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Abstract

This thesis analyses the dynamics of a massless spacecraft (or point mass) around
an inhomogeneous Trojan body in a system composed of three primaries lying on a
plane at the vertexes of an equilateral triangle, with their mutual positions fixed over
the course of the motion. This configuration will here be referred to as “Lagrangian”
or “equilateral triangle”, implicitly meaning that the three primaries lie on a common
plane. To this end two suitable models are identified to represent the system, depending
on the distance from the primary. The first model, adopted for use close to the asteroid,
where the dynamics is dominated by this sole body, is the Restricted Two Body Prob-
lem. In this model the inhomogeneities of the asteroid are taken into account as they
have a dominant effect on the dynamics of the spacecraft. This model will therefore be
referred to as the Inhomogeneous R2BP. The second model is the Lagrangian Circular
Restricted Four Body Problem (CR4BP), with the primaries lying on the same plane,

which is adopted far from the asteroid!, where the gravitational perturbations of the

!Note that by “far from the asteroid” is meant that the point mass is at a significant distance from
the body such that the gravitational influence of the Sun and Jupiter is far greater than the influence
of the inhomogeneities in the gravitational field of the body, but still close enough to the body for
scientific and observational purposes.



Sun and Jupiter are dominant while the inhomogeneities of the asteroid are negligible.
Low-thrust propulsion perturbations are incorporated into this model. The possibility
to determine the range of validity of each model using an application of a Weak Sta-
bility Boundary (WSB) theory, a relatively novel approach to dynamics for designing

low-energy transfers, is investigated and applied.

A completely new, analytical definition of the Weak Stability Boundary, coher-
ent with the previous algorithmic definitions, is thus developed in this work for the
first time. The existing (algorithmic) WSB theory, previously always treated numer-
ically and mainly applied to Circular Restricted Three Body Problems (CR3BP), is
here rebuilt from an analytical point of view and extended to the Lagrangian CR4BP.
Moreover some topological properties of the WSB are introduced and applied, leading
to analytical estimations of the set of stable orbits around the small primary. An es-
timation of the range of validity of the models is thus derived, which is based on the

region of stable orbits.

The dynamics in a Restricted Two Body Problem incorporating the shape/density
inhomogeneities of the body, is analysed, suitable for modelling the spacecraft dynamics
inside the estimated reference region. The irregular gravitational potential is formu-
lated using spherical harmonics, the coefficients describing the physical properties of
the body. An analytical, arbitrary degree, perturbation theory?, assuming the spher-
ical harmonics of the body as known, is derived. This result generalizes to arbitrary
degree the previous closed form (i.e. valid for every eccentricity) perturbation theories
which are usually limited to second degree (namely to the inclusion of two spherical
harmonics coefficients).

The theory here developed, double averaging the system by means of two canonic Lie
transformations, leads to an integrable, arbitrarily accurate approximation of the sys-
tem whose explicit second order Hamiltonian formulation, derived in closed form, is
thus stated. From this theory an analytic method for determining initial conditions for
frozen orbits around any irregular body is derived for the first time. Such Frozen orbits
are orbits with no secular perturbations in the inclination, argument of pericentre, and
eccentricity.

Results are shown for a major Jupiter Trojan: 624-Hektor. As the spherical harmonics
of this Trojan are unknown and not present in any previous literature, a method is here
applied, which deduces these coefficients from a three dimensional polyhedric model of

the body, assuming a constant density.

It must be noted that this theory is general, namely valid to study the dynamics in every Two
Body Problem with an inhomogeneous gravitational field (i.e. it is not restricted to systems in the
Lagrangian configuration)



Finally the dynamics of the Lagrangian CR4PB is studied, for modelling the sys-
tem outside the estimated reference boundary. The natural equilibria and Lyapunov
stability of the linearized system are analysed. A study of the changes in the topology
of the linearly stable zone for different conceivable masses of the Trojan is shown in this
work for the first time. Low-thrust propulsion perturbations, in all previous literature
confined to two and three body problems, are here incorporated into the four bodies
system examined, enabling the generation of surfaces of artificial equilibria. Applica-
tions are shown for the main example of Lagrangian configuration in the Solar system,
the Sun-Jupiter-Trojan-spacecraft system. Numerical simulations for 624-Hektor con-
firm the validity of the model once its real tadpole orbit around the triangular point is

taken into account.
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Chapter 1

Introduction

1.1 Research Background and Motivations

In 1772 the French mathematician and astronomer Joseph-Louis Lagrange [1] predicted
that a small body could be trapped in the orbit of a larger one around the Sun, if the
three masses were located at the vertexes of an equilateral triangle and their mutual
positions being maintained over the course of the motion. Those positions, now bearing
the symbols L4 and Ls, are two of five so-called Lagrange points (the others were defined
earlier by Euler). Although Lagrange thought his equilateral triangle solutions were of
no great practical significance it was later realised that the Sun, Jupiter and a group of
asteroids, now called Trojans, formed such a configuration. It was not until 1906 that
the first object trapped at either of such points was found: the asteroid 588-Achilles at
the L4 point in the Sun-Jupiter system. Since then many more asteroids were found
both at the Sun-Jupiter L4 and Ls, each named, by convention, after a hero of the
Trojan War from Greek mythology, hence the origin of the term ‘Trojan asteroids’.
Other Trojans since then have been discovered, which share the orbits of Mars and
Neptune around the Sun. Moreover two of Saturn’s moons, Tethys and Dione, have
Trojan moons. In 2011 a team from Athabasca University, Canada [2] announced the
discovery of the first known Earth’s Trojan, somewhat less romantically named 2010
TK7. However, since the Earth Trojans are so hard to spot, it’s likely that there are a
lot more of them. As such asteroids provide the perfect base for interplanetary missions
beyond the Earth-Moon system [3], their discovery renewed and highlighted again the
importance of dynamical studies on the Lagrange configuration of the Restricted Four

Body Problem, still largely unexplored.

The Trojan asteroids of Jupiter, in particular, lie at the crux of several of the most

'"Heroes of the Greek camp are clustered at Ly (Agamemnon, Odysseus, Ajax, Menelaus) and those
of Troy at Ls (Priamus, Troilus, and so on); only two early discoveries, the Greek Patroclus and the
Trojan Hektor, were, in fact, assigned to the wrong camps.
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interesting issues regarding the formation and evolution of the Solar System. Jupiters
companion asteroids, indeed, hold the potential to unlock the answers to fundamen-
tal questions about planetary migration, the late heavy bombardment, the formation
of the jovian system, the origin and evolution of transneptunian objects (TNOs) and
many more. Despite a population comparable in number to the main asteroid belt,
they remain poorly understood [4]. What we know about these asteroids is based on
observations of these objects as point sources, by spectrometric analysis or by analogy
with objects believed to be similar. Spacecraft investigation of this Trojan population
has been recognized as a ‘New Frontiers goal” already in the Decadal Survey in 2002 [5]
and, most importantly, the technical feasibility for any of these mission architectures is
well within our capabilities at the present time. Dedicated missions will revolutionize
our current understanding of these bodies, by a comprehension of the solar system as
a whole. Getting in orbit around any of these bodies could already provide valuable
initial reconnaissance, including a view of surface composition, geology, and density,
which, refined at each revolution, would finally provide an arbitrarily accurate global
picture of the properties of such asteroid, which are necessary to any study aiming to
unlock the answers to fundamental questions about the early stages of the solar system.
To this end orbits with good stability properties would be needed. Among these frozen
orbits might represent a major candidate as, being periodic except for the precession of
the argument of nodes, they can be seen as a first generalization of periodic orbits and

might therefore be suitable for such physical characterization and detection missions.

To get information on the density of the body, for example, it is possible to compare
the actual dynamics due to the experienced gravitational field with the one predicted
using a model built assuming a constant density, like for example measuring the di-
vergence from the predicted a frozen orbit. To this end an accurate description of the
dynamics of a point mass in an inhomogeneous gravity field is necessary. The main
difficulty here lies in the fact that typically such bodies feature shapes and density dis-
tributions more irregular than those of planets. Such irregularities break symmetries
and require more complicated analytical expressions for their description, increasing
noticeably the mathematical difficulties involved in such studies. These obstacles are
maximized in the case of bodies such as asteroids and comets, where shapes and density
distributions are highly irregular and often unknown. Furthermore asteroids are at the
centre of a number of recent advanced mission concepts. Asteroid deflection missions
have been studied by ESA and are being discussed for some time now in the scientific
community. Further asteroid sample return missions are being considered and human

missions to asteroids have entered the agenda of space agencies.

Due to the relevance of the scientific equipment needed onboard, such future inter-
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planetary missions will aim to maximize the payload by lowering the propellant mass
fraction within reasonable transfer times. A sensitive reduction could be achieved by
either exploiting the chaotic dynamics arising in an n-body context or by including low
thrust propulsion technologies into the system [6]. Over the last 20 years an attempt
has been made to take advantage of the gravitational fields through the Weak Stability
Boundaries, a method for designing fuel efficient space missions, which reduces the use
of propellent with a direct impact on the onboard payload [7]. The WSB is a compli-
cated zone of the phase space where ballistic (i.e. natural) capture occurs. Although it
has been extensively studied since the 90’s its nature and associated sensitive dynamics
has not been well understood yet, and a full, analytical and topological understanding

of this set and its properties is still missing.

Primary electric low thrust propulsion, instead, is a widely accepted method for
station-keeping and final orbit insertion of commercial satellites. NASA, JAXA, and
ESA have already used this type of propulsion for several science missions. Low thrust
propulsion enables a range of new, potential applications for several scientific fields like
space physics, human exploration, asteroid observation, material retrieval and many
more, by seeking families of novel, exploitable, non-Keplerian orbits.The concept of
counter-acting gravity through a thrust vector was apparently first proposed by Dusek
in 1966 [95], who noted that a spacecraft could be held in an artificial equilibrium
at some distance from a natural libration point if the difference in gravitation and
centripetal force (gravity gradient) were compensated for by continuous low thrust
propulsion [96]. The use of continuous thrust can be applied in all directions including
perpendicular to the flight direction, which forces the spacecraft out of a natural orbit
into a displaced, non-Keplerian orbit: such kind of orbits have a wide range of potential
applications. The setting, thus far, for such analysis has been confined to include low-
thrust propulsion systems in the two and three body problems but is extended here to

a four body problem.

1.2 Research Objectives and Aims

The overall objective of this research project is to use mathematical tools such as sta-
bility analysis for dynamical systems, non linear and high order analysis, normal forms,
Lie series, chaos theory and exploit the Weak Stability Boundaries, to seek interesting
families of orbits close to the smaller primary of a Sun-Planet-Trojan like system. The
investigation thus aims to find natural orbits (e.g. frozen orbits) close to the body and
new families of artificial, non-Keplerian orbits (e.g. generated by the use of constant
low thrust) to be exploited for many possible science applications. Results are shown

for the Sun-Jupiter-Trojan-spacecraft system, with particular emphasis on the asteroid
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624-Hektor, a major Jupiter Trojan.

*3ksk

e The range of validity of the two models

As the system is modelled in two different ways, depending on the distance from the
primary, the range of validity of each model is investigated. The estimation is carried
out by exploiting some topological properties of the set of the stable orbits around
the smaller body whose boundary is, by definition, the so called WSB. To study such
properties an analytical definition of the WSB is needed, therefore, in this work, a
completely new analytic WSB theory, coherent with the previous algorithmic ones, is

introduced and developed for the first time.

This part of the thesis is therefore focused on:

¢ providing an exhaustive background on the Weak Stability Boundary
theories, including the evolution and generalizations of the concept and the

analysis of its deficiencies.

o formulating a new, analytic definition of the WSB, compatible with the
previous algorithmic and numerical definitions, but such that it enables

topological properties of the WSB to be deduced.

¢ investigating the possibility of using this new WSB theory to determine

the range of validity of the two models used to represent the system.

¢ deriving an estimation of the range of applicability of the two models

for the Sun-Jupiter-Hektor-spacecraft system.

kK
e Inhomogeneous restricted two body model

Within the identified reference region, the research analyses the dynamics of a
Restricted Two Body model (Fig. 1.1) which incorporates the shape/density inhomo-
geneities of the body. Generalising previous results, which only included two spherical
harmonics (the coefficients describing the inhomogeneities of the body), an arbitrary

degree spherical harmonics representation for the inhomogeneous potential is here used.
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Figure 1.1: The inhomogeneous restricted two body model (adopted inside the esti-
mated region)

Following the usual Lie series approach, a completely analytical, perturbative method
is, n this work, developed completely in closed form and based on an arbitrarily accu-
rate model of the massive body, thus describing the dynamics around the body in an
arbitrarily accurate way.

This section is focussed on:

¢ defining the state of art of orbital dynamics in inhomogeneous gravita-
tional fields, including an explanation of the usual techniques used to handle

the problems.

¢ building an analytical perturbative theory of motion for inhomogeneous
gravitational fields which generalizes previous results to arbitrary degree (in

the spherical harmonics) and second order, by means of Lie transformations.

¢ constructing a novel, general method to find interesting families of or-

bits around inhomogeneous bodies.

¢ applying the methodology developed to the Trojan 624-Hektor, suitable

for possible future science and observational mission applications.

k%%

e Lagrangian (low-thrust) circular restricted four-body model

Outwith the identified reference region, where the gravitational influence of the Sun
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Figure 1.2: The Lagrangian circular restricted four-body model (adopted outside the
estimated region)

and Jupiter are dominant perturbations, the Lagrangian Circular Restricted Four Body
model is applied (see Fig. 1.2). In this setting low-thrust propulsion technologies, in
previous literature only appearing in two and three body models, are incorporated,
to study the dynamics of the model both in its natural and artificial (i.e. low thrust
perturbed) state.

This part of the work focusses on:

¢ providing a general picture of the studies on the Lagrangian CR4BP, also
including recent results and advances of low thrust propulsion systems in

two and three body problems.

¢ identifying and applying mathematical techniques, classically used in low
thrust two and three body problems, that have the potential to be applied
to the Lagrangian low thrust four body problem.

¢ applying the methodology found to the Sun-Jupiter-Trojan-spacecraft sys-
tem to seek surfaces of artificial equilibrium points and new non-Keplerian

orbits for useful for many applications.

© testing the robustness of this novel results for the real Sun-Jupiter-Hektor-
spacecraft system (i.e. using observed data for the orbits of the planets
studied)
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1.3 Contributions of This Research

1.3.1 Novelties

Some of the novelties contained in this thesis are listed hereafter. It must be noted

that the Sun-Planet-Trojan-spacecraft system is itself a novel system to be studied.

e Previous studies on the WSB were based on the definition formulated in [8] for
Earth-Moon-spacecraft CR3BP, then corrected/generalized in [9]. Existing definitions
in the literature are all based on an algorithm therefore allowing only numerical stud-
ies on the WSB for specific cases to be undertaken and thus no general mathematical
property of such a set can be obtained for them.

What’s new:

¢ This work provides a new, analytic definition of the WSB for the CR3BP

which is coherent with the known algorithmic definitions.
o It generalizes the definition of the WSB to the equilateral triangle, CR4BP.

o It investigates some topological properties of the “stable region” (near

to the smaller primary) whose boundary is, by definition, the WSB.

o It provides an analytical and numerical estimation of the stable zone.

Reference also to [10], [11], and [12].

k%%

e Analytical perturbative studies on inhomogeneous gravitational fields carried out in
closed form (i.e. without expanding in power series of the eccentricity) are mainly lim-
ited to second degree potentials (i.e. they only account for the ellipticity and oblateness
terms). In these the resulting, double averaged, Hamiltonian depends on the sole ar-
gument of pericenter, which does not hold, in general, when including more spherical
harmonics coefficients.

What’s new:

o This research derives, in the close vicinity of the small body (i.e. inside the
estimated stability boundary), the inhomogeneous gravitational potential in
polar-nodal variables, accounting arbitrary degree spherical harmonics co-

efficients.
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o It states the explicit analytical formulation for the averaged, first or-
der, arbitrary degree Hamiltonian of any inhomogeneous gravitational field

found in closed-form (i.e. valid for every eccentricity).

o It provides a method for determining initial conditions for frozen orbits
around any irregular body by prescribing the inclination and eccentricity of
the desired orbit.

o It implements the algorithm to find the spherical harmonics coefficients
from the shape of the asteroid assuming a constant density, to find the har-
monics of 624-Hektor.

Reference also to [13], [14], [15] and [16].

*okk

Existing literature on the Lagrangian CR4BP are contemporary to the published works
collected in this thesis. They are mainly focussed on determining the number of equi-
librium points depending on the mass distribution of the primaries and on numerical
determination of families of orbits. None of the previous works considers that there are
no asteroids in the exact L4 or Ly position and that they all move on tadpole orbits
around such points.

What’s new:

© This work incorporates low thrust perturbations in the Lagrangian CR4BP
to generate surfaces of artificial equilibria and displaced non Keplerian or-
bits;

o It studies the topological changes of the linearly stable zone with vari-

ations in the Trojan mass.

o It identifies novel, artificial, non-Keplerian orbits both for mathemati-

cal interest as well as for potential future mission applications.

¢ It finds useful applications to such orbits and tests the validity of the
model for a real case, i.e. considering the real tadpole orbit of the asteroid

624-Hektor around the triangular equilibrium point.
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Reference also to [17], [18], and [19].

1.3.2 Publications and Outputs

All the results collected in this thesis have been published as journal papers, although,
as they are general, the applications here shown may differ from the ones in the papers,
in order to give homogeneity to the work. Moreover other results, contained in the

conference papers listed below, complete and widen the ones contained in this thesis

but have not been included here as they where beyond the scope of this work.

e On

e On

Weak Stability Boundaries and applications:

Journal publication(s):

o April 2012: Ceccaroni, M., Biggs, J. D., Biasco, L.: “Analytic estimates
and topological properties of the weak stability boundary”; Celestial Me-
chanics and Dynamical Astronomy (2012) 114:124 DOI 10.1007/s10569-012-
9419-x.

hitp://www.springerlink.com,/content/ 72826514 4j86524h/

Conference publication(s):

¢ June 2011: Ceccaroni, M., Biggs, J. D., Biasco, L.:“Some Analytic Esti-
mates of the Weak Stability Boundary”, New Trends in Astrodynamics and
Applications VI, New York.

¢ June 2011: Ceccaroni, M., Biggs, J. D., Biasco, L.:“The Weak Stability

Boundary in the Sun-Jupiter-Trojan-spacecraft four body problem”, New

Trends in Astrodynamics and Applications VI, New York.

Kokk

inhomogeneous Restricted Two Body Problem and applications:

Journal publication(s):
¢ February 2013: Ceccaroni, M., Biggs, J. D.: “Analytic perturbative the-
ories in highly inhomogeneous gravitational fields.” Icarus, in press

http://dz.doi.org/10.1016/j.icarus.2018.01.007

¢ December 2012: Ceccaroni, M., Biscani, F., Biggs, J. D.: “Analytical
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e On

method for perturbed frozen orbit around an Asteroid in highly inhomoge-

neous gravitational fields: a first approach” Solar System Research, in press.

Conference publication(s):
o October 2012: Ceccaroni, M., Biscani, F., Biggs, J. D.: “Analytical Per-
turbative method for frozen orbits around the asteroid 433-Eros”; TAC2010

- International Astronautical Congress - (Naples).

o September 2012: Ceccaroni, M., Biscani, F., Biggs, J. D.:“Analytical
method for perturbed frozen orbits around an Asteroid in highly inhomo-
geneous gravitational fields”; Analytical methods for celestial mechanics,
St.Petersburg.

o September 2011-January 2012: Ceccaroni, M., Biscani, F., Biggs, J. D.:
Ariadna Study “Analytical perturbative theories of motion in highly inho-
mogeneous gravitational fields (11-5201)”.
hitp://www.esa.int/gsp/ACT/doc/ARI/ARI%20Study%20Report /ACT-RPT-1205_Analytical

_perturbative_theories_motion_inhomogeneous_%20gravitational_fields. pdf

*3kk

18

low-thrust Lagrangian Circular Restricted Four Body Problem and applications:

Journal publication(s):

o November 2011: Ceccaroni, M., Biggs, J. D.:“Low-thrust propulsion in
a coplanar circular restricted four body problem”; Celestial Mechanics and
Dynamical Astronomy, Volume 112, Issue 2 (2012), Page 191-219. DOL:
10.1007/s10569-011-9391-x.

hitp://www. springerlink.com/content/728265144j86524h/

Conference publication(s):

¢ October 2011: Ceccaroni, M., Biggs, J. D.:“Nonlinearly stable equilibria
in the Sun-Jupiter-Trojan-Spacecraft four body problem”; TAC2011 - Inter-
national Astronautical Congress - (Cape Town).

hitp://www.iafastro.net/iac/archive/browse/IAC-11/C1/4/11300/

o September/ October 2010: Ceccaroni, M., Biggs, J. D.:“Extension of
low thrust propulsion to the Autonomous Coplanar Circular Restricted

Four Body problem with application to Future Trojan Asteroids Missions”,
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TAC2010 - International Astronautical Congress - (Prague).
hitp://www.iafastro.net/iac/browse/TAC-10/C1/1/

1.4 Thesis Structure

This thesis is organized as follows:

Chapter 1 provides a global picture of this thesis by stressing the motivations, objec-
tives, aims and key questions addressed by the research project. Moreover it provides
a summary of the work highlighting the main results and novelties. Finally it includes

a list of the outcomes and publications related to this thesis work.

Chapter 2 sets the starting point of the analysis by introducing both the dynamical
systems which are used to model the problem. These are here formulated in terms of
Hamiltonian equations of motion. In this chapter both the systems are expressed for
different sets of variables which will be useful for the analysis contained in the following
chapters. Sections 2.1 and 2.2 formulate the Hamiltonian of the two models proposed:
the equilateral triangle CR4BP and the inhomogeneous R2BP, in different sets of vari-
ables including the Delaunay variables, which will be key for both the models. Section
2.3 constructs the inhomogeneous potential for the second model, by means of spherical

harmonics.

Chapter 3 in this chapter the range of applicability of the two models, the inho-
mogeneous Restricted Two Body Problem and the Lagrangian CR4BP, is estimated
as an application of the WSB. Section 3.3 contains the existing definitions of WSB
and an analysis of the main problems affecting such definitions; moreover it includes
a completely new, analytical definition of the WSB and a comparison with previous
algorithmic definitions of WSB from the literature. In Section 3.4 some topological
properties are derived and discussed as enabled by the new definition of WSB here
formulated. In section 3.5 the symplectic Delaunay coordinates, unusual for the WSB
theories, are used to rewrite the problem. It results that the Delaunay coordinates are
suitable for estimating analytically the WSB and, consequently, the range of validity

of the two models.

Chapter 4 analyses the inhomogeneous R2BP. Inside the set of the stable orbits around
the smaller primary, estimated in chapter 3, the dynamics is assumed to be dominated

by the sole smaller body. However, within this region, the inhomogeneities of the grav-
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itational field can’t be neglected. In Section 4.3 and 4.4 the hamiltonian describing
the system is transformed by means of two lie transformations, the relegation and the
normalisation, which enable to find suitable changes of coordinates to reduce the ini-
tial non integrable Hamiltonian of the system into an integrable one plus a negligible,
perturbative remainder of higher degree. In addition, an explicit analytical formulation
for the relegated, Hamiltonian in any inhomogeneous gravitational field is derived in
closed-form, generalised to second order, arbitrary degree. Section 4.5 develops a new
method for determining initial conditions for frozen orbits around any irregular body
by simply prescribing the desired inclination and eccentricity of the orbit. Results are

shown in Section 4.6 for the Trojan asteroid 624-Hektor.

Chapter 5 introduces the Lagrangian (low-thrust) circular restricted four-body model.
Outside the estimated region of stable orbits, the perturbations due to the gravitational
effects of the Sun and Jupiter dominate the dynamics. Furthermore, the effect of
the inhomogeneous gravitational field of the body becomes negligible relative to these
gravitational perturbations. Sections 5.3 and 5.4 analyse the natural dynamics of the
system (i.e. without the use of low thrust), focusing on the equilibrium points of
the system and the stability analysis. Sections 5.5 e 5.6 incorporates, for the first
time in a four body problem, low thrust perturbations into the model. The artificial
dynamics of the system is thus studied, showing the surfaces of artificial equilibria
created by the inclusion of low thrust. In Section 5.7 and 5.8 new, artificial, stable
orbits are found, maintainable using constant low thrust and without the need for any
state feedback control. Section 5.9 tests the methodology developed in the previous

Sections, considering the full, observed dynamics of the real jovian Trojan 624-Hektor.



Chapter 2

Hamiltonian dynamics about

Trojan asteroids

The aim of this thesis is to analyse the dynamics of a point mass around an inho-
mogeneous Trojan body in a system with three primaries lying at the vertexes of an
equilateral triangle. To start such analysis it is necessary to introduce both the dy-
namical systems which will be used in the next chapters to model the problem. The
Hamiltonian formulation of these dynamical models is necessary for setting the base
of the analysis that will be carried on in the remainder of this thesis. In this chapter
the Hamiltonians describing the two models proposed are formulated within different
frames of reference and for various sets of coordinates which will then be recalled in
the next chapters.

The equilateral triangle CR4BP will be first introduced, as it sets the base for both the
estimation of the range of validity of the two models through the use of the WSB con-
tained in Chapter 3, and the analysis of the dynamics relatively far from the asteroid
which is contained in Chapter 5. In order to set the most suitable system of reference
for such estimates and analysis, several intermediate systems of reference (e.g. inertial,
rotating, barycentric, asteroid centered) and sets of coordinates (e.g. polar, Whittaker,
Delaunay variables) will be introduced and the corresponding transformations to obtain
them described. Then the inhomogeneous R2B dynamical model will be introduced as
well, which sets the starting point of the analysis contained in Chapter 4. Again it
will be described using the Hamiltonian formalism and through a series of interme-
diate systems of reference and sets of variables. Finally, at the end of the Chapter,
the inhomogeneous potential used for this model, will also be constructed by means
of spherical harmonics, the coefficients usually adopted to describe the shape/density

inhomogeneities of a massive body.

21
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2.1 The system

The system is initially derived as follows: let be P;, P, and Ps the three primaries and
Py the point mass, with corresponding masses mq, ma, mg and my4 ( assumed to be
infinitesimal and thus called a Restricted model) such that: 0 < my << m3z << mg <
my.

Set the three masses in the equilateral triangle configuration, where the position of P3
corresponds to one of the triangular Lagrangian points in [20].

This configuration is well known to be stable if the masses of the three planets satisfy
the condition (see [21] , [22], [23] and [24])

+ + 1
e tmatmet < 27 (2.1)
that is:
27(m1m2 + mims + mgmg) — (m1 + mo + m3)2 < 0. (2.2)

As it is assumed that m3 < mg and the left term of this inequality is monotonically
increasing in ms, Vmg € (0,mz2), the left term is maximized for mg = mg, thus, to
obtain the most restrictive condition possible, independently from mg, it is set (just for

the following estimation) mg = mg, obtaining:

27(m1m2+m1m3+m2m3)—(m1+m2+m3)2 < 27(2m1m2+m§)—(m1+2m2)2 Vmq, mo

(2.3)
Therefore the stability condition becomes:
—m? + 50myma + 23m3 < 0 (2.4)
(more restrictive then the previous), that rearranged is:
TS 95 +18V2. (2.5)

m2

In addition, the mass of the Asteroid is taken to be small enough not to influence the
motion of P; and P», therefore the center of rotation of the three primaries coincides
with the barycenter O of the two main primaries. The three bodies will thus rotate
anticlockwise on circular orbits around it with constant angular velocity perpendicular
to the plane containing the primaries w.

The system just described is shown in Figure 1.2.
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2.2 The Hamiltonian of the equilateral triangle CR4BP

The first model to be used in this thesis is the equilateral CR4BP, which will be used
both in estimating the range of validity of the two models (Chapter 3) and in the
analysis of the dynamics of the problem contained in Chapter 5.

In this scaled units of measure for mass and distance will be used, normalized with the
sum of the masses of P; and P and their distance dp;,py respectively. Therefore, in

nondimensional units, it is set

1 =M = miscqied = %7

M = mageqied = %7 (2 6)
M = M3scaled = #3”127 '
M = mygeqieq = mfj—tng ~ 0.

