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Abstract

This thesis deals with the solution of the Laplace and heat equations on complicated
domains. The approach follows the idea of the fictitious domain method, in which a
larger (simpler) domain is introduced with the idea of avoiding the use of meshes that
resolve the geometry.

The first part of the thesis is dedicated to propose and analyse a new stabilised finite
element method for the heat equation. The analysis, not available to date, is based
on the introduction of a new projected initial condition that satisfies the boundary
conditions of the original problem weakly. This allows us to prove inconditional stability
and optimal convergence of the solution, thus avoiding the restriction linking the time
discretisation and mesh width parameters present in previous references.

In the second part of this thesis the methodology has been adapted and extended to
cover the case in which the problem at hand is posed in a domain containing several
inclusions of small size. For this case, the usual fictitious domain approach is no longer
applicable, and then a new method that compensates for the lack of stability of the
original one is proposed, analysed and tested numerically. The numerical analysis has
been carried out for the steady state case, but its applicability to time dependent

problems is sketched and shown by means of numerical experiments.
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Chapter 1

Introduction

This thesis aims at studying some stabilised Finite Element Methods (FEM) for problems
on complicated domains. The approach used herein will allow the use of uniform

meshes, that is, meshes containing cells with the same shape and size. Although the

solution u of the problem is unknown, some of its physical properties may be known.

Suppose, for example, that u is the temperature of a metal bar with constant length

L. We provide heat at the ends of this bar. So, the magnitude of the temperature in

these zones, |u/|, is higher than in the rest of the bar. It will increase if we keep heating

the metal bar. Otherwise, this magnitude will decrease and will become eventually

constant throughout the bar. By using uniform meshes, we can exploit this fact and

save computational effort when computing a discrete approximation uy of u.

Let w C R? be a bounded open domain with Lipschitz continuous boundary v := Ow,
which means that the boundary w can locally be parametrized by a Lipschitz continuous
function. A more general definition can be found in [GR86].

Then for given data f tw— R and g : v — R, we will consider the following
steady-state problem for the Laplace equation:

find % : w — R such that

{ —-Ald = f in w,

4 = g on 7.

(1.1)

The domain w can be very complicated in shape (see Fig. 1.1).
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Fig. 1.1. The real domain w.

We now present the weak form of the problem (1.1):
find 4 € H'(w) such that
[ViViode = [ foda,

w w (1.2)
4 = g on 7.

for all v € H}(w). To obtain this formulation we integrated by parts over the domain
w, that is, we applied Green’s formula (see [GR86]). This formula is proven to be valid
on domains whose boundary is Lipschitz continuous. All domains considered in this
thesis will have a Lipschitz continuous boundary.

Due to the complicated nature of w, building a uniform mesh of it is not possible
especially if its shape changes with time. Therefore, we need to solve the problem
introducing a fictitious domain formulation. We first define €2, an open bounded set
such that w C Q where Q should be “simpler” than w (see Fig. 1.2). A regular mesh
can be defined in Q (even a uniform mesh) and we avoid building a mesh for each time

step. We introduce extensions f : Q@ — R, ug : @ — R such that f|, = f

Q

Fig. 1.2. The very complicated domain w in a fictitious domain 2.
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Hereafter, we adopt the standard notation for Sobolev spaces (see, e.g., [EG04]). Let
D C R? and let L?(D) be the set of square integrable functions on D with the inner

product denoted by (u,v)p := [uvdx and the corresponding norm ||v||2 ;, := (v,v)p.
D
For [ € N, H'(D) denotes the usual Sobolev space containing functions whose weak

(or distributional) derivatives up to order [ belong to L?(D). The functions in H}(D)
belong to H'(D) and vanish on the boundary dD. We denote the norm and seminorm
in H'(D) by |.|.p and |.|;p, respectively. Another ingredient that will be needed in
what follows is the space of traces of functions in H'(D). First, we define the trace

map

v : HY{(D) — L?*(8D)

v— 0(v) = vlop.
This mapping is well-defined and continuous (see [EG04]). Moreover, its range
H?(9D) = 7o(H" (D))
is a Banach space when equipped with the trace norm

= inf |jv .
el s o veHl(D)ll 1.0

Yo (v)=p

Its dual with respect to the L?(0D) inner product is denoted by H _%(8D), and the
duality pairing between them is denoted by (.,.)sp. Its norm is denoted by ||.||_1 5p

27
(see [GR86] for more details). Then, using the following notation,

a(u,v) = (Vu,Vu)g and b\, v) = (A, v),,

the problem (1.1) is written, in an equivalent form, as (see [GG95]):
find (u,\) € H}(Q) x H2(v) such that

{a(u,v)—b()\,v) = (f,v)a (1.3)

b(p,u) = bu,g),

for all v € H}(Q) and all u € H_%(’y). More details about A and the link between the
solution of the problem (1.1) and the solution of (1.3) will be provided later on.

Throughout the manuscript, C' will denote a positive constant independent of any
discretization parameter, and whose value may vary whenever it is written in two
different places.

The remainder of this chapter is structured as follows. We first set the neccesary
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notation and recall sufficient conditions to solve problems of type (1.3) followed by a

literature review. Afterwards, an outline of the thesis is given.

1.1. Context for Literature review

We include this section to motivate some detailed statements in the later review of
existing literature. We will assume basic knowledge of the FEM, see for example
[Cia78,BS08] for thorough introductions to the topic.

We say a problem is well-posed if it has a unique solution which, in addition, depends
continuously on the data. By applying the Babuska-Brezzi’s theorem (cf. [Bab73] or
[Bre74]), it is easy to prove that the problem (1.3) is well-posed. Indeed, the following
result makes use of this theorem to prove this fact (see [GG95]).

Corollary 1.1. If the bilinear form a is elliptic on H(Q), that is, there exists a
constant k > 0 such that

a(v,v) > klollf o Vv € H(9), (1.4)

and if b satisfies the inf-sup condition, so there exists a constant 5 > 0 such that

_1
> Blell-y, Yne H2(y), (1.5)

then the problem (1.3) is well-posed.

Proof. The Poincaré inequality, ||v]jon < Calv|iq for all v € H} (), guarantees the

validity of (1.4):

a(v,v) = [v[i o 2 kllv|i q.

On the other hand, the inf-sup condition (1.5) is an easy consequence of the fact

that, by definition of dual normal on H -3 y),

v, 0
Il gy = sup ﬁgu .
0eH?2 (v) 27
Hence, the problem (1.3) has a unique solution. O

Condition (1.5) is called inf-sup condition, or LBB condition, where LBB are the
initials of the authors Ladyzhenskaya, Babuska and Brezzi, who independently proposed
the condition.

In the resulting mixed formulation (1.3), the primal variable and the multiplier are

now members of linear spaces which are usually more amenable to approximation.
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Provided the LBB condition holds, the mixed formulation is well-posed. Hence, the
mixed problem (1.3) has a unique solution pair (u, ) where w is the extension of the
solution @ of (1.1) to the fictitious domain . Thus the restriction of u to the initial
and complicated domain w is the (unique) solution of the model problem. Futhermore,

the Lagrange multiplier \ satisfies

A= —[0adl,, (1.6)
where [On]., denotes the jump of % across 7, i.e.
[Oni]., = Vii|y n — Vi|o. o n, (1.7)

and n denotes the unit normal vector to v exterior to w. A brief proof of (1.6) is the

following. If ¢ € C§°(Q2 \ w):

/V’LL'VQOdZL':(f,QO)Q\w = —-Au=f in Q\w.

Q\w

Since f € L?(Q2), then the equality —Au = f, a priori only valid in D'(Q \ w), is also
valid as function of L?(Q \ w). If ¢ € C§°(w):

/Vu'chd:c:(f,cp)w = —-Au=f in w.

Since f € L?(Q), then the equality —Au = f, a priori only valid in D’(w), is also valid
as function of L?(w). From the previous consideration, for v € H}(2) and applying

Green’s formula, we get

/ (Au — f)de + /(AU - f)de - <(8n(u|9\w) - an(u|w))vv>’y - <)‘>U>7 = 07

Q\w w

for all v € H}(2). Therefore,

o)y = —([Outl, v}, o € HY(Q),
which implies

(A, v)y = —([0nu],v); Vo€ HE(y).

Hence A\ = —[0qu] € Hfé(v) (see [GGY95] and [GPP94] for more details).
Let us now state a fictitious domain formulation of (1.3). To this end, we define some
terminology. A FEM seeks a solution in a trial space and tests the equality for every

function in a test space. If trial and test spaces coincide, then the method is called
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the Galerkin method, otherwise it is called a Petrov-Galerkin method or a non-standard
Galerkin method (see [EGO04]).

Now, € is covered by a family of triangulations {7, } 1~ consisting of non-overlapping
triangles where the subscript h refers to the level of refinement of the triangulation.
Futhermore, let V;, C V and A, C A be discrete, finite-dimensional, spaces associated

with 7. We define the following finite element spaces:

Vi, = {vp, € C%(Q) N H(Q) : vp|x € P1(K), VK € Tp},
Ap = {pn € L*(7) : pnle € Po(e), Ve € v},

such that A; C Aj. Then, a Galerkin method for (1.3) reads as follows:
find (up, A\n) € Vi, x Ay, such that

{ a(uh,vh) *b()\hvvh) = (f,Uh)Q (1.8)

b( e, un) b(pn, 9),

for all (vp,pun) € Vi x Ap. Applying the classical results for this type of problem,
(cf. [BF91]), we can state the following result.

Corollary 1.2. Let us suppose that there exists a constant k > 0 independent of h such
that

a(vp, vy) > kH’UhHiQ Yoy, € W, (1.9)

and there exists a constant B > 0 independent of h, such that

b
sup (Uhv Nh)

> Bllunll_1 . Yun € Ap. 1.10
wnevi, lvnllie loanll-3 (1.10)

Then the problem (1.8) has a unique solution and there exists a constant C' > 0,

independent of h and of u, v, up, vy, such that

=il + 1A= Mally, < € it fu— i+ int 1A= pmlly, }-

(1.11)

Unlike an elliptic problem, (1.8) is not automatically well-posed by choosing subspaces
Vi, C HY(Q) and Ay, C H ~3 (A). This is one source of instability that may occur solving
the problem (1.8).

A very popular approach to prove the discrete inf-sup condition (1.10) is using the
Fortin Operator. If the continuous inf-sup condition holds, then the discrete inf-sup

condition is equivalent to the existence of a restriction operator satisfying specific
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properties. A direct application of Fortin’s lemma (see [For77]) gives the following

result.

Lemma 1.3. Assume that b satisfies the inf-sup condition (1.5). Then the discrete
inf-sup condition (1.10) holds if and only if there exists a restriction operator Il €

L(V,V},) with two properties:

k()10 < Cllolhe Yo e Hy(%), (1.12)
where C' > 0 is a constant independent of h, and

b(ITp(v) — v, up) =0 Yup € Ap, Yo € V. (1.13)

We now present the time-dependent problem to be considered in this thesis:
find @ : w x (0,7) — R such that

di—At = f in wx(0,T),
@ = g on Owx(0,7T), (1.14)

w(z,0) = dp(z) in w.

forgivendataf:wx(O,T)—)R,g:'yx(O,T)—>Randﬂ0:w—>IRwithT>O
a final time.
Using the fictitious domain formulation, and the extensions f : @ — R,up : @ — R

such that fl|, = f, uo|w = Ug, the weak transient problem is given by:
find (u, \) € L*(0,T; H}(Q)) x L>(0,T; H_%(’y)) such that u(z,0) = up(x), and

{ (O, v)a + a(u,v) —b(Av) = (f,v)q (1.15)

bp,w) = by, g),

for all v € H} (), all p € Hfé(’y), and almost all ¢ € (0,7).

We discretise the problem (1.15) with respect to the space and time variables.
Lagrange finite elements are used for the space discretisation, and first order backward
difference formula are used for the time discretisation.

For space discretisation, let {7 }x~0 denote a shape-regular family of triangulations
of the domain 2. For each triangulation 7, the subscript h refers to the level of
refinement of the triangulation, which is defined by

h = max hg
KeT,

where hx = diam(K). Let v, and 7 be two partitions of v such that the vertices of 7;

are also vertices of 7y, with edges € satisfying the following (see [GG95]): there exists



1. Introduction

C > 0 (independent of h) such that 3h <| € |[< Ch, for all € € v;. We suppose that
for all € € ~;, card{e € v, : e C €} < C, where C' > 0 is independent of & and h. In
particular, we can define v, as the partition of v induced by 7. This is, the collection
of edges e such that their end points are the intersections of v with the edges of the

triangulation 7y, plus the angular points of v (see Fig. 1.3).

0 T

/ 7

7
f f

Fig. 1.3. Example of meshes on ~.

For the time discretisation, we use the implicit Euler method (although the same
analysis can be extended to more involved schemes). Let N € INg be given. We
consider a uniform partition {(tn, tn+1] to<n<n—1, with ¢, = ndt, of the time interval of
interest [0, 7] with time-step size 0t = Z.

Then, given subspaces V;, C H}(Q2) and A, C H %(7), the semi-discrete problem for

(1.15) reads:

(1.16)

{ (Orun, vp)a + a(up, vp) = b(An,vn) = (f,on)a
b(pn, un) b(tth, 9),

for all v, € Vp, all u € Ay, and almost all ¢ € (0,7).
For this time-dependent problem the situation is even more delicate. In fact, besides
the discrete inf-sup condition (1.10), some compatibility in the discrete initial condition

is needed (more on this later).

1.2. Literature review

In this section, we perform a literature review to solve the problem (1.8) through
FEM with fictitious domain to obtain stability and optimal convergence. Fictitious
domain method for partial differential equations have shown recently potential for

solving complicated problems from Science and Engineering. The main reason for this
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popularity of fictitious domain methods (sometimes called Domain Imbedding methods)
is that they allow the use of fairly structured meshes on a simple shape auxiliary
domain containing the actual one, allowing therefore the use of fast solvers (see [GPP94]
and [CIM96] for more details).

When we work with fictitious domains, a proper extension of the function has to be
chosen, if we want to ensure optimal convergence. We need to choose an appropiate
extension of f to € to ensure that (u, ), the solution of the problem (1.3), is regular
enough. We work on this direction in Chapter 2, although some preliminar results are
given in [FGM13, Loz16]. Methods like the classical penalty method or the Lagrange
multipliers method are known to produce a solution with a non-optimal order of the
error, in particular for immersed bodies, as we can read in [FGM13]. The authors
mention other methods that exist in the finite element framework in order to recover
this optimal order, such as the Fat Boundary method, method based on Nitsche’s
formulation or control approach methods (see, e.g, [Mau01, CB09, ADG'91] for more
details). The method presented in [FGM13] is in the spirit of these control approach
methods and aims at recovering the optimal error order. The authors present a smooth
extension method with a Poisson equation and introduce a method of the fictitious
domain type to simulate the motion of immersed rigid bodies. Their idea is to find a
smooth extension of the exact solution in the domain Q\w (where w is a sphere included
in Q) to the whole and fictitious domain by finding a suitable extension of the
right-hand side in the inclusions. In [Loz16], an optimal convergence through fictitious
domain method is proved without cut elements introducing stabilisation terms. A.
Lozinski avoids the integration over the elements cut by the boundary of the problem
domain as in Extended FEM (XFEM) and CutFEM for example. A Poisson problem
is considered in a domain w which is embedding into a simply shaped domain 2 and
there is a quasi-uniform mesh 7, on € that can cut w in an arbitrary manner. In
this work, the author does not extend the solution u or the initial function f in w to
2 as we have done in Chapter 3. He defines another fictitious domain wy, such that
w C wp C Q and extends u and f from w to wy. The basic difference doing that is that
he needs the extension only in a narrow strip which minimizes the effect of choosing a
“wrong” extension and allows to avoid its explicit construction. The author mentions
the difficulty of an extension of his work to higher-order finite element solving this one
in IP; continuous finite element on a triangular mesh.

A Afictitious domain formulation and its abstract discretisation was described in
[GGI95]. In this paper, a non-homogeneous elliptic Dirichlet problem is solved through
FEM defining the model problem and the mixed problem. With regard to uniqueness
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and regularity of the solution of the model problem, one can use the following theorem
given in [BH91].

Theorem 1.4. Letf € HP(w),p>0andg € Hi(v),q > % Then there exists a unique
weak solution @ € HY(Q) of (1.1) and % € Hfé(’y).

The analysis of a low-order FEM for (1.8) was first presented in [GG95]. In there,
the authors imposed a condition on the mesh 7, (which induces the space V}), and on a
partition of v (which induces the space Aj) that allows them to prove a uniform inf-sup
condition. More precisely, the authors prove the discrete inf-sup condition where the
negative boundary norm (used until then) was replaced by the L? norm on the boundary
through an inverse inequality and the discrete inf-sup condition was replaced by a
sufficient condition that must be checked in the applications. This negative boundary
norm was eliminated by constructing a Fortin operator.

To study the validity of (1.10), the use of linear triangular elements to approximate
u and linear element for A in the two-dimensional case is proposed in [Bab73]. The
size of the elements for A\ has to be greater than, or equal to, the diameter of the
triangles along O0f) times a constant C > 1 depending on . With this condition,
stability and optimal-order convergence hold for the problem (1.8). The first works
using the idea of introducing a Lagrange multiplier to impose a boundary condition
weakly are [Bab73, AB72, BTOL77]. They established error estimates when the ratio
between the boundary mesh size and the mesh size in the domain is greater than
some constant depending on the domain. Unfortunately, the constant can be large
and its dependence on the domain is not straightforward. Their results were refined
by Pitkéranta in [Pit79] and Agouzal in [Ago93] where the boundary mesh points are
directly related to the mesh points of the interior grid.

Later on, in [GG95], the authors propose a discretisation using linear continuous
elements for V}, and piecewise constant elements for A, where the mesh size in given
by ~ is h # h. Under the condition h > 3h, they could prove the existence of a
Fortin operator (and hence, the inf-sup condition). This condition has been shown,
by performing numerical experiments, to be necessary. Unfortunately, it prevents the
use of the most natural meshes, for example the mesh -, defined as the partition of ~
induced by 7Tp,.

To overcome this fact, a local projection stabilisation method is proposed in [BC12]
for solving a fictitious domain problem where this restriction between the meshes is
not satisfied. The authors add a suitable fluctuation term to the formulation, thus
yielding the natural space for the Lagrange multiplier stable. This stabilised problem

is well-posed and stability and convergence are proved.

10
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Other approaches have also been proposed in the recent years to avoid this restriction,
such as using cut elements as in [BH10, BH12] or XFEM approaches as in [MDB99,
MBT06,HR09] for instance.

In [BH10], the authors propose a stabilised Lagrange multiplier method introducing
a fictitious domain formulation where the mesh is cut by the boundary. The main
idea behind cut elements is to consider the restriction of the finite element space
to the physical domain. This implies that the integration needs to be done in the
intersection of the underlying mesh in the fictitious domain with the physical domain.
One advantage of this approach is that it does not need the mesh on the physical
boundary to be coarser than the underlying mesh. On the contrary, the intersection of
the physical domain and the mesh needs to be tracked, and can be of very diverse nature
giving very different elements in the matrices and leading to possibly very ill-conditioned
matrices.

