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Abstract

This thesis investigates the economic functioning of digital platform mar-
kets, highlighting how their unique characteristics challenge industrial or-
ganisation (IO) theory applied to traditional markets. Using a theoretical
IO framework, it develops models to analyse platform strategies, competi-
tion, and user surplus, providing insights relevant for both economic research
and policy design.

Chapter 1: The Economics of Digital Markets The first chapter aims to
develop a unified theoretical framework that brings together diverse strands
of research on two-sided markets and advertising. By doing so, it organises
the existing literature in a systematic and rigorous way, providing a clearer
understanding of the distinctive features of digital markets, such as multi-
sided interactions, network effects, and monetisation strategies, and their
implications for economic policy. The key contribution of this chapter lies
in integrating fragmented theoretical approaches into a unified and flexible
framework that can be applied across different types of digital platforms
and market structures, enabling analysis of competitive interactions, user
switching behaviour, and mergers. Thus, it provides a consistent analyti-
cal framework for comparing price-based and advertisement (ad)-supported
platforms, analysing platform strategies, policy interventions, and welfare
outcomes, and capturing emerging trends such as multi-homing, platform
consolidation, and evolving monetisation models.

Chapter 2: Competition and Mergers among Digital Platforms
Building on the framework developed by Tan and Zhou (2021) in The Effects
of Competition and Entry in Multi-sided Markets published in the REStud
paper, this chapter develops a theoretical model to examine how competition
and market consolidation of digital platforms affect user surplus. The model
accounts for both symmetric and asymmetric platforms and examines transi-
tions from triopoly to duopoly and from duopoly to monopoly. Through ana-
lytical reasoning, illustrated with MATLAB-based numerical simulations, the
chapter identifies conditions under which reducing the number of platforms
from three to two can enhance user surplus while showing that consolida-



tion to a monopoly generally reduces user surplus due to higher prices. This
chapter contributes by examining how network effects and platform asym-
metry drive changes in user surplus and, in turn, shape our understanding
of the welfare impact of platform mergers. It identifies the conditions un-
der which platform mergers can improve or reduce welfare, offering guidance
for regulators on assessing consolidation, and emphasising the importance of
maintaining competitive market structures.

Chapter 3: Advertising Spending and User Welfare in Digital Plat-
form Markets This chapter examines advertising spending on ad-based
platforms and its impact on user surplus across different scenarios, including
multi-homing, single-homing, duopoly, and post-merger monopoly settings.
A model of an ad-based monopoly platform illustrates how advertising ex-
penditure is determined, highlighting trade-offs between platform revenue
and user surplus. The analysis shows that multi-homing does not always en-
hance welfare, particularly when platforms are highly substitutable, and ad
exposure is high. In contrast to price-based markets, mergers between highly
substitutable ad platforms can increase user surplus by reducing duplicate
content and cumulative ad nuisance. These findings provide a structural un-
derstanding of digital advertising markets and offer detailed policy guidance
on platform regulation, advertising standards, and merger assessment.

Overall, this thesis advances the understanding of digital platform markets by
developing a unified theoretical framework applicable across different moneti-
sation models, analysing the interplay between network effects, competition,
and mergers, and clarifying the welfare implications of multi-homing and
advertising. Its contributions inform both economic theory and regulatory
policy, offering tools to assess platform strategies, market structure, and user
welfare in evolving digital markets.
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Thesis Introduction

In the field of industrial organisation, economists have developed strong theo-
retical models to understand how traditional markets function. These models
have guided the creation of effective policies that promote competition, ef-
ficiency, and consumer welfare. However, digital markets created by digital
platforms operate in ways that differ fundamentally from these traditional
settings. Their unique characteristics, particularly network effects and multi-
sided interactions, challenge the assumptions of traditional market theory
and require new approaches to both analysis and regulation.

This thesis seeks to advance the understanding of digital platform markets
by developing theoretical and simulation-based frameworks that explain how
these markets function, compete, and affect user surplus. It explores how
pricing structures, mergers, and advertising strategies determine outcomes
for users and platforms. Across three interconnected chapters, the thesis
develops models that bring coherence to a fragmented body of research and
provide insights relevant to both academia and policy.

The first chapter lays the conceptual foundation by examining the economic
characteristics that distinguish digital markets from traditional ones. It high-
lights the defining features of digital platforms and the coexistence of price-
based and non-price-based models. While existing studies analyse these fea-
tures in isolation, this chapter develops a unified theoretical framework that
integrates price- and non-price-based market structures within a single an-
alytical model. The framework captures interactions among multiple plat-
forms, strategic pricing decisions, user behaviour, and the implications of
competition and mergers. This unified model extends the traditional the-
ory of multi-sided platforms by incorporating both direct and indirect net-
work effects and allowing for hybrid monetisation strategies, such as paid
and ad-supported systems. By doing so, it provides a comprehensive tool
for analysing how digital platforms behave under varying market conditions,
ranging from monopoly to highly competitive settings.

Building on the theoretical model developed in Chapter 1, the second chap-
ter examines competition and mergers in price-based digital markets. These
markets consist of platforms that connect different user groups, such as buy-
ers and sellers or drivers and riders, while creating value through network
effects. Mergers between digital platforms differ from those in traditional



markets. While consolidation may strengthen network effects and enhance
platform utility, it can also increase the price for users and reduce their sur-
plus. The overall effect depends on the relative strength of the network effects
versus the degree of market concentration. This chapter extends the model
developed by Tan and Zhou (2021) to address these complexities. I investi-
gated both symmetric and asymmetric platform structures and analysed how
user surplus evolves as markets consolidate, from triopoly to duopoly, and
from duopoly to monopoly. Through simulation-based analysis, I identified
the conditions under which mergers enhance or reduce user surplus, con-
sidering factors such as stronger network effects, platform asymmetry, and
market coverage. The results offer guidance for policymakers and regulators
in assessing competition and mergers in digital markets, where traditional
antitrust principles may no longer apply directly.

The final chapter turns to ad-based digital platform markets, where plat-
forms offer free services to users while generating revenue through targeted
advertising. Platforms such as Google and Meta exemplify this model, where
user engagement drives ad effectiveness, revenue generation, and, ultimately,
market dominance. In this chapter, I examined three interrelated issues: the
factors driving advertising spending on digital platforms; the conditions un-
der which multi-homing, users engaging with multiple platforms, affects user
welfare; and how mergers among ad-based platforms alter user welfare when
multi-homing exists. A formal model of an ad-based monopoly platform is
developed to explain rising ad spending and the role of network effects in re-
inforcing market power. The analysis then extends to a multi-homing setting,
incorporating platform substitutability and advertising nuisance to determine
when users benefit or suffer from engaging with multiple platforms. Finally,
the model explores how mergers between ad-based platforms influence user
welfare under varying degrees of substitutability and network strength. The
results contribute to a more accurate understanding of how digital advertis-
ing markets evolve and how user welfare depends on the balance between
free access, advertising intensity, and competition.

By integrating these strands, the thesis contributes to the broader under-
standing of digital market economics and provides a systematic approach to
evaluating competition, regulation, and welfare in the platform economy.



Chapter 1

The Economics of Digital
Markets

1.1 Introduction

The 215 century has witnessed a profound transformation in the global econ-
omy, driven by the exponential rise of digital platforms. Digital businesses
now permeate nearly every sector, offering services that are frequently free
to users, while monetising through alternative means such as subscription
fees or advertising. This digital revolution has created vast new economic
opportunities, from personalised user experiences and rapid service delivery
to global scalability even for the smallest enterprises (Akman, 2019). Un-
like traditional firms rooted in physical supply chains, digital firms operate
through large user networks and ad-supported interactions, reshaping the
way economic value is created and exchanged.

In this context, understanding the economics of digital platform markets
requires a structured analytical approach. This chapter develops a unified
theoretical framework that synthesises the diverse literature on digital plat-
form markets. By adjusting a small set of parameters, the framework cap-
tures both price-based and non-price-based platforms. Rather than propos-
ing separate models, it provides a common structure in which assumptions
about pricing, advertising, network effects, and homing behaviour map to
well-established theoretical settings under different market structures. This



approach clarifies how different strands of the literature relate to one an-
other and allows results from disparate models to be analysed within a single
coherent framework. The main contribution of this chapter is to organise
the literature around this unified framework, highlighting the connections
between prior theoretical approaches and providing a basis for systematic
comparison of platform monetisation strategies.

To ground this discussion, it is useful to define digital markets more pre-
cisely. Digital markets are those in which companies develop and apply new
technologies to existing businesses or create brand new services using digital
capabilities.® In other words, digital markets are created by digital platforms
that facilitate the exchange of goods and services between agents (OECD,
2012). This represents a significant departure from what was commonly ex-
perienced two decades ago, as many of today’s services, such as social media
platforms, mobile applications, and various forms of online shopping, are
entirely novel innovations.

A defining characteristic of digital markets is their reliance on multi-sided
platforms, which function as intermediaries that facilitate interactions be-
tween two or more distinct user groups. These platforms are typically dig-
ital applications or software ecosystems that simultaneously serve multiple
groups, for example, consumers, sellers, advertisers, and content creators,
and generate value by enabling interactions among them. What distinguishes
these platforms is that the value for one group is significantly dependent on
the participation of the same and the other group of agents, a phenomenon
known as network effects (ACCC, 2019).

The term multi-sided reflects this core functionality: each side represents a
distinct group of agents whose participation enhances the overall utility from
the platform. For instance, on a social media platform, one side might con-
sist of end-users who create and consume content, while another consists of
advertisers seeking to reach those users. Similarly, in a ride-hailing applica-
tion, drivers and passengers constitute two sides of the market; each derives
value from the presence of the other. These interactions are orchestrated
through a common interface, the digital platform. This structure is in sharp
contrast to the traditional one-sided business model, where firms typically op-
erate through linear supply chains, where producers purchase inputs, engage

thttps:/ /www.gov.uk/government /publications/competition-and-markets-authoritys-
digital-markets-strategy/the-cmas-digital-markets-strategy
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in production, and sell directly to end consumers. Traditional firms operate
through linear value chains. For example, a clothing firm designs, manufac-
tures, and sells apparel to consumers. The firm earns revenue directly from
product sales, and transactions primarily occur between the firm and its cus-
tomers. Although intermediaries such as retailers may be involved, network
effects are largely absent. The firm’s main decisions concern product quality,
pricing, and attracting buyers through marketing and brand reputation.

Thus, the multi-sidedness of digital platforms represents a structural inno-
vation in market design. It enables scalable interaction, strengthens network
effects, and transforms users from passive consumers to active participants
in value creation.

1.1.1 Features of Digital Markets

Having established a foundational understanding of digital markets, it is
essential to explore the distinct features that differentiate them from tradi-
tional markets. Among others, the following key features collectively define
the digital market landscape.

(i) Multi-Sidedness: Digital platforms typically serve multiple user groups
simultaneously, such as consumers, service providers, and advertisers. This
multi-sided nature allows platforms to create interdependent relationships
between these groups, often offering free or subsidised access to one side in
order to attract participation from another.

For example, Meta provides free access to users and content creators while
generating revenue from advertisers through targeted advertising based on
user data. In this way, the participation of one group increases the value of
the platform for others, strengthening user engagement and revenue poten-
tial.

(ii) Network Effects: A key feature of digital platforms is the presence of
network effects, meaning that the value of the platform grows as more users
join. There are two main types: direct and indirect network effects.

Direct network effects occur when each additional user directly increases
the value of the service for other users on the same side. For instance,
consider a social media platform like Meta. The more people who join,
the more engaging and useful the platform becomes for each user. People



can share updates, interact, and stay connected with a wider circle, making
participation more rewarding as the network grows. Even holding individual
preferences fixed, the platform becomes more useful as more users are present.

Indirect network effects arise when the value enjoyed by users on one side
of a platform depends on participation on the other side. Consider a video
game console such as the PlayStation. A larger base of players increases
the value of the platform for game developers by expanding the potential
audience for games, while a wider variety of available games increases the
value of the console for players. In this case, the value is created through
cross-side interactions, with each group’s utility depending on the activity of
the other, rather than directly on its own size.

(iii) Near-Zero Marginal Costs: In digital markets, near-zero marginal
costs refer to the fact that once a digital product or service has been cre-
ated, producing and distributing additional copies costs almost nothing. Un-
like traditional goods, where each extra unit requires materials, labour and
transportation, digital goods can be replicated and delivered instantly at
negligible cost. For example, consider software or online music streaming.
Developing an application or recording an album involves significant upfront
(fixed) costs, such as design, coding, or production, but once the product
exists, serving one more user costs very little. Distributing another software
download or streaming one more song does not require additional manufac-
turing or physical distribution (Van Gorp and Honnefelder, 2015).

This cost structure has major implications for digital markets. It allows firms
to scale rapidly because adding new users does not substantially increase total
costs. It also supports business models that leverage low marginal costs, such
as subscription-based models that generate recurring revenue, or free-access
models that prioritise user growth to monetise through advertising. However,
it can also lead to market concentration, as firms that succeed early can
dominate by spreading their high fixed costs over a large number of users,
making it difficult for new entrants to compete on price.

(iv) Economies of Scale and Scope: In digital markets, firms often
experience strong economies of scale because digital goods and services typi-
cally involve high fixed costs but extremely low marginal costs. For example,
developing a software platform or an online service requires substantial up-
front investment in design, programming, and infrastructure. However, once
the product is created, the cost of serving additional users, such as distribut-

6



ing software updates or streaming content, is negligible. The cost struc-
ture discussed above allows digital platforms to scale rapidly and reach large
user bases without a proportional increase in production costs. Compared
to traditional markets, where expanding output usually requires additional
materials, labour, and logistics, digital businesses can grow with minimal
incremental expenses. This cost structure allows large platforms to spread
fixed costs over a large user base, lowering average costs per user. Combined
with the network effects that make the platform more valuable as more users
join, these factors create strong barriers to entry for new competitors, which
can lead to market concentration over time.

Digital markets also exhibit strong economies of scope, as firms can use shared
infrastructure, data, and technology to offer multiple products or services ef-
ficiently. For instance, Google leverages its search algorithms, data analytics,
and cloud infrastructure to provide search, advertising, maps, email, and
video content within a single integrated ecosystem. This ability to reuse
and combine resources across services strengthens competitive advantages
and creates high entry barriers for new firms (Parker et al., 2020; Baye and
Prince, 2020).

(v) Market Concentration and Lock-In Effects: In digital markets,
strong network effects are a major source of market concentration. As more
users join a platform, its value to each user increases, making the platform
more attractive relative to smaller rivals. This creates a self-reinforcing pro-
cess in which large platforms continue to grow while smaller competitors
struggle to attract users, even if they offer comparable services. As a re-
sult, entry and expansion by rivals become difficult because users anticipate
a lower value from participating in a smaller network.

Lock-in effects further reinforce this concentration by increasing the cost of
switching away from incumbent platforms. These switching costs may arise
from the loss of personal data, digital assets, or established social connec-
tions, as well as from the time and effort required to learn a new system.
When alternative platforms also have fewer users or a more limited ecosys-
tem, switching becomes even less attractive. Together, network effects that
favour large platforms and lock-in effects that discourage switching can lead

to winner-takes-most, or even winner-takes-all, market outcomes (Van Gorp
and Honnefelder, 2015).

(vi) Single vs Multi-homing: Another important feature of digital mar-
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kets is the distinction between single-homing and multi-homing. Single-
homing can arise for various reasons, including user preferences, platform
design, or the relative benefits of concentrating activity on a single service
provider. For example, many social media users remain on a single platform
like Meta because their network of friends and communities exists only there.

In contrast, multi-homing refers to users engaging on multiple platforms si-
multaneously. For example, a restaurant might list its services on both Uber
FEats and Deliveroo to reach more customers. Multi-homing can mitigate
concerns about market concentration by lowering switching costs and reduc-
ing users’ dependence on any single platform. When participants are able to
multi-home, competing platforms can coexist more easily, as users are less
constrained to commit exclusively to the dominant platform.

The balance between single-homing and multi-homing therefore, plays a cru-
cial role in shaping competitive dynamics in digital markets. Strong network
effects combined with widespread single-homing tend to strengthen incum-
bents and raise entry barriers, while greater scope for multi-homing can sus-
tain competition by limiting the market power of dominant platforms.

In summary, these features represent a fundamental shift in the way value is
created, captured, and distributed in digital markets. Large platforms can act
as gatekeepers, controlling access to key user bases and shaping market out-
comes. This raises policy concerns, such as anti-competitive behaviours: for
instance, killer acquisitions, where dominant platforms buy potential rivals
to limit competition, or platform self-preferencing, where a platform priori-
tises its own products over those of competitors (Lear, 2019). Understanding
these peculiarities is essential for developing models that accurately reflect
the conduct of the platform and for designing effective regulatory responses.

1.1.2 TIllustration of the Digital Ecosystem

Building on the distinctive features outlined above, it becomes evident that
digital platforms consist of multiple participant groups, such as users, rid-
ers, buyers, content creators, sellers, drivers, and advertisers. Interactions
between these groups create a digital market, which can generally be classi-
fied into price- and non-price-based models. In a price-based market, users
are required to pay transaction fees or subscribe to the platform, while in
a non-price-based market, users gain free access, and the platform typically



generates revenue from advertisers or other indirect monetisation strategies
like data licensing, affiliate marketing, or partnerships. Importantly, pric-
ing often differs across sides of the market. For example, on food delivery
platforms such as Deliveroo, consumers typically access the platform for free,
while restaurants pay commission fees. By contrast, on other platforms, all
user groups can be charged directly; for example, both buyers and sellers can
pay access or transaction fees. Some platforms therefore, operate under hy-
brid models, where different sides face different pricing structures, and both
user fees and advertising revenues coexist.

Group- Ad
Advertisers

Digital Platform ‘Li Sellers, Drivers,

Content Creators

Group-i
Buyers, Riders,
Users

Group-j

Digital Markets

Price-based Markets | Non-price-based Markets
E.g. Subscription-based E.g. Advertisement-based

Figure 1.1: Digital Ecosystem

As illustrated in the diagram, the interactions within the platform ecosystem
are shaped by both direct and indirect network effects. For example, a larger
number of users increases the value of the platform for advertisers (indirect
network effect), while more users within the same group can increase the value
of the platform for each other (direct network effect). The resulting structure
is highly integrated and can facilitate participation and interactions between
multiple user groups, providing a flexible foundation for digital platform
markets.



1.1.2.1 Price-Based Markets

In price-based digital markets, platforms earn revenue directly from users
through payments for access, usage, or premium services. The relationship
between the user (group-i,j) and the platform is transactional, where users
pay for value-added content or uninterrupted service. This model typically
includes the following:

(i) Subscription-based services: Users pay a recurring fee monthly or
annually for continuous access to digital content or features. Examples in-
clude streaming platforms such as Netfliz, Spotify, and Amazon Prime, where
users subscribe for exclusive entertainment and ad-free content.

(ii) Pay-per-use or one-time purchases: Users make individual pay-
ments for specific products or services, such as purchasing an e-book, renting
a movie, or buying a software license. Examples include Microsoft Office,
Adobe Acrobat, and online gaming stores.

The key characteristic of price-based markets is the direct financial link be-
tween the platform and the user. The revenue of the platform depends on
the number of paying users, user retention, and the perceived value of the
service. Platforms in this category often focus on user experience, personal-
isation, and long-term engagement to reduce churn and sustain growth.

1.1.2.2 Non-Price-Based Markets

Non-price-based digital markets generate revenue indirectly rather than charg-
ing users for access. In these markets, users (group-i, j) often access services
for free, while another group, typically advertisers (group-Ad), generates rev-
enue for the platform. Value exchange is mediated through user attention or
participation rather than direct payment. It includes:

Advertisement-based models: Platforms provide free access to users
while displaying paid ads. Examples include YouTube, Meta, and Insta-
gram, where advertising revenue depends on user engagement and reach. In
these markets, the user base is crucial because larger audiences attract more
advertisers, creating strong indirect network effects. However, excessive ad-
vertising reduces user satisfaction or engagement, so balancing between mon-
etisation and user experience is essential.

In summary, price-based markets rely on direct payments from users for sus-
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tained revenue, while non-price-based markets depend primarily on adver-
tisers. Both markets leverage network effects to increase user participation
and overall platform value, but they differ fundamentally in how value and
payments circulate within the digital ecosystem.

1.2 Unified Theoretical Framework for Digi-
tal Markets

Understanding the key differences in platform incentives and behaviour is
essential for analysing competition and market outcomes in digital markets.
Given how these markets differ from traditional settings, there is a clear need
for formal economic models to guide intuition and provide insight into how
platform monetisation strategies shape competition and welfare. Over the
past two decades, a rich body of literature has emerged addressing various as-
pects of digital markets, from designing platform models for both price- and
non-price-based (or advertisement) scenarios for analysing platform competi-
tion and mergers. However, these studies often take place in isolation, leaving
the field fragmented. Hence, a unified theoretical framework is designed to
capture the economic behaviour of digital platforms. The framework is flexi-
ble and can be extended to analyse different market structures. Importantly,
the model does account for the zero-pricing constraint. In this unified frame-
work, one side of the platform i.e., users group face a zero monetary price,
consistent with non-price-based platform markets. Instead of charging users
directly, the platform generates revenue from the other side of the market,
such as advertisers. Participation on the user side is therefore driven by
factors like network benefits rather than direct payments. While the frame-
work can, in principle, accommodate negative prices, the analysis focuses on
the zero-price case as a natural benchmark, which also aligns with common
pricing structures observed in digital platform markets.

By incorporating multiple platforms, the model can capture competitive in-
teractions, strategic pricing, user switching behaviour, and potential mergers.
This versatility makes the framework a general analytical tool for represent-
ing a wide range of configurations in digital markets, from single dominant
platforms to highly competitive multi-platform environments, while provid-
ing insights for both economic research and policy design.
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This chapter aims to develop a unified theoretical framework that brings
together these diverse strands of research. By doing so, it seeks to organise
the existing literature in a systematic and rigorous way, helping to better
understand the distinctive features of digital markets and the implications
for economic policy. This divergence gives rise to a central research challenge:

How can a unified theoretical framework be constructed to analyse the func-
tioning of multi-sided digital platforms across various market structures, in-
tegrating both price-based and non-price-based interactions?

The analysis begins by examining the fundamental structure and economic
behaviour of digital platforms. A unified multi-sided digital platform model
is constructed to capture the two segments of digital markets that are both
price-based and non-price-based markets. The unified framework incorpo-
rates cross-side interactions, whereby agents’ participation decisions are in-
fluenced by the presence of agents on the other side of the platform. For
instance, sellers derive value from the number of buyers, thereby capturing
indirect network effects.

However, the model abstracts from strategic interactions within each side,
such as competition between sellers in pricing. These interactions are indeed
important in many platform settings, as highlighted in the literature (e.g.,
(Karle et al., 2020)). The goal of this chapter is to provide a tractable and
unified framework that focuses on platform-level pricing and participation
decisions rather than detailed within-side competition. Incorporating such
strategic interactions between users would significantly increase the complex-
ity of the model and is therefore left as a potential extension. In the current
framework, users are modelled as an atomless continuum, so that each indi-
vidual user has a negligible impact on the platform as a whole, abstracting
from strategic interactions at the user level. Nonetheless, the framework cap-
tures the primary indirect network effects that are central to many platform
environments.

In this sense, seller-side competition is captured only indirectly through its
effect on utility from joining the platform, rather than being modelled ex-
plicitly. More broadly, the current framework is intended as a foundational
structure upon which richer models, incorporating within-side competition
and strategic interactions, can be built.
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1.2.1 Theoretical Model

Consider a multi-sided digital platform A (e.g., Uber, YouTube, Meta)
that competes with other platforms to attract distinct agent groups that are
as follows.

(i) Group-i: Consumers, such as riders, buyers, and users.
(iii) Group-j: Suppliers, such as drivers, sellers, and content creators.

(iii) Group-Ad: Advertisers.

1.2.2 Payoff Functions

The payoff function for users, advertisers, and platform A is given below.
It is important to note that these functions assume a particular functional
form, linear and additive, which simplifies the analysis and allows for the
tractable derivation of equilibrium outcomes. While this specification cap-
tures the key interactions between platform participation, network effects,
and ad exposure, alternative functional forms could introduce non-linearities
or complementarities that may affect user or advertiser behaviour. There-
fore, the choice of linear and additive utility is considered here as a modelling
simplification that highlights the main economic drivers while remaining an-
alytically tractable.

A A A A A A A A A
U; ——si+ai-ni—|—5i-nj—)\i-nAd—pZ-
A A A A A A A A A
U =s; +aj ng + 5 n; — A -nyy—pj

Uiy = shq + Bag(ni' + nf) — pia(ni + nf)

= nf ol p!) ot + 0l ) -l + ndah) - Pag - (R )

For a user in group-i, the utility (U#) is made up of: s#: stand-alone benefits
that capture the intrinsic value or the direct utility of the platform. For ex-
ample, basic access to platform features, adjusted upward by direct network
effect: an: direct network benefits captured by a#* generated from each
additional user of group-i, and ni! is the number of group-i users. Example:
the value of joining Facebook increases if more of the users on the same side
also join, and ngnj‘: indirect network effects, where the parameter 3/ mea-
sures the indirect network benefits derived from the presence of users in the
other group-j. For example, more content creators (group-j) increase user
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satisfaction in group-i. Adjusted downward by An4,: advertisement (ad)
disutility, where A\ measures the level of ad nuisance, and n4, is the number
of advertisers, and p:': price charged to group-i users for platform access.

For group-j users (e.g., content creators), the utility function (U') consists
of: sJA: stand-alone benefits for group-j users (e.g., tools available for content
creation). Adjusted upward by indirect network effects represented by B]Anf‘,
where Bf captures the indirect network benefits of having more group-i users
(n'). Example: more viewers make content creation more rewarding. Ad-
justed downward by )\;‘nﬁd: advertisement disutility, and pj‘: price charged
to group-j users. Unlike users in group-¢, members of group-j typically do not
benefit from direct interactions with others in their own group. For instance,
on a platform like Meta, content creators do not gain value simply because
there are more creators, as additional creators may produce substitutable
content. Hence, ocj‘nj-‘ = 0 in the current formulation. More generally, the
effect of additional group-j users could even be negative if increased com-
petition for attention or content redundancy reduces the utility of existing

group-j users.

The utility for advertisers (U4;) is modelled as: s%,: stand-alone benefits of
being present on the platform, reflecting factors such as brand visibility. Ad-
justed upward by ad reach 84,(n! + n;‘): where 34, captures the advertising
effectiveness and (nt + n;‘) represents the total user base, since advertisers
gain from reaching a larger pool of users. Lastly, adjusted downward by the
total advertising payment p4,(ni* + n;“) made by each advertiser. Here, p4,
is the price charged per user view (or ad impression), and (n;' + nf') is the
total number of users exposed to the advertisement.

The pay-off function (74) for the platform A captures all the main sources
of the platform’s revenue and accounts for fixed operating costs. The first
term, niA (pf‘, pj‘) . pf‘, reflects the total revenue generated from users of group-
i, where the number of participating users n depends both on the price (p#)
they are charged and the presence of users of group-j. Similarly, the second
term, n;‘ (p}“, ) -p]A, represents the revenue obtained from users in group-7,
whose participation also depends on cross-group pricing. The third term,
n44(pa) - Pag - (n{ +n?'), denotes advertising revenue. Here, n4,(p4,) is the
number of advertisers willing to pay the advertising price p4,, and (nft + nj‘)
is the total user base that advertisers can reach. In the current framework,
the fixed cost C4 is intended to represent a sunk cost, which does not affect
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the platform’s optimisation problem in the static setting considered here. As
such, it does not play a role in the analysis, and is omitted from the profit
function to avoid unnecessary notation. More broadly, fixed costs becomes
economically relevant in other contexts. In particular, if fixed costs are not
fully sunk, platform mergers may generate cost synergies by eliminating the
duplication of fixed investments (e.g., infrastructure, technology, or platform
development costs). This reduction in total costs could, in principle, af-
fect incentives for entry, pricing, and overall market structure. While these
considerations are not explicitly modelled here, they provide a natural and
important direction for future research on platform mergers and efficiency
gains. This interpretation of fixed costs applies throughout the subsequent
chapters of the thesis.

Although the above profit formulation represents a monopoly setting, in a
competitive environment, the number of participating agents on each side
becomes a function of not only the platform’s own prices but also the prices
of rival platforms (k), which is given below:

= nl(pf plt b ) pit + (o p pE pE) pit + nda(Dhe Pha) DA (00 1),

where k € {B,C,...,n}.

Given these payoff functions, the interaction between users, advertisers, and
the platform is modelled as a two-stage game. The timing of decisions reflects
the strategic nature of platform competition, where pricing choices are made
in anticipation of subsequent participation decisions by users and advertis-
ers. This structure allows the analysis to capture how platforms internalise
network effects and advertising externalities imposed on users when setting
prices.

1.2.3 Two-Stage Game

The rationale for modelling the interaction as a two-stage game is that agents
first observe the platform’s prices and then decide whether to participate,
based on the utilities they expect to receive. The agent’s decision to join
depends not only on his own preferences, but also on expectations about the
participation of others, as these determine the strength of network effects.

1. The platform sets the prices for users and/or advertisers.

2. Users and advertisers decide whether to join or not.
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The above game can be solved by backward induction. It begins with the
second stage of the game, where users and advertisers observe the set of prices
chosen by the platform and then make their participation decisions based on
their respective utility functions. These decisions are not unilateral, but are
determined in equilibrium: each agent takes as given the participation of
others and chooses whether to join based on the resulting utility. This stage
therefore, characterises the demand side of the platform, where equilibrium
participation depends on stand-alone values, network effects, prices, and/or
advertisement disutility.

Anticipating the participation of the agents, the platform makes its decision
in the first stage by setting the optimal price. The platform strategy incorpo-
rates expectations about how changes in prices affect participation on each
side of the market. Thus, the equilibrium outcome of the two-stage game in
the case of a monopoly platform consists of (i) the platform’s optimal price
(or ad intensity) in the first stage and (ii) the corresponding Nash equilib-
rium participation levels in the second stage. Further, this framework enables
us to distinguish between two cases depending on the market environment:
price-based or non-price-based.

In the case of competing platforms, each platform anticipates not only the
participation decisions of its own users and advertisers, but also how par-
ticipation will be distributed across rival platforms. Users and advertisers
observe the prices set by all platforms and form beliefs about the actual par-
ticipation on each platform before deciding which platform to join. There-
fore, an equilibrium is characterised by a set of prices and participation levels
across platforms such that each agent’s joining decision is optimal given the
realised participation on all platforms and each platform’s pricing decision is
optimal given these participation outcomes.

1.2.4 Joining Decision

This section focuses on the joining decisions of agents in platform markets. It
discusses both the monopoly platform model, where users decide whether to
join a monopoly platform depending on whether the utility from participation
is positive, and the platform competition model, where users choose between
multiple platforms based on utility comparisons.

16



1.2.4.1 Monopoly Platform Model

When platform A is the monopoly in the market, an agent in group-i, 7, Ad
decides to join platform A if doing so yields positive utility:

Ut>0, U'>0, Uy >0

This can be interpreted as follows: An agent will join platform A if his net
utility is positive. The monopolist aims to maximise his profit: if the price
is set too high, then not all users will participate; if the price is set at the
level where utility is positive, then all users with positive utility will join the
platform.

1.2.4.2 Platform Competition Model

Platform A operates in a competitive environment in which it competes with
other platforms to attract a distinct group of agents. Let n, nj‘, n“4, be the
number of agents participating in the different groups- i, 7 and Ad on the
platform A. The platform enables interactions between these groups while
exhibiting both direct and indirect network effects. Agents can either single-
home or multi-home, and the conditions governing these choices are outlined

below.

Single-homing: An agent single-homes when the incremental benefit from
joining a second platform is too small relative to the additional cost or adver-
tisement disutility. Formally, an agent in each group prefers to single-home
on platform A when-

UA>UF, Vke{B,C,...,n}, Vi

A k .
Ui >U;, VYke{B,C,...,n}, Vj
UL, > Uk, Vke{B,C,...,n}, VAd

This means that an agent compares his utility from A with the utility from
each competing platform and joins A only when it provides the highest utility
among all available options. Thus, in single-homing, an agent’s decision
to join a platform is determined by pairwise comparisons of utility across
competing platforms.
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Multi-homing: An agent multi-homes when cross-platform differentiation
is strong or when the marginal utility from broader access outweighs re-
dundancy in content or services, or the additional cost of joining another
platform, exceeds the maximum of the utilities from single-homing on each
platform:

UMF > max {U?, UF}, Vke{B,C,...,n}, Vi

UJAHC > max{UjA, Uf}, Vk e {B,C,...,n}, Vj
Upt® > max {Udy, UNy}. Vk€{B,C,....n}, VAd

This condition states that an agent chooses to multi-home, that is, to join
both platforms (A) and (k), if and only if the total utility from participating
on both platforms exceeds the highest utility the agent could obtain from
joining either platform alone.

The expression captures the trade-off faced by the agent: multi-homing is
attractive when access to multiple platforms provides sufficiently large addi-
tional benefits, such as broader reach, complementary content, or enhanced
interactions, after accounting for any redundancy in services and the extra
costs of participation. If these combined benefits exceed the utility from
the best single-platform option, the agent optimally chooses to multi-home;
otherwise, the agent single-homes on the platform that yields the highest
utility.

Further, in reality, advertisers often multi-home because they benefit from
broader audience reach, whereas users are more likely to single-home when
network benefits are concentrated on one dominant platform or when the
additional cost and/or redundancy of joining a second platform outweigh the
gains.

Implications for platform competition: A platform’s pricing and strate-
gic decisions depend heavily on the pattern of single-homing and multi-
homing;:

(i) When users single-home but advertisers multi-home, competition for
the single-homing side becomes intense. Platforms lower prices or sub-
sidise users to gain a large user base, knowing that advertisers benefit
from greater ad reach.
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(ii) When agents on both sides single-home, platform competition becomes
winner-takes-most, and small differences in utility lead to large differ-
ences in market shares due to strong network effects.

(iii) When agents on both sides multi-home, competition resembles differ-
entiated product markets; price pressure is weaker, and platforms com-
pete on quality, ad tools, or matching efficiency rather than subsidies.

The intuitive implications for platform competition described above are de-
rived from the structure of the model and are consistent with insights from
the existing literature Belleflamme and Peitz (2019).

1.2.5 Channels of Monetisation in Platform Markets

The utility expressions for the group-z, j defined above, it is evident that key
parameters such as prices p/ and p}“, along with the advertisement-related
disutility term fjnﬁd, serve as toggles that differentiate between price-based
and non-price-based markets. Specifically, in a price-based market configu-
ration, users pay a monetary fee, and in return, users do not encounter the
disutility of ads, which implies )\f}j = (0. Conversely, in non-price-based mar-
kets, users access the platform without paying the price, but experience ad
disutility, which introduces a disutility captured by the term /\fjnﬁd. This
switchability allows the unified framework of the multi-sided platforms to
flexibly represent both types of digital markets. For instance, in a pure
price-based market such as paid subscription software, the ad nuisance term
disappears, the only cost users face is the subscription price, and their utility
depends on the stand-alone value of the platform, as well as the direct and
indirect network effects. In contrast, in a pure ad-based market such as a
social media platform with free access but a heavy reliance on advertising,
the price term is nil. Here, users do not pay for services, but instead bear
the disutility of advertisements. In summary, the unified framework captures
both segments of the digital markets.

