University of

Strathclyde

Science

Theoretical Studies of Smectic Liquid Crystals in
the Presence of Flow, Oscillatory Perturbations,

and Edge Dislocations

Ben C. Snow

Department of Mathematics and Statistics

University of Strathclyde

A thesis presented in fulfilment of the requirements

for the degree of Doctor of Philosophy

March 2016



Declaration of Authenticity and Author’s Rights

This thesis is the result of the author’s original research. It has been composed
by the author and has not been previously submitted for examination which has
led to the award of a degree.

The copyright of this thesis belongs to the author under the terms of the
United Kingdom Copyright Acts as qualified by University of Strathclyde Regu-
lation 3.50. Due acknowledgement must always be made of the use of any material
contained in, or derived from, this thesis.

Chapter 5 of the thesis contains material published in an article of the same
name, reference [64]; the results contained therein are the result of the author’s
original research in collaboration with the article’s co-author, Prof. lain W. Stew-

art.
Signed:

Date:

Key words

Smectic liquid crystals; continuum mechanics; rheology; nonlinear elasticity; vis-
coelasticity; non-Newtonian fluids; hydrodynamic stability; soft condensed mat-

ter.



Contents

Acknowledgements \%
Abstract vii
1 Introduction 1
1.1 “Un Nouvel Etat de la Matidre” [28] . . . . .. ... ....... 1
1.2 Basic Descriptions of Liquid Crystals . . . . . .. ... ... ... 4
1.2.1 Nematics. . . . . .. ... oo 4
1.2.2 Smectics . . . . . .. 5
1.3 A Note on Background Material . . . . . ... ... ... ..... 7
2 A Review of Some Continuum Theories for Liquid Crystals 8
2.1 Nematics . . . . . . . . . 8
2.1.1 Kinematics . . . . . . . ...
2.1.2 Balance Laws . . . . .. ... ... oo 12
2.1.3 Constitutive Equations . . . . . . .. ... ... ... ... 15
2.1.4  The Ericksen-Leslie Dynamic Equations . . . . ... . .. 16
2.2 Smectic C . . . .. L 18
2.2.1 Static Theory and the Elastic Energy . . . . . . . . .. .. 19
2.2.2  The Dynamic Theory . . . . . . .. . ... ... ... ... 22
2.3 Smectic A . . ... 26
2.3.1 Balance Laws . . . . . . . ... .. ... ... ... ... 27
2.3.2 The Energy Density . . . .. ... ... ... ... ... 28
2.3.3 Constitutive Equations . . . . . . .. ... ... ... ... 30
2.3.4 The Dynamic Equations . . . . . .. .. ... ... .... 33
3 General Considerations for the Study of Flow Patterns in Smec-
tic A Dynamic Theory 35
3.1 Introduction . . . . . . . . ... 35
3.2 An Important Simplification . . . . . . . .. .. ... 36

1



3.3 Linear Stability Analysis of Flow Past a
Finite Obstacle . . . . . . . .. ... ... .. ...
3.4 Linearising the Full System of Equations . . . . .. ... ... ..
3.5 Flows Between Parallel Plates: Some
Nlustrative Examples . . . . . . . ... .. ... .. ... ...,
3.5.1 Simple Shear Flow . . . ... ... .. ... ........
3.5.2  Plane Poiseuille low . . . . ... ... ... ... ...
3.5.3 PlugFlow . . ... ... .. ...
3.6 Linear Stability Analysis for the Full System . . . . . . ... ...
3.6.1 Analytical Examination of the Stability Criteria . . . . . .
3.6.2 Plotting the Stability Criteria . . . . . . . ... ... ...

3.7 Conclusions and Discussion . . . . . . . . .. ...

A Two-Dimensional Lubrication Approximation
4.1 Non-Dimensionalisation of the Equations . . . . . .. . ... ...
4.2  General Remarks on Truncation and
Applicability . . . . . ..o
4.3 Application: Flow Past a Finite Obstacle Revisited . . . . . . ..
4.3.1 Some Order-of-Magnitude Calculations . . . . . . ... ..
4.3.2 The Leading-Order Equations . . . . . . . ... ... ...
4.3.3 Truncation at Higher Order . . . . . .. . ... ... ...

4.4 Discussion and Further Considerations . . . . . . . . . . .. ...

Behaviour of a Shear Wave at a Solid-Smectic Interface

5.1 Introduction . . . . . . . . ... ..

5.2 The “Bookshelf” SmA Case . . . ... ... ... ... ......
52.1 Amsatz 1 ... ... .. .. ...
522 Ansatz 2 . . . . ...
5.2.3 Expressions for the Wave Amplitudes . . . . . . . ... ..

5.3 The SmC Case . . . . . . . . . .. . ...
5.3.1 Dispersion Relations and Interfacial Conditions . . . . . .
5.3.2 Expressions for the Amplitudes . . . . . . ... ... ...

5.4 Comparison of the Responses of Smectics Aand C. . . . . . . ..
5.4.1 Normal Incidence . . . . . . . ... ... ... ... ...
5.4.2 Oblique Incidence . . . . . . .. ... ...

5.5 Discussion and Possibilities for Further Work . . . . . . . . . . ..

111



Edge Dislocations in Smectic A Liquid Crystals
6.1 Introduction . . . . . . . .. . .
6.2 Calculating the Energy Density to Fourth Order . . . . . . . . ..
6.3 Director and Layer Normal Coincident . . . . . . . ... .. ...
6.3.1 Perturbing Brener & Marchenko’s Solution . . . . . . . ..
6.4 Separation of Director and Layer Normal: Quadratic Order .
6.4.1 Equilibrium Equations and Solution for the Layer Displace-

6.4.2 Comparison with the Two-Constant Case . . . . . . . . ..
6.4.3 Solution for Director Profile and Layer Normal . . . . . . .
6.5 Separation of Director and Layer Normal: Preliminary Fourth Or-
der Calculations . . . . . . . .. ... L oo

6.6 Conclusions and Discussion . . . . . . . . . . . ...

Concluding Remarks
7.1 Outline of Work Undertaken . . . . . . . . ... ... ... ....
7.2 Outlook . . . . . . . .

Index Notation and the Einstein Summation Convention
Two Useful Results Regarding the Roots of Polynomials

A Primer on Basic Variational Calculus

C.1 Differentiation of Functionals . . . . . . .. .. ... ... ....
C.2 Extrema . . . . . . . . . . ...
C.3 The Euler Equation . . . . . . ... ... ... ... ........

A Method for Solving a Class of Nonlinear PDE

v



Acknowledgements

It’s hard to believe that three years can pass quite so quickly. Then again, it
is said that time flies when you’re having fun, and, while not necessarily most
people’s idea of fun, my Ph.D. experience has been a rewarding one. This would
not be possible without a mentor, and so I am indebted to Iain Stewart, for not
only giving me the opportunity to work under his supervision, but allowing me
the freedom to explore the avenues of my own choosing whilst still providing
the necessary guidance to keep me focussed on producing relevant work of a
(hopefully) decent standard, not to mention his patience for the many digressions
I have pursued over the years, many of which do not feature in the pages of this
thesis. I struggle to recall a single meeting where I haven’t learned something
new, be it academic or otherwise.

I also gratefully acknowledge the University of Strathclyde’s support in the
form of a Tranche 3 studentship, without which none of this would have happened.

Glasgow has been my home for seven years now, and I have grown to really
love it: for all its flaws (and those who love to bemoan and exaggerate them), I
have thoroughly enjoyed my time here, and while I may not be about for very
much longer, it will always be a very important place to me; I will do my utmost
to keep coming back.

That importance owes a great deal to the many wonderful people who I have
met here and can happily call my friends. While we don’t see as much of each
other as we used to, they have each played their part in keeping me as close to
sane as [ will ever be (or at least keeping any people in white coats off my trail).
There are too many to list by name, though I would like to give particular thanks
to those fellow members of the theatre groups I've been involved with in the last
few years, to Stefan Celosia for saving me no end of embarrassment with the
time he put into proofreading, and, not being one to break promises, to Michael
Brogan for that time he reminded me of how reflection works in one of my less
intelligent moments.

I have a very supportive family, and I am very grateful for all they have done



for me over the years. I won’t list every single member — they should almost
certainly know who they are — but a particularly massive “thank you” must go
to my grandparents, Caroline and Peter Snow: I owe them both more than I am
able to express.

Last, but by absolutely no means least, this paragraph is for Aubrey. While
it’s an awful injustice to relegate to a single paragraph the person who has to
spend the most time putting up with me (especially in light of how expertly she
manages it), it is at least enough to acknowledge that her love and support are

invaluable.

vi



Abstract

A range of theoretical studies regarding the static and dynamic behaviour of
smectic liquid crystals will be presented. The thesis is mainly concerned with the
smectic A phase as modelled by the continuum theory of Stewart [69], though
a working knowledge of the smectic C phase, modelled using the Leslie-Stewart-
Nakagawa continuum theory [41], proves necessary.

In Chapter 3, reductions of Stewart’s theory by appeal to certain physically-
motivated assumptions upon the smectic and the flow pattern to which it is
subjected are outlined. The linear stability of each of the resultant systems is
then analysed. Chapter 4 presents the derivation of a “lubrication-type” theory
based on one of these resultant systems of equations, which is then analysed in
general terms before being applied to the problem of flow past a finite obstacle.

Chapter 5 presents an investigation of a shear wave incident at a planar
boundary between an isotropic elastic solid and a smectic A liquid crystal. The
behaviour of the wave upon reflection and refraction at the interface is estab-
lished, as is the response of the smectic; a comparison with the smectic C case as
considered by Gill and Leslie [25] concludes the chapter.

Finally, Chapter 6 discusses the static configuration of a smectic A liquid crys-
tal in the presence of an isolated edge dislocation. After constructing the energy
density to fourth order, we first recover the results of previous investigations by
assuming the director and layer normal always coincide, in addition to examining
a perturbation to a known solution [9]. We then relax the constraint director-layer
normal equivalence, obtaining exact solutions for the smectic’s configuration for
a quadratic energy density and deriving equilibrium equations for special cases

for the fourth order formulation.
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Chapter 1
Introduction

This chapter provides a brief introduction to a collection of phases of matter whose
properties are mysterious, complex and still not fully understood, collectively
known as liquid crystals. Section 1.1 gives information regarding the discovery of
liquid crystals, as well as some historical background. For a fuller account, the
interested reader is directed to the books by Dunmur and Sluckin [14], Mitov [50,
Chapter 3] and the comprehensive review by Kelker [33]. Section 1.2 provides
basic descriptions of two types of liquid crystal: nematics and smectics. Finally

Section 1.3 concludes with a note on some essential background material.

1.1 “Un Nouvel Etat de la Matiere” [28]

Most people have, at some stage, been taught that matter exists in three common
states: solids, liquids and gases. Observation, however, has shown that this rather
simple system of classification is not suitable for many materials. Other phases
of matter falling outwith this restrictive framework that have been discovered
over the years include plasmas, Bose-Einstein and Fermionic condensates, and
superfluids, to name but a few. Liquid crystals are yet another example of a
material for which the straightforward solid /liquid /gas distinction fails to provide
an adequate classification system for matter as we know it. Liquid crystals are
in fact examples of mesomorphic phases or mesophases: intermediate states of
matter. As the name suggests, these bizarre and fascinating materials display
flow properties like those of viscous fluids, while at the same time possessing
structural features reminiscent of solid crystals, details of which will be discussed
below.

The discovery of liquid crystals is attributed to the Austrian botanist and
chemist Friedrich Reinitzer [54,55]. Whilst heating a sample of cholesteryl ben-



zoate (a solid at room temperature), he observed that it appeared to “melt”
twice: first, at around 145.5°C', where the substance appeared to take the form
of a “cloudy liquid”, then again at around 178.5°C', at which it became a fully
transparent liquid. It is now known that this “cloudy liquid” was a particular
phase of liquid crystal: a cholesteric (also known as a chiral nematic). Further,
the higher “melting point” is now termed to be the clearing point, that is, the
point at which the material is no longer in a mesomorphic phase, and is a fully
isotropic liquid!; see Fig. 1.1 for a representation of the molecular arrangement
in the smectic A and nematic phases.

Reinitzer, aware of the work of the German physicist Otto Lehmann on the
observation of birefringence during crystallisation, sent a letter to Lehmann, along
with two samples, asking him to confirm these observations [33]. After examina-
tion of the samples, Lehmann originally used the expression “flowing crystals” [38]
to describe them, eventually coining the term “liquid crystal” some years later,
in 1900.

In 1907, Vorlander, a German chemist, noted that anisotropic (either rod-
like or disc-like) molecules were essential for a given material to exhibit the two
melting points described above [61,78]. Knowledge of the structure of these
constituent molecules has proved invaluable for theoretical modelling of liquid
crystalline phases of matter exactly as undertaken in this thesis.

In 1922, Friedel, the French mineralogist, proposed a classification scheme
for liquid crystals consisting of three categories [19]: nematic, cholesteric and
smectic. Before and during the years of the second world war, experimental
investigations into the viscosities of liquid crystals were undertaken [47]. See,
for example, reference [46], in which Miesowicz first reports the determination of
the anisotropic viscosities for nematics. A historical review containing details of
experiments carried out by Miesowicz may be found in [48]. This was also the
time period during which the order parameter (discussed in more detail below
in Section 1.2.1) was first defined and used.

After the Second World War, the study of liquid crystals went into something
of a decline, then underwent a rekindling in the late 1950s and early 1960s in the
UK, USA and the Soviet Union. Liquid crystals are now the focus of an active
and highly interdisciplinary research community, with the widely-attended bi-
ennial International Liquid Crystal Conference, Furopean Conference on Liquid
Crystals, International Conference on Ferroelectric Liquid Crystals and Interna-

tional Liquid Crystal Elastomers Conference (in addition to multiple other events

I A material is said to be isotropic when its physical properties are uniform in all directions.
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such as the annual meeting of the British Liquid Crystal Society and the Optics of
Liquid Crystals Conference), testifying to the worldwide endeavour to understand

the properties and applications of these materials.

1.2 Basic Descriptions of Liquid Crystals

Most of the materials that are known to exhibit liquid crystal phases are organic
substances. There are two ways of bringing about a liquid crystal phase in a

given material:

1. by changing the temperature of the material. Such materials are referred

to as thermotropic liquid crystals;

2. by changing the concentration of material in a given solvent: lyotropic

liquid crystals.

This thesis will treat only thermotropic liquid crystals in an isothermal setting.

As has been alluded to in the previous section, liquid crystals tend to be
thought of as consisting of elongated molecules with a preferred local average di-
rection. Details of both nematic and smectic liquid crystals are presented below,
cholesterics being outwith the scope of the present work. Moreover, while we
do not concern ourselves with any in-depth study of the behaviour of nematics,
a discussion of their properties and a detailed summary of the Ericksen-Leslie
continuum theory for nematics [17,40] will be presented. The reason for this
is as follows: nematics have been studied to a far greater extent and their be-
haviour is successfully described by the aforementioned theory. As a consequence
of this, comparisons and analogies between the two types of material may be
drawn via the physical predictions of their respective continuum theories, allow-
ing for an understanding of which physical processes in smectics are attributable
to “nematic-like” effects, and which are a consequence of the layering that is
unique to smectics. For details on the various liquid crystal phases (including,
for example, cholesteric and columnar phases), see the book of de Gennes and
Prost [23] or the Handbook of Liquid Crystals [27].

1.2.1 Nematics

The term “nematic” has its origins in the Greek word vrjua, meaning thread, so
named for the thread-like structures observed in materials exhibiting this phase.

(These lines are a consequence of a type of defect referred to as disclinations.)



The molecules making up a nematic tend to align parallel to one another along an
average preferred direction, which is termed the anisotropic axis. The deviation
in the degree of local alignment is represented by the order parameter S, given
by

S = (Py(cos)) = <200829—%>, (1.2.1)

that is, the average of a single molecule over time or the average over an ensemble
of molecules of the second Legendre polynomial, The Legendre polynomials P, (z)

are solutions to Legendre’s differential equation [1]:

% {(1 - sz)%pn(x)} +n(n+1)Py(z) = 0.

Nematics exhibit no long-range positional order, being able to translate freely
while remaining approximately parallel to one another, as is depicted schemat-
ically in Fig. 1.2. These materials have a rotational symmetry about their
anisotropic axis, which means that nematics are uniaxial. Although the con-
stituent molecules may themselves be polar, there is no reason to suppose that
this polarity should be apparent on a larger scale. As such, the axis of uniaxial
symmetry is not assumed to have polarity. This is the case in classical contin-
uum mechanics, and is assumed to hold throughout this thesis. The molecules
of para-Azoxyanisole (PAA), a typical nematic, are rigid rods with a length of
roughly 20A and a width of 5A. (Note that 1A is one Angstrom: 1071 metres. )

The local direction of average molecular alignment of a given sample is de-
scribed by the unit vector n, commonly referred to as the director. In mathe-
matical terms, the absence of polarity in nematics corresponds to an invariance
under the transformation m — —mn. As such, any physical properties modelled
mathematically (such as the elastic energy, introduced in Section 2.1.1) must be

invariant under this transformation.

1.2.2 Smectics

The word “smectic” is taken from the Ancient Greek word opunyuc, which means
soap. The name for these media was chosen based on the fact that they display
mechanical properties reminiscent of soaps. The smectic phase, along with ex-
hibiting the characteristic alignment property of nematics, also tends to arrange

itself into a layered structure with a well-defined interlayer spacing, meaning that
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Figure 1.2: Schematic representation of a nematic liquid crystal. The anisotropic
axis, which denotes the local average molecular alignment and defines the director
n, is represented by the arrow.

smectic phases are more ordered than nematic phases. This thesis is mainly con-
cerned with the smectic A phase, though we will also require an understanding
of the smectic C phase, particularly in Chapter 5. Schematic representations of
both of these phases are given in Fig. 1.3 below. Continuum theories will be pre-
sented for both in Sections 2.2 and 2.3 below. It should be noted that there are
several more smectic phases that will not be discussed here; the reader is again

referred to [23,27] for further details regarding such phases.

NN /1.
VNN /1],
W 111T1171

mectic A. Smectic C.

(a

Figure 1.3: Schematic representation of the molecular arrangement in smectics A
and C.

In the smectic A phase, whose properties will be the main focus of this thesis,
the molecules form layers such that the director m is, on average, perpendicular
to the layers; that is, n is often taken to be equivalent to the unit layer normal, a

vector referred to in the literature (and in the pages of this thesis) as a. However,
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for reasons to be discussed in greater detail in Section 2.3, we will allow for the
possibility of decoupling of n and a. The physical properties are invariant under
the simultaneous transformations n — —n and a — —a; the smectic A phase
also displays uniaxial symmetry. In the thermotropic case, the interlayer distance
ranges from roughly the length of the constituent molecules to around double their
length. For lyotropics, the distance can be up to several thousand Angstroms.

In smectic C liquid crystals, the director n is tilted by an angle 6 relative to
the layer normal a; € is known as the smectic tilt angle or smectic cone angle,
and is generally dependent on the temperature of a given sample of smectic C
material. Smectic C is an example of a biaxial phase. The director will tend to
align uniformly in the absence of any external influences.

Chiral smectic C phases can occur when the constituent molecules are enan-
tiomorphic, that is, different from their mirror image. Again, such considera-
tions would prove an unnecessary digression from our present considerations, and
so we do not pursue this topic here, once again referring the interested reader to

reference [23].

1.3 A Note on Background Material

Throughout the course of the thesis, we rely upon a working knowledge of con-
tinuum mechanics. There exists a plethora of textbooks on this subject from
undergraduate to advanced graduate level, making the compilation of an exhaus-
tive list of references on the field a task possibly tantamount in both time and
effort to the completion of a Ph.D. thesis. The reader is referred to the books
by Malvern [43], Spencer [66], and Tanner [74, Chapter 2]. In particular, we will
make extensive use of index notation and the Einstein summation convention for
vectors and tensors, of which a cursory account is presented in Appendix A. Some
introductory accounts on this topic are the books of Aris [4] and Goodbody [26],
though again this list is by no means comprehensive.

Further, the results in Chapter 6 follow from application of standard methods
of the Calculus of Variations. Appendix C provides an overview of the key results
for dealing with the case where there is only one function of one independent
variable. For introductory accounts of the theory, the reader is directed to [20,59].

A generalisation to several multivariable functions may be found in [11].



Chapter 2

A Review of Some Continuum

Theories for Liquid Crystals

In this section, an outline of continuum theories for nematics as well as smec-
tics A and C are given. As discussed above, nematics are described using the
Ericksen-Leslie continuum theory, while the smectic C and smectic A phases will
be modelled using the theories of Leslie, Stewart & Nakagawa and Stewart, re-

spectively.

2.1 Nematics

The first attempt at a theory describing the dynamics of nematics was under-
taken by Anzelius in 1931 [3]. Some thirty years later, Ericksen made use of
the balance laws of classical continuum mechanics in order to construct the first
widely-accepted theory [16,17]. In 1968, Leslie derived constitutive equations [39],
proposing expressions for dynamic contributions. The combined results of these
two works form what is referred to as Ericksen-Leslie theory. This model is
one of the most successful and widely-employed theories used in the modelling
of nematics. Leslie published an alternative derivation of the theory under the
assumptions of incompressibility and isothermality [40]. Given that this thesis
will only deal with incompressible liquid crystals under isothermal conditions, it
makes sense for us to outline the results of the latter derivation. We will follow
the book of Stewart [68] and start in Section 2.1.1 by introducing various kine-
matic quantities and pieces of terminology that frequently arise in the modelling
of fluids possessing a mechanically significant microstructure (for example, polar
fluids [12] and polymeric fluids [74]).



2.1.1 Kinematics

The Eulerian description of the instantaneous motion of a fluid with a microstruc-
ture makes use of two independent vector fields: the velocity vector v(x,t) and
an axial vector w(x,t) which, in a polar fluid, represents the angular velocity of
the polar fluid particle at position @ at time ¢. In the context of liquid crystals,
w is the local angular velocity of the liquid crystal material element i.e. the
local angular velocity of the director n. In “ordinary” continuum theory, the only
independent field is the velocity of the fluid, since the angular velocity in such
theories is given by %V x v. For liquid crystals, this particular angular velocity
is referred to as the regional angular velocity, denoted w, and defined, as
previously stated, by

w(x,t) =3V x v. (2.1.1)

This provides a measure of the average rotation of the fluid over a neighbourhood
of the material element. We define w to be the relative angular velocity, that
is, the angular velocity of the material element relative to the regional angular

velocity in which the material element is embedded, viz.,
w=w—-—w=w-—5;V X, (2.1.2)

the difference between the local angular velocity w of the director and the regional
angular velocity w of the fluid in the neighbourhood of the director.

The director itself is a unit vector, and is therefore required to satisfy
n-n=nn; = 1. (2.1.3)

Since w represents the angular velocity of n, it follows from the above constraint
that

n=wxmn, (2.1.4)
with the superposed dot representing the material time derivative:

D 0
Di T TV =are (2.1.5)
Details on the physical interpretation of the material time derivative may be
found in the books by Acheson [2] and Aris [4], while useful discussions regarding
angular momentum and axial vectors are to be found in [34].
The usual rate of strain tensor or velocity gradient tensor A and vor-

ticity tensor W have components A;; and W;;, respectively, defined in the usual



way by
Ay =5y +v:) and Wi = §(vij — vja)- (2.1.6)

Note that A is symmetric, while W is anti-symmetric. Leslie introduced the vector
N [40], defined by
N :=wxn. (2.1.7)

It then follows from this and equations (2.1.2), (2.1.4), (2.1.6) and (A.7) that
Ni = eijpwing, = 1 + 2 (vk; — vig) = 1, — Wijny, (2.1.8)
so that equation (2.1.7) is equivalent to
N =n—Wn. (2.1.9)

The vector IN is sometimes referred to as the co-rotational time flux of the
director, for example in the terminology employed by Truesdell & Noll [76]. From
the definition (2.1.7), it is clear that IN is connected to the relative angular veloc-
ity w: it is a measure of the rotation of n relative to the fluid. The requirement
(2.1.3) leads to

n;n; =0, (2.1.10)

while equation (2.1.7) gives
n;N; = 0. (2.1.11)

Material Frame-Indifference

A well-known fundamental principle of classical physics is that of material frame-
indifference, which states that the constitutive equations for a given material
must be invariant under changes of reference frame. Formally, under a motion
defined by

' (t—71)=Q(t)x(t) + c(t), (2.1.12)

where 7 is any real number, ¢(t) an arbitrary function of time, and Q(¢) an
arbitrary rotation represented by a proper orthogonal tensor function of time, a
vector a and second-order tensor B are frame-indifferent or objective if they

transform according to

a* = Qa, B* = QBQ”, (2.1.13)

10



a starred symbol corresponding to its non-starred quantity after the motion
(2.1.12) has occurred. The components @Q);; of Q will be identified with entries in

a matrix. Note that a matrix Q is proper orthogonal if
QQ" =1 <= QuQjr = Qu;Qri = 5y, detQ =1, (2.1.14)

where | represents the identity matrix, whose components are I;; = 9;;.

Of the quantities introduced above, n;, N; and A;; are frame-indifferent. De-
tails of the calculations involved in proving this are omitted here for brevity, but
the interested reader is directed to [68, Section 4.2.1].

The Frank-Oseen Elastic Energy

It is, at this point, pertinent to introduce a free energy density associated with
distortions of m, that is, corresponding to deformations of a given sample of
nematic material. This is referred to as the Frank-Oseen elastic energy, and

is assumed to be of the form
wy = wr(ni, nij); (2.1.15)

wy is also taken to be quadratic in the gradients of n. Assuming incompressibility,
the free energy is generally defined to within the addition of an arbitrary constant;
it proves advantageous to choose this constant such that w; = 0 for any relaxed
orientation (in the absence of forces, fields and boundary conditions) and suppose
that any other configuration produces an energy greater than or equal to that of

this relaxed orientation. This leads to the inequality
we(n,Vn) > 0. (2.1.16)

Given the general absence of polarity in nematics, n and —n are physically
indistinguishable. In fact, this holds even if the constituent molecules are polar,
as they can be thought of as having a local arrangement at any given point such
that they are divided equally into two groups possessing opposite orientations.

This means that wy is required to be invariant under the change n — —mn:
we(n,Vn) = wi(—n,—Vn). (2.1.17)
The free energy is also subject to the condition of frame-indifference, so that

wi(n,Vn) = w;(Qn, QVnQ"). (2.1.18)

11



With these restrictions in mind, it is possible to construct the Frank-Oseen elastic

energy for nematics in the form

wy=1K(V-n)’+1K(n -V xn)®+1K;(n x V xn)
+3(Ky+ K)V - [(n-V)n—(V-n)n], (2.1.19)

or, equivalently, in component form:

wf = %(Kl — KQ — K4)(ni,i)2 + %Kgnmnm + %K4ni7jnj,i
+ %(Kg - Kz)njnmnkni,k. (2120)

Again, details of the derivation of these terms may be found in [68, Section 2.2].
Respectively, Ky, K,, K3, and Ky + K, are known as the splay, twist, bend,
and saddle-splay constants. See p.16 of [68] along with relevant comments to
be found on pages, 21, 38 (“Null Lagrangians”), and 47 (problems involving
strong anchoring) for details on the physical interpretation of these constants.
The reader is also directed to Section 3.3 of the book by Virga [77]. Finally, it
is worth pointing out that another derivation of (2.1.19) has been provided by
Clark [10].

