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Abstract

Stochastic modelling of interest rates is very important for calibrating and evaluating
expected payoffs of interest-rate products. Many well-known univariate linear drift
stochastic models have been proposed to explain interest rate dynamics. However, by
testing parametric models by comparing their implied parametric density to the same
density estimated non-parametrically, Ait-Sahalia revealed all the existing univari-
ate linear drift stochastic models could not explain well the dynamics of Euro-dollar
interest rates. As a result, he proposed a new class of highly non-linear stochastic
interest rate models. The original Ait-Sahalia interest rate model has been found to
have considerable use for modelling time series evolution of interest rates. However,
this model does not possess certain specifications to provide adequate descriptions
of interest rates against unexpected empirical phenomena such as volatility ’skews’
and ’smiles’, jump behaviour, market regulatory lapses, economic crisis, financial
clashes, political instability, among others collectively. In this thesis, we propose a
modified version of this model by incorporating additional features to help collect-
ively describe these empirical phenomena adequately. However, the proposed model
does not have explicit solution. Hence, we split it into three stochastic interest rate
models and construct a new implementable truncated EM scheme to approximate
them numerically. Further, we study finite time strong convergence of the truncated
EM solutions to the exact solutions of the three models under the local Lipschitz
condition plus the Khasminskii-type condition. Moreover, we perform numerical sim-
ulations to validate the strong convergence results and justify these results within

Monte Carlo frameworks to evaluate expected payoffs of some financial products.
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(General

positive :
nonpositive :
negative :

nonnegative :

a.s.

0:

1A3

notations

> 0.
< 0.
< 0.
> 0.

: almost surely, or with probaility 1.

empty set
the indicator function of a set A i.e.

la(x) =11if x € A or otherwise 0.

: the o-algebra generated by C.

:min {a, b}.

:max {a, b}.

: the mapping f from A to B.

: the real line.

: the set of all nonnegative real numbers, i.e. R, € [0, 00).
: the d-dimensional Euclidean space.

={z € RY: 2, >0,1<i< d}, i.e. the positive cone.

: the Borel-o-algebra on RY.

: the Euclidean norm of a vector x.

- the family of continuous R%valued functions defined on D.

ix



C™(D;R) : the family of continuous m—times
differentiable R%-valued functions defined on D.
C(D;RY) : the family of functions in C™(D;R)
with compact support in D.
C*(D x Ry;R) : the family of all real-valued functions
H(z,t) defined on D x R,
which are continuously twice differentiable
in z € D and once differentiable in t € R, .
o a_H>,
ox, ' Oxg
0?’H
Hag : = (Hayz;)axa = <8xi8xj>dxd'
1€]12 : (EJE[)
LP(;RY) : the family of R%valued

Hz::(H:clu"' 7H:7:d):<

random variables £ with E|¢|? < co.
LE (Q;RY) : the family of R%valued F;-measurable
random variables ¢ with E|¢]P < oco.

C([-7,0];RY) : the space of all continuous R%valued functions ¢

defined on [—7,0] with a norm ||¢|| = sup |¢(0)|.

—7<6<0

L5([—7,0];RY) : the family of all C([—, 0]; R%)-valued random variables ¢
such that E||¢||? < occ.

L% ([-=7,0;;R?) : the family of all F;-measurable C([—7, 0]; R%)-valued
random variables ¢ such that E||¢||’ < occ.

C% ([-7,0; R?) : the family of all F;-measurable bounded
C([-,0]; R%)-valued random variables.

LP([a,b]; RY) : the family of Borel measurable functions & : [a, b] — R?



such that /b |h(t)|Pdt < oo.
LP([a,b]; RY) : the family of R%valued F;-adapted
processes { f(t) }a<t<p such that /b |f(®)Pdt < oo.
MP([a, b]; R?Y) : the family of processes {f(t)}a<i<s € LF([a, b]; RY)
such that E/b |f(t)Pdt < oo.

LP(R,;R?) : the family of processes {f(t)}i>o such that for every T > 0,
{f(t)Yo<i<r € LP([0,T]; RY).
MP(R,;RY) : the family of processes {f(t)}i>0 such that for every T > 0,
{f(t)Yoci<r € MP(0, T]; RY).

Other notations will be explained where they appear.
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Chapter 1
Introduction

The probabilistic nature of interest rates is important since it affects every nature of
interest-rate products. In several pricing applications, interest rate is regarded as a
deterministic function of time. This is usually motivated under the assumption that
the variability of interest rates contributes to the price of financial products such
as equity or FX options by a smaller order of magnitude based on the underlying’s
movements. However, when we deal with interest-rate products, the main variability
of importance is that of the interest rates themselves. This gave rise to a new ap-
proach for modelling random evolution of interest rates through time with stochastic

models (see, e.g., [1,12] and references cited therein).

Several well-known univariate linear drift stochastic models have been proposed
over the years to model dynamics of stochastic interest rates. These models, for
example, include Black and Scholes (1973) in [3], Merton (1973) in [4], Vasicek (1977)
in 5], Dothan (1978) in [6], Brennan and Schwartz (1980) in |7] and, Cox, Ingersoll
and Ross (CIR) (1980 and 1985) in [8] and [9] respectively. These models constitute
the popular mean-reverting process with parameter § € [1/2,1]. However, it has
been espoused in some empirical studies that the most successful continuous-time
models for explaining the dynamics of interest rate are those that allow the volatility
of interest changes to be highly sensitive to the level of the rate. By applying x?

tests to US treasury bill data, those models with 6 < 1 were rejected in favour of
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those with 6§ > 1. For instance, using the generalised moment method, Chan et al.
(1992) in [10] revealed that § = 1.449. With the same data, Nowman (1997) in [11]
used the Gaussian estimation method to also estimate § = 1.361. Hence it becomes
more evident empirically that # > 1. Is it in this spirit that Lewis (2000) in [12]

generalised all these models as a non-linear mean-reverting-theta process of the form

dz(t) = a(u — x(t))dt + ox(t)?dB(t) (1.1)

for any ¢ > 0 with initial data x(0) = xy, where a, u and o are constants, § > 1 and
B(t) is a scalar Brownian motion. This SDE model is widely used to explain time-
series evolution of stochastic interest rate, asset price, volatility and other financial
quantities. There have been several extensive literature concerning with SDE ([1.1])
with parametric restrictions. For example, Mao [17] studied analytical properties and
strong convergence theory of the numerical solutions of SDE for 60 € [1/2,1].
Higham and Mao [15] examined the strong convergence of Monte Carlo simulations
of SDE for 6 = 1/2. Wu et al. [16] established analytical properties of SDE
and convergence in probability of the EM approximate solutions for 6 > 1.

Ait-Sahalia discovered through empirical studies that all the existing univariate
linear drift models could not explain well the dynamics of Euro-dollar interest rates.
He then proposed in [18] a new class of stochastic interest rate model for capturing
time-series evolution of term structure of interest rates. This model is governed by

a highly non-linear SDE of the form
dr(t) = (a_12(t) " — g + ayx(t) — ana(t)?)dt 4+ ox(t)’dB(t), (1.2)

on ¢t > 0 with initial data z(0) = x, where a_y, g, a1, a2 > 0 and B(t) is a scalar
Brownian motion. Similarly, based on the empirical evidence, he retained 6 > 1.
In his seminal paper, he used Feller test to show conditions under which almost
surely the solution of SDE ([1.2]) will not explode to infinity in finite time. The SDE
has been studied extensively by many authors. For example, Cheng [19] studied

analytical properties including positivity of solution and finite moments of SDE ([1.2))
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and established convergence of EM approximate solutions to the exact solution in
probability. Szpruch et al. in [20] generalised SDE ((1.2)) to

dz(t) = (a_12(t) ™ — ap + arw(t) — ap(t)?)dt + ox(t)?dB(t), (1.3)

for any ¢ > 0, p > 1, with initial data z(0) = ¢, and established strong convergence
of the implicit EM method as well as preservation of positive approximate solutions
of this method when a monotone condition is fulfilled. Dung [21] in 2016 derived
explicit estimates for tail probabilities of the solutions to the generalised form of this
model. Deng et al. |[13] in 2019 studied analytical properties of the generalised form
of this model with Poisson-jump and revealed weak convergence of the explicit EM
method.

Despite of the wide applications of the aforementioned linear drift stochastic mod-
els, they may not be well-specified adequately to fully explain financial variables
against certain types of phenomena which have been observed empirically from most
financial markets. For example, phenomena such as volatility ’skews’ and ’smiles’,
economic crisis, financial clashes and tail distribution or jump behaviour which have
been observed empirically from various sources of financial data may not be ad-

equately explained by these stochastic models (e.g., see [26435}/46],51]).

Several research works have been devoted in recent times to adequately explain
dynamical behaviours of financial variables against unexpected occurrences of these
empirical phenomena. For instance, the shortcoming of the continuous-time model of
Black-Scholes [3] in describing convex phenomena of implied volatility exhibited by
most historical financial data led to the underlying assumption of constant volatility
to be questioned. In particular, this assumption fails to describe volatility 'skews’
and ’smiles’ which are typically important for evaluating complex derivative instru-
ments. However, many empirical results found that volatility can be regarded as an
endogenous factor and any good financial model should possess important charac-

teristic of reproducing volatility 'smiles” and 'skews’ as evidenced in option markets
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(e.g., see [23,26]). There are several extensive literature where stochastic models with
inherent features of past dependency have been used to describe volatility ’smiles’
and 'skews’ adequately. For example, Kind et al. justified in [25] that the instant-
aneous volatility is modelled in terms of the sample variance of the log-prices over
a past interval of fixed length. Mao and Sabanis [26] also extended the geometric
Brownian motion (GBM) to a delay geometric Brownian motion (DGBM) described
by a stochastic delay differential equation (SDDE), where the volatility is modelled
as a function of delay in asset price and justified it as a rich alternative for modelling

financial quantities in a complete market setting.

Additionally, it has also been well known that asset prices admit jumps in response
to lack of information or unexpected catastrophic news. This phenomenon typically
generates price vibrations with larger quantiles than normal (see [46]). Apparently,
this violates the efficient market hypothesis that all available information are reflected
in current asset prices. There are several existing rich literature where the authors
employed jump-diffusions models to describe jump behaviour of asset prices arising

from lack of information or unexpected catastrophic news (e.g., see [33-36]).

Furthermore, hybrid models driven by finite-state Markovian chains have also
been considerably used to model uncertainty in modern financial and economic sys-
tems. These models have a major characteristic of randomly switching between finite
number of regimes in anticipation to unexpected structural changes of unobservable
underlying economic or financial settings and mechanisms. The reader is referred,
for instance, to [48], |[49] and [51] for relevant coverage of applications of hybrid

stochastic models in finance.

Interestingly, while the SDE enjoys significant patronage from researchers,
academic experts and, market practitioners and participants, it may also not pos-
sess inherent features to provide full descriptions of dynamical behaviours of interest
rates against unexpected joint effects of extreme volatility, jumps, financial clashes,

economic crisis, regulatory lapses, political instability, among others. To help de-
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scribe joint effects of these empirical phenomena adequately, it may be appropriate
to specify SDE ([1.3)) as a hybrid SDDE with Poisson-driven jump governed by

dx(t) = (a1 (r()z(t™) ™" — ao(r(t)) + ar(r(®)z(t™) — aa(r(t))z(t™)")dt
+o(z((t —7)7),r(t)x(t)dB(t) + as(r(t)x(t")dN(t), t>0,
z(t) =&(t),r(0) =19, te€[—7,0],

(1.4)
where p,0 > 1, r(-) is a Markov chain with finite space S = {1,2,--- , N}, a_1, ap,
aq, ag and ag are functions of r(-), the volatility function ¢(+,-) depends on r(-) and
xz(t —7), 7> 0 and z(t — 7) denotes delay in z(t). Moreover, z(t7) = lim, ;- z(s),
N(t) is a scalar Poisson process independent of a scalar Brownian motion B(t), with
the compensated Poisson process given by N(t) = N(t) — At, where \ is the jump

intensity.

The SDDE integrates three main unique specifications under a unified frame-
work. For instance, the delayed volatility function may be useful in capturing "smiles’
and 'skews’ of market implied volatility. On the other hand, the Poisson-driven jump
may account for responses of interest rates to discontinuous random effects gener-
ated in connection with unexpected catastrophic news or lack of information. The
Markovian switching term may address effects of unpredictable market shocks which
may arise from abrupt changes such us regulatory lapses, financial clashes, economic
crisis, political instability or unobservable states of the underlying market mechan-

isms or frameworks.

The solution to SDDE ({1.4)) obviously cannot be found by a closed-form formula.
It is also obvious the drift and diffusion terms of SDDE are of super-linear
growth. This is further complicated by the stiff function 1 (r(¢))z(¢)~" in the drift
which may explode to infinity in finite time around the origin, and the delayed volat-
ility function ¢(x((t—7)7),r(t)) in the diffusion term. As a result, we cannot employ
the classical global Lipschitz-based techniques for numerical analysis of SDDE (|1.4)).
Unfortunately, to the best of our knowledge, SDDE has never been theor-
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etically and numerically analysed in any existing research literature in the strong
sense. Hence, we recognise the need to fill these important gaps by theoretically and
numerically investigating feasibility of this model from viewpoint of financial applic-
ations such as pricing and evaluating expected payoffs of path-dependent financial
products. However, it is widely known that the Monte Carlo approach is one of
the most powerful numerical methods used to price and evaluate expected payoffs
of many path-dependent financial products quickly and the strong convergence of
numerical approximations guarantees convergence in Monte Carlo simulations (e.g.,
see [15,61]).

Meanwhile, the well-known existing strong convergence theory for explicit Euler
scheme required the drift and diffusion coefficients of SDEs to be globally Lipschit-
zian (e.g., see [17,60] for detailed coverage). Higham et al. (2002) in [31] estab-
lished strong convergence theory for explicit EM scheme for SDEs with non-globally
Lipschitz coefficients under the local Lipschitz condition plus the linear growth con-
dition. Hutzenthaler et al. revealed later in [22] that the explicit EM scheme diverges
in strong mean-square sense at finite point for SDEs with super-linear coefficients.
This unlocked a new chapter for development of suitable class of efficient numer-
ical schemes with cheap computational cost as modified versions of the explicit EM
scheme for investigation of convergent approximations of SDEs with super-linear
coefficients. For instance, the tamed EM method was developed in 2012 to approx-
imate SDE models with one-sided Lipschitz drift coefficient and the linear growth
diffusion coefficient. In 2013, the stopped EM method was also developed to approx-
imate SDE models with non-globally Lipschitz continuous coefficients. Recently, Mao
in [27] developed a new explicit numerical method called the truncated EM method,
for SDE models with non-globally Lipschitz continuous coefficients. Moreover, the
truncated EM method has been further applied in various literature. For example,
the authors in [28] and [40] applied the truncated EM method to numerically study
non-linear SDE models with constant delay and Poisson-driven jumps respectively.
For further existing rich literature in connection with truncated EM methods, the

reader is referred, for instance, to [41-44].
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In this thesis, we split SDDE into three sets of stochastic interest rate mod-
els. We examine analytical properties of the three proposed models. Then, we
construct several new truncated EM techniques to approximate these three pro-
posed models and explore LP(p > 2) finite time strong convergence of the truncated
EM approximate solutions to the exact solutions under the local Lipschitz condition
plus the Khasminskii-type condition, where p is a parameter in connection with the
Khasminskii-type condition. We perform some numerical examples to validate the
strong convergence results established. These results are then applied within Monte
Carlo settings to justify calibration and valuation of some financial products such as
a debt and a path-dependent derivative instruments. However, we accomplish these
tasks in [39], [57] and [58], and extract the results to form Chapters [3H6| of the thesis.

The rest of the thesis is organised as follows: We provide mathematical settings and
frameworks in Chapter [J] Chapter [3is extracted from the paper The truncated EM
numerical method for generalised Ait-Sahalia-type interest rate model with delay, |39),
which T co-authored with my supervisor, Prof. Mao Xuerong. In this chapter,
we examine analytical properties of the Ait-Sahalia-type interest rate model with
delay and prove that the truncated EM approximation of this model is convergent
when the step size is sufficiently small. Chapter [ is extracted from the paper
Delay stochastic interest rate model with jump and strong convergence in Monte
Carlo simulations, [57], which is solely authored. In this chapter, we investigate
analytical properties of the delay Ait-Sahalia-type interest rate model with Poisson-
jump and employ the truncated EM techniques to establish the strong convergence
results. Chapter [5] is extracted from the paper Numerical approximation of hybrid
Poisson-jump Ait-Sahalia-type interest rate model with delay, |58|, which is also solely
authored. In this chapter, we study analytical properties of the hybrid Poisson-jump
Ait-Sahalia-type interest rate model with delay and show that the truncated EM
approximate solutions converge strongly to the exact solution of this model. The
financial applications in Chapter [6] are extracted from the three papers. We conclude
the thesis with discussions involving drawbacks, limitations, further applications and

future extensions of the theoretical and numerical findings in Chapter [7]



Chapter 2
Preliminaries

We need relevant mathematical apparatus to make this thesis self-sufficient. In this
chapter, we discuss basic concepts of stochastic analysis. We begin by introducing
some concepts from probability theory. We then exploit the fundamental concepts of
Brownian motion, stochastic integrals, It6 calculus, stochastic differential equations,
Poisson and Markov processes in connection with stochastic differential equations,
and proceed to recall some useful well-known inequalities in the last section. We
borrowed the contents of this chapter from [17], [60] and [55].

2.1 Basic probability concepts

Let us now present the key mathematical concepts of probability theory. If €2 is a
given set, then the o-algebra F on () is a family of subsets of {2 with the following

properties:
i. ) € F, where () denotes the empty set;
ii. Ac F= A ¢ F, where A® = Q — A is the complement of A in §.;
. {Ai}is1 € F=UZR A € F.

The pair (2, F) is called a measurable space, and the elements of F is henceforth

called F-measurable sets instead of events. If C is a family of subsets of €2, then

8
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there exists a smallest o-algebra o(C) on € which contains C. This o(C) is called the
o-algebra generated by C. If Q = R% and C is the family of all open sets in R?, then
B¢ = o(C) is called the Borel o-algebra and the elements of B¢ are called the Borel

sets.

A real-valued function X : Q — R is said to be F-measurable if
{w:X(w) <a}eF foralaek.

The function X is also called a real-valued (F-measurable) random variable. An
Ré-valued function X (w) = (X;(w), Xo(w), -+, Xq(w))T is said to be F-measurable
if all the elements X; are F-measurable. Similarly, a d x m-matrix-valued function
X(w) = (Xij(w))axm is said to be F-measurable if all the elements X;; are F-

measurable.
The indicator function 14 of a set A C € is defined by

1 forweA
0 forw¢ A.

la(w) =

The indicator function 1,4 is F-measurable if and only if A is an F-measurable set, i.e.
A € F. If the measurable space is (R¢, B?), a Bl-measurable function is then called a

Borel measurable function. More generally, let (€', F') be another measurable space.
A mapping X : Q — ' is said to be (F, F')-measurable if
{w: X(w)e A}yeF forall A€ F.

The mapping X is then called an €'-valued (F, F')-measurable (or simply, F-measurable)

random variable.
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Let X : © — R? be any function. The o-algebra o(X) generated by X is the
smallest o-algebra on 2 containing all the sets {w : X(w) € U}, U C R? open. That
is

o(X)=0c({w: X(w) €U} :U C R open).

Clearly, X will then be o (X )-measurable and o(X) is the smallest o-algebra with this
property. If X is F-measurable, then o(X) C F, i.e. X generates a sub-c-algebra
of F. If {X; :i € I} is a collection of R%-valued functions, define

o(X;:i€el) =0<UU(Xi)>

el

which is called the o-algebra generated by {X; : i € I}. It is the smallest o-algebra

with respect to which every X; is measurable.

A probability measure P on a measurable space (€, F) is a function P : F — [0, 1]
such that

i. P(0)=0;
i P(Q) = 1;

iii. For any disjoint sequence {A;};>1 C F (i.e. A;NA; =01if i # j)
IP’(UAZ) =Y P(4,).
i=1 i=1
The triple (2, F,P) is called a probability space.
If (92, F,P) is a probability space, we set

F={A€Q:3B,C e F such that BC A C C, P(B) = P(C)}.

Then F is a o-algebra and is called the completion of F. If F = F, the probability
space (€0, F,P) is said to be complete. In the sequel, we let (2, F,P) denote a given
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complete probability space.

A random variable X is an F-measurable function X : Q — R? Every random
variable induces a probability measure y, on the Borel measurable space (R?, B?),
defined by

px(B) =P{w: X(w) € B} for B € B,

and px is called the distribution of X.

If X is a real-valued random variable and is integrable with respect to the prob-

ability measure P, then the number

EX = / X(w)dP(w) = / zdpx ()
Q R4
is called the expectation of X with respect to P. The number
V(X) = E(X — E(X))?
is called the variance of X.

More generally, if f : R — R™ is Borel measurable and [, |f(X(w))]|dP(w) < oo,

then we have

Ef(X) = / FX@NAPE) = [ J@)dus(a).

The number E|X|? for p > 01is called the pth moment of X i.e. E|X[? = [, | X (w)[PdP(w).
For p € (0,00), let LP = LP(£;RY) be the family of R-valued random variables X
with E|X[P < co. In L', we have |[EX| < E|X|. Moreover, the following three

inequalities hold true.

i Holder’s inequality: if p > 1, 1/p+1/¢=1, X € LP and Y € L%, then

[EXTY)| < (BIX[P)YP + (E[Y )"
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ii Minkovski’s inequality: if p > 1 and X,Y € L?, then

(E[X +Y[")V? < (EIXP)P + (E]Y "),
iii Chebyshev’s inequality: if ¢ >0, p > 0 and X € LP, then

1
P{w: [ X(w)| > ¢} < —pE|X|p.
c

A simple application of Holder’s inequality implies
(EIX[)Y" < (BIX[P)Y?
ifo<r<p<oo, X €L’
Let X and Xj, & > 1, be R%valued random variables. The following four conver-
gence concepts are very important:

a. If there exists a P-null set Qy € F such that for every w ¢ €, the sequence
{Xy(w)} converges to X (w) in the usual sense in R? then {Xj} is said to

converge to X almost surely or with a probability 1, and we write

lim X, = X a.s.

k—o0

b. If for every € > 0, P{w : | Xj(w) — X(w)| > €} — 0 as k — oo, then {X} is

said to converge to X stochastically or in probability.

c. If X and X belong to LP and E| X} — X|? — 0, then {X}} is said to converge

to X in pth moment or in LP.

d. If for every real-valued continuous bounded function g defined on R,

lim Eg(X,) = Eg(X),

k—o00
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then { X} is said to converge to X in distribution.

These convergence concepts have the following relationship:

convergence in LP

4

a.s. convergence = convergence in probability

4

convergence in distribution

Furthermore, a sequence converges in probability if and only if every subsequence

of it contains an almost surely convergent subsequence. A sufficient condition for

lim X, = X a.s.

k—o00

is the condition

ZE\Xk — X|P <oo for some p > 0.
k=1

Let now state two very important integration convergence theorems.

Theorem 2.1.1. (Monotonic convergence theorem) If {X;} is an increasing

sequence of non-negative random variables , then
lim EX) = E( Jim Xy ).
k—o00 k—o00

Theorem 2.1.2. (Dominated convergence theorem) Letp > 1, {X;.} C LP(Q;R?)
and Y € LP(C;R). Assume that | Xy| <Y a.s. and {Xy} converges to X in probab-
ility. Then X € LP(;RY), { X} converges to X in LP, and

lim EX;, = EX.

k—o0

When Y is bounded, this is referred to as the bounded convergence theorem.
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Let I be an index set. A collection of sets {A; : ¢ € I} C F is said to be

independent if
P(A;, N A, - N A) =P(A;))P(4y,) - P(Ay)

for all possible choices of indices i1, 29, -+ , 7 € I. Two sub-o-algebras F; and F3 of

F are said to be independent if
P(Al N Ag) = P(Al)]P)(AQ) for all Al € fl and AQ € ./—"2.

A collection of sub-o-algebras {F; : i € I} is said to be independent if for every

possible choice of indices i1, 49, - , i} € I,

holds for all A;, € F;,, Ain € Fiy,---, A, € Fip. A family of random variables
{X; : i € I} (whose ranges may differ for different values of the index) is said to be
independent if the o-algebras o(X;), i € I generated by them are independent. For
example, two random variables X : @ — R? and Y : Q@ — R™ are independent if

and only if
P{w: X(w) € A,Y(w) € B} =P{w: X(w) € A}P{w : Y (w) € B}

holds for all A € B?, B € B™. If X and Y are two independent real-valued integrable

random variables, then XY is also integrable and
E(XY)=EXEY.
If X,Y € L*(;R) are uncorrelated then
V(X +Y)=V(X)+ V().

If the X and Y are independent, they are uncorrelated. If (X,Y) has a normal
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distribution, then X and Y are independent if and only if they are uncorrelated.