Digital platform cost structures are typically characterised by high fixed costs
and negligible marginal costs, reflecting substantial upfront investment in in-
frastructure and technology alongside near-zero costs of serving additional
users. In the present framework, these fixed costs are treated as sunk and
therefore do not affect the platform’s optimisation problem. This cost struc-
ture underlies the importance of scale and network effects in digital markets,
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as platforms benefit from spreading fixed costs over a large user base.

Importantly, the pay-off function of the platform flexibly models both price-
based and non-price-based digital markets through the switchability of rev-
enue channels. In a non-price-based configuration, the platform relies solely
on advertising revenue to generate profit. In contrast, in a price-based mar-
ket, the platform generates revenue primarily from direct payments by users.
This dual capability makes the unified framework of the platform model
well-suited for analysing a broad range of digital platform strategies.

Illustrative Application of the Model: The unified framework dis-
cussed above can be applied to real-world cases such as Amazon, Meta,
Spotify, and Uber. For illustration, however, the case of YouTube provides a
representative example of the unified framework, as it supports both price-
based and non-price-based access.

For most users (group-i), YouTube is free to use, implying p/* = 0. These
users derive stand-alone benefits (s') from entertainment, education, and
information. They benefit from direct network effects (a'n') by engaging
with other users through likes, comments, and shares. The indirect network
effects ( ﬁ{‘nj‘) are significant, as the presence of more content creators (group-
j) leads to a richer and more diverse video library, increasing the value of
the platform for viewers. However, in this free access model, users are shown
advertisements, which results in a disutility component )\{}jnﬁd in their utility
function.

YouTube also offers a subscription-based model (e.g., YouTube Premium),
where users can pay a price p/ > 0 to avoid advertisements. In this case, the
ad disutility term /\f}jnﬁd is zero, representing a price-based market configu-
ration. This illustrates how the same modelling framework can accommodate
both ad-supported and paid-access formats, as well as platforms that com-
bine the two within a single business model.

For content creators (group-j), the stand-alone benefit s;-‘ arises from cre-
ative expression, community building, or personal branding. They benefit
indirectly from the size of the viewer base (/BJAnf‘), which increases their vis-
ibility and monetisation potential. As creators typically do not gain utility
from other creators, the direct network effect Ozfnf is nil. Some creators also
subscribe to premium platform features or tools, as shown in pj‘, and they
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experience ad disutility if their interface is sponsored by ads.

Advertisers on YouTube derive utility U4, from the aggregate reach of the
platform. Their benefit increases with the total number of viewers and cre-
ators (n;' +nf') and is offset by the cost of advertising, piy(n;' + ns'). The
effectiveness of ads is directly related to the size of the audience, aligned with
the structure of the utility function of the advertiser.

Having established the unified framework and its components, the next step
is to formalise how agents interact within it. The next section highlights
the key trade-offs faced by platforms when setting prices in the presence of
network effects, advertising demand, and agent participation incentives.

1.2.6 Platform Pricing and Participation Trade-offs

As described above, the analysis follows the logic of backward induction. In
the second stage, given the set of platform prices, users and advertisers decide
whether to participate based on their respective utility functions. These
participation decisions determine how demand on each side of the platform
responds to prices, network effects, and ad disutility. Anticipating these
responses, the platform chooses its price structure in the first stage to balance
higher margins against the effect of prices on participation across the users
and advertisers’ sides. The outcomes of this interaction characterise a set of
prices and participation levels that are mutually consistent, highlighting the
key trade-offs faced by platforms in setting prices in the presence of network
effects and ad disutility.

Two distinct cases are considered: in case 1, optimal prices are determined
for advertisers in non-price-based markets, while in case 2, optimal prices are
determined for users in price-based markets.

1.2.6.1 Case 1: Non-Price-Based Market (Ad-Supported Model)

In the case of a non-price-based or ad-supported platform model, the plat-
form generates its revenue entirely from advertisers. The platform sets the
price (p4,) for advertisers, which affects the participation of advertisers and
indirectly the utility of users due to the presence of the ad disutility term
)\fjnﬁd. The advertisers decide to join the platform based on their payoff.
The platform determines the optimal price by maximising the profit function
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74 with respect to p4,:

T = phg - nia(pa) - (0] + n]A)

Here, p‘i, represents the price charged to each advertiser per unit of user
exposure to an advertisement (e.g., per view or impression), while n4,(p4,)
denotes the number of advertisers, which decreases as the advertising price
increases since advertisers are price sensitive. The term (n# + nj‘) captures
the total number of users in both groups ¢ and j, reflecting the overall au-
dience size reached by advertisements on the platform. A larger user base
increases the value of joining for advertisers, so nﬁd depends not only on the
advertising price p/, but also indirectly on n#t and nf. Finally, C*4 denotes
the fixed cost of operating the platform.

When maximising profit with respect to the advertising price p4,, the fixed
cost C4 drops out of the first-order condition because it does not depend
on p4,. Fixed costs only shift the overall profit level, but do not affect the
choice of the optimal price. Thus, the optimal p4, is determined entirely by
the trade-off between the higher revenue per advertiser and the lower number
of advertisers willing to join when the price increases, given the size of the
user base (n! + nf').

Advertiser Sensitivity and Network Effects: Setting a higher p4, re-
duces the number of participating advertisers, potentially lowering total rev-
enue but also mitigating the disutility of ads that users experience. A lower
ad disutility can improve user utility and participation, increasing the total
audience size, and paradoxically, making the platform more attractive to ad-
vertisers despite the higher price. Conversely, if p4, is too low, too many
advertisers can join, degrading the user experience via excessive ad expo-
sure and causing user attrition. Thus, there is a delicate trade-off between
advertising volume and user retention.

1.2.6.2 Case 2: Price-Based Market (Subscription Model)

In a price-based market, or subscription model, the platform generates rev-
enue by charging prices to both user groups ¢ and j. A user will join the
platform if their stand-alone value and network benefits exceed the price
charged. The platform determines the optimal user-side prices by maximis-

22



ing its profit function 74 with respect to p* and pj-‘.

=0l p)) -t + 0l (0,0 -

In the above profit function, p* and pj-‘ represent the prices charged to users
in the group-i and group-j, respectively. The number of users nZ(ps, p;-‘) in
the group 4 depends negatively on their own price (pZ'), since higher prices
reduce their participation, and also on the price (pj‘) charged to group-j
due to indirect network effects; for example, if fewer users join group-7j, the
platform becomes less attractive for group-i. Similarly, nJA (pf, p#) represents
the number of users in the group-j, which depends on both p;-‘ and p# for the
same reasons. The terms n/'(p{',p}') - p* and nf'(p}', p') - p;! correspond to
the total revenues collected from each group of users. Finally, the term C4
denotes the fixed cost of operating the platform, which does not vary with

the number of users.

This formulation highlights two key characteristics of digital platforms. First,
there is an interdependence between user groups: the demand from one group
depends on the participation of the other. The reduction of p/* can attract
more users in group ¢, which in turn can increase the participation of users
in group j, and vice versa. Second, the fixed cost structure implies that since
C4 is constant, the platform maximises profit with respect to the user-side
prices p* and pj‘, the fixed cost C* disappears from the first-order conditions
because it does not depend on either price. In other words, C4 affects the
overall level of profit but does not influence the choice of optimal prices.
The optimal prices are therefore determined solely by the trade-off between
higher revenue per user and the effect of prices on user participation, taking
into account both direct and indirect network effects.

Although the optimal prices in cases 1 and 2 are derived for a monopoly
platform, pricing in a competitive environment is inherently strategic. When
multiple platforms operate in the market, each platform chooses its price
vector based on the prices set by its rivals. In both price-based and non-
price-based configurations, a platform’s profit depends not only on its own
prices but also on the prices set by competing platforms, which influence user
and advertiser participation.

Formally, platform A selects prices to maximise its profit given the price
vectors of rival platforms k € {B,C,...,n}. Since participation on each
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side depends on relative prices across platforms, any change in the pricing
strategy of one platform alters the allocation of users and advertisers across
all platforms. Rival platforms therefore, respond by adjusting their own
prices, giving rise to a system of best-response functions. An equilibrium in
the competitive setting is characterised by a set of prices for each platform
such that no platform has an incentive to deviate unilaterally, given the prices
of its competitors. At these prices, the participation levels on each side of
every platform are mutually consistent with the utility-maximizing joining
decisions of the agents and the profit-maximizing pricing strategies of the
platforms. Consequently, the equilibrium of users and advertisers reflects
the interaction between network effects and competitive pricing, including
the possibility that users and advertisers shift between platforms in response
to relative prices and network sizes.

After determining the optimal prices, they will be substituted into the sec-
ond stage of the game to compute the participation number of users and
advertisers.

User Price Sensitivity: Users are typically sensitive to price: higher prices
reduce user utility, and consequently their participation. A user decides to
join the platform if combined factors such as stand-alone benefits, direct
network effects, and indirect network effects outweigh the price. If the plat-
form sets the price too high, marginal users may opt out, leading to partial
market coverage. This reduces the size of the network and diminishes both
direct and indirect network effects for remaining users, which may trigger
further exits. Conversely, if the platform sets the price sufficiently low, it
can ensure that all users join, achieving full market coverage. This creates a
feedback loop that reduces total participation and, ultimately, profit. Thus,
the platform must balance the trade-off between extracting revenue per user
and maintaining a sufficiently large network.

Strategic Insight: In both models, the platform’s pricing strategy directly
influences users and advertisers participation through utility-based thresh-
olds. Backward induction allows the platform to anticipate these behavioural
reactions and adjust its strategy to optimise profit, ensuring that the inter-
dependence of platform pricing, network effects, and agents’ decision-making
is fully captured.
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1.3 Organising the Literature within the Uni-
fied Framework

Having developed a unified framework, this section organises the framework
within the existing literature on digital platform markets. The model is de-
liberately flexible: by adjusting a small set of parameters, it can represent
both price-based and non-price-based platform environments, as well as dif-
ferent market configurations such as symmetric and asymmetric, studied in
prior work.

Rather than proposing a new model for each market structure, the framework
provides a common structure within which several strands of the literature
can be organised. Specific assumptions about pricing, advertising intensity,
network effects, or homing behaviour correspond to well-established theoret-
ical settings in the literature. By mapping these assumptions into the unified
framework, the section clarifies how existing models relate to one another and
how they can be viewed as special cases of a broader platform structure. This
approach highlights the connections between different branches of the plat-
form literature and shows how results from price- and advertisement-based
models can be analysed within a single coherent framework.

The stand-alone benefit parameter in the model captures the intrinsic value
users derive from accessing a platform’s content or service, even in the ab-
sence of other participants. This element unifies the treatment of intrin-
sic benefits across both price- and non-price-based markets. In Peitz et al.
(2017), it appears as the baseline value of the platform that determines partic-
ipation relative to the outside option. Belleflamme and Peitz (2019) similarly
interpret it as the fundamental surplus from joining a platform, independent
of others’ participation, while in ad-supported settings, Zennyo (2020) mod-
els a comparable stand-alone benefit that motivates user engagement prior
to accounting for advertising or pricing effects. Together, these formulations
establish the stand-alone component as the core source of individual utility
in platform participation.

The terms in the payoff that capture within-side or direct network effects
(users valuing the presence or activity of other same-side users) are found
in Belleflamme and Peitz (2019), who formalise such within-side effects and
show how they interact with platform pricing and product variety. Hyun
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(2016) models the direct network effects on the buyer’s side and their demand-
augmenting versus demand-sensitising consequences.

Indirect or cross-side network effects describe how participation on one side
of the platform enhances the value for agents on the other side. This factor
is at the core of the two-sided market literature, beginning with Rochet
and Tirole (2003, 2006) and extended by Armstrong (2006), showing that
pricing adjustments on one side influence participation on the other. Further
refinements, such as strategic pricing and heterogeneity results in Weyl (2010)
and Ambrus and Argenziano (2009) show how these cross-side effects shape
optimal price allocation and equilibrium participation.

The explicit price terms in the payoff reflect the membership and usage fee
structure emphasised by Rochet and Tirole (2003) and operationalised in
subsequent work Caillaud and Jullien (2003), Armstrong (2006), and Weyl
(2010). These papers show that it is the structure of prices across sides
(who pays and how), not just the total price, that determines participation
and platform welfare. Models that allow for richer heterogeneity and pricing
instruments (fixed fees, per-transaction fees, two-part tariffs), such as Belle-
flamme and Peitz (2019), Jullien (2011), and Kind et al. (2016) motivate the
way to include distinct price terms in the payoff functions.

Ad-based (non-price) platforms require an explicit ad-disutility term in the
user payoff. The media-market formalisation of Anderson and Coate (2005)
introduces the trade-off between ad intensity and viewer disutility and shows
how ad levels can be inefficiently high or low depending on advertiser demand
and viewer loss. Subsequent contributions Peitz et al. (2017), Kind et al.
(2016), and Zennyo (2020) introduced the role of ad nuisance on the utility of
users in their models. Reisinger (2012) and related work further show how ad
nuisance interacts with competition for advertisers and user time allocation.
In the unified framework, this effect is explicitly captured through the ad
disutility term.

Using this unified framework, the literature can be organised according to
market characteristics such as single-homing, multi-homing and price- and
non-price-based platforms. By mapping studies to these dimensions, the
chapter integrates fragmented theoretical approaches into a flexible structure
that applies across different types of digital platforms and market settings,
highlighting connections between models, clarifying how insights from one
context inform another, and enabling analysis of competitive interactions
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and user switching behaviour.

The core insight of digital markets has evolved into a comprehensive body of
theory explaining how multi-sided platforms coordinate interactions between
distinct user groups. Under the restriction that platforms choose only prices,
the unified framework nests the canonical models of two-sided markets. The
formal foundations were established Rochet and Tirole (2003, 2006), Caillaud
and Jullien (2003) and Armstrong (2006). These early papers provide basic
frameworks for modelling network effects among customers between the two
sides and for studying pricing schemes of both monopolistic and duopolistic
platforms. In these models, platforms choose price structures rather than
simple price levels, internalising cross-side externalities when setting fees.

Subsequent theoretical work extends this unified framework along several di-
mensions while preserving its basic logic. Weyl (2010) and Weyl et al. (2010);
White and Weyl (2016) generalise preferences and competitive environments
by allowing for rich heterogeneity in both membership benefits and interac-
tion values. Their insulating tariff approach reframes platform pricing as a
mechanism that stabilises user utility against fluctuations in participation on
the opposite side. Similarly, Jullien and Pavan (2019) show how correlated
preferences across sides affect equilibrium prices and welfare, illustrating how
assumptions about preference correlation naturally map into the same un-
derlying platform pricing structure.

A related strand examines platform competition and market concentration,
where the models are structured in accordance with the unified framework.
Correia-da Silva et al. (2019) analyse Cournot competition between plat-
forms and show that changes in the number of platforms can benefit or harm
users on both sides depending on the strength of cross-side externalities.
These theoretical results resonate with empirical evidence from the media
industries. Studies of newspapers Chandra and Collard-Wexler (2009), Fan
(2013), radio Sweeting (2010), Jeziorski (2014), and television and magazines
Song (2021) show that increased concentration does not systematically raise
prices on both sides of the market. Instead, platforms often rebalance price
structures, with prices on one side increasing while those on the other fall,
consistent with the predictions of two-sided market theory.

Homing decisions by users constitute another central dimension of the unified
framework. Rochet and Tirole (2006) and Caillaud and Jullien (2003) em-
phasise that multi-homing arises when platforms are incompatible, and users
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seek to maximise network benefits or minimise transaction costs. Armstrong
(2006) formalises how asymmetric homing patterns give rise to competitive
bottlenecks, whereby platforms compete intensely for single-homing users
while extracting rents from multi-homing users. This pattern explains why
the single-homing side is often subsidised and why price asymmetries may
emerge even when network effects are symmetric. Additionally, Tan and
Zhou (2021) focuses on price competition with symmetric platforms based
on the assumptions of single-homing with full market coverage and subsidises
a group with stronger network effects. Later contributions refine and some-
times challenge this conventional view. Belleflamme and Peitz (2019) and
Anderson et al. (2019) demonstrate that multi-homing can flip the side of
the market on which platforms compete most aggressively, affecting not only
prices but also the distribution of merger and entry effects. Within a uni-
fied framework, these results follow from differences in demand elasticity and
outside options rather than from fundamentally distinct market structures.

Under the restriction that platforms are ad-based, the unified framework
nests the canonical models of digital markets by toggling ad disutility on the
user side. Filistrucchi et al. (2012), who distinguished between transaction
and non-transaction two-sided markets, aligns with the unified framework.
This distinction clarified that ad-based platforms represent a distinct form
of multi-sided market in which price mechanisms are largely replaced by
indirect participation incentives. Foundational ad-based platform models,
such as Armstrong (2006), Reisinger (2012), and Zennyo (2020) show how
platforms subsidise users to attract advertisers when cross-group network
effects are strong.

Further, the application of a unified model by combining both price- and
non-price-based parameters is included in papers such as Wu and Huang
(2024) and Zennyo (2020), which illustrates the trade-offs between free and
paid tiers and the role of ad disutility in user retention and conversion, which
can be explicitly modelled through tiered utility functions. Complementors
and data network effects studied by Knorr et al. (2025) emphasise evolving
indirect network effects, aligning with dynamic network models such as Sun
et al. (2025) for long-term adoption and growth.

Overall, the literature on digital markets can be understood as a collec-
tion of special cases within a common platform structure. Differences across
models arise from specific assumptions about pricing instruments, user be-
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haviour, monetisation, and market structures. A unified framework makes
these connections explicit, clarifying how seemingly disparate results relate
to one another and providing a coherent foundation for analysing platform
behaviour across a wide range of market environments.

1.4 Conclusion

This chapter provides conceptual groundwork for understanding the eco-
nomics of digital markets through the construction of a unified theoretical
framework. Beginning with a systematic exploration of the defining features
of digital platforms, it distinguished digital markets from traditional mar-
ket structures in both form and function. Particular emphasis was placed
on how demand-side economies, cross-group interactions, and monetisation
design shape the processes of value creation, user participation, and pricing
strategies in digital ecosystems.

The synthesis of the prior literature highlighted key theoretical contributions
that have shaped the understanding of two-sided platform markets, espe-
cially those related to network effects, advertising disutility, and complex
pricing interactions, which often move in different theoretical directions. By
identifying the absence of a cohesive framework that can accommodate both
price-based (subscription, transaction) and non-price-based (ad-supported)
market forms, this chapter establishes a clear rationale for developing a uni-
fied model that generalises across digital platform types and provides a foun-
dation for both theoretical exploration and applied analysis. In doing so,
the model organises the existing literature as an integrative structure that
connects and extends previous approaches to digital platform markets.

The unified framework developed here is designed to be switchable in struc-
ture, allowing smooth transitions between price-driven and ad-driven envi-
ronments. This switchability enables the model to flexibly capture the di-
versity of digital markets without the need to construct separate theoretical
models for each specific case. It provides a coherent analytical environment
where:

1. The role of policy interventions, such as advertising regulation or price
caps, can be systematically compared across different types of markets
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within the same framework.

2. The implications of platform design choices, such as whether to mon-
etise primarily through subscription fees, transaction charges, or ad-
vertising revenues, can be examined through changes in the underlying
utility and cost structure.

3. The model maintains analytical tractability while being broad enough
to describe realistic platform strategies, user behaviour, and regulatory
environments across the digital platform ecosystem.

In short, this unified and switchable setup captures the full spectrum of
digital markets, from fully price-based to fully ad-supported and hybrid cases,
within a single consistent theoretical structure. This makes the framework
not only theoretically robust but also practically useful for analysing platform
strategies and evaluating regulatory or welfare outcomes.

In the coming chapters, this unified framework is employed to analyse var-
ious aspects of digital platform markets, including competitive interactions,
user surplus under single and multi-homing, and the effects of pricing and
advertising strategies. It provides a consistent foundation for extending the
analysis to symmetric and asymmetric platforms, as well as price- and ad-
based mechanisms.
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Chapter 2

Competition and Merger
Analysis among Digital
Platforms

2.1 Introduction

In price-based digital markets, digital platforms act as intermediaries con-
necting distinct groups of users and facilitating transactions, interactions,
and value creation. These multi-sided digital platforms include user groups
such as buyers and sellers, service providers and consumers, or content cre-
ators and viewers. Platforms generate value through network effects, where a
user’s benefit increases with the number of other users on the same side (di-
rect network effects) or on the different/ cross-side (indirect network effects).
Examples such as Amazon, Uber, Meta and PayPal illustrate how digital
platforms thrive by coordinating user interactions to enhance overall engage-
ment and platform value. Unlike traditional firms, digital platforms benefit
from network effects, which shape pricing strategies and market structure.
These factors directly influence user participation and user surplus, making
market structure and pricing decisions central to welfare outcomes.

In contrast to traditional merger outcomes, where consolidation often leads
to increased prices and reduced consumer welfare, mergers in digital markets,
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can have mixed effects on user welfare. When platforms merge, the resulting
concentration of users can strengthen network effects, improving the value
of participation and potentially offsetting some negative impacts of higher
prices. However, whether these gains dominate depends on the strength of
network effects relative to the market power of the merged platform. If a
merger leads to a monopoly platform, the larger user base enhances con-
nectivity and convenience; but a lack of competition increases the risk of
price hikes and reduces user welfare overall. An illustrative real-world ex-
ample is the competition between Uber and Lyft. If these platforms were to
merge, users could benefit from improved matching efficiency, larger driver
pools, and stronger network effects associated with reduced waiting times.
However, the resulting dominant platform could also exercise greater market
power, potentially leading to higher prices and reduced user welfare. Con-
versely, the presence of competing platforms disciplines pricing and preserves
competitive pressure, allowing users to benefit from scale-related efficiencies
without fully experiencing monopoly pricing.

This chapter draws on insights from Tan and Zhou (2021), who investigated
symmetric platform competition and extended their work in several impor-
tant directions. First, the original study incorporates a model and illus-
trates, using a particular numerical example, that the user surplus increases
when the number of platforms decreases from three to two. They attribute
this counterintuitive result to the strengthening of network effects after user
consolidation. While they impose symmetry, it is important to investigate
asymmetries, since real-world platforms are often asymmetric. Second, their
study focuses on competitive market structures that expand from duopoly to
triopoly and beyond, analysing user surplus when the number of platforms
increases. However, it does not examine mergers from a duopoly that lead
to a monopoly scenario. An extension of their work is to analyse how user
surplus changes when a duopoly consolidates into a monopoly platform.

To address these gaps, this chapter examines the implications for user surplus
of market consolidation under both symmetric and asymmetric competition.
The analysis specifically investigates how user surplus evolves when moving
from a triopoly to a duopoly and ultimately from duopoly to a monopoly.
This extension is especially relevant given the growing prevalence of dominant
platforms engaging in mergers and acquisitions, leading to increasingly con-
centrated market structures. This chapter also relies on numerical analysis,
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but allows for asymmetric platform structures to explore how such asymme-
tries influence competition in digital markets. Further, it incorporates differ-
ent strengths of network effects, asymmetric user distributions, and varying
platform sizes to provide a clearer understanding of digital platform markets.

Further, the monopoly scenario is examined because many digital platform
markets are highly concentrated, with Big Tech such as Google, Meta, Ama-
zon, and Apple operating in environments where their scale and user base
give them near-monopoly power. These platforms command significant mar-
ket power through their large user base and frequent acquisitions of emerg-
ing technologies, which, rather than diversifying competition, reinforce their
dominant position in the market. However, not all users participate in these
platforms; some are excluded due to pricing or a preference for alternative
platforms. To capture this reality, the analysis incorporates partial market
coverage, allowing a share of users who choose not to join the dominant plat-
form. This provides a more realistic representation of digital markets, where
network effects are strong but participation is incomplete. In light of these
features, the study examines how such concentrated structures and partial
coverage influence user welfare, competition, and policy outcomes.

The central objective of this chapter is to extend the theoretical understand-
ing of competition and mergers in digital platform markets, focusing on both
symmetric and asymmetric scenarios and their implications for user surplus.
The core focus on user surplus is motivated by its central role in competi-
tion policy assessments of platform markets. In particular, the Competition
and Markets Authority (CMA) places significant emphasis on consumer out-
comes when evaluating mergers, including effects on prices. In this sense,
focusing on user surplus allows the analysis to align closely with the crite-
ria used in practice for evidence-based merger evaluation. This focus is not
intended to suggest that platform profits or overall social welfare are unim-
portant. Rather, it reflects a deliberate choice to prioritise the dimension
most directly relevant for policy. Extending the analysis to incorporate plat-
form profits and total welfare would be a natural complement. Against this
background, the chapter addresses the following research questions:

(i) In both symmetric and asymmetric settings, how does a merger from
duopoly to monopoly affect user surplus, and is the impact necessarily
negative?

33



(ii) Under what conditions does a merger from three symmetric platforms
to two result in a higher user surplus?

(ili) In asymmetric platform markets, what factors determine whether a
merger from three to two platforms increases or reduces user surplus?

By answering these questions, this chapter contributes to a deeper under-
standing of the complex relationship between network effects and user surplus
in digital markets.

A simulation-based approach is adopted to investigate the conditions under
which user surplus improves or deteriorates after a merger, with particular
attention to the role of network effects, platform asymmetries, and market
coverage assumptions (i.e., full vs. partial market coverage). Analytical solu-
tions are generally intractable because each user’s platform choice depends on
the choices of all other users, making the problem highly interdependent and
difficult to solve mathematically. Importantly, the analytical intractability
of the model does not arise from platform competition per se, as symmetric
multi-platform settings can often be solved in closed form (e.g. Tan and Zhou
(2021)). Instead, the primary source of complexity is the introduction of
asymmetries across platforms, combined with endogenous participation and
cross-side network effects. These features jointly generate a high-dimensional
system of interdependent equilibrium conditions, which are not amenable to
closed-form solutions.

In line with the existing literature, the current framework assumes single-
homing on both sides of the platform. Under this assumption, users choose
the platform that yields the highest net utility and allocate fully to that
platform. This modelling choice is consistent with Tan and Zhou (2021), who
also adopt a single-homing framework. Allowing for multi-homing would be
a natural extension, but it would substantially increase the complexity of
the model by introducing partial participation and more involved adoption
decisions across platforms. Given the focus of this chapter on the role of
network effects in shaping market outcomes, the single-homing assumption
is maintained to preserve tractability. Extending the framework to allow for
multi-homing on one or both sides of the platform remains an important
direction for future research.
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This contrasts with parts of the literature that impose symmetry to obtain
tractability. For example, Tan and Zhou (2021) derive analytical results
under symmetric platforms, which reduces the dimensionality of the problem.
Similarly, Jullien et al. (2021) highlight that introducing richer structures,
such as asymmetries and endogenous participation, substantially increases
analytical complexity in multi-sided platform models. The approach taken
here deliberately departs from symmetry in order to capture heterogeneity
across platforms, which is a central feature of many digital markets. While
this comes at the cost of analytical tractability, it allows the model to study
richer interaction patterns and more realistic competitive environments. As
a result, the analysis relies on numerical methods to characterise equilibrium
outcomes. This framework contributes to the literature by using a simulation-
based approach to systematically evaluate welfare outcomes across different
market structures, thus allowing exploration of scenarios that are difficult
to analyse analytically. In addition, it provides regulators and policymakers
with clearer guidance on when platform mergers are likely to harm or benefit
users and under what structural conditions those effects arise.

To examine how network effects influence user surplus across different plat-
form market structures, this study draws on a broad literature that inves-
tigates competition and pricing in two-sided digital platform markets. The
review synthesises both theoretical and empirical contributions to identify
gaps and inform the modelling framework of this chapter. Key strands of the
literature include analyses of platform structure (monopoly and oligopoly),
the role of symmetry versus asymmetry, the implications of mergers, and
methodological approaches used to assess user surplus.

The foundational works of Rochet and Tirole (2003, 2006), Caillaud and Jul-
lien (2003), and Armstrong (2006) established the core economic principles
that govern two-sided platforms, particularly under monopoly conditions and
indirect network effects. These studies examine how platforms optimise pric-
ing strategies to balance user participation across both sides. Building on
this foundation, the present study expands the analysis to consider heteroge-
neous users, direct network effects, and scenarios with full market coverage,
allowing for a broader evaluation of welfare outcomes under varying platform
conditions.

Perloff and Salop (1985) presented a traditional market model that provides a
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general framework to analyse consumer choice among differentiated products
in a symmetric oligopoly. Their framework offers a methodological basis
that can be adapted to study digital platform competition with network
effects, even though the original model focuses on consumer preferences on
differentiated products characterised by symmetric equilibrium and does not
incorporate network effects directly.

Tan and Zhou (2021) developed an oligopoly model of symmetric digital plat-
forms competing through pricing strategies. They demonstrate that under
certain conditions, a merger from three to two platforms can increase user
surplus due to enhanced network effects. Their analysis is grounded in a gen-
eral theoretical framework, supported by numerical examples to illustrate key
insights. However, their analysis does not examine user surplus in monopoly
settings or in markets characterised by asymmetric platform structures.

The literature increasingly acknowledges that real-world platforms are rarely
symmetric. Jullien (2011) investigates the stackelberg price competition
game between two single-homing platforms, which illustrates how platform
asymmetries influence pricing outcomes. The study introduces the “divide-
and-conquer” strategy and shows how platforms secure participation by sub-
sidising one side of the market. However, it finds that profitability, rather
than welfare, is maximised and that a dominant position does not necessar-
ily benefit consumers. This motivates a re-examination, in this chapter, of
how price competition and platform dominance influence user surplus under
asymmetric market structures.

More recent work by Jullien et al. (2021) extends the analysis to asymmetric
platforms in oligopoly settings, incorporating heterogeneous user preferences
and allowing for more realistic market scenarios. Their findings show that
under single-homing, platforms can extract higher total fees due to locked-in
users, leading to stronger market power. Although asymmetric competition
may lead to price concessions on one side, these often result in reduced sur-
pluses on the other, leaving the net welfare effect ambiguous. Importantly,
their analysis raises concerns that mergers or platform exits can significantly
harm welfare by further reducing competition and variety, especially when
users have limited switching options.

A substantial body of empirical literature highlights the consumer harms as-
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sociated with platform mergers. Chandra and Collard-Wexler (2009), study-
ing the Canadian newspaper industry, and Sweeting (2010) in the radio in-
dustry, both find that mergers reduce product variety and increase prices.
Fan (2013) extends this argument by showing that in US newspaper mar-
kets, ownership concentration reduces product variety and increases costs,
particularly in already concentrated environments. These studies underscore
the risks of reduced competition and demonstrate how consolidation can re-
duce consumer choice.

Structural models such as Jeziorski (2014) and Correia-da Silva et al. (2019)
offer more detailed perspectives. Jeziorski (2014) finds that some efficiency
gains from mergers may partially offset losses in product varieties and con-
sumer welfare, especially when pre-merger competition is robust. Correia-da
Silva et al. (2019), using a Cournot framework, suggest that horizontal merg-
ers among multi-sided platforms can lower prices on some sides, even in the
absence of explicit cost efficiencies, particularly in cases of asymmetry or low
initial concentration. These insights highlight that merger outcomes depend
on structural and behavioural conditions, such as market coverage and pric-
ing power. In platform-specific contexts, Song (2021) investigates two-sided
magazine markets and concludes that mergers amplify market power, allow-
ing platforms to extract higher prices and reduce choices. These findings
confirm that merger leads to higher prices, and reduced platform choice for
users is central to understanding welfare outcomes in platform mergers.

These insights are particularly relevant to this chapter, which uses symmet-
ric and asymmetric competition models to examine how mergers affect user
surplus. Compared to previous studies, this chapter employs a simulation-
based framework that allows for heterogeneous user preferences, asymmetric
platforms, and full or partial (in the case of monopoly) market coverage, pro-
viding a way to explore complex interactions that are analytically challenging.
Although existing models have not fully addressed how stronger network ef-
fects influence welfare after a merger, this study explicitly investigates the
conditions under which such effects enhance user welfare in a consolidated
market. The present study contributes to the literature by offering a nu-
merical simulation-based investigation of merger effects in both symmetric
and asymmetric digital platforms, with a particular focus on single-homing
and full market coverage. Although simulation results are not analytical
proofs, this approach allows exploration of complex interactions that are not
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tractable in analytical models. It directly addresses the research gaps left
by Tan and Zhou (2021) by examining the welfare consequences of mergers
leading to monopoly and incorporating heterogeneous user preferences and
asymmetric platforms. This approach allows for a more comprehensive evalu-
ation of how network effects interact with pricing strategies, competitiveness,
and platform structure. This investigation therefore, adds to theoretical un-
derstandings of digital market consolidation, offering insights that are par-
ticularly relevant to regulators and policymakers concerned with preserving
user welfare in increasingly concentrated platform ecosystems.

The rest of the chapter is organised as follows. Section 2.2 introduces the
monopoly model, Section 2.3 develops the two platform model, and Section
2.4 extends the analysis to a three platform setting. From Section 2.5 onward,
examine market outcomes and user surplus across these market structures,
with numerical illustrations highlighting the impact of network effects and
platform asymmetries.

2.2 Monopoly Platform Model

This section considers a single platform that serves multiple groups of users.
The platform sets prices for each group, and users decide whether to join
based on their individual valuations, the network effects, and the prices,
joining only if their utility is positive. By determining the equilibrium prices
and participation levels, this framework captures how the platform balances
pricing and network effects to maximise its profit while affecting user surplus
in digital platform markets.

2.2.1 Model Assumptions

Consider a monopoly platform A serving two different user groups, ¢ and j
(with ¢ # j). Examples of these groups include riders and drivers, users and
advertisers, etc., where interaction between users generates network effects
for the other. Users on the same side of the platform generate direct (same
side) network effects, where the value for each user increases as more users
join their group. Interactions between the two groups create indirect (cross-
side) network effects, where the participation of one group increases the value
of the platform for the other.
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The following assumptions define the setup and remain valid for the two-
and three-platform model:

(i) The population of each group is normalised to 1.

(ii) Group-j users derive no direct network benefit. This is because adver-
tisers and/or drivers do not directly benefit from interacting with each
other.

(iii) Each user independently draws their stand-alone value of the platform
from a continuous distribution .

(iv) The parameter that governs the indirect network benefit is the same
between the two groups, and the same holds for the direct network
benefits.

2.2.2 Two-stage game:

In order to model the interaction between the platforms and users, the mar-
ket is represented as a two-stage game. In the first stage, platform A sets
prices for the two user groups, anticipating how these prices will affect the
participation of users. In the second stage, users decide whether to join the
platform based on their utilities. Formally, the game proceeds as follows:

1. The platform A sets the prices simultaneously for both groups.
2. Users in both groups decide whether to join the platform A.