2.1.2 Balance Laws

As stated above, we only deal with isothermal conditions, so thermal effects are
ignored. For a volume Q C R3 of nematic bounded by the surface S, the conser-

vation laws for mass, linear momentum and angular momentum are, respectively,

D
— av =0 2.1.21
D
—/pvdV:/pde—l—/tdA, (2.1.22)
Dt Jq 0 s
D
— p(ar:xv)dV:/p(azxf—i—K)dV—i—/(th—i—l)dA, (2.1.23)
Dt Jq 0 s

where dV and dA denote, respectively, the volume and area elements, p is the
mass density, & the position vector, v the velocity, f the external body force
per unit mass, ¢t the surface force per unit area (traction), K the external body
moment per unit mass, and I the surface moment per unit area (or couple stress

vector). We note that no director inertial term has been incorporated into the
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above formulation, since it is generally regarded as negligible in nematic flow
problems. (A discussion of such terms is to be found on pp. 147-149 of [68].)
Also, there seems to be a convention in static theory whereby f will appear in
place of pf, so that in static considerations, f will represent the external body
force per unit volume. An analogous comment applies to K.

The mass conservation law may be manipulated via the well-known Reynolds’
transport theorem (see, for instance, [68, Appendix B] or [74, Section 2.4.1]) to

yield the continuity equation
Op+ V- (pv) = 0. (2.1.24)

A fluid is said to be incompressible if its mass density is constant: that is,
p = 0. It follows that the mass conservation law for an incompressible fluid may
be replaced with

V-v=uv,;=0, (2.1.25)

with the density constant throughout the volume Q. Note that (2.1.25) is equiv-

alent to

The usual tetrahedron argument [66] allows the surface force ¢; and the surface
moment /; to be written in terms of the stress tensor ¢;; and the couple stress

tensor [;;, respectively, as
tz‘ = tijl/ja lz = lijVj7 (2127)

where v denotes the outward unit normal to the surface S. The last term in

equation (2.1.22) may be re-written via the divergence theorem as

S Q

Inserting this back into (2.1.22), making further use of Reynolds’ transport the-
orem and noting that the balance law holds for an arbitrary choice of volume

finally allows us to write it in point form as
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Yet another application of the transport theorem gives

D
= Péfijkxjvkd‘/:/psijkmﬂ}kd‘/, (2130)
Dt Jq ;

whilst the divergence theorem may be employed to show that

/%‘kxjtk dA = / €iji(te + Tjtry) dV. (2.1.31)
S Q

Using the second relation in (2.1.27) and the divergence theorem, the balance law

for angular momentum (2.1.23) may be cast into the form

/ gijkxj<pi)k — pfk — tkl,l) dV = /(pKz + 5z‘jktkj + lij,j) dV (2132)
Q Q

But, by (2.1.29), the left-hand side of this must vanish. Recalling that this holds
for arbitrary V allows the angular momentum balance equation to be expressed
in point form:

pK; + €ijiti; + 1ij; = 0. (2.1.33)

The specific forms of ¢;; and [;; may be deduced from the rate-of-work postu-

late proposed by Leslie [40],

[ v = [ o+ K av+ [ o+t a
Q 1% S

D

-0t /. (3pvivi + wy) dV, (2.1.34)

where w is the local angular velocity and w; the Frank-Oseen elastic en-
ergy as discussed in Section 2.1.1 above, and D is the rate of viscous dissipation
per unit volume, most commonly referred to as the dissipation function. For
brevity, we simply state the forms of the stress and couple stress tensors, directing
the interested reader to the book by Stewart [68, pp.141-142] for details on the

necessary calculations.

ow -
tij = —poy; — nkﬁ + 1, (2.1.35)
’-7
8wf ~
lij = 5iklnkaTm + lij, (2.1.36)

with p an arbitrary pressure arising from incompressibility and #;;, l~,~j denote

dynamic contributions. Note that here and in subsequent discussion t~2-j is referred
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to as the viscous stress. Further calculation allows for the establishment of the

following inequality:
D = Eijvi,j -+ l;jwm — wieijkfkj > 0. (2137)

This proves very important when considering constitutive equations and in es-

tablishing restrictions on the forms of the dynamic terms.

2.1.3 Constitutive Equations

To proceed further, it proves necessary to make further assumptions about the
dynamic contributions to the stress and couple stress tensors. We therefore need
to introduce relations between the stresses fij, Lj and the motion of the material.
Such relations lead to the establishment of constitutive equations. It seems
natural to use the director, velocity gradients and local angular velocity of the
director as the continuum variables. As such, it is assumed that at any material
point at any instant, the terms #;; and lNij are functions of these terms evaluated
at that point at that instant. In fact, the viscous couple stress l~ij is assumed not
to be dependent on the gradients of the local angular velocity w; ; of the director.
It may then be deduced from inequality (2.1.37) that

so that
D= Eijvi,j - wiaijkfkj Z 0, (2139)

which imposes restrictions on the form of #;;.
By considering a rigid-body motion, straightforward calculations show that
t;; may be equivalently taken to be a function of n;, N; and A;;. Further, material
frame-indifference requires that #;; be a hemitropic function of these variables?.
This gives
(g, N LAY = Qintia(na, Niy Aij) Qi (2.1.40)

where Q is a second order proper orthogonal tensor. Further, the experiments of
Miesowicz [46] suggest that #;; is a linear function of its above named variables,
le.

tii = Xij + Yis Nk + Zijii A, (2.1.41)

2 A material is hemitropic if its symmetry group consists of all rotations but no reflections [66].
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where the coefficients are subject to

X;; - QikQﬂXkl’ zjk - Qilekap}/lmm
:jkl - Qim@jp@kq@l'rzmpqru (2142)

and are functions of n;. Nematic symmetry requires that these coefficients are
transversely isotropic [66, p.110] with respect to n;. Smith and Rivlin [62] showed
that such tensors are expressible as a linear combination of products of n; and
d;j—n;n; (or, equivalently, d;; and n;), so that, expanding these coefficients in their
general forms and making use of equations (2.1.11), (2.1.26) and the symmetries
Aij = Aji, vyn; = nyn,;, allows, after some tedious but routine manipulation,
for the following expressions to be deduced for the viscous stress and dissipation

function, respectively:

tz’j = oanAkmlnmj + OéQNinj + OégniNj + CQAZ‘j

+ a5ninknk + a6niAjknk, (2143)

D= al(niAijnj)Q + (062 + a3 + ’yQ)NiAijnj
+ Oé4AijAZ‘j + ((1/5 + Oéﬁ)TLZ‘AZ‘jAjkTLk —|— ’}/1N1NZ Z 0, (2144)

where 71 := a3 — ag and ¥, := ag — as. The coefficients «,,, n € {1,...,6} are
known as the Leslie viscosity coefficients, or simply the Leslie viscosities.
Restrictions on the Leslie viscosities may be derived via inequality (2.1.44). An

elementary example is given on p.146 of reference [68].

2.1.4 The Ericksen-Leslie Dynamic Equations

Making use of the expressions for ¢;; and l;; in equations (2.1.35) and (2.1.36)
(keeping in mind that l~z~j = 0), along with the Ericksen identity

Owy Owy owy
i . +n. +n i —- | =0, 2.1.45
Cijk (nj ony, 1 onyg K 7 ( )

and the assumption that the external body moment per unit mass K is related

to the generalised body force G via

pKi = gijkanm (2.1.46)
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calculations allow the final form of angular momentum balance to be given as

8wf 8wf ~
- i+ G = An, 2.1.47
(ani7]’)’j 8712 +g * n ( )
where
Gi = =11 Ni — 72 Aijn;, (2.1.48)

and A is an arbitrary scalar function. Taking the scalar product of equation
(2.1.47) with n;; and some straightforward manipulation then gives the final

form of the balance of linear momentum equation as
pvi = pfi — P+ gingi + Ginj; +ti; = 0, (2.1.49)

where

p=p+uwy. (2.1.50)

Summary of the Ericksen-Leslie Dynamic Equations

For convenience, a summary of the complete Ericksen-Leslie equations will be
given. Similar summaries will be given for the smectic A and C dynamic theories
proposed below without any discussion of the derivation; these derivations follow
a similar approach to that outlined above. For further details, it is suggested that
the interested reader consult the appropriate references.

In isothermal conditions, an incompressible nematic liquid crystal is subject

to the constraints

nin; = 1, (2.1.3)
v = 0. (2.1.25)
and the balance laws
pU; = pfi — D+ g}jnjﬂ- + GjnM + I?ij, (2.1.49)
and 5 5
wf U)f ~
((9712-,]- > g 8nz + g + n ( )

for linear and angular momentum, respectively. In the above, f; denotes the
external body force per unit mass, (G; is the generalised body force, which is
related to the external body moment per unit mass K; via equation (2.1.46), p

is the mass density, p = p + w; with p the pressure and wy the elastic energy of
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the nematic, given by

wy = (K1 — Kz — Ka)(ni)* + 5 Konignig + 3 Kanigny,
+ %(Kg — KQ)njnLjnkni,k, (2.1.20)
The K; (i € {1,...,4}) are the elastic constants discussed in Section 2.1.1 above.
The scalar function A is a Lagrange multiplier, which is generally evaluated on

taking the scalar product of (2.1.47) with n. The constitutive relations for the

viscous stress t;; and the vector g; are

tij = alnkAklnmmj + OéQNinj + OégniNj + Oé4Aij

+ 0457”&inka + ozﬁniAjknk, (2143)

gi = —nNi — 12 4iny, (2.1.48)
with 1 = ag — ag, 72 = ag — a5, and

The result
Yo = 1, (2.1.51)

known as the Parodi relation [69], is often taken to be the case, so that only
5 of the Leslie viscosities are linearly independent. The stress tensor and couple

stress tensor are given by

ow N
tij = —pdij — nkzﬁ +tij, (2.1.35)
7]
8wf
lij = & , 2.1.36
i = EikiMNk on, ( )

on recalling that the dynamic contribution to the couple stress must be zero in
order to satisfy the dissipation inequality. This concludes our summary of the

Ericksen-Leslie equations.

2.2 Smectic C

In this section, we present a brief outline of the nonlinear continuum theory for
smectic C (SmC) liquid crystals as presented in Chapter 6 of [68], which in turn

is drawn from the continuum theory originally proposed by Leslie, Stewart, and
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Figure 2.1: Configuration of (a) the constituent molecules and (b) the vectors a,
b and c, as well as the fictitious cone on which the director m in constrained to
lie. (Figure reproduced from reference [68] with permission from the author.)

Nakagawa in 1991 [41]. Essentially, the principles used in deriving this theory are
analogous to those found in the continuum theory for nematics as discussed above
in Section 1.2.1. Because of this, and for the sake of brevity, only a summary need
be presented. However, as remarked by Stewart [68], the extensions presented
are by no means trivial, and the reader is directed to the relevant literature for
further details.

2.2.1 Static Theory and the Elastic Energy

As mentioned above, the director in the SmC phase makes a so-called smectic
tilt angle # with the layer normal, which is generally temperature-dependent.
However, as this thesis concerns itself only with the incompressible isothermal
case, # may be taken as a constant angle for our purposes. Further, it will be
supposed that the layers are spaced equidistantly by some interlayer distance
d. Note that, while these assumptions have proved reasonable in a variety of
circumstances, for certain situations they may be considered too restrictive (for
example, in the case of a sample of SmC under a high level of stress). The basic
mathematical description follows that of de Gennes and Prost [23], introducing
two unit vectors: a, which defines the layer normal; and ¢, referred to as the
c-director, which is the unit orthogonal projection of the director nm onto the

plane of the layers. Referring to Fig. 2.1, it is easily seen that

19



n =acosf + csind. (2.2.1)
It also proves convenient to employ the vector b, defined by
b=axc (2.2.2)

Based on this, along with the restriction in equation (2.1.3), it is readily observed
that
a-a=1, c-c=1, a-c=0. (2.2.3)

It is worth noting that these restrictions, via a straightforward exercise in partial

differentiation, lead to the results
a;a;; =0, cicij =0, a;c;j + ca;; = 0. (2.2.4)
In addition, we have the Oseen constraint [52]:
V xa=0, (2.2.5)

which holds in the absence of any defects or singularities. This constraint was
first derived by Oseen for the smectic A phase (that is, when # = 0), and may be
derived in the following way. Given incompressible, equidistant smectic layers,

with the constant interlayer spacing d, the integral

1 [*
c_i/ a-dx (2.2.6)

represents the number of layers crossed by an observer travelling along the path
from point z; to point x,. Given the absence of defects, the layer normal @ must
be differentiable at all points. Now, considering the scenario where x; = x5, the
path traversed will form a closed loop I', from which it follows that the number
of layers crossed “going up” is the same as those crossed when “coming down”.

Therefore
/a-dm:O:>/(V><a)-1/dA:O, (2.2.7)
r S

by an application of Stokes’ Theorem, with v denoting the outward unit normal to
the area S enclosed by the contour I'. Given that I', and therefore S, is arbitrary,
this result yields exactly the Oseen constraint as given in (2.2.5): V x a = 0.

Expressing this in component form allows for the deduction
gijkak; =0 = a;; = a;;. (2.2.8)
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The Elastic Energy

As for nematics, it will be assumed that there is a free energy density associated
with deformations of the material, which may be related to distortions in n and,

thereby, distortions in @ and ¢. The resulting energy is taken to be of the form
w = w(ai,ci,aiyj,cm), (229)

and is assumed to be quadratic in the gradients of a and e¢. As before, the

condition of frame-indifference is imposed on the material, so that
w(a,c,Va,Ve) = w(Qa,Qc, QVaQ’, QVeQ?), (2.2.10)

where Q denotes a proper orthogonal matrix. Note that this requirement also
holds for chiral SmC, denoted by SmC*. In fact, for achiral smectic C, requirement
(2.2.10) must hold for any orthogonal matrix Q — that is, det Q = +1. The energy

is also invariant under the simultaneous changes
a— —a and c— —c, (2.2.11)

this being a natural requirement of invariance under the transformation n —
—n. Imposing these requirements leads, through extensive calculation, to the

expression

w=1Ki{(V-a)’+1iK(V-¢)’+1K3(a-V xc)+1Kic -V xc)
+1K5(b-V x¢)’+ Ks(V-a)(b-V xe)+ K7(a-V xc)(c-V xec)
+ Ks(V-e)(b-V xc)+ Ky(V-a)(V-e), (2.2.12)

or the equivalent component form

w = %Kl(ai,i>2 =+ %(KQ — K4)(Ci,i)2 + %(Kg — K4)Ci7jCjCi’ka + %K4ci,jci,j
+ %(K5 — Kg)(ciai’jij + Kﬁai,i(Cjaj,ka> — K7ci7jcjci,kak
+ (Kg - K7)Ci’i(0jaj’k0k) + KgCLZ"iCjJ‘. (2213)
The reader is directed to Section 6.2.1 and the references therein for an exhaus-
tive account of the interpretation of the constants K; (i € {1,...9}) and how

they relate to the elastic constants found in, for example, the work of the Orsay

group [23] and those introduced by Saupe in an earlier description of smectics [60].
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2.2.2 The Dynamic Theory

Recall the balance laws for mass, linear momentum and angular momentum,

which still apply to a given sample volume 2 of SmC enclosed by a bounding

surface S:
D
— dV =0 2.2.14
D
—/pvdV:/pde+/tdA, (2.2.15)
Dt Jq 0 s
D
— p(wxv)dV:/p(wxf+k)dv+/(a:><t+l)dA‘ (2.2.16)
Dt Jgq 0 S

Consequently, we arrive, as before, at the incompressibility condition, expressed
in the form

)

along with the linear and angular momentum balance laws
,OUZ = pfz + tij,j» (2218)

pKZ + Eijktkj + lij,j = O, (2219)

with the symbols retaining their meanings as set out in Section 2.1.2, with iden-
tical comments applying to f; and K;. Again the director inertial term has been
assumed negligible and therefore is omitted in the present formulation. The
derivation of the theory relies on an analogous rate-of-work postulate to that
given in equation (2.1.34), with the nematic energy w; replaced by w as given in
equations (2.2.12), (2.2.13) and the assumption that the rate of viscous dissipa-
tion per unit volume, D, is non-negative. Therefore, by considering the rate of

work done on an arbitrary volume of smectic C material, it is readily shown that
tijvi,j + lijwi,j - wisijktkj =w—+ D, (2220)

where the vector w represents the local angular velocity of a material element of

SmC and must satisfy

a=wxa, ¢=w X c, (2.2.21)
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the smectic analogues of equation (2.1.4). Motivated by the static theory (see
equations (6.70) and (6.90) in [68]), we take

ow ow -
tij = —p&] + ﬁlgljkak,i — ak’iaa—]m — Ck’iac_k’l- + tij; (2222)
ow ow ~
lij = Brardi; — Bia; + €in (ak dar, + Ck%) + 1y, (2.2.23)

where fl-j and l~ij denote dynamic contributions to stress and couple stress, respec-
tively. Following a similar procedure to that outlined for nematics, the viscous
terms are taken to be functions of a;, ¢;, w; and v; j, with frame-indifference re-
quiring the dependences to instead be upon the variables a;, ¢;, A;, C; and D;j,
where

Ai = CLZ — VVZ‘]‘CL]‘, Cz = CZ — VVijCj, (2224)

with
Dy =(vij+v), Wiy =3(vij —v). (2.2.25)

The vectors A and C' denote the co-rotational time flux of the vectors a and c,
respectively; these are analogous to the vector N as defined in equation (2.1.8)
above. The terms D;; and W;; are simply the components of the velocity gradient
and vorticity tensors, and we note the change in symbol for the velocity gradient
tensor from A;; to D;j: this is to avoid any notational confusion with the co-
rotational time flux of the vector a, i.e. A as given in equation (2.2.24) above.
Working backwards with an analogous argument to that used in the derivation

of equation (2.1.8), it is readily shown that
A=wxa, C=wxec, (2.2.26)

with w denoting the relative angular velocity as in (2.1.2).
Given the assumed form of the viscous stress and viscous couple stress in
(2.2.22) and (2.2.23), the rate-of-work postulate of equation (2.2.20) may be ex-

pressed in the form
D = Eijvi,j + [ijwi,j — wiEijkEkj Z 0. (2227)

As outlined in reference [41], this inequality combined with the assumption that
l~,»j is a function of the above named variables (and therefore not w; ;) leads to the
requirement

I =0, (2.2.28)



reducing the inequality (2.2.27) to
D = Eijvi,j - wigijkfkj 2 0. (2229)

Assuming that fl-j is a linear function of A;, C; and D;; and that the requirement
that w, the elastic energy, be frame-indifferent, the dependence of fz-j on the
variables listed above can easily be shown to require that fz-j must then be an
isotropic function of its variables [66, p.22]. It can then be shown [70] that the
viscous stress consists of forty-one terms. Four of these are found to equate to
zero via use of the dissipation inequality (2.2.29) and another five may be shown
to be linearly dependent on others, reducing the total to thirty-two. Finally, the
use of Onsager relations allows us to reduce this number further to twenty. The

final form of the viscous stress is given via

by =13, + 13 (2.2.30)

iy

where ffj denotes the symmetric part

&2 = poDyj + paarDia;a; + pa(Dia; + Dia;) + pscrDicicy + pa(Die; + DSe;)
+ puscr Di(aic; + ciaj) + M (Aja; + Aja;) + Mo (Cicj + Cj¢y)
+ AscxAg(aicy + ciaz) + k1(Df'c; + Die; + Dia; + Dja;)
+ ko {apDi(aic; + cia;) + 2a;Dja;a;}
+ k3 {ckDi(aic; + cia;) + 2a,.Dicici} + 11 (Cha; + Cja;)
+ 1o (Aic; + Ajci) + 2m3c Agaia + 2140 Agceicy, (2.2.31a)

and f;-lj is the anti-symmetric part

ng = Al(D;-’ai — Dfa;) + )\Q(D]C-ci — Dfcj) + Asci Di(aic; — cia;)
+ M(Aja; — Ajay) + As(Cie; — Cicy) + Neckar(aic; — ciaj)
+ 11(Dje; — Dic;) + mo(Dja; — Dia;) + m3a; Dy (aicr, — ciay)
+ mycpDi(aic; — cia;) + 15(Aje; — Aie; + Cia; — Ciay), (2.2.31b)

where we have introduced the notation

The twelve viscosity coeflicients py to ps and A to A\g are associated with dynamic

stress contributions even in the vector ¢; the remaining eight viscosities, 7 to 75
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and k1 to k3, are associated with those terms which are odd in e.
Some of the above expressions may be written in a more convenient fashion
via certain manipulations. Without going into detail, we note that the intrinsic

torque arising from equation (2.2.31b) may be expressed in the form
ety = eun(a;gi + ¢;dp), (2.2.33)
on introducing the terms

g? = -2 (/\1D;1 + /\302‘0ng + )\4141 + /\GCiCjAj + TQD,L'C

+ 73¢50,; D) | (2.2.34)

glc = -2 ()\QDZC + )\501 + TlD? + 7'5141') . (2235)
This allows for a reformulation of the dissipation inequality:
D =Dy — g Ai — §iC; > 0, (2.2.36)

which may be obtained in an analogous fashion to that used in deriving the result
(2.1.39). This inequality can be used to derive restrictions on the smectic viscosity
coefficients.

Similarly to the form given for nematics, the external body moment may be

assumed to obey the relation
pK; = eiji(a;GY + c1GS), (2.2.37)

G and G° denoting the external body forces introduced in a similar way to those
mentioned in the static theory [68]. Making use of the technique as employed
in nematic theory, it is possible to employ certain constitutive relations, along
with the above result for the external body moment and equation (2.2.28), apply
these to the balance law for angular momentum (2.2.19), and thereby obtain the

smectic analogue of equation (2.1.47) in the form of two coupled sets of component

equations:
ow ow _
( ) - + G + gi +ya; + pe; + €ijpBr; = 0, (2.2.38a)
aam j 8ai
0 0
( - ) — 2 LG+ T + pa; = 0, (2.2.38D)
8cm~ j 8ci
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where the scalar functions v, p, and 7, and the vector function 3 are Lagrange
multipliers arising from constraints (2.2.3) and the Oseen constraint (2.2.5). In
turn, these equations allow for convenient reformulation of the balance of linear

momentum equation (2.2.18); viz.,
pvz = pfz - ﬁ7i + G;aj,i + G;Cjﬁ' + §;-’aj7i + §Jc-cjﬂ- + f,;j’j, (2239)

where p = p+w, p denoting an arbitrary pressure arising from incompressibility.

2.3 Smectic A

The continuum theory of Stewart [69] will provide the model used for the de-
scription of smectic A liquid crystals, which will be the main focus of this thesis.
This continuum theory allows for the separation of the director n and the layer
normal @ where many others do not. This decoupling was motivated by the work
of Auernhammer et al. [5-7] and Soddemann et al. [65], which established that
this phenonmenon does indeed occur for smectic A subjected to simple shear.
The theory also incorporates the possibility of permeation between the smectic
layers. Finally, the Oseen constraint on the layer normal a as discussed above
in Section 2.2.1 at equation (2.2.5) is not imposed. The theory is derived using
principles identical to those used in the derivation of Ericksen-Leslie theory for
nematics (another reason for the inclusion of a somewhat more detailed account
of that derivation in Section 1.2.1 above), and is based on ideas used in a vari-
ety of treatises on smectic A dynamics, such as those of Martin et al. [45], de
Gennes [21,23] and E [15].

Finally, we note that the layers are conveniently described by a scalar function

® such that
Vo

For example, in an undistorted sample of SmA whose director and layer normal lie

(2.3.1)

parallel to the z-axis, the layer function is given by ® = z, so that V& = (0,0, 1),
|V®| =1 and thus @ = (0,0, 1). This is a particularly trivial example: for samples
exhibiting departure from equilibrium, V® and its magnitude are generally non-
constant, giving rise to the possibility V x @ # 0 and requiring us to discard
the Oseen constraint under general perturbations to the smectic layer structure.
As discussed by Stewart [69], the phenomenon of permeation turns out to be
intricately linked to ®.

While the presentation of the theory to be outlined will follow the paper of
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Stewart from which said theory is taken [69], a great deal of detail will be omitted

in the interest of brevity.

2.3.1 Balance Laws

The balance laws as given in equations (2.2.14) - (2.2.16) once again allow us to

write
pU; = pfi + L) (2.3.2)

and
pKZ -+ Eijktkj + lij,j = O, (233)

where all the algebraic terms remain as before. A slightly altered rate-of-work

postulate is required for smectic A:

Q Q S

D

~ i/, (2 pviv; 4+ wps) dV, (2.3.4)

where we find all the same physical quantities as in our previous rate-of-work
postulates, as well as the terms wpg corresponding to the smectic A energy energy
density, which is that proposed by De Vita and Stewart [13] to be discussed
below in Section 2.3.2 and ®7u;, the rate of work done by the layers at the
boundary surface S as introduced by E [15]. Since ® provides a description of
the orientation of the smectic layers, P is interpreted as their rate of displacement,
with 7 representing the permeation force at the bounding surface S applied to
the layers in the volume €. Following a process analogous to that for SmC in
Section 2.2.2 above, the equation (2.3.4) reduces for arbitrary volumes to the
dissipation function,

D = tijvi + lijwij — wigirtn; + (P73) 5 — tps, (2.3.5)
which is, as before, taken to be non-negative.

The energy will be assumed to take the form
Wps = st(nz‘, N5, Qg, Qj 5, (I)z) (2-3-6)

Given that a may by derived directly from @, it is equally valid to suppose

that the dependence of wpg is only on n, Vn and V®; however, it proves useful
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to consider contributions that can be expressed in terms of a or ®, or both.
Following the argument put forward by Stewart, one finds the forms of the stress

and couple stress tensors to be

Owps Owps

J p J + ‘ |CL nk: ank,j ak» aak,j + J ( )
Owpg Owpg s

li: =& Lii, 2.3.8

i = ikl (nk o, + ag dar, + L ( )

respectively, where p is the usual arbitrary pressure arising from incompressibility,
and fij and lNij denote the viscous stress and viscous couple stress, respectively.
The permeation force 7 has components given by 7; = —J;, where, for conve-

nience, the vector J is defined via

ow, 1 Ow, Ow,
S = 09, " V| { (aaj,k)k - a_ag} s~ ajes) (239

The forms given above allow the dissipation inequality to be expressed in the

form
D = fijvivj + Zijwi,j - wigijkfkj - @Jm 2 0. (2310)

This inequality, in an analogous fashion to those considered for the nematic and
smectic A continuum descriptions, will be vital in the establishment of the ap-
propriate constitutive equations in Section 2.3.3 below, imposing restrictions on

the possible forms of dynamic contribution.

