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Abstract 

 

Wider operational bandwidth is an important requirement of an ultrasound transducer 

across many applications. Naturally occurring resonating systems utilise structures 

containing a range of length scales to produce a broad operating bandwidth. In this work, 

a novel concept of designing a piezoelectric composite using a fractal geometry is 

proposed in order to explore the potential of enhancing the operational performance, 

particularly in terms of transducer bandwidth and sensitivity. 

Piezoelectric composite configurations were designed using four well-known fractal 

geometries: Sierpinski Gasket, Sierpinski Carpet, Cantor Set and Cantor Tartan. The 

fractal composite devices were realised as either 1-3 connectivity or 2-2 connectivity 

configurations and compared with their corresponding equivalent conventional composite 

counterpart. Finite element modelling was utilised to design and explore the behaviour of 

these four fractal composite designs. A single element ultrasound transducer with SG 

fractal geometry and an ultrasound array with CS fractal geometry were fabricated and 

importantly, their experimental performance correlated well with the FE predictions.   

In this study, fractal composites, with a nominal central operating frequency of 1MHz, 

have been designed and fabricated with improved bandwidth (and in some case, sensitivity 

also) when compared to equivalent conventional composite devices. Moreover, the 



 

 

 

enhanced bandwidth is shown to provide higher resolution imaging performance. Overall, 

the careful selection of different resonant frequencies within a composite structure has 

been shown to improve operational performance and it is anticipated that this transducer 

concept will become more prevalent as 3D piezoelectric fabrication processes mature. 
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CHAPTER I 

INTRODUCTION 

 
1.1. Project Description   

1.1.1. Background  

In naturally occurring auditory systems, it is common to observe hearing organs 

comprised of a number of different length scales. Such hearing organs exhibit extended 

operating bandwidth, examples include insects such as the bushcricket [1], [2], [3]. In 

common with all resonating systems, the resonance frequency of a piezoceramic resonator 

depends on its length scale. Therefore, having a high level of geometric complexity with 

a range of length results in a range of resonance frequencies, and therefore a broadening 

of the overall operational frequency range. The concept of engineered transducers 

comprised of multiple length scales has been developed mathematically [4], [5], [6] and 

these analytical models indicate that by having elements with varying length scales in the 

piezoelectric transducer design, the device may possess a wider operational bandwidth or 

a higher sensitivity compared to a conventional device.  

In this PhD project, fractal geometries which have the property of self-repeating at 

different length scales infinitely will be adopted as the structure of a piezoelectric 
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composite design, such that the piezoelectric phase of the composite comprises elements 

of varying size scales.  

 

Figure 1-1: Natural fractal example of (a) tree’s branching pattern and (b) lung 

vasculature of human body [7]; (c) Generation of tree-like fractal geometry using 

vector-based recursion method 

Fractals can be observed in many naturally occurring structures, the most commonly seen 

fractal-like shape is a tree’s branch pattern, which is structurally optimized to have wider 

outer surface and hence maximize the amount of sunlight received [8]. Another nice 

example of a fractal-like pattern in the natural world is the lung vasculature of the human 

body, which also has the branching fractal-like pattern to provide large surface arear for 

maximizing the exchange between oxygen, 𝑂2, and carbon dioxide, 𝐶𝑂2 [9]. Figure 1-1 
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(a) and (b) illustrates these two examples of the fractal-like shapes discovered in the 

natural world and Figure 1-1 (c) describes the process of generating a tree-like fractal 

geometry using a vector-based recursion method. 

One reason that the self-similar fractal geometry would be a valuable choice compared 

with a random distributed geometry is that the fractal geometry can be generated by 

following a simple algebraic rule, which facilitates analyses of the transducer performance 

within the design space.  

In this thesis, the finite element (FE) method will be employed to model and predict the 

performance of the piezoelectric composite transducer design with different fractal 

geometries. In the FE modelling process, the studying object is partitioned into a number 

of elements with finite scale and each element is comprised of a single material. Formulas 

describing the behaviour of each element are combined into a single system-wide matrix 

equation, where the behaviour of the whole targeting object can be achieved by solving 

this matrix equation [10]. The history of the FE modelling for a piezoelectric media can 

be dated back to 1970s [11] and has been well developed and proven in the past few 

decades [12]. 

1.1.2. Motivation 

Ultrasound transducers with a wide operational bandwidth would be considered as an 

advantage in terms of improving system performance, which is preferred in many 

applications, such as underwater sonar, non-destructive testing (NDT) and biomedical 

imaging [13] [14] [15] [16].  
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A broadband transducer can offer better spatial resolution and therefore better imaging 

performance. In order to demonstrate the relationship between the bandwidth of the 

transmitting signal and image resolution, the FE modelling approach was employed to 

simulate the imaging process of two side drilled holes (SDHs) within a stainless steel 

block using a linear ultrasonic array transducer. The diameter of these two SDHs are both 

one wavelength and separated by the distance of one wavelength. The schematic of this 

FE model of a simple NDT configuration is shown in Figure 1-2.  

 

Figure 1-2: Schematic of FE imaging model used to demonstrate system performance 

with respect to operational bandwidth 

In this FE model, a 64-element linear array with central frequency of 2.25 MHz was 

simulated, in which each element has the ability of transmitting an ultrasound pulse with 

a different bandwidth characteristic into the steel load medium. In order to keep the total 

energy contained within the excitation pulse consistent for each bandwidth option, the 

peak-to-peak voltage, 𝑉𝑝−𝑝, is varied. The time domain waveform and frequency spectrum 

for three examples cases - 17 %, 55 % and 110 % bandwidth signal - are shown in Figure 

1-3 (a), (b) and (c), respectively.  
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The resultant images for these three excitation signal scenarios have been produced using 

the total focusing method (TFM) and full matrix capture (FMC) array processing and data 

acquisition approaches [17]. Full details of the FMC and TFM techniques will be 

introduced in Chapter II of this thesis. The TFM images for the 17%, 55% and 110% 

bandwidth cases are presented in Figure 1-4. It can be clearly observed that by using the 

ultrasound pulse with a larger bandwidth, less ringing around the target imaging area can 

be achieved and clearer definition of the target, i.e. higher resolution, is also obtained. 

 

Figure 1-3: Transmitted ultrasound pulse with bandwidth of: (a) 17 %; (b) 55 % and   

(c) 110 % 
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Figure 1-4: TFM image generated from ultrasound excitation pulse with bandwidth of: 

(a) 17 %; (b) 55 % and (c) 110 % 

In addition to improving imaging resolution, wider transducer operational bandwidth can 

offer advantages in the signal processing chain of contemporary imaging systems. 

Frequency diverse signal processing techniques such as split spectrum processing [18] 

benefit from wider transducer bandwidth when applied to speckle reduction [19] and 

contrast enhancement [14].  
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Consequently, the potential of enhancing the performance of an ultrasonic transducer, 

either a single element or an array ultrasound transducer, will be investigated in this thesis 

by using different fractal geometries. 

1.1.3. Objectives  

First of all, the problem space of the work described in this thesis is to explore new 

methods of developing ultrasound devices, including both single element and array 

ultrasound transducers, with improved performance, particularly in terms of bandwidth 

enhancement, using fractal geometries. Secondly, the performance of these fractal 

ultrasound transducers needs to be characterized theoretically and experimentally. In order 

to achieve these two main targets, the following tasks will be addressed in this thesis.  

• Understand the fundamental principle of using resonators with varying length 

scales to produce a range of resonating frequencies, where the operating bandwidth 

extension of the entire system can be achieved.  

• Design and build FE models of fractal ultrasound transducers using a commercial 

FE software package. The operational behaviour of these fractal ultrasound 

transducers will be analysed theoretically using these FE models. 

• Explore fabrication methods for manufacturing the ultrasound transducers, which 

are designed with different fractal geometries. 

• Evaluate the performance of fabricated fractal ultrasound devices experimentally 

and compare with equivalent transducers, either commercial devices or designed 

through this work. 
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1.2. Knowledge Contribution  

This PhD project provides a new configuration for piezoelectric composite ultrasound 

transducers, which incorporates a self-similar fractal geometry to introduce varied element 

length scales in the composite microstructure. Four different well known fractal 

geometries, Sierpinski Gasket (SG), Sierpinski Carpet (SC), Cantor Set (CS) and Cantor 

Tartan (CT), were studied and utilised in the design of different configurations of 

piezoelectric composite. The behaviour of these piezoelectric fractal composites was 

investigated by employing a FE modelling approach. The initial prototypes of a SG fractal 

single element ultrasound transducer and a CS fractal ultrasound array transducer were 

fabricated using two different fabrication techniques. The performance of both fabricated 

fractal ultrasound transducers was fully characterised experimentally to validate the FE 

simulation results and clearly demonstrates improved operational performance, including 

bandwidth enhancement, sensitivity increase and excellent beam forming ability. 

Consequently, the list detailed below describes the main contribution to knowledge 

disseminated in this thesis.  

• Demonstrated feasibility of applying fractal geometry as the microstructure of a 

piezoelectric composite transducer, resulting in both sensitivity and bandwidth 

improvements. This key output from the thesis is a validation of the phenomenon 

of coupling multiple resonances (length scales) within the microstructure of the 

device, as introduced by the fractal geometry itself.  
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• Conducted design optimisation for both single element and array transducer 

configurations incorporating a fractal geometric microstructure, with specific 

cognizance to limitations in current piezoelectric transducer fabrication techniques. 

• Fabricated world-first fractal composite transducer, using the Level IV Serpinski 

Gasket configuration, which importantly demonstrated improved operational 

performance over both an equivalent conventional 1-3 piezoelectric composite and 

a commercial single-element device. 

• Realised a Level II Cantor Set fractal geometry within a fabricated linear array 

device and again, demonstrated improved operational performance over an 

equivalent conventional 2-2 piezoelectric composite array structure. 

• Utilised simulation to design an advanced fractal linear array implementing a 

Cantor Tartan microstructure, with a predicted 9% enhancement in operational 

bandwidth over the Cantor Set array transducer due to an increase in the length 

scales within the array element by a factor of 4. 

1.3.  Thesis Structure 

The complete thesis is comprised of a further 6 Chapters.  

Chapter II reviews the key methodologies and fundamental techniques associated with 

piezoelectric transducer development. In particular, the piezoelectric effect, 1-3 

piezoelectric composite transducer design criteria and ultrasonic phased array techniques 

are introduced in detail. The state of art for enhancing the ultrasound transducer 
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performance is also reviewed in this Chapter. Finally, the concept of the fractal geometry 

is introduced with reference to the piezoelectric composite structure. 

Chapter III describes the integration of the SG fractal geometry into the design of a single 

element ultrasound transducer. The performance of this SG fractal transducer is fully 

characterised and compared with a conventional 1-3 composite using the FE modelling 

method. A SG fractal single element transducer is then fabricated using the ‘place-and-

fill’ technique and characterised experimentally. Good correlation is demonstrated 

between the FE simulated results and the experimentally acquired data. It is found that by 

using the SG fractal geometry to design a piezoelectric composite, multiple resonant 

modes can be possessed by the SG fractal design due to its varying pillar length scale. 

Interestingly, both bandwidth and sensitivity enhancement were achieved by the fractal 

composite, when compared to a conventional parallelepiped 1-3 composite design. 

With the confidence, provided in Chapter III, of using the FE modelling approach to study 

the transducer performance, Chapter IV describes a purely simulation study for the design 

of a SC fractal composite. The concept of enhancing transducer bandwidth by employing 

a fractal geometry is again demonstrated in this Chapter. 

Chapter V introduces the third fractal geometry, CS fractal geometry, for the purpose of 

designing a linear array transducer. When compared with the SG and SC fractal composite 

reported in Chapter III and IV, respectively, a 2-2 composite with CS fractal geometry can 

be fabricated easily using traditional the ‘dice-and-fill’ technique and is an excellent 

candidate for use in an array structure. Again, FE simulation is used to design a CS fractal 
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composite and an equivalent conventional 2-2 composite and the optimised designs were 

used to fabricate 24-element linear arrays. The fabricated devices were characterised and 

evaluated using a number of standard techniques. Interestingly, as the CS fractal array has 

a non-uniform periodicity across its aperture, a reduction in mechanical cross-talk can be 

achieved. More importantly, the experimental results demonstrate a better bandwidth and 

sensitivity performance for the CS fractal array, which is reinforced a practical NDT 

evaluation to illustrate its improved imaging ability.  

Chapter VI investigates an advancement on the CS fractal design, in which a CT fractal 

geometry with a more complex microstructure is simulated to evaluate further 

enhancement of the bandwidth performance of a linear array. 

Chapter VII draws a number of conclusions based on the results obtained in Chapter III, 

IV, V and VI. While the work presented in the thesis demonstrates the benefit of 

incorporating the fractal architecture into piezoelectric composite based transducers. 

There are opportunities that have yet to be explored and a number of themes for future 

work for piezoelectric fractal composite transducers are introduced. In particular, 

advanced fabrication techniques are proposed, where ultrasonic transducers incorporating 

more complicated fractal geometries could be manufactured more efficiently. 
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CHAPTER II 

REVIEW OF ULTRASONIC TRANSDUCER 

DEVELOPMENT  

 

Ultrasound is a mechanical sound wave with frequency beyond 20 kHz, which is the upper 

audible limit of human hearing system [20]. The physical properties associated with 

ultrasonic waves follow the same principles for all types of mechanical wave.  

An ultrasonic transducer refers to a device which is employed to convert the energy of the 

electrical signal to mechanical vibrations or vice versa [21]. In 1915, the French physicist 

P. Langevin invented the first ultrasonic echo-sounding device by gluing a mosaic of thin 

quartz crystals between two steel plates [22]. Hence, ultrasonic transducer technology has 

been explored for over one hundred years and been widely used in many different fields, 

for example sonar[23], [24]; non-destructive testing [25], [26]; medical diagnostic 

imaging [27], [28] and chemical reaction control [29], [30]. 

In this Chapter, a literature review regarding the background knowledge for this thesis 

will be given, which can be mainly divided into four main sections: 
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• Nature of the piezoelectric effects and properties of piezoelectric materials.  

• Introduction to ultrasonic transducer design, with particular focus on: 

a) Design criteria for a high performance ultrasound transducer, with particular 

reference to the family of piezoelectric composite ultrasound transducers. 

b) Ultrasonic phased array techniques 

• Relevant technical approaches for enhancing the performance of the piezoelectric 

composite.   

• Fundamental background on fractal geometries and related applications.  
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2.1. Piezoelectric Effect and Piezoelectric Material  

2.1.1. Piezoelectric Effect 

The piezoelectric effect was first discovered in quartz by Pierre and Jacques Curie in 1880 

[31]. The piezoelectric phenomenon consists of two related effects: ‘Direct effect’ and 

‘Converse effect’. The Direct effect can be explained as application of a mechanical force 

to generate an electrical polarization within the piezoelectric material, with the Converse 

effect being the opposite condition, where the piezoelectric material can generate 

mechanical stress through the introduction of an external electrical field [32]. The Direct 

and Converse effects can be described by Equations (2-1) and (2-2), respectively [33]: 

  𝐷𝑖 = 𝑑𝑖𝐽𝑇𝐽 + 𝜀𝑖𝑗
𝑇𝐸𝑗  (2-1) 

 𝑆𝐼 = 𝑠𝐼𝐽
𝐸𝑇𝐽 + 𝑑𝑗𝐼𝐸𝑗  (2-2) 

where 𝐷  is electric displacement, 𝑇  is mechanical stress, 𝑆  is mechanical strain, 𝐸  is 

electric field. In addition, 𝑑 , 𝑠  and 𝜀 , are the piezoelectric constants for charge, 

compliance and permittivity, respectively. The definitions for these parameters are [34]: 

𝐷 (𝐶 𝑚2⁄ ): Electric displacement is the total amount of charge per unit area which could 

be displaced across a conductor layer in the electric field. 

𝑇 (𝑁 𝑚2⁄ ): Mechanical stress is the elastic force per unit area. 

S (unit less): Mechanical strain is the response of the object to an applied stress. 
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𝐸 (𝑁 𝐶⁄ 𝑜𝑟 𝑉 𝑚⁄ ): Electric field is a vector field which can be defined as the electric force 

per unit charge. 

𝑑 (𝑚/𝑉 𝑜𝑟 𝐶/𝑁): Piezoelectric charge constant describes the electric polarization formed 

in the piezoelectric material per unit mechanical stress applied. 

𝑠 (𝑚2/𝑁): Elastic compliance refers to the elastic strain generated per unit stress. The 

inverse of the elastic compliance constant is called elastic stiffness constant, 𝑐. 

𝜀 (𝐹/𝑚): Permittivity defines the dielectric displacement per unit electric field applied. 

As the piezoelectric effect only happens in an anisotropic material [34], the piezoelectric 

equations are always described in matrix form, therefore these piezoelectric constants are 

defined using subscript notation. Based on the IEEE standard on Piezoelectricity [35], the 

first number of the subscript indicates the direction of dependent variable and the second 

number refers to the direction of the independent variable, where the coordinate definition 

is shown in Figure 2-1. The Cartesian directions x, y, and z are represented by the 

coordinate denoted by the subscripts of 1, 2 and 3, respectively; shear about these axes is 

denoted by the subscripts of 4, 5 and 6, respectively. The positive polarization direction, 

P, is commonly selected as the positive direction of 3-axis (or z) as shown in Figure 2-1. 

For example, 𝑑13 means the electric polarization generated in the 1-axis per unit stress 

applied in direction of the 3-axis. As for the superscripts T and E, they refer to constant 

stress and constant electric field conditions, respectively. For example, 𝜀𝑖𝑗
𝑇  indicates the 
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permittivity measured under the condition of constant stress and 𝑠𝐼𝐽
𝐸  is the elastic 

compliance constant measured in a constant electric field.    

 

Figure 2-1: The Coordinate Definition from the IEEE standard on Piezoelectricity [35] 

The electromechanical coupling coefficient, 𝑘 , is very important when discussing the 

piezoelectric effect or piezoelectric material. This coefficient quantifies the effectiveness 

of the conversion between the electrical energy and mechanical vibration in the 

piezoelectric material and is given in Equation (2-3) [34].  

 𝑘2 = 
 𝑊𝑠 

𝑊𝑡
  (2-3) 

where 𝑊𝑠 is the electrical energy converted with applied stress, 𝑊𝑡.  

Similar to the other piezoelectric constants, the electromechanical coupling coefficient is 

also commonly cited with subscripts, 𝑘𝑖𝑗, where the first number of the subscript indicates 
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the axis of electrical load connected and the second number refers to the axis of the stress 

excitation applied. Although there are many different electromechanical coupling 

coefficients depending on various combination of 𝑖 and 𝑗, two coupling coefficients 𝑘33 

and 𝑘𝑡 are particularly of the interest in terms of ultrasound transducer design. The bar-

mode coupling coefficient, 𝑘33, refers to the coupling within a tall and thin bar when a 

finite 1D stress is applied across the thickness, z, axis as shown in Figure 2-1. The 

thickness coupling coefficient 𝑘𝑡, describes the coupling under the condition of zero strain 

in the 𝑥- 𝑦 plane. 

There are five other essential parameters when designing an ultrasound transducer using 

a piezoelectric material: material density, 𝜌  (𝑘𝑔 𝑚3⁄ ); longitudinal and shear sound 

velocities,  𝑣𝑙  and 𝑣𝑠  (𝑚 𝑠⁄ ); characteristic acoustic impedance, 𝑍  (𝑀𝑅𝑎𝑦𝑙 ) and Curie 

temperature, 𝑇𝑐 (℃). The acoustic impedance is calculated as the product of density and 

longitudinal velocity, as described in Equation (2-4). It is worth noting that 𝑇𝑐 refers to 

the upper operational temperature limit for the piezoelectric material, after which the 

aligned polarization within the piezoelectric metrical starts to reduce and impact on the 

performance of the material [36].     

 𝑍 = 𝜌 ∙ 𝑣 (2-4)  

2.1.2. Piezoelectric Material  

The piezoelectric materials can be mainly divided into four different groups: 

piezoceramics, piezopolymers, piezocrystals and piezoelectric composites. 
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1) Piezoceramics 

The piezoceramics are the most commonly used piezoelectric materials for ultrasound 

transducer design. One of the well-known piezoceramics is Lead Zirconate Titanate (PZT). 

The PZT has two main classifications, piezoelectrically hard and soft types [37]. PZT-4 

and PZT-5H are two typical hard and soft piezoceramic, respectively. The piezoelectric 

coefficients, such as 𝑘𝑡  and 𝑑33 , and permittivity is higher for the PZT-5H when 

compared to the PZT-4, which makes PZT-5H a better choice for pulse-echo application. 

However, PZT-4 has a higher curie temperature, 𝑇𝑐, which is more suitable for high power 

output ultrasound applications.  

2) Piezopolymers 

Polyvinylidene fluoride (PVDF) is the most representative piezopolymer material. This 

material has a low acoustic impedance, which can provide a good coupling with the 

ultrasonic medium in underwater sonar and biomedical imaging applications. However, 

the permittivity and piezoelectric coefficient of PVDF are low, which makes PVDF a poor 

choice for an ultrasound transmitter. 

3) Piezocrystals 

Before the discovery of piezoelectricity in ceramics was published in 1946, single crystals, 

such as quartz, had been used as the main piezoelectric materials [38]. However, the single 

crystals were rapidly replaced by a family of ceramics, PZT, in industrial applications 

after the 1950s, as the piezoelectric response possessed by ceramics was far better than 

any known single crystals at that time. Four decades later in 1990, Shrout et al. studied 
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the dielectric behaviour of a new family of single-crystal piezoelectric materials, 

Pb(Mg1/3Nb2/3)O3 – PbTiO3 (PMN-PT) [39]. Subsequently, the utilization of PMN-PT as 

the active phase in an ultrasound transducer was then studied for the first time by Toshiba 

[40]. In 2000, this new type of the piezocrystal material has been widely recognized for 

its outstanding piezoelectric performance over traditional piezoceramic materials, which 

was considered as a revolution for ultrasound transducers development [38]. The bar-

mode coupling coefficient and piezoelectric strain constant of PMN-PT is very high, 

𝑘33 ≈ 0.9 and 𝑑33 ≈ 1400 𝑝𝑚/𝑉. However, the drawback of the PMN-PT is that it has 

a low Curie temperature (~90 oC) and the fabrication cost is also much higher when 

compared to conventional ceramics [41].    

A summary of the material properties of PZT-4, PZT-5H, PVDF and PMN-PT are listed 

in Table 2-1.  