Similar ideas have been proposed in the framework of the Extended FEM. It was
introduced in [MDB99] when dealing with cracked domains. The technique allows
the entire crack to be presented independently of the mesh and so remeshing is not
necessary as the crack grows. The method consists of a FEM enriching the solution
space for solutions to differential equation with discontinuous functions. Based on
this technique plus stabilisation like the one from Barbosa-Hughes (see [BH91]), an
optimally convergent method was proposed in [HR09]. Since the problem is only
considered on the physical domain, the Lagrange multiplier is given by the normal
derivative of the primal variable (and not its jump as in the method of [GG95]).

The introduction of a Lagrange multiplier is also used for the approximation of
interface problems in [ABG*15] and has some similarities with the fictitious domain
approach with distributed Lagrange multiplier that is developed in [BGR14]. In [ABGT15],
the authors consider the problem with two regions, 21 and 9, with different materials
using two meshes which fit with the interface I'. Both meshes have to share the nodes on
I" to impose continuity at the boundary but if I' depends on time, one of these meshes
has to change close to the interface. To avoid this inconvenience, in [BGR14] the
authors propose a fictitious domain formulation with a distributed Lagrange multiplier
where one mesh is for the whole domain €2 and one for the region {25 where only one
material is present. Both problems are equivalent if the solution u restricted to 2 is
the solution us. Then, introducing a Lagrange multiplier associated to this constraint,
the authors prove the convergence of the method.

All the above approaches deal with steady-state problems for which the formulation

and analysis of stabilised methods is fairly well understood. However, the design of

11
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robust and efficient stabilised methods for their transient counterparts is hardly a settled
matter.

Some of the most effective algorithms for treating time-dependent problems can
be defined through a process wherein the spatial and temporal discretisations are
separated. Such algorithms are especially well adapted to the cylindrical nature of
the time-space domain and usually posses excellent stability characteristics. Another
reason for their popularity is that they reduce the partial differential equation to either a
system of ordinary differential equations or, for problems with constraints, to a system
of differential algebraic equations. Fully discrete formulations in which spatial and
temporal discretisations are carried out separately are in much more common use than
are coupled time-space formulations. An additional motivation for this choice is the
desire to avoid the increase in the number of unknows required to achieve more accuracy
in space-time formulations.

In the context of mixed problems, such as the Stokes problem or the problem
(1.16), numerical experiments have shown that fully discrete algorithms are completely
adequate for transient calculations carried out for moderate to relatively large time
steps. However, in settings that require very fine time resolution, the behavior of
such algorithms is not very well understood. The behavior just described is especially
notorious if stabilisation is used in the space discretisation. As a matter of fact, if the
Stokes problem is discretised in space using a residual stabilised finite element method,
and the time is discretised using backward Euler, in [BGS04] it is shown that the fully

discrete scheme is stable only if
5t > Ch?. (1.17)

It is important to notice this is not limited to the backward Euler method. In fact,
the same conclusion can be obtained if other time discretisation schemes are used
(see [BB07,BF09] for discussions on this topic).

As the authors mention in [BB07], this condition relating the time step and the
mesh size is required in the analysis of the stability of the methods described. This
lower bound on the time step size was assumed in the stabilised methods for transient
flows considered in [CVZ98, BC01, CB00, CPGBO07]. It is interesting to observe that
this condition may not be required if inf-sup stable discretisations are used in transient
problems and some stabilised methods are also free of this restriction (see, e.g, [BGLO7,
He03]). Then this condition prevents the use of stabilised FEM in combination with
very small time steps. Moreover, there is an even deeper reason for this. Loosely

speaking, if the initial condition satisfies a restriction (for example, divergence-free in

12



1. Introduction

Stokes, or the boundary condition u = ¢ in (1.16)), then the approximated initial
condition should satisfy a similar restriction to prevent instabilities. This remark is
the basis of the work [BF09] where an appropriate projection of the initial condition
is used to avoid the instabilities. In Chapter 3 we use a similar approach to address
problem (1.16).

The previous approaches deal with a physical domain whose size is comparable
with the size of the fictitious domain. In this way the restriction imposed on the
mesh (i.e. h > 3h) can be naturally satisfied. A different problem appears if the
physical domain is perforated, i.e. domains with holes B; (or inclusions) that are
smaller than the characteristic mesh width. In our case, this amounts to stating that
diam(B;) << diam(f), and in turn, this will imply that, in most cases, |é| < h where
€ are the curved edges from the mesh on dB;, which is precisely the case not allowed
in [GG95]. Over the years many authors have proposed solutions to this problem. One
alternative is the Composite FEM (see, e.g., [HS97]), where the geometrical features
are included in the finite element space, thus proposing a method whose dimension
does not necessarly depend on the number of geometrical inclusions. We can see
the application of the same idea to the Stokes problem in [PS08], and an adaptive
strategy associated to a discontinuous Galerkin version of this method in [GH14].
Alternatively, the geometrical features of the domain can be taken into account at
the mesh generation step. This idea is at the basis of some recent developments
on discontinuous Galerkin methods on general polyhedral meshes (see [CGH14], and
[ACC™16] for a recent review). Finally, it is interesting to mention the approach
described in [BLL14] (see also the references therein for an extensive review of this
type of approach), where a multiscale problem on a domain with inclusions has been
approximated using a multiscale finite element approach based on the enrichment of

the Crouzeix-Raviart method with bubble functions.

1.3. Outline

We conclude this chapter with the outline of this thesis.

In Chapter 2, we have proved that optimal convergence is obtained if we choose
a proper extension of the function f when we are working with a fictitious domain.
We need to choose an appropiate extension of f to the fictitious domain €2 to ensure
that (u, \), solution of the problem (1.3), is regular enough. This is not an easy task,
especially in dimensions higher than one. We do not know how to extend f such that

f e H1(Q) or u € H**1(Q) when we are working with n-dimensional problem.

13
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Then we start to work with time-dependent problems in IP; where we need just
f € L*(Q). In Chapter 3, we develop transient problems studing full analysis for
the backward difference formula for order one. The full discretisation of (1.16), using
Lagrange elements for the space variables and the backward Euler formula for the time
discretisation, is carried out.

In Chapter 4, the purpose is to approximate numerically an elliptic partial differential
equation posed on domains with small perforations (or inclusions). The approach
is based on the FEM, and since the method’s interest lies in the case in which the
geometrical features are not resolved by the mesh, we propose a stabilised FEM. Our
objective was to propose a simple alternative to the approaches described in the previous
sections. Then the stabilisation term is a simple, non-consistent penalization, that can
be linked to the Barbosa-Hughes approach. Stability and optimal convergence are
proved, and numerical results confirm the theory. We have already submitted a paper
with these results [BG16a].

We conclude and present possible further extensions in Chapter 5. We show the
conclusions obtained after work developed in this thesis and describe possible future
work in two directions mainly.

Finally, we include two appendices. In Appendix A, we describe the calculation done
to get the solution and errors of the problems worked in Chapter 2. We consider three
different linear spaces to solve an especific problem through FEM with fictitious domain
and without that. In Appendix B, we describe the proccess to define the matrix C in
FreeFem++. This matrix is coming from introducing the established term j to our the

stabilised method described in Chapter 3.
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Chapter 2

Numerical experiments with fictitious

domain and higher-order elements

2.1. Introduction

In this chapter, we focus on steady problems. We have solved elliptic problem using
the FEM .

We have considered the following simple one-dimensional problem for Py, Py and Pj
finite dimensional spaces:

For f given, find @ such that

-4 = f in w,
a(0) = go, (2.1)
ﬁ(l) = g1,

where go,g1 € R. We obtain the solution and calculate the error in the L?(w) and
H'(w) norms between the approximate solution, 4y, and the exact solution, .
Moreover, we consider the same problem (2.1) applying the fictitious domain method.
As we have stated in the previous chapter, this approach relies on the introduction of a
larger domain ) D w, an extension f of f to €2, and the solution of the following mixed
problem:
find (u, \) € HL(Q) x H™2(dw) such that

{a(u,v)—b(A,U) = (fiv)e (2.2)

b(p,u) = blu,g),

for all (v, u) € HE(Q) x Hfé(aw) where f € L?(w) and g € H%(aw). We obtain the
solution and calculate the errors in the L?(w) and H'(w) norms as well but restricted
to the interval w with different extensions f of f to 2. The purpose of the calculations

is to show that, if the extension f of f is not built carefully enough, then the extended

15



2. Numerical experiments with fictitious domain and higher-order elements

solution wu is not regular enough, which, in turn, affects the quality of the numerical
results.

The remainder of this chapter is organised as follows. In Section 2.2, we consider
the problem (2.1) and we show the numerical results implemented in Matlab [ACF99].
In Section 2.3, we apply the fictitious domain method to the problem solved in the

previous section and we also show the numerical results.

2.2. Method without fictitious domain

In this section, we use u as the solution in the initial domain (0, 1) instead of @ and, f
instead of f to simplify the notation. Therefore, the weak problem is written as:
find u € H}(0,1) such that

(', 0)0,0) = (f,0)01) Yo € Hy(0,1),

where f is a given function.

This problem has been solved using a standard FEM. For this, we introduce a
uniform partition, 0 = zg < 21 < ... < zny41 = 1, of (0,1) and denote h = z;41 —
x;. Associated to this partition we introduce the finite element space V;, = {v}, €
co((0,1)) : Vnl(zs 1] € PilTi, wiv1] and  vp(0) = vy(1) = 0 Vi} for [ = 1,2,3.
Then, the finite element problem is:

find up, € V}, such that
(uh, ) 00) = (fyon)01) Yon € V. (2.3)

2.2.1. Applications

We now present the numerical results of the errors solving the problem (2.1) for different

1

values of N, number of subintervals in {2 of length h = 5, and two different functions

fi(z) = —122% 4+ 122 — 2,
fo(x) = —€”.

For finite elements of order & the following estimate holds (see [EGO04)):

Il w—wun lloo1) < CRF [ w5410 (2.4)

| u—up |1,01) < CRY | u [k 0,0) - (2.5)

16



2. Numerical experiments with fictitious domain and higher-order elements

We have computed the errors ||u —uplg 0,1y and [u — up|q,0,1)- The results are given
in Tables 2.1- 2.3 and they follow the optimal behavior predicted in (2.4) and (2.5).

lu — uh||07(071) order  |u— Uh\1,(0,1) order
filr)=—-1222+122 -2 N =4 0.0103 0.0690
N =8 0.0027 1.9316 0.0329 1.0685
N =16 6.8039e-04 1.9885 0.0162 1.0221
N =32 1.7055e-04 1.9962 0.0081 1
fa(z) = —€® N =4 0.0119 0.1288
N =8 0.0030 1.9879 0.0645 0.9978
N =16 7.4906e-04 2.0018 0.0322 1.0022
N =32 1.8733e-04 1.9995 0.0161 1
Table 2.1. Finite element errors for IP; finite dimensional space.
lu —upllo,0,1y order  |u—wupl|i ) order
filz)=—1222 + 122 —2 N =4  5.4256e-04 0.0162
N =8 6.5794e-05 3.0437 0.0041 1.9823
N =16 8.1596e-06 3.0114 0.0010 2.0356
N =32 1.0179e-06 3.0029 2.5208e-04 1.9880
fo(x) = —€® N =4 1.3467e-04 0.0041
N =8 1.6805e-05 3.0025 0.0010 2.0356
N =16 2.0997e-06 3.0006 2.6014e-04 1.9426
N =32 2.6244e-07 3.0001 6.5045e-05 1.9998
Table 2.2. Finite element errors for IP5 finite dimensional space.
lu —wunlloo,1y order  |u—wup|i 1) order
filr) =—-1222 + 120 —2 N =4  2.0487¢-05 0.0011
N =8 1.2805e-06 3.9999 1.3905e-04 2.9838
N =16 8.0028e-08 4.0001 1.7381e-05 3.0000
N =32 5.0018e-09 4.0000 2.1726e-06 3.0000
fa(z) = —€® N =4 1.5344e-06 8.2485e-05
N =8 9.6526e-08 3.9906 1.0344e-05 2.9953
N =16 6.0482e-09 3.9963 1.2941e-06 2.9988
N =32 3.7835e-10 3.9987 1.6179e-07 2.9997

Table 2.3. Finite element errors for P finite dimensional space.

2.3. Method with fictitious domain

The problem (2.1), with go = 0 and g; = 1, is solved in this section with fictitious

domain formulation through FEM.
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2. Numerical experiments with fictitious domain and higher-order elements

The fictitious domain formulation is obtained by including w = (0,1) in a larger
domain Q = (—1,2), an extension f of f to © and the solution of the following mixed
problem:

find (u,\) € H}(—1,2) x R? such that

9 2
jl w'v'dx — Mo(1) — Agv(0) = 7f1 fvdz, (2.6)

—pu(l) = pou(0) = —p1-1—pg-0,

for all v € H}(—1,2) and for all ug, y € R. Both problems are linked by the fact that
if (u, \) satisfies (2.6), then u |, satisfies (2.1).

We use the same procedure as in Section 2.2 for Py, IP5 and P35 but using these new
data.

The errors are defined by Section 2.2 in the same way for each space but working with
fictitious domain. It is worth emphasizing that we cannot obtain the errors in L?(—1,2)
and H'(—1,2) norms because we do not always know the value of the solution outside
the interval (0, 1). If f is defined using the same functional expression as f , then it is
possible to calculate the errors in the fictitious domain. Thus, we have calculated the
errors, with different extensions of f, restricted to the interval (0, 1), more specifically

to [Teret+1, k) C (0,1) in each one where the variables ele and k are defined as

ele = max{i: x; <0},

k=max{j:z; <1}

The error committed using this approximation for (0, 1) is negligible.

2.3.1. Applications

We can prove that, if f is such that « € H*+1(—1,2), then

lu—uply (—1.2) < ChFlulgir,(—19)-

This result relies on the fact that we are capable of building an extension of f such that
the extended solution u is regular. This is not an inmediate task, and is even necessary
condition for optimal convergence.

In the following numerical results we have used f(z) = (%)2 sin (3z) and three

possible extensions,

f(@) = fotae) = (5) sin (52). (27)
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2. Numerical experiments with fictitious domain and higher-order elements

flx if , 1,
Fa) = fuly = 1) e

0 otherwise,

f0) if —1<z<0,
f@) = falx) = f(z) if z€]0,1],
f) ifl<z<2

For the first case, f(x) = fo(x) is regular in such a way that u (the extended solution
to (—1,2)) is regular as well. This will lead to the fictitious domain method providing
optimal order estimates. This is not the case for f(x) = fi(x) and f(z) = fo(z). In
both these cases u is not regular, which will show in the numerical results. This fact is
apparent in Tables 2.4- 2.6 where the errors ||i—wup||o,0,1) and [@—up| (o,1) are depicted.
We see that the errors in these last two cases are suboptimal. As a matter of that, they
show an erratic behavior which, never the less, hints a first order convergence, at best,

which is clearly non optimal for Py and P53 elements.

@ — upllo,0,1y order  |& —up|y o) order

f@) = fo(z) N=16 0.0040 0.1003
N =32 9.9989-04 2.0001  0.0501 1.0014
N =64 2.3641c-04 2.0805 0.0240 1.0618
N =128 5.8988¢-05 2.0028 0.0120 1
N =256 1.4530e-05 2.0214  0.0059 1.0243
N =512 3.6309¢-06 2.0006  0.0030 0.9758
f@) = filzx) N=16 0.0179 0.1696
N=32 00113 0.6637 0.1989 -0.2299
N =64 0.0050 1.1763  0.0750 1.4070
N =128 0.0027 0.8883 0.1013 -0.4337
N =256 0.0013 1.0544  0.0364 1.4766
N =512 0.000657 0.9846  0.0509 -0.4837
f@) = folw) N=16 0.0159 0.1105
N =32 0.0087 0.8699 0.0708 0.6422
N =64 0.0042 1.0506  0.0300 1.2388
N =128 0.0022 0.9260 0.0269 0.1574
N =256 0.0011 1 0.0104 1.3710
N =512 5.3893¢-04 1.0293  0.0123 -0.2421

Table 2.4. Finite element errors with fictitious domain for IP; finite dimensional space.
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|& — upllo,o,1y order  |& —wup|y ) order
flz) = fo(z) N =16 1.0036e-04 0.0031
N =32  1.5640e-05 2.6819 8.6962e-04 1.8338
N =64  1.8679e-06 3.0657  2.1732e-04 2.0006
N =128 2.4544e-07 2.9280 5.5666e-05 1.9646
Ff@)= filz) N=16 0.0003 0.2061
N =32 0.0074 0.3296 0.2159 -0.0670
N =64 0.0019 1.9615 0.1085 0.9927
N =128 0.0012 0.6629 0.1154 -0.0890
N =256 0.000447 1.4247 0.0549 1.0718
N =512 0.000243 0.8793 0.0586 -0.0940
F@)= fole) N=16 0.0055 0.0528
N =32 0.0033 0.6781 0.0556 -0.0746
N =64 0.0014 1.2370 0.0259 1.1021
N =128 7.4326e-04 0.9135 0.0276 -0.0917
N =256 3.5798e-04 1.0540 0.0129 1.0973
N =512 1.8119e-04 0.9824 0.0138 -0.0973

Table 2.5. Finite element errors with fictitious domain for Py finite dimensional space.

HfL - uhHO,(O,I) order ‘ﬂ - uh|17(0’1) order

fl@)=folx) N =16 1.2780e-06 8.9292¢-05

N =32 8.1123e-08 3.9776  1.1167e-05 2.9993

N =064  4.8945e-09 4.0509  1.3362¢-06 3.0630

N =128 3.0723e-10 3.9938  1.6699e-07 3.0003

N =256 1.9623e-11 3.9687  2.0633e-08 3.0167
f@)=fi(zx) N=16 0.0034 0.0966

N =32 0.0049 -0.5272  0.1934 -1.0014

N =64 9.5763e-04 2.3552  0.0528 1.8730

N =128 7.5707e-04 0.3390  0.1004 -0.9271

N =256 2.4670e-04 1.6177  0.0270 1.8947
fx) = fo(x) N=16 0.0030 0.0261

N =32 0.0019 0.6589  0.0478 -0.8730

N =64  8.0295e-04 1.2426  0.0128 1.9009

N =128 4.3097e-04 0.8977  0.0238 -0.8949

N =256 2.0439¢-04 1.0763  0.0064 1.8948

Table 2.6. Finite element errors with fictitious domain for IP3 finite dimensional space.

We observe the same fact graphically for the three possible extensions in the same

order for each finite dimensional space. We check the optimal order in each first graph

for each space.
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Fig. 2.1. Finite element errors with fictitious domain for IP; finite dimensional space depending
on each extension: fy (top), f1 (middle), fo (bottom).
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Chapter 3

A fictitious domain method for the

transient heat equation

3.1. Introduction

In this chapter, we prove unconditional stability of v and Lagrange multipliers, and
optimal converge for the transient heat equation when the initial datum is chosen as a
certain Ritz-type projection. In the case when a standard interpolation of the initial
data is applied, an inverse parabolic Courant-Friedrich-Lewy (CFL)-type condition like
the one presented in (1.17), must be respected in order to maintain stability for small
time steps. Futhermore, we will distinguish two cases: inf-sup stable condition problem
and not inf-sup stable where we have to add the stabilisation operator to obtain a
stabilised method (see [BC12]). We base our approach on previous work done for the
transient Stokes equations (see, e.g., [BGS04, BF09)]).

The remainder of this chapter is organised as follows. In Section 3.2, we introduce
the problem under consideration and some useful notation. We study the stability of
our problem for the inf-sup stable case and the stabilised method with the space and
time discretised formulations in Section 3.3. In Section 3.4, we have the convergence

analysis for both cases too. Some numerical results are presented in Section 3.5.

