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Abstract

Quantum computing is an alternative paradigm of computation to the classical Boolean

logic based systems, leveraging the laws of quantum mechanics. There is ample evidence

that a large-scale, error-corrected quantum computer would be able to outperform clas-

sical computers for specific problems. However, current technology is not yet capable

of realising such systems, meaning that the computers of present day are too small

and too prone to errors (also known as quantum noise). Furthermore, the problems for

which we have convincing proof of quantum advantage are mostly of academic interest.

Thus over the past two decades the scientific community has been actively searching for

novel algorithms that can be run on current devices, and that may be of commercial

interest. A class of quantum algorithms that has received much attention in recent

times is variational quantum algorithms, which are the focus on this Thesis. These

algorithms include a feedback loop between a parameterised quantum circuit and a

classical optimiser, the latter receiving input in the form of a cost value.

The overarching topic of investigation in this Thesis is whether variational quantum

algorithms are inherently resilient to noise, a question of paramount importance since

these algorithms are intended to be applicable to quantum devices that lack error

correction. The problem is approached by examining, analytically and numerically,

how noise affects optimisation, with a particular focus on how the cost function (or

energy) landscape is modified by various types and rates of errors.

On the way to answering this guiding question, new perspectives and theoretical

tools are developed. These include a linearised model for the impact of noise on opti-

misation, symmetries in the cost function landscape that are sensitive to certain types

of noise, a generic theory of the exponential accumulation of errors, and a variety of
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methods based on Fourier analysis to distinguish the disparate effects of hardware noise

on the cost function. These tools in turn reveal new phenomena including noise thresh-

olds for optimisation and simulatability, noise-induced barren plateaus, and different

impact on optimisation of different error models.

The results overall paint a mixed picture. While there appears to be some inherent

noise resilience in the optimisation process, and in some cases noise may give rise to

larger gradients, under mild assumptions on the noise and the quantum circuit it can

be shown that noise frequently acts as an impediment to optimisation. From the energy

landscape point of view, noise generically appears to have a smoothing effect leading to

vanishing gradients for deep circuits. This phenomenon also manifests as a dampening

of high-frequency Fourier modes, making the noisy landscape classical simulatable on

average. The evidence suggests that further advances are needed before such algorithms

can deliver advantage over classical methods.
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Introduction

History of Quantum Computing

It is a natural tendency of narrators of history to assign the birth of a new idea into

a unique moment, a singular flash of genius, often accompanied by a colorful story of

how that insight came to be and how all of a sudden everything changed. In reality,

everything is rarely that simple. However in the field of quantum computing there is a

popular contender for such a “let there be light” moment. In 1981 Richard Feynman

gave a lecture at MIT titled “Simulating physics with computers” [Fey82]. There, the

legendary physicist suggested using a quantum mechanical computer to simulate quan-

tum mechanical systems like molecules and atomic nuclei. Like many of his ideas, his

reasoning was simultaneously brilliant and simple: the universe, he argued, is funda-

mentally quantum mechanical in nature. These laws make it so that fully simulating

a quantum mechanical system quickly becomes unmanageable for classical comput-

ers based on the Turing machine paradigm. Therefore, why instead not use another

naturally occurring quantum mechanical system? He correctly pointed out that it is

entirely possible for such a “quantum computer” to exist and successfully simulate

another different quantum mechanical system, provided that we have precise control

over the interactions within the system. Feynman concludes his brief lecture with the

following quote:
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...nature isn’t classical, dammit, and if you want to make a simulation of

nature, you better make it quantum mechanical, and by golly it’s a beautiful

problem, because it doesn’t look so easy.

In reality, I have committed a minor historical fallacy, since Feynman was not the first

person to conceive of a computer based on quantum mechanics: Paul Benioff [Ben80]

and Yuri Manin [Man80] predated him by about one year. Still, he was in making these

claims he was right on all accounts: quantum computing is the best way to simulate

large quantum mechanical systems, it is a beautiful problem and, most of all, it has

proven to be awfully hard to solve.

After this glove of challenge was metaphorically thrown, it wasn’t too long before

somebody picked it up. In 1985 David Deutsch published a work titled “Quantum the-

ory, the Church-Turing principle and the universal quantum computer” where the prin-

ciples of a quantum computer capable of realising any natural quantum phenomenon

were first described [Deu85]. Thus he introduced many of the basic tools for quan-

tum computing, including a 2-state system as its unit (what came to be known as a

qubit), sets of unitary operations to modify the state (including single-qubit rotations,

quantum analogues of reversible classical operations, and phase tagging operations),

and measurement to extract the result. He also recognised the limitations of real-world

quantum computers to perfectly simulate zero-temperature, ideal systems and discussed

how the density matrix formalism can be used to describe imperfect, “noisy” quantum

states. Almost equally important, Deutsch identified the first problem where a quan-

tum algorithm had a clear advantage over a classical computer. This was generalised

in 1992 into the Deutsch-Josza algorithm [DJ92]. Other notable quantum algorithms

discovered around this time and exhibiting similar separations were the Bernstein-

Vazirani [BV93] algorithm from 1993 and Simon’s [Sim97] algorithm first presented in

1994.

These algorithms represented a significant revolution in theoretical computer sci-

ence, as they demonstrated that there existed tasks for which quantum computers

could outperform classical computers, in some cases with seemingly exponential advan-
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tage. Indeed Ref. [BV93] introduced the Bounded Quantum Polynomial time (BQP)

complexity class, as well as the (still unanswered) question of whether an exponential

separation can be conclusively shown to exist between it and BPP. However none of

these algorithms solved a problem with any practical relevance. That all changed in

1994 with the discovery by Peter Shor of a polynomial-time quantum algorithm for

prime factorisation [Sho99], a problem for which no polynomial-time classical algo-

rithms were (and are) known. This achievement represented a watershed in the field,

since the hardness of prime factorisation is the foundation for public-key cryptographic

systems such as RSA [RSA78], which in turn underlie many systems requiring secure

communication. Thus, although hard to measure, it can be argued that Shor’s algo-

rithm was the single biggest factor responsible for elevating quantum computing from

a relatively obscure, purely theoretical field to an endeavour with society-changing

potential, and put it squarely in the public’s eye.

To conclude this “golden decade” of quantum computing, Grover’s algorithm was in-

troduced in 1996, providing quadratic speedups for unstructured search problems [Gro96].

Notable are also the discoveries in the field of quantum error correction, again spear-

headed by Shor [Sho95]. These provided convincing justification that such algorithms

could in principle be run even on noisy devices, provided that systems of large enough

size and good enough quality are available [DMN13]. I would also be remiss not to men-

tion the result on quantum simulators by Seth Lloyd, which proved Feynman’s hunch

right: quantum computers really can simulate physical systems efficiently [Llo96].

Perhaps just as important, the same decade saw the very first quantum computers,

which mostly consisted of molecules in solution, the qubits being the nuclear spins of

particular atoms accessed via magnetic resonance techniques. The scale was far too

small and the noise far too great for any computation of value, but sufficed as a proof

of principle [Hol24]. A notable experiment, at the turn of the millennium, was the

demonstration by a team at IBM of Shor’s algorithm applied to the number 15 (which

as the authors helpfully remind us, equals 3× 5) [VSB+01].

From this point on up to the present day, the advances have been simultaneously

too many and too few to tell. Too many, because the progress has been astounding,
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a veritable explosion of papers, experiments, and funding. Just to name a figure: in

the year 2000, 500 papers were released on the ArXiv containing the words “quantum

computer” or “quantum computing”. In 2023, that number had grown more than

tenfold to over 5500. The quantum computing economics have also evolved to the point

that there are in the range of 400 different quantum computing companies, with dozens

of hardware companies, developing several architectures including superconducting,

trapped ions, neutral atoms, and photonics [BDG+24]. Too few, because in many senses

we are not far from where we were: the basic architecture of quantum algorithms is

unchanged, the flagship quantum algorithms are still the same, and the computers are

still too small and noisy to run said algorithms.

However, a hint that things could soon change emerged in the mid 2010s, with the

suggestion that maybe these small, noisy computer could still perform useful tasks. In

2018 Prof. John Preskill of CalTech captured this climate of hopefulness by introducing

the notion of Noisy Intermediate-Scale Quantum or NISQ devices and suggesting that

there may be opportunities in this NISQ era [Pre18]. Amonst the contenders for the first

algorithms to deliver quantum advantage with noisy computers, was a type of algorithm

that had emerged a few years prior and had quickly gathered the attention of a large part

of the research community: variational quantum algorithms. The variational subfield

adopted the acronym NISQ to the point that the two almost became synonymous.

The concept and origins of variational quantum algorithms will be explored in

detail in later sections. For the purpose of this Introduction, it suffices to say that

variational quantum algorithms employ parameterised quantum circuits as a flexible

template to solve a range of different problems. In contrast to previous algorithms

requiring fault-tolerance, these algorithms are not motivated by rigorous proofs but

are instead heuristic. Their motivation lies in the successes of artificial neural net-

works in machine learning and of the variational method in quantum chemistry, two

quite distinct methods that inspired the creation of variational quantum algorithms.

Furthermore, these algorithms are from the start conceived as applicable to non-error

corrected machines, due to them potentially giving useful algorithms with much lower

gate count and depth requirements, and due to a vague intuition according to which
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tunable parameters may help mitigate for noise. However, since the start questions

abounded on the validity of these assumption and therefore on the actual usefulness of

these algorithms.

When I first encountered variational quantum algorithms at the beginning of my

Ph.D. in 2019, the interest of the community had matured enough to the point that

it justified making them the central topic of my study. Specifically, the goal was to

investigate whether the assumptions of usefulness at small scale and resilience to noise

really held. In the course of the doctorate the focus was gradually sharpen to look

specifically at the cost function landscape of noisy variational algorithms, as little was

known of the mathematical properties of this object.

This Thesis will recount some key messages that my analysis has brought to light.

These messages, alongside the numerous discoveries by other researchers, largely point

to the reality being much different from what was initially hoped. However, the differ-

ence is not always in the negative direction and the conclusions are often considerably

nuanced. In addition, as can be glimpsed in this Thesis, the proofs recruit a wide va-

riety of mathematical techniques sometimes leading to the development of useful and

novel algorithms. Personally this has made researching variational quantum algorithms

a very rewarding experience.

Overview of Thesis

The structuring of this Thesis is as follows. Broadly speaking, it revolves around the

topic of noise and its effect on the cost function landscape of variational quantum

algorithms. A necessary disclaimer is that even this subfield is enormous, therefore I

am going to focus only on those issues that lie at the intersection of what was of interest

to me, what I worked on and where most progress has been made.

Following the necessary introduction to quantum computing in general in Chapter

1, and variational quantum algorithms in Chapter 2, Part I will focus on the critical

evaluation of noise resilience of these algorithms. Chapter 3 presents a mostly numer-

ical study of small variational algorithms, that still manage to reveal interesting and

novel phenomena upon the addition of different noise models. Some of these observa-
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tions served as inspiration for the work presented in Chapter 4, which aims to build

analytical frameworks for explaining the phenomena. The ultimate goal is generalising

to variational algorithms of any size.

Part II of the Thesis broadly explores the same questions but takes a different

point of view: that of the Fourier expansion of the landscape. In Chapter 5 this

spectral approach is mathematically motivated and used to formulate measures of noise

specifically tailored to variational algorithms. An attempt is also made at developing

specific noise mitigation strategies. In Chapter 6, the same approach is repurposed for

proving that any level of decoherent noise makes a variational algorithm simulatable

in polynomial time (with many caveats). The proof is constructive as an algorithm is

given that performs these simulations, and shown to work in practice.

Note: for the rest of the Thesis I will use plural tenses as I will be discussing work

that was produced in collaboration with other researchers.

12



List of papers

The following is a list of the papers written during the course of my Ph.D. that are

presented in the Thesis, in order of appearance.

1. Fontana, E., Fitzpatrick, N., Ramo, D. M., Duncan, R., & Rungger, I. (2021).

Evaluating the noise resilience of variational quantum algorithms. Physical Re-

view A, 104(2), 022403.

Discussed in Chapter 3.

2. Fontana, E., Cerezo, M., Arrasmith, A., Rungger, I., & Coles, P. J. (2022).

Non-trivial symmetries in quantum landscapes and their resilience to quantum

noise. Quantum, 6, 804.

Discussed in Chapter 4.

3. Wang, S., Fontana, E., Cerezo, M., Sharma, K., Sone, A., Cincio, L., & Coles,

P. J. (2021). Noise-induced barren plateaus in variational quantum algorithms.

Nature communications, 12(1), 6961.

Discussed in Chapter 4.

4. Fontana, E., Rungger, I., Duncan, R., & Cîrstoiu, C. (2022). Spectral analysis

for noise diagnostics and filter-based digital error mitigation. arXiv preprint

arXiv:2206.08811.

Discussed in Chapter 5.

5. Fontana, E., Rudolph, M. S., Duncan, R., Rungger, I., & Cîrstoiu, C. (2023).

Classical simulations of noisy variational quantum circuits. arXiv preprint

13



Contents

arXiv:2306.05400.

Discussed in Chapter 6.

List of itemised contributions to the above papers:

1. Designed and ran numerical experiments and performed the data analysis.

2. Identified phenomenon of parameter symmetries, developed most of the theory.

3. Developed the theory on barren plateaus induced by measurement noise, con-

tributed to general discussions on the rest of the theory.

4. Assisted in the theoretical proofs. Devised experimental procedure, including

benchmarking and noise mitigation. Collected experimental data using device

APIs.

5. Developed most of the theory, including the algorithm and the proof of efficient

simulation.

The following papers were also written in my Ph.D. with myself as first author, but

are only mentioned briefly in this Thesis for reasons of space and clarity.

• Fontana, E., Rungger, I., Duncan, R., & Cîrstoiu, C. (2022). Efficient recovery

of variational quantum algorithms landscapes using classical signal processing.

arXiv preprint arXiv:2208.05958.

• Fontana, E., Herman, D., Chakrabarti, S., Kumar, N., Yalovetzky, R., Heredge,

J., Sureshbabu, S. H., & Pistoia, M. (2024). Characterizing barren plateaus in

quantum ansätze with the adjoint representation. Nature Communications 15(1),

7171. 1

1The research for this paper was carried out during an internship at JPMorgan Chase, for the
duration of which the PhD was formally suspended.

14



Chapter 1

Background

Here we provide some background on quantum computing. Since any exposition

of quantum computing cannot ignore its foundations in quantum mechanics, first we

attempt to give a brief summary of this monumental field. Then we discuss the basic

components of any quantum algorithm, and finally explain how errors and external

noise can be modelled in the density matrix picture.

This Chapter is based on material from [NC11], to which we refer the Reader for a

more in-depth and less rushed explanation.

1.1 Quantum Mechanics

To brutally summarise what is arguably one of the most complex and deep achievements

of human intellect, quantum mechanics describes components of reality as belonging

to a Hilbert space, with an additional axiom for probabilistic measurement outcomes.

Formally a Hilbert space is a vector space equipped with an inner product and satis-

fying certain technical requirements. We will concern ourselves exclusively with finite

dimensional Hilbert spaces, so we can use the definition:

Definition 1 (Finite dimensional Hilbert space). A finite dimensional Hilbert space

is a finite dimensional vector space H equipped with an inner product 〈·|·〉, which is a
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function H×H 7→ C with the following conditions:

• 〈x|y〉 = 〈y|x〉∗;

• 〈z|ax+ by〉 = a〈z|x〉+ b〈z|y〉;

• 〈x|x〉 > 0 if x 6= 0 otherwise 〈x|x〉 = 0;

with x, y, z ∈ H and a, b ∈ C.

From now on we will assume finite dimensionality and just say Hilbert space. In

practice we will almost always use H = Cd for some d ∈ N and the Euclidean inner

product, this can be assumed unless otherwise stated.

We will employ what is known as the Dirac bra-ket notation:

Definition 2 (Dirac bra-ket notation). We assign the following meanings:

• The ket |x〉 denotes a vector in H;

• The bra 〈x| denotes the conjugate transpose of a vector in H: 〈x| = |x〉†;

• Matrix multiplication is implied whenever objects are placed next to each other.

This has the intended consequence that a bra-ket 〈x|y〉 is indeed the inner product

between |x〉 and |y〉. In general the notation makes it possible to understand at a glance

what the type of any composite object, by looking at the number and order of bras and

kets. For instance, when A is a linear operator, A|x〉 is a vector and 〈x|A|y〉 a complex

number.

For now it was just mathematical definitions. The innovation of quantum mechanics

is mapping these definitions to real objects and experimental procedures. This provides

them with an operational nature. The correspondence is as follows:

• Normalised vectors in a complex Hilbert space H correspond to quantum states;

• Unitary operators on H correspond to the allowed transformations that can be

performed on the states;

• Hermitian operators on H correspond to observables, special operations that yield

a probabilistic outcome.
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Let us be more precise. Suppose the state of a quantum system is |ψ〉, then a unitary

transformation U applied on the system yields an outcome U |ψ〉, another valid quantum

state. If we instead measure the quantum state with a Hermitian measurement operator

M representing some observable quantity, we would get as outcome a real number. This

will be a random variable with expected value 〈ψ|M |ψ〉 (real because of Hermiticity),

which is therefore called the expectation value of M on |ψ〉. The post-measurement

state will be:
Πi|ψ〉
‖Πi|ψ〉‖2

, (1.1)

where Πi is an operation that depends on the outcome i that was measured, more

specifically a projector onto the eigenspace of M consistent with the measurement

outcome. This means that measurement in general changes the state being measured.

The strange rescaling to the state is due to a further postulate of quantum mechan-

ics: that all allowed quantum states must be normalised to 1 in ℓ2 norm. This is due to

the fact that the quantum state has a probabilistic interpretation. Take an orthonormal

basis of the Hilbert space {|i〉}di=1. The operator Mi = |i〉〈i| is a proper measurement

operator, in fact it is a projective measurement since M2
i =Mi. The expectation value

of this measurement is:

pi = 〈ψ|Mi|ψ〉 = |〈i|ψ〉|2 = |[|ψ〉]i|2. (1.2)

This has the physical interpretation of the probability of measuring the state |i〉 given

the system is in the state |ψ〉. We can check that indeed 0 ≤ pi ≤ 1, and also that∑
iMi = 1 implying

∑
i pi = 1, both derived from state normalisation. A set of

bounded linear operators {Mi} obeying the conditions Mi ≥ 0 and
∑

iMi = 1 is called

a positive operator-valued measure or POVM. POVMs have a special significance in

quantum information because they furnish measurement outcomes with a probability

measure.

One notices that the global phase of the state has no impact on the probabilities

of measurement outcomes, and therefore, no physical significance. This means that in

fact quantum states must be identified with rays in a Hilbert space, i.e. we are really
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dealing with a projective Hilbert space, and the transformations are in turn projective

unitary operators [Mor16, SN20]. However this distinction will in practice not matter

in this Thesis as long as we ensure proper normalisation of states.

1.2 Quantum Computing

In the next Chapter we will present the basic structure of the most popular family

of near-term quantum algorithms, the variational quantum algorithms. For now we

give a very quick overview of the common attributes of qubit-based digital quantum

algorithms.

The most basic building block of a quantum computer is the quantum bit, or qubit,

a two-level quantum system. In analogy with classical bits we label these two states

as |0〉 and |1〉, which form the computational basis. In real implementations these may

be distinct energy levels of an atom or of a superconducting circuit. As vectors, these

states have the following representation:

|0〉 =

1

0

 , |1〉 =

0

1

 . (1.3)

The single qubit Hilbert space therefore is C2.

A single qubit is a relatively useless system, qubits truly become powerful when they

are coupled together. In quantum theory, given two quantum systems in Hilbert spaces

HA and HB the combined quantum system is described by the tensor product Hilbert

space HA ⊗ HB. The tensor product of two Hilbert spaces is defined as the Hilbert

space spanned by all u⊗ v with u ∈ HA and v ∈ HB, where u⊗ v is identified with the

tuple (u, v) modulo the following linearity constraints: (au)⊗ v = u⊗ (av) = a(u⊗ v)

∀a ∈ C, (u1 + u2)⊗ v = (u1 ⊗ v) + (u2 ⊗ v), u⊗ (v1 + v2) = (u⊗ v1) + (u⊗ v2).

Thus, the Hilbert space for n qubits is the tensor product of the single qubit Hilbert

spaces (C2)⊗n = C2n , meaning that the size of the space grows exponentially fast with

the addition of new qubits which ultimately underlies the power of quantum computers.

By virtue of the exponential growth, a simulation of a quantum computater based solely
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on the statevector becomes impractical beyond about a few dozen qubits even on the

largest supercomputers available today.

1.2.1 Quantum gates

To fully explore the Hilbert space we must be able to perform transformations on the

state vector in a controllable way, which as mentioned must be unitary. These also

interchangeably referred to as quantum gates. The most basic ones are single qubit

gates, for example the Pauli operators:

12 =

1 0

0 1

 , σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 , (1.4)

which are both Hermitian and unitary, and therefore square to 12. By 1d we indicate

the d-dimensional identity matrix. The three nonidentity Pauli operators are given the

following circuit diagrams:

X Y Z

Exponentiating these matrices gives the single qubit Pauli rotations, conventionally

defined as:

Rx(θ) = e−
i
2
σxθ, Ry(θ) = e−

i
2
σyθ, Rz(θ) = e−

i
2
σzθ. (1.5)

Another significant transformation is the Hadamard gate:

H =
1√
2

1 1

1 −1

 , (1.6)

also Hermitian, that can be used to switch between the computational basis and the

basis spanned by |±〉 = |0⟩±|1⟩√
2

. Note that |+〉⊗n is the uniform superposition of all

n qubit computational basis states. The single qubit Pauli rotation gates and the

Hadamard gate are indicated as:

Among the possible two-qubit operations the most frequently used is the controlled-
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Ri(θ) H

NOT (CNOT) gate, also known as controlled-X (CX):

CNOT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 . (1.7)

with circuit diagram

•

The CNOT belongs to a class of two-qubit gates that can generate entanglement be-

tween qubits. For instance, the entangled Bell state |00⟩+|11⟩√
2

can be created from the

unentangled |00〉 state using a Hadamard followed by a CNOT gate. Such entangling

gates are fundamental components of all quantum algorithms, as without entanglement

they would be easy to simulate classically. Indeed the gate set {H,Rz

(
π
4

)
, CNOT} is

universal since it can express any unitary. Thus for most intents and purposes, includ-

ing this Thesis, the gates introduced will be sufficient to build up quantum algorithms.

1.2.2 Measurements

Measurement, or observation, is a fundamental component of any quantum computing

algorithm, as it extracts classical information from the quantum state and as such

signals the termination of the quantum routine. Observation of a quantum system is

truly a bridge between the quantum and classical worlds, and as such the interpretations

on what “really” happens during measurement vary wildly. Operationally however the

act of measuring a quantum system is quite simple, and it simply involves performing

some physical operation that reveals the state of the system, such as shining a laser or
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a particular microwave signal and recording the outcome.

For qubit-based quantum computers, measurement projects the quantum state on

the computational basis and returns a string of 0s and 1s with the probabilities dic-

tated by the quantum state. However this is only one kind of measurement, known

as Z basis measurement, as it projects onto the eigenstates of the Pauli-Z operator

σz on each qubit. Measurement in other bases is possible by suitably “rotating” the

state before measurement using single-qubit gates, for instance a Pauli-X operator can

be measured by applying a Hadamard gate. This method can be used to calculate

expectation values of any multi-qubit Pauli operator, by repeatedly measuring in the

suitable basis and averaging the resulting eigenvalues. For instance, take the operator

M = σz ⊗ σz, then if by repeatedly preparing the two-qubit state |ψ〉 and measuring

in the computational basis one obtains the bitstrings {00, 01, 11}, one would assign the

eigenvalues {+1,−1,+1} and obtain +2
3 as an approximation to 〈ψ|M |ψ〉. Increasingly

accurate approximations may be obtained by using a larger number of repetitions, or

shots. Computational basis measurements appear in circuit diagrams as:






where the double lines signify a wire in a classical state (0 or 1).

Finally, it should be noted that the class of physical measurements is broader than

these examples, and consists of the previously mentioned positive operator-valued mea-

sures (POVMs). These can in practice be constructed from regular measurements in

conjunction with additional unitary gates, ancillary systems and postprocessing of the

measurement outcomes.

1.2.3 Notation and structure of Pauli basis

From now on we will use the shorthand I,X, Y, Z for 12, σx, σy, σz and imply the tensor

product sign, so that σz ⊗ σz becomes ZZ. The fact that multi-qubit Pauli operators

may be written in that form leads to them being occasionally referred to as Pauli

strings.
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Since the Pauli operators form the most natural operator basis for measurement,

it is common to express arbitrary measurement operators in this basis. Indeed the

4n n-qubit Pauli operators form a basis for Hermitian operators on C2n : writing a

generic Pauli operator as Pi (e.g. P1 = II · · · I and P4n = ZZ · · ·Z) we can express

any measurement operator as:

M =

4n∑
i=1

ciPi. (1.8)

Sometimes, we may utilise a different indexing of Pauli operators that more directly

reveals their content. First note that since XZ = iY we can decompose a given Pauli

string into an X and a Z part, for instance on 3 qubits XY Z = i ·XXI · IZZ. We then

use the notation:

Xa =
n⊗

i=1

Xai , Zb =
n⊗

i=1

Zbi , a, b ∈ {0, 1}n (1.9)

such that any Pauli string may be written in the form cXaZb with c ∈ {±1,±i}, for

instance XY Z = iX(1,1,0)Z(0,1,1).

The efficiency of many quantum algorithms, including most variational ones, de-

pends on M being expressible as a sum of polynomially many Paulis. Finally we note

that the Pauli basis is orthogonal under the Hilbert-Schmidt inner product:

〈Pi, Pj〉HS = Tr{P †
i Pj} = 2nδij . (1.10)

All elements of the n-qubit Pauli basis are Hermitian and unitary and retain the prop-

erty P 2
i = P1 = 12n . We denote the ordered set of all n-qubit Pauli operators by

Pn:

Pn = (P1, ..., P4n) = (I · · · I, ..., Z · · ·Z). (1.11)

Note that we can form a group under matrix multiplication, the Pauli group, by taking

the product with {±1,±i}:

Gn
P = {±1,±i} × Pn. (1.12)
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1.3 Quantum noise

The central theme of this Thesis is the impact of errors during the quantum compu-

tation, also known as quantum noise. It turns out that treating errors in a formal

way requires going beyond the simple picture of vector quantum states and unitary

transformations. This picture is only accurate for closed quantum systems, which can

be pictured as completely independent quantum entities. In contrast most errors in

quantum computation occur because of interactions between the quantum system and

the external environment, and so we are dealing with open quantum systems. These are

most properly described via the density matrix formalism, which we will now describe.

1.3.1 Density matrix formalism

Starting from a state vector |ψ〉, we define the corresponding density matrix as the

projector |ψ〉〈ψ|. In general:

Definition 3 (Density matrix). A density matrix in a Hilbert space H is a Hermitian

operator on H that is positive semidefinite and has trace 1.

A generic density matrix is usually given the notation ρ. The power of this formalism

is that it extends easily from pure states to noisy or mixed quantum states. Suppose

we have a process that outputs state |0〉 or state |1〉 with equal classical probability.

Then the overall quantum mixed state is |0⟩⟨0|+|1⟩⟨1|
2 . Contrasting this with the pure

state corresponding to their superposition |0⟩⟨0|+|0⟩⟨1|+|1⟩⟨0|+|1⟩⟨1|
2 one sees that the mixed

state lacks the cross terms. Mathematically, we can distinguish between pure and mixed

state using the purity:

Definition 4 (Purity). The purity of a quantum state ρ is defined as Tr{ρ2}.

The purity of a state ρ has its maximum value 1 if and only if the state is pure, and

has minimum value 1
2n for n qubit states, attained by the maximally mixed state 1

2n .

A density matrix, being an Hermitian operator, can be decomposed in the Pauli

basis, yielding a Pauli vector, with the following notation:

ρ 7→ |ρ〉〉, [|ρ〉〉]i =
1√
d
〈ρ, Pi〉HS . (1.13)

23



Chapter 1. Background

Notice that the purity of the state is related to the 2-norm of its Pauli vector:

Tr(ρ2) = 〈〈ρ|ρ〉〉 = ‖|ρ〉〉‖22. (1.14)

A similar process may be done for measurement operators. In general, writing an

operator as a vector in some basis of operators is called vectorisation.

1.3.2 Quantum operations

The most general type of transformations on density matrices are called quantum oper-

ations. It is easy to see that a unitary transformation on a state |ψ〉 7→ U |ψ〉 takes the

form ρ 7→ UρU † on the corresponding density matrix: unitary transformations yield

unitary operations. The key characteristic of these operations is that they preserve

purity:

Tr{(UρU †)2} = Tr{Uρ2U †} = Tr{ρ2}. (1.15)

They are only a subset of all quantum operations, however. The most general definition

is the following:

Definition 5 (Quantum operation). A quantum operation E is a superoperator, i.e. a

linear map between density matrices, that obeys the following conditions:

• Trace preservation (TP): Tr{E(ρ)} = Tr{ρ};

• Complete positivity (CP): E ⊗ Id is a positive map for all d ∈ N+,

where Id is the identity channel of dimension d.

Note that quantum operations are maps. Therefore we will use the symbol “◦” to

refer to concatenation of quantum operations and “©m
i=1” for repeated concatenation.

These conditions ensure that the action of a quantum operation on any subsystem of

a state results in the global state still being a valid density matrix. In reference to this

axiomatic definition quantum operations are also called CPTP maps. Sometimes the

name quantum channel is also used. We shall use all of them interchangeably.
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Describing quantum operations is somewhat more complicated than describing uni-

tary transformations, and many different formalisms exist. We present two: the Kraus

and the Pauli Transfer Matrix (PTM) formalism.

Definition 6 (Kraus formalism). We associate to a quantum channel E a set of oper-

ators {Ki} called Kraus operators, such that:

E(ρ) =
∑
i

KiρK
†
i , (1.16)

which is called the Kraus decomposition.

To ensure TP we further require that
∑

iK
†
iKi = 1 while CP follows automatically

from the Kraus decomposition. Notice that the Kraus decomposition is not unique.

The Pauli Transfer Matrix (PTM) or Pauli-Liouville formalism originates from the

previous observation that density matrices may be written in the Pauli basis. This

allows us to express a channel as a linear operator acting on Pauli vectors:

Definition 7 (Pauli Transfer Matrix formalism). The Pauli Transfer Matrix (PTM)

formalism associates to a quantum channel E on H = Cd a Pauli Transfer Matrix E, a

matrix in Rd2×d2 defined as:

[E]ij =
1

d
Tr{PiE(Pj)}. (1.17)

The TP condition is enforced via the requirement that [E]1j = δ1j , while there

appears to be no straight-forward rule for ensuring CP. A PTM acting on a Pauli

vector takes the form of matrix multiplication:

|E(ρ)〉〉 = E|ρ〉〉. (1.18)

Notice that the PTM is real by the following argument. Quantum states are Hermitian

and therefore they can only have real coefficients when expressed in the Pauli basis. If

a channel’s PTM had complex coefficients, on some input states it would output invalid

states with complex Pauli coefficients. For instance if the element [E]ij was complex,
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one could pass the mixed state I + Pj and the output would contain [E]ijPi making it

an invalid non-Hermitian state.

We can also very naturally vectorise the Pauli operators themselves, which allows

us to write the Pauli normalisation and PTM definition very naturally as

〈〈Pi|Pj〉〉 = dδij , [E]ij =
1

d
〈〈Pi|E|Pj〉〉. (1.19)

For example, the unitary channels corresponding to the three types of single qubit

Pauli rotations in PTM form are:

Rx(θ) =


1 0 0 0

0 1 0 0

0 0 cos(θ) − sin(θ)

0 0 sin(θ) cos(θ)

, Ry(θ) =


1 0 0 0

0 cos(θ) 0 sin(θ)

0 0 1 0

0 − sin(θ) 0 cos(θ)

 , (1.20)

Rz(θ) =


1 0 0 0

0 cos(θ) − sin(θ) 0

0 sin(θ) cos(θ) 0

0 0 0 1

 (1.21)

One may use the fact that purity is conserved by unitary channels and the relation

between purity and 2-norm of Pauli vectors to show that the PTM of a unitary channel

must be a matrix from the orthogonal group, as can be verified in the matrices above.

Owing to the TP and CP conditions however, PTMs have additional structure and so

do not cover the entire orthogonal group on d2 dimensions.

Finally another common characterisation of quantum channels is the χ-matrix rep-

resentation. This can be derived from the Kraus decomposition by selecting any basis

of operators {Ai} and decomposing Ki =
∑

j aijAj , giving:

E(ρ) =
∑
i

KiρK
†
i =

∑
jk

AjρA
†
k

(∑
i

aija
∗
ik

)
=
∑
jk

AjρA
†
kχjk, (1.22)

where by definition χ is Hermitian and positive [NC11]. A common choice for the
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basis of operators is the Pauli basis. If instead the basis of projectors |i〉〈j| is used the

resulting χ-matrix is equivalent to the Choi matrix:

CE =
∑
ij

|i〉〈j| ⊗ E(|i〉〈j|). (1.23)

For any basis, the CP condition corresponds to χ being positive, while TP corresponds

to: ∑
jk

χjkA
†
kAj = 1. (1.24)

1.3.3 Decoherent channels

While unitary quantum channels preserve purity, generic quantum channels may de-

crease or even increase it (although never beyond 1). If when acting on a pure state a

channel decreases its purity then it is called a decoherent quantum channel. These are

the type of channel most commonly associated to quantum noise (however one may also

have coherent errors). We now examine some of single-qubit channels most commonly

used in literature.

We begin with the simplest decoherent channel, the symmetric depolarising channel.

This channel can be expressed simply as:

ESD(ρ) = (1− p)ρ+ p
1

d
, (1.25)

where p ∈ [0, 1] is a free parameter that determines how strongly decoherent the channel

is. Clearly, it pushes the state closer to the maximimally mixed state. Its Kraus

decomposition is:

K1 =

√
1− 3p

4
12, K2 =

√
p

4
σx, K3 =

√
p

4
σy, K4 =

√
p

4
σz, (1.26)
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while the PTM is:

ESD =


1 0 0 0

0 1− p 0 0

0 0 1− p 0

0 0 0 1− p

 . (1.27)

Next we examine the phase damping channel. This channel the following Kraus

operators:

K1 =
√
1− p12, K2 =

√
p σz, (1.28)

and the PTM is:

EPD =


1 0 0 0

0 1− p 0 0

0 0 1− p 0

0 0 0 1

 . (1.29)

The channel has the effect of shrinking the off-diagonal components of ρ, when expressed

in the computational basis. Both these channels are examples of Pauli channels, which

have Pauli Kraus operators and are diagonal in the PTM form. Another channel of

this family is the bit-flip channel that has:

K1 =
√
1− p12, K2 =

√
p σx, (1.30)

and

EBF =


1 0 0 0

0 1 0 0

0 0 1− p 0

0 0 0 1− p

 . (1.31)

and, as the name implies, is equivalent to the classical bit-flip channel where a bit is

inverted with probability p.

Finally we consider a channel that is not Pauli but is very important for modelling
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noise on real devices. This is the amplitude damping channel with Kraus operators:

K1 =

1 0

0
√
1− p

 , K2 =

0
√
p

0 0

 , (1.32)

and PTM:

EAD =


1 0 0 0

0
√
1− p 0 0

0 0
√
1− p 0

p 0 0 1− p

 . (1.33)

Notice the nonzero element in the first column, meaning that acting on the completely

mixed state will return a less mixed state. This channel models a spontaneous emission

causing a decay from the |1〉 to the |0〉 state, which is a common issue of many real

implementations of qubits.

1.3.4 Coherent errors

Finally, we define coherent errors as those errors that preserve purity, which means that

they must be unitary operations and so theoretically reversible. In practice however,

these errors may be impossible to identify and therefore to correct. Furthermore,

since they can be caused from miscalibrations of gates they are very common as any

experimental system suffers from some amount of systematic error. Coherent errors can

be severely destructive and protocols like randomised compiling have been designed to

convert them into decoherent errors [WE16].
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Variational Quantum Algorithms

In this Chapter, we go over the main object of focus of the Thesis, variational

quantum algorithms. While the study of these algorithms is recent and in constant flux,

it is helpful to still attempt a historical overview of the topic. This will allow us to review

the original motivations behind variational quantum algorithms, a critical analysis of

which is the recurring theme in this Thesis. We will then outline the general architecture

and features and present some of the most widely studied implementations. Finally we

conclude with a discussion on the opportunities and challenges that variational quantum

algorithms face in finding commercially relevant applications.

The algorithms and theory discussed in this Chapter draw upon several papers that

have been duly cited in the text.

2.1 The road to VQAs

2.1.1 NISQ

In the field it is considered good practice to start by introducing the concept of Noisy

Intermediate-Scale Quantum (NISQ) [Pre18]. The success of the term, wildly used in

both scientific and popular press alike, lies in placing the two largest problems that

face modern quantum computing research in one package (with the added advantage
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of having a memorable sound). These problems are the presence of noise and the small

scale of current quantum computers, and together conspire to make running the most

powerful quantum algorithms all but impossible. At the same time, the term NISQ

has since its inception been paired with the suggestion that some useful applications

may be possible even with our modest quantum resources. By and large, efforts in this

direction have been focused on variational quantum algorithms (VQAs).

2.1.2 General structure

The distinctive trait of VQAs is a hybrid classical-quantum optimisation loop, where

the quantum computer is paired to a classical device that repeatedly updates the circuit

based on the measurement outcomes. To be more precise, the update process typically

consists in modifying a set of continuous parameters θ which determine the specific

unitary that is being expressed. Without much originality, this kind of circuit is called

a parameterised quantum circuit (PQC). Typically the circuit structure is fixed and the

parameters that are varied correspond to the angles of rotation gates, such as single-

qubit rotations. The fixed aspect of the circuit such as unparameterised gates and the

type of rotation gates is called the ansatz. Generally we will refer with ansatz to the

general structure or architecture of a VQA or a class of VQAs, and we will use PQC

to indicate a specific parameterised circuit.

In general we write the parameterised unitary as U(θ) where θ = (θ1, θ2, ...) is a

vector of parameters. Again typically, one takes an initial state |ψ0〉 and an Hermitian

measurement operator M , and estimates the expectation value which will be a function

of the parameters:

f(θ) = 〈ψ0|U †(θ)MU(θ)|ψ0〉. (2.1)

In many algorithms, including VQE and QAOA, this becomes the cost function of the

variational algorithm, which the classical optimiser seeks to minimise (conventionally).

Sometimes a nonlinear transformation g may be applied such that the cost function is

g ◦ f(θ).

When discussing noise, it is necessary to replace the unitary with a parameterised
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channel Uθ, in which case the cost function becomes:

f(θ) = Tr{Uθ(ρ0)M}, (2.2)

where ρ0 is a potentially mixed initial state.

2.1.3 VQE

A near-term algorithm involving a hybrid classical-quantum loop was proposed in 2005

by Aspuru-Guzik et al. [AGDLHG05] as a way to reduce the number of qubits needed

for a quantum phase estimation (QPE) subroutine, for the purpose of estimating molec-

ular ground states. However the first “true” VQA is arguably the Variational Quantum

Eigensolver (VQE), proposed by Peruzzo et al. in 2013 [PMS+14]. Similarly introduced

to circumvent the limitations of QPE for finding ground states of chemical systems, the

main contribution of Peruzzo and collaborators was to bring into quantum computing

ideas previously reserved to classical techniques, chiefly that of using the classical outer

loop to optimise a quantity measurable on the output state that certifies the solution

quality.

More specifically, a common problem in quantum chemistry is finding the ground

state and low-lying excited states (or their eigenvalues), for a molecule or material, given

knowledge of its Hamiltonian H. For these problems the Hamiltonian can be relatively

simple, consisting of polynomially many Pauli terms in the system size, and yet finding

the ground state exceedingly hard. It is known that the ground state problem of

even 2-local Hamiltonians may be QMA-hard, which is considered unsolvable even for

quantum computers [KKR05]. A k-local Hamiltonian is one where the Pauli terms act

on at most k qubits.

Yet, in practice many classical methods exist that can approximate the ground

state to relatively good accuracy. VQE is inspired by one such method, the varia-

tional method, where one classically prepares a trial wavefunction |Ψ〉 (not necessarily
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normalised) and seeks to minimise the Rayleigh-Ritz functional [AW05]:

〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

. (2.3)

The solution is the ground state, if unique, or if degenerate a superposition of orthogonal

ground states. This method is limited to those wavefunctions that can be treated

classically. The motivation of VQE is that a quantum computer can prepare a vastly

bigger range of quantum state, with normalisation coming for free. An example is the

unitary coupled cluster (UCC) approach, which uses the ansatz:

UCC(θ) =
∑
i

eiθiTi . (2.4)

Here Ti are formed from the excitation operators of the fermionic system. The initial

state is the Hartree-Fock state |ΨHF 〉. The cost function that is minimised is then:

f(θ) = 〈ΨHF |U †
CC(θ)HUCC(θ)|ΨHF 〉. (2.5)

When the system is mapped to qubits via Jordan-Wigner transform, both the uni-

tary and the initial state can be prepared easily, since the Ti’s can be expanded in

polynomially many Pauli terms and |ΨHF 〉 is a single bitstring [RBM+19]. The UCC

is a promising candidate as it is a natural extension of the coupled cluster approach

which is considered the “gold standard” in quantum chemistry, and furthermore it is

not approachable for classical computers [PMS+14].