4) Piezoelectric Composites 

The typical requirement for a piezoelectric material for implementation of a high 

performing  ultrasonic transducer can be summarized as [42]: 

a) Possessing high electromechanical coupling factor in order to have high sensitivity. 

b) Ideal acoustic impedance matching between transducer and load to provide wide 

operating bandwidth and enhance system sensitivity. 

c) Providing high permittivity for lower input electrical impedance, thus allowing 

enhanced electrical matching to the electrical sub-system. 
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d) A pure undistorted thickness mode vibration, where the details of this mode will be 

explained in Section 2.2.2.2. 

Table 2-1: Properties of selected piezoelectric material 

 

Piezoceramic Piezoceramic  

Piezopolymer Piezocrystal 

Hard Soft 

PZT-4 PZT-5H PVDF PMN-PT 

𝝆 (kg/m3) 7700 7450 1780 8100 

𝒗𝒍 (m/s) 4670 4200 2560 4000 

𝒁 (MRayl) 36 31 4.5 32 

𝑻𝒄 (
oC) 330 235 ~205 65-95 

𝒅𝟑𝟑 (pm/V) 290 574 30 1540 

𝝐𝒓𝟑𝟑
𝑺  700 1220 10-12 910 

𝝐𝒓𝟑𝟑
𝑻  1320 2870 6.28 5400 

𝒌𝒕 0.47 0.52 0.19 0.60 

𝒌𝟑𝟑 0.68 0.75 0.13 0.91 

* Material properties in this table are obtained from various academic and commercial 

source. Ceramic: Manufacture’s online database (Meggitt Ferroperm, Kvistgard, 

Denmark); PVDF [43]; PMN-PT [44]. All data are only for guidance. 
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To meet these transducer design requirements, the concept of a ‘piezoelectric composite’ 

material was proposed, which refers to a material comprising an active piezoelectric phase, 

typically piezoelectric ceramics or piezocrystal, and a passive phase, typically an epoxy 

polymer material [45]. This active transducer material will be referred to as a composite 

in the remainder of this thesis. 

The theory behind this ‘composite design’ can be simply explained as tailoring the active 

material properties by taking advantage of key properties in the piezoelectric and polymer 

phases. For PZT ceramic, it can provide high permittivity which corresponds to the 

electrical impedance of the ultrasound transducer and is very critical in terms of the 

transmission efficiency. Moreover, the PZT ceramic has a high electromechanical 

coupling factor, which determines the peak signal level and bandwidth in both 

transmission and reception mode of the transducer [12]. As for the epoxy polymer, it can 

decouple the piezoelectric material laterally, which leads to efficient vibrational 

performance for the piezoelectric to maximise electromechanical conversion. Another 

benefit of using composite design with epoxy polymer material is that the acoustic 

impedance of the composites can be tailored to match operation into low impedance loads 

and, hence, increase the energy transfer efficiency. Such piezoelectric composite 

configurations, when designed correctly, can attain high sensitivity whilst being well 

matched to a low acoustic impedance load [46], [47]. 

As composite is a multiphase material, some properties of the composite can be controlled 

by manipulating a design factor, called ‘connectivity’ [48]. There are ten possible 

connectivity patterns for the composite ultrasound transducer, which are represented as:  
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0-0, 1-0, 2-0, 3-0, 1-1, 2-1, 3-1, 2-2, 3-2 and 3-3. The first number represents the 

connectivity in terms of the number of dimensions, see Figure 2-1, that the active material 

phase is connected, with the second number representing the same connectivity concept 

for the passive material phase [49]. The Figure 2-2 indicates three most commonly used 

connectivity patterns for the composite, where dark grey represents the active material 

phase and light grey represents the passive material phase. In this Chapter, the 

characteristic of the composite with 1-3 connectivity will be introduced in detail, with 

both the 1-3 and 2-2 connectivity configurations utilised in the transducer designs 

generated in this thesis. 

 

Figure 2-2: Composite connectivity examples: (a) 1-3 connectivity; (b) 2-2 connectivity 

and (c) 3-0 connectivity.   

2.2. Piezoelectric Ultrasound Transducer  

Having explored the nature of the piezoelectric effect and different types of piezoelectric 

material, in this section, the fundamental knowledge of an ultrasound transducer 

incorporating a piezoelectric material will be explored and several basic design rules for 

designing a highly performing ultrasound transducer will be discussed. 
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2.2.1. Single Element Piezoelectric Ultrasound Transducer 

Typically, a piezoelectric ultrasound transducer comprises three main components: 

piezoelectric active layer, matching layer and mechanical damping material. Some other 

ancillary components are also utilised, such as transducer casing, electronic circuitry and 

electrical connection. A basic single-element ultrasound transducer can be described by 

Figure 2-3.  

 

Figure 2-3: Schematic of a single-element ultrasound transducer 

1) Piezoelectric Active Layer 

The piezoelectric active layer is the heart of an ultrasound transducer, where the energy 

conversion between the electrical signal and the mechanical vibration happens. The 

behaviour of an ultrasound transducer is largely determined by the properties of the chosen 

piezoelectric materials. For example, the resonance frequency of a piezoelectric active 
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layer is depended on its thickness and longitudinal sound velocity, which can be calculated 

theoretically using Equation (2-5). 

 𝑓𝑚𝑒𝑐ℎ =
𝑣𝑙

2 × 𝑡𝑘
 (2-5) 

where 𝑓𝑚𝑒𝑐ℎ , 𝑣𝑙  and 𝑡𝑘  are the mechanical resonance frequency, sound velocity and 

thickness of the piezoelectric active layer. Importantly, Section 2.2.2 will detail the design 

rules for 1-3 composite materials. 

2) Matching Layer 

The function of the matching layer is to reduce the mechanical impedance mismatch 

between the piezoelectric active material and acoustic impedance of the load medium. 

Typically, the load medium will have a lower acoustic impedance, for example gaseous 

and liquid media. Basically, there are two key design rules for the matching layer: 

• The thickness of the matching layer should be quarter wavelength of interest [50]. 

• The characteristic acoustic impedance of the matching layer 𝑍𝑚  should follow the 

relationship described in Equation (2-6), 

 𝑍𝑚 = √𝑍𝑇 𝑍𝐿   (2-6) 

where 𝑍𝑇 is the acoustic impedance of the composite transducer and 𝑍𝐿 is the acoustic 

impedance of the load. 
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Sometimes, when the load medium has a very low impedance property (e.g. air), multiple 

layers of matching are necessary to maximise coupling efficiency from the transducer to 

the load medium [51], and vice versa.    

However, the utilization of the matching layer also has some drawbacks. One of the most 

significant negative influences is introducing extra resonance modes to the transducer 

impedance profile. This phenomenon can be simply explained as the matching layer itself 

will introduce an extra boundary into the overall system [10].  

3) Mechanical Damping Material 

As the piezoelectric materials are inherently resonant, the impulse response of such a 

material will result in reverberation within the transducer, which manifests itself as ringing 

in the time domain signal. For the unbacked, also called air backed, composite ultrasound 

transducers, the large acoustic impedance mismatch will lead to the loss of sound energy 

to be minimum at the air back boundary. In which case, the sensitivity of the transducer 

can be maximised, but the bandwidth of transducer will decrease due to reverberation 

from the back of the transducer [52].  

In order to reduce the extent of the reverberation within the transducer, reducing the 

temporal ringing and increasing the operational bandwidth, a backing block material is 

added to the rear face of the transducer, but this is at the expense of the overall device 

sensitivity as some energy is lost into the backing block [53]. Consequently, a compromise 

should be made between higher bandwidth and transducer system sensitivity, or an 

acceptable signal to noise ratio (SNR). In 1994, Hall made a simple rule for determining 
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the acoustic impedance of the backing material, which is taking half of the acoustic 

impedance of the active material as the value of the backing material [54]. 

To summarise, by carefully designing a backing block and matching layer for a composite 

transducer, the performance of the whole transducer system can be improved, especially 

in terms of the bandwidth extension and sensitivity promotion. 

4) Ancillary Components 

The most commonly seen ancillary components in an ultrasound transducer are electrical 

connection, transducer casing and electronic circuitry. 

The electrical connection is used to connect the piezoelectric material to electrical 

instrumentation. Commonly used cable includes coaxial and twisted pair, which have the 

ability to provide good electrical shielding.    

The function of the transducer casing is to obviously provide physical protection to the 

transducer. In addition, the transducer casing is metallic and connected to the electrical 

ground, in order to provide additional electrical shielding. 

In some cases, an electronic circuit is required for the purpose of providing electrical 

impedance matching between the transducer and the electrical signal generator, thus 

promoting efficient power transfer. An equivalent circuit of a piezoelectric resonator can 

be represented by a Butterworth–Van–Dyke (BVD) circuit model, which is shown in        

Figure 2-4 [55]. Four electronic components 𝐶0, 𝐶𝑠, 𝐿𝑠 and 𝑅𝑠 are employed to represent 

the complex electrical impedance of a free-standing piezoelectric resonator around its 

resonance frequency, where 𝐶0  is the equivalent capacitance, 𝐶𝑠  and 𝐿𝑠  model the 
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resonance behaviour of the piezoelectric resonator and 𝑅𝑠 is the represent the mechanical 

loss.  

 

Figure 2-4: Ultrasonic transducer BVD circuit model 

According to the BVD model, the ultrasonic transducer can be treated as capacitive 

naturally, which would lead to the impedance of the transducer being a complex value. 

The imaginary part of the impedance results in reactive power, which is a waste of energy 

and would be a stress for the electrical energy source. In order to cancel the imaginary 

part of the complex electrical impedance, a simple LC network highlighted with red dash 

box in Figure 2-5 can be easily designed [56]. By doing so, a simple electrical impedance 

match between the transducer, Ƶ and the electrical source 𝑉𝑠 with an internal resistor, 𝑅𝑠, 

can be provided.        
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Figure 2-5: Example of LC matching circuit  

 

2.2.2. 1-3 Piezoelectric Composite  

1-3 composite with parallelepiped pillars is one of the most commonly used structures for 

ultrasound transducer design. The Figure 2-6 shows a schematic representation of a 

quarter symmetry section of a unit cell from a 1-3 composite material with parallelepiped 

pillar. The internal pillar configuration of a 1-3 composite can be determined by 3 

parameters [10].  

• Half Ceramic Pillar Width (𝑤2) 

• Half Cell Pitch (𝑤1) 

• Thickness (tk) 
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Figure 2-6: 3D schematic representation of a quarter symmetric section of a unite cell 

from 1-3 composite with square pillar, where dark grey is the active piezoelectric 

material and light grey is the passive polymer material.   

Based on these three fundamental parameters, the other important parameters of a 1-3 

composite can be determined as follows: 

Ceramic Volume Fraction (VF): The percentage of the piezoelectric ceramic in the entire 

composite. 

 𝑉𝐹 = (𝑤2/𝑤1)
2 (2-7) 

Pillar Aspect Ratio (AR): The ratio of the lateral width of the composite plate to its 

thickness. 
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 𝐴𝑅 = 2𝑤2/𝑡𝑘 (2-8) 

Kerf Width (KW): The gap between two piezoelectric ceramic pillars.  

 𝐾𝑊 = 2(𝑤1 − 𝑤2) (2-9) 

Pitch Width (PW): The distance between the centres of two adjacent pillars.  

 𝑃𝑊 = 2𝑤1 (2-10) 

The performance of a 1-3 composite is largely depended on these parameters and will be 

analysed in detail in the following section. 

2.2.2.1. Fundamental Design Rules  

1) Ceramic Volume Fraction  

In 1991, Smith and Auld developed an isostrain model to simulate the influence of  the 

VF on the performance of a 1-3 composite [57]. This model was then verified 

experimentally by Hayward [58]. The Smith-Auld model can be readily employed to 

determine the following equivalent transducer parameters as a function of ceramic volume 

fraction: the thickness-mode coupling coefficient, 𝑘𝑡 ; acoustic impedance, 𝑍 ; relative 

permittivity, 𝜀𝑟33
𝑆  and longitudinal sound velocity, 𝑣𝑙. By way of example, these data for 

a 1-3 composite comprising for PZT-5H (Meggitt A/S, Kvistgard, Denmark) as the active 

phase and CY1301/HY1300 hardset polymer (Robnor Resin Ltd, UK), which will be 
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referred as ‘hardset polymer’ in the rest of this thesis, as the passive phase are shown in 

Figure 2-7. 

 

Figure 2-7: Coefficients and parameters of 1-3 composite comprising PZT-5H and 

CY1301/HY1300: (a) thickness-mode coupling coefficient; (b) acoustic impedance; (c) 

relative permittivity at constant strain; (d) longitudinal velocity 

It can be seen from the Figure 2-7,  𝑘𝑡 is effectively equal across the VF range 0.2-0.8 and 

importantly, is ~0.65 which compares very favourably to the 0.5 value for the raw PZT-

5H material. The coupling efficiency drops below 0.2 VF due to lateral clamping and 

above 0.8 VF as less lateral energy can be absorbed by the polymer phase. The 𝑣𝑙 within 

the composite material shows an approximately linear relationship with the VF ranging 

from 0.2 to 0.8. However, at very high (> 0.8) and very low (< 0.15) VF value, the 𝑣𝑙 

increases or decrease dramatically due to the same physical reasons for the reduction in 

𝑘𝑡. As for 𝑍 and 𝜖𝑟33
𝑆 , a linear relationship is maintained with respect to VF. 
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2) Pillar Aspect Ratio 

With regard to AR, it has been verified by Hossack that AR does not have great influence 

on 𝑣𝑙 within the composite material, except in the condition of very low VF (< 0.2) [12]. 

When VF is smaller than 0.2, 𝑣𝑙  decreases significantly when the AR goes higher. 

Similarly, the AR will not affect 𝑘𝑡 largely unless VF is smaller than 0.2. When VF is 

smaller than 0.2,  𝑘𝑡 will decrease significantly with the increased value of AR and reaches 

minimum at AR equals to 0.6 [12]. There is an important threshold value called, 

Maximum Pillar Aspect Ratio (MPAR), proposed by Bennett [10]. This threshold value 

defines the maximum value of AR as a function of VF for sample 1-3 composite 

configurations. MPAR provides a practical fabrication limit for a 1-3 composite design 

and ensures a strong uniform thickness mode vibration, by effectively de-coupling any 

parasitic lateral modes from the operational frequency band. This work introduced the 

concept of transducer surface dilation quality factor, 𝑄𝑑𝑖𝑙, defined in Equation (2-11), to 

quantify the vibrational characteristic of a piezoelectric material, where 𝜔𝑖 is the radial 

frequency of the ith resonance mode and 𝐷𝑎𝑣𝑒  and 𝐷𝑚𝑎𝑥  are the surface average and 

maximum displacement, respectively. A factor of 1 is a perfectly homogeneous 

displacement across the entire transducer aperture width. 

 𝑄𝑑𝑖𝑙 =
𝐷𝑎𝑣𝑒(𝜔𝑖)

𝐷𝑚𝑎𝑥(𝜔𝑖)
 (2-11) 
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3) Kerf Width & Pitch Width 

The KW and PW is limited by the technology used in the composite fabrication process. 

For this thesis, the smallest KW using equipment in the Centre for Ultrasonic Engineering 

(CUE) is 50 𝜇𝑚. Both KW and PW are directly related to the value of VF.  

To summarise, the basic and simple rule of designing a classic 1-3 composite with 

minimum lateral parasitic resonance effect is to use 0.3 < VF < 0.8 and employ as low a 

value of AR that can be practically manufactured. It should also be noted that the stiffness 

of the filling polymer material plays a critical role in both the fabrication process and in 

damping lateral energy within the device, which can influence the working efficiency of 

the transducer[12]. It has been shown that utilising a soft setting polymer can obtain a 

better coupling factor for a composite material when compared to a hard setting polymer 

under the same volume fraction conditions [10]. However, the soft set polymer has a 

higher Poisson’s ratio, which can decrease the power transfer efficiency from the 

transducer to the load, and also is more challenging to process during fabrication.     

2.2.2.2. Vibration Mode within the Composite  

In the 1-3 composite plate, there are four different fundamental modes: Width-Dilational 

Mode, Thickness Mode, Inter-Pillar Mode, Intra-Pillar Mode. These four modes are now 

explained in detail. 

1) Width-Dilational Mode  

The width-dilational mode is caused by the finite lateral dimensions of the composite 

material. This mode can also be termed a plate mode for a rectilinear shaped device or 
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radial mode for a circular shaped device. This mode activity can be described as the 

mechanical motion in the lateral dimension with the electric field applied in thickness 

dimension and is mainly determined by the elastic modulus properties of the ceramic and 

polymer phases [42]. The frequency location of width-dilational mode is dependent on the 

width dimension of the piezoceramic material and usually can be observed at a frequency 

far below the fundamental thickness resonance frequency of the transducer. This means 

that this resonance mode will not have a significant effect on the operational performance 

of the composite device. Moreover, the inclusion of the polymer material within the 

composite structure dampens the width-dilational mode. 

2) Thickness Mode  

The thickness mode is a direct result of the finite thickness dimension of the piezoelectric 

composite layer. For the majority of composite ultrasound transducers, the thickness 

resonance frequency is used as the fundamental operating frequency. The thickness-mode 

coupling factor, 𝑘𝑡, described in Section 2.1.1 can be obtained via the electrical impedance 

profile of a composite using Equation (2-12). 

 𝑘𝑡  =  √
𝜋

2

𝑓𝑒𝑙𝑒
𝑓𝑚𝑒𝑐ℎ

 𝑐𝑜𝑡 (
𝜋

2

𝑓𝑒𝑙𝑒
𝑓𝑚𝑒𝑐ℎ

)  (2-12) 

fele: The frequency at the minimum electrical impedance and is the resonance frequency 

under the condition when the electrode is shorted circuit. This resonance frequency is 

suitable for transmission mode operation of the ultrasound transducer because at this 

frequency, the electrical energy can be transferred to the mechanical energy most 
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efficiently. Moreover, at this frequency the electrical impedance is at a minima and will 

be the closest match to the electrical impedance of the instrumentation, which will 

minimise the impedance mismatch between the electrical signal source and the transducer.  

fmech: The frequency at the maximum electrical impedance and is the resonance frequency 

under the condition when the electrode is open circuit. This resonance frequency is 

suitable for reception mode of the ultrasound transducer and is the natural resonance of 

the device governed by Equation (2-5). 

3) Inter-Pillar Mode  

The main reason that leads to the inter-pillar modes is the generation and propagation of 

Lamb wave between pillars in a composite plate with regular and periodic geometry [10], 

[59], [60]. This unwanted mode can couple with the fundamental thickness mode strongly 

and therefore cause the reduction of operating efficiency for the transducer. For the 

purpose of designing a more efficient 1-3 composite transducer, several researchers made 

some basic rules for avoiding the inter-pillar resonance behaviour or separating the inter-

pillar mode away from the operating bandwidth. 

• In 1985, Smith came up the idea that in order to make the transducer vibrate uniformly 

as a homogeneous plate, the lateral resonance mode should be pushed up to the 

frequency range at least twice of the thickness mode frequency [61].   

• For the overall dimension of 1-3 composite plate, the distance between the centre 

points of two adjacent ceramic pillars has to be less than the thickness of the composite 

plate [62].  
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• The kerf width of the composite plate should be less than quarter of the shear 

wavelength [10].  

4) Intra-Pillar Mode 

The intra-pillar mode is similar to the width-dilational mode introduced previously but is 

restricted to the finite lateral dimension of the individual ceramic pillar instead of the 

whole composite material. However, these intra-pillar modes become important for the 

case that AR is in a range from 0.5 to 2.0 [10]. 

2.2.2.3. The 1-3 Composite with Different Pillar Shape 

Thus far in this thesis, the fundamental knowledge of composite was introduced using the 

example of 1-3 composite configurations having square ceramic pillars. However, 1-3 

composite designs have been reported with a variety of different shapes of ceramic pillar 

[59], in particular triangular and cylindrical pillar geometries. 

1) Cylindrical Pillars 

The cylindrical pillar shape introduces additional complexity into the fabrication process 

[42]. However, based on the finite element analysis reported by Hossack, the relationship 

between the electromechanical factor and AR in terms of thickness mode and first three 

lateral modes is similar to the result achieved from equivalent square pillar case [63].  

2) Triangular Pillars  

The triangular pillar shape could lead to the reduction of lateral or radial modes within the 

composite structure [63]. This hypothesis has been verified by Brown when he 
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successfully designed a high frequency composite transducer with triangular pillar 

geometry [64].   

There are two ways for designing the layout of the triangular pillar composite. First 

method is uses the standard ‘dice-and-fill’ technique [65], which is illustrated in Figure 

2-8. However, in this type of configuration, due to the existence of parallel facing edges 

between two adjacent pillars, inter-pillar resonances can arise.  

 

Figure 2-8: Layout of triangular pillar composite employing 'dice-and-fill' technique 

In order to reduce these lateral mode resonances, an alternative triangular pillar 

configuration has been proposed by Hossack [12], as shown in Figure 2-9. Here each 

triangular pillar has to be positioned individually, which increases the complexity of the 

manufacturing process. However, by using this configuration, a significant improvement 

in maintaining a high thickness electromechanical coupling factor with increasing aspect 

ratio value has been reported. As the result, the MPAR for this type of configuration is 

higher than other equivalent pillar shapes. In Chapter III of this thesis, a composite design 
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using the Sierpinski Gasket (SG) fractal geometry is designed using a similar approach, 

in which the triangular pillar structure does not contain parallel facing edges. 

 

Figure 2-9: Alternative configuration for triangular pillar composite without parallel 

facing edges 

2.2.3. Phased Array Ultrasound Technique 

2.2.3.1. Phased Array Principle 

The fundamental theory of phased array techniques can be simply explained in Figure 

2-10. Each individual element can be excited individually, by application of different time 

delays, termed as the focal law. Hence beam steering or focusing can be created 

electronically, improving the flexibility of the imaging process [66].  
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Figure 2-10: Principal of phased array technique 

The ultrasound array technique is extensively used to in modern clinical diagnostic and 

therapeutic applications [67], such as real-time blood flow measurement [68] and non-

invasive surgery [69]. In addition to the biomedical field, ultrasonic phased array techniques 

are also well developed in industrial applications such as non-destructive testing and 

evaluation (NDT&E) [70]. Important to all these applications is the high sensitivity and 

operational flexibility associated with array systems [71].   

