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Abstract

The prominence of fluid-solid interactions problems in industrial applications and nat-

ural processes determines a necessity for accurate and efficient simulation strategies.

Because such problems are challenging to model with conventional methods and require

extensive computational resources, the immersed boundary-lattice Boltzmann method

(IB-LBM) provides a promising alternative.

Diffuse-interface IB-LBM approaches owe their popularity to the efficient implemen-

tation and the ability to suppress numerical oscillations in moving boundary problems.

However, the diffuse interface alters the representation of the fluid-solid boundary and

affects the accuracy of the flow field calculation. The present work investigates the

diffusive effects of IBM for surface-confined particulate flows by comparing results with

sharp-interface methods and explores mitigation strategies.

It is found that increasing confinement and close particle–particle interactions, par-

ticularly when interfaces overlap, accentuate interface diffusion and decrease simulation

accuracy. To minimise diffusive effects, a boundary retraction scheme is implemented

and its effectiveness is examined. It is shown that this strategy reduces interface diffu-

sion errors and increases accuracy while limiting computational costs.

The fluid-solid coupling strategy is a critical aspect of IB-LBM formulations, as it

influences numerical stability. It is demonstrated that weakly coupled schemes impose

a limitation on the fluid-solid density ratio to achieve stable simulations. To address

this problem, a strongly coupled formulation is implemented. The internal-mass effect

is analysed, coupling strategies are compared, and the stability limits are identified.

The simulations of falling and rising particles capture the dynamics of light struc-

tures and provide insight into the influence of structural properties, geometrical con-
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finement, and local flow field. The study of vortex-induced vibrations investigates the

synchronisation regime, the oscillation amplitudes, and the influence of the critical mass

ratio on the structural response. These results advance the understanding of physical

and numerical mechanisms and demonstrate the potential of IB–LBM for studying

particle-laden flows and flow-induced vibrations.
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Chapter 1

Introduction

This introductory chapter establishes the foundations of the research conducted in the

present work. The fundamental concepts and significance of fluid-structure interaction

(FSI) problems are discussed in Section 1.1 by exploring their occurrence in different en-

gineering disciplines along with relevant industrial applications and natural phenomena.

Attention is drawn to the importance of a correct understanding of FSI behaviour. In

Section 1.2, the complexity of FSI problems is examined, and the different approaches

available to study such systems are considered. This review establishes the advantages

offered by numerical simulations and provides an argument for the method chosen in

the present work. The central themes and the main research objectives are outlined in

Section 1.3 to determine the contributions of this work.

1.1 Motivation and Significance

FSI is an interdisciplinary field of study that investigates the dynamic interaction be-

tween fluids and solid structures. In FSI problems, the motion of the fluid influences the

response of the structure, and at the same time, the behaviour of the solid directly af-

fects the fluid flow. FSI problems are prominent in nature and technology, encompassing

a broad range of disciplines. The study of FSI plays a crucial role in various engineering

and scientific applications [1]. The most prominent FSI problems that have been ex-

plored in the literature include particulate flows, flow-induced vibrations, biomechanics,

1



Chapter 1. Introduction

microfluidics, aeroelasticity and acoustics [2–9]. This work focuses on particulate flows

and flow-induced vibrations due to their relevance.

Particulate flows are systems consisting of solid particles interacting within a fluid

medium. These problems involve a wide range of particle sizes and shapes which can

be suspended or dispersed in a liquid or gas. The study of particulate flows investi-

gates different mechanisms of particle-fluid and particle-particle interactions, including

collision, sedimentation, aggregation, dispersion and pattern formation [10]. Partic-

ulate flows characterise various environmental phenomena such as the dispersion of

pollutants in the atmosphere, sedimentation processes, mechanisms of erosion and de-

position, rain formation and pyroclastic flows [11–18]. They are prominent in chemical

and pharmaceutical technology including aerosol deposition, drug delivery and powder

processing [19–22]. Other industrial applications involve fluidised beds for chemical

reactors and energy production, particle-laden combustion, slurry transportation and

separator technology [23–26,40].

Flow-induced vibrations are complex mechanisms of FSI associated with the move-

ment of a structure due to the force exerted by a surrounding or internal fluid. A correct

understanding of such phenomena is of critical importance because oscillations and vi-

brations occurring in structures can severely affect their integrity and stability [4,27,28].

This problem is especially prevalent in civil engineering applications susceptible to wind

loads, such as bridges, dams, buildings and tall structures [1, 29, 30]. Flow-induced vi-

brations are also of significant importance in marine and ocean engineering systems

affected by waves and currents such as offshore structures, wind farms, pipelines, ris-

ers and mooring systems [31–33]. Additional applications include turbomachines, heat

exchangers and piping systems [34–36].

A thorough understanding of the complex interplay between fluids and solids con-

tributes to analysing and explaining complex phenomena occurring in nature. Addition-

ally, the study of FSI problems provides critical insights into a multitude of industrial

applications [10, 27]. This knowledge is essential for the design of various processes

and products. It allows to optimise the design in order to improve the efficiency and

assess the capability of the design modifications [37]. A correct understanding of the
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interaction between fluid and solids is important to evaluate the performance under

service conditions, estimate the response under different operating conditions and avoid

undesirable outcomes [38]. Therefore, accurate prediction of FSI behaviour enables de-

sign improvements and innovative solutions that increase efficiency, ensure operational

reliability and enhance safety.

1.2 Challenges and Complexities

The mutual influence between fluid and solid in FSI determines complex interdisci-

plinary problems whose solution requires elaborate approaches. For cases involving

simple geometries and boundary conditions, analytical models can be derived from the

constitutive equations describing fluid and solid mechanics. However, these formula-

tions are limited to simplified cases because their solution is not achievable for more

difficult problems [39]. Experimental studies can provide insights into more complex

FSI systems, but they are generally associated with higher costs and limited in scope

and scale [40]. Numerical simulations have become an increasingly popular alterna-

tive to understand the behaviour of FSI systems owing to the continuous growth of

computational performance. The employment of numerical techniques allows to reduce

costs compared to experimental approaches while expanding the complexity of prob-

lems that limit analytical formulations. Therefore, developing accurate and reliable

numerical tools is of critical importance to investigate the underlying mechanisms of

FSI problems [10].

Despite the progress achieved in recent years, modelling FSI problems by means of

numerical methods remains a challenging endeavour [41]. Fluid and solid systems cannot

be analysed separately due to the significance of their interactions [42]. Therefore, the

numerical formulation of FSI problems is governed by coupled equations connecting

the fluid and solid domain [1]. To correctly predict FSI behaviour, coupling strategies

require advanced numerical tools that are capable of establishing information exchange

at the fluid-solid interface while ensuring consistency. The non-linear nature of the

systems and the representation of the fluid-solid boundary add further complexity to

the formulation. Additionally, particulate-flow configurations involve particle–particle
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interactions and collisions, which require dedicated modelling strategies. Because of

these challenges, the numerical solution of FSI problems is usually associated with

significant computational costs [43]. Therefore, the development of scalable and efficient

algorithms is of crucial importance.

Conventional macroscale computational fluid dynamics (CFD) methods often fail

to accurately represent the underlying mechanisms of these interactions, resulting in

substantial drawbacks [41].

In recent years, several numerical schemes have emerged as efficient alternatives to

Navier-Stokes-based solvers. One of the most promising approaches is the lattice Boltz-

mann method (LBM), owing to the simplicity of its formulation and its computational

efficiency [2]. Furthermore, the kinetic nature of the LBM allows to capture the physics

of microscale and mesoscale phenomena while correctly representing macroscopic be-

haviour [44]. LBM algorithms are characterised by local operations which facilitate the

implementation on parallel processors and ensure high-performance computing [2, 45].

Additionally, LBM schemes are particularly suitable for implementation on graphics

processing units (GPU). In comparison to central processing unit (CPU) architectures,

GPU significantly improve the execution of parallel computations and increase the over-

all efficiency of the algorithm [46].

One of the crucial challenges faced by LBM schemes in FSI problems is modelling

complex arbitrary-shaped boundaries and moving solid objects. Conventional methods

generally require grid generation at each timestep to handle solid body motion and

local refinements to match irregular geometries, resulting in computationally demanding

algorithms. In the LBM framework, the immersed boundary method (IBM) emerges

as a promising solution to model fluid-solid boundary conditions [41]. IBM schemes

decouple fluid and solid computational systems, eliminating the need to update the grid

for moving geometries and accommodating complex interface shapes [47]. This solution

enables simulations of demanding FSI problems while reducing the computational cost

associated with complex and moving geometries [1].

The challenges inherent to modelling interactions between fluids and solids high-

light the need for advanced computational methods. In this context, the immersed
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boundary-lattice Boltzmann method (IB-LBM) provides a versatile framework to simu-

late complex FSI problems with enhanced accuracy and computational efficiency. Par-

ticle–particle interaction and collision dynamics are resolved using the discrete element

method (DEM), as its formulation allows particle motion and contact force models to

be consistently integrated within the IB-LBM framework.

Although significant efforts have been made to advance the knowledge and imple-

mentation of IB-LBM approaches for FSI problems, several aspects still require further

investigation. The behaviour of IB-LBM schemes depends strongly on numerical imple-

mentation choices such as collision operator, forcing scheme and fluid–structure coupling

strategy. As a consequence, important uncertainties remain regarding the accuracy of

fluid-solid boundary representation, the stability of the coupling procedure, and the ex-

tent to which implementation details influence the calculation of macroscopic quantities

of interest. A clear understanding of these limitations is essential for the development

of reliable and efficient computational tools and therefore motivates a closer and more

systematic investigation.

1.3 Scope and Objectives

This work builds on the current knowledge surrounding IB-LBM and aims to improve

its fundamental understanding. In particular, the motivation for the research pre-

sented in the following chapters stems from the insufficient understanding of specific

implementation-related issues that hinder the capabilities of IB-LBM schemes. To

achieve this aim, the research is structured around the following objectives.

The initial objective of this work is to address the main challenges of LBM algo-

rithms, focusing on the verification and validation of the current implementation. The

numerical accuracy and stability of LBM schemes are closely connected to the choice

of relaxation parameter and collision model. The most straightforward approaches to

model the complex LBM collision operator exhibit viscosity-dependent characteristics

due to the interconnection between relaxation time and fluid viscosity. This behaviour

has important implications for the reliability of the numerical method, as the solution
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differs based on the choice of viscosity. Additionally, when boundary conditions are

implemented, the location of the boundary is viscosity-dependent, and an unphysical

velocity slip occurs. This analysis aims to evaluate the limitations of different LBM

collision models and establish the necessity for advanced collision operators and forcing

schemes. Accordingly, a systematic evaluation is conducted to assess the numerical ac-

curacy and stability of different collision models. The investigation addresses viscosity-

dependent behaviour, the occurrence of a velocity slip at the boundary, and the role of

boundary-condition implementation strategies in shaping these effects. Further consid-

eration is given to the computational efficiency and the effort associated with selecting

appropriate relaxation parameters.

The second objective of this work is to investigate increasingly complex FSI problems

in order to assess and improve the accuracy, stability, and efficiency of the current IB-

LBM approach. In particular, the implementation of IB-LBM considered in this work

exhibits a crucial drawback related to the representation of the fluid-solid interface.

This work aims to investigate the numerical accuracy of diffuse-interface IBM com-

pared to sharp-interface methods for increasingly complex cases. Problems involving

significant geometrical confinement, particle-particle interactions and collision require

further investigation due to the challenging representation of overlapping interfaces and

are therefore examined in detail in this work. In addition to this assessment, another

important objective of the research is to devise an error mitigation strategy to im-

prove the accuracy of the interface representation and the related velocity calculation.

The proposed strategy is developed and implemented within the IB-LBM framework,

and its effectiveness is assessed through a series of benchmark problems, with particu-

lar emphasis on its ability to reduce interface diffusion and improve the calculation of

hydrodynamic quantities.

A further research objective is to improve the understanding of the different strate-

gies for coupling fluid and structure equations. An important challenge faced by IB-

LBM algorithms is related to the coupling of governing equations because it imposes

a limitation on numerical stability. To address this issue, the capabilities of strongly

coupled and weakly coupled IBM schemes are systematically compared. The aim is to
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investigate the parameters that affect numerical stability and establish the density ra-

tio limitation for stable simulations. Particular attention is given to problems involving

light structures, in order to determine the conditions under which the IB-LBM approach

remains stable and accurate in these challenging cases.

The final objective of this work is to evaluate the capability of the improved IB-LBM

framework in simulating complex flow–structure interaction phenomena, with particular

emphasis on vortex-induced vibrations (VIV). Such configurations represent a challeng-

ing class of problems, as they couple unsteady wake dynamics with structural motion

and therefore place stringent requirements on numerical stability. In this context, the

IB-LBM approach is applied to different configurations in order to analyse its stability

and accuracy. The results are analysed to evaluate the ability of the IB-LBM code to

reproduce the characteristic behaviour associated with VIV over a range of regimes.

In conclusion, this research aims to contribute to the advancement of IBM knowledge

within the LBM framework and establish its potential pertaining to complex fluid-

solid interaction problems. Building on the obtained results, targeted improvements

are proposed, implemented and systematically evaluated to enhance the accuracy and

stability of the IB-LBM approach.

1.4 Structure

This thesis consists of eight chapters. The topics introduced in the remaining chapters

are organised as follows.

Chapter 2 establishes the theoretical framework and physical model used throughout

the thesis. The mathematical description of fluid dynamics at different length scales is

introduced, with focus on continuum theory and conservation laws. Important concepts

of kinetic theory are established and the Boltzmann equation is derived. The formu-

lation of fluid–structure interaction is presented, including the equations of motion for

rigid bodies and the contact model for solid interactions. Finally, vortex-induced vi-

brations are introduced together with the associated flow mechanisms and structural

response regimes.

Chapter 3 introduces the numerical methods used in this work to model FSI prob-
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lems and discusses their advantages over traditional approaches. The numerical im-

plementation of LBM is extensively covered and discussed, highlighting the overall ad-

vantages and challenges. Special attention is dedicated to the different collision oper-

ators, focusing on the central moment method and the corresponding forcing scheme.

An overview of the most common boundary conditions in the LBM framework is also

provided, including techniques for treating moving geometries and complex fluid–solid

interfaces. An in-depth review of the fundamental concepts of IBM is provided, focusing

on the IB-LBM implementation. The multi-direct-forcing method (MDF) is introduced

as a prominent approach to enhance the accuracy and efficiency of the general IBM

scheme. The procedure to enforce the no-slip boundary condition is discussed, includ-

ing the relaxation scheme used to accelerate the convergence rate. Common limitations

of IBM are explored along with different mitigation strategies. The extension to a

strongly coupled formulation is also presented to address stability issues related to the

fluid–solid coupling. The description of the numerical method considered in this work

is completed by a brief introduction to the DEM and the combined DEM-IB-CLMB

approach.

Chapter 4 is dedicated to the validation and analysis of different numerical schemes

in the LBM framework. The lid-driven cavity flow is considered an effective test case

owing to the relatively simple geometry and boundary conditions. Because the flow

exhibits progressively complex features as the Reynolds number increases, the ability of

LBM to capture the correct flow behaviour in different regimes is examined. The effect

of the relaxation time is thoroughly investigated due to its significant contribution to

the overall numerical accuracy and stability. Fullway and halfway bounce-back schemes

are compared as boundary conditions strategies along with a discussion on important

limitations. Finally, three common collision operators are investigated and reviewed.

Chapter 5 addresses the diffuse-interface effects associated with the present IBM

implementation. Four benchmark problems are considered: flow past a cylinder, settling

of a particle under gravity, flow around two impacting particles, and the drafting-kissing-

tumbling process of two particles settling in a channel. These test cases highlight the

significant impact of the diffuse interface on problems involving confined geometries and
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interactions between solid particles. To provide a comprehensive analysis, the results

are compared to available analytical formulations, experimental data and the results of

sharp-interface methods. A boundary retraction scheme is considered as an approach to

limit the diffusive boundary effect and improve accuracy. The optimal implementation

strategies for different problems are tested and examined.

Chapter 6 investigates the numerical stability of IBM schemes for problems involv-

ing solid particles whose density is comparable to or smaller than the density of the

surrounding fluid. The focus is placed on assessing the performance of the strongly

coupled IB–LBM in this configuration and on clarifying the role of the internal-mass

effect. Test cases involving particles falling and rising at different Reynolds numbers

are considered to compare the performance and stability properties of weakly coupled

and strongly coupled schemes, and investigate the dynamics of light particles.

Chapter 7 considers vortex-induced vibration problems to evaluate the ability of

the strongly coupled IB-LBM to accurately capture complex phenomena associated

with light structures. Particular attention is given to the critical-mass effect and the

emergence of distinct response branches, as well as to the stability of the method when

approaching very low density ratios. The analysis includes simulations of flow past a

stationary cylinder and of a freely oscillating cylinder over a range of Reynolds numbers

and mass ratios.

Finally, Chapter 8 consolidates the contribution of the research conducted in this

thesis and outlines insights into future scopes and challenges.
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Chapter 2

Theoretical Framework and

Physical Model

This chapter aims to establish a theoretical foundation for the following work by in-

troducing the fundamental concepts and models that describe the relevant physical

phenomena. Starting from the mathematical description of fluid dynamics at differ-

ent length and time scales, the main governing equation and characteristic parameters

are introduced in Section 2.1. In Section 2.2, the macroscopic description of fluids is

introduced within the framework of continuum theory, showing how conservation laws

and constitutive relations define the governing equations. Focusing on the mesoscopic

scale, Section 2.3 discusses the most important concepts of kinetic theory and presents

the Boltzmann equation alongside its assumptions. After establishing the fluid descrip-

tion, the physical model is completed by introducing the fluid–structure interaction

formulation in Section 2.4. The mathematical description of coupled fluid–solid sys-

tems is outlined, including the equations of motion for rigid bodies, the balances of

force and torque, and the contact model used to describe collisions and interactions be-

tween solids. Finally, Section 2.5 focuses on vortex-induced vibrations as characteristic

fluid–structure interaction phenomena, discussing the mechanisms of vortex shedding

and the resulting structural response regimes.
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2.1 Mathematical Description

The mathematical description of fluid dynamics is based on the fundamental assump-

tion that the observed macroscopic phenomena arise from the dynamics of microscopic

particles [7]. The microscopic description of fluids focuses on individual atoms and

molecular systems that are governed by Newton’s equations of motion. At the macro-

scopic scale, the continuum assumption states that the observed fluid properties are

based on average measures of the atomistic behaviour. Macroscopic systems are gov-

erned by the Navier-Stokes equations (NSE) that predict macroscopic properties such

as density, velocity and temperature. The mesoscopic description of fluids operates

between the microscopic and macroscopic scales and it is based on the kinetic theory.

At the mesoscopic scale, the Boltzmann equation tracks the distribution of particles in

a fluid rather than individual molecules [48].

2.1.1 Characteristic Scales

Each description of fluid dynamics is connected to a representative length scale. Micro-

scopic systems are described by the length scale ℓa associated with the size of a fluid

atom or molecule. The mesoscopic scale is characterised by the mean free path ℓmfp,

defined as the average distance travelled by a particle between two successive collision

events. In macroscopic systems, the characteristic length ℓ is defined by the scale for

gradients of macroscopic properties. The hierarchy of length scale from small to large

is defined as ℓa ≪ ℓmfp ≪ ℓ.

The mathematical description of fluid systems is also defined by a hierarchy of time

scales based on the different length scales. At the atomistic scale, particles are con-

stantly moving with an average thermal velocity vT and they participate in collisions

that move them out of the equilibrium state. Thus, microscopic systems are charac-

terised by collision events whose duration defines the collision time tc ∼ ℓa/vT. At the

mesoscopic scale, the system relaxes to local equilibrium through collision events and

the representative time scale is defined by the mean flight time between two successive

collisions tmfp = ℓmfp/vT. The macroscopic description operates at time scales suffi-
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ciently large to allow averaging over microscopic time scale disturbances. Furthermore,

a significant microscopic change that relaxes over a macroscopic time scale can be de-

tected and represented by macroscopic average properties. In a macroscopic system,

the hydrodynamic time scale can be defined for both the inertial tadv ∼ ℓ/u and the

viscous tdiff ∼ ℓ2/ν regime. The ratio between the diffusive and advective time scales

defines the Reynolds number

Re =
tdiff
tadv

=
u ℓ

ν
, (2.1)

where u is the macroscopic fluid velocity and ν is the kinematic viscosity. The acoustic

time scale tsound ∼ ℓ/cs can be defined as the characteristic time associated with com-

pression waves propagating through a fluid medium. The ratio between the acoustic

and advective time scales defines the Mach number

Ma =
tsound
tadv

=
u

cs
, (2.2)

where cs is the speed of sound in the fluid. When the fluid velocity u approaches the

speed of sound cs, compressibility effects become relevant. It is usually assumed that a

steady flow with Ma ≤ 0.3 is incompressible [42, 49].

Another important nondimensional parameter is the Knudsen number, which is de-

fined as the ratio of the mean free path ℓmfp over a representative length scale ℓ

Kn =
ℓmfp

ℓ
. (2.3)

This dimensionless number quantifies the rarefaction effects and it is particularly im-

portant for rarefied gas dynamics and microfluidics. The Knudsen number can be

considered as the dimensionless parameter that characterizes the relative number of

intermolecular and molecule surface collision [50].

When the representative length scale of the fluid system ℓ is significantly larger than

the mean free path ℓmfp, the Knudsen number is small, and the fluid can be considered

as a continuum. When the continuum hypothesis is valid, the fluid can be represented by

fluid elements that are small with respect to the system size, but large in comparison

12



Chapter 2. Theoretical Framework and Physical Model

to the size of individual molecules. The flow regime for Kn ≤ 10−2 is classified as

continuum regime and the Navier–Stokes equations govern the flow [7, 51–53]. The

conventional no-slip boundary condition for the fluid velocity at the wall is valid, and

the main mechanism of transport is bulk diffusion [54].

The Knudsen number is correlated to the Mach and Reynolds numbers according to

Kn = α
Ma

Re
, (2.4)

where α is a numerical constant. These nondimensional parameters play an important

role in defining the law of similarity. This fundamental principle states that fluid flows

which share the same dimensionless numbers provide the same physics when they are

scaled by the characteristic scales of the problem [48].

2.1.2 Governing Equations

The most fundamental description of a fluid system is given by the Hamiltonian dy-

namics for N ∼ O(1023) identical point particles [39]. An alternative to this complex

deterministic description can be derived by shifting the focus to the dynamics of a

group of molecules. This requires a statistical description based on probabilistic con-

cepts, such as the probability density function. The evolution of the probability density

function for an N particle system is described using the Liouville equation [39,55]. This

probabilistic approach is still a complex description based on a function of ∼ O(1023)

variables. The Liouville equation can be simplified by limiting the description to the

interactions between n (< N) particles and adding a correction term to account for the

remaining particles outside of this group. This results in a set of N ∼ O(1023) cou-

pled equations known as the BBGKY (Bogoliubov, Born, Green, Kirkwood and Yvon)

hierarchy of equations [56]. The main advantage of this formulation compared to the

Liouville equation is that it can be approximated by truncating the hierarchy. Further

simplification is achieved by introducing the molecular chaos assumption, which states

that the velocities of the molecules participating in a collision are uncorrelated. This

argument leads to the formulation of the Boltzmann equation, which is described in
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detail in Section 2.3.

The Boltzmann equation can be approximated using the Chapman-Enskog analy-

sis [57]. The analysis procedure expands the distribution function using an appropriate

expression and then isolates the important terms while neglecting the others [39]. The

zeroth–order solution of the Chapman-Enskog expansion defines the equilibrium so-

lution, which corresponds to the Euler equations. The first-order solution yields the

compressible Navier–Stokes equations, while the second-order and third-order solutions

lead respectively to the Burnett and super-Burnett equations [39].

2.2 Continuum Theory

At the macroscopic level, fluid behaviour is governed by the fundamental conservation

laws of mass, momentum, and energy, which form the basis of the continuum description

of fluid mechanics. Conservation laws are derived by applying a balance principle to a

control volume, where the rate of change of a property inside the volume is determined

by the flux across its boundary and any sources within [42,58].

The conservation of mass is expressed by the continuity equation in the following

form
∂ρ

∂t
+∇ · (ρu) = 0, (2.5)

where ρ denotes the mass density and u the fluid velocity.

The conservation of momentum can be written in the general form of the Cauchy

momentum equation
∂ (ρu)

∂t
+∇ · (ρuu) = ∇ · τ + F, (2.6)

where τ is the stress tensor and F represents body forces acting on the fluid. The stress

tensor accounts for both the pressure p and viscous stress σ contributions [42,59]

τ = −p I+ σ , (2.7)

where I is the identity tensor. In the simplest case of an inviscid fluid, momentum

transfer occurs only through reversible mechanisms, and the stress tensor reduces to
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the isotropic pressure contribution τ = −p I. The corresponding momentum balance

takes the form of the Euler equation

∂ (ρu)

∂t
+∇ · (ρuu) = −∇p+ F . (2.8)

In real fluids, momentum is also transferred irreversibly due to viscosity, arising from

internal friction between adjacent parts of the fluid moving at different speeds. At the

continuum scale, this effect is represented through the following constitutive relation

for the viscous stress tensor [42,49]

σ = µ
[
∇u+ (∇u)T − 2

3(∇·u) I
]
+ µB (∇·u) I , (2.9)

where µ is the dynamic shear viscosity and µB the dynamic bulk viscosity. Substitut-

ing this constitutive relation into the momentum equation recovers the Navier–Stokes

equation in the following form

∂ (ρu)

∂t
+∇ · (ρuu) = −∇p+∇ · σ + F . (2.10)

To complete the mathematical description, appropriate initial and boundary conditions

must be specified. At solid walls, the no-slip condition is typically imposed, requiring

that the fluid velocity matches the velocity of the boundary [59].

2.3 Kinetic Theory

Kinetic theory is a mesoscopic scale fluid description that tracks the distribution of

particles in a gas. The representative length scale is the mean free path ℓmfp and the

characteristic time scales is the mean collision time tmfp.

Kinetic theory is most commonly applied to the simplest case of dilute gases [39].

Given the ideal gas law, it is assumed that all the molecules are packed uniformly so

that the relationship between the mean molecular spacing δm and the number density

of the gas nm is defined as δm ∝ n
−1/3
m . It is useful to compare the mean molecular

spacing δm to the typical molecular diameter d to define the characteristic of the flow.
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When the molecular spacing is an order of magnitude larger than the molecular diameter

δm/d ≫ 1 the gas is dilute. For dilute gases, it can be assumed that the characteristic

time scale of intermolecular collisions tc is significantly shorter than the mean flight time

between two successive collisions tmfp, so that tc ≪ tmfp. This approximation indicates

that binary intermolecular collisions are more common than simultaneous multiple col-

lisions. Thus, the events involving three or more particles colliding simultaneously can

be neglected [55].

When the mean molecular spacing δm approaches the characteristic scale of the

molecular diameter d, the gas is defined as dense. In dense gases, molecules are closer

together and therefore simultaneous multiple collisions are more frequent. This assump-

tion complicates the treatment of intermolecular collision, and more complex models

are required [39].

The kinetic theory description is limited to monatomic gases undergoing elastic

collisions, so that all translational energy is conserved. Molecules consisting of several

atoms require models that include rotational and vibrational energy [7].

2.3.1 Distribution Function

The kinetic theory description is based on the particle distribution function f(x, ξ, t),

which represents the density of particles with velocity ξ = (ξx, ξy, ξz) at position x

and time t. The distribution function f can be connected to macroscopic variables by

integrating it over the velocity space with appropriate weight functions. Those integrals

are referred to as moments of the distribution function and they recover the following

macroscopic quantities

• Mass density

ρ(x, t) =

∫
f(x, ξ, t) d3ξ . (2.11)

• Momentum density

ρ(x, t)u(x, t) =

∫
ξ f(x, ξ, t) d3ξ . (2.12)
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• Total energy density

ρ(x, t)E(x, t) =
1

2

∫
|ξ2| f(x, ξ, t) d3ξ . (2.13)

Generally, intermolecular collisions and surface interactions tend to balance the angular

distribution of particle velocities around the macroscopic mean velocity u. Therefore, it

is useful to assume that after a sufficiently long time the particle distribution function

f(x, ξ, t) relaxes to an equilibrium distribution function f eq(x, ξ, t). The equilibrium

distribution function is isotropic in velocity space around ξ = u. The deviation of the

particle velocity ξ from the local mean velocity u defines the relative velocity v

v(x, t) = ξ(x, t)− u(x, t) . (2.14)

In a reference frame moving with speed u, the equilibrium distribution function can be

expressed as

f eq(x, |v| , t) = e3a eb|v|
2

, (2.15)

where a and b are constants. Their value can be determined by constructing f eq such

that its moments are the same as those of the distribution function f due to the conserva-

tion of mass, momentum, and energy in monatomic collisions. In the original derivation

proposed by Maxwell, the equilibrium distribution function f eq is of the form

f eq(x, |v| , t) = f

(
1

2πRT

)3/2

e−|v|2/(2RT ) , (2.16)

where R is the specific gas constant and T is the temperature. This form of the equilib-

rium distribution function is called the Maxwell-Boltzmann distribution and it represents

an equilibrium state of the gas [7, 48, 56].

2.3.2 Boltzmann Equation

While the distribution function for a gas in an equilibrium state is given by the Maxwell-

Boltzmann distribution, the evolution of the distribution function for a non-equilibrium
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state is determined by the Boltzmann equation. The Boltzmann equation can be derived

from the Liouville equation, but some important assumptions are required to complete

its formulation [39,57,60,61]

i. Only binary collisions are considered. Intermolecular collision events between

three or more particles are neglected.

ii. It is assumed molecular chaos, so that the velocities of colliding particles are

uncorrelated.

iii. Particles participate in localised collisions both in space and time.