2.3.2 The Energy Density

In this section, we depart from the formulation set forth by Stewart, and instead
present the energy density wps as provided by De Vita & Stewart [13], which

takes the form

wps = tK{(V-a)? + 3K (V-n—s0)* + 3KV -{(n-V)n - (V-n)n}
+1B|VOI 2 (1 - [Ve)’ + 1B, {1 - (n-a)?}
+ By(V-n) (1—|Ve|™), (2.3.11)

where K7, KT, and K are elastic constants and and By, B, and By are constant
energy densities. The first term on the right-hand side is the energy associated
with bending of the smectic layers; the second term is the splay energy, with s

denoting the spontaneous splay; the third term is the saddle-splay energy; the
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fourth is the energy associated with layer compression/expansion; the fifth is the
energy attributed to coupling between n and a; the sixth and final term is the
energy due to coupling between splay and compression of the layers. This energy
density provides a general description of the deformation of a lipid bilayer. Note
that we will be concerned only with SmA liquid crystals with no polarisability,
i.e. those which have no spontaneous splay. We will therefore assume sy = 0 in
all that follows. In this case Ky = 0 and By = 0 [13, equation (10)], and thus the
energy we require is given by
w, = 1K{(V-a)? + 1K7(V - n)? + 1B|VP| 2 (1 - |V|)°

+1B{l1—-(n-a)’}. (2.3.12)

Note that, for completeness, the calculations presented in this section will retain
all six of the material constants of wps above, as well as the spontaneous splay,
while in subsequent sections it will be assumed that we are working with w,
unless it is explicitly stated otherwise.

A comprehensive account of the physical properties of the energy density in
equation (2.3.11), as well as a range of applications to problems concerning the

behaviour of lipid bilayers, may be found in the paper of De Vita and Stewart [13].

Some Useful Identities

For convenience, we present some identities for the energy and derivatives thereof
to be utilised in subsequent sections. First, note that wps has the equivalent

representation

wps = 3 K7 (055a:5)* + 3 K7 (3ijni; — s0)°
+ 5 Ko{ngni; — (0i5mi5)° + ni(nga; +nj5) }
+ %Bl {1 - (5Z-jniaj)2} + BQ((SijnZ"j) {1 — (5kl®,kl)_1/2} s (2313)

from which it follows that

8w 8w n
(anD) - anDiS = K1(V -1 —s0) + 5Ko (njij — 1 5i)

+ Bl (’I’L . CL)(IZ' q),ji- (2314)

2
+ |V(I>|2aj
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This expression will often be employed in a simplified form where spontaneous

splay is neglected and partial derivatives commute:

Owps OWps . By
(ani,j) j - o = Ki{(V-n)i+ Bi(n - a)a; + Wajq),jz‘. (2.3.15)
Furthermore,
aw 8w "
(20m) O v, @3
and 5 5, N
Wps
B Ve & 2.3.17
8@72. |V(I)|3 (| | ) |V(I)‘2( ’I’L) ( )

Substitution of the latter two of these relations into equation (2.3.9) yields

Ji = |V¢ﬁKWV a); — Bi(n - a)n;} (6 + aja;) + |V®PH_WV¢D
- \quiyz (V-m)a; (2.3.18)
and thus
T = \VK(I:P{ 0:® ;; [ax(V - a) ga; — (V - a), }+|V‘P|[am—(aj(V-a),jai)ﬂ-]}
|vq>\4{(2|vq" 3)ai® 150, + [VO|(1 ~ [VO|)(V - a)}
+R%@{W~®%QUW%amy—myﬂvyﬂm—zm.@%mmah
+(n-a)(V - (n-a)(V-a))]}
- IVB%P{W n)a;® a0, — V| [a;(V - a); + (V-n)(V-a)] } (2.3.19)

2.3.3 Constitutive Equations

The simplest constitutive assumption on ® is that it is linear in Jii, subject to

the satisfaction of the dissipation inequality. This gives the permeation equation

d=-NJi, A0, (2.3.20)
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where A, is the permeation coefficient, based upon concepts first discussed by
Helfrich [29] in the study of cholesteric and smectic liquid crystals. This version of
the permeation equation is clearly consistent with the special case as considered
by E [15] as well as that calculated by Sukumaran & Ranganth [73] for smectic
C.

Following arguments outlined above for nematics and smectic C, it is possible
to establish that l~ij = 0, allowing us to express the dissipation inequality in the
form

D = ti0; 5 — wiginley + Mp(Jii)* >0, (2.3.21)

and, in a notation consistent with that introduced in previous sections, we con-
clude that tNij is a function of a;, n;, N; and A;;, with frame-indifference requiring
it to be a hemitropic function in the given variables. In fact, the symmetry of
the SmA phase requires the dependence to be isotropic, as for nematics. The
viscous stress ﬂ»j will be taken to be invariant under simultaneous changes in sign

n — —n and a — —a.

Comment 2.1. Treating the director n as if it were nematic in type should be
feasible when it decouples from a. When the layers are not allowed to distort
independently of m, results similar to those in equation (2.1.7) are available in
terms of a. Of course, one such example is to be found in the fixed layer Leslie-
Stewart-Nakagawa theory for SmC, as given above in Section 2.2, in which the
smectic analogue of N was introduced. However, in the current framework, this
analogy breaks down on no longer constraining n and a to be mutually parallel.
It is therefore taken as a constitutive assumption that fij cannot be dependent

upon A as given in equation (2.2.24).

On supposing that fl-j has a linear dependence upon its variables, it follows
that we may write
tij = Xij + YijeNi + Ziju A, (2.3.22)

where the coefficients X;;, Yi;r, Ziji are functions of a; and n;, and are required
to be transversely isotropic by virtue of the symmetry of the SmA phase. This,
in addition to the invariance under simultaneous changes in sign of n and a, the
properties

A =0, Aij = Aji, niN; =0, (2.3.23)

the restrictions imposed by the dissipation inequality (2.3.21), and the use of

Omnsager relations, one arrives, after lengthy calculations [69] at the final form of
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the viscous stress tensor

ty; = aq(npAgn)nin; + aaNing + asng N; + agAij + s (nj Aigng + niAjeng)
+ (o2 + ag)nAjpng + 1 (apAmar)aa; + To(aiAjrar + ajAigar)
+ k1(a;N; + Nya; + nAjpar, — njAgag) + ke (npAgng) (nia; + a;ing)
+ k3 {(ngArn)aia; + (agAga)nin;}
+ ke {2(nAgar)ning + (nAgm) (an; +na;)}
+ k5 {2(npApar)aia; + (apApar)(nia; + ang)}
+ re(njAigar + niAjpar + a;Ajng + ajAigng). (2.3.24)

Noting the anti-symmetric part of the viscous stress, it follows that
ikl = €Tk, (2.3.25)

where
gi = —(Oég — a2)Ni — (O@ + O[3>Aijnj — 2/@1Aijaj. (2326)

It follows that the dissipation inequality (2.3.21) may be expressed in the form

The form of D as given in (2.3.27) suggests that we may also write

- 1 0D
t J—

" 2 61)1‘7]‘ ’

(2.3.28)

provided the Onsager relations, as stated in [69, equations (3.21)—(3.24)], hold.
There are thirteen viscosity coefficients, and it proves instructive to consider
certain special cases of the expression in equation (2.3.24) as a means of inter-
preting these viscosities physically. First, note that, if terms involving the layer
normal a are neglected and the Parodi relation for nematics (2.1.51) holds, the

viscous stress takes the form

tij = (nkAkml)nmj + OJQNinj + OégniNj + O,/4Aij

+ a5(ninknk + nlA]knk) + (062 + Oég)niAjknk,

the coefficients o to as denoting the Leslie viscosities. One may therefore in-
terpret these viscosities as being “nematic-like”, with a4 being related to usual

Newtonian isotropic fluid viscosity 1 by ay = 2. Secondly, if instead the terms
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involving n are neglected, the viscous stress takes the form
fij = 054141']' + Tl(akAklal)aiaj + TQ(CLZ'AjkCLk + ainkak)

This is exactly the form known for from other descriptions of the SmA phase [15,
45], and coincides with the incompressible case as outlined by de Gennes &
Prost [23, p.415] for a linearised description of planar samples. This will be
explored further in Section 3.2 below. It follows that the viscosities 7 and 7 are
“smectic-like”. Finally, the coefficients k1 to kg appear in contributions involving
both a and n, so may be interpreted as “coupling terms”, illustrating how the

nematic-type and SmA-type modes of behaviour are linked.

2.3.4 The Dynamic Equations

From the balance laws (2.3.2), (2.3.3) and the incompressibility condition v;; =
0, it is possible to derive the main dynamic equations using the constitutive

equations outlined above and the identity

OWps OWps OWps
Eijk

h Oa; + Oa;, + ALk Oay ;
Owps Owpg Owpg Owpg
d =0 2.3.29
+ G 8nj * Mkt aan + MLk 8al7j + ok 8@% ’ ( )

derived from a modified version of the Ericksen identity for nematics [16,68] or
SmC [41]. Details of the derivation, omitted here for brevity, may be found in

reference [69]. The dynamic equations for SmA may be summarised as follows.
The layer normal a is defined via a scalar function ®(z,y, z,t), and satisfies
Vo . P,

= ——— .e. i = ., 2.3.30
a Vo ie., a Vo) ( )

Further, the layer normal, along with the director m, is a unit vector, so that the
constraints
a;a; =1 and nn; =1 (2.3.31)

hold. Incompressibility requires that the velocity v satisfies
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The balance of linear momentum equation takes the form
pUl = pfl — ]572' + anM + Gjnm' -+ |VCI)|CLZ'Jj’j + fij’j, (2333)

with p denoting the density, f; the external body force per unit mass, p = p+wps,
where p is the pressure and wpg is the energy density, as discussed in Section 2.3.1

given by

wps = SK{(V-a)? + 1KV -n—s0)> + LKV - {(n- V)n — (V-n)n}
+1iBy|VO|[ 2 (1 — VO + 1B, {1 - (n-a)?}
+ By(V-n) (1 |V, (2.3.11)

g; is as given in (2.3.26), G; denote the components of the generalised external
body force, which is related to the external body moment K = (K;) per unit
mass via

pK; = €;xn; Gy, (2.3.34)

J is the negative of the permeative force 7, and has components as

8wDS 1 a’LUDS ast
J’L 8@71 + ’v®| { (aa]”k; ) 7k aa] } <5J2 a]al)’ ( 3 9)

and 1;; is the viscous stress, as given above in equation (2.3.24). Balance of

angular momentum may be expressed in the form

Owpg Owps
— , R 2.3.
(anm ) ‘ on, + g; + G; = An;, ( 3 35)

5]

where A is a Lagrange multiplier arising from the unit vector constraint on n as
given in equation (2.3.31), which can generally be either evaluated or manipulated
on taking the scalar product of (2.3.35) with . Finally, the permeation equation
is

d=-NJii, A0, (2.3.20)

where ), is the permeation coefficient.
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Chapter 3

General Considerations for the
Study of Flow Patterns in
Smectic A Dynamic Theory

3.1 Introduction

In this chapter, we investigate a selection of properties and applications of Stew-
art’s dynamic theory for SmA as outlined in Section 2.3 in the previous chapter.
First, in Section 3.2, we show that the theory of Stewart reduces to a system of
equations considered by de Gennes, provided the flow pattern considered satis-
fies certain conditions to be specified below. It will be seen, however, that this
system must in general include an additional equation relating the director align-
ment to the component of velocity normal to the smectic layers. Next, a linear
stability analysis of this system in the context of flow past a finite obstacle is
presented in Section 3.3. In particular, it will be seen that the inclusion of this
additional equation does not affect the stability properties of solutions in this
framework. Section 3.4 is concerned with the derivation of a two-dimensional
system of linear equations from Stewart’s theory, incorporating all viscosity and
energy terms. These allow for the study of a whole host of flow patterns, some
elementary examples of which are outlined in Section 3.5. In section 3.6, we
present a linear stability analysis of the system derived in Section 3.4, demon-
strating via both analytical examinations and plots based on typical numerical
values of SmA physical parameters, that instabilities in flow patterns of SmA are
anticipated by Stewart’s theory. The realisation of linear instability is found to be
contingent upon the violation of a set inequalities, determined by the appropriate

Routh-Hurwitz stability criteria (Appendix B), which involve the SmA material
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parameters and the incident perturbative wave numbers.

3.2 An Important Simplification

In this section, it will be shown that the dynamic equations outlined above in
Section 2.3.4 reduce to those considered by de Gennes in his seminal paper,
“Viscous Flow in Smectic A Liquid Crystals” [22], provided that the flow pattern,
and the consequent response thereto of the smectic, satisfies a particular set of
assumptions. (The viscous flow equations of de Gennes are themselves derived
as a simplification of the theory set forth by Martin et al. [45] under a set of
physically pertinent assumptions similar to those to be considered below.) While
de Gennes’ equations do not take into account director motion, we show that this
reduced form of Stewart’s equations leads to an additional equation relating the
component of velocity the perpendicular to the plane of the layers to the spatial
gradient of the director across the sample. It will be shown that, in requiring
such gradients to vanish, the resultant system is not valid for velocity profiles
with zero (or at least vanishingly small) velocity perpendicular to the layers.
Consider a sample of SmA such that the layer normal a lies along the positive
z-axis in an appropriately chosen Cartesian coordinate system. This corresponds
to flat layers:
b=z — a=(0,0,1). (3.2.1)

Let us assume that, on subjecting the system to flow, the director n may deviate
only a small amount from its unstrained alignment along the z-axis. More pre-
cisely, if € denotes the angle between n and the z-axis (and hence between n and
a by equation (3.2.1)), terms of order % and above may be considered negligibly
small in the calculations to follow.

Recall the balance of linear momentum equation from Section 2.3:
p’UZ == pfZ — ]’5’1‘ + LE]jnj’i + Gjnj’i + |V<I>|aiJj7j + Eij,j' (2333)

Let us first consider flows in which body forces are absent, so that f; = G; = 0.
Further, it is readily checked that w, = O(#?) and thus p = p+ O(6?). Equation

(2.3.33) may then be written in the approximate form
pU; = —pi+ gingi +a;Jj; + Eij,j' (3.2.2)

The permeation equation, ® + N =0, reads J; ; = —v,/\,, which, on substi-
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tuting into (3.2.2), leads to

V,Aa; ~

iy (3.2.3)

p(Opv; + v;05v;) = —pi + Ginji —
P

It is natural to expect that high velocities and velocity gradients would signifi-
cantly affect the alignment of the sample, rendering our assumption that n-a ~ 1
invalid. We therefore impose the requirements that flow is sufficiently slow and
velocity gradients sufficiently small that the advection term v;0;v; may be ne-

glected and a;v, ~ n;v,, and thus equation (3.2.3) may be approximated by

U1y g

5, Tl (3.2.4)

PO = —pi + gingi —

Finally, if we take the often-employed symmetric approximation [80, 81]

tij,j ~ Oij = Oé4Aij + 71 (akAklal)a,-aj + Tg(aiAjkCLk + CLjAZ'kCLk), (325)

so that the physical properties that play a significant role lead to the elemen-
tary inclusion of only the isotropic and “smectic-like” viscosities, equation (3.2.4)

reduces further to
n;v,

Ay

p@tvi =055 — p,i — (326)

where the terms g;n;; vanish due to our neglect of the anti-symmetric part of
the viscous stress in equation (3.2.5). (One could instead impose the additional
constraint that spatial director gradients are negligibly small if it proved desirable
to retain asymmetries in the viscous stress, though see Comment 3.1 below.)
Equation (3.2.6) is exactly as in [22, equation (4)], provided one sets 2v; = au,
2v1 = ay + 1 + 27, and 23 = ay + To.

The angular momentum balance equations simply read

We have therefore shown that the dynamic equations of Stewart collapse to a
reduced system of four equations in four continuum variables for a sample of

SmA subject to the following set of physically motivated assumptions:

1. flat layers (though very slight deviations from this will still render equa-
tions (3.2.6) approximately valid).

2. No dislocations or other defects in the sample.

3. Sufficiently slow velocities to ensure little decoupling between n and a.
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4. A symmetric viscous stress tensor.

This system reads
;U
Ap

)

p@tvi = 0455 —Pi — (326)

Comment 3.1. Recall equation (2.3.19); when spontaneous splay is absent, it

reads
LS
= \V<I>|2{aiq)’”' [ak(V - @) ga; = (V- @) ;] + V[ [a i — (a;(V - a’),jai),i]}
By
+ VD[ {(2|V<I>\ —3)a;® ;;a; + |VO|(1 — |VO|)(V - a)}
B
+ —’v£‘2 {(n -a)a;®;[(n - a)a; — ;| + [VO|[(n; — 2(n - a)a;)(n - a),

+(n-a)(V-n— (n.a)(v.a>>]}. (3.2.9)

It is readily observed that, under the assumptions of completely flat layers and
very little decoupling of n and a, one arrives at J;; ~ B0 ,, which, on substitu-

tion into the permeation equation, gives
v, R —=\B10 ,, (3.2.10)

providing a fifth governing equation relating the z-component of the velocity to
the spatial variation of the director alignment. Imposing the strict equality n = a
would require that either n = (0,0, 1), from which v, = 0, or that a is allowed
to vary via

b =z —u(x,y,zt).

The former case restricts us to the study flows whose velocity components lie
strictly in the zy-plane. In this case, equations (2.1.25) and (3.2.6) may be

written

Vo + Vyy = 0, (3.2.11)
POV, + Du = %oz4 (Vg,zz + Vayy + Vazz) + %Tgvmz, (3.2.12)
POy +py = %oz4 (Vyzw + Vyyy + Vy,zz) + %Tngz, (3.2.13)

P = (s + 1) (Vg o0 + Vyzy) = 0. (3.2.14)

In the latter case, we would then require a further governing equation relating u
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to the other variables in the system, though the requirement n = a to order 6

would imply v + 6 , ~ 0.

It follows from this comment that, for de Gennes’ equations to be a complete
description of SmA subject to flow under assumptions 1-4 outlined above, they
must be supplemented by equation (3.2.10), leading to a system of five equations
in five variables.

The more general case of flows in which both n and a are allowed to vary

with n # a is considered below in Section 3.4.

3.3 Linear Stability Analysis of Flow Past a
Finite Obstacle

We now examine the stability of a two-dimensional system of equations, derived
from (2.1.25) and (3.2.6) above, governing rectilinear flow of a sample of SmA in
the presence of an obstacle. Specifically, consider a finite barrier of unit length
placed in the sample. The barrier is taken to lie along the z-axis with its centre
at the origin, as outlined in reference [82]. In addition to the assumptions 1-4
outlined above, we impose steady flow and a sufficiently high aspect ratio to allow
for the validity of a lubrication approximation (see [22] and Chapter 4). With
the possible exception of the region in the immediate vicinity of the obstacle,
flow within the xy-plane will be a straight line (in fact, we anticipate v, = 0 in
regions far from the obstacle, so for the most part flow is a straight line parallel
to the xy-plane), and thus we may choose our axes such that there is no velocity
component in the y-direction, and none of the terms has any y-dependence. In

this case, the governing equations (3.2.6) and (3.2.8) reduce to

Vg + 0, =0, (3.3.1)
Pax = V3Ug 2z, (332)
D= —V./\p, (3.3.3)

with 23 = ay + 7». Boundary conditions are given by

0 when |z| < 1/2,
v:(0,2) = v,(0,2) = 0. (3.3.4)
vo  when |z|] > 1/2,
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1/2
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Figure 3.1: Schematic representation of the obstacle problem, with the finite
barrier of unit length located at the origin. See also references [75,82].

An exact solution for this problem has been found [82]:

2 1 2z -1
vy = Vg + Ly Y el Y il , (3.3.5)
2 4./6|x| 41/6|x|

Vo | 2 422 41

v, ==+ sinh { —— | e -, 3.3.6
S () o (ot ) (3:3:)

where vg is the value of v, far downstream of the obstacle, erf is the usual error

erf(x) := %/0 e~ dt,

and 6 = y/Apvs3. The plus (minus) sign is taken for < 0 (x > 0). The pressure p
may be found by integrating (3.3.3) with respect to z and applying an appropriate

function, defined via

boundary condition.
We now investigate the response of this system by imposing time-dependent

perturbations to the known solutions of the form

Uy = v, + e exp{wt +i(k,x + k,2)}, (3.3.7)
0, = v, + Cexp{wt + i(kyx + k.2)}, (3.3.8)

p=p+ pexp{wt + i(k,z + k,2)}, (3.3.9)

)
)
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where k,, k., € R. Substitution of these into the unsteady system

Vg x + Vz,o = O, (33].0)
PUz ¢t +p,$ — V3VUg 2z = O, (3311)
PUay+ D+ 2 =0, (3.3.12)
>\p
leads to the linear system

ik, ik, 0 € 0
wp + vk’ 0 ik, Cl=10]. (3.3.13)

0 wp—1/N, ik, © 0

For non-trivial solutions, the determinant of the 3 x 3 matrix on the left-hand
side of (3.3.13) must be zero [34], which leads to the condition

w ! (kmz + vsk 4> (3.3.14)

=—+ | —+ 13k, | . 3.
p(k:cz + kz2) >‘P ’

Given that p, Ay, v3 > 0, it is clear that w < 0 for all k;, k., and hence the

solutions (3.3.5) and (3.3.6) to equations (3.3.1)—(3.3.3) are linearly stable to

small oscillatory perturbations.

Comment 3.2. Including the equation 6, = —v,/)\,B; and carrying out the
same stability analysis for the resultant 4 x 4 system does not change this outcome:

w is exactly as given in (3.3.14).

The problem of flow past an obstacle will be discussed further in Section 4.3

below.

3.4 Linearising the Full System of Equations

Motivated by the stability properties displayed by solutions to the system of
equations above, we wish to ascertain in a more general setting the linear stability
of solutions for flow patterns and resultant configurations in Stewart’s theory.
It has already been shown by Stewart [69, Section 5] that, if one assumes the
viscous stress to be of the form given above in equation (3.2.5) and a somewhat
simplified energy density, a sample of planar-aligned SmA remains stable to small
oscillatory perturbations of the form of those given in equations (3.3.7)—(3.3.9).
It is as yet unknown whether the full system of equations which form Stewart’s

theory permits instability, and, if so, under what conditions on both the physical
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parameters characterising the smectic, and the frequency and wave number of the
perturbation such instability should arise. It is towards the aim of investigating
such properties that the work of this section is directed.

As above, we consider a sample of SmA, initially in an unstrained configura-

tion such that ® = z and n = a = (0,0, 1), and subject to the following

1. The sample is free of defects and remains so in the presence of flow. Again,

this requires sufficiently slow velocities, and small spatial gradients thereof.

2. The flow may be treated as two-dimensional, enabling a choice of axes such
that
v = (vy(z, 2,1),0,v.(x, 2, 1)), vz, |v.] < 1, (3.4.1)

for simplicity.

3. The director and layer normal are allowed to vary and, moreover, to do so

independently of one another. We take

O =z —u(x,2,t), lu| < 1, (3.4.2)
n = (0(z,2,t),0,1), 0] < 1. (3.4.3)

Equation (3.4.2) suggests that
Vo = (_u,u’w 07 1- u,z) ) |V(I)| ~1-— U z, (344)

from which
ar (—ug0,1). (3.4.5)

Once again, we assume that body forces are absent. Stewart’s equations may

then be written in the form

(O + Vz,z = 0; (347)
4\, J;; =0, (3.4.8)
pU; = —pi + P35 + ginji + tNZ‘M‘, (3.4.9)
Ow, ow, -
- i = An;. 3.4.10
(87%,]- ) g Gnl + g n ( )
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The vector g = (g, 0, §.) is given by

gm = _(’719,15 + V1Uz + V2Uz,m)7 (34].1)
gz = (71 + 2V2)Um,a:7 (3412)

where
V1:OZ2+I€1, V2:Oé3—|—lil, Y1 = Q3 — Ol = Vy — 7. (3413)

Then, since we anticipate only small director gradients, it follows that the terms
g;n;; are of a magnitude which allows us to treat them as negligibly small in
equation (3.4.9). Making use of identity (2.3.18) in Section 2.3.2, one finds

J = (B1(0 +uy) — K{uzes, 0, Bou ), (3.4.14)
— Ji,i = Bou7zz + Bl (9@ + u,m) — Kfu,mm, (3415)

while some tedious calculations yield

R

t:vj,j = MUz 2z + 12Uz, 2z + I/le,tza (3416)
tyis =0, (3.4.17)
Ezj,j = N3Vz 22 + N4Vz 22 + V20,tzy (3418)
where

27’]1 =0y — Qg — 05 — Ty — 2:‘16, (3419)
2772 =y — Qg + (673 + Ty — 21{1 + 2’4367 (3420)
2773 = a2—|—2a3—{—oz4—|—0z5 —|—7'2 +2(/{1 +56), (3421)

2774 = 20é1 + Qo +20é3 +OZ4+3Oé5 +27‘1 —|-37'2
+ 4(/12 + /13) + 8(/‘{4 + /15) + 6:‘416. (3422)

Finally, if we take advective terms to be negligible as above, the balance of linear

momentum equations read

PUz t + Pz = MUz zx + N2V 2z + Vle,tza (3423)
py =0, (3.4.24)

PUzt + Dz =MN3Vz 2z + N4Vz 22 + V26,t:r
— Kfu@mx + Boum + Bl (Qw + U,mz). (3425)
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On employing relation (2.3.15), it follows that the balance of angular momen-

tum equations may be written

K10 20 — Biuy — 110 — 110y, — 90, = M, (3.4.26)
K?sz + Bl -+ (’)/1 + 2V2)'Ux,x =\ (3427)

Equation (3.4.27) provides us with an exact expression for A, and, on substitution
into (3.4.26), yields the relation

K10 0 — B1(0 +uy) — 0 — 10y, — 10U, , = O(6?). (3.4.28)
Finally, the permeation equation may be written
Uy — Uy = A { KU 4300 — Bot oo — B1(0 2 + U ps)}- (3.4.29)

Equations (3.2.8), (3.4.23), (3.4.25), (3.4.28) and (3.4.29) provide a system of five
equations in the five unknown variables p, v,, v,, 8 and u. A detailed analysis of

this system will be carried out in Section 3.6.

3.5 Flows Between Parallel Plates: Some

Illustrative Examples

This section serves to illustrate some applications of the linearised two-dimensional
system derived above, which consists of equations (3.6.1), (3.4.23), (3.4.25), (3.4.28)
and (3.4.29). Via three simple examples, we show that the velocity profiles of flow
parallel to the layers displays Newtonian behaviour in this limit, while flow nor-
mal to the layers leads to a plug-like velocity profile as derived by de Gennes [22].
We also establish solutions for the director profile and layer configurations via

the equations for angular momentum balance and permeation.