2.2.3.2. Phased Array Geometries  

Ultrasonic array transducers can be loosely divided into three groups according to the 

characteristic of their geometries: one-dimensional (1-D) linear array, two-dimensional 

(2-D) array and annular array. The fundamental geometries of these array configurations 

are defined in Figure 2-11 (a), (b) and (c), respectively. 
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Figure 2-11: Fundamental array structure of: (a) 1-D linear array; (b) 2-D array and 

(c) annular array 

1) 1-D Linear Array 

As shown in Figure 2-11 (a), the 1-D linear array elements are only distributed along one 

dimension. In order to generate the sound beam which is highly directional in the azimuth 

plane (x-z plane) and broad in the elevation plane (y-z plane), the element length, 𝑙, should 

be at least ten times larger than the element width, a, which represents a geometry in which 

each element can be treated as a sound source from an infinitely long strip of active 

material [72]. In addition to that, the centre-to-centre spacing between two elements, 𝑝, is 

usually designed to be less than half wavelength ( 𝑝 < 𝜆/2 ) [73] to minimise the 

generation of grating lobes, which are caused spatial under-sampling of the array 

configuration. Grating lobes manifest as acoustic energy emitted from the ultrasound 
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transducer at an angle away from the primary propagation path of the ultrasonic energy 

and can cause errors in the image due to this unwanted directional energy path [74].   

2) 2-D Array  

A 2-D array comprises smaller active elements distributed in two dimensions, as shown 

in Figure 2-11 (b). Such a structure is developed in order to have additional beam focusing 

and control in the elevation direction and acquire three-dimensional (3-D) volumetric 

imaging. However, from an aperture perspective, the complexity and number of elements 

increases in a 2-D design, so the electronics employed to drive individual elements is more 

complex and hence increases the cost of system, when compared with a 1-D array. 

Consequently, the concept of 1.5-D is proposed. 1.5-D array contains much less number 

of parallel rows of elements when compared with a fully populated 2-D array, and hence 

the cost and complexity of the array design can be decreased but a limited level of beam 

focusing and control can still be maintained in the elevation direction [75]. Another special 

example of 2-D array is sparse array, which also has the ability of beam steering in two 

dimensions. However, the element pitch in sparse array is greater than 𝜆/2, meaning less 

elements are contained in the sparse array when compared to the typical dense array with 

element pitch less than half wavelength.  

3) Annular Array  

A conventional annular array structure is shown in Figure 2-11 (c). To be different from 

the 1-D or 2-D array mentioned above, the annular array does not have the ability of beam 

steering and the main purpose of designing an annular array is to provide variation in axial 

focal depth only.  
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2.2.3.3. Phased Array Imaging Modalities 

Figure 2-12 demonstrates four different imaging modalities which are commonly 

implemented in array imaging applications: plane B-scan; focused B-scan; sector B-scan 

and total focusing method (TFM) [76]. 

 

Figure 2-12: Array imaging modalities: (a) plane B-scan; (b) focused B-scan; (c) sector 

B-scan and (d) total focusing method 

As shown in Figure 2-12 (a), a subset of array elements, named an aperture is excited in-

phase and moved electronically to produce a plane beam for the plane B-scan or fired with 

specific time delay, known as focal law, to generate a focused, or steered beam, as shown 

in Figure 2-12 (b) and (c). These are conventional focal laws and are typically used in 

NDT&E array applications. 

The TFM imaging approach, shown in the Figure 2-12 (d), refers to a more recent array 

implementation, in which data is acquired for every combination of transmit-receive 
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element pairs and stored in matrix form; this is termed Full Matrix Capture (FMC). This 

FMC data is then post-processed, with the ultrasonic beam focused at every single point 

in the region of interest; this is termed Total Focusing Method (TFM) [77]. Array 

instrumentation has been the limiting factor in the industrial uptake of this technique, but 

using current phased array controllers (PAC), TFM can be implemented practically as a 

imaging technique [17]. The intensity at any point 𝐼(𝑥, 𝑧) in the TFM image can be 

calculated using Equation (2-13) [17], 

  𝐼(𝑥, 𝑧) =  ||∑∑ℎ𝑡𝑥,𝑟𝑥

(

 
√(𝑥𝑡𝑥,𝑖 − 𝑥)

2
+ 𝑧2 + √(𝑥𝑟𝑥,𝑗 − 𝑥)

2
+ 𝑧2

𝑣

)

 
𝑁

𝑗=1

𝑁

𝑖=1

|| (2-13) 

where  ℎ𝑡𝑥,𝑟𝑥(𝑡) is the wave propagation equation, 𝑁 is the total number of elements of 

using, 𝑡𝑥 and 𝑟𝑥 refers to the transmitter and receiver, respectively, and 𝑣 is the speed of 

sound in the medium (this can be longitudinal or shear wave velocity depending on the 

modality appropriate for the TFM image). Compared with other three traditional imaging 

methods, TFM can produce images with enhanced resolution and contrast due to the 

dynamic focusing at each point in both transmission and reception mode [71].  
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2.3. State of Art of Novel Composite Ultrasound 

Transducer Design 

For many years, a variety different techniques have been reported for improving the 

performance of a single element or an array ultrasound transducer, based on composite 

technology. These techniques can be roughly classified into four different methods: 

a) Optimize the composite microstructure;  

b) Improve the piezoelectric material properties; 

c) Modify the matching/backing design; 

In this section, techniques to improve composite transducer performance using these three 

methods are reviewed and particular attention is given to the research focusing on 

ultrasonic transducer bandwidth extension.  

Firstly, many researchers have successfully enhanced the performance of the transducer 

via optimizing the microstructure of active layer in the design.  

Hossack et al. [78] suggested a way to suppress the inter-pillar mode, which employed a 

distributed period or multiple period structure with regards to the pillar dimension or pillar 

pitch instead of repeating a single geometry periodically throughout the whole structure. 

By using a double period structure in a 1-3 composite design, the first inter-pillar mode 

was attenuated and removed from the electrical impedance spectrum successfully, 

compared to an equivalent conventional design. Similarly, Yuan et al. [79] increased the 

complexity of the composite microstructure further by using a random pillar pitch and 
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analysed the dynamic characteristics of this type of composite transducer. His simulation 

result showed that the random structure removed the first lateral mode, when compared to 

the both 1-3 and 2-2 composites.  

Harvey et al. [80], [81] designed a composite transducer with piezoelectric fibres used as 

the active piezoelectric element. The microstructure of this 1-3 composite is completely 

random and eliminates undesired intra-pillar modes. The manufacturing technique for this 

configuration used ‘place-and-fill’ method and produced a 2-D array configuration using 

these randomised piezoelectric elements.  

Yang et al. [60], [82] developed a pseudo-random composite transducer by dicing the 

ceramic plate with two sets of cross cuts at different angles relative to the horizontal. The 

pulse-echo response bandwidth of this pseudo-random composite was increased when 

compared to an equivalent standard 1-3 composite design. 

Using a random structure for lateral mode suppression and bandwidth improvement is 

well recognised and widely commercialised for low frequency transducers, but for high 

frequency transducers, especially with microscopic dimensions, this technique is limited 

by the difficulties in fabrication process. As the result, Brown et al. [64] and Yin et al. 

[83], investigated the performance of high frequency (>20 MHz) 1-3 composite with 

triangular pillar geometry. This type of high frequency 1-3 composite transducer can be 

fabricated using the traditional “dice-and-fill” technique and has a better lateral mode 

reduction and bandwidth performance, when compared with the standard 1-3 composite 

with square pillars. Furthermore, it was reported by Hamilton et al. [84] that by using the 
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triangular shaped pillar, better surface dilatation quality can be achieved for high pillar 

aspect ratio composites.   

Ramadas et al. [53] developed a wideband annular piezoelectric transducer by combining 

four concentric piezoelectric composite annuli, each exhibiting a different fundamental 

thickness mode resonance. Using a similar theory, Banks et al. [85] proposed two novel 

piezoelectric composite transducer designs to enhance the operating frequency of a 

composite device for air-coupled non-destructive evaluation: the dual thickness composite 

and conical composite design. Both designs successfully achieved a bandwidth 

enhancement by having a varied thickness dimension to introduce multiple thickness 

mode resonances into one composite design. 

Espinosa et al. [86] developed a dual frequency 1-3 composite transducer for the purpose 

of  performing the harmonic imaging in the field of medical ultrasound. This 1-3 

composite transducer design was comprised of ceramic pillars in three different shapes. 

By carefully choosing the thickness and different lateral dimensions of the pillars in the 

composite plate, two main resonance modes, 𝑓 and 2𝑓, can be obtained, which was used 

as the transmission mode frequency and the reception mode frequency, respectively.  

The second approach develops materials with enhanced piezoelectric properties to 

improve the performance of the ultrasound transducer.  

Yamada et al. [87] proposed a method of designing a broadband ultrasound transducer by 

giving the piezoelectric plate a temperature gradient in its thickness direction via a 

controlled temperature based depoling procedure, resulting in a graded piezoelectric stress 
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constant (𝑒33). As the stress due to the piezoelectric nature of a material can be calculated 

as the product of electrical field and piezoelectric stress constant, the graded 𝑒33 

distributed along thickness direction could offer improved bandwidth at the fundamental 

thickness mode. Yamada et al. [88] developed another graded piezoelectric material by 

partially diced a number triangular grooves (kerfs) into one surface of a piezoelectric 

ceramic plate which were then filled epoxy polymer. The material comprised a monolithic 

piezoelectric device combined with a piezoelectric composite, where the graded 

piezoelectric property in the thickness direction was then obtained. The transducer made 

from this graded piezoelectric material was also shown to have enhanced bandwidth 

performance when compared with a conventional piezoceramic transducer. However, due 

to the brittle nature of the piezoceramic material, the vertices between two triangular kerfs 

could be easily broken. Guo et al. [89], [90] presented a similar partial piezoelectric 

composite design with graded piezoelectric property using the rectangular kerfs, achieving 

bandwidth improvement when compared to a conventional 1-3 composite device.   

When compared to the standard piezoceramic material, Relaxor-based piezocrystal 

materials, such as PMN-PT, are well known because it has a high value of 𝑘33 and 𝑑33. 

As the cost of the piezocrystal material continues to decrease due to the improved 

manufacturing technology, many novel single element and array ultrasound transducers 

have been developed for different applications. 

Cheng et al. [91] and Ritter et al. [92] investigated the 1-3 composite ultrasound 

transducer with different volume fraction ranging from 0.4 to 0.8 of PMN-PT, where a 

thickness coupling coefficient, 𝑘𝑡  greater 0.8 was achieved. This compares very 
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favourably with the 𝑘𝑡 of PZT 1-3 composite designs, an example is plotted in Figure 2-7 

(a), with a maximum predicted 𝑘𝑡  of 0.66. Hence, the PMN-PT 1-3 composite with a 

higher value of the 𝑘𝑡 can result in a better energy conversion efficiency. 

Wong et al. [93] designed a high frequency, 20 MHz, phased array ultrasound transducer 

with a PMN-PT single crystal material for high-resolution imaging. This single crystal 

array exhibited a wider operational bandwidth, when compared with equivalent 

piezoceramic designs. Zhen et al. [94] developed a faceted array inspired by the geodesic 

dome architecture. By using this design, the issue related to the crystal orientation of the 

piezocrystal material preventing machining the bulk single-crystal material into a bowl 

shape without degrading its performance was solved. This shaped piezocrystal material 

with high piezoelectric performance was used in a focused ultrasound application. Li et 

al. [95], [96] developed a dual-layer 1-3 PMN-PT composite transducer for harmonic 

ultrasound imaging application. The transducer comprised two active layers made from 

1-3 PMN-PT composite with opposite poling direction. These two active layers were 

bonded in series mechanically and shared common ground at their interface. By using this 

configuration, two operating modes can be possessed by a single transducer.   

The final category for enhancing the performance of a transducer involves employing 

either electronic or mechanical matching components. 

Hossack and Auld [97] reported a novel transducer design with an active piezoelectric 

matching layer to perform the pulse shaping and thus generate a broadband output signal. 

The transducer is comprised of two layers of 50% VF 1-3 composites. This transducer 
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configuration can offer the flexibility of controlling the transfer function of the transducer. 

By using the Laplace matrix technique, the excitation signal can be determined to produce 

the desired broad bandwidth output signal. 

As for improving the transducer performance by incorporating an electronic matching 

circuitry, Dziewierz et al.[98] developed an in-probe electronics printed circuit board 

(PCB) for a 2D phased array in order to provide electrical impedance matching between 

each array element and the associated drive electronics. The experimental results showed 

a significant sensitivity and bandwidth enhancement can be realised after using such in-

probe electrical matching. 

To summarize, the techniques reviewed in this Section support the concept that the 

performance of an ultrasound transducer can be enhanced using a number of popular 

approaches. 
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2.4. Introduction of Fractal Geometry  

2.4.1. Fractal Basics and Related Application  

In the 1970s, the concept of the ‘fractal’ was first introduced and studied systematically 

by B. B. Mandelbrot [99], [100]. Nowadays, fractal theory has been developed as one of 

the most important and active disciplines in Mathematics. The real world can be described 

more accurately with fractals rather than conventional Euclidean geometries through 

several characteristics of fractal geometries, including self-similarity, fine structure, 

irregularity and recursion. The concept of fractals has been employed in a variety of 

applications such as brain tumour segmentation and detection [101], [102]; signal analysis 

[103]; antennas design [104], [105], architectural design for the built environment [106], 

[107]; digital imaging [108] and image compression [109]. 

A parameter known as the fractal dimension, 𝐹𝐷, is defined in Equation (2-14) to describe 

the complexity level of a fractal geometry as a ratio of the change in detail to the change 

in scale, where N is the number of self-similar pieces and 𝜏 is the scaling factor [99]. 

 𝐹𝐷 =  𝑙𝑜𝑔𝑁/ 𝑙𝑜𝑔 𝜏 (2-14) 
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2.4.2. Transducer Design Using Fractal Geometry 

In 1993, Alippi et al. [110] first presented experimental results which demonstrated the 

existence of two localised modes and the corresponding surface displacement 

characteristic for a 1-3 composite plate incorporating a Sierpinski Carpet (SC) 

microstructure. Figure 2-13 shows the pattern of the SC geometry, where dark grey 

squares are ceramic pillars and the light grey area is polymer filler. However, the 

information associated with the operating performance of this fractal composite, such as 

bandwidth and sensitivity, was not produced at this stage.  

 

Figure 2-13: Sierpinski Carpet fractal pattern  

In 2011, Mulholland et al. [6] developed a theoretical model of an ultrasound device with 

a Sierpinski Gasket (SG). The SG fractal structure is shown in Figure 2-14 (a) and the 

physical layout of the transducer is shown in Figure 2-14 (b), where Ƶ𝑝 and Ƶ𝑜  is the 

parallel and series electrical load impedance, respectively and 𝑉 is the excitation source.   



 

54 

 

 

Figure 2-14: (a) SG fractal pattern; (b) Schematic of SG fractal transducer model [6] 

Using the renormalization modelling approach, it has been verified that by using the SG 

pattern, more resonance modes were introduced in the impedance profile due to the 

complex microstructure pattern and the reception sensitivity was predicted to improve 

compared to the standard 1-3 composite device. In addition, an FE model also gave the 

evidence that the poling direction and the material thickness can influence the bandwidth 

of the SG fractal composite [111].  

In 2015, Algehyne et al. [112] built a mathematical model of a 1-3 composite with the SG 

pattern using the renormalization approach, which is shown in Figure 2-15. It was proved 
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again in his work, that at certain generation levels, the 1-3 SG fractal composite could 

offer higher sensitivity in both reception and transmission modes. 

 

Figure 2-15: 1-3 Composite model with SG fractal pattern, where dark grey triangles 

are ceramic pillars and light grey triangles are polymer filler, the thickness dimension is 

vertical (out of the paper) 

In 2017, using the similar renormalization modelling approach, Canning et al. [113] 

developed a piezoelectric ultrasound transducer using the SC fractal geometry, shown in 

Figure 2-13, at fractal generation Level III. By analysing the propagation of ultrasound 

waves in the structure of this SC fractal piezoelectric ultrasound transducer, it was found 

out that both transmission and reception bandwidth improvement can be achieved when 

compared to the standard Euclidean ultrasound transducer design. 

Mulholland, Algehyne and Canning’s work is constrained to a theoretical analysis, where 

the renormalization modelling approach provides a fast way of exploring the general 

insight and global properties of an ultrasound device incorporating a fractal geometry. 

Another limitation of using the renormalization method is that it can be applied to only 
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few types of fractal geometry. However, the work described in this thesis is focused on 

engineering and will investigate FE modelling and fabrication of composite transducers 

with fractal geometry. The FE modelling approach will enable the flexibility to investigate 

transducers with an arbitrary fractal geometry and analyse both their global and local 

propetries, like electrical impedance, transmission response, surface dialation shape and 

beam profile. Importantly, these characteristics will be validitated experimentally.  

In a related transducer field, in order to enhance the sensitivity of an eddy current probe 

for non-destructive, Chen et al. [114] proposed a plannar eddy current probe comprising 

an excitation coil utilising a Koch curve at fractal generation Level III. The geometry of 

this Koch curve is described in Figure 2-16. By using this exciting coil pattern, a multi-

radius eddy current distribution can be formed on the test object, which can be equivalent 

to the summation of circular coils with different radii. Therefore, the defect information 

can be interfered using the eddy current configuration more easily.    

 

Figure 2-16: Koch curve fractal pattern 
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To summarise, it is clear that the theory would suggest that by using a fractal geometry, 

comprising components over multiple length scales, the performance of the transducer can 

be improved in different aspects. What remains to be done is to investigate whether or not 

such structures can be designed for manufacture and importantly, if these fabricated 

structures do outperform current technology. This will form the central theme of this thesis. 
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CHAPTER III 

PIEZOELECTRIC COMPOSITE TRANSDUCER 

DEVELOPMENT USING SIERPINSKI GASKET 

FRACTAL GEOMETRY   

 

In this Chapter, a self-similar fractal geometry known as the Sierpinski Gasket (SG), will 

be adopted as the structure of a composite design in order to explore improvements in the 

bandwidth of the 1-3 composite configuration transducer. This concept of engineered 

transducers comprised of multiple length scales has been developed mathematically [4], 

[5], [6] and these analytical models indicate that by having elements with varying length 

scales in the piezoelectric transducer design, the device may possess a wider operational 

bandwidth or a higher sensitivity compared to a conventional device. In addition, it has 

been shown that devices comprising of triangular pillars, resulting in an absence of parallel 

faces between elements in a composite design, reduce the inter-pillar resonant activity in 

the lateral dimension [63]. Therefore, the thickness coupling efficiency can be increased, 

leading to a potential improvement in the device sensitivity. 
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Two equivalent 1-3 composites, one with a conventional periodic parallelepiped shaped 

pillar structure and one with the SG fractal geometry, are designed and compared in this 

Chapter. The FE analysis package, PZFlex (OnScale Inc, Cupertino, CA), is employed to 

analyse the behaviour of these two composite designs, in order to provide the proof of 

concept for this broadband fractal composite design approach. Following the simulation 

results, a single element transducer, utilizing the proposed SG fractal microstructure, is 

fabricated using a pillar placement methodology. The performance of the prototyped 

device is characterized and compared with a conventional 1-3 composite design, as well 

as with a commercial ultrasound transducer. 

To conclude this Chapter, a conventional triangular-cut composite incorporating an 

electrode pattern of the SG fractal geometry is simulated in order to understand the effect 

of using a fractal electrode on a piezoelectric composite device, as opposed to the more 

complicated fabrication associated with the SG fractal microstructure. 

The output of this Chapter has been published as a conference paper in the International 

Ultrasonic Symposium [115] and a journal paper in the IEEE Transactions on Ultrasonics, 

Ferroelectrics, and Frequency Control [116].   
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3.1. Sierpinksi Gasket Geometry 

As shown in Figure 3-1, the primary shape of the SG fractal geometry is an equilateral 

triangle, where the fractal configuration at higher generation levels can be achieved by 

subdividing the entire equilateral triangular pattern recursively into several similar 

equilateral sub-triangles.  

 

Figure 3-1: The first four fractal generation levels of the SG Fractal Geometry 

The lateral width of the sub-triangle at the 𝑘𝑡ℎ  fractal generation level, 𝐿𝑘 , can be 

calculated in terms of the total lateral length of the entire fractal geometry, L, using 

Equation (3-1).  

 𝐿𝑘 =
𝐿

2𝑘
 (3-1) 
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3.2. Transducer Finite Element Modelling  

3.2.1. Piezoelectric Composite Design Using SG Fractal 

Geometry  

Initially, how the fractal generation level of a SG fractal geometry configuration would 

influence the transmit performance of the composite device was investigated. In order to 

explore the problem space, several 3D FE models of the unmatched SG fractal composite 

microstructure from fractal generation Level III to Level VI and their corresponding 

equivalent conventional 1-3 composite designs were simulated using PZFlex with a water 

load. The active and passive phase materials are PZT-5H ceramic (Meggitt A/S, Kvistgard, 

Denmark) and hardset polymer (Robnor Resin Ltd, UK), respectively. For each SG fractal 

model, the lateral length of the smallest triangular was kept as 1 mm. In terms of each 

conventional 1-3 composite plate model, the pillar width was maintained the same at 1 

mm, whilst the ceramic volume fraction (VF) was varied in order to keep it the same as 

the SG fractal composite design at different fractal generation levels, aiming to provide a 

fair comparison between the two designs in terms of the sensitivity level. The VF of the 

SG fractal composites from generation Level III to Level VI and their equivalent 

conventional 1-3 composites are 57.8 %, 68.4 %, 76.3 % and 82.2 %, respectively. To 

determine the composite thickness for all of these models, the maximum pillar aspect ratio 

(MPAR) concept reported by Hayward and Bennett [117] for 1-3 configurations was 

utilized to ensure a high electromechanical coupling efficiency in the thickness resonance 

mode for VF above 50%. Accordingly, in the 1-3 composite case, the MPAR should be 
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limited to 0.39, resulting in a 2.6 mm layer thickness and this thickness has been used in 

each model for a fair comparison between the SG fractal composite and the conventional 

1-3 composite. 

The transmitting voltage response (TVR) spectra, calculated using Equation (3-2), of these 

SG composites from fractal generation Level III to Level VI were simulated and compared 

to the equivalent conventional composite designs – for each case the results are shown in 

Figure 3-2 and Table 3-1.  