Those assumptions can be fulfilled by considering a statistical distribution of particles

and assuming that the time of intermolecular interaction is significantly shorter than

the time between two successive collisions. This formulation of the Boltzmann equation

is limited to dilute systems of monatomic gases undergoing elastic collisions. Then, the

Boltzmann equation can be expressed in the form

∂f

∂t
+ ξ · ∇f + F · ∇ξ f = Ω(f) , (2.17)

where F is an external body force. The first two terms of the Boltzmann equation

represent the advection of the distribution function with velocity ξ. The third term

incorporates the external body force F affecting the distribution function. The source

term Ω(f) represents the local redistribution of the distribution function due to colli-

sional interactions and it is known as the collision operator. This term accounts for all

the possible outcomes of binary collisions and encompasses any selection of intermolec-

ular forces. The Boltzmann equation describes the evolution of a distribution function

f(x, ξ, t) participating in molecular transport and binary intermolecular collisions.

Since monatomic elastic collisions conserve the quantities of mass, momentum, and

translational energy, they can be expressed as constraints for the moments of the colli-

sion operator Ω in the following way

• Mass conservation ∫
Ω(x, ξ, t) d3ξ = 0 . (2.18)
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• Momentum conservation

∫
ξΩ(x, ξ, t) d3ξ = 0 . (2.19)

• Total energy conservation

∫
|ξ|2Ω(x, ξ, t) d3ξ = 0 . (2.20)

The kinetic Boltzmann equation can be connected to the classical continuum description

through the Chapman-Enskog analysis [7,55,56,62]. The distribution function f is ex-

pressed as a perturbation expansion about f eq to find the non-equilibrium contributions

connected to phenomena such as viscous dissipation and heat diffusivity [7,39,48]. The

distribution function f can be formally expanded in powers of a smallness parameter ϵ

identified with the Knudsen number Kn

f =
∞∑
n=0

ϵn fn = f (0) + ϵ f (1) + ϵ2 f (2) + ... (2.21)

Based on the assumption of a weak departure from local equilibrium, hydrodynamic

equations can be recovered as the macroscopic limit of kinetic theory [39]. The ze-

roth order expansion in Kn corresponds to the Maxwell-Boltzmann distribution f eq,

leading to the inviscid Euler equations [39]. The first-order approximation recovers the

Navier–Stokes equations with explicit expressions for the transport coefficients [7, 39].

It should be noted that the Navier–Stokes equations derived via the Chapman–Enskog

expansion are not the most general form, as this derivation is limited to the context of

binary collision mechanics and ideal gases [63].

2.3.3 Boundary Conditions

At the mesoscopic scale, solid walls affect the distribution function f(x, ξ, t) [56]. There-

fore, the Boltzmann equation should be solved alongside boundary conditions that take

into account the influence of the gas–surface interaction [60]. On the surface of the

boundary, the distribution function of incident particles moving with velocity ξ′ is re-
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lated to that of reflected molecules with velocity ξ. The number of particles having the

velocity in d3ξ near ξ′ and impinging the wall surface per area unit and per time unit

is given by

− ξ′n f(x, ξ
′, t) d3ξ′ ξ′n = ξ′ · n , (2.22)

where n is the unit vector normal to the surface and directed towards the bulk flow.

Correspondingly, the wall surface reflects the number of particles having the velocity in

d3ξ near ξ′ can be expressed as

ξn f(x, ξ, t) d
3ξ ξn = ξ · n . (2.23)

Then, the probability density that molecules hitting the wall with velocity between ξ′

and ξ′ + d3ξ′ at location x at time t are reflected with velocity between ξ and ξ + d3ξ

is given by

R
(
ξ′ → ξ; x, t

)
, (2.24)

where R is the non-negative scattering kernel. Thus, the boundary condition for the

distribution function f(x, ξ, t) can be expressed as

f(x, ξ, t) ξn =

∫
H (−ξn) |ξn′ | R

(
ξ′ → ξ; x, t

)
f(x, ξ′, t) d3ξ′ , (2.25)

where H is the Heaviside step function. If there is no adsorption on the wall surface,

then ∫
H (ξn) R

(
ξ′ → ξ; x, t

)
d3ξ′ = 1 . (2.26)

There are several models of scattering kernels that express the different interactions

between the gas molecules and the wall surface [55]. Scattering kernels express complex

interactions and therefore obtaining their complete form is usually challenging [60].

However, to describe gas–surface interactions at the macroscopic level it is sufficient to

know some integral characteristics of the scattering kernels [7]. Those average param-

eters are called accommodation coefficients and they describe momentum and energy

transfer between the molecules and the wall. The thermal accommodation coefficient is
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given by

σT =
dEi − dEr

dEi − dEw
, (2.27)

where dEi and dEr are the energy fluxes of incoming and reflected molecules per unit

time, respectively. The term dEw denotes the energy flux corresponding to incoming

molecules reflected with the energy flux equivalent to the surface temperature Tw. The

condition σT = 1 corresponds to the perfect energy exchange.

The tangential momentum accommodation coefficient defines the tangential momen-

tum exchange between the gas molecules and the wall surface

σξ =
τi − τr
τi − τw

, (2.28)

where τi and τr are respectively the tangential momentum of incoming and reflected

molecules, and τw is the tangential momentum of reflected molecules corresponding to

that of the wall surface. The most important limits for the accommodation coefficient

values correspond to the following cases [56]

• σξ = 0 corresponds to specular reflection. In this case, the tangential velocity

of the reflected molecules is unchanged, but the normal velocity is reversed due

to the normal momentum transfer to the surface. The fluid does not exchange

tangential momentum with the wall, resulting in the limit of inviscid flow.

• σξ = 1 corresponds to diffuse reflection. In this case, the molecules are reflected

with zero average tangential velocity. Therefore, the fluid exchanges tangential

momentum with the walls. This corresponds to the so-called perfect accommoda-

tion, because the molecules are reflected with a Maxwellian distribution function

despite their initial tangential momentum.

The original model proposed by Maxwell for the scattering kernel is of the form

R
(
ξ′ → ξ; x

)
= (1− σξ) δ

(
ξ′ − ξ + 2n ξn

)
+

2σξ β
4
w

π
e(−β2

w ξ2) . (2.29)

The most popular scattering kernel is the Cercignani–Lampis model, which includes

Brownian motion [7, 55]. It introduces the tangential accommodation coefficient, 0 ≤
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σt ≤ 2, and the normal accommodation coefficient, 0 ≤ σn ≤ 1. It can be formulated as

R
(
ξ′ → ξ; x

)
=
2σt σn (2− σt)β

4
w

π

exp

(
−β2

w

ξ2n + (1− σn) (ξ
′
n)

2

σn
− β2

w

(ξt − (1− σt) ξ
′
t)

2

σt (2− σt)

)

I0

(
β2
w

2
√
1− σt ξn ξ

′
n

σt

)
,

(2.30)

where I0 is the zeroth-order modified Bessel function of the first kind.

2.4 Fluid-Structure Interaction

A fluid–structure interaction problem is characterised by a set of governing equations

that must be satisfied in the fluid domain and corresponding equations for solid mo-

tion, together with coupling conditions that enforce physically consistent behaviour at

the interface. In general, the domain of a fluid-structure interaction problem can be

schematically represented by a solid domain Ωs, a fluid domain Ωf and a boundary

Γs = Ωs ∩ Ωf , as shown in Figure 2.1. The flow behaviour depends on the instanta-

neous position and motion of the solid, while the solid responds to the hydrodynamic

forces exerted by the surrounding fluid. At the interface, the kinematic compatibility

condition requires continuity of velocity, which in the case of a rigid body is equivalent

to the no-slip condition.

Within this framework, the solid dynamics are described by the equations of motion

and by the associated balances of linear and angular momentum, while interactions

between different bodies are represented through a contact model. These elements

provide the physical basis on which the numerical formulation presented in the following

chapters is built.
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Γs
Ωs

Ωf

Figure 2.1: Schematic representation of a generic FSI domain, with the solid domain
Ωs, the fluid domain Ωf , and the interface Γs.

2.4.1 Equations of Motion

The motion of a rigid particle immersed in a fluid is governed by Newton’s second law.

For the translational motion, this can be expressed in the form

mp
d2Xp

dt2
= Fp , (2.31)

where mp is the mass of the particle, Xp are the coordinates of the particle centre, and

Fp is the force acting on the particle. The equations of motion for the rotational degree

of freedom are given by

Ip
d2θp

dt2
= Tp , (2.32)

where Ip is the moment of inertia, θp is the angular displacement of the particle centre

and Tp is the total torque.

2.4.2 Momentum Balance Equations

The dynamics of a coupled fluid–solid system can be described by applying the momen-

tum balance to the solid domain Ωs bounded by the interface Γs. The conservation of

linear momentum requires that the total external force acting on the solid domain equals

the rate of change of the total momentum of the system. The external forces consist of

contributions of volume forces fv arising from fields acting on the whole domain, and
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surface forces. The momentum balance equation can be expressed as

d

dt

∫
Ωs

ρf u dV =

∫
Ωs

ρf fv dV +

∫
Γs

τ · n dS , (2.33)

where ρf is the fluid density, τ is the hydrodynamic stress tensor and n is the unit

normal vector. In the following discussion, the hydrodynamic force is considered the

only body force source Fp applied on the immersed structure by the surrounding fluid.

Therefore, the equations of motion for a structure immersed in a fluid can be determined

from the conservation of linear momentum

Fp =

∫
Γs

τ · n dS . (2.34)

Considering Equation 2.33, the equation of motion given by Equation 2.34 can be mod-

ified as follows

Fp =
d

dt

∫
Ωs

ρf u dV −
∫
Ωs

ρf fv dV , (2.35)

An analogous relation follows from the balance of angular momentum

d

dt

∫
Ωs

ρf r× u dV =

∫
Ωs

ρf r× fv dV +

∫
Γs

r× (τ · n) dS , (2.36)

where r is the position vector of the surface point with respect to the centre of the

immersed structure. The angular equation of motion is given by

Tp =

∫
Γs

r× (τ · n) dS . (2.37)

The surface force in Equation 2.36 can be formulated using the corresponding expression

determined by Equation 2.37

Tp =
d

dt

∫
Ωs

ρf r× u dV −
∫
Ωs

ρf r× fv dV . (2.38)
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2.4.3 Contact Model

In fluid–structure interaction problems, solid bodies may come into contact with each

other or with boundaries, generating additional forces. These interactions are described

using a contact model that relates the interaction force to the relative motion and local

deformation at the contact point.

In the soft-sphere formulation [64], particles are treated as deformable bodies that

undergo small, reversible deformations during contact and recover their original shape

once the contact is released [65]. Interactions are modelled by allowing a small overlap

between the contacting particles, which represents local elastic deformations at the

points of contact [66, 67]. The contact forces are then evaluated as functions of the

overlap between particles and the relative velocity at the contact point [68]. Considering

a pair of particles of radii Ri and Rj, as shown in Figure 2.2, their normal overlap

distance δn is given by

δn = (Ri +Rj + εc)− |Xi −Xj| , (2.39)

where Xi and Xj are the centre coordinates and εc is a user defined critical distance.

The unit normal vector is n = (Xi +Xj) / |Xi −Xj|. The relative particle velocity at

contact point Vij is defined as

Vij = (Ui +Uj) +Ri n×Θi +Rj n×Θj , (2.40)

where U and Θ are respectively the translational and the angular velocities of the

particles’ centre of mass. A linear spring-dashpot model is applied to both particle-

particle and particle-wall interactions when the distance is less than the critical value

εc [69]. This model represents contact interactions through a combination of linear

mechanical elements, where the spring accounts for the elastic response of the material

and the dashpot introduces energy dissipation associated with plastic deformations [70].

The contact force Fc can be decomposed into normal Fcn and tangential Fct terms that
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δ

Ri

Rj

(a) Particle interaction.

c

k

η

(b) Contact model.

Figure 2.2: Schematic representation of the contact between two particles: (a) particle
interaction and (b) contact model.

are respectively calculated as follows

Fcn = kn δn + cn vn , (2.41a)

Fct =


kt∆ δt + ct vt Fct < η Fcn ,

η Fcn Fct ≥ η Fcn ,

(2.41b)

where kn, kt are the normal and tangential spring coefficients, cn, ct are the normal and

tangential damping coefficients, ∆ δt is the relative tangential displacement, and η is the

friction coefficient. The relative normal velocity at contact point is vn = −Vij ·n and the

relative tangential velocity at contact point is vt = −n×(Vij − vn n). The contact force

is defined as the sum of an elastic component, proportional to the overlap through the

spring stiffness, and a viscous damping component, proportional to the relative velocity.

The elastic force term conserves the kinetic energy of collision, while the viscous term

accounts for energy dissipation during contact. In the tangential direction, a frictional

slider is introduced to represent the onset of sliding according to Coulomb’s friction

law [65].

2.5 Vortex-Induced Vibrations

Vortex-induced vibrations (VIV) are a type of flow-induced vibrations phenomena typ-

ically occurring in steady external flow around bluff bodies. The study of VIV en-

compasses many disciplines and its significance and practical importance have led to
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numerous research investigations [4, 71, 72]. Accurate understanding of this problem

is particularly relevant for vibration suppression as well as new applications in energy

harvesting [4, 73,74].

2.5.1 Vortex Shedding Mechanisms

One of the fundamental mechanisms underlying VIV is the flow instability associated

with vortex shedding. Because of the mutual interaction between fluid and structure,

vortex shedding exerts fluctuating forces on the solid object, resulting in a periodic

pressure distribution. Vibrations in the direction transversal to the flow have a dominant

excitation frequency corresponding to the vortex shedding frequency. Synchronisation

occurs when the natural frequency of the structure is close to the vortex shedding

frequency, resulting in a lock-in regime characterised by large amplitude oscillations. In

case of unsteady problems, an additional vibration mechanism is associated to oscillating

flow where velocity fluctuations cause variations of the drag and inertia forces [75].

Williamson and Roshko [76] investigated the wake patterns near the fundamental

lock-in region for a transversely oscillating cylinder. They reported different modes of

vortex formation and identified patterns involving single vortex (S) and vortex pair (P)

combinations. VIV phenomena can result in 2S wake patterns with two single vortices

shed in each cycle, similar to the classic vortex street wake. A different mode, termed

2P, involves the formation of a vortex pair in each cycle of body motion. For forced

vibrations problems, additional patterns include the P+S mode comprising a pair and

a single vortex shed in each cycle. The main vortex shedding modes are schematised in

Figure 2.3, showing the characteristic 2S, 2P, and P+S wake patterns.

2.5.2 Structural Response Regimes

Numerous studies focused on understanding the role of different characteristic parame-

ters associated with large amplitude vibration, such as the mass ratio m∗ given by the

ratio of structural mass to the mass of the fluid it displaces, the reduced velocity U∗, de-

fined as the free-stream velocity normalised by the natural frequency and characteristic

length of the system, and the structural damping ratio ζ. Khalak and Williamson [77]
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U0

(a) 2S.

U0

(b) 2P .

U0

(c) P + S.

Figure 2.3: Schematic representation of the main vortex shedding modes observed in
VIV problems: (a) alternate shedding of two single vortices per cycle (2S), (b) shedding
of two vortex pairs per cycle (2P), and (c) shedding of a vortex pair on one side and
a single vortex on the opposite side per cycle (P+S). The dashed line indicates the
trajectory of the cylinder centre.

studied systems characterised by low mass-damping ratios in a high Reynolds number

regime and identified three different branches of response during the lock-in regime,

namely the initial, upper and lower branches. The upper branch corresponds to the

peak amplitude oscillations, and the system is in a desynchronised state outside the

lock-in regime. Different works demonstrated that the initial branch of response is as-

sociated with the 2S mode of vortex formation, while the lower branch exhibits a 2P

pattern [71,78]. The amplitude response for the flow past a freely vibrating cylinder in

the high Reynolds number regime (4000 ≤ Re ≤ 3×104) and the associated sequence of

branches within the lock-in regime are schematically illustrated in Figure 2.4 [74,78].

Different investigations indicated that the range of reduced velocities over which

large amplitudes occur increases as the mass ratio m∗ is decreased [71, 79]. Govardhan

and Williamson [80] showed that the synchronization regime extends up to infinite re-

duced velocity when the mass ratio m∗ is less than a critical value m∗
c termed critical

mass ratio. In such cases, the lower response branch ceases to exist, and the vortex

formation mode is associated with the upper branch. The experimental study indicated

that m∗
c = 0.54 and for m∗

c < 0.54 large amplitude oscillations are observed, correspond-
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DS(I)

IB(I)

UB

LB

DS(II)

U∗

A

(a) High Re regime.

DS(I)

IB(I)

LB

IB(II)

DS(II)

U∗

A

(b) Low Re regime.

Figure 2.4: Schematic representation of the amplitude response as a function of the
reduced velocity for the flow past a freely vibrating cylinder. The shaded region indicates
the lock-in regime, within which distinct response branches are observed. Outside this
range, the system is in a desynchronized state (DS(I) and DS(II)). (a) High Re regime:
the response consists of the initial branch (IB(I)), upper branch (UB), and lower branch
(LB). (b) Low Re regime: the response exhibits three branches IB(I), LB, and IB(II).
Adapted from Navrose and Mittal [74]

ing to the resonance forever phenomenon. Various studies at high Reynolds number

highlighted that the response amplitude exhibits a sharp increase as the mass ratio is

decreased below the critical value m∗
c , corresponding to the upper branch response with

a 2P vortex shedding mode. It was demonstrated that the value of the critical mass

ratio increases with the Reynolds number. Conversely, mass ratio values greater than

m∗
c correspond to the lower branch associated with a 2S vortex shedding pattern [74,80].

The laminar flow regime corresponding to 40 ≤ Re ≤ 200 is characterised by three

response branches, defined as initial branch I, lower branch and initial branch II [74]. In

this case, the largest oscillation amplitude is associated with the lower branch and it is

significantly lower than the high Re case [74,80]. The different branches of response in

the low Reynolds number regime are schematically represented in Figure 2.4. Different

studies at low Reynolds number proved that the structural response is associated with a

2S vortex shedding mode [81–83]. Shiels et al. [84] investigated the transverse oscillation

of a circular cylinder at Re = 100 for a limiting case with mass, damping and stiffness

set to zero. It was demonstrated that the cylinder vibrates sinusoidally with large

amplitude oscillations at a frequency close to the vortex shedding frequency. Ryan et

al. [85] studied the flow-induced vibration of a circular cylinder oscillating transversely
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to the flow in the Reynolds number interval 30 ≤ Re ≤ 200 for an infinite reduced

velocity. The research indicated two separate regions of high amplitude oscillations: the

viscous region 40 ≤ Re ≤ 95 and the higher Reynolds number region 180 ≤ Re ≤ 200.

In the Reynolds number range 100 ≤ Re ≤ 170, the cylinder response exhibits low

amplitude oscillations which decrease with decreasing mass ratio values. They defined

the critical mass ratio m∗
c as the mass ratio corresponding to a jump in the amplitude

of the response and determined its values as a function of Reynolds number. In the

viscous region m∗
c decreases as the Reynolds number increases, while no critical mass

ratio could be defined in the range 100 ≤ Re ≤ 170.

2.6 Summary

This chapter introduced the mathematical description supporting the modelling ap-

proach and established the theoretical framework used in the following work. Charac-

teristic scales and parameters were first introduced to provide an overview of the math-

ematical description of fluid dynamics. The continuum theory was outlined, focusing

on conservation laws and the definition of the stress tensor. The fundamental concepts

of the mesoscopic description of fluid dynamics were introduced, and the principles of

kinetic theory were discussed to derive the Boltzmann equation.

A mathematical framework for fluid–structure interaction was formulated, including

the governing equations, the associated momentum balance, and the treatment of con-

tact interactions. Finally, the main features of vortex-induced vibrations were discussed

as an important application of fluid–structure interaction, illustrating the underlying

physical mechanisms.
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Numerical Methods

This chapter presents the numerical methods considered to model fluid-solid interaction

problems and discusses in detail their implementation in the lattice Boltzmann frame-

work. Section 3.1 provides an overview of the numerical methods, including strategies

for coupling the motion of the fluid and the structure and representing the fluid–solid

interface.

The lattice Boltzmann method is introduced in Section 3.2 as the fluid solver adopted

in this work. Based on the principles of kinetic theory, the lattice Boltzmann equation

is derived, and its general numerical implementation is discussed. Different solutions to

model the complex collision operator are presented with a focus on the central moment

method and the corresponding forcing scheme. Additionally, an overview of the most

common boundary conditions is provided, including the strategies to model fluid-solid

boundary conditions for moving geometries and complex shape problems.

The fundamental concepts of the immersed boundary method are discussed in Sec-

tion 3.3 as a strategy to represent moving solid bodies and their interaction with the

surrounding fluid. Focusing on its implementation within the LBM framework (IB-

LBM), the key ideas behind the representation of the fluid-solid domain and the en-

forcement of the no-slip boundary condition are presented. To improve the accuracy

and efficiency of the general IBM scheme, the multi-direct-forcing method (MDF) is

introduced, and its implementation is discussed in detail. In order to accelerate the

convergence rate, the relaxed MDF scheme is considered, and its numerical realisation
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and advantages are analysed. To provide a complete description of the challenges posed

by the numerical implementation of the IBM, the internal mass effect is explained, and

different mitigation strategies are systematically compared. The extension to a strongly

coupled formulation is also presented to address stability issues related to the fluid-solid

coupling strategy.

Section 3.4 aims to provide a brief introduction to the discrete element method for

modelling particle contacts and the associated interaction forces. Finally, the combined

DEM-IB-CLMB approach is presented, and its numerical implementation is summarised

in Section 3.5.

3.1 Numerical Framework

The methodology developed in this work integrates different numerical approaches that

interact consistently within a coupled fluid–structure setting. Before presenting the

detailed formulations, the broader context in which these methods operate is outlined.

First, an overview of numerical methods commonly employed in fluid and particle dy-

namics is provided, highlighting their characteristic scales and governing equations.

The discussion then focuses on fluid–structure problems, introducing the most common

approaches to couple the governing equations of the two domains. Finally, different

strategies for representing moving interfaces are reviewed, with emphasis on body-non-

conforming methods.

3.1.1 Overview of Numerical Methods

Covering the range from microscale to macroscale, a plethora of numerical methods

have been introduced to solve fluid dynamics problems. A schematic overview of the

most popular numerical methods, their reference scales and governing equations is given

in Table 3.1.

At the microscopic level, one of the most powerful simulation methods is molecular

dynamics (MD) [86,87]. This approach is based on the integration of Newton’s equation

of motion to compute the trajectories of particles that model the atoms and molecules
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Table 3.1: Overview of commonly used numerical methods classified according to their
characteristic reference scales and governing equations.

Description Scale Equation Method

Macroscopic ℓ , t Navier-Stokes
FDM
FVM
FEM

Mesoscopic ℓmfp , tmfp Boltzmann
LBM
DVM
DSMC

Microscopic ℓa , tc Newton MD

of the system [7]. Particle interaction is governed by interatomic forces, which are

modelled by intermolecular potentials [86,88].

Mesoscale methods bridge the gap between atomistic and continuum models. Dis-

sipative particle dynamics (DPD) captures larger length and time scales than MD by

modelling particles that correspond to coarse-grained entities, rather than individual

atoms [7, 89]. Another effective particle-based method is the discrete element method

(DEM), which is discussed in detail in Section 3.4.

Mesoscopic methods based on kinetic theory can be broadly classified into deter-

ministic and stochastic models. The most popular deterministic method is the discrete

velocity method (DVM), based on a discrete approximation of the Boltzmann equation

that leads to the discrete velocity Boltzmann equation [60, 90]. Other closely related

methods are the unified gas kinetic scheme (UGKS) and the discrete unified gas ki-

netic scheme (DUGKS) [91, 92]. Another popular deterministic mesoscopic method

is the LBM [93, 94]. This approach historically originated from the lattice gas cellu-

lar automata (LGCA) and it can be conceptually considered as a special form of the

DVM [60, 94, 95]. A more detailed discussion of this method and its limitations is pre-

sented in Section 3.2. The most popular stochastic method for mesoscopic systems is

the direct simulation Monte Carlo (DSMC) [55, 87, 88]. This approach incorporates

the physical effects governed by the Boltzmann equation by using a set of statistically

representative particles [7].

The most common macroscopic methods are the finite difference method (FDM),
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the finite volume method (FVM) and the finite element method (FEM) [58, 96–98].

These conventional numerical methods use different approaches to discretise and solve

the Navier-Stokes equations [42,99]. Additionally, the spectral element method (SEM)

stands out as a higher-order model that combines the FEM with the accuracy of spectral

techniques [100].

3.1.2 Coupled Fluid–Structure Problems

FSI problems comprise a fluid and a solid domain that are governed by a coupled system

of equations. Numerical methods for the solution of the coupled governing equations

of fluid and structural motion are generally classified into monolithic and partitioned

approaches [43, 101,102].

Monolithic approaches solve the flow and structural equations simultaneously using

a single solver [10, 103]. Since the mutual influence of the governing equations is di-

rectly taken into account, the enforcement of the coupling conditions at the interface

is achieved exactly, and these approaches are unconditionally stable [1]. However, this

strategy generally entails significant computational costs and does not allow the selec-

tion of suitable modular solvers with different numerical methods for fluid and solid

equations [43].

Conversely, partitioned approaches treat the fluid and solid domains as distinct

and solve the corresponding equations separately using different solvers [104]. This

strategy requires a coupling algorithm that determines the interaction and information

transfer between the solvers to ensure that the boundary conditions at the interface are

accurately modelled [10].

Partitioned approaches can be further classified into weakly coupled and strongly

coupled methods based on the strategy implemented for the time integration of the

structural governing equations [43, 105]. In weakly coupled schemes, the solution of

the fluid and structural equations is performed in a sequential manner at each time

step [102, 106–108]. This approach retains the advantage of a simple implementation

of the coupling strategy between the different solvers, and the computational cost per

time step is fixed since no iterations are required.
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Strongly coupled schemes implement a concurrent solution of the fluid and structural

equations by performing an iterative process at each time step until the coupled solu-

tion converges. This strategy improves temporal accuracy, but generally the iterations

required at each time step increase the computational costs significantly. Different itera-

tive methods have been implemented to solve the coupled system of equations [109–111].

The block Gauss–Seidel method has the advantage of a simple implementation but re-

quires an under-relaxation scheme to improve the convergence rate [43,104,112]. Alter-

natively, Newton–Raphson methods do not require free parameters and generally con-

verge rapidly, but they involve the computation of Jacobian matrices, which increase

the costs significantly [10,113,114].

3.1.3 Interface Representation

Analysing FSI domains with complex geometry can be a challenging task in terms of

boundary treatment [10]. In this context, two general strategies can be distinguished. A

body-conforming grid covers the fluid domain Ωf and fits the shape of the boundary Γs,

separating it from the solid domain Ωs. Alternatively, a non-conforming computational

grid is not fitted to the solid body and spans the entire geometry Ωf ∪ Ωs.

When body-fitted computational grids are considered, increased geometrical com-

plexity can often lead to time-consuming mesh generation procedures and deterioration

of grid quality. Furthermore, problems involving moving boundaries require grid gen-

eration at every time step, which introduces additional computational costs and can

negatively impact the robustness of the solution. An alternative solution to describe

complex domains is to define a time-invariant non-conforming computational grid and

introduce additional procedures to account for the shape of the boundary.

Numerical approaches of this type are often distinguished as front-tracking or front-

capturing methods [115]. In front-capturing methods, the interface separating two dif-

ferent fluid regions is identified using a marker function defined on the fixed grid and

advected with the fluid motion [116]. The most widely used techniques are the volume-

of-fluid (VOF) method [117], which computes the local volume fraction of each fluid,

and the level-set method [118, 119], where the interface is represented as the zero level
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set of a smooth function [42]. In contrast, front-tracking methods represent the inter-

face explicitly by connected marker points, as in the implementation of Tryggvason et

al. [120].

In close analogy to front-tracking methods used for multiphase flows, the IBM is an

effective body non-conforming technique to simulate complex solid objects and moving

geometries [1, 3]. This is achieved by solving the flow field on a fixed computational

grid and representing the boundary with a set of moving marker points. This approach

eliminates the need to remesh the underlying grid for moving objects problems, since the

marker points can be used to model the time-varying geometry. A detailed discussion

of the IBM formulation is presented in Section 3.3.

3.2 Lattice Boltzmann Method

The LBM originated from the Lattice Gas Cellular Automata (LGCA), building on its

simplicity of formulation and implementation [56,121,122]. The fundamental idea of the

LBM is to simplify the complexity of the continuous Boltzmann equation by deriving

a discrete form in space and time and reducing the velocity space to a discrete set of

velocities [123].

Due to the kinetic roots of the Boltzmann equation, the LBM incorporates the

physics of microscopic interactions and describes the macroscopic dynamics as the re-

sult of the collective behaviour of microscopic particles. Therefore, the LBM is capable

of modelling fluid flow with a high Knudsen number. The LBM has become increas-

ingly popular because of its high level of scalability on parallel processing systems and

its efficiency in handling complex geometries [56]. Furthermore, the linear convention

operator simplifies the formulation of LBM significantly compared to the macroscopic

methods [44].