Let {Ax} be a sequence of sets in F. Define the upper limit of the sets by

kh_}rgo Ay = {w : w € A for infinitely many k} = ﬂ U Ay

i=1 k=1

Clearly, it belongs to F. With regard to its probability, we have the following well-

known Borel-Cantelli lemma.
Lemma 2.1.3. (Borel-Cantelli’s lemma)

i. If {Ax} € F and Y ;2 | P(Ag) < oo, then

]P’( lim sup Ak> =0.

k—o0

That is, there ezists a set Qy € F with P(Qy) = 1 and an integer-valued random

variable ko such that for every w € Qy we have w ¢ Ay, whenever k > ky(w).

i. If the sequence {Ay} C F is independent and Y .- P(Ay) = oo, then

]P)(limsupAk) =1
k—o0
That is, there exists a set Qy € F with P(Qy) = 1 such that for every w € Qy,

there ezists a sub-sequence {Ay,} such that the w belongs to every Ay, .

Let A, B € F with P(B) > 0. The conditional probability of A under condition B
: P(AN B)

P(B)
Let now present a more general concepts of conditional expectation. Let X €
LY (;R). Let G C F be a sub-g-algebra of F. So, (2,G) is a measurable space.

In general, X is not G-measurable. Let seek an integrable G-measurable random

P(A|B) =
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variable Y such that
E(IgY) =E(IX),

| viare = [ xwire)

By the Randon-Nikodym theorem, there exists one such Y, almost surely unique.

that is, for all G € G

This is called the conditional expectation of X under the condition G, and is given by
Y = E(X|9).
If G is the o-algebra generated by a random variable Y, we write
E(X|G) = E(X|Y).
Now consider a collection of sets {Ay} € F with

UAk Q, P(A) >0, ANA =0ifk+#i.

Let G = 0({Ax}), i.e. G is generated by {Ay}. Then E(X|G) is a step function on €
given by
14,E(14,X)
£(xg) - 3 B0
k k
In other words, if w € Ay,

]E<1AkX)

E(XI9)() = ~5ey

It then follows from the definition that
E(E(X]G)) = E(X)

and
IE(X|G)] <E(]X]|G) as.
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2.2 Stochastic processes

Let (Q,F,P) be a probability space. A filtration is a family {F};>o of increasing
sub-o-algebras of F (i.e. F; C Fs C F for all 0 <t < s < 00). The filtration is said
to be right continuous if F; = (,., Fs for all £ > 0. When the probability space is
complete, the filtration is said to satisfy the usual conditions if it is right continuous

and Fy contains all P-null sets.

From now on, unless otherwise specified, we let {2, F,P} be a complete probability
space with a filtration {F;}i>o satisfying the usual conditions. We also define Foo =
0(Uyso Ft), i-e. the o-algebra generated by |, Fi-

A family {X;};c; of R%-valued random variables is called a stochastic process with
parameter set or index set I and state space R?. The parameter set I is usually the
halfline Ry = [0, 00), but it may also be an interval [a, b], the non-negative integers

or even subsets of R?. For each fixed ¢t € I, we have a random variable
Q5w — X, (w) eRY

Moreover, for each fixed w € €2, we have a function
I>t— Xy(w) eR?

which is called a sample path of the process, and we shall write X (w) for the path.
Mostly, it is convenient to write X (¢,w) instead of X;(w), and the stochastic process
may be regarded as a function of two variables (¢, w) from I x 2 to RY. We often write
stochastic process {X;}i>0 as {X;}, Xy or X (¢). In this work, we use the variable

x(t) to denote a stochastic process.

Let {X;};>0 be an R%valued stochastic process. The stochastic process is said to
be continuous (resp. right continuous, left continuous) if for almost all w € €, the

function X;(w) is continuous (resp. right continuous, left continuous) on ¢ > 0. It
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is said to be cadlag (right continuous and left limit) if it is right continuous and for
almost all w € €, the left limit limg X (w) exists and is finite for all ¢ > 0. It is
said to be integrable if for every t > 0, X; is an integrable random variable. It is
said to be {F;}-adapted if for every ¢ > 0, X, is Fi-measurable. It is said to be
measurable if the stochastic process regarded as a function of two random variables
(t,w) from R, x  to R? is B(R ) x F-measurable, where B(R, ) is the family of all

Borel sub-sets of R,..

A random variable 7 : Q© — [0, oo] (it may take the value co) is called {F;} stopping
time if {w : 7(w) <t} € F; for any t > 0.

Theorem 2.2.1. If {X;};>0 is a progressively measurable process and T is a stopping
time, then X;I;<o0y is Fr-measurable. In particular, if T is finite, then X, is F-

measurable.

Theorem 2.2.2. Let {X;}i>¢ be an Re-valued cadlag {F;}-adapted process, and D
an open subset of R%. Define

r=inf{t > 0: X; ¢ D},

where we use the convention inf () = co. Then T is an {F;}-stopping time, and is

called the first exit time from D. Moreover, if p is a stopping time, then
0=inf{t>p: X, ¢ D}

is also called {F;}-stopping time, and is called the first exit time from D after p.

An Re-valued {F;}-adapted integrable process { M; };>¢ is called a martingale with
respect to {F} (or simply, martingale) if

E(M;|Fs) = My as. forall 0 <s <t < o0.

Note every martingale has a cadlag modification since we always assume that the

filtration {F;} is right continuous.
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If X = {X;}>0 is a progressively measurable process and 7 is a stopping time,
then X7 = { X, }1>0 is called a stopped process of X. The following is the well-known

Doob martingale stopping theorem.

Theorem 2.2.3. Let {M,;};> be an Re-valued martingale with respect to {F;}, and
let 8, p be two finite stopping times. Then

E(Mg‘fp) = Mg/\p a.s.
In particular, if T 1s a stopping time, then
E(MT/\t"FS) - MT/\S a.S.

holds for 0 < s < t < oo. That is, the stopped process M™={ M, } is still martingale
with respect to the same filtration {F.}.

A stochastic process X = {X;};>¢ is called square-integrable if E|X;|* < oo for
every t > 0. If M = {M,;};> is a real-valued square-integrable continuous mar-
tingale, then there exists a unique continuous integrable adapted increasing process
denoted by {(M, M)} such that {M? — (M, M),} is a continuous martingale van-
ishing at t = 0. The process {(M, M)} is called the quadratic variation of M. In

particular, for any finite stopping time 7,
EM? = E(M, M),.

If N = {N}i>0 is another real-valued square-integrable continuous martingale, we
define .
(M, N, = 5 ((M + N, M + N, — (M, M), — (N, N)t>,

and call {(M, N);} the joint quadratic variation of M and N. It is useful to know that
{(M, N),} is the unique continuous integrable adapted process of finite variation such

that {M;N; — (M, N),} is a continuous martingale vanishing at ¢ = 0. In particular,
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for any finite stopping time 7,
EM,N, =E(M,N).,.

A right continuous adapted process M = {M;};>¢ is called a local martingale if
there exists a nondecreasing sequence {7 }x>1 of stopping times with 7, T oo a.s.
such that every {M, n — Mo}i>0 is a martingale. Every martingale is a local mar-
tingale (by Theorem but the converse is not true. If M = {M;};>¢ and
N = {N;}+>0 are two real-valued continuous local martingales, their joint quadratic
variation {(M, N)}i>o is the unique continuous adapted process of finite variation
such that {M;N; — (M, N);}+>0 is a continuous local martingale vanishing at ¢t = 0.
When M = N, {{M, M)}:> is called the quadratic variation of M.

The following result is the useful strong law of large numbers.

Theorem 2.2.4. (Strong law of large numbers) Let M = {M,;};>0 be a real-

valued continuous local martingale varnishing at t = 0. Then

. . M,
tlr&<M’ M)t =00  a.Ss. = tll}fg) m =0 a.s.
and also
) (M, M), ) t
lim sup <oo a.s = lim—=0 a.s

t—00 t—oo

More generally, if A = {Ai}i>0 is a continuous adapted increasing process such that

d(M, M
lim A, = oco and / M <00 a.s.
t—>00 o (1+ Ap)?
then
lim 22 _
Im =0 e

A real-valued {F; }-adapted integrable process { M, }+>¢ is called a supermartingale
(with respect to {F;}) if
E(M;|Fs) < M
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and a submartingale (with respect to {F;}) if
E(M|Fs) > M as. forall 0 <s <t < oc.

Obviously, {M,;} is submartingale if and only if {—M/;} is a supermartingale. For
a real-valued martingale {M,;}, {M;" := max (M;,0)} and {M; := max (0, —M,)}
are submartingales. For a supermartingale (resp. submartingale), EM; is monoton-
ically decreasing (resp. increasing). Moreover, if p > 1 and {M,} is an R%valued
martingale such that M; € LP(Q;R?), then {|M;|P} is a non-negative submartin-
gale. Note Doob’s stopping Theorem holds as well for supermartingales and

submartingales.

2.3 Brownian motion

In 1828, the Scottish botanist Robert Brown observed that pollens suspended in
liquid performed an irregular motion. The motion was later explained by a random
collisions with the molecules of the liquid. To describe the motion mathematically,
it is natural to use the concept of a stochastic process Bi(w), interpreted as the
position at time t of the pollen grain w. The Brownian motion is the most fun-
damental continuous-time stochastic process. It has useful applications in several
stochastic systems. The mathematical concepts of Brownian motion form the basis
for stochastic analysis. Let us now give the mathematical definition of a Brownian

motion.

Definition 2.3.1. Let (2, F,P) be a probability space with a filtration {F;}i>o-
A (standard) one-dimensional Brownian motion is a real-valued continuous {F;}-

adapted process { By }i>o with the following properties:
1. Bo=0 a.s.;

1. for 0 < s <t < oo, the increment By — By is normally distributed with mean

zero and variance t — s;
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1. for 0 < s <t < oo, the increment By — By 1s independent of Fs.
iv. Almost surely, the sample path t — By(w) is continuous.

Let {B:}o<t<r on [0,7] for some 7" > 0. If {B,};>¢ is Brownian motion and
0 <ty <t <- - <t < oo, then the increments B;, — B;, ,, 1 < ¢ < k are
independent, and we say that the Brownian motion has independent increments.
Moreover, the distribution of B;, — B,, , depends only on the difference ¢; —¢,_;, and
we say that the Brownian motion has stationary increments. The filtration {F;} is

a part of the definition of Brownian motion.
The following are important properties of Brownian motion.
i. {—B;} is a Brownian motion with respect to the same filtration {F;}.
ii. Let ¢ > 0. Define

B.
X; = i for t > 0.

Ve

The {X;} is a Brownian motion with respect to the filtration {F.}.

iii. {B;} is a continuous square-integrable martingale and its quadratic variation
(B,B); =t forallt>0.

iv. The strong law of large numbers states that

lim =X =0 as.
t—oo t

v. For almost every w € €2, the Brownian sample path B (w) is nowhere differen-
tiable.

vi. For almost every w € (), the Brownian sample path B (w) is locally Holder
continuous with exponent ¢ if § € (0,1/2). However, for almost every w € Q,
the Brownian sample path B (w) is nowhere Hélder continuous with exponent
d>1/2.
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2.4 Stochastic integrals

We present in this section the mathematical framework of stochastic integral. Let

us now define the stochastic integral

/O F(s)dB.

with respect to an m-dimensional Brownian motion {B;} for a class of d x m-matrix-
valued stochastic processes {f(t)}. Since for almost all w € 2, the Brownian sample
path B (w) is of infinite variation and nowhere differentiable, the integral cannot be
defined in the ordinary way. This integral was first defined by K. It6 in 1949 and is

now known as [to stochastic integral.

Let (2, F,IP) be a complete probability space with a filtration {F;}>¢ satisfying
the usual conditions. Let B = {B;};>¢o be a one-dimensional Brownian motion

defined on the probability space adapted to the filtration.

Definition 2.4.1. Let 0 < a < b < co. Denote by M?([a,b];R) the space of all
real-valued measurable {F;}—adapted processes f = {f(t)}a<i<p such that

b
||f||¢2zb = E/ | f(t)|*dt < oo.

We identify f and f in M?([a,b];R) if ||f — f||Z, = 0. In this case we say that f

and f are equivalent and write f = f.

The stochastic processes f € M?([a,b];R) would help define the It6 stochastic
integral. The idea is natural: First we define the integral fab g(t)dB; for a class of
simple processes g. Then we show that each f € M?([a,b];R) can be approximated
by such simple processes ¢'s and we define the limit of f; g(t)dB; as the integral of
fab f(t)dBy. Let us first introduce the concept of simple processes.

Definition 2.4.2. A real-valued stochastic process g = {g(t) }a<t<p is called a simple

(or step) process if there exists a partition a =ty < t; < --- < t, = b of [a,b], and
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bounded random variables &, 0 <1 < k — 1 such that & is F;,-measurable and

( ) éOl[to t1] + Zé@ (ts, t1+1 (2'1)

Denote by My([a,b];R) the family of all such processes.

Apparently, My([a,b]; R) C M?([a,b];R). Let us now provide the definition of

It stochastic integral for such simple processes.

Definition 2.4.3. For a simple process g with the form of (2.1)) in My([a,d];R),
define

/b t)dB, = Zf@ B, — By) (2.2)

and call it the stochastic integral of g with respect to the Brownian motion {B;} or

the Ito integral.

Clearly, the stochastic integral f g(t)dB; is Fy-measurable. By extension of (2 -
into M?([a, b]; R) yields the following definition.

Definition 2.4.4. Let f € M?([a,b];R). The Ité integral of f with respect to {B;}
15 defined by

b b
/ f®)dB, = lim [ g¢,(t)dB; in L*(;R),
a n—oo a

where {gn} is a sequence of simple processes such that

limE/ 1£(1) — gu(t)[2dt = 0.

n—oo
Let now present the following useful properties of Ito integral.

Theorem 2.4.5. Let f, g € M?*([a,b];R), and let a, B be two real numbers. Then
i ff f(t)dBy is Fy-measurable;

ii. B[ f(t)dB, = 0;
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iii. Bl [T fO)dBi> =K [7|f(t)|dt;
iv. [/laf(t) + Bg(t)dB, = a [, f(H)dB, + [, g(t)dB:.
The indefinite Ito integral is defined below.

Definition 2.4.6. Let f € M?*([a,b];R). Define
t
) :/ f(s)dB, for0<t<T,
0

where, by definition, 1(0) = fOO f(s)dBs = 0. We call I(t) the indefinite Ito integral
of f.

Clearly, {I(t)} is {F;}-adapted. Let us now present the very important martin-
gale property of the indefinite Ito integral.

Theorem 2.4.7. Let f € M?*([a,b];R), then the indefinite Ito integral {I(t)}o<i<r
is a square-integrable martingale with respect to the filtration {F;}. In particular,

E[ sup ’/Otf(s)st 2} §4E/OT|f(s)|2ds.

0<t<T

Theorem 2.4.8. If f € M?([a,b];R), then the indefinite Ito integral {I(t)}o<i<r

has a continuous version.

Theorem 2.4.9. Let f € M?([a,b];R). Then the indefinite It6 integral I = {I(t)}o<i<r

15 a square-integrable continuous martingale and its quadratic variation is given by

(I,[}t:/0t|f(s)|2ds, 0<t<T

2.5 1Ito formula

We use It6 formula to evaluate Ito integral. That is, we use Ito formula to simplify

stochastic integrals to Lebesgue integrals for easy evaluation. In this section, we
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shall first establish the one-dimensional Ito formula and then generalise it to the

multi-dimensional case.

Let B = {B;}+>0 be a one-dimensional Brownian motion defined on the complete
probability space (2, F,P) adapted to the filtration {F;};>o. Let £1(R,;R?) denote
the family of all R%valued measurable {F;}-adapted processes f = {f()}s>0 such
that

T
/ |f(t)|dt < oo a.s. for every T > 0.
0
We require Ito process to define It6 formula. Let us now define the Ito process.

Definition 2.5.1. A d-dimensional Ito process is an R¥-valued continuous adapted
process x(t) = (z1(t),...,zq4(t))T ont >0 of the form
t t
o) =20)+ [ Fds [ g(s)Es).
0 0

where f = (f1, -+, fa)t € LY(R;RY) and g = (gij)axm € L2 (Ry;R>™). We shall
say that x(t) has stochastic differential dz(t) ont > 0 given by

dr(t) = f(t)dt + g(t)dB(t).

Let C*!'(R? xR ;R) denote the family of all real-valued functions H (x,t) defined
on R% x R, such that they are continuously twice differentiable in 2 and once in t.
If He C*(R? x R, ;R), we set

o0H o0H oH
H =22 H$:<_7...’_>
Y Oy Oy
and
o’H . o%H
2 Ox10x1 0x10xq
}¥éx = < ot > - : :
61@6xj dxd
0’H .. 0’H

Ox g0 O0xg0xg
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Theorem 2.5.2. (The multi-dimensional Ité formula) Let z(t) be a d-dimensional

Ito process on t > 0 with the stochastic differential
da(t) = f(t)dt + g(t)dB(t),

where f € LY(R,;RY) and g =€ L2R,;R>™). Let H € C*'(RY x Ry;R). Then
H(x(t),t) is again an Ito process with the stochastic differential given by

AH ((t),t) = | Hi(a(t), 1) + Ha(2(0), )£ (1)
+ %tmce(gT(t)Hm(x(t), t)g(t))|dt + H.(x(t),t)g(t)dB(t) a.s.
Let us now present formally a multiplication table:

dtdt =0, dB;dt =0,
dB;dB; = dt, dBidB; =0 ifi+# j.

Then, for example,

da;(t)dz;(t) =) gin(t)gs(t)dt.
k=1
Moreover, the Ito formula can be written as

dH(z(t),t) = Hy(x(t),t)dt + H,(x(t),t)dx(t)
%d:cT(t)Hm(:c(t), Bda(b).

2.6 Stochastic differential equations (SDEs)

Let (Q,F,P) be a complete probability space with a filtration {F;}:>o satisfying
the usual conditions. Throughout this section, unless otherwise specified, we let
B(t) = (By(t), -+, Bn(t))T, t > 0 be an m-dimensional Brownian motion defined

on the space. Let 0 <ty < T < oo. Let 2y be an F;,-measurable R%-valued random
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variable such that E|zg|? < oo. Let f : R? x [to, 7] — R% and g : R? x [to, T] —
R¥>™ he both Borel measurable. Consider the d-dimensional stochastic differential

equation of Ito type
dx(t) = f(x(t),t)dt + g(x(t),t)dB(t) onty<t<T, (2.3)

with initial value z(tg) = zo. By the definition of stochastic differential, this equation

is equivalent to the following integral equation:

x(t) = o +/t f(z(s),s)ds +/ g(x(s),s)dB(s) onty<t<T. (2.4)

to
Let us now provide the definition of the solution.

Definition 2.6.1. An R¢-valued stochastic process {x(t)}s,<i<7 is called a solution
of equation (2.3) if it has the following properties:

i. {z(t)} is continuous and Fi-adapted;
ii. {f(z(t),t)} € L'([to, T|; RY) and {g(x(t),t)} € L2([to, T]; R>™);
iti. equation (2.4]) holds for every t € [to, T| with probability 1.

A solution {x(t)} is said to be unique if any other solution {Z(t)} is indistinguishable
from {z(t)}, that is

P{z(t) = z(t) for allto <t <T} =1.

The following theorem provides conditions to guarantee existence and uniqueness
of the solution to SDE ([2.3)

Theorem 2.6.2. Assume that there exist two positive constants K and K such that

i. (Lipschitz condition) for all x,7 € RY and t € [to, T

[z t) = f@ )V gz, 1) — 9(2, O < Ko — 7% (2.5)
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i. (Linear growth condition) for all (x,t) € R® x [to, T

(@, O Vg, )] < K(1+|2f?). (2.6)

Then there exists a unique solution x(t) to equation (2.3) and the solution belongs
M2([ty, T]; RY).

The Lipschitz condition (2.5) means that the coefficients f(x,t) and g(x,t) do not
change faster than a linear function of x as change in . This implies in particular
the continuity of f(x,t) and g(x,t) in z for all t € [ty,T]. Hence, functions that are
discontinuous with respect to x are excluded as the coefficients. This shows that the
Lipschitz condition is too restrictive. The following theorem is the generalisation of
Theorem [2.6.2] in which this (uniform) Lipschitz condition is replaced by the local

Lipschitz condition.

Theorem 2.6.3. Assume that the linear growth condition holds, but the Lipschitz
condition 1s replaced with the following local Lipschitz condition: For every in-
teger n > 1, there exists a positive constant K, such that, for all t € [to, T] and all
z,7 € R with |z| vV |Z| <n

|f(z,t) = f@ D) VIg(a.t) — g(z.0)]* < K|z — 3] (2.7)

Then there exists a unique solution x(t) to equation (2.3) and the solution belongs
M2([t0,T],Rd)

The local Lipschitz condition allows us to include many functions. However, the
linear growth condition still excludes some important functions. The following result

improves the situation.

Theorem 2.6.4. Assume that the local Lipschitz condition (2.7)) holds but the linear
growth condition (2.6 is replaced with the following monotone condition: There
exists a positive constant K such that for all (z,t) € R x [to, T]

() + sl O < K+ Jaf?). 23
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Then there exists a unique solution z(t) to equation (2.3)) in M?([t, T]; R?).

2.7 Poisson processes

The Brownian motion and Poisson process are the two basic examples of stochastic
processes. In this section, we present the key mathematical concept of a Poisson
process. We let (€2, F,P) be a complete probability space with a filtration {F;}i>o

satisfying the usual conditions.

Definition 2.7.1. A stochastic process N = {N(t)};>¢ taking values in {0,1,2,---}

is said to be a Poisson process with intensity A > 0 if the following conditions hold:
i. N(0)=0 a.s.;

1. Forany 0 < tg < t; < -+ <tp <o and 1 <n < k—1, the increments
N(tny1)—N(t,) are independent Poisson random variables with means \(t,,1—
tn);

iii. The sample paths {N(t,w)}i>0 of the process N are right-continuous with left

limits a.s.

It follows from Definition 2.7.1] that

At)\tn
P(N(t) = n) = < 51!)  n=01,2---.

Theorem 2.7.2. Let N be a Poisson process with intensity \. Then N(t) — A\t is a

martingale and is called a compensated Poisson process.

2.8 SDEs with Poisson jumps

Let B(t) = (Bi(t), - ,Bn(t)", t > 0, be an m-dimensional Brownian motion
defined on the above probability space. Let N(t) be Poisson process independent
of B(t) with compensated Poisson process N(t) = N(t) — M, where X is the jump
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intensity, also defined on the above probability space. The d-dimensional stochastic

differential equations with Poisson jumps is given by:
dz(t) = f(z(t™), t)dt + g(xz(t™),t)dB(t) + h(z(t™),t)dN(t) (2.9)

on t > 0 with initial value z(0) = o € R% Here f : R? x [to,T] — RY, g :
R? x [tg, T] — R>™ and h : RY x [tg, T] — R? are Borel measurable and z(t~) =
lim,_,;— z(s). The following theorem reveals conditions for the existence and unique-

ness of the solution to equation (2.9)).

Theorem 2.8.1. Assume that there exist two positive constants K; and K; such
that

i. (Lipschitz condition) for all x,z € RY and t € [to, T

[f(z,t) = f(@, )"V |g(z,t) — g (@, OV (2, ) — h(z, )" < Kilo —2[*; (2.10)

i. (Linear growth condition) for all (z,t) € R? x [t, T]

(@, O Vg, )] V |h(z, O] < Ki(1+[z]*). (2.11)

Then there ezists a unique solution x(t) to equation (2.9) and the solution belongs
M2([tg, T]; RY).
2.9 Markov processes

We will recall some fundamental concepts of a Markov process in this section. An
n-dimensional F;-adapted process X = {X;}i>0 is called a Markov process if the
following Markov property is satisfied: for all 0 < s <t < 0o and A € B(R"),

P(X(t) € A|F,) = P(X(t) € A|X(s)).
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This is equivalent to the following one: for any bounded Borel measurable function
p:R" -Rand 0 < s <t < o0,

E(p(X ()[Fs) = E(o(X (1)) X (s)).
The transition probability or function of the Markov process is a function P(s, x;t, A),
defined on 0 < s <t < 0o, z € R" and A € B(R™), with the following properties:

i. For every 0 < s <t < oo and A € B(R"),

P(s, X(s):t, A) = P(X () € A[X(s)).

ii. P(s,z;t,-) is a probability measure on B(R") for every 0 < s < ¢t < oo and
x € R™

iii. P(s,x;t, A) is Borel measurable for every 0 < s <t < oo and A € B(R").

iv. The Kolmogorov-Chapman equation

n

P(s, i1, A) = / P,y t, A)P(s,x:u, dy)

holds for any 0 < s <u <t < oo, x € R" and A € B(R").

A stochastic process X = {X(¢)}+>0, defined on a probability space {2, F, P}, with
values in a countable set = (to be called the state space of the process), is called a
continuous-time Markov chain if for any finite set 0 < t; <ty < --- < t, < t,41 of
"times”, and corresponding set i1, g, - -+ ,in_1, ¢, j Of states in = such that P{X (¢,) =
iy X(th—1) = tp_1,- -, X(t1) =41} > 0, we have

P{X (tns1) = JIX (tn) = 6, X (tn1) = in-1,- -+, X (1) =1}
= P{X (tns1) = jIX(tn) = i}.

