University of Strathclyde

Department of Naval Architecture, Ocean and Marine Engineering

Peridynamics Theory and its Applications in
Isotropic and Functionally Graded Beam and

Plate Structures

By
Zhenghao Yang

A thesis submitted in fulfilment of the requirements for the degree of Doctor of

Philosophy

Glasgow, U.K.
2020



AUTHOR STATEMENT

This thesis is the result of the author’s original research. It has been composed by the
author and has not been previously submitted for examination which has led to the

award of a degree.

The copyright of this thesis belongs to the author under the terms of the United
Kingdom Copyright Acts as qualified by University of Strathclyde Regulation 3.50.
Due acknowledgement must always be made of the use of any material contained in, or

derived from, this thesis.

Signed: Date:



Acknowledgement

First of all, I would like to express my special gratitude to my supervisors Dr. Erkan
Oterkus, Prof. Nigel Barltrop and Dr. Selda Oterkus, for their excellent guidance and

support as without them my PhD will never be a success.

I would like also to thank my parents, anti, uncle and grandparents. Their strong support

and encourage throughout my study is highly appreciated.

Moreover, I am very grateful to my German families, Horst, Claudia, Sascha and

Michelle for their kindness and having hosted me as a member of their family.



“Withholding information is the essence of tyranny. Control of the flow of information

is the tool of the dictatorship.”

Bruce Coville

To everyone who longs

for liberal democracy



Abstract

In recent two decades, as an alternative formulation to Classical Continuum Mechanics
(CCM), peridynamics (PD) has been rapidly progressed for solid mechanics
applications. Instead of expressing equations of motion in partial differential equation
form as in CCM, PD equations of motion are expressed in integro-differential equation
form. Moreover, PD equations do not contain any spatial derivatives, which offer
certain advantages especially for the solution of problems including displacement
discontinuities due to the existence of cracks. This thesis emphasizes the introduction
of governing equations for currently popular beam and plate models in peridynamics
framework. The formulations are derived by using Euler-Lagrange equation and Taylor
series expansion and verified by considering benchmark problems with comparison
against finite element analysis results. In addition, the implementation of peridynamic
beam and plate formulations in finite element framework is explained. Moreover, the
classical peridynamic formulations (bond based, ordinary state based and non-ordinary

state based) are revisited.
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1. Introduction

1.1 Background of Peridynamics

Classical continuum mechanics (CCM) developed by Cauchy has been widely used for
the analysis of deformation behavior of materials and structures. Although CCM has
been very successful in dealing with numerous complex problems of engineering, it
encounters difficulties if the displacement field is discontinuous. This situation mainly
arises when cracks occur inside the solution domain. In this case, the partial derivatives
in the governing equations of CCM become invalid along the crack surfaces. Moreover,
as the technology advances and nanoscale structures become a significant interest,
accurate material characteristic at such a small scale cannot always be captured by CCM

since CCM does not have a length scale parameter.

To overcome the aforementioned issues related with CCM, a new continuum mechanics
formulation, peridynamics, was proposed by Silling (2000). The governing equations
of peridynamics (PD) are in the form of integro-differential equations and do not
contain any spatial derivatives. Therefore, they are always valid even if the
displacement field is discontinuous. Moreover, it has a length scale parameter, horizon,
which can be utilised to model structures at nano-scale. Besides, in PDs, the state of a
material point is influenced by material points that are located at a finite distance within
a domain of influence called horizon. This feature positions PDs within non-local
continuum mechanics formulations. As highlighted by dell’Isola et al. (2016), the
origins of PDs go back to Piola. Since its introduction, there has been rapid progress on
PDs. The PD formulation has been applied to many different material systems,
including linear elastic materials, metals and composite materials. The PD theory is not
limited to macroscopic analysis, which allows researchers to use it for analyzing
problems at the mesoscale and nano-scale. Moreover, it is currently possible to perform
multi-physics analysis in a single PD framework by coupling mechanical field to

thermal field, moisture diffusion, electric current, porous flow, etc. PD theory has also
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been effectively used for impact analysis. An in-depth review of PD research is given

by Madenci and Oterkus (2014) and Javili et al. (2019).

1.2 Classification of Beams and Plates

Beams and plates are structural elements whose transverse dimension (thickness) is
much smaller than the characteristic dimension such that

h/L«1 (1.1)
where h is the thickness of the beam or plate, and L represents the span of the beam
or minimum characteristic dimension of the plate, respectively.

Elastic beams and plates can be categorized based on the thickness into three different

classes:
(1) Slender beams / thin plates % < 2_10
(2) Moderate thick beams / plates % ~
(3) Deep beams / thick plates % > 1_10

. o . . . h 1
A beam or plate is called slender or thin if the maximum value of the ratio is <55 In

this regard, it is admissible to have a negligible error for engineering requirement by

omitting the transverse shear effect.

For a large number of practical applications, if the thickness — length ratio is beyond

that range, neglecting transverse shear effect may violate the solution precision. And

they are regarded as moderate thick beams / plates (if % ~ 1—10) and deep beams / thick

plates (if % > 11—0) accordingly.

Moreover, beams can be also classified according to the geometries of the cross-section,

such as rectangular beam, T-section beam, etc, as shown in Fig. 1.1.



The shape of cross section determines the properties (e.g. bending resistance, torsional
strength). Thus, choosing appropriate model is one the most fundamental role of a

designer by considering economy and constraint of functional requirements.
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Figure 1.1 Beam cross sectional shapes (Hamakareem. M.I)

1.3 Objectives and Motivations

Beam and plate structures, as the major transverse loading carrying element, are widely
used in mechanical, civil, aerospace and marine engineering applications. Indeed,
beams and plates are obviously three-dimensional structure and can be analyzed in a
straightforward manner by using three-dimensional governing equations of linear
elasticity. However, the solution for three-dimensional problems is generally difficult
and time-consuming for a computation. In order to simplify the solution of beams and
plates, dimensional reduction that describes the deformation behavior by using the
neutral axis and mid-plane for beams and plates, respectively, are utilised by researchers.
Depending on the geometry and material properties, various theories of beam and plate
theories arise. The classical beam and plate theories, i.e. Euler-Bernoulli Beam and
Kirchhoff-Love Plate, neglect shear effects and are applicable to slender beams and thin
plates. On the other hand, Timoshenko beam and Mindlin plate theories were developed

by taking transverse shear deformation into consideration, which are applicable to



moderately thick structures. Regarding thicker beams and plates, several advanced
theories arose in recent decades, which involve additional independent variables, and

they are collectively known as higher orderbeam and plate theories.

Peridynamics, as a burgeoning theory in recent two decades, has significant capabilities
in engineering applications. The main characteristic of peridynamics is that the
governing equations are comprised of spatial integrations only rather than spatial partial
derivatives. With the help of this advantage, discontinuous problems or singularities of
the function due to cracks, fracture, corrosion etc. can be avoided. Although there has
been ongoing research and development of peridynamics theory in solid mechanics,
progress in development of peridynamic beam and plate structures is limited. The
original formulation of peridynamics considers only translational degrees of freedom
for material points and is capable of performing 3D analysis. However, this approach
can be computationally expensive for certain geometries such as beam and plate
structures. To model such structures, standard peridynamics mechanical model should
be modified by taking into account bending moment for each peridynamics bond.
Hence, 3-Dimensional geometries can be represented by 1-Dimensional models as
beams or 2-Dimensional models as plates for simplicity. For this prupose, this thesis is
aimed at developing peridynamics equations for the beam and plate models as

mentioned above for researchers.

1.4 Novelty

Peridynamics is a new non-local continuum mechanics theory, which is very attractive
for problems including discontinuities such as cracks and suitable for prediction and
simulation of material crack propagation. Beam and plate structures, as the major
transverse loading carrying element in industrial applications, bear the risk of material
failure and crack propagation, which can cause catastrophic consequence. Thus,

peridynamics would have ample scope for engineering safety precaution, due to its
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advantage in material failure prediction. Although thin structures can be analyzed as a
3D model under traditional peridynamics formulations which were developed by
Silling (2000), Silling et al. (2007) and Madenci and Oterkus (2014), the solutions for
is generally difficult and computationally expensive. Hence, it is essential to develop
particular simplified peridynamics formulations for such thin structures under beam
and plate type idealizations. Current study of peridyanmics has covered many physical
areas but not much in beam and plate structures yet. Although, one of the most
representative research outputs in this area, Diyaroglu et al. (2015), provided
peridynamics formulations for Timoshenko beam and Mindlin plate, the limitation of
Poisson’s ratio of 1/3 was assumed throughout their study. In this thesis, novel
peridynamics formulations without limitation of Poisson’s ratio are introduced and
cover varies types of beam and plate structures with isotropic and functionally graded

material.

Bond based peridynamics (BBPD) and ordinary state based peridynamics (OSBPD), as
two fundamental peridynamics theories, were developed by Silling (2000) and Silling
et al. (2007), respectively. Although both theories were revisited and the derivation of
peridynamics material parameters were re-explained by Madenci and Oterkus (2014),
the concept of peridynamics state is still difficult to well understand for beginners. In
this thesis, a novel derivation approach for peridynamics formulation based on
utilization of Lagrange’s equation and Taylor’s series expansion rather than by
equalizing the strain energy density between peridynamics and classical mechanics
theory as in the previous study, are developed. The approach eliminates the limitation
of the Poisson’s ratio and unifies the BBPD and OSBPD together, which discards the
need of introduction of peridynamics state concept. Moreover, this approach is well
matched analytical mechanics point of view, which well clarifies the physical meaning

of each peridynamics quantities and makes it facile for beginners.

In Addition to those above, this thesis provides a feasible approach to implement

peridynamics beam and plate model in finite element framework. The principle of
5



coupling peridynamics with finite element analysis was originally introduced by Macek
and Silling (2007). Diyaroglu (2016) extended the previous study and achieved the
implementation of modelling peridynamics model within commercial finite element
software, ANSYS, by using LINK or SPRING elements. Regarding peridynamics thin
structures (1D and 2D models), modelling with LINK or SPRING elements are feasible
to capture in-plane deformation, however, analyzing bending behaviors becomes
incapable, due to the limitation of element degrees of freedom. In this thesis, a refined
solution with utilizing BEAM element instead of LINK or SPRING is introduced in
Chapter 6, which make it achievable to capture bending analysis for peridynamics beam

and plate models in finite element software.

1.5 Outlines

Chapter 2 reviews the historical development of beam and plate theories. A list of
several categories in the field of beam and plate theories is given and specifications are

summarized.

Chapter 3 revisits the original PD formulations and re-derives them from analytical

mechanics point of view.

Chapter 4 develops the PD formulations for beam structures comprising isotropic
material and functionally graded material. The applicability and accuracy is validated

from numerical results.

Chapter 5 is an extension of Chapter 4. Hierarchical classifications of plate models are
presented and their corresponding PD equations of motion are derived. The governing

equations are validated by numerical results.

Chapter 6 investigates the implementation of PD Timoshenko Beam and Mindlin Plate

formulations in finite element framework. Deformation and buckling performances are
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under consideration for demonstration. Moreover, crack propagation behaviors are also

studied.

2. Literature Review

2.1 Introduction

As introduced in Chapter 1, PD theory, as a powerful tool for prediction of material
failure, has been thrived by researcher during last years. The first milestone of PD
development appeared in Silling (2000), which was the rudiment and often referred to
as bond-based PD theory. Although this original version was neat, straightforward and
simple to implement for beginners, the theory itself contained defect that the Poisson’s
ratio, v, of material was restricted by value of 0.25, which limited the applicability in
engineering. An improved version (ordinary stated based PD) thereafter published by
Silling (2007), which eliminated the limitation of the Poisson ratio by introduction of
concept of PD state. Another fundamental branch of PD theory that non-ordinary state
based PD was released by Warren et al. (2009), and as a consequence, the theoretical
framework of PD was basically established from then on. Madenci and Oterkus (2014)
summarized former research achievements as a textbook which demonstrated PD
engineering applications with varies of numerical examples. Moreover, simplified PD
formulations for 1D rod and 2D plane stress problems were also represented within the

textbook.

Based on the achievements mentioned above, there has been rapid development in PD
research especially during the last years. According to dell’Isola et al. (2016), the
origins of peridynamics go back to Piola. PD has been applied to analyse different
material systems including metals (DeMeo et al., 2016), composites (Ozdemir et al.,
2020), concrete (Oterkus et al., 2012), graphene (Liu al et., 2018), etc. Moreover, it is
not limited to elasticity behaviour and PD based plasticity (Madenci and Oterkus, 2016),

viscoelasticty (Madenci and Oterkus, 2017), and viscoplasticity (Amani al et., 2016)
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formulations are available. In addition, PD equations has been extended to other fields
to perform heat transfer (Gao and Oterkus, 2019), diffusion (Wang al et., 2018), porous
flow (Oterkus al et., 2017), and fluid flow (Gao and Oterkus, 2019) analyses. An

extensive review on peridynamics is given in Javili et al. (2019).

Simplied structures including beams, plates and shells can also be represented in PD
framework. Taylor and Steigmann (2015) introduced a two-dimensional model for thin
plates. In his study, the PD model was derived as a 2D approximation of the 3D bond-
based theory of PD via an asymptotic analysis and fracture simulation of a brittle plate
with a central crack under tensile loading was demonstrated. Diyaroglu et al. (2017)
developed a PD isotropic Euler-beam. The effect of transverse shear deformation in
thick plates was taken into account by Diyaroglu et al. (2015) by developing PD bond
based Timoshenko and Mindlin plate formulations. O’Grady and Foster (2014)
proposed Euler beam and Kirchhoff plate formulations by utilising non-ordinary state-
based peridynamics. Chowdhury et al. (2016) developed a state-based PD formulation

suitable for linear elastic shells.

The following sections of this Chapter review the development of beam and plate
theories and functionally graded material according to the classical mechanics theory,
and the corresponding theories based on PD framework are presented in Chapter 4 and

5, respectively.

2.2 Development of Beam theories

Beam, as one of the most popular elements in structural mechanics, is mostly designed
to support transverse load and used in a wide range of structures such as bridges and
buildings. Depending upon the geometries, uses and material properties, various beam
theories have been developed since 1750s. The most important contributors were Euler
and Bernoulli (1750s), who developed a suitable theory for slender beams, which is

known as classical beam theory or Euler — Bernoulli beam theory. The next milestone
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of beam theories was developed by Timoshenko in 1920s. On the basis of Euler-
Bernoulli beam theory, Timoshenko provided a revised set of formulations with
consideration of the effects of transverse shear deformations on the behavior of a beam,
which enhanced the solution accuracy for analyzing moderately thick beams and is well
known today as first order shear deformation theory or Timoshenko beam theory.
Although the Timoshenko beam solutions are widely adopted in thick beam analysis, it
contains limitations: the transverse normal must undergo no change in length during
deformation, which means that both transverse normal strain, &,, and stress, o,, are
omitted; the transverse normal must remain straight during deformation, which
involves the need for the introduction of shear correction factor. In order to improve the
applicability and accuracy, some advanced beam theories emerged thereafter. Soldatos
and Elishakoff (1992) presented a theory with inclusion of both transverse shear
deformation and transverse normal deformation. Another study reported by Heyliger
and Reddy (1988) described a theory with higher order shear deformation, which
eliminated the restriction that transverse normal must remain straight during
deformation. Later, in addition to these, some refined displacement models of beams
were developed by investigators such as Kant, Marurb and Rae (1998). In this section,

we will briefly recapture the development of some representative beam theories.

2.2.1 Classical Beam theory

The first complete and adequate set of equation for linear theory of thin beams was
developed by Euler and Bernoulli, which is also known as Euler — Bernoulli beam
theory, thin beam theory or classical beam theory. According to Euler-Bernoulli beam
theory, hypothesizes made can be summarized as (Bauchau and Craig, 2009)

1. Small deformation is assumed.

2. Transverse normal remains straight during deformation.

3. Transverse normal stress, g,, is considered small compared to axial stress.

(This simplifies the 2D plane-stress Hooke’s Law and make it a 1D material

constitutive law.)



4. Transverse normal remains perpendicular to the neutral axis, or in other words,
the transverse shear stress, T,,, 1S zero.
5. Transverse normal length remains unchanged, or in order words, the transverse

normal stress, &,, is zero.

plane in deformed beam remains
perpendicular to the deflection curve

<
.

\ X

deflection curve

Figure 2.1 Deformation of Euler-Bernoulli Beam

(http://www.parash.xyz/2019/02/26/structural-engineering)

In view of the above, the displacement field in the Euler — Bernoulli beam can be written

as
u(x,z,t)=z0(xt) (2.1a)
w(x,z,t) =w(x,t) (2.1b)

in which x and z represent the axial and transverse coordinate, respectively, and the
"overbar” notation denotes the displacement of the neutral axis (z=0) and 60
represents the rotation of the material point located on neutral axis. Thus, strain —

displacement relation can be expressed as

}/:9+%=0 (2.2a)
=2l z%ﬁz (2.2b)

in which y and ¢ represent the shear and normal strain, respectively. Note that, with
the help of the hypothesizes mentioned above, the final governing equation of Euler —
Bernoulli beam can be derived into a compact form and is widely used because of its
simplicity. On the other hand, these hypothesizes restrict the deformation in terms of
shearing and thickness change and lead that the beam is stiffer, therefore the deflection
solution of Euler — Bernoulli beam is slightly smaller than reality. This issue can be

neglected for slender beams but significant when the beams are thick. In order to
10



eliminate this effect, some improved beam theories emerged in the 20" century.
2.2.2 First Order Shear Deformation Beam Theory

First order shear deformation beam theory, sometimes referred as Timoshenko beam
theory, was first introduced by Timoshenko early in the 20" century. Substantially better
results for the thicker beams can be obtained by taking into account shear deformation
and rotational bending effects. Timoshenko eliminated the assumption 4 which is given
above, and this yields the strain components and linear strain energy density as

(Timoshenko, 1983)
00

=2 & (233)
oW
r=0+ (2.3b)
and
1 20 Y ow Y’
W= 2 [EI (axj + KC-‘A[H + axJ 1 2.4)

where k is introduced as the shear correction factor, which depends upon the geometry
of the cross-section, and EI, G and A represent the bending rigidity, shear modulus
and cross section area, respectively. The equilibrium equations of Timoshenko beam
can be derived by using minimum potential energy principle, which can be expressed

in terms of displacements only as

W 00
"G“(axz - 6xj tp=0 (2.52)
%0 oW
=] pvd Keq[ax - 9] =0 (2.5b)

2.2.3 Advanced Beam Theories

Beam theories are only approximate theories, with number of simplifications are made

for the sake of reducing the dimension of the model.

In order to reduce the assumptions and enhance the applicability and solution accuracy
for deeper beams as far as possible, varieties of new beam theories emerged thereafter.

11



In this section, three representative techniques are introduced.

2.2.3.1 Model I (Transverse shear and normal deformable beam)

In this theory, assumptions 3, 4 and 5 given in section 2.1.1 are eliminated. To achieve
inclusion of transverse shear and normal strains, an additional independent
displacement variable, w*, is introduced and the displacement field of the beam can be
written as (Soldatos and Elishakoff, 1992)
u(x,zt)=2z0(xt) (2.6a)
w(x,z,t) =w(xt)+zW (x,t) (2.6b)

This stipulation leads the strain-displacement relations as following:

6 =1 Z_f (2.72)
o = 22w (2.7b)
Ve, =0+ 6—7 +2° 6;17 (2.7¢)

Unlike the corresponding relations of the Timoshenko beam theory, where the
transverse strain is zero, complete planar strain components are given in this theory.
This implies that beams comply the 2D plane — stress material constitutive law rather
than 1D Hooke’s Law which is used in Timoshenko and Euler — Bernoulli beam

theories.

2.2.3.2 Model 2 (Higher order shear deformable beam)

In this theory, assumptions 2 and 4 given in section 2.1.1 are eliminated by stipulation
of the following displacement assumption (Kant and Gupta, 1988)
U(x,z,t) =20 (x.t) + 2% (x.t) (2.82)
w(x,z,t) =w(xt) (2.8b)

12



Figure 2.2 Deformation of higher order beam (Komeili et al., 2011)
where 6% is introduced as a new independent generalized displacement. Strain

components in this displacement field assumption can be expressed as

6 =z ‘2_9 78 ‘Zi (2.92)
X X
Vo =0+ % +32°% (2.9b)

Note that the planar strain components are incomplete (transverse normal strain, &,, is
absent), and this implies the deformation behavior of the beam can be only abided by

1D Hooke’s Law in this theoretical framework.

2.2.3.3 Model 3 (Refined Higher Order Deformable Beam)

In this theory, assumptions 2, 3, 4, 5 given in Section 2.1.1 can be eliminated by
stipulating the displacement field as (Kant and Gupta, 1988)
U(x.z.t) = 20 (x.t) + 2% (x.t) (2.10a)
w(x,z,t) =W (x,t)+zW (x,t) (2.10b)
Hence, the strain components are given by

0 , 200

g =2 +2°— (2.11a)
SZ = 2ZWk (2.11b)
. =‘9+?f”2[39*+$j (2.11c)

In comparison with the corresponding relation given by Model 1, the shear strain
component varies parabolically with the thickness, which is more realistic. Moreover,
unlike the strain components given by Model 2, planar strain components are complete
in this theory, which implies 2D plane — stress material constitutive law can be applied

13



for the stress analysis.

2.3 Development of Plate Theories

As an extension of beam theory, varieties of plate theories have been investigated since
18™ century. One of the first plate theories developed for thin plate was presented by
Love and Kirchhoff (1888), which is known as thin plate theory or Kirchhoff — Love
plate theory. Similarly with the Euler — Bernoulli beam’s assumption, transverse shear
effect is ignored. Due to this limitation, Kirchhoff — Love plate formulation is usually
used only in thin plate analysis and not tenable for moderate thick plates. Later around
1940s, an improved plate theory developed for moderately thick plates was investigated
by Reissner (1945) and Mindlin (1951), which is known as Mindlin — Reissner plate
theory today. This theory takes shear deformation into account by involving rotations
as the additional independent displacements, which extends the applicability of the
plate formulation. Similar to Timoshenko beam theory, although Mindlin — Reissner
plate theory obviates the most problems that beset thick plate analyses based on
Kirchhoff — Love theory, it still has limitations: the transverse normal must undergo no
change in length during deformation, which means that both transverse normal strain,
&,, and stress, o,, are omitted; the transverse normal must remain straight during
deformation, which involves the need for the introduction of shear correction factor. In
order to overcome the limitations due to the assumptions made for formulation
simplicity, some novel plate theories were developed with inclusion of additional
generalized displacement variables in last 50 years, such as discussed by Lo and Wu
(1977), Reddy (1984), Kant (1980) and in numerous subsequent publications. In this

section, we will briefly recapture the development of some representative plate theories.
2.3.1 Kirchhoff — Love Plate Theory

Similar to Euler — Bernoulli beam, as the most elemental plate theory, Kirchhoff — Love
plate theory proposed the following assumptions for simplifying the model:
1. Small deformation is assumed.

14



2. Transverse normal remains straight during deformation.

3. Transverse normal stress, g,, is considered small compared to other in-plane
stress components, gy, g, and Ty, . (This simplifies the 3D Hooke’s Law
and makes it a 2D plane — stress material constitutive law.)

4. Transverse normal remains perpendicular to the mid-plane, or in other words,
the transverse shear stresses, 7,, and T,,, are zero.

5. Transverse normal length remains unchanged, or in other words, the transverse
normal stress, &,, is zero.

Therefore, the displacement field and strain — displacement relations can be written

accordingly as following

u(x,y,z,t) = 26, (x,y,t) (2128.)
v (x,y,z,t) =26, (x,y,t) (2.12b)
w(x,y,z,t) :le(x,y,t) (212C)
and
oW
Ve =6, + o 0 (2.13a)
) +%=0 (2.13b)
00, _ @
=1 =g (2.13¢)
:, :ziyey:—zgil\zl (2.13d)
06, 99,) . oW
Ty :Z[ay+(3)(]__2z ox oy (2136)

2.3.2 Mindlin — Reissner Plate Theory

As mentioned above, an improved plate theory was represented by Mindlin and
Reissner with consideration of transverse shear effects during the deformation
(assumption 4 given in section 2.2.1 is eliminated). The displacements field has no
distinction with that of given in Kirchhoff — Love plate theory, and strain components

can be written as following

15



6 =2 ";yi (2.14b)
7 - z@‘j . ‘Z‘i] (2.14¢)
o = 0, + 2 (2.14d)
Ve =6, + % (2.14e)

It can be seen that 6, and 6, are introduced as two additional independent
displacement variables due to the elimination of assumption 4 given in the section 2.2.1.
This increases the degree of complexity and enhanced the solution accuracy especially

for thick plates meanwhile.

Normal

Mid plane

a

gf_ pm— 5

Before deformation After deformation

Figure 2.3 Deformation of Mindlin Plate (Chen and Kumar, 2013)

2.3.3 Advanced Plate Theories
2.3.3.1 Model 1 Transverse Shear and Normal Deformable Plate

This theory eliminates the assumptions 3, 4 and 5 given in section 2.3.1 by assuming

such displacement field

u(x,y,zt) =126, (x,y.t) (2.152)
v(x,y,z,t) =26, (x,y,t) (2.15b)
w(x,y,z,t) =W(x,y,t)+2zW (x,y,t) (2.15C)

Hence the strain-displacement relation can be written as

6 =2 zy‘)x (2.16a)
00

5 =20n (2.16b)

o = oo (2.16¢)
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vy -2 [69* . wy] (2.16d)

oy oX
g My oW
Ve = gx + X +z OX (2166)
W, oW
Ve =6, +E+Z E (2.16%)

It can be seen that strain components are completely defined in this theory, and hence,

the deformation performance will comply 3D Hooke’s Law.
2.3.3.2 Model 2 Higher Order Transverse Shear Deformable Plate

This theory eliminates the assumptions 2 and 4 given in section 2.3.1 by stipulating

such displacement field

u(x,y,z,t) =26, (x,y,t)+2% (x,y,t) (2.17a)
v (x,y,z,t) =26, (x,y,t)+ 2%, (x,y,t) (2.17b)
W(x,y,z,t) :vT/(x,y,t) (2.17C)

Therefore the strain-displacement relation can be expressed accordingly as

g =2Z—>+7 =
OX OX
0 o6,
g =z 2L +2° L
oy
g =0
00, 09, (00, a6, (2.18a—1)
Vo = Z|——+ == |+27 | —+—-
Y oy X oy OX

Ve =0 + w +32°0;
OX

oW .
Ve = 6, + > +32°%0,
The absence of transverse normal strain and omittance of transverse normal stress yield
the deformation behaviors which will follow a partial Hooke’s Law (in accordance to

Mindlin plate theory).
2.3.3.3 Model 3 Refined Higher Order Deformable Plate

This theory eliminates the assumptions 2, 3, 4 and 5 given in section 2.3.1 by assuming

such displacements field (Lo al et., 1977)

u(x,y,zt) =26, (x,y,t)+2% (x,y,t) (2.19a)
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v(x,y,z,t) =20, (x,y,t)+236’; (x,y,t) (219b)
w(x,y,z,t) =W(x,y,t)+2zW (x,y,t) (2.19¢)

Stipulation of the displacement field gives the strain components as

o =22, 3% (2.20a)
OX OX
g =1 iyi +2° if,y (2.20b)
g = 22w (X, y.t) (2.20c)
) (e
yxy_z(ay+ x]+z[8y+8x] (2.20d)
W 2 e
Yy =6, + —+2 [3@ + SXJ (2.20e)
Ve =6, + % +2° {36’y + %yNJ (2.201)

It can be seen that strain components are fully defined in this theory, which yields that
3D Hooke’s Law can be applied to describe the constitutive relation. Moreover, the

need for introduction of shear correction factor is eliminated.

2.4 Development of Functionally Graded Material (FGM)

With the development of advanced manufacturing technologies, the importance of
functionally graded materials (FGM) is increasing due to their advantages over widely
used traditional composites. According to functionally graded material concept, the
material properties are continuously varying based on a certain distribution. Therefore,
functionally graded materials do not suffer from stress concentrations in the thickness
direction due to the laminated structure used for fiber reinforced composites, and failure
due to delamination can be avoided. Functionally graded materials are usually made of
a mixture of ceramic and metal to resist ultra-high-temperature environments and
eliminate interface problems. Moreover, they are used in various engineering fields
including aerospace, defence, electronics and biomedical industries to remove stress
concentrations, reduce residual stresses and increase bond strength (Simsek, 2010).

Significant amount of research studies are available in the literature focusing on the
18



analysis of functionally graded materials including beam and plate formulations.

2.4.1 Development of Functionally Graded Beam

Due to the increase in usage of FGMs, numerous beam formulations for FGMs are
available in the literature. Amongst these, Li (2008) developed a unified approach to
analyze the static and dynamic behaviours of functionally graded beams by including
rotary inertia and shear deformation. Kadoli et al. (2008) performed static analysis of
functionally graded beams using higher order shear deformation theory. Kahrobaiyan
et al. (2012) proposed a size-dependent functionally graded Euler-Bernoulli beam
model based on strain gradient theory. Thai and Vo (2012) performed bending and free
vibration analysis of functionally graded beams using various higher-order shear
deformation beam theories. Lu et al. (2008) presented elasticity solutions for bending
and thermal deformations of functionally graded beams with various end conditions
using the state space-based differential quadrature method. Su et al. (2013) developed
the dynamic stiffness method to investigate the free vibration behaviour of functionally
graded beams. Simsek et al. (2012) performed linear dynamic analysis of an axially
functionally graded beam with simply supported edges and subjected to a moving
harmonic load based on Euler-Bernoulli beam theory. Li and Batra (2013) investigated
relationships between buckling loads of functionally graded Timoshenko and
homogenous Euler-Bernoulli beams. Sankar (2001) presented an elasticity solution for
a functionally graded Euler-Bernoulli beam subjected to transverse loads. Birsan et al.
(2012) performed deformation analysis of functionally graded beams by using direct
approach which is based on the deformable curve model with a triad of rotating
directors attached to each point. Nguyen et al. (2013) investigated static and free
vibration behaviour of axially loaded functionally graded beams based on the first-order
shear deformation theory. Filippi et. al. (2015) used 1D Carrera Unified Formulation
(CUF) to perform static analysis of functionally graded beams. Ebrahimi and Zia (2015)
studied the functionally graded porous Timoshenko beams. Calim (2016) performed

dynamic analysis of functionally graded Timoshenko beams with variable cross-section.
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Ashgari et al. (2011) presented a size-dependent functionally graded Timoshenko beam
formulation based on modified couple stress theory. Simsek (2010) investigated the
dynamic behaviour of functionally graded Timoshenko beams subjected to a moving
harmonic load. In another study, Tajalli et al. (2013) derived a size-dependent
formulation for functionally graded Timoshenko beams using strain gradient theory.
Ebrahimi and Barati (2016) investigated the free vibration behaviour of functionally
graded nanobeams utilizing third-order shear deformation beam theory. Simsek and
Reddy (2013) analysed functionally graded microbeams using modified couple stress
theory and different higher order beam theories. Sun et. al. (2016) investigated buckling
and post-buckling deformations of a functionally graded Timoshenko beam resting on
an elastic foundation subjected to temperature rise using the shooting method. Pydah
and Batra (2017) developed a shear deformation theory for thick circular beams which
was used to analytically solve static deformations of bi-directional functionally graded
circular beams. In another study, Fariborz and Batra (2019) performed free vibration
analysis of functionally graded circular beams using a shear deformation theory by
incorporating through-the-thickness logarithmic variation of the circumferential
displacement and has a parabolic through-the-thickness distribution of shear strain.
More recently, Menasria et al. (2020) presented dynamic analysis of functionally graded
sandwich plates rested on elastic foundation using refined shear deformation theory.
Zine et al. (2020) investigated the bending response of functionally graded plates
utilizing cubic shear deformation theory. Rabhi et al. (2020) examined the buckling and
vibration responses of exponentially graded sandwich plates resting on elastic medium
using trigonometric shear deformation theory. Matouk et al. (2020) analyzed the free
vibrational behaviour of functionally graded nano-beams resting on elastic foundation
exposed to hygro-thermal environment utilizing Timoshenko beam theory. Chikr et al.
(2020) and Refrafi et al. (2020) performed buckling analysis of functionally graded
sandwich plates based on a refined trigonometric shear deformation theory. Rahmani et
al. (2020) investigated the effect of boundary conditions on the bending and free
vibration behaviour of functionally graded sandwich plates resting on elastic foundation

using higher order shear deformation theory. Kaddari et al. (2020) studied static and
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free vibration behavior of functionally graded porous plates resting on elastic
foundation utilizing quasi-3D hyperbolic shear deformation theory. Tounsi et al. (2020)
developed a four-variable trigonometric integral shear deformation model for the
hygro-thermo-mechanical analysis of functionally graded ceramic-metal plates resting
on an elastic foundation. Boussoula et al. (2020) performed thermomechanical analysis
of functionally graded sandwich plates by employing nth-order shear deformation

theory.

2.4.3 Development of Functionally Graded Plate

There are currently numerous studies in the literature focusing on plate formulations of
functionally graded materials. Amongst these Vel and Batra (2004) provided three-
dimensional exact solution for the vibration of functionally graded rectangular plates.
Shen (2002) obtained nonlinear bending response of functionally graded plates
subjected to transverse loading by using Reddy’s higher order shear deformation plate
theory. Zenkour (2006) presented generalised shear deformation theory for bending
analysis of functionally graded plates. Bian et al. (2005) derived analytical solutions for
functionally graded plates under cylindrical bending using first - and third-order shear
deformation theories. Carrera et al. (2011) investigated the effect of thickness stretching
in functionally graded plates by using Carrera’s Unified Formulation. Ferreira et. al.
(2005) used meshless method and third—order shear deformation theory to analyse
functionally graded plates. Kashtalyan (2004) utilized Plevako general solution of the
equilibrium equations for inhomogeneous isotropic media to obtain three-dimensional
elasticity solution for functionally graded simply supported plates. Xiang and Kang
(2013) performed bending analysis of functionally graded plates by using nth-order
shear deformation theory and meshless global collocation method based on the thin
plate spline radial basis function. Qian and Batra (2004) performed thermoelastic
analysis of a thick functionally graded plate by using higher order shear and normal
deformable plate theory and a meshless Petrov-Galerkin method. Ferreira et al. (2005)

utilised the collocation multiquadric radial basis functions and meshless method to
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determine the static deformations of a simply supported functionally graded plate based
on a third-order shear deformation theory. Cheng and Batra (2000) examined a
functionally graded plate by considering first-order and third-order shear deformation
theories. Batra (2007) used principle of virtual work and higher-order shear and normal
deformable theory to examine functionally graded incompressible linear elastic plates.
Belabed et al. (2014) developed a new higher order shear and normal deformation
theory for functionally graded plates by considering hyperbolic variation of all
displacements along the thickness direction and without using shear correction factor.
Zhang et al. (2020) introduced a semi-analytical approach to analyse in-plane

functionally graded plates using scaled boundary finite element method.

2.5 Conclusion

In this section, the historical overview of classical beam and plate theories are
recaptured and some improved novel techniques are outlined, as well as their
advantages and limitations. Thereafter, the development of functionally graded material
beam and plate theories is introduced. Basically, beam and plate theories are only
approximate theories. The core conception is to reduce the dimension of the problem
that describe the deformation of the body by using only the material points at neutral
axis or mid-plane, with variety of assumptions made, for the sake of simplification and
computational time reduction. The more advanced theories result in more accurate
solution, but degree of complexity will therewith increase. In the practical applications,
choosing a suitable theory of beam or plate should be based on the actual problem
circumstances and engineering accuracy requirements. The characteristics of each

beam and plate theory mentioned above can be summarized in the tables 2.1 and 2.2.
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Table 2.1. Summary of beam theories

Beams Transverse  Transverse Degree of Constitutive ~ Applications
Shear Normal Freedom Law
Euler - No No 1 (w) 1D Slender
Bernoulli Beams
Timoshenko 1% Order No 2 (w,0) 1D Moderate
Thick Beams
Model 1 1** Order 1* Order 3 (w,6,w") 2D Plane-  Thick Beams
Stress
Model 2 3" Order No 3 (w,0,6%) 1D Thick Beams
Model 3 3™ Order 1%t Order 4 2D Plane- Thick beams
(w,0,w*,0%) Stress
Table 2.2. Summary of plate theories
Transverse Transverse Constitutive L
Plates Degree of Freedom Applications
Shear Normal Law
Kirchhoff- 2D Plane .
No No 1 (w) Thin Plates
Love Stress
Mindli Partial Moderat
indlin- oderate
18t Ord N 3 (w,6,,0 Hooke’
Reissner raet © W, 0, 6y) ooke's Thick Plates
Law
3D Hooke’
Model 1 1% Order 1% Order 4 (w,0y,0,,w") LOO s Thick Plates
aw
Partial
Model 2 3™ Order No 5 (w,6y,6,,65,65) Hooke’s  Thick Plates
Law
6 3D Hooke’
Model 3 3™ Order 1% Order . e O9%€S " Thick Plates
(W, 0y, 0,0y, 60y, w ) Law
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3. Peridynamic Theory

3.1 Introduction

Unlike the local continuum theory, in PD theory, each state of a material point is not
only influenced by the material points located in its immediate vicinity but also
influenced by material points that are located within a region of finite radius named as

the “horizon,” H. Therefore, the general PD equations of motion can be expressed as
p(x,t )U' (x,t) - ij (x,x’,u,u’,t )dV' + b(x,t) (3.1a)

or in discrete form for the material point k as

Ny

Aty = sz(km Min * B (3.1b)
where N) denotes the total number of family members of material point k, and the
summation takes over the family member material points of k and p, u, V and b
represent the density, displacement, material point volume and the body load density
vector, respectively. The interaction force vector, f(x)(j), between material points k
and j has a unit of ““force per unit volume squared,” defined as

fooay =taoar —tarm (3.2)
As shown in Fig. 3.1, the PD force density vector &) represents the force acting on

the main material point k by its family member material point j, and, in contrast,

t(j)a represents the force acting on material point j by its family member material

point k.

