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Abstract

Axions/axion-like-particles (ALPs) are hypothetical particles, with their initial

proposal aimed at solving the strong charge parity problem. They are now promi-

nent candidates for dark matter and other astrophysical phenomena. Despite a

significant international effort, ALPs have remained undetected. In this thesis, we

provide a theoretical investigation into methods of producing substantial axion

fluxes in laboratory contexts.

We derive the axion field that is produced from the overlap of two counter-

propagating lasers. This is done using the framework of axion-photon oscillations

which are akin to neutrino flavour oscillations. One laser (pump) is assumed to

have a much larger amplitude than the other laser (probe) and their polarisations

are chosen to maximise the axion flux. Conditions relating the energy of each

field, laser and axion, are derived and govern the allowed axion parameters. This

context allows for larger axion masses to be probed than what can typically be

done using light-shining-through-a-wall experiments which suffer from decoher-

ence for larger axion masses. For reasonable laser parameters, the theoretical

produced axion flux is calculated and compared with that theoretically produced

at the OSQAR experiment at CERN as well as at the ALPS II experiment at

DESY.

We expand on previous work related to axion production via a longitudinally

magnetised plasma wave, improving its accuracy. We account for the modal

dependency of the axion’s energy flux before calculating the average axion number
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Chapter 0. Abstract

flux. We demonstrate how the plasma frequency can be manipulated to fine-

tune the produced flux and calculate that the produced axion flux, for reasonable

laboratory parameters, is on the order of Nφ ∼ 1034 m−2s−1, for axion parameters

in the range where ADMX is searching for a dark-matter QCD axion.

Lastly, the axion flux produced from an electron, in a superposition of up and

down spins, accelerated in a magnetic field, is calculated. An analytical derivation

for the axion flux is illustrated, when the electron is in either the first or second

level above its ground state, with numerical results given for larger mode numbers.

The produced flux is found to have a significant amount of transverse spread in

addition to having two distinct parameter regions which show either a sub-linear

growth with mode number or decrease after the initial few modes.
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Chapter 1

General Overview

1.1 Introduction

The last century in physics has seen many paradigm shifts in how we view and

quantify the universe. Our most accurate theory of the universe is quantum elec-

trodynamics (QED), a type of quantum field theory (QFT) of which, in general,

there are many. The most famous and one of the great achievements in physics,

is the development of the standard model (SM) of particle physics. It describes

all the known forces (excluding gravity) in addition to the elementary particles.

In spite of its successes there are phenomena observed in the universe that are

incompatible with the SM. These unanswered mysteries include: the absence of

antimatter in the universe, where models suggest both matter and anti-matter

should have been created equally [1]. The observed gravitational effects of many

galaxies cannot fully be accounted for by their matter content, which has led to

the postulate of the existence of unseen dark-matter (DM) [2–4]. Furthermore,

observations, on the cosmological scale, of the expansion of the universe indi-

cate an unknown energy, dark-energy, that drives it [5–7]. Experimental evidence

shows that neutrinos, an abundant subatomic particle, oscillate between the three

flavours [8–10] thereby requiring them to be massive when the SM implies that

2



Chapter 1. General Overview

they are massless. Another example of an issue with the SM is that the theory of

the strong force suggests that it should favour particular processes linked to their

‘handedness’, while in reality no such preferences are observed. This final issue is

known as the strong charge parity (CP) problem, which will be more extensively

discussed in Section 2.1.

Note that the SM is by no means a complete description of observed phenom-

ena, and it is well known that additional theories are required. Many of these

extensions to the SM predict a plethora of beyond-the-standard model (BSM)

particles, in what is known as the ‘hidden sector’ [11]. This is an important area

of physics given the above stated ‘mysteries’. Many of theses ‘hidden’ particles

are well motivated candidates to resolve these issues. Theories such as string the-

ories and supersymmetric theories naturally1 predict particles such as the sterile

neutrino [12] 2, dark photon3 as well as axions and dilatons [13].

The axion is of particular interest, and axion-like particles (ALPs) will be the

central focus of this thesis, with the dilaton additionally investigated and com-

pared with the axion. For various cosmological reasons, many of these particles –

known collectively as WIMPs/WISPs (weakly interacting massive/slim particles)

– would have been produced in abundance in the early universe. Furthermore, the

axion also originates from the Peccei-Quinn (PQ) solution [14, 15] to the afore-

mentioned strong CP problem. Wilczek and Weinberg [16, 17] pointed out that

the PQ solution should lead to a new boson via the spontaneous breaking of a

global symmetry. Wilczek coined the name axion, after a detergent brand, as he

felt it would ‘clean up’ an issue in physics. Since then the axion and ALPs – a

larger family of particles with similar couplings to the axion – have been actively

1By this we mean the particles are a consequence of the building blocks of the theory in
question.

2This particle is relevant to the question ‘are all neutrinos left handed?’ (opposite for
antiparticles).

3Given the rich interaction of matter with light, does DM have an equivalent? If so, then
there might be dark photons.
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Chapter 1. General Overview

sought after from many areas of physics.

In brief, axions are pseudoscalar particles that have no charge and are spin

zero. They typically have very low mass (sub eV), which arises from the fact that

the spontaneously broken Goldstone symmetry was an approximate symmetry.

Additionally, they would have been produced in copious amounts during the

early universe via the vacuum misalignment mechanism [18]. In addition, they

are very long lived particles with a characteristic lifetime greater than the age

of the universe. These qualities have made them an ideal candidate for DM

searches [19–23]. The axion couples to the electromagnetic field via a two-photon

interaction, which is the primary mechanism exploited in detection experiments.

Common methods used in such experiments include light-shining-through-wall

(LSW) experiments, and cavity searches. The former attempts to detect axions

converting to photons in a chamber which blocks external electromagnetic (E-M)

waves from entering, and the latter has the cavity tuned to the axion’s mass

to detect a stimulated decay from axion to photon, which results in an increase

in power in the cavity. The axion’s mass and coupling strength are unknown

parameters and to date no axions have been detected, but experiments around

the world are placing ever more stringent bounds on its mass and coupling to

the electromagnetic field. See Figure 1.1 for a picture of the global experimental

activity; Figures 1.1 - 1.3 have been taken from [24].

1.2 Axion as an extension to electromagnetic

theory

Before we discuss more detail on the axion and its origins arising from the CP

problem, we introduce the axion in a more general way, considering the simplest

extension to Maxwell’s electrodynamics. Extensions to theories are a useful tool

in physics, providing explanations for phenomena incompatible with the SM,
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Chapter 1. General Overview

without undermining its many successes. The aforementioned dilaton originates

from Kaluza-Klein theory, an extension of Einstein’s general relativity to five

dimensions [25]. The dilaton is the fifth diagonal element of the metric tensor of

this theory. In addition, in many string theories the dilaton appears alongside

gravity. Likewise, many supersymmetric theories predict axion-particles [13,26].

Electromagnetism expressed in the language of the Lagrangian density has

the following form:

Lem = −1

4
F µνFµν − AµJ

µ
e , (1.1)

where F µν is the electromagnetic field tensor with F0i = Ei and B
i = −1

2
ϵijkF

jk,

where ϵ is the totally antisymmetric Levi-Civita tensor. Aµ is the electromagnetic

4 vector potential, Jµe the 4 current and Ei and B
i are components of the electric

and magnetic fields, respectively. The field tensor is defined by the 4 potential as

F µν = ∂µAν − ∂νAµ, where the field tensor is antisymmetric.

The simplest particle that could couple to E-M fields would be a spinless scalar

particle, which can be described by the Klein-Gordon (KG) Lagrangian

Lφ =
∂µφ∂

µφ

2
−
m2
φφ

2

2
. (1.2)

Coupling such a particle to an E-M field is determined by a term in the La-

grangian proportional to the product of the new particle’s field with the electro-

magnetic field. In electromagnetism there are only two Lorentz invariant terms,

F µνFµν and F̃ µνFµν (where F̃ µν = 1
2
ϵµναβFαβ is the dual field tensor), and there-

fore we will consider two beyond the standard model (BSM) particles, described

by the free Lagrangian of (1.2), with one coupled to each of the electromagnetic

5



Chapter 1. General Overview

invariants

Lint,ϕ =− 1

2
gΦγΦF

µνFµν (1.3)

Lint,φ =− 1

4
gφγφF̃

µνFµν , (1.4)

where the BSM particles are denoted by the symbols ϕ and φ.

In this context, the total Lagrangian is constructed by summing the Maxwell

Lagrangian, the KG Lagrangian, and the interaction Lagrangian that couples the

particle to the electromagnetic field:

LT = Lem + Lφ + Lint,φ. (1.5)

A similar total Lagrangian can be obtained for the particle ϕ coupled to E-M.

Using the Euler-Lagrange equation one can show that each of these particles

is described by the Klein-Gordon equations

(
□+m2

φ

)
φ =− gφγ

4
F̃ µνFµν = −gφγE ·B (1.6)(

□+m2
ϕ

)
ϕ =− gΦγ

2
F µνFµν = gΦγ(E

2 −B2). (1.7)

From the source terms in the equations of motion, we identify φ as a pseu-

doscalar and ϕ as a scalar field. This distinction arises from their coupling to the

electromagnetic invariants: F̃ µνFµν and F
µνFµν , respectively. By extending elec-

tromagnetic theory to include spinless scalar fields, we obtain a framework that

accommodates particles with axion-like interactions with light. In this context,

the pseudoscalar field φ resembles the axion, whilst the scalar field ϕ resembles

the dilaton, a charge neutral scalar field originally arising in Kaluza–Klein and

string theories, and coupling to the scalar electromagnetic invariant. Such ex-

tensions serve as valuable interim models in the development of more complete

theories.
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Chapter 1. General Overview

There is strong motivation to augment the Standard Model with BSM parti-

cles. Although the QCD axion was introduced to solve the strong CP problem,

its defining parameters, particle mass and its couplings to photons, depend on

model-dependent coefficients and are not fixed uniquely by QCD. This observa-

tion motivates searches for axion-like particles (ALPs): pseudoscalar bosons that

share the QCD axion’s photon coupling but whose mass and coupling strength

are independent parameters and do not need be tied to the strong CP solution.

As Hook asks [27]: “If we’re searching for a particle whose couplings are unrelated

to the strong CP problem, why must it solve the strong CP problem?”.

To avoid ambiguity, we define the terminology used throughout this thesis as

follows:

QCD Axion - The pseudo-Goldstone boson generated from the spontaneous

breaking of the PQ symmetry. This particle solves the CP problem. There is an

explicit relationship between the coupling strength and mass of the QCD axion.

In axion exclusion plots (see Figures 1.2, 1.3) this is often characterized by a

diagonal line of constant thickness on the coupling vs mass graph.

ALP - A pseudoscalar particle that interacts with electromagnetic fields, as

the QCD axion does, but its properties do not necessarily solve the CP problem,

nor is the particle necessarily a result of the breaking of the PQ symmetry. For

ALPs there is no explicit relationship between the coupling strength and mass,

making them two independent parameters.

Axion - From this point onwards, this term will be interchangeable with ALP.

7



Chapter 1. General Overview

Dilaton - The term “dilaton” is used in this thesis in a broad sense. His-

torically, the dilaton arises from Kaluza–Klein theory as the scalar component of

a higher-dimensional metric, which, after dimensional reduction, couples to the

scalar electromagnetic invariant F µνFµν . In this respect, the KK dilaton acts as

a scalar partner to electromagnetism, modulating the strength of the Maxwell

term. The scalar field introduced in this thesis plays an analogous role: it is a

charge-zero scalar that couples to the scalar electromagnetic invariant. Although

the field does not necessarily originate from extra dimensions, its coupling struc-

ture and physical function mirror those of the KK dilaton, justifying the use of

the same terminology. This usage is common in beyond-Standard-Model con-

texts, though not universally adopted, and is therefore stated explicitly here

Although many axion searches rely only on order-of-magnitude estimates, the

purpose of this thesis is different: we aim to understand in detail how different

production mechanisms depend on the underlying field dynamics. The axion flux

in laser–laser, laser–plasma and fermionic systems is highly sensitive to resonance

conditions, phase matching, modal structure and the spectral content of the driv-

ing fields. These features cannot be captured by simple scaling arguments. For

this reason the derivations presented in each chapter retain the full dependence

on the relevant parameters, allowing us to identify where enhancements occur.

Furthermore, this enables us to probe different mass ranges, and investigate how

the theoretical limits compare across production methods. The detailed expres-

sions therefore serve not only to obtain flux estimates, but to reveal the physical

structure of each mechanism.

The remainder of the thesis proceeds as follows: Chapter 2 reviews the strong

CP problem and the Peccei–Quinn solution that introduces the axion, and Section

2.2 summarises experimental architectures for detecting axions and axion-like par-

ticles. Chapter 3 lays out the notation and conventions used throughout the the-
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Chapter 1. General Overview

Figure 1.1: A global map indicating the experiments aimed at detecting ALPs,
their scalar/vector cousins, and dark photons including those experiments resid-
ing in space.

sis. Chapter 4 derives the coupled differential equations describing axion–photon

oscillations in a background laser field and presents numerical estimates of the

resulting photon and axion fluxes, with comparisons to existing experiments.

Chapter 5 explores axion production via driven plasma waves, improving on pre-

vious treatments and computing axion number fluxes for comparison with the

literature. Chapter 6 treats axion production from fermionic couplings, deriving

analytical expressions for the axion energy flux produced by an electron in the

presence of a magnetic field. Chapter 7 summarises the main results and outlines

directions for future work.
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Chapter 1. General Overview

Figure 1.2: An exclusion plot of the axion electromagnetic coupling. The diag-
onal yellow band indicates the parameter space in which the QCD axion must
reside. Much of the area for stronger couplings has been excluded by experiments
but there are some gaps around the optical frequencies that makes laser axion
production particularly interesting. Large portions of the map for heavier axions
have been excluded on astrophysical and cosmological grounds.
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Chapter 1. General Overview

Figure 1.3: An exclusion plot of the axion fermionic coupling. The diagonal
yellow band indicates the parameter space in which the QCD axion must reside.

11



Chapter 2

Background

2.1 The strong CP problem

As we have already mentioned, the axion itself is a by-product of a solution to the

strong CP problem, and this therefore is a natural starting point for discussion

on ALPs and axions.

The strong CP problem within the framework of the standard model is specific

to quantum chromodynamics (QCD), an area of physics that deals with the strong

interactions between quarks and gluons. The symmetries C (charge conjugation),

P (parity transformation), and T (time reversal), are fundamental symmetries in

nature, and Lorentz invariant systems must respect the composition CPT [28].

QCD, a non-abelian quantum field theory (QFT) based on the symmetry group

SU(3), might naively be expected to respect these symmetries. Experimentally,

this is exactly what we observe. The QCD Lagrangian density could naively1 be

written as:

LQCD = −1

4
Ga
µνG

µν
a +

N∑
i=1

q̄i (γµDµ −mi) q
i, (2.1)

1Without knowing the complex nature of the vacuum one would not add instanton solutions
- this was pointed out by ’t Hooft [29].

12



Chapter 2. Background

where G is the gluon field strength tensor and q are the quarks with the last term

being the Dirac Lagrangian for the quarks.

Weinberg realised, however, that there is a CP violating chiral symmetry

in this Lagrangian, U(1)A [30]. This issue was later resolved by ’t Hooft [29]

who pointed out the non-trivial nature of the QCD vacuum and that instanton

solutions must be added [31,32]. In short, the U(1)A symmetry was anomalous -

higher-order quantum corrections resulted in what was thought to be a conserved

current becoming non-vanishing. For our purposes, an additional term, the theta

term, is added to the QCD Lagrangian:

LQCD ⊂ θ
g2

32π2
Gµν
a G̃

a
µν , (2.2)

where G̃ is the dual tensor and g is a coupling parameter, the specific details of

which are not important for the purposes of this thesis.

Analogous to electromagnetism we can view the QCD field strength tensors

as being QCD electric and magnetic fields that can express the contraction in

(2.2) as

Gµν
a G̃

a
µν ∝ Ea ·Ba. (2.3)

Although a total derivative, this term cannot be ignored and does result in phys-

ical observations when analysed non-perturbatively, which is required in QCD2.

Nevertheless, while the U(1)A problem is resolved via instanton effects, this

does not eliminate the CP violating nature of the QCD Lagrangian. The θ term,

given in equation (2.2), couples the gluonic electric and magnetic fields, which

transform differently. The electric (QCD) field is odd under parity transfor-

mations, whereas the magnetic (QCD) field is even. Consequently, their scalar

2For this thesis the consequence rather than the reasons for this are important.
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Chapter 2. Background

product is CP violating. This is the origin of the strong CP problem, as exper-

imentally no such violations are observed. As we shall see, the CP problem is

really an issue of fine tuning.

A common way to experimentally investigate CP violation in the strong sector

is through the electric dipole moment (EDM) that the neutron would acquire.

Of the various ways to calculate this value, the lattice QCD sum rules [33] is

the most quoted. Currently, experimental efforts to measure this quantity have

resulted in null results, but give an upper bound on the magnitude of this EDM:

|dn| ≤ 3.6× 10−26e · cm (2.4)

at a 95% C.L. (confidence level). This bound can then be re-expressed as a

restriction on the QCD angle [34]:

|θ| ≤ 10−9. (2.5)

This is a very surprising result, as the QCD angle can be expressed, via chiral

transformations, as the sum of two parts written as:

θ̄ = θQCD + arg Det[M ], (2.6)

where M is the quark mass matrix.

This new term, θ̄, violates CP symmetry. As discussed above, experimental

bounds on the neutron EDM constrain θ to be less than 10−9, a result that is

both surprising and theoretically troubling. The issue of fine-tuning becomes clear

when one realises that the two contributions to θ̄ (θ and arg Det[M ]) arise from

entirely distinct physical mechanisms. Their perfect cancellation lacks any known

symmetry-based justification within the standard model. If θ were sufficiently
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Chapter 2. Background

large to produce observable CP violation, it would manifest as a measurable

neutron EDM, yet no such effect has been detected. This is the origin of the strong

CP problem. The question then arises: why has nature set these completely

unrelated parameters to cancel so precisely? For some, the notion of this fine-

tuning is sufficient motivation to seek an answer to the strong CP problem.

There are various proposals to rectify this: such as massless quark models.

However, here we will focus on a solution suggested by Peccei and Quinn [35].

Other proposals for resolving the CP problem can be found in Refs. [18,36]

2.1.1 PQ solution to the CP problem

Peccei and Quinn [35] proposed the existence of a new field, φ, (the axion field)

and a new global chiral symmetry U(1)PQ, which is spontaneously broken at

energies proportional to fφ, the decay constant of the axion. This new field

(φ) modifies the term proportional G̃G in (2.2)3. Ultimately, the theta term

is cancelled from a PQ symmetry transformation. The necessity for instantons

in QCD results in an axion potential, which is minimised when φ = −fφθ̄ (the

vacuum expectation value of the axion being opposite and equal to the theta

term):

Lθ̄+φ ∝
(
�

�
��θ̄ +
φ

fφ

)
g2

32π2
Gµν
a G̃aµν (2.7)

For these reasons the PQ solution to the strong CP problem is sometimes referred

to as a dynamical solution.

The initial axion model, known as the PQWW (Peccei, Quinn, Weinberg,

Wilczek) [16,17] was quickly ruled out due to disagreement with branching ratios

[37]. Consequently, the energy scale at which the PQ symmetry is spontaneously

3This is because the PQ symmetry is intentionally anomalous.
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Chapter 2. Background

broken increased to greater than that of the electroweak scale, making the axion

far less interactive, the so-called invisible axion. The two most prominent axion

models are DFSZ (Dine-Fischler-Srednicki-Zhitnitsky) [38, 39] and KSVZ (Kim,

Shifman, Vainshtein, Zakharov) [40, 41]. See Refs [42, 43] for details on various

axion models. The primary focus of this thesis is on axion-like particles (ALPs),

and the precise nature of the model is unimportant when the focus is on ALPs

rather than on the QCD axion. For reasons outside the scope of this thesis,

the coupling to gluon fields (via gluon triangle diagrams) induces axion coupling

to two photons, which is model independent. Furthermore, the presence of a

new charge (PQ charge) carried by fermions requires the existence of a fermionic

coupling. This thesis does not examine the coupling mechanisms themselves, but

rather investigates the experimental manifestations they produce.

2.2 Axion detection

The axion couples to both electromagnetic fields and fermions, and these inter-

actions are exploited experimentally to search for its existence. Axion detection

experiments can be broadly classified into two broad categories: laboratory-based

and astrophysical. The former aims to produce and detect axions under controlled

conditions, while the latter seeks to observe axions generated by natural processes

beyond Earth. For example, the CAST experiment [44] at CERN aims to detect

axions produced in the interior of the Sun via energetic collisions. Generally

astrophysical experiments provide stricter bounds but also have more inherent

unknowns associated with them, whereas laboratory experiments are not as con-

fining but involve fewer model dependencies.

Despite the current lack of experimental confirmation of the axion, groups

around the world have put increasingly stringent bounds on its coupling and mass.

Experiments such as ADMX have given the best bounds from cavity experiments
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geared towards axionic dark matter, and CAST has given the best bounds for

helioscopes. However, we can derive bounds on the axion from astrophysics and

cosmology, without resorting to an experimental procedure. For example, the

interior of stars will produce an abundance of axions that would be a mechanism

of energy loss for a star. The bounds can then be derived from the fact that this

energy loss cannot significantly alter the predictions of solar physics [45,46]. This

is also true for the axion-electron coupling. Specifically, for stars of the red giant

branch, their helium burning phases could be delayed by axion cooling, leading

to differences in their perceived brightness [47]. Similar arguments can be made

for the cooling of white dwarfs [48].

We will give a brief description of experiments in these two categories and

discuss their differing aims, mechanisms, and what they are sensitive to, in order

to provide a foundation of the current experimental methods used in the field.

2.2.1 Laboratory based

As mentioned, laboratory searches seek to produce axions, usually by exactly

the same means as for stimulating their decay back into detectable photons. A

prominent class of experiments in this category is called light-shining-through-

wall (LSW) experiments, which involve a laser beam directed across a static

magnetic field, such that the polarisation of the laser is aligned with the magnetic

field that in turn provides the E ·B product required to source the axions. These

experiments are split into two distinct sections separated via some optical barrier

which acts as a shield to optical light, only allowing axions to traverse it. The

second half of the experiment sees another static magnetic field applied such that

a process akin to the inverse Primakoff process [49–51] can take place, where

the applied field acts as a virtual photon inducing the decay of the axion back

into a single photon that can be detected. The presence of the obstruction gives

confidence that any detected light must be due to axion decay. The characteristics
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of the detected signal are related to the properties of the axion.

For conventional LSW setups it is optimal to be in the small momentum

transfer limit [52] as in this regime the phase of ALPs produced at each point along

the length of the magnetic field will not cancel, leading to the ‘maximization’

of the conversion probability. For a one-dimensional model where the laser is

much smaller in the transverse direction compared with the magnetic field the

probability for a photon to convert to an axion is given by:

Pφ→γ =
1

4

ω

kφ
(gφγBL)

2 |F (qL)|2, (2.8)

where F (qL) is the ‘form factor’ proportional to an integral over the magnetic

field region with F (0) = 1. q is the momentum transferred to the magnetic field

by the incoming photon. It can be expressed as the difference in the photon and

the axion’s k vectors. L is the length of the magnetic field region. For the small

momentum limit to be applicable, the photon must approximately satisfy the

axion dispersion relation, which puts an upper bound on the axion mass that can

be probed (see equation (2.9)). Given that there will be a large difference between

the axion’s energy and its mass, it is clear from a power expansion to first order

that q =
m2

φ

2ω
, where we have assumed the interaction is in vacuum. Optimisation

of the form factor requires qL≪ 1 and limits the axion mass to [52]:

mφ ≪ 8.9× 10−4
[ ω
eV

] 1
2

[
L

m

]− 1
2

. (2.9)

It should be noted that gaseous materials can be added to the chamber, which

allows the photon to more readily satisfy the axion’s dispersion relation, in turn

allowing larger masses to be probed still within the small momentum transfer
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limit. The maximum probability for a photon to convert to an axion is:

Pφ→γ =

(
gφγBL

2

)2

. (2.10)

Experiments intended to be run for long periods utilise relativity low-power lasers

that are constantly on. The continuous flux of photons compensates for the low

probability of a conversion. Typical LSW experimental parameters are B = 10 T,

L = 10 m, which gives the conversion probability P ≈ 10−17, assuming the upper

bound gφγ = 10−10 GeV−1 for the axion-photon coupling strength.

An example of an axion search of this kind can be seen at CERN with the

Optical Search of QED vacuum magnetic birefringence, Axion and photon Regen-

eration (OSQAR) [53] collaboration. Their experiment searched for both ALPs

and dilatons using 2 × 14.3 m long magnets of 9 T and a laser of 532 nm wave-

length, which was run continuously for 1.5 hours. At the end of the experi-

ment, analysis of the data revealed the exclusion limits for particles with masses

m < 2×10−4 eV, finding that the strength of their electromagnetic coupling must

be gφγ < 3.5 × 10−8 GeV−1 for ALPs and gΦγ < 3.2 × 10−8 GeV−1 for dilatons.

Beyond photon regeneration, OSQAR also investigates vacuum birefringence, a

QED effect, that can be modified by axion-like particles. This approach offers

model-independent sensitivity to BSM physics. Since the development of QED in

the early 20th century it has been known that the vacuum can act as an optical

medium for light propagating through an applied magnetic field. By measuring

the relative change in the polarisation (birefringence) of a laser propagating in

this background, information on the existence of ALPs can be gained. Due to the

ALP coupling to electromagnetic fields, the component of the laser polarisation

parallel to the magnetic field will be affected by the axionic coupling, whereas the

component perpendicular will not be affected (opposite for a dilaton). Pure QED

calculations give a very precise value to the change in polarisation and do not
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include the existence of BSM particles, therefore a measurable difference in the

polarization change between QED theory and experiments could be due to the

presence of BSM particles. Vacuum birefringence experiments have the advan-

tage that there are no model dependencies4 to consider, therefore leading to more

confidence in the results. Furthermore, unlike the LSW experiments, their results

scale with g2φγ and not g4φγ. However, this is more than offset by the magnitude

of the effects one is trying to measure.