3.2.1 Lattice Boltzmann Equation

At the core of the LBM is the Lattice Boltzmann Equation (LBE), which forms the basis

for its numerical framework. Rather than considering the continuous distribution func-
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tions f(x, ξ, t), the LBE models the evolution of discrete distribution functions based

on a finite set of velocities [123]. The velocity-space discretisation of the Boltzmann

equation begins with the equilibrium distribution f eq, given by the Maxwell-Boltzmann

distribution introduced in Equation 2.16. This function can be expressed through a Her-

mite series expansion, whose coefficients are directly related to the conserved moments

of the distribution function. By truncating the series after the first three terms, the equi-

librium distribution can be expressed in reduced form while retaining the correct mass

and momentum integrals [48]. The integrals are then replaced by finite weighted sums

using the Gauss–Hermite quadrature, which specifies both the discrete velocity vectors

ci and the corresponding weights wi. The resulting discrete equilibrium distribution

f eq
i is defined as

f eq
i (x, t) = wiρ

(
1 +

u · ci
c2s

+
(u · ci)2

2c4s
− u · u

2c2s

)
, (3.1)

where cs represents the speed of sound. The same discretisation methodology is ap-

plied to the distribution function f(x, ξ, t), resulting in the discrete-velocity distribu-

tion function fi(x, t), which represents the density of particles with discrete velocity

ci = (cix, ciy, ciz) at position x and time t. The discrete velocities ci together with the

corresponding set of weighting coefficients wi define velocity sets {ci,wi}. They are

indicated as DdQq, where d is the size of spatial dimensions and q is the number of
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Figure 3.1: Schematics of D2Q9 and D3Q19 velocity sets.
Schematics of the discrete velocity vectors ci for the D2Q9 and D3Q19 velocity sets.
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discrete velocities. Figure 3.1 shows the velocity sets that are most commonly used for

2D and 3D simulations, i.e. the D2Q9 and D3Q19 sets [124]. Each velocity set defines

a lattice constant cs that represents the speed of sound and determines the relation

between the macroscopic pressure and density p = cs
2ρ. The velocity sets and their

corresponding weights are listed in Table 3.2 for the D2Q9 velocity set and Table 3.3

for the D3Q19 velocity set.

After defining the discrete velocity space, the Boltzmann equation is further discre-

tised in space and time using the method of characteristics. In this formulation, the

discrete-velocity distribution function fi(x, t) is defined only at the nodes of a regular

lattice with spacing ∆x and at times t, evolving in discrete time steps ∆t. The dis-

Table 3.2: Discrete velocity directions ci and corresponding weights wi for the D2Q9
velocity set.

i wi cix ciy

0 4/9 0 0
1 1/9 +1 0
2 1/9 0 +1
3 1/9 -1 0
4 1/9 0 -1
5 1/36 +1 +1
6 1/36 -1 +1
7 1/36 -1 -1
8 1/36 +1 -1

cretisation of the Boltzmann equation in velocity space, physical space, and time results

in the Lattice Boltzmann Equation, expressed in the following form

fi(x+ ci∆t, t+∆t) = fi(x, t) + Ωi(x, t) . (3.2)

This equation presents the two main processes of the method, i.e. streaming and col-

lision. Particle populations fi(x, t) stream with velocity ci to a neighbouring point

(x + ci∆t) at time (t + ∆t). The collision operator Ωi models particle collisions by

redistributing particles at each site. The discrete velocity vectors ci are defined so that

a fluid particle streams from one lattice site to a neighbouring one and collides exactly
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Table 3.3: Discrete velocity directions ci and corresponding weights wi for the D3Q19
velocity set.

i wi cix ciy ciz

0 1/3 0 0 0
1 1/18 +1 0 0
2 1/18 -1 0 0
3 1/18 0 +1 0
4 1/18 0 -1 0
5 1/18 0 0 +1
6 1/18 0 0 -1
7 1/36 +1 +1 0
8 1/36 -1 -1 0
9 1/36 +1 0 +1
10 1/36 -1 0 -1
11 1/36 0 +1 +1
12 1/36 0 -1 -1
13 1/36 +1 -1 0
14 1/36 -1 +1 0
15 1/36 +1 0 -1
16 1/36 -1 0 +1
17 1/36 0 +1 -1
18 1/36 0 -1 +1

at the lattice nodes. In the LBM, the macroscopic variables of interest can be derived

by calculating the moments of the population distribution functions fi(x, t). The den-

sity ρ(x, t) and velocity u(x, t) are respectively the zeroth and first moments of the

population distribution functions. Their expressions are given by

ρ(x, t) =
∑
i

fi(x, t) , (3.3)

ρu(x, t) =
∑
i

cifi(x, t) . (3.4)

3.2.2 Algorithm

The general LBM algorithm is divided into two successive parts: collision or relaxation

and streaming or propagation.

Collision. The first part of the algorithm is the collision step. It is a local operation

performed on the lattice node that determines the post-collision distribution function
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f⋆
i as follows

f⋆
i (x, t) = fi(x, t) + Ωi(x, t) . (3.5)

Streaming. After collision, the resulting post-collision distribution function f⋆
i is

streamed to neighbouring lattice nodes according to

fi(x+ ci∆t, t+∆t) = f⋆
i (x, t) . (3.6)

A basic LBM algorithm consists of the following steps

1. Initialise the distribution functions as f eq
i (x, 0) = f eq

i (ρ(x, 0),u(x, 0))

2. Compute the macroscopic moments ρ(x, t) and u(x, t)

3. Calculate the equilibrium distribution functions f eq
i (x, t)

4. Start time iterations

4.1. Perform the collision step

4.2. Perform the streaming step

4.3. Apply the boundary conditions

5. Repeat the previous steps increasing the time step until convergence

3.2.3 Collision Operators

The most challenging part of the LBE formulation is modelling the complex collision op-

erator Ωi. The choice of collision model and relaxation rate directly affects the accuracy

and the stability of the numerical scheme as well as the computational time [125, 126].

The most commonly used models are the Bhatnakar-Gross-Krook (BGK), the multiple-

relaxation-time (MRT) and the two-relaxation-time (TRT) collision operators [48,125].
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BGK Collision Operator

The most straightforward approach to model Ωi is the linear BGK collision operator,

which can be expressed as [44,93,124,127]

Ωi(f) = −fi(x, t)− f eq
i (x, t)

τ
∆t , (3.7)

where τ is a time constant defined as relaxation time. The BGK operator models

the evolution of the distribution function f towards the equilibrium distribution func-

tion f eq. The relaxation time τ is the parameter that controls the rate at which the

distribution function relaxes towards equilibrium, and its value determines transport

coefficients such as viscosity. Through the Chapman-Enskog analysis, the relaxation

time τ is related to the macroscopic kinematic shear viscosity ν by

ν = c2s

(
τ − ∆t

2

)
. (3.8)

The kinematic bulk viscosity νB is defined as

νB =
2ν

3
. (3.9)

The simplicity and efficiency of the BGK formulation entail reduced stability for prob-

lems involving small viscosities, large velocity magnitudes and high values of the Reynolds

number. Since the accuracy of the BGK operator is related to the relaxation time, the

numerical solution is not viscosity-independent [125,128].

MRT Collision Operator

Due to the inherent limitations of the BGK model, more advanced collision operators

are considered to achieve better simulation results [39,129]. The MRT collision opera-

tor addresses this requirement by performing the relaxation to equilibrium in moment

space and assigning individual relaxation rates to different moments of the distribution

function [48, 130]. By providing enhanced control over the relaxation rates, the MRT

model improves both numerical stability and accuracy, allowing for the simulation of a
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much broader range of problems [2, 131].

The MRT collision operator performs relaxation in moment space rather than in the

distribution function space, as seen with the BGK model. To enable this, moments are

determined from distribution functions by means of a linear transformation to moment

space. The moments mk of the distribution function fi in a DdQq velocity set can be

calculated as follows

mk =

q−1∑
i=0

Mkifi , for k = 0, ..., q − 1 (3.10)

where Mki is an element of the transformation matrix M. Thus, the linear transforma-

tion from population space to moment space is expressed as

m = Mf , (3.11)

where m is the row vector of moments mk, and f is the vector of distribution functions fi.

The equilibrium distribution function f eq
i can be mapped in moment space to determine

the equilibrium moment vectors meq
k in the following way

meq = Mf eq . (3.12)

Then, the collision step acts in moment space by relaxing each moment towards its

equilibrium value with an independent rate. This can be achieved by introducing a

diagonal relaxation matrix Λ

Λ = diag (ω0, ω1, ..., ωq−1, ) , (3.13)

where each diagonal element corresponds to the individual relaxation rate for each

moment.

In the general MRT algorithm, the conserved moments are computed from the pre-

collision populations and the moments m and meq are determined using Equation 3.11

and 3.12, respectively. The collision step is performed in moment space, and the relaxed

42



Chapter 3. Numerical Methods

moments are then transformed back to population space, where the streaming step is

performed. The MRT algorithm can be expressed as

f(x+ ci∆t, t+∆t)− f(x, t) = −M−1ΛM [f(x, t)− f eq(x, t)]∆t . (3.14)

Considering the D2Q9 velocity set, the moments of the distribution function fi are

defined as follows

mpq =

8∑
i=0

cpixc
q
iyfi , for p, q = 0, 1, 2 (3.15)

where p and q are integers corresponding to the moment order. The velocity monomials

cix and ciy are used to determine nine linearly independent basis vectors. The moments

are constructed in such a way as to satisfy the conservation laws for density and mo-

mentum. This representation allows to incorporate macroscopic physics since moments

correspond to hydrodynamic quantities [131]. The moment vector m can be expressed

as

m = (ρ, e, ϵ, jx, qx, jy, qy, pxx, pxy, ) , (3.16)

where ρ is the density, e is the energy, ϵ is related to the energy squared, jx and jy are

the components of the momentum flux, qx and qy are the components of the energy

flux, and pxx and pxy correspond to the diagonal and off-diagonal components of the

stress tensor, respectively. The moments are constructed to be mutually orthogonal,

and the corresponding transformation matrix M is defined as

M =



1 1 1 1 1 1 1 1 1

−4 −1 −1 −1 −1 2 2 2 2

4 2 2 2 2 −1 −1 −1 −1

0 1 0 −1 0 1 −1 −1 1

0 −2 0 2 0 1 −1 −1 1

0 0 1 0 −1 1 −1 −1 1

0 0 −2 0 2 1 −1 −1 1

0 1 −1 1 −1 0 0 0 0

0 0 0 0 0 1 −1 1 −1



(3.17)
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It should be noted that the rows of M are organised by ascending tensor order [131].

The quantities ρ, e, and ϵ are zeroth-order tensors and they represent the zeroth, second,

and fourth-order moments of fi, respectively. The first-order tensors jx, jy and qx, qy

are first-order moments and third-order moments, respectively. The components pxx

and pxy represent the second-order stress tensor, and they are second-order moments of

fi.

The orthogonality properties of the moments mk guarantee that they are uniquely

defined and they can be relaxed independently. This methodology allows the control

of hydrodynamic quantities by choosing the corresponding relaxation parameters ω

individually [131]. Thus, the MRT operator allows tuning shear ν and bulk νB viscosity

independently to increase the stability of numerical simulations [56]. In the MRT model

for the D2Q9 velocity set, nine collision parameters are available ω0, ω1, ω2, ω3, ω4, ω5,

ω6, ω7 and ω8. The relaxation rates for macroscopic density and momentum vector (ω0,

ω3, ω5) have no effect because they are associated with conserved moments. Therefore,

their value can be chosen arbitrarily and it is usually set to zero. The relaxation rates

ω2, ω4 and ω6 are associated with higher-order kinetic moments and they can be used

as adjustable parameters to increase the simulation performance. To satisfy isotropy

considerations, the same value is chosen for the relaxation rates ω4 and ω6. The three

remaining relaxation rates, ω7, ω8 and ω1, are related respectively to the kinematic

shear viscosity ν and the kinematic bulk viscosity νB by

ν = c2s

(
1

ω7
− 1

2

)
= c2s

(
1

ω8
− 1

2

)
= c2s

(
1

ων
− 1

2

)
, (3.18)

νB = c2s

(
1

ω1
− 1

2

)
− ν

3
= c2s

(
1

ωχ
− 1

2

)
− ν

3
, (3.19)

where the relaxation time is defined as τ = 1/ων . Therefore, the relaxation matrix Λ

assumes the diagonal form

Λ = diag (0, ωχ, ω2, 0, ω4, 0, ω4, ων , ων) . (3.20)
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TRT Collision Operator

A significant disadvantage associated with the MRT formulation is that tuning the

relaxation rates of individual moments can only be achieved through a cumbersome

parameter analysis. The TRT collision operator is a simplification of the MRT that

requires only two relaxation parameters [2,132]. In the TRT model, populations fi and

equilibrium populations feq
i are decomposed into symmetric and antisymmetric parts.

The symmetric part is then relaxed with a rate ω+ and the antisymmetric one with a

ω− relaxation parameter [133]. The general TRT algorithm is given by the following

equation

fi(x+ ci∆t, t+∆t) = fi(x, t)− ω+∆t
(
f+
i − feq+

i

)
− ω−∆t

(
f−
i − feq−

i

)
. (3.21)

In the TRT model the kinematic shear viscosity ν is defined as

ν = c2s

(
1

ω+∆t
− 1

2

)
. (3.22)

The stability properties of the TRT model are controlled by a combination of the re-

laxation rates ω+ and ω−, defined as the magic parameter Υ

Υ =

(
1

ω+∆t
− 1

2

)(
1

ω−∆t
− 1

2

)
. (3.23)

Thus, while the relaxation parameter ω+ can be used to control the shear viscosity value,

the magic parameter Υ can be freely tuned to improve accuracy and stability. Unlike the

MRT model, the bulk viscosity cannot be chosen independently from the shear viscosity

and the accuracy error shows a dependency on the chosen relaxation time. Due to the

symmetric structure of the TRT operator, the collision step can be performed just for

one half of the velocity set. In such a manner, the TRT implementation is as efficient

as BGK [48].
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Central Moment Collision Operator

It has been demonstrated that the methodology used to construct the previous collision

models violates Galilean invariance [134–137]. This property ensures that the descrip-

tion of physical phenomena implemented in a numerical scheme is independent of any

inertial frame of reference. The cascaded lattice Boltzmann method (CLBM) formu-

lated by Greier et al. [134] recovers Galilean invariance and improves numerical stabil-

ity [134,135]. In the CLBM, collisions are performed in moment space using the central

moments of the distribution function, which are obtained in a frame of reference moving

with the macroscopic fluid velocity [134]. The collision operator is represented as a cas-

caded process in which the effect of collision influences successive moments in ascending

order [135]. The CLBM collision operator can be modelled as Ωi = (K · k)i where k is

the collision kernel and K is an orthogonal transformation matrix [138, 139]. Similarly

to the MRT collision operator, CLBM defines nine linearly independent moment basis

vectors for the D2Q9 velocity set. The corresponding orthogonal transformation matrix

K is expressed as follows

K =



1 0 0 −4 0 0 0 0 4

1 1 0 −1 1 0 0 2 −2

1 0 1 −1 −1 0 2 0 −2

1 −1 0 −1 1 0 0 −2 −2

1 0 −1 −1 −1 0 −2 0 −2

1 1 1 2 0 1 −1 −1 1

1 −1 1 2 0 −1 −1 1 1

1 −1 −1 2 0 1 1 1 1

1 1 −1 2 0 −1 1 −1 1



(3.24)

The discrete central moments of the distribution function can be obtained by shifting

the frame of reference by the macroscopic fluid velocity. Considering Equation 3.15,
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central moments κ̂pq of different order pq are defined as

κ̂pq =

8∑
i=0

(cix − ux)
p (ciy − uy)

q fi , for p, q = 0, 1, 2 (3.25)

where ux and uy are the components of the macroscopic velocity in x and y direction,

respectively. The central moment vector κ̂ can be expressed as

κ̂ = (κ̂0, κ̂x, κ̂y, κ̂xx, κ̂yy, κ̂xy, κ̂xxy, κ̂xyy, κ̂xxyy) . (3.26)

In order to achieve Galilean invariance, the central moments of the equilibrium distribu-

tion function κ̂eq are constructed to be equal to the corresponding continuous moments

expressed by Equation 2.11–2.13. Therefore, the central moments of different order for

the equilibrium distribution functions f eq are assigned the following values

κ̂eq =
(
ρ, 0, 0, c2sρ, c

2
sρ, 0, 0, 0, c

4
sρ
)
. (3.27)

Central moments can be expressed as polynomials of moments in the rest frame of

reference, i.e. raw moments up to the same order. The corresponding raw moments κ

in the rest frame of reference are defined as follows

κ0 = ρ ,

κx = ρux ,

κy = ρuy ,

κxx = f1 + f3 + f5 + f6 + f7 + f8 ,

κyy = f2 + f4 + f5 + f6 + f7 + f8 ,

κxy = f5 + f7 − f6 + f8 ,

κxxy = f5 + f6 − f7 + f8 ,

κxyy = f5 + f8 − f6 + f7 ,

κxxyy = f5 + f6 + f7 + f8 .

(3.28)
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Collision invariance of conserved moments yields k0 = k1 = k2 = 0. The complete

collision kernel can be obtained starting from the lowest order central moments that

are not collision invariant by solving for the deviation of the raw moments from their

equilibrium values. These expressions are then modified to allow for a relaxation process

during collision by introducing the corresponding relaxation parameters ωi. The final

expressions of the non-conserved collision kernel vectors ki are as follows

k3 =
ω3

12

[
2c2sρ+ ρ

(
u2x + u2y

)
− (κxx + κyy)

]
,

k4 =
ω4

4

[
ρ
(
u2x − u2y

)
− (κxx − κyy)

]
,

k5 =
ω5

4
[ρuxuy − κxy] ,

k6 =
ω6

4

[
2ρu2xuy + κxxy − 2uxκxy − uyκxx

]
− 1

2
uy (3k3 + k4)− 2uxk5 ,

k7 =
ω7

4

[
2ρuxu

2
y + κxyy − 2uyκxy − uxκyy

]
− 1

2
ux (3k3 − k4)− 2uyk5 ,

k8 =
ω8

4

{
c4sρ+ 3ρu2xu

2
y −

[
κxxyy − 2uxκxyy − 2uyκxxy + u2xκyy + u2yκxx + 4uxuyκxy

]}
− 2k3 −

1

2
u2y (3k3 + k4)−

1

2
u2x (3k3 − k4)− 4uxuyk5 − 2uyk6 − 2uxk7 .

(3.29)

The central moments are relaxed in ascending order with individual relaxation rates

ωi [138–140]. To achieve an isotropic viscous stress tensor, it is required that ω4 = ω5 =

ων , where ων determines the kinematic shear viscosity [139] as shown in Equation 3.8.

The relaxation parameter ω3 is related to the bulk viscosity νB as given in Equation 3.9.

All the other relaxation parameters are set to unity to improve numerical stability [139].

The relaxation matrix Λ is given as follows

Λ = diag (1, 1, 1, ωχ, ων , ων , 1, 1, 1) . (3.30)

3.2.4 Boundary Conditions

In the LBM, boundary conditions are applied to the distribution functions fi rather

then to macroscopic quantities [56]. Since the system of mesoscopic variables has more

degrees of freedom than the corresponding macroscopic formulation, the implementation

of boundary conditions generally proves to be a challenging aspect.
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The boundary conditions are prescribed at boundary nodes xb, which indicate lat-

tice sites at the interface between the fluid and solid domain connected to at least one

solid and one fluid node. The different LBM boundary schemes can be broadly classi-

fied as link-wise and wet-nodes approaches [48]. Link-wise boundary conditions set the

boundary location on lattice links approximately midway between lattice nodes. The

most commonly used link-wise scheme is the bounce-back method. Wet-node boundary

schemes place the boundary exactly on a boundary node. In this case, the distribution

functions fi at boundary nodes can be reconstructed using information from the macro-

scopic conditions. The most popular wet-node approach is the equilibrium scheme.

In case of a rarefied gas, a diffuse boundary condition can be defined. However, a

low-order scheme is not able to capture the flow field accurately for a high or moderate

Knudsen number [56]. The most common boundary condition implementations for the

LBE are addressed in the following.

Bounce-Back Boundary Conditions

In the LBM, the most popular way to model the no-slip velocity boundary condition at

stationary walls is the bounce-back scheme [2,44,141,142]. This strategy assumes that

all the populations hitting a wall during propagation are immediately reflected in the

opposite direction. This condition ensures that there is no flux across the boundary and

that there is no relative transverse motion between fluid and boundary. The bounce-

back scheme can be implemented using two different strategies, namely the fullway and

halfway schemes [48,56,143].

Fullway Bounce-Back. Populations propagate from the boundary to the solid node,

where their velocity is inverted in the following collision step. Therefore, this scheme

only changes the collision step and implements the usual streaming step. The fullway

bounce-back method requires additional solid nodes to store the population before the

collision step. This method is a first-order approximation of the boundary condition,

so the error is proportional to the lattice spacing. Since the fullway bounce-back only

uses distribution functions at the wall lattice node, this scheme is completely local.
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xsxb

ci c-i

(a) Fullway Bounce-Back

xsxb

ci c-i

(b) Halfway Bounce-Back

Figure 3.2: Schematics of bounce-back boundary conditions. (a) Fullway: populations
propagate to the solid node xs and are reflected after collision. (b) Halfway: reflection
occurs at the midpoint between the boundary node xb and the solid node xs during
propagation. The arrows indicate the direction ci and the shaded region represents the
solid domain.

Halfway Bounce-Back. Populations propagate only through half of the distance

between the boundary and the solid node. In this case, the velocity of the particles is

inverted during the streaming step, so that the collision step remains unchanged. In

the case of a stationary wall, the streaming step is changed to

f−
i (xb, t+∆t) = f⋆

i (xb, t) . (3.31)

According to this implementation, populations leaving the boundary node xb at time t

are reflected back at the wall at time t + ∆t/2 with an opposite velocity and then at

time t + ∆t they arrive again at the node xb. The halfway bounce-back method is a

second-order approximation of the boundary condition, but it is weakly non-local since

it uses distribution functions from neighbouring nodes [128].

The implementation of the fullway and halfway bounce-back boundary conditions is

schematised in Figure 3.2. The bounce-back scheme owes its popularity to the simplicity

of implementation and the exact conservation of mass at stationary boundaries [141].

A drawback to the bounce-back rule is that second-order accuracy can only be achieved

if the wall is aligned with the lattice and cuts halfway through the lattice links [2,128].

Therefore, the implementation of this scheme for complex geometries generally leads

to different sources of error. Arbitrary surfaces are modelled by implementing a stair-

case approximation of the boundary [39]. This approximation results in a geometrical

50



Chapter 3. Numerical Methods

discretisation error that reduces the numerical accuracy.

Furthermore, when the bounce-back scheme is used in combination with the BGK

model, the exact location of the no-slip boundary depends on the specific choice of the

relaxation rate τ . This effect is often called numerical boundary slip and it leads to an

unphysical viscosity-dependent slip velocity [128,144]. The related error decreases as a

function of grid resolution and relaxation times [39]. The slip velocity is anisotropic

with respect to the underlying lattice structure because it depends on the inclination

of the boundary. Thus, the effective shape and location of the wall do not correspond

to the expected boundary [48].

Periodic Boundary Conditions

Periodic boundary conditions can be used when the flow is described by a symmetrical

pattern and the flow solution is periodic [39, 141]. They are defined as a boundary

connected to another boundary on the opposite side, so that particles leaving the domain

instantaneously re-enter at the connected boundary to ensure mass and momentum

conservation.

The periodic boundary conditions are implemented by assigning the value of the

post-collision populations leaving on one side to the post-streaming populations entering

the domain on the opposite side

fi(x, t+∆t) = f⋆
i (x+ L− ci∆t, t) , (3.32)

where L represents the direction and length of the periodic system. Periodic boundary

conditions can also be implemented during the streaming step by setting the value of

the unknown incoming populations f⋆
i equal to the one of those leaving the domain at

the opposite side

f⋆
i (x, t) = f⋆

i (x+ L, t) . (3.33)
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Velocity and Pressure Boundary Conditions

The most common boundary condition for velocity and pressure at planar boundaries

is given by Zou and He [145]. The unknown discrete velocity is determined by applying

the bounce-back rule to the non-equilibrium distribution functions. Considering the

D2Q9 velocity set and a top edge with velocity uw = (uw, vw), the wall density ρw and

distribution functions for the boundary node xb are calculated as follows

ρw =
f0 + f2 + f6 + 2(f1 + f7 + f8)

1 + vw
, (3.34a)

f4 = f8 −
2 ρw vw

3
, (3.34b)

f3 = f7 +
1

2
(f6 − f2)−

1

2
ρw uw − 1

6
ρw vw , (3.34c)

f5 = f1 +
1

2
(f6 − f2)−

1

2
ρw uw − 1

6
ρw vw . (3.34d)

This method cannot be applied to concave corners because the system of equations is

underdetermined. In that case, this approach requires both density and velocity to be

specified to remove an unknown. If the velocity boundary condition is constant, the

density value can be set equal to that of a neighbouring fluid node, while the velocity is

set to zero for constant density boundaries. For a moving wall, the bounce-back scheme

can be used with an additional source term [39].

3.2.5 Forcing Schemes

To incorporate the effect of an external force field F = (Fx, Fy), the general LBE given

by Equation 3.2 is modified as follows

fi(x+ ci∆t, t+∆t) = fi(x, t) + Ωi(x, t)∆t+ Si(x, t)∆t , (3.35)

where the discrete source term Si represents the influence of the force field in the velocity

space. The macroscopic body force is implemented using a split-forcing approach [46,
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146]. The expression of the fluid velocity given by Equation 3.4 is redefined as follows

ρu(x, t) =
∑
i

cifi(x, t) +
F∆t

2ρ
. (3.36)

Considering the CLBM approach [134], the central moments of the source term σ̂ can

be defined as

σ̂pq =
8∑

i=0

(cix − ux)
p (ciy − uy)

q Si , for p, q = 0, 1, 2 . (3.37)

The central moment vector σ̂ can be expressed as

σ̂ = (σ̂0, σ̂x, σ̂y, σ̂xx, σ̂yy, σ̂xy, σ̂xxy, σ̂xyy, σ̂xxyy) . (3.38)

The discrete central moments of the source term are constructed to coincide with

their corresponding continuous central moments, ensuring Galilean invariance [139,147].

Their explicit expressions are then given by

σ̂ =
(
0, Fx, Fy, 0, 0, 0, c

2
sFy, c

2
sFx, 0

)
. (3.39)
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The raw moments of the source term σ, defined in the rest frame of reference, are

computed from the central moments and subsequently expressed in velocity space as

σ0 = 0 ,

σ1 = Fx ,

σ2 = Fy ,

σ3 = 6 (Fxux + Fyuy) ,

σ4 = 4 (Fxux + Fyuy) ,

σ5 = (Fxuy + Fyux) ,

σ6 =
(
2− 3ux

2
)
Fy − 6Fxuxuy ,

σ7 =
(
2− 3uy

2
)
Fx − 6Fyuyux ,

σ8 = 6
[(
3uy

2 − 2
)
Fxux +

(
3ux

2 − 2
)
Fyuy

]
.

(3.40)

Finally, the explicit expressions for the source terms Si are obtained from the raw

moments in velocity space σ by inverting the orthogonal transformation matrix K given

by Equation 3.24.

3.2.6 Moving Bounce-Back Method

One of the most effective implementations of the bounce-back method for moving ge-

ometries was first proposed by Ladd to study rigid moving particles [143]. In this

algorithm, particles are filled with fluid in order to avoid the destruction and recreation

of fluid nodes for moving geometries. This numerical method can be schematised as

1. Identify lattice nodes located inside of a particle xs, the exterior fluid nodes and

the boundary nodes xb.

2. Identify all lattice links ci connecting boundary and solid nodes, intersecting the

boundary at the wall location xw

3. Compute the wall velocity uw at each link xw considering rigid translation and

rotation

uw = U+Θ× (xw −X) , (3.41)
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where U, Θ and X are respectively the particle’s linear velocity, angular velocity

and centre of mass.

4. Perform collision on all nodes.

5. Perform propagation.

5.1. Populations streaming on a boundary link from a boundary node xb to a

solid node xs are bounced back halfway to the solid node at the wall xw

f−
i (xb, t+∆t) = f⋆

i (xb, t)− 2wi ρ
uw · ci
c2s

. (3.42)

5.2. Populations moving from a solid node xs to a boundary node xb are reflected

according to

fi(xs, t+∆t) = f⋆
i−(xs, t) + 2wi ρ

uw · ci
c2s

. (3.43)

6. Calculate the total momentum and angular momentum exchange between the

fluid and the solid.

7. Update the population properties.

8. Update the list of lattice nodes and links for the next time step.

The principle of the moving bounce-back method is illustrated in Figure 3.3, showing

the classification of lattice nodes and the treatment of cut links at the particle boundary.

xw

xs

xb xf

Figure 3.3: Schematics of the moving bounce-back method. Fluid nodes xf (open
circles), boundary nodes xb (black circles), wall nodes xw (red circles), and solid nodes
xs (black squares) are identified. Wall nodes are located at the midpoint of lattice links
ci connecting a boundary node to a solid node.
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3.2.7 Interpolated Bounce-Back Method

The interpolated bounce-back (IBB) method implements an interpolation scheme to

reduce the modelling error for curved and inclined boundaries [148]. One of the most

popular IBB approaches for curved boundaries was proposed by Bouzidi [149]. This

method considers three different types of lattice nodes: boundary nodes xb, solid nodes

xs = xb + ci∆t and fluid nodes xf = xb − ci∆t. Boundary links intersects the wall

at a distance db ∈ [0, |ci|∆t] from the boundary node xb. This method introduces

additional information about the wall location by defining the reduced wall location as

q =
db

ci∆t
∈ [0, 1] . (3.44)

Assuming that any population fi moves a distance ci∆t during propagation from the

boundary node xb, there are two different cases

a. If the wall is located halfway between lattice nodes, then q = 1/2, and the scheme

corresponds to the simple bounce-back method. The population fi propagates

a distance ci∆t/2 from the original boundary node to the wall and then it is

reflected another distance ci∆t/2 to the boundary node.

b. If the wall is not located halfway between lattice nodes q ̸= 1/2, the population

fi cannot reach another lattice node. In this case, the post-collision distribution

function is constructed such that fi reaches a lattice node by implementing an

interpolation scheme. The unknown bounced back population f−
i (xb, t + ∆t)

can be interpolated from the values of the known populations xb and xf in the

following way

f−
i (xb, t+∆t) =


2 q f⋆

i (xb, t) + (1− 2 q) f⋆
i (xf , t) q < 1

2 ,

1
2 q f

⋆
i (xb, t) +

2 q−1
2 q f⋆

i (xb, t) q ≥ 1
2 .