3.2. Problem setting

Let w be an open bounded domain in R? with a Lipschitz continuous boundary 7 := dw.
M
We consider v = U ~;, where ~y; are the M smooth components of v, that is, if v has

i=1
corners then 7; N 7,41 will be its corner points (see Fig. 3.1).
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3. A fictitious domain method for the transient heat equation

Vs

Fig. 3.1. Example of v where M = 3.

In what follows, the following space is used:

M M
1 .
He=[THz00) with full:=) " ol ,.
i=1 =1
For T > 0 we consider the problem (recall problem (1.1)):
find @ : w x (0,7) — R such that

~

ou—Aw = f in wx(0,7),
@ = g on ~x(0,T), (3.1)

w(z,0) = do(zr) in w,

where f € L?(w) and g € H%(’y) are given. Here, f: wx[0,7] — R, g : v x [0,T] —
R, @g : w — R stand for source term, and boundary and initial condition, respectively.

To introduce the fictitious domain formulation for this problem, we first define Q) as
an open bounded set such that w C Q (€2 should be “simpler” than w) and extensions
f:Q— R,up: Q@ — R such that f|, = f,u0|w = 1ig. We now rewrite this problem

in an equivalent way following the approach presented in [GG95]. Defining
a(u,v) = (Vu,Vo)g and b\ v) = (A, v)s,
then the following equivalent weak form for (3.1) can be written:

find (u, \) € H'(0,T; L*(Q))NL*(0, T; HE (22))x L>(0, T; H2 (v)) such that u(z, 0) =

uo(z), and

{ (O, v) + a(u,v) —=b(Av) = (f,v)q (3.2)

b(p,u) = bp,g),

for all v € HY(Q), p € Hfé('y) and almost all ¢t € (0,7"). Problems (3.1) and (3.2) are
linked by the fact that if (u, A) satisfies (3.2), then u|,, satisfies (3.1) and A coincides
with the jump of the normal derivative of u on 7 (see [GPP94, GGI5] for details).
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3. A fictitious domain method for the transient heat equation

We discretise the problem (3.2) with respect to the space and time variables (for
more details, see Chapter 1).

We define the following finite element spaces:

Vi, = {v, € C%(Q) N H(Q) : vp|x € P1(K), VK € Tp},
A = {un € L*(7) : pnle € Po(e),Ve € 1},
Aj, = {uj, € L2(9) : pjle € Po(€),Ve € v},
such that A; C Ay. We denote W), := V}, x Aj,. Thanks to the hypothesis on 7, and ~;,

the pair W; 1=V}, x A; satisfies the following discrete inf-sup condition (see [GG95]):
there exists 8 > 0, independent of h and h, such that

(147, VR )~
sup MY >3 il Yur € A;s. 3.3
N P o el -1y B €A (3-3)

On the other hand, the pair Vj, x Aj is not inf-sup stable. For this case, it is proven
in [BC12] that there exist two constants C, 8 > 0, independent of h, such that

/-‘Lhavh
sup S0y (S 2, )P s By, Ve A (34)
onevinfop |valio =

A part of this work is devoted to approximating (3.2) using the space W},. Since we
only have the weak inf-sup condition (3.4), the problem needs stabilisation. Then we

introduce a bilinear form j : L?(y) x L?(y) — R defined as

](/L’g) = Z |é|(:u - Hﬁ/"’?ﬁ - Hﬁg)éa

€Ej,
where II; : L?(y) — Aj is defined as (II;:€)|c = €| (&, 1); for each € € 7;. This term
satisfies the following properties:

Symmetry:

31, €) = §(&m) Y, & € L2 (y); (3.5)

Continuity: There exists C' > 0 such that

(1, )1 < Chllp — Wy plloslI€ — Wélloyy  Vh, & € L (v); (3.6)
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3. A fictitious domain method for the transient heat equation

Weak consistency:

(1, €) < Y [ellln — Mypllocllé — Miélloe < CRllull i€l 5 i € € H.
éG’Y;L
(3.7)
We end this section by presenting the fully discrete methods to be analyzed in this
chapter. The fully discrete problems read as follows:

1) Given a suitable approximation of ug € Vj, of ug, then for all (vs, ;) € W; and
0<n<N -1, find (u’,}“,)\zﬂ) € W; such that

{ ar(up ™ =g, on)a + a(up o) = 6N on) = (f(taga), on)e (3.8)

b(pj, up™) = by, 9)

in the inf-sup stable context, and
2) Given a suitable approximation of u9 € Vj of ug for all (vs, up) € Wj, and 0 <
n <N -1, find (u}, /\ZH) € W}, such that

{ é(uz—’—l - “ZWh)Q + a(uZ—Hv Uh) - b(/\Z—H’ Uh) = (f(tn—i-l)a Uh)Q (3 9)

b(pn, uf ™) + GO k) = (s, 9)

for the stabilised case.

3.3. Stability analysis

3.3.1. The inf-sup stable case

In this section, we analyze the stability of problem (3.8). For the purpose of the stability

and convergence analysis below, we introduce the Ritz-projection operator
Sﬁ W — WE’

where W = H(Q) x H_%(y). For each (w,§) € W, the projection S;(w,§) =
(P;(w, &), R; (w,§)) € W; is defined as the unique solution of

(Vw7 VUh)Q - <£7 Uh>’7

3.10
<Mﬁaw>v ( )

{ (VP (w,€), Vop)a — (R (w, €), vp)~
<:u]~17 Pﬁ(wv f))’?

for all (vp,u;) € W;. Problem (3.10) is well-posed thanks to the inf-sup condition

(3.3). Moreover, defining the norm

2
1

= ol +
I, )
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3. A fictitious domain method for the transient heat equation

then the following stability and approximation results hold (see [GG95)):

B3, O3 < Ol + €12, ), (3.11)

and if (w,&) € H?(Q) x H, then there exist C' > 0 independent of h such that

[w = By (w,§)|10 + 1§ = Ry (w, Ol _1 , < Ch(|wlz,0 + [[€]l#)- (3.12)
The next result is a first step towards proving the stability of (3.8).

N
Lemma 3.1. Let |[ul]l1.0 < Clugli.q and let {(uﬁ, )\Z)} ) be the solution of the fully
n= ~
discrete problem (3.8). Then, there exists C > 0 for 1 < n < N, independent of h,h
and 0t, such that

n—1
lailo + Y (St o + g — il o)

m=0
n—1

< CluoBia+C Y t(Iftmet) 3o+ lgtma) I3, + IDu 1 Bg),  (313)

m=0

and

n—1
m—+112
ZO&HAB H—%ﬂ
m=
n—1

C
< Cluolta + 35 2 8t(If el + latne [, + 1D Fg). (319
m=0

1
2

m+1__ m

where B is the constant from (3.3), and DuZ"H = 5 “h

Proof. We start by proving the estimate for \;. Applying the inf-sup condition (3.3)
and the definition of the method (3.8), we get

5tb(vp, N
6t6HAZ‘+1II_%,7§ sup  ——————"

oneVi\{0}  |vrl10
gy O ) oo = Stap™ ) — (7 — gt oo
v, eVR\{0} [vn]1,0
1
. (3215 (s + 36 L B+l ™ = w?lZ0) * onho
=~ sup .
’l}hEVh\{O} ”Uh’LQ
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3. A fictitious domain method for the transient heat equation

Thus,

m+1
BN s

-

C m m
< = (02 1F () 0 + 021 o + !

= C (Il (tms) I3

2)5

1
PR g+ 02— 30

Then squaring, multiplying by dt and taking summation over 0 < m <n — 1, we get

Ejﬁwm“w V_BQZZ&mfnwnmg+mm“ﬁg+wmm“m@)<aw>

Then, to prove (3.13), we need to bound Z Stlujtt %Q, which we now do. Taking

op = ! and p; = )\g”rl n (3.8), we get

(u ™t — g + Sta(u ) — (5tb(/\21+1 w4+ (5tb()\m+1 upth
= 6t(f (tmt1), Uqf;nJrl)Q + 5t<)\%n+l»g(tm+l)>'y'

Using the equality (a —b)a = %(a2 - b))+ %(a —b)? and the Cauchy Schwarz inequality,

this gives

5 (1
= 0t(f(tme1), up e + SN g(tng1))y

< Ot f(tmen)lloeluy o + oI s lg(tmaa) 1,

li B + ™t = wit3) + otlu R g

ot ot
< O tmar) B + G 1 B+ ATy g Ctms )l
Thus,
(g o Bl — ufl30) + DR

< O tms)IR

AP ()
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3. A fictitious domain method for the transient heat equation

After summation over 0 < m < n — 1,

1 1 3t 3
sUuilioe = lupllse) + 5 Z ™t = w0 + = Z Jup 1 g

n—1 n—1
ot
< C5 S I tmen B+ 00 S0 1INy gt
m=0 m=0
5t 2 = o
m+12 2
<C3 2 1f s[5 0 + *& Z A7 H vt 25tm§:0 ||9(tm+1)‘|%ﬁ’

(3.16)

where a > 0 will be chosen later. So, inserting (3.15) in (3.16), we get

5t <
ia) + Znum“ ulio+ 5 Z\m“

n—1
5t .
< 0(27712:0 £t B+ 5 Z a0+ o Z 1Dy g

2

1
5 (Il -

5t =
5o 2l o+ %5t 5 o tus)IlE )
m=0 m=0

Choosing a = 2C,

n—1

i 15,0 = Ilup 6.0 + Z = [ o + Ot Z Jup ™ g

0% ot (11 £ (tm) B+ Ng(ms)I, + IDu 13 0 ).

m=0

We obtain the estimate (3.14) inserting (3.13) into (3.15) and applying the inequality
O

The last result is a partial stability result. In fact, the term in the time derivative,

m+1, still needs to be estimated. To present a uniform estimate of this

namely Du
term, the initial condition has to be appropriately chosen. Moreover, to accommodate
the possibility of a time-dependent boundary condition g, we need to suppose extra

regularity. We do that in the next result.

N
Theorem 3.2. Let {(uZ,AZ)} be the solution of the fully discrete problem (3.8)

n=1

where we consider u) = P;(uo,0). Let us also assume Oyg € L>(0,T; H%('y)) Then

30



3. A fictitious domain method for the transient heat equation

the following estimates hold for all1 <n < N

i3+ Z (tha R + Nl = w3 )

n—1

< C(uolf o+ Y ot tms0)lFa + lgttmsr) I3 + 00g?

m=0

tmvtm+1=H2 (7))))
(3.17)

and

n—1
m+12
PILLs
n—1

C
< Cluolta + 55 2 8t(If el + eI, + 10291

m=0 (t”m:tm-{»l;H%(’Y)))'

(3.18)

Proof. From Lemma 3.1, it is enough to prove that

Z 3t DupHIg o + [uhli o

< O(luota+ 3 (i ) B+ g€}, + e, ), (319)

m=0
where € > 0 will be chosen later.
For 0 < m < N —1, by taking v, = Duz1+1 and p; = 01in (3.8) and using the Cauchy
Schwarz inequality, we have
||Dum+l||0,Q + a( m~+1 Duhm+1) b()\%n—f—l’Duzm—i-l)
= (f(tm+1), Dup" Mo
< Hf(tm+1)Ho ol Dup o0

*llf( m+)l5 0 + *llDumHHo,g-
So,
1
S DU B Falu ™ DUt — b, Dut ) < | f(bnn) [0 - (3:20)

On the other hand, for 1 < m < N — 1, testing (3.8) at the time levels m + 1 and m

, we have

. _ Cymett
with v, = 0 and pj; = )\%n

DO ™) =BG g (i) and B ) = bOGH g (). (3:21)
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3. A fictitious domain method for the transient heat equation

Therefore, by subtracting these equalities and applying a Taylor expansion, we get

b()\%”“ uptt — gty = b(/\m+ 9(tm+1) — 9(tm))
= <X~n+ 9(tm+1) — g(tm))y
< H/\mHHv AMg(tmsr) — (tm)Hl = H)\;LmﬂH_%NH&atg(fm)”%ﬁ

| A

*5t||0tg(§m)H L+ &tll)\m“ll2
where &, € (tm,tm+1) and then
B, D) < ()| + SINP, for 1<m< N -1 (3.22)

Then it follows from (3.20) and (3.22) that

1 1 €
SIDu B gt alu ™, Dup ) < 2 F i) B+ o 9 (En) I3+ SN2
(3.23)

Next, using the symmetry and bilinearity of a(.,.), we have

a(uz1+1 uzLH) —a(up’,uy’)

Da(uZH-l u;ln-‘rl)

ot ’

and

(DuZH-l Dum—i—l)

up T — g — L m+1 +1y_ 1 +1

= a( 5 , 50 = &a(uh , Dup™) — &a(u}?,Duzn ).
Thus,

Da(uy m+1 u?“) +(5ta(Dum+1 DuZLH)

_ a(u ™t — a(u, w4+ a(u T ul) — a(ul, ult)

ot
+(L( m+1 DUZL+1) 7a(um DUZ%H)
= a(Du" ") + a(Du ™t ut) + a(ut, Dutt) — a(ult, Dupttt)
1 1

= 2a(uj"*tt, Duj"*h).

Therefore,

1 ot
a(u™, Du"ty = 2Da(uzn+1 w4+ —

, Uy 2 (Du;’:b“rl Dum+1) Z

Daup™*, up™h).

N =

32
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Hence, (3.23) becomes

1 102 1 1 1 1 2 1 2 € 102
SIDU YR o + S Dalu ™ w ) < Sl ) [ + 5 10 (Em) I3 + SIXET

for 1 <m < N — 1. After multiplication by dt and summation over 1 <m <n —1, it
follows that

n—1 n—1
> St Dup G o + Y dtDaup T upth
m=1 m=1

n—1

< St (|| f ()|

m=1

1 €
2 = 2 Eiym+1y2
Fo+ 5 lagEnl |+ SN, ),
and since

n—1

> otDa(up ™ up ) = a(uf, up) — aluj, up),

m=1
we get

n—1
> ot Dup 5 o + alup, up)
m=1

n—1

< alup,u}) + Z St([1f 1)

m=1

1 €
(2),9 + iﬂatg(fm)’ + 5”)\%”“”2 )-

3 :
577 757’7

Thus,

n—1
> stIDup G o + [uklt o
m=1

n—1

< |Uill|i§z + Z St (|1 f (tmg1)

m=1

1 €
Bt s lag@nld + SR, ). 32y

Since the initial approximation of u is given in terms of the Ritz-projection, u) =
P; (ug,0) with ug € H} (), by setting )\2 = Rj (up,0) it follows that (3.22) also holds
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for m = 0. This is

1 _,0
Stb(AL, Du}) = 6t <A,11, i — “h>
X

= (A%,ui)v - </\;117U2>7 = O‘;%vg(tl))v - O‘%ng(to))v
= (A1, g(t1) — g(to))~

< IMl-1, () = gto)lly

< StlIAG -1 19eg (€0l

1 2 € 1912
< 5-0t0g(€0) I3, + SOtINIZ s . (3.25)

1
2
where & € (to,t1). Now, testing for m = 0 in (3.8) with vs = Duj, and p; = 0, gives
(Du},, Du} o + a(up, Duy) — b()\}l, Du}) = (f(t1), Du})a,

and then

St 5t?
26t|| Duy||§ o + QEDa(u}L, up,) + 27a(Du,1l, Dul) — 26tb(\}, Du})

= 25t(f(t1), Duj,)q
< 26t £ (t1) o2l Dug lloo
< Stl| f(t1) 5.0 + 0tl| Dupl§ o-

Hence, applying (3.25) to this last inequality we arrive at

1
0| D 6.0+ alup, up) — alup, uy) < St f(E) 6.0+ Z0tIOg()1T , +eat|AFIIZ s
(3.26)

which, applying the stability of the Ritz-projection (3.11), gives

St Dupllg o + [unlf o < lup

1
2o+ 0t (IF )R+ 199(E0) I3, + el )
1
< Cluol g + 5t(1F ()3 + - 1093, + AL, ). (3.27)

Then, using (3.24) and (3.27),
n—1
> ot Dup g o + [upli g
m=0

n—1
1
< Cluolia+ Y ot(If(tme)l3e + —l10g(Em) I3, + el NP2 ),

m=0

which proves (3.19). Taking € = o, estimate (3.17) is obtained by inserting (3.19) into
(3.13) and the estimate (3.18) is obtained by inserting (3.19) into (3.14). O
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Remark 3.3. If we do not start with the Ritz-projection of ug, then a weaker stability
result can be obtained. In fact, if ug is given in terms of a general interpolant, u,oI =
in(uo), using the approzimation properties of i, and supposing that 6t > Ch?, we get,
instead of (3.25),

ul —uf
50
= (Abuh)y — (Af up)y
= (M 9(t1) = g(to))y + (An» 9(to) — in(uo))

! 2 € 1912 2 y112
< 50t Al |+ SStINI2 L + Chluol3 ol M2,

Stb(A7, Duy) = St(A},

1 € 1 €
< —6t)|0:g|3 —St[MH]? C'—|ug|? —hZ|IAL12
< o | tg!!%ﬁ+2 | hH_;ﬁ 26‘“0 2015 | hH_%,7

1 2 2 12
< 5 0t19glli | + Cluolig + Cedtl M2, -

Then, the same results as in Theorem 3.2 can be obtained supposing 6t > Ch?.

3.3.2. The stabilised method

In this section, we analize the stability of problem (3.9). The first step is to modify the
definition of the Ritz-projection Sy : W — W), to accommodate it to the stabilised
method. For each (w,&) € W, the projection Sp(w,§) = (Pp(w,§), Rp(w,§)) € Wy is

now defined as the unique solution of

{ (VPu(w,€), Von)a — (Ru(w, ), vn)y = (Vw, Vun)a — (€, vn)y (3.28)

(ths Prn(w, §))y + J(Bu(w, &), pn) = (ttn, ),

for all (vp,pn) € Wp. The well-posedness of (3.28) has been studied in [BCI12].

Moreover, defining the norm

2 )
lCvns )l = onlT 0 + 5 (ks 1n),

then the following stability and approximation results hold (see [BC12]):
PG, €), Raar DI < €l + 1) (3.29)
and if (w,&) € H%(Q) x H, then there exists C > 0 independent of h such that

1€ = Bn(w, I _1 -, + [l(w = Pu(w, £),§ = Rn(w, )l < Ch(jwlao + [I€]1) -

As it was done in the last section, we give the following analogues of Lemma 3.1 and
Theorema 3.2.
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Lemma 3.4. Let |[ul|1,0 < Cluglio and let {(uh,/\")} 1 be the solution of the fully
discrete problem (3.9). Then there exists C > 0 mdependent of h and 0t such that the
following estimate holds for 1 <n < N:

a2 6 + zatm ()

n—1

< Cluoft g +C Y 8t (I tmr)lEa + l9tme ), + 100 3g) . (3:30)

m=0

and
n—1
m—+12
mZ::o&H)\h H,% -

C n—1
<% (\uorlmzat(uf ) B+ lg(tm) I3 +\\Du$*1\\og)), (3:31)

m=0

where B is the constant from (3.4).