If for all s,¢ such that 0 < s <t < oo and all 7,5 € = the conditional probability
P{X(t) = j|X(s) =i} depends only on t — s, we say that the process X = {X () }+>0
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is homogeneous. In this case, then, P{X (t) = j| X (s) =i} = P{X(t — s) = j|X(0) =

i}, and the function
Bij(t) = P{X(t) = j|X(s) =i}, @,j €Et =0,

is called the transition function or transition probability of the process. The function
P;;(t) is called standard if lim,_,o P;;(t) =1 for all i € =.

Theorem 2.9.1. Let P;;(t) be a standard transition function, then

im0 [1 — Py(1)]
Vi = :

exists (but may be 0o) for all i € =.
A state i € = is said to be stable if v; < oo.

Theorem 2.9.2. Let P;;(t) be a standard transition function, and let j be a stable

state. Then 7i; = PJ;(0) exists and is finite for all i € =.

Let vi; = —y; and I' = (7;5)i je=. I is called the generator of the Markov chain. If
the state space is finite which we can take to be S = {1,2,--- , N}, then the process
is called a continuous-time finite Markov chain. We assume that all Markov chains

are finite and all states are stable throughout this thesis. For such a Markov chain,

almost every sample path is a right continuous step function.

Theorem 2.9.3. Let P(t) = (P;j(t))nxn be the transition probability matriz and
I' = (y45)nxn be the generator of a finite Markov chain. Then

P(t) =€,

It is useful to note that a continuous-time Markov chain X (¢) with generator
I' = (75j) Nxn can be represented as a stochastic integral with respect to a Poisson

random measure. Indeed, let A;; be consecutive, left closed, right open intervals of
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the real line each having length ~;; such that

Ajs = [0,712),
Az = [m2, 712 + M13),

A1N = Z")/lj7z,‘)/1])

_J2

Ay = Z%g, Z%] + 721)

L j=2

r N N
Ags = Z’hj + Y21, Z’hj + Y01 + 723);

L j=2 j=2

[N N
Aoy = Z’Ylg Z 72372711 Z '723')

L j=2 j=1j#2 j=1j#2

and so on. Define a function

h:SxR—=R
by
h(i,y) = 78 Y€ ly, (2.12)
0 otherwise.
Then

dX(t) :/Rh(X_,y)u(dt,dy),

with initial condition X (0) = iy, where v(dt, dy) is a Poisson random measure with

intensity dt x p(dy), in which p is the Lebesgue measure on R.
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2.10 Generalised Ito’s formula

Let {Q, F,{F:}+>0, P} be a complete probability space with a filtration {F;}¢>o sat-
isfying the usual conditions (i.e, it is increasing and right continuous while Fy con-
tains all P-null sets). Let B(t) = (Bi(t), -, Bu(t))", t > 0, be an m-dimensional
Brownian motion defined on the above probability space. Also let r(t),t > 0, be a
right-continuous Markov chain defined on the above probability space taking values

in a finite state space S = {1,2,--- , N} with the generator I' = (v;;) nxn given by

b +od) it #

P{r(t +9) = jlr(t) =1} = |l 4 o(s) iz
Yii 0 =7y,

where 6 > 0. Here 7;; > 0 is the transition rate from i to j if ¢ # j while

Vi = — Z%‘j-

i#]

We assume that the Markov chain r(+) is F;-adapted but independent of the Brownian
motion B(+).

Let x(t) be an n-dimensional Itd process on ¢t > 0 with the stochastic differential
dx(t) = F()dt + g(t)dB(t),

where f € L'(Ry;R™) and g € L3R, ;R™™). The It6 formula established in
Section shows that a C*1(R" x R, ;R,)-function H maps the It6 process x(t)
into another It6 process H(x(t),t). Here, we let a function H : R" xR, xS — R map
a paired process (z(t),r(t)) into another process H(x(t),r(t),t). For this purpose,
let C?*H(R™ x Ry x S;R) denote the family of all real-valued functions H(x,t,1)

on R™ x R, x & which are continuously twice differentiable in x and once in ¢t. If
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H e C*'(R" x R, x S;R), define LH from R” x R, x S to R by
LH(x,t,1) = Hy(z,t,i) + Hy(z,t,1) f(t)

1
+ §tlrace(gT(t)[1Tch x,t,1) +Z%J x,t,7),

where

bty 2D onte)  omtety

ot ’H’C(x’t’z):<a—:cl""’ oz,

, 0*H (x,t,1
Halot) = (T att)
10T nxn

The following theorem is known as the generalised It6’s formula.

Theorem 2.10.1. If H € C*'(R" x R, x S;R), then for any t > 0
H(a(t), t,r(1))
— H((0),0,0)) + / LH(a(s),5,7(s)ds
/ H,(2(s), 5,7(5))g(a(s), 5,(s))dB(s)
/ / svio + h(r(s), 1)) — H(a(s), 5,7(s))u(ds, ),

where the function h is defined by (2.12) and u(ds,dl) = v(ds,dl) — p(dl)ds is a

martingale measure, while v and p have been defined in the end of Section[2.9.

2.11 SDEs with Markovian switching

Let {2, F,P} be a complete probability space with a filtration {F; };>¢ satisfying the

usual conditions. Let us assume that the Markov chain r(-) is F;-adapted but inde-
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pendent of the Brownian motion B(-), Consider an SDE with Markovian switching

of the form
dx(t) = f(x(t),t,r(t))dt + g(z(t),t,r(t)dB(t), to<t<T (2.13)

with initial data z(tg) = x¢ € L%Eto (;R™) and r(ty) = 19, where 1y is an S-valued

Fi,-measurable random variable and
[ R"XR, x§—=R" and ¢g:R"xR, x8§— R"™™,

Definition 2.11.1. An R™-valued stochastic process {z(t)}1 <<t is called a solution
of equation (2.13) if it has the following properties.

i. {x(t)}ty<t<r is continuous and Fi-adapted;

i {f(x(t),t,7(t)) hg<i<r € L ([to, T]; R™) while
{g(l’(t), t, T(t»}toStST < £2([t07 T]; Rnxm);

iii. for any t € [to, T), equation

x(t) :x(t0)+/t f(a:(s),s,r(s))dt+/ g(x(s), s,7(s))dB(s),

to

holds with probability 1.

Theorem 2.11.2. Assume that there exist two positive constants Ky and Ky such
that

i. (Lipschitz condition) for all x,z € R™, t € [ty,T] andi € S
\f(x,t,9) — f(Z,t,0)]* V |g(z,t,1) — (7, t,4) ] < K|z — 7| (2.14)
ii. (Linear growth condition) for all (z,t,i) € R™ X [to,T] x S

[z )V g, )" < Ko(1 + Jaf?). (2.15)
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Then there exists a unique solution z(t) to equation (2.13) and the solution belongs
MQ([tQ, T], Rn)

The following theorem shows the existence of unique maximal local solution under

the Local Lipschitz condition without the linear growth condition.

Theorem 2.11.3. Assume that (local Lipschitz condition) for every integer k > 1,
there exists a positive constant hy such that, for all t € [to,T], 1 € S and those
x,z € R™ with |x| V |z| <k,

|f(z,t,1) — f(Z,t,))* V|g(x,t,i) — g(Z,t,1)]* < hplz — 7| (2.16)

Then there ezists a unique maximal local solution x(t) to equation (2.13)).
The following theorem is an improved version of Theorem [2.11.3]

Theorem 2.11.4. Assume that the local Lipschitz condition (2.16|) holds but the
linear growth condition (2.15)) is replaced with the following monotone condition:
There exists a positive constant K such that for all (x,t,i) € R" X [tg,T] x S

T f(x,t,0) + %|g(:}c,t,i)|2 < K(1+ |z?). (2.17)

Then there exists a unique solution x(t) to equation (2.13) in M?([te, T]; R™).

2.12 Some useful inequalities

Let us also present some useful inequalities which are used frequently in this thesis.

Let us start with the simplest inequality
2ab < a®> +b?, Va,beR.
From this follows

1
2ab < ea® + =b*, Va,b € R and Ve > 0.
€
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Let us also proceed to the Young inequality
|a|?[p| "~ < Blal + (1 = B)|b], Va,b € R and Vf € [0,1].

Theorem 2.12.1. (Jensen’s inequality) If ¢ : QO — R is a convex function while
¢ : R — R is a random varaible on a probability space (0, F,P) such that E|¢| < oo,
then

p(EE) < E(p()).
Theorem 2.12.2. (Doob’s martingale inequalities) Let { M}~ be an R?-valued

martingale. Let [a,b] be a bounded interval in R, .

i. If p>1 and M, € LP(S;RY), then

P
} < E| M|

P{w: sup |M(w)| > ¢ >

a<t<b
holds for all ¢ > 0.

i. If p>1 and M; € LP(Q;R?), then

B sup M) < (-2 ) B
p —

a<t<b

Theorem 2.12.3. Let p > 2. Let g € M?*([0,T]; R>™) such that

T
E/ lg(s)[Pds < o0.
0

Then

T P _ 1 D e T
E’/ g(s)aB(s)| < (%) 2T22]E/ 1g(s)|Pds.
0 0
In particular, for p = 2, there is equality.

Theorem 2.12.4. Let p > 2. Let g € M?*([0,T]; R>™) such that

T
E/ lg(s)[Pds < 0.
0
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Then . , .
P P 5 p—2
E ‘ B < (P =R Pds.
(s | [ oas]) < (5=5) TFE [ late)pas

Theorem 2.12.5. ( Burkholder-Davis- Gundy inequality) Let g € £?(R ; R>™)

Define, fort >0,
x(t):/o g(s)dB(s) and A(t):/o lg(s)|?ds.

Then for every p > 0, there exist universal positive constants c,, C, (depending on

only p), such that

D
2

GEIA@E <E( sup [a(s)l") < CEIAQ)

0<s<t

for allt > 0. In particular, one may take

cp = (p/2)7, C, = (32/p)? if0<p<2;
cp =1, C,=4 if p=2;
¢y = (2p) 7%, C, = [ 2(p— PR if p>2.

Theorem 2.12.6. (Gronwall’s inequality) Let T > 0 and ¢ > 0. Let u(-) be

a Borel measurable bounded non-negative function on [0,T], and let v(-) be a non-

negative integrable function on [0,T). If

¢
u(t) <c+ / v(s)u(s)ds for all0 <t <T,
0

then
t
u(t) < cexp(/ v(s)ds) forall0 <t <T.
0
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Truncated Euler-Maruyama
method for Ait-Sahalia-type

interest rate model with delay

3.1 Introduction

The original Ait-Sahalia model of the spot interest rate proposed by Ait-Sahalia
assumes constant volatility. As supported by several empirical results, volatility is
never constant in most financial markets. From application viewpoint, it is important
we generalise the Ait-Sahalia model to incorporate volatility as a function of delay in
the spot rate. In this chapter, we study analytical properties of the exact solution to
this model. Apparently, the solution to this model cannot be found by a closed-form
formula. Therefore, we construct a new implementable truncated EM method to
study numerical properties of this model under the local Lipschitz condition plus the

Khasminskii-type condition.

The rest of the chapter is organised as follows: We introduce the Ait-Sahalia-type
interest rate model with delay in Section [3.2] In Section [3.3] we verify the existence
and uniqueness of the solution to the proposed model and show that the solution will

never become negative. We also study analytical properties such as boundedness of

41
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moments of the exact solution in Section [3.3] In Section [3.4 we construct a new
implementable truncated EM scheme for the proposed model. We explore numerical
properties to investigate a finite time strong convergence of this scheme in Section
.5 In Section we perform some numerical examples to support the established
results and provide a brief summary of the results in Section [3.7]

3.2 The Ait-Sahalia-type model with delay

We let (€2, F,P) be a complete probability space with a filtration {F;}:>o satisfying
the usual conditions. Let us now incorporate a delayed volatility function into SDE
(1.3) to obtain a dynamics

dz(t) = (a_1z(t)™' — ap + arz(t) — agz(t)?)dt + o(x(t — 7))z(t)?dB(t),t > 0,
a(t) =&@), tel-70]

(3.1)
for time-series evolution of interest rates. Here ¢(-) is a volatility function which
depends on z(t — 7), where 7 > 0 and z(t — 7) denotes delay in z(¢). The delayed
volatility function is past-level-dependent in this case and hence, may describe dy-

namics of volatility ’smiles’ and ’skews’ adequately (e.g., see [25,126]).

Consider the following scalar dynamics

da(t) = f(x(t))dt + o(x(t — 7))g(x(t))dB(t), (3-2)

as equation of SDDE (3.1)) on ¢t € [—7,00) with initial data z(t) = £(t), where
f(@) = a27! —ap + aqgr — apa?, g(x) = 2%, Vo € R, and o(y) € C(Ry;RY).
Let C*'(R x R, ;R) be the family of all real-valued functions H(z,t) defined on
R x R, such that H(z,t) is twice continuously differentiable in = and once in t.
Given H € C**(R x R;;R), we note the operator LH : R x R x R, — R is defined
by

LH(w,y,0) = Hix,0) + Ho(o, 0 () 4 3 Healr, 00V, (33)
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where Hy(x,t) and H,(x,t) are first-order partial derivatives with respect to ¢ and z,
and H,,(z,t) is a second-order partial derivative with respect to z. The It6 formula

can now be written as

dH(z(t),t) = LH(x(t), a(t—7), )dt+ H, (2(t), )p(a(t—1)g(x(t)dB(t) as. (3.4)

3.3 Analytical properties

We observe the f and g coefficient terms of SDDE (3.2) are non-globally Lipschitz
continuous. Naturally, for SDDE to have a pathwise unique global solution
for any given initial data, both drift and diffusion terms are required to satisfy local
Lipschitz condition plus super-linear growth condition (e.g., see [20] for more details).
Clearly, this means we have to assume the volatility function ¢(+) is locally Lipschitz
continuous and bounded. The following theorem illustrates that the SDDE (3.2)
admits a unique positive global solution. Moreover, since the SDDE describes
interest rate dynamics in the financial market, it is important the solution z(¢) should
always be positive. The following conditions are however sufficient to establish a
pathwise unique positive global solution x(¢) to SDDE (3.2]).

Assumption 3.3.1. The volatility function ¢ : Ry — R, of SDDE (3.2) is Borel-

measurable and bounded by a positive constant A, that is
e(y) <A, VyeR,. (3.5)

See, for instance, Mao and Sabanis [26] for detailed coverage of the above assumption.
In addition to Assumption [3.3.1] we also require the following assumption on the
parameter values to help control the potential growth likely to emerge from the

diffusion term.

Assumption 3.3.2. The parameters of the SDDE (3.2]) satisfy

1+p>20, p,6>1.
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3.3.1 Existence and uniqueness of solution

Theorem 3.3.3. Let Assumptions|3.5.1] and|3.5.2 hold. Then for any given initial
data

{z(t) : =7 <t <0} = £(t) € O([-7,0] - Ry), (3.6)

there exists a unique global solution x(t) to SDDE (3.2)) ont € [—7,00) and x(t) > 0
almost surely. This solution can be computed by the following step by step procedure:
fork=0,1,2,--- and t € [kT,(k + 1)7],

t

w(t) = x(kT) + : f(ﬂ?(S))dSJr/k p((s —7))g(x(s))dB(s). (3.7)

T

Moreover, for any T > 0,

Tim P(r, <T) =0, (3.8)
where
T, =inf{t >0:2(t) € (1/n,n)} (3.9)

for every sufficiently large integer n.

We employ an inductive argument to establish this proof.

Proof. For t € [0, 7], the SDDE becomes the following SDE
da(t) = f(x(t))dt + e(§(t — 7))g(x(t))dB(t),
with initial value z(0) = £(0) and has a well-known unique positive global solution
o0) =€) + [ falo)ds + [ o€l - Dgele)iBE).  G10)
0 0

The solution z(t) to SDE (3.10) on ¢t > 0 has been however established in various
literature to satisfy (3.8)) (see, e.g., [18,20] for more details). This implies (3.7]) holds

for k = 0. As x(t) is now known on ¢ € [0, 7], we may repeat this procedure over the
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interval ¢ € [7,27] to obtain the SDE

da(t) = f(x(t))dt + o(x(t — 7))g(x(t))dB(t).

This SDE has a unique positive global solution

/f d8+/ o(x(s —71))g(x(s))dB(s). (3.11)

Clearly the solution z(t) is a continuous stochastic process on t € [0, 7] and so both
integrals are well defined. Hence the (3.7)) holds for £ = 1. Given that the solution

x(t) to SDE (3.10)) on ¢ > 0 satisfies (3.8) implies it also satisfies (3.8) for SDE (3.11]).

Repeating this procedure for all £ > 0, we obtain a unique positive global solution

to SDDE (3.2]) which satisfies (3.8]). O

3.3.2 Moment bounds

Finiteness of moments is essential for evaluating and pricing financial quantities. The

following lemmas give boundedness property of the exact solution to SDDE (3.2]).

Lemma 3.3.4. Let Assumptions |3.5.1 and |3.3.2 hold. Then for any p > 2, the
solution z(t) to SDDE (3.2)) satisfies

sup (E|z(t)|?) < C4 (3.12)
0<t<o0
and .
E|l— ) <O, 3.13
02?&( |:13(t) ) =2 (3.13)

where Cy and Cy are constants which depend on the initial value £(t) and p.

Proof. Let ng > 0 be sufficiently large such that

1
— <
— _min [6(t)] < max [£(t)] < no.
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For each integer n > ng, define the stopping time by
T, =1inf{t > 0:2(t) € (1/n,n)}.

Applying the diffusion operator to H(z,t) = e'a?, we compute

LH(x,y,t) = e'a? + pe'a?~" f(x) + %p@ —1)e'z"?(p(y)g(x))?

= elaP + petmp_l (oz_lx_l —ap + a1 — agx”)

1 _
+ 5p(p = De'a? o(y)*z™

—1
<eél [xp +prP () — apr + ay2® — apr” Tt 4 %)\21‘29)],

where Assumption has been used. Moreover, by Assumption [3.3.2] there exists
a constant K such that
LH(z,y,t) <e'K. (3.14)
By the Ito formula, we obtain
tATh

E[e""™|x(t A 1,)|P] < [£(0)]P + E Keds
0

< &) + K¢

Applying the Fatou lemma and letting n — oo gives

p
Elz(t)]P < @ + K < o0, (3.15)
and hence
sup (Elz(t)]") < C. (3.16)
0<t<oo

Similarly, we can show ([3.13]) in the same way by using the It6 formula on H(x,t) =
e'/aP, applying the Fatou lemma and letting n — co. O

Lemma 3.3.5. Let Assumptions |3.5.1 and |3.3.2 hold. Then for any p > 2, the
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solution z(t) to SDDE (3.2)) satisfies

E(sup |x(t)|p> < (s, (3.17)

0<t<T
where C5 is a constant.

Proof. Define a function H € C*(R,,R,) by
H(z) =" (3.18)
By the Ito formula, we compute

AH (a(t)) = po* (1) + Splp — 1)a?*(da(1))

= pa? Ha_1z(t) "t — ap + aqw(t) — aga(t)”

P = Da(t)* O Fop(y)?)dt + pr(t)™ o (y)dB(?)

[pzP % (a1 — apz(t) + anz(t)? — asa(t)*!

IN +
—_

(p - 1) 2 N2 (t)?)]dt + Apx (¢ dB(2),

where Assumption has been used. We now have

E(S%Iilf§t)|p> < £(0))" + E/O [prP 2 (a_y — apz(t) + a12(t)* — ()Pt}

)t 4 B sup /Ot Apz(s)"*?"1dB(s)].

2 0<t<T

By Assumption [3.3.2] there exists a constant K such that

E(sup [z()") < |E0)|F + KT + E[ sup / Mpee(s)P 01 dB(s)).

0<t<T 0<t<T
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By the Holder and Burkholder-Davis Gundy inequalities we then obtain,

Bl (1) < 6O + K7+ ¢( [ s 0as)

0<t<T

where C is a constant which may vary from line to line. Hence

E(suple(t)") < Cs.

0<t<T

3.4 Numerical method

As we have already noted, the truncated EM method for SDEs under local Lipschitz
condition plus Khasminskii-type condition was developed in [27]. This numerical
method was further developed in [28] to study SDDEs under local Lipschitz condition
plus generalised Khasminskii-type condition. Hence, in order to study SDDE
using the truncated EM techniques, we need to imposed the following conditions on

the coefficient terms.

Assumption 3.4.1. For any R > 0, there exists a positive constant Lr such that
the volatility function ¢ : Ry — Ry of SDDE (3.2)) satisfies

lp(y) — ()| < Lrly — ¥l (3.19)
for ally,y € [£, R].

Lemma 3.4.2. For any R > 0, there exists a positive constant Kgr > 0 such that
the f and g coefficient terms of SDDE (3.2)) satisfy

[f(z) = (@) V9(z) — 9(7)]| < Krlz — Z| (3.20)

for allz,z € [+, R].
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Lemma 3.4.3. Let Assumptions|3.53.1 and|3.5.2 hold. For any p > 2, there exists
Ky = K(p) > 0 such that the coefficients of SDDE (3.2)) satisfy

ef(x) + L lewa@)? < KoL+ [of) (3.21)

forall z,y € Ry.
Proof. By Assumption Vx,y > 0, we have that

vf(@) + Lo pl)o()? = alacsz™ — 0o+ anz — ane?) + L2 fo(y)a

9|2
2

—1
< g —apr + a1 — agaxt + pT)\QxQQ.

By Assumption [3.3.2]

of (@) + —=—leW)g(@)]* < a1 — agx + ar2” + K(p)

<a_;+az®+ K(p)
< Ki(1+Jz[?),

where K (p) > —apzt! + E2N22% and K = (a1 + K(p)) V o). O

3.4.1 The truncated EM method

Before we proceed to construct the truncated EM scheme, let us extend the domain
of the volatility function ¢(y) from R, to R by setting the volatility function ¢(z) =
©(0) for x < 0. It is worth to note that the solution for the SDDE is already
known to always be positive, so this extension does not in any way influence the
solution. The local Lipschitz condition in Assumption and the boundedness
condition on p(y) in are also well preserved.

To define the truncated EM numerical solutions for the SDDE ([3.2)), we first choose

a strictly increasing continuous function p : Ry — Ry such that u(r) — oo asr — oo
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and
sup (| f(z)| vV g(x)) < p(r), vr>1. (3.22)

1/r<z<r

Denote by ! the inverse function of u. We define a strictly decreasing function
h:(0,1) — R, such that

lim A(A) = o0 and AY4R(A) <1, YA € (0,1]. (3.23)

Find A* € (0,1) such that u~'(h(A*)) > 1 and f(z) > 0 for 0 < z < A*. For a
given step size A € (0, A*), let us define the truncated functions

fal@) = F(1/p ANV @ AT (h(A))), Ve R

and

ga(z) = {g(m Aﬂil(h(A))) itz >0
0, if x <0.

That is, for x < 1/u~1(h(A)), we have fa(z) = f(1/p~ (R(A))) and if z < 1 A
pt(h(A)), galz) = g(x) or 0 if x < 0. For z > pu~(h(A)), we have fa(x) =
fr=t(h(A))) and ga(x) = g(u~"(R(A))). Moreover, for z € [1/u~"(R(A)), = (h(A))],
we have fa(z) = f(x) and ga(z) = g(x) with

fl@)] < max | f(z)]

1/p=t (h(A))<z<p~ ' (h(A))

[falz)] =

and
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It is easy to see that
|fa(@)| Vgalz) < h(A), VreR. (3.24)

Obviously, both truncated functions fa and ga are bounded although both f and g
may not. The following lemma illustrates fa and ga preserve the Khasminskii-type

condition in (3.21]) very well.

Lemma 3.4.4. Let Assumption|3.3.1 and|3.5.2 hold. Then, for all A € (0, A*) and
p > 2, the truncated functions satisfy

p—1 -
vfa@) + —5=le®)gal@) < K1+ |2]") (3.25)
Va,y € R, where K is a positive constant independent of /\.

Proof. Fix any A € (0,A*). For z,y € R with z € [1/u~'(h(A)), u= ' (R(A))], by
(3.21]), we have

ria(r) + L oo = 2f() + P ew)g@)l < Ki(1+]af)
as the required assertion. For z € R with x € (0,1/p"*(h(A))), we have
0 < zu~ ' (h(A)) < 1
. So by (3:21)), we get
ofa(e) + B2 o(y)ga @)
= O/ () + P e )aa(e)l
— o (W) e £ ((A) + 2L () ga (o)

(D)
< Ky (W(A) (1 + [/ (A(A)2) + 2oL o(w)ga ()]
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This follows that

o) + P ew)aa () < KoL+ 1)+ Ky(1+ fof)
= 2K, + K (1 + |z]?)
< Ky(1+ |2f),

where Ky = 3K;. But for x,y € R with x < 0, we have

falw) = f(1/p" (h(A))) > 0 and ga(z) = 0.

Therefore,
p—1
efa() + L e w)aa () < 0 < KoL+ [af).