(3.45)

Figure 3.4 illustrates how the IBB method accounts for different wall positions relative

to the midpoint of a lattice link. The IBB is second-order accurate for arbitrary bound-

ary shapes, and because of its simple implementation, it is an efficient alternative to the
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xf xsxb

db

(a) 0 < q < 1/2

xf xsxb

db

(b) 1/2 ≤ q < 1

Figure 3.4: Schematics of the interpolated bounce-back method: (a) For q < 1/2, the
bounce-back is performed from an interpolated value (red circle) obtained using the
nearest distribution xf . (b) For q ≥ 1/2, the population is bounced to an intermediate
location (red circle) and then interpolated to the nearest boundary node xb.

general bounce-back scheme [56]. However, it introduces a viscosity-dependent bound-

ary slip that cannot be easily controlled even with advanced collision operators [93].

Furthermore, due to its non-local implementation and the interpolation, this method is

not exactly mass conserving [2].

The IBB algorithm steps can be implemented as

1. Identify boundary nodes xb, their neighbouring fluid nodes xf and solid nodes xs.

2. Identify boundary links ci and their distance db from the boundary node xb.

3. Compute the reduced wall location q for every lattice link.

4. Perform collision on fluid and boundary nodes to calculate f⋆
i (xb, t), f⋆

i−(xb, t)

and f⋆
i (xf , t).

5. Perform linear interpolation to construct the unknown populations f−
i (xb, t+∆t).

6. Perform propagation.

7. Update the list of lattice links for the next time step.

3.2.8 Partially Saturated Method

The partially saturated method (PSM) presented by Noble and Torczynski [150] is

a modified bounce-back approach that provides an alternative strategy to represent

complex boundaries. As shown in Figure 3.5, PSM identifies lattice nodes as pure fluid,
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pure solid, and partially saturated according to the solid fraction ε of the corresponding

lattice cell [150,151]. The lattice nodes are classified as

• Fluid node ε = 0 .

• Mixed node 0 < ε < 1 .

• Solid node ε = 1 .

In this method, the boundary condition is not expressed as an approximation of the wall

shape, but rather as an interface condition that separates lattice nodes with different

properties. In the PSM algorithm, the standard LBE is modified in the following way

fi(x+ ci∆t, t+∆t) = fi(x, t) + (1−B) Ωf
i +B Ωs

i . (3.46)

This method features a separate collision operator for fluid nodes Ωf
i and nodes covered

partially or fully by a solid Ωs
i . Their expression are respectively

Ωf
i =

fi(x, t)− f eq
i (x, t)

τ
, (3.47a)

Ωs
i = f−

i (x, t)− f eq
i−(ρ,u)− (fi(x, t)− f eq

i (ρ,us)) . (3.47b)

where u is the local fluid velocity and us is the velocity of the boundary at point x. It

should be noted that Ωf
i is in the same form as the standard BGK collision operator.

Collision operators are weighted using a numerical parameter B, defined by

B(ε, τ) =
ε
(
τ − 1

2

)
(1− ε) +

(
τ − 1

2

) , (3.48)

where B = 0 for a pure fluid node (ε = 0) and B = 1 for a pure solid node (ε = 1). It

should be emphasised that B = 0 corresponds to the standard BGK equation, B = 1

performs a bounce-back of the non-equilibrium part, and 0 < B < 1 describes a mixed

BGK and bounce-back algorithm.

One of the challenges of the PSM is finding correct values for the solid fraction

ε, which has to be updated at every time step for moving boundary problems. Since

58



Chapter 3. Numerical Methods

Figure 3.5: Classification of lattice nodes in the partially saturated method: fluid ε = 0
( ), solid ε = 1 (•) and partially saturated 0 < ε < 1 (◦).

the PSM fails to capture the exact boundary shape, the no-slip condition is not cor-

rectly satisfied at the boundary. The main advantages of the PSM are the absence of

interpolations and the exact conservation of mass and momentum.

Within the PSM framework, Tsigginos et al. [152] model solid objects and the sur-

rounding fluid as a two-phase mixture by introducing a virtual fluid with infinite vis-

cosity in place of solid bodies. A momentum exchange algorithm (MES-I) is used to

account for the presence of the fluid-solid interface in order to enforce the no-slip con-

dition on the virtual fluid phase velocity. Since the velocity of partially saturated nodes

is also dependent on the fluid phase velocity, to improve MES-I, another momentum

exchange algorithm (MES-II) is implemented by directly enforcing the solid object ve-

locity on both the virtual fluid phase and partially saturated nodes. This work also

derives a second-order accurate scheme for the calculation of the body force, which

resolves inaccuracy caused by the weighting parameter B formulation in the original

PSM [152].

3.3 Immersed Boundary Methods

The IBM was first introduced by Peskin to study blood flow inside the heart [153–155].

This approach features a non-conforming Eulerian grid and a set of Lagrangian points

that represent the solid boundary. The marker points affect the fluid only through an

appropriate force field that enforces the no-slip boundary condition. The additional
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force term mimics a boundary condition to achieve the desired effects on the fluid.

In the original formulation of the IBM [153], the boundary force is introduced to the

continuous NSE, which are subsequently appropriately discretised to ensure the no-

slip boundary condition. The additional force is evaluated with a feedback process

based on the deformation of the boundary marker points, which are modelled as elastic

springs. However, this method is incapable of modelling perfectly rigid boundaries and

it introduces a free parameter that affects the stability and restricts the computational

time step [48,156].

The main advantage provided by the IBM is that the boundary does not have to be

reconstructed, and it is not required to compute intersection points. Other important

features are the simple implementation and the ability to handle moving boundaries

without remeshing procedures.

3.3.1 Mathematical Formulation

Although the original IBM was devised as a numerical method to solve the Navier-Stokes

equations, it was later applied to the LBM framework. The IB-LBM was first proposed

by Feng and Michaelides [41] and then extended to the MDF method by Suzuki and

Inamuro [157]. Boundary conditions in the LBM are usually treated on the population

level, and the desired macroscopic properties at the boundary are obtained by appro-

priate manipulations of the populations fi(x, t). However, the original IBM formulation

does not take into account the kinetic nature of the LBM, since the boundary condition

operates at the macroscopic level.

The IB-LBM features two different node systems that are illustrated in Figure 3.6.

a. The LBM lattice nodes x define the Eulerian grid in the whole domain Ωf ∪ Ωs.

This is a regular and stationary mesh on which the fluid equations are solved.

b. The marker points xℓ(t) represent the surface points of the boundary Γs. They

are Lagrangian nodes that are allowed to move in space.

The main advantage of the IBM formulation is that the arbitrarily complex shape of

the boundary is not related to the underlying lattice nodes, and no intersection points
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have to be computed. Since the domain is decomposed into two different node systems,

it is required to connect the information between them by coupling the dynamics of the

boundary and the surrounding fluid.

The no-slip boundary condition ensures that the fluid velocity u matches the bound-

ary velocity uℓ at the Lagrangian marker positions xℓ, i.e.

uℓ(t) = u(xℓ, t) . (3.49)

Considering the Eulerian domain Ωf ∪ Ωs, this equation can be alternatively written

as follows

uℓ(t) =

∫
Ωf∪Ωs

u(xℓ, t) δ(x− xℓ(t)) dx , (3.50)

where δ(x − xℓ(t)) is the Dirac delta distribution. The force density Fib(x, t) exerted

by the boundary surface Γs on the nearby fluid can be written as

Fib(x, t) =

∫
Γs

Fℓ(xℓ, t) δ(x− xℓ(t)) dx , (3.51)

where Fℓ is the force acting on the Lagrangian points. The discretised form of these

equations requires the Dirac delta distribution to be replaced with an appropriate dis-

crete function. Assuming that the fluid in the entire volume is homogeneous, the dis-

Figure 3.6: Schematics of the fluid Eulerian grid (open circles) and the Lagrangian
nodes (solid nodes) in the IBM.
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cretised IBM equations are expressed as follows

u(xℓ, t) =
∑
x

u(x, t) Φ(x− xℓ)∆x2 , (3.52)

Fib(x, t) =
∑
xℓ

Fℓ(xℓ, t) Φ(x− xℓ)∆s , (3.53)

where ∆s is the spacing between the Lagrangian markers and the interpolation kernel

Φ(x − xℓ) is an appropriate discretised version of the Dirac delta distribution. Equa-

tion 3.52 expresses the velocity interpolation procedure and Equation 3.53 reflects the

force spreading. One of the main ideas of the IBM is that there is no direct boundary

condition for the fluid, but the immersed boundary affects the surrounding fluid through

the forcing term Fib(x, t).

A central element in formulating the interaction between the Lagrangian boundary

points and the Eulerian fluid grid is the introduction of a discrete delta function Φ(x).

In multiple dimensions, the discrete delta function is constructed as the product of one-

dimensional functions ϕ along each coordinate direction, simplifying its implementation

on the Eulerian grid. A normalization factor is introduced such that
∑

xΦ(x)∆x = 1.

This procedure guarantees that the discrete delta function behaves analogously to the

Dirac delta distribution when scaling tends to zero and establishes consistency between

the Lagrangian and Eulerian systems [154,158]. The discrete delta function Φ in 2D is

given by

Φ (x) =
1

∆x2
ϕ
( x

∆x

)
ϕ
( y

∆x

)
. (3.54)

Valid discretised versions of the Dirac delta distribution can be constructed by ensuring

that they satisfy the properties indicated by Peskin [154]. The functions corresponding

to a two-point ϕ2, three-point ϕ3 and four-point ϕ4 support interval are expressed in
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Figure 3.7: Interpolation stencils associated with different discrete delta functions used
in the IBM.

the form

ϕ2 (x) =


1− |x| 0 ≤ |x| ≤ ∆x ,

0 ∆x ≤ |x| ,
(3.55a)

ϕ3 (x) =


1
3

(
1 +

√
1− 3x2

)
0 ≤ |x| ≤ 1

2∆x ,

1
6

(
5− 3 |x| −

√
−2 + 6 |x| − 3x2

)
1
2∆x ≤ |x| ≤ 3

2∆x ,

0 3
2∆x ≤ |x| ,

(3.55b)

ϕ4 (x) =


1
8

(
3− 2 |x| −

√
1 + 4 |x| − 4x2

)
0 ≤ |x| ≤ ∆x ,

1
6

(
5− 2 |x| −

√
−7 + 12 |x| − 4x2

)
∆x ≤ |x| ≤ 2∆x ,

0 2∆x ≤ |x| .

(3.55c)

The corresponding interpolation stencils are plotted in Figure 3.7. Based on their

interpolation ranges, the function ϕ4 (x) leads to a diffuse boundary condition, ϕ3 (x)

is less smooth, and ϕ2 (x) corresponds to the sharpest boundary representation. While

the two-point delta function ϕ2 (x) is the most efficient in terms of computing time, the

four-point delta function ϕ4 (x) provides the best numerical stability.

Figure 3.8 graphically shows the interpolation and spreading procedures. To inter-

polate the lattice velocity at xℓ, all neighbouring lattice nodes within the grey-shaded

area are required. The force density Fib at a lattice node x is computed from the nodes
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xℓ whose interpolation range covers x.

The hydrodynamic force Fh and torque Th acting on a solid object are calculated

by

Fh(x, t) = −
∑
xℓ

Fℓ(xℓ, t)∆s+ Fi , (3.56)

Th(x, t) = −
∑
xℓ

r× Fℓ(xℓ, t)∆s+Ti , (3.57)

where Fi and Ti are respectively the force and torque resulting from the internal fluid

mass [159], and r is the position vector of the Lagrangian point with respect to the

centre of mass of the solid object.

xℓ

(a) Interpolation

x

(b) Spreading

Figure 3.8: Schematics of the interpolation and spreading procedures used to transfer
information between the Eulerian fluid grid and the Lagrangian nodes in the IBM.

3.3.2 Force Evaluation Strategies

In general, the strategies for evaluating the boundary force in the IBM have been clas-

sified into two categories: the feedback approach, introduced in the original IBM formu-

lation [153,160], and the direct-forcing approach [156]. In the explicit feedback-forcing

IBM for rigid boundaries [41], the Lagrangian marker points are linked to reference po-

sitions that satisfy the rigid-body constraint. Any displacement between the boundary

nodes and reference nodes generates a restoring force modelled as a linear spring that

acts to recover the prescribed configuration. While this approach is straightforward to

implement, it suffers from stability restrictions and introduces parameters that require
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problem-dependent tuning [156].

In contrast, direct-forcing methods determine the boundary force directly from the

governing equations, without introducing free parameters [156]. This class of methods

eliminates the need for user-defined parameters and simplifies the numerical implemen-

tation while improving computational efficiency [161]. Direct-forcing IBM can be further

categorised into explicit, implicit, and iterative (multi-direct-forcing) formulations. In

the explicit direct-forcing approach, the boundary force is computed at the Lagrangian

marker points by imposing that the known boundary velocity equals the fluid velocity

at that position [107, 162]. Although simple and computationally efficient, the explicit

method does not guarantee that the no-slip condition is strictly satisfied for the forcing

point velocity [3, 156,163].

The implicit IBM was introduced by Wu and Shu [164] to improve the accuracy

of no-slip condition enforcement at immersed boundaries. In this method, the force

density is treated as the unknown and computed such that the interpolated Eulerian

velocity exactly matches the prescribed boundary velocity. This formulation leads to a

linear system of the form AX = B, where the vector X represents the unknown velocity

corrections required to achieve the no-slip condition. The solution of this linear system

requires inversion of the matrix A, and for moving boundaries, both A and its inverse

must be recomputed at each time step. The implicit method provides higher accuracy

and robust enforcement of the no-slip condition compared to explicit approaches, but

the increased computational cost can be a significant drawback for problems involving

a large number of boundary points or complex moving geometries.

To address these limitations, Wang et al. [163] proposed a multi-direct-forcing im-

mersed boundary method (MDF-IBM), which implements an iterative forcing process

until the difference between the interpolated velocity and the prescribed velocity be-

comes sufficiently small to achieve the no-slip condition at all boundary points [156].

Because the MDF-IBM provides an effective balance between accurate enforcement of

the no-slip condition and computational efficiency, it is well-suited for simulating moving

rigid boundary problems and is therefore the method adopted in the following.
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3.3.3 Multi-Direct-Forcing IBM

The MDF-IBM scheme was originally introduced by Wang et al. [163] to improve the

implementation of the no-slip boundary condition in the direct-forcing formulation.

They observed that the mutual influence of direct forcing on neighbouring nodes affects

the enforcement of the no-slip boundary condition and demonstrated that implementing

an iterative process to compute the velocities on the Lagrangian points improves the

accuracy and efficiency of the scheme [163].

The no-slip boundary condition expressed by Equation 3.49 is enforced by introduc-

ing an appropriate force term Fib that mimics the effect of the boundary. The boundary

force modifies the fluid velocity to ensure that it matches the known boundary velocity

uℓ at the Lagrangian marker positions xℓ. The modified fluid velocity ū(x, t) can be

expressed in terms of a velocity correction δu(x, t) as follows

ū(x, t) = u(x, t) + δu(x, t) . (3.58)

Based on the velocity expression given by Equation 3.36, the corresponding corrected

velocity is calculated as follows

ρ (x, t) (u(x, t) + δu(x, t)) =
∑
i

cifi(x, t) +
1

2
(F(x, t) + Fib(x, t))∆t . (3.59)

Therefore, the immersed boundary force Fib can be expressed as

Fib(x, t) =
2ρ δu(x, t)

∆t
. (3.60)

Similarly, the corresponding immersed boundary force on the Lagrangian points Fℓ can

be obtained in the following way

Fℓ(xℓ, t) =
2ρ δuℓ(xℓ, t)

∆t
, (3.61)

where δuℓ is the velocity correction on the Lagrangian points.

To evaluate the Eulerian body force density Fib, the force acting on the Lagrangian
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points Fℓ is distributed to the lattice nodes next to the boundary using

Fib(x, t) =
∑
xℓ

Fℓ(xℓ, t) Φ(x− xℓ)∆s , (3.62)

where ∆s is the spacing between the Lagrangian points. Considering the boundary force

expressions given by Equation 3.60 and Equation 3.61, the force distribution operation

in Equation 3.62 can be evaluated in the following way

δu(x, t) =
∑
xℓ

δuℓ(xℓ, t) Φ(x− xℓ)∆s . (3.63)

To satisfy the no-slip boundary condition, the velocity at the Lagrangian points locations

uℓ(xℓ, t) is calculated by interpolating the fluid velocity at the neighbouring lattice

points, including the velocity correction

uℓ(xℓ, t) =
∑
x

(u(x, t) + δu(x, t)) Φ(x− xℓ)∆x2 . (3.64)

The interpolation and distribution procedures described respectively in Equation 3.64

and Equation 3.63 are the source of the diffusive effect due to the implementation of

discrete delta functions [148].

In the MDF-IBM algorithm presented by Zhang et al. [46] the interpolation proce-

dure at time step k is implemented as follows

ūk(xℓ, t) =
∑
x

ūk(x, t) Φ(x− xℓ)∆x2 , (3.65a)

∆uk
ℓ (xℓ, t) = uℓ(xℓ, t)− ūk(xℓ, t) , (3.65b)

Fk
ℓ (xℓ, t) = Fk−1

ℓ (xℓ, t) +
2ρ∆uℓ(xℓ, t)

∆t
, (3.65c)
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The force distribution is performed with the following steps

∆uk(x, t) =
∑
xℓ

∆uk
ℓ (xℓ, t) Φ(x− xℓ)∆s , (3.66a)

ūk+1(x, t) = ūk(x, t) + ∆uk(x, t) , (3.66b)

Fk
ib(x, t) = Fk−1

ib (x, t) +
2ρ∆u(x, t)

∆t
. (3.66c)

The interpolation and distribution steps can be collectively expressed as follows

∆uk
ℓ (xℓ, t) =uℓ(xℓ, t)−

∑
x

[ūk−1(x, t)+

∑
xm

∆uk−1
m (xm, t) Φ(x− xm)∆sm] Φ(x− xℓ)∆x2 .

(3.67)

Considering that ∆uk
ℓ (xℓ) = δuk

ℓ (xℓ)− δuk−1
ℓ (xℓ) and ūk−1 is given by the distribution

of ∆um, the previous equation can be represented by the following linear system

Yk = (I−A)Yk−1 + b , (3.68)

where the components of the matrix A and the vectors Y and b are respectively

Aℓm =
∑
x

Φ(x− xm) Φ(x− xℓ)∆sm∆x2 , (3.69)

Ym = δum(xm) , (3.70)

bℓ = uℓ(xℓ)−
∑
x

u(x) Φ(x− xℓ)∆x2 . (3.71)

This linear system of equations corresponds to an explicit iterative method whose solu-

tion does not require cumbersome matrix inversion procedures. Therefore, this formu-

lation improves computation efficiency compared to implicit methods [46].

The numerical procedure associated with the MDF-IBM formulation can be sum-

marised in algorithmic form as follows

1. Calculate ∥A∥∞ to determine the relaxation parameter ω.
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2. Start the iterative process and set the iteration step to k = 0.

2.1. Set ū(x) = u(x), Fib(x) = 0, and Fℓ(xℓ) = 0.

2.2. Perform the velocity interpolation steps according to Equation 3.65.

2.3. Perform the force distribution steps according to Equation 3.66.

2.4. Advance the iteration step to k + 1.

3. Obtain the converged immersed boundary force Fib(x).

4. Calculate the hydrodynamic force Fh(x) and torque Th(x).

3.3.4 Relaxed MDF-IBM

This work implements the relaxed MDF-IBM proposed by Zhang et al. [46]. This

method introduces an estimated optimal relaxation parameter that accelerates the con-

vergence rate and improves the enforcement of the no-slip boundary condition. To

derive the relaxed MDF-IBM scheme, the relaxed Richardson iteration equation is im-

plemented in the linear system presented in Equation 3.68 as follows

Yk = (I− ωA)Yk−1 + ωb , (3.72)

where ω is the relaxation parameter. The calculation of the optimal relaxation value ωopt

results in an additional computational burden for problems involving a large number of

Lagrangian points. Therefore, an estimated optimal value ω̃ can be calculated based on

the properties of the infinity norm ∥A∥∞ and the maximum eigenvalue λmax

ω̃ = ∥A∥−1
∞ ≤ λ−1

max ≤ ωopt . (3.73)

The convergence rate based on this parameter is

0 ≤ ω ≤ 2∥A∥−1
∞ . (3.74)
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The relaxation parameter is implemented in the MDF-IBM scheme by modifying the

interpolation step formulated in Equation 3.65b in the following way

∆uk
ℓ (xℓ, t) = ω

[
uℓ(xℓ, t)− ūk(xℓ, t)

]
. (3.75)

Since the estimated optimal relaxation parameter should be calculated at every time

step for moving boundaries simulations, Zhang et al. [46] explored the possibility of

using a constant value for the relaxation parameter. Their work investigated the contri-

butions of different factors and concluded that the choice of delta function, the spacing

size between the Lagrangian points, and the no-slip boundary shape have the most

prominent impact. Thus, for appropriate problems, a predetermined constant relax-

ation parameter can be evaluated to simplify the algorithm and improve efficiency.

3.3.5 Internal Mass Effect

As shown in Figure 2.1, IBM schemes model the computational domain using a non-

conforming grid and the fluid domain Ωf is extended inside the solid boundary Γs.

The solid domain Ωs is filled with an internal fluid that is subjected to the action of

body forces. Similar to the moving bounce-back method [143], IBM does not require

destruction or creation of fluid nodes when lattice nodes cross the solid boundary Γs

in moving boundary problems. However, the interior nodes of the solid region continue

to participate in the collision and streaming steps. Thus, the fluid inertial contribu-

tions from the nodes located inside the solid are included in the overall solution. As

a consequence, the inertia associated with this internal mass affects the motion of the

solid body [165]. While the internal mass does not alter the flow and pressure field

around the solid body, a part of the force and torque exerted on the boundary Γs is

used to move the internal fluid [157]. Therefore, to calculate the correct hydrodynamic

force and torque acting on a solid object, the body forces on the solid boundary are

compensated by an additional force Fi that takes into consideration the internal mass

effect. Because of its effects on the hydrodynamic force, the internal mass effect has

been investigated in several studies [107,110,111,157,161,165].

70



Chapter 3. Numerical Methods

In the moving bounce-back method presented by Ladd [143], solid bodies are filled

with fluid, and to compensate for the internal mass effect, the equations of motion are

integrated using a corrected value for the solid body mass. The effective mass can be

evaluated as the sum of the mass of the solid and the mass of the fluid occupied by the

solid domain.

Ten Cate et al. [165] suggested that the force acting on a solid body is partly

compensated by the change of momentum of the internal mass. The total force exerted

on the solid object can be expressed as the sum of internal and external components

of the force, where only the external flow field represents a physical contribution to

the solid motion. The external component of the force acting on a solid body can be

calculated as the change of momentum of the internal fluid between two successive time

steps.

In order to determine the hydrodynamic forces acting on solid bodies, Uhlmann [107]

proposed to evaluate the momentum balance over the fluid domain. The change of

momentum of the internal fluid is approximated by assuming rigid-body motion inside

the solid. This approach results in an implicit calculation of the internal mass effect.

Feng [161] implemented the rigid body approximation and observed that the force

induced by the internal fluid mass is a passive force resulting from the particle accelera-

tion. Therefore, it was suggested to separate the internal fluid mass from the solid body

mass and determine the internal mass term by evaluating solid motion at the previous

time step. Contrary to the approach introduced by Uhlmann [107], this approximation

determines the internal mass effect explicitly.

The work of Suzuki and Inamuro [157] compared different schemes for approximating

the internal mass effect and proposed a Lagrangian points approximation. Their ap-

proach determines the internal mass effect directly by calculating the sum of linear and

angular momentum of the internal mass over internal Lagrangian points. In this scheme,

the velocity of the internal Lagrangian points can be determined by interpolation from

the neighbouring lattice nodes. Compared to approaches that evaluate the momentum

of the internal fluid on the Eulerian lattice nodes, the Lagrangian points approximation

reduces the computational costs for problems involving complex geometries.
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Because of its efficiency and simple implementation, the approximation proposed

by Feng [161] is used in this work to quantify the internal mass effect. Based on the

momentum balance equations introduced in Section 2.4.2, the force and the torque

associated with the internal fluid are defined as

Fi =
d

dt

∫
Ωs

ρf u dV , (3.76)

Ti =
d

dt

∫
Ωs

ρf r× u dV . (3.77)

Several approaches have been formulated to calculate the internal mass effect. Assuming

rigid-body motion for the fluid occupying the domain of the immersed structure, the

force Fi and the torque Ti resulting from the internal mass are approximated as follows

d

dt

∫
Ωs

ρf u dV =
ρf mp

ρs

dUp

dt
, (3.78)

d

dt

∫
Ωs

ρf r× u dV ≈ ρf Ip
ρs

dΘp

dt
, (3.79)

where ρs, mp and Ip are respectively the particle density, mass and moment of inertia.

Up and Θp are respectively the translational and angular velocity of the particle’s centre

of mass.

It should be noted that the condition expressed by Equation 3.78 is valid for an

incompressible fluid which satisfies a rigid-body motion on Γs, irrespectively of the

motion inside the domain Ωs. It can be demonstrated that the linear momentum of the

internal mass is exactly equal to that of the rigid body with the same density of the

internal mass [107,157] ∫
Ωs

u dV =

∫
Ωs

Up dV . (3.80)

Assuming that the internal fluid is incompressible, the following equation is obtained

d

dt

∫
Ωs

Up dV =

∫
Ωs

dUp

dt
dV . (3.81)

Since the density of the internal fluid is uniform, the expression given in Equation 3.78

can be derived. Conversely, the expression of the angular momentum given by Equa-
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tion 3.79 is only valid for an incompressible fluid that satisfies rigid-body motion

throughout the domain Ωs [107]. Thus, the condition expressed by Equation 3.79 does

not satisfy a similar equality and it is approximated.

Feng [161] approximates the time derivatives in Equation 3.78 and 3.79 by the

change between two successive time steps yielding

Fi =
ρf
ρs

mp
Up(t)−Up(t−∆ t)

∆ t
, (3.82)

Ti =
ρf
ρs

Ip
Θp(t)−Θp(t−∆ t)

∆ t
. (3.83)

3.3.6 Numerical Stability

In moving boundary problems, the domain occupied by the fluid changes in time and

the location of the boundary depends both on the fluid flow and the motion of the

solid structure. For non-conforming methods such as the IBM, the boundary conditions

implementation strategy needs to ensure that the kinematic and dynamic properties at

the fluid-structure interface are matched. In order to achieve this condition, when the

fluid flow equations are solved, the no-slip boundary condition needs to be satisfied, and

at the same time, the hydrodynamic force and torque on the interface are required to

determine the solid structure equations.

In weakly coupled IBM algorithms, the coupling conditions at the fluid-solid inter-

face are not enforced simultaneously due to the sequential execution of the fluid and

structural solvers. Therefore, if the coupling condition is not satisfied with sufficient ac-

curacy, the resulting error may cause numerical instability. Numerical stability problems

have been attributed to applications where the internal mass is comparable to or lower

than the solid body mass [43, 102, 105, 110]. In such cases, the internal mass becomes

the most significant contribution to the dynamics of the structural response, affecting

the hydrodynamic force and torque acting on the solid body. Because weakly coupled

schemes are explicit time marching methods, the force term is evaluated based on the

kinematic conditions of the structure calculated at the previous time step. Thus, the

internal mass effect significantly influences the coupled solution, leading to numerical

instability.
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In contrast, strongly coupled schemes improve the performance of IBM algorithms

for problems involving low structural densities [43, 105, 112]. These strategies achieve

better satisfaction of the coupling conditions with an implicit time integration and

eliminate numerical stability problems. For applications involving significant internal

mass, the convergence properties of strongly coupled schemes can be enhanced using

under-relaxation techniques in order to achieve robust and efficient solutions [43].

3.3.7 Strongly Coupled IBM

In order to alleviate the computational cost associated with the traditional strongly

coupled approaches, Wang and Eldredge [112] incorporated the IBM in the coupling

conditions. The iterative block Gauss-Seidel scheme employed to solve the coupling

conditions implements force corrections that are relaxed before they are used by the

rigid body solver. They showed that a relaxation parameter based on an estimation

of the internal mass successfully optimises convergence and achieves better stability

even for density ratios of ρs/ρf = 0.01. Lācis at al. [110] presented a non-iterative

strongly coupled scheme that solves the algebraic system of equations using a block

LU decomposition. It was demonstrated that the method is second-order accurate

in space and it achieves stable solutions for density ratio values of ρs/ρf ≥ 0.0001.

The strongly coupled method introduced by Tschisgale et al. [166] extends the range

of stable computation to vanishing particle densities by implementing a semi-implicit

scheme based on the IBM.

In the strategy presented by Zhang et al. [167], the coupling of the fluid and solid

equations is achieved by implementing implicit velocity corrections in the IBM scheme.

The coupled equation for a particle immersed in a fluid can be derived by considering

the hydrodynamic force acting on the solid given by Equation 3.56, which accounts

for both the immersed boundary force and the contribution of the internal mass effect.

Including the gravitational force as an external body force, the equation of motion is

expressed as

mp
dUp

dt
= Fh +

(
1− ρf

ρs

)
mp g , (3.84)
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where the time derivative can be discretised as

dUp

dt
=

1

∆ t2
(
Xn+1

p − 2Xn
p +Xn−1

p

)
. (3.85)

As discussed in Section 3.3.5, the internal mass effect Fi can be expressed as

Fi =
ρf
ρs

mp
dUp

dt
. (3.86)

The immersed boundary force on the Lagrangian points Fℓ is calculated as

Fℓ(xℓ, t) =
2ρ δuℓ(xℓ, t)

∆t
, (3.87)

where the velocity correction δuℓ represents the unknown variable of the linear system

defined by Equation 3.69–3.71, and it can be expressed as

δuℓ(xℓ) = A−1

[
uℓ(xℓ)−

∑
x

u(x) Φ(x− xℓ)∆x2

]
. (3.88)

For later convenience, the matrix Ã is introduced

Ãℓm =
∑
x

Φ(x− xm) Φ(x− xℓ)∆x2, (3.89)

where A = Ã∆sm. By substituting the previous definitions into Equation 3.84, the

following expression is obtained(
1− ρf

ρs

)
1

∆ t2
(
Xn+1

p − 2Xn
p +Xn−1

p

)
=

− 2Sp

∆t Vp

ρf
ρs

Ã−1

[
un
ℓ (xℓ)−

∑
x

un(x) Φ(x− xℓ)∆x2

]
+

(
1− ρf

ρs

)
g ,

(3.90)

where Vp is the volume of the particle and Sp is the number of Lagrangian points.

