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ABSTRACT

This thesis focuses on the development of algorithms for the efficient computation
of the element system matrices associated with simplicial elements of arbitrary
polynomial order. The algorithms make use of properties intrinsic to Bernstein-
Bézier polynomials, allowing for sum factorizations techniques to be applicable.
In particular, the presented algorithms are the first to achieve optimal complex-
ity for H' elements on simplicial partitions in R?, for d = 1,2,3. The optimal
complexity result is extended to two-dimensional vector finite elements. The pre-
sented Bernstein-Bézier basis for vector finite elements presents a clear distinction
between the gradient and rotational components of the vector field. Numerical
results illustrate the optimal cost associated with the computation of the ele-
mental matrices, as well as the efficiency of the Bernstein-Bézier elements. The
thesis contains the documentation of BBFEM, a C++ implementation of the newly
developed algorithms which is available under a GNU General Public Licence. In
addition, a report on the work done for a shorter Knowledge Transfer Partnership

project on edge elements, with Cobham Technical Services, is also included.

il



CONTENTS

1 Introduction 2
1.1 Notations . . . . . . . . ... 8
1.2 The Finite Element Method . . . . . . ... ... ... ... ... 12

1.2.1 Definitions . . . . . .. ..o 12
1.2.2  Approximation Properties of Conforming FEM . . . . . | 13
1.2.2.1  Standard results . . . .. ... ... 13

1.2.2.2  Approximation Properties of Scalar Finite Elements 14

1.2.2.3  Approximation Properties of Vector Finite Elements 15

2 Bernstein-Bézier Moments 17
2.1 Stroud Conical Product Rule . . . ... ... ... ... ... .. 17
2.2 Optimal Element-Level Computations of the B-Moments . . . . . 19

2.2.1 Binomial Coefficients . . . . . . . .. ... ... ... ... 19
2.2.2  One-dimensional Setting . . . . . .. ... ... ... ... 21
2.2.3 Two-dimensional Setting . . . . . .. ... ... ... ... 23
2.2.4  Three-dimensional Setting . . . . . ... ... ... .... 27
2.3 CPU Timings . . . . . . . . .. . 32
24 Conclusion . . . .. ... 34

3 Bernstein-Bézier Finite Elements for H' 35

3.1 Bernstein-Bézier H' Finite Elements on a Partition . . . . . . .. 37

v



3.1.1 Evaluation and Visualisation of Bernstein-Bézier

Finite Elements . . . . . . .. .. ... ... ... ... 40

3.2 Optimal FE-Assembly I: Piecewise Constant Data . . . . . . . .. 43
3.2.1 Load Vector . . . . . . . . ... ... 43
3.22 Mass Matrix . . . . ... oo oo 44
3.2.3 Stiffness Matrix . . . . . .. ..o 47
3.2.4  Convective Matrix . . . . . ... .. ... ... ... ... 55

3.3  Optimal Assembly II: Variable Data . . . . . .. . ... ... ... 62
3.3.1 Load Vector . . . . . . . . ... ... 64
3.3.2 Mass Matrix . . . . ... ..o 64
3.3.3 Stiffness Matrix . . . . . .. ..o L oo 67
3.3.4 Convective Matrix . . ... ... ... ... ... ..... 70

3.4 Stencils . . ... 74
3.5 Summary ... ... 76
3.6 Numerical Examples . . . . . ... .. ... 0L 78
3.6.1 CPU Timings . . . . . . . . .. ... ... ..., 78
3.6.2 Test Problem . . . .. .. ... ... ... .. ... . 80
Bernstein-Bézier Finite Elements for H(curl) in 2D 82
4.1 Bernstein-Bézier H(curl) Finite Element . . . . . ... ... ... 85
4.1.1 Bernstein-Bézier Basis for the H(curl) Finite Element . . . 86

4.2

4.1.2 Bernstein-Bézier Vector Finite Element Spaces on a Partition 93
B-Moment Transformations . . . ... .. .. ... ... ..... 94
4.2.1 Degree-Lowering for B-Moments . . . . . . .. ... .. .. 100

4.2.2 Degree-Jump for B-Moments . . . . . ... ... ... ... 101



4.2.3

Direct Computation .

4.3 Optimal Order Element Level Computations . . . . . . .. . . ..

4.3.1

Evaluation of the Element Load Vector . . . . . . . . . ..

4.3.2 Evaluation of the Element Mass Matrix . . . . . . . . . ..

4.3.3 Evaluation of the Element Stifflness Matrix . . . . . . . ..

4.4 Projection onto the Kernel of the curl Operator . . . . . . . ...

4.4.1

4.4.2

Discrete Projection . .

Gradient Matrix . . .

4.5 Numerical Results. . . . . . .

4.5.1

4.5.2

CPU Timings . . . . .

Eigenvalue Problem . .

5 Enhanced Edge Elements

5.1 Completeness Condition . . .

5.1.1

H(curl)-Conforming Transformations . . . . . . ... ...

5.1.2  Extended Edge Elements . . . . . ... ... ... .. ...

5.2 Hexahedron: A Particular Example . . . . . ... ... ... ...

5.2.1

5.2.2

5.2.3

6 Conclusion

A Examples

Nédélec Basis Functions

Extended Edge Shape Functions . . . . . . ... ... ...

5.2.2.1 Additional Shape Functions . . . . . . .. .. ..

5.2.2.2 Completeness Test Revisited . . . . . . . ... ..

Numerical Simulations

vi

103

104

104

106

112

114

115

117

119

119

121

124

125

125

126

128

128

133

134

136

140

144

147



vil

A.1 H' Element Mass and Stiffness Matrices . . . . . . .. ... ... 147
A.2 Basis Functions Graphs . . . . . . . ... ... ... ... ... 151
B C++ Library Documentation 153
B.1 H!Routines List . . . . . . ... . ... ... ... .. ... ... 154
B.2 H' Routines Description . . . . . . .. .. ... ... ....... 163
B.2.1 B-moments . ... ... ... ... 164
B.2.1.1 Driver Routine . . . . ... ... ... ... ... 164

B.2.1.2 Memory Allocation . . . . . ... ... ... ... 165

B.2.1.3 Auxiliary Computations . . . . . .. ... .. .. 168

B.2.1.4 Code Execution . . . . . .. ... ... ... ... 173

B.2.2 H!'Mass Matrix. . . . . .. ... ... ... ... ..... 176
B.2.2.1 Driver Routines . . . . . . . . .. ... ... ... 177

B.2.2.2 Memory Allocation . . . . . .. ... ... .... 178

B.2.2.3 Auxiliary Computations . . . . . ... ... ... 179

B.2.2.4 Code Execution . . . . . .. ... ... ... ... 182

B.2.3 H! Stiffness Matrix . . . . . ... ... ... 186
B.2.3.1 Driver Routines . . . . . . . ... ... ... ... 187

B.2.3.2 Memory Allocation . . . . . .. ... ... .. .. 188

B.2.3.3 Auxiliary Computations . . . . . ... ... ... 188

B.2.3.4 Code Execution . . . . ... ... ... ... ... 194

B.2.4 H! Convective Matrix . . . .. ... ... ... ...... 198
B.2.4.1 Driver Routines . . . . . . .. .. ... ... ... 199

B.2.4.2 Memory Allocation . . . . . ... ... ... ... 200

B.2.4.3 Auxiliary Computations . . . . . ... ... ... 201



B.2.4.4 Code Execution . . . . . .. ... ... ... ... 205

B.3 H(curl) Routines List . . . . . . . . ... ... ... ... 209
B.4 H(curl) Routines Description . . . . . .. ... ... ... ... . 211
B.4.1 H(curl) Load Vector . . ... ... ... .......... 211
B.4.1.1 Driver Routine . . . ... .. .. ... ... ... 212

B.4.1.2 Memory Allocation . . . . . .. ... ... .... 212

B.4.1.3 Auxiliary Computations . . . . . ... ... ... 214

B.4.1.4 Code Execution . . . .. .. ... ... ... ... 216

B.4.2 H(curl) Mass Matrix . . . . ... ... ... ... ..... 219
B.4.2.1 Driver Routine . . . ... .. .. ... ... ... 219

B.4.2.2 Memory Allocation . . . . . .. ... ... .. .. 220

B.4.2.3 Auxiliary Computations . . . . . .. ... .. .. 220

B.4.2.4 Code Execution . . . . ... ... ... ... ... 221

B.4.3 H(curl) Stiffness Matrix . . . . ... ... ... ... ... 224
B.4.3.1 Driver Routine . . . .. .. ... ... ... ... 225

B.4.3.2 Memory Allocation . . . . . .. ... ... .... 225

B.4.3.3 Auxiliary Computations . . . . . .. ... .. .. 226

B.4.3.4 Code Execution . . . . ... ... ... ... ... 227

C Shift strategy 231
C.1 Symmetric Eigenvalue Problem . . . . . .. . ... ... .. ... 231
C.2 Vector Iteration . . . . . . . .. .. .. oo 235

C.3 Artificial Shift Perturbation . . . . . . . . . .. .. .. ... ... 236



CHAPTER 1

Introduction

The finite element method (FEM) is the most widely used tool for the discretiza-
tion and numerical solution of the problems appearing in engineering design and
analysis. In the finite element method, the choice of the shape functions is crucial
for the stability and efficiency of the procedures involved in the computation of
the approximated solution. For the general theory of FEM, we refer the reader
to [31] and [33]. The solution is approximated by spaces of piecewise polynomials
defined over a partition. In the conventional definition of FEM, the polynomial
order is fixed at a low value, whereas the mesh is successively refined. In the
p-version of FEM [23], the initial mesh is maintained, while the polynomial order

of approximation is allowed to increase.

The standard finite elements consist of piecewise continuous polynomials, and
hold a great variety of corresponding H '-conforming shape functions in the litera-
ture. The most widely used are the Lagrange shape functions. They are very use-
ful for low-order FEM. However, due to the “oscillating” aspect of these functions,
they are not recommended for higher order. In [75], Szabo and Babuska defined
their shape functions as integrals of Legendre polynomials, yielding sparse and
well-conditioned stiffness matrices, thereby suitable for high order FEM. Dubiner
[39] constructed shape functions on triangles by means of the Duffy transfor-
mation. These shape functions present the advantage of having fast integration

properties. Using a similar approach, Sherwin and Karniadakis [59] extended
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the construction to tetrahedra. Towards optimal complexity for setting up the
stiffness matrices, Eibner and Melenk [41] adapted their shape functions to the
quadrature formulas. Some authors gave a prominent place to the construction of
hierarchical bases. Ainsworth and Coyle [14] introduced a hierarchical basis for
tetrahedral elements, using an intrinsic orientation of edges, faces and elements
in order to ensure conformity. In [32], Carnevali presented a new hierarchical
basis for triangles and tetrahedra such that edge, face and region functions are
orthogonal to those of degree at most p — 2, p— 3 and p — 4, respectively. Adjerid
et al [8] introduced shape functions with better conditioning than both Szabo
and Babuska [75] and Carnevali [32], using a particular orthogonalization of the
Szabo-Babuska basis. In [27], Bittencourt constructed shape functions using ten-
sor products of one-dimensional shape functions. Arnold et al use Bernstein

polynomials in their finite element construction [19].

It has been established [74, 35] that standard H'-conforming finite elements
lead to spurious solutions in electromagnetics. Indeed, on a general mesh, the
continuity condition imposed by the H'-shape functions distort the kernel in
such a way that the corresponding zero eigenvalues are shifted to non-zero values
which have no physical significance. When solving discrete variational problems
in electromagnetics, tangential finite elements are the natural choice (see [28] and
the references therein). In constrast to H', H(curl)-conformity amounts to only
tangential continuity accross element interfaces. Tangential finite elements were
introduced by Nédelec in [67], where he presented (Nédelec) spaces for H (curl)-
conforming functions. The basis which corresponds to the lowest order Nédelec
space consists of the Whitney forms [29]. Even if we restrict our attention to the
case of two-dimensional H (curl)-conforming finite elements defined on triangular
partitions, the literature presents a rich variety of generalizations of the Whitney
forms to higher order. In [70], Ren and Ida use the framework of differential
forms to construct their high order vector shape functions. Using the different
geometries (vertex, edge, facet) of the simplex, they analyze the assigment of the
degrees of freedom on each simplex, and derive a general procedure for generat-

ing H (curl)-conforming bases. From a similar geometric partition of the triangle,



Gopalakrishnan et al [48] design a basis obtained from some characterizations of
the homogeneous part of the Nédelec space. Their basis is solely expresssed in
terms of barycentric coordinates. Their construction turns out to coincide with
a particular application of the later published work in [19]. In [19], Arnold et al
generalize the classical finite element spaces to any dimension and any order of
the differential forms. Using the concept of a consistent family of extension op-
erators, they derive geometric decompositions of the polynomial spaces, yielding
explicit local bases for them. When p-adaption is needed, hierarchical bases are
often preferred. Motivated by the unified approach presented in [53], Hiptmair
describes in [54] hierarchical bases for high order differential forms of arbitrary
polynomial order. In [77], Webb gives explicit formulas for hierarchical shape
functions in terms of barycentric coordinates, while maintaining the separation
of gradient and rotational spaces. He then suggests a partial orthogonalization of
the presented basis in order to address ill-conditioning. An alternative orthogo-
nalization procedure is proposed in [6] for a generic hierarchical basis. In contrast
to the a posteriori orthogonalization proposed in [77] and in [6], Graglia et al con-
struct in [49] a new family of hierarchical vector bases, using the same technique
as in [50], but with the generating scalar interpolatory polynomials replaced by
orthogonal polynomials. In [12], Ainsworth and Coyle design hierarchical basis
functions based on Legendre polynomials which are suitable for hybrid quadrilat-
eral/triangular partitions. Their analysis includes the matrix conditioning as well
as the dispersive behaviour of the presented elements. Schoberl and Zaglmayr
introduce in [71] a set of hierarchical conforming basis functions based on a ten-
sorial construction [59]. Their basis satisfy the local complete property, in that
the subspaces associated with each geometric block form a complete sequence.
Inspired by [12] and [71], Xin and Cai construct in [80] a hierarchical basis with
improved matrix conditioning. The key idea is to allocate sets of shape functions
to each geometry, in such a way that the shape functions associated with the same
geometry are mutually orthogonal. Using an approach based on “small simplices
obtained using affine contractions of the mesh simplex, Rapetti presents in [69] a

system for generating high-order Whitney shape functions.



Bernstein basis representation of polynomials on simplices is widely used in
surface modeling and approximation theory [37, 44, 56, 64], where the computa-
tional methods based on this representation are usually referred to as Bernstein-
Bézier techniques. They feature stable and efficient evaluation, differentiation
and integration algorithms. In contrast to the Lagrange basis functions, Bern-
stein polynomials are non-negative and support shape preservation, which makes
them a standard tool for computer aided design. (For example, the well known
Bézier curves are based on univariate Bernstein polynomials.) Note that Bern-
stein bases have optimal condition numbers among all nonnegative bases on an
interval, see [45]. Finally, the restriction of a Bernstein polynomial to any facet of
the simplex either is identically zero or coincides with a lower dimensional Bern-
stein polynomial, which makes it easy to impose essential boundary conditions
as well as various interelement conformity conditions. Smoothness conditions be-
tween Bernstein-Bézier triangles can be exploited to easily generate elements of
higher regularity [64, 57]. These impressive properties make shape functions gen-
erated by Bernstein polynomials a promising tool for the finite element analysis,
as suggested e.g. in [72, 56]. Recently, Arnold et al [19] have suggested to use
Bernstein polynomials to construct bases for the finite element spaces for vector
fields. However, Bernstein-Bézier finite elements remain relatively little known

to the practitioners of FEM.

The purpose of this work is to exploit the desirable properties of the Bernstein
polynomials in order to generate H' and H(curl) conforming elements which
produce fast and efficient numerical procedures. Taking account of the numerical
quadrature cost associated with higher order elements, optimal complexity is
obtained, in the sense that the required number of operations is of the same
order as the number of entries that needs to be computed. More precisely, the
obtained complexity amounts to each system matrix entry being computed with

O(1) operations.

Naturally, the efficient evaluation and visualisation of a finite element approx-

imation is but a single part of the overall finite element procedure: one must also



assemble the so-called system matriz and load vector, and solve the resulting sys-
tem. The cost of assembling the stiffness matrix of an n'" order standard finite
element on simplicial elements is at best generally found to be O(n?*1) in d
dimensions [59, Chapter 2, Chapter 4. Indeed, the number of shape functions
is O(nd), and O(n?) quadrature points are required in order to get a sufficiently
accurate quadrature rule. With no a-priori information on the shape functions,
this would lead to a O(n3?) cost. The ability to use sum factorizations technicues
relies on a tensorial structure of the shape functions. Quadrilaterals and hexa-
hedrons have a tensor product structure, and thus shape functions are naturally
contructed with a tensor product structure. Efficient finite element procedures
on quadrilaterals and hexahedrons are given in [47]. Tensorial construction of
shape functions on simplices are presented in [27, 39, 60, 61]. Combining a tensor
product structure of the basis functions with sum factorization techniques, Kar-
niadakis and Sherwin [60] design algorithms which achieve the lower complexity
O(n**1) for the construction of elemental matrices on simplicial elements. This
complexity is only realized by using special choices of bases. In fact, assuming
that each system matrix entry is to be computed with at least O(1) operations,
the best possible complexity is O(n??) for elements based on the local polynomial
space P [41, Section A], but to-date there is no known algorithm by which this
can be achieved. Eibner and Melenk do actually present an algorithm achieving
the optimal order O(n??), but this comes at the price of using a significantly larger
local space (and hence more unknowns) than the space P} consisting of polyno-
mials of degree at most n in d dimensions, without a corresponding increase
in convergence rate. Using special block structures arising in vectors and ma-
trices representing polynomials written in their Bernstein-decomposition, Kirby
develops in [62] fast and efficient algorithms based on Bernstein polynomials for
constant coefficient H' finite elements. The presented algorithms compute the
action of the elemental matrices on a vector, and thus are matrix-free. More re-
cently, using a quadrature based on warped Gauss points, his results are extended

to variable data in [63].

The thesis is organized as follows. Notations and preliminary results are



introduced in the remaining sections of this chapter. Chapter 2 then focuses
on the efficient computation of the so-called B-moments, which is fundamen-
tal to the optimal complexity results obtained for the computation of element
matrices associated with variable data. The key point consists in taking advan-
tage of a tensor product structure which arises from the Duffy transformation,
when applied to the Bernstein polynomials. Chapter 3 introduces the Bernstein
shape functions associated with the H! finite elements, and details efficient and
ready-to-implement algorithms for computing the corresponding element matri-
ces. The associated computational costs are shown to be of optimal order in one,
two and three dimensions. Chapter 3 concludes with numerical results which
are consistent with the expected optimal complexity. Chapter 4 focuses on the
Bernstein-Bézier shape functions associated with tangential finite elements in two
dimensions. The presented basis features an explicit separation of the gradient
and gradient-free shape functions, which allows for an easy projection onto the
space orthogonal to the kernel of the curl operator. In addition, the optimal
complexity results of Chapter 3 are extended to the vector finite elements by
means of a sparse transformation into B-form. Chapter 4 includes numerical
results which confirm the predicted optimal complexity, and illustrate the effi-
ciency of the presented vector finite elements. Chapter 5 gives a brief report on
the work I have done during a short Knowledge Transfer Partnership internship
at Cobham Technical Services CTS Ltd, and may be read independently from
the previous chapters. The internship was focused on improving the efficiency of
tangential elements on non-affine meshes, as proposed in [43, 25]. Appendix A
contains explicit formulas for low-order element system matrices associated with
Bernstein-Bézier elements, as well as the graphs of the low-order H (curl) shape
functions illustrating the vector elements introduced in Chapter 4. Appendix B
contains the documentation of the C++ library BBFEM for the H' Bernstein finite
elements in two and three dimensions, and H (curl) finite elements in two dimen-
sions. Examples illustrating the use of the library are also included. Appendix C
discusses the shift strategy used for solving the Maxwell’s generalized eigenvalue

problem of Chapter 4.



1.1 Notations

Standard multi-index notations will be used throughout. Hence,

xP = xll...xgd, x € RY, BGZ‘i,

) =TT (% 74 (n) S Z 72
<B) U(ﬁ) Pt g T o BEly
=1

J

For n € Z., the space of polynomials of degree at most n in d variables will
be denoted by P7. Then P? is generated by the monomials x?, with B €

d
Z%, and satisfying |8 := Y 8; < n, so that
=1

dim P" — (”zd), nez,. (1.1)

The equation K = O(n*) means that K(n) is equivalent to a polynomial of
degree k, that is, there exists such a polynomial p satisfying lim K (n)/p(n) = 1,
as n — o0o. Boldface symbols will only refer to vectors, with the exception of
subscripts and superscripts. Also, 0 may either refer to the null vector or the null
matrix, depending on the context. For simplicity, the notation |- | will be used for
different purposes. Thus, |S| will denote the cardinality of a finite set S, while
| K| will refer to the d-dimensional measure of a domain K C R?. Moreover, for
peZL, =12 .., weset|p|:= ch=1 pr as already used above. The notation

()t refers to the transpose operator.

For n and d € Z ., we use the notation

b={pezi™: |p|=n}. (1.2)

The symbol T is used to denote a non-degenerate d-simplex with vertices v;,

i=1,...,d+ 1, thatis, T := (v;, i =1,...,d+ 1) C R with (-) denoting the



convex hull operator. With f and g being square-integrable, we define the inner

product

(£.9) = (f.9)r = / f(x) - g(x)dx, d=1,2.3. (13)

We define the set of Bernstein-Bézier domain points Dl (T) associated with the
simplex T" by

| &
Di(T) = {ﬁp = Z'Ojvj CpE Ig}. (1.4)

j=1

Given a point v € RY, the barycentric coordinates of v with respect to the simplex
T are given by the unique (d + 1)-tuple Ay = X := (A1, ..., Agy1) such that
d+1 d+1

v=> XAv; with Y N =1. (1.5)
=1 i=1

The set Z7 defined in (1.2) has a one-to-one correspondence with all possible
barycentric coordinates of degree n in d dimensions. Note that the cardinality of

T} is (";d). Occasionally, for convenience, we use the notation

ieT!=1{(1,0,...,0),(0,1,...,0),(0,...,0,1)}

instead of @ € {1,...,d + 1} with a natural correspondence. In particular, for

d = 2 we have )\100 = )\1, )\010 = )\2, )\001 = )\3_

The Bernstein polynomials of degree n in d variables associated with T are

defined by
n n n
B} =BpT = (n) AN, nell, nez,. (1.6)

It is well known that the Bernstein polynomials are linearly independent. Observe
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from (1.1) and (1.2) that the cardinality of the set

{B;: nelj} (1.7)

is (";d), and therefore it forms a basis for P, see [37]. In particular, every

polynomial p € P’} can be uniquely written in the so-called B-form

p= Z cnBy. (1.8)

neln
With ¢, called B-coefficient of p, we make the convention that any formula for
the B-coefficient sequence c,, corresponding to a given polynomial of degree n is
only valid for a¢ € Z7}. That is to say, unless a« € 77}, the value of the B-coefficient
Ca 18 zero. For the sake of brevity of various formulas, for a given d + 1-tuple «,

n __ n PR 3 . n
we also set By, = By, Qg 0, if ¢ = (a1, 0, ..., aa41) ¢ Z7.

We denote by L?(€2) the space of square-integrable real functions on §2, with

the associated L?-norm defined by
2 1
Il = ( [ 1FPa, 1€ @)

For any s > 0, the space H*(f2) is the subspace of L?(2) which consists of the
olel(.
set {f € L3(Q): D*f € L?(Q), |a| < s}, where D*(-) := )

0 r0%x, . .. aadl‘d.

H*(Q) is endowed with the norm

1
1f s = I F ey = (D 1D FllZ2(e) >
|a|<s
In particular, H°(Q) = L*(Q), and H'() is the subspace of L?(Q) given by
{f e L?(Q): VfeL*O)}, and is endowed with the norm

1
2

£ e = I lm@ = (Ifl220) + IV FlL20) (1.9)

With a slight abuse of notation, the symbol || - || 2(q) in (1.9) refers to the norms
in (LQ(Q))d, with d = 1,2, since Vf is a vector field. In other words, with
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g = (90,01)" € (L*(Q))?, the L*norm of g is given by ”g”LQ(Q) = ”g”(LQ(Q))Q =
(||90||%2(Q) + ||91||%2(Q)) :

NI

For any vector-valued function f := (fy, ), we set f+ := (—fs, f1), curlf :=
Ofs/0x1 — Of1/0xs, and for a scalar function a, Va := (da/0x1,da/dxs). Obvi-
ously, X = (11, 75) and x*t = (—z9, ;) are vector-polynomials in (P;)2. Observe
in particular that curl = V+-. For a given polyhedral domain 2 C R? and s > 0,

we define the space

He(curl; Q) :=={v e H*(Q) : curl(v) € H*()}

which is endowed with the norm || - || s (cur,0) defined by

N

Ml ey == ([[ufls.c+ [ curl(u)] o).

In particular, with s = 0, H°(curl; Q) consists of

H(curl; Q) := H(curl; Q) := {v € L*(Q) : curl(v) € L*(Q)}, (1.10)
and is endowed with the norm || - || g(cur;) defined by
al # w0 = (HuH%Q(Q) + | curl(u)H%Q(Q))ﬁ, u € H(curl; Q). (1.11)

Given a normed vector space (V, ||-||v), let A denote a bilinear form defined on
V. Ais continuous if there exists a constant v < oo such that, for any u,v € V,
it holds that A(u,v) < v||u|ly|v|v. In the previous equation, v is referred to as
the continuity constant. Moreover, A is termed coercive if there exists a constant
¥ > 0 such that, for any u € V, it holds that A(u,u) > 9||ul|?,. The scalar o is

called the coercivity constant.
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1.2 The Finite Element Method

In this section, we briefly review the basic concepts as well as some useful results

on finite elements. For a more detailed discussion, the reader is referred to [33, 31].

1.2.1 Definitions

For a given polyhedral domain  C R? let A = {7}, denote a regular trian-
gulation of Q, see [64, Section 4.3] and [33]. In particular, Q = UN.,T}, and the
intersection of two different simplices of A is either empty, or composed of one

common facet. Each simplex T" in A is associated with a local finite element.

Complying with the definition given in [33], a finite element consists of a triple

(T, N, (T), Po(T)), where:
e T is a simplex in RY;
e P,(T) is a space of piecewise polynomials defined on T’

e N, (T) consists of basis functions for the dual space (Pn(T))/.

In particular, every polynomial p € P,(T") is uniquely determined by its local
degrees of freedom given by the values of the functionals A\(p), A € N, (T). In
the above definition, P, (7)) is also called the set of local shape functions. The
global finite element space V,, arises from the assembly of the local finite elements

(T, N (T),Po(T)) for all T € A.

Finite element discretizations rely on the so-called wvariational formulation
which provides the correct mathematical framework in order to ensure the well-
posedness of the problem. Typically, the variational formulation of a differential

equation reads:
Given F € V', find u € V satistying a(u,v) = F(v), Yv eV, (1.12)

where V' is a closed subspace of some Hilbert space (H,(-,-)), V' denotes the
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dual space of V', and af(+,-) represents a continuous and coercive bilinear form on
V. The Galerkin conforming finite-element discretization of the problem (1.12)
consists in substituting the continuous space with a finite-dimensional subspace,

so as to obtain the discrete problem of the form:

Given a finite-dimensional space V,, C V and F € V",

find u € V satisfying a(u,,v,) = F(v,), v € V,.

The next section discusses the error bounds for conforming finite elements,

when coercive variational problems are considered.
1.2.2 Approximation Properties of Conforming FEM

1.2.2.1 Standard results

The next theorem is a fundamental result behind the theory of FEM. For the
details of the proof, see, for example, [31, Theorem 2.7.7] (see also [42, Proposi-
tion 2.19)):

Lax-Milgram. Let (V,(-,-)) denote a Hilbert space, and suppose that a(-,-) is
a continuous and coercive bilinear form on V. Then, for a continuous linear

functional F € V', there exists a unique u € V which satisfies
a(u,v) = F(v), velV.

In addition, if V,, is a finite-dimensional subspace of V', then there exists a unique

solution u,, € V,, which satisfies

a(tn, v,) = F(v,), v, € V.

Hence, for conforming finite elements associated with Hilbert spaces, the coer-

civity of the continuous problem automatically ensures the well-posedness of the
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discrete variational problem. If the coercivity property holds, the next lemma
provides a useful result on the approximation error produced by conforming fi-

nite elements:

Céa’s Lemma. Let (V},), denotes a sequence of finite-dimensional subspaces of
the Hilbert space (V,(-,-)). Assuming that the problem (1.12) satisfies the con-
ditions of the Lax-Milgram Lemma, the Galerkin approximation error is bounded

by means of
v
|lu—upllv < =l|lu—wv|lv, foranyv, € V,,

where u € 'V and u, € V,, respectively denote the exact solution to (1.12) and
the solution to the corresponding Galerkin discretization. Also, v and 9 are the

continuity constant and the coercivity constant of a(-,-) on V.

The above lemma shows that, up to a multiplication by a constant, the
Galerkin solution u, € V,, is the best approximation of v in V' with respect to
the norm || - ||y, This motivates the use of finite element spaces with optimal ap-
proximation properties. Assuming that the discrete variational formulations are
well-posed, the next two sections provide approximation results for conforming

finite elements in H'(2) and H (curl; Q).

1.2.2.2 Approximation Properties of Scalar Finite Elements

Let d € {1,2,3}. Forn € Z,, the H'-conforming global finite element space of or-

der n, defined over a triangulation A = {T]}jvzl, consists of piecewise continuous
polynomials of degree at most n in d variables. The next theorem gives a funda-
mental result [21, Lemma 4.1] on the approximation properties of H'-conforming

finite elements:

Theorem 1.2.1. Let s > 0 and T € A. For any integer n > 1, there exists an
operator m, : H*(T) — P3(T') such that, for any f € H*(T), it holds that

If = mufller < Cn 9 fllsr, 0< <5, (1.13)
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where the constant C' is independent from f and n. In addition, the operator m,

is polynomial-preserving, in that m,(f) = f for any f € P3(T).

Using the above result, it has been shown that for a sufficiently smooth solu-
tion, increasing the degree n will improve the convergence rate [21, Theorem 4.8].
In fact, when the exact solution is analytic on the domain 2, the rate of conver-

gence is exponential with respect to n [22, Section 1].

1.2.2.3 Approximation Properties of Vector Finite Elements

For n € Z,, the two-dimensional H (curl)-conforming Nédélec space of order n is

defined by
ND, = (P,)*+x'P,, necZ,. (1.14)

The global finite element space defined over the triangulation A = {T}}*, con-
sists of polynomials defined on 2 such that their restriction to any simplex 7; € A
belongs to ND,,, and such that tangential continuity is satisfied across the ele-
ment interfaces. The next result [26, Theorem 5.1] gives a similar result as in

Theorem 1.2.1 in the case of high-order edge finite elements:

Theorem 1.2.2. Let s > 0 and T € A. For any integer n > 1, there exists an
operator 7% . H*(T) N H(curl; T) — ND,, such that, for any u € H*(curl; T), it
holds that

||u - 7T7C7,ur1u||H(Curl;T) S Cn_SHuHHS(curl;T),

curl

where the constant C' is independent from u and n. Moreover, T,

preserves

vector polynomials, in that 7<"'(u) = u for any u € ND,,.

Piecewise continuous polynomials and more especially Nédélec polynomial
spaces have been established as suitable conforming finite element discretizations

of the spaces H'(Q2) and H(curl;Q), respectively. In this thesis, we provide



16

bases for theses spaces using Bernstein polynomials. In particular, the classical
results that have been developed on conforming p-FEM automatically apply to

our Bernstein finite elements.



CHAPTER 2

Bernstein-Bézier Moments

When the data is variable, the elemental quantities generally need to be approxi-
mated by means of numerical quadratures. In this case, the optimal computations
associated with Bernstein-Bézier finite elements are based on the efficient evalu-

ations of the Bernstein-Bézier moments (B-moments) defined by

na(h) = [ FoBIAx. a €Ty fe (@), (2.1)

where T' := conv(v;, i = 1,...,d + 1) is a non-degenerate simplex in R¢. In
this section, we show that, using the change of variables defined by the Duffy
transformation [40, 39], the multivariate Bernstein polynomials are mapped to
tensor products of univariate Bernstein polynomials, thereby allowing for sum
factorizations techniques [41] to be used. An alternative approach based on this
chapter has been published in [11]. Both methods yield the optimal complexity
O(n*1) for the computation of the B-moments of order n in d variables. Note

that only divisions and multiplications are counted as operations.

2.1 Stroud Conical Product Rule

In order to optimize the numerical cost associated with quadrature for computing

integrals of the form (2.1), we want to start with a tensor product structure. To

17
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this end, we resort to the Duffy transformation defined by

A=t

Ao = to(l—t),

(2.2)
Moo= (1=t —ta) . (1 =ty )

Aar1 = (L—=t)(1—tg)...(1—ty),

which maps the unit cell [0, 1]¢ to the simplex T'= (v;: i =1,...,d+1). Thus,

the Duffy transformations maps any point t € [0, 1]¢ to x(t) given by

d+1

X(t) = Z )\ivi eT.
=1

The Duffy transformation can be used to build simplicial finite elements based on
a tensorial construction [59, Section 3.2]. However, it should be pointed out that,
in this work, the bases are not constructed as tensor product of polynomials.
Instead, the tensor product structure arises from the application of the Duffy

transformation to the (multivariate) Bernstein polynomials.

Combining the expression of x(t) with the definition of the Duffy transforma-

tion, we find that the determinant of the Jacobian is given by
ANT|(1 =) 1 —t)T 2 (1 —tq ),

so that

/Tg<x)dx:d!|ﬂ /01 dt1<1—1ﬁ1)d1/01 dtg(l—tQ)d2.../01 dta(g o %)(t).
(2.3)

The g-point Stroud conical product rule [73, Chapter 2] consists in approximating
the right-hand side of (2.3) with some appropriate Gauss-Jacobi quadrature rules
as the ones discussed in Section 2.2. The ¢-point Stroud conical product rule is

exact for polynomials of degree at most 2¢ — 1. In particular, the choice ¢ = n+1
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in Section 3.3 yields a quadrature rule which exactly computes the integrals of

polynomials of degree at most 2n + 1.

In our computations, the cell [—1,1]? is mapped to the unit cell [0,1]? by

means of the change of variables given by

ti(si) = L —1<s<1,i=1,....d (2.4)

The Jacobian of this last transformation is equal to 1/2¢, so that the right-hand
side of (2.3) can be transformed into an integral over [—1,1]%. We next proceed
to analyze the computations in more details. For the sake of clarity, the cases

d=1,2,3 will be handled separately.

2.2 Optimal Element-Level Computations of the
B-Moments

2.2.1 Binomial Coefficients

The use of the Bernstein polynomials defined in (1.6) involves multi-index bino-
mials of the form (2) which are products of ordinary binomial coefficients. The
computation of the binomial coefficients may be unnecessarily costly, for example,

if each binomial coefficient is “naively” computed by means of the representation

cj k(k—1)...(k —min{p, k — p} + 1)

r) (min{p, k — p})! L kp€EN, 0<p<k  (25)

For convenience, we recall that multi-index binomial coefficients are products
of ordinary binomial coefficients which are collected in the auxiliary matrix of C"

defined by
Ci;=C", 0<ij<n, (2.6)

where Cfﬂ = (ZJZ”) The following algorithm with m = n allows for the com-
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putation of C" while avoiding the costly multiplications and divisions in (2.5):

Algorithm 2.1: Binomial(C, m,n)

Input : -

Output: Binomial coefficients {C7*7: 0 <p <m, 0 < g <n}.
C =0,

for p=0to m do

L Coo+=1;

for g=1ton do

L Cog+= 1

for p=1to m do

Lforq:ltondo

W N =

[SLN

o N o

L Crat=Cpg1+Cpry
9 Return C;

Note that the above algorithm is nothing more than the well-known Pascal
triangle method for the computation of binomial coefficients. With m = n,
Algorithm 2.1 returns C™ which has its antidiagonals given by the rows of the
Pascal triangle (see Fig. 2.1). Although the entries of the array returned by
Binomial(C,m,n) are all integers, for large values of m and n, it is recommended
to store them as “double® numbers, in order to avoid overflow problems with

integers.

= 4— == =

Figure 2.1: Computation of C?
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2.2.2 One-dimensional Setting

With d = 1, it follows from (2.3) and (2.4) that

/Tg(x)da: = @/jg(x(s))ds,

where, for —1 < s < 1, z(s) is the point in the interval 7" with barycentric

coordinates

having also used the fact that the Jacobian of the transformation (2.4) for d =1
is 1/2. Taking g = f - Bjj with 8 € I and using the definition (1.6), the g-point

Gauss quadrature rule applied to the above integral gives

fip(f) = @ iWif(Xi)Bg(Xi) = @(Z) iwif(xi)<1;£i>5l (1 —2 &)nﬁl

i=1

(2.7)

where ¢ = O(n), and (w;, &;) are the standard Gauss weights and centres for the
interval [—1,1], and x;, 7 = 1, ..., ¢, are the corresponding centres in the interval

T, with barycentric coordinates

<1+§z’ 1—&).

L (2.8)

The quadrature rule given by the right-hand side of (2.7) exactly computes juj3(f),
provided that f is a polynomial of degree less or equal to ¢, with ¢ = max(0, 2q —
1—n). As a direct consequence, with ¢ = n + 1, the H! load vector, as discussed
in Section 3.3.1, will be computed exactly as soon as f is a polynomial of degree
at most n. Clearly, the combined weights of the quadrature formulae (2.7) can

be pre-computed and stored in the auxiliary matrix

D= (w(LE5)" (1=8)") . 29
2 2 i€{1,...,q}, B€{0,...,n}

.....
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Note that thanks to its product structure, D can be computed with O(n?) oper-

ations. Indeed, for each i =0, ..., q, the entries of the arrays

(7 (Y aeom

can be computed using O(n) operations, and then each of the ¢(n + 1) entries
of D obtained by just one multiplication of the corresponding components of the

above arrays.

Assuming that the values of f at the centres x; are known, each of the (n+1)
quadrature centres in (2.7) requires O(n) operations if the matrix D and the

binomial coefficients are pre-computed.

We summarize the findings of this section in the following algorithm for the

computation of pj(f) for 8 € I and a theorem about its cost.

Algorithm 2.2: Moment1D(F, ¢, n)
Input : Precomputed array D given by (2.9), and precomputed binomial
coefficients {CP™,0 < p,q < n}.
Output: Bernstein-Bézier moments of f obtained by means of the Stroud
quadrature rule with ¢ quadrature points.

1 F=0;
2 foreach B € 7} do
3 for =1 to ¢ do
4 Fg+= D,g * f(x:);
5 /* x; is the point with barycentric coordinates
1+& 1-§&
* .
( 2 72 ) */;
Tl o
s | Fgx= 7*052;
7 Return F;

Theorem 2.2.1. Let n,q € N with ¢ = O(n). Given the values of a function
f at the Stroud nodes x;, © = 1,...,q, the moment vector (ﬂg(f)) can be
BeIT

1
computed with O(n?) operations. In addition, if f is a polynomial of degree at

most £, with { = max(0,2q — 1 —n), then uj(f) = pg(f) for any B € It
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2.2.3 Two-dimensional Setting

With d = 2, (2.3) and (2.4) give

/Tg(X)dX = % » dsi(1— 51)/ dsag(x(s))ds,

1

where x(s) is the point with barycentric coordinates

(1+31 (1 —s1)(1+ s9) (1—51)(1—52))
2 4 ' 4 ’

having also used the fact that the Jacobian of the transformation (2.4) for d = 2
is 1/4.