2.2.2 Astrophysical

The CERN Axion Solar Telescope (CAST) is an astrophysical axion search, which

uses a detection mechanism similar to that used in the LSW experiments. In this

experiment the source of axions is the interior of the Sun. They are produced by

collisions of photons under the influence of E-M fields from surrounding charged

particles (Primakoff effect). The CAST group found [54] that the solar axion flux

at the Earth’s surface was

Nφ =g2103.75× 1011 cm−2s−2, (2.11)

where g10 = gφγ/
(
10−10 GeV−1

)
. Their experimental parameters (L = 9.26 m,

B = 9 T) set bounds on the coupling and mass: gφγ < 8.8 × 10−11 GeV−1 for

mφ ≤ 0.02 eV.

The Axion Dark Matter eXperiment (ADMX) is designed to search for axions

that are suitable candidates as DM particles. If axions exist they would have

been produced in the early universe (via vacuum misalignment) and the enormous

quantities could potentially make up all of the cold dark matter (CDM)5 mass

4This is more relevant to astrophysical experiments, where various gravitational, cosmolog-
ical and solar dynamics can have a large influence on the outcomes of an experiment.

5Cold dark matter refers to non-relativistic dark matter. This type of DM would have
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observed [22, 43]. This indicates that they are long lived and calculations show

that their natural characteristic decay time τdecay > τuniverse is larger than the

age of the universe. In general, weakly interacting massive particles (WIMPs) are

excellent dark-matter candidates with axions also being candidates. See [23,43,55]

for reviews of axionic CDM. The experiment utilises a microwave cavity that is

tuned to the axion energy (decayed photon’s frequency). Due to the presence of an

applied magnetic field an axion should have a probability to decay into a photon,

which in turn, due to resonance with the cavity, will result in a power increase that

can be measured. For the photon frequency to be resonant with the cavity, ADMX

primarily focuses on axions in the mass range of 2.66−3.33 µeV. The probed axion

parameters overlap that of the QCD axion, making any results of the ADMX

experiment anticipated by a wide range of scientists. ADMX holds the record

for being the most sensitive probe of the axion with the expected coherent power

spikes from successfully tuned decays being of the order of 10−24 W. Reviews of

the ADMX experiment and their results can be found in Refs. [22,23,56,57]

Other notable ALP searches include: MADMAX [20], a dark-matter dielec-

tric haloscope experiment, and CASper, another haloscope experiment, this time

aimed at detecting the nuclear magnetic resonance of the coupling to gluons and

nucleons [58]. Lastly, we mention PVLAS [59], which aims to detect BSM par-

ticles via vacuum birefringence and famously measured a false positive reading

in 2006 [60]. For a comprehensive review on axions and axion experiments see

Refs. [18, 61]. We also briefly mention that interest in axions spans both ends

of the mass spectrum. Ultra-light axions (ULAs) are considered promising dark

matter candidates, particularly fuzzy dark matter due to their long de Broglie

wavelengths which help resolve small-scale structure issues such as the cusp-core

problem [62]. At the opposite end, heavier axions with masses exceeding 100 eV

have gained renewed attention. In particular, Beyer et al. [63] demonstrated that

clumped together, forming structures in the early universe.
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cosmological constraints on domain wall decay and post-inflationary PQ symme-

try breaking may favour heavier axions. These models challenge the assumption

that viable axions must lie in the sub-eV regime and motivate new experimental

approaches.
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Notation Conventions and Key

Equations

3.1 Notation conventions

This section defines symbols, metric signature, and index conventions used through-

out the thesis to avoid ambiguity when comparing with the laser–plasma and

particle-physics literature.

In this work, we denote the axion field by φ rather than the customary a

because a is reserved for the normalised vector potential in laser–plasma notation,

a⃗ = (e/me)A⃗ where A⃗ is the 3 vector potential−a symbol that will be used

throughout this thesis.

Additionally, in this work we will use the ‘mostly minus’ metric ηµν = diag (1,−1,−1,−1)

and define the four-dimensional totally antisymmetric Levi-Civita tensor as ϵ0123 =

1 (ϵ0123 = −1). The electromagnetic tensor is then
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Fµν =


0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx

−Ez −By Bx 0

 , (3.1)

where F01 = E1, F12 = −B3 etc. We work in natural units c = ℏ = 1 throughout

this thesis, but will explicitly include factors of c and ℏ when it aids clarity.

The indices of the tensor can be raised by applying the metric twice,

F µν = ηµαFαβη
νβ, (3.2)

giving

F µν =


0 −Ex −Ey −Ez
Ex 0 −Bz By

Ey Bz 0 −Bx

Ez −By Bx 0

 . (3.3)

The electromagnetic dual tensor is formed using the totally antisymmetric

tensor,

F̃ µν =
1

2
ϵµναβFαβ (3.4)
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F̃µν =


0 −Bx −By −Bz

Bx 0 −Ez Ey

By Ez 0 −Ex
Bz −Ey Ex 0

 . (3.5)

Two invariants can be formed by contracting the electromagnetic tensor with

itself and with its dual:

F̃ µνFµν =4E ·B, (3.6)

F µνFµν =2
(
B2 − E2

)
. (3.7)

3.2 Key equations

In natural units, all physical quantities are assigned a mass dimension, meaning

that every dimensionful variable can be expressed as a power of mass. In this

convention, quantities such as energy, momentum, mass and frequency all have

mass dimension of [E] = [p] = [m] = [ω] = +1, while length and time both

have mass dimension of [L] = [t] =−1. Derivatives ∂µ therefore carry mass

dimension +1, the integration measure d4x has mass dimension [χ] =−4, and

any quantity with dimension n corresponds to a physical unit of massn. This

unifies the dimensional structure of the theory and allows all fields and couplings

to be assigned consistent mass dimensions within the requirement [L] = 4. This

is required to ensure that the action is dimensionless S =
∫
d4xL

All fields and couplings introduced below must therefore be assigned dimen-

sions consistent with this requirement.
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The Axion–Maxwell Lagrangian is

Lφ,EM = −1

4
F µνFµν − AµJ

µ
e +

1

2
∂µφ∂

µφ− 1

2
m2
φφ

2 − gφγ
4
φ F̃ µνFµν . (3.8)

Coupling to a fermion leads to the addition of a free Dirac term in the La-

grangian, and another interaction term1,

LDirac, EM = Ψ̄ (iγµ∂µ − qγµAµ −m)Ψ, (3.9)

LφΨ = −igφΨ φ Ψ̄γ5Ψ, (3.10)

where Ψ is the Dirac field and Ψ̄ = Ψ†γ0, with γ0 the time component of the

gamma matrices in the Dirac representation (see Appendix D.1).

3.2.1 The equations of motion

Applying the Euler–Lagrange equations to the axion–Maxwell Lagrangian,

∂L
∂Aρ

− ∂µ
∂L

∂(∂µAρ)
= 0, (3.11)

∂L
∂φ

− ∂µ
∂L

∂(∂µφ)
= 0, (3.12)

yields

∂µ

(
F µρ + gφγφF̃

µρ
)
= Jρ, (3.13)(

∂µ∂
µ +m2

φ

)
φ = −gφγ

4
F̃ µρFµρ. (3.14)

1For the dilaton, the interaction term lacks the imaginary unit i and the γ5 matrix.
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In 3-vector notation,

∇× (B+ gφγφE) = ∂t (E− gφγφB) + J, (3.15)

∇ · (E− gφγφB) = ρ, (3.16)(
□+m2

φ

)
φ = −gφγ E ·B, (3.17)

where □ = ∂2t − ∇2 is the d’Alembertian. Including the fermionic coupling

modifies the Klein–Gordon equation to

(
□+m2

φ

)
φ = −gφγ E ·B− igφΨ Ψ̄γ5Ψ. (3.18)

For a scalar dilaton field Φ with analogous couplings, the equations of motion

become

∇×[B(1 + gΦγΦ)] = ∂t[E(1 + gΦγΦ)] + J, (3.19)

∇ ·[E(1 + gΦγΦ)] = ρ, (3.20)(
□+m2

Φ

)
Φ =

gΦγ
2

(
E2 −B2

)
− gΦΨ Ψ̄Ψ. (3.21)

The interaction term used here is

Linteracting =
gΦγ
4

ΦF µνFµν ,

though some conventions absorb the factor of 1/2 into the definition of g.

The following table is provided to give a quick review of the dimensions of

of the terms in the equations and can be used to confirm the dimensions of the

axion/dilaton couplings
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Summary.

Quantity Mass dimension

Aµ 1

F µν 2

φ 1

Φ 1

Ψ 3
2

gφγ, gΦγ −1

gφΨ, gΦΨ 0
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3.3 Table of symbols

The following table collects the principal symbols used throughout this thesis.

Each entry includes a brief description, the units/dimension in which the quan-

tity is expressed, and the equation in which it first appears. This is intended

as a reference point for the reader and complements the notation conventions

introduced earlier.

Table 3.1: Table of Symbols

Symbol Name / Meaning Units First Defined

gφγ, gΦγ Axion/Dilaton electromagnetic

coupling

eV Eq. (1.3),(1.4)

mφ,mΦ Axion/Dilaton mass eV Eq. (1.6),(1.7)

A Background laser field amplitude Vsm−1 Eq. (4.18)

a Probe laser field amplitude Vsm−1 Eq. (4.19)

φ Axion field J Eq. (4.20)

ωA, ωa Background and probe frequencies eV Eq. (4.18)

kA, ka Background and probe wavenum-

bers

eV Eq. (4.18)

kφ, ωφ Axion wavenumber, frequency eV Eq. (4.20)

ω Slow envelope frequency eV Eq. (4.28)

α2 Effective coupling parameter eV2 Eq. (4.31)

R Frequency ratio ωa/ωA – Eq. (4.46)

Θ± Phases of propagation eigenstates – Eq. (4.32)

δΘ Phase difference Θ+ −Θ− – Eq. (4.51)

L Oscillation length m Eq. (4.52)

Nφ, NΦ Axion/Dilaton number flux m−2s−1 Eq. (4.50)

ξ Electrostatic plasma potential

(wave frame)

– Eq. (5.1)
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Symbol Name / Meaning Units First Defined

ωp Plasma frequency rads−1 Eq. (5.1)

γ Lorentz factor of plasma wave – Eq. (5.1)

λ Plasma wavelength m Eq. (5.7)

s Dimensionless spectral parameter – Eq. (5.34)

ξn Fourier coefficients of plasma po-

tential

– Eq. (5.9)

φn,Φn Axion/Dilaton Fourier mode eV Eq. (5.12)

κφ, κΦ Plasma axion/dilaton Energy flux

prefactor

Wm−2 Eq. (5.21)

n Mode index (Fourier mode) – Eq. (5.7)

H(s), HN(s) Infinite mode sum and finite mode

sum

– Eg. 5.25

h(s), hN(s) continuous modal and finite modal

contribution

– Eg. 5.27

ψ,Ψ Dirac field [L]−3/2 Eq. (6.1)

Un± Landau spinor states [L]−3/2 Eq. (6.20)

Θn(x̄) Hermite–Gaussian transverse

mode

– Eq. (6.12)

x̄ Transverse coordinate in magnetic

field

m Eq. (6.9)

n Landau level index – Eq. (6.14)

ωn Landau level energy eV Eq. (6.14)

gφΨ, gΦΨ Axion/Dilaton–fermionic coupling – Eq. (6.24)

ψ̄γ5ψ Pseudoscalar source term [L]−3 Eq. (6.59)

ψ̄ψ Pseudoscalar source term [L]−3 Eq. (6.61)

ω̄ Effective transverse decay constant – Eq. (6.35)
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Symbol Name / Meaning Units First Defined

φp(x̄),Φp(x̄) Transverse axion/dilaton mode of

order p

– Eq. (6.48)
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Chapter 4

Axion-Photon Oscillations in a

Background Laser Field

4.1 Background on axion photon oscillations

We begin our discussion of axions by considering their interaction with laser

beams — a promising experimental pathway to unmask the elusive axion. Ad-

vances in high-power laser technology have driven many scientific breakthroughs

over recent decades, and numerous facilities around the world are now operational

or under development. These laboratories offer ideal conditions for exploiting the

axion’s two-photon coupling, which lies at the heart of many detection experi-

ments.

When a photon propagates through a region with a constant magnetic back-

ground — particularly when its polarisation has a component parallel to the field

— the axion–electromagnetic coupling modifies Maxwell’s equations by introduc-

ing additional source terms. These terms couple the photon and axion fields,

preventing them from propagating independently. Instead, the system evolves

according to a set of coupled wave equations, and the physical propagation eigen-

states become linear combinations of the original axion and photon fields.
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Chapter 4. Axion-Photon Oscillations in a Background Laser Field

Following the language of neutrino oscillations, we name the original axion

and photon fields ‘flavour states’ and the combinations that describe independent

propagation, ‘propagation eigenstates’. This coupling allows a photon entering a

magnetised region to oscillate into an axion and vice versa, directly analogous to

neutrino flavour oscillations.

Axion–photon oscillations in static magnetic fields have been extensively stud-

ied, with foundational work by Raffelt and Stodolsky [64]. In such setups, a

photon whose polarisation aligns with the magnetic field mixes coherently with

the axion via the axion–electromagnetic coupling. The resulting propagation

eigenstates are linear mixtures of the original flavour states, and the beam os-

cillates between photon and axion components as it travels. Importantly, the

total number or energy flux of the two-field system is conserved, while the par-

titioning between flavour components oscillates with propagation distance. This

behaviour is analogous to light traversing a birefringent medium, where total

intensity remains constant, but the polarisation state rotates periodically.

Axion–photon oscillations may also play a role on wider astrophysical and cos-

mological scales. Supernovae and their apparent brightness are used to measure

extremely long distances in the universe; however, if light from them traverses

intergalactic magnetic fields, photon–axion conversion can cause a dimming of

the light. This effect, if unaccounted for, could introduce a bias into luminosity

distance measurements and distort inferences about cosmic expansion [65]. For

low axion mass, it could potentially conflict with measurements of the universe’s

acceleration [66]. Additionally, ultra-high-energy cosmic rays may be connected

to oscillations of this kind. The existence of cosmic rays with energies above

the Greisen–Zatsepin–Kuzmin (GZK) cut-off [67, 68] has been observed. Ax-

ion–photon oscillations have been proposed [69] as an explanation for why these

photons have not lost energy by interactions with the cosmic microwave back-

ground, since axions do not interact with the CMB in the same way as photons.
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This phenomenon is not only of astrophysical interest but is the same mechanism

described in Section 2.2.1 when discussing light shining through a wall (LSW)

experiments.

4.2 Axion-Photon oscillations in a static mag-

netic field

To give more concrete detail on these oscillations we consider the simple case

of axion-photon oscillations in a constant background magnetic field. This will

provide a useful comparison when the static background field is replaced by an

oscillating laser field.

The axion-Maxwell and axion-Klein-Gordon equations can be written as fol-

lows:

∇× (B+ gφγφE) =∂t (E− gφγφB) (4.1)(
□+m2

φ

)
φ =− gφγE ·B. (4.2)

Assuming that the background magnetic field is larger than the photon and

axion fields, we can linearise the equations to yield two coupled equations that

can be expressed by the matrix equation below. We assume that the fields behave

as plane waves - A,φ ∼ ei(kz−ωt), where A is the component of the vector potential

parallel to the magnetic field

M︷ ︸︸ ︷(ω2 − k2 −m2
φ

)
−gφγB0ω

−gφγB0ω (ω2 − k2)

 φ

iA

 = 0. (4.3)

It should be clear from the above that if the magnetic field were switched off,

we recover the two uncoupled axion and laser waves. The existence of the mag-
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netic field mixes the two states, as previously mentioned. The exact procedure

to get from the above matrix equation to an equation giving the axion number

flux will be outlined in Section 4.5. The case of axion-photon oscillations in a

magnetic field has been extensively covered in the literature and therefore we only

quote our result1. Assuming we start with a pure laser field with no axion field,

the number flux can be shown to be

Nφ = NA
kΩ2

2ω
(
m4
φ + Ω2

) [1− cos(δΘ)] , (4.4)

where we have defined the following terms

NA =
ω|A|2

2
Photon Number Flux (4.5)

Ω2 =4g2φγB
2
0ω

2 Modified Coupling (4.6)

δΘ =
z√
2

√
m4
φ + Ω2

2ω2 −m2
φ

Phase difference between the propagating states. (4.7)

If we consider a small phase difference δΘ (δΘ ≪ 1) we can expand the

oscillating term to give a flux of

Nφ = NA
ω

k

(
gBz

2

)2

, (4.8)

where

k =

√
2ω2 −m2

φ

2
. (4.9)

This result is often depicted in terms of the probability of a photon to convert

into an axion or vice versa in published work, see for example [64,70,71]. Defining

the probability of conversion as the ratio of the axion number flux to the photon

1A detailed derivation is presented in the Appendix B, where we show that our methodology
recovers the standard published result.
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number flux we can show, using equation (4.8), that the probability is

P =
ω

k

(
gφγBz

2

)2

. (4.10)

A more detailed derivation of the number flux (and conversion probability) is

presented in Appendix B. It is different to the usual published approach where

a unitary rotation matrix is used to diagonalise the axion-Maxwell equations to

determine the ‘mass matrix’. In that approach the probability for a photon to

‘convert’ to an axion is given by

P =
sin2(2θ)

2
[1− cos(Θ1 −Θ2)] , (4.11)

where θ is the mixing angle, which is the argument of the 2-D rotational unitary

matrix.

4.3 Axion-Photon oscillations in a background

laser field

A natural generalisation is to consider a non-static background magnetic field.

In this chapter we implement this by introducing a second laser field that drives

mixing between axion and photon states. Specifically, we consider two laser fields

that interact to produce axion–photon oscillations, calculate the resulting axion

number flux and compare it with the static magnetic-field case. We then evaluate

the flux across experimental parameters and contrast our results with published

work. Our emphasis is on using high-intensity lasers to maximise the axion flux:

electromagnetic fields achievable with high-power lasers far exceed those from

conventional magnets, and the axion flux scales with the square of the driving

field amplitude.
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Section 4.4 examines the resonance condition and the beam geometry that

maximise axion production. Section 4.6 defines the boundary conditions and

derives the expression for the number flux. Section 4.9 presents numerical results

across relevant parameter ranges and shows that, under favourable parameters,

the produced axion flux can exceed the solar axion flux at Earth’s surface. Finally,

Section 4.10 repeats the calculation for a scalar particle, the dilaton.

Published work similar to this thesis chapter exists, in that a secondary laser

field is used to stimulate the axion production, [72–74]. Mendonça [72] proposes

that the interaction between two intense electromagnetic waves in vacuum can

resonantly excite, and subsequently grow an axion field. He derives coupled

equations that govern the energy transfer between pump, probe and axion modes.

He predicts that sideband generation would be a clear experimental signature and

estimates that Petawatt-class lasers could probe the effect. Dobrich et al., [73]

theoretically showed that conversion from photons to axions and back to photons

when three laser beams interact, is possible. Two act as a background field (akin

to the background field in this work), whilst the third laser beam acts as the

probe, which are subject to axion-photon conversion and vice versa. The specific

geometry and frequencies of the laser fields, enables the axion’s existence to be

inferred from a photon signal that has undergone a frequency shift making it

distinct from initial laser fields. The distinct frequency as a result of the axion

to photon conversion eliminates the requirement for axion production and for de-

excitation to be separated by a ‘wall’. The work of Beyer et al., [74] investigated a

light shining through set up similar to ours in which two lasers are used to generate

the axions. They additionally incorporate a third laser which is used to stimulate

the axion reconversion back into a detectable photon signal. Furthermore, the

work considered axion mass closer to the optical range, mφ ≈ 1 eV, with the

possibility of using a free-electron laser to push that towards masses of 100 eV.
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4.4 Derivation of the coupled axion and laser

equations

The axion-Maxwell and axion Klein-Gordon equations can be written as follows:

∇× (B+ gφ̂E) =∂t (E− gφγφ̂B) (4.12)(
□+m2

φ

)
φ̂ =− gφγE ·B, (4.13)

where E and B are the electric and magnetic fields, φ̂ the axion field and g is the

axion’s coupling to electromagnetic fields. Note the use of φ̂ instead of φ. We

use this syntax here anticipating that we will be left with φ in our equations.

Expressing the electric and magnetic fields in terms of the vector potential

AT , we have

=0︷ ︸︸ ︷
∇ (∇ ·A)−∇2A− g (∇φ̂)×A,t = −A,tt − gφ̂,t∇×A (4.14)

□AT =gφγ [(∇φ̂)×AT,t − φ̂,t∇×AT ] (4.15)(
□+m2

φ

)
φ̂ =gφγ [(AT,t) · ∇ ×AT ] (4.16)

where we have assumed there are no sources ρ = J = 0 and we have used the

Coulomb gauge.

In the above equations F,t indicates the time derivative of the function F.

We will have three fields, the background laser field A, the probe laser field,

a and the axion, φ̂. These waves will propagate in the ±z direction. We let the

background wave be polarised in the ŷ direction and the probe in the x̂ direction.

We express the waves in complex notation (see below), where all phases have the

form θj = kjz − ωjt, where j runs over A, a, φ (background laser, probe laser
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and axion field). The background and probe waves must counter propagate, and

we define the positive direction ẑ as the direction in which the probe wave (a)

propagates. As a result of this choice we have that kA < 0, additionally the

magnitude of kφ is yet to be determined.

We express the waves using complex notation, explicitly:

AT =A+ a (4.17)

A =
1

2

[
Aei(kAz−ωAt) + C.C

]
ŷ (4.18)

a =
1

2

[
aei(kaz−ωat) + C.C

]
x̂ (4.19)

φ̂ =
1

2

[
φei(kφz−ωφt) + C.C

]
, (4.20)

where AT is the total vector potential and C.C stands for the complex conjugate.

Lastly, we point out that the amplitudes, A, a, φ are not constant. To determine

their evolution we solve the axion-Maxwell’s equations (4.15, 4.16) considering

only terms that are in phase with each other. For the axion-photon oscillations

to occur we set up the system in a way that allows the coherent flow of energy

between each of the waves. This is what we mean by in phase with each other. We

can use the conservation of energy to define relations between the waves frequency

components, which we refer to as our resonance conditions. Letting the two light

waves be described as ωA (background) and ωa (probe) the possible resonance

conditions for the axion wave are ωφ = ωa ± ωA (likewise for the wavenumber).

Only one of these is physically realisable due to the axion’s finite mass. Using the

free space dispersion relation (ω2
φ = k2φ +m2

φ) the resonance conditions must be2

ωφ = ωA + ωa, kφ = kA + ka and we conclude that the laser waves must counter

propagate.

We apply the slowly varying envelope approximation (SVEA) to the coupled

2Using the alternative resonance condition would imply the axion to have a negative mass
squared.
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systems such that the left-hand sides of equations (4.15) and (4.16) result in only

the first derivatives of the waves times their frequency components (we assume

we are in a vacuum such that the free space dispersions are satisfied: ka = ωa,

kA = −ωA). We can derive equations corresponding to the evolution of each of the

waves by substituting equations (4.18–4.20) into equations (4.15) and (4.16). We

consider the case where the resonance condition is ωφ = ωA+ωa and kφ = ωa−ωA,

neglecting all non-resonant terms. This enables derivation of the following three

evolution equations

(kφφ,z + ωφφ,t)

=
gφγi

4
[AaωAωa + i (ωaaA,t − ωAAa,z) + A,ta,z]

−gi
4
[−AaωaωA − i (ωAAa,t + ωaaA,z) + a,tA,z] (4.21)

(ωAA,t + kAA,z)

=
gφγi

4

[
−φa∗kφωa + i

(
kφφa

∗
,t + ωaa

∗φ,z
)
+ φ,za

∗
,t

]
ŷ

+
gi

4

[
φa∗ωaωφ + i

(
ωφφa

∗
,z + ωaa

∗φ,t
)
− φ,ta

∗
,z

]
ŷ (4.22)

(ωaa,t + kaa,z)

= −gφγi
4

[
−φA∗kφωA + i

(
kφφA

∗
,t + ωAA

∗φ,z
)
+ φ,zA

∗
,t

]
x̂

−gi
4

[
−φA∗ωAωφ + i

(
ωφφA

∗
,z − ωAA

∗φ,t
)
− φ,tA

∗
,z

]
x̂, (4.23)

where we have neglected terms that are non-resonant and second derivatives on

the right-hand side. See Appendix section B for a fuller derivation.
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In the absence of any interaction (g = 0) the amplitudes of the waves are

constant. As interaction between the axion and electromagnetic fields is weakly

coupled we can neglect the derivatives on the right-hand side of the equations

because the terms proportional to the fields dominate

ωφφ,t + kφφ,z =

(
gφγiωAωa

2
A

)
a (4.24)

ωaa,t + ωaa,z =

(
gφγiωAωa

2
A∗
)
φ (4.25)

ωAA,t + kAA,z =

(
gφγiωAωa

2

)
φa∗. (4.26)

We make one further assumption, that the amplitude of the background field, A

is much greater than that of the axion and probe laser fields, |A| ≫ |a|, |A| ≫ |φ|.

This assumption and the weak coupling of the axion to E-M fields allow us to

show that the interaction does not cause any significant variation of the back-

ground laser field. This in turn results in equations (4.24) and (4.25) becoming

two coupled linear differential equations. Finally, the coupled equation can be

expressed in the form of a matrix equationωφ∂t + kφ∂z −igφγ ωAωaA
2

−igφγ ωAωaA∗

2
ωa (∂t + ∂z)

φ
a

 = 0. (4.27)

4.5 The propagating and flavour eigenstates

In what follows, the quantities ω and k are not the laser carrier frequencies ωA

and ωa. They arise from the slowly varying envelope approximation (SVEA):

after factoring out the fast optical oscillations ei(kjz−ωjt) of each laser field, the

remaining envelopes evolve on a much longer timescale. The parameters ω and k

therefore describe the slow modulation of the coupled axion–photon system (the

beat between the two propagation eigenstates), rather than new physical laser
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frequencies. This distinction becomes important when we write φ, a ∼ ei(kz−ωt)

for the slowly varying fields below

kkφ − ωωφ −gφγAωAωa

2

−gφγA∗ωAωa

2
ωa (k − ω)

φ
a

 =

0

0

 . (4.28)

Only two combinations of the axion and photon field satisfy the above equation

(given that we require the fields to be non zero), which we will call the propagating

states. We partially adopt the language used to describe neutrino oscillations,

where the fields, of unique particle type, are ‘flavour’ states and the solution

to the matrix equation (4.28) where the fields are non zero, are propagating

states. The dispersion relation of the propagating states can be derived by setting

the determinant of the matrix to zero. Computing this we derive the following

equation

k2kφ − 2kωωa + ω2ωφ −
g2|A|2ω2

Aωa
4

= 0. (4.29)

This equation has two solutions that give the wavenumber of each propagating

state. In each case we assume the frequency (ω) to be the same

k± =
ωωa
kφ

± ωA
kφ

√
ω2 + α2, (4.30)

where we have defined the following parameter

α2 =
g2φγ|A|2ωakφ

4
. (4.31)

This parameter is a measure of the mutual influence of the axion and laser fields

resulting from the presence of the background field. We refer to this as the

effective coupling.
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We can now form a matrix equation for the propagating states by substituting

(4.30) into (4.28),

(ωA (√ω2 + α2 − ω
))

−gφγAωAωa

2

−gφγA∗ωAωa

2
ωAωa

kφ

(
ω −

√
ω2 + α2

)
φ

a

 =

P+

P−

 , (4.32)

where P+ and P− are the two branches of the propagating states, each propagating

with phase Φ± = k±z − ωt, respectively.

