is negative when comparing Figures

3.2 and 3.5 to Figures 3.5 and 3.7.
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Figure 3.5: Evolution of probe photon number, |a,|?, bunching parameter, |b),
and mean population difference, (D) for a case of weak-excitation. Produced by
solving equations (3.1.8.9) - (3.1.8.4). Parameters used are U/w, = —5 x 1075,
Agy = —10, o, = 100, N = 1000, ¢, = 0.1. By changing the terms Uy and A
from both being positive to both being negative, the term AU—; in the equation
for the expected probe beam gain, equation (3.2.1.4), remains positive. Equation
(3.2.1.4) remains unchanged then and the gain in the system should remain close
to that of the case where both Uy and A, are positive. This can be seen to be
the case when this Figure is compared with Figure 3.2. Gaing,oe =~ 1.
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Figure 3.6: Evolution of probe photon number, |,|?, bunching parameter, |b|,
and mean population difference, (D) for a case of weak-excitation. Produced by
solving equations (3.1.8.9) - (3.1.8.4). Parameters used are Up/w, = —5 x 1072,
Agy =10, oy, = 100, N = 1000, ¢, = 0.1. Allowing U, to be negative while A is
positive means that the term AU—fb takes a negative value, reducing the resulting
value produced by the probe gain equation, equation (3.2.1.4). Comparing this
Figure with Figures 3.2 & 3.5 demonstrates this. Gaing.epe ~ 0.2.
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Figure 3.7: Evolution of probe photon number, |,|?, bunching parameter, [b|,
and mean population difference, (D) for a case of weak-excitation. Produced by
solving equations (3.1.8.9) - (3.1.8.4). Parameters used are Up/w, = 5 x 1077,
Agy = —10, a, = 100, N = 1000, ¢, = 0.1. Allowing U to be positive while A,
is negative also produces a reduced value from the probe gain equation, equation
(3.2.1.4), in a manner similar to Figure 3.6. It can be seen by comparing this
Figure to Figure 3.6 that the gain in the probe beam is similar in both cases, as
expected. Gaingope ~ 0.2.
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3.2.1.3 The strong excitation limit

Figures 3.8, 3.9 and 3.10 show the evolution of the system in the strong-pump
limit. It can be seen from Figure 3.8 that once again growth occurs in the cavity
field intensity synchronously with the growth of the bunching parameter.

However, from the snapshots of the atomic population distribution (6, D)
shown in Figure 3.10 and the evolution of the average population difference shown
in the bottommost graph of Figure 3.8 it can be noted that, in this strong-pump
limit, the atomic population difference undergoes a significant deviation from its
initial value of '/, during the evolution of the instability. This is in stark contrast
to the weak-pump limit where the atomic population difference hardly changes
from its initial value at all.

In the strong pumping regime the system undergoes initial, rapid, two-photon
Rabi oscillations which result in a strongly periodic distribution of atomic popula-
tion as well as the expected periodic distribution of atomic density. The evolution
of the two-photon Rabi oscillations can be seen in Figure 3.8 and the periodic dis-
tribution of atomic population can be seen in the snapshots of atomic population
distribution (6, D) in Figure 3.10.

From these figures it can clearly be noted that a significant number of atoms
have a value for their population difference in the negative, i.e. their internal
population is inverted. In a system of two level atoms, such as that described
in Chapter 2, an inversion of the atomic population would result in significant
amounts of spontaneous emission. Owing to its stochastic nature, the recoil as-
sociated with spontaneous emission would result in a source of heat into the sys-
tem, however the two-photon/three-level configuration considered in this chapter
avoids this, allowing a significant population in the upper state without jeopar-
dizing the coherence of the system.

Additionally, a strong pump value and the resulting population of the upper
state would result in D — 0 on average [79], which for a system of two-level
atoms would cause the force which bunches the atoms (the dipole force) to vanish.
Studying Figure 3.8 it can be observed that the dipole force does not vanish in

this three-level case as it contains contributions one-photon coherences po1, p3o,
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which do not vanish when D — 0, in addition to the two-photon coherence term,
021. When the value of the probe intensity becomes comparable to the value for
the pump intensity the Rabi oscillations begin to dampen, this can be seen in
Figure 3.8(c). It is at this point that the position (#) dependence of the total
field which drives the atomic populations becomes significant (see eq. (3.1.8.4) &
(3.1.8.5)). As a consequence of this, the spread of momentum which is induced
by the CARL instability results in the atoms experiencing different field and thus
dephases the Rabi oscillations.

At t/w, ~ 10 in the uppermost plot of Figure 3.8 it may be noted that there is a
significant dip in the intensity of the probe beam intensity. At ¢/w, = 0 the probe
field has some initial phase (i.e. a, = a"*e!?). The bunching instability may,
however, require a different probe beam phase. As the rate of change of the probe

99

beam phase is proportional to the inverse of the probe beam amplitude (E o

1

W)’ the phase changes more rapidly for smaller values of the field amplitude.
The dip in probe field intensity observed at t/w, = 10 corresponds then to a rapid
shift of the probe field phase to facilitate the growth of the bunching instability.
It may be noted that, in Figure 3.9, the particles all evolve to have a negative
momentum, i.e. all the particles are moving in the negative z-direction. The
particles are pushed in the negative z-direction by the optical scattering force as
described in Section 1.1.1.2. The terms i2hkUy (oape 2% — aa;e?™#) in the
equation for the atomic momentum, equation (3.1.8.6), are responsible for the
optical scattering force. As the intensity of the pump field, ay is initially much
2ikz « e?ikz)

larger than the probe beam, a,, the terms i2hkU (a:abe* — Qa0 result

in a net force in the negative z-direction.
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Figure 3.8: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D) for a case of strong excitation. Produced
by solving equations (3.1.8.9) - (3.1.8.4). Parameters used are Up/w, =5 x 107°,
Agy = 1, oy, = 100, N = 1000, ¢, = 0.1. Top: Gain for the probe beam in a
three level ladder atomic system due to the CARL instability, despite the system
operating at a large value for the pump field amplitude. A similarly large pump
value in the two level CARL system would have resulted in the CARL instability
being "washed out". Middle: Bunching of the three level atomic sample for a
large value of the pump field amplitude. Bottom: Rabi flopping due to the large
value for the pump field amplitude, which would have been severely detrimental
to the two level CARL process, can be seen here not to destroy the three level
ladder cofiguration CARL instability. The Rabi flopping becomes "quenched"
when the probe field amplitude approaches that of the pump field. The equal
fields result in a spread of momentum, which then causes a spread in population
as can be seen in Figure 3.10.
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Figure 3.9: Snapshots of momentum distribution (6;,p;) for each atom j =
1..1000 when (a) t = 0w, !, (b) t = 24w, !, (¢) t = 30w, ! in the case of strong ex-
citation. Parameters used and equations solved are as in Figure 3.8. The atoms
in the system under the effects of a strong pump field can be seen to acquire
momentum and bunch over time in a similar manner to the system under a weak
pump as seen in Figure 3.3.
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Figure 3.10: Snapshots of population difference distribution (6;, D;) for each atom
J = 1..1000 when (a) t = 0w, (b) t = 24w !, (c) t = 30w, ! in the case of strong
excitation. Parameters used and equations solved are as in Figure 3.8. Unlike
the case in which the system is weakly pumped, shown in Figure 3.4, for a strong
pump the population experiences significant growth. It can also be seen that, as
time progresses, the the atoms experience a spread of population. This spread is
responsible for the apparent "quenching" of the population oscillations evident
in the bottommost plot of Figure 3.8.
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Whilst the gain predicted in section 3.2.1.1 in equation (3.2.1.4) is valid for
the weak pump case, it may at least be instructive of what to expect in the

strong pump regime. In Figure 3.8 the signs of the detuning terms match, so

3U3 |

the gain term Aoy

predicted for the weak pump case is positive. For Figures

SUS\abP

3.11 and 3.12 the detuning terms have opposite signs. Thus the term —% -

is negative and reduces the value of the gain predicted by equation (3.2.1.4).
Comparing Figure 3.8 with Figures 3.11 and 3.12 provides good agreement with
the predictions for the weak pump gain, though the curves themselves appear less
smooth due to the strong pump producing stronger nonlinear effects.

The predictions of the weak pump gain equation (3.2.1.4) break down, how-
ever, in Figure 3.13, where the gain of the system is unexpectedly enhanced for
the strong excitation limit case in which both detuning terms are negative. As
Figure 3.13 demonstrates the gain for the strong excitation limit and equation
(3.2.1.4) determines the gain for the weak excitation limit, one does not invalidate
the other. A more detailed study of the response of the gain to the detuning in
the strong excitation limit will be needed to understand fully the origins of the
apparent enhancement seen.

It can be seen that Figure 3.12 shows the same sudden dip in probe field
intensity as was seen in Figure 3.8 which marks a rapid change in the probe field

phase and the beginning of the CARL bunching instability.
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Figure 3.11: Evolution of probe photon number, |,|?, bunching parameter, |,
and mean population difference, (D) for a case of strong excitation. Produced by
solving equations (3.1.8.9) - (3.1.8.4). Parameters used are U/w, = —5 x 1077,
Agy = 1, oy, = 100, N = 1000, ¢, = 0.1. When the value of U, is allowed to
become negative while A, remains positive, the term AL;L in the equation for the
expected probe beam gain, equation (3.2.1.4), becomes negative. The value of
gain produced by the expression is therefore smaller than in the cases where the
signs of Uy & Ay match. The oscillations in the probe field amplitude make it
difficult to produce an accurate value for the probe beam gain, however visual
comparison between this Figure and Figures 3.10 and 3.13 shows the gain to be
diminished.
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Figure 3.12: Evolution of probe photon number, |a,|?, bunching parameter, |b|,
and mean population difference, (D) for a case of strong excitation. Produced
by solving equations (3.1.8.9) - (3.1.8.4). Parameters used are Uy/w, = 5 x 1072,
Agy = —1, ap = 100, N = 1000, ¢, = 0.1. Similarly to Figure 3.11, when the
signs of Uy & Ay, are flipped the term AU—fb remains negative in the equation for
the expected probe beam gain, equation (3.2.1.4). Comparing this Figure with
Figure 3.11 shows that in each case the gains are similar.
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Figure 3.13: Evolution of probe photon number, |,|?, bunching parameter, |,
and mean population difference, (D) for a case of strong excitation. Produced by
solving equations (3.1.8.9) - (3.1.8.4). Parameters used are Uy/w, = —5 x 1075,
Agy = —1, a, = 100, N = 1000, €, = 0.1. When the signs of Uy & A,, match once
again, the term AU—; in the equation for the expected probe beam gain, equation
(3.2.1.4), is once again positive, as in Figure 3.8. Comparing this Figure with
Figures 3.11 & 3.12 shows once again that matching signs for Uy & A, results
in a larger gain in the probe beam that differing signs.
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3.2.2 Neglecting the AC Stark shift

If the assumption is made that p, = s, then the term A, in the scaled two-
photon CARL equations vanishes, ie the position and intensity dependent AC
Stark shift is neglected. With such an assumption made, the scaled two-photon

CARL equations take the form

oD 1 , o ,
i % (5 - D) + ZU0< 013 (aa + ape” %) (€ + ay)
—o31 (o + ape®™) (aze ™ + ;) ) (3.2.2.1)
do3 . . . 2ikz —2ikz
o — (31 — iAgp) 031 — 12Uy D (Ozae + ab) (oza + e )

(3.2.2.2)

% 222hkU0 [0_31 (a*Qe—Qikz . CYZQBQikZ) — 013 (azemkz o age—Qikz)]

ot @
+i2hkU, (aiope™ % — a,a;e**?) (3.2.2.3)
aZj pj
—_— = = 3.2.2.4
ot m ( )
8% . % —2ikz * —2ikz eq
el —iN{ 2Uyo3, (Ozae + ab) + Uy (aa + ape ) — Ra(ag — af?)

(3.2.2.5)
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8ab

Tt = i (2 (0 + a56) 4 U (0™ + ) ) = mofen )

(3.2.2.6)

As before, the "saturation" pump intensity is derived by solving the equations
for the population inversion D and the coherence o3;. For the case where the
AC Stark shift is neglected that means solving equations (3.2.2.8) and (3.2.2.2).
Following the same procedure as previously, where "saturation" is defined to
occur when the average excited-state population, ps3 is i, ie. D= i it can be

easily seen that "saturation" occurs when the photon pump number is

Aab
20, |

(3.2.2.7)

|ab| = |ab’sat - ‘

3.2.2.1 The weak excitation limit

Again the limit |ap|? < |ap|?, is considered first, such that each atom is only
weakly excited internally and almost all the atomic population remains in the
ground state, [1) i.e. D — 1 and o3, — 0. In this limit, equations (3.2.2.8)..(3.2.2.6)
can be shown to reduce to be identical to (3.2.1.5)..(3.2.1.7).

In the weak-pump limit then, there should be no difference between the case
where the AC Stark shift is considered and where it is neglected. This can be
confirmed by solving equations (3.1.8.4) - (3.1.8.9) using the same input values
as were used to create Figures 3.2 through 3.7 save for the value of the AC Stark
shift term reduced to zero (¢, = 0). By doing so, Figures 3.14 through 3.18 were
created.

Figures 3.2 - 3.7 show plots produced by solving equations (3.1.8.4) - (3.1.8.9)
with the AC Stark shift term included (e, = 0.1). Figures 3.14 - 3.18 show plots
produced by solving the same equations, using the same input values, with the

AC Stark shift term neglected (e, = 0).