Moreover it results dpy ps = dp1/p2

scaled

Finally the unit of time is scaled ¢ = tscqied = 4 /wt, where G is the universal
P1/P2

gravitational constant G = 6.67428 x 107! k’;;, such that the gravitational constant

in nondimensional unit is Gseareq = 1. Moreover, by Kepler’s third Law for a circular
orbit,

“The square of the orbital period of a planet is directly proportional to the

cube of the semi-major axis of its orbit”,

dS
the period of revolution of P; and P, around each other is 7 = 27 g(ﬁf ; z) which,

in nondimensional units, is Tscqreq = 2m. Moreover notice that, in nondimensional it

2w 1.

results: |Wseqled| = e

2.2.1 Barycentric, fixed, inertial reference frame

A fixed inertial frame (FO0) is taken, which is centered in the center of rotation O of the
planets, where the x/y plane contains the three bodies and the x axes passes through
Py and P at time ¢ = 0. This implies w = [0,0,1] (in the scaled units) and that the

initial position of the primaries is
Pl - (_M7070)7

Py = (1—M,0,0)

and, in order to form an equilateral triangle,

P3:(L17Ly70):(7_M7

1 3
V3 ).
2 2
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Notice that, as it will be shown later, in a rotating system of reference, centered
in the barycenter O of P; and P, and rotating with the same angular velocity of the
primaries w = [0,0,1] (in the scaled units), the primaries will keep their positions as
fixed over the course of the motion and the system would become autonomous (i.e.

time independent).

The motions of P, P, and P5 are, respectively,

Micos (t + ), sin (t + 7), 0],
(1 — M)Jcost,sint, 0], (2.7)

V1 — M + M?[cos (t + 19),sin (t + 79), 0],
with the primaries starting, for t = 0, respectively at

[—M,0,0]
1 - M,0,0] (2.8)

VT = M + MZ[cos (7o), sin (19), 0] = [5 — M, L3].

Note that, before including low thrust into the system (see Chapter 5), the spacecraft
moves on the plane containing the primaries, therefore the third motion decouples and
the system can be considered planar. This system is represented in Fig. 2.1, where, for
simplicity of representation, the figure shows only the plane of revolution of the bodies.

Let 9 = [¢x, gy, qz] be the position vector of the point mass P in the barycentric

inertial frame of reference (F0). By Newton’s Second Law of Motion:

“The rate of change of momentum is proportional to the force and is in

same direction as that force”
and Gravitational Law:

“Any two bodies attract one another with a force proportional to the prod-
uct of their masses and inversely proportional to the square of distance

between them”,

the equations of motion of the point mass, in (F0), are:

Mg = -2 (2.9)

oq
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q ’Pz

s
Y1-M+ M2

t+70 1=-M
t+
i
‘ o F
O X

Figure 2.1: F0) Barycentric, fixed, inertial reference frame

where U(q) is the potential energy of the point mass:

. M(@A-M)
U(q) — 7 Ja—M]cos (t+),sin (t+),0]|
MM

" Ja—(1—M)[cos t,sin t,0]] (210)
_ Mm
|a—+v1—M+M?Z2[cos (t+70),sin (t+70),0]|’

with
3
To = arcsin v3 ) (2.11)
21— M + M?
The kinetic energy of the spacecraft is:
) 1 12
(@) = s Mlal, (2.12)

thus the Lagrangian of the body, given by the difference between kinetic and potential
energies, is:

L(q,q) :==T(q) — U(q). (2.13)
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The conjugate momenta p = [ps, py,p-| of q is found by:

_0L(g,q) .
pP= 78(1 = Maq, (2.14)

thus, by the Euler—Lagrange equations:

b= ()

(2.15)

The Hamiltonian of the body is then the Legendre transform of the Lagrangian with

respect to q, namely:

H(q,p) :=supyeps {p-n—L(n,p)}
=p.q—L(q,p)
= upp—T(p)+U(q) (2.16)
=T(p) +U(a)
= sulpl> + U(a),

where the . indicates the scalar product between two vectors.

The equations of motion can therefore be obtained by the system:

q= % - P
{ - _8E(q7p) __9U(q) (2.17)
o oq oq -

qd=q
{ M. (2.18)

This is a symplectic transformation of coefficient %, and therefore, to make it canonic,

the resulting Hamiltonian in the new coordinates must be divided by a factor %:

H'(p',d') = ZLH (P, q)

(2.19)
= o [P'[> + U'(a),
with 430
! _ s\l —
U'la) = - \q—M[co?V([t-l—ﬂ),sin t+m),0]]
o |q7(17M‘)L[cos t,sin ¢,0]] (220)

_ pm
|a—v1—M+M?2[cos (t+70),sin (t+70),0]|

To simplify notations hereafter the primes will be dropped.
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2.2.2 Trojan centered, (non—inertial) reference frame, with axes par-
allel to the inertial

The motions are now expressed in a Trojan centered (non—inertial) frame (F1) with
the smaller primary at the origin and the other primaries moving with angular velocity
w = [0,0,1] (in the scaled units) on a unitary circle around it and the axes of reference
x', 3y and 2’ parallel to the respective axes in (F0) Vt > 0.

The motions of P; and P» are respectively:

[cos (t + 3m),sin (¢t + 37),0]

(2.21)
[cos (t — %),sin (¢t — %),0],
with their initial positions at the time ¢t = 0:
{—%,—?,0} = [cos(%w),sin(gw),O}
(2.22)
|:%7 _§7 O] = [COS (_g)v S (_g)> O]
The system is represented in Fig. 2.2.
The new coordinates of the spacecraft are given by:
s=q—V1— M+ M?[cos (t + 719),sin (t + 79), 0], (2.23)
which implies
$=q—V1— M+ M?[—sin (t + 79), cos (t + 19), 0], (2.24)
and therefore
ps = pq + pv'1 — M + M?[cos (t + 10), sin (t + 79), 0]
(2.25)
— _7‘9%15(5) + puv1— M + M?[cos (t + 719),sin (t + 79), 0],
with
_ w(1—M) o pM _ pm
Ui(8) = — ot dmein e dm0] ~ Fleos D) sm@=20.01 — T (2.26)
Equation (2.25) is equivalent to the Hamiltonian system:
g — 9Mi(sSit)
- 0,
L T 221
- Js
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X
7 s It

s
Y1-M+ M2

[ t+10 1=-M

Figure 2.2: F1) Trojan centered, (not inertial) reference frame, with axes parallel to
the inertial reference frame

with Hamiltonian

1
Hi(s,S;t) := ﬂ\S|2 + Ui(s) — uV/'1 — M + M?[cos (t + 79),sin (t + 70),0].s  (2.28)

in the conjugated variables S, s € R? with symplectic form dS A ds.

The stability of the orbits in the WSB theory (see Chapter 3) is based on monitoring
the sign of the two-body Kepler energy; this energy can heuristically be seen as the
Hamiltonian H{(s,S) (in the Trojan centered frame) of the spacecraft due to the
asteroid only, namely when the influence of the two main bodies is neglected.

Notice that the Trojan centered system of reference for the two body model would be

inertial as the Trojan-spacecraft system would not be in rotation.

Definition 1 (Two-Body Kepler energy)
In the Trojan centered frame (F1) defined above, with conjugate variables velocity-
position (z, X), the two-body Kepler energy of the Py with respect to the Ps3 is defined
as:

_ ISP pm
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2.2.3 Trojan centered, rotating reference frame

The Trojan centered rotating system of reference (F2) is now considered, rotating
anticlockwise with angular velocity w = [0,0,1]. In this frame all the primaries are at
rest, their positions coinciding V¢ > 0 with the initial positions as in (2.22). See Fig.
2.3. The change of coordinates is defined by the matrix:

y
yl
41—r
3’
P4 3
.'5._
Xzsx
e ,.
X
\.'1-MYE
}‘-T' X1
‘ o *
p, M 1-M P,

Figure 2.3: F2) Trojan centered, rotating ( w = [0, 0, 1]) reference frame

cos(t) sin(t) 0
R(t)= | —sin(t) cos(t) 0 |, (2.30)
0 0 1

which defines the position vector of the spacecraft x = [z,y, z] in the rotating system

as:
x = R(t)s. (2.31)
Therefore:
x = 85 cos (t) + s, sin (¢)
Yy = —sg sin (t) + s, cos (t) (2.32)

zZ=35,.
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Differentiating with respect to time:

& = §5 cos (t) + §,sin (t) — sy sin (t) + s, cos (%)
Y = —5zsin (t) + §, cos (t) — s cos (t) — sy sin (t) (2.33)

Z=$,.
Differentiating again with respect to time:

& = 8, cos (t) + §ysin (t) — 25, sin () + 25, cos (t)
—5z cos (t) — sy sin ()

§ = —8,sin (t) + 8y cos () — 25, cos (t) — 25, sin (¢) (2.34)
+5, sin () — sy cos (t)

Z =3,

In this system of reference the equations of motion in (2.25) becomes:

WE = px + 20y + 1Sz coSt + Sy sint
:/,La:+2uy—8(]§7(x)+ V1—M + M?costy
oU:
:,u(a:—l—(%—M))—i-Q,uy—ﬂ

Ly = py — 2ux — USy sint + Sy cost
— . 8U2 7 (2.35)
= uy — 2ux — ) 4 uvV'1l—M+ M?sinr
. oU:
=u(y+%§—awp_4%l

WZ = ps;
— _9Ux(x)
\ - Oz
with
- _ p(1=M) _ pM _ um
Ua(x) = |x—[cos (37),sin (37),0]] [x—[cos (— % ),sin (—%),0]| B3 (2.36)

Equation (2.35) is equivalent to the Hamiltonian system:

= OH20eX)
X _% (2.37)

with Hamiltonian
1
Hy(x,X) := ZIXP —x x X+ Us(x) — pV/1— M + M?[cos (1p),sin (79),0].x (2.38)

in the conjugated variables X, x € R3 with symplectic form dX A dx. In this system
of reference the two-body Kepler energy remains unchanged as the Trojan-spacecraft

system would not be in rotation (i.e. for the R2BP the systems of reference (F1) and
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(F2) coincides).

X2 pum
HM(x, X ;:’———. 2.39

2.2.4 The equilateral triangle CR4BP in polar coordinates

In the reference frame (F2) a canonic change of coordinates is performed, to pass to
the polar coordinates (r,0, R, 0). As said before the natural motion of the spacecraft,
before the inclusion of the low trust, can be considered as planar.

The symplectic transformation is given by:

x = r[cos (#),sin (9), 0]

X = [Rcos (0) — % sin (6), Rsin (6) + % cos (6), 0] (2.40)

y"
y
~0
4 £ \
B=§= r
=
."/’.
J1-M+ M2
i B o
M © 1-M P2

Figure 2.4: (F2), polar coordinates: the angle variables describing the system
The system is thus transformed into the autonomous system:

- — OH3(r0,R,0)

"=""%R

§ = OHs(r0.1.0)
B 00

R — _ 9H3(r0,R.0) (2.41)
= 2Hs(rd50)

T
N _6H3(7‘>07R1@)
©= 00

with Hamiltonian
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1 e?
Hs(r,0,R,0) := % <R2 + 7"2> — 0+ Us(r,0,R,0) — u\/1 — M + M?rcos (0 — 1),
(2.42)
with
_ p(1—M) _ pM _ pm
U3(7“, 0. R, 6) - \/r2+172r cos (gfgﬂ) \/r2+1—2rcos (0+%) r (2'43)
The two-Body Kepler energy becomes:
1 02 um
HM = (R*+ = ) - —. 2.44
Yo re)i= 5 (74 ) - (2.44)

2.2.5 The equilateral triangle CR4BP in Delaunay coordinates

The Delaunay coordinates are symplectic action-angle variables (¢, g, L, G), where the

angles ¢ and g are conjugate to the actions L and G respectively, where
e ( is the mean anomaly measured from the pericenter;
e ¢ is the argument of the pericenter;
e [ is related to the major semi-axis, a, by L = uy/ma

e (G is the total angular momentum of the spacecraft with respect to the Asteroid (in

the inertial frame), related to the eccentricity and the variable L by

G2

e=1\1- 75 (2.45)

Moreover the relation between the True anomaly f and the Eccentric anomaly wu is

defined as:
N\ _ [l1+e U
tan(2 —\ll_etan<2), (2.46)

which, in particular, implies

1—e2

r= (I(]. — CCOSU) = am.

(2.47)

The change of coordinates from the polar variables to the Delaunay coordinates is

generated by the function

r G2 2 uim?
= -—— +2— - 24
S G9+/Tmm\/ 7 t2— 72 dr (2.48)
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with rpmin = a(l — e) by (2.47).

It is completely canonical as

dt AdL + dg A dG = dr A dR + df A dO. (2.49)

Therefore:

_G?  omu? _ ptm?
r2 +2 r L2

=
I
&
[

S 0
I
g%
I
Q

‘m h‘

I
% Q
3

<G9+f \/——+2m“ ’i’fm)

pim? d
r

G2 4,02

Tmin Lj\/_i 2mp, %

L
(1—ecosu)
in aesinu

(1 —ecosu)du

—esinu

<G0+f \/—f+2m“ W‘;;%)

dr

I
3

I
T %\o: oS TSR

(2.50)

2 Am?2
’I”mzn 2\/ G# +2mp ;L2
—9_G
=0 LfO (l—ecosu)d

f
=0~ L\/lee2 fo df
:0_f7

where:
—j’” = qgesinu
u

du __ 1
d% 1+ecosu (251)

df — 2 /1— 2

a2

The system becomes:
j — 9Ha(tg,L,G)
o oL
_ OHa(tg,L,G)
- oG
[ _0MiltgLG) (2.52)

0H4(¢,9,L,G)
N _ 4(%,9,L,
G - — dg

with Hamiltonian

3,2
Hy(l,g,L,QG) ::_pm — G+ Us(l,9,L,G) — u/1 — M + M?rcos(g+ f — 10),

202
(2.53)

with

p(1—M) _ puM
\/7“2—1—1—27”005 (g-i-f—%ﬂ') \/r2+172rcos (g+f+%)

Us(l,9,L,G) = — (2.54)
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Figure 2.5: (F2) Delaunay coordinates: the angles describing the system

Finally, following the usual procedure for the Delaunay coordinates (see for example
[25]), the free mass parameter u is set to be equal to m~5. This m™~3 is an effective
mass scaling for the Hamiltonian system, and is therefore usually used to obtain the

standard form of the integrable part of the Hamiltonian i.e. —ﬁ. This yields:

H4(£797L7G) = _27‘22 - G+U4(€797L7G) _m_% \% 1- M+M2TCOS (g+f - TO):
(2.55)
with
_2 _2
Us(t,9,L,G) = — e U1-A) m 1 (2.56)

\/r2+172rcos (g+ff%7r) \/72+1_2TCOS (g+f+5)°

In Delaunay variables, the two-Body Kepler energy HM (¢, g, L, G) takes the form:

Hé{w(&gaLaG) :_,u,3n32
2 (2.57)

T 2L2

Calling
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p=+v1—M+ M2rcos(g+ f—10)
= m3L2 [cosg ((% — M)(cosu —e) + %msinu)
+sing <§(cosu— e)— (3 — M)ﬂsinu)
pr=rcos(g+ f— %W)
)

— —m3L? [cosg (%(Cosu —e)+ 2Vl —eZsinu (2.58)
+sing <—%\/1 —e?sinu + ?(COSU - e))]
p2=rcos(g+ f+7%)
= m3L? [cosg (%(cosu —e)— @ 1—e? sinu)
+sing <—%\/1 —e?sinu — % (cosu — e))]
The Hamiltonian (2.55) becomes:
Bl Ggomi, mS(1-M)  miM . (2.59)
212 VrE+1-=2p1  /r2+1-2p;

The equation of motions of the Hamiltonian (2.59) are:

;o dm_am
 dL  dL
= 6LH* + arH* (aLT + (8u7ﬂaeu + 8@?”)8L€) + OpH*(aLP + (6upaeu + 3ep)aL€)
+0p, H (01,01 + (Oup10ct + Dep1)Ore) + 0py H* (DLp2 + (Oup20eu + Dep2)OLe)
i
97 4@ T G
= OgH" + 0, H*(0urdeu + 0cr)0ge + 0, H* (0yupOeu + Oep)Oce
+0p, H* (0up10ett + Ocp1)0ge + 0py H* (Oup20et + Oep2)dae
. dH,  dH
L= ~w ="
= —0,H"0yr0pu — 0,H" 0ypOpu — 0p, H* Oup10pu — 0p, H* Oyp20yu
. dHy dH*
e
= —0,H"0gp — 0y H*Ogp1 — 0p, H*Oypo . (2.60)
where
OLH* = 45,
OcH* = —1,
%« m_%(l—M)r mf%Mr
O H* = (\/7«24-21—2;;1)3 (V12 4+1-2p2)3 '
O, H* = —m~% | (2.61)
* __ -2 _ 1
ale = —m 3(1 M)<(\/m)3>a
* __ -2 1
Ol = =M <<¢m)s> !
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Moreover:
orr = 2Lm%(1 —ecosu)

1,
Oyr = eL?m3 sinu

1
Oer = —L?ms3 cosu

(cosu —e) + @msinia
—(3- M)msinu)}

6gp:m§L2 —smg((%—M)( e)—i—@msinu)
V3 i- M)msinu)}

oLp = 2m3L [cosg ( M)
—i—sing( (cosu —e)

+ cosg (5 (cosu —e) — (
8up:m%L2 [cosg( (3 — M)sinu+ fmcosu)
+sing( fsinu—(%—M)mcosu)]

8ep:m%L2 [cosg(—(%—M)—? & sinu)

OLp1 = 2m3L [cosg (—b(cosu — ) = V1= sinu)
—i—smg( V1—e2sinu — ‘ég(cosu—e))}

Dgp1 = ms L2 [— sin g (—%(cosu —e)— @msin u) (2.62)
+cosg (%msinu - ﬁ(cosu — e))}

Oup1 = m%[ﬂ [cosg (—I—%Sinu ok mcosu>
+sin g (lmmw sin)|

depr = m L2 {cosg (% + \f sinu )

OJ

Oupo = m3 L2 [cosg (—% sinu —
1

+sing —% —e?cosu + ¥%5° ]
Oepo = m3L2[05g< 2+\[ < sinu>

+sing (%\/Lsmu—i— @)}




CHAPTER 2. HAMILTONIAN DYNAMICS ABOUT TROJAN ASTEROIDS 37

Furthermore, since e = /1 — %; and u = u(f,e) solves the Kepler equation ¢ =

u — esinu, it is found that

2 1—e?)
dre = - = (
2 el
13,/1-5

de = — G _ J1=e2

- 2 L

LQ\/l—% € (2.63)

. __ __sinu
8eu =smu + ecosu 8@“ = aeu — 1—ecosu

. _ 1
Oyu =1+ ecosu Opu = Opu = T—ecosu °

In conclusion:

(=0 H =

1 4 L . a-Mm _ 4 1 sinu(l—e?)
iz T -1 {( ( /—1—2p1+r2)3> [cos (g —37) (QCosu e— 76(1_%05“))
+sin (g — %71’) ( V1 —e2sinu(l + %))]

1 sin? u(1—e?)

_ M 1 _e_1_
+ < (m)3> [cos (g + 3m) (2 cosu —e — - 6(1766()3“))
—l—sin(g—i—%w)( V1—e?sinu(l —i-m))]

1—ecosu)

+ (—W) |:COS(g—T() (ZCosu—e— 2 — M)

(1—ecosu)

+sin (g —7'0)< msmu(l—i— —e? COS“))}}

(1—ecosu)
o ( V1 12p114+r2 (v/1- 2p2+r2 [3 = 8e.cosu +2¢? cos® u — g cosu — €]
(2.64)
% {( 1 2p1+7"2 > {COS (9= 3m) (\/7(1 + (lfienjoléu))) +
+sin(g - fmsinu (i)
+ <(\/12]\:;[7) ) [cos g + ( (1 +a Slenzousu))) + -

1—ecosu)

+sin (g + i) smu( —etcosu )}

+<— 1—M+M2) [cos - 7o) ( Vet 1si£01;u))>+
+sin (g — 79) sinu 16‘;2%27;) }
3 1-M \/ _ }
+L <\/1 2p1+12)3 \/1 2p2+r2 (cosu —e)
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L=—-0,H =

G () oosta - 4 () +sin o — dm) (=)
i) [oos o 4 (i) sin o+ ) (V=)

+@Tjﬂiﬂﬂ%%@fmw m">+m@7mmﬂgﬁﬂﬂ}

l—ecosu l—ecosu

74 1-M M .
L Q¢P%Hﬂp+<meﬂaJ(“mw-

(2.66)

G=—0,H =
L2

_ L 1-M i _ 4 — _ 4 — 2

. {((m)3> (sm(g 37)(cosu — e) + cos (g 37r)\/ﬁsmu)
M i 1 _ . 1 2

+ (\/m)3> (sm (g + 37m)(cosu —e) +cos(g+ zm)V1—e smu)

+ m> <sin (9 —70)(cosu — €) + cos (g — 10)V1 — €2 Sinu)}

(2.67)
Since G appears in the Hamiltonian vector field only through e, it is convenient to

use e instead of G as the independent variable. Then the value of G is recovered by
the formula
G=Lv1-—¢e2.
The equation for é is:
¢ =0rel + 0geG =
L 1-M 4 (1—e?) sinucosu . 4 Vi_e2
_m% { <(m)3> [COS (g - §Tr) ( I—ecosu ) + s (g B §7T)1—ecoesu
—2ecosu + 1+ cos u)]

1—e?) sin . — 2
*( T ) [cos (g + ) ((U=s2mecest) 4 sin (g + ) pce

l—ecosu
—2ecosu + 1+ cos u)]

+ 1—M+M2) [cos(g—m)(wsw>+sin( — 70) Y=<

l—ecosu l—ecosu

2ecosu + 1+ cos u)]}

(-
73 M I
L <( ﬁ T )3 ( %1—2,02-1-712)3) ((1 e )Slnu)
= w(L, e, g).

(2.68)
In summary, in the variables (L, e, ¥, g), the equation of motions are

., {=0LH, g=0cH. (2.69)
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2.3 The inhomogeneous restricted two body problem

In the close vicinity of the asteroid the system is modeled as a two body problem,
which will be analysed in Chapter 4. Such dynamical model is here set and described
for different systems of reference and sets of coordinates which are necessary for the
analysis contained in the next chapters.

In this model an inhomogeneous primary body is considered, which rotates uniformly
around its axes of greatest inertia with constant angular velocity (2.

The units of measure will not be scaled, thus the mass of the body is ms.

2.3.1 Trojan centered, fixed, inertial reference frame

It is set a fixed inertial frame (F3) with the origin coinciding with the center of mass
of the Trojan and the third axis parallel to the axis of greatest inertia of the body such
that Q@ = [0,0,Q]. Let s = [s4, 5y, 5] be the position vector of the point mass P in this

system of reference.

§= U6 (2.70)

where U#(s) is the inhomogeneous potential of the irregular body which will be for-
mulated in terms of the spherical harmonics coefficient in Section 2.4.

System (2.70) is equivalent to the Hamiltonian system:

g — 0H?(s,S)
- oS
{ g  9H(s.8) (2.71)
- Js
with Hamaltonian:
H2(s,8) = 1[S[2 + UB(s). (2.72)

The formulation of the inhomogeneous potential U 12b(s) generated by the irregular Tro-

jan body, will be discussed in the Section 2.4.

2.3.2 Trojan centered, rotating reference frame

The Trojan centered rotating system of reference (F4) is now considered, rotating
anticlockwise with angular velocity € = [0,0,]. The change of coordinates is given

by the matrix:

cos (Qt) sin(2) 0
R(t)=| —sin(Qt) cos(Qt) 0 |, (2.73)
0 0 1

which defines the position vector of the spacecraft x = [x,y, 2] in the rotating system

| x = R'(1)s. (2.74)
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In this system of reference the equations of motion in (2.70) become:

i = 0%z + 20y + §, cost + §, sint
= 0% + 20y — 20X
i = Q% — 2Q& — 8, sint + §, cost

. . OUK) (2.75)
= Q%y — 205 — ayx
=3,
_ _UX®
- 0z
Equation (2.75) is equivalent to the Hamiltonian system:
% _ O X) (2.76)
ox
with Hamiltonian )
H?(x,X) := inP — Ox x X + U (x), (2.77)

in the conjugated variables X, x € R? with symplectic form dX A dx, where, again,
the potential U2’(x) will be discussed in Section 2.4.

2.3.3 The R2BP in Polar-Nodal coordinates

It is convenient to express the Hamiltonian and the perturbing potential using the so
called nodal-polar variables [26] so that it may easily be transformed to the Delaunay
coordinates in the later chapters.

. This set of variables, will here be indicated as (1,0, v, R,©, N), where r, 6, and v are
respectively the distance of the spacecraft from origin of the axes, the angular distance
of the spacecraft from the line of the ascending node on the orbital plane, and the
argument of nodes (see Fig. 2.6), while R, ©, and N are their respective conjugate
momenta.

Remark that this model spacecraft can move around the Trojan in the three dimensions,
therefore the four variables used before to describe the system in polar coordinates are

not sufficient.
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The transformation required is given in [27]:

= r(cosfcosv — sinf cos I sinv)

x
y = r(cosfsinv + sinf cos I cosv)
z

=rsinfsinl
o . o : (2.78)
X = (Rcos — > sinf)cosv — (Rsinf + > cos ) cos I sinv
Y = (Rcosf — %sin&) sinv + (Rsinf + 9 cos ) cos I cosv
Z = (Rsinf + € cosf)sin I
with N = |©|cos I.
Z
Figure 2.6: The Polar-Nodal angles
In these coordinates the Hamiltonian takes the form:
H3(r,0,v,R,0,N) = L(R? + &) — QN + U3’(r,0,v,_,0,N), (2.79)

where UZ°(r,0,v, ,©, N) is formulated in Section (2.4).
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2.4 The gravitational potential

By Newton’s Gravitational law the potential generated by a body of mass ms with

spherical symmetry whose position vector is x;, on a particle set in x is given by:

gms
Ix —x1|’

U(x) = — (2.80)

which can be generalized for a discrete mass distribution of N masses mi(;) whose po-

sition vector is x;, as the superimposition of the single potential of each mass:

T i (281)
=1 ’X o Xi‘ '

An arbitrarily shaped body B of finite extension is now considered. The potential
U2b(x) generated from such body, in the reference frame (F4) is firstly formulated. To
this end denote with x’ € R? the position of the infinitesimal mass element dms fixed

in this reference frame.

Figure 2.7: The potential generated by an arbitrarily shaped body B is the integral over
the volume the infinitesimal mass elements dmg

The gravity potential of such a continuous mass distribution on an external point
P set in x € R3 can be obtained from (2.81) substituting the sum with an integral over

the volume of the body, namely:

Ux) = —g [ LX) gy (2.82)

v [x—x|

where p(x’) is the density of the body and dV is the infinitesimal element of volume
(i.e. dms = p(x’)dV) and V is the volume of the body.

Notice that, to get back to (2.80) it is sufficient to impose the spherical symmetry
property, that is the radial distribution of density p(x) = p(—%), Vx € B.



CHAPTER 2. HAMILTONIAN DYNAMICS ABOUT TROJAN ASTEROIDS 43

With a few algebraic manipulations, calling » = |x| and ' = |x/|, it can be shown that:

p(x)
Utr ') = Q’/ V2 —2x - x/ —i—r’?dv
g p(x') oV (2.83)
' \/1—2%cos(w)+( )2

where 1 is the colatitude of x’ over x i.e. the angle between x and x'.
Indicating with P, () the Legendre polynomial of degree n, the expansion

(1—26n+17) "2 = }:n"P (2.84)

<%

is now used, which can be demonstrated by the binomial theorem generalized for all

exponents (other than only nonnegative integers).
Substituting £ = cos (¢) and n = ”7' yields, for %, < 1 (ray of convergence of the series):

w—ﬂéww( _Z<> sl 25)

1\‘3

Then, substituting into the potential (2.83), yields, for 7~ < 1:

00 =2 [[32 (%) Puteos oot yav (280

The condition 7“7/ < 1 implies that the model is valid only outside the reference sphere

that is the sphere circumscribing the asteroid.

Figure 2.8: The angle v can be expressed in terms of the latitude § and longitude A

Expressing the angle ¢ in terms of the latitude 0 and longitude X it is obtained that:

costp = sindsin ¢’ + cos § cos &' cos (A — \) (2.87)
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and the generic Legendre Polynomial P, (cos) decomposes to:

Py(costp) = ((2 - 5m,0)mW(sm 8)P™(sin &') cos (m(\ — A'))) (2.88)

m=0

(see [28]), where P*(x) is the associated Legendre function of degree n and order m
and d,, 0 (different from the latitude 0) is the Kronecker delta that gives 1 if m = 0,
and 0 elsewhere!.

The potential becomes:

U(r,r,6,\) _—/Z< )

-cos (m(A — X)) p(r', 8", N )dV

(n — m)' (3 M i S
<(2 - 5m70)m13n (sind) P (sind’)-

m=0

(2.89)
Now, calling, VO < m < n:
AN
Cpm = & lma) (o) / (7”) P (sind’) cos (mX)p(r', 8", X)dV
’ ma ek fy \a ’ 2.90
S, = 2=0mo) (nom)! "y Py (sin 8 sin (mN)p(r', 8", N )dV (290
n,m — ms3 (n+m)l v « n,m p 9 ?

where « is a conventionally chosen reference radius and it has been used that P* =
(—=1)™ P, m, to be consistent with [29]. Note that, in particular, the equations in (2.90)
imply that:

Cop=1

)

IN T
Coo=-L (7”) Po(sind)p(r', 8, N)dV ¥n > 0
) m3 % e%

(2.91)

Sn70:0 VnZO

Moreover, as the origin of the system of reference is set in the center of mass of the
asteroid, it can be demonstrated that the term C; o = 0.
The coefficients Co ¢ and Ca2 express the “ellipticity” and “oblateness” of the body.

