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ABSTRACT 

Tunable diode laser spectroscopy (TDLS) is a widely used technique for the 

measurement of gas species and offers in-situ operation, accuracy and faster response 

time compared to other optical and non-optical gas sensing techniques. 

 The work in this thesis focusses on the measurement of CO2 in the harsh environment 

of a gas turbine engine (GTE). The work is part of a much larger initiative called Fibre 

Laser Imaging of gas Turbine Exhaust Species (FLITES) aimed at obtaining 

concentration distributions of gas species such as CO2   and NO, unburnt hydrocarbons, 

and soot in a gas turbine exhaust plume using optical tomography. In the FLITES 

system, a thulium doped fibre amplifier (TDFA) is used to boost the optical power 

output from a 2 mW, 1997 nm, multi-quantum well distributed feedback (DFB-MQW) 

laser to feed 126 measurement channels arranged in dodecagon geometry for optical 

tomography. Hence, agile TDLS techniques need to be developed which can be scaled 

up to the multi-channel measurement system.  

Attributed by the interference from noise in the measurement environment of a GTE, 

phase sensitive detection using a lock-in amplifier (LIA) has to be employed where an 

additional current modulation is applied to the DFB laser, creating an instantaneous 

intensity modulated output and a delayed wavelength modulation (WM) output. This 

technique falls under a metrology branch known as wavelength modulation 

spectroscopy (WMS).  

The unknown measurement conditions expected in a GTE engine necessitates the use of 

calibration-free WMS techniques for the simultaneous measurement of gas 

concentration and temperature. Calibration-free techniques in WMS have been 

developed at the Centre for Microsystems and Photonics (CMP) of Strathclyde 

University. These are known as the phasor decomposition method (PDM) and the 

residual amplitude modulation (RAM) technique. They employ the signals obtained 

using the first harmonic demodulation of the WMS signals, followed by post processing 

to recover the gas absorption line shape. It was known in the CMP group that the 

accuracy of these techniques was limited by the variation in the laser modulation 

parameters such as the phase of the wavelength modulation relative to the intensity 

modulation (WM-IM phase lag) and the wavelength modulation amplitude across the 

laser current scan.  



 

The solutions to two problems are addressed in this thesis, viz. the implementation of 

correction procedures to account for the variation in the laser modulation parameters 

across the current scan and the need for a calibration-free technique for the measurement 

of CO2 in a GTE exhaust plume scalable to a multi-channel measurement system.  

Accurate measurements of the wavelength modulation parameters were made across the 

current scan and correction algorithms were implemented to compensate for its effects 

on the recovered gas absorption line shape.  

The gas spectral parameters were measured in the lab for the R48 absorption line of 

CO2 near 1997.2 nm at the higher temperatures (up to 500°C) expected in a GTE 

exhaust plume, using a heated gas cell.  A Fourier expansion model was developed for 

the WMS signals which employ the measured laser modulation and gas spectral 

parameters. 1f normalised 2f WMS technique was chosen as the calibration-free 

measurement approach due to the advantages of cancellation of the transmission 

fluctuations as well as signal normalisation. The 2f/1f measurement technique was 

validated in the lab at higher temperatures for the simultaneous recovery of the CO2 

concentration and temperature with an accuracy of 3.39 % and 3.72 %, respectively. 

Subsequently, field campaigns were conducted at the Rolls-Royce test facility at East 

Kilbride, yielding concentration and temperature values having good correlation to the 

engine operating conditions such as the throttle and core temperature.  

Multi-channel tomographic measurements were conducted on the test phantoms at 

INTA, Madrid, using TFLAS-WMS (tunable fibre laser absorption spectroscopy). 

Accurate concentration images could be recovered using tomographic reconstruction 

algorithms.  
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Chapter 1 

1 Introduction 

1.1 Background 

The work presented in this thesis concerns the measurement of chemical species 

concentration in extremely harsh environments such as the exhaust plume of a gas 

turbine engine (GTE). Many techniques are available for the measurement of gas 

concentration, however, most require transducers that could not survive the environment 

of a GTE exhaust plume. The chosen technique must be non-intrusive (no disruption of 

the exhaust flow) and be totally immune to degradation in the harsh conditions. In the 

work presented here, tunable diode laser spectroscopy with wavelength modulation 

spectroscopy (TDLS-WMS) was proposed for investigation as the preferred choice.  In 

addition to meeting the above requirements, it was proposed that the technique can be 

scaled up to provide multiple path measurements across the plume, yielding 2D        

real-time concentration and temperature distributions (through tomography imaging) of 

CO2 gas in the exhaust plume of a gas turbine engine. Such measurements of emissions 

are required to optimise engine operation and design, enable engine diagnostics and to 

undertake research into alternative fuels and engines. The work is part of a much larger 

project called FLITES (Fibre Laser Imaging of gas Turbine Exhaust Species) which will 

be briefly introduced in Section 1.4. Apart from monitoring CO2 emissions, 2D 

concentration images can give significant information to the test engineer for engine 

condition monitoring. For example, an asymmetry in the concentration image indicates 

non-optimal operation of the aero engine.  

In traditional combustion measurements, the measurement gas samples are extracted   

in-situ using intrusive multiple sampling point rakes [1]. The samples are later analysed 

using laboratory techniques such as gas chromatography (GC) or other optical 

techniques such as Fourier transform infrared (FTIR) spectroscopy, cavity enhanced 
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absorption spectroscopy (CEAS) or photoacoustic spectroscopy (PAS). However, the 

rake perturbs the combustion flow which is not an ideal measurement scenario. Also, for 

2D measurements, the rake has to be moved, and hence it is not possible to generate 

real-time concentration images of the plume. The cavity enhanced techniques have been 

used for detection of gases in flames to study the combustion processes, but are 

extremely sensitive to alignment and losses from dust as well as other issues such as            

thermo-mechanical stability. PAS is limited due to the high acoustic noise levels in 

harsh environments. GC is a very slow measurement process where the gas is flown 

through liquid columns and is useful mostly as an analytical laboratory technique.  

In contrast to the traditional techniques, tunable diode laser spectroscopy with 

wavelength modulation offers the advantages of calibration-free, rapid, in-situ,          

non-intrusive measurement of concentration and temperature or pressure in an aero 

engine exhaust plume. In addition, it can potentially be scaled up to achieve 

simultaneous multi-path measurements to yield quasi real-time images through 

tomographic techniques. As such, TDLS is the favoured technique for investigation in 

this work. Other applications of tunable diode laser spectroscopy include remote 

sensing, LIDAR, laser cooling and trapping of atoms, frequency standards, length 

standards, trace gas detection, fuel cells, biological sensing applications (breath analysis 

using gases as biomarkers) and henceforth.  

1.2 Tunable Diode Laser Spectroscopy / Wavelength 

Modulation Spectroscopy  

Tunable diode laser spectroscopy is a technique which scans the emission wavelength of 

a narrow line width diode laser across closely spaced rotational-vibrational transitions of 

a gas molecule. The light, when passed through the gas sample is attenuated by it at the 

characteristic wavelengths corresponding to the energy level transitions in the gas 

molecules. Then, the attenuated light is detected by a photodiode and subsequently the 

signal at the photodiode is analysed in the wavelength/frequency domain to gain 

information about the state of the gas such as its concentration, temperature and 

pressure. In applications with high noise levels, the technique is used in conjunction 

with phase sensitive detection by a lock-in amplifier where an additional modulation of 
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the laser output frequency (or wavelength) is applied. The technique is known as 

wavelength modulation spectroscopy or frequency modulation spectroscopy (FMS) 

depending on the frequency of the applied modulation relative to the width of the gas 

absorption line.  

TDLS techniques provide the following advantages compared to the other optical gas 

sensing techniques: (A) it is non-intrusive (only the laser beam passes through the 

measurement zone), (B) immune to degradation in harsh environments, (C) the potential 

to be calibration-free, (D) in-situ measurement, (E) faster sensor response times (several 

tens of kHz), (F) sensitive comparable to the other techniques (NEA~10-6 cm-1 Hz-1/2), 

(G) gas specific, (H) repeatable, (I) measurement of concentration and temperature or 

pressure, (J) miniaturisation, (K) larger dynamic range of concentration measurements, 

etc. 

TDLS also has certain disadvantages. For example, accuracy over a much wider 

temperature range is difficult; calibration can be difficult in some circumstances 

especially at very low concentrations and at very high temperatures; the spectral 

modelling, especially at higher pressures and/or temperatures, can be challenging 

(mathematically complex).  

In TDLS, a linear current sweep scans the laser wavelength across the absorption line 

and the laser output intensity is attenuated at the wavelengths corresponding to the 

bandgap of the rotational-vibrational transitions. When a current modulation is applied 

to the DFB laser, it creates an instantaneous intensity modulation (IM) output and a time 

delayed wavelength modulation (WM) output, both of which interact with the gas 

absorption line. The phase lag between the IM and WM is referred to as the WM-IM 

phase lag. In addition to a very strong IM signal at the modulation frequency, referred to 

as the 1f IM signal, successively weaker IM signals occur in the laser output at higher 

harmonics of the modulation frequency due to the nonlinearity of the IM-current 

characteristics. These signals are referred to as the 2f, 3f….nf IM signals. All of these IM 

components are attenuated by the gas absorption line and they generate amplitude 

modulated voltage signals at the detector output referred to as residual amplitude 

modulation (RAM) signals. The interaction of the wavelength modulated laser output 

and the gas absorption line results in further IM signals proportional to the laser 
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intensity at the fundamental modulation frequency and its harmonics i.e. at  1f, 2f …., 

etc. These are phase delayed relative to the RAM signals due to the WM-IM phase lag in 

the laser output. At the detector output the voltage signals generated by the latter are 

referred to as the WMS signals at the various harmonics of the modulation frequency. A 

full explanation of how the WMS signals are generated and mathematically modelled 

will be given in Chapter 2. 

A lock-in amplifier is used to demodulate all of these signals at the various harmonics 

of the modulation frequency and output signals that are proportional to the amplitudes of 

these harmonics. Demodulation at the first harmonic frequency is known as 1f detection, 

demodulation at the second harmonic frequency is termed 2f detection and so on.  The 

demodulated signals at each harmonic frequency consist of components arising from the 

RAM signals and the WM signals. The WMS signals arising at any of the harmonics can 

be used to measure gas parameters, although the 1f and 2f signals are the ones most 

commonly used. Also, the 1f-RAM signal phase separated from the 1f- WMS signal may 

be used to measure the gas absorption line shape from which the gas parameters may be 

extracted (the higher harmonics of the RAM are too small to be useful).   

The design challenges in any TDLS-WMS sensor systems can be classified into:  

(1) noise reduction, (2) calibration, (3) signal normalisation or obtaining a zero 

baseline, (3) ease of implementation, (4) cost, (5) availability of source, detector and 

optics at the given wavelength, (6) multi-parameter detection (example, concentration 

and temperature [2] or pressure [3] ), (7) accuracy, (8) species specificity, (9) sensitivity, 

(10) safety, (11) temperature range of operation (for example in ratio thermometry (RT) 

[4]), (12) very small path lengths (of the order of μm), (13) high pressure modelling etc.  

The traditional approach in WMS is to calibrate the measurements to a reference cell 

containing a known gas concentration. This method is not feasible in high enthalpy 

combustion flow measurements, and hence calibration-free techniques are required to 

measure the gas concentration and temperature or pressure. Calibration-free 

measurements mean that the gas concentration and temperature or pressure can be 

determined without referencing to a known gas mixture.  The most useful approach to 

achieving this is to do a least-squares curve fit of theoretical WMS signals modelled 

using the measured laser modulation and the gas spectral parameters, to the 
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experimentally measured WMS signals, with the gas thermodynamic state variables 

such as concentration and temperature or pressure as the fitting parameters.  It is not 

possible to determine all the three thermodynamic state variables simultaneously as the 

least-squares fitting algorithm has a proper solution for only two of the thermodynamic 

state variables.  

Calibration-free techniques can be broadly classified into 2f and 1f detection schemes 

depending on the harmonic signal being demodulated by the LIA. One of the major 

disadvantages of 1f detection is the presence of the high background RAM signal on the 

WMS signals. This high background limits the minimum detectable sensitivity. The 

RAM background is much smaller for 2f detection compared to 1f detection. Also, the 2f 

signal is more sensitive to the gas absorption line shape (spectral parameters) and offers 

better separation of the dense gas lines. The nonlinear 2f-RAM is usually very small for 

most DFB lasers and could be neglected in the analysis [3]. Hence, 2f detection is 

preferred to 1f detection in the majority of the gas sensing applications requiring very 

high sensitivities.  

In environments with rapidly changing transmission, it has been found that the first 

harmonic signal can be used to normalise higher order harmonic signals [5–7]. This 

method cancels the dependence on the instantaneous intensity (transmissivity 

fluctuations) of the laser and could improve the signal-to-noise ratio (SNR) up to two 

orders in magnitude compared to 2f detection [8]. This method is especially useful when 

a baseline is not available for the probed species transmission, due to blending of 

neighbouring absorption lines, even at atmospheric pressures. This is the case for many 

molecules such as CO2 in the near-infrared. Hence, it was proposed to investigate this 

method for the measurement of CO2 in the combustion plume. More specifically, it was 

proposed to develop it for simultaneous measurement of the concentration and 

temperature of CO2 across the aero engine plume by a spectral fitting routine based on 

the nonlinear least-squares curve fit method i.e. fitting of theoretical WMS models to 

experimentally obtained WMS signals.  

The key component in a TDLS system is the laser. In this work a single mode DFB 

laser was used emitting at 1997 nm, with a multi-quantum well (MQW) gain region. It 

has been known within the CMP group since 2009 [9] that the variation in the 
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wavelength modulation characteristics across the current scan causes a distortion in the 

recovery of the gas absorption line shape using 1f demodulation techniques such as the 

phasor decomposition method. This was further supported by X. Chao et al. [10]. Hence, 

it is important to include the laser modulation parameters across the current scan, such 

as the WM-IM phase lag, tuning coefficient and IM characteristics for accurately 

modelling the experimental WMS signals. These characteristics are laser specific, and 

depend on the applied modulation frequency, diode temperature and bias current.  

1.3 Gas Turbine Engine Measurements 

The gas turbine engine consists of four parts: the propeller, the compressor, the ignition 

chamber and the gas turbine, all of which are connected by a common shaft. Gas turbine 

engines can be classified into turbojet and turbofan engines. Turbofan engines have a 

propeller behind the compressor stage and are high air bypass engines. Turbojets are low 

air bypass engines and use the pressure of the exiting gases for thrust and are generally 

fuel inefficient.  

 Figure 1-1 is a schematic diagram of a high bypass gas turbine engine. The air is sucked 

into the engine and is divided into two parts, about 20 % passes through the compressor 

and the rest is bypassed around it. The bypass duct decreases in area further increasing 

the air pressure which provides increased thrust. The air is compressed by means of 

rotating compressor shafts to very high pressures for ignition. In the combustion/ignition 

chamber the pressurised air is mixed with atomised fuel to cause an explosive reaction 

which causes the pressure to increase even further. These high pressure exhaust gases 

drive the gas turbines which rotate. The gas turbine which is connected to the 

compressor blades and the propeller through a common shaft also starts to rotate 

drawing more air through the bypass. The bypassed air provides 75 % of the thrust. The 

high pressure exhaust gases mix with bypass air, which exits the exhaust nozzles.    

Commercial aircraft use turbofan engines due to the high fuel efficiency, while military 

aircraft which need large thrusts use the less fuel efficient turbojet engines. Hybrid 

aircraft have an afterburner, which is a perforated tube through which fuel is injected for 

increased thrust. The modern experimental engines such as the scramjet engines do not 

have any moving parts and only use the fuel combustion in a supersonic flow to reach 

very high velocities of the order of Mach 10.  
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EFEs (environmentally friendly engines) have multiple gas turbines in an annular 

geometry. The measurement quantities of interest are the concentration, temperature, 

pressure, flow velocity and mass flux [12] as shown in Figure 1-1. 

The work reported here focusses on the measurement of path integrated concentration 

of carbon dioxide and plume temperature across the aero engine exhaust.  

A major issue in optical probing of combustion environments is keeping the optics and 

windows clean. Periodic cleaning of the optics is necessary as either they get eroded due 

to the harsh environment or they become covered in oil or dust. Other issues include 

beam divergence and wandering effects [13] due to the plume turbulence. Customised 

optical launch and receive optics are required to mitigate these problems to some extent. 

These problems in combustion system measurements can be addressed by the 1f 

normalised WMS technique [8, 14, 15]  as will be shown.  

1.4 FLITES  

This work is part of a much larger research programme entitled Fibre Laser Imaging of 

gas Turbine Exhaust Species (FLITES) which is a joint venture between the Universities 

of Strathclyde, Manchester, Edinburgh and Southampton to obtain time resolved 2D 

concentration distributions (tomographic images) of gas and particulate species such as 

CO2, hydrocarbon species, NO, unburnt hydrocarbons and soot in the exhaust plume of 

a GTE.  

 CO2 is an important gas to monitor especially from an environmental point of view. 

The Clean Sky 2 [16] European consortium aims to develop technologies for the 

reduction in the total global aircraft emissions of CO2 by 50 % towards the end of 2020. 

FLITES aims to achieve very accurate measurement of chemical species distribution 

with state of the art spatial and temporal resolution for engine performance testing, 

emissions measurement, evaluation of bio-derived fuels, engine diagnostics and control 

of engine operations. The major objectives of the project are:   

A. Development of TDLS techniques and instrumentation for near and mid-infrared 

optical sensing of species such as CO2 and NOx (responsibility of Strathclyde).  

B. Development of a 2 μm thulium doped fibre amplifier for CO2 measurements, mid-

IR fibre lasers and novel mid-IRoptical fibres for generation and delivery of light 
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for the measurement of unburnt hydrocarbons and NO (responsibility of 

Southampton).  

C. Chemical species tomography (CST) for obtaining spatio-temporal concentration 

distributions of CO2 and unburnt hydrocarbons (University of Edinburgh). 

D. Construction and development of a fibre delivery system in order to realise multiple 

laser projection across the plume to achieve optical tomography. (Universities of 

Strathclyde and Manchester).  

E. Electronics and signal processing (University of Edinburgh). 

F. Imaging of soot particulates using laser induced incandescence (LII). (University of 

Manchester). 

G. Measurement of unburnt hydrocarbons using differential absorption spectroscopy 

(DAS) (University of Manchester and University of Stanford).  

The measurement system for CO2 is shown in Figure 1-2. To obtain accurate 

tomographic images of concentration and temperature using a single wavelength, it was 

required to have a 126 beam projection across the plume as sets of 21 beams at 6 

different projection angles. For this, a dodecagon mounting ring was placed behind the 

engine near the detuner structure. The launch and receive optics will be mounted 

alternately on each side of the dodecagon ring assembly. Figures 1-3 and 1-4 show 

schematics of the ring system as it will appear in-situ.  

The source ( 2 mW, 1997 nm DFB-MQW) laser is mounted in an OptoSci laser control 

module, which facilitates for laser current and temperature control. Since the power 

output of the DFB laser is insufficient to feed the 126 beam projection channels, a 

TDFA is used to amplify the output of the DFB laser up to 2.5 W. The TDFA output 

feeds the splitter network which delivers the light into the 126 measurement channels 

across the GTE exhaust plume (Figure 1-2). The signals will subsequently be detected 

by 126 optical detectors and demodulated by 126 LIAs divided among six demodulation 

hubs placed on the ring.  
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Figure 1-3. The dodecagon ring near the detuner and the GTE exhaust plume (image obtained from 

INTA, Madrid). 

 

Figure 1-4. Figure showing the engine placed in front of the dodecagon mounting ring. 126 beams 

dissect the plume cross-section for tomographic imaging of concentration and temperature (figure 

courtesy of the FLITES consortium).  

1.5 Aims and Objectives 

The aim of this research is to develop a technique for the measurement of gaseous 

chemical species concentration, particularly CO2, scalable to multi-path measurements to 

enable tomographic imaging in the exhaust plume of a gas turbine engine. The 

objectives and sub-objectives to achieve this can be broadly classified into: 

1. Develop and validate an accurate model of TDLS-WMS signals using  

 Precise measurement and understanding of the laser modulation parameters. 

 Development of a CO2 gas spectral database. 

2. Develop a measurement strategy for the accurate extraction of concentration and 

temperature or pressure using the 1f-WMS line shape recovery techniques.  
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 Investigate the effect of the laser modulation characteristics on the WMS 

signals and determine if they need to be accounted for in the model.  

 Laboratory validation of concentration and temperature measurements using 

1f measurement techniques.  

3. Develop a calibration-free WMS methodology for the extraction of CO2 gas 

concentration and temperature for optical tomography.  

 Validate the technique in the laboratory and in a gas turbine exhaust plume 

environment. 

 For accurate tomographic reconstruction the targeted requirement is a 4% 

error in concentration.  

 The technique should also be suitable for a TFLAS (tunable fibre laser 

absorption spectroscopy) - WMS measurement system using the thulium 

doped fibre amplifier.   

1.6 Summary 

This chapter gives a brief introduction to the non-intrusive optical sensing techniques 

used to measure gas species concentration in harsh environments such as an aero engine 

exhaust plume. In this project tunable diode laser spectroscopy with wavelength 

modulation will be used for the simultaneous measurement of gas concentration and 

temperature in an aero engine exhaust plume. TDLS-WMS sensors have the advantage 

of faster response times combined with accuracy in comparison to other optical and non-

optical gas sensing techniques. The principle of calibration-free metrology is introduced. 

This is a collaborative work as part of the FLITES project, and hence a brief 

introduction is given on this project and its capabilities.  

Chapter 2 gives an introduction of the theory of gas absorption in the near and mid-IR 

caused by the rotational-vibrational motion of the gas molecules. It is used in the 

development of analytical models for calibration-free measurements. The spectral 

databases such as HITRAN are introduced which are important for the calibration-free 

measurements.  

Chapter 3 introduces the different WMS techniques wherein phase sensitive detection is 

performed at frequencies away from the 1/f noise band. The Fourier formalism of WMS 

is introduced. The RAM technique and phasor decomposition method are also 
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introduced. The theory of 1f normalised 2f spectroscopy is explained which will be used 

for the measurements in a GTE plume.    

Chapter 4 explains the experimental techniques used for characterisation of the DFB 

laser as well as measurement of the WMS signals. In-situ characterisation approaches 

are briefly introduced.  

In Chapter 5, the measured modulation parameters of the 2 μm DFB laser used for high 

resolution CO2 spectroscopy are presented. An analytical semiconductor heat transfer 

model was developed to explain these modulation characteristics and to gain 

understanding into the wavelength modulation properties of DFB lasers at the sub-MHz 

frequencies used in WMS. The effect of the laser modulation parameters on the 1f line 

shape recovery techniques have been investigated and correction algorithms applied to 

compensate for effects such as the phase and tuning coefficient walk-off (variation) 

across the laser current scan. A 1f-WMS line shape recovery technique is described 

which is independent of the phase of the LIA reference signal, useful in field as well as 

laboratory applications.  

Chapter 6 focusses on the development of a high temperature TDLS-WMS sensor using 

the 1f normalised 2f WMS technique for simultaneous measurement of the concentration 

of CO2 and temperature in a GTE exhaust plume. The sensor was initially validated in 

the laboratory and subsequently field campaigns were conducted in aero engine test 

beds.  
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Chapter 2  

2 Fundamentals of 

Molecular Spectroscopy 

2.1 Overview  

The aim of this chapter is to give a practitioner’s introduction to molecular spectroscopy 

with emphasis on high temperature spectroscopy. Initially, the vibrational spectra of 

molecules are described followed by the rotational fine structure of vibrational 

transitions. The main aim of this project is to measure CO2 transitions in the NIR, hence, 

most of these concepts have been explained from the perspective of the targeted CO2 

molecular spectra. Nevertheless, the theory applies to any gas molecule.   

Calibration-free approaches to spectroscopic measurements involve least-squares curve 

fitting of theoretical models to experimental gas absorption spectra applying the gas 

spectral parameters such as the line width and line strength (proportional to the area 

under the absorption curve) to obtain the thermodynamic state variables such as 

concentration and temperature or pressure. Although the relationship between the 

spectral line shape and thermodynamic state variables is not trivial, assumptions can be 

used to simplify the problem. Spectral databases are available such as HITRAN [18], 

GEISA [19] etc. which give the values for gas spectral parameters for modelling the gas 

absorption profile.   

The line strength is obtained from the area under the absorption feature (with known 

values for the pressure, concentration and path length) and depends on the difference in 

the energy levels for the transition and also on the temperature (population density). 

Line broadening originates from two mechanisms viz. the thermal and collisional 

broadening. Collisional broadening or pressure broadening is a homogeneous 

broadening mechanism represented by a Lorentzian line shape function and occurs as 
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the naturally broadened (Heisenberg’s uncertainty principle) energy levels are further 

broadened by collisions with other molecules. Thermal broadening is a consequence of 

the Doppler shift due to the thermal motion of gas molecules and is an inhomogeneous 

broadening mechanism represented by a Gaussian line shape function. It becomes 

important only at higher temperatures (for atmospheric pressure), whereas at room 

temperature and atmospheric pressure, the broadening is mainly collisional. The 

resultant gas absorption line shape is a convolution of the Lorentzian and Gaussian line 

shape functions and mathematically represented by a Voigt function. Several 

implementations of the Voigt function exist in literature such as using the complex error 

function or other numerical approximations. In this work, the Voigt function has been 

implemented using the error function [20] method and McLean’s approximation [21] 

(Appendix B).    

2.2 Light Molecule Interactions 

From the perspective of high resolution spectroscopy, a molecule possesses three forms 

of energy: electronic, vibrational and rotational.  

 

 

 

Figure 2-1. Molecular energy levels and their interaction with incoming electromagnetic radiation. 

VIS UV

Vibrational Levels

1  excited electronic states
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The approximate energy level differences are such that 

ΔEelectronic = ΔEvibrational× 103 = ΔErotational × 106 and the total energy of the molecule 

is the sum of the three, i.e.  𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑖𝑐     + 𝐸𝑣𝑖𝑏𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 + 𝐸𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙. The 

interaction of external radiation with the molecular energy levels is illustrated in     

Figure 2-1.  

The high energy X-ray or UV-vis-NIR absorption occurs when the incident light field 

has energy corresponding to the electronic energy level transitions. Transitions in the 

near-IR to far-IR occur due to vibrational motion. Microwave spectra are a result of the 

rotational transitions. It is to be noted that the rotational and vibrational transitions result 

owing to a change in electronic dipole moment of the molecule.   

2.3 A Vibrating Diatomic Molecule  

Initially, the simple case of a linear diatomic molecule is considered. The atoms of the 

molecule are attached via a chemical bond.  

 

 

Figure 2-2. Example of HCl molecule executing simple harmonic motion (SHM). Different 

vibrational amplitudes correspond to different energy levels.  



Chapter 2 - Fundamentals of Molecular Spectroscopy-A Vibrating Diatomic 

Molecule 

  

17 

 

There will be repulsion between the positively charged nuclei and the negatively 

charged electron clouds of the atoms, which will tend to tear them apart. On the other 

hand, there is also an attraction between the positively charged nucleus of one atom and 

the negatively charged electron cloud of the other atom and vice versa. The two atoms 

settle at a mean internuclear distance so that these two opposing forces are balanced. 

Energy that distorts this bond length causes vibrations as these forces try to bring the 

atoms back to the equilibrium position as shown in Figure 2-2. 

The energy of the molecule is minimal at the equilibrium internuclear distance (𝑟𝑒𝑞) and 

when disturbed to a distance 𝑟 oscillates with its energy governed by the Hooke’s law 

as 𝐸 =
1

2
𝑘𝑠(𝑟 − 𝑟𝑒𝑞)

2
, assuming the chemical bond to be a mechanical spring with a 

characteristic spring constant 𝑘𝑠.    

Solving the equation of motion for the simple harmonic spring oscillator gives the 

oscillation frequency as, 

 

 

�̅�𝑜𝑠𝑐 =
1

2𝜋𝑐
√

𝑘𝑠

𝜇
 cm−1 

 

                    (2.1)  

 

 

where c is the speed of light in vacuum and μ is the effective mass of the two body 

system. From a quantum mechanical perspective, solving the Schrodinger’s equation for 

a simple harmonic oscillator, gives the energy as: 

 

 
𝐸𝑣 = (𝑣 +

1

2
) �̅�𝑜𝑠𝑐 𝑐𝑚

−1  (𝑣 = 0,1,2……… . . ) 
(2.2) 

 

 

Equation (2.2) states that the energy levels are discretised in terms of the vibrational 

quantum number 𝑣.  

The above equation also implies that a molecule can never have zero energy. Hence, the 

lowest possible energy of a molecule, known as its zero point energy is given as        

𝐸 =
1

2
�̅�𝑜𝑠𝑐, in contrast to the result obtained from the classical mechanics.  

Following quantum mechanics, the transition selection rule is written as:  
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 Δ𝑣 = ∓1    (2.3) 

 

 The spacing between successive energy levels is �̅�𝑜𝑠𝑐  as shown in Figure 2-3.  

 

Figure 2-3. The vibrational energy levels of a quantum simple harmonic oscillator.  

2.4 The Anharmonic Oscillator  

A simple harmonic model is an ideal assumption for a molecule where the displacement 

is proportional to the restoring force. In real molecules (or mechanical springs) the 

restoring force is not directly proportional to the displacement due to a damping force.  

An  anharmonic oscillator model is characteristic of a real molecule and the expression 

for its energy is derived from the Morse function [22, 23] as, 

 

  𝐸 = 𝐷𝑒𝑞[1 − exp{𝑎(𝑟𝑒𝑞 − 𝑟)}]
2
 (2.4) 

 

 

where a  is a constant for a given molecule and Deq is the dissociation energy, the 

expression for energy becomes (using (2.4) in Schrodinger’s equation): 

 

 

 𝐸𝑣 = (𝑣 +
1

2
) �̅�𝑒 − (𝑣 +

1

2
)

2

�̅�𝑒𝜒𝑒 (2.5) 
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where ω̅e is the oscillation frequency and 𝜒𝑒 is the anharmonicity constant. Equation 

(2.5) can be rewritten as: 

 𝐸𝑣 = �̅�𝑒 [1 − 𝜒𝑒 (𝑣 +
1

2
)] (𝑣 +

1

2
) (2.6) 

 

 

 

Figure 2-4. Anharmonic oscillator model for a diatomic molecule. 

Comparing equation (2.6)  with equation (2.2): 

 

 �̅�𝑜𝑠𝑐 = �̅�𝑒 (1 − 𝜒𝑒 (𝑣 +
1

2
)) 

 

(2.7) 

 

 

Thus the anharmonic oscillator behaves similarly to a harmonic oscillator but with 

decreasing energy spacing with increasing vibrational quantum number or energy. ω̅e is 

defined as the equilibrium oscillation frequency (𝐸 = 0, hypothetically). The selection 

rule for the anharmonic oscillator is given as: 

 Δ𝑣 = ∓1,∓2, ∓3……. (2.8) 
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Here 𝛥𝑣 = ∓1  is known as the fundamental band. 𝛥𝑣= ∓ 2,∓3… etc. are referred to as 

the overtone bands.   

2.5 The Diatomic Vibrating Rotator 

From the Born-Oppenheimer approximation it follows that the diatomic molecule can 

execute rotations and vibrations independently of each other. Therefore, the total energy 

can be written as a combination of rotational and vibrational energies:  

 

 𝐸 = 𝐸𝑟𝑜𝑡 + 𝐸𝑣𝑖𝑏 cm
−1 (2.9) 

 

 

A diatomic molecule can rotate about three directions: a) about the bond axis, b) end-

over-end rotations in the plane of the paper and c) end-over-end rotations at right angles 

to the plane of paper. The rotational moments of inertia for these motions are termed  𝐼𝐴,

𝐼𝐵 and 𝐼𝐶 , respectively. For a linear diatomic molecule 𝐼𝐵 = 𝐼𝐶  and 𝐼𝐴 = 0. It will be 

different for other shapes such as a symmetric top molecule. A detailed discussion of 

this topic can be found in the standard spectroscopy textbooks [22]. 

It is now stated without proof [22] that the rotational energy for a linear diatomic 

molecule is, by solving Schrodinger’s equation for  a non-rigid rotator, 

 

 𝐸𝑟𝑜𝑡 = 𝐵𝐽(𝐽 + 1) − 𝐷𝐽2(𝐽 + 1)2 + ⋯. (2.10) 

 

 

where 𝐽 is the rotational quantum number, 𝐵 is the rotational constant given by          

𝐵 = ℎ 8𝜋2𝐼𝐵𝑐⁄   and 𝐷 is the centrifugal distortion constant. It is noted from equation 

(2.10) that the spacing between successive rotational energy levels increases with the 

rotational quantum number.  

Ignoring the higher order terms as they only have a very small effect, the total energy 

can be written as: 

 

 𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐵𝐽(𝐽 + 1) + (𝑣 +
1

2
) �̅�𝑒 − (𝑣 +

1

2
)
2

�̅�𝑒𝜒𝑒 (2.11) 
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Figure 2-5. The vibrational energy levels with the P and R rotational fine structure [22]. In the 

diagram  �̅�0 = �̅�𝑒(1 − 2𝜒𝑒). 

The selection rule for transitions between rotational energy levels with the 

corresponding rotational quantum numbers can be written as: 

 

 Δ𝐽 = 0,∓1 (2.12) 

 

Figure 2-5 shows the rotational fine structure of vibrational transitions from the 𝑣 = 0 

→𝑣 = 1 energy level. Rotational absorption lines at the low frequency side with Δ𝐽 =

−1  are referred to as the P branch, lines with Δ𝐽 = 0 is referred to as the Q branch and 

the spectra corresponding to  Δ𝐽 = +1  are referred to as the R branch. The Q branch 

can only be observed in diatomic and polyatomic molecules with appreciable angular 

momentum in the electronic ground states such as nitric oxide (NO). Most diatomic 

molecules such as O2 only have a very small moment of inertia, and hence a very small 
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angular momentum; consequently the Q branch is not observed in such diatomic 

molecules. 

2.6 Vibrational Spectra of Polyatomic Molecules 

So far only the simplest case of a linear diatomic molecule was discussed. This analysis 

shall now be extended to the general case of polyatomic molecules in order to 

understand their rotational and vibrational motion, using the fundamental degrees of 

freedom and symmetry.  

2.6.1 Fundamental Vibrations and Symmetry Considerations  

Polyatomic molecules with N atoms, where each atom can move in the X, Y or Z 

direction has 3N degrees of freedom. The molecule as a whole can translate in space, 

and hence translational movement accounts for 3 degrees of freedom. The remaining  

3N -3 degrees of freedom arise from the rotational and vibrational motion. A molecule 

has 3 degrees of freedom for rotational motion in the X, Y and Z directions. Therefore, 

vibrational motion has 3N -6 degrees of freedom. For a linear molecule, rotation about 

the bond axis is redundant, and hence only 2 degrees of rotational motion are possible. 

Consequently, a linear triatomic molecule such as CO2 will have 3N -5 fundamental 

vibrational modes.  

The fundamental vibrational modes of CO2 are shown in Figure 2-6. These are classified 

into symmetric or asymmetric modes. The CO2 molecule has two axes of symmetry. 

One is the two fold axis (𝐶2) passing through the bond centre and the other is the ∞-fold 

axis (𝐶∞) passing through the bond axis. In order for a molecule to be infrared active, 

there must be a change in its dipole moment with vibration or rotation. It is seen that the 

vibrational symmetric stretching mode for CO2 produces no net change in the dipole 

moment. Hence, this fundamental mode is not infrared active.  

It is expected that CO2 will have four fundamental modes (3N -5) of vibration. In fact, 

the  𝑣2 mode is doubly degenerate since it includes two equivalent bending modes, one 

in the plane of the paper and the other perpendicular to the plane of paper. It is observed 
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that the rotational selection rules change for molecules undergoing perpendicular or 

parallel vibrations. 

 

                   
                                                                  (a) Symmetry axes of CO2. 

 

 

 

 
 

 

(b) Symmetric stretching mode (1330 cm-1,  

𝑣1 ||) 

 

 

 
 

 

(c) Asymmetric stretching mode (2349 cm-1, 
𝑣3 ||) 

 

 

 

 

 

 
 

(d) Bending mode (667.3 cm-1,𝑣2⊥) 

 

Figure 2-6. The fundamental vibrational modes of CO2 [22]. 

In the case of CO2, alternate lines of the P and R branch have zero intensity (i.e. R48 

exists, however, the next line is R50). This is a consequence of the nuclear spin [22]. 

Therefore, the separation between successive rotational lines (Figure 2-5) will be 4B 

instead of 2B.  
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2.6.2 Combination Bands, Overtones and Fermi Resonance 

The fundamental bands by themselves do not explain all the lines observed in the 

vibrational spectra of a molecule. Combination bands, overtones and hot bands are the 

other types of excitations that can occur in a molecule. 

 

Figure 2-7. The fundamental, overtone and hot band transitions. 

These transitions are represented in Figure 2-7 .The transition from 0→ 1 is referred to 

as the fundamental transition; 0→2 the first overtone; 0→n+1 the nth overtone and 

henceforth; the intensity rapidly diminishes from the fundamental to the nth overtone.  

For n > 1, the transition from m→n for m ≠ 0 is a hot band, i.e. hot bands are the 

transitions which take place from already excited vibrational energy levels. The strength 

(intensity) of hot band transitions increases with temperature because the population of 

the excited state increases exponentially as a function of temperature. Hence, the name 

‘hot bands’ because high temperature is one of the conditions for their existence. These 

hot bands are not usually visible in room temperature spectra. As the spacing between 

successive energy levels decreases with increasing vibrational quantum number (𝑣), 

these hot bands occur at lower frequencies with respect to the nearby fundamental and 

overtone transitions. Hot bands are important in high temperature spectroscopic 

analysis.  

Overtone bands Hot bands
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The vibrational spectra of a molecule result from the fundamental mode or overtones as 

shown in Figure 2-7. However, it can also consist of bands arising from the 

superposition of the various vibrational modes. These are known as combination bands 

where two or more fundamental vibrational modes or their overtones are excited 

simultaneously. Transitions arising from combinations such as 𝑣1 + 𝑣2, 2𝑣1 + 𝑣2 etc. 

are examples. Combination bands generally mean addition of two modes; however, 

difference bands such as 𝑣1 − 𝑣2, 2𝑣1 − 𝑣2 etc. are also possible. The intensity of 

combination bands is again considerably less compared to that of the fundamental 

bands. 

In certain situations, it is possible that the intensities of the combination bands or 

overtones can be enhanced by resonance with strong, usually fundamental vibrational 

modes having similar energy. This phenomenon is termed as Fermi resonance.  

Fermi resonance occurs between vibrational bands with nearly the same energy and 

symmetry. Fermi resonance occurs in CO2 between the fundamental mode 𝑣1  

( at 1330 cm-1 ) and the overtone 2𝑣2 ( at 1334 cm-1).  These two bands interfere such 

that the higher is lowered in energy and the lower is raised in energy, the result is two 

bands with similar intensities at 1280 cm-1 and 1388 cm-1. This is because of resonance 

energy transfer from the fundamental to the overtone band. Fermi resonance can be 

considered analogous to two pendulums connected by a common bar. When the 

pendulums oscillate at different frequencies, there is no transfer of energy. However, 

when they oscillate at similar frequencies (energies), the probability of energy transfer 

increases.  

2.7 The Beer Lambert Law 

The Beer Lambert law gives the relation between the light intensity incident on a 

medium and the light intensity transmitted through the medium and for a uniform 

medium is given as,  

 

 𝐼𝑡 = 𝐼𝑖𝑛 exp(−𝛼(𝜈)) (2.13) 
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where 𝛼(𝜈) is called the spectral absorbance or optical depth of the medium, 𝜈 is the 

laser frequency, 𝐼𝑡 is the transmitted intensity and 𝐼𝑖𝑛 is the incident intensity. For an 

optically thin medium, α(ν) < 0.05   and an optically thick medium, 𝛼(𝜈)  > 0.1.   

The spectral absorbance α(ν) is written as, 

  

 𝛼(𝜈) = 𝜎(𝜈)𝑁𝑔𝑙 

 

(2.14) 

σ(ν)  is the absorption cross-section, Ng is the number of gas molecules per unit volume 

(number density) and 𝑙 is the optical path length through the medium.  

Equation (2.14) can be expanded as,  

 

 𝛼(𝜈) = 𝑆(𝑇) 𝜙(𝜈, 𝑇, 𝑃, 𝜒)𝑁𝑔𝑙 (2.15) 

 

where 𝑆(𝑇) is the line strength per molecule which is a function of the temperature (𝑇),

𝜙 is the line shape function which can be calculated mathematically using the line width 

which is a function of the temperature (𝑇), pressure (𝑃) and gas mole fraction (𝜒).  

The line width and the line strength values can be obtained from databases such as 

HITRAN or characterised experimentally using a heated low pressure gas cell. This will 

be explained in Section 6.8. Experimental data is preferred especially at higher 

temperatures (~ 500 °C) where hot bands may start to appear, and hence have to be 

accounted for. Subsequent sections explain these important spectral parameters. 

2.8 Line Width 

The previous sections laid the foundations of IR rotational-vibrational spectroscopy. 

Spectral lines at a given wavelength are not strictly monochromatic. Even with low 

resolution spectrometers it was observed that these transitions were broadened in 

wavelength and have a finite line width. This is because of the broadening of the energy 

levels due to different mechanisms. There are three major line broadening mechanisms: 

A. Natural broadening  

B. Collisional broadening 

C. Doppler broadening 

These broadening mechanisms are briefly discussed. 
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2.8.1 Natural Broadening 

Heisenberg’s uncertainty principle states that energy of a quantum level cannot be 

precisely determined because of its finite lifetime. This is mathematically represented 

as:   

 Δ𝐸Δ𝑡 ≈ ħ (2.16) 

 

The broadening due to this uncertainty is referred to as natural broadening and has a 

Lorentzian line shape (homogeneous broadening mechanism) given as, 

 

 

𝑓𝐿−𝑁(𝜈) =
1

𝜋𝛾𝑁

[
 
 
 

1

1 + (
𝜈 − 𝜈0)

𝛾𝑁
)
2

]
 
 
 

 (2.17) 

 

where 𝛾𝑁=∑Akl  is the half width at half maximum (HWHM) of the line shape function 

equal to the sum of the decay rates of the excited level k into all lower states 𝑙 and 𝜈0 is 

the line centre frequency. 𝐴𝑘𝑙 can be found in spectral databases such as HITRAN.  

2.8.2 Collisional (Lorentzian) Broadening  

The naturally broadened rotational-vibrational energy level is further broadened by 

collisions with other molecules of the same or different species. Collisional broadening 

or pressure broadening depends on the temperature and density of the gas. This 

mechanism broadens the line shape in the same way for each molecule, and therefore is 

a homogenous broadening mechanism represented by a Lorentzian functional 

distribution:  

  

𝑓𝐿(𝜈) =
1

𝜋𝛾𝐿

[
 
 
 

1

1 + (
𝜈 − 𝜈0)

𝛾𝐿
)
2

]
 
 
 

  

 

(2.18) 

where 𝛾𝐿 is the collisional line width represented as a half width at half maximum of the 

collissionally broadened Lorentzian lineshape.  

The magnitude of collisional broadening is much greater than natural broadening (a 

constant), and thus Lorentzian broadening refers primarily to collisional broadening. 
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The collisional line width 𝛾𝐿 at a pressure P and temperature T is given by the empirical 

relationship, 

 
𝛾𝐿 = 𝛾0 (

𝑃

𝑃0
) (

𝑇0

𝑇
)

𝛥

 

 

(2.19) 

where 𝛥 is the temperature broadening coefficient and  𝛾0 is the collisional line width at 

a temperature 𝑇0 ( = 296 K) and pressure 𝑃0 ( = 1 atm).When there is more than one 

molecular species in the gas mixture, the collisional line width is given by,  

 𝛾𝐿,𝑖 = 𝛾𝐿
𝑖𝑖𝜒𝑖 + ∑ 𝛾𝐿

𝑖𝑗
𝜒𝑗

𝑗
 (2.20) 

where 𝛾𝐿
𝑖𝑖 is the self-broadening coefficient for the target gas i, 𝛾𝐿

𝑖𝑗
 is the cross- 

broadening coefficient for each colliding gas j with the target gas i and 𝜒𝑖,𝑗 are the gas 

concentrations in mole fraction. 

2.8.3 Doppler Broadening 

Doppler (thermal) broadening of absorption lines occurs due to the random thermal 

motion of gas molecules relative to the incoming radiation. From the frame of reference 

of the molecule, if a molecule is moving towards the source of radiation, the incoming 

radiation is blue shifted, and similarly, if the molecule is moving away from the source, 

the photons are red shifted in energy. Consequently, the absorption or emission 

spectrum is broadened. 

Molecular thermal velocities follow the Maxwell’s statistical distribution with the line 

shape represented by a Gaussian distribution function as [20]: 

 𝑓𝐺(𝜈) =
1

𝛾𝐺 
√

ln (2)

𝜋
exp(−ln (2) (

𝜈 − 𝜈0

𝛾𝐺
)
2

)  

 

    

(2.21) 

 

 

where  𝛾𝐺 is the Gaussian (Doppler) half width at half maximum given as [20], 

 

 

𝛾𝐺 = 𝜈0√
2 𝑙𝑛2 𝑘𝐵𝑇

𝑀𝑐2
   (2.22) 
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𝜈0 is the line centre frequency, 𝑀 is the molecular mass, 𝑘𝐵 the Boltzmann constant, 𝑐 is 

the speed of light and 𝑇 is the temperature (in Kelvin). 

2.9 The Generalised Voigt Line Shape 

Section 2.8 discussed the mechanisms which broaden the absorption line shape, viz. the 

collisional and Doppler mechanisms represented by Gaussian and Lorentzian line shape 

functional profiles [24], respectively. The resultant absorption line shape is given by a 

convolution of the Lorentzian and Gaussian line shape functions, called the Voigt line 

shape function. This is mathematically represented as:  

 

 𝑓𝑉𝑜𝑖𝑔𝑡 = 𝑓𝐿𝑜𝑟𝑒𝑛𝑡𝑧𝑖𝑎𝑛 ⊗ 𝑓𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 (2.23) 

   

 

Therefore, Voigt line shape function is represented by the convolution integral which 

has a solution of the form, 

 

 
𝑓𝑣(𝜈) = ∫ 𝑑𝜈′𝑓𝐿(𝜈 − 𝜈′, 𝛾𝐿)𝑓𝐺(𝜈 − 𝜈0, 𝛾𝐺)

𝛼

−𝛼

 

                                  

=
√𝑙𝑛2/𝜋

𝛾𝐺
𝛫(𝑥, 𝑦) (2.24) 

 

where 𝛫(𝑥, 𝑦) is the Voigt function normalised to √𝜋  [20] given as,  

 

𝛫(𝑥, 𝑦) =
𝑦

𝜋
∫

𝑒−𝑡2

(𝑥 − 𝑡)2 + 𝑦2
𝑑𝑡

𝛼

−𝛼

 (2.25) 

 

where 𝑥 = √𝑙𝑛2
(𝜈 − 𝜈0)

𝛾𝐺
 , 𝑦 = √𝑙𝑛2 

𝛾𝐿

𝛾𝐺
 and 𝑡 is an arbritrary variable. 