Taking g = f - Bj and using the definition (1.6), the above integral is approx-

imated by means of the Stroud quadrature rule given by

5 (f) =%<Z) > wn i)

i1,i9=1
» (1 + fl-(ll’o)) ( 5(1 0) )nﬁl (1 + 5(00 ) (1 — §§S’O)>n5152
2 2 2 2 ’

(2.10)

where (wi(d’o), fi(d’o)), 1 =1,...,q, are the Gauss-Jacobi weights and centres with

(cr, B) = (d,0), whereas ¢ is chosen so as to satisfy ¢ = O(n), and x;, ;, are the

points with barycentric coordinates

16 (-0 e”) (-1 -6l
2 4 ’ 4

>), iia=1,....q.
(2.11)

Indeed, the 2-dimensional conical product rule gives

~n ‘T| 1,0) OO
Z ( ( Xiy 22)85<X21 lz)

i1,i2=1
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which implies (2.10) because

n [1 + fl-(ll’o)rl [1 — M1 4 fi(g’o)]ﬁz
B 2 2 2

1— M0 - gi(go):|n5152

Bg (Xil,i2) - (

11

2 2

X

The g-point quadrature rule given in (2.10) exactly computes pj(f), provided
that f is a polynomial of degree at most ¢, with ¢ = max(0,2¢ — 1 — n).

Exploiting the product structure of (2.10) leads to the following optimal result.

We use the concept of sum factorization explained in [41, Section Al.

Theorem 2.2.2. Let the assumptions of Theorem 2.2.1 hold. Given the values

of the function f at the Stroud nodes x;, ;,, 1,12 = 1,...,q, the moment vector

(ﬂg(f))ﬂeI" can be computed with O(n3) operations. In addition, if f is a poly-
2

nomial of degree at most £ with { = max(0,2q — 1 —n), then uj(f) = pi(f) for

any B € 13

Proof. We proceed to estimate the computational cost corresponding to the aux-
illiary vector fi(f) = (Mﬁ(f))BeIg’ with

q

~n 1,0 0,0
i) = > Wi (i, )

i1,i2=1
1+fi(1’0) B1 1—£i(1’0) n—pB1 1—|—§Z~(O’O) B2 1—§i(0’0) n—pB1—pB2
(G E L E)
2 2 2 2

Since obtaining the load vector p(f) from the auxiliary vector fi(f) only involves
O(n?) operations, it suffices to prove that the computation of fi(f) is done within
a O(n?) cost, so that the resulting complexity is O(n?)+ O(n?) = O(n?). To this
end, observe from (2.10) and (2.12) that, for any 8 € Z7,

L 1+ 09 5 1— 09\ n-pi-p2
~n 0,0 i 0,0 i
i) = X Ve (=) Ve (=)

i9=1
(1,0)

S [V () TV ()

i1=1
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that is,
R 1 1+ fi(0,0) B2 1-— fi(0,0) n—pB1—pB2 )
i) =D Vel (=52 ) T Vel (=) B ),
i=1
(2.13)
where, for 5, € {0,...,n},
g 1+ M0\ 6 1— M0\ np
SRR (1,0) i (1,0) i
1) =30 [Vl (=) Vel () e
11=
(2.14)

Now, assuming that the arrays

1+ f(l’o) P 1— f(l’o) n—p1
(1,0) i (1,0) i S
[ Wiy ( 21 ) ]7 |: Wi, ( 21 ) ], Zl—l,...,q7

are pre-computed for f; € {0,...,n}, the cost to set up the field H is then of
order O(¢*(n + 1)). Again assuming that the arrays

0,0
[ w<0,0><1+§§2 '\

12 9 ]7 626{07---,77/}, i2:1,...,q7

and

oo (1= EDO\ s »
[ WZ(SO)(TQ) ]’ 626{0""7n}7 22:17---7(]7

are precomputed, the cost of summing over is in (2.13), for all 8 € 77, is of order

O( (n+1)(n+2)

5——q). Hence, using the fact that ¢ = O(n), the total cost of setting up

L is

= O(n?). (2.15)




26

Using the notations:

1_6(070) n—p
o (0,0) i
D® —< Wi (TQ) ’
B€{0,...,n},i2€{1,....q}
(0,0
pP® . w(0’0)<1+5i2 )B
12 2 ?
B€{0,...,n},i2€{1,....q}
(2.16)
1— g0\ n-p
o (1,0) 7
D —< Wi, ( 21 ) ’
B€{0,...,n},i1€{1,....q}

...........

(1,0)
1+&;
1) . (
P = () ) |
B€{0,...,n},i1€{1,....q}

we thus establish Algorithm 2.3 for the computation of pj(f) for 8 € 7, taking
: n\ _ ~B1tpB n
into account the fact that ( ﬂ) = Cp, " x Cp,.

Algorithm 2.3: Moment2D(F, ¢, n)
Input : Precomputed arrays D(’l‘C ,P® k=1,2 defined by (2.16), and
precomputed binomial coefﬁments {Cé’J’q, 0<p,q<n}.
Output: Bernstein-Bézier moments of f obtained by means of the Stroud
conical product rule with ¢? quadrature points.

1 /* Precompute the field H x/;

2 H=0;

3 for 5, =0 to n do

4 for i1 =1 to ¢ do

5 for 15, =1 to g do

6 t H(By,i2) += Dfsll),zl * P(ﬁll),il * f(Xiyin);
7 F=0;

8 foreach 3 € 77 do
9 for i, =1 to ¢ do

10 L FB += D(51+52 i2 P(22 12 (61’ ZQ)

T 1+
11 _Fﬁ*: TCB; “x Oy

12 Return F;
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2.2.4 Three-dimensional Setting

With d = 3, it follows from (2.3) and (2.4) that

[atax =0 [ s [0 [ atxispas,

where xs is the point with barycentric coordinates

(1+31 (1 —s1)(1+s2) (1 —s51)(1—s82)(14+ s3) (1—31)(1—52)(1—53))
2 4 ’ 8 ’ 8 ’

having also used the fact that, for d = 3, the Jacobian of the transformation (2.4)
is 1/8.

With d = 3, the quadrature rule is defined by

(2,0) (2,0)
~n 3|T| n - 2,0) (1,00 (0,0 1+¢, Bl —=¢ n—pP1
fp(f) = 39 <ﬁ) Z wfl )w,g )wi(B )f(xz-l,z-g,z'g)( 5 - ) ( 5 ! )

i1 iz i3=1
(1,0) 1,0 . (0,0) 00) 5 5
X(l—l—fiQ )52(1—&2 )n B1 52(1—0—&3 ) (1—§ ) B1—PB2—PB3
2 2 2 2 ’
(2.17)
where ¢ = O(n), and x;, 4, ;, are the points with barycentric coordinates
L& (=€ +6,") (-6 -6 +57)
2 4 ’ 8 ’
1 _ 20 (0,0)
(=670 = 60— 6%y o1
for il,ig,ig = ]_,...,q.
Indeed, the 3-dimensional conical product rule gives
oy 3T S 20, 10, 00 .
fig(f) = 39 Z Wi Wiy Wi f (X ini ) BB (X insis) (2.19)

11,42,i3=1
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and (2.17) is obtained after collecting the factors in

. AV AN B N R T
Bp(Xiinis) = 5( 9 )( 2 9 )

x<1—§§f’°)1 &" 1+£(00> <1—éf’o)1—€f§’0)1—§§f’0)>54
2 2 2 2 2 2 '

The g-point quadrature rule given in (2.17) exactly computes pj(f), provided
that f is a polynomial of degree at most ¢, with ¢ = max(0,2¢ — 1 — n).

Exploiting the product structure of (2.17) leads to the following optimal result.

We again use the concept of sum factorization.

Theorem 2.2.3. Let the assumptions of Theorem 2.2.1 hold. Given the values
of the function f at the Stroud nodes X;, iyiy, 1,%2,%3 = 1,...,q, the moment
vector (ﬂg(f))ﬁezg can be computed with O(n*) operations. In addition, if f is a
polynomial of degree at most £, with ¢ = max (0,29 — 1 —n), then fij(f) = pp(f)
for any B € I3 .

Proof. Using a similar approach as in the case d = 2, we proceed to evaluate the

cost of computing the vector fi(f) := (ﬂg(f)) , with
Bezp

q

» 1+¢ — &0\
fig(f) = Z Wfl 0),, (10) (00) wm( ) < )

= 2
i1,12,13=1
(1+§(1 O\ 21— €O\ n-pi-pa 1 4 €00 — €09\ n—p1-p2—ps
>< [
c) )T )

Since obtaining the load vector from fi(f) only involves O(n?) operations, it

suffices to prove that the computation of fi( f) can be done with O(n?) operations.
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To this end, observe from the above equation that, for 8 € 77,

g 1400 sy 1 — €00\ n—p—Bo—ps
~n 0,0 i 0,0 i
i) =32 [Vl (52=) T Vel () }
i3=1
a (170) 1 + 5'1(2170) 62 (170) 1 - 5'1(2170) nfﬁlfﬁQ
Wl () vl (=)
i9=1
1 1+ g-(Q’O) B 1-— g-(Q’O) n—pB1
2,0 i 2,0 i
3 VP W ()
i1=1
that is,
o 4 (0,0) 1—|—§2~(§’0) B3 (0,0) 1—&(:?’0) n—pB1—P2—PB3
i) =3 [Vl (5=) T Vel (=) ]
i3=1
X U(/B17627i3>7 (220)
where, for 51 =0,...,n, o =0,...,n— [,
a4 1+ f-(l’o) B2 1— f-(l’o) n—LB1—p2
SR (1,0) i (1,0) i
) = 30 [ (L) [ (Ll o

i0=1

X H(617i27i3)7

with, for 8, =0,...,n,

- z 1+ m 1 — 20\ np,
H(/Bla 19, 13) = Z |: WZ‘(IQ’O) (Tl> } [ WZ‘(IQ’O) (Tl) }f(xh,imia)'

i1=1
Now, assuming that the arrays

(2,0

1+ (270) B 1= & ) n—p
wz(1270)< 521 > ’ V w2(12’0)<%> ’ Z.1 - 17"'7Q7 6207"'7n7

are precomputed, the cost of setting up the auxiliary field H is O(¢*(n + 1)).

Similarly, assuming that the arrays

14 €09\ 5 1— 80\ np
[ wl(2170)<%> ) wz(QLO)(%) ) 6207"'7717 i2:07---7q7
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2 (n+1)(n+2)

5 ). Finally, supposing

the cost of setting up the auxiliary field U is O(q
that the arrays

1+ €00 5 1— 00 ngs
(0,0) i (0,0) i _ L —
[ w;, <T3> : Wi, (TB> , B=0,...,n,i3=1,...,¢q,

are precomputed, the cost of summing (2.20) over i3, for all 8 € Z¥, is

n+1)(n+2)(n+3)
6

(9(61( ).

Hence, the total cost of computing fi(f) is

s(n+1)(n+2) (n+1)(n+2)(n+3)
2 +4a 6

O(¢*(n+1) +q ) = 0",
having also used the fact that ¢ = O(n). O

Using the notations

(3—k,0)

1-¢ n—p3

k e (3_k70) i

o= (V=5 ) ’
Be{0,...,n}ipe{l,....q}

(3—k,0)
Pk .— < w(3—k70)<1 +€ik )5
: \/ Wi, —

for k =1, 2,3, we next introduce the algorithm Moment3D for the computation of

p(f) for B € Iy, having used the fact that (g) = CgfﬁQ * C§§+52+63 * C'g,.

(2.21)

9
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Algorithm 2.4: Moment3D(F, ¢, n)
Input : Precomputed arrays D(k ,P®) k=123, defined by (2.21), and
precomputed binomial coefﬁments {Cé’J’q, 0<p,q<n}.
Output: Bernstein-Bézier moments of f obtained by means of the Stroud
conical product rule with ¢® quadrature points.

1 /* Precompute the field H */;

2 H=0;

3 for 5, =0 to n do

4 foril—Otoqdo

: =D}, * Py

6 f0r22—0toqd0

7 for i3 =0 to ¢ do

8 \; L H(617i27i3>+: w*f(xil,iz,is);

9 /* Precompute the field U */;
10 U=0;
11 for f; =0 to n do

12 for fs =0ton— (3 do
13 for i, =0 to ¢ do
2 @ .
14 W= D51+52,22 * Pﬁz,iz’
15 for i3 =0 to ¢ do
16 | U(By, Bayis) += w H(Py, s, 13);
17 F=0;

18 foreach 3 € 73} do
19 for igz()toqdo

(3)
20 L FB += D51+52+63,23 * P 63 23 (617 527 Z3)
21 Fg = —|T| % Cﬁ1+ﬁ2 * 0514-52-1—53 % 054;

22 Return F;

Combining Theorem 2.2.1, Theorem 2.2.2 and Theorem 2.2.3 gives the fol-

lowing result:

Theorem 2.2.4. Forn € N, let ¢ = O(n) and f denote a smooth function. For
d =1,2,3, the load vector p(f) = ('ug(f))gezn can be computed with O(n4t1),
d

when using the Stroud conical product rule based on q® quadrature points.

Remark 2.2.5. Observe from (2.8), (2.11) and (2.18) that the Stroud nodes
have non-negative barycentric coordinates, which means that the quadrature cen-

tres involved in the Stroud conical product rule lie inside the simplex 7. Since
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the Bernstein polynomials Bg, 8 € Zj, are non-negative inside the simplex 7',
and since the Gauss and Gauss-Jacobi quadrature rules use positive weights, the
weights involved in the quadrature rules (2.7), (2.10) and (2.17) are non-negative
with respect to f, which is not necessarily the case with other shape functions.
It is well-known that non-negative coefficients provide stability to the quadra-
ture rule by preventing round-off errors [34]. Thus, positive quadrature rules are

numerically stable.

2.3 CPU Timings

Observe from (2.9), (2.16) or (2.21) that the method presented in this work for
the evaluation of the B-moments relies on precomputing quadrature arrays at the
Stroud nodes. The present work was used as a foundation for building alternative
algorithms [11] which require no storage of precomputed arrays but still achieve

the optimal complexity.

For d = 1,2,3, we now proceed to plot the CPU time involved in the com-
putation of the B-moments against the value of n, using both the algorithms
presented here and those introduced in [11]. The computations are performed
on a Dell Precision T7400 workstation with Xeon 3.2GHz processor and 32Gb
RAM. The obtained results are plotted on Figure 2.2. The red line corresponds
to the algorithms proposed in this thesis, whereas the blue line is associated with
[11, Algorithm 3]. For each value of d, the CPU time is plotted next to the curve

of the function Cn%t!

, where C' is a constant. We observe that, in all cases, the
CPU timings are consistent with the predicted optimal complexity O(nd*!) for

the computation of the B-moments of order n.
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2.4 Conclusion

The key idea behind the optimal evaluations of the B-moments consists in com-
bining sum factorization techniques with the conical Stroud product rule. One
should note that the factorizations which are used rely on intrinsic properties
of the Bernstein polynomials, in that a tensor product structure arises from the
Duffy transformation, when applied to the B-moments (2.1). For the case of vari-
able data, the optimal complexity result given in Theorem 2.2.4 will be crucial for
the efficient evaluations of the elemental quantities developed in the remaining

part of this work.



CHAPTER 3

Bernstein-Bézier Finite Elements

for H'!

The purpose of this chapter is to present fast and easy to implement algorithms for

assembling the load vector, mass and stiffness matrices arising from the H*! finite

element method based on the Bernstein-Bézier shape functions of any polynomial

degree n in dimensions d = 1,2,3. In particular, we show that, taking the

numerical quadrature into consideration, these algorithms achieve the optimal

computational complexity O(n??). The work discussed in this chapter was used

as as foundation for the algorithms presented in [11]. Both approaches have been

implemented in a C++ library which is documented in Appendix B.

The general linear second order elliptic PDE is given by

;

—div (AVu) +b-Vu+ cu
Uu

ou+n-(AVu)

TpUTy

I'pnly

\

fin Q,

Oon I'p,

gon 'y, (3.1)
09,

0,

where A is a matrix-valued function which is continuous and positive definite

on ). Multiplying the first equation by a sufficiently smooth test function v,

35
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integrating over {2 and using the Green’s formula

/Q —div (AVu)vdx = /QVU - A - Vudx — / v(n~ (AVu))ds

[%9]

coupled with the boundary conditions yield

/Q [Vv(x)A(x)Vu(x) + [b(x) - Vu(x)]v(x) + C(X)U(X)U(X)] dx

- obeulx)ofx)ds = [ seueax [ geuixas, 6:2)

N

provided that all the integrals are meaningful. Defining the space HL(Q) as
HL(Q) := {ve H(Q): v=0o0nTp}, the weak formulation corresponding to
(3.1) is to find u € H},() such that for all v € HJ (), equation (3.2) holds. The
Galerkin discretization of the problem consists in replacing the continuous space
HL(Q) with a finite-dimensional subspace. For simplicity, we assume that € is
a polyhedral domain in R? with d € {1,2,3}. Assuming that Q is triangulated
into simplices, and that {17;}}, is a conforming set of shape functions on each
simplex T, the solution u € H5(), and any v € HL () are approximated by

means of
N N
VR UpR (= E Cibr g, U R upp 1= E kiri,
=1 i=1

on each triangle T' of the triangulation. Inserting the above approximations into
the weak form (3.2) leads to a linear system involving the load vector, mass,

stiffness and convective matrices whose components are given by

/ oo dx, / T / Vir, - A - Vg dx, / Grsb - Vibradx, (3.3)
T T T T

respectively. Observe in particular that the second integral in (3.2) involves mass
matrices and load vectors of the the same form as in (3.3) on simplices of lower

dimension.

The chapter is organized as follows. Section 3.1 is devoted to a description
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of the Bernstein-Bézier shape functions and their well-known properties such as
de Casteljau evaluation algorithm and H'-conformity. Section 3.2 deals with
the finite element assembly in the case of piecewise constant data in (3.2) and
presents explicit formulae, without resort to any quadrature rules. This is because
the product of two Bernstein polynomials is again a Bernstein polynomial, the
components of the gradient are given by simple linear combinations of d + 1
Bernstein polynomials, and there is a closed form expression for the integral of
a Bernstein polynomial over a simplex. Section 3.2 forms the foundation for
Section 3.3, where the case of spatially variable data is considered. The main
result is presented in Theorem 3.5.1 which asserts that the optimal complexity
is achieved. Section 3.6 concludes with some preliminary illustrative examples of
the use of BB-FEM to solve some simple partial differential equations. We do not
consider the important issue of the cost of solving the resulting linear system, but
note that standard existing preconditioning techniques [30, 9] can be employed

to assist with this task.

3.1 Bernstein-Bézier H! Finite Elements on a

Partition

The fact that the representation (1.8) of a polynomial p € P%(7T) is unique means

that, for every n € Z)/, we may define a linear functional
P> p = o)(p) = ey,
where ¢, is the coefficient appearing in (1.8). Hence by setting
(1) = {¢y, : meLy},

we obtain a finite element (7, X5 (7),P%(T)), which we refer to as the Bernstein-

Bézier finite element (BB-FEM).
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Let A = {T;}Y, be a regular triangulation [64, Section 4.3] of a bounded
domain Q C R? into d-simplices T; in the usual sense, see e.g. [33]. Finite
elements (7}, P7(7}),X%(1;)) on the simplices T, j = 1,..., N, give rise to a
finite dimensional finite element space Sj(A) of piecewise polynomial functions
on §2 with a corresponding basis X7 (A) of the dual of S} (A). The global degrees of
freedom of s € S7(A) are the values ¢(s), ¢ € X%(A). Similar to the standard H'-
conforming finite elements, certain functionals in ¥} (7;) and X} (7}) are identified
if T; and T}, have a common interface. For this end it is convenient to use the
concept of domain points [64, Chapter 1]. For asimplex T = (v;, i =1,...,d+1),
recall that the set of domain points D} (T') is defined by (1.4), from which one
can clearly see the 1-1 correspondence between the domain points &, € Dy(T)
and the multi-indices n € Z). Thus, it follows with a harmless abuse of notation

that the local degrees of freedom may be written as

Sa(T) = {0 : €€ Di(T)}. (3.4)

Similarly, the set of domain points D} (A) on the triangulation A is given by

Di(A) = Di(T)).

In particular, we observe that the domain points on the interface between adjacent

elements coincide.

Remark 3.1.1. Recall that the faces of 7" in one dimension are the endpoints of
the interval T', in two dimensions vertices and edges of the triangle, and in three

dimensions vertices, edges and faces of the tetrahedron.

The finite element space S} (A) generated by the Bernstein-Bézier finite ele-

ments consists of the functions defined on 2 by the rule

spo= Y BT, TeA, (3.5)
£eDy(T)

where the real numbers ¢¢, £ € DJ(A), are the global degrees of freedom of
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s. Respectively, the basis X7(A) of the dual of S}(A) is given by the linear
functionals ¢¢, & € D} (A), defined by

Pe(s) = gbg(sw), for any 7' € A such that £ € DJ(T).

Theorem 3.1.2. The global finite element space Si(A), resulting from the as-
sembly of the local Bernstein-Bézier finite elements, coincides with the standard
H'-conforming finite element space of continuous piecewise polynomials of degree

n on A. That is,
SHA)={seC°(): srePy, TeA}. (3.6)

Proof. If s € Sj}(A), then (3.5) implies that py := s € P} for all T € A. To
show the continuity of s, consider any pair of elements 7}, T}, € A with a common

interface e. Then, with T" = Tj or T, Bz’T vanishes on e if £ ¢ e, and hence

(pT)\e = Z CgB?T-

€D (T)Ne

T

Since B/ and Bg’T’“ coincide on e for any § € Dj(T) Ne, we see that (pr,)e =

(p1,)je> and hence s|7,ur, is continuous.

On the other hand, if s is a continuous piecewise polynomial with s € Py,
T € A, then for each T there is a unique B-form representation of sz in terms
of the sum sjp := 3, eDn(7) e Bg’T. It is well known [37, 64] that the continuity
of s implies cgj = c?“ for any domain point £ € D} (1) N D} (1)). We conclude
that s belongs to S7(A) as it satisfies (3.5) with a sequence of global degrees of
freedom c¢ uniquely defined by

ce = c¢¢ for any T such that & € Dj(T).
UJ

Note that in the case of first order polynomials n = 1, there is no difference
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with the standard piecewise linear finite element. The basis functionals in 3} (A)
are the usual nodal evaluations at the vertices, and a dual basis for S}(A) consists

of the standard hat functions.

3.1.1 Evaluation and Visualisation of Bernstein-Bézier

Finite Elements

The previous remarks show that we may use Bernstein-Bézier polynomials to con-
struct a basis for the standard H!-conforming finite element spaces of degree n on
a triangulation A. Bernstein-Bézier representation of polynomials is extensively
used in the CAGD and computer graphics. In computer graphics, the partition
of unity and non-negativity properties of the Bernstein polynomials make them
important tools in terms of Bézier curves, see [44, Chapter 4], [46, Chapter 11].
In CAGD, Bernstein polynomials appear in the form of control surfaces which
possess important shape-preserving properties. Using degree-raising or subdivi-
sion, control surfaces can be used to render surfaces, see [64, Chapter 3]. One
advantage of using Bernstein-Bézier polynomials is the availability of efficient and

stable procedures for their evaluation, and for the evaluation of their derivatives.

Evaluation and visualisation both play a vital role in the post-processing and
interpretation of the results of a finite element analysis. The availability of a
Bernstein-Bézier representation of the finite element approximation enables one
to exploit the attractive features of the B-form. In the interests of completeness,
we present a short overview of techniques for the efficient and stable evaluation
of a BB-FEM. We refer the reader to [64, Chapter 3|, [44, Chapter 17], [36,

Chapter 12] for information on aspects related to visualisation.

For i = 1,...,d + 1, the symbol e; refers to the (d 4+ 1)-tuple belonging to
T, such that its i*" is one and the other components are zero. The following
algorithm enables us to efficiently evaluate a polynomial written in B-form at

any given point v € R%:
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Algorithm 3.1: de Casteljau Algorithm

Input : B-form coefficients {c¢ : & € Z)'} of polynomial p € P, and
barycentric coordinates \; (i = 1,...,d+ 1) of v € R%.

Output: Evaluation of p at the point v.

Set 01(70) = ¢y for m € Z7;

=

2 for / =1 tondo
3 foreach n € 7}~ do
0 _
4 L ey’ = D0 AiCyrer
i=1

5 Return ¢

Observe that the innermost loop contains d + 1 multiplications which are

n—_{+d

4 ) times, for ¢ ranging from 1 to n. Hence, the operation count

executed (

(multiplications and divisions only) corresponding to this algorithm is given by
" n—tl+d
d+1 .
a3 (")

In particular, the number of operations is:

(

n? +n, if d=1,

(n® + 3n2 + 2n)/2, if d =2, (3.7)

(n* 4 6n3 + 11n* +6n)/6, if d = 3.

\
The case d = 2 is proved in [64, Chapter 2].

Using sum factorization techniques, it is proved in [11, Algorithm 1] that a
polynomial of order n written in its BB-form can be evaluated at the Stroud

nodes of order ¢ = O(n) with O(n?™!) operations.

The barycentric coordinates of a point v € T are non-negative inside the
triangle 7. Consequently, thanks to equation (1.5) and the de Casteljau algo-
rithm, we observe that, at each step of the algorithm, the new coefficients are
computed as a convex linear combination of the previous ones [64], which leads
to the numerical stability of the de Casteljau algorithm [44]. Although the de

Casteljau algorithm is an established tool for the evaluation of polynomials ex-
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pressed in their Bernstein representation, it is shown in [11, Section 3.2] that
Bernstein polynomials can be evaluated at Stroud points using a much faster

approach which costs O(n4*!) operations.

The B-form of the directional derivatives of a polynomial in B-form can also
be efficiently computed, using the formulae similar to those arising in the de
Casteljau algorithm [64]. The gradient will be of particular importance for our

purposes and we summarize here some key properties that will prove useful later.
Lemma 3.1.3. The gradient of the Bernstein polynomial B¢ satisfies

d+1

VB =nY B VN, £€Tj. (3.8)
i=1
Hence, if the B-form coefficients of p € P} with respect to the d-simplex T are
given by {ce : € € L}, then
d+1
Vp=n Y B! Zcﬂelw (3.9)
gel-n 1
Proof. Let us fix £ € 7). Using the chain rule, observe that
d+1 d+1

VBp = (Jv(]‘[ﬁ) —nZB” 'y

Thus, if p satisfies the equality p = > ce B, then
£eTy

d+1
Vp=Y cVBi=n) ce» BilV\,
ge1y gezn  i=1
and (3.9) follows by a simple change of the summation index &. Ol

Remark 3.1.4. Let T be a given d-simplex and x; any vertex. Let 7; denote
the (d — 1)-simplex formed using the vertices of T" with x; excluded. Then, for
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t=1,...,d+ 1, it holds that

|%‘| N

)\i = - 79
\Y% d\T|n

where 1; is the unit outwards normal on 7;. Note that in the case d = 1, we take

vl = 1.

3.2 Optimal FE-Assembly I: Piecewise Constant
Data

In this section, we present explicit formulae for computing the load vector, the
mass and the stiffness matrices in the case when f, ¢, b, A in (3.3) are constant
on each simplex. Using the formula for the inner product of Bernstein polyno-
mials as well as suitably defined shift operators which allow us to compute the
stiffness matrix from the mass matrix of lower degree, we develop algorithms for
the computation of the above matrices and vectors, and show that they achieve
the optimal complexity O(n??). For simplicity, we assume that the diffusion co-
efficient A is scalar-valued in this section, and postpone the treatment of the

non-constant tensor-valued case to Section 3.3.4.

3.2.1 Load Vector

Given f € S&d(A), that is, f being a piecewise constant polynomial on the

triangulation A, we now want to evaluate the load vector defined by

In particular, the load vector associated with H!'-conforming Bernstein finite
elements coincides with the B-moment vector discussed in the previous chapter.

Observe that, if f is constant on 7', then f; = f‘T,ug(l). But then, recall that [37,
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Section 7]

(1) ;:/TBg(x)dx: L eerm (3.10)

Therefore, we find that

to=pp(n =L ey (3.11)

Note that the element load vector f corresponds to a single simplex T'. Each
entry of the load vector corresponds to a node belonging to 7. Each node is
assigned a local numbering, depending on the simplex 7" that is considered, and a
global numbering which is independent of the simplex 7. The global load vector
is thus initialized to the null vector with number of entries given by the number of
global nodes. The £*" entry of the global load vector is then obtained by summing
over all the triangles the entries which have been assigned the global numbering

k.

The global mass and stiffness matrices are built from the element mass and

stiffness matrices in a similar way.

3.2.2 Mass Matrix

For n € Z,, we want to compute the element mass matrix M" given by
Mo =M 5= (cBL, Bg), o,Bel].

Exploiting the fact that the product of two Bernstein polynomials is a Bern-

stein polynomial, that is, By, Bj = (O‘Jrﬂ)/(z")BQ"

o o) By g, for o, 8 € 1, and again

using formula (3.10) immediately gives an explicit formula for the mass matrix

corresponding to the basis (1.7), see also [64].
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Theorem 3.2.1. Forn € Z,

CT|T| o+ B

Ma s = m( , B eIy (3.12)
( n) ( d ) o

The next algorithms provide a method to compute the mass matrix with the

cost O(n??). For comparison, the number of entries in M7 is (”Zl’d)2 = O(n*?).

Hence, even if each entry were to be computed with O(1) operations, evaluating

the mass matrix would require at least O(n??) operations.

Algorithm 3.2: 1DMassMatConst(M, n)

Input : Precomputed binomial coefficients
{Crra: 0<p<n,0<qg<n}.

Output: 1D element mass matrix of order n.

M = 0;

for ay = n to 0 do

N =

3 for f1 =n to 0 do
cr|T|
4 wy = COo1 ;
P e T O (2n 4 1)
wy = wy * CrZg T
6 Mgy g += wo;
7 Return M;

Algorithm 3.3: 2DMassMatConst(M, n)

Input : Precomputed binomial coefficients
{Crra: 0<p<n+2,0<qg<nj.

Output: 2D element mass matrix M of order n.

M = 0;

for ay = n to 0 do

N =

3 for f1 =n to 0 do
ar|T|
_ +51 ‘
4 wy = CHHP s ——
1 2 2n+27
C2n 5 (5
5 for oy = n — oy to 0 do
6 for o =n — 3 to 0 do
7 wy = wy * C2P2;
_ n—ai—az+n—pB1—pP2,
8 W3 = W3 * Cn—al—ozg )
9 Mgy += ws;

10 Return M,
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Algorithm 3.4: 3DMassMatConst(M, n)

Input : Precomputed binomial coefficients
{Crra: 0<p<n+3,0<qg<n}.

Output: 3D element mass matrix of order n.

D =0;

for ay = n to 0 do

3 for f1 =n to 0 do

N =

ar|T|
C2n x O21F8
for oy = n — oy to 0 do
for o =n — 3 to 0 do
wy = wy * C2P2;
for a5 =n—a; —as to 0 do
for 5 =n— (, — B2 to 0 do
10 w3 = wy x Co2H2;
Cn—al—ag—a3+n—ﬁ1—ﬁ2—ﬁ3.

4 wy = CL «

© 0w N o O

11 wy =wz*x Cp o1 200 :
12 My g += wy;
13 Return M,

The mass matrix can be computed by means of Algorithms 3.2, 3.3 and 3.4
for d = 1,2 and 3, respectively.

We now proceed with the complexity analysis of the mass matrix algorithms.
For simplicity, we focus on the case d = 3. The other two cases are similar.

For i = 1,2, every loop over the pair (o, ;) contains one multiplication, and

is executed (";”)2 times. The computational cost of the algorithm is dominated

n+3) 2

by its innermost loop which contains two multiplications, and is executed ( 3

times. Hence, the total number of operations required for computing the 3D mass

n+2

N )2 + 2("‘;3)2. Using a similar argument, we find that

matrix is (n + 1)? + (
the number of operations needed for computing the 1D and 2D mass matrices is
respectively given by 2(n +1)% and (n + 1)% + 2(”;1)2. In summary, the number

of operations involved in the computation of the mass matrix associated with
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piecewise constant data is:

on% +4n 4+ 2 ford =1,
nl 4 303 4 107 4 8p 43 for d = 2, (3.13)

n% | 2n® | 125n4 19n3 539n2 | 37n _
st S TS T T Ty +4 ford=3.

3.2.3 Stiffness Matrix

With n > 1, the stiffness matrix S is defined by
Sas = (AVB,,VBj), «,B8€lj,

and can be obtained by using the mass matrix M by means of Algorithms 3.5,

3.6 and 3.7 for d = 1, 2, 3, respectively.

Algorithm 3.5: 1DStiffMatConst(S, n)
Input : Precomputed element mass matrix
M = 1DMassMatConst(M,n — 1).
Output: 1D element stiffness matrix S.

1 S=0;

2 fori=1to 2do

3 for j =1 to 2 do

4 | sy =n% % VARV

5 for oy =n—1to 0do

6 for /1 =n—1to 0 do

7 s =n—1—ay;

8 fa=n—1—p;

9 K = Mg g;

10 S(a1+1,02), (141,52 += K * 5113
1 S(al+17a2),(51752+1) += K % s19;
12 S(a17a2+1),(51+1752) += K % s31;
13 N S(ar,a0+1),(81,2+1) T= K * $29;

14 Return S;

Observe in particular that, with d € {1,2,3}, the computation the element

stiffness matrix entries takes the compact form:

Sateipre; = Mag*si;, o BeIy ' ij=1,...,d+]1, (3.14)
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Algorithm 3.6: 2DStiffMatConst(S, n)

Input : Precomputed element mass matrix
M = 2DMassMatConst (M, n — 1).
Output: 2D element stiffness matrix S.

1 S=0;

2 fori=1to 3 do

3 for ) =1to 3 do

4 | siy =n% % VARV

5 for oy =n—1to 0do

6 for oy =n—1—0a; to 0 do

7 for 5/ =n—-1to 0 do

8 for 5o =n—1—[; to 0 do

9 ag=n—1—qa; — ay;

10 Bz =n—1—p1 — By

11 K = Maﬂ;

12 S(C‘ll+1,02,03)7(61+1762,63) += K % 51,15
13 S(C‘ll+1,02,03)7(61762+1,63) += K x 51,23
14 S(a1+1,02,03),(81,62.85+1) T = K * 513
15 S(al7az+1,a3),(51+17ﬁ2753) += K 52,15
16 S(Oq,O¢2+1,0¢3)=(51752+1753) += K * 5922,
17 S(C‘ll,02+1,03)7(61762763+1) += K * 59,3,
18 S(al,az,as+1),(51+1,52,53) += K % 5315
19 S(al,az,as+1),(51,52+1,63) += K % 5323
20 L S(a1,az,a3+1)7(ﬂ1762763+1) += K *s33;

21 Return S;
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Algorithm 3.7: 3DStiffMatConst(S, n)

W N =

© 0w N o O

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

30

Input : Precomputed element mass matrix
M = 3DMassMatConst(M,n — 1).
Output: 3D element stiffness matrix S.
S=0;
fori=1to 4 do
for j =1 to 4 do
L Sij = 77,2 * V)\]A‘TVAZ,

for oy =n—1to 0 do

for oo =n—1—0a; to 0 do
foras=n—1—a; —ay to 0 do
for 1 =n—1to 0 do

for B =n—1—-[(; to 0 do

K = Ma,ﬁ;

a1+1,az,a3,a4),(81+1,62,83,64
a1 +1,a2,a3,04),(81,82+1,83,64
a1 +1,a2,a3,04),(61,82,83+1,84
ar+laz,a3,04),(81,82,8,64+1
ar,ao+1,a3,04),(81+1,62,83,54
a1,a2+1,a3,a4),(81,62+1,83,64
ai,aztla3,a4),(81,82,83+1,84
ar,a2+1,a3,04),(81,62,8,64+1
ar,oz,a3+1,04),(81+1,62,83,54
a1,az,a3+1,a4),(81,82+1,83,84
a1,az,a3+1,a4),(81,82,83+1,84
ai,az,a3+1,a4),(81,82,83,84+1
ar,02,03,0u4+1),(81+1,52,83,64
a1,a2,a3,04+1),(B1,82+1,83,84
a1,a2,a3,04+1),(61,82,83+1,84
a1,a2,a3,a4+1),(81,62,83,84+1

DRN DN DN LN LN LN DN

Return S;

for f5=n—1—[(; — 3> to 0 do
ag=n—1—a; —ay — ag;

Bs=n—1—p1— P — [

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

R i i e

K % 51,15
K * 51,2,
K * 81’3;
K * 51,45
K * 52,15
K * 592.2;
K X 82’3;
K * 59 4;
K % 8371;
K % 8372;
K % 8373;
K X 83’4;
K * 54,15
K * 54,23
K % 8473;
K * S4.4;
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with Sij = nQV)\jA|TV)\Z-, for Z,j = 1, ey d+ 1.

The compact formulation (3.14) reflects the similarity of the structure of the
stiffness matrix algorithms for different values of d. This similarity allows for a
unified complexity analysis for Algorithm 3.5, 3.6 and 3.7: Note that the loop
over the pair (i,7) is executed (d + 1)? times, and contains one matrix-vector
multiplication, one inner product and one scalar product, thereby yielding a cost
of (d*+d+1)(d+1)? operations. Now considering the main loop of the algorithm,
observe from (3.14) that the computations inside the f;-loop amount to a loop
over the pair (4, j) which is executed (d + 1)? ("71+d)2 times, and contains one

d

multiplication. Thus the total cost of the algorithm is

(d®+d+1)(d+1)2+ (d+ 1)2<n _;Jr d) = O(n*),

that is,

4n? + 12 for d =1,
ont 4 on® | on® 4 63 for d = 2, (3.15)
%@+¥+%+L§3+%+208 for d = 3.

In order to show that (3.14) provides a correct method for computing the

stiffness matrix, we first introduce the following definitions:

Shift Operators

Operator E! on Bernstein polynomials: Fori=1,...,d+ 1 and n € N,

we define E¢ by

E{(Bp) = By~l,, BeT. (3.16)
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Moreover, we extend E?, i =1,...,d+ 1, to all polynomials in P by linearity,

that is, for any n € N and any sequence {cg: B € 7}, we set

Efl( > %33) = Y Bl(By), i=1,....d+1 (3.17)
BET} BeLy
Operator E*¢ on coefficient sequences: Fori=1,...,d+1,n € Nand a

given sequence ¢ = {cg : B € Z}}, we define E*¢ by
(E"e)p = cprer, BETy . (3.18)

Remark 3.2.2. Observe from (3.16) and (3.17) that

Ef(Z CBBE) - Z CBBZ:; = Z CfH—eiBgila i:1,,,,’d+ 1, n eN,
Bezr Bezn ez !
which, together with (3.18), yields

B( Y coBg) = X (B¥0pBy". i=1..d+1 neN.

BeLy Bez; !

Operator Effj on mass matrices (3.12): Fori,j=1,...,d+ 1 and n € N,

we define the operator Egj by

(E%M”) = M o, B e (3.19)

a—e;,B—e;’
o« iB—e;

The following formula for the gradients of the Bernstein polynomials is an
immediate consequence of (3.8) and (3.16):
d+1

VB =n)» E/(BpVX\, BeTI]. (3.20)

i=1

This leads to the following theorem:
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Theorem 3.2.3. The stiffness matriz S™ is given by

d+1

=n’ Y EL(M)VNAZVA, (3.21)
2,7=1
where M is the mass matriz described in Theorem 3.2.1. Hence, (3.14) indeed

computes the stiffness matriz.

Proof. For any a, 3 in I}, we have by (3.20),

d+1 d+1
B_n/[ZEd BE)(x) VA A( [ZEd B2)(x) V| dx
d+1

=n’ Y VNATVA / E{(BL)(x)E4(Bj) (x)dx,
ij=1 T
d+1

=n* > MaL 5 o VNARVA.

i,7=1

Inserting (3.19) into the last equation gives (3.21). O

Although Algorithms 3.5, 3.6 and 3.7 achieve the optimal complexity O(n??)
for d = 1,2,3, they rely on the pre-computation of the mass matrix of lower
order. As a matter of fact, it is possible to directly compute the stiffness matrix
only using precomputed binomial coefficients, as shown in Algorithms 3.8, 3.9,

3.10, for d = 1, 2, 3, respectively.
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Algorithm 3.8: 1DStiffMatConstDirect(S, n)

Input : Precomputed binomial coeftficients
{Crra: 0<p<n0<qg<n}

Output: 1D element stiffness matrix.