By comparing these two sets of figures it can be easily noted that there is
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almost no difference between them, i.e. in the weak pump limit the AC Stark
shift has little to no effect upon the system. This is to be expected both from the
equations in the weak pump limit becoming identical and from the description of
the AC Stark shift given in section 3.1.7, wherein the AC Stark shift was described
as "an intensity dependent detuning". If the pump field has a low intensity then

the AC Stark shift "detuning" will likewise be small.
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Figure 3.14: Evolution of probe photon number, |a,|?, bunching parameter, |b),
and mean population difference, (D) for a case of weak-excitation. Produced by
solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Uy/w, = 5 x 1075,
Agy = 10, o = 100, N = 1000, €, = 0.0. Top: The probe beam experiencing
gain due to the CARL instability in a weakly pumped three level ladder atomic
system when the AC Stark shift term ¢, is neglected. The gain experienced by
the probe field, Gain,.qpe ~ 1, is nearly identical to the case where the AC Stark
shift term is included(shown in Figure 3.2). Middle: Bunching of the three level
atomic sample due to the CARL instability with €, neglected. Bottom: The
population remains almost entirely in the ground state throughout the process.
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(c) : t/@r=3o.o‘

Figure 3.15: Snapshots of momentum distribution (6;,p,) for each atom j =
1..1000 when (a) t = 0w, ', (b) t = 21w, ", (¢) t = 30w, ! in the case of weak
excitation. Parameters used and equations solved are as in Figure 3.14. By
comparison with Figure 3.3 it can be seen that when the AC Stark shift term is
neglected the weakly pumped atoms in the three level ladder system move almost
identically as to when the AC Stark term is included.
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Figure 3.16: Snapshots of population difference distribution (#;, D;) for each atom
J = 1..1000 when (a) t = 0w, !, (b) t = 21w, !, (¢) t = 30w, ! in the case of weak
excitation. Parameters used and equations solved are as in Figure 3.14. As was
the case when the AC Stark shift was included, the population remains almost
entirely constant in the ground state for the weakly pumped case when the AC
Stark shift term is neglected.
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As was stated previously in section 3.2.1.2, equation (3.2.1.4) allows for the
prediction to be made that the gain experienced by the system will not change
when the signs of the terms Uy and A, are exchanged, as doing so leaves their
product, UyA,,, unchanged.

Such a prediction is proven to be true when Figure 3.14, in which both Uy &
A,y are positive, is compared to Figure 3.17, where the same values have been
used but both Uy & A, are negative. It can easily be seen that Figures 3.14 and
3.17 are identical, confirming the prediction for the case in which the AC Stark
shift is neglected.
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Figure 3.17: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D) for a case of weak-excitation. Produced by
solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Uy/w, = —5 x 1077,
Agy = —10, ap, = 100, N = 1000, €, = 0.0. When the sign of both Uy & A, are
made negative, the same behaviour repeats for the AC Stark neglected case as for
when it was included in Figure 3.5. The gain in the probe beam (Gainy e ~ 1),
remains similar to its value when Uy & A, are both positive, as in Figure 3.14.
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It was explained previously in section 3.2.1.2, wherein the AC Stark shift term
was taken to be non zero (¢, # 0), that when the detuning terms do not share

the same sign, i.e. the product UyA,, is negative, the gain decreases as a result

3U3 |

of the term A

in equation (3.2.1.4) being negative.

This is once again the case when the AC Stark shift term is neglected, ¢, = 0.
Figure 3.18 is produced using the same values as in Figures 3.14 and 3.17, only
with the signs of the detunings changed so that Uy has a negative value and A,
has a positive value. Consequently, it can be seen that the gain experienced by
the system is diminished, as predicted.

Figure 3.19 was produced using the same values as in Figure 3.18, except the
signs of Uy and A, are reversed, so Uy has a positive value and A, has a negative
value.

As stated in section 3.2.1.2, equation (3.2.1.4) should produce an identical
value for gain for the case where Uy < 0 & A, > 0 as for the case where
Uy >0 & Ay < 0. Tt should be expected then that Figures 3.19 and 3.18 closely

match one another. When compared, it can be seen that the two figures match

identically, confirming the prediction of equation (3.2.1.4).
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Figure 3.18: Evolution of probe photon number, |a,|?, bunching parameter, |b),
and mean population difference, (D) for a case of weak-excitation. Produced by
solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Uy/w, = —5 x 1075,
Ag = 10, o = 100, N = 1000, ¢, = 0.0. Allowing the sign of U, to remain
negative while changing the sign of A, to positive with the AC Stark shift term
neglected has the same effect as described in Figure 3.6 wherein the AC Stark
shift term is included. When Uy and A, have opposite signs the term h takes a
negative value, reducing the resulting value produced by the probe gain equatlon
equation (3.2.1.4). This can be seen by comparing this Figure with Figures 3.14
& 3.17. Gaingrope ~ 0.2.
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Figure 3.19: Evolution of probe photon number, |,|?, bunching parameter, |,
and mean population difference, (D) for a case of weak-excitation. Produced by
solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Uy/w, = 5 x 1075,
Agy = —10, o, = 100, N = 1000, €, = 0.0. When Uy is positive and A is
negative with the AC Stark shift term neglected the system functions the same
as when U, was negative and A, was positive, as in Figure 3.18. This is due to
the term AU—fb taking a negative value in the equation for the probe beam gain,
equation (3.2.1.4). When this Figure is compared to Figure 3.7 it can be seen
that neglecting the AC Stark shift term has negligible effects upon the three level
ladder CARL system when the pumping is weak. Gaing o =~ 0.2.
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3.2.2.2 The strong excitation limit

Figures 3.20, 3.21 and 3.22 show the evolution of the system in the strong-pump
limit when the AC Stark shift term ¢, is neglected.

It can be seen from Figure 3.20 that same synchronous growth takes place in
the probe field intensity and bunching parameter as in the AC Stark case. The
absence of the AC Stark term ¢, seems to have very little effect at all in either
the weak or strong excitation regimes. The small differences which do exist seem
confined to the highly nonlinear oscillatory region after the probe gain has become
equal in magnitude to that of the pump beam.

The same result exist in the case of the AC Stark term being neglected, then.
Namely that the two photon terms in the momentum equation remain even when
the population tends to zero, D — 0. The CARL instability persists then in
regimes with higher pumping intensities than for that of the two level case.

In the lowermost plot of Figure 3.20 it can be seen that the large oscillations
population diminish once the optical probe beam amplitude reaches a "satura-
tion" level approximately equal to that of the optical pump beam. From the
equation for the evolution of the population inversion, equation (3.2.2.8), it can
be seen that when the optical pump and probe beams become approximately

equal

oD | | N |
5 = % (5 - D) + zUO( 013 (aq + ape 2% (€ + ay)

—o31 (o + ape®™) (aze ™ + aj) > (3.2.2.8)
It may be noted that in Figures 3.21(b) and 3.22(c) that, in bunching, the

atoms in the system may take the same z-position with different momentum /population

inversion value combinations.
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Figure 3.20: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D) for a case of strong excitation. Produced
by solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Uy/w, = 5 x 1072,
Ag, =1, ap = 100, N = 1000, ¢, = 0.0. Top: Gain for the probe beam in
a three level ladder atomic system due to the CARL instability with the AC
Stark shift term neglected, despite the system operating at a large value for the
pump field amplitude. Again, a large pump value in the two level CARL system
would have resulted in the CARL instability being "washed out". The gain in
the probe beam is once again difficult to produce an accurate value for due to
the oscillations in the plot. Comparison with Figure 3.8 shows good agreement,
however. Middle: Bunching of the three level atomic sample for a large value
of the pump field amplitude with the AC Stark shift term neglected. Bottom:
Rabi flopping due to the large value for the pump field amplitude, which would
have been severely detrimental to the two level CARL process, can be seen here
not to destroy the three level ladder configuration CARL instability, regardless of
whether the AC Stark shift term is neglected or not. The Rabi flopping becomes
"quenched" when the probe field amplitude approaches that of the pump field.
The equal fields result in a spread of momentum, which then causes a spread in
population as can be seen in Figure 3.22.
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Figure 3.21: Snapshots of momentum distribution (6;,p,) for each atom j =
1..1000 when (a) t = 0w, t, (b) t = 24w !, (¢) t = 30w, ! in the case of strong
excitation. Parameters used and equations solved are as in Figure 3.20. The
atoms in the system under the effects of a strong pump field with the AC Stark
shift term neglected can be seen to acquire momentum and bunch over time in the
same manner as Figure 3.21, in which the AC Stark shift term was not neglected.
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Figure 3.22: Snapshots of population difference distribution (6;, D;) for each
atom j = 1..1000 when (a) t = 0w !, (b) t = 24w !, (¢) t = 30w, ! in the
case of strong excitation. Parameters used and equations solved are as in Fig-
ure 3.20. As was the case for Figure 3.22 where the AC Stark term was included,
when it is neglected the population undergoes significant oscillation and as the
probe and pump fields draw even with one another the spread of momentum re-
sults in a spread of population and the population inversion oscillations become
"quenched".
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Once again comparison is made between the varying detuning regimes and,
as was the case for strong pumping with the AC Stark term ¢, included, there
exists a decrease in the gain experienced by the system when the two detuning
terms have opposite signs when compared against the case where both detunings
have positive sign.

Comparing Figure 3.20, for which both Uy and A,, have positive values, to
Figure 3.23, wherein Uy < 0, Ay, > 0, and Figure 3.24, wherein Uy > 0, Ay, < 0,
it can be seen once more that when the signs of the detunings are opposite one
another, that the term % from equation (3.2.1.4) becomes negative and
reduces the gain.

As was also the case in section 3.2.1.3 where the AC Stark term was included,
equation (3.2.1.4) predicts that, in the weak pump limit, the gain should be the
same for the case where both Uy & A, are positive and where they are both
negative. Comparing Figure 3.20, in which Uy & A, are both positive, to Figure
3.25, in which Uy & A, are both negative, shows that in the strong pumping
limit the gains do not match. It can be seen that the probe field gain for Figure
3.25 is larger than the gain in the probe beam shown in 3.20. As was stated in
section 3.2.1.3, further analysis will be required to better understand the causes
for this unexpected enhancement.

By comparing the strong excitation results where the AC Stark term has been
neglected to those from section 3.2.1.3 in which the AC Stark term was included,
it can easily be noted that the results are almost identical save for in the highly

nonlinear region which occurs after the probe beam has reached equal magnitude

to that of the pump.
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Figure 3.23: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D) for a case of strong excitation. Produced by
solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Uy/w, = —5 x 1077,
Agp =1, oy, =100, N = 1000, €, = 0.0. As was the case in Figure 3.11 (where the
AC Stark term was included), when the AC Stark term is neglected and the signs
of Uy & A take negativ and positive signs respectively, term ALfb in the equation
for the expected probe beam gain, equation (3.2.1.4), becomes negative. The
gain produced by the expression is therefore smaller than in Figure 3.20, where
the signs of Uy & A, match. The oscillations in the probe field amplitude make
it difficult to produce an accurate value for the probe beam gain, however visual
comparison between this Figure and Figure 3.22 shows the gain to be diminished,

as expected.
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Figure 3.24: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D) for a case of strong excitation. Produced
by solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Up/w, =5 x 1077,
Agy = —1, ap, = 100, N = 1000, €, = 0.0. As was the case for 3.23, when the signs
of Uy & A, do not match, as in this Figure where on Uy is positive and Ay, is
negative, the overall gain of the probe beam is diminished. This is due to the term
AU—fb in the equations for the probe beam gain, equation (3.2.1.4), being negative
and thereby reducing the expected gain. Once more, oscillations in the probe
beam plot make calculation of a precise figure for the gain produced difficult.
However, comparison of this Figure with Figure 3.23 shows good agreement and
comparison with Figure 3.20 shows the expected reduction in gain for the system.
Comparing this Figure with Figure 3.12 also shows little difference in the gain,
once again suggesting that the AC Stark term being neglected has little overall

effect upon the system.
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Figure 3.25: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D) for a case of strong excitation. Produced by
solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Up/w, = —5 x 1072,
Agp = —1, ap, = 100, N = 1000, ¢, = 0.0. Equation (3.2.1.4) predicts that for
the detuning signs used in this Figure, Uy & A, both negative, that the gain
in the probe beam should match that of the system shown in Figure 3.20. This
shows the point at which the assumptions used to produce Equation (3.2.1.4)
break down, as the gain in the probe beam appears noticeably larger than that
of Figure 3.20.
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3.3 Two-Photon superfluorescence

It was noted that with careful parameter choice for the cavity detuning J., equa-
tions (3.2.2.8) - (3.2.2.6) could be used to investigate a nonlinear optical process
very close to that of two-photon superfluorescence ( henceforth referred to as
simply SF) and effects arising from the inclusion of atomic recoil upon the SF

instability.

3.3.1 Linear analysis

To determine the best parameter choices for the investigation of the SF instability
a linear analysis was performed. It was very quickly noted, however, that in the
case of counterpropagating fields the linear analysis would take a prohibitively
large amount of time and effort for the small return in time saved in selecting input
parameters. It was subsequently observed that the two-photon CARL equations
for the co-propagating case were much easier to perform linear analysis upon and
are sufficiently similar to the counter-propagating case to provide at least a first
approximation of suitable input parameters.