Figure 3.1 Interaction between material points
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3.2 Bond Based & State Based Peridynamics

PD equations for small deformation analysis can be derived from Lagrange’s equation.
If we assume the system is initially at rest, then the generalized coordinates can be

expressed in terms of the displacements, which give the Lagrange’s equation as

d oL oL

dt ou,, ou

=0 (3.3)
(k)

where L =T —U is the Lagrangian and the wug) and 1w, represent the
displacement vector and velocity vector of material point k, respectively. The total

kinetic energy, T, of the system can be written in discretized form as
13 - -
T= En;p(n)u(n) UMy (3.4)

where N represents the total material point number of the system, and p and V

represent the material density and material point volume, respectively.

Since PD is a non-local theory, its strain energy density function has a non-local form
such that the strain energy density of a certain material point k depends on both its

displacement and all other material points in its family, which can be expressed as
e’ =W’ (u(k)’u(1k>’u<zk)’u(3“)’ ) (3.5)
where U (k) (i =1,2,3- )is the displacement vector of the ith material point within

the horizon of the material point k.

Similar to Eq.(3.4), assume the system is conservative, the total potential energy stored
in the body can be obtained by summing the potential energies of all material points

including strain energy and energy due to external loads as
U= ;V},:)) (U<k)-”(1k)v Uiy Yogey "')V<k)'; Bt (3.6)

where b is the body force density vector.

Since the potential energy is implicit of time variable, then the first term of the
Lagrange’s equation can be obtained by plugging Eq.(3.4) into (3.3) as
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d o d oT
@k g _ oy
dt Ay, dt ad,, W (3.7

Similarly, the second term of the Lagrange’s equation becomes

oL
ou

6 ZV}F}( (n)? (1) (2)u(3) ) Z(n)

(k) N

- Z av}fD (5 + 6 )/(n) zt)(n)ank\/(n) (38)

k

:[G\Q/:D (k) Z V}P ] B

) (k)
(k)

(k)

Inserting Eqs.(3.7) and (3.8) into Eq.(3.3) and renaming the summation index results in

the general form PD equation of motion for small deformation analysis as

At = [ il ZOV}P e ] () (3.9)

au 8u

Eq. (3.9) can also be named as the fundamental Lagrange’s equation in PD framework.
3.2.1 PD Formulation for 1D Bar Structure

Assume the neutral axis is aligned with the x-coordinate, the strain and stress of the

bar structure can be expressed in terms of displacement, u, only as

ou
s (3.10b)
N '

where E represents the Young’s modulus of the body.
For an isotropic bar, the elastic strain energy density in the classical continuum

mechanics can be casted as

W, = oo == [Zj] (.11)

In order to write the non-local form of strain energy function of the material point k,
Eq. (3.11), it is necessary to transform all the local terms into an equivalent PD form by
also considering PD strain energy expression given in Eq. (3.5). This can be achieved

by utilizing Taylor series expansion.

The axial displacement function, u(x,t), can be Taylor series expanded up to 1st order
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terms about point x:

ax)

Ux +¢) ~ux) = —

£ (3.12)

Squaring both sides of Eq.(3.12) and dividing each terms by |&| results in

[ux + &) -ux0]  (oux)Y
; [ 0 ] 4 (3.13)

Considering x as a fixed point, integrating both sides of Equation (3.13) over a

symmetric domain with centre of x yields

gL e 90l (AT o G.14)

which gives

d¢ (3.15a)

[OL(X)T 1l [UX + &) —ux)]
x ) 52 H

which can be written in the discretized form as

OUy, : 1 Uiy = Uy ’
[;(X)J zg(k)mzwvuk) (3.15b)

i ég(iﬂ(k)‘

where A represents the cross-sectional area of the bar and g is introduced as the
surface correction factor for the sake of correcting the error occurred during the

discretization, which is explained in the Section 3.2.4.

Substituting Eq.(3.15b) into (3.11) gives the strain energy density of material point k

in PD form as

E Uiy — Uy ’
WS = 9 252AZ[( - )J Vi (3.162)

i eg(iU(k)‘

Regarding the SED for the material point j, a similar form will hold if we replace the

index k with j as

U, — U, ’
wWs =g, ;AZ[“;MZJ Var (3.16b)

Clearly, the following results can be obtained after performing algebraic manupulations

as
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M _ Y ~ Yo
6U(k) - g(k) 52AZ ‘é,)(k)‘ V(]) (3173)
MY Vi _ Yo — Y
2 g] VJ .
iz My iy 5AZ ¢ ‘ékm)‘ B (3.17b)

Substituting Eq. (3.17) into (3.9) results in the final PD EoM for 1D bar as

. 2E - U,
Pty = ﬁjzg(km) ‘é )(k)(‘ V) +hy, (3.18)
i
where g(x)(j) represents the resultant correction factor, which is defined as
9 T Y
I > H (3.19)

Moreover, the pairwise PD force density vectors, &)y and &) can be obtained

from Eq.(3.17) as

E U;, — U
Yooar = Ywoa) 5z (J‘% ‘k) (3.20a)
D)
and
E Yo ~4
Yim = Gwoa) 52 ‘k% ‘J) (3.20b)
B0

3.2.2 PD Formulation for 2D Plane Structures

If the length of the prismatic body along z axis is very small, then we shall have a thin
plate of thickness loaded over the lateral surfaces (edges) by forces parallel to its faces.
Since the thickness of plate is very small, the stress components associated with
transverse effects can be considered to be vanishingly small, in other words, we assume
Ty =7, =0,=0 (3.21)
The other stresses, oy, 0, and T, will vary very slightly along thickness direction. If
the thickness is extremely small, we can assume them to be independent of z, and the

following conditions are satisfied

o, = o(X,Y) (3.223)
o, = o(X,Y) (3.22b)
T, = T (XY) (322C)

In the view of these assumptions, the analysis of a thin plate can be simplified as the
well-known 2D plane stress problem. The strain-displacement relations can be written

as
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b = o0 (3.23a)
5, = % (3.23b)
1(ou ov
gxy = ™ = Z[ay + axj (3.230)
For the isotropic material, the constitutive relations will look like
E
GXX = m(gxx + ngy) (3.243.)
Oy =1 Vz(gyy +ve,) (3.24b)
E E
Ty = 1+v T % T 1+v “ (3.24¢)

where E and v represent the Young’s modulus and Poisson’s ratio, respectively.

Eq.(3.23) and (3.24) can also be expressed in tensorial form as

1( oy, ou,
5y = 2[6; * o J (3.25a)
Ev E
0, = mé‘ugr« + Zl"' V) (‘gu + & ) (325b)

Note that, the subscript indices, I,]/, -, take up the values of 1 (= x) and 2 (= y),

and this convention will be applied throughout this section.

The strain energy density function in the classical continuum mechanics can be

expressed as

1
Wou = EEIJGIJ (3.26)

Plugging Eq.(3.25) into (3.26) and performing some algebraic manipulations results in

2
1 ou ou ou ou ou ou 3v —1(ou
=G | | | J It I J e
Vo 2 MaxJ OX, i Ox, OX, i OX, OX, J i 1-v (6x, J} (3.27)
where G = 20 represents the shear modulus of the material.

In order to write the non-local form of strain energy function of the material point k,
Eq. (3.27), it is necessary to transform all the local terms into an equivalent PD form
by also considering PD strain energy expression given in Eq. (3.5). This can be achieved

by utilizing Taylor expansion.
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Figure 3.2 PD interaction between two material points inside the horizon

As shown in Fig. 3.2, the in-plane displacement function, u(x,y), can be Taylor series

expanded up to Ist order terms about point x:

au (x)

uox+ 9y = 4 g (3.28a)
and
uix + & - ux) = M ey (3.28b)

L

where & = |&| and the unit directional vector n is defined as

N R 329

Multiplying Eq.(3.28a) with (3.28b) and dividing each term by & gives

[u(x + &) —u () ][udx + & —ulx)]  au(x) dulx)
£ ™ ox,

enn, (3.30)

Multiplying both sides of Eq.(3.30) twice by directional vector yields
[u,(x + &) —u ()] [udx + &) —u(x)] nn. au,(x) du(x) Znnnn (3.31)

S LJ RS
s X, X,

Considering x as a fixed point, integrating both sides of Eq. (3.31) over a circular

domain with centre of x and radius of J yields:

Jzﬂ r [u(x + &) —u ()] [udx + &) - u(x)]
0 0 é

ou (X) 2z 5
aKT JO n.n,n.nd (/)J.o Eede
L

ngns&d éd o
_ oy (x)
OX,

_ m8° 0u,(X) du(x)
12 x, o

(3.32)

(0,0 + 00 + ,s0%)

JRVLS JSTLR
L

_ 6° [ ou(x) du(x) 5+ au,(x) au(x) . au,(x) ou(x)

2 ax, x, o xy,  ox oxg X

J

R S R

Multiplying both sides of Eq. (3.32) by 6g;0ks and rearranging the dummy indices

results in:
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ou, (x) ou,(x) . ou,(x) ouy(x) N ou, (x) duy(x)

ox, o, x o ox, x,  ox, (333)
_ %Jozn Lj [u(x + &) - U.(X)]éz[uj(x + &) —u,(x)] nn,édado
Recalling Eq.(3.28a)
U(X + &) ~u(x) - “{;T(Jx)énj (3.34)
and multiplying both sides by the unit direction vector gives
A - B, (3.35)

Considering x as a fixed point, integrating both sides of Eq. (3.35) over a circular

domain with centre of x and radius of 6 yields:

J; [ RO n s = T [T nnaof cas
2
AU (3.36)

oX

6% 0y, (X)
2 o

K

Multiplying both sides of Eq. (3.36) by ;¢ results in:

au(x) 2 Izn Io‘ u(x + &) - u(x)

ox, 752 E n&dsde (3.37)

Eq.(3.33) and (3.37) can also be written in a discretized form for material point k as

(CRPYO! (k) gyt (k) gyt
oy oy, N ou™ ouy N ou™ ouy

OX; OX, O0X, OX, ox,; OX,
(u“k) _ u(k))(u(ik) _ U(k)) (3.38a)

s 90> ! ! ’ T R 0api )tk

3 _ | J (i*)
w5 ! ég(u“)(k)
and
oul® 2 Ufik) -y (i%)(k
oX, = o7 do oo & \/(iw (3.38b)

Similar to as mentioned in Section 3.2.1, g is introduced as the surface correction
factor, in order to correct the error occurs from the discretization, and h represents the

thickness of the plate.

Substituting Eq.(3.38a) and (3.38b) into the SED function, Eq.(3.27), results in the

corresponding function in PD form for the material point k as
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| @ ) w9 T ]
12 | |:(u| -y )n| :|
Qo2 Vi
1 7Z'5h i f.k K O
WS ==-G (50 , (3.39a)
2 ik k)
3\/—1[ 2 J [ BT T
+ _ 2) g(k)z r-]I \{ik)
L 1-v \#5h T &m0 ]

Regarding the SED for the material point j, a similar form will hold if we replace the

index k with j as

12 [(uf'” SR LR )T\,
1 | 7oh ng 0 Vil
_ - il
WY = 2G ] P , (3.39b)
v -1( 2 0 u’ u’ g
1-v [ﬂé‘th {g(j)lz 5(]])(]) nl (|1)}
Recall Eq.(3.9) given in Section 3.2,
. 0
Pty = [a\ﬁfo Z a\l?fb e ] ) (3.40)

the first two terms at the right hand side can be obtained by plugging Eq.(3.39a) and

(3.39b) as
() (k)
e W SSIISY
n{
e §3h (k)JZ o i)
ol B 3 —1( 2 V OIO) ui ) — g (3.41a)
! [ 52hj 2 %0 92 — VM
-V A\ 7 i S i §<ik)<k)
and
u = U g oa
53hz i) f( SO0+
K)G)
JZ \T_ 31 ) Qi g (3.41b)
(k) Zgn gl_l Z | | n(l')(J\/ \2
1-— ; - )£ f 1 (iya)
WGy G)3)

Inserting the above expressions into Eq.(3.40) yields the final PD EoM for 2D plane-

stress problems as

i) -y o
53 Z 9, o MRy
é;)(k)
ik
) _ g0

ne e ! (i) (k
2 (i)(K) (g<k>) 2" —n
v -1 2 ZnL
1-v \(#%h) 4

. (i) ()
S 2 u -y
+(g)) )Y M

Pt =G + b (3.42)

(i)
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where gy represents the pairwise correction factor, which is defined as

9, T 9
9y = - > = (3.43)

In particular case, when the Poisson’s ratio is v = %, Eq.(3.42) can be reduced to a

compact form (sometimes referred as bond-based formulation), as

(i) (k)
u -u
k) | 1 () (k)i ) (K (k)
p(k)uL - CZ g(J ) (k) é n n, \/(] ) + bL (344)
J i)(k)

where ¢ represents the PD bond constant as

246 %
#5h  z5°h

(3.45)

Moreover, the pairwise PD force density vectors, £y and &) canbe expressed

as
() _ o
12G g ul -y (R )
ot 0 e T
. ]
0o = . v . (3.46a)
-1 2 A IO Y S Y O N,
G V (gu) L z | L )k
_ 2 (k) , ! (i
1-v (#z5h oo T G |
and
() _ i)
12G g ue -y p( R
oo 2w T L
. ]
{0 - s o) o (3.46b)
3v—1{ 2 J n ( 1 )2 U T oUW ihay
» 2 )] < ' Q)
1-v\mwh) &) TS |
It can be concluded that
. 1
Loy = Tow 1T v =3
: (3.47)
Loy * Loy 1T V=3

Regarding the plane strain problems, similar EoM will hold if we manipulate the

following material constants transformation:

E and v o>
1-v? 1-v

E >

(3.48a, b)

3.2.3 PD Formulation for 3D Solid Structures

The strain-displacement relation for a 3D solid structure can be written in the tensorial

form as
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J

E. =
Y X, OX.

X2 j (3.49)

where the subscript indices, i,j, -, take up the value 1(=x), 2(=y) and 3(= z).
The stress components can be expressed as

S = Giuéa (3.50)
where C is the 4™ order stiffness tensor, which can be defined for the isotropic material

as

Cu =G(d,8, +9 fil)+1

ki — o, i %

(3.51)

The strain energy density function in classical continuum mechanics theory can be

written as
1 1
% :Eaijgij :Ecljklgklglj (352)

The SED can be rewritten in terms displacement components by substituting Eqgs.(3.49)

and (3.51) into Eq.(3.52) as

ou, au 6ui 6u au, ou, Qv -
Yo = E[ X@T ox, 6x} 1- 21/ J (3.53)

In order to write the non-local form of strain energy function of the material point k,
Eqn. (3.53), it is necessary to transform all the local terms into an equivalent PD form
by also considering PD strain energy expression given in Eqn. (3.5). This can be

achieved by utilizing Taylor series expansion.

X3

34



Figure 3.3 PD interaction between two material points
As shown in Fig. (3.3), the displacement function, u(x,y, z), can be Taylor expanded

up to Ist order terms about point x as

au(x)
OX.

]

u(x + &) —u(x) =

én (3.54a)

and with other index notations as

ou,(x)

Uk(X + 5) - Uk(X) = ox

én (3.54b)

where & = |&| and the unit orientation vector m is defined as

n sin@cos ¢
n=9n,r =43sindsing (3.55)
n, cos ¢

Multiplying Eq.(3.54a) with (3.54b) gives

[U(x + &) —u(x)][ufx + &) —u(x)] _au(x) au(x)
= gnl
é oX. X

j |

n (3.56)

Multiplying both sides of Eq.(3.56) by unit orientation vector twice gives

[u(x + &) —u)][ufx + &) —u(x)] oo = Q) ) L (3.57)

3 x o v

Considering x as a fixed point, integrating both sides of Eq. (3.57) over a spherical

domain with centre of x and radius of ¢ yields:

20 pr po [U(X + &) —Uu(X)||ulXx + &) —u(x)
rrLt 1 ]

nné*sinodédode

8ui(x) ou (X) 27 pr (S )

= o b Ll nnnngsineddodo
| | (3.58)

‘ .
_ o'z a”ii(x)auki(x)(gl&rs +8,8,+6.5,)

15 an 6)(‘ J j j
_ Sz [y (x) du(x) 5 4 u(¥) aux) | au(x) au(x)

15 | ox x OX, OX ox, o,

Multiplying both sides of Eq.(3.58) by 6;.0xs and rearranging the dummy indices

yields
ou,(x) ou (x) N au(x) ou,(x) N ou(x) ou,(x)
X, OX; 0X, X, OX; 0X, (3 59)
15 2e 0 s [U(X + &) —u () ][ux + &) —u(x)] , .
=~ JO J'O J‘() : nn&?sinadédodg
Recalling Eq.(3.54):
ou.
u(x + 9 —u(x) = 2 g (3.60)

i
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and multiplying both sides by the unit orientation vector gives

Ui(X +4) - ui(x) n = aui(x) n

; =, (3.61)

i
Considering x as a fixed point, integrating both sides of Eq. (3.61) over a spherical

domain with centre of x and radius of J yields:

e

aui(x) 2z pr (6 )
- ?Jo .[o Jo nn&isinodédod e

n&2sinodédod g

48°7 au,(X) (3.62)
=22 s,
9 ox
_48°7 ou(x)
9 ox,
Multiplying both sides of Eq.(3.62) by 6§;, results in
ou(x) 9 2rpr o U(X + &) - U(X) .
S " ao L g sinadadad (3.63)
Eq.(3.59) and (3.63) can be discretized for material point k as
au® au®  au® au® U
OX, OXg i OX, OX, " OX, OX,
(uuk) _ u(k))(u(ik> _ u“") (3.64a)
_ 15 %o ! ! s AN TSIV
4 T s ik
o'm 5 9w -
and
auv 9 U U
x,  48m T4 %0k K V(ik) (364b)

where g is introduced as the surface correction factor in order to correct the error
occuring from the discretization. Substituting Eq.(3.64) into (3.53) yields the PD SED

function for material point k as

G15
N
WY = )00 (3.65a)

2 ik K) 2
G4 -1 9 I UE ) _UE (i%)(k
T 21- 20 |40 g(”iz L

é(i (k)

Regarding the SED for the material point j, a similar form will hold if we replace the

index k with j as

36



( ) (')) i T

i j il)(j

G15 [“r R }

254” g(lj)z éz V(i')

W) = i (1))
- 9 Y u -y ’

+G( v )[ ] g 3 LGy

-2w)\48%) (" e, W

(3.65b)

The final PD EoM for 3D structures can be obtained by inserting Eq.(3.65) into (3.8)

as
30 ui) — g )
G Zgl’ o r n(J)(k)nfmkV
'S4 = DK 5( v ()
i i)(k)
(i%) (k)
2 u -u k
(k) ( ||) ' iy (k)
e T R I C LD Ty N + b (3.66)
LG4 -1 znu () (k)
(1-2v) \46°7) T &y TR BRTCO R 0
+(g, ) z r I OSY)
(i) 4 £ r (i)
! (1))

In particular case, when the Poisson’s ratio is

v = %, Eq.(3.66) can be reduced to a

compact form (sometimes refer to bond-based formulation), as

u” — U ok (k)
r r ] ]
nr I’]I \/(j) + q
S0

Moreover, the pairwise PD force density vectors

30G
k) _ |
P = 547[129(1)(@

(3.67)

, tao() and te) can be expressed

as
)
15 g urJ;urn(j)(k)n(j )(k)
5tz 00 g P
0G) Do
t! _ _ _ (3.68a)
N Qq4v 1)[ 9 ]2 ) (gn )2 ZUE D -y I '
_ 3 ()] &g (i)
(1-2v) \46°7) &y T Giom I
and
0 _ )
15 g ﬁn(km k)
57 X0n g e
(0 _ Do
t - o ; _ (3.68b)
+G\'4V—1)[ 9 ] nl“‘)(”(g” )Zzu(r' ) —uf”n(“)(,-\/
— 3 i) 2 ' (i)
(1-2) \46°7) &y e |
It can be concluded that
. 1
Loy = T 1T v =7
| . (3.69)
Lioay * Loy 1T V=7
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3.2.4 Surface Correction Factor

As introduced above, PD is a non-local continuum mechanics theory with EoM
expressed in integro-differentialform. In numerical analysis, the PD model is usually
discretized with finite number of material points and volumes and the integral
formulation is replaced by a finite sum. This brings the need for introduction of so-
called surface correction factor (SCF), for the sake of reducing the errors occuring from
discretization for the numerical calculation. In this study, the approach for casting the
SCF for 2D plane-stress model will be introduced, and this approach can be generalized

analogically for 1D and 3D models.

Generally, the SCF at a certain material point can be obtained by equalizing the SED in
classical theory with the corresponding SED in PD theory. Recalling Eq.(3.27), the SED
function of material point k according to the classical continuum mechanics can be

written in terms of strain components as

Wo, (X) = G{[er?sr? r 2dpap)s 2oL } (3.70)

where the subscripts I,/,:- take up the values 1(=x) and 2(=y), and el(Jk) =

k) (9]

] u ) .

%(;T’ #) represents the strain components. Let Eq.(3.70) be written separately
J 1

into two parts:

Voo (%) = W (X)) + Wi (X)) (3.71)
where
o (1) = O[22+ Sy | (3.722)
and
-1
Wa (xp9) = Gy e (3.72b)
Their counterparts in PD theory can be expressed as
Lk Sk 2
6 [(Uf' ) _ ul(k))nl(u )(k)}\
W (X) = —5h Z Z Vi, (3.73a)
(i) (k)
and

38



_ 2 SN CI. :
V% (X(k)) _ G 3v 1[ 2 j [Z U| Ul n|(| )(k\/(ik) (3.73b)

Y 2
2 1-v \n5°h i éik)(k)

Considering the body is undergoing a homogeneous deformation that

§,(x) =c, =c, =const. (3.74)
And this can be achieved by enforcing such displacement fields as

u(x) = ¢ X, (3.75)

Thus, the strain energy density functions according to classical continuum mechanics

theory become
Woy (%) = G[ch + %Cuzl J (3.76a)
and
| -1
W (%00) = B27— © (3.76b)
and their counterpart PD functions are
_ 6G |:CIJ (Xgik) - X(Jk))nl(ik)(k):|\/ (3 77a)
b (X(k)) ~ 5h ,Z g(ik)(k) i)
and
: Gav-1( 2 Y X0y Y
W (%) = B 1V_ > [n&zhj [ZC.J an & \/(ik)J (3.77b)

Therefore, the surface correction factors for the material point k can be calculated by

equalizing Eq.(3.76) with Eq.(3.77) correspondingly as

o, - m (3.78a)
and
g(lll) _ : (X(k))
W (%) (3.78b)

Surface correction factors for 1D and 2D cases can be achieved in an analogical manner.

Moreover, for some family members whose volumes are partially embedded in the
horizon, as shown in Fig. 3.4 donated in yellow, another correction factor so-called
volume correction factor, a, is also necessarily being involved. The volume correction

factor is related to the proportion of the material volume embedded in the horizon with
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the entire material volume, which can be approximately casted as

. dx
1 L )
Q. = 3.79)
G 5-¢& (
1 + )0 ot her w se
2 dx
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
a [ ] a & [ ] [ ] a
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Figure 3.4 Material volumes in PD horizon

3.3 Numerical Solution Method

PD theory as introduced in previous sections is based on integro-differential equations
and these equations are generally difficult to be solved by using analytical techniques.
Therefore, numerical approximations, especially with meshless method, have been
widely used. The PD model can be discretized uniformly into finite cubic subdomains
with material points attached at the center, see Fig. 3.5. Therefore, PD equations of
motion can be represented corresponding to each material points and systematized into
a matrix equation system. In this section, the PD numerical solution procedure will be
explained with 1D PD rod model as example, solution of more complex structures can

be approached analogically.
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Figure 3.5 PD discretization method (Seleson P. and Littlewood D.J., 2018)

As shown in Fig 3.6, clamped — free rod subjected longitudinal body load density of
b = b(x) is taken into consideration. The geometry and material parameters are
denoted by L (length), A (cross-section area), p (density) and E (Young’s
modulus), respectively. The corresponding PD model is discretized uniformly into N
material points and therefore the spacing between material point is Ax = L/N.
Fictitious regions (denoted by green) with size of 6 are introduced outside the two
boundaries for the sake of ensuing each material point (denoted by orange) adjacent to

boundary is fully embedded its PD horizon, as shown in Fig. 3.7.

b(x,1)
-

Figure 3.6 Clamped — Free rod (Schoeftner and Littlewood, 2016)
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Figure 3.7 PD discretization model of clamped — free rod

3.3.1 Dynamics Solution

Dynamics analysis can be directly performed by using the PD equations of motion
given in the previous sections in this chapter. In this case, the corresponding PD
equation of motion, Eq. (3.18), can be rewritten with consideration of damping factor

for nth time step as

ut u(J (k) n
’O(k) (k) - CZ | | V + b(k) (k) (3.80)
I=1 i)(K)
where
n: time step c: PD material constant
M): number of family member of n: damping factor of the system

material point k

Assume the initial conditions of the system are prescribed as

u (X(k)’ 0) = uf,
U (X 0) = uf,

Boundary conditions can be prescribed by using mirror-displacement method (refer to

(3.81a, b)

Appendix B1.3) as

{u (x,t) = —u(x_t)

O<Xx <o 3.82a,b
u(L —x,t)=u(L+x,t) ( )

for clamped end and free end, respectively, which can be written in the discretized form

for this case as
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n _ _yyn n . n n _ _yyn
u(N+1) - u(l) U(N+2) - _u(z) u(N+3) - u(s) (3.83a,b, c)
and

n _ n n _ n n _ n

(N+4) — u(N) u(N+5) o u(N—l) u(N+6) B u(N—z) (3.84a, b, )

Eq. (3.80) can be performed central difference with respect to time variable at 0™ time
step as
_ 0 ut Mo U° ul _ut

(k) (k) (k) G) (k) 0 (k) (3)
Py = CZ —V +b,, —n—5—" (389
(at)’ ‘ ( (k)‘ 2At

where At represents the time step size. Performing central difference with respect to

time variable for the initial condition, Eq. (3.81b) results in

1 -1

u —u
g, = (3.86a)
(k) 2At
which gives
Uy = g — 2(at) dg, (3.86b)

Plugging Eq. (3.86b) into (3.85) and performing some algebra results in the starting

algorithm for PD dynamics solution as

Mo u’ At bo )
u(lk) = i (At ) Z () (k)V + u(k) |:1 __ Z:I (At )u(i) + k) (At )
p(k) i=1 ‘6(1 ‘ p(k) p(k) 2 (387)

(k =1,23..., N)

Note that the choice of time step size At is preferred to be small in order to maintain
the time-stepping scheme stable. The time step chosen criterion can be referred to

Madenci and Oterkus (2014).
3.3.2 Static Solution

On the other hand, the PD numerical solution for statics analysis can be obtained by
eliminating the inertial forces from the PD EoMs, which in this case, Eq. (3.18) reduces

to
o —u
() (k)\/(.) - b (3.88)
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With taking boundary conditions into consideration, PD statics solution can be obtained

by solving the following system of linear equations

Mo U u
() (k) ] _
CZ ‘ ‘ V) = b, for k=12...,N
=1 ()(k)
(3.89)
Unin = Yo Ynin = Yo UYney = Uy
Un:o = Y UYnes T Yy Ynse = Unoo

Coupling the PD governing equations with the boundary conditions, Eq. (3.89) can be

written in matrix form as

[K]NxN {U}le = _{B}le (3.90)

where [K] represents the stiffness matrix, which contains the PD parameter, the
reference length of each bond and the material point’s volume as well as the volume
and the surface correction factors, the entries of {U} = {u@) uw) = U@} and
{B}={ba) bw - bw}" indicate the components of the displacement and

external load vectors, respectively.

Thus, the displacement field can be directly solved by taking inverse of stiffness matrix

from Eq. (3.90) as

ut = -kl {B} (3.91)

Overall, the PD solution procedure is more compact and straightforward than classical
numerical method. A comparison between PD and finite element method (FEM)

solution procedure can be generally described by using flow chart, as shown in Fig. 3.8.
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FEM PD

Discretize the model into the elements Discretize the model into the material points

Define the number of material points and

Define the number of elements and nodes : )
assign family members

Transform the governing equations into
weak form

Determine the element matrices

v

Assemble the global stiffness matrix with
consideration of BCs

Solution

Figure 3.8 FEM and PD numerical solution procedure

As illustrated in Fig. 3.8, PD solution procedure eliminates the need of weak form
governing equation transformation and local element matrices determination, which

makes it more straightforward and suitable for computational programing.

3.4 Conclusion

In this section, PD EoM for small deformation analyses were re-derived emphatically
in section 3.2. In general, PD formulations can be obtained based on analytical
mechanics method, and the procedure can summarized as follows:

1. Write down the SED function in classical theory form
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2. Transform each local (partial derivative) terms into the corresponding PD terms
by using Taylor expansion to obtain the PD SED function

3. Substitute the PD strain energy function into the Lagrange’s Equation to obtain
the final PD EoM

Moreover, regarding the PD failure criterion, details can be referred to the textbook

“’Peridynamic theory and its applications’ Chapter 6.

PD numerical solution methods with respect to dynamics and static analysis are
explained in section 3.3. In this subsection, a 1D clamped — free rod is chosen as an
example, and the general idea of the solution procedure can be expanded into more
complex structures. Moreover, due to the advantage of directness, PD static solution
method (section 3.3.2) has a good consociation ability with programing software, such
as Matlab, and.as a consequence, it is widely used in section 4 and 5 for generating

numerical results.
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4. PD formulation for Beam Theories

In this chapter, PD formulations are developed for various beam theories, as well as
functionally graded material beams. Beams with constant cross-section are considered.
The equation of motion is developed based on analytical mechanics point of view and
with small deformation assumption. Different boundary conditions are considered
including pinned support, roller support, clamped and free ends. Validation and
accuracy are verified by comparing PD results against finite element analysis results

(ANSYS).

4.1 PD Formulations for Timoshenko Beam

4.1.1 Timoshenko Beam Theory

A complete and adequate set of equation for first order shear deformation linear theory
of deep beam was developed by Timoshenko, which is also known as Timoshenko beam
theory. It is reiterated that a transverse normal to the central axis of the beam in the

undeformed state remains straight and no change in length during deformation.

According to the assumptions of the Timoshenko beam theory, the displacement field
of any material points at the transverse normal can be represented in terms of the

displacement field of the material point at locus of central axis in xz plane as

u(x,z,t) :za(x,t) (413,)
and
WX, z,t) =Wx,t) (4.1b)

Where, 6(x,t) and w(x,t) denote the rotation and transverse displacement of the
material point at central axis, respectively. Thus, the strain-displacement relation can

be written as

6 =7 g—f (4.22)
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Vo =0+ — (4.2b)

According to the 1D Hooke’s Law, the stress function can be written in terms of

displacement components as

o, =& 2)(—9 (4.3a)

oW
o - G(e . axj (4.3b)

The average cross-sectional strain energy density of the beam can be expressed in

classical theory as

W, = ih(ag + xy) dA (4.4)
where A represents the cross-section and k is introduced as the shear correction
factor, which depends upon the geometry of the cross-section. Substituting Eq.(4.2) and
(4.3) into (4.4) gives

2 2
1 060 oW
Where I represents the second moment of the cross-section area, which is defined as

| = [ z%dA (4.6)

4.1.2 PD EoM for Timoshenko Beam

Assume the system is initially at rest, the PD equations of motion can be derived by

utilising Lagrange’s equation:

d A
dt ay,, au

-0 4.7)

o
where L =T — U is the Lagrangian and u represents the displacement vector, which
is defined in this study as

u=[o W] (4.8)
According to the stipulation of the displacement field given in Egs. (4.1), the total

kinetic energy of the beam, T, can be written as
-1 2 4 ) dadx = - 62y
_EJ.OJ.Ap(U + ) X‘Ezk:p(k) A Yoo T Wio Jo 4.9)

in which [ represents the length of the beam. For a conservative system, since the
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potential energy, U, is implicit of time variable, the first terms of the Lagrange’s

equation can be casted as

>~

dt ou

d oL _d aT _|py
dt o,

p
(k)}\/(k) (4.10)

k
0 P

The PD strain energy density function has a non-local form such that the strain energy

of a certain material point k depends on both its displacement and all other material

points in its family, which can be expressed as
\/}flj)D = ;\Mk’? (u(k)’u(lk)’u(zk)’u(3k)’"') (411)
where uy,) is the displacement vector of material point k and Uk (i=1,23-")

is the displacement vector of the ith material point within the horizon of the material

point k.

The total potential energy stored in the body can be obtained by summing potential

energies of all material points including strain energy and energy due to external loads

as
U = 23 (o Uy Uy -+ Moo = 2 Bt (4.12)
where b is the body force density vector, which in this study has the following
components
b=[b, b] (4.13)

where bg and b, correspond to moments and transverse body loads, respectively.

Recall the pre-proved result, Eq.(3.8), the second term of the Lagrange’s equation

becomes
oL oW WP
- = =Tty >y by 4.14
8U(k) 6U(k) (k) - 5U(k) i) (k)'(k) ( )

Plugging Eq.(4.10) and (4.14) into the Lagrange’s equation arises
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PN %4.2671)\@ b,
oW W, V,

) )
In order to nonlocalize the strain energy density function, Eq.(4.5), at a certain material
point k, it is necessary to transform all the differential terms into an equivalent form of
integration, and the nonlocalized strain energy density function should be in accordance
with the form of PD’s assumption, i.e. Eq.(4.11). As derived in Appendix Al.1, the
strain energy density function at material point k, and its family member j can be

expressed as

+ 6 ’
_ — ik (k)
== By~ Yy + KA A 4.16a)
vo2sm ! ‘guk)m‘ " ‘ ‘guk)(k)‘ " (
and
) - - Gt % i
11 (%, - ) ) "M T
Vﬁ:iﬁ EZWVU)+KGAZ ‘5. . ‘ Vi, (4.16b)
GG (GDIIP]

Substituting Eq.(4.16a) and (4.16b) into (4.15) and renaming the summation indices,

final PD EoM for Timoshenko beam can be written as

L4 b, ~ 9 1 7 7 4> * % ()
w0 Qo = o J Viy Ecsz Wiy = Wi + > &heo |59 (& o)V + b
]

0 20y Ak
i ‘éi)(k)‘ o
(4.172)
and
. W, —W a.+409
Pl =2 (J‘% (‘k) + 2 . Sgn(éi)(k))]vu) + Y (4.17b)
j k)

where ¢, and c¢g are the PD material parameters associate with bending and

transverse shear deformation, respectively, which are defined as

28

Cb = W (4183)

and
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%G

¢ == (4.18b)

4.1.3 Numerical Results

In order to validate the current Peridynamic Timoshenko beam formulation, several
different benchmark problems were considered for a beam subjected to central loading
under simply supported, clamped and mixed (clamped-simply supported) boundary
conditions. The implementation of Peridynamics boundary conditions were explained
in Appendix B1.1. Peridynamic solutions were compared against finite element analysis

results.

4.1.3.1 Simply supported beam subjected to a central point force

T

Figure 4.1. Simply supported beam subjected to a central point force.

In the first example case, a Timoshenko beam having 1 m length, 0.05 m width and 0.1
m thickness is considered as shown in Fig. 4.1. The elastic modulus and Poisson’s ratio
are specified as 200 GPa and 0.3, respectively. The shear correction factor is specified
as x =5/ 6. For spatial discretization, a discretization size of A =0.002mis utilized.
The horizon size is chosen as 6 = 3A. The steady-state solution is obtained by using
adaptive dynamic relaxation scheme presented in Kilic and Madenci (2010). A point

load of F =100N is applied at the center of the beam which can be convert as a body

. _ L _ 100 _ 7 3 .
load density of b = A G000 oE T 107N /m?. The simply supported boundary

conditions were applied by introducing fictitious regions both at the left and right edges.

Finite element analysis (FEA) solution was obtained by using ANSYS, a commercial

51



finite element software. Finite element model was created by using BEAM188 elements

with 100 element divisions along the beam central axis.