Another significant ansatz for VQE suggested by Ref. [PMS+14] and developed

in Ref. [KMT+17] is the hardware-efficient ansatz (HEA). The idea is to arrange the

one- and two-qubit gates native to the hardware in such a way to maximise entan-

glement, while concurrently optimising for the hardware geometry in order to reduce

the gate count. This takes the form of alternating layers of fixed entangling gates and

parameterised rotation gates applied to all qubits, making use of the parallelism in gate

execution:

UHEA(θ) =
L∏
i=1

Urot(θ)Uent. (2.6)
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Typically, Urot(θ) =
⊗n

i=1R(θi) withR a Pauli rotation and Uent is a staircase of CNOT

gates. The objective is to make the circuit as classically intractable as possible while

reducing execution time to reduce the detrimental effects of decoherence. However,

the HEA suffers from the grave issue of barren plateaus, which is the vanishing of the

variance of the gradient with system size, preventing efficient optimization. This will

be explored in detail later.

The final generic ansatz that is noteworthy is the Hamiltonian Variational Ansatz

(HVA), introduced in Ref. [WHT15]. In this ansatz, the state is time-evolved in stages,

each one corresponding to a term of the problem Hamiltonian. For example, assuming

the Hamiltonian can be decomposed as H = H1 +H2, then the ansatz takes the form:

UHV A(θ) =

L∏
i=1

e−iH1θ2ie−iH2θ2i+1 . (2.7)

The interested Reader may find more information about VQE in Ref. [TCC+22].

2.1.4 QAOA

Not long after the invention of VQE, another key variational quantum algorithm was

introduced. In 2014 Farhi, Goldstone and Gutmann released a preprint on the Quantum

Approximate Optimisation Algorithm, or QAOA [FGG14]. The problem addressed by

this algorithm is combinatorial optimisation, focusing on hard MaxSat problems such

as MaxCut. While this problem is radically different from that solved by VQE, the

solution is similar since QAOA also maps the problem to ground state estimation.

Specifically, the MaxCut objective function can be mapped to a Ising Hamiltonian:

H =
∑
⟨ij⟩

Z(i)Z(j) − 1

2
, (2.8)

where the graph vertices are mapped to qubits. Notice that the Hamiltonian is diagonal

and thus the eigenvectors are computational basis states. Therefore the ground state

of this Hamiltonian will be the solution of the MaxCut problem. In order to find the
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ground state, the authors suggest an ansatz of the form:

U(γ,β) =

p∏
i=1

UM (βi)UP (γi), (2.9)

applied to the uniform superposition state |+n〉 = |+〉⊗n, where the mixer and problem

unitaries are defined as:

UM (β) =
n∏

i=1

e−iX(i)β, UP (γ) = e−iHγ . (2.10)

As in VQE, the cost function:

f(γ,β) = 〈+n|U †(γ,β)HU(γ,β)|+n〉 (2.11)

is then repeatedly evaluated and the parameters are updated using a classical optimi-

sation algorithm to minimise it. Given a set of converged angle parameters (γ∗,β∗),

the solution is extracted by sampling from the output state U(γ∗,β∗)|+n〉 repeatedly

and selecting the bitstring giving the lowest cost function value.

The QAOA ansatz is inspired from adiabatic quantum computation, which it ap-

proximates in the large p and small angle limit. The authors of Ref. [FGG14] however

suggest keeping p small and letting the angles take the full range of values. They

show that this may still yield good solutions to the problem, while being at the same

time inefficient to simulate for a classical computer and relatively easy for a near-term

quantum computer.

Indeed due to strong theoretical guarantees the QAOA has emerged as a promis-

ing candidate of near-term quantum supremacy [FH16]. The variational character of

QAOA has been observed to circumvent some of the issues of adiabatic algorithms [ZWC+20],

and notably for this Thesis it has been found to offer some resilience to noise when

implemented on real devices [OMA+17]. At the time of writing, an up-to-date review

of the merits and problems of QAOA can be found at Ref. [BBC+24].
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2.1.5 Other algorithms

Besides VQE and QAOA, other algorithms that exploit a classical-quantum optimi-

sation loop have been developed in recent years. Some notable examples are varia-

tional quantum factoring [AOAGC19], quantum neural networks [BLSF19], quantum

generative algorithms [GZD17, LW18], VQAs for dynamics [LYPS17], the variational

quantum linear solver [BPLC+23], and many others. For a review see Ref. [CAB+21]

or Ref. [BCLK+22]. As a note, variational quantum algorithms for machine learning

like quantum neural networks or quantum GANs fall within the broader category of

Quantum Machine Learning (QML) [SSP15, BWP+17], a term that is sometimes ap-

plied to all VQAs due to the similarity between the optimisation loop of VQA and the

training of neural networks used in classical ML, and which we will avoid due to the

possible confusion.

2.2 Challenges and opportunities

The original justification for VQE in the paper by Peruzzo et al. was threefold:

• Simplicity of circuits: smaller system sizes, no control or ancilla qubits usually

required.

• Adaptability: the optimisation loop allows for flexibility in the ansatz used,

such that circuits tailored to the hardware may be used effectively.

• Classical intractability: quantum computers can realise classically intractable

ansätze.

Similar arguments are featured in most proposals for other VQAs. For instance in the

case of QAOA for MaxCut, the original motivation for QAOA, the ansatz is efficiently

realised on most quantum computer architectures by using single-qubit rotations and

CNOTs. Conversely sampling from the QAOA output state is believed to be classically

intractable even for depth p = 1 [FH16].
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2.2.1 Noise resilience

The original VQE paper makes only a reference in passing to quantum noise, while

the original QAOA paper does not mention it all. The first proper error analysis

of VQAs is the 2015 Ref. [MRBAG16], which suggested that VQAs were capable of

variational error suppression. The idea behind this was that the variational ansatz

possessed additional degrees of freedom that may be exploited to compensate for errors

in the calculation. Since those errors would cause the expectation value to be higher,

the optimiser would naturally adjust the parameters to yield such compensation. More

precisely, they consider coherent errors which can be corrected by a shift of parameters,

such that if U is the noiseless parameterised unitary and Ũ the noisy one, then at a

particular value of θ:

U(θ) ≈ Ũ(θ + γ), (2.12)

more exactly their difference is small in some matrix norm. Provided that the noisy

unitary yields a higher value for the cost function, the optimiser will then be able to

correct for the presence of noise by shifting the parameters accordingly. The authors

acknowledge the limitations of this model in the case where the coherent noise violates

the symmetries of the ansatz and therefore cannot be corrected.

Arguably a larger limitation is that the effect of decoherent noise cannot be cap-

tured by this model. Nonetheless VQE was soon found experimentally to be partly

resilient to errors, at least systematic ones and in a small system, confirming the pre-

diction [OBK+16]. Some evidence for resilience to decoherent errors also emerged, for a

different variational algorithm [LB17], along with promising simulations for VQE [SS-

MAG16]. Also of note are the findings of Ref [MKSCD17] that see the variational

loop being able to compensate for the effect of noise by identifying decoherence-free

subspaces, and that also presents a variant of VQE (quantum subspace expansion) that

offers enhanced resilience.

Exploring the truthfulness behind the hypothesis of VQA resilience to decoherence

was the main guiding priciple for the work that is presented in this Thesis. For now,

it suffices to say that as things stood in 2019, VQAs seemed promising for achieving
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“quantum supremacy” in the NISQ area, as they were designed for Intermediate-Scale

and potentially could deal with Noisy quantum computers, too. Part of the reason was

the development of error mitigation strategies which we will summarise later.

2.2.2 Barren plateaus

Historically barren plateaus (BPs) were amongst the first issues specific to VQAs to be

found, and they still remain highly influential in the field. BPs were identified in 2018

by McClean et al. [MBS+18] and can be seen as a manifestation of the phenomenon of

concentration of measure. Simply put, concentration of measure refers to a collection of

many related mathematical results, in which a measure on a space of large dimension-

ality concentrates on an exponentially small region. The most relevant manifestation

is in probability theory, and specifically in the fact that, as 2024 Abel prize winner

Michel Talagrand puts it [Tal96]:

A random variable that depends (in a “smooth” way) on the influence of

many independent variables (but not too much on any of them) is essentially

constant.

For BPs we consider as random variables the parameters of a VQA under independent

random initialisation, and we look at the VQA expectation gradient as a function of

the variables. The reason is that most implementations of VQAs assume that the

optimisation is started from a set of parameters picked uniformly at random, and thus

it is reasonable to ask how large of a gradient we should expect in this setting. The

answer by the authors of [MBS+18] is that, for sufficiently expressive ansatze, the

variance of the gradient of any parameter under uniform random initialisation decays

exponentially with the number of qubits n:

Var
θ∼Unif

∂if(θ) ∈ O(2−bn), ∀i, b > 0, (2.13)

in other words, all gradient components concentrate around the mean (typically equal to

zero). For large systems, the VQA cost function landscape then would appear approx-

imately flat with tiny fluctuations, hence the name “barren plateaus”. An alternative
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definition uses the cost function instead of its partial derivatives:

Var
θ∼Unif

f(θ) ∈ O(2−bn), b > 0. (2.14)

These two definitions have been shown to be equivalent for most intents and pur-

poses [AHCC22,MB24]. Intuitively, for periodic functions the gradient mean is 0, and

therefore concentration in the gradient implies concentration of the cost function along

any path by integration. The reverse direction holds by application of the parameter

shift rule [MNKF18] that connects gradient to cost function value for typical PQCs.

In many ways, the BP phenomenon is related to the vanishing gradients in recurrent

neural networks [BSF94], and the problem it poses can be partially understood from a

purely classical standpoint. Like for neural networks, the optimisation loop of VQAs

relies either directly or indirectly on the gradient information to optimise the cost

function towards its minimum, and therefore one would need to determine the gradients

with exponential precision in n in order to successfully run the algorithm. On this point,

the quantum vanishing gradients become a much tougher challenge than their classical

counterpart: since the cost is calculated from an expectation value, to get a precision of

order ϵ ∈ O(2−bn) would require running the quantum circuit O(ϵ−2) = O(22bn) times.

Contrast this with classical neural networks where the cost of estimating gradients scales

with O(log(ϵ−1)) [MBS+18]. Overall this means that ansatze exhibiting BPs have a

fundamental limit to their system size, at least for uniform parameter initialisation.

Mathematically BPs emerge when the ansatz is an approximate 2-design, i.e. av-

eraging over parameter initialisations approximately returns the same first and sec-

ond moments as averaging over the Haar measure of the unitary group [RBKSC04].

Put simply, the ansatz produces circuits that are almost as random as possible. In-

deed there exists a well-established link between BPs and ansatz expressiveness: the

larger the fraction of the unitary group expressible by the ansatz, the smaller the

gradient or cost function variance [HSCC22]. This hold also when restricting to sub-

groups [LCS+22, FHC+23, RBS+23]. Ultimately BPs can be seen a manifestation of

the “curse of dimensionality” that often appears across mathematics and computer sci-

ence [Bel57]: the larger the space explored by the ansatz, the harder it is to optimise
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it.

For an recent review on BPs see Ref. [LTW+24].

2.3 Benchmarking noise

Noise is a distinguishing and thus unavoidable feature of the NISQ era. Understand-

ing the quantities and kinds of noise present during the computation is therefore of

paramount importance, informing everything from device selection to error mitigation

strategies. Characterising an unknown quantum channel is however complicated, not

least because the dimension of the space of channels scales quadratically in the Hilbert

space dimension, and thus exact characterisation quickly becomes unfeasible. For this

reason multiple benchmarking techniques have been developed that attempt to give

operationally significant measures of noise that can also be efficiently determined.

2.3.1 Quantum process tomography

We first present Quantum Process Tomography (QPT) an inefficient but simple pro-

tocol that historically was the first one to be introduced [CN97]. Briefly the protocol

aims to determine any representation of a channel from measurements. In Ref. [CN97]

they rewrite the Kraus decomposition of a channel as:

E(ρ) =
∑
i

AiρA
†
i =

∑
ij

A′
iρA

′†
j χij , (2.15)

where {A′
i} is an orthonormal basis of operators and χij is a Hermitian matrix encoding

the channel. The χ-matrix is determined by performing state tomography on {E(ρi)},

where {ρi} is a basis of states. Thus the method assumes that one can exactly produce

the intended states and measurements. Experimental realisations often yield χs corre-

sponding to nonphysical channels, to remedy this a maximum likelihood method can

be used with the constraint that the channel is CPTP [OPG+04].

The Kraus representation is just a particular choice, in practice any other repre-

sentation may be used. While this method uniquely determines the channel, it scales

poorly with the number of qubits and in practice has been limited to small systems
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like single gates or few qubit circuits [OPG+04, WHE+04]. However, in recent times

the performance of QPT has been extended to up to 10 qubits using machine learning

and tensor networks [TWA+23].

2.3.2 Gate set tomography

Gate set tomography (GST), introduced in Refs. [MGS+13, BKGN+13], is an exten-

sion of QPT that seeks to remedy some of its pitfalls, namely the fact that the states

and the measurements required for tomography may themselves be noisy or inaccu-

rate [Gre15,NGR+21]. In other words, unlike QPT, GST does not require calibrating

the states and measurements to some ideal, perfectly known quantities, but utilises

device-native states and measurements. One other difference with QPT is that, like

the name suggests, the tomography is done for the entire set of gates that can be

enacted on the device, all at once [NGR+21].

GST begins with a gateset G of initial states, gates, and measurements, represented

in vectorised form:

G = {{|ρi〉〉}, {Ej}, {〈〈Mk|}}. (2.16)

These operations are device-native and initially unknown, and is what GST seeks to

characterise. Then one selects a set of fiducial (i.e. ideal) states and measurements

{{|ρ′l〉〉}, {〈〈M ′
m|}}, not necessarily orthogonal, but required to form complete sets for

the corresponding vector spaces. It turns out that using just the native operations it

is possible to estimate 〈〈ρ′l|Ej |M ′
m〉〉, 〈〈ρ′l|ρi〉〉 and 〈〈M ′

m|Mk〉〉, thus a complete charac-

terisation of the native gateset in terms of the fiducial states. This is achieved using

sequences of gates and classical postprocessing techniques like maximum likelihood es-

timation which also allow to enforce CPTP conditions. Notably, the characterisation

is not unique but is always up to a gauge transformation given by an invertible A:

|ρi〉〉 → A|ρi〉〉}, Ej → AEjA
†, 〈〈Mk| → 〈〈Mk|A†, (2.17)

which leaves any physically observable quantity invariant [Gre15,NGR+21].
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2.3.3 Randomised benchmarking

Tomographic techniques like QPT and GST can comprehensively characterise noise,

however they suffer from an unavoidable exponential scaling with number of qubits n

which limits their applicability to very small systems. This is because a superoperator

between operators in a Hilbert space of dimension 2n has dimensionality O(24n). Ran-

domised benchmarking (RB), in contrast, does not aim to completely characterise the

channels but instead to return a compact representation of noise in a circuit, and as

such has found a wide applicability in the NISQ era.

To be specific, for a single quantum gate, the RB protocol returns its average gate

fidelity, that is the gate fidelity averaged over all input states. If the gate channel is E ,

the average gate fidelity is measured as:

F̄E =

∫
U
Tr{U |0〉〈0|U †E(U |0〉〈0|U †)} dU, (2.18)

where the average is over the Haar measure for the unitary group U(d). The con-

jugation of a channel by a random unitary is sometimes called twirling. This is the

original approach to RB as introduced in Ref. [EAŻ05]. For E an arbitrary depolaris-

ing channel, twirling has the effect of converting E to a symmetric depolarising noise

channel [EAŻ05]:

Ē(ρ) =
∫
U
U †E(UρU †)U dU = (1− p)ρ+ p

1

d
, (2.19)

with depolarisation probability p related to the average gate fidelity:

p =
1− F̄E

1− 1
d

. (2.20)

Averaging over the unitary group however is impractical. Luckily there’s a solution:

since the fidelity depends twice on U , a unitary 2-design may be used, the most well-

known example being the Clifford group [DCEL09,KLR+08]. Small (1-2 qubits) Clifford

gates are easy to implement natively on most devices and also have the advantage of

being classically simulatable.
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The typical RB protocol thus selects a Clifford gate G ∈ U(d) to be benchmarked,

and starting from a fixed initial state implements sequences composed of m repeated

applications of G conjugated by random Clifford gates R1, ..., Rm:

Sm = Rc
mGRm · · ·Rc

2GR2R
c
1GR1, (2.21)

Rc
i = GiRiG

†
i is a Clifford gate that ensures that the random gates add up to no

net unitary transformation, and would have no effect if G is noiseless. However in

real devices G is a noisy quantum channel that gets twirled by the random gates and

therefore can be written as a noiseless unitary followed by a symmetric depolarising

channel.

In a single benchmark several such random sequences of varying lengthm are applied

and the final state is measured in such a way to estimate the probability pm that

the sequence yields the correct state (from classical simulation), also called survival

probability. The different estimates as a function of m are then used for an exponential

regression, the decay rate being related to the depolarising coefficient p and therefore the

average gate fidelity [KLR+08]. The RB protocol is very robust to state preparation and

measurement (SPAM) noise [MGE12], and deviations from exponential decay for the

survival probability signal breakdown of the Markovian assumptions of noise [Wal18].

RB is much less demanding than full tomography, however in practice it is limited to

small Clifford gates, since realising n-qubit Clifford gates requires O(n2/ log n) primitive

gates and so the fidelity decreases rapidly with n [PSR+22]. Still, RB of 1- and 2-

qubit gates is the de-facto industry standard for assessing and reporting the quality of

quantum computing devices [PCDR+19].

2.4 Error mitigation

Arguably quantum error mitigation (QEM) for NISQ is the natural counterpart to error

correction for long-term devices. As the nomenclature suggests, while error correction

seeks to eliminate errors (or at least exponentially suppress them), error mitigation is

any practice that can reduce the impact of errors on the calculation. The underlying
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implication is that NISQ devices are far too noisy and small scale for fault tolerance,

therefore we must settle for methods that reduce but do not eliminate the effects of

quantum noise. This was seen as sufficient because of the aforementioned narrative on

the noise resilience of VQAs, according to which these algorithms may still work even

with some noise present. Indeed QEM can be applied very naturally to VQAs, as most

techniques seek to reduce the effect of noise on quantum expectation values. One point

of note is that such techniques must be applied to a fixed quantum state and therefore

in a variational algorithm they have to be repeated for every parameter value.

2.4.1 Zero Noise Extrapolation

To review the most widely used QEM algorithms, we begin with Zero Noise Extrapola-

tion (ZNE), proposed independently in Refs. [TBG17,LB17]. Here we let the quantum

state ρ depend on a noise parameter λ, such that ρλ=1 corresponds to the state output

by the real (noisy) device and ρλ=0 is the ideal (noiseless) state. Then the expectation

value of an operator M may be Taylor expanded in powers of λ:

Tr{Mρλ} = Tr{Mρ0}+
∞∑
i=1

λi

i!

di

dλi

∣∣∣∣
0

Tr{Mρλ}. (2.22)

Now the linear approach assumes that the series can be approximately truncated at

the first order:

Tr{Mρλ} ≈ Tr{Mρ0}+ λ
d

dλ

∣∣∣∣
0

Tr{Mρλ}, (2.23)

and the slope may be estimated by artificially increasing the noise in a controlled

manner to λ = r > 1, which may be done for instance by extending gate times or by

adding filler operations that add up to unitary. This is done multiple times obtaining

different expectation values, which are then linearly extrapolated to find Tr{Mρ0}.

This is the approach suggested by Ref. [LB17], Ref. [TBG17] instead uses a different

linear extrapolation technique based on Richardson extrapolation. Some variations of

ZNE with improved performance include ZNE with exponential extrapolation [EBL18]

and digital ZNE [GTHL+20] which can be implemented at circuit level. The success of

exponential ZNE in practice is notable because it shows that the linear approximation
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may not hold on NISQ devices.

2.4.2 Probabilistic Error Cancellation

Probabilistic Error Cancellation (PEC) was also introduced in Ref. [TBG17]. The idea

is to express a clean circuit using a (quasi)probabilistic mixture of noisy ones. More

precisely, it is assumed that we can decompose an intended unitary channel as:

U =
∑
i

ηiŨi, (2.24)

where ηi ∈ R are expansion coefficients. This is true whenever the noisy channels Ũi
form a sufficiently large basis in the space of quantum operations. Then one can rewrite

the noiseless expectation value in the quasiprobability representation (QPR):

Tr{MU(ρ)} = γ
∑
i

sipiTr{M Ũi(ρ)}, (2.25)

where si = sign(ηi), γ =
∑

i |ηi| ≥ 1 is a scaling factor and pi =
|ηi|
γ is a probability.

Assuming we can produce the noisy expectation value with the circuit and the decom-

position coefficients are known, the noiseless expectation value may be approximated.

A more practical point of view on the QPR comes from assuming that for any

unitary channel U the noisy quantum device implements Ũ = DU where the noise D

is independent of the unitary. Then one selects correction unitary channels Ci and

coefficients ηi to invert the noise:

∑
i

ηiCi = D−1. (2.26)

By setting Ũi = C̃iU one obtains an appropriate QPR [EBL18]. Note that however

there exist channels that cannot be inverted, such as reset channels.

Ref. [TBG17] provide decompositions for the case of symmetric depolarising and

amplitude damping noise on up to two qubits. PEC was subsequently updated in

Ref. [VDBMKT23] to cover arbitrarily circuits, by constructing, via benchmarking a
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sparse representation of noise in the Pauli basis adapted to hardware connectivity. The

resulting compact Pauli noise model can be efficiently inverted to yield a suitable QPR.

More recently the method was successfully applied to a large 127 qubit time evolution

experiment by IBM, alongside ZNE [KEA+23].

2.4.3 Clifford Data Regression

Another technique that like ZNE utilises a linear approximation to invert the effect

of noise is Clifford Data Regression (CDR). Introduced in Ref. [CACC21], given a

quantum circuit the idea is to create a linear model that takes noisy expectation values

as input:

f(Tr{M Ũ(ρ)}) = a1Tr{M Ũ(ρ)}+ a2. (2.27)

and aims to approximate Tr{MU(ρ)} on unseen samples, therefore serving as a de-

noising model. The model is trained by least-squares regression on data gathered from

circuits similar to the target one, chosen such that the noiseless circuit can be simulated

classically. Specifically the suggestion is to substitute some non-Clifford gates by the

closest Clifford gate, since Pauli expectation values of circuits with t non-Clifford gates

can be simulated in time 2Ω(t) [BBC+19]. Given a set of such circuits {Ci}i, the dataset

for regression is:

D = {(Tr{M C̃i(ρ)},Tr{MCi(ρ)})}i, (2.28)

with the noisy expectation values sampled from the device and the noiseless ones ob-

tained from the classical simulator. The regression then minimizes the loss

L =
∑

(X ,Y)∈D

(Y − f(X ))2 (2.29)

by finding the best-fit parameters (a1, a2).

The rationale for CDR is that some channels like the symmetric depolarising one

lead precisely to a linear relationship between noisy and noiseless expectation values.

Specifically, as shown in Ref. [CACC21], m layers of symmetric depolarising noise with
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depolarising probability p lead to coefficients

a1 =
1

(1− p)m
, a2 = −

1− (1− p)mTrM

d(1− p)m
(2.30)

where d is the size of the Hilbert space.

2.4.4 Randomised compiling

Randomised compiling takes the core idea of randomised benchmarking, using twirling

to convert complex noise channels into simpler ones, and applies it to noise mitiga-

tion. The reason is that in many situations it is preferable to be able to treat noise

as simple decoherent channels as opposed to having arbitrary noise. One example

for the fault-tolerant era is that most quantum error correction codes have been de-

signed to correct Pauli errors. Furthermore, as mentioned previously, in the fault-

tolerant setting coherent errors are believed to be more destructive than decoherent

errors, since they accumulate quadratically instead of linearly and therefore require

longer code distances [Got19]. These are the motivations behind randomised compil-

ing [WE16], which is thus a method that finds more use in fault-tolerant algorithms than

for VQAs [JIBE23], also because there are good theoretical arguments for the latter

being resilient to coherent errors since the optimization can partially correct them (see

Chapter on VQAs). Yet it is useful to briefly review the basics of randomised compiling,

both because some NISQ algorithms like quantum simulation may benefit [HNM+21],

and to get further intuition on quantum noise.

Randomised compiling utilises twirling to obtain simpler effective noise channels.

However, since reduction to Pauli channels is sufficient for most purposes, instead of

Clifford gates the much simpler Pauli gates are used, leading to Pauli twirling:

Ẽ(ρ) = EP∼PnPE(PρP )P. (2.31)
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It can be shown that Ẽ is a Pauli channel: there exists a probability vector p such that:

Ẽ(ρ) =
4n∑
i=1

piPiρPi. (2.32)

In practice this is done by compiling the quantum circuit into alternating layers of less

noisy “easy” gates Ci and more noisy “hard” gates Gi; the latter are error-mitigated

while the former are used for mitigation. In Ref. [WE16] the hard gates are Cliffords

(such as Hadamard and CNOT) and the easy gates arbitrary products of single-qubit

rotations on all qubits. This gateset is universal and so any circuit may be compiled

with it. At each round the easy gates Ci are modified such that they enact a random

conjugation by Pi ∈ Pn on the hard gates. The algorithm’s gate sequence is modified

to:

CmGm · · ·C1G1C0 → C̃mGm · · · C̃1G1C̃0, (2.33)

where C̃i = PiCiP
c
i is the new easy gate and like before P c

i = GiP
†
i−1G

†
i compensates

for the net unitary rotation, but this time is Pauli since the Clifford group normalises

Pn. Selecting different random Paulis for each circuit run leads to the intended Pauli

twirling of the noise channels on the hard gates Gi [WE16].

2.4.5 Other techniques

Symmetry verification refers to QEM techniques, predominantly for algorithms in quan-

tum chemistry like VQE, where errors are mitigated by knowledge of the symmetries

that the noiseless output state should obey. The mitigation occurs either by projecting

onto the symmetric subspace throughout the quantum circuit, which requires mid-

circuit measurements, or more simply via postselection of the final state [BMSSO18,

SBMS+19]. The method has also been applied to QAOA which also offers symme-

tries [KLGS22].

Another method that, while not specifically created for this purpose, can improve

the resilience of VQE to noise is quantum subspace expansion [MKSCD17]. In this

method the final state |Ψ〉 found via VQE is expanded into a subspace by applying
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fermionic operators:

S = {|Ψ〉} ∪ {a†jai|Ψ〉}i ̸=j ∪ {a†ka
†
jalai|Ψ〉}i ̸=j ̸=k ̸=l ∪ · · · , (2.34)

up to a predetermined order. The Hamiltonian is that projected onto this subspace

giving a generalised eigenvalue problem (since the vectors may not be orthogonal),

which can be solved classically for low orders. This may be used to find excited states

or, in the presence of noise, to attempt to find a new improved solution for the original

ground state problem. QSE may also naturally be combined with symmetry verification

techniques [MKSCD17].

Virtual distillation, introduced simultaneously in Refs. [Koc21,HMO+21], refers to

protocols that reduce errors by calculating expectation values, instead on a noisy ρ, on

the state:

ρ(m) =
ρm

Trρm
, (2.35)

where all eigenvalues except the dominant one are exponentially suppressed. With

the assumption that the dominant eigenvalue is the noiseless state, this improves the

solution quality. This is achieved by preparing m copies of the state and performing

various techniques for estimating Tr{Mρ(m)}.
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Noise and optimization
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Chapter 3

Numerically evaluating noise

resilience

This Chapter explores the impact of noise on variational quantum algorithms, specif-

ically looking at changes in the landscape and at convergence under different noise

models. An attempt is made at creating simple models for understanding these effects.

Some new interesting phenomena are seen with noise: notably the presence of multiple

local minima with a range of cost function values, which can cause sharp transitions in

the converged parameters beyond some noise thresholds, and an inherent resilience to

noise when the circuit is overparameterised.

This Chapter is based on Ref. [FFR+21b].

3.1 Methods

3.1.1 Noise model

Recall from Chapter 1 that the ansatz of a VQA without noise is a parameterised

unitary operator U(θ), with the vector θ representing the used parameters, that is
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applied to a fixed initial state ρ0 to yield a desired output state:

ρ(θ) = U(θ)ρ0U(θ)†. (3.1)

Equivalently, we can associate to the unitary a superoperator Uθ. Decomposing the

PQC in its constituent gates, the overall quantum operation can be written as a com-

position of superoperators:

ρ(θ) = U(θ) (ρ0) = UL
θL
UL−1
θL−1

· · · U1
θ1

(ρ0), (3.2)

where each unitary is independently parameterised. In a slight abuse of notation we

omit the map composition symbol.

The cost function, C(θ), typically corresponds to the expectation value of an op-

erator O for the prepared state. The classical optimiser then attempts to find the

minimum of the real-valued cost function:

C(θ) = Tr[O ρ(θ)]. (3.3)

Eqs. (3.2) and (3.3) encapsulate the unitary dynamics of a closed system representing

a noiseless quantum computer. Here we simulate this on a classical machine, which can

be achieved by representing the operators in the equation as matrices and performing

the operations numerically.

A real quantum computer is an open quantum system; therefore, our basic unitary

evolution needs to be expanded with a noise model. Here we construct the model

by interleaving noiseless operations and noisy quantum channels that aim to replicate

decoherent processes in quantum computers. Indicating the effect of noisy quantum

channels as Λl, with the integer l indexing the specific channel, Eq. (3.2) is modified

to:

ρ(θ) = ΛLUL
θL

ΛL−1UL−1
θL−1

· · ·Λ1U1
θ1
Λ0 (ρ0). (3.4)

For simplicity we use identical noise channels throughout the circuit evaluation. This
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also makes sense because we will apply these channels only after 2-qubit gates in our

experiments, which will always be the same type of gate (CNOT), and therefore we can

assume a similar noise profile. Each of these spans all the qubits in the system, and is

defined as the application of an identical one-qubit noise channel to every qubit:

Λ (ρ) =

(
N⊗
i=1

Λ(i)

)
(ρ), (3.5)

where Λ(i) is the one-qubit channel acting on the ith qubit, ρ is the input state and

N is the number of qubits. This is termed a product channel [ZYZP19]. The same

approximation is used in Ref. [BD08], and is valid when qubits are sufficiently separated

physically and there is only small cross-talk. Note that, again for simplicity, we have

also assumed that the noise is identical on every qubit, however in general the qubits

of a real quantum computer have noise characteristics that can differ significantly from

one another [AAB+19]. In our approach we neglect cross-talk and coherent errors, as

our main focus is on decoherent noise channels. Similarly, we do not consider readout

noise, even though this is an important feature of real quantum devices [AAB+19]. The

justification for this choice is that readout noise is independent from ansatz design, while

the main question of this Chapter is to address the effect of a noisy ansatz itself. We

also neglect finite sampling (shot) noise, which allows us to employ exact statevector

simulations.

We consider three types of noise channels: amplitude damping, phase damping, and

symmetric depolarising channels. Two common metrics of qubit quality, the longitudi-

nal relaxation (T1) and dephasing (T2) times, can be related directly to amplitude and

phase damping [HdSS02,SSMAG16,RJV+20]. Symmetric depolarising noise describes

a decay to a completely mixed state, and hence is useful as a prototypical decoherent

channel [NC10].

We make use of the Kraus operator formalism (Sec. 1.3.2) to apply these channels

onto the quantum state. In our implementation, the operators are parameterised by

γ ∈ [0, 1], representing the strength of the noise. A value of 0 represents no noise (and

hence an identity channel), while a value of 1 is maximal in the sense that the output of
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the noise channel corresponds to the fixed point of the channel. For amplitude damping,

this is the state |0〉〈0|, for dephasing it is any linear combination of |0〉〈0| and |1〉〈1|,

and for symmetric depolarising it is the completely mixed state.

As a simplification, we apply noise only on two-qubit gates. This is justified by

physical considerations valid for most hardware systems, where 2-qubit operations are

considerably slower than the 1-qubit ones, and have a much higher noise rate, usually by

an order of magnitude in their gate fidelity figures [TQ18]. Consistently with previous

work [DH21,BD08], we place a noisy channel after the gate, ensuring that at maximum

noise the state output by the circuit will be unentangled even for non-depolarising noise

channels like phase and amplitude damping.

3.1.2 VQE

The first system we will examine is VQE. The results are presented in Sec. 3.2.1. The

VQE algorithm seeks to identify the ground state of a given Hamiltonian H, by setting

O = H in Eq. (3.3) and minimising the cost function C(θ). The value of C(θ) itself is

thus a good measure of the quality of the solution.

To assess the quality of the output after convergence we also consider the fidelity

with respect to the exact ground state of H. The fidelity is a measure of closeness

between states, given two states ρ and σ it is defined as [Joz94]:

F (σ, ρ) :=

(
Tr
√√

ρ σ
√
ρ

)2

= Tr [σρ] ,

where the last equality is valid whenever one of the two states is pure. For ρ and σ

both pure, it has the minimum value of 0 when they are orthogonal and 1 when ρ = σ.

Assuming the Hamiltonian is non-degenerate, if we denote the exact ground state as

|ψgs〉, the fidelity of the output state corresponds to:

F (θ) = 〈ψgs| ρ(θ) |ψgs〉 . (3.6)

Finally, since in VQE we are almost exclusively interested in Hamiltonians with entan-

gled ground states, we use entanglement as a further important test of the quality of the
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output state. If we have a 2-qubit system, there exists a broad selection of measures

of bipartite entanglement. Since the noisy circuit produces mixed states, we choose

one that is valid in this regime, namely the concurrence, Q(ρ) [HW97]. The concur-

rence is frequently used in literature, as it is monotonically related to entanglement

of formation, a meaningful measure of entanglement, while being easier to calculate in

practice [CKW00,Woo98,LKL+17]. It has the closed form:

Q(ρ) := max(0, λ1 − λ2 − λ3 − λ4). (3.7)

Here λi are the eigenvalues, in decreasing order, of the Hermitian matrix
√√

ρρ̃
√
ρ,

where ρ̃ is the spin-flipped density matrix (σy⊗σy)ρ∗(σy⊗σy), with ∗ indicating complex

conjugation. Q(ρ) = 0 if and only if ρ is a linear combination of product states, and

Q(ρ) = 1 if and only if ρ is a Bell state [Woo01].

When working with more than 2 qubits we cannot directly apply concurrence since

it is specifically valid for 2-qubit systems. Out of the several possible measures of

multi-qubit entanglement [LVS+07], we choose the maximum concurrence taken over

all pairs of qubits in the system [YYE07,MM19] as a natural extension of concurrence

that is simple to calculate and to interpret. In particular if the maximum pairwise

concurrence is zero then the state has no bipartite entanglement across any partition

(however it may still have multipartite entanglement).

Initially we consider the following Hamiltonian on two qubits:

H2 = σ̂1z σ̂
2
z + σ̂1x + σ̂2x. (3.8)

This is an example of a transverse-field Ising Hamiltonian [HPK13], and appears in

this form in dynamical mean field theory (DMFT) simulations of the single-impurity

Anderson model (SIAM) for its 2-electron ground state [RFC+19]. Since this minimal

Hamiltonian has an entangled ground state, it forms an ideal starting point for the

investigation of the effect of noise. As will be shown in the subsequent sections, the

conclusions found here are applicable also to wavefunctions obtained with more compli-

cated Hamiltonians. Furthermore, as the Hamiltonian is real and nondegenerate, the
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Λ

Λ

Λ

Λ

Λ

Λ

Figure 3.1: Circuit ansätze used for state preparation on two qubits. Circuits (a) and
(b) have 3 rotation parameters, and the circuit in (c) has 4 rotation parameters. In the
noiseless case they all allow to cover the full real-states space of two qubits, and hence
allow to construct any real 2-qubit state. There is one noise channel applied after the
CNOT gate, as indicated by the Λ blocks on each qubit.
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ground state will be a real vector too. This is because:

H|ψgs〉 = Egs|ψgs〉
∗−→ H∗|ψgs〉∗ = E∗

gs|ψgs〉∗

=−→ H|ψgs〉∗ = Egs|ψgs〉∗

nondeg.−→ |ψgs〉∗ = |ψgs〉.

Thus we can restrict our choice to just those circuits that always output a real wave-

function, enabling us to significantly reduce the number of parameters.

As ansätze we choose the three circuits shown in Fig. 3.1, each of which can be

shown analytically to be able to prepare any possible real 2-qubit state. These ansätze

include two inequivalent 3-parameter circuits, termed circuit (a) and (b), which differ on

the position of the final rotation gate. We also consider a 4-parameter circuit that has

rotations on both qubits before measurement. This latter circuit is over-parameterised,

since it has one extra parameter compared to the previous two, and therefore allows us

to explore the impact of redundant parameters.

The VQE algorithm is implemented using an exact density matrix simulator, which

allows the use of a gradient-based classical optimiser, specifically the

Broyden–Fletcher–Goldfarb–Shanno (BFGS) optimiser in our case [Bro70,Fle70,Gol70,

Sha70]. The algorithm is evaluated on a range of γ ∈ [0, 1], for phase, amplitude

damping and symmetric depolarising noise, for all the ansatz circuits.

We also perform VQE on a larger 4-qubit, 2-local Hamiltonian:

H4 = σ̂1z σ̂
3
z +

1

2
(σ̂1xσ̂

2
x + σ̂1y σ̂

2
y + σ̂3xσ̂

4
x + σ̂3y σ̂

4
y). (3.9)

This Hamiltonian describes a similar physical system as H2 [RFC+19] and is similarly

real. The chosen state preparation ansatz circuit is shown in Fig. 3.2, and gives the

exact energy in the noiseless case [RFC+19].

3.1.3 Random target state

Next we will investigate how noise affects a variational algorithm for solving a more gen-

eral task. We consider random state fidelity optimisation, where, rather than choosing
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Λ

Λ
Figure 3.2: Circuit used for the 4-qubit Hamiltonian VQE simulations. We apply a
noise channel on all qubits after each CNOT gate.

a specific Hamiltonian and evaluating its ground state, we select at random a pure tar-

get state ρT. This approach allows to estimate how closely ground state wavefunctions

of arbitrary Hamiltonians can be reproduced with a given circuit ansatz in presence of

noise. The results are presented in Sec. 3.2.2.

The optimisation procedure is modified to maximising the fidelity F (ρT, ρ(θ)).

Equivalently, the problem can be formulated as a minimisation of the infidelity, defined

as:

R := 1− F, (3.10)

and hence the cost function is:

C(θ) = R(ρT, ρ(θ)) := 1− F (ρT, ρ(θ)). (3.11)

We consider pure target states, so a VQE cost function can be used by choosing O =

1− ρT.

We then extend this to the case where one is provided with a set of nT pure target

states sampled from a uniform distribution. As figure of merit we use the average

optimal infidelity over the set, which we define as:

R̄ =
1

nT

nT∑
n=1

min
θ
R(ρT,n, ρ(θ)), , (3.12)
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Figure 3.3: Circuit block used for the random target state fidelity maximisation algo-
rithm; shown is one layer of the ansatz, which is repeated a number L times in the full
ansatz. The noise channels are added to each qubit after the CNOT gates.

where ρT,n is the target state with index n. The same measure has been used in

Ref. [GZB+20]. We use a set of target states instead of a single target state since

we are investigating the capability of the ansatz to prepare a variety of states, as

it is intended as a general purpose ansatz in the style of the HEA. For each target,

the optimisation procedure is run in presence of noise. R̄ = 0 would imply that the

quantum circuit can represent any state in the ensemble exactly. The addition of noise

is expected to increase R̄, as mixed states cannot have perfect overlap with pure states.

As the distribution of target states, we consider the Haar distribution, which is the

unique uniform distribution over a space of pure quantum states [DCEL09]. More

precisely, the ensemble consists of 1000 real states generated by sampling a random

orthogonal matrix from the circular real matrix distribution, the Haar distribution

over real orthogonal matrices [Res], and picking its first column.

We choose a hardware-efficient ansatz [KMT+17] consisting of an identical layer

of 4 rotation gates and 3 CX gates, repeated L times, as illustrated in Fig. 3.3. The

choice of this specific structure is motivated by its high expressibility as demonstrated in

Ref. [SJAG19], and by its compactness, which reduces the number of noise channels per

layer. Indeed, the first two CX gates can be executed in parallel, and hence according
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to our noise model we insert only two noise channels per layer. Hardware-efficient

circuits dense in parameterised operations are well-suited for preparing general quantum

states [MEAG+20, RBM+19, M+18]. In our experiments, the circuit depth L ranges

from 1 to 5 to explore ansätze with different expressiveness.

