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Abstract 

This thesis presents a method based on fracture mechanics to predict the high cycle 

fatigue life of structures with induced compressive residual stress and to calculate the 

minimum autofrettage pressure required to achieve crack arrest. 

For high cycle fatigue life assessment, the total fatigue life of a component is 

calculated as the sum of crack initiation life and crack propagation life. Three finite 

element models are included in the proposed method. In the first model, the residual 

stress distribution is determined using the tested monotonic stress-strain curve of the 

material. The second model simulates crack propagation, where the crack 

propagation life is evaluated by superimposing the applied load and residual stress 

fields. In the third model, an equivalent stress amplitude is calculated based on mean 

stress correction and applied to obtain the crack initiation life from a stress-crack 

initiation life curve, generated based on an assumed crack initiation length. 

For crack arrest analysis, these three models are employed to determine an effective 

stress intensity factor. Crack arrest is then defined by comparing the effective stress 

intensity factor with the thresholds of crack propagation from various models. Finally, 

the minimum autofrettage pressure required to cause crack arrest is determined under 

a given working load cycle. 

Two types of double-notched specimens made from 316L stainless steel and S355 

low carbon steel are investigated to validate the accuracy of the proposed method. 

Numerical results show good agreement with experimental observations for both 

fatigue life prediction and crack arrest analysis. The proposed method is also applied 

to practical components from literature, demonstrating good applicability in the 

design of pressure vessels, valves, and pipes. 
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Chapter 1 Introduction 

Pressure vessels, pumps, valves and pipes are important components of industrial 

systems to store, handle or transport liquids and gases at a wide range of pressures 

and temperatures. In the design of these industrial structures, sufficient strength, 

stiffness and fatigue life are basic conditions that must be met, otherwise design 

errors may have severe impact on the safety and environment. Fatigue failure is one 

of the main causes of failure of engineering structures. Critical equipment is subject 

to cyclic loading, thermal fluctuations and wind or seismic loads in special cases 

throughout their service time. These repeated loadings can lead to the nucleation of 

cracks and the development of crack propagation, which can undermine the 

structural integrity and the safety of these components and ultimately disable the 

entire industrial systems. The maximum value of the cyclic load is often smaller than 

the safe load estimated by static ductile fracture analysis. Therefore, the issue of 

fatigue failure in these components has received considerable attention among 

engineers and researchers. Engineers have developed several methods for extending 

the fatigue life of structures by inducing residual stress such as shot peening, swage 

autofrettage and hydraulic autofrettage. Then, estimating the fatigue life becomes a 

challenge for researchers. 

Several standards have been proposed to assess the fatigue life of structures, 

including the Forschungskuratorium Maschinenbau (FKM) guideline [1] developed 

in Germany, ASME Boiler and Pressure Vessel Code [2] developed in America. 

These structural safety assessment procedures have been successfully applied in 

design by engineers. However, based on some research, the results of fatigue life 

obtained by these standards may be conservative [3]. Additionally, for situations 

involving induced residual stress, the approaches in standards may not be suitable 

and require adjustment by introducing factors related to the residual stress. However, 

as the residual stress is induced by different approaches, simply adding "residual 

stress factors" to the standards may not be suitable. 
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1.1 Objectives 

Autofrettage is one of the fatigue life extension methods which can be applied widely 

in industrial fields such as the aerospace industry, oil and gas industry, etc. However, 

it is unrealistic to verify or observe the influence of autofrettage through experiments 

due to the huge cost of experiments. Therefore, the purpose of this study is to 

propose a numerical method based on Finite Element Analysis (FEA) to predict the 

influence of autofrettage on the fatigue life and the fatigue limit. To achieve the 

purpose, double-notched specimens were designed for the fatigue tests to be 

compared with the numerical results from the proposed method. Furthermore, the 

proposed method is applied to some practical 3D structures for validation. 

1.2 Outline of the Thesis 

This thesis consists of eight chapters and the topics of these chapters are outlined as 

follows. 

Chapter 2 introduces the definition of the fatigue, some fatigue life enhancement 

methods and summarizes three main fatigue life assessment methods. Among which, 

the stress-based approach and the fracture mechanics approach are focused on. 

Chapter 3 presents the monotonic stress-strain curve and the cyclic stress-strain curve 

and some constitutive models applied to fit these curves based on the obtained 

experimental data. 

Chapter 4 proposes a methodology to assess the fatigue life under compressive 

residual stress. The total life of structures with induced compressive residual stress 

can be calculated by adding the crack initiation life with the crack propagation life. 

The crack initiation life is obtained by the stress-crack initiation life Ὓ ὔ  curve 

determined by an assumed crack initiation length and the simulation of the crack 

growth on the smooth specimen. The crack propagation life with induced residual 

stress is obtained by an effective stress intensity factor (Ўὑ ) that consists of the 

effect of the stress intensity factor of residual stress (ὑ ), applied forces (Ўὑ ) and 

the stress ratio. A new method based on the superposition method and FEA is applied 

to calculate the ὑ Ȣ 
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Chapter 5 focuses on the application of the proposed methodology, double-notched 

specimens are designed and tested to determined their fatigue life with and without 

the residual stress. The numerical obtained fatigue life based on the proposed method 

is then validated by the experimental results. 

Chapter 6 focuses on the application of the proposed method on the practical 

structures. Cross bore blocks and injection system components in diesel engines from 

li teratures are employed to be investigated by the proposed method. The influence of 

structure responses on the crack growth simulation is discussed. 

Chapter 7 extends the application of the proposed method to the determination of the 

minimum autofrettage pressure. The effective stress intensity factors obtained from 

various autofrettage pressures can be compared with the thresholds in different stages 

of crack propagation to find the minimum autofrettage pressure that causes the crack 

arrest. The influences of two kinds of threshold models on the crack arrest analysis 

are also discussed. 

Chapter 8 summarizes the conclusions from each chapters and provides the future 

work of this thesis. 
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Chapter 2 Fatigue Life Assessment 

Fatigue life refers to the number of cyclic loads to which a material or structure is 

subjected until failure. From the development process of fatigue damage, fatigue can 

be divided into three stages as crack initiation, crack propagation and final fracture as 

shown in Figure 2.1. The number of cycles from the start of loading to the crack 

reaching a given crack initiation length is the crack initiation life. Thereafter, the 

number of cycles from the crack initiation extending to the final crack length is the 

crack growth life. In the last stage, the structure goes through rapid fracture and the 

life is significant short. 

 

Figure 2.1̈Three stages of fatigue life model. 

2.1 Fatigue Life Enhancement Through Induced Residual Stress 

Residual stress is an internal stress in a component even when subjected to no 

external loading. This stress can be induced in practical manufacture due to 

mechanical processes (machining, cutting and grinding) and thermal processes 

(welding). The presence of residual stress can have both negative and positive effects 

on the fatigue life. For instance, in the welding process, the residual stress is induced 

as a consequence of temperature gradients that result in compressive strain along the 

welding path compared to other areas. Once the cooling process is completed, this 
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compressive stress is transformed into tensile residual stress on the critical points 

which can decrease the fatigue life of structures. On the contrary, if compressive 

residual stress is induced, the fatigue life may be increased. Based on this concept, 

engineers and researchers have developed various approaches to induce compressive 

residual stress in regions prone to fatigue crack initiation and propagation, to enhance 

fatigue life. This can be achieved through several different mechanical processes, 

such as shot peening, laser peening, low plasticity burnishing, swaging and 

autofrettage. 

2.1.1 Shot Peening and Laser Peening 

Shot peening and laser peening are both methods used to induce compressive 

residual stress on the surface of structures to increase fatigue life. 

Shot peening is a cold working process where small spherical media are impacted on 

the surface to form small indentations, which can be regarded as plastic deformations. 

After shot peening, compressive residual stress is induced on the surface. This offsets 

the tensile stress under working loads to enhance the structure from the fatigue 

failure. For example, experimental investigations of shot-peened surfaces in 316 

stainless steel have shown that the number of cycles required to form a crack 

increased from 8000 to 500,000 after shot-peening intensity with 12.2N and the 

crack propagation rate was also decreased due to the residual stress. In addition, 

peened specimens can have longer crack initiation life than polished specimens [4]. 

Therefore, shot peening is widely applied in structures such as aircraft engine blades, 

aircraft fuselage and transmission system parts in automobiles. 

In laser peening, a laser with high power density and short pulse is employed to 

induce a strong shock wave within the metal. When the peak value of the shock wave 

is larger than the yield strength of the metal, plastic deformation occurs on the 

surface, resulting in compressive residual stress [5]. Zhang et al. investigated fatigue 

life improvement by laser peening Ti-6AL-4V with a constant load ratio fatigue test. 

According to the experimental investigation, the fatigue life of laser peened 

specimens was increased by 22.2% to 41.7% compared to as-received specimens [6]. 

Laser peening can induce deeper and larger compressive residual stress compared 
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with shot peening [7] and can maintain a clean surface finish. Therefore, it has been 

used to extend the fatigue life of key aviation components. 

2.1.2 Low Plasticity Burnishing 

Low plasticity burnishing developed from traditional ball burnishing and roller 

burnishing techniques. In comparison to these methods, low plasticity burnishing 

controls the pressure applied on the structure by a spherical fluid bearing tool to just 

exceed the yield stress of the material [8]. With this technology, a layer of 

compressive residual stress can be created by the plastic deformation to enhance the 

fatigue life. According to experiments on the fatigue performance for Inconel 718 

after low plasticity burnishing, the surface roughness of specimens declined by 64.3% 

to 70.6% compared with the as-received specimens, and according to the tested 

results of specimens under three different burnishing pressures, the fatigue life of 

specimens was increased by approximately 37.1%, 62.4% and 82.4% respectively [9]. 

Low plasticity burnishing can extend the fatigue life without significantly changing 

the shape and tolerances of components and has been widely applied to the repair of 

commercial aircraft components. 

2.1.3 Swage Autofrettage 

Swage autofrettage is widely applied in the nuclear industry. In swage autofrettage, 

an oversized tapered mandrel is pushed through the bore of the tube inducing plastic 

deformation at the interior wall. After swage autofrettage, compressive residual stress 

is induced on the internal surface, leading to increased the fatigue life [10]. 

According to the experiment results of the fatigue life of thick-walled cylinders 

through a hybrid rotational-swage autofrettage, the fatigue life of different cylinders 

subject to a range of internal pressure can be increased by 15.37 times for SS316 

cylinder and 377.33 times for Al7075-T6 cylinder [11]. 

2.1.4 Hydraulic Autofrettage 

Engineers must explore alternative methods to enhance fatigue life to meet design 

requirements. While increasing wall thickness can reduce maximum stress and 

thereby increase fatigue life, this approach has limitations and can also raise costs. 

Therefore, autofrettage as a localized surface strengthening method becomes a 
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favourable option for fatigue enhancement to eliminate the need to change the shape 

and material of the component. Detailed numerical and experimental analyses of 

hydraulic autofrettage have been carried out by many studies [12-14]. The method of 

hydraulic autofrettage is commonly applied to pressure vessels with thick walls, and 

involves subjecting the components to an intense internal pressure through a 

hydraulic liquid [15].  

In hydraulic autofrettage, the component is subject to internal pressure great enough 

to cause limited plastic deformation in highly loaded regions prior to service. When 

this autofrettage pressure is reduced to zero, the elastically deformed regions of the 

vessel seek to recover their original dimensions but are prevented from doing so by 

the permanent deformation of the plastically deformed material, inducing residual 

compressive stress at these locations. Experimental investigations have shown that 

this procedure can significantly increase the fatigue life of components or vessels in 

subsequent operations. Mughrabi et al. found the fatigue limit can be increased by 

more than 40% by autofrettage [16]. Other autofrettage studies by Rees, Underwood 

et al., Badr et al., Lee and Koh, PoLzl and Schedelmaier, Thumser et al., Sellen et al. 

have reported fatigue strength increase in excess of 60% [17-23]. 

For instance, half of a thick-walled cylinder is  shown in Figure 2.2, considering a 

2D structure, the radial stress and hoop stress based on elastic analysis can be 

calculated analytically [24]. For elastic-perfectly plastic material, the radial and hoop 

stress can be calculated as well by equations [25] and the residual stress can be 

described by equations [26]. 

After hydraulic autofrettage, compressive residual stress can be induced on the 

internal surface as shown in Figure 2.2 (b). With the same internal pressure, the hoop 

stress through the thickness can be changed from Figure 2.2 (a) to Figure 2.2 (c) 

where the maximum tensile hoop stress on the internal surface shown in Figure 2.2 (a) 

encounters the compressive residual stress and then is decreased as shown in Figure 

2.2 (c). 
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Figure 2.2. Theory of autofrettage: (a) Hoop stress of thick-walled cylinder with 

internal pressure; (b) Residual stress distribution; (c) Hoop stress distribution after 

autofrettage. 

 

2.2 Fatigue Categories 

The load that causes a material or structure to fail under monotonic loading is called 

the static strength. The fatigue failure occurs due to the repeated stress or strain and 

the number of times or cycles leading to failure is called fatigue life and the load 

value that corresponds to the fatigue life is fatigue strength. Fatigue can be classified 

from different perspectives. From the perspective of the stress state at the critical 

points, fatigue can be classified as uniaxial fatigue and multiaxial fatigue. Uniaxial 

fatigue refers to the stress state at the critical point of a material or structure that 

experiences only one stress or strain component, as observed in a fatigue test, for 

instance. In contrast, multiaxial fatigue refers to the stress state that experiences two 

or three stress or strain components that independently vary periodically with time. 

Additionally, based on the types of cyclic loadings applied to the structure, fatigue 

can be classified into mechanical fatigue (structures only subject to mechanical 

loadings), thermomechanical fatigue (structures subject to thermal loadings and 

mechanical loadings), creep fatigue (structures under high temperature conditions), 

and corrosion fatigue (structures in chemically corrosive environments) and so on.  
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The fatigue life of a structure at room temperature is determined by the cyclic load. 

Based on the number of cycles to failure, it can be classified as low cycle fatigue 

(LCF) when less than around ρπ cycles, high cycle fatigue (HCF) when greater than 

around ρπ cycles up to ρπ cycles, whereafter it is classified as very high cycle 

fatigue (VHCF).  

In this chapter, only mechanical fatigue is considered, and uniaxial and multiaxial 

fatigue criteria discussed. In addition, the fatigue life assessment methods 

appropriate for different lengths of fatigue life are introduced. There are three 

common methods to estimate fatigue life: the stress-life method, the strain-life 

method and the fracture mechanics method. The stress-life methods and fracture 

mechanics methods are focused on here. 

2.3 Constant Amplitude Stressing 

When the maximum and minimum stress levels of the cyclic loading are constant, as 

shown in Figure 2.3, the cyclic loading is called constant amplitude loading. 

 

Figure 2.3. Cyclic loading with constant amplitude stressing. 

As shown in Figure 2.3, „  and „  are the maximum and minimum cyclic stress. 

The stress cycle is characterised by stress range, Ў„. „ is the stress amplitude, „  is 

the mean stress and R is the stress ratio. The relationships between these stresses are 

shown in equations (2.1) to (2.4). 

Ў„ „ „  (2.1) 

„
Ў„

ς

„ „

ς
 

(2.2) 
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„
„ „

ς
 

(2.3) 

Ὑ
„

„
 (2.4) 

Cyclic stressing can be specified in terms of the stress ratio Ὑ. If Ὑ ρ, „ π 

and the absolute values of „ ȟ„  are equal. This fully-reversed cycle is shown 

in Figure 2.4 (a). When Ὑ π, „  is zero, „ „ . This stress cycle is 

called as zero-based or zero-to-tension cycling, as shown in Figure 2.4 (b). These two 

cases of cycling are the most common cases considered in fatigue life assessment 

methods. 

 

Figure 2.4. Two specified cyclic stressing (a) Fully-reversed cycling (b) Zero-based 

cycling. 

 

2.4 Stress L ife Approach 

When a structure is subjected to cyclic loading, fatigue cracks form and propagate 

until complete fracture occurs. Higher stresses result in a smaller number of cycles to 

failure, while lower stresses lead to a larger number of cycles. To estimate the fatigue 

life from stress, it is necessary to establish the relationship between nominal stress 

and the number of cycles to failure for several different test stress levels, as 

illustrated in Figure 2.5 (a) where the stress -life data obtained from fatigue tests are 

included. LCF, HCF and VHCF regions are distinguished by the number of cycles to 

failure. The stress-life data can be fitted by a curve called as the stress versus life (S-
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N) curve. It can be applied to calculate the lif e if the nominal stress amplitude is 

determined. 

 

Figure 2.5. (a) Classical stress-life curve. (b) Stress-life curve of HCF in log-log plot. 

Commonly, S-N curves in HCF region are plotted on log-linear or log-log scales as 

shown in  Figure 2.5 (b) so that the S-N data can be assumed to lie on a straight line 

and can be fitted mathematically as: 

„ ὅ ὈÌÏÇὔ (2.5) 

where C and D are material constants for log-linear scale. 
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In log-log plot: 

„ ὃὔ  (2.6) 

where A and B are also material constants. 

(2.6) can also be expressed as: 

„ „ ςὔ  (2.7) 

(2.7) is called the Basquin equation, which has been widely adopted by researchers, 

where „  and ὦ are material constant for fully reversed cyclic loading. 

2.4.1 Mean Stress Correction 

Although, the stress range is the main feature to affect fatigue failure, it can also be 

influenced by the mean stress. Tensile mean stress trends to decrease the fatigue life 

[27], but compressive mean stress may increase it [28-30].  

The stress-life curve and strain-life curve are generated based on fatigue tests with 

specific stress ratios. To apply these curves across various stress ratios, they are 

typically converted to the fully reversed cyclic loading condition („ πȟὙ ρ) 

using mean stress correction. If the mean stress is not zero, to apply these curves, the 

mean stress is required to be considered by some mean stress correction method. 

Fatigue strength varies with changes in mean stress. To estimate the endurance limit 

under different mean stress conditions, various simple models have been developed. 

For the stress life method, the three widely used models are Gerber model, Goodman 

model and Soderberg model [31] as shown: 

Gerber model 
 „ „ ρ

„

„
 

(2.8) 

Goodman model 
 „ „ ρ

„

„
 

(2.9) 

Soderberg model  „ „ ρ
„

„
 

(2.10) 

where, „  is the fatigue strength under fully reversed cyclic stress and „ is the 

tensile strength, „ is the yield stress. 
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All three models are shown in Figure 2.6, with the same mean stress, the corrected 

fully-reversed stress amplitude of Gerber model is the largest and the Soderberg 

gives smallest value. Therefore, compared with Gerber and Goodman models, 

Soderberg model is the most conservative for tensile mean stress that the mean stress 

is positive [32]. In addition, all these three models are employed typically with 

tensile mean stress as shown in Figure 2.6 and needs to be updated for the situation 

with negative mean stress. 

 

Figure 2.6. Gerber, Goodman and Soderberg mean stress correction model. 

The Walker equation (2.11) [33] may be a better choice to be applied in the negative 

mean stress region compared with previous three models to calculate the equivalent 

stress amplitude: 

„ „
ρ

ς Ὑ
 

(2.11) 

where,  is a material constant.  

A mean correction method included in the FKM guideline [34] is available for a 

wider range of R ratios, as shown in Figure 2.7. The so-called Haigh diagram is 

divided by four regimes by the R ratios as follows: 

¶ Regime 1: The values of R are larger than 1, but the mean stress is negative. 

In this situation, the maximum stress and the minimum stress are compressive. 
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¶ Regime 2: -Њ Ὑ π, the minimum stress is negative or equal to 0. Two 

specific cases are included in this regime that fully reversed cyclic loading 

(Ὑ ρ) and zero-based cyclic loading (Ὑ π). 

¶ Regime 3: 0 Ὑ πȢυ, both maximum stress and minimum stress are tension. 

¶ Regime 4: 0Ȣυ Ὑ ρ, the alternating stress in this regime is high. 