Finally, for z,y € R with = > p~'(h(A)), we have

el + L e w)oa (o)l
< wf (/™ () Vi () + 2 le(w)g (™ (AP
< 7 (WA F ™ (A) + P (gl (H(A)) P

X
+ ( -1

N

< Ki(1+ [ (R(A)]) + ( — D (A(A) (™ (A(A))),

pt(h(A))

where (3.21)) with K; independent of A has been used. But once again we see from
(3.21)) that xf(x) < Ki(1 + |z|?) for any x € R,. We therefore have

o) + P oy)aa (@) < K1+ [ (M(A)P)
o — D)KL+ [ (h(A))

(=t
Ky (1+ [ ((A)))

= (D)
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< 2F (1+p7 ' (R(A)))
<zKi(1+z) <2K(1+ |z]?).

It is worthwhile to note that K = (K; V K»). O

From now on, we will let the step size A € (0,1) be a fraction of 7. That is, we will
use A = 7/N for sufficiently large integer N. Let form the discrete-time truncated
approximation for SDDE ({3.2). Define t;, = kA fork = —N, —(N—-1),---,0,1,2,---.
Set Xa(ty) = &(tg) for k= —N,—(N —1),---,0 and form

Xa(trsr) = Xalty) + fa(Xa(t)A + o(Xa(te-n))ga(Xa(tr))AB,  (3.26)

for k =10,1,2,---, where ABy = B(ty+1) — B(tx). Let us now form two versions of

the continuous-time truncated EM solutions. The first is defined by
TA(t) = Z Xa(te) g, (kr1)a) (1) (3.27)
k=—N

This is the continuous-time step-process Ta(t) on t € [—7,00], where 1ja (k+1)a] IS
the indicator function on [kA, (k+1)A]. The other is the continuous-time continuous
process xa(t) on t € [—7,00] defined by setting xa(t) = £(t) for t € [—7,0] while for
t>0

ralt) = £(0) + / fa(@a(s))ds + / o(Tals — )ga(Ea(s)dB(s).  (3.28)

We see that za(t) is an It process on t > 0 with its [to differential

dra(t) = fa(Za(t))dt + o(Za(t — 7))ga(Za(t))dB(1). (3.29)
We can clearly observe that za(ty) = ZTa(ty) = Xa(tg) for all k = =N, —(N —
1), --. Thatis za(t) and Za(t) coincide with the discrete truncated EM approximate

solution at the gridpoints. We would like to point out that this numerical scheme is
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not positivity-preserving. This will however be tackled elsewhere.

3.5 Numerical properties

Under this section, we establish boundedness of moments and strong convergence

theory for the truncated EM solutions.

3.5.1 Moment bounds

To upper bound the pth moment of the truncated EM solution, we need the following

lemma which shows za(t) and Ta(t) are close to each other in the strong sense.

Lemma 3.5.1. Let Assumption hold. For any fized A € (0, A*] and p > 2, we
have that
Elza(t) — Za(t)|P < C,AP2(R(A))?, V¢ >0, (3.30)

where C, stands for generic positive real constants dependent only on p and may

change between occurrences. Consequently,
lim E|za(t) — Za(t)]P =0, Vt>0. (3.31)
A—0

Proof. Fix any A € (0,A*) and t > 0. There exists an integer k& > 0 such that
tr <t < tpi1. By elementary inequality, (3.24) and Assumption we obtain

from (3.28)) that
Elza(t) = za(t)]

<21 (g] / fa(za(s))dsp +E| / (Fals — 7))9a (Fa () B(s)P)

(
<2 (&'E / Fa(@als)lPds + 6,07 E / [e(Eals = ))ga(@als)[ds)
<2 1<AP LA(R(A))P + &, AP-D2A(NR(A))? )
<?¥l1ve AP)AW(h(A))P
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< C,APP(R(A)),
where ¢, depends on p and C), = 2°~*(1 V ¢,\?). Noting from (3.23)) that
Ap/Q(h(A))p < Ap/4’

we get (3.31]) from (3.30)). O

The following lemma reveals the upper bound of the truncated EM solutions.

Lemma 3.5.2. Let Assumptions and[3.3.9 hold. Then for any p > 2,we have

sup sup (Elza(t)]P) < Cy, VT >0, (3.32)

0<A<A* 0<t<T

where Cy stands for generic positive real constants dependent on T, p, K, & but inde-

pendent of A and may change between occurrences.

Proof. Fix any A € (0,A*) and T" > 0. By the It6 formula, we derive from ({3.28)
that, for 0 <t < T,

Blra() < 6O)P +E [ plaa(o)l (a(6)a(aa(5)
# P oo~ s Fa (o)) ds
~ 6O +E [ plra()l? (a1 alosls)
+ I plals ~ Mg (eI ds
+E [ plaa (o) (rals) = 7a(6) @ (6))ds

By Lemma and the Young inequality, we then have

Elza(t)l’ < [EO)F +E / Rlwa(s)P2(1 + [2a(s))ds
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+(p - Q)E/O |z (s)[Pds + 2E/O [2a(s) = 2a(s) P2 fa(@als)Pds

<Cs5+ 06/ (Elza(s)]P + E|za(s)[P)ds

0

12K / 2a(s) — Za(s)["2| fa(za(s)/2ds,
0

where C5 and C’6 are positive constants independent of A. By Lemma and

inequalities (3.24) and - we have

E/O [a(s) = Za(s)["?| fa(@als)[Pds < (h(A))p/z/ E(|za(s) — za(s)P/2)ds

T

p/2 (E|lza(s) — Za(s )|p)1/2ds

p/2

(CLAP2(h(A))P)2ds

|

T
e [
< C,T(hA)PAP* < C,T.

Therefore, we have
t
Elza(t)|P < Cs +2C,T + C’G/ (E|lza(s)|]? + E|za(s)|P)ds
0

t
< Cj +20pT+2C’6/ sup <E|xA(u)|p>ds.
0

0<u<s

As this holds for any ¢ € [0,7] while the right-hand side is non-decreasing in t, we

then see

t
sup (E|za(u)|?) < Cs +2C,T + 206/ sup <E|xA(u)|p>ds
0

0<u<t 0<u<s

The well-known Gronwall inequality gives us

sup (Elza(u)P) < Cy.

0<u<T
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As this holds for any A € (0, A*) while Cy = (C5 + 2C,T)e*T is independent of A,

we obtain the required assertion. O

3.5.2 Finite time strong convergence

For the numerical solution to converge in finite time to the exact solution in the

strong sense, we need the following condition on the initial data (see, e.g, [29]).

Assumption 3.5.3. There is a pair of constant K4 > 0 and v € (0, 1] such that for
all =7 < s <t <0, the initial data & satisfies

§(t) — &(s) < Kuft — s[7. (3.33)

In addition to the above condition, we also need the following lemma.

Lemma 3.5.4. Let Assumptions[3.3.1], [3.5.3, [3.4.1 and hold and T > 0 be
fixed. Then for any e € (0,1), there exists a pair of positive constants n = n(e) and
Ay = Aq(e) such that

P(p, <T) < e (3.34)

for each A € (0, A], where
pn = pu(A) = inf{t € [0,T] - za(t) & (1/n,n)}

s the stopping time.

Proof. Define a C*-function, H : R, — R, by
H(z) =1/2* + 2% (3.35)

Clearly, H(xz) — oo as x — oo or x — 0. For s € [0,t A p,|, we can derive from the

Ito formula that

B(H(ea(thp) = HEO) B [ (Mlest)falal)  630)
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4 L (9))p(@als = 7)Paaea(s)?)ds
But we note

Ho(2a(s)) fa(Tals)) + 1Hm(ICA(S))QD(J?"A(S — 7)) 9a(Ta(s))*

2
< LH(wa(s).2a(s = 7)) + Ho(wa(9) (fa(@a(s) ~ falea(s))
+ 5 Haa(wa(5)) (s = )08 (5 ()2 — olea(s = 7)o (ea(5)?),

where LH is (3.3) with H independent of ¢, defined here by

LH(xa(s),2a(s=7)) = Hx(wA(S))fA(M(S))+%Hm(SEA(S))sO(xA(S—T))QQA(SUA(S))Q-

By Assumptions [3.3.1] and [3.3.2] there exists a constant K3 such that

LH(za(s),za(s — 7)) < K3

We recall from the definition of the truncated functions fn and ga that
fa(zal(s)) = f(za(s)) and ga(Ta(s)) = g(Zals))
for s € [0, A p,]. So by Lemma [3.4.2, we have that for s € [0, A py]

[f(Za(s)) = feals)] V g(Tals)) — glzals))] < KnlTal(s) — zals)]
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We observe that for any Za(s),za(s) € [1/n,n], by (3.22)), we have

9(za()IV [g(xa(s))] < p(n).

So by Lemma [3.4.2) we have that for s € [0, A p,]

19(Za(5))? = g(za(s))’| = 19(Za(s)) — g(za(s))llg(Za(s)) + g(za(s))]
< 2u(n) Ky |Za(s) — za(s)].

Moreover, for s € [0, A p,], we obtain from Assumptions 3.3.1] and [3.4.1] that

p(Tals = 7))* = p(zals — 7))’
= [p(@als = 7)) = p(xals = 7))llp(Tals = 7)) + w(zals — 7))|
< 2A\Ly|Za(s — 7)) — za(s — 7).

Consequently,

p(zals = 7))°g(2a(s))” — p(zals — 7))*g(zals))” = p(zals — 7))’g(za(s))

)* (
—p(zals = 7))’g(za(s))” + 0(Tals — 7))*g(za(s))” — @(zals — 7)) *g(za(s))’
= g(za(s)*(p(@als = 7))* = p(zals = 7))°) + (Tals — 7))*(9(a(s))* — g(za(5))?)
< 2M(u(n))?Lal@a(s — 7) = zals = 7)| + 2X°p(n) Kn|Za(s) — wa(s)]-

2

So we get

Ho(za(s))fa(Zals)) + %Hm(fm(s))w(%(s —7))*9a(Za(s))*
< K3+ Mp(n)? Ly Hyo(2a(5))|2a(s — 7) — 2al(s — 7)]
+ (Kon(flfA(S)) + )\QKn#(n)Hm(xA(S))> Ta(s) — za(s)]

< K3+ GlZals = 7) —zals = 7)| + G| Za(s) — za(s)],
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where
(.= max [A(u(n))%nﬂmm}

1/n<z<n

and
(¥ = max [KnHz(x) + AQKnu(n)Hm(x)]

1/n<z<n

We now have
E(H (za(t A pa))) < HE(0)) + B / " (Kt GulTals —7) — zals — 1)
+CJEa(s) — za(s)])ds
< H(E(0) + KT + GE / E((s/AA) — £(s)ds
(Gt ) / Elza(s) — Za(s)|ds
< HEO) + KT + GG A™T

(Gt ) /0 (Ejza(s) — 7a(s)[")7ds.

By Lemma [3.5.1{ and (3.23)), we obtain

E(H(za(t A pn))) < H(E(0) + KT + GEATT + (G, + () TCy/PAV,

Therefore
H(£(0)) + KsT + R4 AT + (Cu + C)TCh/P AL
Plp, <T) < L . 3.37
(bn<T) < H(1/n) A H(n) (3-37)
For £ € (0,1), we may choose sufficiently large n such that
H KT
(60 + KT _ < .
H(1/n)ANH(n) — 2
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and sufficiently small step size A € (0, Aq] such that

GEAATT + (Co + )T Cy/P AV
H(1/n) A H(n)

<z, (3.39)

DO | ™

Combining (3.38) and (3.39)), we get the required assertion. O

To establish the strong convergence of the truncated EM scheme, we first define the
stopping time
Up = Tn N Pn, (3.40)

where 7,, and p, are (3.9)) and (3.34)) respectively.

Lemma 3.5.5. Let Assumptions|3.5.1), [3.4.1| and|3.5.5 hold. Then, for any p > 2,
T >0, A € (0,A*] and sufficiently large n

E( sup |za(t Av,) — z(t A vn)\p> < CAPUL/AM) (3.41)
0<t<T
and
lim E( sup |za(t Avy,) —x(t A Un)|p> =0 (3.42)
A—0 0<t<T

where C'is a constant independent of A.

Proof. 1t follows from (3.2) and (3.29)) that

[za(t Avn) = (t Avn)] = /0 B [fa(@als)) = f(x(s))]ds
+ /0 B [o(Zals = 7))g9a(Tals)) — e(x(s — 7))g(2(s))]dB(s).

We now apply elementary inequality to have

p
At Avg) — 2(t Av)|P < QH(

/ " Fa(Eals) - Fe(@)ds

)

+ ‘ /0 Un [o(Za(s — 7)) ga(@a(s)) — p(z(s — 7))g(x(s))]dB(s)
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So for t; € [0, 7], we obtain

p

E( sup fra(tAvw) —a(t Av)l) <27 (E) / [fa(@a(s)) — f(a(s)))ds

0<t<ty
p
)).

+ E( sup
0<t<t;

/0 o [p(Zal(s —7))ga(@al(s)) — p(x(s — 7))g(x(s))]dB(s)

By the Holder inequality,

]E(’ /OtlAvn[fA(m(S)) - f(a:(S))]ds\P> < TPlE(/OtIAUn |[fa(Zals)) = f(:c(s))|pds).

Also by the Burkholder-Davis-Gundy inequality, we obtain

/0 T (o@als — )9a(@als)) — pla(s — 7))g(x(s))dB(s)

)

<77 ()R ( / T p(Eals — T)aa(Ea(s) — lals — 7))gla(s))Pds),

E( sup

0<t<ty

where C'(p) is a constant. We now have

B( s leatAv) —a(tAv)l) <2 (178 [ Fa(@als) - flals)lrds

1 T”zQC(p)JE/O o lp(Za(s — 7))ga(Za(s)) — (a(s — T))g(l‘(S))\pd8>-
Meanwhile
E / T (o(@a(s — 7)ga@a(s)) — pla(s — 7)gle(s)P)ds

- E/o | UR(W@A(S —7))9a(@a(s)) — @(z(s — 7))ga(Zals)) + p(x(s — 7))ga(Zals))

— p(x(s —7))g(x(s))[")ds.
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By elementary inequality,

E/O T p(@als — 1)ga(Ea(s)) — plals — r)gle(s))P)ds

<218 [ (otrals ~ M)aa(Ea(s) — plals — gslEa()P

+ lp(als — 1)ga(@a(5)) — p(a(s — ()P )ds

<218 [ a@alo)PletEals 7)) — plats )P

+ (s — )P lga(Ea(s) — glals))P)ds.

By Assumption [3.3.1] we get

B [ @ ls ~ s (Ea(6) - lals — ule(o) P
<2 [ ga@al)Ple@als - ) — ples - )P
2B [ lgalealo) — otalo) s

Moreover, by (3.22)), we note |ga(Za(s))| < p(n) for any Za(s) € [1/n,n]. Hence,

B [ (0(Ea(s — 70s(Ea) ~ plets ~ ate) Fas
<2 e [ ol =) - lals - 7P
2B [ lgalaale) ~ otalo) s

We note from Assumption B-4.1] that

o(zals = 7)) = p(z(s = 7)" < Lifzals = 7) — (s = 7))

63
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for s € [0,%1 A v,]. So by Assumption [3.5.3] we get

t1A\vn
E [ olaals = 7)) - plals — r))Pds
0
t1A\vn
< LfLE/ |Za(s —7) — (s — 7)|Pds
00 t1A\vp
< LYE [ [&([s/A]A) —&(s)[Pds + LQE/ 1Za(s) — x(s)[Pds
—T 0
t1A\vp
< LPKYAP T + LZT’LIE/ |ZA(s) — x(s)|Pds.
0
We now have

E( sup |wa(t A vp) —x(t/\vn)|p> < or-lqr-lg / T s (@a(s)) — Fla(s)Pds
0<t<ty 0

+ 41T (u(n))PC(p) LEKE AP 7

+41’—1T”22(M(n)):n(](p)Lg'iLIE‘,/01 " |ZA(s) — z(s)|Pds

t1A\vn

LT N C()E / 19a(TA(s)) — gla(s)Pds.

We note from the definition of the truncated functions fa and ga that
fa(@a(s)) = f(Zals)) and ga(Ta(s)) = g(Za(s))
for s € [0,t; A v,]. Hence by Lemma [3.4.2] we have
[F(@als)) = fz(s)" v 9(zals)) = g(z(s)[” < K7|Tals) — x(s)”
for s € [0,¢; A v,]. We now get

E( sup |ea(tAvy) = a(t Avy)l?)

0<t<ty

) t1A\vn
< T ORI AT + 2 GE [ rale) — sl
0
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L t1A\vn
HOTE )P COLE [ Jaals) - ofs)ds
b2 tl/\US
+ 4p_1T2)\pC(p)K£]E/ |ZA(s) — (s)|Pds.
0
This implies
E( sup |za(t Avy,) —z(t A Un)|p> < 4p_1T%C(p)LﬁKff(u(n))pAmT
0<t<ty
4 (T (u(n) P Cp) L + T2 N C(p) K + 2T K

t1A\vn
« ]E/ 1a(s) — 2(s)|Pds.
0

By elementary inequality, we have

E /O " Ea(s) — 5(5) + 2a(5) — 2a(s)|Pds
<2'E( / T (Eals) — 2al)P + [eals) - 2(s)|")ds )

T 1
<ot (/ ElZa(s) — za(s)[Pds + E/ sup |za(t Ave) = 2(tAvn)[Pds
O 0

0<t<s

This yields

E( sup |za(t Awvy,) —x(t A ’Un)|p)
0<t<t;

< 4T C(p) LK T (n(n))P A7
+ 8L (T (u(n) P C(p) L + T3 N C(p) K7 + 2T K

« (/OTE@(S) —a;A(s)|pds+E/Dtl sup [ara(t A ) — ot A vy)Pds).

0<t<s

By Lemma [3.5.1], we get

]E( sup |za(t Av,) —x(t A vn)|p>
0<t<ty
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< 4T Cp) L KE 7 () )P AP
+ 8o, (T% (1(n))PC(p)LP + TENC(p) KP + 21—prKg)AP/4

4t (T* ((n))PC(p)LP + T\ C(p) KP + 21—pr—1Kg)

ty
X ]E/ sup |za(t Avy) — x(t Awvy,)|Pds.
0 0<t<s

This also means

]E( sup |za(tAvn) = z(t A Un)|p> < (Cy(n,p,T) + Co(n, p, T))APL/ )

0<t<ty

51
+ Cs(n, p, T)IE/ sup |za(t Avy,) — z(t Awvy,)lPds,
0

0<t<s

where

Ci(n,p, T) = 47\ T"F C(p) LE KT (u(n))?,
Co(n,p, T) = 871G, (T (u(n) PC(p) L, + TENC(p) KT, + 21TV )

and
Ca(n.p, T) = 8 (T (u(n)PCp) L + T"3* N'C(p) KL + 2" 7T K7
By the Grownwall inequality, we arrive at

E( sup |za(t Av,) —z(t A vn)]p> < CAPI/AN)
0<t<T

as the required assertion, where C = (Cy(n, p,T) + Cy(n,p, T))e“*™PT)  Moreover,
we obtain (3.42)) by letting A — 0. O

Theorem 3.5.6. Let Assumptions|3.3.1,(3.3.9,15.4.1] and|3.5.5 hold. Then, for any
p > 2, we get

. )
k%E<Oi?£T|IA(t) x(t)|> 0. (3.43)
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and consequently
lim E( sup |Za(t) — a;(t)]p> = 0. (3.44)
A—0 0<t<T

Proof. Let v, be the same as before. Set
ea(t) = xa(t) — ().
Clearly

E( sup fea)l”) =E( sup [ea(®" L7 and o7 )
0<t<T 0<t<T

+E< sup lea()PLm <t o png}). (3.45)

0<t<T

For any arbitrary ¢ > 0, the Young inequality gives us

1
E( sup ]eA(t)|p> Liro<t or pp<t} < g]E( sup |6A(t)\2p> + 2—QP(Tn <Torp, <T).

0<t<T 0<t<T

Consequently,

E( sup lea®”) SE( sup lealt)PLi,or and poo1y ) + SE( sup [ea(t))

0<t<T 0<t<T 0<t<T
(3.46)
1
+ 2_QP(T" <Torp, <T).
By elementary inequality, we can derive to obtain
E( sup lea)*) < 2E( sup (ja(t)® + |o(t)"))
0<t<T 0<t<T
2
< 2%E( sup (lea(®)) v sup (o))"
0<t<T 0<t<T
So by Lemmas [3.3.4] and [3.5.2]
E( sup |eA(t)|2p) < 22(Cy v Oy, (3.47)
0<t<T
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Moreover,

E( sup |6A(t)|p1{7'n>T and pn>T}>

0<t<T

<E( sup feal)"quor )
0<t<T

< ]E( sup |za(t Avy,) —ax(t A Un)|p>.
0<t<T

So by Lemma [3.5.5]

B sup [ea(t)"fror and o1y ) < CAKVAD. (3.49)
o<t<T
Also,

P(r, <T or p, <T) <P(7, <T) +P(p, <T). (3.49)

Substituting the inequalities (3.47)), (3.48) and (3.49)) into (3.46)), we obtain

2P(Cy vV Cy)?
E( sup IeA(t)|") < 2OV E)e | gprt
0<t<T 2
+1]P>( <T)+1IP>( <T)
20 Tn = 20 P = L)

For any given ¢ € (0,1), we may choose g such that

2p(01 V 04)2Q S

£
- 3.50
5 1 (3.50)

By Theorem and Lemma [3.5.4] for any given € € (0,1) , there exists n, such

that for n > n, we may choose o to have

(3.51)
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and choose n(e) < n, such that for A € (0, A]
(3.52)

Lastly, we may select A € (0, A4] sufficiently small for € € (0, 1) such that

CAPI/AN) < (3.53)

£
T

Combining (3.50)), (3.51)), (3.52) and (3.53)), we get

E( sup |za(t) = 2(0)l") <=

0<t<T

as the required assertion. Moreover, by Lemma |3.5.1] we obtain ([3.44]). O

3.6 Numerical experiments

To illustrate efficiency of the proposed truncated EM scheme for SDDE , we
perform two numerical examples with different Ait-Sahalia-type models. In the first
numerical example, we implement Ait-Sahalia-type model with a_2z(¢) ™! term in the
drift and delayed volatility function. In the second numerical example, we implement
and perform comparative assessment of the delayed Ait-Sahalia-type model without
a_1z(t)~! term in the drift using both truncated EM (TEM) and backward EM
(BEM) schemes. This becomes necessary because it is unknown if the backward EM
scheme could cope with a_;z(¢)™! term at the origin. We would like to point out
that we consider this case and use BEM scheme in the numerical study because the
only well-known available literature for one half strong convergent approximation of
Ait-Sahalia-type model focuses on the BEM method (see e.g [31]). There is so far no
relevant literature devoted to strong convergent approximation of Ait-Sahalia-type

model with a_j2(¢)~" term and delayed volatility function.
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3.6.1 Numerical example I

In this numerical illustration, we consider the following delayed Ait-Sahalia-type

model
dr(t) = (0.1z(t) ™t — 0.3 4+ 2(t) — 0.52(t)3)dt + (x(t — 1))z(t)*?dB(t), (3.54)
with initial data &(t) = 0.2 and ¢(y) is defined by

(1+(e¥—e¥)) ifu>0
O (3.55)

, Otherwise.

1
ply) ="
4
Note (3.55) is a special type of sigmoid function. Naturally, sigmoid functions
like (3.55) are bounded, real-valued functions and hence fulfil Assumption [3.3.1]
Moreover, parameterising sigmoid-based functions in financial models on past data

are observed to capture volatility skews and smiles (see, e.g., [32]). Do also note the
drift and diffusion coefficient terms of ([3.54) satisfy

sup (|f(z)| Vg(z)) <1.9u*, u>1.

1/u<z<u

This means we can have u(u) = 1.9u? with inverse p~'(u) = (u/1.9)'/3. If we define
A =1072 and h(A) = A723 then p~(h(A)) = (A™23/1.9)1/3 and 1/p~Y(h(A)) =
(A=2/3/1.9)~1/2. Displayed in Figure [3.1|is a Monte Carlo simulated sample path of
z(t) with step size 1072 using the TEM scheme.

3.6.2 Numerical example 11

In this subsection, we assess the performance of TEM scheme with BEM scheme. We
already noted there exists no relevant literature on strong convergent approximation
of SDDE (3.56). Hence, we have to fall on the BEM method which has one half
strong order approximation of Ait-Sahalia-type model without the delayed volatility
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function. Consider the following delayed Ait-Sahalia-type model
dz(t) = (0.2 + 0.32(t) — 0.5z(t)?)dt + (x(t — 1))z (t)2dB(t), (3.56)

with initial data £(¢) = 0.2 and the same volatility function ¢(-) in (3.55)). Clearly,
we have p(u) = u? with inverse g~'(u) = u'/2. Using TEM and BEM schemes with
step size 1072, we obtain Monte Carlo simulated sample paths of z(t) in Figure .
We notice that both simulated sample paths are almost the same. Figure depicts
the log-log plot of the strong errors between TEM and BEM numerical solutions
based on step sizes 1073, 1074, 1075 and 107%. For the purpose of comparison, we
also plotted the reference line with slope 1.0. We can see the strong errors between
TEM and BEM numerical solutions have order 1.0 although this has not been proved
theoretically.
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Figure 3.1: Simulated sample path of x(¢) when A = 0.01
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3.7 Summary

As supported by empirical findings, stochastic volatility models with inherent fea-
tures of past dependency are suitable models for describing convex phenomena of
implied volatility against market anomalies. This motivated the need to replace the
constant volatility of the Ait-Sahalia-type interest rate model with a delayed volat-
ility function. Then we discussed analytical properties such as existence of pathwise

unique positive global solution and boundedness of moments of the exact solution.