We consider again phase damping, amplitude damping and symmetric depolarising

noise, and use the same density matrix simulator and local gradient-based minimiser

that we employed in the VQE simulations. We perform two types of numerical sim-

ulations: in the first, we optimise the circuit without noise to obtain the optimal

parameters for the ideal case but evaluate the infidelity using the noisy circuit (“non-

reoptimised”); in the second type we start from the same noiseless optimum and then

reoptimise the circuit by performing gradient descent with the noise channels in place

(“reoptimised”). The non-reoptimised cost function provides an upper bound to the

reoptimised cost function, and the two will be equal only if the location of the minimum

is unaffected by noise. In order to isolate the effect of noise from other contributions to

the infidelity, we consider the average optimal relative infidelity R̄rel, which we define

as:

R̄rel := R̄− R̄id, (3.13)

where R̄id indicates the infidelity evaluated in the ideal noiseless case.

3.2 Results

3.2.1 VQE

Analytically we calculate the exact ground state energy to be Egs = −
√
5 ≈ −2.236, and

the concurrence to be Qgs = 1√
5
≈ 0.447. We verified that the numerical simulations

with our used ansätze reproduce these analytical results exactly for γ = 0. The outcome

of the noisy VQE simulation is shown in Fig. 3.4 for all state preparation circuits of

Fig. 3.1. Straight away, we notice clear differences between the noise channels. In

all measures of state quality, phase and amplitude damping channels are the least

destructive, while the symmetric depolarising channel has a much more dramatic effect.

We perform a comprehensive search of the parameter space, allowing us to identify
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Figure 3.4: Energy, fidelity and concurrence as function of the noise parameter γ for the
all energy minima found for the 2-qubit circuits with 3 and 4 gates (Fig. 3.1), obtained
applying the three different indicated noise types. We plot all the obtained local minima
in the energy landscape, so that at a given value of γ there can be multiple points for the
same circuit. For symmetric depolarising noise there is no circuit-dependent difference,
and hence only one curve is visible as all curves overlap.
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all the local minima in the energy landscape, which we represent by plotting multiple

points for the same value of γ. The number of local minima also shows a clear depen-

dence on the noise type. Amplitude damping noise reveals local minima that branch

out at low noise levels, resulting in multiple points for the same noise value. Addition-

ally, the number of minima depends on the circuit: although difficult to deduce from

the figure, by numerically analyzing the results we find two solutions for circuits (a)

and (b), and three solutions for the 4-parameter circuit. Symmetric depolarising and

phase damping noise instead present a single global energy minimum.

While for symmetric depolarising noise there is no dependence on the circuit, for

phase and amplitude damping noise the quality of the prepared state depends strongly

on the used circuits. The fact that circuits (a) and (b) give different results shows that

in presence of noise, shifting a rotation gate from one qubit to another can improve the

quality. Furthermore, we consistently see that one of the solutions of the 4-parameter

circuit is significantly better than any solution in the 3-parameter circuits, in all mea-

sures of state quality. This indicates that for this system the over-parameterised circuit

with one redundant angle of rotation exhibits improved capabilities of noise mitigation,

or equivalently a higher noise resilience.

To determine how these findings generalise to higher qubit counts we perform the

same analysis on the four-qubit system given by H4, which also has ground state energy

Egs = −
√
5. As explained in Sec. 3.1.2, since we are dealing with a system larger than

2 qubits we employ the maximum pairwise concurrence as a measure of entanglement.

We find that the maximum pairwise concurrence of the new ground state is Qgs =
2√
5
≈

0.894.

The results for maximum concurrence are shown alongside the results for energy

and fidelity in Fig. 3.5. We see that the effect of the three types of noise channels on the

state optimisation is very similar to the 2-qubit case. In particular, amplitude and phase

damping have a less destructive impact than symmetric depolarising. Furthermore, the

4-qubit system exhibits multiple local minima at low noise for amplitude damping that

are absent for phase and symmetric depolarising noise. However, compared to the

2-qubit system, the number of local minima is now larger and their appearance and
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disappearance more irregular.

3.2.2 Random target states

Initially we consider the noise levels γ ∈ {0.1%, 1%, 5%, 10%}, which span the range

of noise found in current devices [DH21]. The results are shown in Fig. 3.6. In the

figure we present the average optimal fidelity for each γ for the three types of noise

channels, where the vertical bars indicate the standard deviation over the ensemble.

For comparison, we also plot the result for the noiseless case (γ = 0). We consider the

two separate cases of noiseless training with noisy evaluation (non-reoptimised), and

noisy training with noisy evaluation (reoptimised). By construction the reoptimised

results are always better or equal to the non-reoptimised ones, as the former will take

into account any noise-induced change in the cost function landscape. Comparing both

results thus gives an insight on the degree to which noise affects the landscape, and on

to what extent a variational algorithm can compensate for it. From Fig. 3.6 we can

see that the reoptimised results in general improve significantly on the non-reoptimised

ones.

We can observe that for L ⩾ 4 the noiseless fidelity is maximised for all the target

states and equal to one, with zero standard deviation, showing that for such overpa-

rameterised circuits any target state can be essentially exactly prepared. For L < 4 on

the other hand the circuit does not reach all target states even without noise, and the

standard deviation increases as L decreases. As expected, the addition of noise further

reduces the average fidelity in all plots, with a larger noise level resulting in bigger

deviation from the noiseless fidelity. For the non-reoptimised case, with all types of

noise the fidelity reaches a peak in L, corresponding to the optimal circuit depth in

presence of noise. Interestingly, in the case of phase and amplitude damping noise with

reoptimisation, the fidelity continues to increase with the number of layers, even for

high noise levels.

We also explore noise down to γ = 10−4, which is representative of the higher quality

end of current quantum devices [DH21]. Here we directly compare the relative infidelity

as a measure of the effects of noise only, as a function of layers. The results for phase
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Figure 3.5: Energy, fidelity and concurrence as function of the noise level γ for all the
energy minima found for the 4-qubit VQE simulations with the circuit shown in Fig. 3.2,
obtained applying the three different indicated noise types. We plot all the obtained
local minima in the energy landscape, so that at a given value of γ there can be multiple
points for the same circuit. Some points are missing due to imperfect optimisation, and
due to the fact that local minima can appear and disappear for increasing noise levels.
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Figure 3.6: Fidelity vs number of layers, L, at realistic noise
levels, for the circuit ansätze illustrated in Fig. 3.3 (γ =
0% (blue), 0.1% (orange), 1% (green), 5% (red), 10% (purple)). The plots in the
first column are for phase damping noise, the second column plots are for amplitude
damping noise, and the third column plots are for symmetric depolarising noise. The
top row of plots are for non-reoptimised parameters, in the second row of plots the
rotation parameters are reoptimised at each noise level, and the in the third row of
plots the linear noise model results are presented. Each point shows the average over
1000 target states, and the vertical bars at each point indicate the standard deviation.
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Figure 3.7: Relative infidelity as function of number of layers, L, for different levels γ
of phase damping noise. The solid curves are for noise-aware reoptimised parameters,
the dash-dotted curves are for parameters fixed at their values optimised in absence of
noise (non-reoptimised), and the dashed curves indicate the results of the linear noise
model. Each point shows the average over 1000 target states, and the vertical bars at
each point indicate the standard deviation.

Figure 3.8: Relative infidelity vs layers, for a) amplitude damping noise and b) sym-
metric depolarising noise, for different values of the noise level γ (γ = 10−4 (blue, low-
ermost), 10−3 (orange, third from top), 10−2 (green, second from top), 10−1 (purple,
uppermost)). The solid curves are for noise-aware reoptimised parameters, the dash-
dotted curves are for parameters optimised in the absence of noise (non-reoptimised),
and the dashed curves indicate the results for the linear noise model. Each point shows
the average over 1000 target states, and the verical bars at each point indicate the
standard deviation.

damping noise are shown in Fig. 3.7. The relative infidelity reaches a peak at L = 4

for the reoptimised case, while for the non-reoptimised case it increases monotonically.
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3.2.2.1 Noise-induced state transitions

In the energy-based optimisation (Sec. 3.2.1) we observed that under symmetric de-

polarising and amplitude damping noise, there exists a threshold γ < 1, past which

the algorithm converges to a non-entangled state, corresponding to an undesired noise-

induced transition. It is important to verify whether a similar phenomenon appears for

the fidelity maximisation with general target states, as to determine that it is a gen-

eral phenomenon in VQA optimisation and not specific to VQE. We therefore choose a

target state at random from the distribution, and plot the fidelity of the output state

after optimisation as a function of noise. The results are shown in Fig. 3.9 for phase

damping noise, γ ∈ [0, 0.1] and L = 3. In Fig. 3.9a we show fidelity and concurrence,

and in Fig. 3.9c we show a representative subset of the parameters optimised at each

γ. In Fig. 3.9b we show fidelity and concurrence evaluated without noise, but with the

circuit rotation parameters optimised with noise (Fig. 3.9c).

We indeed observe a noise-induced transition in the example considered as a discon-

tinuity in the concurrence values (red line in Fig. 3.9a), which appears at a much lower

noise level threshold (γ ≈ 0.04) than in the VQE simulations. This transition is also

visible in the converged parameter values (Fig. 3.9c) and the resulting quality measures

evaluated for those parameters without noise (Fig. 3.9c). However, the state after the

transition is still entangled, and indeed the concurrence behaves in a nontrivial way,

highlighting that the transition is more complex in the general case. We note that the

detailed behaviour depends on the specific target state, and other examples of such

transitions display different behaviours, ranging from sharp thresholds to smoother

transitions (see Appendix A.2). There are also target states for which no well-defined

transition can be observed.

From the point of view of the cost function landscape, is likely that such transitions

are caused by the increased noise shifting the position and the energies of the local

minima, or creating new local minima, such that optimiser converges to a completely

different set of parameters.
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Figure 3.9: Evolution of fidelity and concurrence at convergence for fidelity optimisation
at different strengths γ of phase damping noise, for a single random target state at
L = 3. Four indicative optimised rotation angles are shown in the bottom panel (c) to
illustrate the evolution of the optimal parameters with increasing noise. The resulting
fidelity and maximum pairwise concurrence are shown in the top panel (a). The central
panel (b) shows the measures evaluated without noise for the angles optimised at each
γ value. A discontinuity in the slope of both state quality measures and converged
angles is found at γ ≈ 0.04, which therefore corresponds to the threshold γ value for
this state and circuit, above which linear extrapolation of the properties to zero noise
is not possible.
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3.2.2.2 Linearised model

To provide further insight in our numerical results for optimisation with random target

states, here we present a model for the infidelity at small γ. In Appendix A.1 we

formulate a model that approximates noise propagation as linear, in the sense that

each noise channel contributes an additive factor to the final relative infidelity. This

comes from taking a first-order expansion of a noise channel’s output in the noise

parameter, and gives a formula for infidelity that is consistent with the assumption

that fidelity is multiplicative, common in the literature [CDWE19, AAB+19, ZSW20].

The resulting formula for the fidelity depends however on the precise states acted by

each noise channel; furthermore, we are interested in the infidelity averaged over an

ensemble of circuits, each optimised towards a random target state. We thus make the

simplification that the state at every layer can be described with the same distribution

of target states. This is clearly inaccurate, however as we will see it leads to an effective

model at low noise and large depth.

Overall the linearised model gives an estimate for the average relative infidelity and

its variance as:

R̄rel ≈ αγ d, (3.14)

∆2
rel ≈ β γ2d2, (3.15)

where α and β are constants obtained from the target state distribution and the noise

channel, and d is the number of noise channels, which for our ansatz is d = 2L. In Ap-

pendix A.1 we provide a detailed description including the procedure for the calculation

of α and β, together with their numerical values obtained for our systems.

We plot the expectations of the model for the fidelity in Fig. 3.6 (bottom row

of panels), and for the relative infidelity in Fig. 3.7. Overall the model captures the

numerical trends rather well. As expected from the model being a linear approximation,

it describes better the behaviour of the fidelity at low noise levels, while for higher

noise levels the deviations compared to the numerical results become larger. Since the

model is formulated under the assumption of no noisy optimisation, it matches the
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non-reoptimised results much better than the reoptimised ones. In the latter case, the

trend is similar until L < 4, however it diverges significantly for larger L, since the

model does not include the improvement of fidelity due to parameter reoptimisation

with the number of layers for phase and amplitude damping noise.

A further effect of the noisy optimisation that the linear model cannot capture is

the sudden transition to more noise-resilient set of parameters above a noise threshold,

as observed in Fig. 3.9. This suggests the existence of an upper bound to the noise

level that such simplified models can adequately describe: past the transition, the noisy

state fidelity and energy cannot be extrapolated back to the noiseless state, as it can be

seen from the plots. However, as these transitions happen at different noise values de-

pending on the circuit, the noise and the loss function, we expect that the precise upper

bound will be highly dependent on the setting. For noise mitigation techniques that

extrapolate finite noise data down to the zero noise level like ZNE [TBG17,LB17], this

implies that noise data needs to be collected below this critical threshold to avoid ex-

trapolating to potentially undesired zero noise states. This is because these techniques

rely on similar assumptions to our linear model such as smoothness of the energy curves

with changing levels of noise, which is clearly violated at the transitions.

It should be noted that the model consistently overestimates the infidelity, especially

for amplitude damping, at larger noise levels and for low depth circuits. For large noise

levels the discrepancy is likely due in part to higher-order contributions. In the case of

amplitude damping, it is possible that the linearised approximation is not appropriate

since the channel is more complex. However it is certainly the case that the assumption

that the state at every layer is identically distributed does not align with reality, and

this may play a major role in the discrepancy. Also note that the estimate for the

variance is clearly much lower than what is observed, which is also likely affected by

this assumption. The model could certainly be made more complete by considering

different states in different layers, but we leave this to future work as the model is

sufficient for the present discussion.
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3.3 Overview of results

3.3.1 VQE

Overall, the 2-qubit system and the 4-qubit system show a similar behaviour with

respect to the effect of the three types of noise channels, in all the measures of state

quality. Consistently, the most destructive noise channel is the symmetric depolarising

channel, where energy, fidelity and concurrence rapidly move away from the exact

values. In both simulations the concurrence falls to zero at γ ≈ 0.2− 0.3. In contrast,

the other two noise channels concede a degree of robustness, yielding better performance

even at high noise. We note that this is likely not due to the ground state being close

to a computational basis state, since the states are chosen at random. Nevertheless, as

noise rises towards γ = 1 all circuits eventually tend towards unentangled states. We

note that for this system the concurrence is a much more stringent quality criterion

than the energy and fidelity, since it inevitably goes towards zero for all circuits at

γ = 1, while in some cases energy and fidelity only deviate by 10-20% from the exact

value at maximum noise. For example, for 2-qubits and complete dephasing, the energy

is only about 10% higher than the noiseless value. This shows that the energy alone

can be a deceptively poor quality measure for quantum algorithms.

Another common feature of the VQE experiments is the presence of multiple local

minima when amplitude damping noise is present in the circuit, which are visualised as

multiple lines branching off from the same point at zero noise as the noise parameter is

increased. For some of these solutions the measures of quality decrease less with noise,

and hence appear to be more resilient than others. The damping noise models bring to

light differences between otherwise equivalent circuits at zero noise. All circuits con-

sidered for the 2-qubit case (3.1) perform indistinguishably with respect to symmetric

depolarising noise. Under the two damping noise channels, however, the three circuits

are affected differently, with circuit (c) appearing to perform considerably better than

circuits (a) and (b). Importantly, the different resilience to noise found for circuits (a)

and (b) for the 2-qubit case shows that the circuit configuration needs to be optimised

for maximisation of noise resilience. We expect that this optimisation of gate placement
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is even more important when the noise level varies across qubits. Our results also show

that the inclusion of redundant parameters can further improve the quality of the final

state.

3.3.2 Random state optimisation

For the non-reoptimised case, the fidelity reaches a peak in L, which depends on the

noise level, signaling the point where the noise from the increased number of noise

channels overcomes the improvement in the accuracy of the circuit with the additional

parameters. In contrast, in the case of phase and amplitude damping noise with reopti-

misation the fidelity continues to increase with the number of layers even for high noise

levels. Past L = 4 the reoptimised simulations show a noticeable improvement in noisy

fidelity compared to the non-reoptimised simulations. This depth threshold is signif-

icant, as it marks the point past which the circuit can perfectly reproduce all target

states at zero noise. Any additional layer beyond L = 4 therefore does not contribute

to the noiseless fidelity and only introduces redundancy. In the noisy case this over-

parameterisation leads to improved resilience for amplitude and phase damping noise,

while for symmetric depolarising noise no improvement is found. This is analogous to

what found for the VQE simulations and points to a general phenomenon where redun-

dancy enables the optimiser to find better solutions under asymmetric noise channels.

Note that we do not expect the improvement to continue to arbitrarily large number

of layers, as presumably the capability of overparameterisation to minimise the effect

of noise is limited and eventually the latter dominates. More research on real hardware

is needed to understand the practical limits of noise-aware optimisation.

Improved state quality upon parameter reoptimisation in quantum algorithms has

previously been reported in Refs. [SSMAG16] and [MKSCD17], where the authors find

that phase and amplitude damping noise generally impact state preparation in VQE less

than symmetric depolarising noise, with phase damping noise being the least impactful.

In particular, Ref. [MKSCD17] studies how reoptimisation under noise significantly

improves the results of a VQE for a chemical problem. However, their model applies

noise after the state has been prepared, as opposed to the interleaved noise model
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proposed here.

3.4 Conclusions

We studied the effects of different types and levels of quantum noise on VQAs, by

simulating small-scale VQE and random target state fidelity maximisation. For the

VQE simulations we used three measures of state quality, namely energy, fidelity and

entanglement, and showed that the energy alone can be a deceptively poor quality

measure for quantum algorithms if the goal is not merely to produce a low-energy state

but an entangled state with correlation to the true ground state of interest. When

maximising the fidelity of the state produced with a given ansatz with a target state,

we found that in presence of symmetric depolarising noise there is a circuit depth at

which fidelity is maximised. For amplitude and phase damping noise, and for the

considered circuit depths, noise-aware parameter reoptimisation allows to progressively

improve the fidelity as the circuit depth is increased.

Overall we found symmetric depolarising noise to be the most detrimental, while

for amplitude and phase damping noise it is possible to mitigate the effects of noise by

optimised gate placement, overparameterisation and noise-aware reoptimisation. We

obtained these results consistently across our considered systems, a 2- and 4-qubit

simulation for a specific Hamiltonian, and 4-qubit simulations for general target states.

We uncovered new, previously unobserved phenomena. We noticed that amplitude

damping noise, but not symmetric depolarising or phase damping noise, led to multi-

ple minima with different characteristics, which is not observed in the noiseless case.

Furthermore it appears that redundancy in the circuit, for instance by including pa-

rameterised rotation gates which do not improve the expressivity, in the presence of

noise can be exploited by the optimiser to reach better solutions. Interestingly this is

observed to occur for amplitude and phase damping, but not symmetric depolarising

noise. The explanation of these phenomenona will be the focus of the next Chapter.

Finally, for a number of target states and circuits there seems to be a noise threshold

above which the states produced by the circuit have largely different physical properties

from the true target state, especially entanglement as measured by concurrence. For
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practical applications it is critical to ensure that noise levels are below this threshold

to prevent convergence to undesired solutions. As such it would be valuable to be able

to predict the noise range at which these transitions happen. However at least with

our models there appears to be too much variability across different circuits, and even

the same circuit under a different cost function, to be able to formulate a conclusive

theory.
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Theoretical analysis of noisy

optimisation

Starting from some observations made in the previous Chapter on the effects of

noise on the converged optima of VQAs, in the first part we formulate a theory of

parameter symmetries and how they are affected by noise. Specifically we construct an

algorithm to enumerate all discrete symmetries of certain VQAs, and prove that while

unital channels preserve these symmetries, nonunital channels do not. In the second

part, we discuss a more general phenomenon caused by decoherence, the vanishing of

variations in the cost function, or noise-induced barren plateaus. This phenomenon

applies to many NISQ algorithms and therefore carries large practical relevance for

non-error-corrected quantum computers.

The first part of this Chapter is based on Ref. [FCA+22]. The second part is based

on Ref. [WFC+21], focusing especially on the result for measurement noise where the

Author made his largest contribution to the paper.

75



Chapter 4. Theoretical analysis of noisy optimisation

4.1 Overview

In the previous Chapter, upon introducing a noise model in two VQA models we exper-

imentally witnessed some phenomena which may have consequences for the practical

implementation of these algorithms, and therefore deserve further study. To briefly

summarise, we saw that functionally equivalent ansätze (in the sense of which unitaries

they can express) under amplitude and phase damping noise can display different be-

haviour under optimisation. In particular overparameterised ansätze seemed to be

more noise resilient that would otherwise be expected. Interestingly this behaviour

was not observed for symmetric depolarising noise. In addition, focusing on a single

ansatz, under amplitude damping noise only, many new local minima of different cost

function values appeared, signaling that different output states were being expressed.

Both these phenomenona appeared with minimal noise, become more apparent with

increased noise, while they were absent in the noiseless case.

A natural hypothesis from these observations is that there are parameter configura-

tions that yield equivalent states in the absence of noise, but that give different states

when certain kinds of noisy channels are introduced. We refer to this phenomenon as

parameter symmetry breaking. This can lead to spurious local minima if the original

state was a local minimum of the cost function, or to improved noise resilience if they

give better paths through parameter space that the optimiser is able to exploit. In this

Chapter we shall demonstrate that these phenomena do in fact occur and most likely

underlie the observations.

Finally, we also give a mathematical explanation of an observation which is simple

but has powerful implications for the scalability of VQAs in noisy devices. This is

the evident fact that with increased noise, in the form of more decoherent channels

or more layers of decoherent channels, comes a suppression of the fluctuations of the

cost function and a decay towards a constant value. This phenomenon is known as

noise-induced barren plateaus (NIBP). We report the results from the original paper

Ref. [WFC+21] in detail and go through the proof for measurement noise, which was

the author’s main contribution.
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4.2 Noise and parameter symmetries

In this section we show that the noise-induced phenomena discussed above, namely the

presence of multiple local minima for amplitude damping and the differing performance

of functionally equivalent ansätze with amplitude and phase damping, arise due to

symmetries of parameterised quantum circuits.

Let us first define parameters for a PQC:

Definition 8 (Symmetric parameters). Let U(θ) be a PQC. We say that two distinct

sets of parameters θ and θ̃ are symmetric if U(θ) is equal to U(θ̃) (up to a global

phase).

Now we can define parameter symmetries as maps that relate symmetric parameters:

Definition 9 (Parameter symmetries). A parameter symmetry of a PQC is any map

f : Θ 7→ Θ such that θ and θ̃ = f(θ) are symmetric for all θ ∈ Θ.

For a given circuit we may have sets of parameter symmetries. In case a set is

countable, we say that the circuit has discrete parameter symmetries. Conversely, if the

members of the set vary continuously across all the set, then the circuit has continuous

parameter symmetries.

A circuit with parameter symmetries will feature symmetries of the cost function

in the parameter space, since symmetric sets of parameters must yield the same value

of the cost function. Therefore, the presence of parameter symmetries implies the exis-

tence of multiple identical minima in the noiseless cost function. In the case of discrete

symmetries the minima are distinct and separated in the cost function landscape, while

for a continuous symmetry the minima are connected and may be visualised as a valley

in the landscape. If one introduces a small state-dependent disturbance in the circuit,

which breaks the symmetry between parameter symmetric states, such as for specific

noise channels, this leads to different states being produced by the circuit. The sym-

metric global energy minima for the noiseless case then splits in local minima with

different energies.
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Figure 4.1: Illustrative example for a continuous parameter symmetry for an overpa-
rameterised circuit, where the second rotation by θ2 is redundant in the absence of
noise; the plots in (a) and (b) show the parameter space landscape of the cost function
C(θ1, θ2) = Tr[ρ(θ1, θ2) |0〉〈0|]. In (a) the noiseless results are shown, and in (b) a phase
damping channel is added between the Ry gates, with γ = 0.4. When noise is added,
the continuous parameter symmetry is broken, so that the valley in (a) is replaced by
a set of minima in (b).

4.2.1 Continuous symmetries

Continuous parameter symmetries provide a useful framework for explaining the ob-

served improved resilience to noise when including redundant rotation gates. Over-

parameterised quantum circuits automatically have continuous parameter symmetries,

since any variation in the redundant parameter can be compensated by modifying the

remaining parameters accordingly in order not to change the final state. As illustrative

example circuit we consider the placement of two identical single-qubit rotation gates

next to each other, shown in Fig. 4.1. As cost function we consider the overlap with

the |0〉 state: C(θ1, θ2) = Tr[ρ(θ1, θ2) |0〉〈0|]. The computed cost function exhibits a

1D family of continuous parameter symmetries {fα} in the noiseless case (Fig. 4.1(a)),

given by:

fα((θ1, θ2)) = (θ1 + α, θ2 − α) mod 2π, α ∈ [0, 2π]. (4.1)

When a phase damping noise channel is added between the two rotations, the contin-

uous parameter symmetries are broken, and there now exists a discrete set of minima
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(Fig. 4.1(b)). For such cases re-optimisation of the parameters obtained for γ = 0 for

the noisy case will generally lead to improved energies. Since at zero noise the minima

exist as a continuous valley, the addition of noise introduces a gradient in this valley,

which the optimiser can exploit to arrive to a better solution.

The improved noise resilience due to a redundant parameter can therefore be ex-

plained as resulting from the ability of the circuit to explore more state preparation

paths in parameter space when compared to a circuit with fewer parameters. It can

therefore reach additional paths that are potentially less affected by the noise. Notice

that in our toy model above, the parameter symmetries are preserved by symmetric

depolarising noise. In general, for n qubits any global symmetric depolarising channel

with action:

N (ρ) = p
1

2n
+ (1− p)ρ, (4.2)

can always be commuted to the end of the circuit and therefore it cannot break con-

tinuous symmetries. However, local symmetric depolarising channels like the ones used

in the experiments are able to break the symmetries. The fact that we did not observe

significant noise resilience in that case may be related to the uniform flattening of the

cost function with noise, which is the NIBP phenomenon that we will explore later.

4.2.1.1 Relation to Quantum Fisher Information

So far we gave a toy example of such symmetries. since a circuit may be overparam-

eterised in multiple different ways it is difficult to find an overarching mathematical

treatment. However there exists an interesting approach to understand the interac-

tion of quantum noise and overparameterisation that goes via the Quantum Fisher

Information Matrix (QFIM) [LYLW20,ASZ+21,HBK21].

Given a parameterised (mixed) state ρθ =
∑

i λi|λi〉〈λi| such as those output by

(noisy) PQCs, the QFIM is defined as [LYLW20]:

Fab(ρθ) :=
∑

λi+λj ̸=0

2Re(〈λi| ∂ρ∂θa
|λj〉〈λj | ∂ρ∂θb

|λi〉)
λi + λj

, (4.3)

where the sum is over pairs of eigenvectors of ρθ in which at least one has a nonzero
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eigenvalue. Intuitively, the QFIM measures how an infinitesimal change in the param-

eters leads to a change in the corresponding quantum state. In particular, the rank of

the QFIM gives the dimensionality of the state space that can be explored at that par-

ticular parameter setting. Thus, an overparameterised PQC would lead to the QFIM

being rank-deficient (rank less than maximum, i.e. its dimension) for any value of the

parameters. Importantly for our analysis, in Ref. [GMLC24] it has been observed that

the addition of noise within a circuit can increase the rank of the QFIM, opening up

new directions in state space.

This can be seen as a local perspective of the phenomenon of continuous parameter

symmetry breaking. A somewhat imprecise argument goes as follows. Assume that

we have a continuous symmetry given by the continuous set {fα} with parameter α

determining the symmetry, and assume that f0 = id. If we fix a parameter vector θ

then U(θ) ≈ U(θ + dθ) (up to global phase) with:

dθ =
∂fα(θ)

∂α

∣∣∣
α=0

dα, (4.4)

with dα ∈ R infinitesimally small. The PQC output state will approximately (to first

order in dx) be unchanged upon shifting the parameters by dθ, and thus the QFIM

must be rank-deficient. Then if noise makes the QFIM full rank at θ (as observed in

Ref. [GMLC24]) it must be that the continuous symmetry is broken.

By the same argument, the presence of s independent continuous 1D parameter

symmetries requires the QFIM rank everywhere to be at most m − s, where m is

the number of parameters. We remark that due to the locality of the QFIM, it is

possible that in some locations the rank is smaller than the bound even in the absence

of symmetries: the QFIM is an imprecise measure of symmetries in the landscape.

However the fact that it is observed to become full rank with noise provides a theoretical

explanation for continuous symmetry breaking.
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4.2.2 Discrete symmetries

By analysing the parameters for the equivalent minima for the noiseless case in our

2- and 4-qubit VQE simulations, we find that they obey fixed relations consisting

of shifts of the angles by π and inversions. Furthermore, we find numerically that

phase damping and symmetric depolarising channels preserve these symmetries, while

amplitude damping channels can break them. This is thus consistent with the multiple

noise induced minima appearing for amplitude damping noise. We will show that this

is a common feature in PQCs, especially a type of PQC which we call buffered, by

constructing a method to move between symmetric parameters.

4.2.2.1 Buffered PQCs

Given a PQC U(θ), we define its buffered version as follows.

Definition 10 (Buffered PQC). We define the buffered version of a PQC U(θ) as a

gate sequence:

UB(θ,γ) = VB(γ)U(θ) , (4.5)

where VB(γ) is the so-called buffer unitary given by:

VB(γ) =

n⊗
j=1

e−iXjγ2je−iYjγ2j−1 . (4.6)

As shown in Fig. 4.2, the buffer unitary is simply given by a tensor product of single

qubit rotations around the x and y axes which are parameterised by the vector γ of

length 2n.

We note that our main results, stated below, are valid for buffered PQCs. However,

since U(θ) = UB(θ,0) one can always trivially extend any PQC to its buffered version.

That is, any PQC can be considered as a buffered PQC with trivial rotation angles in

the buffer unitary. In addition, we remark that our results will also hold for any PQC

where U(θ) contains (at least) two single-qubit rotations about different axes in every

qubit (not necessarily sequentially or in parallel). However, for the sake of simplicity

in introducing the method, we consider the case where one appends a buffer unitary to
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Figure 4.2: Schematic representation of a buffered PQC. The buffered version of any
parameterised quantum circuit U(θ) can be obtained by appending to the circuit a
buffer unitary as described in (4.6). Here we have highlighted this buffer unitary.

the PQC.

Finally, we remark that in some practical settings the buffer unitary can be imple-

mented virtually without any additional computational overhead. Whenever U(θ) acts

before measurement, the single-qubit rotations in the buffer layer can be absorbed into

the measurement operator and executed classically by post-processing the measurement

statistics. However, when the buffered unitary does not act prior to the measurements,

such as when only a portion of the circuit is buffered, then UB(γ) must be included.

4.2.2.2 The σ-Pulse method

Recall from Definition (9) that symmetries occur when different sets of parameters θ in

a PQC can leads to the same unitary being produced. Let us here make two important

remarks. First, note that the definition implies that the structure of the circuit remains

unchanged between U(θ) and U(θ̃), as no gates in the circuit are being added or

replaced; only their parameter values differ. Second, we remark that these parameter

symmetries naturally translate into cost function landscape symmetries. That is, given

two symmetric sets of parameters θ and θ̃ we have C(θ) = C(θ̃).

Note that there are many mechanics which can lead to symmetries in θ. For in-

stance, they can arise from the wrapping symmetry in a rotation, i.e., from the fact

that for any single qubit rotation we have Rµ(θµ) = Rµ(θµ +2π). Similarly, parameter

symmetries can also be obtained from other types of mechanisms, such as commutation

symmetries. Consider for example a two-qubit PQC composed of a CNOT preceded

82



Chapter 4. Theoretical analysis of noisy optimisation

and followed by single qubit rotations about the z axis on the first qubit. That is,

V (θ1, θ2) = (Rz(θ1)⊗ 12) .C12
X . (Rz(θ2)⊗ 12). Noting that [(Rz(θ1)⊗ 12) , C12

X ] = 0,

then it follows that V (θ1, θ2) = V (pθ1 + (1 − q)θ2, (1 − p)θ1 + qθ2) for any θ1 and θ2,

and for any p, q ∈ (0, 1).

Here we provide a general theory to analyse a class of non-trivial discrete parameter

symmetries in buffered circuits. Specifically we introduce a method for finding and

characterizing the following symmetries:

Definition 11 (σ-Pulse symmetries). Let UB(θ,γ) be a buffered PQC as in Defini-

tion 10. UB(θ,γ) possesses a σ-Pulse symmetry whenever, for any {θ,γ}, there exists

a set of {θ̃, γ̃} related to {θ,γ} via:

θ̃j = (−1)pjθj + qjπ , γ̃j = (−1)p
′
jγj + q′jπ , (4.7)

for some pj , qj , p′j , q′j ∈ {0, 1}, such that {θ,γ} and {θ̃, γ̃} are symmetric.

.

We now present a method that allow us to start from a set of parameters {θ,γ}

of a buffered PQC and obtain a second set {θ̃, γ̃} which are σ-Pulse symmetric to

{θ,γ} according to Definition 11. We call the procedure the σ-Pulse method. This

method is based on three basic steps: (1) The creation of the so-called σ-Pulses, (2)

The propagation of said pulses through the circuit, and (3) The absorption of the σ-

Pulses in the buffer unitary. The mathematical rules for these steps (described below

in detail) are schematically shown in the ZX-calculus [CD11] notation of Fig. 4.3(a).

The first step of the σ-Pulse method is based on the fact that any single qubit

rotation around a principal axis satisfies the following identity:

Rµ(θ) = e−iθσµ/2 = e−i(θ+π)σµ/2eiπσµ/2

= Rµ(θ + π) (iσµ) = R01
µ (iσµ) , (4.8)

where we defined the shifted rotations:

Rpq
µ = Rµ ((−1)pθ + qπ) , (4.9)
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Figure 4.3: σ-Pulse method rules in the notation of ZX-calculus. (a) Notation for
rotations around the principal axes, shifted rotations (of Eq. (4.9)), and for a CNOT
gate. We additionally introduce notation for the σ-Pulses (rotation of angle π), and for
rotations of angles ±π

2 . (b) Rules for creating and absorbing σ-pulses. (c) Non-trivial
commutation rules for σ-Pulses. We remark that in panels (b) and (c), the rules fora
(iσy) pulse can be derived from those of (iσx) and (iσz). In addition, in those panels
an equal sign indicates that the unitaries are equal up to a global phase.

for p, q ∈ {0, 1} and µ ∈ {x, y, z}. As shown in Fig. 4.3(b), Eq. (4.8) implies that the

angle of a single-qubit rotation in U(θ) can be shifted by π at the expense of adding

to the circuit a iσµ gate, i.e., at the expense of creating a σ-Pulse. When Eq. (4.8) is

employed to generate a pulse, we say that the gate is a generator of a primary pulse.

Note that simply employing (4.8) changes the structure of the ansatz as we have added

new gates to the circuit. For the structure of UB(θ,γ) to be preserved, the σ-Pulses

need to be propagated through the circuit towards UB(γ) where they be absorbed.

Propagating the σ-Pulses through the circuit implies knowing how iσµ commutes

with all other gates in the ansatz. The commutation of a σµ-Pulse through a single

qubit rotation Rν(θ) is given by:

Rν(θ) (iσµ) = iσµRν

(
(−1)δµνθ

)
= iσµR

δµν0
ν . (4.10)
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Eq. (4.10) shows that if µ 6= ν, the commutation of a pulse with a rotation can lead to

said rotation picking up a minus sign. Moreover, the following identities provide the

commutation rules between a pulse and a CNOT:

CX(iσµ ⊗ 1) = −i(iσµ ⊗ iX)CX , for σµ = Y,X

CX(1⊗ iσµ) = −i(iZ ⊗ iσµ)CX , for σµ = Y, Z

[CX , (iZ ⊗ 1)] = [CX , (1⊗ iX)] = 0 ,

(4.11)

These commutation rules, which we illustrate in Fig. 4.3(c), show that commuting a

σ-Pulse on the control (target) qubit through a CNOT can lead to the creation of a

secondary pulse on the target (control) qubit, plus a global unobservable phase. For

the gate structure of UB(θ,γ) to remain unchanged, the secondary pulses also need

to be propagated towards the measurement, which in turn means that they can create

additional secondary pulses.

Once all the primary and secondary pulses have been propagated to the buffer

unitary, they can be absorbed by shifting the rotation in UB(γ) angles as:

Rx(γ
′)Ry(γ)(iX) = Rx(γ

′ − π)Ry(−γ) = −R01
x R

10
y ,

Rx(γ
′)Ry(γ)(iY ) = Rx(γ

′)Ry(γ − π) = −R00
x R

01
y , (4.12)

Rx(γ
′)Ry(γ)(iZ) = Rx(γ

′ − π)Ry(π − γ) = −R01
x R

11
y ,

where we use the definition of the shifted rotations Rpq
µ of (4.9). Here we remark that

the minus signs on the right-hand side of (4.12) simply correspond to unobservable

global phases. These absorption rules are shown in Fig. 4.3(b).

4.2.2.3 Parameter symmetries

Eqs. (4.10, 4.12) provide the framework for determining symmetries in UB(θ,γ) with

the σ-Pulse method. Given a set of angles {θ,γ}, one can select any number of rotations

to generate primary pulses. Once the primary and secondary pulses are propagated and

absorbed in the buffer unitary, we define {θ̃, γ̃} as the ensuing new set of angles. From

Eqs. (4.8) and (4.12) it is straightforward to see that {θ̃, γ̃} and {θ,γ} are symmetric
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according to Eq (4.7) in Definition 11. In Fig. 4.4 we explicitly show this procedure.

Definition (11), and more specifically, Eq. (4.7), allows us to derive the following

proposition:

Proposition 1 (Exponential Symmetry). Let UB(θ,γ) = V (γ)U(θ) be a buffered

PQC, where the original PQC U(θ) has M parameters. Then, for any {θ,γ} there

exists 2M sets of σ-Pulse symmetric parameters {θ̃, γ̃} according to Definition (11).

Each symmetric set can be characterised by a bitstring β of length M such that βj = 0

if θ̃j ∈ [0, π) and βj = 1 if θ̃j ∈ [π, 2π). We denote as B the set of such bitstrings.

Proof. Let us first recall that, as mentioned in the main text, there are M parameters

in the PQC U(θ). Moreover let us denote as G the set of all possible generator choices

over the parameters in U(θ). The number of distinct symmetric sets of parameters

{θ,γ} obtained through the σ-Pulse method is given by the cardinality of G:

|G| =
M∑
α=0

(
M

α

)
= 2M . (4.13)

Note that the shifts in the buffer layer parameters γ are entirely determined, via the

σ-Pulse method, by the shifts in the parameters θ, and so they do not contribute to

the number of symmetries. Similarly, we can count the number of symmetric sets of

parameters as the number of bitstrings β in B of length M , which is precisely 2M .

In addition, Proposition 1 implies the next Corollary.

Corollary 1 (Effective Parameter Space Reduction). Let UB(θ,γ) be a buffered PQC.

Then, for every {θ,γ} there always exists a set of parameters {θ̃, γ̃} which are σ-Pulse

symmetric to {θ,γ}, and which are such that θ̃j ∈ [0, π) for all j.

To prove Corollary 1, we show that given any {θ,γ} one can always find a set {θ̃, γ̃}

with β = 0:

Proof. Let us assume that the parameters in θ = (θ1, θ2, . . .) are order by layer, where

a layer consists of quantum gates that can be performed in parallel and where the

first layer contains the first gates in U(θ). In general we can assume without loss of
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Figure 4.4: Schematic of the σ-Pulse method for finding parameter symmetries. We
start with the buffered PQC of Fig. 4.2(a) with parameters {θ,γ}. (a) A primary
σ-Pulse is generated in the first Rx rotation acting on the first qubit. (b) While
propagating the pulse through the CNOT gate, secondary pulses are created. (c) All
the primary and secondary pulses are propagated to the buffer layer, where they can
be absorbed. (d) Once the pulses are absorbed, we have a new set of parameters {θ̃, γ̃}
which are symmetric to {θ,γ} according the Definition 11.

87



Chapter 4. Theoretical analysis of noisy optimisation

generality that the angles in θ are in [0, 2π). We now describe a sequential procedure

that can be used to obtain the vector θ̃ where every parameter θ̃j ∈ θ̃ not in the buffer

layer are in the reduced domain [0, π).

If θ1 ∈ [0, π) then we do nothing, but if θ1 ∈ [π, 2π) we create and forward propagate

a σ-Pulse. According to Eq. (4.8), this will add π to θ1, which maps it to the interval

[0, π). This procedure is then sequentially repeated for each parameter in θ not in the

buffer layer. We remark that since σ-Pulse propagate forward in the circuit, creating

a pulse in θj does not affect any angle θk with k < j. Moreover, we know from (4.10)

that as the σ-Pulses propagate they can add a minus sign to other angles in θ. Hence,

if a given θj that was originally in [π, 2π) picked up a minus sign then we do nothing

as it will now be in [0, π). On the other hand, if it was in [0, π) we have to create a

σ-Pulse to map it to [0, π). Note that at the end of this procedure every parameter not

in the buffer layer will be mapped to the reduced domain [0, π).