This game is solved by backward induction. In the second stage, for any
given vector of platform prices, each user joins A only if it yields positive
utility (or abstains if the utility is negative). The joining decision depends
not only on the platform’s price but also on the anticipated joining decisions
of other users on both sides of the market. Each user’s decision is interdepen-
dent with others’ due to the participation loop, and equilibrium participation
levels are determined where no user has an incentive to change their deci-
sion given others’ choices, that is, a Nash equilibrium in joining decisions.
The equilibrium participation levels for each group on the platform are then
aggregated. In the first stage, anticipating these equilibrium participation
responses, the platform simultaneously chooses its optimal price pair for the
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two user groups, taking into account how changes in the price of one side
affect participation on the other side through network effects.

The rationale for adopting a two-stage game structure is that the platforms
must commit to prices before users make joining decisions, reflecting how
pricing typically precedes participation in reality. The backward-induction
solution then yields the equilibrium prices and participation levels, which can
be used to analyse comparative statics such as how changes in the strength of
network effects or asymmetries across platforms alter equilibrium outcomes.
Further, this approach captures the strategic interdependence inherent in
multi-sided platforms, where decisions on one side affect outcomes on the
other.

2.2.3 Payoff Functions

The utility function for both user groups follows the original framework in-
troduced by Armstrong (2006) and Rochet and Tirole (2006), as well as the
more recent adaptations in Tan and Zhou (2021) and Xie et al. (2021). While
the current model uses different parameters, the functional form remains the
same.

The utility of a user joining platform A is calculated as follows:
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The utility function (U, U#) is composed of stand-alone benefits (s, s%)
of the platform (i.e., the direct utility that the platform provides), adjusted
upward by the direct and indirect network effects. The term « - n#t cap-
tures direct network effects, where « is the direct network benefits parameter
measuring the strength of same-group interactions and nZ' is the number of
group-¢ users on the platform. Similarly, 3 - n;‘ (B - n') represents indirect
network effects, where (3 is the indirect network benefits parameter capturing
different /cross-group interactions with nj‘ (n') as the number of users from
the other group, i.e., j (i). The utility is adjusted downward by the price
(pf‘,pJA) charged by the platform to each group. Moreover, group-j users
do not experience within-group interaction, so their utility excludes direct

network effects (that is, « - nj‘ = 0 for group 7).
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To illustrate the above, on LinkedIn, job seekers and professionals are on one
side, and recruiters/companies are on the other. The stand-alone benefits for
job seekers include maintaining an online curriculum vitae (CV), building a
personal profile, and accessing professional content or skills courses on the
platform. Recruiters also have stand-alone benefits: a ready-made applicant
tracking system and tools to post jobs or advertise their company, which are
useful even with a pool of users.

Direct network effects are strong on the job seeker /professional side: as more
professionals join, the platform becomes more valuable to other professionals
for networking, endorsements, and information exchange. A larger profes-
sional network makes it easier to connect, share updates, and build credibil-

ity.

Indirect network effects link the two groups. A larger pool of professionals
makes LinkedIn more valuable to recruiters by increasing the chance of find-
ing qualified candidates. At the same time, more recruiters and job postings
make LinkedIn more valuable to professionals because it improves access to
opportunities.

Pricing reflects this structure. Professionals can use the platform for free
(with ads and limited features) or pay for premium services such as InMail
and advanced search. Recruiters pay subscription fees for LinkedIn Recruiter
and advertising tools. Thus, LinkedIn displays: stand-alone benefits for both
groups, strong direct network effects only on the professional side, and strong
indirect network effects between professionals and recruiters.

Returning to the model, the payoff function for platform A is as follows:

mt =ndpfipd) ot + 0t pf) - vl

This payoff function represents the revenue generated by platform A from
both user groups i and j, after incurring the fixed cost. The term n(p#, p}-“)-
p* denotes the revenue generated from group-i users, where n:! is the fraction
of users in group-i who choose to join the platform and p:! is the price charged
to each of them. Similarly, nf(pj‘, p) - p;-‘ is the revenue from the group-j
users, which also depends on the pricing and the participation of the users
on the other side. The total revenue is the sum of these two components. As
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stated in Chapter 1, fixed costs are assumed to be sunk and therefore do not
affect the platform’s optimisation problem in the static setting considered
here. For this reason, they are omitted from the profit function. While
fixed costs may play an important role in settings such as entry or mergers
through cost synergies, these aspects are not modelled here, even in the two-
and three-platform model extensions considered within this chapter.

2.2.4 User Joining Behaviour

The pricing strategy adopted by a monopoly platform can lead to full or
partial market coverage. Full market coverage occurs when the platform sets
its price low enough so that every user derives positive utility and chooses to
join. Alternatively, the platform can set a higher price to maximise profit,
even though some marginal users will opt out because their utility is negative,
resulting in partial coverage.

The exposition adopted here distinguishes between full and partial market
coverage to highlight how participation constraints affect platform outcomes.
While the underlying participation conditions are general, presenting the full
coverage case separately allows for a transparent benchmark in which all
users participate. In this setting, pricing depends directly on users with the
lowest valuation and the strength of network effects, without the additional
complexity introduced by endogenous participation. This benchmark helps
clarify how network effects translate into pricing when participation is not
binding.

By contrast, the partial coverage case introduces endogenous participation,
where marginal users opt out and equilibrium allocations are determined
through a fixed-point problem. This distinction is useful for understanding
how results change once participation constraints become binding. The fo-
cus on both cases is therefore intentional: full coverage provides a tractable
benchmark, while partial coverage captures the more realistic scenario of
incomplete participation in platform markets.

Full Market Coverage: Full market coverage (n:

4 =1,n = 1) occurs
when the utility of every user joining platform A is non-negative for all pos-
sible values of s/ (U7, > 0 Vs{'), ensuring that all users participate. This

condition is satisfied if the utility of the user with the lowest s is zero, since
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ensuring non-negativity at the lowest value of s/ guarantees non-negativity
for all users.

For any user in group-z, the participation condition is-
U-A:sf‘—l—oznf‘+ﬁnj‘—pf‘ >0

7

so, the price must satisfy the following:
A A A A .
pi <si +an; +8n; for all users who are joining the platform A

Hence, to maximise revenue while keeping the intended set of users denoted
by Z4 on the platform, the platform optimally sets-

A_ g A A A
D; —?61%1;{51 }+ani +Bn;

Because participation rates n:!, njA generally depend on the chosen price, the

equilibrium price and participation levels must be solved simultaneously as
a fixed point.

In this case of full market coverage (the total measure of users equals one),
all users participate on both sides, i.e., ni! = nf = 1. The pricing condition
then simplifies to-

p =min{s'} +a+p5

Similarly, for group-j users, the participation condition is-
A_ A A A
Thus, the price must satisfy-
pj‘ < 33-4 + Bnd for all users who are joining the platform A
To maximise revenue while keeping the intended set of group-j users repre-

sented by J4 on the platform A, the price is set at-

A : A A
S = 111N | S n;
pj = min {s}'} + Fn;
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Under full market coverage, where all users on both sides participate (nf! =
n#t = 1), this simplifies to the following:

= min {5} + 5

From the above, it is clear that full market coverage arises only when prices
are low enough for users with the lowest stand-alone valuations to participate.
When this condition is not met, some users opt out, and the analysis shifts
to partial market coverage.

Partial Market Coverage: In the case of partial market coverage, where
marginal users do not join platform A due to higher prices. The joining
decision for a user in group-7 is given as follows:

A A A A
is rearranged as

si > it —anj = Bng (1)

Similarly, users in group-j decide to join the platform A, if:

A A A
s; + Bn; -p; >0

is rearranged as

st > pjt = pnf! (2)

Inequalities (1) and (2) define the threshold valuations (i.e., the conditions
for participation), which correspond to the equality case, users who are in-
different to joining. Each user draws their stand-alone value for platform A,
denoted s for group-i and sf for group-7, from a continuous distribution.
Any user whose s:! or sf exceeds the respective threshold (price minus net-

work effects) will decide to join the platform A.

The proportion of users who join platform A is determined by the cumulative
distribution functions (CDFs) of the user valuations, G;'(-) and G7(-), for
the groups i and j, respectively. A user joins if his valuation s, exceeds the

%,J
threshold defined above.
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For group-i, the proportion of users with s above the threshold is-

Pr(siA > threshold) =1~ G?(piA —ani' — Bn;‘)

and for group-j-
P (3 > threshold) =1- GA( — Bn; )

Here, GA 2 (+) gives the probability that a user’s valuation is below the thresh-
old. Therefore the probability that s ; exceeds the threshold (i.e., that the
user joins the platform A) is its cornplernent 1—GA().

Then the proportion of users who join platform A is given by:
nA GA(pZ — om — pn; )
nj =1- G?(pj _/an‘ )

The above expressions define the total number of users (n:! ;) in both groups
who join the platform A, given the prices p#, pj Further these expressions
define a system of interdependent equations, where n:' and n;‘ depend on
each other. The right-hand side of each equation contains the left-hand side
as part of a function, making the system non-linear and implicit. The inter-
dependence of n! and n;‘ implies that solving for equilibrium user allocations
involves finding values of n/* and nj.‘ that simultaneously satisfy both equa-
tions. This is a classic fixed point problem, where the equilibrium values are
fixed points of a function that maps the user shares into themselves.

The equilibrium is therefore characterised as a fixed point of the system of
participation equations. Under standard regularity conditions, existence of
an equilibrium can be ensured. In particular, if the valuation distributions
G{'(-) and G7(-) are continuous, the mapping from [0, 1]* into itself is contin-
uous and defined on a compact set, which guarantees the existence of a fixed
point. Uniqueness is not imposed analytically in general, as it depends on
the strength of the network effects. In the presence of strong network effects,
multiple fixed points may in principle arise due to strategic complementar-
ities in participation decisions. However, in the numerical implementation,
parameter values are restricted to regions in which the fixed-point algorithm
converges to a unique solution, ensuring well-defined equilibrium outcomes
for all simulations reported.
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Equilibrium Analysis: The users’ equilibrium is determined by their in-
dependent stand-alone values, s and sf, which are drawn from continu-
ous distributions as specified in assumption (iii). In this analysis, these
continuous distributions are assumed to be a uniform distribution (UD):
st ~ UD(I{*, hi) for group-i and s ~ UD(IZ, h?') for group-j. The uniform

distributions are defined over the intervals (I, h;') and (I}, h#'), respectively.

For a UD with « ~ UDI|l, h|, the CDF is given by:

iy,
G@j:z_F for x € [I, ]

This CDF is used to calculate the proportion of users whose valuations exceed
the thresholds for the platform A.

For the two user groups, the CDFs at the respective thresholds are-

pit —and — Bt — 12 0 v = b -1
hA — 1A ’ J S A A
% % J J

G =

On substitution, the equilibrium users are as follows:

A A A A
p; —an; _an —

A
=1 A A
A_1q pj‘—ﬂnf‘—lj‘
T T T A A
J J

On simplification of the above, the results are-

A h?—p?—i—o&nf‘—i—ﬂnf
n. =

v hA — A
nA_hj‘—pj‘—i-ﬁniA
J A A

Solving the above equations simultaneously yields the equilibrium participa-
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tion for the platform A:

A ) = hilt — Bht — hhdt + Bpgt + hi'pt — 1pit
PV 9(ahf — alf — RARE + B+ WS — 1A+ B?)
ahit — Bhit — At — apt + Bpit + WA+ hipst = 1p)
2(ahf — alff — RARS + WA + WY — 1A+ B2)

A, A, A
ni(pipi) =

For any pair of first-stage prices (p, p}-“), the above expressions are the equi-
librium number of users joining each side of the platform in the second stage.
These equilibrium participation levels are then substituted into the platform’s
profit function to determine optimal prices:

= n(piipt) - pit + 0t (i pf) - pt

To derive the equilibrium prices, the profit function is maximised twice using
the prices of the respective groups. During the optimisation of the profit
function with respect to pf}j. Due to the uniform distribution of user valua-
tions and the linear form of the participation functions, the profit function
is quadratic in each price, and the cross-effects cancel, leading to the simple
solution:

A hA
ph=to P =

The equilibrium prices above take a “monopoly-like” form in the partial
market coverage case, which may indeed appear surprising at first sight in
the presence of network effects. The key intuition is that, under partial
market coverage, network effects affect the level of demand (i.e. participa-
tion) but not its sensitivity to price. With uniform valuation distributions
and linear network effects, equilibrium participation is linear in prices. As
a result, network effects shift demand upward but do not change its slope
with respect to price. Hence, while stronger network effects increase equilib-
rium demand and shift marginal revenue upward in level, they do not affect
the marginal sensitivity of demand to price. Consequently, when solving the
first-order conditions, the network effect terms cancel out, and optimal prices
depend only on the support of the valuation distributions, yielding standard
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monopoly mark-ups. As a result, the optimal monopoly prices remain un-
changed under partial market coverage.

In contrast, in the full market coverage case, all users participate, so in-
creases in network effects directly raise willingness to pay at the margin,
and therefore optimal prices increase with network strength. The distinction
between the two regimes explains why network effects do not alter pricing
under partial coverage but do so under full coverage.

After determining the equilibrium prices, they will be substituted to deter-
mine the equilibrium number of users. Then the equilibrium number of users
is as follows:

i LA — BhA — hh

i 2(04]134 — OzlJA — hf‘h;‘ + hfllf + h;\le _ lel;A I 52)
A ah?t — Bhit — hihdt + hAlL
T (k= ol = BARF & W+ WA I )

2.2.5 User Surplus Calculation

After computing the equilibrium numbers of users and the corresponding
prices, the user surplus for each group on the platform A is calculated under
full and partial market coverage. In the full market coverage case (nf}j =
1), the user surplus is determined assuming all users participate, while in
the partial market coverage case, the surplus is based on the equilibrium

participation levels n{‘j derived above.

Case 1: Full market Coverage To ensure full market coverage, the
monopoly platform A sets the price so that even a user with the lowest
stand-alone valuation (s;';) will choose to join the platform. Since the stand-
alone values are drawn from a uniform distribution, each value within this
interval has an equal likelihood of being realised. Accordingly, the average
user surplus (US) provides a meaningful measure of the expected utility for
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users in each group on platform A, which is given as below:

hA

R 2 I B PR 1 A
Group-i: US; = /l.A U (si) x s X ds;
oA h? A/ A 1
Group-j :  US] :/ZA U; (sj)th_leds
j J J

These expressions represent the average surplus per user (U, SiA) in group-i,

since the probability density term mi—w assigns the equal likelihood to all

user types of s within the group. The term U/ (s) denotes the utility of a
user of type s, and integrating over the interval (I, h#!) gives the expected

surplus for a user type in group-i. A similar interpretation applies to group—j.

After solving the above integrals, the average user surplus is:

_ hA + A
US?:—’ ;— ! +an§4+ﬁnf—pf
_ h + 14
AT J A A
US; —T—i-ﬁni - P;

Under full market coverage, all users participate on both sides, so n! = nj‘ =

1. Consequently, the aggregate user surplus for each group simplifies to the
average surplus:

Finally, the total user surplus on the monopoly platform A is the sum of the
surpluses generated by both groups:

Ust=US! +USH

Case 2: Partial market Coverage In the case of partial market cov-
erage, where not all users join the platform A, a cut-off stand-alone value
represented by §f}j is determined for marginal users who are indifferent be-
tween joining and not joining. This situation arises due to the relatively high
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price set by the monopoly platform, which makes participation unattractive
for users with lower stand-alone values. These users participate only if their
utility from joining is non-negative (i.e., Ufj = 0 at the cut-off stand-alone
value). These values are given as follows:

AA A A A
s; =p; —an; —ﬁnj

sA A A
S; =P — pn;

The average user surplus for each group is obtained by integrating the utility
of those users who join the platform A, which is given by:

A

- I I e 1 A
GI’OHp—Z : USZ = /éA Uz (Si ) X stz
zh? 1
- rod Al A A
Group—j. US] —/éA Uj (Sj)XMde
J

In the above, U, SiA and U, Sj-‘ measure the average user surplus generated by
a user in each group who joins the platform A. For group-i, the integration
is performed on all users whose s is above the cut-off £, that is, s > 54,
since only those users join the platform A. The term U#(s') represents the
utility of an individual user of type s:!. While the density ﬁ reflects the

conditional distribution of user types given that they join the platform. Since
only users with valuations above the threshold 52 participate, this density
assigns equal likelihood to all joining types within the interval [32, h2]. In-
tegrating the individual surplus over this interval and normalising by ﬁ
yields the average surplus per joining user. The same interpretation follows
for group-j.

It is useful to clarify the distinction between total user surplus and surplus
per participating user. In the partial market coverage case, not all users
participate due to the presence of a cut-off stand-alone value, implying that
both the surplus of participating users and the number of participating users
matter for total user surplus. The analysis first computes the average user
surplus conditional on participation, obtained by integrating utility over the
set of users who join the platform and normalising by the mass of partici-
pants, thereby isolating the surplus generated for an individual joining user.
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However, for evaluating total welfare effects (including mergers), total user
surplus, which also accounts for changes in the number of participating users,
is the relevant object. In the partial coverage case, total consumer surplus
can be obtained by multiplying the average surplus per user by the equi-
librium measure of participating users, so both the intensive and extensive
margins are fully captured in the welfare analysis.

After solving the above integrals, the average user surplus is as follows:

_ hA 4+ g4
US?:—Z —21—87“ —|—omf—|—ﬁnf—p?
_ h4t 4 54

A

The aggregate user surplus for each group is obtained by multiplying the
average surplus by the equilibrium number of users (n;'/ns') for each group.

Finally, the total user surplus on the monopoly platform A is the sum of the
surpluses generated by both groups:

Ust =Usi +USH

The monopoly framework provides a baseline for understanding platform
behaviour in the absence of competitive pressure, including how prices are
set and how users participate. The next step is to analyse the competi-
tion between the two platforms and examine how this changes market out-
comes. Moving from a monopoly to a two-platform model highlights how
user choices, network effects, and pricing strategies evolve when users can
choose between alternatives.

2.3 Two Platform Model

This section considers the competition between two platforms that serve the
two user groups. Each platform sets prices for its respective user groups, and
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users choose the platform that provides the highest utility. That is, each user
joins the platform for which their individual utility exceeds the utility they
would obtain from the other platform. By modelling the strategic interac-
tion between the platforms’ pricing decisions, this framework captures how
competition influences user participation, platform profits, and user surplus
in the two-sided market.

2.3.1 Model Setup

In this case, consider two platforms, A and B, with k € {A, B}, each compet-
ing to attract users from two distinct groups, ¢ and 5. Each group is assumed
to have a total mass of 1. Let n¥ and n? denote the number of users in group
1 and 7, respectively, on the platform k.

Users derive heterogeneous stand-alone benefits from each platform, with
each valuation independently drawn from a platform-specific distribution.
This allows users to distinguish between platforms based on their individual
valuations. The analysis assumes full market coverage and single-homing,
meaning that each user joins exactly one platform in equilibrium. These as-
sumptions are consistent with the literature Tan and Zhou (2021), White and
Weyl (2016), and ?. Following Perloff and Salop (1985), the framework for
user joining decisions is based on the product differentiation model, extended
here to incorporate network effects in multi-sided digital platforms.

2.3.2 Two-stage game:

The interaction between platforms and users can be represented as a two-
stage game. In the first stage, the platforms set their prices, anticipating the
participation decisions of the users. In the second stage, users on both sides
decide which to join, given the set of prices and expected network effects.
The sequence of decisions is summarised as follows:

1. Platforms simultaneously fix prices for both groups.
2. Users in both groups decide whether to join the platform.

The above game is solved using backward induction, i.e., determining the
user joining decisions on platforms based on the given prices. The result-
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ing participation levels form a Nash equilibrium in joining decisions, where
no user has an incentive to switch platforms. In the first stage, anticipat-
ing these equilibrium participation responses, both platforms simultaneously
choose their optimal prices for the two user groups. The outcome of this two-
stage game constitutes a subgame-perfect Nash equilibrium, since the pricing
decisions are optimal given the subsequent equilibrium joining decisions of
the users.

2.3.3 Payoff Functions

The utility functions for users are the following:

UF =sf+a-nf+B-nf—pl

2

UF=sh+p-nf—pt

Here: sf,sé‘? are individual-specific stand-alone values, « - n¥ is the direct

network effects of the same group, [ - nz’j are indirect network effects of the
cross-group, and p¥, p? is the price paid by each group on the platform k.

As stated earlier, under the assumption of full market coverage, each user
joins exactly one platform in equilibrium. Since each group has a unit mass
of users, the number of users on a platform is equal to the proportion of the
group that chooses to join it:

nt,nP €0,1], with nt+nf=1

nf,nB € [0,1], with nf +nf =1
These expressions simply state that with all users active in the market, each
user must choose either platform A or platform B. The participation shares
therefore, reflect how users sort between the two platforms in equilibrium.
The participation of users n¥ and nf depends on the full vector of prices set
by both platforms, reflecting the strategic interaction in a two-sided market.

The payoff functions for the platforms are as follows:

7_[_AA(ABAB (ABAB)

= p] vl oot o) + o ndt (o o ol ol
B=p? - nl Ol plsol . 0f) +pf -0l (0 0l 07
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The payoff functions represent the profits of platforms A and B, accounting
for the revenues from both user groups and associated fixed costs. The num-
ber of users joining each platform is an endogenous outcome of user decisions
and depends on the entire vector of prices offered by all platforms. The profit
of each platform is the sum of the price charged to each group multiplied by
the equilibrium number of users of that group. This structure captures the
strategic interdependence between platforms: the demand faced by one plat-
form is influenced not only by its own pricing decisions but also by the pricing
strategies of its competitors. Platforms must therefore choose prices strate-
gically to balance revenue generation from both sides of the market while
accounting for user reactions on both sides and fixed operating costs.

2.3.4 User Joining Behaviour

The second stage of the game relates to users’ participation decisions. Each
user decides whether to join a platform based on the utility they would obtain,
which depends not only on prices but also on the number of other users
who join. Because utility is influenced by network effects, users anticipate
the participation decisions of others. The equilibrium number of users on
each platform is therefore determined at the point where these expectations
are consistent with actual participation, that is, at the fixed point of this
interaction.

To illustrate the logic of user choice in this model, consider a simple thought
experiment. Suppose a user is deciding between two competing platforms A
and B. Each platform provides a certain level of utility determined by three
main factors: the user’s stand-alone benefits of the platform, the direct and
indirect network effects, and the price charged for access. A user will decide
to join the platform A only if the utility obtained from it exceeds that of the
platform B, that is, U > UP. This condition can be written as-

siA—i—oz-niA—l—ﬂ-nf—piA>8?+a'nf+5'nf—p?
is rearranged as
sP < st +aml —nf)+ Bt —nf) — (' —pP) (3)

This inequality defines the threshold for a group-i user’s choice: given a
stand-alone value for the platform A, only those whose valuation of the plat-
form B lies below this threshold will prefer A. Intuitively, imagine that each
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user draws their stand-alone value from a distribution of the platform A;
then the question becomes, what proportion of users will actually choose A?
The answer depends on the probability that the above inequality holds. Let
G2(-) denote the cumulative distribution function (CDF) of s?, representing
the probability that a user’s valuation of B falls below the threshold.

The same reasoning applies to users on the other side of the market, group-j,
who will choose platform A if U ]A > U jB . This can be written as-

A A_ A B B _ B
si + pn; —p; > 7+ Bn; —p;
is rearranged as

sp < s+ B(nf —nf) — (0 —p]) (4)

Together, inequalities (3) and (4) define the decision boundaries for users in
groups ¢ and j. The probability that a user from each group chooses the
platform A can thus be expressed as-

Pr(user i chooses A | s') = GP (s + a(ni' — nl) + B(n}' — n?) = (v} — p?))

Pr(user j chooses A | 33-4) = Gf (83-4 +B(nf —nf) - (pf - pf»

i

The above expressions represent the probability that a user from group-i or
j chooses the platform A over B, conditional on their stand-alone value for
A. These probabilities are computed using the CDFs of the corresponding
stand-alone values for platform B. For group-i, the probability reflects the
adjusted difference in utility between A and B, including network effects and
price differences. Similarly, for group-7, the probability incorporates indirect
network effects from group-: and relative pricing. These expressions capture
how user platform choices depend not only on their individual valuations
but also on the strategic decisions of both platforms and the resulting user
distributions.

Returning to the thought experiment, once the individual decision rules are
established, the next step is to determine what fraction of users actually join
the platform A. Since each user’s stand-alone value s (or sj‘) is drawn from
a continuous distribution with probability density function (PDF) g (s#) (or
g;‘(sf)), the overall proportion of users choosing the platform A corresponds

to the probability-weighted share of users whose valuations satisfy the choice
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condition (U > UP). This means that a user joins the platform A only if
his stand-alone value for B, denoted sf , falls below the threshold determined
by the difference in utilities between the two platforms specifically. The
integral therefore sums, over all possible stand-alone values (s € [0,1]), the
probability that this condition holds. In this context, the CDF GZ(:) (or
GP(-)) gives the probability that a user’s valuation for platform B is below
the threshold implied by the utility comparison, reflecting the likelihood of
choosing the platform A. Hence, the proportion of users joining platform A
is given by:

/GB x g (s x ds?
nj /OGB()xg]A( )><ds

The above expressions yield the share of users in groups ¢ and j who join
the platform A. Each user’s stand-alone value is independently drawn from
a continuous distribution on [0, 1], with g/*(s") and g:(s?") denoting the cor-
responding PDFs, and G ) and GB( -) the CDF's for platform B. The term
GP(-) g (sf) (or GB(:) gi(s?')) captures the probability that a user with a
given stand-alone value for A prefers it to B, weighted by the likelihood of
that valuation. Integrating over all possible values yields the overall propor-

tion of users in each group who choose the platform A.

Finally, those users who do not join A will join the platform B under the
assumption of full market coverage and are given by:

B __ A B __ A

Equilibrium Analysis: To compute the equilibrium shares of users joining
each platform, it is assumed that the stand-alone values sk are independently
drawn from uniform distributions with support [I, hi]. fn both the two and
three platform models, the platforms are considered symmetric if their stand-
alone values are drawn from the same uniform distribution; otherwise, they

are asymmetric. Under this assumption, the CDFs and PDFs of the platform
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A are given by:

st o = nP) + B(ng —nP) — (pit — pp) — 1P

s,y S B =nP)—(p) —p7) - 1P
Gy ()= B — B
J J
1 1
Ar A . Ar Ay
9i (Si):m7 gj(sj)—m
7 7 J

The CDF's are evaluated at the thresholds implied by the utility comparison
UA > UP and U JA > UJB . These functional forms are then substituted into
the general expressions for the proportions of users in each group who join
the platform A.

nA:/h? 8§4+Oc(n;4—nf3)+ﬂ(nf—nf)—(p{‘—pZB)_[ZB 5 1 -
C (bF — 15 (0 — 1) g
hit A A B B
+ —(p? —pP) =4 1
nf — 6( = B) E‘p] Apj ) 7 « - - 5 dsf
i (hj —lj )(hi = 15) hd =1
nf:l—nf, nf—l—n}“

The above expressions describe a system of fixed-point conditions, as the par-

ticipation levels themselves appear on both sides of the equations. These will

be solved simultaneously to arrive at n/'(p', p; pf', pf), n (0}, 070, pP),

nf (p?,plip?P, p), and n? (p?, pit; pP, pf‘) the results are as follows:

A (yh,]”—Qﬂh}“+2ﬂh,j”—201]’3—2[31]’4+2[ﬂ]”—h,f‘h”+4[3p]" 4pp? +hAIB h“1A+2hBIB+1A/B 2]818+2hBpA—ZthB—QprA+QZBpB+4[32
i B B BpB BB BB BB 2
2(20h], —20dP —hPhP+hBIB+nBIB—1PIP 14 )

A 20k =2BR2+2BRP 42018 —4alP 2812 42818 —hP h —dap? +4apP —hP1 + RBP4+ 20P1B 120 Bpt —2nBpP 11B18 —21P18 +4pp —4BpP —21Pp2 4218 pB +4p°
J B_ B_3BpB BB BjB_ BB 2)
2(2ah] 2008 —hBhB+hPIB+hBIB 1815 ap

A A A A A A A A A
nB — 2ahP +26h8 —280 P —2alP +261 —2B18 +-h A hE —20B P —app +4BpP —hME+RBIA 20 P18 1P —2hPp 420 P pB 428 p —218 pP 1457
2(20h5 ~2018 ~hBhE +hBIE L hBIE _1BIE 1452 )

nB — 2ah ! —4ahP —28hA+28hE 42014 —2814 42818 —h P h A +2hP P —dapA+4apP —hPIA+h A E —20P 1P +2nPpt —2nPpP 11814 +48pA—4pP —21F pt+21BpP —4?
J
2(2018—20hB+hBhE —hBIE —hBIBLIBIB 452 )

The above expressions represent the equilibrium user levels for any given set
of prices, making it possible to analyse how user participation responds to
changes in prices across groups.
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Next comes the first stage of the game, which involves determining the equi-
librium prices for both groups. The equilibrium prices are obtained by max-
imising each platform’s profit function twice with respect to its own prices
of the respective groups, given the prices of the other platform, which yields
the best response functions. The equilibrium is then found at the fixed point
where pricing strategies of both platforms are the mutual best responses.

 =nl ! plipt o)) vt 4+ (o ol pl) - vl
P =nl(pl plpf,p)) - pP + 0l (0F 00l o) - PP

Each platform chooses prices to maximise its profit, taking the rival plat-
form’s prices as given. Differentiating the profit functions 74 and 72 with re-
spect to their respective prices p2, pf, pZ, and pf yields the first-order condi-
tions for profit maximisation. Solving these conditions gives the best response
functions for each platform. During the optimisation of the profit function
with respect to the prices of each group of both platforms (pi!,pf,p?, p?).
The Nash equilibrium prices are obtained at the point where both platforms’
best responses coincide. Substituting the equilibrium user shares into these

first-order conditions and simplifying yields the following equilibrium prices:

B hE 1A B
A . i
pp=g 1 376 3
A A
pA:h _6+h3 Booup
i T 6 6 3
2nB hA A B
B __ i o A
e T i
A A
i T3 % 6 3

After determining the prices, they will be substituted in the second stage of
the game to determine the equilibrium number of users, and are as follows:
nA — 6c(hP —12)+2B(hE —ht 18 1) +1282 4+ (1P —hP)+ 1P (2P —2n D) 112 (17 —h2)+1P (anf —aP)ri B —aP1P

g 6(20(hB—18)—hP (hB—1P)+hP1P—1P 15 +45?)

nA — 20(ht 420 B 12 —41P)+28(hP —h +1F —12) —hE (R 4128 +2RE —418) 1B (h +2n P 15 —418)+122

i 6(20(hP —1B)—hE (hB—1B)+hBIB—1P1B +452)
nB — 6c(hB —18)4+28(hst +14—18) —2bh B —6alP +1282+h (P —18)+h P (418 —4nP)+12 (hB —12) 4158 (2hF —28) 12118 —21818
¢ 6(20(hB—1P)—=hP (WP —1P)+hPIB—1P 1P +482)
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nB — 2a(hit —4hP+124208)+28(hE —h 2 +1P —12)— 1282+ hE (R 415 —4h D —28) 418 (h 412 —4nP —218)+ 21518

> BB B B B BB BB
6(hP (WP —1P)—2a(hP—1P)—hPIB+IP1F —482)

As seen above, the expressions for the equilibrium number of users are indeed
complex because they arise from a two-sided fixed-point system in which each
participation share depends linearly on all others. The equilibrium prices
are derived in a subsequent step from the platforms’ profit maximisation
problems and depend on these participation shares, thereby inheriting the
same interdependence. These expressions are not intended to be interpreted
directly in isolation. Rather, they are the algebraic solution to the system
of participation conditions. Given the linear structure of utility and the
assumption of uniform heterogeneity, the participation levels can be solved
in closed form, but the resulting expressions are necessarily lengthy due to
simultaneous feedback effects across groups and platforms.

The economically meaningful content of the model is most clearly seen at
the pricing stage. Once the participation functions are substituted into
the platforms’ profit maximisation problems, the resulting first-order condi-
tions yield linear best-response functions and closed-form equilibrium prices.
These equilibrium prices admit clearer interpretation and allow for transpar-
ent comparative statics.

After the computation of the equilibrium number of users and their prices,
the surplus for each group will be calculated.

2.3.5 User Surplus Calculation

Following the logic of surplus calculation in the monopoly model, each user
draws their stand-alone value from a uniform distribution over the support, so
all values are equally likely. The uniform distribution allows the integration,
weighted by the density, to average the individual utility across all possible
stand-alone values, providing a meaningful measure of expected utility for
a representative user in the monopoly setting. This approach forms the
foundation for extending the analysis to more complex environments, such
as duopoly or multi-platform markets, where user interactions and joining
thresholds become intricate. Once the average user surplus is determined, the
aggregate user surplus can be calculated by multiplying the average surplus
by the number of users on each side of the platform.
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In the duopoly setting, the joining thresholds for each platform are not easily
derived because a user’s decision to join the platform A depends on the
independently and randomly drawn stand-alone value s? of the platform B.
Because these values are drawn independently, users who do not join the
platform A are effectively spread uniformly across the support of s. The
same logic applies in reverse: whether a user joins platform B depends on
the independently drawn value for the other platform, so non-joining users
are likewise uniformly distributed over their respective support. This allows
the average user surplus to be computed over the entire support of s, which
represents the expected utility of a representative user.

k

=k Yotk k 1 k

Us, :A Ui(si)xh?_l;c x ds*, ke {A B}

. N 1 .

Usj—/lk U (s7) X 57— < dsj, k€ {A, B}
; J J

These expressions represent the average surplus per user (U, Sfj) for each
group, Uf(s) and UF(s¥) represent the individual utilities of users from
groups i and j on platform k. The terms ¥, h¥ and l}“, h;? define the support
of the uniform distribution of user valuations for each group on that platform.
The factor 1/(hf —IF) (or 1/(h} —1%)) is the probability density under the
uniform distribution, ensuring that the integral captures the average utility

of a user in the group.

After solving the above integrals, the average user surplus is:

ok hE4IF k ko k
USZ-:TqLaniqLan—pi, ke {A, B}
_ hE + 1%

Ush = . Lt Bk —pk, ke {A B}

Since the total population is normalised to 1, the above expression represents
the average user surplus for each group on the platform k. Recall that in the
monopoly model, the average user surplus is defined as the integral of individ-
ual surpluses over a unit mass of users, and the same interpretation applies in
the duopoly setting. The probability density function gf,j(sfi =1/ (hf ; —lf-f )
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weights the contribution of each user in the population. Multiplying by nf
or nf accounts for the share of users who actually join each platform, en-
suring that the calculation of aggregate surplus remains consistent with the
monopoly framework. Consequently, the aggregate user surplus for each
group is then obtained by multiplying the average surplus by the equilibrium

number of users, n¥ or nf, on each platform:

USF =nj xUSF +nj xUS), ke{A, B}

where n¥ and n;“ denote the shares of users from groups ¢ and j who choose
platform & (so that n + n? =1 and nj‘ +nf =1).

The total user surplus under the duopoly is then given by the sum of the
surpluses across both platforms:

USiotal = USA + USP

Building on the duopoly framework, the next step is to analyse the competi-
tion among the three platforms. Moving from two to three platforms allows
for examination of how user choices, network effects, and pricing strategies
adapt when additional alternatives are available. This extension highlights
how market outcomes, such as user surplus, participation shares, and plat-
form pricing, are influenced by the presence of an additional platform, and
provides a foundation for understanding more general multi-platform mar-
kets.