For the four regimes shown in Figure 2.7: the equivalent stress amplitude (Ὑ ρ) 

can be corrected from the mean stress as: 

„ „ for Regime 1 and 4 (2.12) 

„ „ ὓ „  for Regime 2 (2.13) 

„ ρ ὓ
„ ὓ σ„ϳ

ρ ὓ σϳ
 

for Regime 3 (2.14) 

where, ὓ  is the mean stress sensitivity factor: 

ὓ ὥ„ ὦ  (2.15) 

and, ὥ  and ὦ  are material constants. 

 

Figure 2.7. Four regimes in the FKM-guideline mean stress correction graph. 

Although mean stress can influence the fatigue life, there are some situations where 

the mean stress effect is ignored. For instance, for welded structures where the 

residual stress is induced after a heat-intensive process [35], high longitudinal tensile 

residual stress is present in the weld [36-38]. Initially, researchers believed that this 

induced tensile residual stress could lead to tensile mean stress, resulting in a 
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decrease in the fatigue life [39]. However, further research found that the mean stress 

has no notable effect on fatigue failure since with high tensile residual stress, the 

stress in the welded joints can reach the yield point, even though the applied external 

stress is not large, making the mean stress effect negligible [40]. Nevertheless, some 

researchers argue that the residual stress effect on the mean stress in welded 

structures should be considered due to the relaxation of the residual stress after 

applied load cycles, especially during the first cycle [41-44]. Additionally, there are 

some approaches trying to induce compressive mean stress in the weld to increase 

the fatigue life [45]. 

2.4.2 The Influence of Stress Concentration 

Notches in a structure, such as a sharp change in cross-sectional, can increase the 

stress and strain in the local region of the structure. This phenomenon is called stress 

concentration and can be expressed by stress concentration factor ὑ  as (2.16).  

ὑ
„

„
 (2.16) 

where, „ is nominal stress as shown in Figure 2.8.  

Stress concentration is a common phenomenon in structures. Compared with safety 

design under static loading, the effect of stress concentration is more significant in 

fatigue design under cyclic loading. This is because when a structure is subjected to 

cyclic loading, even if the nominal stress is less than the yield stress, plasticity may 

still be induced in local region with high stress concentration factors, causing fatigue 

damage. Therefore, the fatigue life of the entire structure is dependent on the local 

stress and strain. Since the concept of stress concentration factor was proposed, many 

experiments have been performed to obtain the stress concentration factor and the 

longitudinal stress distribution „ , shown in Figure 2.8.  
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Figure 2.8. Stress distribution along the notch. 

For instance, in a single notched flat specimen, the stress concentration factor can be 

affected and determined by the radius of the notch root [46, 47]. By multiplying the 

nominal stress with the ὑ , the maximum stress, „  on the notch root, ὼ in Figure 

2.8 can be determined. Then, „  of the vicinity of the notch tip can then be 

estimated from „  by polynomial functions, but for more complex structures, 

Finite Element Analysis is required. 

Although, stress concentration has significant influence on fatigue strength, the 

theoretical stress concentration factor ὑ can not fully describe those effects. In 

application of the stress life method to notched specimens, if the maximum stress 

calculated from the stress concentration factor is substituted into S-N curve to 

calculate the fatigue life of the structure, the results may be underestimated. For 

instance, in welding structures, researchers have proposed the concept of hot-spot 

stress, which is related to the stress distribution in the front of the weld toe rather 

than directly on the weld toe, to estimate the fatigue life [48]. Therefore, a concept 

called the fatigue notched factor ὑ has been proposed as: 

ὑ
Ὓ

Ὓ
 

(2.17) 
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where, Ὓ is the fatigue strength of the smooth structure and Ὓ is the fatigue strength 

of the notched structure. Several methods were proposed to determine the value of 

ὑ. In the line method proposed by Neuber [49], a length L could be selected as 

shown in Figure 2.8, and when the average stress over the length was larger than the 

fatigue strength, fatigue damage would occur. In this theory, the ὑ can be calculated 

from the ὑ  as: 

ὑ ρ
ὑ ρ

ρ
ὥ
”

 
(2.18) 

where, ὥ  is a function of yield stress and it is called the Neuber factor. ” is the 

radius of the notch tip. Similar to Neuberôs theory, Peterson [50] assumed that the 

fatigue damage occurred when the point stress at a distance from the notch tip was 

larger than the fatigue strength of the smooth structure. Then ὑ can be presented as: 

ὑ ρ
ὑ ρ

ρ
ὥ
”

 
(2.19) 

ὑ  is easier to obtain than ὑ by experiments or finite elements analysis. Therefore, 

the value of ὑ is typically determined from ὑ  by assessing the ratio of ὑ /ὑ in the 

FKM guideline [51]. ὲ  is employed to represent the ratio which can be determined 

by the related stress gradient (Ὃ), the tensile strength and the width at the notch net 

section.  

The related stress gradient is an important factor in FKM, and for a simple structure 

it can be determined directly by the radius of the notches [52]. However, for more 

complex structures, the values of Ὃ have to be obtained from the practical stress 

distribution in the vicinity of the notches shown in Figure 2.8 as (2.20). 

Ὃ
ρ

„

„

ὼ
 

(2.20) 

where, ὼ is the coordinate point where the stress is the maximum stress. 
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In both Neuberôs and Petersonôs theories, a length must be determined to calculate 

the average stress or the point stress. A new theory named as the theory of critical 

distance (TCD) was proposed by Taylor [53] to define a critical distance where the 

average of stresses should be calculated. The critical distance ὒ can be calculated by: 

ὒ
ρ

“

ɝὑ

ɝ„
 

(2.21) 

where, ɝὑ  is the threshold of fatigue crack propagation and ɝ„ is the amplitude of 

the fatigue limit. 

The TCD approach has been proven to have high accuracy when employed to predict 

fatigue failure [54]. However, the length ὒ of (2.21) is mostly used in high cycle 

fatigue prediction. In medium cycle fatigue region, the critical length is assumed as a 

function of the number of cycles as: 

ὒ ὃὔ  (2.22) 

where, ὒ  is the critical length in medium cycle fatigue region and ὔ is the number 

of cycles to failure. A and B are material constants, where ὃ π and ὄ π. 

Two methods can be applied to determine the values of A and B. The first method is 

based on the static and fatigue limits. When the stress amplitude is equal to the static-

limit loading, the life is ὔ . The critical length ὒ  versus ὔ  relationship can be 

determined as: 

ὒ ὒ
ρ

“

ὑ

„
 

(2.23) 

where, ὒ is the critical length of the static limit, ὑ  is fracture strength and „ is the 

ultimate tensile stress. Meanwhile, when the amplitude stress is equal to the fatigue-

limit loading, the life is ὔ . The critical length ὒ  versus ὔ relationship is: 

ὒ ὒ
ρ

“

ὑ

„
 

(2.24) 

Then 
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ὄ
ÌÏÇ 
ὒ
ὒ

ÌÏÇ 
ὔ
ὔ

 

(2.25) 

ὃ ὒὔ  

The second method is dependent on two S-N curves: one for a plain specimen and 

another for a notched specimen. For a given life ὔ, the corresponding amplitude 

stress in plain specimens, „ȟ should be equal to the stress in the critical length. In 

addition, for the same given life ὔ, the result of the corresponding amplitude stress 

in notched specimens, „ȟ multiplied by ὑ , is equal to the maximum stress on the 

notch root. Then the critical length can be calculated by two or more selected ὔ, as 

shown in Figure 2.9.  

 

Figure 2.9. Critical length determination in TCD. 

 

2.4.3 Limitation of TCD Method 

In (2.21), the critical length in TCD is determined by the values of ɝὑ  and ɝ„. As 

both values are dependent on the stress ratio Ὑ, a key premise of TCD is that the 

stress ratio must be constant. However, after autofrettage with the presence of the 

induced compressive residual stress, the stress ratio and the mean stress are variable, 

such that the TCD approach is not directly applicable. The approach mentioned in the 

Section 2.4.2 can be applied to determine the critical length with a specific 

autofrettage pressure by conducting experiments to generate the S-N curve for 

autofrettaged notched specimens and plain specimens. However, a large number of 

fatigue tests must be conducted for both autofrettaged notch specimens and plain 
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specimens. Moreover, the critical distance varies with different autofrettage pressures. 

Therefore, conducting these tests for the determination of critical length can be 

expensive. 

2.5 Strain L ife Approach 

Similar to the stress life approach, in the strain life approach the number of cycles to 

failure is determined by the strain range, and the relationship between strain and the 

fatigue life is expressed by the strain-life (‐-N) curve as shown in Figure 2.10. The 

strain life data in this curve is collected by strain controlled fatigue test and for each 

test, amplitudes of strain, stress can be obtained from a hysteresis loop as shown in 

Figure 2.10 as well and for longer fatigue life, the hysteresis loop is smaller with less 

strain amplitude. 

 

Figure 2.10. Classical strain-life curve. 

The ‐-N curve can be described by the Manson-Coffin equation, which is the most 

widely used in the form: 

‐ ‐ ‐
„

Ὁ
ςὔ ‐ ςὔ  

(2.26) 
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where, ‐ is the total strain amplitude, ‐  is the elastic strain amplitude and ‐  is 

the plastic strain amplitude. „  and b are fatigue strength coefficients, ‐  and c are 

fatigue ductility coefficients. All these coefficients should also be obtained from the 

fully reversed cyclic loading test [55]. 

The Manson-Coffin equation consists of elastic parts and plastic parts, as shown in 

Figure 2.10, where, the red line is for plastic and the blue line is for elastic. There is 

an intersection point (ὔ  of the elastic and plastic lines. When N ὔ , the plastic 

strain plays the main role in fatigue and when N ὔ , the elastic strain has a key 

effect on fatigue. 

2.5.1 Local Stress-strain Approach 

For notched structures, fatigue failure arises from the accumulation of fatigue 

damage in localized areas, which is influenced by the magnitude of local stress and 

strain. In response to this, methods have been proposed to estimate the fatigue life of 

notched structures by local stress-strain analysis [56]. The cyclic stress-strain curve 

and the Neuber rule transforming the nominal stress spectrum into the local stress-

strain spectrum at the critical area is included in this method. Subsequently, life 

estimation is conducted based on the local stress-strain history and the Manson-

Coffin equation (2.26). 

The local stress-strain method is predominantly employed for evaluating LCF, where, 

compared to the HCF, the area around the notch root mostly undergoes plastic 

deformation, as shown in Figure 2.11. The gradient in (2.20) is smaller in the plastic 

zone, so that the stress or strain at the notch root can represent the stress or strain 

distribution around the notch area. However, in elastic stress or strain distribution, 

the gradient is larger and the ñaverage stressò around the notch root cannot be 

represented by a single stress or strain at the notch root. 
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Figure 2.11. Comparison of elastic stress-strain distribution with plastic stress-strain 

distribution around the notch root. 

 

The procedure for estimating the fatigue life of structures by applying the local 

stress-strain method is shown in Figure 2.12. 

(1) Identification of critical point: Mostly, the points or areas on the structure 

with high concentration factors. 

(2) Determination of the nominal stress spectrum and the cyclic stress-strain 

curve for the material of the structure. 

(3) Calculation of the local stress-strain spectrum by FEA or Neuber approximate 

solution. In Neuber's approximate solution, (2.27) with Neuber constant, C 

and (2.28) are employed to calculate the stress and strain range. 

Ў„Ў‐
ὑ ЎὛ

Ὁ
ὅ 

(2.27) 

Ў‐

ς

Ў„

ςὉ

Ў„

ςὑ
Ⱦ  

(2.28) 

The Neuber approximate solution can be described as shown in Figure 2.13. 

In each cycle, nominal stress either increases or decreases, enabling the 

calculation of the Neuber constant based on this change. Then, by solving the 

(2.27) and (2.28), the increment or decrement of stress and strain can be 

determined. Finally, the stress and strain state at the critical point at the end of 

each cycle can be obtained. 
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(4) Calculation of the fatigue life by the strain-life curve and the accumulation of 

fatigue damage. 

 

Figure 2.12. The procedures of local stress-strain method. 

 

Figure 2.13. Neuber approximate solution. 

2.6 Multiaxial Fatigue 

S-N curves are commonly based on 1D stress. However, for real structures 

experiencing 3D stress, the results from 3D analysis need to be related to 1D material 

properties. Several multiaxial fatigue failure criteria have been proposed by 

researchers, among which, the most successful and widely used criterion is the 

critical plane approach [57], which is related to the Tresca yield criterion. Findley 

proposed that variable shear stress on the critical plane was the main factor to 
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generate fatigue damage, and the stress normal to the critical plane affected the 

ability of the material to resist fatigue damage. Based on this theory, he proposed a 

linear function combining the shear stress amplitude and normal stress as a fatigue 

criterion [58]. Kandil proposed a strain critical plane criterion [59] and McDiarmid 

proposed a stress criterion [60]. Brown proposed that the crack generated at the plane 

with the maximum shear stress and propagated along the orientation of the maximum 

normal strain [61]. The influence of the mean stress on the critical plane approach 

can be expressed on the normal strain or stress in Susmelôs work[62] as: 

† † „
†

ς
Ͻ
„ȟ
†

 (2.29) 

where, † is the shear stress amplitude on the critical plane,  „ȟ  is the maximum 

normal stress on the critical plane, „  and †  are the fully reversed tensile and 

shear fatigue limit. In summary, in the critical plane approach, the shear stress 

amplitude and normal stress are employed for the estimation of fatigue failure with 

high accuracy [63]. This fatigue criterion is also included in the ASME BPVC VIII  

Div 3 [64] where the principal stresses are employed to calculate the maximum shear 

stress as show in Figure 2.14. 

 

Figure 2.14. Maximum shear stress around a point. 

As shown in Figure 2.14, the maximum shear stresses on the three planes are: 
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†
„ „

ς
 (2.30) 

†
„ „

ς
 

†
„ „

ς
 

where, †ȟȟ are three maximum shear stresses on the planes and „ȟȟ are principal 

stresses. 

The normal stresses on planes are: 

„
„ „

ς
 

(2.31) 
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The procedures included in the ASME BPVC VIII  Div. 3 are based on Figure 2.14 to 

determine the fatigue controlling stress components as follows: 

¶ Determine the values of principal stresses („ȟ„ȟ„) at the interest points 

during the cyclic loading. 

¶ Calculate the principal stress differences: 

Ὓ „ „ 

Ὓ „ „ 

Ὓ „ „ 

(2.32) 

Determine the stress differences under the maximum cyclic loading (Ὓ ) 

and the stress differences under the minimum cyclic loading (Ὓ ). An 

alternating shear stress range Ὓ    Ὥ Ὦ ρȟςȟσ is defined for each stress 

difference. 

Then, all the alternating stress can be calculated as: 

Ὓ  πȢυὛ Ὓ  (2.33) 

All stress differences can be obtained as: Ὓ  , Ὓ  , Ὓ  . 
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¶ The mean stresses are the normal stresses on the planes of the maximum 

shear stresses, calculated as: 

„ πȢυ„ „  (2.34) 

„ πȢυ„ „  
 

„ πȢυ„ „  
 

where, „  is applied to represent any one of these normal stresses. The 

mean normal stresses can be calculated as: 

„  πȢυ„ „  For Ὓ Ὓ  and Ὓ 

Ὓ 

(2.35) 

„  π For Ὓ  Ὓ 

¶ Finally, the equivalent alternating stress Ὓ   can be obtained by the mean 

stress correction method included in the ASME code as: 

Ὓ  Ὓ  

ρ

ρ „  ȾὛ
 

(2.36) 

where,  is a material constant and Ὓ is the amplitude of fatigue limit with zero 

mean stress and ρπ fatigue life cycles. 

One of the limitations of the critical plane approach and Tresca criterion is that the 

fatigue controlling stress is determined by the maximum shear stress, which is not 

invariant. When the principal directions change during the load cycle, the maximum 

shear stress amplitude cannot be determined easily by the procedures above. The 

critical plane must be obtained considering the change of the shear stress plane [65, 

66]. This problem can be easily resolved if the fatigue controlling stress is taken to 

be the von Mises stress, which is invariant. However, when applying the Von Mises 

stress, compressive stress cannot be represented as negative. To solve this problem, a 

method with signed Von Mises stress [67] is proposed as: 

„
„

ȿ„ ȿ
Ͻ
„ „ „ „ „ „

ς
 

(2.37) 

where, „  is the signed Von Mises stress, „  is the absolute maximum principal 

stress and is usually defined as „ „ „ in FEA. For compressive residual stress, 
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although the value of „ is negative, the absolute value of „ is larger than „, so the 

„  in (2.37) can be defined by „ and the value of „  is negative and in the 

same way, the value of „  for tensile residual stress is positive. However, there are 

concerns regarding the signed von Mises approach, as it may not provide as accurate 

results as the critical plane approach [68, 69].  

2.7  Fracture Mechanics Fatigue Method 

Fatigue can be studied from various perspectives. Both stress-based and strain-based 

approaches are based on a continuum, focusing on the number of cycles leading to 

failure and relating these cycles to stress and strain. However, from the nature of the 

fatigue mechanism, the process of studying fatigue is also the process of studying 

cracks. Fatigue generally refers to the damage of a structure under repeated loads, 

which includes the following stages: formation of cracks, crack propagation and 

fracture. In more detail, it includes the formation of slip bands, small crack 

propagation, long crack propagation and final fracture. After crack initiation, the 

typical fatigue crack propagation process of metallic materials can be divided into 

three stages, as microstructurally small cracks (MSC), physically small cracks (PSC) 

and long cracks (LC) [70]. The microstructurally small cracks and physically small 

cracks can be considered to be small cracks. The study of fracture mechanics fatigue 

method is based on the analysis of crack length. 

2.7.1 Crack Initiation  

Traditionally, total fatigue life is considered to be the sum of crack initiation life and 

crack propagation life. The crack initiation life is difficult to determine if  the crack 

initiation length does not have an exact value and the complexity of micro crack 

monitoring methods. To predict the crack initiation life numerically, engineers often 

assume the crack initiation length based on experience, and the values used are often 

different. The crack initiation length plays an important role in addressing the issue 

of fatigue life prediction, as crack initiation life can be a significant part of the total 

life, especially for high cycle fatigue [71]. It is therefore important to define at which 

length crack initiation terminates and crack propagation starts.  
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The typical fatigue process for metallic materials can be divided into MSC growth 

PSC growth and LC growth. Among these, the nucleation and MSC growth are 

difficult to represent through a numerical model, but the rate of PSC and long crack 

growth can be represented by the Paris law [72]. For engineering applications, it is 

convenient to treat the MSC length as the initiation crack length.  

Investigations of microstructurally small crack growth [73-75] have shown that in the 

early stage, several fatigue cracks occur from persistent slip bands and then stretch 

across one grain. However, most of the cracks stop at the boundary of grains, and the 

crack can only extend when adjacent grains have nearly identical orientations. By 

observing the micro-cracks in the grains of 316L stainless steel, Obrtlik et.al [75] 

gave a crack transition length (ὥ  which divided the whole fracture process into a 

crack generation region and a crack propagation region. The crack generation was 

limited by reaching ὥ, which could be assumed as the crack initiation and was the 

length of one or two average grains sizes. As the average length of grains in their 

investigation was 100‘ά, the value of ὥ can be assumed as 200‘ά. Similarly, 

Angelika and Huang [73] proposed that two-segment cracks were formed when a 

micro-crack in a grain broke through the boundary and grew into another one, and, 

likely, three or more kinks formed by crack growth. Pham and Holdsworth [74] 

proposed that the size of an MSC was affected by the applied strain amplitude and 

the temperature, by observing the first fatigue striation of material 316L steel, for 

which the average grain size is about 60 ‘άȢ  

2.7.2 Small Crack Propagation 

The presence of a small crack implies that its dimensions are within the same order 

of magnitude as the structural scale of the material. In such cases, the assumption of 

a macro-continuum can no longer be considered valid. Determining the precise size 

range for what constitutes a "small crack" varies and is often drawn from 

experimental findings specific to a given material. The Kitagawa-Takahashi diagram 

[76] was proposed to define the range of cracks as shown in Figure 2.15. The crack 

growth length is divided into three stages in the KT diagram. Length Ὠ  is the 

microstructurally small crack length, from Ὠ to Ὠ is physically small crack growth 

and after Ὠ is long crack growth.  
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Figure 2.15. Kitagawa-Takahashi diagram showing the threshold. 