T : . . . . . . . . :
FE T FE
PD 6 N PD

(m)

Transverse Displacement, w
Rotation, 6 (Rad)

-3

. . . . . . . . . L . L L . L . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
Location, x(m) Location, x(m)

Figure 4.2. Variation of (a) transverse displacement, (b) rotation along the beam

Variation of transverse displacement and rotation along the beam is shown in Fig. 4.2.
PD results are compared against FEA results and a very good agreement is observed

between the two solutions.

4.1.3.2 Clamped beam subjected to a central point force

Figure 4.3 Clamped beam subjected to a central point force.

In the second example case, as shown in Fig. 4.3, the simply-supported boundary
conditions were replaced with clamped boundary conditions at both right and left edges.
Variation of transverse displacement and rotation along the beam is depicted in Fig. 4.4

and a very good agreement was obtained between PD and FEA results.
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Figure 4.4. Variation of (a) transverse displacement, (b) rotation along the beam

4.1.3.3 Beam subjected to a central point force and mixed boundary conditions

(3]

| L

Figure 4.5 Beam subjected to a central point force and mixed boundary conditions.

In the last example case, a mixed boundary condition was considered by assigning
clamped boundary condition at the left edge and simply supported boundary condition
at the right edge as shown in Fig. 4.5. Variation of transverse displacement and rotation
results along the beam was compared between PD and FEA results. As depicted in Fig.

4.6, a very good match was observed between the two approaches.
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Figure 4.6. Variation of (a) transverse displacement, (b) rotation along the beam
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4.2 PD Formulations for Higher Order Deformable Beams

4.2.1 Higher Order Beam Thoery

0| =

N
____0____::\0___
f =
i

| =
—_
&
=}
=
=

Figure 4.7 Deformation of higher order deformable beam

The displacement field of any material point in a beam can be represented in terms of
the displacement field of a material point along the central axis in xz plane by using

Taylor expansion as (see Fig. 4.7)

d 1 ,(ou 1 _.(au
u(x,z,t)=u(x,0,t)+z[£jz=o+§z (azzj ) +§z [azslo+... (4193)
and
ow L[ w (0w
w(x,z,t) =wWx,0t) +z (a—zjzzo + %z (62210 + 3—1!2 [62310 ... (4.19b)

where u(x,z,t)and w(x,zt )are the displacement components of the material point in

x- and z-directions, respectively. In this study, only flexural deformations are taken into
consideration. Thus, eliminating axial deformation effects and higher order terms in

Eq.(4.19), the components of the displacement field can be expressed as

u (x, z,t ) = zdx,t) +2°0'(x,t) (4.20&)
and
w(x,z,t) =WX,t) +zW(x,t) (4.20b)

where w represent the transverse displacement of the material point along neutral axis,
and 0, ¢ and w' are arisen out of the Taylor series expansion and introduced as

three new independent variables which are defined respectively as (see Fig.4.8)

ou
axt) = = (4.21a)

z=0
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1 8

H(X,t) = agzzo (421b)
. 18w
W(X,t) = EEZ:U (421C)

Figure 4.8 Degrees-of-freedom per node used in higher-order beam theory.

In order to simplify the expressions, hereafter wx,t), 4x,0), w(x,0)and &'(x,0) will
be written simply as w, 6, w and &, respectively. Utilising the expressions given
in Egs. (4.20) for the displacement components, the three well-known strain-

displacement relationships of the plane stress elasticity can be written as

&, =12 90, 4299 (4.22a)
OX oX
g, = 2w (422b)
W 2" 2 %*
Y —0+—x+329 vzt (4.22¢)

Note that the strain-displacement relationships given in Egs. (4.22) are much more

realistic with respect to Timoshenko beam theory where the axial normal strain, 5, and
transverse shear strain, 5 vary linearly in the thickness direction and the transverse

normal strain, ¢, is equivalent to zero. This also eliminates the need for the introduction

of shear correction factor which is widely used in Timoshenko beam analysis.

Assuming the material is isotropic and plane-stress condition is applicable, the stress-

strain relationships can be expressed as
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O-XX 1 v O gXX

E
S N (4.23)
2% 00 1_7‘/ V%2
2

whereEand , represent elastic modulus and Poisson’s ratio, respectively. Substituting

Egs. (4.22) into Eq. (4.23) yields

E (o6 . E .00
GXX:l—VZ(@(+2wvj+l—vzz ox (4.242)
e T 1sz2 (V% * Z‘N*] * 1_EV2 ZS[V ‘f;i] (4.24b)
z, = G(B + %‘f] + @2 (3@ + g} (4.24¢)

According to the classical continuum mechanics theory, the average cross-sectional

strain energy density can then be casted as

\%ﬂ = %J‘A (GXXSXX + UZZ(C:ZZ + rXZ}/XZ)dA (4'25)

where A represents the cross-section the beam.

Substituting Egs. (4.22) and (4.24) into Eq. (4.25) results in

EZ I [aeJraNj —4(1—v)w'% +Z'M(a€+2w*j+l"(wJ
1 1-v OX OX ox \ ox OX
W, -+ (4.26)

2A RN _ . L\2
+GA9+% +2 0+% 39*+% +I*30*+%
OX OX OX OX

where [ represents the second moment of cross-section area, and [* and I™

represent the higher order moments of cross-section area, which are defined

respectively as

| = [ z%A (4.27a)
1" = [ 2%A (4.27b)
17 = jAz6dA (4.27¢)

4.2.2 PD Formulations for Higher Order Beam

The PD equation of motion can be obtained by using Euler-Lagrange equation as
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d o o
dt od,, oy

(4.28)

where u = [9 0 w W*T represent the displacement vector and L =T — U is the

Lagrangian. The kinetic energy per unit length of the beam, T, can be expressed as

= 1 . )

T =gl v w)en (429)
Substituting Eqs.(4.20) into (4.29) results in

T 3l 2 (0 0 ) (@ Y] 200

1 .. e o (4.30)
=§p[ATv2+I (6% + 2 ) + 1" (2007 +(wW)?) + 1 (9)2}
The total kinetic energy of the system can be expressed as
T = [ T (4.31)
which can be discretized as
T T 50 4+ (4 3+ (@~ )+ N (432)

For a conservative system, since the potential energy, U, is implicit of time variable,

the first terms of the Lagrange’s equation can be casted as

| .. [
;g(k) + Kgm
R [
)
d oL d eoT A Qo T A %o
Bl - — = vV
d oy, dt g, )Ly g (4.33)
Wiy * ;V‘{k)
|
2 o 2 Mo

Utilizing the pre-obtained result, Eq.(3.8), the second term of the Lagrange’s equation

becomes
oL owp WP
_ =y, >y —p,yv 4.34
au(k) 6U(k) (k) i au(k) i) (k)"(k) ( )

where body force density vector, b, has the following entries in this study as
b=[b, 0b 0] (4.35)

where by and b, correspond to the loading density of bending moment and

transverse force, respectively.

Inserting Eq.(4.32) and (4.34) into (4.28) results in the Lagrange’s equation as
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: M2, W,
I I .. 06 . 260 ()
Zg(k) + Ke(k) (k)
R [ aV}fD 4 z VVD bék)
—a.,+—40 (j)
) ) a4, a4, 0
A A VA ) (k) + 4.36
Pl . (k) avf V}I’D o [ (4.36)
W, + —W V + z
(k) (k) (k)
. A o, b,
I I
JE— + J—
A o T Mo VV:D v, + z
k) i (k)

As explained in Appendix A1.2, the PD SED function material point k and its family

member material point j can we written as

2 * * * 2 ]
| z (9(|k) B 6('0) + (W ) +V\{k>)(9<ik) B e(k))‘f(ik)(k) + (V‘fik) +V\{k)) §<i2k)(k) L
E i ‘gik)(k)‘ o N
1-—2 . . . .
’ o [Qik) ~ G0 V(W(ik) +V\{k)>§(i*)<kj(9(i*) qk)l Z( 9(k>)”
WY = 32- ! . “)’Z(i“)(k)‘ ‘é(l )(k)‘
20°A
R 0t Ty st o aafo s T
Z‘ ‘ WMot T G | i Z‘ﬁ Wioy “Wo T35 S [N
G (. )(k) ' i) (k)
6., +40 X X 4. + sz
2 z ‘é [ iy + = )2 = éik)(k)][\%k) Wy, +3 - > - é:(i")(k)jv(ik)
i) (k)
(4.37a)
_ , ) * , -
|z(9(i')_6zi)) +2V(V\{i')+V\{i))(9(i')_9(1))§(i')u) ((,J) ()) ér(uz By,
. (i)
E ' ‘é(i'm)‘ .
1-72 . N " « " L \2
Y 2 *Z(Qi') )t V(V\{il) +V\{j))§(i1)(i))(€(i1) B 90)1", o HZ(% - 9(1))!,
. (an _ (i
W) 1 L ‘f(i')(i)‘ ' ‘g(i')u)‘ i
252N 2 . . 2
1 |- - i 0) . 1 : : %)+ 9
Aiz‘é [W(i')_ (i) T : )2 : 5(1)(1)] (D] ! .Z‘f: [V\{i')_v%i)+3 J 2( )é(i‘)(j)JV(i’)
G ()G ) (5)G)
1 _ _ 9“ + i) « « () :'
22‘5 [V\{w)_v\{i)jL ( )2 J (’g(i')(i)][V\{i')_V\/(i)Jrs J 2( )g(i')(j)v(i')
()G

(4.37b)

Substituting Eqs.(4.37) into (4.36) arises the final PD EoM for higher order deformable

beams as
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E ( ) * ] , (‘9(1) - 9(*k>)
| +v(w,, +W. ., |sgn + 1 — V.
2 52N2 [ ,Z[ “f(]) k)‘ ( (k) ) (é:(J ) (i) Jz ‘éj)(k)‘ G)

_ _ a.+40
G z{( i —V\{k))sgn(cjj)(k)) + mz(k)‘fu)(k)}{j)
—5TA : + bl(yk)
|

9
+A,Z{( V‘{k))Sgn(én(k)) +3 % ; é;)(k)}

(4.38a)
[ [
Ay [A G + N Qk)]
E 2| .<((8,-9 (6. -«
T 102 5 [I j [( (J%j)(k;k)) qus +\N(J))Sgn(§(l)(k))] iy +1 ]Z( (J%J)(k:k))
_ + 9
- I JZ[( i~ )sgn(@l)(k)) + W > él)(k):i i)
SR . . q. +4
H JZ:|:(V\{J) —V\{k))sgn(cf“ )(k)) + 3%“‘21 )(k)}vm
(4.38b)

W, — W, Qo + 4
JZ{( (,‘ . ())+(()2 )sgn(ém(k))} i)
+09(4.38¢)

)
4
| W, — W, ., +8
+Z\z i) (k)) + 3< ) . (J))Sg“(én(k))] .
] 1400l

[I o ] E 9 ' Z(V () = Qo) s (&) + (V\(J) +V\(k))‘§j)(k)‘)vu)
DA 1o eR| . .
' H ZV(Q(J) - qk))sgn (&)%)

W.. —W a. + 4.
i IJZ[( (J‘% (k)(k)) L o . (J)sgn(éi)(k)):l\/(j)
i
5K . - W, 3/ . "
+ 2[( (J‘% )(k)) + E(H(k) + 9(1))39'1(5(1)(@)}41)
i)k

(4.38d)

4.2.3 Numerical Results

In this section, several different numerical examples are considered to demonstrate the

capability of the current PD formulation. A rectangular cross sectional beam with a

59



length of 1m, a thickness of 0.2m and a width of 0.005m is considered. The material
properties of the beam are specified as elastic modulus of 200 GPa and Poisson’s ratio
of 1/3. PD model is obtained by using discretisation size of Ax=1/1000m. The horizon
size is chosen as 0=3.015Ax. The boundary conditions are applied through a fictitious
region as explained in Appendix B1.2 with a size of 3Ax. All example problems are
static problems and the numerical solution is obtained by directly assigning inertia
terms in equations of motion given in Egs. (4.38) to 0 and solving a matrix system of
equations. The solution procedure can be referred to Section 3.3 analogically. PD results
are compared against FEM results generated using ANSYS, a commercial finite
element software. PLANE182 element type is utilised by creating 100 elements along

the beam with 8 elements along the thickness direction.

4.2.3.1 Simply supported beam with distributed load

Figure 4.9 Simply supported beam subjected to distributed loading

In the first example, a simply supported beam subjected to a distributed loading of 100

N/m is considered as shown in Fig. 4.9. Regarding the PD model, the distributed

100x1 _
1000x0.2x0.05X1/1000

loading can be converted into a body force density of b, =

10°N/m3 and acted on each material points of the beam. Comparison of transverse
displacements obtained from PD and FEM analyses are depicted in Fig. 4.10 and a very

good agreement is observed between the two approaches.
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Figure 4.10 Variation of transverse displacements along the beam

4.2.3.2 Simply supported beam with concentrated load

Figure 4.11 Simply supported beam subjected to concentrated load.
In the second example, the simply supported beam considered in the previous example
is subjected to a concentrated load of P, = 100 N, which can be converted into body
force density of b, = 107 N/m3 acting at the center of the beam as shown in Fig.
4.11. Based on the comparison given in Fig. 4.12, PD results agree very well with FEM

results.
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Figure 4.12 Variation of transverse displacements along the beam
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4.2.3.3 Clamped-Clamped beam with distributed load

In the third example, the simply supported beam subjected to distributed loading
considered in the first example case is subjected clamped-clamped boundary conditions

as shown in Fig. 4.13. The distributed load is specified as 100N/m.

Figure 4.13 Clamped-clamped beam subjected to distributed loading
As demonstrated in Fig. 4.14, a very good agreement is observed between PD and FEM

results in terms of transverse displacements.

%1078

0

e 7

Transverse Displacement, w(m)
(e

-6
0 0.1 02 0.3 04 0.5 0.6 0.7 08 0.9 1

Location, x(m)

Figure 4.14 Variation of transverse displacements along the beam

4.2.3.4 Cantilever beam subjected to a point load at its free end

Figure 4.15 Cantilever beam subjected to a point load at its free end
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In the fourth example case, a cantilever beam is considered as shown in Fig. 4.15. The
beam is subjected to a point load of P. =100 N at its free end. As depicted in Fig. 4.16,

PD results agree very well with FEM results.

%108
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Figure 4.16 Variation of transverse displacements along the beam

4.2.3.5 Cantilever beam subjected to a moment at its free end

____________________________________________________________________________________________________ D o

Figure 4.17 Cantilever beam subjected to a moment at its free end

In the final example case, the cantilever beam is subjected to a moment of 100 Nm at

its free end as shown in Fig. 4.17. The moment loading is applied through a body load

of p, — 10" N njacting on a single material point at the right edge. As depicted in Fig.

4.18, there is a very good agreement between PD and FEM results for the transverse

displacement along the beam.
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Figure 4.18 Variation of transverse displacements along the beam

4.3 PD Formulations for Transversely FGM Euler Beams

4.3.1 Euler-Bernoulli Beam Theory for FGM

A complete and adequate set of equation for linear theory of thin beams was developed
by Euler and Bernoulli, which is also known as Euler-Bernoulli beam theory. According
to Euler-Bernoulli beam theory, a transverse normal to the central axis of the beam in
the undeformed state remains straight, normal to the central axis and its length doesn’t
change during deformation. Based on the assumptions of the Euler-Bernoulli beam
theory, with considering axial deformation, the displacement field of any material point
can be represented in terms of the displacement field of the material points along the
central axis in xz plane as

ux,z,t) = a(x,t) + 2 x,t) (4.39a)

WX, Z,t) = W(x,t) (4.39b)
where u, w and 6 represent the axial displacement, transverse displacement and
rotational displacement of the material points along neutral axis, respectively. Hereafter,

u(x,t) and w(x,t) will be written as u and w, respectively, for compaction.

The strain-displacement relations can be written as
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=—+z—

E =
OX OX

(4.40a)

oW
= 6 —_—= 0 .
7 + ™ (4.40b)

Eliminating 6, the strain component can be expressed in terms of two independent

displacement variables as

ou oW
& = a_x -z W (441)
According to the 1D Hooke’s Law, the stress can be expressed as
ou oW
o =Hz)e = H2) [éx -z E)XZJ (4.42)

where E represents Young’s modulus which is a function of z-coordinate.

The average cross-sectional strain energy density of the beam can be expressed as

1
Wo, = o, [, oedA (4.43)

Inserting Eq.(4.41) and (4.42) into (4.43) arises
1 oaY . ouow (oW
" ZZALE(z)Kan 2N, [w]}m (4.44)
4.3.2 PD Theory for FGM Euler-Bernoulli Beam

The PD EoM can be obtained by solving the Lagrange’s Equation

d aL oL

——— - =0 4.45
dt au(k) 6u(k) ( )

The displacement vector, u, in this study contains the entries as following

u=[a w (4.46)
The total kinetic energy of the beam, T, can be written as

T= %; P (% + 5 Yo (4.47)

For a conservative system, since the potential energy, U, is implicit of time variable,

the first terms of the Lagrange’s equation can be casted as

d oL d oT

qk)
— = = = Ay - (Y 4.48
S (a5

Recall Eq.(3.8), the second term of the Lagrange’s equation under PD assumption can
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be expressed as

oL @ ZW”DW— Y (4.49)

(K)'(K)
8u(k) ou,

where b represents the body force density vector, which contains the following entries
in this study

b =[b b,]

x

Plugging Eq.(4.48) and (4.49) into the Lagrange’s equation arises

oW’ Z aV\ng) (J)
0 oq aa, o
. {9@} [P {bfw} (4.50)
Yo Mg, Z%u 2
Wk) i aw(k) V(k)

As explained in Appendix A1.3, the PD SED function for at material point k and its

family member point j can be written as

AIAEAZWVO") + J‘AEZZZdA[ZV\{ 2 V\{k V(|k J
Wo = %5;2 ! ‘fiwk)‘ T wm (4.51a)
[ Eany dn "oy 5T “ Moy,
A i e g2, a
(%) (k) (i) (k)
and
Al, EdAZ(“ ~% ) v+ Ezsz[Z - V\{”v(“)]
w1 L €0 T &ho (4.51b)

Y
_ (N U(J) (! V\{J)
JoEany do oy, 3 A oy,
! (1)) ! (1))

Substituting Eqs.(4.51) into (4.50) arises the final PD EoM for FGB Euler-Bernoulli

Beams
oAl A (J) — U(k)V
I ‘ ()
. 1 i é:(j)(k) (k)
'D(k)u(k) = 523 W W W + bx (4523)
_’J. EZdAZ [Z (N (k)vIk *Z (') (j)V,J J )
gﬂ)(k) i é:u ) (k) o i g(izl)(k) «o
and
W, — W W, - W,
“) (k) (i) ()
.[ EZ?dAZ 2 [z &2 V(i*) * z & V(H)]V(H B
w1 ] )(k) ! (%) (k) ' (7)) (k) bk
p(k)\l\{k) - 62A3 T T + z (4.52b)
,J' EZdAZ [z (%) u(k)V o+ z .1 j ,J)]\/(j)
én ! gE(ik)(k) ( )(K)
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4.3.3 Numerical Results

To verify the validity of the PD formulation for functionally graded Euler-Bernoulli
beams, the PD solutions are compared with the corresponding finite element (FE)
analysis results. In this study, a FGM beam with rectangular cross-section is taken into
consideration. The material property is chosen as Young’s Modulus, E(z), and it is

assumed to vary linearly through the thickness as

z 1
where E; and E;, denote the Young’s modulus of the top and bottom surfaces of the
beam, and h donates the total thickness of the beam as shown in Fig. 4.19. All
numerical examples considered in this section are for statics analysis. For all numerical

examples, the horizon size is chosen as § = 3Ax where Ax is the distance between

material points.

Q)

Figure 4.19 Functionally graded Euler-Bernoulli beam

4.3.3.1 Functionally Graded Beam Subjected to Pinned Support-Roller Support

Boundary Condition

Figure 4.20 Functionally graded beam subjected to Pinned Support-Roller Support

boundary condition
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A simply supported functionally graded beam with length, width and thickness of L =
1 m, b =0.01 m and h = 0.05 m, is considered as shown in Fig. 4.20. The beam
is constrained by pinned support and roller support at left and right ends, respectively.
The Young’s modulus of the top and bottom surfaces are E; = 200 GPa and E, =
100 GPa, respectively. The model is discretized into one single row of material points
along the thickness and the distance between material points is Ax = 1/101 m . A
fictitious region is introduced outside the two ends as the external boundaries with a

width of 26 . The beam is subjected to a concentrated transverse load of P, =1 N

at the center of the beam. The load is converted to a body load of b = f—; =

202000 N/m3 and it is subjected to central material points of the model.

Layer 50 E.=199 GPa
Layer i E=100x(1+(i-1/2)/50) GPa
z Layer 3 12
Layer 2 E;
x | Layer 1 E =101 GPa

Figure 4.21 Variation of the Young’s modulus in thickness direction for the FE model.

The FE model of the beam is created by using the SHELL181 element in ANSY'S with
dimensions of 1 X 0.05 x 0.01 m?>. To model the functionally graded beam, the model
is divided into 50 layers by varying homogeneous material properties through the
thickness. The Young’s modulus varies linearly over the thickness from the first layer
E, =101 GPa to the last layer Egy = 199 GPa, as shown in Fig. 4.21. The
Poisson’s ratio, v = 0, is applied in ANSYS for the sake of eliminating the Poisson’s

effect.

The PD and FE transverse and axial displacements are compared in Fig. 4.22. There is

a very good agreement between PD and FE results. These results verify the accuracy of
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the current PD formulation for a functionally graded beam subjected to pinned support

— roller support boundary condition.

¥
=10 -8
0r . 25)"\0
FE| —
v pD| S -

0.2 ; P
- : 2 - FE
§ : ‘ PD
= 0.4 £ .
8 = 1.5

[=

806 g
o
2 g
] o
o a

0.8 @
@ o
£ =
g 3 oe
fd
(=

12 o

» . 05

0 01 02 03 04 05 06 07 08 09 1 06 01 02 03 04 05 06 07 08 09 1

Location, x(m) Location, x(m)
(a) (b)

Figure 4.22 Comparison of PD and FE results; (a) transverse displacement, (b) axial

displacement

4.3.3.2. Functionally Graded Beam Subjected to Pinned Support-Pinned Support

Boundary Condition

In the second case, the functionally graded beam considered in the previous section is
subjected to pinned support at both edges as shown in Fig. 4.23. Moreover, a horizontal

load of P, = 1 N is acting at the center of the beam in addition to the transverse load

of B, = 1N.
i |
P
________________________________________ e
< L >

Figure 4.23 Functionally graded beam subjected to Pinned Support-Pinned Support

boundary condition
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PD results for transverse and axial deformations are compared against FE results as

shown in Fig. 4.24 and there is a very good agreement between the two approaches.
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Figure 4.24 Comparison of PD and FE results; (a) transverse displacement, (b) axial

displacement

4.3.3.3 Functionally Graded Beam Subjected to Clamped-Clamped Boundary

Condition

7y
~
v

Figure 4.25 Functionally graded beam subjected to Clamped-Clamped boundary

condition

In the third case, the functionally graded beam is subjected to clamped — clamped
boundary condition as shown in Fig. 4.25. A transverse load of P, = 1 N is applied at
the centre of the beam. As demonstrated in Fig. 4.26, a very good match between PD
and FE results is obtained for this particular condition.
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Figure 4.26 Comparison of PD and FE results; (a) transverse displacement, (b) axial

displacement

Functionally Graded Beam Subjected to Clamped-Free Boundary Condition

A
h
Y

Figure 4.27 Functionally graded beam subjected to Clamped-Free boundary condition

In the final numerical case, the functionally graded beam is subjected to clamped — free
boundary condition as shown in Fig. 4.27. A transverse load of P, = 1 N is exerted
at the free edge of the beam. As shown in Fig. 4.28, a very good agreement between PD
and FE results is observed which shows that current PD formulation can capture
accurate deformation behaviour for functionally graded beams subjected to different

types of boundary conditions and loading.
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4.4 PD formation for FGM Timoshenko Beam

4.4.1 Timoshenko Beam Theory for FGM

Timoshenko developed first order shear deformation theory for thick beams which is
also known as Timoshenko beam theory. According to the assumptions of the
Timoshenko beam theory, the displacement field of any material point can be expressed

in terms of the displacement field of a material point along the central axis in xz plane

as
u(x,z,t) = G(x,t) + &x,t) (4.54a)
WX, Z,t) = W(x,t) (4.54b)

where u, w and 6 denote the axial displacement, transverse displacement and
rotational displacement, respectively. Hereafter in this study, u(x,t), w(x,t) and
0(x,t) will be written shortly for u, w and 6 for compaction, respectively. Hence,

the strain-displacement relation can be expressed as

ou 06
=—+z—

£= vz (4.55a)

The stress components can be written in terms of displacements only as
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ou o6
o - Es - E(ax ax] (4.56a)

¢ = kGy = Ke(e . GW] (4.56b)

OX
where E = E(z) and G = G(z) represent the Young’s modulus and shear modulus,
respectively, which are functions or the vertical coordinate, z, and k is the shear

correction factor, which depends upon the geometry of the cross-section.

The average cross-sectional strain energy density of the beam can be given as

Wy = o [, (o + o) oA (4.57)

where A represents the cross-section of the beam. Substituting Eq.(4.55) and (4.56)
into (4.57) yields

W, = ;\[jm[gﬁj v IAEzsz[Zf] 2] zan 20, IAKGjA(Q v ?Q’” (4.58)

4.4.2 PD Theory for FGM Timoshenko Beam

Assume the body is initially at rest, PD EoM can be derived from Lagrange’s equation

as following

da
dt o, ou, (4.59)

(k)

where L =T — U represents the Lagrange and the displacement vector, u, contains

the following entries
u=[0 ¢ w| (4.60)
According to the displacement field assumption, Egs. (4.54), the total kinetic energy of

the systems can be written as

1 =2
ZELI) IAP(U2+W ) dAdx = Zp(k [u +AH +W]V<k> (4.61)
The total potential energy of the system can be expressed as

U= zv\g ( 1k) (zk) (3k ) (k) z (k) (k (462)

Where Wp(g) represents the PD strain energy density of the beam, and b denotes the

body force density vector, which is defined in this study as
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b=[b b b] (4.63)
Here, the entries of the body force density vector, b,, bg, and b, correspond to axial

force along x-axis, bending moment and transverse force densities, respectively.

For a conservative system, the first term of the Lagrange’s Equation can be obtained by

inserting Eq.(4.61) into (4.59) as

Ui,
d oL d oT | ..
at o o au. Pw ;9(10 Vo (4.64)
) 0 .
W

Utilizing the pre-proved result, Eq.(3.8), the second term of the Lagrange’s equation

can be expressed as

oL 0

- Sy, -2 Sy a, (4.65)
which gives

k) i)

L] |y, 2y

G 5% 0y ")

oL Gy ) )

2. | " Vag, Yoo T L Voo T I M (4.66)

(k) b(k)

oL avg;)V Za% ’

('NT{k) aw(k) (k) a\l\{k

Combining Eq.(4.64) with (4.66) arises

(o yay,
IJ(k) al"(k) i al‘!(k) V(k) Bk
L owg WDV, :k)
Py 12 [ = + YRIERL (4.67)
AL 60(k) i 69<k) Vk) Q)
Yo oWy . MYV,
a"\fk) i a"‘{k) V(k)

As explained in Apendix A1.4, the PD SED function for material point k and its family

member j can be given as
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J' Edzz( i~ %o )2 Vi + ZJ‘ Ezdzz ( (I J(k))(qﬂ) _ '9<k))v(ik)
((. (k)‘ )2 “fik)m‘
_1 1 i (k)
Wy = 2=+, ZE) o (.k)(k)\ e (4.68a)
«f,azy S 2
2 i '
+ ‘ ‘ o T Wi T Wo | Vi
(%) (k)
and
I Edzz( (i u(J))Z ‘J + ZJ‘ Ezdzz ( (! u(;))(éz“) B 9(”)\/(”)
) GG
L1 (9., - 9(,»))2
Wi - 55 *LEZZdZZ(I)i‘Vm (4.68b)
' (iG)

2
1 (0.,+4, _ _
+1<.[ Giz ) ! +W.  -W |V
A Zg ‘ 2 S Ty ~ W | Vo)
G1)3)

Substituting Egs. (4.68) into (4.67) yields the final PD EoM for FGM Timoshenko beam

as

- 2 U, U, 6., -6
Aotk =[LEdAZ Y+ [ By ‘”V(”J+bi“ (4.69a)

Ao p M0 = 2 1 0, + bl (4.69b)
E’CL JZ[V‘(J) — Wy + = 5 q (k)]sgn(qj (k) )
and
. 2 W., —W Q.+
Aty = 5oz ], QAT | L0 D0 B sn(z )y, bt (4.69)
oA ! ‘én(k)‘ 2

4.4.3 Numerical Cases

To verify the validity of the PD formulation for functionally graded Timoshenko beams,
the PD solutions are compared with the corresponding finite element (FE) analysis
results. In this study, the functionally graded material properties are chosen as Young’s
Modulus, E(z) and shear modulus G(z) and they are assumed to vary linearly

through the thickness as
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E(z) = (E, — Ep) % + % (E. +E,) (GPa) (4.70a)

and

6(z) = L& 4.70b
(Z)—m (4.70b)

where E; and E, denote the Young’s modulus of the top and bottom surfaces of the
beam, and h denotes the total thickness of the beam as shown in Fig. 4.29. All
numerical examples considered in this section are for static analysis and the numerical
solution procedure is given in Appendix B. For all numerical examples, the horizon size
is chosen as & = 3Ax where Ax is the distance between material points.

E(2)

Figure 4.29 Material variation along the thickness direction for the functionally

graded material

4.4.3.1 Timoshenko beam with pinned support — roller support boundary

conditions

Figure 4.30 Timoshenko beam with pinned support — roller support boundary

conditions

A simply supported functionally graded beam with length, width and thickness of L =
1 m, W=0.01 m and t = 0.1 m is considered as shown in Fig. 4.30. The beam is

constrained by pinned support and roller support at the left and right ends, respectively.
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The Young’s modulus of the top and bottom surfaces are specified as E; = 200 GPa
and E, = 100 GPa, respectively. The model is discretized into one single row of
material points along with the thickness and the distance between material points is
Ax = 0.002 m. A fictitious region is introduced outside the actual solution domain as
the external boundaries with a width of §. The beam is subjected to a concentrated

transverse load of P, = 100 N at the central point. The load is converted to a body
load of b, = ZIZ_ZV = 2.5e7 N/m3 and it is applied to two central material volumes of

the model (see Fig. 4.31).

Figure 4.31 Discretization, applied loading and fictitious region.

The FE model of the beam is created by using SHELL181 element in ANSYS with
dimensions of 1 m X 0.01 m X 0.1 m. The FE model is meshed with 100 elements
along the length. To model the functionally graded beam, the model is divided to 50
layers with varying homogeneous materials properties through the thickness. The
Young’s modulus varies linearly over the thickness from the first layer E; = 101 GPa

to the last layer Esy = 199 GPa, as shown in Fig. 4.32. The Poisson’s ratio, v = 0.3,

is applied in ANSYS.
Layer 50 E,=199 GPa
Layer i E=100x(1+(i-1/2)/50) GPa
z Layer 3 E,
Layer 2 E,
x | Layer 1 E=101 GPa

Figure 4.32 Material variation in the thickness direction for the finite element model

The PD and FE transverse displacements, w(x), rotations, 6(x), and axial

displacements, u(x) are compared in Fig. 4.33. Both approaches yield similar
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displacement and rotation variations. These results verify the accurateness of the

current PD formulation for a functionally graded beam theory for pinned support —

roller support boundary condition.
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Figure 4.33 Comparison of PD and FE results for (a) transverse displacements, (b)

rotations, and (c) axial displacements.

4.3.3.2 Timoshenko beam with clamped — roller support boundary conditions

Figure 4.34 Timoshenko beam with clamped — roller support boundary conditions
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The Timoshenko beam with clamped — roller supported boundary conditions is under
consideration. The beam has the same geometrical and elastic properties as previous
case. The model is discretized into one single row of material points along with the
thickness and the distance between material points is Ax = 0.002 m. A fictitious
region is introduced outside the ends as the external boundaries with a width of §. The

beam is subjected to a concentrated transverse load of P, = 100 N at the central point.
The load is converted to a body load of b, = zi_zv = 2.5e7 N/m3 and it is subjected

to two central material volumes of the model.

Figure 4.35 Discretization, applied loading and fictitious region

As depicted in Fig. 4.36, for transverse displacements, w(x), rotations, 6(X), and axial

displacements, u(x), a very good agreement is obtained between PD and FE results.
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Figure 4.36 Comparison of PD and FE results for (a) transverse displacements, (b)

rotations, and (c¢) axial displacements

4.4.3.3 Timoshenko beam with clamped — free boundary conditions

____________________________________________________________________________________________________ D o

Figure 4.37 Timoshenko beam with clamped — free boundary conditions

The performance of a cantilever beam is under investigation. The beam has the same
geometrical and elastic properties as previous case. The model is discretized into one
single row of material points along with the thickness and the distance between material
points is Ax = 0.002 m. A fictitious region is introduced outside the ends as the

external boundaries with a width of &. The beam is subjected to a bending moment of
M = 100 Nm at the free end. The load is converted to a body load of by = % =

5e7 N/m? and it is applied to the last material point adjacent to the free end.
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The transverse displacements, w(x), rotations, 8(x), and axial displacements, u(x)
along the beam are obtained from both PD and FE analysis. As shown in Fig. 4.39, a

very good agreement is observed between the two approaches.
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Figure 4.39 Comparison of PD and FE results for (a) transverse displacements, (b)

rotations, and (c) axial displacements
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4.5 PD Formulations of FGM Higher Order Deformable Beam

4.5.1 FGM Higher Order Deformable Beam Theory

The displacement field of any material points at the transverse normal can be
represented in terms of the displacement field of the material point at locus of central

axis in xz plane by using Taylor expansion as

B ou 1., 1 _,64

L(X,Z,t) —L(X,O,t)+zafzzzo EZ Ezﬂj 52 Ezﬂ) (4.713)
B ow 1_, 8w 1_,0Ww

V\(X,Z,t) —V\(X,O,t) +267Z:0 EZ ?Zﬂ) +§Z gzﬂ) (4.71b)

Ignore the higher order terms of Eq.(4.71), the displacements field of the deep beam
can be written as
WX, Z,t) = G(X,t) +zdX,t) + zU'(x,t) + z°0(x,t) (4.72a)
WX, 2Z,t) =W(X,t) +zE(x,t) +zW(x,t) (4.72b)
where u and w represent the axial displacement and transverse displacement of the
material points along the neutral axis, and 6, u*, 6%, 8, and w* represent the higher

order terms arise out of the Taylor expansion, which can be defined as

axp = HED (4.73a)
wixt) = %% (4.73b)
O(x.t) = 371!53(2,;,” (4.73c)
o(x.t) = % (4.73d)
w(x ) = 2 20 (4.73¢)

Hereafter, u(x,t), 6(x,t), u*(x,t), 68*(x,t), w(x,t), 6,(x,t) and w*(x,t) will

be written simply as u, 8, u*, 8%, w, 6, and w*, respectively.

According to the stipulation of the displacement field assumption, Eq. (4.72), the strain

components can be written as

g =M 00 oM 300 (4.74a)
o oX oX oX OX
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6 — 0 + 2w (4.74b)

ow .00 (e oW
Ve =(9+axj+z[2u +8XJ+Z {36 +6x] (4.74¢)

Unlike the strain-displacement relations in the classical beam theories, wherein the
transverse normal is zero and the shearing strain varies linearly along the thickness,
these relations in our study are more realistic. This also eliminates the need for
introducing the shear correction factor, which is widely used in the Timoshenko beam

theory.

Assume the material is only axially isotropic, and obey the plane-stress constitutive

relation, the stress components can be given by

o =TT (& +ve,) (4.75a)
E

o, =T (¢, + &) (4.75b)

7, = Gy, (4.75¢)

Where E = E(z), v =v(z) and G = G(z) are the Young’s modulus, Poisson’s ratio
and shear modulus, respectively, and they are variational with the thickness coordinate

Z.