The velocity at the Lagrangian marker positions uℓ is determined from the rigid–body
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motion of the particle according to

uℓ = Up +Θp × r , (3.91)

The particle velocity Up is discretised applying the following method

Up =
1

∆ t

[
Γ
(
Xn+1

p −Xn
p

)
+ (1− Γ)

(
Xn

p −Xn+1
p

)]
, (3.92)

where the parameter Γ is used to achieve different temporal discretisation schemes. An

analogous discretisation can be applied to the angular velocity Θp. For Γ = 0, the

velocity is computed entirely from known values at previous time levels (n and n− 1),

corresponding to an explicit scheme. Setting Γ = 0.5 results in a semi-implicit scheme

of first–order accuracy, in which the velocity is evaluated using the displacements at

n − 1 and n + 1 as in the strong–coupling formulation presented in Ref. [167]. When

Γ = 1, the velocity depends on the displacement between n and n + 1, providing a

fully implicit first–order scheme. For Γ = 1.5, a second–order implicit formulation is

obtained, and the new particle velocity is more strongly influenced by the most recent

position update.

Similarly, the rotational dynamics of the particle are governed by the balance of

angular momentum between the hydrodynamic torque and the internal torque associ-

ated with the fluid enclosed within the particle. The governing equation for the particle

rotation is given by

Ip
dΘp

dt
= Th . (3.93)

The internal torque Ti is determined by

Ti =
ρf
ρs

Ip
dΘp

dt
. (3.94)

Considering the definitions of Fℓ and δuℓ given by Equation 3.87–3.88, the following
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expression is derived(
1− ρf

ρs

)
1

∆ t2
(
θn+1
p − 2θn

p + θn−1
p

)
=

− 2ρf Sp

Ip∆t
Ã−1 r×

[
un
ℓ (xℓ)−

∑
x

un(x) Φ(x− xℓ)∆x2

]
.

(3.95)

The discretised coupled translational and rotational equations can be expressed as

linear systems of the form

Yk+1 = (I− ωA⋆)Yk + ωb⋆ , (3.96)

which can be solved iteratively using the relaxed MDF approach. The interpolation and

distribution operations used in the weakly coupled IBM formulation (Equation 3.65–

3.66) are modified to account for the implicit coupling between the fluid and solid

phases. The velocity interpolation steps are implemented as follows

ūk+1(xℓ) =
∑
x

ūk+1(x) Φ(x− xℓ)∆x2 , (3.97a)

uk+1
ℓ (xℓ) = (1− ω)uk

ℓ (xℓ) + ω uk+1
ℓ (xℓ) , (3.97b)

∆uk+1
ℓ (xℓ) = −ρs − ρf

ρs

Vp

∆s

(
uk+1
ℓ (xℓ)− uk

ℓ (xℓ)
)
, (3.97c)

Fk+1
ℓ (xℓ) = Fk

ℓ (xℓ) +
2ρf
∆t

∆uℓ(xℓ) . (3.97d)

The distribution iteration is given by

∆uk(x) =
∑
xℓ

∆uk
ℓ (xℓ) Φ(x− xℓ)∆s , (3.98a)

ūk+1(x) = ūk(x) + ∆uk(x) . (3.98b)

The strong-coupling interface is established by applying simultaneous velocity correc-

tions to the fluid and solid domains. The strong-coupling algorithm can be described

as follows:

1. Calculate ∥A∥∞ to determine the relaxation parameter ω.
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2. Start the iterative process and set the iteration step to k = 0.

2.1. Set ū(x) = u(x) and Fℓ(xℓ) = 0.

2.2. Perform the force distribution iteration according to Equation 3.98.

2.3. Perform the velocity interpolation steps according to Equation 3.97.

2.4. Advance the iteration step to k + 1.

3. Distribute the last velocity correction as indicated by Equation 3.98

4. Distribute the Lagrangian force Fℓ(ℓ) using Equation 3.62.

5. Calculate the hydrodynamic force Fh(x) and torque Th(x).

3.4 Discrete Element Method

In order to accurately model particle interactions, the discrete element method (DEM)

is introduced as a particle solver. Originally developed by Cundall and Strack [64] for

the simulation of rock and soil mechanics, the DEM provides a numerical framework

to model granular and particulate materials as systems composed of discrete particles

interacting with each other [40]. Following the work of Tsuji et al. [168], DEM has been

successfully coupled with fluid solvers to investigate particle-laden flows and fluidised

systems [40,169].

DEM solves numerically Newton’s equations of motion for a system of particles that

interact with each other through intermolecular potentials and force fields. The equa-

tions of motion introduced in Section 2.4.1 can be solved using integration algorithms

to update the particle position Xp. A simple and effective numerical method is the

Verlet integration rule

Xp(t+∆t) = 2Xp(t)−Xp(t−∆t) +
Fp(t)

mp
∆t2 , (3.99)

where the truncation error is of order O4. This implementation of the Verlet algorithm

is based on positions and accelerations from the previous time step. The velocity Up
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can be calculated from

Up(t) =
dXp

dt
=

Xp(t+∆t)−Xp(t−∆t)

2∆t
, (3.100)

where the truncation error is of order O2. The angle of rotation of the particle θp is

updated according to the following expression

θp(t+∆t) = 2θp(t)− θp(t−∆t) +
Tp(t)

Ip
∆t2 . (3.101)

The angular velocity Θp is determined as follows

Θp(t) =
dθp

dt
=

θp(t+∆t)− θp(t−∆t)

2∆t
. (3.102)

More accurate estimates of the velocities can be obtained using the velocity Verlet

algorithm in the form

Up

(
t+

∆t

2

)
= Up(t) +

Fp(t)

2mp
∆t , (3.103a)

Xp(t+∆ t) = Xp(t) +Up

(
t+

∆t

2

)
, (3.103b)

Up(t+∆ t) = Up

(
t+

∆t

2

)
+

Fp(t)

2mp
(t+∆ t) . (3.103c)

In the first step, the velocities are updated at an intermediate time t + 1/2∆ t using

the values of the accelerations at time t. Then, these mid-step velocities are used to

advance the coordinates from time t to t +∆ t. Finally, the force is evaluated at time

t+∆ t to calculate the velocity at the step t+∆ t. The velocity Verlet algorithm is the

most commonly used time integration algorithm because of its stability and simplicity.

The contact model provides the physical foundation of DEM, defining the interaction

mechanism and the resulting contact forces. The DEM formulation adopted in this work

is based on the contact model described in Section 2.4.3, allowing small particle overlaps

and computing the resulting forces from linear elastic and damping relations. In the

present work, the critical value εc is set to 2∆x to accommodate the range of the

four-point discrete delta function [159].
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3.5 Algorithm

In the numerical method considered in this work, CLBM is used as the fluid solver, IBM

enforces the fluid-solid boundary condition, and DEM solves particle interactions. The

different solvers interact by bi-directional information exchange. The macroscopic fluid

velocity calculated by CLBM is used to compute the IBM forces that are in turn needed

to determine the hydrodynamic force acting on solid bodies. This quantity serves as

an input to the DEM solver to calculate the locations and velocities of the Lagrangian

points. These values are then implemented in the IBM solver in order to enforce the

no-slip boundary condition. The combined DEM-IB-CLMB framework based on the

work of Zhang et al. [46, 159] can be summarised in the following steps.

1. Initialise the distribution functions fi(x, t) at each lattice node as the equilibrium

distribution function.

2. Distribute the Lagrangian points uniformly on the immersed body boundary.

3. Calculate the macroscopic fluid variables according to Equation 3.3 and 3.4.

4. Perform the relaxed MDF-IBM either using the weak coupling (Section 3.3.3) or

the strongly coupled velocity-correction scheme (Section 3.3.7).

5. Calculate the hydrodynamic force Fh(x) and torque Th(x).

6. Perform collision and streaming steps following Equation 3.5 and 3.6.

7. Perform the DEM.

7.1. Detect particle interaction.

7.2. Compute the contact force Fc based on Equation 2.41.

7.3. Calculate the total force acting on the particles.

7.4. Update the rigid motion of the particles according to Equation 3.99–3.102.

8. Update the locations xℓ and velocities uℓ(xℓ) of Lagrangian points.

9. Advance time step.
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3.6 Summary

This chapter presented the numerical framework implemented to model coupled fluid-

structure systems and its advantages compared to traditional methods. The lattice

Boltzmann equation was formulated under suitable assumptions and approximations,

providing the basis of the lattice Boltzmann method used for the simulation of fluid flow.

The analysis of the LBM formulation indicated its main advantages compared to tradi-

tional methods, including the simple implementation, the ability to capture microscopic

flow phenomena, and the parallel computing capabilities. At the same time, the main

drawbacks of the different LBM implementations were explained, focusing on the com-

plex collision operator. This problem highlighted the importance of advanced strategies

such as the CLBM, which improves numerical stability by retaining Galilean invariance.

Additionally, the difficulties associated with modelling moving geometries and complex

fluid-solid boundary shapes were examined, and the shortcomings of popular numerical

methods were systematically discussed.

The general numerical implementation of the IBM and its realisation in the LBM

framework were discussed by comparing different strategies. The analysis highlighted

the importance of an accurate and efficient enforcement of the no-slip boundary con-

dition at the fluid-solid interface, which is achieved by advanced schemes such as the

MDF-IBM. Additionally, the relaxed scheme was considered to improve computational

efficiency by accelerating the convergence rate. Because of its significant effect on the hy-

drodynamic force and torque acting on moving solid bodies, the internal mass effect was

explained, and the strategies proposed to quantify it were systematically discussed. The

comparison between fluid-solid coupling strategies highlighted important numerical sta-

bility implications and established the motivation for incorporating the strong-coupling

formulation within the proposed numerical framework.

In addition to the IBM, the present strategy to model fluid-solid interaction problems

is supplemented by the DEM, which allows to detect particle interaction and calculates

contact forces. The combination of these approaches forms the basis of the numerical

framework considered in the remainder of this thesis.
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Validation and Verification of the

LBM Solver

4.1 Introduction

The present chapter focuses on validating the LBM solver through representative bench-

mark cases designed to explore the combined influence of different numerical param-

eters on the flow behaviour. The validation focuses exclusively on the fluid solver,

establishing a foundation for the subsequent FSI problems. The BGK, TRT, and MRT

collision models are considered to demonstrate the solver’s performance across common

LBM formulations, while the CLBM formulation is applied in later chapters within the

fluid–structure framework. This chapter aims to provide insight into the numerical be-

haviour of LBM schemes as fluid solvers. The objective is to examine how numerical

accuracy and stability are affected by the choice of relaxation parameters, collision oper-

ator, and boundary conditions treatment. In the BGK formulation, the relaxation time

is directly linked to the physical viscosity, and the method exhibits viscosity-dependent

behaviour that affects the predicted flow field. The analysis presented in this chapter

demonstrates that this leads to a velocity slip at the boundary. A systematic study

is therefore performed to test the performance of the BGK, TRT, and MRT models,

assessing their stability, accuracy, computational cost, and the effort associated with

selecting appropriate relaxation parameters. The resulting comparison establishes the
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conditions for reliable use of each scheme, clarifies their principal limitations, and mo-

tivates the adoption of more advanced collision operators and forcing strategies in the

subsequent chapters.

The benchmark problem is formulated in Section 4.2, while the numerical setup is

described in Section 4.3. The subsequent sections address the main numerical param-

eters: the effects of Reynolds number (Section 4.4), relaxation time (Section 4.5), and

boundary-condition treatment (Section 4.6). The influence of different collision opera-

tors is assessed in Section 4.7, where the BGK, TRT, and MRT models are systemati-

cally compared. Finally, the chapter concludes by consolidating individual findings and

discussing the overall impact of the numerical parameters.

4.2 Problem Statement

The lid-driven square cavity flow in 2D is considered as a test case to compare different

Lattice Boltzmann models. This problem is widely used as a benchmark because it

displays complex flow features that can provide useful insight into the accuracy and

stability of the numerical method. Since it is a well-known benchmark problem, it has

been studied extensively and numerous works are available for reference and valida-

tion [170,171].

The lid-driven cavity consists of a square cavity filled with fluid. At the top bound-

ary, a tangential velocity uw is applied to the lid to drive the fluid flow in the cavity. On

the other three stationary rigid walls, a no-slip boundary condition is applied. While

the problem geometry and the boundary conditions are relatively simple, the flow ex-

hibits complex features. On the top boundary, where the fluid flow is being driven by

the moving wall, the velocity approaches the value set by the boundary condition. The

fluid is driven into the wall on the right side, where it flows downward before moving

back up the left side of the cavity. This motion creates a large vortex at the centre of

the cavity, and the separation of the flow at the bottom corners forms two additional

smaller vortices. As the Reynolds number increases, the vortices become more promi-

nent, and an additional vortex develops at the top left corner. At high values of the

Reynolds number, the large vortex is located exactly in the centre of the cavity and
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when it is further increased, the flow becomes unsteady and eventually turbulent.

4.3 Numerical Simulations

The numerical setup adopted for the benchmark simulations is established by defin-

ing a nondimensional formulation for the simulation parameters. The computational

methodology is then outlined, including the domain configuration, boundary-condition

treatment, and collision models used in the LBM solver.

4.3.1 Simulation Parameters

For all numerical results presented in this work, the simulation parameters are defined

within a consistent nondimensional framework. The numerical computations are per-

formed in lattice units, in which physical variables are expressed in a dimensionless

form. Therefore, the adopted formulation requires an initial mapping of the physi-

cal parameters to their lattice representations, while the simulation results expressed

in lattice units are subsequently converted back to dimensional quantities for physical

interpretation and comparison.

The nondimensional form of a physical quantity is obtained by expressing it with

respect to an appropriate reference scale of the same physical dimension. In this work,

the lattice spacing ∆x, time step ∆t, and reference density ρ are used as the funda-

mental scaling quantities. Under these conventions, all derived physical parameters are

expressed in lattice units through appropriate combinations of the fundamental conver-

sion factors. In particular, the kinematic viscosity is linked to the relaxation time τ by

the following expression

ν = cs
2

(
τ − 1

2

)
∆x2

∆t
, (4.1)

where cs =
√
1/3. For a given lattice resolution and time step, the relaxation time is

therefore determined directly from the prescribed viscosity.

Unless otherwise stated, all dimensional parameters reported for benchmark cases

are expressed in CGS units, while all numerical computations are performed in lattice

units.
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Wall Wall
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Figure 4.1: Schematics of the lid-driven cavity problem configuration.

4.3.2 Methodology

This numerical test case is simulated using the LBM, and the results are then compared

with the work of Ghia et al. [170]. The numerical simulation domain is shown in

Figure 4.1. On the top boundary, a Zou-He [145] velocity boundary condition is applied,

and on the other three remaining stationary walls bounce-back boundary conditions are

imposed. A uniform lattice with the D2Q9 velocity set model is used to run all the

simulations.

The simulations are performed for different Reynolds numbers. Starting from Re =

100, the Reynolds number is progressively increased to the value Re = 3200 to limit

the simulations to a steady flow case. The relaxation time τ is another fundamental

parameter in LBM simulations, and its effects on the fluid flow are tested for a range

of values τ ∈ [0.55, 4]. Both fullway and halfway bounce-back boundary conditions are

used in order to compare their numerical implementation and performance. Further-

more, the BGK, TRT and MRT models for the collision operators are used to evaluate

the accuracy and stability of the numerical method [125,172,173].

4.4 Effect of the Reynolds Number

The simulation setup considered a relaxation time τ = 0.6, the BGK collision operator

and fullway bounce-back wall conditions. The values of the relaxation time τ and
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(a) Re = 100 (b) Re = 400

(c) Re = 1000 (d) Re = 3200

Figure 4.2: Streamlines for the lid-driven cavity flow at increasing Reynolds numbers.

wall velocity uw affect the stability and accuracy of the results. In this case, their

values are chosen so that the grid definition is sufficiently large to guarantee the desired

accuracy without impacting the memory requirements. The corresponding simulation

parameters are reported in Table 4.2. As shown in Figure 4.2, for Reynolds numbers

Re = 100 to Re = 1000, the streamlines show a central vortex and two smaller vortices

in the bottom corners. As the Reynolds number increases, the large vortex moves

closer to the centre point of the cavity, and the corner vortices become larger. At

Reynolds number Re = 3200, an additional vortex develops at the top left corner,

and the larger one is almost exactly in the middle of the square cavity. The LBM

simulations for the different Reynolds numbers are compared to the results of Ghia

et al. [170]. Figure 4.3 describes the U-velocity profile for the different values of Re.
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(d) Re = 3200

Figure 4.3: U-velocity profile along the central vertical line for the lid-driven cavity flow
at increasing Reynolds numbers.

The results show good agreement with the reference simulations for the whole Reynolds

number range. Figure 4.4 illustrates the different V-velocity profiles for increasing Re

and confirms the close match with the reference results.

4.5 Effect of the Relaxation Time

The relaxation time τ is increased from τ = 0.6 to τ = 4 to evaluate its effects on

the solution. The simulations are performed using the BGK collision operator, fullway

bounce-back boundary conditions and a constant value of the Reynolds number Re =

100. The number of lattice nodes N is initially kept fixed, and the wall velocity uw is
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(d) Re = 3200

Figure 4.4: V-velocity profile along the central horizontal line for the lid-driven cavity
flow at increasing Reynolds numbers.

adjusted to ensure stability for the chosen values of Re and τ . As the relaxation time

τ increases, the simulations become unstable, and so the grid size has to be increased

accordingly. Table 4.1 lists the simulated relaxation times and the corresponding size

of the domain. The velocity profiles for the different relaxation times τ are shown in

Figure 4.5. These results demonstrate the dependency of the solution on the value of

the relaxation time τ and therefore the simulations are viscosity-dependent [48]. The

detail in Figure 4.5 shows that the accuracy deteriorates as τ increases. The domain

size is a compromise between the best spatial resolution possible and the available

computational resources. To run the simulations for τ = 2 and τ = 4, the grid size is

increased to ensure a sufficiently small Mach number Ma while maintaining a constant
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Table 4.1: Relaxation times τ and corresponding grid sizes N for the lid-driven cavity
flow simulations.

Relaxation time Grid size
τ N

0.6 101x101
0.8 101x101
1 101x101
2 251x2511
4 1460x1460
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Ghia et al.Figure 4.5: U-velocity profile along the central vertical line for the lid-driven cavity flow
at increasing relaxation times.

Re. The results for τ = 4 show the best match with the reference simulation because the

large domain size enhances accuracy. However, the run time and memory requirements

to perform these simulations are significantly larger than the previous ones due to the

increased computational domain size.

4.6 Effect of the Boundary Conditions

The halfway bounce-back method is an alternative strategy to implement the bounce-

back boundary conditions. This scheme modifies the propagation step rather than

the collision, achieving second-order accuracy. The simulations performed implement-

ing halfway bounce-back conditions for Re = 100 and the BGK collision operator are

in agreement with the corresponding results obtained with the fullway bounce-back
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Figure 4.6: U-velocity profile along the central vertical line for the lid-driven cavity flow
at increasing relaxation times, using the halfway bounce-back scheme.

method. The effect of the different implementation of the boundary conditions is usu-

ally negligible for sufficiently large domains. Conversely, for a small enough grid size

the results show an interesting behaviour. To investigate that case, a N = 36 lattice

is chosen and the relaxation time is increased from τ = 0.6 to τ = 0.8. The differ-

ent profiles for the U-velocity are presented in Figure 4.6. Similarly to the fullway

bounce-back scheme, the solution depends on the value of the relaxation time, and the

accuracy deteriorates as τ increases. The detail in Figure 4.6 displays a peculiar feature

of the halfway bounce-back scheme. When this method is used to enforce the no-slip

boundary condition together with the BGK collision model, the exact location of the

boundary depends on the value of the relaxation time. This numerical error violates the

physics of the problem as the no-slip condition is no longer valid at the exact location of

the boundary [174]. Because of its dependence on the relaxation time, this unphysical

condition can be interpreted equivalently as a viscosity-dependent slip velocity [175].

This result is an important drawback of the standard LBM with bounce-back boundary

conditions. Analytical considerations prove that there is only one τ value that locates

the boundary exactly halfway on the lattice link [48]. Other values of τ lead to a shift

of the location of the effective boundary condition and an unphysical slip velocity at the

wall. Figure 4.6 shows that the reference solution predicts the correct no-slip velocity

condition at the boundary, whereas the LBM results display a slip velocity. Since there
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Table 4.2: Grid sizes N and characteristic velocities uw used in the lid-driven cavity
simulations for different collision models at each Reynolds number.

Reynolds number Collision model Grid size Velocity
Re Ω N uw

BGK 100 0.05
100 TRT 100 0.08

MRT 100 0.1

BGK 267 0.05
400 TRT 200 0.06

MRT 200 0.01

BGK 667 0.05
1000 TRT 400 0.08

MRT 400 0.1

BGK 2134 0.05
3200 TRT 1000 0.1

MRT 1000 0.1

are no lattice nodes at the exact location of the boundary, the extrapolation of the

velocity profile shown in Figure 4.6 leads to the numerical velocity slip at the boundary.

4.7 Effect of the Collision Operator

The BGK model is a simple and efficient way to simplify the collision operator in

the LBE. However, the MRT and TRT collision operators offer a larger number of

parameters that can be used to improve the accuracy and stability of the numerical

method. The results for each collision operator are compared for different values of the

Reynolds number, from Re = 100 to Re = 3200 in Figure 4.7 and Figure 4.8. Table 4.2

lists all the different parameters used in the simulations. The implementation of the

TRT and MRT models for the collision operator is discussed in detail.

4.7.1 TRT Model

The TRT model requires two relaxation rates, one is related to the shear viscosity, and

the other is a free parameter that can be tuned to improve the simulation performance.

In this case, the value of the relaxation rate is fixed to ω+ = 0.6. A parametric analysis
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(d) Re = 3200

Figure 4.7: U-velocity profile along the central vertical line for the lid-driven cavity
flow at increasing Reynolds numbers, comparing the BGK, TRT, and MRT collision
operators.

is conducted on the magic parameter Υ to find the value that provides the best results

in terms of accuracy and stability. Analytical studies prove that there are certain values

of Υ that show distinctive properties [176,177]

a. Υ = 0.25 provides the most stable simulations.

b. Υ = 3/16 implements the wall location exactly in the middle of the lattice link.

It is demonstrated that the value Υ = 0.25 is the optimal choice in terms of stability

and accuracy. Compared to the BGK model, the TRT scheme is stable for a wider range

of relaxation times. Because the TRT model provides more flexibility on the stability
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(d) Re = 3200

Figure 4.8: V-velocity profile along the central horizontal line for the lid-driven cavity
flow at increasing Reynolds numbers, comparing the BGK, TRT, and MRT collision
operators.

condition, a smaller domain size can be used. This decreases the computational costs,

which become especially significant for high Reynolds number simulations. As Table 4.2

shows, for Re = 3200 the grid size used for the BGK model is more than double the size

of the one used in the TRT scheme. The TRT collision operator decouples the stability

condition and the kinematic viscosity. In this way, optimal stability can be achieved for

any viscosity just by adjusting the free parameter such that Υ = 0.25, while maintaining

a constant Re. Since the most important parameter for controlling the accuracy is the

relaxation time, the TRT model simplifies this process. If the viscosity is changed, then

the only condition required to guarantee the same accuracy is to keep Υ = 0.25 fixed

by correspondingly adjusting the free parameter ω−.
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4.7.2 MRT Model

The MRT model is a more general and advanced collision operator. The most important

benefit of this model is that it allows choosing the bulk viscosity νB independently of the

shear viscosity ν. Unfortunately, the large number of user-defined relaxation parameters

ωα can only be chosen after some careful testing, as their optimal values are problem-

specific. Recommended default values for the relaxation frequencies of the D2Q9 lattice

model are [178]

ωα = (0, 1.63, 1.14, 0, 1.92, 0, 1.92, ων , ων) , (4.2)

where ων is the relaxation parameter related to the shear viscosity ν and the relaxation

time τ , as defined in Equation 3.18. These values provide a robust baseline for achieving

stable simulations. The adjustable relaxation parameters are then systematically varied

within their recommended range to determine a configuration optimised for the present

flow problem [131, 179]. The set yielding the best agreement with the benchmark lid-

driven cavity results is

ωα = (0, 1.6, 1.2, 0, 1.6, 0, 1.6, 1.7, 1.7) . (4.3)

Similarly to the TRT model, the MRT collision operator improves the stability so that

a smaller domain size can be used, as shown in Table 4.2. However, the MRT model

usually requires 15-20% more computational costs compared to the BGK and TRT

operators [129].

4.8 Conclusions

This chapter considered the lid-driven cavity flow problem to demonstrate the numeri-

cal implementation of the LBM fluid solver and to evaluate the performance of different

collision models. The lid-driven cavity flow is characterised by an increasingly complex

behaviour for larger Reynolds number values. It is demonstrated that the LBM simula-

tions with the BGK collision operator and fullway bounce-back conditions are capable

of capturing the distinctive flow features, and the results for the velocity profile match
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the reference simulations for the whole Reynolds number range.

The effect of the relaxation time is investigated for a range of values to understand

its overall contribution to the numerical accuracy and stability. The simulations become

unstable as the relaxation time increases, and it is shown that a larger numerical domain

is required to achieve stable results. Additionally, the solution depends on the value

of the relaxation time, and the simulations are viscosity-dependent with a decreasing

accuracy for larger relaxation time values.

The halfway bounce-back scheme is tested and compared to the fullway condition

to discuss the limitations of the most common boundary conditions. It is shown that

the halfway bounce-back scheme used together with the BGK collision model is char-

acterised by a viscosity-dependent slip velocity at the boundary. This numerical error

is due to the exact location of the no-slip boundary being dependent on the value of

the relaxation time. It is discussed that there is only one value of the relaxation time

that achieves the no-slip condition at the exact location of the boundary, resulting in

significant drawbacks for this method.

The influence of different collision operators on the simulations is investigated to

evaluate their potential. The TRT model provides an easy-to-use parameter to optimise

stability and accuracy. Due to the implementation of the magic parameter, the TRT

scheme is stable for a wider range of relaxation times compared to the BGK model.

Therefore, smaller domain sizes are able to achieve stable results, and the computational

costs decrease. The MRT model offers a larger number of parameters that can be tuned

to improve accuracy and stability. Additionally, it allows choosing the bulk viscosity

independently of the shear viscosity. However, the optimal values of the parameters

depend on the specific problem and require tuning.

This chapter demonstrated the validity of the implemented fluid solver, while in-

sights from the performance of the different collision operators informed the selection of

more advanced schemes. In particular, the CMLB is adopted in the subsequent chapters

to further enhance accuracy and stability for fluid-structure configurations.
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Chapter 5

Numerical Diffusion in Confined

Flow Problems

5.1 Introduction

Generally, IBM approaches implement a diffuse representation of the fluid-solid inter-

face, which suppresses numerical oscillations significantly compared to sharp-interface

methods. However, the diffuse interface might reduce the accuracy of the flow field

around the solid boundary. The aim of this chapter is to investigate the diffusive ef-

fects associated with the present IBM implementation and quantify their impact on

numerical accuracy by comparison with sharp-interface approaches. In addressing this

problem, the chapter provides insight into the competing effects of accuracy and stabil-

ity in different boundary representations. A boundary retraction scheme is developed

within the current IB–LBM framework with the objective of reducing the diffusive ef-

fects related to the IBM formulation, and its effectiveness is examined across a range

of representative test problems of increasing complexity. Through this analysis, the

study demonstrates the limits of diffuse-interface IBM implementations and develops a

corrective strategy that effectively restores accuracy.

This chapter is based on previously published work [180]. The analysis was conceived

and designed in collaboration with the co-authors, who further contributed through

scientific discussion and editorial feedback. Dedicated code was developed and imple-
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mented within the existing IB–LBM framework [159] for the purposes of this study.

Section 5.2 outlines the numerical challenges associated with diffuse-interface im-

mersed boundary formulations and motivates the need for a boundary-retraction strat-

egy. Section 5.3 introduces the boundary-retraction scheme and its integration into the

IB–LBM solver. The numerical methodology and simulation setup are described in Sec-

tion 5.4. The performance of the approach is then investigated for different test cases:

flow past a cylinder (Section 5.4.1), sedimentation of a single particle (Section 5.4.2),

flow around two impacting particles (Section 5.4.3), and the drafting–kissing–tumbling

problem (Section 5.4.4). Finally, Section 5.5 summarises the findings and discusses their

broader implications.

5.2 Problem Statement

In IBM schemes, the Eulerian grid and Lagrangian marker points exchange informa-

tion through velocity interpolation and force distribution. The operations between the

different node systems are based on discrete delta functions, which diffuse the interface

around the solid boundary to limit numerical oscillations [154]. However, interpolation

stencils involving discrete delta functions formally introduce a first-order error term in

the velocity field [108, 148, 154, 181, 182]. Another consequence of the diffuse interface

is the effective thickness of the fluid-solid boundary, which changes the apparent size of

solid objects and surface locations [61, 183–186]. The diffusive effect becomes increas-

ingly significant for confined flows and particle collisions, which are common features

for particulate flows.