2.4 Three Platform Model

The analysis is extended to a market with three platforms to capture richer
competitive interactions, including asymmetric platforms. This three-platform
model builds on the framework developed for duopoly and monopoly settings,
generalising the equilibrium analysis of prices and user surplus. The addition
of a third platform allows examination of how market consolidation, platform
heterogeneity, and strategic interactions influence overall welfare and plat-
form strategies. It also provides a foundation for analysing the effects of
mergers or entry into more complex digital platform ecosystems.
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2.4.1 Model setup

Consider three digital platforms, denoted A, B, and C, where k € {A, B, C'}.
Each platform simultaneously serves two distinct groups: group ¢ and group
j, where @ # j. Each user independently draws their stand-alone value from
each platform’s distribution and decides to join the platform that provides
the highest individual utility. Let n¥ and nf denote the aggregate number of
users of the groups ¢ and 7, respectively, who choose the platform k.

2.4.2 Two-stage game:

The interaction between platforms and users is modelled as a two-stage game.
Formally, the sequence of decisions is as follows:

1. Platforms simultaneously fix prices for both groups.
2. Users in both groups decide whether to join the platform.

The above game is solved by using backward induction, i.e., determining the
platform joining decisions of users based on the given prices. Once users
have joined, the platform sets the price for both groups. The equilibrium
of this game is a Nash equilibrium, where each platform’s pricing strategy is
the best response to the other platform’s strategy, and no user can improve
their utility by unilaterally switching platforms given the prices.

2.4.3 Payoff Functions

The payoft functions for the users are given by:

Ufzsf—i—ownf—i—ﬁ-n?—pf ; Uf:5§+ﬁ'nf_p§

The utility function (U};) is made up of the stand-alone benefits (s;) of
the platform adjusted upward by the network effects: direct network effects
represented by « - n}, and indirect network effects denoted by 3 - n}, and
adjusted downward by the prices (pfC ;) charged by the platform to each user

group.
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The payoft functions for the three platforms are as follows:

A A B C. ., A _ B C A B _C.,.. A B _C A
L (A S A LY S B e L (A Y Y e e A R
B B A C. . B A C B A C. . B A C B
LR T (A N Sy L i R I SR T (i DS X U e R e
7 =nl S, o ol 0 i o)) 8 + 0§ (05 o el ol ot pP) - 0

In the above, each platform earns revenue by charging prices to users on both
sides. The revenue for a platform depends not only on the prices it sets for
both user groups and the number of users from each group who choose to
join, but also on the prices set by the competing platforms, as these influence
user choices.

2.4.4 User Joining Behaviour

The joining decision of the users among different platforms closely resembles
that faced by consumers in the product differentiation model, the key dis-
tinction being the presence of network effects. Consequently, the framework
developed by Perloff and Salop (1985) for analysing product differentiation
is adapted to fit this context. In their model, consumers choose among the
n available brands based on which option maximises their individual sur-
plus. While this original formulation does not consider network effects and
is primarily suited for single-sided markets, the present analysis extends it
to incorporate network effects relevant to multi-sided digital platforms.

When users are faced with multiple competing platforms, each user evaluates
the utility of joining each platform and joins the platform that provides
the highest utility. In this setting, there are three platforms A, B, and C.
All users belonging to either group-i or group-j, choose to join exactly one
platform that provides the highest utility over the others, consistent with
the full market coverage assumption. Once individual user preferences are
established, they can be aggregated to obtain the total number of users on
each platform.

Consider a thought experiment in which a user compares his utility from
platform A with that from B, and again from A with that from C. A user
decides to join the platform A only if it provides the highest utility relative to
both B and C for a given draw from the distribution. Formally, a user joins A
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over B when his stand-alone value from B falls below a certain threshold, and
similarly joins A over C' when his draw from C' is below the corresponding
threshold.

These comparisons imply that some users prefer the platform A over B, oth-
ers prefer A over C, and analogous pairwise preferences arise for platforms B
and C'. This establishes a pairwise joining decision structure across plat-
forms: A versus B and A versus C; B versus A and B versus C; and C
versus A and C versus B. A user joins the platform A only if both relevant
pairwise conditions are satisfied simultaneously, that is, if A is preferred to
both B and C. The same logic applies symmetrically to the other platforms.

The aggregate number of users joining a platform is then obtained as the
product of the relevant pairwise user counts, reflecting the fact that users
must pass all pairwise preference comparisons simultaneously. If the distri-
butions of stand-alone values are identical across platforms, the equilibrium
is symmetric; if they differ, each platform attains an asymmetric equilibrium.

To determine the number of users on each platform, users’ joining decisions
are modelled through pairwise comparisons between platforms. For group-i:
Let ¢! be the number of users in the group-i who decide to join the platform
A over platform B. Let ¢ be the number of users in group-i who decide to
join the platform B to C. Let ¢ be the number of users in the group-i who
decide to join the platform C to A. Let 7! be the number of users in the
group-i who decide to join the platform A to C. Let r? be the number of
users in the group-i who decide to join the platform B to the platform A. Let
r¢ be the number of users in the group-i who decide to join the platform C
to platform B.

A user in group-i joins the platform A if the utility from A exceeds the
utility from both competing platforms B and C. The same logic applies to
platforms B and C'. Under these joining conditions, the pairwise numbers of
users are computed by solving them simultaneously. The aggregate number
of group-i users on each platform is then obtained as the product of the
relevant pairwise user counts. Specifically, the total number of users in the
group-i joining platform A depends on ¢* and r#; those joining platform B
depend on ¢? and r?; and those joining platform C' depend on ¢¢ and r¢.
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Similarly, for group-j: Let qf be the number of users in the group-; who
decide to join the platform A to B. Let qu be the number of users in the
group-j who decide to join the platform B to C. Let q]C be the number of
users in the group-j who decide to join the platform C to A. Let rj‘ be the
number of users in the group-j who decide to join the platform A to C. Let
TJB be the number of users in the group-5 who decide to join the platform B
to A. Let ch be the number of users in the group-j who decide to join the
platform C to B.

A user in group-j joins the platform A if it provides higher utility than both
competing platforms B and C’; the same condition applies to the platforms
B and C. Based on these joining decisions, the pairwise numbers of users
are computed by solving them simultaneously. Analogously to group-i, the
aggregate number of group-j users on each platform is then computed as the
product of the relevant pairwise user counts. Specifically, the total number of
users in the group-j joining platform A depends on qf and rf; those joining
platform B depend on ¢ and rP; and those joining platform C depend on
qjc and ch.

The pairwise joining decision structure can be summarised in the table 2.1
and 2.2 below, which shows how the number of users joining one platform
over another contributes to the aggregate number of users on each platform.
The pairwise comparison approach follows the framework of Perloff and Salop
(1985), where consumers choose the option that yields the highest surplus.
In the present extension to a multi-platform environment, users compare all
available platforms and select the one that provides the highest utility. The
pairwise comparisons therefore serve as a tractable device to represent these
global comparisons.

The approach considered above is intended to provide a step-by-step exposi-
tion of the pairwise decision structure underlying the multi-platform choice
problem, as also represented in the table for ease of interpretation. While the
method is presented in a pairwise-comparison form for clarity and tractabil-
ity, it is equivalent to a standard discrete choice formulation under full market
coverage.

An alternative modelling strategy would be to adopt a Salop-circle frame-
work. However, the current approach already delivers closed-form expres-
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sions while preserving the role of network effects in a transparent manner.
Extending the framework to alternative spatial representations is a natural
direction for future research.

Table 2.1: Pairwise User Numbers and Aggregate Participation for group-:

Platform Pairwise Numbers Aggregate Users
A ¢t (A over B), r{ (A over Q) nt =qt xr
B q’ (B over C), r? (B over A) nd =q’ xr?
C q¢ (C over A), r¢ (C over B) n® =q" xr¢

Table 2.2: Pairwise User Numbers and Aggregate Participation for group-j

Platform Pairwise Numbers Aggregate Users
A ¢;' (A over B), ri' (A over C) nt =g xri
B q; (B over C), r7 (B over A) n? =qp xr?
C ¢§ (Cover A), r{" (C over B) n§ =q¢f xr¢

2.4.4.1 Joining Decision for Platform A

Building on the pairwise comparison logic, a user in the group-i will join
the platform A if the utility derived from A exceeds the utility from both
competing platforms B and C. Formally, this captures the outcome of the
thought experiment described above: a user compares his utility from A
against those from B and C. The condition for choosing platform A is
therefore given by-
UA>UP and US> UY
The expressions are as follows:

sita-qt+8-¢ —pl>sP+a-¢P+6-q7 —pP
and
shta 4Bt —pt>sC o rl 4+ B —pf

Similarly, a user in group j will join A if:
A B A c
Ur>U;7 and U >U;

si+ B4 —p)>s7+8-q" —p}
and
st pord—pt>s§+pr¢ —pf
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In the above, a user evaluates their utility on each platform and joins A if
both inequalities are satisfied simultaneously. That is, the utility of A must
exceed the utility of each competing platform. The first inequality compares
the utility of platform A with that of platform B (A > B), while the second
compares platform A to platform C' (A > C).

After the rearrangement, the inequalities are as follows:

sP< st +algh — )+ 8 — ¢F) — i — pP) (5)
and
sC < st a(rt —rC) + Bt — 1) — (o — ) (6)
sp < s34+ 6(g —a7) = (] —p7) (7)
and
sy < s+ B —r0) — (v —pf) (8)

Inequalities (5), (6), (7) and (8) describe, given s;;, the inequalities that de-
fine the threshold values for sfj and sgj, below which platform A is strictly
preferred. The terms qu and Tf}j represent pairwise comparison outcomes,
appearing in these expressions should be interpreted as outcomes of a thought
experiment: they represent the number of users who would join one platform
over another when platforms are compared pairwise, keeping the user’s draw
for the third platform fixed. They are not the actual market shares (n;);) of
platform A; rather, they are intermediate objects used to express the utility
differences in a tractable way. To clarify the role of the pairwise comparison
terms, it appears that users consider only pairwise subsets of platforms (e.g.,
through the ¢’s and r’s) this is a matter of exposition rather than substance.
These terms are not interpreted as final market shares but as intermediate
objects used to express utility differences between platforms. The final par-
ticipation levels are obtained by imposing the condition that a platform is
chosen only if it delivers the highest utility relative to all alternatives simul-
taneously. Hence, the approach remains fully consistent with global choice
over multiple platforms and does not rely on incomplete pairwise optimisa-

tion. The same method is followed for the other two platforms, and these

67



terms are then solved simultaneously to arrive at the market shares for each
platform.

In the above formulation, the terms (¢* — ¢?), (r{* —r?), (¢! — ¢7), and
(T]A —rjc) capture the net number of users in each group who join the platform
A in the relevant pairwise comparisons. Specifically, (¢! — ¢7) represents the
net number of group-i users who join the platform A over B, based on the
pairwise comparison between A and B. Similarly, (r? — r¢) reflects the net
number of group-¢ users who join the platform A over C', while (q]A — qJB )
and (rj‘ — rjc) describe the corresponding net number of group-j users who
join the platform A over B and C. The same strategy is followed for the
other two platforms, and these differences effectively summarise the outcome
of the pairwise comparisons, which are then used to determine the aggregate

number of users joining each platform.

Following the logic of Perloff and Salop (1985), each user compares the utility
of all available platforms and joins the one that yields the highest payoff. The
likelihood that a user in group-i joins A is the joint probability that both
inequalities (5) and (6) hold. This is represented as:

Pr(A> B|s)') =GP (si' + alg' —a’) + B(g) — ) — (0" —pP))

and

Pr(A = C|sf) = GY (s7' + a(r] — 1) + B(rj —15) — (" = ()
where GP(-) and G¢(-) are the CDF of s? and s¥, respectively. These ex-
pressions rely on the pairwise comparison, which captures the net number of
users in each group who join one platform over another in the relevant com-
parison. Assuming independent draws of sZ and s¢, the joint probability
that platform A offers higher utility than both B and C' is the product of
the two pairwise probabilities:

Pr(A is preferred by user i) = GZ(-) - GZC()

This joint probability captures the likelihood that a user in group-z joins the
platform A over both competing platforms B and C for a given stand-alone

value s. It depends on the relative number of users (¢, ¢Z, r, r) and
(q]A, qf, 7"34, TJC) who join A over the other platforms through their influence

68



on network effects, cross-group interactions, and differences in price. There-
fore, it is not merely the net utility gaps between two platforms in isolation.
Instead, the total number of users joining the platform A corresponds to the
probability that A provides the highest utility among competing platforms
B and C, consistent with the Perloff and Salop (1985) framework.

Similarly, for a user in the group-j, the joining decision thresholds with a
given draw of a stand-alone value 334 are as follows:
A A A
G (s7 + 8¢ —a7) — (0] — 7))
and

GS (st + B —rd) = (0] = 1))

Pr(A = B|s})

Pr(A > C| sf)

Assuming independent draws of sf and sf, the joint probability that plat-
form A offers higher utility than both B and C' is given by the product of
these two CDF evaluations:

Pr(A is preferred by user j) = GP(-) - GY(")

J J

Analogously to group-z, the joint probability determines the likelihood that a
user in group-7 joins the platform A over both competing platforms B and C'
for a given stand-alone value 334, the relative number of users (¢, ¢Z,r#,r9)
who join the platform A over the other platforms through their influence on

cross-group interactions and differences in price.

Aggregate Participation: If every user in group-i had a stand-alone value
52 the probability that they join platform A over both B and C is given by
the product of the two CDF's, multiplied by the corresponding probability
density function (PDF). Hence, the aggregate number of group-i users who
join the platform A is obtained by integrating this probability over the entire
support of s, where s/ is drawn from a distribution with density g(s:) on
[0,1]. The expressions are given below:

1
”%4:/ GP (si' +alg’ — a7) + 8] — ") — (" — )
0
X G (st =) + B0 =) = (0" = 1)

x g7\ (7)) x ds!
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The same procedure applies to group-j and to all other platforms. This
approach ensures that aggregate participation reflects the joining decisions
of individual users on all competing platforms.

If every user in group-j had a stand-alone value 33-4, then the probability that
a user joins the platform A over both B and C' is given by the product of
the two CDF's, multiplied by the Corresponding PDF. By integrating this
probability over the distribution g:*(s ( 4), the aggregate number of group-j
users joining the platform A is obtamed

1
7ﬁ:AGﬂ§+m#—f%ﬂfﬂ%)

x GS (s + B(r =) = (0} — )
ng( )de

The above integrals represent the aggregate participation on the platform A
A C

that depends on the number of users (g ],qw, 0T ]) in each group who
join the platform A over the other two platforms in pairwise comparisons.
Hence, the equilibrium values of n# and n;‘ are obtained endogenously by
solving the system of equations that relate these pairwise joining counts
(¢'s,r’s) to total participation on the platform A. Specifically, the numbers
of users who join the A over B and A over C' are computed simultaneously to
determine the equilibrium values of (¢, ¢/, r*,r¢) and (¢, ¢P, v, 7$). The
same procedure is applied symmetrically for the platforms B and C. Once the
pairwise number of users in each group and for each platform is determined,
they are then substituted into the integrals to compute the aggregate number
of users who actually join each platform. This ensures that the aggregate
participation reflects the number of users who join one platform over the

others in the relevant comparisons.

2.4.4.2 Joining Decision for Platform B

The joining decision rule for platform B mirrors that of platform A. Each
user draws their stand-alone value (sfj) and joins the platform B if it offers
greater utility than both competitors A and C'.

A group-i user joins the platform B if:
UP >U* and UP > UL
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which yields:

st <sP+a(rf —r!)+ 80P —r!) — (0F - pf) (9)
and
siC<sf+a(qf—q,~c)+ﬁ(qf—qg)—(pf—Pic) (10)

Similarly, a user in the group-j joins the platform B only if:

B A B c
Uj >Uj and Uj >Uj

which implies:

st <sP+ B —r) = (0] —p)) (11)
and
s < sP+Ba’ —af) — (0F —p5) (12)

The above inequalities (9)—(12) determine the thresholds for the number of

users who join the platform B to A and C. For a given draw of sfj, they

define the conditions under which alternative platforms provide lower utility.

Let, GA(-) and GY(-) denote the CDF of s/ and s, the probabilities that
group-¢ users join the platform B are:

Pr(B - A|sl) =G (sP +a(r? —r!)+ 807 —ri) — (07 — p))
and

Pr(B = C|sP)=GY (sP + a(g? — )+ B(aP — ) — (0P — pf))

Similarly, let G2'(-) and GJC() denote the CDF of 57!, and s¢, the probabilities
that group-j users join the platform B are:

G (P + B(r? —r) — (0 —p1)

Pr(B > A| sf)

and

G5 (sP+ 8P — af) — (F = p9))

Pr(B > C|s7)
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The joint probability that a user in the group-¢ or group-j joins the platform
B to both A and C'is given by the product of these two CDF evaluations:

Pr(B is preferred by user i) = G(-) - GE (")

Pr(B is preferred by user j) = G{'(-) - G']C()

Aggregate Participation: The aggregate number of users with stand-
alone value s and 534 who join the platform B is obtained by integrating
the corresponding joint CDFs over the distributions of s’ and s, using the

density functions g/ (s/’) and gP(sF) on the support [0,1], as given below:

1
nf = / GA(sE + a(r? — )+ B(r? —rd) — (0F — pY))
0

x G (sP + algf —qf) + B8P — ) — P — 1))

x g7 (s7) x ds}?

1
n :/0 G (sP+ B0P =) = (0 — )

x GS (s7 + Bla? —af) — (0] —p5))
x g7 (s7) x dsP

2.4.4.3 Joining Decision for Platform C

The joining decision rule for platform C'is the same as that of platforms A
and B. Each user draws his stand-alone value (Sf]) and chooses the platform
C' if it offers greater utility than both competitors A and B. A group-i user

joins the platform C' if:
UY > U and US> UP

which yields:

st < s&+algf —a)+ B —q) — (0f —p) (13)
and
st < s +alr —rP)+ B0 —r?) — (] —pP) (14)
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Similarly, platform C'is chosen by a group-j user if:
c A c B
Uy >U; and Ujy >U;

which implies:

sj <5 +Bla — ') — (0 —p7) (15)
and
s <5 + B0 =r7) = (0] — 1)) (16)

The above inequalities (13)—(16) determine the thresholds for the number of

users who join the platform C' to A and B. For a given draw of sfj, they

define the conditions under which alternative platforms provide lower utility.

Let, G2(-) and GP(-) denote the CDF of s/ and s”, the probabilities that
group-¢ users join the platform C are:

Pr(C = A|s{) =G (s{ +alg — ")+ B(¢f —a) — 0 —p))

and

Pr(C = B | s0) = GF (s¢ + a(rS —rP) + B80S —rP) — (0 — pP))

Similarly, let G4(-), and G?(-) denote the CDF of s, and s?, the probabil-
ities that group-j users prefer the platform C' are:

G (S + B(a — ) — (5 — p)
and

G2 (s§ + B0 —rP) — (0 = pP))

Pr(C >~ A| sf)

Pr(C > B | sf)

The joint probability that a user in the group-¢ or group-j joins the platform
C to both A and B is given by the product of these two CDF evaluations:
Pr(C is preferred by user i) = G#(-) - GP(")

Pr(C is preferred by user j) = éf() . éf()
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Aggregate Participation: The aggregate number of users with stand-
alone value s¢ and sjc who join the platform C' is obtained by integrating
the corresponding joint CDFs over the distributions of s¢ and 3?, using the

density functions g’ (s{') and ¢ (s§) on the support [0,1], as given below:

1
nC = / GA(s€ + algf — ¢ + B(a€ — ¢ — (o€ — ph))
0

% GB(sC +a(rf — 1Py + B — 1Py — (o — pP))
X g (s7) x dsf’

7

1
ng :/0 G (s5 +Bla — ) — (0 — 1))

xéf(sf—l—ﬂ(?“ic—rf)—(pf_pf))

X g]C(s]C) X ds§j

The aggregate number of users who join the platform C over platforms A
and B, computed above, allows the full system of equations such as (¢'s, r’s)
to be solved simultaneously. These solutions can then be substituted to
obtain the equilibrium number of users on each platform.

Alternatively, the equilibrium number of users on the platform C, that is,
any user who does not join the platform A or B must join platform C under
the full market coverage assumption, is given below:

C _ A B, c _ A B

Both approaches for calculating the equilibrium share of users for the plat-
form C' require solving for (¢'s,r’s), and the alternative expressions stated
above provide an equivalent representation of the participation levels for the
platform C' once those values are determined.

The above formulations capture users’ joining decisions on a platform un-
der the assumptions of full market coverage and rational utility-maximising
behaviour.
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2.4.5 Equilibrium Analysis

Recall the thought experiment, the equilibrium analysis begins with the cal-
culation of the number of users in each group for all platforms, i.e., qﬁj and
rf-fj. The CDFs defined above represent the probabilities that a group-i or
group-j user with a given draw of s¥ or 32‘? joins one platform over another.
These CDF-based probabilities can be interpreted as participation numbers
for each platform. In other words, the functions g;;(s}) and r};(s}) repre-
sent the evaluations of the corresponding CDFs with respect to their relevant

arguments:

(s =GP (s + alg — P) + Ba — ¢P) — v — pP))
rif(s?) = GE (st + a(r = rf) + B0 —r§) — (0 — pf))
q?(sP) = G (sP + alaf — af ) + B(a? — ) — (' — 1Y)
rB(sB) = GA(sE + a(r® — 1) + B — 1) — (o — p2))
¢ (s7) = G+ alaf — af) + B(af — ") — F — pfh))
rO(s€) = GB(sC + a(rC — rB) + B — 19) — (€ — pP))

g(s) = GP (i + B(g* — aP) — (v} — pP))

rif(s?) = GS (s + B —rf) — (1 = 9))

g (sP) = G5 (s? + B(al — af) — (0 — 1p5))

ri(s7) = G (sf + B0 — 1) — (0f — 7))

¢ (s7) = G (s + B(a7 — o) = (0] — 7))

5 (s5) =GP (5 + B0 =) = (0] — 7))

When each user’s stand-alone value is assumed to be drawn from a uniform
distribution over the interval (I}, h¥) for the group-i and (I¥, h%) for the group-
j, the CDF is given by:

ST

where x is a point of evaluation of the CDF.

Hence, the number of users in each group for each platform is determined as
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follows:

A/ Ay ) oA A Si +O‘( _qz)"‘ﬁ(qg —q]) (Pf‘_p?)_lzB
g (s7) =1 4

hB — B
S = {qA-qA: 8§‘+B(qf—qi3)—(pf—pf)—lf}
3\ i B _ B
J J
s _ ) . op_ S tala®—a)+8a’ —q)— (7 —p) -1
g (87)=1¢ ¢ = nC _|C
(s5) = qB:qB:sf+6(qz~3—qic)—(pf—pf)—lf
3 \%j oYy hjc_ljc
croev oo s8rale —a)+B(ef —af) - W —pf) -1
() = {qc o s{ + Blgf —af') — (0§ —p) —lf}
3\ AR Y WA _ A
J J
st +a(rf —rf) + B(r] —1§) — (! —pf) = I
) = { i 0y
A( A)_ A, A_Sf+5(7“f—7"ic)—(pf—pf)—ljc
ri(st)y =t ot = Nea—Te
By _ ) op. s sta? —r) 487 —rl)— 7 —p) -1
ri(s7) =qry iy = hA _ A
B/.B\ _ ) .B. 3_3334'5(7"59—7“?)—(1??—??)—1?
ri(sy) =qri Ty = [y
cron oo o sitall —rf)+ By —17) — 0 —p7) — 17
ri(sy) =qri oy = hB lB
con oo c_SjCWLﬁ(r?_?“ZB)—(Pf—Pf)—l]B
ri(sy) =y oy = R
J J

The number of users (g~ T ]) who join one platform over another appears
on both sides of the equation. Thus, it constitutes a fixed point problem
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at which user expectations about platform participation are exactly met by
the realised outcomes. This setup therefore, defines a system of simultaneous
equations, which must be solved together to find the equilibrium aggregate
number of users for each platform.

Equilibrium Participation: After computing the number of users (qf i réf i)
these values will be substituted to determine the equilibrium aggregate num-
ber of users on each platform. The equilibrium will be calculated by ag-
gregating these numbers of users, using the corresponding density function
g¥(s¥), which yields the total number of group-i users on each platform. The
same construction applies to users in group-j. The user equilibria for each
platform are as follows:

hA
i 1
Ar A Ar A A
— ) X X X d
nz /I;A QZ ( 'L) r ( ) h;A_liA S’L
hit 1
le :[A qj‘( ?)XTA( jl)th—lAXde
j J J

he
i 1
n-C:/l qic(sic)xric(sf)x—hc lCXdSiC OR nzc zl—nf‘—nf

<

h¢
J 1
nJC:/l g (s )xrc(f)xwxdsjc OR nf zl—nj‘—nB
j

The above formulation closes the loop between the CDF-based probabilistic
user behaviour and the aggregate platform participation, providing a consis-

tent framework for the distribution of users across platforms. Further, the

above expressions will be solved simultaneously to arrive at n(p:, p?, plo, pj‘, pf , p]C),

(pf,pf,pf,p?,p?,p?), (p?,pf,p?,pf,p],pj) é(pf,pj‘,pf,pﬁpwpz),
ng (7 it o205 vt p?), andn (05, o 02508 it 07
After determining the equilibrium number of users for each platform at a

given set of prices, then comes the first stage of the games, i.e., the computa-
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tion of the equilibrium prices for both groups. Each platform chooses prices
for both user groups to maximise its profit, taking the prices set by the other
platforms as given. This optimisation yields the best response functions for
each platform.

A A B C. . A B  C A B ,C., A _ B  C A
L (i (I Ay i ) B e S (N A S i A B
7 =nl Wl vl ol 0 ot 0S) ol + 0P 0f vt oSl it pf)
C c A B, .C A B c , A B, .C , A B C.
7 =nf(pf,pl P pS vl o7 ) - pS +nS 0f pt pP el ot ol - S

During the optimisation of the profit function with respect to the prices of
each group of three platforms (p2, pJA, pE, pf, ¥, ij) only the revenue com-
ponents depend on prices and therefore determine the optimisation outcome.
The best response functions describe the profit-maximising price choices of

each platform given the prices of the competitors.

The equilibrium prices are then obtained as the mutually consistent best
responses, i.e., the price combination (p#, pf, P, pf ¢, pjc) where each plat-
form’s choice is to maximise its profit given the choices of the others. Once
these equilibrium prices are determined, they are substituted back into the
second stage to compute the equilibrium number of users, yielding the full

set of equilibrium outcomes for both prices and participation.

After the computation of the equilibrium number of users and their prices,
the surplus for each group will be calculated.

2.4.6 User Surplus Calculation

Following the logic of the user surplus calculation in the duopoly model, the
average user surplus is defined as the expected utility of a user, given that the
total population is normalised to 1. The uniform distribution assumption is
carried forward to the triopoly setting, where the users are uniformly spread
over the distribution. The threshold value s that determines whether a
user joins the platform A depends on the independently and randomly drawn
stand-alone values s? and s{'. Because these values are drawn independently,
users who do not join the platform A are effectively spread uniformly across
the support of st. The same logic applies in reverse: whether a user joins
platforms B or C' depends on the independently drawn values for the other
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platforms, so non-joining users are likewise uniformly distributed over their
respective supports. This allows the average user surplus to be computed
over the entire support of s, which represents the expected utility of a rep-
resentative user. Consequently, all user shares and integrals are interpreted
relative to this unit mass, and the integrals are later adjusted by the propor-
tion of users who actually join each platform.

For each group i and j on platform k € {A, B, C}, the average user surplus
U, SZ is computed as:

k

_ i 1
Usy :A UF(sF) x T E X dsf, ke {A B,C}
. lh? 1
Ust = : UF(sh) x T X dsk, ke {A B,C}
j J J

Here, Uf(s}) and Uj(s}) are the individual utilities of users from groups
i and j on platform k, and [If, hf] and [I¥, h}] define the support of the
uniform distribution of valuations. The factor 1/(h} —IF) (or 1/(h% —1%)) is
the probability density under the uniform distribution, ensuring the integral
gives the expected utility over the group.

After solving the above integrals, the average user surplus is:

— ok hE+IF k ko k
_ Rk 4 1k
Ust =0 gkt ke {A.B.0)

Since the total population is normalised to 1, these integrals directly yield the
average user surplus for each group on platform k. To compute the aggregate
user surplus for the actual users on the platform k, the result is multiplied
by the corresponding user shares:

US* =nk x US; +nk x USS, ke {A, B,C},

where n¥ and nf denote the fractions of users from group-i and group-j
joining the platform & (under the full market coverage assumption, nt +
nP +n¢ =1 and nf—l—nfjtnjc: 1).
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Finally, the total user surplus in the triopoly setting is obtained by summing
across all platforms:

USiotal = USA 4+ USE +USC

The above formulation is used for the surplus computation in the numerical
analysis within each market structure considered, including the monopoly,
duopoly, and triopoly cases.

Due to the presence of multiple unknown and interdependent variables in
the equilibrium expressions for users and prices, a closed-form analytical so-
lution is not tractable. Accordingly, numerical simulations are implemented
in MATLAB to explore how the equilibrium and properties of the model
depend on various parameters. This approach accommodates both symmet-
ric and asymmetric settings, allowing for a systematic examination of user
participation and pricing outcomes under different upper and lower bounds
of the UD and the network benefits parameters. Employing this simulation
framework also facilitates the derivation of simplified expressions for com-
parative static analysis. The MATLAB code used in these simulations is
included at the end of this thesis for reference.

Based on the outputs obtained from the MATLAB simulations, the following
analysis examines user surplus (US) within a framework that incorporates
the interplay of network effects central to digital platforms. The strength of
the network effects is captured by the parameters a (direct network benefits)
and [ (indirect network benefits). By varying the values of these parame-
ters, the analysis examines how changes in network benefits strength affect
equilibrium under different market structures. The upper and lower bounds
of the uniform distributions are kept fixed because they define the baseline
stand-alone values of the users. Allowing these bounds to vary would change
the degree of heterogeneity and confound the impact of network benefits.
Holding them constant ensures that any change in the equilibrium outcomes
is driven solely by network effects rather than by shifts in the intrinsic prefer-
ences of users. Hence, the core objective of this investigation is to understand
how the impact of mergers varies with the strength of these network effects
and, importantly, with platform symmetries and asymmetries.

The parameter values used in the numerical examples are chosen to provide a
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transparent and tractable benchmark, in particular by assuming uniform dis-
tributions with fixed bounds. This allows the analysis to isolate the impact of
key parameters such as network effects and ad nuisance (in the third chapter)
without introducing additional complexity from distributional assumptions.
While alternative parameter specifications are not explicitly explored, the
benchmark is selected to be representative of a broad class of distributions,
so that the qualitative insights are expected to carry over beyond the specific
functional form used. A systematic exploration of alternative distributions
is undertaken in Chapter 2, and constitutes a natural direction for further
work in the extended setting of Chapter 3.

To assess robustness, I have explored alternative parameter values within eco-
nomically reasonable ranges in Chapter 2. The qualitative patterns reported
in the simulations, particularly the ability of a monopoly platform to appro-
priate gains from stronger network effects, remain unchanged across these
variations. For consistency and clarity of exposition, a single benchmark
specification is presented in the text, particularly in Simulation Findings 1,
3, and 4.

At the same time, the results are not universally signed and depend on the
underlying parameterisation. In particular, the impact of mergers on user
surplus reflects the balance between stronger network effects and increased
market power. The difference between the triopoly-to-duopoly and duopoly-
to-monopoly cases arises because, in the former, competitive pressure remains
and can induce price reductions that benefit users, whereas in the latter, the
absence of competition allows the platform to appropriate these gains through
pricing.

The analysis first examines the merger of duopoly platforms into a monopoly
and then considers mergers from triopoly to duopoly.
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2.5 Network Effects and Market Consolida-
tion: From Duopoly to Monopoly through
Merger

In traditional merger theory, particularly in Cournot models, a merger does
not always increase the profits of the merged firm if other competitors remain
in the market. This occurs because non-merging firms typically respond by
expanding output, which can offset any price or cost advantages gained by
the merged firm. This outcome is known as the merger paradoz, where a
merger may fail to increase profits unless it eliminates all remaining com-
petition. Considering this phenomenon in the context of digital platforms
helps illustrate how network effects and user surplus behave when competi-
tion disappears and highlights that accounting for competitors’ responses to
a merger scenario is crucial in understanding the effect of the merger in the
new equilibrium that emerges.

When a merger between two platforms results in a monopoly, the competitive
landscape changes fundamentally. This raises a critical question regarding
the welfare implications of a monopoly platform market structure charac-
terised by network effects. In the duopoly and triopoly settings, the analysis
imposed full market coverage, so every user joined one of the available plat-
forms in equilibrium. For the monopoly case, both full and partial market
coverage are considered. This is not because partial coverage is unique to a
monopoly, duopolists, or triopolists could also set prices that leave some users
out, but because the earlier parts of the model abstracted from this possibil-
ity. Including both cases in the monopoly benchmark serves two purposes:
full market coverage allows a like-for-like comparison with the multi-platform
settings, while partial market coverage captures the possibility that a monop-
olist, having greater pricing power, may optimally choose prices that exclude
some users.

A monopoly platform achieves the highest possible concentration of users,
potentially strengthening network effects, but it also has full pricing power. If
prices are set too high, some users may be excluded, leading to partial market
coverage; if prices are set so that all users derive positive utility, full market
coverage results. In the partial coverage case, total participation declines,
which can reduce user surplus despite stronger network effects. To examine
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these outcomes, the analysis will consider two cases of market coverage.

This analysis is important because it presents a trade-off: on the one hand,
user utility may increase due to maximal network effects in a consolidated
user base; on the other, higher prices may reduce surplus, and possibly reduce
participation. By simulating both partial and full market coverage scenarios,
it is possible to examine whether the benefits of a consolidated user base
outweigh the adverse effects of higher monopoly prices. This step extends the
literature, including Tan and Zhou (2021), by providing a direct assessment
of the welfare implications of a duopoly merger-induced monopoly in digital
platform markets.

2.5.1 Swimulation Finding 1: Platform Merger from
Duopoly to Monopoly

This section is divided into two parts. The first examines how market out-
comes change with different strengths of network effects. The second analyses
how these network effects shape the incentives for platform consolidation.

2.5.1.1 Impact of Changes in o and  on Market Outcomes

In this investigation, both network benefit parameters, o and 3, are increased
simultaneously to illustrate their combined effect on the market outcomes.
Consider a numerical example for monopoly platform A, for which upper
and lower bounds are given by h‘-“j = 60 and lfj = 20. The network benefit

Z7
parameters o and [ are examined within the range [0, 5].

For the symmetric duopoly setting, both platforms have identical uniform
distributions with hf J’»B = 60 and lf} J’»B = 20. For the asymmetric duopoly
setting, the uniform distributions of the platforms differ: hfj = 60, lfj = 20,
hfj = 50, and lfj = 30. In both symmetric and asymmetric cases, the

network benefit parameters a and  are examined within the range [0, 5].