TL2

T (o 1)
for i =1 to 2 do
Lforjzltono

L Sij =T * V)\JA|TV)\Z7

1 7=

W N

5 //Same lines as 1DMassMatConst (S,n —1) (cf. Algorithm 3.2),
with line 4 replaced with the line:

6 wy = Co1Ho

7 //and line 6 replaced with lines 7-13 of 1DStiffMatConst(S,n)
(cf. Algorithm 3.5), where:

8 K <+ wo;
9 Return S;

Algorithm 3.9: 2DStiffMatConstDirect(S, n)

Input : Precomputed binomial coeffficients
{crra: 0<p<n0<qg<n}
Output: 22D element stiffness matrix.
n
i O3
for =1 to 3 do
LforjzltoSdo

1 7=

W N

L sij =1 * VATV A;

5 //Same lines as 2DMassMatConst (S,n —1) (cf. Algorithm 3.3),
with line 4 replaced with the line:

6 W = C’gll+51;

7 //and line 9 replaced with lines 9-20 of 2DStiffMatConst(S,n)
(cf. Algorithm 3.6), where:

8 K <+ ws;
9 Return S;
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Algorithm 3.10: 3DStiffMatConstDirect(S, n)
Input : Precomputed binomial coeftficients
{Crra: 0<p<n+1,0<qg<n}
Output: 3]2 element stiffness matrix.
n

n—2 1’
mey

for i =1to 4 do
Lforj:1t04d0

17 =

W N

L Sij =T * V)\JA|TV)\Z,

5 //Same lines as 3DMassMatConst (S,n — 1) (cf. Algorithm 3.4),
with line 4 replaced with the line:

6 W = Cg‘;*ﬁl;
7 //and line 12 replaced with lines 11-29 of
3DStiffMatConst(S,n) (cf. Algorithm 3.7), where:

8 K <+ wy;
9 Return S;

Using a similar argument as the one used for the computation of the stiffness
matrix using a precomputed mass matrix, it is straightforward to find that, up to
the computation of the scaling constant r and two additional multiplications in
the innermost loop, the number of operations required for computing the element
stiffness matrix, only based on precomputed binomial coefficients, is also given
by (3.15). Note however from the input of Algorithm 3.8, Algorithm 3.9 and
Algorithm 3.10 that, for a given polynomial order n, the precomputed binomial

matrix is at most (n+1) by n, whereas the elemental mass matrix is of dimension

(ner

J ) = O(n%). As a result, the numerical experiments seem to indicate that

memory access calls to the binomial matrix are slightly faster than those to the
mass matrix. In other words, since they have the same complexity, the algorithm
based on the direct computation of the stiffness matrix in terms of precomputed
binomial coefficients is recommended over that based on the (precomputed) mass

matrix.
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3.2.4 Convective Matrix

The convective matrix V is defined by
Vap=Vaosi= / Bg(x)b(x) -VBL(x)dx, a,B€Z], (3.22)
T

and can be computed by means of Algorithms 3.11, 3.12, 3.13 for d = 1,2, 3,

respectively.

Algorithm 3.11: 1DConvMatConstDirect(V, n)

Input : Precomputed binomial coefficients
{Crta: 0<p<n—1,0<q<n}
Output: 1D element convective matrix V.

1 V=0;

2r:7|T‘ :
C2n=1 %2’

3 fori=1to 2 do

N

LUZ:T*bu“v}\“

5 for oy =n—1to 0 do

6 for 3, =n to 0 do

7 wy = CoHh

8 ay=n—1—oa1, Bs=mn— [
9 wy = wy x Co2HP2;

10 V(alJrLaQ)ﬁ 4= Wa * V1,

11 V(a1,0041),8 = W2 * V;

12 Return V;
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Algorithm 3.12: 2DConvMatConstDirect(V, n)

Input : Precomputed binomial coefficients
{Crra: 0<p<n—1,0<qg<n}
Output: 2D element convective matrix V.
1 V=0;
nx |T .
2r C2n—1 y Ot
3 fori=1to 3 do
4 L v =1 xbr - VA;
for oy =n—1to 0 do
for oy =n—1—0a; to 0 do

5
6
7 for g1 =n to 0 do
8 wy = Cgll+ﬂ1;
9 for o =n — 3 to 0 do
10 Wy = Wy * C§§+B2;
11 az=n—1—a; —ag, f3=mn— 1 — P
12 w3 = wy * CY3 s
13 Viai+1,a0,03),8 = W3 * v1;
14 V(ozl,ozz-l—l,ae,),ﬁ += w3 * Vg,
15 L V(ozl,ozz,ae,-‘rl),ﬁ += w3 * V3;

16 Return V;
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Algorithm 3.13: 3DConvMatConstDirect(V, n)
Input : Precomputed binomial coefficients
{Crra: 0<p<n—1,0<qg<n}
Output: 3D element convective matrix V.
1 V=0;

B nx|T| '
2= C2n—1 5 C3n+27
s fori=1to4do
4 Lvi:r*bg-V)\i;
5 for oy =n—1to 0 do
6 for as =n—1—a; to 0 do
7 foras=n—1—a; —ay to 0 do
8
9

for 51 =n to 0 do
wp = CgllJrﬁl;

10 for S =n— 3 to 0 do
11 wy = wy * C2P2;
12 for f3=n—1—p; — [, to 0 do
13 Wy = Woy * 033?*53;
14 as=n—1—a;—as—az, fa=n—LF1 — B — P3;
15 Wy = W3 * C’g:*ﬁ‘l;
16 V(al+1,02,as,a4),,@ += w3 * vy;
17 V(al,a2+1,a37a4)7ﬁ += ws * V2;
18 V(al,ag,ag—i—l,m;),ﬁ += W3 * V3,
1 L V(al,a2,a3,a4+1),ﬁ + = w3 * vy;
20 Return V;

Observe that, for d = 1, 2, 3, the computation of the convective matrix entries

takes the compact form:
Vategt=wgxv, oIl ' Bel} i=1,...,d+1, (3.23)

where v; = (n|T|)/(C2* 10T by - VN, fori =1,...,d + 1.

We now proceed to the complexity analysis of the convective matrix algorithm.
For simplicity, we focus on the case d = 3. The other two cases are similar. We
start with the loop over ¢ which is executed four times, and contains one in-
ner product and one multiplication, which amounts to four operations. Thus,

taking account of the operations required for computing the scaling constant r,
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the number of operations needed in order to set up the field (v;);<;<4 is 4> + 3.

n+2) (n+2

N ) ) times, and contains one multiplication.

The loop over (5 is executed (

n+2) (n+3

3 N ) times, and contains six multi-

Similarly, the loop over f5 is executed (
plications. Thus, the total number of operations involved in the computation of

the 3D convective matrix is:
n-+ 2 n-+ 2 n+ 2 n+3
4243 6 .

Using a similar argument, we find that the number of operations required for

computing the 1D and 2D convective matrices are respectively given by

22 + 3+ 3n(n + 1),

n+1 n -+ 2
324+3+5 .
wss("3 ) ("3)

To summarize, the complexity associated with the computation of the convective

matrix is:

3n*+3n+7 for d =1,
%+5n3+¥+57"+12 for d =2, (3.24)
Lyt BB g ford=3

It is not difficult to establish that Algorithms 3.11, 3.12 and 3.13 do indeed
compute the convective matrix V, for d = 1,2,3. Note from (3.23) that V is

essentially given by

d+1
n|T| —e +0 n
Vagp = (2n 1) 2n— 1+d ZbIT VA ( 3 )7 a,Bely.

Theorem 3.2.4. Let n € N. The convective matriz V is given by

d+1

T i+ .
Va,ﬁ - (2n—1,;71|(2n‘ 1+d b‘T Z V)\ < TG ﬁ), a,ﬁ - Id . (325)

n




Proof. Note from (3.20), (3.22) and (1.6) that, for o, 3 € 7,

d+1
Vas nZ/B";ng LV

d+1

:ﬁZ(Q_ngﬁ)bT'v/\/Bi" Ny

n 1=1
Inserting (3.10) into the last line yields

d+1

n|T —e; —+ o
Vap = (2n—1) |(2n| 1+d bz - ZV)‘ ( 6>7 a,Bely.

Remark 3.2.5. The degree raising formula [64, Chapter 2| yields
+
L Z - DBy e @€}, i=1,...,d+1,

which, inserted into the first line of (3.26), gives

d+1

Vag=) (a;—=b;+1) / By te,(X) Bi(x)b(x) - VAidx
ij=1
a1 at1

— Zb|T ¥ Z —0ij + DMa oo, B ET].
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(3.26)

(3.27)

Hence, an alternative way to compute the convective matrix V is by means

of the weighted sum of mass matrix entries given in Remark 3.2.5. Note that

the corresponding algorithms will be recommended only if they have a lower

complexity than in (3.24).

The convective matrix can be computed in terms of mass matrix entries, as

proposed in Algorithms 3.14, 3.15, and 3.16, for d = 1, 2, 3, respectively.
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Algorithm 3.14: 1DConvMatConst(V,n)

W N =

12

Input : Precomputed element mass matrix M = 1DMassMatConst (M, n).
Output: 1D element convective matrix V.

V =0;
fori=1to 2 do
Lvi:b\T'V)\i;

for ay = n to 0 do
for 51 =n to 0 do
fori=1to 2do
S; = 0,
for j =1 to 2 do
if a —e; +e; >(0,0) then
\; L Si+= (aj - 52}]’ + 1) * Mafeﬂrejﬁ;

B Vapg+= v;*s;;

Return V;

Algorithm 3.15: 2DConvMatConst(V,n)

W N =

14

Input : Precomputed element mass matrix M = 2DMassMatConst (M, n).
Output: 2D element convective matrix V.

V =0;
fori=1to 3 do
| vi=bp-VX;

for a; = n to 0 do
for oy = n — oy to 0 do
for f; =n to 0 do
for o =n — 3, to 0 do
for:=1to 3 do
SZIO,
for 7 =1to 3 do
if a —e; +e; >(0,0,0) then
\; L sit= (a; = 0ij + 1) * Ma—e;1e;,8

B Vag+= v;* s

Return V;
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Algorithm 3.16: 3DConvMatConst(V,n)

Input : Precomputed element mass matrix M = 3DMassMatConst (M, n).
Output: 3D element convective matrix V.

1 V=0;
2 for7=1to 4 do
3 va:b\TVAlu

4 for oy =n to 0 do

5 for oy = n — oy to 0 do

6 foras=n—1—a; —ay to 0 do
7 for g1 =n to 0 do

8 for 5o =n— 3 to 0 do
9

forﬁgzn—ﬁl—BQ to 0 do
10 fori=1to 4 do
11 s; = 0;
12 for j =1 to 4 do
13 if a —e;+¢; >(0,0,0,0) then
14 L S; += (Oéj — 5i,j + 1) * Mafeﬂrej,,@;
15 | Vap+= vixs;
16 Return V;

We now proceed with the complexity analysis of the convective matrix al-
gorithm, when based on the precomputed mass matrix. Once again, we focus
on the case d = 3. The other two cases are handled in a similar way. Observe
that the first loop over 7 is executed four times, and contains one inner product
which amounts to three multiplications. Thus, the number of operations needed

in order to set up the field (v;)1<;<4 is 4 x 3 = 12. Moving to the main part of the

n+3

2 .
3 ) , and contains

algorithm, note that the innermost loop over j is executed 42(

n+3) 2

at most one multiplication. Similarly, the (second) loop over i is executed 4( N

times, and contains one multiplication. Hence, the total number of operations

involved in the computation of the 3D convective matrix is at most
3\ 3\
12+42<n—3k ) +4("'§ ) .

Using a similar argument, we find that the complexity associated with the
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computation of the 1D and 2D convective matrices is at most given by

2+ 22 (n+1)*2+2(n+1)%
n+2\> n+2\>
6+ 3 3
(1) ()
respectively. To summarize, the number of operations required in order to com-

pute the convective matrix, based on precomputed mass matrix, is at most

6n% +12n + 8 for d =1,

3nt 4+ 18n3 + 39n? + 36n + 18 for d = 2, (3.28)
5n6 | 20n° | 290n* 3 96502 | 220n _
T+T+T+8O” +T—|—T+32 for d = 3.

Though the alternative approach for computing the convective matrix presents
the advantage of re-using the computed mass matrix, the comparison of (3.24)
and (3.28) is in favor of the direct computation of the convective matrix, that
is, only using precomputed binomial coefficients. Moreover, the presence of the
conditional checking inside the innermost loop over j might also affect the com-

putational speed. Once again, the direct approach is recommended.

Note that, in addition to optimal complexity, the formulas presented in this
section are explicit, thus allowing for efficient computations of the elemental quan-
tities, with no (quadrature) error from approximating the integrals. Section A.1
provides useful applications of the proposed algorithms for the mass and stiffness

matrices.

3.3 Optimal Assembly II: Variable Data

In the previous section we have seen that in the case of piecewise constant data
the load vector, mass, stiffness and convective matrices are given by the explicit
formulae (3.11), (3.12), (3.21) and (3.25), respectively. The cost of their compu-
tation for a single simplex is optimal in the sense it is bounded by a constant

times the number of entries, that is O(n?) for the load vector and O(n??) for the
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mass, stiffness and convective matrices.

When using the shape functions of a fixed degree on all simplices of a trian-
gulation, it is important to observe that the formulae (3.11), (3.12), (3.21) are
not strongly dependent on the particular simplex 7'. For example the normalized
mass matrix M given by

v (*2") .
Mag = W, o, B ey,
n)\ a
may be pre-computed according to 1DMassMatConst, 2DMassMatConst and
3DMassMatConst, for d = 1,2,3, and then the mass matrix for each simplex T
obtained as M = c|T|T\1\~/L Similarly, the matrices Egj(l\N/I), i,j=1,...,d+1,

may be precomputed to save time when applying (3.21) to each simplex 7.

If the data is variable, that is f, A, b, ¢ in (3.3) are functions, then the depen-
dence on the particular element 7" is much stronger than in the case of piecewise
constant data. Moreover, the computation of the integrals cannot be done ana-
lytically in general and requires quadrature rules. For the quadrature accuracy
not to affect the convergence of the finite element scheme, the quadrature needs
to be exact for polynomials of degree 2n, where n is the order of the finite element
[20, Section 4.3] [24, Section 3]. In particular, using the g-point Stroud conical
product rule [73, Chapter 2] which is exact for polynomials of degree at most

2q — 1, one can see that the choice
qg=n+1, (3.29)

meets the above-mentioned requirement. In this section we present algorithms to
compute the load vector, mass and stiffness matrices with optimal cost in the case
of spatially varying data. For simplicity, we will not distinguish between equality
and approximation in the remaining part of the chapter. That is, depending on
the context, the expression A = B may either reads “A is equal to B”, or “B

approximates A”.



64

3.3.1 Load Vector

Recall that the load vector coincides with the B-moment vector (jig)aezr. Note
that with ¢ as in (3.29) the load vector will be computed exactly as soon as f is
a polynomial of degree at most n. The following result is a direct consequence of

Theorem 2.2.4.

Theorem 3.3.1. Let n € Z, and d € {1,2,3}. Using the conical product rule
with ¢ = n + 1, the element load vector can be computed with a numerical cost
O(n®Y) by means of Algorithms Moment1D, Moment2D and Moment3D ford = 1,2

and 3, respectively.

3.3.2 Mass Matrix

Using a similar approach as for the load vector, we now want to use the conical

product rule to compute the mass matrix M defined by

M, 5 = / o(x) BLL(x) B (x)dx = (cBg,Bg)T, o, B eIl (3.30)
T

The mass matrix M can be obtained by means of Algorithms 3.17, 3.18, 3.19, for

d=1,2,3, respectively.

Algorithm 3.17: 1DMassMat(M, n, {13 (c), B € IT7"})

Input : Bernstein-Bézier moments {x3'(c) : B € Z{"} obtained by means
of the Stroud conical product rule with ¢ =n + 1, and
precomputed binomial coefficients {C’Zﬂ : 0<14,j<n}.

Output: 1D element mass matrix M.

//Same lines as 1DMassMatConst(M,n) (cf. Algorithm 3.2), with

line 4 replaced with the line:

2wy = Cto /O
3 //and line 6 replaced with the line:

[y

4 Mag = w2 * i3 g(c);
5 Return M;
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Algorithm 3.18: 2DMassMat(M, n, {u3'(c), B € I3"})

Input : Bernstein-Bézier moments {z3'(c) : 8 € Z;"} obtained by means
of the Stroud conical product rule with ¢ =n + 1, and
precomputed binomial coefficients {CZH : 0<1i,7 <n}.

Output: 2D element mass matrix M.

1 //Same lines as 2DMassMatConst(M,n) (cf. Algorithm 3.3), with
line 4 replaced with the line:

2wy = Cq* /O
3 //and line 9 replaced with the line:

5 Return M;

Algorithm 3.19: 3DMassMat(M, n, {u3'(c), B € I3"})

Input : Bernstein-Bézier moments {x3*(c) : B € Z3"} obtained by means
of the Stroud conical product rule with ¢ =n + 1, and
precomputed binomial coefficients {Cf+j : 0<14,j<n}.

Output: 3D element mass matrix M.

1 //Same lines as 3DMassMatConst(M,n) (cf. Algorithm 3.4), with
line 4 replaced with the line:

2wy = Ot /O
3 //and line 12 replaced with the line:

4 Mag = wy* ,uinﬂa(c);
5 Return M;




66

We now proceed with discussing step by step the complexity of the proposed
algorithms. First observe that, for d = 1,2, 3, the only difference between the
algorithms associated with constant and variable data lies in the computation of
the B-moments of order 2n, and one additional multiplication in the innermost
loop. Thus, in addition to the cost corresponding to the B-moments (which is
O(n?1)), and those given in (3.13), the number of operations involved in the

computation of the mass matrix with variable coefficients is (";rd) , that is,

n?+2n+1 for d =1,
"74+2n3+6n2+8n+4 for d = 2,

nb nd 29n4 3 193n? 11n —
mtE gt + -+ 5+ 1 ford=3.

Combining the above equations with (3.13) and Theorem 2.2.4 implies that the
number of operations involved in the computation of the mass matrix is O(n??),

ford=1,2,3.

Next, we analyze the output of Algorithms 3.17, 3.18 and 3.19. From the

description of the algorithms, one can see that the mass matrix is computed as

(C’ Batg ) T

But this is the right formula for M, g, as follows from (3.30) and (1.6).

We can now state the following result which is a direct consequence of the

above complexity analysis.

Theorem 3.3.2. Letn € N, andd € {1,2,3}. Using the conical product rule with
q =n+1, the element mass matriz of degree n can be computed with a numerical
cost O(n??) by means of Algorithms 1DMassMat, 2DMassMat, 3DMassMat, for d =

1,2, 3, respectively.
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3.3.3 Stiffness Matrix

In this section, we want to evaluate the stiffness matrix S defined by
Sap = / VB5(x) - A(x) - VB (x)dx
T

The stiffness matrix S can be computed using Algorithms 3.20, 3.21, 3.22, for
d=1,2,3, respectively.

Algorithm 3.20: 1DStiffMat(S, n, {Mén_Q(A) . B eI

Input : Bernstein-Bézier moments {u%”’Q(A) . B € I7"*} obtained by

means of the Stroud conical product rule with ¢ = n + 1, and
precomputed binomial coefficients {C’;H :0<4,j<n-—1}
Output: 1D Element stiffness matrix S.
for i =1to 2 do
for j=1to 2do
\; L Compute ﬂg’j) = V)\ju%”_Z(A)V)\Z-, B c I

N o=

w

4 //Same lines as 1DMassMatConst(S,n —1) (cf. Algorithm 3.2),
with line 4 replaced with the line:

5 W, = C’g‘;*ﬁl *n?/C2" 2

6 //and line 6 replaced with lines 7-13 of 1DStiffMatConst(S,n)
(cf. Algorithm 3.5), where:

7 K < wy and s;; < ﬂ(oifr)ﬂ, 1,7 =1,2;

8 Return S;
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Algorithm 3.21: 2DStiffMat(S, n, {,uQ" 2(A): BeI %)

Input : Bernstein-Bézier moments {MQ” 2(A): B €I ?} obtained by
means of the Stroud conical product rule with ¢ =n + 1, and
precomputed binomial coefficients {C]Hj : 0<i,5<n-—1}

Output: 2D Element stiffness matrix S.

fori=1to 3 do

\;forj—lto?)do

L Compute MB V)\]u%” 2A)VN, BeIm

N =

w

4 //Same lines as 2DMassMatConst(S,n — 1) (cf. Algorithm 3.3),
with line 4 replaced with the line:

wy = CHo1 n?/C* 2

n—1 >

//and line 9 replaced with lines 9-20 of 2DStiffMatConst(S,n)
(cf. Algorithm 3.6), where:

W

7 K < w3 and s; ; <—u(a+)ﬂ, 1,7 =1,2,3;
8 Return S;

Algorithm 3.22: 3DStiffMat(S, n, {/f” 2(A): BeI?))

Input : Bernstein-Bézier moments {MQ” 2(A): B €I ?} obtained by
means of the Stroud conical product rule with ¢ = n + 1, and
precomputed binomial coefficients {C;-H : 0<i,5<n-—1}

Output: 3D Element stiffness matrix S.

fori=1to4do

\;forj—ltoéldo

N =

L Compute uﬂ V)\]u%” 2(A)VN, BeIi?

w

4 //Same lines as 3DMassMatConst(S,n — 1) (cf. Algorithm 3.4),
with line 4 replaced with the line:

Ca1+61 *nz/ 2n 2
//and 11ne 12 replaced with lines 11-29 of
3DStiffMatConst(S,n) (cf. Algorithm 3.7), where:

7 K(—w4ands”<—ug’fﬂ, 1,7 =1,...,4;

8 Return S;

(=B
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Recall from Theorem 2.2.4 that, for d = 1,2,3, the computation of the
Bernstein-Bézier moments {,ué"*Q(A) . B € I7"?} requires O(n!) opera-
tions. Assuming that the B-moments have been computed, we now analyze the
complexity of the proposed algorithms for computing the stiffness matrix. For
simplicity, we focus on the case d = 3, that is, Algorithm 3.22. The other two

cases easily follow from a similar analysis. Computing [ng ) for i,7 € {1,...,4}

2n+1

3 ) times.

and B € I§"—2 involves 32 + 3 multiplications, and is executed 42(
Assuming that the scaling constant n?/C>";? one line 5 is computed once and
then re-used, the loop over the pair («q, 51) contains one multiplication, and is ex-
ecuted n? times. Similarly, the loop over (aw, 82) contains one multiplication, and
n;—l)

is executed ( ? times. Finally, the innermost loop of the algorithm contains

(3 + 1)? + 2 multiplications, and is executed (";ﬂ)2 times. Thus, in addition to
the cost associated with the B-moment computations, the number of operations

required for computing the 3D stiffness matrix is

om+ 1 1\ 2 2\ 2
12><16( n; )Jrn%r(n;r ) +18<n_§ ) ey

Similarly, we find that, assuming that the B-moments are given, the cost asso-
ciated with the computation of the 1D and 2D stiffness matrices is respectively
given by

2 1\’
2% 4(2n — 1) +6n2 + 1, and6><9<2">+n2+11<”; ) T

To summarize, the number of operations involved in computing the stiffness ma-

trix is

6n2+16n—7 fOI“le,
11£4+%"3+%—21n+12 for d = 2,

430 4 ZL g BBy B G4p 1 for d =3,

plus the cost associated with the computation of the B-moments which can be

precomputed with O(n?*!) operations.
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Let us now consider the output of the proposed algorithms. Note from the

expression of the scaling constant r that the stiffness matrix is computed as

d+1
Sas = e S (X O AT oz gy avy (3.31)
a,ﬁ - (2n—2) o — el /"[/a—ei_i_/@_ej 7 1) .

n—1/ 4,5=1

for a, B € Z)}. But then, observe from the definition of S and (3.20) that

d+1 d+1
Sa3 :n2/ (Z Byl (X)V)\])A(x) ( S Bl (X)wi)dx
T =1 i=1
d+1
2y / (VAA()VA)BLL () By-L (x)dx,
T

ij=1
which, together with the equality

(*2")
(nfm) Bgig’ ac I(?’ /6 € I(?inv n,m € N07 (332)

BB =

yields (3.31).

The next result thus holds.

Theorem 3.3.3. Letn € N and d € {1,2,3}. Using the conical product rule with
q =n+ 1, the element stiffness matriz of degree n can be computed with O(n*®)

operations using Algorithms 1DStiffMat, 2DStiffMat, 3DStiffMat.

3.3.4 Convective Matrix

We now want to approximate the convective matrix V defined by
Vag = / VB, (x) - b(x)Bs(x)dx, «,B¢€1]. (3.33)
T

The convective matrix can be computed using Algorithms 3.23, 3.24, 3.25, for
d=1,2,3, respectively.
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Algorithm 3.23: 1DConvMat(V, n, {,uf‘i"_l(b) C BeI )

Input : Bernstein-Bézier moments {u%”’l(b) . B €I} computed by

means of the Stroud conical product rule with ¢ = n + 1, and
precomputed binomial coefficients
{C*7 . 0<i<n, 0<j<n-—1}.
Output: 1D element convective matrix V.
1 fori=1to 2 do

L Compute ,&g) =VA - u%”_l(b), BeI

V =0;

//Lines 5-11 of 1DConvMatConstDirect(V,n)

(cf. Algorithm 3.11), with line 7 replaced with the line:
5wy = CO P sen /O

6 //and with:

N

oW

7 v <—/1g)+ﬁ, 1=1,2;

8 Return V;

Algorithm 3.24: 2DConvMat(V, n, {,uénfl(b) . BeI

Input : Bernstein-Bézier moments {u%”_l(b) : B €I '} computed by
means of the Stroud conical product rule with ¢ =n + 1, and
precomputed binomial coefficients
{C:.0<i<n, 0<j<n-—1}.

Output: 2D element convective matrix V.

1 fori=1to 3 do

L Compute ,&g) =VA\ - u%”_l(b), B eIt

V =0;

//Lines 5-15 of 2DConvMatConstDirect(V,n)

(cf. Algorithm 3.12), with line 8 replaced with the line:
5wy = CO P sn/C2,

6 //and with:

7 v i = 1,2,3;

8 Return V;

N

~ow




72

Algorithm 3.25: 3DConvMat(V, n, {,uénfl(b) . Be 1y

Input : Bernstein-Bézier moments {u%”_l(b) : B € I3 '} computed by
means of the Stroud conical product rule with ¢ = n + 1, and
precomputed binomial coefficients
{C*:.0<i<n, 0<j<n-—1}.

Output: 3D element convective matrix V.

1 fori=1to 4 do
L Compute [Lg) =V\- u%"’l(b), B eIt

V =0;

//Lines 5-19 of 3DConvMatConstDirect(V,n)

(cf. Algorithm 3.13), with line 9 replaced with the line:
5wy = Co P sn/C2

6 //and with:

N

W

7 v i =14
8 Return V;

We now proceed to analyze the complexity associated with the convective
matrix algorithms. For simplicity, we focus on the case d = 3, that is, Algo-
rithm 3.25. The other two cases are similar. Recall from Theorem 2.2.4 that
the B-moments of order 2n — 1 can be computed in O(n*) operations. Assuming
that the required B-moments have been computed, we study the complexity as-
sociated with the proposed algorithm. To this end, observe that the loop over ¢
is executed four times, and contains one inner product which amounts to three
multiplications. Thus, setting up the field [Lg), 1 <i<4,and B € Z:" ! involves
twelve operations. In addition, the loop over f3; is executed (”+2) (n+ 1) times,

3

and contains one multiplication, whereas the loop over (3, is executed (”;}“2) (”;’2)
times, and contains one multiplication. Finally, the innnermost loop is executed
(";2) (";3) times, and contains six operations. Therefore, in addition to the cost
of computing the B-moments, the number of operations involved in the compu-

tation of the 3D stiffness matrix is

oo ().

Using a similar argument, we find that the cost associated with Algorithm 3.23
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and Algorithm 3.24 is respectively given by

| | ;
3+ dn(n + 1), and6+("; )(n+1)+5(”; )("; )

plus the cost involved in the B-moments computation. To summarize, in addition
to the cost associated with the computation of the B-moments, the number of

operations involved in computing the convective matrix is

An2 4+ 4n + 2 ford =1,
bty Und | 2007 4 3p 16 for d = 2,
TN RS T 12 ford=3

Checking the output of Algorithms 3.23, 3.24 and 3.25, note that, for d =

2,3, the convective matrix is computed as:

d+1
Vo = (2’?1) 2 (a 5 ﬂ) / BA ) (VA b), a.BET]  (334)

i=1

But then, observe from the definition of V and equation (3.20) that, for any
o,Bell,

d+1 d+1

ﬁ_n/ZBn & Vi -bBj _nZ/Bg;BgVAZ--b,

which, by virtue of (3.32), coincides with (3.34).

The following theorem is a direct consequence of the above argument.

Theorem 3.3.4. Let n € N and d € {1,2,3}. Using the conical product rule
with ¢ = n + 1, the convective matriz of order n can be computed with O(n*?)
operations using Algorithms 1DConvMat, 2DConvMat, 3DConvMat, for d = 1,2, 3,

respectively.
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3.4 Stencils

Observe on lines 16-19 of Algorithm 3.13 that, for 3 € Zy ' ~ D7, the compu-
tation of the 3D convective matrix involves updating the columns associated with
B+er with k= 1,...,4. Lines 14-29 of Algorithm 3.7 yield a similar statement for
the stiffness matrix. One can easily check that analogous statements also hold for
d = 1,2. For a given domain point 3 € Z¢, theset {3, == B+ex: k=1,...,d+1}
is termed the stencil associated with 3. Instead of checking the position of the
entry corresponding to B+ ey, an efficient memory access call which considerably
speeds up the computations, consists in using the structure of the domain point
stencils. More precisely, it is possible to use the geometric architecture of the
domain points in order to systematically determine the lexicographical position
of 3 + e;. The key observation is that the lexicographical position of 3 and
Bl := (3 + e; coincide, and that the difference between domain points of order ¢
and of order ¢+ 1 are given by the additional layer of domain points of lower di-
mension formed by the set Dflﬂ (see Figure 3.1. For the 3D case, the non-visible
domain points are drawn in grey). Thus, in one, two and three dimensions, the
additional layer respectively consists of one additional point, line and triangle.
For 3 € D} and k = 2,,...,d + 1, the domain point Bk =0 +e € Déﬂ lies
on the additional domain point layer. The offset between Bl and BQ is deduced
from the above remarks and careful observations of the geometric structure of
the domain points, leading to Algorithms Stencil1D, Stencil2D and Stencil3D
for the efficient position evaluation of the elements of the stencil sets associated
with each 8 € 7}, assuming that the counter starts at 1. In the above-mentioned
algorithms, the notation lex(-) is used to represent the lexicographical position

operator.

Algorithm 3.26: StencillD(n)
Initialize lex(a) = 1, lex(an) = 2;
for ay = n to 0 do

lex(ay) += 1;
lex(aw) += 1;

W N =




Figure 3.1: Domain point stencils

B

°
B3

(b) Difference between D3 and D3
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Algorithm 3.27: Stencil2D(n)

1
2
3
4
5
6

EN|

Initialize lex(&) = 1, lex(ay) = 2, lex(a3) = 3;

for ay = n to 0 do
for o = n —a; to 0 do



stencil2Da.eps
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Algorithm 3.28: Stencil3D(n)

1 Initialize lex(éay) = 1, lex(an) = 2,lex(as) = 3, lex(ay) = 4;
2 for a; =n to 0 do

3 for oy = n — oy to 0 do

4 for s =n—a; —ay to 0 do
5 lex(éy) += 1;

6 lex(éw) += 1;

7 lex(as) += 1;

8 lex(ay) += 1;

9 lex(as) += 1;

10 lex(ay) += 1;

11 lex(@w)+=n—a; +2;

12 lex(as) += 1;

13 lex(ay) += 1;

In particular, for the efficient evaluation of the convective matrix, StenciliD,
Stencil2D, Stencil3D, as presented in Algorithms 3.26, 3.27 and 3.28, are in-
corporated into the loop over «;, i = 1,...,d, for d = 1,2, 3, respectively. A
similar insertion is performed for the computation of the stiffness matrix, except

that the stencil structure is present in both the a;- and S;-loops.

3.5 Summary

We now proceed to summarize the main results of the previous sections, as fol-
lowing directly from (3.11), equation (3.13), equation (3.15), equation (3.24),
Theorem 3.3.1, Theorem 3.3.2, Theorem 3.3.3 and Theorem 3.3.4.

Theorem 3.5.1. In the case of piecewise constant data:

e the load vector entries of order n are all given by

flr|T]

(")




7

e the mass matrixz of order n is given by

- C‘T|T| (8 +B
Ma,ﬂ - (27?) (Qn(;rd) ( « )7 a7 ﬁ € I§7

and can be computed with a O(n??) complexity using Algorithm 3.2, 3.3 and
3.4 ford=1,2, and 3, respectively;

e the stiffness matriz of order n is given by

d+1
Saﬁ = 77,2 Z Ek,Z<M)V)\jA|TV)\z,

1,7=1

and can be computed with a O(n?®) complezity using Algorithms 3.8, 3.9
and 3.10 for d = 1,2 and 3, respectively ;

e the convective matrixz of order n is given by

n|T]| Gk a+f—e
Va,ﬁ - (Zn—l) (2n—1+d) b‘T ) Z V)\g( a E) ) (& /6 € Igllu
/=1

n d

and can be computed with a O(n?) complezity using Algorithms 3.11, 3.12,
and 3.13 for d = 1,2 and 3, respectively.

One should note that the above formulae are all explicit.

In the case of variable data, the integrals are approrimated using the Stroud-

Conical product rule with ¢¢ quadrature points, with ¢ = n + 1. It holds that:

e the load vector of order n can be computed with a O(n®™t) complexity by

means of Algorithms 2.2, 2.3 and 2.4 for d = 1,2 and 3, respectively;

e the mass matriz of order n can be computed with a O(n?) complexity by

means of Algorithms 3.17, 3.18 and 3.19, for d = 1,2 and 3, respectively;

e the stiffness matriz of order n can be computed with a O(n*®) complexity by

means of Algorithms 3.20, 3.21, and 3.22, for d = 1,2, 3, respectively;
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e the convective matriz of order n can be computed with a O(n*?) complezity

by means of Algorithms 3.23, 3.24 and 3.25, for d = 1,2, 3, respectively.

3.6 Numerical Examples

3.6.1 CPU Timings

For d = 1,2, 3, we now proceed to plot the CPU time involved in the computation
of the elemental mass and stiffness matrices against the value of n, using both the
algorithms presented here and those introduced in [11]. We obtain Figure 3.2:
“Mass” and “Stiffness® respectively refer to the CPU timings for computing the
mass and stiffness matrices with constant coefficients. The CPU timings for
computing the stiffness matrix with variable coefficients is represented by the
plots corresponding to ”Stiffness (variable)“ and ”Stiffness (variable, precomp) .
That is, for the variable case, two approaches are represented: the one presented
in this work (PRECOMP), and that developed in [11] (see Section 2.3 for more
details).

On each graph, the growth of the computational cost is compared to the curve
of the function Cn??, where C' is a scalar constant. We observe that, in all cases,
the results confirm the predicted optimal cost O(n??). In addition, observe that,
with d = 2, 3, the CPU timings corresponding to the constant and variable cases
are virtually the same for higher degrees, which is consistent with the fact that
the additional cost occuring when the data is variable only comes from the B-
moments computation which is done in only O(n?*!) operations. In contrast, with
d = 1, the computations of the B-moments and those of the stiffness matrix are
of the same order, which causes a significant difference between the constant and
variable data, as observed Figure 3.2(a) for the stiffness matrix. In other words,
with the proposed approach, the complexity is not dominated by the quadrature
cost with d > 1.
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Figure 3.2: CPU timings for the computation of the mass and stiffness matrices
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3.6.2 Test Problem

We next use our basis to solve the problem

—Au = 1on (),
(3.35)
u = 0on 09,
on the single triangle T" defined by
T:={(x,y) €eR?: 0<z,y<1, 0<y<1—2z}. (3.36)

The corresponding error in the energy norm is given in Figure 3.3(a).

Observe in particular that, for n > 30, the error starts oscillating, which
might be due to the growth of the stiffness matrix condition number, as shown

in Figure 3.3(b).
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Figure 3.3: Error and condition number for the 2D case
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CHAPTER 4

Bernstein-Bézier Finite Elements

for H(curl) in 2D

The goal of this chapter is to generalize the results obtained in Chapter 3 to the
two-dimensional space H (curl) defined by (1.10). In two dimensions, H(curl) is
isomorphic to the H(div) space defined by H(div;Q) := {v € L*(Q) : div(v) €
L*(Q)}, with div(v) := V - v. Hence the work presented in this chapter was used
as a foundation for an article on Bernstein-Bézier H(div) finite elements in two

dimensions [10].

Finite element spaces in H (curl) are used for solving curl-curl problems of the

form:
curl (A curl u) +ru =f,
u-T =0onlIp, (4.1)
Acurlu  =0on 'y,
where
1—‘DLJF]V = 897
I'pOTny =0.

It is well-established that H! finite elements applied to the Galerkin discretization

82
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of the above problem may lead to spurious solutions [74, 66].

Multiplying the first equation of (4.1) by smooth functions, and integrating

by parts, the weak formulation corresponding to (4.1) reads:

Find u € Hy(curl; Q) such that, for all v € Hy(curl; ),

[ Ao curtux) curlvix) e+ [ wxut - vix)dx = [ £ v(x)dx,

(4.2)

where Hy(curl; ©2) consists of the functions in H (curl; 2) with zero tangential com-
ponent on the boundary I'p. Moreover, the scalar-valued function A is assumed
to be continuous and strictly positive on €2, k is bounded and uniformly positive
definite, and f is square-integrable. Under these assumptions, the bilinear form

a(+,-) and the linear form F' which are defined by

a(u,v) := /Q [Acurlu(x) curl v(x)dx + k(x)u(x) - v(x)]dx, u,v € Hy(curl; Q),

F(v):= /Qf(x) -v(x)dx, v e Hy(curl; (),

are continuous. In addition, a(-,-) is coercive, with coercivity constant given by

x'k(x)x
Y = min { inf A inf ————

win { 10f A@). 20 e )
Thus, by virtue of the Lax-Milgram Lemma, (4.2) is well-posed. Without loss
of generality, we can assume that & is symmetric. Assuming that  C R? is a
domain with polygonal boundary, and that {q,’)m-};il is a conforming set of shape
functions on each triangle T of a triangulation of 2, the Galerkin discretization

of the problem consists in approximating any v € Hg(curl; 2) and the solution u

using the substitutions
m m
VR Vpp = E €j¢T,j7 U~ Urg = E ki¢T,i7
j=1 i=1

on every triangle T' of the triangulation. Inserting the above approximations into
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(4.2) yields a linear system involving the H(curl) load vector, mass and stiffness

matrices whose components are given by

/f-qSTJ dx, /liqu-(bT’j dx, /curl(qST’i)Acurl((bT’j)dx, (4.3)
T T T

respectively.