EI Haddad proposed that the structural scale of a material was ὥ, where ὥ can be 

determined from the stress intensity factor threshold of LC (Ўὑ ) and the fatigue 

strength amplitude at high number of cycles to failure (Ў„  as: 

ὥ
ρ

“

Ўὑ

Ў„
 

(2.38) 

A crack length less than ὥ  should be defined as a small crack. The ὥ  in EI 

Haddedôs equation is same as the critical distance in TCD. Based on the applicability 

of linear elastic fracture mechanics, Miller proposed the cracks smaller than Ὠ 

should be defined as small cracks [77, 78]. 

KT diagram shown in Figure 2.15 is the most widely used tool to describe the short 

crack threshold. There are two available models to describe the curve in the KT 

diagram. One of these is the EI Haddad model [79] where Ўὑ ȟ is a function of  

Ўὑ  with crack size and the transition between PSC and LC (Ὠ  as: 

Ўὑ ȟ Ўὑ
ὥ

Ὠ
 

(2.39) 

where, Ўὑ ȟ is the crack size dependent stress intensity factor threshold of PSC. 

The EI Haddad model has been successfully applied in the calculation of Ўὑ ȟ in 

the fretting fatigue crack arrest analysis [80, 81]. Another model was proposed by 
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Chapetti. In this model, the nonlinear threshold is considered. In the Chapetti model, 

the types of thresholds during crack propagation can be summarized as the intrinsic 

threshold (Ўὑ ȟ  and the extrinsic threshold (Ўὑ ) as in (2.40) and shown in Figure 

2.16. 

Ўὑ ȟ Ўὑ Ўὑ  (2.40) 

 

Figure 2.16. Threshold of stress intensity factor ranges with crack size. 

For an MSC, only when the applied stress range is larger than the plain fatigue limit 

range Ў„ , the nucleated crack can break through the microstructural grain barriers 

and continue to grow as a PSC, whereby the Ўὑ  as the intrinsic threshold is 

dependent on the plain fatigue limit and the transition between MSC and PSC (Ὠ), 

as shown in (2.41) 

Ўὑ ὣЎ„ “Ὠ (2.41) 

where ὣ is the geometrical correction factor which can be assumed as 0.65 as in 

Chapettiôs article [82]. However, in [71], researchers assumed a semi-ellipse crack 

with a specific aspect ratio a/b, where a (initial crack length) is the half length of the 

minor axis and b is the half length of the major axis, and proposed that the value of ὣ 

should be dependent on the aspect ratio. For example, it can be assumed as 0.746 if  

the aspect ratio is 0.8. The value of Ὠ is defined as the strongest microstructural 
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barrier of the material, such as the ferrite grain size in ferrite-perlite microstructure, 

but for engineering applications it is difficult  to determine the value without 

experiments, and it is commonly taken to be the average grain size of the material. 

In PSC region, the Ўὑ  changes as the extrinsic component of Ўὑ  increases from 

Ўὑ  to Ўὑ , as shown in Figure 2.16. The value of Ўὑ ȟ can be obtained by 

(2.42). 

Ўὑ ȟ Ўὑ Ўὑ Ўὑ ρ Ὡ  (2.42) 

where, Ὧ is material constant to fit the curve in (2.42), and can be calculated as (2.43). 

Ὧ
ρ

τὨ

Ўὑ

Ўὑ Ўὑ
 

(2.43) 

Finally, when the size of the crack is larger than Ὠ, the threshold is constant at 

Ўὑ . 

2.7.3 Long Crack Growth 

The predominant focus in fracture mechanics lies in the analysis of long crack 

growth, since the length of such cracks comprises the majority of the total 

propagation. In typical fracture mechanics, various parameters are utilized to 

characterize the energy release rate or stress amplitude at the crack tip, including J-

integral, Stress Intensity Factor (SIF), and Energy-release Rate (G). The prevalent 

approach for simulating crack propagation and computing these parameters is Linear 

Elastic Fracture Mechanics (LEFM). Irwin [83] developed a solution for stress 

distribution surrounding the crack tip in an infinite plate as: 
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where, „  is the remotely applied stress and ὶ and — are two axes in a circular 

coordinate system, ὥ is the crack length as shown in Figure 2.17. When —=0, it 

becomes „
Ѝ

Ѝ
, and note that all three stress equations contain the same 

expression, „Ѝ“ὥ. Irwin first used this to describe the stress state at the tip of the 

crack. Therefore, under static loading, the stress intensity factor for cracked 

structures can be determined as: 

ὑ ὣ„Ѝ“ὥ (2.45) 

 

 

Figure 2.17. Stress components on a point around the crack length a.  

Under cyclic loading, crack propagation is determined by the range of stress intensity 

factor: 

Ўὑ ὣ„ „ Ѝ“ὥ ὣЎ„Ѝ“ὥ (2.46) 

The crack growth rate (  defined as increment crack growth per load cycle can be 

related to the Ўὑ as shown in Figure 2.18, where the long crack propagation can be 

divided into three regions. In the first region, the crack can propagate only when the 

stress intensity range is larger than the threshold of long crack. In the second region, 

the crack growth rate is stable and follows linearly with the Ўὑ om log-log plot and 

can be defined by Paris Law [84]: 
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Ὠ

Ὠ
ὅЎὑ  

(2.47) 

where, C and m are material constants. 

In the third region, ὑ  finally approaches a critical value and Ўὑ achieves a 

critical value Ўὑ . The crack propagates rapidly, and the crack growth rate is 

unstable. 

 

Figure 2.18. Crack growth rate with stress intensity range. 

In LEFM, the energy release rate, G represents the rate at which potential energy is 

released from a elastic structure as a crack propagates. G is given by: 

Ὃ
“„ὥ

Ὁ
 

(2.48) 

For a single fracture mode, the SIF can be related to G by: 

Ὃ
ὑ

Ὁ
 

(2.49) 

The J-integral is one of the most widely used parameters in fracture mechanics. It 

represents an integral equation that quantifies the energy released per unit area as the 

crack surface extends. In the context of the first law of thermodynamics, when the 

system is in a static state at ambient temperature, the work performed by external 

forces equals the sum of the mechanical strain energy and the dissipated mechanical 

energy resulting from crack growth. By integral calculation [85], the J-integral can be 
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determined. The J-integral can be applied in both linear elastic and elastic-plastic 

materials. It depends on quantifying the energy release rate, distinguishing it from 

SIF which can be obtained through different modes and possess directionality.  

2.7.4 Effect of Stress Intensity Ratio, R  

The crack growth rate may depends to the stress ratio, such that with same Ўὑ, an 

increase in the stress intensity ratio may cause a larger crack growth rate. The Paris 

Law, therefore, needs to be corrected for different stress ratios. One of the most 

widely used methods is the Walker equation [33]: 

Ўὑ
Ўὑ

ρ Ὑ
 

(2.50) 

where, Ўὑ  is the equivalent stress intensity range when the stress intensity ratio 

Ὑ ρ. 

The crack closure and opening concept was proposed by Elber [86] who suggested 

that cracks could propagate only when the corrected stress intensity range was larger 

than the crack opening stress intensity factor.  

 

Figure 2.19. Definition of crack closure and opening. 

In the crack closure concept, the effective stress intensity factor range (Ўὑ ) is 

obtained from Ўὑ by the U ratio of Ўὑ  and Ўὑ as: 

Ὗ
Ўὑ

Ўὑ

ὑ ὑ

Ўὑ
 

(2.51) 
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where, ὑ  is the crack opening stress intensity factor. In addition, according to the 

study of Elber, the value of U depends on R [87] and an improved function to relate 

U to R was proposed by Newman [88]. The effective stress intensity factor can be 

treated as a function of Ўὑ and R and the traditional  against Ўὑ curves with 

different R can be replaced by a main curve.  

Kujawski [89] addressed the crack closure effect by correlating the fatigue crack 

growth rate with a variable stress ratio Ὑ. The driving force for crack growth may 

depend on the material properties, temperature, and environment. For example, in a 

ductile material the driving force is dominated by Ўὑ, but in a brittle material it is 

controlled by ὑ . Kujawski proposed a new form of crack driving force, ὑᶻ, 

combining Ўὑ and ὑ :  

ὑᶻ ὑ Ўὑ  (2.52) 

where  is a correlation parameter, Ўὑ Ўὑ when R π and Ўὑ ὑ  when 

R π. 

On this basis, the stress intensity factor range Ўὑ in the Paris equation is replaced by 

ὑᶻ, and the effect of Ὑ is incorporated by: 

Ўὑ ὑᶻρ Ὑ  For Ὑ π (2.53) 

Ўὑ ὑᶻρ Ὑ For Ὑ π (2.54) 

and the Paris law is correlated as: 

Ὠὥ

Ὠὔ
ὅ

Ўὑ

ρ Ὑ
 

For Ὑ π (2.55) 

Ὠὥ

Ὠὔ
ὅ

Ўὑ

ρ Ὑ
 

For Ὑ π (2.56) 

2.7.5 Crack Tip Plasticity 

Due to the high stress concentration induced by the crack tip, even though the remote 

stress is low, the high value of stress around the crack tip may cause plasticity. LEFM 

is only valid if the small scale yielding criterion is satisfied such that the crack tip 

plastic zone is much smaller than the crack size. Therefore, it is important to 
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determine the plastic zone size. Irwin [90] assumed that in a plastic zone around the 

crack tip, the stress equals the yield stress of the material, and outside the plastic 

zone, the stress distribution is still elastic, as shown in Figure 2.20. In Irwinôs model, 

the crack tip plastic zone is Ὑ  and to calculate the value of Ὑ , a fictitious crack tip 

is proposed at x=–. The force represented by area A should be equal to the force 

represented by area B, so that the effect of the elastic-plastic stress zone around the 

real crack length ὥ is also equivalent to that of the elastic stress zone around the 

fictitious crack length ὥ – [91]. 

 

Figure 2.20. Crack tip plasticity region. 

 

To calculate –ȟ assuming the area of A is equal to that of B, an equation can be 

proposed as: 

„ Ὠὼ „ᶻὶ –„ᶻ 
(2.57) 
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For two conditions: 
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Then ὶ is solved as: 
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Meanwhile, we can also get – ὶ, and hence,  
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ρ

“

ὑ

„ᶻ
 

(2.60) 

Based on this theory, concepts of effective crack length (ὥ ) and adjusted stress 

intensity factor were proposed by Irwin, who assumed the rule of small-scale plastic 

crack growth is the same as that in LEFM. Assuming inducing an effective crack 

length which equals the physical crack length plus the half size of the plastic zone 

(a+ὶ : 
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(2.61) 

where, ὑ  is the stress intensity factor determined from plasticity. 

The shape plastic zone is different for different yield criteria and plane stress case or 

plane strain case. Based on (2.44), three principal stresses can be calculated as: 
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According to the Tresca yield criterion and von Mises yield criterion, the plastic zone 

estimated by plane stress and plane strain can be shown in Figure 2.21 and Figure 

2.22. 

 

Figure 2.21. Plastic zone based on Plane stress (a) Tresca yield criterion (b) Von 

Mises criterion. 

 

Figure 2.22. Plastic zone based on Plane strain (a) Tresca yield criterion (b) Von 

Mises criterion. 
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Chapter 3 Plasticity Modelling 

3.1 Monotonic Stress-strain Curve 

The monotonic stress-strain curve is a major fundamental graphical representation 

within the field of materials science and engineering to define the mechanical 

characteristics of materials under external forces. Materials deform under external 

forces in two main ways: elastic deformation and plastic deformation, as shown in 

Figure 3.1. Elastic deformation occurs when the stress is less than the yield stress, „ 

and refers to the ability of a material to return to its original shape and size after 

being subject to a certain amount of deformation from external forces, making the 

process of elastic deformation reversible. In the elastic region, the response of strain 

to the tensile stress is linear, obeying Hookôs law, therefore, the elastic deformation 

can be represented by a linear segment with a slope equal to the elastic modulus, Ὁ as 

shown in Figure 3.1. Plastic deformation occurs when the stress exceeds the yield 

stress, causing a material to be unable to fully return to its original shape and size. 

Unlike elastic deformation, plastic deformation is irreversible and results in 

permanent changes to the shape of the material. The response is nonlinear in the 

plastic region, and the strain in the curve increases faster than the stress, known as 

strain hardening. 

 

Figure 3.1. True stress-strain curve and engineering stress-strain curve. 
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The monotonic stress-strain curve is generated by tensile test. Engineering stress and 

strain are calculated based on the original specimen geometry as: 

„
ὖ

ὃ
 

(3.1) 

‐
ὒ ὒ

ὒ
 

where, ὃ and ὒ are the cross-sectional area and length of the original specimen and 

ὒ and ὃ are the transient length and cross-sectional area, ὖ is the tensile load. 

However, since the length and cross-sectional area of the specimen are constantly 

changing during the tensile test, the engineering stress and strain cannot accurately 

reflect the true stress strain responses of the material during deformation. Therefore, 

the concept of true stress and strain is proposed. Since the volume of the specimen is 

constant, as ὒὃ ὒὃ , the true stress and strain can be calculated from the 

engineering stress and strain as: 

‐ ÌÎ ρ ‐ (3.2) 

„ „ρ ‐ 

The difference between the engineering stress and strain and the true stress and strain 

is small unless the large deformation is considered. Therefore, in this thesis, only 

engineering stress and strain are considered. 

3.2 Bauschinger Effect 

The stress-strain response in the loading process is described by the line OAB in 

Figure 3.2. After extension to point B, the material is unloaded, and reloaded in the 

reverse direction to the opposite plastic region, shown as the BCD curve. After 

tensile or compressive deformation, the reversed load may cause the yield strength of 

the material to be lower than in continuous deformation. Here, the yield stress at the 

reverse yield point C is decreased to „ , compared with the tensile yield stress at 

point A. This phenomenon is the Bauschinger effect. To quantify the Bauschinger 

effect, the Bauschinger effect factor (BEF) is proposed to define the ratio of the 
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reversed yield stress to the initial yield stress, which can be a function of plastic 

strain [92]. 

 

Figure 3.2. Engineering stress-strain curve with Bauschinger effect. 

 

3.3 Cyclic Hardening and Softening of Metallic Materials 

The stress-strain curve of a material under cyclic loading is called the cyclic stress-

strain curve. This plays a vital role in describing the stress-strain behaviour of a 

structure under cyclic loading. When the stress-strain response on the material is 

within the elastic region of the material, there is no plasticity induced and, after 

unloading, no residual strain. However, when the external load on the material causes 

plastic deformation, the repeated cyclic loading can form a hysteresis loop, as shown 

in Figure 3.3.  

 

Figure 3.3. Stress-strain hysteresis loop for cyclic loading. 
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The shape of the hysteresis loop depends on the Bauschinger effect of the material 

and when cyclic load is applied to a material, causing plastic deformation, the plastic 

flow behaviour of the metal can be changed due to the repeated plastic deformations. 

This phenomenon can either increase or decrease the ability of material to resist 

deformation, known as cyclic hardening and softening.  

The cyclic hardening or softening properties of materials can play a critical role in 

calculation of the fatigue life of cyclically loaded structures. Therefore, a large 

amount of work has been conducted to measure these properties. Manson and 

Hirschberg described the hardening or softening behaviour by the ratio of the 

ultimate tensile strength to the yield stress. If the ratio is larger than 1.4, the 

behaviour of metal is cyclic hardening and if the ratio is less than 1.2, the behaviour 

is cyclic softening[93]. Lopez and Fatemi tried to predict the cyclic softening 

behaviour from the ultimate strength and the hardness of steels. They found 

approximate 90% of steels with greater than 920 MPa tensile strength and 250HB 

hardness had softening behaviour, and proposed a method to predict the cyclic stress-

strain behaviour from the monotonic stress-strain curve [94].  

The behaviour of cyclic hardening and softening materials differs under stress-

controlled cyclic loading and strain-controlled cyclic loading.  

¶ Under stress-controlled cyclic loading, for cyclic hardening material, the 

strain range decreases, but for cyclic softening material, the strain range 

increases. 

¶ Under strain-controlled cyclic loading, for cyclic hardening material, the 

stress range increases, but for cyclic softening material, the stress range 

decreases. 

Commonly, the behaviour of cyclic hardening or softening of materials is significant 

at the beginning of the fatigue test, then gradually weakens and becomes stable. This 

phenomenon is seen in the shape of the hysteresis loop. The steady cyclic stress-

strain curve of a material describes the stress-strain relationship when the transient 

behaviour reaches a relatively stable state, by connecting the cusps of the steady 

hysteresis loops at various strain-controlled levels, as shown in Figure 3.4.  
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Figure 3.4. Steady cyclic stress-strain curve. 

In contrast to the monotonic stress-strain curve, significant differences can be found 

in the two kinds of cyclic steady stress-strain curves as shown in Figure 3.5 where, 

for cyclic hardening material, the steady cyclic stress-strain curve is higher than the 

monotonic curve, but for cyclic softening material, the steady cyclic curve is lower 

than the monotonic curve. However, whether the material is cyclic hardening or 

softening, Youngôs modulus of the material in the elastic region of the cyclic curves 

are the same as the slope in the monotonic curve.  

 

Figure 3.5. Cyclic steady stress-strain curves with monotonic stress-strain curve. 

Compared to the steady cyclic stress-strain curve, the transient cyclic stress-strain 

curve is more complex because the shape of the hysteresis loop varies with the 

number of cycles until it stabilizes. To generate the transient cyclic stress-strain curve 

with different numbers of cycles, the yield stress is adjusted to describe the cyclic 

hardening and softening behaviour in each cycle. The Youngôs modulus and the 

curve in the plastic region can be assumed to be constant. As the number of cycles 

increases, the yield stress is adjusted to increase in hardening materials or decrease in 

softening materials [95].  
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3.4 Shakedown and Ratchetting 

When subjected to cyclic loading above the yield point, a structure will  not fail in the 

first load cycle as long as the induced plastic deformation is lower than the static 

failure threshold. However, additional plastic deformation may accumulate with each 

load cycle, leading to an expansion of the plastic zone. This increment of plastic 

deformation can eventually cause failure, which is commonly named as ratcheting, as 

shown in Figure 3.6 (a). If no increment plastic deformation is induced, two types of 

shakedown may occur: elastic shakedown and plastic shakedown.  

For elastic shakedown, after the first few cycles, the structure exhibits a purely 

elastic response throughout the loading cycles in Figure 3.6 (b). In contrast, plastic 

shakedown occurs when the plastic deformation induced in the loading parts equals 

the reverse plastic deformation in the unloading parts within the cycle, resulting in a 

net zero plastic strain over subsequent cycles, as shown in Figure 3.6 (c). 

 

 

Figure 3.6. (a) Ratcheting response. (b) Elastic shakedown response. (c) Plastic 

shakedown response. 

These states of structural responses under cyclic loading can occur under both 

thermo-mechanical load conditions and mechanical only conditions. For the situation 

of thermo-mechanical load, the Bree diagram can describe the states 

comprehensively where the structural responses are divided into different zones as 

pure elastic, elastic shakedown, plastic shakedown, ratcheting and plastic collapse. 

Through calculating the normalized cyclic thermal stress and the normalized constant 
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mechanical stress, the unique zone for the states of structural responses can be 

obtained. For the conditions with both thermo-mechanical load and only mechanical 

loading, the states of structural responses can be determined by FEA as well. Based 

on the definition of these responses, the equivalent plastic strain is applied to be 

investigated in FEA to obtain the states as shown in Figure 3.7. 