Using the same scaling as for the counterpropagating case, with the additional
assumptions that the decay terms are zero ( 433 = 31 = 0), the detuning terms
are zero ( Ay = A, =0 ), the AC Stark shift term is zero ( ¢, = 0 ), the fields
are considered to be equal ( oy = ap = § ), there is no pumping of the field

—2kz and recoil is neglected

term (a®? = 0), the coherence is scaled as S = o3;€
(p; =0, 0; = 0j,), the equations for the coherence,(3.2.2.2), the population

inversion, (3.2.2.8), and the optical (3.2.2.4) field are given by

D
83_75 = iUy (a®S* — a**S) (3.3.1.1)

N :
Fri —i2Upa> D (3.3.1.2)
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8oq,

3.3.1.1 Rabi oscillations

Differentiating the equation for the evolution of D, (3.3.1.1), gives

89D 2057 208
N ot ot )’

(3.3.1.4)

Substituting into the above the equation for the coherence, (3.3.1.2) and rear-

ranging produces

2D a2 2 ¥21 2
e iUy (o*[i2Upa** D] — o*[—i2Upa* D))
= —4UZ|al*D
— — (2Usla?)* D. (3.3.1.5)

The two-photon Rabi frequency is therefore 2Us|a|?. The rate of change of the
magnitude squared of the field is given by

ot ot
ot ot

= o [-i2NUpa* S — ka] + a [2NUpaS™ — ka']

= 2N [iUp (a?S* — a*?9)]| — 2k|al*. (3.3.1.6)

Into the above equation may be substituted (3.3.1.1) to produce

Olar)? oD )
=2N— —2 3.
5 T Kla| (3.3.1.7)
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3.3.1.2 Two-photon area theorem

The two-photon area is defined as

¢ = /t2Uo\Oé(t)\2dt, (3.3.1.8)
0

based on solving (3.3.1.5) for the angle on the Bloch sphere. Expressed in terms

of the above term ¢, the population inversion may be given by

1
D= ) cos(¢9) , (3.3.1.9)
and consequently
oD 1 . 0¢

From its definition in (3.3.1.8), the first and second derivatives of ¢ are

09 2
5% 20U (3.3.1.11)
and
*¢ d|al?
Fe i 2U, 5 (3.3.1.12)

respectively. The expression in equation (3.3.1.7) followed by equation (3.3.1.10)
and (3.3.1.11) may then be substituted into the above expression to produce an

equation in terms of ¢ alone,
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96
o

D
= 20Uy { o9 2/€|Oz‘2:|

ot
99 2
E:| - 4UOI€|Oé‘

=2NU, sin(gb)% — 2k [2Ug|a?]
— 2N, sin(gb)g—f . % (3.3.1.13)

N B sin(g)

3.3.1.3 Stability Analysis

Using the term I = 22 in equation (3.3.1.13) gives it the form

gﬁ = 2NUysin(¢)] — 2k1, (3.3.1.14)

from which it is easy to see that the system is stable when I=0. Expanding the
two-photon area out as ¢ = ¢g + ¢; in (3.3.1.13)

9*(¢o + 01)

do +¢1) QHa(QbO + ¢1)
ot? '

=2N i
Up sin(¢o + ¢1) o o

(3.3.1.15)

The term ¢q is the initial phase, so time derivatives of this term are zero, leaving

O

only time derivatives of ¢;. The term sin(¢o + ¢1)=* expands out to

I

(sin(¢o)cos(p1) + sin(¢p1)cos(¢o)) gk (3.3.1.16)

sin(go + 61) 2 =

To first order, cos(¢y) =~ 1 — %%, however when multiplied by the term % there

are two first order terms multiplied. Such terms may be neglected. Likewise, to
3

first order sin(¢;) ~ ¢ — %, which when multiplied by 8;? may be neglected

entirely. The equation is then left as
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I . 9%

P |
2NUO Sln(Qﬁo)E — 2K (‘375 y

oz

(3.3.1.17)

an expression purely in %. Assuming solutions to the above expression may be

taken to have the form ¢; oc eM then the system has solutions of

A=0 or A=2NUpsin(¢g) — 2k. (3.3.1.18)

The SF instability exists when A > 0, for this expression to be true then the

condition

NUysin(¢g) > & (3.3.1.19)

must be satisfied. The maximum value of the term 2NUjsin(¢y) occurs at

sin(¢g) = 1, so the condition above becomes

NU, > &, (3.3.1.20)

i.e. the SF instability is to be expected in the good cavity limit. This contrasts
with, for instance, the case of Superradiant Rayleigh Scattering (SRyS) wherein
superradiance is expected in the bad-cavity limit [82][42].

It must also be noted that the term U, may be negative, owing to its depen-
dence upon the single photon detuning A,. However, when U, takes a negative
value, the maximum value of NUj sin(¢g) occurs at sin(¢g) = —1, so the condition

described above holds true for both red and blue detuned optical fields.
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3.3.2 Two-photon Superfluorescence from stationary atoms

When atoms are stationary and optical forces are neglected it can be seen below
in Fig. 3.26 that input parameters which satisfy the SF instability condition
described in (3.3.1.20) result in the system producing an optical pulse which
closely resembles that of SF.

0 50 100 150 200

50 100 150 200

0 50 100 150 200
t/w,

Figure 3.26: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D) for a case of strong excitation. Produced
by solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Uy/w, = 1 x 1072,
Ay =0, ™ =10, N, =5x 10% ¢, =0, k = 107*, v = 1.5 x 1072, neglecting
recoil. Demonstration of Superfluorescent behaviour in the three level ladder
system.

One of the characteristic properties of Superfluorescence, and indeed all su-
peremissive effects, is that the peak intensity of the SF pulse is proportional to
the square of the number of emitting atoms. Such a proportionality was inves-
tigated by running the code for increasing values of N, and plotting the peak
intensity values of the SF curve from each simulation. In doing so, Figure 3.27

was produced and the N? dependence of Ipeqr; demonstrated.
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Figure 3.27: Dependence of the probe photon number, |a,|*> upon the number of
atoms, N,. Produced by solving equations (3.2.2.8) - (3.2.2.6). Parameters used
are Up/w, = 1 x 1075, Ay = 0, o™ = 10, €, =0, kK = 1074, v = 1.5 x 1072,
neglecting recoil. As this plot shows intensity plotted against the square of the
number of atoms, the straight line demonstrates an N2 depenence of the intensity
upon the number of atoms.
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Another characteristic of superemissive behaviour is that as the number of
atoms emitting increases the width of the emitted pulse decreases. Figure 3.28
shows the curves of intensity evolving with time for increasing numbers of atoms.
As can be seen, the width of each pulse grows steadily narrower with increasing

number of emitters.
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Figure 3.28: Evolution of probe photon number |a,|? for the number of atoms in
the simulated cavity N, = (a) 2x 10%, (b) 4x 10%, (c) 6 x 104, (d) 8 x 10%. Produced
by solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Uy/w, = 1 x 1072,
Ay =0, 0™ =10,¢,=0, k=10"% v = 1.5 x 1072, neglecting recoil.
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The prediction that two-photon superfluorescence is to be expected only in
the good cavity regime is verified when the value for the field losses, &, is given a
value which violated the SF condition described in (3.3.1.20). Running the code
with Kk = 2 > NUy = 0.5 produced Figure 3.29, which visually demonstrates

ordinary fluorescence in the bad cavity limit.

0 50 100 150 200

0 50 100 150 200
t/w,

Figure 3.29: Evolution of probe photon number, |,|?, bunching parameter, |b),
and mean population difference, (D) for a case of strong excitation. Produced
by solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Up/w, = 1 x 1075,
Ay =0, ™ =10, N, =5 x 10% ¢, = 0, k = 2, v = 1.5 x 1072, neglecting
recoil. With the condition (3.3.1.20) violated, only ordinary fluorescent decay is
evident.
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The SF condition (3.3.1.20), predicted that the superfluorescent pulses would
exist for both signs of the single photon detuning. This expected behaviour is
met when the sign of Uy is set negative using otherwise identical parameters as to
Fig 3.26. The resulting output is shown in Figure 3.30, where the SF instability
can not only be easily observed, but matches perfectly with the previous result
and confirms the expectation of the SE' instability being symmetric in terms of

single photon optical detuning.
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Figure 3.30: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D) for a case of strong excitation. Produced by
solving equations (3.2.2.8) - (3.2.2.6). Parameters used are U/w, = —1 x 1075,
Ay =0, ™ =10, N, =5 x 10% ¢, =0, k = 107*, v = 1.5 x 1072, neglecting
recoil. Demonstration of Superfluorescent behaviour in the three level ladder
system for the alternate sign of the single photon optical detuning.
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3.3.3 Two-photon Superfluorescence including recoil

When centre of mass atomic motion is considered, however, the behaviour of the
system during emission of light changes.

It can be seen in Figure 3.31 that when recoil is considered for U, > 0,
i.e, A, > 0 that the SF process is retarded both in time and in the value of the
intensity peak. This retardation is the result of the atoms in the system bunching
at the minima of the standing wave of optical intensity.

It has been shown [36] that for superfluorescence in a gas of cold two level
atoms that considering the centre-of-mass atomic recoil results in the detuning
symmetry breaking. For a laser which is blue detuned from resonance (A, >
0) the addition of recoil to the two level system lead to enhancement of the
superfluorescent pulse, when the laser was red detuned the pulse was diminished.

The explanation for the apparent difference here is that in Section 3.1.1 the
assumption was made that, for a sufficiently small two photon detuning A, the
single photon detunings are approximately the same magnitude but of opposite
sign A, = —A,. So when considering the single photon detuning for the lower
level transition (|1) — [2)) A, to be positive, the detuning for the upper level
transition (|2) — [3)) A, is negative. It is the sign of the upper level detun-
ing which must be considered when investigating the SF instability, where the
population is initially entirely inverted (D = —3).

Figure 3.31 then displays "red" detuning (A, < 0) and the consequent hin-
drance of the SF instability as the atoms bunch at optical intensity minima. It
can be seen in in Figure 3.32 that the atoms move and bunch at approximately
0 =nm, n=1,3,5,.... Observing Figure 3.33 it can be noted that the atoms
bunch but the population remains in the uppermost state until the SF pulse

begins.
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Figure 3.31: Evolution of probe photon number, |a,|?, bunching parameter, |b|,
and mean population difference, (D) for a case of strong excitation. Produced
by solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Up/w, =1 x 1077,
Ay =0, o™ =10, N, =5 x 10% ¢, =0, kK = 107%, v = 1.5 x 1072, including
recoil.
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Figure 3.32: Snapshots of momentum distribution (¢;,p,) for each atom j =
1..1000 when (a) t = 0w, !, (b) t = 9.61w, !, (¢) t = 18.0w, ! in the case of strong
excitation. Parameters used and equations solved are as in Figure 3.31.
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Figure 3.33: Snapshots of population inversion distribution (6;, D;) for each atom
7 = 1..1000 when (a) t = 0w ', (b) t = 9.61w, !, (¢) t = 18.0w, ! in the case of
strong excitation. Parameters used and equations solved are as in Figure 3.31.
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When the detuning for the upper transition is "blue" (A, > 0), the situa-
tion described above is reversed. The atoms bunch at optical field standing wave
intensity maxima instead. At optical intensity maxima the optical pulse is en-
hanced over the red detuned case, achieving a larger a larger intensity peak. This
enhancement effect can be observed in Figure 3.34 where the initial optical pulse
intensity peak value is greater than that of the opposite detuning sign.

Figure 3.35 shows that the atoms bunch approximately at § = 2nw, n =
0,1,2,3,..., a shift of 7 from the "red" detuned regime i.e. at the optical field
intensity maximum. As before, the population remains in the excited state until
decaying and producing the optical pulse.

It should be noted that the intensity of the optical pulses emitted in the recoil
included cases cease to exhibit the N? dependence, so may not strictly be referred
to as superfluorescent. It was discovered that by decreasing the value of the decay
term ~ that the recoil case could be made superfluorescent. However in such a
limit the non recoil case ceased to exhibit superfluorescence. It is possible that this
behaviour is due to the narrow linewidth resulting from the condition in equation
(3.3.1.20). With further investigation of parameter space it may be possible to
uncover conditions under which superfluorescence occurs simultaneously in the

cases where atomic centre of mass recoil is both included and neglected.
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Figure 3.34: Evolution of probe photon number, |a,|?, bunching parameter, |b|,
and mean population difference, (D) for a case of strong excitation. Produced by
solving equations (3.2.2.8) - (3.2.2.6). Parameters used are Uy/w, = —1 x 1077,
Ay =0, o™ =10, N, =5 x 10% ¢, =0, kK = 107%, v = 1.5 x 1072, including
recoil.
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Figure 3.35: Snapshots of momentum distribution (¢;,p,) for each atom j =
1..1000 when (a) t = 0w, !, (b) ¢t = 11.61w. ", (¢) t = 20.4w, ! in the case of
strong excitation. Parameters used and equations solved are as in Figure 3.34.
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Figure 3.36: Snapshots of population inversion distribution (6;, D;) for each atom
7 = 1..1000 when (a) t = Ow, !, (b) t = 11.61w, !, (¢) t = 20.4w, ! in the case of
strong excitation. Parameters used and equations solved are as in Figure 3.34.
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Chapter 4

Three level atoms: A configuration

The ladder configuration considered in Chapter 3 is not the only energy level
schema for three level atoms which may yield interesting results when the effects
of atomic motion are considered. There exist interesting results also for the case
of a three level "Lambda" (A) configuration, wherein there exist two relatively
close energy levels which share a common transition to a third much higher en-

ergy level, as shown schematically in Figure 4.1.

[3>

W32

| 2>

[1>

Figure 4.1: Simplified Three level A Energy Level Diagram
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4.1 Three level Maxwell-Bloch equations in a A
configuration

As was the case for the ladder configuration, two counterpropagating fields of
degenerate frequency are used in the A system as well. The optical electric field,

E can once again be written as

E = (A, (t)ei® 4 Ay(t)e TRy ce) e, (4.1.0.1)

to which the response of each atom’s dipole moment to the above field would to

be of the form

d = (uaaglei(kz_w) + e TR c.c.) é. (4.1.0.2)

The dipole moment for the A three level system is given once again by equation
(3.1.0.3). As was the case with both two level atoms and three level ladder
configuration atoms, the dipole matrix terms with matching indices are always
zero, so p;; = 0. It is also assumed that direct transitions between |1) and |2)
are also forbidden, i.e. py; = p12 = 0. Furthermore, it has been assumed that
the pump and probe optical beams are both sufficiently detuned from resonance
that the highest energy level |3) has negligible population, so that we may write
p33 = 0. Lastly, it is once again assumed that the dipole matrix terms may be
taken to be real, with any complex quantity absorbed into the density matrix

elements. We may then write

P13 = P31 = [a€ & Doz = P32 = €, (4.1.0.3)

where the polarisation of the dipole moment has been taken to be parallel to that
of the optical pump and probe beams, i.e. é. The dipole moment for a three level

atom can therefore be rewritten as

d = (papsi + popss + c.c.) € (4.1.0.4)
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Again, as was the case in both the two level atom and three level ladder
configuration, substituting integer values into (2.2.4.14) produces equations for

the coherence and population terms for the system.