Therefore it is found:

U(r,d,\) M Z ( ) —1)" (Cym cos (mA) + Sy, sin (mA)) Py (sin d)

m=0

(2.92)
where M = Gms.

The index m must not be confused with any mass parameter.
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Calling:

where:

Fo (A 0) := (=1)™P™(sin d) cos (mA)
min{j,m} L%J

(cosd m”';ﬁ?'z Z Z Z ((_1)j+£+p.

Jj=0 ¢=max{0,j+m—n} p=0

1
D= (=0 (n—m—j+0)G—0)(2p) (m—2p)!

(1 +sin 8)"~™=I+¢(1 — sin 6)7¢ cos (\)™*F sin (A)2p>
(2.93)

F2n(X0) := (=1)™ P} (sin ) sin (mA)
minfjm} 5]

(cos &)™ nmiZ m'2 Z Z Z ( 1)it+e+e.

j=0 ¢=max{0,j+m—n} p=0

1
"N =N (m—0) (n—m—j+0)1G—0)(2p+ 1) (m—2p—1)1
(1 +sin §)" ™I (1 — sin )7~ cos (A)" " sin ()\)QPH) )

which can be demonstrated by: Vm € N the fact that:

(2.94)

and

min{j,m}

PPa) = ()M -a)FERE Y Yy

J=0 ¢=max{0,j+m—n} (295)

n—m—j j—~
G Ee oo (L + ) I — )] ) :

The formulation for the potential, expressed in the reference frame (F4), to be substi-
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tuted in (2.77), is thus obtained:

n

U2 (x) = UZ(r,6,)) = — M Z ( )" (CoomFp (N 0) + SnnF (X, 9))
m=0
(2.96)

in which the following relations must be considered:

r=|x| =22+ y? + 22
cosd = _Vatty?
Va2 ty? 422

T

COS A\ =
/$2 +y2

Y

sin \ =
/1.2 +y2

together with their inverse:

Va2 +y?2 =rcosd

z=rsind
(2.98)
T = 7 oS0 Cos \

y =rsinAcosd

The potential is now expressed in the Nodal-Polar coordinates, by (2.78), which yields:

min{jm} L5

FLoa(1,6,v) 2nm'2n'22 3 ((—1)j+f+p-

j=0 ¢=max{0,j+m—n} p=0

: (j!(nfj)!él(mfé)!(n7m71j+ﬁ)!(jff)!(2p)!(mf2p)!) (1 + sin () sin (I))"~m=7+. (2.99)

(1 — sin (0) sin (I))7~*(cos (8) cos v — cos (I) sin () sin (v/)) ™2

-(cos (0) sin (v) + cos (I) sin (6) cos (1/))27’)

and
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min{jm}

F2 o (1,6,0) = mi*n |QZ 3 Z ( 1)i+ete.

Jj=0 ¢=max{0,j+m—-n} p=0

1
“\ =) m—=0)(n—m—j+0)1G—0)2p+ 1) (m—2p—1)1 ) *
(]( ) (m—L)!( JHONG—0)!(2p+1)!(m—2p )) (2.100)

(1 + sin () sin (I))"~™=7H¢(1 — sin (#) sin (1))? %

-(cos () cos v — cos (1) sin () sin (v))™ 2P~ 1.
(cos (8) sin (v) + cos (I) sin (6) cos (v))?*1)

where it should be noted that, in 7, (), 6), the term (4)™, with
)

™2 gin (A\)? in (2.93) cancels with the

(cos )™ = D™ in the same formula; analogously in }",%’m(k, 5), where (%)m arises from

D = /cos 02 + cos I%sin 02, arising from cos (\)

cos (A)™ 2P Lgin ()2 H

The potential becomes:

U2 (r,0,v,_,0,N) i( )" n (ComFln(1,0,1) + S 2,0 (1,0,0)) ,

m=0

(2.101)
which has to be substituted into (2.79).

The same potential can also be derived using the addition formula for non scaled spher-
ical harmonics [29] and Wigner’s rotation theorem for non scaled spherical harmonics

[30]. This derivation, see Appendix A, leads to:

n  min{n+m,n+j5}

U(T 9 v, 7’@ N Z Z Z Z 2n+m+j—2t8i2t—m—j_ (2102)

n=0m=0 j=—n t=max{0,j+m}

M% (An,m,jt cos (my — jO) + By jesin (mv — j0)),

where
N
= ci(N,0©) = cos (£) = /1L = \/ +2@ 2103
o (L) = | fizeosl — [1-§ '
si = si(N,©) = sin (5) 5 5
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and:
An,m,j,t = g_n,m,j,t (Cn,m COs (g(] + m)) — Sn,m sin (%(] + m)))
(2.104)
Bn,m,j}t - g_n,m,j,t (Cn,m sin (%(] + m)) + Sn,m COs (%(] + m))) ’
and
= mA3t—q - n n+m)!(n—j)! ntj n+j)!
Gnm.jt = (=1) P Ma t!(nJrjf?E)!—(i_nJr)W(Lft)]!ztfmfj)!(_1) 2]2%(7%&;(3%)'

((n+ J)mod; — 1)
(2.105)

where « is a conventionally chosen reference radius, usually taken as the radius of the
circumscribing sphere of the small body and Tmod, Stands for the value of x modulus
y, i.e. the integer reminder of the division of x by y, and where C, ,, and S, ,, as in
(2.90).

This formulation can be shown to be completely equivalent to the one in (2.101) and

will be used hereafter.



Chapter 3

The WSB and the range of
validity of the two models

In this chapter the range of applicability of the two models, the inhomogeneous Re-
stricted Two Body Problem and the Lagrangian CR4BP, is estimated as an application
of the WSB. This is only a minor application of the theory concerning the WSB concept
which is introduced and developed in this Chapter.

3.1 WSB: state of art

In January 1990 Japan’s ISAS Institute launched a pair of small spacecraft linked to-
gether into an elliptic Earth orbit. The smaller one, called MUSES-B, detached and
lost communication connections; it was supposed to go to the Moon and into lunar
orbit using a Hohmann transfer. The larger craft, MUSES-A, still orbiting the Earth,
was meant to send and collect communications to and from MUSES-B and perform sci-
entific experiments while in Earth orbit. It was then desired by the ISAS Institute to
try to get MUSES-A to the Moon as a replacement for MUSES-B, with a desired lunar
periapsis radius at capture r equal to 73700n + 100km. MUSES-A was never designed to
go to the Moon, and therefore it had a very small AV capability of approximately 100
meters per second (m/s), far less than what is necessary to be placed into lunar orbit
using an Hohmann transfer. A solution was found by Belbruno and Miller [31] at the
Jet Propulsion Laboratory (JPL) in June 1990 to enable MUSES-A, renamed Hiten,
to reach the Moon on a ballistic capture transfer to the region W, thus named lunar
Weak Stability Boundary. This transfer rescued the Japanese lunar mission; without
it, there was not enough AV to get Hiten to the Moon by any other means. Since then
low energy interplanetary transfers by means of WSB have been widely studied (see for
example: [32], [33], [8] and [34]), particularly, arousing the interest in designing lunar
trajectories ([35], [36], [37] and [38]) or to reach other systems of planets [39]. Many

49
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different ways have been proposed for designing them ([40], [41], [42], [43]). All of these
techniques for ballistic capture transfers used this “fuzzy” set, the WSB, upon arrival.
Moreover, the Weak Stability Boundary theory has been applied to ESA’s spacecraft
SMART-1 in 2004 [44], in NASA’s GRAIL mission in 2010 and will be applied again
in ESA’s BepiColombo mission to explore the planet Mercury [45].

There exist a wide range of descriptions of the WSB, which may (and sometimes
may not) help to get a general idea of this Cantor-recalling set. Among them “a gen-
eralization of the Lagrange points and a complicated region surrounding the Moon!”
[31], or “a region in phase space supporting a special type of chaotic motion for special
choices of elliptic initial conditions with respect to mgy” [8]. Moreover “a transition
region between the gravitational capture and escape from the Moon in the phase space”
[46] which “supports transitory behavior and the motion associated with this region is
both unstable and chaotic in nature” [47]. Independently from their utility in clarifying
the concept of WSB, these descriptions highlight the complexity of its mathematical
structure.

Edward Belbruno, in [8], was the first to formulate the algorithmic definition of WSB,
presenting its geometry for the Earth-Moon-spacecraft CR3BP, planar case, in terms
of the initial eccentricity, pericenter, altitude and Jacobi constant of the osculating
orbit. Then Garcia and Gémez in [9] provided a new definition, again algorithmic,
which addressed all the inadequacies of the previous one (see Section 3.3.2), and gave
numerical evidence of the shape of the WSB arising from their definition. Moreover
they introduced a generalisation of this concept: the n!* WSB. This is obtained by
monitoring the stability of a trajectory about the Moon after n-cycles, instead of 1
cycle as in [8], and collecting the n boundaries obtained. This generalized boundary
has an interesting fractal appearance and, as conjectured in [48], may be related to the
limit set resulting from the invariant manifolds of the Lyapunov orbits associated to L
and Lo near the target planet. Such a connection was already suggested in the 1960’s
by Conley. He also conjectured the weak capture for the Earth-Moon-spacecraft R3BP,
suggesting that the invariant manifold structure associated to the unstable collinear
Lagrange points would have to somehow play a role, although he didn’t provide any
demonstration. If proved to be true, that would be a surprising result, providing a new
approach for studying such limit sets in general, with a consequent number of promising
applications to mission design and dynamical astronomy.

However, the nature of the weak stability boundary and its associated dynamics has not
been well understood yet [47], meaning that to give any estimate on this complicated

global limit set normally requires extensive numerical computations.

L As it is mainly applied to the Earth-Moon-Spacecraft CR3BP, the descriptions are usually referred
to the Moon as the target body (m2).
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3.2 Introduction and main results

As, thus far, the existing definitions and theories on the WSB are all algorithmic and
therefore can only be studied in a numerical way, no general, topological properties can
be deduced by them. This implies, in particular, that the WSB, as it can be found
in the literature, cannot be used for aim of this Chapter: apply the WSB to estimate
analytically the range of the stable orbits. Indeed, to get this estimation, which will
then be used in the next chapters as the estimation of the set of applicability of the
two dynamical models proposed, an analytical definition of the WSB set is needed.
To this end, in this thesis a completely new, analytical definition of the WSB, co-
herent with the previous algorithmic definitions, is built in Section 3. Moreover this
theory, usually applied to the Earth-Moon-Spacecraft CR3BP, is here generalized, in
view of the applications, to the Lagrangian autonomous, coplanar CR4BP, therefore
representing a double step further in the development of this theory. However, setting
the mass parameter of the smaller primary to zero, its usual setting, the CR3BP, can
be obtained back. The new, analytical definition introduced in this thesis is then also
compared with previous definitions of WSB from the literature, which highlights the
improvements brought by the analytic definition. Furthermore, as such new definition
is analytic, it allows for the first time some generic topological properties of the WSB
to be deduced, which are here discussed as well. Then the symplectic Delaunay coordi-
nates, unusual for the WSB theories (i.e. not used in the previous literature), are here
used to rewrite the problem. It results that these coordinates are suitable for estimating
analytically the WSB and, consequently, the range of validity of the two models?. The
analytic estimates on the Hamiltonian vector field in Delaunay variables are enabled by
the assumption that, if the spacecraft starts close enough to the smaller primary, then
the mean anomaly is a so called “fast angle”. As these estimates are based on the set
of stable orbits around the smaller primary, they provide a highly accurate description

of this region.

2For low values of the eccentricity good stability estimates can be obtained working with the usual
polar coordinates. The range of applicability of the models will here be estimated for eccentricities
eq > % as these lead, in general, to worse estimates (i.e. to a smaller set in which the dynamics can be
considered as dominated by the sole smaller primary). In this case the stability estimates deteriorate
and polar coordinates are no longer convenient for analytic estimates.
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3.3 Various definitions of the WSB

Three main definitions of Weak Stability Boundaries are introduced in this section. The
first is the algorithmic definition given by Belbruno (see for example [8]). The second
is the modified version given in [9], which corrects and completes the former, although
it is still algorithmic. Finally the latter is a new, analytic definition of the WSB, fol-
lowed by a topological analysis of it and a comparison with the previous definitions,
which represents one of the novelties of this thesis. All these definitions are based on
the concept of “ballistic capture”, here presented as well, following the definition in
[8]. Ballistic capture is based on monitoring the sign of Kepler’s energy function of the
target body-spacecraft system, for which, in Chapter 2, various formulations have been

found, for different reference frames, all equivalent to the one given in [8].

3.3.1 Belbruno’s definition of WSB

Consider a solution (t) of the Hamiltonians (2.28), (2.38) or (2.42). Note that it is
not important to specify which one among Hi(s,S;t), Ha(x,X) or H3(r, 0, R,0©) is
being considered since they are related by symplectic changes of variables. Obviously
HM = HZM for some i = 1,2,3, the two-body keplerian energy, must be intended in

the same variables of the corresponding Hamiltonian.

Definition 2 (Ballistic Capture)
Given 0 < t; < 0o. A Spacecraft is said to be ballistically captured by a primary in
t =t if

HY (4(11)) < 0. (3.1)

Definition 3 (Osculating ellipse)

In the asteroid centered frame (F1) the osculating ellipse, is the orbit made by the
spacecraft around the asteroid in the asteroid-spacecraft two-body system (i.e. neglect-
ing the other two primaries) with negative energy. In it the asteroid is set in one of the
foci of the ellipse. In other words it is like considering the motions of the Hamiltonian

HM when the energy is negative.

Recalling the relation between the orbital elements of the osculating ellipse (see, e.g.,
[25] for details): the eccentricity e, the energy E, the major semi-axis a, the minimal
T'min and maximal r,,., distance from the asteroid (pericenter and apocenter respec-

tively) are:
wm

E = ,
2a

Tmin = a(l —e€), Tmaz = a(l +€). (3.2)
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Definition 4 ((rg, e, Jo)-Test orbit)
In (F2) consider radial line | emanating from the asteroid (see Fig.3.1) and inclined
of an angle 99 € S' with respect to the axis ', which is the axis passing through the

asteroid and parallel to one joining the other two primaries (see Fig.2.1). Then the

unstable { (6)
- rd

's-rabie

i
|
Stn
L @ &
Jupiter

Figure 3.1: Stable and unstable test-orbits

((ro, €0, V0)-Test orbit) is the trajectory of the spacecraft which, at time t = 0:
e departs from the line | at a distance rog > 0 from the Trojan

e is at the pericenter or at the apocenter of the osculating ellipse, i.e. its initial

velocity vector is normal to the line l, pointing in the direct or retrograde direction
e with a fived initial eccentricity® ey € [0,1].

Therefore the initial conditions in polar coordinates are (recalling (2.44) and (3.2)):

R(0)=0, O(0)==xpy/mro(lte), r(0)=r9, 6(0)=1p, (3.3)

where in ©(0) the first £ is 4 in the direct direction and — in the retrograde one and

the second £ depends if one is at the pericenter or at the apocenter.

Definition 5 (Stability)

A test orbit is said to be stable about the asteroid if, after leaving I, makes a full cycle

3This implies that the two body Kepler energy is negative.
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about the asteroid in a time T > 0 without going around any of the other two primaries
(or crashing into it) and returns to a point on | with HM (1(T)) < 0.

Definition 6 (Instability)

A test orbit is said to be unstable about the asteroid if:

e it performs a full cycle around the asteroid without going around any of the other

two primaries and returns to a point on | with HM > 0

e the Spacecraft moves away from the asteroid towards any of the other two pri-

maries and makes a full cycle about it or collides with it.

The stability definition above corresponds to the ballistic capture with respect to the
asteroid given in Definition 2 at time both 0 and 7" (“ballistic capture transfer”). The
first condition of instability is called ballistic escape from the asteroid, while the second

is called primary interchange escape.

For every fixed (e,6) € [0,1] x S* Belbruno claims [8] that it is possible to find
numerically a finite distance ' = 7'(e,#) > 0 from the target planet such that a
(r,e,0)-test orbit is

stable if r < 1/(e,0), unstable if r > r'(e,0). (3.4)
Definition 7 (Belbruno’s WSB)
W= {(r,e,0) e Rt x[0,1] x ' st. r=1'(e,0)}.

Note that W is a two dimensional stability transition region of position and velocity,

which has two components corresponding to the direct and retrograde motions.

3.3.2 Garcia-Gémez definition of WSB

Garcia and Gomez, in [9], stress some lack of accuracy in Belbruno’s definitions. One
regards the definition of unstable orbits and the other the definition of the radius of
the change of stability 7/(6, e).

More precisely, the latter arises from noticing that Definition 7 is not exhaustive of
the complementary set of the Stable orbits as given in Definition 6. Therefore a more
general definition of instability is adapted in [9], where is defined as unstable any orbit
that does not fulfill the Stability criterion. On the other hand, they highlight that
it is not clear how, for fixed values of 6 and e there exists a unique finite distance
r'(0, e) defining the boundary between stable and unstable orbits. In fact it is shown in
the paper that for each fixed inclination and eccentricity there are many changes from
stability to instability and that the set of the stable points recalls a Cantor set.

Then, in [9], an extended definition of WSB is proposed:
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Definition 8 (Garcia-Gomez WSB)
V(e,0) € [0,27] x [0, 1] there exist a finite number of points (up to a certain precision)

ry =0,r5 =13(e,0),...,15, = Tn(e,) Such that if v belongs to

S*(e,0) = | [r55-1.73;] (3.5)

1<j<n

the motion of a (r,e,8)-test orbit is stable according to Definition 5 otherwise it is
unstable. Then the WSB is defined as:

W= {(r,e,0) € RTx[0,1]xS" s.t. r € W(e,0)} where W(e,0) := 05*(e,0) C R*.
(3.6)

The number of points r; and their values, varies with the values of 6 and e, as well as

with the precision of computation.

As r{ = 0, the radius r3(e, 8), for each fixed 6 and e, represents the bigger radius
such that VO < r < 13(e,0), a (r, e, 0)-test orbit is stable. Therefore, V0, e fixed, r3(e, 0)
could be seen as a lower limit of the WSB. However, as the stability /instability of an
orbit is determined in a purely numerical way, all these properties would be true only
limited to a certain precision®, which means that nothing prevents an unstable test orbit
to be found in the stable interval (0,73 (e, #)], once the precision has been increased. In
Section 3.5 some analytic estimates on 73(e,#) (i.e. with “infinite” precision) will be

given.

3.3.3 The new analytical definition of WSB

Remark 1 In the following the only component of the WSB to be considered will be
the one generated by direct motions; analogous consideration for the retrograde motions

are possible (leading to better stability estimates in Section 3.5).

Interesting topological considerations on the WSB are possible if Definition 5 is
modified by adding the request that the angular velocity 19(T) of the test orbit (see
Definition 4) at the time 7" > 0 of first return to the line [ (after making a full cycle
around the asteroid) is strictly positive, namely 19(T ) > 0. This “transversality” condi-
tion is (sometimes) implicitly assumed by Belbruno and [9] and explicitly by Topputo
[34].

4Note that Belbruno’s definition of WSB is affected by the same dependence from the accuracy of
the numerical evaluation
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For (e, 0) € [0,1] x St it is set

S=2S5(eb) = {r>0 s.t. the (re, 0)—test orbit is stable according to Definition 5
and 9(T) > 0}. (3.7)

Then the new, analytical definition of the WSB is:

Definition 9

W= {(r,e,0) € RTx[0,1]xS" st. r € W(e,0)} where W(e,0) :=dS(e,0) C RT.
(3.8)

The relation between the analytic definition of the WSB and the previous ones,
that are algorithmic in nature, is now investigated.
Given a 6 > 0 it is defined a subset Ss(e, ) of S(e, ), which is a “J-approximation”
of S(e,#). By Proposition 1 S(e,§) is the disjoint union of at most countable open
intervals I;(e, 0), 0 < j < j(e,0) (where j(e, ) € NU{oo}), with Iy(e, 8) = (0,7*(e, §)),

plus at most a countable set of points. Therefore

meas(S(e,0)) = Z meas(I;(e, 6)) . (3.9)

0<j<j(e,0)

Then, there exists® j5; < j(e, #) such that

Ss(e.0):= | J Ii(e,0) € S(e,0) (3.10)
0<5<js
satisfies
meas(S5(e,0)) > meas(S(e,8)) — 4. (3.11)

Consequently it can be defined a “d-approximation” of the weak stability boundary

setting

Ws == {(r,e,0) e Rt x [0,1] x S* s.t. r € Ws(e,0)} where Wj(e,0) := dSs(e,0).
(3.12)

Remark 2 If 6 > 0 is the “computational error” the sets S*(e,8) in (3.5) and Ss(e, 0)
have the same form, being finite union of disjoint intervals®. The same holds for

W, W(e,0) in (3.6) and Ws, Ws(e,0) above.

5If j(e,0) < oo one can take j5 = j(e, 0) — 1.
5The fact that the intervals in (3.5) contain their endpoints is irrelevant since it does not affect the
boundary.
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3.4 The topology of the WSB

The topology of the stable set S(e, 0) is firstly considered (recall (3.7)), initially showing
that S(e, 0) is bounded.

Lemma 1 If g is large enough (independently from e and 6), a (ro,e,0)-test orbit is
never stable, according to Definition 5. In particular, for every (e, ) fixed, S(e,0) is a
bounded subset of RT.

Proof Assume that” ro > 10%. It is claimed that V0 < ¢t < 47«

%0 <r(t)<2r0,  |O()] < 30uro. (3.13)

By the Hamilton’s equation for the Hamiltonian Hs3(r, 6, R, ©) in (2.42) it is found:

.0 )
b=— -1, [6< ol <
oz L 16l g, i<

2ur 0?2 1 r+1

-+t 5+ —F+1. 3.14
12r3 2 + Ir—1[3 - (3.14)
Let us prove (3.13) by contradiction. Assume that there exists 0 < T < 4m such that
(3.13) holds V 0 < t < T and does not hold for t =T. Then V0 < t < T it results

: L 807 4
KTy To
Which yields
By(3.3)
O(t)] < ©¢ +4rp(3+2r9) < puv2ro+28urg < 29uro, (3.16)
and
2 4 T?
<20 1 sy ) ol <4h <322 <2 (3.17)
0 0 2 3

V0 <t <T. Then yields

7o

O(T)| < 29uro,  |r(T) —rol < 5

(3.18)

namely (3.13) still holds for ¢ = T', which is a contradiction. Recollecting it has been
proved (3.13).
By (3.14) it is found that V0 < ¢ < 4~

It) < == —-1< -5 (3.19)

7Obviously no effort has been made in obtaining the best value of 7, since the aim of this study is
only in its existence.
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This means that the orbit makes a clockwise turn around the origin in a time 0 <
T, < 47. In particular, since r(t) > 5000, it makes a clockwise turn around the three

primaries, and therefore it is not stable (according to Definition 5).

Proposition 1 For every (e,0) € (0,1) x S, S(e,0) is a bounded set formed by at
most a countable disjoint union of open intervals plus at most a countable set of points.
Moreover there exists r*(e) > 0 such that S(e,8) D (0,7*(e)).

Proor
Fix (e,0) € (0,1) x St. If # € S(e, ) the first time T of return on [ after making a
circle around the asteroid is an analytic function of r in an open neighborhood of 7.
Denoting ¥(t;7) = ¥(t; 7, e, 0) the flow of the (7, e, 0)-test orbit. Let ¥(t;7) be its -
component. Indeed if T is the first time of return w.r.t. 7 then, using the transversality
condition

IT;7) =0, orV(T;7) = V(T;7) > 0 (3.20)

and the implicit function theorem (in analytic class®) is applicable to the equation
HT;r)=0. (3.21)

Then an analytic function 7' = T'(r) is found such that ¢(7'(r);r) = 6 for every r in an
open neighborhood of 7.
Define
Soo=S<o(e,0) :={r e S(e,0) st. HM(H(T;r)) <0} (3.22)

S_o=S_g(e,0) :={r e S(e,0) st. HM((T;r))=0}. (3.23)

Obviously S = S<o U S—o.

Note that S-¢ is an open subset of RT. If ¥ € S_g, for every r in an open neigh-
borhood of 7, T(r) is well defined, J(T(r);r) > 0 and H(¢(T(r);r)) < 0 by continuity,
since the Hamiltonian flow is a diffeomorphism.

The topology of S—y is more involved. Assume that ¥ € S_g. Still for every
r € (F— e 7 +¢€) (with e small enough), T'(r) is well defined and J(T(r);r) > 0 by

continuity. Consider the analytic function

h(r):=H@((T(r);r)). (3.24)

Taking r € (7 —€,7 + €); then r € S—¢ iff h(r) = 0. Since h is analytic, two cases are
possible: h is identically zero on (7 — €, 7 + €) or there are at most a finite number of
zeros in [F—e/2,7+¢/2]. Consequently any point of S— is an inner point or an isolated

point. Since the number of isolated points of a subset of R is at most countable?, S_g

8Note that 9(T;r) is an analytic function of 7' and r, since the Hamiltonian flow is analytic.
9Since it can be covered by a union of disjoint open intervals.
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is an open set plus, at most, a countable set of points. The same holds for S.

Note that, by standard measure theory arguments, any open subset of R is formed
by at most a countable disjoint union of open intervals (with at most one unbounded
interval).

It will be proved later (see Corollary!'® 1) that, if 7 is small enough (uniformly on e
and 6), then r € S<o. Moreover S is bounded by Lemma 1. The proof of Proposition

1 is now completed.

Remark 3 [t is conceivable that for some e, 0 the set S(e,0) does possess isolated

points, however to prove it is not straightforward.

3.5 Analytic estimates on the stable zone around the Tro-

jan

As the aim of this chapter is to estimate the range of applicability of the two models
which will be analysed later, as an application of the WSB, a realistic, analytic estimate
from below on r*, as defined in Proposition 1, will, in this section, be derived. This,
being an estimation of the set of the stable orbits, will therefore be used as an estimation
of the set in which the dynamics can be modeled using the sole Trojan, and neglecting
the gravitational influence of the other two primaries.
For low values of the eccentricity good stability estimates can be obtained working with
the usual polar coordinates (see the reference frame (F2)). However, in view of the
applications (i.e. determining the range of validity of the inhomogeneous R2BP), we
will focus on the eccentricities ey > % as they lead to smaller estimations of the stable
set. In this case the stability estimates deteriorate, moreover polar coordinates are not
convenient for analytic estimates anymore. Thus symplectic Delaunay coordinates are
thus used, which are suitable for analytic estimates in the relatively large eccentricity
regimes. Therefore some analytic estimates on the Hamiltonian vector field in Delaunay
variables (see Lemma 2) are found, using the assumption that, if the spacecraft starts
quite close to the Trojan, then the “mean anomaly” is a so called “fast angle”. This
means that the Spacecraft actually comes back to the starting line [ in a time of
first return 7" which is quite short, allowing to estimate the variation of all the other
variables over one revolution. Such estimates allow the formulation of the stability
properties stated in Proposition 2, which leads to the desired estimate from below on
r*(e) contained in Corollary 1.

The system in the Delaunay coordinates has already been derived in (2.55), with

the corresponding two body keplerian energy (2.57).

10 Actually in Corollary 1 the only case considered is when the eccentricity is larger than 1/2, as the
case of eccentricity smaller than 1/2 is simpler (see Remark 4).
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Notice that, by construction, Delaunay variables describe only motions with HM <
0. This is not a problem here. As a matter of fact the aim of the next sections of this
chapter is to show (analytically) that orbits starting sufficiently close to the Trojan are
stable according to Definition 5.

By the fact that L = py/ma and (2.47) it is found that:

r=a(l —ecosu) = m%L2(1 —ecosu) (3.25)

and therefore, by (2.57):

W=

M _ ™ (1 ;Tecosu), (3.26)
which at the pericenter, namely when f =u=/¢=0, is
1
oM = —””(;Tfe), (3.27)
which differs from the one usually adopted by Belbruno HM = —m(;;e) by a positive

mass factor mg, but, as the interest of this study is focused on the sign of this function,

here the two are essentially equivalent.