The analysis considers two distinct scenarios. The first scenario is partial
market coverage, where some users are excluded because prices are high
enough that they obtain non-positive utility. The second scenario is full
market coverage, where all users participate and derive positive utility from
joining the platform. In what follows, both scenarios are examined: the first
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allows the monopolist to freely set prices to maximise profit, even if that ex-
cludes some users, and the second assumes full market coverage. The choice
between these approaches depends on the market context. Full coverage is
appropriate in environments where participation by the entire user base is
essential for value creation, particularly when strong network effects make
exclusion unlikely. By contrast, partial coverage is more realistic in markets
where platforms exercise pricing power or optimise profits by setting prices
that intentionally exclude some users. Additionally, the impact of strength-
ening network effects is explored by systematically varying the direct («)
and indirect () network benefits parameters, allowing an assessment of how
increasing network benefits influence user surplus and platform outcomes in
both coverage scenarios. The primary objective is to compare user surplus
across these two competitive structures, accounting for the strength of net-
work effects and pricing behaviour of the monopoly platform. Further, in the
numerical analysis, the parameters are varied in three ways: (i) jointly, by
setting o = ; (ii) by varying « while holding 3 fixed; and (iii) by varying /3
while holding « fixed. The joint variation provides a baseline that captures
the overall strength of network effects, while the separate variations are used
to isolate the individual contributions of direct and indirect network bene-
fits. This combined approach ensures that the analysis both captures the
aggregate impact of strengthening network effects and allows for a clearer
interpretation of their separate roles in shaping the outcomes.

In the asymmetric duopoly scenario, the two platforms have different uni-
form distributions, but their average (mean) stand-alone value is the same.
This mean-preserving approach ensures that differences in user outcomes are
driven solely by the distribution spread rather than differences in average user
valuations. By keeping the mean constant, it becomes possible to compare
the asymmetric and symmetric duopoly with the monopoly cases, isolat-
ing the impact of changes in the network benefit parameters on equilibrium
prices, participation, and user surplus.

In the case of partial market coverage, the equilibrium price remains un-
changed even as network benefits are strengthened. Mathematically, this
occurs because the contributions of the network benefit terms cancel out
when solving the equilibrium conditions for both groups of users, leaving a
term that depends only on the upper bound of the uniform distributions,
which determines the price. Intuitively, stronger network effects make the
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platform more attractive, encouraging additional users to join and increasing
overall participation without altering the price. As the value of interacting
with other users increases, more users decide to join, raising participation
levels on both sides of the platform. The platform benefits from higher total
engagement and can earn more profit without increasing prices, while users
enjoy greater surplus from being part of a larger network. In other words,
the price remains fixed, but the overall activity and welfare on the platform
increase as network effects strengthen. In the full market coverage case,
stronger network effects lead the monopoly platform to raise prices for both
groups because the increased user value is fully internalised in its pricing
decision. Since all users continue to participate, changes in these parameters
affect prices rather than participation. As a result, the user surplus remains
unchanged as network benefits rise, while the platform’s profit increases due
to higher prices. Compared to the duopoly case, a monopoly consistently
generates higher profits, reflecting the combined effect of consolidated user
participation and network effects.

2.5.1.2 User Surplus Comparison between Monopoly and Duopoly:
Partial vs. Full Market Coverage

After examining how changes in network effects influence market outcomes,
this section considers the welfare implications of platform consolidation from
a duopoly to a monopoly, using the numerical example above. This corre-
sponds to a reduction in the number of competing platforms from two to
one.

When the network benefits are strengthened, for group-z users, both a and
contribute to their overall utility, so increasing them together amplifies the to-
tal network effects for group-: relative to group-j. The equilibrium outcomes
adjust: as more users join the platform, larger participation increases the
value users receive, which in turn places downward pressure on equilibrium
prices as the platform balances network benefits against its pricing incen-
tives. This, in turn, raises user surplus for both groups. By considering the
joint effect of o and g, this approach highlights how stronger network effects
across direct and indirect parameters influence user participation, pricing,
and their welfare in the platform market.

The user surplus is compared between the duopoly and the monopoly under
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partial market coverage. The analysis reveals that the user surplus is con-
sistently lower in the monopoly setting compared to the duopoly, regardless
of whether the platform competition is symmetric or asymmetric. This out-
come is driven by the monopolist’s ability to exercise greater pricing power,
leading to setting a higher price for both groups. Although network effects
become stronger, and it would otherwise contribute to higher user surplus,
the monopolist captures the benefit of these effects by setting higher prices
compared to the duopoly. Consequently, users do not fully benefit from the
increased concentration of other users on the platform, resulting in a net de-
cline in surplus relative to the duopoly setting. In the monopoly under full
market coverage, as network effects strengthen, an increase in user surplus is
anticipated due to increased user concentration and utility of the platform.
However, the monopolist again internalises these gains through pricing: the
price is adjusted upward as the network effect parameters increase, effectively
absorbing the incremental utility that users would have gained. As a result,
the increase in utility from stronger network effects is fully captured by the
higher prices set by the monopolist, so the actual user surplus does not in-
crease and remains constant despite stronger network effects. The net impact
is that, even under full market coverage, the user surplus under monopoly
does not improve with stronger network effects. Compared with the duopoly
case, where competition can lead to lower prices and more favourable user
surplus outcomes, the monopoly consistently underperforms in terms of user
welfare.

Figure 2.1(a) to (f) illustrate the differences in user surplus between the
monopoly and duopoly, showing that these differences are substantially larger
in the asymmetric compared to the symmetric setting. This is primarily be-
cause, in the asymmetric setting, equilibrium prices are lower than in the
symmetric case, allowing users to capture a larger share of the platform’s
value, which increases user surplus. Building on the variations in user sur-
plus between the monopoly under partial and full market coverage and the
duopoly under asymmetric and symmetric market settings, the asymmetric
duopoly configuration demonstrates that the change in user surplus result-
ing from a merger to a monopoly is more pronounced than in the symmetric
setting. When network benefits are strengthened, this effect is further am-
plified, as the lower prices in the asymmetric case magnify the additional
utility from network effects. Consequently, user surplus tends to be higher in
the asymmetric setting, even though the mean value of the distributions is
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Figure 2.1: Differences in user surplus (US) between monopoly and duopoly
scenarios under symmetric and asymmetric platform mergers as a and (8
increase over a given range (panels a and b). Panels (¢) and (e) vary « while
holding f fixed, whereas panels (d) and (f) vary § while holding « fixed,
under both partial and full market coverage. Negative values indicate that
user surplus is lower under monopoly, implying that a merger to monopoly
is welfare-reducing for users.
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the same. This highlights that platform asymmetry, together with stronger
network effects, can significantly influence user welfare outcomes following a
merger.

Based on the above analysis, a response to the first research question, In
both symmetric and asymmetric settings, how does a merger from duopoly to
monopoly affect user surplus, and is the impact necessarily negative? can be
stated as follows. Based on the numerical simulation, the user surplus is con-
sistently lower in the monopoly platform compared to the duopoly, both for
symmetric and asymmetric platform configurations. When two competing
platforms consolidate into a single dominant entity with no remaining com-
petition, the resulting increase in market concentration reduces user surplus.
Although consolidation increases network effects through the aggregation of
a larger user base, these potential benefits are outweighed by the monopoly
platform’s ability to extract higher profits by setting higher prices under both
full and partial market coverage assumptions. Furthermore, similar patterns
were observed across different values of the network benefits parameters «
and (3, and no simulation cases were identified in which the user surplus under
monopoly exceeded that of the duopoly. While this suggests a robust ten-
dency for user surplus to decline under monopoly, the conclusion is limited
to the parameter ranges explored in the simulations.

The simulation findings indicate that, despite stronger network effects, which
theoretically should increase user surplus, the monopolist captures these
gains through price adjustments. In the monopoly full market coverage
scenario, prices increase in line with stronger network effects, thereby off-
setting any improvement in user surplus. In the partial market coverage
scenario, prices remain constant even as the parameters governing the net-
work effects strengthen. This implies that although stronger network effects
enhance the potential value users derive from participation, the monopoly
platform does not adjust its prices in response. As a result, the improvement
in network effects raises user surplus without any change in prices. Conse-
quently, even though user participation rises on both sides of the platform,
this does not translate into welfare gains under monopoly due to the monop-
olist’s ability to appropriate these benefits through pricing strategies. Fur-
thermore, while monopoly platform extracts significant profits due to their
pricing power, competitive environments ensure a more balanced distribution
of surplus, often favouring end-users.
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The above insights have crucial policy implications: post-merger competi-
tion is particularly important because it limits the ability of any monopoly
platform to exploit network effects solely for profit extraction. In a competi-
tive duopoly or triopoly, platforms must balance pricing to attract and retain
users, keeping prices lower and participation higher. In a competitive setting,
equilibrium prices reflect both users’ network effects and competitive pres-
sure, which can result in lower prices and greater user participation among
platforms compared to a monopoly, thereby enhancing user surplus. Conse-
quently, even after a merger, maintaining multiple competing platforms helps
ensure that network effects benefit users rather than being fully captured by
the platform, promoting broader market participation and preventing exces-
sive concentration of economic surplus in the hands of a single entity.

Further, this investigation complements the work of Tan and Zhou (2021),
who primarily focused on competition between multiple platforms and con-
cluded that platform consolidation from three to two platforms may not be
harmful to user surplus, as long as some competition remains. They did not,
however, explicitly address the welfare implications of monopoly formation.
In contrast, the present study examines the welfare implications of full con-
solidation from a duopoly into a monopoly. The analysis reveals that user
surplus declines when the number of competitors falls to one, highlighting
that the U-shaped user surplus (US) pattern identified by Tan and Zhou
(2021) is highly sensitive to the presence of remaining competition. This
indicates that further consolidation to a monopoly does reduce user surplus,
even when previous results suggested that limited consolidation might be
benign. These results are consistent with empirical findings by Chandra and
Collard-Wexler (2009), who demonstrate that mergers often lead to price in-
creases, and Song (2021), who notes that mergers in platform markets tend
to amplify market power, reduce product variety, and diminish consumer wel-
fare. However, this study provides a more granular account of how monopoly
platforms exercise market power, how changes in network benefits parameters
affect pricing, and the broader implications for user surplus. By incorporat-
ing simulations of symmetric and asymmetric mergers, this study contributes
to a more comprehensive understanding of how platform market structures
impact user outcomes. It underscores the structural risks associated with
the formation of a monopoly in digital platform markets and emphasises the
critical role of competition in ensuring favourable outcomes for users.
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After the investigation under the monopoly scenario, the next section applies
the numerical simulation framework to examine how changes in oligopolistic
market structure, specifically, when competition shifts from three platforms
to two, affect user surplus and platform behaviour. It explores how stronger
network effects influence outcomes as the market becomes more concentrated
following a merger.

2.6 Network Effects and Competitive Struc-
ture: From Triopoly to Duopoly

This section presents simulation results examining how changes in market
structure from triopoly to duopoly affect user surplus and broader platform
outcomes under different levels of network benefits. The analysis considers
both symmetric and asymmetric platform settings to capture how differences
in size, pricing, or user composition influence the impact of mergers. The
main object of interest is the change in user surplus when moving from three
to two platforms, denoted US(2 — 3), for given values of the network ben-
efit parameters a and . By systematically varying a and g, the analysis
illustrates how the effect of consolidation on user surplus depends on the
strength of network effects. When network effects are weak, mergers can
reduce user surplus; when network effects are strong, mergers may increase
user surplus. The subsequent Simulation Findings 2—4 examine these effects
in detail, along with resulting changes in competition, prices, user participa-
tion, and profits, highlighting how outcomes differ between symmetric and
asymmetric market configurations.

2.6.1 Simulation Finding 2: Platform Merger from
Triopoly to Duopoly in Symmetric Settings

This section is divided into two parts. The first part examines how market
outcomes in both the duopoly and triopoly change when one network benefit
parameter is held fixed while the other is varied, and vice versa. The second
part considers how these network effects influence the consequences of plat-
form consolidation, showing that when network effects are weak, mergers can
reduce user surplus, whereas when they are strong, consolidation can raise
it.
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2.6.1.1 Impact of Changes in o and  on Market Outcomes

This section examines how network effects influence platform consolidation
from three to two platforms, showing that mergers can reduce user surplus
when network effects are weak, but increase user surplus when network effects
are strong.

To illustrate how changes in the strength of network effects impact outcomes
in duopoly and triopoly platform markets, consider a numerical example
with symmetric uniform distributions on the three platforms A, B, and C.
The parameters are specified as follows: the upper and lower values of the
distribution are hf ]iB’C = 14 and lf} j’»B’C = 2, respectively; the direct and
indirect network benefit parameters o and 3 are considered over the range
[0, 2].

The change in parameter values in this case reflects the use of a different
distributional specification, rather than an arbitrary choice. The purpose is
to examine whether the qualitative results depend on the underlying uniform
distribution. By considering an alternative specification in Simulation Find-
ing 2, the analysis tests the robustness of the results beyond the benchmark
case. While the benchmark specification is maintained in other simulations
for consistency and clarity, this variation is introduced deliberately to show
that the key insights are not driven by a particular functional form.

There are two scenarios: (1) changing the parameter of direct network ben-
efits o while keeping the value of /3 fixed, and (2) changing the parameter of
indirect network benefits # while keeping the value of « fixed. The analysis
focuses on symmetric platforms and examines how network effects influence
price and user surplus when the market structure changes from a triopoly
(A, B,C) to a duopoly (A, B). This structural change reflects either the en-
try of the platform C' when A and B on the market or a merger involving the
platform C with either A or B, resulting in only two platforms remaining on
the market, where the platform C is essentially closed down.

In symmetric platform markets, users draw their stand-alone values from
identical uniform distributions independently . While individual users prefer
different platforms based on their realised draws, the platforms are identical
in expectation. As a result, equilibrium prices and user shares are the same
across platforms. The simulation results (see Proof for Simulation Finding 2
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in Appendix) illustrate how user surplus responds to changes in direct and
indirect network effects in symmetric markets following a merger. Further,
depending on the strength of these network effects, equilibrium prices and
user surplus vary differently under duopoly and triopoly settings.

The following summarises how changes in a and S influence equilibrium
prices, participation, user surplus, and platform profits in a symmetric duopoly
and triopoly. In both settings, all platforms are identical in their valuation
distributions, cost structures, and strategic environments, so the equilibrium
prices and user shares are the same across platforms.

Effect of Strengthening Direct Network Benefits

Duopoly: When « increases, group-¢ users gain a stronger direct network
effects from a larger user base on their own side. Platforms respond sym-
metrically by reducing the price charged to group-¢ in order to attract more
of these users. This expansion on group-: increases the platform’s total user
base, which indirectly raises the value for group-j users as well, even though
their utility does not depend directly on . Because the indirect network ef-
fect toward group-j strengthens through the increase in the number of group-:
users, platforms have no incentive to raise or lower the price for group-j; the
equilibrium price remains unchanged. As participation rises on both sides
through this indirect channel, group-i user surplus increases, and overall sur-
plus grows. Platform profits decline because the price reduction on group-:
dominates the additional revenue gained from the larger user base on both
sides.

Triopoly: In the symmetric triopoly, an increase in « leads all platforms
to lower prices for group-i users, but the reduction is smaller than in the
duopoly because the users are spread across three platforms, so the impact
of stronger direct network effects on equilibrium prices is muted. For group-j,
prices rise slightly because platforms compensate for the revenue reduction
on group-i by adjusting prices on group-j. Since indirect network effects
strengthen when « increases, group-j users become less sensitive to price,
which allows platforms to raise the prices for group-j without losing their
participation. As a result, group-7 user surplus increases, though less sharply
than in the duopoly case, while group-j surplus declines slightly due to higher
prices. Platform profits initially decline as the price for group-i users falls,
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but additional revenue from group-j users gradually compensates for this
loss. When « reaches approximately 1.5, the total profit begins to increase as
the gain from group-j exceeds the loss from group-i. Symmetric equilibrium
across the three platforms ensures that all platforms exhibit similar pricing
and surplus patterns.

Duopoly vs. Triopoly: Based on the numerical example considered above,
the increase in total user surplus is larger in duopoly than in triopoly be-
cause stronger direct network effects yield greater price reductions when user
concentration is higher (two platforms instead of three).

Effect of Strengthening Indirect Network Benefits

Duopoly: When ( increases, both groups benefit from stronger indirect
network effects. The equilibrium prices for both groups fall and are sym-
metric across the platforms. The resulting reduction in prices substantially
increases the user surplus for both groups. Platform profits decrease because
lower prices are charged to the users in both groups.

Triopoly: In triopoly, the higher 5 leads all platforms to reduce prices
for both groups, but the reduction is smaller than in a duopoly. Prices
fall steadily to a moderate level of (3, after which the rate of decline slows.
Consequently, user surplus rises for both groups, though less sharply than in
duopoly. Platform profits initially decrease as prices fall, but this decline is
partially offset once (8 reaches approximately 2. Beyond this value, platforms
begin raising prices for both groups because further price reductions would
generate losses, and higher prices help recover some of the revenue lost at
lower levels of .

Duopoly vs. Triopoly: For the values of § considered in the numeri-
cal example above, the duopoly delivers a higher total user surplus than
the triopoly because of weaker competitive pressure, and user concentration
strengthens the impact of indirect network effects. With three platforms, the
same network benefit is diluted across more competitors, reducing its effect
on equilibrium prices.

93



2.6.1.2 User Surplus Comparison between Duopoly and Triopoly

This section examines how network effects influence platform consolidation
from three to two platforms, showing that mergers can reduce user surplus
when network effects are weak, but increase user surplus when network effects
are strong, based on the numerical example considered above.

The simulation results directly address the second research question by iden-
tifying the conditions under which a merger from three to two symmetric
platforms increases user surplus. Specifically, the merger enhances the user
surplus only when both direct and indirect network effects are sufficiently
strong. When network effects are weak, the competitive benefits and greater
platform variety in a triopoly outweigh the concentration advantages of a
duopoly, resulting in a higher user surplus under the triopoly settings. This
analysis compares the user surplus across the duopoly and triopoly market
structures as the strength of network effects increases. In the numerical ex-
ample, the analysis identifies the values of the direct («) and indirect (/)
network benefit parameters at which the behaviour of user surplus shifts,
and then examines how surplus evolves once these values are exceeded. The
results show that stronger network effects improve user surplus, but this im-
provement becomes more pronounced under a duopoly once network effects
reach sufficiently high levels.

To clearly understand the variations in network benefits on the user surplus,
in the first scenario, when the value of « increases while the value of 5 re-
mains constant, the effects differ between market structures, as represented
in Figure 2.2(a). Under a duopoly, users in the group-i, who directly benefit
from interactions within the group, experience lower equilibrium prices and
a higher user surplus. Users in group-j, who do not benefit directly from
the impact of stronger direct network effects, do not face a change in their
prices, leaving their surplus largely unaffected. Thus, price adjustments pri-
marily favour group-i7, even though user allocations remain symmetric. In
contrast, in a triopoly, stronger direct network effects influence equilibrium
prices for both user groups. As « increases, group-i users again experience
lower prices and higher surplus, but group-j users face higher prices as plat-
forms partially shift the added value on group-7 through interactions between
groups. Although user allocations remain symmetric across platforms, op-
posing price movements result in differing surplus effects across groups. The
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comparison between the two market structures shows that when « is approx-
imately 0.4, the concentration of users in a duopoly amplifies the stronger
network effects, resulting in a substantially larger decline in prices compared
to triopoly settings, which in turn leads to higher user surplus. Thus, the
threshold identifies the point at which direct network effects become strong
enough to outweigh the benefits of maintaining three competing platforms.
Below this threshold, competition in a triopoly delivers higher user surplus;
above it, stronger network effects make consolidation beneficial for users, so
a merger from triopoly to duopoly increases user surplus.
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Figure 2.2: Differences in user surplus (US) between two and three-platforms
(2 - 3) scenario in symmetric platform competition. Positive values indicate
that user surplus is higher under a duopoly compared to a triopoly so it is
represented as (2 - 3), which means a merger is surplus enhancing.

In the second scenario, when the indirect network benefit parameter (/)
increases while the direct parameter («) is held constant, both market struc-
tures experience adjustments in equilibrium prices and user surplus, as repre-
sented in Figure 2.2(b). For values of § approximately 1.1, stronger indirect
network effects intensify interactions between groups, leading to higher price
responses in the duopoly than in the triopoly. Beyond this threshold, the
concentration of users on two platforms enhances cross-side participation
benefits, which outweigh the competitive advantages of having three plat-
forms. As a result, the user surplus becomes higher under the duopoly once
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the indirect network effects are sufficiently strong. In both market struc-
tures, stronger indirect benefits raise user surplus for both groups, but the
improvement is more pronounced in the duopoly, where price adjustments
are sharper, and network feedback effects are stronger. Overall, these simu-
lations demonstrate that mergers from triopoly to duopoly can improve user
surplus only when there are stronger direct and indirect network effects.

Further, these findings are consistent with those reported by Tan and Zhou
(2021), who demonstrated that user surplus can increase when the market
shifts from triopoly to duopoly due to stronger network effects. Although
their analysis illustrates this conclusion using an example, the contribution
of this study lies in systematically identifying the precise conditions under
which such a surplus improvement occurs. This analysis further shows that
the network benefits must be sufficiently strong for this effect to hold, as
demonstrated through numerical simulations.

Although mergers in traditional markets are typically welfare-reducing due to
the increase in price after consolidation, the analysis by Tan and Zhou (2021)
shows that mergers from triopoly to duopoly can enhance user surplus. How-
ever, this outcome holds only when the network effects are sufficiently strong.
Specifically, this simulation-based analysis advances the literature by quanti-
fying the threshold values of the network benefits parameters, direct («) and
indirect (f), beyond which a merger of three to two symmetric platforms
leads to higher user surplus. These threshold values are not intended to be
universal, but rather are conditional on the parameter space considered in
the simulations. The purpose is to illustrate how the relationship between
market structure and user surplus depends on the strength of network effects,
rather than to claim that these thresholds are invariant across all parame-
terisations. Within the model, the key network benefits parameters (« and
B) are varied systematically while holding other components fixed, allowing
the identification of threshold values within a consistent framework. In ad-
dition, in certain cases, particularly in Simulation Finding 4, the parameter
bounds are adjusted to explore a wider range of outcomes and ensure a more
complete analysis of the model’s behaviour. These thresholds therefore repre-
sent boundaries within the considered parameter space rather than universal
values.

Importantly, the qualitative findings remain consistent across these varia-

96



tions. In particular, even when the parameter space is expanded, mergers
from triopoly to duopoly can lead to improvements in user surplus in asym-
metric settings. This result is driven by changes in stand-alone values, which
alter participation incentives and can offset the loss of competition. This
reinforces that the main insights of the model are not sensitive to a spe-
cific parameterisations but reflect more general underlying factors. Similar
considerations apply to the other results in this section. The findings are
based on systematic numerical exploration of the parameter space, rather
than on a single arbitrary calibration. While a benchmark specification is
used for clarity and consistency, the qualitative patterns are robust within
economically relevant ranges of the parameters. At the same time, the results
are not universal and may vary under alternative parameter values or mod-
elling assumptions. Further I emphasised that the findings are interpreted
as conditional on the chosen framework and parameterisations.

Therefore, this investigation not only reinforces the core insight of the Tan
and Zhou (2021) study, but also extends it by offering a fine-grained, parameter-
specific understanding of the relationship between market concentration and
user welfare. This deeper insight is particularly relevant for policy discus-
sions around digital platform mergers, as it provides a more detailed basis
for evaluating the consumer welfare implications of market consolidation.

Although the above findings are derived under the assumption of symmetric
platforms, they prompt further investigation into asymmetric platform set-
tings to assess whether the observed effects on user surplus persist or exhibit
notable differences.

2.6.2 Stmulation Finding 3: Platform Merger from
Triopoly to Duopoly in Asymmetric Settings

Analogous to the symmetric setting, this section is divided into two parts.
The first part examines how market outcomes in both the duopoly and tri-
opoly respond when one network benefit parameter is held fixed while the
other varies. The second part analyses how the strength of network effects
shapes the user surplus consequences of platform consolidation. In particular,
it shows that when network effects are weak, consolidation from a triopoly
to a duopoly can reduce user surplus due to the loss of competition, whereas
when network effects are sufficiently strong, consolidation can increase user
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surplus by enhancing the value generated through user coordination on two
platforms.

2.6.2.1 Impact of Changes in o and  on Market Outcomes

To illustrate the interaction between network effects on market outcomes in
asymmetric settings, consider a numerical example with three platforms A,
B, and C, each characterised by distinct uniform distributions. The upper
and lower bounds of the uniform distributions (UDs) are specified as follows:
hf}j = 60, lfj = 20; hfj = 50, lfj = 16; and hgj = 40, ZZC] = 14. The direct
and indirect network benefit parameters, a and (3, are varied over the range

[0, 6].

The different UDs imply that, in equilibrium, platform A attracts a larger
user base and enjoys stronger network effects, while platforms B and C are
progressively smaller. This asymmetry generates systematic differences in
equilibrium prices and user surplus even before any merger occurs. Larger
platforms benefit from stronger participation effects, whereas smaller plat-
forms face weaker network reinforcement and must compete more aggres-
sively on price to attract users. These structural differences mean that the
gains or losses from a merger depend critically on the relative sizes of the
platforms: whether a merger raises user surplus is sensitive to the degree of
asymmetry and the strength of induced network effects. This highlights the
importance of accounting for platform heterogeneity when evaluating merger
outcomes.

In an asymmetric triopoly, the variation in uniform distribution (UD) deter-
mines each platform’s inherent attractiveness. Platforms with the superior
UD attract more users, while those with less superior UD face greater com-
petitive pressure and adjust prices more aggressively to retain or expand their
user base.

The analysis proceeds in two scenarios: first, changing the direct network
effect parameter o value while keeping the § value constant, and second,
changing [ value while keeping the «a value fixed. The goal is to examine
how these network effects influence equilibrium prices and user surplus as the
market structure transitions from a triopoly (A, B, C') to various asymmetric
duopolies.
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Specifically, three duopoly 3 cases are considered:
(i) Platform A competes with B, where platform C' merges with A,
(ii) Platform A competes with C', where platform B merges with A, and
(iii) Platform B competes with C, where platform A merges with B.

In all three cases, platform A is the largest platform, platform B is the
second largest, and platform C'is the smallest. The rationale for considering
these three cases lies in how the relative size of the merging platforms shapes
post-merger market outcomes.

In cases (i) and (ii), the large platform A acquires the smaller platform C
in case (i) and the medium-sized platform B in case (ii). In both cases, the
user base of the acquired platform may be absorbed into the larger plat-
form, which amplifies network effects through increased user participation.
However, these mergers improve user surplus only when network effects are
sufficiently strong to offset the loss of competitive pressure. When network
effects are weak, the reduction in competition dominates, leading to lower
user surplus following the merger.

By contrast, case (iii) considers a merger between platforms A and B, after
which platform A disappears, and the merged entity competes with plat-
form C'. Although a merger in which the largest platform exits the market
is less typical, it is included for completeness. This case allows an exami-
nation of a boundary scenario in which a major platform disappears, offer-
ing insights into the limits of network effect-driven gains and how changes
in market structure influence post-merger user surplus. The resulting con-
centration substantially reduces competition, but the merged platform may
benefit from a significantly larger combined user base. When network effects
are sufficiently strong, this expansion in participation enhances user surplus;
otherwise, users face higher prices and reduced choice.

The following paragraph summarises how changes in direct («) and indirect
(B) network benefit parameters affect equilibrium prices, user participation,
user surplus, and platform profits in an asymmetric duopoly and triopoly.
Because platforms differ in their valuation distributions, the resulting equi-
librium prices and user allocations are asymmetric across platforms in both
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market structures.
Effect of Strengthening Direct Network Benefits

Duopoly: An increase in a strengthens same-side network effects for group-
1 users. As « rises, platforms reduce their group-i prices in order to attract
additional users on that side. The prices for group-j remain unchanged
because « does not affect their utility. The reduction in their prices raises
group-¢ user surplus and increases total surplus through greater participation
in the platform with superior UD. Platform profits fall because the drop in
price dominates the revenue gained from attracting marginal users.

Triopoly: In an asymmetric triopoly, an increase in « also leads all plat-
forms to lower prices for group-¢ users, but the reduction is smaller than in
the duopoly because the competitive response is diluted across three het-
erogeneous competing platforms. The prices for group-j increase slightly as
platforms partially compensate for the revenue loss from group-i, reflecting
both indirect network effects and strategic adjustments under asymmetry.
Group-¢ surplus rises, though more modestly than in the duopoly, while
group-j surplus falls due to the increase in their price. The dominant plat-
form’s profit decreases as its group-¢ price falls. The two smaller platforms
initially lose revenue because they reduce prices to compete for users. How-
ever, as « becomes sufficiently large, particularly when « is approximately 5,
the strengthened direct network effects allow these platforms to attract some
users away from the dominant platform. Once they have secured a some
additional users, their revenues stabilise and eventually begin to recover. At
this point, the smaller platforms are able to raise their group-¢ prices slightly
without losing users, allowing their profits to return to a sustainable level
after the initial decline. Overall profit in the triopoly decreases at low and
moderate «, rising only once the smaller platforms adjust their prices upward
after gaining users.

Duopoly vs. Triopoly: Based on the numerical example considered above,
the total user surplus gains are larger in the duopoly because user concentra-
tion strengthens the effect of direct network benefits on prices. With three
platforms, the same increase in « is spread more thinly across competitors,
leading to weaker price adjustments.
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Effect of Strengthening Indirect Network Benefits

Duopoly: When f increases, both groups experience stronger cross-side
network effects. The equilibrium prices fall for both groups, though asym-
metrically, because the two platforms differ in their valuation distributions.
Stronger indirect network effects increase participation on both sides, with
the dominant platform gaining proportionally more users. User surplus rises
for both groups. Platform profits decline because price reductions outweigh
the additional revenue from larger participation.

Triopoly: In the asymmetric triopoly, higher 5 lowers the equilibrium prices
for both groups across all platforms, but the decline is smaller than in the
duopoly due to weaker competitive pressure. Prices fall for both groups on
the dominant platform, prompting the two smaller platforms to also reduce
their prices. After attracting some users from the dominant platform, these
smaller platforms begin to raise their prices marginally to recover earlier
revenue losses and sustain profitability, particularly when g ~ 4 for the
platform C' and 8 = 5 for the platform B. As a result, user surplus rises for
both groups, though at a slower rate than in the duopoly case.

The dominant platform’s profit continues to decline as both its group prices
fall. The two smaller platforms initially face reduced profits, but later expe-
rience partial recovery by adjusting prices upward after capturing additional
users. Nevertheless, the sum of profits from all platforms continues to decline
overall.

Duopoly vs. Triopoly: For the values of 8 considered in the numerical
example above, the duopoly generates a higher total user surplus than the
triopoly. With two platforms, user concentration amplifies the stronger in-
direct network effects on equilibrium prices. With three platforms, the same
increase in [ is diluted due to competition pressure between them, resulting
in smaller surplus gains.

2.6.2.2 User Surplus Comparison between Duopoly and Triopoly

Based on the numerical example considered above, in the case of triopoly to
duopoly asymmetric platform merger, strengthening direct network effects
leads to a reduction in equilibrium prices for both user groups, resulting in an
improvement in user surplus, as illustrated in Figure 2.3(a). A similar pattern
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is observed when indirect network effects are strengthened, equilibrium prices
fall across both groups, resulting in an increase in user surplus, as illustrated
in Figure 2.3(b). In both cases, the user surplus increases more significantly
under the duopoly compared to the triopoly when the network effects are
sufficiently strong and the concentration of users is higher.

This finding shows that the strength of network effects required for a merger
to be beneficial depends on both the size and composition of the merging
platforms and the nature of asymmetry. Strong network effects are necessary
for mergers involving dominant platforms to enhance user surplus, while
mergers between asymmetric platforms can generate surplus gains at lower
levels of network strength due to greater realisation of participation benefits.
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Figure 2.3: Differences in user surplus (US) between two and three-platforms
(2 - 3) scenarios: US(i) : USap — USapc,US(ii) : USac — US4 pc and
US(iii) : USp.c —USa p,c in asymmetric platform competition, where (2-3)
indicates the change from triopoly to duopoly (positive values reflect higher
surplus under duopoly).

The numerical analysis indicates that the asymmetry in platform sizes within
the resulting duopoly creates uneven user distributions, with one platform
typically maintaining a significantly larger user base. As network effects
become stronger, the disparity in user surplus between the two platforms
increases, reflecting the competitive advantage of the dominant platform.
These findings extend the analysis of Tan and Zhou (2021) by explicitly in-
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corporating asymmetric platform structures, a scenario that was not consid-
ered in their study. Examining asymmetries provides new insights into how
heterogeneity among platforms influences equilibrium outcomes, highlighting
a clear contribution of this work. Furthermore, the analysis addresses the
third research question by explicitly identifying the conditions under which
user surplus increases following a merger that reduces the number of com-
peting platforms from three to two in asymmetric settings. In particular, it
shows that the strength of network effects under asymmetric platform merg-
ers is a critical factor in determining whether user surplus is enhanced, that
is, in the first stage, when the value of « is approximately 3 in US(i), 0 in
US(ii) and 5.5 in US(7ii) cases, and in the second stage, when the value of
B is approximately 4 in US(i), 1.5 in US(ii) and 5.5 in US(iii) cases. This
directly answers the third research question by showing through a numeri-
cal example how the strength of network effects under asymmetric platform
mergers increases user surplus.

The extent of platform asymmetry plays a central role in shaping how merg-
ers affect user surplus. When asymmetries across platforms are limited, user
bases and equilibrium prices remain relatively balanced, and consolidation
from triopoly to duopoly has only modest welfare effects. By contrast, as
asymmetry increases and one platform becomes significantly larger than its
rivals, mergers generate more pronounced changes in equilibrium outcomes.
The numerical analysis shows that asymmetric platform structures lead to
uneven user distributions in the post-merger duopoly, with one platform
typically maintaining a substantially larger user base. As network effects
strengthen, this asymmetry magnifies differences in equilibrium prices and
user surplus across platforms, reflecting the competitive advantage of the
dominant platform. In such settings, consolidation can enhance user surplus
because stronger user concentration intensifies network benefits and places
downward pressure on prices, particularly on the larger platform. Therefore,
understanding how varying levels of asymmetry influence post-merger out-
comes is essential for assessing the welfare implications of platform mergers.

The implications of platform asymmetries are illustrated in the three asym-
metric merger cases considered above. When the medium-sized platform B
merges with the large platform A, the resulting duopoly, in which platform
A competes with the smaller platform C', generates higher user surplus than
the triopoly relative to the other two merger cases. This outcome reflects
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the uneven distribution of users across platforms induced by asymmetry: the
merged platform inherits a substantially larger user base, which strengthens
network effects and allows equilibrium prices to adjust more sharply. More
generally, platform asymmetry magnifies the welfare consequences of consol-
idation. When platforms differ in size, mergers lead to a more concentrated
user base on the dominant platform, intensifying both direct and indirect
network effects. This concentration alters pricing incentives more strongly
than in symmetric settings, resulting in larger changes in equilibrium prices
and, consequently, user surplus. However, this effect is not universal and
depends critically on the strength of network effects. The numerical results
identify threshold values of the network benefit parameters beyond which
consolidation becomes welfare-enhancing.