We moved on to construct a new implementable truncated EM scheme which
could cope around the origin with the inverse function in the drift of the proposed
model. We also proved numerical properties such as boundedness of moment in
the strong sense and established finite time strong convergence of the truncated
EM approximate solutions to the exact solution under the local Lipschitz condition
plus the Khasminskii-type condition. The strong convergence result implies that
in practice, the truncated EM approximate solutions can be used to compute some
debt and path-dependent financial products. We obtained CAP(1/4"\Y) ag the strong
pathwise error. Finally we implemented some numerical examples to validate the

theoretical results.
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Numerical approximation of
Poisson-jump Ait-Sahalia-type

interest rate model with delay

4.1 Introduction

We study analytical properties of the exact solution to the generalised Poisson-jump
Ait-Sahalia-type interest rate model with delay in this chapter. Since this model
does not have explicit solution, we employ several new truncated EM techniques to
investigate finite time strong convergence theory of the numerical solutions under

the local Lipschitz condition plus the Khasminskii-type condition.

The rest of the chapter is organised as follows: In Section [4.2] we present the
Poisson-jump Ait-Sahalia-type interest rate model with delay. We study the exist-
ence of a unique global solution to the proposed model and show that the solution
will always be positive in Section [£.3] We also establish boundedness of moments
of the exact solution in this section. In Section [4.4] we introduce the truncated
EM approximation scheme for the proposed model. Section is entirely devoted
to exploration of numerical properties of the truncated EM scheme. These include

boundedness of moments and LP(p > 2) finite time strong convergence of the trun-

76
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cated EM approximate solutions to the exact solution. In Section [4.6] we perform
some numerical illustrations to support the theoretical results. We briefly summarise

the findings in the last section.

4.2 The Poisson-jump Ait-Sahalia-type

interest rate model with delay

Let (Q, F,P) be a complete probability space with a filtration {F; };>¢ satisfying the
usual conditions. Let us extend SDE ([1.3]) to incorporate delayed volatility function

and Poisson-driven jump described by

da(t) = (a12(t7) ™ — ap + 1 (t7) — ana(t)")dt + p(a((t — 7)7))a(t) dB(1)
+ azz(t)dN (1) (4.1)

on t > —7 with initial data z(t) = £(t) for ¢ € [—7,0]. Here z(t7) = limg ;- (s),
z((t — 7)7) denotes delay in z(t~), ¢(-) depends on z((t — 7)~) with 7 > 0. The
delayed volatility function and Poisson-driven jump may, for instance, explain joint
effects of volatility 'skews’ and ’smiles’, and tail distribution of interest rates which
pervade most financial markets. The reader is referred to |14] for relevant information

about this extension.

Now let the following scalar dynamics

da(t) = f(z(t™))di + @(x((t = 7)7))g(x(t™))dB(t) + h(x(t™))dN(t), (4.2)

z(t) = £(t), on t € [—7,00), denote equation of SDDE such that f(z) =
a_177! —ag + a1r — awr?, g(x) = 2% and h(z) = asz, Vo € R, with ¢(y) defined
in C(Ry;R,). Let C*(R x Ry;R) be the family of all real-valued functions Z(x, t)
defined on R x R, such that Z(x,t) is twice continuously differentiable in x and

once in t. For each Z € C*}(R x Ry;R), define the jump-diffusion operator LZ :
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RxR xR, — R by
LZ(x,y,t) = l(z,y,t) + AN(Z(x + h(zx),t) — Z(z,1)), (4.3)
for SDDE associated with the C?!-function Z, where
(g, 0) = e, 0) + Zulw 0 (@0) + 3 Zualo Dplyolal’s (44)

¢Z : R xR xR, — R, is the diffusion operator. Here, Z;(x,t) and Z,(x,t) are
first-order partial derivatives with respect to t and = respectively, and Z,,.(x,t) is a
second-order partial derivative with respect to x. With the jump-diffusion operator
defined, the It6 formula then yields

dZ(x(t),t) = LZ(x(t™), a((t — 7)), t)dt
+o(@((t — 7)) Ze(x(t), )g(x(t™))dB(t)
F(Z(x(t7) + b)), t) — Z(x(t7), 1))dN (1) (4.5)

a.s. (e.g., see [47] for detailed coverage).

4.3 Analytical properties

In this section, we survey the analytical properties such as existence-and-uniqueness
theorem and boundedness of moments of the exact solution to SDDE (4.2)).

4.3.1 Existence and uniqueness of solution

Before we show existence of positive solution to SDDE (4.2)), we are required to
assume the volatility function ¢(-) is locally Lipschitz continuous and bounded (see,
e.g., [26] for detailed accounts of these conditions). The following conditions are thus

sufficient to establish existence of a unique positive global or nonexplosive solution

to SDDE (7.2).
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Assumption 4.3.1. The volatility function ¢ : Ry — R, of SDDE (4.2) is Borel-

measurable and bounded by a positive constant o, i.e.

p(y) <o, (4.6)

Vy e R,.

Assumption 4.3.2. For any R > 0, there exists a constant Lr > 0 such that the
volatility function ¢ : Ry — Ry of SDDE (4.2) satisfies

lo(y) — e(¥)| < Lrly — yl, (4.7)

Vy,y € |3, R].

Assumption 4.3.3. The parameters of SDDE (4.2)) satisfy
14+p>20, p,6>1. (4.8)

The following theorem reveals the SDDE (4.2)) admits a pathwise-unique posit-
ive global solution z(t) on t € [—7,00). Since SDDE (4.2)) describes interest rate

dynamics, the solution will always remain nonnegative a.s.

Theorem 4.3.4. Let Assumptions|].3.1] and[{.5.3 hold. Then for any given initial
data

{z(t): =7 <t <0} =&(t) € C([—7,0] : Ry), (4.9)

there exists a unique global solution x(t) to SDDE (4.2]) ont € [—7,00) and x(t) > 0

a.s.

Proof. Since the coefficient terms of SDDE (4.2)) are locally Lipschitz continuous in
[—7,00), then there exists a unique positive maximal local solution z(t) € [—7, 7.)
for any given initial data (4.9)), where 7, is the explosion time (e.g., see [13] and the
classical methods in [17]). Let ng > 0 be sufficiently large such that

1

i i <
< _min 16(t)] < max [£(t)] < no.
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For each integer n > ng, define the stopping time

T, =1inf{t € [0,7.) : z(t) & (1/n,n)}. (4.10)
Obviously, 7, is increasing as n — oo. Set 7., = lim 7,,, whence 7, < 7, a.s. In
n—oo

other words, we need to show that 7., = co a.s. to complete the proof. For any
B € (0,1), define a C*-function Z : R, — R, by

Z(x) = 2" — 1 — Blog(x). (4.11)

Clearly Z(x) — oo as ¢ — oo or  — 0. By Assumption 4.3.1} we get from the
operator in (4.3)) that

LZ(x,y) < lZ(x,y) + A((x + asz)? —1 — Blog(x + asz) — (¥ — 1 — ﬁlog(x)))

=07 (z,y) + )\(((x + azr)? — o) — Blog(z(1 + ozg)/x)>
= 0Z(z,y) + M1+ a3)? — 1)z — A\Blog(1 + ag),

where

(2(x,9) = B" — a7 @aa™ — a0+ onz — an?) + (808 — a7 + i )p(y)a”

< a 18277 — apBr” Tt + a1 B’ — apBxPtPT — a1 Br? + apBa!
2
o

2
— 1B+ agfa’ + T8 — a4 T pa 2,

Since 3 € (0,1) and by Assumption [4.3.3] we note —a_;8272 leads and tends to
—o0o for small = and for large z, —apB2T#! leads and also tends to —oo. Hence

there exists a constant K, such that

LZ(x,y) < K. (4.12)
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So for ¢; € [0, 7], we derive from the It6 formula

MﬂﬂmAMﬂéﬂwm+A%lmﬁ

Vn > ng. It then follows that

Z(£(0)) + Kot

Pm <7< 20 A 2

As n — oo, P(1,, < 7) — 0. This implies 7o, > 7 a.s. Also for ¢; € [0,27], the It6

formula yields

HﬂﬂmAMHéﬂwm+Awm%ﬁ

Vn > ng and consequently,

Z(£(0)) + 2Kt
Z(1/n)ANZ(n)

P(r, <27) <

As n — oo, we get T, > 27 a.s. Repeating this procedure for ¢; € [0,00), we obtain
P(75 < 00) — 0 by letting n — oo. This means 7., = 0o a.s. and hence 7, = oo a.s.

The proof is now complete. O

4.3.2 Moment bounds

The following lemmas show the finite moments of the exact solution to SDDE (4.2)).

Lemma 4.3.5. Let Assumptions |4.5.1 and |/.3.5 hold. Then for any p > 2, there
exists a constant py such that the solution of SDDE (4.2) satisfies

sup (E|x(t)|p> < 1. (4.13)

0<t<o0o
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Proof. Define the stopping time for every sufficiently large integer n by
T, =1inf{t > 0:2(t) & (1/n,n)}. (4.14)

Define a function Z € C*Y(Ry x R;Ry) by Z(x,t) = e'a? . By Assumption [4.3.1]
the jump-diffusion operator in (4.3)) gives us

LZ(x,y,t) < LZ(x,y,t) + Ne' (2 + azz)? — e'z?]
=0Z(x,y,t) + Xe'z?[(1 + a3)P — 1],

where

1 p—2 2 20

1
0Z(x,y,t) = e'z” + pe's" (a2 — ap + oqr — ) + §p(p — De'zP 2 (y)x

p(p — 1)0_21,26—1—17—2)}.

< et [l,p + a_lpxp—Q _ O./()pflfp_l + alpxp _ Oprp-i-p—l + 5

By Assumption , —papz”tP~! dominates and tends to —oo for large z. Hence

we can find a constant K; such that
LZ(x,y,t) < Ke'.
The Ito formula gives us
E[e ™|zt A7) [P] < |€(0)]F + Kye'.
Applying the Fatou lemma and letting n — co yields
Elz(t)" < e |§0)]" + Ki

and consequently,
sup (Elz(t)[") < p1.

0<t<oo

as the required assertion in ({4.13). [
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Lemma 4.3.6. Let Assumptions|.3.1 and|.3.5 hold. For anyp > 2V (p—1), there
exists a constant ps such that the solution of SDDE (4.2) satisfies

1
sup (E|—— p) < ps. 4.15
s (Bll) < (4.15)

Proof. Let 7, be the same as in (4.14). By applying (4.3) to Z(z,t) = e'/xP, we

compute

LZ(z,y,t) < Z(x,y,t) + Ne'(z + asz) P — 'o7P)]
= (Z(z,y,t) + Ae'aP[(L + a3) ™" — 1],

where Assumption has been used and here, we have

(Z(z,y,t) = ez — pele~ " (a_j27" — ag + ayx — ana?)

1
+ 5P+ De's” " p(y)

< ez — a_ypa 0 1 agpa

B p(P;‘ 1)0_25629—]7—2)]'

p+1) _ arpr P + a2xp—p—1

By Assumption and noting that p > 2V (p— 1), we observe —a_;pz~P*?) leads
and tends to —oo for small z and for large x, pasz? P~ dominates and tends to 0.

Hence there exists a constant K5 such that
LZ(z,y,t,) < Kye'.
We can now use the It6 formula, apply Fatou lemma and let n — oo to arrive at
Elz(t)]™ < e "[§(0)] " + K>

and consequently the required assertion in (4.15). O]
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4.4 The truncated EM method

In this section, we present the truncated EM scheme for numerical approximation
of SDDE (4.2). Meanwhile, we need the following useful assumption on the initial
data. This is needed to prove the results of this chapter.

Assumption 4.4.1. There is a pair of constant K3 > 0 and v € (0, 1] such that for
all —7 < s <t <0, the initial data & satisfies

[€(1) — &(s)] < Kt — s (4.16)

In the sequel, we also need the following lemmas.

Lemma 4.4.2. For any R > 0, there exists a constant Kr > 0 such that the
coefficient terms f, g and h of SDDE (4.2)) satisfy

[f(x) = F(@)| VIg(z) — g(2)| V [h(2) — W(T)| < Kgle — 1], (4.17)

Ve, € [§, R].

Lemma 4.4.3. Let Assumptions |4.5.1 and |].3.5 hold. Then for any p > 2, there
exists Ky > 0 such that the drift and diffusion terms of SDDE (4.2)) satisfy

rf (@) + L elw)g(@) < Kl + Jaf?), (115)

Ve, y € Ry, where Ky is a constant (see [39] for the proof).

4.4.1 Numerical approximation

Before we proceed, let us extend the volatility function ¢(y) and the jump term
h(z) from R, to R by setting ¢(y) = ¢(0) and h(x) = 0 for z < 0. Apparently,

Theorem 4.3.4]as well as conditions (4.6)), (4.7)), (4.17)) and (4.18) are well maintained.

Moreover, we do not need to truncate the jump term since it is of linear growth. To
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define the truncated EM scheme for SDDE (4.2)), we first choose a strictly increasing

continuous function p : Ry — R, such that p(r) — oo as r — oo and

sup (|f(z)] v g(x)) < plr), vr>1. (4.19)

1/r<z<r

Denote by p~! the inverse function of y. We define a strictly decreasing function
m:(0,1) — R, such that

lim 7(A) = co and AY47(A) <1, VA € (0,1]. (4.20)

A—0

Find A* € (0,1) such that ' (7(A*)) > 1 and f(z) > 0 for 0 < z < A*. For a
given step size A € (0, A*), let us define the truncated functions

fale) = F(Up @A) V @ AR (@(A), Vo eR

and
g(x A u—l(w(A))>, if 2 >0
0, if z <0.

galx) =
So for x € [1/u~ (7(A)), p= (7 (A))], we have
[fa@)| = |f(z)] < max | f (w)|
1/ (x(A) Swsp L (x(A))
< p(pH(7(A))) = 7(A)
and
ga(z) < p(p(m(A))) = m(A).

We easily observe that

|fa(@)| Vgal(z) <7(A), VzeR. (4.21)
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That is, both truncated functions fa and ga are bounded although both f and g
may not. The following lemma shows fa and ga maintain (4.18)) nicely.

Lemma 4.4.4. Let Assumptions |4.5.1 and |{.3.5 hold. Then, for all A € (0,A*)
and p > 2, the truncated functions satisfy

e (@) + 2 ol)oa(@)P < o1 + o) (1.22)

Va,y € R, where K5 is a constant independent of A (see [39] for the proof).

From now on, let 7' > 0 be fixed arbitrarily and the step size A € (0, A*] be a
fraction of 7. We define A = 7/M for some positive integer M. Let now form
the discrete-time truncated EM approximation of SDDE (4.2). Define ¢, = kA for
k=-M,—(M-1),---,0,1,2,---. Set Xa(ty) = &(tg) for k= —M,—(M—1),---,0

and then compute

Xa(ter1) = Xa(ty) + fa(Xa(tr) A+ o(Xa(tr-m))ga(Xa(te) ABy+h(Xa(tr)) ANy

(4.23)
for k=0,1,2,---, where ABy = B(tx+1) — B(tr) and ANy, = N(tg41) — N(tx). Let
now form two versions of the continuous-time truncated EM solutions. The first one

is defined by

Ta(t) = Z XA(tr) Lty ts) (). (4.24)
k=—M
This is the continuous-time step-process Za(t) on ¢t € [—7, 00], where 1; y is the

indicator function on [tg,%;41). The other one is the continuous-time continuous

teotk+1

process xa(t) on t > —7 defined conveniently by setting xa(t) = £(t) for t € [—7,0]
while for ¢ > 0

ra(t) = £(0) + / fa@als))ds + / o(@a((s — 7)7))ga(@a(s))dB(s)
+ /0 h(za(s™))AN(s). (4.25)
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Obviously xa(t) is an It6 process on t > 0 satisfying It6 differential
dea(t) = fa(@a(t”))dt+o(@a((t—7)7))ga(@at™))dB(t)+h(za(t™))dN(t). (4.26)

For all k = —M,—(M —1),---, it is useful to see that za(tx) = Za(tx) = Xa(tx).

4.5 Numerical properties

In this section, we establish the finite moment and finite time strong convergence

theory of the truncated EM solutions to SDDE (4.2)).

4.5.1 Moment bounds

To upper bound the moment of the truncated EM solution, let first define
k(t) = [t/A]A,

for any ¢ € [0, 7], where [t/A] denotes the integer part of ¢/A. The following lemma

shows za(t) and Za(t) are close to each other in LP.

Lemma 4.5.1. Let Assumption hold. Then for any fized A € (0, A*], we have

E(Joa(t) = 2a ()| Fin) < D1 (A72(x(2)) +A)Za(@®)F, pe[2.00) (427)
and
E(jeat) = 2a®F| Fr ) < D2 (A72(r(A)7 ) lza(®)F, e (0.2),  (428)

for allt > 0, where ®1 and Do denote positive generic constants which depend only

on p and may change between occurrences.
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Proof. Fix any A € (0,A*) and t € [0,7]. Then for p € [2,00), we derive

E<|xA(t) - m(t)l”lfka))

<3 (B( [ alea()dsl’| Fi) +E( / o(Tal(s = 7)))ga(@a(5)dB(5) | Fign)
) k()

t

+ C(p)A(p_2)/2E(/k(t) [(Za((s = 7)))ga(Ta(s))[ds| Fi)

+E(| | haa(s)aNGIP|F)

< 31 <Ap—1A(7T(A))p + c(p)A(p_Q)/QA(mr(A))p + E(| h(fA(S))dN(S)m]:k(t)))a

k(%)

where Assumption and (4.21]) have been used and ¢(p) depends on p. By the

characteristic function’s argument (see [45]), we have
E|AN,|P <cA, VA € (0,A"),

where ¢ is a positive constant independent of A. We now obtain
t
B [ h@a()aN )| Fi) = 1h@a @) PEIAN]
k(t)

This implies

E(|oa(t) = 22| Fin ) <377 (A7 AT(A)Y
Fe(p) AP A(oT(A) + Ih(EA () EIANP),
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where h(Za(t)) is independent of Ny. We now have

E(jea(t) = 2a(t)| Fiy) <37 ((1V elp)o”) A2 (x(A))" + cofaa(t7)PA)
<371V e(p)o” v cah) (AY(r(A))" + [2a(1)A)
<2 (A2 (x(2)) + A) 22 ()"

which is ([(£.27), where ©; = 377![(1 V ¢(p)o?) V ca}]. For p € (0,2), the Jensen
inequality yields

E(jealt) - 22 Fie) )

o, (Alr(a)? + A fea)

< 22D (APR(r(A)) + A2 (|aa (D)2

D, (A72(x(A))) Ea(B)P.

E(\xA(t) - EA(t)|p|]-"k(t)> <

IN

which is the required assertion in (4.28)), where ®, = 27/ 2©7f/ ®. The proof is thus
complete. O

The finite moment of the truncated EM solution is revealed in the following

lemma.

Lemma 4.5.2. Let Assumptions and[{.3.3 hold. Then for any p > 3

sup sup (Elza(t)]?) < ps, VT >0, (4.29)
0<A<A* 0<t<T

where ps = p3(T,p, K5,&) and may change between occurrences.

Proof. Fix any A € (0,A*) and T' > 0. For t € [0,7T], we derive from (4.3), (4.19)
and Lemma [£4.4] that

Elza(t)]” — 1£(0)]”
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<B [ pleals)P (5 alma () + Egrle(ealls = 1 Daa(ea(sO)P

2

IE / plea(s )P 2(zals™) — 2a(s7)) fa(@a(s))ds

+ A]E(/Ot |za(s7) + h(Za(s™))P — ym(s*)|p>ds

< Hy1 + Hip + His,
where
t
Hy =E / Ksplaa (s (1 + 2a(s)[?)ds,
Ot
Hy—E / plra(s )P (2als™) — 2a(s7)) FaEals ))ds
0
and
t
His=XE( [ foa(s7) + hoa(s )P = [oa(s )P )ds
0
Applying the Young inequality, we obtain
t
Hiy = K [ Joa(s )P (1t [aals)P)ds
0
t
(p—2) _ 2 L
< K, ——E|za(s™)|P + -E(1 4 |2a(s7)|)? )ds
0 [ (L= Bl () + 2B+ laa ()Y
t
<K [ (0= 2Eloa(s)P + 21+ Blaa(s ) ds
0

t
<o [+ Blaa(o)F + Elra(s)P)ds,
0

where ¢; = Ks[(p —2) V 2P]. For s € [0,t], we note from the triangle inequality

[za(s7)| < fzals™) = 2alsT)[ + [zalsT)]

90

)ds
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This implies for p > 3, we obtain

p—2

N (CNCSEENCSEENES])
< ea(s7) = 2alsl|fa(@a(s)lds

< 2098 / (leals™) = 22O + 12a(s)P?)

X |zals™) = zals™)|[fa(@als™))|ds
= Hiz1 + Hia,

where
t
Hyy = 2(p_3)P]E/ |fA(S_)|p_2|ﬂUA(S_) —za(s)||fa(@al(s™))|ds
0
and

Hip = 209K / a(s™) = Ta(sT) Y fa(al(s))lds,

By Lemma |4.5.1| and (4.21)), we now have

Hi <209 | E{J2 ()21 (a5 Ira(s) — (5)| Fie)) s

0

< 20Dy (n(A)) AY(n(A)) / B{l2a ()l (lma(s)"*) s

0

< 2 I a(r(A) AV (r() | Elza(s) " ds

<2 9pmu(a(@)pat [ (5 P Dnjmaop)as

¢
< +03/ E|za(s)|Pds, (4.30)
0

where ¢, = 2P79D,T and ¢z = 2P73)Dy(p — 1) , noting that (7(A))AY* < 1 and
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hence
[(r(A) AV <1

Also by (4.21]), we have
t
Hip < 2(p_3)p7r(A)/ E|za(s) — Za(s)[Pds. (4.31)
0
Do note for p > 3 and w € (0,1/4], we have pw < (p — 1)/2 and then
AP=D/2=wp < (4.32)

So for p > 3 and w = 1/4, we obtain from (4.31)), Lemma (4.32)) and the Young

inequality
Hizy < 20~ p@; (AT-D2(r(2)) (7(A)) + A(r(A)) ) /0 E|za(s)P~ds
< 2079p®, (A@*U/?(W(A))P + A(w(A))) /0 t]E|;Y:A(s)|p’1ds

t
< 2(p—3)p©1<A(p—2)/4+A(7T(A))>/ E|:EA(3)|P—1dS
0

bl —1
< 2(p_2)p©1/ (— + G )E|fA(s)|p>ds
0o P D
t
<y +C5/ E’Q_?A(Sﬂpds,
0

where ¢y = 2P72®,T and ¢5 = 272D (p — 1). We now combine Hyy and Hyy to

have
t
Hiy <co+cq+ (c3+c5) / E|za(s)[Pds
0

t
< cg+ 07/ E|za(s)|Pds,
0
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where cg = ¢ + ¢4 and ¢; = ¢3 + ¢5. Also we estimate Hiz as

s =B ( [ rals) 4 hEals )P — lra(s )P )ds
< ([ 2 sl I+ 2 sl — (7)) ds
< ([ = Dlaals )l + 2 ablaalsl) i
<o [ Elea(o)P + Bz (o))t

where cg = A\[(2P71 — 1) v 277 1af]. Combining Hiy, His and Hyz, we have

Elza(®)P < [E0)]P + (1T + ¢6) + /0 ((cl + c3)E|za(8)|P 4+ (c1 + 7 + 08)E|§7A(s)|p) ds

¢
< o+ 2010/ sup (ElIA(U)|p)d87
0

0<u<s

where cg = [£(0)|P + 1T + ¢ and c19 = (¢1 + ¢s) V (¢1 + ¢7 + ¢g). As this holds for
any t € [0,7T], we then have

t
sup (E|za(uw)|?) < e+ 2610/ sup <E|xA(u)|p>ds.
0

0<u<t 0<u<s

The Gronwall inequality yields

sup (Elza(u)]?) < py
o<u<T

as the required assertion, where p3 = cge?197" is independent of A. O

4.5.2 Finite time strong convergence

We can now establish the finite time strong convergence of the truncated EM solu-
tions to the exact solution of SDDE (4.2)). Before that, let us first establish the

following useful lemma.
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Lemma 4.5.3. Suppose Assumptions [4.53.1], [/.3.5 and [4.4.1] hold and fix T > 0.
Then for any € € (0,1), there exists a pair n = n(e) > 0 and A = A(e) > 0 such
that

P(Ja, <T) < e (4.33)

as long as A € (0, A], where
Onn, =inf{t € [0,T] : xa(t) ¢ (1/n,n)} (4.34)

1S a stopping time.