Proof. Using (3.4) and (3.9) with u;, = 0, the Cauchy Schwarz and Poincaré inequalities,

we get

b )\m—i-l

BNy < sup DAL gt ymy)
1 wevi\(oy [vlhie

— suwp (f (tmr1), vn)o — alup ™ ) — (Dup ™t on)o

vREV\{0} [vnl1,0

C . 1
< O f (tmr1)lloe + [up ™10 + 5 ||um+1 —uillog + CiA Atz

+ C(AmHL Ay

Squaring, multiplying by d¢ and adding over 0 < m < n —1,

n—1
m+12
5t >IN
m=0

2

C &= m+12 “hmH — uy' cym4l ymAl
S@ St {1 (tmen)lloq + lup ™ T a + et O
m=0 0,0
n—I1
C m m m 2
= 52 2 0t (17 tme)I3 g+ Il X ) (3.32)

3
Il
=)
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To prove (3.30), we take v, = u;"™! and pp = A7 in (3.9),

UZLH —up +1 +1 +1 +1 +1 +1 +1

m m m m m m m

5 ,up Fa(uy T up ™) = b uy ) A+ b(ATT up T)
Q

HIOARTL A = (F(tmen), up e + OGN g(tmr)).

Using the equality (a —b)a = 1(a® —b*)+ 3 (a —b)? and the Cauchy Schwarz inequality

in the above expression, we get

m+1

—u 3o+ [t A |12

o (I B — [F ) + 5l

= (f(tmr1)su ™) + 6T, g(tm))

< C|lf (tmr1)llo.oluy,

%77“9(tm+1)“%77

Now, after multiplying by 26t and adding over 0 < m < n — 1, we obtain

luilig o = lunlld o + Z ™ = w5 + 26t Z [[crasevasli

m=0
n—1 n—1
<Ot f tma) llo.lup ™ o + 208 ) N1 g tmen)l s,
m=0 m=0

n—1
1 1
< Cot Z Lf (1) 1[5, 2 + Ot Z [t g +eot > AT ||2,%,7

m=0 m=0

1
15t 5 lattmenl
m=0

where € > 0 will be chosen later. Then as |u}"t![2 o< | (e mot )\Zlﬂ)mi, using (3.32),

we get

[ Z [t — a2 o+t Z I gt Xy

n—1 n—1 n—1

< |[upllg o+ Cot Y (1 (tmr1)l5.0 +edt Y H>\Z‘+1H2 + 5t Z lg(tm+)I7 L
m=0 m=0 =
n—1 n—1

< uplig o + Cét Z I1f (tms1) 5.0 + 5t Z llg( tm+1)H1

n—1

C
#egaot 3 (it Ol + 1w

(tm)IE0)-
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. B2 .
Then, taking € = 5=, we obtain

n—1 n—1
2
luplldo+ Y lup ™ = w3 + 0t Y || A0 D
m=0 m=0
n—1

< ClflBo+C Y 6t (I (tman) o + lgltmse ), + 1D R )

m=0

which proves (3.30) applying the inequality [[ul10 < C|luollio. We obtain the

estimate (3.31) inserting (3.30) into (3.32). O

The last result is a partial stability result. In fact, the term in the time derivative,

namely Du;lnﬂ, still needs to be estimated. We do that in the next result.

Theorem 3.5. Let {(ug,)\}f)};\;l be the solution of the fully discrete problem (3.9)
where we consider u) = Py(ug,0). Let us also assume Org € LOO(O,T;H%(W)). Then
for all 1 <n < N the following estimate holds

n—1
a3+ S ot gt x| 2
m=0

n—1
< Cluolta + € 3 0t (11t + lams) I, + 10012, ).
m:O moytm )
(3.33)
and
n—1
m+1)12
> SR
m=0
n—1
< Clula+0 Y 0t (Iftmin) o+ lattmel, 410012, ).
m:U n,tn )
(3.34)

Proof. Based on the previous lemma, it is enough to prove that

n—1

2
> St Du G o A+ Il Cupt, AR
m=0

n—1
5t N
< C(Wo\i@ + Z St f(tme) 5.0 + ?HC{MHQ%,7 + el A, +1H2,%,7))- (3.35)

m=0
where € > 0 will be chosen later.

For 0 <m < N — 1, taking v, = Du;:”rl and pup = 0 in (3.9) and using the Cauchy
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Schwarz inequality, we have

DU H[G o + a(u ™, Dup™) — b(AT T, Dupt )
= (f(tms1), Duj g
< |1 (tma1) lo.ll Dug o0

1
< SlFtmi) 60 + *HDumHHo,m
which implies
1
SIDu R g + (™, DUty — O, DUty < L fltmin) [ (3:36)

On the other hand, for 1 < m < N — 1, testing (3.9) at the time levels m + 1 and m

with v, = 0 and pp = )\ZLJFI, we have

b()\ZnJrl’g(thrl)) _ b()\zn+1 uszrl) ()\m+1 )\m+1)

BT g(tm)) — DO upt) = 5 AT, (3.37)

Therefore, by subtracting these equalities and using the bilinearity of j(.,.), we obtain

=R Dup™* ) = GDXL N = bR g(tma) — g(tm)), (3.38)

1

ot

for 1 <m < N — 1. It then follows from (3.36) and a Taylor expansion that
1
§Mmm“mg+aTHID%”H+ﬂDwH%wH5

< §||f(75m+1)||(2),9 + &b(AmH g(tm+1) — 9(tm))

1 m
< *Ilf(tm+1)||39 + *II)\~ Iy, 10t 0g (€m) 1

<3 Hf( m+1)\lon+*\|5t8tg(£m)ll el

(3.39)

where &, € (tm, tm+1)-
On the other hand, using the symmetry and bilinearity of a(.,.) and j(.,.), we have
m-+1 m+1 1 m+1 m+1 ot
a(uy™, Duyp' ™) = iDa( Jup )+ — 5
1 ot
JORTL DX = S DO AT + 5 Li(DapL, DX,

a(Duj"t, Duj ),
Hence, (3.39) becomes
||Dum+1||OQ+D(a( m+1 m+1)_|_j()\m+1 )\m+1))

< 1 tms0) 130+ *H5t8tg(£m)H LTy
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3. A fictitious domain method for the transient heat equation

for 1 <m < N — 1. After multiplication by 0t and summation over 1 <m <n —1, it
follows that

n—1

2
S StlDu g + s I
m=1

n—1
2 1 m
< Ik A+ X ot (1 el + Flot0ra(enl?, + el TIE, ).
m=1
(3.40)

Since the initial approximation of u is given in terms of the Ritz-projection, u?L =
Py (up,0), by setting \) = Ry, (uo,0) it follows that (3.38) also holds for m = 0. This is

1

b\, Duy) = =

(A, g(t1) — glto)) — 5(DA, AL)- (3.41)
Taking v, = Duj, pp, = 0 in (3.9) and multiplying by 26t, we get

3t{| Dupl[5.0 + alug, up) — alup, up) < 8t f(t1)[1§ o + b, Dug),
which implies

St Dub 2.0+ [lub A < [lJud |2 + 6t £ (1) ]3 g + b(A, Duah).

Applying (3.41) to this last inequality, we obtain

5t Dup|f3 o + ||ups MG
< 1@ AN + 621 £ (E) 120 + By 9(t1) — g(to))
<l A + St F IR + M1 16t dug (o)l

RO 2 € et 2 ot 2
< 1 A + st F ) B + SN, + o laa(Eo)]3 (3.42)
where &y € (tg,t1). Then we get the estimate (3.35) adding (3.42) to (3.40) and using
the stability of the Ritz-projection (3.29), |||(u?, A%)‘Hz < C‘UOI%,Q-

Finally, we obtain the estimate (3.33) taking € = 55 in (3.35) and the estimate (3.34)

is obtained in an analogous way. O

3.4. Convergence analysis

In this section we prove optimal order error estimates for the fully discrete methods
(3.8) and (3.9).
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3. A fictitious domain method for the transient heat equation

3.4.1. The inf-sup stable case

We start by presenting the following result on consistency. Its proof is direct verification.
Lemma 3.6. Let (u, A) be the solution of (3.2) and let {(u}, A7) bo<n<n be the solution
of (3.8). Assume thatu € H'(0,T; L2(Q))NL2(0,T; HY(Q)) and let A € L=(0,T; H™2(v)).
Then, for 0 <n < N — 1, there holds

(Du(tnt1) — Dup™ op)e + alu(tnrr) — up ™, vn) = b(A(tn+1) = AT op)

+b(pjs w(tng1) — up ) = (Dutni1) — Gultnt), vn)o,
for all (vy, p;,) € Wi.

We prove the following result which states an optimal error estimate for u, and an

estimate for A which is optimal, up to a term that will be treated later.

Lemma 3.7. Let us assume thatu € H'(0,T; H*(Q))NH?(0,T; L*(2))NC°(0, T; H*(2)),
up € H*(Q) N H(Q) and X € HY(0,T;H), and set u) € Vj, as u) = Cp(ug) where
Ch: H&(Q) — V3, stands for the Clément interpolation operator. Then, the following
estimates hold for 1 <n < N:

n—1

i = u(t)Bo + D ot = w(tmin)Eg

m=0
< CR2(JluollB.0 + IMNO)IB,) + CR2t2 (10rul22(0,1, 11205y + 1OA B2 0.1,0 )
+ C(5t2Hattu||2L2(0,tn;L2(Q)) + hQHAH%‘O(tl,tn;H) + h2||uH%‘0(t1,tn;H2(Q))>a

and

n—1

m+1 2
> BN = M)
m=

n—1

<> st (ChQ(nuo\%,Q + IAO) 1) + 125 (I00ul3 01,20 + 10N 20,0
m=0

+ O (6810l 01, 12009) + PIN B0, + 12Nl 502200

+ || Opu(tiy1) — DUT“H%,Q),

with C' > 0 a positive constant independent of h and Jt.

Proof. As usual, for s =0, ..., N, we decompose the error into interpolation and discrete

errors as follows
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3. A fictitious domain method for the transient heat equation

03
(3.43)

Alts) = X2 = A(t) — .
Yo yy
(3.44)

= yy +yp,

where (P;, R;) is defined in (3.10). To simplify the notation, we write

Let n€1,....,N,and m € 0,...,n — 1. First, using (3.12), it follows that

07 e + lyr Ty, < Ch(ultmen) 20 + A Ems)ll20) -

In order to estimate 92”“, we first note that a quick calculation gives

(Dup g = DD R g+ ot = g
Then, using the definition of the bilinear form a(.,.), we get
%DHehmHHg,g HIO R o < (DL 0 e + 107 R g
— (DO Oy 4 a( L oY) byt oty — byt gmtly . (3.45)
T
In addition, using (3.43)-(3.44), we have
T = (DOm0 g — a (0T 0+ a(u(tyg) — u T Om
+ (Du(tms1) — Dul™ 07 ) g — BT — Mtmgr), 07 + by @™ — u(tpr))
— ),

= b(A(tm1) = AL O + byt ultimg)

We know that (@1, X™+1) is the finite element approximation of (w(tmi1), Mtmi1)),

SO
b(pjys ultmer) — ") =0 Yy € Ay,
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Tfthl can be written as

Futhermore, using Lemma 3.6,
T1m+1
= (DO, 07 )+ (Dultant) — Fpultmr), 07 g — a(671, 07+
+ b(y™ T, 02”“).

Now, using Schwarz and Poincaré inequalities and approximation properties of the

operator, we get

m+1
Tl

< C(||Dultms1) = dyutn1)

m—+1
T2

00+ 11D0Z* o, +165 1.0+ s ) 1657+ o

C 2 1
<5 (T 0 e+ vy, )+ 510 R e (3.46)

The term T2erl can be treated as two terms. For the first one, a Taylor expansion gives

1

tm+1
W(tm) = u(tms1) — 0tOsu(tmy1) — 2/ Opu(s)(tm — s)ds,
tm

which implies

u(tmy1) — ulty,)
ot

1 [tm+1 1 tm+1 % tm+1 %
<5 [t < 3 ([ vas)” ([ 0wt
2 tm 2 tm tm

1.1
= §6t2 ||3ttu||L2(

1 tm41
— Buultms)| < 5 / Breu(s) (b — 5)|ds

tm

tmvtm+1)'
Then,
u(tmt1) — ultm) ? u(tmt1) — ultm) ?
— Oyu(tmt1) :/ — Opu(tms1)| dx
ot 0a Jo ot
< 0 . 10l L2ty s 1)8% = 5 100l T2t 1522 (00 (3.47)
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3. A fictitious domain method for the transient heat equation

For the second term we have, using (3.12) once again and a Taylor expansion,

9m+1 —_gm 2
D m+1)2 s s
L T
_|[ultimr) = Pr(u(tmer)s Altme1)) — w(tm) + Py (u(ti), A(tm)) ||*

5t O,Q

_ u(tmy1) — u(tm) _p. U(tmy1) = ultm) Almt1) — Atm) ?

St h St ’ ot 0.0
< Ch2( ultisr) = ultm) | N HA(th) — Altm) |[* )
< Ch2st (H@ulliz(tm,th;Hz(m) n \|atxugz(tm7tm+l;m) . (3.48)

Gathering (3.45)-(3.48), we arrive at
1
§DH0hm+1H379 +10;7 3 o
S C(5t”attu‘|%Q(tm,tm+1;L2(Q)) + ChZ(St(”atu"%Q(tm,tm+1;H2(Q)) + Hat)\|’%2(tm7tm+1§ﬂ))
1
107 R o+ 2 ) + 510 R e

Multiplying the resulting expression by 26t and summing over 0 < m < n—1, we obtain

n—1
”9;5”%,9 + Z 575’921“\%,9
m=0
n—1
<163 g+ ot S («%uattu||%z(tm,tm+um»
m=0

™

2 2 2 +1)2 112
+Ch 5t(Hatu||L2(tm,tm+1;H2(Q)) + ||8t)‘HL2(tm,tm+1;H)) + |07 ’1,9 + Hym+ H_§ﬁ>

= [|6all5.0 + C<5t2Hattu||2LQ(o,tn;L2(Q)) + Ch2 6t ([|00ull2(0 4,12 ()

n—1
F 1A, 0) + 2 06102 R+ 2 ) ) (3.49)
27
m=0
The only term that remains to be bounded is ||t92H(2)Q For this, we write

0 = Py, (u(0), \(0)) — ir(uo)

= ug — ip(up) + P;(u(0),0) — ug + P; (0, A(0)).
Due to the approximation properties of i, and Pj, we have

luo = in(uo)llo.c < Ch?||uollze, (3.50)
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and

[|.P;,(1(0),0) — upllo,o < Chllugl|2,0- (3.51)
In addition, P; (0, A(0)) is the finite element approximation of 0, and then

[15;,(0, A(0))[lo,2 = [[F;,(0, A(0)) = Ofo,0 < CRIA(O)[|3¢- (3.52)

Hence, inserting (3.50)-(3.52) in (3.49), we arrive at

n—1

19113, + D_ otlor " Iq

m=0

< C<h2(\|uo|lg,g + IMO)I3,) + 08%18rull 720 1,120y + B26E (HatuH%Q(O,tn;HQ(Q))

n—1
102010 ) + 12 D 0t (lultmin)Bo + ||A<tm+1>rr%))- (3.53)
m=0
For the Lagrange multiplier error estimate we first note that, from (3.44), it suffices
to control ||yt 1 - To this end, we use the inf-sup condition (3.3):
27
b(yp 't vn)
BlyE+Y s, < sup 0]
2’ v EVY ‘Uh 1,0

From (3.44) we have
b(yzﬂ, vp) = fb(y;H'l, vp) + b(A(tpt1) — )\ZH, vp).
Using the definition of b and the trace inequality, we get
by on) < s fonlr.

On the other hand, using the modified Galerkin orthogonality (see Lemma 3.6) with

py = 0, we have
b()\(tn+1) — )\Z-H, ’Uh) = a(u(tn_H) — UZ+1, ’Uh) + (8tu(tn+1) — l)’u,?}:—"_l7 'l)h)Q
< |utnt1) = up Hielvnlie + 18u(tnrs) — Dup ™ flogllvallog.

As a result, from the above estimations, we have

Bl s < (I, + lultar) = uf |ie) + Clldu(tsr) — D fog.

1
577
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3. A fictitious domain method for the transient heat equation

Therefore,
n—1
2 m-+1)2
3 dtlyp IR,
m=0
n—1
<O 0t (I s+ ultmen) = w g + [9rutnsn) — Dup )
m=0 2
Finally, standard interpolation estimate 3.12 gives
M1 < CRIA )l

This together with the estimate for w finish the proof. O

The only problematic term is in the second estimate in Lemma 3.7, ||0;u— Du}**{|o 0,

which we bound in the following theorem using the hypothesis ug = Pp(up,0).

Theorem 3.8. Under the assumptions of Lemma 3.7, assuming that A € H (0, T;H),ugp €
H?(Q) N H(Q), and u) := P;(uo,0), for 1 <n < N we have

n—1
D SN = At
m=0 2

< C(hQH/\H%O(thtn;H) + W2 [luollzq + B2l Zog, 4,2 () + 082 N0kull7e( 4, r20)

+ h25t2(HatuH%Q(O,tn;HQ(Q)) + ||at)\||%2(o,tn;ﬂ)) + hQH)‘(O)”%{)'

Proof. From Lemma 3.7, we only need to prove the following estimate:

n—1

> otllowultmr) — Dup ™G o + 1P, (ultn), Atn)) — upli g

m=0

< C(5t2HattuHQL?(O,tn;L?(Q)) + 1268 (1 0vull T2 0 4,12 ) T ||3t)\\|%2(o,tn;y))>

+ CR2IN0) 3, (3.54)

We use the descomposition of the error given in (3.43)-(3.44). Using the triangle

inequality we get

n—1

Z Ot||Opu(tmer) — DUZLHH%,Q

m=0
n—1

<C Z 5t(||6tu(tm+1) — Du(tms1)|§0 + 1DO7 5 0 + ||D9hm+1‘|379>'
m=0

The first and second terms are bounded in Lemma 3.7. For the third term, we use the

46
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definition of the Ritz-projection (3.10) which implies
a(u(tni1) — @ op) = b(A(tng1) — X 0p) = a(0pF vn) — by o) = 0.

The modified Galerkin orthogonality (see Lemma 3.6) with p; = 0 gives

IDOH3 0 + a0, DO — by, DO

= (D(Py (ultas), Mt 1) = ™ & u(tas), DO
+ a(Pﬁ(u(th), Altng1)) — fH £ uty 1), DGZH)

= bRy (ultns) Altar1)) = A2 & Atnsn), DO )

= —(DO3*, DO o — a(67T, DO

+ by, DY) + (Dultni1) — du(tngr), DO g
= —(DO2, DO g + (Dultys1) — Opultngr), DO .

Q

and, using Young’s inequality, we arrive at

1
SIDO 50 + a0, DO — by ™!, DO
< C(IIDOF 50 + |1 Dultnrt) = Beultarn)[3 ) - (3.55)
Moreover, since, for every 0 < m < N the following Galerkin orthogonality holds
(g, 0') =0 VY € Ay,
then
1
b(yﬁ_‘-l: DHZ+1) = & (b(y]?—‘rl’ Q]ZH_I) - b(yZ_Hv GZ)) = 0.
So, inserting this into (3.55), we get
lIIDH”HII2 +a(0y 1, DY) < C1DOFH[S o+ | Dultnt1) =Bhultns1) 5,0 ) - (3.56)
B R lloTalby, - LUy > 10,0 U(tn+1 hu(tnt1)lloo ). (3
Using the symmetry of a(.,.), we get
1 ot
a(07, DO = 5Da(eg“, orth) + Ea(DHZH, DoY),

which, after (3.56), gives

1 1
§HD@Z+1H3,Q + §Da(9;’f+l, 0, < IDOTFHIG o + 1 Dultnsr) — Opultnin) 5 -
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Thus, after multiplication by 26t and adding over 0 < m < n — 1, we have

n—1

> tIDo G o + 16711 g

m=0
n—1

<|0Fa+C Y St (1D 5.0 + | Dultmir) = Orutms1) [50)
m=0

where we just have to bound the initial term because the other terms have already

bounded in (3.47) and (3.48). Therefore,

05 = P; (u(0), A(0)) — uf, = P; (0, A(0)) + P;, (u(0),0) — uj .