 𝑇𝑉𝑅 = 20 𝑙𝑜𝑔(𝑃𝑟𝑒𝑠𝑠𝑢𝑟𝑒 𝑉𝑖𝑛⁄ ) (3-2) 

 

Figure 3-2: Simulated TVR of the conventional and the SG composite                      

(Level III to Level VI) 
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Table 3-1: Simulated TVR result summary for SG composites from Level III to Level VI 

and equivalent conventional composites 

Fractal 

Generation 

Level  

VF 

SG Composite Conventional Composite 

Bandwidth Sensitivity Bandwidth Sensitivity 

Level III 57.8 % 47.1 % 158.5 dB 35.2 % 161.8 dB 

Level IV 68.4 % 71.4 % 166.5 dB 40.1 % 165.0 dB 

Level V 76.3 % 82.8 % 168.4 dB 62.7 % 167.6 dB 

Level VI 82.2 % 46.5 % 179.6 dB 45.0 % 174.2 dB 

It can be seen that the SG composite at the third fractal generation level behaved 

approximately the same as the conventional composite. However, as the fractal generation 

level increases beyond three, the SG composite starts to show improved fractional 

bandwidth when compared to the conventional composite design. For example, at fractal 

generation level IV, the -6 dB bandwidth of the unmatched SG fractal composite plate is 

71.4 % compared to 40.1 % for the conventional composite plate.  

The effective thickness-mode electromechanical coupling coefficient, 𝑘𝑡 , is a well 

understood figure of merit for transducer performance, which was introduced in       

Section 2.2.2.2, and can be calculated as a function of separation of the electrical resonant 

frequency, 𝑓𝑒𝑙𝑒, and the mechanical resonance, 𝑓𝑚𝑒𝑐ℎ, of the device using Equation (2-12).  

The 𝑘𝑡 values of the four SG fractal composites and their equivalent conventional 1-3 

composites were determined using the FE derived impedance spectra, these data are 
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plotted in Figure 3-3. In order to make further comparison, the 𝑘𝑡 of the conventional 1-3 

composites across the VF range was determined using the Smith-Auld model [57], again 

these data are plotted in Figure 3-3, where it can be seen that the 𝑘𝑡 simulated with the 

Smith-Auld model matches with the results achieved by the FE model for the conventional 

composites. In addition, the general behaviour of 1-3 connectivity composites can be 

extracted, where a maximum in 𝑘𝑡 is typically observed in the 50-65 % VF range. The 

motivation in the design of the 1-3 composite is to attain a maximal 𝑘𝑡, where in theory 

this is limited by the 𝑘33 of the piezoelectric material. 

Considering the data for the SG composite devices shown in Figure 3-3, 𝑘𝑡 is observed to 

exhibit different behaviour to that of the conventional 1-3 composite, attaining a 

maximum at a higher VF than would typically be observed in a 1-3 connectivity composite. 

Furthermore, it can be clearly seen from Figure 3-3 that the 𝑘𝑡 of the SG composites is 

always higher than the equivalent conventional 1-3 composites across all the VF in this 

study. Moreover, 𝑘𝑡 of the Level V SG composite is beyond the 𝑘33 of PZT-5H ceramic, 

typically 0.70. By considering Equation (2-12), it can be seen that the frequency separation 

of the electrical resonance and mechanical resonance governs the magnitude of 𝑘𝑡. In the 

SG composite device, there are number of coupled modes that act in concert at the 

thickness mode, thereby extending the frequency separation of the two resonances 

resulting in a 𝑘𝑡 for the device beyond the theoretical maximum. 
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Figure 3-3: Simulated 𝑘𝑡 for SG and conventional 1-3 composite with different ceramic 

volume fraction 

Considering the difficulties of the fabrication process, the Level IV SG fractal composite 

is considered as a good initial choice for studying and fabricating, which will undergo 

further analysis and its performance will be compared to a conventional 1-3 composite of 

the same VF in the subsequent Section of this Chapter. While it is recognized that a VF 

of 68.4 % is not the optimized choice for the conventional 1-3 composite in imaging 

applications, the device still gives a reasonable performance before the 𝑘𝑡  further 

decreases with increased VF. 
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3.2.2. SG Fractal Composite at Fractal Generation Level IV 

3.2.2.1. Electrical Impedance Profile  

Figure 3-4 (a) illustrates the Level IV SG fractal composite design, where the active phase 

of this SG composite is comprised of equilateral triangular ceramic pillars with different 

lateral length scales. Figure 3-4 (b) shows an equivalent conventional parallelepiped 1-3 

composite design. Consistency is maintained between the two composite designs in five 

aspects by ensuring each device has the same fundamental design parameters. 

1) PZT-5H ceramic (Meggitt A/S, Kvistgard, Denmark) and hardset polymer 

(Robnor Resin Ltd, UK) are chosen to be the active and passive phase, respectively.  

2) The lateral length of the smallest triangular pillar at the 4th fractal generation level 

in the SG composite, 𝐿4 as defined in Equation (3-1), is chosen to be 1 mm and 

this same pillar width value is assigned to the conventional composite design. The 

kerf width of the conventional composite is 0.2 mm. The thickness of both devices 

is set to be 2.6 mm for the purpose of minimizing the negative effect caused by the 

pillar vibrating in the lateral direction. 

3) VF of both composite designs is 68.4 % because of the fixed configuration layout 

of the SG fractal geometry.  

4) The active aperture area for both composite designs is approximately the same, 

which is 111 mm2.  

5) The same matching layer arrangement will be incorporated into both composite 

designs.  
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Figure 3-4: FE composite model: (a) Level IV SG fractal composite;                             

(b) conventional 1-3 composite  

The electrical impedance of the Level IV SG composite and conventional composite are 

simulated in a water load without a matching layer. The FE derived electrical impedance 

magnitude spectra of both composites is plotted in Figure 3-5. The SG fractal composite 

and the conventional composite exhibit electrical impedance minima at 580 kHz and      

575 kHz, respectively and impedance maxima at 837 kHz and 751 kHz, respectively. The 

electrical resonant and mechanical resonant frequencies of each composite were used to 

calculate the effective electromechanical coupling coefficient, 𝑘𝑡 . Compared to the 

conventional design, the SG fractal composite achieved a larger value of 𝑘𝑡, which is 0.72 

against 0.65 for the conventional composite, as illustrated in Figure 3-5. Therefore, a 
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better energy conversion and improved bandwidth may be realized by the SG fractal 

design. 

 

Figure 3-5: FE derived electrical impedance magnitude spectrum of the SG and the 

conventional composite operating into a water load 

3.2.2.2. Vibration Modal Analysis  

It can be seen in Figure 3-5 that a multi-modal characteristic is exhibited in the SG fractal 

design due to its varying pillar length scale. Three key modes are identified in the SG 

fractal design at 580.0 kHz, 705.4 kHz and 790.0 kHz, which are marked with red circles 

in Figure 3-5. In order to explore the resonance behaviour of the SG fractal composite in 

detail, the displacement mode shape in the thickness direction was investigated at each 

frequency. All thickness displacement data plotted in Figure 3-6 were normalized to the 

maximum value of the first resonant mode shown in Figure 3-6 (a), for the purpose of 

comparing the mode strength. 
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The surface dilation quality factor 𝑄𝑑𝑖𝑙, which is used for describing the uniformity of the 

surface displacement as described in Section 2.2.2.1, was calculated in the thickness 

direction using Equation (2-11) for each of the three resonance frequencies shown in 

Figure 3-6. The calculated result is presented in Table 3-2. 

 Table 3-2: Calculated 𝑄𝑑𝑖𝑙 at each resonance frequencies 

Resonance 

Frequency  
580.0 kHz 705.4 kHz 790.0 kHz 

𝑸𝒅𝒊𝒍 0.72 0.21 0.20 

From Figure 3-6 and Table 3-2, the strong thickness mode behaviour in the pillars 

associated with the 2nd, 3rd and 4th fractal generation levels at 580 kHz has produced the 

highest 𝑄𝑑𝑖𝑙, which is 0.72. For the resonances at 705.4 kHz and 790 kHz, the lateral 

resonances from the 1st and 2nd fractal generation levels dominate the vibrational response 

and the corresponding 𝑄𝑑𝑖𝑙 figures are 0.21 and 0.20, respectively. These dilation quality 

factors are lower than a conventional 1-3 composite device, which is 0.95 for the 

equivalent device used in this study, due to the antiphase resonance behaviour present in 

the triangular pillars with large pillar aspect ratio in fractal generation Level I and II, 

although the main thickness mode resonance vibrational response for the SG device is still 

considered to be sufficiently high for acceptable operational performance. It is worth 

noting that the design premise of the fractal geometry composite is to couple different 

resonance modes and hence, the design philosophy is not directly comparable to the well-

known conventional 1-3 composite theory.  
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Figure 3-6: SG composite displacement mode shape in thickness direction at:               

(a) 580.0 kHz; (b) 705.4 kHz; (c) 790.0 kHz 
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3.2.2.3. Matching Layer Design  

In order to provide a good impedance match between the transducer and the liquid load, 

FE models are constructed, where both devices are matched to a water load via a dual 

matching layer scheme. For the purpose of maximising the output signal strength and to 

avoid obscuring the distinct resonances of the SG fractal structure, the backing layer was 

not incorporated into the transducer designs in this Chapter. A schematic of the transducer 

arrangement is depicted in Figure 3-7. 

 

Figure 3-7: Schematic of an ultrasound transducer with a dual matching layer 

𝑍𝐿 is the acoustic impedance of the load, which is 1.5 MRayl for the water and 𝑍𝑇 is the 

acoustic impedance of the transducer itself, which is calculated as 19.9 MRayl using the 

Smith-Auld model [57] according to the VF of the composite. The ideal acoustic 

impedance of each matching layer, 𝑍1 and 𝑍2, can be calculated using Equations (3-3) and 

(3-4) [118]. 

 𝑍1 = 𝑍𝑇

1
7  ×  𝑍𝐿

6
7 (3-3) 
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 𝑍2 = 𝑍𝑇

4
7  ×  𝑍𝐿

3
7 (3-4) 

The calculated values for 𝑍1  and 𝑍2  for a theoretically optimal matching layer are             

2.2 MRayl and 6.6 MRayl, respectively. Consequently, the CY221/HY956EN medium 

set polymer (Robnor Resin Ltd, UK) with an acoustic impedance of 2.68 MRayl is chosen 

as the material for Matching Layer I. The CY1301/HY1300 hard setting polymer (Robnor 

Resin Ltd, UK) filled with 3 𝜇𝑚 alumina powder using 70 % weight fraction was used for 

Matching Layer II, which has an acoustic impedance of 6.96 MRayl [119]. 

Once the acoustic impedance of each layer is selected, layer thicknesses can be determined 

using the transfer matrix method via Equation (3-5) and (3-6) [120], 

 𝑡𝑎𝑛 𝜃1 = 𝛼
1
2 [
(𝑍1 −  𝛽𝑍2)

𝛽𝑍1 − 𝑍2
]
−
1
2

 (3-5) 

 𝑡𝑎𝑛 𝜃2 = [
𝛼(𝑍1 −  𝛽𝑍2)

𝛽𝑍1 − 𝑍2
]

1
2

  (3-6) 

where 𝜃𝑛 is the phase shift in each matching layer as determined by the wavelength 𝜆𝑛 

and the thickness 𝑡𝑛 of each matching layer, which is given in the Equation (3-7) and the 

coefficients, 𝛼 and 𝛽 can be calculated using Equations (3-8) and (3-9), respectively. 

 𝜃𝑛 = 2𝜋
𝑡𝑛
𝜆𝑛

 (3-7) 
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 𝛼 =  
𝑍𝑇 − 𝑍𝐿 

𝑍1𝑍𝑇
𝑍2

− 
𝑍2𝑍𝐿
𝑍1
 
 

(3-8) 

 𝛽 = 
𝑍𝑇𝑍𝐿
𝑍1𝑍2

 (3-9) 

By using these materials and equations at the transducers’ operating frequency, 580.0 kHz, 

the resulting thickness of the first matching layer is 580 µm and 1093 µm for the second 

matching layer.  

The TVR of the SG fractal composite with and without a matching layer was simulated 

using the FE modelling method and the result is shown in Figure 3-8. It can be seen that 

after the dual matching layer designed in this Section was applied, the sensitivity of the 

SG fractal composite was increased by 2 dB. 

 

Figure 3-8: Simulated TVR of the SG composite with and without matching layer 
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3.2.3. Simulation of Single Element SG Fractal Composite 

Transducer  

3.2.3.1. Transmission, Reception and Pulse-Echo Response Modelling  

The performance of the two equivalent composite devices, each incorporating a dual 

matching layer designed in Section 3.2.2, was then assessed by considering the 

transmitting voltage response (TVR) defined in Equation (3-2); the open circuit voltage 

response (OCV), can be calculated via Equation (3-10); and the pulse-echo response.  

 

 𝑂𝐶𝑉 = 20 𝑙𝑜𝑔((𝑉𝑜𝑢𝑡 𝑉𝑖𝑛⁄ ) (𝑃𝑟𝑒𝑠𝑠𝑢𝑟𝑒 𝑉𝑖𝑛⁄⁄ )) (3-10) 

 

FE models are constructed to simulate the operation of both devices when matched to a 

water load via a dual matching layer scheme. The predicted TVR, OCV and far-field 

pulse-echo response are shown in Figure 3-9, Figure 3-10 and Figure 3-11, respectively. 
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Figure 3-9: Simulated TVR spectrum of the SG and the conventional composite 

ultrasonic transducers 

 

Figure 3-10: Simulated OCV spectrum of the SG and the conventional composite 

ultrasonic transducers 
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Figure 3-11: Simulated pulse-echo responses of the SG and the conventional composite 

ultrasonic transducers 

The peak gain and -6 dB operational bandwidth for both devices in one-way transmission 

and reception mode and two-way pulse-echo model are listed in Table 3-3. It can be seen 

that by using the SG fractal geometry as the structure of a piezoelectric composite 

transducer design, both operational bandwidth and sensitivity level are enhanced. In 

transmission mode, a 8.8 % bandwidth improvement and a 4.2 dB sensitivity increment 

were achieved. In reception mode, although the peak gain of the OCV of the SG fractal 

device and conventional device are approximately the same, the bandwidth was enhanced 

by 5.4 % when compared to the conventional device. Lastly, in the two-way pulse-echo 

mode, the bandwidth and signal strength improvement are 12.1 % and 10.7 % for the SG 

fractal design, when compared to the conventional composite design. 
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Table 3-3: Simulated pules-echo, transmission and reception results 

 SG Composite Conventional 

Composite 

Transmission Bandwidth (%) 76.9 % 70.8 % 

TVR Peak Gain (dB) 184.1 dB 179.9 dB 

Reception Bandwidth (%) 85.2 % 80.8 % 

OCV Peak Gain (dB) -168.5 dB -168.6 dB 

Pulse-Echo Bandwidth (%) 66.7 % 59.5 % 

Pulse-Echo Peak-to-Peak 

Voltage (mV) 
498.9 mV 450.8 mV 

3.2.3.2. Beam Profile Modelling 

The beam profile of the SG fractal and the conventional composite in the y-z plane at their 

rotating centre axis, indicated with the red dash line in Figure 3-12 (a) and (b), was 

simulated using the Huygens-Fresnel principle at their electrical resonant frequencies, 

which are 580 kHz and 575 kHz, respectively. It can be seen from the Figure 3-12 (a) and 

(b) that the near-far-field point of the SG fractal and the conventional composite is 9.9 

mm and 15.6 mm, respectively according to their different geometry. The SG fractal 

composite also has a tighter focal zone area, when compared to the conventional 

composite design, where the -3dB focal zone length is 26.1 mm against 45.7 mm, 

respectively. 
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Figure 3-12: Beam profile of: (a) SG composite; (b) Conventional composite 
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In order to evaluate and compare the side lobe level of the two composite designs, the 

directivity function of both composites at their far field (a distance of 50 mm from the 

transducer front face has been selected) is plotted in Figure 3-13. The side lobes of the SG 

fractal composite and conventional composite in the far field are -17 dB and -12 dB, 

respectively, where a 5 dB side lobe reduction is achieved by incorporating the SG fractal 

composite microstructure.  

 

 

Figure 3-13: Directivity function at far field of: (a) SG composite;(b) Conventional 

composite 
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3.3. Single Element SG Fractal Composite Transducer 

Fabrication  

Based on the positive simulation results in Section 3.2, an initial prototype SG fractal 

composite transducer at fractal generation level IV was manufactured. The manufacturing 

process of this fractal composite involved a 3D printing technique to produce a mould, 

followed by a pillar placement methodology, which is described in four steps. 

1) The equilateral triangular ceramic pillars at different fractal generation levels were 

prepared by dicing (MicroACE Series 3 Dicing Machine, Loadpoint, UK) 

commercial PZT-5H ceramic plates (Meggitt A/S, Kvistgard, Denmark) into 

appropriate geometries, as shown in Figure 3-14 (a). The lateral dimension of these 

equilateral triangular ceramic pillars from level I to level IV is 8 mm, 4 mm, 2 mm 

and 1 mm, respectively.  

2) 3D printing technique (Pico Plus 27, ASIGA, USA) was used to manufacture a 

mould to represent the negative of the SG fractal geometry, which is shown in 

Figure 3-14 (b), for the function of holding the ceramic pillars in position.  

3) The ceramic pillars were placed in the mould, shown in Figure 3-14 (c) and filled 

with CY1301/HY1300 hardset epoxy polymer (Robnor Resin Ltd, UK), as shown 

Figure 3-14 (d).  

4) Once the polymer filler was fully cured, the mould was machined off and the 

composite plate was lapped down to the desired thickness, 2.6 mm. The prototype 
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of this SG fractal composite is shown in Figure 3-14 (e) and is the first 

manufactured piezoelectric device based on fractal theory.  

 

Figure 3-14: SG fractal composite fabrication process: (a) individual cut ceramic 

pillars with different sizes; (b) 3D printed mould; (c) ceramic pillars are placed in the 

mould; (d) the mould is filled with polymer; (e) the surplus mould is machined off. 
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An equivalent conventional parallelepiped 1-3 composite was also fabricated using the 

traditional ‘dice-and-fill’ technique, in order to compare performance. For each device a 

dual matching layer was employed, the design of which is described in Section 3.2.2.3. 

Finally, each device was secured into a water proof housing. Figure 3-15 shows a 

photograph of the complete SG fractal piezoelectric composite transducer (Left) and an 

equivalent conventional composite (Right) together with a £1 coin (Middle) which has a 

diameter of 25 mm.  

 

Figure 3-15: SG fractal (Left) & conventional composite (Right) ultrasonic transducer 

3.4. Experimental Validation of Single Element SG Fractal 

Composite Transducer 

The performance of the manufactured SG fractal composite transducer was characterized 

experimentally in three different modes: one-way transmission (TVR), one-way reception 

(OCV) and two-way pulse-echo. The measured TVR, OCV and the pulse-echo response 
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of the SG fractal composite device are compared with the equivalent conventional 

composite design and an unfocused commercial ultrasound transducer (A301 S, 

Panametrics, USA). The specifications of the three devices are stated in Table 3-4.  

Table 3-4: Transducer Specification 

 Pulse-Echo Centre 

Frequency   
Active Aperture Area  

SG Fractal Composite 

Transducer   
596 kHz  131.9 mm2 

Conventional Composite 

Transducer 
587 kHz 123.2 mm2 

Panametrics Commercial 

Transducer 
547 kHz 615.7 mm2 

It should be noticed that the commercial device has a much larger active area compared 

with the two fabricated devices: this significant active area difference will be taken into 

account in the experimental results comparison between these three devices.  

3.4.1.  Electrical Impedance Response of Fabricated Devices 

The electrical impedance responses of the fabricated devices with matching layers were 

measured in air and they correlated well with the simulation results, as shown in           

Figure 3-16. The 𝑘𝑡 were measured as 0.58 and 0.54 for the SG fractal and conventional 

composite, respectively. 
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Figure 3-16: Simulated and measured electrical impedance 

3.4.2.  Transmission Response Characterisation  

For characterizing the performance of the devices in transmission mode, the TVR of these 

three devices was measured experimentally. A function generator (33210A, KEYSIGHT, 

USA) was used to excite each testing transducer with a 20-cycle tone burst sine signal and 

the frequency of the tone burst signal varied from 300 kHz to 1500 kHz with a step of       

5 kHz. A calibrated hydrophone (IP-124, GEC Marconi Ltd, UK), which has a flat 

frequency response from 10 kHz to 50 MHz and reception sensitivity of 50 𝑛𝑉/𝑃𝑎 [121], 

is located in the far field of the transducer (150 mm away from the transducer front face) 

for capturing the transmitted signal. The experimental setup for measuring the TVR is 

shown in Figure 3-17. The input and received signal were displayed using an oscilloscope 

in the time domain. The TVR in frequency domain was obtained using Fast Fourier 

transform (FFT) and Equation (3-2). 
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Figure 3-17: TVR measurement experimental setup 

The TVR spectra of the three devices are shown in Figure 3-18. The -6 dB transmitting 

operational bandwidth of these devices is calculated as 64.0 % for the SG fractal device, 

50.3 % for the equivalent conventional composite design and 31.2 % for commercial 

transducer. This equates to a 27.2 % and 105.1 % bandwidth improvement by the SG 

fractal device. In terms of the sensitivity level, the peak gain of the SG fractal device is 

3.8 dB higher than the conventional composite design. However, the peak gain of the SG 

fractal device is 1.9 dB lower when compared to the commercial transducer, which is due 

to the significant difference in active aperture areas of each device.  
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Figure 3-18: Measured TVR spectrum of the three ultrasonic transducers 

3.4.3. Reception Response Characterisation 

In order to test the performance of the SG fractal device in reception mode, a broadband 

9 𝜇𝑚 customised PVDF transmitter, which has the centre frequency at 900 kHz and -6 dB 

bandwidth from 150 kHz to 1750 kHz, was used as a transmitter for generating a common 

wideband acoustic signal and a calibrated hydrophone was initially used as the reference 

receiver. The impulse response of this customised PVDF transmitter is shown in Figure 

3-19. The experimental setup is shown in Figure 3-20. The field pressure characteristic 

generated by the PVDF transmitter was measured by the calibrated hydrophone first. Once 

a calibrated reference signal was recorded, the PVDF transmitter was replaced by each of 

the three devices and the field pressure measured. The distance between the reference 

hydrophone and the receiving device was maintained at 150 mm.  
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Figure 3-19: Impulse response of customised PVDF transmitter 

 

Figure 3-20: OCV measurement experimental setup 
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The OCV response can be calculated using Equation (3-10) and the resulting measured 

spectra are shown in Figure 3-21. It can be seen in Figure 3-21 that the -6 dB receiving 

bandwidth of the SG fractal device, the conventional composite design and the 

commercial transducer is 78.8 %, 76.9 % and 59.3 %, respectively, resulting in a 2.5 % 

and 32.9 % bandwidth extension being realized by the SG fractal design. In terms of the 

sensitivity level, the commercial device is less than 1 dB higher than the SG fractal design 

and conventional device. 