Proof. Let Z(-) be the Lyapunov function in (4.11)). Then for ¢t € [0,7], the It6

formula gives us

E(Z(za(t Adan)) — Z(£(0)))

DA ) - . o o
:E/O [Zx(m(s Nfa(Za(s ))+§Zm(a?A(s No(Eal(s — 7)7))2ga(Fa(s7))

T AZ(zals™) + h@alsT))) — Z(zalsT))) | ds.
By expansion, we obtain

E(Z(zalt Adan)) — Z(£(0)))

<& [ [(Zles( N steals)

+ 5 Zun(aa(s7)plea((s = 1)7)Poa(aa(s)

+MZ(eals) + hiza(s7) = Z(wa(s7)

+ Zo(wals7) (fa@als7) — faleals)))

+ 5 Zu(eals ) ((alls = 7)7)0a(als)) — plaalls = 7)) Voaeals))?)

+ )\(Z(xA(s’) 4 h(@a(s7)) — Z(za(s™) + h(xA(s*)))ﬂ ds

t/\ﬁA,n
SE/ L(xa(s™),za((s —7)7))ds + Hay + Hao + Hog
0
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Here,

L{za(s™), zal(s = 7)7)) < l(za(s™),zal(s =7)7))
+A(Z(zals™) + hlzals™))) = Z(zalsT)))

is the operator (4.3)) which is independent of ¢ with
Uza(s™),zal(s = 7)7)) = Zu(za(s™)) falzals™))
b 5 Zueeals)olea((s = 7))o (ea(s)

and

Ho =B [ 2eals) (JalEals) - faleals))ds,
Ho= 3B [ Zaleals) (ol - 1)o@l
— ploal(s = 7)) galealsT))?)ds,
o =38 [ (Zloals) + sl ) - Hlesls) +eals ) )is
By Assumption [£.3.3] there exists a constant K > 0 such that for s € [0,¢ A 0a ]
Leas).aalls = 7)) < Ko
Also by Lemma 23, we have

t/\ﬁA,n
Hy < K,E / Zo(xa(s7))Tals) — xa(s)|ds.
0

Meanwhile, for xa(s™),Za(s™) € [1/n,n], we derive that

Hy = oE / " 2 (g (wa(s)le(@alls = 7)) — plaal(s — 7))
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+o(@al(s = 7)) lga(@al(s7)" = gA(m(S’))Q\)dS

tADA
SB[ Zu (oD K a6 (57) — 2a(s7)

+0(u(n)*Lalza((s = 7)7) — zal(s - T)_)I)ds,

where (4.6]), (4.16) and (4.17)) have been used. Moreover, by the definition of (4.11),
we have

Hy < AE / 7 ((@als) + hEa(s) — 1 - Blog(aa(s) + h(Ea(s7))

— (ea(s7) + h(za(s7) + 1+ Blog(ea(s™) + hlra(s))) )ds
< Hysgp + Hogo,

where

tADA
Hyy = AE /O (2a(s7) + asials)? — (za(s™) + aszals™))’|ds

and

t/\ﬁAyn
Hua =3B [ |loglaa(s) + asta(s)) ~ ogeals”) + asea(s))lds.
0
Applying the mean value theorem, we obtain
t/\ﬂA,n
Hy3 < n)\E/ |ZA(s7) + a3Za(s™) — agza(s™) —xal(s)|ds
0
t/\l?A’n
= n/\ocgE/ |Za(s7) — za(s™)|ds.
0

Similarly, we also have

t/\ﬂA,n
Hags < nAGE / 2a(s7) + asZal(s™) — agrals) — za(s )|ds
0
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t/\ﬁAyn
= n/\ozgﬁ]E/ 1ZA(s7) —xza(s7)|ds.
0

Substituting Hoz; and Haze back into Haz, we have

tAIA
Hys < niasz(1+ ﬁ)E/ |ZA(s7) —za(s7)|ds.
0
We thus combine the Hy, Hys and Hsg to have
E(Z(sa(t Adan)) < Z(E0)) + KT
tAIA
+ U(M(n))anE/ Zyr(xa(s7))Za((s = 7)7) —2al(s —7)7)|ds
0
tAIA
+ Kn]E/ Zo(xa(s)|Za(s™) —xa(s™)|ds
0
TN
+ 02u(n) KA E / Zun(wa(s™))|Ta(s™) — za(s™)|ds
0
tAIA
+ nAasz(l + ﬁ)E/ |ZA(s7) —xza(sT)|ds.
0
Therefore, we get
tAIA
E(Z(za(t Nan))) < Z(£(0)) + K¢T + KﬂE/ |Za(s —7) — za(s — 7)|ds
tAIA ’
+ KgE/ |ZA(S) — za(S)|ds
0
0
< 2(600) + KT + KiE | [€(s/818) = €(s)]ds

1/p
-Fk(s)) ds

+ (K7 + Ks) /OT]E<]E|5A(5) —za(s)P
where

K; = max {Z..(z)o(u(n))’L,}

1/n<z<n
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and

Ks = max {Z,(2)K, + Zp(x)o*u(n) K, + nias(1+ B)}.

1/n<z<n

By Lemma |4.5.1 and [4.5.2, we now have

E(Z(za(t AVay))) < Z(£(0) + K¢T + K3 K;TAY + (Kq + Kg)D7'”

< (armar +a) " [ @laar s

IN

Z(£(0)) + K¢T + K3 K;TA + (K7 + Kg)D,/”

< (s +a) " [ (s Elatp) s

0<u<s

IN

Z(£(0)) + KT + 1 A7 + vo(AP2(7(A))P + A2 pl/PT.
where v, = K3K;T and vy = (K7 + Kg)@}”’. Hence,

Z(£(0)) + K¢T + 11 A7 + v (AP2(m(A))P + A)V/Pp/PT

P(Wan <T) < Z(1/n) A Z(n)

(4.35)

For any € € (0,1), we may select sufficiently large n such that

Z(£(0)) + KT
Z(1/n) N Z(n)

(4.36)

and sufficiently small of each step size A € (0, A] such that

AT + vy (AP2(7(A))P + AP pk/PT
Z(1/n) A Z(n)

Therefore, we obtain (4.33]) by combining (4.36)) and (4.37]). ]

The following lemma shows the finite time strong convergence theory of the trun-
cated EM solutions.

< (4.37)

DO
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Lemma 4.5.4. Let Assumptions|4.53.1,|/.3.5, [4.4.1] and|4.5.9 hold. Set

SAn = 79A,n A Tp,

where I, and 1, are (4.10) and (4.34)) respectively. Then for any p > 2, T > 0,
we have

IE( sup |za(t Asan) —z(tA §A,n)|p> < KCAPA/AMN/P) (4.38)

0<t<T

for any sufficiently large n and any A € (0, A*], where K is a constant independent
of A. Consequently, we have

lim E( sup |za(t Asan) —z(tA §A,n)|p> = 0. (4.39)
A—0 0<t<T

Proof. By elementary inequality, it follows from (4.2)) and (4.26)) that for ¢; € [0, T

]E( sup |$A(t A §A,n> - .T(t A gA,n)|p> S H31 + H32 + H33.

where
Ha =3 B(| [ laloals ) = fals last)
Haa =3B ( s | [ lptaa((s = 1) Daalea(s)
— pla((s — 7)Nglals NB(s)P)
and
Hoa =3B (s | [ h(aals) = Mals DN GIP).

By the Holder inequality and Lemma [4.4.2] we have

t1ASA,n
Hz < 3P 'TP1KPE / 1Za(s7) — x(s7)|Pds, (4.40)
0
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Furthermore, the Holder and Burkholder-Davis Gundy inequalities yield

Mo TP 0E [ (je(alls ~ 1) Noaleals) — lalls = ) Dgaleals )
Fepla((s =) aalEals ) — plal(s — ) Nalals NP ds
<P R / T (gl Pleaalls — 1)) - plal(s ) DP

+ plw((s = 7))V lga(@a(s7) — gla(s)IF )ds,

where ¢, is a positive constant. For s € [0, A sa,], we have za(s7),Za(s™) €
[1/n,n]. So by Assumption 4.4.1, Lemma |4.4.2| and (4.19), we now have

Hia <279 T G L un)VE | [€(s/818) ~ €(s)ds (4.41)

tl/\gA,n
+2p_13p_1T¥c LP(u(n))? + KPoP)E TAa(87) —x(s7)|Pds.
P n lu n
0
< 2T ¢ LY (u(0)PA T + 27 T (L) + K2o)

tl/\gA,n
X E/ |ZA(s™) — x(s7)|Pds. (4.42)
0

Moreover, we obtain from elementary inequality

Hy <3 E( sup | [ [h(Ea(s) - (s )N

0<t<ts Jo

+ A / [h(zals ) = ha(s)ds]")

< Hsz; + Hsso,

where

g =238 s | [ haals ) — hlals )IANG)P)

0<t<ts Jo



CHAPTER 4 101

and

t/\gA,n
Hszo = 2p_13p_1/\pE( sup | [h(za(s7)) — h(x(s_))]ds|p>.
0<t<t1 Jo
The Doob martingale inequality, martingale isometry and Lemma give us
D

2

Hyn <279 508 (E /0 T h(EalsT) — ha(s™)PdN (5))

b lop_1_ P p—2 » tiNSA N 3 _ \p
<2073 e, 2T 7 KPR |ZA(s7) — xz(s7)|Pds,
0

where ¢, is a positive constant. Moreover by the Holder inequality and Lemma
t1NSAn
Hip <273 0T E [ h(aa(s) - als)Pds
0
t1NSA n
< op-1gp- Ly el KR / Fa(s™) — 2(s7)|Pds,
0
where Lemma has been used. Substituting Hss; and Hsso into Hss yields
» p—2 tl/\gA,n

Hjzz < 20713P71KP(e \2T°2 + NWTPHE / |Za(s7) —x(s7)[Pds.  (4.43)

0

We now combine (4.40)), (4.41) and (4.43) to have
E( sup |za(t Acan) —z(tA gA,n)|p)
0<t<ty
t1ASA
SGAPTH (G GHQE [ lnals) —als)Pds
0
tl/\§A,n
S QAT+ (G + G+ WE / |Za(s) — x(s)|Pds,
0

where

L= 2213 ¢ L KE () )P,
P—nt*3 2
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G =3 KT,
G = 207137 o (L2 (u(n))? + KZoP)

and
Go= 271 R (ENET S AT,
Meanwhile by elementary inequality and Lemma [£.5.1]

E( sup |za(t Asan) —x(t/\%,nﬂp)

0<t<ty

T
<GAPT P NG+ G ) [ B(Elrals) - ma()P] i ) ds
0

t1
+ 207G+ G+ G) / E( sup |za(t Acan) —x(t A CA,n)|p) ds
0

0<t<s

T
<GAMT 427G+ G QIR (A ((A)r + A) [ Blaa(s)Pds
0

+ 277G+ G+ G) / 1 E( sup |za(t Acan) —x(t A gA,n)‘p) ds
0

0<t<s

So by Lemma [4.5.2] we have

]E( sup [va(t Asan) —z(t A CA,nW)
0<t<ty

< QAT + 27 DT (G + G+ Go) ([A4(n(8)7) A7/ + 27017
t1
+ 227G+ G+ Q) / E( sup |za(t Asan) — 2(tA §A,n)|p> ds
0 0<t<s
< (QT + 2P D T (G + G+ C4)(Ap/4(7T(A))p + 1)) APUTANAL/)

+ 27" NG+ G+ ) / 1 E( sup |za(t Asan) —x(t A §A,n)|p) ds.
0

0<t<s
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Noting from (4.20)) that [AY4(7(A))]P < 1, we have

]E< sup [za(t Asan) — z(t A §A,n)’p>

0<t<ty

< (ClT + 220301 T (Co + (5 + <4)> AP(/4AYA1/p)

+ 277G+ G+ G) / 1 E( sup |za(t Acan) —x(t A CA,n)|p)d5-
0

0<t<s

By the Gronwall inequality, we obtain

E( sup |za(t Asan) —z(t A §A7n)|p> < ICAPA/AnnL/D).
0<t<T

where K = 0;(p)e??® with

01(p) = Q7 + 2P p3D1T(Co + (3 + Ca)

and
02(p) = 2771 (Ca + Gs + Ca).
Moreover, the required inequality (4.39)) is deduced by setting A — 0. O]

The following gives the strong convergence theory of the truncated EM scheme.

Theorem 4.5.5. Let Assumptions|].3.1],[4.5.3,4.4.1] and |{.53.9 hold. Then for any
p > 2, we have

lim E( sup |za(t) — x(t)|p> —0 (4.44)
A—0 0<t<T

and consequently
lim E( sup |Za(t) — x(t)]p> = 0. (4.45)
A—0 0<t<T

Proof. We only need to prove the theorem for p > 3 as for p € [2,3) it follows from
the case of p = 3 and the Holder inequality. Let ¥a,, 7, and ca, be the same as
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before and set
ea(t) = za(t) — x(t).

For any arbitrarily 6 > 0, the Young inequality yields

E( sup |6A(t)|p> (4.46)
0<t<T
= E( sup lea(t)["1{r,>7 and ﬂA,n>T}> + E( sup |ea(t)[PLir, <7 or ﬁA’nST}>
0<t<T 0<t<T
J 1
< IE( sup |ea(t)|P s n>T}) + —E( sup \eA(t)Pp) + —=P(r, <T or Ia, <T).
0<t<T ’ 2 No<i<r 20

So for p > 3, Lemmas [£.3.5] and [4.5.2] give us

E( sup lea(®l*) < 27E( sup [o(t) v sup |za(t)*)

0<t<T 0<t<T 0<t<T
< 29(p W py). (4.47)
Also by Theorem [4.3.4] and Lemma [4.5.4]
Plean <T) <P(1, <T) +P(Wan <T). (4.48)

Moreover, by Lemma [4.5.4]

E( sup Jealt)1(ey,omy ) < KAPI/AMND), (4.49)

0<t<T

Therefore, we substitute (4.47)), (4.48) and (4.49)) into (4.46) to have

2 2
E( sup \eA(t”p) < 273(p1—;/p3)5 _I_ICAP(1/4/\’Y/\1/p)

0<t<T

1 1
— < — <7T).
+ 25]1)(7'” < T) + 25P(19A,n < T)
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Given € € (0,1), we can select 0 so that

2% (p1 V p3)?0 _ e
— < - 4.50

5 1 (4.50)
Similarly, for any given € € (0, 1), there exists n, so that for n > n,, we may select

4 to have

1 €
—P(r, <T) < - 4.51
and select n(e) < n, such that for A € (0, A]
L by, <T) < (4.52)
26~ on=T =y '
Finally, we may select A € (0, A] sufficiently small for € € (0, 1) such that
APL/4MnLp) < € 4.
K < (4.53)

Combining (4.50)), (4.51)), (4.52) and (4.53]), we establish

E( sup |za(t) — :v(t)|p> <e

0<t<T

Therefore, we obtain (4.44)) and clearly, by Lemma 4.5.1] also get (4.45)) by letting
A — 0. [l

4.6 Numerical examples

In this section, we analyse the strong convergence result established in Theorem
by comparing the truncated Euler-Maruyama (TEM) scheme with backward Euler-
Maruyama (BEM) scheme for SDDE (4.3]) without a_jz(t)™' term. It is already
noted in [39] that the BEM scheme is not known to cope with a_jz(¢)~! term but
the TEM could cope with this term. Consider the following form of SDDE (4.2

dr(t) = (a_12(t7) ™ —ap + @ (t™) — agz(t™)?)dt
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+ p(z((t —1)7)z(t7)>*dB(t) + asz(t™)dN (1), (4.54)
with initial data £(t) = 0.2. Here ¢(y) is a sigmoid-type function defined by

(A+(e¥—e"")) ify>0
ey BV = (4.55)

, Otherwise,

Obviously, equation (4.55) meets all the conditions imposed on (y) (see [39]). The

1 5/4

coefficient terms f(z) = a_127! — ap + ayx — azr? and g(z) = 2%/ are locally

Lipschitz continuous and hence fulfil Assumption 4.3.5. Moreover, we easily observe

sup (|f(2)] V g(x) < Kow?, u>1,

1/u<z<u

where Kg = a_1 + ag + o + oo + a3. We can now use pu = Kou? with inverse
i () = (ufKo) V2.

4.6.1 Numerical results

By choosing 7(A) = A~%/3 step size A = 1072 and the following coefficient values
in Table , we obtain Monte Carlo simulated sample path of x(t) to SDDE ({4.54))
in Figure [4.T] using the TEM scheme.

a_1 Qp aq (6%) Qs
02 1030205 1

Table 4.1: Coefficient values including a4

By similarly choosing 7(A) = A~%3, step size A = 1072 and the coefficient values
in Table below, we also obtain Monte Carlo simulated sample paths of x(t) to
SDDE (4.54) in Figure using the TEM and BEM schemes. Clearly, the sample

paths of these two schemes are almost identical for the step size A = 1072
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(%)) (05] (6D) Q3

0310205 1

Table 4.2: Coefficient values excluding a_

Finally, the log-log plot of the strong errors between the TEM and BEM numerical

solutions for step sizes 1072, 1073, 10~% and 107° is displayed in Figure [4.3| with a
reference line of slope 1.0. Do note this simulated result of strong errors is not yet
established theoretically.

2.0

—— TEM Scheme

1.5

X(t)
1.0

0.5

0.0

-0.5

| T | 1
0.0 0.2 0.4 0.6 0.8 1.0
Time

Figure 4.1: Simulated sample path of z(t) when A = 0.01
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—— TEM Scheme
—— BEM Scheme

25
|

15

x(t)

1.0

0.5
|

0.5

0.0 0.2 0.4 0.6 0.8 1.0

Time

Figure 4.2: Convergence of TEM and BEM solutions when A = 0.01
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log(E (max| TEM-BEM|))
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-40

Figure 4.3: Strong errors between TEM and BEM schemes

Error
Reference line with order 1.0

T T
-10 -8

log(StepSize)

109



CHAPTER 4 110

4.7 Summary

In this chapter, we proposed the Poisson-jump Ait-Sahalia-type interest rate model
with delay. In this case, we retained the delayed volatility function introduced in
Chapter [3| and added Poisson-driven jumps to help explain interest rate dynamics
against unexpected joint effects of extreme volatility and jump behaviour or inform-
ation flows which commonly pervade most financial markets. We proved analytical
properties such as existence of pathwise unique positive global solutions and finite

moments of the exact solution to the proposed model.

Apparently, the proposed model is not analytically tractable. So, we employed the
truncated EM scheme to approximate it. Then we proceeded to establish numerical
properties such as boundedness of moments in the strong sense and finite time strong
convergence order of the truncated EM approximate solutions to the exact solution
under the local Lipschitz condition plus the Khasminskii-type condition. We estab-
lished the strong convergence result of KAP(/4MALP) - Tastly, we performed some

numerical simulations to support the theoretical findings.
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Numerical approximation of
hybrid Poisson-jump
Ait-Sahalia-type

interest rate model with delay

5.1 Introduction

The aim of this chapter is to perform theoretical and numerical analyses of the
proposed SDDE model (1.4) by drawing on applicable analytical and numerical tools
and techniques developed in Chapters [3] and

The rest of the chapter is organised as follows: In Section [5.2] we introduce the
hybrid Poisson-jump Ait-Sahalia-type interest rate model with delay. We examine
the existence and uniqueness of the solution to the proposed model and show that
the solution will always be positive in Section [5.3] We also establish boundedness of
moments of the exact solution in this section. In Section[5.4] we define the truncated
EM scheme for the proposed model. We survey boundedness of moments of the

truncated EM approximate solutions and employ the truncated EM techniques to

111
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study finite time strong convergence of the numerical solutions to the exact solution
in Section [5.5] In Section we implement some numerical examples to validate
efficiency of the proposed scheme. Brief summary of the results established is then

provided in the last section.

5.2 The hybrid Poisson-jump Ait-Sahalia-type
interest rate model with delay

We let (€2, F,P) be a complete probability space with a filtration {F;}:>o satisfying

the usual conditions. Consider the following scalar dynamics as equation of SDDE

()

dx(t) = f(a(t™),r(t)dt + o(z((t — 7)7)),r(t)g(x(t7))dB(t)
h(z(t7),r(£))dN(2), (5.1)

+

such that f(x,i) = a_1(i)r™ — ap(i) + a1(i)x — az(i)x?, g(x) = 2%, h(x,i) = as(i)x,
Vo € Ry and ¢ € S, where p(y,1) € C(Ry x S;Ry). For each H € C*'(R x Ry x
S;R), define the jump-diffusion operator LH : R x R x R, x § — R by

N
LH(z,y,t,1) = TH(x,y.t,i) + \(H(z + h(z),t,8) = H(z,t,9) + Yy H(z,1,j),

=1

(5.2)
where ZH : R x R x R, x § — R is the diffusion operator defined by

TH(z,y,t,0) = (e, ) + oo, 1) (2) + 5 el 1, )oly, 0P9(0), (59

with Hy(z,t,7) and H,(x,t,i) as first-order partial derivatives with respect to ¢ and
x, and H,,(z,t,i) as a second-order partial derivative with respect to x. Given the

jump-diffusion operator, we could deduce the generalised It6 formula as

dH (z(t),t,r(t)) = LH(x(t), o((t — 7)7), t,r(t))dt
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+ Hy(z(t7),t,r(8)e(z((t — 7)7),r(t)g(z(t™))dB(t)
+ (H(x(t7) + h(@(t7)), t,7(8)) — H(x(t7),t,7(t)))dN(t)

+ /R(H(x(zﬁ),t, io+q(z(t™),z)) — H(x(t™),t,r(t))))M(dt,dz), as.
(5.4)

Consult (e.g., see [56] and the references cited therein). We impose the following

standing hypotheses which are very useful for the proofs.

Assumption 5.2.1. The volatility function ¢ : R, x S — R, of SDDE (5.1)) is

Borel-measurable and bounded by a positive constant, that is

e(y,i) <o, (5.5)

Vye R, andi € S.

Assumption 5.2.2. For any R > 0, there exists a constant Lr > 0 such that the
volatility function ¢ : Ry x S — R, of SDDE (5.1) satisfies

V(y,y) € [, R] and i € S.
Assumption 5.2.3. The parameters of SDDE (5.1)) obey

1+p>20, p0>1. (5.7)

5.3 Analytical properties

In this section, we study the existence of pathwise uniqueness and finite moments of
the exact solution to SDDE (/5.1)).
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5.3.1 Existence and uniqueness of solution

One basic requirement of a financial model is the existence of a pathwise unique

positive solution. The following lemma therefore reveals this requirement.

Lemma 5.3.1. Let Assumptions [5.2.1] and |5.2.5 hold. Then for any given initial
data

{x(t): =7 <t <0} =£(t) e C([—7,0] : Ry), 19 €S, (5.8)
there exists a unique global solution z(t) to SDDE (5.1)) ont > —71 and z(t) > 0 a.s.

Proof. Since the coefficient terms of SDDE are locally Lipschitz continuous in
[—7,00), then there exists a unique positive maximal local solution z(t) € [—7,7.)
for any given initial data (5.8)), where 7. is the explosion time (e.g., see [56]). Let
ng > 0 be sufficiently large such that

1
_ i <
o < _min 16(t)] < max [£(t)] < no.

For each integer n > ng, define the stopping time
T, = 1inf{t € [0,7.) : z(t) & (1/n,n)}. (5.9)

Obviously, 7, is increasing as n — oo. Set 7o, = lim 7,, whence 7, < 7, a.s. In
n—oo

other words, to complete the proof, we need to show that
Too = OO0 A.S.
We define a C%-function H : R, — R, for some ¢ € (0, 1] by
H(z) = 2% — 1 — ¢log(z). (5.10)
From the operator and by Assumption , we obtain

IH(w,y,t,1) < a1(i)¢x®™* — ag(i)¢z®™! + a1 (i) pa? — as(i)da’ 7" — ay(i)pa™
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2 2
Fao(i)or = an(i) + as(ihorr™ + T o6~ a0 Tga® 2
By the Jump-diffusion operator in ([5.2)), we now have
LH(x,y,t,9) <TH(z,y,t,1) + (1 + as(:))? — 1)z? — Aplog(1 + as(i)).

For ¢ € (0,1] and by Assumption [5.2.3] we observe —a_;(i)¢px~% dominates and
tends to —oo for small z and for large x, —as(i)¢x***~1 dominates and tends to

—00. So there exists a constant Ky such that
LH(x,y,t,1) < K.
So for any arbitrary t; > 0, the It6 formula gives us
E[H (z( A t1))] < H(E(0)) + Kot

It then follows

H(EO)) + Kot
Pl < 0) S gy A H )

This implies P(7, < t;) = 0 and consequently, we must have
P(ro =00) =1

as the required assertion. The proof is thus complete. O

5.3.2 Moment bounds

The following lemma shows the moment of the exact solution z(t) to SDDE ([5.1)) is
finite.

Lemma 5.3.2. Let Assumptions|5.2.1l and|5.2.5 hold. Then for anyp > 2V (p—1),
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the solution x(t) to SDDE (5.1) satisfies

sup <]E|x(t)|p> <e, (5.11)
0<t<o0o
and consequently
1
su ]E—p><c, 5.12
0§t<poo< |33t)| = (5.12)

where ¢; and ¢y are constants.

Proof. For every sufficiently large integer n, we define the stopping time by
T, =inf{t > 0:x(t) & (1/n,n)}.