  

There are several mathematical methods to compute  𝛫(𝑥, 𝑦) . It is the real part of the 

complex error function represented in the form, 

 

 𝑤(𝑧) = 𝐾(𝑥, 𝑦) + 𝑖𝑊(𝑥, 𝑦) (2.26) 
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                                      =
𝑖

𝜋
∫

𝑒−𝑡2

(𝑧 − 𝑡)
𝑑𝑡 ;             𝑧 = 𝑥 + 𝑖𝑦

𝛼

−𝛼

 

 

𝛫(𝑥, 𝑦) can also be implemented using numerical approximations such as the McLean’s 

method. The complex error function method is found to be approximately four times 

faster. These two methods are not discussed here but the interested reader may consult 

references [20] and [21], respectively.   

2.10 Line Strength 

The strength/intensity of a molecular absorption is attributed by two major factors: 

1. Probability of the molecular transition.  

2. Population of the lower state energy level. 

The transition probability is given by Einstein’s A and B coefficients. The population 

distribution of rotational-vibrational quanta in the energy levels is governed by 

Boltzmann statistics as discussed further.  

2.10.1  Boltzmann Statistics 

For a thermodynamic system in equilibrium the population density of upper energy level 

𝑛𝑖  with an energy𝐸𝑖, relative to the overall population density 𝑛𝑡, can be written as, 

 

 𝑛𝑖

𝑛𝑡
= 𝑔𝑖𝑒𝑥𝑝

−𝐸𝑖/𝑘𝐵𝑇

𝑄(𝑇)
 (2.27) 

 

where 𝑔𝑖 is the degeneracy of level 𝑖, 𝑘𝐵𝑇 is the Boltzmann constant times the 

temperature and 𝑄(𝑇) is the partition function defined as  ∑ 𝑔𝑖exp (−𝐸𝑖/𝑘𝐵𝑇)𝑖 . The 

population of the lower state energy level is 𝑛𝑡 − 𝑛𝑖. 

2.10.2  Einstein’s A and B Coefficients 

The major processes that affect the population of a molecular energy level are the 

stimulated and spontaneous emission or absorption.  When a molecule is illuminated by 

light quanta of energy equal to the transition energy between two states, there are two 

possibilities. It can absorb the photon and go to an excited energy state, or it can cause 
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stimulated emission of multiple photons if there is a population inversion. For a two 

level system with the lower state energy level denoted by 1 and the upper state denoted 

by 2, ratio of stimulated emission to stimulated absorption is given as: 

 

 𝐵21

𝐵12

𝑔2exp (−𝐸2/𝑘𝐵𝑇)

𝑔1exp (−𝐸1/𝑘𝐵𝑇)
= exp (−ℎ𝑐�̅�0/𝑘𝐵𝑇) (2.28) 

 

Here, B12 and B21 are the Einstein’s B coefficients for absorption and stimulated 

emission, and �̅�0 is the wave number. The wave number representation is used here for 

consistency with earlier works. The probability of absorption is one minus the 

probability of stimulated emission and can be written as (assuming non-degenerate 

energy levels): 

  

 1 − exp (−(ℎ𝑐�̅�0)/𝑘𝐵𝑇) (2.29) 

 

The absorption strength of a given energy level can now be written as: 

 

 

 
𝑆 ∝ 𝜁 |𝑅𝑡|

2 𝑛𝐿/𝑛𝑡{1 − exp (−(ℎ𝑐�̅�0)/𝑘𝐵𝑇)} (2.30) 

 

ζ is the isotopic abundance, |𝑅𝑡|
2 is the probability of transition (Einstein’s A 

Coefficient) and  𝑛𝐿 is the population density of the lower energy state.   

Using equation (2.27) for the lower level population density and (2.29) for the 

absorption probability, this can be re-written as: 

 

 
𝑆𝑖 ∝ 𝜁 |𝑅𝑡|

2 {
𝑒𝑥𝑝(−ℎ𝑐𝐸" 𝑘𝐵𝑇⁄ )

𝑄(𝑇)
} {1 − 𝑒𝑥𝑝 (−(ℎ𝑐�̅�0)/𝑘𝐵𝑇)} (2.31) 

 

Here 𝑄(𝑇) is the total internal partition function which is a product of the rotational 

partition function and the vibrational partition function (when the interaction between 

vibrations and rotations is ignored). An approximate formulation of 𝑄(𝑇) is used in this 

work: 

 

 𝑄(𝑇) = 𝒶 + 𝒷𝑇 + 𝒸𝑇2 + 𝒹𝑇3 (2.32) 
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𝒶, 𝒷, 𝒸 and 𝒹 are constants for a given temperature range and are available from      

literature [25]. 

𝑄(𝑇) depends on the molecule/isotope and the temperature range. Most spectroscopic 

databases define line strength relative to a reference temperature 𝑇0: 

 

 

𝑆(𝑇) = 𝑆(𝑇0)
𝑄(𝑇0)

𝑄(𝑇)
 
exp (−ℎ𝑐𝐸"/𝑘𝐵𝑇) {1 − exp (−(ℎ𝑐�̅�0)/𝑘𝐵𝑇)} 

exp (−ℎ𝑐𝐸"/𝑘𝐵𝑇0) {1 − exp (−(ℎ𝑐�̅�0)/𝑘𝐵𝑇0)}
 

     

(2.33) 

 

 

The partition function values can be obtained from spectroscopic databases such as 

HITRAN or HITEMP discussed in the next section.  

2.11 Molecular Spectral Databases 

Spectral databases are available which contain the molecular spectral parameters 

discussed above such as the line strength and line broadening parameters. These values 

are used to theoretically model the direct or WMS absorption spectra based on equation 

(2.13). Two such databases are of interest in this work namely the HITRAN and the 

HITEMP.  

HITRAN (HIgh resolution TRANsmission database) contains the line by line spectral 

parameters for modelling the high resolution absorption/transmission profiles of various 

gas molecules at temperatures close to the ambient. All these parameters are referenced 

with respect to room temperature and atmospheric pressure. The latest HITRAN 2012 

database encompasses the spectral information of about 47 molecules and 120 isotopes, 

from microwave to visible region of the electromagnetic spectrum. 

Table 2-1 shows the order in which the spectral parameters are stored in the HITRAN 

2012 database. HITRAN is useful for the measurement of gas thermodynamic state 

variables such as temperature (close to ambient), concentration and pressure from 

experimental signals by comparing the theoretically modelled spectra against the 

experimental signals. It is an indispensable tool for spectral survey as it serves to 

identify the potentially well isolated lines having absorption and temperature 

dependencies that match the sensor requirements (Chapter 6).  
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Parameter Meaning Units 

𝓜 Molecule ID  

ℐ Isotopologue number  

 �̅� Wavenumber cm-1  
S Line strength per molecule cm-1/(molecule cm-2)  at 

296 K 

|Rt|2 Probability (Einstein’s 

A coefficient) 
s-1 

γ
air

 Air-broadened half width HWHM at 

296K( cm-1atm-1) 

γ
self

 Self-broadened half width HWHM at 

296K( cm-1atm-1) 

E'' Lower state energy 𝑐𝑚−1 

n Temperature dependent 

coefficient 
of γ

air
 

δ Pressure induced line shift cm-1 atm-1 

V' Upper state vibrational level  

V'' Lower state vibrational level  

Q' Upper state local quanta  

Q'' Lower local quanta  

lerr Error  

lref Reference  

* Float  

g' Upper state degeneracy  

g'' Lower state degeneracy  

Table 2-1. The HITRAN 2012 format[18]. 

It has been found that there are inaccuracies in this database and it may not always be 

suitable for calibration-free measurements. Hence, it was required that the spectral 

parameters available in the HITRAN database be validated, by comparing the 

theoretically modelled spectrum using these parameters against the experimentally 

measured spectrum, at a given path length, temperature, concentration and pressure. 

Moreover, HITRAN is not suitable for modelling the gas spectra for temperatures 

significantly different from the ambient because it does not take account of the 

transitions that occur from excited energy levels (hot bands) and as it does not contain 

the high temperature partition functions. The HITEMP database [26] (High Temperature 

Molecular Spectral Database) complements HITRAN at higher temperatures                  

(> 1000 K). 

The temperatures expected in a GTE exhaust plume (~50-500 °C) are at the higher end 

for HITRAN database and towards the lower end for the HITEMP database. Hence, in 



Chapter 2 - Fundamentals of Molecular Spectroscopy-Extracting the 

Concentration, Temperature and Pressure 

  

34 

 

this work, extensive experimental high temperature laboratory characterisation was 

necessary to obtain the CO2 spectral parameters.  

2.12 Extracting the Concentration, Temperature and 

Pressure  

Equations (2.13) to (2.15) are not by themselves useful in extracting the required 

information about the target gas species. The key parameters of interest in optical gas 

sensing applications are the concentration, pressure and temperature. An alternate 

definition for gas concentration in terms of pressure and temperature is derived from the 

ideal gas law ( 𝑃𝑉 = 𝑛𝑡ℛ𝑇 )  as, 

 

 
𝑁𝑔 =

𝑛𝑔𝑁𝐴

𝑉
 = (

𝑛𝑔

𝑛𝑡
) (

𝑛𝑡

𝑉
)𝑁𝐴 = 𝜒 (

𝑃

ℛ𝑇
)𝑁𝐴 (2.34) 

 

where 𝑁𝑔 is the number density of the gas molecule, 𝑛𝑔 is the number of moles of the 

gas, 𝑛𝑡 is the total number of moles, 𝑁𝐴 is the Avogadro’s number, ℛ is the ideal gas 

constant, 𝜒 is the mole fraction, 𝑃 is the pressure in atm, 𝑉 is the volume occupied by 

the gas and T is the temperature in Kelvin. 

Hence, the absorbance (for a uniform medium) (equation (2.15)) can be rewritten as, 

 

 𝛼(𝜈) = [𝑆𝑁𝐴/ℛ𝑇 ]𝜙(𝜈)𝜒𝑃𝑙 = 𝑆′(𝑇)𝜙(𝜈)𝜒𝑃𝑙  (2.35) 

 

Equation (2.35) is much more useful and relates the thermodynamic state variables of 

pressure, temperature and mole fraction to the molecular absorbance [27]. It has to be 

borne in mind that an area normalised line shape function is employed.  

It is indicated by equation (2.35) that the concentration, pressure and temperature 

influence the gas absorption signal. The line strength is mostly a function of temperature 

only (Equation (2.20)). This is made use of in ratio thermometry applications. Once the 

temperature, pressure and path length are known, concentration can be determined from 

the depth of the absorption feature.  



Chapter 2 - Fundamentals of Molecular Spectroscopy-Summary 

  

35 

 

In majority of the gas sensing applications the two unknown variables are the 

temperature and concentration as the pressure is near atmospheric as in the case of a 

GTE exhaust plume. Over and above, the least-squares curve fitting algorithm has a 

unique solution for only two of the thermodynamic state variables of pressure, 

concentration and temperature, but not all the three. Hence, a least-squares curve fitting 

technique was implemented, which subtracts the theoretical absorption line shape      

(equation (2.13)) from experimental spectra to extract the gas concentration and 

temperature, assuming a known pressure, by minimising the squared and rooted 

residuals. The curve fit is verified to have a unique solution (minima for the residual 

plot) from the theoretical simulations. In view of the fact of the relatively closely spaced 

residual values and owing to the inadequacies in signal modelling, noise etc., the 

algorithm can sometimes converge to the wrong solution for concentration and 

temperature. Applying a finite range to the temperature and concentration values, close 

to the expected values in the fitting routine can be used to mitigate this problem to some 

extent. The initial measurement strategy was to fit for the concentration with the 

temperature known/measured, assuming a top hat distribution profile across the plume. 

Since the temperature in the GTE plume was continuously changing, for obtaining 

concentration measurements satisfying the accuracy requirement for tomographic 

imaging, it was necessary to fit for the temperature as well.  

2.13 Summary 

This chapter gives the introductory theory of molecular absorption of light in the 

infrared region of the electromagnetic spectrum. It begins by considering the molecule 

as vibrating and then includes the rotational motion of the gas molecule to explain the 

fine structure of the vibrational transitions. The quantum anharmonic oscillator model 

for vibrational motion explains the existence of overtone bands through relaxation of the 

selection rule. Combination bands and Fermi resonance are introduced to explain the 

bands which are not fundamental or overtones. The absorption bands which become 

visible at high temperatures known as the hot bands are also discussed. This chapter also 

introduces the analytical models used to extract gas thermodynamic variables from the 

experimental absorption spectra. Accurate tomographic imaging of the spatial 

distribution of CO2 requires the concentration values to be known within an accuracy of 
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below 4 % [28]. This is only possible with an accurate knowledge of the temperature 

which is expected to change continuously with the engine operating conditions. 

Consequently, a least-squares curve fit algorithm will be implemented with the 

theoretical absorption signals compared against the experimental signals to 

simultaneously infer the gas concentration and temperature.  
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Chapter 3 

3 Spectroscopic 

Techniques for Harsh 

Environments 

3.1 Introduction 

This chapter introduces the theory of spectroscopic techniques for harsh environmental 

sensing in a gas turbine exhaust plume. 

 A hostile or harsh environment in electronics or photonics is defined as an 

environmental condition in which survival of physical sensing devices is difficult. The 

temperatures outside the range of -40 °C to 125 °C is usually considered harsh. Further 

contributors to harsh environments are moisture, fuels, noxious gases, electromagnetic 

interference, gamma rays, vibrations, shock waves etc. The exhaust plume of an aero 

engine is exemplary of a harsh environment.  

The simplest and widely used TDLS technique is direct spectroscopy. In direct 

spectroscopy a linear current sweep is applied to the laser which creates an 

instantaneous intensity sweep and a corresponding wavelength sweep. The swept 

intensity when passed through the analyte gas is attenuated at the wavelengths 

corresponding to molecular transitions in the gas. This is normalised with a baseline 

intensity signal with no gas. In situations where a background signal is not available for 

normalisation, the background signal is obtained from the non-absorbing regions 

traversed by wavelength scan, using a polynomial fit of the baseline or advanced 

baseline fitting algorithms [29]. Though easier to implement and analyse, it has 

limitations in harsh environments where the gas absorption measurement signal is buried 
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in noise. Digital fast scanning (DFS) of the laser (equivalent to applying a comb filter) 

[7] typically at tens of kilohertz, can be used to filter the noise from fast transmissivity 

fluctuations. However, low frequency transmission noise at multiples of the scan 

frequency is not filtered.  

As direct spectroscopy is limited by noise, wavelength modulation techniques were 

used. Wavelength modulation spectroscopy puts to use a phase sensitive detection by the 

lock-in amplifier and is a very effective technique used in harsh environmental 

metrology. The laser intensity and wavelength/frequency are repetitively scanned across 

the absorption line using a linear current sweep, simultaneously, a sinusoidal injection 

current modulation is added to it, which generates an instantaneous intensity modulation 

output and a delayed frequency modulation output. The laser output signal with the scan, 

IM and FM, interacts with the gas signal to give a strong signal proportional to the 

derivative of the absorption line shape and additional components from the interaction 

of the IM signals with the gas absorption line shape. This signal at the detector output is 

demodulated using a lock-in amplifier at the various multiples (harmonics) of the 

modulation frequency. Analytical models are then used to recover the gas parameters 

such as the concentration and temperature (or pressure) from the WMS signals.  

Approaches such as the PDM and the RAM technique are used for the recovery of 

direct absorption line shapes from the first harmonic WMS signals. Owing to their 

relative simplicity, these techniques are a good starting point for understanding and 

validation of the spectroscopic model based on a Fourier series expansion of the WMS 

signal (Chapter 6). In this work, these techniques have been adapted to account for the 

variation in the laser modulation characteristics such as the WM-IM phase lag and 

tuning coefficient across the laser scan for accurate line shape recovery. A methodology 

is also introduced which enables the recovery of the gas absorption line shapes using 

these techniques, independent of the relative phase of the LIA reference signal with 

respect to the WMS signals. This methodology is very useful in practical sensing 

applications as will be explained.   

Transmission fluctuations (additive and multiplicative) [30] due to optical beam 

propagation through  the medium with a time varying refractive index (from turbulence 

in a gas turbine exhaust plume), as well as scattering from soot particles, is one of the 

major factors adding noise to the WMS signals in a GTE exhaust plume. During the 
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course of this work it was realised that the 1f  WMS signals  drifted severely for the aero 

engine measurements. Moreover, because of the absence of a non-absorption baseline 

for the chosen CO2 absorption line, it was necessary to have a time-multiplexed 

background signal for normalisation of the gas signals. Due to the signal drift and noise, 

it was considered impossible to obtain this normalisation background signal.   

Normalisation with the first harmonic WMS signal is a technique used for cancelling the 

transmission noise along the optical line of sight. This is introduced in Section 3.9 

referred to as the 1f normalised 2f WMS technique. The chapter begins by introducing 

the origin of the derivative line shapes for the WMS signal detected at various 

harmonics of the modulation frequency.  

3.2 Wavelength Modulation Spectroscopy 

In harsh environments, wavelength modulation spectroscopy has a significant 

improvement in signal-to-noise ratio compared to direct spectroscopy, as the signals are 

measured at a frequency band away from the 1/f noise spectral bands. The laser is 

modulated using a slow current ramp of frequency less than few tens of kHz, which 

repetitively scans the laser wavelength across the absorption line and a fast sinusoidal 

current modulation of much smaller amplitude, having modulation frequencies in the 

tens to hundreds of kHz.  

The intensity output of the laser is given by,  

 

𝐼𝑙(𝜈) = 𝐼(ν) + Δ𝐼(𝜈)𝑐𝑜𝑠(𝜔𝑡) + Δ𝐼2(𝜈) cos(2𝜔𝑡 + 𝜓2) (3.1) 

 

where 𝜔 is the frequency of the sinusoidal modulation, 𝐼(𝜈) is the instantaneous 

intensity of laser, Δ𝐼(𝜈) and Δ𝐼2(𝜈) are the amplitudes of  linear  and nonlinear intensity 

modulations respectively, and  𝜓2 is the phase of the nonlinear IM relative to the linear 

FM.  

The frequency output of the laser is given as,  

 

 𝜈 = 𝜈1 + Δ𝜈 cos(𝜔𝑡 − 𝜓1)  (3.2) 

 

where 𝜈1 is the central frequency of the laser, Δ𝜈 is the frequency modulation amplitude 

and 𝜓1 is the phase of the FM relative to the linear IM. The second order frequency 
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modulation amplitude is calculated to be very small for most DFB lasers, and hence 

ignored in the analysis.  

Intensity of the light transmitted through the gas (𝐼𝑜𝑢𝑡) is given by the Beer Lambert 

law,  

 

 
𝑇 =

𝐼𝑜𝑢𝑡

𝐼𝑙
= exp [−𝛼(𝜈1 + Δ𝜈cos (𝜃))] 

 

(3.3) 

where 𝛼(𝜈) is spectral absorbance, 𝐼𝑙 is the incident laser intensity and 𝜃 = 𝜔𝑡 − 𝜓1.  

The optical gas transfer function (𝑇) can be expressed as a Fourier series expansion 

[8][31], 

 

 
𝑇 = ∑ 𝑎𝑛(𝜈1 + Δ𝜈cos(𝜃)) cos 𝑛𝜔𝑡 

𝛼

𝑛=0

 
 

(3.4) 

 

where 𝑎𝑛 are the Fourier coefficients given by,  

 

 

𝑎𝑛 =
1

2π
∫ exp( ∑ 𝑆𝑗′(𝑇)𝜙𝑗(𝑇, 𝑃, 𝜒,

𝑗
Δ𝜈, 𝛾𝐿 , 𝜈0, 𝜈, 𝛾𝐺))𝑃𝜒𝑖𝑙 cos 𝑛𝜃 𝑑𝜃

𝜋

−𝜋

 

 

(3.5) 

 

𝑆𝑗′(𝑇) is the line strength of the 𝑗𝑡ℎ absorption line and 𝜙𝑗 is its line shape function.  

The LIA multiplies the transmitted signal with cos (𝑛𝜔𝑡 + 𝜃𝐿)  and  sin(𝑛𝜔𝑡 + 𝜃𝐿)  and 

extracts the DC components by low pass filtering the resultant signals. The output of the 

lock-in amplifier has the characteristic shape of the nth derivative of the absorption line 

shape. This is pictorially explained in the Figure 3-1. The interaction of the input 

sinusoidal signal with the nonlinear absorption transfer function generates outputs at the 

various harmonic frequencies. The maximum amplitude of the first harmonic component 

of the resultant signal occurs at the full width at half maximum (FWHM) where the 

slope is the most linear. The maximum 2f signal arise from the peak which is the most 

nonlinear. The first harmonic signal reverses in magnitude at the peak where it has zero 

amplitude. The 2f signal on the contrary goes to zero when the signal is linear, i.e., has 

no higher harmonic components. Consequently, the 1f signal has the characteristic shape 
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of the first derivative of the absorption line shape and the 2f signal has the shape of its 

second derivative and henceforth. The process is similar to FM to AM conversion, i.e. 

the AM and FM modulated signal interacts with a gas absorption line, which 

consequently gives rise to secondary AM components at different harmonics which are 

then selectively demodulated by the LIA.  

 

Figure 3-1. FM to AM conversion due to a gas absorption line. 

3.3 Calibration-free Phase Sensitive Detection 

The lock-in amplifier performs nf demodulation of the input signal by multiplying with 

sin(𝑛𝜔𝑡 + 𝜃𝐿)  and cos(𝑛𝜔𝑡 + 𝜃𝐿) to generate the two orthogonal (X and Y channels) 

lock-in amplifier signals. The WMS signals on the X and Y channels of the LIA are 

sensitive to phase shifts induced by the launch and receive electronics, and the lock-in 

amplifier reference phase (𝜃𝐿). Therefore, these techniques are referred to as phase 

sensitive and needs knowledge of the reference phase(𝜃𝐿) of the lock-in amplifier.  

The commonly used methodology to obtain an unknown gas concentration or 

temperature is to standardise against a known gas mixture [30]. Calibration-free 

measurements assume that the gas parameters can be measured without comparison to a 

known gas concentration or mixture. For these calibration-free techniques, the WMS 
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models are least-squares curve fit to the measured WMS gas signals to obtain the gas 

thermodynamic state variables such as the mole fraction (concentration) and temperature 

or pressure. This work focusses on three calibration-free techniques. These include the 

RAM [32] technique and the phasor decomposition method [33], both of which are 

phase sensitive first harmonic detection techniques. Section 3.9 of this chapter focusses 

on the third technique known as first harmonic normalised 2f detection (2f/1f). 

 An alternative form of equation (3.4) for optically thin media is given as,  

 

 𝑇(𝜈) = 1 − 𝛼(𝜈) (3.6) 

 

 The absorbance 𝛼(𝜈)  is now expanded as a Fourier series, 

 
−𝛼(𝜈) =  ∑ 𝑎𝑛(𝜈)

∞

𝑛=0

cos  (𝑛𝜔𝑡) (3.7) 

 

The detector output signal is now given as (ignoring the nonlinear IM and assuming an 

optically thin sample ( 𝛼(𝜈) < 0.05)), 

 

 
𝐼𝑑𝑒𝑡 = {𝐼 + Δ𝐼 cos𝜔𝑡 } {1 + ∑𝑎𝑛 cos(𝑛𝜔𝑡 − 𝑛𝜓1)

𝑛

} (3.8) 

 

Generally, for 𝑛𝑓(or 𝑛𝜔) detection, the output of the lock-in amplifier consists of the 

unwanted nf residual amplitude modulation which is simply the nth order IM at 

frequency 𝑛𝜔, plus three additional components which originate from the interaction 

with the gas line. These components are: 

1. The primary derivative component proportional to 𝑎𝑛𝐼(𝜈) at a phase of – 𝑛𝜓1 

relative to the IM signal (This component is known in the  literature [34, 35] as the 

FM component because it is the prominent component having the shape of the nth 

derivative as shown in Figure 3-1). 

2. Contributions from the linear RAM proportional to 0.5𝑎𝑛−1Δ𝐼(𝜈) at a phase of 

−(𝑛 − 1)𝜓1, and 

3. 0.5𝑎𝑛+1Δ𝐼(𝜈) at a phase of −(𝑛 + 1)𝜓1. 
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For n = 2 (2f detection) these three components are represented in the following phasor 

diagram (Figure 3-2), 

 

Figure 3-2. Signals at n = 2. The dashed lines represent the orientation of the lock-in reference signal 

to cancel each of these components. The nonlinear RAM component is not shown. 

In Figure 3-2, 𝜓𝜆 = 𝜓1 − 𝜋  is known as the phase difference between intensity 

modulation (IM) and wavelength modulation (WM), where 𝜓1 is the phase of the 1f-FM 

signal w.r.t. the 1f-IM signal. WM is 𝜋 radians out of phase with FM. Here the signals 

are only shown in the 4th quadrant. In reality, the signals are both in the 2nd and 4th 

quadrants as they have both positive and negative values. For example, the 1f signal 

changes from positive to negative at the origin (i.e. at the absorption line centre). This 

also highlights the difference between WM and FM. i.e. FM goes from positive to 

negative at the origin; while the WM is 180 degrees out of phase to the FM and goes 

from negative to positive.  

From Figure 3-2, it can be inferred that by changing the phase of the lock-in amplifier 

reference signal to align it orthogonally with a particular signal component; it was 

possible to cancel that component. This forms the basis of the PDM and the RAM 

technique discussed in Sections 3.4 and 3.5, respectively.   
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3.4 RAM Technique  

As indicated in the previous section, the RAM technique isolates a projection of the 1f 

RAM signal, with the absorption signal superimposed in it, to one of the orthogonal 

lock-in amplifier channels.  

 

Figure 3-3. The RAM technique. 

 The signal at the input end of the lock-in amplifier at detection frequency 1𝜔 is: 

 

 𝐼𝑑𝑒𝑡
𝜔 = Δ𝐼(𝜈) cos(𝜔𝑡) + 𝑎0(ν)Δ𝐼(𝜈) cos(𝜔𝑡)

+ 𝑎1(𝜈)𝐼(𝜈1) cos(𝜔𝑡 − 𝜓1)
+ 0.5 𝑎2(𝜈)𝛥𝐼(𝜈) cos(2𝜔𝑡 − 2𝜓1) 

 

(3.9) 

 

These are represented in the phasor diagram of Figure 3-3.  

The phase of the lock-in amplifier reference is adjusted such that the Y-channel 

contains a projection of the RAM absorption signal and no FM contribution [36] (hence 

the name RAM isolation). The X-channel now has an orthogonal projection of the RAM 

absorption signal and the entire FM component. 

The RAM absorption signal isolated on the LIA Y-channel is given as: 

 

 𝑅𝐴𝑀 = Δ𝐼(𝜈){1 + 𝑎0 − 0.5𝑎2} sin(𝜓𝜆) (3.10) 
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Normalising this with a non-absorbing background signal or a signal obtained from the 

baseline fit of the non-absorbing regions of the signal which is proportional to the RAM 

signal (Δ𝐼𝑠𝑖𝑛(𝜓𝜆)) removes the contribution of the background RAM signal, thus 

recovering the gas absorption line shape. It is important to notice that the signal 

amplitude is reduced by a factor of sin(𝜓𝜆). 

As evident from Figure 3-3, the RAM absorption signal on the Y-channel contains the 

projection of a distorting 2f component (0.5Δ𝐼𝑎2sin (𝜓𝜆)). Considering its magnitude as 

negligible for smaller modulation amplitudes, this term is often ignored. Yet, at higher 

wavelength modulation amplitudes this distorting component tends to flatten the 

recovered RAM absorption signal. In general, distortion of any WMS signal is 

quantified using a dimensionless parameter known as the modulation index, which is the 

ratio of the frequency modulation amplitude to the half width at half maximum of the 

probed absorption line shape. The modulation index will be further examined in Section 

3.6.  

3.5 Phasor Decomposition Method  

It was noted in the case of the RAM technique that only a fraction of the RAM 

absorption signal is recovered (on one of the orthogonal lock-in amplifier channels). 

This drawback is overcome using the phasor decomposition method which uses both the 

X and Y channels of the LIA to extract the entire RAM absorption signal. In the PDM 

the phase of the lock-in amplifier reference signal is adjusted such that a pure FM signal 

with its non- absorbing wings going to zero is isolated on the LIA Y-channel. 

 The Y-channel now contains the projection of the FM signal with no RAM 

contribution. The signal at the Y-channel of the LIA is given by,  

 

 𝑀𝑦 = 𝑎1𝐼(𝜈) sin(𝜓𝜆) − 0.5𝑎2Δ𝐼(𝜈) sin(2𝜓𝜆) (3.11) 

 

i.e., the FM component (𝑎1𝐼(𝜈) sin(𝜓𝜆)) and additionally a small 2f line shape 

component (negligible at small modulation indices). 

The X-channel now has the entire RAM absorption on it and the orthogonal projections 

of the signals on the Y-channel, 
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 𝑀𝑥 = Δ𝐼(𝜈){1 + 𝑎0} − 𝑎1𝐼(𝜈) cos(𝜓𝜆) + 0.5𝑎2Δ𝐼(𝜈) cos(2𝜓𝜆) (3.12) 

 

The RAM signal with the absorption line shape superimposed on it is recovered using 

the mathematical relation: 

 
𝑀𝑥 +

𝑀𝑦

tan(𝜓𝜆)
= Δ𝐼(𝜈){ 1 + 𝑎0 − 0.5𝑎2} (3.13) 

 

 

Figure 3-4. Figure shows the phasor decomposition method where the lock-in amplifier X-channel is 

oriented to the 1f RAM component. 

The distorting component, 𝑎2Δ𝐼, is very small at lower modulation amplitudes 

characterised by smaller modulation index ( < 0.2 ) which is a very important parameter 

in WMS and will be discussed in detail in Section 3.6.  

In is noted that in both the RAM technique and the PDM, the knowledge of the WM-IM 

phase (𝜓𝜆) is required to measure the gas absorption. The WM-IM phase (𝜓𝜆) is usually 

measured experimentally. Alternately, a vector method proposed by A. McGettrick [35] 

could be used to obtain the WM-IM phase from the LIA signals shown in Figure 3-4. 

This method as well as other methods to experimentally measure 𝜓𝜆 are explained in 

Section 4.7. Each of these methods has its own advantages and disadvantages which will 

be discussed in this work.  
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The signal-to-noise ratio of the PDM is higher than the RAM technique because the 

entire RAM absorption signal is recovered (owing to the absence of the sin(𝜓𝜆) term). 

The signal is normalised by dividing (3.13) by a background time multiplexed signal (or 

the signal obtained from the baseline fit) obtained by the purging gas cell to create a 

vacuum or by filling it with a buffer gas such as N2 , the background signal only having 

the IM term (Δ𝐼), thereby recovering the gas absorption line shape.  

3.6 Modulation Index 

It is observed that as the modulation amplitude increases the distorting 2f line shape 

component (Δ𝐼0.5𝑎2) also increases in magnitude and tends to broaden the absorption 

line shape recovered using the PDM or RAM technique.  

      

 

Figure 3-5. Distortion in the recovered gas absorption line shape with an increase in the modulation 

index. It is observed that the signal starts to distort significantly at m > 0.2. 

In general, the distortion of any WMS line shape signal can be quantified by using a 

very important dimensionless quantity known as the modulation index, which is defined 
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as the ratio of the frequency modulation amplitude (Δ𝜈) to the half width at half 

maximum of the probed absorption feature, i.e., 

 

 
𝑚 =

Δ𝜈

𝛾𝐻𝑊𝐻𝑀
=

𝑑𝑖 ∗∈

𝛾𝐻𝑊𝐻𝑀
 

 

(3.14) 

 

where ∈  is the tuning coefficient of the laser in GHz/mA or ( cm−1/mA) and di is the 

amplitude of the  current modulation applied to the laser.  

Absorption line shapes recovered using the PDM at different m values are shown in 

Figure 3-5. The characteristic values; 2, 2.2, 3.59 and 4.12, correspond to the 

modulation indices to obtain the maximum amplitude for the 1f, 2f, 3f and 4f  harmonic 

signals, respectively. As can be seen, the recovered absorption line shape tends to be 

broadened for m > 0.2. The aforementioned distortion due to the second harmonic line 

shape component was compensated for  by multiplying the recovered absorption line 

shape by a correction function [34]. An equivalent approach is presented in Section 6.4 

of this thesis.  

3.7 Phase Independent PDM  

As discussed in Sections 3.4 and 3.5, the phasor decomposition method and RAM 

technique are phase sensitive. These two methods require careful alignment of the phase 

of the LIA reference signal. The above mentioned methodology is considered difficult to 

implement especially in the field. It was observed that the above stated techniques were 

sensitive to phase changes less than a degree. Consequently, it would be an added 

advantage if these techniques were made independent of the orientation of the lock-in 

amplifier reference signal with respect to the WMS signals at the detector.  

Let 𝜃𝐿 be any arbitrary orientation angle of the lock-in reference channel. This is 

depicted in Figure 3-4.  

The signals on the X and Y channels are now given by [37], 

 

 

 

 

𝑀𝑥 = Δ𝐼(𝜈)(1 + 𝑎0) sin(𝜃𝐿) + 𝑎1𝐼(𝜈) sin(𝜃𝐿 + 𝜓𝜆)
+ 0.5𝑎2Δ𝐼(𝜈) sin(𝜃𝐿 + 2𝜓𝜆) 

(3.15) 
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𝑀𝑦 = −Δ𝐼(1 + 𝑎0) cos(𝜃𝐿) − 𝑎1𝐼(𝜈) cos(𝜃𝐿 + 𝜓𝜆) − 0.5𝑎2Δ𝐼(𝜈)cos (𝜃𝐿

+ 2𝜓𝜆) 

 

 

(3.16) 

The value of 𝜃𝐿 in the above equation is iterated from 0 to 𝜋 till no FM contribution is 

obtained on the absorption line shape recovered using equation (3.13). This condition is 

satisfied when  the depth of the recovered absorption signal is minimal [37].   

This method is particularly useful in applications such as optical tomography where 

multiple measurement paths are employed (in a ring fibre network topology). The 

relative reference phase alignment along each of these arms will be different due to the 

different fibre lengths along the ring (changing the IM phase), varying response of the 

transmitter and receiver side electronics, synchronisation issues etc.; rendering it 

difficult to individually align the lock-in amplifier reference phase for each of the 

measurement arms. 

3.8 Drawbacks of the PDM and RAM Technique 

It was observed that the PDM and RAM technique are not suitable for measurement in  

harsh environments with rapidly changing transmission conditions [7], such as in a GTE 

exhaust plume.  

Due to the random fluctuations in the RAM during the field measurements, it is not 

possible to normalise this signal using a time multiplexed background signal. The 

transmission noise on the signal also makes it unsuitable for baseline fitting routines to 

obtain accurate measurements. Under such circumstances, 2f detection techniques seem 

to be the preferred choice because the signal at 2f detection has only a very small 

nonlinear RAM component of magnitude at least two orders less than the linear RAM. 

That being the case, signals at 2f detection also have a near zero background and are 

easier to calibrate. A 2f-PDM technique was proposed by Chakraborty et al. [38] to 

extract the primary 2f derivative line shape signal as well as to null the nonlinear RAM 

using optical techniques. A dual beam electronic technique to null the nonlinear 2f-RAM 

was also proposed by Zhu and Cassidy [39] using the Hobbs auto-balanced noise-

cancelling circuit [40]. This method was  implemented by Bain et al. [41] for the water 

vapour lines at 1430 nm in the exhaust of an aero engine to obtain 2f WMS signals with 

the 2f-RAM signal cancelled. Another method was proposed by Liu et al. [42] by 



Chapter 3 - Spectroscopic Techniques for Harsh Environments-Calibration-

free 1f Normalised 2f WMS Technique 

  

50 

 

applying an additional second harmonic current modulation to the DFB laser using a 

summing amplifier and adjusting its phase and magnitude so as to cancel the 2f-RAM  

signal. In this work, the 2f-RAM signal is cancelled by a background subtraction 

method. 

3.9 Calibration-free 1f Normalised 2f WMS 

Technique  

Reid et al. [43] implemented a method  based on the analytical expressions developed by 

Arndt et al. [44] for a Lorentzian line shape under the influence of wavelength 

modulation, for the lock-in amplifier output signals at 2f detection, and could extract the 

pressure or line width from the ratio of the peak to trough of the 2f signal. This was 

similar to the methodology by Henningson et al. [45], to determine the  gas parameters 

from the peak to trough ratios and the apparent widths of the 2f line shape signal. 

However, these techniques considered only the pure FM signal component and did not 

take RAM component into account, as it was an unwanted signal that made analysis 

difficult at the time. Thus, the DFB lasers were assumed to have a linear current-

intensity response and the nonlinear IM was considered negligible.  

For the CO2 absorption feature, it will be shown (Chapters 5,6) that non-absorbing 

wings are not available within the wavelength scan range of the DFB laser, which made 

it difficult to extract a RAM baseline signal for in-line normalisation of the RAM 

absorption signals, from a polynomial fit of wings of the absorption feature. Hence, the 

only method to normalise the absorption signal was with a time multiplexed background 

gas signal containing the RAM signal with no absorption. On the other hand, in 

measurements where the transmission conditions are fluctuating over time, the RAM 

signal would have changed by the time the background is recorded. Hence, these 

techniques cannot be used in environments where the intensity is fluctuating due to 

vibrating optics, varying refractive index, physical obstruction of the beam etc.  

Even supposing the 2f detection was used, the signal was observed to be buried in noise 

arising from fluctuations in the transmissivity as well as etalons. This is explained in 

Chapter 6. 
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It was reported by a former member of the CMP group (Arup Lal Chakraborty [46]) as 

well as other works [6, 8, 30] that for a given DFB laser, the ratio of IM to instantaneous 

intensity remains a constant for a given laser temperature, bias current and modulation 

frequency, at every point along the measurement path. Hence, equation (3.1) was 

rewritten as, 

 

 𝐼𝑙(𝜈) = 𝐼(𝜈){1 + 𝑖0(𝜈) cos(𝜔𝑡 + 𝜓1) + 𝑖2(𝜈) cos(𝜔𝑡 + 𝜓2)} 
 

(3.17) 

where,  

 
𝑖0 =

Δ𝐼(𝜈)

𝐼(𝜈)
, 𝑖2 =

Δ𝐼2(𝜈)

𝐼(𝜈)
 

 

(3.18) 

are constants for a given DFB laser.  

 For an optically thick sample, assuming the 2f signal is aligned with the X-channel of 

the LIA, the 2f signals on the X and Y channels of the lock-in amplifier are derived as, 

from equations (3.3) to (3.5), 

 
𝑋2𝑓 =

𝒢𝐼

2
[𝑎2 +

𝑖0
2

(𝑎1 + 𝑎3) cos(𝜓1) + 𝑖2 (𝑎0 +
𝑎4

2
) cos(𝜓2)]  

 

(3.19) 

 
𝑌2𝑓 = −

𝒢𝐼

2
[
𝑖0
2

(𝑎1 − 𝑎3) sin(𝜓1) + 𝑖2 (𝑎0 −
𝑎4

2
) sin(𝜓2)] (3.20) 

   

where the constant 𝒢 accounts for the channel gain for the LIA.  

The parameters  𝑖0, 𝑖2, 𝜓1, 𝜓2 are expected to be constants for a given DFB laser, chip 

temperature and laser bias current. 𝑎0, 𝑎1, 𝑎2, 𝑎3 and 𝑎4 are the Fourier coefficients with 

the characteristic derivative line shape at various harmonics (Figure 3-1) from the zeroth 

to the 4th order; calculated using equation (3.5). The magnitudes of higher order Fourier 

coefficients are small enough and may be neglected in the analysis. It can be observed 

that the RAM term is absent in equation (3.19); however, it is embedded in the 

exponential in equation (3.3). 

These signals are represented by the phasor diagram in Figure 3-6. As seen, at 2f 

detection; the second harmonic line shape signal (𝐼𝑎2) has the largest magnitude but is 

mainly distorted by the 1f line shape signal (Δ𝐼𝑎1) and a residual amplitude modulation 

signal (Δ𝐼2(1 + 𝑎0)). As mentioned previously, Chakraborty et al. had developed a 

strategy to cancel the 1f line shape signal using a 2f - PDM method  [38] and cancel the 
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nonlinear 2f - RAM using an optical nulling technique. However, this method suffers 

from the difficulty in aligning the 2f line shape signal to a given lock-in amplifier 

channel as in Figure 3-6, because of the projections of the 1f line shape signal (Δ𝐼𝑎1) 

and a small 3f line shape signal on it (Δ𝐼𝑎3).  

 

Figure 3-6. Alignment of the prominent component signals at 2f detection. Not drawn to scale. 

Since it is difficult to align the signals, it is considered advantageous to take the 

magnitude of the 2f signal, i.e. 𝑅2𝑓 = √X2𝑓
2 + Y2𝑓

2 . 

All the parameters in the 2f WMS signal are constants for a given laser except the 

instantaneous laser intensity 𝐼𝑙(𝜈) which is affected by the transmissivity noise expected 

in harsh environments. Several different approaches could be used to calibrate out the 

instantaneous laser intensity. For example, a reference intensity signal from the laser 

was used to normalise the instantaneous laser intensity through the measurement arm, to 

get a suitable scaling factor. The scaling factor is required to be a constant over time. 

However, any change in the transmission characteristics either through the reference 

arm or the measurement arm will cause a change in this scaling factor. Hence, for field 



Chapter 3 - Spectroscopic Techniques for Harsh Environments-Calibration-

free 1f Normalised 2f WMS Technique 

  

53 

 

applications in harsh environments with rapidly changing transmission conditions, such 

an approach is not possible.  

It was pointed out by Ebert et al. [7] that the first harmonic WMS signal can be used as 

a “transmission probe” to cancel the effects of transmission fluctuations. This technique 

was further developed by Rieker et al. [8].  

The magnitude of the 1f signal is given by (assuming the same configuration as the 

RAM technique): 

 

 
𝑋1𝑓 =

𝒢𝐼

2
[𝑎1 + 𝑖0(𝑎0 + 0.5 𝑎2) cos𝜓1 + 𝑖2(𝑎1 + 𝑎3) cos𝜓2] (3.21) 

  

𝑌1𝑓 = −
𝒢𝐼

2
[𝑖0(𝑎0 − 0.5 𝑎2) 𝑠𝑖𝑛 𝜓1 + 𝑖2(𝑎1 − 𝑎3) sin𝜓1] (3.22) 

  

𝑅1𝑓 = √𝑋1𝑓
2 + 𝑌1𝑓

2  (3.23) 

  

Dividing the magnitude of the 2f signal with the magnitude of the 1f signal cancels the 

multiplicative transmission fluctuations as follows: 

 

 

𝑅2𝑓

𝑅1𝑓
=

√(𝑋2𝑓
2 + 𝑌2𝑓

2 )

√𝑋1𝑓
2 + 𝑌1𝑓

2

= Ϝ{𝑖0, 𝑖2, 𝜓1, 𝜓2, Δ𝜈, 𝛾𝐻𝑊𝐻𝑀(𝜒, 𝑇, 𝑃), 𝜈0(𝑃), 𝑆′(𝑇)} 

(3.24) 

   

 From the above equation is can be elucidated that the 2f/1f signal is only a function of 

the constant laser and spectral parameters. Even though equation (3.24) cancels out the 

instantaneous intensity, it was necessary to subtract the nonlinear RAM background in 

equation (3.19), which can be significant at high m values. The recovered line shape 

signals also tend to be severely affected by etalons in the system, non-ideal filtering 

effects as well as background absorption. Etalons which can induce spurious 2f signals 

are difficult to avoid in most measurement systems. Spurious 2f signals can also be 

induced by background absorption signals.  
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 The background signals in the absence of absorption or etalons, for 2f detection, are 

given as:  

 
𝑋2𝑓

𝑏𝑘 =
1

2
𝒢𝐼𝑖2 cos𝜓1 

 

(3.25) 

 
𝑌2𝑓

𝑏𝑘 = −
1

2
𝒢𝐼𝑖2 sin𝜓1 

 

(3.26) 

 
𝑅2𝑓

𝑏𝑘 =
1

2
𝒢𝐼𝑖2 (3.27) 

 Similarly, for 1f detection: 

 

 
𝑅1𝑓

𝑏𝑘 =
1

2
𝒢𝐼𝑖0 (3.28) 

   

To cancel out the effect of the nonlinear RAM, the spurious 2f signals generated by 

wavelength dependent transmission effects not accounted for in the model and the 

background absorption signals, the background signal is vector subtracted [47] as 

follows (Figure 3-7): 

 

 

2𝑓/1𝑓 = √(
𝑋2𝑓

𝑅1𝑓
−

𝑋2𝑓
𝑏𝑘

𝑅1𝑓
𝑏𝑘)

2

+ (
𝑌2𝑓

𝑅1𝑓
−

𝑌2𝑓
𝑏𝑘

𝑅1𝑓
𝑏𝑘)

2

 

 

 

 

(3.29) 

 

Figure 3-7. Phasor plot representation of the vector background subtraction procedure to null the 

RAM component of the WMS signal. As the signal resultant and the background resultant are not in 

phase they are projected onto the X and Y channels for vector subtraction. 
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This form is useful to cancel the 2f-nonlinear RAM, background absorption signals, 

non-ideal filtering effects of the LIA and reduces the effects of temporally stable 

etalons. Equation (3.29) is valid for any optical depth [48] and modulation index. 

 

 

Figure 3-8. The figure shows the block diagram of the first harmonic normalised WMS technique. 

Practically any nth harmonic WMS signal can be normalised by the 1f WMS signal. 

Higher harmonic detection can be advantageous because the nonlinear RAM decreases 

(at least by two orders in magnitude) with increasing harmonic order of detection and 

for this reason the background subtraction may not be necessary. It is also seen that the 

sensitivity to the curvature of the line shape is greater for higher harmonics. However, 

all this comes at the cost of reduced signal level and the requirement of higher sampling 

frequencies. This topic is dealt with in detail by Sun et al. [49]. 

3.10 Summary 

This chapter introduces the important TDLS techniques used in harsh environmental 

sensing. The drawbacks of direct spectroscopy in harsh environmental applications were 

briefly discussed. Phase sensitive detection using a lock-in amplifier is considered as a 

solution for recovery of gas absorption signals submerged in 1/f noise. These techniques 

are grouped under a branch of spectroscopy known as wavelength modulation 

spectroscopy. The Fourier model of wavelength modulation spectroscopy was described. 

Phase sensitive LIA techniques such as the RAM technique and the phasor 

decomposition method were discussed. As these techniques are extremely sensitive to 

the phase of the WMS signals relative to the phase of the LIA reference signal, a phase 

independent version of the PDM was also implemented for application in FLITES 



Chapter 3 - Spectroscopic Techniques for Harsh Environments-Summary 

  

56 

 

system where the phase locking can be difficult to achieve. These techniques were used 

for validating the Fourier model for WMS as will be shown in Chapter 6.  