The matrix can be inverted and expressed in equation form to illustrate how

the flavour states can be expressed as a superposition of propagating states

φ =

(√
ω2 + α2 − ω

)
ωA

[
α2 +

(
ω −

√
ω2 + α2

)2]P+ − gφγAkφ

2ωA

[
α2 +

(
ω −

√
ω2 + α2

)2]P− (4.33)

a =
kφ
(
ω −

√
ω2 + α2

)
ωAωa

[
α2 +

(
ω −

√
ω2 + α2

)2]P− − gφγA
∗kφ

2ωA

[
α2 +

(
ω −

√
ω2 + α2

)2]P+.

(4.34)

Expressing the equations in this way emphasises the flavour state oscillation. The

phase difference between the propagating states, as in the neutrino case, means

that a well defined flavour state evolves and the probability of measuring the

other flavour state changes. Starting with a pure photon there is a probability to

measure an axion and vice versa.

4.6 Boundary conditions and the axion number

flux

We consider two sets of boundary conditions to analyse the evolution equations

4.33,4.34 which describe each the flavour states in terms of the propagating states.

They describe the case where initially, at coordinate z = 0, either the probe wave,
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a, or the axion wave, φ is present. Away from this initial coordinate, the waves

couple and at subsequent coordinates there is a finite chance that the other wave

will be present on measurement. We determine the flux of the wave for each case

and show how it depends on the axion mass. The boundary conditions enable

calculation of the probability of producing axions in the laboratory via laser

interactions. They also allow calculation of the probability of detecting axions

from a known source, such as the Sun, using a laser interaction3.

4.6.1 Axion production by interaction of two laser beams

Applying the following boundary conditions to equation (4.32),

φ̂(0, t) =0 (4.35)

a(0, t) =ax̂, (4.36)

allows expression of the propagating states in terms of the probe wave

P+ =−
(
gφγAωAωa

2

)
a (4.37)

P− =

((
ω −

√
ω2 + α2

)
ωAωa

kφ

)
a. (4.38)

We can therefore show that the axion field at a general position is proportional

to the probe wave amplitude multiplied by an oscillatory term derived from the

phase differences between the propagating states

3By “known” we mean that, if axions exist, the source would be identifiable, although no
axion source has yet been experimentally verified.
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φ =
gAωa
2

(
ω −

√
ω2 + α2

)[
α2 +

(
ω −

√
ω2 + α2

)2]eiΘ+
(
1− e−iδΘ

)
a. (4.39)

The physical axion field is then the real part of this expression

R[φ] =
gφγAωa

2

(
ω −

√
ω2 + α2

)[
α2 +

(
ω −

√
ω2 + α2

)2] [cos(Θ+) (1− cos(δΘ))− sin(Θ+) sin(δΘ)] a,

(4.40)

where δΘ = Θ+ −Θ− and where R [F ] represents the real part of F .

The energy flux of the axion wave can be shown to be (??)

Sφ = −∂tφ∇φ∗, (4.41)

which can be expressed as the following

Sφ =ωφkφ < |Rφ|2 > (4.42)

=|a|2 α2ωφωa
4 (ω2 + α2)

[1− cos(δΘ)] , (4.43)

where

δΘ = 2z
ωA
kφ

√
ω2 + α2, (4.44)

and where < · > denotes the time average of the oscillation. Studying the

oscillating term reveals that, for small δΘ, the field deviates very little from its

starting point.

We define the number flux as the energy flux over the energy per axion.

Nφ =
Sφ
ωφ
. (4.45)
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It is useful to define a variable equal to the ratio of the frequencies of the laser

fields. We show the relationship between the axion mass and this ratio, derived

from the resonance conditions.

R =
ωa
ωA

(4.46)

R =
m2
φ

4ω2
A

. (4.47)

The number flux, expressed in terms of the intensity of the laser fields

|a|2 =2Ia
ω2
a

(4.48)

|A|2 =2IA
ω2
A

, (4.49)

and in terms of R (where appropriate) has the following form

Nφ = g2φγc
2IAIa

(R− 1)

4ωA (ω2 + α2)
[1− cos(δΘ)] . (4.50)

As expected, the axion flux is proportional to the intensity of the two laser

fields. More interesting is the inverse relationship to the square of the frequency

ω. The term ω is the slow envelope frequency of the oscillations. It is a measure

of the degree by which the probe laser frequency is modulated when propagating

in the presence of the background laser field. Realistically, due to the weak

coupling of the axion any probe laser propagating in a background laser field

will experience very little change. In Figure 4.1 we illustrate the variation in

number flux with this frequency. In the plots shown in this chapter we assume an

axion electromagnetic coupling of gφγ = 1× 10−10 GeV−1, and, unless otherwise

stated, the intensities of the laser fields are taken to be IA = 1022 Wm−2 and

Ia = 1020 Wm−2. Lastly, the length of the interaction is assumed to be 100 times

the wavelength of the background laser.
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Figure 4.1: The axion flux vs oscillation frequency. The oscillation frequency
varies from 0.1% to 0.5% of the background laser’s frequency.

Although we illustrate the full oscillatory structure for clarity, it is important

to note that for any realistic choice of parameters, the phase difference δΘ remains

much smaller than unity. In practice, the system never reaches the first oscillation

peak, and the flux is always in the small-angle regime.

The figure shows that the flux decreases with frequency as expected from the

denominator in equation (4.50). However, due to the presence of this frequency

term in the phase difference, this decrease is not universal. As the frequency (ω)

increases, the oscillating term takes over and the flux peaks when δΘ = π before

the oscillation repeats. Each additional oscillation peak diminishes due to the

presence of the frequency in the denominator in the equation for the flux. We

explore this oscillation more closely in the next section, examining δΘ and the

contribution to the overall flux for various parameter ranges.
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4.7 Analysis of the axion number flux

The phase difference between the two propagating states results in an oscillation

of the flux. We take a closer look at that oscillation’s dependencies. Specifically,

the phase difference is

δΘ = 2z

√
ω2 + α2

(R− 1)
, (4.51)

where we have assumed the same frequency for the propagating states. This

phase difference is the ratio of the distance propagated to the wavelength of the

oscillation, where the length of the oscillation is defined as

L =
(R− 1)

2
√
ω2 + α2

. (4.52)

The part of the flux responsible for the oscillation ([1− cos(δΘ)]) increases

slowly for small δΘ, which critically affects the flux. For small δΘ, less than a

radian, we can expand the oscillating term.

[1− cos(δΘ)] ≈ δΘ2

2
. (4.53)

If the expression (4.53) is valid - δΘ ≪ 1 - the result is to significantly reduce

the flux from its peak value. In this case, the expression for the flux is the

following

Nφ = g2φγIAIa
z2

2ωA(R− 1)
, (4.54)

where z is the propagation distance.

An interesting comparison can be made with the case of a static magnetic

field background in this limit. In the static case, the probability of conversion is

given by equation (2.10). If we define the flux in our case as Nφ = Pa→φNa we
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have

P =

(
gφγ|A|ωAz

2

)2
ωa
kφ

(4.55)

P =
g2φγIAz

2

2

ωa
kφ
, (4.56)

which has a very similar form to Equation 2.10, the idealised conversion proba-

bility from the small momentum transfer limit. Note that this limit, the static

magnetic field case, requires mφ ≪ ω (see Section 2.2.1). In this work the axion

mass probed comes from the resonance conditions. This illustrates the difference

in the regimes explored in these works. Here, we are able to probe for larger

axion masses without suffering a loss of coherence (coherence is a measure of the

phase mismatch between flavour states). In each case, static field and background

laser field, the probabilities have different origins. Finally, comparing the derived

probability (2.10, 4.56) we see that, with all else equal, a significant magnetic

field strength is required to compare with the laser intensities realisable today. A

magnetic field of B0 ≈ 6.5 × 103 T would be comparable to a laser intensity of

I = 1× 1022 Wm−2.

We will analyse the flux and its oscillating component in two more regimes,

α2 ≫ ω2 and ω2 ≫ α2. If we consider δΘ for α2 ≫ ω2 and express the result

using equation (4.31), we have

δΘ = zgφγ
√

2IA

√
R

(R− 1)
, (4.57)

which for R ≫ 1 only depends on the background laser intensity. In deriving

equation (4.57) we have used equations (4.31), (4.46) and (4.49). In such a

situation, equation (4.53) will be valid, because the alternative would require a

very high intensity background laser, which remains constant over a considerable
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distance. In this situation the flux is

Nφ = g2φγIAIa
z2

2ωa
, (4.58)

where δΘ ≪ 1. In the other regime, ω2 ≫ α2, the flux is identical for δΘ ≪ 1.

We can see this to be the case when we first derived equation (4.50) from the

‘symmetry’ between the amplitude of the flux and the oscillating angle δΘ. This

is the same structure as the probability of an axion converting to a photon (or vice

versa) for the case of the background static magnetic field - see equation (4.4).

Moreover, this is the same expression as (4.54) but for R ≫ 1. Realistically,

equation (4.51) will be small so the oscillating term can be expanded and the

flux expressed as (4.54). In this regime, knowing the exact magnitude of the slow

frequency ω is unimportant because the flux is expressed in quantities that we

can control.

4.7.1 The flux dependency on axion mass

In our calculation of the flux - equation (4.50), the explicit dependence on the

axion mass is obscured. It is intrinsically linked to the resonant conditions and is

thus implied when the laser frequency or effective coupling is shown. In Figures

4.2 and 4.3 we plot the variation of the axion flux as a function of axion mass,

indicating the resultant change in the ratio of the laser frequencies on a third axis

- note the background laser frequency is held fixed in each case.

In Figure 4.2 we observe that the oscillations (in parameter space of the axion

mass) increase in both ‘wavelength’ and amplitude. From equation (4.52) it is

clear that an increase in axion mass increases the wavelength of the (physical)

oscillation. Additionally, from the numerator of equation (4.50), we see that it

also increases the amplitude. However, further increase of the axion mass re-

duces δΘ until equation (4.53) becomes applicable, eventually leading to a point
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Figure 4.2: The flux increases and oscillates due to the increase in axion mass.
The slow oscillation frequency is ω = 0.1ωA.

Figure 4.3: The flux initially increases over consecutive oscillations due to the
increased axion mass before tending to zero. The slow oscillation frequency is
ω = 0.5ωA.
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where the increase in amplitude no longer outpaces the reduction from the small

value of δΘ. Equation (4.54) illustrates this point, and as can be seen, the axion

number flux has the following dependence4, Nφ ∝ m−2
φ . This is shown in Figure

4.3, where it can be seen that the flux tends to zero for sufficiently large mass.

It should be noted that as we vary the laser frequencies or axion mass, the cor-

responding laser intensities and/or fluxes are held fixed. This is reasonable as

long as each of these variables are not changed too drastically. Additionally, they

should not be varied to the point that the resonance conditions no longer hold.

This is discussed more in section (4.9.1).

The last dependency we highlight is that of the propagation distance - denoted

by z in our equations. This only factors into the flux through the term δΘ,

which it is directly proportional to. However, it plays a more crucial role in the

assumptions that have gone into deriving the number flux. The length of the

interaction is necessarily dictated by the length over which the background laser

field can be held constant. This is likely the primary constraint inhibiting the

axion flux reaching its peak value. In Figure 4.4 we plot the flux as a function of

interaction length, over lengths up to one hundred times the wavelength of the

background field. There is an approximate factor of two between the peak of each

of the curves, highlighting the sensitivity of the flux to change in the axion mass.

This corresponds to a doubling of the probe frequency (R = 5 in the blue curve

while R = 10 in the black curve). Furthermore, careful consideration needs to be

given to the propagation distance; the peak of the black curve nearly overlaps the

minimum of the blue curve, emphasising the importance of where a measurement

is made.

4We take R ≫ 1 here so that (R− 1) ≈ R.

52



Chapter 4. Axion-Photon Oscillations in a Background Laser Field

Figure 4.4: The axion flux as a function of the interaction length. The background
laser frequency is ωA = 0.5 eV and the slow oscillation frequency has been set to
ω = 1neV.

4.8 Axion-Photon oscillations starting with an

axion

In this section we consider an axion wave propagating into the background laser

field region. Here we reverse the boundary conditions (shown below) such that

initially we have an axion source and our background laser field. One would

then detect the newly produced photons, which we had previously referred to as

the probe wave with a frequency determined by the resonance conditions. The

procedure to arrive at a measurable quantity - the photon number flux/intensity,

is similar to the steps followed in the previous section, and therefore we show

only the key equations here. Additionally, a significant amount of the analysis

in the previous section also applies here and therefore we omit this. In this case,
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the boundary conditions are

φ̂(0, t) =φ (4.59)

a(0, t) =0. (4.60)

Applying these boundary conditions to equations (4.33) and (4.34) we express

our propagating states in terms of the axion field

P+ =ωA

(√
ω2 + α2 − ω

)
φ (4.61)

P− =
gφγA

∗ωAωa
2

φ (4.62)

Note the symmetry between this section and the previous in expressing our

propagating states in terms of the initial wave.

We can then express the photon field in terms of our initial axion field multi-

plied by an oscillating term that arises from the difference in wavelengths of the

propagating states.

a =
gφγA

∗kφ
2

(
ω −

√
ω2 + α2

)[
α2 +

(
ω −

√
ω2 + α2

)2]φeiΘ+
[
1− e−iδΘ

]
. (4.63)

The intensity of this photon field can be determined as

Ia =
α2kφωa

8 (ω2 + α2)
|φ|2 [1− cos(δΘ)] . (4.64)

Expressing the result in terms of the intensity of the background laser and flux

of the axion source, where possible, and in terms of R, the laser frequency ratio

R = ωa

ωA
, the result for the intensity and consequently photon flux Na (Na =

Ia
ωa
)
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of the produced light wave is as follows

Ia = g2φγIANφ
R2(R− 1)ωA
16 (ω2 + α2)

[1− cos(δΘ)] , (4.65)

Na = g2φγIANφ
R(R− 1)

16 (ω2 + α2)
[1− cos(δΘ)] . (4.66)

The difference in form of the equations (4.66) and (4.50) is because the former

is expressed in terms of the axion flux while the latter in terms of the probe

intensity.

4.9 Numerical results

4.9.1 Suitable parameter values

Given that the boundary conditions require the presence of an axion source, one

might consider existing axion-producing experiments as a guide for numerical pa-

rameters. We have discussed two such experiments in Section 2.2 - LSW experi-

ments such as [53] and solar axion experiments such as [54]. Unfortunately, these

experimental parameters make a poor choice for our axion-photon oscillations,

with an optical source for a background field: The LSW experiment is optimised

in the small momentum transfer limit (see equation (2.9)). As shown in [53],

these experiments use optical lasers and are sensitive to particle production in

the µeV range. This makes conforming to our resonance conditions difficult.

When considering solar axions we see that their energy distribution is peaked at

around 3 keV (with an average energy of about 4.2 keV) [54]. In this case the

frequency separation between the axion source and an optical background laser

would be too great to enable the resonance conditions to hold. This axion-photon

oscillation process should then be viewed as another alternative approach in the
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search for axions.

4.9.2 Expected flux from axion-photon oscillations in a

laser background

To provide an example calculation of the produced flux we consider optical and

infrared lasers, ωA = 1 eV and ωa = 2 eV, and assume that the background

laser amplitude is held constant for 25 wavelengths (25λA). We take the laser

intensities to be IA = 1 × 1022 Wm−2, Ia = 1 × 1020 Wm−2 and the electro-

magnetic coupling of the axion to be g = 2 × 10−11 GeV−1, yielding an axion

flux of Nφ = 4.97 × 1015 m−2s−1, where we have assumed ω ≤ 30 µeV such

that we have δθ ≪ 1. For the flux to reach its peak, assuming the same fre-

quency ω, the background laser would need to be held constant over a length of

10.35 mm5 (8333λA), resulting in a flux of Nφ = 2.24 × 1020 m−2s−1. Alterna-

tively, if the frequency ω was such that at the measurement point (z = 25λA)

the maximum flux was reached, the flux would be Nφ = 2.02× 1015 m−2s−1 with

ω = 10 meV. Each of the fluxes calculated here exceeds that of the solar axion

flux at Earth’s surface6. Although it should be noted that the solar axion flux

at Earth’s surface is a continuous, time-independent flux, whereas the flux calcu-

lated in this chapter corresponds to the peak axion flux generated during a laser

pulse and is therefore not a time-averaged or steady-state quantity. We compare

our predicted axion flux with two light shining through a wall axion searches. For

comparison, the OSQAR experiment at CERN [53] and the ALPS II experiment

at DESY [75]. We estimate their axion fluxes to be Nφ = 3.95 × 107 m−2s−1

and Nφ = 7.35 × 1013 m−2s−1, respectively for the same axion electromagnetic

coupling strength7. These results are based on the parameters given in the respec-

5This is clearly not realistic for our set up and is only meant for illustration purposes.
6This is calculated from the results of [44].
7The OSQAR experiment is not sensitive to an axion of this coupling strength. The ALPS

II experiment achieves a lower sensitivity and that is the coupling strength we used in the
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tive papers as well as the manufacturing specifications of the Coherent Verdi V18

and Coherent Monolith Mephisto MOPA. This demonstrates that the laser–laser

mechanism produces axion fluxes that are competitive with, those of existing

light-shining-through-a-wall experiments, while providing a complementary ap-

proach that is sensitive to a different region of axion mass parameter space.

The boundary conditions in Sections 4.6.1 and 4.8 could be used to envi-

sion a scenario in which a background laser field is used to generate an axion

flux and subsequently de-excite (oscillate) into photons. If we assume the same

background field for each boundary condition and that it is constant over 25 wave-

lengths (δθ ≪ 1) we obtain a photon flux of Na = 1.98×10−8 m−2s−1. Comparing

this with the work in [53], we estimate that they would have expected a photon

flux (after the ‘wall’) of Na = 6.66 × 10−11 m−2s−1. The ALPS II experiment,

for its predicted future operation, boasts the largest photon flux at the detector,

to our knowledge. Their predicted photon rate is around N = 4× 10−5 s−1 (3.5

per day). This is achieved in part due to the enhancement of the signal on ei-

ther side of the wall by a Fabry-Perot cavity, which increases the signal by 5000

and 40000,8 respectively. Our work aims at maximising the axion flux and not

necessarily achieving the largest photon flux. We have not extended our work to

explore techniques to increase the resultant photon flux.

4.10 Dilaton

As we have alluded to in the introductory sections, axions are far from the only

weakly coupled particles that result from generalised extensions to the standard

model. The dilaton is one such particle that we investigate. As has been discussed

already in Section 1.2, the dilaton is closely related to the axion and couples to the

electromagnetic scalar invariant - see Chapter 3 for more details on the dilaton

calculations.
8With their current equipment this is closer to 16000.
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equations and electromagnetic coupling.

We repeat the calculations of the preceding section for the dilaton, similarly

deriving the fluxes and analysing the scaling with dilaton mass. Throughout, we

will comment on and discuss the differences in the derived equations, comparing

the pseudoscalar and scalar particles. We will not demonstrate numerical calcu-

lation however, as, given the approximations used in this work, there is a near

equivalence between the equations for the dilaton and axion.

The dilaton-Maxwell’s equations were derived in Section 3 but are shown

again here, where in equations (4.69) and (4.70) we express them using the elec-

tromagnetic vector potential, A.

∇×
[
B
(
1 + gΦγΦ̂

)]
=∂,t [E (1 + gΦγΦ)] (4.67)(

□+m2
Φ

)
Φ̂ =

gΦγ
2

(
E2 −B2

)
(4.68)

(
1 + gΦγΦ̂

)
□AT =− gΦγ

[
AT,tΦ̂,t +

(
∇Φ̂
)
×∇×AT

]
(4.69)(

□+m2
Φ

)
Φ̂ =

gΦγ
2

[
(−AT,t)

2 − (∇×AT )
2] . (4.70)

A key difference between the axion and dilaton equations can be seen by the

fact that the dilaton scales the results. In the grouping of differential operators,

time derivates appear beside time derivates and spatial derivatives beside spatial

derivatives. Additionally, in equation (4.68) it is clear that the source of the

dilaton is maximised when the either the electric or the magnetic field goes to

zero, whereas, for the axion, this results in a vanishing source. As this work

pertains to laser-dilaton interactions we cannot set the magnetic field to zero.

Furthermore, from equations (4.69) and (4.70), the polarisation of the lasers must
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be parallel, which contrasts with that of the axion.

As with the axion we collect only resonant terms to derive the evolution

equations of each of the waves. We however assume that the background laser

field, A, is constant over the interaction length, thus we will only derive two

evolution equations.

The resonance conditions are similar to that of the axion: ωΦ = ωA+ωa, with

the probe and dilaton waves travelling in the +z direction and the pump in the

−z direction. The difference here is that we will assume the probe and pump

waves are similarly polarised in the x direction.

Φ̂ =
1

2

[
Φei(kφz−ωφt) + C.C

]
(4.71)

A =
1

2

[
Aei(kAz−ωAt) + C.C

]
x̂ (4.72)

a =
1

2

[
aei(kaz−ωat) + C.C

]
x̂. (4.73)

(ωaa,t + kaa,z) =
−igΦγ

4

[
ωAωΦA

∗Φ + i
(
ωAA

∗Φ,t − ωΦΦA
∗
,t

)
+ A∗

,tΦ,t

−kAkΦΦA∗ − i
(
kΦΦA

∗
,z − kAA

∗Φ,z

)
+ Φ,zA

∗
,z

iΦ
(
ωAA

∗
,t + kAA

∗
,z

)]
(4.74)

(ωΦΦ,t + kΦΦ,z) =
igΦγ
8

[−ωAωAaA− i (ωaaA,t + ωAAa,t) + a,tA,t

+kAkaaA+ i (kaaA,z + kAAa, z) + a,zA,z] (4.75)

There is a clear similarity in the evolution equations for dilatons and ax-

ions. One difference, however, originates from the term on the left-hand side of
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equation (4.69) - (1 + gΦγΦ)□A. In the case of the probe evolution this term

yields additional terms that are proportional to the change in the background

field - these terms present in the last line of equation (4.74). A further point to

note is that these ‘extra’ terms are not multiplied by an imaginary unit. While

the assumption of a constant background field eliminates the additional terms in

equation (4.74), their structure suggests that introducing a modulation could al-

ter the dynamics of the dilaton–photon system in ways not mirrored by the axion

case. A comparison utilising such a modulation could reveal further differences

in the coupling mechanisms of scalar versus pseudoscalar particles, specifically in

how they influence the evolution of the probe field.

Our evolution equations reduce to two coupled differential equations

ωa (a,t + a,z) = −
(
igΦγωAωaA

∗

2

)
Φ (4.76)

ωΦΦ,t + kΦΦ,z = −
(
igΦγωAωaA

4

)
a. (4.77)

Following a similar process to that of the axion, we express these equations

in matrix form, taking the solution to be of the form of a plane wave ei(kz−ωt).kkΦ − ωωΦ
gΦγAωAωa

4

gΦγA
∗ωAωa

2
ωa (k − ω)

Φ

a

 =

0

0

 (4.78)

k± =
ωωS
kΦ

± ωI
kΦ

√
ω2 + α2 (4.79)

α2 =
g2Φγ|AI |2ωakΦ

8
. (4.80)

Note the factor of two difference between α defined for the dilaton and that

of the axion. This originates from the differences in their Klein-Gordon equa-

tions where a factor of two difference is obtained from the contraction of the
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electromagnetic tensor and its dual, and the contraction of the dual with itself.

The propagating states can be expressed in terms of the flavour states, and

vice versa

P+ =ωA

(√
ω2 + α2 − ω

)
Φ +

gΦγAωAωa
4

AS (4.81)

P− =
ωAωa
kΦ

(
ω −

√
ω2 + α2

)
a+

gΦγA
∗ωAωa
2

Φ (4.82)

Φ =

(√
ω2 + α2 − ω

)
ωA

[
α2 +

(√
ω2 + α2 − ω

)2]P+ +
gΦγAkΦ

4ωA

[
α2 +

(√
ω2 + α2 − ω

)2]P−, (4.83)

a =
kΦ
(
ω −

√
ω2 + α2

)
ωaωA

[
α2 +

(√
ω2 + α2 − ω

)2]P− +
gΦγA

∗kΦ

2ωA

[
α2 +

(√
ω2 + α2 − ω

)2]P+,

(4.84)

where the phase of the propagating states is Θ± = k±z − ωt.

4.10.1 Dilaton production via two laser beam interactions

Application of the boundary conditions (same as for the axion case) allows ex-

pression of the propagating states in terms of the probe field

Φ̂(0, t) =0 (4.85)

a(0, t) =ax̂ (4.86)
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P+ =

(
gΦγAωAωa

4

)
a (4.87)

P− =ωA

(
ω −

√
ω2 + α2

)
a. (4.88)

Substituting these equations back into equation (4.83), we can express the

dilaton field as being proportional to the probe field a times an oscillatory term,

which arises from the different phases of the propagating states.

Φ =
gΦγAωa

4

(√
ω2 + α2 − ω

)[
α2 +

(√
ω2 + α2 − ω

)2] |a| [eiΘ+ − eiΘ−
]
. (4.89)

We can express the dilaton energy and flux as

SΦ =− ∂tΦ∇Φ (4.90)

SΦ =g2Φγ|A|2|a|2
ω2
akΦωΦ

64 (ω2 + α2)
[1− cos(δΘ)] (4.91)

NΦ =g2ΦγIAIa
(R− 1)

16ωA (ω2 + α2)
[1− cos(δΘ)] . (4.92)

There is a clear symmetry with the axion case, with the only difference being

that of the constant value on the denominator, which originates from the factor

of g
2
in the dilaton KG equation as opposed to g in the axion KG equation - see

equations (3.19) and (3.21).