By (2.50) the angle ¥ as function of the Delaunay variables is
v=f+g, (3.28)

since f+ g is the angle between the Trojan-Spacecraft and the axes passing through the
asteroid and parallel to the line connecting the two main primaries (see Figure (2.5)).
In the rotating frame (F2) an orbit (r(¢),9(t)) of the Spacecraft starting at time t = tg

makes an (anti-clockwise) circle around the Trojan in a time T > 0 if

to+T g to+T
/to L dt:/to S o) dt=om (3.29)
A (rg, ep,Y0)-test orbit (see Definition 4) in Delaunay variables has:
1) f(0) =0 or m (pericenter or apocenter) ey u(0)=0orm 250 (0)=0orm
2) 9(0) = Jo, (starting on the line [ with inclination ) 250 g(0) =vg or ¥+ 7
3) r(0) = rg (starting at a distance rg from the Trojan)

(3.25) rom—1/3
= L(O)= V (TFe0)
4) e(0) = e (starting with eccentricity eg) 249) G(0) = £L(0)y/1 — €2 (+/— for

direct /retrograde direction).
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Recollecting a (rg, eg, ¥g)-test orbit has initial data

L(0) = \/rom—1/3/(1 Fep) (—/+ for pericenter/apocenter),

G(0) = 4y/rom~1/3(1+eg) (+/— for direct/retrograde and pericenter/apocenter) ,
¢(0) = Oorm (pericenter or apocenter),

9(0) = o (3.30)

(recall also (3.3)).

For some fixed

0 < Lymaz , 1/2 < emin < €maz <1, (331)
satisfying
Fmaz = m"2L2 (14 emaz) < 1, (3.32)
we set
Q:= {(Laeafag) | L€ (0;Lmaz), €€ (emin;€maz), £, g€ Tl} . (3.33)

Notice that, by (3.25), in Q
0<r<rTmaz <1. (3.34)

Remark 4 In view of applications it is assumed
emin > 1/2. (3.35)

Howewver it is possible to prove that better estimates can be obtained for smaller values

of the eccentricity.
Let us define

So = igf@LH, S = —igf OgcH, Sy:=sup|0/H|, S3:=sup|wl. (3.36)
Q Q

The next Lemma contains some analytic estimates on Sp,S1, 52,53 in terms of
Lmax, €min,s €mazx (deﬁned in (331))

Lemma 2 It results

So> Sy, sup[l+0cH|< S = S1<1+851, S9<8Sy, S3<8;, (3.37)
0
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where

2
5,0 — 1 _ Lmaa: 1—M+M2< 1 - _1> (1+emzn)

L?nax m% (1 - Tma;t) €min
1 (14 emaz)?
. 4 3.38
ma <(1 - 7ﬁma:r:)3> Emazx 7 ( )
- L 1 \/3 + 2e e
S = T T My M2 < - 1> T Tmin(3.39)
m3 ( - rmaw) Emin
2
1 1- Cmin
L3 1 ; 3.40
+ max (1 o Tmax) Comin ( + €mm) ( )

~ L 1 3

Sy = T \/1 — M + M2 —1)24/1—¢€2. mar___(1 —¢2 . Y3.42
’ m% * (1 - rmax) Cmin (1 - rmax) ( emmI

Proof

Calling:

e e(l—ecosu)

A= (2cosu—e— L - Spulocy) (3.43)
) —e2)cosu ‘
B = (—VI=sinu(1 + Lpdens)
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ming O, H

- Lmax maX
max

L
( W1- 202+7’ )3> [
1—M—|—M2> [Acos (g —79) + Bsin (g — 70) ’}
1-—

>

4 4
Acos(g— =m)+ Bsin(g — =7
< 1—2,01—1—7"2) )[ (9 3 ) (g 3 )

Acos(g+ 3 L)+ Bsin(g + 7TB]

e

3 M ‘
maz MAX 2 + 2)3
o (\/1—2/)1—1-7“) (V1 —=2p2 +12)
1
max ‘3—36005u+2620032u—cosu—ez}

ec [emin 76maz} ,ue [O,Qﬂ}

1 1
> L31 — Lmgz yax { fcosg || —A= + Bﬁ 1—
max m3 (9] 2 2 ( /1 — 2p1 + 7«2)3
1_pVv3 1 1 V3 1
+M<(A2 B¥?) (1 (W)?’) +(;A+B 2)<1 Ty }
; _pBl_ A;’) 11
+sing |: 2 2 < (\/m)g)
1 V3 _ 1 1p_ A3 _ 1
Y R P
3 1-M M
—L, .. max + .
(V1=2p1+72)3  (\V/1—2pg+1r?)3
. max 3—3600SU+262C082U—1COSU—62}
e€lemin,emaz],u€[0,27] e
> A — Lmee /T M+ M? <71 L - ) max {\/A2+B2}
max m? (I=rmaz) e€lemin ,emaz],u€[0,27]
1
+L3 <m> eE[emm,eﬂfﬁ welo.20] {‘3 — 3ecosu + 22 cos® u — Jcosu— e? }
1
> b - Lo T-M M2 (=t 1)
= Lhar 3 + (I=Tmaz)? ee[emm;ﬁ?ﬁ uef0,2r] | \ 4€2(1 — ecosu)
(10 + 22e2 + 8e — 3e(7 + 13e?) cosu + 6(—1 + 3e? + 2¢*)-
1
-cos (2u) + (e — €* — 4€°) cos (3u))) 2
3 1 (1+¢)?
+Linax ((I*Tmaz):S) ee[egifmm] { e
1
> g - Lo T M 02 (=t - 1)
L3ae m3 + (1=rmaz)? uér[l(%(ﬂ 4e2 . (1 — epin cosu)
(10 + 22€2,;,, + 8epin — 3emin (7 + 13e2,, ) cosu + 6(—1 + 3e2,, + 2e ;)
1
-cos (2u) + (emin — efmn — 4efm.n) cos (SU))) 2 ’}
3 1 (1+¢)?
+Lmaa7 ((1*""777.(12)3) ee[efnrili}émaz] { e
(3.44)
where it has been used that
max (Acosg+ Bsing) =/ A? + B? (3.45)

g€[0,27]
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and it has been noted that, by (3.35), the function

(% (10 + 22¢? + 8e? — 3e(7 + 13¢?) cosu + 6(—1 + 3e* + 2¢*) cos (2u)+

4e2(1—ecosu)

D=

+(e — € — 4¢%) cos (3u)))

reaches its maximum in u = 7 leading to the decreasing function (1 + ¢)?/e.
The function
2.2 1 2
3 —3ecosu + 2e” cos”u — —cosu — e
e

has two relative maxima in v = 0 and v = 7© Ve € (0,1], u € [0,27]; therefore the
absolute maximum is reached for u = 7. Finally (1+e¢)3/e is increasing by (3.35). This

proves (3.38).
Analogously, Calling:

A= (VO )
B = s<inu (‘ei—co(slu) ) ) (3.46)

e(l—ecosu)
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It results:

supq |1 + 0cH|
-M 4 4
< Lmez max {Acos — -m) + Bsin —71}
(\/WV [Acos(g+ 3 ir +Bs1n(g+37r)]
+< 1—M+M2> Acos (g —19) + Bsin (g — 19)] }
+L3 .. max + M .
Q (\/1—2p1—|—r2) (V1 —=2pg +12)3
-max
Q e
< Lmea max 4 (1-2M)— LM + M
m3  Q 2 (V1—=2p1+72)3  (V/1—2py+1?)3
+73B (1 1 LM — M )] cos g

1-2p1472)3  (y/1-2pa+r2)3
_g ((1—2M)— 1-M + M
A

(cosu — e)

(\/172p1+r2)3 (\/172p2+r2)3

_ 1-M - M .
<1 (V1=2p1472)3  (\/1-2p2412)? f—
) maXc| ] 1;e2 (I+e)

€min;€max

1
< Lmazm .y
< e TN (55 1) g % s Vo
2.
(i) Lo (1 4 i)

(17,,nmaz)3 €min

1
< Lmaz /T N+ M2 () — 1) max _\/ f1(emin, cOSu)

m3 (1 — Tmazx 3 w€(0,27]

(i) Y51 4 )

max (177~maz)3

(17Tmaz)3 €min

(3.47)

1
e2(1 — ex)

file,x) == (4 - 3e? — (2¢ — €*)z — (3 — 2¢?)2® + ex?)

and it has been used that fi(e,cosu) is monotone decreasing in the eccentricity Vu €
[0, 27]. Since

1 2 o 2, 3y, 1—¢€ 1—e?
fl(e,x):m(?)—% —ex — (3—2e")z’ +ex’) + —5— = fole,z) +

where
(1 —22)(3 —2¢? - 2)

fale,) = e2(1 —ex)

Note that, for |z| < 1, f2 is a positive function which attains maximum for 0 < z < 1.

For 0 < x < 1 the term 1 — 22 is decreasing, while (3 —2e? — z)/(1 — ex) is increasing.
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A rough estimate of this value is obtained the first term in = 0 and the second one

in x = 1, getting 2(1 + e)/e%. Recollecting yields

3+ 2 —¢€? <3+2emm—e2

min
2 — 2

Cmin

0< file,x) <

(&

Finally it has been used that the function v/1 — e€2(1 — e)/e is monotone decreasing.
By (2.66), calling

A= (g
B = (7v1—e2cosu>

l—ecosu

(3.48)

L2 1-M 4 , 4
< max — - —
supq |0¢H| < g mgx{‘(( ) [Acos(g 37T)+BSIH(Q 37r)

V120 )
* <(\/Tﬂi+z)3) [Acos (g+ 3m) + Bsin (g + 37)]
* (m) [Acos (g —70) + Bsin (g — TO)]‘}

A 1-M M ,
+L;, . max + max {|esinu|}
Q (V1—=2p1+72)3  (/1—2py+12)3 Q
A 1-M M
< Lgﬂ%“‘ max<{ || = | (1 -2M) — +
m3  Q 2 (v1—=2p1 +72)3 | /1—2p2+r2)3

_ V3 _ 1-M _ M
B<1 Wiy (\/m)aﬂcosg

B — _ 1-M M
i [2 ((1 2M) (V1-2p1472)3 + (V1-2p2-+12)3

V3 _ 1-M o M .
MR (1 (V1201117 <\/12p2+r2>3>] Smg] ‘}

4 1
+Lmax (1 _rTrLa(L')S Emaz

L3gs 1 Iteman 1
< B T M+ 02 (—1+ by ) /2522 + L i emas

(3.49)
where in the last inequality it has been used (3.45) and the fact that

14+ ecosu < 14+ emaz

(1—ecosu) =~ 1—emar

Then (3.41) follows.

We conclude estimating w in (2.68), calling:

A= (1—e?)sinucosu
- l—ecosu (350)
B = Yl=c (—2ecosu+ 1+ cos®u)

l—ecosu
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mer max
nt SO\ (VI =200 7

(ot ) [eos(g + 4m) + Bsin o + )

4 4
supgq |w| < ) [A cos (g — §7T) + Bsin (g — §7r)

V20 177)8
+ (m) [Acos (g —10) + Bsin (g — To)]‘}
1-M M
+L3 .. max + max { |(1 —ez)sinu‘}
0 (VI=2p1 +72)3  (V1—2py+1r2)3 o
A 1-M M

< Lo max } || 2 ( (1 - 200) - +

g || S (S
_ V3 IR . S M

2 B\~ Vi~ iceery ) | 59

B . _ 1-M M
+ |:2 (1 2M) (\/172p1+1"2)3 + (\/172p2+7.2)3

V3 _ 1-M o M .
T4 <1 V1201172 <\/12p2+r2>3>} Smg} )}
+Liar s (1= €

max (1_7~maz mm)

L7na:c
< Syl — M+ M? (1 - m) 201 = €pin + Lnaa s (1= i)

m3

(3.51)
where in the last inequality it has been used (3.45) and the fact that
10 — —
0 — 15ecosu + 6 cos2u — ecos 3u <16.
(1 —ecosu)
Note that
So—oo, S, S2/Lmaz, S3 =0, as Lyew — 0. (3.52)

In the following it is assumed that
i?)f 8LH = S() > 0, —Sl = igf a(;H < sup 8(;H < 0, So > 551 , (3.53)
Q

SoT < Linas » 255T < €max — €min where T = 27/(So — S1). (3.54)

Note that from (3.52) these conditions can always be assumed if L;,q, is small enough.

Then it can be chosen

0< f/max = Liaz — S2T < Lmaz ,

emin < Emin = €min + 93T < Emaz = €maz — 93T < €maz (3.55)
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and set
Qi={(Le.0.9) | L€ Lunaal €€ [eminsEmasl, £, g€ T'} . (3.56)
Lemma 3 Assuming (3.53) and (3.54). Then
(L(0),e(0),£(0),9(0)) € Q = (L(t),e(t),L(t),g(t)) €Q, Vte[0,T].

PROOF Assume by contradiction that 37T, € (0,T) such that (L(t),e(t), £(t), g(t)) €
Q for every t € [0,T%), but (L(T%),e(Ty),L(Ty),9(Tx)) € 2. Then (at least) one of the

following equalities occurs:
L(T*) = Liax s G(T*) = €Emin €(T*) = €maxzx -

But this is in contradiction with (3.55) from (2.69), (3.53) and (3.54), proving the

Lemma.
Proposition 2 Assume (3.53) and (3.54). A (ro, eo, 6p)-test orbit with
0<ro<r*:=m"3L2 (1 —éma), €0 € (Emin, €maz) (3.57)

is stable according to Definition 5. In particular:

i) r(t) <1 for every t € [0, T], namely it cannot go around the any of the other two
primaries or crash into it up to time T

ii) there exists 0 < T < T such that

T .
/‘f+9:2w, (3.58)
0

namely the orbit makes a circle around the Trojan in time T'.
Moreover

IT) = F(T) +§(T) > 0.

Remark 5 In the proposition above the worst case is considered, which is when the
test orbit starts at pericenter (see the minus sign in equation (3.57) and recall (3.30)).
Better estimates hold for the apocenter case (in particular replace 1 — €pqq with 1+ €pmin

in formula (3.57)).

PROOF. Let us first note that, by (3.25) and (3.57) the test orbits starts in Q. Then,
by Lemma 3, it remains in Q for every t € [0,T]. In particular, by (3.34), 7(t) < 1 for
every t € [0, 7).

Consider only the case £(0) = 0, the case ¢(0) = 7 being analogous, then there
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exists 0 < T, < T such that
Ts . T .
/ (+g=2rm and 27T§/ ¢ <3m. (3.59)
0 0
Since {4 ¢ > Sy — 51 > 0 the existence of (a unique) 0 < T, < T satisfying the equality

in (3.59) follows. Also the first inequality in (3.59) is trivial since ¢ < 0. It remains to
prove that fOT* ¢ < 37. Assume by contradiction that fOT* ¢ > 3m. Then

T* . _
2772/ (+§>3m— ST >37r— ST >2r (3.60)
0

since Sy > 357. This proves (3.59).
Note that the solution u = u(¢) of the Kepler equation (2.50) and f = f(u) in (2.46)

satisfy u(nm) = nw = f(nn)

fu) >u, u()>¢ when wu,lecl0,7]+2nZ. (3.61)

In particular f(u(¢)) > ¢ for £ € [0, 7] + 2nZ. Since by (3.59) ¢(T}) € [27r, 3r| it results
f(T) = f(u(t(T%))) = €(T%). Then, since f(0) = f(u(£(0))) = f(u(0)) =
T . T T .

Fra=f@y+ [Cazarys [To= [Tivi-m g

The existence of T" in (3.58) follows by continuity.
Using (2.50) and (2.46) and denoting u® := u(4(t)), f* := f(u') it is computed for
0<tLT

foy = T dé(lor))é(t)

du
-1
l+e 1 1 j
_( t (ut /2 £t

1+e 1 .
= tan?(f4/2)) "/ (t)>0.  (3.63
(1+ tan®(f/2)) 1 —ecos?( ut/2 )1 —ecosut (t)> (3.63)

Denoting f, := f(T)— 27 it yields 0 < f, < 7/2. Indeed 0 < f, follows since f>o.
On the other hand (3.58) implies that

Sl 5025»91 i
< _

T
f*:_/ QSSITSQW
0 S

— < 3 (3.64)

Noting that u, := u(T") — 27 satisfies 0 < u, < fi. < 7/2 (recall (3.61)), by (3.63) it

results
-1

F(T) > (1 +tan®(f./2)) " €(T) > €(T)/2 > So/2. (3.65)
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Then

F(T)+ §(T) > Sp/2 — Sy > 351/2> 0. (3.66)

The proposition is proved.

Corollary 1 Choose

0< Lmax < Lmax y S emin < émzn < éma,x < €maz S 1 (367)

N

satisfying (3.32), (3.53), (3.54) and (3.55).

Then
S(e,0) D (0,7*) Ve € (Emin, bmaz) VO E ST, (3.68)

where 7 was defined in (3.57).

3.5.1 An example

The value of r*(e) is now explicitly evaluated, in view of the applications contained in
the next chapter, for relatively high eccentricities, i.e. when e > %

The parameters satisfying the hypotheses of Corollary 1 must now be chosen. T'wo
different ways to proceed are now adopted. The former is analytic and uses Lemma
2 to estimate S;, i = 0,1,2,3 in (3.37). The latter is the numerical estimation of the
function over a defined set, and is obtained using a basic numerical constrained global
optimization (e.g. the one provided by an algebraic manipulators like Mathematica) to
estimate the supg and infq in (3.37).

In the first case it must be noted that the conditions

g0>0, g1<1, g025(51+1) (369)
SoT < Limaz s 255T < €maz — €min with T := 27r/(5'g —- S - 1) ‘

imply (3.53)-(3.54), from (3.37) and T > T.

Taking

Lipaz =03,  €min =054, €pnae =0.97,

which implies, by (3.32):
Tmaz = 0.0000339673

yields

Sp =36.1237, S; =0.639735, S5 = 0.395622, S5 = 0.287628
T =0.177071.
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Then (3.32) and (3.69) are satisfied. By (3.55)

Lppag = 0.229947,  €pin = 0.590931,  €maz = 0.919069,

meaning that the set of the stable orbits for the range ey € [€min, Emaz] 18 being con-
sidered. for which, by (3.57), it results

*(e0) = 8.19828 x 107 = 638.097km (3.70)

The value of 7* can also be confirmed numerically Sp, S1, 52,53 in (3.36), e.g. by
Mathematica. Moreover the estimations obtained will improve the analytical result ob-
tained above as they are numerical and obtained without the uniform (g, u) estimation

of the maximum/minimum contained in Lemma 2. Taking
Linaz := 0.3,  emin :=0.54, enae = 0.97
yields
So =37.0163, S; =1.11659, Sy =0.0166893, S3=0.102606, T = 0.17502.
Then (3.32), (3.53) and (3.54) are satisfied. By (3.55)
Limaz = 0.297079,  Emin = 0.557958,  Emaz = 0.952042,

meaning that the set of the stable orbits for the range ey € [€min, €maz] 1S being con-
sidered. for which, by (3.57), it results

7*(ep) = 8.10881 x 10™7 = 631.133km (3.71)

3.6 Summary

The formulation of an analytical definition of the WSB enables the possibility to study
the topological properties of this complicate set, key for future space missions although
still largely unknown. The comparison with the existing algorithmic definitions confirms
the validity of the new definition and enables the possibility to exploit previous results to
get directions of research for new analytical studies. Moreover such definition has here
been generalized to the autonomous coplanar CR4BP. Key topological properties of
the set of the stable orbits have been discussed, from which the properties of the WSB,
frontier of this set, can be directly deduced. In particular it has been demonstrated that
the set of the stable orbits is bounded, is a disjoint union of at most countable open

intervals plus an at most a countable set of points and that Ve € [0, 1] fixed and that
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there exist a radius 7*(e) > 0 such that all the orbits generated by a radius smaller than
r* are stable. Analytical estimates of the radius r* have therefore be deduced using the
Delaunay coordinates. This general procedure has been here applied, in view of the
applications, to estimate the zone of the stable orbits with relatively high eccentricities
(i.e. eg > %), around the asteroid 624-Hektor, a major Jupiter Trojan. The estimated
r* = 631,133km can be seen both as an estimation of the region formed by the sole

stable orbits or as an estimation of the WSB.



Chapter 4

Analysis of the inhomogeneous
R2BP

In the previous chapter a method has been produced, which analytically estimates
the set of the stable orbits around the smaller primary by fixing a range of initial
eccentricities and semimajor axes for the orbit. Inside this estimated region dynamics
is assumed to be dominated by the sole smaller body. However, within this region, the
inhomogeneities of the gravitational field influence the motion of the orbiting spacecraft
and must therefore be included in the modelling. The inhomogeneous R2BP is thus
adopted to model the dynamics of the system inside the reference domain. It must be
noted that such a model and the perturbative theory here developed are general (i.e.
can be applied to every inhomogeneous body), although, in this thesis, they are applied

to a Trojan object.

4.1 State of art

Analytical studies on the effects of the inhomogeneous potential on the dynamics around
a planet is a classical subject of research in the context of celestial mechanics. The two
body problem including the perturbation due to the bulge of the planet, namely the
Jo or “oblateness” effect, has been extensively studied since Brouwer’s analysis [55] on
the main problem of the artificial satellite. Generalizations of Brouwer’s approach can
be found in [56], [57], [58] and [59], each pushing previous studies to higher orders,
but still avoiding series expansions. In recent years this type of research has gained
importance for future planned missions of spacecraft to the moon and to other asteroids
in addition to asteroid deflection missions such as the European Space Agency’s “Don
Quijote” concept [60], in which, after arriving to the target asteroid and be inserted
into an orbit around it, an orbiter spacecraft, called Sancho, will measure with great

accuracy its position, shape, mass, and gravity field for several months before and after

73
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the impact of the other spacecraft (the Impactor), named Hidalgo.

Research undertaken in this area are mainly focused on the effect of the Earth’s inho-
mogeneous gravitational field on the motion of natural and artificial satellites, that is,
artificial satellite theory for small and moderate eccentricities [61]. More recent studies
have researched the effects on motion of the inhomogeneous gravitational field of other
solar system bodies, including the Trojans [62] and other asteroids [63]. The analysis of
the spacecraft’s motion about these bodies is particularly challenging as they typically
feature shapes and density distributions more irregular than those of planets. Such ir-
regularities break symmetries and require more complicated analytical expressions for
their description, which increases the complexity involved in such studies. Numerical
methods are today widely used ([64], [65] and [66]) to study the trajectories of objects
orbiting specific irregular bodies [67] or for finding stability criteria [68]. In these works
the entire potential containing the spherical harmonics coefficients is usually placed at
first order, assumption that will be used in this thesis as well. Disadvantages of these
methods are that they can be highly computational and require a complete re-design
for each different body. Analytical methods, by contrast, have the potential to rapidly
identify useful, natural motions for general bodies with inhomogeneous gravitational
fields. Furthermore, they can provide a full dynamical picture of the motion around
irregular bodies that can be used to search and study particular classes of useful or-
bits. Finally, while a numerical integration usually provides high accuracy and even
may gain in computation time, only an analytical theory can provide a complete, deep
insight into the nature of the perturbation [54]. Current analytical methods are only
used in a limited and semi-numerical way like in [69] and [70], meaning that analytical
expansions constitute the first step in such studies, which are then typically carried
out from a numerical standpoint [71]. The main drawbacks of these methods are that
their application in the case of highly inhomogeneous bodies requires extensive symbolic
computations involving algebraic manipulations, and that they are usually restricted
to a certain range of eccentricities due to series convergence. Analytical studies on in-
homogeneous gravitational fields have been, so far, limited to low degree gravity fields
[27], [50], [63], thus restricting the results to a class of bodies for which the dynamics
is dominated by a few coefficients (e.g. oblateness or ellipticity). In [64] a theory for
the tesseral problem for low altitude satellites based on Deprit’s relegation algorithm
is developed, with the purpose of producing ephemeris of the satellites motion. In [72]
near-circular orbits in a model that included both the third bodys gravity and Jy are
studied. In addition, in [73], the authors studied the orbital dynamics about oblate
planetary satellites using the rigorous averaging method which is applied in this thesis.
The effect of the coefficient J3 is then added in [74]. Finally the planar elliptic restricted
three-body problem including the Jy and J3 coefficients, can be found in [75], which

uses a Deprit’s perturbation method that allow to build a doubly averaged Hamiltonian
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and to provide the transformation between osculating and mean initial conditions.

4.2 Introduction and main results

The aim of this Chapter is to apply Deprit’s and Palacidn’s theory [27] for construct-
ing closed form (i.e. without using series expansion in the eccentricity) normalization
of perturbed two body problems, to study the motion of a spacecraft around any
(shape/density) inhomogeneous body for the so called “fast rotating case”.

While the “slow rotation” case has been previously studied in depth, by the direct
application of a Lie transformation called the Delaunay Normalisation[49], which av-
erages the Hamiltonian with respect to the fast angle, thus reducing the number of
variables, this usual technique cannot be directly applied to the complementary “fast
rotating case”. This is due to the presence of the argument of node that appears in the
Coriolis term of the Hamiltonian describing the system in this case. The addition of
this term in the Lie derivative, indeed, prevents the conventional computation of the
Lie transform generator [50]. However another Lie transformations method, Palacian’s
closed form relegation algorithm [51], can be applied first, which “relegates” the action
of the argument of node to a negligible remainder, thus allowing the application of the
Delaunay Normalization. This Lie transformation, the Delaunay normalisation, con-
structed following Paldcian’s and Deprit’s method for Lie transformations [53], is thus
be applied to further reduce the number of variables of the Hamiltonian describing the
system.

Therefore in this chapter this two existing theories for averaging perturbed Hamilto-
nians are here applied for the first time to the perturbed dynamics describing this
problem, for the “fast rotating case”, to obtain the explicit formulation of the double
averaged (by means of Lie transformation) Hamiltonian, generalized, with respect to
previous results ([27], [71]) to second order, arbitrary degree, gravitational fields.
Assuming that the planetary body is in uniform rotation around its axis of greatest iner-
tia, the potential generated by the inhomogeneous gravitational field has been derived,
following the classical procedure, in the rotating polar nodal variables [26], convenient
for the necessary transformation to Delaunay coordinates. This potential takes into
account an arbitrary number of spherical harmonic coefficients thus providing a dy-
namical model based on an arbitrarily accurate approximation of the inhomogeneous
body. Spherical harmonics are divided between zonal and tesseral harmonics, coeffi-
cients respectively independent and dependent from the longitude, therefore zonal are
invariant under the rotation through a particular fixed axis [29]. In this work, both
zonal and tesseral harmonics are be taken into account. Note that the perturbation
theories which take into account longitude-dependent tesseral coefficients of the spher-

ical harmonics, i.e. involving the rotation of the planet, are, in general, more complex
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than the theories which include only the zonal harmonics, the reason being that the
tesseral problem is formulated by means of a three degree of freedom autonomous
Hamiltonian, whereas the zonal problem is represented as a system of two degrees of
freedom. Then through the application of two different Lie transformations, suitable
changes of coordinates are here explicitly found, which reduce the initial non integrable
Hamiltonian of the system into an integrable one plus a negligible, perturbative re-
mainder of higher degree. The explicit analytical formulation for the relegated, first
and second order, arbitrary degree Hamiltonian, for relatively high altitude motion,
in any inhomogeneous gravitational field is, in this work, derived in closed-form for
the first time. Furthermore, in this thesis novel applications for the algorithm built
are found and presented, which include a method for determining initial conditions for
frozen orbits around any irregular body by simply prescribing the desired inclination
and eccentricity of the orbit. The method obtained is used to find interesting orbits
for space mission applications such as frozen orbits. Frozen orbits are orbits with no
secular perturbations in the inclination, argument of pericentre, and eccentricity [55].
These orbits are periodic orbits, except for the orbital plane of precession, and are
therefore called frozen. Frozen orbits are of key interest for any scientific and obser-
vational missions especially unknown bodies as, among the other applications, their
good stability properties might allow a very fast process of physical characterization of
the body, with all the possible implications in saving mission time and money or for
safetyness in the case, for example, of an hazardous asteroid which is approaching the
Earth.

The procedure followed to get to such explicit formulation and the new application for

detection of initial conditions for frozen orbits, is summarized in the main steps below:

e Relegation of the polar component of the angular momentum N to obtain the
relegated nodal polar variables where the conjugate momenta of the argument of
nodes (i.e. the polar component of the angular momentum) is constant along the

Hamiltonian flow.
e Transformation to Delaunay variables

e Normalization of the Delaunay variables which yields a reduced ordinary differen-
tial equation in two coordinates; the total angular momentum and the argument

of pericentre

e Identification of frozen orbits, for fixed eccentricity, inclination and argument of
perigee, as the equilibrium points of these equations i.e. where the total angular
momentum about the z-axis and the argument of pericentre are constant. This
final stage essentially reduces the problem of computing frozen orbits to a problem

of solving a 2-D algebraic equation.
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Results are shown for the Jupiter Trojan 624-Hektor, for which the spherical harmonics
coeflicients have been derived from a three dimensional polyhedric model of the asteroid,

assuming a constant density.