 

Figure 3-21: Measured OCV spectrum of the three ultrasonic transducers 

3.4.4. Pulse Echo Response Characterisation 

In order to further validate the advantage of designing a composite ultrasound transducer 

using a fractal geometry, the pulse-echo response of each device was measured 
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experimentally.  The transducer was positioned in a water tank and a flat glass reflector 

with a thickness of 50 mm was placed in the far field of the transducer, which is 100 mm 

away from the transducer front face. The pulser / receiver (5052 PR, Panametrics, USA) 

was used to excite each transducer and then receive the reflected echo signal. The received 

echo signal was amplified with a gain of 20 dB by the instrumentation and displayed using 

an oscilloscope, where the experimental setup is shown in Figure 3-22. The measured time 

domain waveforms, normalized with respect to the transducer active area, are shown in 

Figure 3-23 and the resulting frequency responses are shown in Figure 3-24. 

 

Figure 3-22: Pulse-echo measurement experimental setup 

The resulting peak-to-peak echo signals from the front and back faces of the glass reflector 

in Figure 3-23 and the -6 dB fractional bandwidths for the three devices calculated from 

Figure 3-24 are listed in Table 3-5.   



 

90 

 

 

Figure 3-23: Measured time-domain pulse-echo waveform 

 

Figure 3-24: Pulse-echo frequency response spectra 
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Table 3-5: Pulse echo experimental results 

 Front Face 

Echo 

Back Face 

Echo 

- 6dB 

Bandwidth 

SG Fractal Composite 

Transducer  
0.17 mV/mm2 0.027 mV/mm2 47.5 % 

Conventional Composite 

Transducer 
0.14 mV/mm2 0.014 mV/mm2  47.8 % 

Panametrics Commercial 

Transducer  
0.10 mV/mm2 0.016 mV/mm2 38.9 % 

In the two-way pulse-echo experimental setup, the SG fractal device displayed an 

improved signal strength compared to the other devices. When the received time domain 

echo signal is normalized with respect to the transducer active aperture area, the signal 

strength of the SG fractal design is increased by 21.4 % and 70.0 % with respect to the 

conventional composite and commercial devices. The -6 dB bandwidth of the SG fractal 

design is approximately the same as the conventional composite design but enhanced by 

22.1 % when compared with the commercial transducer.  

3.5. Alternative Piezoelectric Composite Design Using SG 

Fractal Electrode  

The SG transducer does appear to realise a marked improvement in device performance. 

This comes at a cost though, as the manufacture of the device is quite intricate and time 

consuming. There is motivation therefore to investigate a device that has the primary SG 

fractal geometric features but is easier to manufacture.  
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In this Section, the SG fractal geometry is used as an electrode pattern and applied to a 

conventional triangular cut composite. The performance of this SG fractal electroded 

composite is compared with the fully electroded composite in both transmission and 

reception mode through the FE simulated TVR and OCV spectrum.   

Figure 3-25 illustrates the conventional 1-3 triangular cut composite which has similar 

design parameters as the SG fractal composite introduced in Section 3.2.2.  

 

Figure 3-25: 1-3 Triangular Cut composite active layer used as substrate for fractal 

electrode   

The specification of the conventional triangular cut composite is shown in Table 3-6. 

Table 3-6: Specification of Conventional Triangular Cut Composite Design 

 Material Thickness Pillar Width 
Ceramic Volume 

Fraction 

Triangular 

Cut Composite 

PZT-5H & 

Hardset 

Polymer 

2.6 mm 1.0 mm 61.6 % 



 

93 

 

A SG fractal electrode, shown in Figure 3-26 (a) and a full electrode, shown in Figure 

3-26 (b) is applied on this 1-3 triangular-cut composite substrate respectively in order to 

explore the influence of using the SG fractal electrode pattern on a conventional composite 

design. 

 

Figure 3-26: Electrode pattern applied to a conventional 1-3 composite design: (a) SG 

fractal electrode configuration; (b) Full electrode configuration 

The resulting TVR and OCV response achieved from the FE simulation for these two 

electrode configurations is shown in Figure 3-27 and Figure 3-28, respectively.   



 

94 

 

 

Figure 3-27: Simulated TVR spectra with full and fractal electrode patterns 

 

Figure 3-28: Simulated OCV spectra with full and fractal electrode patterns 

As shown in Figure 3-27, in the transmission mode, the composite material performed 

better with a full electrode. The sensitivity dropped by 1 dB when a SG fractal electrode 
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was used. The primary reason is that a fully electroded device can drive more active 

ceramic material compared to a fractal electrode. In the reception mode, shown in Figure 

3-28, the performance of the SG fractal electroded composite and fully electroded 

composite are approximately the same as each other. Albeit, that the standard composite 

structure slightly outperforms the fractal electroded device. 

3.6. Discussion & Chapter Summary  

In this Chapter, a novel 1-3 piezoelectric composite design using a SG fractal geometry 

was proposed in order to explore the potential of further extending the operational 

bandwidth and sensitivity of the transducer. Two equivalent 1-3 composite designs were 

compared to this end, one with a conventional periodic parallelepiped shaped pillar 

structure and one with the SG fractal geometry at fractal generation Level IV, both 

theoretically, using a FE analysis package, and experimentally. 

The electrical impedance of a SG fractal composite was simulated and a multi-modal 

characteristic was found in the SG fractal composite design. By analysing the 

displacement mode shape in the thickness direction, it was observed that this multi-modal 

behaviour was due to the triangular pillars in different sizes resonating at different 

frequencies in the thickness direction. The beam profile of both composites, predicted 

using Huygens-Fresnel principle, also indicated that by using the SG fractal geometry, the 

side lobe amplitude can be reduced by 5 dB. The FE modelling results showed that the 

bandwidth extension can be realized by coupling different resonance modes of triangular 

pillars with varying length scales in the SG fractal composite design. Moreover, the 
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absence of parallel faces between elements in this SG fractal composite design leads to a 

reduction in the inter-pillar resonant activity in the lateral dimension. Therefore, the 

thickness coupling efficiency can be increased, which results in a sensitivity improvement 

of the SG fractal composite device. 

Following the simulation results, a single element transducer utilizing the SG fractal 

microstructure, was fabricated using a pillar placement method, where the ceramic pillars 

in different sizes were positioned individually in a 3D printed mould. The TVR, OCV and 

pulse-echo response were used to illustrate the bandwidth and sensitivity improvement 

that arose from the fractal composite design and compared with a conventional 1-3 

composite design, as well as with a commercial Panametrics ultrasound transducer. In 

transmission mode, a bandwidth improvement of 27.2 % and a sensitivity enhancement 

of 3.8 dB was found with the SG fractal design compared to the equivalent conventional 

composite design and up to a 105.1 % bandwidth improvement when compared to the 

commercial device. In reception mode, the bandwidth improvement for the SG fractal 

design was 2.5 % and 32.9 % when compared to the conventional and commercial 

transducers, respectively. Moreover, in pulse-echo mode, the SG fractal design 

demonstrated a 21.4 % and 70.0 % sensitivity improvement when compared to the 

conventional 1-3 transducer and commercial device, respectively. The bandwidth of the 

SG fractal design was also 22.1 % enhanced with respect to the commercial device.  

It should be noted that neither the 1-3 composite or the SG fractal devices have been 

backed, whereas the commercial device incorporates both matching and backing to extend 

its bandwidth. Therefore, the device comparison is not equivalent, but the commercial 
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device does provide a known benchmark performance against which the other devices can 

be compared. This is particularly evident in Figure 3-23, where the axial resolution of the 

commercial device would highlight this device for conventional imaging applications. 

Nevertheless, the SG device has achieved a wider operational bandwidth when compared 

to the equivalent standard 1-3 composite and hence, the addition of a backing layer in 

future designs should provide additional damping to improve the axial resolution 

performance and increase the operational bandwidth.   

The possibility of enhancing transducer performance by using a fractal electrode was also 

studied in this Chapter. However, the FE simulation results showed that the performance 

of a triangular cut composite cannot be improved by applying an electrode with the SG 

fractal configuration, when compared to the situation when it was fully electroded.   
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CHAPTER IV 

PIEZOELECTRIC COMPOSITE DESIGN 

INCORPORATING SIERPINSKI CARPET 

FRACTAL GEOMETRY   

 

In the previous Chapter, the fractal geometry, Sierpinski Gasket, was employed to develop 

a single element ultrasound transducer, which has achieved improved performance in 

terms of bandwidth, sensitivity and beam forming when compared to traditional 1-3 

piezoelectric composite design. 

In this Chapter, another fractal geometry named as, Sierpinski Carpet (SC) will be studied 

using the FE analysis package, PZFlex. This modelling approach will be used to go 

through a number of parameter sweep simulations in order to find an optimal design of 

the SC fractal composite with maximised bandwidth performance. The transmitting 

voltage response (TVR), open circuit voltage response (OCV) as well as the pulse-echo 

response of this SC fractal composite will be simulated to provide quantitative 

comparisons between the SC fractal composite and a conventional 1-3 composite design. 
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In addition to using the SC fractal geometry as the structure of the composite design, the 

influence of using a SC fractal electrode pattern on a conventional 1-3 composite will also 

be investigated in this Chapter, in order to further corroborate the results achieved in 

Chapter III, where it was demonstrated that the operating performance of a composite will 

not be improved by using a fractal electrode configuration. 
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4.1. Sierpinski Carpet Geometry 

Figure 4-1 shows the first three fractal generation levels of the SC fractal geometry. It can 

be seen from Figure 4-1 that the SC fractal geometry starts with a square at generation 

Level 0. When the SC fractal geometry moving to the next generation level, Level I, the 

square is divided into 9 congruent sub-squares in a form of 3-by-3 grid structure and the 

sub-square at the central is removed. The same iterative rule can be applied to the rest of 

8 sub-squares to achieve the SC fractal geometry in the generation Level II, ad infinitum 

for another higher generation level.  

 

Figure 4-1: SC fractal geometry at first three generation levels. Note that the smallest 

piezoceramic elements in the Level III configuration have width, L3 
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For a SC fractal geometry at generation Level N (N > 0) with a total lateral length of 𝐿𝑇, 

the lateral length of the piezoelectric element, 𝐿𝑘  (k ≤  N), can be calculated using 

Equation (4-1). 

 𝐿𝑘 =  
𝐿𝑇
3𝑘

 (4-1) 

4.2. Piezoelectric Composite Design Using Sierpinski 

Carpet Geometry 

The SC fractal geometry at generation Level III shown in the Figure 4-1 is now considered 

as the microstructure of a 1-3 composite, where PZT-5H (Meggitt A/S, Kvistgard, 

Denmark) is used as the active piezoelectric material and hardset polymer (Robnor Resin 

Ltd, UK) is employed to be the passive filler material. Two 3D FE models of a SC 

composite and a conventional periodic 1-3 have been developed as shown in Figure 4-2. 

 

Figure 4-2: FE composite model: (a) Level III SC fractal composite; 

(b) conventional 1-3 composite  
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In order to find an optimal solution for the SC fractal composite design, particularly with 

respect to wide operational bandwidth, three design parameter sweep simulations are 

performed using PZFlex regarding the pillar width, material thickness and the distance 

between two smallest pillars of this SC composite. The resulting mechanical Q-factors, 

defined as the ratio of the centre frequency value to the half amplitude bandwidth in the 

conductance spectrum, were calculated to describe the device bandwidth. A low value of 

the Q-factor equates to a broadband characteristic.  

4.2.1. Simulation Sweep I: Varying the Pillar Width 

First of all, considering the manufacturing difficulties in the future, the pillar width of the 

smallest pillar at fractal generation Level III, 𝐿3, is varied from 0.5 mm to 2.0 mm with 

the step of 0.1 mm. Secondly, the thickness of the SC composite is set to be 2.6 mm for 

the purpose of keeping a reasonable pillar aspect ratio (AR), ranging from 0.19 to 0.77, to 

produce a good surface dilation quality for the device. The resulting conductance spectrum 

and the calculated Q-factor for different values of 𝐿3 are shown in Figure 4-3 Figure 4-4, 

respectively. The peak of each main lobe in the conductance spectrum is marked with a 

red dot. 

It can be seen from Figure 4-4 that when the value of the 𝐿3 equals to 0.5 mm, the lowest 

Q-factor value calculated from the main lobe of the conductance spectra can be achieved, 

which means the highest bandwidth is obtained, when compared to other conditions. As 

the result, the value of 𝐿3  is chosen to be 0.5 mm for maximizing the bandwidth 

performance of the SC fractal composite design.  
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Figure 4-3: FE derived conductance spectrum for different values of 𝐿3 in the SC 

composite design  

 

Figure 4-4: Q-factor for different values of 𝐿3 in the SC composite design 
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4.2.2. Simulation Sweep II: Varying the Thickness 

In the second simulation sweep, the value of the 𝐿3 is fixed as 0.5 mm and the thickness 

of the SC composite is varied from 1.5 mm to 3.0 mm with a step of 0.1 mm in order to 

find an optimal thickness value for maximizing operational bandwidth. The resulting 

conductance spectrum and Q-factor for different active layer thicknesses are shown in 

Figure 4-5 and Figure 4-6, respectively.  

Figure 4-6 clearly shows that the lowest Q-factor calculated from the conductance main 

lobe can be obtained when the material thickness equals 2.4 mm, which again is where 

the highest bandwidth is predicted to be achieved. 

 

Figure 4-5: FE derived conductance spectrum for different values of thickness in the SC 

composite design 
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Figure 4-6: Q-factor for different values of thickness in the SC composite design 

4.2.3. Simulation Sweep III: Varying the Pillar Separation 

Distance   

According to the results from previous two simulation sweeps, a composite design using 

SC fractal geometry at generation Level III with good operational bandwidth performance 

can be obtained when the composite thickness is 2.4 mm and 𝐿3 is 0.5 mm. However, the 

ceramic volume fraction (VF) of this SC composite has been fixed at 30 % in the thickness 

parameter simulation. In order to further optimise the composite performance, a 

simulation sweep was introduced regarding the distance between two smallest pillars, 

𝑑𝑠−𝑠, in this SC composite design. This spatial variation in the composite microstructure 

will modify VF, as illustrated in Figure 4-7. 
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Figure 4-7: Ceramic volume fraction variation with respect to different values of 𝑑𝑠−𝑠 

It can be seen from Figure 4-7 that the VF of the SC composite decreases exponentially 

with an increased in value of 𝑑𝑠−𝑠 . Hence, a parameter sweep simulation with 𝑑𝑠−𝑠 

varying from 0.3 mm to 2.0 mm with a step size of 0.1 mm is performed and the resulting 

conductance spectra and the calculated Q-factor are shown in Figure 4-8 and Figure 4-9, 

respectively. 

It can be observed in Figure 4-9 that when the distance between two smallest pillars, 𝑑𝑠−𝑠, 

in the SC composite equals to 0.5 mm, the SC composite has the smallest Q-factor value. 

At this point, the complete design of a SC composite is finished and Table 4-1 describes 

the full manufacturing specification of the designed SC composite configuration. 



 

107 

 

 

Figure 4-8: FE derived conductance spectrum for different values of 𝑑𝑠−𝑠 in the SC 

composite design 

 

Figure 4-9: Q-factor for different values of 𝑑𝑠−𝑠 in the SC composite design 
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Table 4-1: SC composite model specification 

Active 

Phase 

Material 

Passive 

Phase 

Material 

𝑳𝟏 𝑳𝟐 𝑳𝟑 Thickness 𝒅𝒔−𝒔 VF 

PZT-5H 
Hardset 

Polymer 
3.0 mm 1.0 mm 0.5 mm 2.4 mm 0.5 mm 0.41 

In order to evaluate any operational improvement of the SC composite design with respect 

to a conventional composite design, an equivalent conventional parallelepiped 1-3 

composite, as shown in Figure 4-2 (b) is designed for comparison. In order to keep 

consistency and provide a fair comparison between the two composite designs, the 

fundamental design parameters of the conventional 1-3 composite is kept the same with 

the SC composite. Thus, the 1-3 composite incorporated the same piezoceramic and 

polymer materials as the SC device and has fabrication parameters as detailed in Table 

4-2.  

Table 4-2: 1-3 composite model specification 

Active 

Phase 

Material 

Passive 

Phase 

Material 

Pillar Width Thickness Kerf Width VF 

PZT-5H 
Hardset 

Polymer 
0.5 mm 2.4 mm 0.28mm 0.41 
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4.3. Finite Element Modelling of Single Element SC 

Fractal Composite Transducer  

4.3.1. Electrical Impedance  

The electrical impedance of the Level III SC composite and its equivalent conventional   

1-3 composite is initially simulated without a matching layer. The FE derived impedance 

magnitude spectra of both composites are shown in Figure 4-10.  

 

Figure 4-10: FE derived electrical impedance magnitude spectrum of the SC and the 

conventional composite 

It can be seen from the Figure 4-10 that the SC composite with multiple pillar sizes has 

two main resonant frequencies, the minima of which are located at 684 kHz and 946 kHz, 

respectively, and marked with a red circle in the Figure. There is only one resonance mode 
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in the impedance magnitude spectrum of the conventional 1-3 composite, which is at the 

frequency of 679 kHz. The global minima and maxima frequencies of each composite 

design is considered as their main electrical resonant and mechanical resonant frequency 

and were used to calculate the effective electromechanical coupling coefficient, 𝑘𝑡. The 

𝑘𝑡 of SC fractal composite is 0.64 against 0.61 for the conventional 1-3 composite. Hence, 

similar to the SG result presented in Chapter III, a lager 𝑘𝑡 value can be obtained by using 

the SC fractal geometry, where a potential energy conversion and bandwidth enhancement 

may be realized. This is an encouraging result, albeit recognizing that the 1-3 composite 

configuration has not been fully optimised.  

4.3.2. Vibrational Mode Analysis 

As shown in Figure 4-10, two resonant modes can be found in the SC fractal composite 

design, which is due to its multiple piezoceramic pillar sizes.  

In order to explore the resonance behaviour of the SC composite at these resonance 

frequencies, the displacement mode characteristic in thickness direction was investigated 

for the SC composite at each frequency marked with red circle in Figure 4-10. For the 

purpose of comparing the strength of each mode, all thickness displacement data were 

normalised to the maximum thickness displacement of the first resonant mode shown in 

Figure 4-11 (a). It should be noted that the displacement is presented as a top down view 

onto the front vibrating surface of the transducer. 
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Figure 4-11: SC composite displacement mode shape in thickness direction at:            

(a) 684 kHz and (b) 946 kHz 

It can be observed from Figure 4-11 (a) that at 684 kHz, a strong thickness vibration 

behaviour is exhibited in the ceramic pillar at generation Level II and III, which have the 

pillar widths of 0.5 mm and 1.0 mm, respectively. The surface dilation quality factor, 𝑄𝑑𝑖𝑙 

defined in Equation (2-11), describes the uniformity of the surface displacement and was 
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calculated as 0.88. At the frequency of 946 kHz, in Figure 4-11 (b), the lateral resonance 

of the pillar at generation Level I with pillar width of 3.0 mm dominates the vibrational 

response and leads to a very low FE derived 𝑄𝑑𝑖𝑙 of 0.16. As for the conventional 1-3 

composite, at its resonance frequency, 679 kHz, the 𝑄𝑑𝑖𝑙 of 0.97 was calculated. It can be 

noticed that similar to the condition of SG composite design described in Chapter III, the 

𝑄𝑑𝑖𝑙 of SC composite is lower than the conventional 1-3 composite. Again, the reason is 

due to the surface antiphase resonance behaviour evident in the pillar with large pillar 

aspect ratio at low fractal generation level. It needs to be emphasized again that the design 

premise of the fractal geometry composite is to couple multiple resonance modes and 

hence, the design philosophy is not directly comparable to the well-known conventional 

1-3 composite theory. 

4.3.3. Matching Layer Design  

The same dual matching layer scheme as described in Section 3.2.2.3, is used to couple 

both composites to a water load. The outer matching layer is a 413 𝜇𝑚  layer of 

CY221/HY956EN medium set polymer (Robnor Resin Ltd, UK) and the inner matching 

layer is a 883 𝜇𝑚 layer of loaded hardset polymer (50% weight fraction using 3 𝜇𝑚 

alumina powder) (Robnor Resin Ltd, UK). The FE simulated TVR of the SC fractal 

composite with and without this matching layer configuration is plotted in Figure 4-12. It 

can be seen that the sensitivity of the SC composite can be enhanced by approximately 3 

dB after applying this dual matching system. 
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Figure 4-12: Simulated TVR spectrum of the SC composite with and without matching 

layer 

4.3.4. Transmission and Reception Response Modelling 

The one-way transmission and reception response of both SC and conventional composite 

was simulated using this FE analysis method. Both devices are matched to a water load 

via a dual matching layer scheme. The predicted TVR and OCV are shown in Figure 4-13 

and Figure 4-14, respectively. The peak gain and -6 dB operational bandwidth of both 

devices in one-way transmission and reception mode are summarized in Table 4-3. 
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Figure 4-13: Simulated TVR spectrum of the SC and the conventional composite 

ultrasonic transducers 

 

Figure 4-14: Simulated OCV spectrum of the SC and the conventional composite 

ultrasonic transducers 
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Table 4-3: Simulated transmission and reception TVR and OCV results 

 SC Composite 
Conventional 

Composite 

Transmission Bandwidth (%) 70.5 % 64.1 % 

TVR Peak (dB) 161.1 dB 157.6 dB 

Reception Bandwidth (%) 63.5 % 57.5 % 

OCV Peak (dB) -173.5 dB -173.1 dB 

From Table 4-3, in transmission mode, both the operational bandwidth and sensitivity of 

the composite device can be improved by using the SC fractal geometry as the structure 

of a piezoelectric composite design rather than an equivalent 1-3 composite design. The 

bandwidth of the SC composite is improved by 10.0 % and sensitivity is increased 3.5 dB. 

In reception mode, the SC fractal composite bandwidth is 10.4 % higher than the 

conventional composite, but the sensitivity is 0.4 dB lower. This result correlates well to 

the results achieved in Chapter III using the SG fractal configuration. Hence, it can be 

hypothesised that when using a fractal geometry, both bandwidth and sensitivity can be 

improved in transmission mode, but in the reception mode only bandwidth enhancement 

can be realised. 

4.3.5. Pulse-Echo Response Modelling  

The two-way far-field pulse-echo response of both composite designs was also simulated 

when matched to a water load via the dual matching layer scheme design in Section 4.3.3. 