4.10.2 Dilaton-Photon oscillation starting with a dilaton

For completeness, we derive a general expression for the photon field a at general

coordinates in terms of the dilaton field. The derivation uses the 1-D boundary

condition in which the origin contains only the dilaton together with the back-

ground laser field and no initial probe laser. Since the same method was applied

earlier for the complementary boundary condition (origin containing the probe

and background), we only quote the final expressions here.
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Using the following boundary conditions

Φ̂(0, t) = Φ (4.93)

a(0, t) = 0, (4.94)

expressing the propagating states in terms of the dilaton field,

P− =

(
gΦγA

∗ωAωa
2

)
Φ (4.95)

P+ =ωA

(√
ω2 + α2 − ω

)
Φ (4.96)

allows us to write the laser field as a superposition of the two propagating states’

phases

a =
gΦγA

∗kΦ
(√

ω2 + α2 − ω
)

2
[
α2 +

(√
ω2 + α2 − ω

)]Φ (eiΦ+ − eiΦ−
)
. (4.97)

Finally, we derive equations for the intensity and flux of the photons. Note

that we have taken the time average of the oscillations to derive the results below.

Ia =
g2Φγ|A|2k2Φω2

a

16 (ω2 + α2)
|Φ|2 [1− cos(δΦ)] , (4.98)

Na = g2ΦγIANΦ
R(R− 1)

8 (ω2 + α2)
[1− cos(δΦ)] . (4.99)

4.11 Chapter conclusions

Axion–photon oscillations are well established for static magnetic fields; here we

generalise that formalism to the case where a laser background field provides the

interaction, offering an alternative perspective on axion-photon oscillations. For
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realistic laboratory parameters the produced axion flux in our experimental setup

can exceed the instantaneous solar axion flux at the Earth’s surface and can also

exceed the predicted axion fluxes associated with existing light shining through

wall experiments such as OSQAR and ALPS II. Replacing a static magnetic field

with a background laser changes the ‘resonance condition’ and therefore the axion

mass range probed by the interaction. Using higher harmonics of the background

laser can extend the axion mass region without the experimental constraints

typical of traditional light shining through wall experiments.

Our analysis assumes a spatially and temporally constant background field;

relaxing that assumption to investigate realistic pulse profiles is a natural next

step. Future work will explore evolving background fields and compare axion

fluxes produced by typical laser pulse shapes, to assess how pulse structure and

finite interaction regions modify the coupled wave equations and resonance con-

ditions. This will provide practical requirements for the probe and background

lasers and quantify how feasible this proposed setup would be for the production

and detection of axions.
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Laser-Axion Interactions in

Plasma

5.1 Plasma - a promising medium for axion searches

Plasma as a medium for axion searches is promising as there is a vast range of plas-

mas, with a wide density range. Being able to control electromagnetic interactions

is of interest for both astrophysical and terrestrial environments. A common mo-

tivation for using plasma in axion searches is the fact that they can produce and

sustain very large field strengths. Since axions are weakly interacting, stronger

sources produce higher signals. Laboratory plasma used for wakefield accelera-

tors [76] can create extremely large fields (in excess of 100 GVm−1). There are a

variety of axion-plasma experiments (conceptual and actual) including: plasma

wakefields [77] where the electrostatic plasma wave in conjunction with an ap-

plied magnetic field acts as a source of axions. ‘Plasma shining through a wall’

(PSW) experiments [78] form hybrid axion plasmons. There are also plasma halo-

scope experiments [79] [80], which do not utilise a plasma but instead make use

of plasma-like dispersion from engineered metamaterials. These can be tuned so

that the axion mass matches the ‘plasma’ frequency, without being restricted by
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a cavity volume.

Perhaps the simplest design is to investigate electrostatic modes in plasmas. In

the 1-D limit, a longitudinally applied magnetic field will not disrupt the dynamics

of the electrons and will maximise the source of the axions (E · B component).

Given this set up, what would be the expected flux of axions from a strongly

driven1 plasma wave and how does that compare with the aforementioned sources

in Section 2.2? Previous work on this topic [77], investigated a 1-D model of this

and showed that the peak flux could exceed that of the axion flux generated in the

Sun as measured on Earth, using realistically achievable experimental parameters.

This is a promising result and deserves further and more detailed examination.

A key element of this (more specific details will be given later) is to study the

spectra of the axion flux. In [77] the flux was estimated by averaging over the

whole spectrum. Here, we derive the full spectral distribution, obtaining a more

accurate value for the flux. Before presenting the original contribution to this

work in Section 5.3, we outline the key points and results of [77] and show how

our approach differs in Section 5.2. In Section 5.4 and Section 5.5 we analyse the

flux modal distribution and dependency on axion and plasma parameters such as

axion mass, plasma frequency and gamma factor. In Section 5.7 we repeat the

work this time for a scalar particle, the dilaton.

5.2 Background theory and summary of results

The work in this chapter is based on [77] and therefore a conceptual overview of

that work is provided before presenting our new results in Section 5.3. A more

detailed derivation of the work of [77] can be found in Appendix C.

We investigate the non-linear regime and restrict ourselves to 1-D. A well-

known method [81] used to analyse travelling waves in this limit involves solu-

1A strongly driven plasma will highlight the nonlinearities in the Maxwell-plasma equations.
This will allow for the largest electric field and consequently the largest axion source.
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tions that depend on a coordinate ζ = x − βt, which co-moves with the plasma

driver, where β is the normalised phase velocity of the plasma wave. The analy-

sis assumes that the plasma driver and the wave frame don’t evolve. Due to the

extremely weak axion-electromagnetic coupling, the plasma and axion equations

can be solved independently, allowing the solutions for the plasma equations to

be used as a source in the axion-KG equation. As the plasma is magnetised lon-

gitudinally, the electric field of the plasma wave with the applied magnetic field,

acts as the source for the axions.

A key result of [77] is the derivation of an oscillator equation for an electro-

static potential in the wave frame

1

2
(ξ′)

2
+ ω2

pγ
2
(
ξ − β

√
ξ2 − γ−2

)
= ω2

pγ (5.1)

E = −me

e
ξ′, (5.2)

where ωp is the plasma frequency and γ = (1− β2)−
1
2 .

This provides an analytical expression for the maximum electric field that can

be achieved in the driven plasma and, by extension, as a source of axions. The

turning points of the oscillator equation coincide with the electrons travelling at

the phase velocity of the wave (wavebreaking) which yields the largest electric

field. In calculating the energy flux of the axion an average was taken and con-

sequently the spectral dependence of the individual axion modes was lost. The

resulting axion energy and number flux are found to be

Pφ =κφ

(
π

2s3
[πs coth2(πs) + coth(πs)− πs]− 1

s4

)
(5.3)

Nφ =
Pφ
mφγ

, (5.4)
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where κφ = m2
e

e2
16γ6g2φγB

2

π4 . The flux is defined as the average energy flux over the

estimated energy of an axion (Eφ = mφγ). The key result of [77] is equation (5.4),

which gives an estimate for the axion flux sourced from a non-linear plasma wave.

Our new result provides a more accurate representation of the expected axion

flux by first considering the spectral energy flux before dividing by the axion

energy per mode (Enφ = nmφγ

s
):

⟨Nφ⟩ =
kφ
mφγ

+∞∑
n=1

2s

n(n2 + s2)2
. (5.5)

As in the work of [77], our results are parametrised with the dimensionless variable

s, defined as

s =
mφγλ

2π
. (5.6)

There is no limit of s in which our results conform to that of [77]. However, when

s ≈ 1 they are within an order of magnitude of each other as shown in Figure

5.2.

In Figures 5.1–5.3 we plot the flux derived in [77] and in this chapter (5.5) for

three different parameter regions of s: s < 1, s ≈ 1 and s > 1.

For s < 1 the flux of [77] will over estimate. For s > 1 the flux derived in this

work will be greater – Figure 5.3.
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Figure 5.1: Comparison of the axion’s spectral and averaged number flux. The
dimensionless parameter ranges from s = 0.24− 1.22 in the graph. The averaged
number flux over counts for s < 1 and diverges from the number flux of this work.

5.2.1 Deriving the axion field

Due to the periodicity of the plasma wave, the electric field, ξ and the axion

inherit the same periodicity, and can both be described using a Fourier series

ξ =
∑
n

ξn exp

(
2πin

ζ

λ

)
(5.7)

φ =
∑
n

φn exp

(
2πin

ζ

λ

)
. (5.8)

The Fourier coefficients of the electric potential, ξn can be shown to be

ξn̸=0 =− 4γ

π2n2
(5.9)

ξ0 =
4

3
γ, (5.10)
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Figure 5.2: Comparison of the axion spectral and averaged flux. The dimension-
less parameter ranges from s = 0.69− 3.44 in the graph. Both fluxes are close in
value for s ≈ 1.

See Appendix section C.2.1 for details. The Fourier coefficient for the axion field,

φn is derived from the axion-KG equation

(
□+m2

φ

)
φ = −gφγE ·B, (5.11)

in conjunction with equations (5.2), (5.8), (5.9) and (5.10),

φn̸=0 =− 2igφγB0meγ
3λ

(n2 + s2)eπ2n
(5.12)

φ0 =0, (5.13)

where B = B0x̂.

The factor of i and λ in the numerator of equation (5.12) contrasts with the
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Figure 5.3: Comparison of the axion’s spectral and averaged flux. The dimen-
sionless parameter ranges from s = 7.70− 38.46 in the graph.

analogous expression for a scalar particle in Section 5.7.

The axion energy flux arises from the stress energy momentum tensor and can

be defined as

Iφ =− ∂tφ∇φ (5.14)

=βφ′2. (5.15)

In [77] the average energy flux is defined as

Pφ =
β

λ

∫ λ

0

φ′2dζ, (5.16)
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from which it was calculated that

Pφ =βg2φγB
2
0

m2
e

e2
16γ6

π4

+∞∑
n=−∞
̸={0}

1

(n2 + s2)2
(5.17)

=g2φγB
2
0

m2
e

e2
16γ6

π4

[
π
[
coth2(πs)s− πs+ coth(πs)

]
2s3

− 1

s4

]
, (5.18)

where we use the symbol Pφ for the energy flux calculated in [77], as this uses

similar notation. It can be obtained from our result for the energy flux, which

will be denoted by Iφ, by averaging over ζ.

In computing the sum in equation (5.17) it is clear it is only a function of s and

therefore information on the modes or spectral information is lost. This does not

have to be the case and in going from equation (5.15) - (5.17) we can express each

copy of the derivative of the axion field as a separate Fourier series. Ultimately,

this will preserve the spectral information and we can analyse the individual

modes of the resultant energy/number flux. These results are illustrated in the

following sections, where we highlight the error accrued in the results of [77] for

different parameter ranges in s.

5.3 The axion flux

To preserve the spectral information in the energy flux, we first express it as a

product of two sums

φ′2 =

2πi

λ

+∞∑
n=−∞
̸={0}

nφne
2πin ζ

λ


2πi

λ

+∞∑
m=−∞
̸={0}

mφme
2πim ζ

λ

 . (5.19)
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We express this as a Cauchy product such that the axion energy flux is

φ′2 =− 4π2

λ2

+∞∑
p=−∞

 +∞∑
n=−∞
̸={0,p}

n(p− n)φnφp−n

 e
2πipζ

λ (5.20)

Iφ(ζ) =κφ

+∞∑
p=−∞

 +∞∑
n=−∞
̸={0,p}

1

(n2 + s2)((p− n)2 + s2)

 e
2πiζp

λ , (5.21)

where κφ = ℏc4
µ20

m2
e

e2
16γ6g2φγB

2

π4 is defined as in [77].

The instantaneous energy flux in equation (5.21) varies with ζ. The more

meaningful, and measurable, quantity is the average energy flux, which is obtained

by letting p = 0. However, to retain the flux modes we define a modal frequency

|nΩ|, where Ω = 2π
λ
= mφγ

s
. Dividing (5.21) by the energy of each individual mode

(where En = ℏnΩ) results in the instantaneous number flux, with the spectral

information intact. The more meaningful quantity of the average flux can then

be obtained.

We compare the average flux with that of [77] below

⟨Pφ⟩ =Iφ(ζ)|p=0 (5.22)

⟨N⟩ = κφ
mφγ

∞∑
−∞

1

(n2 + s2)2
, (5.23)

Nφ(ζ) =
κφ
mφγ

+∞∑
p=−∞

 +∞∑
n=−∞
̸={0,p}

s

n(n2 + s2)((p− n)2 + s2)

 eipΩζ (5.24)

⟨Nφ⟩ >=
kφ
mφγ

+∞∑
n=1

2s

n(n2 + s2)2
(5.5 Revisited)

=
kφ
mφγ

H(s). (5.25)

It is clear that evaluation of the sum H(s) results in the loss of the spectral
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information. However, one can analyse the modal dependence of the flux (the

summand of H(s)) by considering various magnitudes of n vs s.

We point out that equation (5.5) resembles the Riemann zeta function

+∞∑
n=1

1

n(n2 + s2)2

∣∣∣∣
s=0

= H(0) = ζReim(5), (5.26)

where ζReim is the Riemann zeta function2 when H(s) ≡ H(0). A solution in a

closed-form expression of the above sum is not possible because it is evaluated

at an odd integer value. Note that for (5.23) (evaluated at s = 0) we have ζ(4)

and a closed-form expression exists. It is the step of deriving the number flux

(dividing by the modal frequency) that results in a closed-form expression not

being available. We will see this again in Section (5.7) when we investigate the

flux for a dilaton particle sourced by a non-linear plasma wave.

Returning to equation (5.5) and examining H(s), we find that it has a peaked

shape as shown in Figure 5.4. The amplitude of the curve in Figure 5.4 is ap-

proximately 0.69. This enables a quick calculation of the maximum axion flux by

a strongly driven plasma wave based on the axion mass - 69% of κφ.

5.4 Modal decomposition of the flux

The total flux ⟨Nφ⟩ does not depend on the mode number n. However, the modal

flux h(s)

H(s) =
n=∞∑
n=1

hn(s) (5.27)

, does depend on n, which is a key contribution of this work. The modal flux

will be analysed in three regions: s < n, s ≈ n, s ≫ n. In general, without

2This use of ζRiem is specific to this instance only. Outwith here it should not be confused
with the coordinate defined as ζ = x− βt.
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Figure 5.4: The finite-sum HN(s) is shown for the continuous variable s. The
peak occurs at s = 0.59 with a value of 0.687, and the vertical lines mark the
peak, two-thirds peak, and half-peak positions which occur at 0.25, 1.19 and 0.17,
1.47 respectively.

confining ourselves to one of these regions, one can see that the majority of

the contribution comes from the first few modes. Therefore, one can explicitly

sum several modes yielding a close approximation to the total flux. Recall that

a closed-form expression does not exist. The exact number of modes required

depends on s and will be investigated in Section 5.4.1.

Figures 5.5 - 5.7 illustrate the flux contained within the first 10 modes for

three different values of s. Clearly, the fundamental mode is the most dominant,

but other modes can have a considerable flux when s > 1. This is illustrated in

Figure 5.7, with each mode containing a non-negligible amount of flux. Analysing

the number flux, equation (5.5), for this regime, we have an approximate linear

decrease in the flux with mode number. For s < n and s ≈ n the modal number

flux drops off with the mode number to the power 5, resulting in the first few

modes containing the majority of the flux, as seen in Figure 5.5 and 5.6. As s does
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Figure 5.5: When s = 0.01 h1(s) the flux contribution comprising roughly 96%
of the total flux.

not have to be an integer, it is possible for s < n for all modes, whereas it is only

possible for s > n for a finite number of modes. Figures 5.8 and 5.9 demonstrate

this by plotting the modal flux for two regimes of s (s ≪ 1 and s ≫ 1). For

visualization, we represent the modal data (integer n) with continuous curves

An−5 and Bn−1 to demonstrate the two distinct behaviours. Treating n as a

continuous variable in the plotted fits is solely a graphical device to make the

dependence clear; the calculated flux remains a sum over integer n. The plotted

curves are scaled so each comparison appears on the same vertical range, allowing

the change between the two regimes to be seen at a glance.

5.4.1 Truncating the infinite series

A closed form expression for the total axion flux does not exist. To evaluate the

infinite series H(s) (5.5) we must make an approximation by truncating the series
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Figure 5.6: Even for s = 1 hn(1) drops off rapidly as s < n. h1(1) contributes
approximately 91% of the total flux.
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Figure 5.7: As s gets larger the contributions from each consecutive hn(s) mode
become comparable. In this example h1(100) contributes roughly 21% of the total
flux.
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Figure 5.8: For the orange curve the parameter s will always be less than the
mode number resulting in the flux being inversely proportional to n5. For the
red curve, initially s ≫ n causing a linear drop-off with n. However, there will
exist a set of mode numbers for which s≪ n and the flux’s relationship with the
mode number will change - see Figure 5.9.
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Figure 5.9: Again, for the orange curve we have s≪ 1 and the same relationship
as seen in Figure 5.8 is shown. For the red curve, in this range of mode numbers
s≪ n and the flux’s relationship with mode number is now inversely proportional
to n5.
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at a finite number N

∞∑
n=1

1

n(n2 + s2)2
≈

N∑
n=1

1

n(n2 + s2)2
. (5.28)

We know that the number flux drops off with mode number faster than the energy

flux, thus the upper bound of the finite series that approximates the infinite series

of the energy flux will also be a good upper bound for the approximation of the

number flux series:

If
N∑
n=1

1

(n2 + s2)2
≈

∞∑
n=1

1

(n2 + s2)2
, (5.29)

then
N∑
n=1

1

n(n2 + s2)2
≈

∞∑
n=1

1

n(n2 + s2)2
. (5.30)

A closed-form expression exists for the energy flux, and thus finding a suitable N

for a given value of s is straightforward. Our criteria for what makes N suitable

are that the resulting values obtained from the finite sum are within 5% of the

value obtained from evaluating the closed-form expression. As the number flux

falls off with a factor of 1/n more than the energy flux, the error will be less than

5% for the number flux approximation. We illustrate this numerically in table

(5.1) for different s values, concluding that, as a rule of thumb, provided N = 2s

the approximation is sound. Note that, for s = 1 three modes provide a result

of 97.8% the value of the closed-form expression, whereas only two modes yield

94.5%, thus for the range of numbers provided in table (5.1) this is the exception

to our stipulation. For s < 1 two modes are also needed.

The last two lines of table 5.1 are the values of s used in our numerical

calculation of the axion flux in Section 5.6. In those calculations 100 modes were

summed to obtain the result.
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Table 5.1: Upper bound on the mode number needed to obtain an approximation
of the closed form result

s N Closed form C(s) HN(s) Error (%)

0.1 2 2.12 2.08 1.9
1 2 0.614 0.580 5.5
10 20 1.471×10−3 1.411×10−3 4.1
100 200 1.561×10−6 1.498×10−6 4.0
1000 2000 1.570×10−9 1.506×10−9 4.0
10000 20000 1.571×10−12 1.507×10−12 4.0

2.18 100 0.173 0.173 <0.1
43.52 100 1.878×10−5 1.824×10−5 2.84

The headers in table (5.1) are defined as

C(s) =

(
π

2s3
[πs coth2(πs) + coth(πs)− πs]− 1

s4

)
(5.31)

HN(s) =
N∑
n=1

2

(n2 + s2)2
. (5.32)

We can see from Table (5.1) truncating the infinite series at a mode number equal

to that of twice the value of s yields a numerical result within about 5% the true

answer3. Given this, we always truncate our series for the number flux (5.5) at

a mode number at least twice the value of the largest value of s (if varying any

variable implicit in s there will naturally be a range of s values present). For the

majority of the results and plots in this chapter 100 modes will be summed unless

otherwise stated. In this way, we can soundly conclude that our truncated series

closely approximates the exact result. One can see that the number of modes

summed in the previous Figures 5.5 - 5.7 were sufficient to approximate the total

flux.

3Up to a value of s = 10, 000. The largest s value used in this work is s = 43.52.
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5.5 Flux dependence on axion and plasma pa-

rameters

In this section, we explore how the axion flux depends on the axion mass, plasma

wave gamma factor, and plasma frequency. Before illustrating the results graph-

ically, we briefly return to equation (5.5), expressing it in a slightly different

manner, such that the dependencies on these parameters are more clearly visible.

⟨Nφ⟩ =
kφ
mφγ

∞∑
n=1

2s

n(n2 + s2)2
(5.5 Revisited)

⟨Nφ⟩ ∝
γ

13
2

ωp

+∞∑
n=1

1

n

(
n2 + β̄

(
mφγ

3
2

ωp

)2
)2 , (5.33)

where we have used

s =
2
√
2

π

mφγ
3
2

ωp

c2

ℏ
, (5.34)

which has the factors of c and ℏ restored, and where β̄ = 8c4

π2ℏ2 .

We can see plainly increasing the axion mass reduces the flux. This is un-

derstandable as heavier axions have a higher energy, thus fewer are required to

produce a given energy flux - recall that equation (5.5) is derived from the energy

flux (5.21). The dependence of the flux on γ and ωp is slightly more compli-

cated, with the prefactor in (5.33) leading to an increase/reduction, whereas the

denominator inside the sum reduces/increases the overall flux, respectively.

For the parameter choice in Figures 5.10 - 5.14, the axion number flux reaches

Nφ ≈ (1024 − 1027)m−2s−1 , which is large compared to typical laboratory axion

sources. However, this reflects a deliberately favourable choice of axion mass and

plasma parameters, and does not imply easy detectability: any realistic experi-

83



Chapter 5. Laser-Axion Interactions in Plasma

ment would require reconversion with probabilities Pφ→γ ≈ 10−17 (typical for a

LSW set up - see section 2.2.1). Additionally, our calculation assumes an ide-

alised 1D geometry without transverse losses or detector noise. The result should

therefore be interpreted as an optimistic upper bound on the axion flux, not as a

directly observable photon signal. Furthermore, in Figures 5.10 – 5.14, maximum

s refers only to the largest value of the dimensionless parameter s reached in the

parameter scan; it is not a physical bound.

Figure 5.10: The total axion number flux for an increasing axion mass. The
maximum value of the dimensionless parameter reached in this scan is s = 2.2.
Additionally, 100 modes have been summed for each value of the axion mass to
give the total flux.

As can be seen in Figure 5.10, larger axion mass reduces the flux. Note that

the shape of the graph is similar to that in [77], for the energy flux rather than

number flux. This is due to the fact that in [77] to obtain the number flux, the

total energy flux is divided by the ‘typical’ axion energy (mφγ) as opposed to the
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‘spectral’ energy (nmφγ

s
). In the latter case, the factor of s cancels out the factor

of mφ, which cannot happen in the former case. This highlights the differences

between Figure 5.10 of this work and its counter-part in [77], in addition to the

similarity in the shape of figure 5.10 with the corresponding figure of the energy

flux in [77]. Furthermore, this difference leads to a finite result as mφ → 0 com-

pared with the divergent result obtained in [77].

Figure 5.11: Increases in γ leads to a rapid increase in the number flux. The
maximum value of the dimensionless parameter reached in this scan is s = 1.8
(black curve) and s = 0.36 (blue curve). Additionally, 100 modes have been
summed for each value to give the total flux.

Comparable with the analysis of [77] we find that the graph of the flux vs

gamma is sensitive to the axion mass - Figure 5.11. However, this is not unique to

the axion mass as the same sensitivity is present, and potentially more important,

in the plasma frequency (given that we can control this) - see Figure 5.12 below.
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Instead, this is purely due to the high powers of γ present in both the prefactor

and summand of the number flux; see equation (5.33). On inspection of this

equation, we see that, for increasing axion/laser parameters, the gamma factor

only increases the flux, whereas the axion mass only decreases it. Lastly, varying

the plasma frequency can result in an increase or decrease, thus more attention

should be placed on it to properly optimise the flux: see Figures 5.12–5.13. One

final difference between the flux of this work and that off [77] is that the power

of γ is larger in equation (5.33) than the flux of [77]. This is for the same reason,

as previously discussed for varying the axion mass. Dividing by the ‘spectral’

frequency leads to a different γ dependence in the prefactor.

Figure 5.12: The total axion number flux for an increasing γ factor. The maxi-
mum value of the dimensionless parameter reached in this scan is s = 1.74 (black
curve) and s = 0.35 (blue curve). Additionally, 100 modes have been summed
for each value to give the total flux.

Figures 5.12 and 5.13 show that whether increasing the plasma frequency
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(ωp) raises or lowers the axion flux depends on the value of γ. For small γ,

the part of the flux expression outside the modal sum dominates and the flux

varies inversely with ωp thus increasing it reduces the flux. For larger γ, the

term involving β̄

(
mφγ

3
2

ωp

)2

inside the sum becomes dominant. In this regime,

increasing ωp increases the flux. In short, increasing ωp does not guarantee a

larger flux.

Figure 5.13: Axion flux as a function of plasma frequency. The maximum value
of the dimensionless parameter reached in this scan is s = 4.1. Additionally, 100
modes have been summed for each value to give the total flux.

Figure 5.13 illustrates that flux can be optimised by varying the plasma fre-

quency. Increasing the plasma frequency increases the flux (the parameter s is

inversely proportional to the plasma frequency) until it peaks, after which a fur-

ther increase in the plasma frequency results in a decrease. The value of s at

which the flux is reduced by a third is s = 0.25 or 1.19 and for a reduction
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of 50% is s = 0.17 or 1.47. 4 The peak value of the flux (for s = 0.59) is

Npeak = 0.69 × κφ
mφγ

. This provides a simple way of determining the maximum

flux for a driven plasma wave and particular axion mass. The electron density

required to achieve this is

npeak =2.3m2
φγ

3meϵ0
e2

(5.35)

=1.20× 1021γ3
[
mφ

eV

]2
cm−3. (5.36)

However, for a set of axion-laser parameters it may not be physically possible to

reach the theoretical maximum flux due to the plasma becoming over-dense.

Future advances in laser plasma technologies will likely result in larger γ values

being more achievable. It is worth analysing parameter values resulting in large

s values (s > 1000). From equation (5.33) we see that there is a factor of γ
1
2

(assuming γ is the dominant term) in the number flux. This is illustrated in

Figure 5.14.