=whrEV) =0

We realise that P; (0, A(0)) is the finite element approximation of (0, A(0)), and then
10hl1.0 = [Pr(0,2(0)) = 010 < Ch(|0]2,0 + [IA(0)[|2)-

This implies
02110 < CR*M0)II3,.

This gives rise to the following estimate:

n—1

> St DO G o + 16717 g

m=0

< C(h2||)\(0)|!§{ + 0821 0nul 20 1,12 () + B2 (110sullT2 (0 4,22y
10N 2 2(04,90)

for all 1 <n < N, which proves (3.54). O

3.4.2. The stabilised method

We start by presenting the following result on consistency. Its proof is direct verification.

Lemma 3.9. Let (u, \) be the solution of (3.1) and let {(u}, A\}) }o<n<n be the solution
of (3.9). Assume that u € C°(0,T; H}(Q)) and let X € C°(0,T; H_%(’y)) Then, for
0<n< N —1, there holds

(Du(tp+1) — DUZH, vp)a + a(u(ty41) — ’LLZ+1, vp) — b(A(tpy1) — AZ'H, vp)

+ b(n, u(tngr) — up ™) = GO pn) + (Dultngr) — Orultnia), vn)o,

for all (vp, pp,) € Wh.
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We prove the following result which states an optimal error estimate for u, and an

estimate for A which is optimal, up to a term that will be treated later.

Lemma 3.10. Let us assume thatu € H'(0,T; H*(Q))NH?(0,T; L*(Q))NC°(0, T; H?()),
ug € H*(Q) N HYQ) and X € HY0,T;H), and set ul) € V, as u)) = ip(u) where

i : H&(Q) — Vi, stands for the Clément interpolation operator. Then the following
estimates hold for 1 <n < N:

n—1
lufy = u(t) |30+ D ottt = wltmir), Altmgn) = A
m=0

< R (JluollB.0 + IMO)IB,) + CR26t2 (100ul22(0,,. 1129y + 1A 20 0 )

+ € (880unll32(0 1,200 W IANZ01, g0 + 12l 000 ) -

and
n—1 1
m—+1 2 2 2
P e (R L e
C
= <Ch2(HUoIIS,9 + INO)I3) + Cn288 (10uul3 0,020 + 10N 220,10 )

+ C(5t2Hattu||2L2(o,tn;L2(Q)) + h2H>\H2CO(t1,tn;H) + h2||“H%‘0(t1,tn;H2(ﬂ))>

n—1
+ 3 dtlotultnin) - DU ).

m=0

with C > 0 a positive constant independent of h and Jt.

Proof. Asusual, for s =0, ..., N, we decompose the error in to interpolation and discrete

errors as follows

=05 + 65, (3.57)

= Yr + Yo (3.58)
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3. A fictitious domain method for the transient heat equation

where (P, Ry) is defined (3.28). To facilite the notation, let

The first term 67"+1 can be bounded using (3.12). In order to estimate 6;"*! using
the definition of the bilinear form af(.,.) + j(., .) and

(DU, ) = D g + o

e up'lIg 0,

we get
1
S DI 8 + 165 i I
< a6y o+l Ol

— (DGZ”Hrl’eszrl) + a(9m+1 0m+1) + b( m—+1 H}Tln+1) Y

—b( m+1 9m+1)+]( m+1 | m+1

)

m-+41
Tl

(3.59)
In addition, using (3.57)-(3.58), we have

Tlm-i-l — _(D9m+1 9m-§—1)Q _ a(eerl’gzn-H) + a(u(tm+1) u;ln-i-l 9}7;1-&-1)

) + (Dultmsr) = DU 67 g
= A = At), 6 4+ (L A = ultig)
— (A1) = AT 07 4+ ()

+ (A ,y}{‘“) JART

_ UZ@H)

By the modified Galerkin orthogonality (see Lemma 3.9), this expression reduces to

T = —(DOT 07 g + (Dultims) — Opultmsr), 07 ) — a(07 T, g0+
+ Ty oyt ) — by ot

=I+II+III+1V+V. (3.60)

We now bound the above right-hand side term by term using the Cauchy Schwarz and
the Poincaré inequalities:

1< (1062 o0 + | Dultmin) = Bt o) 1657+ o
< (ID82 oo + Dt 41) = Opultmsn) oo ) ol 1.0

< (ID07* o + I Dultmsr) = Db 1) 102 ) Gy} (057

" (3.61)
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3. A fictitious domain method for the transient heat equation

1T < |a(@r 05 )] < 107 allOy oo < 107 a6 v ][,

(3.62)
-rAm im L. m m 1 -Ym im 1 m m
IIT < AL N2yttt hye < GAmT A +1)2H|(9h Ly +1)|Hh’
(3.63)
IV = <y7rrn+17 0}1;1+1>’Y
< IAltma) = Ay 167
< ChIAEma) Il e
< ChYAEmr) Il O w7 DI (3.64)

V< byt 0] = (gt ), = G gt

= G = Alt), i)+ G M), i)
1
2

SrYm \m . oM m 1
< (A Jr1_>‘(tm—f—1)a/\ +1_)‘(tm-i-l))"‘]()‘(tm-i-l)a>‘(tm—|—1))> J( h+17yh +1)2

< ChYAEmr) || O w9 (3.65)
Then collecting (3.60)-(3.65), we get

T < (IDu(tns) = Oultmsn) oo + 1062 o) Gl g,

m-+1
T2

+ (10 o+ ™LA E 4 R o) |6 g ], (3.66)

The term T3"*! has already been analysed (see (3.47) and (3.48)). Thus, from (3.66)

and using Young’s inequality, it follows that

5“’(9}1 o Yn H)’Hh + C(ZHatt“”%2(tm,tm+1;L2(ﬂ))
_I_ Ch26t(||8tu||%2(tm,tm+1§H2(Q)) + ||at)\||%2(tm,t'm+1ﬂ{))
+ 107 o + G AT h2\|A(tm+1)||;).

By inserting this expression into (3.59), multiplying the resulting expression by 20t,
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and adding over 0 < m <n — 1, we obtain

n—1

l0p13 0 + > ot oy

m=0

52
< 1681 0 + € % 10kl sy + O (100l
1020 0,90 ) + Ej&(em“hg+yumaxnﬂr+#Lvmﬂn&))

where |9;”+1|%,Q has already bounded and

GO = (3 A1), A = A(ts) ) + 5 M) Altas)

a A ~ 2
3 (N = Altas), A = Ata)) < [ @ = wltsn), A7 = M)

< O ([ultns1) 5.0 + [A(tng1) 19,
and

JAtn41), Altar1)) = D lel[A(tns1) = TpACn) 5 < C D lelP At 1
ecy ecy

Therefore,
G XY < ORP(Ju(tns1) B + M Ens) 150)-
The error estimate for u is obtained using approximation properties of a projection

operator and the consistency of the Lagrange multiplier stabilisation, which yields

n—1

168136+ 3 aell6 vy,

m=0

<1613 + C(6t2||attu”L2 0.t LQ(Q)) + h2ot? <||3tUHL2 0t 12(02)) T Hat)\||2L2(o,tn;H)>

+ h? Z Stlu(tms1)|3.q + h? Z 6tIIA(tm+1)H%)-

m=0 m=0

Finally,

69 = P (uo, A\(0)) — uf)
= Py(uo,0) — uj, + P,(0, X(0)),

and, procceding as before,

1631130 < Ch(

(0)[l)-
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For the Lagrange multiplier error estimate we first note that, from (3.58), it suffices

to control ||y *(|o.q. To this end, we use the inf-sup condition (3.4):

byt vn)
Bl < sup

7+Cj( n+1 yZJrl)%.
onevi{0}  vnlLa

From (3.58), we have
byt vn) = —b(y o) 4+ b(A(tnr1) — ALY wp).

The first term can be bounded using the continuity of b(.,.) and the trace inequality,
which yields

blyr ™ vn) < Ny, lonlie.

On the other hand, using the modified Galerkin orthogonality (see Lemma 3.9) with

pr = 0, we have

b(A(tns1) — AP vp) = a(u(tngr) — up ™t vn) + (Opu(tnsr) — Dul ™ op)e

= CHl tnt1) — uZH O)Wh|vh|1,ﬂ + |[0u(tni1) — Duy, 1

As a result, from the above estimations, we have

| - b(y;rrH_la Uh) + b()‘(thrl) - )‘ZJrl) Uh)|

1
Bllgp ™y < sup O
oR€VA\{0} lvn]1,0
<C Hy ) ) M t"+1 —u2+1,y2+1 wh|vh|1,9
- lvn|1,0 lvnl1.0
10u(tni1) — Duzﬂuo,mvhh,a)
< (I + Iltas) = w5, + Collruttn) — Duog)-

Therefore,
2 m~+12
B Zatuy 12,
2
<c Z ot (lyz 12 s + [ ltms) = ™ g + [9rutmes) — Du 30

and we conclude using the error estimate for . O

We solve the problem of the Lagrange multiplier convergence by providing an error

estimate for the term [|Gyu — Du}™ (0.0
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3. A fictitious domain method for the transient heat equation

Theorem 3.11. Under the assumptions of Lemma 3.10, assuming that A € H*(0,T;H),
ug € H*(Q) N HJ(Q), and uf) := Py(uo,0), for 1 <n < N we have

n—1
S SN = Altmen) 2
m=0

1
<0 (14 53 ) IARug 10+ Ol
+Ch*st* <||atu|’%2(0,tn;H2(Q)) + ”3t>\||i2(o,tn;7{)>

+ C(5t2HattuH%%o,tn;L?(Q)) + P20ty 4020 + P2l E0gy 10 mr2(0)) + Cth)\(O)H%{)

Proof. Based on the previous lemma, we just need to prove

n—1
3 StIDu = dpulti) 2.0 + H (@ — ul, A" — AT
m=0

‘ 2

< C(6t2"attu”%Q(()’tn;LQ(Q)) + h?5t? (Hatu”%?(o,tn;HQ(Q)) + H&)‘H%%O,tn;?%))
+ Ch2|| A\ (0)]3,. (3.67)

As usual, in order to provide an optimal error estimate, we decompose the error as
in (3.57)-(3.58). Using the triangle inequality, we have

n—1

Z 6tH6tu(tm+1) - DUZH_IH%,Q

m=0

n—1

= 3 0t0hultm 1) — Dultmsr) + DO+ + DO R g
m=0

n—1

<C> 5t(||5tu(tm+1) — Du(tmi1)[3.0 + 1 DO 0 + ||D9;THH%,Q>-

m=0

For the first and second terms, we proceed as in the inf-sup case (see Lemma 3.7).
For the third term, we use the modified Galerkin orthogonality (see Lemma 3.9) with
pr, = 0 and the definition of the Ritz-projection (3.28) to obtain

|6 80 + a0, DO = by, Do)

= (DO, DO g — a0, DO + by, Do)
+ (Du(tps1) — Opultny1), DO g

— (D2, DO g + (Dutysr) — dpu(tas), DO a.
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3. A fictitious domain method for the transient heat equation

Next, Young’s inequality yields
1
SIDO 8.0 + a6, DO — by, DY) (3.68)
< C(ID0z 3 + |1 Dultns) = Beultasn) I 0)-

In addition, for 0 < n < N, testing (3.28) at the time level n with v, = 0, we have

b(pns @) = =5\, 1) + blpns 9(tn)). (3.69)

For 1 <n < N, testing (3.9) at the time level n with v, = 0 and since by definition,

u) = Py (up,0), we have

b(pn, up) = =3 (A, pn) + 0(n, 9(tn)), (3.70)

for all up € Ap and 0 < n < N and where we have defined )\2 = Rp(up,0). As a result,
from (3.69) - (3.70), we have

b(pn, 0h) = =i (k> n),
for all up € Ap and 0 < n < N. We therefore have, for 0 <n < N — 1,

blyp ™, DY) = —(Dyp ™y, (3.71)
On the other hand, using the symmetry of a and j, we get

a0 DO = L Da(0} 05 + Sa(DO DO,

J DY) = S ) + LDy Dy

Then, replacing (3.71) and the last set of equalities in (3.68), we get
1 1 .
SIDE R + 2 DB, 0+) + iy )
< IDO[G o + 1 Du(tngr) — Orultni1)llf o-

Thus, after multiplication by 26t and summation over 0 < m < n — 1, we have

n—1

2
> StIDE G o + R, il

m=0

n—1
< (168wl + € D= at(I1DO 13 + 1 Dultm1) = Dettm1) ).
m=0

For the initial term, we use the linearity of the Ritz-projection and its approximation
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3. A fictitious domain method for the transient heat equation

properties

09 = uy) — Py, (u(0), M(0)) = Py(u(0),0) — Py (u(0), M(0))
= P (u(0),0) — Py(u(0),0) — P,(0,A(0)) = —P5(0,(0)),

yn = A — Ra(u(0), A(0)) = Rp(u(0),0) — Ry (u(0),0) — Ry(0,A(0)) = —Rx(0, A(0)).
Hence

11668, 5, = 11 (Pu(0, A(0)), B0, AO))) -
We have
[Pu(0,A(0)) 1.0 = [Pa(0,A(0)) = Ol1,0 < Ch([0]5.0 + [A(O)]13¢) = CHIAO)I I

and

= J(RA(0,7(0)) = A(0), B0, A(0)) + J(A(0), R (0, A(0))
< (J(BA(0,A(0)) = A(0)). (0, A(0)) = A(0))

N

+A0),A0))) (3 (R (0, M(0)), (0, A(0)))
< ChlMO) -

Thus, we obtain
1162, 5[l = 1(E (0, A0)), Br (0, MON)II} < CRAIAO)IIZ-

Therefore, using (3.47) and (3.48), we have

n—1

> 5t Do 5 o + 1R w7

m=0

< C(hQHA(O)H?{ + 68210t T2 0 4, 12(y) + PP (10l 220 4,222y
+ 18A 2 0.,0) )

for 1 <n < N. This proves (3.67), and then the proof is finished. O

3.5. Numerical studies

In this section, we will report the results of numerical experiments that support the

analytical results of Section 3.3 and Section 3.4. We present computations demonstrating
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3. A fictitious domain method for the transient heat equation

the optimal convergence using the space discretisation and the time discretisation
defined in Section 3.2. We also verify numerically that the choice of the initial condition
u) = Py (up,0) guarantees a uniform approximation of \, thus confirming the results in
Theorem 3.8 and Theorem 3.11. It is also discussed that for other choices of discrete
initial condition. The results for small time steps are not stable in the sense that the
error explodes. All computations have been performed using FreeFem + + [Hecl2].

We consider problem (3.1) with w = {(z,y) € R? : 22+ < 1}, and its reformulation
(3.2) using 2 = (—2.4,4) x (—2,2). We have taken T' = 1.

1L.zu

0.auu

0400

Y ooy

-0, 00

-0, 800

-1.20

2,40 =179 =11z -0.430  0.150 0,300 L AV uyz 339 .00

’
#L

Fig. 3.2. Meshes for inf-sup stable case when n = 1.

We have tested two examples with known analytical solution. We first choose f in

Q2 x (0,T) such that the exact solution of (3.2) is given by
u(@,t) = e'(a® +y* — 1)

thus giving ¢ = 0 on v x (0,7"). Also, we have chosen another case where g # 0 on ~y
given by
ug(z,t) = el (z? + zy).

We have discretised this problem using a sequence of uniform meshes. The starting
point is the mesh depicted in Fig. 3.2. To build the meshes, a parameter n is given (n
denotes an integer parameter which refines the meshes). Then (2 is divided horizontally
into 20 - 2™ segments and vertically into 20 - 2" segments. The resulting quadrilateral
mesh is then divided into triangles to form the mesh in Fig. 3.2 (where n = 1 is
depicted). To build the mesh on v, (i.e., 77 ), we divide v into 4 - 2" curved segments.
The pair of meshes 7;, x 7; is used to implement the inf-sup stable method (3.8). For
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3. A fictitious domain method for the transient heat equation

the stabilised method (3.9) we use T, X vy, where the mesh ~;, is obtained after dividing
each segment € of ; into 4 equally spaced curved segments.

For both test problems we have A = 0. To measure convergence, we have computed

the norms
N—-1
lu = g1 = lup” = w(tn) 50+ Y 0tlup ™ — ultmid) [} o,
m=0

N-1
1
1A= X el = > SN = At 1) 13,1
m=0

in the case of (3.8), and

N-1
2
1w = wpse A — )\h,ét)H%r — ||u{1\7 _ U(tN)Hg,Q + Z (5tm(uhm+1 o U(tm-‘rl):)\;ln"l‘l _ )\(tm+1))H h
m=0
N-1
1A= Ml = 30 SN = At
m=0

for the stabilised method (3.9). Recall the error estimates |error| < C(h+ dt). So, to
balance both terms, we have chosen dt = h in the experiments. The numerical results
are depicted in Figs. 3.3- 3.6 and measured the behavior of the corresponding norm

with respect to h. We see that all norms go to zero as predicted by the theory.

u) Lagrange interpolant of u u) Ritz projection of ug

10?2 102
ya|
10° o E 10 2 ]
X X
S 100 2l 1 8 100 2l 1
(O] (O]
107 ¢ 1 10" E
- h —0— h
—— ||Jug — “h,ag”* o lu = “iz,atH*
VI W —x—[[ A1 = Aj sl lex
1072 : 1072 :
1072 107" 100 1072 10" 100
h h

Fig. 3.3. Error of u and X for inf-sup stable case (Theorem 3.8) for homogeneous BCs.
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u) Lagrange interpolant of ug

102

100

—G— h
o [Juz — g gy
——[A2 — ’\B,Jt”**

1072
1072

107"
h

100

error

u) Ritz projection of ug

102

1001

—G- h
o [Juz — g gy
——[A2 — )‘Fz,&t”**

1072
1072

107"
h

10°

Fig. 3.4. Error of v and A for inf-sup stable case (Theorem 3.8) for nonhomogeneous BCs.

u) Lagrange interpolant of ug

102

1001

—O- h
s |[(wr = wn 50, M = Anor) [+
—x—[|AL = Anell++

1072
1072

107
h

10°

error

u) Ritz projection of ug

102

1001

—O- h
e |[(wr = un 50, M = Anoe) [+
—*—[|AL = A4+

1

1072
1072

107"
h

Fig. 3.5. Error of u and X for stabilised method (Theorem 3.11) for homogeneous BCs.
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3. A fictitious domain method for the transient heat equation

u) Lagrange interpolant of ug u) Ritz projection of ug

102 102

error
error

h h
||(U2 — Up,bt, Ao — /\h,at)||+ ||(U2 — Up,st, Ao — /\h,aL)H+
—— | Ae = Anael|++ —x— || A2 = Anael |+
1072 : 1072 :
1072 10" 100 1072 10" 100
h h

Fig. 3.6. Error of u and A for stabilised method (Theorem 3.11) for nonhomogeneous BCs.