In contrast to the diffuse-interface IBM, in the LBM framework there are several

methods that feature a sharp representation of the interface as a fluid-solid boundary

treatment. The most common strategies are the simple and interpolated bounce-back

methods [143,149], which suffer from spurious numerical oscillations for moving bound-

ary problems. The PSM presented by Noble and Torczynski [150] is a modified bounce-

back approach that allows for a sharp reconstruction of the boundary by representing

lattice nodes as pure fluid, pure solid, and mixed nodes depending on a weighting pa-
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rameter. To improve the accuracy of this sharp-interface method, Chen et al. [187]

combined it with a ghost method that introduces virtual nodes within the solid object

to extrapolate fluid properties.

The method presented in the work of Tsigginos et al. [152] (see Section 3.2.8) achieves

second-order accuracy by modelling fluid-particle interaction as a two-phase mixture.

The solid objects are represented as virtual fluids, and the computational nodes are

identified as pure fluid, pure virtual fluid, and partially saturated based on their solid

fraction. The fluid–solid coupling is handled through momentum exchange schemes,

i.e. MES-I and MES-II. In MES-I, the momentum transfer from the solid to the virtual

fluid is fully enforced only at solid nodes, while at partially saturated nodes the imposed

velocity also depends on the surrounding fluid velocity. MES-II refines this approach

by directly enforcing the solid velocity on both virtual and partially saturated nodes,

leading to a more consistent interface treatment. However, accurate calculation of the

solid fraction is crucial to correctly represent complex fluid-solid interfaces. Therefore,

this method introduces a significant computational cost for moving boundary problems

as the solid fraction needs to be updated at every time step. Because of their accuracy,

the results presented in Ref. [152] are considered in this work to evaluate the performance

of the diffuse-interface IBM.

The main focus of this study is to investigate the diffuse-interface effects for particu-

late flows with no geometrical confinement, fixed and variable confinements, in addition

to particle interactions and collisions. The results are compared to experimental data

in Ref. [188], analytical formulations, and the results of sharp-interface methods in

Ref. [152, 189]. The effects of the diffuse interface are systematically analysed, and the

implementation of a boundary retraction scheme is considered as a mitigation strategy.

Another important aspect of particle interaction is the role of lubrication forces in

near-contact dynamics. When two surfaces move relative to each other in a fluid and the

gap between them becomes sufficiently small, a strong hydrodynamic resistance develops

in the fluid film. This short-range lubrication force governs the hydrodynamic interac-

tion between approaching particles and between particles and walls [190,191]. Classical

lubrication theory indicates that this force becomes singular as the gap approaches zero,
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effectively preventing smooth surfaces from coming into physical contact [189]. In IB-

LBM simulations, the near-contact interactions are numerically challenging because the

fluid gap size is comparable to the lattice grid spacing, and the diffuse interface further

reduces the effective gap. When the gap becomes smaller than one lattice spacing, fluid

nodes are excluded, and the flow in the fluid film is unresolved. The breakdown of lubri-

cation forces in the calculation of hydrodynamic interactions results in underpredicted

forces and altered particle approach dynamics [2, 192, 193]. Lubrication breakdown is

typically addressed by adding force corrections for unresolved gaps, which restore the

hydrodynamic resistance without grid refinement [165, 191–193]. In the present work,

lubrication corrections are not applied, and the effects of lubrication breakdown in

short-range particle interactions are examined. In addition, the influence of the diffuse

interface on near-contact dynamics is evaluated to establish its role in these interactions.

5.3 Boundary Retraction Scheme

The interpolation and distribution procedures described respectively in Equation 3.52

and Equation 3.63 are the source of the diffusive effects due to the implementation of

discrete delta functions [148]. To take advantage of IBM while alleviating the diffuse

interface effects on the flow field, Breugem [108] suggested correcting the effective di-

ameter of immersed objects by retracting the Lagrangian interface grid points some

distance inside the solid surface. It is shown that this strategy partly cancels the in-

terpolation errors and improves the simulation accuracy significantly. Additionally, the

retraction distance is affected by the solid object geometry, and the optimal values for

spheres, tubes and cubes are provided. Since discrete delta functions used in IBM have

different interpolation ranges, the effective boundary thickness is also affected by the

choice of kernel function.

The work of Peng et al. [148] tested the boundary retraction approach for different

discrete delta functions and concluded that the optimal distance value is larger for

more diffusive functions. Furthermore, Peng and Wang [182] derived an analytical

demonstration of the optimal retraction distance for a plane channel flow. However,
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rd

Figure 5.1: Representation of the fluid-solid boundary. The Lagrangian points indicated
by red dots are retraced inwards by a distance rd. The range of action of the discrete
delta functions is represented by the light blue shaded area.

for surface-confined particulate flows particularly with inter-particle collisions, further

work is required to understand the extent to which the diffuse interface affects simulation

accuracy and to improve the boundary retraction approach accordingly.

The boundary retraction scheme implemented in the present work mitigates the

diffuse-boundary effect caused by the discrete delta functions by modifying the position

of the Lagrangian points. This approach is reflected in the way that the IB-LBM

algorithm updates the position and velocity of the Lagrangian points.

Figure 5.1 schematises the representation of a solid object according to the current

IBM implementation. The support lattice nodes required for the interpolation and

distribution operations are defined by the choice of delta function and they determine the

smoothness of the boundary representation. In the boundary retraction algorithm, the

Lagrangian points are retracted inwards by a distance rd. In the following section, the

effectiveness of this strategy is evaluated for increasingly complex problems. Different

values of retraction distance rd are tested to investigate their impact on numerical errors.

Additionally, the effects of geometrical confinement, particle interaction and collision

are examined.

5.4 Numerical Simulations

In contrast to sharp-interface approaches, the accuracy of the IB-LBM scheme deterio-

rates quickly as particulate flow becomes more confined due to the diffusive boundary
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Table 5.1: Geometry and fluid properties for unconfined flow past a cylinder.

Geometry Parameters

Diameter D 1 Density ρf 1
Square domain width L 50 Viscosity µf 0.001

effect. To alleviate this, the simple but effective boundary retraction scheme is applied

in the following. The performance is evaluated in four cases: flow past a cylinder, set-

tling of a particle under gravity, flow around two impacting particles, and the drafting-

kissing-tumbling process of two particles settling in a channel. These test cases are

arranged to show how the diffusive effect of IBM influences flows with very different

confinements and to examine the effectiveness of the boundary retraction scheme. The

simulation results are be compared with experimental data, and the numerical results

obtained with the sharp-interface approach in Ref. [152].

All simulations are performed on a uniform lattice using the D2Q9 velocity set. The

collision operator is defined using the CLBM, and the IBM formulation is based on a

four-point regularised discrete delta function.

5.4.1 Flow Past a Cylinder

The flow past a stationary circular cylinder in a two-dimensional channel is used to test

the performance of the IB-LBM scheme for fixed boundary problems in both confined

and unconfined geometries.

Unconfined Flow

The stationary circular cylinder of diameter D is positioned at the centre of a square of

size L. A fixed constant velocity ui is prescribed at the inlet, top and bottom boundaries,

while a pressure boundary condition is imposed at the outlet. The results from extensive

experiments of Tritton [188] and the sharp-interface approach of Tsigginos et al. [152]

are employed for a quantitative comparison.

The geometry parameters and fluid properties listed in Table 5.1 are normalised in

the same way as Tsigginos et al. [152] for consistent comparison. The Reynolds number
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u/ui

Figure 5.2: Unconfined flow past a cylinder: contours of the dimensionless horizontal
velocity u/ui at Re = 40.

is increased from 1 to 40 by varying the inlet velocity ui according to the equation

Re = ρfuiD/µf, where ρf and µf are respectively the density and the dynamic viscosity

of the fluid. The drag coefficient Cd is calculated from

Cd =
2F

ρfu
2
i D

. (5.1)

A lattice size ∆x = D/30 is used in the current case as it was demonstrated to be

sufficiently accurate [152].

The dimensionless horizontal velocity u/ui is displayed in Figure 5.2. The calcu-

lated drag coefficients Cd for different Re values are plotted in Figure 5.3, showing a

good agreement with both the experimental data [188] and the numerical results [152].

Therefore, for the unconfined flow above, the diffuse interface does not lead to significant

numerical error, and the boundary retraction scheme is not required.

Confined Flow and Wall Interaction Effects

The flow past a cylinder of diameter D in a channel of width W and length L is simulated

to investigate the confinement effect on the flow behaviour in the creeping laminar flow

regime, where the bounding walls of the channel alter the characteristic features of the

flow field. The channel confinement ratio κ = D/W is the characteristic parameter

for measuring the extent of confinement, with κ > 0 corresponding to confined flow

and κ → 0 representing the unbounded flow limit. This classical case has been studied

extensively and detailed descriptions of the available analytical studies, computational
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Figure 5.3: Drag coefficient Cd for unconfined flow past a cylinder at different Reynolds
numbers Re. Experimental results from Tritton [188] and MES-II numerical results in
Ref. [152] are given for comparison.

simulations and experiments have been presented in several works, e.g. Refs. [194–197].

The computational domain geometry and the fluid field are displayed in Figure 5.4.

A parabolic velocity profile with a maximum speed of um is imposed at the inlet and

outlet boundaries. No-slip boundary conditions are applied at the top and bottom

channel walls with the halfway bounce-back scheme. The geometry and fluid properties

used in the simulations are listed in Table 5.2.

u/u

W

L

Dum(a)

(b)

m

Figure 5.4: Flow past a fixed cylinder: (a) schematics of the computational domain and
(b) contours of the dimensionless horizontal velocity u/um.

For the current flow past a cylinder in the creeping laminar flow regime, the wall

effect on the drag force can be estimated using a wall correction factor λ, which is
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defined as

λ (κ) =
Fd (κ)

umµf
, (5.2)

where Fd is the drag force, and µf is the fluid viscosity. As one of the most common

expressions for the wall correction factor that can offer an accurate analytical solution

for Stokes flow, the wall correction factor λF derived by Faxén [152] is expressed in the

form [152,194]

λF (κ) =
4π

f (κ) + g (κ)
, (5.3)

where f (κ) and g (κ) are defined as

f (κ) = A0 −
(
1 + 0.5κ2 +A4 κ

4 +A6 κ
6 +A8 κ

8
)
ln (κ) ,

g (κ) = B2 κ
2 +B4 κ

4 +B6 κ
6 +B8 κ

8 ,
(5.4)

and the corresponding numerical coefficients are

A0 = −0.9156892732 , B2 = 1.26653975 ,

A4 = 0.05464866 , B4 = −0.9180433 ,

A6 = −0.26462967 , B6 = 1.8771010 ,

A8 = 0.792986 , B8 = −4.66549 .

This expression is valid for confined flows with 0 < κ ≤ 0.5 [194]. To evaluate the per-

formance of the IB-LBM scheme, the calculated wall correction factor λ is compared to

the Faxén wall correction factor λF. The numerical error Eλ is given by the expression,

Eλ =

∣∣∣∣λ− λF

λF

∣∣∣∣ . (5.5)

Simulations are performed for different lattice sizes, i.e. ∆x = (D/12, D/16, D/20,

D/30, D/40) to show the effect of the computational grid. The corresponding numerical

error Eλ with κ = 0.4 is plotted in Figure 5.5 and compared to the results in Ref. [152].

As Figure 5.5 shows, the simulation results’ accuracy increases drastically for a larger

lattice resolution. Importantly, the accuracy of the present simulation is comparable
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Table 5.2: Geometry and fluid properties for confined flow past a cylinder.

Geometry Parameters

Diameter D 1 Density ρf 1
Channel width W 2.5 Viscosity µf 0.005
Channel height H 40 Velocity um 10−6

Confinement ratio κ 0.4 Reynolds number Re 2 ×10−4
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rd = 0.35∆x

rd = 0.4∆x

rd = 0.8∆x

MES-I

MES-II

Figure 5.5: Confined flow past a cylinder: wall correction factor error Eλ for confinement
ratio κ = 0.4, comparing different retraction distances rd. The numerical results (MES-
I, MES-II) reported in Ref. [152] are given for comparison.

to the MES-I scheme, but it is less accurate than the second-order algorithm MES-II.

It seems that the diffuse interface in the highly confined geometry (κ = 0.4) has a

more significant impact on the performance of the IB-LBM scheme compared to sharp-

interface methods, including MES-I and MES-II.

The approach of retracting the Lagrangian surface grid points is applied to the

simulations with the retraction distance rd = (0, 0.3, 0.35, 0.4)∆x, where the case with

rd = 0 does not include boundary retraction. As displayed in Figure 5.5, the wall

correction factor error Eλ decreases considerably as rd grows. The error Eλ with rd =

0.35∆x decreases significantly from 4.7% to 0.58% for the lattice size ∆x = D/40

and from 26% to 9.9% for ∆x = D/12. It can also be noted that retracting the

Lagrangian points by rd = 0.4∆x for lattice size ∆x = D/40 makes the results even

more accurate than the ones for ∆x = D/100 without retraction. The above results

suggest an appropriate rd = 0.4∆x, which is close to the optimal value suggested

by Breugem [108] and Peng et al. [182]. Additionally, a larger retraction distance
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rd = 0.8∆x is also considered in Figure 5.5. It is clear that rd = 0.8∆x performs

significantly worse.
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rd = 0.35∆x

rd = 0.4∆x

rd = 0.8∆x

Figure 5.6: Confined flow past a cylinder: wall correction factor error Eλ for confinement
ratio κ = 0.2, comparing different retraction distances rd.
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Figure 5.7: Confined flow past a cylinder: wall correction factor error Eλ for confinement
ratio κ = 0.1, comparing different retraction distances rd.

Since a larger degree of confinement accentuates interface diffusion in the IB-LBM

simulations, it is interesting to compare the results of different confinement ratios κ =

(0.1, 0.2, 0.4), where the corresponding channel widths W are (10, 5, 2.5). By comparing

the cases in Figures 5.5, 5.6 and 5.7, it can be seen that the wall correction factor error

Eλ becomes much smaller as the confinement ratio κ decreases. Specifically for lattice

size ∆x = D/40, when the confinement ratio κ is reduced from 0.4 to 0.1, the error

Eλ for cases without retraction decreases from 4.7% to 1.5%, while Eλ for cases with
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rd = 0.35∆x reduces from 0.58% to 0.3%.

As demonstrated in Figures 5.5, 5.6 and 5.7, the interface diffusion effect can be com-

pensated successfully by applying different retraction distances, rd = (0.3, 0.35, 0.4)∆x.

To be specific, as the retraction distance rd grows from zero to 0.4∆x, in Figure 5.6

with κ = 0.2, the error Eλ reduces from 2.4% to 0.2% for lattice sizes ∆x = D/40

respectively, while in Figure 5.7 with κ = 0.1, Eλ decreases from 1.5% to 0.13% for

∆x = D/40. However, the retraction distance rd = 0.8∆x makes the accuracy of

the IBM much worse for all the tested confinement ratios κ. Therefore, the bound-

ary retraction strategy is competitive in reducing computational cost while maintaining

simulation accuracy, as long as an appropriate retraction distance is used.

5.4.2 Sedimentation of a Single Particle Under Gravity

The case of a cylindrical particle settling under gravity in a two-dimensional channel is

simulated to investigate confined flow with moving boundaries in the creeping laminar

flow regime. In addition to approximate analytical formulations [152], this problem

has been investigated by various numerical and experimental studies, and extensive

benchmark results are available [194,198–203].

As represented in Figure 5.8, the problem geometry is schematised by a vertical

channel of width W and height H. The computational domain is bounded by solid

walls, and a no-slip boundary condition is implemented using a halfway bounce-back

scheme. The initial geometry and fluid flow conditions used in the simulations are listed

in Table 5.3. A cylindrical particle of diameter D initially at rest is released along the

centreline of the channel. As the particle starts moving downwards under the action of

gravity, the drag force exerted by the surrounding fluid increases. Once the drag force

balances the gravitational force, the particle settles with a constant velocity known as

the terminal velocity Vt.

Because of the interaction with the walls, the settling velocity is lower than the

corresponding one in the unconfined flow case [41, 200, 203]. A wall correction factor

λF is introduced to account for the effect of the bounded geometry. By balancing the

gravitational force Fg =
(
π gD2 (ρs − ρf)

)
/4 and the drag force acting on the particle
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Figure 5.8: Sedimentation of a particle under gravity: (a) schematics of the computa-
tional domain and (b) contours of the vertical velocity V .

Table 5.3: Particle and fluid properties for sedimentation of a particle under gravity.

Geometry Parameters

Diameter D 1 Density ρf 1
Channel width W 5 Viscosity µf 0.005
Channel height H 80 Particle density ρs 2.6
Confinement ratio κ 0.2 Reynolds number Re 5 ×10−4

Fd = λF µf Vt, the wall-corrected terminal velocity of a settling particle can be estimated

as [152,203]

Vt =
πgD2 (ρs − ρf)

4µfλF (κ)
, (5.6)

where ρs is the particle density, g is the gravitational acceleration, and λF is the Faxén

wall correction factor. For this case, the Faxén wall correction factor is calculated

as [152,204]

λF =
4π

A0 − ln (κ) +A2 κ2 +A4 κ4 +A6 κ6 +A8 κ8
, (5.7)

where κ is the channel confinement ratio and the numerical coefficients are A0 =

−0.9156892732, A2 = 1.7243844, A4 = −1.730194, A6 = 2.405644, and A8 = 4.59131.

The gravitational acceleration value g is calculated using Equation 5.6 to match the

specified value of the Reynolds number Re = ρfVtD/µf , where V is the numerical value

of the terminal velocity. As the terminal velocity Vt can be accurately calculated by
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Equation 5.6, it is used to evaluate the numerical velocity error Ev in the diffusive

IB-LBM scheme as follows,

Ev =

∣∣∣∣V − Vt

Vt

∣∣∣∣ . (5.8)
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Figure 5.9: Sedimentation of a particle under gravity: velocity error Ev for confinement
ratio κ = 0.2, comparing different retraction distances rd. The numerical results in
Ref. [152] are given for comparison.
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Figure 5.10: Sedimentation of a particle under gravity: velocity error Ev for confinement
ratio κ = 0.1, comparing different retraction distances rd.

Simulations are run for different lattice sizes, i.e. ∆x =(D/12, D/16, D/20, D/30,

D/40). The calculated Ev for different lattice sizes is illustrated in Figure 5.9 and

compared to the numerical results of the sharp-interface method reported in Ref. [152].

The boundary retraction scheme with distance rd = (0.3, 0.35, 0.4)∆x is applied to
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alleviate the diffusive effects. Figure 5.9 shows that the velocity error Ev decreases

significantly when the boundary retraction approach is used. It can be estimated that

the velocity error Ev for retraction distance rd = 0.4∆x decreases from 11% to 3.6%

for the lowest resolution case ∆x = D/12 and from 2.5% to 0.21% for lattice size ∆x =

D/40. The IB-LBM with retracted interface shows a better performance compared to

the MES-I scheme, but the accuracy is still lower than the second-order MES-II model.

To investigate the effect of confinement, the particle sedimentation case is simulated

in a wider computational domain with the confinement ratio κ = 0.1. The values

of velocity error Ev for lattice sizes ∆x = (D/12, D/16, D/20, D/30, D/40) and the

retraction distance rd = (0, 0, 3, 0.35, 0.4)∆x = are shown in Figure 5.10. As observed

in Figure 5.10, the terminal velocity error Ev for the case of rd = 0.4∆x is reduced from

1.5% to 0.13% for D = 40∆x and from 6.4% to 2.2% for D = 12∆x. Moreover, it can

be noted that due to the less significant confinement effect, the error Ev for rd = 0.4∆x

in comparison to its corresponding case in Figure 5.9 decreases from 3.6% to 2.2% and

from 0.21% to 0.13% for D = 12∆x and D = 40∆x, respectively. In this case, the

retraction distance rd = 0.4∆x still shows the best accuracy.

5.4.3 Flow Around Two Impacting Particles

The test case of flow around two impacting cylindrical particles in a two-dimensional

channel has been chosen to investigate the effect of diffuse interface for moving objects

with a variable confinement and considering the interaction between particles where

two diffuse interfaces could overlap. This problem has been studied by Bampalas and

Graham [205] using a finite element method with a body-fitted mesh.

The computational domain used for the simulations is a channel of width W and

length L, as illustrated in Figure 5.11a. Two identical particles of diameter D are placed

at the centre of the channel with an initial horizontal separation G. The fluid is initially

stationary, and the particles are moving towards each other along the centreline of the

channel with the same velocity U/2. The computational domain is bounded by four

stationary walls, where a gradient boundary condition is imposed. Geometry and fluid

properties used in this case are the same as in Ref. [152], which are listed in Table 5.4.
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Figure 5.11: Flow around two impacting cylinders: (a) schematics of the computational
domain and (b) contours of the horizontal velocity U at t∗ = −1; and (c) t∗ = −0.1.

Figures 5.11b and 5.11c show the velocity contours at different instants, where the

normalised time t∗ is defined by the following expression [152,205],

t∗ =
U t−G

D
, (5.9)

where U is the relative velocity of the particles.

Table 5.4: Particle and fluid properties for flow around the two impacting particles.

Geometry Parameters

Diameter D 1 Density ρf 1
Channel width W 50 Viscosity µf 0.0015
Channel height H 50 Velocity U 0.15
Initial gap G 2 Reynolds number Re 50

Simulations are carried out for different lattice sizes, i.e. ∆x =(D/12, D/30, D/60,

D/80). Figure 5.12 presents the evolution in time of the drag coefficient Cd for the

different computational grids. As shown in Figure 5.12, the accuracy of the IB-LBM

model improves significantly by increasing the lattice resolution from D = 12∆x to

D = 30∆x, which is favoured. However, in spite of the great computational cost when

increasing the lattice grid refinement to D = 60∆x and D = 80∆x, the error on the

drag coefficient Cd can hardly be much smaller.

The numerical error on the drag coefficient Cd appears to be related to the interface

diffusion effect associated with the IBM model. Considering Figure 5.11, it is evident

that as the particles approach each other, the diffuse interface has an increasingly sig-
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Figure 5.12: Drag coefficient Cd evolution in time for the flow around two impacting
cylinders, comparing different lattice resolutions. The numerical results in Ref. [152]
(MES) and Ref. [205] (Bampalas) are given for comparison.

nificant impact on the results. Therefore, the boundary retraction approach is used to

minimise the interface diffusion effect and improve simulation accuracy. The impact

of this strategy can be visualised in Figure 5.13 for three different grid resolutions, i.e.

D = (12, 30, 60)∆x. It is evident that the results obtained using the boundary retrac-

tion scheme show a much closer match to the ones presented in Ref. [152, 205]. The

difference between the drag coefficient Cd values for rd = 0 and rd = 0.8∆x can be

quantified by calculating the relative difference ECd. Figure 5.13 shows the evolution

of ECd as a function of the separation distance G/D between the particles for D/∆x =

[12, 30, 60]. Initially, the drag coefficient Cd values for rd = 0 and rd = 0.8∆x are

similar and ECd is negligible. As the separation distance G/D between the particles is

progressively reduced, the results for rd = 0 and rd = 0.8∆x diverge and ECd becomes

significant. In particular, when the separation distance G becomes smaller than 4∆x,

the diffuse interfaces start to overlap, and the numerical error for the drag coefficient

Cd grows exponentially. As shown in Figure 5.13, although the retraction distance

rd = 0.4∆x works well for single-particle problems, a much larger retraction distance

is needed, i.e. rd = 0.8∆x when the interaction between different diffuse interfaces

becomes much stronger.

In addition to diffuse-interface effects, the near-contact interactions between the two

particles are also influenced by lubrication forces, which are important to understand the
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Figure 5.13: Flow around two impacting cylinders: effect of the diffuse-interface on
the drag coefficient Cd evolution in time for lattice sizes: (a) ∆x = D/12, (b) ∆x =
D/30, and (c) ∆x = D/60. The numerical results in Ref. [152] (MES) and Ref. [205]
(Bampalas) are given for comparison. (d) Drag coefficient difference ECd as a function
of the separation distance between the particles G/D.

need for a larger retraction distance. Lubrication theory predicts that the hydrodynamic

resistance to relative motion between two approaching particles increases sharply as the

gap between them decreases. However, in the IB-LBM framework with diffuse interfaces,

the fluid film cannot be fully resolved once the gap size becomes comparable to the lattice

spacing. The diffuse interface further reduces the effective gap, leading to incomplete

resolution of the film layer and an underestimation of lubrication forces. Consequently,

the hydrodynamic resistance predicted by lubrication theory is not captured accurately,

and this limitation is amplified when diffuse interfaces overlap, as this representation

alters the near-contact dynamics. Increasing the retraction distance compensates for
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Table 5.5: Particle and fluid properties for sedimentation of two particles.

Geometry Parameters

Diameter D 0.2 Density ρf 1
Channel width W 2 Viscosity µf 0.08
Channel height H 6 Particle density ρs 1.1
Initial gap G 0.3 Gravitational acceleration g 981
Initial separation S 0.006 Spring coefficient kn 2500

Damping coefficient cn 0.4
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g
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(a) (b) (c) (d)

VD/ν

Figure 5.14: Drafting-kissing-tumbling of two particles settling in a channel under grav-
ity: (a) computational domain, contours of the vertical velocity V at (b) t = 0.4, (c)
t = 0.8, and (d) t = 1.2.

interface overlap and the unresolved lubrication layer, improving the resolution of short-

range particle interactions.

5.4.4 Drafting-Kissing-Tumbling Process of Two Particles Settling

The sedimentation of two circular cylindrical particles in a two-dimensional channel is

considered to investigate moving boundary problems with a variable confinement. Since

this test case involves a close interaction including collision between the falling particles,

the diffuse interfaces could have a significant influence on their movement.

The fundamental mechanism associated with pairwise coupling of particles settling

in a channel was first described by Fortes et al. [206] who performed experiments on
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spherical particles in fluidised beds. Significant work has been conducted to investi-

gate this problem using various lattice Boltzmann models [207–209] and different IBM

schemes [41, 45, 210]. As shown in Figure 5.14, the computational domain is geomet-

rically represented by a vertical channel of width W and height H. Two identical

particles of diameter D are placed along the centreline of the channel with an initial

vertical separation G. The trailing particle is initially displaced off-centre with a hor-

izontal separation distance from the centreline S. Non-slip boundary conditions are

prescribed at the channel walls by applying a halfway bounce-back scheme. The com-

putational domain geometry and fluid flow conditions used in the simulations are listed

in Table 5.5, and these values are the same as Ref. [189]. Two particles settling in close

proximity in a channel under gravity undergo a typical sequence of movements, known

as the drafting-kissing-tumbling (DKT) process, which can be visualised in Figure 5.14.

After the particles are released, the trailing particle is caught in the wake of the leading

particle and it experiences a reduction in its drag force. In the drafting part of the pro-

cess, the trailing particle velocity increases and it starts to fall faster than the leading

one. The trailing particle eventually catches up with the leading one in the kissing stage,

when the particles are in contact. Because this configuration is unstable, the trailing

particle rotates around the leading one and overtakes it in a tumbling movement.

Since the DKT process involves a contact stage, the IB-LBM implements the discrete

element method to handle collisions between particles. In the soft-sphere approach used,

the interaction between particles is approximated by constructing the contact force as

a function of the overlap and the relative velocity at the contact point. A linear spring-

dashpot model is applied to both particle-particle and particle-wall interactions when

the distance is less than the critical value εc. The contact force Fc can be decomposed

into normal Fcn and tangential Fct terms that are respectively calculated as follows,

Fcn = kn δn + cn vn , (5.10a)

Fct =


kt∆ δt + ct vt Fct < η Fct ,

η Fct Fct ≥ η Fct ,

(5.10b)
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where kn, kt are the normal and tangential spring coefficients, cn, ct are the normal and

tangential damping coefficients, vn, vt are the normal and tangential relative velocity at

contact point, δn is the normal overlap, ∆ δt is the increment of the relative tangential

displacement, and η is the friction coefficient. In the present work, the critical value εc

is set to 2∆x to accommodate the range of the four-point discrete delta function [159].

Simulation results are illustrated in Figure 5.15, where the evolution of the velocity

of the particles is plotted and compared to the sharp-interface method presented by

Ardekani and Rangel [189]. Since the separation distance between the two particles for

most of the DKT process approaches zero, the effect of the interface diffusion associated

with the IBM becomes increasingly significant, and the numerical accuracy is affected.

In Figure 5.15, the diffusive effect is alleviated by introducing the retraction distance

scheme with rd = 0.4∆x and rd = 0.8∆x, which can achieve accuracy equivalent to an

increased spatial resolution.

From the above case for two impacting particles, it is shown that when the two

particles are not in close contact, the usual rd of 0.4 can be chosen. However, when the

two particles move close to each other, the value of rd should be switched to 0.8 as the

diffuse interfaces start to overlap (G becomes 4∆x or less). This adjustment is necessary
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(b) Longitudinal velocity vp.

Figure 5.15: Effect of the interface diffusion on the motion of two particles settling in
a channel under gravity: (a) transverse velocity up, and (b) longitudinal velocity vp as
functions of time, comparing different retraction distances rd. The numerical results in
Ref. [189] are given for comparison.

because, as the gap between particles decreases, the interaction enters the lubrication
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regime, where hydrodynamic resistance rises sharply with reducing separation. In the

present IB-LBM formulation, the diffuse interface alters the effective boundary thick-

ness, which in turn influences the fluid gap treatment and results in an underestimation

of lubrication resistance. This limitation is particularly relevant for the DKT process,

which involves an extended near-contact phase. When lubrication forces are not prop-

erly captured, contact dynamics are affected, and the transition to the tumbling phase

is altered. Increasing rd mitigates diffuse-interface overlap and preserves lubrication

effects prior to contact.