4.3 The relegation of the polar component of the angular

momentum N

In the context of artificial satellite theory, in general, it is needed to order the terms
of the Hamiltonian H according to an asymptotic expansion in order to built a per-
turbation theory. The usual way to arrange the Hamiltonian for the cases in which
the angular velocity of the asteroid is higher than the mean motion of the spacecraft
[64](which holds, for example, for fast rotating bodies or for relatively high altitudes)
is here followed. It consists in placing the full unperturbed part at zeroth order and
distribute the perturbation at first and second orders. The dominant (unperturbed)
part of the Hamilton function is set to be the sum of the two-body Hamiltonian Hg
and the Coriolis term Hc. The perturbing potential takes into account an arbitrary
number of spherical harmonic coefficients, distributed as first or second order perturba-
tions, depending on the harmonics of the specific asteroid studied and thus providing a
dynamical model based on an arbitrarily accurate approxmation of the inhomogeneous
body.

The flows associated to the two components of the unperturbed Hamiltonian are used
to relegate the whole system first and then to put it into normal form by means of
symplectic transformations.

The Hamiltonian in (2.79) is therefore rearranged as:

2
H = Hy+eH; + %H2 + O(€%), (4.1)

where € is merely an ordering, dimensionless parameter, which will be decided later on
for the applications, and
Hy=Hig+ Hc¢
H =UWY(r,0,v,_,0,N) (4.2)
Hy =U®(r,0,v,_,0,N)
where: B
Hyg = 3(R*+ 9) - M (43)
He = —QN,
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and, for s =1, 2

n  min{n+m,n+j}

U (r,0,v,_,0,N) = —S—S! i z”: Z Z ci?ntmti =2t gi2t-m=j,

n=1m=0 j:—n t:max{O,j{—m} (44)
e (As%,j,t cos (mv — j0) + Br(f,zn,j,t sin (mv — j9)> ,
with: )
A 50 = G (CShcos (57 +m)) = Shsin (3 +m))
(4.5)
Bt = Gt (CEmsin (7 +m)) + S cos (37 +m))
with:
01(187)71 _ Ch,m 1f the term containing Cyp o, is ~ O(e?)
’ 0  otherwise
(4.6)

St =

)

{ Sn,m 1f the term containing Sy m is of ~ O(e?)

0 otherwise

Again ci and si as in (2.103) and Gy, ¢ as in (6.11).

Now, considering the case |Hg| < |H¢|, two different Lie transformations are per-
formed: the relegation of the polar component of the angular momentum N first and

the Delaunay normalisation then.

Definition 10 A Lie transformation ¢ is a one-parameter family of mappings
¢ (y,Y;e) = (x,X), defined by the solution x(y,Y;¢€) and X (y,Y;€) of the Hamilto-

nian system

dz _ OW
de = 0X
aX _ _ oW
de — ox

with initial conditions x(y,Y;0) =y and X (y,Y;0) =Y and where the function

68
W(x,X; 6) = Z QWS—H(:UaX)

s>0
is the generator of the transformation.

Due to the properties of the Hamiltonian systems, the Lie transformation ¢ is a com-

pletely canonical transformation that maps a Hamiltonian

H(x, X;¢) = Y S Hi(z,X)
s>0
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onto an equivalent Hamiltonian K of the form

68
K(y,Yie) =)  K(y,Y50).

s>0

found by solving a series of homological equations:
[Ho; W]+ Hs = K, Vs>1 (4.7)

where the symbol [ ; | stands for the Poisson Brackets. In equation (4.7) the element H,
collects the terms from the previous orders (see [53] and [27]). The relegation and the
normalization algorithms (see [51] and [49] respectively) are two different methods of
solving such homological equations. In particular, the relegation maps the Hamiltonian

(4.1) into an equivalent one of the form:

€5 €5 p
K:KO+Z§KSZZ§ > K.p+ R, (4.8)
N\ =

s>1 >0

with Ko = Ho(y,Y) and the coefficients K,, € ker(Lp.), where Ly, is the Lie
derivative with respect to the Coriolis term®.

In contrast with normalization, the term K, may not belong to ker(Lp,.) due to the
presence of the residual Rs. In this resulting Hamiltonian the terms containing the
variable v will only appear in the remainder Rs;. Moreover, for every order s of the
Hamiltonian, the algorithm is iterated p®) times (depending on the choice of the small
parameter €), progressively diminishing the importance of the remainder R, such that
after p(®) times it results R, ~ O(€%).

As a result the truncated system

K-y

s>0

s P

@)

K p, (4.9)
'

!

»

is obtained, which represents an approximation of the starting Hamiltonian independent
from v and admits H¢c as an integral.

In this section, in order to keep the generality of the analysis, the relegation is performed
to the second order, arbitrary number of iterations p(®). In the applications section,
once the parameter € will be fixed, the number of iterations necessary to relegate the

terms of the Hamiltonian containing v to orders ~ O(e?) will therefore be estimated.

'Let Lw be the Lie derivative induced by the function W, then £y which maps any function f(X, z)
into its Poisson Bracket with W, namely f(X,z) :— [f; W].
It must be noted that Lx,Hx = 0 and that Ly, is semi-simple over a Poisson algebra of functions P.
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4.3.1 Algorithm

The general relegation algorithm is briefly described here before the application to the

problem. For each homological equation (Vs > 1):

[Ho; W]+ Hs = K, (4.10)

considering that, as Lp, is semi-simple, there 3K, o, W0 € P s.t.

(et e w
Therefore (4.10) becomes:
[Ho; Ws] + W05 He] = Ks — K. (4.12)
Thus, setting Wy = W7o + Wy, (4.12) yields:
[Ho; Wil + [Ho — Hos Ws o] = Ks — Kso. (4.13)

The algorithm continues re-invoking p(®)-times the semi-simplicity of £ He, and finding
V1<p<p® K, W;, € P s.t.

Hy— Ho; Wy 1] = Kspp + [Ws s H,
{[ 0 ;s Wsp1] » + Wpi Hel (4.14)

K, € Ker(Lu,)

and setting p(®)-times V1 < p < p(®) Wsp—1=W5,+ Wsp.

Finally the algorithm ends at a certain iteration p(®) setting Ws*p(s) = 0 and obtaining
(4.13) to become:

Ks = Z(Ks,p) + Rs (4‘15)

with R, := [Hy — Ho; W, 7p<s>]-

s

Although the procedure is general, in view of the applications, only the first two

homological equations will here be considered and explicitly solved.
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4.3.2 Results

Following the procedure just described and [53], for the first order s = 1 of the Hamil-
tonian (4.1), it is found that:
Hyo=H; (4.16)

therefore, after the first iteration p = 1, it results:

n  min{n, n+]}

e 1 ;
K=t Y Y e (Al

n=1j=-nt= max{O,]}

1 . .
+Bv(’L,%,j,t sin (—j 9))
Moreover

)

Wipo= —é/(Hl — Ky 0)dv
min{n+m,n+;}

Z Z Z Z 2t mAj =2t 2t —m—j <_77;l§2) ,,,n1+1' (4.18)

n=1m=1 j=—n t=max{0,j+m}

: (.A(l) ,sin (mv — j6) + BT(ZBth( cos (mv —j@)))) ,

n7m ]

and

oW oW 2 VI \ OW.
[HK,WIO]:R aﬁo_i_g 8010_(6 M) 1,0

min{n+m, n+]}

S S s (LY (L),

n=1m=1j=-n t= max{0j+m}
(—(n+ 1)k (Aﬁiimsm (mv = j6) + B}, ; (~ cos (mv — j6)))

o n n  min{n+m,n+j} .
LYY Y S e <_1> <ﬁ> 1
€ mS) r2 ) pntl

n=1m=1 j=—n t=max{0,j+m}

(A(l ,cos (mv — j6) + Br(lgnj ¢ sin (mv — jH)) )

n,m,J,

(4.19)
Then the algorithm is iterated V1 < p < p{®), where at each iteration, by induction, it

can be derived that:
Kip=0 (4.20)
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Calling po,,.. = QL%J +1, PEn. =2|5], and:

-

* k*
5k, k*) Zak, Sh(k, k*) Zak, Sp(k, k)= > aj
k=k, k =k, k =k, (4.21)
k even k even k even
A~ k*
SO(kak*) Z ak, SO k k) Z aka S ) Z CL%
k=k, k=k, k=k,
k odd k odd k odd
Also, calling:
2 —S(1
D= 1)p_3(1,p)( S( p)) (n+p—S(,p) (4.22)
p—3S(1,p) (n+a1)
and Vk odd
O = apomaz (l,5 as apomaz _a;Omar a5_al5 a3_a‘i’3
i ((omee ) ) (@) ) (0 ~Pom) () (29 )
(a14+n4p+2Sk (2,k—1) =S (k,p)+ar—al +SL (3,k—2)—SL (3,k—2))! (4.23)
(a1-Fn+p+2Sg(2,k—1)—8(k,p)+a,+S5 (3,k—2)—S7 (3,k—2))!
(a1+n+p+SE(2,k‘—1)—5(k‘,p)+ak+$o(3,/6—2)—88(3,/{:—2))! )
(a14+n+p+SE(2,k—1)=S(k,p)+ar—a} +So(3,k—2) =S8, (3,k—2))!
while Vk even
. (p=S(1,p))!
. Ep*‘s“’é’f{‘é)é 2)—S(k,p)—S. (3,k—1) 1)! (4.24)
. p—aj— K—2)— 0)—S5(3,k—1)+ai+1)! .
k (pjal72ESE(2,k72)7S(k,p)fOS’O(3,k71)fk1)! ) Vk >4, k even
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it results:

n n  min{n+m,n+j5}

0 ) ) 1 p+1
TS 5 DD D DI
ot ms)

m=1 j=—n t=max{0,j+m}

max{p—(p—2),0} max{p—8(4,p)—2,0} max{p—S(3,p)—1,0} [max{p—S(2,p),0}

sy LY Ty >

ap_lzlféap’o a3:176a4,0 a2:176a3,0 a1:0

a o —a as—ay az—al
POmax as a3z mazx POmaxzx 5 5 a3 3

2IDSIES ) 3l I SIS )

a — al a " — a’=0 a!’=0
POmax 5 3 POmax 5 3

(Opor o O3 03) (Ep - .. E4E5) (1)P0BFOma) =50 B FOma)

pm

/
(_ %)p_al —SE (2’pEmaI )_SO (3:p0mam) RP—a1 —2Sg (27pEmaar )786 (Szpomaa:)

r3

(]9 ) a1+8/0 (3’pomaz) ( —0%24rM ) SE(27pEmaac )730 (37pomam )+S/O(3’poma$ )
s

@Q(SO (37pomaz )_S,O (37pomaz ) _56 (37pomaz )) (—TM)SS (37pomaz )

(A;{Zn’j’t (cos (mv — j6) cos (5(—(p+ 1) 4+ a1 + S5H(3, P00z )

—sin (my — j0)sin (5(—(p + 1) + a1 + 5/0(37p0max))))

+BL), -, (sin (mw — j6) cos (5(—(p + 1) + a1 + SH(3,00,1.)))
+cos (mv — j0) sin (F(—(p + 1) + a1 + SH(3,P01m42)))))))))

83

(4.25)
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and

n n  min{n+m,n+j}

00
[HKa Wl,p % Z Z Z § ci2n+m+]—2t52~2t—m—j
n=1m=1j

=1 j=—n t=max{0,j+m}

1 max{p+1—(p—1),0} max{p+1-S(4,p+1)—2,0} max{p+1-S(3,p+1)—1,0}
ap4+1=0 ap:175ap+1’0 a3:176a4’0 a2:175a370
max{p+1—$(2,p+1),0} apomaz as as +1
SR D SES 55 SI C= S )
a1=0 1=0  af af

pomaac

/
a a
pomaz+1 pomaz+1 a5—ag a3—aé

// :O a//:O 0//:0
pomam +1 5 3

(O;Omz+ w05 O§) (5;Emm+1 e gig;)

(l ) 3(80(3,P0maz +1) =56 (3:POmaz +1))
T
(_ 1 ) Pp+1-a1-8SE(2,PEpar +1)—S6 (3:P0mas +1)
T

Rp+l_a1 —2SEg (27pEmaw +1)_Sé) (37pomax +1)

r3

<J@) a1+S,O (37poma:t+1) ( 7@2+TM)SE(27pEmaa:+1)7SO(3’pOmaac+1)+SlO (Svpomaa:+1)
oz —©o rrivi

@2(80(37p0maz+ ) S/ (3 POmazx +1) -S4 (37p0maz+1))(_TM)SS(Svamaz—i_l) 1+1
=0

(Agﬂjt (cos (mv — j0)cos (5 (=(p+1) + a1+ SH(3, P0mas)))
sin (mv — j0)sin (§(—(p+ 1) + a1 + Sh(3.p0,...))) w26)
+B7(12n]t (sm (mv — jB) cos (5(—(p+1) + a1 + SH(3, P0maz)))

+cos (mv — j0)sin (5(—(p+ 1) + a1 + SH(3,P0,02)))))))))

where D*, Of and &; are like the one in (6.15) (6.16) and (6.17) respectively with p+ 1
instead of p.
As

Hi; 1= BE+ %) 4L 1=RE+ 35— (%~ )5z (4.27)



CHAPTER 4. ANALYSIS OF THE INHOMOGENEOUS R2BP 85

at each step p the term [Hg,W;,| is the sum functions that have the same order

of the preceding [Hy, W1 p—1] but multiplied by %, 9%2 or 8?{;3{. Following [64], as

R~ % and as, at order zero, for the two-body problem, © ~ 126, for a satellite period
greater than the rotational period of the asteroid (i.e. 6 < ), these coefficients are
and therefore less than the unity over an orbit ~ % < 1. Therefore, at each step of
the relegation, the transformation process reduces the magnitude of the terms of the
perturbing potential which contain the angle v. Thus, after fixing the parameter €, the
number of iteration p(!) is fixed such that [Hp, Wi ,m] ~ O(e?).

The relegation of the first order is ended setting:

(1)

Wi = Zgzo Wip

Ry = [Hr, Wy 0] (4.28)
(1)

Ky = Zgzo Kip+Ri =Ko+ Ry

To pass to the second order s = 2, the evaluation of g2,0 = Hy + 2[H,,W1] +
[[Ho, W1], W] is first required, from which the expression for Ky g is derived (see Ap-
pendix B). In analogy with the first order, it results Ko, =0 Vp > 1.

The relegation of the second order is ended setting:

(2)

Wa = Zzzo Wap

Ry = [Hg, Wy 2] (4.29)
@)

Ky = Zgzo Kop+ Ry = Koo+ Ro

where p(® is chosen such that [Hp, Wy ] ~ O(€?) which is p(?) = {”(DTHJ

The resulting Hamiltonian K = Ky + eKq + %Kg is completely equivalent to the
one in (4.1). However, as the terms R, s = 1,2 are of order ~ €3, a truncated system

is considered in which such terms have been neglected. Setting:

R(] = KO
- 1)

~ (2)
K2 = Zg:o K?,p = K270
the truncated system is described by the Hamiltonian:
2

}% = K() + 6[21 + %KQ (431)

where, to simplify notation, the ~ will be ignored. This Hamiltonian is equivalent to
the one in the main problem of the artificial satellite, in which the argument of node

v is cyclic, which implies that the coriolis term —QN is constant and can therefore
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be dropped from the Hamiltonian. A closed form Delaunay normalization can now be
performed, for a further reduction of the degrees of freedom, thus yielding an integrable

Hamiltonian.

It must be noted that, in complete analogy with the procedure adopted so far, the

explicit formulation for every higher order s > 2 could be obtained.

4.4 Delaunay Normalization

In order to perform the Delaunay normalisation the Hamiltonian is transformed from
the relegated Whittaker variables to the Delaunay coordinates. These coordinates have
already been introduced in Section 2.2.5, but will here be extended by the introduction
of two more conjugated variables h, and H, where h is the argument of the node. and
H is the z-component of the total angular momentum, i.e. H = G cosI.

Moreover, by Section 3, it is known that N = GcosI => H = Gcosl and

_ Mesin f
R = Mesinf,

The relegated Hamiltonian (4.31) in the Delaunay coordinates takes the form:

2

Jz%+aﬁ+%h (4.32)
with:
Jo= -5
00 n  min{n,n+j5} n+1
onti—ot .at—i [ (1 4+ ecos
le_%zz Z ci2ni—2t g2t ]<( - 2f)) (4.33)
n=1j=—n t=max{0,5} (a( € ))
(Aill,&j’t cos (—j(f+9g))+ Bflfg)’j’t sin (—j(f + g))) )
with
. 1+4
ci =14 —=<
. :E (4.34)
si =\ —5%

For brevity of exposition the expression for Js will not be explicitly written.

4.4.1 The Normalization algorithm

The closed form normalization algorithm [49] is here adopted, which, instead of using
the expansions of r and f in powers of the eccentricity, changes the independent vari-

able from time to the true anomaly f.



CHAPTER 4. ANALYSIS OF THE INHOMOGENEOUS R2BP 87

Definition 11
A formal series K'(y,Y,€) Z K/ (y,Y) is said to be in Delaunay normal form if

the Lie derivative Ly K' is zero, that is [K;, Kol =0 Vs > 0.

In our case, as K = Jo = —3 LQ, the Lie derivative

o o
LK{)('):]\[//{))%(E)

therefore the new Hamiltonian (4.32) will be in normal form if and only if

Note that, as for the relegation for the angle v, the normalization degenerates into an

average over the mean anomaly ¢. Moreover it will be used that:

df  a*V1-—e?

= (4.35)

4.4.2 Results
The explicit formula for the normalized Jy is:

oo min{n,n+j}

Ki — _% § § Cz‘2n+3—2t8i2t—j

n=1 t=max{0,5}

Vi—eZ el n—1\ () (k— 1!
e (1) Z )€ An,o,j,tT(k + Dimods
k=0

2(n + Lmod, annzl % Zq: ( ) ( ) (Z) (~1)r+ ek AN L (4.36)

j=1 k=0 ¢=0 v=0

k v "
- cos (g7) Y5 2%}2@%? (G —2q+k +20) +1),00,

e 353 () () (Ot
(

. . 2q+k+2v) "
- sin (g7) 2GRN (= 20+ b + 20) + 1) 1o, )
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obtained using that, V1 < j < n:

if n even .AS,[)M = Ang’()),fj (4.37)
if nodd AV =—A) |

n,0,7 n,0,—7J
and

if n even BS,())J = B,(ll())ﬁj

ifnodd B} =-B)

)

(4.38)

The first order generating function is obtained by:

L3 1 2w
, — [ —_—
Wi = / G <J1 o ), chw) de (4.39)

Finally the normalised .J5, namely

K} !

2= 5 /Qﬂ(Jz + 2[J1, Wil + [[Jo, W1], W{])d¢ (4.40)
™ Jo

and its corresponding generating function

3
Wh = / (]\LN(J2 — K3)de (4.41)

have been analytically evaluated, using integration by parts, with the aid of the soft-
ware Mathematica.

As aresult K/ = K+ eK| + %Ké is obtained which is the analytical formulation for
the closed-form averaged (with respect to both the argument of node and the mean
anomaly), second order, arbitrary degree Hamiltonian of any inhomogeneous gravita-
tional field of a body uniformly rotating around its main axes of inertia for the case
|Hi| < |Hc|. This two degree of freedom, integrable Hamiltonian approximates the
initial system, and can now be applied to every inhomogeneous body in order to deter-

mine possible orbits useful for scientific observation missions such as frozen orbits.
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4.5 Applications

The Hamiltonian obtained is of the form: K'(L,G,H,_ g,-) thus the equations of

motion are:

YOS 3
Jt) = %5
W(t) = 2K
(1) = 5 (4.42)
L'(t)=0
G(t) = -5
H'(t) =0,

which can be derived by (4.36) and (4.40) where L and H are constants and all the
other motions will only depend on G(t) and g¢(t).

As already said frozen orbit is an orbit in which the Inclination, the Eccentricity and
the Argument of pericenter remains constant during the motion.

This in particular implies that such an orbit is then perfectly periodic except for the
orbital plane precession.

A frozen orbit it thus described by the system:

e=dVL -G

] dt L

I=4%arccos L =0 (4.43)
§=0.

For the properties of the Lie transformations, the “normalized” eccentricity, inclina-
tion and argument of pericenter are related to their relative “real” equivalents by the
generator of the transformation (see [53]), and can thus be interpreted as a perturbed
version of their real correspondents.

In the normalized variables (4.42), the system (4.43) is equivalent to:

G=0

o (4.44)

Thus fixing normalized eccentricity e and inclination I for the desired normalized frozen

orbit, and solving the system gives:

G=0
g=0
o - T (4.45)

I = arccos g,

and the initial conditions (L, Go, Hp, go) for normalized frozen orbits can be found.

Moreover, as this all procedure is valid for the case |Hx| < |H¢| such initial conditions
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must satisfy:

2
QOHy > — 4.46
and also
0 < |Ho| < Gop < Lo (4.47)

These resulting initial conditions can be transformed back to the initial system de-
scribing the full dynamics (see (4.1)) by the inverse of the generating functions [53], to

generate an initial guess for frozen orbits around any inhomogeneous body.

4.6 An example

Setting the desired eccentricity and inclination it is thus possible to determine initial
conditions which lead to frozen orbits in the truncated system. Such initial conditions
are used to approximate the solutions for the secular motion of the satellite in the real

system, showing a good agreement between the approximated and the real dynamics.

100000

200000

Figure 4.1: A 3D polyhedric model of 624-Hektor, one of the main Jupiter
Trojans

An example of the application of the method is shown for the asteroid 624-Hektor,

for which the spherical harmonic coefficients up to the 10"

order and degree (i.e.132
coefficients) are listed in the Appendix C. This coefficients have been obtained following
partially the procedure described in [76] from the 1022 vertices (i.e. 2040 “simplices”)
3D model of 624-Hektor represented in Fig. 4.1 and found on the DAMIT-Database
of Asteroid Models from Inversion Techniques. The physical properties of this asteroid
are summarized in the Table 4.1.

It is now needed to fix the value of € to distribute the terms of the potential into the

right orders of the Hamiltonian. As in this work the fast rotating case is analyzed, a
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Mass Rotational velocity | Reference Radius | Mean Density?
Kg rad/s Km Kg/m?
624-Hektor | 1.4 x 109 | 252215 x 10~% 185 2211.12

Table 4.1: Physical properties of 624-Hektor

M?
Qs
taken in [27] for the case of an artificial satellite orbiting the Earth at low altitudes (i.e.

good candidate might be € ~ This is derived from an inverse analogy with the €

the “slow rotation case”). In this, Palacidn fixes € to be the ratio between the angular
velocity of the Earth, and the initial mean motion of the satellite ng, i.e. € = n%, and
therefore, as this work deals with the complementary case then the one examined in
[27], the reciprocal € is here considered. However, as the resulting frozen orbits has
to be at an altitude high enough to satisfy the condition |Hg| > |H¢|, and trying to
include an high number of spherical harmonic coefficients in the model, in the example
shown the ordering parameter € is set to be ¢ = 107!) (i.e. semimajor axes ~ 800km; to
apply the results found in the previous chapter, the discussion will focus on relatively

high eccentricities e € ( %, 1) which implies reasonable periapses radii), p(!) = 2, p(?) = 2

.\ pD 1
st. R~ (§) 0 ~1079),

For this example the numerical estimation of the terms containing 624-Hektor’s spher-
ical harmonics up to order and degree 10, leads to the following distribution of the
Cn.m, Sn,m between the Cr(ir)n, 07(127),1 and the S,(L{zn, Sg}n respectively:

C(l) _ Cn,m lf (na m) € {(07 0)7 (27 0)7 (27 1)7 (27 2)}
o 0 otherwise
Chm if (n,m) € {(4,0), (4,4)
O\ = (5,3),(5,5), (6,2), (6,6)}
0 otherwise (4.48)
S 1) _ Sn,m Zf (nam) € {(27 1)7 (27 2)}
m 0 otherwise
S(2 _ Sn,m if (na m) € {(37 2)a (37 B)a (4? 2)}

0 otherwise

For illustration purposes the initial conditions for (relegated and normalized) frozen
orbits originating from two different eccentricity-inclination-argument of pericenter
triples (Ey, Io, go) have been found (see Table 4.2). In the last row of the Table, the

initial semimajor axes ag of the resulting orbits has also been recorded.
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5000 2000
X

Unit of measure 1=1 km

Figure 4.2: The resulting frozen orbit for Fy = 0.7, Iy = —0.002 and go = —F for 1
year, cartesian, inertial system of reference

Fig. 4.2 Fig. 4.3
Io(rad) —0.002 1.1
Eo 0.7 0.85
9o 0 -3
ho T s
fo ™ T
Go 2.9143 x 107 | 3.6890 x 107
Lo 4.0264 x 107 | 6.1484 x 107
Hy 2.9143 x 107 | 1.6733 x 107

[ao(km) | 173512 [ 4045.95 |

Table 4.2: 624-Hektor: initial conditions for frozen orbits

The initial conditions found with this method are transformed back by canonic
transformations inverse to the relegating and normalizing transformations of coordi-
nates found before, leading to approximated initial conditions for frozen orbits in the
full model. The integration of such system shows a good agreement of the dynamics
between the approximated and the full system, namely a large number of initial condi-
tions produced with the approximated model evolve, in the full system, into a frozen
orbit, although some of them degenerate after some time (depending on the initial fixed
eccentricity and inclination). The resulting orbits for 624-Hektor are shown in Fig. 4.2
and 4.3, in the cartesian inertial frame of reference centered in the center of mass of

the inhomogeneous body (unit of measure km).

4.7 Summary

Inside the stable zone estimated in the previous chapter, the system has been modeled
as a R2BP accounting the inhomogeneities of the primary. A general, analytical, closed
form perturbational theory has been developed, which yields to an approximate second
order Hamiltonian describing the system. An explicit formulation of such a relegated
and normalized Hamiltonian is obtained, which allows the development of a method

to find frozen orbits in the vicinity of the asteroid by prescribing the eccentricity,
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Unit of measure 1=1 km

Figure 4.3: The resulting frozen orbit for £y = 0.85, Iy = 1.1 and gg = 0 for 5 years,
cartesian, inertial system of reference

inclination and argument of pericenter. Results, evaluated for the Trojan 624-Hektor,
show two examples of frozen orbits. The first resulting orbit, found fixing an initial
eccentricity ey = 0.7, inclination Iy = —0.002 and argument of pericenter go = 0 has
an initial radius at pericenter of 520.536km which, in normalized units, is 6 x 1076 <
r*(0.7) = 0.0000615179 which means that this orbit is, in particular, contained in the
range estimated in the previous chapter, see (3.70) and (3.71). Another resulting frozen
orbit has been shown as well, which is not compared to the WSB estimated range as
it has an high inclination and therefore the WSB estimation might not be realistic in
this case. This is since the estimation of the set of stable orbits has been obtained
in Chapter 3 for the value I = 0, and will therefore hold, by continuity for small
inclinations. However, following the same methodology, different estimations should be

found for different (e.g. higher) inclinations of the orbit.



Chapter 5

Lagrangian (low-thrust) circular

restricted four-body model

When a spacecraft moves beyond the region defined by the WSB in Chapter 3 the
perturbations due to the gravitational effects of the Sun and Jupiter dominate the dy-
namics. Furthermore, the effect of the inhomogeneous gravitational field of the body
becomes negligible relatively to these gravitational perturbations. To complete the dy-
namical studies of the spacecraft beyond this region, a Sun-Planet-Trojan-spacecraft
model is used. This model, known as the Lagrangian CR4BP, is analysed in this chap-
ter. Again, it represents the dynamics of the spacecraft far from the body!, where the
influence of the two main primaries can no longer be neglected. Low thrust propulsion
is included in the modelling with the objective to identify completely novel orbits both

for mathematical interest as well as for potential future mission applications.

5.1 State of art

For many years trajectory designers for interplanetary missions have obtained the initial
trajectory solutions in the N-body problem (e.g. the four body problem) by dividing
the spacecraft’s motion into several two-body models, or spheres of influence, each
considering one body per time. This ‘patched two-body’ method, known as patched
conic, is relatively straightforward, switching from the influence of one body to another.
This method, also named ‘spheres of influence method’, breaks down when, for example,
low energy trajectories [77] are considered, like those used for the WSB; in this regime,
where the two bodies both influence the motion of the spacecraft with the same order
of magnitude, the restricted N-body problem must be used to model the motion of

the spacecraft [48]. Thus N-body dynamics offers exciting new possibilities in mission

'See note 2 of the Abstract

94
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design, allowing missions to visit more targets of interest or orbits and to collect data
for longer, still using less delta-V than conventionally designed missions.