The above analysis reveals several important insights about asymmetric plat-
forms.

(i) While the surplus-improving effect of mergers holds in both symmetric
and asymmetric settings, the threshold values of the direct and indirect
network effect parameters differ depending on which platforms merge.
And therefore, for given network parameters, whether the merger is
beneficial or not depends on the asymmetric nature of the market, and
therefore, accounting for asymmetries is important.

(ii) In asymmetric markets, the resulting duopoly does not produce an even
split of users across platforms; one platform typically becomes domi-
nant while the other remains relatively small. This uneven distribution
affects realised network effects: users on the larger platform experience
stronger network effects than those on the smaller one, making the av-
erage user surplus a composite of very different individual outcomes.
This pattern reflects a general tendency under asymmetric platform
sizes rather than a universal outcome independent of the merger con-
figuration. The final distribution of users depends on which platforms
merge and on the initial asymmetries in platform size and attractive-
ness. In particular, as the analysis considers different merger configura-
tions (A-B, A-C, and B—C), the results show that post-merger market
shares vary systematically with the identity of the merging platforms.
Mergers involving platforms of different sizes (e.g., A-C or B-C) can
lead to more pronounced asymmetries in post-merger allocations than
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mergers between similarly sized platforms.

Thus, the emergence of a dominant platform is a typical outcome in
asymmetric settings, but not a general result that holds uniformly
across all merger combinations. This is precisely why multiple merger
configurations are analysed in the chapter, to capture how both ini-
tial asymmetries and merger composition jointly determine post-merger
market shares and user surplus.

(iii) The change in user surplus is not uniform across user groups. Some
groups, especially those directly benefiting from network effects, gain
disproportionately on the larger platform, while others experience small
improvement. The choice of merger itself matters in asymmetric set-
tings (e.g., platforms remain in competition after merger A, B vs. A,C
vs. B,C), because different post-merger market shares lead to differ-
ent surplus outcomes. This additional layer of heterogeneity highlights
that, unlike in symmetric markets, both the strength of network ef-
fects and the composition of the merger jointly determine how the user
surplus changes following consolidation.

Based on Simulation Findings 2 and 3, it can be concluded that user sur-
plus increases when the market transitions from three platforms to two, pro-
vided that network effects are sufficiently strong. This result holds under
both symmetric and asymmetric platform competition and is consistent with
the findings of Tan and Zhou (2021). However, this investigation adds an
important nuance by explicitly accounting for platform asymmetry. When
platforms differ in size, consolidation creates uneven user distributions and
pricing incentives across platforms, which magnifies the impact of network
effects after a merger. As a result, mergers involving platforms of unequal
size can generate larger changes in user surplus than mergers between simi-
larly sized platforms. This analysis therefore contributes by identifying the
specific conditions under which platform consolidation enhances user surplus
and by highlighting the role of asymmetry in shaping post-merger welfare
outcomes.

The numerical simulations show that the user surplus responds differently to
changes in market structure depending on the strength of the network effects.
When the direct or indirect network effect parameters exceed certain thresh-
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old values, users are better off in a duopoly because the greater concentration
of users amplifies network benefits. Below these thresholds, however, the op-
posite holds: users benefit more from a triopoly, where increased competition
leads to lower prices despite weaker network effects. This contrast naturally
raises the question of how user surplus behaves when network effects are
not sufficiently strong, motivating a closer examination of competition under
weaker network effects and how market concentration interacts with platform
asymmetry and user allocation.

Across both asymmetric and symmetric markets, the introduction of a third
platform reduces equilibrium prices and increases the user surplus when
network effects are moderate. In asymmetric markets, users are allocated
proportionally to platform size, whereas in symmetric markets, they are
evenly distributed. These findings are novel in systematically characterising
when increased competition enhances user welfare, highlighting how network
strength and market structure jointly determine outcomes. Finally, these
competitive benefits persist only until network effects reach a sufficiently
high level, as evident from the above Figure 2.2 and 2.3 (b) and partially
(a), where the user surplus (2 - 3) is negative, i.e., below the origin. When
network effects are strong, the user concentration in the duopoly, generates
a higher surplus than the triopoly. Thus, the value of increased competi-
tion is highest when network effects are weak or moderate, but diminish and
ultimately reverse when network effects are strengthened.

Examining both asymmetric and symmetric cases is important because real-
world platform markets rarely operate under perfect symmetry. Differences
in platform size, user composition, and competitive strength create uneven
shifts in user surplus and pricing when market structure changes. In sym-
metric markets, all platforms adjust in the same way, so the welfare effects
of added competition or consolidation are uniform. In asymmetric markets,
however, the same structural change can produce very different outcomes
across platforms, since user allocation and network benefits respond differ-
ently for large and small firms. These observations highlight that the welfare
impact of competition depends critically on the degree of asymmetry present
in the market. Motivated by this, the next investigation compares user sur-
plus outcomes in asymmetric and symmetric markets, allowing a clearer as-
sessment of how platform heterogeneity shapes user surplus, including in the
context of platform consolidation.
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2.6.3 Simulation Finding 4: Comparative Analysis of
User Surplus under Asymmetric and Symmet-
ric Settings including Mergers from Triopoly to
Duopoly

The main aim of this section is to compare how user surplus varies between
asymmetric and symmetric market structures, considering changes in net-
work benefit parameters, adjustments to the upper and lower bounds of uni-
form distributions while keeping network benefits constant, and platform con-
solidation under strong network effects. While Simulation Findings 2 and 3
already consider transitions from three platforms to two under symmetric and
asymmetric settings, the numerical examples considered there differ across
cases, making it less transparent when market equilibria are driven by sym-
metry versus asymmetry. By contrast, this section employs a single numerical
example that nests both symmetric and asymmetric configurations. This ap-
proach aligns with the standard practice in industrial organisation models of
starting from symmetry, while recognising that real-world platform markets
are typically asymmetric. Doing so allows a clearer comparison of market
outcomes and user surplus across symmetric and asymmetric structures and
strengthens the contribution to the literature by explicitly highlighting how
platform heterogeneity alters the welfare effects of consolidation.

This analysis contributes to the literature by systematically highlighting the
role of platform asymmetry in shaping user surplus. Three scenarios are cen-
tral to this analysis: (i) comparison of user surplus in asymmetric and sym-
metric triopoly market configurations when the network benefit parameters
are modified, (ii) Comparison of user surplus in asymmetric and symmetric
triopoly market configurations and following a transition from triopoly to
duopoly after a merger, as the upper and lower bounds of the uniform distri-
butions are adjusted to gradually reduce platform differences and make the
market symmetric, while the network benefit parameters are held constant,
and (iii) comparison of user surplus from triopoly to duopoly mergers under
asymmetric and symmetric market settings, as network effects strengthen.
While Simulation Findings 2 and 3 compare user surplus when the market
transition from triopoly to duopoly by varying either o or 8 while keeping the
other parameter fixed, here in the third scenario, a numerical case is consid-
ered in which the mean value of the platform’s uniform distribution remains
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the same in both symmetric and asymmetric settings, and both o and 3 vary
simultaneously. Further, the motivation for the third scenario comes from
real-world consolidation patterns, such as a dominant platform like Google
acquiring an equal-sized rival such as Yahoo or Bing. After such a merger,
the market becomes an asymmetric duopoly, with one large platform and
one smaller competitor. By contrast, a merger between two similarly sized
platforms in a symmetric triopoly produces a symmetric duopoly, where both
remaining firms operate at comparable scale.

Given the complexity introduced by differences in platform size, the analysis
relies on numerical examples. In the first scenario of the analysis, the pa-
rameters a and [ are varied to examine how the strength of network effects
influences outcomes under asymmetric and symmetric market settings. In the
second scenario, the upper and lower bounds of the uniform distributions for
the two smaller platforms are adjusted to vary the degree of asymmetry while
keeping the network benefit parameters fixed. In the third scenario, user sur-
plus is compared across triopoly to duopoly mergers in both asymmetric and
symmetric settings when network effects are strengthened, allowing a direct
assessment of how platform heterogeneity shapes post-merger outcomes. In
all three scenarios, the stand-alone values drawn from the uniform distribu-
tions are kept consistent between the symmetric and asymmetric cases to
ensure a fair comparison and to isolate the role of platform heterogeneity.

To investigate the first scenario, consider a numerical example: In asymmet-
ric settings, hfj = 60, lfj = 20; hfjfc = 50, lfjfc = 30. In symmetric settings,
all three platforms are identical with h?ﬂiB ¢ — 60, lf ]TB ‘“ = 20. The network

benefit parameters o and [ are examined within the range [0, 5].

2.6.3.1 Comparison of Market Outcomes under Asymmetric and
Symmetric Settings with Varying Network Benefit Param-
eters

When network effects are strengthened, the market behaves differently in
symmetric and asymmetric settings. In the symmetric setting, equilibrium
prices fall in a smooth and predictable way because all platforms react iden-
tically: each has the same user base, the same stand-alone values, and the
same incentive to lower prices when network effects become stronger.
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In the asymmetric setting, prices fluctuate rather than decline steadily. This
arises from two forces: how users are allocated across platforms, and how
strongly network effects feed back into pricing. In the numerical example
considered, the lower bounds of the uniform distributions for the two equal-
sized platforms are superior to those of the dominant platform. This implies
that, on one hand, users who are indifferent between the dominant platform
and the two equal-sized platforms will join the smaller platforms whenever
their drawn stand-alone value falls below the lower bound of the dominant
platform’s uniform distribution. As a result, these platforms initially set low
prices to attract users located in this lower valuation bound. Because they
share identical distributions, they end up with similar prices and similar user
shares.

On the other hand, users who are indifferent between the dominant platform
and the smaller platforms will choose the dominant platform if their drawn
stand-alone value exceeds the upper bound of the uniform distribution of
the smaller platforms. This is because the dominant platform offers higher
stand-alone values to users due to the higher upper bounds of its uniform
distribution compared to those of the smaller platforms. This allows the
dominant platform to charge higher prices. If those users are more sensitive
to price and network effects. Because the two smaller platforms are sym-
metric in size and price, they reduce their prices equally to attract these
upper-bound users, causing the dominant platform A to lose users. As users
reallocate to smaller platforms in response to these pricing incentives, the
user surplus in the asymmetric scenario becomes larger than in the sym-
metric case, although the platform profits remain higher under symmetry
(Figure 2.4 (a)). When network effects become strong, the pricing incentives
shift. The two equal-sized platforms begin to raise their prices when «a and
[ are approximately 4, which leads to a reduction in overall user surplus,
and also causes them to lose part of their user base. The dominant plat-
form, by contrast, lowers its price and ultimately attracts a larger share of
users as the network effects become more pronounced, i.e., when « and 3 are
approximately 5.

Insights: In this analysis, the interaction between platform asymmetry
and strengthening network effects shows distinct patterns in user allocation
and pricing. Smaller platforms initially attract users with lower stand-alone
valuations due to higher lower bounds in their UDs, while the dominant plat-
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form captures users with higher stand-alone valuations, resulting in a higher
overall user surplus in the asymmetric scenario compared to a symmetric
market. Prices fluctuate more under asymmetry because platforms adjust
differently in response to the strength of network effects, whereas symmetric
platforms experience smoother price declines. This scenario also highlights
a trade-off: user surplus can increase under asymmetry even as platform
profits are higher in the symmetric case. Competition is concentrated at the
extremes of the user valuation distribution, emphasising how heterogeneity
shapes equilibrium outcomes.

Although the previous scenario illustrates market outcomes under varying
network benefit parameters, it motivates a further investigation comparing
user surplus as platform asymmetries transition to symmetries, while keeping
network benefit parameters constant.
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(a) Comparison of user surplus be-
tween asymmetric and symmetric

(b) Comparison of user surplus be-
tween asymmetric and symmetric
platform settings when the upper

and lower bounds of the distribution
changes with the same value

platform settings when the network
benefits get stronger

Figure 2.4: Comparison of user surplus (US) under asymmetric and symmet-
ric platform configurations.

To investigate the second scenario, consider a numerical example for the
asymmetric case hA = 60, lA 20; hBC = 50+ x, lBC = 30 — x where
r=2,4,6,8,10. For the symmetrlc scenario, all three platforms are identical
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Figure 2.5: Comparison of user surplus (US) under asymmetric and symmet-
ric platform consolidation.

with hf}j’-B’C = 60, lf} ]TB’C = 20. The network benefit parameters are set in
both cases @ = § = 5. Following a merger, the market structure shifts from
a triopoly to a duopoly, with platform C' exiting and platforms A and B
remaining in competition.

2.6.3.2 Comparison of Market Outcomes as Platforms Transition
from Asymmetric to Symmetric

Platform competition: As the two smaller platforms become more sim-
ilar to the dominant one, several patterns emerge. The equilibrium price
on the dominant platform initially increases while the platforms remain rel-
atively asymmetric (up to approximately = 6). Beyond this point, the
dominant platform’s price begins to fall as the system approaches symmetry.
For the two smaller platforms, prices fall when the asymmetry is moderate
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(up to around x = 4) but increase again as the platforms become nearly
symmetric. Once full symmetry is reached, all three platforms converge to
identical equilibrium prices and user shares, as expected.

A key intuition is that as x changes, it affects both the upper and lower
bounds of the uniform distributions (UDs). In the given numerical example,
the lower bounds of the uniform distributions for the two smaller platforms
are higher than the lower bound of the dominant platform. This implies that
users whose stand-alone values fall below the lower bounds of the dominant
platform are more likely to join platforms B or C' rather than A, as these
smaller platforms provide relatively higher utility for low-valuation users.
On the other hand, users with higher stand-alone values are more likely
to be attracted to the dominant platform A, which offers higher maximum
stand-alone values. The price adjustments influence user allocation across
platforms. When asymmetry is reduced, that is, as x increases, the uniform
distributions of the smaller platforms gradually converge to that of the dom-
inant platform. users initially shift from the dominant platform A to the
smaller platforms B and C, due to the combination of lower prices and more
competitive UDs. The platform A begins to regain users only once its price
starts to fall, which occurs when x reaches roughly 8. The resulting user
surplus exhibits a clear pattern in Figure 2.4 (b) as the market moves from
an asymmetric structure to a symmetric structure; the user surplus decreases
steadily. In contrast, platform profits increase monotonically as the asym-
metry is reduced, reaching their highest levels when the platforms are fully
symmetric.

Platform merger: When a merger occurs, platform C' exits the market
and the structure changes from a triopoly to a duopoly, both in the asymmet-
ric and symmetric cases, while the network benefit parameters are held fixed.
As the value of z increases, the user-surplus difference between the duopoly
and triopoly (2 — 3) declines as the market moves from an asymmetric to a
symmetric configuration.

Although the two platforms have identical equilibrium prices in the asymmet-
ric case, users are evenly split between them. This occurs because changes
in x affect both the upper and lower bounds of the uniform distributions.
Platform A, which has a higher upper bound, competes more aggressively
to attract users with high stand-alone value, while platform B, which has
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a higher lower bound, competes more aggressively for users with low stand-
alone-value. These opposing competitive forces lead both platforms to set
the same equilibrium price, resulting in an equal division of users. As x in-
creases, equilibrium prices rise, which reduces user surplus, eventually reach-
ing the symmetric merger configuration, as shown in Figure 2.5(a). Compar-
ing asymmetric and symmetric mergers, users are better off under asymmet-
ric settings because price adjustments in response to the merger are larger
due to asymmetries, leading to higher gains in surplus relative to the sym-
metric case. Further, due to the increase in prices, platform profits exhibit
an upward trend.

Insights: The analysis highlights the important role of platform asymme-
try in shaping market outcomes. In the triopoly, when smaller platforms
gradually approach the size of the dominant platform, pricing behaviour and
user allocation shift in response to both the structure of the uniform distri-
butions and competitive pressure. Initially, the dominant platform can raise
prices without losing many users, but when smaller platforms become more
comparable, they attract users by setting lower prices, reducing the dom-
inant platform’s share. In the duopoly, although both platforms have the
same equilibrium outcomes, user surplus gradually declines as the platforms
transition from asymmetric to symmetric due to an increase in prices. This
transition causes the overall user surplus to decline as the market becomes
more symmetric under both competition and merger scenarios, while plat-
form profits rise, peaking under full symmetry. These results demonstrate
that asymmetry can temporarily benefit users by creating price competition
and diverse options, whereas symmetric structures favour platform profitabil-
ity at the expense of user surplus.

Building on the previous analysis, the third scenario compares user surplus
outcomes under platform consolidation from a triopoly to a duopoly in both
asymmetric and symmetric markets, highlighting how differences in platform
size affect post-merger results as network effects strengthen.

To investigate the third scenario, consider a numerical example: In asym-
metric settings, hfj = 60, lfj = 20; hfjic = 50, lfjc = 30. In symmetric
settings, all three platforms are identical with hfjiB’C = 60, lfjfB’C = 20. Af-
ter the merger, platforms A and B remain in the market in both settings.

The network benefit parameters o and § are examined within the range [0, 5].
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2.6.3.3 Comparison of Market Outcomes of Platform Consolida-
tion in Asymmetric and Symmetric Settings

In the symmetric setting, when a merger occurs from a triopoly to a duopoly,
stronger network effects lead to higher user surplus in the duopoly com-
pared to the triopoly. This outcome arises because price reductions are more
pronounced in the duopoly, even though stronger network effects push prices
down in both market structures. In this scenario, equilibrium prices and user
allocations remain identical across the platforms. Platform profits decrease
in both triopoly and duopoly due to lower prices, but the merger benefits
users by consolidating the user base, which strengthens network effects and
increases user surplus .

In the asymmetric setting, the results are qualitatively similar when the plat-
form consolidates to a duopoly, including the trend in platform profits. Since
the stand-alone values of the uniform distributions remain the same across
settings, user surplus comparisons are meaningful. The user surplus is higher
in the asymmetric duopoly than in the symmetric case. This is driven by
price adjustments in the asymmetric duopoly, as prices fall when network
effects become stronger, which increases the user surplus. After the merger,
the resulting duopoly platforms achieve an equal split of users and converge
to symmetric equilibrium prices, even though the UDs of the two platforms
are asymmetric. This occurs because users with lower valuations prefer plat-
form B due to superior lower bounds, while users with higher valuations
prefer platform A, leading to a balanced user allocation across the duopoly.

Insights: In symmetric markets, equilibrium user allocations remain evenly
distributed across platforms. However, when the market consolidates from a
triopoly to a duopoly under stronger network effects, user surplus increases
because of greater user concentration on two platforms. In asymmetric mar-
kets, the effects are more pronounced: price reductions are more in a duopoly
when compared to a triopoly when the network effects get stronger, and also
the redistribution of users post-merger leads to higher user surplus compared
to the symmetric case. These results highlight that consolidation can en-
hance user surplus through stronger network effects and price adjustments,
and that these gains are larger in asymmetric markets, as shown in Fig-
ure 2.5(b), where differences in platform size and pricing intensify the impact
of consolidation compared to symmetric settings. It is important to note that
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these findings are specific to the given numerical example and should not be
generalised without further analysis.

These finding suggests that mergers involving asymmetric platforms yield
larger gains for users in the form of lower prices and stronger network effects
than mergers between two symmetric large platforms. However, these gains
depend on the strength of the network effects. If network effects are weak,
users are better off with more platforms rather than fewer. Regulators should
therefore not treat all mergers as equal, but explicitly consider platform size
differences and network effect strengths when assessing whether a merger will
harm or benefit users. Over time, as platforms become more symmetric (e.g.,
through catch-up innovation or entry), the surplus-enhancing effect of merg-
ers may diminish, making consolidation less beneficial to users. However,
the presence of a competitor remains important, as the analysis of mergers
to monopoly suggests, because without competition, higher prices can erode
the potential gains from network effects.

Overall, this study systematically examines how platform asymmetry and
network effects shape user-surplus outcomes in three related scenarios. In
the first and third analyses, the impact of changes in network benefits pa-
rameters and in the second, the role of platform heterogeneity, were evaluated
in competition and merger scenarios separately, keeping network effects con-
stant in order to isolate the influence of asymmetry. This allowed a direct
comparison between asymmetric and symmetric platforms, demonstrating
that user surplus is higher in asymmetric settings due to differentiated price
responses and strategic user allocation. Particularly, in the second scenario,
when the market consolidates from a triopoly to a duopoly under stronger
network effects, the numerical results show that consolidation can further
enhance user surplus, especially when platforms are initially asymmetric,
through larger price adjustments and subsequent declines as the market be-
comes symmetric. These findings contribute to the literature by highlighting
the importance of asymmetry, a factor that is largely overlooked in previ-
ous studies that focus on symmetric platform mergers, and by providing
numerical evidence of how heterogeneity interacts with network effects to
influence market outcomes. From a policy perspective, the results suggest
that regulators should consider not only the number of platforms and the
strength of network effects, but also the relative sizes of merging platforms,
as asymmetric mergers can produce different welfare effects than mergers
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between similarly sized competitors. The analysis provides example-based
guidance for assessing mergers in digital platform markets, emphasising that
the welfare impact is context-specific, sensitive to platform characteristics,
and depends on preserving competition.

2.7 Conclusion

This chapter has undertaken a comprehensive analysis of how network effects
and market structure interact to influence user welfare in digital platform
markets. Using a simulation-based approach grounded in a mathematical
model, the study investigates how the user surplus changes as the number
of platforms shifts from two to one (duopoly to monopoly) and from three
to two (triopoly to duopoly). The analysis considers both symmetric and
asymmetric market scenarios and incorporates direct and indirect network
effects as endogenous drivers of platform utility and user behaviour.

The study yields several important findings. First, the shift from duopoly
to monopoly consistently results in a lower user surplus. Despite the po-
tential gains in network effects from a fully consolidated user base, these
gains are largely offset by the monopolist’s ability to set higher prices and
capture a greater share of the surplus. This holds both for partial and full
market coverage scenarios. Even when user participation increases due to en-
hanced network effects, higher prices neutralise any potential improvement
in welfare. These results underscore the structural risks associated with mo-
nopolisation in digital markets and highlight the critical role that remaining
competition plays in maintaining user surplus after a merger.

Second, in contrast to the above, the analysis shows that when platforms
are symmetric and asymmetric, merging three platforms into a duopoly can
generate user surplus gains. A dominant platform attracts more users, which
strengthens network effects and increases overall surplus, provided that prices
do not increase too much. As platforms become more similar, these welfare
gains shrink because user concentration and the resulting network effects
weaken. This highlights the importance of platform heterogeneity in shap-
ing how mergers affect user welfare, suggesting that differences in platform
characteristics should be explicitly considered when evaluating the potential
benefits or harms of proposed mergers.
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Third, when transitioning from triopoly to duopoly, the user surplus can in-
crease, but only under certain conditions. Specifically, this welfare-enhancing
effect occurs when the network effect parameters, direct («) or indirect (3),
exceed certain thresholds in a numerical example. Below these thresholds,
users benefit more from the competitive pricing that arises when three plat-
forms operate in the market. This result holds across both symmetric and
asymmetric platform structures and aligns with, while extending, the find-
ings of Tan and Zhou (2021) by identifying the exact parameter values that
influence the direction of welfare change.

This chapter makes the following key contributions: It develops and imple-
ments a rigorous simulation model to explore how user surplus responds to
changes in market structure and network effect strength under both sym-
metric and asymmetric platform competition. The specific conditions under
which platform consolidation from triopoly to duopoly improves user welfare
are a significant extension of earlier studies. It offers a novel examination of
the monopoly scenario, showing that further consolidation leads to welfare
losses, even when the network effects are strong, which is not explored by
Tan and Zhou (2021). In addition, it incorporates the construction of an
asymmetric three-platform model into the analysis, which is a key contri-
bution, as it better reflects the heterogeneity observed in real-world digital
markets and enhances the external validity of the findings.

These findings result in several policy-relevant insights:

(i) Preserving Competition is Essential: Consistent welfare losses observed
under the monopoly, mainly due to higher prices, compared with the
duopoly case, underscore the importance of maintaining a competitive
environment. Even in cases where consolidation could theoretically
improve the user experience through stronger network effects, the sim-
ulation result is often offset by higher prices and reduced consumer
surplus.

(ii) Merger Assessment Should be Contextual: Not all platform mergers
are detrimental. When network effects are sufficiently strong, moving
from three to two platforms can increase user welfare. Thus, regulators
should evaluate mergers based on quantitative thresholds of network
effect strength rather than adopt a blanket stance for or against con-
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solidation.

(iii) Platform Asymmetry Matters: Given that asymmetric platforms yield
different welfare outcomes compared to symmetric ones, policy assess-
ments must account for heterogeneity in platform size and user dis-
tribution. Failing to consider these structural differences can lead to
misguided merger decisions.

While this study provides a robust framework for analysing platform con-
solidation, several avenues remain open for future research. Incorporating
dynamic user behaviour, considering platform differentiation in services, and
extending the model to allow multi-homing could yield richer insights. Ad-
ditionally, empirical validation using real-world data from platform markets
would further strengthen the relevance of these theoretical findings.

In summary, this chapter contributes to a deeper understanding of how net-
work effects and market structure jointly determine user welfare in digital
platform markets. It offers both analytical rigour and policy-relevant in-
sights, supporting a more evidence-based approach to platform merger as-
sessments.
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Chapter 3

Advertising Spending and User
Welfare in Digital Platform
Markets

3.1 Introduction

Advertisement-based digital platforms have emerged as dominant players in
the modern digital economy, offering free services to users while generating
revenue through targeted advertising. These platforms act as intermediaries
between users and advertisers, where user engagement is critical for the plat-
forms. Such platforms match advertisements (ads) with user preferences,
thus increasing the effectiveness of ad campaigns and enhancing platform
revenue!. Prominent examples include Google (through its search engine and
YouTube) and Meta, both of which offer free services to users. As more users
join a platform, the network effects increase its value to others, attracting ad-
ditional users and, crucially, advertisers. This feedback loop allows dominant
platforms to charge higher advertising prices and allocate more ad volumes.
Although advertising is essential for product visibility, concentrating most
advertising spending on a few dominant platforms strengthens their market
power and makes it harder for smaller players to compete.

ICMA (2020)
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In platform markets such as social media, search engines, or e-Commerce,
multi-homing occurs when users or advertisers engage with multiple plat-
forms simultaneously, for instance, a user accessing both Instagram and Tik-
Tok, or an advertiser placing ads on Google and Facebook. Multi-homing
is often seen as pro-competitive because it reduces user lock-in. However,
it can lead to trade-offs and welfare losses, depending on market structure
and platform strategies. In markets dominated by a few platforms, strong
network effects, integrated ecosystems, and high user lock-in can magnify the
costs of multi-homing. For these users, duplicated efforts, such as interact-
ing with the same users on different platforms, encountering similar ads, and
processing redundant content, can reduce overall utility and satisfaction?.

This chapter examines three key issues: first, the factors that shape adver-
tising spending on ad-based platforms; second, the conditions under which
multi-homing has adverse effects on user surplus; and third, how a merger of
two competing platforms into a monopoly affects user surplus under multi-
homing. To address the first issue, the chapter constructs an ad-based dom-
inant platform model grounded in existing literature to explain the drivers
of increasing ad expenditures on such platforms. The discussion then turns
to the literature on multi-homing, which focuses on measuring user surplus
while avoiding double-counting of network effects, generally highlighting that
multi-homing benefits users. The analysis focuses on multi-homing by users,
whereby individuals allocate their attention across multiple platforms. Ad-
vertisers are assumed to reach users through the platforms they participate
in, and their behaviour is not modelled as multi-homing in this framework.
However, an important and often overlooked factor is that user utility also
depends on the stand-alone benefits of each platform and the associated ad-
vertising nuisance. These effects can vary significantly with the degree of
substitutability between platforms when users divide their attention across
multiple services. Building on these insights, this chapter incorporates plat-
form substitutability into a formal model to assess when multi-homing en-
hances or undermines user welfare. The aim is to provide a more accurate
measure of user welfare and to identify conditions under which users may ex-
perience reduced welfare, either when competing platforms coexist or when
they merge into a single dominant platform.

2ACCC (2023)
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Based on the above, the following research questions have been derived to
guide the investigation.

(1) How is advertising spending shaped by key factors on an ad-based
dominant platform?

(2) Under what conditions does multi-homing reduce user welfare relative
to single-homing?

(3) How does user surplus under multi-homing differ between a duopoly
and a monopoly platform market?

The literature on ad-based platforms provides a foundation for understanding
non-price-based digital markets. Foundational models, such as Armstrong
(2006), show how platforms subsidise users to attract advertisers when cross-
group network effects are strong. This framework is extended by Reisinger
(2012), which depicts how platforms optimise advertising to monetise user
attention and the impact of excessive advertising on user welfare. The ad-
based model proposed by Zennyo (2020) explicitly incorporates advertising
disutility, providing a more realistic measure of user welfare. According to
the CMA (2020) report, there is a growing dominance of digital advertising,
which has become the largest and fastest-growing segment within the UK’s
advertising industry. Digital advertising spending reached £15.7 billion in
2019, up from £13.6 billion in 2018, representing approximately 62% of total
advertising expenditure, compared to only 25% in 2010. While these studies
highlight the scale of the market, they often do not explain the mechanisms
driving advertiser concentration on particular platforms.

The literature on multi-homing offers additional insights and contrasts. Some
models, such as Belleflamme and Peitz (2019), suggest that multi-homing
improves match efficiency and benefits all market participants when plat-
forms are differentiated. However, these models typically assume symmet-
ric cross-side benefits and do not account for the disutility arising from re-
peated or redundant exposure to ads, which is particularly relevant in ad-
supported platforms. Bakos and Halaburda (2020) examine multi-homing
by both users and advertisers, showing that strategic interdependence weak-
ens and platforms may charge both sides. However, their assumption that
repeated exposure provides no incremental benefit limits its applicability to
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real ad-based platforms, where second or third impressions can significantly
influence advertising outcomes. Conversely, Ambrus et al. (2016) demon-
strate that multi-homing can reduce advertising levels when user preferences
are highly correlated, as duplicate exposure diminishes the marginal value
of shared users and can motivate platform consolidation. Post-merger, ad-
vertising levels can rise while advertiser surplus falls, producing ambiguous
effects on user welfare. Similarly, Anderson et al. (2019) demonstrate that in
multi-homing settings, mergers increase advertising prices without affecting
consumer prices, highlighting the importance of understanding both user and
advertiser behaviour. Although platform entry can increase user welfare via
variety, these gains can be limited if the negative effects of advertising, or ad
nuisance, are ignored.

Further work by Anderson et al. (2018) shows that when second impressions
are valuable, competing platforms targeting overlapping users tend to con-
verge in content or features. This convergence can improve the welfare for
overlapping users but leaves niche users underserved. Bryan and Gans (2019),
though in the context of ride-sharing, highlights that multi-homing-induced
competition can reduce prices but degrade service quality, suggesting that
increased competition does not always enhance user welfare.

On the one hand, the literature shows that ad-based platforms typically
attract and subsidise users while generating revenue from advertisers. This
sets the stage for further theoretical investigation into ad-based platform
strategies and their implications for users. On the other hand, although
multi-homing in ad-based platforms benefits users, such effects depend on
factors including platform differentiation, the extent of repeated exposure,
and the presence of advertising nuisance across the platforms. Building on
these insights, this chapter develops a formal framework that incorporates
direct network effects to examine how stronger network effects reinforce the
market power of dominant platforms and drive heavy advertising spending.
Further, it introduces a parameter to evaluate the impact of multi-homing
on user surplus when platforms are substitutable and examines user surplus
under duopoly and monopoly settings, providing clearer insight into when
multi-homing enhances or reduces user welfare.

This chapter contributes to the literature on ad-based digital platform mar-
kets in three main ways. First, it provides a structural explanation of market
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outcomes driven by advertising nuisance, advertising effectiveness, and direct
network benefits, thereby linking theoretical models of ad-based platforms
to policy discussions such as CMA (2020) on digital advertising and spend-
ing. Second, it extends the multi-homing literature Anderson et al. (2018)
by showing that the welfare effects of multi-homing are not unambiguously
positive, but depend critically on platform substitutability and ad-related
disutility. Third, it complements work on platform competition and mergers
(e.g. Ambrus et al. (2016), Anderson et al. (2019)) by demonstrating that, in
ad-based markets, consolidation can increase user welfare under a restricted
set of parameter values, contrasting with standard results from price-based
competition models. Together, these results clarify when consolidation and
reduced platform choice can be welfare-enhancing, and when they are not,
adding nuance to existing theoretical and policy debates.

The rest of this chapter is organised as follows. Section 3.2 develops the
Ad-based dominant platform model, Section 3.3 discusses the determinants
of advertising spending on an Ad-based dominant platform, and Section 3.4
extends the analysis to multi-homing and platform mergers and their impli-
cations for user welfare.

3.2 Advertisement-based Dominant Platform
Model

Consider a dominant ad-based platform A that operates in the market and
serves two groups: users (i) and advertisers (Ad). This setup is similar to
the monopoly model discussed in Chapter 2, with one key difference: the
platform provides free services to users but charges advertisers. Users are
constantly exposed to advertisements (ads), and excessive ads can reduce
their satisfaction. Given its dominant position, the platform A has a large
user base, which enhances its attractiveness to advertisers and grants it sig-
nificant pricing power. Let n; denote the number of users and n4, denote
the number of advertisers on the platform A. Examples include YouTube,
Google Search, TikTok, and Meta.

The following assumptions define the model setup:

(i) The population of each group is normalised to 1.

123



(ii) Users and advertisers decide whether to join the platform A based on
their positive individual utility, where U; > 0,U4q > 0

(ili) Group-Ad derive no direct network benefit. This is because advertisers
do not directly benefit from interacting with each other.

(iv) Each user independently draws their stand-alone value from a contin-
uous distribution of the platform.

3.2.1 Two-stage game:

Ad-based digital platforms are modelled as a two-stage game because the
platform sets its pricing policy before users and advertisers make their par-
ticipation decisions. The game proceeds as follows:

1. The platform sets the price charged to advertisers for access to its user
base.

2. Users and Advertisers decide whether to join the platform.

The above game can be solved using backward induction. In the second stage,
given the price of the platform, users and advertisers decide whether to par-
ticipate based on the positive utility they derive from joining the platform.
Their participation decisions determine the equilibrium number of users and
advertisers. In the first stage, anticipating these participation responses, the
platform chooses the optimal advertising price, considering how the price af-
fects both advertiser demand and user participation. The resulting outcome,
comprising the optimal advertising price and the corresponding equilibrium
levels of user and advertiser participation, constitutes the Subgame-Perfect
Nash Equilibrium of the two-stage game.