3.5.1 Simple Shear Flow

Consider a sample of SmA confined between two infinite parallel plates placed
at z = 0 and z = d. The sample is initially at rest, then, at a given moment, is
subject to a simple shear induced by moving the top plate at a constant velocity
vo along the z-axis. We ignore transients that may be induced by the initial
acceleration of the top plate, and seek steady-state (i.e., time-independent) solu-

tions for the velocity profile, pressure, director, and layer normal. It is natural to
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Figure 3.2: Configuration for simple shear flow. The top plate is moved with a
constant velocity vy, while the constant pressure gradient G = p_, is applied in
the plane parallel to the smectic layers.

assume that the velocity takes the form
v = (v(z), 0, 0), (3.5.1)

automatically satisfying requirement (3.2.8). The balance of linear momentum

equations reduce to

Pz = 7727)//(2)7 Py=D-=0, (3.5.2)

Then, with ® and n as given in (3.4.2) and (3.4.3), the equations governing

angular momentum balance and permeation are, respectively,

K10 oo = B1(0 + uy) + 110/ (2), (3.5.3)
KU 4000 = Bot o, + B1(0 4 + w4y ). (3.5.4)

Equations (3.5.2) show that p is a function of x only, and, on integrating the first
of these equations with respect to x, we see that
f1(z)

p=mav"(z) + fi(z) = V"(2) = - )
2T

but, since v is a function of z only, it follows that f{(z) = 0 and thus p, = G

(say), a constant. Thus
2

G
u(z) = 2—; + bz + b, (3.5.5)
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where the constants b; and by may be determined by imposing no-slip conditions

at the bounding plates, viz., v(0) = 0, v(d) = vg; from this, we have

_ Gz(z—d) L Yoz
212 .

v(2) (3.5.6)
Note that this is exactly the velocity profile one finds when analysing the same
problem for an isotropic Newtonian fluid with viscosity 7.. In order to determine
the director profile and the layer displacement we must substitute this expression
into equation (3.5.3) then solve this and equation (3.5.4) together. For instance,
if it is assumed that the director alignment and layer displacement do not vary

along the z-direction and the layer normal is fixed, we obtain

_Vl’l)/(Z) _ Gui(d - 2z) 2L
Bl N 2317’]2 Bld’

0= u=u(z) = bz + by, (3.5.7)

for some constants b3 and bs. The local layer normal remains undisturbed. Other
configurations of the SmA may of course be possible under this simple shear flow,

but for brevity we omit such explorations from this illustrative digression.

3.5.2 Plane Poiseuille flow

Here, we choose to fix two bounding plates at z = +d and impose a constant
pressure gradient G = p, along the z-direction; assuming the velocity is as

in (3.5.1), we arrive at the following relations for balance of linear momentum

U”(Z) = G/T/?a Py=Dz2= 0. (358)
The boundary velocities are now v(—d) = v(d) = 0, so that

(z) = %. (3.5.9)

The equations for angular momentum balance and permeation are then

Gz

K10 .o = B1(0+uy) + m (3.5.10)
KU 4000 = Bot o + B1(0 4 + w4y ). (3.5.11)

Combining these yields
KU goze = Botzo + K70 s (3.5.12)
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Figure 3.3: Schematic demonstrating plane Poiseuille flow. The top and bottom
plates are stationary and a constant pressure gradient G' = p, is applied in the
x-direction.

There are a few possible cases here, of which we consider only the following
three.
Case 1: Director Alignment Independent of x

We may solve equation (3.5.12) by assuming variables-separable solution for u of

the form u(x, z) = p(x)y(2), which leads to the following eigenvalue problem:

(4) T aes
A§¢¢<i)) - 12}((2)) _ (3.5.13)

where A2 = K{/B, and & is some constant to be determined. We anticipate
symmetry about the z-axis in the layer displacement u and director #, so that
u(z, z) = u(z, —z), and require that both remain finite as + — 400, from which
it readily follows that equations (3.5.13) yield non-trivial solutions only when

k > 0. The general solutions are

o\ /4 o\ V4
¢(x) = cysinh { (ﬁ) x} + ¢o cosh { (ﬁ) x}
O\ /4 o\ /4
—i—cssin{(ﬁ) x} —1—04605{(;) gg}7 (3.5.14)

Y(2) = cssinh (v/kz) + g cosh (Vkz) . (3.5.15)
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Imposing the conditions that w is finite for all x and that u(x, z) = u(z, —z) yields

u(z,z) = {07 sin [(%)1/41;

where ¢; = c3c6, cg = c4c. The director alignment 6 is then determined by

+ o5 cos [(Aﬁ?) N x] } cosh (vz),  (3.5.16)

differentiation with respect to  of our expression for w in (3.5.16) and substitution

into equation (3.5.10), viz.,

Gz
O(x, —0yu —
(z, 2) B
1/4 1/4 1/4
— (%) {cg sin [(%) x] — 708 [(%) x] }cosh (Vkz)
Gz
- ) 3.5.17
) ( )

Since the director alignment has been assumed independent of z, it follows that

either

(i) k=0, o0r

(i) ¢z =g =0.

Both cases correspond to constant u and therefore no change in the layer dis-
placement, with the director simply a linear function of z.

Case 2: Layer Displacement Independent of x

This is equivalent to the assumption that the layer normal remains constant. The

equations for angular momentum balance and permeation read

G
K10, = B0 + 22, (3.5.18)
2
0= Bouﬂ + 81«9@. (3519)

From the latter of these, it is evident that 6, = 0,(z2) = 60 = x0, + g1(2).
Substitution into (3.5.18) then yields
Gz

0=2a0,+qgi1(z) = , 3.5.20
e = 2 (3.520)

revealing that € is a function of z only. Finally, one finds from equation (3.5.19)

that u is a linear function of z.
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Taken together, cases 1 and 2 reveal that the director is independent of x if
and only if the layer displacement is also independent of z, and making either of
these assumptions leads to the solution § = Gryz/n.B; as well as no change in

the local layer normal.

Case 3: No Decoupling of n and a

In this case, 0 +u, = 0, and thus we may use separation of variables to obtain
the solution (3.5.16) for u. However, angular momentum balance then requires
Gz

Up)

leading to an immediate inconsistency. If instead one solves the angular momen-
tum balance equation first, it follows that 4 must be an arbitrary linear function
of z in order to preserve finiteness of u as * — oo. It then follows that § = 0 and

both the director and layer normal remain unchanged from their initial states.

3.5.3 Plug Flow

As a final example, consider a sample of SmA confined between two parallel plates,
this time lying along the yz-plane at x = +d. Applying a constant pressure
gradient G = p_, and anticipating a velocity profile of the form

v = (0, 0, v(x)), (3.5.22)

we find that condition (3.2.8) holds and equations (3.4.23)-(3.4.25) may be written

G
Pe=Dpy =0, v (x) — ’U(‘f) — (3.5.23)
7 ’ o3 13

where 03 = /A3, while equations (3.4.28) and (3.4.29) reduce to

K10"(x) = Bi{0(z) + v/ (2)} + 1ot (x) (3.5.24)
and v)(\x) = K™ (2) + Bi{0(x) + o' (x)}, (3.5.25)

P

respectively. Note that we have assumed that 6 and u are functions of x only.

The general solution of equation (3.5.23)3 is

v(z) = Py sinh(z/d3) + Ba cosh(x/d3) — A\,G, (3.5.26)

49



T
NI
W

Figure 3.4: Schematic diagram showing the geometry for plug flow. A constant
pressure gradient G = p_ is applied in the z-direction, normal to the planar
layers.

where the constants #; and [y are determined via the no-slip boundary con-
ditions: v(+d) = 0, yielding

(@) = \,G {% - 1} . (3.5.27)

Note that this is exactly the velocity profile derived by de Gennes [22, equation
(8)] for this problem. Differentiation of equation (3.5.24) with respect to z yields

BI(QI + u//) — K{LQ/// . 1/27_},/’
which may be substituted into (3.5.25) to give
Kiu™® = K10" — v 4+ v/, (3.5.28)

ie.,

K0+ u)" = (K + K90" + G { (1 - Ap”) cosh(z/dy)

7 Cosh<d/53>—1}. (3.5.29)

Integration of equation (3.5.25) three times with respect to x yields

a n o a n 63(5§ — )\py2) Slnh(l‘/é) — [E_g
K1(9+U)—(K1+K1)9+G{ cosh(d/ds) 6

+ Bsx® + Bazx + fs, (3.5.30)

for some constants 3, £4, B5. There are two cases to consider: one in which the

director and layer normal are coincident, and the more general case in which they
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are not.

Case l: n=a

In this case the left-hand side, and thereby the right-hand side, of equation (3.5.30)

is zero. One simply rearranges this relation to obtain

G 03(Ape — 02) sinh(z/d3) = x®
0 = P 3 — 2 . (35.31
K¢+ K7 { cosh(d/d3) + 6 +Bsr” + Bra + G5 )
It is reasonable to expect asymmetry in the director profile, so that 6 is an odd
function of z, leading us to conclude that g = s = 0. An anchoring condition at
either boundary will serve to uniquely determine the constant 8;. The function

u is then given by rearranging and integrating 6 + «' = 0 to give

G {5%(5% — A\p2) cosh(z/d3) $4} N Brx? 4 By, (3.5.32)

v K{ + K7 cosh(d/d3) Y 2

where [y is an arbitrary constant.

Case 2: n #a

Substitution of equation (3.5.30) into (3.5.24) yields the differential equation

KILQH _ Bl(K{L + K?)Q i {53((5% — )\pV2> i /\pl/g} GBl smh(x/53)

K¢ K7 3 cosh(x/d3)

- GB1I3
6K Y

+ piz, (3.5.33)

where, as in case 1 above, we have assumed that the director profile is such that
f(z) = —0(—x). Solving this equation for 6, we find that

6 — {5%(5% - )\pVQ) 4 o } GKfBl(Sg smh(x/53)
K¢ PR {Ko + KT — B102(K® + K7')} cosh(d/6s)
1 1 Ga3
inh B | —+— _ 5.34
+ ps sin {\/ 1(Kf+K?)$}+6(Kf+K?)+p3$’ (3.5.34)

where py and p3 are constants to be determined via anchoring conditions. Finally,
a solution for u may be obtained by substitution of (3.5.34) into (3.5.30) and
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integrating with respect to x. Performing the integration, we obtain

T'Go? 11
u = mCOSh(I‘/ég) +p4COSh {\/Bl <F{L + K_?>I'}

Kt Gzt psa®

1 3.5.35
+{(Kf+K{l) }24Kf+ 5 T Pe (3.5.35)

where

KnBl (52(52 - A VQ) (52 - A 120}
I = 1 CAS: BS t VAR | B TPTE (35.36
KKy — Bio3(K{ + K7) [ Kf S R )
and

KT'ps 1 1)) 2
= B — 1+ —
P T { 1<Kf+K?>} ’

while p5 and pg are constants to be determined by suitable conditions on the layer
displacement.

Note that a more detailed account of pressure-driven flow applied perpendic-
ularly to the layered structure may be found in the work of Stewart et al. [72], in
which the asymptotic properties of the fully nonlinear system are analysed and

multiple boundary layers identified.

3.6 Linear Stability Analysis for the Full System

The theory of Stewart under the simplifying assumptions 1-4 in Section 3.4 above

takes the approximate reduced form

Vg + Vs, =0, (3.6.1)

PUzt + Do = MUszz + 1N20z,22 + 110,12, (3.6.2)
PVt + Do = N3Vs g + NaVs 2 + Vol 4

— KU y300 + Bot o, + B1(0 4 + t y), (3.6.3)

K10 o = B1(0+uy) — (Ml + 110, + 100, ), (3.6.4)

Uy — U = Ap{ K{U gy — Bot oo — B1(0 4 + Uaa)}, (3.6.5)

Following our approach in Section 3.3, we assume that we have a sample of SmA,
either initially at rest and in a relaxed configuration or subject to a flow pattern

such that equations (3.6.1)—(3.6.5) are valid. We therefore anticipate a velocity
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profile of the form
v = (vg(, 2, 1), 0, v,(x, 2, 1)), (3.6.6)

while the director and layer normal are given by
n = (0(x,z1),0,1), a = (—0u(z, 2,t), 0, 1), 9], lul <1, (3.6.7)

with 6 + 0,u ~ 0. We wish to consider a set of oscillatory perturbations to the
quantities v,, v,, p, 0, and u. Motivated by Section 5 in [69], in which solutions
to a simplified version of this system was shown to be linearly stable to all such

perturbations, we assume the perturbed quantities take the form

vy = v, + Uy exp{wt + i(qx + ¢.2) }, (3.6.8)
vl =0, + 0, exp{wt + i(q.x + ¢.2)}, (3.6.9)
p* = p+ pexp{wt +i(q.x + ¢.2)}, (3.6.10)
0% = 0 + 0 exp{wt + i(qx + ¢.2)}, (3.6.11)
u* = u+ wexp{wt +i(qx + ¢.2)}, (3.6.12)

where the amplitudes of the perturbations denoted by hats have modulus < 1
and ¢, ¢. € R are wave numbers making up the wave vector ¢ = (¢z, 0, ¢.).
Substitution of these quantities into the dynamic equations (3.6.1)—(3.6.5) leads

to a 5 x 5 linear system of the form A;;§; = 0, where

0 0 0 T
Gy —iq, 1w 0 X 0
[Ay] = | ig.  —igu(Bi + 1w) Q 0 Y |, (3613
0 Bi+Ki¢+mw  iBige g, ivags
|0 iy B14, —(w+AQ) 0 1
with
X = pw+ma? +nd?, (3.6.14)
Y = pw + n3¢; + md?, (3.6.15)
Q = K{q; + Bog: + Biq, (3.6.16)
and
~ T
e= (0.0, 0, 0.) (3.6.17)
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This linear system yields non-trivial solutions for the quantities making up the
entries of the vector £ provided the determinant of the matrix [A;;] is zero. That
is,
0= Q§{Y [(Bl + K?Qi + "Ylw) (W + )‘pQ) - Apr(Ji]
+ ;12 [\@B1 — (B + 1aw) (w + A,Q))]
— B1g; (By + 1w) + Q (B1 + K7'¢; + mw) }
+q2 qg{yl [(B1 + 1aw)(w + ApQ) — A\QB1] + 11 [VQ(CUQ + A Qw) + Blw} }
+E{X (B + K7; 4+ 7w) (w+ \Q — A Bigr)]
— v (W' + Q) }. (3.6.18)

After some tedious but routine algebraic manipulation, equation (3.6.18) may be

written in the form

w3 4 prw? + paw + p3 = 0, (3.6.19)

where

P11 p1 = { (4 )@ @ + 24 + 13 }

+ 6% (B + K72 +n0Q) — (md? — vad?)”, (3.6.20)
@’ p2 = {(m + 1)@ ¢+ + 138} (Br+ K7 +1AQ)

+ ph@® { By (K{gt + Bo?) + QKT¢2} — M@ (112 — 12?)’

+q; [%Q + 2B, (nq; — qui)Q} (3.6.21)
a3 = X {(m +n)@s @& + mogc + n3dy } {B1 (K{q; + Bog?) + QK43 },
(3.6.22)

on introducing the notation ¢* = ¢2 + ¢. The criteria for stability are simply
the Routh-Hurwitz conditions for a cubic polynomial (see Appendix B): for the

zeros of equation (3.6.19) to lie in the left half-plane, we require:

p1 >0, p3 >0, p1p2 > Ps3. (3.6.23)
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Since py1¢® > 0, these criteria are equivalent to

0 <y{(m +m)@ @ + m2ds + 13 }

+p¢* (Bi + K7q2 + 1hQ) — (a2 — nea?)’, (3.6.24)
0 < {N [(m + 1) ¢ + g’ + msq’] + @3By (Kig! + Bog?) + QK¢2},
(3.6.25)

0< {% [(m +10)d3 @2 + n2a; + 1303] + pa® (By + Ki'q; + 1 AQ)
— (ne? —ne?)” }{ [+ 1a)2 @2 + m2g2 + m3¢5] (Br + K72+ 110,Q)
+pho? [Br (K7qt + Bod?) + QK1¢2] — MQ (nid? — 1)’
+q; [%Q +2B; (ng? - qugf)Q] } — @ { [+ 1) ¢ + nag?
+ 34| + @ }{B1 (K{q; + Bog?) + QK1q; }, (3.6.26)

respectively.

3.6.1 Analytical Examination of the Stability Criteria

If one or more of the conditions (3.6.24)-(3.6.26) is not satisfied for a given set of
values of the physical parameters and incident wave numbers, the SmA structure
and flow pattern will exhibit an instability. Let us first consider condition (3.6.24):

setting ¢, = gcosy and ¢, = ¢sin allows us to write this inequality in the form
x2q" + x1¢* + x0 > 0, (3.6.27)
where

Xo = pBi, (3.6.28)
X1 =71 {(m + na) sin® ¢ cos® ¢ + 1 sin ) + 1 cos” ¢ }

+p {K{Z cos® ¥ + 11, (BO sin 1) + Bj cos 77[}) }

— (1 sin® ¢ — vy cos? @Z))Q , (3.6.29)
X2 = A1 K cos* 1. (3.6.30)

We know from references [13, equation (9)], [69, equation (3.1)], and [79, equation
(B.9)] that
K*>0, B, >0, X\>0, 7 >0, (3.6.31)
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from which it follows that
Xo = 0, X2 > 0. (3.6.32)

From the inequalities in (3.6.32) and an application of Descartes’ rule of signs (see
Appendix B, Theorem B.1), we deduce that criterion (3.6.24) is always satisfied
provided x; > 0. If, however, x; < 0, the polynomial yields either two or zero
positive real values of ¢, and thus either one or zero positive real value(s) for q.
The roots of the polynomial on the left-hand side of inequality (3.6.27) are given
by

@ (3.6.33)

== 2_4 == 2_4
_ X X1 X0X2 — =+ X1 X1 Xon'
2X2 2x2

Clearly g2 is real and positive if and only if the following conditions hold
X — 4xox2 > 0 and x; < 0. (3.6.34)

Otherwise, the polynomial has no positive real roots, and inequality (3.6.27) is al-
ways satisfied. We are therefore guaranteed that the flow pattern will be unstable
to small oscillatory perturbations provided conditions (3.6.34) are satisfied.

By further appeal to [13, equation (9)], it follows that the second stability

criterion in equation (3.6.25) may be recast in the form

Mo L+ 10) @2 @2+ mg? +magt} + g2 > 0, (3.6.35)
or, making further use of the substitutions ¢, = qcos, ¢, = ¢sin,
Ao { (m + na) sin® ¢ cos® 1 + ma sin® ¢ + 1 cos® ¥} + cos®yp > 0. (3.6.36)

The polynomial on the left-hand side of the above inequality has one positive real

root (gg, say) if and only if
(n1 + n4) sin® ¥ cos? 1 + ng sin® ¢ 4 13 cos* ¥ < 0, (3.6.37)

a criterion which guarantees instability. Otherwise, the second Routh-Hurwitz
stability criterion (3.6.25) holds.
Applying this substitution to the final stability criterion leads to a polynomial
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of order ten in ¢, which is of the form
05q" + 04¢% + 03¢° + 09¢* + 017, (3.6.38)

where the coefficients are given by

A\, K¢ cost ))? . .
oy = PB4 )i cos? 4 s+ s cost o]
1
+ KT cos?1p — (v sin21)p — vy cos? zp)z} , (3.6.39)
A\, K¢ cos? . .
o4 = W{ [71 ((m + 14) sin? (0 cos? () sin? v+ 13 cos? 1/1)
1

+p (’yl)\p(Bo sin?) + By cos? ) + KT cos® 1/1) — (1/1 sin? 1) — vy cos® w)ﬂ

X | (O -+ m0) sin 6 cos® o + iy sin® v + g cos” ) + pK cos? v

— (4 sin® ¢ — vy cos? w)Q} + o [mAp (1 + na) sin® ¢ cos® ¢ + m sin

+ 13 cos® 1/)) (Bo sin® 1) + Bj cos? @Z)) + pA, cos® 1) (KfBl cos® 1)

+ K?(Bysin? v + B, cos® 1/1)) - (V1 sin® 1) — vy cos? @b)Z (BO sin? 1)

+ By cos®¥) + 1 KT cos® ] }, (3.6.40)
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_ MK cost 1)
i
+ pBy (ylApBo sin? 1) + K7 cos® w) — B (1/1 sin® 1) — vy cos? w)z

1
+ 71 cos® ¢ (Bysin® ¢ 4+ By cos®¥) } + W{% [(m + m4) sin® ¢ cos®
1

+ ny sin® 1 + 3 cos® ¢] +p [71)\1) (BQ sin? 1) + Bj cos? w) + K7 cos? @D}

— (1 sin® ¢ — vy cos? w)Q} { [(m1 + na) sin® ¢ cos® ¢ + o sin® ¢

+ 13 cos® w} [71/\p (BO sin? 1) + B cos® w) + K7 cos? 1/1}

+ pA, cos® Y [Ki’“Bl cos? ) + K" (BO sin® 1) + By cos? ¢)] - (V1 sin? 1)

— 1y cos? @/})2 (Bo sin® 1) + Bj cos? 1/)) + cos? 1) [le? cost 1)

cos? )
288}

+ A [(nl + n4) sin? 1 cos® 1 + M2 sin® ) + 73 cos? M [KfBl cos® 1)

+ K7 (Bysin® ¢ + By cos®¥)] }, (3.6.41)

03 {271 By [(m + na) sin® ¢ cos® b + 1, sin ¢ + 13 cos* V]

+ 2B, (1/1 sin® ) — vy cos® w)2] } + {KfKi1 cos® )

B . . .
oy = p_712{ [(m + ma) sin® ¢ cos® ¢ + o sin® o + 73 cos* ¥] [, (Bosin® ¢
1
+ B cos? @Z)) + K7 cos? 1” + pA, cos® 1) [KfBl cos? ) + K7 (BO sin” 1)
+ B cos? 1/))] - A (Vl sin @) — vy cos® w)z (BO sin? ¢ + By cos? w)

+ cos? 1 [’lef cos’ 1 + 2B, (V1 sin? ¢ — v, cos® w)ﬂ }
1

g [On o+ ) sin® ¥ cos? s g -+ gy cos' ]

+p [71)\;) (BO sin 1) + B cos® 1/1) + K7 cos? w] — (1/1 sin® 1) — vy cos® w)g}

X {31 [(771 + 14) sin? 1) cos® ¢ 4 1y sin* ¢ + 3 cos* @/J} + pA\, By By sin? 1)

+ 71 cos? (BO sin 1) + B cos® w)} — i {Cos4 (0 [KfBl cos 1)

+ K} (Bosin® ¢ + By cos® ¥) ] 4+ A\, Bo By sin® ¢ [(m + 14) sin® ¢ cos®
+nosin ¢ + mzcos* Y]}, (3.6.42)

B2 . .
o = p_712 {sin® ¥ [pA, By + (m + ma) cos® ¢ + na sin® ]
1

+(n3 + 71) cos" P} . (3.6.43)

It follows that for sufficiently high values of ¢, the negativity of o5 is enough
to guarantee violation of the third criterion, inequality (3.6.26), and destabilise

the system. However, as will be seen in the following subsection, such values of
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Parameter | Representative value | Parameter | Representative value
K}, K} 5x 10712N o —0.0060 Pas
By 8.95 x 10" Nm™2 o —0.0812Pas
B 4 x 10" Nm™2 Qs —0.0036 Pas
A 1071 m? (Pas)™! Qu, Ti, To 0.0652 Pas
p 103kgm=3 as 0.0640 Pas

Table 3.1: Representative values of the SmA physical parameters as discussed in
the text.

q are several orders of magnitude higher than those at which the first criterion
is violated for typical values of the parameters characterising the sample. It is
interesting to note that the sign of each of the coefficients o9, .. ., 05 is determined
by the magnitudes of the viscosities v; and vy it follows that the viscosities axo,
as and k1 play important roles in determining whether instabilities are possible in
a given sample of SmA, which is exactly as found by examining the first criterion.
This will be demonstrated in Subsection 3.6.2 below, in which the quantities py,
p3 and pips — ps are plotted against ki, allowing for the observation of a critical
value of this coefficient above which one would expect to observe the onset of

instability.

3.6.2 Plotting the Stability Criteria

In what follows, we explicitly demonstrate the prediction of instability in SmA
via a series of plots of the quantities on the left-hand sides of the Routh-Hurwitz
criteria (3.6.24)—(3.6.26) for physically plausible values of the SmA material pa-
rameters. Consideration of various parameter regimes demonstrates that instabil-
ities can occur for sufficiently high wave numbers, with the instability threshold
being determined by the particular values of the physical constants as well as
the direction of the wave vector. We note the parameter values as given in Ta-
ble 3.1 courtesy of Stewart & Stewart [71] and the following inequalities due to
Walker [79, Appendix B]:

267 < (ay + 1) (a2 — ), (3.6.44)
0 < 3(as +ag) + oy + a5 + 75 + Ko, (3.6.45)
(044 + I€3)2 S 2 (Oé4 + %7'1 + Tg) {Oél + o + a3 + 2(0&4 + 20&5)} y (3646)
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2(:%4 + l€6)2 S {%(Oég + 013) -+ Ay —+ (0731 —+ T2 —+ HQ} {041 + (0%)] -+ (6%}
+2(Oé4 + 065)} s (3647)

(I€5 + H6)2 S (064 + %7—1 + TQ) {%(042 + 053) + a4 + a5+ 19+ HQ} s (3648)

ke < (o + 72) {%(ag +az) + oy + a5} , (3.6.49)
from which one readily deduces that, for this particular sample,

|k1] < 0.0712 Pas, ke > —0.1520 Pas, |kg| < 0.1063 Pas, (3.6.50)

as well as
—0.1685Pas < k3 < 0.2989 Pas, 0.0340 Pas < k4 < 0.1660 Pas,
0.0007 Pas < k5 < 0.1920 Pas. (3.6.51)

Plots may be found at the end of the chapter. In Figs. 3.5-3.12, each of the
quantities which determine the stability of the system, p1, p3, and pips — ps, is
plotted against increasing magnitude ¢ of the wave vector for selected directions
of said vector (determined by the value of the angle /) and physically permissible
values of the viscosities k; (i € {1,...,6}). Note that, in the interest of brevity,
a vast number of plots produced for various different values of these viscosity
coefficients have been omitted. These plots neither add to nor detract from the
conclusions to be drawn below, and the data for these figures may be obtained
from the author upon request. As was established by the analytical work set forth
in the previous subsection, sufficiently high values of ¢ will lead to destabilisation
of the system. What is apparent from these figures is that the first quantity to
become negative as ¢ increases is py, at least for physically realisable values of the
material constants. Moreover, the threshold value of ¢ at which this instability
manifests itself varies substantially according to the wave vector’s direction and
the values of the SmA parameters.