 

 

 

Figure 3.7. Time dependent equivalent plastic strain (a) Elastic shakedown (b) 

plastic shakedown (c) Ratcheting. 

For elastic shakedown, as no plastic strain is induced after the first few cycles, 

therefore, the equivalent plastic strain is constant with time, as shown in Figure 3.7 

(a). For plastic shakedown, the net plastic strain is zero, therefore, no additional 

equivalent plastic strain is induced, but for each loading and unloading process, the 
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equivalent plastic strain changes as shown in Figure 3.7 (b). For ratcheting, the net 

equivalent plastic strain increases for each cycle as shown in Figure 3.7 (c). It is 

necessary to determine the states of structural responses by FEA since the residual 

stress distribution after the first cycle may be redistributed, which will be shown in 

the following section. 

3.5 Constitutive Model 

Constitutive model is a major area of interest within the field of materials science 

and mechanical engineering. It has been the subject of studies in describing the 

mechanical behaviour of materials under various loadings by a mathematical 

framework that relates stress and strain. The constitutive model plays a critical role in 

ensuring the accuracy of numerical analysis, so it is essential to use constitutive 

models tailored to specific materials. Since materials exhibit different characteristics 

on cyclic hardening or softening, a number of constitutive models are available. In 

this section, materials that dominate selection in pressure vessel manufacture are 

discussed. Among these materials, cyclic hardening is the most commonly 

investigated material behaviour under cyclic loading. According to the different 

hardening rules, constitutive models can be developed as isotropic hardening model 

and kinematic hardening model, and the most significant difference between these 

two constitutive modes is the evolution of the yield surface. 

3.5.1 Isotropic Hardening Model 

For the isotropic hardening model, as the post-yield load is increased, the yield 

surface remains the same shape, but expands with increasing stress as shown in 

Figure 3.8, where the yield surface expands from the initial red curve to the final blue 

curve and the value of yield stress also increases from „ to „  by adding „ . 
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Figure 3.8. Yield surfaces in isotropic hardening. 

The yield function is applied to describe the yield surface, as Ὢ„ ὑ , where ὑ  is 

a hardening parameter representing the expanded part of the yield surface. If only 

isotropic hardening model is applied in calculating the cyclic stress-strain loop, the 

hysteresis loop will expand due to the continuum expansion of the yield surface, as 

shown in Figure 3.9 (a). This behaviour is unrealistic. If the objective of FEA is to 

calculate the stress-strain response under static loading, or to predict the residual 

stress distribution after the first cycle only under without the consideration of the 

Bauschinger effect, isotropic hardening is acceptable. However, to predict the 

structural response under the continuum cyclic loading, the isotropic hardening 

model may not suitable, and the kinematic hardening in the Section 3.5.2 may be a 

more accurate selection. 

 

Figure 3.9. Cyclic stress-strain curve simulated by (a) Bilinear isotropic hardening 

model. (b) Bilinear kinematic hardening model. 
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3.5.2 Kinematic Hardening Model 

In isotropic hardening, only the expansion of the yield surface is considered and the 

shape of the yield surface is constant. However, due to the Bauschinger effect, the 

yield surface cannot remain the same shape as shown in Figure 3.10 where the initial 

yield surface remains the same size, but transforms from the red curve to the blue 

curve. The yield function for the kinematic hardening model is then Ὢ„ , where 

 is the back stress tensor, applied to describe the transformation of the yield surface. 

In the linear kinematic hardening material model proposed by Prager [96], the back 

stress tensor was related to the plastic strain as: 

Ὠ
ς

σ
ὅὨ  

(3.3) 

where, ὅ is the initial hardening modulus and Ὠ  is the plastic strain tensor.  

In FEA, two types of linear kinematic hardening models are included which are 

bilinear kinematic hardening model and multilinear kinematic hardening model, as 

shown in Figure 3.11. The distinction between them is that for the bilinear kinematic 

hardening model, the plastic curve after the yield point is described by a straight line 

with a tangent modulus, but for the multilinear kinematic hardening model, the 

plastic curve is represented by several lines. The accuracy of these two models is 

dependent on how well they fit the experimental plastic response of the material. 

 

Figure 3.10. Yield surfaces in kinematic hardening model. 
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Figure 3.11. Linear kinematic model (a) Bilinear kinematic model (b) Multilinear 

kinematic model. 

 

The bilinear and multilinear kinematic hardening models are commonly used to 

accurately represent the monotonic stress-strain curve and effectively simulate the 

stress and strain response following the first loading and unloading cycle. However, a 

limitation of the linear hardening model is its inability to predict ratcheting behaviour 

under uniaxial loading conditions as shown in Figure 3.9 (b) since the Ὠ in (3.3) is 

proportional to the Ὠ  which means the back stress increases with the increase of 

plastic strain. Even under large cyclic loading conditions there is still no incremental 

plastic deformation, only plastic shakedown may occur. 

The cyclic hardening behaviour of material is commonly strong at the first few loops, 

then gradually weakens and stabilizes until a hysteresis loop occurs. To reflect this 

phenomenon, Armstrong and Frederick [97] improved the Pragerôs model by 

proposing a fading memory term as: 

Ὠ
ς

σ
ὅὨ Ὠ ȟ  

(3.4) 

where,  is used to define the rate where the hardening modulus starts decreasing 

and Ὠ ȟ  is an increment of accumulated plastic strain that represents the 

development of plastic strain. With the development of the plastic strain and the 
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accumulation of the plastic strain, the value of Ὠ ȟ  increases to modify the back 

stress. 

By integrating the (3.4) with respect to Ὠ , the back stress can be calculated as: 

 •
ὅ


 •

ὅ


ÅØÐ • ‐ ‐  

(3.5) 

where, • defines the flow direction, for tension,  • is 1 and for compression, it is -1. 

Assuming zero initial plastic strain and zero initial back stress, the back stress 

becomes: 


ὅ


ρ ÅØÐ ‐  

(3.6) 

Finally, through (3.6), for uniaxial loading case and non-initial plastic strain, the 

stress based on the nonlinear kinematic hardening can be calculated as: 

„ „
ὅ


ρ Ὡ  

(3.7) 

For the case of cyclic loading, two cusps of the hysteresis loops shown in Figure 3.3 

are applied, and the equation with stress amplitude „ and plastic strain amplitude 

‐  is as: 

„ „
ὅ


ÔÁÎÈ‐  

(3.8) 

According to the nonlinear kinematic hardening model proposed by Armstrong and 

Frederick, the saturation value of the back stress is given by ὅ/. However, for 

some realistic materials, no saturation effect is observed with plastic strain. Therefore, 

Chaboche improved this model by introducing the back stress Ŭ through the 

superposition of ὓ terms in (3.9) and for describing cyclic stress-strain curves. (3.8) 

then becomes: 

„ „
ὅ


ÔÁÎÈ ‐  

(3.9) 
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The Chaboche kinematic model shown in (3.9) is applied in the following chapters to 

fit the cyclic stress-strain curves. However, when applying the Chaboche model to 

cyclic loading conditions, it has a property that the mean back stress tends to relax to 

zero to make the stress distribution stable [98-100]. This behaviour is purely 

mathematical. Actual material behaviour can show redistribution phenomena such as 

ratcheting and mean stress relaxation, which the standard Chaboche model may not 

properly predict. Consequently, numerous modifications to the Chaboche model have 

been proposed to capture these phenomena [101]. Therefore, for accurately capturing 

stress redistribution after autofrettage, more advanced models should be employed. 

While the Chaboche model can still provide a preliminary estimation, caution is 

advised in interpreting the results. The predictions may either be overly conservative, 

overestimating the redistribution, or non-conservative, underestimating it. This 

depends on the ratio between the initial yield stress and ὅ/ in the model, as well 

as the loading ratio of external loading. 

3.5.3 Mixed Hardening Model 

Cyclic hardening behaviour of most materials can be described by the superposition 

of isotropic and kinematic hardening rules, as shown in Figure 3.12, where the initial 

yield surface expands and moves. The Chaboche kinematic hardening model 

mentioned in Section 3.5.2 can be applied for the motivation of the yield surface. In 

addition, the expansion of the yield surface can be described by the nonlinear 

isotropic hardening rule as: 

ὨὙ ὦὙ ὙὨὴ (3.10) 

where, Ὑ  is the saturation value of the yield surface and ὦ is the speed of 

stabilization. 

If Ὑ  is negative, the initial yield stress will be reduced with plastic deformation 

which means that material softens. If it is positive, the initial yield stress will be 

increased with plastic deformation and material behaviour will  harden. 
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Figure 3.12. Yield surfaces in mixed kinematic hardening model. 

The mixed kinematic model of the Chaboche kinematic model and the nonlinear 

isotropic model can be expressed as: 

„ Ὧ Ὑ ρ Ὡ Ȣ
ὅ


ÔÁÎÈ ‐  

(3.11) 

where, k is the initial yield stress and ὴ is the accumulated plastic strain by the 

integral calculation of the incremental plastic strain. 

Assume the monotonic stress-strain curve and the stable cyclic stress-strain curve are 

obtained by tests, the following procedures can be applied to determine the 

parameters in the mixed hardening model. 

¶ The initial yield stress, k, can be assumed to be constant, the value of Ὧ

Ὑ ρ Ὡ Ȣ  should be adjusted as small as possible in the stable cyclic 

stress-strain curve. 

¶ The parameters included in the Chaboche kinematic hardening model (M=3) 

can be determined based on decomposed back stresses  and  which have 

the same strain ranges as the stable loop as shown in Figure 3.13 by: 

ὅ



ὅ


„ „ ὅϽ‐  

(3.12) 

            where,   is typically determined between 2000 and 10000, and the      

experimental data of plastic strain range, Ў‐in the domain 0.02% to 1% is employed 



53 

 

to obtain ὅ, ὅ and  [102]. The third back stress   can be linear and pass the 

original point [103]. 

¶ After determining the parameters in the kinematic model, the parameters 

included in the isotropic model can be obtained by plotting the normalized 

maximum stress as a function of p, as shown in Figure 3.14. 

 

Figure 3.13. Parameters of Chaboche kinematic hardening model (M=3). 

 

Figure 3.14. Parameters of nonlinear isotropic hardening model. 
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Chapter 4 Fatigue Life Assessment with Residual Compressive Stress 

The fatigue life of components subject to repeated or cyclic loading can be enhanced 

by inducing compressive residual stress in regions prone to fatigue crack initiation 

and propagation. This can be achieved by several different mechanical processes, 

such as shot peening, laser peening, low plasticity burnishing, swaging and 

autofrettage [104-107] mentioned in Section 2.1. These processes result in a self-

equilibrating residual stress system in the component at zero load, with compressive 

residual stress at critical locations. The resulting increase in fatigue life can be 

described in terms of inter alia the stress life analysis and fracture mechanics 

approaches to fatigue.  

Traditionally, low cycle fatigue of components is assessed using the strain-life 

method, while high cycle fatigue is evaluated using the stress-life method. For 

autofrettaged components, high cycle fatigue is more common. Therefore, the stress-

life method, which depends on linear elastic calculation of nominal stress at the point 

of investigation and fatigue data in the form of S-N curves, is employed. To account 

for notch effects, methods such as Neuber's rule, Peterson's method, and the Theory 

of Critical Distances (TCD) discussed in Section 2.4.2 are utilized. However, when a 

component has been subject to autofrettage prior to operation, the compressive 

residual stress changes the stress gradient at the notch. Consequently Ὑ varies over 

the characteristic length and the TCD approach is not directly applicable [108]. 

Therefore, methodology presented here offers a new approach the fatigue analysis of 

notched components with compressive residual stress. It combines smooth fatigue 

specimen S-N data, a fracture mechanics crack growth model, and Finite Element 

Analysis through the ANSYS SMART crack growth modelling tool and so on. The 

method uses three Finite Element Analysis, FEA, models as shown in Figure 4.1. 

The first stage in the analysis is to determine the residual stress distribution in the 

component after autofrettage. This is done using FEA Model 1, which has an elastic-

plastic material model based on a monotonic material stress-strain curve. The 
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calculated residual stress distribution is then exported as an initial stress state to two 

other finite element models.  

Model 2 is an elastic-plastic model based on a cyclic stress-strain curve. This is used 

to calculate the stress amplitude, „, resulting from the combined applied pressure 

and residual stress, and mean stress correction is applied to determine the equivalent 

stress amplitude, „ . The fatigue assessment point is identified as the location of the 

maximum value of „ , where of crack initiation is assumed to occur.  

Model 3 is used to analyse crack propagation from the identified initiation location 

using the ANSYS SMART crack growth tool. SMART is used to calculate stress 

intensity ranges with increasing crack length ὥ with and without residual stress. A 

superposition method is then applied to calculate the stress intensity range for the 

applied pressure, Ўὑ  and the residual stress SIF, ὑ , from which the effective 

stress intensity range, Ўὑ  is calculated. 

 

Figure 4.1. Flow diagram of analysis methodology. 
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For the life prediction, the methodology assumes a crack initiation length based on 

the material's average grain size. A stress-crack initiation life curve is then developed 

based on this assumed crack initiation length, allowing for the calculation of the 

crack initiation life. By adding the numerical results obtained from the crack 

propagation simulation, the method successfully predicts the total fatigue life of the 

specimens. Compared with the traditional stress-life method used in fatigue analysis, 

this methodology considers the influence of compressive residual stress more 

adequately by applying fracture mechanics by advanced simulation tools to provide 

an entire framework for predicting the fatigue life of notched components, making it 

available for the fatigue design and assessment of such structures. 

4.1  Calculating the S-╝░ Curve by SMART Crack Growth Tool  

Several approaches have been proposed to estimate the crack initiation life from 

various factors such as strain [109], stress [110], a combination of strain range with 

crack length [111] and shear stress range [112]. Here, a new method is proposed, 

where the crack initiation life is determined by a stress-life method based on a 

derived stress vs number of cycles to crack initiation, S-ὔ ȟ curve for smooth fatigue 

specimens. A conventional S-N curve defines the total number of cycles to specimen 

failure, encapsulating the crack initiation life and crack propagation life. Here, the 

crack initiation life is determined by subtracting the calculated crack propagation life, 

considering an assumed initial crack length, from the total fatigue life. The crack 

propagation life is calculated by finite element method by ANSYS shown in the next 

sub-section. 

4.1.1 Crack Growth Simulations by SMART 

Numerical modelling of crack propagation can be achieved within a Finite Element 

environment, using methods such as Cohesive Zone Modelling (CZM) [113], 

Extended Finite Element Method (XFEM) [114, 115], and Ansys Separating 

Morphing and Adaptive Remeshing Technology (SMART) [116-119]. In CZM, the 

crack growth path must be predetermined by adhesive attachment between two 

surfaces. XFEM allows for crack growth by splitting existing elements, which 

increases the number of elements and consequently slows down the simulation, 

causing computational inefficiencies. SMART is the newest tool innovated by Ansys. 
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Compared with XFEM, the Unstructured Mesh Method utilized in SMART can 

regenerate the meshes on the crack front during crack growth to save computational 

effort.  

In the SMART crack growth tool, either stress intensity factors or J-integrals can be 

calculated, As the mode-I ὑ and mode-II ὑ  can not be distinguished in a single 

value of J-integral, stress intensity factors are used as fracture criteria here. In 

SMART, the stress intensity factors of two modes are obtained by interaction integral 

method which includes the application of an auxiliary field on the J-integral [120]. 

4.1.2 Calculating the S-╝░ curve of 316l Stainless Steel 

AISI 316L stainless teel is selected for an example of the calculation of the S-ὔ 

curve. In the context of AISI 316L stainless steel,  the average size of two grains can 

be selected as the crack initiation length based on experimental observations from 

[74]. As a result, the initial crack length is assumed to be 200‘ά, a value also 

consistent with the TCD methodology [6], where cracks are assumed to emanate 

from a length equal to two material characteristic lengths (224‘ά for AISI 316L). 

Additionally, 0.2mm assumed crack initiation length is also suitable to the low 

carbon steel [121]. 

Huang et al. [122] performed fatigue tests for 316L with load ratio Ὑ πȢς, using a 

plain cylindrical tensile test specimen following ASTM E466 [123]. The results were 

presented in the form of  a maximum stress (Ὓ -total fatigue life ὔ  curve. 

From the data, a corresponding S-ὔ curve is derived for a 200‘ά crack initiation 

length by calculating the crack growth life using the ANSYS SMART tool.  

A finite element model of the test specimen of Huang et al. created in ANSYS 

Workbench is shown in Figure 4.2. An initial semi-elliptical crack of length 200‘ά 

is located in the gauge section. From previous investigations of the shape of surface 

cracks in round bars under constant axial loading [124, 125], the crack minor to 

major axis aspect ratio was defined as 0.6. The entire model is meshed by SOLID 

187 with 33283 nodes and 20991 elements. The material properties were Youngôs 

modulus Ὁ=200GPa, Poissonôs ratio ’ πȢσ and Paris Law constants ὅ
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υȢφρØρπ 
 Ⱦ 

Ѝ
  and ά σȢςυ [56]. The specimen is fixed at the bottom end 

and uniformly distributed cyclic force is applied at the top end as 70MPa. 

 

Figure 4.2 Finite element model of cracked smooth specimen, showing the overall 

finite element mesh and zoomed view of the crack region. 

 

The SMART facility was used to compute the number of cycles from the assumed 

initial crack length to the final failure (ὔ ) during the process of crack growth under 

an axial cyclic stress ῳ„. Subsequently, ὔ was determined from the Ὓ -ὔ curve 

provided in [29], such that ὔ ὔ ὔ . To generate the S-ὔ curve, multiple 

SMART analyses were conducted for various load magnitudes. Alternatively, a more 

computationally efficient approach involves performing a single SMART analysis to 

capture the evolution of the stress intensity factor range Ўὑ with increasing crack 

length a for a nominal stress range ῳ„. Ўὑ can then be defined as a continuous 

function of ὥ by fitting a polynomial equation of order ὲ to the numerical results, 

such that: 

Ўὑ Ὢὥ ὃὥ ὃ ὥ Ễ ὃὥ 
(4.1) 
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where ὃȟὃ ȟȣȟὃ  are constants. A corresponding function for configuration 

factor ὣ is thus defined as: 

ὣὥ
ρ

ῳ„Ѝ“ὥ
 Ὢὥ 

(4.2) 

The fatigue life for any stress range ɝ„ can then be determined analytically from the 

Paris law in the form: 

Ὠὥ

Ὠὔ
ὅЎὑ  

(4.3) 

where 

Ўὑ  ὣὥ Ѝ“ὥ Ў„ (4.4) 

The crack growth life ὔ  for stress range ɝ„ is thus: 

ὔ
ρ

ὅὑ
   

(4.5) 

where ὥ and ὥ are initial crack length and final crack length respectively. 

ὔ is plotted against the corresponding maximum stress in Figure 4.3. It is seen that 

with the proportion of crack initiation life to total life declines with increasing of 

maximum stress. This trend agrees with results from Santus and Taylor, who 

calculated the ὔ through physically short crack propagation in several metals [71]. 

From this trend, ÌÏÇ ὔ  can be assumed to vary linearly with maximum stress in the 

high cycle fatigue range. 
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Figure 4.3. Total life curve (R=0.2) and proposed stress-crack initiation life of 316L. 

The same method can also be applied to other materials. Pegues et al [126] 

investigated micro-cracks in 304L stainless steel by interrupted high cycle fatigue 

tests, under a fully reversed load with a stress amplitude of 330MPa. Tests were 

interrupted every 10,000 cycles to observe nucleation of micro-cracks by scanning 

electron microscope (SEM), and then interrupted every 3000-5000 cycles to 

investigate the propagation of MSC until cracks were approximately 200‘ά, where 

the crack nucleation and MSC growth were completed. Results showed a total 

fatigue life ὔ of around υ ρπ cycles, and a combined life of nucleation and MSC 

crack growth, here taken to be the initiation life ὔ, of around 1 ρπ cycles.  