In this regime (s ≫ 1), the modal distribution of the flux broadens and the

error accrued by the previous work on this topic, [77], is more pronounced, Figure

5.3.

5.6 Comparisons with past and ongoing exper-

iments

We aim to compare numerical results from the non-linear plasma-wave–sourced

axions to existing laboratory experiments, namely OSQAR and ALPS II, which

were also used as benchmarks in Chapter 4.

For OSQAR [53] we estimate an axion flux of around Nφ = 1.02×109 m−2s−1

4Figure 5.4 also illustrated these points.
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Figure 5.14: The produced number flux vs γ for γ = (500− 10, 000). The growth
of the curve slows down as γ is increased, resembling that of a graph of y =

√
x.

could be sourced by using the Verdi V18 laser5 and the magnetic field stated in

the paper (L = 14.3 m, B = 9 T). We have assumed an axion electromagnetic

coupling constant of gφγ = 0.66×10−10 GeV−1 (within their projected bounds)

and an axion mass of mφ = 1 µeV, where the photon to axion conversion proba-

bility6 is optimised (equation (2.10)). For comparison, we estimate the ALPS II

experiment7 at DESY [75] has an axion flux of Nφ = 7.35× 1013 m−2s−18 assum-

ing an electromagnetic coupling of gφγ = 2×10−11 GeV−1. The two values of gφγ

differ because OSQAR and ALPS II target different regions of axion parameter

space: OSQAR operates at couplings around gφγ = 10−10GeV−1 , whereas ALPS

5The Verdi is a laser system built by Coherent.
6We have estimated the photon flux of the Verdi V18 to be NVerdi = 2.5× 1025 m−2s−1.
7We have estimated the photon flux of the Monolith Mephisto MOPA to be NMOPA =

2.4× 1030 m−2s−1.
8IF we assume the stronger coupling the resultant flux would be Nφ = 8.0× 1013m−2s−1
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II is designed to probe much smaller couplings, down to gφγ = 2× 10−11GeV−1.

I therefore use the value of gφγ appropriate to each experiment’s published sensi-

tivity.

In the work presented, the axion flux scales inversely with the axion mass

and increases with the γ factor , so maximizing γ yields the largest flux. The

flux is maximized when s = 0.59, which fixes the plasma frequency; however,

achieving this may be impractical if the required electron density becomes too

large. For an electromagnetic coupling of gφγ = 0.66×10−10 GeV−1, a plasma

wave Lorentz factor of γ = 10, 000 (equivalent to a wakefield driven by a 5 GeV

electron9), an applied magnetic field of B = 35 T (roughly the largest realistic

laboratory superconducting magnet), plasma frequency of ωp = 2π×1014 rad s−1

(ne = 1.24 × 1026 m−3) and an axion mass of mφ = 1 µeV10, we calculate an

axion flux of Nφ = 6.45× 1034 m−2s−1.

The value Nφ = 6.45 × 1034m−2s−1 obtained for the parameter set above

is undeniably large and demonstrates that strongly driven plasma waves can,

in principle, act as extremely efficient axion sources. This result merits further

investigation, particularly because it arises from a regime in which the plasma

wave is both highly relativistic and tuned close to the optimal value s ≈ 0.59.

However, it is important to emphasise that this flux represents the peak instan-

taneous flux generated during a single oscillation of a one-dimensional plasma

wave. The calculation does not include transverse dynamics, geometric losses,

finite interaction length, or any averaging over the pulse envelope or repetition

rate. As a consequence, the quoted flux should be interpreted as an optimistic

upper bound within an idealised one-dimensional model rather than a continuous

or time-averaged flux. A realistic experimental configuration would inevitably

yield a smaller effective flux, but the magnitude of the peak value neverthe-

9Electrons have been accelerated to such energies using laser plasma wakefield accelerators
[82,83]

10s = 2.18.
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less indicates that relativistic plasma waves remain a compelling and potentially

powerful axion production mechanism. Moreover, any realistic detection scheme

requires reconversion of axions back into photons, and the associated probabil-

ity Pφ→γ ∼ g2φγB
2L2 is extremely small, so the observable photon flux would be

many orders of magnitude lower than the peak axion flux calculated here.

As shown in Figure 5.10, the flux scales poorly with axion mass. If the axion

mass is closer to the optical range mφ = 1 eV the flux with the same parameters11

would be Nφ = 3.76× 1011 m−2s−1.

5.7 Dilaton

We now study the production of scalar particles (particles coupled to the electro-

magnetic invariant (E2 − B2) instead of pseudoscalar particles (coupled to the

invariant E · B). From its coupling to electromagnetic fields one can show that

the corresponding Klein-Gordon equation for scalar particles is:

(
□+m2

Φ

)
Φ =

gΦγ
2

(
E2 −B2

)
, (5.37)

where the full derivation for the Lagrangian is presented in Chapter 3. The

plasma dynamics outlined and derived in Section C.2 are independent of the

axion/dilaton. As was noted in Section 5.2, the weak coupling of these particles

enables the plasma equations to be solved independently of the particle and the

solutions used as sources in the respective Klein-Gordon equation.

Comparing the dilaton Klein–Gordon equation (5.37) with the axion Klein–Gordon

equation (5.11) highlights a structural difference in how the electromagnetic fields

contribute to the particle flux. For the dilaton, the flux is maximised by orienting

11s = 2.18× 106.
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the magnetic field so that its contribution vanishes. Setting B0 = 0 T. This gives

Φ− Φ′′

m2
Φγ

2
=
gΦγm

2
e

2e2m2
Φ

(ξ′)
2
, (5.38)

where we have used equation (5.2). By contrast, the axion flux is maximised

with a nonzero magnetic-field configuration. In both cases the flux is sourced by

a product of electromagnetic fields. For the dilaton, this is through its quadratic

dependence on ξ′. We expand the fields in Fourier series and represent ξ′2 ac-

cordingly before evaluating the flux explicitly.

Φ =
∞∑

n=−∞

Φne
2πnζ

λ (5.39)

ξ′2 =
+∞∑

n=−∞

χne
2πinζ

λ , (5.40)

+∞∑
n=−∞

Φne
2πinζ

λ =
gΦγm

2
eγ

2λ2

8π2e2

+∞∑
n=−∞

χn
(n2 + s2)

e
2πinζ

λ . (5.41)

Our previous results (equations (5.9) and (5.10)) can be used to explicitly

calculate ξ′2

ξ =
+∞∑

n=−∞

ξne
2πinζ

λ (5.42)

=
4γ

3
− 4γ

π2

+∞∑
n=−∞
n̸=0

1

n2
e

2πinζ
λ (5.43)

ξ′ =− 8γi

πλ

+∞∑
n=−∞
n ̸=0

1

n
e

2πinζ
λ . (5.44)

We can then express ξ′2 as a product of two Fourier series, and use the same
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method as was used to obtain the expression for the axion flux, and manipulate

it to produce a new Fourier series with coefficient that is a Fourier series

ξ′2 =− 64γ2

π2λ2

 +∞∑
m=−∞
m ̸=0

e
2πimζ

λ

m


 +∞∑
p=−∞
p ̸=0

e
2πipζ

λ

p

 . (5.45)

We replace variable m with a new variable n, n = m+ p

ξ′2 =− 64γ2

π2λ2

+∞∑
n=−∞

 +∞∑
p=−∞
p ̸={0,n}

1

p(n− p)

 e
2πinζ

λ , (5.46)

as our outer sum will now be in the newly introduced variable n, both the ex-

clusion conditions must be placed on the inner sum over p, as this variable will

effectively be ‘summed out’ leaving only variables in n. This is now in the same

format as equation (5.40), where

χn = −64γ2

π2λ2

+∞∑
p=−∞
p ̸={0,n}

1

p(n− p)
. (5.47)

Returning to (5.41) we have

Φn = − 8gΦγm
2
eγ

4

π4e2(n2 + s2)

+∞∑
p=−∞
p ̸={0,n}

1

p(n− p)
. (5.48)

We now evaluate the sum appearing in (5.48) for the case n ̸= 0. The sum-

mand admits the partial–fraction decomposition such that

Sn ≡
+∞∑
p=−∞
p ̸={0,n}

1

p(n− p)
=

1

n

+∞∑
p=−∞
p̸={0,n}

(
1

p
+

1

n− p

)
. (5.49)
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Because the individual series
∑

1/p and
∑

1/(n−p) are divergent, the entire

expression must be interpreted in the Cauchy principal value sense:

PV
+∞∑
p=−∞

f(p) ≡ lim
N→∞

N∑
p=−N

f(p). (5.50)

We define the principle value of the first term as,

A ≡ PV
+∞∑
p=−∞
p ̸={0,n}

1

p
. (5.51)

Using symmetric limits we have,

N∑
p=−N
p ̸=0

1

p
=

N∑
p=1

(
1

p
− 1

p

)
= 0, (5.52)

therefore, removing the excluded term p = n yields

A = − 1

n
. (5.53)

We define the principle value of the second term as

B ≡ PV
+∞∑
p=−∞
p ̸={0,n}

1

n− p
= PV

+∞∑
q=−∞
q ̸={0,n}

1

q
. (5.54)

By the same symmetric–cancellation argument we find

B = − 1

n
. (5.55)

Combining the two principal values yields,

Sn =
1

n
(A+B) =

1

n

(
− 1

n
− 1

n

)
= − 2

n2
. (5.56)
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The Fourier coefficient for the dilaton (for n ̸= 0) is therefore:

Φn =
16gΦγm

2
eγ

4

π4e2n2(n2 + s2)
. (5.57)

Note here the factor of i difference when compared to its axion counter-part φn

(5.12), indicating a difference in phase between the two cases. Additionally, there

is no dependence on the wavelength, which results in a different relationship

between the dilaton flux and plasma frequency, compared with the axion case -

see Figure 5.21. Lastly, the additional factor of n in the denominator results in a

more concentrated flux within the first few modes, compared with the case of a

pseudoscalar particle (Figures 5.15 – 5.17 illustrate this).

Returning to equation (5.48) and considering the case where n = 0, we have:

Φ0 =− 8gΦγm
2
eγ

4

π4e2(n2 + s2)

+∞∑
p=−∞
p ̸={0,n}

1

p(n− p)

∣∣∣∣
n=0

(5.58)

=
8gΦγm

2
eγ

4

π4e2s2

+∞∑
p=−∞
p ̸=0

1

p2

=
8gΦγm

2
eγ

4

3π2e2s2
, (5.59)

where we have used the fact that
∑+∞

p=1
1
p2

= π2

6
.

As the energy flux of the dilaton is proportional to Φ′2 we first derive the

explicit form of the derivative Φ′, then square it afterwards
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Φ′ =
2πi

λ

+∞∑
n=−∞

nΦne
2πinζ

λ

Φ′ =
32igΦγm

2
eγ

4

π3e2λ

+∞∑
n=−∞
n̸=0

1

n(n2 + s2)
e

2πiζ
λ (5.60)

Φ′2 = −
1024g2Φγm

4
eγ

8

π6e4λ2

 +∞∑
m=−∞
m̸=0

1

m(m2 + s2)
e

2πimζ
λ


 +∞∑
r=−∞
r ̸=0

1

r(r2 + s2)
e

2πirζ
λ

 ..

(5.61)

We repeat the same procedure as for equation (5.45), introducing a new variable

n = m+ r so that we can express (5.61) as the instantaneous flux for the dilaton

IΦ(ζ) = κΦ

+∞∑
n=−∞

 +∞∑
m=−∞
m̸={0,n}

1

m(m− n)(m2 + s2)((n−m)2 + s2)

 e
2πinζ

λ , (5.62)

where κΦ =
1024g2Φγm

4
eγ

8

π6e4λ2
. We note here that the inner sum is more generally

m(n −m)ΦmΦn−m, which is zero for m = 0 and thus the result of (5.59) is not

required.

We repeat the derivation carried out in equations (5.23, 5.5) to obtain the

total flux for the dilaton

< IΦ >=κΦ

(
− π2

4s4
csch2(πs)− 3π

4s5
coth(πs) +

π2

6s4
+

1

s6

)
(5.63)

< NΦ >=
κΦ
mΦγ

+∞∑
n=1

2s

n3(n2 + s2)2
, (5.64)
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Figure 5.15: When s = 0.01 the first mode dominates the flux contribution
comprising roughly 99% of the total flux.

where we have explicitly shown the closed form expression for the average energy

flux, equation (5.63).

Similar to the axionic case, no closed form expressions exists for the flux

because of its resemblance to the Riemann zeta function for odd integers. An

additional point to observe between each (5.64) and (5.5) is that the initial modes

comprise a far larger share of the total flux in the dilaton case, in addition to

the factor n−2. Practically speaking, when s≫ n there is still an n−3 drop off in

the dilaton flux, thus significantly fewer modes need to be sampled to arrive at

a sound approximation for (5.64). Figures 5.15-5.17 illustrate the flux contained

in the first 10 modes for three different s values.

Before proceeding to the results for the dilaton flux we highlight one more

comparison between the dilaton and axion cases. For the axion, the energy in

the oscillation of the plasma wave in combination with the applied magnetic field
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Figure 5.16: For s = 1 the flux contribution per mode continues to drop off
rapidly as s < n. The first mode contributes approximately 97% of the total flux.
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Figure 5.17: Even as s gets larger and is greater than half of the modes the
contribution from each consecutive mode still drops off steeply. In this example
the first contributes roughly 83% of the total flux.
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provided the energy to source the axions, the E · B coupling. For the dilaton,

however, there are two copies of the electric field, the E2 coupling. Comparing

κφ (equation (5.17)) with κΦ (equation (5.63)), we find κφ → κΦ for the magnetic

field

B′
0 ≡

meωp
πe

√
2γ, (5.65)

where we have used equation (C.28). Here we denote the magnetic field with a

prime to differentiate it from the magnetic field in Section 5.2.1 . Comparing B′
0

with the maximum electric field of a non-linear plasma wave, equation (C.25), it

is clear that when γ ≫ 1, it corresponds to B′
0. There is an analogue between the

constant magnetic field and the maximum electric field with respect to sourcing

either axions or dilatons. For a wave with a Lorentz factor of γ = 100 and plasma

frequency ωp = 2π × 1013 rad s−1, we would need a magnetic field strength of

B′
0 = 1, 610 T for the field to equal the contribution of the maximum electric field

towards sourcing axions. For experiments, the applied magnetic field strengths

are B0 < 50 T.

5.7.1 Approximate solutions by truncating the infinite se-

ries

The dilaton flux drops off at a rate of 1
n2 faster than the axion flux (5.5) and

therefore is even more skewed to having the vast majority of the flux contribution

arising from the first few modes. In the Figures 5.15 - 5.17 we graphically show

how this distribution is concentrated into the first 10 modes for various s values.

Ultimately, as the plots of Section 5.8 and numerical values of Section 5.8.1 all

have maximum s values s < 50, we choose to truncate our infinite series at mode

n = 100, in line with the conclusions found in Section 5.4.1.
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5.8 Dependency of flux on dilaton and plasma

parameters

Similar to the axion case (equation (5.33))), we illustrate the dependencies of the

total flux on the dilaton mass, gamma factor and background plasma frequency

more clearly

< NΦ >∝ γ
17
2 ωp

+∞∑
n=1

1

n3

(
n2 + β̄

(
mΦγ

3
2

ωp

)2
)2 . (5.66)

As with the axion case, we have a finite flux for the dilaton in the limit mΦ → 0,

which can be seen in Figure 5.18. The dilaton flux differs from the axion flux

by an extra λ−2 dependence because the dilaton couples to E2 rather than to

E · B, producing an additional factor of λ−1 in the field and hence λ−2 in the

flux. This manifests itself in the dilaton flux, which scales almost linearly with

the background plasma frequency (see Figure 5.19). Furthermore, one can clearly

see that the dilaton scales more strongly with the gamma factor than the axion

does.

The dilaton flux increases linearly with the background plasma frequency. An

increase in the background density narrows the spacing between the density spike,

which reduces the wavelength. The dilaton coupling to the square of the electric

field, expressed as the derivative of ξ (equation (5.7)) introduces a proportional

relationship between the dilaton flux and the plasma frequency.

Figure 5.21 shows that the flux only has a positive relation to the plasma

frequency, and therefore cannot be used to fine tune the flux as is possible for the

axion. However, due to the scaling of the flux with plasma frequency, a larger

frequency is always desired - Figure 5.21.
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Figure 5.18: Variation in the dilaton’s number flux with dilaton mass. The
maximum value of the dimensionless parameter reached in this scan is s = 2.18.

5.8.1 Numerical dilaton flux estimates for idealised ex-

periments

The search for dilaton particles is not as widespread as for axions. Rather than

comparing fluxes of existing experiments with the expected flux of this work

we instead calculate the dilaton flux using idealized experimental parameters.

We confine ourselves to a mass coupling parameter space that has not yet been

excluded by the bounds placed on dilatons from OSQAR [53], mΦ < 200µeV for

gΦγ < 3.2× 10−8GeV−1.

We calculate the dilaton flux using equation (5.64) for 100 modes summed to

be < NΦ >= 8.43×1046 m−2s−1, where the following parameters have been used:

mΦ = 20µ eV, gΦγ = 1× 10−8 GeV−1, ωp = 2π × 1014 rad s−1, γ = 1000, 43.52.

This larger value arises because the dilaton flux grows with higher powers of the
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Figure 5.19: The total dilaton number flux for increasing plasma frequency. The
maximum value of the dimensionless parameter reached in this scan is s = 4.1

plasma-wave amplitude and Lorentz factor than the axion flux.

5.9 Chapter conclusion

Plasmas are promising laboratory sources for axion and dilaton production be-

cause they can sustain very large electric fields and offer a tuneable dispersion.

In this chapter we derived the spectral distribution of the produced flux for ax-

ions and dilatons sourced by a strongly driven, longitudinally magnetised 1-D

plasma wave. We have shown that the flux is substantial for laboratory exper-

iments with a predicted axion flux on the order of Nφ ∼ 1034 m−2s−1 (taking

gφγ = 0.66 × 10−10 GeV−1) for experimentally realistic, optimised parameter

choices. Our analysis showed that the flux is concentrated in the first few modes

and the flux is peaked for s = 0.59, s = 2
√
2

π

mφγ
3
2

ωp
, and can be fine-tuned by ad-
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Figure 5.20: The total dilaton flux for an increasing γ. Plots for two different
dilaton masses are shown. The maximum value of the dimensionless parameter
reached in this scan is s = 1.80 (black curve) and s = 0.36 (blue curve).

justing the plasma frequency. Compared with the work of Burton and Noble [77],

our derivation includes the full spectral information and has a different depen-

dence of the flux on plasma and axion parameters. The approach presented here

removes approximations made in [77] and gives an exact spectral prediction that

can be applied to the design of an experiment.

Although this method of production depends on the repetition rate of the

system12 (we have calculated the flux per oscillation) the significant flux that can

be achieved merits further analysis, especially given the likely advances in laser

plasma technologies.

Future work should focus on reducing the modelling approximations in the

12For a laser driven plasma, the laser repetition rate and the time for the plasma to be
replenished will affect the actual flux.
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Figure 5.21: The total dilaton flux for an increasing plasma frequency. Plots for
two different frequencies are shown. The maximum value of the dimensionless
parameter reached in this scan is s = 0.36 (black curve) and s = 0.07 (blue
curve).

predicted flux for realistic experimental parameters. This can be achieved by

extending our model to 2-D and performing particle-in-cell (PIC) simulations

that include a finite temperature for the plasma.
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Axion Fermionic Coupling

6.1 Axion fermionic coupling

In this chapter we turn our attention to axion–fermion coupling, introduced in

Sections 2.2 and 3. The topic has attracted less interest than axion–photon cou-

pling. As with photonic couplings, many bounds on the fermionic coupling follow

from astrophysical arguments based on stellar cooling (axion emission opens ad-

ditional dark energy-loss channels that would noticeably alter stellar evolution

if the coupling were too large). In red-giant stars the axion–photon coupling is

suppressed, so axion emission is dominated by fermionic processes. Therefore,

observations of red-giant cooling can be used to derive upper limits on the ax-

ion–fermion coupling. From these considerations one finds gφe < 1.3×10−13 [47]1.

Additionally, bounds have been derived from white dwarfs, globular clusters, mag-

netars and other star formations [47,84]. These limits are obtained by adding an

axion cooling term to standard stellar-evolution models and requiring that the

modified models remain consistent with observed luminosities, lifetimes or cool-

1Here we use the symbol e to represent the coupling to the electron. Later in this work we
will use the symbol Ψ indicating the coupling to a Dirac field. Additionally, one may notice
that this coupling is dimensionless, which arises because the Dirac field conventionally has

dimensions of
[
L− 3

2

]
to balance the free Dirac Lagrangian.
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ing rates; the allowed mismatch between model and observation then translates

into an upper bound on the coupling.

It is important to test these bounds in laboratory settings, where astrophysi-

cal model dependencies such as stellar evolution are less significant. Free-electron

lasers (FELs) and plasma wakefield accelerators are attractive experimental plat-

forms because they combine large electromagnetic field strengths, tunable photon

energies, and well-characterized, controllable conditions. FELs have attracted

widespread use owing to their large photon numbers per pulse and wavelength

tunability [85]; however, the role of the axion fermionic coupling in FEL environ-

ments is under-explored. Beam and laser-driven wakefield accelerators are sim-

ilarly promising: integrating non-invasive diagnostics into existing experimental

setups could allow searches for axion production without disrupting the primary

experiment, avoiding the need for a purpose built facility. The previous chapter

studied axion production by strongly driven plasma waves; because wakefields are

driven by particle beams or lasers, it is important to assess whether the driver

particles themselves could produce axions via different couplings and how that

would affect experimental signatures.

To this end, we present a study detailing axion production from a high-energy

electron. In the first section of this work we solve the Dirac equation for an

electron in a constant magnetic field. The procedure we employ is similar to the

work found in [86]. In Section 6.4 we study the axion Klein-Gordon equation

with a pseudoscalar contraction of the Dirac field as its source, solving it via a

Greens function. In Sections 6.5 and 6.6 we investigate solving for the transverse

and longitudinal parts of the axion field. In Section 6.6.4 we calculate the explicit

form of the energy flux, and we analyse its dependence on the axion mass and

electron energy in Section 6.7. Lastly, in Section 6.8, we repeat this analysis for

the dilaton, the scalar equivalent of the axion.
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6.2 The Dirac field of an electron in a constant

magnetic field

In this section we derive the Dirac field of a single electron in a constant magnetic

field. In later sections we will consider an electron bunch by modelling it on the

solution of a single electron and then scaling up the result to a bunch of a given

charge.

The Dirac equation for a particle with charge e and mass me can be written

as

(iγµ∂µ + eγµAµ −me)ψ = 0, (6.1)

where ψ is the Dirac field, Aµ = (A0,A) the electromagnetic potential, and γµ

the gamma matrices2 in the Dirac representation.

As this work involves a constant magnetic field in the direction of propagation

of the electron, we can make an immediate simplification. We describe the mag-

netic field as B = ẑB0, A = (0, xB0, 0)
3. As the potential is a function of x we

can express the Dirac field as a plane wave in all coordinates except x, multiplied

by a spinor that depends on x. Additionally, we decompose our Dirac field into

two 2-component spinors

ψ = ei(−ωt+pyy+p||z)

Θ(x)

χ(x)

 , (6.2)

where we have re-labelled the z component to indicate that is is parallel to the

electron propagation.

2See appendix Section D.1 for an explicit form of the gamma matrices.
3There are several options for this, such as A = (−yB0, 0, 0), or a combination of Ax and

Ay.
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Due to the assumptions on the geometry we can expand the Dirac equation

into two coupled equations

(ω −me)Θ =
(
iσ1dx − pyσ2 − p||σ3 − eAyσ2

)
χ (6.3)

(ω +me)χ =
(
iσ1dx − pyσ2 − p||σ3 − eAyσ2

)
Θ. (6.4)

The Pauli matrices are represented by σk, k = 1, 2, 3 and in the Dirac basis the

gamma matrices can be expressed as a matrix with Pauli matrices as its elements

γk =

 0 σk

−σk 0

 (6.5)

and γ0 is

γ0 =


1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

 . (6.6)

We can eliminate χ to obtain a second-order equation in Θ

(
ω2 −m2

e

)
Θ =

[
−d2x + p2y + p2|| + e2B2

0x
2 + 2eB0pyx+ eB0σ3

]
Θ. (6.7)

One can solve equation (6.7) by recasting it in the form of a quantum harmonic

oscillator equation

d2Θ(x̄)

dx̄2
+

(
Ω2

eB0

− x̄2
)
Θ(x̄) = 0, (6.8)
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where

x̄ =
√
eB0

(
x+

py
eB0

)
(6.9)

Ω2 =ω2 −m2 − p2|| − eB0s (6.10)

s =± 1. (6.11)

See Appendix Section D.2 for a full derivation.

The QHO equation has solutions given by Hermite polynomials

ΘN(x̄) = HN(x̄)e
− x̄2

2 , (6.12)

where ΘN is a Gaussian Hermite polynomial and HN is a Hermite polynomial.

The order of the Hermite polynomial then refers to the transverse mode of ΘN .

These modes are a result of the magnetic field causing a gyration motion of the

electrons as they propagate. The field ΘN will have quantized (Landau) energy

levels given by

ω2 = m2
e + p2|| + eB0s+ eB0 (2N + 1) . (6.13)

This originates from the Hermite equation (6.8), which only has solutions pro-

vided Ω2 = eB0(2N + 1). We note that Θ is a two-component spinor, with spin

up/down given by s = ±1. One can see that there is a degeneracy in equa-

tion (6.13). Labelling consecutive states as N = n − 1 with s = 1 and N = n

with s = −1, the degeneracy manifests itself more obviously and we can express

equation (6.13) in a more compact form

nth state ω2
n = m2

e + p2|| + 2neB0. (6.14)

In the ground state, the degeneracy is broken because of the presence of the
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magnetic field, and therefore only the spin down state exists in the ground state.

The two independent solutions for Θ corresponding to the spin up and down

states are

Θn+ =

Θ̃n−1

0

 , Θn− =

 0

Θ̃n

 (6.15)

with the Dirac field expressed as

ψn = eiθn

Θ

χ

 , (6.16)

where θn =
(
−ωnt+ pyy + p||z

)
and Θ̃−1 ≡ 0.

The conjugate Fourier variables, py, p|| are, in principle, continuous variables.