3.2.2 Payoff Functions

The utility functions for both users and advertisers are adopted from the
foundational framework of Zennyo (2020). The key innovation of this ad-
based model is the inclusion of direct network effects on the user’s side,
reflecting a more realistic structure of digital platforms where a user’s utility
is influenced by the presence of other users. To further capture the negative
effects of advertisements on users, the model incorporates an ad nuisance
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parameter, denoted J\;, following the approach introduced in Reisinger (2012).
The rationale here is that, in ad-based digital platforms, while ads generate
revenue and subsidise free access for users, they often reduce user satisfaction
when they become excessive. Including an ad nuisance parameter allows the
model to capture user utility more accurately by accounting for the negative
impact of advertising exposure. Since this part of the analysis considers a
single-platform environment, the superscript A is redundant and is therefore
omitted to simplify the notation. The payoff function for an agent joining
platform A is calculated as follows:

Ui=si+a;-n; — A\ -nag ;i Uad = Sad + Bad - i — Paa -1

The utility function for users consists of the stand-alone benefits (s;) of the
platform A, adjusted upward by direct network effects (o - n;): «; captures
the direct network benefits due to the presence of the same group of users
n; and adjusted downward by advertisement disutility (A; - naq) experienced
by users: \; captures the ad nuisance due to the presence of the advertisers’

group Naq-

On the other hand, the utility function for the advertisers’ group consists
of stand-alone benefits (saq) of the platform A, adjusted upward by the
indirect network effects or ad reach (Saq - n;): Saq captures the advertising
effectiveness that advertisers derive from the presence of users n; on the plat-
form. The ad reach for advertisers reflects how the platform’s value to them
increases as the user base grows. Specifically, as the number of users n; in-
creases, each ad placed on the platform reaches a wider audience, improving
the expected return on investment of the advertisers. In other words, each
individual user represents a potential engagement with an advertisement and
thus contributes to the overall payoff received by advertisers. Lastly, adjusted
downward by price (paq - n;): paq is the price paid by each advertiser per-
view of their ads by users n;. Here, advertisers are assumed to pay a per-view
price (paq) for each user impression (n;). This specification captures the plat-
form revenue from advertisers and the corresponding ad-related disutility for
users. Alternative pricing schemes (e.g., per-click or per-conversion) or het-
erogeneous advertiser valuations could also be considered. These extensions
would change the exact functional form of advertiser demand, but would
not alter the main qualitative insights regarding the relationship between
advertising prices, platform revenue, and user welfare.
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To explain this model with a real-world example, on YouTube, users receive
value in several ways. First, there are the stand-alone benefits that capture
the intrinsic benefits provided by the platform itself, such as the interface,
video playback features, search and recommendation functions, and access to
preloaded or curated content, independent of how many other users are on the
platform. Beyond this, users generate direct network effects: as more users
join YouTube, the platform becomes more valuable to each individual. A
larger audience encourages more content creation, improves recommendation
quality, and enhances community engagement, so users directly benefit from
the presence of others. At the same time, YouTube monetises its platform
primarily through advertising. While this allows the service to remain free
for users, they experience advertisement disutility. Users are exposed to ads,
some of which can be intrusive, and the overall negative impact grows with
the number of advertisers, reducing user satisfaction.

On the other side of the platform, advertisers also gain stand-alone benefits
from the unique features and capabilities of the platform, such as advanced
targeting tools that allow advertisers to reach very specific audiences based
on demographics, interests, and behaviour. This precision increases the like-
lihood that the ads will be relevant to viewers, increasing the effectiveness of
the ads. Besides, advertisers benefit from YouTube’s large user base because
it offers a broad and diverse audience to target. The ad reach increases with
the number of active users, as each user represents a potential engagement.
For advertisers, more users typically mean better reach and potentially higher
returns on their investment. However, they must pay for this access, typically
on a price per-user view basis. If the price they pay per-user view exceeds
the value they derive from it, for example, if ads are skipped frequently or do
not convert, then advertising on YouTube becomes less attractive. YouTube,
as the platform operator, must balance the interests of both groups. While
it seeks to attract advertisers and generate revenue, it must also avoid over-
whelming users with ads, which could reduce engagement.

Returning to the model, the payoff function of the platform A captures its
total revenue generated from advertisers and the fixed cost incurred in oper-
ating the platform:

T = nad(Pad) - PAd " T
The platform’s profit 7 depends on three key factors: the number of advertis-
ers who participate at a given price paq, the size of the user base n;, and the
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fixed costs are assumed to be sunk and therefore do not affect the platform’s
optimisation problem in the static setting considered here. For this reason,
they are omitted from the profit function. The price paid by each advertiser
is influenced by the platform’s ad reach, which is proportional to the number
of users: a larger user base increases the value of the platform for advertisers
and allows the platform to charge higher prices.

Importantly, user participation is indirectly influenced by the advertiser’s
price. Lower prices can attract more advertisers, which increases the volume
of ads on the platform. This can reduce users’ utility due to ad nuisance, po-
tentially discouraging some users from joining or remaining on the platform.
Thus, there is a two-sided interdependence: the platform’s pricing affects
advertiser participation, which in turn affects user participation, and user
participation then feeds back into advertiser value and platform revenue.

3.2.3 Joining Behaviour

A user decides to join the platform A only if his utility is positive and is
given as follows:

U, >0
Si+a;-n;— A -nag >0
is rearranged as

5; > N Nad — 04 - Ny (1)

Similarly, an advertiser decides to join the platform A if:

Uprq >0
Sad + Bad - ni — paa-ni >0
is rearranged as

SAd > PAd - i — Bad - N (2)

Inequalities (1) and (2) define threshold valuations. Users whose s; exceeds
the threshold value (ad disutility minus direct network effects) will decide
to join platform A. Advertisers whose saq exceed the threshold value (price
minus ad reach) will decide to join the platform A.
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From the above, the proportion of agents in each group who join the plat-
form A is determined by the cumulative distribution functions (CDFs) of the
agent’s valuations, denoted by G;(.) for group-i and G 44(.) for group-Ad. An
agent joins if his s; 44 exceeds the threshold.

The proportion of group-i users with s; above the threshold is-

Pr(si > threshold) =1—G; (N -naqg — ;- ny)

Similarly, the proportion of group-Ad advertisers with s44 above the thresh-
old is-
Pr (saq > threshold) = 1 — Gaq (paq - i — Baa - 1)

Here, G;(.)(Gaq(.)) gives the probability that an agent’s valuation is below
the threshold. Therefore, the probability that s;(s44) exceeds the threshold
is its complement, that is; 1 — G;(.)(1 — Gaq(.)).

Then the proportion of users and advertisers who join platform A is given
by:

n; = 1 _Gz()\z *NAd — O nz)

nag=1—G;j(paa-ni — Baa - 1)

The above system of equations defines a second-stage equilibrium that deter-
mines outcomes for users and advertisers for any particular price that might
be set in the first-stage expressions. Further, these expressions are a system
of interdependent equations, where n; and n4, depend on each other. The
right-hand side of each equation contains the left-hand side as part of a func-
tion, making the system non-linear and implicit. The interdependence of n;
and n ¢ implies that solving for equilibrium user and advertiser allocations
involves finding values of n; and n 4 that simultaneously satisfy both equa-
tions. This is a classic fized point problem, where the equilibrium values are
fixed points of a function that maps the user shares into themselves.

Equilibrium Analysis: From the above, the equilibrium is determined
based on the independent stand-alone values s; and s44, which are assumed
to be drawn from the uniform distributions (UD). Assume that G;, G 44 is a
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UD that is defined over the interval (I;, h;) for the group-i and (la4, haq) for
the group-Ad.

For a UD with = ~ UDI|l, h|, the CDF is given by:

G(z) = : for = € [I, ]

This CDF is used to calculate the proportion of users and advertisers whose
valuations exceed the thresholds for the platform A.

For the two agent groups, the CDFs at the respective thresholds are-

Ai s nag — ;o ng — U

Gi(Ai-nag — @i -n;) =

h; —1;
a _ pad i — Baan; —laa
Ad (pAd 1 — Bad - nz) = P — Ina

The above will be substituted to calculate the equilibrium users and adver-
tisers for platform A as follows:

Aisnag = ong =
hi —1;
PAd i — Baa - ni — lag

haa — laa

nAdzl—

After the simplification of the above expressions are as follows:

 hitaiong— Ai-nag

n;

h; — {;
. :hAd-i‘ﬁAd’ni—pAd'ni
Ad haa — lag

After substitution, the solution is as follows:

haa(Ai — h;) + hilag
a;(haa — laa) — Baari — haa(h; + 1) + Laa(hi — ;) + Aipaa

Uz (pAd) =
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a;haa — Baahi — haa(hi + lag) + hipaa
a;(haa — laa) — BaaAi — haa(hi + 1) + Laa(hi — ;) + A\ipaa

N Ad (pAd) =

For any price (paq) in the first-stage, the above expressions are the equilib-
rium number of users and advertisers joining each side of the platform in
the second stage. These equilibrium participation levels are then substituted
into the platform’s profit function to determine the optimal price for the
advertisers of platform A:

™= nAd(pAd) *PAd ni(pAd)

maximise ™ w.r.t. paq

The equilibrium price is calculated by maximising the profit function with
respect to the price of advertisers (paq). The paq will be:

}L2Ad((yi — h; + [1)2 + hl2 (ﬂAd(h/Ad — lAd) — hAdlAd) — haalag ((X? + 112 + Q}Li((li + ll))
p =
Ad B; (2had — laa) + @ (haa(Ni — 2R;) + 2hilaq) + Aihi(Baa — haa) + L (haahi — 2hi(haa — laa))

N Baahaahi(Ai — i) + Baali(hilaa — haaki) + hi(BRaNi — 2aihaal;)
h?(QhAd — lAd) + oy (hAd(/\z — th) + thlAd) + /\le(/'}Ad — hAd) + 1 (hAd)\i — th(hAd — lAd))

After determining the advertisers’ price, it will be substituted to determine
the equilibrium number of users and advertisers. Given the complexity of
the expression for price above, the relatively simple expressions for the num-
ber of users and advertisers arise from the structure of the model and the
cancellation of several terms when the price is substituted. The expressions
are as follows:

2haah; — 2hZ(haa — laa) — a; — haahi — 2hiAi — BaahiNi — haaXi(li — h;)
2(a; — hi + ;) (haa(hi — l; — o) + laa(ag — ki +1;) + BaaAs)

n; =

Baahi —haa(a; — hi +1;)
2(haa(hi — Ui — o) + lada(og — hy + 1) + BaaAi)

nad =

After the computation of the equilibrium number of users, advertisers, and
their prices, the surplus will be calculated for each group of users and adver-
tisers who join platform A.
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3.2.4 User Surplus Calculation

As discussed in Chapter 2 on the User Surplus calculation in the case of
partial-market coverage, where not all agents join the platform A. A cut-off
stand-alone value §;, § 44 is determined for marginal agents who are indifferent
between joining and not joining. This situation arises due to the relatively
high price set by the dominant ad-based platform, which makes participa-
tion unattractive for agents with lower stand-alone valuations. These agents
participate only if their utility for joining is positive (i.e., U; = 0,Usq = 0 at
the cut-off). These values are given as follows:

Si=Ai"nad — @ N

SAd = PAd - Ty — BAd -y

The average agent surplus for each group is obtained by integrating the utility
of all agents who join the platform A, which is given by:

hi
Group-i : US; = / Ui(si) X T X ds;
5 i — Si
_ hi 1
Group-Ad : US 4q = / Uada(s4q) X ————— X dSaq
baq haa — 844

In the above, for group-7, the integration is performed on all users whose
s; is above the cut-off §;, that is, s; > §; since only those users receive a
positive utility from participation. The term U;(s;) represents the utility
of an individual user of type s;, while the factor iS corresponds to the
probability density function that assigns equal hkehhood to all users joining
within the interval of a uniform distribution [3;, h ;]. Integrating the individual
surplus over this interval and normalising by h - yields the average surplus
per joining user. The same interpretation holds for users in the group-Ad
who join the platform A, with its respective parameters. Thus, US; and
US 4q measure the average surplus generated by the agents in each group

who join the platform A.

After solving the above integrals, the average agent surplus is:

F hz Az

UVSZ = ‘2|‘5 + a;n; — /\nAd
_ hag+ §
USaqa = % + Baani — padani



The aggregate agent surplus for each group is obtained by multiplying the
average surplus by the equilibrium number of users (n;) or number of adver-
tisers (naq), for each group.

USag=naq*USaq

Finally, the total agent surplus on the dominant platform A is the sum of
the surpluses generated by two participating groups ¢ and Ad:

US=US; +USxq

This formulation is used for the surplus computation in the following analysis.

3.3 Determinants of Advertising Spending on
Ad-based Dominant Platform

In an ad-based dominant platform, the price charged to advertisers is deter-
mined by the interaction between users within their group and the behaviour
of advertisers. Advertising spending on the ad-based monopoly platform by
an advertiser is given by-

Advertising Spending per Advertiser = pag X n;

where paq is the price charged to advertisers and n; denotes the number of
users that advertisers can reach. This formulation implies that advertising
spending depends on how much an advertiser pays per unit of advertising
(the price) and how many users are available to view or interact with those
advertisements (the user base).

The equilibrium price charged to advertisers (paq), derived in the previous
section, depends on three key parameters: «;, S44, and A;. The first parame-
ter, «; captures the direct network benefits, where users benefit from the
presence of other users within the same group- «. The stronger «; leads to
greater user participation, as users yield greater utility from the platform. A
larger user base, in turn, improves the advertising reach for advertisers on
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the platform. Hence, Comparative Statics Analysis 1 investigates the
impact of «; on the equilibrium advertiser price (paq) and on the market
outcomes. Secondly, the parameter 544 captures the advertising effec-
tiveness for the advertiser group. The higher this parameter means that
it enhances the ad reach or the visibility of ads, so the platform becomes
more valuable to advertisers, attracting more of them to join. Compara-
tive Statics Analysis 2 examines the relationship between Saq and pagq
and its implications on market outcomes. Lastly, A\; captures the advertise-
ment nuisance that users experience from exposure to advertisers. When
A; increases, users derive less utility from the platform, making them more
likely to leave. To mitigate this risk, the way the platform adjusts the ad
volume is investigated in Comparative Statics Analysis 3 along with the
market outcomes. Eventually, numerical examples are considered in which
the values are set for some of the variables to demonstrate the trends in each
of the numerical simulations.

When the equilibrium advertisers’ price is differentiated with respect to each
of these parameters, it is found that the numerator of the resulting expres-
sions involves multiple variables. Owing to the analytical intractability of the
numerator, whose sign is determined by the interaction of multiple parame-
ters, it is not possible to establish the sign of the derivative in closed form.
Therefore, numerical simulations are considered to examine its behaviour. In
each simulation, the equilibrium price is differentiated with respect to one pa-
rameter at a time, and the sign of the derivative value is evaluated by varying
a;, Bag, and A; sequentially, while holding all other variables fixed in each
case. These parameters directly govern the strength and direction of user
and advertiser interactions and thus constitute the primary determinants of
the platform’s pricing incentives. The uniform distributions are held fixed
to isolate the marginal effect of each parameter on the sign of the derivative
and to avoid confounding pricing responses with changes in user or adver-
tiser heterogeneity. This approach allows to assess how variations in network
benefits, advertising effectiveness, and ad nuisance affect the direction of the
platform’s optimal pricing response .

The numerical examples presented in the following simulation findings were
solved using MATLAB, and the corresponding code is included at the end of
this thesis for reference.
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3.3.1 Comparative Statics Analysis 1: Impact of Di-
rect Network Benefits on Advertiser’s Price

The equilibrium advertiser’s price (paq) is a function of the direct network
benefit parameter («;) and can therefore be differentiated with respect to
a;. The sign of the resulting comparative static derivative value provides
intuition about the movement of the equilibrium advertiser’s price under
different strengths of the direct network benefits. Differentiation yields the
following analytical expression:

—((2h3q(hi — a; — 1;) + haa(Baahi + 2cilag + Baaki — 2hilaq + 2laal;) — Baahilaa)
X (2h2(haa — laq) + haa(aihi — 206k — hidi — 2hil; + Nil) + hi(2aulaq + BaaXi + 2laali)))

+ (haa(Ai = 2hi) + 2hilaa) (haa(os — hi + 1) = Baahs) (i(laa — haa) + Baadi + haa(hi — 1) + laa(li — b))
(Qh,?(}lAd — lAd) — O{ih,Ad(th + /\z) + th(o‘ilAd — hAd)\i — Qh,Adli -+ QZAdl,i) + hAd/\il,')Z

The denominator of the above expression is a perfect square and therefore
strictly positive. Hence, the sign of the derivative is completely determined
by the numerator.

Due to the complexity of the numerator and the presence of multiple vari-
ables, it is difficult to determine its sign analytically. Therefore, numerical
simulations are performed by varying parameters such as direct network ben-
efits (o), advertising effectiveness (8aq), and ad nuisance (\;) one at a time,
while keeping the upper and lower bounds of the platform’s distribution for
users (h;,l;) and advertisers (hag,laq) fixed. Holding these bounds fixed al-
lows the effect of each parameter on the derivative to be isolated.

Simulation Finding 1. Numerical simulations of the derivative (881’;?) in-
dicate that, for o; > 0 and within the range of positive parameter values con-
sidered and holding all other parameters fized, the derivative is consistently
negative. This result reflects the simulated parameter space rather than a
general analytical property. Similar simulations confirm that the derivative
value remains negative when Bag > 0 and A\; > 0, again within the specified

parameter ranges and with all other parameters held constant.

Numerical Example 1: Consider a uniform distribution with h; = 20, hag =
10, and [; = l4q = 2. In the first case, the parameter «; is varied over the
range [1,2], while 44 = 2 and \; = 6 are held fixed. In the second case, Sa4
is varied over the range [1,2], with a; = 2 and \; = 6. In the third case, \{!
is varied over the range [6, 7], while o; = 44 = 2.
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The upper limits of these ranges are determined by the normalisation of the
total population, as assumed in the original model, and the values are chosen
to comply with this assumption, as reflected in Simulation Findings 1, 2,
and 3. Further, by keeping the distributional bounds fixed, the simulations
isolate the effect of each parameter on the equilibrium outcomes without
confounding changes in the underlying dispersion of stand-alone values.

Under the parameter restrictions of the numerical example considered, in-
creases in «;, Baq, and \; result in a negative value of the derivative, while
the upper and lower bounds of the uniform distributions of users and ad-
vertisers are held constant in all three cases discussed above. This confirms

that:
Opaa

80@

< 0 for positive values of «;, f44 and \;

Notably, The sign of the derivative value is not determined analytically in
the model, as it depends on the interaction of multiple opposing effects.
On the one hand, an increase in «a; expands the user base, which raises
advertisers’ willingness to pay and creates upward pressure on the advertiser
price. On the other hand, a larger user base increases the cost of user loss due
to advertising, which induces the platform to adjust advertiser participation
through pricing. Because these effects work in opposite directions, the overall
impact on the advertiser price is ambiguous a priori. Numerical simulations
indicate that, for the baseline parameter values considered, the latter effect
dominates, leading to a negative derivative value. This result is robust across
a range of alternative parameter values, with the derivative value remaining
negative for all economically relevant configurations examined.

Regarding the intuition on demand elasticity, changes in «; affect both the
level and the responsiveness of advertiser participation through the endoge-
nous interaction between users and advertisers. While this may be inter-
preted as a change in effective demand elasticity, the model does not impose
this directly; instead, it arises endogenously from the two-sided structure of
the platform.

In the first case, as shown in Figure 3.1(a), when «; increases while all
other parameters are held fixed, the derivative value remains negative. The
stronger the direct network benefits, the more value users derive from inter-

135



-1.497
-1.4971
-1.4972
-1.4973

-1.4974

-1.4975

ap, 00

-1.4976
-1.4977
-1.4978

-1.4979

-1.498 : : : :
1 12 1.4 1.6 1.8 2

.
i

(a) A numerical example illus-
trating the sign of the deriva-
tive (857 A1) as o; varies, while all

other parameters are held fixed

-1.497

-1.4975

-~ -1.498

ap

-1.4985

-1.499

-1.4995 ‘ ‘ ‘ ‘
1 12 14 16 18 2
Pag

(b) A numerical example illus-
trating the sign of the derivative
(85 A1) as [Baq varies, while all
other parameters are held fixed

-1.495

-1.515

-1.535

-1.555

f)pAd/aa.

-1.575

-1.595

-1.615

-1.635
6 6.2 6.4 6.6 6.8 7

A

(¢) A numerical example illus-
trating the sign of the deriva-
tive (%p—o‘?id) as \; varies, while all
other parameters are held fixed

Figure 3.1: Graphical representation of the comparative static derivative
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acting with others, which expands the user base. A larger user base makes the
platform more attractive for advertisers because their ads reach more users,
increasing advertisers’ willingness to pay. This creates an upward pressure
on the optimal advertisers’ price (paq), which weakens the downward effect of
stronger network benefits on prices and therefore makes the derivative value
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less negative. At the same time, however, stronger network effects also make
users more sensitive to ad nuisance. As the platform becomes more valuable
to users, losing users due to ad overload becomes more costly for the plat-
form. Since advertiser demand is downward sloping in price, the platform
can attract more advertisers by lowering the ad price, but that increases ad
volume and raises nuisance. The platform therefore chooses paq to balance
advertiser participation against the negative impact of advertising on user
utility. The key point is that the platform takes into account the trade-off
between advertiser participation and the negative effect of advertising on
user utility. When network effects strengthen, retaining users becomes more
valuable, increasing the cost of losing users due to excessive advertising. At
the same time, a larger user base raises advertisers’ willingness to pay. The
optimal pricing decision reflects the balance between these opposing forces.

In the second case, when (44 increases while all other parameters are held
fixed, the derivative value remains negative but moves upward, as shown
in Figure 3.1(b). A higher value of 44 means that each user becomes more
valuable to advertisers, increasing the effectiveness of advertising. This raises
advertisers’ willingness to pay for access to users, which creates an upward
pressure on the optimal advertisers’ price (paq). Although this does not
reverse the negative sign of the derivative, it weakens the downward pressure
on prices, causing the derivative value to become less negative.

In the third case, when ); increases while the remaining parameters are
held constant, the numerical values of the derivative decrease monotonically
and become more negative, as shown in Figure 3.1(c). A higher )\; implies
that users suffer greater disutility from advertisements. When ad nuisance
becomes more severe, then the platform has a stronger incentive to limit ad
volume in order to retain users. This is achieved by lowering paq, which
reduces advertiser participation and ad volume, since there is a trade-off
between ad revenue and user retention. As a result, increases in \; strengthen
the downward pressure on advertising prices, making the derivative value
more negative.

This numerical simulation illustrates how the derivative of the equilibrium
advertising price with respect to direct network benefits responds to changes
in direct network benefits, advertising effectiveness, and ad nuisance parame-
ters. The analysis further examines how changes in «; affect market outcomes
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and advertising spending.

3.3.1.1 Impact of Changes in o; on Market Outcomes and Ad
Spending

Consider a numerical example with h; = 20, hag = 10, and [; = l4q = 2,
fBaa = 2 and \; = 6. In this setting, o is varied within the range [1,2].

In this numerical example, «; is varied only within the range [1,2] to focus
on the effects of changes in direct network benefits on market outcomes and
advertising spending.
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price tising spending by an advertiser

Figure 3.2: Numerical example showing the change in ad prices and spending
when direct network benefits get stronger

In Figure 3.2(a) as «; increases from 1 to 2, paq decreases consistently. This
confirms that stronger network effects among users lead to lower equilibrium
advertisers’ price. The optimal ad price continues to fall as network effects
strengthen, but it does so at a constant rate of decrease. A higher «a; im-
plies stronger direct network effects, where each user benefits more from the
presence of others on the platform. Consequently, a change in the value of
a; leads to stronger network effects due to higher user participation, which
affects the advertiser’s price and their participation.
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Figure 3.2(b) illustrates the impact of changes in «; on total advertising
spending by an advertiser. At first glance, it may appear counterintuitive
that the platform lowers its price for advertisers when an increase in «; makes
it more attractive to advertisers. However, this outcome arises because the
platform internalises the two-sided nature of the market. A higher «; expands
the user base n;, which enhances the value of the platform for advertisers by
increasing ad reach. The platform responds by reducing paq to encourage
more participation of advertisers, thereby amplifying the total advertising
volume. The fall in the unit price is therefore a strategic response to the
expanded user base: the platform prefers to trade off some price margin
to increase the volume of ads, which becomes more valuable when reach is
high. As a result, total advertising spending rises even though the per-unit
price falls. This reflects the platform’s strategic use of pricing to balance
participation across both sides of the market and to maximise total surplus.
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Figure 3.3: Numerical example showing the change in profit and surpluses
when direct network benefits get stronger

In an ad-based platform model, the platform sets prices to maximise profit.
However, because its revenue depends on participation from both users and
advertisers, the profit-maximising outcome implicitly balances the interests
of the two groups through cross-side network effects. In this static setting, a
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larger user base is not a strategic objective in itself, but a consequence of the
platform’s choice to maximise profit, as greater user participation increases
the value of ads and therefore the overall revenue.

Figures 3.3(a) and 3.3(b) illustrate the impact of a; on the platform’s profit,
as well as on user and advertiser surplus. A higher «a; strengthens the direct
network effects on the user side, leading to a larger user base and, conse-
quently, greater value for advertisers. Stronger network effects increase each
user’s utility from participation due to the presence of other users, thereby
raising user surplus. At the same time, the resulting reduction in the equi-
librium advertising price encourages greater participation of the advertisers
and increases advertising spending by each advertiser. The combined effect
of a growing user base and lower entry costs for advertisers enhances the
value of participation on both sides of the market, driving higher advertising
demand and ultimately increasing the platform’s profit.

The numerical results clearly illustrate: As direct network benefits strengthen,
advertising prices decline, leading to a substantial increase in advertisers’ par-
ticipation and their spending. This generates a higher surplus for both users
(due to enhanced user networks) and advertisers (due to greater reach at
lower cost). Consequently, the platform experiences increased profitability,
validating a strategy centered on user acquisition and the reinforcement of
network effects as a means of value creation and monetisation.

A real-world example that illustrates this is Facebook’s early growth strat-
egy. Facebook focused on rapidly expanding its user base by offering the
platform for free and enhancing user experience, thereby increasing user par-
ticipation. As more users joined, the platform became more valuable to each
individual, reflecting the realisation of existing direct network effects rather
than a change in their underlying strength. This growing user base made
the platform increasingly attractive to advertisers. Rather than raising ad-
vertising prices, Facebook kept them relatively low to encourage greater par-
ticipation from advertisers. This strategy led to higher overall ad spending,
increased surplus for both users (through improved content and connectiv-
ity) and advertisers (through greater reach and targeting), and ultimately
higher platform profits. In the context of the model, this example illustrates
how a zero-pricing strategy increases user participation (n;), which in turn
amplifies the realised value of network effects, without altering the structural
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network effect parameter itself.

3.3.2 Comparative Statics Analysis 2: Impact of Ad-
vertising Effectiveness on Advertiser’s Price

The analysis now focuses on deriving the equilibrium advertiser’s price with
respect to the advertising effectiveness parameter, as this parameter influ-
ences advertisers’ participation and their willingness to pay, and the par-
ticipation of users. The sign of the resulting comparative static derivative
determines how the equilibrium advertiser’s price moves as the strength of the
parameter varies. Differentiation yields the following analytical expression:

(h?(haq — laq) — ihaa(h; — N;) + aihilag + 2B8aahidi + haahidhi — haahili — haalaali + hilaals)

X (2hpah? — 2h21aq — 20ihpahi + aihaghi + 20ihilaq + Baahidi — haahidi — 2haahili + haa i + 2hilaals)
+ hidi (ihaa — Baahi — haahi + haali) (ilaa — oihag + BaaNi + haahi — haalaa — hilaa + laali)

(QhAdh? — 2h12lAd — 2a;haqh; + aihag)i + 2ahilaq + BaahiNi — haahidi — 2haqhil; + hag il + thlAdli)Z

The denominator of the above expression is a perfect square and therefore
strictly positive. Hence, the sign of the derivative ggij is entirely determined
by the numerator. Since the numerator is not tractable and cannot be signed
analytically, numerical simulations are conducted over relevant regions of the

parameter space.

The analysis focuses on variations in «;, S4q, and \;, while the upper and
lower bounds of the uniform distributions for users and advertisers are held
constant, as they determine the stand-alone benefits drawn by each side
of the platform. Varying these bounds would alter the range of stand-alone
values and could move the system past critical thresholds where participation
constraints become active, making it difficult to isolate the marginal effects of
changes in «;, Baq, and A; on the derivative. In the first case, direct network
benefits are increased while the remaining parameters are held fixed. In
the second case, advertising effectiveness is varied with all other parameters
fixed. In the third case, the ad nuisance parameter is varied while keeping
the remaining parameters constant.

Simulation Finding 2. Numerical simulations of % indicate that, within
the range of positive parameter values considered, the derivative value re-
mains positive when a; > 0, Bag > 0, and \; > 0 with the remaining param-
eters fized in each case.
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Numerical Example 2: Consider a uniform distribution with h; = 20, hag =
10, and I; = l44 = 2. In the first case, the parameter «; is varied over the
range [1,2], while 44 = 2 and \; = 6 are held fixed. In the second case, Saq
is varied over the range [1,2], with o; = 2 and A; = 6. In the third case, \;
is varied over the range [6, 7], while o = Baq = 2.

Under the parameter restrictions of the numerical example considered, in-
creases in «y, Baq, and \; result in a positive value of the derivative, while
the upper and lower bounds of the uniform distributions of users and ad-
vertisers are held constant in all three cases discussed above. This confirms

that:
Opad

0B aa

> (0 for positive values of a;, 44 and \;

In the first case, as «; increases while all other parameters are held constant,
the derivative value remains positive, indicating that the increase in user
participation enhances ad reach for the advertisers, which in turn raises the
optimal advertising price. As illustrated in Figure 3.4(a), the monotonic
behaviour of the equilibrium advertiser’s price occurs as stronger network
effects expand the user base and enhance advertisers’ willingness to pay for
access to the larger user base.

In the second case, as illustrated in Figure 3.4(b), when (44 increases while all
other parameters are fixed, the derivative value remains positive and shows an
upward trend. A higher §,, implies that each user generates more value for
advertisers, through better ad targeting, higher user engagement, or greater
ad effectiveness, making advertising on the platform more profitable. As a
result, advertisers are willing to pay more to access the user base, which
strengthens the demand for advertising. This increase in willingness to pay
translates into a higher equilibrium advertiser’s price (paq). The upward
movement of the derivative value indicates that the marginal effect of fur-
ther increases in advertising effectiveness on the price becomes stronger: each
additional unit of 344 raises the optimal advertiser’s price by a slightly larger
amount, reflecting the reinforcing effect of higher advertising returns on ad-
vertiser participation and platform revenue.

In the third case, when \; increases with the remaining parameters held
constant, the derivative value is positive, as shown in Figure 3.4(c). The
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Figure 3.4: Graphical representation of the comparative static derivative

( Opad
0B ad

) for different values of o, 544, and ;.

derivative captures a trade-off between the direct positive effect of stronger
advertising effectiveness on advertisers’ willingness to pay and the indirect
negative effect arising from reduced user participation due to ad disutility.
When J; increases, the ad disutility dominates; however, stronger 544 en-
hances the advertisers’ surplus without causing a large contraction in the
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user base, allowing the platform to raise the equilibrium advertiser’s price.

This numerical simulation illustrates how the derivative of the equilibrium
advertiser’s price with respect to advertising effectiveness responds to changes
in the direct network benefits, advertising effectiveness, and ad nuisance pa-
rameters. The analysis further examines how changes in (544 affect market
outcomes and advertising spending, without confounding effects from other
variables.

3.3.2.1 Impact of Changes in 45 on Market Outcomes and Ad
Spending

Consider a numerical example with h; = 20, hag = 10, and [; = l4q = 2,
a; =2 and \; = 6. In this setting, Sq4 is varied within the range [1,2].
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Figure 3.5: Numerical example showing the change in ad prices and spending
when when ad effectiveness gets stronger

Figure 3.5(a) illustrates how changes in advertising effectiveness 544 affect
the optimal advertiser’s price of the platform. In the figure, as Saq increases
from 1 to 2, the equilibrium advertisers’ price (paq) increases steadily. This
pattern reflects the fact that greater ad effectiveness increases the value
advertisers obtain from each user reached on the platform, which in turn
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strengthens their willingness to pay for access. By capturing part of this
additional surplus, the platform optimally sets a higher price for advertisers.
This numerical pattern in the figure is consistent with the derivative result,
which implies that the advertising price increases as the ad effectiveness im-
proves.

Figure 3.5(b) illustrates how changes in 4 affect advertising spending by
each advertiser on the platform. As [aq increases, the effectiveness of ad-
vertising improves, making the platform more valuable to advertisers. This
increases their willingness to participate and allows the platform to charge a
higher equilibrium advertisers’ price (paq). At the same time, greater expo-
sure to ads resulting from higher Saq can reduce the utility of users, causing
a gradual decline in the user base (n;). The combined effect of these oppos-
ing forces, a shrinking user base, and a rising advertiser’s price, produces an
overall increase in advertising spending. This outcome highlights that the
gain from higher prices more than offsets the loss from a smaller user base,
leading to higher advertising spending by an advertiser on the platform.
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Figure 3.6: Numerical example showing the change in profit and surpluses
when ad effectiveness get stronger

Figures 3.6(a) and 3.6(b) illustrate the impact of Saq on the platform’s profit,
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as well as on user and advertiser surplus. When a4 becomes stronger, adver-
tisers derive greater value from reaching users. It happens through enhanced
targeting and better engagement tools that allow ads to be delivered more
precisely to relevant users, increasing conversion rates and returns on invest-
ment. As a result, the platform becomes more attractive to advertisers, which
allows it to raise the advertiser’s price (paq) while still attracting more adver-
tisers naq. This, in turn, leads to an increase in overall advertising revenue
and platform profitability. However, stronger ad effectiveness can also have
adverse effects on the user side. Higher ad effectiveness often involves show-
ing more frequent, better-targeted, or more intrusive advertisements. While
this increases the returns for advertisers, it can reduce the perceived utility of
the platform for users, lowering their surplus and discouraging engagement.
Thus, the platform faces a fundamental trade-off. While increasing Saq im-
proves the advertiser’s surplus and platform’s revenue, it also simultaneously
reduces user participation. The numerical results make this trade-off explicit:
stronger ad effectiveness increases the optimal advertiser’s price, boosts ad-
vertisers’ participation, and raises advertising spending per advertiser and
platform profit, but at the cost of diminished user surplus and potentially
lower user engagement.

This outcome supports a platform strategy that leverages ad effectiveness to
maximise monetisation while recognising its limits. Advertisers are willing
to pay more when the ads perform better, which drives up both advertising
prices and participation. At the same time, the platform must manage the
negative impact on users to sustain long-term growth. Balancing these oppos-
ing effects, higher advertiser surplus and platform revenue versus potential
declines in user surplus, is essential to maintaining a stable and profitable
ecosystem.

3.3.3 Comparative Statics Analysis 3: Impact of Ad-
vertisement Nuisance on Advertiser’s Price

This analysis focuses on deriving the equilibrium advertisers’ price (paq) with
respect to the advertisement (ad) nuisance parameter ()\;), as this parameter
influences participation of users and advertisers. The sign of the resulting
comparative static derivative determines how the equilibrium advertiser’s
price moves as the strength of the parameter varies. Differentiation yields

146



the following analytical expression:

—(haa—laq)(oi—hi+li) (hag(ait+li—hi)—Baahi)*
<2hAd(h-_lAd) QOéihAdhi+OlihAd/\i+2aihi1Ad+5Adhi)\i—hAdhi)\i—QhAdhili+hAd>\ili+2hilAdli)2

The denominator of the above expression is a perfect square and therefore
strictly positive. Hence, the sign of ag“‘d is entirely determined by the nu-
merator. Since the numerator has multlple variables and cannot be signed
analytically, numerical simulations are conducted over relevant regions of the
parameter space.