Proposition 1 has several important implications. First, it shows that the each point

in the cost function landscape is exponentially periodic, as the unitary and therefore

the cost function value is symmetric over the parameter translation θj → (θj + π) for

every j. This holds up to a sign change θk → −θk in some other parameters with

k 6= j and a correction rotation in the buffer layer parameters γ, due to the necessity to

propagate and absorb the extra σ-Pulses. In particular, denoting as {θopt,γopt} a set

of parameters that minimise the cost C(θ,γ) we have that the global minimum is 2M -

fold symmetric, since there exist an additional 2M − 1 parameter sets {θopt,γopt} with

the same exact cost function value. This Corollary implies an exponential reduction

of the effective hyperarameter space by restricting the domain of all angles in U(θ)

from [0, 2π)M to [0, π)M . Hence, all relevant features of the cost function landscape

(including the global minima) can be found in [0, π)M . We finally remark that the

domain restriction in Corollary (1) is non-trivial as it does not arise from a wrapping

symmetry in the rotation parameters (i.e., it does not arise from the fact that Rµ(θ) =

Rµ(θ + 2π)). Instead this domain reduction arises from the σ-Pulse symmetries.
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4.2.2.4 Noise-induced lifting of the symmetries

In this section we analyse how noise affects the symmetries in UB(θ,γ) and hence the

symmetries in the cost landscape. Our main results are presented in the form of two

theorems, with Theorem 1 analyzing the effect of unital Pauli noise, and Theorem 2

the effect of non-unital Pauli noise. We recall that unital Pauli noise channels include

T2 processes (i.e. dephasing channel), and depolarizing as special cases. On the other

hand, non-unital Pauli noise channels include T1 processes as a special case, i.e. the

amplitude damping channel is a non-unital Pauli channel.

Consider the following definition:

Definition 12 (Unital Pauli noise model). We define the unital Pauli noise model as a

process in which a unital Pauli channel acts after every layer of gates acting in parallel

in UB(θ,γ).

A unital Pauli noise channel corresponds to the action of random Pauli operators

according to a given probability distribution. Here we employ the notation for Pauli

operators:

Xa = Xa1
1 ⊗ · · · ⊗X

an
n , Zb = Zb1

1 ⊗ · · · ⊗ Z
bn
n . (4.14)

where a, b ∈ {0, 1}⊗n are bitstrings of length n. Let PU denote an n-qubit Pauli

channel. The action of PU on any given n-qubit Pauli operator is given by:

PU (XaZb) =
∑
l,k

pl,kX
lZk(XaZb)(XlZk)†, (4.15)

where 0 ⩽ pAl,k ⩽ 1, and
∑

l,k p
A
l,k = 1. By using the fact that:

XlZk = (−1)l·kZkXl , (4.16)
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where l · k is the dot product modulo 2, we find:

PU (XaZb) =
∑
l,k

pl,kX
lZkXaZbZkXl

=
∑
l,k

(−1)a·k(−1)b·lpl,kXaZb

= fa,bX
aZb, (4.17)

where fa,b =
∑

l,k(−1)a·k(−1)b·lpl,k and −1 ⩽ fa,b ⩽ 1 for all a, b ∈ {0, 1}n. The

channels so defined are completely positive trace-preserving maps whose superoperator

is diagonal in the Pauli basis. They are also unital since by construction

PU (1) = 1. (4.18)

Then the following theorem holds.

Theorem 1 (Symmetry preservation). Let UB(θ,γ) be a buffered PQC as in Defini-

tion 10. Then, the σ-Pulse parameter symmetries in UB(θ,γ) are preserved under the

action of the unital Pauli noise model in Definition 12.

Proof. Let us now consider a buffered circuit UB(θ,γ) which is implemented in the

presence of a unital Pauli noise mode as presented in Definition 12. Here we show since

the Pauli operators commute with unital Pauli noise, the σ-Pulse parameter symmetries

are preserved in the presence of noise.

Let us now consider the channel VB which implements the unitary UB(θ,γ). This

channel can be expressed as:

VB = UB ◦ VL ◦ · · · ◦ V1 , (4.19)

where Vl is the channel that implements the unitaries in the l-th layer, and where UB
the channel that implements the buffer unitary. From the σ-Pulse method we know

that we can find a symmetric set of parameters by creating a sigma pulse, propagating

it, and absorbing it in the buffer layer. In the channel notation this procedure can be

expressed as
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• Creation of a primary σ-Pulse:

VB = UB ◦ VL ◦ · · · ◦ Σ1 ◦ Ṽ1 , (4.20)

with Σ1 the channel that implements the σ-Pulse, and with Ṽ1 the parameter

shifted unitary.

• Propagation of the σ-Pulses:

VB = UB ◦ ΣL ◦ ṼL ◦ · · · ◦ Ṽ1 , (4.21)

where now ΣL is the channel that implements the primary and secondary σ-

Pulses.

• Absorption of the σ-Pulses:

VB = ŨB ◦ ṼL ◦ · · · ◦ Ṽ1 . (4.22)

Here we can see that the channel VB remains unchanged, meaning that UB(θ,γ) =

V (θ̃, γ̃).

Let us now analyse this procedure in the presence of noise. The noisy version of

the channel that implements UB(θ,γ) can be expressed as:

V̂B = P(L+2)
U ◦ UB ◦ P(L+1)

U ◦ VL ◦ P(L)
U · · · ◦ P(1)

U ◦ V1 ◦ P(0)
U , (4.23)

with P(l)
U the noisy channel acting after every layer of gates. Once a σ-Pulse has been

created we will have:

V̂B = P(L+2)
U ◦ UB ◦ P(L+1)

U ◦ VL ◦ P(L)
U · · · ◦ P(1)

U ◦ Σ1 ◦ Ṽ1 ◦ P(0)
U . (4.24)

As we now show, any unital noisy channels P(i)
U always commute with the channels

Σk that implement σ-Pulses. Explicitly, the action of Σk on any given n-qubit Pauli
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operator is given by:

Σk(X
aZb) = (XpZq)XaZb(XpZq)†

= (−1)a·q(−1)b·pXaZb . (4.25)

Hence, using Eqs. (4.16), (4.25) and (4.15) we have that the following chain of equalities
always hold:

P(i)
U ◦ Σk(X

aZb) =
∑
l,k

pl,kX
lZkXpZq(XaZb)ZqXpZkXl

=
∑
l,k

pl,kX
lXpZkZq(XaZb)ZqZkXpXl

=
∑
l,k

pl,kX
l+pZk+q(XaZb)Zq+kXp+l

= Σk ◦ P(i)
U (XaZb) . (4.26)

From 4.26 we can commute the σ-Pulses through the noisy channel so that:

V̂B =P(L+2)
U ◦ UB ◦ P(L+1)

U ◦ VL ◦ P(L)
U · · · ◦ P(1)

U ◦ Σ1 ◦ V1 ◦ P(0)
U

=P(L+2)
U ◦ UB ◦ ΣL ◦ P(L+1)

U ◦ ṼL ◦ P(L)
U · · · ◦ P(1)

U ◦ Ṽ1 ◦ P(0)
U

=P(L+2)
U ◦ ŨB ◦ P(L+1)

U ◦ ṼL ◦ P(L)
U · · · ◦ P(1)

U ◦ Ṽ1 ◦ P(0)
U . (4.27)

Eq. (4.27) proves Theorem 1 as it shows that the noisy channels that implement V (θ,γ)

and V (θ̃, γ̃) are the same.

Theorem 1 shows that the parameter symmetries in UB(θ,γ) arising from σ-Pulse

symmetries are completely preserved by the action of unital Pauli noise channels which

includes as special cases the action of local (or global) depolarizing channels, as well as

dephasing channels.

In addition, Theorem 1 implies that the symmetry in the cost function landscape

also remains unchanged. Particularly, we then know that the optimal parameters

{θ̂opt, γ̂opt} leading to the global minimum of the noisy cost function will still be 2M -fold

symmetric in [0, 2π). That is, starting from {θ̂opt, γ̂opt}, all the symmetric parameters

obtained from any bitstring in B will have the same energy. In a practical scenario
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Theorem 1 implies that the minimum cost achievable from randomly initializing the

parameters {θ,γ} will be independent of the bitstring β characterizing the initial point.

Note however that for general cost functions the presence of quantum noise can

change the cost landscape such that the optimal parameters of the noisy cost function

are different than the ones for the noiseless case [MRBAG16]. That is, one generally

has {θ̂opt, γ̂opt} 6= {θopt,γopt} (the optimal parameters of the noiseless circuit). For

the special cases when {θ̂opt, γ̂opt} = {θopt,γopt} we say that the cost has optimal

parameter resilience. This phenomenon has been analysed in [SKCC20] for the problem

of variational quantum compiling.

In addition, we also know that the value of the cost function evaluated in the

presence of noise at the optimal parameters Ĉ(θ̂opt, γ̂opt) can also change due to the

presence of noise. Here Ĉ denotes the noisy cost function. In fact, let us consider a cost

function of the form C(θ,γ) = Tr[OU(θ)ρV †(θ)], where O is a Hermitian operator,

and assume that the parameters {θopt,γopt} yield the operator’s ground state. Then

we have trivially that

C(θopt,γopt) ⩽ Ĉ(θ̂opt, γ̂opt) . (4.28)

In general, the output state of the PQC converges to the fixed point of the noise

model [SFGP21a], and so the cost function will be increasingly different as noise in-

creases.

Let us here analyse the effect of non-unital Pauli noise on the σ-Pulse symmetries.

Hence, consider the following definition

Definition 13 (Non-unital Pauli noise model). We define the non-unital Pauli noise

model as a process in which a non-unital Pauli channel acts after every layer of gates

acting in parallel in UB(θ,γ).

Here we recall that non-unital Pauli noise channels are completely positive trace-

preserving maps PNU whose action on the identity operator is:

PNU(1) = 1+
∑

(a,b) ̸=(0,0)

dabX
aZb . (4.29)
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On the other hand, its action on all other Pauli operators is given by:

PNU(X
aZb) = qabX

aZb . (4.30)

Then the following theorem holds.

Theorem 2 (Symmetry breaking). Let UB(θ,γ) be a buffered PQC as in Definition 10.

Then, the σ-Pulse parameter symmetries in UB(θ,γ) can be broken under the action

of a non-unital Pauli noise model.

To prove Theorem 2 we show that there exist noisy channels N (which include

as special case then non-unital Pauli noise channels PNU ) that do not commute with

the channels Σ that implement the σ-Pulses and which hence break the parameter

symmetries.

Proof. Let us consider a general noisy channel which acts on an n-qubit bitstring as

N (XaZb) =
∑
k,l

ca,bk,lX
kZl , (4.31)

which has some ca,bk,l 6= 0 for k, l 6= a, b. A non-unital Pauli channel in particular

must have c0,0k,l 6= 0 for some k, l 6= 0,0 (see Eq. (4.29) of the main text). Similarly to

the previous section, we now can define noisy version of the channel that implements

UB(θ,γ) as:

V̂B = N (L+2) ◦ UB ◦ N (L+1) ◦ VL ◦ N (L) · · · ◦ N (1) ◦ V1 ◦ N (0) . (4.32)

Let us now analyse if the channel Σk commutes with a noise channel N when acting

on an n-qubit bitstring XaZb.
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[Σk,N ](XaZb) = (Σk ◦ N −N ◦ Σk)(X
aZb)

= (−1)a·q(−1)b·p
∑
k,l

ca,bk,lX
kZl −

∑
k,l

ca,bk,l (−1)
k·q(−1)l·pXkZl

=
∑
k,l

[
(−1)a·q(−1)b·pca,bk,l − (−1)k·q(−1)l·pca,bk,l

]
XkZl

=
∑
k,l

[
(−1)a·q+b·p − (−1)k·q+l·p

]
ca,bk,lX

kZl

=
∑
k,l

Ma,b,k,l
p,q ca,bk,lX

kZl (4.33)

where:

Ma,b,k,l
p,q =


2 if a · q = b · p (mod 2) andk · q ̸= l · p (mod 2),

−2 if a · q ̸= b · p (mod 2) andk · q = l · p (mod 2),

0 otherwise.

(4.34)

Thus, given p, q and a, b, there exists noise channel defined by some ca,bk,l such that the

σ-Pulse does not commute with the noise channel. That any such noise channel must

be non-Pauli is clear since Ma,b,k,l
p,q = 0 for all p, q whenever a, b = k, l.

From Theorem 2 we have that given two sets of symmetric parameters {θ,γ} and

{θ̃, γ̃}, then there exists some non-unital noise such that we have U(θ,γ) 6= U(θ̃, γ̃).

This implies that the 2M -fold symmetry of the optimal noisy parameters, and hence

the symmetry in the cost landscape, is broken.

In particular we now have that some of the (previously) global minima are trans-

formed into local minima. In practical terms, due to this symmetry breaking in the cost

landscape not all randomly initialised {θ,γ} will converge to the global minima. In

the next section we show how this effect can be mitigated by exploiting the knowledge

of parameter symmetries to construct an optimiser.

Note that it is possible that N ◦Σk = Σ′
k ◦N where Σ′

k is a different σ-Pulse, which

may then lead to a different set of symmetries. However it is still true that the original

σ-Pulse symmetries are broken.

95



Chapter 4. Theoretical analysis of noisy optimisation

We remark that the proof for Theorem 2 in the Appendix is valid for more general

noisy channels that include as special case non-unital Pauli noise channels. For instance,

we show that coherent error, such as qubit drift, can also break the σ-Pulse symmetries.

4.2.2.5 Example: parameter symmetries in QAOA

As a special case of our analysis we can explicitly characterise the symmetries possessed

by a Quantum Alternating Operator Ansatz (QAOA) [HWO+19], notably without

requiring a buffer layer. To recap, the QAOA, which generalises the ansatz in the

Quantum Approximate optimisation Algorithm [FGG14], has a layered structure, each

layer being composed of two unitaries: a problem unitary UP (βi) = e−iβiHP , where

HP is the problem Hamiltonian (consisting of Z-terms only) and a mixing unitary

UM (γi) = e−iγiHM , where typically HM =
∑

j Xj . The parameters of QAOA can

therefore be represented as two vectors {β,γ} each corresponding to each type of

unitary. Now let us consider the effect of shifting one of these parameters by π.

If the parameter belongs to a mixing unitary, the shift will be cancelled by the

creation of a σ-Pulse in the X direction on all the qubits. It can be shown that

the commutation of any number of X pulse through a gate consisting of Z terms

of any order generates no additional pulses, but leads to the parameter of the gate

acquiring a negative sign. Therefore, the X pulses generated by such a shift can only

be annihilated by a restoring shift of another mixing parameter. Therefore, a symmetry

is the following:

γi → γi + π

γj → γj + π, i < j

βk → −βk, ∀k s.t. i < k ⩽ j.

If instead we focus on the problem unitary, we see that the parameter shift will

create, on a given qubit, as many Z pulse as there are Z operators in the problem

Hamiltonian acting on that qubit. Since the mixing unitary presents one X rotation

for each qubit, one concludes that, in order to be able to commute all of the pulses
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past a mixing unitary with only a sign modification of its parameter, there must be

the same number of Z pulses on all the qubits. Therefore, the ansatz will only possess

such a symmetry if the problem Hamiltonian features the same number of Zs on each

qubit. This happens, for example, in MaxCut problems on n-regular graphs. In this

specific case, when n is odd each shift will generate one total Z per qubit, and for any

i, j with i < j the symmetries are:

βi → βi + π, βj → βj + π,

γk → −γk ∀k i < k ⩽ j.

Otherwise, for n even all the pulses will cancel and the symmetries will simply be:

βi → βi + π ∀i.

Identifying these symmetries is significant, because they imply that restricting the range

of some parameters will not affect the result of the algorithm.

4.3 Noise-induced barren plateaus

In this section, we analytically study the scaling of the cost function and its gradi-

ent for VQAs as a function of the number of qubits n, the circuit depth L, and the

noise parameter q < 1. We consider a general class of local noise models that includes

depolarizing noise and certain kinds of Pauli noise. Furthermore, we investigate a

general, abstract ansatz that allows us to encompass many of the important ansätze

in the literature, hence allowing us to make a general statement about VQAs. This

includes the Quantum Alternating Operator Ansatz (QAOA) which is used for solv-

ing combinatorial optimisation problems [FGG14, WHJR18, Cro18, HWO+19] and the

Unitary Coupled Cluster (UCC) Ansatz which is used in the Variational Quantum

Eigensolver (VQE) to solve chemistry problems [CRO+19, BM07, LHHGW18]. This

is also applicable for the Hardware Efficient Ansatz and the Hamiltonian Variational

Ansatz (HVA) which are employed for various applications [KMT+17,AA20,AAB+20b,
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WHT15, WZdS+20]. Our results also generalise to settings that allow for multiple in-

put states or training data, as in machine learning applications, often called quantum

neural networks [SSP14,SSP15,BWP+17,BBF+20,ASZ+21].

Our main result (Theorem 3) is an upper bound on the magnitude of the gradient

that decays exponentially with L, namely as 2−κ with κ = −L log2(q). Hence, we find

that the gradient vanishes exponentially in the circuit depth. Moreover, it is typical

to consider L scaling as poly(n) (e.g., in the UCC Ansatz [LHHGW18]), for which

our main result implies an exponential decay of the gradient in n. We refer to this

as a Noise-Induced Barren Plateau (NIBP). We remark that NIBPs can be viewed

as concomitant to the cost landscape concentrating around the value of the cost for

the maximally mixed state, and we make this precise in Lemma 1. See Fig. 4.5 for a

schematic diagram of the NIBP phenomenon.

To be clear, any variational algorithm with a NIBP will have exponential scaling.

In this sense, NIBPs destroy quantum speedup, as the standard goal of quantum al-

gorithms is to avoid the typical exponential scaling of classical algorithms. NIBPs are

conceptually distinct from the noise-free barren plateaus of Refs. [MBS+18, SCCC22,

CSV+21, MKW21, PNGY21, HSCC22]. Indeed, strategies to avoid noise-free barren

plateaus [CSV+21,UB21,VC21,VBM+19,GWOB19,SMM+20] do not appear to solve

the NIBPs issue.

The obvious strategy to address NIBPs is to reduce circuit complexity, or more

precisely, to reduce the circuit depth. Hence, our work provides quantitative guidance

for how small L needs to be to potentially avoid NIBPs.

In what follows, we present our general framework followed by our main result. We

also present two extensions of our main result, one involving correlated ansatz param-

eters and one allowing for measurement noise. The latter indicates that global cost

functions exacerbate the NIBP issue. In addition, we provide numerical heuristics that

illustrate our main result for MaxCut optimisation with the QAOA, and an implemen-

tation of the HVA on superconducting hardware, both showing that NIBPs significantly

impact this application.
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Figure 4.5: Schematic diagram of the Noise-Induced Barren Plateau (NIBP) phe-
nomenon. For various applications such as chemistry and optimisation, increasing the
problem size often requires one to increase the depth L of the variational ansatz. We
show that, in the presence of local noise, the gradient vanishes exponentially in L and
hence exponentially in the number of qubits n when L scales linearly in n. This can
be seen in the plots on the right, which show the cost function landscapes for a simple
variational problem with local noise.

4.3.1 Framework

In this section we analyse a general class of parameterised ansätze U(θ) that can be

expressed as a product of L unitaries sequentially applied by layers

U(θ) = UL(θL) · · ·U2(θ2) · U1(θ1) . (4.35)

Here θ = {θl}Ll=1 is a set of vectors of continuous parameters that are optimised to

minimise a cost function C that can be expressed as the expectation value of an operator

O:

C = Tr[OU(θ)ρU †(θ)] . (4.36)
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As shown in Fig. 4.6, ρ is an n-qubit input state. Without loss of generality we assume

that each Ul(θl) is given by:

Ul(θl) =
∏
m

e−iθlmHlmWlm , (4.37)

where Hlm are Hermitian operators, θl = {θlm} are continuous parameters, and Wlm

denote unparameterised gates. We expand Hlm and O in the Pauli basis as:

Hlm = ηlm · σn =
∑
i

ηilmσ
i
n , O = ω · σn =

∑
i

ωiσin , (4.38)

where σin ∈ {1, X, Y, Z}⊗n are Pauli strings, and ηlm and ω are real-valued vectors that

specify the terms present in the expansion. Defining Nlm = |ηlm| and NO = |ω| as the

number of non-zero elements, i.e., the number of terms in the summations in Eq. (4.38),

we say that Hlm and O admit an efficient Pauli decomposition if Nlm, NO ∈ O(poly(n)),

respectively.

As shown in Fig. 4.6, we consider a noise model where local Pauli noise channels

Nj act on each qubit j before and after each unitary Ul(θl). The action of Nj on a

local Pauli operator σ ∈ {X,Y, Z} can be expressed as:

Nj(σ) = qσσ , (4.39)

where −1 < qX , qY , qZ < 1. Here, we characterise the noise strength with a single

parameter q =
√

max{|qX |, |qY |, |qZ |}. Let Ul denote the channel that implements the

unitary Ul(θl) and let N = N1⊗ · · · ⊗Nn denote the n-qubit noise channel. Then, the

noisy cost function is given by:

C̃ = Tr
[
O
(
N ◦ UL ◦ · · · ◦ N ◦ U1 ◦ N

)
(ρ)
]
. (4.40)

4.3.2 Results

There are some VQAs, such as the VQE [PMS+14] for chemistry and other physical

systems, where it is important to accurately characterise the value of the cost function
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Figure 4.6: Setting for our analysis. An n-qubit input state ρ is sent through a varia-
tional ansatz U(θ) composed of L unitary layers Ul(θl) sequentially acting according to
Eq. (4.35). Here, Ul denotes the quantum channel that implements the unitary Ul(θl).
The parameters in the ansatz θ = {θl}Ll=1 are trained to minimise a cost function that
is expressed as the expectation value of an operator O as in Eq. (4.36). We consider a
noise model where local Pauli noise channels Nj act on each qubit j before and after
each unitary.

itself. We provide an important result below in Lemma 1 that quantitatively bounds

the cost function itself, and we envision that this bound will be especially useful in

the context of VQE. On the other hand, there are other VQAs, such as those for

optimisation [FGG14,WHJR18,Cro18,HWO+19], compiling [KLP+19,SKCC20,JB22],

and linear systems [BPLC+23, XSE+21], where the key goal is to learn the optimal

parameters and the precise value of the cost function is either not important or can

be computed classically after learning the parameters. In this case, one is primarily

concerned with trainability, and hence the gradient is a key quantity of interest. These

applications motivate our main result in Theorem 3, which bounds the magnitude of

the gradient. We remark that trainability is of course also important for VQE, and

hence Theorem 3 is also of interest for this application.

With this motivation in mind, we now present our main results. We first present our
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bound on the cost function, since one can view this as a phenomenon that naturally

accompanies our main theorem. Namely, in the following lemma, we show that the

noisy cost function concentrates around the corresponding value for the maximally

mixed state.

Lemma 1 (Concentration of the cost function). Consider an L-layered ansatz of the

form in Eq. (4.35). Suppose that local Pauli noise of the form of Eq. (4.39) with noise

strength q acts before and after each layer as in Fig. 4.6. Then, for a cost function C̃

of the form in Eq. (4.40), the following bound holds:

∣∣∣C̃ − 1

2n
Tr[O]

∣∣∣ ⩽ G(n) , (4.41)

where:

G(n) =
√
2 ln 2NO‖ω‖∞ n1/2qcL+1 . (4.42)

Here ‖ · ‖∞ is the infinity norm, ‖ · ‖1 is the trace norm, ω is defined in Eq. (4.38),

and NO is the number of non-zero elements in the Pauli decomposition of O, and

c = 1/(2 ln 2) is a constant.

The proof of this lemma can be found in the Supplementary Information of Ref. [WFC+21].

Briefly, it makes use of standard norm inequalities and crucially on inequalities on the

relative entropy and the 2-Renyi relative entropy of a quantum state.

Lemma 1 implies the cost landscape exponentially concentrates on the value Tr[O]/2n

for large n, whenever the number of layers L scales linearly with the number of qubits.

While this lemma has important applications on its own, particularly for VQE, it also

provides intuition for the NIBP phenomenon, which we now state.

Let ∂lmC̃ = ∂C̃/∂θlm denote the partial derivative of the noisy cost function with re-

spect to the m-th parameter that appears in the l-th layer of the ansatz, as in Eq. (4.37).

For our main technical result, we upper bound |∂lmC̃| as a function of L and n.

Theorem 3 (Upper bound on the partial derivative). Consider an L-layered ansatz

as defined in Eq. (4.35). Let θlm denote the trainable parameter corresponding to the

Hamiltonian Hlm in the unitary Ul(θl) appearing in the ansatz. Suppose that local Pauli
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noise of the form in Eq. (4.39) with noise parameter q acts before and after each layer

as in Fig. 4.6. Then the following bound holds for the partial derivative of the noisy

cost function:

|∂lmC̃| ⩽ F (n) , (4.43)

where:

F (n) =
√
8 ln 2NO‖ω‖∞

∥∥ηlm

∥∥
1
n1/2qcL+1 , (4.44)

and ηlm and ω are defined in Eq. (4.38), and NO is the number of non-zero Pauli terms

in O, and c = 1/(2 ln 2) is a constant.

The proof of this theorem can be found in the Supplementary Information of

Ref. [WFC+21].

Let us now consider the asymptotic scaling of the function F (n) in Eq. (4.44).

Under standard assumptions such as that O in Eq. (4.38) admits an efficient Pauli

decomposition and that Hlm has bounded eigenvalues, we now state that F (n) decays

exponentially in n, if L grows linearly in n.

Corollary 2 (Noise-induced barren plateaus). Let Nlm, NO ∈ O(poly(n)) and let

ηilm, ω
j ∈ O(poly(n)) for all i, j. Then the upper bound F (n) in Eq. (4.44) vanishes

exponentially in n as:

F (n) ∈ O(2−αn) , (4.45)

for some positive constant α if we have:

L ∈ Ω(n) . (4.46)

The asymptotic scaling in Eq. (4.45) is independent of l and m, i.e., the scaling

is blind to the layer, or the parameter within the layer, for which the derivative is

taken. This corollary implies that when Eq. (4.46) holds, i.e. L grows at least linearly

in n, the partial derivative |∂lmC̃| exponentially vanishes in n across the entire cost

landscape. In other words, one observes a Noise-Induced Barren Plateau (NIBP). We

note that Eq. (4.46) is satisfied for all q < 1. That is, NIBPs occur regardless of the

noise strength, it only changes the severity of the exponential scaling.
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In addition, Corollary 2 implies that NIBPs are conceptually different from noise-

free barren plateaus. First, NIBPs are independent of the parameter initialization

strategy or the locality of the cost function. Second, NIBPs exhibit exponential decay

of the gradient itself; not just of the variance of the gradient, which is the hallmark

of noise-free barren plateaus. Noise-free barren plateaus allow the global minimum to

sit inside deep, narrow valley in the landscape [CSV+21], whereas NIBPs flatten the

entire landscape.

Finally, we present an extension of our main result to the case of measurement

noise. First consider the following lemma:

Lemma 2 (Pauli coefficients under noise). Consider an operator Λ whose Pauli basis

decomposition is:

Λ = λ01
⊗n + λ · σn, (4.47)

where λ0 ∈ R and λ ∈ R4n−1. Under the action of a noise channel N of the form in

Eq. (4.39) on a single Pauli string σin we have:

|λ̃i| ⩽ q|λi| ∀ i > 0, (4.48)

where we define λ̃i as the coefficient such that λ̃i σin = N (λiσ
i
n).

Proof. The effect of a single layer of noise can be expressed as follows:

λi
N−−→ q

x(i)
X q

y(i)
Y q

z(i)
Z λi , (4.49)

for all i ∈ [4n − 1], where x(i) + y(i) + z(i) ⩽ n is the number of non-identity terms in

the i-th Pauli string. Noting that x(i) + y(i) + z(i) ⩾ 1 ∀i and using the definition of

q, we obtain the desired statement.

Now consider a model of measurement noise where each local measurement inde-

pendently has some bit-flip probability given by (1 − qM )/2, which we assume to be

symmetric with respect to the 0 and 1 outcomes. This leads to an additional reduction
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of our bounds on the cost function and its gradient that depends on the locality of the

observable O.

Theorem 4 (Measurement noise). Consider expanding the observable O as a sum

of Pauli strings, as in Eq. (4.38). Let w denote the minimum weight of these strings,

where the weight is defined as the number of non-identity elements for a given string. In

addition to the noise process considered in Fig. 4.6, suppose there is also measurement

noise consisting of a tensor product of local bit-flip channels with bit-flip probability

(1− qM )/2. Then we have:

∣∣∣∣C̃ − 1

2n
Tr[O]

∣∣∣∣ ⩽ qwM G(n) , (4.50)

and:

|∂lmC̃| ⩽ qwMF (n) , (4.51)

where G(n) and F (n) are defined in Lemma 1 and Theorem 3, respectively.

Proof. We prove in detail the proposition about the gradient of the cost function. The

proposition about the cost function is derived in an analogous manner.

As a model of measurement noise we consider a classical bit-flip channel applied to

every qubit, such that the standard POVM elements get replaced by:

P0 = |0〉〈0| → P̃0 = p00 |0〉〈0|+ p01 |1〉〈1| (4.52)

P1 = |1〉〈1| → P̃1 = p10 |0〉〈0|+ p11 |1〉〈1| , (4.53)

where p00 + p01 = 1 and p10 + p11 = 1. Furthermore, we take this channel to be unital,

such that P̃0 + P̃1 = (p00 + p10)P0 + (p01 + p11)P1 = P0 + P1 giving p00 + p10 = 1 and

p01+p11 = 1. Thus, there is only one free parameter qM , and we set p00 = p11 =
1+qM

2 ,

p01 = p10 = 1−qM
2 . Note that without loss of generality we can assume p00, p11 > 1/2,
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and hence qM ⩾ 0. Overall:

P0 = |0〉〈0| → P̃0 =
1 + qM

2
|0〉〈0|+ 1− qM

2
|1〉〈1| (4.54)

P1 = |1〉〈1| → P̃1 =
1− qM

2
|0〉〈0|+ 1 + qM

2
|1〉〈1| . (4.55)

The equivalence between this classical channel and a quantum bit-flip channel is seen

by writing P0 = 1+Z
2 and P1 = 1−Z

2 , such that the bit-flip channel is equivalent to a

transformation of the Pauli Z operator: Z ′ = qMZ. This corresponds to the effect of a

bit-flip channel N (ρ) = 1+qM
2 ρ+ 1−qM

2 XρX.

The reasoning so far only applies to measurements in the Z basis. However, in

our model we do not consider a standard projective measurement, but the expectation

value with respect to a general Hermitian operator. This assumes the capability of

performing measurements in any basis. If we assume that the classical bit-flip acts

independently of the basis we choose to measure in, then we see that the corresponding

quantum channel must be a depolarizing channel DM such that:

DM (σ) = qMσ , (4.56)

where σ is any single-qubit Pauli operator. An alternative realistic assumption that also

leads to (4.56) is that the quantum computer can only measure in the computational

basis, and so one implements measurements in general bases by applying an extra

layer of (noisy) one-qubit rotations before measurement. We thus proceed to model

measurement noise as a tensor product of such local depolarizing channels applied

prior to measurement and denote the overall channel as NM . From Eq. (4.56) we have

that :

NM (O) =
∑
i

ωiNM (σin) = ω̃ · σn , (4.57)

where ω̃ is a vector of elements ω̃i = q
w(i)
M ωi, and where w(i) = x(i) + y(i) + z(i) is the

weight of the Pauli string. Here we recall that we have respectively defined x(i), y(i)

and z(i) as the number of Pauli operators X, Y , and Z in the i-th Pauli string. Let

w = miniw(i) be the minimum weight of the Pauli strings of O.
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Let us now write the noisy cost function partial derivative as:

∂lmC̃ = Tr [NM (O)∂lmρL] . (4.58)

We write:

|∂lmC̃| ⩽ ‖N ◦ NM (O)‖∞
∥∥W+

(
∂lm ρl−

)∥∥
1
. (4.59)

The first term can be bounded as:

‖N ◦ NM (O)‖∞ = ‖N (ω̃ · σn)‖∞ (4.60)

⩽ NO max
i

∥∥N (ω̃iσin)
∥∥
∞ (4.61)

⩽ NO qmax
i
|ω̃i| (4.62)

⩽ NO q q
w
M‖ω‖∞ , (4.63)

where the first inequality is due to the triangle inequality, the second inequality comes

from Lemma 2 and the fact that Pauli operators have sup-norm 1, and the final in-

equality from the definition of w. We see this result is identical to that in Theorem 3,

aside from an extra factor qwM .

The second term in (4.59) is bounded in the proof of Theorem 3 as:

∥∥W+

(
∂lm ρl−

)∥∥
1
⩽
√
8 ln 2

∥∥ηlm

∥∥
1
n1/2qcL . (4.64)

Putting the two parts together we obtain:

∣∣∂lmC̃∣∣ ⩽ √8 ln 2NO

∥∥ω∥∥∞‖ηlm

∥∥
1
n1/2 qwM qcL+1 (4.65)

= qwMF (n) , (4.66)

as required.

Now let us prove the complimentary result for the cost function magnitude. We
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write:

∣∣∣∣C̃ − 1

2n
Tr[O]

∣∣∣∣ = ∣∣∣∣Tr[N ◦NM (O)a(L) · σn

]∣∣∣∣ (4.67)

⩽
∥∥N ◦NM (O)

∥∥
∞
∥∥a(L) · σn

∥∥
1

(4.68)

⩽ qwM NO

∥∥ω∥∥∞√2 ln 2 · n qcL+1 . (4.69)

where the first inequality comes from Hölder’s inequality and the second one from the

same argument as before and the proof of Lemma 1. Thus we can write:

∣∣∣∣C̃ − 1

2n
Tr[O]

∣∣∣∣ ⩽ qwM G(n) , (4.70)

where G(n) =
√
2 ln 2NO

∥∥ω∥∥∞n1/2qcL+1 is the concentration factor in Lemma 1.

Hence observables with w ∈ Ω(n) will suffer from an exponential decay in n of the

cost function and its gradient, independent of circuit depth.

Theorem 4 goes beyond the noise model considered in Theorem 3. It shows that in

the presence of measurement noise there is an additional contribution from the locality

of the measurement operator. It is interesting to draw a parallel between Theorem 4

and noise-free barren plateaus, which have been shown to be cost-function dependent

and in particular depend on the locality of the observable O [CSV+21]. The bounds in

Theorem 4 similarly depend on the locality of O. For example, when w = n, i.e., global

observables, the factor qwM will hasten the exponential decay. On the other hand, when

w = 1, i.e., local observables, the scaling is unaltered by measurement noise. In this

sense, a global observable exacerbates the NIBP issue by making the decay more rapid

with n.

4.4 Conclusion

In this Chapter we discussed symmetries of the cost function landscape which can be

broken by quantum noise, giving rise to a more complex landscape. The first type of

symmetry is a continuous one that emerges when the quantum circuit is overparam-
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eterised, meaning that some parameterised gates are redundant and could be set to

zero (or any fixed value) without affecting the range of quantum states that can be

expressed. In general, these symmetries may broken by many types of channel with

the exception of the global depolarising channel that can be commuted with any gate.

We have explored the connection to the QFIM and how it supports breaking of these

symmetries by noise. However, making precise statements about the phenomenon is

difficult due to the wide range of symmetries and noise channels that can exist.

The second type of symmetry links discrete sets of parameters associated with

single-qubit rotation gates which differ by rotations of π/2. To understand and analyse

these symmetries we have introduced the σ-Pulse method. The main idea behind this

method is the creation, propagation, and absorption of virtual Pauli rotation gates in

the PQC, which allow us to obtain symmetric sets of parameters. These symmetries

are occur in large number in circuits that we call buffered, but are also present in many

common VQAs. Regarding noise, we rigorously showed that the parameter symmetries

are preserved under the action of unital Pauli noise, implying that dephasing and

depolarizing noise acting throughout the PQC have no effect on the overall symmetric

structure of the cost landscape. We then proved that non-unital Pauli can break the

parameter symmetries and hence the symmetries in the cost landscape. This result

implies that, when training in the presence of noise, some of the previously exponentially

symmetric global minima can become local minima. Hence, optimisation strategies that

randomly initialise the parameters could converge to one of those local minima and not

obtain an optimal solution.

As an aside, for buffered PQCs, as shown in the proof of Prop. 1, given a parameter θ

there exists an exponentially big set of symmetric parameters θ′ such that U(θ) = U(θ′)

(up to a global phase). These symmetries translate in turn into exponential symmetries

in the cost landscape, and further we can show that all the relevant features of the cost

landscape can be found in a subspace of the parameter hyperspace, hence providing

an exponential reduction of the search space of variational quantum algorithms. In

the context of variational algorithms, the result may have numerous implications. The

fact that the noiseless quantum landscape has been demonstrated to consist of an
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exponentially large number of translated copies of a single landscape “unit cell” means

that the informational content of the landscape is actually greatly reduced. As such, one

may hope to construct quantum algorithms that are more sample-efficient by exploiting

these regularities.

Ultimately any parameter symmetry that can be broken by the presence of noise

channels can pose a challenge for the optimisation of the VQA. This is because previ-

ously identical points in the cost function landscape now may become different, leading

to a proliferation of local minima. Spurious local minima, also called traps, are a phe-

nomenon which already in the noiseless case is known to cause issues for gradient-based

optimisers [WGK20, BK21, AK22, LJGM+23, CHPZ24]. In particular, in Ref. [AK22]

the authors find that underparameterised VQAs suffer from exponentially many such

traps, and therefore that overparameterisation is beneficial. Our results partial con-

trast this view when noise is presence, as noise can induce multiple new traps especially

when the PQC is overparameterised.

However, we also argued in our discussion of continuous symmetries that noise may

partially aid optimisation by introducing gradients along previously flat directions in

the landscape. This may underlie the partial resilience of VQAs to noise observed in

the numerical experiments in the previous Chapter, as the optimiser would be able to

exploit these additional gradients to improve the quality of the solution and thus miti-

gate the negative effects of noise. Furthermore, in Ref. [FCA+22] an optimiser based on

the σ-Pulse method is presented, which exploits the symmetries to identify parameters

which offer improved noise resilience. Overall it can be argued that symmetry breaking

complicates the cost function landscape and thus the optimisation of VQAs, but not

in a universally negative way.

In contrast, the phenomenon of noise-induced barren plateaus (NIBPs) is arguably

a negative result for the field of variational quantum computing. Like noise-free barren

plateaus [MBS+18], NIBPs require the precision and hence the algorithmic complexity

to scale exponentially with the problem size. Thus, avoiding NIBPs is necessary for a

VQA to have any hope of exponential quantum speedup. However, unlike noise-free

barren plateaus, the cost function and the gradient vanish with increasing problem
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size at every point on the cost function landscape, rather than probabilistically. As a

consequence, NIBPs cannot be addressed by layer-wise training, correlating parameters

and other strategies [CSV+21,UB21,VC21,VBM+19,GWOB19,SMM+20], all of which

can help avoid noise-free barren plateaus. At the moment, the only strategies we are

aware of for avoiding NIBPs are: (1) reducing the hardware noise level, or (2) improving

the design of variational ansätze such that their circuit depth scales more weakly with

n.

We emphasise that naïve mitigation strategies such as artificially increasing gra-

dients cannot remove the exponential scaling of NIBPs as this simply increases the

variance of any finite-shot evaluation of derivatives, and it does not improve the resolv-

ability of the landscape. This argument extends simply to include any error mitiga-

tion strategy that implements an affine map to cost values [CACC21,MS21,VKG+21,

RGM22, HNdJB20, Sha21, AAB+20a]. Further, most error mitigation techniques con-

sist only of postprocessing noisy circuits. Thus, we deem it unlikely many strategies

can remove exponential NIBP scaling as information about the cost landscape has fun-

damentally been lost (or at least been made exponentially inaccessible). This is in

contrast to error correction where information is protected and recovered. However,

in general it is an open question as to whether or not error mitigation strategies can

mitigate NIBPs, and we leave this question for future work.
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Fourier picture
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Chapter 5

Fourier spectrum of noisy

Variational Quantum Algorithms

In this Chapter, we take the view of spectral analysis to investigate the effects of

noise on parameterised quantum circuits. Interpreting the quantum landscape as a band-

limited multidimensional function in the parameters allows us to use classical signal

processing tools for quantifying the impact of various error channel models. For different

models, we quantify the additional, higher frequency modes in the output signal caused

by device errors. We show that filtering these noise-induced modes effectively mitigates

device errors. Moreover, we describe the classical and quantum resource requirements

for these techniques and test their effectiveness for application motivated-circuits on

quantum hardware.

This work is based on Ref. [FRDC22b].