4.1.1 Coherence terms

Substituting j = 3 & k = 1 into (2.2.4.14) produces the first of the three level, A

configuration coherence equations

d . iE . B
gil =—(ym + M31),031+f - (P31p11 + P32p21 + D33ps31)
iE B B
T (P11p31 + P2 ps2 + Pa1pss) - (4.1.1.1)

Remembering our previous statements that p;; = pa1 = p12 = 0, P13 = D31 = 1€

& Pz = Pa = € the above simplifies to

—

= — (91 + iws1)ps1 + = (Hapry + popa) €. (4.1.1.2)

ps1
ot

In comparing (4.1.0.4) to (4.1.0.2) we see that for both conditions to hold

true, we must be able to equate terms such that

P31 = Ugleiiwt (4113)
P32 = 0,3267iwt (4114)
P21 = 021 . (4115)

Substituting for p in the above using (4.1.1.3) gives

—

. i 1B R
= — (731 + iwsy )ogre” ! + — (apry + o) é (4.1.1.6)

a (0.316—iwt>

ot
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and consequently

—

60'31 1B

at - _(’731 - Z(w - w31))0’31 + 7 . (,uapueiwt -+ /va0-216th> é. (4117)

Defining the detuning as A, = w — wy;, and substituting for E using (4.1.0.1)

gives

80'31

ot

= — (31 — 1Aq)03
7 . ‘ ) ' -
+ - (Aaez(szwt) + Abez(sz—wt) + c.c.) é- (,Uap11€Mt + Mb021ewt) é
(4.1.1.8)

which, after applying the RWA (which once again eliminates terms which vary as

+e™! for n > 1), reduces to

00'31

ot

=— (y51 —iA,)031

+ = (Aae™ + Aye™™) (apr1 + ppo21) - (4.1.1.9)

As the system is assumed to be closed, i.e. pi; + p22 = 1 (where we have
already stated that the population of the highest energy level is taken to be
approximately zero, ps3 = 0), we can define the population difference of the three

level A configuration system to be

1

From this definition substitutions for the two population terms may be produced,

i.e.
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1 1

Substituting the above into (4.1.1.12) gives the equation for the evolution of the

coherence between level |1) and |3)

Jos
ot

= — (731 — 1A,)0o3

+ % (Aaezkz + Abe—zk’z) (,Ua (5 + D) + Mb021> . (41112)

Following the same derivation steps, the equations for the coherences between

levels |2) and |3) and |1) and |2) can be shown to be

Jo .
8;2 = - (732 - ZAb)U31
; ‘ 4 1
+ % (Aaelkz + Abe—zkz) (Maal? + Uy (5 — D)) (41113)
and
0 .
gjl = - (721 - ZAab)Um

+ % ((Are ™ 4 A3e™) oy — (Age™ + Ape ™) jra0m3) . (4.1.1.14)

In the three level ladder configuration the intermediate level |2) was assumed
to have negligible population, thus coherence terms for transitions involving that
level were adiabatically eliminated under the assumption that such coherences
would respond rapidly to changes in the two-photon coherence. A similar situa-
tion is assumed to be the case here, where coherences for transitions involving the
highest energy level |3), which has negligible population, are assumed to respond

rapidly to the coherence term o9; and thus may be adiabatically eliminated to
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plOduce
31 hf a b a 2 b0 21 b
3 h 2 b a b a 1 b 2 . Lol

Where, as we are operating in the far detuned regime, we have neglected the
coherence decay terms as A, >> v3; & A, >> 73. Substituting the two adia-

batically eliminated coherence terms into the equation for the coherence term oo

gives
0o :
0t21 = — (721 — iAup) 021
, . . _1 ‘ , 1
i W?b (Aze—zk;z + Azezkz) |:hT (Aaezkz + Ab€_1kz)<,ua <§ + D) + :ub0-21>:|
Uflg ikz Cikzy| 1 ikz —ikz 1
-7 (Age™ + Ape™* ){h_Ab(A“ek + Aye™™" )<“0012 i (5 B ))}

(4.1.1.17)

which may be rearranged and simplified to

do '
8t21 = — (721 — i1Aw)on
_ ¢ ikz —ikz 1
" ., e A Frtaity <D (D + D) — gAab)
~ A (A AT P (Bupsp = Aapg) o (41.118)

4.1.2 Population terms

Substituting j&k = 1 and j&k = 2 into (2.2.4.14) and following a similar

procedure to that used for the coherence terms produces the equations governing
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the evolution of the two population terms p1; & poo

a§;1 _ Z‘,;;a ((Aze—ikz + Azeik‘z) o3 — (Aaeikz + Abe—ikz) 0_13) (4121)

% - % ((Ase™ + Aje™) 032 — (Aae™ + Ape™) o23) (412.2)

It may be noted that population decay terms 733 2211 are absent from the above
expressions. In Chapter 2 the population can decay from the excited state |2) to
the ground state |1) directly through spontaneous emission. This is encapsulated
by the term ~99p90. In Chapter 3, the population may decay from the excited
state |3) through the intermediate state |2) to the ground state |1), a process
described by inclusion of the term v33p33 in the population equations. Direct
decay from level [3) to level |1) in the ladder configuration is forbidden under
the selection rules. So it is with direct transitions from level |2) to level |1) in
the three level A configuration. As it is assumed that the system is far enough
detuned from field atom resonance that the upper state population ps3 remains
effectively zero, no spontaneous emission or associated decay in population may
take place, thus 7339211 = 0.

From the definition of the population difference for the three level A configu-
ration given in (4.1.1.10) it can easily be seen that %—? =1 (Q& - Q@). Plugging

2\t ot
(4.1.2.1) and (4.1.2.2) into this relation gives

oY _ _( W?a ((Aze—ikz + Azezkz) o31 — (Aaeikz + Abe—ikz) 013)

_i% ((Aze™™ + A7) 0gp — (Aae™ + Ape™") 035) ) (4.1.2.3)

which, after substitution of the one-photon coherence terms o3o, 031 gives
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28 h_Ab

Z,U ikz —ikz
—|—2—hb (Aaek + Ae k)

D : [ —1 1
aat 22/;; (Aie™ + Aie™) hA (Aae™ o Ape™) <ua (5 +D> +uba2l>}
Z/la ikz —ikz *x  —IKkZ * 1 Z 1
—% (Aa€ K + Ab@ K ) hA (A k A ik <Ma <§ + D) + ,ubO'12>:|
Zﬂb * —zk:z * _ikz _1 ikz —ikz
(A + Age ) (Aae + Ape 1y — D | + pao12

7~ N 7 N

* _—ikz * zkz
ﬁAb (A + A (Mb

l\:)|>—t l\DI)—‘
@
N
+
=
IS}
Q
~
o S— ~——

which can be further simplified to the form

oD Z:U’at,ulb

Dot )| (Aae™ + Ape™) [*(001 — 010). 41.2.
ot QHAAb( + A (Aue™ + Ape™™) (021 — 012) ( 5)

4.1.3 Momentum and position equations

The force experienced by the jth atom is once more given by

o (4.1.3.1)

Substituting for p in equation (4.1.0.4) using (4.1.1.3) allows the equation for an

atom’s dipole moment to be written as

d= (,uaagle*i“’t + pppaze @t 4 c.c.) é. (4.1.3.2)

Substituting for the optical electric field, E, using equation (4.1.0.1), and the
atomic dipole, J;-, using equation (4.1.3.2), in the above equation for the force,

equation (4.1.3.1), and applying the RWA gives
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% = —z'k( Lba (AZe’ikZ — AZeikZ) 031 — Jha (Aae““ — Abe’”“) 013
+ Ly (AZe”'kz — A;;eikz) 032 — [ (Aaeikz — Abe’i’“) 093 ) )

(4.1.3.3)

By substituting for the coherence terms, o3, & 031, the equation for the momen-

tum of the jth atom becomes

% ik
ot hALA,

(— tatisDas (|Aal® = [As]?) (021 — 012)
+ (AZAbefQikz . AaAZ€2ikZ) [Abﬂi + Aa,ul% +2D (Abﬂg - Aa,ug)

+ tatty (Ba+ A0) (721 + 012) | ).
(4.1.3.4)

The position equation is given by the same equation as for the three level

ladder configuration

0z _ pj
— == 4.1.3.
a m (41.3.5)

4.1.4 Field equations

The equations describing the evolution of the field amplitudes for the optical
pump and probe beams are derived in the same manner as for the three level
ladder configuration, by solving the wave equation

. 10*E 1 9°P

2 —
VE- Sm e (4.1.4.1)

As the expression for E, i.e. equation (4.1.0.1) for the three level A configuration
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is identical to that of both the two level and three level ladder terms (equations
(2.4.1.2) and (3.1.0.1) respectively), the left hand of the wave equation produces

the same result as before, namely

o 1PE  (2iwdA, 2iw DA
( w ez (kz—wt) w bez —kz—wt)

.c. le. 41.4.2
c2 Ot 2 ot +CC>€ ( )

Substituting the dipole moment (4.1.3.2) into the right hand side of this wave

equation produces

2P n
oz 8152 <Zd 0( r—rj >

82d
o2 o(r —r;(t))
N . ,
— Z o (Ma0316_“"t + ppozae "t c.c)é d(r—rj(t)), (4.1.4.3)

2 7.
and expanding the term aag] gives

R2d; 02 .
e @(%0316 "+ paos2e

_ 2 80’31 _ iwo _Wt 8032 iwo —iwt Yec)e
ot Ha _6t 31 =, 32
0%c . Oo
— ( Ma (W;l — 2@(,0 8?1 — W2U3 ) e iwt

Pop . 0 ~
o (Gt -G ) )i s

—w A~

—|—cc [

Applying the SVEA to the above and substituting it in to the right hand side of
(4.1.4.1) gives
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2iw 0A, 2iw 0Ay
<ﬂa @ githz—wt) 4 2090 0Ab ey | c.c.) é

¢z Ot ¢z Ot
1 < : ;
--— (Maw20316_wt + ppwiose” @t 4 c.c) o(r—r;(t))e. (4.1.4.5)
0 .

J

Taking the dot product of both sides with é, multiplying through by e!(-*=+«)

b

rearranging constant terms to the right hand side and applying the RWA leaves

J

0Ay  0Ay o iw
< TR T 2k> N 2_602(/%&’20316 " ppw?ogee™") 8(r — ri(t)) -
(4.1.4.6)

By integrating this expression over the length L and area .7 of the atomic sample,

then the Dirac delta function on the right hand side is applied, the expression

92 e=2k= averages out to zero and the term %

5> which has been assumed not to

vary, becomes %L%. By then multiplying the right hand side by %, using the

definitions n = 2=, L >_; and rearranging terms an expression for the evolution

of the probe amplitude is given

0A, iwn ks ik
ot = ? </Law20'31€ K + Mbw20326 K > . (4147)
0

The steady state values for the coherence terms o3; and 032, equations (4.1.1.15)
and (4.1.1.16) respectively, are then substituted into the above expression. By re-
organising terms and extracting common factors, the expression for the evolution

of the probe beam becomes
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aAa J —2tkz
(e  Haasd

1
2
+D (Appl — Aapiy)

+/vLa/~Lb (AbUQl + AaO'lg) ) > . (4148)

As was done for the the two level and three level ladder cases, the assumption
is made that the field amplitudes evolve on a timescale much longer than the
time taken for a cavity round-trip so that the effects of losses, field injection and
detuning from cavity resonance can be represented by introduction of the terms
+(10. — k) A, + KA. With these terms added to (4.1.4.9), the equation for the

evolution of the probe beam field becomes

DA, ' i [ 1
ot _2hezwAT:Ab< (Aa + Ape™) ( 5 (Dot Datiy)

+D (Appz — Aapiy)
+itapty (Apo21 + Agor2) ) >

+ (0. — k) A, + KA (4.1.4.9)

By multiplying equation (4.1.4.5) through by eik=+wt) and following a similar
process to the once just described an expression for the evolution of the pump

amplitude can also be found

04, iwn

o 2ﬁ60AaAb< (A“ezikz + Ab) ( (Abﬂa + Aaub)

1
2
+D (Abua — Aaug)
+itapty (Apo21 — Ago12) ) >

+ (i6, — K) Ay + KAY (4.1.4.10)
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4.2 CARL in a three level A configuration

So as to make the results for the three level A configuration consistent with those

of the three level ladder configuration, it is convenient to use the same scaling.

1
Ay’

However, the equations derived above contain the term a term which was
taken to be approximately equal to ;—i in the ladder equations. There exist two
detuning regimes for which it is simple to substitute the detuning term A, for an
approximately equivalent expression in terms of A,.

The first of these regimes is where the two lower state energy levels |1) & [2)
are sufficiently close together and the detunings A, and A, are sufficiently large
that the assumption is made that wy; = —Ag = Ay — A, = 0 and so Ay, = A,.
A simplified energy level diagram for such a system is displayed in Figure 4.2.
This detuning schema will be referred to as the degenerate A configuration.

The second detuning regime in which it is simple to substitute out for A,,
is that in which the two ground state energy levels are split relativly far apart
from one another. If the magnitude of the detuning of the degenerate pump and
probe fields from the transition frequencies wz; & wss are equal, i.e. |A,| = [Ay],
then it can be assumed that A, =~ —A, and A, ~ 2A,. A simplified energy
level diagram for this second detuning system is displayed in Figure 4.15. This
detuning schema will be referred to as the non-degenerate A configuration.

Both the degenerate and non-degenerate A configurations allow for the de-
tuning term to be substituted out, leaving only one additional hurdle before the
scaling terms (3.1.8.1) - (3.1.8.3) may be applied. In the three level ladder model,
the terms p, and p;, were expressed in the form gy, = p?, p2 + p? = 2p* and
p2 — p = —p?e,. In doing so the governing equations for the ladder model were
given a form where the scaling terms in equations (3.1.8.1) - (3.1.8.3) could be
applied. Performing similar substitutions for yu, and pu;, in the A three level equa-

tions (4.2.1.2), (4.1.2.5), (4.1.3.4), (4.1.3.5), (4.1.4.9), & (4.1.4.10) allows them to

be scaled in the same manner.
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4.2.1 Accounting for the AC Stark Shift

Defining

1 1
Ma:ﬂ‘i‘iAu & Nb:M_EA;u

then for the A CARL equations the AC Stark shift term is

A

m
€y = .