The Lagrangian Coplanar CR4BP, here introduced, can be considered as one of
the first generalisation of the CR3BP. It was first considered by Moulton in 1900 [78].
There exist some preliminary studies of this problem in different versions, mainly used
to approximate existing symmetric or equal mass binary systems, see for example [79],
[80], [81], [82], [83], [84], and [85]. Of particular relevance are the papers [86] and [87],
where the latter uses a numerical approach to determine the number of equilibrium
points and a linear stability analysis depending on the distribution of the masses. Most
recently in [88] and [89], families of interesting simple non-symmetric periodic orbits
are numerically found for two and three equal masses and for an unequal distribution
of masses. Many of these papers identify the Sun-Jupiter-Trojan-spacecraft system as
the main example of Lagrangian configuration in the Solar system (see also [90], [87],
[91], [92], [93]) and apply their studies to such a system. However none of these authors
consider that there are no asteroids in the exact L4 or Ly position and that they all
move on tadpole orbits around such points [94], sometimes with huge oscillations even

outside the orbital plane of Jupiter around the Sun.

While orbital motion under the action of a conservative gravitational potential leads
to an array of problems with often complex and interesting solutions, the addition of
non-conservative forces offers new avenues of investigation. In particular, the com-
bination of natural gravitational potential and non-conservative forces lead to a rich
diversity of problems associated with the existence, stability and control of families of
highly non-Keplerian orbits. These orbits can potentially have a broad range of practi-
cal applications across a number of different disciplines. The use of continuous thrust
can be applied in all directions including perpendicular to the flight direction, which
forces the spacecraft out of a natural orbit into a displaced, non-Keplerian orbit: such
kind of orbits have a wide range of potential applications. Space mission design for low-
thrust spacecraft has been extensively investigated from the late 1990’s. So far the two
major types of low-thrust propulsion, which have been studied in this context, are solar
sails and Solar Electric Propulsion SEP, the latter considered in this thesis. Research
on this topic, at present, mainly focus on finding artificial equilibria as in [97], [98] and
[99], on generating non-Keplerian periodic orbits using solar sails or low thrust, e.g.
[100], [101], [102] and [96], on the systematic cataloguing of non-Keplerian orbits using
SEP as in [103], or on analyzing the stability properties of minimum-control artificial
equilibrium points as in [97] and [104], all of which are set in restricted two or three
body models.

The “UK ion propulsion programme” has culminated in the availability of three

thrusters of different sizes, covering the thrust 1mN to 300mN range [105], based on
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the T5, T6 and UK-25 propulsion systems. This is thus the low-thrust potential ca-
pability initially assumed in this work. However the result found suggests that a shift
towards micropropulsion systems (MPS) could be more appropriate for this application.
As an example the Field Emission Electric Propulsion (FEEP) technology, used in the
Lisa pathfinder experiment on Einstein’s geodesic motion in space, which operates in
the micro-Newton field covering the range from 1 x 10~*mN up to 0.5 x mN [106], can

provide a more effective propulsion system for the proposed application.

5.2 Introduction and main results

Existing literature, specifically focused on the Lagrangian CR4BP, is contemporary
to the new results obtained in this thesis. This literature works are mainly focussed
on determining the number of equilibrium points depending on the mass distribution
of the primaries and on numerical determination of families of orbits, and the results
contained in this Chapter make use of such contemporary results. So in this thesis,
Chapter a new dynamical model, the Lagrangian CR4BP, is analysed for the first time,
following the traditional techniques used for 2 and 3 body problems (e.g. natural
equilibria, linearisation and Lyapunov stability analysis). Furthermore, in this work,
the topological changes of the linearly stable zone with variations in the Trojan mass are
for the first time showed and analyzed. Moreover in this work, for the first time, the low
thrust perturbations are incorporated to the Lagrangian CR4BP to generate surfaces of
artificial equilibria and displaced non Keplerian orbits; low thrust perturbations indeed,
where thus far confined to two and three body systems. The inclusion of low thrust into
the model allows the possibility to find novel, artificial, non-Keplerian orbits both for
mathematical interest as well as for future discovery and scientific mission applications.
Finally, as none of the previous works considers that there are no asteroids in the exact
L4 or L5 position and that they all move on tadpole orbits around such points, the
model here developed is here tested for a real case, i.e. considering the real tadpole
orbit of the asteroid 624-Hektor around the triangular equilibrium point.

The analysis of the natural evolution of this autonomous coplanar CR4BP is thus first
undertaken, which identifies eight natural equilibria, four of which are close to the
asteroid. A linear stability analysis reveals that the two closest are unstable and the
other two stable, when considering as primaries the Sun and two other bodies of the
Solar System. Following this, the model is perturbed by the inclusion of near term low-
thrust propulsion system (such as solar electric propulsion (SEP)). Assuming that the
spacecraft can thrust in every direction, including perpendicular to the plane containing
the three massive bodies, surfaces of artificial equilibrium points close to the smaller

primary are generated, both in and out of the plane containing the celestial bodies. Low-



CHAPTER 5. LAGRANGIAN (LOW-THRUST) CR4B MODEL 97

thrust propulsion has been previously considered only in two and three-body restricted
problems. A stability analysis of these points is carried out and a stable subset of
them is identified. Throughout the analysis the Sun-Jupiter-Trojan- spacecraft system
is analysed, as a particular case, for conceivable masses of a hypothetical asteroid set at
the libration point L4. The different topologies of the linearly stable zone corresponding
to these masses are shown. The analysis then focusses on a hypothetical asteroid, set to
have the same mass of a major Jupiter Trojan: 624-Hektor. A region of bounded orbits
is proved to exist, which can be maintained with a constant thrust less than 0.15mN
for a 1000 kg spacecraft. This illustrates that, by exploiting low-thrust technologies,
it would be possible to maintain an observation point more than 66% closer to the
asteroid than that of a stable natural equilibrium point. Moreover, this would enable
a continuous synoptic view of the hypothetical asteroid itself. The thrust required to
enable close asteroid observation is determined in the simplified CR4BP model and eight
resulting bounded orbits are shown. However, there are no important Trojan asteroids
in or close to the L4 point of the Sun-Jupiter system. Thus a numerical investigation is
performed to test the validity of the stability analysis of the model when the asteroid is
moved from the exact L4 location to its actual librating orbit. The numerical simulation
of the real Sun-Jupiter-Hektor-spacecraft is then undertaken. Results show a shift of
the real model towards instability, i.e. the unstable zone enlarges, due to the inclusion in
the real model of high perturbations. However, a zone of bounded orbits is heuristically
found, in which all the orbits remain bounded within ~ 3.5 x 10 km from the Asteroid
for at least 36 Terrestrial years (~ 3 Jupiter’s and 624-Hektor’s revolutions around the
Sun) before starting to diverge. These finite-time bounded orbits can be maintained by
using a constant thrust lower than 4 x 107N without the need for any state feedback

control.

5.3 Natural Equilibria

The dynamics of the massless spacecraft, whose state vector is expressed in non-
dimensional cartesian coordinates x = [z, v, 2], is described by the system (2.35), where
the parameter p, appearing on both sides of the motions, can be dropped. Note that
if m — 0, system (2.35) degenerates to the classical CR3BP, while if both m — 0 and
M — 0 it becomes a R2BP. In order to find the equilibrium points of the system, the

velocities &, y, Z and the accelerations &, §, Z are set to be zero in (2.35) obtaining:

e Lo (1=M)(@+3) B M(z—1) o ms
xT 3 3 -
Verbrrwr e Ja-hrerfes Vo
(1-M)(y+%) M(y+) my
y+ Ly — 2 - 2 - =0 5.1
o VerbreeReee Je-breer e Vet (51)
5 — (1-M)z _ Mz o mz —
Vetrbzear L+ (Je-brr@firer Vel
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As the system is in the stable Lagrangian configuration (see Chapter 2) such system
admits eight solutions (see [87]), the equilibrium points Mj;, j =1,...,8, defined at the
intersections of the three surfaces described by the equations in (5.1), see Appendix D.
Figures 5.1 and 5.2 show the behavior of the three surfaces which satisfy system (5.1)
in the vicinity of the third primary; in this region such surfaces form four equilibrium
points My, M5, Mg and My on which this chapter is focussed. Figure 5.1 shows the
three surfaces in three dimensions, while Figure 5.2 represents them for z < 0 plane,
part a), and for z = 0 part b).
In particular, in these Figures, the continuous, light, meshed surfaces represent the
solution of the first equation of system (5.1), the dashed, dark, meshed surfaces show
the solution the second equation of (5.1), while the solution of the third equation is the
plane z = 0, plotted in the Figures as well. As the third equation is satisfied by the
plane z = 0, all the equilibria are bounded to stay on this plane, which, equivalently,

can be seen as the degeneration of system (5.1) into a two dimensional system for z = 0
(see [19]).

0,15 A\
156
: // -0.036 0.742

Unit of measure 1=10°km

Figure 5.1: The four equilibria close to the asteroid; spatial view

By the stability result for unequal masses of [87], there exist a lower limit for the

mass ratio —1—(=1— M) such as, for all the values bigger than that, the points Mg

mi+m2

and M7 are always stable, which happens, for example, when fixing the three massive
bodies in the model to be the Sun and any other two objects of the Solar System.

Moreover, as such ratio decreases with the increase in mass of the second primary,

mi
mi1+me2

is chosen to be Jupiter (i.e. M = 0.000953592, 1 — M = 0.999046). This configuration,

is fixed to be the minimal obtainable for the solar system, or, equivalently, P
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Figure 5.2: The four equilibria close to the asteroid; a) spatial view for z < 0; b)
Intersection with the plane z =0

in particular, satisfies the stability condition % > 25 4+ 18v/2 that can also be

rearranged as: M < %.

The qualitative dynamics close to the asteroid does not change for different masses of
the asteroid m € (0, M), in that, there are always four equilibrium points configured
approximately at the same angle relative to the asteroid. However, quantitatively,
as the mass increases, the equilibrium points are displaced further from the asteroid,
as shown in the Figure 5.3 a) and b) where the first shows the behavior of the four
equilibrium points as the mass of the asteroid increases while the second is focussed
just on My and Ms5. Thus, it would be concluded that the only assumptions on the
masses of the system should be the stability condition, which, in nondimensional units,
becomes: M < (13_17491‘/5) and that the mass of the asteroid has to be small enough such

that it does not affect the motion of the other two Primaries.

5.4 Stability analysis

Hereafter, for simplicity of notation, (x.,y., ze) will indicate a generic equilibrium so-
lution of system (5.1); moreover, for convenience, a translation to a generic equilibrium

point (¢, Ye, ze) is performed:

T =x— T,
Y =v—Ye (5.2)
2 =z— 2z
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Figure 5.3: Equilibrium Points; a) Vm € (0, M) the two lines intersects four times in

the region near the asteroid; b) Zoomed image

but, to simplify notation, the indices above z’, 3/, 2’ will be ignored.

Then the motion is linearized close to this generic point (z., ye, z¢), obtaining

T=X+vy
y=Y —=x
=7
] (5.3)
X=Y+(a—1lzx+xy+dz
Y=-X+xz+(B-1y+ ¢z
Z =0x+ ¢y + vz
with
2
o14 (1-M)[2ep+3)2—(yp+352)2—2p] M[2<1E*%>2*(w+§> *ZEQ] m[203 —yp?—2p?]
Vet D2+ 4 Vep-52+ws+E)2+:3 Vobtvhteg
2 2
g1y O [eeth e+ -] M]-Ge-D2e+ ) 3] e a2
- 5 5 5 I
Vep+H2+ye+)2+:3 V-5 +ye+)2+:3, Vebtvh e
2
=M [t d) et )2 42:3] M| -G@m-5) -t +2z2E] m[—o}—y}+2:3]
- 5 5 5
Vap+H2+we+E)2+:3 Ves-12+we+E)2+:3 Ve tvh g (5.4)
x=3{ (1-M)[@p+ Hwe+P)] M[@p- e+ )] mlz gyl }
Veet)twe+2)24:3  Vep-12+ust P23 \Johtuited
5§=3 (1*M)[(IE+%)ZE} MRZE*%)ZE} mlzpzg]
VeptD2+we+2)2 1% Jep-2 st )2 +:%  foh vl
b=3 { (171\/1)[(1’/E+§)ZE:| M[(yEJr@)ZE} mlygzg]
Vept2+we+8)2+:3  Vep-02+uptP)2+:3 \Johtuhted

which is consistent with [17].
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Calling A the matrix corresponding to system (5.3), namely:

0 1 01 00
-1 0 00 10
R 0 00 01 55)
~1 x 5§ 0 10
X B—1 ¢ -1 0 0
5 é v 0 00

The characteristic polynomial of A is

US4 (4 —a—B =)V + (af + ay + By — x* — 6% — ¢ — 4y) V2 + (a¢® + 36°

+yx? — affy — 2xd¢) = 0.
(5.6)

As (5.6) is a biquadratic equation it is useful to set I' = W2, and, observing that

(4—a— L —7)=2in (5.4), yields the monic polynomial of the third degree:

34 2T% + (aB + ay + By — x2 — 02 — ¢* — 4y)[' + (ag® + B3 + vX* — aBy

—2x6¢) = 0. (5.7)

Following the usual procedure to solve third degree polynomials, see for example, [107],

it is set
p=—%+(aB+ay+pBy—x2—0—¢?—4y),
2§22
q = 3y — MRSt - (ag? + 667+ x® — afy - 209), (58)
A= P
=4+

Then it is well known that the three solutions I'y 23 of (5.7) are the only three

solutions among those nine

Tios={/~4+VA+{/-4-VA-2 (5.9)

such as

(3_g+¢z>.(3_g_¢z>:_geR. (5.10)
This means that the six eigenvalues of system (5.3) will be ¥y, &k =1,...,6 defined as:
U =+I; k=1,..,6; j=1,2,3. (5.11)

From now on, the main primaries of the system will be considered to be the Sun
and Jupiter; therefore, fixing a specific mass m € (0, M) for the hypothetical asteroid,

and evaluating the eigenvalues corresponding to both the equilibrium points My and
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Ms, the A will be negative, while /—3p will be greater than one, which, as will be
shown later on, means that at least one of the three eigenvalues will have Real part non-
zero, i.e. these two equilibrium points are linearly unstable and therefore nonlinearly
unstable; on the other hand for both the equilibrium points Mg and M7, the A will
be negative, and \/—3p will be smaller than one, which implies that all the eigenvalues

will be purely imaginary, i.e. the equilibrium points are linearly stable.

5.5 The low-thrust autonomous coplanar CR4BP

The dynamics of a low-thrust spacecraft in the autonomous coplanar CR4BP is now
investigated. Using SEP propulsion the spacecraft can create artificial equilibrium
points in the spatial vicinity of the asteroid, suitable for observation missions. In
addition, a subset of these novel equilibrium points is proved to be stable, such that
the motion will remain bounded in a small region about them, with relatively low fuel
requirements and without the need for a state feedback control.

Given a maximum thrust capability F,q., expressed in N, and an approximate
weight for the spacecraft Wy, evaluated in kg, the maximal acceleration in the non-

dimensional units is given by:

Amazx We kg Ws 52
— ]:ma:r . kig m3
— Ws  m?kgs? (5.12)

_ Fuaz Py 1

Ws (mi+me2) G’

where dp, /p, means the distance in meters between the two major Primaries.

The acceleration will be indicated with an = a,X + a,y + a.z, where a,, a,, and a, are
the components of the acceleration in the z, y and z directions, a = /a2 + a2 + a2 is
the magnitude and n is the direction of the acceleration itself.

Considering the actual thrust capability range between 1mN to 300mN, as stated
by the results of the “UK ion propulsion programme” [105], the maximal reachable
thrust Finqe is initially set to be 300mN. Moreover, in order to estimate the range of
possible acceleration on the spacecraft its mass is set to be 1000kg. For the Sun-Jupiter-
Asteroid-Spacecraft system, the non-dimensional value of the maximum acceleration
Amaz (corresponding to the maximal thrust Fj,., = 300mN) will therefore be 1.36765.
Moreover the acceleration has to be constant in the direction of the perturbation,

namely
d, .. 0,.. 0, .
a—x(an) = g(an) = aZ(an) = 0. (5.13)
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Adding low-thrust to system (2.35), it becomes:

OU2(x)

. . oU:
y:y+Ly—2x—%+ay (5.14)
,’z‘:—aUgZ(x)—&—az

with Us(x) as in (2.36).
Again, to find the equilibrium points, the velocities &, ¥, Z and the accelerations Z, 4, Z

are set to be zero in (5.14), obtaining:

_ (2+La)+(y+Ly)?
by =2 b Iy 4 P a = [V(EHE bl 4 g )|
_ AU (x)
ay =y + Ly, + =3 & (5.15)
ay o) ! o P L, )
z 0z -

@+Lz)2+(y+Ly)2
|V(%+U2(x))|

In which, the second system states that, in order to get a new equilibrium point,
the acceleration on the spacecraft due to the thrusters has to be equal in magnitude
(first equation) but opposite in direction (second equation) to the acceleration on the
spacecraft due to the gravitational field at that point; the sign of the three components
ag, ay and a, will therefore be determined (and, in particular, opposite) by the respec-

tive components of the gravitational field evaluated in the point.

5.6 Stability analysis of the linearized system

Notice that, with a constant thrust, system (5.14), once linearized, is equal to the linear
system in (5.3) and therefore the linear stability of the equilibrium points resulting from
system (5.15) will be given by the analysis of the eigenvalues in (5.11). By the Lyapunov
Stability theorem, see for example [108], in order to obtain a linearly bounded motion,
the eigenvalues must have Real part less than or equal to zero. In the case examined,
a non zero Real part cannot be accepted, as it would imply that either Re(W¥qr_1) >
0 or Re(¥9r) = Re(—W¥or_1) = —Re(¥or—1) > 0 for k = 1 and/or 2 and/or 3 ,
and this would lead to a saddle x saddle x saddle, a saddle x saddle x center or a
saddle x center x center unstable equilibrium point.

Therefore, in this case, the only acceptable way to get a linearly bounded motion
is with Re(¥y) =0,V k=1,...,6.

Theorem 1 If A <0 then the solutions I';, j=1,2,3 of (5.7) are in R.

Proof:
Let be A < 0.
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From (5.9) and (5.10), and considering the fact that A < 0, the solutions I';, j=1,2,3

of (5.7) can be rearranged to yield the three solutions among these nine

2
P17273 = i/—g-i-i\/ —A+ i/—g—i\/—A— g (516)
that satisfy the condition:
o a . o a4 . _p
—§+Z\/—A . —5—1\/—A =-3 eR. (5.17)
Notice that, from system (5.8),
A<0=p<0 (5.18)
and that the two numbers
_9 4 /A
27+" (5.19)
-4 —iv-A

are complex conjugates (same Real part, opposite Imaginary part) such that:

[~ §+iv=Al= |- §—iv=Al = (-4 - (V-AP = \[-f R (520)

Calling
5 arctan —LQ_A if ¢g<0 (5.21)
arctan —2V;A -7 if ¢>0 ‘
the two numbers can be rewritten as:
_E(eie)
iz » (5.22)
—77(6 )

p
\/ 73
6 2hn (5.23)
N e (G )
with h, k = 0,1, 2.

For condition (5.17), the only couples that can be accepted are (h = 0;k = 0),
(h=2;k=1) and (h = 1;k = 2) . This implies that the three acceptable solutions of
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(5.7) can be summarized in a compact form as:

Dy = /=BG 4 (54450 _ 2
R ()
+\/—>§(cos<g+% Dm ) sin (§+ ))_%
:2\/jgcos<%+w>_%’
with j =1,2,3.

Which demonstrates that A <0=1T; € R, Vj=1,2,3.

Theorem 2 If \/—3p <1 thenT'; <0, Vj=1,2,3.

Proof:
By (5.24) for each j = 1,2,3, I'; can be rewritten as

[ p 0 2(j—1)m 2
I'y=2 —3 cos (3 + — ) 3 (5.25)
Then, for hypothesis:

2\/j§cos (§+2“3””) —ggz\/jg—§<§—§zo (5.26)

Theorem 3 If

{ A_<32 - (5.27)

then the siz eigenvalues of system (5.3) are purely Imaginary.

Proof:

The proof of the Lemma is straight forward since the eigenvalues of (5.3) are ¥y =
£y, kE=1,..,6; j=1,2,3. Considering the hypothesis and applying Lemma 1,
indeed, yields that I' € R,Vj = 1,2,3. Then, for Lemma 2, I'; < 0,Vj = 1,2, 3, which
are the two conditions that lead to the thesis of Lemma 3.

Therefore, the six eigenvalues can be rearranged in the form:

Uy = +i/-T;, k=1,..,6; j=1,2,3. (5.28)

Figure 5.4 shows the spatial view of the three possible topologies of the zone that
satisfies the conditions in (5.27), obtained for a realistic range for the mass of the
hypothetical asteroid (i.e. from zero to the total mass of the Jupiter Trojans ~ 6 X
10%kg).
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In particular part a) of the Figure represents the topology of the “four leaf clover”
[19] for m3 € [0;1.648 x 10'7[ kg (= € € [0;8.27632 x 10~[), part b) represents it for
ms3 = 1.648x 1017 kg (= € = 8.27632x 10~ 1), and part c) for m3 €]1.648 x10'7; 6x 10%°]
kg (= € €]8.27632 x 10714;3.01356 x 10719]).

In this figure, the zone that satisfies the conditions in (5.27), is the linearly “stable
zone”, intersection of the zone outside the dashed, dark, meshed surfaces and that
outside the continuous, light, meshed surfaces which represents the solution of the first

and the second equations of system (5.27) respectively.
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Figure 5.4: The possible topologies obtainable varying the mass of the Asteroid; a)
ms € [0;1.648 x 10'7[ kg (= € € [0;8.27632 x 10714 ). b) m3 = 1.648 x 10'7 kg
(= € = 827632 x 107 ). ¢) my €]1.648 x 10'7;6 x 10%Y] kg (= € €]8.27632 x

10714;3.01356 x 10719]).
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For displaying purpose only, from now on, the mass of the Asteroid will be set to be
equal to the major of the actual Trojan Asteroids, namely 624-Hektor, therefore fixing
m3 = 1.4 x 10"%g (which implies € = 7.03165 x 10~'2). Qualitatively the results for
this value will be the same as for each value in the range considered, from zero to the

total mass of the Jupiter Trojans.
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Figure 5.5: Linearly stable/unstable zones; the three dimensional “four leaf clover”,the
boundary between the linearly stable and the unstable zones near the asteroid
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Figure 5.6: Linearly stable/unstable zones; a) spatial view for z < 0; b) Intersection
with the plane z =0

Figure 5.5 represents the spatial view of the linearly stable zone of the Sun-Jupiter-
Asteroid-Spacecraft system, while, once again, Figure 5.6 represents the horizontal x/y

section, part a), and its intersection with the x/y plane, part b).
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Of course, there exist an upper, external limit of the linearly stable zone as repre-

sented in Figure 5.7.
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Units of measure 1=10°km [-] Unstable zone

Figure 5.7: The outside boundary; The linearly stable zone is bounded.

In particular the first inequality of system (5.27) is verified by the points between
the dashed, dark, meshed surfaces, while the second by those between the continuous,
light, meshed surfaces. Thus, within the bounded area defined by the intersection of
these two zones the linearized motion is stable. Once again, these zones are represented
in the three dimensions, Figure 5.7, then for z < 0, Figure 5.8 a), and finally intersected
with this plane, Figure 5.8 b).

With reference to Figure 5.4 it should be noted that the external limit is separated
from the four leaf clover for small values of the mass of the asteroid, then approaches
it as the mass of the Asteroid grows to 1.648 x 10'7kg, where two surfaces becomes
tangent, and finally, as the mass overcomes such value, the two surfaces merge together
and the lower part of the four leaf clover opens.

Moreover it was numerically evaluated that the maximum possible thrust required
to overcome the lower outside boundary is about 0.7mN while for the upper one the
thrust required is about 25mN. However, for the system considered, the maximum
thrust actually needed for this simplified model will be lower than 0.15mN.

For the purpose of exposition, eight linearly stable artificial equilibrium points A, B, C,
D, E, F, G, H are chosen, which have to fulfill three main requirements: to be gener-
ated by a thrust lower than 0.15mN, to be at a distance from the unstable zone equal
or higher than 3500km (far enough from the unstable zone to account for the likeli-

hood of injection/position errors of the spacecraft), but remaining as close as possible
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Figure 5.8: The outside boundary; a) spatial view for z < 0; b) Intersection with the
plane z =0

to the asteroid. Moreover the first four are taken lying on the z/y plane, while the

My, — My, .
QS v (i.e. the

line passing through the asteroid and perpendicular to the segment connecting My and

other on the 2’/z plane where 2’ is the tilted horizontal axis y =

Ms). The nondimensional coordinates of the four artificial equilibria in the z/y are:

X y

-0.000263408

-0.0000934038

0.0000505918

-0.000274404

0.000263592

0.0000930962

S|Q|m| >

-0.0000509082

0.000274596

| OoO| OO N

The nondimensional coordinates of the four artificial equilibrium point on the a’/z

plane:
X y z
E | -0.000211408 | -0.866332 -0.000307
F 0.287971 0.000211592 | -0.000307
G 0.287727 0.000211592 | 0.000307
H | -0.000211408 0.287971 0 0.000307

The eight points result to be at a distance smaller than 300000km from the aster-



CHAPTER 5. LAGRANGIAN (LOW-THRUST) CR4B MODEL 111

oid (note that the distance of the stable equilibrium points from the Asteroid is about
1.16 x 10%km, more that two thirds bigger than the distance of the asteroid from the

artificial equilibrium points chosen).

In this system, in non-dimensional units, the amount of thrust required to create
the two artificial points in A = (A,; Ay; A;) and in G = (G4; Gy; G) are evaluated,;
the behavior of the dynamics close to these two artificial equilibrium points, as well as
their required thrust, are representative of the four points on the z = 0 plane, and for
the four on the z'/z plane respectively, as can be seen in Figures 5.10 and 5.11, and,
therefore, these points will be the only two investigated in detail.

To this end the computation of the gravitational field in both A and G is needed. For
the point A it is set:

(1-M)(Az+3) M(Az—3) mAg

az:_Az_LX+ 3+ 3+ 3
VAt DAy + 82442 J(Ae—D)2r(ay+)2 a2 \[AZ+AZ+A2

= 0.000233755
(1-M)(Ay+2) M(A,+42) mAy

ay = —Ay — Ly + = + -+
! L e b Ereaz Ja- b, raz  (Jazeazeart (5.29)

= 0.000521729
. — (1-M)A. + MA, + mA,
z — 3 3 3
Vet D24+ 82442 J(Aa-D2H@a, - P)24az (JAZ+AT+AZ
=0

which yields to a = /a2 + a2 + a2 = 0.000571701 corresponding approximately to
a force of 0.125406mN’; the same evaluation for the point G leads to (as,ay,a,) =
(0.0000240703, —0.00001415, 0.00034275) which is a = /a2 —|—a§ + a2 = 0.000343885
corresponding approximately to a force of 0.075433m.V.

These thrusts are represented respectively by the two “tube shaped”, meshed sur-
faces in Figures 5.9, 5.10 and 5.11; the first thrust is approximately the same required to
create the other three equilibrium points lying on the z/y plane (B, C, and D), while
the other is approximately the same required to create artificial equilibrium points set
on the z'/z plane (E, F, and H). Figure 5.10 a) and b) represents the horizontal z/y
section and the intersection with the z/y plane of Figure 5.9.

As the four leaf clover is tilted with respect to the system of reference, it is also useful,
in terms of visual presentation, to section and intersect it with the vertical plane x’/z
as shown in Figure 5.11 a) and b) respectively.

Note that, the eight points in Figures 5.9, 5.10 and 5.11 lie 3500km outside the linearly
unstable zone, although it is not easy to visualize.

Moreover, parts b) of Figures 5.10 and 5.11 show the projections, on the respective
planes, of the directions of the thrust required to counterbalance the gravitational field

creating artificial equilibrium points.
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Figure 5.9: Adding the low-thrust; eight artificial equilibrium points are created in the
linearly stable zone using a thrust lower than 1.5 x 1074

5.7 Integrating the linearized motion

Theorem 4 For a linear system of the form:
x = Ax
{ (5.30)

where x € RS and
A€ L(RS) = { linear operators A : RS — RS, with real coefficients }, if A has three
couples of eigenvalues complex conjugated A\, \*;v,v*;p, 0" € C, where the complex

conjugated is indicated by the *, such that:

A=\ +i),

R I
v=v_ tiv, (5.31)
p=yp, +ip,

where Ag = Re(A) and A\r = Im(\) and A v, ,p, # 0; then there exist a base of
vectors {1y, Wi, U3, W3, U5, W5}, with Ugj_1,Waj_1 € RS Vj = 1,2,3, and where

f,_1 = Ugj_1 +iWoj_1, j=1,2,3 are the eigenvectors of system (5.30), such that, in



CHAPTER 5. LAGRANGIAN (LOW-THRUST) CR4B MODEL 113

g

a) b) y ’ 7 r
L Foh
0.758 pot

e sy SR,
O R RN

[N
AT U T BT

-0.02

\

Vo

AN \\\ ANV N Y N .