In the present investigation, the specimen from [126] was modelled in ANSYS 

Workbench using the SMART crack growth method to simulate crack growth. The 

results showed that when Y is taken as 0.65, the predicted initiation life ὔ  is 

approximately ρȢχ ρπ, which is close to the value given in [126].  

The same procedures are also applied to S355 low carbon steel to generate the S-ὔ 

curve as shown in Figure 4.4. 
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Figure 4.4. Total life curve (R=-1) and proposed stress-crack initiation life of S355. 

4.1.3 Influence of Physically Small Crack 

If the long crack (LC) growth is directly linked to microstructurally small crack 

(MSC) growth, the development of physically small cracks (PSC) is included in the 

LC. However, it's important to note that the crack growth rate in PSC cannot be 

characterized using the same Paris law parameters typically used for LC growth. 

Therefore, the influence of PSC on the total life is discussed here. 

When considering the influence of PSC, the threshold of PSC (Ўὑ ȟ) is induced in 

the Paris Law as: 

Ὠὥ

Ὠὔ
ὅЎ+ Ўὑ ȟ  

(4.6) 

When the PSC regime is neglected, the variable threshold of PSC in (4.6) can be 

replaced by the constant intrinsic threshold Ўὑ . Santus and Taylor [71] constructed 

multiple curves for the propagation of PSC and crack initiation with stress 

amplitudes based on the Chapetti model. In this context, the curves for Ti-6Al-4V at 

a stress ratio of 0.1 are selected to exemplify the impact of PSC life on crack 

initiation life. The material properties utilized for calculating PSC propagation life 

are provided in Table 4.1. 
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Table 4.1. Material properties of Ti-6Al-4V (R=0.1). 

Ὠ/mm ὨȾάά C/
Ⱦ

Ѝ
 m Ўὑ ȟ/ ὓὖὥЍά 

0.02 0.2 2.7e-9 1.54 4.3 

 

The results of PSC propagation life and crack initiation life from [71], the calculated 

PSC propagation life and the calculated life neglecting PSC are shown in Figure 4.5. 

 

Figure 4.5. Predicted propagation life with and without PSC against initiation life 

compared with [71] . 

The calculated PSC propagation life in Figure 4.5 is similar to the results of Santus 

and Taylor, and shows that the difference in calculated fatigue life with and without 

the PSC increases with reducing stress amplitude. The maximum difference of 8,190 

cycles, 2.4% of the corresponding crack initiation life, is relatively small. This 

indicates that the S-ὔ curve created by assuming the PSC is included in the LC is 

acceptable.  
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4.2 Residual Stress Effect 

Two approaches have been proposed in the literature to represent the influence of ὑ  

on crack propagation: the crack closure method [86, 127-131] and the superposition 

method [132, 133]. Here, the superposition method is utilised. The total stress 

intensity factor, ὑ , is typically decomposed into two components: the applied 

stress intensity factor, ὑ , and the residual stress intensity factor, known as ὑ . 

The maximum stress intensity factor, ὑ ȟ , and minimum stress intensity factor 

ὑ ȟ  are thus: 

ὑ ȟ ὑ ȟ ὑ  (4.7) 

ὑ ȟ ὑ ȟ ὑ  (4.8) 

The total stress intensity factor range Ўὑ  is therefore: 

Ўὑ ὑ ȟ ὑ ȟ ὑ ȟ ὑ ὑ ȟ ὑ  

which is independent of the residual stress and equal to Ўὑ : 

Ўὑ ὑ ȟ ὑ ȟ Ўὑ  (4.9) 

The effective stress intensity ratio Ὑ  can then be obtained as: 

Ὑ
ὑ ȟ

ὑ ȟ

ὑ ȟ ὑ

ὑ ȟ ὑ
 

(4.10) 

According to the Paris Law and the superposition method, the crack growth rate can 

be defined as a function of Ўὑ  and Ὑ : 

Ὠὥ

Ὠὔ
ὅ  Ўὑ  

(4.11) 

where ὅ  and ά  are the Paris law parameters corresponding to stress ratio 

Ὑ . 

The value of Ὑ  varies throughout the process of crack growth, requiring the 

determination of Paris law parameters for different R values. In the SMART crack 

growth method, the Walker equation is employed to establish a correlation between 
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the Paris law and R, calculating the Ўὑ  from Ўὑ  while disregarding the effects 

of crack closure. However, when including the impact of compressive residual stress, 

it is important to note that the values of Ὑ  in the compressive residual stress 

region turn negative. In such cases, the values of ὑ  provide a more suitable 

representation of the crack closure and opening effects when compared to Ўὑ based 

on the crack closure concept. 

Kujawski's equations consider the crack closure effect. Following Kujawski's 

equations, two additional equations are proposed to estimate crack growth life which 

include the values of ὑ  and ὑ  while considering various ranges of R. To 

determine the crack growth rate in the presence of induced residual stress, Ўὑ  

from equation (4.9) and Ὑ  from equation (4.10) can be substituted into equations 

(2.55) and (2.56). 

The number of cycles to grow a crack from the initial length ὥ to final length ὥ is 

thus: 

ὔ
ρ

ὅ
Ўὑ
ρ Ὑ

ρ

ὅ
ὑ

ρ
ὑ

ὑ ὑ

 
Ὑ π (4.12) 

ὔ
ρ

ὅ
Ўὑ
ρ Ὑ

ρ

ὅ
ὑ

ρ
ὑ

ὑ ὑ

              
Ὑ π (4.13) 

4.3 Determining ╚►▼ and Ў╚▄██ 

Several models have been proposed for crack growth analysis in the presence of 

induced residual stress. These approaches mainly focus on determining the stress 

intensity factor for the residual stress field, ὑ  [132, 134, 135]. 

ὑ  may be calculated by a weight function approach, proposed by Buechner [136] 

as: 
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ὑ „άὼȟὥὨὼ 
(4.14) 

where, „  is residual stress and άὼȟὥ is the weight function. The basis of the 

weight function method is to calculate the stress intensity factors directly from the 

stress distribution around the crack, rather than the remote loading. Weight function 

for edge cracks [137] or a corner crack [138] can be obtained by constant and linear 

crack face pressure fields, and weight functions for different combinations of cracks 

and structures have been obtained [139-141]. 

As the weight function method is difficult to apply in complex 3D models, therefore, 

the effect of induced residual stress on crack growth is determined using the 

superposition method here. This requires the evaluation of Ўὑ Ўὑ  (4.9) and 

Ὑ  (4.10). a numerical method based on the superposition method is proposed to 

calculate ὑ .  

The residual stress distribution in the component under investigation is evaluated by 

elastic-plastic FEA for a given initial autofrettage overload. As the SMART tool is 

restricted to linear elastic material behaviour, it cannot be applied in a plastically 

deformed model. However, the effect of residual stress on crack propagation can be 

represented by importing the calculated residual stress distribution into a similar 

linear elastic model as an initial state of stress. 

Two linear elastic models with identical meshes are used to determine the stress 

intensity factor of the residual stress ὑ . The first model considers the component 

with no autofrettage. The elastic model is subject to an applied cyclic load ὖ , 

representing the operating conditions of the component. The stress intensity range 

calculated with increasing crack length using this model is Ўὑ . In the second 

condition, the residual stress calculated in the elastic-plastic solution is imported into 

the elastic model as an initial state of stress, and cyclic load ὖ  applied. The stress 

intensity range calculated by this model is Ўὑ ὑ . The variation of the stress 

intensity of the residual stress ὑ  with crack length ὥ is then evaluated by stress 

superposition, by subtracting Ўὑ  from the second condition results. 



66 

 

After determining the ὑ , the Ὑ-ratio correction method proposed by Kujawki and 

Dinda [89] was applied to calculate the Ўὑ . This Ὑ-ratio correction method is 

based on the crack closure concept, in this method, the crack driving force as the 

ὑᶻ is dominated by either Ўὑ or ὑ , and  Ўὑ  can be calculated as shown in 

(4.15). 

Ўὑ ὑᶻ
Ўὑ

ρ Ὑ
 

For Ὑ π 
(4.15) 

Ўὑ ὑᶻ ὑ
Ўὑ

ρ Ὑ
 

For Ὑ π 
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Chapter 5 Fatigue Life of Double Notch Specimens 

The proposed procedure for calculating the fatigue life and the fatigue limit in a 

notched component with an induced residual stress system is shown schematically in 

Figure 4.1. The effectiveness of this approach is demonstrated through experimental 

investigation of the fatigue life and fatigue limit of preloaded double-notch uniaxial 

test specimens made from AISI 316L austenitic stainless steel and S355 low carbon 

steel.  

The test specimens incorporate a feature where compressive residual stress can be 

induced in the notched region through limited axial overloading prior to fatigue 

testing. This preloading results in a localized compressive stress distribution at the 

notch intersections, resembling the stress distribution typically found at stress raisers 

in pressure components after autofrettage processes. 

Crack propagation in notched elastic components with no residual stress can be 

calculated directly by FEA SMART analysis, in the same way as the plain fatigue 

specimen of Chapter 4. When more than one load level is considered, separate 

SMART analyses can be performed for each load level considered. Alternatively, a 

polynomial representation of the stress intensity range (4.1) can be determined from 

a single SMART analysis and a continuous function for configuration factor (4.2) 

obtained. This can then be substituted into the Paris law (4.12) and (4.13) and 

integrated for each individual stress range considered. The latter approach requires 

less FEA computing resource and is used here to determine the fatigue life in regions 

of compressive residual stress. 

5.1 Notched Specimen and Material Properties 

The geometry and dimensions of the square cross-section specimens are shown in 

Figure 5.1 and Table 5.1. The double-notch specimen is more representative of the 

3D stress distribution in pressure components with local stress raisers, such as 

pressure vessels, pump bodies and valve housings, than a single notch specimen. It 

can also be designed to include a larger stress concentration factor, leading to higher 
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residual stress when experimentally investigating the influence of residual stress on 

fatigue life. Two types of double-notched tensile test specimens, Type A and Type B 

are considered [108, 142]. Among these, Type A in [142] is designed and tested by 

author. The geometry and dimensions of the specimens are shown in Figure 5.1. For 

specimen type A, W is 14mm and L is 150mm and for specimen type B, W is 21mm, 

L is 180mm. 

 

Figure 5.1. Double-notch fatigue test specimen. 

 

Table 5.1. Double notch specimens dimensions. 

Dimension Type A Type B 

W 14mm 21mm 

L 150mm 180mm 

Radius of notch 3mm 3mm 

 

A monotonic stress-strain curve for the 316L material was obtained by tensile test. 

Following ASTM E8 [143], the tensile test specimen was designed as shown in 

Figure 5.2. Two monotonic stress-strain curves were obtained by two standard 

specimens without heat treatment, as shown in Figure 5.3. 
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Figure 5.2. Tensile test specimen geometry [mm]. 

 

Figure 5.3. Monotonic stress-strain curves for two 316L specimens. 

Figure 5.3 shows the 316L stainless steel exhibits continuous yielding. As such, there 

is no distinct yield point and yield stress is usually defined with reference to a 

specific plastic strain offset, such as the 0.2% proof stress used in general 

engineering. The 0.2% offset definition is not suitable for a detailed elastic-plastic 

analysis as presented here [144]. Alternative definitions of the offset strain [145-147] 

have been reviewed by Abdel-Karim, ranging from 0.01% to 0.1% [148]. In the 

present study, to identify the plastic behaviour more accurately, 0.01% offset strain 

was selected, giving a yield stress of 225MPa. Youngôs Modulus was obtained as 

200GPa. 

To calculate the crack initiation life in the presence of compressive residual stress, 

the cyclic stress-strain curve for the material is required for use in FEA. Here, the 



70 

 

Chaboche model parameters (3.9) are determined from data from stable cyclic stress-

strain tests of Dutta et al [149]. The four red data points used to fit the model are 

shown in Figure 5.4, along with the monotonic stress-strain curve from the present 

investigation (Figure 5.3). Comparison of the monotonic and cyclic stress-strain data 

illustrates the cyclic hardening behaviour of 316L stainless steel [150]. This 

hardening phenomenon can also be investigated in S355 low carbon steel as shown 

as the blue points and line in Figure 5.4 representing the stable cyclic stress-strain 

data and the monotonic stress-strain curve. 

 

Figure 5.4. 316L monotonic stress-strain curve and cyclic stress-strain data from 

[149], showing material cyclic hardening. 

 

As shown in the Figure 5.4, the yield stress and the Youngôs modulus of these two 

steels are similar. The material properties of these two materials are summarized in 

Table 5.2. 
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Table 5.2. Material properties of two stainless steels. 

Material S355 low carbon steel 316L stainless steel 

Youngôs Modulus /Pa ς ρπ ς ρπ 

Poissonôs ratio 0.3 0.3 

Yield stress/ MPa 255 255 

Paris Law parameter C 

(reference unit m) 

ρȢτσρπ  υȢφρρπ  

Paris Law parameter m 2.75 3.25 

Chaboche material constant 

ὅ/MPa 

30489 63400 

Chaboche material constant 

 

135.41 303.41 

 

The preload force and working force amplitude applied to the models correspond to 

the full-specimen test values given in Table 5.3. 

Table 5.3. Preloads and working cyclic loads Ὑ π for specimen Types A and B. 

 Preload Ὧὔ Working Force Amplitude Ὧὔ 

Specimen A 21 7.5, 8, 8.5, 9 

Specimen B 75 21, 22, 23, 24, 25 

 

5.2 Notched Specimen without Residual Stress 

The double-notch specimen was modelled in ANSYS Workbench using the SMART 

crack growth tool, using SOLID 187 10 node tetrahedral structural solid elements 

with the mesh refined towards the crack front. The crack initiation can be determined 

by experiments. Figure 5.5 illustrates the comparison between the intact specimen 

and half of the fractured specimen in which the crack initiation can be investigated 

on the notch root.  
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An initial semi-elliptical crack with an aspect ratio of 0.6 located at the intersecting 

notch root of the model was considered, as shown in Figure 5.6. A coordinate system 

defined at the crack has ὢ in the direction of the crack path and ὣ perpendicular to 

the crack surface. 

Preliminary finite element investigations showed a lengthwise quarter-symmetry 

model of the specimen gave similar results to a full model with the same mesh 

density for the crack growth range considered. With the same crack growth length, 

the results obtained based on these two models are close when the mesh size is same. 

A quarter model was therefore used in the analysis to reduce computing requirements.  

The material properties were as given in Section 4.1.2 for the smooth fatigue 

specimen model. The quarter-model was fully fixed at one end and symmetry 

boundary conditions were applied on the planes of symmetry. Cyclic axial force 

varying between zero to a maximum value was applied to the free end of the model. 

Analysis was performed for three maximum force values, corresponding to 8kN, 

8.5kN and 9kN as shown in Table 5.3 on a full test specimen.  

A convergence study was performed by investigating the effect of mesh density on 

the calculated configuration factor ὣ, (4.2). Results of ὣ distribution for two mesh 

densities are shown in Figure 5.7:  Mesh 1 had 28525 elements (42727 nodes) and 

Mesh 2, shown in Figure 5.8, had 14532 elements (22580 nodes). Figure 5.7 shows 

that the values of ὣ calculated for a range of relative crack depths are similar for both 

meshes. Mesh 2 was therefore selected for analysis to minimise computing 

requirements. 
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Figure 5.5. Comparison of intact specimen with fractured specimen. 

 

Figure 5.6. Failed test specimen and quarter symmetry model showing the location 

of crack initiation. 
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Figure 5.7. Configuration factor Y for a crack in the double-notch specimen for two 

different mesh densities. 

 

Figure 5.8. Finite element mesh used in analysis (Mesh 2). 

Figure 5.7 shows that in the notched specimen ὣ decreases with increasing crack size, 

possibly due to the stress gradient, and then has a slight increase at the end. As the 

stress decreases with distance from the notch root, the nominal stress ῳ„ in (4.2) 

varies with crack propagation and must be updated. The trend of ὣ in Figure 5.7 is 
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similar to that of Schijve [151], who determined the stress intensity factor of cracks 

at notches by considering the influence of the stress concentration factor.  

The same procedures are applied to the type B specimens with the loadings shown in 

Table 5.3 as well. The numerical results for Ўὑ  obtained for the applied loads are 

shown in Figure 5.9. As the values of Ўὑ  are thus determined, the crack growth 

life without the residual stress can be calculated from the Paris law. 

 

 

Figure 5.9. Variation in of stress intensity factor range ῳὑ  with increasing crack 

length a) type A b) type B. 
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5.3 Notched Specimen with Residual Stress 

Residual stress can be induced in double-notch specimens by tensile preloading prior 

to fatigue testing, causing local plastic deformation at the notch root on loading and 

inducing compressive residual stress on unloading. 

5.3.1 Residual Stress Calculation 

The notch root residual stress was calculated by elastic-plastic Finite Element 

Analysis in ANSYS workbench. A quarter-symmetry finite element model was used, 

with a mesh similar to the crack growth model of Section 4 prior to insertion of the 

SMART crack. A multilinear kinematic hardening plasticity material model based on 

the monotonic stress-strain curve of Figure 5.3 was used. The finite element model 

was fully fixed at one end and symmetry boundary conditions were applied on the 

planes of symmetry. The preload was simulated by applying a uniformly distributed 

axial tensile force equivalent to 21kN on a full specimen to the free end of specimen 

A and 75kN to specimen B, then reducing the force to zero.   

When the axial force was applied, plastic deformation occurred locally at the notch 

root. When the force was then reduced to zero, a compressive residual stress system 

was established at the notch root due to elastic recovery of the elastically deformed 

regions of the specimen. The distribution of minimum principal residual stress in the 

notch region and along the predicted crack path are shown in Figure 5.10. 
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Figure 5.10. Minimum principal stress distribution (residual stress) at the notch root 

after preloading and local distribution along the crack path [MPa] a) type A b) type 

B. (c) Residual stresses along the bisector. 
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5.3.2 Stress Intensity Factor of Residual Stress 

When the distribution of residual stress is known, ὑ  can be calculated by treating 

the residual stress field as an initial condition in Finite Element Analysis. Here, a 

superposition method is proposed to calculate the ὑ , using the SMART crack 

growth method. First, the calculated residual stress distribution is exported from the 

elastic-plastic solution and imported into a similar LEFM model as an initial state of 

stress prior to SMART crack growth simulation. The initial crack cannot propagate 

with only residual stress, so crack propagation is simulated using an applied arbitrary 

axial load. With the arbitrary load, the value of Ўὑ ὑ  with changing crack 

length a is obtained and based on the superposition method, the value of ὑ  can be 

determined by subtracting Ўὑ . The calculated variation of ὑ  with crack length 

is shown in Figure 5.11. The values of ὑ  can also be represented by a polynomial 

equation (4.1), and combined with the values obtained for Ўὑ  (Figure 5.9) to 

determine the crack growth life with induced residual stress from equations (4.12) 

and (4.13). 

 

Figure 5.11. Stress intensity factor of residual stress against the crack length. 

 



79 

 

5.3.3 Crack Initiation L ife Prediction 

Both specimen Type A and specimen Type B are discussed in this section, the Type A 

is taken for an example to show the procedures to predict the crack initiation life. The 

crack initiation life is determined from the stress-crack initiation curve shown in 

Figure 4.3 by calculating the equivalent stress amplitude experienced by the 

specimen during cyclic loading. The equivalent stress is calculated from a FEA 

model similar to the preload model, but with a Chaboche kinematic hardening 

plasticity material, obtained by curve-fit of the cyclic stress-strain data of Figure 5.4. 

For specimen A with a preload-induced residual stress field, the residual stress 

distribution is exported from the original preload elastic-plastic finite element model 

and imported into the cyclic load model as an initial stress condition. Three different 

cyclic axial force amplitudes of 8kN, 8.5kN and 9kN were applied to investigate the 

cyclic stress behaviour for specimens. 