These techniques have limitations in harsh environmental applications owing to 

changing transmission conditions along the beam path. Hence, a 1f normalised 2f WMS 

technique was proposed to cancel the effects of transmissivity fluctuations with the 

advantages of second harmonic detection. The results for these techniques tested in the 

harsh environment of a GTE exhaust plume are presented in Chapter 6.  
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Chapter 4 

4 Experimental 

Methodology 

4.1 Introduction 

In this chapter, the experimental measurement systems and the characterisation 

approaches for direct and wavelength modulation spectroscopy are presented. The aim 

of this work is to implement spectroscopic techniques for gas measurements in harsh 

environments, gas turbine (aero) engine exhaust plumes in particular. Wavelength 

modulation spectroscopy is the preferred technique which achieves a good signal-to-

noise ratio under harsh measurement conditions. Wavelength modulation spectroscopy 

is similar to direct spectroscopy (DS) except that phase sensitive detection is used. 

Hence, the equipment used for both techniques are very similar except for additional 

equipment in WMS to modulate the laser, a bias-T and a signal generator, and to 

demodulate the signal, i.e. a lock-in amplifier.  

Extensive characterisation of the IM and WM is necessary to quantify the LIA signals 

using WMS models. In direct detection, a low frequency (typically less than 1 kHz) 

current sweep is applied to the laser which creates an intensity scan and a corresponding 

wavelength scan. The intensity is attenuated at the wavelengths corresponding to the gas 

energy level transitions. Wavelength referencing the current sweep is necessary (DC 

wavelength response) to assign the wavelengths to each of the absorption features 

traversed by the scanned laser wavelength. The wavelength referencing scheme is 

discussed in Section 4.6.1.  

In wavelength modulation spectroscopy an additional high frequency (AC) current 

modulation (tens to hundreds of kHz) is applied to the DFB laser which creates an 

instantaneous intensity modulation and a time delayed frequency modulation. The high 
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frequency response of the modulation and demodulation electronics is important as it is 

specific to a particular hardware.  

 

 

Figure 4-1. The experimental setup for direct detection. 

 

 

Figure 4-2. Experimental setup for wavelength modulation spectroscopy. 
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Therefore, it is necessary to characterise the AM and WM response of the laser system 

as a function of the modulation frequency to accurately quantify the WMS signals using 

spectroscopic models. For example, this approach is employed in photoacoustic WMS 

as the magnitude of the signal depends on the system parameters such as the resonance 

of the acoustic cavity. The signal magnitude in WMS depends on the AC (dynamic) IM 

and WM response of the system. The DC wavelength response and intensity are equally 

important in the WMS spectral models.      

Much of the work presented in this thesis have been done using a heated optical gas cell 

to measure the spectral parameters at higher temperatures of the order of 500 °C and to 

validate the WMS concentration and temperature sensor at the higher temperatures 

expected in a GTE exhaust plume. The details of this cell will be briefly discussed in 

Section 4.4. Figures 4-1 and 4-2 depict the experimental arrangement for the direct and 

WMS detection schemes. Each component of the direct and WMS detection schemes 

will be explained in detail.  

The absorption feature at 1997.2 nm was identified as the target feature, accessible with 

a DFB-MQW InGaAsP laser. The output power of DFB lasers is very small (< 50 mW), 

however, tomographic imaging needs multiple optical measurement paths. In optical 

tomography using a single wavelength, the optimum number of measurement paths to 

dissect the plume was identified as 126; to accurately reconstruct the 2D concentration 

and temperature distributions [50–52]. A single DFB laser cannot feed enough power 

into all the measurement paths (~2 mW each). Hence, a silica fibre amplifier doped with 

the rare-earth element thulium (to modify the crystal band energy to the 2 μm region) 

was used to amplify the output power of the DFB-MQW laser. Introducing a laser 

seeded fibre amplifier alters the IM response of the system. This technique has been 

termed tunable fibre laser absorption spectroscopy. The tunable diode laser seeded fibre 

amplifier system will be presented in a different publication.  

4.2 Laser and Drive Electronics 

The optical source used in this work to probe the CO2 absorption at 1997.2 nm is a DFB 

(Eblana Photonics) laser with a MQW gain region. It is packaged in a 14 pin butterfly 

DIP and mounted on a Thorlabs LM-14S2 butterfly mount with in-built heat sink. The 

DFB laser was later transferred to an OptoSci laser control module for the FLITES 
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measurement system. Other lasers used are: (1) a DFB laser at 1650 nm for accessing 

the methane R4 line and (2) a 1430 nm DFB-MQW laser used for experimental study of 

the wavelength modulation characteristics of semiconductor DFB lasers explained in the 

next chapter.  

The central wavelengths for the 1650 nm and 1430 nm DFB lasers were confirmed 

using an optical spectrum analyser. The 2 μm wavelength region could not be accessed 

using the available spectrum analysers designed for telecom wavelengths. Therefore, the 

central wavelength of this DFB-MQW laser was confirmed using a grating spectrometer 

(attached to a photomultiplier tube detector).  

Figure 4-3 shows the optical spectrum of the 1650 nm DFB laser at varying diode 

temperatures. Increasing the diode temperature causes a red shift in the wavelength 

output. This is a consequence of the change in the Bragg length of the grating structure 

of the DFB laser due to thermal expansion. The temperature of the laser diode is 

controlled by an integrated thermoelectric Peltier cooling element.  

 

 

Figure 4-3. The 1650 nm DFB laser output at two different diode temperatures (measurement taken 

from an optical spectrum analyser). It shows the principle of temperature induced wavelength chirp. 
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Figure 4-4. Illustration of fine tuning of the DFB laser wavelength by changing the drive current 

(measurement taken from an optical spectrum analyser). 

The temperature of the integrated Peltier cooling element is adjusted using a 

Proportional-Integral-Derivative (PID) servo controller (TED 2000) by monitoring the 

temperature of a thermistor near the laser chip, to maintain a constant temperature, and 

hence wavelength.  The resistance of the thermistor is displayed on the front panel of the 

TED 2000 thermoelectric controller (TEC) and indicates the temperature of the laser 

using the following equation: 

 

 
𝑇ℎ𝑒𝑎𝑡 𝑠𝑖𝑛𝑘 =

3892

ln (
𝑅𝑡ℎ𝑒𝑟𝑚𝑖𝑠𝑡𝑜𝑟

2.142 × 10−5)
− 273.15 (4.1) 

 

  
 

Here 𝑅𝑡ℎ𝑒𝑟𝑚𝑖𝑠𝑡𝑜𝑟 is the resistance (in kΩ) of the thermistor displayed on the TEC. 
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Temperature is used for coarse tuning because of its slow response. The temperature of 

the TEC is adjusted so that the laser output wavelength matches a particular gas 

absorption wavelength.    

Fine tuning the DFB laser wavelength across the absorption feature is achieved by 

applying a linear current sweep. Fine tuning the wavelength by varying the bias current 

is illustrated in Figure 4-4. A slow 5 Hz current ramp is applied to the 1997 nm DFB-

MQW laser using an Agilent signal generator (33250A) connected to the summing 

amplifier of an LDC 202x current controller biased at 80 mA, which repetitively scans 

the laser wavelength across the absorption feature without any  mode-hop.    

The output resistance of the Agilent signal generator is always set to high impedance so 

that all the voltage drops across the load (~50 Ω). A 50 Ω output impedance setting of 

the signal generator would cause only half the voltage to drop across the load.  

 

Figure 4-5. Power-current characteristics of the 1997 nm laser at different temperatures indicated by 

the resistance of the thermistor in kΩ.  

The transconductance values for LDC 201x is 100 mA/V and for LDC 202x it is 20 
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approximately 25 kHz. To achieve a higher modulation frequency operation, LDC 202x 

is used, having a 250 kHz bandwidth.    

The maximum current limit for the 1997 nm DFB-MQW laser is 135 mA. Hence, for 

accessing a single CO2 transition at 1997.2 nm, the temperature of the laser is adjusted 

to 21.96 °C, the LDC is biased at 80 mA and a 70 mAp-p(700 mVp-p) current ramp is 

applied to it. This scans the laser from 45 mA to 115 mA within the safe region of 

operation, without negative biasing the laser. For accessing the two spectrally close 

transitions of CO2 a larger current sweep of 115 mA(p-p) was applied at 70 mA and a 

diode temperature of 20.52 °C (12.2 kΩ). Part of the current scan was below the 

threshold current of the 1997 nm DFB laser (~20 mA). This is shown by the power- 

current characteristics of 1997 nm DFB laser (Figure 4-5) at various laser temperatures. 

The high frequency current dither (typically 10 kHz-500 kHz) and the 5 Hz current 

ramp biased at 80 mA via the constant current source, are applied simultaneously to the 

DFB laser diode using a bias-T network as shown in Figure 4-6. Knowledge of the 

frequency response characteristics of the bias-T is important to quantify the WMS 

signals and is discussed in the following section. 

4.3  The Bias-T  

As shown in Figure 4-2, a bias-T network was used to apply a high frequency current 

modulation to the laser simultaneously with the applied low frequency current ramp. 

The bias-T is a passive RLC circuit as shown in Figure 4-6. 

 

Figure 4-6. Bias-T circuit diagram.  
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The DC arm consists of an inductor in series with the laser diode. The AC arm contains 

a capacitor in series with a 50 Ω load resistor, parallel to the laser diode. The circuit is 

self-explanatory. The DC arm will act as a low pass filter (𝑋𝐿 = 2𝜋𝑓𝐿) passing  only the 

lower frequencies of the current ramp. The capacitor acts as a high pass filter          

(𝑋𝐶 = 1/2𝜋𝑓𝒞 ), passing only the higher frequencies of the dither above the high pass 

cut-off frequency. The 50 Ω resistor is for impedance matching to the BNC connectors 

and the signal generator output. 

Considering the DC arm open, the low frequency cut-off of the bias-T is given as: 

 
𝑓𝐿 =

1

2𝜋𝑅𝐴𝐶𝒞
 

 

(4.2) 

 

𝑅𝐴𝐶 is the impedance as seen from the AC arm, which is the impedance of the 1997 nm 

DFB-MQW laser chip measured as approximately 5.2∓0.2 Ω using digital multimeter. 

This gives a lower cut-off frequency of approximately 3 kHz for the AC arm. 

 

Figure 4-7. Figure shows the experimentally and theoretically calculated amplitude response of the 

bias-T circuit.  

For the DC arm, assuming the AC arm is open, the upper cut-off frequency is given by, 
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𝑓𝐻 =

𝑅𝐷𝐶

2𝜋𝐿
 

 

(4.3) 

 

where 𝑅𝐷𝐶 is the sum of the impedance of the biasing constant current source and the 

input impedance of the load (the laser diode). The upper cut-off frequency for the DC 

arm is approximately equal to 4 kHz. The AC frequency response of the bias-T was 

theoretically modelled and compared against the experimental measurements as shown 

in Figures 4-7 and 4-8. Phase is calculated using the relation Φ = tan−1 (
𝑋𝑐

𝑅
). 

 

Figure 4-8. Experimental and theoretically calculated phase response of the bias-T. 

As expected, the response of the bias-T is frequency dependant as shown in Figure 4-8. 

The bias-T has a flat amplitude and phase response at frequencies above 100 kHz, and 

hence was suitable for measurements above that value. The trans-impedance factor of 

the bias-T is calculated as 10 mA/V. The measured standard deviation for the trans-

impedance was found to be approximately equal to ∓0.19 mA/V over frequencies 

greater than 100 kHz. The standard deviation of phase over the flat response region was 

calculated as approximately 3°.  

Other approaches used to apply an external current modulation to the laser diode 
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waveforms or by synthesizing the waveforms in the digital domain (LabVIEW). These 

approaches have the advantage of flatter amplitude and phase responses, over a larger 

frequency range, without having to replace the passive circuit elements.   

4.4 High Temperature Optical Gas Cell 

The optical gas cell is the next component to be discussed. It was necessary that the gas 

cell be heated to higher temperatures of the order of 600°C to perform measurements at 

conditions closer to that expected in an aero engine exhaust plume. Other design 

considerations were that the gas temperature be a constant along the optical path length 

of the cell. Taking all this into account a specialised HT optical gas cell was built at 

Strathclyde [53].  

A cross-sectional view of the HT gas cell is depicted in Figure 4-9. The various parts 

labelled as A to G will be described. 

 

Figure 4-9. Cross-sectional view of a high temperature optical gas cell built at Strathclyde. 

A is the glass optical cell made of quartz which is transparent in the visible and near-IR. 

D and E are the input and output cell windows made of CaF2. The glass windows and 

the end faces of the glass cell are wedged to prevent etalon formation. C and G are the 

gas inlet and the outlet valves (Swagelok). The gas is flown into the cell using ¼ inch 

steel tubing, through a mass flow controller (Bronkhorst) which regulates the gas flow 
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rate. The steel tubing is attached to the optical cell using a steel to ceramic curing agent 

(as shown in (F)).  

The volume outside the glass cell is bound by a vacuum sealed stainless steel vessel 

which constitutes the outer cell. It is usually filled with buffer gas (usually N2) at a 

pressure slightly (~50 mbar) greater than the inner cell. This is to prevent gas leakage 

from the inner cell to the outer cell.   

Coils of thermal resistance wire are wound around the glass cell to heat it to the desired 

temperature. The inner gas cell is surrounded by an insulator material (fibreglass) to 

prevent the heat from conducting out of the gas cell and heating the outer enclosure.  

The temperature of the gas cell is monitored by four K-type thermocouples, two at the 

top and two along the side windows. These thermocouples are used to calibrate the 

temperature corresponding to a given current flowing through the thermal resistance 

wire, as well as to continuously monitor the gas temperature.  

The pressure of the inner and outer cell are monitored using two pressure gauges 

connected to the quarter inch steel tubing G and the tubing attached to the external cell 

inlet valve (not shown). 

The output of the inner gas cell is either connected to a vacuum pump for creating a 

near vacuum condition (1-5 mbar (barometric standard)) inside the cell, or to the fume 

hood for atmospheric pressure measurements. A particular pressure is achieved inside 

the gas cells by slowly (10-50 ml/min) flowing gas in with the exit valve closed and 

closing the input valve when the desired pressure reading is obtained on the manometer. 

The pressure in the outer cell is always maintained to be slightly higher than the inner 

cell by approximately 50 mbar to prevent leakage of the inner cell test gas to the outer 

cell.   

To achieve a given concentration value, the test gas is mixed with a buffer gas similar to 

N2 to achieve the desired mole fraction. During the measurements, flowing the gas 

through the inner cell was found to aid in maintaining a uniform temperature across the 

optical path through the gas.  

It takes approximately 45 minutes to an hour for the gas spectra to stabilise at a given 

temperature (this is due to the time taken to achieve a uniform temperature across the 

cell). It was found that a moderate gas flow rate has negligible effect on the gas 

concentration, though, the temperature takes a long time to reach a steady value under 
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higher flow rates. Typical flow rates used while measuring at higher temperatures were 

under 100 ml/minute.  

The actual optical path length through the cell is unknown because the light beam is not 

parallel to the optical axis of the gas cell. The optical path length through the cell was 

measured as 5.5 cm by a least-squares curve fit of the standard absorption feature of 

methane at 1650 nm to a Voigt line shape model, using the verified HITRAN spectral 

parameters, the path length being the only unknown. 

Even though the inner gas cell was constructed to be leak-proof, it was not seen to be 

the case. The ceramic to steel junction is subject to stress due to different values of the 

coefficient of thermal expansions for ceramic and steel. Consequently, a small amount 

of gas leak is always expected during operation. Procedures were followed such as to 

purge the inner cell after each measurement and to regularly flow buffer gas through the 

external cell, to remove any test gas that may have leaked into it.  

4.5 Receiver Electronics 

The receiver side consists of an extended InGaAs detector (Thorlabs) (PDA-10D) with a 

detector surface area of 3 mm2 (diameter2) connected to a preamplifier. The output of 

the detector is either connected to an oscilloscope in case of direct detection or to a lock-

in amplifier for phase sensitive detection (PSD). The lock-in amplifier [54] is the most 

important part of the receiver system and will be thoroughly discussed in this section. 

Three lock-in amplifiers were used for this work; the Stanford Research 830, Perkin 

Elmer 7280 and a LIA implemented in the software domain using the LabVIEW PXIe 

board. The hardware lock-in amplifiers provide real-time measurements and are based 

on FPGA (field programmable gate array) boards, while the software LIA 

implementation is just a signal processing strategy. The functionality of a LIA is 

explained with the PE 7280 LIA as the example, however, generally the principle 

applies to any LIA.   

The block diagram of a lock-in amplifier is shown in Figure 4-10. The input signal is 

amplified before converting into the digital domain. The input gain is adjusted to give 

the maximum possible signal amplitude at the analog to digital converters (ADC). The 

total gain of the lock-in amplifier is a combination of the input AC gain and the 

demodulator gain. The demodulator gain and the resolution of the ADC set the 
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maximum input signal to the lock-in amplifier. If the input signal is above the limit set 

by the input gain (not to exceed the ADC voltage range), a lock-in amplifier overload 

warning is generated. 

 

 

Figure 4-10. A simplified functional block diagram of the lock-in amplifier. 

The signal after passing through the input filter is passed through an anti-alias filter 

which removes any unwanted signals that would have resulted from the sampling 

process at the input ADC. The full scale sensitivity (net gain) is set by a combination of 

the AC input gain and the demodulator gain. When the full scale sensitivity is decreased 

to a value less than the maximum input signal permitted by the AC input gain, an output 

overload warning is displayed on the lock-in amplifier. On the other hand, if the full 

scale sensitivity is set to a value that exceeds the maximum input signal set by the AC 

gain, the AC gain is automatically shifted to the nearest allowed value. 

The lock-in amplifier outputs the RMS value of the input signal i.e. if the input signal is 

1 V, the output is 0.707 V.  

 The dynamic reserve (DR) is a very important parameter for a lock-in amplifier to 

achieve a given signal-to-noise ratio and is given as:  

 

 
𝐷𝑅 = 0.7 

𝐼𝑛𝑝𝑢𝑡 𝑙𝑖𝑚𝑖𝑡

𝐹𝑢𝑙𝑙 𝑠𝑐𝑎𝑙𝑒 𝑠𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦
 

 

(4.4) 
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The factor of 0.7 is because of the RMS value. DR is usually described in decibels as:  

 

 
𝐷𝑅(𝑑𝐵) = 20 × log10{𝐷𝑅(𝑟𝑎𝑡𝑖𝑜)}  (4.5) 

 

For example, if the maximum input signal set by the AC gain is 800 mV and the full 

scale sensitivity is 10 nV, the dynamic reserve is about 154 dB. For acceptable 

performance DR<100 is usually the standard norm.  

The input output relation for the Perkin Elmer 7280 lock-in amplifier is given as 

percentage (X, Y, R %) of full scale sensitivity times 2.5 V i.e. if the input is 20 mVrms, 

the sensitivity 20 mV; the output will be 2.5 V. Hence, the gain is unity. Now if the full 

scale sensitivity is decreased to 10 mV, the output will be 1.25 V, i.e. the output gain is 

reduced to half. However, this does not imply that the signal is reduced in accuracy as 

only the output voltage is reduced.    

The phase of the reference signal of the lock-in amplifier is obtained from the signal 

generator TTL trigger pulse (triggered by the sinusoidal current modulation applied to 

the DFB laser). The Perkin Elmer 7280 LIA generates a sinusoidal reference signal from 

the TTL trigger using a dynamic digital synthesizer (DDS) board and a master crystal 

oscillator. The phase of the LIA reference signal can be shifted relative to the TTL 

trigger pulse. The input signal is multiplied by the in-phase and quadrature-phase 

reference signals and followed by low pass filtering to generate the X and Y channels 

(axes) of the lock-in amplifier. If the input signal is given as 𝑉𝑆𝑖𝑔𝑠𝑖𝑛(𝜔𝑡), it is then 

multiplied by two signals 𝑉𝐿𝐼𝐴sin (𝜔𝑡 + ∅) and  𝑉𝐿𝐼𝐴 cos(𝜔𝑡 + ∅) and low pass filtered 

to extract the DC components, i.e.,  

 

 

𝑉𝑆𝑖𝑔𝑠𝑖𝑛(𝜔𝑡)𝑉𝐿𝐼𝐴 sin(𝜔𝑡 + ∅) = 

 
𝑉𝑆𝑖𝑔𝑉𝐿𝐼𝐴

2
{cos(∅) − cos(2𝜔𝑡 + ∅)}. . 𝐷𝐶 𝑓𝑖𝑙𝑡 ≈

𝑉𝑆𝑖𝑔𝑉𝐿𝐼𝐴

2
cos(∅)  

 

(4.6) 

 

Equation (4.6) describes the action of the demodulator. 𝑉𝐿𝐼𝐴 is usually unity for most 

LIAs, and hence the RMS value of the input signal amplitude is obtained when the 

signal is completely aligned to one of the LIA channels. The frequency roll-off rate of 

the low pass filter is preferably set to 12 dB/octave (second order filter) for acceptable 

noise performance. Its bandwidth (time constant) should encompass all the frequency 
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components of the ramp signal with the gas absorption multiplied to it. The output of the 

demodulator is converted back into the analog domain using a digital to analog 

converter (DAC).  

4.6 Characterisation  

This section describes the characterisation approaches for direct spectroscopy and 

wavelength modulation spectroscopy. The parameters of interest in calibration-free 

WMS are the WM-IM phase, the wavelength modulation amplitude or the tuning 

coefficient and the laser intensity modulation characteristics. Their measurement 

approaches are described in Section 4.7.  

 Assigning wavelengths for each bias point along the laser current scan by referencing to 

the peak wavelength of a known absorption feature is important both in direct 

spectroscopy as well as wavelength modulation spectroscopy, and hence the wavelength 

referencing technique is discussed as follows.  

4.6.1 Wavelength Referencing 

The gas spectral measurements recorded on most oscilloscopes as well as data 

acquisition boards are time indexed. The nonlinear nature of the current to wavelength 

dependence of the lasers makes it necessary to have a referencing method to assign 

wavelength to the time indices of the measured gas absorption spectra. In some of the 

earlier approaches, the data points were used as counters for wavelength between two 

absorption peaks at known wavelengths. However, this will result in errors in the 

modelled spectra, especially when the current-wavelength relationship is not linear. 

Hence, methods were devised for assigning wavelengths to the spectral absorption 

measurements. These include using diffraction gratings, optical ring resonators, solid-

state Fabry-Perot etalons or high precision-long term stable measurements using optical 

frequency combs [55, 56]. Fibre ring resonators (FRRs)  [34] are easy to build, cheaper, 

suitable for field measurements and require no alignment, compared with solid-state 

Fabry-Perot cavities, and hence was the preferred wavelength-selective component for 

wavelength referencing. Solid-state Fabry-Perot cavities are suitable at the mid-IR 

wavelengths due to the fibre losses being too great which results in insufficient 

transmission (lower finesse), and improved temperature stability of the solid state 
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etalons compared to FRRs. In the mid-IR wavelength region, solid-state germanium 

etalons are used [10].  

The optical setup of a fibre ring resonator is shown in Figure 4-11. The choice of 80:20 

couplers or 60:40 couplers depends on the required finesse of the optical ring cavity. 

The 80:20 couplers give a larger finesse as more light is coupled into the ring cavity and 

less of the light is coupled out to the detector. Hence, a trade-off exists between the 

finesse and contrast of the resonator trace. 

The free spectral range (FSR) of the fibre ring resonator is calculated as, 

 

 𝐹𝑆𝑅 =
𝑐

2𝑛𝑒𝐿𝑟𝑖𝑛𝑔
 (4.7) 

 

 

where 𝑛𝑒  is the effective refractive index of the single mode optical fibre, c is the speed 

of light and 𝐿𝑟𝑖𝑛𝑔 the length of the ring cavity. 

 

 

Figure 4-11. Diagram of an optical fibre ring resonator. 

To assign the proper wavelength to each of the resonator peaks, it is required to 

accurately measure the FSR of the fibre resonator. The guide values for the effective 

refractive index and fibre length are not sufficient to accurately calculate the FSR using 

equation (4.7).  
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The FSR of the fibre ring resonator was accurately measured using two known 

absorption features as shown in Figure 4-12. FSR times the number of resonator peaks 

(𝑛𝑝𝑒𝑎𝑘) is the total wavelength traversed between two successive absorption lines of 

CO2.  With the wavelength of the two absorption peaks known, the FSR can be obtained 

by dividing the wavelength difference by 𝑛𝑝𝑒𝑎𝑘-1. Here, the R48 and R50 transitions of 

CO2 are used to measure the FSR at 2 μm. The standard deviation of FSR measurements 

was 0.8 %. It is to be noted that this method also accounts for the nonlinear nature of the 

wavelength-current curve.  

An alternate method for finding an unknown FSR at a given wavelength is to calibrate 

it against another resonator with a larger known (measured) FSR at that wavelength. The 

FSR at 2 μm is measured to be 0.124 GHz using the traditional method. This value gives 

sufficient resolution for wavelength referencing, and more importantly the measurement 

of the WM characteristics, limited only at higher modulation frequencies (> 500 kHz)  

as will be further explained in Section 4.7.3.  

 

 
Figure 4-12. Measurement of the resonator FSR using peak wavelengths of two known absorption 

lines.  
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4.7 Measurement of Laser Modulation Parameters 

Direct spectroscopy requires measurement of the scanned laser wavelength. While in 

wavelength modulation spectroscopy, the laser is additionally modulated with a high 

frequency sinusoidal injection current. The injection current modulation has two 

important consequences, viz. modulation of the laser intensity (IM) and a delayed 

modulation of the laser wavelength (WM). The instantaneous intensity modulation is 

caused by stimulated emission in the active region of the DFB laser. The modulation in 

the laser wavelength is caused by a change in the length of the Bragg grating of the laser 

due to the thermal heating as well as due to variations in the refractive index because of 

the thermo-optic effect and carrier induced change (from the Kramer’s Kronig 

relations), the latter being the main contributor in DFB laser structures. The thermal 

expansion of the Bragg length is not instantaneous and is delayed in time. As a result, 

the wavelength modulation is delayed in time relative to the intensity modulation.  

In WMS, it is important to accurately measure the laser modulation characteristics. As 

explained in Chapter 3, the important laser modulation parameters are the linear IM, the 

nonlinear IM (due to nonlinear power-current response of the laser diode), the 

wavelength modulation amplitude, and the phase shifts between the linear IM signal, the 

nonlinear IM signal and the WM signal. The measurement setup for the characterisation 

of laser modulation parameters is similar to the one for direct spectroscopy (Figure 4-1). 

The resonator arm is used for measuring the WM amplitude (tuning coefficient) and 

phase, and the measurement arm with an empty gas cell is used for measuring the IM 

parameters such as its phase and amplitude. The phase difference due to varied path 

lengths along the two arms was negligible (~ 0.05 °). Instead of a low frequency current 

sweep, a high frequency current modulation is applied to the DFB laser either using a 

summing amplifier or a bias-T with the DC arm disconnected. The detector outputs of 

the resonator arm and the measurement arm are connected to an oscilloscope which is 

triggered by the high frequency sinusoidal injection current signal. The laser is 

characterised at each bias point by changing the DC bias level on the LDC (constant 

current source). This section discusses the different techniques used for measuring the 

laser modulation characteristics of the DFB laser such as the WM-IM phase lag, tuning 

coefficient, and the linear and nonlinear IM amplitudes.  
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4.7.1 WM-IM Phase  

The WM-IM phase at a given bias current, modulation frequency and diode temperature 

could be measured using the centre of the non-responsive region of the resonator output 

as it corresponds to the maxima or minima of the WM signal. 

 

Figure 4-13. The intensity modulation signal and corresponding resonator output, for a modulation 

amplitude of 10 mA, at a bias point of 115 mA and modulation frequency of 100 kHz. 

 A typical scope output of the resonator and the measurement arms is shown in Figure 

4-13 for a 10 mA, 100 kHz injection current modulation at a bias current of 115 mA and 

chip temperature of 20.5 °C for the 1997 nm DFB-MQW laser. The selected extrema for 

the IM and WM signals are also shown (vertical red lines). Near the peak or trough of 

the applied injection current modulation signal, the magnitude of current is changing 

very slowly that the laser wavelength is also changing very slowly, and thus no peaks 

are traversed near this region. Hence, the region is known as the non-responsive region 

[57] of the resonator. 

 An interesting fact about the non-responsive region is that the peaks on its either side 

are symmetric and their midpoint i.e. the centre of non-responsive region corresponds 
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to the peak or trough of the wavelength modulation. 

Subtracting in time the centre of the non-responsive region from the peak or trough of 

the IM signal (Δ𝑡) gives the phase of FM signal relative to IM signal using the 

relation 𝜓 = 2𝜋𝑓Δ𝑡, where 𝑓 is the frequency of the applied current modulation. 

4.7.2 Nonlinear Least-squares Curve Fit 

The commonly used method to measure the laser IM and WM characteristics is to 

perform a least-squares curve fit of the WM signal (after converting the temporal peaks 

in the resonator signal output to a wavelength scale using the resonator FSR) and the IM 

signal, to a nonlinear sinusoidal function  [8, 10]. This approach is very accurate, and 

thus used in the measurements presented throughout this thesis unless specified 

otherwise.  

The amplitude of the frequency modulation and its phase relative to the current 

modulation (the scope reading is synchronised with the current modulation applied to 

the DFB laser) can be obtained from fitting the peaks of the resonator trace (translated to 

a frequency scale through the FSR)), to an equation of the form; 

 

 𝑦𝐹𝑀 = 𝜈𝑐 + 𝛥𝜈𝑐𝑜𝑠(𝜔𝑡 + 𝜙𝐹𝑀) + 𝛥𝜈2cos (𝜔𝑡 + 𝜙2𝐹𝑀) 

  

(4.8) 
 

where 𝜈𝑐 is the unmodulated laser frequency (arbitrary in the fitting routine), 𝛥𝜈 and 

𝛥𝜈2  are the linear and nonlinear frequency modulation amplitudes (GHz), and 𝜙𝐹𝑀 and 

𝜙2𝐹𝑀 are their phases with respect to the current modulation. Figure 4-14  shows the 

resonator peaks fit to a sinusoidal function. The amplitude of the nonlinear FM (𝛥𝜈2) is 

usually very small and can be neglected in the analysis.  

The output of the measurement arm (with an empty gas cell) is the intensity modulated 

signal, which can be fit to a similar nonlinear equation:   

 𝑦𝐼𝑀 = 𝐼 + 𝛥𝐼 𝑐𝑜𝑠(𝜔𝑡 + 𝜙𝐼𝑀) + 𝛥𝐼2cos (𝜔𝑡 + 𝜙2𝐼𝑀) (4.9) 

 

where  𝜙𝐼𝑀 and 𝜙2𝐼𝑀 are the phases of the linear and nonlinear IM relative to the current 

modulation. This is shown in Figure 4-15 which also shows the nonlinear 2f residual 

signal when an IM signal is fit to a first harmonic sinusoidal signal. The nonlinear curve 

fit algorithm is implemented in Matlab using the lsqnonlin() function.  
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Figure 4-14. Measurement of the FM-IM phase and amplitude using the nonlinear least-squares fit 

method. 

The IM-FM phase is then given as, 

 

 𝜓 = 𝜙𝐼𝑀−𝜙𝐹𝑀 (4.10)  

 

As stated before, due to convention, wavelength modulation is used which is simply the 

frequency modulation, 180° out of phase. The WM-IM (𝜓𝜆) phase is calculated using 

the relationship: 

 𝜓 = 𝜓𝜆 − 𝜋 (4.11) 

 

It is known that the intensity modulation amplitude normalised by the instantaneous 

laser intensity is a constant for a given DFB laser, bias current, chip temperature and 

frequency, and hence can be obtained from the nonlinear fit , i.e. 𝑖0 = Δ𝐼/𝐼  and 𝑖2 =

Δ𝐼2/𝐼.  

The nonlinear curve fitting approach gave more accurate and repeatable measurements 

for WM-IM phase lag values compared to the method using the centre of the non-
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responsive region. The curve fit algorithm also accurately measured the wavelength 

modulation amplitude. The WM phase and amplitude measurements using this 

technique are given in Chapters 5 and 6.  

 

Figure 4-15. The linear and nonlinear IM measured using a nonlinear least-squares curve fit. 

A small supressed peak may sometimes begin to appear in the non-responsive region 

which makes analysis difficult due to loss of the symmetry. Moreover, noise in the 

resonator trace can cause spurious peaks to be selected by the peak finding algorithm. 

Hence, the peaks are selected graphically by carefully excluding these unwanted peaks. 

Computational algorithms were implemented towards the final stage of this work to 

exclude such peaks. These algorithms used noise filtering and the information in the 

widths and heights of the peaks for the rejection of spurious peaks. It was then used in a 

control loop with the frequency of the first order sine functional fit to the resonator 

peaks being used to verify for a good fit of a second order sinusoid to the resonator 

peaks. This method, when combined with an automation system to change the laser bias 

current, could be used for in-situ characterisation of the wavelength modulation 

characteristics to compensate for long term drifts, in future applications.    

0 2 4 6 8 10 12 14 16 18 20

-0.003

0.000

0.003

 2f component from fit

 fit of 2f residual

time (s)

0 2 4 6 8 10 12 14 16 18 20

0.1

0.2

0.3

0.4

2
f 

re
si

d
u
al

 (
V

)

 IM

 fit

S
co

p
e 

o
u

tp
u

t 
(V

)

time (s)



Chapter 4 - Experimental Methodology-Measurement of Laser Modulation 

Parameters 

 

79 

 

4.7.3 Measurements Using the LIA  

The simplest way to measure the linear and nonlinear IM amplitude and phases is to 

maximise the IM signal by changing the lock-in amplifier reference signal phase angle 

at 1f and 2f detection. The difference in the lock-in amplifier reference phase angles for 

the 1f and the 2f detection schemes gives the phase difference between the linear and 

nonlinear IM. The signals 𝑅1𝑓 and 𝑅2𝑓 , mentioned in Section 3.9 are equal to the linear 

and nonlinear IM signals in the absence of gas absorption. 

Another method used to measure the WM-IM phase is to successively isolate a pure 

WM signal and a pure RAM signal to one of the orthogonal lock-in amplifier channels. 

The difference in the lock-in amplifier reference signal phase angle corresponding to 

each of these configurations will give the phase difference between the WM and the IM 

signals. The drawback of this technique is that, if the WM-IM phase is varying 

significantly across the scan, it would be impossible to isolate the FM and the RAM 

components onto one of the lock-in channels for each scan point. Hence, this method is 

useful only if the WM-IM phase is nearly a constant across the current scan. On the 

other hand, this method is advantageous for measuring the WM-IM phase at high 

modulation frequencies because the resonator trace quality deteriorates due to the 

reduced round trip distance travelled by the photons through the ring cavity. In addition, 

for most conventional DFB lasers, the tuning coefficient reduces at higher modulation 

frequencies so that sufficient resonator peaks are not traversed due to the resonator FSR 

not being small enough. It was difficult to fabricate fibre ring resonators with a smaller 

FSR due to issues such as temperature stability, losses from fibre bending etc. 

Moreover, careful splicing was necessary to fuse long fibre lengths to the coupler arms. 

Expensive fibre coupled optical isolators were also necessary for the stable operation of 

such ring resonators.  

Yet another way to measure the WM-IM phase is to use the vector LIA [53] method 

with same signal phase configuration as the PDM (Figure 4-16). In this method the 

phase of the lock-in amplifier reference signal is adjusted so that a pure WM signal is 

isolated onto one of the orthogonal LIA channels. When a  non-absorbing region is not 

available in the spectrum traversed by the scanned laser wavelength, the technique 

described in Section 5.8 was used. 
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Figure 4-16. Vector lock-in method for measuring the WM-IM phase. The phase configuration of the 

FM and RAM signals is identical to the phasor decomposition method. 

From Figure 4-16 , the WM-IM phase can be obtained from the magnitude of the WM 

signal as, 

 

 
𝜓𝜆 = tan−1 {

|𝑌1| + |𝑌2|

𝑋1 − 𝑋2
} 

 

(4.12) 

 

where 𝑋1 and 𝑋2, and  𝑌1 and 𝑌2 are the maximum and the minimum values of the WM 

signal projections on the X and Y lock-in amplifier channels, respectively. Figure 4-17 

shows the measured WM-IM phase using this method compared against the laser WM-

IM phase measured using the nonlinear curve fit.  

The WM-IM phase angle obtained using this method closely matches the WM-IM 

phase from the curve fit method near the line centre for the absorption feature on the 

right.    

Figure 4-17 shows that the vector lock-in method is useful in cases where the WM-IM 

phase is not changing with a steep gradient across the current scan as is the case for the 

phase variation at higher bias currents (wavelengths) for the 1997 nm DFB-MQW laser 

(Figure 4.17).  
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Figure 4-17. Comparison of phase measured using the vector-lock-in method to the nonlinear curve 

fit method. It was observed that the vector lock-in method calculated the WM-IM phase lag correctly 

for the absorption feature on the right. 

4.8 In-situ Characterisation of IM 

In-situ characterisation of the laser IM parameters could be advantageous in systems 

with long term DFB laser drift or other factors such as temporally stable etalons, dark 

current fluctuations or in systems with a changing nonlinearity of the IM characteristics 

such as the TDFA. The WM parameters on the other hand are less susceptible to 

changes in the transmission or the measurement system. Therefore, a provision was 

made for in-situ measurement of laser IM modulation parameters. The intensity 

modulation parameters; 𝛥𝐼 and Δ𝐼2, can be measured by subtracting the original WMS 

signal from the low pass filtered raw intensity signal at the detector or performing a 

digital PSD measurement on it. The instantaneous intensity (𝐼) is obtained from the low 

pass filtered signal. A low- pass filter cut-off frequency of 500 Hz should be sufficient 

so as to include all the frequency components of the ramp. The  𝑖0 values obtained for 

the 1997 nm DFB-MQW laser by applying  this method to the detector signal recorded 

using an Agilent scope (higher sampling rates) at a sampling frequency of                     
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10 MSamples/s and the 𝑖0 values obtained using the curve fit method described in 

Section 4.7.2 is shown in Figure 4-18.  

 

 

Figure 4-18. 𝑖0 values measured in-situ by lock-in detection and  low pass filtering a no-gas detector 

signal compared to 𝑖0 values measured using the curve fit method described in Section 4.7.2. Current 

modulation amplitude = 10 mA, modulation frequency = 200 kHz and diode temperature = 21.96 °C. 

Subsequently, measurements were conducted using signals acquired with a LabVIEW 

PXIe board. The sampling rate was limited to 2 MSamples/s, and thus the maximum 

modulation frequency for 2f demodulation was limited to 100 kHz. A LabVIEW based 

LIA was used in some of the initial measurements at INTA due to a delay in the 

implementation of FPGA based LIAs.  

4.9  Summary  

The experimental measurement techniques have been briefly introduced in this chapter. 

The experimental measurement setups for direct and WMS detection schemes are 

described. The individual components of a WMS measurement system are explained 

50 60 70 80 90 100 110

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

 From low pass filtering

 Using curve fit

i 0

Bias current (mA)



Chapter 4 - Experimental Methodology-Summary 

 

83 

 

such as the laser drive electronics, bias-T and the lock-in amplifier. Design of a high 

temperature optical gas cell has been described which was used for a significant part of 

the work done for measurement of HT gas spectral parameters and validation of the 

measured spectral parameters by curve fitting the 2f/1f WMS model to HT 2f/1f signals 

measured in the lab.  

WMS and direct spectroscopy require accurate assignment of wavelength value to each 

DC scan point across the current scan of the DFB laser. A wavelength referencing 

technique is described where a known gas line is used to assign the absolute wavelength 

and an interferometer to assign wavelength values to each measured scan point.  

Measurement of the IM and WM parameters of the laser is important for constructing 

theoretical WMS signals for fitting to the experimentally measured signals to obtain the 

thermodynamic state variables of the gas, viz. the concentration and temperature. 

Different techniques are described for this purpose such as using the non-responsive 

region of resonator output to measure the WM-IM phase lag or by a least-squares curve 

fit technique. This is followed by a brief discussion on the techniques to measure the 

laser intensity modulation parameters in-situ. 
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Chapter 5 

5 Analytical Treatment of 

Laser Modulation for 

WMS Applications 

5.1 Introduction 

Distributed feedback lasers are the tunable sources that are commonly used in WMS 

sensor systems. This chapter presents an analytical model for the wavelength 

modulation characteristics of semiconductor DFB lasers and techniques for the recovery 

of the gas absorption line shape from the first harmonic detection signals such as the 

phasor decomposition method, compensated for the effects of these characteristics.  

  As described in Chapter 2, for wavelength modulation spectroscopy, when a current 

modulation is applied to a DFB laser, it gives an instantaneous intensity modulation 

output and a time delayed wavelength modulation output. The amplitude and phase of 

IM output of DFB lasers have a flat response at the modulation frequencies less than the 

relaxation oscillation frequency (which lies in the GHz frequency range [58, 59]). 

Hence, the IM response is assumed to be a constant for the modulation frequencies used 

in WMS (< 1 MHz) and is not considered in this analysis. It is well documented in 

literature that the wavelength modulation output in DFB lasers is caused by the slow 

thermal and the fast carrier effects [34]. The majority of the earlier studies on the 

wavelength modulation properties of DFB lasers have been for optical communication 

systems where the modulation frequencies used are in the GHz range, and hence the 
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WM is dominated by the fast carrier effects (with the thermal effect dying off at high 

modulation frequencies). However, at the modulation frequencies (< 1MHz) used in 

WMS, the total frequency chirp is caused by a contribution from the carrier effects and 

the slow thermal effects.  

An analytical model has been derived to explain the WM amplitude and phase response 

DFB lasers based on a thermal heat conduction model and semiconductor carrier 

dynamics. Section 4.7 discussed how these WM parameters were measured using a 

least-squares curve fitting procedure; in Section 5.5, the wavelength modulation 

properties of a 1997 nm DFB-MQW (Eblana Photonics) laser will be presented and 

explained using the analytical model developed. The wavelength modulation properties 

of another DFB-MQW laser at 1430 nm is also measured and compared with the model 

to validate the analytical model for different DFB laser types.  

 Section 5.6 discusses the effect of the DFB laser WM parameters in the recovery of the 

absorption line shape using RAM based techniques such as the phasor decomposition 

method. In majority of the calibration-free WMS techniques mentioned in literature   [8, 

60], laser modulation parameters and spectral parameters of the absorption feature were 

used to theoretically model the lock-in amplifier output signals, which are least-squares 

fitted to the experimental signals to infer gas thermodynamic state variables such as 

concentration and temperature or pressure. For example, Duffin et al. [35] used a 

calibration-free 1f-WMS technique (PDM) to extract the gas concentration by the least-

squares fit of a recovered WMS line centre absorption value to that obtained from a 

Voigt profile model for direct spectra. Li et al. [8] had used a 1f normalised 2f WMS 

signal to recover the gas concentration from an absorption feature with the gas 

temperature measured a-priori using ratio thermometry [8]. In vast majority of these 

techniques, the wavelength modulation parameters are assumed to be constant across the 

DFB laser current scan. Besides, only the line centre values of the laser modulation 

parameters were important to recover the peak absorption. For the simultaneous 

measurement of gas concentration and temperature using a single absorption feature, 

information from the entire gas absorption line shape (width and height) had to be 

utilised in the fitting algorithm. In the case of a 1997 nm DFB-MWQ laser used in this 

work, the WM-IM phase was observed to vary significantly as a function of the current 
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scan. On the contrary, the measured WM parameters were observed to vary less 

significantly for some of the other DFB lasers.  

It was noted by previous members in the group that accurate recovery of the entire gas 

absorption line shape was not possible without compensating for this variation in the 

DFB laser modulation characteristics across the current scan. Hence, in this work these 

laser modulation parameters were measured across the current scan and applied to the 

line shape recovery models to recover the complete gas absorption line shape. This has 

implications in various measurement strategies used in WMS such as ratio thermometry 

or the simultaneous recovery of gas concentration and temperature.  

Twin line absorption  thermometry (also known as ratio thermometry) [14, 31, 41], uses 

the ratio of the peak absorbance of two transitions with dissimilar temperature 

dependence, but similar pressure and concentration dependence, to infer the temperature 

of the targeted species. Accurate measurements at a wider range of temperatures using 

RT demands the use of two nearby absorption features due to their similar dependence 

on pressure and concentration [47]. Using a single laser source is also advantageous in 

ratio thermometry as it simplifies the transmission and reception hardware requirements. 

Therefore, in ratio thermometry, it is preferable to use a larger current scan from a single 

laser source to access two nearby absorption features. Due to the large current scan, the 

change in the wavelength modulation parameters such as the WM-IM phase and tuning 

coefficient can be significant. A case study is presented in Section 5.7 for the 1997 nm 

DFB-MQW laser; it will be shown that correction for change in DFB laser modulation 

characteristics such as WM-IM phase is absolutely essential for the PDM to recover two 

nearby gas absorption line shapes using current scan from a single laser source. 

The 1f demodulation techniques such as the phasor decomposition method discussed in 

Section 3.5 requires pre-set adjustment of the lock- in amplifier reference signal phase to 

isolate the RAM component to one of the orthogonal measurement channels of the LIA. 

In Section 5.8, it will be shown that, owing to the varying WM-IM laser phase across the 

current scan, it becomes impossible to isolate the RAM component at each bias point 

across the full current scan. A phase insensitive variant of the PDM has been introduced 

in Section 5.9, which is of use in such situations. This method already introduced in 
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Section 3.7 is useful in multi-channel measurement using optical tomography, as well as 

in field applications. 

5.2  Wavelength Modulation in DFB Lasers 

Given the significance of WM characterisation of DFB lasers used in TDLS-WMS as 

discussed above; it was considered important to develop an understanding of these WM 

characteristics. Hence, an analytical model of wavelength modulation is presented in this 

section which calculates the wavelength modulation properties such as the WM-IM 

phase and WM amplitude as a function of the applied modulation frequency, current 

scan and henceforth. 

 

Figure 5-1. Phasor diagram representing the carrier and thermal contributions to wavelength 

modulation. 

 As mentioned before, when a sinusoidal current modulation is applied to a DFB laser; 

it generates an instantaneous intensity modulated output with a time delayed wavelength 

modulation. The instantaneous intensity modulation output is caused by stimulated 

emission of photons in the active region. The wavelength modulation output from the 

DFB laser is caused by the change in the effective length of the laser diffraction grating 

period due to thermal heating and change in the refractive index from the carrier (and 

small thermal) effects. The carrier induced wavelength modulation is usually assumed to 

be a constant and 180° out of phase with the applied current modulation. The thermally 
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induced WM lags with respect to the applied current modulation due to the low pass 

filter response of heat conduction and decreases in magnitude with increasing 

modulation frequencies and was expected to approach a phase of 𝜋/2. The resultant 

WM is a vector sum of the WM caused by the thermal and carrier effects as indicated by 

the phasor diagram of Figure 5-1. In this section a brief discussion is given on both these 

effects. 