.

~
N
vV

-0.799

N e O
N vV

. & Lea
Y

RN
\ U

\

B e Y L I
< =
L ]

N L RS RSN N SREN
\ | \

s

. y
A \ A
= R TR SR R X

s

[]Stable zone
Unit of measure 1=10° km [2] Unstable zone Unit of measure 1=10°km

Figure 5.10: Adding the low-thrust; a) spatial view for z < 0;; b) Intersection with the
plane z = 0 and projection on this plane of the direction of the thrust required

this basis, the solution J(t) = [€1(t), &2(t), 1 (1), ha(t), (1 (L), Go(B)]T of the problem is:

[ &1(t) = et (cos (A, & + sin (A, )&
Ea(t) = et (cos (A, 1)€9 — sin (A, £)&] ;
1 (t) = e’ (cos (v, )¢ + sin (v )19 (5.32)
a(t) = €=t (cos (v, )44 — sin (v, )4
G1(t) = e#nt (cos (12, )¢9 + sin (i, )¢
Ca(t) = e®Rt (cos (¢rt)¢Y — sin (¢, IS}

\

And therefore the solution x(t) = [z(t),y(t), z(t), X (), Y (t), Z@t)|T of system (5.30)
will be x(t) = NI(t) where N is the matriz which provide the expression of the original
coordinates x = [x,y,2, X,Y, Z|T in terms of the new one, J = [€1,&2,1, 2, (1, ()7,

i.e. s the matriz of the change of coordinates.

Proof:
The proof of this theorem is given in Appendix E.

For the theorem above it is enough to find the eigenvectors of the system, and its
solutions will be automatically obtained; moreover it will also provide the matrix A of
the change of coordinates, as will be shown later on.

The eigenvalues of the system will be the six vectors f'j =u,;+i1w; € CS, j=1,..6

which solve
Af; =05, j=1,..,6. (5.33)
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Figure 5.11: Adding the low-thrust; a) 2’/z section of the spatial view; b) Intersection
with the plane x'/z and projection on this plane of the direction of the thrust required

As the six eigenvalues are three couples of complex conjugated numbers, the eigenvec-
tors must be three couples of complex conjugated vectors, namely f'gj = Ugj + 1Waj =

_ P r£x
;-1 — 1TW25-1 = fzjflv

Vj =1,2,3. This, in particular implies that it is sufficient to
find three of the six eigenvectors, i.e. f;, f3 and f5. Moreover, in the case considered
in this work, the eigenvalues have null Real part (i.e. are purely imaginary), and can
therefore be stated in a simpler form.

Therefore, to simplify notation, hereafter the eigenvectors of the system will be:

Uy = A,

Wy = —\i,

Vs =vi, (5.34)
Uy = —wi,

U5 = i,

\116 = —(pi.

A few algebraic manipulations of (5.33) lead to the determination of the coefficients
u; k=1,3,5 j=1,...,6 of the three eigenvectors corresponding to the eigenvalues
i, vi, i respectively; these coefficients are listed in the Appendix F.

Note that, to be consistent with the notation used in [17] it is sufficient to invert the
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relation:
Up 4= —uUp2 + U4 Urs =ui1 +uLs
W14 = —W12 + W14 W15 = W11 + W15
Uz g4 = —u32 + U3 4 Ugs = u3,1 +U3s (5.35)
W34 = —W32 + W34 W35 = W31 + W35
Us 4 = —Us2 + Us 4 Uss = Us,1 +Us5
W54 = —Ws52 + W5 4 W55 = Ws5,1 + W5 5.
Then the matrix N' = <N}k> e of the change of coordinates will be given
E=1,.
by
Ny = { kg 1 b 0dd (5.36)
Wy—1,j if k even

Applying the transformation of coordinates N~! on x = [z,y,2, X,Y, Z]|T, yields
the new coordinates J = [£1, &2, 91, 19, (1, (2]7, namely:

I=N"1x (5.37)

The transformation N~ is then performed on the system (5.3) to find it’s expression

in the new coordinates:
I=N"S%=NTAx=NTANI. (5.38)

Such a system can be rewritten as:

I1=A1 with A =N"1TAN (5.39)
with
0 A 00 0
-2 0 00 0
g0 00 vo 0 (5.40)
0 0 —» 00 0
0 0 00 o
0 0 0 —¢ 0

whose solutions are

€1(t) = cos ()€Y + sin (At)&9

&a(t) = ( t)€3 — sin (At)&7

Y1 (t) = cos (vt) + sin (vt)y§ (5.41)
o (t) = cos (Vt)@b — sin (mﬁ)gbl

G(t) = (sot)Cl + sin (¢t)¢9
) = cos (pt)¢§ — sin (o))
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Therefore the solution of system (5.14), given by x(¢) = N1(t), are:

x(t) = N1,181(t) + N1,282(t) + N1,391(t) + N1,av2(t) + N1,5¢1(t) + N1,6¢2(t)
= 11,1£1(t) + w1,1€2(t) + 43,191 (t) + w3, 19P2(t) + us5,1¢1(t) + ws,1(2(t)

y(t) = No,1&1(8) + N2282(t) + N2 391 (t) + No,avpa (t) + Na 5C1(E) + N2 62 (t)
= 11,261 (t) + W1,282(t) + 3,291 (t) + w3,21P2(t) + 5,21 (t) + ws,2(2(t)

z(t) = N3,1€1(t) + N3,282(t) + N3 391 (¢) + N3,ath2(t) + N3,5¢1(t) + N3,6¢2(t)
= 11,361 (t) + w1,382(t) + 3,391 (L) + w3,392(t) + us,3¢1(t) + ws,3(2(t).

(5.42)

Notice that, evaluating

as expected, yields:

z(0) &
y(0) 34
2(0) | _ P)
o | N " (5.43)
Y (0) ¢?
Z(0) ¢

which is equal to (5.37) evaluated at ¢ = 0.

Recall that these resulting orbits, solutions of the linearized system, are expressed
in the system of reference translated to the artificial equilibrium point x., ye, ze (see
(5.2)) such that they must be translated back to the position of the asteroid.

As the behaviors of the linear solution in (5.42), in the vicinity of the points A and
G, is qualitatively the same as the other six artificial equilibria, the dynamics starting
sufficiently close to these two points is shown, for the Sun-Jupiter-Trojan-Spacecraft
system, where the asteroid has the same mass of 624-Hektor, in Figures 5.12 and 5.13.

In these Figures, the x/y, x/z projections of the solution of the linearized system
are represented by the dark, continuous lines. As expected, after 12 Jovian years (~
150 Earth years), they are still close to the respective starting points.

The dashed projection of the 3500km spherical domains around the points are also
plotted in the Figures.

Notice that, if the perturbation (the position error) on the z axis was null, the orbit
starting close to the point A would qualitatively degenerate to the two dimensional

case analyzed in [19].

5.8 Integrating the full nonlinear system

The next step to illustrate the nonlinear stability of the linearly stable artificial equi-
libria identified in the previous section, is to perform a numerical integration of the full

nonlinear system in their vicinity. To this end, recalling system (5.14), the behavior of
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Figure 5.12: The solution of the linearized system in the vicinity of the point A after
12 Jovian years; a) z/y projection; b) x/z projection

a spacecraft starting sufficiently close to the points A and G is investigated.

Recalling the evaluation of the thrust needed to create artificial equilibrium points
in A and G stated in Section 5, a numerical integration with Mathematica using a
Runge-Kutta method is performed, starting sufficiently close to the initial points. The
dark, continuous lines in Figures 5.14 and 5.15 are the x/y and x/z projections of the
numerical solutions close to A and G respectively, evaluated for a null initial velocity.
Once again the solutions are represented for the first 12 Jovian years and the dashed
projection of the 3500km spherical domains around the points appears in the Figures
as well. Notice that the divergence between the analytical integration of the linearized
system in Fig. 5.12 and 5.13 and the numerical integration of the full system increases
with the time, (i.e. the orbits starts to diverge approximately after 70 terrestrial years),
but their bounded behavior, the relevant feature on which the result is focussed, holds
despite the non linear terms introduced in the system. As a result of the application
of the same method on the points B, C, D, H, E, and F, other six orbits are obtained,
which, starting sufficiently close to the respective point with null initial velocity, will re-
main bounded around it. In particular, for approximately 150 Earth years, the motion
starting close to each of the eight points, remains within the round domain, 3500km
radius, outside the unstable zone. Moreover the orbits obtained can be divided into
four similarly-behaving couples (A/C, B/D, H/F and G/E, in which, the two elements
of the last two couples perfectly mirror each other), where, in particular, the motion
starting close to B or D or that starting close to H or F remains bounded within an
area much smaller than 3500km. Furthermore, looking at their behaviors it is clear
that care must be taken to the choice of the initial conditions as there is a trade-off

between the amplitude of the oscillations about the initial point (in the z direction)
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Figure 5.13: The solution of the linearized system in the vicinity of the point G after
12 Jovian years; a) z/y projection; b) x/z projection

and the fuel required, i.e. fuel can be saved at the expense of larger oscillations.

5.9 The numerical simulation of the real system

As there are no actual Jupiter Trojans in or close to L4 a numerical simulation was
required in order to test the results found analytically in the simplified model. The ac-
tual orbits of Jupiter and 624-Hektor were derived by interpolating their daily observed
position and velocity vectors (found in the JPL Small Bodies Database). In this real
model the orbit of Jupiter is elliptic, and its velocity of revolution is no longer constant.
Fortunately the resulting effects on the system are minimal due to the low eccentricity
of Jupiter’s real orbit. On the other hand all the tadpole orbits of the main Jupiter
Trojans are inclined up to 20 degrees with respect to the plane containing Jupiter’s
orbit around the Sun. Thus, as the z/y plane of the system of reference used is set
to be the one containing the three massive planets, the change in inclination of this
plane will greatly affect the change of velocity of the system w (in the theoretical model
w = 0) therefore representing the main difference between the two models.
The eight artificial equilibria chosen in Section 5.7, which are bounded in the simplified
model, in the real model result to be unstable, quickly diverging from 624-Hektor. The
x/y projections of their orbits are shown in Figure 5.16 for a period of around 36 years
(~ 3 revolutions of Jupiter(and of 624-Hektor) around the Sun).

The numerical integration of many other artificial equilibrium points was then under-
taken. Results highlight a shift of the model towards instability, i.e. an enlargement of

the unstable zone. This result is expected considering the perturbations added in the
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Figure 5.14: The solution of the full nonlinear system in the vicinity of the point A
after 12 Jovian years; a) x/y projection; b) x/z projection

real model.

However, a zone of finite-time bounded orbits was heuristically found, in which all the
orbits remain bounded within ~ 3.5 x 106 km from the Asteroid for at least 36 Terres-
trial years before starting to diverge. In this zone two artificial equilibria A’ and G’ were
chosen, lying on the line connecting the Asteroid with the points A and G respectively,
at a distance of 2.5 and 2.3 times their distance from the Asteroid. These artificial
equilibria can be generated with a thrust lower then 4 x 10*N(still well within the
feasible range), kept constant during the motion. The z/y projection of the resulting
orbits, for ~ 3 revolution of Jupiter around the Sun, is shown in Figure 5.17 a) and
b). It must be noted that, due to the x/y projection, the second orbit seems to spiral

around the Asteroid but instead is displaced spatially.
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Figure 5.15: The solution of the full nonlinear system in the vicinity of the point G
after 12 Jovian years; a) x/y projection; b) x/z projection
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Figure 5.16: The unstable zone of the model enlarges and the eight artificial equilibria
above become unstable; a) The orbit generating from the point A in the real system; b)
The orbit generating from the point G in the real system
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Figure 5.17: Two orbits of the finite-time bounded zone of the real case after 3 Jovian
years; a) The starting point A’ is set on the line connecting A and 624-Hektor at a
distance of 544903 km from the Asteroid; b) The starting point G is set on the line
connecting G and 624-Hektor at a distance of 711477 km from the Asteroid

Thus the simplified model studied in this chapter can give some indications of
where weakly unstable solutions about a real Trojan may exist. Moreover it is clear
that the perturbations due to a nonconstant velocity of revolution and the inclination
of the tadpole orbits of the main Trojans must be taken into account when analysing
stability.

5.10 Summary

A low thrust autonomous coplanar CR4BP, with the primaries set in the Lagrangian
equilateral triangle configuration, has been formulated for both the purpose of math-
ematical interest as well as to investigate potential applications in the Sun-Jupiter-
Asteroid-Spacecraft system. The analyses of the natural evolution of the system was
performed, for a range of conceivable masses of a hypothetical asteroid set at the li-
bration point L4, which revealed eight natural equilibrium points, four of which are
close to the asteroid. Of these, a linear stability analysis revealed that the two closest
are unstable and the other two stable, when considering as primaries the Sun and two
other bodies of the solar system.

Adding a low-thrust propulsion system to the spacecraft, which can thrust in every
direction, including perpendicular to the plane containing the three massive bodies, a
region of stable artificial equilibrium points close to the asteroid was created. As the
“UK ion propulsion programme” has culminated in the availability of three thrusters
of different sizes, covering the thrust 1mN to 300mN range [105], based on the T'5,
T6 and UK-25 propulsion systems, the assumed low-thrust potential for the spacecraft

was initially based on current capability. Moreover completely novel, bounded orbits
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were proved to exist in the spatial vicinity of the asteroid which can be maintained
with a constant thrust lower than the 0.1% of the maximum thrust capability, oriented
in a fixed direction. Such result suggests that a shift towards micro propulsion systems
(MPS) could be more appropriate for this application. Therefore, the Field Emission
Electric Propulsion (FEEP) technology, used in the Lisa pathfinder experiment on Ein-
stein’s geodesic motion in space, which operates in the micro-Newton field covering the
range from 1 x 10~*mN up to 0.5mN [106], may provide a more effective propulsion
system for the proposed application.

This chapter illustrates that by exploiting low-thrust, it would be possible to maintain
strategic observation points, more than 66% closer to the hypothetical asteroid than
the stable natural equilibrium points. This would enable a continuous synoptic view of
the hypothetical asteroid itself.

A numerical simulation of the system was then performed, based on the real observa-
tions of the orbits of Jupiter and the 624-Hektor Trojan Asteroid to test the result when
the asteroid is moving on its real tadpole orbit instead of remaining fixed in L4. Results
show a shift of the real model towards instability, i.e. the unstable zone enlarges, due
to the inclusion in the real model of high perturbations.

However, numerical integration highlights a zone of finite-time bounded orbits for the
real model, in which the orbits remain bounded within ~ 3.5 x 10%km from the Asteroid
for at least 36 Terrestrial years(~ 3 Jupiter’s and 624-Hektor’s revolutions around the
Sun) before starting to escape. These finite-time bounded orbits can be maintained by
using a constant thrust lower than 4 x 107%*N without the need for any state feedback

control.



Chapter 6

Conclusions

The dynamics of a massless spacecraft around an inhomogeneous Trojan body, in a
system composed of three primaries lying at the vertexes of an equilateral triangle,
with their mutual positions fixed over the course of the motion, has been investigated.
Two possible dynamical models have been identified as suitable to represent and study
the system, depending on the distance from the primary. In the close vicinity of the
Trojan object, the motion was assumed to be dominated by this sole body, perturbed
by the inhomogeneities of the gravitational field due to its shape/density irregularities.
In this zone the dynamics was thus modeled using the perturbed Restricted Two Body
Problem, in which an arbitrary number of harmonics of the body were taken into ac-
count.

Far from the asteroid (but still close enough to the body for scientific and observational
purposes), where the gravitational influence of the other two primaries is far greater
than the influence of the inhomogeneities of the body, the model adopted was the
Lagrangian Circular Restricted Four Body Problem (CR4BP). Low-thrust propulsion
perturbations were incorporated into this model.

The validity range of the two models was discussed and estimated as an application of
a Weak Stability Boundary theory.

Interesting natural orbits (e.g. frozen orbits) close to the body and new families of ar-
tificial, non-Keplerian orbits, which could be exploited for science and commercial ap-
plications, were identified. Results where shown for the Sun-Jupiter-Trojan-spacecraft

system, with particular emphasis on the asteroid 624-Hektor, a major Jupiter Trojan.

kK
The concept of Weak Stability boundary was first introduced, with both its classical,
algorithmic definitions. A completely new, analytical definition was then formulated,

which enabled to study the topology of the set of the stable orbits of which the WSB is,
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by definition, the frontier. In particular it was demonstrated that the set of the stable
orbits is a bounded set formed by, at most, a countable disjoint union of open intervals
plus, at most, a countable set of points. Moreover, for each fixed initial eccentricity of
the orbit, a radius r* was proven to exist, such that all the orbits generated by a smaller
radius are stable. This radius provides an estimation from the below of the WSB as
no points of such set can be found below r*. However this same estimation is also an
estimation of the stable zone around the asteroid. For the Jupiter Trojan 624-Hektor,
for the case ey > %, analytical and numerical estimations of r* were evaluated. This
estimations were used as the estimation of the range of validity for the application of
the two dynamical models proposed.

Following the definition of stability used for the WSB theory developed in Chapter 3
(see Definition 5), an orbit was defined as stable by monitoring its distance from the
target asteroid and the sign of the Keplerian energy after a circle around the body. Thus
estimating the variations of all the coordinates describing the motion of the spacecraft
around the asteroid, it was possible to identify the set of initial conditions leading to
stable orbits. In particular, for 624-Hektor, it was found that, starting with an initial
eccentricity of the osculating ellipse ¢y € [0.557958;0.952042] and a semimajor axes
ag < 13160km, after completing a circle around the asteroid, the eccentricity would

remain bounded within the range e € [0.54;0.97], with a semimajor axes a < 13420km.

This was thus the boundary of the stable zone around the asteroid within which
the dynamics was investigated as a R2BP with an inhomogeneous gravitational field.
The case where the angular velocity of the asteroid is larger than the mean motion
of the spacecraft was analysed. An analytical theory in closed form in terms of the
eccentricity, inclination and mean anomaly of the spacecraft was presented. This is of
second order with respect to a small parameter and of arbitrary degree in the expansion
of the gravitational field of the body in terms of the zonal and tesseral harmonic coef-
ficients. Two different, canonical Lie-Deprit transformations were built, together with
their corresponding suitable changes of coordinates, with the aim of reducing the ini-
tial non-integrable Hamiltonian system into an integrable Hamiltonian plus a negligible
remainder of higher order in the small parameter. The first was the relegation of the
action conjugate to the argument of the node while the latter was a Delaunay normali-
sation, to average the Hamiltonian with respect to the mean anomaly of the spacecraft’s
orbit. An explicit analytical formulation for the averaged, second order, Hamiltonian
of any inhomogeneous gravitational field was derived in closed form. A method for
determining initial conditions for frozen orbits solving a 2-D algebraic equation, after
prescribing the desired inclination and eccentricity of the orbit, was then presented as
an application. This could be useful for the dynamical analysis of both natural and

artificial satellites around any body with an inhomogeneous gravitational field.
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Two examples of frozen orbits were shown, found for the Trojan 624-Hektor, in accor-
dance with the previous stability range estimation. The former had an initial inclination
close to zero while the latter with an high inclination Iy = 1.1. The initial conditions
of both these orbits were taken in the estimated stable set, although the validity of
the estimation might deteriorate for high inclinations regimes. Moreover, as the per-
turbational theory is valid for the cases in which the angular velocity of the asteroid
is higher than the mean motion of the spacecraft, which holds, for example, for fast
rotating bodies or for relatively high altitudes, both the resulting orbits had to ful-
fill such altitude requirements. For the low inclined orbit the initial eccentricity was
fixed to eg = 0.7 and the initial semimajor axes to ag ~ 1735km, while for the other
ep = 0,85 and ag ~ 4045km. Furthermore it must be noted that the spherical har-
monics of 624-Hektor couldn’t be found in previous literature. A method for obtaining
these coefficients from a three dimensional polyhedric model of the asteroid, assuming
a constant density was thus developed.

To complete the dynamical studies of the spacecraft beyond the stable region, the
autonomous Lagrangian CR4BP was used. In this outer region the perturbations due
to the gravitational effects of the Sun and Jupiter dominate the dynamics and the ef-
fect of the inhomogeneous gravitational field of the body becomes negligible compared
to them. The natural dynamics of this model was first investigated, which, for the
stable equilateral triangle configuration (e.g. considering the Sun and any other two
objects of the Solar System), was shown to have 8 equilibrium points. The study then
focussed on the four equilibria close to the asteroid. A linear stability analysis of them
revealed the two closer to the body to be unstable while the other two to be linearly
stable. Different topologies for the linearly stable zone were investigated, for different
conceivable masses for the asteroid. The system was then perturbed by the inclusion
of low thrust propulsion. Surfaces of artificial equilibrium points were generated in the
spatial vicinity of the asteroid. The low thrust necessary to create surfaces of artificial
equilibrium points in this zone was estimated for a 1000kg spacecraft, for the simplified
model in which the asteroid is fixed at the exact L4 position. A zone of stable orbits
was shown to exist, for the Sun-Jupiter-Trojan-spacecraft system, considering a fixed
hypothetical asteroid with the same mass of 624-Hektor. As an example eight orbits
around artificial equilibria, in and out the plane containing the three primaries, were
shown, which, starting at a distance of approximately ~ 21000km remain bounded
outside the unstable zone in a round domain, 3500km radius, for at least 150 years.
These orbits can be maintained with a constant thrust lower than 0.15mN without the
need for any state feedback control. A numerical simulation of the system was then
performed, based on the real observations of the orbits of Jupiter and the 624-Hektor
Trojan Asteroid to test the result when the asteroid is moving on its real tadpole orbit

instead of remaining fixed in L4, the main perturbation introduced being the non zero
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z-velocity of the plane containing the three bodies. In this real case a zone of finite-time
bounded orbits was found, in which all the orbits remain bounded within 3.5 x 10%km
from the Asteroid for at least 36 years before starting to diverge. These finite-time
bounded orbits can be maintained by using a constant thrust lower than 0.4mN with-

out the need for any state feedback control.
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Appendix A

A second approach for deriving the gravitational potential expressed using the Whit-
taker Nodal-Polar variables, is here provided. The procedure is undertaken using

Wigner’s rotation theorem for non scaled spherical harmonics.

Definition 12 The non scaled spherical harmonics Y,*(5, X) are the angular portion
of the solution to Laplace’s equation in spherical coordinates where azimuthal symmetry

s not present, which can be expressed as
Y™(8,\) := P™(sin d)e™ (6.1)

Getting Back to the formulation of the potential in (2.86) the addition formula for non

scaled spherical harmonics [29] is applied:

P,(cosyp) =R

D (=12 = dom)Y, (6 NY X)] (6.2)

m=0

Thus obtaining:

r :_Qoo?;/nn_m_m_m mesh | .
Ulr,5,\) /V1;)<r> %[Z( 1™ (2 = Som) Y™ (5, )Y (6,)\)]

m=0

(n—m)! P

e P (sin ")™Y p(x')V )|
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where Ky, = Cp m + 2Spm and Cy, p, and Sy, p, are as in (2.90) 11

Wigner’s rotation theorem for non scaled spherical harmonics (see [30]) is now

applied in order to get to the nodal polar variables.

Theorem 5 Vn, m € N,n, m let be Y,*(0,\) the spherical harmonics expressed in
terms of the latitude d and longitude \ in a system of reference Oz 3. Then the
expression for Y"(5, X) in terms of the latitude A and longitude A in another system
of reference Oy 3, obtained by the composition of three rotations of angles o, 3 and vy

(around the x axes, the rotated z, and the rotated & axes respectively), is given by:

j=-n
where
D (—a, =B, —) = et RemO=3) e (—g) (6.5)
and in{n—m,n-+i} (n—)!(n+m)!
n . min{n—m,n+j m—i+3 n—j)!(n+m)!
djvm(_ﬁ) - zt:max{o,j—m}(_l) 7 tt!(n—&-j—t)!(’ri—m—t)!(m—j+t)!.

(6.6)

(@) ()

This theorem is then applied by setting the second system of reference to be the one
where the spacecraft position vector is (0,0, ) therefore the three angles «, § and v are
set to be 0, I and v, the argument of latitude, the inclination of the orbital plane and
namely the right ascension of the ascending node; moreover it must be noticed that in
such system of reference the new latitude A and longitude A of the spacecraft will be

both equal to zero as it has been set its new position vector to be (0,0,r). Therefore

1 Chm and S, m are the so called “Stokes coefficient” [29]
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) becomes:

U6 =R [-230 3 (2)' e S o, )

n=0m=0 j=—n

Y (0, O)Kmm}

=% T i i < )n th | Z D 0’ _I’_V)Yr{(()?())Kn,m
L n=0m=0 j=—n

— n (n+m)! mv) 1 Z (k+m) n Y

_éR_ TLZ;)WZ:O( ) n—mlj_n ]9 62k+ djjfm( I)

min{n+m,n+j}

OO SRS SN

n=0m=0 j=—n{f=max{0,j+m}
n—\(n—m)! 2n—(—m—j+20) , . —m—j+2¢
‘Z!(nJrjfE;!(n«]k)rlwgié)!()lmfjJr@)! (cos (%)) ’ (sin (%)) e

27 (55

: ((—l)j((n + i)y — 1) (-1 W) :

. (Cn’m (cos (70 — mv) cos (g(j + m)) — sin (0 — mv) sin (g(J + m)))



139

+Snm (— sin (70 — mv) cos (”(j + m)) — cos (j0 — mv) sin (%(j + m))))
n  min{n+m,n+j}

DN SN

n=0m=0 j=—nf=max{0,j+m}
n—j)!(n+m)! 2n—(—m—j3+2¢) , . —m—j+2¢
.E!(n+jf£§!(ni);r(zf—z)!()lmfj+f)! (cos (%)) ! (sin (%)) it

n+j

(-1

Q) (i 1)
an (=) (52 )(( +J)=, 1)2n(n*m)!(n+m)!

- (Chym (cos (j0 — mv) cos (3(j +m)) —sin (j0 — mv) sin (3(j +m)))

+Snm (—sin (j6 — mv) cos (5(j + m)) — cos (j6 — mv)sin (5(j + m))))
(6.7)

The potential can therefore be rearranged as:

n  min{n+m,n+j5}

U(’I“ 9 v, 77@ N Z Z Z Z 2n+m+j—2t5i2t—m—j_ (68)

n=0m=0 j=—n t=max{0,j+m}

r"% (Apm,jt cos (my — j0) + By j i sin (my — j6)) ,

where
N
= ci(N, ©) = cos () :\/m \/? o)
N .
si = si(N,0) = sin ({) = \/m \/%
and:
.An,m,j,t = gn,m,j,t (Cn,m Ccos (g(] + m)) — Sn,m sin (g(j + m)))
(6.10)
Bn,m,j,t = Gn,m,j,t (Cn,m sin (%(] =+ m)) + S’n,m cos (g(] + m))) 7
and
c m—+3t—j T AT n+m)!(n—j)! n+4j i)t
Gn m,jt = (—1) +3t=3+1 prg, ﬂ(n+j—§)!(n+)rr5—t)j!2t—m—j)! (_1) g %W
((TL +j)mod2 - 1)
(6.11)

where « is a conventionally chosen reference radius, usually taken as the radius of the
circumscribing sphere of the small body and 2,04, stands for the value of z modulus y,

i.e. the integer reminder of the division of = by y, and where C,, ,,, and Sy, , as in (2.90).
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Appendix B

As }NI270 = Hy+2[Hy, Wi+ [[Ho, W1], W1], the explicit expression for K5 o will be given
by the sum of the three corresponding contributions from the three terms of I:Ig,o such

that Kz = Ky + Kyg + K{ where:

o0 n mln{n7n+.]}

1 _ 2 On4j—2t 2t—j
Kyo=—5) ), D, c®mH s (6.12)

n=1j=—n t=max{0,5}
1

AT (A(OJtCOS( j9)+B(())]tsm( j@))

then

min{ﬁ+7ﬁ,ﬁ+5}p(2) 0o n  min{n+m,n+j5}

D30 S SHD S 3 5D VD S

n=1m=1j=—p t=max{0,j+m} p=0n=1j=—n t=max{0,j+m}

1
ci2tmtj =28 2ndmtj—2t g 28— m—j+2t—m—j (_ 1 )p+1 Z

mw
ap=0

max{p—(p—2),0} max{p—S(4,p)—2,0} max{p—S(3,p)—1,0} (max{pS(Zp) ,0}

ap_1=1=6a,,0 az=1-8a,40 a2=1-8435,0 a1=0
a 704/ ’ /
YPOmax as as POmaz POmar @5—Q5az—ajy
PlX 22 > X X
1" — "
= al al a =0 al!=0 az =0
pom,a.L 5 73 POmaa 5

(Opomw ©e Os (93) (c‘?pEmaI e 5482)

(;)3(50 (3:POmaz)—S6(3:POmaz)) (71)17—111 —SE(2PEmas)—S6(B:POmas)
s

. S5H(3
RP*M*Z‘SE(ZPEmam)*86(3’17(),,,@74) <@>a1+ 0(3:P0max)
T

( —0%4ru ) SE(2,PEmaz) S0 (3P0 maz) 56 (3P0 maz)

r3

’ 7" "
62(80 (3’170"“17‘ )750 <3’p0m‘1"‘ )780 <3’p0m’a’z ) (77'/‘)50 (&POmax ) 'ﬁ+11+n+1 )
T

( n+1)p a1-255(2,PE 00)— so(s,poma,>)
R
1

(=(=(p+1) + a1+ S5 (3,P0,02)))
(~(p+1) + a1+ S5(3,20,,.))))