Results for 8kN force amplitude with and without residual stress are shown in Figure 

5.12. The maximum stress amplitude of 240.1MPa occurs at the notch root. The 

mean stress for the non-preloaded specimen is 74.4MPa. When the preload is 

included, this reduces to -0.1MPa.  In the stress-life method, the decrease in mean 

stress leads to a lower equivalent stress amplitude, increasing the calculated fatigue 

life of the specimen. 

 

Figure 5.12. Stress amplitude and mean stress in notch region. 
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For no residual stress, the equivalent stress is calculated using the maximum stress 

amplitude shown as the red line in Figure 5.12.  When residual is present, the mean 

stress shown as the yellow line in Figure 5.12 is used. The crack initiation life is 

calculated from a proposed crack initiation S-ὔ curve in Figure 4.3, based on von 

Mises equivalent stress amplitude. Considering the multiaxial fatigue, the effective 

mean stress is assumed to be proportional to the hydrostatic stress [56]. The stress 

amplitude „ and effective mean stress „  can be calculated by (5.1) and  (5.2). 

„
ρ

Ѝς
„ „ „ „ „ „ φ† † †    

(5.1) 

 

„ „ „ „   (5.2) 

The Walker Equation (2.11) is used to correlate the influence of mean stress. The 

calculated „  for force amplitude of 8kN, 8.5kN and 9kN are then substituted into 

S-ὔ curve to obtain the crack initiation life with and without induced residual stress. 

Similar procedures are applied to specimen B. 

5.4 Experimental Investigation 

Three 316LSS double-notch specimens with no induced residual stress and 5 

specimens with a 21kN preload were tested under 8kN, 8.5kN and 9kN force 

amplitude (R=0) cyclic loads on a 100kN servo-hydraulic fatigue testing machine as 

shown in Figure 5.13. All tests were under force control at 20 Hz. The test fatigue 

life results for the specimens with induced residual stress are shown in Figure 5.14, 

along with the fatigue life calculated using the proposed method.  

In traditional stress-life fatigue analysis, prediction is based on stress at a point. 

Averaged or nominal stress may be used at notch locations to account for stress 

gradient effects, but it is difficult to determine the appropriate characteristic length to 

obtain the average stress when residual stress is present, due to the variation in stress 

ratio. In such cases, the maximum stress is selected for substitution into the S-N 

curve, rather than an average stress. If the maximum stress amplitude is directly 
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substituted into Huangôs S-N curve, the predicted life is calculated as shown in 

Figure 5.14. 

 

 

Figure 5.13. Fatigue tests by 100kN servo-hydraulic fatigue testing machine. 

Both the proposed method and conventional stress-life method were also applied to 

the fatigue life evaluation of specimens without residual stress. The numerical and 

experimental results are shown in Figure 5.15, which illustrates the beneficial effect 

of induced compressive residual stress on the fatigue life of the specimens. All 

numerical and experimental results are summarized in Figure 5.16, which shows that 

the traditional stress-life method results in underestimation of fatigue life and the 

proposed fracture mechanics method gives a closer approximation of the measured 

fatigue life. 

The experimental results for type A are tested by author [142] and type B are 

collected from [108], These results show good agreement between experiment and 

prediction based on S355 low carbon steel shown in Figure 5.17, indicating that the 
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numerical fracture method based on ANSYS SMART crack growth simulation is 

suitable for calculating high cycle fatigue life with induced residual stress.  

 

Figure 5.14. Calculated and experimental fatigue life for double-notch specimen with 

induced residual stress for type A. 

 

Figure 5.15. Calculated and experimental fatigue life for double-notch specimens 

with and without induced residual stress for type A. 
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Figure 5.16. Comparison of calculated and experimental fatigue life results for type 

A. 

 

 

Figure 5.17. Calculated and experimental fatigue life for double-notch specimen 

including S-N curve of type B. 
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5.5 Discussion of Fatigue Li fe Prediction Method 

In the present experimental investigation, consideration is limited to 316L stainless 

steel and S355 low carbon steel. However, the method extends established fracture 

mechanics methods and is therefore expected to be appropriate for a high cycle 

fatigue analysis of other materials under a cyclic loading regime where LEFM is 

valid. The analysis procedure requires definition of a material dependent initial crack 

length, proposed to be equivalent to the length of two material grains. For steels, this 

length was assumed to be 200‘ά. The assumed crack initiation length for other 

materials will vary depending on material grain size but may be defined in a similar 

manner.  

The method currently incorporates Physically Short Crack growth in the Long Crack 

growth model. More detailed consideration of the PSC would be expected to improve 

crack initiation life prediction. A further area for investigation is the use of 

polynomial equations to define variation in stress intensity factors with crack length. 

This approach enables a relatively simple application of the superposition method 

when calculating crack growth life for a varying stress ratio. However, minor 

differences in fracture parameters in the compressive residual stress region can 

significantly affect the calculated fatigue life, and further work is required to 

investigate the most appropriate fitting technique and to investigate the validity of 

the method when applied to other materials and component configurations.  
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Chapter 6 Fatigue Life Assessment of 3D Components 

This section focuses on validating the accuracy of the proposed method by 

modifying the autofrettage loading from a tensile loading, as seen in the double-

notched specimen, to an internal pressure which is common in industrial components. 

In addition, the validation process also incorporates considerations of the material. 

Furthermore, for complex components, more details such as the redistribution of the 

residual stress, the structure response after autofrettage and the influence of the crack 

tip plasticity will be discussed. Likewise, the calculated total fatigue life includes the 

crack initiation life and the crack growth life and the fatigue life obtained by the 

proposed method is compared to the tested results to investigate the accuracy of the 

method. 

6.1 High-cycle Fatigue L ife Estimation of Autofrettaged Blocks 

The structural configuration of many valve and pump bodies can be simplified to a 

solid block of material with intersecting cross bores. Therefore, cross-bore blocks can 

be selected as a suitable instance to apply the methodology. Furthermore, the 

geometry of these blocks can also resemble the valve body or pump body. Therefore, 

the tested notched blocks shown in [31] is employed to validate the proposed method. 

6.1.1 Notched-blocks and Material Properties 

The geometry of the tested blocks in [31] is shown in Figure 6.1, which is a fluid end 

of a pump. There is a cross bore inside the block where the stress distribution is 

similar to it in double-notched structure as well. The critical point is located at the 

cross bore intersection where the highest stress concentration factor is. The 

component is made of 4340 austenitic steel, which is high strength steel used in the 

manufacturing of pressure vessels, aircraft landing gear, etc. The monotonic stress-

strain curve of 4340 steel is fitted by the Ramberg-Osgood equation [152]. The 

material properties of 4340 austenitic steel [31, 153] are summarized in Table 6.1. 
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Figure 6.1. The geometry of the notched blocks [31] . 

 

Table 6.1. Material properties of 4340 steel. 

 4340 steel 

E/MPa 202462 

„/MPa 620 

„/MPa 790 

ὲ 0.07 

ὑ 881 

C/
Ⱦ

Ѝ
 3.7 ρπ 

m 2.5 

 

6.1.2 Residual Stress Distribution  and ╚►▼ 

Two autofrettage pressures, 103MPa and 122MPa, are considered to assess their 

impact on fatigue life. The compressive residual stress at the critical point on the 
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cross bore intersection is calculated using FEA. A quarter of the component with 

symmetry boundary conditions is considered. The mesh and boundary conditions are 

shown in Figure 6.2 (a), where the mesh around the notch is refined by smaller 

elements. As only a quarter of the component is considered, frictionless supports are 

applied on the symmetry surfaces. The displacement Y on the bottom surface is 0 and 

the internal pressures are the autofrettage pressures, which are 103MPa and 122MPa. 

A multilinear kinematic hardening material model is employed, and the results of 

residual stress distribution are shown in Figure 6.3. 

The maximum compressive residual stress under both autofrettage pressures 

considered is located at the notch root, with value 532.06MPa for a pressure of 

122MPa and 355.17MPa for a pressure of 103MPa. After elastic-plastic analysis, the 

calculated residual stress distribution is exported to the crack propagation model. 

 

Figure 6.2. A quarter of notched-block. (a) Mesh results (b) Boundary conditions. 

 

Figure 6.3. Residual stress (Normal stress on Y direction) distribution with different 

autofrettage pressure. (a) 122MPa (b) 103MPa. 
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Crack growth simulation is performed using the SMART crack growth tool. A 

0.2mm crack initiation length is assumed at the notch root. An arbitrary internal 

pressure is applied, and the values of Ўὑ ὑ  calculated. Then, by the 

superposition method proposed in Section 4.3, the values of ὑ  can be obtained by 

subtracting the results of Ўὑ  (4.9) from the Ўὑ ὑ  and fitted by a crack 

length by polynomial function. The calculated results of ὑ  for the two applied 

autofrettage pressures are shown in Figure 6.4. With varying autofrettage pressures, 

the minimum value of ὑ  also varies. At an autofrettage pressure of 103MPa, the 

minimum value of ὑ  is observed when the crack length is approximately 2mm. 

However, with an increase in autofrettage pressure to 122MPa, the minimum value 

occurs at a crack length of approximately 3mm. The calculated values of ὑ  can 

thus be applied to calculate the crack growth life with the induced residual stress. 

 

Figure 6.4. The results of ὑ  with crack length under different autofrettage pressures. 

6.1.3 Crack Growth Simulation and Ў╚╪▬▬ 

The applied working pressure on the blocks after autofrettage is from 0 to 68.91MPa. 

The same procedures used in double-notched specimens in Chapter 5 is applied in 

this section to calculate Ўὑ . The coordinate system is created on the crack plane 

to determine the direction of the crack growth. The boundary conditions shown in 

Figure 6.2 (b) are also employed in crack growth simulation. The variation in Ўὑ  

with crack length is shown in Figure 6.5. As the crack propagates, the value of Ўὑ  

initially increases rapidly, followed by a slower rate of increase. Combining the 
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results of ὑ  obtained in Figure 6.4, the crack growth life with different autofrettage 

pressures can be calculated from (4.12) and (4.13). 

 

Figure 6.5. Calculated Ўὑ  of 68.91MPa applied pressure. 

 

6.1.4 Crack Initiation L ife with Residual Stress 

The crack initiation life with induced residual stress is calculated by a Ὓ ὔ curve, 

which is created by the crack growth simulation described in Chapter 4. Based on an 

assumed crack initiation length, the crack growth life for different loads on a smooth 

standard tensile specimen can be calculated by FEA. The crack initiation life 

corresponding to the crack initiation length can then be determined by subtracting the 

crack growth life from the total life. The Ὓ ὔ curve of 4340 steel based on the 

standard tested specimens is taken from Dowling [56], as shown as the solid line in 

Figure 6.6. The crack initiation life is calculated from the FEA and shown in Figure 

6.6. The Ὓ ὔ  curve can be fitted by the Basquin equation (2.7) with „

ωπχȢυχψφMPa and ὦ πȢπφφ. 
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Figure 6.6. Crack initiation life and total life of 4340 steel. 

The values of stress amplitude and mean stress for the different autofrettage 

pressures and single operating pressures and the experimental results of the total 

fatigue life are given in Table 6.2. Mean stress correction is performed using the 

Walker equation (2.11) to calculate the equivalent stress amplitude, which is 

substituted into Figure 6.6 to calculate the crack initiation life. 

Table 6.2. Tested total fatigue life from [31] . 

Autofrettage 

Pressure/MPa 

Operating 

Pressure/MPa 

„/MPa „ /MPa ὔ 

103 68.91 413.47 13.78 246,313 

103 68.91 413.47 13.78 283,181 

122 68.91 413.47 -80.90 422,426 

  

6.1.5 Calculation of the Total L ife 

The crack propagation life with different autofrettage pressures is obtained by 

combining the results of ὑ  shown in Figure 6.4 and Ўὑ  in Figure 6.5. The total 
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fatigue life is determined by adding the crack initiation life from Section 6.1.4. 

Results for the calculated life, including the crack initiation life and the crack growth 

life, are shown in Table 6.3. For 68.91MPa operating pressure, when the autofrettage 

pressure is 103MPa, the calculated total life based on the proposed method is around 

259,600 cycles. Comparing this with the experimental results provided in Table 6.2, 

where the experimental results range between 246,313 cycles and 283,181 cycles, the 

calculated result falls within this range. The errors are 5.39% and 8.33% respectively, 

both of which are small in the estimation of fatigue life. Only one test is reported for 

autofrettage pressure 122MPa, resulting in a tested fatigue life of 422,426 cycles. 

The calculated fatigue life is 502,170 cycles with an error of 18%. Although this 

error is larger than when the autofrettage pressure is 103MPa, the scatter factor is 

only 1.2 which is less than 2 and still acceptable for fatigue life prediction. 

Table 6.3. Calculated total life by proposed method. 

Autofrettage 

Pressure/MPa 

Operating 

Pressure/MPa 

ὔ  ὔ ὔ 

103 68.91 190,600 69,000 259,600 

122 68.91 402,170 100,000 502,170 

 

6.1.6 Discussion of the Notched Block Fatigue L ife Prediction 

In this section, the proposed method applied for the double-notched specimens is 

employed to predict the fatigue life of autofrettaged notched blocks made of 4340 

steel. For a constant 68.91MPa operating pressure, the fatigue life is obtained for two 

autofrettage pressures, and the calculated fatigue lives have good agreement with the 

experimental results. Therefore, the feasibility of the proposed method discussed in 

Section 5.5, including the assumption of crack imitation, the determination of the 

stress intensity factor of residual stress and its influence on the stress ratio, can be 

validated. Additionally, due to the universality of the geometry of the notched block, 

the proposed method can be used in many industrial structures with notches, such as 

pumps, valves and pipes.  
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All of the analyses are based on the realm of high cycle fatigue, with a specific 

emphasis on elastic shakedown. After autofrettage, the structure response under 

subsequent cyclic loading may be either ratcheting or shakedown.  

Thus far, the analysis has been assumed elastic shakedown. The following section 

will consider both elastic shakedown and plastic shakedown, which means the 

structure response will be considered with more complex components.  

6.2 Fatigue L ife Estimation of Autofrettaged Injection System Components 

In industrial equipment such as injection pumps and engines, injection systems are 

widely used under high cyclic injection pressure. Once the injection pressure is 

determined, the structure must be designed to meet the fatigue life requirements 

under these cyclic pressures. If the shape and material of a component, and no 

additional methods are employed to enhance its fatigue resistance, then the fatigue 

life and limit are constant. Therefore, since no structure changes can be made, 

autofrettage is applied to injection system component to increase the fatigue life and 

the proposed method can then be employed to estimate the fatigue life. 

6.2.1 Injection System Component and Material Properties 

An injection system component for a diesel engine [107] is considered to validate the 

proposed fatigue life method. The component is simplified as shown in Figure 6.7. 

 

Figure 6.7. (a) The geometry of the entire component. (b) The geometry of the half of 

the component. 
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The component material is 42CrMo4. A mixed hardening model (3.11) is applied for 

cyclic stress-strain analysis. The mixed hardening model consists of nonlinear 

isotropic hardening model and Chaboche kinematic hardening model (3.9). The 

material properties of 42CrMo4 under room temperature [107] applied in the 

constitutive model are shown in Table 6.4. 

Table 6.4. Material properties of 42CrMo4. 

 42CrMo4 

Isotropic elasticity  

E 200 GPa 

v 0.3 

Nonlinear isotropic hardening  

k 910 MPa 

Ὑ  -283.17 

b 11.527 

Chaboche kinematic hardening  

ὅ 6.758 ρπ MPa 

 5123 

ὅ 9303 MPa 

 1281 

ὅ 80269.9 

 320 

ὅ 4.589 ρπ MPa 

 80 

ὅ 12295.6 

 20 
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6.2.2 Autofrettage and Residual Stress Distribution  

The autofrettage pressure applied to the structure is 850 MPa. During loading, 

plasticity is induced in the high stress concentration area identified in Figure 6.8. The 

residual stress distribution on unloading is simulated using FEA. Subsequently, the 

component is subjected to cyclic working pressure ranging from 350 MPa to 5 MPa.  

One sixteenth of the component, with appropriate symmetry boundary conditions, is 

modelled to calculate the compressive residual stress. The structure is meshed using 

tetrahedral elements, with refined meshing around the notch root area, which is the 

high stress concentration region. The mesh comprises 8685 elements and 15334 

nodes, as shown in Figure 6.8.  

 

Figure 6.8. Mesh results of one sixteenth of the structure. 

Symmetry boundary conditions are applied on three surfaces of the model, with the 

autofrettage pressure applied on the internal surface, as shown in Figure 6.9. 

 

Figure 6.9. Boundary conditions of one sixteenth structure. 
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The compressive residual stress is represented by the normal stress perpendicular to 

the crack surface. The residual stress of the entire model after the 850 MPa 

autofrettage is shown in Figure 6.10 (a). The residual stress distribution around the 

notch root, along the expected crack path from point 1 to point 2 is shown in Figure 

6.10 (b). 

 

 

Figure 6.10. Residual stress (Normal stress perpendicular to the section) distribution 

due to autofrettage pressure. (a) Residual stress on the entire structure. (b) residual 

stress along the path. 

As shown in Figure 6.10, compressive residual stress is distributed around the notch 

root, with a value of 951.55 MPa at the critical point (point 1). Tensile residual stress 
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is then distributed away from the notch root to balance the compressive stress 

distribution. 

6.2.3 Residual Stress Redistribution  

After autofrettage, the structure's response to cyclic loading, with the induced 

compressive residual stress, can be classified as elastic shakedown, plastic 

shakedown, or ratcheting, as discussed in Section 3.4. If plastic shakedown occurs, 

redistribution of residual stress must be considered, and the redistributed 

compressive residual stress can be assumed as the compressive stress of the stable 

hysteresis loop. To determine whether such redistribution should be accounted for, 

the plastic strain state is a crucial factor for assessment. If the plastic strain remains 

constant under subsequent cyclic loading following autofrettage, the structural 

response can be assessed as elastic shakedown, as illustrated by the blue line in 

Figure 6.11. When the subsequent cyclic loading range is from 5MPa to 100MPa, the 

equivalent plastic strain is constant after the autofrettage. However, when the 

subsequent cyclic loading range is from 5MPa to 350MPa, the plastic strain varies in 

each step in the first few cycles, as shown by the red line in Figure 6.11. Plastic 

shakedown may then occur in the following cycles. Therefore, to obtain the 

redistributed residual stress, stress-strain analysis needs to be applied for more load 

cycles. 
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Figure 6.11. Equivalent plastic strain with various pressure ranges. 

The autofrettaged structure is subjected to subsequent cyclic pressure ranging from 

350 MPa to 5 MPa for a total of 250 cycles. The results of redistributed residual 

stress on the critical point for each load step are shown in Figure 6.12, where the 

residual stress becomes stable after around 50 cycles. In addition, the results of 

residual stress along the path after various cycles are also shown in Figure 6.13. The 

compressive residual stress on the critical point decreases from the original 

951.55MPa to 786.81MPa after 250 cycles, and the redistributed residual stress is 

also different. After 20 cycles, the redistributed compressive residual stress is around 

800MPa and be stable with the increasing of the cycles. The residual stress becomes 

stable after approximately 100 cycles. Therefore, the redistributed residual stress 

after 100 cycles can be used for the following fracture mechanics analysis when the 

pressure range is from 5MPa to 350MPa. 
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Figure 6.12. Residual stress on the critical point for each step. 

 

 

Figure 6.13. Residual stress redistribution after various cycles. (a) Path length to 

3.5mm. (b) Path length to 0.5mm. 

With different pressure ranges, the calculated compressive residual stress at the 

critical point also varies. The results of the redistributed residual stress along the path 

after 250 cycles under three pressure ranges are shown in Figure 6.14. The stable 

compressive residual stress at the critical point increases with the increasing pressure 

ranges after 250 cycles. Residual stress distributions around the notch root vary 

under different pressure ranges within 0 to 0.8mm along the path, but beyond 

approximately 1mm, the residual stress gradually converges to the same value. 
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Figure 6.14. Redistributed residual stress after 250 cycles with various pressure 

ranges. 

The determined redistributed residual stress is then applied in the following crack 

growth simulation. 