5.2.1 Carrier Contribution to Wavelength Modulation  

The study of carrier contribution to the frequency (wavelength) chirp in the optical 

communications frequency regime (several GHz) is well documented in literature      

[58, 59]. This is because at higher modulation frequencies, the thermal contribution to 

WM is negligible and WM is caused by purely the carrier effects. The carrier induced 

WM is assumed to be constant at the sub-optical modulation frequencies (< 1 MHz) 

[58]. Rate equations are formulated to approximately calculate the perturbation in carrier 

density with an applied current modulation.  

The carrier and the photon dynamics, when a constant current is injected into the DFB 

laser is summarised in Figure 5-2.  

 

Figure 5-2. Carrier and photon dynamics in a semiconductor laser [59]. 
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The total number of charge carriers injected per second into the gain region is 𝜂𝑖I/q, 

where I  is the current applied to the diode laser, q is the charge in coulombs and 𝜂𝑖 is 

the injection/internal efficiency for the DFB laser. The total number of charge carriers in 

the active region is given by 𝑁𝑉, where 𝑁 is the carrier density (assuming a uniform 

carrier distribution) and 𝑉 is volume of the active region. 𝑆 is the photon density. A 

small portion of the carriers in the active region is lost by nonradiative recombination 

(𝑅𝑛𝑟𝑉)  via surface imperfections and defects, to generate lattice vibrations (phonons), 

which is given out as heat. 𝑅𝑛𝑟 is the number of electrons lost per unit volume per 

second by nonradiative processes. The majority of the charge carriers in the active 

region will undergo stimulated emission as photons; the number of coherent photons 

emitted per second per unit volume is given by the stimulated emission rate 𝑅21(𝑠
−1). A 

small portion of the charge carriers are emitted as photons with a random phase through 

spontaneous emission (𝑅𝑠𝑝𝑉). Some of these spontaneously emitted photons couple to 

the laser mode given by 𝑅𝑠𝑝′𝑉. A small fraction of the charge carriers in the active 

region is replenished by stimulated absorption given as 𝑅21𝑉.  

Similarly, photons generated in the mode volume Vp, that satisfy the Bragg condition 

are coupled out of the cavity through lossy partially reflective surfaces (cleaved surfaces 

with anti-reflective coatings). Some of these photons are lost as either heat or light via 

free carrier absorption, scattering at rough surfaces or are absorbed outside the active 

region [59]. The optical power coupled out of the cavity is given by 𝜂𝑜𝑆𝑉𝑝/𝜏𝑝, where  

𝜂0 represents the output coupling efficiency and 𝜏𝑝 represents the photon cavity lifetime. 

Photons emitting into the other modes are ignored [59].  

The carrier rate equation is written as, 

 

 𝑉𝑑𝑁

𝑑𝑡
=

𝜂𝑖𝐼

𝑞
− (𝑅𝑠𝑝 + 𝑅𝑛𝑟)𝑉 − (𝑅21 − 𝑅12)𝑉 (5.1) 

 

i.e., the rate of change of carriers in the active region is given by the carriers injected by 

the applied current and carriers replenished by stimulated absorption less the carriers 

lost through spontaneous, stimulated and nonradiative emissions.  

In an analogous fashion, the rate equation for the photons can be written as: 
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  𝑉𝑝𝑑𝑆

𝑑𝑡
= (𝑅21 − 𝑅12)𝑉 −

𝑆𝑉𝑝

𝜏𝑝
+ 𝑅𝑠𝑝

′ 𝑉 (5.2) 

 

The first term in the RHS is from the stimulated emission and stimulated absorption, the 

second term is from the cavity losses represented by the photon lifetime (𝜏𝑝) and the 

third term represents the coupling of the spontaneous emission to the laser mode.  

From the expression for the gain [59] , the equation for the change in carrier density can 

be rewritten as,  

 

 𝑑𝑁

𝑑𝑡
=

𝜂𝑖𝐼

𝑞
−

𝑁

𝜏𝑁
− 𝑣𝑔𝐺(𝑁, 𝑆)𝑆 

 

(5.3) 

where 𝜏𝑁 is the carrier lifetime, 𝑣𝑔 is the group velocity (converts the gain per unit 

length to gain per unit time), and 𝐺(𝑁, 𝑆) is the gain which depends on the carrier 

density as well as the photon density (hole burning).  

Similarly, equation (5.2) is rewritten as, 

 

 𝑑𝑆

𝑑𝑡
= (Γ𝑣𝑔𝐺(𝑁, 𝑆) −

1

𝜏𝑝 
) 𝑆 + Γ𝛽𝑠𝑝

′ 𝑁/𝜏𝑁  

 

 

(5.4) 

where Γ =
𝑉

𝑉𝑝
 is the optical confinement factor and 𝛽𝑠𝑝

′  is the small fraction of the 

spontaneously emitted photons that are coupled back into the laser mode.  

Calculation of gain for a strained MQW laser is not trivial and needs extensive use of 

quantum mechanics [5].  

The gain vs. carrier density is seen to have an empirical logarithmic relation as shown in 

Figure 5-3. Gain can be represented using an empirical equation of the form [59],  

 

 
𝐺 = 𝐺0𝑁ln (

𝑁

𝑁𝑡𝑟
) 

 

(5.5) 

where, 𝐺0𝑁 is an empirical factor and 𝑁𝑡𝑟 is known as the transparency carrier density, 

i.e carrier density when there is no gain (or stimulated emission).  
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Figure 5-3. Gain as a function of carrier density. The gain, and hence the carrier density gets clamped 

at threshold. 

An empirical  formula obtained from the  fit of the gain curve is given as [59], 

 

 
𝐺(𝑁, 𝑆) =

𝜚

1 + 𝜖𝑆
(𝑁𝑡𝑟 + 𝑁𝑠) ln (

𝑁 + 𝑁𝑠

𝑁𝑡𝑟 + 𝑁𝑠
)  

 

(5.6) 

𝜖 is known as the gain compression factor, 𝜚 is known as the differential gain and 𝑁𝑠 is a 

curve fitting parameter. The additional factor (1 + 𝜖𝑆) accounts for the saturation of the 

gain at high photon densities due to hole burning effects [59]. Another important 

parameter is the differential gain (change in gain with carrier density),  

 

 𝑑𝐺

𝑑𝑁
= 𝜚 =

𝐺0𝑁

𝑁
 

 

(5.7) 

 

which is important in describing laser modulation. At low photon densities, 𝜖 ≪ 1  and 

𝑁 − 𝑁𝑡𝑟 ≪ 𝑁𝑡𝑟 + 𝑁𝑠, equation (5.6) reduces to a linear form: 

 

 𝐺(𝑁, 𝑆) = 𝜚(1 − 𝜖𝑆)(𝑁 − 𝑁𝑡𝑟) 
 

(5.8) 

Once the rate equations for the DFB diode laser have been derived which gives the 

carrier and photon density due to an applied DC current, the next step is to consider the 

Ntr Nth

G

N

Gth



Chapter 5 - Analytical Treatment of Laser Modulation for WMS Applications-

Wavelength Modulation in DFB Lasers  

  

92 

 

change in carrier density as a result of the current modulation. A small AC current 

modulation is applied to the laser as follows:  

 

 𝐼 = 𝐼0 +  𝛿𝐼𝑒𝑗𝜔𝑚𝑡 
 

(5.9) 

where 𝐼0 is the applied DC bias current1 above the threshold, 𝛿𝐼 is the AC current 

modulation amplitude and 𝜔𝑚 is the angular modulation frequency. 

 The carrier density, the photon density, and hence the gain, also oscillate about their 

steady state values [59], 

 

 𝑁 = 𝑁0 + 𝛿𝑁𝑒𝑗𝜔𝑚𝑡 
 

(5.10) 

 𝑆 = 𝑆0 + 𝛿𝑆𝑒𝑗𝜔𝑚𝑡 
 

(5.11) 

 𝐺 = 𝐺0 + 𝛿𝐺𝑒𝑗𝜔𝑚𝑡 
 

(5.12) 

where 𝑁0, 𝑆0 and 𝐺0 are the steady state values, and 𝛿𝑁, 𝛿𝑆 and 𝛿𝐺 are the perturbation 

amplitudes of carrier density, photon density and gain about their steady state values.  

For steady state DFB laser operation, the photon and carrier densities gets clamped 

(
𝑑𝑆

𝑑𝑡
= 0,

𝑑𝑁

𝑑𝑡
= 0) above threshold, and therefore it follows from equation (5.4): 

 

 
(Γ𝑣𝑔𝐺0 −

1

𝜏𝑝 
)𝑆0 + Γ𝛽𝑠𝑝

′ 𝑁0 = 0 

 

(5.13) 

 

Taking the differential of equation (5.4), 

 

 
𝑑 (

𝑑𝑆

𝑑𝑡
) = (Γ𝑣𝑔𝐺 −

1

𝜏𝑝
)𝑑𝑆 + 𝑆Γ𝑣𝑔𝑑𝐺 + Γ𝛽𝑠𝑝

′ 𝑑𝑁 

 

(5.14) 

After substitution, ignoring the second order terms, the relationship between the gain 

perturbation (𝛿𝐺) and the photon density change (𝛿𝑆) is written as, 

 

                                                 
1 The symbol I is used in the previous chapter to define the intensity. It has been used here to define 

current to maintain consistency with literature. 
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𝛿𝐺 = {
𝑗𝜔𝑚

Γ𝑣𝑔𝑆0
+

𝛽𝑠𝑝
′ 𝑁0

𝜏𝑁𝑣𝑔𝑆0
2} 𝛿𝑆 

 

(5.15) 

The first term in equation (5.15) is due to the relaxation oscillations and the second term 

results from the coupling of spontaneous emission to the lasing mode, which only 

becomes important near the lasing threshold.  

Including the spectral hole burning effects, which depends on the photon density, the 

change in gain due to the carrier and photon density perturbation is given as:  

 

 
𝛿𝐺 =

𝜕𝐺

𝜕𝑁
𝛿𝑁 +

𝜕𝐺

𝜕𝑆
𝛿𝑆 

 

(5.16) 

Using equations (5.15) and (5.16), the net carrier density perturbation is written as, 

 

 
𝛿𝑁 =

1

𝜕𝐺 𝜕𝑁⁄
{

𝑗𝜔𝑚

Γ𝑣𝑔𝑆0
+

𝛽𝑠𝑝
′ 𝑁0

𝜏𝑁𝑣𝑔𝑆0
2 −

𝜕𝐺

𝜕𝑆
} 𝛿𝑆 

 

(5.17) 

 

The change in carrier density results in a change of the refractive index (Kramers- 

Kronig relation), the cavity losses, as well as the round trip phase for DFB lasers [61].  

From the cavity mode condition, the laser frequency (𝒻) is given by the relation, 

 

 𝒻𝑛𝑟𝐿𝑐 = �̅�𝑐/2 (5.18) 

 

where 𝑛𝑟 denotes the real part of the refractive index, �̅� the cavity mode number, 𝐿𝑐 is 

the cavity length and 𝑐 is the speed of light in vacuum. 

The change in the laser frequency (or wavelength) due to a carrier density perturbation 

is written as [59] : 

 

 𝛿𝒻

𝒻
= −

𝛤𝛿𝑛𝑟

𝑛𝑔𝑟
= −

𝛤𝑣𝑔

𝑐

𝜕𝑛𝑟

𝜕𝑁
𝑑𝑁  

 

(5.19) 

where 𝑛𝑟 is the real part of the refractive index and 𝑛𝑔𝑟 is the group refractive index.  
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Equating (5.19) and (5.17) the frequency chirp due to an applied current modulation is 

given by, 

 
δ𝒻 =

�̅�

4𝜋
{
𝑗𝜔𝑚

𝑆0
+

Γ𝛽𝑠𝑝
′ 𝑁0

𝜏𝑁𝑆0
2 − Γ𝑣𝑔

𝜕𝐺

𝜕𝑆
} 𝛿𝑆 

 

(5.20) 

 

where �̅� is known as the line width enhancement factor. The line width enhancement 

factor [62] is defined as the change in real part of the refractive index to the imaginary 

part of the refractive index due to a change in carrier density [62–65]:  

 

 
�̅� =

𝜕𝑛𝑟

𝑑𝑁
/
𝜕𝑛𝑖

𝜕𝑁
= −

4𝜋𝒻 

𝑐
 
𝜕𝑛𝑟

𝜕𝑁

𝜕𝐺

𝜕𝑁
⁄   

 

(5.21) 

The line width enhancement factor represents the fluctuations in carrier density which 

results in a refractive index change (the plasma effect). The typical values of the 

parameters in equations (5.20) and (5.21)  are given in Table 5-1. 

. 

Important physical constants for a semiconductor laser diode 

 

Linewidth 

enhancement  

factor �̅� 

Spontaneous 

emission 

coupling ratio 

𝛽𝑠𝑝
′  

Cavity photon 

lifetime 

𝜏𝑝(ps) 

Threshold 

current 

𝐼𝑡ℎ  (mA) 

Laser bias 

current 

𝐼𝑏𝑖𝑎𝑠(mA) 

4 10−5 1  20   70 

 

Table 5-1. Typical values of the physical constants used in this analysis for InP. 

 

From equation (5.20), it can be summarised that the total frequency chirp due to carrier 

density change from an applied current modulation arises from three effects: 

a. The relaxation oscillation effect. 

This effect originates due to the delay in the photon density change with respect to the 

current density change, which results in relaxation oscillations with a time period of 

approximately 1 ns. Its value depends on the line width enhancement factor for the DFB 

laser.   
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b. Coupling of spontaneous emission to the lasing mode.  

This becomes significant only near the threshold.  

c. Gain compression due to spectral hole burning. 

Gain compression in semiconductor lasers is caused by spectral and spatial hole burning 

[61, 66, 67].  

The contribution to the dynamic frequency chirp from each of these components is now 

analysed. 

A. Relaxation oscillation effect 

The relaxation oscillations generally limit the maximum current modulation frequency 

that can be applied to a laser in the optical communications regime. The frequency chirp 

due to the relaxation oscillation effect is given, from equation (5.20) as, 

  

 

|𝛿𝒻| =

�̅�
2 𝑓𝑚

𝑆0

(𝛿𝑆) = 𝑓𝑚
�̅�

2[𝐼0 − 𝐼𝑡ℎ]
𝛿𝐼 

 

(5.22) 

 

where 𝑓𝑚 is the applied current modulation frequency . 

Applying the values in equation (5.22), 

 

 𝛿𝒻/𝛿𝐼  = 0.04 𝑓𝑚/mA 

 

(5.23) 

The relaxation oscillation frequency for DFB lasers is usually in the gigahertz range, and 

hence the contribution to WM from the relaxation oscillation effect is negligible at the 

modulation frequencies used in wavelength modulation spectroscopy (< 1 MHz).  

B. Spontaneous emission 

Contribution to WM from spontaneous emissions is written as, using the steady state 

rate equations; 

 

 
|𝛿𝒻| =  

�̅�𝛽′𝑠𝑝

4𝜋𝜏𝑝

𝐼𝑡ℎ
[𝐼0 − 𝐼𝑡ℎ]2

𝛿𝐼 

 

(5.24) 
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This is calculated as approximately 30 kHz/mA which only become significant near the 

lasing threshold. 

C. Gain compression 

For a two level laser system, the gain compression from spectral hole burning effects 

can be approximated using the equation, 

 

 𝜕𝐺

𝜕𝑆
= −

𝜀𝐺

(1 + 𝜀𝑆)
≈ −𝜀𝐺 

 

(5.25) 

Under steady state operation (ignoring the spontaneous emission), the gain is equal to 

the cavity losses, i.e., 

 

 Γ𝑣𝑔𝐺0 ≅ 1 𝜏𝑝⁄  (5.26) 

 

which gives the frequency tuning coefficient as: 

 

 
𝛿𝒻 ≅

�̅�𝜀𝑆0

4𝜋𝜏𝑝
(
𝛿𝑆

𝑆0
) =

�̅�𝜀𝑆0

4𝜋𝜏𝑝[𝐼0 − 𝐼𝑡ℎ]
𝛿𝐼 =

Γ�̅�𝜀

4𝜋ℎ𝒻𝜂𝑜𝑉
𝛿𝑃 

 

(5.27) 

 

For a small gain compression effect,  𝜖𝑆 = 1% and  𝛿𝑓/𝛿𝑖 is calculated as 60 MHz/mA. 

At low modulation frequencies, the carrier effect is assumed to be a constant and 

majorly due to the gain compression from the spectral hole burning effects. In some 

lasers, the carrier effect was observed to be significantly higher. It was proposed by 

Kobyashi et al. [58] that diffusion and non-uniform carrier distribution (spatial hole 

burning) could be a reason for this. However, this could not explain the high carrier 

induced WM in devices with a strong current confinement. Koch and Bowers [68] 

explain the carrier induced FM at lower modulation frequencies. This is in contrast to 

the gain compression model developed by Tucker et al. [63] who include a contribution 

from the spatial hole burning effects, rolling off at higher modulation frequencies.  

Moreover, the spatial hole burning effects and spectral hole burning effects are not in 

phase. In DFB lasers the spatial hole burning affects the round trip phase and the 

feedback losses, and therefore the gain and the carrier density. The spatial hole burning 
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effect is also a function of the  bias current [69, 70], and hence much more complex.  

Due to this, the spatial hole burning effects are neglected in this study, none-the less it  

is expected to contribute significantly to the carrier induced frequency chirp especially 

at sub-MHz modulation frequencies in devices with a higher carrier confinement as was 

the case with the 1997 nm DFB-MQW laser used in this work [61, 71, 72]. 

5.2.2 Thermal Contribution to Wavelength Modulation 

One method to analyse the temperature dynamics in a laser diode is to use an electrical 

equivalent circuit model. A simple RC circuit model of heat conduction for a laser diode 

is shown in Figure 5-4 with the laser assumed to have a thermal resistance (𝑅𝑇) and 

thermal capacitance (𝐶𝑇).  

 

Figure 5-4. An equivalent RC circuit model for thermal conduction in a semiconductor laser diode. 

An actual representation would include multiple thermal resistances2 and capacitances for each of the 

different layers of the DFB laser such as the solder, heat sink etc. 

An improved electrical equivalent model based on a three layer laser structure will be 

discussed in Section 5.4, which shows better concurrence with the measured WM 

characteristics of the DFB lasers presented in this work and reported in literature.  

5.3 RC Equivalent Circuit for Heat Conduction 

In the RC thermal equivalent model, the DFB laser is assumed to have a thermal 

resistance 2𝑅𝑇 and thermal capacitance 2𝐶𝑇, mounted on a heat sink at a temperature 𝑇0. 

From the electrical analogue model of heat [73–75] the following equation is written: 

                                                 
2 From the Fourier’s law, the thermal resistance for 1D heat flow is calculated as 𝑅𝑇 =

𝑑𝑠

𝐾𝐴
, where 𝑑𝑠 is the thickness of the substrate 

(the entire laser chip) ,K is the thermal conductivity and A is the area perpendicular to the heat flow. It can be observed that this 
equation is analogous to electrical resistance. The thermal capacitance of a material quantifies its ability to store or release heat. 

RT

CTmodulation
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𝐶𝑇

𝑑𝑇

𝑑𝑡
+

𝑇 − 𝑇0

𝑅𝑇
= 𝑃𝑒𝑙 

 

 

(5.28) 

 

Figure 5-5. RC equivalent heat transfer model. 

where 𝑃𝑒𝑙 is the electrical heat dissipated in the laser chip. Equation (5.28)  means that 

the electrical heat dissipated in a laser chip is used to increase the laser temperature to T 

and the laser dissipates heat at a rate depending on its thermal capacitance.   

The electrical heat dissipated in the chip is given by the electrical power input less the 

optical power output: 

 

 𝑃𝑒𝑙 = 𝑣𝑓𝑖𝑓 − 𝑃𝑜𝑝𝑡 = [𝑉𝑗𝑖𝑓 − 𝑃𝑜𝑝𝑡] + 𝑖𝑓
2𝑟𝑠 

 

(5.29) 

where, 𝑉𝑗 is the junction voltage, 𝑖𝑓 is the forward current, 𝑟𝑠 is the series resistance of 

the laser diode and  𝑣𝑓(= 𝑉𝑗 + 𝑖𝑓𝑟𝑠)  is the forward voltage.  

The optical power output above threshold for the DFB laser is given as,  

 

 𝑃𝑜𝑝𝑡 = 𝜂(𝐼𝑏𝑖𝑎𝑠 − 𝐼𝑡ℎ)             ( 𝐼𝑏𝑖𝑎𝑠 > 𝐼𝑡ℎ) 

 

(5.30) 

where 𝜂 is the slope of the power-current curve (slope efficiency), 𝐼𝑏𝑖𝑎𝑠 is the biased 

current and 𝐼𝑡ℎ is the threshold current. 

Applying a current modulation above threshold, the forward current in the laser diode is 

given by, 

 

    𝑖𝑓 = 𝐼𝑏𝑖𝑎𝑠 + 𝑖𝑚cos (𝜔𝑚𝑡) 

 

(5.31) 

R CT , T

Heat sink
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Substituting equation (5.31) into (5.29), the electrical heat dissipated in the laser chip 

has a form (ignoring the second harmonic term), 

 

    𝑃𝑒𝑙 = 𝑃𝐷𝐶 + 𝐴1cos (𝜔𝑚𝑡) 
 

(5.32) 

 

where 𝑃𝐷𝐶   represents the DC electrical heat dissipated given as; 

 

    𝑃𝐷𝐶 = [𝑉𝑗𝐼𝑏𝑖𝑎𝑠 − 𝜂 ∙ (𝐼𝑏𝑖𝑎𝑠 − 𝐼𝑡ℎ)] (5.33) 

 

and 𝐴1cos (𝜔𝑚𝑡) represents the first order AC component of the heat generated with a 

magnitude given by,  

    𝐴1 = (𝑉𝑗 − 𝜂) ∙ 𝑖𝑚 

 

(5.34) 

Equating the thermal output model to the electrical power input, from equations (5.28) 

and (5.32), and solving for the temperature, 

 

    
𝑇 = 𝑇0 + 𝑅𝑇 {𝑃𝐷𝐶 +

𝐴1𝑐𝑜𝑠(𝜔𝑚𝑡 − 𝜑1)

√1 + 𝜔𝑚
2 𝜏𝑡ℎ

2
} 

 

(5.35) 

where 𝜏𝑡ℎ = 𝑅𝑇𝐶𝑇 is defined as the thermal time constant and 𝜑1 is the phase lag of the 

thermal effect given by 𝜑1 = tan−1(𝜔𝑚𝜏𝑡ℎ). From equation (5.35) it can be observed 

that the temperature response is analogous to that of a RC low pass filter.  

The change in the wavelength(Δ𝜆) of the DFB laser for a change in temperature (𝛥𝑇), 

assuming a linear relationship is given as,  

 

    
𝜆 = 𝜆0 +

Δ𝜆

Δ𝑇
Δ𝑇 

 

(5.36) 

where,  
Δ𝜆

Δ𝑇
= (𝛼𝑙 + 𝛼𝑛)𝜆; 𝛼𝑙 and 𝛼𝑛 are the temperature expansion and refractive index 

coefficients of wavelength, i.e. the change in laser wavelength with temperature is 

assumed to arise from a linear contribution of the thermal expansion of the Bragg 

grating period and the change in its refractive index due to heating (thermo-optic effect).  
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Substituting equation (5.35) into equation (5.36): 

 

    
𝜆 = 𝜆0 +

Δ𝜆

Δ𝑇
𝑅𝑇 {𝑃𝐷𝐶 +

𝐴1𝑐𝑜𝑠(𝜔𝑚𝑡 − 𝜑1)

√1 + 𝜔𝑚
2 𝜏𝑡ℎ

2
} 

 

(5.37) 

 

In equation (5.37), Δ𝜆/Δ𝑇  was calculated for the DFB lasers using the DC wavelength 

tuning characteristics. 𝐴1(equation (5.34)) and 𝑃𝐷𝐶 (equation (5.33)) are calculated  from 

the power-current (L-I) and current-voltage (I-V) characteristics of the DFB laser. For 

instance,  𝐴1 can be determined once the forward junction voltage (𝑉𝑗) and series 

resistance (𝑟𝑠) are calculated from the X-intercept and slope of the V-I curve, 

respectively, and the quantum efficiency from the slope of the L-I curve.  

5.3.1 Nonlinear Heating of the Laser Diode 

Inclusion of the nonlinear contribution 𝑖𝑓
2𝑟𝑠 in equation (5.29) adds a second harmonic 

component to the electrical heat dissipated: 

 

    

 
𝑃𝑒𝑙 = 𝑃𝐷𝐶 + 𝐴1 cos(𝜔𝑚𝑡) + 𝐴2cos (2𝜔𝑚𝑡) 

 

(5.38) 

 

The expressions for the DC and AC electrical heating amplitudes (𝑃𝐷𝐶 , 𝐴1 and 𝐴2) now 

become: 

    
𝑃𝐷𝐶 = [𝑉𝑗𝐼𝑏𝑖𝑎𝑠 − 𝜂 ∙ (𝐼𝑏𝑖𝑎𝑠 − 𝐼𝑡ℎ)] + [𝑟𝑠𝐼𝑏𝑖𝑎𝑠

2 +
𝑟𝑠𝑖𝑚

2

2
] 

 

 

(5.39) 

 

    𝐴1 = (𝑉𝑗 − 𝜂) ∙ 𝑖𝑚 + 2𝑟𝑠𝐼𝑏𝑖𝑎𝑠𝑖𝑚 

 

(5.40) 

    
𝐴2 =

𝑟𝑠𝑖𝑚
2

2
 

(5.41) 

The wavelength tuning is now given as: 

 

    
𝜆 = 𝜆0 +

Δ𝜆

Δ𝑇
𝑅𝑇 {𝑃𝐷𝐶 +

𝐴1𝑐𝑜𝑠(𝜔𝑚𝑡 − 𝜑1) + 𝐴2cos (2𝜔𝑚𝑡)

√1 + 𝜔𝑚
2 𝜏𝑡ℎ

2
} 

 

(5.42) 

From the above equations the following conclusions are drawn [37]: 
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a. The direct-scanning wavelength has a nonlinear dependence on the bias current, plus 

a small offset due to the current modulation. 

b. The amplitude of thermal WM increases with the bias current. Hence, the thermal 

contribution to wavelength modulation increases across the current scan. This causes 

the WM-IM phase to change across the current scan, due to the increasing thermal 

contribution being vectorially added to the carrier contribution (assumed to be at 

constant phase and magnitude). 

c. There is a small wavelength modulation at the second harmonic frequency. 

It is interesting that all the nonlinear effects originate from the series resistance of the 

laser diode which will vary from one laser to another.   

5.3.2 Tuning Coefficient and Phase from RC Thermal Model 

From equations (5.42), adding a constant carrier contribution (𝐶𝑓) (the carrier effect is 

assumed to be a constant at low modulation [37, 76]) gives,  

 

    
|
Δ𝒻

Δ𝑖
|
2

=
𝐻0

2 − 2𝐶𝑓𝐻0

1 + (𝜔𝑚 𝜔𝑐⁄ )2
+ 𝐶𝑓

2 

 

 

(5.43) 

Equation (5.43) represents the thermal tuning in GHz/mA.  

Here, 

    
𝐻0 = (

𝑐

𝜆2
) (

Δ𝜆

Δ𝑇
)𝑅𝑇{(𝑉𝑗 − 𝜂) + 2𝑟𝑠𝐼𝑏𝑖𝑎𝑠} 

 

(5.44) 

is the magnitude of the thermal  tuning when 𝜔𝑚 → 0 and 𝜔𝑐 is the thermal cut-off 

frequency given by 𝜔𝑐 = 𝜅/𝑑𝑠
2. 𝜅 is the thermal diffusivity and 𝑑𝑠 is the substrate 

thickness. 

The parameters 𝑅𝑇 and 𝐶𝜆 in the above equation can be measured from the I-𝜆 curve as 

follows:  

    
∆𝜆𝐷𝐶 = {(

∆𝜆

∆𝑇
)𝑅𝑇(𝑉𝑗 − 𝜂) − 𝐶𝜆} 𝐼𝑏𝑖𝑎𝑠 + (

∆𝜆

∆𝑇
)𝑅𝑇𝑟𝑠𝐼𝑏𝑖𝑎𝑠

2  

 

(5.45) 

 

where 𝐶𝜆 = (𝜆2 𝑐⁄ )𝐶𝑓 . 𝑉𝑗 and 𝑟𝑠 can be calculated from the I-V curve of the laser diode. 

The slope efficiency 𝜂 can be calculated from the L-I characteristics. Δ𝜆/Δ𝑇 can be 
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obtained from the DC wavelength scan measured at two different temperatures. 𝐶𝜆 is 

estimated from the high modulation frequency tuning coefficient values (~ 1 MHz) 

where the thermal contribution is negligible. The thermal resistance 𝑅𝑇 is calculated 

theoretically using the dimensions of the laser [59] or using  equation (5.45) with all the 

other parameters obtained as described above.  

The WM phase lag is given by the angular component of the complex equation (5.43) 

as, 

  

    
𝜓𝜆 = tan−1

(𝜔𝑚 𝜔𝑐⁄ )𝐻0

𝐻0 − 𝐶𝑓{1 + (𝜔𝑚 𝜔𝑐⁄ )2}
 

 

(5.46) 

 

From equation (5.43), it can be inferred that the RC equivalent thermal model predicts a 

first order low pass filter response 1/(1 + (
𝜔𝑚

𝜔𝑐
)
2
) for wavelength modulation. It also 

predicts that the thermal WM-IM phase lag approaches 90° at high modulation 

frequencies (typically in the hundreds of kHz).  

When 𝐻0 > 2𝐶𝑓, the tuning coefficient is expected to increase as a function of the 

modulation frequency. For  𝐻0 < 2𝐶𝑓 , the magnitude of the tuning coefficient decreases 

with modulation frequency. For 𝐻0 = 2𝐶𝑓, the magnitude of tuning coefficient is 

independent of the current modulation frequency.   

This model has been presented as it provides a simple theoretical understanding of the 

thermal characteristics of semiconductor laser diodes based on an electrical analogue 

model of thermal heat conduction.  

Several authors have reported that the thermal WM follows a 1/(𝜔𝑚/𝜔𝑐)
1

2         

relationship [63, 68, 76]. As a result, at high modulation frequencies, the thermal WM-

IM phase lag approaches 45° rather than 90°. Hence, it was obvious that this model is 

inadequate in explaining the wavelength modulation properties of DFB laser diodes. It 

serves as a foundation for the advanced thermal model which accurately predicts the 

WM behaviour of DFB lasers.  
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5.4 Improved Thermal Model  

Many authors have reported that the thermal WM follows a 1/(𝜔𝑚/𝜔𝑐)
1

2 response    

[63, 68, 76]. Moreover, the thermal WM-IM phase lag was observed to approach a 

phase angle close to 45° at high modulation frequencies, rather than the 90° phase angle 

predicted by the RC equivalent circuit model. These characteristics are predicted by the 

improved thermal model discussed in this section which assumes that the temperature is 

not uniform across the laser diode.  

It is reported that most of the electrical heat ( > 90 % ) is dissipated in the active region 

of the DFB laser [76, 77]. The DFB laser is approximated as a three layer structure 

(Figure 5-6) with the heat flowing out of the active layer to the top buffer layer and the 

bottom substrate layer. In this model, it is assumed that only the temperature of the 

active region contributes to the frequency chirp. This is a valid assumption as the grating 

structure on the laser waveguide is close to the active region. This model is apt, as only 

the temperature of the active region contributes to the lasing mode (assuming that the 

majority of the laser mode profile overlaps with the active region). Dilwali et al.        

[78, 79] had developed an analogous thermal model, where an average temperature over 

the entire laser structure was used. 

The heat dissipated in the active region is written from (5.32) as, 

 

    𝑃𝑒𝑙 = 𝑃𝐷𝐶 + 𝐴1𝑒
𝑗𝜔𝑚𝑡 

 

(5.47) 

Following a similar methodology as in Section 5.3 to find the temperature, equating 

(5.47) and (5.23), gives the temperature of the active region as, 

 

  

 

 

 

where,  

𝑇 = 𝑇𝑎(𝑡) + 𝑇𝑠𝑠 
 

 

 

(5.48) 

 

 

and, 

 

𝑇𝑎(𝑡) = �̃�𝑎𝑒𝑗(𝜔𝑚𝑡+𝜑) 
 

(5.49) 

    𝑇𝑠𝑠 = 𝑅𝑇𝑃𝐷𝐶 + 𝑇0 (5.50) 
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𝑇𝑎(𝑡) is the active layer temperature with an amplitude �̃�𝑎, modulated at a frequency 

 𝜔𝑚 and has a phase lag 𝜑 , 𝑇𝑠𝑠 is the uniform steady state temperature of the active 

region and 3𝑇0
 is the heat sink temperature.  

 

 

Figure 5-6. A three layer, 1D heat flow model for the DFB laser. 

A 1D heat flow model using constraints and boundary conditions will be employed to 

obtain the temperature of the active region. 

Heat flowing out of an enclosed surface is given as [75, 80], 

 

    

∭
𝜕𝐸

𝜕𝑇
𝑑𝑉 = ∭𝑄𝑑𝑉 − ∯�⃗�𝑑𝑆

𝑆𝑉𝑉

 

 

(5.51) 

where 4E is the heat energy, 4Q is heat generation rate from a distribution of heat sources 

in a given material of volume 4V and �⃗� is the heat flux (W/cm2) vector  pointed outward 

perpendicular to the surface 4S.   

Applying the Gauss’s divergence theorem, equation (5.51) can be rewritten as, 

 

    𝜕𝐸

𝑑𝑡
= 𝑄 − ∇q⃗⃗ (5.52) 

where 𝐸 = 𝑐ℎ𝑇 =  𝜌𝑐𝑝𝑇 and �⃗� = −𝐾𝛻𝑇.  𝑐ℎ is the heat capacity, 𝑐𝑝 is the specific heat 

capacity, 𝜌 is the material density and 𝐾 the thermal conductivity. Substituting these 

values in (5.52), gives a more general form [37]: 

                                                 
3 Not to be confused with definitions in previous chapters. 
4 Not to be confused with definitions in previous chapters. 

Heat sink at T0

d

db

da

da
Active layer ( )T ta

Heat flow, ( )H tb

Pel

Heat flow ( )H ts
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    𝜕𝑇

𝜕𝑡
= −

𝐾

𝜌𝑐𝑝
∇2𝑇 (5.53) 

 

Thermal constants for the DFB laser 

   

Density 𝜌 (g/cm3) Specific heat capacity 

𝑐𝑝 (J/g °K) 

Thermal diffusivity 

𝜅 (cm2/s) 

4.81 ~0.31 0.46 

 

Table 5-2. Density, specific heat capacity and thermal diffusivity for bulk InP. It is known that for 

group III-IV materials the thermal diffusivity values can drop by one to two orders of magnitude 

compared to the bulk semiconductor materials [76].  

Assuming a 1D heat flow, the heat conduction equation (equation (5.53)) can be written 

as: 

 

    𝜕𝑇

𝜕𝑡
= −𝜅

𝜕2𝑇

𝜕𝑥2
 

 

(5.54) 

 

The relationship between thermal diffusivity and thermal conductivity goes as            

𝜅 = 𝐾/(𝜌𝑐𝑝). The values of the thermal constants for bulk InP are given in Table 5-2. 

For the semiconductor DFB laser, the following boundary conditions were imposed: 

a. The heat sink is at a temperature 𝑇0 at x = 0. 

b. 
𝜕𝑇

𝜕𝑥
= 0, at x = d (the total chip length), which means that there is no heat lost from 

the top buffer layer. 

c. There is no heat generation in the substrate and the buffer layers. 

 

Using these boundary conditions and solving equation (5.54), give the temperature 

distribution in the substrate and buffer layers as,  

  

    
𝑇(𝑥, 𝑡) = 𝑇𝑎(𝑡) [

𝑒𝑞𝑥 − 𝑒−𝑞𝑥

𝑒𝑞𝑑𝑠 − 𝑒−𝑞𝑑𝑠
] ,            0 ≤ 𝑥 ≤ 𝑑𝑠 

 

(5.55) 
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and, 

 

    
𝑇(𝑥, 𝑡) = 𝑇𝑎(𝑡) [

𝑒𝑞(𝑥−𝑑) + 𝑒−𝑞(𝑥−𝑑)

𝑒𝑞𝑑𝑏 + 𝑒−𝑞𝑑𝑏
] , (𝑑𝑠 + 𝑑𝑎) ≤ 𝑥 ≤ 𝑑 

 

(5.56) 

where 5q = √𝑗𝜔𝑚/𝜅  .  

The heat flow along the vertical direction (assumed to be in the direction of the 𝑥 axis) 

from an infinitely thin active layer having an area 6𝐴 is represented by a general 

thermodynamic relation: 

 

    
𝐻 = −𝐾𝐴

𝜕𝑇(𝑥, 𝑡)

𝜕𝑥
 (5.57) 

 

The heat flowing from the active region to the substrate and buffer layers is represented 

by  𝐻𝑠(𝑡) and 𝐻𝑏(𝑡), respectively. Using equations (5.55), (5.56) and (5.57), the heat 

flowing out of the active layer into the substrate and buffer layers is given as, 

 

    𝐻𝑠(𝑡) = 𝐾𝐴𝑞𝑇𝑎(𝑡)coth (𝑞𝑑𝑠) 
 

 

(5.58) 

    𝐻𝑏(𝑡) = 𝐾𝐴𝑞𝑇𝑎(𝑡)tanh (𝑞𝑑𝑏) 
 

(5.59) 

Now, considering the heat flow out of the active layer to surrounding layers, the 

following equation is valid (equating the time varying parts): 

 

    
𝐶𝑎

𝑑𝑇𝑎(𝑡)

𝑑𝑡
+ 𝐻𝑠(𝑡) + 𝐻𝑏(𝑡) = 𝑃𝑒𝑙(𝑡) 

 

(5.60) 

where 𝐶𝑎 is the thermal capacity of the active layer. 

From equations (5.58), (5.59), (5.60) and (5.47) the time varying temperature of the 

active layer is, 

 

                                                 
5 Not to be confused with charge 
6 Not to be confused with integrated absorbance 
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𝑇𝑎(𝑡) =

𝐴1𝑒
𝑗𝜔𝑚𝑡

𝑗𝜔𝑚𝐶𝑎 + 𝐾𝐴𝑞[coth(𝑞𝑑𝑠) + tanh(𝑞𝑑𝑏)]
 

 

(5.61) 

 

Substituting this in equations (5.48) and (5.50), the total active layer temperature 

becomes, 

 

    
𝑇 = 𝑇0 + 𝑅𝑇 {𝑃𝐷𝐶 +

𝐴1𝑒
𝑗𝜔𝑚𝑡

𝑗𝜔𝑚𝑅𝑇𝐶𝑎 + 𝑞𝑑𝑠[coth(𝑞𝑑𝑠) + tanh(𝑞𝑑𝑏)]
} 

 

(5.62) 

 

For 𝑞𝑑𝑠 << 1 and 𝑞𝑑𝑏 << 1, coth 𝑞𝑑𝑏 → 1 and tanh(𝑞𝑑𝑏) → 0 , the equation  

reduces to the simple RC thermal model given as, 

  

    
𝑇 = 𝑇0 + 𝑅𝑇 {𝑃𝐷𝐶 +

𝐴1𝑒
𝑗𝜔𝑚𝑡

1 + 𝑗𝜔𝑚𝑅𝑇𝐶𝑇
} 

 

(5.63) 

where 𝐶𝑇 = 𝐶𝑎  + 𝐶𝑏 +
1

2
𝐶𝑠 . 

Now, the wavelength tuning can be written as: 

 

     
𝜆 = 𝜆0 +

Δ𝜆

Δ𝑇
𝑅𝑇 {𝑃𝐷𝐶 +

𝐴1𝑒
𝑗𝜔𝑚𝑡

𝑗𝜔𝑚𝑅𝑇𝐶𝑎 + 𝑞𝑑𝑠[coth(𝑞𝑑𝑠) + tanh(𝑞𝑑𝑏)]
} 

 

(5.64) 

Defining the thermal cut-off frequencies associated with the substrate, buffer and active 

layers as [37] 𝜔𝑐𝑠 = 𝜅/𝑑𝑠
2 ,𝜔𝑐𝑏 = 𝜅/𝑑𝑏

2 and 𝜔𝑐𝑎 = (
𝑑𝑠

𝑑𝑎
)𝜔𝑐𝑠 , equation (5.64) becomes: 

    𝜆 = 𝜆0 + 

        (
∆𝜆

∆𝑇
)𝑅𝑇 {

𝑃𝐷𝐶𝐴1𝑒
𝑗𝜔𝑚𝑡

𝑗 𝜔𝑚 𝜔𝑐𝑎⁄ + (𝑗 𝜔𝑚 𝜔𝑐𝑠⁄ )
1
2 [coth(𝑗 𝜔𝑚 𝜔𝑐𝑠⁄ )

1
2 + tanh(𝑗 𝜔𝑚 𝜔𝑐𝑏⁄ )

1
2]

} 

(5.65) 

Typically, 𝑑𝑠 is at least three orders of magnitude greater than 𝑑𝑎, and hence 𝜔𝑐𝑎 ≫

𝜔𝑐𝑠; the first term in the denominator of equation (5.65) goes to zero. The expression for 

the tuning coefficient can be written as, 
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Δ𝒻

Δ𝑖
≅ 𝐶𝑓 − {

𝐻0

(𝑗 𝜔𝑚 𝜔𝑐𝑠⁄ )
1
2 [coth(𝑗 𝜔𝑚 𝜔𝑐𝑠⁄ )

1
2 + tanh(𝑗 𝜔𝑚 𝜔𝑐𝑏⁄ )

1
2]

} 

 

 

(5.66) 

 

where 𝐻0  is the contribution to WM from purely the thermal effects as discussed in 

Section 5.3. The dynamic wavelength tuning behaviour depends on three thermal cut-off 

frequencies; 𝜔𝑐𝑠, 𝜔𝑐𝑏 and 𝜔𝑐𝑎. 

Equation (5.66) predicts that the WM amplitude has a 1/(𝜔𝑚/𝜔𝑐 )
0.5 relationship 

which showed better concurrence to the experimental data as reported in earlier works  

[76, 78, 79]. It also predicts the presence of a dip in the tuning coefficient vs. 

modulation frequency curve because of the slow decrease in thermal wavelength tuning 

magnitude and that the thermal WM-IM phase approaches a phase angle close to 45°  

[79] at higher modulation frequencies rather than  the 90° phase angle  predicted by the 

RC circuit equivalent model. 

5.5 Limitations of this Analysis 

The aim of the improved heat conduction model was to explain the wavelength 

modulation response characteristics which could not be predicted for the DFB laser 

using the RC equivalent model described in Section 5.3. It cannot be used to accurately 

calculate the WM characteristics such as the thermal WM phase or amplitude as 

numerous factors are not taken into account in this model. For example, a one 

dimensional (1D) heat flow is assumed, whereas, heat flow in a real DFB laser diode is 

best represented by a two dimensional (2D) model [76]. The thermal capacitance and 

resistance would also be two dimensional (2D) [59]. For  example, as a step closer, the 

thermal resistance has been calculated using an improved quasi-2D model in [59], with 

the active region assumed to be a linear strip of thickness 𝑑𝑤, length ℓ, at a distance of 

𝑑𝑠 from the heat sink as;  

    𝑅𝑇 = ln (4𝑑𝑠/𝑑𝑤) /𝜋𝐾ℓ 

 

(5.67) 

In the three-layer model, the specific heat capacities and thermal diffusivities are 

assumed to be the same for the buffer, the substrate and the active layer regions. This 

three-layer heat flow model is an oversimplification. Depending on the DFB laser design 
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technology which is application specific, the active, substrate and the buffer layers will 

contain multiple sub-layers. For example, in the DFB-MQW laser structure the active 

region has several sub-layers of alternating bandgap materials as well as carrier 

confinement layers [81], the buffer and the substrate layers are also comprised of 

numerous sub-layers with different thicknesses. Heat flow is further affected by the 

thermal characteristics of the packaging and the surrounding medium. This model 

assumes that there is no loss of heat from the laser to the surroundings. This assumption 

is not true as convective heat flow occurs from the DFB laser to the surrounding 

medium (the packaging, the heat sink, solder etc.). The model also assumes that all the 

electrical heat is dissipated in the active region. This could be the case if the laser series 

resistance is assumed to be negligible and only the junction voltage contributes to the 

temperature. For more accurate results, numerical computation using 2D heat flow 

equations taking into account the 2D isotropic thermal properties of the different layers 

of the DFB laser and surrounding media (packaging) is necessary [76]. 

 The contribution to wavelength tuning from carrier effects is assumed to be a constant 

at low modulation frequencies (<1MHz). The spatial hole burning effect was reported to 

contribute significantly to the WM response especially in DFB lasers with an increased 

carrier confinement, rolling off at higher modulation frequencies [61,66, 67]. Spatial 

hole burning effects are complex [61, 66, 67, 82] and thus not dealt with in this study. 

5.6 Case Studies - Comparison of the Three Layer 

DFB Laser Model to Experimental Data 

The wavelength modulation characteristics, such as the tuning coefficient and WM-IM 

phase lag, of two DFB lasers were measured experimentally. The first laser is a        

1997 nm multi-quantum well DFB laser used for the vast majority of this work for 

probing the CO2 absorption features in the near-IR band and the second a 1430 nm 

DFB-MQW laser previously used by Bain et al. [14] for measuring the aero engine  

exhaust water vapour concentration and temperature. The tuning coefficient and WM-

IM phase lag were theoretically calculated using the three layer laser model for the DFB 

laser described in Section 5.4. The experimentally measured tuning coefficient and WM-
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IM phase values are then compared against the calculated values from the analytical 

model.  

5.6.1 Results for the 1430 nm DFB-MQW Laser  

The laser was manufactured by NTT electronics (NEL), Japan (model: NLK1E5GAAA) 

and has a strained InGaAsP/InP MQW gain (active) region. In order to theoretically 

model the wavelength modulation characteristics, the laser parameters mentioned in 

Section 5.4 have to be obtained from the I-V characteristics and the L-I characteristics.  

The laser forward junction voltage (𝑉𝑗) and the series thermal resistance (𝑟𝑠), were 

calculated from the I-V characteristics shown in Figure 5-7.  

 

Figure 5-7. Calculation of 𝑟𝑠 and 𝑉𝑗 from the I-V characteristics of the 1430 nm DFB-MQW laser. 

Here, the current was measured from the laser diode controller (LDC-202x) and the 

voltage was measured using a T-piece connector across the bias-T output to the laser. 

The slope of the I-V curve gives the series resistance (𝑟𝑠) of the laser diode and the 

forward junction voltage (𝑉𝑗) is given by the X-intercept. The forward junction voltage 

and series resistance of the DFB laser were calculated as, Vj = 0.93 V and 𝑟𝑠 = 4 Ω, 

respectively. 
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Figure 5-8. L-I (power-current) curve for the 1430 nm DFB laser. The quantum efficiency (𝜂) is 

calculated from the slope as 0.1 W/A. 

Figure 5-8  shows the L-I characteristics of the DFB laser, the slope of the graph gives 

the quantum efficiency as η = 0.1 W/A.  