The predicted result is shown in Figure 4-15. 
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Figure 4-15: Simulated pulse-echo responses of: (a) SC composite; (b) conventional 1-3 

composite  
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It can be determined from Figure 4-15 (a) that the SC fractal composite has the -6 dB 

bandwidth of 57.1 % and peak-to-peak voltage of 462.3 mV, where the conventional 1-3 

composite has the -6 dB bandwidth of 51.7 % and peak-to-peak voltage of 402.0 mV. This 

corresponds to a 10.4 % bandwidth improvement and 15.0 % sensitivity enhancement 

achieved by the SC composite, when compared with the conventional composite. Again, 

this correlates well with the SG results presented in Chapter III. 

4.3.6. Beam Profile Modelling 

The beam profile of the SC fractal and the conventional composite in x-z plane, defined 

in Figure 4-2, was simulated using Huygens-Fresnel principle at their primary electrical 

resonant frequency, which is 684 kHz and 679 kHz, respectively.  

According to Section 4.2, the lateral dimension is different for two designs, which is 9.0 

mm for the SC fractal composite and 7.0 mm for the conventional composite. Due to the 

difference in lateral dimension and microstructure between two composite designs, the 

natural focal point of the SC fractal and the conventional composite is observed at 10.4 

mm and 6.2 mm, respectively in Figure 4-16. It can be noticed from the Figure 4-16, there 

are two strong side lobes in the SC composite beam profile, which might be produced by 

the medium sized pillar at fractal generation Level II. In order to evaluate and compare 

the side lobe level of two composite designs, the directivity function of both composites 

is their far field (50 mm) is plotted in Figure 4-17. 
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Figure 4-16: Simulated beam profile of: (a) SC composite; (b) Conventional composite 
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Figure 4-17: Directivity function at far field point of: (a) SC composite;(b) Conventional 

composite 

It can be observed in Figure 4-17, in far field, the side lobe distribution is different between 

two composites, where the conventional 1-3 composite has fewer sidelobes when 

compared with the SC fractal composite. However, side lobe level for the SC and 

conventional composite are both -13 dB, with no improvement gained by using the SC 

design. This result differs from what has been achieved in Chapter III, in which the fractal 

designs demonstrated improved directivity compared to conventional designs.  

4.4. Piezoelectric Composite Design Using SC Fractal 

Electrode  

In this Section, the SC fractal geometry is used as the electrode pattern, shown in the 

Figure 4-18 (a), and applied on a conventional 1-3 composite which was designed earlier 
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in this Chapter. For comparison, this 1-3 conventional composite is fully electrode, which 

can be shown in Figure 4-18 (b). 

 

Figure 4-18: Electrode pattern applied to a conventional 1-3 composite design:           

(a) SC fractal electrode configuration; (b) Full electrode configuration 

The predicted TVR and OCV response from the FE model of both electrode 

configurations is shown in Figure 4-19 and Figure 4-20, respectively.   

The results shown in Figure 4-19 and Figure 4-20 indicates that applying SC electrode 

pattern on a conventional composite would not improve the performance of the composite 

when compared to the standard condition when the composite is fully electrode. In the 

TVR spectrum, the peak gain of the composite with SC fractal electrode and full electrode 

is 155.3 dB and 155.5 dB, respectively and the -6 dB bandwidth is 51.3 % and 58.5 %, 

respectively. In the OCV spectrum, the composite with SC fractal electrode has the peak 

gain of -185.7 dB and -6 dB bandwidth of 22.3 %, where the composite with full electrode 

has the -185.2 dB peak gain and 22.3 % -6 dB bandwidth.  
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Figure 4-19: TVR spectrum of composite with full and SC fractal electrode patterns 

 

Figure 4-20: OCV spectrum of composite with full and SC fractal electrode patterns 
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This result is approximately same as with the SG fractal electrode pattern case in      

Chapter III. Hence, it can be surmised that the performance of the composite is not 

improved by using a fractal electrode pattern instead of a full electrode.   

4.5. Conclusion and Future Work 

In this Chapter, a second fractal geometry, SC, was studied using simulation only, in order 

to investigate a new composite design with improved bandwidth. Three parameter sweep 

simulations were conducted on key geometrical considerations for the microstructure, 

with an optimal SC fractal composite design proposed for performance evaluation. The 

operating characteristics of this SC composite were then assessed through simulated TVR, 

OCV and pulse-echo response and compared to an equivalent conventional 1-3 composite 

design. In one-way transmission mode and two-way pule-echo mode, both bandwidth and 

sensitivity of the device can be improved by incorporating a fractal microstructure. In one-

way reception mode, designing a composite using a fractal geometry could result in a 

bandwidth enhancement but sensitivity will be lower, when compared with the 

conventional 1-3 composite. Moreover, the bandwidth and sensitivity performance of a 

conventional composite cannot be improved by using a fractal electrode configuration. 

Interestingly, these simulation results correlate well those highlighted in Chapter III for 

the SG fractal geometry case. 

However, there is one different result presented in this Chapter, which is the side lobe of 

the composite with SC fractal geometry cannot be reduced, when compared to the 

conventional composite. In fact, the sidelobe activity in the far field is more wide spread 
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for the SC fractal device. This could be explained as that the characteristic of the beam 

profile is related to the property of the fractal geometry. As a result, it can be said that 

there is no guarantee that applying a fractal geometry on a composite design could lead to 

a reduction of side lobe level.  

Lastly, the reason that the SC composite studied in this Chapter was not fabricated using 

the same method described in Chapter III is because the pillar in triangular shape can 

allow for a large pillar aspect ratio without a significant negative effect on transducer 

behaviour. As the result, a triangular pillar with larger lateral dimension can be prepared 

and placed into a 3D printed mould individually. However, the square pillar needs a 

smaller pillar aspect ratio for vibrational uniformly in thickness direction, which leads to 

the smallest pillar width of SC composite (0.5 mm) is much smaller than the SG composite 

(1.0 mm) described in Chapter III. The ceramic pillar with such fine scale is very difficult 

and time consuming to fabricate and hence, it was considered out of the scope for this 

PhD thesis. Nevertheless, the work described in Chapter III has provided a proof of the 

concept regarding the enhanced operational performance which can be achieved by fractal 

composite microstructures when compared to an equivalent standard 1-3 composite. 

Hence, there is confidence in the simulation results presented here and their potential to 

be realized in a fabricated device in the future.  

For example, an advanced manufacturing technique like, 3D printing or high precision 

laser cutting could be used to fabricate a SC composite configuration and it could 

eventually be possible to produce a microstructure with a much higher fractal generation 

level, i.e. with much finer scale piezoceramic elements. 
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CHAPTER V 

LINEAR ULTRASONIC ARRAY 

DEVELOPMENT INCORPORATING CANTOR 

SET FRACTAL GEOMETRY   

  

In Chapter III and IV, two single element piezoelectric composite transducers were 

developed using the Sierpinski Gasket (SG) [115] and Sierpinski Carpet (SC) fractal 

geometry, respectively, to introduce substructures with varying length scales. These two 

single element fractal composite transducers exhibited a larger bandwidth in both 

transmission and reception modes of operation when compared to corresponded 

equivalent conventional parallelepiped 1-3 composite designs. However, due to 

fabrication challenges, only the SG fractal composite transducer was fabricated, and it is 

difficult to extend this single element SG fractal composite design to an array transducer. 

Subsequently, in this Chapter, another fractal geometry known as the Cantor Set (CS) will 

be used to design and fabricate a 2-2 fractal composite which can be manufactured easily 

using the conventional ‘dice-and-fill’ technique [65].  
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First of all, the design space of this CS fractal array is explored using the FE modelling 

approach. A series of parameter sweep simulations are performed to design a CS fractal 

array transducer and a conventional array transducer with optimized performance.  

Subsequently, two 24-element array devices, one with the CS fractal geometry at fractal 

generation Level II and the other with conventional 2-2 connectivity configuration, are 

fabricated using the ‘dice-and-fill’ technique. The experimental performance of the 

fabricated active layer and each individual element, both CS and conventional 2-2 array, 

is characterized and compared. The surface dilation characteristic and the crosstalk 

performance of both array devices are measured using a 3D laser doppler vibrometer. 

Moreover, the imaging and defect sizing capability of the two arrays is then evaluated by 

employing full matrix capture (FMC) and the total focusing method (TFM) with a wire-

water phantom. 

The output of this Chapter has been published as two conference papers in International 

Ultrasonic Symposium [122], [123] and will be combined as a journal paper in the near 

future. 
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5.1. Cantor Set Fractal Geometry 

An iteration rule for defining the features of the CS fractal geometry was developed in 

terms of a scaling factor, 𝑘 (where 0 < 𝑘 < 0.5). As shown in Figure 5-1, a CS fractal 

geometry of total length 𝐿0 at generation Level 0 is iterated to the next generation level 

with the scaling factor, 𝑘 . The geometrical feature of this CS fractal geometry at 

generation Level 𝑁 can be determined by the value of 𝑆𝑛 and 𝐿𝑛 using Equations (5-1) 

and (5-2), respectively. The detail of the derivative for Equations (5-1) and (5-2) can be 

found in Appendix B. 

 𝑆𝑛 = 𝐿0 ∙ 𝑘
𝑛  (5-1) 

 𝐿𝑛 = 𝐿𝑛−1  ∙ 𝑘, (𝑛 ≥ 1) (5-2) 

 

Figure 5-1: Schematic diagram of the first four fractal generation levels of the         

Cantor Set fractal geometry 
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5.2. Array Element Design Using Cantor Set Geometry 

In order to explore the influence of adopting this CS fractal geometry as the structure of 

an array transducer, two FE models representing a single array element incorporating a 

fractal generation Level II CS fractal geometry and a conventional periodic 2-2 composite 

microstructure were developed, as illustrated in Figure 5-2 (a) and (b), respectively. The 

thickness of each array design is 1.5 mm, corresponding to an electrical resonance 

frequency of approximately 1 MHz. PZT-5H ceramic (Meggitt A/S, Kvistgard, Denmark) 

and hardset polymer (Robnor Resin Ltd, UK) are chosen to be the active phase and passive 

phase materials, respectively. In order to optimise the bandwidth performance of these 

two models, a number of parameter sweep simulations were performed. The mechanical 

Q-factor, introduced in Section 4.2, will be used again to indicate device bandwidth 

through spectral measurements of the conductance spectrum. The target here is to produce 

a design with a low value of the Q-factor to indicate that a broadband device can be 

realised. 

 

Figure 5-2: Schematic diagram of a single element within the array, (a) Level II CS 

fractal; (b) 2-2 composite (Dark grey: Ceramic; Light grey: Polymer) 
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5.2.1. Simulation Sweep I: Varying the Pillar Width 

As illustrated in Figure 5-2 (a), the first parameter sweep simulation was performed by 

keeping the scaling factor, k, of one CS fractal array element to be 0.33, where a standard 

CS fractal geometry at fractal generation Level II can be obtained, then varying the value 

of the pillar width at the second generation level, 𝐿2, from 0.1 mm to 1.0 mm with a step 

size of 0.05 mm. The resulting conductance spectra and Q-factor predictions for different 

values of 𝐿2 are shown in Figure 5-3 and Figure 5-4, where the peak of each main lobe is 

marked with a red dot. 

 

Figure 5-3: FE derived conductance spectrum for different values of 𝐿2 in the CS fractal 

array design 
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Figure 5-4: Q-factor for different values of  𝐿2 in the CS fractal array design  

From Figure 5-4, it can be identified that the lowest Q-factor value calculated from the 

main lobe of the conductance spectra can be achieved when 𝐿2 is 0.15 mm, which means 

that the highest predicted bandwidth was obtained with this arrangement compared to 

other conditions. Another region of interest is for 𝐿2  between 0.4 and 0.5, which 

represents another local minima in the Q-factor plot, although for this work the global 

minimum at 0.15 mm will be selected. 

5.2.2. Simulation Sweep II: Varying the Scaling Factor 

After determining a desired value of 𝐿2 , the second parameter sweep simulation was 

performed by fixing the value of 𝐿2 to be 0.15 mm and varying the scaling factor, k, from 
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0.2 to 0.4 with a step of 0.01. The resulting conductance spectra and Q-factor predictions 

for each different scaling factor, k, are shown in Figure 5-5 and Figure 5-6. 

 

Figure 5-5: FE derived conductance spectrum for different values of k in the CS fractal 

array design 

 

Figure 5-6: Q-factor for different value of k in the CS fractal array design 
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In Figure 5-6, it is observed that when k equals 0.32, the lowest Q-factor calculated from 

the conductance main lobe can be obtained and this value will be used in the next 

simulation stage. It should be noted that all values of k above 0.32 could be considered as 

appropriate for a wide bandwidth design. 

5.2.3. Simulation Sweep III: Varying the Saw Width 

The last parameter sweep simulation determines an optimal design for the conventional 

2-2 composite array element. By setting the value of the pillar width of one conventional 

array element, 𝐿𝑐, as shown in Figure 5-2 (b), to be 0.15 mm, which is the same as 𝐿2 in 

the CS fractal design, then varying the saw width, 𝑆𝑐, from 0.1 mm to 0.3 mm, with a step 

size of 0.05 mm, the resulting conductance spectra and the Q-factor predictions are shown 

in Figure 5-7 and Figure 5-8. 

 

Figure 5-7: FE derived conductance spectrum for different values of the saw width, 𝑆𝑐, 
in the conventional array design 
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Figure 5-8: Q-factor for different values of the saw width, 𝑆𝑐, in the conventional array 

design 

As illustrated in Figure 5-8, the highest bandwidth for the conventional 2-2 array element 

to be used for this work can be achieved when the saw width equals 0.15 mm.  

5.3. Array Single Element Performance Modelling  

The parameter simulation sweeps have produced 2-2 composite microstructures designed 

for maximised bandwidth, for both the CS fractal and the conventional linear array 

element, which are shown in Figure 5-9. For the CS fractal array design, the scaling factor, 

k, and the pillar width at the second generation Level, 𝐿2, were set to be 0.32 and 0.15 mm 

respectively, where the pillar width at the first generation Level, 𝐿1, and saw width, 𝑆2, 

was calculated to be 0.47 mm and 0.15 mm respectively. For the conventional array design, 

the pillar width, 𝐿𝑐 , and the saw width, 𝑆𝑐 , were both determined as 0.15 mm. Both 
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designs have a similar ceramic volume fraction, which is 58.5 % for the CS fractal array 

design and 50.0 % for the conventional design. The materials selected for the active and 

passive phase is PZT5H ceramic (Meggitt A/S, Kvistgard, Denmark) and hardset polymer 

(Robnor Resin Ltd, UK), respectively for both devices.  

 

Figure 5-9: FE model of a single array element within the:(a) Level II CS fractal array; 

(b) conventional 2-2 array 

5.3.1. Electrical Impedance  

The electrical impedance magnitude spectra of one element without matching and backing 

in each array design was simulated and is shown in Figure 5-10. It can be seen that there 

are two permanent resonant modes marked with red circles exhibited in the CS fractal 

array element, which are located at impedance minima frequencies of 817 kHz and       

1086 kHz. For the conventional array design with a uniform structure, one dominant 

resonant mode is evident and occurs at a frequency of 1040 kHz. 
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Figure 5-10: FE derived electrical impedance magnitude spectrum of the CS and 

conventional array element 

5.3.2. Vibrational Mode Analysis  

Following the electrical impedance analysis of the CS and conventional array element, the 

displacement mode shape at each resonant frequency of one array element from each array 

configuration was investigated, where the displacement along the thickness direction seen 

from the x-z plane is shown in Figure 5-11. In order to compare the strength of each mode, 

all thickness displacement data plotted in Figure 5-11 were normalized with the maximum 

displacement value of the unique resonant mode of the conventional array element shown 

in Figure 5-11 (c). It should be noted that the vibrational characteristics of the 

piezoceramic material only is represented in this diagram to facilitate ease of comparison 

of the performance of the active material in each case. 
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Figure 5-11: Array element thickness displacement mode shape of (a) CS fractal array 

at 817 kHz; (b) CS fractal array at 1086 kHz and (c) conventional array at 1040 kHz 
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It can be seen from Figure 5-11 (a), at the first resonant frequency of the CS fractal array 

element, 817 kHz, a thickness mode vibration characteristic can be seen in the pillar in the 

first fractal generation level. As shown in Figure 5-11 (b), at the second resonant 

frequency of the CS fractal array element, 1086 kHz, a strong thickness vibration 

behaviour can be found in both the first and second fractal generation level pillars. 

Consequently, 1086 kHz is considered to be the main thickness resonance frequency of 

the CS fractal array element. For the conventional array design in Figure 5-11 (c), at its 

only resonant frequency of 1040 kHz, all the ceramic pillars vibrate uniformly and in 

phase along the thickness direction. 

5.3.3. Lamb Wave Dispersion in CS and Conventional Array 

Design 

It is well known that the mechanical crosstalk of an ultrasound array configuration  mainly 

originates from the Lamb wave propagating across the active aperture of the array [124]. 

The Lamb wave mode is directly related to the centre-to-centre spacing of the array 

elements in terms of its wavelength. In order to have a further understanding about the 

vibration behaviour of both array designs, the dispersion properties of both array designs 

were studied in this Section using FE models. The schematic of a 2-D FE model for 

analysing the dispersion property of an array with 2-2 connectivity is shown in Figure 

5-12.  
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Figure 5-12: Schematic of FE model for investigating the dispersion property of an 

array with 2-2 connectivity   

Each array element shown in Figure 5-12 correlates to a CS fractal or conventional 2-2 

array element, as designed in this Chapter. The array was excited by a wideband 

mechanical pressure pulse on the surface of the array material. The time history 

displacement data, in both the thickness direction (z-axis) and lateral direction (x-axis), in 

response to the impulsive excitation at the array surface were recorded at each detection 

point (every mesh node) across the array aperture. This predicted spatial time domain 

displacement data was then processed by utilising the 2D FFT approach, where the 

dispersion characteristics of the CS fractal and conventional linear array configuration can 

be obtained as the Lamb wave phase velocity with respect to frequency, as shown in 

Figure 5-13. 

Three modes have been identified as the zero-order asymmetrical lamb mode, 𝑎0; the 

zero-order symmetrical lamb mode, 𝑠0, and the first-order symmetrical lamb mode, 𝑠1. It 
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can be seen in Figure 5-13 that the stopband of the 𝑎0, 𝑠0 and 𝑠1 mode is much lower for 

the CS array design compared to the conventional design. 

In order to investigate the influence of these three modes on an array design, an operating 

load line was plotted as a dash line in both characteristics, as shown in Figure 5-13. This 

load line corresponds to a constant wavelength and defines the array centre-to-centre 

element spacing, which is 1.22 mm for the CS fractal array and 1.20 mm for the 

conventional array. In Figure 5-13 (a), the load line only intersects with the dispersion 

data at 1150 MHz, which corresponds to the 𝑠1 mode. The mode strength at this frequency 

was evaluated as -35.3 dB according to the magnitude of the resulting 2D FFT coefficient. 

However, in Figure 5-13 (b), the load line intersects with the dispersion curve at three 

frequencies, 630 kHz, 1050 kHz and 1338 kHz, which corresponds to the, 𝑎0, 𝑠0 and 𝑠1 

mode, respectively. The strength of these modes at each frequency was then calculated as 

-7 dB, -2.6 dB and -10.1 dB, respectively. 

By recalling the impedance characteristics of both array configurations in Section 5.3.1 

and considering the mode strength of each Lamb wave mode, it can be concluded that the 

CS fractal array is weakly coupled with the 𝑠1 mode. However, for the conventional array, 

the 𝑠0 and 𝑠1 modes are strongly coupled with its thickness mode as a result of the regular 

periodic array structure. This could result is a higher cross talk level, which will be 

experimentally measured later in Section 5.5.3. 
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Figure 5-13: Dispersion characteristics of: (a) CS fractal array; (b) conventional linear 

array. 
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5.3.4. Matching and Backing Layer Design  

A dual matching layer scheme was used to couple this array to a water load. The same 

design process as described in Section 3.2.2.3 was used and the same materials selected: 

CY221/HY956EN medium set polymer (Robnor Resin Ltd, UK) was used for Matching 

Layer I; and hard setting polymer (Robnor Resin Ltd, UK) filled with 3 𝜇𝑚 alumina 

powder using 70 % weight fraction was used for Matching Layer II. According to the 

specification of the CS fractal and conventional array element design, the acoustic 

impedance calculated using the Smith-Auld approach [57] according to the ceramic 

volume fraction of the composite and constituent material properties is 16.8 MRayl and 

14.4 MRayl for the CS fractal array and conventional array, respectively. As the result, 

the thickness of Matching Layer I and II was calculated as 344 𝜇𝑚 / 521 𝜇𝑚 for the CS 

array and 386 𝜇𝑚 / 511 𝜇𝑚 for the conventional 2-2 array. Moreover, according to the 

backing material design rule introduced in Section 2.2.1, a hard setting polymer filled with 

tungsten power, using a 24 % weight fraction, has the acoustic impedance of 8.61 MRayl, 

which is close to half of the acoustic impedance of the active layer. This backing material 

was incorporated at the rear face of both array designs, with a thickness of 30 mm, which 

can provide an attenuation around 30 dB at the back of the array transducer. 

5.3.5. Pulse-Echo Response Modelling 

At this stage, the design process of a CS fractal and a conventional 2-2 array is completed. 

The specifications of the design parameters for both arrays are summarized in Table 5-1.  



 

141 

 

Table 5-1: Design specifications of the CS fractal and conventional 2-2 array  

 CS Fractal Array Conventional Array 

Active Layer Material PZT-5H Ceramic & Hardset Polymer 

Pillar Width(s) (mm) 
Level I Level II 

0.15 mm 
0.47 mm 0.15 mm 

Saw Width (mm) 0.13 mm 0.15 mm 

Thickness (mm) 1.5 mm 

VF (%) 58.5 % 50 % 

Matching Layer I 

Medium Set Polymer  

344 𝜇𝑚  386 𝜇𝑚 

Matching Layer II 

Hardset polymer filled with 3 𝜇𝑚 calcined alumina 

powder by 70 % weight fraction  

521 𝜇𝑚 511 𝜇𝑚 

Backing Layer 

Hardset polymer filled with tungsten powder by 24 % 

weight fraction 

30 mm 

The far-field pulse-echo response of an array element incorporating the matching and 

backing layers was simulated in a water load using PZFlex for both array designs. The 

results are shown in Figure 5-14 (a) and (b) and Table 5-2. 
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Figure 5-14: Simulated pulse-echo time-domain waveform and frequency spectrum:    

(a) CS fractal array (b) conventional linear array.  
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Table 5-2: Pulse-echo modelling results summary 

 𝑽𝒑−𝒑 -6 dB Bandwidth 

CS Fractal Array 

Element 
11.9 mV 56.7 % 

Conventional Array 

Element 
7.3 mV 50.0 % 

From Figure 5-14 and Table 5-2, a 13.4 % bandwidth improvement has been achieved by 

the CS fractal array element, with respect to the conventional 2-2 array element. As for 

the sensitivity, the peak-to-peak received voltage, 𝑉𝑝−𝑝, of the CS fractal array element is 

63.0 % higher than the conventional array element. Therefore, the figure of merit, 

sensitivity bandwidth product (SBP) defined as the product of peak-to-peak voltage and  

-6dB bandwidth is 8.0 kHz·V for the CS fractal array element against 4.2 kHz·V for the 

conventional 2-2 device, where an improvement of 90.5 % can be achieved by the CS 

fractal array element. 