6.2.4 Stress Intensity Factor of Applied Pressure 

The SMART tool is used to simulate crack growth, employing a quarter of the 

component for this purpose. An assumed initiation crack, inserted as a semi-elliptical 

crack with a length of 0.2mm, is placed at the notch root. A quarter of the component 

is meshed using tetrahedral elements, with refinement around the crack front as 

shown in the Figure 6.15. The mesh includes 30643 elements with 44705 nodes. 

 

Figure 6.15. Mesh results of a quarter of the structure with crack initiation. 

As a quarter of the structure is modelled, with appropriate symmetry boundary 

conditions, and internal pressure applied. In addition, displacement constrain is 
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imposed on the bottom plane as Y=0. All boundary conditions are shown in Figure 

6.16. 

 

Figure 6.16. Boundary conditions of quarter of the structure. 

Several internal pressures are applied to the model for crack growth simulation to 

calculate the results of stress intensity factors, as shown in Figure 6.17. Although, 

stress intensity factors may vary with changes in internal pressures, the configuration 

factor Y remains constant and is dependent only on the geometry of the structure. 

Consequently, Y can be employed to assess mesh sensitivity and, once obtained, can 

be applied to calculate the SIFs for any internal pressure. The values of Y with crack 

length based on the mesh results shown in Figure 6.15 are shown in Figure 6.18. 

Although, the pressures applied to the structure are different, the calculated results of 

Y are same. A second mesh with different refinement is analysed to evaluate mesh 

sensitivity by comparing the values of Y. Since increasing mesh density also leads to 

longer computational times, the comparison is conducted only for crack lengths 

ranging from 0.2mm to 1mm. The results of Y obtained based on different mesh 

densities are shown in Figure 6.19. 
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Figure 6.17. Stress intensity factors of various internal pressures. 

 

Figure 6.18. Configuration factor Y with crack length. 
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Figure 6.19.ConfigurationfactorY with different mesh densities. 

As shown in Figure 6.19, the mesh around the crack tip is refined leading to an 

increase in the number of elements from 15349 in Mesh 2 to 30643 in Mesh 1. 

Initially, there is a small difference in the results of Y, but with the growth of the 

crack initiation, the difference diminishes and finally two lines representing Y 

converge into one line after approximately 0.8mm. Considering the insensitivity of Y 

values to mesh density and the significant increase in computational time, the mesh 

with 15349 elements is employed in the subsequent analysis. 

6.2.5 Crack Tip Plasticity Correction 

The SMART crack growth tool in ANSYS is employed to simulate the crack growth 

and calculate the applied stress intensity factors. It is based on the LEFM, which 

assumes small scale yield (Section 2.7.5). In the small scale yield assumption, the 

plastic zone at the crack tip should be much smaller than the crack length itself. To 

define this ñmuch smallerò assumption, the minimum required dimensions of the 

crack, according to Dowling [56] and ASTM standard [154], is: 
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 where, a is crack length, ὡ ὥ is ligament length, and h is height. In this 

component, only one dimension, crack length, is considered as the SIFs are already 

correlated to the crack length by fitting functions. (6.1) can then be solved to find the 

minimum crack length to satisfy the small scale yield assumption. The solutions of 

the minimum crack length with various maximum applied pressures are shown in 

Table 6.5. 

Table 6.5. Calculated minimum crack length with applied pressures. 

Applied pressure/MPA 400 350 300 250 200 150 

Calculated Crack length/mm 1.3 1 0.7 0.44 0.2 0.11 

 

As shown in Table 6.5, the calculated minimum crack length decreases with the 

decrease of the applied pressure. Since, the SMART crack growth is based on the 

LEFM, to investigate the plastic zone induced with plasticity, the FEA of elastic-

plastic fracture mechanics is employed. However, unlike the SMART crack growth 

tool which can simulate the process of crack propagation continuously, incorporating 

plasticity into the calculation does not allow continuous simulation. The stress 

distributions around the crack tip depicted by the equivalent stress under 400 and 200 

maximum applied stress are illustrated respectively as Figure 6.20. The description 

of the plastic zone obtained by the plastic material model when the maximum applied 

pressure is 200MPa is shown in Figure 6.20 (a). Compared to the Figure 6.20 (c), 

determined by the 400MPa, the plastic zone under 200MPa is smaller. 
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Figure 6.20. Stress distributions described by equivalent stress (a) 200MPa, 

plasticity (b) 200MPa, elasticity (c) 400MPa, plasticity. (d) 400MPa, plasticity 

(magnified displacement view). 

In addition, when the applied pressure is 200MPa, although, the value of the 

calculated equivalent stress under the elastic material model is different from that 

under the plastic material model, the shape and size of plastic zones in different loads 

are similar, as shown in Figure 6.20 (a) and (c). However, in the same situation, the 

result of the plastic zone with 400MPa applied pressure in plastic model has a 

significant difference compared to the stress distribution in the elastic model, as 

shown in Figure 6.20 (b) and (d).  

The structure response under the various applied pressures in Table 6.5 is determined 

from the equivalent plastic strain. As mentioned in Section 3.4, if there is no net 

increment in the plastic strain, the structure response can be defined as a shakedown. 
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If the plastic strain is constant during any loading steps, the stress-strain response is 

termed as elastic shakedown, and if the plastic strain varies under loading and 

unloading steps, but the net plastic strain is zero, the stress-strain response is 

identified as a plastic shakedown. The calculated equivalent plastic strain under 

various applied pressures are shown in Figure 6.21. When the applied pressure is 

200MPa, following autofrettage, the equivalent plastic strain remains constant during 

subsequent loading, indicating that the structure's response is characterized by elastic 

shakedown. However, as the applied pressure increases to either 300MPa or 400MPa, 

plastic shakedown occurs. 

 

Figure 6.21. Equivalent plastic strain with applied pressures. 

Considering the results shown in Table 6.5, the calculated minimum crack length is 

small (around 0.2mm) when the structure response is an elastic shakedown. As the 

length of assumed initiation crack is 0.2mm, the plastic influence on the simulated 

stress intensity factors can be ignored when elastic shakedown occurs. However, if 

plastic shakedown occurs, the calculated minimum crack length is larger than 0.7mm, 

which is larger than the assumed crack initiation length. The plasticity influence 

should hence be considered for the crack propagation from the 0.2mm crack 

initiation length to the calculated minimum crack length. However, as the SMART 

crack growth tool in ANSYS is based on the LEFM, other methods need to be 
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employed. Here, the stress intensity factor with plasticity is determined by multistep 

analysis that the process of crack growth before the minimum crack length is divided 

into several steps, for each step, the SIF is calculated independently. For instance, if 

the minimum crack length is larger than 0.2mm, the crack growth path between 

0.2mm and the minimum crack length are divided by multistep and the value of SIF 

of each step is calculated based on elastic-plastic material model. Then, the SMART 

crack growth tool is employed until the 0.2mm crack initiation grows to the 

minimum crack length. 

To determine the range of stress intensity factors, the minimum SIFs obtained by the 

minimum pressure 5 MPa are calculated based on the configuration factor shown in 

Figure 6.19, as in (4.2) in Section 4.1.2. Several ranges of SIFs under various ranges 

of applied pressures are then calculated, as shown in Figure 6.22. 

 

Figure 6.22. Range of stress intensity factors with minimum pressure 5 MPa. 

 

6.2.6 Stress Intensity Factor of Residual Stress 

As noted in Section 4.3, the stress intensity factor of residual stress, ὑ  can be 

determined by the weight function method, which is the method applied in [107]. 
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However, this is difficult to apply in 3D models. Therefore, the FEA method based 

on the superposition method of Section 5.3.2 is applied to determine ὑ .  

The redistributed residual stress is exported from the mixed hardening material 

model and employed as the initial stress state for the crack simulation. An arbitrary 

pressure, sufficiently large to induce crack growth with the residual stress, is applied 

to the structure. Following the crack growth simulation, the values of Ўὑ ὑ  

are determined along with the crack length a. Additionally, another crack growth 

simulation is conducted with only the same arbitrary pressure applied to obtain the 

values of Ўὑ . Consequently, the results of ὑ  can be determined by subtracting 

Ўὑ  from Ўὑ ὑ . The value of ὑ  can then be calculated as shown in 

Figure 6.23. 

 

Figure 6.23. ὑ  with crack length. 

6.2.7 Calculation of Crack Initiation L ife with and without Residual Stress 

To calculate the crack initiation life, the methodology shown in the Section 4.1 is 

applied. The stress-total fatigue life curve is collected from the reference [155]. 

Assuming a 0.2mm crack initiation length, the crack growth life for the smooth 

specimen illustrated in Figure 4.2 is calculated based on Paris law (4.5) with the 

Paris law parameters for 42CRMo4, where C is 6.08 ρπ MPaЍά and m is 2.3 
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[156]. Finally, the crack initiation life based on the assumed crack initiation length 

for the smooth specimen is calculated for different applied stresses and a stress-crack 

initiation life, Ὓ ὔ, curve for 42CrMo4 is generated, as shown in Figure 6.24.  

With the stress amplitude obtained from the FEA, the crack initiation life is 

determined by applying the calculated stress amplitude to the Ὓ ὔ curve. After 

autofrettage and 250 working load cycles, the stress state response is as shown in 

Figure 6.25. The results of equivalent stress amplitude after mean stress correction 

based on several cyclic loading are summarized in Table 6.6. 

 

 

Figure 6.24. Crack initiation life of 42CrMo4 under various stress amplitude. 
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Figure 6.25. Illustration of stress response due to autofrettage and cyclic loading. 

 

Table 6.6. Calculated equivalent stress amplitude with residual stress by FEA. 

Cyclic pressure range/MPa Equivalent stress amplitude/MPa 

400 817.02 

375 792.74 

350 767.36 

Without autofrettage, the stress state response to applied pressures can be either 

elastic shakedown or plastic shakedown. The results of equivalent stress amplitude 

corresponding to the applied pressures and stress-stain states are summarized in 

Table 6.7. 

Table 6.7. Calculated equivalent stress amplitude without residual stress by FEA. 

Cyclic pressure range/MPa Equivalent stress amplitude/MPa 

300 928.78 

200 681.9 

150 595.5 
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6.2.8 Calculation of Crack Growth L ife with and without Residual Stress 

Equations (4.12) and (4.13) are applied to calculate the crack propagation life 

considering residual stress. Ўὑ , ὑ  and Ὑ  are functions of crack length, 

enabling calculation of crack propagation life by integrating over crack length. Three 

maximum working pressures ranging from 5 MPa to 405MPa, 380MPa and 355MPa 

are applied. The range of SIFs for the applied pressures, Ўὑ , are obtained from 

the configuration factor shown in Figure 6.18. The results of crack propagation life 

without the residual stress can be calculated directly by Ўὑ  from (4.5) and by 

combining the values of ὑ  and the influence of Ὑ , the results of crack 

propagation life can be calculated. These results are then combined with the crack 

initiation life determined in Section 6.2.7 to calculate the total fatigue life with and 

without residual stress.  

The comparison of the total life results considering residual stress obtained by the 

proposed method with the results included in the Reference [107] is illustrated in 

Figure 6.26. In [107], a strip yield model incorporating plastic effect is employing 

the concept of a fictitious crack tip, is applied to estimate the crack growth life. The 

results of predicted fatigue life based on this model are shown as the red line in 

Figure 6.26. The results of fatigue life obtained by LEFM calculation and 

experiments [107] are shown as the blue line and green line respectively. The fatigue 

life results obtained by the proposed method, shown as the black symbols in Figure 

6.26, are between the linear calculation and the strip yield model. Compared to the 

weight function method, the determination of ὑ  in the proposed method is 

significantly easier in 3D model and with plasticity correction on the proposed 

method, the FEA results can also provide closer results on the fatigue life compared 

with LEFM. 
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Figure 6.26. Prediction of total fatigue life with residual stress by various methods. 

The results of total life without the residual stress are shown in Figure 6.27. The 

calculated fatigue life by strip yield model, linear calculation and FEA method 

proposed are included. The calculated results by FEA without the residual stress are 

also seen to give good agreement with experimental results.  

 

Figure 6.27. Prediction of total fatigue life without residual stress by various 

methods. 
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6.2.9 Discussion 

The method proposed in Chapter 4 to assess fatigue life with induced residual stress 

through the crack growth model with an assumed initial crack was applied to double-

notched specimens of 316L stainless steel and low carbon steel in Chapter 5. As the 

redistributed residual stress varies after initial cyclic loadings before stabilizing, the 

residual stress after approximate 100 cyclic loadings is taken as the final 

redistributed residual stress. The crack initiation length is assumed as 0.2mm. Based 

on the assumed crack initiation, the values of SIF under various applied pressures are 

determined by the SMART crack growth tool. However, the small scale yield 

assumption in LEFM may not be satisfy before the 0.2mm assumed crack initiation 

length is established. The minimum crack length required to satisfy the small-scale 

yield assumption varies with different applied pressures and corresponds to the 

structure's response. In cases where the structure response is identified as a plastic 

shakedown, the minimum crack length satisfying the assumption is larger than 

approximately 0.7mm. However, under the condition of elastic shakedown, the 

minimum crack length is approximately 0.2mm, which aligns with the length of the 

assumed crack initiation. Therefore, when the response of a structure is elastic 

shakedown, if the crack initiation length is 0.2mm, the influence of plasticity on the 

crack tip can be ignored, but for the plastic shakedown, the plasticity should be 

considered in the calculation of SIF. Here, the SIF with plasticity is calculated by 

multistep analysis of the initial crack length and SMART crack growth is applied 

after the minimum crack length. 

Based on the assumed crack initiation length, the Ὓ ὔ curve of 42CrMo4 can be 

generated. Same procedures included in the proposed method in Figure 4.1 are 

applied. By adding the crack initiation life, the total life is obtained as shown in 

Figure 6.26 and Figure 6.27. For the situation with the residual stress, the deviations 

between the calculated fatigue life and experimental results are close for both the 

strip yield model and LEFM calculation method. The calculated life using the 

proposed method closely resembles the LEFM calculation, but with less deviation. 

For the situation without the residual stress, compared with the strip yield model, the 

results from the linear calculation can have less deviation and the calculated life by 

the proposed method can provide a good agreement as well. 
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Chapter 7 Crack arrest 

From a design perspective, the aim of autofrettage for a given working load cycle 

may be to achieve a specific finite fatigue life, typically ρπ to ρπ cycles for high 

cycle fatigue, or infinite fatigue life. The minimum autofrettage pressure required to 

achieve this aim can be determined by applying a stress life or fracture mechanics 

methodology to a component with induced compressive residual stress, calculated by 

elastic-plastic analysis. Here, a method is proposed to determine the minimum 

autofrettage pressure according to crack arrest analysis. The calculated Ўὑ  (4.15) 

is compared with a crack threshold model to determine if the crack will propagate or 

be arrested as shown in Figure 7.1. The minimum autofrettage pressure can be 

determined at which the crack arrest occurs. 

 

Figure 7.1. Flow diagram of crack arrest analysis. 

This chapter investigates the incorporation of the crack arrest models and the 

threshold of EI Haddad [79] and Chapetti [82] in the methodology. Both models are 
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initially considered in fatigue analysis of double notch tensile test specimens with 

compressive residual stress induced by initial tensile overload. Results are compared 

with fatigue test results from the literature and experiments. The procedure with the 

Chapetti crack arrest model is then applied to a complex 3D valve body with 

autofrettage residual stress, previously considered by Sellen et al.[157] 

7.1 Crack Arrest Theory 

Crack arrest analysis can be applied for the assessment of autofrettage to make sure 

the preload in the autofrettage process can improve the total fatigue life larger than at 

least ρπ cycles. The crack arrest analysis can be employed by comparing the SIFs 

with the thresholds mentioned in Section 2.7.2. Crack arrest analysis based on the EI 

Haddad and Chapetti models has been considered in several investigations. Arauj́o 

and Nowell [80] and de Pannemaecker [81] adopted the EI Haddad model for crack 

arrest analysis in fretting fatigue. Chapetti [158] assessed fatigue strength by 

comparing the threshold curve with Ўὑ. Chapetti assumed a semicircular crack, with 

ὣ πȢφυ. Santus and Taylor [71] have proposed a semi-ellipse form where ὣ is 

dependent on the aspect ratio, with ὣ πȢχτφ assumed for an aspect ratio of 0.8. A 

similar IBESS approach [159] was proposed for the fatigue assessment of welding 

structures.  

Crack arrest analysis taking account of autofrettage pressure was investigated for 

cruciform specimens by Thumser et.al [160] in terms of Ўὑ . This applies to cracks 

within the MSC region, but when defining crack arrest in general it is necessary to 

consider variation in the PSC threshold with ὥ, Ўὑ ȟ, as illustrated in Figure 2.16. 

Even if Ўὑ exceeds Ўὑ , there is still a possibility of arresting the crack by 

increasing Ўὑ ȟ.  

7.2 Crack Arrest Assessment on Double-notched Specimens 

Two types of double-notched specimens shown in Figure 5.1 are investigated. The 

material properties required to calculate the thresholds are summarized in Table 7.1. 
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Table 7.1. Experimental and collected material properties of 316L and S355 (R=0) 

[56, 108, 142, 161, 162]. 

Material „ 

ὓὖὥ 

Ὁ 

Ὃὖὥ 

Ў„  

ὓὖὥ 

Ўὑ  

ὓὖὥЍά  

Ὠ 

άά  

Ўὑ  

ὓὖὥЍά  

Ὧ 

άά  

316L 255 200 292 5.5 0.024 1.64 4.46 

S355 255 200 344 8 0.055 2.94 2.64 

 

The EI Haddad (2.39) and Chapetti (2.42) fatigue threshold models for 316L and 

S355 determined from the material properties of  Table 7.1 are shown in Figure 7.2, 

where Ўὑ  for the Chapetti model assumes ὣ πȢφυ. 

 

Figure 7.2. Calculated fatigue threshold models for 316L and S355. 

As a PSC develops from an MSC, crack arrest will occur if the effective SIF range 

Ўὑ  for a given crack length ὥ is below the corresponding fatigue crack threshold 

Ўὑ . The effective SIF range for Specimens A and B can be determined from the 

numerical results for Ўὑ , ὑ  and Ὑ , Ўὑ  calculated from (4.15).  

The threshold and effective SIF ranges for Specimens A and B are plotted against 

crack length ὥ for Specimens A and B in Figure 7.3 (a) and (b) respectively. For 

Specimen A, the Chapetti model predicts crack arrest for applied forces of 6.5kN, 
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7.0kN and 7.5kN. The EI Haddad also predicts crack arrest for these forces and for 

the higher force of 8.0kN. For Specimen B, the Chapetti model predicts crack arrest 

in the PSC region for applied force amplitude 21kN and 22kN. The EI Haddad model 

predicts crack arrest for 21kN. 

 

 

Figure 7.3. Calculated Ўὑ  compared with Ўὑ  a) Specimen A and  b) Specimen 

B. 



117 

 

Test results for fatigue cycles to failure for the Specimen A and Specimen B [108] are 

summarised in Figure 7.4(a) and (b) respectively where the fatigue limit (more than 

at least ς ρπ) are marked as red points. 

 

Figure 7.4. Experimental results of fatigue tests of preloaded double-notched 

specimens a) Specimen A and b) Specimen B[108]. 

 

The results for Specimen A show a finite fatigue life for an applied working force of 

8kN and above. This shows that crack arrest does not occur at 8kN, as predicted 

using the El Haddad model. Test results corresponding to the Chapetti model 

prediction of crack arrest at working load 7.5 kN show run-out at ςØρπ and ςØρπ 

cycles. The Specimen B results show finite fatigue life for a working force of 22 kN 

and above, showing that crack arrest does not occur at 22kN as predicted using the El 

Haddad model. A single test corresponding to the Chapetti prediction of crack arrest 

at 21kN shows run-out at σØρπ cycles.  