In calculating currents, we take the Dirac field to be a superposition of different

p||. However, for simplicity we keep py fixed.

To derive the full positive energy solutions for ψ, the two lower components

must be determined. From equation (6.4) we have

χ =
1

(ωn +me)

 −pz i
√
eB0 (∂x̄ + x̄)

i
√
eB0 (∂x̄ − x̄) pz

Θ, (6.17)

where we have used (6.9).

For Gaussian Hermite polynomials, of the form given by equation (6.12), the

following recursion relations are satisfied

Θ′
n =

√
n

2
Θn−1 −

√
n+ 1

2
Θn+1 (6.18)

xΘn =

√
n

2
Θn−1 +

√
n+ 1

2
Θn+1. (6.19)
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Applying these recursion relations to equation (6.17) for the spin up and down

solution, one can show that the positive energy solutions to the Dirac equation

are

Un+ ≡


Θ̃n−1(x̄)

0

− p||
(ωn+me)

Θ̃n−1(x̄)

−i
√
2neB0

(ωn+me)
Θ̃n(x̄).

 eiθn , Un− ≡


0

Θ̃n(x̄)

i
√
2neB0

(ωn+me)
Θ̃n−1(x̄)

p||
(ωn+me)

Θ̃n(x̄).

 eiθn . (6.20)

6.3 The source of the axion field

The axion Klein-Gordon equation with a fermionic source was shown in Chapter

3 but we list it again here as a reminder

(
□+m2

φ

)
φ = −igφΨψ̄γ5ψ, (6.21)

where γ5 is defined in equation (D.3) in Appendix section D.

The pseudoscalar and scalar contractions for the Dirac field ψmn± = α(m)Um++

β(n)Un− are

ψ̄mn±γ
5ψmn± = i

√
eB0

(
α∗βeiθnm + β∗αeiθmn

)(√
2nΘ̃n−1Θ̃m−1

(ωn +me)
−

√
2mΘ̃nΘ̃m

(ωm +me)

)
,

(6.22)
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ψ̄mn±ψmn± =β2Θ̃2
n

(
1 +

p2||n

(ωn +me)
2

)
+ α2Θ̃2

m−1

(
1 +

p2||m

(ωm +me)
2

)
+α2Θ̃2

m

2meB0

(ωm +me)
2 + β2Θ̃2

n−1

2neB0

(ωn +me)
2

+
i
√
eB0 (α

∗β − αβ∗)

(ωm +me) (ωn +me)

(
p||n

√
2mΘ̃nΘ̃me

iθnm − p||m
√
2nΘ̃n−1Θ̃m−1e

iθmn

)
,

(6.23)

where eiθnm = ei(θn−θm). In later sections we will simplify and make further

assumptions to these contractions. Despite this, in our later calculations of these

terms (see equations (6.59) and (6.61)) one can still see the underlying structure

present in these more general calculations.

The terms α and β in the Dirac fields are the amplitude of the states that

depend on the mode number and can be related to the total charge4. The Dirac

field for the electron is modelled as a superposition of two spin states as the

contraction results in quadratic terms. In this way, superpositions involving more

states can be derived from the general solution involving two spin states. In an

analogous way, the contractions involve Gaussian Hermite polynomials that can

be modelled as Gaussian monomials, with the solutions combined appropriately

to yield the full solution given by the full Gaussian Hermite polynomial source.

6.4 Analysing the axion-Klein-Gordon equation

We solve the axion field for an arbitrary single mode and sum together the relevant

modes to obtain the solution for the full field. We revisit the axion equation5 of

motion from Section 3 for a fermionic source,

4The total charge is defined as Q = e
∫
Ψ̄γ0Ψ, where we have a volume integral and e is

the unit charge.
5In this section we discuss everything in terms of the axion. However, it is equally applicable

to the dilaton. One must ensure to change the mass mφ → mΦ accordingly.
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(
∂µ∂

µ +m2
φ

)
φ = −igφψψ̄γ5ψ. (6.24)

Instead of solving for the full source shown above, we solve for a source com-

prising a Gaussian monomial that depends on the transverse coordinate x̄. We

add together several solutions for different monomial powers to obtain the full

solution. The axion source is given by squared Gaussian Hermite polynomials.

Our differential equation becomes

(
∇2
x̄ + ω′2)φp(x̄) =J (x̄)p (6.25)

J (x̄)p =
x̄pe−x̄

2

eB0

, (6.26)

where we use the coordinate x̄ and where

ω′2 =
∆ω2 −∆p2|| −m2

φ

eB0

. (6.27)

The ∆’s in (6.27) originate from the fact that the plane wave dependency

in coordinates (y, z and t) comes from a phase difference, as can be seen from

equation (6.22).

Instead of solving equation (6.25) directly, we solve an equivalent differential

equation for a Green’s function G(x̄, x̄′), which, when integrated over the source,

will yield the axion field

(
∇2
x̄ + ω′2)G(x̄, x̄′) = δ (x̄− x̄′) (6.28)

φp(x̄) =

∫ ∞

−∞
dx̄′G(x̄, x̄′)Jp(x̄′). (6.29)

Note that the source is now in the primed coordinate as this will be integrated
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leaving just the un-primed coordinate in the axion field (an axion mode).

The Green’s function is not defined uniquely without the use of boundary/initial

conditions, of which we require two for a second-order equation. Explicitly, taking

our phase difference to be θnm we have

ω′ =

√
(ωm − ωn)

2 − (pn − pm)
2 −m2

φ

eB0

. (6.30)

When explicitly calculating the Dirac field contraction that sources the axion

field in Section 6.6.1, we will assume the electron momentum has a gaussian-like

distribution, tightly peaked around p = E0. As we have two contributions to

the momentum in the above equation, we equate one momentum to the peaked

value and one to the peaked value plus one standard deviation pm = E0, pn =

E0 + δ. As the momentum is tightly peaked we can expand the frequency of one

component (ωn(pn)) about the peak value

ωn(pn) =
√
m2
e + p2n + 2neB0 (6.31)

ωn(E0 + δ) =ω(E0) + ω′(E0)δ (6.32)

=
√
m2
e + E2

0 + 2neB0 +
E0δ√

m2
e + E2

0 + 2neB0

(6.33)

hence ω′ =

√√√√− δ2(m2
e+2neB0)

(m2
e+E2

0+2neB0)
−m2

φ

eB0

. (6.34)

We have the square root of negative values and can conclude that ω′ = iω̄, where

ω̄ =

√(
m2
φ + δ2

)
(m2

e + 2neB0) +m2
φE2

0

eB0 (m2
e + E2

0 + 2neB0)
. (6.35)

Depending on the values of the parameters involved, ω̄ can have three distinct
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dependencies:

ω̄ =

√
δ2m2

e

eB0E2
0

m2
φE2

0 ≪ δ2m2
e (6.36)

ω̄ =

√
δ2m2

e +m2
φE2

0

eB0E2
0

m2
φE2

0 ≈ δ2m2
e (6.37)

ω̄ =

√
m2
φ

eB0

m2
φE2

0 ≫ δ2m2
e (6.38)

We will touch on this later in Section 6.7 when we calculate numerical results for

the produced axion flux.

6.5 Calculating the axion modes using the Greens

function

We now return to solving the Greens function.

(
∇2
x̄ − ω̄2

)
G(x̄, x̄′) = δ (x̄− x̄′) (6.28 Revisited)

φp(x̄) =

∫ ∞

−∞
dx̄′G(x̄, x̄′)Jp(x̄′) (6.29 Revisited)

The general solution of the Green’s function (6.28) away from the peak of the

delta function has the following forms

G(x̄, x̄′) =

GL(x̄, x̄
′) = A(x̄′)eω̄x̄ +B(x̄′)e−ω̄x̄ x̄ < x̄′

GR(x̄, x̄
′) = C(x̄′)eω̄x̄ +D(x̄′)e−ω̄x̄ x̄ > x̄′

. (6.39)

We can eliminate B and C by insisting that G(x̄, x̄′) → 0 as x̄ → ±∞6 and

subsequently express A and D in terms of each other by insisting that the Green’s

6This similarly means that the axion field tends to zero at these points.
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function is continuous at x̄ = x̄′. Applying these, the Green’s function can be

shown to be

G(x̄, x̄′) =

GL(x̄, x̄
′) = − eω̄(x̄−x̄′)

2ω̄
x̄ < x̄′

GR(x̄, x̄
′) = − eω̄(x̄

′−x̄)

2ω̄
x̄ > x̄′

. (6.40)

A more detailed derivation is given in Appendix Section D.3.

We return now to equation (6.29) and use our definition of the Green’s function

above to express the pth axion mode as

φp(x̄) =− 1

2ω̄

[∫ x̄

−∞
eω̄(x̄

′−x̄)x̄′pe−x̄
′2

dx̄′ +

∫ ∞

x̄

eω̄(x̄−x̄
′)x̄′pe−x̄

′2
dx̄′
]
. (6.41)

The presence of exponential terms in equation (6.41) means that integrating

by parts will lead to recursive results. We show that both integrals present in

equation (6.41) can be expressed in terms of the same recursion relation. By

extension, this allows the transverse axion mode of order p to be expressed using

a single recursion relation. Once we have demonstrated this, we will explicitly

calculate the seeds of this recursion such that each subsequent term can be ex-

plicitly calculated. Ultimately, we will determine the first four axion modes that

allows the total axion field to be calculated analytically, assuming an upper mode

limit with respect to the Hermite polynomials of n = 2.

We label the integrals in equation (6.41) as

Ip(x̄) =

∫ x̄

−∞
eω̄x̄

′
x̄′pe−x̄

′2
dx̄′ (6.42)

Lp(x̄) =

∫ ∞

x̄

e−ω̄x̄
′
x̄′pe−x̄

′2
dx̄′, (6.43)

where the integrands are denoted as Ip(x̄, x̄
′), Lp(x̄, x̄

′) respectively. Note that we
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have not included the factor e±ω̄x̄, which is constant with respect to the integral.

This will be restored at the end.

Integrating Ip(x̄) we can derive a recursion relation for it

Ip(x̄) =

∫ x̄

−∞
eω̄x̄

′
x̄′pe−x̄

′2
dx̄′ (6.42 Revisited)

=
eω̄x̄x̄pe−x̄

2

ω̄
− 1

ω̄

∫ x̄

−∞
dx̄′
[
px̄′p−1e−x̄

′2
eω̄x̄

′ − 2x̄′p+1e−x̄
′2
eω̄x̄

′
]

(6.44)

=
eω̄x̄x̄pe−x̄

2

ω̄
− p

ω̄
Ip−1 +

2

ω̄
Ip+1. (6.45)

Applying the transformation x̄′ → −x̄′ to Lp(x̄), we obtain the following,

Lp(x̄) = (−1)p
∫ x̄

−∞
eω̄x̄

′
e−x̄

′2
x̄′pdx̄′︸ ︷︷ ︸

This is exactly Ip(x̄)

−(−1)p
∫ x̄

−x̄
eω̄x̄

′
e−x̄

′2
x̄′pdx̄′, (6.46)

which can be expressed as Ip(x̄) minus a new integral.

Examining this new integral (right hand term above) we can see its integrand

is exactly Ip(x̄, x̄
′) and its integration limits are exactly the difference in the limits

of Ip(x̄) and Ip(−x̄), therefore∫ x̄

−x̄
eω̄x̄

′
e−x̄

′2
x̄′pdx̄′ = Ip(x̄)− Ip(−x̄). (6.47)

After implementing all of these steps substituting equations (6.47), (6.46)

and (6.45) back into equation (6.41), we obtain an equation for the axion mode

of order p expressed purely in terms of the integral Ip
7

φp(x̄) =− 1

2ω̄

[
e−ω̄x̄Ip(x̄) + (−1)peω̄x̄Ip(−x̄)

]
. (6.48)

7Unfortunately a recursion relation purely in terms of φp could not be found.
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To fully utilize this equation, we must first determine the explicit form of

I0 and I1 such that we can exploit the recursive nature of equation (6.45). To

integrate equation (6.42) for p = 0, 1 we compute the variable change, t = x̄′ − ω̄
2

such that we can obtain a Gaussian term in the integrand, allowing integration

by parts

∫ x

−∞
eω̄x̄

′
x̄′pe−x̄

′2
dx̄′ = e

ω̄2

4

∫ x̄− ω̄
2

−∞
e−t

2
(
t+

ω̄

2

)p
dt. (6.49)

We utilize the following integral definition

∫ ∞

x

e−t
2

dt =

√
π

2
(1− erf(x)) , (6.50)

which, when combined with the standard Gaussian integral over the range (−∞,∞),

can be used to determine any Gaussian integral over some subspace of (−∞,∞).

Here, erf is the error function.

The first value in the series, I0, follows directly from the above equations,

I0 =

√
π

2

(
1 + erf

(
x̄− ω̄

2

))
e

ω̄2

4 . (6.51)

For p = 1 we have,

I1(x̄) =e
ω2

4

∫ x̄− ω̄
2

−∞
e−t

2
(
t+

ω̄

2

)
dt (6.52)

I1(x̄) =e
ω2

4

[∣∣∣∣√π2 (
t+

ω̄

2

)
(1 + erf(t))

∣∣∣∣x̄− ω̄
2

−∞
−

√
π

2

∫ x̄− ω̄
2

−∞
(1 + erf(t)) dt

]
, (6.53)

I1 =I0
ω̄

2
− e−x̄(x̄−ω̄)

2
. (6.54)

In the Appendix Section D.5 we use the recursive nature of equation (6.42) to
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evaluate the first four transverse modes for the axion field, using equation (6.48).

6.6 Calculating the axion field and axion flux

We can now progress to calculating the full solution of the axion field sourced

by an electron propagating parallel to a magnetic field. We return to the pseu-

doscalar and scalar contractions (6.22 and 6.23), this time modelling them with

a gaussian-like spread in the longitudinal momentum direction.

6.6.1 Determining the pseudoscalar and scalar contrac-

tions

In this subsection, we calculate the pseudoscalar and scalar contraction from the

following Dirac field

Ψ =α(n)

∫ ∞

−∞
dpA(p)ψ (6.55)

ψ =(Un+ + Un−) (6.56)

=


Θ̃n−1

Θ̃n

Θ̃n−1

(
i
√
2neB0−p
ωn+me

)
Θ̃n

(
p−i

√
2neB0

ωn+me

)

 ei(pz−ωnt), (6.57)

where Un± are defined in equation (6.20), α(n) is the amplitude of the field and

A(p) is a modulation that we apply in the longitudinal direction.

We now represent the Dirac field with an upper case Ψ to distinguish it

from the unmodulated Dirac field. Note that the amplitude α has dimensions[
E−1T 1L− 3

2

]
, such that the field has dimensions [Ψ] =

[
L− 3

2

]
. This ensures the

Dirac Lagrangian has the correct dimensionality ([LDirac] = [EL−3]).
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Given the Dirac field (6.55) we can make the following contractions.

The pseudoscalar contraction of Ψ, where Ψ = (u1, u2, u3, u4)
T , is

Ψ̄γ5Ψ =− u∗3u1 − u∗4u2 + u∗1u3 + u∗2u4 (6.58)

Ψ̄γ5Ψ =|α|2
(
Θ̃2
n−1 − Θ̃2

n

)∫ ∞

−∞
dpdp′A(p)A(p′)eiθpp′

(
i
√
2neB0 − p

(ωp +me)
+
i
√
2neB0 + p′

(ω′
p +me)

)
,

(6.59)

where γ5 is defined in Appendix section D.1, equation (D.3). As the integrals

are over momentum, the notation of p and p′ has been used to keep track of

where each instance of p originated (Ψ or Ψ̄). The phase is defined as θpp′ =

z(p− p′) + t(ωp′ − ωp).

A crucial point in this derivation is noting that the Hermite polynomials in

equation (6.59) are outside the momentum integral. This can be done, as we

have demonstrated, in Section 6.4, that the parameter ω̄ is independent of any

momentum variable when in the regime where equation (6.38) holds. Outside of

this regime, equations (6.36 and 6.37), we assume this is a good approximation

due to the electron’s narrow energy spread.

Similarly, the scalar contraction (for Ψ defined as above) takes the form

Ψ̄Ψ =u∗1u1 + u∗2u2 − u∗3u3 − u∗4u4 (6.60)

Ψ̄Ψ =|α|2
(
Θ̃2
n + Θ̃2

n−1

)∫ ∞

−∞
dpdp′A(p)A(p′)eiθpp′[

i
√
2neB0(p

′ − p)

(ωp +me)(ωp′ +me)
− 2neB0

(ωp +me)(ωp′ +me)

]
. (6.61)

In calculating the axion field we obtain an expression involving |α|2, where α

shown in equation (6.55) as an amplitude of the states. This can be determined

by deriving an expression for the charge of the electron bunch. The total charge is

given by the volume integral over the charge density ρ, which itself is proportional

to the zeroth component of the conserved current formed via contracting the Dirac
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field – see equations (D.7) and (D.8) in the Appendix.

6.6.2 The charge density

A conserved current can be constructed from the Dirac field (see Appendix Section

D.1). Of this, the zeroth component j0 is the charge density, which is the quantity

that, experimentally, we have control over and thus can pin down the parameter

α that appears in the axion field.

Using the contraction Ψ̄γ0Ψ we can express the charge density as a double

integral over the longitudinal momentum as follows,

ρ =eΨ̄γ0Ψ (6.62)

=e|α|2
(
Θ̃2
n + Θ̃2

n−1

)∫ ∞

−∞
dpdp′A(p)A(p′)eiθpp′[

2 +
i
√
2neB0(p

′ − p)

(ωp +me)(ωp′ +me)
− 2neB0

(ωp +me)(ωp′ +me)

]
. (6.63)

We define our modulation as

A(p) = pe−σ
2
b (p−E0)2 , (6.64)

which is selected for mathematical convenience whilst still allowing for control

over the momentum spread. A plot of the modulation is shown in the Appendix

Section D.4. We want to model an electron bunch using our solution (for a single

electron) of the Dirac field. As the Dirac field is linear we can scale up the result

for the single electron by the number of electrons. The assumption of an electron

‘bunch’ allows us to make use of the bunch duration, which we label as σ in the

applied modulation, to describe an electron bunch with a narrow energy spread.

This allows us to simplify ωp ≈ p.

With the definition of the modulation we can express terms within the integral

as derivatives of Gaussian functions. These derivatives can then be commuted
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with the integral:

ρ = e|α|2
(
Θ̃2
n−1 + Θ̃2

n

)∫ ∞

−∞
dp dp′

[
2p e−σ

2
b (p−ϵ0)

2

eip(z−t) p′ e−σ
2
b (p

′−ϵ0)2e−ip
′(z−t)

+ i
√

2neB0

(
p′ e−σ

2
b (p

′−ϵ0)2e−ip
′(z−t) e−σ

2
b (p−ϵ0)

2

eip(z−t)

− p e−σ
2
b (p−ϵ)

2

eip(z−t) e−σ
2
b (p

′−ϵ0)2e−ip
′(z−t)

)
− 2neB0 e

−σ2
b (p

′−ϵ0)2e−ip
′(z−t) e−σ

2
b (p−ϵ0)

2

eip(z−t)

]
(6.65)

= e|α|2
(
Θ̃2
n−1 + Θ̃2

n

)∫ ∞

−∞
dp dp′

[
− 2i ∂z

(
e−σ

2
b (p−ϵ0)

2

eip(z−t)
)
i ∂z

(
e−σ

2
b (p

′−ϵ0)2e−ip
′(z−t)

)
+ i
√
2neB0

(
i ∂z

(
e−σ

2
b (p

′−ϵ0)2e−ip
′(z−t)

)
e−σ

2
b (p−ϵ0)

2

eip(z−t)

+ i ∂z

(
e−σ

2
b (p−ϵ0)

2

eip(z−t)
)
e−σ

2
b (p

′−ϵ0)2e−ip
′(z−t)

)
− 2neB0 e

−σ2
b (p

′−ϵ0)2e−ip
′(z−t) e−σ

2
b (p−ϵ0)

2

eip(z−t)

]
(6.66)

= e|α|2
(
Θ̃2
n−1 + Θ̃2

n

) π

σ2
b

[
2 ∂z

(
eiϵ0(z−t)e

− (z−t)2

4σ2
b

)
∂z

(
e−iϵ0(z−t)e

− (z−t)2

4σ2
b

)

+ i
√
2neB0

(
i ∂z

(
e−iϵ0(z−t)e

− (z−t)2

4σ2
b

)
eiϵ0(z−t)e

− (z−t)2

4σ2
b

+ i ∂z

(
eiϵ0(z−t)e

− (z−t)2

4σ2
b

)
e−iϵ0(z−t)e

− (z−t)2

4σ2
b

)
− 2neB0 e

− (z−t)2

2σ2
b

]
, (6.67)

ρ = eα2 π

σ2
b

(
Θ̃2
n−1 + Θ̃2

n

)
e
− (z−t)2

2σ2
b

(
2E2

0 − 2neB0 +
√

2neB0
(z − t)

σ2
b

+
(z − t)2

2σ4
b

)
.

(6.68)

At this stage we must specify the Hermite polynomial modes in order to pro-

ceed. Generalized expressions for the product of Hermite polynomials in terms of
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new Hermite polynomials do exist. However, they are complicated and unwieldy.

We choose to study the lowest mode (excluding the ground state) n = 1, such

that

ρ(1) =eα2 π

σ2
b

(
4x̄2 + 1

)
e−x̄

2

e
− (z−t)2

2σ2
b

(
2E2

0 + 2eB0 −
√

2eB0
(z − t)

σ2
b

+
(z − t)2

2σ4
b

)
.

(6.69)

To determine the parameter α, we must first state what the total charge in the

electron beam will be. We can then take the volume integral over ρ, equating it

with the charge to determine α. For typical experiments, a charge of the order of

1 nC is reasonable – this value will only act to scale the result, thus determining

α for a different charge is straightforward. We begin by making a coordinate

change. We should clarify that this is an approximation to allow us to derive an

analytical expression for the charge density. We change to cylindrical coordinates

by assuming that, as we have planar symmetry in the y axis (there is constant

momentum here), we can consider a circle in the x-y plane given by radius x̄

(we centre our origin at x̄ = 0). If we did not do this, and integrated over the y

axis we would get an infinite term due to the symmetric momentum in y. The

volume integral can be expressed as dV = rdrdθdz = x̄
eB0

dx̄dθdz, in cylindrical

coordinates.

The volume integral of equation (6.69) then yields,

∫
V

ρ(1)dV =

∫ ∞

0

∫ 2π

0

∫ ∞

−∞

x̄

eB0

ρ(1) dx̄dθdz (6.70)

=
5α2π2

B0σ2
b

∫ ∞

−∞
dze

− (z−t)2

2σ2
b

(
2E2

0 − 2eB0 +
√
2eB0

(z − t)

σ2
b

+
(z − t)2

2σ4
b

)
(6.71)

=
10α2π2

B0

√
2π

σ2
b

(
E2
0 − eB0 +

1

4σ2
b

)
= Q(1). (6.72)
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Q(1) = 10
α2π2

B0

√
2π

σ2
b

(
E2
0 − eB0 +

1

2σ2
b

)
. (6.73)

If we assume the following rough experimental values: electron energy E0 ≈

1 GeV, applied magnetic field B0 = 10 T and an electron beam duration8 σb =

1 fs, then the electron’s average energy is by far the dominant factor inside the

bracket in the above equation. Simplifying and rearranging for α we have

α1 =

√
QB0σb

10π2
√
2πE2

0

, (6.74)

where σb is the duration of the electron beam and E0 the average energy of the

electrons.

For the Hermite polynomial of order n = 2 the result is

α2 =

√
QB0σb

48π2
√
2πE2

0

. (6.75)

6.6.3 The axion field

We can now return to the contraction shown in equation (6.59), fully calculating

it to determine the source of the axion field. The momentum integrals that

come from the contractions can be computed in exactly the same way as was

shown in the preceding subsection, that is, expressing the factors of p and p′ in

the integrand as derivatives (where appropriate) and commuting them with the

integral. This yields,

8Here we are referring to the standard deviation of the duration.
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Ψ̄γ5Ψ =α2
(
Θ̃2
n−1 − Θ̃2

n

)
i
√
2neB0

∫ ∞

−∞
dpdp′

·
[
i∂z

(
e−σ

2
b (p

′−E0)2e−ip
′(z−t)

)
e−σ

2
b (p−E0)2eip(z−t)

−i∂z
(
e−σ

2
b (p−E0)2eip(z−t)

)
e−σ

2
b (p

′−E0)2e−ip
′(z−t)

]
(6.76)

=|αn|2
2πiE0

√
2neB0

σ2
b

e
− (z−t)2

2σ2
b

(
Θ̃2
n−1 − Θ̃2

n

)
. (6.77)

We can see that the above result is zero for n = 0, as expected, because the

degeneracy of the electron states is broken in the ground state due to the magnetic

field. The contraction is zero as the Dirac field would represent an electron that

is purely in a spin down state. This is also true for the scalar contraction.

The full equation for the axion field can now be expressed as

φn =
2πgφψ

√
2nα2

nE0√
eB0σ2

b

e
− (z−t)2

2σ2
b

·
∫ ∞

−∞
dx̄′G(x̄, x̄′)

(
Θ̃2
n − Θ̃2

n−1

)
. (6.78)

Finally, to solve the transverse integral, we can utilise the results of Section 6.5,

where we worked out the general solution for the axion modes – equation (6.48).

Unfortunately, we cannot show an explicit general solution for the axion field,

and need to specify the mode number of the electrons that source the axions.

We will analytically study the lowest two non-trivial modes. In the preceding

subsection we have shown the form α takes given this choice of mode. Below, we

show the relevant axion modes that are needed to comprise the transverse part

of the full field
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(
Θ̃2
n − Θ̃2

n−1

)
=

(4x̄2 − 1) e−x̄
2

n = 1

(16x̄4 − 20x̄2 + 4) e−x̄
2

n = 2

. (6.79)

For n = 1 we can substitute in the results of 4φ(2) − φ(0) for the subscript

numbers corresponding to the axion mode φ(p)
9, which was defined in Section 6.5

equation (6.48):

φ1 =
gφΨ
5π

√
π

QB0√
eB0E0σb

e
− (z−t)2

2σ2
b

×
[√

π

ω̄

(
ω̄2

4
+

1

4

)[
erf(+)eω̄x̄ − erf(−)e−ω̄x̄ − 2 cosh(ω̄x̄)

]
e

ω̄2

4 + e−x̄
2

]
,

(6.80)

where we have used (6.73) and defined

erf(+) =erf
(
x̄+

ω̄

2

)
(6.81)

erf(−) =erf
(
x̄− ω̄

2

)
. (6.82)

For n = 2 the solution for the axion field is

φ2 =
gφΨ

12π
√
2π

QB0√
eB0E0σb

e
− (z−t)2

2σ2
b

×
[√

π

ω̄

(
ω̄4

4
+

7ω̄2

4
+

3

2

)[
erf(+)eω̄x̄ − erf(−)e−ω̄x̄ − 2 cosh(ω̄x̄)

]
e

ω̄2

4

+
e−x̄

2

2

(
8x̄2 + 2ω̄2 + 15

)]
. (6.83)

9We here denote the axion mode number in parentheses, to distinguish from the axion
sourced by electrons in a given energy state.