0

(4.2.1.1)

(4.2.1.2)

Substituting the above expressions into the three level A equations (4.2.1.2),

(4.1.2.5), (4.1.34), (4.1.3.5), (4.1.4.9), & (4.1.4.10) with the assumption that

€, << 1 gives them the form

do .
ajl = - (’721 - ZAab)Uzl
2
gy ikz —ikz 1
_ hQAaAb’ (Aae k + Abe k ) ’2 (D (Aa + Ab) — §Aab)
B i/iQ ’ (Aaeikz + Abefikz) |2(Aab + € (Aa + Ab) )0'21
AN, "
oD  —iy? : :
o 2hA/;LAb (A + Ap)| (Aae™ + Ape™) (021 — 012)
op; ik
s (1A~ 1AP) (o — 12

(4.2.1.3)

(4.2.1.4)

+(AZApe 2 — A, A e?he) [ (Ag + A)(1+2De, + 01 + 012)

—Aab(QD—FGM)} ) (4.2.1.5)
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32:]' pj
—— = 4.2.1.
ot m ( 6)

0A, B iwpPn
8t o 2h60AaAb

< (Aq + Ape ) < % ((Ap+ Aa) — Aavey)
+D ((Ap + Ag) €, — Agp)
+ (Apoa1 + Agora) ) >

+ (i6. — K)Aq + KA (42.1.7)

0A iWMQTL ikz 1
8tb - _2h€oAaAb< (Aa62 e Ab) ( 2 (Bt 8a) = Buc)

+D ((Ap + Ay) €u — Aap)
+ (Apoor + Ayoia) > >

+ (1. — k) Ap + KA} (4.2.1.8)
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4.2.2 Degenerate A configuration

The first configuration considered is that in which the two energy levels |1) and

|2) are approximately degenerate, i.e. hws =~ hwse. In such a system wy =

—Awp & 0, w31 &~ wszs and thus by definition A, ~ A,. In this configuration the

A three level equations take the form

[3>

[1>

[2>

Figure 4.2: Simplified Three Level A Energy Level Diagram: The A energy level
structure for the case where the two lower energy levels are approximately degen-
erate, so the single transition detunings are also approximately equal.
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do 242 , —iks
2 — o - #| (Aae™ + Ape™*) (D = €,01) (4.2.2.1)
oD i . .
= _hi | (Aae™ + Ape™™2) (091 — 012) (4.2.2.2)
op; 12012k , <
% - Zﬁi (AfApe™ 2% — A A1) (14 26,D + 09 + 012)  (4.2.2.3)
0z, D
95 _Ps 4.2.2.4
ot m ( )
0A, iwpin ik
ot :_2h€MA<(A0+Ab€2k)<1+2€ND+021+012>>
0=a
+ (0. — k) A, + KAY (4.2.2.5)
0A iwp’n ,
atb _ o Z X <(Aa€21kZ+Ab) (]_—|—26“D+0-21+0'12)>
0 ab
+ (0. — k) Ap + KA (4.2.2.6)
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4.2.2.1 Scaling the three level A equations

In the above form, the A equations can now be scaled using the same method as
for the three level ladder configuration. Substituting the scaling terms (3.1.8.1) -
(3.1.8.3) into the above equations (4.2.2.1) - (4.2.2.6) gives them the form

(9_;1 = —Y21091 — iUp| (Oéae M ape " ) |2 (D - €u021) (4.2.2.7)
(9D . ikz —ikz
E = —ZU0| (aaG k + ape b ) |2(O'21 - 0'12) (4228)
. . ,
% = 12hkU, (oz:;ozbe_mz — aaaZGQZkz) (1+2¢,D + 091 + 012) (4.2.2.9)
Ozj Pj
= 4 4.2.2.10
ot m ( )
day . —2ikz : eq
5 —iNUj (aa + ape ) (14 2€¢,D + 091 + 012) ) + (10, — k) + KO,
(4.2.2.11)
0 )
% = —Z'NU0<(Oéa€21kZ + Oéb) (1 + QEuD + 091 + O'12)> + (Zéc — /ﬂ?)Oéb + /iOézq

(4.2.2.12)
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4.2.2.2 Solving for the population inversion

By following the same procedure as for the two level and three level ladder config-
uration, an expression can be produced for the value of the population inversion,
D, for a given pump field by solving equations (4.2.2.7) and (4.2.2.8). Assuming

idealised conditions where 75, = 0, o, = 0 and % = 0, the equations become

]

gt?l = —ily|oy|* (D — €,091) (4.2.2.13)
oD

5 = —iUs|aw|* (021 — 012) - (4.2.2.14)

Differentiating this equation for D gives

2
D _ g (2 o)

o ot ot
- —z’U(]]abIZ([ — iUp|aw|? (D — 6#021)} . [wo\a,,\? (D — eualg)D
- —z'Ug|ab|4(2D —eu(om + 012)) . (4.2.2.15)

Differentiating this again yields

83D 2 4 aD 8021 80'12
7 9= _ -4
e~ Ul ( a ( o o ))
oD _ .
— —iUZ]ay* (25 — e (| iUolawf? (D = )| + | iUsau* (D — eualg)D>
. oD
= —iUZ|ay|* (QE — iUp|ap|* (021 — 012)€i>
oD  ,0D
4
= —ng\ab\ (25 + GZE)
D
= —ilUg|ow|* (2+€)) %—t : (4.2.2.16)
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Assuming a solution for the above of the form D oc e it can be seen that

either
A=0
or
A= iy U lou|* (2 + €, (4.2.2.17)
50,
D = A€’ + B cos(w,t) + csin(w,t), (4.2.2.18)

where w, = /UZ|aw* (2 +¢€,). At t =0,

Furthermore, 09;|1—o = 0, so %—? o = 0. Therefore
oD
e —w, Bsin(w,t) + w,C cos(w,t)
oD
— =w,C =0
ot |,_,
=0, (4.2.2.20)

Using C' = 0 in the second derivative of D, it can be seen that

0*D
W = —MEB COS(Mrt>
2
D
5(;? = —w’B. (4.2.2.21)
t=0
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Equating the above with equation (4.2.2.15) at ¢ = 0 it can then be seen that

—w?B = —2U3|ay|* Dy
2Ug|(1/b|4

2
Wy

B= Dy. (4.2.2.22)

The solution for D is therefore

202 | ap|* 202 | ap|*
D:DO_ 0’217’ DO+ O|2b|

Dq cos(w,t) . (4.2.2.23)

s s

Averaging over t, the term cos(w,t) vanishes, reducing the expression to

2U3’Ozb’4)

2 2 4
1 — 5 U0|Oéb| DO
TRlool (2 + 65)

_ (1 1+ %)‘1) Dy . (4.2.2.24)

The term (1 + %‘)71 may be expanded using (1 + )" ~ 1 + xn. This means

that the above expression may be written as

o (- (=)

- %“DO . (4.2.2.25)

From this equation it can be seen that, for the limit described above, the

population inversion, D, is not dependent upon the intensity of the pump field.
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4.2.2.3 Decoupling of internal and external degrees of freedom

In the somewhat idealised case wherein v5; = 0 & ¢, = 0, the equation for the

evolution oy (4.2.2.7) simplifies to

80'21

ot

= —ilp| (aue™ + are ™) |°D. (4.2.2.26)

The terms Uy, | (aae’®* + ape™*2) |2 and D are all real at every point in time. As
a consequence of this the coherence, 091, will be purely imaginary at all points in
time (Re(oq1) = 0). Equations (4.2.2.9), (4.2.2.11) and (4.2.2.12) contain terms
091 + 012 = 2Re(091), which will be zero in this limit as a result of the coherence

being always imaginary. These equations then take the form

% = 12hkU, (a(’;abe_%kz — aaalfe%kz) (4.2.2.27)
a04a . —2tkz . €
5 —iNU, (aa + age ) + (0. — K)ag + Kag! (4.2.2.28)
Oy . 2ikz : eq
e —iNU, (ozae + ab) + (i0. — K)ay, + Koy, (4.2.2.29)

Looking at the equation for the atomic momentum, equation (4.2.2.27), it can
be seen that for this configuration the evolution of both the position and momen-
tum of each atom has been decoupled from the internal degrees of freedom, i.e.
the coherence and population difference variables D & o05;. As a consequence of
this, when the atoms become excited to the point that the population inversion
(and as a consequence the coherence) approaches zero, the bunching force expe-
rienced by the atoms does not similarly tend towards zero, in contrast to the case

of two-level atoms described in Chapter 2.
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Furthermore, in section 4.2.2.2 it was predicted that the population inver-
sion, and consequently the coherence, would experience oscillations as the system
evolved. The decoupling of the momentum from D & o9 prevents oscillations
from influencing the evolution of the atomic momentum.

Figures 4.3 - 4.8 display the CARL instability in the A configuration for initial
values of the population inversion of Dy = 1/2 and Dy = —1/2, which correspond
to initial population entirely in level |1) and |2) respectively. Figures 4.4 and 4.7
display the evolution of the atomic momentum, once again demonstrating the
atomic bunching which is at the heart of the CARL instability. The oscillations
predicted in section 4.2.2.2 can be observed in Figures 4.5(¢) and 4.8(c)

However, the result of most interest for this configuration is shown in Figures
4.9,4.10 and 4.11. It can be seen clearly in Figures 4.9 and 4.10 that for an initial
value for the population inversion of Dy, the population does not evolve away from
the initial value. More importantly, and in contrast to two level CARL, it can
be seen from Fig. 4.9 that even with a constant value of zero for the population

inversion the system still experiences the CARL instability.

4.2.2.4 Linear analysis

In the limit discussed in the last section where the terms v, = ¢, = k = 0, the
equations for the atomic position, atomic momentum and probe field are given
by equations (4.2.2.27) (4.2.2.10) and (4.2.2.28) respectively. The stability of the
system can be understood better through the consideration of the growth of small

perturbation terms. Substituting the perturbation terms

z =29+ 02(t) (4.2.2.30)
p = 0p(t) (4.2.2.31)
ay = 0 (t) (4.2.2.32)

into the aforementioned equations gives:
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For the equation for atomic position

=L 4.2.2.33
at m Y ( )
which simplifies to
00z op
— == 4.2.2.34
ot m ( )
as zp 1s constant.
For the equation for atomic momentum
8517 — i2hkU Sat —2ik(z0+02) 5 x 2ik(z0+0z) 4.2.2.35
ek O(aaabe — dagage ) (4.2.2.35)
= i2hkU, (5a2ab6_2ikzoe_2ik(sz — 5aaa;‘e%kz062ik(sz) . (4.2.2.36)

As the perturbation term dz is small, 1 >> 6z , when the terms e™2%*%* are
expanded out using the Maclaurin series, only the first term need be retained, so

that e™2#9% ~ 1 £ 2ikdz. The above equation therefore becomes

% — i2hkUy (50 ape 25 (1 — 2ikdz) — Sagafe®™ ™ (1+ 2ikiz)) . (4.2.2.37)

Retaining only terms linear in the perturbation variables, the linear equation for

the evolution of the momentum perturbation term becomes

) , ‘
% = 12hkUy (Sajope™ > — Sa,ape® ) (4.2.2.38)
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For the equation for the probe field

dday, ‘ : .
a‘;‘ — NUO<5% + abe—21k<zo+52>> +id.0a, (4.2.2.39)
— _iNU, (5% oy <€—2ikzoe—2ik62>) + 10,00, . (4.2.2.40)
—2ikdz

Making the same expansion of the term e as before gives

dday, 4 . _
8? = —iNU, (5% + <e’2””°> —12kay, <(5ze’2’kzo> ) + @000y, . (4.2.2.41)
As the atoms are initially uniformly spaced, the term oy (e~2*%0) averages to zero,
leaving
ooy,

S = —iNU (0, — i2kay (3z¢7240) ) +idda, (4.2.2.42)

The equations for the three perturbation terms are then (4.2.2.34), (4.2.2.38)
and (4.2.2.42). The evolution of the probe field perturbation term can be more
readily understood through defining two additional terms describing bunching

and momentum fluctuations respectively i.e.

b= —i(§ze k=) (4.2.2.43)
and
P= <5—pe?“fz0> : (4.2.2.44)
m

Substituting for b in (4.2.2.42) leaves
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dday,
ot

— ~iNUy (S0 + 2kayb) + ideda, . (4.2.2.45)

Differentiating the equation for b produces

ob [ 00z 4.
i —z< 2 ¢ > (4.2.2.46)

into which may then be substituted the equation for the spatial perturbation

term, equation (4.2.2.34), to give

ab _ . 5p —2ikzo
i z<me > : (4.2.2.47)

Substituting for P using equation (4.2.2.44) simplifies the equation to

ab

— = —iP. 4224
i ( 8)

The evolution of P is then described by

OP 1 /3p _yy.
5= < o > . (4.2.2.49)

The term % is then substituted for using equation (4.2.2.38) to give

%—J; _ %< <i2hk’Uo <5a2ab€—2ikzo _ 5aaaze2z‘kzo>)e—2ikzo>
_ 12hkU,

- (dasay (e~ ***0) — Sauap) (4.2.2.50)
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The term e~%"%% averages out to zero as the atoms are initially evenly spaced, so

the equation simplifies to

%—f _ —%5%. (4.2.2.51)

To investigate the growth of the probe field perturbation term, other pertur-
bation terms must first be eliminated and an equation produced depending only
upon day,. To accomplish this, it is assumed that the cavity detuning term may
be set such that 6. = NUj so that the term —iNUydq, is cancelled out, as in [4].
The equation for the probe field perturbation term, equation (4.2.2.45), is then

differentiated to produce

2
% - —z'2k;NU0ab% . (4.2.2.52)

b

%, using equation (4.2.2.48) in the above produces

Substituting for

0260,
a—; — —2kNUpayP, (4.2.2.53)

which, after further differentiation and substitution using equation (4.2.2.51),

produces

Poo, i4Nhk2U§|ab|25

- 4.2.2.54
ot3 m @ ( 54)

Looking for solutions of the form da, o< e it can be seen that

AN KE2U2|cy|?
N =t ol (4.2.2.55)
m

or,
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ANKE2UZ o |?
A:f/l Uolewl® (4.2.2.56)

m

The system experiences gain when the real component of \ is both nonzero

57 /6 and

and positive. The cube root of 4, ¥/7, has three possible solutions: —i, e
e™/%. The first solution, —i, has no real component, it is purely imaginary and will
thus not result in gain. The second solution, ¢>™/%, does have a real component
as e™/6 = cos(57/6) +isin(57/6). However, as cos(57/6) = —/3/2 this yields a
negative value for the real component and will also not produce gain. The third

/6 may be expanded out as cos(m/6) +isin(m/6), the real part of which

solution e
takes the value cos(m/6) = v/3/2. As a real, nonzero, positive value, this term
will result in gain for the system. The gain experienced by the system should

then be given by the expression

ANTR2UZ oo |2
Gain = ?i’/# (4.2.2.57)

180



CHAPTER 4. THREE LEVEL ATOMS: A CONFIGURATION

4.2.2.5 Degenerate A Configuration Results

Equation (4.2.2.57) predicts a very similar gain as to that for the two-photon
CARL gain equation (3.2.1.4), from Chapter 3. The key difference in need of
highlighting between the two-photon CARL gain equation and the degenerate
A CARL equation, is how the evolution of the population inversion affects each
system, which becomes important in the nonlinear regime of the interaction.