The results depicted on the right-hand side of the above figures do not contradict the
theory. To stress this fact, we have performed a numerical experiment reminiscent of the
one from [JN15]. This is, we have fixed one level n = 1 and have taken §t — 0. We have
then measured ||A(6t) — A}, |0,y both considering u) = ij,(ug) and u) = Pj(ug, 0) defined
before. The results, depicted in Figs. 3.7-3.10 show that, unless the initial condition
is chosen appropriately, the error in A grows as 6t — 0, i. e. the approximation of
A cannot be guaranteed. These results confirm the sharpness of the stability results

presented in Section 3.3.
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3. A fictitious domain method for the transient heat equation

u) Lagrange interpolant of ug

u) Ritz projection of ug

108 . 10° .
10% © :
104 F 3
<0} ]
[
] i =<
107 F o :
100 ¢ E o o o o
o
10" : - 102 :
10710 10°° 100 10710 10°° 100
ot ot
Fig. 3.7. Lambda behavior for inf-sup stable case for homogeneous BCs.
. u) Lagrange interpolant of u u) Ritz projection of uo
10 T 0.09 T
0.08 | 1
10° ¢ © 0.07 | ]
0.06 1
104 F 3
- ~ 0.05 | ]
= 0%} © { =
g <004 | ]
\ [
2L E o
< 10 £
0.03 + 1
107t o) |
100 F ;
o) . 0.02 t o 1
107" : :
10710 107 10° 10710 107 10°
ot ot

Fig. 3.8. Lambda behavior for inf-sup stable case for nonhomogeneous BCs.
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; u) Lagrange interpolant of ug u) Ritz projection of ug
10 ' [ ' ]
o 0.18
0.178 ¢ 1
104 F 3
0.176 ¢ ]
103 | 0174 | ]
. <0172 | ]
102 ¢ : ’f 017 | ]
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10" F 3
O 0.166 1
100k 0.164 | ]
L o ]
o 5 0.162
107" : :
10710 10°° 10° 10710 10°° 10°
ot ot
Fig. 3.9. Lambda behavior for stabilised method for homogeneous BCs.
. u) Lagrange interpolant of u uY Ritz projection of ug
10 5 T 0.25 F T ]
0.245 1
10t F 3 0.24 | ]
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3l i
10 o - 023 F ]
20225 f ]
2L {1 =<
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Fig. 3.10. Lambda behavior for stabilised method for nonhomogeneous BCs.
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Chapter 4

A stabilised finite element method for a
fictitious domain problem allowing small

inclusions

4.1. Introduction

In this chapter, we extend the fictitious domain approach to the situation in which
a domain contains small holes, or inclusions, that cannot be resolved by the finite
element mesh. We consider a problem in such domain restricted to Dirichlet boundary
conditions which is of importance. Another type of boundary conditions, e.g., Neumann
boundary conditions, would lead to a different approach. Nevertheless, our motivation
is to use a method like the one proposed in this chapter to approximate a problem like
(4.1), but in incompressible fluid mechanics, i.e., solving Stokes, or even Navier-Stokes,
equation. In such a case, Dirichlet conditions posed on each one of the perforations are
the typical ones.

The situation in which the geometrical details of the domain are of a smaller size than
the finite element mesh is not considered in the classical theory of fictitious domain
method. In fact, in [GG95] the condition |é] > 3h was imposed in order to prove
stability and error estimates where € denote the mesh on v and h is the mesh size of
the mesh in Q. This last condition was relaxed in [BC12] by using a stabilised FEM,
but the need for an auxiliary space satisfying |€] > 3h was still needed for convergence.
Then, this work presents an alternative to both these approaches by introducing a
different stabilisation term, motivated by the method of Barbosa-Hughes (cf. [BH91],
see also [HR09] for an application of this idea in the context of fictitious domain using
cut elements).

The remainder of this chapter is organised as follows. In Section 4.2, we present the

problem under consideration and useful notation. In Section 4.3, we study the stability
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4. A stabilised finite element method for a fictitious domain problem allowing small inclusions

of the stabilised problem, its convergence in Section 4.4 and we show the numerical
results in Section 4.5. In Section 4.6, we extend the work done in the previous sections

to the problem depending on time where the numerical results are also shown.

4.2. Problem setting

Let © C R? be an open bounded fictitious domain which contains the initial physical

M
domain w := Q\ |J B; where M € IN. Each domain B; is a closed, simply connected
i=1
domain that can be, a priori, of any shape and size with v; := 9B; (see Fig. 4.1 for a

typical case).

OF

Fig. 4.1. Physical domain w, fictitious domain €2 and inclusions B;.

The problem of interest reads as follows:

find 4 : w — R such that
A4 = f in w,

o = ¢ on -y, i=1,..,M, (4.1)
u = 0 on 01,

where f € L?(w) and g; € H%(’yz) for all i = 1,..., M. To present the fictitious domain

method we introduce an extension f of f to €2, and the solution of the following mixed

problem:
M
find (u,A) € W := H}(Q) x ] H_%(%), where A = (\;)M,, such that

i=1

M

(vua VU)Q - Z <A’L7 ’U>%' = (f7 U)Q7
o v (4.2)
Z:l<lui7u>%' = Z:l<.uivgi>’yi7
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4. A stabilised finite element method for a fictitious domain problem allowing small inclusions

for all (v,u) € W, = (u;)},. Problems (4.1) and (4.2) are linked by the fact that
if (u, A) satisfies (4.2), then ul, satisfies (4.1) and the Lagrange multipliers \; satisfy
Ai = [Onu].,,, for i =1,..., M, where [v],, stands for the jump of a function v across ~;
(see [GGI5] for details).

To solve this weak problem, we introduce 7y,, a regular triangulation of Q built using

triangles K with diameter hg, and h := II{na%( hx. Additionally, each ~; is partitioned
€/n

into a different mesh ~, ; with curved edges €, where h := max |€]. We are interested in
the case in which diam(B;) << diam(2) (and then |é| < h), which is precisely the case
not allowed in [GG95]. Associated to these partitions, we define the following finite

element spaces:

Vi, = {Uh € CO(Q> : 'Uh‘k € IPl(K),VK S 771},
Ai,ﬁ = {ME S Lz(’yi) : /,Lil|é S IP()(é),Vé S ’Yi,ﬁ} for i=1,...,M,

M
Ay =114
=1

We now give a little bit more insight on the assumption on the geometry of ;. In
fact, the case we are interested in is depicted in Fig. 4.2, where K and K’ are in the

triangulation 7j of the domain ) defined above and ~; is a circle.

K’

K

Fig. 4.2. A typical situation in which the inclusion B; is a circle.

This implies that, for almost every point on ~;, say P, we can be sure the jump of the
normal derivative of u is zero. Namely, v, € Vj, so vp|x € P1(K). Hence Vo, |x € R?
which implies [V, - n]ynx = 0.

4.3. The stabilised formulation and its stability

As it has been shown in [GG95], the inf-sup condition would only be valid if || > 3h.

Due to our assumptions on B; (i.e. h > diam(B;) for all ¢ = 1,..., M), this situation
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cannot occur. Then, we now propose the following stabilised FEM to approximate (4.2)
using Vj, x Aj as finite element space:
find (up, Aﬁ) e Wp =V X Afz such that

M
B ((uha )‘fl)a (Uha y’ﬁ)) = (fa Uh)Q - Z<:ul7]~7,7g’t>% v(”h? H;;) € Wh7 (43)
=1
where
M M
B ((uha )‘ﬁ)7 (Uhv l'l'ﬁ)) = (vuhv vvh)Q - Z</\ijp Uh)% - Z<'u’i,i~z’ uh>%’
i=1 =1
M
- Zh<>‘iﬁ’ﬂi7ﬁ>%' (4.4)
=1

We define the following norm

M
1Con, 1) 1, = lonlf o + > ol 513 5.0
i=1

and prove next the stability of the method.

Theorem 4.1. For all (v, pj) € Wy, the following holds

B ((vn, 1), (vns —13)) = [l (0ns 127) I3y, -
Hence, problem (4.3) is well-posed.

Proof. 1t follows directly from the definition of the bilinear form B. O

The next result states the consistency of the method for smooth solutions.

Lemma 4.2. Let (u,X) be the solution of (4.2) and (un,A;) € Wy, be the solution of
(4.3). Then

M
B ((u — Up, A — Aﬁ)a (Un, H;})) - - Z h{Xi, /%‘J})’Yw (4.5)
i=1
for all (vy, uj,) € Wy, Moreover, if u € H%+E(Q) for some € > 0, then

B ((u — Up, A— )\B), (Uh, “fz)) = 0, (4.6)

for all (vy, uj) € W,
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Proof. From the definition of B, and the fact that (u, A) solves (4.2) and (up, Aj,) solves
(4.3), it follows that

M M M
B ((u, ), (vn, 117)) = (Vi Vo) = 3Ny Vh)yy = O (g s e — > BN 11, 30
=1 =1 =1
M M
= (fron)a = D At s i) — D Wi 1ty ),
=1 i=1
M
=B ((uha A}})? (Uha l*l’fl)) - Z h<)\l7 /-Lz‘ﬁ>’}’ia
=1

which proves (4.5). Now, if u € H%“(Q), then \; = [Onu],, =0, for i =1,..., M and
we get (4.6) directly from (4.5). O

4.4. Error analysis

We start this section by making two assumptions. First, we will suppose that the
inclusions B; satisty dist(B;, 092) > % This assumption will be needed on what follows,
and, although it may seem restrictive, the factor % can be relaxed to any positive
constant, as long as it is fixed. We will also assume, just to simplify the presentation,
that the inclusions B; are convex. This latter hypothesis is made only for simplicity,
the same results are valid, up to minor modifications, if this does not hold.

The next result is a first technical tool, the local trace inequality, that will be used
in the error analysis. The proof of this result is similar to the one given in [CGS16] for

the case of curved elements.

Lemma 4.3. Let B; be the local annular neighborhood defined as B; := {:B € w:
dist(x, ;) < %}, for everyi=1,..., M. Then, the following local trace inequality holds

lol5.5, < 8h™Hlwll3 5, + 8llvlly 5,1V 0l 5, (4.7)

for every v € H().
R — .
Proof. Let v € H(Q). We split v; = |J 7/, where the 4/ are disjoint, and introduce a
j=1
collection of points x] € 2\ B; (see Fig. 4.3) such that

o1 : 1
dist(x],v]) = §h and (x—x7)-n|y, > —h, (4.8)

~4
for all x € ’yf Using these points, we build the curved triangle T;; as depicted in
Fig. 4.3.
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n

Fig. 4.3. The curved triangle T;; used in the proof of Lemma 4.3.

Let m(x) = x —x]. Then V-m = 2, and m-n = 0 on 97T}, \% Applying Green’s

theorem we get,
(m -, 02)75 = (m ) n7v2)aTij = (V(UQ ) m)7 1) - 2HUHOT + 2(’[) Vu - ) Tij-

On the other hand, from (4.8) we get m-n\%j > %h. Then, applying Holder’s inequality
to the last expresion, and supposing there R is large enough to have ||ml/oo 7;; < h, we
arrive at

1 2

Zhllv\lomj <(m-n,v ) i= 2HUHOT +2(v, Vo - m)r;,

< 2|0l

g i MY

< 2|lvl3 1, + 2hlvllo, Ty

Then, the following holds

Iollg s < 8AIvllg,

ij 7

for each 7{ . Hence, adding over j = 1,..., R, using that the curved triangles T;; are
- R
disjoint, B; O |J Tj; and applying Cauchy-Schwarz’s inequality, we obtain
j=1

o5, = ZHUII ; < 8h” IZHUHOT” +8ZIIUHOTWHV vllo,,

j=1 J=1
< 8h‘1|!vllo,gi 8lvllo 5, IVl 5,

This finishes the proof. O

Remark 4.4. More precisely, if the inclusion is not convex, then the set of points :L‘f
defined in the proof of Lemma 4.3 would need to be chosen in such a way that the curved

triangles T;; are convex. Moreover, the convexity assumption ensures that the curved
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triangles Tj; are disjoint. If B; is not convex, then this is no longer time, and the

constant in (4.7) will change to include maximun number of non-empty intersections.

In order to prove the error estimate, we split the error into interpolation and discrete
errors as follows: (%, e?) := (u—up, A—X;) = (u—ipu, A—II; N)+(ipu—up, I A—A;) =:
() — (ez,eﬁ)‘). Here i, : C°(2) — V}, stands for the Lagrange interpolation
operator, and II; A € A, ; is defined by II; A = (IL; \)N, where IT; \;|s == |é] 71 (N, 1)e
for all € € Vi and all ¢ = 1,..., M. We now state the main error estimate for the
method (4.3).

Theorem 4.5. Let us suppose there exits ¢ > 0 such that u € H'5(Q), for s €
N

(3 —€2], and X € [[ H%(v;), for 6 € [0,1]. Then, there exits a constant C' > 0,
i=1

independent of h and h, such that

M 1
. 1
e, Ml < © <h8|u|1+s,9 FRE (I, ) . (49)
i=1
Proof. First, using standard interpolation estimates (see [EG04]) and h < h, we obtain
1 M L
£ 2
I, )l < € (hswums,a +IE (ST INR,) ) - (4.10)
i=1

To bound the discrete error, we suppose s > % Then, using Theorem 4.1 and Lemma

4.2, we arrive at

H(eq}ta 6’2)”%1/,1 = B((e%a 62)7 (eqft’ —92)) = B((nua "7>\)7 (e;f” —6%‘))

M M
= (V" Vo — S0 el + SN ), + S A, ).,
=1 =1 =1
=TI+ IT+IIT+1V. (4.11)

We now bound the above right-hand side term by term. The main arguments are the
approximation properties of ij, and II; (see [EG04]), the duality between H ~3 (7i) and
H? (7i), the Trace theorem in each B;, the local trace result from Lemma 4.3, and the

Cauchy-Schwarz and Poincaré inequalities:

I <n"1aleplio

1
< Ch¥uf} o0 + ek o (412)
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Ai
1T < Z Il llerlls o,

M
<SPyl
=1
M
<C h1+25 i 2 1 u|(2 4.13
<CY IXill5: + 5 lenlie: (4.13)
i=1

1 -
i -
11T < 1 E h”eﬁ ’(2),%- + § :h 1H77UH%7%

1
Zzhna |\0%+Z(8h 212 5, + 40 10" o, 19" o, 3,)
M
< ZZ ||6 i+0h28|u|%+s,97 (4'14)

m T Z h”&

< CZW%HAZ-H%,% + ZzhHe;ngm- (4.15)
i= i=1

IV < Z hjnti

‘0772

Collecting then (4.11)-(4.15), we get

M
1
A 0 A
I(efs, ey, < C (h%rums,g LAty !Mil!i%) + ll(ehs eIl
1=1

and (4.9) follows by rearranging terms and applying the triangle inequality and (4.10).

Next, if s < %, proceeding as above, we get

(et )|]Wh<I+II+III+IV+Zh i€ )
=1

The first four terms have already been bounded. The fifth is bounded as follows:

M M M 1 M

i i i
ZhO‘iveﬁ )i < ZhH)‘iHOmHeE o, < 82}1")‘2' g,% + 1 Zh”eg i
i=1 i=1 i=1 =1

‘077'2 :
Then (4.9) follows rearranging terms, and applying the triangle inequality and (4.10).0]

Remark 4.6. Fven if the proof of this result does not depend on M, the number of
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perforations, it is important to remark that, for a given mesh, the constant on the error
estimate may degenerate with M. The reason for this lies in the bound for the third
term in the above proof. In fact, the constant in the estimate of 111 depends on the
overlap between the annular regions B;. If the number of inclusions increases, then
a larger number of these regions are expected to have non-empty intersections, thus
increasing that constant. This problem is of no importance once the mesh is refined
enough, since the annular regions B; become more and more separated, but this might

be an issue when the mesh is coarse.

Remark 4.7. It is worth remarking that the method can be written in a completely
consistent way, at least in the case in which all the ~; are curved boundaries. As a
matter of fact, in such a case we have [[(%Uh]]% =0 forallvy, e Vy and alli=1,.... M
(see Fig. 4.2 for a typical situation, as can be seen there, Vuyis the same constant both
sides of the curve v;, at almost every point of it). Then the bilinear form B can be

rewritten as

M M
B ((Uh, Aﬁ)) (Uha H}})) :(VUh, V'Uh)Q - Z<>\Z,B’ Uh>’7i - ZO‘LZ,E’ uh>’yi
i=1 i=1
M
+ > h{[Ontun] = A s [0nvn] + 12 )i (4.16)
i=1

and then (4.6) follows using A; — [Opul,, = 0 for all i = 1,..,M. Looking at this
last definition, the link to the Barbosa-Hughes method (and the method from [HR09])
is apparent. Nevertheless, we have preferred to keep the mon-consistent presentation
here since the defintion (4.16) leads to technical difficulties. More precisely, for this
alternative writing of B, Lemma 4.3 would have to be applied with respect to the interior

of B;, which would lead, ultimately, to error estimates that depend on diam(B;)™!.

4.5. Numerical studies

In this section, we report the results of numerical experiments that support the analysis
carried out in previous sections. All computations have been performed using a code

written in FreeFem + + [Hecl2].
3
We consider the stabilised problem (4.3) with w = Q\ |J B;, where Q = (0,10)?, and

i=1
B; = [c;, 7], where r > 0. The centers of the balls B; are ¢; = (1.7,7.4), co = (5.7,8.4)
and c3 = (8.7,3.4), respectively. To build the meshes, a parameter n is given. Then
is divided horizontally and vertically into 10n segments. The mesh on each ~; is built

by dividing each one of them into 8n curved segments. The resulting meshes, where
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4. A stabilised finite element method for a fictitious domain problem allowing small inclusions

n =1 and r = 0.1, are depicted in Fig. 4.4 and Fig. 4.5 is a zoom around Bj of the
resulting mesh where we can observe that the finite element mesh does not resolve the
geometrical feature that is B;. We can observe that diam(B;) < h. More importantly,
for all values of n, the discretisation parameter |é| on ~y; is such that |é] < h, and
then stabilisation is indeed needed. We remark that we have also implemented the
unstabilised version of the method, and it has lead to singular matrices (in all the

cases). Thus, there is a real need for stabilisation in a situation such as this one.
10.0

2.00

2.00

1.00

0.00
0.00  Lo0  200 300 400 500  4.00 700  3.00 2.00 10.0

A

Fig. 4.4. Meshes when n = 1.

3.00 7

2.00 7

1.00 1

0.00 ' ' '
0.00  1l.og 200  3.00

Fig. 4.5. A zoom of the computational mesh in a neighborhood of B; for » = 0.1 and n = 1.
We can observe that the mesh does not resolve the inclusion.
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We first build two examples in which we know the exact solution. We set the
right-hand side f and the boundary conditions in such a way that the exact solutions

are given by two different examples
ui(z,y) = sin(x)sin(y) and ws(z,y) = 2%(10 — 2)%y*(10 — y)* in Q.

These two examples are built just to show that if an extension of f that makes the
extended solution regular is available, then the method converges in an optimal way.
In this sense, we can interpret this method as a way of imposing Dirichlet conditions
on the interior of the domain weakly.