According to the classical continuum mechanics theory, the average cross-sectional

strain energy density function can be expressed as

\%\A = Z_lAIA (O-xgx + GZgZ + z-)(Z}/)(Z)dA\ (4'76)

Inserting Eqgs. (4.75) and (4.75) into (4.76) results in
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4.5.2 PD Formulations for FGM Higher Order Deformable Beam

If we assume the beam is initially at rest, the PD EoM can be derived from the

Lagrange’s equation as

d oL

d oL
dt au,,

ou

=0

(k)

(4.78)

where L =T — U represents the Lagrange and the displacement vector, u, contains

the following entries

u=[0 0 u 0 w6 W]

(4.79)

The cross-sectional kinetic energy, T, can be written as

Lol e

Substitute Egs. (4.72) into (4.80) gives

T = %p{A(u*z +W2) +1 (92 + 2+ 6+ ZNN) +1° [(u*)2 + 200 +(W*)2J +1 ”(9'*)2}

(4.80)

(4.81)

where [ represents the second moment of the cross-section area and [* and [
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represent the higher order moment of the cross-section area, which are defined as

| = [z (4.82a)
1" = [ 2 (4.82b)
I”::LZHA (4.82¢)

The total kinetic energy of the system can be casted by integrating Eq.() throughout the

entire beam as

_ \ A(LT2+VV2)+I (92+2Tu*+éj+zm)
e N U (4.83a)
+ [(u )2 + 200 + (W )2} +17(6)?
which can be discretized as
T = % ; p(iAk) A, -+, ) + 1 [qi) A, + (69) + Zﬁk)"‘(kj Vo (4.83b)

- [(u(*k))Z + 29.(10621) +("({*k>)1 +1 **(‘9.(*@)2
Assume the system is conservative, the first term of the Lagrange’s equation becomes

orT
oy, i, L
oT |
94, A
oT
6lj(k)
d oL _d|ar
dt oy, ot |06,
0
oW,
oT I
Y0 A

i R
ar A o 3 W

Wy

The PD SED function has a non-local form such that the strain energy of a certain

i+ g (4.84)

(k)

material point k depends on both its displacement and all other material points in its
family, which can be expressed as

W' =Wy (“(k)’u(lw’u(zk)’uwk)’ ) (4.85)
Similar to Eq. (4.83Db), the total potential energy stored in the body can be obtained by
summing potential energies of all material points including strain energy and energy

due to external loads as
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Up = ng>((k ey Uizy Uy ) = 2Bt (4.86)

k

where b represents the body force density vector, which includes the components as

following
b=[b b 00b 00f (4.87)

where b,, bg and b, correspond to the densities of axial force, moments and

transverse force, respectively.

Recall the pre-proved result, Eq.(3.8):
oL avg?v +zav¢g,>v

— V
k) 7 £ (I (ON())
OUy, OUy, T OU,

(4.88)

Substituting Eq. (4.86) into and (4.88) and combining with (4.83b) into (4.78) arises

oy, vzl
G, + L oy au(k
A
My Z VM)
[T 20 Vi
2 o KH( ) 06y o0
P awk)vk Z b(xm
Ku(k) Zu au(k) * au(k ¢
0
1 M V}’>
O I I TR P TR B AR R (4.89)
A A (k) 9, B0
O 8 / .
V\{")JFAV\{” a\\g/k)\/(k)JrZa\VNM)\{j) 0
) )
[ 0
ig(k) avyk W
z ) )
A gk)vw + Z glk)v(n
| I I ..
— W+ —W
A AT ‘M’k)v( Ly VM)\{)
* ]
M) T Wy,

As derived in Appendix A1.5, the PD SED function for material point k and its family

member j can be written as following
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(4.90a, b)

Substituting Egs. (4.90) into (4.89) results in the final PD EoM for FGM higher order

deformable beam as

AN | ek
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4.5.3 Numerical Cases

To verify the validity of the PD formulation for functionally graded higher order beams,
the PD solutions are compared with the corresponding finite element (FE) analysis
results. In this study, the functionally graded material properties are chosen as Young’s
Modulus, E and shear modulus G and they are assumed to vary linearly through the

thickness as
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€)= (5 - &) +5(5 +E) (4.922)

. H)
@ - 5] (4.92b)

Wz) =0.3 (4.92¢)
where E; and E, denote the Young’s modulus of the top and bottom surfaces of the

beam, and h denotes the total thickness of the beam.

In the following numerical cases, a functionally graded higher order beam with
rectangular cross section, which subjected to different boundary conditions is taken
under consideration. The length, thickness and width of the beam are chosen as L =
1m, h = 0.15m and b = 0.1m, respectively. Thus, the cross-section area of the beam
is A=hxb =0.015 m?. The Young’s modulus of the top and bottom surface are

chosen as E; = 200 Gpa and E; = 100 GPa.

Fig. 4.40 PD model of functionally graded material beam
The PD models are discretized into one single row of material points through the
thickness and 500 material points throughout the x axis. Thus, the distance between
two adjacent material points is Ax = 0.002m. Two fictitious regions (denote in green)
are introduced respectively outside the two ends as the external boundaries with a width

of 3Ax (see Fig. 4.40).

The corresponding FE models are creating in ANSYS by using PLANE182 elements,
with 100 elements along the x-direction and 50 elements along z-direction. In order to
obtain the functionally graded character, varying materials properties are assigned to
the elements through the thickness direction. The Young’s modulus varies gradually
over the thickness from the first layer E; = 101 GPa to the last layer Egzy =

199 GPa, as shown in Fig. 4.41. The Poisson’s ratio, v = 0.3, is applied in ANSYS.
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Layer 50 E,=199 GPa
Layer i E=100x(1+(i-1/2)/50) GPa
z Layer 3 E,
Layer 2 E,
x | Layer 1 E=101 GPa

Figure 4.41 Material variation in the thickness direction for the finite element
model
Note that the PD results are preferably compared to PLANE element rather than BEAM
element. This is because an entire 2D plane-stress Hooke’s Law is considered in this
studies, and BEAM element formulations are usually based on Euler-Bernoulli or
Timoshenko beam theory, which are referred to as 1D Hooke’s Law and may not be

suitable for references.

4.5.3.1 Simply Supported Beam Subjected to Transverse Loading

Figure 4.42 Beam with pinned support — roller support boundary conditions.

A simply supported functionally graded beam subjected to a concentrated force of P, =

1000N at the central is taken into consideration. With respect to PD model, the load is

transformed into a body load of b, = ZZ = 1.6667e7N /m3 and it is imposed on the

X

two material points locate on the central position of the beam (see Fig. 4.43).

Figure 4.43 Discretization, applied loading and fictitious region
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The PD and FE transverse displacements, w(x) and axial displacements, u(x) are

compared in Fig. 4.44. Both approaches yield similar displacement variations. These

results verify the accurateness of the current PD formulation for a higher order

functionally graded beam theory for pinned support — roller support boundary condition.
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0 B0,
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0 0.1 0.2 0.3 0.4 0.5 0.6
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0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Location, x(m)

(b)

Figure 4.44 Comparison of PD and FE results; (a) transverse displacement, (b) axial

displacement

4.5.3.2 Cantilever Beam Subjected to a Point End Load

In the second example, a cantilever functionally graded beam is considered as shown

in Fig. 4.45. The beam is subjected to a concentrated force of F = 1000N at the free end.

F;

A

Figure 4.45. Cantilever beam subjected to a point end load.

As shown in Fig. 4.46, a very good agreement is observed between PD and FE results

for both transverse and axial displacement results.
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Figure 4.46. Variation of (a) transverse displacement, (b) axial displacement along

the beam.

4.5.3.3 Clamped-Roller Supported Beam Subjected to Transverse Loading

In the final example, a clamped-roller supported functionally graded beam is considered
as shown in Fig. 4.47. The beam is subjected to a concentrated force of F = 1000N at

its center.

Figure 4.47. Clamped-simply supported beam subjected to transverse loading.

As in the previous cases, PD and FE results also agree with each other for this mixed

(clamped-roller supported) boundary condition case for both axial and transverse

displacement as shown in Fig. 4.48.
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Figure 4.48. Variation of (a) transverse displacement, (b) axial displacement along

the beam.

4.6 Comparison Among PD Beam Theories

In the previous sections, varies of beam theories based on PD framework are introduced
and their validation are verified by benchmark problems with comparison against the
corresponding FE results. As mentioned in Chapter 2, Euler, Timoshenko and higher
order beam theories based on classical mechanics theory are generally appropriate for
thin, moderate thick and thick beam, respectively. In order to demonstrate that a similar
conclusion can be obtained based on PD framework, three different types of PD beam

theories are tested in the following numerical cases.

Three functionally graded beams with thickness of h = 0.05m,0.10m and 0.15m
are considered for this study. The length and width are chosen as L = 1m and W =
0.01m equally for the three cases. Three beams are subjected to simply supported
boundary conditions and a concentrated force of p = 1000N at the center, as shown

in Fig. 4.49.
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A
I~
Y.

Figure 4.49 Simply supported FGM beam subjected to transverse load.

The functionally graded material properties are chosen as Young’s Modulus, E and

shear modulus G and they are assumed to vary linearly through the thickness as

52) = (5 -6} 5 (5 + &) (4.933)
Qz) - ﬁ (4.93b)
Wz) =0.3 (4.93¢)

where E; = 200GPa and Ep, = 100G denote the Young’s modulus of the top and

bottom surfaces of the beam, and h denotes the total thickness of the beam.

Three PD beam models are discretized into 101 material points and therefore the
distance between material points is Ax = 1/101m. The PD horizon size is chosen as

6 = 3Ax.

As shown in Fig. 4.50, when the beam is thin, all the three solutions agree well with
each other. As the thickness increases, PD Euler beam solution may not accurately
capture the deformation behavior compared to PD Timoshenko and higher order results
(see Fig. 4.51 and 4.52), which is in accordance with the conclusion from the classical

mechanics theory.
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Figure 4.52 Deflections with thickness of h = 0.15m
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4.7 Conclusion

In this section, PD formulations of Timoshenko beam, higher order deformable beam
and FGM of Euler Beam, Timoshenko Beam and higher order beam are presented,
respectively. These formulations are obtained by using Euler-Lagrange equations and
Taylor’s expansion. The derivation of PD SED functions and implementation of
boundary conditions are explained in Appendix Al and BI1, respectively. To
demonstrate the capability of the presented approach, several different beam
configurations are considered including simply supported beam subjected to distributed
loading, simply supported beam with concentrated load, clamped-clamped beam
subjected to distributed loading, cantilever beam subjected to a point load at its free end
and cantilever beam subjected to a moment at its free end. All the numerical results are
based on PD static solution method, which is explained in section 3.3.2, and generated
by using the commercial programing software, Matlab. Displacement results along the
beam obtained from PD and finite element method are compared with each other and
very good agreement is obtained between the two approaches. Therefore, it can be
concluded that the proposed methodology is capable of representing beam theories in

PD framework.
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5. PD Formulations for Plate Theories

5.1 PD Formulation for Kirchhoff Plate Theory

5.1.1 Kirchhoff Plate Theory

Kirchhoff plate theory is based on the assumption that “normals to the mid-surface of
the undeformed plate remain straight and normal to the mid-surface, and unstretched in
length, during deformation” (Love, 1888). The displacement field of any material point

can be represented in terms of the displacement field of the material points on mid-

plane as

uXx,y,z,t) = z6(x,y,t) (5.1a)
V(X,Y,Z,t) = 20,(X,y,t) (5.1b)
WX,Y,2,t) =WX,y,t) (5.1¢)

where 0,(x,y,t) and 6,(x,y,t) denote the rotation of the material points on the
mid-plane about positive y -direction and negative x -direction, respectively, and
w(x,y,t) denotes the transverse displacement of material points on mid-plane.
Hereafter, 0,(x,y,t), 6,(x,y,t) and w(x,y,t) are written simply as 6, 6, and

w, respectively.

Based on Egs (5.1) and Kirchhoff Plate assumptions, the strain components can be

given as
6 =2 f;i (5.2a)
6 =2 Zy& (5.2b)
7y =2 [Z‘j + ‘Z‘i} (5.2¢)
=0+ 5 =0 (52d)
7 =0, + % -0 (5.2¢)

Eliminating 6, and 6, from Egs. (5.2a, b, ¢) by taking use of Eq. (5.2d, €) gives
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6 =227 (5.32)
6 =z 2;"! (5.3b)
7y = 2 a‘i?y (5.3¢)

which can be written in the tensorial form as
5, = 2 aXfZVXJ (5.4)

where the subscripts I,], -+ take up the value 1(= x) and 2(= y), and this convention

will be applied throughout this study.

According to the plane-stress constitutive law, the stress components can be written as

o5 = Qs (55)
where C represents the stiffness tensor, which can be defined for isotropic material as
E [1-
G = 1-.,2 {ZV (é‘lLé.]K + 6IK5JL) + Vé‘IJ5KL:| (56)

According to the elastic theory, the average strain energy density can be expressed as

h

Wow = % 2r21 0,,¢,0z (57)

which can be written in terms of transverse displacement only by utilizing the relations

given in Eq. (5.4), (5.5) and (5.6) as

Dl ow W oW ow Y
Vo = m{[ax, 0X, j " (1 - V)[ax, OX; OX, 0X, - [ax, OX, j H (5-83)
3 . . .
where D = TR represents the flexural rigidity.

Particularly, as explained in Appendix A2.1, for the Kirchhoff Plate subjected to only
displacement constraints (i.e., no free boundaries), the SED function can be simplified

as

D( ow |
Ve, = E[axl ox| ] (586)
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5.1.2 PD Formulations for Kirchhoff Plate

The PD EoM can be derived by taking use of the Lagrange’s equation

d oL oL
o o =0 5.9
a oF,, o, (5.9)

where L =T — U represents the Lagrangian.

The total kinetic energy of the system can be expressed as
1 =
T iy g, (.100
The total potential energy of the system can be similarly written as

U= Zn:v\zg) (\K{n)’w(l")’w(z")’w(a")’“')V(n) - ;b(n)wfn)v(n) (SIOb)

where the PD SED function at material point n, Wp(g ), has a non-local form such that

it depends on the transverse displacements of material point n, and all the other
material points in its horizon, and b,y represents the transverse force density

subjected to material point n.

Assume a conservative system, the first term of Eq. (5.9) becomes

d oL d ot
dt aVT{k) dt 6Vv(k)

= p(k)‘ﬁ{k)v(k) (5113)

Recall the pre-obtained expression, Eq. (3.8), the second term of Eq. (5.9) becomes

k) 0 i)
— 63721) = (aa\\//\f:) \/(k) + Z%{j)} - t%k)\/(k) (Sllb)

Substituting Egs. (5.11) into (5.9) and renaming the summation notation gives

(W‘LZW\{J)] + By

Py = = ~
it [a"‘{k) T Wy Voo

(5.12)

As derived in Appendix A2.1, the SED function Eq. (5.8a) can be transformed into the
corresponding PD form for material point k and its family member material point j

as

101



and

_ _ 2
[()][Zg] :
(i)

8(1- V)wa) W) ! Y Il)z RINEL V.,

- 2
' §(i,)(j) ! ‘fo')( )

EE

— (5.13b)

where ¢ represents the distance between two material points and n represents the

unit orientation vector which can be defined as (see Fig. 5.1)

o R e 614

Original Configuration

Normal to
Deformed Configuration ™ Midplans fds

Figure. 5.1 Peridynamic interactions in Kirchhoff plate theory.

Regarding the special case that the plate subjected to displacement boundary conditions

only, the PD SED function for material point k and its family member material point

Jj becomes
; 2 YD : " i
w -2 5] h[z Y J 15
and
Wy - 2 DIyt Moy 2 (5.15b)
”52h IS o .

Plugging Eqs. (5.13) into (5.12) and rearranging the summation notations results in the

PD EoM for Kirchhoff Plate as
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5 1 W, —-W W, —-W.
_2N1 - (i) (k) _ Gy
|:l 2(1 V)}Z 2 {Z 52 \/(ik) Z 52 V(ii) \/(i)
] éi)(k) ! (i) (k) ' ()G )
. W, —W
i = () () () (KRG (K
Py = € ) > = n Ny By (5.16)
al-nY noon, ' (i) (k) Y
,- 5(2 W - W ()
i) (k) i) () ()R
_Z |§2 n n, \/(in)
! (1) 3)

where the PD material constant ¢ is defined as

4 YD
€ (ﬂ52hj h (5-17)

Particularly, when the plate subjected to fixed boundary conditions (simply supported

and clamped) only, Eq. (5.16) can be simplified as

i 1 Wi, ~ Yo Wiy ~ )
AWy =€ [Z 5 Vi, _Z o : Viiy My + By (5.18)

2 2
T & U ‘f(ik)(k) : ‘f(ﬂ )G)
5.1.3 Numerical Cases

To verify the validity of the new PD formulation for a Kirchhoff plate, the PD solutions

are compared with the corresponding finite element (FE) analysis results.
5.1.3.1 Clamped Plate

A clamped plate with a length and width of L = W = 1m and a thickness of h = 0.01
is considered, as shown in Fig. 5.2. The Young’s modulus and Poisson’s ratio of the
plate are E = 200 GPa and v = 0.3, respectively. The model is discretized into one
single row of material points along with the thickness and the distance between material
points isAx = 0.01m. A fictitious region is introduced outside the edges as the external
boundaries with a width of 2. The plate is subjected to a distributed transverse load

of p =100 N/m3 through the y-center line. The line load is converted to a body

pWw

load of b = 2w /a0

= 5% 10°N/m3 and it is distributed to two columns of

material volumes through the center line, as shown in Fig. 5.3.
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L
Figure 5.2 The geometry of a clamped Kirchhoff plate

A 25
e

Figure 5.3 The peridynamic discretization of Kirchhoff plate

The FE model of the plate is created by using the SHELL181 element in ANSYS. The
PD and FE transverse displacement contours are compared in Fig. 5.4. They yield
similar displacement variations. The maximum difference between the PD and FE
results is less than 0.5%. Moreover, the vertical displacement components along the
central x- and y-axes are compared in Fig. 5.5. These results verify the accurateness
of the current PD formulation for a Kirchhoff plate theory under clamped boundary

conditions.
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Figure 5.4 Comparison of the vertical displacement components of the (a) finite

element and (b) peridynamic results (unit: m)
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Figure 5.5 Comparison of the vertical displacements along the (a) x- and (b) y-

central axes. PD: peridynamic; FE: finite element

5.1.3.2 Simply Supported Plate

A simply supported plate (Fig. 5.6) has the same geometrical and material properties as
in the clamped plate case. Again, it is discretized with a single row of material points
along the thickness direction and the discretization size is Ax = 0.01m. A fictitious
region is created outside the region of boundaries and its width is equal to two times
the size of the horizon, §. The plate is subjected to a distributed transverse line load of

p = 100 N/m through the y-central line. It is imposed to two columns of material

points with a body load of b =5 X 10> N/m3, as in Figure 5.3.
p

Figure 5.6 The geometry of a simply supported Kirchhoff plate.

The transverse displacement components of FE and PD theory show very close

variations, as shown in Figure 5.7. The maximum difference between the PD and FE
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results is less than 0.5%. Furthermore, the displacement variations along the central x-

and y-axes are on top of each other for the FE and PD results, as shown in Figure 5.8.

This confirms the current PD formulation of Kirchhoff plate theory under simply

supported boundary conditions.
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Figure 5.7 Comparison of the vertical displacement components of the (a) finite

element and (b) peridynamic results (unit: m)
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Figure 5.8 Comparison of the vertical displacements along the (a) x- and (b) y-

central axes. PD: peridynamic; FE: finite element
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5.2 PD Formulation for Functionally Graded Material Kirchhoff

Plate

5.2.1 Functionally Graded Material Kirchhoff Plate Theory

Unlike isotropic material Kirchhoff Plate theory, the displacement field of FGM

Kirchhoff Plate takes consideration of in-plane deformation effect as

uX,y,z,t) = a(x,y,t) +z(x,y,t) (5.19a)
V(X,y,z,t) =V(x,y,t) +z26,(x,y,t) (5.19b)
V\(X7y’z’t) :\Mx’y’t) (5.19C)

Where u(x,y,t) and ¥(x,y,t) denote the in-plane displacements of material points
on mid-place along x - and y - axis, and w(x,y,t) denotes the transverse

displacement of material points on mid-plane, respectively.

Based on Egs. (5.19) and Kirchhoff Plate assumptions, the strain components can be

given as
5 = ng 2 (Z (5.202)
5 = % +z aayi (5.20b)
h = (S 5z [‘2‘3 g ajx'] (5.20c)
o =0+ 00 =0 (5.20d)
Yo =0+ % ~ 0 (5.20¢)

Eliminating 6, and 6, from Egs. (5.20a, b, ¢) by taking use of Eq. (5.20d, €) gives

f=2 -2 27%’2 (5.21a)

‘ - % 2 Z%” (5.21b)

_ [Z%Zi]-zzai?y (5.21c)
which can be written in the tensorial form as

- 3B ) 2 (5.22)
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where the subscripts I,], -+ take up the value 1 (= x) and 2(= y), and this convention

will be applied throughout this study.

According to the plane-stress constitutive law, the stress components can be written as

o, = Gaud (523)
where C represents the stiffness tensor, which can be defined for isotropic material as
E 1-v
G = 1_.,72 {2 (é]L5JK + 5|K5JL) + Vb‘lJé‘KL} (524)

where E = E(z) and v = v(z) represent the Young’s modulus and Poisson’s ratio,

respectively, and both of them vary in the thickness direction z.

According to the elastic theory, the average strain energy density can be expressed as
h

Wow = % Eh 0,,¢,0z (525)

2

which can be written in terms of transverse displacement only by utilizing the relations

given in Eq. (5.22), (5.23) and (5.24) as

1-v, . _ o o v -1 2
2 (UI,JIJ+ |.JUJ.|+UIIUJ,J) 2 (")
= 2 ) - @ e, - 6, & (526
—ZZ{UHWJJ +(1_V)(;(U|J +JJ|)W|J _UHWJJH

Note that Eq. (5.26) is composed of three independent parts. The first and second rows
represent the strain energy densities that occur due to in-plane and flexural (bending)
deformation, respectively, and the last row arises due to coupling of in-plane and
flexural deformations. If the material properties are constant over the thickness, the last
row of Eq. (5.26) will be cancelled out after integration and Eq. (5.26) will become
uncoupled. Thus, the strain energy density of the plate can be written concisely as
Vo = W, + Wby + W, (5.27)

where W;, W), and W,;; denote the strain energy densities due to in-plane
deformation, flexural deformation and coupled deformation, respectively, which can be

written as
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h

- zlh{.[zzGiZ (G,0, +6,0, +4,q,,)+ [3 E 3V2_ Loz (@, )2} (5.28a)

21—
oo zlhbzz 1?; dz (W, ) + ZIF%(I?dz (vvljvv,J - (W, )2)} (5.28b)
I —_1DZh B ,w,) + [? @dz (G, +0,, )W, - 25,W )} (5.28¢)
h a 1_ .72 W g 7% I3 3. 13 W .

Particularly, as explained in Appendix A2.2, when the Plate subjected to only
displacement constraints (i.e., no free boundaries), the SED function, Eq. (5.26) can be

simplified as

dz (5.29)

5.2.2 PD Formulations for Functionally Graded Material Kirchhoff Plate

The PD EoM can be derived by taking use of the Lagrange’s equation
d oL oL

dt ou,, éu

=0 (5.30)

(k)

where L =T — U represents the Lagrangian and u is the displacement vector, which
contains the following entries in this study as

u=[0 v w] (5.31)
The total kinetic energy of the system can be expressed as

T= %Zﬂ: Py (ﬁ(i) Vi ¥ vf{i))\/(n) (5.32a)
The total potential energy of the system can be similarly written as

U= anv\g;) (u(n)’uu")’u(z")’u(s")’"')V(") B ;bmu(n)v(n) (5.32b)

where the PD SED function at material point n, Wp(g ), has a non-local form such that

it depends on the displacement of material point n, and all the other material points in
its horizon, and b,y represents the force density vector subjected to material point n,

which has the following components as
b=[b b b] (5.33)

Assume a conservative system, the first term of Eq. (5.9) becomes
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k

= Ao Voo (Mo
Wi

d oL

dt ou,,

_doar
dt ou,,

(5.34a)

: <\:

Recall the pre-obtained expression, Eq. (3.8), the second term of Eq. (5.30) becomes

aV\Z';()V + Z—Vavgg)
ag, &g, 0 )
oL | owo o)) :
_— = fv + f\/ — b \V 534b
U, o, ,Z o7, 0 by () ( )
oW oW ’
Frak Ol Z — Vi)
) oW,

) i)
M 5 W,
i My T Oy Vi bk
k) : X
- v’ Wy
\ = - —— + _G) + b(k)
A R e
W ) b
{x) ,
oS,
Wy My Vi

As derived in Appendix A2.2, the SED function Eq. (5.26) can be transformed into the

corresponding PD form for material point k and its family member material point j

as
i) ) ) () (k) :
6 |:(ul -y )n| }
V\Zg) _ .[2 szz .
5°h* i é(i*)(k) “
2 k 2
1( 1 (3"_ ) g g
i )\/k
) A e ey

N _
h E - W
3 _ i (x)
0l 5 Y Ih(l—vz Sszzdz {Z 2 Vi,
z 2 TS (5.36a)
h % 2 7(| ) ~ W () (k) (k VT{N) ) (i) (k)i ) (k
+.[EGZ dz8) % 'Oy S 5 n'niOMy
L 2 ! (%) (k) ! ((I(3)
h g _ o W, —W
jz E_ e I e e (S TU VR gl (R C1
alJhlqg , £ I (i) & &2 (i
_2( 2 ! (i) (k) ! (%) (k)
h { z6%h -W i _ g
2 (k) )RR ) (kg | Y i")(k
+4j &dzzinl R e R
L ' (%) (k) ! (i) (k)
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W' =

1( 1

o [any

2
|:(%I‘) —lﬁ,”)n,“"(“}

é:(ij)(i)

V(il)

(3v - 1)

ol
a

76%h

N

)

76%h

N

76%h

[7)

1

n(lJ RV J

[2"

1- i ()G)

N _
h E W
jz 5G| z%dz | Y - Yy
LN T (i)
2 IS (5.36b)
2 (l‘) 7W() (i) ()13 VT{H) (J) (i) ()13
+IZ Gdz8) L ni \/ > ) ni \/
) 52
i (13) i (i1)3)
h il i) — A\
h E . W,
2 | (i1)( G)
5 (1— V2 ] D D - ¢ n \/“k’z 5 )
2 ! (1)) ! GG
2 VT{ Wiy e )iy | |j) (i')(n\/
+4j &dzz ) n{ IJ)Z z n fii)
' (H)(J) ' (1)3)

Particularly, when the plate subjected to only displacement constraints (i.e., no free

boundaries), the PD SED function, Egs. (5.36) can be simplified as

2
L
h (%)
ﬂé‘shz 3 i (k)
1( 1 VL E(3v- g -0 e 2
h{ z5%h J.,D dz z n \/k)
W' = 2 ? (5.37a)
2[ 2 j 3 W(.k) VT{k)
T 2) J.Z [Z |k
h\zo°h ) 7- . 0 )
2 h g0 _ ik W, -
_2( 22 j J'Zh E ZZdZZ u, U| | k\/(.k)z i T ) k)
h\zsth) *31-v TS ' 00
and
1) _ ah) i H
: Igmzz[(u' B Ll IV
3.2 ) h 4 (i)
oh” i %)
2 p il i 2
1( 1 hE(3y — g
A h(ﬁ52h] J-fzﬁ :(L ) [z | —n )(J\/(“) +
W' = ? o (5.37b)
2 h A\
2(_2 J'z szz z Wi, ~ W _
h 7T52h _El i K;:(I i) "
2( 2 Yt D —ag Wi, —W,)
h o J‘ ZdZZ | Yy (l )(1\/ z _iH  G) ) V
76 i 1)) i I

Substituting Egs. (5.36) into (5.35) yields the final PD EoM for FGM Kirchhoft Plate

as
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YR gi) — g _
_[zhwzz%nf”(k)nf)(kv
wo°h? J-2 i . W
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L2 J‘E E (3v 1)dzz®j + O ity
21,2 h
mh* 5 1+v i i)
ZV\{Ik) V\{ V
2 V2 & oo | &g T
GO = *_[2 -3G|dz) + o Vit + b
p(k)L = 252 h ~h 1472 é W (i) L
2 O +Z“')7(”V
il
T g2 (D)
! (1))
W,
i . Z (.4:)2 (k) n(l )(k)n(l )(k)\/(I Y
4 5 b ni | 4
_ 7]‘2 &dzz ) () (k) V.
72'52h h Th é g ()
2 Z (| 2 n(l )3 )n(l )3 \/_J
é: i)
G)0G)
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ZVM
h 4 2 (i%)
= E i é:»k
J.ZhL —SGJZZCIZZ ¢ )()7 (i)
1= 5 )(K) z Wi ~ M
é (IJ)
! GG
Wio =W im0 IGY,
> L n'ton] i
nt* )(k)nu Yk | 4 k) an
1
+8.[2 Gz) | - Vi
W
i (| ) (k) Z Q) (J) (i1 )()R3
nf n{ \/
. 1( 4 Y Y
W, = =|—
R0 = 1| Ze%h uﬁ“) oo
z | 1 n(I )(k)\/k
z | (i)
1 3 E i () (k) v
2l , g0 _ g o)
2 R (I(3) _Zul Y nl(il)(j\/(il)
i éz(il)(;)
iKY _ K
a'’) —a
(i) () () (k) Ig =Y
n' ng i ik
+2J2 &dZZi o ()
i ol uﬂ) o !
G4 (k) Z (I‘)(J
n; (i
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Where @ can be expressed as

gi) — g
_ 2 U~ - U iy
() o 2 l ()
3 T i
and
2 g — g
iy = . Z 1 | n(l')(J\/(ll)
T i)

(5.38a)

(5.38b)

(5.39a)

(5.39b)

For the plates subjected to fixed boundary conditions only, the PD EoM, Egs. (5.38)

can be simplified as
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a4 gi) g _
Al J'zh szz I | nI(J)(k)n(Lmk\/(j)
w6°h" 73 i (k)
h _
L2 B E(v -1 O * Oy iraay
212 ()
w0 wh® -5 1+v 7 Eiv “©
it = o +1f (5.40a)
Z i" (k)V
2 4 2 (i
[ 2 J 2,[2 B dzz ¢ é(ik)(k) I
- 2 wWlha 2 4 = = ()
moh) h S 1-ve T & +ZV\{“)_V\{”V
. &2 (i)
' (1))
and
Z (i V\{k)
h 2 ()
J-E E szzz 1 i CJ‘X:(uk)(k)
751_ V2 4 2 W Yy i)
2 S (LTS _z (D) SRRV
1 4 2 - 4:2 (i)
. ! GG (k)
= =| — +b
PN h(n&zhj 2 g . (5.40b)
1 1 nl(l )(k\/
h . (i)
- E 1 i S
_Ej'zh zdzy o \%
29212 — £2 gt — g Q)
2 (i) (k) _z | NG
. I ()
L ! ég(“m) i

5.2.3 Numerical Cases

To demonstrate the validity of the presented PD formulation for functionally graded
Kirchhoff plates, the PD solutions are compared with the corresponding finite element
(FE) analysis results. Here, the material properties are chosen such that Young’s
Modulus, E(z), is assumed to be varied linearly through the thickness direction and

Poisson’s ratio, v(z), remains a constant as
9 9

62) - (5 ~E) 7 + 5[5 +E) (5.412)
and
W2) = v (5.41b)

where E; and Ej, denote the Young’s modulus of the top and bottom surfaces of the

plate, and h represents the total thickness of the plate.

5.2.3.1 Clamped Plate Subjected to Transverse Loading

A clamped functionally graded plate with a length and widthof L=W =1 m and a

thickness of h = 0.02 m is considered as shown in Fig. 5.9. The Poisson’s ratio of

113



the plateis v = 1/3 and the Young’s modulus of the top and bottom surfaces are E; =
200 GPa and E, = 100 GPa, respectively. The model is discretized into one single
row of material points along the thickness direction and the distance between material
points is Ax = 1/101 m . A fictitious region is introduced outside the edges as the
external boundaries with a width of 28 . The plate is subjected to a distributed
transverse load of p, = 101 N/m through the y-centre line, respectively. The line

load is converted to a body load of b = % = 510050 N/m? and it is distributed

Ax

to one column of material volumes through the central line.

p

L

Figure 5.9 Clamped plate subjected to transverse loading

Layer 50 E. =199 GPa
Layer i E=100x(1+(i-1/2)/50) GPa
- Layer 3 125
Layer 2 E,
x | Layer 1 E =101 GPa

Figure 5.10 Variation of the Young’s modulus in thickness direction for the FE

model

The FE model of the plate is created by using the SHELL181 element in ANSYS with
dimensions of 1 m X1 m X 0.02 m. To model the functionally graded plate, the
model is divided to 50 layers with varying homogeneous materials properties through
the thickness. The Young’s modulus varies linearly over the thickness from the first
layer E; = 101 GPa to the last layer Egy = 199 GPa as shown in Fig. 5.10. The

model is meshed with 0.01 m element size.
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The PD and FE transverse displacement contours are compared in Fig. 5.11. They yield
similar displacement variations. The maximum difference between the PD and FE
results is less than 0.5%. Moreover, the transverse and in-plane displacement
components along the central y-axis are compared in Fig. 5.12 and very good agreement
is obtained between the two approaches. These results verify the accuracy of the current
PD formulation for a functionally graded Kirchhoff plate theory under clamped

boundary conditions.
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Figure 5.11 Variation of transverse displacements (a) PD, (b) FEM
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Figure 5.12 Variation of (a) transverse, w and (b) in-plane, u;, displacements along

the central y-axis
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5.2.3.2 Simply Supported Plate Subjected to Transverse Loading

A simply supported plate (see Fig. 5.13) has the same geometrical and material

properties as in the clamped plate case. Again, it is discretized with a single row of
material points along the thickness direction and the discretization size is Ax = ﬁm.

A fictitious region is created outside the region of boundaries and its width is equal to
two times the size of the horizon, §. The plate is subjected to a distributed transverse

line load of p, = 101 N/m through the y-central line. It is imposed to central column

of material points with a body load of b = 5’21111/ = 510050 N/m3.

Ax

p

e
<

L

Figure 5.13 Simply supported plate subjected to transverse loading

The transverse displacement components of FE and PD theory show very close
variations, as shown in Fig. 5.14. The maximum difference between the PD and FE
results is less than 0.5%. Furthermore, the transverse and in-plane displacement
variations along the central y-axis are on top of each other for the FE and PD results, as
shown in Fig. 5.15. This confirms the current PD formulation of functionally graded

plate theory under simply supported boundary conditions.
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Figure 5.15 Variation of (a) transverse, w and (b) in-plane, u;, displacements along

the central y-axis

5.2.3.3 Simply Supported Plate Subjected to Inclined Loading

This problem case is similar to the previous case except Poisson’s ratio of 0.2 and an

inclined load of p, = p, = 101 N/m through the y-central line are considered as

shown in Fig. 5.16.
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Figure 5.17 Variation of transverse displacements (a) PD, (b) FEM
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Figure 5.18 Variation of (a) transverse, w and (b) in-plane, u;, displacements along

the central y-axis
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As depicted in Fig. 5.17, the transverse displacement components of FE and PD theory
agree very well with each other. Moreover, the transverse and in-plane displacements
variations along the central y -axis are also in very good agreement as depicted in Fig.

5.18.

5.3 PD Formulations for Mindlin Plate

5.3.1 Mindlin Plate Theory

A complete and adequate set of equations for first order shear deformation linear theory
of thick plates was developed by Mindlin, which is also known as Mindlin Plate theory.
According to Mindlin plate theory, a transverse normal to the mid-plane of the plate in
the undeformed state remains straight and there is no change in its length during

deformation.

According to the assumptions of the Mindlin Plate theory, the displacement field of any
material point can be represented in terms of the displacement field of the material

points on the mid-plane (xy plane) as

uXx,y,z,t) = z6(x,y,t) (5.42a)
V(X,Y,Z,t) = 26(X,y,t) (5.42b)
WX,y,z,t) = Wx,y,t) (5.42¢)

where 6,(x,y,t) and 6, (x,y,t) denote the rotation of the material points on the
mid-plane about positive y-direction and negative x-direction, respectively. Moreover,
w(x,y,t) denotes the transverse displacement of the material points on the mid-plane.

The positive set of the degrees-of-freedom is shown in Fig. 5.19.
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Figure 5.19 Degrees-of-freedom in peridynamic Mindlin formulation

Thus, the strain-displacement relationship can be written as

26,

Ey = L

00

Yy

e nf,
[x )
5

8W
Y2 =

EW:Z

=)

which can be also expressed in terms of indicial notation as

1_( o8 00,
&, = =2 +
2 0%, oX,

ow
is = (‘9 +axj

(5.43a)
(5.43b)
(5.43c)
(5.43d)

(5.43¢)

(5.44a)

(5.44b)

where kg is introduced as shear coefficient. Note that the subscript indices, 1,]/,--- =

1,2, and this convention will be applied throughout this study.

For isotropic materials, the stress-strain relationships can be written as:

E

o = g, + VE

XX 1_V2(XX W)
E

o = e+ Ve

- ey )

o, = G(gxy + 6‘yx>

sz_nyz
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(5.45b)

(5.45¢)

(5.45d)



7, =Gy, (5.45¢)
Note that the transverse normal stress, g,,, is considered to be small compared to in-
plane stresses. Thus, it is discarded from the stress components set for simplification.