For the case of two level CARL, a significant increase in the population in-
version leads to spontaneous emission and the subsequent heating of the sample
which results due to the stochastic nature of spontaneous emission events. Heat-
ing of the atomic sample reduces the effectiveness of the dipole force at bunching
the atoms and inhibits the gain mechanism as a result. Furthermore, for a strong
pump, the population inversion will average out to zero, resulting in decay of the
coherence and a drop in the bunching force itself, as shown in the force equation
for a two-level atom (equation (2.5.2.8)).

As was stated previously, in the case of the two-photon CARL system, the
growth of the population inversion poses less of a concern than in 2 level CARL
because the dipole force contains contributions from the single-photon coherences
oladder and olddder in addition to the two-photon coherence oid4r. Thus, even
if the two-photon population inversion averages to zero, the dipole force which
bunches the atoms may be diminished but will not tend to zero.

For the degenerate A three level configuration the population inversion does
not define a difference in population between an excited state energy level and
a ground state energy level, but rather the difference in population between two
approximately degenerate ground state levels. The heating associated with spon-
taneous emission should therefore be greatly reduced. Furthermore, as discussed
in section 4.2.2.3, the equation for internal and external degrees of freedom have
become decoupled. With the equation for the atomic bunching no longer depen-
dent upon the coherence of the system, and by extension the population inversion,
even if D does tend towards zero, the force on the atoms (and consequently the
atomic bunching) will remain unaffected.

The lack of dependence of the CARL gain instability upon the population
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inversion is demonstrated by numerically solving equations (4.2.2.7) - (4.2.2.12)
and plotting the results for initial values of the population inversion of Dy = /5,
Dy = 0 and Dy = —!/,, which correspond to the atomic population being initially
entirely in level |1>>, initially entirely in level |2>>, and initially equally distributed
between levels |1) and |2), respectively.

Figure 4.3 plots (a) the pump intensity, |a|?, (b) the bunching term, |b|, and
(c) the average population inversion, (D) for the case of Dy = /5. As expected,
the bunching parameter and field intensity grow smoothly despite large Rabi
oscillations in the population inversion.

Figure 4.4 shows snapshots of the momentum vs position of each atom at
various times throughout the evolution of the instability. Comparing it with
Figure 4.3 illustrates the bunching effect responsible for the CARL instability.

Figure 4.5 displays snapshots of the population inversion vs. position of each
atom. It can be clearly seen that the Rabi oscillations shown in Figure 4.3 are the
result of each atoms population oscillating almost in unison, i.e. no substantial
population grating forms and the atoms experience identical evolution of the
population until the system reaches the oscillatory region following the initial

gain curve.
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1

<D >

t/w

r

Figure 4.3: Evolution of probe photon number, |a,|?, bunching parameter, |b], and
mean population difference, (D), for the case where the two transition detunings
are equal, A, = A,, and the population of the system is initially in state |1),
Dy = 1/2. Produced by solving equations (4.2.2.1) - (4.2.2.6). Parameters used
are Up/w, = 5 x 107, a;, = 100, N = 1000, ¢, = 0. It can be seen that, for
the degenerate A configuration, the probe beam experiences gain and that the
atoms bunch, both due to the CARL instability, despite the presence of large
Rabi oscillations in the population which would be problematic in a two level
system.
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Figure 4.4: Snapshots of momentum distribution (6;,p;) for each atom j =
1..1000 when (a) t = Ow, !, (b) t = 20w, !, (¢) t = 26w, !. Parameters used
and equations solved are as in Figure 4.3. The atoms aquire momentum and are
bunched by the dipole forces.
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Figure 4.5: Snapshots of population difference distribution (¢;, D;) for each atom
J = 1..1000 when (a) t = Ow, !, (b) t = 20w, !, (¢) t = 26w, !. Parameters used
and equations solved are as in Figure 4.3. The population experiences almost
uniform oscillations in the population.

185



CHAPTER 4. THREE LEVEL ATOMS: A CONFIGURATION

Figures 4.3, 4.4 and 4.5 shows the evolution of the system when the population
inversion has an initial value of one half (Dy = !/5), i.e. initially the population
is uniformly in the |1) ground state as defined by Figure 4.2.

The equation for the gain in the probe beam which may be expected from the
system, equation (4.2.2.57), has no dependence upon the population inversion, D.
The system should then show no change in probe gain even when the simulation
is run for the same values but for the population entirely in ground state |2) (as
defined by Figure 4.2).

Figure 4.6 shows the evolution of (a) the pump intensity, |«|?, (b) the bunching
term, |b], and (c) the average population inversion, (D) for the case of Dy = —/,.
Comparing Figure 4.6, for which the population is initially entirely in state |2),
with Figure 4.3, for which the population is initially entirely in state |1), it can
be seen that the probe fields behave identically, as expected. Furthermore, as
was the case for the system when Dy = /5, for Dy = —1/, the field intensity and
bunching parameter once again grow smoothly despite the presence of large Rabi
oscillations in the population inversion.

Figure 4.7 displays the snapshots of the momentum vs. position of each atom
at various times throughout the evolution of the instability. By comparing Figure
4.7, for which Dy = —'/,, with Figure 4.6, for which Dy = —1/5, it can be seen
that the atoms move in an identical manner when only the initial value of the
population inversion is altered.

Figure 4.8 displays snapshots of the population inversion vs. position of each
atom. Although the population begins exclusively in level |2), it undergoes similar
oscillations to the case where the population begins exclusively in state |1), shown
in Figure 4.5. Again it can be seen that the atomic populations oscillate almost

in unison, so that no population grating forms.
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Figure 4.6: Evolution of probe photon number, |a,|?, bunching parameter, |b], and
mean population difference, (D), for the case where the two transition detunings
are equal, A, = A,, and the population of the system is initially in state |2),
Dy = —1/2. Produced by solving equations (4.2.2.1) - (4.2.2.6). Parameters used
are Up/w, =5 x 107°, oy, = 100, N = 1000, €, = 0. When compared with Figure
4.3 it can be seen that changing the initial value of the population inversion from

D =1/, to D = =/, has no effect upon the evolution of the system or the gain
in the probe beam.
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Figure 4.7: Snapshots of momentum distribution (6;,p;) for each atom j =
1..1000 when (a) t = Ow, !, (b) t = 20w, !, (¢) t = 26w, !. Parameters used
and equations solved are as in Figure 4.6. When compared with 4.4 it can be
seen that changing the initial value of the population inversion from D = 1/, to
D = —'/5 has no effect upon the evolution of each atom’s momentum.
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Figure 4.8: Snapshots of population difference distribution (¢;, D;) for each atom
j = 1..1000 when (a) t = Ow, !, (b) t = 20w, !, (¢) t = 26w, !. Parameters used
and equations solved are as in Figure 4.6. When compared with 4.5 it can be
seen that changing the initial value of the population inversion from D = 1/, to
D = —1/, simply mirrors the behaviour of each atom’s population inversion on
the y axis.
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Figure 4.9 plots (a) the pump intensity, |a|?, (b) the bunching term, |b|, and
(c) the average population inversion, (D) for the case of Dy = 0. Once again the
bunching parameter and field intensity grow smoothly, however in this instance
the population does not display Rabi oscillations. Instead the average population
inversion remains constant at zero and never evolves.

This behaviour is easily understood when equations (4.2.2.13) and (4.2.2.14)
are taken into consideration for €,. For an initial value of Dy, equation (4.2.2.13)
at t=0 is equal to zero itself. If the coherence is also initially zero, then (4.2.2.14)
never evolves from zero itself, hence no Rabi-oscillations.

Figure 4.10 then displays snapshots of momentum vs position for each atom
at various times throughout the evolution of the instability. Comparison between
Figure 4.7 and Figure 4.6 shows the bunching effect responsible for the CARL
instability once more.

Figure 4.11 displays snapshots of the population inversion vs. position for
each atom. As was explained above, not one of the atoms experiences any change
in population. The population remains equally spread across the two ground
state levels |1) and |2).

Figures 4.9, 4.10 and 4.11 demonstrate most clearly the decoupling of the
internal and external degrees of freedom for the degenerate A three level config-
uration, as the CARL gain instability proceeds with absolutely no evolution of

the population.
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Figure 4.9: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D), for the case where the two transition de-
tunings are equal, A, = A;, and the population of the system is initially equally
distributed between states |1) and |2), Dy = 0. Produced by solving equations
(4.2.2.1) - (4.2.2.6). Parameters used are Up/w, = 5 x 107°, a3, = 100, N = 1000,
€, = 0. When compared with Figures 4.3 & 4.6 it can again be seen that changing
the initial value of the population inversion from D = !/5 or D = —!/5 to D =0
has no effect upon the evolution of the system or the gain in the probe beam.
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Figure 4.10: Snapshots of momentum distribution (6;,p,) for each atom j =
1..1000 when (a) t = 0w, (b) t = 20w, !, (¢) t = 26w, . Parameters used and
equations solved are as in Figure 4.9. When compared with Figures 4.4 & 4.7 it
can again be seen that changing the initial value of the population inversion from
D =15 0r D= -5 to D = 0 has no effect upon the evolution of each atom’s
momentum.
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Figure 4.11: Snapshots of population difference distribution (#;, D;) for each atom
j = 1..1000 when (a) t = Ow, !, (b) t = 20w, !, (¢) t = 26w, !. Parameters used
and equations solved are as in Figure 4.9. It can be seen that without an initial
value for the population inversion, the oscillations observed in Figures 4.5 & 4.8
do not occur. If the population inversion has an initial value of zero then it does
not evolve away from its initial value.
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The preceding Figures, 4.3 - 4.11, demonstrate results for positive values of
the detuning A,. Equation (4.2.2.57), which describes the gain which may be
expected in the probe beam, varies as {"/U_g. As a result, the gain for the optical
probe beam should be symmetric in the sign of the detuning term A,, due to
Uy x A%'

It may be expected then that using the same values as in Figures 4.3, 4.6 and
4.9 save for a change in the sign of Uy should produce identical results. This is
seen to be the case when the aforementioned Figures 4.3, 4.6 and 4.9 are compared

to Figures 4.12, 4.13 and 4.14 respectively.

194



CHAPTER 4. THREE LEVEL ATOMS: A CONFIGURATION

o]

<D >

—-0.6 L L ! !
0 10 20 30 40 50

t/w

”

Figure 4.12: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D), for the case where the two transition de-
tunings are equal, A, = Ay, and the population of the system is initially in state
|1), Dy = 1/2. Produced by solving equations (4.2.2.1) - (4.2.2.6). Parameters
used are Uy/w, = —5 x 1075, oy, = 100, N = 1000, €, = 0. When compared with

Figure 4.3 it can be seen that the sign of Uj has no effect upon the output of the
system.
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Figure 4.13: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D), for the case where the two transition de-
tunings are equal, A, = Ay, and the population of the system is initially in state
|1), Dy = —1/2. Produced by solving equations (4.2.2.1) - (4.2.2.6). Parameters
used are Uy/w, = —5 x 1075, oy, = 100, N = 1000, €, = 0. When compared with

Figure 4.6 it can be seen that the sign of Uj has no effect upon the output of the
system.
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Figure 4.14: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D), for the case where the two transition de-
tunings are equal, A, = Ay, and the population of the system is initially in state
|1), Dy = 0. Produced by solving equations (4.2.2.1) - (4.2.2.6). Parameters used
are Up/w, = =5 x 107°, a;, = 100, N = 1000, ¢, = 0. When compared with
Figure 4.9 it can be seen that the sign of Uj has no effect upon the output of the

system.
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4.2.3 Non-degenerate A configuration

The second configuration considered is that in which the energy levels |1) and
|2) are non-degenerate. Instead the levels are separated and the optical pump
and probe field frequencies are tuned half way between the two levels, such that
A, = —A, and Ay, = 2A,. Using these substitutions in equations (4.2.1.3) -
(4.2.1.8) gives them the form

[3>

| 2>

|1> I Aa -Aab

Figure 4.15: Simplified Three Level A Energy Level Diagram: The A energy level
structure for the lower energy states are non-degenerate.
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agjl = —(721 —2484)02 — ;L;J (Aue™ 4+ A ™) 2 (1 = 2091)  (4.2.3.1)
%—? =0 (4.2.3.2)

% = Z;fak ( (JAal? = [Ay]?) (021 — 012) + (Af Ape™ ™ — A Ape®™) (e, + 2D))
(4.2.3.3)

% =4 (4.2.3.4)

8571; _ ;;”;:Z:< (Aq + Ave ") (e, + 2D + 021 — 012) > +(i6. — ,Q)A:; ,;/512(1
(4.2.3.5)

3(;17 =— ;;UE/:ZZ< (Aae%kz + Ab) (€y +2D + 091 — 012) > + (10, — k) Ap + KA}

(4.2.3.6)
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4.2.3.1 Scaling the three level A equations

With the term A, substituted for —A,, equations 4.2.3.1 can be scaled in a
similar manner to Section 4.2.2.1, by substituting the terms (3.1.8.1) - (3.1.8.3)

to produce
0021 _ 24 Ul (€™ + ape™™2) [2 (1 — 2 1.2.3.7
7——(721—1 a)021—2 0‘(0&16 + ape )’ ( - ‘721) ()
D

%—t =0 (4.2.3.8)

op; . * —2ikz * 2ukz
% = z?hka( (Joa)® = |ow|?) (021 — 012) + (e — a,a;e*™) (e, + 2D)>
(4.2.3.9)
% _ D (4.2.3.10)

m

Oay , _

;t = —iNU0< (aa + abe’Q’kz) (€y +2D + 091 — 012) > + (0. — K)ag + Kag?
(4.2.3.11)

aab . 2ikz . eq

el —iNU, (ozae + ab) (€ +2D + 091 — 012) > + (16, — K)ap + Koy,

(4.2.3.12)
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4.2.3.2 Decoupling the coherence from the momentum and field equa-

tions

In Section 4.2.2.3 it was shown that the internal and external degrees of freedom
may become decoupled for certain parameter choices. Making the assumption
that the detuning is sufficiently larger than the decay rate, 2A, >> 7,1, so that
the decay may be neglected in equation (4.2.3.7), which gives it the form

80'21

ot

= 120,091 — iUp| (€™ + ape ™) [* (1 — 2041) . (4.2.3.13)

By adiabatically eliminating o9, from the above equation it can be seen that the

coherence takes the value

(4.2.3.14)

091 = )
2(1 e
+ U0|(aaelkz+ozbe*1kz)\2

which will always be real. As a result, it may be expected that in the limit
2A, >> 791 any terms o9 — 012 = i2Im(09;) =~ 0. The equations for the atomic

momentum and the two fields in this limit are

O, A A
% = i2hkU, (aioge™ " — a,a;e**?) (€, + 2D) (4.2.3.15)

Oay . ; .