Recall that, in two dimensions, the Raviart-Thomas elements are obtained by
“rotating“ the Nédélec elements (see [26, Section 5]). Hence, using the notations
in the above equations, the set {qb%z};”:l forms an H (div)-conforming set of shape
functions on the triangle 7", and the corresponding H (div) load vector, mass and

stiffness matrices are given by

/ fdiv . ¢CJZ“_71 dX, / K’divd)ii . q’)ij dX, / diV(d)%’i)AdiV le(q’)é:J) dX, (44)
T T T

where f4V, k4 and AN respectively denote the coefficients associated with the
load vector, the mass matrix and the stiffness matrix. Using a simple algebraic

argument, it can be shown that

[t prdx = [(—f)E @, dx,
I Kldivd)%’i . (z)%] dx = [, jediv br; - b dx, (4.5)
Jrdiv(gr ) AT div(gr) dx = [peurl(dy)A™ curl(¢y;) dx,

where £ is defined as

. a99 —as1 .
~div . : div ,_
K = with K = (CLZ']')Z'J':LQ.

—ai2 a1

Hence, in order to compute the H(div) elemental load vector associated with

the function f4v, it suffices to compute the H(curl) load vector associated with

(—f4V)+. Similarly, the H(div) elemental mass matrix associated with k1" can
be obtained by computing the H(curl) elemental mass matrix associated with
Y defined above. Using the fact that div(¢’) = — curl(¢), it can be easily

shown that the H(div) elemental stiffness matrix associated with the function A
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is equal to the H(curl) stiffness matrix associated with the same function. As a
consequence, provided that the data is pre-processed as on the right-hand side
of (4.5), the H(curl) routines presented in Appendix B can also be used for the

computation of the H(div) elemental quantities.

The chapter is organized as follows. Section 4.1 describes the H (curl) Bernstein-
Bézier (BB) finite element shape functions which are based on BB polynomials.
The key idea behind the optimal complexity results is to write the H (curl) quan-
tities in terms of linear combinations of B-moments, as discussed in Section 4.2,
and then use the estimations presented in Chapter 2 for the computation of the
B-moments. Section 4.3 then gives the details of the corresponding algorithms
and proves that they achieve the optimal complexity O(n?*). Section 4.5 concludes
with CPU timings which are consistent with the predicted optimal complexity
results, and gives an illustrative example of the use of the presented finite element

for solving a Maxwell’s eigenvalue problem.

4.1 Bernstein-Bézier H(curl) Finite Element

Since only the case d = 2 is considered in this chapter, we use simplified versions of
the notations used in Chapter 2. Thus, for n € Z7, the symbol Z" is used instead
of Zi'. In particular, note that Z° = {(0,0,0)} and Z' = {e; : k = 1,2,3}, where
ey, is such that the k" index is one and the other entries vanish. Similarly, we use
the simplified notation D"(T') = D(T') for the set of two-dimensional domain
points with respect to the simplex 7. We also denote by P, the space of bivariate
polynomials of total degree at most k, and (IP;)? is the space of vector functions

whose both components are polynomials in Py.

Given a triangle T' = (v1, vq, v3), where the vertices are ordered counterclock-
wise, the notations 7; (respectively 7;) refer to the edge opposite to the vertex
v; (respectively the unit tangent vector on ; in the counterclockwise direction

around the triangle).
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The star of an index ax € Z", as represented on Figure 4.1 below, is the set

Star(a) :={a+e,—er: k,0=1,2,3} NZI"
={o,a+(-1,1,0),a+ (-1,0,1), + (0, —1,1),

a+(1,-1,0),a+(1,0,-1),a+(0,1,-1)} N I". (4.6)

Figure 4.1: Domain Point Star

In addition, let +}* (respectively I") denote the set of domain points belonging

to the edge v; except the vertices (respectively the interior domain points).

4.1.1 Bernstein-Bézier Basis for the H(curl) Finite Ele-

ment

The aim of this section is to provide a basis for the Nédélec space NID,, defined by
(1.14) associated with a given triangle 7', such that the element-wise computations

of the quantities (4.3) are of optimal order.

We now recall the definition of the Whitney functions
Ww; = )\iHV)\i,l — Ai71v>\i+17 1= 1, 2, 3, (47)

where we identify A, 3 = \,. By definition, note that w; € ND, = P%+span(x').


./star2D.eps
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It is well-known [78, 29, 67] that

span({w; : i =1,2,3}) = NDj. (4.8)

In addition, it is easy to check that (w; - Tiy1)|, = (Wi - Tiz1)|y = 0.

Lemma 4.1.1. The barycentric coordinates \; and Whitney functions w;, for

1 =1,2,3, satisfy

_
VA = 2|T|n“ (4.9)
1

(VA)E - VAipr = —(VA)H - VA = Sk (4.10)

1
curl(w;) = —, (4.11)

T

1

(wi - Ti)|w =VA_1-17i=-Vj T = m (4.12)

Proof. The first identity is easy to check by definition. Since the angle between
(VX;)+ and V4 is always acute, we have (V) - Vi1 = [[VA X VA 4]], and
(4.10) follows from (4.9) and the identity |v;|n; x [7i1|ni1 = £2|T|k, where k is
the unit vector along the z-axis. The formula for (V;)* -V \;_; follows from the

identity a - bt = —at - b. To show (4.11), we observe that in two dimensions,
curl(af) = —Va - £+ + a curl(f), (4.13)
where a is a scalar function. Taking into account that curl Vf = 0, we obtain

Curl()\i+1V)\,~_1 — >\i—1V)\i+1) = curl()\iHV)\i_l) - curl()\i_1V)\i+1)
= Vs (VA) + VA - (V)b

and (4.11) follows from (4.10), having also used the fact that, (i+1)+1 =17 —1,
when 7 is taken in the cyclic permutations of the set (1,2,3). Finally, by (4.9),
T = M(V)\i){ and hence (4.10) implies VA1 - 7; = =V i1 -7 =

— SO
[yl

1
[vil?

diprthiog By restricting the latter to ; we complete the proof of

vl
(4.12). O

that w; - 7; =
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For n > 0 and a = (ay, az, a3) € I, we define o2 € (P, 11)* by

(€3] (%) (%]

3
oL =Mm+1)BL A A A | ={0+DBLY o (4.14)
i=1
VA1 Vs Vg
In particular, oy, = 0. By (4.7) and the identity Bi\; = % Bt it follows
that ,
on = (i + 1) (i1 Vg — aia VA1) Batl . (4.15)
=1

3 n —
Since o;By|,, = 0, we have

(- 7)],, =0, i=1,23. (4.16)

(o7

Lemma 4.1.2. For any (i,j, k) € ",

n n+1l... o noitl [ pn n

= 5Bk + kB k1) = 55 (B + 3B ki)
Proof. By using (4.13) and (4.11) it is easy to show that

. . n .
curl(ejy;,) = —(n + 1)(V8fjk(zw1 + jwy + kws)t — WB”’“>'

By the chain rule,

VB = n[B L VA + Bl Vo + Bl V], (4.17)

J

where, according to our convention, B, := 0 if (r,s,t) ¢ Z™. For example,

VB o = nBii,,VAL so that two terms in the right hand side of (4.17) are

omitted. Inserting (4.10) and the definition of the Bernstein polynomials into
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(4.17), we obtain

VBlywi = n[MBIL VA(VAs)T = AsBI L VAL(VAg) "
+ BV A(VAs) Y — MBI VA3(VA) ]

P‘QB” 1,5,k + )‘San 11J k )‘2B@n] 11 k >‘3an]li 1]

2|T|
= 2|T| [(] + 1)Bz 1j+1,k T (k + 1)3?—1,3‘,“1 - jBi kBZ/J
Similarly,
1 . n
VBz]ka = 2|T| [(Z+1)Bz+1] 1k}+(k+]')Blj 1,k+1 ZBi kBZ]k‘j|
1 ) )
VBz]ka = S [(2 +1)Bly jp (G +1)B ey — By sz]k}

The lemma follows by substituting these expressions into the above formula for

curl(o ”k) O

We are ready to describe a spanning set and a basis for NID,, associated with

a triangle 7T'.

Theorem 4.1.3. A spanning set for ND,,, n > 0, is given by
{wi, wo, w3} U{VBL": acT"}U{ol: acI"}. (4.18)
Moreover, let

EW .= (VB acyyu{w}, i=1,2,3,
IV = {VB'*': a1},

I7 = {az cael™\ {Oéo}}a

where oy is an arbitrary index in I". Then B, := I UIY U EYVUEP UEY s
a basis for ND,,.

Proof. The chain rules applied to the gradient operator shows that, for o« € 71,
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VB! is in ND,,. Similarly, since the Whitney functions are in NDy = P2 +
span(x7), it follows from (4.14) that o? belongs to ND,,, for a € Z". Thus, all
functions listed in the first display of the theorem belong to ND,,. Since B, is
included in the set defined in (4.18), it suffices to prove that 5,, forms a basis for
ND,,. It is easy to check by definition that dim(ND,,) = (n + 1)(n + 3) = #B,,

and thus it suffices to prove that the functions in B,, are linearly independent.

To this end, we consider an arbitrary linear combination S of functions in B,,,

S=S;,+S1v+Sg1+8Sg2+Sks,
where Sy, € span(I7), S;v € span(IY), Sg; € span(E,(f)), i =1,2,3. Assuming
that S = 0, we will show that all coefficients of S are zero, which implies the

desired linear independence.

It is easy to see that (S-7;)|,, = (Sgi-Ti)|y, ¢ = 1,2,3. Hence S = 0 implies
(SE,i . ’TZ'>|%. = 0. Let

Sp3 = cwsz + Z ca VB ¢, ca € R.

aE’y;-H

By (4.12), (w; - T3)|yy = VAo - T3 ==V - T3 = |713\ Hence

VBZ;LLil—i,O "T3 = (n + 1)(B?f1m+17¢,0v>\1 + B} V)\2) ©T3

i,n—1,0

=+ 1)(BLy 1m0 = Blnio) VA7, i=1,...n,

and since Y B!

iwn—i,0

1 on the edge 73, we obtain the following identity on
this edge:

n

0=|lSes Ts=c—(n+1)Y_ Cinr1-i0(Bf 1m11-10 — Bl io)

i=1

= Z(C — (n+1)cit1p—i0+ (n+ 1)Ci,n+17i,0)an7i,07
i=0
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where

C0,n41,0 = Cny1,0,0 = 0. (4.19)

By the linear independence of B, ;,, i =0,...,n, on 73, it follows that

c—(n+1cipipn—io+ (n+1)cint1-i0=0, i=0,...,n,

which is a linear system with respect to the n+1 unknows ¢, ¢y 5, 0, - .., ¢p1,0. Using
(4.19), it is easy to check that the above-mentioned linear system admits only
the trivial solution, thus implying that all coefficients of Sg 3 are zero. Similarly,
by considering the edges 7, and 7,, we conclude that all coefficients of Sg; and
Sk are also zero. Hence

S=S/,+Siv.
Since curl(V f) =0 for any f, S = 0 implies curl(S;,) = 0. Let

Sio= Y daoh, da €R, dg, =0.

acIn

Then by applying Lemma 4.1.2 we obtain

0= Z do curl(ol) = Z JijkB?jka

aeln (i.4,k)ETn
with
- n+1. . . ‘ i(i i
dijk = 7] [(i + ik + jk + n)di — (]gl)dz‘—mﬂ,k - —(kg—l)di—l,j,k—i-l
- j(i;rl)dwl,jfl,k - j(kgrl)di,jﬂ,kﬂ - @diﬂ,j’k*l - k(j;l)di7j+1,k*1]v

which, in view of the linear independence of the Bernstein polynomials implies
that

dijk - 07 (iaja k) SA

The latter is a square linear system with respect to d;jx, (4,j,k) € Z". Since
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the coefficients in each row of this system sum to zero, it is easy to see that
the matrix of the system after the column and the row corresponding to oy
are removed is irreducible and (weakly) diagonally dominant with at least one
strongly diagonally dominant row. By a well known theorem of linear algebra

this matrix is nonsingular, thus implying that d, = 0 for all @ € 7" \ {a}.

Hence the coefficients g, of Sy v satisty

0=8=Siv= > VB =V( 3 wB")

aGZDZn+1 aefn+l

which implies that > 5.1 9o BLT is a constant. Since this expression vanishes
on the boundary of 7', it follows that the constant is zero, and hence g, = 0 for

all @ € 7 +! by the linear independence of the Bernstein polynomials. O

Note that By = {w1, ws, w3} which are the classical Whitney edge functions.
In addition,
By = {wi,ws, w3, VB, VBiy,, VB U T,

1 0.1 0.1

where I consists of any two functions in {o 0,0,

b owith of, = \w;,
it = 1,2,3. From the definition of the basis B,, observe that the only shape
functions with non-zero tangential components consists of the edge gradients and
the Whitney shape functions (see Section A.2 for the graph of the sigma and

gradient basis functions for n =1 and n = 2).

For simplicity, suppose that the shape functions described in Theorem 4.1.3
are indexed as in B, = {b; : j = 1,...,dim(ND,)}. Then, for u € ND,, there

exists a unique coefficient sequence {¢; : j =1,...,dim(ND, )} satisfying
dim(ND,,)
u = Z Cjbj. (420)
j=1

Introducing the set ¥, = {¢; : j =1,...,dim(ND,)} consisting of linear func-
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tionals given by

ND, s u— ¢j(u) =¢;, j=1,...,dim(ND,),

Theorem 4.1.3 amounts to say that X, s unisolvent with respect to NID,,.

4.1.2 Bernstein-Bézier Vector Finite Element Spaces on a

Partition

We discuss in this section the H (curl)-conformity of the finite element. To this
end, recall that a sufficient condition for a finite element to be H (curl) conform-
ing is that the underlying space is in H(curl) and that inter-element tangential
continuity holds (see Lemma 4.1.4 below). Moreover, observe that the only shape
functions with non-vanishing tangential components consists of the interface gra-
dient and the Whitney edge functions. Thus, tangential continuity needs to be
checked only with the gradients and Whitney shape functions. One can check
that the tangential components of the gradients match on the interface, whereas
those of the Whitney functions match up to a minus sign. Therefore, the degrees
of freeedom associated with the interface gradients are identified with each other,
whereas, for the Whitney functions, the identification of the associated degrees of
freedom takes account of the global orientation of the corresponding edge. More
precisely, if the local and global orientation of a given edge are of opposite direc-
tions, then the sign of the corresponding Whitney function is reversed during the

assembly process.

Let A = {T'} be a regular triangulation of a polyhedral domain 2 € R?. Let
u € ND, and T, T" € A such that TNT' = e. Let 77 and 7T respectively
denote the oriented edge e with respect to 7" and 7”. In particular, 7o = —7 7.
It then holds that (u- 77)r = (u- 77 ) if and only if the interface gradient
coefficients match and the Whitney coefficients are opposites with respect to each
other on the interface. That is to say, if the values of the local gradient (respec-

tively Whitney) degrees of freedom in the finite elements (7, ND,,(7"), ¥,(T")) and
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(T",ND,,(T"),%,(T")) are the same (respectively opposites) on the interface, then
u has continuous tangential components. The next lemma justifies tangential

continuity as a criterion for H (curl)-conformity:

Lemma 4.1.4. Using the above notations, let v denote a function such that,
for any T € A, v|r € H(curl;T). In addition, assume that v has continuous
tangential components, that is, for any T,T" € A satisfying TNT' = e # (), it
holds that

[(V ’ T)|e]Jp = (V : T)|eﬂT - (V ’ 1-)|eﬁT’ =0.

Then v is in H(curl; Q).
Proof. See [65, Lemma 5.3]. O

The next theorem is an immediate consequence of Lemma 4.1.4:

Theorem 4.1.5. Let SS™(A) denote the global finite element resulting from
the assembly of the finite elements (T,ND,(T),%,(T)), T € A. Then S™(A)
is H (curl)-conforming, and consists of tangentially continuous functions in the

Nédélec space ND,(A).

4.2 B-Moment Transformations

For simplicity, we will from now on make no distinction between equality and
approximation. That is, depending on the context, the expression “A = B” may
either reads “A is equal to B”, or “B approximates A”. The purpose of this sec-
tion is to write all the H(curl) quantities in terms B-moments. Combined with
the routine Moment2D, or Algorithm 2.3 presented in Chapter 2, these transfor-

mations lead to the optimal complexity results detailed in Section 4.3.

Let T € A be a triangle and let f : 7" — X denote a smooth function, where

X is a finite dimensional vector space (typically R, R? or R?*?). Recall that the
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Bernstein-Bézier (B-) moments of degree n for the function f on 7" are given by

po (£) = /TBZ(X)f<X) dx, acl" (4.21)

In addition, recall from Theorem 2.2.4 with the case d = 2 that the B-moments of
order n can be computed with O(n?) operations, when using the Stroud conical

product rule based on (n + 1)? quadrature points.

In this section we provide the transformation formulae for the element level
load vector, mass and stiffness matrices (4.3) in terms of B-moments of the data
when using the spanning set for NI, described in Theorem 4.1.3. In an imple-
mentation appropriate rows and columns will need to be removed to obtain the

matrices corresponding to the basis B,,.

For a given matrix function  : T'— R?) let (-, ), denote the inner product

(£, g)e = / (K(F()) - g(x) dx.

In the case k(x) = Id = [} Y] we use the notation (-, ) for simplicity.

We write the H(curl) element load vector, mass and stiffness matrices in a

block matrix form as

L=[fv '],

MVV MVJ MVW 0 0 0
M = (MVJ)t Y K MO’W , S — 0 Soo SO’W ,
(MVW)t (MO’W)t MWW 0 (SUW)t SWW

where

£y = (f,VB."), aecI™,
£ = (f,0)), acI”

(07

£V = (fw;), i=1,23,

2
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Ug7ag)n7 a?ﬁ eI”?

acI" i=1,23,

g = (curl(el,), curl(o ))A, a,Bel”

SZVY = (curl(a ) Curl(wz))

wWw
S

b €T i=1,23,

= (curl(w;), curl(w;)) 1,7 =1,2,3.

A’

Note that five blocks of S vanish because the curl of a gradient field is zero.

We also recall for later use the following expansions of o, and curl(o?) in

the Bernstein basis,

23: Co +elBgi; acl", (4.22)
where
e = (i + V(@1 Vi — e Vi), k=1,2,3, (4.23)
and
curl(oh) = Z E%O‘)BZ, acI" (4.24)

nestar(a)
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where Star(a) is defined in (4.6), o € 7", and

(« n-+1
O leren = — oyt Dan k=123 k2L
s 4.25)
—(a) _ n+1 ( (
) = ar + 1)ay,
T 2
kA0

Indeed, (4.23) follows from (4.15), and (4.25) follows from Lemma 4.1.2.

We can now state the main result of this section.

Theorem 4.2.1. The entries of the H(curl) load vector L, mass matriz M and

stiffness matrix S can be expressed in terms of B-moments of the data as follows:

3
£Y = (n+1)) V- pn o (f), (4.26)
k=1
Z Celey - 1o, (F), (4.27)
£V = Vi, (F), (4.28)
r==+1

where &%), s defined in (4.23), and the terms in (4.26) for which o — ey ¢ I

oteg

are ignored in the summation,

3 (Oc er+B8— eg)
MZ% = (TL+ 1)2 Z #VAK lua er+0— ez( ) : v)\]g, (429)

kf=1 (n)

3 (a—ek-i-B—I—eg)

o a—e n o (B
Mzﬂ =(n+1) Z (2n+lf) VA lu2aj;1k+,3+e[ (k) - C(ﬁleg7 (4.30)
k=1 n+1

Moy = ZZ (o) VA - Ha e rey, (8) - Vi, (4.31)
k=1r==%+1
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L (e ) e )
oo a+e o (o 2n+2 o
Maﬂ = Z (2n+§) cOchek luaJ::ekJr,BJre[ (K’) ' CﬁJreg’ (432)
k=1 n+1
a+ek+ez+r)
MZ"/V Z Z a+ek Exa-‘zek Mgiik+ez+r( ) ) vAi_r’ (433)
n -+ 2
k=1 r=+1
rs
MY = Y VA 2 e, (R) - VA, (4.34)

r,s==41 (ei+r+e]'+s)

where, in (4.29), (4.30) and (4.31), the terms of the form i, for which m ¢ ™ are

wgnored in the summation, and

Sis= > —ged®uln (A), (4.35)

neEStar (o) (2:) !
)

pestar(B8
o 1 (& n
So = = 7 > E@Mun(A), (4.36)
neStar (o)
1 1
SWW e / A(x) dx = ng(A), (4.37)

where &, n € Star(a), is defined in (4.25).

Proof. The chain rule applied to the gradient of the Bernstein polynomial gives
VBt = (n+1) Z VB, Hence,

(= [ 660 VB ) dx = 0+ ) 3 V- [ FO0BL, () dx

k=1 T

which yields (4.26). Similarly, (4.27) follows from (4.22), and (4.28) is obtained

from the following calculation:

£V /T £(x) - a1 (VA1 — A1 (X)V i) dx

= V)\ifl . / f( )Bé +1< )dX — v)\fi+1 . / f<X)Bé¢—1 dx.
T

T

The formula (4.29) is a particular case of [11, Eq. (44)]. To obtain (4.30), we
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need the well known product formula for Bernstein polynomials,

(““3)
BLBY = G )ngg, acl' Bel™ (4.38)

Indeed, by applying (4.22) and the gradient formula, we have

My% = / oj3(x) - k(x) - VBLH (x) dx.
T

) 3 [ BB, 0B () dx - D,
k=1

and (4.30) follows from (4.38). Again by the gradient formula,
MVW / VBn+1< ) KZ(X) . ()\Z‘Jrl(X)V)\Z',l — )\i71<X>V)\i+1) dx
T
(n+1 Zm [ BBy () (B VA~ B V)

and by using (4.38) we obtain (4.31). Equations (4.32) and (4.33) can be shown
similarly to (4.30) and (4.31). Next,

MZZW / Z T)‘H—?" VAZ r K,( ) Z 8)\j+S(X)V)\j_SdX

r=%1 s==1
= > sV, / K (X) Aigr (X) N1 (X) dx - VA,
r,s==+1 T
which implies (4.34) since BZ ,,, = (ekiel))\k)\g. Finally, (4.35)—(4.37) follow
immediately from (4.24), (4.38) and (4.11). O

Considering that the formulas (4.26)—(4.37) include B-moments of different
degrees for the same data, for example the moments of k of degree 2, n+1, n+2,
2n, 2n + 1 and 2n + 2, it is important to investigate the cheapest method for
working with B-moments of various orders. Thus, observe that the moments of
a lower degree can be obtained from the moments of a higher degree by a simple
degree raising transformation, rather than computed independently according to

Theorem 2.2.4. Note that degree raising is one of standard tools in curve and
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surface modelling [64, Section 2.15].

Lemma 4.2.2. Let { < n. Then, the degree-raising formula is given by:

=3 ((2‘))u2+n(f), acT (4.39)

Proof. Since Bernstein polynomials build a partition of unity, we have

Z/B"" VB! (x)f(x) dx,

nezn—*

pae) = [ BL
T
and (4.39) follows by the product formula (4.38). O

In view of Lemma 4.2.2, there are three possible alternatives for handling
different degrees: lower the B-moment order one step at a time using repeated
applications of the degree-raising formula, “jump” to the desired B-moment order
using only one application of the degree-raising formula, or directly computing
the desired B-moments using Moment2D. The first and second approaches are

respectively referred to as degree-lowering and degree-jump.

We next proceed to compare the cost involved in using degree-lowering, degree-

jump or the direct computation of the B-moments:

4.2.1 Degree-Lowering for B-Moments

By (4.39), the formula for degree raising from n — 1 to n has the form

3
1
_ﬁz a4+ Dppp e, (), eI,
=1

and allows to compute B-moments p ! (f) of degree n—1 if the moments {2 (f) :
o € 1"} of degree n are known, which leads to the routine LowerMoment of

Algorithm 4.1.

We now estimate the cost of repeated degree-lowering in the case where X =

R,
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Algorithm 4.1: LowerMoment(F)

Input : Array F corresponding to degree n B-moments {u2(f) : a € Z"}
off: T — X.

Output: Array F°" of degree n — 1 B-moments {u% '(f) : a € 7"}

foreach a € 7" do

\; foreach £ =1,2,3 do

[SU VR

LFout[a] += (ay + 1) *Fla + e);

4 FoU /= p;
5 Return FoU;

Lemma 4.2.3. Assume that the B-moments {ul(f) : @ € I"} of degree n of
a function £ : T — R? are known. Then its B-moments {u’,(f) : a € I%}

of degree { < n can be computed by repeated applications of Algorithm 4.1 with

6[(”;2) — (4’52)] operations.

Proof. Using LowerMoment to lower the degree from k to k — 1 will cost 6(’“;1)
multiplications, and we need to execute this for £k =n,..., ¢+ 1, thus giving the
overall cost of
; Z </<;+1) e (k+2) e (k—|—2) _6"21 (k+2)
k=041 2 k=t 2 k=0 2 k=0 2 /)
and the lemma follows since 7 (*1%) = ("77). O

4.2.2 Degree-Jump for B-Moments

Another way to approximate the moments of order ¢ from those of order n is,
rather than lowering the order of the moments one step at a time, jumping directly
from n to £. More precisely, the degree-jump is obtained by directly implementing

(4.39), as detailed in Algorithm 4.2.

In the case where X = R?, the following result holds:
Lemma 4.2.4. Assume that the B-moments {ul(f) : a € "} of degree n of a

function £ : T — R? are known. Then its B-moments {u’,(f): o € I%} of degree
¢ < n can be computed by means of Algorithm 4.2 with (¢ + 1)(n — ¢+ 1)(fn —
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Algorithm 4.2: Degree-Jump(F, n, /)

Input : Array F corresponding to order n BB moments
{pa(f): e eI} of f: T — X, and precomputed binomial
coefficients {C§+q :0<p<n,0<qg<n}

Output: Array FoU of order ¢ BB moments {u’ (f) : a € Z%}.

Fout = 07

for oy = ¢ to 0 do

for /1 =n—/{ to 0 do

wy = Cgll'f'ﬁl/czl;

for oy = ¢ — a7 to 0 do

for o =n—¢—p; to 0 do

Wy = W * 0322*62;

a3 =0 —a; —ay, B3=n—{— [ — P
w3 = wy * CY3 75,

Fo' += ws« Fla + ];

© 00 N O Uk W N

—
o

11 Return FoU;

(% +2n +5) operations.

Proof. From the algorithm description, one can see that Algorithm 4.2 indeed
performs the operations in (4.39). We now proceed with the complexity analysis
of the algorithm. To this end, observe that the loop over the pair (ay, ;) is

executed (¢ + 1)(n — ¢ + 1) times, and contains one multiplication. Similarly,

Z+2) % (n75+2

5 5 ) times, and contains

the loop over the pair (aw, f2) is executed (
one scalar-vector multiplication (which amounts to two multiplications) and two
multiplications. Thus, the overall complexity for computing the BB moments of
order ¢, using Algorithm 4.2, is given by
(42 — {42
((+1) % (n—+1)+4 x ( ; ) X <n 2+ )
=(l+1D)n—L+D[1+L+2)(n—1+2)]

=({+1)(n—C+1)(ln—*+2n+5). (4.40)

O
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4.2.3 Direct Computation

Using a similar argument as that leading to (2.15) yields the next lemma:

Lemma 4.2.5. For f : T — R? and { < n, the B-moments {u,(f) : a €
I computed with the ¢ = n + 1 Stroud product rule, can be assembled with

2[(n+1)2(0+1) + W(n + 1)] operations, using Moment2D.

We now proceed to compare the cost between the alternatives for computing
B-moments of different degrees. First, note from Algorithm 4.2 that, when only
decreasing the B-moment degree by one, degree-jumping contains many redun-
dancies, since most of the binomial coefficients are just equal to 1. Thus, in that
case, LowerMoment is recommended. But it is surprising that, even for a longer
jump, LowerMoment is also preferable. Indeed, degree-jumping from 2n to n + 2
involves n* +6n3 +6n? — 10n — 3 operations, whereas lowering the degree one step
at a time from 2n to n+2 costs 7n®+3n? — 22n — 24 operations. Another applica-
tion of Lemma 4.2.5 shows that directly computing the B-moments of order n+ 2
involves 3n3 + 18n? + 33n + 18 operations, and thus is the cheapest option. Now,
when decreasing the degree all the way to degree 2, degree-jumping appears to be
faster than degree-lowering. Indeed, degree-jumping from degree n+1 to degree 2
involves 12n? + 15n operations, whereas degree-lowering costs n® +6n%+11n — 18
operations. However, Lemma 4.2.5 shows that the direct computation of the B-

moments of order 2 by means of Moment2D only costs 6n? + 24n + 18. operations.

In view of the above discussion, our approach to handling different B-moment
degrees, for example for the matrix k, is as follows: Compute the moments of
order 2n + 2. Use degree-lowering to get the moments of order 2n + 1, then use it
again to obtain those of order 2n. Compute the B-moments of order n + 2 using
the routine Moment2D. Then apply degree-lowering to get the B-moments of order

n + 1. Finally, compute the B-moments of order 2 by means of Moment2D.

One should also note that all the element-level computations are performed
using the same number of quadrature points. Thus, one can precompute and

store the value of the data at the quadrature nodes, thereby reducing the number
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of function evaluations.

4.3 Optimal Order Element Level Computations

4.3.1 Evaluation of the Element Load Vector

In this section, we provide Algorithm 4.3 for computing the H(curl) BB element
load vector of order n associated with some data f. In Algorithm 4.3, recall that
the routine Moment2D from Chapter 3 computes the B-moments corresponding
to the function f. Hence, the H(curl) load vector of f associated with a basis
function in B" is computed as a linear combination of B-moments, where the
weights are taken as the corresponding BB coefficients. In particular, we make

use of (4.26), (4.27), and Equation (4.28).

Theorem 4.3.1. Let n € N and ¢ = n + 2. The element load vector of degree n
can be computed using the Stroud conical product rule with ¢* quadrature points

in O(n?) operations using Algorithm HCurlLoad.

Proof. According to Theorem 2.2.4, the B-moments of order n 4+ 1 based on the
Stroud conical quadrature rule with ¢ = n + 2 can be approximated in O(n?)
operations. Besides, it follows from Lemma 4.2.3 that the B-moments of lower

order can be computed in O(n?) operations.

We now consider the computation of fV in Algorithm HCurlLoad: Note that

the complexity is dominated by the innermost loop over ¢ containing one inner

n+2)

product which amounts to two scalar multiplications, and is executed 3( 5

times. Thus, given the B-moments of order n 4 1, the overall complexity for

n+2

N ) = O(n?). After taking account of the complexity

computing fV is given by 6(
required for approximating the B-moments, we deduce that the complexity needed

for computing fV is of order O(n?).

Next, note that the complexity needed for computing f* is dominated by the

innermost loop which is executed 32 times, and contains seven multiplications.
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Algorithm 4.3: HCurlLoad

N O ok N =

10
11
12
13

14
15
16
17
18

19

Input : Array F of 2D vectors corresponding to values of a vector-valued
function f at Stroud nodes.
Output: Blocks fV, f7 and f' of the H(curl) load vector L.
fV=0, fo=0, fV =0;
qg=mn-+2;
/* Element sub-load vector f7 x*/;
fmt=Moment2D (F,q,n+ 1) /* cf. Algorithm 2.3 */ ;
foreach B € 7" do
fori=1 to 3 do
L f5 += (Bi+ DBV — B Vi) - 510 ;

/* ééﬁzei given in (4.23) */;

/* Element sub-load vector fV x*/;
frmt—=l oyerMoment (f™™*) /* cf. Algorithm 4.1 */ ;
foreach a € 7" do
for =1 to 3 do
\; L £y, e, += VA -3

/* Element sub-load vector f'V x/;

fmmt— Moment2D (F,q,1) /* cf. Algorithm 2.3 */ ;

fori=1,2,3do
for r = +1 do

\; L sz += r* V)‘i—r - frm

€ty

Return fV, fo, fV;
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Thus, given the B-moments of order 2, the overall complexity for computing "
is given by 7 x 3% = O(1). After taking account of the complexity needed for
approximating the B-moments of order 1 based on the Stroud conical product
rule with ¢ = n + 2, we deduce that the complexity needed for computing " is

of order O(n?).

A similar argument for f completes the proof. O

4.3.2 Evaluation of the Element Mass Matrix

The goal of this section is to provide efficient algorithms for the computation of
the H(curl) element mass matrix. Most of the presented algorithms refer to the
following Multinomial routine, as presented in [11, Algorithm 5] for arbitrary

dimension:

Algorithm 4.4: Multinomial(D, m,n)
Input : Precomputed binomial coefficients
{Crra: 0<p<m,0<q<nj.
Output: D such that D, g = (“*ﬁ)/(m:{"), acl™ Belm

(o7

1 D=0;

2 for a; = m to 0 do

3 for 51 =n to 0 do

4 wy = Cgll‘FBl/C:Ln'i‘n;

5 for oy = m — a; to 0 do
6 for o =n — 3, to 0 do
7 Wy = W * 0322*52;

8 az=m—a; —ay, B3=n— 1 — B
9 w3 = wy x Co3H%5;

10 Dag += ws;

11 Return D;

Recall that the computation of MVV is proved to be of optimal complexity

O(n?), if using Algorithm StiffMat, or Algorithm 3.21.

Now observe that Algorithm 4.5 and Algorithm 4.9 are direct consequences

of (4.30) and (4.34), respectively. Besides, recall from (4.32) that the constant

2n+2

. +1)’ whereas the constant fac-

factor in the expression of M?7 is given by 1/ (
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tor produced by Multinomial (M?7 n,n) is 1/(2:) Hence, in order to get the
right constant for M7, the computed quantities need to be factorized with

(2:)/(2::12) = (n+ 1)/[2(2n + 1)], as done in the line 8 of Algorithm 4.7. In

addition, note that, for m € N, o, 3 € 7™, and k = 1, 2, 3, it holds that

(a+ek+ﬂ) :ak+1+5k(a+ﬁ)

o+ e ap + 1 o

which gives, for ¢ = 1,2, 3,

<a+ek+5+eé) Bt 14 ap+ Ony y Oék+1+ﬁk(a+ﬁ
o+ ey B+ 1 ap + 1 o

). (4.41)

Inserting (4.41) into (4.32) with the substitution n = e, where k£ = 1,2, 3, leads
directly to Algorithm 4.7. Besides, the identity

(a * ef) —ar+1 (4.42)
«

inserted into (4.31) and (4.33) with ¢ = i + r yields Algorithm 4.6 and 4.8,

respectively.
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Algorithm 4.5: MassSubMat(MVY, k™mt)

Input : B-moments {2""!(k): a € Z?*"*1} computed by means of the
Stroud conical product rule with ¢ = n + 2 | stored into array
KO = {gmmt . o € 72
Output: Element mass sub-matrix MVY?.
1 // Same code as in Multinomial (MVY?,n,n) (cf. Algorithm 4.4),

with the line 10 replaced with the lines:

foreach / =1 to 3 do
w=(Be+1+a)/(Be+1)*xwx*(n+1)/(2n+ 1);
Prod = (n + 1) % WKL o Co e,
foreach £ =1 to 3 do

L MY 3 += VA -Prod;

ateg

N

w

'y

[= I

7 deleteColumn M[Va‘fﬂ :

8 /¥ o, is not part of the basis */;

9 deleteRow M[Y§+1,0,0)};

10 deleteRow M[V(g,nﬂ,o)};

11 deleteRow ME&O,nH)];

12 /* There are no vertex gradient basis functions */;
13 Return MV°;

Algorithm 4.6: MassSubMat(MVW  xmmt)

Input : B-moments {2t (k) : a € Z""'} computed by means of the
Stroud conical product rule with ¢ = n + 2, stored into array
KO = {gmmt . o € 70T}
Output: Element mass sub-matrix MV"W.
MYY = 0;
foreach ag =0 to n do
foreach a; = 0 to n — o do
Q3 =N — Q1 — Q;
w=la;+1,a+1,a3+1];
fori=1,2,3do
for k=1,2,3 do
L for r =+1 do

© W N O ok~ W N o+

L MY, = rrwi, x V- ("Gmmt vAi—r);

a+teg,t ate;q,

10 deleteRow Miﬁm,m];

11 deleteRow MXOV,I;H,O)];

12 deleteRow Mﬁ(%mﬂ)];

13 /* There are no vertex gradient basis functions */;
14 Return MVW;
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Algorithm 4.7: MassSubMat (M7, k™)

Input : B-moments {2""(k): a € Z?"*2} computed by means of the
Stroud conical product rule with ¢ = n + 2 | stored into array
KO = {gmmt . o € 722

Output: Element mass sub-matrix M?7.

// Same code as in Multinomial (M?7,n,n) (cf. Algorithm 4.4),

with the line 10 replaced with the lines:

[y

2 foreach k£ =1 to 3 do

3 Wy = (o + 1+ Br) /(o + 1);

4 sumy = 0;

5 foreach / =1 to 3 do

6 Wy = (B + 14 ag + )/ (Be + 1);

7 \; sumy += wy * w3 * mglfgﬁwrezégglel);

8 | M5 += ﬁ)k*égﬁzek ~sumy * (n+1)/2/(2n + 1);
9 deleteRow M‘[’go];

10 deleteColumn M7 ,;

[exo]?
11 /* o, 1is not part of the basis */;
12 Return M?7;

Algorithm 4.8: MassSubMat(MW | gmmt)

Input : B-moments {u2"?(k): a € Z""} computed by means of the
Stroud conical product rule with ¢ = n + 2, stored into array
g = Jmmt . o ¢ 702

Output: Element mass sub-matrix MW

MW = 0;

foreach oy = 0 to n do

foreach oy =0 to n — ap do

a3 =N — 0 — Qg

w=la;+1a+1,a3+1];

for i =1,2,3 do

for k=1,2,3 do

for r = +1 do

L Mg 4=
mmt

T o
n—+ 2 * (er + 5k’i+r) * Catey, (K"a+ek+ei+r ('i)VAz’fr);

© 00 N O Uk W N =

10 deleteRow MW

[exo]?
11 /* o, 1is not part of the basis */;
12 Return M°";
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Algorithm 4.9: MassSubMat(MWW | gmmt)

U o W N =

[=2]

Input : B-moments {2 (k) : a € Z?} computed by means of the Stroud
conical product rule with ¢ = n + 2, stored into array
g = Jmmt s o € 72}
Output: Element mass sub-matrix MWW,
MYV = 0;
fori,7=1,2,3do
for r,.s = +1 do
if i +r # 7+ s then
| e=1/2
else
L e=1;

MZV‘;W +=r*xsxe*x V_, - (Rmmt V)\j—s);

€itrtejts

Return MW

Algorithm 4.10: HCurlMassMat

© 000 N & Uk W N =

e e e
BW N = O

Input : Array &5 corresponding to values of a matrix-valued function

K at Stroud nodes.
Output: Blocks MYV, MY? MYW M7 MW MWW of the H(curl) mass
matrix M.
q=n-+2;
K™ = Moment2D (k57U ¢ 2n +2) /* cf. Algorithm 2.3 */;
M = MassSubMat (M°7, k™™) /% cf. Algorithm 4.7 */ ;
K™ = LowerMoment (k™) /* cf. Algorithm 4.1 */;
MV = MassSubMat (M7, k™) /% cf. Algorithm 4.5 */ ;
K™ = LowerMoment (k™) /* cf. Algorithm 4.1 */;
MVY = stiffMat(MVV, n+ 1, k™) /% cf. Algorithm 3.21 */;
k™ = Moment2D (k57U g n +2) /* cf. Algorithm 2.3 */ ;
MW = MassSubMat (MW k™) /% cf. Algorithm 4.8 */ ;
K™ = LowerMoment (K™™*) /% cf. Algorithm 4.1 */;
MVW = MassSubMat (MYW k™) /% cf. Algorithm 4.6 */ ;
K™ = Moment2D (k57U ¢ 2) /* cf. Algorithm 2.3 */ ;
MWW = MassSubMat (MW kmmt) /% cf. Algorithm 4.9 */ ;
Return MVY, MV MYV Meo MW MWW,
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Theorem 4.3.2. Letn € N and ¢ = n+2. The H(curl) element mass matriz of
degree n in R? can be computed and assembled using the Stroud conical quadrature

rule with ¢ points in O(n*) operations using Algorithm HCurlMassMat.