127



Chapter 6. Axion Fermionic Coupling

6.6.4 The axion flux

The axion flux is given by the energy momentum tensor T 0i and can be shown

(??) to be

P = −∂tφ∇φ. (6.84)

The axion flux in the longitudinal direction is

P1 =
g2φΨℏ2Q2B2

0

25π3eB0E2
0σ

6
b

(z − t)2e
− (z−t)2

σ2
b

×
[√

π

ω̄

(
ω̄2

4
+

1

4

)[
erf(+)eω̄x̄ − erf(−)e−ω̄x̄ − 2 cosh(ω̄x̄)

]
e

ω̄2

4 + e−x̄
2

]2
(6.85)

P2 =
g2φΨℏ2Q2B2

0

288π3eB0E2
0σ

6
b

(z − t)2e
− (z−t)2

σ2
b

×
[√

π

ω̄

(
ω̄4

4
+

7ω̄2

4
+

3

2

)[
erf(+)eω̄x̄ − erf(−)e−ω̄x̄ − 2 cosh(ω̄x̄)

]
e

ω̄2

4

+
e−x̄

2

2

(
8x̄2 + 2ω̄2 + 15

)]2
. (6.86)

6.7 Analysing the axion flux

The transverse spread of the flux, given by the square brackets in equations (6.85),

(6.86), is strongly dependent on the value of ω̄. In this section we will investigate

the relationship between the flux and ω̄ for a range of mode numbers. To do this,

we use the relationship below, which is obtained from equation (6.78), where we

have explicitly shown the modal dependency of α(n). The other factors that do

not depend on the transverse position or mode number only act to scale the result
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and are ignored in much of the analysis of this section, hence we write

P(n) ∝

√n ∫∞
−∞ dx̄′G(x̄, x̄′)

(
Θ̃2
n − Θ̃2

n−1

)
∫∞
0
dx̄x̄

(
Θ̃2
n + Θ̃2

n−1

)
2

. (6.87)

.

In Figures 6.1 - 6.4 we show the flux variation with transverse position, illus-

trating distinct dependence on the magnitude of ω̄. All the graphs referenced are

plotted against the dimensionless parameter x̄ defined in equation (6.9). For our

choice of magnetic field B0 = 35 T, we have the relation x = x̄× 4.34 nm.

Figure 6.1: Transverse variation of the flux for modes n = 1–4 for ω̄ = 10. The
peak position of the flux is at x̄ = 1.13, x̄ = 1.65, x̄ = 2.08, x̄ = 2.45, respectively.

When ω̄ ≥ 1 the transverse extent of the flux becomes oscillatory with the

position of the peak flux being off axis. The peak position of the flux is further

off axis as the mode number increases. For the number of modes sampled, the

largest peak flux did not come from the highest mode, instead coming from one
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Figure 6.2: Transverse variation of the flux for modes n = 5–8 for ω̄ = 10. The
peak position of the flux is at x̄ = 2.78, x̄ = 3.10, x̄ = 3.37, x̄ = 3.63, respectively.

Figure 6.3: Transverse variation of the flux for modes n = 9–12 for ω̄ = 10. The
peak position of the flux is at x̄ = 3.88, x̄ = 4.11, x̄ = 4.33, x̄ = 4.54, respectively.
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of the initial modes - for 1 ≤ ω̄ ≤ 30 this occurred between the fourth and sixth

modes.

Figure 6.4: Transverse variation of the flux for modes n = 1–12 for ω̄ = 0.0001.
The peak values of the flux are closer to the origin and are located at x̄ = 1.01,
x̄ = 0.00, x̄ = 0.30, x̄ = 0.00, x̄ = 0.20, x̄ = 0.00, x̄ = 0.10, x̄ = 0.00, x̄ = 0.10,
x̄ = 0.00, respectively.

For ω̄ < 1 the flux varies very little with transverse position, only slightly

decreasing in value. For smaller values of ω̄ this rate is decreased. The peak

position is, in general, a lot closer to the origin than when ω̄ ≥ 1, and is at the

origin for even modes. We can further see that as the mode number increases so

too does the flux but at a sub-linear rate.

For the parameter values of our theoretical set up, the three distinct ω̄ relations
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derived in Section 6.4 are

ω̄ =

√
δ2m2

e

eB0E2
0

m2
φE2

0 ≪ δ2m2
e (6.36 Revisited)

ω̄ =

√
δ2m2

e +m2
φE2

0

eB0E2
0

m2
φE2

0 ≈ δ2m2
e (6.37 Revisited)

ω̄ =

√
m2
φ

eB0

m2
φE2

0 ≫ δ2m2
e. (6.38 Revisited)

For an electron bunch duration of 1 fs we have an energy spread of δ = 0.66 eV.

Due to the way in which we have chosen to model the system, by solving the

Dirac field for a single electron and then increasing the charge to approximate

an electron bunch10, we have an artificially small energy spread. Typically, an

electron bunch energy spread of (0.1-1)% would be considered good, which would

put δ on the order of MeV. However, as the Dirac equation is linear, if we assume

the electrons are acting coherently, we can scale the result of one electron to

model the result of an electron bunch of charge Q. The resultant flux would then

be proportional to Q2 (as can be seen in equations (6.85, 6.86)). We could instead

scale the flux that results from a single electron, which would be equivalent to

the flux scaling linearly with the number of electrons, which would reflect the

electrons acting incoherently.

To give an idea of the magnitude of ω̄ for a given electron energy spread, we

have listed each of the forms of ω̄ in Tables 6.1 and 6.2 along with the correspond-

ing axion mass. In both tables the other variables are constant and specified as

B0 = 35 T and E0 = 1 GeV.

We also point out that, in experiments using high-quality relativistic electron

beams, a beam divergence on the order of 0.1 mrad is very good, but still realis-

tic. However, in the work presented here, for the parameters used, the first few

10By introducing the electron ‘bunch’ we are able to make use of the bunch duration when
constructing our modulation that we applied to the Dirac field.
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Table 6.1: The dominant terms ω̄ depends on, and the corresponding axion mass
for an electron energy spread of δ = 0.66 eV

mφ (eV) ω̄ ω̄ form

< 1× 10−5 7.42× 10−6
√

δ2m2
e

eB0E2
0

3× 10−5 − 3× 10−3 (7.45− 66.30)× 10−6
√

δ2m2
e+m

2
φE2

0

eB0ϵ20

> 5× 10−3 > 1× 10−4

√
m2

φ

eB0

Table 6.2: The dominant terms ω̄ depends on, and the corresponding axion mass
for an electron energy spread of δ = 1 MeV

mφ (eV) ω̄ ω̄ form

< 50 11.25
√

δ2m2
e

eB0E2
0

51− 5100 11.30− 113
√

δ2m2
e+m

2
φE2

0

eB0ϵ20

> 5100 > 113
√

m2
φ

eB0

modes equate to having a beam divergence on the order of 10−4 mrad which is not

realistic for current laser facilities. A beam divergence of 0.1 mrad corresponds

to a mode number of roughly n = 2 × 106. We can approximate the value of

the peak flux for higher order modes by modelling a fit to the peaks of the flux

against mode number. However, given that the mode numbers we have calculated

are significantly lower than realistic beam divergences, we cannot extrapolate to

meaningful results with any confidence. Finally, there are two distinct relation-

ships that can be observed in the peak axion flux vs mode number that occur for

roughly ω̄ < 1 and ω̄ > 1. These are illustrated in Figures 6.5 and 6.6.

In one regime (ω̄ < 1), the peak energy flux increases with mode number, but

the increments become progressively smaller, indicating a growth that slows as

n increases. In the other regime (ω̄ > 1) the largest peak flux across the modes

occurs for a low value of n, after which the peak flux of higher modes continues

to decrease with mode number.

The transverse extent of the flux (the square bracket in equations (6.85) and
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Figure 6.5: Peak flux versus mode number for ω̄ = 7.42 × 10−6. The peak flux
increases with mode number but at a decreased rate. The peak flux is near x̄ = 0
with it alternating between x̄ = 0 and x̄ ≤ 1 for the modes sampled.

(6.86)) is complicated and makes calculating the energy flux of larger mode num-

ber over a finite x̄ range difficult. In the regime where x̄ < 1 the peak flux is

close to or at x̄ = 0. It also corresponds to the lightest axions (see Tables 6.1,

6.2) which tend to receive the most attention in the literature. The flux can be

simplified significantly by assuming x̄ = 0 (in the case of n = 2 the square brack-

ets of equation (6.86) simplifies to 9π
ω̄2 ) and the energy flux can be calculated for

larger values of n, see Table 6.3, where we have set B0 = 35 T, E0 = 1 GeV and

gφΨ = 1.3× 10−13.

Additionally, in this regime we can derive an analytical expression for the

energy flux. For n = 2 we have

P2(x̄ = 0) =
g2φψ
32π2

ℏ3

m2
ec

2

Q2B2
0

δ2σ6
b

(z − t)2e
− (z−t)2

σ2
b , (6.88)

where we have used equation (6.86). In this case ω̄ is given by equation (6.36)
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Figure 6.6: Peak flux versus mode number for ω̄ = 10. The peak flux is largest
in one of the initial modes after which it decreases with mode number. The
transverse position of the peak flux increases with mode number.

Table 6.3: Energy flux for ω̄ = 7.42× 10−6 measured at x̄ = 0.

mode number (n) energy flux (Wm−2)
1 2.9579× 10−5

5 1.7925× 10−4

10 2.2767× 10−4

15 2.4633× 10−4

20 2.5671× 10−4

26 2.6425× 10−4

27 2.6442× 10−4

28 2.6672× 10−4

and the flux is independent of the peak electron energy, depending only on the

electron bunch duration (or equivalently, the energy spread). To obtain the peak

flux we set (z − t) = σb:

[
P2

Wm−2

]
=4.47× 10−8g213

[
Q

nC

]2 [
B0

T

]2 [
σb
fs

]−2

, (6.89)
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where gφΨ = g13 × 10−13 and δ = ℏ/σb. To obtain the number flux precisely

would require knowledge of the spectral information, by Fourier transforming,

dividing by ω, and transforming back again. This is a point we intend to return

to in future work. As the relation between energy and number flux depends only

on the longitudinal profile, all of the above discussion regarding the transverse

dependence will apply equally to the number flux.
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6.8 Dilaton

The other BSM particle we study in this chapter is the dilaton, the scalar cousin

of the axion. As with the preceding two chapters, the procedure for the dilaton is

much the same as for the axion, and therefore we will only show the key equations,

highlighting the differences with the axionic case.

6.8.1 The dilaton field

As we have a Klein-Gordon equation for the dilaton’s equation of motion, we can

utilise our results from Section 6.5 with regard to solving using a Green’s function.

We can then write the dilaton equation as a product of longitudinal integrals (mo-

mentum integrals 6.61) and transverse integrals (integral of the Green’s function,

see Section 6.5)

Φ =
gΦΨ

eB0

∫ ∞

−∞

[
dx̄′G(x̄, x̄′)

(∫ ∞

−∞
dpdp′|α2|A(p)A(p′)ψ̄ψ

)]
. (6.90)

Solving equation (6.90) follows the same method used for the axion. We

therefore omit the intermediate steps and show the solution

Φn(x̄) =

√
2nπα2

ngΦΨ√
eB0σ2

b

e
− (z−t)2

2σ2
b

(
(z − t)

σ2
b

−
√
2neB0

)∫ ∞

−∞
dx̄′G(x̄, x̄′)

(
Θ̃2
n + Θ̃2

n−1

)
,

(6.91)

137



Chapter 6. Axion Fermionic Coupling

with the first two modes being

Φ1(x̄) =
gΦΨQB0

10π
√
π
√
eB0σbE2

0

e
− (z−t)2

2σ2
b

(
(z − t)

σ2
b

−
√

2eB0

)
×
[√

π

ω̄

(
ω̄2

4
+

3

4

)[
erf(+)eω̄x̄ − erf(−)e−ω̄x̄ − 2 cosh(ω̄x̄)

]
e

ω̄2

4 + e−x̄
2

]
(6.92)

Φ2(x̄) =
gΦΨQB0

24π
√
2π

√
eB0σbE2

0

e
− (z−t)2

2σ2
b

(
(z − t)

σ2
b

−
√

4eB0

)
×
[√

π

ω̄

(
ω̄4

4
+

9ω̄2

4
+

5

2

)[
erf(+)eω̄x̄ − erf(−)e−ω̄x̄ − 2 cosh(ω̄x̄)

]
e

ω̄2

4

+
e−x̄

2

2

(
8x̄2 + 2ω̄2 + 17

)]
. (6.93)

Compared with the axion (equation (6.78)), the dilaton expression contains

two bracketed terms giving
√
n and n contributions. However, at the peak mag-

nitude of the flux ((z − t) = σb) the
√
n term is eliminated and the n term

dominates, giving an overall n2 scaling to the flux. Additionally, the transverse

integral now sums squared Hermite polynomials instead of taking their difference,

so the set of transverse modes that combine to form the dilaton field differs from

the axionic case. Also, the scalar contraction depends on peak electron energy

only through α, while the pseudoscalar contraction has an extra direct energy-

proportional term (see equation (6.77)) causing the scalar flux to decrease more

strongly with electron energy.
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For Hermite mode number n = 1, 2 we have the following longitudinal flux

P1 =
g2ΦΨQ

2B2
0

100π3eB0σ6
bE4

0

e
− (z−t)2

σ2
b

(
1− (z − t)2

σ2
b

+
√

2eB0(z − t)

)2

×
[√

π

ω̄

(
ω̄2

4
+

3

4

)[
erf(+)eω̄x̄ − erf(−)e−ω̄x̄ − 2 cosh(ω̄x̄)

]
e

ω̄2

4 + e−x̄
2

]2
(6.94)

P2 =
g2ΦΨQ

2B2
0

1152π3eB0σ6
bE4

0

e
− (z−t)2

σ2
b

(
1− (z − t)2

σ2
b

+
√

4eB0(z − t)

)2

×
[√

π

ω̄

(
ω̄4

4
+

9ω̄2

4
+

5

2

)[
erf(+)eω̄x̄ − erf(−)e−ω̄x̄ − 2 cosh(ω̄x̄)

]
e

ω̄2

4

+
e−x̄

2

2

(
8x̄2 + 2ω̄2 + 17

)]2
. (6.95)

As with the axion, we study how the longitudinal flux depends on ω̄ across

mode number n. To maximise the flux we fix (z − t) = σb; this choice removes

the
√
n contribution, simplifying the expression. The relationship we investigate

is given by

P(n) ∝

n ∫∞
−∞ dx̄′G(x̄, x̄′)

(
Θ̃2
n + Θ̃2

n−1

)
∫∞
0
dx̄x̄

(
Θ̃2
n + Θ̃2

n−1

)
2

. (6.96)

The same general trends can be seen when looking at the transverse variation

of the flux for individual modes. Figures 6.7–6.9 show that the flux is oscillatory,

with the peak flux being off axis when ω̄ > 1. The position of the peak flux

increases with mode number as in the axion case. Figure 6.10 shows that the flux

tapers off more gradually with transverse position with the peak position being

at x̄ = 0, when ω̄ < 1.

The key difference between the dilaton flux and the axion flux for ω̄ > 1 is that

the dilaton peak flux per mode increases with mode number, whereas the axion

peak flux eventually decreases with n. When ω̄ < 1, the dilaton peak energy flux
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Figure 6.7: Transverse variation of the flux for modes n = 1–4. The peak flux is
at a position of x̄ = 0.86, x̄ = 1.53, x̄ = 2.00, x̄ = 2.40 respectively.

Figure 6.8: Transverse variation of the flux for modes n = 5–8. The peak flux is
at a position of x̄ = 2.74, x̄ = 3.06, x̄ = 3.34, x̄ = 3.61 respectively.
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Figure 6.9: Transverse variation of the flux for modes n = 9–12. The peak flux
is at a position of x̄ = 3.86, x̄ = 4.09, x̄ = 4.32, x̄ = 4.53 respectively.

Figure 6.10: Transverse variation of the flux for modes n = 1–12 for ω̄ = 0.0001.
The peak values of the flux are all located at x̄ = 0.
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grows roughly proportional to n, while the axion peak flux grows sub-linearly

with n. These trends are shown more clearly in Figures 6.11 and 6.12, which plot

the peak energy flux per mode as a function of mode number.

Figure 6.11: The change in the peak flux with mode number for ω̄ = 10. The
peak flux and location of the peak increase with mode number.

For the modes that we have studied, it appears that the peak dilaton flux

always increases with the mode number, regardless of the magnitude of ω̄, which

contrasts with the axionic case. There are still similarities to the axion in that

the location of the peak flux when ω̄ < 1 is closer to x̄ = 0, and when ω̄ > 1 the

location is proportional to the mode number. In Figure 6.13 we apply a linear fit

to data from Figure 6.12. In Figure 6.14 we apply a square root fit to a subset

of that data from Figure 6.11.

For ω̄ < 1 the peak energy flux increases approximately linearly with mode

number. A linear fit produces an approximately constant slope across the fitted

range that can be extrapolated. By contrast, the axion exhibited sub-linear

growth and extrapolation of this data would be highly sensitive to the chosen
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Figure 6.12: The change in the peak flux with mode number for ω̄ = 7.42× 10−6.
The peak flux grows linearly with mode number, with the location of the peak
being always being at x̄ = 0.

Figure 6.13: The peak dilaton flux vs mode number. A fit of the form f(n) =
an+ b has been applied to the whole data set. The R2 of the fit is 0.9999.
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Figure 6.14: The peak dilaton flux vs mode number. A fit of the form f(n) =
a
√
n+ b has been applied to a subset of the data beginning with n = 5. The R2

of the fit is 0.9934.

fit. Such sensitivity would lead to significant uncertainties in the extrapolated

results.

In Table 6.4 we extrapolate the data in Figure 6.13 to mode numbers that

correspond to realistic electron beam divergences of 0.1 mrad and 1 mrad.

6.9 Chapter conclusions

Here we explored fermionic coupling as a production channel for axions and dila-

tons by analysing the propagation of a charged electron in a uniform magnetic

field. The transverse structure of the source results in Hermite-polynomial solu-

tions, with the polynomial order equated with the electron’s Landau level. The

axion/dilaton energy flux is best parametrised by the dimensionless quantity ω̄,

defined as ω̄ =
√

(m2
φ+δ

2)m2
e+m

2
φE2

0

eB0E0 where mφ is the axion mass, δ is the electron

‘bunch’ energy spread and E0 the electron energy. For the parameter range stud-
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Table 6.4: Extrapolated peak dilaton flux, ω̄ = 7.42× 10−6

Mode Number (n) Linear Full Fit
10.0 2.1534× 1011

15.0 3.2608× 1011

20.0 4.3681× 1011

25.0 5.4754× 1011

30.0 6.5827× 1011

35.0 7.6900× 1011

40.0 8.7973× 1011

100.0 2.2085× 1012

1000.0 2.2140× 1013

10000.0 2.2146× 1014

2400000.0 5.3151× 1016

238000000.0 5.2708× 1018

ied, axion production is suppressed with increasing mode number when ω̄ > 1,

whereas for ω̄ ≤ 0.1 the peak flux increases sub-linearly. In contrast, the dilaton

flux increases with mode number across the full range of ω̄. We modelled this

increase using both linear and square-root fits. The improved scaling with mode

number for dilaton production yields a larger energy flux than for axions for equal

masses and couplings.

The axion energy flux (we will symbolically denote this as Eφ here whilst

we compare with previous chapters results) determined in this chapter for ω̄ =

7.42 × 10−6 is Eφ = 1.47 × 10−4 Wm−2, which is within an order of magnitude

of the result from Chapter 4 and is much smaller than the driven-plasma-wave

result from Chapter 5 (Eφ = 2.39 × 10−3 Wm−2 and Eφ = 6.45 × 1013 Wm−2,

respectively). The extrapolated dilaton flux (n = 2.4×106) is EΦ = 685.12Wm−2.

We did not compute the number flux in this chapter. However, the analytic

structure and relations derived for the energy flux apply equally to number flux

when the spectral details are determined.

Future work should prioritise three tasks. First, to derive the axion and dila-

ton number flux by Fourier transform, dividing by the frequency, and inverse
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transforming, so that direct comparisons can be made with other production

mechanisms. Second, to generalise the single-electron solution to a realistic elec-

tron bunch model. This would allow better quantification of the parameter ω̄,

in relation to which axion mass ranges lead to distinct behaviours in the resul-

tant axion flux vs position, or Landau level of the electron (for realistic electron

bunch energy spreads). Third, to compute the flux at larger mode numbers di-

rectly, rather than relying on extrapolation to confirm the trends in the peak flux

found.
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Summary

Axion-like particles (ALPs) are of broad interest. They may resolve the strong

CP problem, are viable dark-matter candidates, appear in many extensions of

the Standard Model, and could account for a range of astrophysical phenomena.

Although no confirmed detection has been made, increasingly stringent bounds

have been placed on axion masses and on their electromagnetic and fermionic

couplings. These bounds are often model dependent or rely on cosmological

assumptions about the early universe. Laboratory experiments avoid many of

those assumptions and therefore play a crucial role in axion searches. In this

work we explore three laboratory production mechanisms for ALPs: two that

exploit electromagnetic couplings and one that uses the fermionic coupling.

In Chapter 4 we explored axion production utilizing high intensity laser pulses.

The modification of Maxwell’s equations from the axion results in a coupling

between the laser fields. The ‘pump’ laser drives this interaction where the ‘probe’

laser field is modified in the presence of the background pump laser field and

oscillates between axion-like and photon-like characteristics. The polarisations

and propagation directions of the two laser pulses are chosen to maximise this

process. The resultant axion flux is proportional to the intensities of the two

laser fields. A high photon count from the lasers results in a significant axion
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flux, compared with existing light shining through wall experiments (such as

OSQAR and ALPS-II), without requiring resonant enhancement. The axion mass

that can be probed comfortably exceeds 1 eV, by using high harmonics of the

background laser field, without negatively affecting the flux. The drawback of

this production method is that it requires the pump laser field to have constant

amplitude throughout the interaction, which, when combined with the use of

pulsed lasers limits the interaction length. Typical axion-photon oscillations have

a long period, compared with the laser pulse durations, which results in the axion

flux never reaching its peak. Furthermore, the flux is not continuous as it is in

other experiments. However, the increase in the axion flux can balance this.

To further develop this work, we intend to model different laser profiles to more

accurately represent the setup in addition to relaxing the assumption of a constant

(during the interaction) pump laser.

In Chapter 5 we explored the use of a nonlinear plasma wave as a source

of ALPs, expanding upon the work of [77]. We derived the axion number flux

by accounting for the axion energy per mode before averaging, producing an

expression parametrised by s = mφλγ

2π
, where mφ is the axion mass, and λ and γ

are the wavelength and the Lorentz factor of the plasma wave, respectively. For

s ≈ 1 the two flux expressions (our work and that of [77]) agree to within an order

of magnitude but deviate outside of this regime. We find that the flux peaks for

s = 0.59, and changes in the plasma frequency can be used to fine-tune this. The

flux is concentrated in the first mode (at least 90% when s ≤ 1), but for larger s

values it is more spread out and the flux drops off with mode number as 1
n
rather

than 1
n5 . This method of production favours lower axion masses and can result in

significant axion flux: for axion parameters g = 0.66×10−10 GeV−1, mφ = 1µ eV

and plasma parameters, ωp = 2π × 1014 rad s−1, γ = 10, 000, a flux on the order

of Nφ ∼ 1034 m−2s−1 can be achieved with an applied field of B0 = 35 T. This

is a considerable flux compared with other laboratory methods, and in future
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work we will investigate how to best integrate this production method with axion

detection (via reconverting into photons).

In the final chapter 6 we explored axion production using fermionic coupling.

The axion source was assumed to be a relativistic electron propagating parallel

to a magnetic field. The electron gyration due to the magnetic field is described

by Hermite polynomials, the order of which is related to the divergence of the

electron beam. The flux is parametrised by ω̄, which depends on the electron

energy, electron energy spread, axion mass and magnetic field strength. The

specific flux scaling with ω̄ is non-trivial but favours low values ω̄ ≪ 1. In this

parameter space the flux tends to peak on axis, gradually decreasing transversely.

This is in contrast to the parameter range ω̄ > 1, where the flux is oscillatory and

peaks off axis before decreasing rapidly with transverse position. We find that

the peak flux when ω̄ < 1 increases with mode number but sub-linearly. When

ω̄ > 1 we find that after the initial few modes the flux decreases with mode

number. The variation of the peak flux with mode number is different for dilaton

production. In this case, the peak flux always scales with mode number, to some

degree, and shows no sign of saturation. To improve upon this work we intend to

re-examine our derivation of the Dirac field, to better model an electron beam.