The stress components can also be expressed in indicial notation as:

o, = Gaud (5463)

75 =Gy, (546b)
where

Cuw = G(é‘lLé‘JK + é‘IKé‘JL) + %é‘ugm (547)

The average strain energy density of a particular material point on the mid-plane can be
reasonably obtained by integrating the strain energy density function, through the

transverse direction and dividing by the thickness as

h

Wo = % _EE(O-lJ‘C"u + T|3}/|3)dZ (5483)

Inserting Eqgs. (5.46) and (6) into (5.47) and rearranging indices yields

2 00 06 - 00
\%\A:gh_ %%_{_%_‘J_'_%_‘] +M%_‘] +K'5299|+ﬂ 9|+ﬂ
212|(ox, OX; OX; OX,  OX OX, 1-v ox X, OX, OX,
(5.48b)

5.3.2 Peridynamic Mindlin Plate Formulation
The PD equations of motion can be derived by utilizing Lagrange’s equation:

d oL oL

o ag, ouy, O (5.49)

where L =T — U is the Lagrangian and u represents the displacement vector, which

can be defined in this study as\

u=[6 6 w| (5.50)
The kinetic energy per unit area, T, can be expressed as

T = ;j_zzp(u'z +V? 4+ W) dz (5.51a)
Plugging Egs. (5.42) into (5.51a) yields

121



The total kinetic energy of the system, T, can be casted by integrating the areal kinetic

energy density, Eq.(5.51b) over the mid-plane as
= 1 h® 42 2 =2
T = [,TA = ZLPLZ(@ +0)) + i }dA (5.52a)

which can be written in a discretized form as

1 h2 [ 40\ <
‘ZJZP(J-){Q[(@E ) +(9(2))}+V\f1>} i) (5.52b)
Therefore, the first term of the Lagrange’s equation becomes
h? o
12
d oL d oaT
— = ——— = 0y 1h® 5V (5.53)
dt ou,, dt ad,, E%k) ()
i

The total potential energy stored in the body can be obtained by summing potential
energies of all material points including strain energy and energy due to external loads

as
U= Zn:v\g;) (u(n)’u(l”)’u(z")’u(s")’ "')V(n) - Zn:b(n)u(n)v(n) (554)
where the body force density vector, b, can be expressed in this study as

b=[6 b b] (5.55)

Here the entries of the body force density vector, b,and b, correspond to moment and
transverse force, respectively. Utilizing the pre-obtained result, Eq. (3.8), the second

term of the Lagrange’s equation becomes

8\/\;; J)
gk) (k) J a k) R
o _| oy, av\g) N
Y = gk) + IZ: 60 ) | b, Vo (5'56)
o 2
b
5V\Z§ W), ’
oW + Z oW (i)
j

(k) (k)

Combining Eq. (5.53) and (5.56) into the Lagrange’s equation gives
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In order to write the non-local form of strain energy density function of the material
point k, Eq. (5.48b), it is necessary to transform all the differential terms into an
equivalent form of integration by considering PD strain energy density expression given
in Eq. (5.55). As derived in Appendix A2.3, the strain energy density function of the

material point k, and its family member j can be expressed as

o )]

3 £ (i)
V\lé’ = hig 7o 5 Sg(i*)(k)
12 2 . . 2
v -1 2 47 - d9 o
+ > n Ity
1-v 71'52h i gg(ik)(k) ! " (5583)
2
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+K527 3 Z Vi
2 w6 T ‘f(i')(J) o

Substituting Eqgs. (5.58a) and (5.58b) into Eq. (5.57) and renaming the summation

indices yield’s the PD equations of motion for Mindlin plate as:

h® s g 3y —1h? 2 O+ D
_ n0ONRY 4 G h” W CPRIEY
012 a 5° 4 Z é; () 1-v 12 z5%h JZ i)k W (3:5%
G g+ 9(" . .
2 = - ()0 | i)k
K s JZ[W(I) Wy o S Y, + b )
L e (W, -W, A9+ d)
P = o J_Z[%;g( oL > "u“)(k)]vu) + b (5.59b)
1))

where @y and @ appeared in Eq. (5.59a) can be expressed as
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0|(ik) + Hl(k)
é(ik)(k)

2 .
Py = 5%h Z 'V (5.60a)

2 gl(i‘) +glj) UG
Dy = 5°h .Z: nl( . V(if) (5.60b)

é(“ )3G)
In particular case, Egs. (5.59) can be simplified for the Poisson’s ratio, v =1/3 as:
h2 gli) _ gk)

h” g0 ISR
P 12 q° =2 OV
T S

. 5.61a)
c _ _ Hk) + 9(1) . . . (
B ES JZ (V\{‘ S Gl % éi )(k)n'(J )(k)J nf-J )(k\/(j y ¥ bL
. N — U a9 + g N
Py = csjz(”’%_xk”f“ + A ””]vm + B (5.61b)

where ¢, and c¢g are the PD material parameters associated with bending and

transverse shear deformation, respectively, which are defined as

3kh
e (5.62a)
2]
c. - f’i;fh (5.62b)
-TT(

5.3.3 Numerical Cases

In this section, three different numerical examples are demonstrated for a Mindlin plate
subjected to transverse loading and different types of boundary conditions including
simply supported, clamped and mixed (clamped-simply supported). To verify the
validity of the PD formulation, the PD solutions are compared with the corresponding

finite element (FE) analysis results

5.3.3.1 Mindlin plate subjected to simply supported boundary conditions

L

Figure 5.20 Simply supported plate subjected to transverse loading

A simply supported plate with a length and width of L = W = 1m and thickness of
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h = 0.1m is considered as shown in Fig. 5.20. The Young’s modulus and Poisson’s
ratio of the plate are £ = 200GPa and v = 1/3, respectively. The shear coefficient is
1.[2

chosen as k2 = e The model is discretized into one single row of material points

along with the thickness direction and 101 material points throughout the length and
width, respectively. The distance between two adjacent material points is Ax = F11m'

The horizon size is chosen as 6 = 3.606Ax. A fictitious region is introduced outside
the edges as the external boundaries with a width of 3Ax. The plate is subjected to a

distributed transverse load of p = 100N /m through the central line of plate as shown

in Fig. 5.20. The load is converted to a body load of b, = 1pW 1.01e5 N/m3 and

018V
it is imposed on a row of material points through the central line of the plate as shown

in Fig. 5.21.

Figure 5.21 Discretisation and application of the body load

The FE model of the simply supported plate is created by using SHELL181 element in
ANSYS and meshed with 50x50 elements throughout the body. The PD solution of the
transverse displacement, w, and rotations, 0;, along the central x- and y-axes are
compared with the FE method results. As depicted in Figs. 5.22-5.23, the PD and the

FE method results agree well with each other.
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Figure 5.23 Variation of rotations along the central (a) x-axis, (b) y-axis.

5.3.3.2 Mindlin plate subjected to clamped boundary conditions

ks
-

L

Figure 5.24 Clamped plated subjected to transverse loading

In the second case, same problem is considered as in the previous example case except
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the Poisson’s ratio being 0.3 and the boundary condition being clamped instead of
simply-supporte as shown in Fig. 5.24. The FE model of the simply supported plate is
created by using SHELL181 element in ANSYS and meshed with 50x50 elements
throughout the body. The PD solution of the transverse displacement, w, and rotations,
0, , along the central x- and y-axes are compared with the FE method results. As

depicted in Fig. 5.25-5.26, the PD and the FE method results agree well with each other.
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5.3.3.3 Mindlin plate subjected to mixed (clamped — simply supported) boundary

conditions

L

Figure 5.27 Mindlin plate subjected to mixed boundary conditions

In this final numerical case, as opposed to first and second numerical cases, Midlin
plate is subjected to mixed (clamped-simply supported) boundary conditions. The
Poisson’s Ratio is again chosen as 0.3. The FE model of the simply supported plate is
created by using SHELL181 element in ANSYS and meshed with 50x50 elements
through the body. The PD solution of the transverse displacement, w, and rotations,
0,, are compared with the FE method results. As depicted in Fig. 5.28-5.29, the PD and

the FE method results agree well with each other.
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axis.
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5.4 PD Formulations for FGM Mindlin Plate

5.4.1 FGM Mindlin Plate Theory

Mindlin plate formulation was developed to analyse relatively thick plates by taking
into account transverse shear deformations which is neglected in Kirchhoff plate theory
suitable for thin plates. According to Mindlin plate theory, the displacement of a
material point can be expressed in terms of displacement and rotation fields of the

material points along the mid-plane (xy-plane)

ux,y,z,t) = a(x,y,t) + zg(x,y,t) (5.63a)
V(X,Y,2.t) = V(X,y,t) + 26,(%, Y1) (5.63b)
WX,y,z,t) =Wx,y,t) (5.63¢)

where iu(x,y,t) and v(x,y,t) represent the in-plane displacement, w(x,y,t)
represents the transverse displacement and 6,(x,y,t) and 6,(x,y,t) denote the
rotational displacement about positive y-direction and negative x-direction, of the

material points on the mid - plane, respectively. The positive set of the degrees - of -

freedom is shown in Figure 5.30.
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Figure 5.30. The positive set of the degrees - of - freedom for Mindlin plate
formulation

Thus, the strain - displacement relationship can be written as

ou a6,
B = o FT— (5.64a)
by = % tz aayi (5.64b)
1|(ou  ov 26, . 06,
£y = &y = 2|Iay + &]z [8y + axﬂ (5640)
ow
Ve = K [ex + 6)(} (564(1)
ow
= 2] -
Yye KS[ y + ayj (5646)
which can be also expressed in terms of indicial notation as
RN o AL
&, = ZH&(J + x ]z [5XJ + x H (5.652)
ow
Vis = K (HI + axlj (565b)

where K is introduced as shear coefficient. Note that the subscript indices, 1,/, -,
take up the value 1(= x) and 2(= y), and this convention will be applied throughout

this study.

According to plane-stress material constitutive law, the stress components can be given

as

- (e +ve,) (5.662)

O-xx 1 _ V2
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S — (gyy +v5xx) (5.66b)

yy 1_‘/2

o, = 2, (5.66¢)
sz = nyz (5'66d)
7, =Gy, (5.66e)

which can be written in the tensorial form as

o, =M, + 5 5 (5.67)

1J 1J 1J
1-?

where E =E(z), G = G(z) and v =v(z) represent the Young’s modulus, shear

modulus and Poisson’s ratio, respectively.

The transverse average strain energy density can be reasonably calculated by

integrating the strain energy density over the thickness and dividing by the thickness as

h

Woy = % ?%(O-IJSIJ + 537 3)dZ (568a)

Substituting Egs. (5.65) and (5.66) into (5.68a) gives

e 0 ou, o n 20 20, )]
sz[au oG og ou,  ou, uJ IZCiZdz[ae' o, o9 J+69|JJ

- axJ ox, 67 ox, o ox, X,  ox, ox, X, ox,

00, 00 u W W
V\ém:i +2I2Cidz 4 b %%, % % Jr.fthSZGJIZQJFﬂ 9|+ﬂ
2h a ax 0X, OX, OX, -3 oX, oX,
n - 0 06
1zzdz 9. 2.[2th‘/ Loz 490

- oX, -5 1-v OX, OX, |

(5.68b)

5.4.2 PD FGM Mindlin Plate Formulation

The PD equations of motion can be derived by utilizing Lagrange’s equation:

d oL oL
e =0 5.69
dt ou,, U, ( )

where L =T — U isthe Lagrangian and u represents the displacement vector, which
can be defined in this study as

u=[a a 6 6 W] (5.70)
The kinetic energy per unit area, T, can be expressed as

T = ;Izzp(uz +V? WP )dz (5.71a)
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Plugging Eqgs. (5.63) into (5.71a) yields

T=;p“_z(éf+éf)+h(d2+\i2+wz)} (5.71b)
The total kinetic energy of the system, T, can be casted by integrating the areal kinetic
energy density, Eq.(5.71b) over the mid-plane as

T =IATdA=;IAp[:Z(éf+9y2)+h(u2+\/2+w2)}dA (5.72a)
which can be written in a discretized form as

1 h2T, .. .\2 L2 N2 o \2 .
roiva, {12 () (@] + @) + @ )}vm (5.72b)

Therefore, the first term of the Lagrange’s equation becomes

i
,
d o _d oot Ml
dt ad,, ot gy, Py 112 ©) (5.73)
h? ..
L
12
Wiy

The total potential energy stored in the body can be obtained by summing potential
energies of all material points including strain energy and energy due to external loads

as

U= Z“V\ZD”’ (“(n)*u(lﬂ)'u(zﬂ)*u(sn)'"')V<n) - Z:bmu(n)\/(n) (5.74)
where the body force density vector, b, can be expressed in this study as

b=[b b 5 5 b (5.75)

Here the entries of the body force density vector, b,, b, and b, correspond to in-
plane forces, moments, and transverse force respectively. Utilizing the pre-obtained

result, Eq. (3.8), the second term of the Lagrange’s equation becomes

132



M,

amk) (k) z auﬂk ) ()
g,
a%k) (k) z auﬂk ) () bl
b
oL a\/\gg) z
a0 Y Z 200 |~ 1B Yo (5.76)
b
Mg, M), ?
o6 Vo * Z o0 ) b,
k)
Z:,/v)é V(k) z aV\g) i)
(k) Mk)
Inserting Eq. (5.73) and (5.76) into the Lagrange’s equation gives
aV\g) 6V\ZD’
h? . aV\sz 6%) N
=) Eeﬁk) V(k) - ag(k + Zag(k * bL V(k) (5.77)
W ) b,
aV\ZD )
k) )
av%k) a\,\{k) 0

where the subscript L takes up the value 1 and 2.

In order to write the non-local form of strain energy density function of the material

point k, Eq. (5.68Db), it is necessary to transform all the differential terms into an

equivalent form of integration by considering PD strain energy density expression given

in Eq. (5.74). As derived in Appendix A2.4, the strain energy density function of the

material point k, and its family member j can be expressed as

k i) (k z
— ))n(' ) )]
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Substituting Eqs. (5.78a) and (5.78b) into Eq. (5.77) and renaming the summation

indices yield’s the PD equations of motion for FGM Mindlin plate as:

g - g VRICIIRIC
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where @ and © can be expressed as
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In particular case, Egs. (5.79) can be simplified for the Poisson’s ratio, v =1/3 as:

where ¢, and c¢; are the PD material parameters associated with bending and

transverse shear deformation, respectively, which are defined as
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5.4.3 Numerical Results

LTI P

()00 0
n J\/(J') +b;

(5.82a)

(5,82b)

(5.82¢)

To verify the validity of the PD formulation for functionally graded Mindlin plates, the

PD solutions are compared with the corresponding finite element (FE) analysis results.

In this study, the functionally graded material properties are chosen as Young’s

Modulus, E(z), and shear modulus, G(z), and they are assumed to vary linearly

through the thickness as

62) - (5 - &)+ 5[5 +E)

Ez)
az) = 2(1+0.3)
Wz) =0.3

135

(5.83a)

(5.83)

(5.83c¢)



where E; and E, denote the Young’s modulus of the top and bottom surfaces of the

plate, and h denotes the total thickness of the plate. The shear correction coefficient is

71.2
chosenas k, = —

12°
In the following three numerical cases, a square plate with length and width of L =
W = 1m and thickness of h =0.15m is considered. The plate is subjected to different

boundary conditions. The Young’s modulus of the top and bottom surface are chosen

as E; =200 GPa and E, = 100 GPa.

The PD models are discretized into one single row of material points through the

thickness and 65 x 65 material points throughout the xy plane. Thus, the distance
between two adjacent material points is Ax = ém and the area attached on each

material points is AA = Ax?. A fictitious region is introduced outside the edges as the
external boundaries with a width of 6Ax to apply boundary conditions as explained in

Appendix B2.4. The horizon size can be approximately chosen as § = 3Ax.

The corresponding FE models are created in ANSYS by using SHELL181 elements
with 50 x 50 elements throughout the plate. In order to obtain the functionally graded
character, the model is divided into 50 layers with varying homogeneous material
properties throughout the thickness. The Young’s modulus varies gradually over the
thickness from the first layer E; = 101 GPa to the last layer Esy = 199 GPa, as

shown in Figure 5.31. The Poisson’s ratio, v = 0.3, is applied in ANSYS.

Layer 50 E..=199 GPa
Layer i E=100x(1+(1-1/2)/50) GPa
2 Layer 3 E;
Layer 2 E,
x | Layer 1 E=101 GPa

Figure 5.31 Variation of material properties through the thickness direction for the
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finite element model
5.4.3.1 Simply Supported Functionally Graded Mindlin Plate

In the first example case, a simply supported functionally graded Mindlin plate
subjected to a distributed load of p = 100,000 N/m through the central line is taken

into consideration (see Figure 5.32). For the PD model, the load is transformed into a

body load of b, = 2~
65

o = 433X 107 N/m3 and it is imposed on a row of material

points through the central line of the plate as shown in Figure 5.32.

__________ 6Ax

Figure 5.32 Numerical discretization, loading and fictitious region

The PD results for in - plane and transverse displacements, and rotations are obtained
and compared with FEA results for the material points located along central x - and
y - axes. As depicted in Figure 5.33, PD and FEA results agree very well with each

other.
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Figure 5.33 Comparison of PD and FEA results along the central x - andy - axes.

5.4.3.2 Fully Clamped Functionally Graded Mindlin Plate

In the second example case, the functionally graded Mindlin plate considered in the

previous example is subjected to fully clamped boundary condition (see Figure 5.34).

In ANSYSS, the clamped boundary condition is achieved by constraining all degrees of

freedom along the external boundaries.

‘

¥
v

|‘
|‘

L

N
i

Figure 5.34 Fully clamped functionally graded Mindlin plate
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Based on the comparison between the PD and FEA results as shown in Figure 5.35, it
can be concluded that current PD formulation can also provide accurate results for fully

clamped boundary condition.
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Figure 5.35 Comparison of PD and FEA results along the central x - and y - axes
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5.4.3.3 Functionally Graded Mindlin Plate Subjected to Mixed Boundary

Conditions

The last numerical case aims to verify the current PD formulation for mixed boundary
conditions, i.e., clamped-simply supported. As shown in Figure 5.36, edges along the
horizontal direction are subjected to clamped boundary conditions whereas the

remaining two edges are subjected to simply supported boundary conditions.

Figure 5.36 Functionally graded Mindlin plate subjected to mixed boundary

conditions

As depicted in Figure 5.37, also for this mixed - boundary conditions case, PD and

FEM results agree well with each other.
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Figure 5.37 Comparison of PD and FEA results along the central x - andy - axes.

5.5 PD Formulations for Higher Order Deformable Plate

5.5.1 Higher Order Deformable Plate Theory

The displacement field of any material point, u(x,y, z,t),v(x,y, z, t)and w(x,y,z,t),
can be represented in terms of the displacement field of a material point on the mid-

plane, u(x,y,0,t), v(x,y,0,t) and w(x,y,0,t), by using Taylor’s expansion as

ou 1,0 1_50u
u(y.zt)=ul  +z | EZZEZ:0 + 5239220 + o (5.84a)
B v 1, % 1,0V
vixyzt)=v| +z . + 52 P 372 = + o (5.84b)
_ w 1,0 10w
wixy,zt) =w,_ +z— IR I (5.84c)

In this study, only flexural deformations are taken into consideration. Thus, eliminating
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in-plane deformation effects and higher order terms in Egs. (5.84), the components of

the displacement field can be expressed as

uX,y,z,t) = zg(x,y,t) + 2°(x,y,t) (5.85a)
V(x,y,z,t) = 26,(x,y,t) +2°g(x,y,t) (5.85h)
WX, Y,z,t) = WX,y,t) + zW(x,y,t) (5.85¢)

where w, 6, and 6, represent the min-plane behaviors of transverse displacement,
rotation about x-axis, rotation about negative y-axis, respectively, and 0,, 6y, 0,

and 6, are higher order terms arose out of the Taylor expansion.

After utilising the displacement relationships given in Egs. (5.85), strain-displacement

relationships of 3-Dimensional elasticity can be expressed as
_, 00, 50

1 671 57)(1 (5863)
00, o0
£, =2 F +2 x (5.86b)
1] (o6, a6,) (06 = o6,
L 5 z [6)(2 + ale +2Z {8)(2 + axl]:l (586C)
£y = & = % (01 + g’(\i] +z° (SHX + Z\:(vl H (5.86d)
£y = &5 = % (92 + (z\:j +z° [3{92 + ZVXVZ H (5.86¢)
. (5.86f)

with x; = x and x, = y.

These strain-displacement relationships can be also expressed in following form by

using indicial notation:

00 00,
& S P i ML T ] /e 39
o2y lex, o ox ox, & :

1 OW 2oy OW 8
+2H0| +6X|]+z (361 +6XIH(§”53' +63i§|j)+2ZW53'53j

(5.87)

where i,j =1,2,3 and I,J] = 1,2. Note that this convention where capital letter
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indices, e.g., I,/,K, ... vary from 1 and 2, and lowercase letter indices, e.g., i,j,k, ...

vary from 1, 2 and 3, will be applied throughout this study.

Assuming the material is isotropic and obeys 3-Dimensional constitutive relationship,
the stress components can be expressed as
-C (5.88)

Gij ik €u

where Cjjy; 1s the elastic modulus tensor which is defined for isotropic material as

= G(5,5, + 6,9 s s (5.89)

G il %k ikjl)+mij kI

ikl
with E and v being the Young’s modulus and Poisson’s ratio, respectively.

Substituting Eq. (5.89) into (5.88) yields:

o, = L, + 12_GV2V5,,5” (5.90)

The transverse average strain energy density can be reasonably calculated by

integrating the strain energy density over the thickness and dividing by the thickness as

h

Wy = 2 [y (5.91a)

Inserting Egs. (5.87) and (5.90) into Eq. (5.91a) and rearranging the indices gives the

expression of strain energy density as

QI +@ 9| +@
oX, X,
a6, 69|+69|%+%86’J
h2 |OX, OX;  0X, OX,  OX, OX,
+7
12 W\ i . —L
+29,+ﬂ 39 S8 (1-v)w +v_—_-
0oX, oX, 1-2% oX,
G o9 og 0 00, o0 o0
Wou = 2 +2E OX; OX; OXx; OX,  OX, OX, (5.91b)
80 . ’ , ‘ o6
+1 39 +% 39 +% + il —w
2 oX, oX, 1-2v ox
he (04 o6 o6 00, o6 aej]
+— + —+
448 | ox, Ox,  OX; OX,  OX, OX,
4 —1n2 (09 Y he (09 ) _n*oq o6,
+ — = || +2==
1-2v |12 ox, 448 | ox, 80 ox, 0OX,
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5.5.2 PD Formulations for Higher Order Deformable Plate

The PD equations of motion can be derived by utilizing Euler-Lagrange equation as

d a
dt oy,

oL

6u( K

=0

(5.92)

where L =T — U is the Lagrangian and u represents the displacement vector, which

can be defined in this study as

u=1[6 6, 6 ¢

LT
WW:|

(5.93)

The kinetic energy per unit area, T, can be expressed as

_ 1.0
T = EJ—ZDP(UZ +v? +W2)dz
2

Plugging Eqs. (5.85) into (5.94a) yields

l
2

h3

«99+h

2II

7

a0

5

06 +hw? + —

40II

(5.94a)

5

h 2 hd.,
%M)+6W} (5.94b)

The total kinetic energy of the system, T, can be casted by integrating the areal kinetic

energy density, Eq.(5.94b) over the mid-plane as

T

2II

h7

660 +

w

h5

5

which can be written in a discretized form as

Therefore, the first term of the Lagrange’s equation becomes

d oL

dt o,

_4d or
dt o,

= A

99'* hLz h . 2 h3 = dA
2000 + it o (W) v (5.952)
T ,72 (6‘”9‘” ) h4 0(1)9(1)+(W )2 h® D gOgo 4w |y 5.95b
20 4 0 247 W, M, (5.95b)
h:g'Lk) hig‘:m
12 80
LU TR
448 80
] h Vi (5.96)
Wiy + E‘A{M
h* . h? ..
FECRETRE

where the subscript L takes up the value 1 and 2.

The total potential energy stored in the body can be obtained by summing potential

energies of all material points including strain energy and energy due to external loads

as

U—ZV\;) ((n) iy Yoy Yy )

z (ﬂ) (ﬂ) (n)

(5.97)
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where the body force density vector, b, can be expressed in this study as

b=[b 5 00b of (5.98)

Here the entries of the body force density vector, b, and b, correspond to moments,
and transverse force respectively. Utilizing the pre-obtained result, Eq. (3.8), the second

term of the Lagrange’s equation becomes

g,
o6 Vi Z o6
M\, oWy b,
—By L
aL ~ 69 *(k) ( Z aa *(k)( 0 v
— au = V\Zg) aV\ID) - b (k) (599)
© + = ) ‘
awk) i aV\{k) 0
aV\ng Z 6%)
a\N( (k) Mk (i)
Inserting Eq. (5.96) and (5.99) into the Lagrange’s equation gives
V\ij)
79(@ 9(k) o6 Vi Z 6910 i)
80
o s M b,
h—b[“‘) + h—&fk’ 6™ Vi Z ag(k) i) -
448 80 v 0 v
=0 2 O K i) (k) (5.100)
W+ oW v, + 3 by 6V\ZD b,
k) k) ~o (k) )
\ 12 , aW(k) i aW(k) ¢ 0
h* . . k) i)
GRS ?QZD + Z—V

(k) i (k)

In order to express the strain energy density function given in Eq. (5.91b) in PD form
for a particular material point k, it is necessary to transform all the differential terms
into an equivalent form of integration and the nonlocalized strain energy density
function should be in accordance with the form given in Eq.(5.97). As derived in
Appendix A2.5, the strain energy density function for the material point k and its

family member j can be expressed as
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(5.101b)

where ny = cos¢@,n, =sin¢g with ¢ being the bond angle with respect to x-axis.
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Substituting these PD strain energy expressions into Eq.(5.100) yields the final PD

equations of motion for higher-order plate theory as:

5 h:é(k) N h;‘é*(k) _ 246 h:z‘gfj) - qv LRI TRIL VAR izun<l)(k>n(l)<kv
Wl12 " 80 - 75°h? (12 4 &0k 080 S v

R L
o ()0 | i)k
hz [V‘(j) Wiy + = &M n Y

= , i)
w*h? | 2 g9 + g
* * | i)(k) (j ) (k
+1 sz\{j)_\A{k)+3f§(J)(k)| M \/(H
v -1 2 hSZMH<1)(k\4)+szn”)(k\/()]
22 L i - I
1-2v z6°h* (124 & 80 %k
Gv h <\ () (k (k)
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(5.102a)
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p(k)(448 L(k) 80990} - Z 1 1 n(J)(k)n(J)(k\/(v JZ: ! !

h® . . 69 + g% () | i)k
oG SOJZ[V‘{J‘) — W, +3 5 KoM Y,
z&°h? | pe ¢+ 9“‘
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where @ and ®* can be defined as
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In particular case, when the Poisson’s ratio is v = 0.25, PD equations of motion will

reduce to simpler forms:
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5.5.3 Numerical Results

In order to verify the PD formulation for a higher-order plate theory, three numerical
examples are considered for simply supported and clamped boundary conditions. The

PD solutions are compared with the corresponding finite element (FE) analysis results.

5.5.3.1 Simply supported plate subjected to transverse loading

L

Figure 5.38 Simply supported plate subjected to transverse loading.

A simply supported plate with a length and width of L = W = 1m and a thickness of
h = 0.2m is considered as shown in Fig. 5.38. The Young’s modulus and Poisson’s
ratio of the plate are E = 200GPa and v =1/4, respectively. The model is
discretized into one single row of material points along with the thickness direction and
the distance between material points is Ax = 1/70 m. The horizon size is chosen as
6 = 3.015Ax. A fictitious region is introduced outside the edges as the external

boundaries with a width of &. The plate is subjected to a distributed transverse load of

p = 100N/m through the y-center line. The line load is converted to a body load of
b= z(in:AV = 1.25 x 10*N/m?3 and it is distributed to two columns of material points
Ax
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through the center line as shown in Fig. 5.39.

Figure 5.39 Application of transverse loading in PD model and fictitious region.

The FE model of the plate is created by using SOLID185 element in ANSYS with 50
elements along the length and width, and 8 elements along the thickness. Boundary
conditions below were applied in ANSYS as:
u(0,v,0) = u(L,y,0) = u(x,0,0) = u(x,W,0) = 0
v(0,y,0) =v(L,y,0) = v(x,0,0) = v(x,W,0) =0
w(0,y,0) = w(L,y,0) = w(x,0,0) = w(x,W,0) =0
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Figure 5.40 Variation of transverse displacements along (a) central x-axis and (b)

central y-axis.
As depicted in Fig. 5.40, the transverse displacement variation results along the central

x-axis and y-axis obtained from PD and FE analyses are compared with each other and

a very good agreement is obtained between the two approaches.
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5.5.3.2 Clamped plate subjected to transverse loading

A

T b

Figure 5.41 Clamped plated subjected to transverse loading.

A clamped plate with a length and width of L = W = 1m and a thickness of h =
0.15m is considered as shown in Fig. 5.41. Young’s modulus and Poisson’s ratio of
the plate are E = 200GPa and v = 0.3, respectively. The model is discretized into
one single row of material points along with the thickness and the distance between
material points is Ax = 1/70 m. The horizon size is chosen as 6 = 3.015Ax. A
fictitious region is introduced outside the edges as the external boundaries with a width

of 28. The plate is subjected to a distributed transverse load of p = 100N/m

pw

through the y-center line. The line load is converted to a body load of b = Praasyvis
Ax

1.3021 X 10*N/m3 and it is distributed to two columns of material points through the

center line as shown in Fig. 5.42.
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Figure 5.42 Application of transverse loading in PD model and fictitious region.

The FE model of the plate is created by using the SOLID185 element in ANSY'S with
50 elements along the length and width, and 8 elements along the thickness. Boundary

conditions below were applied in ANSYS as:
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u(0,y,z) =u(L,y,z) =u(x,0,z) =ulx,W,z) =0
v(0,y,z) =v(L,y,z) =v(x,0,2z) =v(x,W,z) =0
w(0,y,0) = w(L,y,0) = w(x,0,0) =w(x,W,0) =0
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Figure 5.43 Variation of transverse displacements along (a) central x-axis and (b)

central y-axis.

PD results for transverse deflection obtained along the central x-axis and y-axis are
compared against FE results as shown in Fig. 5.43. PD results agree very well with FE

results.

5.5.3.3 Plate subjected to transverse loading and mixed (simply supported —

clamped) boundary conditions

In the final numerical case, a mixed (simply supported — clamped) boundary condition
is considered. The plate has a length and width of L = W = 1m and a thickness of

h = 0.2m. The material properties are same as in the previous case. The plate is

subjected to a distributed transverse load of p = 100N/m through the y-center line.
The line load is converted to a body load of b = Z(g/w = 1.25 X 10*N/m?3 and it is
Ax

distributed to two columns of material points through the center line.

The FE model of the plate is created by using the SOLID185 element in ANSYS with

50 elements along the length and width, and 8 elements along the thickness. Boundary
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conditions below were applied in ANSYS as:

u(0,7,0) = u(L,y,0) = u(x,0,2) = u(x, W,2) = 0

v(0,y,0) =v(L,y,0) =v(x,0,2) =v(x,W,2z) =0

w(0,y,0) = w(L,y,0) = w(x,0,0) =w(x,W,0) =0
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Figure 5.44 Variation of transverse displacements along (a) central x-axis and (b)

central y-axis.

Transverse deflection results obtained along the central x-axis and y-axis are shown in

Fig. 5.44 and PD and FE results agree very well with each other demonstrating that the

current formulation is capable of considering mixed boundary conditions.

5.6 PD Formulations for FGM Higher Order Deformable Plate

5.6.1 FGM Higher Order Deformable Plate Theory

The displacement field of any material points at the transverse normal can be

represented in terms of the displacement field of the material point at locus of mid-

plane by using Taylor expansion as

ux,y,z) =ux,y,0 +z a
oz|,_,

v(X,Y,z) =Vv(X,y,0) + z @
oz|,_,

Wx,y,2) = wx,y,0) +z 2
0z|,_,

1,00 1
2" a3
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2" oz’ 3
10w 1
2" az?| 3
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Ignoring higher order terms in Egs. (5.105), the components of the displacement field

can be rewritten as follows

WX,Y.2) = TX,Y) + 26,(x,y) + 2U'(x,y) + 26X, y) (5.1062)
V(X,Y,2) = V(x,y) + 26(x,y) + 2V (x,y) + Z°G(x.) (5.106b)
WX,Y.2) = WX, y) +26(x.y) + ZW(X,Y) (5.106¢)

Where u, v and w represent the linear displacement of the material points on mid-
plane along x, y and z direction, respectively, and 6., O, 0,, 6;, 6,, u*, v*
and w* are arisen out of the Taylor expansion and introduced as eight new independent
variables. Particularly, 6, and 6, represent the rotation of the material points on mid-

plane about y axis and negative x axis, respectively.

In order to compact the expressions, hereafter u(x,y), v(x,y), w(x,y), 6,(x,y),
0, (x,y), 0,(x,y), u'(x,¥), v'(x,y), w(x,¥), Ox(x,y) and 6;(x,y) are written

simply as U, U, w, 8y, 0,, 8, u’, v, w*, 0 and 6;, respectively.

Stipulation of the displacement assumptions, Eq.(5.106), in the three well-known
strain-displacement relations of the 3D elasticity gives the following relations with
indices notations

ou, 06,

L 00

= +z—2t+z2 Lt +272° 2
&, o ox x x (5.107a)
ou, 06, _,ou, 06
=2 47247272 4 272
£, ox ox ox x (5.107b)
£y = 0, + 2W (5.107¢)
oy m ey = L[, W) (00, ) (R, Q| a2, (5.107d)
2|1{ox, ox; ox,  0X; ox,  OX, ox,  OX,
il oW . o, o ow
fy = = (01 + 6')(1] +z [211 + 6)(1] +z (3«91 + 6x1ﬂ (5.107¢)
1| oW . o, o oW
En = G = 5 (92 + %j + 2[2112 + 8X2] +z (3492 + 5X2H (5.1071)
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These strain-displacement relations can be also expressed in terms of tensorial indices

as:
0, ou, 00 toou 00,
| :} ai_i_i‘] + 7 %4_7‘] +Zzai+7‘] +23%+7‘] 5||5J
Poo2|lox, o ox ox, = OX, ox,  OX, ox,  OX '
o1 4 L 1 P P 3¢ LS (6,6, +6,6,) (5.108)
2 0x, X, X, : !
+(6, + 22w') 5, 5,

Where i,j = 1,2,3 and I,] = 1,2. Note that this convention that capital letter indices,
e.g., I,],K, ... take up the values 1 and 2, and small letter indices, e.g., i,j,k, ... take

up the values 1, 2 and 3, will be applied throughout the later study.

Assuming the material is planar isotropic and obeys 3D constitutive relation, the stress

components can be given by
Gij :C|jk|8k| (5109)

Where is C;j; the elastic modulus tensor, which is defined as

Gy

. 12 %

ik T G( MO0k T é‘ik5jl) + (5110)

where the shear modulus G = G(z) and Poisson’s ratio v = v(z) vary through the

thickness.

Plugging Eq.(5.110) into (5.109) gives

- G Ly

O. .+ &, 0.
ij 1—2V kk i j

ij

(5.111)

According to the classical continuum mechanics theory, the average strain energy

density of the plate can be written as:
h

1 -
Mo = 55 [, (5.112a)

where h represent the thickness of the plate.