5.3.6. Beam Profile Modelling 

The beam forming capability in a water load of each array, both with 24 elements, was 

evaluated and compared using an FE modelling approach. Figure 5-15 (a) and (b) display 

the simulated beam profiles of the CS fractal array transducer and the conventional array 

transducer, when both devices were focused on the central axis, at a distance of 15 mm 

away from the front face of the device. It can be seen from Figure 5-15 that the side lobe 

of the CS fractal and conventional array is -30 dB and -21 dB, respectively, where a 9 dB 
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side lobe reduction was achieved by this CS fractal array design, compared to its 

equivalent conventional 2-2 configuration. However, the focusing ability of the 

conventional 2-2 array is slightly better than the CS fractal array, where the -3 dB focal 

zone area is 11.76 mm × 1.52 mm for CS fractal array and 9.93 mm × 1.44 mm for 

conventional 2-2 array. 

 

Figure 5-15: FE simulated beam profile, (a) CS fractal array (b): Conventional array 

(Focused at 15 mm) 
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5.4. Cantor Set Array Fabrication 

5.4.1. CS Fractal Array Active Layer Manufacturing 

The 2-2 composite active layers for both the CS fractal array and the conventional array 

design were fabricated using the traditional ‘dice-and-fill’ technique. However, because 

there are two different sizes of pillars in the CS fractal array composite active layer, three 

groups of cuts, represented by three different colours, as shown in Figure 5-16, were 

needed to fabricate this CS fractal composite substrate plate, with all three groups of cuts 

sharing the same pitch value, 1.22 mm. 

 

Figure 5-16: Schematic of fabricating CS fractal array composite active layer 

5.4.2. CS Fractal Array Assembly  

The electroded composite active layers of the CS fractal array and the conventional 2-2 

array are shown in Figure 5-17 (a). The scratch dicing technique was utilised for element 
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electrical isolation, where 24 linear elements were defined for each array device and a 

flexible printed circuit board (PCB) was employed for electrical interconnection, also 

shown in Figure 5-17 (a). The schematic of the flexible PCB is attached in Appendix C of 

this thesis. In Figure 5-17 (b), a dual matching layer was cast onto the transducer front 

face via a two-pass process using an adjustable blade and then the damping material was 

added at the rear face of each device, as discussed in Section 5.3.4. The fabricated CS 

fractal and conventional linear array are shown in Figure 5-17 (c).  

 

Figure 5-17: (a) Composite array active layer & Flexible PCB; (b) Casting matching 

layer using an adjustable blade; (c) Fully fabricated CS Fractal and conventional linear 

array 
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5.5. Experimental Validation of Cantor Set Array 

Transducer 

5.5.1. Electrical Impedance of Active Layer  

The electrical impedance profiles of the active layer for both array microstructures were 

measured and are shown in Figure 5-18. 

 

Figure 5-18: Measured electrical impedance magnitude spectrum of the CS array and 

conventional array composite active layer 

It can be seen from Figure 5-18 that the electrical resonance frequency of the CS fractal 

array and conventional array active layer are located at 1022 kHz and 1047 kHz 

respectively. The electromechanical coupling coefficient, 𝑘𝑡, is 0.64 for the CS fractal 
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array active layer and 0.60 for the conventional array active layer. Therefore, a better 

energy conversion and improved bandwidth can be realised by the CS fractal design.      

5.5.2. Active Layer Displacement Profile  

The surface vibration behaviours of the active layers of both arrays was evaluated using a 

3D scanning laser Doppler vibrometer (LDV) (Polytec Inc, Waldbronn, German). The 

experimental setup is shown in Figure 5-19. The front face of the device was positioned 

perpendicular to the laser source. Two broadband chirp signals generated by the internal 

source of the LDV with centre frequencies of 1022 kHz and 1047 kHz were employed to 

drive the CS fractal and conventional 2-2 device, respectively.  

 

Figure 5-19: Experimental setup for 3D LDV measurement 

The resulting average surface velocity frequency response for both devices is shown in 

Figure 5-20. 
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Figure 5-20: Measured average surface velocity for the CS fractal and the conventional 

array as a function of frequency 

From Figure 5-20, the –6 dB bandwidth of the average surface velocity frequency 

response is 40.2 % for the CS fractal array and 31.9 % for the conventional design. Hence, 

a 32.0 % bandwidth improvement is suggested for the CS fractal array with respect to the 

conventional array. 

5.5.3. Mechanical Crosstalk Measurement  

The mechanical crosstalk of the fabricated CS fractal array and conventional linear array 

at their operating frequency was measured using the 3D LDV using the same experimental 

setup shown in Figure 5-19. Two sinusoidal tone burst signals, with frequencies of 1022 

kHz and 1047 kHz from the internal source of the LDV, were employed to drive a single 

element of both the CS fractal and conventional 2-2 device, respectively, and the measured 

results are shown in Figure 5-21.  
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In Figure 5-21, the centre positions of the driven element and two adjacent elements at 

either side of the driven element are marked with vertical red dash lines. The crosstalk of 

the CS fractal array is at a similar level to the conventional array for the first adjacent 

elements, but 5 to 15 dB lower for the second adjacent elements. This result correlates 

well with what has been predicted in Section 5.3.3, using Lamb wave dispersion analysis. 

There are some inconsistencies in this measurement, with the conventional 2-2 array 

demonstrating lower mechanical cross-talk in the 0 – 5 mm region, for example. Hence, 

the main observation should be that there is a slight improvement in mechanical cross-talk 

for the CS fractal array configuration. Moreover, the asymmetry of the measured profiles 

may be indicative of issues generated through the fabrication process.  

 

Figure 5-21: Measured crosstalk of CS fractal and conventional array 
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5.5.4. Pulse-Echo Response of Array Elements 

The pulse-echo responses for each element of both array devices were measured using a 

multi-element array controller, FIToolbox (Diagnostic Sonar Ltd, UK), and compared 

with the FE simulated results, which is shown in the Figure 5-22 (a) and (b). It can be seen 

in the Figure 5-22 that all of the elements behaved as expected in each array and the 

experimental results correlate with the simulation data reasonably. 

The bandwidth and the peak-to-peak voltage of each individual array element for both 

arrays is plotted in Figure 5-23 and Figure 5-24. The average value and standard deviation 

of the -6 dB bandwidth and peak-to-peak voltage for devices is summarized in Table 5-3. 

Table 5-3: Pulse-echo experiment result summary 

 CS Fractal Array Conventional Array 

-6 dB 

Bandwidth 

Average (%) 60.1 % 57.5 % 

Standard Deviation 0.67 1.73 

Peak-to-Peak 

Voltage 

Average (mV) 9.6 mV 6.2 mV 

Standard Deviation 1.19 1.31 

It can be observed that the average element -6 dB bandwidth and peak-to-peak voltage of 

the CS fractal array is better than the conventional 2-2 array as the result of introducing 

the varied pillar size scales within the CS fractal array design. The uniformity of the 

elements behaviour is slightly better for the fabricated CS fractal when compared to the 

conventional 2-2 array, which again indicates potential errors originating from the 

manufacturing process. 
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Figure 5-22: Measured and simulated pulse-echo time-domain waveform and frequency 

spectrum: (a) CS fractal array (b) conventional array 
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Figure 5-23: Measured array element -6 dB pulse echo response bandwidth for the CS 

fractal and conventional array transducer 

 

Figure 5-24: Measured array element peak-to-peak voltage for the CS fractal and 

conventional array transducer 
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5.5.5. Array Imaging Performance 

In order to evaluate and compare the imaging and defect sizing capability of both 

fabricated arrays, a wire-water phantom was designed, and a graphic representation is 

shown in Figure 5-25. The diameters of the copper wires are 0.75 mm (~ 0.5 𝜆), 1.13 mm 

(~ 0.75 𝜆) and 1.60 mm (~ 1.0 𝜆), respectively. The FMC data was acquired, and images 

were produced using TFM, see Section 2.2.3.3 for details, for each array device. Figure 

5-26 shows the fabricated wire-water phantom and the FMC/TFM experimental setup. 

 

Figure 5-25: Wire-water imagining phantom schematic 

 

Figure 5-26: FMC/TFM experiment setup 
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Each element of both arrays was excited using a half cycle sine wave with a frequency of 

1 MHz and controlled by the FIToolbox multi-element array controller. 16-bit resolution 

and a 25 MHz sampling frequency was used during the data acquiring process. The 

resulting FMC/TFM images [17] produced by the two arrays are shown in Figure 5-27. It 

can be seen that the CS array produced a higher resolution TFM image compared to the 

conventional array and importantly, the imaging artefacts associated with each wire are 

reduced for the CS array. Using the -3 dB sizing method, the accuracy of the CS fractal 

array for the wire with 0.5 𝜆, 0.75 𝜆 and 1.0 𝜆 diameter is 4.4 %, 20.5 % and 47.7 % better 

than the conventional linear array. The -3 dB sizing result of both arrays is summarized in 

Table 5-4. Moreover, the signal strength in the CS array image is 3.8 dB higher than that 

generated by the conventional array for the wire with 0.5 𝜆 diameter.  

Table 5-4: TFM image sizing result  

 CS Fractal Array Conventional Array 

Wire Diameter  
Measured 

Diameter 
Sizing Error 

Measured 

Diameter 
Sizing Error 

0.5 𝝀 (0.75 mm) 1.62 mm 116.0 % 1.66 mm 121.3 % 

0.75 𝝀 (1.13 mm) 1.52 mm 34.5 % 1.62 mm 43.4 % 

1.0 𝝀 (1.60 mm) 1.73 mm 8.1 % 1.85 mm 15.5 % 

It can be seen from Table 5-4 that the CS fractal array has a more accurate sizing ability, 

when compared with the conventional linear array for all sizes of copper wire. Although, 

as expected, both arrays do not perform particularly well for sub-wavelength targets. 
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Figure 5-27: TFM imaging of the three wires in water phantom using: (a) CS fractal 

array; (b) conventional array 
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5.6. Chapter Summary 

This Chapter describes the implementation of a CS fractal geometry as the structure of a 

linear ultrasonic array design. A mathematical algorithm was developed to define the 

geometrical features of the CS fractal geometry and a series of parameter sweep 

simulations were performed to optimize the design of both a CS fractal array and a 

conventional linear array element.  

The FE models were used to study the vibration behaviour at the transducer resonant 

frequency and also investigate the Lamb wave dispersion characteristics for both array 

configurations. As there is more than one pillar size in the CS array design, two thickness 

modes were identified in the CS array design and the coupling between the thickness mode 

and Lamb mode is weaker when compared with the conventional array design. The FE 

simulation results also indicate that a good bandwidth and sensitivity performance was 

demonstrated in the CS fractal array designs. An approximately 13.4 % bandwidth 

improvement (56.7 % against 50.0 %) and 63.0 % sensitivity increase (11.9 mV against 

7.3 mV peak-to-peak voltage) was achieved when compared to the conventional array 

configurations. Lastly, the FE model was used to simulate the beam profile when both 

arrays were focused at 15 mm. The simulation results showed that a 9 dB side lobe 

reduction was achieved by the CS fractal array design as compared to an equivalent 

conventional array design. 

A CS fractal and conventional linear array with 24 elements were fabricated and 

characterised. First of all, the pulse-echo response of all elements behaved uniformly in 
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each array design and the experimental data matched well with the FE simulated results. 

The average -6dB bandwidth and peak-to-peak voltage of the CS fractal array are higher 

than the conventional 2-2 array. Secondly, the mechanical crosstalk of both array devices 

was measured and there was a slight enhancement for the CS fractal array design. Thirdly, 

images of a wire-water phantom produced by the two arrays using the total focusing 

method and full matrix capture techniques shows that the CS fractal array outperforms the 

conventional 2-2 array in terms of image resolution, sizing accuracy and signal strength. 
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CHAPTER VI 

ADVANCED CANTOR TARTAN FRACTAL 

ARRAY CONFIGURATION    

  

In Chapter V, an ultrasonic array using Cantor Set (CS) fractal geometry was developed 

and characterised. This CS fractal array delivered improved bandwidth and sensitivity 

when compared with a conventional linear array with 2-2 microstructure. In order to 

introduce additional varied length scales and achieved a further bandwidth improvement, 

an advanced fractal geometry comprising orthogonal CS fractal geometries, known as the 

Cantor Tartan (CT), is explored in this Chapter.  

A CT fractal array element is built and optimized using the parameter sweep simulation 

approach. The behaviour of the optimized CT fractal array element is investigated using 

FE modelling method and compared with the CS fractal array element and conventional 

linear array element designed in Chapter V.    
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6.1. Cantor Tartan Fractal Array Element Design  

The FE model of a CT fractal array element was implemented and is shown in Figure 6-1. 

In order to increase the number of different length scales by a factor of 4 when compared 

with the CS fractal array element designed in Chapter V, this CT array element comprises 

a combination of a Level II CS fractal geometry in azimuth and a Level IV CS fractal 

geometry in elevation.  

 

Figure 6-1: Advanced orthogonal CT fractal array element 
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6.2. Cantor Tartan Fractal Array Element Optimization   

In order to optimize the bandwidth performance of the CT fractal array element, the FE 

sweep simulation approach was employed. First of all, the Level II CS fractal geometry 

design in Section 5.2 was used in x-dimension. In y-dimension, the pillar length at fractal 

generation Level IV of the CT fractal geometry, 𝐿𝑦−4, was varied from 0.1 mm to 1.0 mm 

with a step size of 0.05 mm.  

According to the resulting conductance spectrum, shown in Figure 6-2, and the calculated 

Q-factor, shown in Figure 6-3, the optimal value of 𝐿𝑦−4was determined as 0.25 mm.  

 

Figure 6-2: FE derived conductance spectrum for different values of 𝐿𝑦−4 in the CT 

fractal array design 
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Figure 6-3: Q-factor for different values of  𝐿𝑦−4 in the CT fractal array design  

Secondly, the scaling factor, 𝑘𝑦, was varied from 0.2 to 0.4 with a step size of 0.01 and 

chosen to be 0.34 according to the resulting conductance spectrum, shown in Figure 6-4, 

and the calculated Q-factor, shown in Figure 6-5. 

 

Figure 6-4: FE derived conductance spectrum for different values of 𝑘𝑦 in the CT 

fractal array design 
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Figure 6-5: Q-factor for different values of  𝑘𝑦 in the CT fractal array design 

The pillar length from fractal generation Level III, 𝐿𝑦−3, to Level I, 𝐿𝑦−1, and the saw 

width in elevation direction, 𝑆𝑦, of the CT fractal geometry can then be calculated using 

Equations (5-1) and (5-2). The same dual matching layer scheme and a backing layer 

material were added to optimize the performance of the array. The specification of this 

CT fractal array design is listed in Table 6-1 and material properties can be found in 

Section 5.3.4 in Chapter V. 
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Table 6-1: Design Specification of CT fractal array  

Pillar Width 
Level I, 𝑳𝟏 Level II, 𝑳𝟐 

0.47 mm 0.15 mm 

Pillar Length 

Level I, 𝑳𝒚−𝟏 Level II, 𝑳𝒚−𝟐 Level III, 𝑳𝒚−𝟑 Level IV, 𝑳𝒚−𝟒 

6.36 mm 2.16 mm 0.74 mm 0.25 

Saw Width 
Azimuth, 𝑺𝒙 Elevation, 𝑺𝒚 

0.13 mm 0.27 mm 

Active Layer 

Material 
PZT-5H Ceramic & Hardset Polymer 

Thickness 1.5 mm 

VF 51.7 % 

Matching 

Layer I 

Medium Set Polymer  

267 𝜇𝑚  

Matching 

Layer II 

Hardset polymer filled with 3 𝜇𝑚 calcined alumina powder by 70 % 

weight fraction  

640 𝜇𝑚 

Backing 

Layer 

Hardset polymer filled with tungsten powder by 24 % weight 

fraction 

30 mm 
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6.3. Array Element Pulse-Echo Response 

The far-field pulse-echo response of this CT fractal array element was investigated using 

PZFlex. Figure 6-6 displays the predicted pulse-echo response of CT array element when 

compared with the CS array and conventional array element described in Chapter V.  

 

Figure 6-6: FE simulated pulse-echo response of CT fractal array element 

It can be measured from Figure 6-6 that the CT fractal array element has predicted a -6 

dB bandwidth of 61.8 % and peak-to-peak received voltage, 𝑉𝑝−𝑝, of 11.0 mV. When 

compared to the CS fractal and conventional linear array element, see Table 5-2, this CT 

fractal design has the best bandwidth performance, as a result of the introduction of a high 

fractal generation level. The CT simulation results indicate that the sensitivity is lower 

than the CS configuration, but comparable with the conventional 2-2 design. 
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6.4. Beam Forming   

The beam profile of the 24-element CT fractal array focused on the central axis, at distance 

of 15 mm from device front face, is simulated using PZFlex and is shown in Figure 6-7. 

 

Figure 6-7: FE simulated beam profile of CT fractal array 

The comparison in terms of side lobe level and -3 dB focal zone area between the CT 

fractal array, CS fractal array and conventional linear array is summarised in Table 6-2. 

Table 6-2: Side lobe and focal zone area of CT, CS and conventional array when 

focused at 15 mm 

 Conventional Array CS Array  CT Array 

Focal Area 9.93 mm × 1.44 mm 11.76 mm × 1.52 mm 6.28 mm × 1.06 mm 

Side Lobe -21 dB -30 dB -27 dB 
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It can be seen that the side lobe of the CT array is 6 dB lower than the conventional array 

design. At the same time, the best focusing ability is predicted to be achieved by the CT 

array design, as a direct consequence of the multiple pillar sizes in both azimuth and 

elevation dimensions. 

6.5. Chapter Summary  

In order to further enhance the bandwidth performance of the array, another advanced 

fractal geometry comprising orthogonal CS fractal geometries, known as the CT was 

investigated using an FE modelling approach. A -6 dB pulse-echo bandwidth of 61.8 % 

can be predicted using FE modelling, which is 9.0 % and 23.6 % higher with respect to 

the CS fractal array design and conventional array design, respectively. At the same time, 

due to the fact that the CT array element contains varying pillar sizes in both azimuth and 

elevation dimensions, the CT array demonstrated a better focusing ability when compared 

to the CS fractal and conventional array.  

In the future, the CT fractal array will be fabricated and fully characterised regarding its 

pulse-echo response, crosstalk and imaging performance. 
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Chapter VII 

CONCLUSION AND FUTURE WORK 

 
7.1. Thesis Synopsis 

This thesis described the development of piezoelectric composite ultrasound transducers 

incorporating a fractal geometry to enhance operational bandwidth. The fractal design 

approach introduced multiple length scales into the transducer microstructure which 

results in multiple resonances within a single transducer structure. If appropriately 

configured, the operational bandwidth of the transducer can be extended through coupling 

of the resonant modes within the fractal structure. Four different fractal geometries, 

Sierpinski Gasket (SG), Sierpinski Carpet (SC), Cantor Set (CS) and Cantor Tartan (CT) 

were investigated to design piezoelectric composites with different microstructural 

configurations.  

The behaviour of these fractal composite designs was explored using a combined FE 

modelling approach, supported by experimental verification. The FE simulation results 

demonstrated the potential for performance enhancement, particularly a bandwidth 

extension, by using a fractal composite design when compared to equivalent conventional 

composite designs. Two fractal geometries, SG and CS, were fabricated into a single 

element device and an array ultrasound transducer. Both devices were experimentally 
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characterised and compared to equivalent conventional composite transducer designs. 

Importantly, the SG fractal single element and the CS fractal array transducers 

outperformed the conventional designs and demonstrated a good correlation with the FE 

simulation results. 

This research has fabricated the world’s first fractal composite transducer and transducer 

array. The results generated by these transducers is extremely encouraging. The key 

challenge to commercial implementation of fractal composite devices is the additional 

complexity within the fabrication stage. It is considered that the current improvements in 

bandwidth and sensitivity described in this thesis would not justify the additional 

fabrication costs. Although, as new fabrication techniques become mainstream, for 

example 3D printing of piezoelectric materials, then the realisation of fractal composite 

transducer configurations will become an economically viable proposition, where the 

ultrasound imaging applications in the industrial or medical field could benefit from the 

broadband and high sensitivity fractal ultrasound transducer designs to achieve a better 

imaging quality mainly in terms of the high image resolution and signal-to-noise ratio.   

7.1.1. Singe Element Fractal Ultrasound Transducer Design  

In order to improve the transducer operational bandwidth, two fractal geometries, SG and 

SC, were implemented as the microstructure of a single element composite design, 

respectively. An FE analysis simulation tool was used to investigate each fractal 

composite configuration. For both fractal composite configurations, simulation results 

show that when applying the SG or SC geometry at fractal generation levels greater than 
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Level III, a wider bandwidth can be achieved in both transmission and reception mode 

compared to an equivalent conventional design.  

Both SG and SC fractal composites demonstrated a multi-modal characteristic in their 

electrical impedance spectrum, corresponding to the resonance of pillars at different 

length scales within each fractal composite configuration. The TVR, OCV and pulse-echo 

response of both single element fractal composites were evaluated theoretically and 

compared to corresponded equivalent conventional 1-3 composite designs via 3D FE 

models. Consistent simulation results were achieved in both cases. Firstly, in transmission 

mode, when compared to their equivalent conventional 1-3 composites, 8.8 % and 10.0% 

bandwidth improvements, and 4.2 dB and 3.5dB sensitivity increases were predicted for 

the SG and SC fractal composites, respectively. Secondly, in reception mode, by using the 

SG and SC fractal geometries, the bandwidth is 5.4 % and 10.4 % higher than their 

equivalent designs, respectively, but the sensitivity is approximately at the same level as 

the corresponding equivalent conventional design. Lastly, in the pulse-echo response, both 

fractal designs showed an encouraging improvement with regards to bandwidth and signal 

strength, where a bandwidth extension of 12.1 % / 10.4 % and sensitivity enhancement of 

10.7 % / 15.0 % were achieved by the SG and SC fractal composite, respectively.  