The latter fact is demonstrated both by this set of plots and those contained
in Figs. 3.13-3.17, in which the effect of varying the viscosity x; across its per-
missible range upon the threshold value of ¢ is shown. It is evident from our
analytical considerations that this particular viscosity plays a significant role in
determining whether the Routh-Hurwitz criteria remain satisfied via its presence
in the apparent viscosities v; and 15, hence our choosing to focus on its role here.
In the case of the first stability criterion, one sees a nonlinear dependence of p;

upon k1, so that, as ¢ is increased, the curve cuts the line p; = 0 at two points;
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samples of SmA with values of k1 between these points will not exhibit any insta-
bility for this wave vector, but those with values either side of these two points
will. Once ¢ is increased past a certain threshold, however, p; is always negative
and one would expect to see instabilities for all samples. Generally speaking,
for a particular range of ¢, the viscosity x; acts as something of a “destabilising
agent” for the material, as anticipated by the forms of the stability conditions

outlined above.

3.7 Conclusions and Discussion

This chapter has outlined the details of some important predictions regarding the
behaviour of SmA arising from Stewart’s dynamic theory. Firstly, it was shown
that the hydrodynamic description due to de Gennes [22] arises straightforwardly
as a simplification of this framework provided one imposes the set of physical
assumptions exactly as outlined by de Gennes in the above referenced seminal
work. However, the resultant system is supplemented by additional governing
equation (relation (3.2.10) above). A linear stability analysis of this reduced
model in two dimensions allows us to conclude that solutions are always predicted
to be stable to small oscillatory perturbations; interpreting this in the context of
two-dimensional flow past a finite obstacle, however, one readily sees that this
system cannot provide a complete description of flow in SmA, as both further
theoretical investigation (see Chapter 4) and experimental evidence [75] clearly
point to the existence of linear instability of the flow pattern.

Going a step further, we have linearised the full system of equations compris-
ing Stewart’s theory and utilised the resultant system to describe some simple
two-dimensional flow patterns. Moreover, a linear stability analysis using this
system of equations yields regimes in which one could realistically expect to see
instabilities arise, as demonstrated by examination of the three stability crite-
ria (3.6.24)-(3.6.26). Given that these criteria will vary between different samples
of SmA it follows that while one sample may exhibit instabilities for one partic-
ular range of values of perturbative wave vector (or, indeed, none at all), another
sample may exhibit these for a different range of such values. An example of this
is demonstrated in the figures below, in which each of the quantities determining
stability is plotted against physically allowable values of the viscosity coefficient
k1, where all other physical parameters were held at some constant value. In-
creasing the value of k; was seen to cause an instability in the system. Such

information could, in principle, be useful in the synthesis of materials exhibiting
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SmA phases for particular applications to which the stability (or instability) of
the material is conducive.

While the particular case of flow past a finite obstacle in two-dimensions is
revisited in Chapter 4, let us now outline some possible general lines for future
research following on from the work set forth in this chapter. The linearised two-
dimensional simplification of Stewart’s theory as derived in Section 3.4 could read-
ily be be made three-dimensional by relaxing the assumption of two-dimensional
flow independent of the y coordinate, by which we may readily hope to describe
more complicated flow patterns via an approach not dissimilar to that employed
in Section 3.5, though of course it may prove more convenient in certain cases to
work in an alternative choice of coordinate system. Alternatively, it may be of
interest to work in two dimensions but relax the assumptions leading to the lin-
earity of the system. This may lead to significantly more complicated governing
equations, potentially resulting in the need to appeal to computational methods
to obtain the resultant flow pattern and SmA configuration; however, such a
framework might enable us to consider flow in the presence of defects, for exam-
ple an edge dislocation as considered in Chapter 6, for which a key assumption
regarding the validity of the linear model, that of flat layers, must break down, at
least in a small region of the sample. For a problem such as this, an asymptotic
approach should enable one to utilise equations (3.2.8), (3.4.23), (3.4.25), (3.4.28)
and (3.4.8) in regions sufficiently far from the defect core, but a modified nonlinear
system in a small neighbourhood around this core.

Finally, we note that further investigation is necessary in order to obtain a
fuller understanding of the stability properties of SmA. It may be of interest to
investigate the effects of the application of an oscillatory electric and/or mag-
netic field upon the aforementioned stability criteria, and thereby whether the
stability /instability threshold might be “tuned” by variation of the applied field
strength, direction or frequency. Preliminary calculations in this direction have
already been undertaken by the author, and it is hoped that such considerations
will form the basis of future work. It may also prove fruitful to consider the
effects of varying other viscosity coefficients on stability, and how each of these
coefficients “balance” one another and/or the applied electric/magnetic field and
thereby establish a complete picture of stability across the material’s entire pa-
rameter space. Such principles may also be tentatively applied across a range
of temperatures at which the given material exhibits its SmA phase, though one
would have to look beyond this isothermal framework for a realistic study re-

garding this matter. As has already been mentioned, full characterisation of the
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stability properties of a complex material such as this can only be hoped for by
analysis of the nonlinear system, and it is only by appeal to more sophisticated
method that one can hope to fully describe the transition to instability and what
may happen thereafter. It is hoped that the material in this chapter will provide
a starting point from which such considerations and many more will naturally

follow.
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Figure 3.5: Variation of the quantity p; with modulus ¢ of the wave vector when
¥ = 0. The threshold value of ¢ which determines the onset of instability is
increased by increasing the value of k1: see Fig. 3.13. Note that for these plots,
and for all others that follow unless otherwise stated, ko = k3 = kg = —0.1 Pas,
Ry = Ry = 0.1Pas.
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Figure 3.6: As in Fig. 3.5 with ¢y = 7/8. In this case, increasing the value of
k1 has led to the instability no longer being visible for comparable and even
significantly higher values of ¢.
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Figure 3.7: As in Fig. 3.5 with ¢» = /4. Altering the direction of the wave vector
leads to no violation of the first Routh-Hurwitz criterion for values of ¢ at which
instability was previously realisable.
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Figure 3.8: As in Fig. 3.5 with ¢) = 37/8.
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Figure 3.13: The variation of p; against all permissible values of k; for values of
q increasing from 1-5 x 105m™1; ¢ = /2.
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values of k1 for various values of q.

3.0x10" T T T T T T T T T T T T T T
2.5x10'" | .~ 4
2.0x10" | - 4
1.5x10" | “ _

1.0x10" | . i

b\p, P,
//

5.0x10" | - -
0.0 + S _

-5.0x10" N

1.0x10"7 b 1 . 1 . 1 . 1 . 1 . 1 . 1 A
-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06

Kk, (Pas)
(a) ¢ =100m™L.

74



PPy~ Py

3.0x10™
2.5x10™
2.0x10”
1.5x10”'
1.0x10”'
5.0x10%°
0.0
-5.0x10%°

-1.0x10*

-0.06

-0.04

-0.02

0.00

0.02

K, (Pas)

(b) ¢ =10*mL.

2.0x10% pr T T T T T T T T T T T T T T

1.5x10” - |

1.0x10” | AN .

5.0x10™ | N .

PPy - Py

0.0 | . -

-5.0x10* AN .

1.0x10% b 1 . 1 . 1 . 1 . 1 .
-0.06 -0.04 -0.02 0.00 0.02

Kk, (Pas)

0.04 0.06

(c) ¢ =10m=1.

Figure 3.17: (From previous page.) The variation of p;ps — p3 against all permis-
sible values of k; for various values of q.

75



Chapter 4

A Two-Dimensional Lubrication

Approximation

In this chapter, a preliminary investigation regarding a lubrication theory for
SmA liquid crystals will be presented. In Section 4.1, we introduce dimensionless
variables and thereby derive a system of lubrication equations, allowing for the
approximation of equations (3.6.1)—(3.6.5) on omitting terms of sufficiently small
magnitude. However, it will be shown in Section 4.2 that the process of truncation
is somewhat more involved than in classical lubrication theory for both Newto-
nian and non-Newtonian fluids, with the nature of the leading-order system being
intricately dependent upon the values of the many dimensionless combinations of
physical parameters governing the system, in addition to the length and velocity
scales characterising the problem. The ideas outlined here will then be demon-
strated in Section 4.3, in which our simplified system is applied to the example of
flow past a finite obstacle considered above in Section 3.3, enabling us to deter-
mine expressions for the director profile and layer displacement at leading order,
as well as allowing for more in-depth considerations of the stability properties of
the observed configuration by examining the higher-order systems of equations.
The chapter will close with some concluding remarks and potential applications
amenable to further deployment of this system, as well as ways in which it might

be extended, in Section 4.4.
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4.1 Non-Dimensionalisation of the Equations

Recall equations (3.6.1)—(3.6.5), restated here for ease of reference:

Vg + Vs, =0, (3.6.1)

PUzt + Dz = MUpax + NoVs 2z + 11042, (3.6.2)
PUzt + Do = N3Vs pp + NaVs 2o + Vol 1

— KU y300 + Bot oo + B1(0 4 + t 4y), (3.6.3)

K10 2o = B1(0 4+ uz) — (MmO + 10, + 190, 2), (3.6.4)

Uy — U = Ap{ K{U g — Bot oo — B1(0 4 + Uaa)}, (3.6.5)

Dimensionless quantities are introduced as follows:

hv.,
x = L, 2= h, Uy = VoUyr, v, = UOLU (4.1.1)
~ UQUQL Lt, L
b= h2 p,7 = U_()’ S = 5_37 u = LU,, (412)

where L and h are characteristic length scales in the z-direction and z-direction,

respectively, and are taken to satisfy

h
= — 1 4.1.
€ I < ( 3)

(though see comments in the following section), and 0 is a length scale given by

(53 = 4/ )\p773. (414)

Finally, we introduce the quantity § as

By
= —. 4.1.5
p=1 (415
With these scalings, equation (3.6.1) is readily shown to reduce to
Vpo + Vs s, (4.1.6)

where the primes have been immediately dropped for convenience. The dimen-

sionless form of equation (3.6.2) reads

2
Pl _ Yo 1200 M2V V1o
_L Vgt = _L2 Vg wx va7zz — Wp@ + h_Le’tZ7 (417)
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ie.,

R22)52U33,t +p,$ - ﬂegvz,xm + vz,zz + ﬂge,tzy (418)
T2 M2
where we have identified I
R® = £ (4.1.9)
M2

as a Reynolds number for the flow. The magnitude of R? will determine whether
we are in a strongly or weakly time-dependent flow regime, the latter case corre-
sponding to approximately steady flow.

In a similar manner, the z-component of linear momentum balance given by
equation (3.6.3) may, after non-dimensionalisation and some algebraic manipula-

tion, be written

RO, 4+ p. =eS*(uy — ev,) + € (ezvzm + %Uz,zz + %507&,3) . (4.1.10)
3 3

where h
R® = 00 (4.1.11)
3

The balance of angular momentum equation transforms to give

Bih?
€20 4p = ln 0+ u,)+ &, (50,t + ﬂva,,z + ﬁezvm) , (4.1.12)
Kl 94! §é!
where 5
7100
E = 4.1.13
i (4.1.13)

is an Ericksen number [68, Section 5.6.1], a dimensionless quantity which deter-
mines the ratio of viscous to elastic forces. Finally, the dimensionless permeation
equation is found to be of the form

2

A
(9,:13 + u,zx) - L_(;F;Qu,:m:mc + u,zz; (4114)

LUO
A, Bo

2 e?
e (uy —ev,) = 3

where \2 = K{/B,.
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4.2 General Remarks on Truncation and
Applicability

In summary, the dimensionless system of dynamic equations reads

Vpo + 0, =0, (4.1.6)
Rg)&??vm +p,. = mgvm zz T Vg 2z + 8(9 Lo (4.1.8)
2
R23)53Uz,t + p,z = 552(“,15 - 5vz (5 (% LT + Uz \2Z + — 9tm> ) (4110)
13
B h? v
2 )
0. K”(+u ( t+ v %51)7) ( )
L 2
)\pgo 52(u7t —ev,) = %(QI + Uyy) — L Zag? (T——— T (4.1.14)

Given the number of dimensionless quantities present in this system, it is imme-
diately apparent that the best means of truncating and thereby obtaining a more
tractable system in the spirit of “classical” lubrication theory depends very much

upon

1. the values of the various physical constants characterising the particular

SmA material under consideration;

2. the velocity, pressure, and spatial gradients thereof, as well as inertial forces
to which the sample is subjected. In general, the directions in which these

are applied have the potential to significantly influence the resultant flow.

3. The characteristic length scales and geometry of the problem, generally as

determined by the sample’s container.

Referring to standard lubrication theory, it is generally assumed that ¢ < 1 and
that v, > v,, though in the case of smectics this is somewhat more limiting given
the anisotropy. This particular system of equations follows from assuming that
the layers lie parallel to the z-axis, and thus the flow is always predominantly in
the plane of the layers. Should one wish to consider the case in which v, < v,,
that is, flow directed primarily perpendicular to this plane, it makes more sense to
impose the requirement € > 1. It should be noted, however, that this may lead to
our linear system not being valid on the grounds that significant layer distortion

may occur in this case. Of course, a nonlinear or quasi-linear modification may
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prove of use in this instance; such considerations fall outwith the scope of the
present work, however, and will form the basis of future investigations.

As a demonstration of these ideas, consider first equation (4.1.8). Given that
e < 1, it follows that, unless inertial forces are sufficiently high that RY =
O(1/£?), we may disregard all terms of O(g?) and write this equation in the
approximate form

vy
Do = Vg 2z + _Ee,tz-
Up

Now, if 1 = 1790(¢), the latter term on the right-hand side of this relation is also
discarded; if, however, v; = 190O(1/¢), it must be retained. It follows that the
magnitude of the ratio vy /ns, as well as the aspect ratio &, play an important role
in determining the behaviour of leading-order solutions to this balance law.

Let us now turn to relation (4.1.10): it is tempting to apply the same ap-
proach to the previous equation and erroneously conclude that the leading order

behaviour in all cases is described by
P-= 552“,1&7
or, in the case of steady flow and/or when 5% = O(e),
p.=0.

However, noting that S = L/d3, it follows that, for physically relevant values of d3
(see Section 4.3.1 below), S? > 1/&2. On physical grounds, then, a more realistic

truncated form of equation (4.1.10) is
p.=eS%(uy —ev,),

in spite of the presence of the factor of €2 multiplying v,. In fact, for S sufficiently
large relative to the pressure gradient normal to the layers, a more accurate

approximation may be given by
Uy = EV;.

In this case, the value of the permeation coefficient \,, as well as the viscosity
coefficient 3 and the characteristic lengths of the problem serve to significantly
affect the dominant behaviour of solutions v, as well as the layer displacement
u and pressure p. Of course, for much smaller values of S and/or significantly

higher values of any or all of the terms RS’), n4/m3 and vs/n3, the governing
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equations and resultant solutions would start to look entirely different at leading
order. However, such considerations may be of limited interest in terms of their
physical relevance given the anticipated values of these parameters, as will be
seen in the example of Section 4.3 below.

The angular momentum balance law as stated in equation (4.1.12) features

several parameters. Discarding terms of O(e?) leads to
8!
Bih(0 + uy) + 1100 (597,5 + fy—vw) =0.
1

Three regimes present themselves:

1. B1h > v1vg. In this case, it immediately follows that
0+u, =0,

unless v /7 is of a large magnitude, which may be deemed physically un-

reasonable.

2. Bih/vvy = O(1). Here, several possibilities present themselves. First, if
e < 1 is sufficiently small that the term 6, is also negligible, it may be
discarded. Further, if vy/y; = O(e), case 1 above is recovered. Alterna-
tively, for e sufficiently large that terms of O(e) must be retained, we must
either work with the full equation or, if v; = v, O(¢?), drop the final term

and retain €60 ;.

3. Bih < v1vg. In the case where 11 /v, = O(¢), the equation reads

14
Y1Vo (56’13 + —1U17Z> = 0.

71

Moreover, if ¢ is sufficiently large, this will also be the case for v; /y; = O(g?)
or v1/y1 = O(1). For ¢ very small, we have v, , = 0; this is also the case
for v /91 = O(1/£?). Finally, if v1 /71 = O(e?), we have 6, = 0.

It readily follows that the leading order behaviour of this equation has a subtle
dependence upon the material coefficients v, and By, in addition to the sample
dimensions and the characteristic velocity to which it is subjected.

Finally the permeation equation (4.1.14) admits many possibilities. First,

naively discarding all terms featuring £2? leads to the simple relation
U, =0.
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Of course, on supposing that that 5, A\,/L and Luvg/A,ve are all O(1), this is
indeed the case. However, while \2¢%/L? may be assumed negligibly small for all
systems of practical interest, this is not necessarily so for 5 and Luvy/Ayve. We
therefore see a whole host of possibilities for the leading order behaviour, which
is determined by the terms By, By and ), for the given SmA sample, as well as
the container’s dimensions and the velocity applied to the sample.

These ideas will be made more concrete in the following section, in which we

revisit the problem of flow past a finite obstacle as outlined in Section 3.3 above.

4.3 Application: Flow Past a Finite Obstacle
Revisited

In this section, we apply the lubrication equations (4.1.6), (4.1.8), (4.1.10), (4.1.12)
and (4.1.14) to the obstacle problem considered above in Section 3.3, with the
aim of gaining further insight into the resultant flow pattern and its influence on
the behaviour of the SmA, as well as illustrating the principles discussed in the
preceding section. First, in Subsection 4.3.1, we determine the magnitudes of the
various dimensionless parameters within the equations by appeal to various values
quoted in the literature, allowing us to pick out the dominant behaviour, which
is then outlined in Subsection 4.3.2. The subsequent order of approximation is

then presented in Subsection 4.3.3.

4.3.1 Some Order-of-Magnitude Calculations

Assuming a constant pressure gradient applied in the z-direction, we may take
20 Pa to be a representative value of the pressure difference across the sample [53];
following references [75,82], we take L = 1.5 x 1072 m, h = 10~*m. It is then
readily shown that

e=1/15 (4.3.1)

and

4
Dy 3 x 10* Pam™".

Note that this value of € is such that dropping terms of O(e) in a particular
equation would lead to a poor approximation of the leading-order behaviour,
though terms of O(g?) may be considered negligible when compared with those
of O(1). In order to estimate the viscosity combinations n;, i € {1,2,3,4} and

vj, j = 1,2, we once again appeal to inequalities (3.6.44)-(3.6.49) and assume
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that the parameter values as stated above in Table 3.1 are representative of the

sample under consideration. It then readily follows that
—0.0397 Pas < 1, < 0.3153 Pas, (4.3.2)

so that we may select o = 0.1500 Pas, discarding the possibility of a negative
viscosity combination. Selecting v; = 0.0600 Pas implies that x; = 0.0636 Pas
and thus vy = —0.0176 Pas; then n3 = 1y + 11 + 1, = 0.0024 Pas. Finally, it is
necessary to obtain an estimate for the velocity vy. The steady-state version of

equation (4.1.8) is given by
Pa = Uz 2z + 0(62)7

from which
Ap _, mv
L h?

We are now in a position to calculate the orders of magnitude of the parameter

8
= v g X 10 ms™ 1. (4.3.3)

combinations involved in the dimensionless governing equations above. These are

8 7
R ~ 5 1074, R ~ 4.68 x 1074, £~ 2 X 103, (4.3.4)
5 Bih? 4 L
§? o 2 x 108 o = x 107, ;OBO ~ 148. (4.3.5)
1 P

4.3.2 The Leading-Order Equations

Retaining only the dominant terms as a first approximation, the system of equa-
tions (4.1.6), (4.1.7), (4.1.10), (4.1.12) and (4.1.14) may be written in the approx-

imate forms

(O + Ve = O, (416)
Pz = Uz 2z, (436)
mop,. = 1385 (uy — ev.), (4.3.7)
0+ u, =0, (4.3.8)
L
U, = Yo g2 (uy —ev,) . (4.3.9)

\»Bo

Returning to dimensional variables, the incompressibility condition reads as in
equation (3.2.8). Equation (4.3.6) takes the form

Pax = N2Vz 2z, (4310)
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while equation (4.3.7) is equivalent to

u,t — U

PV

Pe= (4.3.11)

the term wu; vanishing in the case of steady flow. Equation (4.3.8) looks identical
in dimensional variables, and simply tells us that n = a at this order of approxi-
mation (c.f., equations (3.4.3) and (3.4.5)). Finally, rewriting equation (4.3.9) in

terms of dimensional variables yields
Uy — A\pBou 5, = v, (4.3.12)
where, as above, the term u, vanishes in the case of steady flow.

Steady Flow

Our time-independent leading-order equations take the form

Uz + Vs = 0, Dz = N2Us 2z, D= —Us/Ap, (4.3.13)
0+u, =0, v, = =M\ Bou .. (4.3.14)

Note that equations (4.3.13) are identical in form to those due to Walton et al. [82]
(c.f. equations (3.3.1)-(3.3.3) with 15 — n3), with boundary conditions on the

velocity as above, viz.,

0  when |z| < 1/2,
0,(0,2) = v,(0,2) = 0. (3.3.4)
vo when |z| > 1/2,

The velocity is then given by

2 1 2z —1
Uy = Vg + Y0 ) et kb erf | 22— : (4.3.15)

VoV . ( 2z > ( 422 + 1)
sinh exp | — , 4.3.16
NG 15,02 ) P\ 16657 (4.3.16)

where the upper (lower) sign corresponds to z < 0 (z > 0) as before, and we have

v, ==+

introduced the notation

52 = 1/ >\p772 (4317)
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in analogy with equation (4.1.4). The second of equations (4.3.14) may then be

integrated twice with respect to z, yielding
Vo0 1) 2z +1 (1 ) 2z —1
u==+ z+-)ef| — |+ |z —z)erf | ——
2, B, {( 2 (4\/W> 2 4/ 0oz
dolz| . 2 422 + 1
_ L = . 4.3.18
— sin (452‘35’) exp ( 160,/ + za(x) + B(x) ( )

Then, making use of equation (4.3.14);, we obtain for the director profile

O(z,z) ==+

vosgn(z) [ dy [ (22 + 1) (22 +1)
AN\, By \| 7|x] 4|x| 1662 ||

(22 —1)? (22 — 1)? 422 + 1Y . z
1] exp 160, +0 [[1+ AR sinh 7]

_c z 422 +1 / /
" 20 (452@\)} o (‘W)} — za/(w) = F(2), (4.3.19)

where sgn(z) denotes the sign function (or signum function), defined as

—1  when z <0,

d
o7 (o) =sen(@) = 40 whenz =0, (4.3.20)
1

when z > 0.

By imposing the requirements that 6 is an odd function of z and that it is zero at
the boundary of the sample, it readily follows that o/ = g’ = 0, yielding an exact
solution for the director profile and defining the layer displacement u to within

an arbitrary constant.

Unsteady Flow: Linear Stability of the Leading-Order System

Our equations are

Vg x + V2,2 = 07 Dz = M2Vz 22, D= (u,t - Uz)/)‘pa (4321)
0+u,=0, v, = u; — A\ Bou ... (4.3.22)

Rather than immediately seeking solutions to these equations, let us assume
small perturbations to the terms v,, v., p, # and u in the same form as those given

above in equations (3.6.8)—(3.6.12). One readily finds that non-trivial solutions
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to this system of equations exist if and only if

B 2 62 4
W= —M <0, (q.£0), (4.3.23)
124

from which it follows that the flow pattern is stable at leading order, as may be

expected on recalling the result of Section 3.3.

4.3.3 Truncation at Higher Order

Taking the lubrication equations to the next order of approximation, i.e., discard-

ing terms at O(e3) and above, the dimensionless equations read

(o + Vi, = O; (416)

m o %1
p,x = —£ Um,xﬂ? + Uz7zz + _567tz, (4324)

T2 2
1op,. = 13eS% (uy — €vs), (4.3.25)
6 -+ Uy = 0, (4.3.26)

U()L 2 52

— el = ex T 225 4.3.27
)\pBOg (uy — ev,) 6(, + Uyy) + U, ( )

the first term on the right-hand side of (4.3.27) vanishing by virtue of (4.3.26).
These are almost identical to the leading order equations, bar the addition of the
first and third terms on the right-hand side of equation (4.3.24). To see why none
of the other equations is modified by additional terms, one need only look at the
order-of-magnitude calculations presented above in Subsection 4.3.1: the factors
eS? and B1h%/K} are so large in magnitude that the terms containing them
significantly dwarf the other terms in the equations in which they appear and,
similarly, the coefficients €2/3 and A\2/L? are substantially smaller in magnitude
than the dominant terms of the equations in which they feature.

As to the question of whether the inclusion of this extra term alters the sta-
bility result outlined in Section 4.3.2, we simply assume oscillatory perturbations

as above to find the following requirement for non-trivial solutions:

new” +i(ma; +12¢2) w + iBo{az + Aoz (maz +12¢2) } =0, (4.3.28)
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from which

£/ (a2 + 1og2)® + iy o {2 + Ao (ma? + ma?))
B 2V1Qx

W

i(mg; +n2g)

4.3.29
2”1%6 ( )

and thus it follows that we can always expect one value of w with a positive
real part provided v and ¢, are non-zero. It is evident from the form of equa-
tion (4.3.28) that the presence of the term 1416 ,, leads to the destabilisation of
the system at this order of approximation. Of course, we could continue to work
to higher order, eventually building up to the full system as considered in Sec-
tions 3.4 and 3.6 and leading to the rather involved expressions which show a
somewhat more subtle dependence of the system’s behaviour upon the value of
vy; however, the simpler analysis presented herein has led us to an account of
the dominant behaviour for this particular example. Time will tell whether this
approach yields similar insight for the stability properties of other model systems,

which we will leave as topics for further research.

4.4 Discussion and Further Considerations

This chapter has presented the results of a preliminary investigation regarding the
possibility of applying a lubrication approximation to the study of flow phenom-
ena in SmA liquid crystals. After deriving the model from the two-dimensional
system and discussing in general terms various limiting cases for each of the equa-
tions, we showed how the framework can be applied to the problem of flow past a
finite obstacle, obtaining exact solutions for all the relevant physical quantities to
leading order and examining in-depth the stability properties at the subsequent
higher order of approximation, in effect enabling us to determine which physical
parameters play dominant roles in the onset of instability.

We have but scratched the surface: it is hoped that analytical progress on
a range of flow problems satisfying the criteria required for the validity of this
approach will be the subject of much future work. For example, bearing-type sit-
uations involving a range of geometries as well as squeeze-film flows (examples of
such for both Newtonian and non-Newtonian fluids may be found in [74]), would
make for interesting problems in terms of solving for the physical quantities of
interest, as well as potentially providing a suitable means of comparison of ex-

perimental results with predictions made by the theory. Another “classical” fluid
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mechanics problem which could realistically be extended to SmA is that of thin-
film flow down an inclined plane with a free surface; the theory would of course
require slight modifications to account for body forces (i.e., gravity) and surface
tension due to the presence of a free surface; these should not prove difficult to
implement. In all cases, comparison with similar studies in Newtonian and other
non-Newtonian fluids as well as recent work on thin-film flows in nematics [42]
would no doubt prove fruitful.