5.1 Fourier decomposition of variational algorithms

As we have outlined previously, there are many ways in which VQAs resemble the

neural networks using in classical machine learning: they consist of a parameterised

computational structure, they are trained using a cost (loss) function that measures
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their performance, the training loop often uses gradient-based methods like gradient

descent. This is largely a tautological observation since some of the first VQAs have

been designed with neural networks in mind [FN18]. However the similarities go deeper

and extend to the main results and outstanding questions in both domains. For in-

stance, both suffer from an interpretability problem [PF23], since the computational

structures are largely black boxes for the analysis of which we lack the sufficient tools,

although for both heuristically tuning the architecture can lead to improved perfor-

mance [WZdS+20]. Importantly for our discussion, the cost function landscape for both

is similarly poorly understood, with indications that it is highly nonconvex [BK21] and

full of local minima [AK22] and flat regions [MBS+18].

There exist however several peculiarities for each domain. For instance, classical

neural networks typically employ nonlinearities, which are hard to introduce in the

naturally linear quantum setting (but not impossible, see for instance Ref. [TMN+21,

MGV+23]). In particular for the cost function and optimisation, large part of the

success of classical neural networks can be attributed to the existence of backpropa-

gation, which allows for rapid and parallelised computation of gradients even for very

large neural networks. In contrast this is generally not available for VQAs [BWP23],

and the best one can hope for in the quantum setting is methods like the parameter

shift rule [SBG+19] that improve on finite differences but still require to compute each

gradient component separately.

The latter method is actually indicative of a broader phenomenon: despite the cost

function of VQAs being very complex, the unitary structure, the intrinsic linearity and

the kind of gates typically employed in PQCs allow to demonstrate results that have

no parallel in classical neural networks. In this and the next Chapter we will explore

arguably the most powerful characteristic of VQA cost functions, the fact that they can

be decomposed as multivariate Fourier series or trigonometric polynomials. We shall

use these terms interchangeably as they are essentially equivalent in our case. To be

more precise, a Fourier series in the variables θ ∈ Rm takes the form:

f(θ) =
∑
ω∈Ω

cωe
iθ·ω, (5.1)
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where ω ∈ Rm is the frequency, Ω is the frequency spectrum, a countable set which may

be infinite, and cω ∈ C the Fourier coefficients. A (real, multivariate) trigonometric

polynomial takes the form:

f(θ) =
∑
k∈K

[ak cos(k · θ) + bk sin(k · θ)], (5.2)

where ak, bk ∈ R are the trigonometric coefficients. It is easy to show that for real

functions, cω = c∗−ω and the two formulations are can be converted into each other.

In this Thesis we shall also use alternative formulations for trigonometric polynomials

that more directly relate to the quantum case. In particular when K ⊆ Zm
d ,1 we may

write:

f(θ) =
∑
k∈K

dkΦk(θ), (5.3)

where the trigonometric monomials Φk(θ) are:

Φk(θ) =
m∏
i=1

t
|ki|
sgn(ki)(θi), ts(θ) =


1 if s = 0,

cos(θ) if s = 1,

sin(θ) if s = −1.

(5.4)

(Here we assume sgn(0) = 0). This form is again equivalent and interchangeable with

the previous ones.

We will denote by Tm,d the set of all real multivariate trigonometric polynomials on

m variables with degree (maximum frequency for any parameter max
K
‖k‖∞) at most d.

5.1.1 Canonical approach

Several authors have observed the simple relation between expectation values of ob-

servables with respect to parameterised circuits and trigonometric functions or finite

Fourier series [SSM21, VT18, GVT20, NFT20, PIOM19, OGB21, WIWL22]. In particu-

lar Schuld et al. in Ref. [SSM21] gave a general analysis that is used to explore the

expressivity of ansätze for data-encoding. We shall summarise it here.
1In an abuse of notation we define Zd := {−d,−d+ 1, ..., d− 1, d}.
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The particular circuit involved repeated applications of the same parameterised

unitary of the form:

U := V0U(θ)V1U(θ)...U(θ)Vm, (5.5)

with one-parameter unitaries U(θ) = eiθH generated by a Hermitian operator H act-

ing on the Hilbert space corresponding to n qubits. The key idea is that H can be

diagonalised as:

H =WΣW †, (5.6)

with Σ = diag(λ1, ..., λ2n) the diagonal matrix of eigenvectors, and :

U(θ) =WeiθΣW †, (5.7)

with eiθΣ = diag(eiθλ1 , ..., eiθλ2n ). Therefore the expectation value of a target observable

O is given by:

Tr(OU(θ)ρU(θ)†) = Tr(OWeiθΣW †ρWe−iθΣW †)

= Tr(ÕeiθΣρ̃e−iθΣ)

=
∑
ij

eiθ(λj−λi)[Õ]ij [ρ̃]ji, (5.8)

where Õ := WOW † and ρ̃ := WρW † are the observable and input state in a rotated

frame. Then we conclude that the expectation value must be a 1D Fourier series with

frequency spectrum Ω = {λj − λi}ij . The coefficient for a frequency ω are given by

summing all [Õ]ij [ρ̃]ji such that ω = λj − λi. As such, even though there are 2n

eigenvalues of H, the size of the spectrum and thus the Fourier series may be much

smaller. For instance, when H is a Pauli operator the eigenvalues are λi ∈ {±1}

giving just 3 frequencies in the spectrum ω ∈ {−2, 0, 2}. This means that 3 coefficients

completely characterise the cost function of a PQC with a single parameterised Pauli

gate regardless of the rest of the circuit, as observed in Ref. [OGB21]. This can be

generalised to PQCs with m > 1 parameters and generators, obtaining a multivariate
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Fourier series the frequency spectrum of which is a finite lattice:

Ω = {λ(j) − λ(i)}ij ⊂ Rm, (5.9)

where [λ(j)]i is the jth eigenvalue of the ith generator.

5.1.2 Pauli paths

We now give an alternative derivation of the trigonometric form of circuits with m

independent parameters. This approach is conceptually different from the one outlined

above, as we now decompose the target unitary operation into a linear combination

of quantum channels that separates the dependency on the parameterisation from the

specific circuit structures involved. This is related to sum-over-paths approaches to

classical simulation of circuits [BBC+19, HL21]. Crucially, the channel-based perspec-

tive is particularly well-suited to analyse the effects of noise.

First consider a single-qubit system with some input state, a z-rotation Rz(θ) =

e−iZθ/2 and a Pauli measurement. Shifting to the Heisenberg picture, we consider the

conjugate channel R†
z(θ) := R†

z(θj)(·)Rz(θj). The result of its application onto a Pauli

operator P is:

R†
z(θ)(P ) =


P if P = I, Z,

cos(θ)P ± sin(θ)P ′ otherwise.
, (5.10)

where P ′ is another Pauli operator. Specifically, if P = X then we gain a negative sign

and P ′ = Y , while if P = Y then we get a positive sign and P ′ = X.

This can be used to prove the following result:

Lemma 3 (Trigonometric form of expectation values). Consider a parameterised quan-

tum unitary of the form:

U(θ) :=

m∏
j=1

VjUj(θj) V0, (5.11)

and the state resulting from applying the corresponding channel to a fixed initial state:

ρ(θ) = U(θ)(ρ0). Now suppose each of the one-parameter unitaries is generated by

Pauli operators U(θj) = e−iPjθj/2, and in addition the unparameterised unitaries Vi are
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Clifford and the input state ρ0 is a stabiliser state.

Then the Fourier coefficients of the trigonometric polynomial Tr(ρ(θ)P ) where P is a

Pauli operator are ck ∈ {±1/2||k||1 ,±i1/2||k||1 , 0}, and the spectrum is K ⊆ {−1, 0, 1}m,

so Tr(ρ(θ)P ) ∈ Tm,1. Furthermore, the expansion in terms of trigonometric functions

has coefficients dk ∈ {0,±1}.

Proof. It is most direct to prove first that the expectation value Tr(ρ(θ)P ) is in the

given trigonometric form. To do this, first consider that every parameterised opera-

tor U(θj) = e−iPjθj/2 is a Pauli gadget, and as such it can be decomposed into one

single-qubit parameterised Z-rotation and Clifford gates, which can be absorbed into

the fixed gates. Therefore, the circuit consists entirely of fixed Clifford gates V ′ and

parameterised single-qubit Z-rotations:

U(θ) = V ′
0Z1(θ1)V

′
1Z2(θ2)V

′
2 ... Zm(θm)V ′

m. (5.12)

Now consider the channel form of the unitary as it appears in the calculation of the ex-

pectation value Tr(PU(θ)(ρ0)), which in the Heisenberg picture becomes Tr(U†(θ)(P )ρ0).

Every step of the calculation of the expectation value then consists in the successive

application of either a conjugate Z-rotation channel or a Clifford channel. Clifford

channels by definition normalise the Pauli group and hence turn a Pauli operator into

another Pauli operator. On the other hand Z-rotation channels may, depending on the

operator, produce a linear combination of operators with trigonometric coefficients, as

seen before. The coefficients are always either sin or cos of the rotation angle, with

potentially a negative sign. Therefore, at the end of the procedure, one is left with a

sum of Pauli operators:

U†(θ)(P ) =
∑
k∈Λ
±ΦkPk, (5.13)

where Λ = {−1, 0, 1}m and Φk is a trigonometric monomial. As a final step, the

expectation value of this operator is taken with respect to the stabiliser ρ0 state, which

for each term yields either 0 or ±1. One is therefore left with a function of the wanted

form.

To express the trigonometric function as a Fourier series, each trigonometric mono-

118



Chapter 5. Fourier spectrum of noisy Variational Quantum Algorithms

mial can be expanded in complex exponentials, giving:

Tr(PU(θ)(ρ0) =
∑
k∈Λ

cke
iθ·k. (5.14)

where the coefficients are ck ∈ {±1/2||k||1 ,±i1/2||k||1 , 0}, where ||k||1 =
∑

i |ki|. This is

because each sine or cosine in a monomial Φk contributes a factor of 1/2×{1,−1, i,−i},

and there are ||k||1 sines and cosines in Φk. As the function is real, by standard Fourier

analysis c−k = c∗k.

5.1.3 Process modes

In summary, we saw that we can recover the trigonometric form of the cost function by

working in the Heisenberg picture and considering how a Pauli observable is converted

by Pauli rotations into more Pauli operators with trigonometric coefficients. At most,

every application of a rotation channel results in doubling the Pauli support of the total

operator. Therefore we can view the computation as a tree, where every leaf corresponds

to a Pauli operator weighted by a trigonometric monomial. Alternatively we can see

the computation as branching into different Pauli paths for every rotation channel. This

concept was explored before in different contexts, for example in Refs. [GD18,AGL+22]

for the simulation of random circuit sampling, where Haar-random two-qubit unitaries

take the place of the parameterised rotation gates.

Here we aim to examine these computational paths from the point of view of the

channel itself. Take again the rotation channel Rz(θ). We can decompose it as a linear

combination of Clifford unitary channels:

Rz(θj)(ρ) = pI(θj)ρ+ pZ(θj)ZρZ
† + pS(θj)SρS

†, (5.15)
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where S =
√
Z and coefficients given by:

pI(θ) =
1

2
(− sin θ + cos θ + 1) (5.16)

pZ(θ) =
1

2
(− sin θ − cos θ + 1) (5.17)

pS(θ) = sin θ. (5.18)

These may be seen as quasi-probabilities as they sum to 1 (thus preserving the trace of

ρ) but can be negative. Alternatively we can rearrange into a different equation that

makes immediate the connection to Fourier series:

Rz(θj)(ρ) = C0 + eiθC1 + e−iθC−1, (5.19)

with C0, C±1 linear combinations of Clifford unitary channels as follows:

C0 =
1

2
I + 1

2
Z (5.20)

C1 =
1 + i

4
I − 1− i

4
Z − i

2
S (5.21)

C−1 =
1− i
4
I − 1 + i

4
Z +

i

2
S. (5.22)

Where Z(·) = Z(·)Z† and S(·) = S(·)S†. Following previous work [CJ17], we call these

channels process modes.

We can easily generalise to parameterised unitaries taking the form U(θj) = e−iPjθj/2

for some n qubit Pauli operator Pj , as they can be decomposed into Cliffords and a

single-qubit z-rotation. Therefore we can easily show that given any Pj there exist

channels {C(j)k }k=0,±1 such that:

U(θj) = C(j)0 + eiθjC(j)1 + e−iθjC(j)−1. (5.23)

Now we extend to circuits U(θ) with parameterised unitaries generated by arbitrary

Hamiltonians, and arbitrary non-parameterised gates:

U(θ) = V0U1(θ1)V1...Um(θm)Vm, Uj(θj) = eiθjHj . (5.24)
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In such a case the resulting expected values with respect to θ will be described by mul-

tivariate trigonometric polynomials with possibly higher frequencies, i.e. some compo-

nents of the frequency vector k could have absolute value larger than 1. We seek to

determine the allowed values for the frequencies and the Fourier coefficients in terms

of operations derived from the circuit structure.

In this general setting, by the results in Sec. 5.1.1 we know that the frequency spec-

trum associated with a particular unitary is discrete and dictated by the spectrum of

its generating Hamiltonian. Therefore we expect that each unitary channel decomposes

into a number of process modes. We will see that by simply concatenating the channels

for the individual gates expressed as combinations of process modes, we can express

U(θ) as a linear combination of operations that isolate the parameter dependency:

U(θ) =
∑
k

eiωk·θ V0 ◦ Uk1 ◦ V1 ◦ ... ◦ Ukm ◦ Vm, (5.25)

where Ukj is the kjth process mode of channel Uj = Uj · U †
j . Now we recognise in

the summands an analogue of the Pauli paths from the point of view of channels, and

therefore we call this result process path decomposition.

In the following Theorem we show how the decomposition arises, and how it directly

gives the trigonometric polynomial form taken by expectation values; to emphasise

their dependency on the measured observable, we employ the notation ck(O) for the

coefficients.

Theorem 5. Consider a parameterised quantum state on n qubits with m parameters

ρ(θ) = U(θ)ρ0U(θ)† with unitary as in Eq. (5.24). The expectation value of any

Hermitian operator O with respect to ρ(θ) is a generalised m-variate trigonometric

polynomial of bounded degree:

〈O〉ρ(θ) =
∑
k∈Λ

ck(O)eiωk·θ, (5.26)

where c−k = c∗k and the lattice Λ ⊂ Zr1
1 × ... × Zrm

1 where each rj is the rank of
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the Walsh-Hadamard transform of the eigenvalue vector of Hj
2. Furthermore, the

frequency vector ωk = ((ωk)1, . . . , (ωk)m) ranges over a discrete set with bounded degree

supk∈Λ |(ωk)j | ⩽ 2||Hj ||∞.

Proof. From Ref. [WGMAG14] we have that any diagonal operator has a decomposition

in terms of the diagonal Pauli operators acting only with Z or I:

∑
z

λz|z〉〈z| =
∑

j=(j1,...,jn)

ajZ
j1 ⊗ ...⊗ Zjn . (5.27)

Each ji is a binary variable with j := (j1, ..., jn) and the vector a := (a0, a1, ..., a2n−1)

is the Walsh-Hadamard transform of the eigenvalue vector λ = (λz : z ∈ {0, 1}n):

aj =
1

2n

2n−1∑
z=0

λz(−1)z·j, (5.28)

with inverse given by:

λz =
∑
j

aj(−1)z·j. (5.29)

Therefore, the action of the unitary:

Ui(θi) = eiHθi =W
∏

j:aj ̸=0

eiajZ
j1⊗...⊗ZjnθiW † (5.30)

upon diagonalisation can be decomposed into a series that involves replacing the action

of each phase gadget Zj(θ) = eiajZ
j1⊗...⊗Zjnθ that has, as we have seen in Eq. (5.23), a

process modes decomposition:

Zj(θ) = Cj0 + e2iθajCj−1 + e−2iθajCj1. (5.31)

Therefore:

Ui(θi) =
∑

k∈{0,±1}r
eiθiω

i
kW ◦ Cik ◦W†, Cik = Cj1k1 ◦ ... ◦ C

jr
kr
, (5.32)

2The 2m-dim Walsh-Hadamard transform matrix can be defined as [Hm]ij := 1

2m/2 (−1)i·j where
the i · j indicates the bitwise dot product between the binary representations of the indices.
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with r = |{aj : aj 6= 0}| is the number of phase gadgets that compose the unitary,

ωi
k = 2a ·k and a is the vector of the nonzero aj. Each vector k has entries in {−1, 0, 1}

and labels a particular process mode. Clearly ωi
k is maximised when k ∈ {±1}r, when

this occurs then a ·k is an element of the inverse Walsh-Hadamard transform of a, and

so is an eigenvalue of Hj . Therefore |ωi
k| ≤ 2‖Hj‖∞.

Now to obtain the full decomposition of the channel U(θ) we simply concatenate

the decomposed Ui(θi) and the Vi channels, obtaining process paths that are weighted

by a trigonometric coefficient eiωk·θ. Applying each path to the starting state and

measuring with the observable yields a complex number for each path

ck(O, ρ0) = Tr[OV0 ◦W ◦ C0k ◦W† ◦ ... ◦ W ◦ Cmk ◦W† ◦ Vm(ρ0)], (5.33)

which obeys c−k = c∗k since the function must be real.

The decomposition of U in the form of Eq. (5.32), under certain circumstances, may

in fact naively overcount the number of frequencies ωk. This comes from the fact that

phase gadgets commute and particular compositions of process modes of the type Cjk
give a null channel, so the corresponding term in Eq. (5.32) vanishes. Also note that

generally, the frequencies are not uniquely defined by a given path k: It may be the

case that two different paths give ωk = ωk′ , in which case the corresponding coefficient

in the Fourier transform will be ck + ck′ . Therefore in the Fourier-transform frequency

spectra S the two paths will have indistinguishable contributions.

This analysis involving process modes may be more suitable than the expressions in

Eq. (5.8) to determine the allowed frequencies and coefficients in the expectation value

in the following situations: when one does not have direct access to the eigenvalues;

when the parameterised unitary is given as a quantum circuit, or when the eigenvalues

have higher multiplicities where it provides a more compact form for the coefficients.

Our focus in this Chapter is ultimately on analysing and mitigating the effects of quan-

tum noise on expectation values of observables viewed as trigonometric polynomials,

where such a quantum channel perspective is more suitable.
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5.2 Error diagnostics from Fourier spectra

5.2.1 Fourier spectra of quantum channels

In the previous section we showed how a quantum channel approach can be used to

derive the Fourier spectra of parameterised unitary circuits, via a process mode decom-

position. We now drop the unitary requirement, and discuss Fourier spectra of general

quantum channels that may represent noisy implementations. The previous decompo-

sition of unitary operations into process modes can also be seen as a consequence of

the following general result.

Lemma 4 ( [BFH+17]). Any trace-preserving quantum channel χ on n qubits can

be expressed as a linear combination of Clifford unitary channels Ci and Pauli reset

channels Rj:

χ =
∑

qiCi +
∑

q′jRj , (5.34)

for qi, q′i ∈ R. Trace preservation is equivalent to
∑

i qi +
∑

j q
′
j = 1, and the Sj terms

are only required for non-unital channels3. The decomposition is not unique.

A Pauli reset channel maps any input state to a specific fixed eigenstate of a Pauli

operator, conditional to a measurement by the same operator. An example is a single

qubit channel that measures in the Z basis and, if the eigenvalue −1 is measured (state

is 1〉), applies a X to reset to the |0〉 state. This specific channel appears, for instance,

in the decomposition of the amplitude damping channel.

In general, the Fourier spectrum of an expectation value evaluated on a parame-

terised state produced by a noisy channel will differ from that of a noiseless one in two

distinct ways: the Fourier coefficients might be different, and the frequency support

might vary.

Theorem 6. Writing ρ̃(θ) = χ(ρ(θ)) for the noisy implementation of the target state
3Note that there is no simple rule to determine if the resulting linear map will be completely positive,

and therefore physical.
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ρ(θ), and allowing the noise channel χ to depend on θ, we have:

〈O〉ρ̃(θ) =
∑
k∈Λ

∑
j

qj(θ)ck(C†j (O))eiωk·θ + q′(θ), (5.35)

where qj(θ) and q′(θ) capture the dependency on θ of the Clifford unitary and Pauli

reset channels respectively.

Proof. One may formally write Ũ(θ) = E ◦ U(θ), where the noise channel E may itself

be dependent on the angles θ. One may then employ decompositions as in Lemma 4 for

E so that only the quasiprobability distribution carries an angle dependency, namely:

E =
∑
j

qj(θ) Cj +
∑
j

q′j(θ)Rj . (5.36)

Therefore the noisy expected values take the form:

〈O〉ρ̃(θ) =
∑
j

qj(θ)Tr[ρ(θ)C†j (O)] +
∑
j

q′j(θ)〈Pj |O|Pj〉, (5.37)

where we have used that the adjoint Pauli reset channel is R†
j(O) = I 〈Pj |O|Pj〉 for

some eigenstate |Pj〉 of a Pauli operator. Following the analysis in the previous section,

Tr[ρ(θ)C†i (O)] =
∑

k∈Λ ck(C
†
i (O))eiωk·θ where we explicitly add the dependency of the

coefficients ck on the observable. This implies that:

〈O〉ρ̃(θ) =
∑
k∈Λ

∑
i

qi(θ)ck(C†i (O))eiωk·θ +
∑
j

q′j(θ)〈Pj |O|Pj〉. (5.38)

The second summation can be absorbed into the ωk = 0 term giving the intended

result.

Let us denote by S the (maximal) frequency support for the Fourier decomposition

of the unitary channel U(θ). For any given observable, the frequency spectrum of

〈O〉ρ(θ) will be included in S, but may contain fewer modes. As we have seen in the

previous section, for each independent parameter θi the frequency spectrum is included

in a finite lattice Si := {ωki
= −2ai · ki : ki ∈ Z×ri

3 } over Z3 with real basis vectors
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−2ai which can be determined from the circuit description of Ui(θi). On the other

hand, there’s no a priori constraint for qi, q′i to have discrete spectra since the noise

channel may not present periodicity in the angles.

Recall that in the noiseless case, a discrete set of frequencies suffices, corresponding

to the points of the lattice Λ ⊂ Rm. In the noisy case, the expectation value 〈O〉ρ̃(θ) is

still a function of θ, but it may no longer have a discrete Fourier series. As mentioned,

this would happen if any qi(θ), q′i(θ) is not a periodic function of θ and therefore cannot

be written as a discrete Fourier series. Therefore we define the noisy frequency spectrum

as:

S̃ := {ω̃ ∈ Rm : F [〈O〉ρ̃](ω̃) 6= 0}, (5.39)

where F denotes the Fourier transform, computed as:

F [〈O〉ρ̃](ω̃) =

∫
〈O〉ρ̃(θ)eiω̃·θdθ. (5.40)

The difference between S and S̃ depends on the specific noise parameters qj(θ),

and different channels have distinct effects on the spectra. In the following section we

illustrate this for several noise models based on varying physical assumptions.

5.2.2 Effect of decoherent channels

Consider a noisy implementation where each unitary gate operation is followed by a

noise channel that is independent of the parameters:

Ũ = Ṽ0 ◦ U1(θ1) ◦ Ṽ1 ◦ · · · ◦ Um(θm) ◦ Ṽm. (5.41)

It is clear that for any fixed observable S̃ ⊆ S, in other words the range of frequencies

remains the same. However the magnitude of the Fourier coefficients might be different.

Stronger assertions are possible if we specialise to particular cases.

For example, if each noisy gate Vi is affected by a (global) depolarising channel with

parameter p, then one finds that the noisy Fourier coefficients c̃k are homogeneously
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contracted:

〈O〉ρ̃(θ) =
∑
k∈Λ

(1− p)m+1ck(O)eiωk·θ

+
(1− (1− p)m+1)

2n
Tr(O). (5.42)

This can be seen as a special case of the following result.

Lemma 5 (Pauli channel). Let Ũ be as in Eq. (5.41) and suppose each Ṽi is a Clifford

unitary followed by a Pauli channel4, and each Ui is a Pauli gadget; then, for any Pauli

observable O, the coefficients are contracted for all paths so that |c̃k(O)| ≤ |ck(O)|.

The proof can be found in Appendix B.2. For general observables O and non-

Clifford Vi, some modes that were previously zero due to cancellation of paths might

find themselves with a non-zero value under a Pauli noise model.

In Appendix B.2, we provide a comprehensive analysis of noise channels and their

effect on Fourier coefficients, summarised in Table 5.1. Importantly, the effect of co-

herent, non-unital and parameter-dependent channels is detectable from the Fourier

spectrum as additional modes. Coherent channels may create additional modes by

adding new process paths. For instance, consider a small single-qubit Z-rotation: this

would create a two paths with an additional Z or S channel. While the channel with

Z behaves like a Pauli-Z error and therefore does not create additional coefficients,

the channel with S might. For the case of non-unital channels, consider amplitude

damping, which adds a new path with a reset channel. This is equivalent to resetting

a qubit to |0〉, which is like adding a path with a different circuit, and therefore po-

tentially different frequencies. Parameter-dependent channels may lead to modes with

frequencies outside the theoretical spectrum S. A simple example is an error channel

that behaves like a single-qubit rotation that depends on a parameter, which by being

a rotation would then add frequencies to the spectrum outside the range of frequencies

that one could infer from the circuit alone.

Finally, correlated noise falls under one of these categories depending on the specific
4A Pauli channel is an incoherent convex combination of Pauli errors.
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Noise channel Effect on Fourier coefficients S̃ ⊆ S?
Depolarising (Lemma 10) Uniform contraction 3

Pauli, SPAM (Lemma 11) Contraction (O Pauli and V Clifford) 3

Aligned Pauli (Lemma 12) Uniform contraction (any O and V) 3

Coherent (corollary of
Lemma 8)

Different coefficients but conserved
norm of coefficient vector c̃

3

Non-unital (Lemma 13) Different coefficients, new modes with
subset of parameters

3

Parameter-dependent
(Lemma 14)

Different coefficients, new modes out-
side theoretical spectrum

7

Table 5.1: Effect of different noise channels on Fourier coefficients of the landscape.
Proofs can be found in Appendix B.2. Rightmost column indicates whether the noisy
spectrum S̃ is included in the theoretical noiseless spectrum S.

type. Correlated noise across qubits that can be described as multi-qubit Pauli noise

will give the same effect of any Pauli noise channel. Noise that is correlated to some

rotation gate would fall under parameter-dependent noise.

5.2.3 Shot noise

Overall the analysis in previous sections confirms that noise is capable of expanding the

frequency spectrum. With knowledge of the exact, noiseless spectrum, one thus has a

direct way of quantifying the impact of noise on a quantum variational landscape. In

practical terms, an implementation of error diagnosis from Fourier data would involve

performing a discrete Fourier transform (DFT) by sampling parameter values. Since

the number of points determines the resolution at which the frequencies in the noisy

spectrum can be determined, the grid should be fine enough to be able to resolve

frequencies beyond S. In Appendix B.1 we discuss possible approaches to optimising

the number of calls to the quantum computer.

These sampling requirements are in turn different to those needed to resolve the in-

dividual points of the landscape with sufficient accuracy. We consider this requirement

in the next section.

Typically, for DFT the sampled points θi are equally spaced on a grid Θ = 2π
d Z×m

d ,

where d = 2N + 1 for N the largest frequency resolvable. For each sampled point, the

corresponding circuit U(θi) is repeated ns times to construct sample mean estimators
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x̃i for the expectation value xi. From the central limit theorem, the standard deviation

due to a finite number of shots scales as 1/
√
ns and using properties of the DFT a

similar scaling occurs in estimating the Fourier coefficients under shot noise. The full

proof is in Appendix B.2.1.

Lemma 6 (Shot noise). Given a number of shots ns, each Fourier coefficient is nor-

mally distributed around the noiseless mean with standard deviation:

σ(Re (F [x̃]k)) =
√
1− ||x||22/dm√

2nsdm
, (5.43)

and similarly for the imaginary part.

Two observations can be made on this result: first, the standard deviation of each

Fourier coefficient due to shot noise is independent of the coefficient’s frequency vec-

tor k, and second, the dependence on dm means that increasing the resolution in the

frequency spectrum or the number of parameters varied reduces the shot noise in the

Fourier coefficients with a scaling of 1/O(
√
dm). This is because increasing the resolu-

tion and/or the parameters increases the number of grid points and therefore the total

number of samples that go into estimating the Fourier coefficients.

5.2.4 Figures of merit from Fourier spectrum

5.2.4.1 Power spectra

If a frequency spectrum is known to be included into S, one can quantify the extra

noise-induced modes from an experimentally measured spectrum S̃ using the signal

power (or energy).

Definition 14 (Quality measures). The power in the extra modes due to noise is

given by:

PN :=
∑

ω∈S̃/S

|c̃ω|2, (5.44)
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while the signal power will be given by

PS :=
∑
ω∈S
|c̃ω|2. (5.45)

The total power P := PN +PS is proportional, via Parseval’s theorem, to the power of

the real-space signal
∑

i |xi|2, where the sum is over all grid points θi ∈ Θ and xi is the

sample expectation value at point θi. One can also define the observed signal-to-noise

ratio (SNR) as SNR := PS/PN .

Distinguishing noise from the signal will depend on the knowledge of the spectrum

S, as well as the size of the experimentally measured spectrum S̃. To maximise the

distinction, it is beneficial to identify S as small as possible, which might be possible

for specific circuit structures. In Sec. 5.3.2 we show how the noiseless spectrum can

be refined for the case of QAOA. However, for general circuits one is confined to the

results of Theorem 5.

5.2.4.2 Average fidelity and purity

A quantity of practical relevance for benchmarking that can be extracted from the

Fourier representation is the average fidelity over all sampled parameter values 〈F 〉θ,

equal to F [F ]0. Let us represent the Fourier coefficients over all Pauli operators in the

vectorised notation c, where [c]k,i = ck(Pi). In Appendix B.3 we show the following

result:

Lemma 7 (Average fidelity). The average fidelity of the output state over all sampled

parameters is proportional to the inner product of the vectors of Fourier coefficients:

〈F 〉θ =

∫
F (ρ̃(θ), ρ(θ))dθ =

1

2n
c †c̃, (5.46)

where F (ρ̃(θ), ρ(θ)) is the fidelity between the target state ρ and the noisy implemen-

tation ρ̃.

From this it is clear that the Fourier modes in c̃ that fall outside the support of c do

not contribute to the average fidelity. In other words, additional modes such as those
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produced by parameter-dependent errors are not captured by this averaged measure,

but nonetheless will affect fidelity of individual circuits.

Of course, in a practical setting it is unrealistic to measure all Pauli observables,

while direct fidelity estimation [FL11] requires at worst Ω(2n) measurements, for many

classes of states resource requirements are reduced, and one could also further employ

estimation of multiple observables using classical shadows to reduce the computational

burden [HKP20].

Similarly, the average purity can be related to the norm of the noisy Fourier coeffi-

cient vector:

Lemma 8 (Average purity). The average purity of the output state ρ̃(θ) over all sampled

parameters is proportional to the squared norm of the vector of Fourier coefficients:

〈P 〉θ =
1

2n
|c̃|2. (5.47)

The proof can be found in Appendix B.3. The relation between purity and spectral

power is therefore that the average power over all Pauli operators is proportional to

the average purity of the state over all sampled parameters. As a corollary, coherent

noise channels in the preparation circuit preserve purity of the final state and therefore

the norm of c̃.

Furthermore, since coherent errors preserve purity of the state, it must be that under

coherent noise channels the norm of c is preserved. Vice versa, decoherent channels will

decrease purity, and therefore lead to a contraction in the components of c, consistent

with the analysis presented in Appendix B.2.

5.2.5 Experiments

5.2.5.1 Simple circuit

In the following we apply spectral noise evaluation to example circuits run on real

quantum devices. The first circuit examined is a two-qubit circuit, consisting of two

parameterised Ry rotations, and the measurement operator is the parity operator ZZ.

The parameterisation is the canonical one, therefore the noiseless expectation value
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is f(θ1, θ2) = cos(θ1) cos(θ2), which corresponds to 4 nonzero Fourier coefficients with

maximum absolute frequency 1. Therefore, to study the presence of higher frequency

modes we sample up to a maximum absolute frequency of 2, giving a 5x5 grid. The

experiment was run on a superconducting device (ibmq_lima).

To assess the effect of noise on the frequency spectrum, after state preparation

and prior to measurement we introduce a series of identity gates, composed of two

successive CNOT gates. These would cause an increase in noise by extending the

depth and therefore computation time, increasing decoherence, and by being noisy

themselves. Furthermore, we note that error mitigation via extrapolation for digitised

computations [GTHL+20] involves introducing such fiducial gates to artificially boost

noise levels, and so the analysis here may also be used to test noise assumptions involved

in deriving fitting functions.

In Fig. 5.1 we show the total power in noise modes, defined above as modes not

present in the noiseless spectrum. The latter is further divided in noise on the expected

noiseless spectrum S (‘on support’) and noise outside of it (‘off support’ ), which in this

case consists of modes having any components with frequency higher than 1. The error

bars correspond to one standard deviation as evaluated by a bootstrapping variance

estimation method [You96]. The results reveal that, as expected, increasing the number
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Figure 5.1: Power in noise modes for signal measuring the observable O = ZZ for 2-
qubit 2-rotations circuit, for increasing depth of fiducial gates corresponding to a logical
identity (in this case two CNOT operations). The experiment was run on ibmq_lima,
for each depth a grid of 5x5 points was evaluated, with 8192 shots per point.

of identity gates has a progressive detrimental effect on the quality of the output. Most

of the noise appears to come from on-support modes, while off-support extra modes
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remain minor, however they also appear to increase progressively with depth. Based

on the previous discussion, the decay in signal power is to be interpreted as likely

being caused by decoherence, while the increase in additional modes, both on- and

off-support, signals the increased effect of more complex noise channels.

5.2.5.2 UCC circuit

Next, we evaluate the spectrum of a more complex 2-qubit circuit inspired by the

unitary coupled cluster (UCC) approach to VQE [MEAG+20], consisting of two Pauli

gadgets with P1 = XY and P2 = Y X. The measurement operator is ZI, which

yields the expectation value f(θ1, θ2) = cos(θ1) cos(θ2)−sin(θ1) sin(θ2), giving 2 Fourier

coefficients. This time, the experiment is run on four superconducting devices provided

by IBM, as well as the ion trap computer Quantinuum H1-1, powered by Honeywell.

The sampling grid is identical to the previous experiment (5x5). The results are shown

in Fig. 5.2.
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Figure 5.2: Figures of merit for 2-qubit UCC circuit, a) power in noise modes, b) signal-
to-noise ratio. Measured observable O = ZI. Run on different systems: Quantinuum
H1-1 (ion-based), IBM’s ibmq_santiago, ibmq_lima, ibmq_bogota, ibmq_lagos (su-
perconducting). Evaluated on a 5x5 parameter grid with 8192 shots per grid point.

Overall, the devices with the worst performance are ibmq_santiago and ibmq_lima,
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while the best performing on the task are HQ1 and ibmq_lagos. This might be ascribed

to their greater number of qubits (20 and 7), giving a larger parameter space for the

compiler to optimise noise, as well as to higher quantum volume in the case of H1-1

(which, at the time of writing, holds the world record for this measure [Hon21]). On the

other hand, the other machines have all a lower number of qubits (5). Interestingly, for

the most accurate devices the majority of the noise modes fall outside the exact support,

hinting that these devices might benefit the most from spectral analysis and noise

mitigation. The noise characteristics of the quantum computing devices benchmarked

are reported in the following table:

Device No. of qubits 2Q gate fidelity (%) Quantum volume
IBMQ Bogotá 5 99.05 32
IBMQ Lagos 7 99.24 32
IBMQ Lima 5 98.98 8
IBMQ Santiago 5 N/A 32
Quantinuum H1-1 20 99.8 512

Table 5.2: Sources: [PBE22], [AST21], [Qua23b], [Qua23a]. Gate fidelity data for IBMQ
Santiago was not available. The quantum volume for H1-1 is the figure for the time
that the experiments were run (May 2021).

Therefore we see that in principle spectral methods could be valuable in benchmark-

ing quantum devices by providing multiple figures of merit, and separating different

physical noise effects. However, we stress that the experiments presented here are ex-

tremely limited in both system size, circuit depth and number of measurement operators

sampled. The results cannot be considered as anything beyond a rough assessment of

the performance of the different machines in this particular task, and are meant to

serve as a proof-of-principle rather than a meaningful comparison.

5.3 Error mitigation based on spectral information

In Appendix B.4 we prove that below a noise threshold, a signal can be perfectly

recovered by rounding its Fourier coefficients for a class of quantum circuits. These

contain parameterised gates with independent parameters and unparameterised gates

that are Clifford but otherwise unknown. However, this theorem does not extend to
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general circuits, where typically one has both unparameterised non-Clifford gates and

dependent parameters. While the result applies to circuits of practical interest such as

the unitary coupled clustered ansatz [RBM+19,CSD20], the classical complexity of the

fast Fourier transform scales exponentially in the number of parameters thus limiting

the theorem’s use to circuits containing few non-Clifford gates. On the other hand,

circuits with a number of non-Clifford gates scaling logarithmically in the number of

qubits can be efficiently simulated [BG16].

However, given knowledge of the frequency spectrum for a circuit family, we design

application-specific error mitigation strategies that allow to approximately reconstruct

the signal. In Appendix B.4 we outline two such strategies inspired by well-known

classical spectral filtering methods, namely thresholding and filtering. Both aim to

recover the clean signal by isolating the most significant components from a noisy

spectrum. Thresholding assumes that the noise modes are small in magnitude, and

therefore sets a lower bound to the coefficient’s absolute value, while filtering uses

knowledge of the noiseless spectrum to remove all frequencies that must be induced by

noise.

In the next sections we combine these strategies with a decoherence-mitigating

method and demonstrate their usefulness in a realistic scenario.

5.3.1 Spectral denoising with near-Clifford circuits

A general feature of incoherent quantum noise is the scaling of signal coefficients, as ex-

plained in Sec. 5.2.1. Denoising techniques based on frequency filtering or thresholding

do not change the value of the significant coefficients, and therefore would not reduce

the effect of decoherent processes on their own. This can be viewed as an indication

that Fourier methods should be complemented with other noise mitigation techniques

designed to reduce decoherence effects. Here, we explore a combination of Fourier

methods with Clifford Data Regression (CDR) [CACC21], which has shown promise as

a practical mitigation method for expectation values. CDR has features that make it

natural to integrate with Fourier methods, as it relies on learning noise based on the

entanglement structure of the circuit, independently from the angles of rotation. The
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combination thus leads to a more efficient use of samples.

Denote by f̃(θ) the noisy expectation value of a given observable O with respect to

the parameterised circuit U(θ) acting on input state ρ0 and by f#(θ) its restriction to

the frequency spectrum ω ∈ S for the input circuit as determined using the techniques

illustrated in Appendix B.4. In practice, when implementing these protcols on a quan-

tum device, one deals with sample mean estimators of the noisy expectation value f̃

which, along with implementing a discrete Fourier transforms gives an estimator for f#

that includes shot noise as discussed in Sec. 5.2.3. After filtering noise-induced modes,

the second step would be to reduce the effect of incoherent noise by determining the

noise scaling Aω that give the error-mitigated estimators ĉω := Aω c̃ω of the exact

Fourier coefficients cω. To this aim, there are several strategies one can employ. In our

experiments we have explored the following strategies

The simplest approach is to first apply CDR, as it was introduced in [CACC21], in

order to learn scaling factors A and A′ that minimise :

A,A′ := argmin
a,a′

1

|C|
∑
C∈C
|fC − af̃C − a′|, (5.48)

where f̃C and fC denote respectively the noisy and the classically simulated expectation

value of the observable O with respect to state Cρ0C†. C is a near-Clifford circuit

derived from the target parameterised circuit U(θ) where all but a fixed number of

D non-Clifford gates are replaced with Clifford operations. Once A and A′ have been

found, we filter out noise-induced modes using the methods in Sec. 5.2.1 and B.4.3 to

give an error-mitigated estimator:

f̂(θ) = Af#(θ) +A′ (5.49)

for the target expectation value f(θ). To further reduce quantum compute resources,

we include (part of) the circuit evaluations required for the Fourier transform into the

training set C.

Alternatively, one may implement CDR by training the model on spectrally filtered

data. There is the limitation that the training data must now be in a form conducive

136



Chapter 5. Fourier spectrum of noisy Variational Quantum Algorithms

to Fourier mitigation, and thus a minimum of non-Clifford gates must be present. This

issue is exacerbated whenever, for a given parameter θ, multiple θ-dependent gates

occur in the synthesised target circuit, as they cannot be replaced by independent

Clifford gates in the training phase. Lastly, a more involved strategy rests on the

observation that not all coefficients corresponding to ω 6= 0 are scaled by the same

amount under the action of real hardware noise. This behaviour may be seen in the

raw Fourier spectrum obtained on IBMQ devices (Figs. 5.3 and 5.4) but also in the

analysis of different noise models in Sec. 5.2. Using a similar training set as in the

second approach above, one then would seek to learn a vector A = (Aω) of parameters

that minimise:

A := argmin
aω

1

|C|
∑
C∈C
|fC −

∑
ω∈S

aω c̃ωe
iω·θC |, (5.50)

where θC corresponds to the near-Clifford circuit C, with each (θi)C parameter cho-

sen so that the corresponding θi parameterised gates are Clifford. This suffers from

analogous problems in constructing the training set.