5‘; _ —ZNU0< (0 + ane2%) (e, + 2D) > + (i, — K)o + K (4.2.3.16)
D) :

8O;fb - —iNUO< (aa€®™ + ay) (€, + 2D) > + (10 — K)ap + Koy’ (4.2.3.17)

In a similar turn of events to the degenerate A configuration, the equations for
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atomic motion have been decoupled from the coherence. In contrast to the previ-
ous configuration however, for the non-degenerate configuration the atomic move-
ment still has a dependence upon the population inversion D. As can be seen from
equation (4.2.3.8), the population will never evolve away from its initial value Dy,
so in this schema the population inversion acts more as a parameter than a vari-

able.

4.2.3.3 Linear stability analysis

To determine the gain to be expected for this configuration it is useful to under-
take a linear analysis of the system. Assuming that k =€, = 0, the equations for

the atomic momentum, atomic position and probe field amplitude take the form

op.; . .
% = 4hkUyD, (a:abe_2’kz - aaaZezlkz) (4.2.3.18)
8zj pj
af A ) 4.2.3.19
ot m ( )
Do ~ —2ikz -
e —z2NU0< (v + ape™™) D0> + i0crq (4.2.3.20)
To study the stability of the system, the perturbation terms
z =z + 02(t) (4.2.3.21)
p = 0p(t) (4.2.3.22)
Qg = 00y (t) (4.2.3.23)

are introduced.
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Substituting the perturbation terms into equations (4.2.3.18) - (4.2.3.18) gives:

First

0(z0+02) 0p

= — 4.2.3.24
which as zg is constant simplifies to
00z  dp
—_— = . 4.2.3.25
ot m ( )
Second,

dop . o 9ik(z20462) % 2ik(z0+02)
i 4hkUy Dy (5aaabe 0 — dagop et ) (4.2.3.26)
= i4hkUyD, (5a2ab6_2ikzoe_2ik5z — 5aaa262ikz‘)e2ik‘sz) ) (4.2.3.27)

As the perturbation term dz is small, 1 >> 0z, then e*?*%* ~ 1 4 2ik6z. The

above equation therefore becomes

0 , 4
% = i4hkUy Dy (S e %% (1 — 2ikdz) — Sagoge®™™ (1 + 2ikdz))

(4.2.3.28)

Retaining only terms which are linear in the perturbation variables, the equation

for the evolution of the momentum perturbation term becomes

% — idlkUoDy (8o ape2%0 — Sagafie?®=0) (4.2.3.29)

Third, the equation for the field perturbation term becomes
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dday,
ot

= —i2NUp({ (daa + ape 2+ Do) + i b (4.2.3.30)

= —z’2NU0< (8ctq + e 2h=0e2ik0) D0> + 0600 - (4.2.3.31)

—2ikdz

Making the same expansion of the term e as before gives

dda, . .
a? = —z’2NU0< (8ctq + e %0 — i2kdzape %) D0> + @600, . (4.2.3.32)
As the atoms are initially uniformly spaced, the term {a,e~2*%) averages to zero,
leaving
dday, . . —2ikz :
T —22NU0< (5aa —12kdzae 0) D0> + 1000, . (4.2.3.33)

Defining b = —i(6ze~2%#*0) 5o that

b 6

into which may then be substituted the equation for the spacial perturbation

term, equation (4.2.3.25), to give

ob 0D o
— = g —e AF0 4.2.3.
T i <me > (4.2.3.35)

The probe field perturbation equation may then be written as

dday,
ot

= —i2NUy Dy (6eva 4 2kapb) + id .00, - (4.2.3.36)

Going on then to define P = <%pe_2i’”0> means that the equation for the
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evolution of the bunching parameter b simplifies to

0b
— = —iP. 4.2.3.
5 i (4.2.3.37)
The equation for P is then given by
orP d0p o—2ikz0
— = R 4.2.3.38
ot < ot ’ ( )

into which is then substituted equation (4.2.3.29) to give

or

T <(z4hkaDo (5a e 2k 504(104*62”“0)) e’zikz0> (4.2.3.39)

<(z4hk:U0D0 (5a ape ik 5aaa2))> ) (4.2.3.40)

SIHSIH

The term e %#% averages out to zero as the atoms were initially evenly spaced,

so the equation simplifies to

aa—f = —Wéaa (4.2.3.41)

To investigate the growth of the probe field perturbation term, other pertur-
bation terms must first be eliminated and an equation produced depending only
upon day,. To accomplish this, it is assumed that the cavity detuning term may
be set such that 6. = 2NUyDg so that the term —2iNUyDgydq,, is cancelled out,
as in [4]. The equation for the probe field perturbation term, equation (4.2.3.36),

is then differentiated and equation (4.2.3.37) is substituted into it to produce

%oy, B

o = ~4kNUoDooy P (4.2.3.42)
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Differentiating a second time and substituting equation (4.2.3.41) for %—f produces

P60 _ N6NRR U Dilen” ¢

. 4.2.3.4
ot3 m “a (4.2.3.43)

The end result is an equation solely dependent upon da,. Looking for solutions

to this equation of the form da, o< e it can be seen that

16N RE2UZ 0|2 DR
o = HONREUglan "Dy (4.2.3.44)
m

or simply

\ \3/¢16Nhk2Ug|ab|2Dg

m

(4.2.3.45)

As was stated in Section 4.2.2.4 | the system experiences gain when the real

component of A is both nonzero and positive. Once again /i has three possible

57/6 /6

solutions: —i, e and e™°, with only the third expression possessing a positive
nonzero real component of Re(e™%) = 1/3/2. The gain for the system is then

given by the expression

(4.2.3.46)

Cain — V3 \/ 16N hk2U2| |2 D2
2

m
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4.2.3.4 Non-degenerate A Configuration Results

It may be noted that in the instance where Dy = +1/2 the above solution matches
that of the gain for the degenerate A configuration given by equation (4.2.2.57).
It would be expected, then, that for those values of D the gain curves for o, in
the degenerate and non-degenerate configurations would match exactly. This is
shown to be the case when Figures 4.16(a) and 4.19(a) are compared to their

counterparts from the degenerate A configuration, 4.3(a) and 4.6(a).

207



CHAPTER 4. THREE LEVEL ATOMS: A CONFIGURATION

10 20 30 40 50

0]
=
o

(W)

0 10 20 30 40 50

<D >
o
o

t/w,
Figure 4.16: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D), for the case where the two transition detun-
ings are equal in magnutide but opposite in sign, A, = —A,, and the population
of the system is initially in state |1), Dy = 1/2. Produced by solving equations
(4.2.3.7) - (4.2.3.12). Parameters used are Up/w, = 5x 107°, Ay, = 10, ay, = 100,
N = 1000, ¢, = 0.
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Figure 4.17: Snapshots of momentum distribution (¢;,p,) for each atom j =
1..1000 when (a) t = 0w, t, (b) t = 20w, !, (¢) t = 26w, !. Parameters used and
equations solved are as in Figure 4.16.
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Figure 4.18: Snapshots of population difference distribution (#;, D;) for each atom
7 = 1..1000 when (a) t = Ow, !, (b) t = 20w, !, (¢) t = 26w, !. Parameters used
and equations solved are as in Figure 4.16.
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As was also the case for the degenerate A configuration, equation (4.2.3.46)
predicts equal gain for both signs of the population inversion in the non-degenerate

configuration. This is shown to be true in comparing Figures 4.16 and 4.19.
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Figure 4.19: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D), for the case where the two transition detun-
ings are equal in magnutide but opposite in sign, A, = —A,, and the population
of the system is initially in state |2), Dy = —1/2. Produced by solving equations
(4.2.3.7) - (4.2.3.12). Parameters used are Up/w, = 5x 107°, Ay, = 10, ay, = 100,
N = 1000, ¢, = 0.
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Figure 4.20: Snapshots of momentum distribution (¢;,p,) for each atom j =
1..1000 when (a) t = 0w, t, (b) t = 20w, !, (¢) t = 26w, !. Parameters used and
equations solved are as in Figure 4.19.
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Figure 4.21: Snapshots of population difference distribution (6;, D;) for each atom
7 = 1..1000 when (a) t = Ow, !, (b) t = 20w, !, (¢) t = 26w, !. Parameters used
and equations solved are as in Figure 4.19.
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The previously mentioned similarities between the non-degenerate A and de-
generate A configurations break down, however, when comparisons are made
between the results for the Dy = 0 case. Comparing 4.22(a) to 4.9(a) shows that
although the degenerate A configuration case allows the CARL gain mechanism
to continue even with equally distributed population between the two lower levels,
the non-degenerate A configuration does not.

As was the case in Figures 4.16 & 4.19, (where the initial values for the
population inversion, Dy were !/ and —!/, respectively), when the population
is equally split between levels |1) and |2), i.e. Dy = 0, the population remains
constant at its initial value, as can be seen from Figure 4.24.

However, contrary to the cases where Dy # 0, when the initial value is Dy =
0, equation (4.2.3.18) for the force experience by an atom experiences a zero
value. With zero force acting upon the atoms they remain uniformly spread and
stationary, i.e. no atomic bunching takes place, as can be seen in Figure 4.23.
As atomic bunching is the root cause of the CARL instability, the probe field

remains at its initial seed value.
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Figure 4.22: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D), for the case where the two transition de-
tunings are equal in magnutide but opposite in sign, A, = —Ay, and the pop-
ulation of the system is initially equally distributed between states |1) and |2),
Dy = 0. Produced by solving equations (4.2.3.7) - (4.2.3.12). Parameters used
are Up/w, =5 x 1075, Ay, = 10, o = 100, N = 1000, ¢,, = 0.
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0.0041 () : ¢/0 =26.0

Figure 4.23: Snapshots of momentum distribution (¢;,p,) for each atom j =
1..1000 when (a) t = 0w, t, (b) t = 20w, !, (¢) t = 26w, !. Parameters used and
equations solved are as in Figure 4.22.
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Figure 4.24: Snapshots of population difference distribution (0;, D;) for each atom
7 = 1..1000 when (a) t = Ow, !, (b) t = 20w, !, (¢) t = 26w, !. Parameters used
and equations solved are as in Figure 4.22.
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Equation (4.2.3.46) also suggests that the gain in the optical probe beam,
| |?, should be identical regardless of the sign of the detuning used. This is shown
to be true when comparison is made between Figures 4.16, 4.19 and 4.22 above,
in which U, = Z—i > 0, to Figures 4.25, 4.26 and 4.27, in which Uy = Z—i < 0.
It can be seen that the gain curves experience little to no change when the sign
of the detuning is inverted, as well as very little change when the sign of the

population inversion is altered.
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Figure 4.25: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D), for the case where the two transition detun-
ings are equal in magnutide but opposite in sign, A, = —A,, and the population
of the system is initially in state |1), Dy = 1/2. Produced by solving equa-
tions (4.2.3.7) - (4.2.3.12). Parameters used are Up/w, = —5 x 107°, A, = 10,
ay = 100, N = 1000, ¢, = 0.
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Figure 4.26: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D), for the case where the two transition detun-
ings are equal in magnutide but opposite in sign, A, = —A,, and the population
of the system is initially in state |1), Dy = —1/2. Produced by solving equa-
tions (4.2.3.7) - (4.2.3.12). Parameters used are Up/w, = —5 x 107°, A, = 10,
ay = 100, N = 1000, ¢, = 0.
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Figure 4.27: Evolution of probe photon number, |a,|?, bunching parameter, [b|,
and mean population difference, (D), for the case where the two transition de-
tunings are equal in magnutide but opposite in sign, A, = —A,, and the popu-
lation of the system is initially in state |1), Dy = 0. Produced by solving equa-
tions (4.2.3.7) - (4.2.3.12). Parameters used are Up/w, = —5 x 107°, A, = 10,
ay = 100, N = 1000, ¢, = 0.
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Chapter 5

Conclusion

5.1 Summary

This thesis has presented numerical results related to the study of centre of mass
atomic motion in multilevel cold atomic gases of various internal energy level
configurations. Below I give a brief summary of the main results from each

chapter followed by an overall summary of the work described in the thesis.

5.1.1 Chapter 2 Summary

In Chapter 2 the Maxwell-Bloch equations for a cloud of cold two level atoms
were derived over three stages. Firstly, equations were produced which described
the evolution of the internal degrees of freedom of two level atoms in response
to a single incident static field. Those equations were used to demonstrate Rabi
oscillations in the atomic population and the variation of susceptibility with field-
atom detuning.

The equations were then extended to allow the incident field to evolve with
time. In doing so it was shown that the system exhibited bistable properties.

Further extending the model to include atomic centre of mass motion produced
Maxwell-Bloch equations for an ultracold cloud of two level atoms interacting
with two counterpropagating, temporally evolving optical fields. It was shown

that such equations could demonstrate the CARL instability. In CARL it was
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shown that the initial homogeneous spread of atomic positions was unstable and
the atoms in the system were induced to bunch by formation of a standing wave
between the pump and probe beams. The growth of the atomic bunching term
|b| = |(e")] was shown to proceed synchronously with the probe beam, as the
bunching of atoms resulted in backscattering of the pump field into the probe
field.