To simplify the computation, retraction distances rd of 0.4∆x and 0.8∆x are tested

in the current DKT process, and both show satisfactory results. However, the collision

model used in the simulations has a significant influence on the interface retraction

scheme. The present DEM algorithm allows particle overlap by modelling their inter-

action using a linear spring-dashpot model, which is considerably different from the

strategy used in Ref. [189]. Additionally, a cut-off distance εc is applied in order to

activate the DEM contact forces when the gap between the particles falls below this

threshold. The resulting short-range repulsive force models the hydrodynamic resis-

tance when the particles are approaching and ensures that the contact interactions are

correctly captured. Overall, the combination of the boundary retraction scheme and the

DEM contact model alleviates the limitations of diffuse-interface IB-LBM in close-range

particle interactions during DKT. Nevertheless, further work is required to improve the

interface retraction technique in the near-contact treatment.

5.5 Conclusions

Because of its versatility, diffuse-interface IBM is a viable method to simulate complex

fluid-solid interaction problems. It offers advantages in terms of computational efficiency

as it does not require updating solid fractions at every time step for moving boundary

problems. Additionally, since the fluid-solid interface is tracked, the coupling with

particle solvers such as DEM is easier to implement than in Ref. [152], where the particles

need to be mapped into the fluid domain. An important drawback of this approach is

the diffuse interface, which changes both the apparent size of the solid object and the
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exact surface location. In this work, the coupled IB-LBM has been applied to four

benchmark problems to investigate the effects of interface diffusion. It has been found

that the diffuse interface has a negligible impact on unbounded geometries. However, in

confined computational domains, surface interaction enhances interface diffusion effects

and reduces the numerical accuracy of diffuse-interface IBM compared to sharp-interface

methods. Interactions between particles are another challenging issue for traditional

diffusive IBM formulations. When particles are in close contact, diffuse interfaces start

to overlap, leading to more pronounced effects.

A boundary retraction approach has been tested to compensate for these sources of

error. This strategy has been proven effective in achieving a better representation of the

solid boundary and improving the accuracy with limited computational costs. It has

been demonstrated that compared to a traditional implementation, multi-direct-forcing

IBM with boundary retraction achieves a better performance for confined geometries

and particle interaction problems. The easy-to-use retraction distance is found nu-

merically to be rd = 0.4, which is to be doubled when two diffuse interfaces start to

overlap.
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Chapter 6

Numerical Stability in the

Dynamics of Light Structures

6.1 Introduction

The stability properties of IBM approaches are usually limited to cases characterised

by density ratios greater than unity. The introduction of a strong-coupling scheme

overcomes this limiting restriction and extends the application range of the current

IB-LBM framework. This chapter aims to provide an understanding of the stability

properties of the strongly coupled IB–LBM formulation and evaluate its performance

across representative problems.

The numerical simulations investigate the dynamics of falling and rising particles

over a range of Reynolds numbers. These configurations allow to assess the stability and

computational performance of the strongly coupled IB-LBM scheme while exploring the

effects of the structural parameters and the local flow field. This analysis establishes the

conditions when the strong coupling becomes necessary to ensure numerical stability

and evaluates its influence on both accuracy and computational performance. At the

same time, the results improve the understanding of the dynamics of low-density bodies,

clarifying the role of the internal mass effect in cases where weakly coupled approaches

become unstable.

Section 6.2 describes the sources of instability related to the internal mass effect and
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the associated density-ratio limitation. The numerical setup and simulation method-

ology are presented in Section 6.3. The performance of the strongly coupled IB–LBM

formulation is then assessed through a series of test cases: falling and rising particles

(Section 6.3.1), a single particle released off-centre (Section 6.3.2), and multiple par-

ticles rising (Section 6.3.3). Finally, Section 6.4 summarises findings on the stability

behaviour of different coupling strategies and highlights how the proposed formulation

enables the accurate modelling of light-particle dynamics.

6.2 Problem Statement

Several findings indicate that the internal mass effect described in Section 3.3.5 affects

the numerical stability of IBM schemes in problems where the solid body density is

comparable to or smaller than the density of the surrounding fluid, i.e. ρs/ρf ≤ 1

[107, 110,111,157,161,165]. In such cases, the internal mass term becomes comparable

to the solid object mass causing instabilities to arise when integrating the equations of

rigid body motion. As a result, different studies observed growing oscillations of the

particle velocity while updating the rigid body motion [107].

Despite the efforts to compensate the internal mass effect, the moving bounce-back

method presented by Ladd [143] becomes unstable for solid to fluid density ratio values

below 2. Similarly to the approach presented by Qi [211], the compensation force

calculated by ten Cate et al. [165] extends the numerical stability to density ratios of

ρs/ρf ≥ 1.15.

The rigid body approximation proposed by Uhlmann [107] to evaluate the motion of

the internal fluid introduces a singularity in the equations of body motion for ρs/ρf = 1.

Considering the case of a solid particle accelerating from rest due to gravity, the lower

limit of the density ratio that achieves numerical stability corresponds to ρs/ρf ≥ 1.05

for circular disks and ρs/ρf ≥ 1.2 for spherical particles.

Alternatively, the formulation of the rigid body motion suggested by Feng [161]

eliminates the singular value in the equations of body motion and does not present a

limitation of the density ratio. Similarly, the Lagrangian points approximation devel-

oped by Suzuki and Inamuro [157] is unconditionally stable.
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Kempe and Fröhlich [111] suggested that for problems involving significant angular

acceleration, the motion of the internal fluid deviates from rigid body approximation

due to the distribution of forcing points on the interface on Γs rather than on the interior

solid domain Ωs. Therefore, their formulation replaces the rigid body approximation

with a direct evaluation of the linear and angular momentum volume integrals by means

of a second-order midpoint quadrature rule. This approach increases the numerical

stability limit to ρs/ρf ≥ 0.3 [108,111].

These findings indicate that the coupling between the fluid and solid equations im-

poses a limitation on the density ratio to achieve numerical stability. Although various

remedies have been proposed, their performance depends on both the formulation em-

ployed and the characteristics of the problem under consideration.

Moreover, different studies identified that the stability properties of partitioned ap-

proaches are not exclusively influenced by the density ratio [43, 105]. The local flow

properties also have a significant contribution because they affect the hydrodynamic

force and torque acting on the solid body. Additionally, it has been suggested that

weakly coupled schemes suffer from numerical stability problems for a given structural

density when the computational domain increases [43]. Therefore, the numerical sta-

bility depends both on structural properties such as density and geometry, and on the

local conditions of the surrounding fluid.

It has been demonstrated that weakly coupled schemes optimise computational costs

and reduce algorithm complexity, but restrict the stability limit for low-density ratio

problems. Therefore, for such applications strongly coupled algorithms are generally

preferred [43,105].

6.3 Numerical Simulations

The aim of this section is to provide a comprehensive and systematic study of problems

involving solid particles characterised by different density ratios including small values,

i.e. ρs/ρf < 1. As opposed to the weakly coupled scheme, the strong coupling expands

the stability interval of the IBM in order to correctly capture the dynamics of light
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particles. The extended stability properties of the strongly coupled scheme allow to

reduce the resolution required for accurate simulations, resulting in a reduced demand

of computational resources. In addition to this, the strongly coupled scheme successfully

captures physical phenomena that cannot be simulated with a regular IB scheme. The

performance of the strongly coupled IB-LBM scheme is evaluated for three test cases:

falling and rising particles both in the creeping flow regime and for moderate values of

the Reynolds number, single particle released off-centre, and multiple particles rising.

The numerical results are consistently compared to analytical expressions and both

experimental and numerical studies in the available literature.

All simulations are performed on a uniform lattice using the D2Q9 velocity set,

with the collision operator defined by the central-moment lattice Boltzmann method

(CLBM). The immersed boundary formulation is characterised by a four-point regu-

larised discrete delta function and a retraction distance of rd = 0.4, unless otherwise

stated.

6.3.1 Falling and Rising Particles

The problem of a particle moving freely under hydrodynamic forces provides a suitable

test case to investigate the performance of the strongly coupled IB-LBM scheme and

assures a significant comparison with the weakly coupled scheme. The study focuses

first on the creeping flow regime for Re = 5× 10−4. This case is particularly significant

as the available approximate analytical formulations provide a valuable comparison.

The stability properties of the scheme are investigated for a wide range of density ratio

values ρs/ρf to verify the ability of the strong coupling to capture the dynamics of

light particles. The problem is then extended to a moderate Reynolds number regime

to investigate the dependence of stability on this parameter. Additionally, a higher

confinement ratio is considered.

Creeping Flow Regime

The strong-coupling scheme is tested for the case of a particle moving freely under

hydrodynamic forces in the creeping laminar flow regime. This problem is suitable for
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validation as approximate analytical formulations are available [194,203], in addition to

extensive numerical and experimental benchmark results [194,195,199–203].

Table 6.1: Particle and fluid properties for falling and rising particles in the creeping
flow regime.

Geometry Parameters

Diameter D 0.1 Density ρf 1
Channel width W 2 Viscosity µf 1
Channel height H 5 Reynolds number Re 5 ×10−4

Confinement ratio κ 0.05
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0
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E
v

rd = 0
rd = 0.4∆x

Figure 6.1: Velocity error Ev for sedimentation of a particle under gravity for retraction
distance rd = 0 and rd = 0.4∆x.

A cylindrical particle of diameter D is initially located along the centreline of a

channel of width W and height H. The computational domain is bounded by solid

walls, and a no-slip boundary condition is implemented using a halfway bounce-back

scheme. A schematic representation of the geometry of this case is provided in Figure 5.8

for reference. The initial geometry and properties used in the simulations are listed in

Table 6.1. The net gravitational force Fg acting on the particle is given by the expression

Fg =
π gD2 (ρs − ρf)

4
(6.1)

where g is the gravitational acceleration, ρs is the particle density, and ρf is the fluid

density. When the particle density is lower than the fluid density, i.e. ρs < ρf , the

particle moves upwards, while ρs > ρf corresponds to the sedimentation case. For
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(a) ρs/ρf = 2. (b) ρs/ρf = 0.1.

(c) ρs/ρf = 2. (d) ρs/ρf = 0.1.

Figure 6.2: Particles falling and rising: contours of the vertical velocity (a)-(b), and
vorticity (c)-(d) for D = 12∆x and retraction distance rd = 0.4∆x.

both configurations, a drag force Fd develops as the particle is accelerated and once

it balances the gravitational force, the particle reaches a constant velocity Vt. The

approximate analytical expression for the wall-corrected terminal velocity Vt is given by

Vt =
πgD2 (ρs − ρf)

4µfλF (κ)
, (6.2)

where λF is the Faxén wall correction factor that can be expressed as [152,203]

λF =
4π

A0 − ln (κ) +A2 κ2 +A4 κ4 +A6 κ6 +A8 κ8
, (6.3)

where the numerical coefficients are A0 = −0.9156892732, A2 = 1.7243844, A4 =

−1.730194, A6 = 2.405644, and A8 = 4.59131. The velocity error Ev = |V − Vt/Vt|

124



Chapter 6. Numerical Stability in the Dynamics of Light Structures

is used to evaluate the accuracy of the numerical results by comparing the analytical

terminal velocity Vt and the simulated one V . The simulations are performed with

increasing lattice resolution, i.e. ∆x = (D/6, D/12, D/16, D/24) using a density ratio

ρs/ρf = 1.01. The calculated velocity error values Ev are plotted in Figure 6.1 and

compared to the numerical results of the IB-LBM scheme without boundary retraction

scheme, i.e rd = 0. As Figure 6.1 suggests, the numerical error using the boundary

retraction scheme shows a satisfactory convergence for an increased spatial resolution,

therefore this configuration is chosen to run the simulations.

Table 6.2: Velocity error Ev and stability at different density ratio values ρs/ρf for the
falling and rising particle test case, using lattice size D = 6∆x.

Weak coupling Strong coupling

Γ = 0 Γ = 0.5 Γ = 1 Γ = 1.5

ρs/ρf Ev Ev Ev Ev Ev

2 0.0130 - 0.00918 0.00918 0.00918
1.5 0.0109 - 0.00664 0.00668 0.00665
1.01 - - 0.0410 0.00569 0.00568
0.9 - - - 0.00547 0.00547
0.7 - - - 0.00608 0.00601
0.5 - - - 0.00662 0.00662
0.3 - - - 0.00743 0.00743
0.1 - - - 0.00849 0.00849
0.05 - - - 0.00879 0.00874
0.01 - - - 0.00904 0.00899

To test the stability of the strongly coupled IB-LBM scheme, increasingly smaller

density ratios are considered, ranging from the sedimentation case for ρs/ρf > 1 to

particle rising for ρs/ρf < 1. The contours of the vertical velocity and the vorticity are

presented in Figure 6.2 for a heavy ρs/ρf = 2 and light ρs/ρf = 0.1 particle configuration.

The stability of the scheme is evaluated by performing simulations using the weak-

coupling scheme and comparing results with the strong coupling for different values of Γ.

The numerical parameter Γ controls the temporal discretisation of the particle motion

according to Equation 3.92, defining the implementation of the fluid–solid coupling

interface. The values of the terminal velocity error Ev are presented in Table 6.2 - 6.4
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Table 6.3: Velocity error Ev and stability at different density ratio values ρs/ρf for the
falling and rising particle test case, using lattice size D = 12∆x.

Weak coupling Strong coupling

Γ = 0 Γ = 0.5 Γ = 1 Γ = 1.5

ρs/ρf Ev Ev Ev Ev Ev

2 0.00306 - 0.00297 0.00297 0.00281
1.5 0.000493 - 0.000391 0.000391 0.000391
1.01 0.000321 - 0.000409 0.000408 0.000410
0.9 - - - 0.000364 0.000423
0.7 - - - 0.000369 0.0004098
0.5 - - - 0.000392 0.000461
0.3 - - - 0.00120 0.00120
0.1 - - - - 0.00227

Table 6.4: Velocity error Ev and stability at different density ratio values ρs/ρf for the
falling and rising particle test case, using lattice size D = 18∆x.

Weak coupling Strong coupling

Γ = 0 Γ = 0.5 Γ = 1 Γ = 1.5

ρs/ρf Ev Ev Ev Ev Ev

2 0.00290 - 0.00285 0.00285 0.00279
1.5 0.000345 - 0.000299 0.000299 0.000299
1.01 0.0000265 - 0.0000180 0.0000180 0.0000127
0.9 - - - 0.000201 0.0000203
0.7 - - - 0.000295 0.000258
0.5 - - - 0.000327 0.000851

for different lattice resolutions. It is worth noting that the weakly coupled scheme suffers

from numerical stability issues for particle rising cases (ρs/ρf < 1), and the lowest lattice

resolution, i.e. D = 6∆x is not capable of simulating cases where the density ratio is

around unity. In this implementation of the scheme, the stability can be improved by

increasing the lattice grid size, as the limit density ratios for D = 6∆x, D = 12∆x,

and D = 18∆x are ρs/ρf = 1.5, ρs/ρf = 1.01, and ρs/ρf = 1.01 respectively. However,

a further increase of lattice resolution does not correspond to a stability improvement

and ρs/ρf = 1.01 is the limit density ratio that can be achieved using this method.

The origin of this limit lies in the asynchronous coupling of the fluid and solid solvers
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associated with weakly coupled schemes. In such formulations, the hydrodynamic force

and torque are evaluated based on the kinematic quantities from the previous time

step. As a result, the coupling conditions at the fluid–solid interface are not satisfied

simultaneously. Furthermore, for light particles the internal mass of the fluid enclosed

within the particle can become comparable to or larger than the solid mass, and even

small discrepancies in the applied hydrodynamic force can generate oscillations.

In contrast, the strong-coupling strategy employed in this work solves the fluid and

solid motions concurrently by adding the velocity corrections to both the fluid and the

solid simultaneously, ensuring that the coupling conditions are satisfied at each time

step. This approach eliminates the temporal mismatch inherent to explicit schemes and

suppresses the instabilities associated with the internal mass effect. Within the strong-

coupling framework, the parameter Γ controls the temporal discretisation. The strong

coupling results in Table 6.2 - 6.4 are listed for different values of the parameter Γ and

demonstrate its influence on the stability of the scheme implementation. For Γ = 0, the

scheme is fully explicit, and the results are unstable for all the considered lattice resolu-

tions. The results for Γ = 0.5 yield an improved stability limit compared to the weakly

coupled formulation, and the scheme remains stable at the lowest lattice resolutions

considered, i.e. D = 6∆x. The observed stability trend is consistent with the findings

of Zhang et al. [167], where a stability analysis indicated that the scheme is condition-

ally stable only for ρs > ρf . The choices of Γ = 1 and Γ = 1.5 correspond to first and

second-order implicit discretisation, respectively. Both implementations produce sta-

ble and accurate results across the entire range of density ratios tested, including light

particle cases (0.1 < ρs/ρf < 0.9), and the particle rising problem can be successfully

simulated. For the strong coupling with Γ = 1 and Γ = 1.5, the numerical stability

cannot be improved by increasing the lattice resolution. The terminal velocity values

Vt for different density ratios in the range ρs/ρf = (0.1 − 2) are plotted in Figure 6.3

and compared to the ones calculated using the approximate analytical expression given

by Equation 6.2. The results show a satisfactory agreement with the predicted ones,

proving that the strongly coupled scheme is stable and accurate even for light particles.
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Figure 6.3: Terminal velocity Vp for sedimentation of a particle under gravity for dif-
ferent density ratio values ρs/ρf. Analytical results for Vt calculated with Equation 6.2
are given for comparison.

Moderate Reynolds Number Regime

The test case is expanded to cover the intermediate Reynolds number regime and eval-

uate the effects of a more significantly confined geometry. The case setup is chosen

to compare results with the work of Wan and Turek [212, 213], and the simulation pa-

rameters are listed in Table 6.5. As opposed to the creeping flow limit, the moderate

Reynolds number regime is characterised by an asymmetric wake structure, which adds

complexity to the problem and impacts the stability of the scheme. For this problem,

Table 6.5: Particle and fluid properties for the case of falling and rising particles at
moderate Reynolds number.

Parameters Parameters

Diameter D 0.25 Fluid density ρf 1
Channel width W 2 Viscosity µf 0.1
Channel height H 6 Particle density ρs 1.25
Confinement ratio κ 0.125

the Reynolds number is defined as

Re =
ρsD

√
u2p + v2p

µf
, (6.4)
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(a) t = 0.2.

ν

(b) t = 0.6.

Figure 6.4: Particles falling and rising: contours of the vertical velocity of the particle
centre for D = 12∆x at time steps (a) t = 0.2 and (b) t = 0.6.

Table 6.6: Maximum Reynolds number value Rem for the case of falling and rising
particles at moderate Reynolds number and comparison to the reference data.

Study ρs/ρf D/∆x Rem

Present 1.25 1/60 17.25
1.25 1/120 17.28

Glowinski et al. [214] 1.25 1/256 17.31
Wan and Turek [212] 1.25 1/96 17.15
Di et al. [215] 1.25 1/265 17.32
Wang et al. [163] 1.25 1/265 17.31

where up and vp are the horizontal and vertical velocity component, respectively. Fig-

ure 6.4 illustrates the contours of vertical velocity of the particle centre and the char-

acteristic wake structure corresponding to this Reynolds number regime.

To verify the spatial resolution, the simulations are performed using two increasingly

refined lattice grids, i.e. D = 6∆x and D = 12∆x. The maximum computed values of

the Reynolds number Rem are reported in Table 6.6 for the different lattice grids and

compared to other available numerical studies. The results indicate that the selected

lattice resolutions provide a suitable comparison with other numerical methods. It is

worth noting that the boundary retraction scheme provides similar accuracy compared

to the results in Refs. [163,214,215] whose resolutions are approximately double the one
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considered in this study, i.e. D/∆x = 120. The evolution in time of the vertical position

yp and the vertical velocity vp of the falling particle are plotted in Figure 6.5. Since

the results for both spatial resolutions are a satisfactory match with the corresponding

simulations in Ref. [212], this setup is selected for the particle rising case.

The density ratio is adjusted to explore the range ρs/ρf = (0.1− 0.99), while keeping

the same Reynolds number value. The time evolution of the vertical velocity vp of the

particle centre for D = 6∆x is plotted in Figure 6.6 for the different density ratios. The

results confirm the stability properties of the strongly coupled scheme for a significant

range of Reynolds number values.
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Figure 6.5: Particles falling and rising: time evolution of (a) the vertical position yp
and (b) vertical velocity vp of the particle centre for D = 12∆x. The results of Wan
and Turek [212] are included for comparison.

0 0.2 0.4 0.6 0.8

1

2

3

4

5

6

t

v p

ρs/ρf = 0.99

ρs/ρf = 0.5

ρs/ρf = 0.1

Figure 6.6: Particles falling and rising: time evolution of the vertical velocity vp of the
particle centre for D = 12∆x and different density ratios ρs/ρf.

130



Chapter 6. Numerical Stability in the Dynamics of Light Structures

6.3.2 Single Particle Released Off-Centre

The case of sedimentation of a particle released off-centre is used as a benchmark to

test the accuracy of the strongly coupled IB-LBM scheme for intermediate Reynolds

number values. Then, the case is expanded to the problem of particle rising off-centre

to investigate the stability properties. This problem includes an additional level of

complexity by introducing particle rotation. The sedimentation of a particle released

Table 6.7: Particle and fluid properties for the case of a single particle released off-
centre.

Geometry Parameters

Diameter D 0.08 Fluid density ρf 1
Channel width W 0.32 Viscosity µf 0.01
Channel height H 4 Particle density ρs 1.002
Initial location (W,H) (1, 45)
Confinement ratio κ 0.25
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Figure 6.7: Settling trajectory of a particle released off-centre for D = 12∆x and
D = 25∆x. The numerical results from Feng et al. [220] are given for comparison.

off-centre has been investigated in several studies [216–219], and the results of Feng et

al. [220] are used to validate the model. Feng et al. [220] studied the motion of a particle

settling between parallel walls and identified the following sedimentation regimes:

(a) Steady equilibrium with monotonic approach.

(b) Steady equilibrium with a transient overshoot.
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(c) Weak oscillatory motion.

(d) Strong oscillatory motion.

(e) Irregular oscillatory motion.

The characterisation of the different regimes is based on the equilibrium position, the

approaching trajectory and the oscillations around the equilibrium position. It has been

suggested in Ref. [220] that the transition between the monotonic approach to equilib-

rium and the transient overshoot is connected to the transition between the viscous

regime without flow separation and the laminar flow corresponding to the emerging

steady symmetric eddies in the particle wake.

The initial geometry and fluid properties used in the simulations are listed in Ta-

ble 6.7.

(a) t = 100. (b) t = 300. (c) t = 500. (d) t = 800.

Figure 6.8: Velocity contours of a settling particle released off-centre at Re = 1.88 at
time steps (a) t = 100, (b) t = 300, (c) t = 500, and (d) t = 800.

The present numerical model is validated by comparing the results to the ones

presented by Feng et al. [220]. Figure 6.7 shows an excellent agreement between the

current method and the trajectory reported in Ref. [220] for the case of a particle

released from the initial position x/W = 0.25 at Re = 0.52.

132



Chapter 6. Numerical Stability in the Dynamics of Light Structures

The current simulations investigate a broad range of Reynolds number values to cap-

ture the characteristics of different sedimentation regimes and the corresponding tran-

sition. The distinguishing flow structures of the steady equilibrium with a monotonic

approach and the steady equilibrium with a transient overshoot regime are illustrated

in Figure 6.8 and Figure 6.9, respectively. In the steady equilibrium with monotonic

approach regime, the particle is released asymmetrically from an initial off-centre po-

sition, and as it settles, it gradually drifts towards the centreline experiencing a small

rotational motion. The centre of the channel represents the equilibrium position where

the particle reaches its terminal velocity Vt and the rotation stops. The steady equi-

librium with a transient overshoot regime is characterised by a different approach to

the equilibrium position at the centreline of the channel. The particle overshoots the

centreline and subsequently undergoes a damped oscillation around the centre of the

channel. It is worth noting that the oscillation amplitude increases proportionally to

the Reynolds number value. For both regimes, the steady equilibrium position at the

centre of the channel is independent of the initial position from which the particle is

released. Figure 6.10 presents the particle trajectory for the different sedimentation

regimes. The findings align with the results described in Ref. [203,220].

(a) t = 100. (b) t = 200. (c) t = 300. (d) t = 800.

Figure 6.9: Velocity contours of a settling particle released off-centre at Re = 4.4 at
time steps (a) t = 100, (b) t = 300, (c) t = 500, and (d) t = 800.
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Figure 6.10: Settling trajectory of a particle released off-centre at increasing Reynolds
numbers, illustrating different sedimentation regimes: (a) steady equilibrium with
monotonic approach and (b) steady equilibrium with transient overshoot.

The effects of the geometric confinement on the stability of the method and the

previously described sedimentation regimes are investigated. The width of the com-

putational domain is increased to W = 8, corresponding to a confinement ratio of

κ = 0.125. The trajectory of the particle centre is presented in Figure 6.11 for a wide

range of Reynolds number values. It is shown that for a decreased confinement, the

transition between the different sedimentation regimes is not observed for the same

range of Reynolds number values considered in the previous case. It is suggested that

the sedimentation regimes are affected by the wall-particle interactions, which are less

significant for a confinement ratio of κ = 0.125.

0.25 0.3 0.35 0.4 0.45 0.5

0

0.2

0.4

0.6

0.8

1

xp/W

y p
/
L

Re= 0.63

Re= 1.09

Re= 2.25

Re= 3.61

Re= 4.35

Re= 6.73

Figure 6.11: Settling trajectory of a particle released off-centre at different Reynolds
numbers for confinement ratio κ = 0.125.
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(b) Transient overshoot.

Figure 6.12: Rising trajectory of a particle released off-centre at increasing Reynolds
numbers, illustrating different regimes: (a) steady equilibrium with monotonic approach
and (b) steady equilibrium with transient overshoot.

Building upon the successful simulation of the sedimentation case, the problem

of a particle rising off-centre is investigated. The stability of the strongly coupled

scheme is tested by extending the density ratio range to 0.5 ≤ ρs/ρf ≤ 0.99. The

Reynolds number values selected to simulate the rising trajectory of a particle released

off-centre in the steady equilibrium with the monotonic approach regime and the steady

equilibrium with a transient overshoot are Re = 1.88 and Re = 4.4, respectively. The

corresponding results are presented in Figure 6.12. As reported, the strongly coupled

IB-LBM scheme provides satisfactory results for this problem and successfully captures

the flow characteristic of light particles.

6.3.3 Multiple Particles Rising

The increased stability of the strongly coupled scheme is not only important for its abil-

ity to capture light particle phenomena but also for its computational efficiency. The

capabilities of the strong coupling to simulate low-density ratio problems while saving

computational costs are tested for the case of multiple particles rising, and the results

serve as a demonstration of the method’s applicability to multi-particle configurations.

The present test case focuses on the flow patterns of multiple particle systems moving

freely in a narrow channel. The initial geometry is represented in Figure 6.13 and fluid
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Table 6.8: Particle and fluid properties for multiple falling and rising particles.

Geometry Parameters

Diameter D 1 Fluid density ρf 1
Channel width W 6 Viscosity µf 1
Channel height H 200 Particle density ρs 0.1
Confinement ratio κ 0.17

H

W

D

g

2D

2D

(a) (b)

Figure 6.13: Multiple particles rising: (a) schematics of the computational domain and
(b) vorticity contours.

flow conditions used in the simulations are listed in Table 6.8.

A characteristic parameter for this test case can be defined with the following nondi-

mensional expression

F =
(|ρs/ρf − 1|Dg)1/2

ν
. (6.5)

The value considered in the following simulations is F = 1. The corresponding value

of the Reynolds number can be calculated using the average rising velocity V , resulting

in Re = 0.4. The vorticity contours for the case of nine particles rising in this flow

regime can be visualised in Figure 6.13. At F = 1, the nine particles rise with the same

vertical velocity and undergo a slight lateral migration before reaching their equilibrium

positions. The time evolution of the trajectory of the particle centres is plotted in

Figure 6.14. The horizontal displacement is shown for the particles in the first row, and

the vertical position is given for the particles in the first column.
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Figure 6.14: Rising trajectory of nine particles: (a) horizontal and (b) vertical displace-
ment of the particle centre.

To test the use of computational resources required by the strongly coupled algo-

rithm, the problem is expanded to fifty particles, considering the same parameters. The

vorticity contours for this test case are shown in Figure 6.15. It is demonstrated that

the stability of the scheme allows the simulation of a large number of particles with

a significant improvement in computational efficiency compared to the weakly coupled

scheme.

Figure 6.15: Vorticity contours for the case of fifty particles rising.
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6.4 Conclusions

This chapter provided a comprehensive analysis of the strongly coupled IB-LBM scheme

through various test cases. The performance was evaluated for increasingly complex

problems, and satisfactory results were found. It was demonstrated that the strong

coupling successfully extends the stability of IBM to cases characterised by small density

ratios. The simulations accurately explored the dynamics of light particles and revealed

behaviours that are not accessible with weakly coupled approaches. In addition, the

formulation demonstrated improved computational efficiency.
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Chapter 7

Critical Mass Effects in

Vortex-Induced Vibration

7.1 Introduction

Vortex-induced vibrations (VIV) represent a complex class of flow-induced instability

problems, characterised by strong two-way coupling between vortex shedding and the

motion of the structure. In the lock-in regime, synchronisation between vortex shedding

and natural frequency leads to large oscillations and a strong dependence of the response

on structural parameters. For these reasons, VIV is considered to assess the robustness

of the numerical scheme.

This chapter examines the capability of the strongly coupled IB–LBM framework to

simulate VIV across a range of Reynolds numbers and mass ratios. The objective is to

determine whether the stability and accuracy benefits of the strong coupling extend to

problems involving complex wake dynamics and large-amplitude structural vibrations.

The numerical results are used to assess the ability of the method to capture charac-

teristic VIV features, including the onset of the lock-in regime, the resulting oscillation

amplitudes, and the associated wake structures. Additionally, the analysis contributes

to the understanding of VIV phenomena relevant to light structures, where weakly

coupled approaches exhibit stability limitations.