This will enable us to more confidently relate different ω̄ parameter regions to

axion mass regions, including the energy spread of an electron bunch. This, in

conjunction with a more detailed analysis to explore higher order modes, could

more accurately determine whether or not this is a viable scenario for axion

production.
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Appendix

A.1 Derivation of the equations of motion

There are two Euler-Lagrange equations which can be formed from the La-

grangian

Lφ,EM = −1

4
F µνFµν − AµJ

µ
e +

∂µφ∂
µφ

2
−
m2
φφ

2

2
− gφγ

4
φF̃ µνFµν ,

(3.8 Revisited)

∂L
∂Aρ

− ∂µ

(
∂L

∂(∂µAρ)

)
= 0 (3.11 Revisited)

∂L
∂φ

− ∂µ

(
∂L

∂(∂µφ)

)
= 0. (3.12 Revisited)

Starting with (3.11) the first term is proportional to the sources

∂L
∂Aµ

= −Jµ. (A.1)
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The second term in (3.11) involves the variation of the electromagnetic tensor

and its dual with respect to the derivative of the gauge potential. The derivation

of each is similar thus below we only explicitly show the derivation involving the

dual electromagnetic tensor,

∂(F̃αβFαβ)

∂(∂µAρ)
=

∂

∂(∂µAρ)

ϵαβγκ

2
(∂γAκ∂αAβ + ∂κAγ∂βAα − ∂κAγ∂αAβ − ∂γAκ∂βAα)

=
ϵαβγκ

2
δµαδ

ρ
β(∂γAκ − ∂κAγ) + δµβδ

ρ
α(∂κAγ − ∂γAκ)

+ δµκδ
ρ
γ(∂βAα − ∂αAβ) + δµγ δ

ρ
κ(∂αAβ − ∂βAα)

=F̃ µρ − F̃ ρµ +
Fαβ
2

(ϵαβµρ − ϵαβµρ)

=2F̃ µρ − 2F̃ ρµ

=4F̃ µρ. (A.2)

Therefore, the second term in equation (3.11) yields

∂µ

(
∂L

∂(∂µAρ)

)
=− ∂µ

(
gφγφF̃

µρ + F µρ
)

(A.3)

with the full Euler Lagrange equation being,

∂L
∂Aρ

− ∂µ

(
∂L

∂(∂µAρ)

)
= 0 (A.4)

∂µF
µρ + gφγ (∂µφ) F̃

µρ = Jµ (A.5)

where ∂µF̃
µρ = 0 from the Bianchi identity and corresponds to the homogeneous

Maxwell’s equations.

We now move on to equation (3.12)

∂L
∂φ

= −m2
φφ− gφγ

4
F̃ µρFµρ (A.6)
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∂L
∂(∂µφ)

=
1

2

∂(∂αφ∂
αφ)

∂(∂µφ)
(A.7)

=
1

2
∂αφ

∂(∂αφ)

∂(∂µφ)
+

1

2
∂αφg

αβ ∂(∂βφ)

∂(∂µφ)

=∂µφ

∂µ

(
∂L

∂(∂µφ)

)
=∂µ∂

µφ. (A.8)

Combining the results from both of our Euler-Lagrange equations leads to the

following equations of motion

∂L
∂Aρ

− ∂µ
∂L

∂(∂µAρ)
=− Jρ + ∂µ

(
F µρ + gφγφF̃

µρ
)

(A.9)

Jρ =∂µ

(
F µρ + gφγφF̃

µρ
)

(A.10)

∂L
∂φ

− ∂µ
∂L

∂(∂µφ)
=−

(
∂µ∂

µ +m2
φ

)
φ− gφγ

4
F̃ µρFµρ (A.11)(

∂µ∂
µ +m2

φ

)
=− gφγ

4
F̃ µρFµρ. (A.12)
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Appendix

B.1 Axion-Photon oscillations in a static mag-

netic field

The axion-Maxwell equations can be linearized and expressed by way of a matrix

equation as follows(ω2 − k2 −m2
φ

)
−gφγB0ω

−gφγB0ω (ω2 − k2)

 φ

iA

 = 0. (B.1)

Two unique solutions exist to this equation in which the fields are non-zero,

we refer to these as the propagating states. These states propagate with a wave

number squared as follows

k21,2 =
2ω2 −m2

φ ±
√
m4
φ + Ω2

2
(B.2)

where we have defined the following term

Ω2 =4g2φγB
2
0ω

2. (B.3)
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Our matrix equation can then be inverted, such that the flavour states are ex-

pressed as a superposition of the propagating states−
(
m2

φ+
√
m4

φ+Ω2

2

)
−gφγB0ω

−gφγB0ω
m2

φ+
√
m4

φ+Ω2

2


φ
A

 =

P1

P2

 (B.4)

where P1,2 are the propagating states. These have phases k1,2z − ωt respectively.

We consider the boundary conditions such that we start with purely a laser

beam prior to propagation into the background magnetic field

φ(0, 0) =0 (B.5)

A(0, 0) =A. (B.6)

This allows us to express our propagating states in terms of the laser wave vector

A

P1 =− (igφγB0ω)A (B.7)

P2 =i

(
m2
φ +

√
m4
φ + Ω4

2

)
A, (B.8)

which in turn allows us to express the axion field, at general positions, in terms

of the laser and an oscillation coming from the phase difference between the

propagating states

φ = igφγB0ωA

(
m2
φ +

√
m4
φ + Ω2

m4
φ + Ω2 +m2

φ

√
m4
φ + Ω2

)(
eiΘ1 − eiΘ2

)
. (B.9)

The axion field squared and consequently produced number flux can then be
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shown to be the following

|Re{φ}|2 = Ω4|A|2

4
(
m4
φ + Ω4

) [1− cos(δΘ)] (B.10)

Nφ = NA
Ω4k

2ω
(
m4
φ + Ω4

) [1− cos(δΘ)] . (B.11)

Explicitly, the phase difference is shown below where we have used the bino-

mial expansion to approximate the solution

δΘ

z
=k1 − k2 (B.12)

δΘ

z
=

√
2ω2 −m2

φ −
√
m4
φ + Ω4

2
−

√
2ω2 −m2

φ +
√
m4
φ + Ω4

2
(B.13)

δΘ

z
=

√
2ω2 −m2

φ

2

[√
1− x−

√
1 + x

]
(B.14)

δΘ

z
≈ 1√

2

√
m4
φ + Ω4

2ω2 −m2
φ

(B.15)

where x =

√
m4
φ + Ω4(

2ω2 −m2
φ

) . (B.16)

The produced flux in the small angle limit, δΘ ≪ 1 is

Nφ = NA
ω

k

(
gφγBz

2

)2

(B.17)

where, in this limit the modified wavenumber is

k ≈
√

2ω2 −m2
φ

2
. (B.18)

This is exactly the commonly quoted result in the literature (2.10).
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B.1.1 Deriving the evolution equations

Here we demonstrate a fuller calculation of the evolution equations. We explicitly

show the derivation for the evolution equations of both laser fields A and a. We

note that if the resonance conditions and vacuum free space conditions are applied

from the onset, the derivation simplifies considerably. We begin with equation

(4.15) and substitute in equations (4.18 – 4.20). The left hand term yields

□AT =
1

2

[
ŷ

from SVEA=0︷ ︸︸ ︷
A,tt − A,zz −2iωAA,t − 2ikAA,z +

from free space=0︷ ︸︸ ︷(
k2A − ω2

A

)  eiθA + CC

x̂

from SVEA=0︷ ︸︸ ︷
a,tt − a,zz −2iωaa,t − 2ikaa,z +

from free space=0︷ ︸︸ ︷(
k2a − ω2

a

)  eiθA + CC
]
.

(B.19)

The first term on the right-hand side of equation (4.15) gives,

∇φ̂×AT,t =
1

2
ẑ
[
(φ,z + ikφφ) e

iθφ
]
× 1

2

[
ŷ (−iωAA+ A,t) e

iθA + CC+

x̂ (−iωaa+ a,t) e
iθa + CC

]
. (B.20)

Similarly, the second term on the right-hand side of the equation (4.15) gives,

φ̂,t∇×AT =
[
(−iωφφ,t + φ,t) e

iθφ + CC
]
× 1

2

[
ẑ × ŷ

(
(−iωAA,z + A,z) e

iθA + CC
)

ẑ × x̂
(
(iωaa+ a,z) e

iθa + CC
)
(B.21)

. Putting all of these together and keeping only the resonant terms will result in

the evolution equations for both the laser fields. From out resonance condition

ωφ = ωA + ωa we can see that, for the evolution of the background laser field we

must take the products of the field φ̂ with the conjugate on the probe laser field
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a∗, and likewise, to obtain the evolution equation for the probe laser field take

the products φ̂ and A∗.

For the evolution of the background laser field we have,

□A =gφγ
[(
∇φ̂× a∗

,t

)
− φ̂,t∇× a∗] (B.22)

ŷ (ωAA,t+ kAA,z) =ŷ
gφγi

4

[
−φa∗kφωa + i

(
kφφa

∗
,t + ωaa

∗φ,z
)
+ φ,za

∗
,t

]
+ŷ

gφγi

4

[
φa∗ωaωφ + i

(
ωφφa

∗
,z + ωaa

∗φ,t
)
− φ,ta

∗
,z

]
]. (B.23)

For the probe field we have

□a =gφγ
[(
∇φ̂×A∗

,t

)
− φ̂,t∇×A∗] (B.24)

x̂ (ωaa,t+ kaa,z) = −x̂
gφγi

4

[
−φA∗kφωA + i

(
kφφA

∗
,t + ωAA

∗φ,z
)
+ φ,zA

∗
,t

]
−x̂

gφγi

4

[
−φA∗ωAωφ + i

(
ωφφA

∗
,z − ωAA

∗φ,t
)
− φ,tA

∗
,z

]
(B.25)
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C.1 Momentum and potentials

We can use the Lorentz force equation (C.1) to derive an expression between the

electron’s momentum (p) and the vector 3 potential (A).

dp

dt
= −e (E + v ×B) (C.1)

where d
dt
= ∂t () + v · (∇).

dp

dt
=− e (−∇Φ− ∂tA+∇A (v ·A)− (v · ∇)A) (C.2)

=e
dA

dt
+

((((((((((((
−e (∇A (v ·A)−∇Φ) (C.3)

p =eA (C.4)

where in the last line we have chosen a suitable gauge to let the bracket of the

right go to zero. If we consider the electromagnetic 4 potential Aµ = (Φ,A)

and the electron 4 momentum pµ = (E ,p), we can obtain a relation between the

electric potential and electron’s energy, E = eΦ.
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C.2 Derivation of the plasma wave oscillator equa-

tion

To derive an expression for the axion wave where the axion is sourced from the

maximum electric field of the plasma wave we start with the inhomogeneous

Maxwell’s equations. We use them to derive the non-linear electron density and

oscillator equation.

The inhomogeneous Maxwell’s equations for our set up, namely a 1-D problem

in which solutions depend only on ζ, where ζ = x− βt, are

∇ ·E =e(n0 − ne) (C.5)

−E ′′ + βp′′ =e2(n0 − ne) (C.6)

∇×B =∂tE − enev (C.7)

−βE ′′ + β2p′′ =− e2nev, (C.8)

where we have made use of a relation relating the electron energy E to the scalar

potential Φ (E = eΦ) as well as the vector potential A to the electrons momentum

p (p = eA) - equation (C.4) derived above. Additionally, we have used the

notation F ′ to represent the derivative of F with respect to ζ.

Substituting equation (C.8) into (C.6) yields the electron density

ne =
βn0

β − vx
, (C.9)

where β is the phase velocity of the plasma wave and vx is the electron velocity

in the x direction.

The analysis requires us to be below the wave breaking limit and as such we
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must have vx < β. For vx > β our model breaks down as the density becomes

negative. As the electrons approach the wave velocity, their density drastically

increases.

The variable in which the oscillator equation will be derived, ξ is defined as

ξ = Γ−βU where Γ = (1−v2)− 1
2 is the Lorentz factor for the electrons and U = Γv

is the momentum of the electrons normalized over mass. This is a dimensionless

parameter and can be seen to be related to the electron energy in the wave frame

(this is clear from multiplying them by γ = (1−β2)−
1
2 and noting that they take

the form of Lorentz boosts - note that this is needed to match equation (5.2) to

the equivalent form found in [77]). Another dimensionless parameter (that will

aid in the derivation) which is related to the electrons momentum in the wave

frame is defined as Λ = βΓ−U . We want to be able to express some combination

of these in terms of the gamma factor γ such that, by rearranging, our equations

will be in terms of the electrons’ energy (ξ) and the wave’s γ. We can achieve

this by looking at the difference in the squares of ξ and Λ,

ξ2 − Λ2 =Γ2 + β2U2 − β2Γ2 − U2 (C.10)

ξ2 − Λ2 =
(Γ2 − U2)

γ2
(C.11)

ξ2 − Λ2 =γ−2 (C.12)

where in the last line we have use the fact that U = Γv and Γ = (1− v2)
− 1

2

We therefore have:

Λ = ±
√
ξ2 − γ−2. (C.13)

We would like a way to express the charge density ρ in terms of ξ and γ also.

If we notice that the charge density is proportional to U
βΓ−U we can then use
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(C.13) to express each Γ and U in terms of ξ and γ

ξ − βΛ =Γ− βU − β2Γ + βU = Γγ−2 (C.14)

Γ =γ2
(
ξ − β

√
ξ2 − γ−2

)
, (C.15)

βξ − Λ =βΓ− β2U + βΓ + U = Uγ−2 (C.16)

U =γ2
(
βξ −

√
ξ2 − γ−2

)
, (C.17)

U

βΓ− U
=
γ2
(
βξ −

√
ξ2 − γ−2

)
√
ξ2 − γ−2

(C.18)

=γ2

(
βξ√

ξ2 − γ−2
− 1

)
. (C.19)

Using the above calculations one can now express the inhomogeneous Maxwell’s

equation (∇ · E = ρ) as:

ξ′′ = ω2
pγ

2

(
βξ√

ξ2 − γ−2
− 1

)
, (C.20)

which from multiplying through by ξ′ and integrating, more clearly illustrates it

as an oscillator equation. First we note the following two relations:

1

2

(
ξ′2
)′
=ξ′′ξ′ (C.21)(√

ξ2 − γ−2
)′

=
ξξ′√

ξ2 − γ−2
. (C.22)

Therefore after integrating we have

1

2
(ξ′)

2
+ ω2

pγ
2
(
ξ − β

√
ξ2 − γ−2

)
= C. (C.23)

We want C to correspond to the largest amplitude oscillation. For this the square

root must be minimized, therefore ξ = γ−1, when ξ′ = 0, hence C = ω2
pγ.

In order to determine the maximum electric field, we must first calculate
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the value of ξ at which this occurs. Equation (C.20) can be though of as an

equation for the restoring force of the oscillation. Consequently the value of ξ for

which equation (C.20) is equal to zero corresponds to the maximum electric field

(ξ = 1). Equation (5.2) can then be substituted into equation (5.1) and solved

to calculated the maximum electric field

1

2

e2

m2
e

E2
max =ω

2
pγ − ω2γ2

(
1− β

√
1− γ−2

)
(C.24)

Emax =
ωpme

e

√
2(γ − 1). (C.25)

This is referred to as the cold relativistic wave-breaking field [81] and is the

maximum electric field achievable for a one-dimensional cold plasma.

C.2.1 The wavelength of the oscillation

Due to the periodic nature of the plasma waves’ electric field, ξ and similarly

the axion will also have the same periodicity, and can both be described using

Fourier series

ξ =
∑
n

ξn exp

(
2πin

ζ

λ

)
(5.7 Revisited)

The wavelength of the oscillation will be double the length between the ex-

tremes of the oscillator equation - these occur at ξ = γ−1 and ξ = γ(1+β2). The

oscillator equation can be solved for ζ(ξ) and we can integrate between these two

points. However, as we are envisioning scenarios in which γ ≫ 1 it is convenient

to use scaled variables in the integration in order to solve it
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ζ(ξ) =

∫ ξ̄

γ−2

1√
2γωp

γ√(
γ−2 − χ̄+

√
1− γ−2

√
χ̄2 − γ−4

)dχ̄. (C.26)

We have introduced the scaled dummy variable χ̄ = γ−1χ to allow us to integrate

more easily and we have additionally used the scaled variable ξ̄ = γ−1ξ.

Before integrating we can simplify by neglecting terms of O(γ−4) and power

expand out the terms in the square root

ζ(ξ) =

√
γ

2

1

ωp

∫ ξ̄

γ−2

1√
1− χ̄

2

dχ̄. (C.27)

Taking the wavelength to be twice ζ when evaluated between the limits, the

wavelength is

λ =
4
√
2γ

ωp
(C.28)

where we have let β → 1.

We can use this to calculate the coefficient of the Fourier series (equation

(5.7))

ξn =
1

λ

∫ λ

0

ξ(ζ)e−
2πinζ

λ dζ. (C.29)

Evaluating the integral yields

ξn|n̸=0 =− 4γ

π2n2
(5.9 revisited)

ξ0 =
4

3
γ. (5.10 revisited)
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C.3 The axion Fourier series

Selecting for solutions which are in phase with ζ = x−βt, the axion Klein-Gordon

equation can be re-expressed in order to find the axion field’s (equation (C.32))

Fourier coefficient (equation (C.34))

(
□+m2

φ

)
φ = −gφγE ·B. (C.30)

φ =
gφγmeB0

em2
φ

ξ′ +
1

γ2m2
φ

φ′′ (C.31)

where □ → − 1
γ2

∂2

∂ζ2
as γ = (1− β2)

− 1
2

φ =
∑
n

φn exp

(
2πin

ζ

λ

)
(C.32)

We can then use equation C.31 with the above to determine the axions coefficient:

φn

(
m2
φγ

2λ2 + 4π2n2

m2
φγ

2λ2

)
=
gφγBme

λem2
φ

2πinξn (C.33)

φn =
gφγBmeγ

2λ

e(4π2n2 +m2
φγ

2λ2)
2πinξn. (C.34)
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D.1 Gamma, Pauli matrices and conserved cur-

rents

In the Dirac representation the gamma matrices are as follows:

γ0 =


1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

 ,

γ1 =


0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0

 , γ2 =


0 0 0 −i

0 0 i 0

0 i 0 0

−i 0 0 0

 , γ3 =


0 0 1 0

0 0 0 −1

−1 0 0 0

0 1 0 0

 .

(D.1)
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They can be seen to be represented by 2 × 2 null matrices in the diagonals and

2× 2 Pauli matrices in the off diagonals.

σ1 =

0 1

1 0

 , σ2 =

0 −i

i 0

 , σ3 =

1 0

0 −1

 . (D.2)

A further gamma matrix can be defined by

γ5 = iγ0γ1γ2γ3 (D.3)

γ5 =

0 I

I 0

 , γ0γ5 =

 0 I

−I 0

 . (D.4)

Given a Dirac field ψ = (u1, u2, u3, u4)
T , a conserved current can be formed

from the contraction

jµ = ψ̄γµψ (D.5)

where ψ̄ = ψ†γ0.

Explicitly these components read as

jµ =


u∗1u1 + u∗2u2 + u∗3u3 + u∗4u4

u∗4u1 + u∗3u2 + u∗2u3 + u∗1u4

iu∗4u1 − iu∗3u2 + iu∗2u3 − iu∗1u4

u∗3u1 − u∗4u2 + u∗1u3 − u∗2u4

 . (D.6)

The charge density and consequently the total charge are related to the zeroth

component of jµ
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ρ = eψ̄γ0ψ (D.7)

Q =

∫
V

ρdV. (D.8)

D.2 Expanding out the Dirac equation

Expanding out the Dirac equation (6.1) where (6.2) is understood yields two

differential equations,

(ω −me)Θ = (iσ1dx − pyσ2 − pzσ3 − eAyσ2)χ (D.9)

(ω +me)χ = (iσ1dx − pyσ2 − pzσ3 − eAyσ2)Θ (D.10)

where we have utilized the Dirac representation for the gamma matrices shown

in Section D.1 above.

Eliminating the second of these equations yields a second order differential

equation for the positive energy solutions, Θ, which in full reads as,

(
ω2 −m2

e

)
Θ =(iσ1dx − pyσ2 − pzσ3 − eAyσ2) (iσ1dx − pyσ2 − pzσ3 − eAyσ2)Θ

(D.11)(
ω2 −m2

e

)
Θ =

(
−d2x + p2y + p2z + e2B2

0x
2 + 2eB0xPy + eB0σ3

)
(D.12)

where in the last line we have used the fact that the asymmetry in the Pauli

matrices will cancel most cross terms except from when the derivative in the x̂

direction acts on the vector potential component, Ay, as we have Ay = xB0 as

our choice for the geometry of the potential.

One can then rearrange such that Θ is the subject of the equation and use

the newly defined variable, x̄ - equation (6.9), to obtain an equation in the form

of the quantum harmonic oscillation such as was done in deriving equation (6.8).
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d2Θ(x̄)

dx̄2
+

(
Ω2

eB0

− x̄2
)
Θ(x̄) = 0 (6.8 Revisited)

D.3 Deriving the Greens function

The general solution of the Greens function (6.28) away from the peak of the

delta function has the following solutions

G(x̄, x̄′) =

GL(x̄, x̄
′) = A(x̄′)eω̄x̄ +B(x̄′)e−ω̄x̄ x̄ < x̄′

GR(x̄, x̄
′) = C(x̄′)eω̄x̄ +D(x̄′)e−ω̄x̄ x̄ > x̄′.

(D.13)

Our first boundary condition is that at the extremes x̄ → ±∞ each the left

and right hand side of the Greens function goes to zero. This reads as follows,

GL(x̄, x̄
′) =A(x̄′)eω̄x̄ +B(x̄′)e−ω̄x̄ (D.14)

GL(−∞, x̄′) =0 =⇒ B(x̄′) = 0 (D.15)

GR(x̄, x̄
′) =C(x̄′)eω̄x̄ +D(x̄′)e−ω̄x̄ (D.16)

GR(∞, x̄′) =0 =⇒ C(x̄′) = 0. (D.17)

As the Greens function is continuous at the boundary, x̄ = x̄′, we have

GL(x̄
′, x̄′) =GR(x̄

′, x̄′) (D.18)

=⇒ A(x̄′) =D(x̄′)e−2ω̄x̄′ . (D.19)

The last boundary condition needed to fully specify the Greens function comes

from integrating equation (6.28) across some small region 2ϵ which crosses the
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boundary x̄ = x̄′

∫ x̄′+ϵ

x̄′−ϵ
dx̄
∂2G(x̄, x̄′)

∂x̄2
= −ω′2

∫ x̄′+ϵ

x̄′−ϵ
dx̄G(x̄, x̄′) + 1. (D.20)

The Green’s function, as we have stated, must be continuous and thus if we

let ϵ→ 0 its integral is consequently zero. However, as we let ϵ→ 0, the LHS of

equation (D.20) takes a different value depending on whether we approach ϵ = 0

from above or below. Consequently, as we take the limit ϵ → 0 equation (D.20)

becomes,

δGR(x̄, x̄
′)− δGL(x̄, x̄

′) = 1 (D.21)

where δG(x̄, x̄′) is the derivative if G with respect to x̄ evaluated at x̄ = x̄′.

Substituting this into equation (D.13) yields

−ω̄D(x̄′)e−ω̄x̄
′
=ω̄A(x̄′)eω̄x̄

′
+ 1 (D.22)

−1 =2ω̄D(x̄′)e−2ω̄x̄′ (D.23)

A(x̄′) = − 1

2ω̄
e−ω̄x̄

′
D(x̄′) = − 1

2ω̄
eω̄x̄

′
. (D.24)

Combining all this together, the Greens function has the form

G(x̄, x̄′) =

GL(x̄, x̄
′) = − eω̄(x̄−x̄′)

2ω̄
x̄ < x̄′

GR(x̄, x̄
′) = − eω̄(x̄

′−x̄)

2ω̄
x̄ > x̄′

. (D.25)
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D.4 The momentum modulation

Here we demonstrate a plot of the momentum modulation, A(p), which we applied

to the Dirac field in Section 6.6.2.

Figure D.1: The plot of the modulation applied to the longitudinal momentum
of the electrons. This was chosen for its mathematical convenience whilst have a
Gaussian-like shape.

D.5 The transverse modes of the axion field

From equation (6.45) we have

Ip(x̄) =
ω̄

2
Ip−1 +

p− 1

2
Ip−2 −

eω̄x̄x̄p−1e−x̄
2

2
. (D.26)

The first 5 iterations of the recursion are

170



Appendix D. Appendix

I0 =

√
π

2

(
1 + erf

(
x̄− ω̄

2

))
e

ω̄2

4 (D.27)

I1 =

√
π

4
ω̄
(
1 + erf

(
x̄− ω̄

2

))
e

ω̄2

4 − e−x̄(x̄−ω̄)

2
(D.28)

I2 =e
ω̄2

4

[√
π

2

(
1 + erf

(
x̄− ω̄

2

))( ω̄2

4
+

1

2

)]
− e−x̄(x̄−ω̄)

2

(
x̄+

ω̄

2

)
(D.29)

I3 =e
ω̄2

4

[√
π

2

(
1 + erf

(
x− ω̄

2

))( ω̄3

8
+

3ω̄

4

)]
− e−x̄(x̄−ω̄)

2

(
x̄2 +

x̄ω̄

2
+
ω̄2

4
+ 1

)
(D.30)

I4 =e
ω̄2

4

[√
π

2

(
1 + erf

(
x− ω̄

2

))( ω̄4

16
+

3ω̄2

4
+

3

4

)]
− e−x̄(x̄−ω̄)

2

(
x̄3 +

x̄2ω̄

2
+
x̄ω̄2

4
+

3x̄

2
+
ω̄3

8
+

5ω̄

4

)
. (D.31)

Utilizing these in conjunction with equation (6.48) gives the first two axion

modes
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φ(x̄)|p=0 =− 1

2ω̄

[
e−ω̄x̄

[√
π

2

(
1 + erf

(
x̄− ω̄

2

))
e

ω̄2

4

]
+(−1)0eω̄x̄

[√
π

2

(
1 + erf

(
−x̄− ω̄

2

))
e

ω̄2

4

]]
(D.32)

φ(x̄)|p=0 =

√
π

4ω̄

[
erf(+)eω̄x̄ − erf(−)e−ω̄x̄ − 2 cosh(ω̄x̄)

]
e

ω̄2

4 (D.33)

φ(x̄)|p=1 =− 1

2ω̄

[
e−ω̄x̄

[√
π

4
ω̄
(
1 + erf

(
x̄− ω̄

2

))
e

ω̄2

4 − e−x̄(x̄−ω̄)

2

]
+(−1)1eω̄x̄

[√
π

4
ω̄
(
1 + erf

(
−x̄− ω̄

2

))
e

ω̄2

4 − ex̄(−x̄−ω̄)

2

]]
(D.34)

φ(x̄)|p=1 =

√
π

8

[
2 sinh(ω̄x̄)− erf(+)eω̄x̄ − erf(−)e−ω̄x̄

]
e

ω̄2

4 (D.35)

φ(x̄)|p=2 =− 1

2ω̄

[
e−ω̄x̄

[
e

ω̄2

4

[√
π

2

(
1 + erf

(
x̄− ω̄

2

))( ω̄2

4
+

1
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