Proof. Observe that the B-moments are computed by means of Moment2D only
for the orders 2n + 2, n + 2 and 2. But then, it follows from Theorem 2.2.4 that
the B-moments of order 2n 4+ 2 and n + 2 can respectively be computed with
O((2n+2)3) and O((n + 2)3) operations. Moreover, it follows from the left-hand
side of (2.15) that the B-moments of order 2 can be computed using O((n + 2)?)
operations. For the remaining B-moment orders, Lemma 4.2.3 shows that using
Algorithm LowerMoment for deducing the B-moments of order ¢ — 1 from those
of order ¢, with £ = 2n + 2, 2n + 1 and n + 2, involves O(n?) operations. Thus,

the computation of the moments can be done with O(n?) complexity.

mmt

Assuming that the appropriate B-moments are stored into k™™, we now con-

sider the routine MassSubMat (MY, k™) | that is, Algorithm 4.5. The loop over

the pair (aq, 1) contains one division and is executed (n + 1)? times. The loop

over the pair (aw, 52) contains two multiplications and is executed (";2)2 times.

The loop over ¢ contains two divisions, three multiplications, one matrix-vector

product and one scalar-vector product, which amounts to eleven operations, and

is executed 3 x (";2)2 times. Finally, the loop over k£ contains one inner product,

n+2
2

2\ 2\’ 2\’
(n+1)2+2<n—2i_ ) —|—11><3(n;_ ) +2x32(n; ) = O(nY).

and is executed 3% x ( )2 . Therefore, the overall complexity is given by

A similar argument shows that the computation of M?? can be performed
with O(n?) operations, whereas the blocks MY"W and M°" are computed with
O(n?) complexity. Finally, it is easy to see that the required complexity for
Algorithm MassSubMat (M"'W k™) is of order O(1). O

Note that, though the mass matrix involves B-moments of six different degrees,

the moments are explicitly computed using the routine Moment2D only for three
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degrees. As shown in Lemma 4.2.3, whenever the B-moments of lower order are
needed, it is cheaper to apply one step of LowerMoment, rather than calling the

routine Moment?2D.

4.3.3 Evaluation of the Element Stiffness Matrix

In this section, we provide algorithms for the computation of the H (curl) element

stifflness matrix.

Recall from (4.6) that, for a given ae € Z", the set Star(a), consists of
I"N{a—e;+e: k(=1,23, k#/(}U{a}.

The computational details associated with the stiffness matrix are given in Algo-

rithm 4.11.

Theorem 4.3.3. Letn € N and g = n+2. The H(curl) element stiffness matriz
of degree n in R? can be computed using the Stroud conical quadrature rule with q¢°
points in O(n*) operations using HCurlStiffMat. More precisely, S°°, SV and

SWW: can be computed using O(n*), O(n?) and O(n?) operations, respectively.

Proof. Using a similar argument as in the proof of Theorem 4.3.2, it is shown
that the B-moments of order 2n and n can be computed with O(n?) operations,

whereas that of order 0 involves O(n?) operations.

Now recall from the definition of Star(-) that, for a given «, the number of
indices contained in Star(a) is (at most) seven. Considering the sub-routine for

computing S??, note that the cost is dominated by the innermost loop which is

n+2

) )2, and contains two multiplications. Thus, the overall

executed at most 72 x (

complexity for computing S?? is dominated by
2

2 x 7% x (n—2|—2> = O(n").

Similarly, observe that the complexity required by the sub-routine computing
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Algorithm 4.11: HCurlStiffMat

[V

(S

10
11
12
13
14
15
16

17

18

19
20
21

22

23

Input : Array A5 corresponding to values of a function A at Stroud
nodes.

Output: Blocks S7, SV SWW of the H(curl) stiffness matrix S.

qg=mn-+2;

/* Stiffness sub-matrix S */;

A™t — Moment2D (ASUoud ¢ 2n) /% cf. Algorithm 2.3 */ ;

// Same code as in Multinomial (S°?,n,n) (cf. Algorithm 4.4),

with the line 10 replaced with the lines:

foreach s; € Star(a) do
Tas — W3 * E(0f1)7
foreach s, € Star(3) do

L STe, T= Tas * Anlh * Ega);

deleteRow Tovol

deleteColumn Sfofo];
/* Stiffness sub-matrix SV x/;
At — Moment2D (ASToud g n) /* cf. Algorithm 2.3 */ ;
SV = 0;
for i =1 to 3 do
foreach a € 7" do
foreach s € Star(a) do

1
L STV 4= Wl xTy) * AR

deleteRow S7
/* Stiffness sub-matrix SWW x/;
A™™ = Moment2D (AS"*" ¢ 0) /* cf. Algorithm 2.3 */;

for 7,7 =0 to 3 do
WW 1
N mmtou.
Si,j = W x AO t7

Return S¢, SV, SWW.
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SV is concentrated in the innermost loop over s, which is executed (at most)
3 X T X (";2) times, and contains two multiplications. Hence, the complexity

required for the algorithm is (at most) of order
2
2x3x7x (n—; ):O(nQ).

Taking account of the complexity needed for computing the B-moments of order

n, we find that S can be computed with O(n3) operations.

Finally, it is easy to see that the complexity needed by the sub-routine corre-
sponding to SWW is of order O(1), which, together with the complexity required

for computation of the B-moment of order 0, concludes the proof. O

4.4 Projection onto the Kernel of the curl Oper-

ator

This section shows that the basis described in Theorem 4.1.3 exhibits an explicit
kernel splitting, in that the sigma functions are gradient-free. To this purpose,
we will make use of an important result in the analysis of Maxwell’s equations,
Helmoltz decomposition [51], which states that any vector field v € (Lz(Q))z,
there exist ¢ and ¢ in H'(§2) such that

v =—V¢ + curl(yp). (4.43)

Now observe that the gradient polynomials which are contained in ND,, := P2 | @
x1P,; consists of span{V B2+ : « € I} It follows from the definition of the
basis B,, given in Theorem 4.1.3 that the only gradient basis functions which are
explicitly (but not implicitly) missing from B,, are those associated with vertex
domain points, that is,

{VB(nnJZrll)ej : j = 1727 3} (444)
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Hence, in order to prove that the sigma basis functions are gradient-free, it suffices
to show that the gradient polynomials in (4.44) are orthogonal to the sigma

functions (see Theorem 4.4.1).

The ability to identify the shape functions which belong to the kernel of the
curl operator can be useful, when dealing with a situation, such as the Maxwell’s
eigenvalue problem, where the knowledge of the kernel shape functions can speed
up the computations. In addition, some preconditioning techniques [52, 18| are

based on the ability to identify the functions which are curl-free.

In Equation (4.43), the function ¢ provides the irrotational component of v,
whereas V¢ is termed the gradient part of v. In the sequel, the functions v for
which ¢ is zero in (4.43) are called gradients. Moreover, we denote by By the
matrix of the gradient operator from P, ; to NID,,. We next proceed to compute

the projection of a function in NID,, onto the space orthogonal to gradients.

4.4.1 Discrete Projection

Continuous setting Given ¢ ¢ (LZ(Q))Z, we seek v € H'(Q) satisfying

(¢ — Vv, Vu) =0, VYue H'(Q).

Discrete setting Given ¢ € ND,,, we seek v € P, satisfying
(¢ —Vu,Vu) =0, YueP,.

Assuming that the Bernstein polynomials of order n + 1 are ordered by means of
{by: ¢=1,...,dim(P,41)}, and that v = ), v;b;, the above equation amounts
to

(¢, Vb;) = > vi(Vb;, Vby), j=1,...,dim(Pyy). (4.45)

(2
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In addition, suppose that the elements of B, are ordered by means of B, =
{f, - k=1,...,dim(ND,)}, and that ¢ = >, ¢;f;. Thus, using the fact that
Vb; =3 ,(Byej)fy, it follows that, for any j,

(¢, Vb)) = > exlfi, Vo) = Y iy (Byey)e(fi, £r)
= Z Ck Z(Bvej)sz,z
k l

= Z Ck(MBvej)k.
k
Hence,

(¢. Vb)) = C'MBye; = (C'MBy) _, (4.46)

where C is the coefficient vector of ¢ with respect to the basis B,, and the
notation A. ; refers to the j™ column vector of the matrix A.
Similarly, we find that

(Vbl, Vbj) = (Z(Bvel)kfk, Z(Bvej)gfg) = Z(Bvel)k Z(Bvej)g<fk, fg)

k J4 k J4
= Z(Bvei)k(MBvej)k
k

(4.47)

Inserting (4.46) and (4.47) into (4.45) then yields

(C'MBy) . = 3w (ByMBy), ., = (V'BYMBy) .

i

where V represents the coefficient vector of v with respect to the basis {b; : i =

1,...,dim(P,41)}. It follows that

BLMC = BLMByV,
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so that
V = (BLMBy) 'BLMC.
In particular, the coefficient vector of Vv with respect to the basis B, is given by
ByV = By(BLMBy) 'BLMC.

Hence, the projection from NID,, to the space orthogonal to VPP, is represented

by the matrix
I-By(BLYMBy) 'BLM, (4.48)

where I denotes the identity matrix.

4.4.2 Gradient Matrix

We now proceed to compute By which is the matrix of the gradient operator
from P, to NI,,. To this end, recall that the only gradient polynomials which
are missing from the definition of the basis B, described in Theorem 4.1.3 are
the gradients of the Bernstein polynomials associated with vertex domain points,
or vertex gradients. Thus, in order to find the matrix By, it suffices to find the
expression of the vertex gradients with respect to the basis B, as given in the

next theorem:

Theorem 4.4.1. The gradients of the polynomials of order 1 are spanned by the

Whitney functions, by means of:

VA = wy — ws,
VA = w3 —wi,

V)\3 = W — Wa. (449)
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Moreover, with n > 1, it holds that:

(0] .
VB e, = = 2 n—;lVBZH + (Wi —wj1), j=1,2,3.  (4.50)
aczntl
0<aj<n+1

Proof. The results given in (4.49) are well-known, and can be easily checked.

We now proceed to prove (4.50). The partition of unity property of the

Bernstein polynomials implies that

1
A=) NBL=) 0;]:1 Bile,.

acln acln

Making the change of variable &’ = o + e, then gives

e & n+l _ pntl L n+1
A]_ Z n+1Ba _B("+1)ej+ Z n+1BO‘ ’

acIntl aczt!
0<aj;<n+1
The gradient of the above equation reads
n+1 _ Q n+1 .
VBL e == D VBT VN
acz"t!
0<a;<n+1
a .
=— ) LB 4V, =123 (4.51)
n+1
acz"t!
0<a;<n+1

Inserting (4.49) into (4.51) yields the desired result.

O

Recall that the Whitney edge functions are divergence-free, so that the pro-
jection onto the space orthogonal to gradients is only needed with higher order
Nédélec spaces, that is, with n > 1. The rectangular dim(ND,,) by dim(P,1)
matrix By is then such that the first dim(PP,,4;) columns, which correspond to
gradients, almost form the identity matrix, whereas three of these columns, which
are associated with vertex gradients, can be deduced from (4.50). In addition,

the rows of By associated with the sigma basis functions only have zero en-
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tries, which, by virtue of Helmoltz decomposition, implies that the sigma basis

functions are purely solenoidal.

4.5 Numerical Results

4.5.1 CPU Timings

This section focuses on the CPU timings obtained after running the presented
algorithms for the element load vector and the element matrices. Regarding the
load vector, observe from the proof of Theorem 4.3.1 that, assuming that the ap-
propriate B-moments are given, the computation of the load vector only requires
O(n?) operations. Thus, the computation of the B-moments clearly dominates
the cost, and it is worth distinguishing the CPU time required for computing the
load vector from that required for computing the B-moments. On Figure 4.2(a),
“LOAD” and “BMOMENTS” respectively refer to the CPU timings correspond-
ing to the element load vector and the B-moments. The associated plots are
respectively compared to the curves of Cn? and C'n? with C denoting a generic
constant. As illustrated on the graph, the growth of the CPU time is consis-
tent with the predicted optimal complexity results given in Theorem 4.3.1. On
Figure 4.2(b), “MASS” and “STIFF” respectively refer to the CPU timings as-
sociated with the element mass and stiffness matrices. We observe that, in both
cases, the growth of the CPU time is consistent with the optimal complexity

results given in Theorem 4.3.2 and Theorem 4.3.3.
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Figure 4.2: CPU timing
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4.5.2 Eigenvalue Problem

Consider the curl - curl problem given by:

curl(curlu) =\*u in Q,

7-u=0 on 0f.

The weak form corresponding to the above equations is to find u € Hy(curl) and

A € R such that
(curlu, curlv) = A*(u,v), v & Hoy(curl). (4.52)

In the case where Q = [0, 1]?, it is well-known [28] that the corresponding eigen-
functions and associated eigenvalues are respectively given by the sets {ug, :

kol € Zy} and {\ps: k,0 € Z;} defined by

L
ksin(kmx) cos(dmx)
uk,f(l‘a y) = (453)
Csin({ry) cos(kmx)
and
Mg =m (K +0%), klel,. (4.54)

Observe that the oscillations of uy ¢ increase with & and ¢. Thus, higher approx-

imation order is required in order to approximate larger eigenvalues.

The Galerkin finite element discretization of (4.52) results in a generalized
eigenvalue problem which can be solved by means of any general-purpose eigen-
solver. However, in order to avoid computing the multiple zero eigenvalues, we
use the algorithms presented in Appendix C. It should be mentioned that the
non-zero eigenpairs produced by the methods proposed in Appendix C, and those
returned by numpy.linalg.eigh on Python were found to be the same, up to ma-

chine precision. Considering the mesh consisting of the two triangles separated
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by one diagonal of the square, we obtain Figure 4.3. Figure 4.3(a) shows the
obtained eigenvalues with n = 5, 15 and 25. With n = 5, only the first 10 eigen-
values are approximated correctly, whereas with n = 15, up to 54 eigenvalues are
well-approximated. With n = 25, the first 100 eigenvalues are computed accu-
rately. Hence, provided that the approximation order is sufficient, each eigenvalue
is represented according to its correct multiplicity. For instance, with n = 15 or
n = 25, the eigenvalue \?> = 2572 is repeated four times, which is consistent
with (4.54). Moreover, Figure 4.3(b) shows the convergence rate of the discrete
eigenvalues towards the exact ones. Motivated by the following error bound [13,
Equation 26]
A = Ax| < Cexp(—bN'),

where N is the number of degrees of freedom whereas C' and b are positive con-
stants, we have chosen to represent n??, and not n, on the z-axis, with n denoting

the polynomial order used.

Observe in particular that the first eigenvalues are well-approximated by lower
order approximation, whereas the approximation of the larger eigenvalues start

to improve when the polynomial order is increased.
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Figure 4.3: Eigenvalues associated with (4.52).
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CHAPTER 5

Enhanced Edge Elements

This chapter gives a brief report on the work I have done for a short Knowl-
edge Transfer Partnership (KTP) project sponsored by Cobham Technical Ser-
vices and the Technology Strategy Board (UK) (see [2]). Cobham Technical
Services — Vector Fields Software (Kidlington, UK) (see [1]) is a leading provider
in computational electromagnetics software. The KTP project involved some

research and development (R&D) work on edge finite elements.

As mentioned in the previous chapters, edge elements provide the H(curl)-
conforming finite element discretization of Maxwell’s equations. In a typical finite
element implementation, the shape functions are defined on the reference element.
The shape functions on the physical elements are then computed from appropriate
local-to-global mappings. A mesh is termed affine when each element of the mesh
is obtained by an affine transformation of the reference element. On such meshes,
Nédélec elements have been shown to provide optimal convergence rates O(h"*1)
in H(curl)-norm [38]. However, a lower order of convergence is obtained when
using more general non-affine meshes [17, 43]. In particular, for the lowest-order

Nédélec space NDy, there is no convergence in H (curl)-norm.

The purpose of the KTP project was to investigate this convergence degener-
ation, and implement a remedy suggested in [43, 25] using the C++ programming

language.
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This chapter is organized as follows. Section 5.1 revisits the theoretical con-
ditions for optimal accuracy in H (curl)-norm, including the rationale behind re-
cently developed edge elements [43, 25] designed to preserve optimal accuracy
on non-affine meshes. Section 5.2 details an analytical example illustrating the
defect of standard Nédélec basis on a non-affine hexahedron, in comparison with

new edge shape functions discussed in Section 5.1.2.

5.1 Completeness Condition

This section recalls the H(curl)-conforming transforms which are used in the
finite element computations involving edge elements. A condition for optimal
convergence rate is also given for the polynomial space defined on the reference

element.

5.1.1 H(curl)-Conforming Transformations

Finite element spaces are typically defined on a reference element. The corre-
sponding space on the physical element are generated by applying appropriate
local-to-global mappings. For the sake of completeness, this section recalls the

transformations used for H (curl)-conforming elements.

Assuming that the reference element K and the physical element K are related

by a diffeomorphism ® by means of

then the vector fields are related by the H (curl)-conforming transform [17, Equa-
tion (1.3)]

A(x) = dO (%) "A(%), (5.1)

where d®(-) denotes the Jacobian matrix of the transformation. Hence, for a
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given order r, the finite element space on the physical element K is defined as
P.(K) := {A such that d®"A o ® € P,(K)}, (5.2)

where P,(K) denotes the finite element space defined on the reference element.

Applying the curl operator to both sides of (5.1), and using the chain rules
yields [65, Corollary 3.58]

curl A(x) = Py(%) curl A(%) := |d®(x)|'d®(X) curl A(x), (5.3)

where |d®(-)| represents the Jacobian of the transformation.

With h denoting the mesh size, the following condition ensures a convergence
rate of order O(h"*1) in H(curl)-norm for edge elements of order r [25, Defini-

tion 2].

Completeness Condition. Let r > 0, and f)r(f() the edge finite element space
of order r on the reference element. Then ]ADT(IA() is termed optimal if, for any
element K, it holds that

ND, C P,(K),

where ND,. refers to the Nédélec space of order r and P,(K) is defined in (5.2).

As discussed in the following section, standard Nédélec elements need to be

adjusted in order to meet the above condition on non-affine meshes.

5.1.2 Extended Edge Elements

In [43] an improved lowest-order edge basis which is complete for arbitrary tri-
linear hexahedra is presented. In addition to hexahedral elements, Bergot and
Duruflé introduce in [25] prismatic and pyramidal elements which satisfy the com-
pleteness condition, for arbitrary polynomial order of approximation. In order to
maintain the optimal accuracy of edge finite elements on non-affine meshes, both

above-mentioned references involve the addition of supplementary functions to
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the standard Nédélec basis. This section explains the rationale behind the design

of the additional shape functions.

The key idea used in [43] is to determine which functions need to be added
to the reference cube, for constants to belong to the span of the curl of the basis

functions on the physical hexahedron, using the correspondence (5.3) between

curl A(x) and curl A(%), that is,
curl A(x) = Pg(X)curl A(x)
or, equivalently,

curl A(x) = P3!(%) curl A(x) = |d®(x)|(d®) (%) curl A(x). (5.4)

More precisely, starting with a general trilinear map & : K — R3, the map

P, ' (%) is applied to linearly independent constant vectors, as in
curl A(x) = P;'(%)B(x),

where B(x) is successively set equal to (1,0,0)", (0,1,0)" and (0,0,1)". This
gives rise to a 20-dimensional linear space, which, together with the fact that the
curl of the Nédélec shape functions span a linear space of dimension 5 (see [43,
p.129]), implies that 15 additional basis functions are needed for the curl of the

basis functions to contain constants.

In contrast with Falk et al, Bergot and Duruflé [25] use the H (curl)-conforming

transform, as given in (5.1), that is,
A(x) = do(x) A (%),

with ® defined as a generic linear isoparametric map. The additional functions
that need to be included on the reference element are deduced by looping the field

A over all Nédélec monomials on the physical element. In the lowest-order case,
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this process results in additional degrees of freedom associated with the elements’

faces, as displayed in Figure 5.1.

Figure 5.1: Additional Face-Based Degrees of Freedom

Note that, in addition to the face-based degrees of freedom, each hexahedron

has three internal degrees of freedom.

5.2 Hexahedron: A Particular Example

This section illustrates the fact that the Nédélec edge shape functions do not
satisfy the completeness condition on a simple non-affine hexahedron. In contrast,
the new elements presented in [43, 25] are shown to be complete on the non-affine
hexahedron. Finite element simulations involving the enhanced edge elements are

also included.

5.2.1 Nédélec Basis Functions

The edge and node numbering is as in Figure 5.2.

Fori=1,...,12, we denote by w; the Whitney edge basis function associated

with the i*" edge. In particular, on the reference hexahedron [—1,1]3, the edge
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so that, on each edge #;, it holds that

o 1if ¢ =7,
/ w, - T;ds =
i 0 otherwise,

where 7; is the unit tangent vector along the edge 4;.

We consider the non-affine hexahedron K with vertices given by:

x1 = (3/2,0,0), x5 = (0,0,0)", x5 = (0,1,0)", x4 = (1/2,1,0)",

x5 = (3/2,0,1)", x6 = (0,0, 1), x; = (0,1,1)", xg = (1/2,1,1)", (5.5)

as illustrated on Figure 5.3.

24\
6
6 o 7
5
/\]_0 7 /Pll
8 8
2
5 SN N
2 - 3 -y
12
9 ! 3
4
4
T
X
Figure 5.3: Distorted Hexahedron
Let A : K — R be the function defined as
A(x) == (0,2,0)", (5.6)

so that
(curl A)(x) :=Vx A(x) = (0,0,1)".

We now want to express curl A as a linear combination of the curl of the edge
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basis functions. To this purpose, observe from Figure 5.3 and the expression
of A(x) that the only non-zero degrees of freedom of A with respect to the
lowest order Nédélec elements consist of its tangential components along the
edges 4 and 5. Thus, in order to find the best representation of curl A by the
curl of the edge shape shape functions, it suffices to compute the L?-orthogonal
projection of curl A with respect to the curl of the space span(wy, wy). To this
purpose, it suffices to compute A which is obtained from the H (curl)-conforming

transform (5.1), that is,

~

A(%) = dB(X)"A (x) = dD(X)TA(D(X)), (5.7)

and find the coefficients «; and a4 which solve the two-by-two system

Pa = f;, (5.8)
where
P1,1 = <VV47VV4>K P1,2 = (VV4,W8>R
P2,1 = <W87W4>K7 P2,2 = (VAV8,VAV8>1‘<7
and

fA71 = (A, vAV4>IA(

fA,Q = <Av VAVS)IA(

where the inner product (-, ) is defined by means of

(v, w)p = /K (curl v(x)) - (curl w(x))dx, (5.9)

assuming that v and w are sufficiently regular so that the right-hand side of the

above equation is well-defined.

We now proceed to compute A(x), as defined in (5.7). We set ® to be the
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linear isoparametric transformation [58, Section 5.5], that is,

8

where N are the nodal shape functions on the reference cube [—1,1]® [5, Equa-
tion (11.2)] and x; are given in (5.5), for ¢ =,1,...,8. Expanding the above

expression gives

) (5.10)

4 )
so that
2—-9)/4 —(14+2z)/4 O
dd(2, 9, 2) = 0 1/2 0o |, (5.11)
0 0 1/2
and
2—y
do(z.9,2)| = —=. 12
492, 5,2)| = (512

Inserting (5.11) and (5.10) into (5.7) yields

Ax) = (0, (=& — 1)(§ — 2)/8,0)". (5.13)

Using the above expression of A for solving the system (5.8) gives
a1 = Qg = —1.

Hence, the representation of curl A by the lowest order Nédélec basis is given

by

12
> ajeurl wi(%) = —curl Wwy(%) — curl Wy(%), (5.14)
=1
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Inserting (5.12) into (5.3) amounts to

16 A
curl A(x) = Td@(f{) curl A(x).
-y
Hence, it follows from (5.14) that an attempt to represent the constant field

(0,0,1)" = (curl A)(x) gives

- I_ngcb(fc) (curl w,(%) + curl ws(x))
—(1+1)/8 (1+2)/8
_ _%dé(f{)[ 0 + 0 ]
—(1—-2)/8 —(1+2)/8
4

— ——dd(3 1)
55 42(®)(0.0.1)"

which, together with (5.11), yields

8
- O 1 tr
2 _ g( 707 )
instead of (0,0,1)", thereby showing that the curl of the lowest-order edge basis

functions fail to reproduce constants.

5.2.2 Extended Edge Shape Functions

The aim of this section is to illustrate the completeness of the enhanced edge
basis presented in [25, 43] with the hexahedron given in (5.5). More precisely,
using the function A defined in (5.6), we claim that curl A = (0,0,1)" is ex-
actly reproduced by the curl of the new edge basis on the non-affine hexahedron.
Proceeding as in the previous section, we will use the L2-orthogonal projection
of curl A, as defined in (5.13), with respect to the curl of the shape functions
defined on the reference hexahedron K = [—1,1], and then use the mapping
given in (5.3) to deduce the representation of curl A by the curl of the edge

basis functions defined on the physical element K.
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5.2.2.1 Additional Shape Functions

In order to preserve the approximation properties of edge finite elements when
applied to non-affine meshes, standard edge elements need to include additional
functions [43, 25]. We recall below the formulae for the additional edge basis
functions, adapted from [43, Section 6], or equivalently [25, Proposition 2|, to

correspond to the case K = [—1,1]:

(%) :=(

(%) :=(

(%) :=(

(%) :=(

(%) :=(

(%) :=(

(%) :=(0, 0, (& —1)(5 - 1)(F+1)/8)",
Wao (%) :=(0, 0, —(&+ 1)(g — 1)(7+1)/8)",

(%) =((m - Dz = 1(z+1)/8, 0, 0)",

(%) :=(

(%) :=(

(%) :=(

(%) :=(

(%) :=(

(%) :=(

Was(%) ==(( — D(§ + D)5 = 1)(2 + 1)/16, 0, 0)",

The first 12 new edge basis functions are associated with degrees of freedom of

the form (see [43, Equation (6.3)])

/ (curl (X)) - np(X)dx, for all faces f with normal A, (5.15)
f
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where p(x) is a homogeneous linear polynomial, while the last three additional
basis functions are associated with degrees of freedom of the form [43, Equa-

tion (6.4)]

/ (curl u(x)) - #(x)dx, (5.16)

K

where 1 is taken from the set [43, Equation (3.6)]

~

R = {1, 1y, 3} := {(0,—2/2,9/2)", (—=2/2,0,2/2)", (—=9/2,%/2,0)"}. (5.17)

The table below summarizes the correspondence between the new shape func-

tions and their degrees of freedom.

Basis function d.o.f value
W13 [.__, curl (%) - aidx 2/3
Wiy [._,curl 4(x) hidx  —2/3
Wis [, curl a(%)-hzdx  —2/3
Wi J,_, curl a(X) - Azdx 2/3
W17 [.__ curl a(%) -Agdx  —2/3
Wig [._, curl (%) - hygdx 2/3
Wi [,__, curl 4(x) - ngdx 2/3
Wao [._,curl 4(x)-hgdx  —2/3
Wa1 [.__ curl 4(%) - fzdx 2/3
Wao J,_jcurl a(x) -Azdx  —2/3
Wos [.__,curl i(x) fzdx  —2/3
Was [,_, curl (%) -nzdx 2/3
W5 S curl %) - (%)dx 2/9
Wag Jiqp curl (%) - Bx(%)dx —2/9
Wor S curl (%) - B5(%)dx 2/9
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5.2.2.2 Completeness Test Revisited

We illustrate the results of [43, 25] by showing that the new edge finite element
spaces, including the functions defined in the previous section, are complete on
the non-affine hexahedron with vertices given by (5.5). More precisely, we want
to show, that with A given in (5.6), that is, A(x) = (0,z,0)", the constant field

curl A(x)=(0,0,1)" is correctly represented by the curl of the new basis.

We start by determining which of the new shape functions, combined with Wy
and Wwg, are involved in the representation of A (x), and thus in that of curl A(x).

To this end, observe from (5.13) that
C]‘irl A(f{) = (07 07 _(g - 2)/8)“"

so that curl A(x) is along the 3-direction. It follows from (5.15) and (5.16) that
A only has degrees of freedom on the faces 2 = —1 and 2 = 1, plus degrees of
freedom associated with interior values of curl A. Using the degree of freedom
table given in the previous section together with (5.17), we find that, in addition
to w, and wyg, the field A has degrees of freedom associated with w3, W4, Wiz,
Wig, Wos, and Wog. Hence, in order to find the representation of curl A with
respect to the curl of the new edge basis functions, it suffices to compute the
L?-orthogonal projection of curl A onto the curl of the linear space spanned by

the set By, where B, consists of
BA = {W4,Ws,W13,W14,W17,W187W25,W26}-
More precisely, we solve the system
P=fi (5.18)
where P is the 8 by 8 matrix with entries

Py = (W, V), W, vin By,
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and A is the column vector composed of

~

fA,W ::< 7W>K7 W in BA'

In the above equations, recall that (-, -); denotes the inner product defined in

(5.9).

Solving the linear system (5.18) yields
ap=ag=—1, arp =g =—1/4, a3 = a1y = gz = g = 0,

so that the representation of curl A with respect to the curl of the new basis is

given by

curl [—w, —w e -tw ]
4 8 A 17 A 18

=curl [~ (0, (& +1)(2—1)/8,0)" — (0, —(& + 1) (¢ + 1)/8,0)"

- i((g — D@+ 1)(2-1)/8,0,0"

L= D@ DE +1)/8,0,0],

which, after simplification, gives

clirl(gz_1 rrl
16~ 4

92—
L0)" = (0,0, ==y,

It then follows from (5.4) that the representation of curl A(x) is given by

2—yq 2—yq
Py (%)(0,0, =)' = |[d(3)| 'de(3)(0,0, ="
which, combined with (5.11) and (5.12), yields
2-y)/4 —(1+2)/4 0 0 0
16
— 0 1/2 0 o |=1]o/[,
2—y 2
0 0 1/2 h— 1
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thereby proving that the curl of the new edge shape functions on the physical

element K indeed contains the constant vector (0,0, 1)™.

Although not reported, similar computations show that the unit vectors (0, 1,0)*
and (1,0,0)™ are also generated by the curl of the new edge basis, thereby prov-
ing that the curl of the enhanced edge shape functions contain constants on the

non-affine hexahedron.

We have implemented the new shape functions presented in [43, 25] on the
prism, the pyramid and the hexahedron for the lowest-order case r = 0. Similarly
to the hexahedron given in Figure 5.3, the completeness of the new edge basis
has been tested on the non-affine prism and pyramid given on Figure 5.4(a) and

Figure 5.4(b) below.

/

<V
+

(a) Distorted Prism (b) Distorted Pyramid

Figure 5.4: Non-Affine Elements

Figure 5.5 displays the error obtained when projecting constant fields onto the
curl of the new edge basis, using distorted non-affine geometries, which confirms
the fact that, in contrast to Nédélec shape functions, the new edge basis is able

to reproduce constants on the non-affine elements.
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Figure 5.5: Completeness Test

139


./hexPatchTestError.eps
./prismPatchTestError.eps
./pyramidPatchTestError.eps

140

5.2.3 Numerical Simulations

This section includes a comparative study between the classical Nédélec elements
and the enriched elements discussed in Section 5.1.2. Both hexahedral elements
are used to compute the eigenvalues of a simple rectangular cavity with perfectly
conducting walls. The computations were conducted by John Simkin from Cob-
ham Technical Services [1], using Opera SOPRANO [3], with a 3.6 Ghz Intel
Xeon E5-1620. The solution error is measured as the relative error in the fre-
quency of the computed modes. For the sake of clarity, three non-trivial modes

are represented in the numerical results below.

Using a uniform rectangular mesh produces the results given in Table 5.1 and
Table 5.2 below, where h and N respectively denote the element size and the

number of elements:

h N dof | time (s) | Errorl | Error2 | Error3

1| 1000 | 10830 2 16.73e-6 | 4.07e-3 | 7.79e-3
0.5 | 8000 | 91260 20 | 4.22e-7 | 1.03e-3 | 2.04e-3
0.25 | 64000 | 748920 322 | 2.64e-8 | 2.57e-4 | 5.12e-4

Table 5.1: Relative Frequency Error with Enhanced Elements

h N dof | time (s) | Errorl | Error2 | Error3

1| 1000 2430 1]4.12e-3 | 4.12e-3 | 1.24e-2
0.5 | 8000 | 21660 6 | 1.03e-3 | 1.03e-3 | 3.09e-3
0.25 | 64000 | 182520 74| 2.57e-4 | 2.57e-4 | 7.71e-4

Table 5.2: Relative Frequency Error with Nédélec Elements

The variation of the error against the mesh size, as given in the above tables,

is plotted on Figure 5.6.
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Apart from the first mode which exhibits quadratic convergence with respect

to the mesh size, Mode 2 and Mode 3 converges as O(h?), when using the rectan-

gular mesh. Hence, Nédélec elements are more efficient on affine meshes, because

they involve fewer degrees of freedom.

Similar computations have been performed, using the non-affine mesh below.

Figure 5.7: Non-Affine Ziggurat Mesh
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The results obtained using the non-affine mesh given in Figure 5.7 are sum-

marized in Table 5.3 and Table 5.4 below.

h N dof | time (s) | Errorl | Error2 | Error3

2.5 24 272 0.3 | 1.16e-3 | 1.12e-2 | 1.40e-2

1.25 192 2240 0.9 | 3.21e-4 | 2.79e-3 | 4.37e-3
0.625 | 1536 18176 2.74 | 8.23e-5 | 6.98e-4 | 2.00e-3
0.3125 | 12288 | 146432 18 | 2.07e-5 | 1.75e-4 | 2.75e-4
0.15625 | 98304 | 1175552 240 | 5.19e-6 | 4.37e-5 | 6.87e-5

Table 5.3: Relative Frequency Error with Enhanced Elements

h N dof | time (s) | Errorl | Error2 | Error3

2.5 24 186 0.2 | 2.41e-2 | 2.62e-2 | 6.19e-2
1.25 192 544 0.8 | 1.14e-2 | 1.28e-2 | 1.82e-2
0.625 | 1536 4480 1.29 | 8.18e-3 | 1.03e-2 | 1.35e-2
0.3125 | 12288 | 36352 6.5 | 7.38e-3 | 9.69e-3 | 1.23e-2
0.15625 | 98304 | 292864 08.1 | 7.18e-3 | 9.53e-3 | 1.19e-2

Table 5.4: Relative Frequency Error with Nédélec Elements

The variation of the error as a function of the mesh size is shown on Figure 5.8.
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ch?
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Mesh Size (h)

10°

Figure 5.8: Using a Non-Affine Mesh

As predicted, the enhanced edge elements yield a O(h?) convergence rate.
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By contrast, refining the mesh brings no significant improvement on the accuracy
produced by the Nédélec elements, as shown in Table 5.4. Comparing Table 5.3
and Table 5.4 shows that, on the non-affine mesh, the enhanced edge elements
are more efficient than the Nédélec ones in terms of accuracy, number of degrees

of freedom and computing time.



CHAPTER 6

Conclusion

This project sought to apply the desirable properties of the Bernstein-Bézier (BB)
polynomials discussed in Chapter 1 to the finite element method. Although quite
popular in CAGD, BB polynomials had received little attention in the finite
element community. This project was set out to design finite element shape
functions based on BB polynomials, establish the computational advantages of

such bases, and provide ready-to-implement finite element algorithms.

The main findings consist of algorithms which enable for simplicial elemental
system matrices of order n to be computed with optimal complexity O(n??) in d
dimensions, while taking account of the cost associated with numerical quadra-
ture. The proposed algorithms include the one-, two- and three-dimensional set-
tings for H'-conforming finite elements, whereas two-dimensional Nédélec spaces
are considered for H(curl)-conforming elements. To the best of the author’s

knowledge, this optimal complexity result on simplicial elements is new.

The key approach behind the design of the algorithms consists in writing each
elemental quantity in terms of the B-moments defined in (2.1), which is only
possible because the product of two Bernstein polynomials is also a Bernstein

polynomial of higher degree:

e in the case of piecewise constant data, this transformation, coupled with the

closed expression (3.10) for the integral of a Bernstein polynomial, yields

144
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explicit formulas which can be implemented using O(n??) operations;

e in the case of variable data, once the elemental quantities have been written
as weighted sums of B-moments, we simply make use of the efficient B-
moment evaluation given in Chapter 2. As a consequence, the additional
cost associated with numerical quadrature is negligible compared to the

overall complexity O(n??).

The optimal complexity is achieved in particular because the above-mentioned
transformations into B-moments are sparse, and hard-coded into the computa-
tions. A fundamental property behind the sparsity of the transformation is given

by the closed formula (3.8) for the gradient of a Bernstein polynomial.

For variable data, the efficient computations of the element system matrices
rely on the optimal evaluation of the B-moments. A key observation behind
this optimal result is that, although the Bernstein-Bézier shape functions are
not based on a tensorial construction, a tensor product structure arises from
the application of the Duffy transformation defined in (2.2) to the B-moments,

thereby allowing for sum factorization techniques to be used.

The proposed algorithms have been implemented in the bbfem library which
is available through a GPL licence. Numerical simulations involving benchmark
test problems are consistent with the expected accuracy of the finite elements,
as well as with the predicted optimal cost associated with the assembly of the

BB elemental quantities.

Finally, some remarks on future work are due. Since the algorithms have been
designed with high polynomial orders in mind, the running times for specific low

orders can probably be improved by appropriate customization.

For reasonably large polynomial degrees, that is, up to n = 25, the proposed
algorithms are numerically shown to produce accurate results. However, in order
to fully exploit the optimal complexity of the Bernstein-Bézier elements for larger
polynomial orders, future work should include the investigation of precondition-

ing techniques and solvers that are well suited for the resulting linear systems.
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Further research may also include the extension of the two-dimensional H (curl)
Bernstein-Bézier finite elements discussed in Chapter 4 to the three-dimensional

setting.



APPENDIX A

Examples

This appendix provides illustrative examples regarding the finite element bases
presented in this work. Section A.1 presents explicit formulas for the H! mass and
stiffness matrices for n = 2 and n = 3, whereas Section A.2 gives the graphs of
the H (curl) shape functions introduced in Chapter 4 for the linear and quadratic

polynomial orders.