It was shown that when the pump amplitude exceeded a saturation thresh-
old, the population within the atoms could become sufficiently excited that the
population inversion approached zero, which in turn caused the forces bunching

the atoms to quench and tend towards zero.

5.1.2 Chapter 3 Summary

In Chapter 3 the model from Chapter 2 was extended to describe a system of
three level atoms in a ladder configuration. Two nonlinear optical processes were
investigated using the three level ladder equations:

In the first process, two photon CARL, two expressions of note were derived;
a condition for when the three level ladder system was in the high or low pump
regime, and an expression for the gain expected from the system in the low pump
regime.

Those two expressions were employed to compare the system in the low and
high pump intensity regimes. It was demonstrated, when both including and
neglecting the AC Stark shift term ¢,, that in contrast with the two level CARL
system of chapter 2, the three level CARL instability persisted into the high pump
intensity regime. This was due to terms in the force equation which did not tend
to zero with the population inversion term.

The second process investigated was that of two-photon superfluorescence. It
was demonstrated that, as was the case for single photon fluorescence|36|, intro-
duction of centre of mass movement and atomic bunching resulted in symmetry
breaking in the sign of detuning from field-atom resonance.

When the emitting atoms were set stationary, the two-photon SF pulse showed

no dependence upon the sign of detuning. When centre of mass motion was
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included, the atoms bunched at maxima (minima) of intensity when the field
was red (blue) detuned from field-atom resonance. When the atoms bunched
at the maxima of optical standing wave intensity, the emitted optical pulse was
enhanced over the case in which the atoms bunched at the point of intensity

minima, wherein the optical pulse was suppressed.

5.1.3 Chapter 4 Summary

In Chapter 4 Maxwell-Bloch equations were derived which modelled the evolution
of a cloud of atoms with a three level "lambda" atomic energy level configuration.
Two subcategories of the A configuration were investigated: one in which the two
lower energy levels were degenerate, the degenerate A configuration, and one
where the two lower energy levels were non-degenerate, the non-degenerate A
configuration.

It was demonstrated in the degenerate configuration that, for particular values
of field-atom detuning, it was possible to decouple the atomic centre of mass
equations from the internal atomic degrees of freedom.

It was then shown that in the non-degenerate configuration that there exists a
field-atom detuning regime in which the atomic motion becomes decoupled from
the atomic coherence but not the atomic population. The population difference
remained constant throughout the interaction, so the population inversion D(t =
0) acted instead as a parameter in the equation for the force experienced by the
atoms.

It was therefore demonstrated that both the degenerate and non-degenerate
A configurations lend themselves towards operation of the CARL instabilities at
higher pump intensities than for the case of two-level atoms. In particular the non-
degenerate A configuration offered a particularly attractive prospect for CARL
gain, as the apparent trapping of the population at its initial state, D(t = 0),

offered a system in which spontaneous emission may be impeded.
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5.2 Overall Summary

In this thesis the theory of CARL has been extended from 2-level atoms to 3-
level atoms with ladder and A configurations. It has been demonstrated that
the additional internal energy level allows a variety of schemes involving CARL.

Some of these new schemes have features which appear promising for enhancing

CARL instabilities.

5.3 Future Work

A number of potential avenues may be explored following the work described in

this thesis.

5.3.1 Effects of centre of mass atomic recoil on non-linear

optical processes in three and four level atoms

Numerous non-linear processes occur in multi-level atomic systems. Continuing
from the research presented here many of these processes may produce interesting
results when centre of mass atomic recoil is introduced.

For example, [72] demonstrates that a system of light on a cloud of cold
atoms can produce dispersive bistability for properly chosen parameters. With
centre of mass movement included in the model, it is shown that blue detuned
light results in the formation of an atomic density grating. The density grating
leads to a change in the dispersive properties of the cloud and causes the pump
transmission to jump from the lower transmission state to the upper transmission
state.

Studies could be undertaken investigating dispersive optical bistability in a
three level system, such as that described in Chapter 3. Similar changes to the
dispersive properties of a cloud of three level atoms which exhibit two-photon
bistability may occur, leading to the pump transmission to change transmission

state.
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5.3.2 Enhancement of CARL through use of EIT in three

and four level atoms

Electromagnetically Induced Transparency (EIT) [83, 84| is a coherent nonlin-
ear optical process in which destructive quantum interference between transition
probability amplitudes results in the creation of a "window" of reduced, or even
negated, absorption within the susceptibility profile of a physical media. In ad-
dition to the window created in the absorption portion of the atomic sample’s
susceptibility curve, a large value for the dispersive portion of the susceptibility
is also formed as a result of EIT. EIT can take place in atoms with ladder, A or
"V" three level energy level structures|85].

As has been explained in this thesis, collective atomic recoil lasing is dependent
upon the dispersive properties of an atomic sample for the bunching force which
is the root cause of the CARL instability. Furthermore, atomic absorption can
hinder the CARL instability. The window of reduced absorption and enhanced

dispersion may then prove to be a useful method of enhancing CARL.

5.3.3 Sum-frequency generation from CARL using four level

ladder configuration atoms

It has been predicted in [86] that four wave mixing and frequency up conversion
are possible in four level ladder configuration CARL. The benefit of using CARL
for frequency up conversion is that the complicated phase matching required
by traditional methods, which utilise nonlinear crystals, is handled as a natural
consequence of the bunching process.

In [86] assumptions are made which reduce the complete four level Maxwell-
Bloch equations describing the system to the CARL equations in the FEL limit,
similar to the reductions made in sections 2.5.3.3 and 3.2.1.2 of this thesis. Inves-
tigations may be made into the behaviour of such a system outside of the FEL

limit.
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5.3.4 Investigation of parameter space for two-photon su-

perfluorescence including recoil

As was stated in section 3.3.3, when recoil is introduced to the superfluorescent
system, for the parameters selected, the emitted optical pulse ceases to be super-
fluorescent. As it is possible to create superfluorescent pulses where recoil has
been included, for sufficiently small values of the decay rate -, it may be possible
to discover parameters in which the superfluorescent behaviour exists in both the

recoil included and recoil neglected cases for otherwise identical input values.

5.3.5 Proposed experimental test of results from this thesis

In Section 2.5.3.4 an experimental setup used by Kruse et al. [4] and von. Cube
et al. [38] to investigate CARL in the laboratory using samples of two level atoms
was described. A diagram of the experimental setup used by these experiments
is shown in Figure 2.11. A similar laboratory setup could be used to investigate
the results shown in this thesis.

For the case of three level atoms in a ladder configuration, either ¥"Sr |18] or
'Y'b [19] may be useful as a replacement for the % Rb used in |4, 38].

For investigating the results shown for three level atoms with a A energy
level configuration, the 87 Rb D1 line including magnetic sublevels has been used,
for example in [87|, as an atom with a A energy level configuration. A tunable
magnetic field may be used to split the ground state energy energy levels via the
Zeeman effect, allowing for the creation of an energy level structure which may
be used to investigate the non-degenerate A energy level configuration discussed
in Section 4.2.3.

Other alkali metals such as sodium or caesium may also be suitable for use as

three level A configuration atom samples through use of similar methods.
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Three level CARL Linear Analysis

Performing a linear analysis upon equations (3.2.2.8), (3.2.2.2), (3.2.2.3), (3.2.2.4),
(3.2.2.5) and (3.2.2.6). It is assumed that the pump field a; remains undepleted
throughout the course of the instability and thus may be treated as a constant,
with (3.2.2.6) set equal to zero. At steady state the equations for the population

and coherence of the system are given by

D =1, +il, < o153 (aa + e ™) (€™ + ay)

—o31 (o + ape®™) (aie ™ + q;) ) (A.0.0.1)

ot 2UgD(Agp — i7y31)
o (732,1 + Aib)

(aae%kz + ab) (aa + abef%kz)

(A.0.0.2)

By substituting the above expression for the coherence, ooy, into the steady

state expression for the population inversion and defining the terms

F = (oza + abe_%kz) (ozae%kz + ab) = a2e®** 4 20,04 + afe ¥ (A.0.0.3)
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and

4y U2
H=— 120 (A.0.0.4)
Ya3(v5 + Ag)
gives a expression for D devoid of any other varying terms, namely
[P (A.0.0.5)
- 214+ H|F]?)® o

Substituting the expressions for the population inversion, (A.0.0.5) into the

expression for the steady state coherence produces

R UOF(Aab - 1731)
BT+ HIFP)(33 + A%

(A.0.0.6)

Substituting the above expression for the value the coherence takes in the

weak regime into the remaining equations of the system gives

dpj . U() (
— = 2hkU,
a " 0{@ T HIFI?)(2, + AZ)

Agp <2 (afaze_‘“kz — azaz2e4z‘kz)
+ (’OéaP + ‘OébP) (oé:abe*%kz _ OéaOéZEQikz) )
— 31 (’aa‘4 — |Oéb|4 —+ (‘aa|2 _ ‘ab|2) (@Zabefﬁkz + aaazeﬂkz) >):|

+ i2hkUp (e > — auope®™) (A.0.0.7)

dz;  pj
— == A.0.0.
7 - ( 008)
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Oag NU 2Us(Aap — 1731) / (|aa | + 2] g [Pape ™2 + o aZe=4k2)
e
ot ’ (v + A%) (14 H|F)?)
2Uo(Agp — 1731) <(a§a;§e2ikz + 2aa|04b|2 + ‘@b‘Qab€—2ikz)>
(051 + Ad) (1+ H|F[?)
*‘“a*‘“ﬂe_%mx>%-@6c—f®aa+—ma? (A.0.0.9)

By studying the evolution of small perturbation terms, defined as

z=zy+ 0z(t) (A.0.0.10)
p=0p(t) (A.0.0.11)
Qg = day,(t), (A.0.0.12)

the gain response of the system may be investigated. The assumption is made
that the field is well tuned with the cavity and that there are minimal losses from
the field, so that 0. = k = 0. Substituting the above perturbation terms into the
equations for the system (A.0.0.7) - (A.0.0.9), keeping only those terms which

remain linear in perturbation terms gives equations

dop; . [ ( AUl ) —2ik 2ik
—L = i2nkUp | 1+ O e — da,ape”
gt BT AL+ Hla ) e aucje™)
iry31Uo| cup|?

2 * —2ikz % ik
(0 A1+ Ao (0] F oaeue 0+ G )

(A.0.0.13)

852]' 5]?]
= — A.0.0.14
ot m (4.0.0.14)
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dday,
ot

. 4U0|Otb|2(Aab—W31) )
= —iNU, dag [ 1+
0( ( (v + AZ) (1 + Hla[*)

. 2Uo| | (Agp — i7y31) ) ok )
—2kay, | 1+ dze =0
b ( (8 + AL)(1+ Hlaolh)) | )

(A.0.0.15)

where it has been assumed that as §z is small, 1 >> 6z , when the terms e®2%*%*

are expanded out using the Maclaurin series, only the first term need be retained,
so that et2%%* ~ 1 4 2ikdz. Further to this, as the atoms are initially equally
distributed any terms (e****) are assumed to average out to zero. Considering the
system to be running sufficiently detuned that A, >> <31, the approximation
may be made that v3; ~ 0. Under this assumption the term H in the above

equations is also approximately zero, so the equations take the form

dop;
ot

U0|Oéb|2
Aab

= ZQﬁ/{?Ug (1 + > (50420%6_2“620 _ 5Oéaag€2ikzo) (A0016)

00z;  Op;
5= (A.0.0.17)

4 2 2 2 .
Poa _ _ing, (5% (1 + M) — i2kay (1 1 Zolen[” ) (526_2”“0))

8t Aab Aab
(A.0.0.18)
It is convenient to define
b= —i(6ze 2k=0) (A.0.0.19)
and
pP= <%e—2"‘”ﬂ> (A.0.0.20)
m
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as intermediate variables for substitution into the field equation. From the above

definitions it is easy to see that

db . [ 00z —2ikzo
at Z< at >

0D; o
= — <ﬁ€—21kz0>
m

— —iP (A.0.0.21)

and

L

dt m Ot
~ i2hkUy Uolap*\
- = (1 + N ) adda, (A.0.0.22)

where once again it has been taken that the initial even distribution of the atoms

means that terms (e****) may be assumed to average to zero. Substituting for

the term b using (A.0.0.19) in (A.0.0.18) and differentiating gives

d%6 AUl [?\ dd 2Up|w|? db
T —iNUO( (1 4 ol ) X 1 2kay <1 1 2ol ) —) .

(A.0.0.23)
Substituting for % using (A.0.0.21) then differentiating a second time gives

3, , 4Uo|ow)? d*6cry . 20o|aw|? dP
T0% _ ;N | — i2kay (14 %) Y
1 Uo( ( + A o 2kay [ 1+ AL 7

(A.0.0.24)

By substituting for 2 using (A.0.0.22) and grouping terms, an expression purely

in terms of field variables is obtained, namely
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0oy, _ 4Uglap)?\ d?day,
ar __ZNUO((H A, ) e

2ik2U| oy 2 ? 205 |
B M . 3Up || i Uj |204b| Sar, (A.0.0.25)
Aab Aab

At this point it is convenient to reintroduce a detuning between the field and

m

cavity of 0. ~ iNU, (1 + %). In doing so it is possible to cancel the first
term in the above equation, making the solution far simpler. Looking for solutions

of the form dor, ox e gives

m

2N hk2U?2 2 3U, 2 QU2 4
i olas] m ofa| N o|2ab| '
Aab Aab

Gain is to be expected where the real component of A is both nonzero and

5m/6 Tl'/6.

positive. The cubed root of i, ¥/i, has three possible solutions: —i, e and e
The first solution, —i, has no real component, it is purely imaginary and will
thus not result in gain. The second solution, €>™/%, does have a real component
as e™/6 = cos(57/6) +isin(57/6). However, as cos(57/6) = —/3/2 this yields a
negative value for the real component and will also not produce gain. The third

solution e™/6

may be expanded out as cos(m/6)+isin(w/6), the real part of which
takes the value cos(m/6) = v/3/2. As a real, nonzero, positive value, this term
will result in gain for the system. The gain experienced by the system should

then be given by the expression

V3 L [2NRR2|cw|? (.,  3US|aw|?  2U§|aw|*
n =~ ¢ —— : A.0.0.2
Gain 5 p- (UO + AL + AZ ) (A.0.0.27)
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