Some further generalisations could be made, such as working in three spatial
dimensions or introducing nonlinearities to account for defects or boundary-layer
flows. Further, as alluded to in Chapter 3, one might employ a nonlinear system
in the region of some defect, the edge dislocation to be considered in Chapter 6,
for instance, while working with the linear system in regions sufficiently far from
the defect “core” and employing some form of matching condition between the

boundary and far-field regions.
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Chapter 5

Behaviour of a Shear Wave at a

Solid-Smectic Interface

5.1 Introduction

The analysis presented herein will consider a perturbation to a sample of bookshelf-
aligned SmA induced by a shear wave incident at the plane interface between the
smectic and an isotropic elastic solid such that the wave first propagates through
the solid then undergoes a reflection and refraction on contact with the inter-
face, as shown in Fig. 5.1. Section 5.2 will present the analysis for a sample of
bookshelf-aligned SmA with the director n strongly anchored to lie parallel to
the interface. On utilising the method of normal modes [34], we will derive dis-
persion relations governing the behaviour of the anticipated perturbations to the
director and layer normal, as well as the velocity of the refracted wave within the
smectic. Two possibilities for director motion will be considered, though it will be
shown that one of these leads to an inconsistency. Using these and the interfacial
conditions, expressions will then be obtained for the refracted wave number and
the amplitudes of both reflected and refracted waves in terms of the problem’s
physical parameters. In Section 5.3 we will summarise the analogous problem,
first studied by Gill & Leslie [25], in which the region occupied by the SmA is
instead occupied by a sample of SmC, similarly anchored in such a way that n
lies parallel to the interface, which will then be extended to provide expressions
for the reflected and refracted wave amplitudes in an analogous fashion to those
presented in Section 5.2 in terms of the relevant parameters. Section 5.4 features
plots which demonstrate how the amplitudes of the reflected and refracted waves
vary with the angular frequency and angle of incidence of the initial disturbance,

and Section 5.5 will close the chapter with some concluding remarks.
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Refracted
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Figure 5.1: On contact with the interface, the incident wave is both reflected and
refracted. The region z < 0 is occupied by an isotropic elastic solid, while the
region z > 0 contains bookshelf-aligned SmA.

AN
LI\ /]
AN

Figure 5.2: Problem set-up for bookshelf SmA.

5.2 The “Bookshelf” SmA Case

In a configuration analogous to that set forth by Gill & Leslie [25], consider a
plane interface between an isotropic elastic solid and a smectic A liquid crystal,
as depicted in Fig. 5.2, with the interface taken to lie along the y-axis, and the
smectic taken to be initially undistorted, so that the director m is parallel to
the interface. In this unperturbed state, n coincides with the unit layer normal
a. Following [25], it is assumed that both solid and smectic are unbounded, as
any other boundaries involved in the set up are expected to bear no relevance to
the problem to be considered. With respect to the Cartesian reference frame as
depicted in Fig. 5.1,

n=ng=(0,1,0), ® =, =y, (5.2.1)
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and the incident wave displacement w = (uy, u,, u,) takes the form
u, = Aexp{ijwt — k(ysin¢ + zcos @)}, u, = u, =0, (5.2.2)

where A is the constant amplitude of the wave, which may be assumed to be a real
number without any loss of generality, and ¢ the constant angle of incidence (to
the interface’s normal); w and k denote the constant incident frequency and wave
number, respectively. As each of these constants would be prescribed according to
the experimental set up, they will be assumed known in the analysis that follows.
This displacement must satisfy the wave equation for an isotropic solid [36, p. 87];

noting that w as given in equation (5.2.2) is divergence-free, this leads to
Pst g = 115V, (5.2.3)

where p; and pg denote, respectively, the mass density and shear modulus (or
bulk modulus) of the solid. It then follows from (5.2.2) that

psw?® = k>, (5.2.4)

It is natural to suppose that the displacement of the reflected wave u" = (uf, uy, u?)

takes the form
up = Bexp{ilwt — k(ysing — zcos ¢)|}, ul =ul =0, (5.2.5)

with B a constant amplitude which will be shown to depend upon the prescribed
parameters discussed above.

It is expected that the incident wave will induce a perturbation to the smectic,
and we anticipate that this disturbance may cause small changes to the alignment
of the constituent molecules (that is, to the director) and to the layer normal;
further, as discussed in Section 2.3, a potential separation of a and n will be
allowed for on employing the dynamic theory of Stewart [69].

The velocity v = (v,, vy, v,) in the smectic is assumed to take the form
v, = vexpiifwt — k(ysin ¢ + ¢2)|}, v, = v, =0, (5.2.6)

with v and ¢ to be determined. Note that this form of v automatically satisfies

the condition of incompressibility v;; = 0. The scalar ® will be given by

b =y—uyzt), u<l, (5.2.7)
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for small perturbations u = @ exp{i[wt — k(y sin ¢+ ¢z)|} such that |a| < 1. Then

Vo

a = W = (0, 1, —UZ) (528)

to first order in u and derivatives thereof.
While Gill and Leslie considered only one form of disturbance to their di-
rector ¢, a small perturbation in the z-direction, it is necessary to consider two

possibilities here for our director n:

1. a disturbance in the z-direction corresponding to the director moving out

of the yz-plane;

2. a disturbance in the z-direction, corresponding to a change in the angle by

which the director n tilts with respect to the y-axis.

This follows as a consequence of the fact that, on fixing the smectic cone angle
for the problem considered in [25], Gill and Leslie removed a degree of freedom
in the set up of their problem. In general, it is necessary to consider, along with
the out-of-plane disturbance already studied, the possibility of there being an

oscillation of m in the yz-plane.
5.2.1 Ansatz 1
The director n = (n,,n,,n,) is perturbed so that
n, = nexp{ilwt — k(ysin ¢ + ¢2)|}, n, =1, n, =0, n < 1. (5.2.9)

There are no body forces, and linearisation allows for the elimination of the terms

gjn;, so that the balance of linear momentum equation (2.3.33) reduces to

pvi = —p,; + |Vdla;J;; + tij. (5.2.10)
Calculations reveal that
J = (Bing, Bouy,y, Biu, — K{u ,..), (5.2.11)
— Jii = Bouyy + Biu . — K{U ..., (5.2.12)
so that, to first order,
IV@laJ;; = (0, Bouyy + Biu . — K{U 4z, 0). (5.2.13)
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The divergence of the stress tensor has only one non-zero component:

tyjj = %k%x (77 sin® ¢ — oc4q2) + wkng(ag + K1) sin @, (5.2.14)

where

nN=ay—ay— a5 — To+ 2(K1 — Kg). (5.2.15)

The balance of linear momentum equations (5.2.10) then read

IpwUy = —P g + %k%x (77 sin? ¢ — a4q2) + wkn,(ag + K1) sin @, (5.2.16)
0= _ﬁ,y + BOu,yy + Blu,zz - Kfu,zzzm (5217)
0=—-p_:. (5.2.18)

The last of these clearly requires p to be a function of x,y and ¢ only. Now, v,
and n, are functions of y, z and ¢, so that (5.2.16) is only satisfied if p, = 0;
similarly, (5.2.17) contains derivatives of u, a function of y, z and ¢, so p,, must
also be zero. We therefore conclude that p = p(t), an arbitrary function of time

t. It then follows that we need only consider the equations

ipwu, = %kzvx (77 sin® ¢ — oz4q2) + wkng(ag + K1) sin ¢, (5.2.19)
0= Bouyy+ Biu,, — K{U ... (5.2.20)

The balance of angular momentum equations may similarly be reduced to

8wA 8UJA ~
- i = An,. 5.2.21
((%LZ-J)J 8%1 + g " ( )

Recalling the expressions given in Section 2.3 for the derivatives of the free energy

density, the linearised component equations are

i{(ag + K1)kv, sin @ + (e — a)wng, } = Ang, (5.2.22)
By =\, (5.2.23)
B, =0, (5.2.24)

so that, on combining the first two of these, one may write

i{(ag + K1)kvgsin ¢ + (@ — ag)wn, } = Bin,, (5.2.25)
u=0. (5.2.26)
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Noting that ® = —uy = 0 by equation (5.2.26) above, the permeation equation
is simply J;; = 0, so that

Jz’,i = Bouvyy + Blu,zz - Kfu,zzzz = O, (5227)

in agreement with equation (5.2.20). Cancelling exponentials in equations (5.2.19)

and (5.2.25) gives the dispersion relations

{2ipw + k* (cug® — nsin® ¢) } v — 2wk(az + K1)nsing = 0, (5.2.28)
(g + k1)kvsing + {(ag — ag)w — By} n = 0. (5.2.29)

Equations (5.2.28) and (5.2.29) provide non-trivial solutions for v and n provided

that the determinant of the 2 x 2 matrix

2ipw + k?(ayq? — nsin® ¢)  —2wk(ay + K1) sin ¢
(g + K1)k sin ¢ (g — ag)w — By

is zero; thus

{2ipw + k*(cug® — nsin® ¢) }{ (az — a3)w — By }
+ 2wk? (g + K1)*sin® ¢ = 0. (5.2.30)

Rearranging this gives an expression for ¢? in the form

¢ = By — 2iBs, (5.2.31)

where 3; and —2/3, are the real and imaginary parts of ¢2, respectively, given by

2w(as + Iﬁ)2 . 9 p€
= + ————— 5sin” ¢, =, 5.2.32
B {77 By + mw in” ¢ B2 » ( )
in which the notation
£ =w/k? (5.2.33)

has been introduced for later comparison with Gill & Leslie’s work [25], which

features the same parameter, and v; = a3 — a. It then follows that

g=x—11, >0, (5.2.34)
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where

=2 - \/% (\/5% a4 - ﬁl>, (5.2.35)

Note that the requirement ¢» > 0 in (5.2.34) is to ensure that the solution for
q is physically meaningful [25]; since the imaginary part of ¢ corresponds to the
shear attenuation of the refracted wave, the case ¥ < 0 in (5.2.34) would lead to
an unbounded solution, as is readily seen on substitution back into (5.2.6) and

(5.2.9). Note that normal incidence corresponds to

qz%—z’ By = (1—@)\/%. (5.2.36)

The penetration depth, that is the analogue of the Stokes boundary layer

thickness in an isotropic Newtonian fluid [37, p.84], is given by
5 = 1/kv, (5.2.37)

which, at normal incidence, reduces to

o 1 Y o y
Blomo = 74 /pg - ‘/pw, (5.2.38)

which is exactly the Stokes layer for an isotropic Newtonian fluid (recall from
Section 2.3 that ay = 2u, p denoting the viscosity of such a fluid), and is identical
to the Stokes layer that occurs in oscillatory flow of SmA [49].

Boundary Conditions

Following the arguments set forth by Gill & Leslie [25], continuity of velocity and
surface traction are imposed at the interface between the solid and the smectic.
With the displacements of the incident and reflected waves as given above in
equations (5.2.2) and (5.2.5), respectively, and the refracted wave velocity taking

the form in (5.2.6), continuity of velocity at the interface reads
iw(A+ B)=wv. (5.2.39)

In the solid, the surface traction t is required to satisfy the constitutive equations

for isotropic elasticity [66, p.115], so that

t].—o = (ikps(B — A)e@=Fsind) o560, 0). (5.2.40)
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Calculating the same for the smectic and imposing the requirement of continuity

leads to the condition
2us(A — B) cos ¢ = auqu. (5.2.41)

5.2.2 Ansatz 2
The other possible form of the director is
ngy =0, ny =1, n, = nexp{ilwt — k(ysin ¢ + ¢2)|}. (5.2.42)

In this instance, calculations analogous to those used to obtain equations (5.2.11)—

(5.2.14) give the components of the balance of linear momentum equation as

1PWUy = —P g + %l{:zvx (n sin? ¢ — oz4q2) , (5.2.43)

0= —py+ (a3 + K1)wkqn, + Bou,
+ B (U’,ZZ - lkqn2> - Kf“,zzzz; (5244)

0= —ﬁ,z + (052 + /il)wk;nz sin ¢ (5245)
Equation (5.2.43) implies that p, is a function of y, z and ¢, so that
ﬁ = xﬁ,x + pl(yv Z, t)a

by (5.2.44) and (5.2.45), however, p,, and p . are functions of y, z and ¢, suggesting
that

ﬁ,y = ajﬁ@y +p17y7 ﬁ,z == Iﬁ,xz +plyz,

which means these derivatives must be functions of x also, in direct contradiction
of equations (5.2.44) and (5.2.45) unless p, = 0. We can therefore re-write
equation (5.2.43) as

{z’pw — %k2 (77 sin? ¢ — a4q2) } v, = 0. (5.2.46)
and assume a solution for the pressure of the form

P = po + pexplilwt — k(ysin ¢ + ¢z)]}, (5.2.47)

where py and p are constants such that |p| < 1.

96



The angular momentum equations are

i(ag + K1)kv, sin ¢ = 0; (5.2.48)
—K'k*qn,sin¢ + By = \; (5.2.49)
—K'E*¢*n, — Byu, + (g — ag)wn, = An,, (5.2.50)

and the permeation equation yields the relation
s = MNp{Bottyy — K{U 2222 + B1(u ., — ikqn,)}. (5.2.51)

Clearly, the only way to simultaneously satisfy (5.2.46) and (5.2.48) is to have v =
0. This means that, to first order, we may discard the possibility of perturbations

to the director in the z-direction in the case of bookshelf geometry.

5.2.3 Expressions for the Wave Amplitudes

Having eliminated the second ansatz as inconsistent when working to first order,
we may therefore return to ansatz 1, as outlined in Section 5.2.1 as our only
possibility. Having established dispersion relations and thereby obtained the wave
number and penetration depth for the refracted wave, in addition to establishing
boundary conditions at the interface, we may now utilise these to progress further.
Recalling expressions (5.2.39), (5.2.41), it follows that

2us(A — B) cos ¢ = iwayq(A+ B),

which leads to

B 4 (20:Ec080 +icug
20, 056 — g

_ 2 {4/)?52 cos? ¢ — a2(x? + ¥?) — dicyxpsé cos¢} ’ (5.252)

4p3&? cos? ¢ + af(x? + ¥?) + daurpps§ cos ¢

on making use of equations (5.2.4) and (5.2.34). At normal incidence, equation
(5.2.52) reduces to

202 — pouy — 2ipsy/
B|¢:0:A< p3€ — poy — 2ip; p&u). (5.2.53)

2026 + pay + 2psi/pEay
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On making further use of (5.2.41), it is readily seen that

» {1 | 4026 cos® 6 — a3 + ¥) — diaunpi€ cos ¢>}
v =iw
4p2€2 co5? §+ a3 (7 + U7) + dastp,€ cos
2ips€ cos ¢ + ay(x + 1)
= 4 Awpy , 5.2.54
“pet cose {4/)352 o7 6+ 30C + 1) T daavpgoosg ) O
and, at normal incidence
2ips 1414)+/
U]y = 2Apuw { i $+ I+ i)Vt } . (5.2.55)
2028 + pay + 2psv/ pEay

Taking moduli of the complex amplitudes given in equations (5.2.52) — (5.2.55)
gives the measurable amplitudes of the reflected and refracted waves. (Note that
their argument corresponds to a phase shift and therefore plays no part in our

analysis.)

AV/16p26% cost ¢ + af(x? + ¥%)? + 8p2E2ad (x* — ¥?) cos? ¢

Bl = 5.2.56
B 1B o dt ol(E 1+ 09 T dasdpkeosg 0 020
A\ Apie? + p*ai
— |B|,_, = s : 5.2.57
Blo=o 20%¢ + po + 2p.v/pEau (5:2.57)
and
4Awp,
o] = s €05 & , (5.2.58)
VAp2E2 cos? ¢ + af (X2 + P?) + dauthpsE cos d
2Apswn/2
— [vlp=0 = PV . (5.2.59)
V202 + pay + 2psv/pEau
Then, for a refracted wave displacement of the form
u® = (Cexp{ifwt — k(ysin ¢ + ¢2)|},0,0), (5.2.60)
|C| is given by
4Ap,
IC| = et c05 9 : (5.2.61)
VAp2EZ cos? ¢+ af(x* + 47) + dauihpiE cos o
from which ApoTE
24p.\/2
Cly=0 = PV (5.2.62)

V2026 + pay + 2p/pEas
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The moduli of these amplitudes as stated above will be plotted in Section 5.4
below, in which their dependencies on a selection of the problem’s parameters

will be examined in detail.

5.3 The SmC Case

In this section, a review of Gill & Leslie’s results [25] for Smectic C will be
presented, followed by extensions to their work by the present author analogous
to those carried out in Section 5.2.3. For brevity, full details of the calculations

will not be presented here; instead, the reader may consult references [24,25].

5.3.1 Dispersion Relations and Interfacial Conditions

Figure 5.3: Schematic depiction of the SmC case contained in [25].

Consider Fig. 5.3, which depicts a plane interface between an isotropic solid
and a sample of SmC material. For an incident wave of the form given in equation
(5.2.2), the relation

psw® = pigk? (5.3.1)

still holds in the isotropic solid. The reflected wave displacement is exactly as
given in (5.2.5), while the refracted wave velocity is the same as above in equation
(5.2.6). Gill & Leslie’s analysis also allows for perturbations in the vector ¢ as

introduced in Section 2.2 of a similar form, viz.,
¢, = cexp{ilwt — k(ysin ¢ + ¢2)]}, ¢, = siné, c,=—cosl, (5.3.2)

where 6 denotes the usual smectic cone angle. (Note that ¢ # |e|.) Insertion of

these perturbations into the balance laws for linear and angular momentum at
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(2.2.39) and (2.2.38), respectively, yields the two dispersion relations

{2ipw + k*n(q) v — 2wkv(q)e = 0, (5.3.3)
ikv(q)v — {2idsw + k*0(q)}e = 0, (5.3.4)

from which we obtain the following analogue of the determinant condition

contained in equation (5.2.30):

{n(q) + 2ipc}{o(q) + 2irs&} — 2i€*(q) = 0. (5.3.5)

In the above, n(q) and v(q) denote the somewhat unwieldy combinations of SmC

viscosities

where

with

and

where

1(q) = mq® + m2gsin ¢ + nzsin’ ¢, (5.3.6)

M = M1y sin? @ + 119 sin(260) + 713 cos? 6,
ne = 2112 cos(20) + (11 — m3) sin(26), (5.3.7)
N3 = M11 cos” 0 — o sin(26) + ny3sin? 6,

M1 = po + p2 — 2A1 + A4,
7]12:7'1—'—7'2—7'5—%1, (538)
M = fo + pa — 2X2 + As,

v(q) = 11q + vy sin ¢, (5.3.9)

Vv = (Tl — 7'5) sinf — ()\2 — )\5) COSG7

Vy = (7'1 — T5) cos + (/\2 - /\5) sin 6. (5310)

The term o(q), meanwhile, denotes a similar combination of SmC elastic con-

stants, and is given by

0(q) = 014> + 02gsin ¢ + o sin® ¢, (5.3.11)
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where (in the notation of Stewart [68, equations (6.15), (6.34), and (6.25)]),

o1 = Ky sin?0 + Ky sin(20) + K3 cos® 0,
09 = 2K7 COS(2¢9) + (K4 - Kg) SiIl(Q@), (5312)
03 = K4cos® 0 — K;sin(20) + Kysin? 6.

Notice that (5.3.5) is a quartic in ¢, so that there are four solutions for ¢; as
discussed in Section 5.2.1 above, only those solutions ¢ with a negative imaginary

part are of physical relevance. These are [24]

Q= (1—i)\/§1211, @p=c—i(, (>0, (5.3.13)

_@_FQSin¢ B 1 5 >
6—< ST, C—\/2 (\/bl—l—éle b1 |, (5.3.14)

where

IZ Iy PEXs
po— (L2 _ 2 by — 5.3.15
1 (4:[‘% Fl) S ¢7 2 Pl ; ( )
on setting
Pl = )\5771 — V12, PQ == )\5772 — 2V11/2, F3 == )\57]3 — 1/22, (5316)

and making use of certain approximations, for instance po; < I'y [25]. At normal

incidence, we have

gy pEAs

q=(1-1) o 7 (1—1) T (5.3.17)
from which the Stokes layer for mode 1 and mode 2 are, respectively,
5= Jmor 5L (5.3.18)
wl'y k¢
the second of these reducing at normal incidence to
Ol s = pz;g). (5.3.19)

As remarked by Gill [24], the dependence of ¢; on the elastic constants leads to it
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being regarded as an orientational mode relating to attenuation of reorientation of
the c-director, while mode 2 is a hydrodynamic mode, characterising attenuation
due to the diffusion of a vorticity. Note that the corresponding dependence of 9,
on oy leads to the conclusion that §; < 99, and thus mode 2 will be dominant
after a depth ~ 97 into the smectic.

In what follows, it is the behaviour of mode 2 which will be of interest, since
it is this mode which is analogous to the SmA solution for ¢ at (5.2.34) in SmA.
Recall that, in this case, the depth of the Stokes layer is given by equation (5.2.37),

or (5.2.38) in the case of normal incidence.

Interfacial Conditions

Recalling that there are two modes to be considered, a slight modification of the
interfacial conditions (5.2.39) and (5.2.41) in Section 5.2.1 is required. Specifi-

cally, we have continuity of velocity
iw(A+ B) = v, + vy (5.3.20)
and traction
2us(A — B) cosp = ni(qrv1 + qoua) + %772(1)1 + vg) sin ¢, (5.3.21)
the latter reducing at normal incidence to
2us(A — B) = m(qrv1 + gove). (5.3.22)
Further, strong anchoring at the boundary requires that

Cc1+ Ccp = 0. (5323)

5.3.2 Expressions for the Amplitudes

In a similar manner to the calculations carried out to obtain the results in Sec-
tion 5.2.3 for SmA, we obtain for the SmC (where we will henceforth, when
required, denote any physical quantities relevant to SmA or SmC with subscript

A or C, respectively):

AT g g+ )}
(f*)? +¢? ’

B (5.3.24)
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where, for convenience, we have defined

f* = 4ps€As cos ¢ + 20, (5.3.25)
g = 2F1€ + FQ sin gb (5326)

It then follows that

AV =22+ ([T + [)?

|Bo| = B : (5.3.27)
and the corresponding quantities at normal incidence are
Bel, o= A {22/)32&5 —ply — m@} (5.3.28)
p2ENs + pL1 + 2p5v/pENTL
and
Bolyy = —AVIEX+ (5.3.29)

202605 + pl'1 + 2pv/pEASTT

In order to solve for the refracted wave velocity amplitudes v; 2, it proves necessary
to solve for the c-director; making use of the strong anchoring condition above at
(5.3.23) and [25, egs. (5.6), (4.3)], one obtains

_ AE(fY+ ) {f e+ gl +i(fT —gla)}

= — 5.3.30
Co C1 2)\5{(f+)2+g2} ( )
in which
ll = Vi€ + Iy sin ¢, lg = 1/16. (5331)
We record that, for mode one, the velocity amplitude is given by
Ak + - th™ +gl+i(fl—ght
n=2A A ) [oo {f 9 +2Z(f - )} , (5.3.32)
2X5 mls (ff)+yg
where
h* = +{v1(e — ¢) + vy sin ¢} (5.3.33)

and | = [; + [ as given in (5.3.31). As for the second mode, it is tedious but
relatively straightforward to find that

o = AT+ ) g +ifT)
i (f7)? +g° ’

(5.3.34)
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and the modulus is simply

Aw(f* -

lvg| = M (5.3.35)

(f)?+g°

At normal incidence, it follows that these quantities are given by
2ipsEN 14 4)v/pEXsI
U2]¢:O:2A,Osw{ ng s+ L+ 1) VpEdsTy } (5.3.36)
202805 + pLl'1 + 2psv/pEAsTy

2Apsw/2EN

|valg=0 = Pty 2 (5.3.37)

20265 + pL'1 + 2ps/pEXTT
We therefore obtain the analogous quantities to those given in equations (5.2.61)
and (5.2.62) (recalling that we are seeking the hydrodynamic modes in each of

the smectics):
| A(fT+17)
VP + (2

with normal incidence easily following from (5.3.36), viz.,

2Apsv/ 2605
V202605 + pL'1 + 2po/pEAsTy

G| = (5.3.38)

|Colg=0 = (5.3.39)

5.4 Comparison of the Responses of Smectics A
and C

In this section we present some numerical examples demonstrating the response of
both smectics A and C for a set of physical parameters typical of these materials.
The values for SmA may be found above in Table 3.1, while the SmC parameters
used are tabulated in Table 5.1.

Parameter | Value [68, p. 301] (Pas)
M 0.0377
M2 —0.0366
ha 0.0533
A5 — Ao 0.0325
Ts — Ty 0.0273

Table 5.1: Values of the SmC viscosity coefficients used in the plots to follow.
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5.4.1 Normal Incidence

The graphs presented in Figs. 5.4 and 5.5 compare the behaviour of both the re-
flected and refracted wave amplitudes in smectics A and C at normal incidence.
From the two graphs contained in Fig. 5.5, it is readily observed that the be-
haviour of each of these expressions in (5.2.62) and (5.3.38) is qualitatively the

same, and we deduce that, until w ~ 10'°Hz,

|Cilp=o ~ (2 —1.01 x 107°/w) A, (5.4.1)
Colgmo ~ (2 —4.12 x 107" V/w) A, (5.4.2)

from which it is evident that |C,|s—0 = 1.94 and |C¢|yp=0 = 1.964 when w =
10'°Hz, both showing comparatively little change over the range 0 < w < 10'°Hz.
Thereafter, the refracted wave amplitudes begin to fall off more noticeably, and
by w = 10"Hz, |Cy|4=0o is just over one tenth of its initial value, while |C¢|s=g is

somewhat below thirty percent of its initial value.

5.4.2 Oblique Incidence

The plots contained in Figs. 5.6 and 5.7 demonstrate the variation of angle of
incidence of the shear wave upon the amplitudes of the reflected and refracted
wave amplitudes, respectively. In Figs. 5.6 (a),(b), one sees different qualitative
behaviour of the reflected wave amplitude as a function of ¢ for values of w above
10'%Hz: in the SmC case, the angle of incidence has little apparent effect upon
the value of this amplitude, while in the case of SmA, increasing the value of ¢
from 0 to ~1 rad leads to a significant increase in the value of this amplitude.
In an analogous fashion, Figs. 5.7 (a),(b) show that, while the SmC refracted
wave amplitude does not show an especially strong dependence on ¢ for a given
value of w, the SmA refracted wave amplitude varies in a striking nonlinear man-
ner as ¢ is increased for values of w above 10!, first increasing slightly, then

falling off rapidly.
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axis. See Table 3.1 and Table 5.1 for material parameter values. Note that for
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5.5 Discussion and Possibilities for Further Work

Results have been presented regarding the behaviour of a shear wave at a plane
interface between an isotropic elastic solid and a semi-infinite sample of SmA,
fully establishing the behaviour of the reflected and refracted waves in terms of
the problem’s physical parameters. In particular, the refracted wave number ¢,
which characterises the attenuation of the wave in the SmA case, was provided
in terms of the parameters characterising the solid and the smectic by equa-
tion (5.2.34). Further, expressions for the amplitudes of both the reflected and
refracted waves have been derived in terms of the incident wave amplitude and
these parameters, where the general case of oblique incidence is as stated above
in equations (5.2.56), (5.2.61). For the purpose of a qualitative comparison, we
derived analogous terms via the results of Gill and Leslie [25], who performed
calculations for the identical experiment for a sample of SmC, utilising the LSN
theory for this phase. It is readily seen that, at normal incidence, the behaviour
of the two phases is qualitatively the same, with the refracted wave amplitudes
showing a departure in behaviour from the approximate expressions given in
equations (5.4.1) and (5.4.2) as w attains values ~ 10'Hz and above. Before
w attains this value, the aforementioned expressions provide a very accurate ap-
proximation to the respective solutions for the refracted wave amplitudes given
in (5.2.62) and (5.3.38).