A.1 H! Element Mass and Stiffness Matrices

Example A.1.1. By ordering the indices in Z%' as in Figure A.1 for n = 2 and
n = 3 and with the help of Algorithm 3.3, we find that the two-dimensional H*

element mass matrix is respectively given by M® and M®), where

61113 3
161313
Mo T[T 1633
0133422
313242
33122 4
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and
201 1 1 1 4 10 10 4 4
1 20 1 10 4 1 1 4 10 4
1 1 20 4 10 10 4 1 1 4
1 10 4 12 9 3 2 3 6 6
3) T 1 4 10 9 12 6 3 2 3 6
601 4 1 10 3 6 12 9 3 2 6
w1 4 2 3 9 12 6 3 6
0 4 1 3 2 3 6 12 9 6
4 10 1 6 3 2 3 9 12 6
4 4 4 6 6 6 6 6 6 8
3
5 4
1 c 2
(a) n=2
Figure A.1: Ordering used on the elements of I}
10
Example A.1.2. Using Algorithm 3.9 with A = , we find that the


orderDomain.eps
orderDomainN3.eps
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two-dimensional H' element stiffness matrix S, for n = 2, is given by

200011 01 010 2
000O0O0O O 10001 2
9 1 00 0O0O0O O 9 00 0O0O0O 0
S@ = — V| + VA -V

22011000000 100021
1000 21 01 0201
10001 2 22011 2
001120 00 0O0O0O O
00 0O0O0O0 020101

1000 21 00 0O0O0O0 5

+ VA - Vs + |V A
10001 2 010201
202121 00 0O0O0O0
001210 01 010 2
00 0O0O0O0 0000 0
0 1210 0000 0

01 0201 002110 5

+ VAy-VAg + |V As|
022211 001210
01010 2 001120
001120 000O0O0O0

1 00
Similarly, Algorithm 3.10 with A = 0 1 0 | shows that the H' element
00 1

stiffness matrix S®, for n = 3, is given by

1
S = = (BIVA[* + CV1 - VA, + DVA - Vg

+ B[V + VA - Vs + GIVA[),

where the matrices B, C, D, E, F, G are given in Tab. A.1.
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01 0110°O06 3 3

6 000013 311

MO IF MMM FMOMNMHF oo MmMODOMAF @O —maamoo
O O M= = NI O M OMmMO N —HOoOoOMmIFa ©OO0O0 oo oo oo
MO N = = M OIDM OO "0 O LUWwMmMmMm OO0 oo o oo
— O N M OO MNMANF oo o000 o000 QO A A —AHMOOOMm
—H O MO OO =AM OO ©DOM A A IF N O OA
DO OO DDOM—=HH M OO M OO A-Hm ©DOMMm FA—OOAN
Co 0O M ANt OmMO Mmoo ~aaq OO OMH—HOOMm
DO DD DODDODDODDOD OO0 @V Amm —H o o
OO OO —H A MNMNOM COCOUOMHOOHMm~H OO0 OO oo oo
O A H OO OWMM OO0 OoOOOoOOoOD OCOOoOooo oo o oo

Il Il I

@ & O
OO OO M A ANMF HNoOoOmmFOoN FNH FH Ommmnmow FfF oo on < <
SO A 1 M OM OO HOM A1 OO Mm OO MmN AANMmOO <A
OO OO T AN F O AN OO M AN NMOOF OO A A A MO OOM
OO OO N FTA A AN ©OOMNM " NI O M 400N O—" O —A— O OO MMM
OO O DO M m—=H M MNHNOOVO N OIION M O—FONm OO MmN <
DO OO OO O OO HOOOOMAANMF OM O O M~ — ™M
O OO DO DO OO0 HOOODO H™HMOMm QOO M OO~ - 0O M
OO O OO OO OO HOOOODOWMNM—H M OO M O© OO A — M
O O O OO OO OO OO OO OO OO0 Ooo-HOMm A OO M
SO OO = MM A OO rmrrdM O OO M OO OO OO oo oo

Il Il Il

an A ~

Table A.1: The matrices in the formula for S* in Example A.1.2.
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A.2 Basis Functions Graphs

We proceed in this section to plot the H(curl) shape functions (excluding the

Whitney edge functions) associated with the standard triangle 7" with vertices
0,(1,0) and (0,1).

33T

ity
P et

N

(a) Sigma basis functions

(b) Gradient basis functions
Figure A.2: Basis Functions for n = 1
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(a) Sigma basis functions

(b) Gradient basis functions

Figure A.3: Basis functions for n = 2
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APPENDIX B

C++ Library Documentation

The Bernstein-Bézier algorithms presented in the previous chapters, as well as
those presented in [11] have been implemented using the C++ programming lan-
guage. The code is available from [4] under a GPL license. In contrast to the
algorithms given in this work, those described in [11] make no use of precomputed
arrays of the form (2.9), (2.16), (2.21). For this reason, the approach considered
in [11] will be referred to as the method without precomputed arrays. This sec-
tion contains the documentation which will be useful in order to make use of the
2D and 3D source code for H' finite elements as well as the 2D source code for
H(curl) finite elements. Recall that, in two dimensions, H (curl) is isomorphic
to H(div), which means that the presented codes may also be used for H(div)
computations in 2D (see Equation (4.5)). In this chapter, each routine will have
its purpose, parameter(s) and output explained. For simplicity, only the routines
used for 3D computations are considered for H' finite elements. The 2D routines
are based on a similar design, and are given in [4]. For details on each routine’s

method and its interactions with the other routines, see [4].

The 2D and 3D source code for H! computations is called bbfem. cpp. Its pur-
pose is to provide efficient routines for the computation of the elemental quantities
for H'! finite elements in two and three dimensions, using the algorithms presented
in in Chapter 2 and Chapter 3. When the data is variable, the code makes use

of Gauss-Jacobi quadrature weights and centres which are stored in the data file
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JacobiGaussNodes.h, given in [4]. More precisely, JacobiGaussNodes.h con-
tains the declarations of the legendre, jacobi and jacobi2 arrays which respec-
tively contain Gauss-Jacobi quadrature weights and centres with («, 8) = (0,0),
(o, ) = (1,0) and («, B) = (2,0) from ¢ = 2 to ¢ = 80. The minimal value
q = 2 comes from the assumption that the finite element order is at least equal
to 1 for which the Stroud rule of order 2 is needed. In addition to the routines
contained in bbfem. cpp for the computation of the B-moments, the source code

for computing the H (curl) elemental quantities is called bbfem2dCurl. cpp.

This chapter is organized as follows. Section B.1 below lists the routines
which are contained in bbfem. cpp, along with a brief description of each routine’s
purpose. The routines’ syntax is discussed in Section B.2. Section B.3 then lists
all the routines which are specific to H(curl) computations. The H (curl) routines’

syntax is described in Section B.4.

B.1 H'!' Routines List

This section alphabetically lists the routines in bbfem.cpp for the computation
of elemental quantities in two and three dimensions. Routines named with a
suffix 3d are specific to 3D computations and have 2D analogues which perform
a similar task. In addition, routines which are specific to the approach developed

in [11] are marked with an asterisk:

e Area2d: computes the area of the triangle.

e assign_pointers_Bmom2d, assign_pointers_Mass2d,
assign_pointers_Convec2d, assign_pointers_Stiff2d: initialize the in-

termediate arrays used in the computation of the 2D elemental quantities.

e assign_pointers_Bmoma3d, assign_pointers_Mass3d,
assign_pointers_Convec3d, assign_pointers_Stiff3d: initialize the in-

termediate arrays used in the computation of the 3D elemental quantities.
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assign_quadra2d: assigns values to the arrays used for storing the quadra-
ture weights and centres.

assign_quadra3d: assigns values to the arrays used for storing the quadra-

ture weights and centres.

bary2cart2d: map from barycentric to Cartesian coordinates.
bary2cart3d: map from barycentric to Cartesian coordinates.
Bmoment2d: computes the B-moments in two dimensions.

Bmoment2d_const: computes the 2D B-moments associated with con-

stant coefficients equal to 1.

Bmoment2d_Index*: computes the 2D B-moments using the method

without precomputed arrays.
Bmoment3d: computes the B-moments in three dimensions.

Bmoment3d_const: computes the 3D B-moments associated with con-

stant coefficients equal to 1.

Bmoment3d_Index*: computes the 3D B-moments using the method

without precomputed arrays.

computeBinomials: computes binomial coefficients using Pascal’s Trian-

gle.

Convec2d: computes the 2D convective matrix associated with variable

coefficients.

Convec2d_const: computes the 2D convective matrix associated with con-

stant vector-valued coeflicients.

Convec3d: computes the 3D convective matrix associated with variable

coeflicients.
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Convec3d_const: computes the 3D convective matrix associated with con-

stant vector-valued coefficients.

create_BinomialMat: allocates memory for storing binomial coefficients.
Precomputing binomial coefficients is a key step in order to obtain efficient

routines using Bernstein polynomials.

create_Bmoment: allocates memory for storing the B-moment vector en-

tries. This routine can handle scalar-, vector- or matrix-valued B-moments.

create_quadraWN2d: allocates memory for storing the quadrature weights
and centres used in the computation of the 2D elemental quantities associ-

ated with variable coefficients.

create_quadraWN3d: allocates memory for storing the quadrature weights
and centres used in the computation of the 3D elemental quantities associ-

ated with variable coefficients.
create_Mat: allocates memory to the mass, convective or stiffness matrix.

create_matValNodes2d: allocates memory for storing the value of the

data at the 2D Stroud nodes.

create_matValNodes3d: allocates memory for storing the value of the

data at the 3D Stroud nodes.
create_precomp2d: allocates memory for the arrays defined in (2.16).
create_precomp3d: allocates memory for the arrays defined in (2.21).

crossProd2: computes the half-scaled cross-product of two vectors.

data_at_Nodes_Bmom2d, data_at_Nodes_Mass2d,
data_at_Nodes_Convec2d, data_at_Nodes_Stiff2d: compute the val-
ues of the data at the Stroud nodes.
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data_at_Nodes_Bmoma3d, data_at_Nodes_Mass3d,
data_at_Nodes_Convec3d, data_at_Nodes_Stiff3d: compute the val-
ues of the data at the Stroud nodes.

data_at_Nodes_Cval2d: reads the value of the data at the Stroud nodes,

when using an array of data values at the Stroud nodes as input.

data_at_Nodes_Cval3d: reads the value of the data at the Stroud nodes,

when using an array of data values at the Stroud nodes as input.

delete_BinomialMat: frees the memory allocated to the array storing

binomial coefficients.
delete_.Bmoment: frees the memory used to store B-moments.

delete_Mat: frees the memory allocated to the mass, convective or stiffness

matrix.

delete_matValNodes: frees the memory used to store the value of the

data at the Stroud nodes.

delete_pointers_Bmom, delete_pointers_Mass,
delete_pointers_Convec, delete_pointers_Stiff: free the memory allo-
cated to intermediate arrays used in the computation of the elemental quan-

tities.

delete_precomp: frees the memory allocated to the arrays defined in

(2.21) in 3D, and (2.16) in 2D.

delete_quadraWN: frees the memory used to store the quadrature weights

and centres.

gaussJacobiUnit2D*: transforms the Gauss-Jacobi quadrature weights

and centres on [-1;1] to those on [0;1].

gaussJacobiUnit3D*: transforms the Gauss-Jacobi quadrature weights

and centres on [-1;1] to those on [0;1].
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get_Bmoments2d: driver routine for computing the 2D B-moments.

get_Bmoments2d_const: driver routine for computing the 2D B-moments

associated with constant coefficients equal to 1.
get_Bmoments3d: driver routine for computing the 3D B-moments.

get_Bmoments3d_const: driver routine for computing the 3D B-moments

associated with constant coefficients equal to 1.

get_convec2d: driver routine for computing the 2D convective matrix as-

sociated with variable coeflicients.

get_convec2d_const: driver routine for computing the 2D convective ma-

trix associated with constant coefficients.

get_convec3d: driver routine for computing the 3D convective matrix as-

sociated with variable coeflicients.

get_convec3d_const: driver routine for computing the 3D convective ma-

trix associated with constant coefficients.

get_mass2d: driver routine for computing the 2D mass matrix associated

with variable coefficients.

get_mass2d_const: driver routine for computing the 2D mass matrix with

constant coefficients equal to 1.

get_mass3d: driver routine for computing the 3D mass matrix associated

with variable coefficients.

get_mass3d_const: driver routine for computing the 3D mass matrix with

constant coefficients equal to 1.

get_stiffness2d: driver routine for computing the 2D stiffness matrix as-

sociated with variable coefficients.

get_stiffness2d_const: driver routine for computing the 2D stiffness ma-

trix associated with constant coefficients.
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e get_stiffness3d: driver routine for computing the 3D stiffness matrix as-

sociated with variable coeflicients.

e get_stiffness3d_const: driver routine for computing the 3D stiffness ma-

trix associated with constant coefficients.

e init_Bmoment2d_Cval*: contains the first step of the B-moments com-
putation for the method without precomputed arrays, when using an array
of data values at the 2D Stroud nodes as input for the coefficients. More
precisely, the B-moment vector entries are initialized with the values of the

data at the Stroud nodes.

e init_ Bmoment3d_Cval*: Analogue of init_Bmoment2d_Cval used in 3D

computations.

e init_BmomentC_Bmom2d, init_BmomentC_Mass2d,
init_BmomentC_Convec2d, init_BmomentC_Stiff2d*: contain the first
step of the B-moments computation for the method without precomputed
arrays. More precisely, the B-moment vector entries are initialized with the

values of the data at the Stroud nodes.

e init_BmomentC_Bmoma3d, init_BmomentC_Mass3d,
init_BmomentC_Convec3d, init_ BmomentC_Stiff3d*: Analogues of

the previous routines used in 3D computations.
e init_precomp2d: computes the arrays given in (2.16).
e init_precomp3d: computes the arrays given in (2.21).

e innerProd_Coeff2d: Given a vector-valued coefficient vectCoeff, com-
putes the vector containing the inner products of vectCoeff with the outer
normals to the triangle’s edges. The innerProd_Coeff routine is needed for
the computation of the convective matrix associated with constant coeffi-

clents.
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innerProd_Coeff3d: Given a vector-valued coefficient vectCoeff, com-
putes the vector containing the inner products of vectCoeff with the outer

normals to the tetrahedron’s faces.

inter: auxiliary routine which is needed in the computation of the normals

to the tetrahedron’s faces.
len_Mat2d: returns the dimension of the 2D elemental matrices.
len_Mat3d: returns the dimension of the 3D elemental matrices.

len_Moments2d: returns the length of the array used to store the 2D
B-moments. This depends on whether or not the method without precom-

puted arrays is used in order to compute the B-moments.

len_Moments3d: returns the length of the array used to store the 3D
B-moments. This depends on whether or not the method without precom-

puted arrays is used in order to compute the B-moments.
Mass2d: computes the 2D mass matrix with variable coefficients.

Mass2d_const: computes the 2D mass matrix associated with constant

coefficients equal to 1.
Mass3d: computes the 3D mass matrix with variable coefficients.

Mass3d_const: computes the 3D mass matrix associated with constant

coefficients equal to 1.

matrix_values_at_Stroud2d: computes the values of a (symmetric) matrix-

valued function at the 2D Stroud nodes of a given order.

matrix_values_at_Stroud3d: computes the values of a (symmetric) matrix-

valued function at the 3D Stroud nodes of a given order.
normals2d: computes the outer normals to the edges of the triangle.

normals3d: computes the outer normals to the faces of the tetrahedron.
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position2d: indexes the entries of the 2D mass, convective and stiffness
matrix entries. Also indexes the B-moment vector entries, when the routines

described in Chapter 3 are used for the B-moment computation.

position2d2*: indexes the entries of the the 2D B-moment vector, when

using the method without precomputed arrays.

position2d_sum: auxiliary routine which computes the index associated
with the sum of two domain points in two dimensions. This routine is

needed for the 2D stiffness matrix computation.

position3d: indexes the entries of the 3D mass, convective and stiffness
matrix entries. Also indexes the B-moment vector entries, when the routines

described in Chapter 3 are used for the B-moment computation.

position3d2*: indexes the entries of the the 3D B-moment vector, when

using the method without precomputed arrays.

position3d_sum, position3d_sum2: auxiliary routines which compute
the index associated with the sum of two domain points in three dimensions.

These routines are needed for the 3D stiffness matrix computation.

scalarMatrix2d_Coeff: computes the matrix containing weighted inner
products of the outer normals to the triangle’s edges. This matrix is needed
for the computation of the 2D stiffness matrix associated with constant

coeflicients.

scalarMatrix3d_Coeff: computes the matrix containing weighted inner

products of the outer normals to the tetrahedron’s faces.

scalarProd2d: computes the scalar product of two vectors in two dimen-

sions.

scalarProd3d: computes the scalar product of two vectors in three dimen-

sions.
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scalar_values_at_Stroud2d: computes the values of a scalar-valued func-
tion at the 2D Stroud nodes of a given order.

scalar_values_at_Stroud3d: computes the values of a scalar-valued func-

tion at the 3D Stroud nodes of a given order.

Stiff2d: computes the 2D stiffness matrix associated with variable coeffi-

clents.

Stiff2d_const: computes the 2D stiffness matrix associated with constant

matrix-valued coefficients.

Stiff3d: computes the 3D stiffness matrix associated with variable coeffi-

clents.

Stiff3d_const: computes the 3D stiffness matrix associated with constant

matrix-valued coeflicients.

stroud_nodes_bary2d: computes the barycentric coordinates of the 2D

Stroud nodes.

stroud _nodes_bary3d: computes the barycentric coordinates of the 3D

Stroud nodes.
subtract: computes the difference of two 3D vectors.

transform_BmomentC_Convec2d: computes the inner product of the

vector-valued B-moments with the normals to the triangle’s edges in 2D.

transform_BmomentC_Convec3d: computes the inner product of the

vector-valued B-moments with the normals to the tetrahedron’s faces in 3D.

transform_BmomentC_Stiff2d: multiplies the matrix-valued B-moments

with the normals to the triangle’s edges in 2D.

transform_BmomentC_Stiff3d: multiplies the matrix-valued B-moments

with the normals to the tetrahedron’s faces in 3D.
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e vector_values_at_Stroud2d: computes the values of a vector-valued func-

tion at the 2D Stroud nodes of a given order.

e vector_values_at_Stroud3d: computes the values of a vector-valued func-

tion at the 3D Stroud nodes of a given order.

e Volume3d: computes the volume of a tetrahedron.

Typically, routines of the form create_[] and delete_[] are respectively
used to allocate and free the memory allocated to intermediate quantities. In ad-
dition, routines of the form assign_[] are used to assign values to intermediate
quantities. The driver routines for computing the elemental quantities are of the
form get_[]. Each driver routine is associated with a corresponding low-level
routine which performs the same computation, with the exception that the low-
level routines do not contain the initialization of auxilliary arrays. As a result,
the arguments passed to low-level routines include the auxilliary arrays which are
needed in order to compute the elemental quantities. The entries of the mass,
convective and stiffness matrices are indexed with respect to position3d in 3D,
and position2d in 2D. The above-mentioned routines are also used for index-
ing the B-moment vector entries, unless the method without precomputed arrays
presented in [11] is used. In that case, alternative indexing methods, respec-
tively given by position3d2 and position2d2 in two and three dimensions, are
required. This is because the size of the array used to store the B-moments is
slightly larger in the approach proposed in [11]. In the sequel, the PRECOMP macro
indicates that the algorithms presented in Chapter 2 are used for the computation

of the B-moments.

B.2 H' Routines Description

This section contains the execution of the driver routines computing 3D elemental
quantities. The 2D routines are based on a similar design.Explanations on the use

of the 3D routines listed in Section B.1 are given. For the definitions of the 2D
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and 3D routines, see [4]. As mentioned before, in order to compute the elemental
matrices associated with variable coefficients, only the coefficient values at the
quadrature nodes is required. Hence, two data structures are possible for the
input representing the coefficients: either a function definition, or an array of
function values at the quadrature nodes. Thus, a flag called functval is used to
distinguish the two approaches. By default, a function is used as input for the

coefficients.

B.2.1 B-moments

This section discusses the routines used for computing the B-moments associated
with variable coefficients. Since the B-moment entries associated with constant
coefficients are given by a constant, the program for computing such B-moments
can be considered as trivial and as such is left out. The routines presented in this
section are involved with the computations of B-moments on the tetrahedron 7' =
(vi, i =1,...,4) associated with a non-constant scalar-valued data. Depending
on the value of the flag functval, the input for the coefficients is either given
by a function called f, or an array called Cval which contains the values of the

B-moment coefficients at the quadrature nodes.

With the purpose of offering a better understanding of the structure of the
code, this section starts with the driver routine for computing B-moments of a
given order. The routines responsible for allocating memory are then discussed in
Section B.2.1.2, whereas the routines used for auxiliary computations are given
in Section B.2.1.3. Section B.2.1.3 discusses the auxiliary routines which handle
intermediate computations. Finally, Section B.2.1.4 displays an example of code

execution for computing B-moments.

B.2.1.1 Driver Routine

This section focuses on get_Bmoments3d which is the driver routine used for

computing the B-moments. The above-mentioned routine is declared as follows:
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void

get_Bmoments3d (double #+«Bmoment, int n, double
(#f)(double[3]), double *Cval, double v1[3], double
v2[3] ,double v3[3], double v4[3], int functval);

In the above routine, recall that the parameter functval is used as a flag for set-
ting the input used for the coefficients: With functval=0, the B-moments coeffi-
cients are produced by the function £, whereas with functval=1, the B-moments
coefficients are produced by the array Cval which contains the data values at the
Stroud nodes. The routine get_Bmoments3d computes the B-moments of order n
on the tetrahedron with vertices v1, v2, v3, v4, associated with either f or Cval.

The computed B-moments are stored into the array Bmoment.

B.2.1.2 Memory Allocation

This section discusses the purpose and the syntax of the B-moment routines which
are used to allocate memory. These routines are listed as: create_BinomialMat,
create_Bmoment, create_quadraWN3d, create_matValNodes3d,
create_precomp3d, delete_BinomialMat, delete_Bmoment,
delete_matValNodes, delete_pointers_Bmom, delete_precomp,

delete_quadraWN and len_Moments3d.

When PRECOMP is switched on, the routine for computing the B-moments
requires precomputed binomial coefficients. The memory used for storing such
coefficients is allocated by means of create_BinomialMat which is declared as

follows:

double xx

create_BinomialMat (int len_binomialMat) ;

The above routine creates a square matrix of dimension len_binomialMat.

The routine used to allocate memory for storing the computed B-moments is

declared as follows:

double *x
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create_Bmoment ( int lenMoments, int nb_Array );

In the above routine, lenMoments specifies the size allocated to the B-moments,
whereas nb_Array depends on the type of coefficients associated with the B-
moments. Note that, by adjusting the value of nb_Array and lenMoments, the

create_Bmoment routine can also be used for 2D computations.

In order to compute B-moments associated with variable data, Gauss-Jacobi
quadrature rules are needed. The next routine is responsible for allocating mem-

ory for storing Gauss-Jacobi quadrature weights and centres:

double xx

create_.quadraWN3d (int len_quadra);

When PRECOMP is switched on, the routine declared below is called in order

to allocate memory for storing weighted data values at the Stroud nodes:

double *x

create_matValNodes3d (int len_matValNodes);

What distinguishes the algorithms described in this work from those presented
in [11] is the use of precomputed arrays of the form (2.21). The latter are stored
in an array called precomp which is created by means of the routine declared

below:
double xx
create_precomp3d (int len_precomp);
The next routine is used to free the memory allocated to binomial coefficients:
void

delete_BinomialMat (double sxxbinomialMat, int len_binomialMat ) ;

In the above routine, binomialMat is used to store binomial coefficients, whereas

len_binomialMat is the size allocated to binomialMat.

The next routine frees the memory allocated to B-moments:

void
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delete_Bmoment (double xxBmoment) ;

The next routine is used to free the memory allocated by create_matValNodes3d:

void

delete_matValNodes(double xxmatValNodes);

The following routine is needed in order to free the memory allocated to

auxiliary arrays involved in the computation of the B-moments:

#ifdef PRECOMP

void

delete_pointers_Bmom (double sxprecomp, double xsxmatValNodes,
double xxquadraWN) ;

#else

void

delete_pointers_Bmom (double **BmomentInter, double

sxquadraWN) ;
#endif

The next routine frees the memory allocated to precomputed arrays used when

PRECOMP is switched on:

void

delete_precomp (double xxprecomp);

The following routine is used to free the memory allocated to Gauss-Jacobi
quadrature weights and centres:

void

delete_.quadraWN (double xxquadraWN) ;

As mentioned before, the size allocated to the array storing the B-moments
depends on whether or not the algorithms presented in [11] are used. More
precisely, the following routine returns the size allocated to the array containing

the B-moments:

1 int
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2 len_Moments3d (int n, int q);

In the above routine, n is the order of the computed B-moments, whereas q is the

order of the Stroud rule used.

B.2.1.3 Auxiliary Computations

This section describes the auxiliary routines which are needed in order to compute
the B-moments computation. These routines are listed as:
assign_pointers_Bmom3d, assign_quadra3d, bary2cart3d, Bmoment3d,
Bmoment3d_Index, computeBinomials, data_at_Nodes_Bmom3d,
data_at_Nodes_Cval3d, gaussJacobiUnit3D, init_Bmoment3d_Cval,
init_BmomentC_Bmom3d, init_precomp3d, position3d, position3d2,

scalar_values_at_Stroud3d, stroud_nodes_bary3d and Volume3d.

The routine declared below is responsible for initializing intermediate arrays

used in the computation of the B-moments:

| #ifdef PRECOMP

2 void

s assign_pointers_Bmom3d (double v1[3], double v2[3], double
v3[3], double v4[3], int n, int q, int nDash, int m, int
nb_Array, double xxmatValNodes, double #Cval, double
xxquadraWN, double xxprecomp, double (xf) (double[3]), int
functval);

1 #else

5 void

¢ assign_pointers_.Bmom3d (double v1[3], double v2[3], double
v3[3], double v4[3], int n, int q, int nDash, int m, int
nb_Array, double *Cval, double xxquadraWN, double
x*Bmoment, double (xf) (double[3]), int functval);

- #endif

In the above routine, v1, v2, v3, v4 are the tetrahedron’s vertices, q is the order

of the Stroud rule, quadraWN stores Gauss-Jacobi quadrature weights and cen-
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tres, nb_Array is a variable used to specify that the computed B-moments are
associated with scalar-valued data, and n is the order of the B-moments. When
PRECOMP is switched on, the values of the coefficients at the Stroud nodes is stored
into matValNodes. Otherwise, they are stored into Bmoment. Depending on the
value of the flag functval, either the function £ or the array Cval is used as

input for the B-moments coefficients.

The routine assign_quadra3d is used to initialize Gauss-Jacobi quadrature
weights and nodes, and is declared as follows:
void

assign_quadra3dd (int ¢, double sxxquadraWN );

The above routine stores the Gauss-Jacobi quadrature weights and centres of
order q needed in the computation of the 3D elemental quantities into the array

quadraWN.

The next routine transforms barycentric coordinates into Cartesian coordi-
nates, and is needed when evaluating data values at Stroud nodes:
void
bary2cart3d (double bl, double b2, double b3, double b4,

double v1[3], double v2[3], double v3[3], double v4[3],
double v[3]);

The above routine computes the Cartesian coordinates corresponding to the

barycentric coordinates (b1, b2, b3, b4).

The low-level routine for computing B-moments based on the algorithms pre-
sented in Section 2.2.4 is declared below:
double
Bmoment3d (int n, int q, int nb_Array, double v1[3], double
v2[3], double v3[3], double v4[3], double xxbinomialMat ,

double xxprecomp, double #*xBmoment, double xxmatValNodes):;

The above routine computes B-moments of order n on the tetrahedron with ver-

tices v1, v2,v3,v4, using the Stroud rule of order q. The array binomialMat is
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used to store precomputed binomial coefficients, whereas precomp contains the
precomputed arrays defined in (2.21). The coefficients values at the Stroud nodes
are stored into the array matValNodes. The parameter nb_Array allows the above

routine to handle scalar-, vector- or matrix-valued coefficients.

The following routine for computing B-moments is derived the algorithms

presented in [11]:

double
Bmoment3d_Index( int n, int q, int nb_Array, double

x*Bmoment, double xxBmomentlnter ,double xxquadraWN );

The above routine is the analogue of the previous one, when using the algorithms
without precomputed arrays. More precisely, Bmoment3d_Index is derived from

[11, Algorithm 3] with d = 3.

The next routine is used for precomputing binomial coefficients, using Pascal’s
Triangle:
void

computeBinomials (double xxbinomialMat, int len_binomialMat);

In the above routine, the computed binomial coefficients are stored into the
array binomialMat, whereas len_binomialMat specifies the size allocated to

binomialMat.

The routine described below is used to initialize the entries of the coeflicients
at the Stroud nodes when PRECOMP is switched on:
void
data_at_Nodes_.Bmom3d ( double (xf) (double[3]), double

s«matValNodes, int ¢, double xxquadraWN, double v1[3],
double v2[3], double v3[3], double v4[3] );

The routine data_at_Nodes_Bmom3d computes the value of the coefficient £ at
the Stroud nodes of order q. The computed coefficients values are then stored

into the array matValNodes.
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When the input for the B-moments coefficients is given by an array of data
values at the Stroud nodes, the next routine is used instead of
data_at_Nodes_Bmom3d:
void
data_at_Nodes_Cval3d (double *xmatValNodes, int q, double

xCval, int nb_Array);

The above routine initializes the entries of matValNodes by reading the coeffi-
cients values stored in Cval. The parameter q stands for the order of the Stroud
rule used, whereas nb_Array allows data_at_Nodes_Cval3d to handle scalar,

vector, or matrix-valued coefficients.

When PRECOMP is switched off, the following routine is used to compute the
Gauss-Jacobi quadrature rules defined on the interval [0, 1]:
void

gaussJacobiUnit3D (int q, double sxquadraWN );

The above routine stores the Gauss-Jacobi quadrature weights and centres of

order gq defined on the unit interval into the array quadraWN.

When the input for the B-moments coefficients is given by an array of data
values at the Stroud nodes, the following routine is responsible for initializing the
B-moments:
void
init_Bmoment3d_Cval (double %Cval, int q,double v1[3], double

v2[3], double v3[3], double v4[3], double x*Bmomentlnter,
int nb_Array);

In the above routine, the coefficients values at the Stroud nodes of order q are
stored in Cval, whereas v1, v2, v3, v4 are the tetrahedron’s vertices. The param-
eter nb_Array allows for init_Bmoment3d_Cval to be used with scalar-, vector-,
or matrix-valued data. In particular, this routine can also be used for computing

the convective and stiffness matrices associated with variable coefficients.

When a function serves as input for the coefficients, the routine described
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below is used instead of init_Bmoment3d_Cval:

void
init_BmomentC_Bmom3d ( double (xf) (double [3]), int q,
double v1[3], double v2[3], double v3[3], double v4[3],

double *x*Bmomentlnter, double sxxquadraWN) ;

In the above routine, f is a scalar-valued function which produces the B-moments
coefficients, and quadraWN contains Gauss-Jacobi quadrature weights and centres
of order q. The routine init_BmomentC_Bmom3d stores the values of f at the

Stroud nodes of order q into the array BmomentInter.

The next routine initializes the values assigned to the array precomp which is
used to store the precomputed arrays defined in (2.21):
void
init_precomp3d (double xxprecomp, int n, int g, int mp, double

skquadraWN ) ;

The above routine computes the arrays defined in (2.21) into precomp.

When PRECOMP is switched on, the routines used for indexing the entries of
the B-moments is displayed below:
int

position3d (int etal, int eta2, int eta3);

Note that the above routine is also used for storing the entries of the elemental

matrices, regardless of whether or not PRECOMP is used.

When PRECOMP is switched off, the array storing B-moments is also used to
store coefficient values at the Stroud nodes, hence the need for the alternative
indexing routine position2d2 declared as:
int

position3d2 (int i, int j, int k, int n);

The next routine is responsible for initializing the array containing the values

of the data at the quadrature nodes:
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1 void

> scalar_values_at_Stroud3d (int g, double xCval, double xB,
double (xf)(double[3]), double v1[3], double v2[3], double
v3[3], double v4[3] );

In the above routine, B contains the barycentric coordinates of the Stroud nodes
of order q. The routine scalar_values_at_Stroud3d stores the values of the

function f at the Stroud nodes of order q into the array Cval.

In order to evaluate B-moments associated with variable coefficients, it is
necessary to evaluate the data at the Stroud nodes. The next routine returns the

barycentric coordinates of the ¢g-point Stroud nodes:

1 void

2 stroud_nodes_bary3d (int q, double %B);

The above routine stores the barycentric coordinates of the Stroud nodes of order

q into the array B.

The next routine computes the volume of a tetrahedron which is needed for

defining scaling constants involved in various intermediate computations:
1 double

> Volume3d (double v1[3], double v2[3], double v3[3], double
va[3]);

In the above routine, v1, v2, v3, v4 are the tetrahedron’s vertices.

B.2.1.4 Code Execution

This section presents an example which illustrates how to make use of the routines

described in the previous sections in order to compute the B-moments:

1 #include <stdio .h>
2 #include <math.h>
s #include <time.h>

s #include <iostream>
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5 #include ”bbfem.h”

7 #ifndef MAX // a template
s #define MAX(a,b) ( (a) > (b) 7 (a) : (b) )

o Fe

u //

ndif

erxample of coefficient function

12 double

13 fO
14 {

15

6}

o {

2 //
2 //
2 //
s //
u //

26
27
28
29
30
31
32
33

34

36

(double v[3])

return sin(v[0]*xv[1]*xv[2]);

t main ()

// wvertices (standard tetrahedron)
double v1[3] = {0, 0, 0};
double v2[3] = {1, 0, 0};

double v3[3] = {0, 1, 0};

double v4[3] = {0, 0, 1};

//vertices (particular tetrahedron)

double v1[3] = { 1.2 | 3.4, 0};
double v2[3] = { —-1.5 , 2. , 0};
double v3[3] = { 0.1 , —1., 0};
double v4[3] = {1. , 1., 1.};

int n; // order of the B-moments

std :: cout<<” Enter.a_value_for_the_polynomial_order.n:”;

std ::cin>>n;

int g=n+1; // q is for the number of quadrature points used

in each direction

double **Bmoment; // pointer used for Bmoment entries



37

38

39

40

41

43

44

45

46

47

48

49

50

52

53

54

56

57
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int lenMoments = len_Moments3d(n, q); // memory required
for storing Bmoments depends on whether or not PRECOMP
1s used

int nb_Array = 1; // the Bmoments are associated with a
scalar—valued function

double (xf) (double[3]) = f0; // change here to your
routine for the B-moments coefficients

double *Cval; // store coefficients wvalues at Stroud nodes,
only used with FUNCT-VAL

int functval = 0; //default: wusing a routine (f) for

)

B-moments’ coefficients

#ifdef FUNCT_VAL

functval = 1; //using the wvalues stored in Cuval for
B-moments’ coefficients

double *B; // store barycentric coordinates of Stroud nodes

B = new double [qxq*xqx4];

stroud_nodes_bary3d (q, B);

int LEN = q x q * q; // space required for 2D array with
dimension q+1

Cval = new double [LEN % nb_Array |; //Cval entries are
stored in linear memory

#endif

#ifdef FUNCT.VAL

scalar_values_at_Stroud3d(q, Cval, B, f, vl, v2, v3, v4);
// storing your data in Cuval

#endif

Bmoment = create_Bmoment (lenMoments, nb_Array); //allocate
memory to Bmoments
get_Bmoments3d (Bmoment, n, f, Cval, vl, v2, v3, v4,

functval); // store Bmoments into Bmoment
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63

66

68
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//free memory allocated memory
#ifdef FUNCT.VAL

delete [] Cval;

delete [] B;

#endif

// Insert your code here to make use of Bmoment. It will be

destroyed in the next line!

delete_Bmoment (Bmoment ) ;

Listing B.1: bmom3d.cpp

In the above example, the macro FUNCT_VAL is used when Cval serves as input

for the B-moments coeflicients.

B.2.2 H'!' Mass Matrix

This section describes the routines which are involved with the computation of the
mass matrix associated with a tetrahedron T'=< v;, ¢ = 1,...,4 >. Depending
on whether or not the data is variable, two driver routines are proposed. As in
the B-moments case, a parameter functval serves as a flag for the type of input

used for variable coefficients.

Similarly to Section B.2.1, we first start with the driver routines used for
computing the elemental mass matrix. The routines responsible for allocating
memory are then discussed in Section B.2.2.2. Section B.2.2.3 then focuses on
the routines used for intermediate computations. Finally, an example on how to

execute the mass matrix computation is given in Section B.2.2.4.
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B.2.2.1 Driver Routines

This section focuses on on the driver routines used for computing the mass matrix.

The following routine computes the mass matrix associated with constant
coefficients equal to 1:
void
get_mass3d_const (double #xmassMat, int n, double v1[3],

double v2[3],
double v3[3], double v4[3]);

The above routine computes the mass matrix of order n associated with constant
coefficients equal to 1 on the tetrahedron with vertices v1, v2, v3, v4. The

computed mass matrix is stored into the array massMat.

The next routine is used to compute the mass matrix associated with variable
coefficients:
void
get_mass3d (double xxmassMat, int n, double (xf)(double|[3]),

double *Cval, double v1[3], double v2[3], double v3[3],
double v4[3], int functval);

Listing B.2: get_mass3d

In the above routine, recall that the parameter functval is used as a flag for
setting the input used for the coefficients: With functval=0, the mass matrix
coefficients are produced by the function f, whereas with functval=1, the mass
matrix coefficients are produced by the array Cval which contains the data values
at the Stroud nodes. The routine get_mass3d computes the mass matrix of order
n on the tetrahedron with vertices v1, v2, v3, v4, associated with either f or Cval.

The computed mass matrix is stored into the array massMat.
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B.2.2.2 Memory Allocation

This section focuses on the mass matrix routines which are used to dynamically al-
locate memory. The mass matrix routines involved in allocating memory are listed
as: create_BinomialMat, create_Bmoment, create_quadraWN3d, create_Mat,
create_matValNodes3d, create_precomp3d, delete_BinomialMat,
delete_Bmoment, delete_Mat, delete_matValNodes, delete_pointers_Mass,
delete_precomp, delete_quadraWN and len_Mat3d. Note that most routines
are described in Section B.2.1.2. Indeed, create_BinomialMat,
create_Bmoment, create_quadraWN3d, create_matValNodes3d,
create_precomp3d, delete_BinomialMat, delete_Bmoment,
delete_matValNodes, delete_precomp, and delete_quadraWN are also used in
the B-moments computation. Hence, only create_Mat, delete_Mat,

delete_pointers_Mass and len_Mat3d are discussed in this section.

The next routine is used to allocate memory to the mass matrix:

double xx

create_Mat (int len_Mat);

The above routine allocates memory to a square matrix of dimension len_Mat.
By adjusting the value of 1len_Mat, create_Mat can also be used for 2D compu-

tations.

The routine delete_Mat frees the memory allocated by create_Mat, and is
declared as:
void

delete_Mat (double xxMat) ;

The routine which frees the memory allocated to intermediate arrays involved
in the computing the mass matrix is declared as follows:
#ifdef PRECOMP
void
delete_pointers_Mass (double xxprecomp, double xxBmoment,

double *xmatValNodes, double sxxquadraWN):;
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#else
void
delete_pointers_Mass (double #*Bmoment, double #xxBmomentlnter ,

double xxquadraWN) ;
#endif

The next routine is used to determine the size allocated to the mass matrix:

int

len_Mat3d (int n);

The above routine actually returns the dimension of IP%.

B.2.2.3 Auxiliary Computations

This section describes the auxiliary routines which are involved in the mass
matrix computation. These routines are listed as: assign_pointers_Mass3d,
assign_quadradd, bary2cart3d, Bmoment3d, Bmoment3d_Index,
computeBinomials, data_at_Nodes_Cval3d, data_at_Nodes_Mass3d,
gaussJacobiUnit3D, init_Bmoment3d_Cval, init_BmomentC_Mass3d,
init_precomp3d, Mass3d, Mass3d_const, position3d, position3d2,
scalar_values_at_Stroud3d, stroud_nodes_bary3d and Volume3d. Note that
most routines are defined in Section B.2.1.3. Indeed, assign_quadra3d,
bary2cart3d, Bmoment3d, Bmoment3d_Index, computeBinomials,
data_at_Nodes_Cval3d, gaussJacobiUnit3D, init_Bmoment3d_Cval,
init_precomp3d, position3d, position3d2, scalar_values_at_Stroud3d,
stroud_nodes_bary3d and Volume3d are also used in the B-moments computa-
tion. Hence, only assign_pointers_Mass3d, data_at_Nodes_Mass3d,

init_BmomentC_Mass3d, Mass3d and Mass3d_const are discussed in this section.

The next routine is used in order to allocate memory to auxiliary arrays

involved in the computation of the mass matrix:

#ifdef PRECOMP

void
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assign_pointers_Mass3d (double v1[3], double v2[3], double
v3[3], double v4[3], int n, int q, int nDash, int m, int
nb_Array, double xxmatValNodes, double #Cval, double
xxquadraWN |

double sxsprecomp, double (xf) (double[3]), int functval);

#else

void

assign_pointers_Mass3d (double v1[3], double v2[3], double
v3[3], double v4[3], int n, int q, int nDash, int m, int
nb_Array, double *Cval, double xxquadraWN, double
x*Bmoment, double (xf) (double[3]), int functval);

#endif

In the above routine, v1, v2, v3, v4 are the tetrahedron’s vertices, q is the order
of the Stroud rule, quadraWN stores Gauss-Jacobi quadrature weights and centres,
nb_Array is a variable used to specify that the computed B-moments are asso-
ciated with scalar-valued data, and n is the order of the B-moments. Depending
on the value of the flag functval, either the function f or the array Cval is used

as input for the mass matrix coefficients.