Comparison with fatigue test results indicates that the El Haddad model does not 

give a conservative estimate of crack arrest within the framework of the proposed 

method. However, the results given by the Chapetti model indicate that it is a 

potentially viable approach, within the limits of the run-out data available.  

7.3 Influence of Aspect Ratio 

For crack propagation simulation in FEA, the crack initiation can be assumed as 

semicircular, straight-fronted or semi-ellipse, but commonly the shape of crack 

initiation is considered as either semicircular or semi-ellipse. Based on Chapetti's 
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theory, the value of ὣ can be generally determined as 0.65. In Taylorôs work, he 

refined the value of ὣ through the specific shape of semicircular crack initiation and 

by assuming the aspect ratio is 0.8 to obtain ὣ=0.746. Therefore, for more accurate 

prediction, it is necessary to consider the influence of aspect ratio on crack 

propagation simulation and the fatigue limit prediction. Although, the aspect ratio 

changes with the crack propagation, the aspect ratio of the initial crack length is 

commonly assumed between 0.2 and 1.0 [124]. According to initial aspect ratios, the 

value of the corresponding ὣ is based on [124]. 

Since the Ўὑ  dependent on Chapetti model has been considered in Figure 7.2 and 

aspect ratio of 0.2 is rarely applied in crack growth simulation, only aspect ratios of 

0.4, 0.6 and 0.8 are discussed. For crack propagation simulation, the crack initiation 

length a is still constant at 0.2mm. Based on several aspect ratios, different sizes of  

semi-ellipse cracks are applied in two kinds of specimens, with the same procedures 

to calculate the values of Ўὑ , ὑ  and Ўὑ . The results of Ўὑ  and Ўὑ  with 

different aspect ratios for the two specimens are shown in Figure 7.5. 

For specimen A, 8kN force amplitude is applied and 23kN force amplitude is applied 

on specimen B. Based on Figure 7.4, both of these selected force amplitudes are 

close to the fatigue limit forces of the corresponding specimens. 

 

Figure 7.5 Calculated Ўὑ  compared with Ўὑ  with aspect ratios of 0.4, 0.6 and 

0.8 a)316Lss b)S355 carbon steel. 

It is observed in Figure 7.5 that for each crack configuration, the lines of Ўὑ  for 

different aspect ratios will coincide to a similar line. This is because although the 
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initial aspect ratios and corresponding ὣ vary, with crack propagation the crack 

aspect ratio will finally converge. This trend is also seen in Carpinteriôs and 

Caspersôs research [124, 163], where the crack aspect ratio converges in the range of 

0.6 to 0.7. However, even though the final crack aspect ratios are similar, the initial 

crack aspect ratios vary, and the difference between these ratios can affect the 

judgment of crack arrest, especially in short crack region.  

Comparing the results shown in Figure 7.5(a), when Ўὑ  for EI Haddad model is 

considered, although the applied forces are same, with various initial aspect ratios, 

the results of crack arrest analysis are different. As for a/b= 0.8 and 0.6 (red and 

yellow lines), the crack is arrested in PSC, but for a/b=0.4 (blue line) the crack can 

continue to propagate to LC and fail. This situation is also present in Figure 7.5(b), 

where only the initial crack configuration with a/b=0.4 can continue to propagate.  

The situation of the initial crack with a/b=0.4 for specimen B is selected to compare 

with the results of Figure 7.4 (b) to clarify the influence of the crack aspect ratio on 

the fatigue limit. The results of Ўὑ  and Ўὑ  with a/b=0.4 are shown in Figure 7.6, 

where based on EI Haddad model, the force leading to the fatigue limit is in the 

range of 22kN-23kN. According to Figure 7.4 (b), when the force amplitude is 

between 23kN and 22kN, the crack is also nearly arrested in PSC. So, for the EI 

Haddad model, the aspect ratio has no significant influence on the crack arrest 

analysis. However, for the Chapetti model, the results of the calculation with 0.4 

aspect ratio are approximately 22kN, which is larger than the result for 0.6 aspect 

ratio. The reason for the difference in the results of the two models is that in Chapetti 

model, Ўὑ  is dependent on the value of ὣ, but for EI Haddad model, Ўὑ  is 

independent on the value of ὣ, so the fatigue limit is the same. Therefore, when the 

Chapetti model is selected with a specific aspect ratio of 0.4, the fatigue limit will be 

underestimated. 

For engineering applications, both models can be employed to describe Ўὑ , but the 

initial crack configuration should be considered carefully, as this can affect the 

calculated fatigue limit. For the two types of double-notched specimens shown in this 

thesis, the crack configurations with aspect ratios 0.6 and 0.8 may have better 

agreement on experimental results compared with aspect ratio 0.4. 
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Figure 7.6 Calculated Ўὑ  compared with Ўὑ  of S355 carbon steel (a/b=0.4). 

Based on the simulation and experimental results, the following conclusions can be 

summarized: 

¶ Ўὑ  or Ўὑ  along cannot represent the entire thresholds, even if the crack 

size is larger than the MSC (Ўὑ Ўὑ , the crack can still be arrested in 

PSC region due to the increasing of the threshold. The completed threshold 

stress range for MSC, PSC and LC must be considered. 

¶ Compressive residual stress can increase the fatigue limit, and the fatigue 

limit force of notched specimens with induced residual stress can be 

calculated by the method proposed here by comparing calculated Ўὑ  with 

Ўὑ Ȣ The numerical results show good agreement with the experimental 

results. The method can also be easily extended to other notched structures to 

calculate the fatigue limit for safe design. 

¶ When applying crack growth simulation to calculate Ўὑ  or Ўὑ , the 

initiation crack is commonly modelled as semicircular, and it is necessary to 

consider the influence of aspect ratio of the initial crack configuration. With 

crack propagation, the aspect ratio can converge, but in the short crack region, 

the values of Ўὑ  with various aspect ratios are different, which can affect 

determination of the fatigue limit.  
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7.4 Valve Body Analysis 

Sellen et al [157] presented a stress-life design procedure for autofrettage of the 

complex 3D aluminium AW-6082-T6 valve body shown in Figure 7.7, validated 

through experimental observation. Their proposed criterion for required autofrettage 

pressure is crack arrest under post-autofrettage working loads. They proposed that a 

simple, conservative condition for this to occur is the maximum post-autofrettage 

SIF under working loads is always ὑ π. From the definition of SIF, this 

condition is satisfied if the corresponding maximum stress normal to the crack plane 

is always „ π.  

Sellen et al considered an operational pressure range from zero to 87.5 MPa, and 

three autofrettage pressures: 180MPa, 270 MPa, and 350MPa. Experimental analysis 

showed that crack arrest did not occur for 180MPa autofrettage, but the observed 

irregular crack growth suggested the effective SIF range was close to the threshold 

value.  The 270MPa autofrettage test was stopped after ρπ cycles, at which very 

small cracks were observed. A similar observation was made for autofrettage 

pressure 350MPa. 

 

Figure 7.7. Geometry of half of the valve body [157]. 

Crack arrest in the valve body of  [157] is analysed here using the procedure of 

Figure 4.1. The material properties, material models and boundary conditions used in 
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FEA are those defined in [157]. Considering the double notch specimen analysis 

results, the Chapetti model was selected for the assessment of crack arrest. 

7.4.1 Material Properties 

The material properties used in the FEA and crack propagation threshold model 

obtained from the literature are given in Table 7.2. Following [157], the valve body 

material is assumed to be bilinear kinematic hardening material. In constructing the 

Chapetti model, the value of Ў„  was determined from SN curves Ўὑ  was 

obtained from [164, 165] and the value of Ўὑ  was obtained from [166, 167] and 

the average grain size was collected from [168]. The parameters of Chapetti model 

calculated by (2.41) (2.42), and (2.43) are shown in Table 7.2. 

Table 7.2. Collected material properties of AW-6082-T6. 

Material „ 

ὓὖὥ 

Ὁ 

Ὃὖὥ 

Ὁ  

ὓὖὥ 

Ў„  Ὑ π 

ὓὖὥ 

Ўὑ  

ὓὖὥЍά  

Ὠ 

‘ά 

Ўὑ  

ὓὖὥЍά  

Ὧ 

άά  

6082-

T6 

371 76.5 843 150 2.184 32.3 0.982 6.325 

The Chapetti fatigue threshold models for AW-6082-T6 based on the material 

properties of Table 7.2 is shown in Figure 7.8. 

 

Figure 7.8. Thresholds of aluminium AW-6082-T6 calculated by Chapetti model. 
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7.4.2 Finite Element Model 

The valve body was modelled in ANSYS Workbench using SOLID 187 tetrahedral 

structural solid elements. The crack-free component has 3 planes of symmetry, and 

the monotonic and cyclic stress analysis stages of the assessment procedure can be 

performed for a 1/8 model with appropriate symmetry boundary conditions. However, 

if crack initiation occurs on a symmetry plane, the material on both sides of the plane 

must be modelled when applying ANSYS SMART and a 1/4 model is required.  

To obtain the location of crack initiation, 1/8 of the valve body was meshed as shown 

in Figure 7.9a. The applied boundary conditions are shown in Figure 7.9b. Symmetry 

boundary conditions are applied on the 3 symmetry planes. The real component is 

sealed by plugs at the end of the conical transition section of the cross-holes. 

Pressure was applied to the surfaces within the seal, and the pressure force acting on 

the plugs was represented by axial thrust forces acting on the larger bores.  

 

Figure 7.9. a) Finite element mesh and b) Applied boundary conditions for 1/8 valve 

body model. 

Results from cyclic stress analysis shown in Section 7.4.4 indicated that the crack 

formed on the horizontal symmetry surface of Figure 7.9. A 1/4 model with a similar 

mesh density was therefore created for crack growth analysis, with boundary 

conditions shown in Figure 7.10. In addition, the pressures are also applied on the 

crack flanks. 
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Figure 7.10. Quarter valve structure and applied boundary conditions. 

The valve was analysed for an operating pressure cycle from zero to 87.5MPa and 

five autofrettage pressures: 150MPa, 160MPa, 170MPa, 180MPa, 185MPa and 

190MPa.  

7.4.3 Preloading and Residual Stress 

Elastic-plastic FEA Model 1 was used to calculate the residual stress field induced in 

the autofrettage process, assuming a bilinear kinematic hardening material model 

based on material properties of Table 7.2. The distribution of residual stress normal 

to the symmetry plane for autofrettage pressure 180MPa is shown in Figure 7.11. 

 

Figure 7.11. Residual stress normal to the symmetry surface at cross-hole 

intersection after autofrettage. 
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7.4.4 Crack Initiation  

For actual pressure vessels, the fatigue analysis is multiaxial and therefore, multiaxial 

criteria should be applied to estimate the critical point. As mentioned in Section 2.6, 

researchers have proposed many improved and innovative multiaxial fatigue failure 

criteria based on stress and strain by analysing a large set of fatigue data. Among 

these criteria, the most successful and widely used criteria is based on the critical 

plane approach [63, 66, 169] where the variable shear stress and strain are considered 

to be the main cause of fatigue failure and the normal stress in the plane of the shear 

stress also affects fatigue. According to this theory, Brown [61] proposed that in 

multiaxial fatigue, cracks are generated in the plane of maximum shear strain and 

propagate along the direction perpendicular to the normal strain. The fundament of 

the critical plane approach may be incorporated in the Tresca criterion where the 

maximum shear stress is also employed as a criterion. The difference is that as a 

method of fatigue analysis, the core of the critical plane approach is to find the plane 

with the maximum alternating shear stress or strain.  

However, essentially, the maximum shear stress is not one of the stress invariants, 

but von Mises stress (7.1) is, as the consequence of the variant of shear stress on the 

orientation, the critical plane approach cannot be applied easily among engineers.  

„
„ „ „ „ „ „

ς
 

(7.1) 

where, „ is the von-Mises stress and „  are three principal stresses. 

As shown in (7.1), when the von-Mises stress is applied in FEA, the value of stress is 

always positive, which is contrary to the nature of compressive residual stress: if 

tensile residual stress is defined as positive, compressive residual stress should be 

negative. This phenomenon can affect the calculation of mean stress. To solve this 

issue, the mean stress which is affected by the compressive residual stress can be 

assumed to be proportional to the hydrostatic pressure, or, as in [108], the sum of the 

three mean normal stresses. This assumption can be applied accurately in double-

notched specimens, but may need further investigation to define the proportional 

value when applied in complex structures. 
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7.4.5 Crack Orientation  

After determining the critical point, the orientation of the crack must be defined. In 

the critical plane approach, the crack initiation can be easily determined as the plane 

with maximum alternating shear stress, and propagate along the direction 

perpendicular to the normal stress of the plane. However, if the critical point and the 

fatigue controlling stress components are determined based on von-Mises stress, 

there is no method to find the orientation of cracks. Here, fracture Mode I, which is 

the most studied and most common mode in practice, is discussed. In Mode I, normal 

in-plane loading is employed perpendicular to the crack and therefore, the crack 

plane can be defined by the normal stress. 

Sellen et al. [157] determined the crack plane in a whole structure under unit pressure 

by the elastic analysis. Then the crack plane orientation can be derived as normal to 

the first principal stress at this notch [157]. This method can be easily applied, but 

still has some disadvantages. If the crack grows based on a single static load, the way 

to determine the orientation of the crack by first principle stress is acceptable, but for 

fatigue crack growth, the range of stress intensity factor is the main factor to control 

the crack growth and calculate the fatigue growth life from the Paris law (2.47). 

As shown in the Paris law, the first principal stress as a result of unit pressure alone 

may not represent the range of stress intensity factor. In addition, in some studies 

based on fracture mechanics, the orientation of the crack is also assumed to be 

perpendicular to the direction of nominal stress in a flat specimen [170] or the 

residual hoop stress in a specimen with crossing holes [105]. The assumption of 

crack initiation should be considered in more detail. 

7.4.6 Determination of Crack Initiation by Critical Plane Approach 

In stress life fatigue analysis, crack initiation is usually assumed to occur at the 

location of maximum stress on a free surface [171], referred to as the critical point. 

The von Mises equivalent stress distribution at the cross-bore intersection for a valve 

body without autofrettage at maximum operating pressure 87.5 MPa is shown in 

Figure 7.12(a). The critical point occurs on the surface at the intersection between the 

cross-holes, where the maximum stress occurs. When compressive residual stress is 

present, the value and location of the maximum stress can change. This is seen in 
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Figure 7.12(b), which shows the von Mises equivalent stress distribution at the same 

pressure for a valve body previously subjected to 180MPa autofrettage pressure. The 

maximum von Mises stress now occurs internally, close to the cross-hole intersection. 

However, this does not represent the critical point. As the valve structure experiences 

3D stress, the von Mises stress is not suitable for identifying the location of crack 

initiation and a multiaxial fatigue criterion is required.  

 

 

Figure 7.12. Von Mises equivalent stress distribution at maximum operating pressure 

87.5 MPa (a) no autofrettage and (b) 270 MPa autofrettage pressure. 
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Several multiaxial fatigue failure criteria have been proposed, based on both stress 

and strain. In the critical plane approach [63, 66, 169], fatigue failure is dependent on 

the maximum shear stress range over the load cycle and the mean stress normal to 

the shear plane [64]. The location of crack initiation and orientation of the crack 

plane are determined by considering the stress cycle at specific nodes in the model. 

Depending on the FEA software used, this may be done for all nodes through post-

processor load case calculations, application of internal macros or exporting stress 

results to an external program for further processing. At each node, the maximum 

shear stress plane is identified by the maximum shear stress range between the 

minimum and maximum loads. This may be defined in terms of principal stress if the 

principal directions do not change over the load range. If the principal directions 

change over the cycle, the calculation should be based on the stress component range.  

The principal stress differences at a node are defined as shown in (2.32). An 

alternating shear stress range Ὓ    Ὥ Ὦ ρȟςȟσ  is defined for each stress 

difference, and the maximum alternating stress range at each node determined as 

(2.33). These equations are also included in the ASME code when the principal stress 

direction is constant. However, the direction can be changed due to the autofrettage 

process. 

Due to the change in principal stress direction with autofrettage, relying on stress 

magnitude calculations becomes inadequate. Hence, it's important to incorporate 

stress transformation calculations to adjust stress components post-autofrettage. The 

procedures of stress transformation are illustrated in Figure 7.13, where Q is the 

transform matrix. 
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Figure 7.13. Stress transformation to determine the maximum range of normal stress. 

1. Export the results of stress components after autofrettage and autofrettage & 

reload from elastic-plastic FEA. 

2. Select another coordinate system , do stress transformation to calculate 

stress components. 

3.  Calculate the shear stress difference based on the coordinate system . 

4. Repeat the Step 2 and 3 for all coordinate systems to determine the maximum 

shear stress range. 

5. The plane with the maximum shear stress range can be obtained as the crack 

plane. 

The most difficult procedure above is Step 4: to determine the crack plane by 

repeated calculation of stress transformation. Therefore, an improved method is 

proposed here to obtain the plane from the amplitude of stress components. 

Assume the coordinate system after stress transformation is known as coordinate 

system  and the stress components from the autofrettaged structure and 

autofrettaged & reloaded structure are based on a global coordinate system. The 

procedures to calculate the stress range can be simplified as: 

Ў„ ὗϽ„Ͻὗ ὗϽ„ᴂϽὗ ὗϽЎ„Ͻὗ  (7.2) 

 where, Ў„  is the range of transformed stress, „ and „ᴂ are stress components 

from autofrettaged structures and reloaded structures respectively, and Ў„  is the 

range of stress, such that Ў„ „ „ᴂ. From (7.2), Ў„  based on arbitrary 
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coordinate systems can be directly obtained from the Ў„ if the original coordinate 

system of  „ and „ᴂ is the same. Additionally, the maximum shear stress range can 

be directly determined from three principal stresses of Ў„, which means the plane 

with the maximum shear stress range can be determined from Ў„ , which can also 

be determined from the Ў„ . Step 4 can thus be simplified to determine the 

maximum shear stress from the amplitude of the stress components. 

For instance, with 180MPa autofrettage pressure, if the change of coordinate systems 

of principal stresses is ignored, the ASME code [64] can be directly applied to 

calculate the shear stress ranges, as shown in Figure 7.14. The maximum shear stress 

range is thus obtained as 107.34MPa. 

Contour plots of the alternating shear stress in the valve body with autofrettage based 

on the proposed improved method are shown in Figure 7.15. The highest value of 

147.9MPa occurs on the surface at the cross-hole intersection, as highlighted in 

Figure 7.15. This is therefore defined as the crack initiation location. The crack plane 

is also defined by the principal stress directions, such that the crack surface 

corresponds to the plane where the alternating shear stress is Ὓ  . This is in 

agreement with experimental findings in [157].  

 

Figure 7.14. Contour plots of alternating stress Ὓ   MPa with 180MPa 

autofrettage pressure based on ASME code without considering orientation of 

principal stresses. 
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Figure 7.15. Contour plots of alternating stress Ὓ   MPa with 180MPa 

autofrettage pressure based on the improved method. 

The results of the maximum shear stress range with and without the consideration of 

the direction of the principal stresses are different, the value of maximum shear stress 

changes from around 147.9MPa to 107.3MPa when the autofrettage pressure is 

180MPa.  

The ASME code and improved procedures are also applied to the structure with 

270MPa autofrettage pressure. As shown in Figure 7.16, the maximum shear stress 

range without considering the direction of principal stress is approximately 

143.78MPa. Using the proposed method, the maximum shear stress range calculated 

based on the amplitude stress component is also 147.9MPa for 270MPa autofrettage 

pressure. To determine which method is more accurate, the theory of  superposition 

is used. Considering the residual stress and subsequent stress induced by applied 

pressure, the stress amplitude can be calculated as: 

„
„ „

ς

„ ȟ „ „ ȟ „

ς

Ў„

ς
 

(7.3) 

where, „ is the stress amplitude, „  and „  are the maximum and minimum 

stress with induced residual stress, „ ȟ  and „ ȟ  are the maximum and 

minimum stress as results of applied internal pressure, „  is the residual stress and 




