The results of the simulation for these first two examples are given in Tables 4.1, 4.2

and 4.3 (where we have taken r = 0.2,7 = 0.1 and r = 0.025, respectively). We observe

M

that, since u € H?(2) and A = 0 € [[ H*(v;), then the optimal order of convengerce
i=1

o(h) is obtained with an even better than optimal converge for A. This is most likely

due to the fact A = 0, and is compatible with the results obtained in [BC12].
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1
2

3
|lu —up|lio order <Z hl|A — AE”&%) order
i=1
u=ui(z,y) n=1 3.5808 0.2486
n =2 1.7996 0.9926 0.0691 1.8471
n = 1.1988 1.0019 0.0336 1.7783
n=4 0.8989 1.0008 0.0180 2.1696
n = 0.7187 1.0026 0.0121 1.7799
n= 0.5988 1.0011 0.0086 1.8728
n="7 0.5131 1.0020 0.0061 2.2282
n= 0.4489 1.0010 0.0047 1.9525
n=29 0.3995 0.9898 0.0037 2.0311
n =10 0.3592 1.0092 0.0030 1.9905
n=11 0.3266 0.9982 0.0028 0.7239
n =12 0.3001 0.9725 0.0023 2.2607
n =13 0.2762 1.0368 0.0020 1.7461
n =14 0.2563 1.0090 0.0018 1.4217
n =15 0.2395 0.9826 0.001490 2.6426
n =16 0.2244 1.0091 0.001466 0.2516
u=us(z,y) n= 189836 8013.27

n =2 92234.4 1.0414 2082.72 1.9439
n= 61106.9 1.0154 1047.71 1.6945
n = 45743.9 1.0065 587.443 2.0112
n = 36542.8 1.0064 433.107 1.3659
n = 30435.2 1.0031 282.196 2.3496
n="7 26070.1 1.0043 213.894 1.7977
n= 22805 1.0021 159.669 2.1896
n=29 20282.5 0.9952 130.767 1.6954
n =10 18245.4 1.0046 112.195 1.4539
n=11 16584 1.0017 101.369 1.0646
n =12 15252.4 0.9620 84.1687 2.1370
n =13 14030.7 1.0431 78.6999 0.8393
n =14 13015.1 1.0139 69.2829 1.7197
n =15 12160.4 0.9845 61.8237 1.6511
n =16 11390.6 1.0133 54.8456 1.8557

Table 4.1. Finite element errors for the smooth examples and r = 0.2.
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1
2

3
|lu—upll1o order <Z:1 hH)‘_)‘B‘%m) order
i=
u=ui(z,y) n=1 3.5800 0.1986
n=2 1.7993 0.9925 0.0595 1.7389
n = 1.1986 1.0019 0.0256 2.0800
n=4 0.8989 1.0002 0.0156 1.7218
n = 0.7187 1.0026 0.0113 1.4451
n= 0.5988 1.0011 0.0069 2.7056
n="7 0.5131 1.0020 0.0057 1.2394
n= 0.4489 1.0010 0.0038 3.0365
n = 0.3994 0.9920 0.0032 1.4590
n =10 0.3592 1.0069 0.0025 2.3430
n=11 0.3265 1.0015 0.0022 1.3412
n =12 0.3001 0.9690 0.0020 1.0954
n=13 0.2763 1.0323 0.0016 2.7878
n =14 0.2563 1.0139 0.0014 1.8018
n =15 0.2395 0.9826 0.0012 2.2343
n =16 0.2244 1.0091 0.0011 1.3482
u=ug(z,y) n=1 189830 5920.23

n =2 92230.1 1.0414 1538.89 1.9438
n=3 61106.1 1.0153 731.663 1.8337
n=4 45742.8 1.0066 439.74 1.7698
n=>5 36542.9 1.0063 337.51 1.1857
n==6 30434.6 1.0032 226.654 2.1839
n=71 26070.2 1.0041 187.245 1.2388
n =38 22804.9 1.0021 127.731 2.8648
n=29 20282.6 0.9952 103.571 1.7801
n =10 18245.4 1.0046 76.8754 2.8291
n =11 16584.1 1.0017 81.1063 -0.5621
n =12 15252.4 0.9620 77.5004 0.5227
n=13 14030.7 1.0431 56.0019 4.0591
n =14 13015 1.0140 50.6272 1.3615
n =15 12160.4 0.9844 43.6408 2.1523
n =16 11390.6 1.0133 41.8489 0.6496

Table 4.2. Finite element errors for the smooth examples and r = 0.1.
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1
2

3
|lu—upll1o order <Z:1 hH)‘_)‘B‘(Q)m) order
i=
u=ui(z,y) n=1 3.5804 0.1088
n=2 1.7993 0.9927 0.0384 1.5025
n = 1.1986 1.0019 0.0152 2.2857
n=4 0.8988 1.0006 0.0124 0.7077
n = 0.7186 1.0027 0.0067 2.7587
n= 0.5988 1.0003 0.0060 0.6052
n="7 0.5131 1.0020 0.0034 3.6846
n= 0.4489 1.0010 0.0033 0.2236
n = 0.3994 0.9920 0.0029 1.0970
n =10 0.3592 1.0069 0.0015 6.2570
n=11 0.3265 1.0015 0.0019 -2.4802
n =12 0.3001 0.9690 0.0015 2.7168
n=13 0.2762 1.0368 0.0012 2.7878
n =14 0.2563 1.0090 0.0011 1.1741
n =15 0.2395 0.9826 0.0010 1.3814
n =16 0.2243 1.0160 0.0008 3.4575
u=ug(z,y) n=1 189822 3171.73
n=2 92227.5 1.0414 798.105 1.9906
n=3 61104.7 1.0153 468.024 1.3163
n=4 45742.1 1.0066 364.426 0.8697
n=>5 36542.6 1.0063 121.598 4.9188
n==6 30434.6 1.0032 178.351 -2.1009
n=71 26069.7 1.0043 98.6184 3.8436
n =38 22804.8 1.0020 91.6176 0.5514
n=29 20282.7 0.9951 86.4029 0.4975
n =10 18245.4 1.0047 44.2459 6.3521
n =11 16584 1.0017 58.2477 -2.8847
n =12 15252.3 0.9620 49.7358 1.8156
n=13 14030.6 1.0431 35.2758 4.2918
n =14 13015 1.0139 30.919 1.7788
n =15 12160.4 0.9844 32.2092 -0.5925
n =16 11390.6 1.0133 25.1221 3.8505

Table 4.3. Finite element errors for the smooth examples and r» = 0.025.

Next, we move onto a case in which the exact solution is not known. More precisely,

we consider the approximation of the following boundary value problem:

—At = 0 in

W,

4 = 10 on ~;, 1=
v = 0 on ONQ.

1,2,3,

(4.17)

Then, we have computed a reference solution using a standard FEM in w using a mesh

76



4. A stabilised finite element method for a fictitious domain problem allowing small inclusions

containing 71200 elements. We denote this solution by u,.s. In Tables 4.4, 4.5 and 4.6
we report the errors ||tuyer — unllow and |[tuper — up||1,w. We see that these tend to zero,
but with a slower rate. The slower rate of convergence is due to two factors. For the
coarser meshes the results show an erratic behavior typical of preasymptotic regimes
(since diam(B;) < h). Later, for fine meshes the convergence orders tend to stabilise

on a suboptimal order, which is linked to the fact that u does not belong to H?(2).

|uref — unllow order ||upesr —up|in  order

n= 17.9261 28.069

n= 12.4341 0.5278 20.0713 0.4838
n= 9.5128 0.6605 15.7798 0.5933
n=4 7.9418 0.6274 13.0286 0.6660
n= 6.6404 0.8020 11.2396 0.6619
n= 5.6830 0.8539 9.8531 0.7221
n= 5.0598 0.7535 8.7309 0.7844
n= 4.5119 0.8583 7.9581 0.6941
n=12 3.1452 0.8899 5.9118 0.7331
n =16 2.3856 0.9609 4.7040 0.7944
n =20 1.9860 0.8216 4.002 0.7243
n=24 1.6406 1.0479 3.3968 0.8993
n =28 1.4105 0.9803 3.0996 0.5940
n =32 1.2245 1.0590 2.8213 0.7045

Table 4.4. The errors ||turesr — unllo,w and ||turer — un|1,o for r=0.2.

|uref — unllow order |[uper —up|in — order

n=1 17.1514 27.2304

n=2 12.7182 0.4314 21.4572 0.3438
n=3 10.591 0.4514 17.3827 0.5194
n=4 8.6825 0.6907 15.0703 0.4962
n=2>5 7.5684 0.6154 13.1351 0.6159
n==6 6.6633 0.6986 11.7117 0.6291
n=7 5.8129 0.8857 10.6428 0.6209
n =3 5.3928 0.5618 9.5588 0.8045
n=12 3.8631 0.8227 7.2007 0.6987
n =16 3.0487 0.8230 5.7899 0.7580
n =20 2.5217 0.8505 5.0093 0.6490
n=24 2.0896 1.0309 4.2809 0.8618
n =28 1.8109 0.9286 3.7392 0.8776
n =32 1.5872 0.9874 3.5047 0.4850

Table 4.5. The errors ||turer — unllo,w and ||turer — up|1,0 for 7 =0.1.
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lltrer — unllow — order  |[|uper —upll1,  order
n=1 14.8711 24.4094
n=2 13.1243 0.1803 22.3855 0.1249
n=3 11.8203 0.2581 20.2568 0.2464
n=4 10.5745 0.3871 18.9668 0.2287
n=2> 9.6422 0.4136 17.5545 0.3468
n= 8.8191 0.4894 16.4094 0.3700
n="17 8.3809 0.3306 15.0603 0.5565
n=2~8 7.4988 0.8329 14.536 0.2654
n=9 6.9397 0.6579 13.8106 0.4346
n = 10 6.9632 -0.0321 12.5167 0.9337
n =11 6.1493 1.3042 12.4309 0.0722
n=12 5.8831 0.5086 11.7656 0.6322
n =13 5.8012 0.1751 10.9178 0.9343
n =14 5.3615 1.0637 10.6914 0.2828
n =15 5.1095 0.6978 10.266 0.5885
n =16 4.9088 0.6208 9.8383 0.6594

Table 4.6. The errors ||turer — unllo,w and ||turer — un|l1,o for » = 0.025.

We observe the behavior of the reference and approximate solutions for n = 10 when
r = 0.2 in Fig. 4.6- 4.9.

10.0
2.00
2.00

7.00

.00
.00
2.00
2.00
-3.9863e-40

1.00

0.00
0,00 1.00 2.00 2.00 2,00 .00 2.00 7.00 2.00 2.00 10.0

Fig. 4.6. Reference solution, u,y, of the problem (4.17) for r = 0.2.
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10.0
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Fig. 4.7. Approximate solution, wuy, of the problem (4.17) when n = 10 for r = 0.2.
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Fig. 4.8. Reference solution, u,.r, of the problem (4.17) for r = 0.2.
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8.7731
8.3345
7.8958
7.4571
7.0185

6.5798
6.1412
5.7025
5.2639
4.8252
4.3866
3.9479
3.5092
3.0706
26319
2.1933
1.7546
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0.87731

0.43866
2.3999¢-63

Fig. 4.9. Approximate solution, uy,, of the problem (4.17) when n = 10 for r = 0.2.

For both solutions, the cross section is shown in Fig. 4.10, when z € (0,10), r = 0.2

and we fix y = 8.4, with different mesh refinements .

1 ¢

10

solution

Fig. 4.10. Cross section of the approximate solution for some values of n and the approximate
solution along the line y = 8.4 when r = 0.2.
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4.6. Extension to time-dependent problems

We extend the work done in this chapter to the problem depending on time. The
problem which we have consider is the following:
find @ : w x (0,7) — R such that

di—At = f in wx(0,T),
u = g on v x(0,7T), i=1,..,M.
u = 0 on 002x(0,7),

w(x,0) = dp(r) in w,

(4.18)

where f € L*(w), gi € H %(%), and we keep the same notation as on the previous
section.

We can apply the theory from Chapter 3 with fictitious domain to this stabilised

problem:
M
find (u,\) € W := H}(Q) x [[ H 2(7;), where A = (A\;)M,, such that
=1

Mz

(Oru,v)o + (Vu, Vo) — Y (Ni,v)y, = (f,v)a,

s
Il
—

(4.19)

™M=
Mz

<M17 > = <#ngl>’ylv

=1 =1

for all (v, u) € W, = (u;)M,. Then, the fully discrete problem is as follows:
Given a suitable approximation of u% € Vj, of ug for all (vy, p7) € Wj and 0 < n <
— 1, find (up ™, AT+ € W, such that

M
(! =it o)+ al ™ o) = AT o) = (F(ta), vn)a
Y n+1 _- nt1 M (4.20)
Z<“zhv“h >%+J()‘,; M) = Z<Mzh7gz>

I¥
—

=1 7
The stabilised term added in this case to circumvent the inf-sup condition,

M
JOT mg) = D BT g )
i=1
satisfies the requirements of the analysis in Chapter 3. More precisely, (3.5) is satisfied
automatically. Conditions (3.6) and (3.7) are used primarily in the error analysis, and
even if the current definition of j does not fulfill them, we notice that if (u,A) is the
exact solution of (4.19), and u € H%+€(Q), then A = 0 and j(AZ“,uE) = 0 for all

pj, € Aj,, which is enough to carry the analysis over.
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4.6.1. Numerical studies

We consider the problem (4.18) with the domains and meshes defined in Section 4.5
with r = 0.2.

We first build two examples in which we know the exact solution. We set the
right-hand side f and the boundary conditions in such a way that the solutions are

given by two different examples:
uy(z,t) = el (2® + zy) and  ws(z,y) = cos(t)(z? + zy) in Q,

taking the time step dt = h. We solve the problem (4.18) defining the initial value
for the solution (when ¢ = 0) by the Ritz-projection as we have seen in Chapter 3.
1.0 and j(A(,T) —
i (LT, (L T) — )‘B('vT))%v where we have used 7" = 1. We can observe that these

quantities tend to zero with optimal rates.

In Table 4.7 we report the values of the errors ||u(.,T) — up(.,T")
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1
2

3
|lu —up|lio order <Z hl|A — AE”&%) order
i=1
u=ui(z,y) n=1 522.107 86.9896
n =2 270.092 0.9509 50.9639 0.7714
n = 181.752 0.9770 35.0871 0.9206
n=4 137.091 0.9802 25.7068 1.0813
n = 109.991 0.9870 20.2107 1.0780
n= 91.8498 0.9886 16.454 1.1279
n="7 78.8835 0.9872 13.6429 1.2154
n= 69.1239 0.9891 11.5956 1.2176
n=29 61.5557 0.9845 9.98372 1.2707
n =10 55.4355 0.9939 8.72377 1.2804
n=11 50.411 0.9969 7.79123 1.1862
n =12 46.2607 0.9874 6.92771 1.3500
n =13 42.7205 0.9946 6.2629 1.2604
n =14 39.7034 0.9883 5.64608 1.3991
n =15 37.0754 0.9926 5.15584 1.3165
n =16 34.7705 0.9945 4.73283 1.3264
u=us(z,y) n= 197.257 32.6503

n=2 109.657 0.8471 20.323 0.6840
n = 75.7344 0.9128 14.1366 0.8952
n= D7.8828 0.9344 10.3649 1.0788
n= 46.8138 0.9511 8.12328 1.0921
n= 39.2982 0.9598 6.58655 1.1502
n = 33.8793 0.9625 5.4457 1.2339
n= 29.7689 0.9686 4.61124 1.2456
n=29 26.5629 0.9674 3.96006 1.2925
n =10 23.9661 0.9764 3.45152 1.3045
n =11 21.8236 0.9826 3.0706 1.2270
n =12 20.0498 0.9743 2.72619 1.3673
n =13 18.5328 0.9829 2.45772 1.2952
n =14 17.2381 0.9772 2.21345 1.4126
n =15 16.1077 0.9831 2.01815 1.3389
n =16 15.1148 0.9858 1.84933 1.3536

Table 4.7. Finite element errors for the smooth examples with 6t = h and r = 0.2.

We next move onto a case in which the exact solution is not known. In this case,

we define the initial value for the solution by zero. More precisely, we consider the
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approximation of the following boundary value problem:

ou—At = 0 in wx(0,1],
@ = 10t on -~ x(0,1], i=1,2,3.
u 0 on 00 x(0,1],

u(z,0) = 0 in w.

(4.21)

Then, we have computed the reference and approximate solutions as in Section 4.5,
taking 6t = 107% and 6t = h respectively. As expected, the errors decrease, but not
with an optimal rate.

We observe the behavior of the reference solution for 6t = 10~* and approximate
solution for 6t = h and n = 10, when r = 0.2, in Fig. 4.11- 4.14.

10.0

2.00
4.00 @

7.00

4,00

3.00 @
2.00

100 @

0.09
0.0y 1.00 2.00 3.00 .00 5.00 4.00 7.00 3.00 2.00 10.0

-1.7448e-32

Fig. 4.11. Reference solution, uy.s, of the problem (4.21) for r» = 0.2.
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Fig. 4.12. Approximate solution, uy, of the problem (4.21) when n = 10 for r = 0.2.
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Fig. 4.13. Reference solution, uy,.s, of the problem (4.21) for » = 0.2.
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7.9506
7.553
7.1555

6.758
6.3605

5.9629
5.5654
5.1679
4.7703
4.3728

3.9753
3.5778
3.1802
2.7827
23852
1.9876
1.5901
1.1926

0.79506
0.39753
-1.1972e-34

Fig. 4.14. Approximate solution, uy, of the problem (4.21) when n = 10 for » = 0.2.

In Fig. 4.15 we depict cross-section of the reference and approximate solution at

T =1, obtained using different mesh refinement levels, and &t = h.

11 r
10 T Vet
u, for n=1
9r u, for n=2
g | \\ u,, for n=4
.l u, for n=8
u, for n=16

Time solution
[$2]
T

Fig. 4.15. Cross section of the approximate solution of the problem (4.21) for some values of n

and the reference solution along the line y = 8.4 when r = 0.2.

86



4. A stabilised finite element method for a fictitious domain problem allowing small inclusions

In addition, in Fig. 4.16 we depict cross-section of the reference solutions and approximate
solution at different stages using n = 8. Here then h = % = §t, which implies the
approximation is quite coarse. We observe then a rough approximation of the boundary
condition. This is due, mostly, to the space discretisation error. As a matter of fact,
we have repeated the same test case using h = % as before but 6t = 1072 for the
fictitious domain method. The results are depicted in Fig. 4.17, where we observe that

the solution given by the fictitious domain method is very close to the one using dt = é.

1M r

10 - U fort=0.5
u__ fort=0.75
| ref
9F [ u . fort=1
| | ref
gl || u, fort=0.5
u, for t=0.75
7r -
u, for t=1

Time solution
[,

Fig. 4.16. Cross section of the approximate solution for n = 8 and the reference solution of the
problem (4.21) along the line y = 8.4, r = 0.2 and different times when h = Jt.
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11 r
10 b — U fort=0.5
[ u o fort=0.75
9r “‘ ‘\ U o for t=1
8+ “C‘ ‘\\ u, for t=0.5
el u,, for t=0.75
Tr ;“ ‘\ u,, fort=1

Time solution
(6,

Fig. 4.17. Cross section of the approximate solution for n = 8 and the reference solution of the
problem (4.21) along the line y = 8.4, r = 0.2 and different times when 6t = 1072

1
andh—g.
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Chapter 5

Conclusions and future work

In this chapter, we first present conclusions, and then we show our ideas for future

projects.

5.1. Conclusions

Our goal in this thesis has been to solve partial differential equations through FEM.
The domain, where our problem is defined, can be very complicated in shape and we
have used fictitious domain methods.