Inserting Eq.(5.111) and (5.108) into (5.112a) and rearranging the tensorial indices

gives the expression of strain energy density function as
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h a o ou. N o
jz gdz Oiﬁ ou,_ +0u o4, +]4 +ﬂ 4 +@ + 267
=2 OX; OX, ax ax 0X, 8x X, OX,

n a 00, 0 .
o[, ey | D00, 0 00 00 0 g Moy D0 g
-3 0X, OX;  OX, OX, 0X, OX, X, X,

(06 00 0g 00, 08 @0, [au, ou o6 oy o 8u]
—4 L + 2 + —

I% G % OX; OX;  OXy OX,  OX, OX, OX; OX, ax ox,  OX, OX
+| 2 - zdz
1|32 .00, o0 o ow' 2
W, = = + 2 =l + 22|+ 2| g 30 + | +8Ww)
h L X, 0X, 0X, 0X,
o ot (2000, 6 00 00 00 (00 2y 20 20 ) (. 20 gy oW
f% ox,; Ox,  OX; OX,  OX, OX, ox, Ox,  OX; OX,  OX, OX, boox, boax,

h [/ A« * * * * * g * ANt * *
o3 Gt || QU 20 2O o o) (00 20 20 00, 20,00, ) (g oW ) (o oW
52 ox, Ox;  OX; OX,  OX, OX, 0X, OX,  OX, OX, 0X, OX, 0X,

ox; ox;  OX; OX,  OX, OX

o o ) (o )

2 ox; ox 0X, OX, 0X, OX,

h
+_|:5E(i5dz[ 45
2 2

h T h
[ dz[zﬁiaz+aj]+jzh Lovz dz[zau' w g +zewj
v OX - OX

B! 1-2 tl-2v X, X,
h h 2 h h
+J.2h Xovz dz 69‘ W+ aia + 2( )2 + jzh Lvz® dz au' W+ 6L91 + jzh aGvz" dz iw'
sl-2v oxI X, -51- 6xI X, S1-2v  0ox

G -1) (on ) - g 06
(1), (20 jz o 20 %%
-2 0X, OX,

h G4 -1 0 ou) n - q o6, ou,
+J2 ( )zzdz {[66 ] 20 } + thG4V L%z [—au‘ e I —?6‘ = J]
"2

+
=

2(1-2v) ox, ox, 1-2v ox, 0,  OX, OX,

(
" G(4v - 1) 29 20, | b 4 -1 . oy 86, oG4 -1 o0 Y
JZ z'dz +2—' 2 +IZhG zsdz—'—Jﬁ-J.Zh 2%z | =~
32(1-2v) ax, X, ox, L1 o ox,  -32(1-2v) X,

(5.112b)

5.6.2 PD Formulations for FBM Higher Order Deformable Plate
Assume the system is initially at rest, the PD equations of motion can be derived by
utilising Euler-Lagrange’s equation:

d oL oL

a % % _p (5.113)
where L =T — U is the Lagrangian and wu, is the displacement vector of material
point k which contains the following entries in this study as

u=(@ @ 6 6 u u 6 6 W 6 w) (5.114)
The kinetic energy per unit area of the plate, T, can be expressed as

P = s[5 (0 v ) (5.115a)

Substituting Equations (5.106) into Equation (5.115a) results in
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(GLT +W2)+22(LT|9| +W92)+22(9|9| + 240 + 2 +9'22)

_ 1 h .||
T = 7.[2hp = A* A st Arrs 4| aF ek A A* L \2 Ry Sk Ak dZ
275 (2204 + qu + 0w) + 2 [ulul + 26, +(w)}+225u|9| +2%6
T 7RI (5.115b)
:}p h(|u| +w2)+5(0|9| + 24U+ 2w +1922)
2 5 . L
+i[u;u; +206 +(w*)2}+h79|*9*
80 448

The total kinetic energy of the body can be casted by integrating Equation (5.115b) over
the whole mid-plane as
N 7 U
h(uluI + W ) + E(é’lﬁl + A4 U, + AW+ 92)

1
Tl dA (5.116a)

ST, \2 h ..
+—[u’,u| + 206 +(W)}+—99
80

which can be written in discretised form as

(@0 )+ [0+ 2+ aig, + (6]
‘ Vi (5.116b)

1
Tzizk:p(k) h* K)yi*(k AK) (K 2 h° e sk
+%|:ul()ul()+zgl)9|()+(\A{k))}+m9|()6|()

where V(i is the volume that contains the material point k.

The total potential energy stored in the body can be obtained by summing potential

energies of all material points including strain energy and energy due to external loads

as

U= ;v\g) (Y Uy Yy U = Yy ;b(k)u(k)\/(k) (5.117)
where b is the body force density vector, which in this study has the following
components

b=(b b 5 b5 0000b 00 (5.118)

and b,, b, and b, correspond to in-plane loads, moments and transverse body loads,

respectively.

Assume the system is conservative, the first term of the Euler-Lagrange’s equation can
be obtained by inserting Equations (5.114) and (5.116) into Equation (5.113) as
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12 L T gyt
uﬂLk) L h* G
12 80

d oL d aT h

— = — = MY (O () Ly
a a, a9 )e% tagl [ (5.119)

h? .. h* .
oMo * %W(k)

Utilizing the pre-obtained expression, Eq. (3.8), the second term of the Euler-
Lagrange’s equation can be written by taking use of Egs. (114) and (118) as

Vg;)
aﬁk (k) za% (i)
8V\Z;) 6\%)
269 Vi + Z %‘k Vi)
ey o
ou’ Mo Z (k) Vi b
oL g, 0
_au(k) = ae(k) Vio Z g(k) Vi [~ 0 Mo (5-120)
B
k) 0 i) z
VjZD Vio + 2 VgD Vi) 0
W) i aW(k) 0
8V\Z§)
o6 Vi + Z o6 Vi)
K) PR
a\VA\/ZP Vi + 2 a\\/N\ZD Vi)
(k) i (k)

Plugging Egs. (5.119) and (5.120) into the Lagrange’s equation yields

My 5 MY
k k
G+ h:u:m o aar Vi
2 124 oW z MWV,
h g0, 0 G g gV,
2t e " bk
2 4 avg;) 5\/\;3 Vi) "
N oo 4 I oo P PTRCAVN b
2t "8t u U Yo i
j 0
h* . he .. _ 6V\;§ GV\ZD (i)
P g5 00+ g 1 = 1o * Zagtav 1 0 (5.121)
(k)
3 h2 Lok k) a )V bz
Wy + W, % Z&L 0
a\N(k) av‘{k) V(k)
h? .., ) 0
v WYY,
h?2.  h* . Mk) 06, My
h*e  ht
1210 T g o owg ZGV\&’VL
a\N(k) a\N(k) V(k)
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In order to write the non-local form of strain energy function of the material point k,
Equation (5.112b), it is necessary to transform all the local terms into an equivalent PD
form by also considering PD strain energy expression given in Equation (5.117). As
derived in Appendix A2.6, the strain energy density function of the material point k

and its family member j can be expressed as
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The complete PD EoM for functionally graded high order plate can be obtained by
plugging (5.122a) and (5.122b) into (5.121) as
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(5.125d)

To verify the validity of the PD formulation for functionally graded higher order plates,

the PD solutions are compared with the corresponding finite element (FE) analysis

results. In this study, the functionally graded material properties are chosen as Young’s

Modulus, E and shear modulus G and they are assumed to vary linearly through the

thickness as

E(z) = (E;

z 1
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E(2)

v(z) = 0.3 (5.126¢)
where E; and E, denote the Young’s modulus of the top and bottom surfaces of the

plate, and h denotes the total thickness of the plate.

In the following numerical cases, a functionally graded higher order plate with
uniformity of thickness, which subjected to different boundary conditions is taken
under consideration. The three dimensions length, width and thickness of the beam are
chosen as L X W X h = 1m X 1m X 0.15m, respectively. The Young’s modulus of

the top and bottom surface are chosen as E; = 200 Gpa and E; = 100 GPa.

The PD models are discretized into one single row of material points through the

thickness and 51 X 51 material points throughout the xy plane. Thus, the distance
between two adjacent material points is Ax = %m. A fictitious region is introduced

outside the edges as the external boundaries with a width of 6Ax.

As references, the corresponding FE models are creating in ANSYS by using
SHELL181 and SOLID185 elements, respectively. The FE SHELL model is meshed
with 50x50 elements and divided into 30 layers. On the other hand, the SOLID model
is meshed with 50x50 elements throughout the xy plane and 30 elements along the
thickness. In order to obtain the functionally graded character, materials properties are
assigned to the layers and elements through the thickness direction. The Young’s
modulus varies gradually over the thickness from the first layer E; = 101.67 GPa to
the last layer E3y = 198.33 GPa. The Poisson’s ratio, v = 0.3, is applied for both
models in ANSYS.

(Note that SHELL element and SOLID element are based on different elastic
constitution. SHELL element is suitable for analysing moderately thick plate or shell

structures, and it is referred to the first order shear deformation theory (partial Hooke’s
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Law). On the other hand, SOLID element is basically used for analysing 3D structure
and governed by the complete 3D Hooke’s Law, whose solution is more realistic.
However, SHELL element specializes in modelling and analysing layered composite
plates and shells better than SOLID element, thus both solutions are taken as references

for our numerical verifications.)

5.6.3.1 Simply supported plate subjected to transverse loading

In the first example case, a simply supported functionally graded high order plate
subjected to a distributed load of p=100,00N/m through the central line is taken into

consideration. For the PD model, the load is transformed into a body load of b, =

p
51xAV

= 3.4 X 10°N/m3 and it is imposed on a row of material points through the

central line of the plate.

Figure 5.45. Simply supported plate subjected to transverse loading.

As shown in Fig. 5.46, PD solutions are compared against finite element (FE) analysis
results obtained by using ANSYS Solid and Shell elements. Note that ANSYS Shell
element is based on Mindlin plate theory. Compared to ANSYS Shell element, PD
higher-order formulation performs better and represents a similar deformation variation

with respect to ANSY'S Solid element.
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Figure 5.46 Variation of transverse displacements along (a) central x-axis and (b)

central y-axis.
5.6.3.2 Fully clamped plate subjected to transverse loading

In the second example, a clamped functionally graded plate is considered as shown in
Fig. 5.47. The plate is subjected to a distributed load of P = 10000N /m along the

central line.

\..|
’|

A

L

Figure 5.47. Clamped plate subjected to transverse loading.

As shown in Fig. 5.48, PD solutions are compared against finite element (FE) analysis
results obtained by using ANSYS Solid and Shell elements. Compared to ANSY'S Shell
element, PD higher-order formulation performs better and represents a similar

deformation variation with respect to ANSYS Solid element.
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5.6.3.3 Mixed Boundary Conditions 1

In the third example, a functionally graded plate subjected to mixed boundary
conditions (clamped-simply supported-clamped-simply supported) is considered as
shown in Fig. 5.49. The plate is subjected to a distributed load of P = 10000N/m

along the central line.

A A
* :

Figrue 5.49 Functionally graded higher order plate subjected to mixed boundary
conditions.
As shown in Fig. 5.50, PD solutions are compared against finite element (FE) analysis
results obtained by using ANSY'S Solid and Shell elements. Compared to ANSYS Shell
element, PD higher-order formulation performs better and represents a similar

deformation variation with respect to ANSY'S Solid element.
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Figure 5.50 Variation of transverse displacements along (a) central x-axis and (b)

central y-axis.

5.6.3.4 Mixed Boundary Conditions 2

In the third example, a functionally graded plate subjected to mixed boundary
conditions (clamped-clamped-simply supported-simply supported) is considered as
shown in Fig. 5.51. The plate is subjected to a distributed load of P = 10000N/m

along the central line.

i
|"'q

Figrue 5.51 Functionally graded higher order plate subjected to mixed boundary

conditions.

As shown in Fig. 5.52, PD solutions are compared against finite element (FE) analysis

results obtained by using ANSY'S Solid and Shell elements. Compared to ANSYS Shell
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element, PD higher-order formulation performs better and represents a similar

deformation variation with respect to ANSY'S Solid element.
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Figure 5.52 Variation of transverse displacements along (a) central x-axis and (b)

central y-axis.

According to the results shown above, it can be seen clearly that SOLID element results
in the maximum deflection among the three and SHELL the minimum, and the PD
solution falls in between. This reflects that the PD high order plate formulations predict

better in deformations than the classical plate theory (Mindlin plate theory).

5.7 Comparison Among PD Plate Theories

In the previous sections, different PD plate theories are introduced and verified by
benchmark problems. In order to further investigate their feasibilities, three different
PD FGM plate theories are compared by considering variation of thickness in this
section. The length and width are chosen as L = W = 1m, three different thicknesses
are considered as h = 0.05m, 0.10m and 0.15m, which correspond to thin,
moderate thick and thick plate, respectively. The material properties are assumed to

vary linearly through the thickness as

E(2) = (E, — Ey) % + % (E, +E,) (GPa) (5.127a)
__E@ 5.127b
G(Z) = m ( . )
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v(z) = 0.3 (5.127¢)

in which E; = 200GPa and Ej, = 100GPa denote the Young’s modulus of the top
and bottom surface of the plate and h denotes the total thickness of the plate. The plate
is subjected to simply supported boundary condition and a uniformly distributed load

of p = 10000N /m through the central line of the plate, as shown in Fig. 5.53.

Figure 5.53 Simply supported plate subjected to transverse loading
The PD model is discretized into 101 x 101 material points throughout the xy plane. By
contrast, the corresponding FE model is created in ANSYS by using SOLID185
element with meshing of 50 x 50 elements throughout the xy plane and 30 elements
along the thickness direction. The comparison with respect to transverse deformation
between three PD FGM theories and the corresponding FE solution are shown in the

Fig. (5.54) to (5.56).
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Figure 5.54 Variation of transverse displacements along (a) central x-axis and (b)

central y-axis with thickness of h = 0.05m
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As illustrated in Fig. 5.54, the results of all PD FGM plate theories consistent with each

other when the plate is thin. However, as demonstrated in Fig. (5.55) and (5.56), as the

thickness increases, the superiority of the FGM PD Mindlin and higher order plate

theories becomes more noticeable, as the transverse shear deformations become more

important, which is in line with our expectation. Particularly regarding thick plate, only

higher order PD theory outputs accurate results. Moreover, since isotropic material can
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be considered as a special case of FGM, a similar conclusion can be reasonably

predicted with respect to the corresponding isotropic material models.

5.8 Conclusion

In this section, PD formulations for three representative plates that Kirchhoff Plate,
Mindlin Plate and higher order deformable plate, as well as their FGM models, are
presented. The equations of motion are obtained by utilizing Lagrange’s equation. The
derivation of PD SED functions and implementation of boundary conditions were
described in Appendix A2 and B2, respectively. Several different benchmark problems
were considered in each case, which were coding based on PD static solution method
by using programing software Matlab. The PD results are compared against their
corresponding finite element analysis results and a good agreement of displacement
fields is observed between the two approaches. Therefore, it can be concluded that the
developed approach can be used as an alternative approach for problems in which plate

theories is applicable.
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6. Implementation of Peridynamics Beam and Plate

Formulations in Finite Element Framework

Peridynamic (PD) theory is a new continuum mechanics formulation introduced to
overcome the limitations of Classical Continuum Mechanics such as predicting crack
initiation and propagation, and capturing nonlocal effects. PD theory is based on
integro-differential equations and these equations are generally difficult to be solved by
using analytical techniques. Therefore, numerical approximations, especially with
meshless method, have been widely used. Numerical solution of three-dimensional
models is usually computationally expensive and structural idealization can be utilized
to reduce the computational time significantly. In this study, two of such structural
idealization types are considered, namely Timoshenko beam and Mindlin plate, and
their peridynamic formulations are briefly explained. Moreover, the implementation of
these formulations in finite element framework is presented. To demonstrate the
capability of the present approach, several case studies are considered including beam
and plate bending due to transverse loading, buckling analysis and propagation of an

initial crack in a plate under bending loading.

6.1. PD Timoshenko Beam and Mindlin Plate Formulation

6.1.1. PD Timoshenko Beam Formulation

Initial A

Conﬁgurati% y o
ol """/
. | gt

X 8 \ > 3
L\ /

| N ™
Deformed . >\ o

.k 2 C _ \ i P deformation

C ontluurullonl S
& — Normal to Average
beam axis deformation

Figure 6.1 Initial and deformed configurations of a Timoshenko beam.
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As explained in Chapter 4.1, according to the displacement notations and the positive
stipulations shown in Fig. 6.1, the peridynamic equations of motion for a Timoshenko

beam can be written as

_ i(\%% )(:{k) %) Qk) sgn( iy~ X(k))J Vi) + lik) (613,)

and

| . &SPy~ 4 W, —w + -
P*¢<k) = cbz i) (3) V(,») + ?_Csj 1( J% - k) sgn( - (k)) ") T é; » (, +b(k
= i

(6.1b)
where B(k)and E(k) represent body load and body moment terms, p, /, and 4 denote

mass density, moment of inertia and cross-sectional area of the beam, respectively, and

V(jy 1s the volume of material point ;.

If peridynamic interactions are limited within the horizon of a material point, then these

equations can be written in integral form as

i) - csg{w(x"t Jowet) PR PR g —x)]dV' SBlx)  (62a)
and
bten) = [ L2 o
‘ [ic [ngn (x' %) - W] g]dw +5 (xt)

(6.2b)
The PD material constants ¢, and ¢, can be expressed in terms of shear and Young’s

moduli, G and, E as

(6.3, b)

where kg is the shear correction factor.

For the material point £ in a Timoshenko beam shown in Fig. 6.1, the peridynamic
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interaction forces between material points j and k arising from transverse shear

deformation, f(k)( ) and bending, f(k)( j) can be defined for a linear material behavior

as

floa) = SR (6.4a)
and

fhomr = %) (6.4b)

in which ¢; and ¢, are the peridynamics material constants associated with the
transverse shear deformation and bending of the beam, respectively. Note that the unit
of the force parameters given in Egs. (6.4a) and (6.4b) are actually force per volume
squared and couple of forces per volume squared, respectively, since in peridynamics
the equations of motion are generally written in terms of general force density and the
peridynamic forces are part of a volume integration. The transverse shear angle,
P (j)» arising from the interaction between material points j and k can be defined as

the average of the transverse shear angles at these material points in the form

_ (W ~We _ 4+ e
Poay = [ J;_Xk) - san (i) = Xw) (6.5a)
]

Where w and ¢ represent the out-of-plane deflection and rotation of sections,
respectively, sgn(+) function provides the sign of the associated function, and &)k

represents the initial distance between material points j and £.
The curvature, K)(j), between the material points j and & can be expressed as

- %)_ﬁk)]
Ko (‘f(j)(k) (6.5b)

6.1.2. Peridynamic Mindlin Plate Formulation
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Figure 6.2 Initial and deformed configurations of a Mindlin plate.
As derived in Chapter 5.3, the PD bond-based (v = 1/3) formulations for Mindlin Plate

can be written by utilizing the displacements notations and their positive stipulations

given in Fig. 6.2 as

h? k) Wiy =W ¢ij) +¢ik) ¢(J ¢
P 13 ¢ _szén(k)[ ’ - S cosf - =——=—sind jcos 0\,

S
» ¢(l) ¢(k) ¢(J _ ¢k) } (66&)
Z cosf + 2——2 siné@ cose\/(, + b,
é’( i) x(k)
i)(k) i)(k)
h2 i) * 1 V\{.) _V\{k) ¢ij) + ¢)(<k) ¢(J ¢k . )
'O‘”E(/jy :Csjzﬁéi)(k) 'é_)(k) - > cos 6 - 5 Y-sing|sing\,, +
B ]
© ¢(J) ¢(k) ¢(J ¢(k) -~ (66b)
Z cosf +|L———|sind|sindV by(k)
-1 ) 5w
and
© =W ¢x o+ ¢x ¢ o+ ¢ ) R
= CS,Zl[V\{Jg)(.)(k)(k) _ %0 ; ) cos g - B . wsing|y 8, (6.60)
= i

with ¢ being the orientation of the bond with respect to x-axis, ¢,and ¢, are rotations
around y- and x-axis, respectively. Here, the PD material constants ¢; and ¢, ,which
correspond to shear and bending effect, respectively, can be expressed in terms of

Young’s modulus, E, as

9’E
s and 35

% = 2 % = 20 (6.72,b)

Egs. (6.6) can be expressed in continuous form as
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)
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2] £ 2 2
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and
AV (x,t) = CS_I(W(X"t ) ;W(X't ) _ 4 (X );¢x (xt) cos 6 — g (Xt );¢y (xt) si nHJdV’ +b(xt)
(6.8¢c)

Note that the peridynamic interactions can be restricted within the horizon of material

points, H.

Considering the material point k as the point of interest as shown in Fig. 6.2, the
transverse shear angle, @)(;), between material points j and k can be defined as the

average of the shear angles at these material points in the form

W W ) e
2

Py
S

where ¢ ;) and @) represent the rotations with respect to the line of action between

(6.9)

the material points j and k and can be defined as

qj)qui”cosa+¢;”sin0 (6.10a)

By = 40 cos O + 4 sing (6.10b)

As for the Timoshenko beam, the transverse shear angle and curvature, with respect to

the line of action between the material points j and k can be defined as
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W Wy [
Poa) = Jé - > J (6.11a)
G

_ %~ 9w (6.11b)

Ko\
(k) (i)
5(1' Xk)

When considering the material point j as the point of interest, the transverse shear angle

and curvature for the interaction between the material points j and k£ become

(p(j)(k) = V\{k%_:(:{j) - [_ ¢(k) ; (j)] (6128.)
and
k) ¢j
Ky = % (6.12b)

In order to include failure in the material response, the response functions in the

equations of motion for the beam and plate can be modified through a history-dependent

scalar value function, H (x( )~ Xk)» t) as

fhoay = H (X(j) = Xt )Cs("(k)(n (6.13a)
and
fooay = H (X(j) = Xt )Cb’ﬁkm) (6.13b)

which is defined as

Kiw)i) (Xa) = Xt )‘ < Keand @) (Xm = Xt )‘ <%

1 if
H (X(J) B X(k)'t) B {0 ot herw se
(6.14)

where critical curvature and angle values can be expressed in terms of Mode-I and

Mode-III critical energy release rates of the material, G;. and Gy, as

4G, 4G, 1
K = beMA and ¢ = o , respectively. (6.15a, b)

Please note that although it is possible to make connections to some of the existing

approaches for fracture modelling (Marigo et al., 1989; Spagnuolo et al., 2017;
Kezmane et al.,, 2017; Placidi, 2016), there are also certain differences between
peridynamics and other existing techniques; especially the peridynamic bond concept

and its breakage under certain conditions.
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6.2 Implementation of Peridynamic Formulations in Finite Element

Framework

As mentioned earlier, analytical solution of peridynamic equations of motion are
usually not possible and numerical approaches are widely utilized. If meshless method
is used for spatial discretization, the solution domain is divided into finite number of
volumes and each volume is represented by a point located at its center as shown in Fig.

6.3. Each point is interacting with finite number of points located inside its horizon.

Figure 6.3 Meshless discretization of a domain and interaction between points inside
the horizon of point &
Peridynamic formulations can be numerically implemented using different computer
languages in either serial or parallel manner. Moreover, commercial finite element
softwares such as ANSYS, Abaqus, etc. can also be utilized by following the approach
presented in Macek and Silling (2007). In this study, the implementation procedure of
peridynamic Timoshenko beam and Mindlin plate formulations in a commercial finite

element software will be presented.

6.2.1 Calibration process to link PD and classical FE parameters

As mentioned earlier, the unit of the peridynamic interaction force parameters between

material points j and & given in Egs. (6.4a) and (6.4b) is generalized force per volume
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squared. In order to convert these quantities to generalized force, these expressions

should be multiplied by the volumes of the associated material points £ and j as

R = GRioa Mol (6.16a)
and
R = %o Mo (6.16b)

In finite element framework, each peridynamic interaction can be represented using a
Timoshenko beam element. Corresponding forces for a Timoshenko beam element can

be expressed as

Ry = Bioo)! Kia) (6.17a)
and
Foi) = Gon M%) (6.17b)

in which Ejy and Gy represent the Young’s modulus and shear modulus of the
element, respectively, and / and A4 are the moment of inertia and cross-sectional area.

Equating the corresponding forces given in Egs. (6.16) and (6.17) yields

CVV
NG (|)() (6.18a)
and
MV
Gy = ,Zk)( : (6.18b)

Note that Young’s and shear moduli expressions given in Eqgs. (18a,b) are not real
material property values. Instead they are serving as the calibration parameters between

peridynamics and finite element framework.

6.2.2 Implementation in ANSYS

As explained in the previous section, a peridynamic bond can be represented using a
Timoshenko beam element after calibrating the material parameters given in Egs.
(6.18a,b) for both Timoshenko beam and Mindlin plate formulations. In this study,
ANSYS, a commercial finite element software, is utilized. ANSYS has an extensive

library of finite elements with a name defined as a combination of an element type and
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a unique element number. A suitable element for the purpose of the current study is
BEAM188. For the numerical implementation, first finite element nodes are created to
represent material points. Then beam elements are created between material points to
represent peridynamic interactions as shown in Fig. 6.4. Since in peridynamic theory a
material point is interacting with other material points inside its horizon, a network of
beam elements are generated to represent the numerical model as depicted in Fig. 6.5.
As explained in section 6.2.1, the material properties of each beam element should be
abided by Egs. (6.18a, b). Regarding the transient analysis, MASS21 element will be
introduced to attach on each node (PD material point) with ANSYS real constant of
T(k) = PaoVk)- Moreover, in order to simplify the preprocessor part, the PD model of
Timoshenko beam/Mindlin plate is suggested to discretize into nodes (PD material
points) uniformly, otherwise, unnecessary difficulties may occur when defining
material properties of beam elements. If peridynamic failure criteria given in Egs.
(6.15a,b) are satisfied for a particular element, the element can be considered as broken
utilizing EKILL command of ANSY'S. Note that BEAM188 has 6 degrees-of-freedom.
Therefore, it can both represent bending behavior and in-plane (membrane) behavior.
Hence, it can capture the effect of in-plane loading on bending deformations as in the

buckling analysis.

Node 2

Beam Element

Node 1
Vv

Figure 6.4 Beam element representing an interaction between PD points
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Figure 6.5 Network of beam elements to represent interactions between PD points.

6.2.3 Application of boundary conditions and loading

Peridynamic equations given in Egs. (6.1) and (6.6) are obtained using Lagrange’s
equations and without considering the boundaries. Although there are currently
different techniques available in the literature, in this study, the displacement and
rotation boundary conditions are applied by introducing a fictitious layer with a
thickness equivalent to the size of horizon (Madenci and Oterkus, 2014). Moreover, the

loading is applied to a single layer of material points as a body load or moment.

6.3 Numerical Results

In order to demonstrate the capability of the current approach, bending and buckling
analyses are performed for both peridynamic Timoshenko beam and Mindlin plate
formulations. The peridynamic solutions are compared against classical finite element
method solutions. All PD and FE solutions were obtained by using ANSYS software.
Moreover, a plate with an initial crack under bending loading is studied to demonstrate
how cracks can propagate in the current approach. The horizon size was chosen as

5 = 3.015ax 1in all cases where Ax is the uniform grid spacing.
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6.3.1 Timoshenko Beam

Beam Bending

— s L
3Ax Ax Ax

L

(b)

Figure 6.6 (a) A cantilever beam subjected to transverse loading and (b) its

discretization.

A cantilever beam shown in Fig. (6.6) with a length of L = 1m and a cross sectional

area of A =0.1 X 0.1 m? is considered. The Young’s modulus and Poisson’s ratio

are specified as E = 200 GPa and v = 1/3, respectively. The beam is discretized

into a single row of material points with a distance between each other of Ax =

0.01 m. As suggested by Madenci and Oterkus (2014), the left edge is constrained by

introducing a fictitious region with a size of horizon, §. Therefore, a total of 103 nodes

are used in the model. A transverse concentrated force P = —1000 N is applied to
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the right end of the beam.

Fig. 6.7 shows the deflection and rotation results obtained from both PD and classical
FE models. It can be clearly seen that the solutions from PD model are in very good
agreement with classical FE solution. This verifies the capability of PD Timoshenko

beam formulation to capture small bending deformations and rotations.
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Figure 6.7 Variation of (a) deflection and (b) rotation along the cantilever beam.
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Beam buckling

Same cantilever beam model considered in the previous case is tested for its buckling
performance. When a structure is subjected to a compressive load, buckling may occur.
The critical buckling load is the maximum load which a structure can resist buckling to

occur.

ANSYS provides two techniques for buckling analysis which are eigenvalue analysis
and geometrical non-linear analysis. Eigenvalue analysis provides the buckling load
and mode shape for each buckling mode. Note that buckling mode only demonstrates
the shape of the deformation. On the other hand, geometrical nonlinear analysis can
provide both the buckling load and post-buckling behavior of the structure with real

deformations.
Eigenvalue buckling analysis solution

According to Euler’s formula, the theoretical critical buckling load for the cantilever

beam subjected to fixed-free end conditions can be calculated as

_ 78
cr (2L)2

= 4.11x 10° N (6.19)

The same problem is also solved by using classical finite element method and
peridynamic model performing an eigenvalue analysis. Both PD and classical FE
solutions of critical buckling load from eigenvalue buckling analysis yield the same
value of 4.08 X 10° N which agree well with the theoretical value from Eq. (6.19).
This clearly demonstrates that PD model of Timoshenko Beam has a good capabality

in eigenvalue analysis to predict critical buckling load.
Non-linear buckling analysis solution

The performance of geometrical non-linear buckling analysis of PD Timoshenko Beam
is also studied. A total load of F, = —5 X 10® N is gradually applied to the beam at

the right free end using 100 load steps. A sufficiently small transverse loading of F, =
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—20000 N (0.4% of F,)is introduced to the free end to trigger the buckling behavior

once the critical buckling load is reached.

In Fig. 6.8 the variation of deflections as the load increases is demonstrated. The
solutions of PD and classical FE agree very well with each other and both predicts that
the beam becomes unstable and buckles at a load of approximately 4 x 10® N, which
is slightly less than the eigenvalue solution of 4. 08 x 10°Nand theoretical value of 4.11 X

10® N. Fig. 6.8 also shows the post-buckling behaviour of the column.

. Non-linear Buckling

E 02
3 PD
§ 04 == =FE \
g
=
& 06

-0.8

0 1 2 3 4 5 106
Load, Fx (N)

Figure 6.8 Variation of deflection as the applied load increases.

6.3.2 Mindlin Plate

In this section, the finite element implementation of PD Mindlin Plate formulation is
investigated. As for the Timoshenko beam formulation, the PD Mindlin Plate
formulation is tested for its bending and buckling analyses performance which include
eigenvalue analysis and geometrical non-linear analysis. PD results are compared
against regular FE models created using SHELL181 element of ANSYS. Moreover, a
plate with an initial crack under bending loading is studied to demonstrate the failure

prediction capability of the current formulation.
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Figure 6.9 (a) A plate subjected to transverse force loading and (b) its discretization.

A cantilever plate with a length and width of L =W =1 m and thickness of h =
0.1 m is considered as shown in Fig. 6.9. The Young’s modulus and Poisson’s ratio of
the plate is E = 200 GPa and v = 1/3, respectively. The model is discretized into
one single row of material points along the thickness and the distance between material

points is Ax = 0.01 m. The left edge is constrained by introducing a fictitious region
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with a size of horizon, §. A transverse load is applied to a single row of material points

as a body load at the right edge of the plate with an amount of 107 N/m3.

As shown in Fig. 6.10, the PD and classical FE solutions yield similar variation in terms
of deflection and rotation for the points located along the central x-axis. This shows that

FE implementation of PD can accurately capture the bending behavior of the Mindlin

plate.
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Figure 6.10 Variation of (a) deflection and (b) rotation along the central x-axis of the

plate.
Buckling

The cantilever plate considered in the previous case with same dimensions and material

properties is also studied for its buckling behavior. As in the Timoshenko beam case,
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both eigenvalue and non-linear buckling analysis are performed in this section.
Eigenvalue buckling analysis solution

The critical buckling load of the cantilever plate is first determined by performing an
eigenvalue buckling analysis. Both PD and classical FE analyses yield same critical

buckling load which is approximately equal to 4.35 X 10> N.
Nonlinear buckling analysis solution

The performance of nonlinear buckling analysis of PD Mindlin plate is studied next. A
total pressure of P, = —6 x 108 N is gradually applied to the free edge of the plate,
which is equivalent to a concentrated force of F, = —6 x 10> N, using 2000 load
steps. To trigger the buckling behaviour, a sufficiently small transverse load of F, =

2400 N (0.4% of F,) is introduced to a single row of material points at the free edge.

In order to observe the buckling behaviour of the plate, the deflection of the central
point at free edge (x=L, y=0) is recorded as the load increases. As depicted in Fig. 11,
the PD and classical FE solutions are in very good agreement and both predicts that the
plate buckles at a pressure loading of approximately 4.1 x 108 Pa which is slightly
less than the eigenvalue solution of 4.35 X 10® Pa. Fig. 6.11 also shows the post-

buckling behaviour of the cantilever plate.
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Figure 6.11 Variation of deflection as the applied load increases.
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6.3.3 Plate with an initial crack subjected to pure bending loading
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Figure 6.12 (a) A plate with a central crack subjected to pure bending loading and (b)

its discretization.

As mentioned earlier, crack propagation prediction is one of the major strengths of PD

theory. To demonstrate this capability, a square plate with an initial central crack aligned
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horizontally is considered as shown in Fig. 6.12. The length and width of the square
plate are L = W = 1m with a thickness of # = 0.1m. The length of the initial crack is 2a
= 0.2m. The material is chosen as polymethyl-methacrylate (PMMA) which shows a
brittle fracture behavior. The material properties of the plate are given as Young’s
modulus of £ = 3.227 GPa, and Poisson’s ratio of v = 1/3. The mode-I and mode-III
fracture toughness are specified as 1.33 MPaym (Ayatollahi and Aliha, 2009) and
7.684 MPaym (Farshad and Flueler, 1998), respectively. The model is discretized
into one single row of material points in the thickness direction. The distance between
material points is Ax = 0.01m. The horizon size is chosen as § = 3.015Ax. A small
increment of bending moment loading is applied through a single row of material points
at the horizontal boundary regions of the plate. At each subsolution step, the
deformation with respect to curvature and shear of each beam element (PD bond) will
be evaluated based on Egs. (6.11a, b), respectively, such that when the deformation of
any certain beam element approaches the critical values according to Egs. (6.15a. b),
ANSYS EKILL commend will be utilized to fail the element. Under the applied

uniform bending, the crack starts to propagate when the resultant body load reaches
Ey = 43.2 X 10® N/m. This result is consistent with the result obtained by Diyaroglu

et al. (2015), and as expected, the crack propagates towards the edges of the plate as

the load increases as shown in Fig. 6.13.
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Figure 6.13 Propagation of a central crack in a plate subjected to uniform bending

loading.

6.4 Conclusion

The main purpose of this study was to present finite element implementation of
peridynamic Timoshenko and Mindlin plate formulations. The advantage of this
approach is that only one single row of material point along the thickness is required,
which not only decreases the memory consumption by reducing the number of the
nodes and elements, but also brings efficiency on processing speed. The feasibility and
accuracy of the current approach is verified by considering various benchmark
problems and comparing peridynamic results against classical finite element solutions
in bending and buckling cases. A good agreement is obtained between peridynamic and
finite element analyses results. Moreover, crack growth in a plate subjected to bending
loading case is studied to demonstrate the failure prediction capability of the current
approach. As a future study, impact analysis will be considered to extend the usage of
the current approach. Developed framework can also be used in other applications such
as bone mechanics (Lekszycki and dell’Isola, 2012). Moreover, utilizing variational
approach as presented in dell’Isola and Placidi (2012) and Placidi et al. (2008), the
current formulation will be extended to represent the boundary conditions without

utilizing fictitious regions.
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7. Conclusion

The first two chapters of this thesis review the development of PD theory and classcial
beam and plate theories. As introduced above, the non-local character of PD theory
makes it a very suitable tool for discontinuous simulation, such as prediction of crack
initiation and progagation inside the structures. Moreover, it has a parameter named
horizon, which allows representation of non-classical structural and material behaviour
that is usually observed at small scale structures. Due to its inherent properties, PD is
applicable for analysis of various physical problems including structural deformation,
heat transfer, moisture diffusion, porous flow, etc. Moreover, PD is not limited to
elasticity, but can represent plastic, viscoelastic and viscoplastic material hehaviour.
There has been a rapid progress on PD theory for solid mechanics in recent years,
however, the investigations with respect to thin structures and functionally graded
material are not much in the literature. The exist studies regarding beam and plate either
only consider isotropic material, or contain limitation of Poisson's ratio. Therefore, this
thesis emphasizes covering this gap and providing researchers with complete PD

formulations for various types of isotropic and FGM beams and plates.

In Chapter 3, the most representative PD theories, which are bond-based, ordinary state-
based and non-ordinary state-based peridynamic frameworks, are revisited. The novelty
of this chapter was to provide an alternative derivation approach of peridynamics
equations of motion from analytical mechanics point of view. Under small deformation
assumption, the peridynamics governing equations can be obtained by utilizing the
Euler-Lagrange’s equation and Taylor expansion. The emphasis of this idea is to
convert strain energy density function from classical continuum mechanics form into
peridynamics form, which is explained in detail. As it can be seen that all the
peridynamics formulations derived in this chapter are in accordance with the previous

researchers’ results, e.g. Madenci and Oterkus (2014). In this sense, it can be believed
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that this way of deriving peridyanmics equations of motion can be a suitable alternative
for deriving peridynamic formulations and reasonably applied in the following chapters.
Moreover, PD numerical solution method with respect to dynamic and static analysis is

explained, which indicates that PD solution procedure is more compact rather than FEM.

In Chapter 4, different types of beam theories including functionally graded material
models are derived in peridynamics framework. The general idea of the derivation
procedure inherits that given in Chapter 3, i.e. using the Euler-Lagrange’s equation in
conjunction with Taylor’s expansion to determine the equations of motion. The
peridynamic strain energy density and boundary conditions are discussed in Appendix
Al and B1 for this chapter, respectively. To verify the capability of these studies,
peridynamic results are accordingly compared against finite element analysis results for
each case under different types of boundary conditions and a very good agreement is

obtained between the two approaches.