We also define a Lyapunov function H € C*'(R, x R;R,) by H(x,t) = e'azP. By

Assumption [5.2.1] we apply (5.1 to obtain
LH(z,y,t,i) <TH(z,y,t,4) + Xe'z?[(1 + az(i))? — 1],

where

Mazmw)] _

TH(x,y,t,i) < ¢ [:cp +pP % (1 (1) — ap(i)z + ay (i)2® — ag(i)z” T + 5

Apparently, by Assumption —pay(i)x?™P~1 dominates and tends to —oo for

large x. So there exists a constant Iy such that
LH(z,y,t,1) < K€
By the the Ito formula, we have

Ele”™[x(t A7) |"] < [€0)]" + Ky,
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Applying the Fatou lemma and letting n — oo yields

Bla(p)p < SOF T Rae

et

and consequently, we obtain ([5.14)) as the required assertion. Moreover, by applying
the operator (5.1)) to the Lyapunov function H(z,t) = e' /2P, we compute

LH(z,y,t,i) < TH(x,y,t,i) + Ao [(1 + ag(i) 7 — 1],

where Assumption has been used and

1
TH(z,y,t,i) < e [q:p—px(p“)(a1(2’)—ag(i):c+a1(i)x2—a2(i)x”“+%a2x29) :

For p > 2V (p — 1), we note —a_;(i)pz~"*? dominates and tends to —oo for small
x. Moreover, we also note pas(i)z?~P~! dominates and tends to 0 for large z. We
then find a constant Ky such that

LH(z,y,t,1) < Kqe'.

So from the Ito formula, we can apply the Fatou lemma and let n — oo to arrive at
(.12). O

5.4 Numerical method

Under this section, we recall the truncated EM method and apply it for conver-
gent approximation of SDDE (5.1). To start with, let us also impose the following

important condition on the initial data.

Assumption 5.4.1. There is a pair of constant K3 > 0 and Y € (0, 1] such that for
all =7 < s <t <0, the initial data & satisfies

[€(t) — &(s)| < Kt — s|". (5.13)
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We also need the following lemmas (see [39)]).

Lemma 5.4.2. For any R > 0, there exists a constant Kr > 0 such that the
coefficient terms of SDDE (5.1)) satisfy

[f (@, @) = f(2, )]V |g(x) = g(@)| V |h(z, i) = h(Z,7)] < Kgle -z, (5.14)

Vo,z €[4, Rl andi€ S.

Lemma 5.4.3. Let Assumptions|5.2.1 and [5.2.5 hold. For any p > 2, there exists
Ky = K4(p) > 0 such that the coefficient terms of SDDE (5.1)) satisfy

e (i) + 2oy 9@ < K1 +1a), (5.15)

\V/(l',y,'l) €R+ X R+ X S

The truncated EM scheme for SDDE (5.1)) is now defined in the following sub-

section.

5.4.1 The truncated EM method

Let extend the volatility function ¢(y,7) and the jump term hA(z,i) from R, to R
by setting ¢(y,i) = ¢(0,i) and h(z,i) = 0 for x < 0. These extensions do not in
any way affect above conditions and results. To define the truncated EM scheme for
SDDE (j5.1)), we first choose a strictly increasing continuous function p : Ry — Ry
such that p(r) — oo as r — oo and

sup (|f(z,9)| vV g(x)) <pl(r), Vr>1. (5.16)

1/r<z<r

Let 11! be the inverse function of y and ¢ : (0,1) — R a strictly decreasing function
such that

lim /(A) = co and AY4(A) <1, VYA € (0,1]. (5.17)
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Find A* € (0,1) such that p~'(¢(A*)) > 1 and f(x,4) > 0 for 0 < x < A*. For a
given step size A € (0, A*), let us define the truncated functions

falw,i) = £ (1 @A)V @A p @A), ¥(ai) €R xS

and
ga(r) = {g(:U A “_I(WA))), if >0
0 if x <0.

Then for 2 € [1/u~ (), 1 ($(A))], we get
Fale i) = [f@ il < max|f(zi)
1/ p=1((A)<z<pu~1(1(A))

< u(p” ((A)) =9 (A)

and

We easily see that
|falz, i) Vgalz) <Y(A), V(z,i) e RxS. (5.18)

The following lemma confirms that fa and ga nicely reproduce (|5.15]).

Lemma 5.4.4. Let Assumption|5.2.1 and|5.2.5 hold. Then, for all A € (0, A*) and
p > 2, the truncated functions satisfy

N, p—1 ,
wfa(w, i) + = lely, D)ga (@) < Ks(1 +[af*) (5.19)
V(z,y,i) € R x R x S, where K5 is independent of A. Consult [39].

Let also recall the following useful lemma.
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Lemma 5.4.5. Given A > 0, let rk = ra(kA) fork > 0. Then {rk k=0,1,2,---}

15 a discrete Markov chain with the one-step transition probability matrix
P(A) = (Pyj(A))nxn = e

The discrete Markovian chain {r%,k = 0,1,2,---} can be simulated as follows:

compute the one-step transition probability matrix
P(A) = (Pyi(A))wxn = ¢

Let rQ = i and generate a random number o which is uniformly distributed in
[0,1]. Define

i if iy € 8 — {N} such that Y75 Py ja) < @1 < 30, P
N, if Z P ia) < @,

where we set Z?:i P, j(ay = 0 as usual. Generate independently a new random

number wy which is again uniformly distributed in [0, 1] and then define

) in ifipeS— {N}smchthatzl2 1P1 - <w2<z 1A
TA -
N, 1fZN 1P17- < o,
Repeating this procedure, a trajectory of {rk,k =0,1,2,---} can be generated.

Given the discrete Markovian chain scheme, we now form the discrete-time trun-
cated EM scheme for SDDE by first letting 7" > 0 be arbitrarily fixed and the
step size A € (0, A*] be a fraction of 7. Define A = 7/M for some positive integer
M. Define t;, = kA for k = =M, —(M —1),---,0,1,2,-- -, set Xa(tx) = £(tx) for
k=—-M,—(M —1),---,0 and then compute

Xa(tr1) = Xa(tr) + fa(Xa(te), ra(te)) A + @(Xa(te—nr), ralte))ga(Xa(tr))ABy
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+ h(XA(tk), TA(tk))ANk (520)

for k=0,1,2,---, where ABy, = B(ty41) — B(tx) and AN, = N(tg11) — N(tx). We
have two versions of the continuous-time truncated EM solutions. The first one is
defined by

Ta(t) = Z XA(tk)l[tk:tlH—l)(t) and 7a(t) = Z TA<tk>1[tk7tk+1)(t>' (5.21)
k=—M k=—M

These are the continuous-time step processes Ta(t) and 7a(t) on t > —7, where
Lty tps,) 18 the indicator function on [tx, tx41). The second one is the continuous-time
continuous process za(t) on t > —71 defined by setting xa(t) = £(t) for t € [—7,0]
while for ¢ > 0

za(t) = £(0) +/0 fa(%(s_)ym(S))d8+/O p(Za((s —7)7),7als))ga(zals™))dB(s)
+ /0 h(Za(s™),Ta(s))dN(s). (5.22)
Apparently xa(t) is an Ito process on ¢ > 0 satisfying 1t6 differential

dra(t) = fa(@a(t™), Ta(t))dt + @(@a((t — 7)), 7a(t))ga(Za(t))dB(1)
+ R(Ta(t), 7a(t))dN(2). (5.23)

We observe za(tr) = Ta(ty) = Xa(tg), forall k = —-M, —(M —1),---

5.5 Numerical properties

Let us now investigate the numerical properties of the truncated EM scheme. In the

sequel, we let

k(1) = [t/A]A,
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for any ¢ € [0, 7], where [t/A] denotes the integer part of ¢/A. The following lemma

affirms z(t) and Za(t) are close to each other in the strong sense.

5.5.1 Moment bounds

Lemma 5.5.1. Let Assumption hold. Then for any fized A € (0, A*], we have
forp € [2,00)

E<|xA(t) . j:A(t)|p\]-“k(t)) <q (N/2(¢<A))P + A) Za(1)]7 (5.24)

Vt > 0, where € denotes positive generic constants dependent only on p and may

change between occurrences.

Proof. Fix any A € (0,A*) and ¢ € [0,7]. Then for p € [2,00), we derive
t
B(jea(®) ~ 2a (0P| Fuy) <3 (E( [ faeals) rals)dsl’|Fico)
k(t)
+E(|/
k
+E(|/

< 30t (AP1E</ |fa(@a(s),7a(s))Pds| Fiq)
k(1)

+ G, AP E / [Pl =) 7a(DasEa()Pds| Fug)

p(za((s = 7)), 7a(s))ga(@a(s))dB(s)[P| Frr)
(Q_ZA(S

>

t
(®)
t
®)

), 7a()AN ()] Ficy) )

I

1) IRCNCENEITETEE)

<7 (A AW + CATIPAGU(A)Y

FE( [ HEs(o) ()N Fia)

Recalling the characteristic function’s argument E|AN,[P? < CA, VA € (0,A*),
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in [45], we note
E(Jea(t) - 7alt |P\fk )
< 3~ 1<AP PA(A))? + CLAP DA (g (A))P + !h(m(t),r(t))l”JE!ANk!”)
< 37 (ATTAW(A)P + CATIA(Y(A)) + Cay(if]Ta(H)PA),

where h(-,-) and C' > 0 are independent of N; and A respectively. We now have
E(|2a(t) - 2@ | Fico
<31V Cpo? v Cagi)?) (A2 ((A)) + [2a (1) A

< € (A2 ()) +A) za (D)

where
¢ =311V Co?VCak) and az = me}gxag(i).
1€

Moreover, for p € (0,2), we obtain from the Jensen inequality that

E<|$A(t) —fA(t)|p‘]:k(t)> < [(’21 (AW(A))Q—FA)@A@)P]I)&
< 2:0/2—16‘71’/2 <AP/2(¢(A))P + AP/2> (|jA(t)|p)p/2

=R ACNEINIENCIS (5.25)

where €, = 2¢/2¢?/?. The proof is now complete. O
The following lemma reveals the finite moment of the truncated EM solutions.

Lemma 5.5.2. Let Assumptions and[5.2.3 hold. Then for any p > 3

sup sup (Elza(t)]?) <e3, VT >0, (5.26)
0<A<A* 0<t<T

where c3 1= c3(T,p, Ks,&) and may change between occurrences.
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Proof. Fix any A € (0,A*) and T" > 0. For ¢t € [0,T], we obtain from (5.2)) and
Lemma [5.4.4]

NG U I ENC o CNESTACNESENG)
2@ ((s = 7)), mal9)ga(Ea (s ) ds
B [ pleals)l 2 aas) = 2l ) al@als ) rals)ds

+ AIE(/Ot la(s™) + h(@a(s), 7a(s))P — |93A(s_)|p)ds

< Ju + Ji2 + Jis,
where
G = [ Kerloals )20+ a7 s,
Gia =& [ plaals)P (1als) ~ 7a57)) fa(aals )75
and
s = X8 ( [ leas7) 4 hEa) Pl ~ a7,

The Young inequality gives us

T §K5/o ((p = 2)Elza(s ) +2°(1 + Elaa(s)I") ) ds
< 1/1/0 (1 +Elza(s)P +E|za(s)[P)ds,

where v; = IC5(27 V (p — 2)). By the triangle inequality, we have for p > 3

p—2

Ji2 < pE /Ot (Im(s’) —Ia(s7)|[+ !fA(S*)|>
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x [eals™) — Za() 1/ (Eals), Pa(s))lds
<208 [ (Joals7) = 2a( )P+ laa()p )

X Jea(s™) = ZalsT)Ifa(Tals™), Tals))lds

= J121 + J122,

where
Guar = 20958 [ a5 ) rals) — 20 alEals )7 (s) s
and
Gin =288 [ Jaa(67) = a6 Fals7). Pl

We now obtain from ((5.18)) and ((5.25))

t
<+ 1/3/ E|za(s)[Pds, (5.27)
0

where vy = 20730, T, 13 = 2073, (p — 1) and [((A))AY4)? < 1. We also have
from (5.19)

Fins < 209 pp(A) / Elza(s) — 2a(s)"'ds. (5.28)
0
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We clearly observe that for p > 3 and s € (0,1/4], psc < (p — 1)/2 and hence
APD2=p < (5.29)

So for p > 3 and » = 1/4, we get from (5.28), Lemma [5.5.1], (5.29) and the Young’s
inequality that

T < 209, (8020 () + AWA)) [ Bz
e (802 + AAN) [ Bl ds
< 20, (A0 ¢ Aw(A))) [ B
< 2-g, /Ot (1+ (0= DEJza(s)")ds

t
<+ V5/ E|za(s)[Pds,
0

where vy, = 2P0, T and vs = 2772 (p — 1). We now combine Jy5; and Jia2 to

have
t
T <vatvi+ (-t vs) [ Blaalo)ds
t 0
< g+ 1/7/ E|za(s)|Pds,
0

where vg = 15 + 14 and v; = v3 + 5. Also we estimate Ji3 as

Gus =8 [ frals )+ haals ) ral)P ~foals )P )ds
= AE(/; 2 ea(sT)P + 277 h(Ea(s), Fals)) P — fea(s)?)ds

IN

AE(/Ot(Qp_l — D]zals™)P + 2p_1a3(i)p]EA(s_)\p)ds
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< u / (Eloa(s)? + Elza(s)")ds,

where vg = A\((2P7! — 1) vV 2771af) and a3 = max;es a3(i). We combine Ji1, Ji2 and

J13 to have
Elza(t)f < €O + (T + )
E p E|lz Pld
+ [ (004 wBlaal)P + 0n -+ vr-+ ) Blaa () ds

t
< V9+21/10/ sup (E\xA(u)|p>ds,
0

0<u<s

where
vo = [E(0)|P + T + v
and
vio = (11 +18) V (11 + v7 + ).

As this holds for any ¢ € [0, 7], we then have

t
sup (Elza(u)|P) < v+ 2V10/ sup <E|xA(u)|p>ds.
0

0<u<t 0<u<s

The Gronwall inequality gives us

sup (Elza(u)l’) < cs,
0<u<T

2u10T

where c3 = vye is independent of A. The proof is thus complete. n
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5.5.2 Finite time strong convergence

Lemma 5.5.3. Suppose Assumptions [5.2.1], [5.2.5 and |5.4.1| hold and fix T > 0.
Then for any € € (0,1), there exists a pair n = n(e) > 0 and A = A(e) > 0 such
that

P(can <T) < ¢ (5.30)

as long as A € (0, A], where
san =inf{t € [0,T]: za(t) ¢ (1/n,n)} (5.31)

1S a stopping time.

Proof. Let H(-) be the Lyapunov function in (5.11). Then for ¢ € [0,7], the It6

formula gives us

B (ea(t A ) ~ HEO) =E [ [Huloals Dialeals ). rals)

+ %Hm(m(s_))so(m((s —7)7),7a(5))*ga(Ta(s7))”

+ A(H(a:A(s’) 4 h(Ea(sT),7a(s))) — H(m(s*)))} ds.

For s € [0, A gan), we can expand to have

Hy(za(s7)) fa(Tal(s™), 7als)) + %HM(M(SW(%((S —7)7).7a(5)) ga(@a(s 7))

FA(H(zals™) + h(za(s), 7a(s)) = Hza(s)
< L(za(s7),2a((s = 7)7),7a(8)) + To1 + Tao + Jos,

where LH is the operator in (5.2)), which now takes the form

Lza(s™),zal(s =7)7),Tals))

= Ho(za(s7))fa(zals™), mals))
1

+ 5 He(wa(7)p(wal(s = 7)7). a(s))Pgs (2a(s7))?
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+ A(H (za(s™) + h(za(s™) Tals)) — H(»’UA(S*)))>
with H independent of ¢ and
Tor = Ho(wa(s7) (a(@as7),7a(5)) — falwals) 7als))),
Jo2 = le(@"A(S—)) (Sp(fA((S —7)7),7a(5))%ga(Za(s7))?

2
— plaa((s = 7)) 7a(s))ga(wa(s7)?).

Joz = A(H(:CA(S*) + h(Za(s7),Ta(s))) — H(za(s™) + h(zalsT), fA(s)))).

By Assumptions [5.2.1] and [5.2.3] we can find a constant K¢ such that

L{za(s™),za((s = 7)7),7als)) < K. (5.32)
Recalling from the definition of fa and ga, we note for s € [0, A ga )
fa(@a(s™),7a(s)) = f(zals™),7a(s)) and ga(za(s™)) = glzals)).
So for s € [0, A ga ), we obtain from Lemma that
Tn < KynHy(za(s7))[Tals™) —zals™)].

Moreover, for s € [0,tAsa ] and any ZTa(s™),za(s™) € [1/n,n|, we note from ([5.16))
that

9(@al(s™)) Vg(zalsT)) < p(n).

So for s € [0,¢ Aga ], we now obtain from Assumptions |5.2.1] and [5.2.2) and Lemma

0.4.2)

Taz < 5 Haals (7)) [9faa(67)P (@ (s = 1)), 74 (5) = (o ((s = 7)), a(5)?)
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+ pleal(s = 7)) 7a(9)? (9(@als7)? = glza(s)?)]
< Houla(s7) [Lao () PJza(s = 1) = zals =)
+ Koo*u(n)|oals™) = wals)l|.
Also for s € [0,t A san), we obtain from the Lyapunov function in and the
mean value theorem that
Ty < A[(wals) + hlaals), () = olog (wa(s7) + haa(s ). 7a(s))
— (el + hlasls),7a(5)) + 0log (2a(s7) + hlea(s ) ma(s)) |
¢ ]
<\ [(xA(s_) + ag(i)EA(s_)> - (ms—) +as(i)zals)
+ olog (wa(s™) +as(i)zals™)) — dlog (wals™) +as(i)zals 7))
<nAza(s™) + az(i)Za(s™) —za(s™) — ag(i)za(sT)|

+nAglza(s™) + az(i)zals™) —ra(s™) — az(i)Ta(s™)]
< ndaz(l+ )|Za(s™) — za(sT)],

where a3 = max;es a3(i). Combining Ja1, Joo and Jos with (5.32)), we now have

E(H(za(t Asan))

< H(¢(0))) +’C6T+KnE/O - Hy(xa(s™))zals™) —zals™)lds

+ E/O SAn Hxx<IA(S_>> |:Ln0'(,u(n>>2|i’A(s — 7-)_ _ $A(S o 7_)_|

+ Ko u(n)|za(s™) — xA(s’)@ ds + nhag(1 + ¢)E/0 |ZA(s7) —za(s)|ds

< K7+ ICBIE/_ 1€([s/A]A) — &(5)|ds + (Ks + ’Cg)/o E<E|§:A(s) —xa(s)P ./T"k(S))l/pdS
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where

Kr = H(€(0)) + KeT, Ks = max {H,.(2)o(u(n))’L,}

1/n<z<n

and

Ko = max {H,(2)K, + Hy(z)o?u(n)K, + nias(1+ ¢)}.

1/n<z<n

So by Lemmas [5.5.1] and [5.5.1], we now obtain

E(H(za(t Acan))) < K7+ KaKsTAT + (K + Ko) €L/ <N’/2(w(A))p + A) i

x / (sup (Elza(u)]))"/7ds

0<u<s
p

< K7 + KsKsTAT + (Ks + Ko)EH? (M?(w(A))p + A) A,

This implies

1/p

K7 + KsKsTAY + (Ks + Ko)EV? (AP/Q(w(A))p + A) Ry
Plca, <T) < .
(an<T)< H(1/n) A H(n)
(5.33)
For any € € (0,1), we may select sufficiently large n such that
’C7 €
< - 5.34
H(1/n)ANH(n) — 2 (5:34)
and sufficiently small of each step size A € (0, A] such that
T 1/p 2 VP 1/
Kk TAY + (K + Ko)€! (AP/ (W(A))P + A) T,
< - .
H(1/n) AN H(n) -2 (5.35)
We can now combine ((5.34)) and ([5.35)) to obtain the required assertion. O

The following lemma shows the truncated EM solutions converges strongly to the
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exact solution in finite time.

Lemma 5.5.4. Let Assumptions|[5.2.1],[5.2.2,5.2.5 and|[5.4.1] hold. Set

ﬁA,n =Tp N\ SAn»

where T, and sa , are (5.9) and (5.31)). Then for any p > 2, T > 0, we have for any
sufficiently large n and any A € (0, A*],

E( sup |za(t Adan) —z(t A 19A7n)|p> <C <(A + o(A)) (h(A))P) v Ap(1/4/\T/\1/p)>

0<t<T
(5.36)
where C is a constant independent of A and consequently,
ELHOE(&?ET la(t A dan) — 2t A ﬁA,n)yp) —0. (5.37)
Proof. For t; € [0,T], we obtain from and that
IE( sup |za(t Aan) — z(t A ﬂA,n)]p> < Ja1 + T3z + Tss. (5.38)
0<t<ty
where
tl/\ﬁA,n
T =3 B(| [ fal@als)ra(s)) = Flals )r(o)lds?),
’ t/\l?A’n
Tn=3"E( sup | [ [p@a((s = 1)) 7a(s)galEals)
0<t<t; Jo
= pla((s =)7),r(s)glx(s)dB(s)I)
and
t/\ﬁA’n
Fss = 3'B( sup | [h(za(s™),7a(s)) = hla(s ), r(s)]AN(s)]").

0<t<ts Jo
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By the Holder inequality, we compute

J31 < Ts11 + T3z,

where
t1/\’l9A7n
Ts11 = 3p12p1T”1E/ |fa(@a(s™),r(s)) — f(z(s7),r(s))[Pds
0

and

tAYA
Tz12 = 3’”‘121"1T7”‘11E/0 [fa(@a(s7),7als)) = fa(z(s™),r(s))|Pds.

It is clear from the definition of the truncated function fa that

for s € [0,¢; AYan). So by Lemma |5.4.2
tl/\'ﬁA,n
Jz11 = 3p_12p_1Tp_1]E/ |f(Za(s7),r(s)) = flz(s7),r(s))[ds
0
t1/\’t9A7n
< gl LR / Fa(s™) — (s7)|Pds.
0

Let n = [T'/A] be the integer part of T'/A. Then

Ta12 = 31”‘121”‘1Tp‘11E/0 [fa(@als™),7als)) = fa(z(s™), 7(s))["ds

n tk+1

3t Y B [ falma(t) ) ~ Aael). r(s) P,
k=0 Yt

with t,,11 now set to be T. We now have from ([5.18))

n Tet1
Tz < 30712207 UP I N, / [ fa(@alte),r(te)]P
k=0

ti

133
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+ 1 fa(@(tr), r(s) [P gr(s) 2r(e)y d8

< g N7 Y / T E[EIWA)P + (A Loy r(1)] ] ds

k=0 vtk
=120 01 S [ B BRI ) ElL o i (8] s,

k=01t
(5.39)

where we use the fact that z(s) and 1,(s)#r(1,) are conditionally independent with
respect to the o —algebra generated by r(¢x) in the last step. By the Markov property,

we compute

ELr(operieon 7 (81)] = D L=y P(r(s) # ilr(ty) = 1)
€S
- Z Ler(eg)=iy Z(%‘j(s —tr) +o(s —tg))
i€ES i#j
= (@%v( %) A + o(A Z Lir(ti)=iy
€S
< A+ o(A). (5.40)

where ¢ = max;<;<y(—7;;). By Lemma we note

E/t - | fa(@a(te), r(te)) — f(Z(te), 7(s))Pds < 2(61A + o(A)) /t kH(w(A))pd‘S
2(er A+ o(A)AW(A).

This implies

E/O [fa(@a(s7),7a(s)) = f(2(s7),7(s))["ds < 2(e1A + o(A))($(A))”
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and consequently

NS
E/O [fa(Zals™),7als)) = f(2(s7),r(s))[Pds < 2(61A + o(A))($(A))".
Substituting this into J312 yields
Ta1z < 30712271 TP7H(E A+ o A)) (¢ (A))P.