Our first motivation was to rewrite the problem defined in the initial domain w as a
problem in the fictitious domain € where it is easier to solve it. In Chapter 2, we
have observed that if the choice of extension f makes the solution u less regular,
then the method will not converge with an optimal rate. In fact, the numerical
experiments shown prove that. Otherwise, optimal convergence is obtained if we choose
an appropriate extension of the function f . Pursuing this purpose is not an easy task,
especially in dimensions higher than one.

We have implemented the time-dependent problem (1.14), described in Chapter 1,
with and without fictitious domain as well. We have checked the same fact for both
cases. The regularity of the solution depends on the extension of f and it not easy
to define f when we are working with an n-dimensional problem. We avoid to work
with higher-order methods for the time being owing to the fact that we do not know
how to extend f in such a way that v € H ¥+1(Q)) when we are working with an
n-dimensional problem. So, we focus on transient problems with fictitious domain
for IP1 /Py finite element spaces where we need just f € L?(Q) which was our second
motivation described in the Chapter 3 after reading papers as [BF09, BC12].

In Chapter 3, we have proved unconditional stability and optimal convergence for
the transient heat problem. We have shown that for small time steps the use of a

Ritz-projection for the initial data is essential to avoid instabilities, unless the condition
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between time and space discretisation parameters (6t > Ch?) is satisfied. We have
carried out the full analysis for the backward difference formula for order one when the
inf-sup stable condition is satisfied or not. To circumvent the inf-sup stable condition,
a stabilisation operator has been added to obtain a stabilised method.

In Chapter 4, we have proposed a simple stabilised FEM for approximating the
solution of partial differential equations posed in domains containing a moderate amount
of small perforations. The method is a fictitious domain method, enhanced with a
stabilisation term that, in some cases, is reminiscent of the Barbosa-Hughes stabilised
method. The numerical results show that, at least for the cases presented in this
chapter, this method can be used to approximate the solution (especially the far field)
with a good accuracy, without the need to modify the finite element space, or to
consider elements with special geometries. We do not expect this method to give
accurate results if we consider a domain with a very large number of perforations but,
as long as this number remains moderate, we believe this method presents a simple
alternative to previously existing references. This analysis has also been extended to

the time-dependent problem building on the analysis performed in Chapter 3.

5.2. Future projects

We have new concerns related to what we have mentioned in this document. We would
like to extend our future work in two directions mainly.

On the one hand, we have started the study of the described problem here with
a new alternative: when the domain w is moving over time. This idea is applied by
Fluid-Structure Interaction problems (FSI). Fluid-structure interactions can be stable
or oscillatory. In the oscillatory case, the strain induced in the solid structure causes
it to move such that the source of strain is reduced, and the structure returns to its
former state only for the process to repeat. The study of fluid-structure interactions are
essential in the field of engineering or medicine for example. One very famous example
is the spectacular collapse of the Tacoma Narrows Bridge which occurred in 1940 (see,
e.g., [AVKW41] for more details), where the excessive oscilations caused by wind action
were the main problem. Nowadays, this type of problems are really important in the
development of medicine, for example, for the simulation of biological problems related
to the blood flow in the heart.

Navier-Stokes equations are applied to FSI, in general, because they describe the
motion of a fluid. We would like to apply our results to FSI considering that the

velocity of the fluid is the gradient of a potential and then, it is a heat equation. Thus,
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we think that we can prove the unconditional stability and optimal convergence for
our problem when the domain is moving following the FSI structure. In papers such
as [BRS11,BG16b, JDP10], the stability results are provided and optimal convergence
estimates are proved for coupled problems, such as FSI. In [JDP10], it is shown that the
overall problem is likely to be less regular stable and less accurate than the individual
sub-problems consisting of two or more domains unless special measures are taken. An
appropiate time integration scheme is applied to each domain to obtain better results.
In [BRS11] the authors present the full analysis of a problem for the interaction between
the wind and a sail (applying it to nautical sports). They propose a fictitious domain
formulation of the problem, involving the wind velocity stream function and a Lagrange
multiplier considering two domains, the fictitious domain and the moving domain (the
sail). As in our case, the authors in this paper work with a FEM based on piecewise
linear continuous elements to approximate the stream function and piecewise constant
ones for the Lagrange multiplier and the analysis follows essentially the paper [GPP94]
as well. The work done in [BRS11] is very similar to our study described in Chapter 3.
The method is used to determine the sail shape under the action of the wind to obtain,
for example, a greater speed. We will consider the paper [JGP02] as well, where the
authors look at the motion of rigid bodies settling in an incompressible viscous fluid
based on fictitious domain formulation.

On the other hand, with respect to the work done in Chapter 4, more intensive
numerical testing and the extension to problems in incompressible fluid and solid
mechanics will be the subject of future research as well. And also we have in mind
to continue with the idea proposed in Chapter 2 and try to find a good extension of f

in dimensions higher than one.
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Chapter A
Appendix A

We shall specify the calculus used to get the solution and errors of the problems worked

on Chapter 2.

A.1. Method without fictitious domain

In this section, u is the solution in the initial domain (0, 1) instead of & and f is used
instead of f to simplify notation.

The problem has been solved through FEM, so the discrete form is given by (2.3).
We consider three different linear spaces and the process to solve it is depending on each

one in details shown. All computations have been performed using Matlab [ACF99].

A.1.1. P, finite dimensional space

Let us consider problem (2.1). We introduce the linear space
V = {v e C%w) : v is piecewise continuous and bounded w,v =0 on dw}

where V O Vi, = {up, € C%w) : vnl[g;,0,,,] € Prlai, wiga]}

We can see the problem as a linear system of equations with N+1 equations in N+1
unknowns ui, ug, ..., un+1 where u = [uq, ..., uN+1]T is the solution. The linear system
to be solved is

N+1

> uilgh, ) = (f,95),

Jj=1

which can be written in matrix form as Au = F, where A = (¢}, cp;), u=[ug,...,uns1]’

and F = (f,¢j).
Let N be the number of subintervals in w = (0, 1) of length h = +-. Let us introduce
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the basis functions ¢; € V}, for all j = 1,..., N + 1 defined by

1 if i=j,
0 if i+ 3.

pj(w;) =

The elements a;; = (¢}, 90;) of the stiffness matrix A can easily be computed. First,
we observe that (¢;,¢}) = 0if |4 —j [> 1 since, in this case, for all € (0, 1) either

@i(x) or pj(x) is equal to zero. So, the matrix A is tri-diagonal where

o Tl ] 11 2
(5, 95) /mi_1h2 x+/wi h2 x h+h h
i ] 1
ro / /
(9017902—1) (902—17901) /xil h2 £ h

Note also that the matrix A is symmetric and positive definite. Specially,

1
Lo 0 0 .. 0

=
=

If we impose the boundary conditions, we will change the first and the last row.

Hence, in this problem, the stiffness matrix is

1 0 0 0 O 0

=
>
|
Sl
o
o

The load vector, F = [Fy,..., Fx11] T, is defined as

1
F—Af@M@M,

and where restricted to each subinterval is

E:/mﬁwwmm:wmy

Ti—1
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Moreover, the boundary conditions are applied, F; = Fj,4+1 = 0.

Once we have developed this work, we can obtain the solution by solving the linear

system Au = F'.

We shall now study the error between the solution of (2.1) and the solution of the

finite element problem (2.3).

The error in L?(0,1) norm is given by

1 Tit1
I w—un 112 0.0)= /0 (0= un)?(@)dz = 5 / (1 — up)2(2)da,

which is approximated by the Simpson’s rule.
The error in H'(0, 1) norm is defined by:

1 N Tit1
RECA TR RUETACED O INTESAREE
i=1 v %i

N

= wiﬂ[u’(x) — uh (x)]*dx
N e up (T —up(?

= Z/ [u(z) — nli + 1})1 n )]de.
i=1 "%

A.1.2. P, finite dimensional space

Let us consider the problem (2.1) but, in this case, the linear space is Vj, = {v, €

COW) : Vhlwas_1,00i4] € Palaio1, T2ig1]}-

We follow the same procedure as in previous section.

We will have 2N + 1 nodes in P9, so the stiffness matrix B € M (2N + 1,2N + 1).

In the reference interval (0, 1), the bases functions are

¢1(z) = (1 —2)(1 —22) — ¢ (z) = =3 + 4,
Po(x) = 4x(1 — x) — Po(x) = 4 — 8,
P3(x) = 2(27 — 1) — @h(z) = 4o — 1.

Then, we define the matrix BG as:

BG = [(@i¢)]  for i,j=123.
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A simple calculation in our particular case gives:

CEAR

(Phoh) ==,

(42 = 3,

(449h) = (@2t = =3,

(416) = (#49) = 5,
8

(6405) = (Bheh) = —=.

If we work with the matrix BG and we perform the change of variables

T:(0,1) — (x2i-1,72i41)

& — Td = xo;_1 + &h,

leads to

o(2) = (x), = =mx2-1+ Zh,
dzx

§(2) = ¢ o = & @

This will help us to calculate the stiffness matrix B. Moreover, we impose the boundary
conditions where the first and the last row are zeros except B(1,1) = B(2N +1,2N +
1) =1.

Otherwise, we calculate the load vector, F2 = [F21,..., F25x,1]". In this case we

have to differenciate the basis functions of the node in odd or ever position, i.e.,

1 T2i41 2h
| o= [ rew = St

2i—1

1 T2i41 T2i+3 h
/ fo2i41 = / fo2i41 +/ fo2it1 = 5 f(z2i41),
0 x T 3

2¢—1 2i+1

applying the Simpson’s rule.
In this case, to calculate the errors, we have to use quadrature formula of higher

order because the error due to the quadrature rule has to be smaller than the finite
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element error. For that, we use the quadrature formula

b
/ f(x)dz = w1 f(y1) + waf(y2) + wsf(ys),

where y1,y2, and y3 are the quadrature points and wi,ws and ws are the weights

(see [EG04]). In our problem

1 (b—a) /3
yl_i(a—i_b)_ ) 57
1
Y2 = i(a’—’_b)v
1 (b—a)\/§
y3*§(a+b>+ 9 gv
E and i
R T 2

Thus, with h = (22,41 — 2i—1),

1 N 1’21+1
/(u—uh x)d :Z/ (u — up)*(x)dz
0

z;l T2i—1

S { ahlulyn) — un(o)?
i=1

+ ehlu(ve) = un(p2)

+ ehu(us) — un(ys))?

In this expression, up(y;) and up(y3) are unknowns. To find these values, we shall
calculate @o;—1(y;) and ©2;(yi), p2i+1(yi), for i = 1,3. It will be easier if we work in the

reference interval and we obtain the following matrix

Q= [01(92) ¢2(92) @3(82)]
01(93)  @2(93)  ¢3(y3)
where

o1 1\/§

y1 = 2 2 57

R 1

y2:§7

1,13

B=57T5Vs

and @; are the Py basis functions in the reference interval for ¢ = 1,2, 3.
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1 N 9621+1
/ (v — ) (z)dx = Z/ — uh (x))%dx
0 =1 Y T2i-1

al 8

~ { — h (y1)? + T (92) — i (32))?
5 1 / 2

+ 1eh( (ys) = uh ()2 .

where
up(Yi) = un(w2i-1)¢hi—1 (i) + un(@2:)92;(¥i) + un(®2i01) 9241 (ys) for i=1,2,3,

and @5 (4:), 95 (Y1), 5,41 (i) are unknown. To facilitate calculations, we will calculate

the derivative of the basis functions in the reference interval again, such that

O1(01)  P5(n)  5(91)
P=141(92) ¢5(32) &5(72)
O1(93)  &5(03)  P5(93)

A.1.3. PP; finite dimensional space

Let us consider the problem (2.1) with Vj, = {v), € C%(w) : Vnlfwss_o,asi01] € P3[T3i-2, T3i1]}

and the same steps are followed as before.

We define with the stifflness matrix C. Let N be the number of subintervals in w of

lenght h =

reference interval (0

ai) =3 (3-) (s-3) a-
frta) =2 (3 -2) -1 (-F)
fata) = G (o= 3) 1=
o= 306

Then we define the matrix CG as

Al Al

CG = [(¢}, ¥

for

)]

We calculate it using a quadrature formula.

+. We will have 3N + 1 nodes in P3, so C € M(3N + 1,3N + 1). In the

, 1), the basis functions are

= ¢(z) —2—27332—1—18:5—12—1,
=  ¢h(z) = 82—1562 — 452 + 9,
= Ps(z) =~ 821 2+36x—g
—  Pyx) = %xQ — 9z + 1.

ij=1,2,3,4.

If we work with the matrix CG and we

perform the change of variables, we will be able to calculate the stiffness matrix C.

Moreover, we impose the boundary conditions where the first and the last row are
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zeros except C(1,1) = C(3N +1,3N +1) = 1. Moreover, we calculate the load vector,
F3 = [F?)l, cesy F33N+1]T, as

3N+1

1 1
F:/o f(@)p(z)dr ~ ; f(mk)/o or(x)pi(x)de = M[f(21), f(x2), .., f(zani1)]
where

1
My = /0 (@) pi(@)de.

To calculate the mass matrix M,

Th41 1
/ or(@)pi(x)dz = h /O ou(@) i) di,

k

where the matrix MG in the reference interval is defined by

MG = [ /0 1 gék(:c)cﬁi(x)dx] |

We obtain MG through quadrature formula and thus, the matrix M. The error is

calculated using the same procedure as in IPo. We use the quadrature formula

b
/ f(x)dr = w1 f(y1) + w2 f(y2) + wsf(ys) + waf(ya),

where
_(a+bd) (b—a) 15 + 2v/30
= D 35
_(atb) (b—a) [15-2V30
2= 2 35
_(a—|—b)+(b—a) 15 — 2v/30
Ys =y 2 35
_(a+b)  (b—a) [15+2V30
Ya 2 D 35
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A.2. Method with fictitious domain

The problem (2.1) is solved in this section with fictitous domain formulation through
FEM. In particular,we consider the mixed problem (2.6).

We use the same procedure as in Section A.1 for P, IPs and P53 but using these new
data. Thus, to implement the problem with Matlab, we need to change the domain,
boundary conditions, the function f(z), exact solution uez(x) and define the extension

function f(z). Futhermore, we introduce the variables ele and k define as

ele = max{i: x; <0},
k=mazx{j:xz; <1},
in such a way that [z¢eq1, 25| C (0,1). The code to implement the problem in Matlab
is the same to get the solution as in the method without fictitous domain just changing

the data for each finite dimensional space and following the details shown in Chapter 2

for this case.
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When we are working on the stabilised method, we defined a bilinear form j : Aj X

Ay, — R as

FO 1) = 18l = T, p = T e,
€en;,
where II; : L*(y) — A; is defined as (II;€)|z = |é|7*(£,1)e. This stabilised term, j,
will be introduced in the problem as a matrix C in our case. Thus, in this section, we

want to describe the proccess to define this matrix in FreeFem + +.

B.1. Matrix C from the stabilised term

We work with two uniform meshes on the boundary of w, . Let 7, be the partition
of v with edges e. Let also 7; be a partition of v, whose vertices are also vertices of
Yr, with edges € satisfying the following: there exists C' > 0 ( independent of h) such
that 3h <| € [< Ch, for all & € ;. Using the mesh regularity of 7;, a shape-regular
family of triangulations of the fictitious domain 2, it is easy to see that for all € € ~;,
card{e € vy, : e C €} < C, where C' > 0 is independent of € and h. The angular points
of v also belong to 7;.

We show this proccess for the case where w is a square of side two. The partition of
both meshes on v change depending of n, given in the full code of the problem, which

gives us the refinement of the meshes. For example, when n = 0,
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First, we need to load “lapack” in the full code to define the matrix C by blocks
which changes for every value of n.
After that, we start implementing the code for the matrix C. We define the square

block matrix B which arises from the term
le[(A — I A, 1 — T p)e.

In our example,

(A1 —TIA, A —TIA) - (A1 — IIAL, Ag) 3 2
: . : = C] o+ e
(A1, Ag — II\y) oo (g = Ty, Mg — II\y) 2.3

which multiplied by |é| again, from the definition of j, gives us the square block matrix
B; whose dimension is equal to four because we split each € of the mesh 7 in four e of

~v. So, in FreeFem + +, we define the real number a = 1% (line 5) and knowing that

1

+571» we can build the matrix By ( lines

the lenght of one of the elements ¢ is equal to
6-15).
One you have defined By, the diagonal matrix C' is formed with this block 8% (n+1)

times,

To implement the matrix C in FreeFem + +, we will do it in two steps: we define

array D and after that, we copy array D to matrix C just to simplify the code. We
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need to convert to matrix in order to work in our full code where we find the solution
to our problem of matrix form.

To define D, we need to introduce new variables. Number of times that B; is
repeated in D which depend of the value of n, numberO f Blocks. A variable, startldx,
whose value is the index of the element of D in the first row and column in each block
Bj. When we are working in C++, the element of a matrix which is in the first row
and first column has index = 0. And blockwidth, which says the dimension of the
square block matrix B (line 25).

We start defining the array D equal to zero whose dimension is the product between
numberO f Blocks and blockwidth (lines 27-30) and we do some changes explained later
on (lines 31-39). We are transforming the array D to one which is not sparse and it is
formed with B; in the diagonal. To this end, we begin with a loop where the variable
iB takes integer values from 1 to 8, both included, for the case n = 0 (line 31). For each
value of this variable, startIdzr is changing as well (line 32), and give us the number
of row and column of D where we will write the element blgg of the matrix By. The
following loops, which depend on j and 7, change the elements of D equal to zeros to
the rest of the matrix B (lines 34-38). For example, to insert the second block matrix
in D, 1B = 2, startldx = 4, j takes the value 4 until 7. For j = 4, integer number ir
can be 4 or less than 8. Thus, we get dgy = blgg, dsa = blyg, dga = blog and drg4 = blgg
when ir = 4. We need to continue with this proccess with every value in the loops to
get the second block of D and the final array D.

Therefore, as we said before, last step is convert the array D to the matrix C (line
42).

In such a way that we have implemented the matrix C, stabilised term, in FreeFem-+

+. The code reads as follows

load "lapack"

// Define matrix C, stabilised term.

real a=3/16.;

matrix Bil=[
[~a/((n+1) *(n+1)) ,-a/((n+1) *(n+1)),
—a/((n+1)*(n+1)), -a/((n+1)*(n+1))1],
[-a/((n+1)*(n+1)), -a/((n+1)*(n+1)),
-a/((n+1)*(n+1)), -a/((n+1)*(n+1))1],
[-a/((n+1) *(n+1)), -a/((n+1)*(n+1)),
—a/((n+1)*(n+1)), -a/((n+1)*(n+1))1],

[-a/((n+1)*(n+1)), -a/((n+1)*(n+1)),
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—a/((n+1)*(n+1)), -a/((n+1)*(n+1))]

// define the block matrix which dimension depends on "n":
// 1. define array D to use loop to assemble "array"

// 2. copy array D to matrix C

// Step 1
int number0fBlocks=8*(n+1), startIdx, blockwidth=4;

real[int,int]

D(numberO0fBlocks*blockwidth ,number0fBlocks*blockwidth) ;

D=0;
for(int iB=1;iB<number0fBlocks+1;iB++) {
startIdx = (iB-1)*blockwidth;
// (since C++ starts with index =zero)
for(int j=startldx;j<startIdx+4;j++){
for(int ir=startldx;ir<startIdx+4;ir++){

D(ir,j) = Bil(ir%4, j%4);

};
};
};
// Step 2
matrix C = D;
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