The DC (static) thermal tuning (Δ𝜆/Δ𝑇 ) is calculated from the direct wavelength scan 

(using the wavelength referencing technique described in Section 4.6.1) at two different 

temperatures as shown in Figure 5-9. Its value is found to be 0.11 nm/ ° C.  

The carrier induced WM amplitude (𝐶𝑓) has been approximated as 0.05 GHz/mA from 

the high modulation frequency tuning coefficient values shown in Figure 5-10, as the 

thermal effect is negligible at high modulation frequencies (~ 1 MHz). The thermal 

resistance, 𝑅𝑇 is calculated as 36 °C/W from the fit of one of the direct wavelength 

scans in Figure 5-9  using equation (5.45),  with known values of 𝑉𝑗 , 𝑟𝑠, 𝜂 , Δ𝜆/Δ𝑇 and 

𝐶𝑓. A MATLAB code was written to model the amplitude and phase response of the 

WM. Comparison of the model and experimental results are shown in Figures 5-10   to 

5-13. Figure 5-10 shows the tuning coefficient (GHz/mA) measured at different 

modulation frequencies for a constant bias current of 70 mA. The theoretically 

calculated tuning coefficient values are also shown, using the improved three layer 

thermal model (equation (5.66)). 
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Figure 5-9.  Wavelength measured as a function of the applied bias current for the 1430 nm DFB-

MQW laser by wavelength referencing to a known absorption line.

 

Figure 5-10. Tuning coefficient of the 1430 nm DFB-MQW laser plotted as a function of the applied 

current modulation frequency, comparison of experiment and theory (equation 5.66). 
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Figure 5-11. WM-IM phase lag of the 1430 nm DFB-MQW laser as a function of modulation 

frequency, comparison of experiment and theory (equation 5.66). It can be observed that the phase 

approaches an angle close to 90 °. This is because the thermal effect is more prominent for this laser.  

The theoretical value of WM-IM phase lag is calculated from the argument of the 

complex number given by equation (5.66). Figure 5-11 shows these values compared 

against the experimentally measured WM-IM phase values, as a function of the applied 

current modulation frequency, at a given bias current level. 

In Figure 5-12, the measured and the theoretically calculated tuning coefficient is 

plotted as a function of bias current. It can be seen that there is a significant variation in 

tuning coefficient across the current scan for this particular DFB laser.  

Similarly, Figure 5-13 shows the measured and theoretically predicted WM-IM phase 

values across the current scan. It is observed that the WM-IM phase is nearly a constant 

across the current scan. These characteristics affect the signal recovery and analysis 

using the calibration-free models for WMS (Chapter 3). 
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Figure 5-12. Tuning coefficient plotted as a function of bias current for the 1430 nm DFB-MQW 

laser at a modulation frequency of 100 kHz.

Figure 5-13. WM-IM phase lag as a function of bias current for the 1430 nm DFB-MQW laser at a 

given current modulation frequency (100 kHz). 
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From these results the important conclusions are as follows: 

a. Due to the small carrier effects, the dynamic wavelength tuning amplitude showed 

an initial gradual decrease with the applied current modulation frequency, and 

thereafter was observed to be almost a constant at modulation frequencies in the 

hundreds of kHz. 

b. The WM-IM phase does not approach the 180° phase angle because the thermal 

component having a higher magnitude compared to the carrier induced WM, 

approaches a phase angle close to 45°, instead of 90° as predicted by the RC thermal 

equivalent model described in Section 5.3. So the improved thermal equivalent 

model predicts the WM characteristics accurately. 

c. The qualitative model predicts the change in WM amplitude and phase across the 

current scan within a reasonable level of accuracy. This could be owing to the carrier 

effects being negligible and the WM response for this laser attributed primarily by 

the thermal effects. 

5.6.2 Results for the 1997 nm DFB-MQW Laser  

The 1997 nm DFB-MQW laser was used for vast majority of the work outlined in this 

thesis (Sections 5.7, 5.8, 5.9 and the whole of Chapter 6). The structure of the 1997 nm 

DFB-MQW (Eblana Photonics) laser is shown in Figure 5-14 [81]. 

The active region of this DFB laser consists of three 8 nm thick quantum wells and four 

15 nm thick barrier layers, sandwiched between two 250 nm confinement regions.  

The top buffer layer is a 2 μm thick layer of p-InP and the bottom substrate is a 117 μm 

thick layer of n-InP. A 3 μm wide ridge of 600 μm in length forms the wave-guiding 

region. The grating structure (1.8 μm) is etched on top of the active region and occupies 

most of the buffer layer.  

The 2D thermal resistance 𝑅𝑇 is calculated as 40 °C/W using equation (5.67) 

(𝑑𝑠 is 117 μm and 𝑑𝑤 is 3 μm, ℓ is 600 μm and thermal conductivity (𝐾) for InP is 0.68 

W/cm °K). 
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Figure 5-14. Structure of the of the 1997 nm DFB-MQW laser (not drawn to scale).  

As for the 1430 nm laser, the optical slope efficiency is measured from the L-I 

characteristics (Figure 5-15) as 0.046 W/A for T  = 20 °C. The series resistance and the 

forward junction voltage are calculated from the I-V characteristics (Figure 5-16)  as 

𝑟𝑠 = 5.3 Ω  and 𝑉𝑗 = 0.76 V, respectively. 

 

Figure 5-15. L-I characteristics of the 1997 nm DFB-MQW laser.  
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Figure 5-16. I-V characteristics of the 1997 nm DFB-MQW laser at diode temperatures of 10 °C,     

20 °C and 27 °C.  

The DC thermal wavelength tuning (Δ𝜆/Δ𝑇) is calculated as 0.11 nm/°C (Figure 5-17). 

The carrier induced WM amplitude is estimated as ~ 0.27 GHz/mA from the WM 

amplitude response at high modulation frequencies (Figure 5-18). The high value of 

carrier induced WM amplitude could be due to increased carrier confinement for this 

laser.  
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Figure 5-17. DC wavelength scan at various temperatures using the 1997 nm DFB-MQW laser at 

diode temperatures of  10 ° C, 20 ° C and 27 ° C. Theoretical fit to the DC wavelength scan can be 

used to determine the thermal resistance (𝑅𝑇). 

The contribution to WM from the thermal effect (at zero modulation frequency), 𝐻0 , is 

calculated as 0.6 GHz/mA. The thermal cut-off frequencies for the substrate, the buffer 

and the active layers are calculated as 𝜔𝑐𝑠 = 70 kHz, 𝜔𝑐𝑏 = 5 kHz  and 𝜔𝑐𝑎 = 1 MHz, 

respectively. Applying these values to equation (5.66), the amplitude and phase response 

of wavelength modulation are calculated.  

Figures 5-18 and 5-19 show the experimentally measured tuning coefficient and the 

WM-IM phase lag for the 1997 nm DFB-MQW laser diode as a function of modulation 

frequency at a bias current of 70 mA and diode temperature of 21.74 °C. A similar 

behaviour was observed for similar multi-quantum well laser structures as mentioned in 

literature [71, 72, 79, 83]. For measurement of the WM parameters below a modulation 

frequency of 100 kHz, a summing amplifier was used prior to the current controller 

(LDC 202B), having a low pass filter response (with a cut-off frequency of 250 kHz). 

For measurements above the 100 kHz modulation frequency the bias-T is used due to its 
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flat amplitude response above 100 kHz. The theoretically calculated WM-IM phase and 

tuning coefficient values using the thermal heat conduction model (equation (5.66)) are 

also shown.   

 

 

Figure 5-18. Measured tuning coefficient values vs. the frequency of the applied current modulation, 

compared against the values calculated using the analytical model (red curve) for the 1997 nm DFB-

MQW laser. 
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Figure 5-19. WM-IM phase values measured as a function of the frequency of the applied current 

modulation compared with the theoretical values predicted by the model (red curve) for the 1997 nm 

DFB-MQW laser. 

The following important observations are made: 

 

a. The wavelength modulation amplitude initially decreases with the applied 

modulation frequency, reaching a minimum value around 6 kHz, thereafter, it 

increases steadily, saturating at high modulation frequencies. Consequently, a 

characteristic dip is observed in the WM amplitude vs. modulation frequency curve. 

  

b. The WM-IM phase lag now approaches 180° at high modulation frequencies. 

  

These characteristics are explained using the phasor diagrams shown in Figure 5-20. 

The amplitudes and phases of thermal and carrier contributions to WM are shown, for 

three characteristic modulation frequencies of 1 kHz, 6 kHz and 50 kHz, respectively. 

0 100 200 300 400 500 600 700 800 900 1000

0

20

40

60

80

100

120

140

160

180

 Bias-T

 LDC

 1D model

W
M

-I
M

 p
h

as
e 

la
g

 (
°)

Modulation frequency (kHz)



Chapter 5 - Analytical Treatment of Laser Modulation for WMS Applications-

Case Studies - Comparison of the Three Layer DFB Laser Model to Experimental 

Data  

  

121 

 

The 6 kHz modulation frequency corresponds to the characteristic dip and 1 kHz and 50 

kHz are the two modulation frequencies selected on either side of the characteristic dip.  

 

 

 

Figure 5-20. Phasor diagrams representing the amplitude and phase of wavelength modulation at 

three distinct modulation frequencies. 

At a modulation frequency of 1 kHz the contribution to WM from the thermal effects is 

larger than the contribution from the carrier effects. Thereafter, the resultant WM 

decreases in magnitude due to the reduced thermal WM. A minimum (dip) of WM curve 

occurs at 6 kHz because the phase of the thermal effect goes to nearly 45 ° and the 

magnitude of the thermal effect decreases. At 50 kHz, the thermal effect is only one-

fifth of the carrier effect, however, the phase does not change significantly. Hence, the 

net wavelength modulation amplitude starts to increase and the net phase of WM 

approaches 180 °, closer to the WM component from carrier effects.  

The thermal tuning at zero modulation frequency is calculated as 𝐻0 = 2.25𝐶𝑓. From 

the RC thermal model, since 𝐻0 > 2𝐶𝑓 , the tuning coefficient should decrease with 

increasing modulation frequency. Even though this is initially the case, as the thermal 
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WM slowly approaches 45 ° its magnitude drops, and hence the thermal effect reduces 

resulting in the condition 𝐻0 > 2𝐶𝑓 , and consequently the WM amplitude increases.  

Figures 5-18 and 5-19, show that the theoretical model fails to accurately calculate the 

phase and amplitude of wavelength modulation because of the shortcomings of the 

model outlined in Section 5.5, especially since the contribution from spatial hole 

burning effects have been neglected in this analysis [61, 66, 67]. However, the thermal 

model is successful in identifying the important features and trends in laser WM 

characteristics useful for WMS applications.  

For theoretical modelling of experimental WMS signals, it is desirable to have only a 

small variation in the wavelength modulation amplitude and WM-IM phase lag across 

the laser current scan. From the thermal heat conduction model, it is possible to predict 

the laser operating conditions and design considerations for this. For instance, by 

tailoring a laser to have a small ohmic resistance, it should in principle, be possible to 

reduce the variation in tuning coefficient and WM-IM phase lag across the laser scan.  

 

 

Figure 5-21. The tuning coefficient measured across the current scan for the 1997 nm DFB-MQW 

laser at modulation frequencies of 500 Hz, 100 kHz and 500 kHz. 
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Figure 5-23 shows the measured variation in tuning coefficient and WM-IM phase lag 

across the laser scan for a diode temperature of 21.4 °C, at modulation frequencies of 

500 Hz, 100 kHz and 500 kHz, which belong to the low, medium and high modulation 

frequency regimes for wavelength modulation spectroscopy. Also, Figures 5-23  and      

5-24 show the theoretical predictions using the thermal model assuming these DFB laser 

operating conditions. Figures 5-21 to 5-24 show that the theoretical model for 

wavelength modulation described in this work successfully predicts the important trends 

in the wavelength modulation characteristics for the 1997 nm DFB-MQW laser. It can 

be understood from the model that, in order to work with WMS signals having a smaller 

measured variation in tuning coefficient across the current scan range, it is desirable to 

operate at higher modulation frequencies (several hundreds of kHz). 

Similarly, Figures 5-23 and 5-24 provide the experimentally measured and theoretically 

modelled WM-IM phase lag across the current scan at the three modulation frequency 

regimes. Once more, it is instinctive to operate at very low or very high modulation 

frequencies to obtain significantly smaller variation in WM-IM phase across the current 

scan range for the WMS signal. 

 

Figure 5-22. Graph of the tuning coefficient vs. bias current predicted by the thermal model for the 

1997 nm DFB-MQW laser. 

30 40 50 60 70 80 90 100 110 120 130

0.2

0.4

0.6

T
u

n
in

g
 c

o
ef

fi
ci

en
t 

(G
H

z/
m

A
)

Bias current (mA)

 500 Hz

 100 kHz

 500 kHz



Chapter 5 - Analytical Treatment of Laser Modulation for WMS Applications-

Case Studies - Comparison of the Three Layer DFB Laser Model to Experimental 

Data  

  

124 

 

 

Figure 5-23. Graph provides the measured WM-IM phase lag vs. bias current for the 1997 nm DFB-

MQW laser at the three distinctive modulation frequency regimes of WMS.

 

Figure 5-24. WM-IM phase lag vs. bias current for the 1997 nm DFB-MQW laser predicted by the 

thermal model for the three distinctive modulation frequencies. 
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This case is furthered by Figure 5-25, which shows the experimentally measured WM-

IM phase lag as a function of the applied modulation frequency at different bias currents 

across the entire current scan range.  

 

Figure 5-25. Measured WM-IM phase lag as a function of modulation frequency at different bias 

currents for the 1997 nm DFB-MQW laser, at a laser diode temperature of 21.4 °C.  

It is observed that the variation in the WM-IM phase across the current scan range is 

small at very low and very large modulation frequencies. Figure 5-26 shows the 

theoretically predicted WM-IM phase lag as a function of the applied current 

modulation frequency at different bias currents. It can be observed that the theoretical 

values successfully estimate the trends observed in the experimental data. 

In conclusion, from this study on the WM characteristics for the 1997 nm DFB-MQW 

laser using the theoretical model, supported by the experimental results, it was 

considered advantageous to measure the WMS signals at higher modulation frequencies 

due to a relatively smaller variation in wavelength modulation amplitude across the 

current scan. This is intuitive as the thermal effect is small at higher modulation 

frequencies (assuming that the carrier effect is independent of the bias current).  
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Figure 5-26. Graph shows the theoretically predicted WM-IM phase lag as a function of the current 

modulation frequency for various bias current values. 

It was observed in the initial experiments that a variation in WM parameters across the 

current scan, such as the WM-IM phase lag, distorted the recovered absorption line 

shape using the 1f-WMS techniques such as the PDM or the RAM technique. This 

reduced the accuracy of the concentration and temperature values measured from the 

least-squares curve fit of the recovered absorption line shape. Hence, it was considered 

necessary to account for the effects of these laser modulation parameters on the 

recovered gas absorption line shape.   

5.7 Effect of the Wavelength Modulation Parameters 

in the Recovery of Gas Absorption Line Shapes 

The effects of the DFB laser WM parameters in the recovery of absolute gas absorption 

line shape using the first harmonic (1f) detection techniques (discussed in Section 3.5) 
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In the earlier measurements using these 1f detection techniques [34, 35] the variation of 

WM-IM phase and tuning coefficient across the current scan was assumed to be 

insignificant. Hence, the laser WM parameters were measured only at the line centre. 

Figure 5-27 shows the measured variation in the WM-IM phase lag across the current 

scan for the 1997 nm DFB-MQW laser, at different diode temperatures. It is noticed that 

for this DFB laser, there is a significant variation of WM-IM phase lag across the 

current scan (referred to as the “WM-IM phase walk-off”) that affects the recovery of 

the gas absorption line shape. 

 

Figure 5-27. WM-IM phase lag measured across the DFB laser current scan range for different diode 

temperatures at a current modulation frequency of 100 kHz for the 1997 nm DFB-MQW laser. 

It can be observed from Figure 5-27 that the variation in WM-IM phase across a current 
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temperature effect is reduced at higher temperatures resulting in a smaller variation of 

the WM-IM phase lag across the current scan. Another proposed reason could be the 

temperature dependence of thermal resistance. 

5.8 Correction for WM-IM Phase Walk-off 

Figure 5-27 shows that a significant WM-IM phase walk-off across the current scan 

range was measured for the 1997 nm DFB-MQW laser due to the strong thermal 

contribution to WM. The measured variation in tuning coefficient across the current 

scan range was found to be less than 5 %, and hence is not treated in this analysis. For 

lasers with similar characteristics to the 1430 nm DFB-MQW laser, the variation in 

tuning coefficient is significant across the current scan. This results in a varying 

modulation index across the current scan and a varying correction factor has to be 

applied [34]. 

 

Figure 5-28. The LIA X-channel gas and no-gas measurements for the PDM method with the X- 

channel gas signals containing the RAM signal and a projection of the FM signal. A 200 mVp-p 

sinusoidal modulation is applied to the DFB laser giving an m value of 0.084 for CO2 gas, at a 

temperature of 22 °C and pressure near atmospheric. 

1997.10 1997.15 1997.20 1997.25 1997.30 1997.35

3.8

4.0

4.2

4.4

4.6

4.8

5.0

5.2

5.4

C
h

 -
 X

 (
V

)

Wavelength (nm)



Chapter 5 - Analytical Treatment of Laser Modulation for WMS Applications-

Correction for WM-IM Phase Walk-off  

  

129 

 

For the PDM or RAM techniques, it is required that the entire RAM or the entire FM 

signal is isolated on one of the orthogonal channels of the LIA. In the PDM, the entire 

RAM signal is isolated to the X-channel of the LIA, while the Y-channel will contain a 

pure FM projection. This signal configuration is achieved by obtaining a FM signal with 

the non-absorbing wings going to zero on the Y-channel output of the LIA. Due to the 

variation in WM-IM phase across the current scan, it was not possible to obtain a pure 

FM projection on the Y-channel with the non-absorbing wings lying on zero. For the 

CO2 absorption lines, the absence of a non-absorbing baseline complicates the matter 

further. Hence, several measurements were taken at 0.2° LIA separation, close to the 

zero baseline on the Y-channel, whereby, a FM signal with a small RAM projection is 

obtained as shown in Figure 5-29. Figure 5-28 shows the LIA X-channel for these 

measurements, the signals containing the orthogonal projection of the FM signal and 

majority of the RAM signal.   

 

Figure 5-29. Graph showing measurements  taken close to the lock-in reference angle which 

corresponds to a phase arrangement  for  obtaining  a pure FM/WM signal projection on the              

Y-channel of the LIA. It was not possible to obtain a FM signal with the non-absorbing wings going 

to zero because of the significant variation in WM-IM phase across the current scan and the absence 

of a zero-absorption baseline for the CO2 gas at atmospheric pressure. The corresponding no-gas 

signals are also shown, which are very small projections of the RAM signal.  
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The no-gas signals acquired at a 0.2 ° separation are also shown in these two figures 

which are nothing but small projections of the IM signal with the X-channel containing 

majority of the IM signal. The sloping background for the no-gas RAM signals indicates 

that it is not a constant and is of varying phase across the current scan. This is further 

confirmed during the measurements taken for the linear IM characterisation as 

mentioned in Section 4.7.2. 

Applying the PDM (equation 3.13), with the measured WM-IM phase angle applied at 

each 𝜆-point across the current scan, to the gas and the no-gas signals, and dividing one 

by the other gives the recovered gas absorption line shape signals as shown in        

Figure 5-30. It can be observed that the FM signal is not completely cancelled for all the 

measurements. The recovered line shape with no FM signal contribution has been 

identified as the one for which the absorption depth is minimal between the line centre 

absorption and baseline.  

 

Figure 5-30. The recovered absorption line shapes  using the PDM applied to the measurements  

taken with a 0.2° angle separation of the lock-in amplifier reference signal (shown in Figures 5-28 and 

5-29). 

The effect of WM-IM phase variation is more pronounced when a larger current scan 

was used, encompassing two nearby absorbing features. Figures 5-31 (a)-(d) show the 

1997.10 1997.15 1997.20 1997.25 1997.30 1997.35

0.94

0.95

0.96

0.97

0.98

0.99

1.00

T
ra

n
sm

is
si

o
n

Wavelength (nm)



Chapter 5 - Analytical Treatment of Laser Modulation for WMS Applications-

Correction for WM-IM Phase Walk-off  

  

131 

 

experimentally measured signals for a larger current scan encompassing two nearby 

absorption lines using the phasor decomposition method.  

 

Figure 5-31. PDM method using 100 % CO2 at a pressure of 1 bar using a 1997 nm DFB-MQW laser. 

(a)The background RAM signal on the X and Y LIA channels. (b) The Y lock-in amplifier channel 

contains a projection of the WM gas signal, while the X lock-in amplifier channel contain its 

orthogonal projection as well as the entire RAM signal. (c) Shows the recovered gas line shape using 

the PDM method with the phase correction applied (red curve) and not applied (green curve).           

(d) Shows the recovered gas signals normalised with the background RAM signals compared against 

the direct gas absorption signal (black curve).  

Figures 5-31 (a) and (b) show the measured X and Y channel LIA no-gas and gas 

signals. The absence of a non-absorbing baseline on the FM signal isolated on the Y-

channel was observed (Figure 5-31 (b)). Figure 5-31 (c) shows the PDM signals which 

are not background normalised, with the correction for phase walk-off applied (red 

curve) and not applied (green curve), respectively. Incomplete cancellation of the 1f line 

shape component is observed when the correction for the phase walk-off is not applied. 
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Figure 5-31(d) shows the normalised corrected and uncorrected line shapes compared to 

direct gas absorption signal taken immediately so as not to change the gas conditions.  

 Another way to isolate a pure RAM signal would have been to use the no-gas 

measurements and changing the LIA phase to obtain a zero baseline signal on the        

Y-channel. The X-channel now contains the entire IM signal. For the 1997 nm DFB-

MQW laser under test, the amplitude and phase of the “absolute” IM signal was also 

observed to change across the current scan range, which made this difficult. This is 

indicated by the sloping no-gas signal on the X and Y channels of the LIA. The 

“absolute” WM and IM phases were measured with respect to the phase of the applied 

AC injection current.   

 

Figure 5-32. The effect of phase walk-off for a single CO2 absorption line recovered using the PDM. 

C = 100 %, T = 22 °C, P = 1.013 bar and m = 0.08. 

Figure 5-32 shows the recovered gas absorption line shape using  PDM, for the R48 

absorption line of CO2 at 1997.2 nm, with the WM-IM phase correction applied only at 

the line centre (red curve) and the  phase correction applied for the entire current scan 

(black curve). As observed, taking into account the phase walk-off improved the 

accuracy of the recovered absorption profile, particularly the line width. A least-squares 
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fitting algorithm (green curve) was used to obtain concentration and temperature values 

by comparing the corrected and uncorrected PDM signals to a theoretical model. 

Concentration and temperature measurements of C = 102 % and T = 21.35 °C for the 

corrected signal, and C = 67.8 % and T = 67.4 °C for the uncorrected signal were 

calculated, highlighting the importance of taking into account the modulation 

characteristics of the optical source used in TDLS-WMS applications. 

 

Figure 5-33. Significance of WM-IM phase correction for a larger laser current (wavelength) scan 

range to span two nearby absorption features. The two absorption features are the R50 and R48 

transitions of CO2, at 1996.8 nm and 1997.2 nm, respectively. An incomplete cancellation of the 1f 

line shape component signal is observed for the R50 transition of CO2.  

In twin line absorption thermometry (commonly known as ratio thermometry), the ratio 

of the peak absorbance or integrated absorbance of two gas transitions with a similar 

pressure and concentration dependence are used to infer the temperature of the target gas 

[85]. Use of a single laser source in ratio thermometry is advantageous due to the 
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transitions that can be accessed by a larger current scan is preferred in ratio 

thermometry, due to similar behaviour of their spectral parameters with concentration 

and pressure, so that the temperature can be inferred from the ratio. Thus, in ratio 

thermometry, it is advantageous to use two nearby absorption features that can be 

accessed using a wider current scan range applied to the laser source. As the amplitude 

of the current scan increases, the WM-IM phase variation across the scan also increases 

(as shown in Figure 5-27), which makes it necessary to account for it.  

Figure 5-33 shows the recovered spectra using PDM, with the laser wavelength being 

scanned across two nearby absorption lines, where the WM-IM phase variation was 

measured and applied at each bias point (black curve) and the absorption spectrum 

recovered using the WM-IM phase values measured using the vector method (red curve) 

described in Section 4.7.3. The modulation frequency is 50 kHz and m ~ 0.2.  

 

Figure 5-34. Theoretical simulations of the recovered gas absorption signals showing the effect of 

change in the tuning coefficient across the current scan at different m values for the 1997 nm DFB-

MQW laser.   

It is observed that for the red curve which corresponds to the spectrum with the WM-

IM phase values measured at the line centre for the absorption line towards the right of 
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the spectrum (R48), the 1f  FM  component is not completely cancelled using the PDM 

for the scanned line towards the left end of the spectrum (R50). Applying the measured 

WM-IM phase values at each bias (λ) point, the recovered absorption line shapes for 

both lines agree well with the direct measurements with significantly less distortion.  

Similar to WM-IM phase lag, the tuning coefficient may vary significantly across the 

laser current scan range. This causes a variation in the modulation index across the laser 

scan. The variation in modulation index across the current scan range is approximately 

5.2 % for DFB-MQW laser. From modelling, it was found that this variation in the 

modulation index will become significant only at m >> 1 for this laser [60] as shown by 

the residuals in Figure 5-34.  

5.9 Phase Insensitive 1f Methods 

In the PDM, a pure WM/FM signal projection, with no RAM contribution, and hence 

with the non-absorbing wings going to zero has to be obtained on one of the orthogonal 

channels of the LIA. On the contrary, in the RAM technique, a projection of a pure 

RAM absorption signal with no FM contribution has to be obtained on one of the lock-in 

amplifier channels. These techniques require alignment of the lock-in reference signal 

phase angle so as to achieve a given orientation of the lock-in amplifier channels/axes 

with respect to the various 1f signal components (Sections 3.4-3.5). In situations where 

the WM-IM phase is varying significantly across the current scan, it would be 

impossible to isolate the RAM or FM signal to a given lock-in channel, at each point, 

along the current scan. In the previous section, the absorption line shape was recovered 

using PDM by using several X and Y channel measurement sets with a small lock-in 

angle separation (0.02 °), close to the RAM isolation and choosing the measurement set 

which gives the least contribution from WM when the PDM is applied. This method is 

inconvenient as it requires multiple measurements sets of the X and Y lock-in amplifier 

outputs. 

Owing to the aforementioned measurement constraints, a computational technique was 

implemented to extract the absorption line shape using the PDM at an arbitrary lock-in 

reference angle, with the measured WM-IM phase values applied to each scan point. For 

an arbitrary orientation (𝜃𝐿) of the lock-in amplifier reference signal relative to the first 
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harmonic signal; the first harmonic detection signal components are depicted in Figure 

5-35. 

 

 

Figure 5-35. The phase invariant PDM. 

The 1f signals in the X and Y channels are now given as: 

 

    𝑀𝑥 = Δ𝐼(𝜈)(1 + 𝑎0) cos(𝜃𝐿) + 𝑎1𝐼(𝜈) cos(𝜃𝐿 + 𝜓𝜆)
+ 0.5𝑎2Δ𝐼(𝜈) cos(𝜃𝐿 + 2𝜓𝜆)                  

 

 

(5.68) 

 

    𝑀𝑦 = −Δ𝐼(𝜈)(1 + 𝑎0) sin(𝜃𝐿) − 𝑎1𝐼(𝜈) sin(𝜃𝐿 + 𝜓𝜆) 

−0.5𝑎2Δ𝐼(𝜈) sin(𝜃𝐿 + 2𝜓𝜆) 

(5.69) 

 

 

It is noted that 𝜓𝜆  in equations (3.15) and (3.16) of Section 3.5 is replaced by 𝜃𝐿 + 𝜓𝜆. 

The processing software then computes the relation: 
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The value of  𝛩  is iterated from 0 to 𝜋 until the recovered absorption signal has the 

least difference between the line centre absorption and wings (zero baseline for gases 

with non-absorbing spectral wings). At 𝛩 = 𝜃𝐿 , the WM signal is completely cancelled 

and the entire RAM absorption signal is recovered. 

 

Figure 5-36. Demonstration of the method which recovers the gas absorption signal independent of 

the phase of the reference signal of the lock-in amplifier relative to the 1f-WMS signals, corrected for 

the phase walk-off effect, for the 1997 nm DFB-MQW laser. The residual plots correspond to the 

difference in the recovered absorption line shape signals (at the two lock- in angles) compared to the 

direct gas absorption signal (measured without disturbing the system). The similar shapes of the 

residual plots validate the effectiveness of this approach.  

This method is useful in extracting the gas absorption line shape independent of the 

phase relation between the 1f signal components and the reference signal of the lock-in 

amplifier. This method may be extended to 2f detection for isolation of the prominent 2f 

derivative signal using the method similar to Chakraborty et al [38]. This was not 

pursued due to the other priorities of the project. The symmetric shape of the recovered 

2f derivative line shape could be used to identify the correct LIA reference signal phase. 
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Figure 5-36 presents the results for the phase invariant method using the 1997.2 nm 

(R48) absorption line of CO2, with correction for the WM-IM phase variation across the 

current scan. Shown in Figure 5-37 is the result using this method for a 1650 nm DFB 

laser used for accessing the R4 absorption line of methane. This proves that this method 

can be applied for any laser with the WM-IM phase known.  

 

Figure 5-37. The phase insensitive PDM using the R4 Transition of methane at 1650 nm. The 

recovered gas absorption signals at two arbitrary phase angles (as indicated on the LIA front panel) of 

the lock-in amplifier reference signal are shown. 

5.10 Summary 

The wavelength modulation properties of semiconductor DFB lasers and their influence 

in the recovery of gas absorption line shapes was analysed in this work. Measurement 

techniques were implemented to completely compensate for the effects of the laser 

modulation characteristics, such as the WM-IM phase variation across the current scan, 

in the recovered gas absorption line shapes. Measurement strategies were developed 

wherein the gas absorption line shape signals could be recovered using the PDM at an 

arbitrary phase of the lock-in amplifier reference signal, applicable to any DFB laser 
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with a known WM response. This is important for applications such as FLITES, where it 

is difficult to align the relative reference signal phases of all the 126 LIAs to the 1f-

WMS signal components.  

It has been noted that the WM-IM phase variation is laser dependent. On that account, 

for the purpose of researchers working in TDLS-WMS it is important that a clear 

understanding of the WM response of DFB lasers was developed. Hence, semiconductor 

models were developed to simulate the wavelength modulation characteristics, 

applicable to DFB lasers. The model shows excellent qualitative agreement with the 

measured trends of the wavelength modulation characteristics for two DFB lasers. 

However, it was observed that the model is inadequate in accurately predicting the 

wavelength modulation characteristics of laser structures with an increased carrier 

induced WM. Inclusion of the complicated carrier effects such as the spatial hole 

burning is necessary to accurately describe the wavelength modulation response of such 

lasers. Moreover, the accuracy can be improved by using a two dimensional heat flow 

model rather than the laminar heat flow model assumed in this work. This approach is 

beyond the scope of this project.  
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Chapter 6 

6 Measurement of Carbon 

Dioxide in a GTE 

Exhaust Plume 

6.1 Introduction 

In this work the most important objective is to develop and implement a suitable WMS 

technique for the measurement of carbon dioxide concentration and temperature in an 

aero engine exhaust plume. This is part of a broader work for the FLITES initiative for 

tomographic measurement of CO2 concentration and plume temperature in the exhaust of 

a gas turbine engine. Obtaining accurate tomographic concentration (C) and temperature 

(T) maps of a GTE exhaust plume necessitates the use of 126 measurement channels in a 

circular geometry across the plume cross-section [51]. An overview of the FLITES 

project is given in Section 1.4.  

Several TDLS/WMS approaches have been used to measure gas concentration and/or 

temperature. For example, twin line ratio thermometry has been used to measure the gas 

temperature, the gas concentration could be extracted from the fit of one of the 

absorption features  [14, 86]. Uncertainty in the temperature measurements using RT 

can occur if the gas concentration is not known prior to the measurements. In such 

situations an iterative procedure [2, 87, 88] is used until the recovered concentration 

coincide with the initial concentration used to obtain the temperature. In ratio 
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thermometry, to obtain better sensitivity, it is desirable to use gas absorption lines with a 

significant difference in their lower state energy levels. Hence, it is sometimes desirable 

to use multiple lasers to access lines with a large difference in their lower state energy 

levels. This is expensive as it would need twice the amount of laser sources as well as 

complicated receiver optics or electronics [14]. Consequently, for this work, a 

measurement strategy was adopted to obtain the gas concentration and temperature 

values by a least-squares curve fit of theoretically modelled WMS line shape signals to 

the experimentally measured WMS signal.  

The gas turbine exhaust plume is an ideal example of a harsh environment. It has been 

impossible to obtain direct spectra (especially at slower scan rates) because of the 

interference from low frequency transmission noise. Hence, phase sensitive detection 

using wavelength modulation spectroscopy is the preferred measurement method. Due 

to the absence of a non-absorbing baseline at atmospheric pressure for the CO2 

absorption feature at 1997 nm, a no-gas signal has to be used to normalise direct gas 

signals or WMS signals. The fluctuating intensity as a result of the varying transmission 

conditions in an aero engine exhaust plume renders it impossible to cancel the intensity 

with a no-gas signal taken after the measurement. Upadhyay et al. [46, 89] had made 

measurements on a gas absorption line of methane at 1650 nm which had non-absorbing 

spectral wings, from which it was possible to extract the IM signal, at phase quadrature, 

without the need for pre-characterisation of the intensity modulation characteristics of 

the laser. However, such a method was not applicable for the chosen CO2 absorption 

bands due to the absence of a non-absorbing baseline. In this work a 1f signal is used to 

normalise the 2f gas signal and the technique is known as 2f/1f WMS. Normalisation by 

the 1f signal also compensates for the transmissivity fluctuations expected in harsh 

engine environments [7]. In most of the earlier measurement approaches using 2f/1f 

spectroscopy, the laser modulation parameters were only measured near the absorption 

line centre [8]. In this work, the laser modulation parameters are measured at each DC 

bias current across the scan.  

Measurements will be made near the detuner (also known as an exhaust muffler or an 

augmenter tube) which is located at a distance (~ 4 m) from the engine exhaust. The 

detuner is a large diameter tube which serves to vent and dampen the engine exhaust by 
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mixing it with the surrounding cooler air (the Venturi effect). The temperature expected 

in a GTE exhaust plume is in the range of 100-600 °C (this depends mainly on the 

engine under operation (turbojet or gas turbine (turbofan)). Mixing with the entrained 

air, the temperature will be further lowered to the range of 100 - 300 °C. To theoretically 

model the 2f/1f spectra at these conditions, accurate values of the line strength and line 

broadening parameters were necessary. The spectral values in the HITRAN 2012 

database are valid only for the room temperature measurements. The accuracy of these 

values for high temperature spectra is limited due to the absence of temperature 

coefficients of line width and partition functions at higher temperatures. Moreover, 

HITEMP is only valid at very high temperatures greater than 1000 K. Hot lines are 

likely to exist at higher temperatures which may not be present in any of these spectral 

databases. Under these circumstances, laboratory characterisation using the high 

temperature gas cell was necessary to measure the CO2 line strength and line width in 

the temperature ranges expected in an aero engine exhaust plume.  

Section 6.7 focusses on the high temperature spectroscopy, where these gas spectral 

parameters were measured using direct spectroscopy at the higher temperatures (~ 500 

°C) expected in a GTE exhaust plume. 

A significant part of this work is dedicated to validation of the Fourier model of the 

WMS signals against the signals measured in the lab. In Section 6.4, the WMS Fourier 

model is validated by comparing against the experimentally obtained 1f signals using 

PDM. This is an excellent starting point as it validates the accuracy of the measured 

laser modulation parameters using models that are well established in the group. This 

will be followed by validation of the Fourier model for the 2f/1f WMS signals. In   

Section 6.10, the 2f/1f model is validated at higher temperatures up to 500 °C by 

comparison with the spectra measured experimentally using a heated optical gas cell, 

employing the spectral parameters measured at higher temperatures. Section 6.11 

explains the optical sensor system to obtain the gas concentration and temperature, 

validated in a laboratory environment.  

Three engine tests were performed at the Rolls-Royce aero engine test facility at East 

Kilbride. Section 6.13 discusses the results that have been obtained in the initial test 

campaign, it also gives the optimisation procedures followed to obtain better signal-to-
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noise ratios. Section 6.14 provides the results for single channel CO2 concentration and 

temperature measurement across the aero engine exhaust plume. To the author’s best 

knowledge, this is the first reported measurement of CO2 concentration and temperature 

in an aero engine exhaust plume.  

6.2 High Resolution Spectroscopy-Line Selection 

The preliminary step in the design of a TDLS/WMS gas sensor is to identify the 

absorption lines that satisfy the criteria required for a given TDLS-WMS technique and 

sensor environmental conditions. In WMS, the specific criteria for spectral line selection 

are as follows: 

6.2.1 Optimum Signal-to-noise Ratio 

The chosen spectral lines should have sufficient absorption to yield adequate signal-to-

noise ratios in the expected temperature and concentration regimes of the sensor 

environment. It is also desirable that the absorption signals are optically thin          

(𝑇(𝜈0) >0.95 or 𝛼(𝜈0) < 0.05) as the fitting algorithm is faster when an optically thin 

model is used. More importantly, the relationships in WMS are much more 

straightforward (due to the linearity) if the sample is optically thin [27], though it is not 

an absolute requirement that the absorbance be within the optically thin limit.  

6.2.2 Spectral Isolation 

The absorption lines should be spectrally well isolated from other gas lines and 

neighbouring lines of the same species for the pressures expected in the sensing 

environment. This reduces the complexity of modelling multiple spectral lines. In this 

work, high temperature spectroscopic modelling was done using the measured 

collisional broadening and line strength values for a single absorption feature of CO2 

using the central strong line and the two strong lines on either side, as the nearby lines 

blended into each other at atmospheric pressure. Water vapour absorption lines are often 

unavoidable in the measurements, especially since water being one of the by-products of 

the combustion process.  
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Figure 6-1 shows the different absorption bands of CO2 and H2O in the spectral region 

from 1000 nm-5000 nm. The line strengths used for modelling the spectrum were 

obtained using the total internal partition functions calculated for H2O and CO2 

respectively [25]. At elevated temperatures, spectral absorption lines were identified in 

the  𝑣1 + 2𝑣2 + 𝑣3 combination band of CO2 that are well isolated from water vapour 

lines [90]. As a result, a number of studies were performed in the region around 1997 

nm (5005 cm-1) and several well isolated lines in that region have been identified. Many 

such lines have been reported in literature such as the R56 [90], P16 [91] or R50 [92]. 

Figure 6-1. The transmission spectra of CO2 and H2O molecules modelled using HITRAN 2012 

database from 1- 5 μm, at the conditions expected in an aero engine plume (T = 500 °C, l = 80 cm and 

P = 1 bar, CO2 concentration = 2 % and H2O concentration = 1 %). 

In another work, Webber et al. [93] had reported the lines R46, R48, R50, R52 and R54 

as good candidates for WMS sensors.  
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6.2.3 Non-absorbing Baseline  

An absorption feature with a non-absorbing baseline within the wavelengths accessible 

by the laser current scan, at the operating pressure, is an additional advantage as 

normalising signal(s) can be extracted from the non-absorbing spectral wings [7, 46].  

For CO2, it was not possible to obtain absorption lines with a non-absorbing baseline at 

atmospheric pressure because the rotational bands are closely spaced, and thus blended 

into each other. 

From an in depth spectral survey it was identified that the R48 transition satisfies the 

two major criteria, i.e. sufficient signal-to-noise ratio within the optically thin limit and 

spectral isolation. These lines could also be accessed by the commercially available 

DFB lasers at the time. 

 

Figure 6-2. The CO2 spectral lines accessible with the DFB-MQW laser at 2 μm. These lines belong 

to the 20012→00000 (HITRAN notation - (𝑣1, 𝑣2, ℓ, 𝑣3, 𝑟)) combination band of CO2. The plume gas 

concentrations are assumed to be 2 % for CO2 and 1 % for H2O. Concentration of background CO2 is 

0.04 % (atmospheric) and the background humidity is assumed to be 4 %. 

1996.0 1996.5 1997.0 1997.5 1998.0

0.90

0.92

0.94

0.96

0.98

1.00

T
ra

n
sm

is
si

o
n

Wavelength(nm)

 Total convoluted spectra

 Background CO
2
 (0.04%)

 Background H
2
O (4%)

 Plume CO
2
 (2%)

 Plume H
2
O (1%)

R48
R46



Chapter 6 - Measurement of Carbon Dioxide in a GTE Exhaust Plume-Laser 

Modulation Parameters 

  

146 

 

Figure 6-2 shows the expected spectra for CO2 and H2O at 1997.2 nm with approximate 

assumptions for the gas concentrations, pressures and temperatures for the H2O and CO2 

species expected in a gas turbine exhaust environment along the laser line of sight 

(LOS). The dotted curve shows the convoluted spectra. There are two different regions 

along the laser LOS; the plume with a diameter of 80 cm (for the GTE at East Kilbride) 

has a higher concentration CO2 and the ambient air having a lower concentration of 

CO2. The plume and ambient air is assumed to have water vapour concentrations of 2 % 

and 4 % respectively. From Figure 6-2, it may be observed that the spectral line at 

1997.2 nm (the R48 rotational transition) has negligible contribution from the water 

vapour absorption and was chosen for this work.  

6.3 Laser Modulation Parameters  

In Section 4.7, methodologies were described to measure the various laser modulation 

parameters for a given DFB laser at a given frequency, across the current scan, using 

techniques such as measuring the WM-IM phase lag using the non-responsive region of 

fibre ring resonator transmission or by a second order sinusoidal curve fit of the WM 

and IM signals.  

 

Figure 6-3. The intensity normalised linear IM amplitude measured across the current scan at 

different modulation amplitudes. 
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Calibration-free models are developed for the WMS signals using the measured DFB 

laser modulation parameters. The laser modulation parameters presented in this chapter 

were measured using the nonlinear curve fit method explained in Chapter 4. The other 

methods were also tested in this work for consistency, however, the nonlinear curve fit 

method gave the most repeatable answers (for instance, a standard deviation less than a 

0.4° for the measured WM-IM phase lag), and was the preferred measurement method.  

Recollecting from Chapter 3, the laser modulation parameters required for modelling 

any WMS signal are the linear and nonlinear intensity modulation amplitudes, the WM-

IM phase lag and the wavelength tuning coefficient or modulation amplitude (which is 

simply the  tuning coefficient (GHz/mA) multiplied by the applied current modulation 

amplitude(mA)).  

 

Figure 6-4. The nonlinear intensity modulation amplitude divided by the instantaneous intensity of 

the laser, measured across the current scan range, at different current modulation amplitudes. 

Figures 6-3 and 6-4 show the measured linear and nonlinear intensity modulation 

amplitudes divided by the instantaneous intensity output from the laser. As mentioned in 

Chapter 3, it is found that dividing the intensity modulation amplitude with the 

instantaneous (average) laser intensity makes it a constant for any light transmission 
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function from the laser source to the detector (exceptions apply as explained further on). 

Hence, the terms 𝑖0 = Δ𝐼/𝐼   and 𝑖2 = Δ𝐼2/𝐼 are independent of the transmission 

fluctuations and are constants at a particular bias current and modulation frequency for  

a given laser. This was evident from the previous measurement by Dr. Arup Lal 

Chakraborty [38]. Such an approach was used by several groups [8, 30] for undertaking 

WMS measurements immune to noise arising from multiplicative transmission 

fluctuations, which was expected to be a major limiting factor. 

As can be seen from Figure 6-3, 𝑖0 follows an inverse relation with the bias current. 

This is a consequence of the instantaneous laser intensity (𝐼) increasing with the bias 

current, and also the IM amplitude (Δ𝐼) only slightly decreasing with the bias current 

due to a small nonlinear response of the intensity-current curve at the given modulation 

frequency. The nonlinear intensity 𝑖2 also shows a gradual rise with bias current from 40 

mA to 50 mA, thereafter, it tends to a constant value, only decreasing slightly at higher 

bias currents. Again, this is due to a combination of the change in the laser nonlinearity 

as well as the increasing laser intensity output as a function of the bias current.  

  

Figure 6-5.  𝑖0 as a function of the applied current modulation amplitude (mA) at different bias 

currents.  
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Figure 6-5 shows that the 1f- IM amplitude 𝑖0 increases linearly as a function of the 

applied current modulation amplitude. Similarly, Figure 6-6 shows the measured second 

order intensity modulation amplitude (𝑖2) as a function of current modulation amplitude. 

It was observed that the nonlinear intensity modulation amplitude had a 4th order 

response as a function of the applied current modulation amplitude.  

 

Figure 6-6. 𝑖2 vs. current modulation amplitude, at different bias currents. A best fit is obtained for a 

4th order polynomial as shown by the red curve. 

The ratio of 𝑖2 to 𝑖0 across the current scan is shown in Figure 6-7 using three different 

approaches. Firstly, it was measured using a nonlinear curve fit method (round marker 

plot). Another approach to obtain 𝑖2/𝑖0, is the ratio of 𝑅2𝑓/𝑅1𝑓, that is the ratio of the 

no-gas resultant signals for 2f and 1f detection (dotted lines)( Section 3.9). Yet another 

way is to calculate Δ𝐼 by maximising one of the LIA output channel signals at 1f 

detection followed by the measurement of the nonlinear RAM (Δ𝐼2) by repeating the 

step for 2f detection, then dividing latter by the former to give 𝑖2/𝑖0 (polygon marker 

plot).The three methods gave closely similar results within the measurement system 

limitations (etalons in the system and repeatability of measurements). 
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Figure 6-7. Ratio of linear IM to nonlinear IM measured using three different approaches. The round 

marker plots denote the measurements using the nonlinear curve fit method, the polygon marker plots 

are for the measurements taken using a simple LIA technique by maximising the 1f and 2f  LIA 

signals on one of the orthogonal LIA channels and the dotted lines represent the measurements using 

the ratio of the LIA resultant signals at 2f and 1f across the laser scan. 

Figure 6-8 shows the measured WM-IM phase lag (180 ° – (IM-FM phase lag)) across 

the current scan at a modulation frequency of 200 kHz and laser diode temperature of 

21.95 °C (11.45 kΩ), for the 1997 nm DFB-MQW laser. The variation in WM-IM phase 

across the current scan range was measured to be approximately equal to 15° and was 

significantly higher than that measured previously for the other DFB lasers. It was 

discussed in Section 5.7 that the variation in WM-IM phase across the current scan has a 

significant impact in the recovery of the absorption line shape from the first harmonic 

signals [37]. Subsequently, it was noted from simulations using the WMS Fourier model 
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magnitude as well as symmetric with respect to the 2f line shape component (Section 

3.9).  

 

Figure 6-8. Variation of IM-FM phase (180 ° – WM-IM phase) across the current scan at a 

modulation frequency of 200 kHz and TEC resistance of 11.45 kΩ (21.95 °C). The figure also shows 

the error bars from five sets of measurements taken over a year. 