In our experiments all three methods were attempted, however we found that more

involved methods did not amount to a significant improvement in the mitigation re-

sults, while significantly increasing the computational burden. Therefore, we limit our

analysis to the simplest method.

5.3.2 Experiments

To demonstrate the applicability of noise filtering methods, we give proof-of-principle

implementations on current quantum hardware for circuit structures used in near-term

algorithms.

The magnitude threshold for determining the most significant Fourier coefficients

is calculated as:

T = Bmedian
ω∈S̃

(|c̃ω|), (5.51)

for some tunable constant B. Assuming the majority of coefficients in the sampled

frequency spectrum are due to noise (which in principle requires the resolved spectrum

to be double the size of the noiseless one), and further that these are small and of
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similar magnitude, this allows us to select only the outliers and hence recover the

signal coefficients. The CDR is performed with a simple linear model as in Eq. (5.49).

The training set C is generated by substituting for each target circuit the closest Clifford

to every non-Clifford gate, except for D randomly chosen gates.

As noted before, spectral noise filtering is expected to yield a landscape that has

more similar features to the noiseless one, while a scaling technique like CDR is nec-

essary to reduce the error in the magnitudes. Therefore, we focus on two quantities of

interest that capture these two different scenarios.

For each noise mitigation experiment we report the similarity measure between

the mitigated vector C# and the noiseless vector C obtained from a unitary simulator

(Qiskit Aer’s statevector simulator [Qis21]). The simplest measure of similarity between

vectors of data points is the Euclidean distance ||C# − C||, which has a practical

interpretation as the root mean squared error between the data points. Furthermore, it

is invariant (up to a constant) under the Fourier transform, due to Parseval’s theorem,

and therefore may be easily calculated from the spectrum. We then choose to consider

the additional measure of cosine similarity:

S :=
C#†C

||C#|| ||C||
. (5.52)

This quantity is robust to global scaling of any one of the two vectors. The quantity

can therefore be visualised as a scale-invariant measure of error: indeed, if both vectors

are unit-normalised, cosine similarity is monotonically related to Euclidean distance:

|| C#

||C#|| −
C

||C|| || =
√
2− 2S.

The experiments are performed on IBMQ superconducting devices.

5.3.2.1 UCCSD

We begin by analysing a UCCSD circuit for the H2 molecule under the STO-3g basis

set, which requires four qubits under Jordan-Wigner representation. The circuit has

two parameters corresponding to ‘singles’ excitations, each appearing on two Pauli

gadgets, and one parameter governing ‘doubles’ excitations, composed of eight further
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Cosine similarity Euclidean distance
Methods A B C D A B C D
Raw 0.824 0.664 0.868 0.881 0.448 0.539 0.448 0.542
CDR 0.823 0.665 0.864 0.873 0.319 0.462 0.331 0.396
Filtering + CDR 0.835 0.675 0.886 0.912 0.316 0.461 0.327 0.391
Thresholding +
CDR

0.841 0.672 0.871 0.909 0.314 0.462 0.329 0.391

Table 5.3: Effectiveness of landscape noise mitigation methods on 4-qubit UCC circuit
for H2. Singles excitations parameters are varied, doubles excitations are fixed to
random values. A: ibmq_manila, O = ZIZI; B: ibmq_manila, O = XXY Y ; C:
ibmq_lima, O = ZIZI; D: ibmq_lima, O = XXY Y . Highest values highlighed. Note
that higher cosine similarity and lower Euclidean distance are better. 8192 shots were
taken per grid point. Reporting results from single experimental runs so error bars are
not available.

gadgets. The circuit has a total CNOT depth of 52 and no depth-reduction compilation

passes were applied. We choose to focus on the two singles parameters for spectral

noise mitigation. Since they each control two single-qubit rotation gates, the noiseless

support has a maximum frequency of 2, therefore we sample on a 7x7 grid giving a

maximum frequency resolution of 3.

In the target circuit, the Pauli gadgets implementing the doubles excitations are

chosen independently and set to fixed angles normally distributed around π/4 with

standard deviation 0.1. By randomising the fixed parameters instead of setting them

to the optimum we aim to illustrate an improved profile of the noisy energy landscape

for general parameter values, allowing to evaluate the mitigation method in a realistic

setting where the optimal parameters are not known. For CDR we set D = 2 and for

thresholding constant we find that B = 3 is sufficient.

The results are shown in Table 5.3. Both cosine similarity and Euclidean distance

are consistently improved by the combination of spectral noise mitigation and CDR

compared to no mitigation and CDR alone. The improvement due to spectral tech-

niques is more pronounced for cosine similarity (though still only about 2%), while the

decrease in Euclidean distance is more modest. This reflects the fact that Euclidean

distance is highly dependent on relative scaling between the vectors, which is what

CDR targets by construction.
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5.3.2.2 QAOA

Cosine similarity Euclidean distance
Methods A B C D E A B C D E
Raw 0.838 0.764 0.930 0.764 0.789 1.791 2.526 1.803 2.416 3.854
CDR 0.863 0.765 0.934 0.751 0.827 1.376 2.581 1.468 2.811 3.229
Filtering +
CDR

0.868 0.766 0.940 0.752 0.833 1.371 2.581 1.465 2.811 3.225

Thresholding
+ CDR

0.903 0.762 0.979 0.753 0.878 1.345 2.585 1.451 2.811 3.199

Table 5.4: Effectiveness of landscape noise mitigation methods on MaxCut QAOA
circuit for random 3-reg graph. The parameters varied are the last two β, γ. Where
p = 2, the parameters n the first layer are set to π/4. The measurement operator is
O = H. A: ibmq_guadalupe, p = 1, 8 qubits; B: ibmq_guadalupe, p = 2, 8 qubits; C:
ibmq_sydney, p = 1, 8 qubits; D: ibmq_sydney, p = 2, 8 qubits; E: ibmq_guadalupe,
p = 1, 16 qubits. Highest values highlighed. Note that higher cosine similarity and
lower Euclidean distance are better. 8192 shots were taken per grid point. Reporting
results from single experimental runs so error bars are not available.

We then consider a quantum approximate optimisation algorithm (QAOA) cir-

cuit [FGG14] for the MaxCut problem on random 3-regular triangle-free graphs of var-

ious sizes, with V and E denoting the vertices and edges. The circuits involve repeated

layers labelled by p, whereas each layer alternates between a unitary generated by the

cost Hamiltonian HC =
∑

(i,j)∈E ZiZj and a mixing Hamiltonian HD =
∑

i∈V Xi, with

the initial state an equal superposition over the computational basis. The p = 1 layer

circuit on n qubits produces the parameterised state e−iβHDe−iγHC |+〉⊗n. The bene-

fits of this class of QAOA problems for benchmarking noise mitigation algorithms are

twofold: first, the scaling in depth with system size is favourable compared to UCC, as

long as the number of layers is kept small. Second, since the Hamiltonian is diagonal

in the Z basis the cost function value can be calculated from the single shots without

adding additional rotation gates. We compare the same noise mitigation techniques as

UCC, on an 8-qubit QAOA circuit with p = 1, 2 on both the 16-qubit ibmq_guadalupe

and the 27-qubit ibmq_sydney quantum computers. We also run a 16-qubit p = 1 ex-

periment on ibmq_guadalupe as an example of a larger system. As the target function

we measure the expectation value of the Hamiltonian.
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All experiments are run on two parameters. In the p = 2 experiments we choose

to focus on the parameters in the last layer, in which case we set both parameters of

the first layer to π/4. By using a lightcone argument one can then show that in all

experiments that the frequencies will be limited to 2 for the mixing parameter β, and 5

for the problem parameter γ, which follows from the problem graphs being all 3-regular

and triangle-free. Therefore, we sample on a 13x13 grid to ensure a resolution of 6 in

frequency space.

Training CDR on this system presents with the additional complication that setting

all parameters to give Clifford gates (β, γ ∈ {0, π}) leads to an expectation value of

zero, as can be verified by explicit calculation. Therefore, in order to obtain training

data of sufficient magnitudes the CDR parameter D is increased from 2 to 10, and the

data is post-selected to only train on the largest magnitude datapoints. Due to the

higher noise level we find that increasing the thresholding constant to B = 10 is more

appropriate.

The results are shown in Table 5.4. The performance of noise mitigation techniques

is seen as highly dependent on the depth of the circuit. Circuits with p = 1 show con-

sistent improvements with noise mitigation and especially following spectral filtering.

Interestingly, thresholding appears to be the most effective filtering method, which can

be justified by the noiseless signal being sparse and much higher than the noise level,

as shown in Fig. 5.3. Increasing the system size to 16 qubits does not seem to affect

the noise mitigation capability.

On the other hand, circuits with p = 2 generally see little improvement in either

measures of quality. This is due to the fitting subroutine in CDR failing to find an

appropriate scaling factor due to Clifford data being extremely noisy. As a related

effect, hardware noise causes the experimental signal to be considerably different from

the noiseless one as can be seen in Fig. 5.4. Overall this is a reminder that excessive

noise can be an insurmountable obstacle for any kind of error mitigation, whether

classic or frequency-based.
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Figure 5.3: QAOA experiment for MaxCut of an 8-node random 3-regular graph, p = 1,
O = H. Magnitudes for Fourier coefficients are shown before and after filtering and
CDR, vs exact. Colour represents the complex argument as shown by the colourwheel.
Filtering method is thresholding with B = 10. Run on ibmq_sydney. Spectral filtering
is seen to eliminate spurious frequencies, while CDR improves the magnitude of the
coefficients, although only partially.
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Figure 5.4: QAOA experiment for 8-node random 3-regular MaxCut, p = 2, last layer
params varied, first layer: [β, γ] = [1/4, 1/4], O = H. Magnitudes for Fourier coeffi-
cients are shown before and after filtering and CDR, vs exact. Colour represents the
complex argument as shown by the colourwheel. Filtering method is thresholding with
B = 10. Run on ibmq_sydney. Note that both filtering and CDR fail to mitigate for
noise since the raw signal is significantly different from the exact one.

5.4 Discussion

In this Chapter, we reframed the study of quantum landscapes in the familiar terms of

spectral analysis. This allows us to investigate the quantum noise-induced effects on the

Fourier spectrum of parameterised quantum circuits, both in real hardware and through

theoretical analysis of common noise models. In turn this led us to new methods for

digital error mitigation based on Fourier-space filtering which we demonstrate on ex-

perimental samples from a superconducting quantum computer. While the circuits we

examined are not large enough to exhibit quantum advantage, they illustrate that de-

noising in the frequency domain may yield less noisy estimates of expected values from
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hardware data. In particular we show how to combine denoising in Fourier space with

existing error mitigation based on learning from Clifford circuits. The latter targets in-

coherent noise, while the former reduces the effect of gate-dependent, correlated errors,

including coherent contributions. The compound effect of the Fourier-based error mit-

igation strategies reduces not only the magnitude of errors but also the noise-induced

distortion in the energy landscape.

The theory exposed here may be a fruitful approach to quantum landscape the-

ory [LJGM+23]. Spectral analysis of the landscape can be employed to make statements

about its global characteristics; for example, the presence or absence of barren plateaus

and narrow gorges [CSV+21]. Furthermore, within this framework noise channels can be

included naturally, making it amenable to study phenomena such as noise-induced bar-

ren plateaus [WFC+21] and alterations of the quantum training landscape [WCA+21].

Our work also opens up new directions to apply the vast range of signal processing

techniques for the purpose of quantifying and reducing quantum noise. We tackled

these topics from the perspective of digitised quantum computations, however similar

analysis may be applied at the level of pulse sequences. In fact, the latter connects with

experimental techniques used in the tuning and calibration of individual gates such as

noise spectroscopy [ÁS11,YSH11,YW12].

While here we only explored combining spectral methods with CDR, one may adapt

our approach for other techniques such as zero noise extrapolation [TBG17,LB17] and

probabilistic error cancellation [TBG17, EBL18], which similarly address decoherence

effects. More recent work [CACC21] that improves the efficiency of CDR could also

be employed to reduce the total number of training circuits required. Furthermore,

investigating the effect of noise on the Fourier coefficients might also give new insight

into the extent to which hardware noise satisfies some of the in-built assumptions of

error mitigation protocols. For example, digital versions of zero noise extrapolation

involve increasing the noise level by introducing additional gates [GTHL+20]. Fourier

methods could then be useful to determine appropriate type of such gate folding to

validate the different fitting functions used in the extrapolation.

The most glaring disadvantage of Fourier methods is the large sampling overhead
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required. We discuss the resource requirements, as well as possible ways to reduce it,

in Appendix B.1. There we discuss also how to approach the problem of incomplete or

nonuniform sampling, which might also help ameliorate the resource requirement and

make the methods more flexible. Overall the work presented here introduces a flexible

framework that might extend to numerous other methods of noise characterisation

and mitigation and provides a new perspective to study noisy variational quantum

algorithms.
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Chapter 6

Classical simulations of noisy

Variational Quantum Algorithms

In this Chapter we describe a classical simulation algorithm, lowesa (low weight

efficient simulation algorithm), for estimating expectation values of noisy parameterised

quantum circuits with a fixed observable. It combines the previously presented results on

spectral analysis of parameterised circuits with work on methods for simulations of noisy

random circuits using Pauli back-propagation. We show, under some conditions on the

circuits and mild assumptions on the noise, that lowesa gives an efficient, polynomial

algorithm in the number of qubits (and depth), with approximation error that vanishes

exponentially in the physical error rate and a controllable cut-off parameter. We discuss

the practical limitations of the method for circuit classes with correlated parameters and

its scaling with decreasing error rates.

The work in this Chapter is based on Ref. [FRDC22a].

6.1 Simulating noisy quantum circuits

A very rough summary of the research presented so far would go like this: far from

showing resilience, variational quantum algorithms in the presence of noise present dra-
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matic changes in the cost function. In particular we have seen that the landscape tends

to become flatter, both experimentally in Chapter 3 and theoretically, as noise-induced

barren plateaus in Chapter 4 and as decay of Fourier coefficients in Chapter 5. Bar-

ren plateaus have been shown to hinder and potentially prohibit optimisation [AK22]

and so they present a significant practical obstacle. However one question about these

noisy algorithms arises naturally that overshadows concerns on their trainability: does

noise reduce their quantum nature so much that they become tractable by classical

computers? This is a natural question, since one of the key aspects of quantum com-

putation is entanglement, and by definition decoherent noise reduces entanglement.

Therefore it makes intuitive sense that noise accumulation may at best reduce and at

worst eliminate the advantage that quantum algorithms have on classical counterparts.

The theory of general quantum algorithms provides a more nuanced perspective.

One of the cornerstone results of quantum computation is the threshold theorem, which

states that via error correction, logical error rates may be reduced to arbitrarily small

levels provided that the physical error rate is smaller than a certain threshold (depend-

ing on the code and noise model) [ABO97, KLZ98, Kit97]. This suggests that noisy

quantum computation (with mid-circuit measurements) can be essentially as powerful

as error-free computation below the threshold. However it is unclear what can be said

regarding the classical simulatability of quantum systems with noise levels above the

threshold where no error correction is possible, even though evidence exists that below

a (higher) noise threshold, noisy quantum computation with postselection may still be

postBQP-complete [Fuj16].

It should be noted that the perspective historically taken for quantum algorithms

may not apply to variational quantum algorithms. In the theoretical analysis of sim-

ulatability of general quantum algorithms the most frequently used notions are those

of weak classical simulation, that is sampling from a distribution that is close to the

output of the quantum circuit, and strong simulation where given a bitstring one ap-

proximates its output probability, both to a multiplicative error in probability [TD02].

This makes sense for algorithms like quantum phase estimation or Grover’s algorithm

where the output is a bitstring, however variational quantum algorithms return an ex-
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pectation value of an Hermitian observable and the concept does not directly translate

to this setting. This leaves open the possibility that different regimes of simulatability

may exist for variational algorithms.

Indeed, frameworks [SFGP21a,DPMRF23] comparing classical algorithms with noisy

VQAs by use of entropic quantities concluded that to have any quantum advantage

the circuit depth has a lower bound that scales inversely with the physical gate error

rate. Beyond this regime, classical methods exist that certifiably outperform the noisy

quantum computation [FGP22]. Other classical simulations that target noisy VQAs

include decision diagrams [HHM+21] and tensor networks [ALZ+23,ZSW20] and both

show effectiveness at very low equivalent noise rates. However, these approaches tend

to be heuristic and do not necessarily provide rigorous trade-offs between complexity,

approximation error and physical noise.

6.1.1 Simulating noisy RCS

In this Chapter we will discuss an efficient classical algorithm for simulating expecta-

tion values of parameterised quantum circuits affected by Pauli noise, for fixed generic

observables. We will combine ideas from the spectral decompositions of parameterised

noisy quantum circuits that we have seen in the previous Chapters, with a technique

for simulating noisy random circuit sampling first introduced in 2022 by Aharanov et

al. [AGL+22]. Let us briefly review this last work as it will provide useful insights to

the main algorithm.

Random circuit sampling (RCS) is a promising task for demonstrating quantum ad-

vantage that is amenable to current noisy hardware [BFNV19]. In short, RCS consists

in sampling a random circuit from some ensemble (say, Haar random unitaries, or ran-

dom 2-designs), repeatedly applying the circuit to some initial state on hardware and

obtaining a number of output bitstrings. Thus one builds an empirical distribution that

can be compared with an expected distribution that is either known or extrapolated

using a classical computer, using some measure like cross-entropy fidelity. This is the

approach used in by the Google team in 2019 for their “quantum supremacy” demon-

stration [AAB+19]. It is believed (but has not been proven) that sampling from a distri-
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bution with high cross-entropy score is exponentially hard in the number of qubits for

any classical device, while a noisy quantum computer may be able to produce sequences

of large enough score. The current record for a hard-to-simulate circuit is a 60 qubit

experiment by USTC with (estimated) cross-entropy score of 0.0366% [ZCC+22], which

would take several years on a supercomputer with a tensor network method [LGL+21].

However, the validity of these results as demonstrations of computational quan-

tum supremacy was cast into doubt by Ref. [AGL+22]. The refutation is not of the

hardness of these experiments per se, but the extent to which a successful noisy RCS

experiment can be considered a violation of the extended Church-Turing thesis, which

states that there can be no physical phenomena that require exponential resources to

simulate [BV93]. This is because the algorithm they propose runs in polynomial time,

albeit with a large exponent. Let us now sketch the algorithm. We begin with the

probability of an outcome x from a clean RCS experiment

p(U, x) = Tr
[
|x〉〈x|U |0〉〈0|U †

]
. (6.1)

Assume the unitary is decomposed into gates as U = Ud...U2U1. Now we switch to the

Pauli basis and adopt the vectorised operator notation introduced in Chapter 1, and

the Pauli transfer matrix (PTM) notation for channels. First we define the normalised

Pauli basis on n qubits as :

|P̂i〉〉 =
1

2n/2
|Pi〉〉, (6.2)

such that 〈〈P̂i|P̂j〉〉 = δij . The corresponding set of all n-qubit Paulis is P̂n. The

probability can be written as a Feynman path integral by expanding the unitary channel

and adding resolutions of identity in the Pauli basis:

p(U, x) =
∑

P̂∈P̂d+1

〈〈x|P̂d〉〉〈〈P̂d|Ud|P̂d−1〉〉 · · · 〈〈P̂1|U1|P̂0〉〉〈〈P̂0|0〉〉, (6.3)

where each vector of Paulis P̂ defines a path, denote it by f(U, x, P̂ ).

Now we shift to a noisy implementation. Writing the noisy channels in PTM form
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as Ũ i, the noisy probability is:

p̃γ(U, x) =
∑

P̂∈Pd+1

〈〈x|P̂d〉〉 〈〈P̂d|Ũd|P̂d−1〉〉 · · · 〈〈P̂1|Ũ1|P̂0〉〉 〈〈P̂0|0〉〉 =
∑
P̂

f̃γ(U, x, P̂ ).

(6.4)

For now not much has been gained - the number of paths is exponential, equal to 4d+1.

The crucial step is now to look at how noise modifies the paths. Assume a noise model

where each gate is preceded by identical single-qubit depolarising channels acting on

all qubits with noise strength γ: Ũ i = U iESD. As seen in Chapter 1, the behaviour

on such a noise channel on a single qubit Pauli operator is to scale the operator by a

noise-dependent factor:

ESD|P̂ 〉〉 =


(1− γ)|P̂ 〉〉 if P ∈ {X̂, Ŷ , Ẑ},

|Î〉〉 if P̂ = Î .

(6.5)

Thus, it follows that the noisy paths can be related to the clean ones by a simple

formula:

f̃γ(U, x, P̂ ) = (1− γ)|P̂ |f(U, x, P̂ ), (6.6)

where |P̂ | =
∑

i |P̂i| and |P̂i| is the number of non-identity single-qubit Paulis in P̂i,

also called the weight of the Pauli string.

Thus, it follows that one can truncate the summation to all paths with weight less

than a cutoff ℓ < n(d+ 1)/2, of which there are:

ℓ−1∑
k=0

3k
(
n(d+ 1)

k

)
≤ ℓ3ℓ

(
n(d+ 1)

ℓ

)
≤ (nd)O(ℓ), (6.7)

which crucially is polynomial in n, and obtain an approximation:

q̃γ,ℓ(U, x) =
∑
|P̂ |<ℓ

f̃γ(U, x, P̂ ). (6.8)

One way to compute the accuracy of this approximation is to consider the total variation
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distance over all bistrings:

∆ :=
∑

x∈{0,1}n
|p̃γ(U, x)− q̃γ,ℓ(U, x)|, (6.9)

which is upper bounded by:

∆2 ≤ 2n
∑

x∈{0,1}n
(p̃γ(U, x)− q̃γ,ℓ(U, x))2 = 2n

∑
x∈{0,1}n

∑
|P̂ |≥ℓ

(1− γ)|P̂ |f(U, x, P̂ )

2

.

(6.10)

Interestingly, by considering a circuit with 2-qubit gates drawn independently from a

Haar-random distribution (or a 2-design) D, as commonly done in RCS, one can show

that if x = x′:

EUi∼D[f(U, x, P̂ )f(U, x′, P̂ )] = 0, (6.11)

and therefore the cross-terms in the summation cancel. Further imposing the condition

that the output of each circuit is anti-concentrated (a phenomenon commonly observed

in random quantum circuit), in Ref. [AGL+22] it is shown that:

EUi∼D[∆
2] ≤ O(1) e−2γℓ, (6.12)

and therefore on average the approximation error is exponentially decaying in ℓ.

Thus overall the work in Ref. [AGL+22] shows that RCS output distributions can

be approximated with low average total variational distance, with cost only polyno-

mial in n, albeit with a potentially large exponential factor. We shall use these ideas

as inspiration to design a simulation algorithm for the expectation values of VQAs.

Although conceptually a rather different setting, we will see that the final algorithm

shares many similarities with the one just outlined.

6.1.2 Heisenberg picture simulation algorithms for expectation values

The PTM formalism can be used to calculate expectation values in the Heisenberg

picture via Pauli back-propagation, where the quantum channels are seen as acting

on the measurement operator instead of the state [Got98]. In PTM form this adjoint
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Figure 6.1: a) Schematic of the parameterised quantum circuits that can be simulated
by lowesa. The light boxes are arbitrary (noisy) Clifford gates, the blue boxes are
parameterised Pauli rotations and the red kites represent Pauli noise channels.
b) Diagrammatic sketch of lowesa as described in Algorithm 1 applied to circuits
given by Eq. (6.14). The Pauli operator P is propagated backwards through the circuit
where every Clifford gate transforms it into another Pauli, and the decomposition of the
parameterised Pauli rotations into process modes D0, D1, D−1 splits the propagation up
into paths that may annihilate. A cut-off of ℓ = 2 is chosen which artificially annihilates
paths that branch into D1, D−1 more than 2 times.

operation corresponds to simply taking the transpose of the expectation value:

〈〈P |E|ρ〉〉 = 〈〈ρ|E⊺|P 〉〉, (6.13)

which is possible for any E . This perspective provides an efficient approach to classically

computing expectation values. Take an n-qubit channel E and assume it can be decom-

posed as a sum of N Clifford unitary channels Ei via E =
∑N

i=1 ciEi,
∑

i ci = 1. Also

consider a stabiliser state [Got98] ρ such that the expectation value with any Pauli oper-

ator can be evaluated efficiently. Then, given a Pauli P , the expectation value 〈〈P |E|ρ〉〉

can be expanded as a sum of N terms 〈〈P |Ei|ρ〉〉. As Clifford unitaries are generalised

permutation matrices in the PTM representation we get 〈〈ρ|E⊺
i |P 〉〉 = 〈〈ρ|P ′

i 〉〉 (up to

a phase), for some other Pauli operator P ′
i . When Ei is an n-qubit Clifford unitary

then it can be synthesised into at most O(n2/log(n)) gates [AG04] and the change of

Pauli frame from P to P ′
i can be efficiently computed in O(n2) [CIP18,Got98]. Finally,

since ρ is assumed a stabiliser state, the expectation value 〈〈ρ|E⊺
i |P 〉〉 can be efficiently
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computed in O(n2). This gives an efficient classical algorithm to compute expectation

values when N ∼ poly(n).

This approach is not new. The decomposition of general channels into sums of sta-

biliser channels (Cliffords and Pauli measurements) for the purpose of quantum circuit

simulation was introduced in Ref. [BFH+17]. A similar sum-over-Clifford algorithm for

unitary circuits was explored in Ref. [BBC+19]. A PTM-based algorithm for both exact

and noisy circuit simulation has been proposed in Ref. [HM22] from a Schrödinger per-

spective (state propagation). The work in Ref. [RLCK19] is the closest to the method

used here, as it covers the PTM representation in conjunction with a Heisenberg pic-

ture simulation method. In addition, it discusses the effect on simulatability of adding

symmetric depolarising noise on z-rotation gates.

However, something that to our knowledge has not been made explicit before is

that the method can be generalised beyond decompositions into Clifford unitaries (or

near-Clifford unitaries [BBC+19]) and Pauli measurement channels. Indeed, here we

will consider general processes Ei for which the expectation value 〈〈P |Ei|ρ〉〉 can be eval-

uated efficiently. Notably, the processes Ei need not even be valid quantum channels

(or completely positive trace preserving maps), we only require that its PTM represen-

tation is sufficiently sparse. This occurs when the adjoint channel E†i maps every Pauli

operator into a combination of small, O(poly(n)), number of Pauli operators. This

echoes remarks in Ref. [Nes09], although that work is in the Schrödinger picture. In

our case, the Ei will correspond to compositions of Clifford unitaries and processes that

map every Pauli operator to a single (possibly distinct) Pauli operator or to zero.

6.2 Classical simulation of uncorrelated parameter VQAs

6.2.1 Circuit model

A PQC on n qubits is defined as a sequence of m unitary gates, each parameterised

by a component of a parameter vector θ. Here, we consider the case where the gates

are alternating layers of Clifford operations Ci and Pauli rotations Ri(θi) = e−iθi/2Pi

where Pi is a multi-qubit Pauli operator. For now we assume that the rotation gates
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are independently parameterised. The overall unitary is:

U(θ) =

(
m∏
i=1

CiRi(θi)

)
C0 . (6.14)

This specific form is operationally relevant as it is featured in many common near-

term algorithms [KMT+17,FGG14,TCC+22] and proposals for fault-tolerant architec-

tures [Wei13,AMO+24], and since Clifford unitaries and Pauli rotations form a universal

gate set, any PQC can be cast in this way (up to fixing a subset of the parameters).

As typical for VQAs we assume initialising the quantum computer in |0〉 = |0〉⊗n, ap-

plying the PQC and measuring an observable to obtain a cost function. We write the

expectation value for a specific n-qubit Pauli operator P ∈ P⊗n (the cost function in

VQA terminology) as:

f(θ) := Tr(P Uθ[|0〉〈0|]), (6.15)

where the unitary channel is Uθ[·] := U(θ)[·]U †(θ).

We model the noisy PQC using general Pauli channels, which are probabilistic

mixtures of unitary n-qubit Pauli operator evolutions. For a single qubit, a general

Pauli channel is given by:

NPauli(pX , pY , pZ)[ρ] =(1− pX − pY − pZ)ρ (6.16)

+ pXXρX + pY Y ρY + pZZρZ.

These are often used to model local decoherent processes in quantum hardware. The

dephasing channel NPauli(0, 0, p) is a particular example which models interactions be-

tween a qubit and the external environment. The best-fit noise parameters {pX , pY , pZ}

for each qubit can be estimated experimentally via procedures like cycle benchmark-

ing [EWP+19].

The noisy circuit model we consider takes the form:

Ũθ =
(
©m

i=1 Ci ◦ R̃i(θi)
)
◦ C0. (6.17)
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The resulting noisy cost function is labelled f̃(θ). Each noisy gate is given by the target

unitary followed by a Pauli channel acting on the subset of qubits Qi where Pi acts

nontrivially. Specifically, we have:

R̃i(θi) =
⊗
q∈Qi

N (q)
Pauli ◦ Ri(θi). (6.18)

We will later consider more general noise model where the Clifford operations also incur

noise: C̃i = Ci ◦M, whereM are multi-qubit Pauli channels, and where noise is allowed

to vary across the circuit. Finally, let us define p = min
σ=X,Y,Z

pσ. Generally real devices

will have a symmetric depolarising component to every operation so we can assume

p > 0 holds [WFC+21].

6.2.2 Strategy

We first show how the noisy variational circuits considered in Eq. (6.14) admit a linear

decomposition into processes that are amenable to the classical simulation outlined in

Sec. 6.1.2. To that aim, it turns out that a decomposition into Fourier series of the

noisy channel Ũθ, and therefore noisy cost function, results in processes that map a

Pauli operator into multiple Pauli operators, and thus their composition may lead to

an exponential accumulation of terms. However, a different choice of basis involving

trigonometric polynomials remedies this to produce a decomposition for which the

dominant coefficients in the expansion can be efficiently computed.

We now assume that all rotations are single qubit z-rotations. This is purely to

make the exposition easier to follow, the theorems will be valid for any Pauli rotation.

Let Rz(θ) be the PTM of Rz(θ) and let N be the PTM of the Pauli noise channel

NPauli, N = diag(1, qX , qY , qZ). The eigenvalues of the Pauli channel are related to the

error probabilities as qX = 1− 2(pZ + pY ), qY = 1− 2(pZ + pX), qZ = 1− 2(pX + pY ).

Then, the noisy channel R̃z(θ) = NPauli ◦ Rz(θ) has, with respect to the orthonormal
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basis {|Î〉〉, |X̂〉〉, |Ŷ 〉〉, |Ẑ〉〉}, the PTM:

N ·R =


1 0 0 0

0 qX cos θ −qX sin θ 0

0 qY sin θ qY cos θ 0

0 0 0 qZ

 . (6.19)

Denote the projectors by Π0 = |Î〉〉〈〈Î| + |Ẑ〉〉〈〈Ẑ|, ΠX = |X̂〉〉〈〈X̂| and ΠY = |Ŷ 〉〉〈〈Ŷ |.

Then we can define new quantum processes {D0,D1,D−1} to be used in the simulation

algorithm via their PTM representation D0 = Π0NRΠ0, D1 = ΠXNRΠX+ΠY NRΠY

and D−1 = ΠXNRΠY +ΠY NRΠX such that:

N ·R = D0 + cos θD1 + sin θD−1. (6.20)

Expanding out these processes, we see that each of them maps any single Pauli operator

into at most another single Pauli operator (up to a scaling),

D0 =


1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 qZ

 , D1 =


0 0 0 0

0 qX 0 0

0 0 qY 0

0 0 0 0

 , (6.21)

D−1 =


0 0 0 0

0 0 −qX 0

0 qY 0 0

0 0 0 0

 . (6.22)

This decomposition allows us to expand the noisy circuits in terms of a multivariate

trigonometric basis, which is a more convenient choice for the classical simulation.

Consider Φω(θ) :=
∏m

i=1 ϕωi(θi) where ϕ0(θ) = 1, ϕ1(θ) = cos(θ), ϕ−1(θ) = sin(θ) are

trigonometric monomials that encode the θ dependence. Then, the noisy variational
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circuits admit the decomposition:

Ũθ =
∑

ω∈{0,±1}m
Φω(θ)Dω, (6.23)

where each process Dω is labelled by a frequency vector ω ∈ [0,±1]m and given by:

Dω :=
(
©i C̃i ◦ Dωi

)
◦ C0. (6.24)

In keeping with previous work [CJ17] we call these channels process modes. Crucially,

each process mode maps one Pauli operator onto another Pauli operator, as can be

seen from the PTMs above and the defining property of Clifford operations.

Overall, this new decomposition yields the following Fourier series representation

for the cost function in Eq. (6.15):

f̃(θ) =
∑
ω

dωΦω(θ). (6.25)

The Fourier coefficients are given by:

dω := Tr(PDω[|0〉〈0|]) = 〈〈P |Dω|0〉〉. (6.26)

Note that in the above, the Clifford unitaries Ci were noise-free and the parame-

terised rotation gates carried a time-independent Pauli noise. A similar decomposition

arises when we consider the general Pauli noise model for C̃i =Mi ◦ Ci. In this case,

we denote the resulting process modes by D′
ω := (©iMi ◦ Ci ◦ Dωi) ◦ M0 ◦ C0 and

the corresponding coefficients by d′ω = 〈〈P |D′
ω|0〉〉. We first describe and analyse

the proposed classical algorithm for the simpler noise model that only affects the pa-

rameterised gates. This is purely to make the exposition easier to follow. The same

principle works in the general case (see Sec. 6.2.6). Furthermore, the analysis extends

to time-dependent Pauli errors. The noise models considered here also include the local

depolarising channels that have been previously used in classical algorithms for noisy

random circuit sampling [AGL+22]. Both in our case and in previous work there is an
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implicit assumption that the Pauli error probabilities for each gate are known a-priori.

6.2.3 The LOWESA simulation algorithm

We are now in a position to state the simulation algorithm, which shares similar features

to the algorithm in Ref. [GD18], but applied to the task of estimating expectation values

and to a different family of circuits. We name it lowesa for low weight efficient

simulation algorithm (pronounced “low-EE-sa”).

Given a cut-off parameter ℓ, lowesa returns a function g̃ approximating the noisy

cost function f̃ constructed from all the low Hamming weight |ω| := ‖ω‖1 ⩽ ℓ terms.

This function is expressed as a trigonometric series and can therefore be used to evaluate

the cost estimate for any parameter vector θ using:

g̃(θ) =
∑
|ω|⩽ℓ

dωΦω(θ), (6.27)

with low computational effort. As the algorithm produces all {dω}|ω|⩽l, and as the

Φω(θ) are simple trigonometric functions, after the algorithm has run the complexity

of evaluating the function g̃(θ) at a given θ does not depend directly on qubit number

and depth.

lowesa involves the following steps:
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Algorithm 1 [LOWESA] Simulating cost functions of noisy VQAs with uncorrelated
angles
Input: Quantum process given by Eq. (6.17) defined by process modes as in
Eq. (6.24) with m parameters and Pauli rotation generators {Pi}mi=1; measurement
Pauli operator P ; cut-off parameter ℓ.
Output: g̃(θ), an approximation of f̃(θ).

1: procedure lowesa
2: g̃(θ)← 0
3: run Branch(P , (), m) recursively to yield dω = 〈〈0|D⊺

ω|P 〉〉 ∀ |ω| ≤ ℓ.
4: for all non-zero dω do
5: g̃(θ)← g̃(θ) + dωΦω(θ)
6: end for
7: return g̃(θ)
8: end procedure

Subroutine: Calculate dω ∀ |ω| ≤ ℓ via recursion.
1: procedure Branch(Q, ω, i)
2: Q← C†i (Q)
3: if i > 0 then
4: if [Q,Pi] = 0 then
5: Branch(Di†

0 (Q), append(ω ← 0), i− 1)
6: else if |ω| < ℓ then
7: Branch(Di†

1 (Q), append(ω ← 1), i− 1)
8: Branch(Di†

−1(Q), append(ω ← −1), i− 1)
9: else

10: break
11: end if
12: end if
13: yield dω = 〈〈0|Q〉〉
14: end procedure

We shall now explain how Algorithm 1 works step by step and why it is efficient.

Note that, while our exposition here deals with expectation values of a single Pauli op-

erator, the results extend immediately to general observables as explained in Sec. 6.2.5.

Start with the target Pauli measurement operator P and propagate in the Heisen-

berg picture through the circuit. For each Clifford unitary Ci, updating the Pauli

operator (by conjugation) takes at most O(n2). Each process mode Di
ωi

within a path

Dω acts with Pauli generator Pi. Note that the superscript indicates to which gate it

corresponds and the subscript ωi ∈ {0,±1} labels the type of mode. The gate label

is necessary since owing to the different generators Pi the process modes may be dif-

158



Chapter 6. Classical simulations of noisy Variational Quantum Algorithms

10 20 30 40 50

Number of Qubits

101

104

107

1010

1013

1016

1019

1022

1025

N
um

be
r 

of
 P

at
hs

Upper Bound
Empirical

10 20 30 40 50

Number of Qubits

10−4

10−3

10−2

10−1

100

101

T
im

e 
[s

]

Figure 6.2: Scaling of lowesa with the number of qubits n and cut-off parameter ℓ.
The circuit structure consists of two parameterised layers of H − Rz(θi) −X −H on
each qubit, where the Hadamard and X gates are chosen with 0.5 probability, followed
by CNOTs placed on a 2D topology. a) Total number of paths for a given ℓ, which
equals

∑ℓ
i=0

(
m
i

)
2i. Note that the number of paths that lowesa needs to explore is

dramatically lower. b) Wall time to run lowesa with truncation parameter ℓ on an
average laptop without parallelisation. Each data point represents an average over 500
different randomised circuits with Pauli Z measurement operators that act on a random
subset of qubits. The shading shows the 90% confidence interval. The simulation of
the Clifford gates used a look-up table, meaning that the scaling in n is entirely due
the scaling of m with n.
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ferent, however their effect on an arbitrary Pauli be easily evaluated making classical

simulation possible. If the propagated Pauli operator commutes with the generator Pi

then the rotation gate does not act and only Di
0 leads to a non-zero path, otherwise if

it anticommutes either Di
1 or Di

−1 are valid choices. This can be seen by examining the

effect of the PTM of R̃z on the Pauli operators (Eq. (6.21)).

As only Di
±1 contribute to the total weight |w| and since we impose |w| ⩽ ℓ, it

suggests a binary tree-like data structure with ℓ layers to keep track of the change

of Pauli frame and the different branching possibilities. This drastically improves the

performance, as not all weight vectors produce valid paths that are non-zero: a branch

may terminate sooner than if it propagated the Pauli through the entire circuit. By

terminating a branch with weight zero we automatically only keep track of the paths

leading to non-zero dω. As the weight of each paths is at most |ω| ⩽ ℓ, then there are

at most ℓ + 1 levels in the binary tree. Some of the branches will terminate sooner,

but the maximal number of nodes in level i is 2i for i ∈ [0, ℓ]. Note that updating

the Pauli frame operator between any two consecutive nodes take O(n2 k) where k is

the number of D′
0s applied in between. However, the number of D′

0s applied within

any branch satisfies k ⩽ m. There are at most 2i Pauli operators in layer i, therefore,

updating the layer i+1 given all the Pauli operators in layer i takes at most O(n22im).

Putting all together it means that propagating P through all valid paths takes at most∑ℓ−1
i=0 O(n22im) = O(n22ℓm).

We note that the quadratic scaling in n is for general n-qubit Clifford unitaries, and

can be improved for k-local (or sparse) unitaries. In that case, if the Clifford layers

have maximum depth d, the runtime is O(k2nd). Also if one fixes the set of Clifford

unitaries that are executed within the circuits (for example the set {X,H,CNOT}),

one can employ time-memory trade-off tools like look-up tables for each k-body Clifford

operation and how they act on every k-body Pauli operator. In Fig. 6.2 we illustrate

the runtime of lowesa using this technique on a circuit structure that is typically

challenging for classical simulators. Also note that the scaling with m provides a coarse

upper bound. If it is attained then only D0 processes modes are active, meaning that

the circuit is trivial and there’s no branching in that specific tree, and the complexity
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will in that case be independent of the cut-off too. Therefore k = m is never attained

for any nontrivial circuit.

Finally, we need to verify that lowesa yields an accurate simulation of the noisy

cost function, i.e. evaluate the accuracy in the approximation g̃ ≈ f̃ . We define the

average L2-norm error over the space of parameters Θ = [0, 2π]m or root mean squared

error (RMSE):

∆(f̃ , g̃) :=

(
1

|Θ|

∫
Θ
|f̃(θ)− g̃(θ)|2dθ

)1/2

, (6.28)

where the integration measure is dθ = d θ1d θ2...d θm and |Θ| = (2π)m is a normalisation

factor so that 1
|Θ|
∫
dθ = 1. We prove the following result:

Theorem 7. Consider a n-qubit VQA with a PQC as in Eq. (6.14) having m indepen-

dently parameterised rotations affected by a single-qubit Pauli noise channelNPauli(pX , pY , pZ)

as in Eq. (6.17). Recall that p = min
σ=X,Y,Z

pσ > 0.