In the case of oblique incidence, we see an interesting difference in the be-
haviours of the two types of smectic, with varying angle of incidence having a
significant effect on the both the reflected and refracted wave amplitudes in the
SmA case while barely changing the analogous quantities in the SmC case. This
may come as something of a surprise: one might expect that the amplitude of
oscillations would depend upon the angle of incidence for both phases, given their
anisotropy and not entirely dissimilar molecular structure. It remains unclear to
the author as to why this is the case.

It could be argued that the comparison of the behaviour of the two smectics
considered in this chapter is not quite a fair one: as previously mentioned, the
SmA dynamic theory of Stewart allows for both permeation between the smectic
layers and variability of the layers themselves, while the LSN theory for SmC
accounts for neither. Nevertheless, the linear analysis outlined in this chapter
requires that the layer displacement of the SmA is treated as zero (recalling
equation (5.2.26)) and thus the phenomenon of permeation plays no role; it stands
to reason that we would expect the same to be true for SmC.

The assumption of spatially semi-infinite samples is valid when the sample
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depth is greater than the penetration depth of the relevant smectic. It may prove
instructive to consider a smectic confined to a region with at least one of its
boundary lengths less than that of these penetration depths and investigate the
effects of sample boundaries in this case. Further, the stability of the material’s
layered structure to perturbations will presumably be valid for sufficiently small
amplitudes of incident wave; just how sensitive this structure is to disturbances of
higher amplitude and what exactly the threshold for the onset of damage might
be are matters for further investigation. For the latter case, however, it is worth
noting that a linear analysis may not be able to capture fully the behaviour of the
SmA: at the very least, permeation of molecules between the layers may prove a
non-negligible effect. This being the case, one would need to look beyond LSN
theory for SmC to a model allowing for flexible layers and permeation.

Finally, it is worth noting that both the SmA and SmC cases could be gen-
eralised further to account for arbitrary tilts of the layer normal and/or direc-
tor alignment with respect to the solid/smectic interface, weaker anchoring con-
straints on the director at the boundary, or considering a curved interface sepa-
rating the solid and smectic. In each case, especially the latter, the mathematical

work may be significantly more involved.
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Chapter 6

Edge Dislocations in Smectic A

Liquid Crystals

6.1 Introduction

This chapter is concerned with the problem of determining the configuration
of the layer normal and director profile of a sample of SmA in the presence of
an edge dislocation. Background material on the theory of edge dislocations in
crystalline solid media may be found in references [30, 35, 36]; for information
regarding dislocations in smectics, the reader may consult the latter two of these
references or the book of de Gennes and Prost [23]. While previous works have
derived expressions for the smectic layer displacement u in the presence of these
defects, all the aforementioned references have failed to take into account any
independent distortion of the director field, assuming that it always coincides
with layer normal. Moreover, the authors have predominantly operated under
the assumption that the energy density associated with deformations caused by
the edge dislocation is quadratic in spatial derivatives of the layer displacement,
thus leading to linearity of the resultant Euler-Lagrange equation whose solution
determines the layer displacement which minimises the energy cost associated
with the presence of the dislocation.

More recent work due to Brener and Marchenko [9] deals with an energy
density which contains an extra term, which is quartic in a spatial derivative of
u. A summary of their work, which will be shown to arise as a special case of the
considerations to follow, will be given in Section 6.2 below. As before, however,
the authors still operate under the assumption that the layer normal and director
profile are always coincident, and are therefore confined to an energy with only

two material constants.
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X

Figure 6.1: Schematic representation of the configuration of the smectic layers in
the presence of an edge dislocation. The Burgers vector in this case is b = de,,
where d denotes the smectic interlayer distance.

In this chapter, the problem will be revisited under the framework of the
De Vita-Stewart energy for non-polarisable SmA, as outlined above in Subsec-

tion 2.3.2 and recalled here for ease of reference:

Wps = SK{(V-a)? + 1KV -n —s0)> + LK,V - [(n- V)n — (V- n)n]
+1B|VOI2 (1~ VO’ + 1B [1 - (n-a)?]

+ By(V-m) (1 - VO[T, (2.3.11)

First, Section 6.2 provides a derivation of the energy density under the assump-
tion of small deviations of both director and layer normal from the unstrained
planar configuration n = a = (0,0, 1). Section 6.3 presents the case where n and
a are constrained to coincide, allowing for the recovery of the above noted results
of previous investigations, as well as considering small time-independent pertur-
bations to the layer displacement. In Section 6.4, we allow for separation of the
director and layer normal. Taking the energy density to quadratic order allows
us to formulate and solve the equilibrium equations, obtaining exact solutions
for both the layer normal and director to this order of approximation. Tentative
calculations in the direction of obtaining solutions to fourth order are outlined
in Section 6.5, and we close the chapter with a summary of the results obtained

and a discussion of potential further explorations in Section 6.6.
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6.2 Calculating the Energy Density to Fourth
Order

Consider a sample of SmA subject to an edge dislocation such that the Burgers
vector of the dislocation, which will be taken to have magnitude b, and the dislo-
cation axis are parallel to the z- and y- axes, respectively. We wish to measure the
deviation of the configuration of the SmA away from that of the corresponding

“relaxed” reference configuration, described by
n =mny=(0,0,1), O =Py ==z (6.2.1)
The imposed dislocation will then lead to a director profile of the form
n = (sind, 0, cosf), (6.2.2)
while the function ® is modified to read
O =z —u(x,2). (6.2.3)

From the latter equation, it readily follows that V& = (—u,,0,1 — u,), and thus

—x,O,l— z
P u:) (6.2.4)
V1—2u, +u+u?

where, for the remainder of this chapter, we employ the convention that a variable
appearing in a subscript denotes partial differentiation with respect to that vari-
able for ease of notation. Given the somewhat unwieldy form of equation (6.2.4)
for a, it makes sense as a first step to follow previous work [9,36] and assume
that only small deviations away from the reference configuration are anticipated,
and that such deformations occur sufficiently slowly that we need only take into
account terms to quartic order in a Taylor series of the various terms involved
when computing the energy density. In spite of the lengthiness of some of the re-
sultant expressions, working to fourth order allows for the possibility of capturing
behaviour which could be missed on only retaining only lower-order terms. (Note,
however, that numerical methods probably provide the best route for determin-
ing this given the intractable nature of the expressions which arise; these are not
pursued in this thesis.) Further, it follows that all results in the aforementioned
previous work should be readily attained by truncation of at the appropriate

lower order.
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Equation (6.2.2) may be approximated by
n=(0—-36°0,1-36>+5.0"), (6.2.5)

from which it is readily deduced that n -1 = 1+ O(#°). Further, on noting that,
forv < 1

1 1 3 5 35
=1-—-v+-v?— —0°+

Vito 2 '8 16 128

it is easy to show that the approximations

vt 4+ O(v°),

VO =1 = + gui + guiu. — gug + juiu, (626)
VO™ =1+ . = g0} +uZ +wl = Jugue + ug + g — 3wz, (6.2.7)

hold to fourth order, and thus we may approximate a as

1,3 2 3.3
a= (—um — Uy + sy — upus (1 + u,) + Suju.,
1,2 2 3.4 3,2 2
0, 1— Ju? —ulu, + 3u; — 3ulu). (6.2.8)

It readily follows that a is also a unit vector to fourth order. We may now
use equations (6.2.5) and (6.2.6)—(6.2.8) to compute the terms comprising wpg.

Firstly, a simple calculation yields

2 _ 2 2 2 2 2 2 2 2
(V-a)® =u;, +2u,u, + 4ty iy, + 3ug,us + dujus, — 3uiuy,

4 20U U U + 12U U Uy Uy, (6.2.9)
while

(V-n —s0)* =602 — 200,06, + 0*(0* — 0%)
+ 50 (80 — 26, + 200, + 6°0, — £6°0.) . (6.2.10)

Tedious but straightforward calculations allow us to conclude that

(n-Vin—(V-n)n=(0,,0, —0,),
— V- {(n-V)n—(V-n)n} =0, (6.2.11)
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where it is assumed that partial derivatives of # commute. Squaring both sides
of equation (6.2.7) leads to

VO™ =1+ 2u. —uf + 3u + dul — duju. +uy + 5u — 10w, (6.2.12)

x 'z

which, taken in conjunction with (6.2.6), allows us to conclude

V|2 (1 — |[VO|)? = ul + 2u? — wlu. + fuy + 3ul — dulu. (6.2.13)

Tz

Taken together, equations (6.2.5) and (6.2.8) yield

n-a=1-0u, — 36> — vlu. + 100} — Gu,ul + 10°u, + 3u;

= 2udul + L0* + 1672, (6.2.14)

from which

1—(n-a)®=060"+ul + 20u, + 2ulu, + 20u,u, — $6* — ug — 20u’
— 30%u, — 20702 + 20u,ul + 3ulul. (6.2.15)

Finally, since
V-n=0,—00.— 360, — $0°0., (6.2.16)

it may be deduced by further appeal to equation (6.2.7) that

V-n)(l—|Ve™) =—0,u, + 10,42 — 0,4 + 00,u, — 0,u°
2 T z

z

+ 20, ulu, — 100,42 + 00,42 + 16°0,u.. (6.2.17)

Putting all this together, the energy density wps may be expressed to fourth order

in the form

Wpg = %Kf(uiz +2u2 U, + AUy, + 3u2 u? + duiu?, — 3uiu?,
+ 22Ul Uz + 12UgUgpuzuy) + KT {602 — 200,06, + 6°(62 — 62)
+ so (so — 20, + 200, + 6%, — %9302)} + %BO (ui + 2u§ — uiuz + %ui
+ 3ul — 4ulu?) + 1By (07 + ul + 20u, + 2ulu, + 20u,u, — %94 —ul
— 29u§ — %93% — 2(92u925 + 2(9uxug + 3uiu§) + By (—quz + %qui

— Opu? 4+ 00.u, — O,u + %quiuz — %Gﬁzui +00.u% + %92(91%) . (6.2.18)
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As stated in Subsection 2.3.2, the energy density w, for samples of SmA consisting

of non-polarisable molecules is recovered when sqg = Ko = By = 0.

6.3 Director and Layer Normal Coincident

In this section, we impose the requirement that the director and layer normal
show no decoupling, thus enabling us to recover the results of the aforementioned

previous work. In this instance, the energy density simplifies further still, viz.,

(K + K)(V - a)’ + 5B[Ve| 7 (1 - V|2|)*
(Bowo + Klw?) y (631)

_ 1
wA—§
1
2

where K; = K{ + K7 and

Tz

wy = (u, — %ui)2 +ud(2 + 3u,) — 4ulu? (6.3.2)
wi = uix + Quixuz + U lyy gy + U2 U2 + 40202, — 3uu?

Txr "z xr Tz T xxT

20U U U + 12U U Uy U (6.3.3)

In order to obtain an expression for the layer displacement u, we require the

minimum of the energy per unit length in the y-direction, which may be written
w :/ wy dA, (6.3.4)
D

where D denotes the two-dimensional domain occupied by the SmA sample, which
in this chapter is taken to be all of R?. This necessitates an appeal to standard
methods of the calculus of variations, a cursory overview of which is presented in
Appendix C. For an overview of the methods to be utilised here, the reader may
also consult reference [11]. Let us calculate the first variation of the energy 6W,

defined for admissible variations h (see Appendix C) by

d
= — dxd
ow dt//RZsz

where we have set

o //R {0:(no + 1)} dwdz, (6.3.5)

o = wolu + th) — wo(u), ot = wi (u + th) — (), (6.3.6)

and
n=mno+n" = wa(u+th) —wy(u). (6.3.7)
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It is a tedious but simple matter to compute the following:

Mo =t { ha(ul — 2uzu, — 8uyul) + ha(2u, + 6ul — ul + 120 — 8ulu.)}
+ O(t?), (6.3.8)

ny =1t {hm(2um + dugpu, + duurz + 6umug — 6u§um + 2uiuzz
+ 12upu,ty) + Ay (AUt + 8u§um + 12upug,u,) + 2hzzuium
+ hy(dugpuy, + 8uxuiz — 6uxufm + AUy Upp iy, + 120U, )

+h,(2u2, + 6u u, + 12uzumum)} + O(t?), (6.3.9)

from which it readily follows that the integrand of W is simply the sum of the
terms enclosed in curly brackets within equations (6.3.8) and (6.3.9). Writing
oW = oWy + oW}, where

1 1
Wy = §Bg // (0mo) |, dxdz, oW = §K1 // (Om)] =y dadz,
R? R?

it follows that we may, on integrating by parts and requiring that any admissible
h and spatial derivatives thereof vanish at the limits of integration, rewrite W)

and 0W; in the respective forms

oWy = By // h{um (4ug — %ui + uz) + U, (4u? — 18u? — 6u, — 1)
RQ

+ 22U Uy (Bu, + 1) } dadz, (6.3.10)

(Swla = Kl // h {umm(?)uz - BUi + 2uz + 1) + 4uxugcx:cz(3uz + 1)
R2

+ 60U Uz + O (3 Uy — 2UpUpy + Ugllz, + Uy
+ 60Uz (BUpp Uy + DULUL, + Uy ) + 12Up Ugy Uy

+ By (Uppzz — uZ, + 6ul.)} dadz. (6.3.11)

The energy W is then minimised by setting 0W = 6Wy+ W = 0 for all admissi-
ble variations h, which yields a highly nonlinear and intractable partial differential
equation for u. Progress regarding solutions u to the full equation is probably
best achieved by appeal to computational means, and this will not be considered
here. However, assuming small layer displacements with sufficiently small spatial
derivatives, analytical progress can be made in the following manner: according to
both theoretical studies [23, Subsection 9.2.1] and experimental observations [32],
the distortion of the layered structure is essentially confined to parabolic regions
described by 2% = ¢z for some constant ¢, where \ = \/m, which tells us
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that this configuration relaxes back to planar layers rapidly along x but signifi-
cantly more slowly along z. Thus, if one assumes that u, ~ u/& and u, ~ u/L for
some characteristic length scales € and L of displacement in the x and z directions,
respectively, with £2 = O()\L), it is apparent from equations (6.3.10) and (6.3.11)
that, on regarding terms of magnitude smaller than ~ 1/£* as negligible, one

immediately arrives at the truncated equilibrium equation
AN Uppzz + Uy (uz — %ui) — Uy, + 2uyuy, =0, (6.3.12)

for the case z > 0; a similar equation is obtained in the case z < 0. This is
exactly the PDE obtained by Brener and Marchenko [9, equation (4)], which is
then non-dimensionalised by means of measuring all lengths in terms of A; the
non-dimensional form reads

Uggzr T Uzz (uz - %ui> — Uy, + 2UzUy, =0, (6313)

which may be solved by first noting that solutions to this equation also solve
a lower-order PDE and solving this latter equation by appeal to the similarity
variable v = z/y/z (see Appendix D for an outline of the method) subject to the
condition

5 ulo) = L ul) =5

to give

1 T
=2AIn{ = [14 /P 4 (P -1 ef< )H 6.3.14
u n{z{ e (e )er Vv ( )

on returning to dimensional form. In the limit where b < A, it is simple to show
that e** ~ 1 4+ b/4), which leads to

uwznn{ﬁg% [Herf (2%)”

N Z {1 +erf (ﬁ) } , (6.3.15)

this being exactly the result derived in the classical case [35,36], which may also
be obtained by only considering terms to quadratic order in u and its derivatives
in the energy density.

As yet, the approach of Brener and Marchenko has not been found to be ap-

plicable when truncating the energy density at higher order, and the resultant
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equilibrium equations certainly do not admit solutions of the form wu (z/+/z).
Moreover, given the unwieldy equations which arise from this higher order trun-
cation, little is to be gained from an attempt at their analysis without appeal to

computational means.

6.3.1 Perturbing Brener & Marchenko’s Solution

In this subsection, we consider subjecting the solution for layer displacement of
Brener and Marchenko, as stated in equation (6.3.14), to a small time-independent
perturbation to in a bid to ascertain whether other equilibrium solutions may be
found in the vicinity of that determined in reference [9]. Motivated by the work
of Bogomol'nyi [8], the modified solution to the PDE (6.3.12) will be assumed to
take the form

U =u+e(x,z), (6.3.16)

with || < 1. Substitution into the dimensionless equilibrium equation (6.3.13)

leads to the requirement that e approximately satisfies the PDE
Evpzr = Exz — 2(Uprs + UpaCy) — Upals — Usliy + SUZE4y + BUgliyee,.  (6.3.17)

The solution % is then a solution of equation (6.3.12) with the same energy as u
for any e satisfying this equation. Moreover, if ¢ is also a similarity solution of
the form e(v) where v = z//z, the PDE (6.3.17) may be rewritten to read

W = Jop 4 0P+ 200 + Su(op) + §(9%) (6.3.18)

where ¢ = /(v) and ¢ = £'(v). For ease of reference, we record here that

¢ B 9 (€b/4 _ 1) €_v2/4 B 26_1}2/4 (6 ; 19)
B 27+ (M~ 1) /” o1 gy ~ /7 {coth(b/8) +erf(v/2)} o

The modified solution u should satisfy the condition

o b
g, 4] = B slv) =35

which leads to -
lim e(v) — lim e(v) = / Ydv=0.
vV—00 v—>—00 )
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Now, equation (6.3.18) may be written in the form

" = a(v)y' + b(v), (6.3.20)

a(v) = }lqﬂ + ; (vp+¢%),  blv) =26+ g {v+vg+ ()} (6321)

From our expression for ¢ in equation (6.3.19), it follows that we may expand

about an arbitrary point v = vy to obtain

¢=Tg—T1(v—1rp) +Ta(v —v9)* + T5(v —v)* + O ((v—1p)*), (6.3.22)

where
2¢v3/4
Fo = é(v) = Sth(b/8) T exf(oo/2)} (6.3.23)
o B 2ev6/2 Ve Vo /4
[y = ¢'(vy) = T eoth(b/8) 1 et (/2] + 7 {coth(b/8) + exf(0/ D)}’ (6.3.24)
—3v2/4 —v2/2
Ty = ¢ (vg) = 2e 3vpe

73/2 {coth(b/8) + erf(v/2)}? - o {coth(b/8) + erf(v/2)}?

(v —2) e/

i 4y/m {coth(b/8) + erf(vy/2)} (6:3.25)
| - (b///( ) _ (6 — Ug) 67”3/4 (8 — 7U(Q)) 67”3/2
3@ )= 24/ {coth(b/8) + erf(vo/2)} 121 {coth(b/8) + erf(vy/2)}>
B Quge3v8/4 B e~
m3/2 {coth(b/8) + erf(v/2)}* 72 {coth(b/8) + erf(v/2)}*
(6.3.26)

Note that, for a given value of vy, we have 22 = M@z (in dimensional variables): a
parabola in the zz-plane with vertex at the origin and focus at (z, z) = (0, A3 /4).
The expansion (6.3.22) is thus an approximation to the behaviour of ¢ about this
parabola. In the special case vy = 0, the approximation is valid about the straight

line z = 0.
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Using equation (6.3.22), we may deduce the following to quadratic order:

¢* =T§ — 21 (v — vg) + (T + 206I2) (v — vp)?, (6.3.27)
QZS/ = —Fl + 2F2(’U - ’Uo) + 3F3<U - U0)2, (6328)
¢¢/ = —F()Fl + (F% + 2FOF2) (U - ’Uo) + 3 (F()Fg - Fng) (U - Uo)Q, (6329)

so that, on substitution into equations (6.3.21), we may write

2
3
a(v) = UZ + 5 {(Tov + T3 4+ 2T0Ty) (v = v9)* =T (v 4 2Ta) (v — )

+Lo (v +To)} + O ((v—0)?), (6.3.30)

b(v) = {QFQ + 9 (F0F3 — FJ‘Q)} (’U - U0)2 + (3FQU + 3]_—‘% + 6FOF2 — 2F1) (’U — Uo)

+ ; (1-T1)v+To(2—3I1) + O ((v—10)%). (6.3.31)

It follows that, if the layer displacement is modified by some small perturbation e
which may be expressed as a function of a similarity variable and which satisfies
the ODE (6.3.18), then the function 4 is a solution with approximately the same
energy as the solution u due to Brener and Marchenko. In the neighbourhood of
a given parabola 22 = Mz, this ODE may be approximated by setting the coef-
ficients a(v) and b(v) to the expressions stated in equations (6.3.30) and (6.3.31)
above. Unfortunately no method attempted by the author led to an explicit so-
lution ¢ to equation (6.3.18), though it is hoped that future work will enable

progress in this direction.

6.4 Separation of Director and Layer Normal:
Quadratic Order

In this section, we depart from the precedent set forth in previous work and allow
n and a to separate. As a first step, we extend the most simple case by only
retaining quadratic terms in u, 6 and spatial derivatives thereof, obtaining exact
solutions for both u and 6 which we then compare with previous results via plots
of their spatial variations for typical values of the constants appearing in the

energy density.
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6.4.1 Equilibrium Equations and Solution for the Layer

Displacement

Recalling equation (6.2.18), it follows that the energy density w, may be written

to second order as

wy = H{K{u, + K162 4+ BouZ + Bi(0 + u,)*} . (6.4.1)
As above, we seek minimisers u and 6 of the total energy per unit length in y,
given above in (6.3.4), for which we require W = 0. It is readily shown [11] that

this requirement is equivalent to the following two PDEs

9% [ Ow, 0 [ow, 0 (Ow,

Py (au) ~ o (au) 5 (a> (6.4.2)
0 (Ow,\  Ow,

o (om)y _om. 643

Carrying out the required partial differentiation shows that these may be ex-

pressed in the forms

K{Uypppr = Bous, + B1(0, + tugy), (6.4.4)
K000 = Bi(0s + ttz), (6.4.5)

respectively. Note that requiring n = a to second order gives 6 + u, = 0 again,
allowing for the recovery of the classical case provided we also set K" = 0; we
proceed with the general case n # a. Differentiating (6.4.5) twice with respect

to z and rearranging gives

K¢ By

Ugrreas — Uzzzax — Ugzzax,
By By

01‘1‘33 -

so that, on substitution into (6.4.5), it follows that
(K® By
Bl <6x + u:m:) = Kl (Fiumxx:r:px - Euzz:mc - ux:r:m:) )

which may then be substituted into (6.4.4) to yield

>\127, (uzz:m: - Azummxaﬁ:pm) + ﬂ {(/\3 + )\721) Ugprzx — uzz} — O, (646)
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where we have introduced the length scales

Ao = K7/ By, An = /K?/B, (6.4.7)

to facilitate later comparisons with previously-established results, along with the

dimensionless parameter 3, given by

B = By (6.4.8)

identical to the quantity introduced at equation (4.1.5) in Chapter 4 above.
Following the observation by Kleman and Lavrentovich [35] for the classical
case, let us assume that the general solution to the PDE (6.4.6) in the region

z > 0 may be expressed in the form

u(w, 2) = Z (1 41 /_OO g()e™ da) . (6.4.9)

T ) o 1O

Substitution into (6.4.6) readily yields the following ODE for ¢(z) in terms of the

combination of parameters ['(o):

ot {o? NN+ B (A2 + A2)}

022 1 B 9(z) =T*(0)g(2), (6.4.10)

9"(z) =

whose general solution is
g(2) = A(0)e "9 4 B(o)e @)=,

Since we require g(z) to be finite for all z > 0, it immediately follows that

B(o) = 0. Further, the boundary condition u(z,0) = b/2 leads to the requirement

/oo A (6.4.11)

10

—00

Now, it may readily be shown by expanding e = cosv + isin1), substituting

ro — 7 and integrating along an appropriate contour in the complex plane that

oo _iox 00 3
e sin T
/ —do = 2/ dr =,
oo O 0 T
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from which it is evident that we may take A(c) = 1, and thus

b 1 e8] eiaac—F(U)z
u(z, z) = 1 (14—;/ Tda)

b b [ e T@2sin(ox)
=-—+ — do. 4.12
4 + 2m Jo o 7 (6 )

In Subsection 6.4.3 below we will go on to compute an exact solution for the
director and compare its behaviour to that of the layer normal. First, however,
we compare the behaviour of this solution u with its counterpart in the two-

constant case as outlined by multiple authors [23,35, 36].

6.4.2 Comparison with the Two-Constant Case

Let us denote the layer displacement in the classical case by v(x,z). This may
be written in the form [35]

b 1 o) eiam—)\aazz

b b 00 —Xq02z o
_b b e sin(on) (6.4.13)
4 27T 0 g

which is simply u(x, z) in the limit as either (or both) of A,, § — 0. To facil-
itate graphical comparison of this displacement with that given above by equa-
tion (6.4.12), it proves convenient to write each of the expressions v and u above
in terms of integrals over a finite domain. This is achieved by appeal to the

substitution
1 d¢

e d —_
T+ e 7 TNE

so that equation (6.4.12) may, after appropriate substitution and rearrangement,

¢ (6.4.14)

be written in the form

b b !
u(x,z) = 1 + 5 i g(¢)dc¢, (6.4.15)

where

exp {~A(Q)z}sin {(C"' — 1) z/Aa}

9(¢) = e (6.4.16)
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with

N A (S VR A O
MO \/ M=) N (G410
One readily deduces that
A(() v ocas¢— 0", while A()—0as(—1", from which
g(¢) = 0as ¢ — 0F and  g(¢) — Aﬁ as ¢ — 17, (6.4.18)

a

ensuring that the integral on the right-hand side of (6.4.15) does not diverge.
Further, it is evident that the two displacements agree at the endpoints of inte-
gration by virtue of these limits being independent of both § and A,. Taking the
appropriate limit in equation (6.4.12) shows that (6.4.13) is equivalent to

b b (!
v(z,2) = 2 + %/0 f(¢)dcg, (6.4.19)
where

exp { = (¢ = 1P 2/ A bsin {(¢F = D)2/ A}

f(¢) = 6.4.20
© e (64.20)
We note that the diffusion-like property of the spatial derivatives of v

0,v = \g02v, (6.4.21)

does not hold for u when K7 and B; are non-zero; instead, the following gener-

alised relationship holds:

NaO2u — Ou = b~ {E - )\aa} e % sin(ox) do. (6.4.22)
2 Jo o

The properties stated in equations (6.4.18) allow for numerical integration of
the expressions for v and w outlined in equations (6.4.15)—(6.4.17) and (6.4.19),
(6.4.20), respectively, by defining the function g(¢) in a piecewise manner over
the interval [0, 1] and appealing to the Approzimatelnt command in Maple [44].
From this, a range of plots has been generated for typical SmA parameter values.