Figure 6-9 provides the tuning coefficient values measured across the current scan at a 

modulation frequency of 200 kHz and diode temperature of 21.95 °C to access the 

absorption feature at 1997.2 nm. The variation in tuning coefficient is found to be 

approximately 5 % across the current scan. It was demonstrated in Section 5.8 that this 

variation is insignificant for the phasor decomposition method at low m values. It was 

noted from simulations that for 2f/1f spectra as well, the variation in the tuning 

coefficient for this laser only had a very small effect. The tuning coefficient and WM-

IM phase lag is found to be independent of the current modulation amplitude for the 

1997.2 nm DFB-MQW laser. It is known that the 2f line shape signal (𝑎2𝐼) peaks at      
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higher modulation frequencies. Hence, the majority of the DFB lasers are operated at 

modulation frequencies less than 100 kHz to obtain sufficient signal amplitudes. 

 

Figure 6-9. Tuning coefficient measured across the current scan for a modulation frequency of 200 

kHz and laser diode temperature of 21.95 °C. The error bars depict the deviation for five measurement 

sets taken over a year. 
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laser modulation parameters such as the linear and nonlinear intensity modulation 

amplitudes, WM-IM phase lag, wavelength modulation amplitude and the gas spectral 

parameters are measured accurately. In this section the Fourier model is validated and 

accuracy of the measured laser modulation parameters verified using the 1f 

demodulation technique viz. the phasor decomposition method described in Section 3.5. 

The spectral parameters from HITRAN were used since the measurements were taken at 

room temperature.  

Figure 6-10 shows the recovered gas absorption line shape signals using the PDM 

technique at three distinct modulation index values. The blue and red curves show the 

experimental and theoretical direct absorption line shapes. The magenta curve shows the 

recovered gas absorption line shape using the PDM technique. It can be seen that at high 

m values, the recovered absorption line shape becomes distorted. This is due to the  Δ𝐼𝑎2 

component superimposed on the RAM absorption signal as shown in Figure 3.2.       

Bain et al. [60] had  implemented a correction function method to compensate for the 

distorting effects of this 2f line shape signal. The correction function was calculated 

from the ratio of the absorption maxima for the undistorted and the distorted gas signals 

or it was modelled theoretically using the second order Fourier coefficient (𝑎2)  [34, 41] 

with the m value assumed to be known beforehand (from a known laser tuning 

coefficient, gas temperature and pressure). The recovered gas absorption line (distorted) 

was multiplied by the correction function to obtain the undistorted absorption line shape 

which could be used to infer the gas parameters when fit to a theoretically modelled 

direct absorption line shape. Here, instead of correcting for the distorted line shape, it is 

modelled using the laser modulation characteristics and the HITRAN 2012 spectral 

parameters.  

The black curves show the absorption signals obtained using the Fourier model. The 

Fourier model matches the recovered absorption spectra at different modulation indices. 

This proves that the measured tuning coefficient and WM-IM phase values are accurate.  

The recovered absorption signal is a function of only two laser modulation parameters, 

viz. the laser modulation amplitude (or the tuning coefficient) (Δ𝜈) and the WM-IM 

phase lag (𝜓𝜆).  
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(C) 

Figure 6-10. Figure shows the recovered gas absorption line shape signals using PDM at a pressure of 

1 bar, T = 25 °C, C = 100 % and l = 6.1 cm, for different modulation amplitudes. The direct spectrum 

(red) matched the theoretical transmission obtained using the HITRAN 12 spectral values. The pink 

curve is the PDM signal recovered at m = 0.2 (A), 0.4 (B) and 1.24 (C). The black curve represents the 

recovered line shape using the PDM modelled using the laser modulation parameters viz. the tuning 

coefficient and WM-IM phase lag. 

To obtain a signal dependent on 𝑖0, the FM isolated Y-channel (equation 3.11) is 

divided by the FM isolated Y-channel background to obtain a WMS line shape signal 

that depends on 𝑖0, Δ𝜈 and 𝜓𝜆. The signal has a first derivative line shape as shown. The 

background signal was obtained by taking a no-gas signal without disturbing the system. 

Figure 6-11 shows the recovered signals using the above method compared to the 

theoretical WMS signals using the Fourier model.  

A small wavelength shift due to the nonlinear heating effect of the laser diode (as 

explained in Chapter 5) is expected and corrected for. There is a slight mismatch in the 

wings. This might be due to inadequacies in the HITRAN 2012 spectral data or etalons 

in the gas cell windows.  
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(A) 

 

(B) 

Figure 6-11. Figures (A) and (B) show the experimental (red curve) 𝑌𝑐ℎ𝑎𝑛𝑛𝑒𝑙  /𝑌𝑐ℎ𝑎𝑛𝑛𝑒𝑙
𝑏𝑘   signals at 

modulation amplitudes of 5 mA (m = 0.4) and 15 mA (m = 1.2), compared against the Fourier model 

output (black curve). 
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In this section, the Fourier model has been validated by comparison with the 

experimentally recorded 1f line shape signals and it was confirmed that the HITRAN 12 

spectral parameters are adequate for accurately modelling the WMS spectra at room 

temperatures. This work was carried out as a prelude to validation of the complex 

spectral models as described in the subsequent sections.  

6.5 2f/1f Spectroscopy 

Section 6.4 discussed how the Fourier model was used to accurately model the 1f-WMS 

signals. As stated in Chapter 3, 1f-WMS calibration-free approaches such as the PDM 

and the RAM technique cannot be used in an environment with varying transmission 

fluctuations especially since a non-absorbing baseline is absent as for the CO2 spectra in 

the near-infrared. Moreover, the signal-to-noise ratio of the 1f signals was found to be 

insufficient even at very high modulation frequencies due to the 1f-FM component 

signals being buried in the noise on the high RAM background signals. As stated in 

Section 6.2,  the CO2 absorption line chosen for this work is the R48 line at 1997.2 nm. 

This CO2 absorption feature lacks a non-absorbing baseline as shown in Figure 6-12. 

Hence, the RAM signal cannot be extracted from a polynomial fit of the non-absorbing 

baseline.  

In environments where the transmission is rapidly fluctuating, 1f signal and the 2f signal 

to a lesser extent are severely distorted by the multiplicative transmission noise which 

convolutes with the WMS signals within the LIA pass band. One way to cancel the 

transmissivity is to divide the 2f signal by the 1f signal. This method is known as 1f 

normalised 2f spectroscopy and is immune to transmissivity fluctuations in harsh 

environments. This method was used by several research groups [7, 8] for optical 

metrology of concentration and temperature in harsh environments. In addition, a 

background subtraction procedure was followed using equation (3.29) to cancel the 

nonlinear RAM signal and to reduce the effects of the temporally stable etalons as well 

as contributions from gas absorption outside the measurement path. 
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Figure 6-12. Absence of non-absorbing baseline signal for the R48 Transition of CO2 at 1997.2 nm.   

T = 50 °C, C = 100 %, P = 1 bar and l = 5.5 cm.  

6.6 Experimental Methodology 

Figure 6-13 shows the measurement setup used in this work to obtain the 1f normalised 

2f signals. Two Perkin Elmer digital lock-in amplifiers are used to demodulate the input 

signal at the 2f and 1f harmonics of the modulation frequency. The input gain and output 

sensitivity of the LIA is adjusted to give the maximum signal-to-noise ratio for the 2f 

and 1f signals, without overloading the input A/D converter. Three signals are required 

for the WMS 1f normalised 2f method, viz. the 2f X-channel (𝑋2𝑓), the 2f Y- channel 

( 𝑌2𝑓) and the magnitude of the 1f signal (𝑅1𝑓). 

For some of the preliminary measurements, all the WMS signals viz. the 2f X-channel 

and the 2f Y-channel, followed by the 1f-R signal were extracted from a single lock-in 

amplifier in succession as it had only two output ports. Care was taken so that there was 

no change in the signals over the duration of the measurement. Such a measurement 

strategy will not be feasible in an engine environment due to the rapidly varying 
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transmission conditions, and hence all the above mentioned signals need to be recorded 

simultaneously which necessitated the use of two lock-in amplifiers.  

 

 

Figure 6-13. Experimental setup for the 1f normalised 2f method using two lock-in amplifiers. 

Figures 6-14 (A) and (B) show the WMS gas and no-gas; R1f  and the R2f  signals from 

the two Perkin Elmer LIAs. It was observed that the 1f signal output from both the lock-

in amplifiers were identical as shown in Figure 6-14 (A). However, the 2f signals had an 

offset on one of the lock-in amplifiers (Figure 6-14 (B)). This instrumental offset could 

be due to the non-ideal filtering effects of the LIA. Subtraction of the 2f/1f background 

signal according to equation (3.29) was used to solve the problem of instrumental 

offsets. The background subtraction also removes the nonlinear IM as well as any 

common absorption signals or any static etalons.  
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(A) 

 

(B) 

Figure 6-14. The gas and background 2f and 1f signal outputs  from the individual lock-in amplifiers, 

measured in succession. 
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Figure 6-15.  The background-subtracted 1f normalised 2f signals using both the lock-in amplifiers 

(black curve) together as well as using the individual lock-in amplifiers (red and blue curves) by 

extracting the 2f and 1f signals in succession.  

Figure 6-15 shows the background-subtracted signals using the individual lock-in 

amplifiers (red and blue curves) by measuring 𝑋2𝑓 and 𝑌2𝑓 , followed by measuring the 

𝑅1𝑓 signal in succession and using both the lock-in amplifiers (black curve) referred to 

as the dual lock-in amplifier arrangement, where the 𝑋2𝑓 and 𝑌2𝑓 signals were measured 

from one LIA and 𝑅1𝑓 was measured from the other. The order of the LIAs in the dual 

lock-in arrangement was reversed for consistency. It can be observed that there is no 

significant difference in the signal outputs using a single lock-in amplifier, or a dual-

lock-in amplifier arrangement or with the LIA order reversed in the dual setup. This 

demonstrates that the dual lock-in amplifier arrangement with background subtraction 

can be used in measurement scenarios when a time multiplexed signal acquisition was 

not possible. 

More sophisticated off-the-shelf lock-in amplifiers have an in-built multi-harmonic 

detection feature. Another alternative was to implement a PXI-e board based lock-in 
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amplifier in LabVIEW, as was done later on in this work with the help of fellow group 

members. However, this method is limited to lower modulation frequencies at present 

due to the higher sampling rates that are needed to demodulate the high frequency 

signals at the detector output (at least five times the modulation frequency) without 

aliasing. 

6.7 Validation of the 2f/1f Spectroscopic Model  

The 1f normalised 2f model is validated for the spectral parameters (𝛾L,𝜈0 and 𝑆′(𝑇)) 

from the HITRAN 2012 spectral database, and the measured laser wavelength 

modulation and intensity modulation parameters (𝑖0, 𝑖2, 𝜓1, 𝜓2 𝑎𝑛𝑑 Δ𝜈). HITRAN 

values are verified to be accurate for room temperature measurements by comparison of 

the experimental and theoretically modelled direct spectra at ambient temperatures.  

Initially, it was thought that an optically thin assumption can be used as the difference in 

the modelled direct spectrum was negligible for an optically thick and an optically thin 

case, for the conditions expected in a GTE plume. Subsequently, it was noticed that, for 

the WMS signals, an optically thin assumption would be inaccurate at the gas conditions 

expected in the plume. Figure 6-16 shows the difference in the theoretically modelled 

background-subtracted 1f normalised 2f spectra for an optically thin and thick case using 

a Voigt line shape profile. It was inferred that, even if the optically thin model was 

sufficient for modelling the direct signals, it fell short for accurately representing the 

WMS signals. This is attributed to the different sensitivities of the direct and WMS 

signals to the various spectral parameters. Hence, it can be concluded that, in the 

temperature ranges used in this work, especially for the laboratory measurements with 

higher concentrations of CO2, an optically thick model is necessary to obtain accurate 

results.  

The Lorenzian line shape function is inaccurate at high temperatures because the 

Doppler broadening effect becomes significant. As explained in Section 2.9, the Voigt 

line shape function accounts for the Doppler broadening as well. Figure 6-17 shows the 

difference in the theoretically modelled 2f/1f spectra using the Lorentzian and Voigt  

line shape functions at, 500 °C. It can be inferred that an appropriate line shape function 

is necessary for accurate spectral modelling. 
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Figure 6-16. Difference in the theoretically modelled 2f/1f spectra (left) and direct spectra (right) for 

optically thin and thick assumptions. Temperature = 250 °C, pressure = 1.014 bar,             

concentration  =  4 % and path length  = 80 cm. 
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Figure 6-17. Theoretically modelled 2f/1f spectra using Lorentzian and Voigt line shape functions at 

T = 500 °C, P = 1.013 bar, l = 5.5 cm, C = 100 % and m = 1.6328 (𝛿𝑖 =10 mA). It can be seen that 

there is a significant difference in the peak heights for the two. 

For example, at high pressures, the mean free path of the molecule can be less than the 

wavelength of the radiative transition, the molecule may change its direction several 

times during an absorption or emission of a photon, resulting in an averaging over the 

Doppler states, thus causing the line width to be narrower [94]. This is known as Dicke 

narrowing effect modelled using line shape functions  such as the Galatary (velocity of 

the colliding species before and after collision are uncorrelated) or the Rautian 

Sobel’sman function [95] (which assumes correlated velocities before and after 

collision). The collisional narrowing effect is characterised by a gull-wing shaped 

residual.  

The experimental and theoretical 2f/1f signals are compared side by side in Figure 6-18 

(A) to (D) corresponding to current modulation amplitudes of 10 mA, 15 mA, 20 mA 

and 25 mA, respectively. The line strength and line broadening parameters used were 

those from the HITRAN 2012 spectroscopic database.  
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(C) 

 

(D) 

Figure 6-18. Experimental 2f /1f spectra compared to the theoretical 2f/1f spectra at T = 16 °C,          

P = 0.9995 bar, l = 5.5 cm, CO2 concentration = 100 %, at modulation indices of (A) m = 0.8       

(𝛿𝑖 = 10 𝑚𝐴), (B) m = 1.2091 (𝛿𝑖 = 15 mA), (C) m = 1.6121 (𝛿𝑖 =  20 mA) and (D) m = 2.05     

(𝛿𝑖 =  25 mA). 
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In the WMS model, the measured tuning coefficient, WM-IM phase values and 

intensity modulation amplitudes (𝑖0and 𝑖2) are applied at each point of the current scan 

by interpolating these laser modulation parameters measured at discrete current steps. It 

was observed that the wings start to deviate from the model at higher modulation 

indices.  

The centre wavelength of the laser was observed to shift as a function of the applied 

current modulation amplitude and needs to be accounted for. From the theory of 

wavelength modulation of DFB lasers formulated in the previous chapter, it is inferred 

that this phenomenon occurs as a result of the nonlinear heating effect of the applied 

current modulation, due to a finite electrical resistance of the laser diode.  

From the theory of DFB lasers described in the previous chapter, the expression for the 

shift in the DFB laser centre wavelength is derived as: 

 

 
Δ𝜆 =

Δ𝜆

Δ𝑇
𝑅𝑇 {

𝑟𝑠𝑖𝑚
2

2
} 

 

(6.1) 

For the 1997.2 nm DFB-MQW laser, 
𝛥𝜆

𝛥𝑇
= 0.11 nm / ° C , the thermal resistance    

𝑅𝑇 = 30 °C/ W  and the series resistance is approximately equal to 5 Ω (measured using 

high frequency electrical probes). Applying these values to equation (6.1), the shift in 

the central wavelength of the DFB laser due to an applied current modulation amplitude 

( 𝑖𝑚) is calculated as: 

  

Δ𝜆 = 9.6 × 10−6𝑖𝑚
2  (nm) 

 

(6.2) 

 

The measured wavelength shift and the calculated wavelength shift, as a function of the 

applied current modulation amplitude is presented in Figure 6-19.  

The wavelength shift was measured relative to the direct signal, by using the centre 

wavelength as one of the parameters in the nonlinear least-squares fitting algorithm as 

explained in Section 6.10. 

Figure 6-19 shows that the theory developed in Chapter 5 successfully estimates the 

shift in the centre wavelength of the DFB laser due to an applied current modulation. 

This wavelength shift has a significant impact on the magnitude and shape of the 
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theoretical 2f/1f spectra; consequently, the centre wavelength of the laser is used as a 

fitting parameter for measurement of the gas concentration and temperature from the 

experimental 2f/1f line shape using the least-squares curve fit algorithm. 

 

Figure 6-19. Wavelength shift as a function of the applied current modulation amplitude plotted for 

the experimental measurements and from the RC heat transfer model, for the 1997.2 nm DFB-MQW 

laser. 

From these sections the two important conclusions are the validation of the 2f/1f WMS 

model at ambient temperatures and analysis of the shift in centre wavelength of the DFB 

laser due to an applied current modulation. The following two sections are dedicated to 

the measurement of the spectral parameters at higher temperatures and their verification 

using the high temperature 2f/1f spectra. The challenges in modelling the high 

temperature spectra are also discussed.    

6.8 High Temperature Spectroscopy  

Availability of an accurate spectroscopic database for the line width and line strength is 

important for modelling WMS signals. As mentioned in Section 2.12, the HITRAN 
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temperatures while the HITEMP database is only accurate for spectral modelling at very 

high temperatures of the order of 1000 K. The expected temperature range near the 

detuner is approximately in between these values, i.e. from 50 to 600 °C. Hence, it was 

necessary to measure these spectral parameters in the laboratory.  

In order to measure the line strength and line width experimentally, different approaches 

were used [90, 92, 96]. In this work, a least-squares fit of the theoretical Voigt 

absorption line shape to the measured direct spectra is used to infer these parameters 

[97].  

 

Figure 6-20. The current scan amplitude and centre bias point is adjusted so that the lower part of the 

current scan  ( 95 % symmetry) goes below the threshold current of the DFB laser. 

Direct spectra were measured by dividing a gas signal, with a no-gas signal obtained by 

purging the test gas out of the cell using a vacuum pump. In the direct measurements, it 

was important to subtract the offsets due to the dark voltage and varying ambient light 

levels. In addition to the dark voltage offset, there is also an offset from the scope as a 

function of the scope vertical resolution. After measuring the gas and no-gas signals, the 

offsets due to dark current, the stray light and the scope were measured by taking a 
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detector voltage measurement after blocking the laser beam or turning off the DFB laser. 

Even though this method compensated for the scope offsets, it might not completely 

mitigate the detector dark voltage and stray light offsets, which can fluctuate over time 

with the temperature as well as ambient lighting. For in-situ, simultaneous, subtraction 

of the dark current, the ambient light and scope offsets an easier method is to scan the 

DFB laser below its threshold current value, where there is no stimulated emission 

output from the laser and take the scope output reading below the threshold as the net 

offset (Figure 6-20). Amplified spontaneous emission (ASE) can occur below threshold, 

and hence may create errors as it is not present in the above threshold signal. For the 

DFB lasers, ASE is found to be very small and can be ignored.  

A larger current scan was used to probe the absorption line and also sweep the current 

lower than the threshold value for the laser. For example, to measure the two nearby 

CO2 absorption lines a current scan amplitude of 57.5 mA was applied to the DFB-

MQW laser, at a bias point of 70 mA and TEC temperature corresponding to 12.2 kΩ 

(Figure 6-20). This scans the laser wavelength from 12.5 mA to 127.5 mA. It is 

observed from Figure 4-5 that the threshold current for this laser lies in the range of 20-

25 mA, hence, for the lower part of the current scan, the laser is biased below threshold 

and gives no stimulated emission output.  

The collisional broadening parameter is usually represented per atmosphere. To reduce 

the errors in the measurement, the collisional broadening parameter was measured at 

different pressures from 0-500 mbar and a linear fit of the 𝛾-𝑃 graph gave a precise 

measurement of the collisional broadening parameter. Moreover, working at lower 

pressures reduced the blending of absorption lines, and hence spectral parameters of 

each line can be measured accurately, independent of the nearby absorption lines. A 

custom made optical gas cell (described in Section 4.4) was used to measure the spectral 

parameters at higher temperatures (0-600 °C) and lower pressures (1 mbar to 4000 

mbar). 

For a given value of the collisional broadening parameter, the area under the absorption 

curve (integrated absorbance) can be used to infer the gas line strength if the pressure, 

mole fraction and optical path length are known: 
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𝒜 = 𝑃𝜒𝑙𝑆(𝑇) (6.3) 

The collisional broadening parameter is initially fixed to a given value and the 

experimental transmission curve is fit for the line strength with the pressure, 

temperature, mole fraction and optical path length known. Then the value of the 

collisional broadening parameter is changed and the fitting procedure repeated. This 

process is iterated until a best fit of the absorption line shape is obtained. The 

incremental value of the collisional broadening parameter is changed in the loop by a 

value comparable to its minimum percentage error reported in literature, HITRAN, as 

well as knowledge from previous measurements. The HITRAN values were used as the 

starting values in the fitting routine. 

 

Figure 6-21. The line strength values (per molecule) measured for the different CO2 spectral lines at 

1997.2 nm.   

The Doppler broadening HWHM was calculated theoretically using the formula,     

𝛾𝐺 = 𝜈0√
2 𝑙𝑛2 𝑘𝑇

𝑀𝑐2⁄  , and applied to the Voigt line shape function. 
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Collisional line width values plotted at different temperatures were used to obtain the 

temperature coefficient (𝛥) of collisional broadening using slope of the logarithmic plot; 

the y-intercept gave the collisional line width at 296 K (𝛾0): 

 

 
𝛾𝐿 = 𝛾0(

𝑃

𝑃0
) (

𝑇0

𝑇
)

𝛥

 (6.4) 

 

Measurements were repeated several times and the average values were taken for 

improved accuracy. This method is equivalent to the earlier approaches where the area 

under the absorption curve was used to measure the line strength and this value used in a 

nonlinear curve fit of the absorption line shape to infer the collisional line width, with 

the pressure, concentration, temperature and path length known (measured) beforehand.  

Figure 6-21 shows the measured line strength values as a function of the temperature 

for the different transitions of CO2 that could be accessed with this laser. It was noticed 

that the similar slope for the curves makes it difficult to achieve good temperature 

sensitivities using these lines in RT applications. It is observed that the line strength 

peaks at a temperature of approximately 250 °C. This can be related to the population 

density behaviour of the lower state energy levels.  

Figure 6-22 shows a comparison of measured line strength values for the chosen R48 

line compared to HITRAN 2012 spectral database. It is noticed that the line strength 

values coincide at lower temperatures.   

The actual composition of an aero engine plume will be a mixture of several gas 

molecules. The net broadening is determined by the concentration of the target gas as 

well as the other gas molecules present in the GTE plume. The net collisional line width 

is given as a sum of the broadening coefficient for each gas molecule multiplied by its 

concentration. The broadening coefficient due to the target gas species is referred to as 

the self-broadening coefficient and other species is referred to as the cross-broadening 

coefficients. Spectral modelling using the air-broadening coefficients is expected to 

bring the collisional width closer to the actual value in the plume. HITRAN usually 

gives the air-broadening coefficient. The self-broadening and air-broadening coefficients 

were also measured in the lab at higher temperatures. 
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Figure 6-22. Measured and HITRAN line strength values vs. temperature, for the R48 rotational-

vibrational transition of CO2.  A 6th order polynomial fit of the line strength vs. temperature for R48 

absorption line will be used in the fitting algorithm to obtain the concentration and/or temperature. 

A comparative analysis was done against  the spectral databases such as HITEMP, 

Carbon Dioxide Spectral Database (CDSD) (contains spectral parameters for 

temperatures  up to 2000 °K) and HITRAN ,and also the data published on CO2 by 

Rieker et al. [93]. It could be observed that the measured 𝛾0 and Δ values are close to the 

values given in the HITRAN 2012 and CDSD databases. However, the measured line 

strength values showed a relatively larger variation from the values given in the various 

spectral databases. In subsequently recorded direct spectra at different conditions of 

pressures, temperatures and concentrations, the theoretical direct absorption line shapes 

gave a good match to the experimentally obtained direct absorption line shapes, as 

shown in Figure 6-23 for one of the measured direct traces. The results obtained using 

high temperature direct measurements (Figure 6-23) justified that the measured spectral 

parameters were accurate. Figure 6-23 indicates that the spectral parameters measured in 

this work gave a far better fit to the experimental absorption feature compared to the 
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spectrum modelled using the HITRAN 2012 values. In Section 6.9, these parameters are 

further validated using the 2f/1f  WMS signals.  

 

 

Figure 6-23. Experimental direct transmission compared against theoretical transmission spectrum, 

calculated using the measured as well as HITRAN line strength and collisional broadening 

parameters. P = 1 bar, T = 518 °C, C = 100 % and l = 5.5 cm.  Absence of any structure in the residual 

proves that the Voigt line shape accurately models the R48 absorption line of CO2. 

6.9 High Temperature WMS Modelling 

The measured spectral parameters at high temperatures are further validated by applying 

these values to the 2f/1f WMS model described in Chapter 3. The laser modulation 

parameters such as the tuning coefficient, the linear and nonlinear IM amplitudes, the 

linear and nonlinear WM-IM phase lags, DC laser scan wavelength etc. were measured 

at each point of the current scan and used in the WMS model. These parameters were 

measured with an empty gas cell or measured directly from the laser output via. an 

attenuator (to prevent detector saturation) and a detector.  
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(E) 

 

(F) 

Figure 6-24. Measured 2f/1f spectra of CO2 compared to theoretical WMS models at a pressure of 

1.029 bar, concentration = 100 %, path length = 5.5 cm and at temperatures  ranging from 50 °C to 

500 °C (A-F). The arrow at 500 °C corresponds to a hot line of CO2. 
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The DC laser wavelength scan is measured after the laser has reached a steady state 

(approximately 30-45 minutes for DFB lasers). The gas cell was heated and CO2 gas 

was allowed to flow through it at atmospheric pressure. The no-gas signals were 

obtained by flowing N2. It was inferred that the gas flow took approximately 5 minutes 

to stabilise in temperature from the readout of the in-cell thermocouples. The drift in the 

2f/1f signal over time was negligible.   

Figures 6-24 (A)-(F) show the measured 2f/1f spectra at temperatures from 50 °C to 500 

°C, compared to WMS Fourier model. It can be seen that all experimental WMS spectra 

match well with the theory. For high temperature measurements, it was important to 

include the nearby CO2 lines in HITRAN. There is a slight mismatch at the wings and 

the two side lobes which could be due to several reasons; for example, it could be due to 

the inaccurate spectral modelling in the wings, there could be several lines missing in 

the HITRAN 2012 database ( a strong C13O2
 absorption line is observed towards shorter 

wavelengths). Moreover, numerous hot lines of CO2 could be observed at higher 

temperatures. Another possible reason could be an etalon in the system, not completely 

cancelled by the background subtraction. 

 

Figure 6-25. Theoretical modelling shows the hot lines of CO2 that begin to appear at higher 

temperatures. The spectra is modelled for T = 500 °C, P = 1 bar, l = 5.5 cm and C = 100 %. 
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For the measurements at higher temperatures up to 400 °C, only the central strong line 

of CO2 and the two strong lines either side were necessary to model the CO2 absorption 

feature at 1997.2 nm. At 500 °C, several hot lines of CO2 were observed and including 

the nearby lines in HITRAN was necessary to accurately model the 2f/1f spectral 

feature, even to accurately model its peak. The hot lines are not apparent from       

Figure 6-24 as a smaller current scan was used. When a large current scan was used, it 

was observed that hot lines of CO2 started to appear, that cannot be excluded from the 

spectral modelling. This is depicted in Figure 6-25 for a temperature of 500 °C, where 

the strong line and 80 weaker lines from HITRAN were used to model the spectrum.  

While modelling direct spectra, including the nearby prominent spectral transitions was 

important, as it will affect the peak and wings of the spectra. Whereas, for the 2f/1f 

method, it is found that the central strong line is sufficient to accurately model the 

absorption feature. This is due to the lower sensitivity of the 2f/1f spectra to the 

integrated absorbance (concentration and temperature) and slightly increased sensitivity 

to line width, at m = 1.06, compared with the direct spectra [31]. This is shown in Figure 

6-26. Due to this, while modelling the 2f/1f spectra it was only required to use a single 

strong line for representing the spectra with sufficient accuracy. As mentioned before, 

an exception for this is at higher temperatures of the order of 500 °C where several hot 

lines start to appear and the spectra can no longer be modelled with the prominent CO2 

absorption lines. This is indicated in Figure 6-25, which shows a theoretical simulation 

using the HITRAN database at 500 °C. It can be seen that small CO2 absorption lines 

start to appear. Hence, to accurately model the experimental 2f/1f spectra at 500 °C, the 

nearby smaller lines from HITRAN database had to be included in the model. This 

theoretically modelled hot line (black arrow) is also highlighted in the experimental data 

in Figure 6-24 (F). It is to be noted that, including more spectral lines increase the 

execution time of the model for the fitting algorithm. This can be important in the 

FLITES measurement system where nearly 630 (126 channels x 5 Hz) spectral 

acquisitions are generated per second, which requires faster processing speeds. Hence, a 

balance has to be established between the spectral modelling accuracy and the time for 

execution. Including two nearby lines was sufficient to obtain the required accuracy and 

precision for the concentration and temperature values.   
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Figure 6-26. Variation in the wings for 2f/1f spectra and direct spectra modelled using only the strong 

transition (R48) and by using the two strong transitions (R46 and R50) on either side of R48.              

T = 20 °C, P = 1.013 bar, C = 100 %, l = 5.5 cm, m = 1.06. It can be seen that the 2f/1f spectra is less 

sensitive to the overlapping lines, especially at the line centre and part of the spectra near the two side 

lobes. 
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Figure 6-27. RTP measurements using another 2 μm InGaAsP multi-quantum well laser diode with a 

different WM response. Frequency = 100 kHz, pressure = 1.016 bar, path length = 5.5 cm, 

concentration = 100 %, temperature = 19 °C and modulation index = 0.86 (corresponding to a 10 mA 

current modulation amplitude). The direct spectrum is also shown for consistency of the results. 

1997.0 1997.1 1997.2 1997.3 1997.4 1997.5

0.95

0.96

0.97

0.98

0.99

1.00

T
ra

n
sm

is
si

o
n

Wavelength (nm)

 Model (HITRAN)

 Experiment

1997.0 1997.1 1997.2 1997.3 1997.4 1997.5

0.00

0.02

0.04

0.06

0.08

0.10

2
f/

1
f

Wavelength (nm)

 Model (HITRAN)

 Experiment



Chapter 6 - Measurement of Carbon Dioxide in a GTE Exhaust Plume-CO2 

Concentration Sensor 

  

182 

 

Small water vapour lines can interfere with the 2f/1f spectra near the far-wings. These 

lines were due to the moisture present in the outer gas cell. Nonetheless, it is important 

to account for these lines as they will be present in the actual measurements as water 

vapour is one of the by-products of combustion.  

Figure 6-27 shows the 2f/1f spectra measured using a different InGaAsP multi-quantum 

well DFB laser (Eblana Photonics) emitting at the same wavelength, measured at a 

current modulation frequency of 100 kHz. The laser was manufactured with a similar 

structure, but was 200 μm shorter in chip length compared to the other laser. This caused 

it to have an increased nonlinear intensity response, as well as different wavelength 

modulation characteristics. This topic is not discussed further, however, the theoretical 

2f/1f spectra showing excellent correlation with the experimental spectra for this laser 

emphasises the applicability of approach to a wide variety of DFB lasers with distinct 

modulation characteristics. These measurements were taken using a different gas cell. It 

can be seen that the spectra are different in the wings owing to a large etalon formed in 

the glass cell windows, with an FSR comparable to the line width of the gas absorption 

feature.  

It is concluded that inadequate spectral modelling of CO2 mainly affects wings of the 

modelled WMS signals. Hence, the spectral information away from the two side lobes 

was not used to infer the gas thermodynamic state variables of concentration and 

temperature or pressure.  

6.10 CO2 Concentration Sensor  

In this section, the development of a concentration sensor is discussed, operating at 

ambient and elevated temperatures expected in a GTE exhaust plume. Concentration 

measurements obtained from the fit of the peak values of the absorption line shape 

(WMS or direct) or fit of the entire absorption line shape has been implemented by 

several groups, with the temperature already measured using other methods such as RT. 

Fitting using the line centre absorption is useful if the line shape is poorly modelled 

using the spectral parameters or the line shape function, whereas, fitting the entire 

absorption line shape would give increasingly accurate results for a noisy signal. In this 

work, concentration values are measured in the lab using a fit of the 2f/1f line shape at 
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room temperature and at high temperatures, with the pressure and temperature known 

beforehand. The centre wavelength of the laser was seen to drift over time. This is in 

addition to a shift in the centre wavelength, caused due to the nonlinear heating effect of 

the current modulation. Moreover, it was not possible to incorporate a fibre ring 

resonator into the rig for wavelength referencing each measurement, due to the 

temperature and mechanical stability issues faced by the fibre optical ring resonator. 

Hence, the centre laser wavelength was also used as fitting parameter in the algorithm. 

 

Figure 6-28. Measured CO2 concentrations at a temperature of 17 °C and pressure of 0.9995 bar, for 

calibrated mixtures of CO2 in N2. Modulation index is equal to 0.8. 

Initially, the concentration sensor is validated at ambient temperatures and pressures. 

The pressure is measured using a gauge attached to the cell inlet and the temperature is 

measured in-situ using four K-type thermocouples placed at different positions along the 

cell as described in Section 4.4. A gas mixture with a given concentration of CO2 was 

obtained by flowing CO2 and N2 at predetermined flow rates. For example, a 50 % CO2 

mixture is obtained by flowing CO2 and N2 at equal flow rates (~50 ml/min) using a 

mass flow controller. Figure 6-28 shows the measured concentration values from 2f/1f 
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spectra for calibrated gas mixtures at ambient temperature and pressure. The line 

strength and line width values of the HITRAN 2012 database were observed to be 

accurate near room temperatures, and hence used in the fitting algorithm.  

 

Figure 6-29. Concentration values measured at high temperature for pure CO2. C = 100 %, P = 1.029 

bar, and m values vary from 0.8 to 2.1. 

The average error between the measured and the actual concentrations was found to be 

0.97 % for room temperature measurements and 1.81 % for the concentration 

measurements at higher temperatures.  

Concentration values are also measured at high temperatures with pure gaseous CO2 

(100 %) at ambient pressure. The line strength and line width parameters used to model 

the theoretical 2f/1f signals were experimentally measured as described in Section 6.8. 

Figure 6-29 shows the recovered concentration values at different temperatures. The 

average error is found to be approximately equal to 2 %, with a standard deviation of    

2.9 %. These values are found to be within the error bars that had previously been 

reported using analogous 2f/1f WMS techniques [27, 47]. The nonphysical concentration 

values greater than 100 % resulted from the number density (𝑁𝑔) values exceeding the 
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actual value corresponding to that particular gas temperature and pressure. The above 

results demonstrate that it was possible to accurately obtain the CO2 concentration 

values (with the temperature and pressure known) by a nonlinear least-squares curve fit 

of the 2f/1f absorption line shape. Fitting approach using the peak values of the 2f/1f line 

shape also give similar results, however, it may have an increased susceptibility  to noise 

for the field measurements.  

6.11 Concentration and Temperature Determination 

Section 6.10 has described how a least-squares nonlinear curve fit of the theoretical 

model to experimental 2f/1f line shape could be used to extract the gas concentration 

with the temperature, pressure, all the other laser modulation and spectral parameters 

known.  

This is an ideal situation, however, in most practical gas sensing scenarios, the 

temperature of the probed region is unknown, as is the case for the GTE exhaust plume. 

Hence, it was envisaged that it would be useful to measure the CO2 concentration and 

temperature, simultaneously, by a nonlinear curve fit of the entire CO2 absorption line 

shape (excluding the wings far from the two side lobes due to the reasons outlined in 

Section 6.9). Three unknowns were used in the fitting routine viz. the concentration, 

temperature and centre wavelength of the DFB laser. This is similar to the approach very 

recently implemented by Qu et al. [2, 87], where two nearby strong absorption lines are 

used to simultaneously fit for concentration, temperature and wavelength modulation 

amplitude using the spectroscopic parameters from the HITRAN 2012 database. Even 

though two strong absorption features, could improve the accuracy as it fits for more 

information, in this work, only a single absorption feature has been used to simplify the 

data post processing for FLITES, as well as, not to go into the complexities of high 

temperature spectral characterisation of multiple lines (though, the two strong lines 

either side have been used in the WMS fitting algorithm using their spectral values 

given in HITRAN). Furthermore, spectra encompassing multiple absorption lines may 

have interference from water vapour; the longer path length in an aero engine plume will 

enhance the intensity of the water vapour lines in the spectrum, which can be difficult to 

model. Another way this method differs from the approach by Qu et al. as well as the 
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methodologies used by Goldstein [27] and Sun [98], is that the laser IM and WM 

parameters are measured beforehand.  

 

Figure 6-30. Concentration values obtained by a multi-parameter fit of room temperature WMS-2f/1f 

spectra. The concentration, temperature and the laser centre wavelength were used as the fitting 

variables in the least-squares algorithm. The error bars indicate the difference in the measured values 

from the actual values (calculated from the flow rates of CO2 and N2 (buffer)). 

 

Figure 6-31. Temperature values obtained by a multi-parameter fit of the room temperature 2f/1f 

spectra. 
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Using a single absorption feature also has the advantage of reducing the signal 

processing overhead, important for the FLITES project. Moreover, scanning the laser to 

encompass two absorption features could create difficulties in accurate spectral 

modelling due to a larger gradient in the wavelength modulation parameters for some 

lasers, especially if these wavelength modulation parameters are prone to drift over  

time. For example, when the laser was transferred to the test cell at INTA, Madrid, due 

to the change of temperature in the test cell, the laser modulation characteristics were 

observed to drift from the values measured in the lab, which necessitated an in-situ 

recalibration. 

 

Figure 6-32. Recovered temperatures values by a multi-parameter fit of the spectra measured using 

the heated optical gas cell (Section 4.4). 

Figures 6-30 and 6-31 show recovered concentration and temperature values using 

calibrated mixtures of CO2 at RTP by a nonlinear least-squares fit. Similar to Section 

6.10 , the HITRAN 2012 spectral values were used. The recovered concentration values 

were accurate, with an average error of 1.629 % and a standard deviation of 2.75 %. 

0 100 200 300 400 500 600

0

200

400

600
 Thermocouple reading

M
ea

su
re

d
 t

em
p

er
at

u
re

 (
°C

)

Thermocouple temperature (°C )



Chapter 6 - Measurement of Carbon Dioxide in a GTE Exhaust Plume-

Concentration and Temperature Determination 

  

188 

 

 The measured temperature values showed more inaccuracy; with an average error of 

4.94 % and standard deviation of 7.3 % (excluding the two values at lower 

concentrations).   

The measurements taken at higher temperatures using the measured line strength and 

line width values are shown in Figures 6-32  and 6-33.  

The temperature was calibrated using four K-type thermocouples along the gas cell as 

described in Section 4.4. The results were close to the expected values; having an 

average error of 3.39 % for concentration and 3.72 % for temperature, with a standard 

deviation of 3.9 % and 2.05 %, respectively. 

The lsqnonlin function in Matlab® was used to implement a Levenberg Marquardt 

algorithm based least-squares curve fit, with the functional tolerance set to 10-4. The 

increased error at higher temperatures could be reduced by including the nearby hot 

lines of CO2 in the model, as depicted in Figure 6-25. 

 

Figure 6-33. Recovered concentrations by a multi-parameter fit, using a heated optical gas cell. The 

black line indicates the actual concentration of CO2 which in this case is 100%.  
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These results validate the WMS sensor methodology in the laboratory for simultaneous 

measurement of CO2 concentration and temperature by a least-squares curve fit of the 

absorption feature at 1997.2 nm. This technique was used for the aero engine 

measurements in the Rolls-Royce test bed at East Kilbride and will be used for the 

multi-channel measurements for tomographic imaging in a GTE exhaust plume at 

INTA.  

6.12 Measurement Rig at the Rolls-Royce Test 

Facility 

Before performing the multi-channel measurements for optical tomography, it is 

necessary to test the 1f normalised 2f WMS technique for a single channel measurement 

of CO2 concentration and temperature across an aero engine exhaust plume. 

A measurement rig for single channel measurement was set up at the Rolls-Royce test 

facility located in East Kilbride, Scotland, UK. The CO2 measurements across the aero 

engine exhaust plume were taken at the detuner, located 4 m away from the engine 

exhaust. The on-site measurement setup is similar to the rig set up in the lab. The 

transmission side consists of the 2 mW 1997.2 nm DFB-MQW laser which is attached to 

a fibre coupled collimator (Thorlabs) using long telecommunication grade single mode 

optical fibre  (SMF-28® ) cables coupled to each other using two removable mechanical 

connectors (total length ~30 m). The SMF-28 fibre maintained single mode operation at 

2 μm which could be inferred from the V parameter calculated to be around 2.2 for that 

wavelength (V < 2.405 for single mode propagation through an optical fibre). Single 

mode operation has several advantages such as reduced modal noise, fibre losses etc. A 

2 μm fibre coupled collimator was used because the standard telecommunications grade 

fibre collimator at 1550 nm was measured to have a significantly higher beam 

divergence at 2 μm. Even though the 1f normalised 2f technique is independent of the 

intensity of the beam falling on the detector, it is preferable to get as much signal 

through as possible without saturating the detectors. From the detector responsivity, it 

was estimated that the detector saturates at a power of about 1 mW. Furthermore, too 

much optical power causes the detector to work in a nonlinear response regime which 

can cause it to have different intensity modulation characteristics (𝑖0 and 𝑖2)  as a 
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function of the bias current, different from the characterised values, and must be 

avoided. The receiver side consists of a short focal length (= 5 cm) aspherical mirror 

with a detector at its focal point. The transmitter and receiver optics are mounted in two 

heavy steel boxes bolted down to the detuner ring. The heavy steel plates ensure 

minimal mechanical disturbance of the optical components. The measurement rig is 

shown in Figures 6-34 and 6-35. Figure 6-34 shows the launch and receive electronics 

rig.   

The temperature of the laser is controlled by a PID controller (TED 2000). The laser is 

driven by a 5 Hz current ramp and a 200 kHz sinusoidal current modulation, using two 

signal generators and a bias-T network (Section 6.5). The detector output is connected 

via long BNC cables (~30 m) to a trans-impedance amplifier for impedance matching; 

the output of the trans-impedance amplifier is connected to two Perkin Elmer 7280   

lock-in amplifiers, with one lock-in amplifier detecting at 2f and the other at 1f. The 

lock-in amplifiers outputs the 𝑋2𝑓 and 𝑌2𝑓 signals from the former and 𝑅1𝑓 from the 

latter. The sensitivity and gain of the of the lock-in amplifiers are adjusted to give the 

maximum signal-to-noise ratio for the 2f and the 1f signals.   

 

 

Figure 6-34. The launch and receive electronics rig at the Rolls-Royce test bed. 
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Figure 6-35. The launch and receive optics. 

The plume diameter was estimated as 80 cm from the diameter of the exhaust nozzle by 

Bain et al. [41], while the total optical path length was measured to be approximately     

2 m. The FLITES project consists of 126 beams in a circular dodecagon geometry. The 

mirror arrangement was not suitable for the FLITES measurement setup. Procuring 126       

2 μm fibre coupled collimators is costly (~ £400 per unit). Hence, in the final 

measurement system for FLITES, a single lens collimator will be used in the 

transmission side with a collimated beam output,  collected using a second lens with the 

detector at its focal point (Appendix C) [51]. The collimated, mid-plume focussed and 

moderately divergent arrangements will be tested for noise performance characteristics 

by alternating these arrangements for the measurement channels, on one of the six 

optical launch plates (Appendix C).   

6.13 Initial Test Results on an Aero Engine 

This section summarises the results and conclusions from TDLS-WMS measurements 

taken during the initial test campaign. The initial measurements gave significant insights 

into the feasibility of the different techniques as well as providing opportunities for 

system optimisation.  
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6.13.1 Signal Noise and Losses  

The aero engine exhaust plume is an environment with many strong noise sources which 

distort the optical signal. Noise can be categorised as either additive noise or 

multiplicative noise. The lock-in amplifier excludes the low frequency additive noise 

(e.g. the relative intensity (RIN) noise, Johnson noise etc.) from the measured signals 

but not the multiplicative noise (transmissivity fluctuations, etalons etc.). Hence, the 

noise in phase sensitive detection primarily refers to the multiplicative noise. The 

distortions of an optical beam on passing through a GTE plume can be categorised as 

due to plume induced divergence and wander, scintillation and pointing errors [13, 51]. 

All these optical effects induce noise in the measured WMS signals.  

The prominent sources of noise are categorised as follows [51]: 

1. Mechanical vibrations (vibration of the transmitter and receiver optics). 

2. Scattering by particulates. 

3. Beam divergence, wander, scintillation, etc. 

4. Electrical interference. 

5. Transient etalons. 

6. Speckle noise. 

It was possible to get an estimate of the pointing errors from mechanical vibrations of 

the mounting structure using forced vibration simulations in the test cell at INTA. The 

maximum vibrational amplitude is <<1 mm and the maximum bandwidth of mechanical 

vibrational noise was less than 10 kHz from the simulations done for the INTA test bed, 

using the mounting structure built for tomographic imaging.  

The soot in the plume or the unburnt fuel can scatter the beam, and hence create 

additional noise. Propagation of a light beam through a turbulent medium introduces 

wave-front distortions which lead to beam scintillations, wander, as well as beam 

divergence. Due to the high plume velocity and short turbulence scales, wave-front 

correction methods cannot be implemented.   

For the FLITES system, the maximum plume induced divergence of the beam was 

estimated to be 250 μrad rms [17, 51]. A speckle patterned beam output from an optical 

fibre occurs due to the interference of the various modes propagating in a fibre. Fibre 

speckle noise is expected to be minimal because a single mode fibre was used. Speckle 
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patterns, could nonetheless occur due to other phenomena such as scattering and 

propagation in the turbulent plume. Moreover, since wavelength chirp is inherent in 

WMS, dynamic speckle patterns are inescapable.  The speckle pattern is wavelength 

dependent (as interference is wavelength dependent), and hence if part of the beam is 

not detected; it could create a wavelength dependent intensity variation.  

The beam wander effect is expected to be less significant (150 μrad rms). The effective 

spreading of the beam was calculated to be around 300 μrad rms which corresponds to a 

7 mm (pk-pk) beam expansion at the detector [51]. The approach to reduce the noise 

from pointing errors was to overfill the detector, but the random speckle patterns will 

cause increased scintillations. The best choice is aperture averaging using a large area 

lens or a mirror focussed onto a large area detector, which can reduce the effects such as  

beam steering, divergence, scattering and speckle [51]. However, the large area 

detectors required for aperture averaging impose a limitation on the bandwidth.  

 

Figure 6-36. A 5 Hz ramp signal (55-105mA) measured before engine was on (black plot) and after 

the engine had stopped running (red plot). The total power lost is the ratio of both. Optical 

interference noise is seen on the signal which increases with the laser intensity. 