Then, for any weight cut-off ℓ ∈ N, lowesa (Algorithm 1) returns an approximation

g̃ for the noisy cost function f̃ with RMSE:

∆(f̃ , g̃) ≤ (1− 2p)ℓ+1 ≤ e−2pℓ, (6.29)

and runs in time at most O(n2m 2ℓ).

Proof. Using Eq. (6.25) we can rewrite Eq. (6.28) as:

∆2(f̃ , g̃) =
1

|Θ|

∫
Θ

∣∣∣ ∑
|ω|>ℓ

Φω(θ)dω

∣∣∣2dθ. (6.30)

Then using the fact that the trigonometric monomials Φω are orthogonal:

1

|Θ|

∫
Θ
Φω(θ)Φω′(θ)dθ = 2−|ω|δωω′ , (6.31)

and thus form a basis, we derive the appropriate Parseval’s theorem:

∆2(f̃ , g̃) =
∑
|ω|>ℓ

2−|ω||dω|2. (6.32)
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Now consider the Fourier coefficients dω. Recall from Sec. 6.2.2 that these are

defined as 〈〈P |Dω|0〉〉, and that the process modes Dω (and their adjoints) map one

Pauli operator to another Pauli operator, scaled by products of the Pauli channel

eigenvalues qX/Y/Z . Also note that both Pauli noise and Pauli rotation channels can

only act nontrivially on a Pauli operator (i.e. modify the operator) when that operator

is not identity on the qubits where the channel is active. Since by our model (Eq. (6.17))

rotation gates are always followed by noise channels acting nontrivially on the same

qubits, we can infer that whenever a rotation gate R acts nontrivially on a Pauli

operator O, the output operator will also be rescaled by a noise-dependent coefficient.

This coefficient will depend on how many components of O are nonidentity on the

qubits where R acts nontrivially, but by the argument above there must be at least one

such component. Therefore by our assumptions on the noise the operator is scaled by

at most q = 1− 2p < 1.

If we define the zero-noise coefficients d0ω by setting pX/Y/Z = 0, we see that |dω| =

Qω|d0ω|, where 0 < Qω ≤ q|ω|. Hence we can write:

∆2(f̃ , g̃) =
∑
|ω|>ℓ

Q2
ω2

−|ω||d0ω|2 (6.33)

≤ q2(ℓ+1)
∑
|ω|>ℓ

2−|ω||d0ω|2 (6.34)

≤ q2(ℓ+1)
∑
ω

2−|ω||d0ω|2. (6.35)

Now we recognise that by Parseval’s theorem the summation relates to the noise-less

cost function f(θ) as:

∑
ω

2−|ω||d0ω|2 =
1

|Θ|

∫
Θ
|f(θ)|2dθ ≤ 1. (6.36)

where we used the fact that, for Pauli measurements, |f(θ)| ≤ 1. This implies ∆(f̃ , g̃) ⩽

qℓ+1, which gives a non-trivial bound whenever q < 1, which again is a reasonable

assumption. To simplify the expression further, we use the identity 1−x ≤ e−x ∀x ∈ R

and find qℓ+1 ≤ e−2ℓ.
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It follows from Theorem 7 that lowesa is both accurate and efficient, as its runtime

scales polynomially with m and n and the maximum allowed RMSE; however, the

scaling with noise probability is considerably worse. For example, suppose we wish to

have an error bounded by ϵ. Then one would choose ℓ ≈ 1
2p log ϵ

−1, giving a runtime

O(ϵ
− log 2

2p n2m). While this is asymptotically efficient in the width and depth of the

circuit, the dependency on the error rate limits its practicality. Notably the exponent

may still be considerably large if the noise is small. When the goal is to simulate the

expected outcome of a hardware implementation with a finite number of measurements

Ns, the error can be chosen like ϵ ∈ O( 1√
Ns

), thus relaxing the precision requirements.

In Fig. 6.3 we illustrate the mean accuracy of the algorithm for an example circuit

of the hardware-efficient family. We observe that the error is typically up to two orders

of magnitude lower than the bounds, suggesting these are loose and may be improved

for the typical case.

6.2.4 Validity of error measure

The use of RMSE as error measure has limitations, the main one being that the error

at any given point is in principle unbounded. However we argue that this limitation is

weaker than may appear. Applying Markov’s inequality to our Theorem we have the

following probabilistic bound:

Corollary 3. For a fixed circuit, choosing the parameters θ uniformly at random from

[0, 2π]m, with probability ≥ 1− δ the approximation error is bounded by:

|f̃(θ)− g̃(θ)| ≤ e−pℓδ−1/2. (6.37)

Suppose that we wish to have error bounded by ϵ with probability 1− δ. Then the

required cutoff is ℓ ≈ p−1 log(ϵ−1δ−1/2), giving again a runtime that scales unfavorably

with p. However for fixed p the scaling is logarithmic in both δ and ϵ meaning that the

probability of encountering large deviations can be made arbitrarily small by increasing

ℓ. This probabilistic formulation has practical relevance as typical VQAs have their

parameters initialised uniformly at random [CAB+21] and so it is valid at initialisation;
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however, this analysis breaks down when considering the error over the whole path of

gradient descent, which may lead into a region of high deviation.

6.2.5 General measurement operators

Up to now we assumed that the measurement operator is Pauli, however in truth

most practical algorithms have more complicated measurement operators. Generally,

a measurement takes the form:

O =
∑

Pi∈Pn/{In}

ciPi, (6.38)

where we can ignore the identity component as it contributes a constant to the cost

function. We get the following result:

Theorem 8. With a general measurement operator as in Eq. (6.38), LOWESA can

simulate the noisy cost function with RMSE ∆ ≤ ϵ and with runtime at most:

O((‖c‖rϵ−1)
log 2
2p n2m). (6.39)

Assuming p� log
√
2, r ≈ 1.

Proof. By linearity:

f̃(θ)− g̃(θ) =
∑
i

ci(f̃i(θ)− g̃i(θ)), (6.40)

where the subscript indicates that the observable Pi is measured. Once again the error

is defined as:

∆2 = Eθ(f̃(θ)− g̃(θ))2, (6.41)

where again we assume the parameters are sampled from a uniform distribution.

Now we let ei(θ) = f̃i(θ)− g̃i(θ). Expanding Eq. (6.41) using Eq. (6.40) and using
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Cauchy-Schwarz:

∆2 =
∑
i,j

cicj Eθeiej (6.42)

≤
∑
i,j

|ci||cj |
√

Eθ(e
2
i )Eθ(e

2
j ) (6.43)

=

(∑
i

|ci|
√

Eθ(e
2
i )

)2

. (6.44)

Now using Theorem 7 and letting the cutoff vary with i we get:

∆ ≤
∑
i

|ci|e−2pℓi . (6.45)

To take into account the simulation cost, we seek to minimise:

∑
i

|ci|e−2pℓi + λ
∑
i

2ℓi , (6.46)

with λ a Lagrange multiplier. The solution is:

ℓi =
1

2p+ log 2
log |ci|+ log k, (6.47)

where k is a positive constant. The error is therefore:

∆ ≤ k−2p
∑
i

|ci|
log 2

log 2+2p . (6.48)

Alternatively, if we require ∆ ≤ ϵ, the total simulation cost is:

∑
i

2ℓi = klog 2
∑
i

|ci|
log 2

log 2+2p (6.49)

≤ ϵ−
log 2
2p

(∑
i

|ci|
log 2

log 2+2p

)1+ log 2
2p

(6.50)

= (ϵ−1‖c‖r)
log 2
2p , (6.51)
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with r = log 2
log 2+2p , which ≈ 1 when 2p� log 2. Therefore the runtime is in:

O((ϵ−1‖c‖r)
log 2
2p n2m). (6.52)

The simulation procedure can be parallelised meaning that the actual running time

can be reduced considerably from these estimates. Comparing this with the maximum

number of shots required by a quantum computer to approximate a composite observ-

able with precision ϵ, Ns = ‖c‖21ϵ−2 [WHT15], we conclude that when p � log
√
2

lowesa incurs a cost at most polynomially larger than usual sampling cost. Once

again, in practical scenarios the factor of p−1 will dominate the exponent but this does

not invalidate the claim of classical simulatability. Thus we conclude that any expecta-

tion value that can be measured efficiently on a quantum computer may be efficiently

simulated using our algorithm.

6.2.6 General Pauli noise models

The result can be extended to cover multi-qubit Pauli noise affecting all gates, not just

the parameterised ones.

Theorem 9. Consider an n-qubit VQA under the noise model:

Ũθ = (©m
i=1Mi ◦ Ci ◦ Ni ◦ Ri(θi)) ◦M0 ◦ C0, (6.53)

where {Mi} are n-qubit Pauli channels with layer-dependent noise parameters and every

rotation is followed by a local multi-qubit Pauli noise Ni =
⊗n

j=1N
(j)
Pauli(p

ij
X , p

ij
Y , p

ij
Z )

with p′ = min
ijσ
{pijσ } > 0, which depends on both layer and qubit. Then, for any weight

cut-off ℓ ∈ N, lowesa (Algorithm 1) with modified process modes D′
ω = (©m

i=1Mi ◦

Ci ◦Dωi) ◦ C0 ◦M0 and coefficients d′ω = 〈〈P |D′
ω|0〉〉 returns an approximation g̃ for the

cost function f̃ with error:

∆(f̃ , g̃) ≤ (1− 2p′)
ℓ+1 ≤ e−2p′ℓ, (6.54)

166



Chapter 6. Classical simulations of noisy Variational Quantum Algorithms

and runs in time at most O(n2m2ℓ).

Proof. The main difference from the proof of Theorem 7 is that the n-qubit unitaries

Ci are noisy and are replaced by Mi ◦ Ci. However, since Mi are Pauli channels, then

its adjoint acts on any Pauli operator as Mi
T |P 〉〉 ∝ |P 〉〉, where the proportionality

factor is determined by the eigenvalues of Mi. These are assumed to be accessible,

e.g from previous benchmarking experiments. Therefore, the total number of valid,

non-zero process modes is also 2ℓ and there are m Pauli channelsMi so computing the

proportionality factor takes at most O(m 2ℓ), which means it does not affect the overall

complexity in determining the Fourier coefficients d′ω = 〈〈P |D′
ω|0〉〉 with |ω| ⩽ ℓ which

can be computed, as previously, in O(n2m2ℓ).

It remains to show that the average approximation error ∆(f̃ , g̃) still decays ex-

ponentially with the cut-off parameter l. Like before, the noisy cost function is given

by:

f̃(θ) =
∑
ω

d′ωΦω(θ), (6.55)

where d′ω = Q′(ω)d0ω, Q′(ω) ≤ q|ω| if the noise N on the parameterised gates Ri(θi) is

a fixed, space- and time-independent Pauli channel with eigenvalues (qX , qY , qZ) and

q := max
σ
{qσ}. More generally however, if N carries a space- and time-dependency

with possibly different eigenvalues (qijX , q
ij
Y , q

ij
Z ) for each of the parameterised gates

Ri(θi) and qubit j, then we have Q′(ω) ≤
∏

i(q
i)|ωi|, where qi := max

jσ
{qijσ }. Note that

in this situation, the process modes for each site Di
ωi

will have the same form as in the

previous analysis but with different parameters that depend on the location.

Finally, orthogonality of the trigonometric functions Φω(θ) ensures we get:

∆2(f̃ , g̃) =
∑
|ω|>ℓ

Q′2(ω)2−|ω||d0ω|2 (6.56)

≤ (max
|ω|>ℓ

Q′(ω))2
∑
ω

2−|ω||d0ω|2. (6.57)

The term within the brackets is the largest (ℓ + 1) product of the qi’s. This can be

given the trivial upper bound 1− 2p′ by defining p′ := min
ijσ
{pijσ }. In this case we must

have p′ > 0. Finally, the sum
∑

ω 2−|ω||d0ω|2 can be bounded by 1 as explained in the
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proof of Theorem 7.

The result relies on the fact that any Pauli channel will map a propagated Pauli

operator to itself, up to a proportionality factor that can be at most 1. In other

words, this means that each of the modified process modes D′
ω will act similarly to

the previously considered modes Dω arising from the simplified error model, so that

D′
ω|P 〉〉 ∝ Dω|P 〉〉. Therefore the proof and the bounds follow in the same way as for

Theorem 7. The only modification to the algorithm is that to compute d′ω one must

also keep track of these proportionality factors along with the propagated Pauli.

For generality we have not assumed that the all noise coefficients of {Mi} are bigger

than 0, thus it is difficult to improve upon the upper bound on the approximation error

∆ since one can be in a situation where along the paths of weight |ω| = ℓ + 1 the

proportionality factors might all be 1 when propagating the Pauli operator through

each Pauli channel Mi. In practical situations the Clifford gates will come with a

depolarising component and the bound can be improved. For instance, let’s assume

that in the decomposition of the n qubit Clifford operator Ci into primitive (single and

two-qubit) gates each incurs a local single-qubit depolarising channel Ndep with error

probability η. Then it follows we can find a tighter bound:

∆(f̃ , g̃) ⩽ (1− 2p′)
ℓ+1

(1− η)ℓ+1≤ e−(2p′+η)ℓ. (6.58)

This comes from the fact that N †
dep(P ) = (1 − η)P if P ∈ {X,Y, Z} and N †

dep(I) = I

along with the previous observation that for valid paths leading to non-zero coefficients,

D±1 are applied to qubit qi whenever the propagated Pauli on qubit qi is not I or Z,

since these commute with the generator Z and therefore as we have seen only the mode

D0 is active. Therefore the noise from the Clifford part will contribute and at the very

least contract by a factor of (1− η) whenever we have a branching possibility to apply

either D+1 or D−1, which are the only contributors to the total weight |ω|. Note that

this type of noise model has previously been considered in the context of noisy random

circuit sampling [AGL+22]. The corresponding result for non-Pauli observables can be

obtained similarly as before, giving the same additional factor in the runtime.
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Figure 6.3: Accuracy benchmark of lowesa compared to the error bounds as predicted
in Theorem 7. We show the L2 error of a single-qubit Pauli Y operator expectation
with ℓ < m = 60 for two layers of a n = 10 qubit circuit. The circuit consists of
parameterised single-qubit gates Rz(θi)Rx(θi+1)Rz(θi+2) on each qubit followed by
CNOT gates in a 2D topology. For this particular circuit, each entangler in the 2D
topology was placed with a 0.5 probability. The noise model is symmetric depolarising
noise, where the parameters are set pX = pY = pZ = p. Each point is averaged over
1000 random parameterisations of the same circuit to compare to the integral definition
of our error bounds. All paths below ℓ = 3 and above ℓ = 21 annihilate. Consequently,
the simulation with ℓ = 21 is exact.

6.2.7 Fixed (unparameterised) non-Clifford gates

The extension of lowesa to the case where non-Clifford unparameterised gates are

present is straightforward. As was done in Ref. [FRDC22a], one may treat non-Clifford

rotation gates as parameterised rotation gates that have their parameters fixed on at

a later stage. A circuit with t fixed z-rotation gates and m parameterised z-rotation

gates may be transformed into a circuit with m+ t z-rotations for simulation purposes,

obtaining a cost function F (θ,ϕ). Then the intended cost function is obtained by

fixing ϕ. It follows that any statement on the simulation runtime still applies with the

substitution m → m + t. However, getting an error bound with non-Clifford gates is

more complicated, since we can no longer average over the expanded parameter space

owing to the fixed gates. We can still make a weaker probabilistic statement.

Theorem 10. Consider a variational circuit consisting of m uncorrelated noisy pa-

rameterised rotation gates, and t noisy rotation gates with fixed random angles inde-
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pendently and uniformly distributed in [0, 2π]t. The noise model is that of Theorem 9.

Then for weight cut-off ℓ ∈ N, with probability ≥ 1− δ the simulation error of lowesa

(Algorithm 1) with modified process modes obeys:

∆(f̃ − g̃) ≤ e−2p′ℓδ−1/2, (6.59)

and the Algorithm runs in time O(n2(m+ t)2ℓ).

Proof. We can use the trick of considering the random t angles to be variables on a

space Φ = [0, 2π]t, and replicate the proofs of Theorems 7 and 9 on the expanded

parameter space Θ⊗ Φ = [0, 2π]m+t. This gives the bound:

Eϕ∆
2(f̃ , g̃) =

1

|Θ||Φ|

∫
Φ

∫
Θ
|f̃(θ,ϕ)− g̃(θ,ϕ)|2dθdϕ (6.60)

≤ e−4p′ℓ. (6.61)

Now we can use Markov’s inequality on the random variable ∆(f̃ , g̃) (as it now depends

on the random ϕ) and obtain the intended result. The running time is bounded by

O(n2(m+ t)2l) since the number of rotation gates is now m+ t.

Theorem 10 implies that for a typical choice of the ϕ angles the error is still expo-

nentially suppressed in ℓ. For fixed δ, one would choose ℓ ≈ 1
2p′ (log ϵ

−1 + 1
2 log δ

−1),

giving a runtime which is only slightly worse than the one from the previous Theorems,

for reasonable choices of δ.

6.3 The case of correlated parameters

The main result has been derived assuming that the parameters controlling the ro-

tation gates in the circuits are uncorrelated. One may therefore wonder whether it

extends to correlated parameter circuits, which are ubiquitous in quantum machine

learning [BWP+17] as well as forming the basis of algorithms like the Quantum Ap-

proximate Optimisation Algorithm (QAOA) [FGG14, HWO+19] or the Hamiltonian

Variational Ansatz (HVA) for chemistry problems [WHT15,KMT+17].
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However, the argument used in the proof of Theorem 7 does not hold since with

correlated angles the basis functions are no longer orthogonal over the correlated pa-

rameter space. For example, consider the following case where:

Φ2(θ) = cos2(θ), Φ−2(θ) = sin2(θ) (6.62)

⇒ 1

2π

∫
Φ2(θ)Φ−2(θ)dθ =

1

8
6= 0. (6.63)

Interestingly, we find that for correlated angles systems the simulation algorithm fre-

quently returns a trivial result. Consider the following 1-qubit correlated parameter

circuit:

Ud(θ) = (Rx(θ))
d, (6.64)

with d some integer > 1. It is simple to show that when Ud(θ) is applied to the initial

state |0〉, then measuring the Pauli Z produces the cost function:

fd(θ) = cos(dθ) =

⌊d/2⌋∑
i=0

(−1)i
(
d

2i

)
sin2i(θ) cosd−2i(θ), (6.65)

whose terms are all of weight d. Therefore, any reconstruction with weight ℓ < d would

trivially return g̃ = 0. This behaviour can be generalised to any circuit composed of d

repeated, identical, and independently parameterised layers:

U(θ) =
d∏

i=1

V (θi) =
d∏

i=1

 h∏
j=1

e−iHjθij

 , (6.66)

where each layer is generated by the same h Hamiltonians. It can be observed that

both QAOA and HVA ansätze fit in the prescription. In this situation, for lowesa to

produce a non-zero approximation function g̃, we can show that the cut-off value ℓ has

to be greater than the number of repeated layers. We begin with the following Lemma:

Lemma 9. Consider a circuit in the form of Eq. (6.66) and its expansion in process

modes. Then given a Pauli operator P , either i) it commutes with all generators {Hj},

or ii) the process modes that do not annihilate P all have weight |ω| ≥ d.
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Proof. First note that, given a Pauli operator Pi and a Hermitian H with [Pi,H] 6= 0,

then the corresponding unitary acts nontrivially on P , more precisely:

e−iHθPie
iHθ =

∑
j

cjPj , (6.67)

with cj 6= 0 for at least one j 6= i. In that case it is easy to show that [Pj ,H] 6= 0 for

all such a Pj .

Therefore we see that if at layer i the unitary e−iHjθij acts nontrivially on a Pauli

P , even if all its products commute with all subsequent unitaries, then they cannot also

commute with the next unitary generated by Hj . This means that either P commutes

with all generators, or at least one unitary must act nontrivially per layer. In the latter

case, it follows that the weight of any process mode that does not annihilate P must

necessarily be greater than or equal to the total number of layers d.

Then we have as a corollary:

Theorem 11. Given U(θ) as in Eq. (6.66) and a Pauli operator P that does not com-

mute with at least one of the generators {Hj}. If the cut-off ℓ < d then lowesa produces

a trivial approximation g̃ = 0 of the noisy expectation value Tr(U(θ)(ρ0)U
†(θ)P ) such

that g̃ = 0 for any noise model and at any noise level.

The theorem follows simply by observing that if ℓ < d, Algorithm 1 must return

g̃(θ) = 0 since all process modes annihilate P . The result holds equally if noise is

present as noise simply adds up to a constant for each mode in the expansion.

This result implies that the complexity requirements to get a nontrivial result with

lowesa will scale exponentially Ω(2d) with the number of layers. Correlating the

angles further, for example by setting θ1 = θ2 = · · · = θp does not affect the validity of

the result. Improvements to the runtime may be possible if the number of valid paths

can be reduced, for instance by leveraging symmetries in the circuit.

While the simulation algorithm may appear to fail for correlated angles since the

output is constant for ℓ < d, in fact we have not considered that the simulation RMSE

may still be small if the noisy cost function f̃ has a small variance, since (assuming
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ℓ < d and Eθf̃ = 0):

∆2(f̃ , g̃) = ∆2(f̃ , 0) = Eθf̃
2 = Varθ(f̃). (6.68)

Indeed this is the case due to the phenomenon of noise-induced barren plateaus (Chap-

ter 4): for our model the cost function variance would decay with depth asO(e−pd/ ln 2) [WFC+21,

Lemma 1]. Therefore it is still possible that the result in Theorem 7 may hold for cor-

related parameter VQAs too. For now, however, we are unable to conclusively demon-

strate it, so this leaves room for a quantum advantage in QAOA and HVA, as well as in

simulating time evolution on noisy quantum devices, as such tasks commonly involve

repeated gate patterns.

6.4 Discussion

In this Chapter we introduce lowesa, an algorithm to approximately classically simu-

late the cost function of variational quantum algorithms, given any observable that can

be efficiently measured on a quantum computer. Crucially, the algorithm is construc-

tive, in that it outputs a function of circuit parameters that approximates the entire

noisy landscape rather the observable’s noisy expectation value at some fixed parame-

ters. We show that for circuits with independently parameterised non-Clifford gates and

efficiently measurable observables, our procedure gives a polynomial-time algorithm in

both the number of qubits and depth, with an upper bound on the average error that

decays exponentially with the physical error rate and a controllable cut-off parame-

ter. The implication is that generic variational quantum algorithms with independent

parameters, fixed efficiently measurable observable and under constant physical gate

error rate can be efficiently simulated classically.

We emphasise that the approximation error measure we employ is an average over

the entire parameter space. The claim of efficient classical simulatability for estimating

expectation values in the presence of noise should be understood for a typical circuit

within a family of circuits with fixed structure (i.e. fixed Clifford unitaries on an ar-

bitrary topology interleaved with arbitrary non-Clifford z-rotations) and measurement
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operator. For the case of a PQC with uncorrelated parameters, this corresponds to a

typical parameter constellation. On the other hand, when the circuit family contains

fixed, non-Clifford gates, then our results hold only probabilistically (Theorem 10).

Thus, we do not claim the ability to efficiently simulate all noisy Clifford+T circuits.

At the same time, the aforementioned result also indicates that, for given circuit pa-

rameters, the probability to get an approximation error larger than the target accuracy

of our algorithm also decreases exponentially with the cutoff parameter ℓ. While the

cutoff is tunable, the algorithm’s computational cost scales exponentially in ℓ in the

worst case. This behaviour is similar to what was observed in Ref. [GD18], which

shows classical simulatability of sampling from generic (random) noisy circuits except

a zero-measure subset of (fixed, structured) circuits.

It can be notice that all our results suffer from the same limitation: fixing the

simulation error, the scaling of the cutoff with p implies a runtime of 2Θ(1/p), meaning

that we require 1/p ∈ o(m) otherwise we recover the noiseless scaling of the algorithm.

Another perspective is that there is a minimum noise probability threshold of 1/m below

which lowesa loses any claim of advantage. This is expected since, if one interprets

p as the probability of error per rotation gate, then mp is the total expected number

of errors, which we require to be � 1 otherwise noise will not have a significant effect

on the cost function. Thus the quantity mp may represent a crude measure for the

capability of lowesa to simulate a noisy VQA.

The result can be placed within a broader range of research [GD18, AGL+22,

SFGP21a, DPMRF23, ZSW20, ABOIN96] that aims to establish the extent to which

noise in quantum computations hinders any potential quantum advantage. The works

in Refs. [GD18, AGL+22], which inspired our algorithm, are specific to the task of

simulating random circuit sampling and thus rely on different assumptions on circuit

structure and output state. Recent frameworks [CCHL22] show, up to oracular access,

that specific circuit structures can exhibit a noise-robust quantum advantage. Our

results are consistent with this because of the intrinsically probabilistic nature of our

claims. However, it has also been shown that finite noise can introduce an exponential

separation between an algorithm for learning quantum states running on a fault-tolerant
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quantum computer vs a NISQ device [HKP20]. Similarly, our results imply that, in

the presence of sufficiently large levels of noise, a generic, wide range of VQAs become

classically simulatable. This type of conclusion has been reached in Ref. [SFGP21a],

where comparisons with classical algorithms lead to trade-offs between physical error

rates and depth limitations on variational Hamiltonian optimisation algorithms. For

tensor network approaches [ZSW20], truncation error accuracy is impacted by con-

nectivity and has only been empirically related to noise. In contrast, our approach

gives a constructive classical algorithm to recover the entire cost function, with prov-

able bounds on accuracy (for the circuit families considered) and does not assume a

particular problem or architecture topology. We note that our results in their present

form do not apply to variational algorithms that sample from the output state, such

as QAOA or quantum generative modeling [POBRGB18,BGPP+19,AAR+18,DDK18].

These may be avenues for future exploration.

Besides the implication for the complexity of noisy VQAs, lowesa may have a

place as a useful simulation algorithm for the NISQ era. While for fixed physical

error rate per gate our algorithm scales polynomially in the number of qubits and

depth, the complexity grows exponentially with decreasing error rates, in the worst

case. However, in practice, it may possible to have better scaling for realistic circuits,

for instance if the cost function is dominated by low-weight terms. Our experiments

(Fig. 6.3) provide some empirical evidence that this is the case, supplementing simi-

lar findings in Ref. [FRDC22a]. lowesa may be used to generate classical surrogates

of VQAs [SEM23, LTD+22], allowing model training without the hybrid optimisation

loop. Unlike to other algorithms for this task, it has the advantage of requiring no

samples from the quantum computer. As such it may be more directly compared with

tensor network methods [RMM+23, TFSS23], with some important differences. Cru-

cially, lowesa generates the entire cost function, and its efficiency does not directly

depend on the entanglement of the state, attributes that may make it preferable to

tensor networks in some situations, for instance when the entangling gates are not

geometrically local. On the other hand, tensor networks can be used to approximate

the circuit’s output state on which any expectation value or bitstring probability may
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be evaluated, which contrasts with lowesa’s dependency on the measurement op-

erator and specificity to expectation values. In any case, by using lowesa for the

noiseless setting one necessarily abandons the rigorous guarantees of accuracy estab-

lished here. Nonetheless, there are promising signs that it may still be useful in this

regime [RFHC23]. Without the requirement of accuracy guarantees one is also free to

implement different heuristics for branch cutting, since our solution was tailored to the

noise model. Similar algorithms with different branch cutting heuristics have shown

promise [NKF23,BHC23,BC23].

To conclude, classical simulation algorithms such as that presented here can not

only serve as benchmarking tools for NISQ devices at larger scales but most impor-

tantly, they help establish a threshold where quantum computers, given sufficiently

low physical error rates, produce results that are no longer reproducible with classical

computing resources. From this perspective, they are essential tools to determine the

full picture of resource requirements for practical quantum applications.
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Conclusion

In this Thesis I have aimed to give an overview of my research in the roughly five years

of my PhD, striving to be as cohesive as possible. As a conclusion of the Thesis, it feels

therefore appropriate to try and distill some overarching message from my findings,

and zooming out, to tie such a message to the evolution of the field as a whole during

the same period. Indeed I have not worked in a vacuum: as any researcher will attest,

producing scientific work is to a great extent an interplay with a wider community.

7.1 Looking back

When I started my PhD in 2019, quantum computing was something in the future,

yet there was a not insignificant amount of hope that variational quantum algorithms

could turn out to be useful even in the NISQ regime. For the previous five years, there

had been growing interest in these algorithms that seemed simultaneously easier to

implement, useful (at least for quantum chemistry), not easy to reproduce classically,

and resilient to noise. The logical question was therefore to investigate whether these

assumptions really held, and my research aimed to partially tackle this question.

More precisely, the goal of my PhD was to assess the effect of noise on variational

quantum algorithms and in particular to evaluate the claim that there could be intrinsic

resilience. With the natural drift of research, the effective scope of my papers ended up

encompassing mainly the effect of noise on the cost function landscape, particularly on
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the ability to optimise or classically simulate it. This also required the development of

new theoretical techniques, for instance the application of Fourier analysis to the cost

function.

Overall the research produced intriguing results that provided a partial answer to

the question of noise resilience. As presented in this Thesis, noise introduces significant

barriers, which lead to poor quality solutions (see Chapters 3-4), prevent the algorithms

from running (Chapter 4), or make them classically simulatable (Chapter 6). For

instance, the presence of even a small amount of symmetric depolarising noise leads to

a rapid decay of coherence, which manifests itself as a flattening of the cost function that

hinders optimisation. Furthermore, even in the absence of a depolarising component

the noise is likely to introduce significant distortions of the landscape. The loss of

coherence also improves the ability to simulate expectation values, approximately and

under some conditions. Remarkably there appears to be a step-like behaviour in the

sense that infinitesimal amounts of noise yield polynomial-time algorithms for the cost

function, albeit with potentially unwieldy exponents. The overarching message is that

noise has a largely negative effect on variational algorithms.

These conclusions certainly come with many caveats, chief among them the fact

that noise models are naturally crude approximations of the errors experienced by true

quantum devices, which are vastly more complicated, for instance they may be time-

varying and non-Markovian, and to some extent still poorly characterised. However

there is evidence showing that these simplistic models are still able to capture real

behaviours [AAB+19, BSP24]. There are also several tangential directions of research

that I could have pursued, but did not for lack of time or vision. For instance, I

regret not looking more deeply at how error mitigation techniques may affect these

results. Finally, any conclusion that can be drawn from the work presented here is

necessarily limited by the fact that I focused almost exclusively on noise resilience

treating variational algorithms as black boxed, and avoided the question of the actual

usefulness of these algorithms for real-world problems.
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7.2 Taking stock of other research

Fortunately, all shortcomings of my work have been compensated many times over by

the community. Indeed a large body of research was produced painting a much more

complete picture, filling in many of these gaps and providing a vastly broader perspec-

tive. Let us now examine some of the most significant results from the past 5 years that

are relevant to the topic of research. Following the publication of Ref. [FFR+21a] dis-

cussed in Chapter 3, several works were released that largely confirmed the conclusions

on the impact of noise of VQAs and in particular VQE [OMML22, SWA21, ZWC+21,

LAW23,BDP21] but also QML algorithms [EAGB23,TCD+24]. Largely these worked

observed the same suppression of the optimal cost function value and modification to

the landscape; some also noted a strong dependence on architecture [OMML22,SWA21],

and resilience for moderate noise [OMML22, ZWC+21]. As had been conjectured,

resilience is present especially for coherent noise but decoherent or stochastic noise

seems to be particularly disruptive, leading to a more complex optimisation land-

scape [LTM+20]. Of the decoherent noise models the most damaging seem to be sym-

metric depolarising [ZWC+21], consistently with what found in our own experiments.

The phenomena of noise-induced transitions has been replicated in Ref. [SWSW24] for

a different setting, showing analytically the existence of an even more abrupt collapse

of quantum advantage at a certain noise threshold. Finally, Ref. [TCD+24] brings to

light the ability of noise of breaking symmetries in the quantum circuit, reminiscent

of the conclusions of [FCA+22] as discussed in Chapter 4. Even though in this case

the symmetries pertain to the unitary and not the parameters, the result highlights

that the presence of noise may destroy regularities that otherwise hold true in noiseless

models.

Overall these numerical and analytical works suggests that noise has a large va-

riety of effects that vary with the noise level, the noise model, and the system size

and architecture, significantly complicating any theoretical analysis. However as the

noise-induced barren plateau (NIBP) result in Chapter 4 shows, sometimes it is pos-

sible to make general statements about the effects of noise. Indeed significant strides
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have been made towards a theoretical understanding applicable to a broad range of

situations. The NIBP result, which initially assumed a simplified noise model, has

been extended to other noise models [SL24, MAG+24, SWC24]. Remarkably, it has

been found that non-unital noise such as amplitude damping does not always create

barren plateaus [SL24, MAG+24]. Unfortunately non-unital noise comes with other

caveats, as we have seen in Chapters 3 and 4. Even more dramatically, Ref. [MAG+24]

found that non-unital noise may make the algorithm classically simulatable, since it

means that only the last layers of the algorithm up to logarithmic depth contribute

to the output. In general, decoherent noise seems to pose limitations to the depth

and total number of gates that can be present in the algorithm before the output be-

comes overly corrupted. Universally the limit seems to be logarithmic depth in the

number of qubits [YDCM23], as found in Chapter 4, or O(1/p) noisy gates, where

p is the probability of error [GGTC22], which in Chapter 6 was shown to be the

threshold for classical simulatability via lowesa. However, Ref. [SFGP21b] shows

that even for O(1) depth the VQE may lose quantum advantage by a different method-

ology. Specifically noise brings the state to a fixed point which is close to a high-

temperature Gibbs state, and depending on the noise level this may be sampled effi-

ciently classically, leading to solutions of approximately the same energy. Finally, even

though some works found improvements in the VQA convergence and solution qual-

ity with error mitigation [JS22], there exists strong theoretical evidence that NIBPs

cannot be eliminated with error mitigation without incurring superpolynomial over-

heads [TEMG22,DNS+22,TTG23,TSY23,WCA+24,QSFK+24].

Altogether these conclusions suggest that noise is a terminal issue for NISQ as a

whole. However, the picture is not as clear-cut. Ref. [CCHL23] took a complexity-

theoretic perspective to NISQ and concluded that there exist separations both be-

tween NISQ and BPP (classical computation), and between NISQ and BQP (noiseless

quantum computation), such that NISQ sits roughly in between the two extremes.

Interestingly this is in the regime of constant local depolarising noise that we have

observed to be critically bad for VQAs, suggesting that NISQ beyond variational al-

gorithms may still hold some advantage. Indeed there is an extensive body of work
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suggesting that random circuit sampling (RCS) retains advantage under local noise

sources [BFLL22, ZVBL23, DHJB24]. Furthermore, other non-variational algorithms

have been proposed that, while being NISQ-friendly, show some inherent resilience to

noise [AUC+22,VJW+23], although it is to be seen if this holds at large problem sizes.

Therefore it is still not excluded that quantum computers may be useful before error

correction. Still, specifically for VQAs the outlook remains quite bleak.

7.3 Looking ahead

Thus I am led to a crucial question: in light of what is now known about noise and

other issues like barren plateaus, is there any possibility for variational algorithms in

the near to medium term? Are the hopes that distinguished the early NISQ era doomed

to dissipate into nothingness?

Certainly, there is a sense in which the initial promises have not been vindicated.

Indeed at this stage we can confidently say that noise resilience in the original sense has

been theoretically and experimentally disproven, and even error mitigation techniques

cannot be useful at large scale. This is not to mention other technical issues beyond

noise that prevent optimisation, and which I have not delved into. Among these I should

only mention the presence of barren plateaus, which by now seems to be inexorably tied

to hardness of simulatability, in that it appears that the latter almost invariably leads

to the former [CLGM+23]. Finally, there remains the overarching problem that even

without noise no VQA has been conclusively demonstrated to offer quantum advantage

over classical methods (except perhaps QAOA as seen in Ref. [SLC+24], but even then

it was coupled with a non-variational, fault-tolerant subroutine). I still see a possibility

that NISQ computers themselves may be useful for running RCS and non-variational

algorithms, especially if the circuits are shallow and the noise is low enough, and per-

haps with error mitigation. After all, many no-go results around error accumulation

and mitigation are asymptotic, so there may be leeway for some useful small-scale com-

putation on current devices [ZKH+25]. Nonetheless, due to the combined forces of noise

sensitivity, issues with optimisation, and lack of demonstrated advantage, personally I
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am not confident that VQAs will become useful anytime soon.

This all happens in a time where error correction is becoming increasingly realistic,

seemingly by the day [AABA+24, EMS+24, WSG+24, DSRABR+24, PBP+24]. It is

therefore natural to wonder if VQAs will have any utility at all, as they were always

meant to be a stopgap measure before the advent of fault tolerance. However this last

assumption may prove to be ultimately faulty. Indeed there are reasons to believe that

some of the techniques developed for NISQ devices, including VQAs, may ultimately

turn out to be useful both in the medium and possibly in the long term too.

In the medium term, despite the recent wave of hope about error correction, it is

unlikely that computers will reach the requirements in connectivity, speed and error

rate that are necessary to implement large codes efficiently. Therefore we may see

a time where computers are only partially fault tolerant [TAF+24], which has been

termed intermediate scale quantum (ISQ) [Arr23]. In this time, algorithms will have to

be highly optimised since the presence of errors will likely preclude the implementation

of large-scale algorithms like Shor’s or Grover’s [YDCM23]. The flexibility and frugality

of variational algorithms may therefore make them relevant again. After all, compact

VQAs may address the same problems as much more resource-intensive algorithms (for

instance compare VQE with phase estimation) by sacrificing rigorous guarantees for a

compact circuit. It is possible therefore that, if errors can be driven low enough to avoid

NIBPs, and if the problems around optimisation are addressed by smart initialisation

strategies [EMW21,PDTH24], that VQAs may become useful heuristics. In particular

QAOA and VQE with problem-aware ansätze like HVA may be useful at intermediate

scales, and QAOA combined with quantum minimum finding has been shown to possess

scaling advantage [SLC+24]. Regarding error mitigation, these techniques may be

employed to some degree to further drive down the noise, in combination with and in

assistance to partial error correction [PSB+21,SEFT22].

In the longer term, assuming the availability of large computers capable of full

error correction, it is hard to forecast the relevance of variational algorithms in the

broader quantum algorithms landscape. This will be highly dependent on the ratio

between the discoveries of fault-tolerant algorithms, on the one hand, and of improved
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variational algorithms on the other. Even if any new fault-tolerant algorithms are just

heuristics and even if the optimisation issue of VQAs are resolved, the former would

hold an advantage over the latter due to the fact that arbitrary single-qubit rotations

are inherently difficult to implement on logical qubits [TAF+24]. However, it is possible

that such future VQAs may not require high precision in the rotations. This would be

true particularly if the VQAs employed are small, with few parameters, and if their

output is only valuable as a coarse approximation. Indeed one may envision VQAs

becoming state-preparation subroutines for larger algorithms, for instance a VQA may

be used to prepare a so-called guiding state [GLG22] from which the ground state

of the problem Hamiltonian is extracted via fault-tolerant routines, as was done in

Ref. [SLC+24]. Finally one can still not exclude the possibility that some quantum

advantage is found for quantum machine learning (QML) using variational algorithms,

for instance if a mapping is found between a learning algorithm and thermal evolution

under a physical Hamiltonian then the results of Ref. [CHPZ24] showing a separation

in optimisation capabilities may become relevant. However this prospect, like the ones

listed before, remains highly speculative and currently there are no indications that

QML would even in principle offer advantages in the fault-tolerant regime.

7.4 One last personal reflection

In conclusion, the duration of my PhD more or less coincided with a full arc, rise

followed by fall, of the very same field I was studying: variational quantum algorithms.