It has also been shown in order to realise these performance enhancements, the 1-3 

composite microstructure must take the form of the fractal design, rather than using a 

fractal electrode with a conventional periodic parallelepiped shaped pillar structure. This 

has implications for the fabrication of fractal transducers and confirms that the key 
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limitation on the uptake of this technology by commercial transducer manufacturers will 

be based around advanced fabrication techniques.   

However, one difference with the SC fractal composite was that the beam profile predicted 

using Huygens-Fresnel principle showed no improvement regarding the side lobe 

reduction when compared to the conventional 1-3 composite, whereas the side lobe of the 

SG composite is 5dB lower than the conventional 1-3 composite. As the result, it can be 

said that the beam profile of a fractal composite is dependent on its geometry and there is 

no guarantee that a decreased side lobe level can be achieved by implementing a fractal 

geometry on a piezoelectric composite design. Overall, it can be concluded that the field 

profile from fractal and conventional 1-3 devices show a high degree of similarity and will 

not be a deterrent on the future potential transducer opportunities for fractal designs. 

The decision was taken to manufacture a prototype SG fractal composite transducer at 

Level IV using the pillar placement method. An equivalent conventional composite device 

was manufactured using the traditional ‘dice-and-fill’ technique for the purpose of 

comparison. There are two main challenges in fabricating this SG fractal device due to the 

limitation of the 3D printing and ceramic dicing technique, which would have an effect 

on the composite performance. First of all, the mould needs to be designed carefully and 

3D printed precisely in order to make sure the individual pillars can be placed accurately 

into the mould and importantly, they must also stay in a vertical position during the 

remainder of the fabrication process. Secondly, it is difficult to cut triangular pillars in 

small sizes and time consuming to manually place small sized pillars into the mould. 

However, one reason that the self-similar fractal geometry would still be a valuable choice 
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compared with a random distributed geometry is that the fractal geometry can be 

generated by following a simple algebraic rule, which facilitates analyses of the transducer 

performance within the design space. 

The TVR, OCV and pulse-echo response of the fabricated SG fractal transducer were all 

characterized experimentally and compared with the fabricated conventional composite 

transducer and a commercial Panametrics transducer. It has been indicated that a 27.2 % 

and 105.1 % transmission bandwidth improvement can be achieved by the SG fractal 

composite when compared with the conventional 1-3 composite and commercial 

Panametrics transducer, respectively. In the reception mode, the bandwidth of the SG 

fractal composite is 32.9 % higher than the commercial Panametrics transducer. Moreover, 

the pulse-echo response of the SG fractal composite demonstrated a 70.0 % bandwidth 

enhancement and a 22.1 % sensitivity improved with respect to the commercial 

Panametrics transducer.   

7.1.2. Linear Fractal Ultrasound Array Development  

As the fabrication process of a single element SG fractal composite is challenging and 

time consuming, assembling multiple single element SG fractal composites to produce an 

ultrasound array device would be prohibitive. Therefore, in order to explore the potential 

of developing an ultrasound array using fractal geometry, a linear ultrasound array with 

2-2 connectivity and elements incorporating a CS fractal geometry was developed in 

Chapter V.  
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The features of a Level II CS fractal geometry were defined by a mathematical algorithm 

and an FE simulation tool used to perform a series of parameter sweep simulations based 

on the CS fractal microstructure and a conventional 2-2 composite with optimized 

performance. A multi-modal characteristic was discovered in the CS fractal composite 

and the thickness displacement profile of the CS fractal composite demonstrated that each 

resonance frequency corresponds to the resonance behaviour of the ceramic pillars at each 

pillar width scale. The initial FE models of an array element were then extended to form 

a 24-element ultrasound array configuration. The predicted bandwidth and sensitivity of 

an array element showed a 13.4 % bandwidth improvement and 63.0 % sensitivity 

increase for the CS fractal array design, when compared to the conventional array 

configuration. Moreover, using the predicted FE beam profile of both arrays, axially 

focused at 15 mm, a 9 dB side lobe reduction was shown for the CS fractal array design. 

24-element CS fractal and conventional 2-2 linear arrays were fabricated using the 

standard ‘dice-and-fill’ technique, which is the industry standard manufacture technique 

for piezoelectric composite structures. The experimental pulse-echo data indicated that all 

elements behaved uniformly in each array design and a good correlation was shown when 

compared to the FE simulated results. Moreover, the imaging capability of this CS fractal 

array was assessed using a copper wire-water phantom. The key CS array performance 

characteristics, when compared to the conventional array, can be summarised as:  

(a) The measured crosstalk of the second adjacent elements in CS fractal array device 

is 5 to 15 dB lower than the conventional array; 
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(b) Better imaging resolution was possessed by the CS fractal array device. The signal 

strength of the CS fractal array is 3.8 dB higher than the conventional array for the 

wire with 0.5 𝜆 diameter.  

(c) The sizing accuracy of the CS fractal array for the wire with 0.5 𝜆, 0.75 𝜆 and      

1.0 𝜆 diameter is 4.4 %, 20.5 % and 47.7 % better than the conventional linear 

array. 

Following this successful implementation of a fractal linear array in Chapter V, a new 

simulation programme was undertaken to introduce a higher fractal generation level 

configuration in Chapter VI. An advanced Cantor Tartan fractal array element was 

designed with orthogonal fractal geometries. This CT array element is a combination of a 

Level II CS fractal geometry in azimuth and a Level IV CS fractal geometry in elevation. 

Compared to the Level II CS fractal array element, this CT array element design is 

predicted to have a further 9% bandwidth improvement as the result of introducing 

additional length scales into the microstructure. Although the predicted sensitivity of the 

CT fractal array element is lower than the CS fractal array element, it is still comparable 

to the conventional array element design. Moreover, as the result of having varying length 

scales in both elevation and azimuth direction for CT fractal array element design, the CT 

fractal array is predicted to have a better focusing performance when compared to both 

the CS fractal and conventional 2-2 array designs. 
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7.2. Future Work 

7.2.1. Modification of Fractal Composite Fabrication 

Technique   

In Chapter III, a SG fractal composite at generation Level IV was manufactured by 

preparing the triangular pillars in different sizes and individually placing them manually 

into a 3D printed mould. It will therefore be very difficult and time consuming to fabricate 

a SG fractal device in a higher fractal generation level or at a higher operating frequency 

range (above 1 MHz) using this fabrication technique. As a result, in order to manufacture 

a fractal composite with a more complex geometry, an advanced manufacturing technique, 

like 3D printing method, is necessary. The potential fabrication process of 3D printing a 

fractal composite can be described simply in 4 steps: 

(a) Unpolarized piezoelectric particles in the nanometer scale would be mixed with a 

carefully chosen UV curable polymer. 

(b) The active phase microstructure of a fractal composite would be 3D printed using 

the material prepared in the first step. 

(c) The 3D printed active phase microstructure could be poled in silicon oil; the silicon 

oil could be heated up to speed up the poling process.  

(d) The polarized 3D printed active phase microstructure could have the void filled 

with epoxy polymer and then the composite could be lapped to its desired thickness. 
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By using this fabrication process, a fractal geometry in a higher generation level or finer 

scale could be manufactured efficiently and accurately. The SC fractal composite reported 

in Chapter IV could also be fabricated using this method. 

7.2.2. Characterization and Manufacturing of Cantor Tartan 

Fractal Array  

At Chapter VI, another advanced fractal geometry comprising orthogonal CS fractal 

geometries, known as the CT was studied using an FE modelling approach for the purpose 

of evaluating the possibility of further enhancing the bandwidth performance of an 

ultrasound array with a more complex structure. 9.0 % and 23.6 % bandwidth 

improvements were predicted in this CT fractal array design, when compared to the CS 

fractal array and conventional array design, respectively. In order to validate the 

simulation work, a 24-element CT array at 1MHz could be manufactured in the future. 

The element pulse-echo response, imaging ability and beam forming capability of this CT 

array could be characterised experimentally and compared with the results of the 

fabricated CS and conventional 2-2 array.  

7.2.3. 2D Ultrasound Array Incorporating a Fractal Geometry  

In this thesis, due to the limitation of the fabrication technique, only a 1D linear ultrasound 

array using the CS fractal geometry was manufactured and characterised. However, 3D 

volume imaging with better resolution and sizing accuracy could be produced by a 2D 

fractal ultrasound array. A potential approach to produce this 2D fractal array would be to 
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utilise six triangular composites with a SG fractal geometry to form an element in a 

hexagonal shape, where a 2D array could be realised by placing each hexagon element 

with a reasonable kerf width. One hexagonal element comprised of six, generation Level 

IV, SG fractal composites is shown in Figure 7-1 (a) and the array element layout 

configuration of the SG fractal 2D array is shown in Figure 7-1 (b).  

It has been reported by Dziewierz et al. [125] that a 2D array with hexagonal-shaped 

elements can produce a lower level of mechanical crosstalk when compared to a 

conventional 2D array with a square element shape. With an advanced fabrication 

technique developed in the future, the fabrication of a 2D array incorporating a SG fractal 

geometry could therefore be achieved.  

 

Figure 7-1: (a) One hexagonal element; (b) Element layout configuration of the SG 

fractal 2D array 
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Appendices 

Appendix A: Constitutive Equations for Piezoelectric Effect 

In Chapter II, Section 2.1.1, the direct and converse of piezoelectric effect is defined by 

Equations (2-1) and (2-2). Another three alternative equation pairs are given below which 

is also used frequently for describing the direct and converse of piezoelectric effect.       

𝐷 = 𝜀𝑆𝐸 + 𝑒𝑆 and 𝑇 = 𝑐𝐸𝑆 − 𝑒𝐸 

𝐸 = −𝑔𝑇 +
𝐷

𝜀𝑇
 and 𝑆 = 𝑠𝐷𝑇 + 𝑔𝐷 

𝐸 = −ℎ𝑆 +
𝐷

𝜀𝑠
 and 𝑇 = 𝑐𝐷𝑆 − ℎ𝐷 

* The definition of each character can be found in the symbol definition table at the 

beginning of this thesis on Page xviii. 
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Appendix B: The Derivative of the Mathematical Equations 

for CS Fractal Geometry Definition   

The CS fractal geometry from generation Level 0 to III is shown in the figure below.  

 

In Level I, 

𝐿1 =
𝐿0
𝑚
  

𝑆1 = 𝐿0 · (
𝑚 − 1

𝑚
·
1

2
) 

where 𝑚 < 1.  

In Level II,   

𝐿2 =
𝑆1
𝑚
= 𝐿0 · (

𝑚 − 1

𝑚
·
1

2
) ·
1

𝑚
 

𝑆2 = 𝑆1 ·
𝑚 − 1

𝑚
·
1

2
= 𝐿0 · (

𝑚 − 1

𝑚
·
1

2
) · (

𝑚 − 1

𝑚
·
1

2
) 

                                                              = 𝐿0 · (
𝑚−1

𝑚
·
1

2
)2 
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In Level III,  

𝐿3 = 
𝑆2
𝑚
= 𝐿0 · (

𝑚 − 1

𝑚
·
1

2
) · (

𝑚 − 1

𝑚
·
1

2
) ·
1

𝑚
 

                                                  = 𝐿0 · (
𝑚−1

𝑚
·
1

2
)
2

·
1

𝑚
 

𝑆3 = 𝑆2 ·
𝑚 − 1

𝑚
·
1

2
= 𝐿0 · (

𝑚 − 1

𝑚
·
1

2
) · (

𝑚 − 1

𝑚
·
1

2
) · (

𝑚 − 1

𝑚
·
1

2
) 

                                                   = 𝐿0 · (
𝑚−1

𝑚
·
1

2
)
3

 

At Level N, 

𝐿𝑛 = 𝐿0 · (
𝑚 − 1

𝑚
·
1

2
)
𝑛−1

·
1

𝑚
 

𝑆𝑛 = 𝐿0 · (
𝑚 − 1

𝑚
·
1

2
)
𝑛

 

As the result, by taking (
𝑚−1

𝑚
·
1

2
) = 𝑘, (0 < 𝑘 <

1

2
) , the following equations can be 

achieved: 

𝐿𝑛 = 𝐿0 · 𝑘
𝑛−1 ·

1

𝑚
 

𝑆𝑛 = 𝐿0 · 𝑘
𝑛 

𝐿𝑛 = 𝐿𝑛−1 · 𝑘
𝑛 
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Appendix C: Flexible Printed Circuit Board Design 
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Appendix D: Full elasto-electric matrix for PZT-5H ceramic 

PZT-5H Ceramic 

 

General properties, density, 𝜌 (kg/m3) and longitudinal velocity, 𝑉𝑙 (m/s) 

𝝆 𝑽𝒍 

7450 4200 

Elastic compliance constant, 𝑠 (10−12𝑚2/𝑁); Elastic stiffness constant 𝑐 (1010𝑁/𝑚2) 

𝒔𝟏𝟏
𝑬  𝒔𝟏𝟐

𝑬  𝒔𝟏𝟑
𝑬  𝒔𝟑𝟑

𝑬  𝒔𝟓𝟓
𝑬  𝒔𝟔𝟔

𝑬  

17.00 -57.80 -8.79 22.90 54.10 45.60 

𝒔𝟏𝟏
𝑫  𝒔𝟏𝟐

𝑫  𝒔𝟏𝟑
𝑫  𝒔𝟑𝟑

𝑫  𝒔𝟓𝟓
𝑫  𝒔𝟔𝟔

𝑫  

14.70 -8.10 -3.30 9.94 29.80 45.60 

𝒄𝟏𝟏
𝑬  𝒄𝟏𝟐

𝑬  𝒄𝟏𝟑
𝑬  𝒄𝟑𝟑

𝑬  𝒄𝟓𝟓
𝑬  𝒄𝟔𝟔

𝑬  

13.40 8.97 8.57 10.90 1.85 2.20 

𝒄𝟏𝟏
𝑫  𝒄𝟏𝟐

𝑫  𝒄𝟏𝟑
𝑫  𝒄𝟑𝟑

𝑫  𝒄𝟓𝟓
𝑫  𝒄𝟔𝟔

𝑫  

13.60 9.21 7.58 15.10 3.36 2.20 

Piezoelectric charge constant, 𝑑 (10−10C/N); Piezoelectric stress constant, e (𝐶/𝑚2); 
Piezoelectric voltage constant, 𝑔 (10−3Vm/N); Piezoelectric stiffness constant, 

ℎ (108𝑉/m) 

𝒅𝟏𝟓 𝒅𝟑𝟏 𝒅𝟑𝟑 𝒆𝟏𝟓 𝒆𝟑𝟏 𝒆𝟑𝟑 

7.24 -2.43 5.74 13.40 -5.06 21.20 

𝒈𝟏𝟓 𝒈𝟑𝟏 𝒈𝟑𝟑 𝒉𝟏𝟓 𝒉𝟑𝟏 𝒉𝟑𝟑 

32.10 -9.60 22.60 11.30 -4.68 19.60 

Electromechanical coupling coefficients, k; Relative permittivity, 𝜀𝑟 
* The permittivity in the vacuum is 𝜀0 =  8.854 𝑝𝐹/𝑚  

𝒌𝒕 𝒌𝟏𝟓 𝒌𝟑𝟏 𝒌𝟑𝟑 

0.524 0.671 0.37 0.752 

𝜺𝒓𝟏𝟏
𝑻  𝜺𝒓𝟑𝟑

𝑻  𝜺𝒓𝟏𝟏
𝑺  𝜺𝒓𝟑𝟑

𝑺  

2440 2870 1340 1220 
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Appendix E: Passive Material Properties Database  

Hard Set (RX771C(NC)/CY1300) (11.015mm) 

Medium: Water  

 

Frequency (MHz) 0.5 1.0 2.25 

 

𝐕𝐥 (𝒎/𝒔) 2512.7 2535.9 2560 

 

𝐕𝐬 (𝒎/𝒔) 1175 1178.8 1208.7 

 

Density (𝒌𝒈/𝒎𝟑) 1149 1149 1149 

 

Poisson Ratio 0.3601 0.3622 0.3566 

 

Impedance Z (𝑴𝑹𝒂𝒚𝒍) 2.86 2.89 2.92 

 

Young's Modulus Ey (𝑵/𝒎𝟐) 4.2810E+09 4.3157E+09 4.5187E+09 

 

Bulk Modulus B (𝑵/𝒎𝟐) 5.0990E+09 5.2190E+09 5.2505E+09 

 

Shear Modulus G (𝑵/𝒎𝟐) 1.5739E+09 1.5841E+09 1.6655E+09 

 

𝐜𝟏𝟏 7.1976E+09 7.3311E+09 7.4711E+09 

 

𝐜𝟒𝟒 1.5739E+09 1.5841E+09 1.6655E+09 

 

𝐬𝟏𝟏 2.3360E-10 2.3170E-10 2.2130E-10 

 

𝐬𝟒𝟒 6.3540E-10 6.3130E-10 6.0040E-10 

 

Longitudinal Attenuation (dB/m) 139 287 608 

 

Shear Attenuation (dB/m) 356 738 1980 
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Medium Set (CY221/HY956EN) (3.103mm) 

Medium: Water  

 

Frequency (MHz) 0.5 1.0 2.25 

 

𝐕𝐥 (𝒎/𝒔) 2364.1 2451.5 2440.9 

 

𝐕𝐬 (𝒎/𝒔) 1064.6 1109.9 1084.5 

 

Density (𝒌𝒈/𝒎𝟑) 1134 1134 1134 

 

Poisson Ratio 0.3728 0.3711 0.377 

 

Impedance Z (𝑴𝑹𝒂𝒚𝒍) 2.68 2.78 2.77 

 

Young's Modulus Ey (𝑵/𝒎𝟐) 3.5288E+09 3.8307E+09 3.6732E+09 

 

Bulk Modulus B (𝑵/𝒎𝟐) 4.6242E+09 4.9526E+09 4.9780E+09 

 

Shear Modulus G (𝑵/𝒎𝟐) 1.2852E+09 1.3969E+09 1.3337E+09 

 

𝐜𝟏𝟏 6.3379E+09 6.8152E+09 6.7564E+09 

 

𝐜𝟒𝟒 1.2852E+09 1.3969E+09 1.3337E+09 

 

𝐬𝟏𝟏 2.8340E-10 2.6110E-10 2.7220E-10 

 

𝐬𝟒𝟒 7.7810E-10 7.1580E-10 7.4980E-10 

 

Longitudinal Attenuation (dB/m) 208 895 1711 

 

Shear Attenuation (dB/m) 2319 4108 8147 
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Calcined Alumina 70% by wgt with Hard Set (RX771C(NC)/CY1300) 13.133mm 

Medium: Water  

 

Frequency (MHz) 0.5 1.0 2.25 

 

𝐕𝐥 (𝒎/𝒔) 3014.6 2999 2921.7 

 

𝐕𝐬 (𝒎/𝒔) 1684.1 1686.1 1662.6 

 

Density (𝒌𝒈/𝒎𝟑) 2308 2308 2308 

 

Poisson Ratio 0.2732 0.2689 0.2606 

 

Impedance Z (𝑴𝑹𝒂𝒚𝒍) 6.96 6.92 6.74 

 

Young's Modulus Ey (𝑵/𝒎𝟐) 1.6668E+10 1.6652E+10 1.6084E+10 

 

Bulk Modulus B (𝑵/𝒎𝟐) 1.2247E+10 1.2010E+10 1.1195E+10 

 

Shear Modulus G (𝑵/𝒎𝟐) 6.5459E+09 6.5615E+09 6.3799E+09 

 

𝐜𝟏𝟏 2.0975E+10 2.0758E+10 1.9702E+10 

 

𝐜𝟒𝟒 6.5460E+09 6.5610E+09 6.3800E+09 

 

𝐬𝟏𝟏 6.0000E-11 6.0100E-11 6.7200E-11 

 

𝐬𝟒𝟒 1.5280E-10 1.5240E-10 1.5670E-10 

 

Longitudinal Attenuation (dB/m) 182 321 678 

 

Shear Attenuation (dB/m) - 556 1364 
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Calcined Alumina 50% by wgt with Hard Set (RX771C(NC)/CY1300) (9.13mm) 

Medium: Water  

 

Frequency (MHz) 0.5 1.0 2.25 

 

𝐕𝐥 (𝒎/𝒔) 2695.9 2667.4 2633.5 

 

𝐕𝐬 (𝒎/𝒔) 1362.2 1376.4 1367.1 

 

Density (𝒌𝒈/𝒎𝟑) 1758 1758 1758 

 

Poisson Ratio 0.3286 0.3186 0.3156 

 

Impedance Z (𝑴𝑹𝒂𝒚𝒍) 4.74 4.69 4.63 

 

Young's Modulus Ey (𝑵/𝒎𝟐) 8.6680E+09 8.7829E+09 8.6448E+09 

 

Bulk Modulus B (𝑵/𝒎𝟐) 8.4274E+09 8.0676E+09 7.8114E+09 

 

Shear Modulus G (𝑵/𝒎𝟐) 3.2621E+09 3.3305E+09 3.2856E+09 

 

𝐜𝟏𝟏 1.2777E+10 1.2508E+10 1.2192E+10 

 

𝐜𝟒𝟒 3.2620E+09 3.3300E+09 3.2860E+09 

 

𝐬𝟏𝟏 1.1540E-10 1.1390E-10 1.1570E-10 

 

𝐬𝟒𝟒 3.0650E-10 3.0030E-10 3.0440E-10 

 

Longitudinal Attenuation (dB/m) 156 330 625 

 

Shear Attenuation (dB/m) 339 773 1720 
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Tungsten 24% by wgt with Hard Set (RX771C(NC)/CY1300) 

Medium: Water  

 

Frequency (MHz) 1.0 

 

𝐕𝐥 (𝒎/𝒔) 1579.7 

 

𝐕𝐬 (𝒎/𝒔) 830.9 

 

Density (𝒌𝒈/𝒎𝟑) 5454 

 

Poisson Ratio 0.3088 

 

Impedance, Z (𝑴𝑹𝒂𝒚𝒍) 8.62 

 

Young's Modulus, Ey (𝑵/𝒎𝟐) 9.8560E+09 

 

Bulk Modulus, B (𝑵/𝒎𝟐) 8.5900E+09 

 

Shear Modulus, G (𝑵/𝒎𝟐) 3.7650E+09 

 

𝐜𝟏𝟏 1.3610E+10 

 

𝐜𝟒𝟒 3.7650E+09 

 

𝐬𝟏𝟏 1.0150E-10 

 

𝐬𝟒𝟒 2.6560E-10 

 

Longitudinal Attenuation (dB/m) 473 

 

Shear Attenuation (dB/m) 938 

 