0.00 0.05 0.10 0.15 0.20

0.0

0.2

0.4

0.6

0.8

1.0

S
co

p
e 

o
u

tp
u

t 
(V

)

Acquisition  time (s)

 Before engine turn on (9.59 am)

 Engine turned off (12.46 pm)



Chapter 6 - Measurement of Carbon Dioxide in a GTE Exhaust Plume-Initial 

Test Results on an Aero Engine 

  

194 

 

The background-subtracted 2f/1f signals are not immune to transient etalons; hence, any 

time varying etalons along the measurement path, with an FSR comparable to the gas 

absorption line width will appear as a distortion/noise in the 2f/1f signals. In addition to 

the noise, the optics may become covered by unburnt fuel and soot causing the signal 

power to drop at the detector. Hence, periodic cleaning of the optics was necessary. 

 It is difficult to identify the individual contributions from each of these effects, 

however, to estimate the total power lost from the mechanical misalignment losses, as 

well as dirty optical components, a ramp was taken before and after measurement, as 

shown in Figure 6-36. It was observed that the total power lost from mechanical 

misalignment losses as well as fowling of the optics was approximately 6 dB (4 times 

power lost). Also, it was observed that the noise level in the direct signal makes it 

unsuitable for the measurement process. Optical interference noise is observed which 

increases with the intensity. Additionally, the noise sources in the aero engine also make 

it difficult to measure direct absorption signals, especially at slower ramp rates. 

6.13.2 Optimum Modulation Frequency, Signal Amplitude 

and Averaging 

Selection of a modulation frequency away from the system noise bandwidth is important 

for measurements using a lock-in amplifier. In the previous measurements by Bain et al., 

it was observed that noise spectrum gets extended up to very high modulation 

frequencies of several hundreds of kHz [99].  

It was also interesting to note that the noise spectrum showed a cut-off frequency which 

varied from 100 kHz to 200 kHz. Also, the noise spectrum was random, i.e. at a given 

frequency, the magnitude of the noise was not a constant. This was inferred by 

averaging the noise spectra and comparing it with a non-averaged case [99]. Using a 

higher ramp frequency and a higher modulation frequency could effectively mitigate the 

noise arising from the low frequency transmissivity fluctuations. Averaging signals prior 

to the LIA is equivalent to using a comb filter in the frequency domain and is useful for 

removing the high frequency transmissivity fluctuations [7]. Previously, attempts were 

made to reduce the beam steering noise by using a particular optical geometry, for 

example, by focusing the laser beam onto a large area detector (aperture averaging). 
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Using a small focal length mirror with a detector at its focal point could mitigate the 

angular deviations up to 3° in beam steering.  Another way is to overfill the detector area 

using a diffuser plate [41]. The effectiveness of different optical geometries was 

investigated for the engine tests at INTA by using different optical arrangements on one 

of the launch-receive dodecagon edge plates. To analyse the effect on the beam cross-

section after travelling through a turbulent high temperature gas, image of the beam 

through a heated furnace was taken using an infrared camera. The beam cross-section 

showed relatively lower intensity fluctuations (scintillations) and speckle patterns after 

passing through the heated turbulent air in the furnace [51]. Three different geometries 

were tested, a collimated arrangement, a moderately divergent and a mid-plume 

focussed arrangement [51] (Appendix C). The results of the test on the thermal medium 

was not conclusive, and therefore provision for focal adjustment has been incorporated 

into the FLITES measurement system to test these three geometries with light 

propagating through the plume [51]. On the contrary, normalisation by the 1f  is a 

powerful technique which can be used to remove noise from transmissivity fluctuations 

[30].  

To analyse the noise at different modulation frequencies, WMS signals were measured 

at different modulation frequencies. The initial measurements were taken using a 

Stanford Research Systems (SR830) lock-in amplifier with a square-wave reference 

having the maximum bandwidth of detection limited to 100 kHz (100 kHz for 1f 

detection and 50 kHz for 2f detection). Figures 6-37 and 6-38 show the 1f and 2f-WMS 

signals taken at modulation frequencies from 10 kHz to 100 kHz. 

Measurements indicate that modulation frequencies above 100 kHz have to be used to 

obtain appreciable signal-to-noise ratio. These measurements were performed to test 

feasibility of the phase invariant PDM technique to recover the gas absorption signals. 

The phase invariant PDM technique is useful for field applications as described in 

Chapter 5. 

A major obstacle faced while implementing the phasor decomposition method was that 

the R48 CO2 absorption line does not have a non-absorbing baseline. In an environment 

with a fluctuating transmission, it was impossible to obtain a no-gas PDM signal to 

normalise the PDM gas signals. As observed from the measurements at higher 
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modulation frequencies shown in Figure 6-40, it was apparent that the 2f detection is 

less susceptible to noise compared to the 1f detection.  

 

 

Figure 6-37. 1f-X and 1f-Y channel signals detected at modulation frequencies from 10 kHz to 100 

kHz. The above spectra are useful to gain an insight into the noise characteristics of optical aero 

engine measurements. 
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Figure 6-38. 2f signals measured at modulation frequencies ranging from 10 kHz to 50 kHz (limited 

by the bandwidth of the SR830 lock-in amplifier). 

Even if the normalisation RAM signal could be obtained from a baseline fit of the 1f-X 

and 1f-Y channels, the large noise levels on the 1f signal compared to the 2f signal 

would create a significant error in the recovered concentration and temperature values. 

The 2f signal on the other hand is less prone to noise and much more sensitive to 

concentration and temperature than the 1f signals. These points can be inferred from 

Figure 6-39 where the 2f and 1f signals are compared for two different concentrations of 

CO2 and plume temperatures. It was observed that the nonlinear 2f-RAM background is 

almost two orders of magnitude (80 times) smaller than the 2f signal peak, while the 

linear 1f-RAM is of comparable magnitude to the signal. This is one of the advantages 

of 2f detection. Even though the 2f signal is demodulated at a higher modulation 

frequency (400 kHz in the example below) compared to the 1f signals (200kHz), from 

the noise spectrum and the 1f-measurements at higher modulation frequencies shown in 
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the 1f detection. Hence, it can be inferred that the 2f detection is better suited for 
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measurements in harsh environments such as in an aero engine exhaust plume. 

Nonetheless, it is important to emphasise that the line shape recovery techniques such as 

the PDM or the RAM technique can be implemented if the RAM nulling approach was 

used similar to the approach used by Bain el al. [41] using the Hobbs electronic auto-

balanced receiver. 

 

Figure 6-39.  2f detection has an increased sensitivity compared to 1f detection. Measurements were 

taken at 200 kHz with current modulation amplitude of 10 mA. 

 Dividing the 2f signal by the 1f signal further improves the noise characteristics by 

cancelling the effects of optical transmission fluctuations.  
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understood that the additive noise spectra is flat from 100 kHz (as the 2f/1f spectra 

mainly cancels the multiplicative noise [7] ). 

 

 

Figure 6-40. R2f and R1f signals measured at modulation frequencies from 100 kHz to 500 kHz with 

the engine operating in a constant condition. 
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Figure 6-41. 2f/1f spectra (with no-background subtraction) measured at different modulation 

frequencies. 

It was expected that the signal-to-noise ratio should increase with larger modulation 

amplitudes. Figure 6-42 shows the 2f and 1f signal magnitudes at different modulation 
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(C) 

Figure 6-42. Comparison of (A)𝑅2𝑓 , (B) R1f  and (C) 𝑅2𝑓/𝑅1𝑓 signals at different modulation 

amplitudes  (m value approximately changing from 0.64 to ~ 2.5). It has to be borne in mind that the 

2f signal maximises at m = 2.2, the 1f signal at m = 2 and the 2f/1f signal at m = 1.1.  

However, for the 2f/1f signals, the noise levels on the signals were found to decrease for 
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were outside this range, it is expected that the noise from static etalons on the WMS 

signals would be negligible. 

 Background subtraction is useful in substantially reducing the contributions from 

temporally stable etalons which are unavoidable in the optical measurement path. 

 

 

Figure 6-43. Effect of post-averaging on the 2f and 1f signals. The DFB laser is scanned at 5 Hz, 

which implies that to acquire 256 scans, it took approximately 50 seconds. All the 1f and 2f signals 

were acquired serially over a duration of two minutes.  
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Averaging WMS signals is equivalent to applying a low pass filter and can be useful to 

reduce the noise from various sources in the system. Post-averaging the signals stored in 

the buffer of the oscilloscope is valid as long as the signal does not drift over the time 

period of averaging. Figure 6-43 shows the results for the lock-in amplifier output 

signals acquired in the averaging mode (with number of the scans averaged during an 

acquisition varying from 16 to 256) and sampling mode of the oscilloscope.    

The effect of post-averaging more than 16 samples is minimal for the 2f and 1f signal. It 

can be observed that the 2f and 1f signals did not fluctuate in magnitude over the 

duration of approximately two minutes as the engine was idling (constant thrust), and 

hence emitting a constant volume of CO2. Therefore, it was deduced that moderate noise 

reduction will be observed with averaging 16 acquisitions, however, subsequent 

averaging has little noticeable effect on the signal-to-noise ratio. 

6.13.3 Selection of Optimum Modulation Index 

The modulation amplitude, and thereby the modulation index determines the signal-to-

noise ratio in WMS systems [31].  

 

Figure 6-44. The background-subtracted 2f/1f signals having modulation amplitudes of 5 mA, 10 mA 

and 15 mA.  
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The choice of the modulation index determines the signal size. The modulation index to 

obtain a maximum background-subtracted 2f/1f signal was calculated to be around        

m = 1.1 [27, 101]. Figure 6-44 shows the background-subtracted 2f/1f signals with 

different modulation amplitudes that were measured when the engine was idling (at 

constant thrust). The temperature and concentration of CO2 in the exhaust plume was 

measured using the nonlinear curve fit algorithm and was found to be 1.9 % and 250 °C. 

The background-subtracted 2f/1f signal with a 5 mA modulation amplitude peaked at 

the same value as a signal with a 10 mA modulation amplitude (twice).  

 

 

Figure 6-45. The peak of the background-subtracted 2f/1f signal plotted as a function of modulation 

index. The peaks of the 2f/1f signals with modulation amplitudes of 5 mA (red marker) and 10 mA 

(blue marker) are also shown. 

This is expected from the dotted graph shown in Figure 6-45 which shows the peak size 
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static etalons.  

 

Figure 6-46. The integrated absorbance is sensitive to concentration, pressure and temperature, while 

the line width is dependent on the temperature (to a lesser extent) and pressure. The sensitivity of the 

2f/1f signal absorbance (area under the curve) is independent of the modulation amplitude; the 

recovered concentration and temperature can be made less sensitive to the line width (or pressure) by 

increasing the modulation amplitude. 

Also, increasing the modulation amplitude greater than the absorption line width can 

decrease the sensitivity of the 2f/1f line shape to the collisional line width as illustrated 

in Figure 6-46. It has been reported in several works [27, 85] that the sensitivity of the 

line shape towards pressure uncertainties could be reduced at higher modulation indices.  

6.13.4 Conclusion 

From the initial test campaign, it was clear that the 1f detection techniques are not 

suitable for the measurements on the aero engine exhaust plume as the 1f-gas absorption 

signal was submerged in the noise on the RAM background signal. The 2f detection was 

suitable for the measurements due to the smaller nonlinear RAM background. A brief 

review is given on the noise sources in an aero engine test environment and the optical 

designs to mitigate their effects on the measured signals. It was observed that increasing 

the modulation frequency above approximately 100 kHz had no marked effect on the 

noise levels in the signal. Increasing the current modulation amplitude increased the IM 

signal size at the detector, but had no effect on the noise levels on the 2f and 1f signals 

due to the presence of multiplicative noise on these signals. On the contrary the 2f/1f 

signals showed reduced noise levels with an increase in the IM amplitude due to the 

cancellation of the multiplicative transmission noise in these signals. The optimum 
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modulation index for maximum signal size of the 2f/1f signals was identified as m = 1.1. 

The results presented in this section were used to optimise the experimental parameters 

such as the modulation frequency, modulation amplitude, ramp frequency, signal 

averaging as well as the optical and electronic design for the subsequent measurements 

on an aero engine platform.  

6.14 Single Channel Measurements of Concentration 

and Temperature in a GTE Exhaust Plume 

Single channel measurements of concentration and temperature using 2f/1f WMS were 

undertaken at the East Kilbride (EK) test bed of Rolls-Royce. The R48 transition of CO2 

at 1997.2 nm was probed using a 2 μm DFB-MQW laser source as discussed in this 

chapter. The optical path length through the plume is estimated to be 80 cm (𝑙). Any 

error in the optical path length will manifest as an error in the measured path integrated 

concentration, i.e. 𝜒𝑙. The ambient absorption by CO2 (0.04 %) was found to be 

negligible. The water vapour concentration in the atmosphere can vary from 0-4 %; 

however, the interference of the water vapour spectra on the CO2 spectra was found to 

be insignificant (Figure 6-2) at 1997.2 nm. Figure 6-47 shows the measurement system 

at EK. As observed in Figure 6-47, three signals were required, the 𝑋2𝑓, 𝑌2𝑓 and 𝑅1𝑓. 

 

Figure 6-47. Measurement rig for the East Kilbride engine tests. 
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All the measurements at the test bed were done on Rolls-Royce Tay engines, which are 

high-bypass gas turbine engines. Two tests were conducted in succession on the same 

day with the engine being operated under different thrust configurations. Temperature of 

the engine core was simultaneously recorded using the temperature sensors installed by 

Rolls-Royce. A background 2f/1f signal was taken before or after the experiment, to be 

subtracted from the gas signals.  

 

Figure 6-48. Two background-subtracted 2f/1f engine measurements at different engine thrusts. 

Modulation frequency = 200 kHz, 𝛿𝑖= 10 mA. 

The modulation frequency was chosen as 200 kHz from knowledge of the noise spectra 

in earlier measurements (Section 6.13.2). Figure 6-48 shows the background-subtracted 

2f/1f signals corresponding to two different engine thrusts.  

For analysis, three sets of measurements were taken as shown in Figure 6-49 to 6-51. 

The first signal (black curve) was measured when the engine was turned off and is taken 
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steering etc.) are expected at higher engine thrusts. The noise in the 1f signal was higher 

1997.12 1997.20 1997.28 1997.36

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

2
f/

1
f

Wavelength (nm)

  11994 rpm (Engine core T = 824 °C)

  11963 rpm (Engine core T = 784 °C)



Chapter 6 - Measurement of Carbon Dioxide in a GTE Exhaust Plume-Single 

Channel Measurements of Concentration and Temperature in a GTE Exhaust 

Plume 

  

209 

 

compared to the noise in the 2f signal, which is evident from the signal-to-noise ratio 

and is attributed to the large background RAM signal. As mentioned before, this is an 

advantage of the 2f technique over other methods, and hence the 2f signal alone may be 

used to determine the gas properties.  

From Figure 6-49, it can be inferred that a background subtraction could be done for the 

2f signals owing to the small fluctuation of the nonlinear RAM in the 2f gas signals 

taken during engine run, relative to the nonlinear RAM in the 2f signals taken when the 

engine is turned off. One of the disadvantages of using only a 2f signal can be that the 

temporally stable etalons can cause a false absorption signal. Though, subtracting a 

background 2f signal reduces the effects of these non-time varying etalons, the signal-to-

noise in the 1f normalised 2f WMS technique is expected to improve compared to 2f 

signals due to the cancellation of transmissivity fluctuations.  

A nonlinear curve fit algorithm was implemented to simultaneously recover the 

concentration and temperature values from the experimental gas signals, as explained in 

Section 6.11. 

 

(A)                                                                                 

1997.10 1997.15 1997.20 1997.25 1997.30 1997.35

-6

-4

-2

0

2

4

X
2

f (
V

)

Wavelength (nm)

 0% thrust, 0 rpm,~20 °C

 73% thrust,  8926 rpm, 521 °C

 95% thrust,  11000 rpm, 760 °C



Chapter 6 - Measurement of Carbon Dioxide in a GTE Exhaust Plume-Single 

Channel Measurements of Concentration and Temperature in a GTE Exhaust 

Plume 

  

210 

 

 

                                                                 (B) 

Figure 6-49. (A) The 2f X-channel and (B) Y-channel signals at different engine thrusts                    

(0-11000 rpm). 

 

Figure 6-50. The 1f magnitude signals measured with the engine thrust changing from 0-11000 rpm. 
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Figure 6-51. Background-subtracted 1f normalised 2f signals at different engine thrusts                    

(0-11000 rpm). Modulation frequency = 200 kHz and 𝛿𝑖 = 10 mA. 

 

Figure 6-52. Nonlinear least-squares curve fit of a background-subtracted 2f/1f spectrum of CO2 

acquired in the aero engine plume. Using the least-squares curve fit algorithm the concentration was 

measured as  1.4 % and the temperature as  238 °C; for a path  length assumed to be equal to 80 cm,  

pressure assumed to be atmospheric ( = 1.023 bar) and modulation index = 1.2 (calculated). 
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To improve the accuracy of the measurements, the measured air-broadening parameters 

have to be applied to the 2f/1f WMS model. The pressure of the plume is close to 

atmospheric because the pressure exerted by the surrounding atmosphere on the plume 

at any cross-section is equal to the pressure exerted by plume on the surrounding 

atmosphere and an equilibrium is maintained, unless the plume velocity is greater than 

the speed of sound, which would be the case with the turbojet engines. All the 

experimental signals measured from the aero engine gave good fits to the theoretical 

2f/1f model as shown in Figure 6-52, with small residuals of 2-3 %.  
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                                                              (B) 

Figure 6-53. (A) Relative variation in the concentration of CO2 measured in an aero engine exhaust 

plume using the 2f/1f WMS technique compared to the temperature of the engine core. (B) The 

measured relative variation in temperature of the plume near the detuner compared to the measured 

temperature of the engine core. The actual values are not shown due to a non-disclosure agreement 

with Rolls-Royce. 

Figures 6-53 (A) and (B) show the measurements using the 2f/1f signals for the relative 

variation in CO2 concentration and plume temperature values, compared against the 

relative temperature variation of the engine core as measured by Rolls-Royce. The 

temperature of the engine core is an indicator (proportional) of the engine thrust. The 

recovered trends in relative concentration and temperature variations showed excellent 

correlation with the engine core temperature. The concentration of CO2 at the 

combustion core is expected to be 2 % at idle thrust, which goes up to 4.5 % at full 

throttle. Concentration at the detuner depends on how much dilution of engine output 

has occurred at the detuner entrance. The minimum dilution ratio due to the high bypass 

ratio of the Tay engine is approximately 3.1:1 [102], plus a bit more due to the entrained 
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air. Analysing these factors, the expected concentration at the detuner should be close to 

0.64 % at engine idle state and about 1.4 % at full throttle. Also, since the Tay engine is 

a high-bypass engine where the colder bypass is designed to mix with the hot 

compressed air from the core; the temperature at the detuner is expected to be around 

100-200 °C [103].  

 

Figure 6-54. Relative variation in CO2 concentration and plume temperature values measured in the 

gas turbine exhaust at the detuner entrance. The actual values are not shown due to a non-disclosure 

agreement with Rolls-Royce. 

This compares well with the results shown in Figure 6-53, where the concentration and 

temperature are approximately within the expected range (the actual values are not 

shown due to a non-disclosure agreement with Rolls-Royce).  

The standard deviation of the concentration and temperature values were calculated 

from the measurements taken when the engine was at a constant thrust and is found to 

be 2.1 % and 5 %, respectively. 

Similarly, Figure 6-54 shows the measured relative variations in concentration and 

temperature from another engine test, with the engine operated in a different fashion. 
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The engine was in the idling state for a longer duration, from 12.46 p.m. to 12.58 p.m., 

gradually increased to a maximum thrust by 13.04 p.m., where it was kept for almost 4 

minutes, after which it was brought back to idling state and turned off. The measured 

temperature and concentration values were seen to vary approximately within the 

expected bounds, between the engine idling and the engine going to full throttle.  

Figures 6-53 and 6-54 show that the measured concentration and temperature values are 

well correlated to the engine thrust/core temperature. Hence, it was inferred that the 

sensor accurately measures the CO2 concentration and plume temperature values and is 

suitable for combustion research and related applications.  

6.15 Summary 

The aim of this project was to develop and implement a suitable spectroscopic 

methodology for non-invasive measurement of CO2 concentration and temperature in 

the exhaust plume of a gas turbine engine, which can easily be scaled to a multi-channel 

measurement system for FLITES.  

After an exhaustive spectral survey to identify a rotational-vibrational transition of CO2 

in the near-IR, with sufficient signal-to-noise ratio and independent of interference from 

water vapour absorption lines, the R48 transition was chosen at 1997.2 nm, which could 

be accessed by a DFB-MQW laser. Calibration-free measurements in WMS involved 

comparing the experimental WMS signals to theoretical WMS signals modelled using 

the laser modulation and gas spectral parameters. The initial step was to validate the 

WMS models by testing their accuracy in representing the experimentally measured 

WMS signals. The various laser modulation parameters were measured across the 

current scan range and applied to the model. Initially, the Fourier model is validated for 

the WMS-1f detection techniques, for room temperature measurements, using the 

measured laser modulation parameters and spectral parameters given in the HITRAN 

2012 database. For the engine measurements the background-subtracted 1f normalised 2f 

technique was the preferred method due to the cancellation of low frequency 

transmission fluctuations and the absence of a non-absorbing baseline for the chosen 

CO2 absorption feature. The 1f normalised 2f technique is validated in the lab at different 

modulation indices.  
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The temperature of a gas turbine exhaust plume near the detuner is expected to be 

around 500 °C. Accurate spectroscopic data are not available in this temperature range 

from the known spectral databases such as HITRAN or HITEMP. Hence, a high 

temperature gas cell was built and an accurate high temperature spectroscopic database 

developed, by simultaneously measuring the collisional line width and absorption line 

strength by a least-squares fit of the direct spectra. The WMS-2f/1f technique is 

validated for the temperature range of 0-500 °C using a heated gas cell. Presence of hot 

CO2 lines was observed at higher temperatures, which had to be included in the fitting 

model.  

A CO2 concentration sensor is demonstrated in the lab by fitting theoretical 2f/1f WMS 

spectra to experimental 2f/1f WMS spectra measured using a gas cell heated from 

ambient to higher temperatures (~500 °C), with the temperature measured using a 

thermocouple. HITRAN spectral parameters were found to be accurate for the room 

temperature measurements, while the measured high temperature spectral database was 

indispensable for concentration measurements at higher temperatures.  

In an aero engine plume, since the temperature is unknown, it was required to 

simultaneously measure the concentration and temperature. The pressure of the plume is 

considered to be atmospheric. Previous attempts to measure concentration and 

temperature in aero engines or fuel cells employed multiple gas lines for measurement 

of temperature using ratio thermometry, followed by the extraction of concentration by a 

least-squares curve fit of one of the absorption lines (with the temperature now known). 

Another method was to scan the laser bias current across two strong nearby transitions 

to extract the concentration and temperature, as more information is obtained from a 

nonlinear curve fit of two strong absorption lines. In this work a sensor was developed 

to simultaneously measure the temperature and concentration of CO2 by a least-squares 

fit of a single strong 2f/1f absorption feature at 1997.2 nm. Accurate measurement of 

concentration and temperature could be made at high temperatures limited only by 

etalons in the system as well as uncertainties in the measured laser modulation or gas 

spectral parameters.   

Finally, single channel measurements were conducted in the exhaust plume of a Tay 

engine, at the detuner entrance. The results showed excellent correlation to engine 
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operating conditions and the measured concentration and temperature values were close 

to the predicted values. These results constitute the first reported measurement of CO2 

concentration and temperature in the exhaust plume of an aero engine. 
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Chapter 7 

 

7 Conclusions and Future 

Work 
 

7.1 Conclusions 

The primary aim of this work was to develop a calibration-free TDLS-WMS technique 

for the measurement of gas concentration and temperature in the exhaust plume of a 

GTE, scalable to a multi-channel tomographic measurement system for FLITES. The 

first objective to achieve this was initially to build an accurate mathematical model of 

the recovered signals based on the Fourier series expansion of the absorption line shape, 

taking account of the measured laser modulation and spectral parameters of the target 

gas (the latter measured over an extensive range of higher temperatures). This model 

was then fit to experimentally measured WMS signals to extract the gas concentration 

and temperature or pressure. The second objective was to establish techniques to correct 

for the effects of laser modulation parameters such as WM-IM phase walk-off on the 1f 

line shape recovery techniques such as the phasor decomposition method. The third 

objective was to develop a suitable WMS technique in the laboratory for accurate 

measurement of gas concentration (and temperature) followed by validation of the 

technique in the harsh environment of a GTE exhaust plume. The key outcomes of this 

project are summarised in this chapter. 
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7.1.1 Improvement to PDM for Varying WM Parameters and 

Adaptation for FLITES 

The laser modulation parameters were measured and their effect on line shape recovery 

using 1f demodulation techniques was corrected for. It was observed that for the 2 μm 

DFB-MQW laser, the WM-IM phase lag changed significantly across the current scan. 

This distorted the absorption spectra recovered using 1f measurement schemes such as 

phasor decomposition method or the RAM technique. The measured variation in the 

tuning coefficient across the current scan range was small for this laser and only had 

negligible effects on the recovered spectra. The effect of WM- IM phase variation across 

the current scan was corrected to accurately recover the absorption line shape. This 

significantly improved the accuracy of the measured concentration and/or temperature 

values obtained from the curve fit of modelled absorption line shapes to the 

experimentally recovered absorption line shape signals. The recovered concentration 

measurements validated the accuracy of the Fourier model of the 1f (and by inference 

the 2f) WMS signals, the laser characterisation methods, their accuracy and the fitting 

algorithm to yield concentration. Previously, the phasor decomposition method required 

adjustment of the reference signal of the lock-in amplifier to be in phase with the 

residual amplitude modulation component of the signal. This requirement was 

considered as a major impediment in field applications. Hence, a computational 

technique was developed by which the absorption line shape could be recovered 

independently of the phase of the LIA reference signal relative to the WMS signals. This 

method increases the processing speed, and also is useful for multi-channel 

measurement applications such as optical tomography (establishing the signal phases 

and setting up the reference phases of the LIAs for all 126 channels would have been 

otherwise impossible). Finally, it was noticed that the phase of the RAM component is 

sensitive to the etalons in the system. This method is useful in such a situation.  

7.1.2 Analytical Model for the Wavelength Modulation 

Properties of DFB Lasers 

A multi-quantum well DFB laser was used throughout this work for high resolution 

measurement of the CO2 spectral absorption feature at 1997.2 nm. It was observed that, 
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unlike conventional DFB lasers, DFB-MQW lasers in general or vertical cavity surface 

emitting lasers (VCSELs), the wavelength modulation amplitude for the specific 2 μm 

DFB-MQW laser used here increased as a function of the applied current modulation 

frequency. Also, a significant WM-IM phase walk-off was measured across the current 

scan range. Understanding these phenomena was considered important as it would help 

in the optimisation of laser modulation parameters for the WMS experiments as well as 

aid in laser design or selection for WMS applications. Hence, a theoretical model was 

developed to study the modulation characteristics of semiconductor DFB lasers. The 

measured wavelength modulation characteristics showed good concurrence with the 

model. The model successfully identified all the major issues associated with the 

wavelength modulation characteristics of semiconductor DFB lasers. The model 

accuracy was observed to be limited in DFB lasers with a higher carrier contribution to 

WM as the complicated spatial hole burning [61, 66, 67] effects are not accounted in the 

model.      

7.1.3 Calibration-free WMS Techniques for Simultaneous 

Concentration and Temperature Measurements 

Calibration-free WMS techniques use a least-squares curve fit algorithm wherein a 

theoretically modelled WMS signal is fitted to the experimentally measured signal to 

recover the gas concentration and temperature or pressure. Similar to most sensing 

environments, in an aero engine exhaust plume the temperature and concentration values 

are not known a-priori. Hence, the focus of this work was to use calibration-free 

techniques to simultaneously measure the concentration and temperature from the WMS 

signals.  

A Fourier expansion model was implemented for the gas WMS signals recovered at 2f 

and 1f detection, under the influence of wavelength and intensity modulation. The 

Fourier formalism forms the core of the calibration-free TDLS-WMS technique and was 

validated to some extent in the 1f measurements as may be noted from Section 6.1.2.  

2f and 1f demodulation schemes, with normalisation of the 2f signal by the 1f, have 

been implemented in this work as it provides for cancellation of the transmission 

fluctuations as well as provides for signal normalisation due to the broadened and 

blended spectra of CO2 lacking a zero-absorption baseline, even for atmospheric 
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pressure measurements. It was shown that an optically thick model was required to 

accurately model the CO2 gas absorption measurements taken at EK over an 80 cm 

plume with expected concentrations and temperatures in the range of 2-4 % and          

50-500 °C, respectively. The 2f/1f WMS model was validated at room temperature using 

the spectral parameters from the HITRAN 2012 database. The model was further 

validated against measurements taken over a wide range of modulation indices (current 

modulation amplitudes).  

The full 2f/1f model was also validated for two lasers, both at 1997 nm, but from 

separate manufactured batches having different chip lengths resulting in dissimilar 

wavelength modulation behaviour.  

The spectral parameters such as line strength and collisional line broadening are 

important for accurately modelling the 2f/1f WMS signals. The line strength and 

collisional broadening parameters available from spectral databases such as HITRAN 

2012 or HITEMP are inaccurate over the temperature ranges expected in a GTE exhaust 

plume. Hence, these spectral parameters were characterised in the laboratory using 

direct spectroscopy in a heated optical gas cell at temperatures up to 500 °C and 

pressures less than 500 mbar. These measured spectral parameters were validated by the 

lower residuals (< 3 %) obtained in the curve fit of the theoretical 2f/1f signals to the 

experimental signals. Hot lines of CO2 were observed at higher temperatures and had to 

be included into the spectral model.  

The demonstration of the final concentration sensor was performed in the laboratory 

with calibrated mixtures of CO2 and N2, with the pressure and temperature measured 

beforehand using a manometer and thermocouple. The HITRAN 2012 spectral 

parameters were used in the calibration-free WMS model for room temperature 

measurements. The spectral parameters obtained by extensive characterisation of direct 

spectra during the course of this project were used for the concentration measurements 

at higher temperatures. Concentration values were recovered with an average error of 

0.97 % for room temperature measurements and 2 % at higher temperatures up to      

500 °C.  

As mentioned before, in majority of the gas sensing scenarios, the temperature of the 

probed region is not known a-priori, which was the case with the aero engine exhaust 

plume. Therefore, spectral algorithms were implemented which facilitated the 
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concentration and temperature values to be measured simultaneously in carefully 

controlled laboratory experiments by a least-squares curve fitting of the theoretical 2f/1f 

WMS line shape at 1997.2 nm, to the experimentally measured 2f/1f WMS line shape. 

As done previously for the concentration measurements, the spectral parameters from 

HITRAN 2012 were used for room temperature measurements and the spectral data 

measured in this work were used for modelling the 2f/1f WMS spectra measured at 

higher temperatures. For the room temperature measurements, concentration and 

temperature could be recovered with an average error of 1.6 % and 4.9 %, respectively, 

and for the high temperature measurements, the concentration and temperature values 

could be recovered with an average error of 3.39 % and 3.72 %, respectively. These 

error bars are comparable with other works [2, 31, 90] and  satisfy the requirement of a 

maximum measurement error of 4 % in concentration for optical tomography. A similar 

measurement strategy was recently demonstrated by Qu et al. [87] using two nearby 

H2O lines accessible by a 1.4 μm DFB laser [2, 87] for simultaneous concentration and 

temperature measurements in a reactor for temperatures as high as 2000 K, with an 

accuracy of 50 K (2 %)  for temperature and less than 1 % for H2O concentration. 

The precision and accuracy of concentration and temperature measurements validated 

the Fourier model of the WMS signals, the laser characterisation methods, the accuracy 

of the measured gas spectral parameters and the fitting algorithm. Finally, these 

measurements procedures will be used for the determination of gas concentration and 

temperature in the exhaust plume of a GTE to obtain tomographic images of these 

parameters. 

7.1.4 CO2 Measurements in a GTE Exhaust Plume 

A series of measurements were conducted at the Rolls-Royce test bed in East Kilbride. 

Owing  to the high noise levels expected in the measurements due to pointing errors 

arising from vibrations of the mechanical launch/receive mounts, beam wander and 

divergence due to turbulence in the plume [13, 51]; different optical access strategies 

were investigated [17, 105]. In these tests a beam was collimated across the exhaust 

plume and focussed onto a large area detector using an aspheric mirror. This 

arrangement with a large aperture allowed for reduced beam scintillation caused by 

wander, spread and speckle [105].  
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In these measurements, the engine was operated in various thrust cycles. The 

concentration and temperature values obtained from a least-squares curve fit of the 

theoretical 2f/1f signals to the experimental signals followed the changes in the engine 

operation, viz. the thrust and the temperature of the engine core. The results obtained 

validated the background-subtracted 2f/1f technique as suitable for measurements in an 

aero engine exhaust plume. Extension of this technique to the TFLAS-WMS 

measurements using the TDFA required no additional characterisation of the TDFA, 

with the excess 2f-RAM induced in the TDFA cancelled by subtraction of a background 

2f/1f signal. This result will be presented in a future piece of work.  

Measurements were conducted at INTA, Madrid, with the ring being placed 

horizontally with paella burners placed inside the ring to create a known concentration 

and temperature distributions (test phantoms). The initial images of the CO2 phantoms 

reconstructed using optical tomography employing the spectral absorbance values 

measured by the backgrounds subtracted 1f normalised 2f spectroscopy, for the 126 

measurement channels, gave promising results.   

7.2 Future Work 

7.2.1 Signal Processing Improvements for FLITES 

An approach was recently developed [30, 31, 46, 98] in which a raw background 

intensity signal is multiplied with a theoretical gas absorption signal and subsequently 

demodulated using lock-in amplifiers in the software domain to generate the theoretical 

WMS signals. These signals could be compared with the experimental WMS signals 

measured through the same LIA. This method is equivalent to the WMS Fourier 

modelling approach used in this work but does not have the complications of modelling 

the IM characteristics as this information is embedded in the background signals used to 

simulate the theoretical WMS model. It was proposed by Goldstein et al. [31] that this 

methodology can be used for measuring all the gas thermodynamic state variables, viz. 

the pressure, concentration and temperature using two absorption lines. This approach 

was used recently by Qu et al. [2, 87]. with the capability of simultaneous measurement 

of concentration and temperature by using a nonlinear curve fitting algorithm using two 

well-known water vapour lines at 1430 nm that were used in the works by former CMP 
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group members [41] for measuring water vapour concentration and temperature in aero 

engine exhausts.  

Background subtraction can be disadvantageous in situations when the signal is 

comparable to the noise level. The approach mentioned in this section does not require 

background subtraction as the etalons and the background absorption signals are 

embedded in the raw scanned and modulated intensity signal used to simulate the WMS 

signal.  

Implementation in software domain also gives the opportunity to use advanced signal 

processing strategies. For example, it was suggested by Sun et al. [98] that using higher 

harmonics (3f, 4f etc.) could improve the measurement technique due to improved 

sensitivities and lower RAM contributions. Recently, a method was suggested for in-situ 

measurement of the collisional broadening parameter (or pressure) using the ratio of the 

peaks of 4f and 2f WMS signal magnitudes. This method can be useful for in-situ 

measurement of line width due to the unknown concentration of collisional species in 

the aero engine exhaust plume, especially at higher pressures [31, 98].  

There is a trade-off between noise and the maximum scan frequency due to the finite 

bandwidth of the low pass filter. If a higher scan frequency is to be used, a higher 

bandwidth (smaller time constant, encompassing all the frequency components of the 

scan) was required (lest the signals be distorted). A higher bandwidth could make the 

measurement susceptible to noise. A technique known as digital fast scanned WMS 

(DFS-WMS) [30] was used where an equivalent demodulation scheme has been 

implemented using a narrow bandwidth comb filter and a super-Gaussian filter. This 

method is useful in improving the signal-to-noise ratio of the WMS signals by 

cancelling the effects of high frequency multiplicative transmission fluctuations with 

similar or higher frequency characteristics compared to the intensity scan. The 2f/1f 

method could still be used to cancel the low frequency noise. This could be an 

alternative to the 2f/1f measurement strategy presented in this thesis for measurements in 

harsh environments similar to an aero engine exhaust plume, for improved signal-to-

noise ratios.   
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7.2.2 Effect of Etalons / Wavelength Dependent Transmission 

Owing to the narrow line width of the DFB lasers, the coherence length is usually tens 

of meters, and hence optical interference effects occur in TDLS measurements.  

Sensitivity of TDLS measurements is majorly limited by these optical interference 

fringes rather than the detector noise. In TDLS measurements, Fabry-Perot etalons are 

often formed between reflecting or scattering surfaces such as mirrors, lenses, windows 

of the gas cell, optical coatings, fibre end surfaces, damaged fibre, fibre connectors, 

optical feedback to the laser diodes etc.  

It was observed during the course of this work that etalons [106, 107] cause errors in 

the measured laser modulation parameters/WMS signals. This is due to the FM (WM) to 

AM conversion process where the FM (WM) induced AM component at a given phase 

adds to the RAM component. This can cause an error in the magnitude and phase of IM 

measured during the characterisation process and can fundamentally limit the Fourier 

model based fitting approach from being applied to certain measurement systems. Even 

though background subtraction can remove the effect of etalons to some extent, it is not 

possible to entirely remove the effect of etalons with FSR comparable to the line width 

of the absorption feature (~3 GHz). It was observed that the direct absorption signals 

were severely distorted by the etalons, however, the 2f/1f signals were only distorted by 

etalons with FSR comparable to the gas absorption feature. Moreover, it was observed 

that static etalons with a larger FSR affected the background-subtracted 2f/1f signals to a 

lesser extent. Transient etalons which are present only in the measurements were 

difficult to remove even though large FSR etalons are always supressed by the WMS 

signals [31].  

Apart from etalons, any multiplicative wavelength dependent transmission function 

along the measurement path, due to optical coatings, fibre amplifier gain etc. may cause 

FM to AM conversion and affect the measured laser IM modulation characteristics, and 

hence the acquired concentration and temperature measurements. A large etalon was 

formed in the output bulk optical isolator of the TDFA, and consequently the isolator 

had to be replaced. A small etalon still persisted indicated by a change in the IM phase 

and amplitude relative to the DFB laser. The IM phase of the TDFA also changed as a 

function of the pump power which strongly suggests a contribution from other 
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wavelength dependent phenomena. Therefore, it is proposed that in the future FLITES 

measurement campaigns, the TDFA be characterised in-situ to account for the variations 

in the IM characteristics across the optical path length.   

7.2.3 In-situ Characterisation of the Laser Modulation 

Parameters and Baseline Fitting Approaches  

In this section in-situ characterisation techniques are described for obtaining the laser 

intensity modulation (𝑖0 and 𝑖2 ) parameters. The potential of this approach was not fully 

utilised in this work. The wavelength modulation parameters can be characterised using 

the techniques described in Section 4.7. The instantaneous laser intensity can be 

obtained by low pass filtering the detector signal. For the background signal, this can be 

done relatively easily with a filter passband containing the major frequency components 

of the intensity sweep (ramp). For a 5 Hz ramp, a 500 Hz bandwidth low pass filter 

(Butterworth or elliptical) was used. The intensity modulation amplitudes can be 

obtained by 1f and 2f lock-in amplifier detection on the raw intensity signals; the 

magnitude of the 1f and 2f signals gives the magnitude of the linear and nonlinear 

intensity modulation amplitudes.  

In a system with temporally stable etalons along the optical measurement path, an      

in-situ characterisation approach is a good measurement strategy.  

If the effect of etalons can be neglected, the instantaneous intensity and the IM 

amplitudes can be obtained in-line from a baseline fit of the non-absorbing spectral 

regions along the wavelength scan. In-situ characterisation techniques could be 

important for FLITES to compensate for the effects of long term drifts and wavelength 

dependent transmission effects such as etalons along the optical measurement channel.  

7.2.4 NO Measurement System  

NO (nitric oxide) is another gas molecule targeted in the FLITES project. In the future, 

the measurement methodologies developed in this work for CO2 will be extended to a 

single channel measurement system for NO at 5.2 μm. A DFB-QCL laser will be used 

with a thermoelectrically cooled MCT detector. A high quality solid-state Ge etalon will 

be used for characterisation of the WM parameters. The NO band at 5.2 μm was chosen 

for optical sensing using a quantum cascade DFB laser (DFB-QCL). It was inferred 
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from the engine measurements that it is advantages to use modulation frequencies higher 

than 100 kHz for improved noise isolation. Previously, measurements were reported at 

5.2 μm using an external cavity QCL at a frequency of 10 kHz using the 1f normalised 

WMS methodology, in a coal fired power plant, by Chao et al. [10]. The FM bandwidth 

of commercially available QCLs are, however, limited to several tens of kHz which may 

limit the signal-to-noise ratio of WMS signals for the aero engine measurements. Long 

path length solid-state Ge etalons will have to be used for characterisation of WM 

properties which are expensive (£10,000). The 1f WMS LIA technique described in 

Section 4.7.3 can be an alternative choice for the measurement of the laser WM 

characteristics. Recently, difference frequency generation (DFG) lasers have shown 

promise for this application [108].   

7.2.5 The FLITES System and FLITES II  

The techniques developed in this work are to be applied to the FLITES tomographic 

measurement system to obtain gas species concentration and temperature distributions 

across the exhaust plume of a GTE with state of the art spatio-temporal resolution.  

 

Figure 7-1. Paella burners at the centre of the dodecagon mounting ring placed horizontally, for the 

phantom tests at INTA (Courtesy of the FLITES consortium). 

The tomographic concentration and temperature measurements will be used for engine 

diagnostics applications as well as research into alternate fuels. For example, a blocked 

burner nozzle can be easily detected in the output concentration/temperature map. An 
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asymmetry in the measured plume concentration distribution is an indicator of non-

optimal engine operation.  

Tests are currently being conducted using TFLAS combined with optical tomography, 

with the ring placed horizontally, on known test phantoms created by placing paella 

burners (with CO2 pumped into the flame to enhance its concentration)  at various 

locations inside the ring cross-section as shown in (Figure 7-1). The initial results look 

promising. Future work will constitute tests using modern aero engines such as the Trent 

1000 XWB with multiple burners. Different optical access geometries will be tested for 

susceptibility to beam wander, divergence and pointing effects [13].  

Comparison with other intrusive techniques such as multi-aperture sampling rakes [1] 

will be done in future measurements. The final measurements will also be used for 

validating the results obtained using computational fluid dynamics (CFD) models.  

In the exhaust plume of the turbofan engines, the pressure is usually atmospheric, 

however, in other engines such as scramjets, the pressure might be several atmospheres, 

which necessitates the measurement of pressure as well.  

 The initial aim of the FLITES consortium was to obtain only the images of 

concentration. The presently used tomographic reconstruction algorithms employing 

smoothing methods (applying smoothing functions on the basis using a-priori 

knowledge [28, 50]) and  positivity, assume a top hat temperature profile across the 

GTE exhaust plume and were capable of reconstructing only the concentration images 

of the plume. The recovered concentration data from the fitting algorithm were 

transferred to the Agile Tomography group at Edinburgh, who used these to calculate 

the absorbance for the 126 measurement channels, assuming a top hat temperature 

profile, to reconstruct the concentration distribution by solving the inverse mathematical 

problem. It would be useful to gain information about the temperature distributions as 

well. This would require re-analysis of the tomographic inverse problem and may 

require that Strathclyde works together with Edinburgh. Recently, a proof of concept 

was demonstrated for tomographic reconstruction employing  the 2f/1f WMS technique 

by Cai et al. [109] and is an important step forward. In their work, multiplexed (implies 

using several wavelengths to probe the imaging space, which relaxes the requirement on 

the number of measurement channels) tomography was proposed for simultaneous 
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measurement of concentration and temperature using 2f/1f WMS signals. These 

problems will be addressed in the FLITES II project. 
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10 Appendix A 
% Master code to find the phase and tuning coefficient from the fit method 

% Copyright 

% Thomas Benoy , Dr.Micahel lengden 

% CMP, Strathclyde 

% This code read files by their creation time and finds out the phase and 

% tuning coeffcient from the input data. 

% It calculates file by file and outputs the data to an excel file and  appends it. 

% assumes that the file is in the tronix format of Uber Control 

 

% input file format 

% time     % AM wave  % Resonator Trace 

% data     %data      %data 

%%%%%      %%%%%%%%%   %%%%%%%%%%%%%%%% 

%%%%% 

% 

% Warning: careful selection of the resonator peaks required(do not select the 

% peaks in the non-responsive region. % make sure it is symmetric 

% Warning: apply filter to the resonator trace if too noisy... 