Chapter 5, which is an extension of Chapter 4, provides with three hierarchical
classifications of plate theories comprising Kirchhoff Plate, Mindlin Plate and higher
order deformable plate, and as well as their functionally graded material models in
peridynamic framework. The derivation procedure is similar to the one given in Chapter
4 but extends the functions from one dimension to two dimensions. The discussion of
strain energy density and boundary conditions are given in Appendix A2 and B2,
respectively, as references for this chapter. The capability of this study is validated
through comparing the displacement field obtained in peridynamic framework with

finite element analysis results and a very good agreement is observed for each cases.

PD beams and plates formulations derived in Chapter 4 and 5 are not limited in static
analysis, but can be applied to dynamics analysis as well. Regarding time dependent
problems, the solution procedures can be referred to Section 3.3. The developed
formulations can be utilised for failure analysis of beam and plate structures after

incorporating a suitable failure criterion. Moreover, since PD is a non-local continuum
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mechanics formulation and has a length scale parameter, i.e. horizon, the current
formulations can be beneficial to represent non-classical deformation behaviour
especially seen at small scales. Therefore, the developed formulation can be used for

the analysis of nanobeams and nanoplates.

In Chapter 6, the implementation of peridynamic Timoshenko Beam and Mindlin Plate
formulations in finite element framework is investigated, with Chapter 4.1, Chapter 5.3
and Diyaroglu et al. (2015) being the foundation . The feasibility and accuracy of the
current approach is verified by considering various benchmark problems and
comparing peridynamic results against classical finite element solutions in bending and
buckling cases. A good agreement is obtained between peridynamics and finite element
analyses results. Moreover, crack growth in a plate subjected to bending loading case

is studied to demonstrate the failure prediction capability of the current approach.

7.1 Future Work

Although PD formulations for beams and plates with respect to thin, thick, isotropic
and FGM are developed in this thesis, they are regarding small deformation assmption.
PD formulations for large deformation of thin structures can be derived in a similar
manner. In this respect, Green’s strain tensor will be taken into account rather than small
strain tensor and as a consequence, the final PD EoM will become non-linear form.
Although solution of non-linear equation system is not as straightforward as that of
linear, it may describe the structural failure due to deformation more accurately,
especially for ductile material. With this in mind, PD large deformation theory may

have broad application prospect in engineerings which needs further studies.

In Chapter 5, the derivation of PD formulations for isotropic/FGM plates can be
analogically extended to orthotropic material lamina and laminate. By doing this, a

global stiffness matrix is need to be assembled by transforming each ply’s local
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coordinate system aligned with the principal material directions to the laminate
coordinate system. Theories for calculating effective material constrants for laminates
can be based on the work done by Chou and Carleone (1972) or Sun and Li (1988).
Once the global stiffness matrix has been obtained, the rest of derivation can follow the

similar procedures programmatically and this is left for a furture study.

Implementation of PD beam and plate in finite element framework is explained in
Chapter 6. This study is not limited to deformation analysis as given, but can be
extended to contact analysis. In this regard, the current PD model can be coupled with
ANSYS CONTA and TARGE elements such that structural failure simulation due to
external impact loading can be solved. Moreover, with the help of the power of finite
element software, additional types of analysis can be studied accordingly, such as modal
analysis, harmonic response analysis, non-linear analysis, spectral analysis, etc., which

will be left for future work.

Finally, material failure criterion based on PD theory can be further investigated. In
classical fracture mechanics theory, various criteria of failure, such as criteria of
maximum principal stress (MPSC), maximum shear stress (MSSC), maximum
principal strain (MPSNC), maximum strain energy density (MSEDC) and maximum
distortion energy density (MDEDC) are customized according to the material types.
Regarding brittle materials e.g., cast iron, glass, Perspex, chalk, concrete, etc., MPSC,
MPSNC and MSEDC are usually adopted, whereas ductile materials e.g., mild steel,
alloy steel, etc., usually satisfy MSSC and MDEDC. These failure criteria are possible
to be investigated accordingly based on PD framework. By doing this, each failure
criteria can be expressed in terms of displacement only according the material
constitutive law, which can be further transformed into PD form by using Taylor’s series
expansion. As a consequence, the failure prediction applicability of PD theory with

respect to material type can be therefore enhanced, and it will be left for future studies.
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Appendix A. Peridynamics Strain Energy Density Functions

Al. PD SED for Beam Thoeries

The PD strain energy density function has a non-local form such that the strain energy
of a certain material point k depends on both its displacement and all other material

points in its family, which can be expressed as
Wo' = Wy’ (U(H’u(lk)’u(z“)’u(sk)’"') (A1)
where w ) is the displacement vector of material point k and Uk (i=1,2,3,:)

is the displacement vector of the ith material point within the horizon of the material

point k (see Figure Al for Beam Model).

oo Y EEEEE
(b)

Figure A1 PD influence domain of beam model (a) and its discretization (b)

In this section, derivations of PD SED functions for beam theories are provided.
Al.1 Timoshenko Beam

As explained in Chapter 4.1, the strain energy density function for Timoshenko Beam

based on classical continuum mechanics theory can be expressed as
1 00 owY’
W, = ZA[EI [axJ + KGA[@ + ax” (A2)
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In order to obtain the strain energy function in PD form, it is necessary to transform
each local term in Eq. (A2) into their equivalent non-local form. This can be achieved

by using Taylor expansion.

As shown in Figure A1(a), the rotational displacement function can be Taylor expanded

up to 1% order term about point x as
ax + &) - ax) - A0 ¢ (A3)

Squaring both sides of Eq. (A3) and dividing each terms by |&| yields

[ax + & - a0]  (eqx)
L (2 (Ad)

Considering x as a constant point and integrating both side of Eq. (4) over a symmetric

domain, [—§, 6], gives

[aé(x)jz 1 [ax+9- 6(X>Td§ (AS)
ox 5% I ]

Taylor expand the transverse displacement rotational displacement functions and ignore

the higher order terms:

Wx + &) —wx) = 28 (A6a)
and
B2 A ¢ e (A6b)

Combining Eq.(A6a) and (A6b) gives

ax + &) + &X)
2

WX + &) —Wx) + £ = [ax) + MX)]& (A7)

Squaring both sides of Eq.(A7) and dividing each terms by |¢| results in

;[w(x +E) —w(x) + Wéj (ax) v MX)] 5 (A8)

Considering x as a constant point and integrating both side of Eq.(A8) over a

symmetric domain, [—§, §], gives

[e(x) + a“a‘xx)] = \e‘\ {w(x L8 —wx) + Wé]dé (A9)
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Egs. (A5) and (A9) can be respectively discretized at material point k as

2 2
o6 1 (9« - 9(“)
G| = = S ) 1y
[ ax ] AZ I e (A10a)
() (k)
o) _ 1 1 Gy * G 2
Qo + x| 7 ﬁ.z P ‘ Wiy ~ Wiy 2 Gh0 | o (A10b)
() (k)

Substituting Eqs. (A10a) and (A10b) into (A2) arises the SED function in PD form for

material point k as

2
6. +8
_ (i*) (k)
V\(i“) Wi * 2 g(ik)(k)
\Y

w\/ + kGY. (Alla)
) (i

0
wo 1 |H Z((i |
‘f(ikuk)‘ ( i

é:(ik)(k)‘

Similarly, the PD strain energy density function for the material point j can be written

by changing index as
2
0, + 4.
_ G "%
. 1 |8 [9.. _9(1)}2 Yoy T 7 2 S
W o Sy ey Y| (ALI)
' 5(“)(”‘ ' ‘fw)(j)‘

A1.2 PD SED Function for Higher Order Deformable Beam

As explained in Chapter 4.2, the SED function for higher order deformable beam can

be expressed based on classical continuum mechanics theory as

2 n » \2
E2| 9w —4(l—v)w*% +2*69(89+2wv*]+|**69
1 |-V ox ox ox \ ox ox

T 2A 2 . N2
+GA€+% +2 €+% 39*+% +I*36'*+%
OX OX OX oX

(A12)
Taylor expand the functions 8 and w* about point x and ignore the terms higher

than 1% order:

ax + &) - ax) = XX ¢ (A132)
[W(x + &) +w(x)]& = w(x)¢ (A13b)

Combine Eq. (A13a) and (A13b) together gives
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o4 x)
OX

Ax + &) = Ax) + [W(x + &) +W(x)]¢ = ( + zN*(x)jé

Square the both sides of Eq. (A14):

Ax + &) - &x) + [W(x + & +w(x)]| &) R
g a el (4 i

(Al14)

(A15)

Considering x as the fixed point, and integrating each terms of Eq. (A15) over a

symmetric interval, (&, —6), gives

(62(;) . ZN*(X)T 1 (A9 - @0+ Wk + ) s W) ¢ )

o B

Following expressions can be obtain by using the analogical manner as

D vitx) = 2 [ [ax + &) - ] L) gy

20'(x) [aax) . 21/W(x)j 5 O(x + &) - 0(x) [AX + )~ &X) 0
x| ox 52 4] v [W(x + &) +wi(x)]¢

(ae*(x)f _ip [+ 9 - 0]
o0 4

6(x)+a“‘x)] - [w(x+:)—w(x)+““§)+“x)§]d§
ox - \g\ 2

wWx + £ - w(x) +
f[

OW(x) . aw'(x)
(6(x)+ o j[3€(x)+ x j 5 s

(Se(x + &) + 6(x)
2

[w(x) + &"é(x)] - L (3 O(x + 92 O e L wix + 8 —w*(x)} de

1 (s
- ?J‘dsa

Egs. (A16) can be discretized as

N 2
(%) (k)

o4, . 1 W, +W,,
(k) — (i (k)
OX Yo = ﬁZ(Qik) B qk)) 2 ston (é:(ik)(k))v(ik)
o4, (04
(k) (k) (| (k) _ *
" (0x +2VW(I<)] 54 )(k)‘ [ o~ Qi +v( ' +V\{k)) (k)}v(ik)
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6(x+:)+e(x)§]x
2

HwW(x +9) —W*(X)J

(A16a)

(A16b)

(A16¢)

(A16d)

(A16e)

d¢

(A16f)

(Al6g)

(A17a)

(A17b)

(A17¢)



R 9. -4,)
[aé’m] :LZMV(M (A17d)

SAS ‘é(ik)(k)‘

’ LGt ’
i) (k)

1 6. +404
_ (i*) (k)
‘ [\N(i") Wio * 7
)

8\N* 1 ‘g(lk)

k) (k)

(e(k) + ) j( (k) + OX ] - é‘ZAZ 0* i 6* \/(ik) (A17f)
(ik) (k) * _ *
X{S 2 éi“)(k) + Wiy V\{k)}
6\/\( 2 o P 2
. 1 1 ot . .

K| - () (k) _

[39“‘) T J - §2Aiz ‘g(_k)(k)‘ [3 2 G0 Wiy V\{k)j Vi) (Al7g)

Replacing the corresponding terms of Eq.(A2) with (A17) yields the SED function in PD

form at material point k as
M 2 * * * 2 ]
| Z (Qik) B QH) + ZV( i) +V\{k )( B 9(k>)§<i*)<k) + (V\{i“) +V\{k)) éz(i2k><k>v
i* ‘é(m(k)‘ o
E |,y z[(lk) ~ % +V(W(i:k +V\{k)) )(k):|((| ) _6:'01,
1-v? - ‘ff.k ‘ ()
() (k
+ 24\/(9(' g(k))z .
Gl
1 _ _
K _
V\ZD 2522 y 2
1 K
A ( y W T . 2 k)ét )(k)J ()
LS )(k)‘
g g 2
. 1 . . k) T G
6 ; ég('k)m‘ [V\{ik) hCh 2 - éik)(k)]vﬂk)
6. +0 g. +0
ik (k) * * (x) ik
[V\{ik) Wy T ()Zé’g(ik)(k)][v%ik) Wiy T Sf()g(ik)(k)
+2 ) 2
(i
- “f(ikxk)‘ i
(A18a)

A similar form will hold for SED at material j if we replace the index k with j
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2 2
. \ . . )

| Z(q“) B 621)) + 2"(%}) +V\{i))(9(i') B 9(1))%)(1) + (W(i') +V\{i)) ‘f(l')(jxv,
& ‘ (i)
G)G)

E | .o *Z(H(i') “an V(V\(if) +W(i))§(i')(j>)(6zi') - g(i)l,

| .
()G )

2
9, -4
*x i ()
((l )
+ 24“ ‘ i)
((EDIID!

W) o=

25°K

* * 2
G|+ .Z ‘ : [\A{w) - W, 3W§i')m] Vi)
)
[W(n) W * W;“)(HJ[\N{“) T 3%)2%%“)“’1
+2 V.
L 'Z 5(“)(”‘ o
(A18Db)

A1.3 PD SED for FGM Euler Beam

As mentioned in Chapter 4.3, the SED of FGM Euler-Bernoulli beam can be expressed

as
2 2
1 aY (o
W _ZAIAE(Z){[&(J Zzax POl [axz] }dA (A19)
In order obtain the corresponding SED function in PD form, each partial derivative term

is needed to transform into the equivalent non-local term, and this can be achieved by

using Taylor expansion.

If we Taylor expand the transverse displacement function w about point x are omit

the higher order terms:

MW(Xx) £+ 1 0%(x)
ox 2 ox?

WX + &) ~w(x) = £ (A20)

Multiplying each terms of Eq. (A20) by giz and integrating over a symmetric interval,

(6,—6) yields

a?\l\(x) _EJ-(F V\(X +§)_V\(X)d§

ox: s £

(A21)
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Note that the transverse displacement function w(x) is related to the flexural

deformation of the beam, thus, multiplying Eq. (A20) by é’iz is for the sake of ensuring

the dimension of integrand of Eq. (A21) in accordance to the curvature, i.e., “1/length”.

Again, Taylor expand the axial displacement function u about point x are omit the

higher order terms:

Wx + &) - ux) = L

& (A22)
Multiplying each terms of Eq.(A22) by % and integrating over a symmetric interval,

(6,—6) yields

oux) _ 1 o ux + &) - ux)

~ " 251 ¢ (A23)
Eqgs. (A21) and (A23) can be discretized for material point k as

My _ 1 Uy Yo u(k)

O S (A24a)

My _ 1§ Wi~

P R A (A24b)
Utilizing the pre-obtained expression, Eq. (3.15b)

) 1y ey )

( OX J B 52/5\|z -k)(k)‘ \/(ik) (A24C)

and plugging Eqgs. (A24) into (A19) arises the PD SED function for material point k
as

J' Hz MAZ@ Vi, +J‘ E(Z)szA[z Wiy~ Wo (.k)]

)(k)‘ ! 5(. “) (k)

[, E2)2dA} 5‘ v,y “ oy

(|
(%) (k) ' ér(u“)(k)

1
2A §2A2

WY = (A25a)

Similarly, the PD strain energy density function for the material point j can be written

by changing index as
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R TRL TR LE(Z)szA[ZWV(m]
cf(, )(J)‘ ' 5(“,(“

T

2A 52/

(A25b)
o Baay ooy oy |

! GG ! g(“)(j)
Al1.4 PD SED for FGM Timosheno Beam

As derived in Chapter 4.4, the SED function for FGM Timoshenko beam based on

classical continuum mechanics theory can be expressed
1 au 20 ou 00 owY
W, = ZA[LEdA(a ] [, EdeA[ J +2[ B BzdA— — + @A[e + axﬂ (A26)

In order to obtain the strain energy density function in PD form, it is necessary to
transform each term into an equivalent PD expression and this can be achieved by
utilizing Taylor’s expansion. If we expand the axial displacement u and rotational

displacement 6 about a point x and ignore the higher order terms:

Wx + ) - wx) = A g (A27a)
ax + &) - ax) = “AX ¢ (A27b)

Multiplying Eq. (A27a) with (A27b) and dividing each terms by |&| yields

[uUx + &) —ux)][ax + &) - ax)]  aax) au(x)

Considering x as a fix point and integrating each term over the interval (—6,6)

results in

08x) aux) _ I [ux + 9 —wo][dx + &) - 0]

x  ox E (A29)
which can be discretized at material point k as
0 My _ 1 (u(nk) - u<k>)(9(|k) B a(k))
x ox T AL R (A30a)
Recalling the pre-proved results, Egs. (3.15b), (A10a) and (A10b):
@%] I (e %)ZV A30b
[ ox 62AiZ é’:(ik)(k)‘ () ( )
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2 9. -9.)
[an)j 1 Z((I ) ( )) V(ik) (A3OC)

- oA ‘é(ik)(k)‘

(4, + 2 ] - =3

and substituting Egs. (A30) into (A26) results in the PD SED function for material point

Gty
. )m\ T T aw ) Y (A30d)

k as

gty g O ”v(

| S
(%) (k) (Ch

W = 251/\2 +2[AEsziz(“” - u‘“)(q‘” - q“)v(ik) " (A3la)

0. +40 :
i )
I Z‘f [ ~Wo : )2 "ii*)(k)j V(ik)
(%) (k)

Similarly, the PD SED of a certain family member of k can be expressed as

_ , , _

J‘AEdAZ (u(i') - u(j)) V(“) + J‘AEzszZ (e(i') B q”) V(i')

' é:(i')(j)‘ : 6é:(i‘)(j)‘
W - % +2IAEszZ (u(l,) B u(j))(e(i') B 9(1‘))\/“” + (A3lb)
2°A ‘ (ii)(j)‘
2
1 0., +9
Lng Yoy =Wy F ()zmé(i')u)J Vi
| (G0)G) J

A1.5 PD SED for FGM Higher Order Deformable Beam

As derived in Chapter 4.5, the strain energy density
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In order to obtain the strain energy density function in PD form, it is necessary to

transform each term into an equivalent PD expression and this can be achieved by

utilizing Taylor’s expansion.

Eq. (A32) can be separated into three parts for simplification as

W = W W+ (833)
where
2
J E ~dA a +(HZ)2 +I 2Ezsz a—u%+202w*
Al-v X Al-vy OX OX
Ez? oY . ouou
+I SAA|| = | + 2= — +4wW)?
1 Al—vy oX OX OX
W, = A , (A34a)
2Ez3 ou 86" 060 au’ E* ou” 00 00"
+f SOA| = — + +j SOAl| — | +2——
Al—vy oX OX oX OX Al-vy oX OX OX
2B . ou 06 E2° 00"\
+_[ 2dA——Jr_[ ~dA| —
Al-—vy oX 0OX i1 -y OX
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wh, = 2|+, Evz dA(Z?fW* + 6‘1@} (A34b)

3 * * 4 "
N AN PLITR AR N AN
Al — 2 z Al — v X

[ GIA(H 4 5‘”] 2f &dA(H ; aw] [m* . 592]
A OX A OX oX
we = i +jAcz2dAKm* + ‘Z’}j + 2(9 + Z‘)’("] (39* + a‘ﬁgﬂ (A34c)

N L\2
+2jA&3dA[ar + ZHZJ[:%@* + a‘a"’] + L&“dA(:SH* + 2’"]
X X X

Next, Taylor’s expansion will be utilised to determine the corresponding PD forms of

Egs. (A34a-c).
Transform W/lcy into PD form

Following relationship can be established by using Taylor’s expansion as
g(x + &) = 6(x) + A&) (A35)
If we multiply both sides of Eq. (A4b) with £ and perform some algebraic manipulations,

the following relationship can be obtained as

o(x + (,2 + 6,(x) £ = O(x)E + O(&) (A36)
Squaring Eq. (A36) and dividing each terms by || and ignoring higher order terms

yield

[Gz(x + &) + 6(x)

5 ] ¢l = 67 |4] (A37)

Considering x as a fix point and integrating each term over the interval (—6,6)

results in

jz llde (A38a)

F(x) = % s [ez(x + &) + 0(x)

-5 2

Recalling the pre-obtained, Eq. (3.15a):
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[au(x)j gl 2_ LIy (A38b)

and combining with Eq. (A38a) gives

[a;(xx)) c ) = L y {[L(X + 528— U(x)} [HZ(X + 92 + HZ(X)] é}dg (A39a)

which can be discretized at material point k as

[awj PSR (™) N (R
% : S5?A4 éik)(k)\ 2

Following a similar approach, the remaining local terms of W/,, can be transformed

\Y
gz(ik)(k)] (i

2 N 9,k -0 uik - u*ik - u, « «
[666)(} . 5(;{; U(k) ( k)) ;Alz{ i~ %o +2(( ) u(k))(( ) L'(k)) +(V\{ik) +V\{k))é‘:(ik)(k)]v(ik)

'k)(k)‘ é'k)(k)‘

o) U, - )} .\

éw%vﬁ) (A39b)

as

5U(k> 24, = 62AZ{(UM) - U(k))(em - 9(“) N Wi ;V‘(k) (gzm N gzw)

'k)(k)‘

+
X oX X X 5°A 4 ‘
(I ) (k)

My 06y L 9 My _ 12{(%“) - Utk))(‘g(?k) - 9(k>) (90*) -

'k)(k)‘

'k)(k)‘ é:(ik)(k)‘

. \2 . . L2
M |, %0 %0 _ iz (uU“) - u(k)) N (90*) -
oX ox  OXx 5A 4

) - 621))]

oy 9, 1 Z(u(*ik) - u<*k>)(0(*ik) - 6(*'0)\/

% k)(k)‘

89* 2 1 (g*k _ H(*k))z
(k) _ Z (i) _
[ ox ] - A4 Yo (A40a =1

(ik)(k)‘

Substituting Egs. (A39b), and (A40) into Eq. (A34a) results in the first part of the strain

energy density function, W/,,, for material point k in PD form as
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E 1 [u(iﬂ - L{HT
J.Alf V2 dA(?TAZ

e(ik) 0 2
‘g ‘ Z ; ) ]giknk)}vﬂ)
() (k)

+
=2 / \

2Ez I Uiy — Y eik B \I\fik W ik
g2y | g)( o) Wos *¥o (g ap);k)(k)]vm
+I Ezzszzf ) + 2( () u(k))( () _u(*k)) (W ; +V‘{*k))‘§k k‘ Vix
V\é = i o ' ‘gi“)(k)‘ “}’g(i“)('ﬂ‘ v B
252A2 J~ 2EZ3 dAZ (u(N‘) - u(k))(e(:k) - H(k)) 4 (g(lk) B g(k))(u(:k) B u(*k))] ]
AL-v2 4 : ‘s‘gik)(k)‘ ‘éik)(k)‘ "

Transform WZLy, into PD form

Following relationships can be established by using Taylor’s expansion as

ou(X)
OX

Ux + &) -~ Ux) = =&+ oY) (A42a)
w £ = 6(x)E + (&) (A42b)

Multiplying Eq. (A42a) with Eq. (A42b) and ignoring higher order terms yields

802 9 2 009 sgnigy = 29 g I (A43)

[Ux + &) - ux)]
Integrating each terms of Eq. (A43) over the horizon yields

O(x + &) + 6,(x)
2

29 %) = = [, [ux + &) - wx)] NG (Adda)

OX

Eq. (A44a) can be written in discretized form for the material point k as
k)

My o _ L 40+ 6
%Q ' = EAZ(U(M - u(k))ngn(‘f(ik)(k))v(ik) (Ad4b)

The remaining local terms of W/L,, can be written by following a similar approach as

. @ 09 6" + 4

Wy ;(Xk) + Y a;(k) = (%A i (u(ik) - u(k))(w(ik) +W(k)) * (% - (k))% sgn(f(ik)(k))\/(ik)
. 26 o [ . ) N L Ol

a, o v g B = 30 - ) W, ) + (4~ ) s (50 M
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., ou, a0, 1 . . . . . .
M % + 6,9 a;(k) = ﬁz (u(ik) B u(k))(w(ik) +W(k)) + (H(ik) =

% sgn(;ik)(k))\/(ik)

. 4, 1 C AW W
Wi 2 = 3Gy = o) 500 (&0 Mo (A45a— d)

Substituting Eqgs. (A44b) and (A45) into Eq. (A34b) results in the second part of strain

energy density function, W/L,,, in PD form as

6(ik) gk)
.[A 1 EV‘; dAIZ (uuk) - u<k>) % sgn (f(i“)(k))v(ik)
Evz | . . @+ 6@“)_
+.[A 1- 72 dAiZ (u(ik) B u(k)) (W(ik) +V\{k)) * (H(ik) B 6(k>) T 5" (éih(k))v(ik)

. N 6'“():

1 Evz? ¥ )
Wo = 5 +IA1 2 dAiZ (Q(i“) B qk))("\{ik) Wi i~ o 2

-V

s . . . \ . N 6“‘):
+.[A 1El/zl,2 dAiz (u(ik) _u(k))(w(ik) +V\{k)) * (9'* - 19(k>)+ sgn ("C(ik)m)v(ik)

1-v i i

4 . W, W,
_+.[A 2EV22 dAZ (H(i“) B 62'0) %(k)sgn (é(ik)(k))\{i*)

Transforming WL, into PD form

By following a similar approach as above, local terms in Eq. (A34c) can be transformed

into PD form as

2
6. +86
_ (i*) (k)
2 1 [V\{ik) Wi * 2 eg(ik)(k)]

‘g ‘ (i)
(%) (k)

1 Gy + 9o 6" - v - .
- b‘zAz[‘A{ik) Wiy t 2 ég(ik)<k) + (u(ik) + u(k))sgn (éi*)(k)) V(ik)

z
‘é:(ik)(k)

oax Y ow " ]
(4 o 2o, 55

2 6. +0 6. +86
i _ gk : - _ Zix T M oW Qv T M
[@ 6" + (um + u(k))é:(\k)(k):| + Z[V\{uk) Wiy + 2 gu*)(k)}{v‘{l*) Wiy + 3 2 é‘k"k)]
A\

é(ik)(k)‘
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(24, + 22 [, +

0. +4,
i Ak * » o () (k)
[@ 6§ * (u(ik) * u(k))é(ik)(k)}[w(ik) Wiy + 3 2 gg(ik)(k)J
\Y

. ()
' “f(ik)(k)‘
, , 2
W, —W.. + 3. @ £
L M) 1 [" M 2 W), (Ad7a—e)
o F Y Z (i)
X OAT ‘g(i*)(k)‘

Substituting the equations given above into Eq. (A34c) allows W/, to be written in

PD form as
by o, | R T
Wiry Vo * 2 v Wiy ~ Vo * 3 2
LGjAZ ‘ ‘ Vioy IAQAdAZ ‘ ‘ Vi
' ) (k) ‘ ) (k)
0. +6 & _ g
(i*) (k) z z * *
+2LQdAZ [WM) W * 2 é(*)m]{ E * (“m * u(k))sgn (éﬂnk))}/nk)
W o=t o 9. +4 g, +4,
252N i . . 2 D) : : D)
gi )~ gzk) + (u(i“) +u(k))¢(ﬁ)(k)} + 2[\%“) 7V\{k) + — 2 é,k)(k)] V‘{,k) ’V\{k) +3 0 é(lk)(k)
2
+f @ dAZ E ‘ Vi
1))
0, +6
ik . . N N ik %)
[92 g0 () +u(k))§“k)(k)}[v\{‘k) -, +3-0 _ s‘mmJ
+2f @AY, Vo,
‘ é(w*)(k)‘
(A48)

Combining Eqs. (A41), (A46) and (A48) yields the PD SED function for material point
k a
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(A49)
Regarding the PD SED for material point j, a similar form will hold if we replace the
index k with j.
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A2 PD SED for Plate Theories
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Figure A2. Peridynamic interaction between two material points
A2.1 Kirchhoff Plate
As explained in Chapter 5.1, the SED function for Kirchhoff Plate can be written as
(a%n/ ]2 {67w o (a?w ]ZJ
+ (1 - v) -
0X, OX, OX, OX; OX, OX, OX, OX,

The transverse displacement function, w, can be expanded in the form of Taylor series

D
o = o

(AS50)

and can be written after ignoring higher order terms as

onx) ., 1 3Wx)

Wx - 6) —wx) = 5 2 0x_ ox

gn,

gnn, (A51)
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As shown in Fig. A2, ¢ = |&| represents the distance between to material points and

the unit orientation vector the unit orientation vector n can be defined as

=t = ) (45

npng

62

Multiplying each term in Eq. (A52) by and integrating over a circular horizon

with central point of x and radius of § results in

2 s WX + &) —WX) OW(X) p2r (o 1 &W(X) 2z o
Jo Io Tn,(njdgdq) = ox, Io IO nnndéde + Eaxl ox, IO o N n,n.n &déde

:’L‘Za?"‘(x)(éﬁ + 88, + 8.5y)

16 8X|8XJ 137K I1K™JIL IL7IK
_ 75 2W(x) 5 492 JW(X)
16 (ox,0x, ' XX,

(AS53a)

Similar expression can be obtained by using different free and dummy indices as

2 o WX + &) — WX) w8t A(X) n(x)
fo o= nnscdedo - 16[ oxox, 0 T2 (MXS] (A53b)
Multiplying Eq. (A53a) by Eq. (A53b) gives
1 il [ e
2 A54
_ 6% ) [ 2W(x) 5 42 Wx) | o W(x) 5 42 oW(x) ( )
16 ) |ox,ox, © X 0Xg |\ X 0%, ¢ OX, OX,

Multiplying both sides of Eq. (A54) with 650k, and performing algebraic

manipulations result in

[a?w(x)]z _ (4] UZ” ij fdgd(pf (A55)

ox, o, %) \Jo

Multiplying both sides of Eq. (AS55) with Jzxds;, and performing algebraic

manipulations result in

oW(x) Awx) (an)T

OX, OX, OX, OX, 0X, OX,

8 Y (2 oWx + &) —wx) 2 WX+ £) —W(x) 5( ow(x) |
- (”52} IO J'o 5 nKnL.fdéd(p_[o IO 2 nnédéde — Z[GXI 5X|J

(AS56)

Substituting Eq. (A55) into the right hand side of Eq. (A56) and rearranging the free

indices result in
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An(x) Awx) (ﬁw(x)]z

OX, 0% OX, x| X 0X
o D s DM s (a5
(=
52 2z
P U X V\(X+§)V\(X)§d§d¢,]
&
Egs. (A55) and (A57) can discretized as
A i ~ Mo 2
[ax X, ] - [ﬂ'yhj [Z é:(. k) (k) k)] R
and
oy Oy [ O, ]
OX, OX, OX, OX, 0X, OX,
K K K (K Wiy =W 490 %)k
42 Mo i nf \{ik)z%‘)n& oty (AS8D)

~ ( 4 J i 5(. k) (k)
B 71'52h — Wk :
[z S k) ) Ik)]
( ) (k)
Plugging Eqgs. (A58) into (A50) results in the PD Kirchhoff Plate SED for material k

as

2
W, —w
(") (k)
T g2 VM)] (A59
BI0)

( )Z n(' )(k’n(' )(k\/ ZV\{M O n( ORIk )
R K ! (i)
' (. )(K) ' () (k)

—
al
<
|
L
7~ N\
]

W' =y [ﬂ&zh JZ

Regarding the PD SED for material point j, a similar form will hold if we replace the

index k with j.

Moreover, particularly, for any shape of the Kirchhoff Plate subjected to fixed (simply-
supported and clamped) boundary conditions only, the SED function, Eq. (A50), can

be simplified as

W, - D[ — J (AGO)

Proof:
The total strain energy, U, stored in the body can be obtained by integrating Eq. (A50)

over the mid-plane as
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U=— ” 2 +(1-v) ow_ _ow [ oW 2 dx dx
6x ax X, 0%, ox,0x, | ox, ox, e

, (A61)
_ H dexz ~Di-v H ow  ow 3 o e gix,
ax X, 2h 2 27T Ox,0X, OX,0X, 0X,0X,
where I' represents the area of the mid-plane.
Following expressions will hold by calculus
A A :8(62w an_ oW ow
OX,0X; OX,0X,  OX, | OX,0X, OX, OX,0X,0X, OX,
A62a
_ o w ow) o ow ow) ( 0w Y (A62a)
- 0X,; \ OX,0X, OX, oX, | OX,0X, OX, OX,0X,,
A A :8(82w an_ oW ow
OX 0%, OX,0X,  OX, | OX,0X, OX, OX,0X,0X, OX, 2 (A62b)
_ 0w ow) o ow ow) [ oW
- OX, | OX,0X, OX, 0X, | OX,0X, OX, 0X,0X,,
Combining Egs. (A52a) and (A52b) together gives
a[ A aw]_[ A an
2w ow oW : 1| 0%, (| OX,0X, OX 0X, | OX,0X, OX
OX,0X; OX,0X, - [6x16xj S 2 (A63)

2 ow  ow v ow
ax OX ,0X, ax ax2 0X,0X, OX,

Substituting Eq. (A63) into the second integration function of the RHS of (A61) and

utilizing 2-Dimentional divergence theorem (Green’s theorem) yields

2
i, W1 e,
ax ax ax ax OX,0X,

S e G w0 oW ow g owy
27911 ox, | ox,0x, Oox;  OX,0X, OX, oX, | OX,0X, OX,  OX.0X, OX;

1 ow  ow ow  ow oW ow ow  ow
:74> — - —— —|cos@ + sind|ds
I OX,0K, OX;  OX,0X, OX, OX,0X, 8x - ox 10X, ax

(A64)

where dI' is the boundary of I' and 6 represents the angle between boundary

normal and x; axis (see Fig. A3).

221



o) 1

Figure A3 Global coordinate system and local coordinate system

When a simply connected plate is subjected to clamped boundary conditions, the

. . . . ow ow .
boundaries are constrained to zero rotation, i.e. 6; = Pl 0, = Py 0, thus integral
1 2

function, (A53), equals to zero.