When PRECOMP is switched on, the following routine is used to compute the
values of the mass matrix coefficients at the Stroud nodes:
void
data_at_Nodes_Mass3d ( double (xf) (double[3]), double

xkmatValNodes, int ¢, double xxquadraWN, double vl1[3],
double v2[3], double v3[3], double v4[3] );

The above routine has the same structure as data_at_Nodes_Bmom3d. More pre-
cisely, f is a scalar-valued function which produces the mass matrix coefficients,
quadraWN contains Gauss-Jacobi quadrature weights and centres of order q, and
the tetrahedron’s vertices are given by v1, v2, v3, v4. The computed coefficients

values are stored into matValNodes.

When PRECOMP is switched off, the routine described below is used to initialize
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the B-moments with the values of the mass matrix coefficients at the Stroud
nodes:
void
init_BmomentC_Mass3d ( double (xf) (double [3]), int ¢,
double v1[3], double v2[3], double v3[3], double v4[3],

double **Bmomentlnter, double sxxquadraWN) ;

In the above routine, f is a scalar-valued function which produces the mass matrix
coefficients, and quadraWN contains Gauss-Jacobi quadrature weights and centres
of order q. The routine init_BmomentC_Mass3d stores the values of f at the

Stroud nodes of order q into the array BmomentInter.

The next routine computes the mass matrix associated with constant coeffi-

clents:

double
Mass3d_const (int n, double v1[3], double v2[3], double
v3[3], double v4[3], double xxbinomialMat , double

ss«massMat ) ;

The above routine computes the mass matrix of order n associated with constant
coefficients equal to 1 on the tetrahedron with vertices v1, v2, v3, v4. The array
binomialMat contains precomputed binomial coefficients, whereas massMat is

used to store the computed mass matrix.

The following routine computes the mass matrix associated with variable co-

efficients:

#ifdef PRECOMP

double

Mass3d (int n, int g, double v1[3], double v2[3], double
v3[3], double v4[3], double xxbinomialMat, double
sxprecomp, double xx*Bmoment, double xxmassMat, double
xxkmatValNodes, double xxquadraWN) ;

#else

double



1

2

3

182

Mass3d (int n, int g, double v1[3], double v2[3], double
v3[3], double v4[3], double xxbinomialMat, double
+xBmoment, double xxBmomentlnter, double xxmassMat, double

skquadraWN) ;
Hendif

The above routine implements Algorithm 3.19 when PRECOMP is switched on, and
[11, Algorithm 6] with d = 3 otherwise. The main difference between the two
algorithms lies in the approach for computing the B-moments associated with the
mass matrix coefficients. Indeed, PRECOMP makes use of the precomputed arrays
defined in (2.21). As a result, the arguments of the routine Mass3d depend on

whether or not PRECOMP is used.

B.2.2.4 Code Execution

This section displays an example which illustrates how to make use of the routines

defined in the previous sections in order to compute the mass matrix:
#include <stdio .h>

#include <math.h>

#include <time.h>

1 #include <iostream>

6

8

9

10

12

13

14

15

16

#include ”bbfem.h”

Hifndef MAX
#define MAX(a,b) ( (a) > (b) ? (a) : (b) )
#endif

// example of coefficient function
double

f0 (double v[3])

{

//return 1.;
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17 return sin (v[0]*xv[1]xv[2]);

s}

o #ifdef CONSTANT

22 int main ()

o {

20 //  //vertices (standard tetrahedron)
55 //  double v1[3] ={ 0, 0, 0};

26 // double v2[3] ={ 1, 0, 0};
or //  double v3[3] ={ 0, 1, 0};
s //  double vi[3] ={ 0, 0, 1};

o //wvertices (particular tetrahedron)

51 double v1[3] = { 1.2 , 3.4, 0};
s2  double v2[3] = { —-1.5 , 2. , 0};
s3. double v3[3] = { 0.1 , —1., 0};
s double v4[3] = {1. , 1., 1.};

6 int n; // degree of the Bernstein polynomial basis
37 std :: cout<<” Enter.a_value_for_the_polynomial_order.n:”;

38 std ::cin>>n;

10  double xxmassMat; // used for storing mass matriz entries
a int len_Mass = len_Mat3d(n); // allocate memory for massMat

2 massMat = create_Mat (len_Mass) ;

1 get_mass3d_const (massMat, n, vl, v2, v3, vd); // compute

mass matrix

w6 // Insert your code here to make use of massMat. It will be

destroyed in the next line!
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s // free allocated memory

1 delete_Mat (massMat ) ;

51}

53 #else // not CONSTANT

55 int main ()

5 {

st //  //vertices (standard tetrahedron)
ss //  double v1[3] ={ 0, 0, 0};

s9 //  double v2[3] ={ 1, 0, 0};
oo // double v3[3] ={ 0, 1, 0};
61 // double v4[3] =4{ 0, 0, 1};

63 //wvertices (particular tetrahedron)

¢+ double v1[3] ={ 1.2 , 3.4, 0};
s double v2[3] = { —-1.5 , 2. , 0};
6 double v3[3] = { 0.1 , —1., 0};
o7 double v4[3] = {1. , 1., 1.};

6o int n; // degree of the Bernstein polynomial basis
70 std :: cout<<” Enter.a_value_for_the_polynomial_order.n:”;

71 std ::cin>>n;

73 double (xf) (double[3]) = f0; // change here to your
routine for the mass matriz coefficients
7« double xCval; // store coefficients values at Stroud nodes,

only used with FUNCT.VAL

e int functval = 0; //default: using a routine (f) for mass
matriz coefficients

7 #ifdef FUNCT.VAL
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functval = 1; //using the wvalues stored in Cuval for
convective matrix coefficients

int q = n+1;

int nb_Array = 1; // the mass matriz is associated with
scalar—valued data

double *B; // store barycentric coordinates of Stroud nodes

B = new double [qxq*xqx4];

stroud_nodes_bary3d (q, B);

int LEN = q x q * q; // space required for 3D array with
dimension q+1

Cval = new double [LEN % nb_Array]; //Cval entries are
stored in LINEAR memory, and used directly

#endif

#ifdef FUNCT.VAL

scalar_values_at_Stroud3d(q, Cval, B, f, vl, v2, v3, v4);
// storing your data in Cuval

#endif

double sxxmassMat; // used for storing mass matriz entries
int len_Mass = len_-Mat3d(n); // allocate memory for massMat

massMat = create_Mat (len_Mass) ;

get_mass3d (massMat, n, f, Cval, vl, v2, v3, v4, functval);

// compute mass matriz

// free allocated memory
#ifdef FUNCT_VAL

delete [|] Cval;

delete [] B;

#endif
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ws // Insert your code here to make use of massMat. It will be

destroyed in the next line!

ws  delete_Mat (massMat) ;

108 }
w9 #endif // end not CONSTANT

Listing B.3: mass3d.cpp

As mentioned previously, recall that the macro FUNCT_VAL is used when Cval
serves as input for the mass matrix coefficients. When CONSTANT is switched on,
the code executes the computation of the mass matrix associated with constant
coefficients. By default, the mass matrix associated with variable coefficients is

computed.

B.2.3 H! Stiffness Matrix

This section discusses the routines which are involved with the computation of
the stiffness matrix associated with a tetrahedron T'=<v;, 1 =1,...,4 >. De-
pending on whether or not the data is variable, two driver routines are proposed.
Recall that a parameter functval serves as a flag for the type of input used for

variable coefficients.

This section is organized as follows: Section B.2.3.1 first describes the driver
routines used for computing the elemental stifness matrix. The routines involved
in allocating memory to auxiliary arrays used in the stiffness matrix computation
are then presented in Section B.2.3.2. Section B.2.3.3 then focuses on the routines
used for intermediate computations. Finally, an example on how to compute the

stiffness matrix using the proposed routines is given in Section B.2.3.4.
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B.2.3.1 Driver Routines

This section focuses on on the driver routines used for computing the stiffness

matrix.

The following routine computes the stiffness matrix associated with constant
coefficients:
void
get_stiffness3d_const (double xxstiffMat , int n, double

v1[3], double v2[3], double v3[3], double v4[3], double
Coeff [6]) ;

The routine get_stiffness3d_const computes the stiffness matrix of order n
associated with constant matrix-valued coefficients on the tetrahedron with ver-
tices v1, v2, v3, v4. In the above routine, Coeff contains the upper triangular
entries of the stiffness matrix coefficients. The computed stiffness matrix is stored

into the array stiffMat.

The next routine is used to compute the stiffness matrix associated with vari-
able coefficients:
void
get_stiffness3d (double xxstiffMat , int n, void (xA) (double

[3], double [3][3]), double *Cval, double v1[3], double
v2[3], double v3[3], double v4[3], int functval);

In the above routine, recall that the parameter functval is used as a flag for
setting the input used for the coefficients: With functval=0, the stiffness matrix
coefficients are produced by the (symmetric) matrix-valued function A, whereas
with functval=1, the B-moments coefficients are produced by the array Cval
which contains the data values at the Stroud nodes. The routine get_Stiff3d
computes the stiffness matrix of order n on the tetrahedron with vertices v1, v2,
v3, v4, associated with either A or Cval. The computed stiffness matrix is stored

into the array stiffMat.
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B.2.3.2 Memory Allocation

This section focuses on the stiffness matrix routines which are used to dynami-
cally allocate memory. The stiffness matrix routines involved in allocating mem-
ory are listed as: create_BinomialMat, create_Bmoment, create_quadraWN3d,
create_Mat, create_matValNodes3d, create_precomp3d, delete_BinomialMat,
delete_Bmoment, delete_Mat, delete_matValNodes, delete_pointers_Stiff,
delete_precomp, delete_quadraWN and len_Mat3d. Note that, with the ex-
ception of delete_pointers_Stiff, all the above routines are discussed in Sec-

tion B.2.2.2. Hence, only delete_pointers_Stiff is displayed in this section.

The next routine is used to free the memory allocated to auxiliary arrays used
in the stiffness matrix computation:
#ifdef PRECOMP
void
delete_pointers_Stiff (double xxprecomp, double xxBmoment,
double xxBmomentab, double xx+matValNodes, double
skquadraWN ) ;
#else
void
delete_pointers_Stiff (double x+xBmoment, double

xx BmomentInter , double xxBmomentab, double sxxquadraWN)

#endif

B.2.3.3 Auxiliary Computations

This section is focused on the auxiliary routines which are involved in the stiffness
matrix computation. These routines are listed as: assign_pointers_Stiff3d,
assign_quadradd, bary2cart3d, Bmoment3d, crossProd2, Bmoment3d_Index,
computeBinomials, data_at_Nodes_Cval3d, data_at_Nodes_Stiff3d,
gaussJacobiUnit3D, init_Bmoment3d_Cval, init_BmomentC_Stiff3d,
init_precomp3d, inter, matrix_values_at_Stroud3d, normals3d, position3d,

position3d2, position3d_sum, position3d_sum2, scalarMatrix3d_Coeff,
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Stiff3d, Stiff3d_const, subtract, transform_BmomentC_Stiff3d,
stroud_nodes_bary3d and Volume3d. Note that most routines are defined in
Section B.2.1.3. Indeed, assign_quadra3d, bary2cart3d, Bmoment3d,
Bmoment3d_Index, computeBinomials, data_at_Nodes_Cval3d,
gaussJacobiUnit3D, init_Bmoment3d_Cval, init_precomp3d, position3d,
position3d2, stroud_nodes_bary3d and Volume3d are also involved in the com-
putation of the B-moments. As a result, only assign_pointers_Stiff3d,
crossProd2, data_at_Nodes_Stiff3d, init_BmomentC_Stiff3d, inter,
matrix_values_at_Stroud3d, normals3d, position3d_sum, position3d_sum2,
scalarMatrix3d_Coeff, Stiff3d,Stiff3d_const, subtract and

transform_BmomentC_Stiff3d are described in this section.

The routine given below is used to compute the auxiliary arrays needed in the

stiffness matrix computation:

#ifdef PRECOMP

void

assign_pointers_Stiff3d (double v1[3], double v2[3], double
v3[3], double v4[3], int n, int g, int nDash, int m, int
nb_Array, double xxmatValNodes, double #Cval, double
xxquadraWN, double xxprecomp, void (xA) (double[3],
double [3][3]) , int functval);

#else

void

assign_pointers_Stiff3d (double v1[3], double v2[3], double
v3[3], double v4[3], int n, int g, int nDash, int m, int
nb_Array, double *Cval, double xxquadraWN, double
sx*Bmoment, void (%xA) (double[3], double[3][3]), int

functval);

#endif

In the above routine, v1, v2, v3, v4 are the tetrahedron’s vertices, q is the order
of the Stroud rule, quadraWN stores Gauss-Jacobi quadrature weights and cen-

tres, nb_Array is a variable used to specify that the computed B-moments are
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associated with matrix-valued data, and n is the order of the B-moments. De-
pending on the value of the flag functval, either the matrix-valued function A or
the array Cval is used as input for the stiffness matrix coefficients. The output
of assign_pointers_Stiff3d is stored into matValNodes if PRECOMP is switched

on, and in Bmoment otherwise.

The routine declared below computes the half-scaled cross-product of two
vectors:

void

crossProd2 (double wl1[3], double w2[3], double Cross[3]);

In the above routine, the half-scaled cross-product of the vectors wi and w2 is

stored into Cross. The details of crossProd2 are given in Listing 77.

When PRECOMP is switched on, the following routine is used to compute the
values of the stiffness matrix coefficients at the Stroud nodes:
void
data_at_Nodes_Stiff3d ( void (%A)(double[3],double[3][3]) ,

double s*xmatValNodes, int g, double xxquadraWN, double
v1[3], double v2[3], double v3[3], double v4[3] );

Note that the above routine has similar arguments as data_at_Nodes_Bmom3d.
More precisely, A is a matrix-valued function which produces the stiffness matrix
coefficients, quadraWN contains Gauss-Jacobi quadrature weights and centres of
order q, and the tetrahedron’s vertices are given by v1, v2, v3, v4. The computed

coeflicients values are stored into matValNodes.

When PRECOMP is switched off, the routine described below is used to initialize
the B-moments with values of the stiffness matrix coefficients at the Stroud nodes:
void
init_BmomentC_Stiff3d ( void (*A) (double[3], double[3][3]) ,

int q, double v1[3], double v2[3], double v3[3], double
v4[3], double #**BmomentInter, double sxxquadraWN) ;
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In the above routine, A is a (symmetric) matrix-valued function which produces
the stiffness matrix coefficients, and quadraWN contains Gauss-Jacobi quadrature
weights and centres of order q. The routine init_BmomentC_Mass3d stores the

values of A at the Stroud nodes of order q into the array BmomentInter.

The following routine compute intermediate values needed for computing the
normals to the element’s faces:
void

inter ( double u[3], double v[3], double w[3], double Res[3] );

The routine defined below is used to compute the values of matrix-valued
coefficients at the Stroud nodes:
void
matrix_values_at_Stroud3d(int q, double xCval, double *B,

void (*A) (double[3], double[3][3]), double v1[3], double
v2[3], double v3[3], double v4[3] );

The above routine stores the values of the function A at the Stroud nodes of order

q into the array Cval.

The next routine is used to compute the normals to the faces of the element:
void
normals3d (double v1[3], double v2[3], double v3[3], double
v4[3], double normalMat [4][3]) ;

The above routine computes the normals to the faces of the tetrahedron with ver-

tices v1, v2, v3, v4. The computed normals are stored into the array normalMat.

The routine described below is used for computing weighted inner products

of the normals to the tetrahedron’s faces:

void

scalarMatrix3d _Coeff(double scalarMat [|[4] ,double v1[3],
double v2[3], double v3[3], double v4[3] , double
normalMat [|[3] , double Coeff[6] );
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The above routine computes products of the form n;- A -n;, where n, denotes the
outer normals to the faces of the tetrahedron (v1,v2,v3,v4) for 1 < ¢ <4, and
A is the value of the constant coefficients associated with the stiffness matrix.
In the above routine, the upper triangular entries of A are stored in the array
Coeff, whereas the normals are stored in normalMat. The computed products

are stored into scalarMat.

The routines position3d_sum and position3d_sum2 are declared as follows:
int

position3d_sum (int etal23, int xil123);

int

position3d_sum?2 (int eta23, int xi23);

The routines position3d_sum and position3d_sum?2 are auxiliary indexing rou-

tines.

The following routine is used for computing the stiffness matrix associated

with constant coefficients:

double

Stiff3d_const (int n, double v1[3], double v2[3], double
v3[3], double v4[3], double xxstiffMat , double
xkbinomialMat , double scalarMat [][4], double
normalMat [][3] , double cpu_time[5], double Coeff[6]) ;

The above routine computes the stiffness matrix of order n associated with con-
stant coefficients on the tetrahedron with vertices v1, v2, v3, v4. Coeff contains
the upper triangular entries of the constant matrix-valued coefficients associated
with the stiffness matrix. The computed stiffness matrix is stored into the array

stiffMat.
The next routine is used for the computation of the stiffness matrix associated
with variable coefficients:

#ifdef PRECOMP
double
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Stiff3d (int n, int q, double vl1[3], double v2[3], double
v3[3], double v4[3], double xxstiffMat , double
sxmatValNodes, double xxquadraWN, double xxbinomialMat ,
double normalMat [][3], double sxprecomp, double sx*Bmoment,
double xx*Bmomentab, double cpu_time [5] );

#else

double

Stiff3d (int n, int q, double vl1[3], double v2[3], double
v3[3], double v4[3], double xxstiffMat , double xxquadraWN,
double xxbinomialMat, double normalMat[][3], double
x*Bmoment, double sxBmomentlnter, double xx*Bmomentab,

double cpu_time [5] );
Hendif

Stiff3d computes the stiffness matrix of order n on the tetrahedron with vertices
v1, v2, v3, v4 associated with variable coefficients. The coefficients values at the
Stroud nodes of order q are stored in matValNodes if PRECOMP is switched on,
and in BmomentInter otherwise. Bmoment contains the B-moments of order 2n—2
associated with the stiffness matrix coefficients. The array Bmomentab contains
the products of the matrix-valued B-moments with the normals to the tetrahe-
dron’s faces which are stored in normalMat. The routine Stiff3d implements
Algorithm 3.22 when PRECOMP is switched on, and [11, Algorithm 7] with d = 3
otherwise. The main difference between the two algorithms lies in the approach
for computing the B-moments associated with the stiffness matrix coefficients.
Indeed, PRECOMP makes use of the precomputed arrays defined in (2.21). As a
consequence, the arguments of the routine Stiff3d depend on whether or not

PRECOMP is used.

The routine declared below computes the difference of two 3D vectors:

void

subtract ( double v[3], double w[3], double Sub[3]) ;

The above routine computes the difference between the vectors v and w.
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The next routine is used to compute the products of matrix-valued B-moments
with the normals to the tetrahedron’s faces:
void
transform_BmomentC_Stiff3d (int n, int q, double xxBmoment,

double *x*Bmomentab, double normalMat [4][3]) ;

The above routine computes the products of matrix-valued B-moments of order n
with the normals to the tetrahedron’s faces In the above routine, q is the order of
the Stroud rule, Bmoment is used to store the B-moments, and normalMat contains
the normals to the tetrahedron’s faces. The computed products are stored into

the array Bmomentab.

B.2.3.4 Code Execution

This section displays an example which illustrates how to make use of the routines

defined in the previous sections in order to compute the stiffness matrix:

1 #include <stdio .h>

2 #include <math.h>

s #include <time.h>

1 #include <iostream>

5 #include ”bbfem.h”

7 #ifndef MAX // a template
s #define MAX(a,b) ( (a) > (b) ? (a) : (b))
o #endif

12

13

14

15

16

17

// example of matriz—valued coefficient matriz A
void

AO(double v[3], double matC[3][3])

{

// // identity matrix

//  matC[0][0]=1; matC[0][1]=0; matC[0][2]=0;
//  matC[1][0]=0; matC[1][1]=1; matC[1][2]=0;
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s //  matC[2][0]=0; matC[2][1]=0; matC[2][2]=1;

20
21
22

23

2 F4

o {

s //
» //
s //
s //
s //

37
38
39
40

41
43
44

45

47

// example of non—trivial matriz

matC[0][0]= sin(v[0]*xv[1]); matC[0][1]=0; matC[0][2]=0;
matC[1][0]=0; matC[1][1]=1; matC[1][2]=0;
matC[2][0]=0; matC[2][1]=0; matC[2][2]=exp(Vv[2]);

fdef CONSTANT

t main ()

//vertices (standard tetrahedron)
double v1[3] ={ 0, 0, 0};
double v2[3] ={ 1, 0, 0};
double v3[3] ={ 0, 1, 0};
double v4[3] ={ 0, 0, 1};

//vertices (particular tetrahedron)

double v1[3] ={ 1.2 , 3.4, 0};
double v2[3] = { —-1.5 , 2. , 0};
double v3[3] = { 0.1 , —1., 0};
double v4[3] = {1. , 1., 1.};

int n; // degree of the Bernstein polynomial basis
std :: cout<<” Enter.a._value_for_the_polynomial_order.n:”;

std ::cin>>n;

double Coeff[6] = {1., 0., 0., 1., 0., 1.}; // upper
triangular entries of (symmetric) matriz associated with

stiffness matriz
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50

51

53

55

57

58

60}

62 Fe

o {

o //
or //
o //
o //
o //

72
73
74
75

76

78

79
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double xxstiffMat; // store stiffness matriz entries
int len_Stiff = len_-Mat3d(n); // allocate memory to stiffMat
stiffMat = create_Mat (len_Stiff);

get_stiffness3d_const (stiffMat, n, vl, v2, v3, v4, Coeff);

// compute stiffness matriz

// Insert your code here to make use of stiffMat. It will

be destroyed in the mnext line!

// free allocated memory;
delete_Mat (stiffMat ) ;

lIse // not CONSTANT

t main ()

//vertices (standard tetrahedron)

double v1[3] ={ 0, 0, 0};
double v2[3] ={ 1, 0, 0};
double v3[3] ={ 0, 1, 0};
double v4[3] ={ 0, 0, 1};

//vertices (particular tetrahedron)

double v1[3] ={ 1.2 , 3.4, 0};
double v2[3] = { —-1.5 , 2. , 0};
double v3[3] = { 0.1 , —1., 0};
double v4[3] = {1. , 1., 1.};

int n; // degree of the Bernstein polynomial basis

std :: cout<<” Enter.a_value_for_the_polynomial_order.n:”;
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101

103
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std ::cin>>n;

double xCval; // store coefficients values at Stroud
quadrature nodes, only used with FUNCT. VAL

int functval = 0; //default: using a routine (A) for
stiffness matriz coefficients

#ifdef FUNCT_VAL

functval = 1; //using the wvalues stored in Cuval for
stiffness matriz coefficients

int q = n+1;

int nb_Array = 6; // the stiffness matriz is associated

with (symmetric) matriz—valued data

double *B; // store barycentric coordinates of Stroud nodes
B = new double [qxqxqx*4];
stroud_nodes_bary3d (q, B);

int LEN = q x q * q; // Cval is used to store data values
at q¢"8 Stroud nodes

Cval = new double [LEN % nb_Array]; //Cval entries are
stored in LINEAR memory, and used directly

#endif

void (*A) (double[3], double[3][3]) = AO; // change here to

your routine for the stiffness matriz coefficients

#ifdef FUNCTVAL

matrix_values_at_Stroud3d(q, Cval, B, A, vl, v2, v3, v4d);
// storing your data into Cuval

#endif

double xxstiffMat; // store stiffness matriz entries

int len_Stiff = len_-Mat3d(n); // allocate memory to stiffMat
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stiffMat = create_Mat (len_Stiff);

get_stiffness3d (stiffMat, n, A, Cval, vl, v2, v3, v4,

functval); // compute elemental stiffness matriz

// free allocated memory
#ifdef FUNCT_VAL

delete [|] Cval;

delete [] B;

#endif

// Insert your code here to make use of stiffMat. It will

be destroyed in the mnext line!

delete_Mat (stiffMat ) ;
}

o #endif // end not CONSTANT

Listing B.4: stiff3d.cpp

As mentioned previously, recall that the macro FUNCT_VAL is used when Cval
serves as input for the stiffness matrix coefficients. When CONSTANT is switched
on, the code executes the computation of the stiffness matrix associated with
constant coefficients. By default, the stiffness matrix associated with variable

coefficients is computed.

B.2.4 H!' Convective Matrix

This section discusses the routines which are involved with the computation of
the convective matrix associated with a tetrahedron T =< v;, 1 = 1,...,4 >.
Depending on whether or not the data is variable, two driver routines are pro-
posed. Recall that a parameter functval serves as a flag for the type of input

used for variable coefficients.
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This section is organized as follows: Section B.2.4.1 focuses on the driver rou-
tines used for computing the elemental convective matrix. The routines involved
in allocating memory to auxiliary arrays used in the convective matrix compu-
tation are presented in Section B.2.4.2. The routines involved in intermediate
computations are then discussed in Section B.2.4.3. Section B.2.4.4 ends with an

example on how to compute the convective matrix using the proposed routines.

B.2.4.1 Driver Routines

This section focuses on on the driver routines used for computing the convective

matrix.

The following routine computes the convective matrix associated with con-
stant coefficients:
void
get_convec3d_const (double xxconvecMat, int n, double v1[3],

double v2[3], double v3[3], double v4[3], double
vectCoeff [3]) ;

The above routine computes the convective matrix of order n associated with
constant coefficients equal to vectCoeff on the tetrahedron with vertices v1, v2,

v3, v4. The computed convective matrix is stored into the array convecMat.

The next routine is used to compute the convective matrix associated with
variable coefficients:
void
get_convec3d (double xxconvecMat, int n, void (xb) (double[3],
double [3]) , double *Cval, double v1[3], double v2[3],
double v3[3], double v4[3], int functval);

Listing B.5: get_convec3d

In the above routine, recall that the parameter functval is used as a flag for
setting the input used for the coefficients: With functval=0, the convective

matrix coefficients are produced by the vector-valued function b, whereas with
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functval=1, the B-moments coefficients are produced by the array Cval which
contains the data values at the Stroud nodes. The routine get_Convec3d com-
putes the convective matrix of order n on the tetrahedron with vertices v1, v2,
v3, v4, associated with either b or Cval. The computed convective matrix is

stored into the array convecMat.

B.2.4.2 Memory Allocation

This section focuses on the convective matrix routines which are used to dynam-
ically allocate memory. The convective matrix routines involved in allocating
memory are listed as: create_BinomialMat, create_Bmoment,
create_quadraWN3d, create_Mat, create_matValNodes3d, create_precomp3d,
delete_BinomialMat, delete_Bmoment, delete_Mat, delete_matValNodes,
delete_pointers_Convec, delete_precomp, delete_quadraWN and len_Mat3d.
Note that, with the exception of delete_pointers_Convec, all the above rou-
tines are discussed in Section B.2.2.2. Hence, only delete_pointers_Convec is

discussed in this section.

The routine delete_pointers_Convec is declared as:

#ifdef PRECOMP

void

delete_pointers_Convec (double sxprecomp, double xxBmoment,
double xxBmomentab, double xxmatValNodes, double
sxkquadraWN) ;

#else

void

delete_pointers_Convec (double #xBmoment, double

x* BmomentInter , double xxBmomentab, double sxxquadraWN)

#endif

The routine delete_pointers_Convec frees the memory allocated to auxil-

iary arrays used in the convective matrix computation.
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B.2.4.3 Auxiliary Computations

This section is focused on the auxiliary routines which are involved in the con-
vective matrix computation. These routines are listed as:
assign_pointers_Convec3d, assign_quadra3d, bary2cart3d, Bmoment3d,
Convec3d, Convec3d_const, crossProd2, Bmoment3d_Index, computeBinomials,
data_at_Nodes_Cval3d, data_at_Nodes_Convec3d, gaussJacobiUnit3D,
init_Bmoment3d_Cval, init_BmomentC_Convec3d, init_precomp3d,
innerProd_Coeff3d, inter, vector_values_at_Stroud3d, normals3d,
position3dd, position3d2, position3d_sum, position3d_sum2, subtract,
transform_BmomentC_Convec3d, stroud_nodes_bary3d and Volume3d. Note
that most routines are defined in the previous sections. Indeed, assign_quadra3d,
bary2cart3d, Bmoment3d, Bmoment3d_Index, computeBinomials, crossProd2,
data_at_Nodes_Cval3d, gaussJacobiUnit3D, init_Bmoment3d_Cval,
init_precomp3d, inter, normals3d, position3d, position3d2,
position3d_sum, position3d_sum2, stroud_nodes_bary3d, subtract and
Volume3d are used in the stiffness matrix computation. As a result, only
assign_pointers_Convec3d, Convec3d, Convec3d_const,
data_at_Nodes_Convec3d, init_BmomentC_Convec3d, innerProd_Coeff3d,
transform_BmomentC_Convec3d and vector_values_at_Stroud3d are defined

in this section.

The routine declared below is used to compute the auxiliary arrays needed in

the convective matrix computation:

#ifdef PRECOMP

void

assign_pointers_Convec3d (double v1[3], double v2[3], double
v3[3], double v4[3],int n, int g, int nDash, int m, int
nb_Array, double xxmatValNodes, double xCval, double
xxquadraWN, double xxprecomp, void (xb) (double[3],
double [3]), int functval );

#else
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void

assign_pointers_Convec3d (double v1[3], double v2[3], double
v3[3], double v4[3], int n, int q, int nDash, int m, int
nb_Array, double *Cval, double xxquadraWN, double
sx*Bmoment, void (xb) (double[3], double[3]), int functval);

#endif

In the above routine, v1, v2, v3, v4 are the tetrahedron’s vertices, q is the order
of the Stroud rule, quadraWN stores Gauss-Jacobi quadrature weights and cen-
tres, nb_Array is a variable used to specify that the computed B-moments are
associated with vector-valued data, and n is the order of the B-moments. The
output of assign_pointers_Convec3d is stored into matValNodes if PRECOMP
is switched on, and in Bmoment otherwise. Depending on the value of the flag
functval, either the vector-valued function b or the array Cval is used as input

for the convective matrix coefficients.

The next routine computes the convective matrix associated with constant

coeflicients:

double

Convec3d_const (int n, double v1[3], double v2[3], double
v3[3], double v4[3], double xxbinomialMat, double
normalMat [|[3] , double innerProdMat [4], double

xxconvecMat , double vectCoeff[3] );

The above routine implements Algorithm 3.13. More precisely, Convec3d_const
computes the convective matrix of order n on the tetrahedron with vertices v1,
v2, v3, v4. The computed convective matrix is associated with constant coef-
ficients given by vectCoeff, and is stored in the array convecMat. The array
innerProdMat contains the scalar products of vectCoeff with the normals to

the tetrahedron’s faces stored in normalMat.

The routine for the computation of the convective matrix associated with

variable coeflicients is defined as follows:

double
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Convec3d (int n, int g, double v1[3], double v2[3], double
v3[3], double v4[3], double xxbinomialMat, double
normalMat [][3] , double sxprecomp, double xx*Bmoment, double
x+Bmomentab, double *xxconvecMat, double xxmatValNodes,
double xxquadraWN) ;

#else

double

Convec3d (int n, int g, double v1[3], double v2[3], double
v3[3], double v4[3], double xxbinomialMat, double
normalMat [|[3] , double #xBmoment, double sxBmomentInter,

double *x*Bmomentab, double xxconvecMat, double sxxquadraWN):;

#endif

Convec3d computes the convective matrix of order n on the tetrahedron with ver-
tices v1, v2, v3, v4 associated with variable coefficients. The coefficients values at
the Stroud nodes of order q are stored in matValNodes if PRECOMP is switched
on, and in BmomentInter otherwise. Bmoment contains the B-moments of order
2n — 1 associated with the convective matrix coefficients. The array Bmomentab
contains the scalar products of the vector-valued B-moments with the normals to
the tetrahedron’s faces. The routine Convec3d implements Algorithm 3.25 when
PRECOMP is switched on, and [11, Algorithm 8] with d = 3 otherwise. The main
difference between the two algorithms lies in the approach for computing the
B-moments associated with the convective matrix coefficients. Indeed, PRECOMP
makes use of the precomputed arrays defined in (2.21). As a consequence, the

arguments of the routine Convec3d depend on whether or not PRECOMP is used.

When PRECOMP is switched on, the following routine is used to compute the
values of the convective matrix coefficients at the Stroud nodes:
void
data_at_Nodes_Convec3d ( void (xb) (double[3], double[3]),

double *xxmatValNodes, int q, double xxquadraWN, double
v1[3], double v2[3], double v3[3], double v4[3] );
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In the above routine, b is a vector-valued function which produces the convective
matrix coefficients, quadraWN contains Gauss-Jacobi quadrature weights and cen-
tres of order g, and the tetrahedron’s vertices are given by v1, v2, v3, v4. The

computed coefficients values are stored into matValNodes.

When PRECOMP is switched off, the routine described below is used to initialize
the B-moments with values of the convective matrix coefficients at the Stroud
nodes:
void
init_BmomentC_Convec3d ( void (xb)(double[3],double[3]), int

q, double v1[3], double v2[3], double v3[3], double v4[3],

double **Bmomentlnter, double sxxquadraWN) ;

In the above routine, b is a vector-valued function which produces the convective
matrix coefficients, and quadraWN contains Gauss-Jacobi quadrature weights and
centres of order q. The routine init_BmomentC_Convec3d stores the values of b

at the Stroud nodes of order q into the array BmomentInter.

The next routine is used to compute the inner products of the constant vector-
valued coefficients with the normals to the tetrahedron’s faces:
void
innerProd_Coeff3d (double normalMat[][3], double

innerProdMat [4] , double vectCoeff[3]);

The above routine is used for the computation of the convective matrix associated
with constant coefficients given by vectCoeff. The array normalMat contains the
normals to the tetrahedron’s faces. The routine innerProd_Coeff3d computes
the inner products of the normals with vectCoeff. The computed inner products

are stored into innerProdMat.

When the data is variable, the next routine is used to compute the inner
products of the vector-valued B-moments with the normals to the tetrahedron’s

faces:

void
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transform_BmomentC_Convec3d (int n, int g, double xxBmoment,

double *x*Bmomentab, double normalMat [4][3]) ;

In the above routine, q is the order of the Stroud rule, Bmoment is used to store
the B-moments, and normalMat contains the normals to the tetrahedron’s faces.

The computed inner products are stored into the array Bmomentab.

The following routine is used to compute the values of the convective matrix
coefficients at the Stroud nodes:
void
vector_values_at_Stroud3d(int ¢, double *Cval, double B,
void (*b) (double[3], double[3]), double v1[3], double
v2[3], double v3[3], double v4[3] );

The above routine stores the values of the function b at the Stroud nodes of order

q into the array Cval.

B.2.4.4 Code Execution

This section displays an example which illustrates how to make use of the routines
defined in the previous sections in order to compute the convective matrix:

1 #include <stdio .h>

2 #include <math.h>

s #include <time.h>

1 #include <iostream>
6 #iinclude ”bbfem.h”
s #ifndef MAX // a template

o #define MAX(a,b) ( (a) > (b) ? (a) : (b))
10 #endif

15 #ifdef CONSTANT
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w6 //
i //
s //
w0 //
» //

22
23
24
25

26
28
29
30
32
33

34

35

37

39

41

42
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t main ()

//vertices (standard tetrahedron)
double v1[3] ={ 0, 0, 0};
double v2[3] ={ 1, 0, 0};
double v3[3] ={ 0, 1, 0};
double v4[3] ={ 0, 0, 1};

//vertices (particular tetrahedron)

double v1[3] = { 1.2 | 3.4, 0};
double v2[3] = { —-1.5 , 2. , 0};
double v3[3] = { 0.1 , —1., 0};
double v4[3] = {1. , 1., 1.};

int n; // degree of the Bernstein polynomial basis
std :: cout<<” Enter.a_value_for._the_polynomial_order.n:”;

std ::cin>>n;

double vectCoeff[3] = {1.,1.,1.}; // constant coefficients
associated with the convective matriz

double sxxconvecMat; // store convective matriz entries

int len_Convec = len_Mat3d (n);

convecMat = create_Mat (len_Convec); // allocate memory to

convecMat

get_convec3d_const (convecMat, n, vl, v2, v3, v4,

vectCoeff); // compute convective matriz

// Insert your code here to make use of convecMat. it will

be destroyed in the mnext line!

// free allocated memory

delete_Mat (convecMat ) ;
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16 #else // not CONSTANT

s // example of coefficient vector b (used with convective
matriz)
19 void

50 b0 (double v[3], double res[3])

52 res [0] = sin(v[0]*v[1]*v[2]);
53 res[1] = 1.;

54 res [2] = exp(v[0]);

55}

57 int main ()

o {

so //  //vertices (standard tetrahedron)
o0 // double vi[3] ={ 0, 0, 0};

o1 // double v2[3] ={ 1, 0, 0};
o2 // double v3[3] ={ 0, 1, 0};
6s // double vi[3] ={ 0, 0, 1};

s //vertices (particular tetrahedron)

66 double v1[3] = { 1.2 , 3.4, 0};
o7 double v2[3] = { —-1.5 , 2. , 0};
s double v3[3] = { 0.1 , —1., 0};
69 double v4[3] = {1. , 1., 1.};

nint n; // degree of the Bernstein polynomial basis
72 std :: cout<<” Enter.a_value_for_the_polynomial_order.n:”;

73 std :: cin>>n;
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void (xb) (double[3], double[3]) = b0; // change here to
your routine for the convective matriz coefficients
double xCval; // store coefficients values at Stroud

quadrature nodes, only used with FUNCTVAL

int functval = 0; //default: using a routine (b) for
convective matriz coefficients

#ifdef FUNCT.VAL

functval = 1; //using the wvalues stored in Cval for
convective matriz coefficients

int q = n+1;

int nb_Array = 3; // the convective matriz is associated
with vector—wvalued data

double *B; // store barycentric coordinates of Stroud nodes

B = new double [qxqxq*4];

stroud_nodes_bary3d (q, B); // compute Stroud nodes

int LEN = q x q * q; // ¢"3 Stroud nodes

Cval = new double [LEN % nb_Array |; //Cval entries are
stored in LINEAR memory, and used directly

#endif

#ifdef FUNCT. VAL

vector_values_at_Stroud3d(q, Cval, B, b, vl, v2, v3, v4d);
// storing your data into Cuval

#endif

double sxxconvecMat; // store convective matriz entries
int len_Convec = len_-Mat3d (n);
convecMat = create_Mat (len_Convec); // allocate memory to

convecMat



99

101

102

103

104

105

107

109

110

209

get_convec3d (convecMat, n, b, Cval, vl, v2, v3, v4,

functval); // compute convective matriz

// free allocated memory
#ifdef FUNCT.VAL

delete [] Cval;

delete || B;

#endif

// Insert your code here to make use of convecMat. It will

be destroyed in the mnext line!

delete_Mat (convecMat ) ;

}

w1 #endif // end not CONSTANT

Listing B.6: convec3d.cpp

B.3 H(curl) Routines List

Recall from Section 4.2 that the entries of the H(curl) elemental quantities
are reduced to linear combinations of B-moments. Hence, the routines used in
bbfem.cpp for the computation of the B-moments are also involved in H (curl)
computations. In addition, routines which are H(curl)-specific are given in the
source code bbfem2dCurl.cpp. This section alphabetically lists the routines in
bbfem2dCurl.cpp for the computation of H(curl) elemental quantities in two

dimensions:

e CBar: computes the sequences ¢ defined in (4.25).

e copy_Data_at_Stroud*: copies stored values of the data at the Stroud
nodes into the array used to store B-moments. This routine is needed when

handling B-moments of various orders.
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create_cBar: allocates memory to the sequences ¢ defined in (4.25).
create_Coeff: allocates memory to a coefficient sequence of specified length.
create_cRing: allocates memory to the sequences ¢(® defined in (4.23).
CRing: computes the sequences ¢ defined in (4.23).
data_at_Nodes_Coeff: reads the values of the data at the Stroud nodes.
delete_cBar: frees the memory allocated by create_cBar.

delete_Coeff: frees the memory allocated by create_Coeff.
delete_cRing: frees the memory allocated by create_cRing.

delete_pointers_Curl: frees the memory allocated to auxilliary arrays

involved in the computation of H (curl) elemental quantities.
dimCurl: computes the dimension of the Nédélec space.

dim_nonGradCurl: computes the number of gradients spanning functions

discussed in Theorem 4.1.3.

get_load2dCurl: driver routine for computing the H (curl) elemental load

vector.

get_mass2dCurl: driver routine for computing the H (curl) elemental mass

matrix.

get_stiffness2dCurl: driver routine for computing the H(curl) elemental

stiffness matrix.
Load2d_Curl: computes the H(curl) elemental load vector.