 

clc; 

clear all; 

close all; 

format long; 

 

in = 1;                                                 % file number (keep appending 

it for accessing the subsequent files) 

% Enter your frequency in Hz 

freqq = [100]; 

 

freqqq = freqq(1);                                      % to facilitate multi 

plotting(ignore) 

% Enter your bias Current range(mA) 

Ib = [40:5:120]; 

Power =[0];                                             % Specify for the TDFA if 

used 

% Enter FSR of your Fibre Ring Resonator(GHz) 

FSR = 0.1234;                                           % characterised at 2000 nm 

% FSR = 0.4275; 

 

 

%  Enter peak to peak applied curret sine to calculate tuning coefficient(rough)-mA 

di_p2p = 20; 

 

% Enter the output file name and location in xls format 

output_file_name = '../Char_0.1238_res_output.xls'; 

file_head = {['Eblana II FSR =0.1234 ']}; 

 

%%%%%%%%%%%%%Read in the AM and resonator files%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
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file_loc ='T:\Thomas Benoy\27-04-2016\Eblana 2\Direct\Char_0.1238_res\AM'; 

cd(file_loc); 

d = dir([file_loc '\*.csv']); 

 

sync_offset_file = csvread('T:\Thomas Benoy\27-04-

2016\Dark_current_covered_cell_det.csv'); % offset for AM-important 

sync_off = sync_offset_file(:,1); 

 

file = csvread(d(in).name); 

time = file(:,1); 

sync = file(:,2); 

res = file(:,3); 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% 

sync = sync-sync_off;                                                       % 

subtract AM offset 

 

 

figure(1); 

plot(sync,'r'); 

hold on; 

frequency = freqqq*1000;                                                    % in kHz 

 

G = @(g,time) g(1)+ g(2).*cos((g(3).*time)+(g(4)))+ g(5).*cos((2*g(3).*time)+g(6));        

% fit to a second order nonlienar equation 

G1 = @(g,time) g(1)+g(2)*cos(g(3)*time+g(4));                                              

% fit to a first order nonlinear equation 

 

H = @(h,time) h(1)+h(2)*cos(2*h(3)*time+h(4));                                             

% to fit the residual to 2f sinusoid 

g0 = [0 -1 frequency*2*pi 0 1e-3 0];                                                       

% initiliasition values 

g10 = [0 -1 frequency*2*pi 0 ]; 

h0 = [0 -1 frequency*2*pi 0 ]; 

options  =optimset('MaxFunEvals',100000,'TolFun',1e-15,'MaxIter',100000,'TolX',1e-

15);       % lsqcurvefit optimisation values 

 

 

%%%%%%%%%%%%%%%%% curve fitting %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

[g1,resnorm,~,exitflag,output] = lsqcurvefit(G1,g10,time,sync,[-10 -10 (frequency-

10)*2*pi -pi ],[10 10 (frequency+10)*2*pi pi],options); 

[g,resnorm,~,exitflag,output] = lsqcurvefit(G,g0,time,sync,[-10 -10 (frequency-

10)*2*pi -pi -.1  -pi ],[10 10 (frequency+10)*2*pi pi .1  pi],options); 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

 

sync_1x_2x = G(g,time);                                       % 1f and 2f fit 

sinusoid 

sync_1x  =G1(g1,time);                                        % 1f only fit sinusoid 

 

% fitting the residual to a 2f sinusoid 

[h,~,~,exitflag,output] = lsqcurvefit(H,h0,time,sync-sync_1x,[-10 -5 (frequency-

10)*2*pi -pi  ],[10 5 (frequency+10)*2*pi pi ],options); 

 

sync_2x = H(h,time);                                          % 2f sinusoid fit 
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figure; 

subplot(2,1,1);plot(sync); 

hold;plot(sync_1x,'g'); 

subplot(2,1,2);plot(sync-sync_1x);hold; 

plot(g(5).*cos((2*g(3).*time)+g(6)),'k'); 

plot(sync_2x,'r'); 

legend('1f Residual','Standard model fit','residual fit'); 

 

% parameters from 1f fit 

I0_1x = g1(1);                         % Instantaneous laser intensity 

amp_AM_1x = abs(g1(2));                % 1f AM 

psi_1x = g1(4);                        % 1f AM phase 

ps1_1x_d = psi_1x.*180/3.14;           % 1f AM phase in degrees 

i0_1x = g1(2)./g1(1);                  % i0 

 

% all parameters from the complete model(2f and 1f fit) 

 

I0 = g(1);                             % Instaneous laser intensity 

amp_AM_1f = abs(g(2));                 % 1f AM 

i0 = abs(g(2)./g(1));                  % i0 

psi_1 = g(4);                          % 1f AM phase 

psi_1_d = psi_1.*180./3.14;            % 1f AM phase in degrees 

 

amp_AM_2f = abs(g(5));                 % 2f AM 

i2 = abs(g(5)./g(1));                  % i2 

psi_2 = g(6);                          % 2f AM phase 

psi_2_d = psi_2.*180/3.14              % 2f AM phase in degrees 

 

% parameters from 2f cosine fit of 1f residaul 

amp_AM_2x = abs(h(2));                   % 2f AM 

I0_2x = h(1);                            % not used(garbage value) 

i2_2x = abs(h(2)./h(1));                 % i2 

psi_AM_2x = h(4);                        % 2f AM phase 

psi_AM_2x_d = psi_AM_2x.*180/3.14;       % 2f AM phase in degrees 

 

 

 

figure; 

hold on; 

plot(t,res); 

 

% adjust this for noise in resonator trace 

[b1 a1] = ellip(2,0.006,60,0.01); 

% adjust this for noise in AM wave(not ideally done) 

[b22 a22] = ellip(2,0.02,60,0.002); 

sync = filtfilt(b22,a22,sync); 

res = filtfilt(b1,a1,res); 

plot(t,res,'r'); 

title('Resonator trace with filtering and without filtering'); 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%Peak Detection 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
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%peak detection 

[aa bb]= peakdet(res,0.0005);                                                %[peak x 

and y , trough x and y = peakdet(vector,threshold) 

peak = aa(:,1);                                                              %peak x 

value 

resonator_peak = aa(:,2);                                                    %peak y 

value 

 

 

% Plot the Resonator scan and show the identified peaks 

figure; 

hold; 

subplot(2,1,1); 

plot(peak,resonator_peak,'or'); 

plot(res,'r'); 

title('peak identification'); 

 

[x_in y_in]= ginput;                                                         %input 

the coordinates  of peak selection graphically 

x_in = round(x_in);                                                          

%rounding for index value 

mat = []; 

 

%loop for getting the graphically selected peak values 

for i = 1:2:length(x_in)-1 

 

    temp = find(peak>x_in(i) & peak<x_in(i+1)) 

    mat = [mat peak(temp)']; 

    clear temp; 

end 

 

clear peak resonator_peak;                                                   

%clearing the old resonator peak x and y coordinates 

peak = mat;                                                                  % save 

the selected peaks 

resonator_peak = res(peak);                                                  % 

selected peak coordinates 

subplot(2,1,2); 

hold; 

plot(peak,resonator_peak,'or'); 

plot(res,'r'); 

xlabel('\bf Time Index') 

ylabel('\bf Photodiode Voltage (V)') 

title('\bf Plot of graphically selected peaks') 

 

 

 

 

for n = 1:length(peak)-1 

   z(n) = abs(peak(n)-peak(n+1));                                          %z is the 

distance between consequtve peaks 

end 

 

figure; 

plot(z); 
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title('To select the threshold for peak selection'); 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

val1=(peakdet(z,150));                 % determine the threshold (=150) from the 

above figure 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%% 

 

% To indetify the turning points in the FM wave 

val  =  min(val1(:,2)); 

x = find(z>=val); 

n = 1; 

count=1; 

 

while n <= x(1) 

    freq(n) =FSR-( n*FSR);                                          % building the FM 

wave using the FSR 

    n = n+1; 

end 

 

 

m = n; 

for i = 2:length(x) 

 

while m <= x(i) 

    freq(m) = freq(n-1) + (-1)^i*(FSR*(m-n)); 

    m = m+1; 

end 

count=count+1; 

n = m; 

end 

 

 

 

z1 = length(peak); 

 

while n <= z1 

    freq(n) = freq(m-1)-(-1)^count*(FSR*(n-m)); 

    n = n+1; 

end 

 

 

freq_t = t(peak);                                                 % get the time 

index of the peaks 

 

min_sync = AM_maxormin(1);                                        % select the first 

trough of the AM wave 

max_sync = AM_maxormin(2);                                        % select the first 

peak of the AM wavel 

% 

 

 

%************************************************************************************ 

%*********************Fitting the FM wave to second order 

cosine*********************** 
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F=@(x,freq_t) x(1)+ x(2).*cos((x(3).*freq_t)+(x(4)))+ 

x(5).*cos((2*x(3).*freq_t)+x(6)); 

x0=[-7 7 frequency*2*pi 120/180*pi  .0001 0];                                          

% initial values uses for fitting 

options=optimset('MaxFunEvals',100000,'TolFun',1e-15,'MaxIter',100000,'TolX',1e-15);   

% lsqnonlin paramters 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%nonlinear curve fit of the FM 

wave%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

[x,resnorm,~,exitflag,output] = lsqcurvefit(F,x0,freq_t,freq',[-10 -10 (frequency-

100)*2*pi -pi -10 -pi ],[10 10 (frequency+100)*2*pi pi  10 pi ],options) 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%% 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

y2 = F(x,t);                  % fitted FM wave 

FM_dc = x(1);                 % random value DC tuning value 

psi_FM = x(4);                % phase of FM 

psi_FM_d = psi_FM.*180/3.14;  % phase of FM degrees 

amp_FM_1f = abs(x(2));        % amplitude of FM 

amp_FM_2f = abs(x(5));        % second order amplitude of FM 

phi_FM_2f = x(6);             % phase of 2f FM 

phi_FM_2f_d = phi_FM_2f.*180/3.14; % phase of 2f FM degrees 

 

%************************************************************************************ 

%********************************************************************************** 

 

%rescaing for comparison 

sync_norm = sync-sync(1); 

figure; 

sync_norm_s =((sync_norm)*(max(res)/max(sync_norm))) 

subplot(2,1,1);plot(freq_t,freq,'rx'); hold; plot(time,y2,'r') 

 

%Rescaling%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% 

a = max(y)-min(y); 

b = max(sync_norm_s)-min(sync_norm_s); 

yi = y*b/a; 

yshift = min(yi)-min(sync_norm_s); 

yi  =yi-yshift; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%Selecting the peaks of the FM 

wave%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

[MAXF MINF] = peakdet(y,.01) 

max_freq = MAXF(2,1); 

max_freq = round(max_freq); 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% 

subplot(2,1,2);plot(time,yi,'g');hold; plot(time,sync_norm_s);legend('FM','IM'); 

plot(time(max_freq)*ones(1,10),linspace(-.5,.5,10),'-'); 

plot(time(max_sync)*ones(1,10),linspace(-.5,.5,10),'-'); 

 

xlabel('\bf Time (\mus)') 

ylabel('\bf Intensity/Frequency modulation amplitude (a.u.)') 

title('\bf Plot of intensity modulation and frequency modulation') 
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diff_T = abs(t(max_freq)-t(max_sync));                                      % time 

delay between FM and AM 

 

phase = (diff_T./(2*abs(t(max_sync)-t(min_sync))))*360;                     % time 

delay converted to phase delay 

 

phase_from_fit=(180/pi)*abs(psi_FM-psi_1);                                  %FM-AM 

phase from fit method 

phase_2_from_fit = (180/pi)*abs(psi_FM-psi_2);                              %FM-

2f(AM) phase from fit method 

Tuning_Coeffcient=2*amp_FM_1f/di_p2p;                                       %Tuning 

coefficient(GHz/mA) from fit method 

 

 

% Writing the results ,in order, to an excel file 

offset=1; 

xlswrite(output_file_name, file_head, 2, sprintf('A%d',offset)); 

A = {'Power(A)','Freq(kHz)','Ib(mA)','Intensity(V)-model', '1f-amplitude(V)-model' 

,'i0-model','psi_1(rad)-model','psi_1(deg)-model','amp_AM_2f(V)-model','i2-

model','psi_2(rad)-model','psi_2(deg)model','','','Intensity(V)-1f fit','1f-

amplitude(V)-1f fit','i0-1f fit','psi_1(rad)-1f-fit','psi_1(deg)-1f 

fit','','','Intensity(V)-2f resid ','amp_AM_2f(V)-2f resid','i2-2f 

resid','psi_2(rad)-2f resid','psi_2(deg)-2f resid','','','FM DC(GHz)','FM 

amplitude(1x)(GHz)','FM phase 1x(rad)','FM phase 1x(deg)','FM amplitude(2x)(GHz)','FM 

phase 2x(rad)','FM phase 2x(deg)','phase(from peak)(deg)','phase(psi_1) from 

Fit(deg)','phase(psi_2) from Fit(deg)','Tuning Coeff(GHz/mA) from  fit)'}; 

xlswrite(output_file_name, A, 2, sprintf('A%d',offset+3)); 

AA=[Power(1) freqq(1) Ib(1) I0 amp_AM_1f i0 psi_1 psi_1_d amp_AM_2f i2 psi_2 psi_2_d 

0 0 I0_1x amp_AM_1x i0_1x psi_1x ps1_1x_d 0 0 I0_2x amp_AM_2x i2_2x psi_AM_2x 

psi_AM_2x_d 0 0 FM_dc amp_FM_1f psi_FM psi_FM_d amp_FM_2f phi_FM_2f phi_FM_2f_d phase 

phase_from_fit phase_2_from_fit Tuning_Coeffcient]; 

xlswrite(output_file_name, AA, 2, sprintf('A%d',offset+4+in)); 

Published with MATLAB® R2014a 
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11 Appendix B 
% Fourier model for WMS signals for an optically thin and optically thick case 

% Copyright 2016 

% Thomas Benoy, Dr. Michael Lengden 

% This code calculates the thortical direct spectra and WMS spectra (for 

% the optically thin and thick cases) 

% Wavelength referencing will be required if the signals are experimental 

% WMS paramters such as tuning coefficient and phase are measured and 

% applied in the model. 

% Note: This code is not optimised for speed, please contact Dr. Micahel 

% Lengden(michael.lengden@strath.ac.uk) or 

% myself(thomas.benoy@strath.ac.uk) for future correspondences 

 

close all;clc;clear all;format long; 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%%%Gas parameters(Enter the gas parameeters here 

pressure = 1.018 ;                                 % Pressure 

methane_concentration = 1;                         % Gas is assumed to be methane(can 

be any gas) 

degreeT = 200;                                     % Temperature in degree celcius 

degreeT =  HT_Cell_temp_calibration( degreeT );    % Function for calibrating the 

temperature to the values measured using the thermcouple 

L = 5.5 ;                                          % Length of gas cell used 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%Define modulation prameters(From experiment) 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

 

frequency = 200e3;                                                         %Enter the 

frequency you are operating at 

omega = 2*pi*frequency;                                                    

%Converting to rad 

bias_point = 80;                                                           %bias 

point in mA on LDC 

voltage_ramp_pp = 0.6;                                                     %Ramp 

Voltage peak to peak 

conversion_factor_LDC = 100;                                               %Voltage 

to current conversion in mA/1V 

current_ramp_amp = (conversion_factor_LDC.*voltage_ramp_pp)./2;            

%Converting Vpp into current amplitude 

ac_modulation_voltage_pp = 3;                                              %sine 

Voltage peak to peak 

conversion_factor_bias_T = 10;                                             

%conversion factor =10mA/1V for bias-T, 20 for bias-T with high Z 

ac_current_amp = (ac_modulation_voltage_pp*conversion_factor_bias_T)*0.5;  

%mA(AMPLITUDE in mA) 

additional_plots =1; 

[b1 ,a1] = ellip(2,0.001,90,0.01);                                         %filtering 

values of ellip filter 
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trunc_noise = 1000:9000;                                                     

%truncating for noise(only for experiment) 

lag_index = 1;                                                               %define 

lag index for the LIA due to its time constant(only for experiment) 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%Defining wavelength range 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

 

lower_lambda = 1997.2-.21; 

upper_lambda = 1997.2+.21; 

vsteps = 10000; 

wavelength = linspace(lower_lambda,upper_lambda,vsteps); 

wavelength =wavelength(trunc_noise); 

% %%%%%%%%Experimental Laser Parameters - Tuning Coefficient, phase 

 

x = linspace(50,110,10000); 

x_act = x; 

x = x(trunc_noise); 

Ib_new = [40  45 50 55 60 65 70 75  80 85 90 95 100 105 110 115 ]; 

nu_exp = [0.177710305 0.177009156 0.175938965 0.175630548 0.17444415 0.176989803 

0.174907779 0.175732423 0.177159599 0.177994394 0.179883709 0.180642704 0.181567168 

0.182067708 0.183475439 0.186151153 ]; 

psi_1_exp = [30.168  32.4 34.272 36.36 38.088 40.104 41.16753299 42.552 43.776 44.856 

45.504 46.224 46.656 46.584 46.224 45.936]; 

pp = polyfit(Ib_new,nu_exp,4); 

nu_fit = polyval(pp,x_act); 

p=polyfit(Ib_new,psi_1_exp,4); 

psi_1=polyval(p,x_act); 

 

if additional_plots 

figure; 

plot(x_act,nu_fit); 

hold; 

plot(Ib_new,nu_exp,'r*'); 

 

figure; 

plot(x_act,psi_1); 

hold; 

plot(Ib_new,psi_1_exp,'r*'); 

end 

 

% nu_fit = - 0.00017*x.^2 + 0.047.*x - 0.53 

 

nu_fit = nu_fit(trunc_noise); 

nu_fit =  nu_fit.*1e9./(3e8*100);%(cm-1/mA); 

 

 

psi_1 =psi_1(trunc_noise); 

 

% Intensity modulation paramters 

Ib = [ 40 50 60 70 80 90 100 110  120  ]; 

aaa = [0.624359977 0.433842772 0.330563467 0.265698043 0.219611327

 0.185863324 0.160314002 0.139695255 0.122372065 

0.001403776 0.002386297 0.002351958 0.002250411 0.002142873

 0.002012942 0.00200021 0.001924821 0.00189044 
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1.110947098 1.358612516 1.366551669 1.358763363 1.355477055

 1.380246793 1.337843058 1.323071707 1.371147999]; 

 

i0_1 =aaa(1,:); 

i0_2 = aaa(2,:); 

psi_21 = aaa(3,:); 

 

xx = polyfit(Ib,i0_1,5); 

i0 = polyval(xx,x); 

xx1 = polyfit(Ib,i0_2,5); 

i2 = polyval(xx1,x); 

xx2 = polyfit(Ib,psi_21,6); 

psi_2 = polyval(xx2,x); 

psi_2 = psi_2*180/pi;                                                           % 

converting to degrees 

 

if additional_plots 

figure; 

plot(Ib,i0_1,'r*'); 

hold; 

plot(x,i0); 

figure 

plot(Ib,i0_2,'r*'); 

hold; 

plot(x,i2); 

end 

 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%% 

% Modelling direct spectra 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%% 

methanelines = csvread('C:\Users\isb12205\My Documents\C02 

mick\CO2_FLITES_hit08_trim.csv'); 

partition = csvread('C:\Users\isb12205\My Documents\C02 

mick\CO2partitionfunctions.csv'); %Hitran data 

z = length(methanelines); 

k = 1.3806503e-23; %Boltzmann 

M = 44; % for CO2 

c = 299792458e2; %speed of light 

h = 6.626e-34; %Planck 

v = 1e7./wavelength; 

 

% Defining temperature 

T_0 = 296; % Reference Temperature in Kelvin 

T_K = 273.15; %0 degrees celcius in Kelvin 

T = degreeT+T_K; %Converting to Kelvin 

 

%  Defining Start Concentrations 

nitrogen_concentration = 1-methane_concentration; 

% Calculation of individual line strengths 

% Reading in pressure and converting from bar to atm 

total_pressure = pressure*0.986926; %atm 

index1 = find(partition(:,1) == T_0); 
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Q_T0 = partition(index1,2); 

 

deltaT = abs(partition(:,1)-T); 

minT = min(deltaT); 

index2 = find(deltaT == minT); 

Q_T = partition(index2,2); 

 

S1 = 1-exp(-(h*c.*methanelines(:,1))/(k*T)); 

S2 = (1-exp(-(h*c.*methanelines(:,1))/(k*T_0))); 

S3 = S1./S2; 

S4 = Q_T0./Q_T; 

S5 = T_0/T; 

S6 = exp((-h*c*methanelines(:,5)/k)*((1/T)-(1/T_0))); 

 

S7 = S3.*S4.*S5.*S6; 

 

 

 

S_T = S7.*methanelines(:,2); %Total linestrength 

 

S_T_save = S_T(53); 

% Overwriting with experimentally measured linestrength values 

%******************************************************************* 

T_exp = [49 99 150 202 253 306 359 412 465 518 569

 619]; 

S_T_exp = [8.78E-23 1.08E-22 1.19E-22 1.24E-22 1.22E-22

 1.15E-22 1.07E-22 9.75E-23 8.82E-23 7.94E-23

 7.14E-23 6.33E-23]; 

 

p_S_T=polyfit(T_exp,S_T_exp,4); 

 

S_T_interp =polyval(p_S_T,50:650); 

 

if additional_plots 

figure(2000) 

plot(T_exp,S_T_exp,'*'); 

hold on; 

plot(50:650,S_T_interp); 

hold off; 

end 

 

S_T(53)=polyval(p_S_T,degreeT); 

 

%******************************************************************** 

 

%  Gaussian Broadening 

gammag = 7.1625e-7.*methanelines(:,1).*(T/M)^0.5; 

gammag = gammag'; 

 

%  Air-broadening parameter 

air_broadening_parameter = methanelines(:,3).*(T_0/T).^methanelines(:,6); % 

calculated as average of trasistion 10-16 in 2008 Database 

 

 % Lorentzian Broadening 

self_broadening_parameter = methanelines(:,4).*(T_0/T).^methanelines(:,6); 
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%  Overwriting with experimental measured collissional broadening value 

self_broadening_parameter(53) = (0.0729755)*(T_0/T).^(0.612975); 

% Lorentzian Broadening(FWHM) 

gammal = 

2*total_pressure.*((air_broadening_parameter*nitrogen_concentration)+(self_broadening

_parameter*methane_concentration)); 

gammal = gammal'; 

 

X = zeros(length(v),z); 

 

% X values for Voigt Profile 

for j = 1:z 

X(:,j) = 2*sqrt(log(2))*(v-methanelines(j,1))./gammag(j); 

end 

 

 

% A-D values for Voigt Profile 

A = [-1.2150 -1.3509 -1.2150 -1.3509]; 

B = [1.2359 0.3786 -1.2359 -0.3786]; 

C = [-0.3085 0.5906 -0.3085 0.5906]; 

D = [0.0210 -1.1858 -0.0210 1.1858]; 

 

 

% Final voigt Y-value 

Y = (gammal./gammag)*sqrt(log(2)); 

 

for j = 1:z 

    for i = 1:4 

        V_top(i,:)= (C(i)*(Y(j)-A(i)))+(D(i)*(X(:,j)-B(i))); 

        V_bottom(i,:) = (Y(j)-A(i))^2+(X(:,j)-B(i)).^2; 

    end 

V = V_top./V_bottom; 

Vfinal(:,j) = 

(2/gammag(j))*(log(2)/pi)^0.5*methane_concentration*(7.339e21/T_0)*S_T(j)*sum(V); 

end 

 

% Final spectral absorption coefficient 

kv = pressure * sum(Vfinal'); % absorbance 

 

% Final fractional transmission 

Tv = exp(-kv.*L); 

 

Tv = Tv'; 

figure(100); 

plot(wavelength,Tv);hold on; 

plot(wavelength,1-kv.*L,'r'); 

legend('Optically Thick','Optically thin'); 

 

 

%%%%%%%%%%%%%%%%%%WMS Fourier Transform Model (optically thick model including all 

the lines)%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

vsteps = length(wavelength); 

theta_j = ones(50,vsteps); 

Vfinal_0_exp = zeros(50,vsteps);       %Initialising arrays for the 0th,1st, 2nd and 

4th order Fourier coefficients 
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Vfinal_1_exp = zeros(50,vsteps); 

Vfinal_2_exp = zeros(50,vsteps); 

Vfinal_3_exp = zeros(50,vsteps); 

Vfinal_4_exp = zeros(50,vsteps); 

 

a0_exp = zeros(1,vsteps); 

a1_exp = zeros(1,vsteps); 

a2_exp = zeros(1,vsteps); 

a3_exp = zeros(1,vsteps); 

a4_exp = zeros(1,vsteps); 

 

S_T = (7.339e21/T_0).*S_T;                % notation given in this work 

 

lines = [53];                           % insert all the lines you want to include in 

the model 

 

XX = zeros(50,vsteps); 

multiplier_1 = linspace(1,1,vsteps); 

multiplier_2 = linspace(1,1,50);      % this value is set to 50(no of theta steps), 

can be lowered down to 25 for increased speed 

theta = linspace(-pi,pi,50); 

theta_j = theta'; 

theta_j = theta_j*multiplier_1; 

delta_nu =nu_fit.*ac_current_amp; 

 

delta_nu = delta_nu'*multiplier_2; 

delta_nu = delta_nu'; 

Absorbance = total_pressure .*methane_concentration .*L;                                  

%Pressure in bar, gas conc on mole fraction, length in cm( note this is not the 

formula for absorbance) 

 

% Mclean's coefficients as for direct transmission 

A = [-1.2150 -1.3509 -1.2150 -1.3509]; 

B = [1.2359 0.3786 -1.2359 -0.3786]; 

C = [-0.3085 0.5906 -0.3085 0.5906]; 

D = [0.0210 -1.1858 -0.0210 1.1858]; 

 

   for kk = 1:50        % summation over theta 

 

for ii=(lines)          % summation over all the lines 

 

 

% modulation_index_guide = 

% delta_nu(round(length(nu_fit)/2))./(.5*gammal(ii));% rough guide of the 

% modulation indes 

 

 

     delta = (v- methanelines(ii,1)-(methanelines(ii,7).*total_pressure)); 

     delta_j = delta'*multiplier_2; 

     delta_j = delta_j'; 

 

% Defing X parameters 

       XX = 2*sqrt(log(2))*(delta_j+delta_nu.*cos(theta_j))./gammag(ii); 

 

       X=XX(kk,:); 
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       Y = (gammal(ii)./gammag(ii))*sqrt(log(2)); 

 

 for i = 1:4 

        V_top(i,:)= (C(i)*(Y-A(i)))+(D(i)*(X-B(i))); 

        V_bottom(i,:) = (Y-A(i))^2+(X(:)-B(i)).^2; 

 end 

V_dir = V_top./V_bottom; 

Vfinal = (2/gammag(ii)).*sqrt(log(2)/pi)*sum(V_dir); 

 

 

Vfinal_0_exp(kk,:) = Vfinal_0_exp(kk,:) + (S_T(ii).*Vfinal); 

Vfinal_1_exp(kk,:) = Vfinal_1_exp(kk,:) + (S_T(ii).*Vfinal); 

Vfinal_2_exp(kk,:) = Vfinal_2_exp(kk,:) + (S_T(ii).*Vfinal); 

Vfinal_3_exp(kk,:) = Vfinal_3_exp(kk,:) + (S_T(ii).*Vfinal); 

Vfinal_4_exp(kk,:) = Vfinal_4_exp(kk,:) + (S_T(ii).*Vfinal); 

% v_trap(kk) =  trapz(v,Vfinal_1(kk,:));  % to see if normalised to 1. 

 

 

end 

 

Vfinal_0_exp(kk,:) = exp(-Vfinal_0_exp(kk,:).*Absorbance); 

Vfinal_1_exp(kk,:) = exp(-Vfinal_1_exp(kk,:).*Absorbance).*cos(theta(kk)); 

Vfinal_2_exp(kk,:) = exp(-Vfinal_2_exp(kk,:).*Absorbance).*cos(2.*theta(kk)); 

Vfinal_3_exp(kk,:) = exp(-Vfinal_3_exp(kk,:).*Absorbance).*cos(3.*theta(kk)); 

Vfinal_4_exp(kk,:) = exp(-Vfinal_4_exp(kk,:).*Absorbance).*cos(4.*theta(kk)); 

 

   end 

 

a0_exp = (1./(2*pi)).*trapz(theta,(Vfinal_0_exp)); 

a1_exp = (1./(pi)).*trapz(theta,(Vfinal_1_exp)); 

a2_exp = (1./(pi)).*trapz(theta,(Vfinal_2_exp)); 

a3_exp = (1./(pi)).*trapz(theta,(Vfinal_3_exp)); 

a4_exp = (1./(pi)).*trapz(theta,(Vfinal_4_exp)); 

 

% redudant step(kept for Historical reasons) 

H0_exp = a0_exp; 

H1_exp = a1_exp; 

H2_exp = a2_exp; 

H3_exp = a3_exp; 

H4_exp = a4_exp; 

%***************************** 

 

 

X_2f_v_exp = H2_exp + .5*i0.*(H1_exp+H3_exp).*cosd(psi_1) + 

i2.*(H0_exp+.5*H4_exp).*cosd(psi_2); 

Y_2f_v_exp = -1*(0.5.*i0.*(H1_exp-H3_exp).*sind(psi_1) +i2.*(H0_exp-

.5*H4_exp).*sind(psi_2)); 

X_2f_0_v_exp = i2.*cosd(psi_2); 

Y_2f_0_v_exp = -i2.*sind(psi_2); 

R_1f_v_exp = sqrt((H1_exp + i0.*(H0_exp+.5*H2_exp).* cosd(psi_1)+0.5.*i2.* 

(H1_exp+H3_exp).*cosd(psi_2)).^2 + (i0.*(H0_exp-.5*H2_exp).*sind(psi_1)+0.5.*i2.* 

(H1_exp-H3_exp).*sind(psi_2)).^2); 

R_1f_0_v_exp = i0; 

f2_1f_v_exp = sqrt( (X_2f_v_exp./R_1f_v_exp-X_2f_0_v_exp./R_1f_0_v_exp).^2 +  
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(Y_2f_v_exp./R_1f_v_exp-Y_2f_0_v_exp./R_1f_0_v_exp).^2 ); 

% Some useful equations worth checking out 

% f2_1f_exp = sqrt( (I_chX_2f./sqrt(I_chX_1f.^2+I_chY_1f.^2) -

I_chX_bk_2f./sqrt(I_chX_bk_1f.^2+I_chY_bk_1f.^2)).^2 +  

(I_chY_2f./sqrt(I_chX_1f.^2+I_chY_1f.^2) -

I_chY_bk_2f./sqrt(I_chX_bk_1f.^2+I_chY_bk_1f.^2)).^2 ); 

% f2_1f_exp_no_bk_sub = sqrt( (I_chX_2f./sqrt(I_chX_1f.^2+I_chY_1f.^2) ).^2 +  

(I_chY_2f./sqrt(I_chX_1f.^2+I_chY_1f.^2)).^2 ); 

% f2_1f_linear_v = sqrt( (X_2f_linear_v./R_1f_linear_v).^2 +  

(Y_2f_linear_v./R_1f_linear_v).^2 ); 

 

 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%WMS- thin model%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

theta_j = ones(50,vsteps); 

Vfinal_0 = zeros(50,vsteps);                                                      

%Initialising arrays for the 0th,1st .... fourier coefficients 

Vfinal_1 = zeros(50,vsteps); 

Vfinal_2 = zeros(50,vsteps); 

Vfinal_3 = zeros(50,vsteps); 

Vfinal_4 = zeros(50,vsteps); 

 

a0 = zeros(1,vsteps);                                                             

%Initialising arrays for the 0th,1st second and 3drd order fourier coefficients 

a1 = zeros(1,vsteps); 

a2 = zeros(1,vsteps); 

a3 = zeros(1,vsteps); 

a4 = zeros(1,vsteps); 

delta_nu = nu_fit.*ac_current_amp; 

modulation_index_guide = delta_nu(round(length(nu_fit)/2))./(.5*gammal(53)); 

 

Abs = total_pressure .*methane_concentration .*L   ;                               

%Pressure in bar, gas conc on mole fraction length in cm 

 

 

multiplier_1 = linspace(1,1,vsteps); 

multiplier_2 = linspace(1,1,50); 

theta = linspace(-pi,pi,50); 

delta = (v- methanelines(ii,1)-(methanelines(ii,7).*total_pressure)); 

theta_j = theta'; 

theta_j = theta_j*multiplier_1; 

 

delta_nu = delta_nu'*multiplier_2; 

delta_nu =delta_nu'; 

 

delta_j = delta'*multiplier_2; 

delta_j = delta_j'; 

% Defing X parameters 

XX = zeros(50,vsteps); 

XX = 2*sqrt(log(2))*(delta_j+delta_nu.*cos(theta_j))./gammag(ii); 

% Iterate over ii if here adding each a0,a2,...a4 values into each other in 

% each loop 

 

for ii = lines 

    for kk = 1:50 
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X=XX(kk,:); 

Y = (gammal(ii)./gammag(ii))*sqrt(log(2)); 

A = [-1.2150 -1.3509 -1.2150 -1.3509]; 

B = [1.2359 0.3786 -1.2359 -0.3786]; 

C = [-0.3085 0.5906 -0.3085 0.5906]; 

D = [0.0210 -1.1858 -0.0210 1.1858]; 

 

    for i = 1:4 

        V_top(i,:) = (C(i)*(Y-A(i)))+(D(i)*(X-B(i))); 

        V_bottom(i,:) = (Y-A(i))^2+(X(:)-B(i)).^2; 

    end 

V = V_top./V_bottom; 

Vfinal_0(kk,:) = S_T(ii).* (2/gammag(ii))*(log(2)/pi)^0.5*sum(V); 

Vfinal_1(kk,:) = S_T(ii).*(2/gammag(ii))*(log(2)/pi)^0.5*sum(V).*cos(theta(kk)); 

Vfinal_2(kk,:) = S_T(ii).* (2/gammag(ii))*(log(2)/pi)^0.5*sum(V).*cos(2*theta(kk)); 

Vfinal_3(kk,:) = S_T(ii).*(2/gammag(ii))*(log(2)/pi)^0.5*sum(V).*cos(3*theta(kk)); 

Vfinal_4(kk,:) = S_T(ii).*(2/gammag(ii))*(log(2)/pi)^0.5*sum(V).*cos(4*theta(kk)); 

 

    end 

 

% Fourier coefficients 

a0 = a0+ (1./(2*pi)).*trapz(theta,Vfinal_0);        % a0+ previous values if 

iterating over all lines 

a1 = a1+ (1./(pi)).*trapz(theta,Vfinal_1); 

a2 = a2+ (1./(pi)).*trapz(theta,Vfinal_2); 

a3 = a3+ (1./(pi)).*trapz(theta,Vfinal_3); 

a4 = a4+ (1./(pi)).*trapz(theta,Vfinal_4); 

 

end 

 

%Kept for historical reasons 

H0 = -Abs.*a0; 

H1 = -Abs.*a1; 

H2 = -Abs.*a2; 

H3 = -Abs.*a3; 

H4 = -Abs.*a4; 

 

% to find the effect of i2 on the signal 

% linear model doesnt include the nonlinear IM term 

X_2f_linear_v = H2 + .5.*i0.*(H1+H3).*cosd(psi_1); 

Y_2f_linear_v = -0.5.*i0.*(H1-H3).*sind(psi_1); 

 

R_2f_linea_v = sqrt( X_2f_linear_v.^2+Y_2f_linear_v.^2); 

 

X_2f_v = H2 + .5*i0.*(H1+H3).*cosd(psi_1) + i2.*(1+H0+.5*H4).*cosd(psi_2); 

 

Y_2f_v = -1*(0.5.*i0.*(H1-H3).*sind(psi_1) +i2.*(1+H0-.5*H4).*sind(psi_2)); 

 

R_2f_v = sqrt (X_2f_v.^2 + Y_2f_v.^2); 

X_2f_0_v = i2.*cosd(psi_2); 

Y_2f_0_v = -i2.*sind(psi_2); 

R_2f_0_v = sqrt ( X_2f_0_v.^2 + Y_2f_0_v.^2); 

 

S_2f_v = sqrt( (X_2f_v-X_2f_0_v).^2 +  (Y_2f_v-Y_2f_0_v).^2 ); 

S_2f_linear_v = sqrt( (X_2f_linear_v).^2 +  (Y_2f_linear_v).^2 ); 
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R_1f_linear_v = sqrt((H1 + i0.*(1+H0+.5.*H2).* cosd(psi_1)).^2 + (i0.*(1+H0-

.5*H2).*sind(psi_1)).^2); 

R_1f_v = sqrt((H1 + i0.*(1+H0+.5*H2).* cosd(psi_1)+0.5.*i2.* (H1+H3).*cosd(psi_2)).^2 

+ (i0.*(1+H0-.5*H2).*sind(psi_1)+0.5.*i2.* (H1-H3).*sind(psi_2)).^2); 

 

 

R_1f_0_v = i0; 

f2_1f_v = sqrt( (X_2f_v./R_1f_v-X_2f_0_v./R_1f_0_v).^2 +  (Y_2f_v./R_1f_v-

Y_2f_0_v./R_1f_0_v).^2 ); 

f2_1f_linear_v = sqrt( (X_2f_linear_v./R_1f_linear_v).^2 +  

(Y_2f_linear_v./R_1f_linear_v).^2 ); 

 

figure; 

 

plot(wavelength,f2_1f_v); 

hold; 

plot(wavelength,f2_1f_v_exp,'r'); 

legend('Optically thin model','Optically thick model'); 

 

 

Published with MATLAB® R2014a 

http://www.mathworks.com/products/matlab
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12 Appendix C 
 

 

 

 

 

Figure C-1. The launch and receive optics (top image) and the three optical configurations (bottom 

image) tested in the FLITES system [51]: (a) collimated (b) mid-plume focussed  and (c) moderately 

divergent.  

 

75mm75mm

(a)

(b)

(c) 



List of Symbols 

 

262 

 

13 List of Symbols 
𝑘𝑠 Spring constant 

𝑟 Displacement 

𝑟𝑒𝑞 Equilibrium internuclear distance 

�̅�𝑜𝑠𝑐  Oscillation wave number 

c Speed of light in vacuum 

μ Effective mass 

𝐸𝑣 Discretised vibrational energy 

𝑣 Vibrational quantum number 

Deq Dissociation energy 

𝑎 Constant factor 

𝜒𝑒 Anharmonicity constant 

𝐸𝑟𝑜𝑡 Rotational energy 

B Rotational constant 

𝐷 Centrifugal distortion constant 

𝐼𝐵 Rotational moment of inertia (about bond axis) 

ℎ Planks constant 

𝐽 Rotational quantum number 

𝛼 Spectral absorbance 

𝐼𝑖𝑛 Incident laser intensity 

𝐼𝑡 Transmitted laser intensity 

𝑁𝑔 Number of gas molecules per unit volume 

𝜎(𝜈) Absorption cross-section 

𝑙 Optical path length  

𝑆(𝑇) Line strength per molecule 

𝜙 Line shape function 

𝑇 Temperature (°C) 

𝑃 Pressure (atm) 

𝜒 Mole fraction 

𝑡 Time 

ħ ℎ/2𝜋 

𝑓𝐿−𝑁(𝜈) Natural broadened line shape 

𝛾𝑁 Natural broadening linewidth (HWHM) 

𝜈0 Line-centre frequency 

𝐴𝑘𝑙 Spontaneous decay rate 

𝑓𝐿(𝜈) Collisionally broadened line shape 

𝛾𝐿 Collisional broadening linewidth (HWHM) 

𝑃0 Reference pressure (1 atm) 

𝑇0 Reference temperature (296°K) 

Δ Temperature coefficient of line width 

𝛾0 Collisional line width at the temperature 𝑇0 and 

pressure 𝑃0 

𝛾𝐿
𝑖𝑖  Self-broadening coefficient 

𝛾𝐿
𝑖𝑗

 Cross- broadening coefficient 

𝑓𝐺(𝜈) Gaussian line shape function for thermal broadening 

𝛾𝐺  Doppler broadening line width (HWHM) 

𝑀 Molecular mass 

𝑘𝐵 Boltzmann constant 

𝑓𝑣(𝜈) Voigt line shape function 

𝛫(𝑥, 𝑦) Voigt function normalised to √𝜋 

𝑛𝑖 Population density of upper energy level i 

𝑛𝑡 Overall population density 

𝑔𝑖 Degeneracy of energy level i 

𝐸𝑖 Energy of level I  
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𝑄(𝑇) Total internal partition function (TIPS) 

𝐵21 Einstein’s B coefficient for stimulated emission 

𝐵12 Einstein’s B coefficient for stimulated absorption 

�̅�0 Characteristic molecular absorption wave number 

𝜁 Isotopic abundance 

|𝑅𝑡|
2 Einstein’s A Coefficient 

𝑛𝐿 Population density of the lower energy state 

𝒶,𝒷, 𝒸 . 𝒹 Coefficients of TIPS 

𝑉 Volume occupied by the gas 

ℛ Ideal gas constant 

𝑁𝐴 Avogadro’s constant 

𝑛𝑔 Number of moles of the gas 

𝑆′(𝑇) Different definition of line strength 

E'' Lower state energy 

δ Pressure induced line shift 

𝐼𝑙 Laser output intensity 

𝐼 Instantaneous laser intensity 

Δ𝐼 Linear IM 

Δ𝐼2 Nonlinear IM 

𝜔 Angular modulation frequency 

𝜓2 Phase difference between nonlinear IM and FM  

𝜈1 Centre (average) frequency of the laser 

Δ𝜈 Amplitude of the applied WM/FM 

𝜓1 Phase difference between IM and FM 

𝐼𝑜𝑢𝑡 Intensity transmitted through gas 

𝜃 𝜔𝑡 − 𝜓1 

𝑛 Detection harmonic 

𝜃𝐿 Orientation angle of the LIA 

𝑎𝑛 Fourier coefficients 

𝜓𝜆 WM-IM phase lag 

𝐼𝑑𝑒𝑡 
𝜔  Detector components at frequency 𝜔 

𝑀𝑦 Y- channel of the LIA 

𝑀𝑥 X-channel of the LIA 

𝑚 Modulation index 

𝛾𝐻𝑊𝐻𝑀 Half width at half maximum of the absorption line 

∈ Tuning coefficient 

𝑖0 Intensity normalised IM amplitude 

𝑖2 Intensity normalised nonlinear IM amplitude 

𝒢 LIA gain 

𝑋2𝑓 2f X-channel 

𝑌2𝑓 2f Y-channel 

𝑅2𝑓 Resultant 2f signal 

𝑋1𝑓 1f X-channel 

𝑌1𝑓 1f Y-channel 

𝑅1𝑓 Resultant 1f signal 

𝑋2𝑓
𝑏𝑘 2f X-channel - background signal 

𝑌2𝑓
𝑏𝑘 2f Y-channel - background signal 

𝑅2𝑓
𝑏𝑘 Resultant 2f signal - background signal 

𝑅1𝑓
𝑏𝑘 Resultant 1f signal - background signal 

𝑇ℎ𝑒𝑎𝑡 𝑠𝑖𝑛𝑘 Heat sink temperature 

𝑅𝑡ℎ𝑒𝑟𝑚𝑖𝑠𝑡𝑜𝑟 Resistance of the thermistor 

𝑋𝐿 Inductive reactance 

𝐿 Inductance 

𝑓 Applied modulation frequency 

𝑋𝐶 Capacitive reactance 

𝒞 Capacitance  

𝑓𝐿 Bias-T lower cut-off frequency 

𝑅𝐴𝐶 Impedance as seen from the AC arm 

𝑓𝐻 Bias-T upper cut-off frequency 

𝑅𝐷𝐶 Impedance as seen from the DC arm 
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Φ Phase of the bias-T 

𝑉𝑆𝑖𝑔 Signal amplitude 

𝑉𝐿𝐼𝐴 Amplitude of the LIA reference signal 

∅ Arbitrary phase of the LIA reference signal with 

respect to the input signal 

𝑛𝑒 Effective refractive index 

𝐿𝑟𝑖𝑛𝑔 Ring cavity length 

𝑛𝑝𝑒𝑎𝑘 Number of peaks 

Δ𝑡 Time delay 

𝑦𝐹𝑀 FM amplitude on y axis 

𝜈𝑐 Unmodulated laser frequency (arbitrary) 

𝛥𝜈2 Nonlinear FM amplitude 

𝜙𝐹𝑀 FM  (linear) phase( w.r.t. current modulation) 

𝜙2𝐹𝑀 FM  (nonlinear) phase ( w.r.t. current modulation) 

𝑦𝐴𝑀 IM y-axes 

𝜙𝐼𝑀 IM (linear) phase ( w.r.t. current modulation) 

𝜙2𝐼𝑀 IM (linear) phase ( w.r.t. current modulation) 

𝜓 IM/FM phase lag 

𝜓𝜆 WM-IM phase lag 

|𝑌1| Maximum of FM signal projection on Y- channel. 

|𝑌2| Minimum of FM signal projection on Y- channel. 

𝑋1 Maximum of FM signal projection on X- channel. 

𝑋2 Minimum of FM signal projection on X- channel. 

𝜂𝑖 Internal/injection efficiency 

q Charge in coulombs 

N Number of charge carriers per unit volume 

V Volume of the active region 

𝑅𝑛𝑟 Nonradiative recombination rate per unit volume 

𝑅𝑠𝑝 Spontaneous emission rate per unit volume 

𝑅𝑠𝑝′ Spontaneously emitted photons coupled back into the 

laser cavity per unit volume 

𝑅21 Stimulated emission rate per unit volume 

S Cavity photon density 

Vp Optical mode volume. 

𝜂𝑜 Output coupling efficiency 

𝜏𝑝 Cavity photon lifetime 

𝜏𝑁 Carrier lifetime 

𝑣𝑔 Group velocity 

𝐺(𝑁, 𝑆) Gain of the laser 

Γ Mode confinement volume 

𝛽𝑠𝑝
′  Fraction of spontaneous emission coupled to the laser 

mode 

𝐺0𝑁 Empirical gain coefficient 

𝑁𝑡𝑟 Transparency carrier density 

𝜚 Differential gain 

𝑁𝑠 Curve fitting parameter 

𝜖 Gain compression factor 

𝜔𝑚 Current modulation angular frequency 

𝑁0 Steady state carrier density 

𝑆0 Steady state photon density 

𝐺0 Steady state gain 

𝛿𝑁 Carried density perturbation 

𝛿𝑆 Photon density perturbation 

𝛿𝐺 Gain perturbation 

𝑛𝑟 Real part of the refractive index 

�̅� Cavity mode number 

𝒻 Laser frequency 

𝐿𝑐 Optical length of the cavity 

𝑛𝑔𝑟 Group refractive index 

𝑣𝑔 Group velocity 

�̅� Line width enhancement factor 
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𝑛𝑖 Imaginary part of the refractive index 

𝑓𝑚 Applied current modulation frequency 

𝐼𝑡ℎ Threshold current 

𝛿𝑃 Change in optical power 

𝐶𝑇 Thermal capacitance 

𝑅𝑇 Thermal resistance 

𝑃𝑒𝑙 Electrical power  

𝑣𝑓 Forward voltage 

𝑖𝑓 Forward current 

𝑃𝑜𝑝𝑡 Optical power 

𝑟𝑠 Series resistance of the laser diode 

𝑉𝑗  Junction voltage of the laser diode 

𝜂 Slope efficiency 

𝐼𝑏𝑖𝑎𝑠 Laser bias current 

𝐼𝑡ℎ Laser threshold current. 

𝑖𝑚 Current modulation amplitude 

𝑃𝐷𝐶 DC electrical heat dissipated  

𝐴1 Amplitude of the AC heat dissipated in the active layer 

𝜑1 Thermal phase lag 

𝜏𝑡ℎ Thermal time constant 

Δ𝜆 Change in wavelength 

𝛼𝑙 Temperature expansion coefficient 

𝛼𝑛 Refractive index coefficient 

𝜆0 Central (average) laser wavelength 

𝐴2 Nonlinear AC electrical heating amplitude 

𝐻0 DC thermal tuning. 

𝐶𝑓 Carrier induced FM 

𝜔𝑐  Thermal cut-off frequency 

𝜅 Thermal diffusivity 

𝑑𝑠 Substrate thickness 

𝐶𝜆 Carrier induced WM 

𝑇𝑎(𝑡) Time dependent active layer temperature 

�̃�𝑎 Amplitude of active layer temperature 

𝑇𝑠𝑠 Steady state temperature 

�⃗� Heat flux 

𝑐ℎ Heat capacity 

𝑐𝑝 Specific heat capacity 

𝐾 Thermal conductivity 

𝜌 Density 

𝐻𝑠(𝑡) Heat flowing from the active region into the substrate 

layer 

𝐻𝑏(𝑡) Heat flowing from the active region into the barrier 

layer 

𝐶𝑎 Thermal capacity of the active layer 

𝑑𝑏 Thickness of the barrier layer 

𝐶𝑏 Thermal capacity of the barrier layer 

𝐶𝑠 Thermal capacity of the substrate layer 

d Thickness of the laser chip 

𝜔𝑐𝑠 Thermal cut-off frequency - substrate layer 

𝜔𝑐𝑏  Thermal cut-off frequency - barrier layer 

𝜔𝑐𝑎 Thermal cut-off frequency - active layer 

𝑑𝑎 Thickness of the active layer 

𝑑𝑤 Width of the laser strip 

ℓ Length of the laser strip 

𝛩 Iteration angle 

C Concentration (%) 

𝒜 Integrated absorbance 

  