We then combine J31; and J312 to obtain
t1/\’t9A’n
Jz1 < Co(C1A + o(A))(Y(A))P + EgIE/ |ZA(s7) — z(s7)|Pds,
0
where
¢y = 3P 122 iet
and
¢y = 3P lopT TP lKP,
Also by the Holder and Burkholder-Davis Gundy inequalities, we have

Tz2 < 3”_1Tp2201(p>E/0 o <|90(97?A((8 —7)7),7a(8))g9a(Ta(s7))

—p(z((s = 7)7),7(s)ga(@al(s7)) + o(2((s — 7)), 7(s))ga(za(s7))
—pla((s =) ). r(s)ala(s)P ) ds
< Ts21 + T322,

where

T = 271917y (0)E / Y ga@al )P lo@al(s — 7)), Fals)
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—p(z((s —71)7),r(s))|Pds

and
T = 2713175 C (p)E / T @ ((s = 1) )or(9)Plga@als ) — gla(sT))Pds.

where C(p) is a positive constant. For s € [0,t; A U], we note from (5.16) that
za(s7) € [1/n,n] and ga(Za(s™)) < p(n). So we now have
b2 tl/\ﬁA,n
Ton <27 PITTCWEVE [ p(al(s = 7)) 7alo)
0

—o(z((s —71)7),r(s))|Pds
< J323 + T304,

where

- tiIAIA n
Taa3 = 220703071752 Cy (p) (u(n) )’E /O lo(Za((s —7)7),7(s))

—o(z((s—71)7),r(s))|Pds

and

tl/\ﬁA,n

Fis = 220703717 C4 (p) (u(n) PE / p(@al(s — 7)), 7a(s))

—p(((s —7)7),7(s))|Pds

By Assumption [5.2.2] we obtain

tl/\ﬁA,n
J323 < 22(p_1)3p_1Tp22C’l(p)(Mn))pobE/ |Za((s = 7)) —z((s — 7)7)["ds.
0
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Also as before, we compute
Fias = P IF T ) VE [ plaa((s = 7)), 7a(s)
—p(z((s —7)7),7(s))|"ds
=y TP S E [ el - ) ma(t)

— @ty —7)7),r(s))["ds,

where n is the usual integer part of T/A with ¢,y set to be T. By elementary

inequality,

tet1
Tugs < 20 gp 17 ZE [ et — 7). st
2

+le(@((tk — 7)), r () Lircs) ) lds
_ gty Z / " B[Blp(a - 7)) st
+ lp(@((tx = 7)) ()L }|r<tk>1]ds
_ gty Z / B [Blle@al(t 7)), )P
+lp(((te = 7)), r(5) PIE [1{r<s>¢r<tk>}|r<tk>ﬂ ds
We note from that
E[Lir(s) ey [r(te)] < 1A + o(A).

By Assumption [5.2.1] we have

B[ e(a((t =) 7)ra(t) — @l — 7)) r(o)Pds

tr
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tet1
< 2(61A 4+ o(A)) / oPds
ty

< 207(61A 4+ o(A))A.

This means by Assumption [5.2.1, we have

E/O [p(Zal(s = 7)7),7als)) = 0(@((s = 7)7),7(s))Pds < 207(c1A + 0(A))

and hence,

E/otMAm [o(Zal(s = 7)7),7als)) — @(2((s = 7)7), 7(s))Pds < 20°(e1A + 0(A)).
Inserting this into J304 yields
Tiza < 277137713 C1(p) (u(n)Po? (€12 + 0(A)).
We obtain from [J303 and J324

Tson < 297130775 Cy (p) () Po? (618 + (D)
t1/\’t9A7n

FPFTL OGP IE [ Fallo =)~ alls — ) s

Moreover, by Assumption [5.2.1] and Lemma [5.4.2
b2 tl/\ﬁA,n
Ton <29 IT ) u)KE [ faals) — als )l
0
Combining 7301 and J322, we have
tiANIA n
J32 < cq(C1A +o(A)) + C5E/ |Za((s —7)7) —2((s — 7)7)|Pds
0

tl/\'ﬁA,n
+ cﬁE/ |Za(s™) —x(s7)|Pds,
0
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where

& = 27T Cyp) ()P,
&5 = 20703 C () (u(n) I,

and
G = 2"71377 1T Oy (p) (u(n) P KCE.

Furthermore, by elementary inequality
t/\ﬁA,n

s =3 'E( sup | [1(a(s7),7a(s)) = hla(s ™), 7(s))]dN (s)

+A / T (aals).mals)) — hla(s). r()]dsl?)

< Tsz31 + T332,

where

Fon =235y | [ Il 7)) — hals), (] ))
and

T =275 wE (o | [ @6 Al ) ro)lasE)

By the Doob martingale inequality and martingale isometry, we have

t/\ﬁA,n

Foar <273 NG s | [ Ihaa(s7).ral9) = (s () PN ()
tANIAn
<y AT EGEE [ sl 7 (s) = el ()P

< Js33 + s34,



CHAPTER 5 140

where
tl/\ﬁA,n
Tzs = 207130 INP2T T Oy (p) B / |h(Za(s7),7(s)) — h(z(s™),7(s)) [ ds
0

and

N—
el
>
—~
w
S~—
N—
|
>
—~
Kl
>
—~
CIJ\
N——
—
N~—
N—
=
QL
9

t1/\’l9A’n
Jaza = 20 13P P2 C2< JE / [h(Za(s™
0
and C»(p) is a positive constant. By Lemma [5.4.2]
tl/\ﬁAyn
Fua <29 NPT ECOIKIE [ aa(s) - als )P
0
We also compute
p—2 T
Ta31 = 2p13p1>\p/2T202(p)E/ [h(Za(s7),7a(s)) = (Tal(s™),r(s))[ds
0
b2 tk+1
— gy ZE / B(Za (), Pa(tr) — h(Za(ty), r(s))Pds

tk+1
< PNty ZE AR ENCENCYE

(T a () 7 () Lrs)ri)yds

tk+1
< 22(p=1)3p=1)\p/2"5" (j2 Z/ E{[|h(Za(tr), Ta(tr)) P

+ (T atr), 7“(8))\plr(tk))]E[l{r(s#r(m}\T(tk)]} ds,

where n, as usual, is the integer part of T'//A with ¢, set to be T'. By Lemmam

and (5.40)

E/t h |h(Za(tr), Talte)) — M(Za(tr), r(s))|Pds
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Tt
< (&A +o(A)) / 200 (i)E|Za (1) [P ds
ty
S 2(1/3(51A + O(A))A,

where a3 = max;es a3(i). Consequently, we have

T
IE/ |h(Za(s7),7a(s)) — h(Za(s7),7(s))|Pds < 2a3(¢1A + o(A))
0
and then,
tl/\ﬁA,n
E/ |h(za(s7),TA(s)) — h(ZA(s7),7(s))[Pds < 2a3(c1A + o(A)). (5.41)
0
We substitute this into J334 to get
T334 < 22]3_13p—102(I?)CYB)\‘P‘D/QT%(51A + o(A)).
It then follows from J333 and J334 that

Tsz1 < 227137 Oy (p)asAP/*T" (1A + o(A))

o2 tl/\ﬂA’n
+ 2p_13p_102(p)Kf;)\p/2T2E/ |Za(s™) — z(s7)|Pds.
0
By the the Holder inequality,

tl/\ﬁA,n
Jaz2 < 2p_13p—1/\pT”_1E/ |h(Za(s7),7a(s)) — h(z(s™),7(s))["ds
0
= J335 + J336,

where

tl/\'ﬂA,n
Ts35 = 2p_13p_1>\pr_lE/ |h(Za(s™),7(s)) = h(z(s™),r(s))["ds
0
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and
tl/\ﬁA,n
Ts36 = 2”13p1Apr1E/ |h(Zals™),Tals)) — h(Zals™), r(s))"ds.

0

So by Lemma [5.4.2]
tl/\ﬂA,n
T35 = 2p13p1)\pr1K£E/ |ZA(s7) — x(s7)|Pds.
0
Apparently, we see from ([5.41)) that
tl/\ﬂA,n
E/ |M(Za(s7),7a(s)) — h(ZTa(s7),r(s))[Pds < 2a3(c1A + o(A)).
0
This implies
j336 S 2P—13p—12a3)\pr—1(51A + O(A))

We now have from J335 and Js36

Jsza < 2P713P 71203 TP (61 A + o(A))

tl/\ﬁA,n
+ 2P~ 13PmI\PTP I KPR / 1Za(s7) — x(s7)|Pds.
0
We then combine J33; and J332 to have
tl/\’ﬂA,n
T35 < c7(61A + o(A)) + 68]E/ |Za(s™) —a(s7)|Pds
0
tl/\ﬁA,n
+&F / Fa(s™) — a(s7)|Pds,
0
where

&r = 227130710y (p)ag \W/2T "2 + 2P 18P 190, \PTP L,
G = 2713P 1Oy (p) KPNP2T T
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and

Gy = 2P~ 13P=I\PTPL P,
Substituting J31, J32 and J33 into (5.38)), we get

]E( sup |za(t AVan) —x(t A ﬁA,n)P)

0<t<ty

< G(61A 4+ o(A))(W(A)P 4 c4(e1A + o(A)) + ¢7(¢1A + o(A))
tl/\ﬂA,n
+E5E/ Zal(s — 7)) — 2((s — 7)7)|Pds
Otl/\’ﬂA’n
+ CﬁE/ |Za(s™) —x(s7)|Pds
Otl/\ﬁAm tl/\'ﬂA,n
+08E/ |Za(s7) —$(S_)’pdS+CQE/ |Za(s™) —a(s7)|Pds.
0 0
It then follows that

E( sup |za(t Adan) — ot A 19A,n)|p)

0<t<t

< (@ + Q) ()Y
v [ e/ — s b [ lealsT) - (s,
where
Clp =Ca VsV ey
and

611265\/66\/68\/69.



CHAPTER 5
By elementary inequality, Assumption [5.4.1] and Lemma [5.5.1

E( sup |ea(tAdan) = a(t Adan)l)

0<t<t:

< (@A +o(A)(¥(A))F)
+ G APY T + 2771, /0 E<E’jﬁ(5) - xA(S)’p|fk(s)>d$

t1
+ 2P ey / ]E< sup |za(t AVA n) — z(t ANIA, n)|p> ds
0

0<t<s

< Co(G1A 4 0(A)) (¥ (A))7)

T
+E AP 4271 ¢ (M?wm»p + A) / E|Za(s)[Pds
0

t1
270 [ B sup Joa(t A a,) — altADs)")ds
0

0<t<s

So by Lemma and noting that (AY4(¢(A)))P < 1, we now have

E( sup [za(tAdan) —z(t A ﬁA,n”p)

0<t<ty
< e(e1A +o(A))(¥(A))P)
+ E5APYT + 2p_161103@:1 ([AP/4(¢(A))})]AP/4 + Ap(l/p))

_|_

t1
r-1z, / E( sup |za(t Adan) —x(t A 19A7n)|p> ds
0

0<t<s

(G124 0(A))(1(A)))
(o7 + 27 ey (AP ((A))7 + 1)) APLANTAD

t1
+ 2P 71z, / E( sup |za(t AVay) —z(t A 19A7n)|p> ds
0

0<t<s

< 10(E1A 4 o(A)) (P(A))P) + G APL/ANTALR)

t1
+ e / E( sup [ralt Ada,) —(t Ada)?)ds,
0

0<t<s

144
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where 19 = G57 + 2P¢11¢3€, and &3 = 2P71¢;;. The Gronwall inequality gives us

E( sup |za(tADan) —z(t A 19A7n)|p> < C((A + o(A)(Y(A)P) v Ap(1/4/\'r/\1/p)>’

0<t<ty

as the required result in ((5.36)). where C = (¢10(¢1 V 1) V &2)e®3. By letting A — 0,

we get ((5.37)). ]

The strong convergence of the truncated EM approximate solutions is revealed

in the following theorem.

Theorem 5.5.5. Let Assumptions|[5.2.1],[5.2.2,[5.2.5 and|[5.4.1] hold. Then for any
p > 2, we have

lim ]E< sup |za(t) — :L’(t)]p> =0 (5.42)
A—0 0<t<T

and consequently
lim E( sup |74 () — x(t)|p> — 0. (5.43)
A—0 0<t<T

Proof. Here, we only prove the theorem for p > 3. As for p € [2,3), it follows directly
from the case of p = 3 and the Holder inequality. Let 7,,, sa,, and Ja ,, be the same

as before. Set
ea(t) = xa(t) — ().

For any arbitrarily § > 0, the Young inequality gives us

0
<E( sup lea(®) Loy, omy) + SE( sup [ea(t))

0<t<T 2 \o<i<r

E( sup |ea(t) > E

p |eA ‘ 1{Tn>T and sa n>T})
0<t<T

E

+

p
sup ‘eA | 1{Tn<T or Ga n<T}>
0<t<T

1
+ 26P<Tn <Toran,<T). (5.44)
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So for p > 3, Lemmas [5.3.2] and [5.5.2] give us

E( sup ea()?) < 27E( sup o)) v sup |ua(b)]*)

0<t<T 0<t<T 0<t<T
< 2%(cp V e3)?. (5.45)
By Lemmas [5.3.1] and [5.5.3}
PIpan <T)<P(r, <T)+Plsan <T). (5.46)

Also by Lemma [5.5.4]

E( sup Jealt)"1gns,om ) < C((A+o(A)(W(A))) v APLATAN) - (5.47)

0<t<T

Substituting (5.45)), (5.46)) and (5.47) into (5.44) yields

22p(61 V 63)25
2

E( sup |eA<t)yp) <

0<t<T

+C((A+o(A)(w(A))) v Ar/W/D)

1 1
— < — < .
- 26]P(Tn <T)+ 25?(%7” <T)
Given € € (0,1), we can select d so that

2p 2
2(+\/C3)5 < i (5.48)

Similarly, for any given € € (0, 1), there exists n, so that for n > n,, we may select
0 to have

1 €
—P(7, <T) < - A4
and select n(e) < n, such that for A € (0, A]
L pean <)< & (5.50)
25 CAm == '
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Finally, we may select A € (0, A] sufficiently small for € € (0, 1) such that

C((A +o(A)((A)) v AN ) <

< i. (5.51)

Combining (5.48)), (5.49), (5.50) and (5.51]), we get

E( sup |za(t) — :v(t)|p> <e

0<t<T

as the required result in (5.42). By Lemma |5.5.1] we also get (5.43)) by setting
A —0. O

5.6 Numerical simulations

Let us now implement the truncated EM (TEM) scheme for SDDE (5.1]). To illustrate
the strong result established in Theorem [5.5.5] we compare the scheme with the
backward EM (BEM) scheme. For justification regarding the choice of BEM scheme
and its limitation, we refer the reader to consult [39]. Now consider the following

form of SDDE (j5.1])

dx(t) = f(x(t7), r(8))dt +(z((t —7)7)), 7(t))g(x(t7))dB(?)
h(z(t7),r(t))dN(t), (5.52)

+

on t > 0 with initial values £(¢) = 0.2 and 9 = 1, where r(¢) is a Markovian chain

defined on the state S = {1, 2} with the generator given by

I = (Va2 = (‘2 ’ ) | (5.53)

1 -1
Moreover, let

0320 — 0240120522, ifi=1
f(z,d) = (5.54)
02071 —0.3+0.20 —0.62%, ifi=2,
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V(z,i) € (R xS),

g(x) = 2%, (5.55)
Vo € R, and

, e, ifi=1
h(x,i) = (5.56)
2, ifi=2,

V(z,i) € (R x S). The volatility process ¢(y, 1) is a sigmoid-type function defined as

follows:
for i =1,
1(0+(e¥—e"¥)
oy, i) =42 @) ity =0
}L, Otherwise,
and for i = 2,
1(1+(e¥—ev)) .
s ——2 ify >0
py,i)= ¢+ ! (5.57)
%, Otherwise,

V(y,i) € (RxS). Obviously, all the assumptions imposed on ¢(y, i) are met(see [39]).
We clearly see
sup (|f(x,9)|Vg(x)) <3u? u>1

1/u<z<u

We can now set p = 3u? with inverse u~*(u) = (u/3)"2.

5.6.1 Numerical results

By selecting ¢¥(A) = A™%3 and a step size A = 1072, we obtain Monte Carlo
simulated sample path of x(¢) to SDDE at a terminal time 7" in Figure
using the TEM scheme. The strong convergence between TEM and BEM numerical
solutions for the step size 1072 is shown in Figure . In Figure , we observe
the log-log plot of strong errors between TEM and BEM numerical solutions for step
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sizes 1072, 1073, 10~* and 10~ with a reference line of slope 1.0. Do note that Figure
and Figure 5.3 were obtained without the a_y(r(¢))z(¢t7)~" drift term (see [39]).

10

— TEM Scheme

0.0 02 0.4 06 0.8 1.0

Time

Figure 5.1: Simulated sample path of z(t) when A = 0.01
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Figure 5.2: Convergence of TEM and BEM solutions when A = 0.01
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5.7 Summary

In this chapter, we studied Ait-Sahalia-type interest rate model with inherent delayed
volatility function and Poisson-driven jumps which is then modulated by finite state
Markov chains. Because of the analytical intractability of this model, we employed
relevant tools and techniques of the truncated EM scheme developed in the previous

chapters to investigate its feasibility from viewpoint of financial applications.

We proved analytical properties such as existence of pathwise unique positive
global solutions and finite moments of the exact solution to the proposed model.
We drew on the truncated EM scheme to approximate the model. We then moved
on to prove numerical properties such as finite moments and the strong conver-
gence order in finite time of the truncated EM approximate solutions under the local
Lipschitz condition plus the Khasminskii-type condition. We established C((A +
o(A))((A))P) v APA/ANTALP)Y a5 the strong pathwise error. We concluded the

chapter by performing numerical simulations to validate the theoretical findings.



Chapter 6
Applications in finance

In this chapter, we apply the strong convergence results obtained in the previous
chapters to evaluate expected payoffs of some financial products such as a bond and

a path-dependent barrier option.

6.0.1 Bond valuation

Let us apply the results to evaluate the price of a bond for maturity 7" which is
characterised by a unit amount available at time 7". If we characterise the distribution
of the bond price in terms of a chosen dynamics for a stochastic interest rate, we can

compute the price at the end of time T'. This is revealed in the following lemma.

Lemma 6.0.1. If the short-term interest rate dynamics is described by SDDE (3.1]),
(4.1) or (5.1) then the payoff of a bond at the end of time T is given by

B(T) = E[exp ( - /OT x(t)dt)]. (6.1)

Using the step function Z(t) defined in (3.27), (4.24) or (5-21)) in Chapter[3, [4 or[]

respectively, the approzimate payoff based on the truncated EM method becomes

Ba(T) :E[exp<— /OT|xA(t)|dt>]. (6.2)
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Then from Theorem[3.5.6], [{.5.9 or[5.5.5 in Chapter|(3, [4] or[J respectively, it follows
that

lim [B(T) ~ Ba(T)] = 0. (6.3)

Proof. The proof we established here is similar to the one obtained in [15]. In general,

it is remarkable to consider

BA(T) = [exp( A Z | Xa(tr) )]

as a natural approximation of equation (6.1)) based on (3.26)), (4.23) or ([5.20]). This

can be written conveniently as

Ba(r) =E[esp (- [ iesolar)]

where Z(t) is (3.27)), (4.24) or (5.21) respectively. Nothing that

exp(—|z|) — exp(=ly|) < |z —y|

and by the positivity of x(t), we have

T

B(T) ~ Ba(T)] = Eexp (- / r(t)dt) — exp ( / 2at)ldt) ]

<E’/ dt—/ xA(t)dt’

SE/O j2(t) — [za (1) |dt
gE/O (t) — T (1)]dt

< TsupEla(t) - 2a(0).
0,7

So by Theorem 3.5.6} |4.5.5/or [5.5.5|implies that sup, p E|x(t) —Za(t)] — 0 and hence,

we obtain the required assertion. O
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6.0.2 Barrier option valuation

Theorem [3.5.6}, [4.5.5 or [5.5.5| is very important where SDDE (3.1)), (4.1)) or (5.1)) is

to be numerically simulated to calibrate and price a path-dependent option. In this

context, we may represent any of these SDDEs as an asset on which an option is
to be written on. However, it is established in [15,17] that the strong convergence
of SDE models for asset price guarantees convergence in Monte Carlo simulations
for option value. More specifically, suppose that we compute the expected payoff
from Monte Carlo simulations based on , or . Then the following
lemma affirms that the expected payoff for a path-dependent barrier option from the

truncated EM method will converge to the exact expected payoff as A — 0.

Lemma 6.0.2. Consider a barrier option with a European payoff P. Let the asset
price be the exact solution x(T) to SDDE (3.1), (4.1) or (5.1) at expiry date T. In

this case, the asset price never exceeds a fized barrier B and pays zero otherwise,

where A is the strike price and B > A. The payoff at expiry date is

P(T) = E[(m(T) ~ A1 () < B)]. (6.4)

SupPo<t<T

The approximate payoff using the truncated EM scheme defined in (3.27)), (4.24)) or
(5-21) in Chapter[d, [f] or[J respectively, becomes

PA(T) = E|(2a(T) = A) Tap,.,., 3a(t) < B)|. (6.5)

So from Theorem[3.5.6, [{.5.5 or[5.5.8 in Chapter[3, [{] or[J] respectively, we have

lim |P(T) — Pa(T)| = 0. (6.6)
A—0
The proof of this lemma can be established in the same way as in [15|17]. The proof
presented in [15,|17] depends only on the strong convergence properties rather than
the structure of the underlying asset price models. This justifies that we can apply

the truncated EM method to evaluate a path-dependent barrier option.



Chapter 7
Conclusion

In this thesis, we proposed a modified version of the Ait-Sahalia-type interest rate
model by incorporating three specifications, namely delayed volatility function, Poisson-
driven jump and Markovian switching. These three specifications are introduced
to help provide adequate descriptions of interest rates against collective effects of
unexpected empirical phenomena such as volatility 'skews’ and ’smiles’, jump beha-
viour, market regulatory lapses, economic crisis, financial clashes, political instabil-
ity, among others. However, the proposed model is not analytically tractable. This
motivated the need to perform theoretical and numerical analyses to examine its
feasibility from viewpoint of financial applications. We carried out these analyses by
splitting the proposed model into three sets of stochastic interest rate models and
studied them respectively in Chapters [315]

One of the major challenges is that the drift terms of these three stochastic in-
terest rate models posses a reciprocal function which may explode to infinity in
finite time around the origin and the drift and diffusion terms are of super-linear
growth which may also explode during numerical simulations. We overcame this
challenge by constructing a new implementable truncated EM method to deal with
these terms by forcing numerical solutions to remain within a compact support. We
did this by truncating the coefficients whenever they grow super-linearly (i.e. the

numerical solutions are bounded from tending to 0 or co); otherwise, we apply the

156



CHAPTER 7 157

classical EM method. With this technique, finite time explosions of the numerical
solutions to infinity during numerical simulations have been ultimately avoided. In
fact, this numerical technique enables the reciprocal function in the drifts of the
three stochastic interest rate models to cope well around the origin. This is one
of the most significant results we achieved in this thesis. Another major challenge
is the structure of the delayed volatility function. We overcame this challenge by
allowing the delayed volatility function to be locally Lipschitz continuous and upper
bounded. This contributed significantly to proving the main results of the thesis.
We will consider if the proofs of these main results can be extended to cope with

unbounded delayed volatility functions in the near future.

The main objective of the thesis is to establish the LP(p > 2) strong conver-
gence theories for the truncated EM approximate solutions of the three stochastic
interest rate models. Apparently, these results are very paramount for calibration
and valuation of some financial products such as debt and path-dependent derivative
instruments. The only known strong convergence result for Ait-Sahalia-type model
is the one established under a monotone condition by Szpruch et al. in [20] based
on implicit EM methods (i.e., backward and forward-backward EM methods). The
existing explicit method for Ait-Sahalia-type model is the EM method where weak
convergence or convergence in probability has been revealed in several literature.
However, under sufficient conditions, we achieved this main objective of the thesis
by establishing the LP(p > 2) finite time strong convergence theories of the numerical
solutions to these three proposed models based on the explicit method for sufficiently

small step size. These results are very essential in research and financial contexts.

In financial applications, preservation of positivity of numerical schemes for finan-
cial models is a desirable feature in the context of explaining pathwise movements of
financial variables. One drawback is that the truncated EM method we developed
falls short to preserve positive numerical paths of the proposed models due to the
Brownian path taking all real values with positive probability. We retained this im-

portant qualitative property by applying the balanced-implicit method (BIM) tech-
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niques in [69,70] to the truncated EM scheme. However, we have been confronted
with the problem of non-adaptedness to filtration of the stochastic integral in the
continuous-time continuous process. This is one of the major drawbacks yet to be
overcome. Another drawback we also encountered is the failure to establish rates
of convergence for the proposed numerical schemes. However, rates of convergence
are crucial in providing useful insights into approximation quality and theoretical
foundations for efficient variance reduction techniques in Monte Carlo simulations.
We worked to address this problem but failed to prove the upper bound of the expec-
ted reciprocal function involving the approximate solutions. It would be desirable
in a view of future work to think of, maybe, using forward Ito stochastic integral
introduced in [67] and discrete case approach employed in [68] to address these two

drawbacks respectively, and achieve the expected theoretical results.

The results obtained from this thesis have opened up new chapter for further
research in connection with strong convergent approximation of Ait-Sahalia-type
models and applications of this to other relevant fields. For instance, it would be
interesting to study the strong convergent approximation of Ait-Sahalia-type model
driven by fractional Brownian motion. It is well recognised that SDEs driven by
fractional Brownian motion produce long range dependency and rough volatility
trajectory or turbulence which are controlled by Hurst parameter (e.g., see [71,[72]).
Using Levy process in place of fractional Brownian motion is also another useful ap-
proach to describe further unexpected empirical disasters against interest rates since
the Levy process consists of linear drift, Brownian motion and Levy jump processes
known as Levy triplet (e.g., see [73}/75]). Moreover, stochastic modelling of struc-
tured investment plans has been attracting a serious deal of attention in the worlds
of research, finance and insurance lately. However, most of the existing literature
employed constant interest rates to compute mean percentage returns of structured
investment products (e.g., see [76] and references cited therein). With results from
this thesis, it would also be interesting to examine the use of the three proposed Ait-
Sahalia-type models to describe interest rates dynamics for computation of mean

percentage returns of some of these structured investment products.
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