It would be natural to assume that any pessimism created in the later stages would have

also impacted my view of quantum computing as a whole. In fact that is not the case, as

I am possibly more hopeful now than I was five years ago. Progress on the hardware side

is accelerating and we are beginning to see the first convincing experimental evidence

that error correction is possible with the current architectures. The theoretical side is

moving accordingly towards fault-tolerant algorithms that actually could bring value

to society. Some of the discoveries in the field of VQAs and NISQ as a whole may

well contribute to these future algorithms. I yet do not believe that it was a mistake

to put faith in a new and untested paradigm of computation. Even though to some
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it may have been clear from the beginning that there would probably not be any

advantage in variational algorithms, the risk that nothing may be found should never

be a barrier to research. Personally, even in the pessimistic scenario that nothing

may come of it, studying these algorithms has been an exciting endeavour and an

occasion for growth as a researcher, the ultimate goal of any PhD. Indeed, thanks

to this experience I now possess a precious piece of first-hand knowledge that by far

supersedes any disappointment and that has provided me with motivation to go forward

into new challenges. Even in science, when novelty is introduced, at first emotions may

intrude and opinions will collide. Given enough time however the scientific community

will be able to come to rational conclusions, removing the veil of ignorance, and finally

revealing the truth behind the noise.
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Numerically evaluating noise

resilience

A.1 Linear model of noise propagation

In the interleaved noise model introduced in Sec. 3.1.1 we consider a quantum circuit

that we split in d layers. In the absence of noise, the unitary operation applied by

the circuit can be written as U = UdUd−1...U2U1, where Ui is the ith layer unitary

operator. In the noisy case we move to the density matrix picture for mixed states,

and use maps between density operators (or superoperators) to represent operations

on these mixed states, which are defined by U(ρ) = UρU †. This represents a noiseless

quantum channel. As outlined in the main text, this corresponding noisy quantum

channel is given by :

Ũ = ΛdUd...Λ1U1. (A.1)

A.1.1 Example: global depolarising noise

We first consider the case where all the noise channels are given by global symmetric

depolarising noise on N qubits, since in this case we can write down an exact model for

the noise propagation. The global symmetric depolarising channel is defined as acting
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on any state ρin as follows:

Λ (ρin) = (1− γ)ρin + 2−Nγ 1, (A.2)

where 1 is the identity operator on N qubits (in matrix form it is of dimension 2N×2N ).

The effect of the channel is therefore to replace any state with the completely mixed

state with probability γ.

If the circuit under consideration consists of d such channels interleaved with unitary

operations, the probability of the state not being affected by any channel is (1 − γ)d.

Any other outcome will lead to the final state being maximally mixed, as the maximally

mixed state is invariant under the action of any quantum channel. The final state of

the circuit can therefore be written as:

ρ = (1− γ)dU (ρin) + 2−N (1− (1− γ)d)1, (A.3)

where U is the noiseless circuit unitary map.

We can quantify the difference between the state produced by the noisy circuit, ρ,

and the state produced without noise, ρid, using the infidelity, defined in Eq. (3.10).

From now on, the subscript id will universally refer to a quantity evaluated on an ideal,

noiseless circuit. For the global symmetric depolarising noise operator in Eq. (A.3) we

obtain:

R(ρid, ρ) = 1− Tr[ρid((1− γ)dρid + 2−N (1− (1− γ)d)1)]

= 1− (1− γ)dTr[ρ2id]− 2−N (1− (1− γ)d)Tr[ρid]

=
(
1− (1− γ)d

) (
1− 2−N

)
, (A.4)

where we use the fact that ρid is a pure state, and so Tr[ρ2id] = 1. Expanding at first

order in γ we get:

R(ρid, ρ) = (1− 2−N ) d γ +O(γ2). (A.5)

This means that, in the low noise regime, the infidelity increases approximately linearly
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in both γ and the number of layers d, with a prefactor that is effectively 1 for large

systems (N →∞).

Note that a global symmetric depolarising channel is not equivalent a product of

single-qubit depolarising channels, and therefore the relation derived in Eq. (A.5) does

not apply for the product channel noise model that we employ in this work. However,

the simple result of Eq. (A.5) provides the motivation to seek an analogous equation

for more general noise models.

A.1.2 Infidelity propagation for general noise channels

We start by expanding the action of a general N -qubit noise channel on a state ρ to

first order as:

Λ (ρ) = (1− γ)ρ+ γλ(ρ) +O(γ2). (A.6)

Here λ is a map that represents the first-order action of the channel, which for global

symmetric depolarising channels is simply λ(ρ) = 2−N
1 ∀ρ. Note that the matrix

λ(ρ) is, in general, not a valid quantum state. We term λ the linear action of the noise

channel. In the expansion we take into account the fact that for a general noise channel

there could be higher order effects in the local noise parameter γ. Since the gate noise

level in current quantum computers has γ � 1 [DH21], we expect the linear action to

always dominate, and hence that one can neglect higher order terms.

We introduce the partially noisy circuit Ũ:i: := Ud · · · Ui+1λiUi · · · U1, obtained by

inserting a single noise channel in the noiseless circuit and keeping only the terms at

order γ. Applying the noisy circuit onto an initial state ρ0 and expanding in O(γ), it

reduces to:

ρ ≈ [(1− γd)U + γ

d∑
i=1

Ũ:i:] (ρ0) (A.7)

= ρ− γ
d∑

i=1

(U − Ũ:i:) (ρ0). (A.8)

The resulting difference to the noiseless result is an additive contribution proportional

to γ.
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Now we combine the first-order expansion with the layered noise model, and apply

it to the variational problem of maximising the fidelity to a pure target state ρT. In

this case, the fidelity between the noisy state output by the circuit after optimisation

ρopt and the target state simplifies to F (ρT, ρopt) = Tr(ρTρopt). In general, the circuit

may not reproduce the ideal target state ρT exactly. We therefore have:

F (ρT, ρopt) = Tr(ρTρopt) (A.9)

≈ Tr[ρTρopt,id − ρTγ
d∑

i=1

(U − Ũ:i:)(ρ0)] (A.10)

= F (ρT, ρopt,id)− γ
d∑

i=1

(F (ρT, ρopt,id)− F (ρT, Ũ:i:(ρ0))). (A.11)

We can now define the relative infidelity as Rrel(ρT; ρopt,id, ρopt) := F (ρT, ρopt,id) −

F (ρT, ρopt). We now define the state at the ith layer ρopt,i, as well as the target state

”back-propagated” to ith layer as ρT,i := U−1
:i ρT, where we use the fact that U:i is

a unitary channel. With this definition and the invariance of fidelity under unitary

transformations, we can write:

Rrel(ρT; ρopt,id, ρopt) ≈ γ
d∑

i=1

Rrel(ρT,i; ρopt,i, λ(ρopt,i)). (A.12)

This result shows that the relative infidelity is approximately linear in the number

of noise channels d and the local noise parameter γ. Each noise channel contributes

a factor that depends on the target state ρT, the state through the channel ρopt,i

and its image under the linear action λ(ρopt,i). Note that this is consistent with

the result for the symmetric depolarising channel in the previous section, by taking

Rrel(ρi; ρi, λ(ρi)) = R(ρi, λ(ρi)) = 1−2−n ∀ρi. Importantly, our total infidelity is state

dependent. Hence, the path through the space of states that the circuit takes is very

important for the noise resilience of the algorithm. If two different paths lead to the

same state in the noiseless case, they may still have very different infidelities in the

noisy case, as dictated by these intermediate states.

To simplify the result and compare it to literature, one can estimate the average
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infidelity of a noise channel over all states, Ri, and with it obtain a very rough esti-

mate for the total infidelity. First let us assume that the circuit can indeed reach the

target state, such that we have Rrel(ρ,i; ρi, λ(ρi)) = R(ρi, λ(ρi)) = 1 − Tr[ρi λ(ρi)] and

Rrel(ρid; ρid, ρ) = R(ρid, ρ) = 1 − Tr[ρid ρ]. Now use the definition of the linear action

in Eq. (A.6) to write, to first order in γ, γRrel(ρi; ρi, λ(ρi)) ≈ γ − Tr[ρi Λ(ρi)] + (1 −

γ)Tr[ρ2i ] = 1− Tr[ρi Λ(ρi)]. In accordance with literature, we define the gate infidelity

as Ri = 1−Tr[ρi Λ(ρi)]. In this way with Eq. (A.12) one obtains for the total infidelity

of the circuit:

R ≈
d∑

i=1

Ri. (A.13)

From this equation we obtain the total state-averaged circuit fidelity as function of the

averaged fidelities of each noise channel, Fi = 1−Ri, as:

F = 1−
d∑

i=1

Ri =
d∏

i=1

(1−Ri) +O
(
R2

i

)
. (A.14)

Since the infidelities of a noise channels are small, we can neglect higher order terms,

and obtain:

F ≈
d∏

i=1

Fi, (A.15)

where we have used Fi = 1 − Ri. This last expression is widely used in literature.

For example, in Ref. [AAB+19] the fidelity is assumed to behave in this way, and

subsequent experimental results are shown to be consistent with this assumption. In

Ref. [ZWC+20] it is shown that the approximation error of a matrix product state

representation of a quantum circuit is approximately multiplicative in the fidelity of

a single layer. In Ref. [MWHH20], a similar reasoning shows that this multiplicative

decay of fidelity applies for interleaved depolarising channels in QAOA circuits. The

decay of the cost function with the number of noisy channel that follows from these

equations was rigorously proven in Ref. [WFC+21] for local symmetric depolarising

channels. Ref. [CDWE19] shows that infidelity grows at most quadratically with the
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number of layers of a circuit, and for decoherent channels it is expected to grow linearly

at first order, which is equivalent to what we have shown here. However, the measure

used there is the gate infidelity over Haar-distributed states, which might not reflect

the outcome of specific experiments [SWS15].

A.1.3 Expected fidelity over an ensemble

Up to now we considered the infidelity for one target state. We extend this to the

case where one is provided with an ensemble of nT pure target states sampled from a

distribution. As figure of merit we use the average optimal infidelity over the ensemble,

which we defined in Eq. (3.12) as:

R̄ = 〈R(ρT, ρopt)〉T, (A.16)

where ρopt is optimised with noise for each target state. An R̄ of zero would imply that

the quantum circuit can represent any N -qubit state exactly. In practice R̄ is usually

larger than zero even in the noiseless case due the inherent limitations of a given circuit,

and the addition of noise further increases R̄. We define the average optimal relative

infidelity as:

R̄rel := R̄− R̄id = 〈Rrel(ρT; ρopt,id, ρopt)〉T, (A.17)

where as before the subscript id indicates the infidelity and density matrix evaluated

without noise: R̄id = 〈R(ρT, ρopt,id)〉T.

Next we derive an approximate relation for R̄rel allowing us to qualitatively under-

stand its behaviour and relate it to existing literature. Using Eq. (A.12) and the fact

that in our noise model all the noise channels are identical, we obtain:

R̄rel ≈ γ

〈
d∑

i=1

Rrel(ρT,i; ρopt,i, λ(ρopt,i))

〉
T

. (A.18)

We now assume that at every level the noiseless ρT,i and ρopt,i are distributed identically
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to the final states ρT and ρopt. Thus we can write:

R̄rel ≈ 〈Rrel(ρT; ρopt, λ(ρopt))〉T γ d

≈ αγ d, (A.19)

where we defined the constant of proportionality:

α := 〈Rrel (ρT; ρopt, λ(ρopt))〉T. (A.20)

Note that since λ(ρopt) is generally not a valid quantum state by itself, since usually

Tr[λ(ρ)] 6= 1, α may also be greater than 1.

With the additional assumption about the distributions of the intermediate states,

the variance of the relative infidelity can be estimated. Defining the variance of the

optimal relative infidelity over the target states:

∆2
rel := 〈R2

rel(ρT; ρopt,id, ρopt)〉T − R̄2
rel = Var

T
(Rrel(ρT; ρopt,id, ρopt)) . (A.21)

Using Eq. (A.12) and a standard property of the variance, within these approximations

we obtain:

∆2
rel ≈ Var

T

(
γ

d∑
i=1

Rrel(ρT,i; ρopt,i, λ(ρopt,i))

)

= γ2Var
T

(
d∑

i=1

Rrel(ρT,i; ρopt,i, λ(ρopt,i))

)
. (A.22)

Now we must introduce some information about the correlation between states at every

noise channel. Since states going through successive channels have a certain degree of

similarity, in the sense that they are related by a short-depth sequence of unitaries, it

should be expected that they retain a high level of correlation. Therefore, we assume

that the states at every noise channel {ρopt,1, ρopt,2, · · · , ρopt,d} are perfectly correlated.

It follows that:

∆2
rel ≈ β γ2d2, (A.23)
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with:

β := Var
T

(Rrel(ρT; ρopt, λ(ρopt))). (A.24)

Note that, if instead we assumed that the states are uncorrelated with each other, we

would get ∆2
rel ≈ β γ2d.

Eqs. (A.19) and (A.23) define the stochastic model for noise propagation.

A.1.4 Estimation of α and β

In this section we show that α and β can be estimated with knowledge of only the

distribution of target states and the noise channel properties. First of all, we note that

both constants depend on the output state ρopt, which depends on the capability of

the circuit to approximate the target state. Since we wish to remove the dependence

on the circuit entirely, we use as an approximation λ(ρopt) ≈ λ(ρT). This is justified

by the fact that, given a sufficiently expressive circuit, ρopt will not be much different

from ρT. Therefore, using the definitions in Eqs. (A.20) and (A.24) the parameters

can be estimated from the target states as:

α ≈ 〈Rrel (ρT; ρT, λ(ρT))〉T = 〈R (ρT, λ(ρT))〉T, (A.25)

β ≈ Var
T

(R(ρT, λ(ρT))), (A.26)

where we can switch the relative infidelity for regular infidelity as we have removed all

dependence on the circuit.

Using Eq. (A.6) and taking the derivative of Λ(ρ) about γ = 0 we obtain:

dΛ(ρ)

dγ

∣∣∣
γ=0

= λ(ρ)− ρ → λ(ρ) =
dΛ(ρ)

dγ

∣∣∣
γ=0

+ ρ. (A.27)
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Therefore we can write:

R(ρT, λ(ρT)) = 1− Tr (ρTλ(ρT))

= 1− Tr
(
ρT

(
dΛ(ρT)

dγ

∣∣∣
γ=0

+ ρT)

))
= 1− Tr

(
ρT
dΛ(ρT)

dγ

∣∣∣
γ=0

)
− Tr

(
ρ2T
)

= −Tr
(
ρT
dΛ(ρT)

dγ

∣∣∣
γ=0

)
. (A.28)

Substituting back into Eqs. (A.25) and (A.26) we obtain:

α ≈ −
〈
d

dγ
Tr(ρTΛ(ρT))

∣∣∣
γ=0

〉
T

, (A.29)

β ≈ Var
T

(
d

dγ
Tr(ρTΛ(ρT))

∣∣∣
γ=0

)
. (A.30)

If states can be efficiently sampled from the distribution, the constants α and β can

be estimated given an exact density matrix simulator. Given a sampled target state,

the derivative can be evaluated in practice using finite differences as:

d

dγ
Tr(ρTΛ(ρT))

∣∣∣
γ=0

= lim
ϵ→0

Tr(ρTΛ(ρT))|γ=ϵ − 1

ϵ
. (A.31)

The results obtained with Eqs. (A.29, (A.31)) for the distribution of 4-qubits real states

used in our simulations are shown in Table A.1.

Noise channel α β

Phase 0.888 0.00585
Amplitude 1.88 0.119

depolarising 2.78 0.0132

Table A.1: Estimated α and β for local noise channels on four qubits, averaged over the
real Haar distribution states. 10000 randomly chosen states were used for the numerical
estimation.
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A.1.5 Scaling of α with the number of qubits

For an approximate scaling estimate of α with the number of qubits N , we consider

simplified case of a target state being a tensor product of N independent identically

distributed single-qubit states. With this assumption we can write:

α ≈ − d

dγ

∣∣∣
γ=0

Tr[ρTΛ(ρT)]

= − d

dγ

∣∣∣
γ=0

Tr
[⊗

i

ρ
(i)
T Λ(i)(ρ

(i)
T )

]

= − d

dγ

∣∣∣
γ=0

∏
i

Tr[ρ(i)T Λ(i)(ρ
(i)
T )]

= −
∑
i

d

dγ

∣∣∣
γ=0

(
Tr[ρ(i)T Λ(i)(ρ

(i)
T )]
)∏

j ̸=i

Tr[ρ(j)T Λ(j)|γ=0(ρ
(j)
T )]

= −
∑
i

d

dγ

∣∣∣
γ=0

Tr[ρ(i)T Λ(i)(ρ
(i)
T )]

=
N∑
i=1

α(i), (A.32)

where we defined the single-qubit α(i) := − d
dγ

∣∣∣
γ=0

Tr[ρ(i)T Λ(i)(ρ
(i)
T )]. Since we assumed

that the single-qubit product states are identically distributed, these terms are equal

for all i and we obtain a scaling of α ∼ O(N). Thus, we expect the effect of noise to

grow linearly with the number of qubits.

A.2 Additional results

A.2.1 Noise-induced state transitions for further random states

In Fig. 3.9 we show how fidelity and concurrence as function of γ abruptly change

slope at at threshold γ value for one randomly chosen target state. To show that this

behaviour is general, in Fig. A.1 we present analogous results for four more randomly

chosen target states. We also consider different circuit depths. The transitions are

overall very different to one another, at times discontinuous in their fidelity and at other

times smooth and barely detectable. In these latter cases, the concurrence acts as a
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clearer indicator for such transitions. The varied phenotype of transitions suggests that

the phenomenon is complex and depends heavily on the circuit and the chosen target

state. Indeed, in some situations (see the last row of Fig. A.1) no sharp transitions

are observed, and both measures of state quality vary smoothly. The results illustrate

that generally one always observes critical noise level thresholds, and that these can be

either abrupt and discontinuous or else smoothed out in a continuous way.
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Figure A.1: Evidence of noise-induced state transitions for different random states.
Various measures are plotted at convergence for a range of values of the phase noise
parameter γ. The plotted data are described in more detail in Fig. 3.9. Left panels:
fidelity (blue/dark line) and concurrence (red/gray line) at convergence, evaluated with
noise; centre panels: fidelity and concurrence evaluated without noise, but for the
converged optimised angles at every noise level; right panels: value of four of the
circuit rotation parameters at convergence. The first two rows have a circuit of depth
L = 3, the last two have L = 4.
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Fourier spectrum of noisy

Variational Quantum Algorithms

B.1 Resource requirements and nonuniform sampling

As mentioned in the text, sampling overhead is the largest obstacle to a pratical im-

plementation of spectral analysis methods. One-dimensional DFT up to a frequency

of N would require sampling d = 2N + 1 points, itself a linear scaling. However, the

scaling in the dimension is unfavourable as it is exponential, practically limiting the

applicability of the method to small sets of parameters. In a practical setting the run-

time is also affected by the requirement of high shot counts to reduce shot noise. In

itself, however, the method could still be useful even in these conditions. A variational

circuit with several parameters could be broken down into sets of parameters which

then could be mitigated for noise individually. Furthermore, one might expect that

different parameterised gates would be affected differently by noise based on factors

such as their order and the noise characteristics of the qubits they act on. For example

the effect of the first gates in the circuit would be diluted by successive noise channels.

Therefore, one might choose to focus on the most noisy gates in order to maximise the

benefit of mitigation.

In addition, we remark that many variational algorithms of interest do not feature

many individual parameters, but rather a few parameters that govern larger sets of
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correlated gates. In that case, the sampling points would be much reduced, even when

accounting for the larger set of frequencies that need to be sampled. For example, while

the spectrum of M uncorrelated single-qubit rotations would have size 3M , correlating

the angles into a single parameter would require sampling a number of points linear in

M .

Finally, the use of advanced signal extraction techniques might enable these methods

to work with much reduced sets of data. There exists an array of techniques that

allow for the retrieval of the most significant Fourier coefficients from a signal, using

a subexponential amount of samples [CRT06b, TG07, Don06, CRT06a]. In the case

of sparse signals, techniques such as the sparse fast Fourier transform (sFFT) actually

allow for complete reconstruction with sampling much below the Nyquist rate [HIKP12].

Therefore, if the quantum signal consists of a few large Fourier coefficients or, even

better, if it is indeed sparse, these techniques could allow to circumvent the exponential

sampling requirements in the case of many parameters. Interestingly, they would also

apply an implicit thresholding by selecting only the most significant coefficients, and

therefore is expected to provide some denoising effects.

B.1.1 Non-integer and non-equidistant samples or frequency spectra

In some cases, it might be desirable to get an estimate of the signal at non-integer

frequencies, or spectra that are not equidistant. This might be relevant in case, for

example, the error channel is suspected to depend in a nontrivial way on a parame-

ter, leading to frequencies that are non-integer multiples of the parameter’s frequency.

This problem is known as non-uniform DFT or NUDFT and various approaches have

been developed that implement an efficient version (NUFFT), based on interpola-

tion [Boy92,DR93,PS03] or low-rank approximations [RAT18].

The discrete Fourier transform can also be implemented on incomplete data or nonuni-

form sampled data, while returning frequency data on a uniform support, known as

type II NUDFT [RAT18]. Fast algorithms exist also in this scenario, which similarly

use approximations and therefore come at the cost of reduced accuracy [RAT18,PS03],

however might be sufficient as a rough error estimation technique. There exist scenar-
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ios where a large amount of nonuniform data points are generated as a byproduct, for

example in the optimisation of a variational algorithm. Using nonuniform estimation,

it might be possible to implement spectral noise evaluation at no additional sampling

cost.

Finally, we note the connection between the spectral analysis of quantum algorithms

and signal processing in NMR. The latter similarly features a costly sampling proce-

dure that generates multidimensional data, which then needs to be processed into its

spectral components. Techniques such as nonuniform sampling [MMS+11] and maxi-

mum entropy reconstruction [HMM+14] have been devised to minimise the sampling

and therefore the running time, while reconstructing the image with accuracy. One

can therefore envisage directly utilising similar techniques for quantum algorithm.

B.2 Effect of different channels on Fourier modes

Lemma 10 (Depolarising channel). The noisy expectation value is:

〈O〉ρ̃(θ) =
∑
k∈Λ

(1− p)mckeiωk·θ +
(1− (1− p)m)

2n
Tr(O). (B.1)

Therefore, the noisy Fourier coefficients c̃k are homogeneously contracted.

Proof. Ũ = E ◦U where E(ρ) = (1−p)m+1ρ+(1−(1−p)m+1) 12n . Then, using Eq. (5.35)

the result follows.

Consider a single Pauli noise channel Np := (1− p)I + pP, which appears within a

quantum process:

Ũ = V0 ◦ U1(θ1) ◦ · · · ◦ Np ◦ · · · ◦ Um(θm) ◦ Vm. (B.2)

For this we have the following

Lemma 11 (Pauli channel). Under a Pauli channel, the frequency spectrum does

not change. For the specific case of O a Pauli operator, the signal’s coefficients are

contracted: |c̃k(O)| ≤ |ck(O)|, and so there are no extra coefficients. For a general
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O, some new modes that were previously zero due to cancellation of paths might find

themselves with a small non-zero value under noise.

Proof. First we consider the case of p = 1, that is, a Pauli error P that occurs within

the quantum process:

Ũ = V0 ◦ U1(θ1) ◦ · · · ◦ P ◦ · · · ◦ Um(θm) ◦ Vm. (B.3)

Assume that each Ui(θi) = e−iPiθi/2 where Pi are Pauli operators themselves, and that

the unparameterised unitaries are Clifford as well. Then since Pauli operators either

commute or anti-commute then propagating a Pauli error P through the circuit will

change a subset of θi → −θi. In terms of the individual process paths V0 ◦ C1k1 ◦ ... ◦

Cmkm ◦ Vm labelled by vector k = (k1, ..., km) ∈ Z×m
3 , the effect of a Pauli error within

the circuit will result in a ”noisy” path where P ′ ◦ V0 ◦ C1k′1 ◦ ... ◦ C
m
k′m
◦ Vm labelled by

vector k′ for which k′i = −ki on the fixed (path-independent) subset of i ∈ {1, ...,m}.

What happens is that since the lattice S contains both ω and −ω then this means that

the spectrum of frequencies for noisy Ũ will, just like those for U , also be included in S.

However, some new modes that were previously zero due to cancellation of paths might

find themselves with a small non-zero value under noise for specific target observables.

For the corresponding Fourier coefficient ck(O) for the expected value of operator O

over some input state, its noisy version will be c̃k(O) = ck′(¶′(O)). Similarly, in the

case of a Pauli channel Np = (1 − p)I + pP the noisy Fourier coefficients become

c̃k(O) = (1− p)ck(O) + pck′(P ′(O)).

Going back to the case where O is a Pauli operator, we have P ′(O) = ±O. Now,

ck′ is equal to ck or its conjugate. To see this, consider any one of the components, say

kj . For the case of kj = ±1, one has:

ck(O) = Tr[OV0 ◦ · · · ◦ Cj±1 ◦ · · · ◦ Vm(ρ)] (B.4)

= Tr[OV0 ◦ · · · ◦ Cjr ◦ · · · ◦ Vm(ρ)] (B.5)

± iTr[OV0 ◦ · · · ◦ Cji ◦ · · · ◦ Vm(ρ)],
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where Cjr = 1
4 (U(0)− U(π)) and Cji = 1

8 (U(0)− 2U(π/2) + U(π)) are two real channels.

Therefore, ki → −ki is equivalent to conjugating the coefficient, and by induction, it is

so for any k′ as long as the number of affected nontrivial indices is odd. It follows that

|ck′(P ′(O))| = |ck(O)|. Therefore by the triangle inequality the noisy coefficients will

obey |c̃k(O)| ≤ |ck(O)|.

Thus we see that a contraction of the Fourier coefficients is a feature of Pauli

channels, and this result extends the previous one on global depolarising channels.

The case of general Vs, as well as noise channels that are linear combinations of

different Pauli channels, and multiple Pauli channels, follow analogously from these

considerations. Furthermore, state preparation and measurement (SPAM) errors can

also be modelled by Pauli noise channels.

A special case of the above for which more can be said is the aligned Pauli error,

which is when a channel is followed by a Pauli channel which is identical to its generator.

Lemma 12 (Aligned Pauli error). For any operator O, an aligned Pauli error leads to

a contraction of some coefficients without extra modes. Contrary to the previous result,

this holds in the presence of non-Clifford non-parameterised gates.

Proof. Take the operator U(θj) = e−iPjθj/2 = C(j)0 + eiθjC(j)1 + e−iθiC(j)−1. If this channel

is followed by a Pauli channel which is identical to its generator, the overall channel is

PjU(θj) = U(θj+π) = C(j)0 −eiθjC
(j)
1 −e−iθiC(j)−1, and therefore for a Pauli noise channel

we get:

PjUi(θi) = C(i)0 + (1− 2p)eiθiC(i)1 + (1− 2p)e−iθiC(i)−1. (B.6)

Seen from the spectrum’s perspective, there will be a contraction of some coefficients

without extra modes.

Lemma 13 (Non-unital channel). For non-unital channels, the Fourier coefficients will

be modified and new modes might be present that only include a subset of the parameters

following the channel.

Proof. As explained in Sec. 5.2.1, Clifford channels are not sufficient to represent ar-

bitrary non-unital channels such as amplitude damping. One must also include Pauli
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reset channels, which trace out a qubit and initialise it with a specific eigenstate of

a Pauli operator. Therefore, from the process path point of view such channels will

include additional paths that are independent of the initial state, and only depend on

gates following the channel:

Tr[OŨ(ρ0)] =Tr[OV0 ◦ · · · ◦ NU ◦ · · · ◦ Vm(ρ0)]

+ Tr[OV0 ◦ · · · ◦ Vi(σ)], (B.7)

where NNU is the non-unital channel, while NU is the unital part and σ is the state

which the channel resets to. The latter two need not be physical, however they still

allow a description in terms of process paths.

Finally, we explore what happens if the noise channels now depend on some of the

parameters.

Lemma 14 (Parameter-dependent and correlated channels). For channels which de-

pend on some parameters, we can have S̃ 6⊂ S.

This is in contrast with all other types of noise explored previously.

Proof. For simplicity, consider a single noise channel that depends on a single parameter

elsewhere in the circuit. Due to causality, the noise channel must follow the unitary

with that parameter:

Ũ = V0 ◦ · · · ◦ Ñ (θk) ◦ Ul(θl) ◦ · · · ◦ Uk(θk) ◦ · · · ◦ Vm. (B.8)

For noise channels and unitaries acting on a subset of the qubits, it is not guaranteed

that the measurement operator falls into both light cones. Let us analyse the two dis-

tinct cases. In case it does, there may be process paths which depend on both channels,

and therefore the range of frequencies will be increased to include the additional ones

from the noise channel. Denoting by ω the frequencies in the clean spectrum S, and

by ω̃k the frequencies from Ñ (θk), the new spectrum will be S̃ = {ω + ω̃k}. In case

it does not, the two channels will not interact, and therefore the frequencies are not
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added together, and the new spectrum will be S̃ = S ∪ {ω̃k}. In either case we have

S̃ 6⊂ S.

B.2.1 Shot noise

Lemma 15 (Shot noise). Given a number of shots ns, each Fourier coefficient is

normally distributed around the noiseless mean with standard deviation:

σ(ReF [x̃]k) =
√
dm − ||x||22
dm
√
2ns

, (B.9)

and similarly for the imaginary part. Note that the distributions at different k’s are

not independent.

Proof. First let us review the DFT convention we use in this paper. Given an m-

dimensional signal {xi}, its DFT is defined as:

F [x]k =
1

dm

∑
j=0

xje
−iθj ·ωk . (B.10)

With this convention Parseval’s theorem is ||x||2 = dm||F [x]||2. For simplicity we

assume that both the samples and the frequencies are considered on regular lattices,

and we set θi = 2πi/d and ωk = k. In the quantum case, the signal is corrupted

by sampling noise, which follows a binomial distribution. For a sufficient number of

samples ns, one can show that the signal is approximately Gaussian distributed around

the expectation value xi, with a variance σs(xi) =
√

1−x2
i√

ns
. Therefore, we can write the

signal as a noiseless signal plus a Gaussian noise:

x̃i = xi +Gσs(xi). (B.11)

Since the DFT is a linear operation,

F [x̃]k = F [x]k + F [Gσs(x)]k. (B.12)

Let us focus on the noise signal. This is equivalent to a Gaussian signal with standard
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deviation 1/
√
ns scaled by a function of x: Gσs(x) = G1/

√
ns

√
1− x2. The Fourier

transform of the noise can therefore be written as a convolution:

F [Gσs(x)]k =
[
F [G1/

√
ns
] ∗ F [

√
1− x2]

]
k
. (B.13)

Now the following lemma can be proven:

Lemma 16. The Fourier transform of a 1D normally distributed signal of size d with

standard deviation σ is normally distributed with standard deviation σ/
√
2d:

F [Gσ]k =
[
Gσ/

√
2d

]
k
+ i
[
Gσ/

√
2d

]
k
. (B.14)

For an m-dim normal distributed signal of over a grid of volume dm, the same holds

with a standard deviation of σ/
√
2dm.

Proof. Focus on the real part of F [Gσ]k (the result for the imaginary part follows by

symmetry):

ReF [Gσ]k =
1

d

d∑
j=0

xj cos(2π
kj

d
). (B.15)

First first notice that 〈ReF [Gσ]k〉 = 0. Now consider the variance:

σ2(ReF [Gσ]k) =
1

d2

∑
jj′

〈xjxj′〉 cos(2π
kj

d
) cos(2π

kj′

d
). (B.16)

Since each xm is independently distributed, 〈xjxj′〉 is only nonzero when j = j′:

σ2(ReF [Gσ]k) =
1

d2

∑
j

σ2 cos2(2π
kj

d
) (B.17)

=
σ2

2d
. (B.18)

All other moments are zero as the higher moments of a normal distribution are zero.

Therefore, the distribution is normal with mean 0 and standard deviation σ√
2d

. A

similar argument leads to the result for higher dimensions.

Finally, it remains to be shown that the convolution of a normally distributed signal
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and an arbitrary signal is still normally distributed. We can show

Lemma 17. Take an arbitrary deterministic signal {yk}. Then [Gσ ∗y]k is a normally

distributed signal with mean 0 and standard deviation σ||y||2. Note that this time, the

distributions at different k’s are no longer necessarily independent.

Proof. By definition of the convolution,

[Gσ ∗ y]k =
∑
l

[Gσ]lyk−l (B.19)

Now we have 〈[Gσ∗Y ]k〉 = 0 as the normal distribution has zero mean. For the variance

we can use a similar argument as before:

σ2([Gσ ∗ y]k) =
∑
ll′

〈[Gσ]l[Gσ]l′〉yk−lyk−l′ (B.20)

=
∑
l

σ2y2k−l = σ2||y||22. (B.21)

As before, all the higher moments vanish, implying a normal distribution.

To see that the distributions are no longer independent in general, consider the two-

point correlation:

〈[Gσ ∗ y]k[Gσ ∗ y]′k〉 =
∑
ll′

〈[Gσ]l[Gσ]l′〉yk−lyk′−l′ (B.22)

= σ2
∑
l

yk−lyk′−l. (B.23)

Therefore the correlation between the distributions at k, k′ depends on the autocorre-

lation characteristics of the coefficients yk.

Combining the results of these two lemmas, one deduces that each Fourier coefficient

F [x̃]k is normally distributed around the noiseless mean F [x]k with standard deviation:

σ(ReF [x̃]k) =
||F [
√
1− x2]||2√
2nsdm

(B.24)

=

√
dm − ||x||22
dm
√
2ns

, (B.25)
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where in the second equality we used Parseval’s identity. The imaginary part is iden-

tically and independently distributed because of symmetry.

B.3 Figures of merit

Lemma 18 (Average fidelity). The average fidelity of the output state over all param-

eters is proportional to the inner product of the vectors of Fourier coefficients:

〈F 〉θ =
1

2n
c †c̃. (B.26)

Proof. As a reminder, we use the vectorised notation c for the Fourier coefficients over

all Paulis: [c]k,i = ck(Pi). Consider the following expression for the fidelity between a

pure state and an arbitrary state [FL11]:

F (σ, ρ) =
∑
i

Tr[χiσ]Tr[χiρ], (B.27)

where the summation is over some informationally complete set of observables, which

we can take to be the normalised Pauli observables: χi = Pi/
√
2n. Now consider the

fidelity between a state produced by a noisy parameterised quantum circuit ρ̃(θ) and

its exact counterpart ρ(θ).

In the Fourier picture, the coefficients of the fidelity as a function of θ are given

by a convolution between the Fourier coefficients of the expectation values of the Pauli

observables:

F [F ]k =
1

2n

∑
i

[c(Pi) ∗ c̃(Pi)]k , (B.28)

where the discrete convolution is defined as:

[c ∗ c̃]k =
∑
x∈Λ

cxc̃k−x. (B.29)

Therefore, the set of Fourier coefficients over all Pauli observables determines the fidelity

as a function of the parameters.
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If we define the average fidelity over all sampled parameters:

〈F 〉θ :=
1

dm

∑
j

F (ρ(θj), ρ̃(θj)) (B.30)

we see that it is equivalent to F [F ]0. Hence:

〈F 〉θ =
1

2n

∑
i

∑
x∈Λ

cx(Pi)c̃−x(Pi) =
1

2n

∑
i

∑
x∈Λ

cx(Pi)c̃
∗
x(Pi) =

1

2n
c †c̃, (B.31)

which concludes the proof.

As a remark, for the average fidelity defined as above to correspond to the average

over all possible parameters
∫
F (ρ(θ), ρ̃(θ))dmθ a sufficient condition is for the sampling

rate to be twice the maximum frequency of the signal, via Nyquist-Shannon sampling

theorem.

We also have a corresponding lemma for the purity:

Lemma 19 (Average purity). The average purity of the output state over all parameters

is proportional to the squared norm of the vector of Fourier coefficients:

〈P 〉θ =
1

2n
|c|2. (B.32)

Proof. Notice that in the definition of fidelity above, P (ρ) = F (ρ, ρ). The result follows

therefore by taking c̃ = c in the previous Lemma.

B.4 Filtering-based error mitigation

B.4.1 Perfect filtering for classically simulatable circuits

Theorem 12. Take a noisy parameterised quantum state ρ̃(θ) = Ũ(θ)(ρ0) such that

all the unparameterised unitaries in U(θ) are Clifford and ρ0 is stabiliser. Then given a

Pauli measurement operator O, there exists a noise threshold, under which the noiseless

landscape 〈O〉ρ(θ) can be perfectly reconstructed by sampling from the noisy landscape

〈O〉ρ̃(θ). Above the threshold, such reconstruction is not possible.
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Proof. In Sec. 5.1.2 we saw that the noiseless cost function, when expressed as a

trigonometric polynomial, has coefficients c′k ∈ {0,±1} with support Λ as defined

in Theorem 5. We also saw in Sec. 5.2.1 that noise channels introduce a perturbation

in these coefficients, such that under noise they become c̃′k with potentially differ-

ent support Λ̃. Therefore, given perfect access to the noisy cost function, as long as

|c̃′k − c′k| ≤
1
2 ∀k ∈ Λ, a thresholding algorithm can perfectly reconstruct the noiseless

trigonometric coefficients by:

S(c̃′k) =


round(c̃′k) if k ∈ Λ;

0 otherwise.
(B.33)

Conversely, if noise is larger than the threshold, then it is not guaranteed that the

outcome will be the correct noiseless landscape. This is a consequence of the fact that

parameterised quantum circuits are universal approximators, as proven in [SSM21].

Therefore a landscape produced by a highly noisy state could be corrected to one

produced by another, incorrect, circuit.

In Fig. B.1 we show a practical example of reconstructing such a landscape. The

landscape is sampled at different numbers of shots and therefore different levels of noise,

showing the existence of a well-defined noise threshold for perfect reconstruction.

B.4.2 Filters for noise-induced frequency modes

In line with classical signal processing, some of the simplest filters that can be applied

are band-pass filters, that allow particular frequencies while eliminating the others.

These can be designed based on knowledge of the theoretical frequency spectrum, which

in the most general case is given by Theorem 5. In general, given an observed function

f̃ of quantum expectation values on a support spanned by a basis {ψk} (which may

be the Fourier basis or any other basis of choice) indexed by a lattice Λ̃, as well as a

known exact support indexed by a lattice Λ ⊂ Λ̃, the denoised function is given by:

f# =
∑
k∈Λ
〈f, ψk〉ψk. (B.34)
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Figure B.1: Reconstructing the landscape of a classically simulatable circuit as run
on Quantinuum H1-1 system, at different numbers of shots. Left is raw landscape,
right is after rounding of the trigonometric coefficients. Colour indicates the height.
Perfect reconstruction is obtained for all experiments except the 1-shot one, the exact
(noiseless) landscape corresponds to the last three diagrams in the right column.

In other words, such a filter cuts off all frequencies beyond those expected to be output

by the circuit. Such a method would be especially helpful to mitigate correlated noise

that can give rise to high-frequency modes. However, it would most likely not be

helpful for other non-correlated noise channels, as well as being more resource-intensive

by requiring the resolution of a larger set of frequencies.
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For specific circuits, it is possible to deduce additional characteristics that the noiseless

spectrum should have, allowing for an improved noise mitigation. For example, take

the case where the measurement operator is local, i.e. acts on only a subset of qubits.

Then it is clear that its expectation value can only depend on the parameters in its

backwards light-cone. For a more involved example, assume the input state ρ0 is known,

and the parameters of interest are those of the first r unitaries, which are Pauli gadgets

Ui(θi) = e−iPiθi/2, i = 1, 2, · · · , r. Further, suppose that all Pi’s commute, such that

the ordering of the Pauli gadgets does not matter. All the subsequent gates, as well as

the measurement operator, are arbitrary. Then, if [ρ0, Pi] 6= 0 for all i ≤ r, it follows

that f must contain terms where either all parameters θ1, · · · , θr appear, or none of

them do. This is because a parameterised Pauli gadget that does not commute with

its input state gives an output state that is a non-constant function of that parameter.

A similar reasoning can be applied on the measurement operator and by extension to

the expectation value. These conditions apply in many situations of practical interests,

thereby affording a more refined error mitigation than general circuits.

B.4.3 Thresholding

The previous filtering methods relied on specific knowledge of the circuits. It is desirable

to devise mitigation methods that would apply in general, and therefore would need to

be agnostic to the circuit structure. One such method is based on isolating the most

significant coefficients. In classical signal processing, this is known as thresholding, and

was first studied in Ref. [DJ94]. As a basic review of the method, thresholding applies

a non-linear transform to the coefficients of some basis:

f# =
∑
k∈Λ̃

S(〈f, ψk〉)ψk. (B.35)

There exist two common choices for the transform S, known as ‘hard’ and ‘soft’ thresh-

olding. Hard thresholding has SH
T (x) =


x if |x| > T

0 if |x| ≤ T
, while soft thresholding has

SS
T (x) = max(1− T/|x|, 0)x [Mal09].
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In [DJ94] it was proven that, given an N -sparse signal perturbed by additive Gaussian

noise with mean 0 and standard deviation σ, the optimal threshold is T = σ
√
2 logN ,

however in practice it is observed that T = O(σ) is sufficient for both hard and soft

thresholding [Pey21].

Thresholding methods rely on the basic assumption that the noiseless signal is

sparse, or approximately sparse, in the basis of interest. As this in general is not the

case for quantum algorithms, we only claim that thresholding be useful on a heuristic

level. Another assumption that might not hold is that of additive Gaussian white noise.

In the Fourier basis, this is only true for shot noise, however quantum noise will not

generally obey these requirements. At the same time, from an experimental point of

view, it does make at least practical sense to assume Gaussian noise to reflect the lack

of knowledge of these noise processes. To this end, estimates of σ could be derived

from a combination of the predicted sources of error, including known decoherence and

measurement error rates.
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