Section 7.2 reviews the critical-mass behaviour and defines the VIV configurations
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considered in this work. The numerical approach and simulation setup are outlined

in Section 7.3. To consolidate the numerical setup and resolution, the flow past a

stationary cylinder is first examined in Section 7.3.1. The framework is then applied

to the vortex-induced vibrations of a freely oscillating cylinder in Section 7.3.2, where

the onset of the lock-in regime and the associated response branches are analysed over

a range of Reynolds numbers and mass ratios. Finally, Section 7.4 draws together the

main outcomes, assessing the ability of the strongly coupled IB–LBM formulation to

capture the critical-mass phenomenon and to remain stable at very low density ratios.

7.2 Problem Statement

Navrose and Mittal [74] focused on vortex-induced vibrations of light structures and

explored the critical mass phenomenon in the laminar flow regime. They estimated

the cylinder response for different mass ratio values and suggested that large amplitude

oscillations can be observed for all Reynolds numbers at sufficiently low mass ratio

m∗. It was demonstrated that the transition from desynchronised response to lock-in

state corresponding to a sharp amplitude increase only occurs for Reynolds numbers

higher than a critical value Rej . In this case, low amplitude oscillations are observed

for m∗ > m∗
c but further decreasing the mass ratio to m∗ ≤ m∗

c results in an abrupt

jump in the vibration amplitude. Alternatively, for Re < Rej the amplitude of cylinder

oscillation increases smoothly as m∗ is reduced. It was suggested that the amplitude

variation is associated with the different transitions between the lower branch response

and the desynchronised state. The estimated value for the critical Reynolds number is

in the interval 107 ≤ Rej ≤ 110. While the response for Re < Rej exhibits a single

state for each m∗, multiple response states are reported for Re > Rej within a certain

range of mass ratio m∗. The response branch for Re > Rej could be observed on the

lower branch, initial branch (II) or in the desynchronised state, leading to hysteresis.

Additionally, VIV problems have been modelled using different IBM approaches

in various numerical studies focusing on the flow past elastically mounted cylinders

[73, 102, 109, 221–223]. In the present work, vortex-induced vibration problems are in-

vestigated to highlight the capabilities of the strongly coupled scheme in case of complex
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physical phenomena. Particular attention is devoted to the critical-mass behaviour and

to configurations involving small density ratios, where numerical instabilities typically

arise.

7.3 Numerical Simulations

This section initially focuses on the classical problem of flow around a stationary cylinder

at moderate Reynolds numbers to validate the model formulation and implementation.

The geometry of the computational domain and the lattice resolution are tested, and

results are compared to numerous experimental and numerical works. The numerical

setup is then used to investigate the problem of vortex-induced vibrations for the case of

a stationary cylinder that oscillates in the direction transverse to the flow. Building upon

the work of Navrose and Mittal [74], the study focuses on the critical mass phenomenon

in light structures, and the stability properties of the method are systematically tested

for such problems.

All simulations are performed on a uniform lattice using the D2Q9 velocity set,

with the collision operator defined by the central-moment lattice Boltzmann method

(CLBM). The immersed boundary formulation implements a four-point regularised dis-

crete delta function and a retraction distance of rd = 0.4. The strongly coupled IB–LBM

scheme is considered.

7.3.1 Flow Past a Stationary Circular Cylinder

The current numerical implementation, geometry and resolution are investigated for

the case of flow around a stationary circular cylinder. A circular cylinder of diameter

D is positioned in a channel of width W and length L. A velocity inflow condition is

prescribed at the inlet with an associated free-stream velocity U0, while zero-gradient

boundary conditions are applied at the upper and lower boundaries and at the outlet of

the channel. The computational domain and fluid flow conditions used in the simula-

tions are listed in Table 7.1. This choice of parameters allows a systematic comparison

with several numerical [164,224–228] and experimental results [229,230]. The Reynolds
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number is calculated using the free-stream velocity U0 as the characteristic value, i.e.

Re = U0D/ν. The drag Cd and lift Cl coefficients are defined as

Cd =
2Fd

ρf U0
2D

Cl =
2Fl

ρf U0
2D

, (7.1)

where Fd is the drag force and Fl is the lift force. The wall pressure coefficient Cp can

be calculated in the following way

Cp =
p− p0
1
2 ρf U0

2 , (7.2)

where p0 is the stagnation point pressure. In this section, it is considered a moderate

Reynolds number flow, i.e. 50 ≤ Re ≤ 150. This regime is characterised by boundary

layer separation at both sides of the cylinder. The instability generates an oscillatory

flow pattern in the wake region, which leads to the formation of a trail of vortices known

as the von Karman vortex street [231]. At Re ≥ 100 the vortices alternatively form and

then shed, and their circular motion is stopped by viscous forces further downstream of

the cylinder [232]. Another important nondimensional parameter used to characterise

the oscillatory flow around a solid object is the Strouhal number St, which is defined as

St =
fvD

U0
, (7.3)

where fv is the vortex shedding frequency. The Strouhal number relates the frequency

of vortex shedding to the flow condition. The instantaneous vorticity contours plotted

in Figure 7.1 show the formation of an array of periodic alternating vortices shed from

the cylinder. The wake is characterised by regions of locally high vorticity forming

vortices that alternatively rotate in opposite directions and travel downstream before

being dissipated. The subsequent time steps illustrate the periodic formation of an

attached vortex on one side of the cylinder while the eddy on the other side is being

shed from the cylinder.

Vortex shedding results in an asymmetrical pressure distribution around the cylin-

der, which gives rise to an oscillating lift force. The lift force varies periodically with
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Table 7.1: Geometry and fluid properties for flow past a cylinder simulations.

Geometry Properties

Diameter D 1 Density ρf 1
Channel length L 35.5 Velocity U0 0.05
Channel width W 20 Reynolds number Re 100
Cylinder location (L,W ) (10, 10)
Aspect ratio κ 0.05

(a) t = 400.

(b) t = 500.

Figure 7.1: Instantaneous vorticity contours for flow past a stationary cylinder at (a)
t = 400 and (b) t = 500 for Re = 100 and D = 10∆x.

time and its frequency is related to the vortex oscillation, where one cycle corresponds

to the distance between successive vortices of the same sign. Thus, the vortex shedding

frequency can be calculated by operating a fast Fourier transform on the lift coefficient

curves, and the result can be used to determine the Strouhal number of the flow. The

periodic properties of the flow are reflected by the time-dependent drag Cd and lift Cl

coefficients. The evolution in time of Cd and Cl is presented in Figure 7.2 for increasing

values of Re.

Simulations are performed for increasing lattice resolution, i.e. ∆x = (D/5, D/10,

D/20, D/40). The effects of the spatial resolutions on the drag coefficient Cd, lift

coefficient Cl, and Strouhal number St are presented in Table 7.2 for the case of Re =
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Figure 7.2: Time evolution of the drag Cd (−) and lift Cl (−−) coefficients for flow past
a stationary cylinder at (a) Re = 100 and (b) Re = 150.
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Figure 7.3: Pressure distribution on the surface of the cylinder for Re = 100 and
D = 10∆x.

100. The results suggest that even smaller lattice sizes are capable of capturing the

main flow features while saving computational time. To evaluate the current model,

the present results are compared to different numerical and experimental studies listed

in Table 7.2. The results show good agreement for all the flow characteristic parameters

considered in this study.

In Figure 7.3, the pressure coefficient Cp at Re = 100 is plotted at different radial

positions θ, where θ = 0 corresponds to the stagnation point. The current numerical

method shows a satisfactory agreement with the numerical results presented by Braza

et al. [224].
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Table 7.2: Flow around a stationary cylinder: comparison of the drag coefficient Cd, lift
coefficient Cl, and Strouhal number St for Re = 100. The present results are reported
for different lattice resolutions D/∆x. Additional numerical and experimental results
are given for comparison.

Study D/∆x Cd Cl St

Present

5 1.140 ± 0.016 ± 0.160 0.141
10 1.320 ± 0.013 ± 0.300 0.162
20 1.334 ± 0.011 ± 0.290 0.165
40 1.334 ± 0.009 ± 0.290 0.166

Braza et al. [224] 1.36 ± 0.015 ± 0.293 0.160
Mittal et al. [225] 1.33 ± 0.326 0.163
Liu et al. [226] 1.350 ± 0.012 ± 0.339 0.165
Kim et al. [227] 1.33 ± 0.32 0.165
Wu and Shu [164] 1.364 ± 0.344 0.163
Le et al. [228] 1.39 ± 0.009 ± 0.323 0.160
Williamson [229] 0.164
Roshko [230] 0.165

7.3.2 Vortex-induced Vibrations of a Circular Cylinder

This study considers a one-degree-of-freedom system that is only allowed to move in the

direction transverse to the flow. Applying a lumped parameter approach, a vibrating

cylinder can be modelled as a linear spring-dashpot system [231,233]. This configuration

is schematically illustrated in Figure 7.4. The governing equation of motion in the case

of a one-degree-of-freedom system undergoing self-induced oscillation is expressed by

the following differential equation

mÿ + cẏ + ky = Fy (t) (7.4)

where m, c, and k are respectively the mass of the solid object, the structural damping

and the stiffness. The terms on the left-hand side correspond to the inertia force, the

structural damping force, and the restoring force, respectively. The overdots indicate

differentiation with respect to t, corresponding to velocity ẏ and acceleration ÿ. Fy is

the self-induced oscillation force exerted on the solid object in the transverse direction.

An important characteristic parameter of this system is the natural frequency of the
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Figure 7.4: Schematic representation of the one-degree-of-freedom spring–dashpot
model used to describe the transverse motion of a vibrating cylinder in crossflow.

oscillator in vacuum fn defined as

fn =
1

2π

√
k

m
(7.5)

Equation 7.4 can be written in the following nondimensional form [74]

Ÿ + 4π Fn ζẎ + (2π Fn)
2 Y =

2Cl

πm∗ (7.6)

where Y is the nondimensional displacement of the object, Fn is the nondimensional

natural frequency of the oscillator, ζ = c/
(
2
√
km
)

is the damping coefficient, and

m∗ = 4m/
(
π ρf D

2
)

is the mass ratio. In the following study, both the structural

damping force and the restoring force are set to zero to investigate a limiting case.

The geometry and parameters considered for this problem are the same as the sta-

tionary case and they are listed in Table 7.1. This setup enables a meaningful compar-

ison with the numerical results of Navrose and Mittal [74]. This work investigates the

free vibration of a circular cylinder in a uniform flow for various mass ratios m∗, focusing

on moderate Reynolds number values, i.e. Re = 100 and Re = 150. In particular, the

amplitude of vibration patterns and the critical mass phenomenon are explored in de-

tail. Based on the successful validation for the case of a stationary cylinder, the lattice

resolution considered in this study is ∆x = D/10 and the mass ratio values explored

are in the range 0.08 ≤ m∗ ≤ 1.

In the flow regime relevant to the present study (i.e. 40 ≤ Re ≤ 150 ), vortex-

induced vibrations are characterised by laminar wake dynamics that determine different
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structural response behaviours. As discussed in Section 2.5, the wake is dominated by

the 2S (two single vortices) shedding mode, where alternating clockwise and counter-

clockwise vortices are shed each cycle. In this regime, the structural response is associ-

ated with different branches depending on the reduced velocity U∗. When the system

is in a desynchronised state, the vortex shedding frequency adapts to the cylinder mo-

tion but does not become phase-locked with it, resulting in low-amplitude oscillations.

In the synchronised state, the vortex shedding frequency matches the natural oscilla-

tion frequency, and the resulting lock-in structural response exhibits three characteristic

branches: initial branch I (IB(I)), lower branch (LB), and initial branch II (IB(II)).

For the case of Re = 100, the variation of the nondimensional amplitude of cylin-

der oscillation with mass ratio is presented in Figure 7.5. The current results show a

satisfactory match with the numerical study presented in Ref. [74]. It is worth noting

that the variation of the nondimensional amplitude with mass ratio is smooth, and no

jump in the response is detected. The vertical displacement of the cylinder and the

time evolution of its oscillatory pattern are shown in detail in Figure 7.6 for consecutive

values of the mass ratio m∗. It is shown that the amplitude of oscillation increases as

the mass ratio decreases from m∗ = 0.1 to m∗ = 0.08, but the transition is smooth and

there are no jumps in the response. This behaviour is consistent with the response-

branch structure reported for VIV at this Reynolds number [74]. The flow at Re = 100

supports only a single stable synchronised response branch, namely the lower lock-in

branch (LB). As a result, the increasing influence of the fluid forcing on the body motion

leads to a gradual strengthening of the vibration response as m∗ decreases, producing a

smooth increase in oscillation amplitude without any abrupt change in the underlying

dynamics.

Then, the Reynolds number is increased to Re = 150 by increasing the free-stream

velocity. The corresponding results for the nondimensional amplitude of cylinder os-

cillation with different values of mass ratio in the interval 0.08 ≤ m∗ ≤ 1 are shown

in Figure 7.7. At this Reynolds number, the amplitude response variation with mass

ratio exhibits a markedly different behaviour compared to the Re = 100 case. For

mass ratios m∗ ≥ 0.09, the oscillation amplitude remains nearly constant at a low value
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Figure 7.5: Variation of the nondimensional amplitude of cylinder oscillation with mass
ratio for Re = 100. Numerical results by Navrose and Mittal [74] are given for compar-
ison.
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Figure 7.6: Flow past a vibrating cylinder at Re = 100: time evolution of the cylinder
vertical displacement for mass ratios (a) m∗ = 0.1 and (b) m∗ = 0.08.

(A ≈ 0.1), characteristic of the low-amplitude desynchronised branch (DS(II)). When

the mass ratio is reduced to m∗ = 0.08, the response exhibits an abrupt increase of

approximately ∆A ≈ 0.12, determining a jump in the structural response. This sharp

discontinuity contrasts with the smooth amplitude variation observed at Re = 100, and

it is interpreted as a shift from the low-amplitude desynchronized branch (DS(II)) to the

lock-in response on initial branch II (IB(II)). The onset of this branch transition identi-

fies a critical mass ratio below which the fluid–structure coupling becomes significantly

stronger.

To further illustrate the change in oscillation characteristics, the time evolution of
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Figure 7.7: Variation of the nondimensional amplitude of cylinder oscillation with mass
ratio for Re = 150. Numerical results by Navrose and Mittal [74] are given for compar-
ison.
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Figure 7.8: Flow past a vibrating cylinder at Re = 150: time evolution of the cylinder
vertical displacement for mass ratios (a) m∗ = 0.1 and (b) m∗ = 0.08.

the cylinder vertical displacement for m∗ = 0.1 and m∗ = 0.08 is shown in Figure 7.8.

Although the vertical displacement varies nearly sinusoidally in both cases, the oscil-

lation for m∗ = 0.08 clearly shows a larger amplitude than that for m∗ = 0.1. This

comparison highlights the increase in structural response that occurs as the mass ratio

is reduced. Thus, it can be concluded that the critical mass ratio m∗
c phenomenon is

observed at Re = 150 and its value is m∗
c = 0.08.

The amplitude of cylinder oscillation for different Reynolds numbers is presented

in Figure 7.9. This comparison highlights that the relationship between oscillation

amplitude and mass ratio depends strongly on Re, with significantly different trends
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Figure 7.9: Variation of the nondimensional amplitude of cylinder oscillation with mass
ratio for different Reynolds numbers.

emerging across the flow regime considered. For Re = 80 and Re = 100, the vibration

amplitude increases smoothly with decreasing mass ratio, and no abrupt transition is

observed. This behaviour indicates that the synchronised response at these Reynolds

number values is restricted to the lower branch (LB) without the emergence of additional

lock-in branches. In contrast, the curve corresponding to Re = 150 displays a distinct

jump at m∗ = 0.08, reflecting a sudden transition from the desynchronised branch

DS(II) to the higher-amplitude lock-in response on the initial branch II (IB(II)). This

identifies a critical mass ratio for the onset of large-amplitude oscillation at this Reynolds

number. These observations are consistent with the findings of Ref. [74], which show

that a critical mass ratio m∗
c can be defined only for Reynolds numbers above a threshold

value Rej. For cases where Re < Rej, the amplitude of cylinder oscillation varies

smoothly with mass ratio, and the critical mass ratio cannot be defined.

The present analysis extends the understanding of vortex-induced vibrations in the

laminar regime and demonstrates that the proposed coupling strategy can accurately

resolve the underlying FSI dynamics. The numerical results successfully capture the

characteristic branch structure of the structural response and the associated wake–body

synchronisation mechanisms in this regime. The results confirm that the critical mass

ratio emerges only beyond a threshold Reynolds number value Rej. An additional

noteworthy outcome is the robustness of the strong-coupling formulation at very low

mass ratios (m∗ ≲ 0.1), a parameter range in which weakly coupled IB–LBM schemes
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are typically affected by instabilities related to the internal mass effect. The present

approach therefore addresses both the physical and numerical challenges associated with

the behaviour of light structures at moderate Reynolds numbers and provides a robust

framework for analysing VIV problems.

7.4 Conclusions

The objective of this chapter was to investigate vortex-induced vibrations using a

strongly coupled IB–LBM framework. The numerical setup and spatial resolution were

first verified using the canonical case of flow past a stationary circular cylinder. Then,

the method was applied to the vibration of a freely oscillating cylinder in uniform

flow over a range of Reynolds numbers and mass ratios. The simulations captured re-

sponse branches and lock-in behaviour and indicated the emergence of a critical mass

ratio only above a threshold Reynolds number. Importantly, the formulation remained

stable and accurate at very low mass ratios, where weakly coupled schemes become

unstable. These results show that the strong coupling enables stable and accurate sim-

ulation of VIV phenomena in the laminar regime and provides a solid foundation for its

application to further FSI problems.
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Chapter 8

Conclusions and Future Work

This chapter consolidates the main outcomes of this work and reflects on their sig-

nificance for the numerical modelling of fluid–structure interaction within the lattice

Boltzmann framework. The principal contributions are summarised in Section 8.1,

highlighting the development of numerical strategies, their application to challenging

FSI problems, and the insights into interface diffusion, coupling stability, and the dy-

namics of light structures. Building on these findings, Section 8.2 outlines potential

directions for future research and identifies extensions that could further enhance the

capability and applicability of the proposed methodologies.

8.1 Concluding Remarks and Contributions

The research conducted in this thesis contributed to the understanding of FSI problems

that are relevant in important engineering applications and natural phenomena. The

necessity and significance of developing advanced numerical tools were emphasised by

describing their utility in design optimisation and performance evaluation processes.

The numerical framework adopted in this work was chosen to address the limitations

of conventional macroscopic methods. The lattice Boltzmann method was shown to

provide an effective approach owing to its simple implementation, suitability for GPU

architectures, and ability to capture mesoscopic effects. Particular attention was paid to

collision models and forcing schemes, confirming the advantages of the central-moment
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formulation in terms of stability.

Fluid–solid coupling was realised through the immersed boundary method, incorpo-

rating a multi-direct-forcing scheme for accurate enforcement of the no-slip condition

and a relaxation scheme to improve computational efficiency. The internal-mass effect

was analysed in detail, and a strongly coupled IB–LBM formulation was implemented

to improve numerical stability.

The discrete element method was incorporated to model particle interactions and

contact forces, completing a combined DEM–IB–CLBM approach to simulate complex

FSI simulations. Building on this numerical framework, this thesis has advanced the

modelling of fluid–structure interaction problems by developing and analysing IB-LBM

strategies for cases involving light and moving structures. In particular, the principal

results lead to contributions across the following aspects.

Interface diffusion and boundary representation

This work addressed the diffuse representation of the fluid-solid interface that charac-

terises the selected IBM algorithm. It was explained that for moving boundary prob-

lems, the diffuse interface successfully suppresses spurious numerical oscillations that

affect different sharp-interface methods. However, since the diffuse-interface approach

changes both the apparent size of the solid object and the exact surface location, further

studies on its influence were conducted. This work considered four benchmark problems

to investigate the effects of interface diffusion: flow past a cylinder, settling of a particle

under gravity, flow around two impacting particles, and drafting-kissing-tumbling of

two particles.

It was determined that the diffuse interface has a negligible impact on problems

characterised by unconfined flows. In particular, the study of the flow past a cylinder

proved that the diffuse interface does not cause significant numerical error for problems

involving fixed unbounded geometries. However, the investigation of the remaining test

cases indicated that confined geometries accentuate interface diffusion effects, reducing

the numerical accuracy of diffuse-interface IBM compared to sharp-interface methods.

The cases selected in this work consider both a fixed and a moving geometry in the
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creeping laminar flow regime. Having established the influence of bounding walls on

the characteristic features of the flow field, it is of central importance to investigate the

influence of larger degrees of confinement. The same problems were studied considering

different confinement ratio values, demonstrating that a larger confinement accentuates

interface diffusion in IB-LBM simulations.

To further analyse the interface diffusion effects, problems involving interactions

between particles were considered. The flow around two impacting particles was chosen

to investigate the case of moving objects with a variable confinement. It was noted that

when particles are in close contact, the numerical diffusion causes an overlap between

their interfaces. The simulations highlighted that as particles approach each other, the

diffuse interface has an increasingly significant impact on the accuracy of the results.

The drafting-kissing-tumbling process of two particles settling in a channel was selected

because it adds further complexity by considering a contact stage and a collision between

the particles. This problem confirmed that numerical accuracy is significantly affected

by interface diffusion.

Taking those results into account, a boundary retraction approach was considered

as an error mitigation strategy. It was demonstrated that this approach improves the

representation of the solid boundary while limiting the additional computational costs.

The results showed that the multi-direct-forcing IBM with boundary retraction achieves

a better performance for significantly confined geometries and particle interaction prob-

lems. The evaluation of the results in different test cases indicated the optimal retraction

distance as rd = 0.4, which is to be doubled in case of overlapping interfaces.

Numerical Stability and Coupling Strategies

Another objective of this work was to improve the understanding of the strategies for

coupling fluid and structure equations, focusing on the strongly coupled IB-LBM. It

was suggested that the internal mass effect influences the numerical stability of weakly

coupled IBM schemes and imposes a limitation on the fluid-solid density ratio. Addi-

tionally, it was indicated that numerical stability is affected by both the local conditions

of the fluid and structural properties such as density and geometry. A comparison be-
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tween the capabilities of weakly coupled and strongly coupled IB-LBM schemes was

conducted for the case of falling and rising particles in the creeping flow regime, consid-

ering increasingly smaller solid density values. The weakly coupled scheme was found

to be affected by numerical stability issues in cases where the density ratio was around

unity. It was shown that the stability can be improved by increasing the lattice grid size,

but ρs/ρf = 1.01 was established as the limiting density ratio for the weakly coupled

scheme. Conversely, the strongly coupled IB-LBM was able to achieve stable simula-

tions for light solids, successfully capturing the dynamics of rising particles. The case

of falling and rising particles and single particle released off-centre were considered to

investigate the effect of the Reynolds number and more complex flow structures. Ad-

ditionally, multiple particles rising were simulated to evaluate computational efficiency.

The strongly coupled IB-LBM scheme provided satisfactory results for all test cases,

extending the numerical stability properties.

Dynamics of Light Structures and Vortex-Induced Vibrations

An important aim of this study was to investigate fluid–structure interaction problems

involving light structures across different configurations. The simulations of falling

and rising particles explored the effects of structural parameters, flow conditions, and

geometrical confinement. The results provided insight into the resulting trajectories

and flow patterns across a range of operating conditions.

Finally, the vortex-induced vibration problem was explored to demonstrate the abil-

ity of the strong coupling to capture complex flow phenomena that occur in systems

involving light structures. The simulations investigated the characteristic vibration re-

sponse of the system, including the development of synchronised states and transitions

between distinct branches. A critical mass effect was also observed, showing that the

vibration response depends on both the mass ratio and the characteristics of the sur-

rounding flow. The studies conducted in this work contributed to demonstrating the

capabilities of the strong coupling in terms of both stability and computational effi-

ciency.
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8.2 Future work

Based on the research developed in this thesis, different future studies can be suggested.

Extension to Non-Circular and Complex Particle Geometries

Building on the analysis of diffuse interfaces and the implementation of the boundary-

retraction strategy, an important next step is to extend the methods presented in this

thesis to simulate the dynamics of non-circular particles. This would clarify the depen-

dence of diffuse-interface effects on structural geometry and assess the performance of

the boundary-retraction approach in more complex configurations. In particular, par-

ticle–particle interactions and collisions should be considered to establish the effect of

the overlapping interfaces.

Such configurations would also enable a systematic assessment of the influence of

structural geometry on numerical stability and on the density ratio limits of the method.

In this context, the presence of non-circular shapes introduces further complexity during

particle–particle and particle–wall collisions, where orientation dependency can signifi-

cantly affect the contact force calculation [234].

In addition to numerical challenges, non-circular and arbitrarily shaped particles in-

troduce further complexity in the underlying physics. Existing studies indicate that such

geometries strongly influence wake formation, lateral migration, and settling behaviour,

leading to results that cannot be reproduced with circular geometries [235, 236]. The

capability to model these cases is of practical significance, as non-circular particulate

flows occur in numerous processes and phenomena.

Inclusion of Rotational Dynamics

This work primarily addressed configurations in which rotational motion was limited,

and the internal mass contribution could be treated accordingly. Another challenging

problem that would further strengthen the capabilities of the strongly coupled IB-LBM

scheme is to consider cases in which the solid undergoes significant rotation. This

would allow a more rigorous assessment of the internal-mass formulation, particularly
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in relation to the expression of the torque associated with the internal fluid. This

contribution is only approximate, being derived under the assumption of rigid-body

motion throughout the solid volume and not accounting for the actual motion of the

fluid inside that region. In this context, the influence of rotation on stability and

density-ratio limits should be examined.

In the context of vortex-induced vibrations, the inclusion of rotation would introduce

an additional level of physical complexity. Previous studies [237, 238] have shown that

rotation alters the synchronisation range and can produce significantly larger vibration

amplitudes. It also generates distinct wake patterns with asymmetric vortex arrange-

ments, and regimes in which oscillations occur even in the absence of vortex shedding.

These phenomena directly affect the phasing between forces and structural response

and fundamentally modify the vibration mechanisms. Within the present framework,

investigating such configurations would therefore extend the analysis of the critical-mass

effect to cases in which rotation plays a significant role.

Progression Towards Application-Oriented Configurations

The investigation of the critical-mass effect described in this work focused mainly on

configurations with simplified structural behaviour. In practice, structural damping

and stiffness significantly influence the response, modifying the lock-in regime, branch

transitions, and vibration amplitudes [74]. Introducing more complex structural models

into the present framework would therefore extend the analysis to conditions closer to

representative applications [71,237].

The findings presented in this work were assessed in two-dimensional settings, which

offered a well-defined framework for developing methods, analysing interface repre-

sentation and coupling strategies, and interpreting the behaviour of light structures.

However, many FSI problems of interest display characteristics that are inherently

three-dimensional. Freely rising and falling particles develop features absent in two-

dimensional models [239], and in vortex-induced vibrations the onset of three-dimen-

sional transition strongly influences the underlying physics [237]. Owing to the increas-

ing growth of computational power and the possibility of leveraging GPU architectures,
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the present framework could be realistically extended to three-dimensional simulations.

Such an extension would also complement the enhanced structural modelling previ-

ously discussed, moving the methodology closer to application-relevant engineering sys-

tems. Three-dimensional simulations would also facilitate more direct comparison with

experimental studies, such as particulate flows [239, 240] and on flow-induced vibra-

tions [71,241].

From a numerical standpoint, this extension would also intersect with ongoing de-

velopments in immersed-boundary approaches, particularly regarding the distribution

of Lagrangian marker points on complex particle surfaces, which remains a central

challenge in three-dimensional IBM and is closely linked to accurate treatment of inter-

particle collisions within DEM frameworks [242]. In addition, a three-dimensional im-

plementation would make it possible to evaluate the computational performance and

scalability of the approach on modern platforms.

Overall, these developments would advance the present methodology towards appli-

cation-oriented configurations, linking the numerical analysis more closely to experimen-

tally accessible cases, while preserving a rigorous foundation for physical interpretation.
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Appendix A

Boundary Retraction Scheme

Implementation

In both the weak and strong coupling solvers, the boundary retraction scheme used in

this work is implemented directly in the construction of the immersed-boundary (IBM)

geometry for rigid particles. Instead of placing Lagrangian points on the physical surface

of a particle, they are retracted inwards by a prescribed distance rd. The implementation

is presented in structured algorithmic form in Algorithm 1, capturing the essential

computational logic.

Geometry allocation. During the initialisation stage, a DEM–IBM preparation rou-

tine determines for each rigid particle the number of Lagrangian boundary points re-

quired on the retracted surface. This number is computed from the effective surface

size and the target spacing. A cumulative array is then assembled and stored in the

IBM data structure.

Geometry update. At every time step, the IBM geometry module uses the cumula-

tive array, together with the current particle centre and the effective radius, in order to

construct the position of the boundary point on the retracted surface, and update the

corresponding entries. In this way, the retraction distance enters the IBM formulation

through the geometry and all subsequent interpolation and force spreading operate on
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this retracted surface.

Algorithm 1: Construction of Lagrangian points on a retracted surface
Require: number of solids nb

Require: geometry descriptors geomType[p], geomData[p]

Require: rigid–body state center[p], orient[p], vel[p], omega[p]

Require: target spacing ds

Require: retraction distance r_d

1: // Geometry allocation

2: for p = 1 to nb do

3: nl[p] = lagCount(geomType[p], geomData[p], r_d, ds)

4: lag[p] = lag[p-1] + nl[p]

5: end for

6: // Geometry update

7: for p = 1 to nb do

8: for j = 0 to nl[p]-1 do

9: k = lag[p-1] + j

10: (x_s, n_s, w_s) = surfaceIBM(geomType[p], geomData[p], center[p],

orient[p], j)

11: x_ib = x_s - r_d * n_s

12: u_ib = vel[p] + omega[p] × (x_ib - center[p])

13: ibPos[k] = x_ib

14: ibVel[k] = u_ib

15: ibSpacing[k] = w_s

16: ibVol[k] = Vol(geomType[p], geomData[p], r_d, j)

17: end for

18: end for
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