For some edges of a simply connected plated subjected to simply supported boundary
conditions, if a local coordinate system (xj0"x;) is set at each edge, for instance as
shown in Fig. A3, where x; and x; axis are set as the normal and tangent orientation

to the boundary,
_ o
2,

ow

K. =
11 * *
0X,0X,

-0 (A65a)

=0 (A65b)

are satisfied on every edge. Moreover, the following expressions are satisfied according

to the directional derivative relation:

0 0 . 0

—— =c0sf@— +sinfd —

X, ox, X, (A66a)
0 . 0 0

—— = -sinfd — + cosd —

X, ox, ox, (A66b)

Thus one can obtained from Egs. (A65a) and (A66b) that

ow . ow
—sing = a—cos& (A67)

X, X,

Moreover, Eq. (A65b) can be transformed as
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oW :i ﬂ = —sin49£+cosei —sin9@+coseﬂ
0 0 OX OX

X,0%, 0%, | X, X, X, . , (A68)
., OW , 0w . 0w
=sin“ @ 2+cos€ 2—23|n6?cose =0
1 2 axl X2

Substituting Eq. (A67) into (A64) meanwhile considering (A68) gives

2
H o dx dx,
6x 6x 8x 6x OX,0X,

A69

_lp v _1 [ oW cos® 6 + oW sinf@ -2 oW sianosest ( )

2 7% 0x, sin@ | ox,0x, OX,0X, OX,0X,,
=0
Inserting Eq. (A68) into (A60) yields
H( ] & D1—vH[ [a?w]]dxldxz
0OX, OX, OX,0X, ax 6x 0X,0X,

(A70)

oy [ax “ ] i,

Thus the SED function becomes

D ow )
%”_m(axlaxlj "

And its corresponding PD SED for material point k and its family member j become

Kk D i k i
= 3 ) (2 S
and
j)_B 4 ’ V\{w)_V\{j) i
w - 2[4 [Z VJ (A71b)
A2.2 FGM Kirchhoff Plate

As explained in Chapter 5.2, the SED function of FGM Kirchhoff Plate can be

expressed as

Wo, = Wy + W, + Wy (A72)
where
1 "E w-1 2
%/I = h |:'[2 sz( LY, U U U ,|UJ,J) + '[72%1_ 2 Vz dz (ul ,I) (A73a)
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W, zlm B2 w, +2j2 ezzc:z( W, —(wl,)z)} (A73b)

no_ _;{J‘zz : EZVZ dz (u W, ) + .[zg(zdz [(uI LU W, A W J} (A73c)
Recall Egs. (3.38a) and (3.38b):

(i%) (k) ) (i) (k)
au® au™ au™ ol au™ eul 12 (U| -4 )(UJ -4 )
' L J 4 1 = > n{i ) p(i* )(k’\/(ik) (A74a)

X, ox, o, ox, ox, ox,  w°h A4 &0
oy 2 Ul —u
= nt Iy
ox,  xo°h Z Eow W0 (A74b)

Inserting above into Eq. (A73a) results in

Lk
(u'(l ‘- u'(k))(u(JI ) _U(Jk)) NG
_ i i
V\!D = 53h2 .[77 ZZ n n; \/(ik)

g(i*w)

, (A75)
1 E 3v-1 2 «u —u
+%J—%l— v:ioo2 de (ﬂ'ﬁzh Z f(i o i \/“k)
Recall Egs. (A58a) and (A85b):
ow -w ’
0 | — i~ K
[ax 2 J ( 52hj (Z &0 )] (A7)
oMy, Oy 62"‘@)
OX, OX OX, OX, 0X, 0X,
.Z (Iaf Yo NRICH G ey Iz .;) Yo 09 LV (A76b)
:( 4 j () (k) () (k)
75°h ’
5 K)
2 Z - Vi)
27 (’g(lk)m
Substituting above into Eq. (A73b) gives
: z%dz (L I O} »
w - AT e j [Z J (A77
2 aoh ~ Wk Ky Mo ) (k )
e, ey Mt o ey st oy

(| )(K) )(k)

One can obtain with considering Egs. (A53) and (A55) as

o(x) 2 (WX + &) —W(X) 2 oWX + &) ~W(X)
ax, X, ﬂ(sZ“ k g—”'“ﬁdgd‘/"gujo ngidé‘d(/’j (A78)

Recall Eq. (3.36)
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ou (x) 2z s U (X + &) —u(X)
" w 20 fo gy (A79a)

au,(x) 2r rs Uy(X + &) —uy(X)
o j 7= : n &déde (A79b)

Combining Egs. (A79a) with (A79b) and multiplying with (A78) gives

J.z” J.,s(ul(x + §§) -y (x) n, + u,(x + iz - u,(x) 0 J&d(fd(p
6UI(X) aUJ(X) 82\/\(X) _ 4 z N 27 o‘w
( X, ’ OX Jaxlaxj _(ﬂ52j .[0 J.o &£ nn,sdede
L s S s
(A80)

One can obtain when considering Egs. (3.37) and (A55) that

au,(x) 3A(x) 2 Y o pru(x + &) - u(x) 2 o WX + &) —W(X)
S 2 g N g [ ) caap (A1)

OX,  OX,0X, £

Egs. (A80) and (A81) can be discretized as

(i) (k) (i*) (k)
u - u u, * —u K
Z( { | n(Jw LN I pH) \"

| ()
i é:(ik)(k) c"g(lk)(k)
au™ o) o, 4 Y Wi "M 90000k
+ = X L nl nl \/
[axJ ox, | ox, ox, 75°h Z O (A822)
1 u(l ) _ul(k (| )(k (| Wk
—EZ n (. Z (: )
i G4 (k) ! (%) (k)
2 ik k —
b Sy, Zuf Sl ZW"” Mo (A82b)
OX, OX,0X, 7[52h i éik)(k) i 5(. “) (k) k

Plugging Eqgs. (A82a) and (A82b) into (A73c) arises

h ) ()
h E u') —u «
2 | | (k (i k)
(15 - ey ey p s ey
2 ! (%) (k) ! (%) (k)
2 (i _ (0 (i) _ (0
W= _2( 2 3 Y Yo oW W iy (A83)
h \z5%h : [ S ’ % | @
E I I
+2J._E(zdz
2
5 Wiy ~ Vo o ey
' (. )(K)

Inserting Eqs. (A75), (A77) and (A83) into (A72) results in the FGM Kirchhoff Plate
SED in PD form as
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6 o (
W - = [haey,
78°h? Lg -
1( 2 Y4 E 3v U™ -y 2
ik)(k
ton 2 I,ZE z I I n'( : \/(ik)
2h \ z5°h 51— V2 g f(l K00

2
W, —W
_ 2 (" (k)
%)z dz[g 752 V(ik)]
' (i) (k)

+8j2 @dzy, Nk

h
2 J‘Eh (Ez
+E 2 S\1-v
h \ z6%h
K 1 (i%) 4 2 K 1
5(1 k) (k) ! ég(i*)(k)

th( E ]Zdzz Wiy ooy, 3 Moy

2\1-v i () (k) i gg(- k) (k)

2 i k (M) (k)
_2(_ 2 3 u'l - g U ST e |y
h  z°h h i £ ’ £ ' ()
+2[?%, Gedz (100
XZ ('

2
i

-W
(k)
n(l )(k)n(l )(k)\/

(I ) (k)

;W o~ W
(k) () () (K () k) () (K
n ntv S n n \/(ik)

(A84)

Moreover, in particular case, for any shape of the FGM Kirchhoft Plate subjected to

fixed (simply-supported and clamped) boundary conditions only, the SED function can

be simplified as

h

\%Vl_ij.zmz(lJlJ_Ful,JuJ,l +u|,|u.1,.1)"'jzh £ 3V1dz(u|v|)2:|

2h 751—1/2 2

1) B2 1) B
+— (2 dz(w”)z——J'2 S dz (u,w,, )

2h 212 ’ h’21-v

Proof

The total strain energy stored in the body can be casted as

U= HF(VKN +V}§IN +V\{lel|)dxldxz =U +U, +y,

where

U = .U I:-[ U ot + U Uy U u.],J)+.[%h 1 2 2 3V2_ le <U| K )2:|XmdX2
1y

U, = fH w, ) dx, +%f22Gz2dz”( - () e,

. dzﬁr (uI W, )dxldx2

@1
+J.22(2dzﬂr [(uI , +u

1

W, =2 W deldxz

(A85)

(A86)

(A87a)

(A87b)

(A87¢)

According to the differentiation definition for a compound function, it is clear that
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ou ow 0 w | o oW A
X, OX,0X, 6x2[u1 axlaxzj ox, (ul 6x26x2] "o, oxox, (A88a)
v, dw _ o, dw ) o, dw ) o dw
ox, X%, X, [uz axlaxz] o, (uz 5X25X2] + ax, xox, (A88Db)
Combining Eqgs. (A88a) and (A88b) together gives
%+% w %a?w+%a?w
X, OX, )ox,ox, | OX, X, OX, ox,°
(A89)

a[ oA a?w] a( oA a?w]
u u + u u

Toax | 2ok,  taxz) o | toxax,  ox?

According to the 2-Dimentional divergence theorem (Green’s theorem), Eq. (A89) can

be performed following manipulation

o, , oy, ow ou, 0w L ow
b3 SR 5o
oX, 0X,0X, oX, ox,? 8x X,

1

). o o oA
- ”r ox ( xox, o ZJ T, [ul xox, 2 ox? ]dx &, (A90)

1

ow ow ow
—<j5 -u, cos @ —|u; -u, — [sind|ds
6x 10X, ox,’ ' ox,0x, ox,”

1

For any shape of plate with boundaries are constrained as fixed, the in-plane

displacements u; and u, are equal to zero. Therefore,
_U %_‘_% ow B %ﬁz\N+8u 62W dxgx, = 0 (A91)
rilox, ox, )oxox, | 0x, ox,2 O, O,

and

i

One can obtain by utilizing the pre-proved, Eq. (A69) that

u, JH

Therefore, the total strain energy, Eq. (A86), stored in the body can be simplified as

dzﬂ LW, )dxdx, (A92a)

dx ax, (A92b)

+U LUy, U U )+ %h E 3 Lo (u, ) |dxox
(| 12

U b, 1,399 13,0 hg_ 2 2
2
IH

And its corresponding strain energy density function becomes

(A93)

dxdx ——I

dz”r (U, w, )dxdx,
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- > 1-v
10 E? 2 13 E .
+%J.2h1 V2 (W,n) hj—zgl—vzdz (ul,lw,JJ)
A2.3 Mindlin Plate
As explained in Chapter 5.3, the SED function for Mindlin Plate can be written as
_Gh|(o og o6 06, o6 26,) 3 -1(06 Y
Yoo =512 ox, ox, ox, ox,  ox, o, ) 1-v (o
(A94)

2 0oX, 0oX,

If we recall Egs. (3.38a, b) and replace the linear displacement, u, with the rotational

displacement, 6, we have

oq9 g9 ol o0 od® od (¢ = g) (65" - )
| | + | J + | J

x, ox, | ox, ox, | ox, o ﬂ:;h 2z €10 TN, (A959)
The following expressions can be obtained by utilizing Taylor expansion as

WX + &) —w(x) = aaAi,x) & +0(&) (A96a)

g.(x + 62) + 6(x) & = g +0(&) (A96b)
Combing Egs. (A96a) with (A96b) and ignoring the big O notation gives

v gy vty - AU gy (29 g (A97a)
or with another dummy index as

W+ £) ) + LD OO o (aa“ij’ + eJ(x)] en, (A97b)

Multiplying Eq. (A97a) with (A97b) and dividing each terms by the kernel function, ¢

arises
1 gx + & +6x) . ) (owx) ow(x)
f(\l\(x +§)_WX)+2§n|] - ( ox, +9|(X)J( ox, +6’J(X)J§ﬂ| n, (A98)
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Considering x as a fixed point, integrating both sides of Equation (A98) over a

circular domain with centre of x and radius of ¢ yields:

6(x + &)+ 6(x)
2

ow(x) AW(X) 21 6
[ax+ H'(X)][ESXJ+ Gj(x)]jo J.O cdédpén n,

If”ff;[w(x + )~ o) + fn] edzdy

(A99a)
_ () gy |2 g s
3 6X| ! 6XJ J 13
- ”53[‘”(” + a(x)] (a‘“‘x) . 9.(x>]
3 0oX, ox,
which can be written in discretized form as
k K ¢+ g9 ’
["?X{Imq )J@X{I“M.“J IZQE( )m[ )~ Wy iq,w. )]v(ik, (A99b)

Substituting Egs. (A95a, b) and (A99b) into (A94) results in the Mindlin Plate SED mat

material point k, in PD form as

212| z5°n 4 £ O 1-v (wth TG,

gl(i dk n(. P 2
wo - Gh°| 12 Z[( ) }\, +3v—1[ 2 4" -4 nl(ik)(k\,(ik)]

gl(ik) + 9|(k)

A2.4 FGM Mindlin Plate

As mentioned in Chapter 5.4, the SED function for FGM Mindlin Plate can be

expressed as

Ighmz(au oy ou ou oy du, ] Igh iz [ae, o6, 0429, +aqaejJ
-3 OX; OX,  OX; OX,  OX, OX, 3 OX; OX,  OX; OX,  OX, OX,
n 00 00, 1
W, = & +2j2h Gz | M0, 4 9% o [2 w7tz g + 2| g + 2
2h - 0X, 0x 0X, 6x X, oX, OX,
2 h
- n - 00,
,[2 GSv 1CIZ oy, —1 2 a6 2f2hG3V 1.4z auy,
| 72 -v oX, 6x -5 1-v ax OX,

(A101)
The following expressions can be established by referring to the derivation procedure

of Egs. (3.38a, b) and (A99b) as
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ou™® ou® . au oul . au au 12 > [( i
OX, OX, ox, OX, ox, OX, 0°h 4 & (i
K 5k SPYG D Agk) (9(”) gk))n(ik)(k) ’
59|( 609|( N 59|( (393 8(9|( 893 12 Z | | : N
oX, OX, ox, OX, ox, OX, 75°h 4 & o "
(" ) (g )
L 4 oy od 4 oy od," _ 12 z(u —4 )(g 4 )n( RICNEICVE
oX, X, ox, X, OX, 0X, 76°h 4 & 000 ! J ()
2
ow owy 3 1 4" + ¢v .
(k) 4 gk)][ k) | J [W —V\{ + 2 | £ URICONRY
5%h (R ) (IO ()
[6x a’h T EL 2
uY 2 Zuf' b —u 0
2 w5 G “
agk) | " - Efk) (i %) (k
n " —
X ﬂ&zh 2 £ T (A102a—f)

() (k)

Plugging Eqs (A102a — f) into (A101) yields the SED at material point k in PD form

as

6 u
= +K dzE w w
3142 sJ h 4 (i*) (k)
7o h >4 4 é:(ik)(k)
9k

e

9|(ik) + Efk)
+

+ IZ Cizdzz

(
2

é:(ik)(k)

I%gSV—l
h
221-v () (k)
2 h i%)
1[ 2 J 2G3 -1 q
+= +|2 = z%dz | )
h | z5%h Ifzz 1-v = ¢

A2.5 Higher Order Deformable Plate

)

) (k)

J ) i k ik
(i) (k) (i) (k
' Ong Y

2
(i) (k)
u' ' —u "
| 1 (i ) (k
dz [an \/(ik)]

2
()
" V(i*)}

) i
— )

2
k):|
V

ik
ui ) —

)
B (i %) (k J
£ n \/(i“)z

[
(’E(ik)(k)

2
)(K)
% (k)] ()

(A103)

k)
ik
1 iy

J (i

(’C(i ) (k)

As described in Chapter 4.5, the SED function can be given as
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06 06 . '
0906 06 36, 06,36, (. ow)(op oW
h? |OX, OX, OX, OX,  OX, OX, ox
12 . . 00
.8 (1—v)(w) +w —-
1-2 ox
o0 o4 L 99 00, %@
h* | OX; OX;  OX, OX, ax oX,
o (A104)
w

+2 — 0 X
30 + oW 3 L DR N
T ) 1o o,

NI

oX, X,
ow ow h® (86 o4 06 06, aal* a0,
+ 6 +— | +— |+ —| " —F—+— — —
X, X, 448 | 0x, OXx;  OX, 6x 8x, 0oX,

L -1ine(ag ) ne (g ) htag o6
448 | ox, 80 ox, 0Ox;

1-2v |12 ox,

If we Taylor expand functions w* and 6; about point x
(A105a)

W(X + &) +W(x) _ W(x)

2
(A105b)

40x + 9 -4 = A e,

Multiplying Eq. (A105a) by (A105b) and multiplying each terms by the unit orientation

vector gives
w(x + é) +W(x) [Q(X + &) - e(x)]n = wW(x) ( )fn N, (A106)

Considering x as a fixed point, integrating both sides of Equation (A106) over a

circular domain with centre of x and radius of ¢ yields

w(x) S L S e e 800D [ 4 g - )] nd e (A107)
Multiplying both sides of Eq. (107) byd;, gives
Rl 2 oW ’
W S0 S w2 W0 (x4 g) - g(x)]n cdede (A108a)
which can be discretized at material point k as
. oY . 0)
Moo T 7r53hz L ( -4 )”( Voo (A108b)
Following expressions can be obtained analogically
2 3 W*ik + W, ’
(U wahiZ[ — “J Vi (A109a)
(A109Db)

Y L g gk
-4 )n' Vi

g3 W W
= ! gt
Yo Tox °h IZ 5 ( |
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The rest local terms of Eq. (A104) can be transformed into the equivalent non-local

forms by referring to Eqs. (3.38a, b) and (A99b) as

K i 2
o od o o8 g od o (47 -4 ]

+ = A/
oX, OX, ox, Ox ox, OX, 75°h 4 S an

aW(k) + &0 aV\{k) + 39"
oxX, ! oxX, !

k (i K *
3 W, —Ww &g o' 4 g0 N
- Z[ () GO L @90 W —w 4 32 | 5( nt Oy

3 { () (k) i)k (i)
w5 5 %0 2 2

J J

o 06 g 060 odV o6 1 (U —u)(G -gW)
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Inserting above into (A104) results in the PD SED function as
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(A111)
The PD SED for material point j can be obtained by replacing the index k with j.

A2.6 FGM Higher Order Deformable Plate

As derived in Chapter 5.6, the SED function for FGM higher order plate can be written

as
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(A112)

Referring to the previous derivative process, the local terms in Eq. (A112) can be

transformed into non-local form as
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Plugging the above expressions into Eq. (A112) arises the PD SED for material point

k 2
if) k)
N L w. - . g4 +4 &L o
. [(uf' ) _ u](k))nlm )m} fiy ™ W 2 5o 4 4 g0 Y
; G 2 2
J:g 2dz 43, z Vig + 2 B + 2 oo [Mim
2 ' () (k) ' (%) (k)
(U:Ik) _ uf“’)(&‘;k’ _ @k’)n:'k"“ng'k"“’
a3y \
£ ()
[ (%) (k)
h Kk Kk
h &4 4 g0 g _ gk
2 ik z z (i* * ik
+.[,g&dz ["\fuk) W * I 2 l ﬁ(uk)mn‘( " £, * (u'( S+ ul‘k’)nf "
+Z ) YA N e Vi
A ) o)
2 %
[(é,‘k) _ qk’)nf'k’(“f N z(u:m _ ufk’)(us"k’ _ u;(k))nlnk)wn(;k)(k)
4y Vi
. 4 o
() (k)
h
"G 1 « (i . i 2 . . \2
2 G2 i _ g ) (k) (i) (k)
o 3 *.[,E 22 dz £ (gl 6 + (u' 4 )émk)mn' ) * (V\{lk) +V\{k>) %500
W= | ay v
: R TR A U, g 4 g . (O]
Y ) LA (PN OSIE] W, 7\,\( + 3%@'« N0
&ihm 2 ' @ 2 SR
(4 =) =) (47 =) = o
43 Vix
h - £ (i
+th&st i () (k)
2 3/ « & — 4o " «
w4+ 2 (g (k) 900 || %2 T % i) 10 ) i)
+Z {V\{nk) Yo 2(9' 6 )é(w*)(k)n' }{ £ * (UJ M )nJ Vi
i (%) (k)
[(uf“k _ u"(k)) nlmk)(k)T + 2(9‘0“) _ g‘k))(gjmk _ '9;(”) n,“k)‘“n‘J'k)“"
4y z
h i Kk
LieY %) (k)
+th —2z'dz
32 W o—w 4 §(0'(Ik) . 6‘““‘))5
(%) V\{k) 2\ ! K
2

én ) (k)
h u
+4[3 @tzy,
- -

q\“)(k)

v

237

2
i
) (k)
(
(%) *(k) (i) (k) ) (i) () (i) (k)
(I -y )(HJ 70J )nl m,

V(\k)

Lye
o+ 4,[722526"22

[(gl*(ik) _ a'(k))nl(\k)(kJT

Vi

V
£ (i*)
(%) (k)




238

N «
R [ Y O S a
3 ZZ (Ul _u ’)n" o | % 3 &
S1l-2v 4 2 ' ! 4 k) |G
L vl 6+ g '
3 N L « + 1
+3 2% a3 (W, ) (o) - o BB (g gt T 2Ry
. = I 2 0k ||
3 " Gz R
+— +I2 ( ; ; ) k) i)k - . Wi +
25°h? _h 1- 2dez W(‘k) +V\{k) 6\( - '9|( nlI 0 . (U‘ R ul(k))nf‘k)(k) + S S LS V\{k) §
2 i 2 Ry | G
oy AR
+J'2 dz (W' W )(u*n*) *(k)) (v % T TG (g g ) i
o | Wy W )4 - 2 (G = g )now v
b Gvzt
+Iz dz (W* - ) (1) _ k)| n(i)(k
Ry Z iy + W ) (4 qe )N,
J% Gdv -1 uo g ’ 4y Wi @ _ gw
hd dz IS 2 - ,
7% 51 7 Z k n )\{.k) + E dzz ! | n‘(n )(k)\/ Z J n(uk)(k)\[k
(%) (k) 2 ! %) (k) g(w ) (k) “
n «
G4y -1 @ — g9 (" ()
JrJ' 2%z | | n(\k)(k Yy - (i %) (k U, - U, k
n21-2 z ¢ ' )\/< PN X N
%) (k) i (%) (k) i T “
(%) (k)
(i _ 0 (i ¢ (k)
u, u n(,k)(k\/ Z AN (,k)(k\/
b4y -1 & ' “ £, @
, J‘th 2%z (i) (k) i*) (k)
1( 2 5 1 Ql(lk) s o u(' O
—_ — 1 .
jer A, TSy
i (%) (k) i én*)(k)
h *(i k 2
"G4y -1 TR ETNC) g4 _ go X *(k)
+I2 e 2%z | | (i %) (k — ‘9 -0
X n N a0 Y% (\ )y S I k
(%) (k) i (%) (k) §(| (k)
h *(jk *,
b a1 TR RO 6(. (k)
+,[2 G 25dz | | n(lk)(k J (Ik)(k
hT Z . ! \/ )Z \/(w“)
(%) (k) (%) (k)
h x(i K 2
"G4y — g _ gt
+.[2h7 1o > - 4 iy
21— ton
2 ! (%) (k)




Appendix B Boundary Conditions for PD Beam and Plate Theories

The prerequisite of the derivation process of PD EoM is that the material point influence
domain must be completely embedded in a material domain. For this reason, the PD EoM is
valid only if the main material point, k, has intact horizon that is fully embedded in an actual
material domain, R, as shown in Fig. B1. However, near the boundary points, k', can have
incomplete influence domains. Therefore, the supplemental equations valid for the fictitious
boundary layer, R., outside the boundary of the actual material domain are necessary, as
explained by Madenci and Oterkus. The length of this layer can be chosen as the size of the
influence domain. The possible types of boundary conditions and their corrections are

explained below for beams and plates from the PD point of view.

5 5
-kr . k
R R R
(a)
RC‘
oj’
°k
R
(b)

Figure B1 Introduction of fictitious boundary layers: (a) beam, (b) plate
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B1 Boundary Conditions for PD Beams
B1.1 Timoshenko Beam
Clamped Boundary Condition

6:3': 6|_3|

@ -o-_-...--o----of.--_.-_o---@-----o-------o- 0|0 -o-\
32 I 1 2 3

Wean W,
13) {3)

Figure B2 Application of clamped boundary conditions in PD theory
The clamped boundary condition for Timoshenko Beam may be achieved by enforcing mirror
image of the transverse displacement field for the material points adjacent to the clamped end,

and anti-symmetric image of rotational and axial displacements fields, as shown in Fig. (B2)

that
Wiy = Wi
Wiy =W, =0 for 1 =123 (B1)
Gy =

Simply Supported Boundary Condition

Figure B2 Application of simply supported boundary conditions in PD theory
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The simply supported boundary condition may be satisfied by enforcing anti-symmetrical
transverse displacement fields to the material points in the fictitious region as opposed to the
actual displacement field, as shown in Fig. (B2). Thus, it is defined as

Wiy = W)

% = G

for i =123 (B2)

B1.2 Higher Order Deformable Beam
Clamped boundary condition

To implement the clamped boundary condition, a fictitious boundary layer is created outside
the actual material domain. The horizon size can be chosen as §=3Ax in which the
discretization size is Ax . The clamped boundary condition constrains zero transverse
displacement and zero rotation for the material point adjacent to the clamped end. In this study,
this can be achieved by enforcing symmetrical displacement fields for W and w" and anti-
symmetrical displacement fields for & and 6", respectively, to the material points in the
fictitious region as opposed to the actual displacement field as

Wy =Wey W )
Wy = Wy = Wy =Wy =0 =123 (B3)
Oy =0 ‘9(*i) Z_H(*i’)

=W

Simply supported boundary condition

To implement the simply supported boundary condition, a fictitious layer is introduced outside
the real material domain, whose size is again chosen to be equal to & . From geometrical point
of view, the simply supported boundary condition imposes zero transverse displacement and
zero curvature for the material point adjacent to the constrained edge. In this study, this can be
achieved by enforcing anti-symmetrical displacement fields for Wand w” and symmetrical
displacement fields for @and @, respectively, to the material points in the fictitious region

with respect to the actual displacement field as
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W =—W. Wi =—W,
(i) (i) () (i H
O =123 (B4)
{9@ =00 ="

B1.3 FGM Euler-Bernoulli Beam

Clamped Boundary Condition

According to Euler-Bernoulli Beam theory, the clamped boundary condition can be represented
by constraining the transverse displacement and the rotation at the boundary. In PD framework,
such boundary condition can be achieved by introducing a fictitious domain outside the
boundary with a length equal to two times of the horizon size, § so that all material points
inside the actual solution domain have a complete horizon. In this study, the horizon size is
chosen as § = 3Ax where Ax is the distance between material points. Therefore, there are

six additional material points inside the fictitious boundary region.

L.

Figure B3: Application of clamped boundary condition

As shown in Fig. B3, clamped boundary conditions in PD framework can be achieved by
imposing mirror images of the transverse displacements and anti-mirror axial displacements

for the six material points in the actual and fictitious domains next to the boundary as

V\{i') :V\{i)
Woo=W, =0 i=12..6 (BS)
u(i') :_u(i)
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Simply Supported Boundary Condition

According to Euler-Bernoulli Beam theory, the simply supported boundary condition can be

represented by constraining transverse displacement and curvature at the boundary.

In PD framework, this can be achieved by introducing a fictitious domain outside the boundary
with a length equal to two times of the horizon size, §. Moreover, as shown in Figs. B4, the
transverse constraint condition can be satisfied by imposing anti-symmetrical transverse
displacement fields to the six material points in the actual and fictitious domains next to the

boundary which can be defined as
W o=-w, i =126 (B6)

However, for axial deformation, the application of simply supported boundary condition is

different depending on the pinned support and roller support conditions.

(b)
Figure B4 Application of simply supported boundary condition, (a) pinned support,

(b) roller support
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For pinned support condition, the axial deformations can be constrained by imposing anti-
symmetrical displacement fields to the six material points in the actual and fictitious material

domains next to the boundary, as shown in Fig. B4a, which can be defined as
U =Y, i =126 (B7a)
On the other hand, the implementation of roller support boundary condition requires

symmetrical displacement field adjacent to the boundary as (see Fig. B4b)

U =4, I=212-,6 (B7b)

B1.4 FGM Timoshenko Beam

Clamped boundary condition

o]
R
o

o]

o]

o]

o

A o 4

“-3“ (3)
U5 Uy

Figure B5 Application of clamped boundary conditions in peridynamic theory
Clamped boundary condition can be achieved by enforcing mirror image of the transverse

displacement field for the material points adjacent to the clamped end and anti-symmetric

image of rotational and axial displacements fields, as shown in Fig. BS, such that
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i =123 (B8)

Simply supported boundary condition

To implement the simply supported boundary condition, the fictitious layer is introduced
outside the real material domain, whose size is again chosen to be equal to §. In Timoshenko
Beam theory, the simply supported boundary condition imposes zero transverse displacement

and zero curvature for the material point adjacent to the clamped end.

In our study, the above conditions can be satisfied by enforcing anti-symmetrical transverse
displacement field and symmetrical rotational displacement field to the material points in the

fictitious region with respect to the actual displacement field, as shown in Fig. B6, which is

defined as
Mo = Mo 103 (B9)
by = G

The discussion about simply supported boundary condition for axial deformation should be
separated into two parts, which are pinned support and roller support, respectively. The
implementation of axial deformation for pinned support is achieved by enforcing anti-
symmetrical displacement field for fictitious material domain with respect to actual material

domain, as shown in Fig. B6a, which can be defined as
Uiy = ;) i =123 (B10a)

On the other hand, the implementation for roller support boundary condition requires

symmetrical displacement field adjacent to the boundary as (see Fig. B6b)

Uiy = Ui i =123 (B10b)
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(b)
Figure B6: Application of simply supported boundary conditions, (a) pinned support

and (b) roller support

B1.5 FGM Higher Order Deformable Beam

The clamped boundary condition

To implement the clamped boundary condition, a fictitious boundary layer is created outside
the actual material domain. The horizon size can be chosen as § = 3Ax in which the
discretization size is Ax. This horizon size is sufficient enough to represent macro-scale

displacement in our study. Hence, the size of the fictitious region is chosen as §.

Figure B7 Application of clamped boundary conditions for FGM Higher Order

Deformable Beam

The conditions that zero transverse displacement, zero axial displacement and zero rotation for
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the material point adjacent to the clamped end can be achieved by enforcing the following

displacements fields adjacent to the clamped boundary as (see Fig. B7)

Wiy =Wy Wy, =W, =0

W =W W =w, =0

U =Y U = Y, i =123 (B11)
9y = %) ‘9(.) = _‘9(*0

6@‘*’ _ _93)

Simply supported boundary condition

To implement the simply supported boundary condition, the fictitious layer is introduced
outside the real material domain, whose size is again chosen to be equal to §. In the classical
beam theory, the discussion about simply supported boundary condition when considering axial
displacement should be separated into two parts, which are pinned support and roller support,

respectively (see Figure BS).

Ui

(a) (b)
Figure B8 Application of simply supported boundary conditions, (a) pinned support
and (b) roller support
For pinned support boundary condition, it imposed zero transverse displacement, zero axial
displacement and zero curvature for the material point adjacent to the pinned supported end. In
our study, these conditions can be achieved by enforcing the following displacements fields
adjacent to the pinned end as

=, w. =

W(i‘) (i) (D) _V\{i)
U= U u. =-u
(i i) (i) (i) .
DY i =123 (B12a)
9y =% % =%
g = _gh

On the other hand, for the roller supported boundary condition, it eliminates the constraint of
axial displacements. This can be achieved in our study by enforcing the following
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displacements fields

=
E
=
=

I
:C
I
=

i =123 (B12b)

D

B2 Boundary Conditions for PD Plates

B2.1 Kirchhoff Plate
Clamped Boundary Condition

To implement the clamped boundary condition (Figure B1b), a fictitious boundary layer is
created outside the actual material domain. The horizon size can be chosen as 6 = 3Ax in
which the discretization size is Ax. This horizon size is sufficient enough to represent macro-

scale displacements in plate problems. Hence, the width of the fictitious region is chosen as 24.

The clamped boundary condition for the vertical edges along the y-axis is obtained by
imposing zero displacements and zero rotation for the material points adjacent to the clamped
end and this can be achieved in PD framework by imposing symmetric displacement field near

the boundary region as

{ e = Wi for i =12--,6 (B13)
w -

ey - Mow

where the first subscript represents the number of rows along the y-direction and the second

subscript is for the number of columns along the x-direction (see Fig. BY).

}v
Fictitious Boundary X2y Xty Xeyty Xz

X X x(l)llh'x(lnl)

HHE)HD

Deformed Axis
Figure B9 The clamped boundary condition
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Similarly, for the horizontal direction edges parallel to the x-axis, the PD implementation can

be analogically obtained as in Eq. (B13)

Simply Supported Boundary Condition

To implement the simply supported boundary condition, the fictitious boundary layer is again
chosen to be equal to 28. The vertical direction boundaries (along the y-axis) are imposed to
have zero displacements and curvatures, which can be implemented in PD frame work by
enforcing anti-symmetrical displacement fields to the material points in the fictitious region as

opposed to the actual displacement fields, as shown in Figure B10. Thus, it is defined as

i =12...,6

1o (B14)

Wiy = Wigay for

Similarly, the horizontal direction edges take a similar form as in Eq. (B14).

Flcnt]ous Boundary xlu)(—l) ‘x(nl(ll
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Figure B10 The simply supported boundary condition

B2.2 FGM Kirchhoff Plate

As shown in Fig. B11, unlike the boundaries implementation in isotropic Kirchhoff Plate, it
has to take in-plane displacement into consideration for functionally graded material. Thus the

corresponding displacements field near the boundaries can be defined as following

Clamped Boundary:

(B15)

= Yom Ve T Moom k=1%2--n

{V\{k)(i') :V\{k)(l) V\{k)(l*) :\A{k)(l) =0

u(k)(i B
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Simply Supported Boundary:

Wiy = Mo

i =12..,6
Uiy = Yuay  for K —12.n (B16)
Vi = Vo
V:
Fictitious Boundary Xy Xonan Xonm X

P g

u(l)(j%,—"' XaesXman X Xaxe) T A\U@E)
& Deformed Axis
(a)
l/'
Fictitious Boundary Xy '\‘wi(l*) Xty Xny2)

U(1)(5%)

-
lo\goq s s %

U(1)(s)

Deformed Axis

(b)
Figure B11 Applications of boundary conditions: (a) clamped, (b) simply supported

B2.3 Mindlin Plate

As shown in Fig. B1(b), the length of the fictitious domain, R, outside of the actual solution
domain, R, can be chosen as the double size of the horizon if v # 1/3, or the size of the

horizon if v = 1/3. The application procedure for two common types of boundary conditions,

i.e. clamped and simply-supported, is given below.
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Figure B12. Application of clamped boundary condition in PD Mindlin Plate thoery

As mentioned above, the clamped boundary condition imposes zero transverse displacement
and zero rotation for the material point adjacent to the clamped end. In our study, these
conditions can be achieved by enforcing mirror image of the transverse displacement field for
the material points adjacent to the clamped end and anti-symmetric image of rotational

displacements fields as shown in Fig. B12 as

Wiy = W i =12-.,6 if vi%
W) = Yo =0 for 1 (B17)
gri — _gm) i =123 if V=§
| 1
Simply Supported Boundary condition
Fictitious Boundary Xy Xeaxny
L v . o - = £ [ - < ot ot .
B "el(k’zsgﬂel(";ﬁ)’ o f."_/ .,v e
e il (ﬁ@:eggoog

0,096 ) S TR
8, w8 & Wik

Deformed /\.\'ih;u"
Figure B13. Application of simply supported boundary condition in PD Mindlin Plate
thoery
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In Classical Mindlin plate theory, the simply supported boundary condition imposes zero

transverse displacement and zero curvature for the material point adjacent to the boundary.

In our study, the transverse displacement boundary condition can be satisfied by enforcing anti-
symmetrical transverse displacement fields to the material points in the fictitious region with

respect to the actual displacement field, as shown in Fig. B13. Thus, it is defined as

i =42--,6 if v+1/3

W(n)(i‘) = W) for {i =123 if v=1/3 (Blg)
The curvature condition can be satisfied by enforcing the following displacement fields

adjacent to the edge x; = constant as

i) _ n)(i)
¢ = g

ni’) _ n(@i)
o = -6,

i =12--,6 if v=+1/3

i =123 if v=1/3 (B19)

(I #3) for {

B2.4 FGM Mindlin Plate

Regarding the functionally graded material, in-plane displacements effect has to be considered

(see Fig. B11). Therefore, the displacements field near boundaries should be accordingly

defined as
Clamped Boundary
ul(n)(i“) _ _ul(ﬂ)(i) 1
_ i =142--,6 if =
Hmasy = Moo for - o 3 (BZO)
V\{ )(1) = V\{n)(l) =0 | = i — 1
n i =123 if v=2=
g = _gno) 3
Simply Supported Boundary
w .= ; i = i
Enzi.; _V‘En:?; for {I =12--,6 !f v=1/3 (le)
uI”' :_UI"' i =123 if v=1/3
For the edge x; = constant:
gri = g i =12.,6 if v=1/3
for n
93”’“‘) = —gn0 t=3) {i =123 if v=1/3 (B22)
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B2.5 Higher Order Deformable Plate

The width of the fictitious boundary layer can be chosen as the size of the horizon for the
Poisson’s ratio value of v=1/4 or double size of the horizon for the Poisson’s ration of v#1/4.
Two common types of boundary conditions, i.e. clamped and simply supported, are explained

below for PD higher-order plate formulation.

Clamped Boundary
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Figure B14 Application of clamped boundary condition of higher order plate

The clamped boundary constrains all degrees of freedom, and in PD framework, this can be

achieved by enforcing the displacements field adjacent to the boundary as following

Wiy = Wiom W = Wom

Wiy = Winw = Winen = Wigw = 0

i =12:-,6 if v=1/ 4
for { T
GG — g g _ g
I 1 | 1

i =123 if v=1/4 (B23)
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Figure B15 Application of simply supported boundary condition of higher order plate
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Compare to clamped edge, simply supported boundary condition release the rotational

constraint, and this can be achieved in PD framework by enforcing the following displacements

field near the boundary as

V\{k)(,i) = _\N(k)(i) for {l = 1,2,,6 i f vz1/ 4

Wiy = Wioa) i =123 if v=1/ 4

and for the edge x; = constant:

K)(-i) _ pgk)(i)
¢ - ¢

g = 00 ( s3) for [ =826 if
g = gn g i =123 if
HJ’(k)(—i) — _gj(k)(i)

B2.6 FGM Higher Order Deformable Plate

v=+1/ 4
v=1/ 4

(B24)

(B25)

When take in-plane effect into consideration, the implementation of the displacements fields

becomes following:

Clamped Boundary

YD) = gm0 D — e

Wiyciy = Waom, Wiy = Wioa) 12
Wiy = Wiow = Wy = Wi =0 for {i ;l2:3
GO = _gon gach - g

GO = g

Simply Supported Boundary

ul(n)(*i) :_ul(ﬂ)(i) UI*(H)(-i) :_UI*(H)(i)

i =12

Wi = Mo Woen = W, FOr {i -123
KD gl '
67" = -4,

For the edge x; = constant:

FOE — g

| {

K)(-i) _ k) (i) i i
RN LSRN
grE = g i =123 if
Hj(k)(—i) _ —Hj(k)(i)
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Appendix C Nomenclature

S x

I*, I**

i)k, ..

|

<

=

0*

CCM
FE
PD

Cross-section area

PD material constant

Young’s modulus

Thickness

Higher order moment of area

Indices take up value of 1, 2 and 3
Unit orientation vector

Displacement vector

Displacement of central material point
along x axis

Total potential energy

Displacement of central material point
along y axis

Volume of material point
Displacement of central material point
along z axis

Strain energy density

Volume correction factor

Shear strain

Normal strain

Independent variable that contributes
flexure deformation

Poisson’s ratio

Material density

Shear stress

Slassical Continuum Mechanics
Finite Element

Perydynamics

>~
o
E 30 x ~Q0 U@

*

N

>

-

Body force

Bending rigidity

Shear modulus

2" moment of area

Indices take up value of 1 and 2
Lagrangian

Kinetic Energy

Displacement along x axis
Independent variable that contributes x
direction deformation

Displacement along y axis
Independent variable that contributes y
direction deformation

Displacement along z axis
Independent variable that contributes

transverse deformation

Surface correction factor
PD horizon size

Rotational displacement
Shear correction factor

Distance between material points
Normal stress

Orientation of bond w.r.t. X axis

EoM Equation of Motion
FEM Finite Element Method
SED Strain Energy Density
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