T, ]nmj

(Am B AN g G (x

1 1 1 ™
( gl)m]A() +B£L> BW )cos (5
(=

7,m, ] nm,] "M, j nmj

COS( (7 —9)9)
+5 (A B = AL B Yeos (F(—(=(p+ 1) + a1 + 85 (3,P0,m00))

A<1)"’Z&1>nm] 1>nm<]1>w” . S (3
( n,m,jY n,m,j nﬁzg ﬁm )Sln( ( ( (p+ )+a1+ O( ’pomaa:))))>

sin (—(j — 7)0))



+ (=0 (a1 +85(3,20,0.)) o
+2(50(3,POman) = S6(3:P0mas) = SE(3:P0 man ) Lrr)™
_G=2t4mi2nN 2<sE<2,pE7m)—so<3,po,m>+sz)<3,pomm>>92))
2(N+0©) 02—rp
((A(l) ALy Bib ) B Jeos (5(—(p+1)+a1+85(3,P0ma0) — 1))

n,m,j n,m,j m,j
(Au B () 51 n (% (p+1)+a1+85(37pomaz)—1)))

Ty, nm] n,m,j

cos (—(j — 7)0)

)
M, g
s

+3 (A B — A B Yeos (F(=(p+1) + a1+ 85(3,0,0.) — 1)
~(A A S+ B B sin (F(=(p 4+ 1) + a1 + S5(3,P0pas) — 1)
sin (—(j — 7)0))
o _N(n(l——)m 264+m))
+< (=3)( (- %) )
3 (A AL 5+ B B D eos (5(=(0+1) + a1+ 853,700, +1)
(A'EleYL JB’Ell’)rn J 'A’Ell?fn jB’S‘le“VL ]) Sll’l ( 2 (7(p+ 1) Jr a1 +SO(3’pO7naz Jr 1))))
COS( (7 =)0
3 (D, B = A B, 5 eos (5(~(p+1) 401+ 85(3, 2000 + 1)
(AS;,JAS;] + B0 B0 sin (5(~(p+ 1) + 01+ Sp(3,P0pmas + 1))
sin (—(j — 4)9))
+ ( (my(E=2EmAn(1=8) th:)m(l** )
3 (A AT+ B Bi, ) eos (5 (=0 1) + a1+ 85(3,90,0,.) — 1)
(Ai}i,” Bl = AL B sin (F(=(0+1) + a1+ S5(3,00,,) — 1))
COS( (7 —3)9)
+5 (A, B — AL B ) eos (5(=(p+1) + a1 +85(3,P0,0.) — 1)
(ASZRJ‘A;)T_” +Br(lenjB§ll>m])sm( (=(p+1) +a1+S5H(3, pomw)—l))>
sin (—(j — 5)9))
(G— 2t+m)+n(17—
_ | (G- F)
(m) (S0 =)
2 (A, Al 4B BY Yeos (5(=(p+1) + a1+ S5 (3,00, + 1)
(A;l)mj Sgnj AS)m]BS)mJ)sm( (=(p+1) +a1+S5H(3, ponLaTJrl))))
COS( (7 =)0
5 (A 5By = A B S cos (5(=(p 4+ 1) + a1 + 853,20, + 1)
(AS;JAS GHBLL B Dsin (5(=(p+1) + a1+ 85(3,00,,, +1)))

sin (= (5 — 5)0)))

where in D, O and £ the parameter m must be substituted by m.
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(6.13)



Finally, calling, po,,.. = QL%J +1, PEna. = 2|5, and:

k*
Sk, k*) = ay
k=k
o k* k* k*
Sp(k, k) = ap, Splkk")y= > a, Spkk)= > af
kE=k, k=k, k=k,
];‘ even ];‘ even ];‘ even
Solk, k)= Y a5 Solkk")= > a, Shkk)= > af
k=k, k=k, k=k,
k odd k odd k odd

Also, calling:

~8

2 apg as) (as AP0y _aﬁomaz as—ag) (az—aj
O = ((gomee)o () () ) ( (Pomsomee).. (%) ()
Omaz
(a14+n+p+2SE (2,k—1)—S(k,p)+ag—af +S;, (3,k—2)—S(5 (3,k—2))!
(@1 +n+p+2SE(2,k—1)-S(k,p)+a ;;+Sb(3k 2)—85(3,k—2))!

(a1+n+p+8E(2,k—1)—8(k,p)+az+So (3,k—2)—5% (3,k—2))!
(a14+n+p+S8p(2,k—1)=S(k,p)+ag—af +So (3,k—2) =S4 (3,k—2))!

il

while Vk even

c o (p=S(1,p))!
- <((p s 12)‘)5_?3)1;) 2)—-S(k,p)—S,(3,k—1) !

p—a1—25p )-S5 (3,k—1)+ag+1)! I 7
&= (P—a1 285 (2,k—2)— 5(15,;3)—05/0(3,12_1)f1)1 ) Vk >4, k even

yields:
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(6.15)

(6.16)

(6.17)
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) min{n+m,n+j} 3@ min{A+m,n+5}

o] n n oo n
1
CIDIDIDID DD > X >
p=0n=1m=1j=—n t=max{0,j+m} p =0 n=1j=—n t=max{0,j+m}
p+7<p?
. ot AT — O E— T p+1
(2- 5p 0)C7,2n+m+]_2t 2t—m—j (_ _1 ) ci2ntm+j—2t g;2t—m—j (7 1 )P+
’ mw mw
1 max{p—(p—2),0} max{p—S5(4,p)—2,0} max{p— 5(3,10) 1,0} [max{p—S(2,p),0}
ap=0 ap_1= —55510 az=1-0a, 0 ag=1— 663 0 a;=0

1 max{p—(p—2),0} max{p—S(4,p)—2,0} max{p— S(S,p) 1,0} /max{p— S(2)p) 0}

8 B S »

ap=0 —1=1-68a,,0 az=1—8a,,0 ag=1— 6,,3 0 a17
Apo —al ’ /
POmax as ag maz  POmas @5—05az—aj
D DS 3 DY
/ = L ! s 1 7
a5 @ a =0 al/=0 al/=
POmax 5 73 POmax 5 3
ap a a ap —aj; = Y- ’
POmax as ag Omaz  “POmay 45—a5a3—ajy
a’ =1 & al 7 v
as 0 ar a =0 af=0 aiy=0
POmax 5 3 pomazc 5 3

&p

Emaa

E4E9 )( )3(50(3,pomaz) 853,200,042 ))
c E,8, )( )3(30(3,170,””) 85(3,80,m02))
(= 1)P= 1= SBCPEman) S0 (3POmas) pp=a1-255 2P Eypas) S0 (B:P0mas)
(—1)P= 0= SE@PErar) =503 POmar) RP=a1-255 (2P Bmas) =50 3P0 ma)

<]® ) @+ (PO mas) <M) SE2:PEmaq) =50 (3:P0mas) 56 (3:P0mas)
3
T

(3@)&1+3/o(3,170ma1) (*62+w)SE(Q’EEmaz)_go(&ﬁomaz)+5’o(3,ﬁomaz)
r2 3

02(80(3,P0,140) =56 (3:P0maz ) =56 (3P0 max)) (7”036 (300,102

_1
rntl

©2(80 (3,904 ) =56 (3:P0max ) =S5 (3:90 mas ) (7““)56 (3:50,00)

1
PrES



(= (o o (B(S0(3,P0,00) = S6(3,50,00))) = (S5(3,0,00)) + (5= @1 = S8 (2 PBp0)
=853, 90 maz)) +2(@1 + 853, 50,m02)) + 3(8E(2, PEmas) — S0 (3, P0mmaz)

+85(3,P04,)) + (A +1 )62 + (= (380 (3, POman) = S6(3,P0man))) + (S5(3, PO mas))

—(P— a1 — SE(2,PBmas) — S5 (3,P0,m4s)) — (@1 + S5 (3, P0,m0.))

~2(SE(2,PBman) — 50(3,ﬁom) +85(3,0mas)) — (A +1)) i)

(p—al—zsmz,pEmEI)—S/o (3:PO0man)

m,jY am,m, g n,m,j nm,]

(p) + a1+ S5(3,P0,00) — (—(B+ 1) + 81 + S5(3, P00z )
B 1 _A(l) (1) )

CO;

(é <('A'EL> -.A<> +B (1) (1) )
(5((=

n,m,j nm]

>,
+ 1+ 85(3,P0,m40)) — (=@ + 1) + 81 4+ S5(3,50,02)))))

s n m,j _
+a1 +S (3,pom)) (=(+ 1)+ a1 +S853,P0maz))))
A<1> i B(l) By

)
smL3Y L m, g n,m,j"n,m,j

sin (Z((=(p) + a1 + S5(3,P0mas)) — (—(B+ 1) + a1 + S5 (3,50,14.)))))
(

vg,|

p—a1—285(2,PEp0s) =50 (3:50,4.) r3
+ (p ap £E(2,PE a o (3,p0 ) (_ <7@2+T“Ti4(((3 (So(3,P0max)

~86(3:P0ma2))) = (S5(3:P0,4,)) + (0 — a1 = SE(2,0E,,,.)

=853, P0maz)) + 2 (a1 +85(3,P0maz)) +3(SE(2,PEmar) — SO(3,P0.m0x)
+85(3,P0mas)) + (n+1)) 92 + (= (3(80 (3, POmmas) — S6(3,P0mas)))

+(85(3,P0maz)) — (P — a1 — SE(2,PEmas) — S5 (3,P0mas)

—(a1 4+ 853, P0mas)) = 2(SE(2,PEpmas) — S0 (3,P0mas) +S6(3,P0mas))
—(n+1))rw)))

(% ((A(l), -.A<,1>, 4B (1) (1) 2)

n,m,3" ‘n,m,j n,m,j n ,m,J
cos (5 ((=(p) + a1 +S5(3,20,,4,)) = (=(B+ 1) + a1 + S5(3,00,0.))))
INPORON GG )

n,m nm T, ] n,m,

sin (2((Z(p) + a1 + 8 (3, pomi>>—(—<ﬁ+1)+a1+S’o(3,po,m>>)))
cos (~(j — 1)6)

+1 (Al B = Al B

cos (Z((~(p) + a1 + S}y (3,p0y0)) — (—(B+ 1) + a1+ 8 (3 Popan))))
—(A%,JAS,%,; vul B0

sin (3 ((=(p) + a1 + 85(3,P0mar)) — (—(B+ 1) + @1 + 853, 00,,4.)))))
(
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—(=7) (36 (4(50(3:P0,n00) = S6(3,0,0,) = S5(3,P0,n02))
N(j+m—2t)  N(j+m+2n—2t)

+2(a1 + 5,0(37pomaz)) + N—0© - N+©
+4<sE<2,pE,m>—so<3,pomw>+S’o(3,pomw>>e)>
@27ru

140 4@ 1) )
(5 ((An,ﬁthﬁm] BnmJBnmJ) B
cos (Z((—=(p) + a1 + S5(3,P0,102)) — (—(B+ 1) + a1 + S5 (3, 50,4,) + 1))

1) RO 85 B
+(Aﬁ,m,58nyﬁhj A” ;Mg n m ]) _
sin (5((—=(p) + a1 + 853,200, )) — (—(B+ 1) + a1 + S5 (3,50,4.) +1))))
cos (—(5 — 7)9)
1 1 1

+% <("4£i )m,j i,m ‘Ait By 1(1 Zn j)
cos (5((—=(p) + a1 + S5 (3,P0,az)) — (—(B+ 1) + 81 + S5(3,00,10.) + 1))
~(Apin A 5+ +80 B3
sin (5 ((=(p) + a1 4+ S5(3,P0,m0,)) — (—(F+ 1) + 81 4+ S5(3,50,10.) + 1))))
sin (—(j — 7)6))

+ (4(S0(3,P0ma0) = 86 (3:P0maz) = SE (3,50 max)) + 2(@1 + 85(3,00,10.)

+N(J+m 20) _ N(G+m+2r-20) | 4(5‘E(2775Emam)*50(3,170,,1”)+5‘b(3»ﬁomaz))@> (=)
© N+© e2—ry J
€)) (1) 1) 1)
(2 (('A" myjAnmg+Bn’m]Bn m,g) B
cos (5 ((=(p) + a1 + S5 (3,P0,n0s) + 1) + (=@ +1) + a1 + S5(3,50,142))))
1) 1) (1) L
+(AﬁTﬁ]B"mJ_AnmJ nm,]) _
sin (5((=() + a1 + 85,3, P0m0,) 1) + (=B + 1) + a1 + S5(3,P0p0.)))))
cos (—(5 = 7)0)
5 (A B~ Aff?m B

—(m) (—xrter (G +m —20)8 +n(-N +9©)))
(3 (A AL 5 + Bl B 5)

=) + a1+ 85(3,P0,,0.)) — (=B + 1) + a1 + 85(3,0,,0.) +1)))
PCORG e )
(v

o~

jTn,m,g n,m,j nm

)+ a1 +S5(3,00,m0,)) — (—(B+1) + 81+ 85(3,P0,m4.) +1))))

]
=5
=}
—~ ~

+1 ((.A,l) .B(l) A(l) (1) 7)

n,m,j n,Mm,J n m,J

R
)((— p) + a1+ S5 (3, po,,m)) (=(@+ 1) + a1+ 853,50 m0.) + 1))

Z’LZ‘LI +SO(3 pomw)) (—(@+1) + a1 +S85(3,P0,ma,) + 1))

+ (~yztar (G+m =200 + 2(-N +6))) ()
(((Au) A0 g g

n,m,j" n,m ] n,m,j" " n,m 3] B
cos (5 ((=(p) + a1+ 85(3,P0pna0) + 1) + (=P + 1) + @1 + S5(3,P0,m42))))
(A<1> PRCORRG s e 3

n,m, nm] n,m,j"n,m,
sm(z(/( )+ ar + 853, pomi)+ D4 (~@+ 1)+ a1+ 83,50, )
cos (~(j — 7)6) (6.18)
+% ((.A ) (1) A(l) (1) )

’rﬁ} n,m,j n,m,j nm]
cos (5 ((=(p) + a1+ 85(3,P0,0,) + 1) + (=0 + 1) + @1 + S5 (3,50,,02))))
—(A Al +50 B )

n,m,j3" n,m, n,m,j  n,m,
sin (2 (((p) + a1+ S (3,00 )+ 1) + (=4 1)+ a1 + 8 (3:50,.. )
sin (—(j — 7)9)))

(
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where in D, O and £ the parameter m must be substituted by m.
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Appendix C

The un-normalized spherical harmonic coefficients of 624-Hektor are here listed.

This coefficients have been obtained following the procedure described in [76] from
the 1022 vertices 3D model of 624-Hektor represented in Fig. 4.1 and found on the
DAMIT-Database of Asteroid Models from Inversion Techniques.

Co,0 1 C7.5 1.95817 x 10~7
Cio | 233217 x 10~ 8 Cr6 4.09629 x 10~3
C1,1 | —5.65245 x 1077 Cr.7 —1.98738 x 10~8
Ca,0 —0.12464 Cs,0 0.00791898
Ca,1 0.00304843 Cs,1 0.000133685
Caz2 0.04981 Cs,2 —0.000201374
Cs.0 0.00102426 Cs,3 —7.42295 x 10~%
Csa —0.00116095 Cs,4 2.38859 x 10~°
Cs2 0.000631592 Cs,5 —3.97459 x 10~%
Cs3 0.0000250782 Cs.6 —3.57829 x 10~ 8
Cu,0 0.0400541 Cs 1.709 x 1077
Cia —0.000166485 Cs,s 1.76265 x 1077
Cu2 —0.00381943 Co,0 —0.000322245
Cu3 0.0000443294 Co 1 0.000137372
Ci,a 0.00031861 Co,2 1.04867 x 10—7
Cs,0 —0.000329525 Cy,3 —1.53402 x 10~8
Cs,1 0.000632048 Co,4 1.70052 x 10~
Cs2 | —0.0000697135 Cy.5 —3.13028 x 10~ %
Cs,3 | —2.77318 x 10~ 7 Co —4.09551 x 109
Cs,a | 8.72067 x 1076 Co,7 1.06157 x 10~°
Cs,5 | —2.40029 x 10—° Cos 9.09409 x 10~ 1T
Cé,0 —0.0168482 Cy,9 —5.2564 x 10~ 1T
Cs,1 —0.000136802 Cio,0 —0.00389284
Cs,2 0.000743635 Cio,1 —0.0000890129
Ce,3 | —3.08661 x 10~© Cho,2 0.0000641703
Cé,4 —0.000017396 Clo,3 2.22255 x 10~7
Ce,5 | 4.21979 x 10— C10,4 | —4.63008 x 107
Ce,6 | 9.05311 x 10~ 7 C10,5 5.78004 x 1079
Cr,0 0.000297055 Cro6 3.50487 x 10~
Cra —0.000304151 Cro,7 | —1.41563 x 10~10
Cr.2 0.0000102168 Cro,s | —4.90193 x 10~ 11
Cr3 | 2.96129 x 10— Cio,9 | 3.30995 x 10— 12
Cra | —9.86927 x 107 Cio,10 | 3.07354 x 10~ 12

Table 6.1: 624-Hektor,Spherical Harmonics coefficients: C,, .,



So,0 0

S1,0 0

S1,1 | —3.75818 x 102
Sa.0 0

So1 | 244174 x 1073
Sa2 | 2.47263 x 10~2
S3.0 0

Ss1 | —1.61779 x 10~3
S3o | 2.44957 x 10~ 2
Ss3 | 1.27032 x 10— 2
Sa,0 0

Sa1 | —4.37887 x 107
Sio | 1.87272 x 1073
Sa3 | 3.92078 x 10—°
Sya | 151864 x 10~
S50 0

Ss.1 | 4.67568 x 104
S50 | —2.27241 x 10~°
Ss,3 | —2.94281 x 10~°
Ss.4 | 2.39711 x 1076
Ss5 | —1.13629 x 10—°
SG,O 0

Se,1 | 8.02977 x 10—°
Se2 | 3.61996 x 101
Se,3 | —4.21205 x 10~°
S6,4 | —8.14515 x 10—°
Se,5 | 2.18522 x 10~ 7
Se,6 | 4.09279 x 10~7
S7.0 0

S7z1 | —1.79721 x 107
S72 | 9.51647 x 10— 7
S73 | 1.15513 x 10— 7
S7.a | —2.35444 x 10~7

S7.5 1.2149 x 10~
S7.6 7.08749 x 10~9
S7.7 —1.26457 x 10~8
58,0 0

Ss.1 1.56517 x 10~©
58,2 —9.9021 x 10—°
Ss,3 5.70613 x 10~7
Sg,4 1.1143 x 10~ 6
Ss.5 —2.06789 x 10~%
Sg.6 —1.52099 x 10~%
Ss,7 5.73623 x 1010
Ss.8 7.41676 x 10~ 10
Sg,o 0

Sg’l 8.23674 x 10~ °
S9,2 1.74015 x 10~°
S9.3 9.50787 x 107
S9,4 2.95314 x 10~%
So.5 —2.01586 x 10~%
So.6 | —5.53021 x 10~ 10
So,7 7.00849 x 10~ 10
So.8 6.69884 x 10~ 12
S99 | —3.68673 x 10~ 1T
S10,0 0

S10,1 —1.228 x 107°
S10,2 3.28695 x 10~°
S10,3 | —5.79763 x 10~3
S10,4 —2.2202 x 10~ 7
S10,5 2.68899 x 10~9
S10,6 1.43408 x 10~
S10,7 —4.5155 x 10~ 11
S10,8 | —1.74772 x 10711
S10,0 | 8.34705 x 10~ 13
S10,10 | 1.27466 x 1012

Table 6.2: 624-Hektor,Spherical Harmonics coefficients: S, ,,
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Appendix D

The equilibrium points M;, j =1,...,8 are defined at the three intersect of the surfaces
that satisfy the equations of (5.1). As the third equation is clearly satisfied by the plane
z = 0, the equilibrium points M;, j =1,...,8, are bounded to stay on the z = 0 plane,
which, equivalently, can be seen as the degeneration of system (5.1) into a two dimen-
sional system, once the solution of the third equation, namely z = 0, is substituted in.
Such system is qualitatively the same treated in [19] whose solution is shown by Figure
6.1. In particular the light, continuous curve in the figure represents the solution of the
first equation of system (5.1), the dark, dashed line shows the solution of the second
equation of the system and the third equation is clearly satisfied by the plane z = 0,
plotted in all the Figure as well.
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Figure 6.1: Equilibrium points; Intersection with the plane z =0
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Let be A\, \*; v, v*; ¢, ¢* € C the eigenvalues of the system (5.30) and f'j =u; +1w; €

RS, j =1,...,6 the respective eigenvectors.

Since {111, W1, li3, W3, Ui5, W5} is a base of RS, then Vs € R® there exist s1,...,56 € R

such that s = sy + s9W1 + s303 + S4W3 + SsUs5 + SgW5.

/ /
51 1,1 1,6
! !
52 2,1 2,6
| 83 51 3.6
A =..=5 /’ + ...+ Sg /’ (619)
S4 4,1 4,6
/ !
55 5,1 5,6
/ /
56 6,1 6,6

Then, of course, being the A4 and A’ the expression of the same system in two
different coordinates, and being A/ the matrix of the change of coordinates, yields that

(6.19) is also equal to:

$1N11 + saNo 1 + 53Nz 1 + salNa1 + ssNs 1 + seNs 1
$1N1 2 + soN2 2 + s3N3 9 4+ 54Ny 2 + s5N52 + s6Ns 2
$1N1 3 + soNa 3 + s3N3 3 + 54Ny 3 + s5N5,3 + s6Ns 3

A
$1N14 + 59N 4 + 53N3 4 + 54Ny 4 + s5N5 4 + s6No 4
$1N1 5 + soNo 5 + s3N3 5 + saNas5 + s5N5 5 + s6No 5
$1N16 + s2Nog + s3N3 6 + saNu g + s5N56 + s6Ns.6
N
N o
Nag
Nay I
= 81/1 ./\/’371 + ...+ SGA 3,6 (620)
Nug
N5
Ns Mo
’ Ne.6
/}(1_11)/&1 «‘}(V_"B)/al
A(tr)/w, A(Ws) /[,
A(ﬁl)/fm A(V_V5)/ﬁ3
= s1 _ + ...+ 8¢ _—
A1) /s AlWs) /s
-’L}(ﬁl)/ﬁs {l(w5)/ﬁ5
A(tr)/ws A(Ws) /5

Where, with / it is indicated the projection, e.g. A(ii1)/q, means the component of

A(1i1) in the @y direction.
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/

A
it =\ 4 (6.21)
A

Uy)/w,_, if j even, k odd
Wi1)/w;_, if k,j even
Now, given A € L(R%), let us define A¢ as the “complexification” of A, namely,
Ac € L£(C5) such that Vf = a +iw € C®, @, w € R®, A¢(f) := A(d) + i A(w).
Then, taking A as in (5.30) and the first eigenvector f; € C% yields:

Ac(fy) = A(y) + i A(wy) (6.22)

But, since f; is an eigenvector of A, it is also true that:

.A(c(fl) = )\fl = ()\R + i)\[)(l_ll + Z'V_Vl) = ()\Rl_ll — )\[Wl) + Z'()\]l_ll + )\RV_Vl) (6.23)
Equaling the Real and Imaginary parts of (6.22) and (6.23) yields:

A1) = Apily — A%
“‘}(‘fl) RUL T AIWL (6.24)
A(W1) = AgW1 + Aray

Repeating the analogous procedure for the other eigenvectors it is finally found that:

AR A7 O 0 o0 0
-1 Arp O 0 o0 0
0 0 0 0
A = YRV (6.25)
0 0 —Vr VR 0 0
0 0 0 0 9r o1
0 0 0 0 —¢r ¢r
Then, in this basis, the system takes the form
) = A3 (6.26)
with 3(to) = [60(1), €3(0), v(1), ¥(1), C2(1), GY(#)]”. This system is solved by
1(t) = I(to)e™ (6.27)

For the well known property of the exponential of a matrix!'? it is found that if A’ is

21 This property is straight forward from direct calculations once the basis in which the matrix of



as in (6.25) then S = e is a block matrix (6 x 6) such that:

S 0 0
S=eft=]0 S 0
0 0 S

with
tcos ( —e Rt sin (Art)
tcos ( et sin (Art)
tcos ( —eRtsin (vrt)
tcos (

e’Rtsin (vrt)

e®Rt cos (prt)
S3 =
e?Rt cos (ort)

—ePRtsin (prt) >

ePRsin (ort)

that is exactly the one in (5.32).

Finally, for how the solution has been derived, it is clear that x(t)

the system A is diagonal (but with complex coefficients) is known.
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(6.28)

(6.29)

= MI(t) .
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Appendix F

upy =1
w1 =0
oo YX—6+x A
U2 = “By+p2— 6)\2 AAZNE
o —2X3—2v)

1,2 = —By+d2E—BAZ— ’é/\Q Y
U 2 — Bé—xp+0A

1,3 — —BY+dZ—BAZ—AZ_\1

— _ 20\
w1,3 = B+ 2 —BINZ—ANZ 22
S YX—8p+x N
Ur4 = B+ P2 —BAZ—ANZ T
- =223 29
Wr4 = — <767+¢>27,8)\217A27)\4> +A

U5 =1—Xwi2
W15 = A U1
U g = —\ W13

W16 = A U1,3

uz 1 = 1

w31 =0

T o = OV XFYXO? 0766 —6° (20X X+ x 0% +add4y3)v  +(—ax—2yx+d¢)v ! —xv
3,2 V2XZ=2X8G 224 (47 T+ 2 x 22X TG H(8yHx v+ 4

_ (2072 —278%)v+(day+272 —282) 3+ (2a4-4~) 54207

W3,2 = 2 x5 p 8287+ (I 2 127 —2X39) 2 T (BT + X v’ 48

T n = —XCTHaIXS+X02$— 0002 +(—4y6—x2I+axd+yxd—0¢*)v2+(—40+xp)vt
33 = VX 27X 0918267+ (472 + 29X —2x69) 12+ (8y+x ) +4v

(=2079-+2629)v+(—206—276)v° 2615

W3,3 = T a6 ¢+ 0287+ (I 2+ 2732~ 2X8 D)2 T (By X 2) A 40

Gaa = — [ 202 xH7x0% 4096 —6° pt(—20yX—7 X+ X0 +ad¢+70¢)v> +(—ax—2yx+I¢)v —x°
34 YEIXE=27X09+02 2 +(dv2 +27x? —2x08) v +(8y+x )i +4v6

_ (2072 —2782) v+ (4day+272 —282) 3+ (2a4-4~) 54207

W34 =~ <72x2—27x5¢+52¢2+(472+2“/x2—2x5¢)l/2+(87+x2)l/4+4l/6) e

ug s = 1—v w32
W35 =V U32
Uz e = —V W33

W36 = V U3,3

us1 =1

Ws,1 = 0

o (=Bx0+aBidtxPop—axd®+(—x6% —4dp+adp+BIi¢—x¢*) o> +Idp?)
5,2 = G202 2B x84 x 262+ (202~ Dxdg+407) 0% T

- (2802 —4x5¢+206°)p+(20° +26%)
W52 = B2y 367§+ (2057 — 206 +467) 74 5]
G o —OBPHBOtafxd—x ot (4862035 B0\ 20— dx-raxd+BXs) o’
us3 = 5252 —2Bx0¢+x2 2 +(2B02 —2x36+467) g2 +87 o
(46—d—2B5+xd)p*—
t BT 35001 X207 (202 — 00 H T3
(—208-+2x% ¢) o+ (86206~ 266) 0> 2650

W53 = BT 28x06+x7 97+ (2057 —2x 36 +407) g7+ 07

= ((=Bx8*+aBpt+x2Sp—axd?+(—x0% —46p+adp+Bi¢—xd*) o*+dp?)
Y54 = 737 —2BX5G X7+ (2857 —2x06+467) o7 +0% o1

_ (2862 —4x5p+2ad?)p+(26%+24%) 3

W4 =~ (/3262—2ﬁx6¢+x2¢2+<2562—2x6¢+4¢2)<p2+62<p4 Ty

Uss =1— @ ws2
W55 = @ Us,2
Us 6 = —¢ Ws3

W56 = Y Us3