LowerMoment: lowers the B-moments order. The initial array containing

the B-moments is overwritten with entries of lower-order B-moments.

Mass2d_Curl: computes the H(curl) elemental mass matrix.
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e Stiff2d_Curl: computes the non-zero entries of the H(curl) elemental stiff-
ness matrix. More precisely, the gradient entries of the stiffness matrix are

not computed.

e transform_BmomentC_Mass2dCurl: multiplies the normals to the tri-
angle’s edges with matrix-valued B-moments associated with the H (curl)

mass matrix coefficients.

For each elemental quantity, the above routines compute the entries corresponding
to the spanning set described in Theorem 4.1.3. In an implementation which is
not covered by the proposed code, the appropriate entries need to be removed in
order to obtain the elemental quantities which correspond to the H(curl) finite
element basis defined in Theorem 4.1.3. One should note that, in the proposed
routine, the Whitney lowest order edge elements correspond to the polynomial

order n = 1.

B.4 H(curl) Routines Description

This section contains the execution of the driver routines computing H (curl)
elemental quantities in two dimensions. Explanations on the use of the routines
listed in Section B.3 are given. For the definitions of the H (curl) routines, see [4].
Similarly to the H' computations, a flag called functval is used to determine
whether an array of data values or a function is used as input for the coefficients.

By default, a function is used as input for the coefficients.

B.4.1 H(curl) Load Vector

This section describes the routines which are involved with the computation of
the load vector associated with a triangle T =< v;, ¢ = 1,...,3 >. As in the
H?' case, a parameter functval serves as a flag for the type of input used for the

load vector coefficients.
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Similarly to the routines discussed in Section B.2, we first start with the driver
routine used for computing the elemental load vector. The routines responsible
for allocating memory are then described in Section B.4.1.2. Section B.4.1.3
then focuses on the routines involved in auxiliary computations. Section B.4.1.4

concludes with an example on how to execute the load vector computation.

B.4.1.1 Driver Routine

This section focuses on get_load2dCurl which is the driver routine used for
computing the load vector. The above-mentioned routine is declared as follows:
void

get_load2dCurl (double xloadVect, int n, void (*F)( double

[2] , double [2]), double xCval, double v1[2], double
v2[2], double v3[2], int functval);

In the above routine, recall that the parameter functval is used as a flag for
setting the input used for the load vector coefficients: With functval=0, the
coefficients are produced by the function F, whereas with functval=1, the co-
efficients are produced by the array Cval which contains the data values at the
Stroud nodes. The routine get_load2dCurl computes the load vector of order n
on the triangle with vertices v1, v2, v3, associated with either F or Cval. The
computed load vector entries are stored into the array loadVect. Recall that the

Whitney’s lowest order edge elements correspond to the case n = 1.

B.4.1.2 Memory Allocation

This section discusses the purpose and the syntax of the load vector routines
contained in Section B.3 which are used to allocate memory. These routines
are listed as: create_cRing, delete_cRing, dimCurl, dim_nonGradCurl and

delete_pointers_Curl.

The next routine allocates memory for storing the coefficients defined in (4.23):

double *x
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create_cRing (int n);

In the above routine, n is the finite element order.

The routine declared below frees the memory allocated by create_cRing:

void

delete_cRing (double xxcRing);

The following routine returns the number of shape functions contained in the
spanning set defined in Theorem 4.1.3:
int

dimCurl(int n);

The next routine computes the number of non-gradient shape functions con-
tained in the spanning set of Theorem 4.1.3:
int

dim_nonGradCurl(int n);

The routine declared below is used to free the memory allocated to auxiliary

arrays involved in the computation of the H(curl) load vector:

#ifdef PRECOMP

void

delete_pointers_Curl (double xxprecomp, double xxBmoment,
double s#xBmomentlnter, double xxmatValNodes, double
sxkquadraWN) ;

#else

void

delete_pointers_Curl (double xxBmoment, double xxBmomentInter,

double xxmatValNodes, double sxxquadraWN):;
#endif

In the above routine, Bmoment contains the B-moments associated with the load
vector coefficients, whereas quadraWN contains Gauss-Jacobi quadrature weights

and centres. BmomentInter is used to store intermediate values needed for the
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B-moments computation, while matValNodes contains coefficients values at the
Stroud nodes. In the case where PRECOMP is switched on, the array precomp is

used to store the precomputed arrays given in (2.16).

B.4.1.3 Auxiliary Computations

This section describes the auxiliary routines contained in Section B.3 which are
needed in the load vector computation. These routines are listed as: CRing,

copy_Data_at_Stroud, Load2d_Curl and LowerMoment.

The following routine computes the coefficients defined in (4.23):

void

CRing(int n, double normalMat[]|[2], double xxcRing);

In the above routine, n stands for the polynomial order and normalMat contains
the normals to the triangle’s edges. The computed coefficients are stored into the

array cRing.

The coeflicient declared below is used to initialize the B-moment entries with
coefficients values at the Stroud nodes:
void
copy-Data_at_Stroud (int ¢, double v1[2], double v2[2], double

v3[2], double xxBmoment, double xxmatValNodes, int

nb_Array);

In the above routine, the parameter nb_Array determines whether the coeffi-
cients are scalar-, vector-, or matrix-valued. The array matValNodes contains
the coefficients values at the Stroud nodes of order q on the triangle with ver-
tices v1, v2, v3. The routine copy_Data_at_Stroud copies the values stored
in matValNodes into the array Bmoment. Since the array Bmoment is overwrit-
ten during the B-moments computations, this routine is useful when handling
B-moments of various orders, as it avoids having to compute data values at the

Stroud nodes for each particular B-moment order.
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The low-level routine for the load vector computation is declared as:

#ifdef PRECOMP

double

Load2d_Curl( int n, int q, double v1[2], double v2[2],
double v3[2], double *xxbinomialMat, double
normalMat [|[2] , double *xprecomp, int mp, double
+xBmoment, double xx*Bmomentlnter, double xloadVect, double
xxmatValNodes, double xxquadraWN, double xxcRing, double
cputime [3]) ;

#else

double

Load2d_Curl( int n, int g, double v1[2], double v2[2], double
v3[2], double *xbinomialMat, double normalMat[][2], double
sxBmoment, double xx*Bmomentlnter, double xloadVect, double
xxmatValNodes, double xxquadraWN, double xxcRing, double
cputime [3]) ;

#endif

The above routine computes the elemental H (curl) load vector of order n on
the triangle with vertices v1, v2 and v3. Precomputed binomial coefficients are
stored into binomialMat. The array quadraWN contains Gauss-Jacobi quadrature
weights and centres of order q. The normals to the triangle’s edges are stored
in normalMat. The array cRing is initialized with the coefficients defined in
(4.23). The values of the load vector coefficients at the Stroud nodes are stored
in matValNodes. Bmoment and BmomentInter are involved in the computation of
the B-moments associated with the load vector coefficients. The computed load

vector is stored into the array loadVect.

Load2d_Curl implements Algorithm 4.3. When PRECOMP is switched on, the
B-moments associated with the load vector coefficients are computed using the
precomputed arrays defined in (2.16). Otherwise, they are computed using [11,
Algorithm 6] with d = 2. As a result, the arguments of the routine Load2d_Curl

depend on whether or not PRECOMP is active.
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The next routine is used for lowering the B-moments order:

void
LowerMoment ( int p, int q, int ell , double x*Bmoment, double

xx« BmomentInter, int nb_Array);

The above routine computes the B-moments of order ell from those of order
p, with ell < p. The array Bmoment initially contains B-moments of order
p computed by means of the g-point Stroud rule. Once passed to the rou-
tine LowerMoment, the initial entries of the array Bmoment are replaced with

B-moments of order el1.

B.4.1.4 Code Execution

This section presents an example which illustrates how to make use of the routines

described in the previous sections in order to compute the H(curl) load vector:

1 #include <stdio .h>

> #include <math.h>

s #include <time.h>

1+ #include <iostream>

¢ #include ”bbfem.h”
7 #include ”bbfem2dCurl.h”

9

10

11

12

13

15

17

18

// example of load wvector coefficient
void
FO( double v[2], double vectF [2] )
{
vectF [0] = sin(v[0]xv[1]);
vectF [1] =1 — v[0]*v][1];

int main ()

{
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1w // //vertices (standard triangle)
20 // double v1[2] ={ 0, 0 };

21 // double v2[2] =

1, 0 };

{
22 [/ double v3[2] ={ 0, 1 };

24

25

26

27

29

30

31

33

34

36

38

39

40

41

43

44

45

//vertices (particular triangle)

double v1[2] = { 1.2 , 3.4 };
double v2[2] = { —-1.5 |, 2. };
double v3[2] = { 0.1 , —1. };

int n; // degree of the Bernstein polynomial basis
std :: cout<<” Enter.a_value_for_the_polynomial_order.n:”;

std ::cin>>n;

double xCval; // store array of coefficients values at
Stroud quadrature nodes
int functval = 0; //default: wusing a routine (Kappa) for

mass matrix coefficients

void (*F) (double[2], double[2]) = F0; // change here to

your routine for load wvector coefficients

#ifdef FUNCT.VAL

functval = 1; //using the wvalues stored in Cval for load
vector coefficients

int q = n+1;

int nb_Array = 2; // the load wvector is associated with

vector—valued data

double *B; // store barycentric coordinates of Stroud nodes
B = new double [qxq*3];
stroud_nodes_bary2d (q, B);
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int LEN = q * q ; // space required for 2D array with
dimension q x q

Cval = new double [LEN % nb_Array |; //Cval entries are
stored in LINEAR memory, and used directly

vector_values_at_Stroud2d(q, Cval, B, F, vl, v2, v3 ); //
storing your data in Cuval

#endif

double xloadVect; // store load wvector entries
int len_Load = dimCurl(n); // allocate memory to stiffMat

loadVect = new double [len_Load];

get_load2dCurl (loadVect, n, F, Cval, vl, v2, v3, functval);

// compute load wvector

// free allocated memory
#ifdef FUNCT.VAL

delete [] Cval;

delete [] B;

#endif

// Insert your code here to make use of loadVect. It will

be destroyed in the mnext line!

delete [] loadVect;

Listing B.7: load2dCurl.cpp

As mentioned previously, the macro FUNCT_VAL is used when the array Cval serves

as input for the load vector coefficients. In addition, the Whitney’s lowest order

edge elements correspond to the case n = 1. In Listing B.7, stroud_nodes_bary2d

and vector_values_at_Stroud2d are routines defined in bbfem.cpp which re-

spectively compute the barycentric coordinates of the Stroud nodes and the val-
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ues of vector-valued coefficients at the Stroud nodes. In addition, recall that the
above code executes the computation of the load vector entries associated with
the spanning set described in Theorem 4.1.3. Hence, in an implementation the
appropriate rows needs to be removed in order to correspond to the H(curl) finite

element basis given in Theorem 4.1.3.

B.4.2 H(curl) Mass Matrix

This section describes the routines which are involved with the computation of

the H(curl) mass matrix associated with a triangle T'=<v;, i1 =1,...,3 >.

This section is organized as follows: the driver routine used for computing the
elemental mass matrix is described in Section B.4.2.1. The routines responsible
for allocating memory to auxiliary arrays involved in the mass matrix computa-
tion are discussed in Section B.4.2.2. Section B.4.2.3 then focuses on the routines
used in intermediate computations. Section B.4.2.4 concludes with an example

on how to execute the H(curl) mass matrix computation.

B.4.2.1 Driver Routine

The driver routine for computing the H(curl) mass matrix is declared as:

void

get_mass2dCurl(double s*xmassMat, int n, void (xKappa) (double
[2] , double [2][2]), double *xCval, double v1[2], double
v2[2], double v3[2], int functval );

The above routine computes the elemental mass matrix of order n on the triangle
with vertices v1, v2, v3. Depending on the value of the flag functval, either
the matrix-valued function Kappa or the array Cval is used as input for the mass
matrix coefficients. The computed mass matrix is stored into the array massMat.
In the proposed code, the Whitney’s lowest order edge elements correspond to

the case n = 1.
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B.4.2.2 Memory Allocation

This section presents the routines mentioned in Section B.3 which are responsible
for allocating memory to the intermediate arrays involved in the H(curl) mass
matrix computation. These routines are listed as: create_cRing, delete_cRing,
delete_pointers_Curl, dimCurl and dim_nonGradCurl. The above-mentioned

routines are discussed in Section B.4.1.2.

B.4.2.3 Auxiliary Computations

This section focuses on the mass matrix routines presented in Section B.3 which
are involved in intermediate computations. These routines are listed as:
copy_Data_at_Stroud, CRing, LowerMoment, Mass2d_Curl and
transform_BmomentC_Mass2dCurl. Observe that the first three routines are de-
scribed in Section B.4.1.3. Hence, only Mass2d_Curl and

transform_BmomentC_Mass2dCurl are discussed in this section.

The low-level routine for computing the H(curl) mass matrix is declared as:

#ifdef PRECOMP

double

Mass2d_Curl( int n, int g, double v1[2], double v2[2], double
v3[2], double *xbinomialMat, double normalMat|[][2], double
skprecomp, int mp, double *xxBmoment, double
+* BmomentInter , double *x*Bmomentab, double sx*xmassMat,
double *xmatValNodes, double xxquadraWN, double =xxcRing,
double cputime[2]) ;

#else

double

Mass2d_Curl( int n, int q, double v1[2], double v2[2], double
v3[2], double *xbinomialMat, double normalMat[][2], double
+xBmoment, double xxBmomentlnter, double xxBmomentab,
double xxmassMat, double xxmatValNodes, double xxquadraWN,

double xxcRing, double cputime[2]) ;
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#endif

The above routine computes the elemental H(curl) mass matrix of order n on
the triangle with vertices v1, v2 and v3. The arguments which are common to
Mass2d_Curl and Load2d_Curl discussed in Section B.4.1.3 have the same defini-
tion, with the exception that the arrays Bmoment and BmomentInter are involved

in the computation of B-moments associated with the mass matrix coefficients.

The routine Mass2d_Curl implements Algorithm 4.10. When PRECOMP is
switched on, the B-moments associated with the mass matrix coefficients are
computed using the precomputed arrays defined in (2.16). Otherwise, they are
computed using [11, Algorithm 6] with d = 2. Thus, the arguments of the routine
Mass2d_Curl depend on whether or not PRECOMP is active.

B.4.2.4 Code Execution

This section presents an example which illustrates how to make use of the routines

described in the previous sections in order to compute the H (curl) mass matrix:

1 #include <stdio .h>

2 #include <math.h>

s #include <time.h>

1 #include <iostream>

7 #include ”bbfem.h”
s #include ”bbfem2dCurl.h”

-
—

12

//example of mass matriz coefficient:
void
Kappa0 (double v[2], double matC[2][2])

{

// // standard coefficient matriz (identity) for stiffness



16 //
v //
s //
w0 //

matC [0][0]
matC [0][1]
matC[1][0]
matC [1][1]

21 //non—standard coefficient

10.0 + v[0];

2> matC[0][0] =
s matC[0][1] =
2 matC[1][0] =
s matC[1][1] =

30 int main ()

s {

2 //
s //
sa //
» //

37
38
39

40
42
43

44

46

//vertices (standard triangle)
double v1[2] = {
double v2[2] = {
double v3[2] = {

0, 0 };
1, 0 };
0, 1 };

//vertices (particular triangle)

double v1[2]
double v2[2]
double v3[2]

int n; // degree of the Bernstein polynomial basis

std :: cout<<” Enter.a_value_for._the_polynomial_order.n:”;

std ::cin>>n;

double xCval; // store array of function wvalues at Stroud

{ 1.2
{ 15
{ 0.1

quadrature modes,

, 3.4}
, 20}
, —1. };

needed by get_-mass2dCurl
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int functval = 0; //default: wusing a routine (Kappa) for

mass matrix coefficients

void (xKappa) (double[2], double[2][2]) = KappaO; // change

here to your routine for mass matriz coefficients

#ifdef FUNCT_VAL

functval = 1; //using the wvalues stored in Cuval for mass
matriz coefficients

int q = n+1;

int nb_Array = 3; // the mass matriz is associated with

(symmetric) matriz—valued data

double *B; // store barycentric coordinates of Stroud nodes
B = new double [qxqx*3];
stroud_nodes_bary2d (q, B);

int LEN = q x q ; // space required for 2D array with
dimension q x q
Cval = new double [LEN % nb_Array]; //Cval entries are

stored in LINEAR memory, and used directly

matrix_values_at_Stroud2d(q, Cval, B, Kappa, vl, v2, v3 );
// storing your data in Cuval

#endif

double xxmassMat; // store mass matriz entries

int len_Mass = dimCurl(n); // allocate memory to massMat
massMat = create_Mat (len_Mass) ;

get_mass2dCurl(massMat, n, Kappa, Cval, vl, v2, v3,

functval); // compute elemental mass matriz
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74

75

76

78

80
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// free allocated memory
#ifdef FUNCT.VAL

delete [] Cval;

delete || B;

#endif

// Insert your code here to make use of massMat. It will be

destroyed in the next line!

delete_Mat (massMat ) ;

Listing B.8: mass2dCurl.cpp

In the above code, stroud_nodes_bary2d and matrix_values_at_Stroud2d are
routines defined in bbfem.cpp which respectively compute the barycentric coor-
dinates of the Stroud nodes and the values of matrix-valued coefficients at the
Stroud nodes. In addition, recall that the above code executes the computation
of the mass matrix entries associated with the spanning set described in Theo-
rem 4.1.3. Hence, in an implementation the appropriate rows needs to be removed

in order to correspond to the H (curl) finite element basis given in Theorem 4.1.3.

B.4.3 H(curl) Stiffness Matrix

This section describes the routines which are involved with the computation of

the H(curl) mass matrix associated with a triangle T'=<v;, 1 =1,...,3 >.

This section is organized as follows: Section B.4.3.1 focuses on the driver
routine used for computing the elemental stiffness matrix. The routines respon-
sible for allocating memory to auxiliary arrays involved in the stiffness matrix
computation are discussed in Section B.4.3.2. The routines used in auxiliary
computations are presented in Section B.4.3.3. Section B.4.3.4 concludes with
an example on how to execute the H(curl) stiffness matrix computation. In the

proposed code, the Whitney’s lowest order edge elements correspond to the case
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B.4.3.1 Driver Routine

The driver routine for computing the non-gradient stiffness matrix entries is de-
clared as:

void

get_stiffness2dCurl(double xxstiffMat , int n, double (xA)

(double v[2]), double xCval, double v1[2], double v2[2],
double v3[2], int functval);

The above routine computes the non-gradient entries of the elemental stiffness
matrix of order n on the triangle with vertices v1, v2, v3. Depending on the value
of the flag functval, either the scalar-valued function A or the array Cval is used
as input for the stiffness matrix coefficients. The computed stiffness matrix is
stored into the array stiffMat. In the proposed code, the Whitney’s lowest

order edge elements correspond to the case n = 1.

B.4.3.2 Memory Allocation

This section presents the routines mentioned in Section B.3 which are responsi-
ble for allocating memory to the auxiliary arrays involved in the H(curl) stiffness
matrix computation. These routines are listed as: create_cBar, delete_cBar,
delete_pointers_Curl and dim_nonGradCurl. Observe that the last two rou-
tines are described in Section B.4.1.3. As a result, only create_cBar and

delete_cBar are discussed in this section.

The routine described below is used to allocate memory to the coefficients

defined in (4.25):

double xx

create_cBar (int n);

In the above routine, n is the order of the H(curl) finite element. Recall that in
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the presented codes, the Whitney’s lowest order edge elements correspond to the

casen = 1.

The next routine is used to free the memory allocated by create_cBar:

void

delete_cBar (double xxcBar);

B.4.3.3 Auxiliary Computations

This section focuses on the auxiliary routines which are involved in the stiffness
matrix computation. These routines are listed as: CBar, copy_Data_at_Stroud
and Stiff2d_Curl. Observe that copy_Data_at_Stroud is covered by Sec-
tion B.4.1.3. Hence, only the routines CBar and Stiff2d_Curl are discussed

in this section.

The routine described below is used to compute the coefficients defined in

(4.25)

void
CBar( int n, double v1[2], double v2[2], double v3[2] |,

double xxcBar);

In the above routine, n is the finite element order, and v1, v2, v3 are the triangle’s

vertices. The computed coefficients are stored into the array cBar.

The low-level routine for computing the H (curl) elemental stiffness matrix is

declared as:

#ifdef PRECOMP

double

Stiff2d_Curl(int n, int q, double v1[2], double v2[2], double
v3[2], double xxbinomialMat, double sxprecomp, int mp,
double **xBmoment, double *xBmomentlnter, double xxcBar,
double xxstiffMat , double xxmatValNodes, double
sx*xquadraWN, double cputime[3]) ;

#else
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double

Stiff2d_Curl(int n, int q, double v1[2], double v2[2], double
v3[2], double xxbinomialMat, double %xBmoment, double
+* BmomentInter , double *xcBar, double xxstiffMat , double

s*matValNodes, double xxquadraWN, double cputime[3]);
Hendif

The above routine computes the elemental H(curl) stiffness matrix of order n
on the triangle with vertices v1, v2 and v3. The arguments which are common
to Stiff2d_Curl and Load2d_Curl discussed in Section B.4.1.3 have the same
definition, with the exception that the arrays Bmoment and BmomentInter are
involved in the computation of B-moments associated with the stiffness matrix

coefficients. In addition, the array cBar contains the coefficients defined in (4.25).

The routine Stiff2d_Curl implements Algorithm 4.11. When PRECOMP is
switched on, the B-moments associated with the stiffness matrix coefficients are
computed using the precomputed arrays defined in (2.16). Otherwise, they are
computed using [11, Algorithm 6] with d = 2. As a consequence, the arguments

of the routine Stiff2d_Curl depend on whether or not PRECOMP is active.

B.4.3.4 Code Execution

This section presents an example which illustrates how to make use of the routines

described in the previous sections in order to compute the H (curl) mass matrix:

1 #include <stdio .h>
2 #include <math.h>
s #include <time.h>

1 #include <iostream>

6 #iinclude ”bbfem.h”
7 #include ”bbfem2dCurl.h”

o // example of stiffness matriz coefficient
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double
A0 (double v([2])

{

}

return 2.0 — sin(v[0]xv[1]);

16 int main ()

17

{

ws //  //vertices (standard triangle)
w // double v1[2] ={ 0, 0 };

20 // double v2[2] =

1, 0 };

{
o1 // double v3[2] ={ 0, 1 };

23

24

25

26

28

29

30

32

33

35

37

38

//vertices (particular triangle)

double v1[2] = { 1.2 |, 3.4 };
double v2[2] = { —-1.5 |, 2. };
double v3[2] = { 0.1 , —1. };

int n; // degree of the Bernstein polynomial basis
std :: cout<<” Enter.a_value_for._the_polynomial_order.n:”;

std ::cin>>n;

double *Cval; // store array of function values at Stroud
quadrature nodes, needed by get_-mass2dCurl
int functval = 0; //default: using a routine (Kappa) for

mass matriz coefficients

double (xA) (double[2]) = A0; // change here to your

routine for stiffness matrix coefficients

#ifdef FUNCT_VAL
functval = 1; //using the wvalues stored in Cuval for mass

matriz coefficients
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int q = n+1;
int nb_Array = 1; // the stiffness matriz is associated

with scalar—valued data

double *B; // store barycentric coordinates of Stroud nodes
B = new double [qxqx*3];
stroud_nodes_bary2d (q, B);

int LEN = q x q ; // space required for 2D array with
dimension q T q
Cval = new double [LEN % nb_Array]; //Cval entries are

stored in LINEAR memory, and used directly

scalar_values_at_Stroud2d(q, Cval, B, A, vl, v2, v3 ); //
storing your data in Cuval

#endif

double xxstiffMat; // store (non—zero) stiffness matric
entries

int len_Stiff = dim_nonGradCurl(n); // allocate memory to
stiffMat

stiffMat = create_Mat (len_Stiff);

get_stiffness2dCurl(stiffMat , n, A, Cval, vl, v2, v3,

functval); // compute non—zero stiffness matriz entries

// free allocated memory
#ifdef FUNCT_VAL

delete [|] Cval;

delete [] B;

#endif
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6+ // Insert your code here to make use of stiffMat. It will

be destroyed in the mnext line!

66 delete_Mat (stiffMat ) ;
67 }
Listing B.9: stiff2dCurl.cpp

In the above code, stroud_nodes_bary2d and scalar_values_at_Stroud2d are
routines defined in bbfem.cpp which respectively compute the barycentric coor-
dinates of the Stroud nodes and the values of scalar-valued coefficients at the
Stroud nodes. In addition, recall that the above code executes the computation
of the stiffness matrix entries associated with the spanning set described in Theo-
rem 4.1.3. Hence, in an implementation the appropriate rows needs to be removed

in order to correspond to the H (curl) finite element basis given in Theorem 4.1.3.



APPENDIX C

Shift strategy

Applying the Galerkin finite element discretization to Maxwell’s equations yields
a generalized eigenvalue problem, where the pencil consists of the pair (S, M) with
S and M respectively denoting the H (curl) stiffness and mass matrices. Having
computed the element matrices by means of the algorithms presented in Chap-
ter 4, the obtained eigenvalue problem can be solved using any general-purpose
eigensolver. However, doing so results in wasteful computations of the zero eigen-
values. Hence, this section presents a systematic approach for computing directly

the non-zero eigenvalues associated with the pencil (S, M).

For alternative methods regarding the numerical solutions of Maxwell’s equa-

tions, the reader is referred to [7, 55, 16, 15], and the references therein.

C.1 Symmetric Eigenvalue Problem

Consider the symmetric eigenproblem consisting in finding the pairs (A, u) satis-

fying
Su = AMu, (C.1)

where the eigenvalue A is a scalar, and u the associated eigenvector. In addition,

the matrix M is assumed to be positive definite. In (C.1), the pair (S,M) is

231
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often called a pencil. The next result, given in [68, Theorem 15.3.3], motivates
the use of some orthogonalization (or deflation) procedures in the iterative scheme

described later.

Theorem C.1.1. Let S and M denote real-valued symmetric matrices of dimen-
sion L. In addition, suppose that M is positive definite. Then, the problem (C.1)
has € real eigenvalues \y,..., \p. Fork =1,...,¢, denote by u; the eigenvector
corresponding to \,.. Then the set {uy : k= 1,... 0} is orthogonal with respect
to the M-inner product defined by

(u,viMg =u'Mv, u,ve R

For the sake of completeness, we next describe the numerical scheme used for

solving Maxwell’s eigenvalue problem in Chapter 4.

Based on [76], we opt for a combination of shifted inverse iteration (INVIT)
and Rayleigh quotient iteration (RQI) [68, Chapter 4 and Chapter 15], denoted
as INVIT-RQI. In order to avoid computing the zero eigenvalues associated with
the above-mentioned eigenproblem, our iterative scheme also contains additional
projections onto the space orthogonal to the kernel of the curl operator. For the
reader’s convenience, we recall in Algorithm C.1 the basic steps of INVIT with
orthogonal projection, for finding the non-zero eigenvalues associated with (C.1),
when Maxwell’s eigenvalue problem is considered. The projection matrix Py on

line 7 is given in Section 4.4.

In Algorithm C.1, || - [|p-1 is the norm induced by the inner product (-, -)n-1,
whereas "tol“ is a prescribed tolerance. RQI differs from INVIT in that no LU
factorization is used, and that the shift is updated at each level of iteration. RQIL
is described in more details in Algorithm C.2. Recall that, for & > 2, p,._; denotes

the Rayleigh quotient of the current iterate uy_;.

Without the projection step given on line 7, INVIT is well-known to converge
linearly towards the eigenvalue closest to the shift 8, provided that the starting

iterate u;y;; is not orthogonal to the corresponding eigenvector. In contrast, RQI
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Algorithm C.1: INVIT(S, M, 0, uj,;; )

Input : Matrices S and M, shift #, and starting eigenvector ujy.

Output: Eigenpair (p, u) such that p is one eigenvalue of minimal distance
from the shift 6.

Compute the LU factorization of S — 6M ;

Set Up = Winit, Po — 0, k= 07

while |Su, — prMuy||p-1 > tol do

k+=1;

Solve (S — OM)y = Muy_; for yi, using the LU factorization

computed on line 1 ;

6 //Project onto space orthogonal to ker(curl):

s W N =

Compute 1y = (I — Py)yy;
Compute ug = /|0y ||m;
9 Set pr = u}Suy;

10 //Return the final values obtained at the end of the loop

11 Return (p, uy);

Algorithm C.2: RQI(S, M, 0, uj,;;)

Input : Matrices S and M, shift #, and starting eigenvector ujy.

Output: Eigenpair (p, u) such that p is one eigenvalue of minimal distance
from the shift 0.

Set Up = Winit, Po — 0, k= 07

while [|Su; — prMug|p-1 > tol do

\; Same as lines 4-9 of INVIT (S, M, 0, uy,;;), with the line 5 replaced with

W N =

Solve (S — pr_1 M)y, = Muy,_; for yi;

'y

5 //Return the final values obtained at the end of the loop

Return (poo, us);

=]
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has a locally cubic convergence [68, Section 15.9], but does not necessarily con-
verges towards the eigenvalue which is closest to the initial shift [68, Section 4.9].
In [76], Szyld describes an elegant way of combining the properties of INVIT and
RQI in order to optimize the convergence towards a desired part of the spectrum.
The presented algorithm, referred to as INVIT-RQI in this work, is used to solve
the Maxwell’s eigenproblem considered at the end of Chapter 4. More precisely,
starting with an initial guess (6, w;;), the basic step of the eigenvalue algorithm

that we use can be described in Algorithm C.3.

Algorithm C.3: INVIT-RQI(S, M, 6, w;,;¢, n)
Input : Matrices S and M, initial shift 6, starting eigenvector u,;, and
switching parameter 7.
Output: Eigenpair (p,u) such that p is one eigenvalue of minimal distance
from 6.
1 Set ug = Uy, po =0, k= 0;
2 //Start with INVIT:
3 while |[|Su, — 6Mug|/p-1 > n do

Same as lines 4-9 of INVIT (S, M, 0, tinit);
//Monitor the relative change of the Rayleigh quotient:

Ok = lpx — pe—1l/lpl;
if 9, <6 and k > 3 then
L break;

9 //Switch to RQI using the output of the INVIT-loop as starting
eigenpair:

10 Compute (pror, Urgr) = RQIL(S, M, pryyrr, Unwrr) ;
11 Return (prqr, Uggr);

If the condition
|Sur, — OMug|m-1 <7 (C.2)

is satisfied at some iteration level k, then the limit eigenvalue of INVIT belongs

to the interval (60 —n,0 +n) [76]. In addition, if n satifies

A — Ay

< 1o
17 < min VR

NN
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where the minimum is taken over all the eigenvalues of the pencil (S, M), then
starting with the last eigenpair produced by INVIT when switching to RQI ensures
cubic convergence towards the desired eigenpair. INVIT-RQI also covers the case
where the eigenvalue which is closest to 6 does not belong to the interval (6 —
n,0+mn). In this case, (C.2) is never satisfied, and after a few INVIT iterations, the
Rayleigh quotient starts to converge towards an eigenvalue outside (6 —n, 6 +n),

so that its relative change satisfies

Pk — Pk—1

<9 CA4
Pk o (C4)

for a prescribed tolerance ¢. In this case, the algorithm switches to RQI solely
to accelerate the convergence. However, (C.4) can occur too soon, if the starting
iterate happens to be very close to an actual eigenvector. In order to prevent a
premature switch to RQI, a minimum of 3 INVIT iterations is enforced. For our
purposes, since the problem that we consider is known to have integer eigenvalues
(up to a multiplication by 7?), the choice n = 1/4 is satisfactory. For more general
settings, the algorithm proposed in [76] features the extra option of switching back
to INVIT using the latest iterate of RQI as starting eigenvector, in the case where

the input value 7 is too large.

C.2 Vector Iteration

Now observe that Algorithm C.3 only computes one eigenpair such that the eigen-
value is of minimal distance from 6. In order to compute several eigenpairs,
INVIT-RQI needs to be incorporated into a bigger loop, where the shift 6 is up-
dated according to the obtained eigenvalues. In addition, deflation procedures

are applied in order to avoid convergence to already obtained eigenpairs.

This section describes the details of the ”global” eigenvalue algorithm, that
is, when INVIT-RQI given in Algorithm C.3 is used to find several eigenpairs
associated with the Maxwell’s eigenvalue problem in Section 4.5. In particular,

details are also given regarding the shift strategy used. The method is given in
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Algorithm C.4.

EigenList and EigenVecList respectively contain the list of obtained eigen-
values and the corresponding eigenvectors. Before the loop over ¢, EigenList
EigenVecList and EigenVecSameList are each initializated to be empty. The
list EigenVecSameList stores the eigenvectors which belong to the same eigen-
value, and is needed for the selective deflation applied on line 8. More precisely,
only the set of previously obtained eigenvectors which are associated with the
latest obtained eigenvalue are considered during the deflation process. That is
to say, the current iterate is not orthogonalized with respect to the full set of
previously obtained eigenvectors. Thus, if the shift # happens to be closer to
a smaller eigenvalue than to the eigenvalue on the right of A, then INVIT-RQI
converges to the smaller eigenvalue which is already stored in EigenList. In that
case, the shift 6 is corrected by means of line 25, where r is the counter for the
number of times the INVIT-RQI loop produced the smaller eigenvalue. In order
to distinguish the different cases, the algorithm needs to compare the computed
eigenvalue p,, to the previously obtained eigenvalue Ai,;;. Hence, the dummy

initialization A, = 0 on line 1 covers the very first loop over /.

C.3 Artificial Shift Perturbation

When inverse iteration is coupled with orthogonal deflation, for solving the eigen-
problem associated with the pencil (S, M), the choice of shift given on line 21
of Algorithm C.4 might not be optimal. In fact, it is observed that slightly per-
turbed shifts produce better and faster results. This can be illustrated from the

following simple example.

Consider the problem of finding the eigenpairs associated with (S, M), with

and M is the identity matrix. Observe that the eigenvalues of S are given by
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Algorithm C.4: RQI-INVIT-Extended(S, M, ¢)

[y

W N

10

11
12
13
14

15
16

17
18
19
20

21
22

23

24
25

26

Input : Matrices S and M, and ¢ which stands for the desired number of

computed eigenpairs.

Output: First ¢ non-zero eigenpairs associated with the pencil (S, M).
EigenList = {}, EigenVecList = {}, EigenVecSameList = {}, § =0,
EigenNumber = 1, A\jyu =0, r =1 ;

while EigenNumber < ¢ do

Uit = random(dim(S));
Same lines as in INVIT-RQI(S, M, 0, u;,;), except that before the
normalizing step:

uy, = Uy /|[ 0k m
the following lines are inserted:

foreach v € EigenVecSameList do
L uy, (I — VVtM)flk;
//At this point, INVIT-RQI loop has produced (puo,Us)-

//Case where p,, is another multiplicity of the previously
obtained eigenvalue:

if EigenList == {} or |poo — Ainit| < € then
EigenList.append(ps ), EigenVecList.append(u.,);
EigenVecSameList.append(u.);
EigenNumber += 1;

else
//Case where p., is greater than the previously obtained
eigenvalue:

if poo > Ainis + 71 — € then

EigenList.append(p.,), EigenVecList.append(u);
EigenVecSameList = {us}, Ainit = Poo;

//Update shift value:

EigenNumber += 1, r =1;

//Case where p., is smaller than the previously obtained
eigenvalue:

else
L0<_0+T*(>\init_poo)ar<_r+1;

Return EigenList, EigenVecList;
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(34 +/5)/2, and that the corresponding eigenspaces are respectively spanned by

the vectors

1++5
9

—1++5
9

e; = (1, )T and e, = (1, — )T. (C.5)

Starting with 0 = 0, we perform 16 iterations of shifted inverse iteration, and find
a good approximation of (A, e;). We then update the value of o, and continue
the inverse iteration, coupled with deflation, to find the next eigenvector: With
o = A, the code breaks down after 3 iterations; with ¢ = A+ 1le-16, the maximal
number of iterations (500) is attained, and the resulting approximation is very

poor, with an error of order le-1 for the approximation of A,.

In order to undestand this phenomenon, we now proceed to “simulate” what
is happening inside the implementation during the evaluation of the second eigen-
value. Since the error is very small (of order le-16) for A;, the matrix used in the
code is given by S — A\;M, up to machine precision. Thus, for simplicity, we will
use the exact value of S — \;M for the “simulation®. One can show that S — A\ M

can be factorized by means of

7145\/5 1 1 0 *1‘5\/5 -1
1 1+T\/5 N 712\/5 1 0 0
N 10 AR

ﬁ 1 0 €

In the above equation, the symbol "~“ indicates that the right-hand side gives
the numerical approximation which is produced. The constant ¢ is of order 1le-16.
With the starting iterate ug = (1,1)T, we want to solve LUuy = u; for uy. To

this end, we first solve Lwy = u; for wy, that is,

1

=}

g
[
—

—_

-2
—1+V5
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The above system gives wy = (1, @)T Thus, we need to solve the system

-1 \/g
JQF —1 U2,1 _ 1 7 (C.6)
0 g U2 @

Now, observe from the second row that uy» = (v/5+3)/(2¢) = O(1le+16), so that
Ug,2 + 1= Uz 2. (C?)
But then, the first row of (C.6) yields

-1+5

TUM =1+ ug2 & usp,
which, together with (C.5), shows that the second iterate us has a significant
component along the direction of the eigenvector e;. Thus, with wy satisfying

LW2 = Uy,
(Uuy = wy) = (uy is "very” parallel to eq). (C.8)

In fact, for any w € R? which is not "too large® (which can always be attained
using normalization), the solution to Uu = w with U given on the left-hand-side
of (C.6), is always a vector which is very ”parallel“ to e;. Indeed, it suffices to
use the same argument as the one leading to (C.8), but with the right-hand side

of (C.6) given by the normalized form of w. As a consequence,
(LUuy = uy) = (uy is "very” parallel to e;).

Hence, the inverse iteration with the shift § = \; produces iterates u, which
are almost "parallel” to the eigenvector e;. When the deflation procedure is
applied, the iterate u, is replaced with its projection onto the space orthogonal
to e;. But then, the next iterate u,,; satisfying LUu;; = u; is again almost
"parallel“ to e;. In other words, the choice 0 = A\;+0O(1le-16) annihilates too much

the components of the iterates along the eigenvector e;, making it numerically
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impossible to get a good approximation of the eigenpair (Ay, €3).

As a particular application of the above argument, we opt for an artificial
perturbation of the shift € used in Algorithm C.4. More precisely, the shift choice
on line 21 is replaced with 6 = p,, + ¢, where ¢ is a prescribed perturbation. In
our computations, we used ¢ = 0.1. The concept of artificial shift is not new, and
has been mentioned, for example, in [79, p.328] for the accurate approximation

of eigenvalues with multiplicities.
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