Displayed in Figs. 6.2(a),(b), we see the displacements u and v due to the
dislocation plotted as functions of z for varying orders of magnitude of the pa-
rameter 5. Also shown is the difference between the two quantities in certain

cases. Note that we have set x = \,, and the value b = \,/2 has been chosen to
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ensure the validity of the quadratic energy density and the resultant linear equi-
librium equations. A noticeable variation is observed across the different orders of
magnitude of §; while the case = 10 may be deemed physically irrelevant [56],
we nevertheless observe a difference of up to ~ 5% between the “far-field” limit
of the displacement due to the dislocation in the cases § =0 and g = 1.

Next, Figs. 6.3(a)—(c) show the effects of varying the constant K7 in the case
x = A, as before; plots are shown for A, = A\,/10, \,, and 10\, with values of
as indicated in the relevant captions. Whilst clearly having an influence on the
values of u, it is clear that increasing the value of  makes this influence far more

pronounced.

6.4.3 Solution for Director Profile and Layer Normal
It still remains for us to derive an expression for 6. To this end, equation (6.4.5)
is easily rearranged to yield

Or = NoUpras — Blley — Usg. (6.4.23)
Carrying out the required differentiation leads to the following expressions for
the spatial derivatives of u:

b oo
Upy = —— ce % sin(oz) do,
2m J,

b - 3 —T'(o)z

Uy = — o’e” sin(ox) do,
27T 0
b oo 172 —I'(0)z
.= (0)e sin(ox) do.
2m Jo o
so that
b o[> Ir?
0, = — {)\20-3 Lo — B—@} e T(0)z sjn(o‘x) do. (6.4.24)
2m Jo o

Integration of equation (6.4.24) with respect to = gives the general solution

b o

0= o ), x(o) {cos(oz) + 7(2)} do, (6.4.25)
where )
x(o) = {B FU§U> . 1} e T2, (6.4.26)
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(a) The normalised layer displacements for various values of the parameter 5.
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(b) The difference between the solution u as seen in equation (6.4.12) and the classical
solution v stated in equation (6.4.13).
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Figure 6.2: Effect of variation of S upon the layer displacement, plotted as a
function of z for x = A\, = \,.
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Figure 6.3: The normalised layer displacements for various values of the param-
eters A, and  (continued on next page).
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and 7(z) is an arbitrary function of z arising from the integration. On physical
grounds, we must have 6(z,z) — 0 as © — oo V z; then, since x(o) has only a
finite number of maxima and minima and no discontinuities for o € [0, 00), we

may utilise [63, Section 3, Theorem 4] to determine that

lim 0(z, z) = g { lim / X (o) cos(oz) do + lim x(0)7(2) da}
b o0
=3 {0 +/ x(0)7(2) da} =0, (6.4.27)
0
and hence

27 o2

0(z, 2) b /000 {5F2(0) —Mo? — 1} e T cos(ox) do. (6.4.28)

We have thus computed exact expressions for both the director profile and layer
normal in the presence of an isolated edge dislocation.

Following the approach of the preceding section, let us write the expres-
sion (6.4.28) as an integral over the finite interval [0,1]. Employing the sub-

stitution (6.4.14) once more, it follows that 6 may be expressed in the equivalent
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form

O(z,2) = 27rb)\a/0 h(¢) dc¢, (6.4.29)
where
M) = {Aﬁﬁ—A 59 -8 ?4 - }e_w cos {(C" —1)w/A}.  (6.4.30)

It is readily deduced that, as ¢ — 07,

hO)l =0 (Ci“) |

and thus
h(¢) = 0as ¢ — 07, h(¢()— —-las(— 17, (6.4.31)

and thus it is evident that the integral will not diverge. In order to directly
compare the director profile with that of the layer normal, let us introduce the
angle between a and the positive z-axis and agree to denote it by d. It follows

that the layer normal may be expressed in the form
a = (sind, 0, cosd) ~ (—uy(1+u.), 0, 1 +u, +ul — 1u2),
from which it is evident that, to quadratic order,
d = arcsin {—u, (1 4+ u,)}. (6.4.32)

Recalling equation (6.4.15), it is straightforward to conclude that

b 1
he = o / u(¢) dC. (6.4.33)
b 1

where we have defined

e A% cos {(¢TF — 1) 2}

u(C) = ¢ : (6.4.35)
V() = A(Qe @ sin {(¢7! — 1) a} (6.4.36)
0 . A.
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We record that

w(¢) = 0as¢— 0%, u(@) - las¢— 17, (6.4.37)
v(¢) = 0as ¢ — 0T, v(() > 0as ¢ — 1. (6.4.38)

6.5 Separation of Director and Layer Normal:

Preliminary Fourth Order Calculations
In the case where K7 = 0, the energy density w, may be written in the form
_ 1 a,, a
Wp = 35 (K{w} 4+ Bywy + Biwy), (6.5.1)

where wy and w{ are as given above by equations (6.3.2) and (6.3.3), respectively,

while

wy = (0 + up)® + 2upu. (0 + uy) — 30 — uh — 20u] — 360%u, — 20702

+ 20uu? + 3uiul. (6.5.2)

The equilibrium equations are given by

9% [ ow, 0 [Ow, 0 [Ow,

pre (au) ~ o (au) 5 (m) (6.5.3)
Ow,
5 = 0. (6.5.4)

Carrying out the required differentiation and substitution gives the two equations

as, respectively,

)\zuzxxa: = Uzz — 2uacuarz + Uzy (%u?g - uz) + ﬁ{Zuwz(e + 2“:5) + gzua: + Uzy []-
+ 2u, — Qug(1+6) — 26%] + 6, (1 +u. — 3ul — 46u,) }, (6.5.5)

0= By {(0+us)(1 — 20u,) + ugu, — 26° —ul} . (6.5.6)

There are two possible means of approaching these equations: first, equation (6.5.6)
could be solved for # to yield three roots in terms of u, and u,, which may then be
differentiated and substituted back into equation (6.5.5) to yield a messy equation
for u. Alternatively, one could instead examine the case in which the coupling
energy term is of a magnitude such that terms of sufficiently high order may be

considered vanishingly small; for instance, assuming that terms of quartic order
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in (6.2.15) may be discarded, equations (6.5.5) and (6.5.6) may be approximated
by

K{Ugzes = Bo {tz: — 2ugtiys + Uy (3u? —u2) } + Bi(ugs + 6,), (6.5.7)
0= —u,(1+u,). (6.5.8)

Differentiation (6.5.8) with respect to x and substituting into (6.5.7) yields
Agux:p:m: = Uzz — (2 + ﬁ)uxuxz - (1 + 6>uzvxuz + %uiuzza (659>

after dividing by By. This is almost identical in form to the equation of Brener
and Marchenko, equation (D.1) in Appendix D with @ = 1/2, but with two some-
what modified coefficients incorporating the dimensionless parameter §. This
modification of the coefficients unfortunately renders the method outlined in Ap-
pendix D of no use here, though it is hoped that this method may be generalised
to be applicable to an equation of this type. It is worth remarking that, while
a regular perturbation expansion approach may yield results in the case of small
values of 3, this has as yet not been investigated by the author; such an approach

will be pursued in future work.

6.6 Conclusions and Discussion

This chapter has examined the effects of an isolated edge dislocation on the static
behaviour of a SmA liquid crystal. After setting up the problem and deriving an
expression for the energy density to fourth order, two cases were considered. First,
working under the assumption that n = a, the relevant equilibrium equation
was obtained; while proving intractable, this allows for the recovery of results of
previous investigations after truncating at the relevant order, provided the scaling
property discussed in Section 6.3 holds. Next, it was shown that relaxation of
the constraint that n must always coincide with a allows for the construction of
exact solutions for both when the energy density is truncated at quadratic order.
Moreover, the solution u for the layer displacement differs from the “classical”
case in which n and a always coincide, as was demonstrated by the modified
identity expressed in equation (6.4.22), as well as the plots contained in Figs. 6.2—
6.3 for various values of the relevant elasticity and energy terms. Finally, some
tentative steps towards formulating equilibrium equations for the fourth order
energy density in the particular case K7 = 0 have been presented; unfortunately

no method attempted by the author has yielded solutions, and so this must be
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made the goal of future investigations.

Many further avenues of investigation present themselves. Having explored
the isolated edge dislocation case, it may be of interest to investigate configura-
tions of multiple dislocations and ask what sort of distortion is to be anticipated
and how different strengths and configurations of these defects would alter the
smectic structure. It might also prove pertinent to examine the dynamics to
which this would lead or, conversely, how the imposition of flow (for example by
the application of a pressure gradient across the sample) might affect the config-
urations both as considered in this chapter and of various other configurations.
Finally, it has been assumed throughout that the sample under consideration has
infinite spatial extent: physically speaking, this corresponds to assuming that the
sample boundaries are sufficiently far from the core of the defect so as to have
no effect on the resultant configuration. It may prove worthwhile to examine the
case of a dislocation near to a boundary under a variety of anchoring conditions.

Such matters certainly warrant a great deal of further exploration.
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Chapter 7

Concluding Remarks

7.1 Outline of Work Undertaken

This thesis is the result of a series of theoretical investigations into a range of
phenomena in smectic A (SmA) liquid crystals employing the dynamic theory of
Stewart [69] in conjunction with the energy density of De Vita and Stewart [13].

For convenience, a summary of the key findings is provided. In Chapter 3,

e a linearised two-dimensional version of the theory was derived, valid subject

to suitable physical conditions;

e in particular, it has been shown that the theoretical framework of de Gennes [22]
arises as a special case of the resultant system of equations, and that one
can predict simple flow patterns and the corresponding alignment of the

smectic using these.

e Moreover, a linear stability analysis served to establish regimes of expected
stability and instability of solutions when subject to small oscillatory per-
turbations, as dictated by the relevant Routh-Hurwitz criteria, the satis-
faction of which is ultimately determined by values of the various material

parameters and perturbative wave numbers involved.
In Chapter 4,

e the system of equations derived in Chapter 3 was non-dimensionalised, al-
lowing for the use of a lubrication approximation in the case of flows meeting

the appropriate physical conditions.

e After discussing various regimes of leading-order behaviour on an equation-

by-equation basis, the approximation was utilised to determine the velocity
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profile for pressure driven flow of SmA in agreement with previous work
on the subject [82], as well as providing solutions for the director field and

layer displacement to leading order.

e The leading-order theory predicts stability of the flow pattern, in agreement
with the calculation using de Gennes’ theory in Section 3.3. Stepping up to
the next order of approximation, however, it was shown that instability is
to be expected provided the component of the wave vector parallel to the

plane of the layers and a particular viscosity coefficient are non-zero.

In Chapter 5, the behaviour of a shear wave incident at a plane boundary

separating an isotropic elastic solid from a sample of SmA was established.

e After considering two possible ansétze for director motion in response to the
wave-induced perturbation, it was determined that one leads to an incon-
sistency, while the other enables us to calculate the physical quantities of
interest, namely the refracted wave number and penetration depth, as well
as the reflected and refracted wave amplitudes, in terms of the problem’s

pre-determined quantities.

e Moreover, on extending the analogous investigation for a sample of smec-
tic C (SmC) [25], we were able to compute expressions for the analogous
quantities for this material, thereby enabling us to compare the responses

of these two smectic phases.

Finally, Chapter 6 revisited the problem of determining the configuration of

a sample of SmA in the presence of an edge dislocation.

e First, the energy density was calculated to fourth order in the director
deflection and layer displacement, under the assumption that deformations

are sufficiently small that such an approximation is valid.

e The case where director and layer normal are coincident was examined.
After calculating the first variation of the energy density, we established that
previous results for the layer displacement may be recovered on truncation
of the resultant equilibrium equation; this equilibrium equation at third

and fourth order is intractable, and no attempt was made at its solution.

e On allowing for separation of the director and layer normal, exact solu-

tions for each of these were obtained in the case where deformations are
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sufficiently small to allow for truncation at quadratic order. A quantita-
tive comparison between the results obtained here with those found for the

two-constant case was presented.

e Finally, preliminary investigations into higher order calculations have been
carried out, with a “weak” decoupling case considered and the resultant
equilibrium equation presented; as yet no method attempted has led to its

solution.

7.2 Outlook

Many ideas for next steps in following up the work which constitutes this thesis
have been presented within the concluding remarks of each chapter, and the
reader’s patience will not be tried by having them rehashed in this short afterword.
As is so often the case, there remain many loose ends that remain to be tied up,
but it is hoped that the studies undertaken as part of this thesis will provide some
useful insights and play their role in furthering the community’s understanding
of the physical properties of the SmA phase, in addition to pointing out some
useful mathematical approaches to the modelling of its behaviour.

Electric and magnetic field effects are known for their remarkable interactions
with liquid crystals, giving rise to such phenomena as the Freedericksz transition
in nematics and smectics [68, Sections 3.4, 5.9] and the Helfrich-Hurault effect
found in smectics [23, Subsection 7.1.6], [68, p.286]. The study of such interactions
is therefore conspicuous by its absence from the pages of this thesis. There is
certainly scope for modification of the problems considered in Chapters 3-6 to
include the presence of an electromagnetic field; this would no doubt serve to
significantly alter the behaviour of the smectic. Also absent are any studies
featuring free surfaces, in which surface tension effects would need to be taken
into consideration for sufficiently small scales; examples include the modelling
of thin films of SmA (for which a lubrication approach of the sort outlined in
Chapter 4 may play a useful part) and the behaviour of small drops in various
settings.

Generally speaking, the description of SmA as furnished by the dynamic the-
ory of Stewart in conjunction with the energy density proposed by De Vita and
Stewart presents a wealth of opportunities for studying features of its behaviour
in these settings and many more, allowing novel descriptions of phenomena that
may not be predicted by other models. Where possible, comparison with both

predictions of previously-constructed theories in addition to experimental studies
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is key for those who wish to obtain a clear understanding of the behaviour of this
phase and the mathematical approach to predictions thereof. It is certain that
there is a great deal more work to be done in pursuit of this goal, and it is hoped
that the studies contained within this thesis play their part, however small, in
moving further towards that goal, both directly by means of the results obtained

and indirectly via the further research directions to which they have led.
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Appendix A

Index Notation and the Einstein

Summation Convention

We follow the account set out by Stewart [69, Section 1.4]. Given the usual system

of basis vectors {e1, ey, e3} in R, a vector £ may be expressed as
n
T =116 + T9€9 + T35 = g z,€;. (A.1)
i=1

The terms z;, i € {1,2,3}, are the components of . Employing the Einstein
summation convention allows for equation (A.1) to be written in a more concise
form. The convention is as follows: if an index ¢ appears twice in a given term,
the repetition of that index is taken to be a summation over all the contributions
obtained by allowing the index to assume all its possible values. This is the case
throughout the thesis unless an explicit statement is made to the contrary. In

this way, equation (A.1) is equivalent to
T = 1€ 1=1,2,3. (A.2)

This convention is also applicable to tensors and matrices. Given two n X n

matrices A = [a;;], B = [b;;], their product AB = C = [¢;;] has components as
Cij = Qikbj, (A.3)

where, again, the repeated index k is summed from 1 to n. The index k is referred
to as a dummy index; a summation over a particular index is independent of

the choice of letter, so that a;;by; is indistinguishable from a;y, by, @itby;, etc. The
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trace of a matrix A = [a;;] is defined to be
Tr(A) := ay. (A.4)
It proves convenient to define, for ¢, j,k € {1,2,3} the Kronecker delta ¢;; by

1 ifi=j,
0 ifi#j,

and the alternator ¢;j;,

1 if ijk is an even permutation of {1, 2, 3},
€ijk = § —1 if ijk is an odd permutation of {1, 2,3}, (A.6)
0 if any of i, j, k are equal.

Two useful identities for alternators are the contraction rule
Eijk€ipg = 0jpOkq — 0jqOkp, (A.7)

and the determinant expression

dip  Oig  0;
EijkEpqr = (Sj 5]' 5]‘ . (A8>
5kp 6kq 5k'r

Note that equation (A.7) is simply a special case of (A.8).

The partial derivative of a given scalar quantity ¢ with respect to its ith
variable is denoted by ;¢ or ¢ ; for brevity. For example, the partial derivative of
the scalar function f(z1,...,x,) with respect to its ith variable is 0f /0x; = 0;f =
fi. Similarly, a; ; = 0;a; denotes the partial derivative of the ¢th component of
the vector a with respect to its jth variable. This may be extended in an obvious
way to tensors of order two or higher.

The scalar product of two vectors © = (x1,29,23) and y = (y1, Y2, Yy3),
written @ - y, is defined as

T Y =2y (A.9)

The magnitude of « is || = \/x;z;. It is readily seen, then, that « - & = 0 if and
only if ® = 0. Two non-zero vectors  and y are orthogonal to one another

if and only if - y = 0. The simple geometrical interpretation of this is that
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x -y = |x||y| cosf, where 6 is the angle between ® and y. If § = 7/2, the two
vectors are indeed orthogonal.

The ith component of the vector product x X y is given by
(T X Y)i = €Y, (A.10)
and the scalar triple product is defined as
x- (Y X 2) = TiikYj % (A.11)

The tensor product of two vectors is defined by its action on a third vector via

the relation
(rRy)z=(y-2z)z. (A.12)

The gradient of the scalar field f is
Vf=ef,. (A.13)
The divergence of a vector x is given by
V-x =z, (A.14)

and its curl is defined as
VXxax= €iCijkTk,j- (A15)

The divergence of a second order tensor with components t;; has a divergence
whose ¢th component is given by ¢;; ;. Again, this extends in an obvious way to

tensors of arbitrary order.
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Appendix B

Two Useful Results Regarding
the Roots of Polynomials

For convenience, two of the major results employed in Chapter 3 are presented.

Theorem B.1 (Descartes’ rule of signs). If the terms of a single-variable
polynomial with real coefficients are ordered by descending variable exponent, the
number of positive roots is either equal to the number of sign differences between
consecutive (non-zero) coefficients or is less than it by an even number. (Multiple

roots of the same value are counted separately.)

The following theorem is an extension to the Routh-Hurwitz stability crite-

ria [31,57] for polynomials with complex coefficients.

Theorem B.2 (Frank [18]). Let p(z) be a complex polynomial of degree n of
the form

p(2) == 2"+ (a1 +ib)2" "+ .+ (a1 Fibp_1)z + ay + by, (B.1)

with aj, b; e R (j=1,...,n). Then p(z) has all its zeros in the left half-plane if
and only if the determinants Ay, k=1,...,n, defined by

Al = a, (BQ)
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ap az as -+ A1 —by —by - —bap—2
1 ay a4 agk—2 —br —bs bak—3
0 e by
Ay, = h L k>2, (B3)
by by -0 by 2 @ as as A2k—3
by by -+ by3z 1  ay a4
0 ce by 0 ... ap 1
are all positive. (Note that a;, b; =0 for all j > n.)
Proof. A proof of the result may be found in the paper by Frank [18]. O]

As an example, let us consider an arbitrary polynomial of degree 2: f(z) =
2% + (ay +ib1)z + ay + ibs. The roots of f lie in the left half-plane if and only if

the inequalities

aq 0 —bg
Ay =a; >0, Apo=|1 ay —b |[>0 (B4)
0 bQ aq

are satisfied. We see that the latter of these inequalities simplifies to ay > 0 in
the case where b; = by = 0, thus reproducing the Routh-Hurwitz criteria for a
quadratic polynomial with real coefficients. The case a; = as = 0 is demonstrated
above in Section 4.3.3.

Note that this is easily extended to a cubic polynomial of the form g(z) =
23+ (ay +ib1)2? + (ag + iby)z + a3 + ib3. Again, g(z) has its roots in the left
half-plane if and only if

a] das 0 —b2 0

a; das —bg 1 Q9 0 —b1 —bg
a; >0, 1 ay —by | >0, 0 a1 as 0 —by | > 0. (B5)
0 b2 aq 0 b2 0 aq as
0

bl b3 1 (05}

It readily follows that, on setting b; = 0 for j € {1,2,3}, one obtains the usual

Routh-Hurwitz criteria as employed above in Section 3.6, viz.,

a; >0, aray — as > 0, as(ajas —az)* >0, ie., asz>0. (B.6)
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Appendix C

A Primer on Basic Variational

Calculus

This appendix contains some essential definitions and techniques of the calculus of
variations utilised in Chapter 6 above. For comprehensive introductory accounts
to this vast topic and its powerful methods, the reader is directed to the books
of Gel'fand & Fomin [20] and Sagan [59].

C.1 Differentiation of Functionals

Let J : X — R be a functional; that is, a mapping from the normed linear space
X into the real numbers. The increment of J corresponding to an increment of

h € X applied to the function y € X is given by
AJ(h) = J(y+h)— J(y), y e X. (C.1)

Definition C.1 (Fréchet Differential). The functional J : X +— R is said to be
Fréchet differentiable if

AJ(h) = ds;J(h) +a(y,h),  heEX,

where ds.J(h) is the Fréchet differential of .J at y, a continuous linear functional

of h, and
a(y, h)

lim =0,
Irll—o  ||R|

that is a(y, h) = o (||h]|) as ||h|| — 0.

Definition C.2 (Gateaux Differential). The functional J : X — R is said to be
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Gateaux differentiable if
AJ(h) = ng(h) + a(y, h), he X,

where d,J(h) is the Gateaux differential of J at y, a continuous linear func-

tional of h, and

ie., a(y,th) =o(t) as t — oo.

Lemma C.3. Let J : U — R for some open subset U of X. If J is Fréchet
differentiable then it is also Gateaux differentiable. In this case, dgJ(h) = dyJ(h).

Note that

1. the converse of Lemma C.3 is not true in general: there exist Gateaux

differentiable functions that are not Fréchet differentiable.

2. This Lemma holds in the particular case U = X.

Definition C.4. For y,h € X and t € R, define

_ hm{J(erth) - J(y)}-

t—0 t

d
= J(y +th
o (y +th)

t=0

Lemma C.5. If the functional J : X — R is Gateaux differentiable,

d

t=0

Definition C.6 (First Variation). The first variation (or Gateaux variation)
of J(y) at y = o, denoted by d.J, is defined by

57 = L 1y + th)

= , (C.2)

t=0

provided the right-hand side exists for all h € X.

Note that if the right-hand side does not exist for all h € X, the first variation is

said not to exist.

C.2 Extrema

Suppose that J : U — R for some open subset U of the normed linear space X.

On considering the difference J(y+h)—J(y), we must concern ourselves only with
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admissible functions: elements h such that, if y € U, then y+h € U also. The
functional J(y) is said to have a relative extremum at ¢ € U if J(¢p+h)—J(¢))
has the same sign for all admissible functions h in some neighbourhood of the

origin in X. The function v for which J has an extremum is called an extremal.

Definition C.7. The functional J(y) is said to have a weak extremum at
y = 1 if there exists € > 0 such that J(¢¥ + h) — J(¢) has the same sign for all

admissible h such that ||k, < e, where ||-||; denotes the norm in C*[a, b].

Definition C.8. The functional J(y) is said to have a strong extremum at
y = 1 if there exists € > 0 such that J(¢» + h) — J(¢) has the same sign for all
admissible h such that ||h]| < e, where ||-|| denotes the norm in Cfa, b].

Theorem C.9. In order for a Fréchet differentiable functional J : X — R to
have an extremal 1, the Fréchet differential dyJ(h) must satisfy the following
property:

dsJ(h) =0 for all admissible h.

Moreover, we have

Theorem C.10. In order for a Fréchet differentiable functional J : X — R to
have an extremal v, the Gateaux differential d,J(h) must satisfy the following

property:
dgJ(h) =0 for all admissible h,

which implies a further necessary condition for J to have an extremal v s that

0J =0 for all admissible h.

C.3 The Euler Equation

Consider the integral
b
I0) = [ fay @) do. (1)

We outline the problem of determining an extremal y = t(z) of this integral
satisfying ¥(a) = y, and 1 (b) = y,. While we only illustrate the method for
one function of one independent variable, the approach readily generalises to
multiple functions of multiple independent variables; see [11]. Denote the set of

admissible functions by

F = {y € C'a,b] : y(a) = y, and y(b) = yb} 5
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and the set of admissible variations by
V= {h e C'a,b]: h(a) =h(b) =0}.

Theorem C.11. Let J, as given in equation (C.1), be defined on the set F and
such that f € C*(R). Then, if J has an extremum at y = 1(x), ¥(x) must be a

solution of Euler’s equation

d
d (of\ _of (C.2)
dz \ 0y’ oy

Proof. One readily computes the first variation of J as

d
§J = —J(y+th)

b
- = / (hdy f + WDy f) da.

t=0

By Theorem C.10, a necessary condition for ¢ to be an extremum of J is 6.J(h) = 0
at y = v for all admissible h. Thus

b
/ (hd,f + Wy, f) de =0, Y heV,

It then follows from an integration by parts of the second term in the integrand
and [20, Section 3, Lemma 4] that

d (of\_9of
da <3y’> oy

147



Appendix D

A Method for Solving a Class of
Nonlinear PDE

Counsider the nonlinear PDE

2

Mg (D.1)

2 3
Upprr = 40 (uzz + Ugr Uy £ 2UgUy, + 5U

where a is some real number. The case a = 1/2 with the lower signs chosen
corresponds to equation (6.3.12) above; the case a = 1 with the upper signs
chosen is the case considered by Nepomnyashchy and Pismen [51] for pattern-
forming systems. It is readily checked via differentiation that a solution u(z, z)
of the equation

Uze = asgn(z) (2u. £ ul) (D.2)

also solves equation (D.1). Further, if one introduces the similarity variable v =
x/y/z, the PDE (D.2) may be rewritten in the form

u" = asgn(z) {£()* —vu'}, (D.3)

where ' = d/dv. To simplify notation, we will provide the general solution only

for the case z > 0. To solve equation (D.3), we introduce the transformation

We may then express the ODE (D.3) in the form

@ — :I:a726_‘“’2/2

o , (D.4)
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a first-order separable ODE which may be integrated with respect to v to yield

v _1
—y = (cl + a/ o—at?/2 dt) , (D.5)

where ¢; is a constant of integration. The general solution for u is therefore

1 v
u(v) = F—In ($a/ e /2 gy _ cl> + cg, (D.6)
a —0o0

where the constants ¢; and ¢y are determined by appropriate boundary conditions
on u. For instance, the solution (6.3.14) to the PDE (6.3.12) may be deduced

from this by imposing the condition

5 ulo) = L ul) =3

and applying the definition of the error function

erf(x) := %/0 e~ dt.

It is straightforward to apply the same approach and thereby obtain the solution
for z < 0.

It is readily deduced by substitution of a trial function of the form u = u(xz?)
for some 7 € R into the PDE (D.1) that the only permitted value for a similarity
solution is v = —1/2.

Whether the approach outlined here can be generalised to apply to a wider
class of PDE than that represented in equation (D.1) is a matter for further

investigation.
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