The analysis focuses on variations in «; and (44, while A; and the upper and
lower bounds of the uniform distributions for users and advertisers remain
constant. In the first case, direct network benefits are strengthened while
the remaining parameters are held fixed. In the second case, advertising
effectiveness is varied with all other parameters fixed.

Simulation Finding 3. Numerical simulations of <5 apAd indicate that, within
the range of positive parameter values considered, the derivative value re-
mains positive when o; > 0 and Bag > 0, with the remaining parameters held
fized in each case.

Numerical Example 3: Consider a uniform distribution with h; = 20, hag =
10, and [; = l4q = 2. In the first case, the parameter «; is varied over the
range [1,2], while 44 = 2 and \; = 6 are held fixed. In the second case, 544
is varied over the range [1, 2], with a; = 2 and \; = 6.

Under the parameter restrictions of the numerical example considered, in-
creases in «; and [yq result in a positive value of the derivative, while the
upper and lower bounds of the uniform distributions of users and advertisers
are held constant in two cases discussed above. This confirms that:

Opad
o\

> (0 for positive values of a;and Saq

In the first case, as illustrated in Figure 3.7(a), when the direct network
benefits «; are relatively weak, the expansion of the user base is limited. In
this regime, each advertiser is relatively more valuable to the platform, which
raises the equilibrium advertisers’ price (paq) in order to maintain revenue,
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Figure 3.7: Graphical representation of the comparative static derivative

(—agfid) for different values of «; and [4q4.

resulting in a positive derivative value. As «; increases within this range, the
derivative exhibits a downward trend. The platform faces a trade-off: higher
advertisers’ prices can drive users away due to increased ad nuisance (J;), so
the optimal response is to lower the advertisers’ price. The declining value of
the derivative reflects the platform’s strategy of reducing advertisers’ prices
to manage ad nuisance and retain users.

In the second case, as illustrated in Figure 3.7(b), when (44 increases while all
other parameters are fixed, the derivative value remains positive and displays
an upward movement, as advertisers derive greater utility from advertising
on the platform. This increased value strengthens the demand for advertis-
ing, as advertisers are willing to pay higher prices to reach the platform’s
user base. Consequently, the equilibrium advertisers’ price rises, and the
derivative value remains positive. The upward movement of the derivative
value indicates that the marginal impact of advertising effectiveness on the
optimal ad price grows stronger: each incremental increase in 44 further
boosts advertiser participation and willingness to pay, reinforcing the plat-
form’s pricing power.
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This numerical simulation illustrates how the derivative of the equilibrium
advertiser’s price with respect to ad nuisance responds to changes in the
direct network benefits and advertising effectiveness. The analysis further
examines how changes in \; within the limited region affect market outcomes
and advertising spending.

3.3.3.1 Impact of Changes in \; on Market Outcomes and Ad
Spending

Consider a numerical example with h; = 20, hag = 10, and [; = l4q = 2,
a; =2, faqg = 2 and ); is examined within the range [6, 7].
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Figure 3.8: Numerical example showing the change in ad prices when ad
nuisance gets stronger

Figure 3.8(a) shows the relationship between the stronger A; and paq. In
the simulation, as \; rises from 6 to 7, the optimal price per advertisement
increases steadily. This behaviour is consistent with the proof < 373 Ad > (): when
advertisements become more intrusive, the user base shrinks, and the number
of participating advertisers declines. In response, the platform raises the unit
price of advertising to increase revenue from a smaller pool of advertisers.
Thus, a higher level of ad disutility enables the platform to extract more
revenue per advertiser despite a declining number of users.
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Figure 3.8(b) depicts the effect of stronger A; on advertising spending by
each advertiser on the platform. As )\; increases, the platform becomes less
attractive to both users and advertisers: users disengage due to greater ad
disutility, and advertisers’ participation reduces as the effective user reach
shrinks. At the same time, the platform charges a higher price per unit of
advertisement. Over the numerical range considered, these opposing forces
approximately offset each other: the fall in the number of advertisers and
impressions is balanced by the rise in price per unit. This results in adver-
tising spending per advertiser remaining roughly constant. In other words,
although both the user base and advertiser participation shrink, the higher
price per unit offsets this decline, keeping ad spending unchanged. This oc-
curs because the rise in ppq compensates for the fall in n;, maintaining ad
spending. However, this balance is only sustained up to a certain threshold
of ad disutility. Once \; crosses a critical level, the deterioration of the user
experience becomes so severe that user participation collapses, eliminating
the users of the platform and sharply reducing the demand for advertisers.
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Figure 3.9: Numerical example showing the change in profit and surpluses
when ad nuisance gets stronger

Figures 3.9(a) and 3.9(b) illustrate the impact of stronger \; on the profit
of the platform and on the surplus of both users and advertisers. As \;
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increases, users experience greater disutility from advertising. This occurs
because of higher ad frequency, more intrusive formats, or otherwise inten-
sified exposure. As a result, user surplus declines, and participation shrinks,
reducing the size of the audience available to advertisers. Advertisers, who
value platforms with large and engaged user bases, also reduce their partici-
pation when user numbers decline. At the same time, the platform responds
by increasing the advertiser’s price to monetise the remaining agents more
intensively. Thus, higher ad nuisance simultaneously reduces user and adver-
tiser participation while raising the unit price of advertising. The numerical
analysis makes this trade-off explicit. As ad disutility rises, the platform
initially observes an increase in paq, but the contraction in naq and n; even-
tually outweighs the price effect, causing a decline in both the advertiser and
the user surplus. Consequently, platform profit also decreases because the
aggregate advertising demand falls.

The above investigation provides a clear insight into the first research ques-
tion: How are advertising spendings shaped by key factors on an ad-based
dominant platform?

To explain in detail in response to the above, the total advertising spending
on the platform is given by the product pag X n; X naq, where paq denotes
the price per ad impression, n; represents the number of active users, and
naq is the number of participating advertisers. Total spending, therefore,
increases when more advertisers join, when the user base expands, or when
the platform raises the price per impression. This relationship is reflected in
the profit graphs presented earlier (Figures 3.3(a), 3.6(a), and 3.9(a)), which
show that the profit of the platform (total revenue generated from advertisers,
since the fixed cost is constant and eliminated after the optimisation) moves
closely with changes in total advertising spending as parameters «;, Saq, and
A; vary.

Stronger direct network benefits reduce ad prices, thereby encouraging greater
participation of advertisers and an increase in ad spending and the platform’s
profitability. Greater ad effectiveness enables the platform to charge higher
ad prices, as improved ad reach increases advertisers’ willingness to pay. Since
both advertiser participation and prices increase, the total advertising spend-
ing and platform profit increase accordingly. In contrast, higher ad nuisance
reduces user participation and advertiser entry, leading to a lower overall ad
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spending when \; becomes large. This reveals a critical trade-off: excessive
ad nuisance degrades user experience, lowering both user surplus and par-
ticipation. Although advertising spending per advertiser remains relatively
stable over a moderate range of ad nuisance levels, due to the offsetting ef-
fects of higher prices and fewer advertisers,beyond a critical threshold, user
attrition becomes severe enough to trigger a collapse in platform activity.

The numerical analysis demonstrates how total advertising spending, plat-
form profit, and the surplus of both users and advertisers are jointly deter-
mined by direct network effects, advertising reach, and ad disutility. These
results highlight the central role of direct network benefits, ad effectiveness,
and nuisance in shaping platform outcomes and reveal the trade-offs inherent
in advertising-based monetisation. It contributes to the literature by clarify-
ing how these factors interact to determine the price for advertisers and par-
ticipation outcomes on ad-based platforms. Further, it informs the broader
policy discussion by providing a structural explanation for the patterns ob-
served in the digital advertising markets. They also complement the findings
of CMA (2020) on online platforms and digital advertising, illustrating how
key factors jointly shape advertising spending and overall market outcomes.

3.4 Multi-homing and Platform Mergers: Im-
plications for User Welfare

This section analyses user welfare in a scenario where multi-homing occurs,
that is, where users simultaneously engage with more than one ad-based
digital platform. Consider the case of Instagram and TikTok, two free-to-
join platforms that both provide primarily entertainment content. Because
neither platform charges access fees, it is reasonable to assume that a sub-
stantial share of users participate in both, dividing their attention between
them. Users are assumed to allocate a fixed amount of time, say one hour,
across these platforms according to their individual preferences. Since pref-
erences are heterogeneous, the proportion of time spent on each platform
will vary between users. The two platforms also perform similar functions
and host users and content that overlap, making them at least partially sub-
stitutable. This overlap raises an important methodological issue: if users
consume essentially the same content or interact with the same users on both
platforms, the measured benefits may be duplicated, leading to an overes-
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timation of user surplus. Any assessment of user welfare must therefore
account for redundancy in consumption or social connections. At the same
time, multi-homing generates incremental value by allowing users to connect
with distinct networks, discover unique features, or access differentiated con-
tent available on only one of the platforms. This diversity can enhance the
utility of the user beyond what could be achieved on a single platform. It is
assumed in this framework that every user is active on at least one platform,
though the degree of multi-homing differs across individuals.

Further, a question arises when considering the effect of a merger between
the two platforms. If Instagram and TikTok were to combine into a single
monopoly platform, users would face a single point of access to both net-
works and content. Whether this increases or decreases the user surplus
depends on the balance of effects. On the one hand, consolidation could re-
duce duplication, improve cross-platform connectivity, and offer convenience
gains. On the other hand, the loss of competition can degrade the user
experience, especially if the merged entity increases the intensity of advertis-
ing, and there could be upward pressure on prices, which harms advertisers
(and, ultimately, consumers). Understanding these trade-offs is essential for
evaluating the welfare consequences of platform mergers in markets charac-
terised by multi-homing. Before turning to the analysis, it is useful to note
that this section builds on the framework developed in this chapter, partic-
ularly the introduction of advertising and user multi-homing, which are not
present in Chapter 2. As a result, the merger analysis here differs from that
in Chapter 2, which focuses on price-based platform competition with user
single-homing. The aim is to highlight how merger outcomes change in this
extended setting.

3.4.1 The Model

3.4.1.1 Model setup

Consider two competing ad-based digital platforms, denoted by A and B,
whose objective is to attract users in group- i. Let 7' be the number of
users who join platform A only, #? be the number of users who join platform
B only, and nf’B be the total number of users who multi-home by joining
both platforms. The following assumptions define the user behaviour and
market environment under the multi-homing scenario:
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(i) Continuum of users: There exists a continuum of users with total measure
1, i.e., the user base is normalised to one.

(ii) Platform substitutability: Platforms A and B provide similar types of
utility to users, such as entertainment and social interaction. Because of this,
users can switch between them or split their attention according to individual
preferences, content offerings, or perceived user experience. This behaviour
is captured by the parameter d;, which reflects how substitutable the two
platforms are for the user group-i.

(iii) User heterogeneity: Users differ in their individual stand-alone value,
which represents the direct utility they derive from the platform. Each
of these values is drawn from a distribution across the population. This
specification captures heterogeneity among users while keeping the analysis
tractable.

(iv) Free access: Access to both platforms is free, as both operate under an
ad-based revenue model. Hence, every user can join at least one platform.
This removes the possibility of being excluded due to cost. If the platforms
together cover all relevant user needs (such as entertainment or social inter-
action), then every individual has an incentive to participate in at least one
of them. Under these conditions, the model assumes full market coverage,
which means that the entire population is active on at least one platform,
although some users choose only one while others use both.

(v) The parameter governing direct network benefits is the same between
platforms o = af = q;

These assumptions provide the foundation for analysing user allocation across
platforms and evaluating the welfare implications in scenarios that allow for
multi-homing. Although the payoff function builds on the advertising model
presented in the previous section, this formulation introduces a key parame-
ter: a user-specific substitutability parameter d;, which captures how similar
the two platforms are perceived by the user group-i. A related concept ap-
pears in Anderson et al. (2018), where a uniform discount factor is used to
adjust the utility from a user’s second platform. In contrast, the current
model allows the overlap adjustment to vary between users and across util-
ity components (stand-alone benefits and ad disutility); asymmetry between
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platforms A and B is captured via the min(-) terms in their payoff function.

The payoff function for users who choose to multi-home is defined as follows:

A+B _ A ~A A A B -B B._B
U; = | (s + iy — Ai'niag) + (87 + ity — A7 nixg)

A,B

AP s min(s?, s2) 4 6; - min(Andy, APnE )

7

+ an

The utility of a multi-homing user, denoted by UfHB comprises the stand-
alone benefits of each platform (s and s?), adjusted upward by the direct
network effects (a;7Z') generated by users exclusive to platform A (), ex-
clusive to Platform B (722), and adjusted downward by the advertisement
disutility, represented by An4; and APn%, where A} and AP capture the
ad nuisance on platforms A and B due to the presence of advertisers indi-
cated by n‘; and n%, on platforms A and B. The term (osz’B) captures the
direct network effects generated by those users who multi-home, the term
—6; - min(s!, s2) removes the portion of stand-alone benefits that is dupli-
cated when platforms provide similar content or functionality, while the term
+6; min(A\'n4y, APn®% ) accounts for the fact that exposure to similar adver-
tisements on both platforms does not double the perceived nuisance. In this
way, 0; captures how substitutable the platforms are for group-i users. A
high ¢; indicates that the two platforms provide overlapping experiences and
similar ad exposure, so the incremental utility of using both is limited. A
low §; means that users perceive the platforms as distinct, obtaining nearly

full stand-alone benefits from each while bearing a separate ad nuisance.

This formulation extends the standard single-homing utility by recognising
that users gain both unique and duplicated benefits from each platform. To-
gether, these components ensure that the payoff function reflects both the
additional utility gained from access to multiple platforms and the diminish-
ing returns that arise when platforms are perceived as close substitutes.

While the literature Anderson et al. (2018) addresses double counting of wel-
fare in multi-homing by introducing a discount factor a € [0, 1] that scales
down the utility from a user’s second platform, the current model generalises
this approach. In this framework, multi-homing utility explicitly incorporates
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both stand-alone platform benefits and advertising disutility. Redundancy
between platforms is adjusted through user-specific substitutability parame-
ters (J;) applied to the minimum of each component, ensuring that duplicated
stand-alone benefits or advertising exposures are not counted twice. This
formulation captures heterogeneity in user perceptions of platform substi-
tutability and extends the earlier framework to account for both the positive
and negative dimensions of multi-homing. In other words, this model does
not assume that every user experiences the same overlap discount as set out
in Anderson et al. (2018). In this framework, each user has a fixed sub-
stitutability parameter 9;. For users with high ¢;, the additional benefit of
joining a second platform is small, as much of the value is already captured
in the first. For users with low 9;, platforms are perceived as distinct, so
they obtain nearly the full benefit from both. While §; is not drawn from a
distribution, this parameter captures deterministic differences in how users
value multiple platforms.

Example: Consider a user who engages with both Instagram and TikTok.
When 9; = 0.5, the platforms provide very similar experiences. The user
perceives the entertainment and functionality as largely repeated, so the ad-
ditional benefit from joining both is only partial. At the same time, exposure
to advertising on one platform feels similar to the other, meaning that the
annoyance of ads is not fully additive. When 9; = 0.1, the platforms are more
distinct. The user derives separate enjoyment from each, gaining nearly the
full stand-alone benefit of both. However, the irritation from ads on one
platform is not mitigated by the other, so the total ad disutility is close to
the sum across platforms. In this way, §; adjusts the overall user surplus
to avoid redundancy of stand-alone benefits and ad disutilities when plat-
forms are similar. It ensures that the model captures the trade-off between
the added value of multi-homing and the diminishing marginal benefit when
platforms are close substitutes.

3.4.1.2 Users’ behaviour and Equilibrium

The equilibrium conditions describe how users choose between single-homing
and multi-homing across the two platforms. Each user compares the utility
obtained from joining one or both platforms and chooses the option that
maximises their utility. The equilibrium conditions for the user will be as
follows:
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(i) A user joins the platform A if and only if U# > 0.
(ii) A user joins the platform B if and only if U? > 0.

(iii) A user multi-homes (joins both A and B) if and only if U™ >
max(U#, UB).

In equilibrium, the set of users on each platform is determined by these
participation conditions. Multi-homing occurs when the combined utility
from using both platforms, after accounting for redundant benefits, exceeds
the maximum of the utilities from single-homing on each platform. It also
allows the model to explicitly identify the share of users who overlap between
the two platforms, thereby capturing realistic user allocation patterns and
the extent of multi-homing across platforms.

User Draws from the Distribution: Each user draws a stand-alone
value §; from a continuous distribution and is assumed to be a uniform dis-
tribution with lower bound [; and upper bound h;, i.e., 5; ~ U[l;, hy].

The user’s stand-alone value for platform A is given by 84 = 3;, while for
platform B it is defined symmetrically as % = h; +[; — 3;, so that users with
a low draw s; value platform B more highly. This symmetric construction
creates a simple preference-based differentiation between the two platforms:
users who place a high value on platform A naturally assign a lower value to
platform B and vice versa. It also ensures that the two platforms have iden-
tical value ranges, while preserving a clean one-dimensional representation
of user preferences. This setup keeps the model tractable while capturing
horizontal differentiation across platforms.

The threshold value 84 represents the minimum stand-alone value required
for a user in group-¢ to obtain zero net utility from joining the platform A,
such that

UA(5) =0 when 5 =3
A user joins the platform A if and only if his draw §; exceeds the minimum
stand-alone value (5), i.e.,
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Hence, the set of users who join the platform A is given by

5; € [52, hi)

7

For platform B, the stand-alone value 87 is defined as the value of §; that
gives the user zero net utility from joining the platform B:

UP(3)=0 when 3§ =3P

%

The symmetric mapping 82 = h; + [; — 3; implies that a low draw of §
corresponds to a high valuation for platform B. Using this relation, a user
joins the platform B whenever his mapped stand-alone value exceeds the
threshold:

Hence, the number of users who join the platform B is

5 € [l hy 1, —38]

This symmetric formulation reflects a Hotelling-type setting where plat-
form A is located at one endpoint and platform B at the other, with users
uniformly distributed between. It ensures that clearly defined stand-alone
values separate users who prefer A or B. Further, this symmetry guarantees
that both platforms face the same potential market size and variation in
user allocation results from model parameters rather than differences in the
underlying distribution.

User Allocation Across Platforms. Using the above thresholds, user
participation can be classified as follows:
(i) Platform A only: If a user draws §; € (82, h;) , then he will join the
platform A denoted by nt. If a user draws 3; € ((h; +1; — 57), h;), then
he will join only the platform A. These users form the group 7.

(ii) Platform B only: If a user draws 3; € (I;, (h; +1; — 5P)), then he will
join the platform B denoted by nP. If a user draws §; € (I;, 8), then
he will join only the platform B. These users form the group n?.
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In this way, the stand-alone values (5') of A and (5P) of B jointly determine
the equilibrium allocation of users between platforms A and B.

(ii) Candidates for Multi-homing: After determining the cut-off values
above, there are some users who are located in the overlapping region
of the uniform distribution, that is, between 5 and (h; + l; — 82) as
they draw their stand-alone values between these values:

S € (8 (hi+1;—3P))

This interval identifies users whose characteristics place them between
the two cut-off points. The measure of this set represents the users
who are potential multi-homers, denoted by niA’B. The number of such
users is obtained as below:

HAB _ (hi +1; = 3F) = &}

: hi— 1,

Further, threshold values (¢1,t2) are determined at the point where a user’s
utility from multi-homing equals the utility from single-homing. A user will
prefer to multi-home only when their utility lies between these thresholds.
These thresholds are given by:

t1 = A\*niy — aung'  such that UiA’B =UP

ty = (hi +1; — APnB ) — a;n?  such that UM = UA

In the above, t; is the point at which the user is just indifferent between multi-
homing and joining only platform B. At this value, the utility from multi-
homing equals the utility from single-homing on platform B. The threshold ¢,
is the point at which the user is indifferent between multi-homing and joining
only platform A. Here, the utility from accessing both platforms matches
the utility from single-homing on platform A. Unlike the standard approach,
multi-homing in this model is not determined merely by requiring U > 0 and
UP > 0. Instead, a user multi-homes only when the dedicated multi-homing
utility UiA B exceeds the utility from single-homing on either platform. The
thresholds (¢, ty) capture these indifference conditions.
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A numerical example is presented in the next paragraph to clarify the user
allocation between platforms.

Numerical Example 4. Consider a uniform distribution with h; = 60,
haga = 40, I; = 6, lag = 4, a; = 2, Bag = 2, M} = 20, and \P = 15. Al-
though the stand-alone values for the two platforms are drawn from the same
uniform distribution, differences in the ad nuisance parameters \; introduce
asymmetry between them. The equilibrium users and prices for the two plat-
forms are computed independently using the equilibrium formulas from the
ad-based monopoly model. The overlapping users between the platforms are
then identified.

The equilibrium for the individual platform are: pi; = 22.6833, p%, =
21.4321, n#t = 0.9325, n? = 0.9870, niy = 0.5753, and nf; = 0.5783. From
these, the stand-alone values (3! and 37) are computed as follows:

UA =504+ oy -n — M ndy c UP =P +12 —58) +a; - nP - \B.nk,
0= 5 +2(0.9325) — 20(0.5753) ;0= (60 +6— 57) +2(0.9870) — 15(0.5783)
54 =9.64 . 5P =59.29

The above can be interpreted as the stand-alone values of both platforms are
drawn from the same uniform distribution. A user comes along and draws
their individual stand-alone value, if:

(i) If a user draws any value of §; > 9.64, then he will join the platform A.
If a user draws §; € (59.29,60), then he will join only the platform A.

(ii) If a user draws any value of 3; < 59.29, then he will join the platform B.
If a user draws §; € (6,59.29), then he will join only the platform B.

From the above, it is observed that some users are distributed between the
region that lies between 9.64 and 59.29. This identifies the number of poten-
tial multi-homing users represented by nf’B. Their measure is calculated as
follows:

ap  (hi+1;—38P)—3s4  59.29—9.64

_ ]

K i — 1 60 — 6

= 0.9194

The user allocation between the platforms is interpreted as, out of a total
population of 1, the number of users who join the platform A (n#) is 0.9325.
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Figure 3.10: Illustrates the share of users between the platforms A and B

This implies that their stand-alone values lie between thresholds (9.64,60).
Similarly, the number of users who join the platform B (n?) is 0.9870. This
implies that their stand-alone values lie between thresholds (6,59.29). In
addition, there are 0.9194 potential multi-homing users, whose stand-alone
values (§;) fall within the thresholds (9.64,59.29). From this, the number
of users who join only Platform A (72#!) can be determined, which is 0.0131
(0.9325 — 0.9194), corresponding to those whose stand-alone values lie be-
tween 59.29 and 60. Similarly, the number of users who join only Platform
B (R?) is 0.0676 (0.987 — 0.9194), representing those with stand-alone values
between 6 and 9.64.

After determining the user who engages on platforms A and B, the following
analysis examines the user surplus.

3.4.2 Users’ Surplus under Multi-homing Scenario

After determining the users who are potential multi-homers on platforms
A and B, a user is considered to be a candidate for multi-homing when
their combined utilities of using both platforms exceed the utility from using
platforms A and B after accounting for redundant benefits. The threshold
values from Numerical example 4 are arrived at t; = 11.4798((20 % 0.5753) —
(2%0.0131)) such that UZA’B = UP and t, = 57.1903(60 + 6 — (15 % 0.5783) —
(2 % 0.1352)) such that U = UA. Hence, a candidate chooses to multi-
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home when their utility falls between ¢; and 5. If the platforms are close
substitutes, meaning (0;) is sufficiently large, then the utility from multi-
homing is lower than the utility from single-homing. In that case, a user is
better off in single-homing. Based on the definition of utility for a group 7 user
engaged in multi-homing, the average surplus denoted by U, SiA’ is defined
as-

2

B
_ i 1
Ustt — [/ (824 + OéiﬁiA - Af‘nﬁd) X5 X dsf}
84 i i
B

s 3 1
+ |:/;x (SZB -+ OéZ'TLZB — )\ZBTLABd) X w X dS?:|

A,B
)

+ a;(n; — oA min(sf‘, sf) +0; - min()\fnﬁd, )\fnfd)

)

The above expression captures the average surplus for multi-homing users.
The integration limits, 82 and sZ, represent the range of stand-alone valua-
tions for the user type 4, where 3! is the threshold at which a user begins to
find it worthwhile to join the platform A and also join the platform B until
sB. Within the integrand, the first terms s and s? reflect the stand-alone
benefits of accessing both platforms. The following terms, a7, a;n P —l—nf ’B),
account for the direct network effects created by users exclusive to platform A
('), exclusive to platform B (7P). The negative components, —\n4, and

—ABn® . represent the ad disutility on each platform. The factor . Big T rep-

resents the uniform probability density of users whose stand-alone valuations
are distributed between the bounds 5 and sZ, ensuring that the integral av-
erages surplus across the full range of multi-homing user preferences to yield
the average surplus per multi-homing user. Adjusted upward by direct net-
work effects from the multi-homing users (nlA ’B) and the final adjustment
term that involves d; captures the degree of substitutability between the two
platforms. Specifically, ¢; reduces the duplicated stand-alone benefits and
scales the minimum of the two ad disutilities, min(A2n4,, \Bn% ), recog-
nising that exposure to similar advertisements on both platforms does not
double the perceived nuisance.

After solving the above integral, the aggregate user surplus for multi-homing
users is obtained by multiplying it by the number of multi-homing users,

162



which is as follows:

B dA B dA
. . ~ y y ~
USAE — B {((SZ +2 57) i — )\fnﬁd> ((SZ +2 ) i — )\Zand)
SA

B 2A\ (B
+ a;(n*") — 62 - min <(8’ ;— % ), (s ;— % >> + 6; - min(A\'n4y, )\?nfd)]

To illustrate this, Numerical Example 4 is considered to analyse the wel-
fare implications for multi-homing users. Given that 6, = 0.5, the surplus
can be computed as follows:

59.29 + 9.64
USH? = 0.9194 K% + (2 % 0.0131) — (20 x 0.5753))

((59.29 +9.64)
* 2

+ (2 % 0.0676) — (15 X 0.5783))

+ (2 x 0.9194) — 0.5(34.465) + 0.5(8.6745)]

USHP = 34.8032

The above computation shows that when platforms are moderately substi-
tutable, specifically when the substitutability parameter is set at §; = 0.5,
the surplus for users who multi-home is 34.8032, which falls between the
threshold values (¢; = 11.4798,t, = 57.1903). This surplus is also substan-
tially higher than the surplus the same user would obtain from single-homing
on platform A (22.8232) or on Platform B (25.5267). Under this degree of
substitutability, multi-homing users clearly gain more from accessing both
platforms than from joining just one. For instance, consider Instagram and
TikTok, if a user encounters similar content on both platforms (e.g. 50%
overlap), the additional utility gained from accessing both diminishes, lead-
ing to a lower overall surplus. This highlights the importance of identifying
the threshold of substitutability beyond which multi-homing becomes sub-
optimal.

This finding naturally raises a key research question: Under what conditions
does multi-homing reduce user welfare relative to single-homing? To examine
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Figure 3.11: Impact of change in ¢; on multi-homing users’ surplus in com-
parison with the user surplus for the same users on single-homing

this, the substitutability parameter §; is varied over a range (e.g., from 0.1
to 0.99, approaching perfect substitutability), and the resulting user surplus
from multi-homing is compared with the surplus from single-platform partic-
ipation for the same group of users who engage in multi-homing. This com-
parison focuses on how the welfare of existing multi-homing users changes
as the two platforms become increasingly similar, rather than comparing
two distinct user populations. When d; reaches 0.9, the analysis shows that
the aggregate user surplus from multi-homing stood at 25.3185, while the
corresponding surplus from single-homing on platform B is slightly higher
at 25.5267. Further, as a response to the key research question, this re-
sult indicates that, under conditions of high substitutability, that is, when
the value of §; crosses 0.9 from the numerical example considered, users
are marginally better off remaining on a single platform rather than using
both. Figure 3.11 illustrates that as §; increases, the surplus for multi-homing
users decreases. This decline in surplus occurs because, as the two platforms
become closer substitutes, the additional benefit from joining the second
platform becomes increasingly small. When most of the value provided by
one platform is already replicated on the other, the marginal utility from
multi-homing drops, which reduces the overall surplus from accessing both.
In other words, once the platforms offer nearly the same experience, the sec-
ond platform contributes little extra value, so the advantage of multi-homing
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disappears.

In other words, as ¢; increases, the incremental welfare benefit of multi-
homing decreases and can even reverse when the platforms become too similar
in content and ad exposure. Although multi-homing generally offers access
to a larger network and broader content, its relative advantage diminishes
sharply when the overlap between platforms grows, suggesting that excessive
similarity between competing platforms can erode user welfare.

3.4.3 User Surplus under Platform Consolidation

Further, the above analysis also raises a key policy-relevant question: How
does user surplus under multi-homing differ between a duopoly and a monopoly
platform market? To address this, user surplus in a merged (monopoly) sce-
nario is compared with the surplus obtained under duopoly multi-homing.
This comparison allows for a direct assessment of whether consolidation im-
proves or diminishes user welfare.

The analysis considers the impact of mergers between platforms. When two
platforms have identical ad nuisance parameters, they attract the same num-
ber of users and advertisers and charge identical advertising prices. In such
a case, a merger between the two platforms does not change equilibrium out-
comes, as users continue to face the same level of advertising nuisance and
platform behaviour remains unchanged. As a result, the fully symmetric case
offers limited insight into the effects of consolidation. Allowing for a small
difference in ad nuisance keeps the setting realistic and shows how even minor
quality differences influence user allocation and competitive pressure. The
symmetric case remains a useful benchmark, but the asymmetric version of-
fers a more informative and economically meaningful comparison. Building
on this distinction, two merger scenarios are considered. In both cases, plat-
forms A and B are initially symmetric in terms of uniform distribution, and
the only difference lies in the degree of advertising nuisance each generates.
Specifically, the ad nuisance parameter is set at A\ = 15 for platform A and
AB = 20 for platform B, introducing a mild asymmetry in user experience
while maintaining a symmetric underlying UD. A mild asymmetry in ad nui-
sance is introduced to avoid the knife-edge outcomes that arise in a fully
symmetric setup.

165



US, (A-AZB)

-10+

US, (B - A&B)

-15+

-20 . . . .
0 0.2 0.4 0.6 0.8 1
0.

Figure 3.12: Change in the surplus of multi-homing users:(1) when platform
A merges with B and A remains in the market (US; : A— A& B) and (2) when
platform B acquires A and B and B remains in the market (US, : B— A& B).
The negative values indicate that user surplus is lower under a monopoly
compared to a duopoly with multi-homing. When §; = 0.9 the surplus is
positive in USy : B — A&B.

(i)

Platforms A and B merge and A remains in the market. Plat-
forms A and B merge into a single unified platform A, and users inter-
act within this integrated environment. This scenario eliminates inter-
platform competition and allows the merged platform to internalise all
network effects, but also increases ad exposure since all advertisers now
concentrate on a single platform A.

Platforms A and B merge and B remains in the market. Plat-
form B acquires A but continues to operate the merged entity as an
integrated service under platform B’s structure. In this case, users
effectively access a single system that combines the content and user
bases of both platforms, but with potentially lower overall ad nuisance
and less duplicated content.

The user surplus is then evaluated for different degrees of substitutability, J;,
ranging from weak to strong. When the two platforms are close substitutes
(0; = 0.9), the numerical results in Figure 3.12 show a distinct difference
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between the two merger scenarios. In scenario (i), the merged firm operates
solely as platform A. Due to the concentration of users and advertisers on a
monopoly platform, the total volume of ads shown to users increases. Un-
der the duopoly, users effectively spread their activity across two platforms,
which limits the ad disutility they experience on each. After the merger,
this dispersion disappears, and the merged platform has no competitive in-
centive to restrain ad volumes. As a result, user surplus falls relative to the
multi-homing benchmark.

In scenario (ii), after the merger, platform B operates as a monopoly plat-
form. In this setup, the combined user and advertiser base is integrated in a
way that removes duplicated material and overlapping ads that multi-homing
users previously encountered on both platforms. Users are therefore experi-
encing fewer repeated ads and less repetition in content. This cuts down the
total ad disutility they experience compared with multi-homing across two
separate platforms. The drop in repeated ads improves the user experience
enough to outweigh the loss of having two distinct platforms. As a result,
when §; = 0.9, the user surplus in scenario (ii) ends up higher than in the
multi-homing duopoly.

This comparison also connects back to the earlier discussion on consideration
of different levels of ad disutilities. Varying the ad-nuisance parameter shows
how the merger reshapes the user surplus by either concentrating or reducing
total exposure. In scenario (i), the higher ad nuisance raises the effective
disutility faced by the users, which reduces the surplus. In scenario (ii), the
lower ad nuisance and repeated ads reduce the overall disutility, so users
benefit despite the loss of platform variety.

This investigation yields two key findings on user welfare in ad-based digital
platform markets.

First, multi-homing does not always enhance user welfare. Although exist-
ing literature, such as Anderson et al. (2018) suggests that multi-homing can
generate full network effects by allowing users to interact with all other users
across the different platforms, the current analysis shows that this benefit
is sensitive to the degree of substitutability between platforms. Specifically,
at lower levels of substitutability, users derive distinct stand-alone benefits
from each platform, making multi-homing attractive and welfare-enhancing.
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However, as the substitutability parameter 9; increases and goes beyond a
threshold, users experience a reduced surplus from multi-homing due to re-
dundant content and increased ad exposure, which ultimately lowers their
surplus. This result diverges from prior studies that suggest consistent wel-
fare gains from multi-homing and suggests that in some cases, users are better
off just engaging in a single platform because of the lower ad disutility. This
result clarifies that the relative advantage of one platform over the other
arises not from intrinsic asymmetry in user valuations, but from differences
in ad-related disutility.

Second, the analysis shows that user welfare can, under specific conditions,
be higher in a monopoly (merged) environment than in a duopoly with
multi-homing. When two highly substitutable ad-based platforms consoli-
date, the reduction in duplicated content and ads can outweigh the loss of
inter-platform choice, leading to a net welfare gain for users. This outcome
contrasts with findings in price-based digital platform markets, such as those
discussed in Ambrus et al. (2016) and Anderson et al. (2019), where mergers
generally lead to a reduction in user welfare due to higher prices and re-
duced competition. In ad-based markets, the main welfare channel operates
through the balance between network effects and ad nuisance, rather than
price. Hence, under high substitutability and strong advertisement disutili-
ties, consolidation improves user surplus by eliminating redundant exposure
and enhancing efficiency in content delivery.

In sum, this analysis challenges prevailing assumptions in the platform eco-
nomics literature by demonstrating that (i) multi-homing is not inherently
welfare-improving, and (ii) platform consolidation does not necessarily harm
users. When platforms are highly substitutable and advertising disutility is
significant, users are better off either single-homing on the less ad-intensive
platform or benefiting from a consolidated service that reduces duplication.
However, when platforms remain differentiated, competition between them
continues to yield higher welfare through greater variety and lower aggregate
ad exposure.
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3.5 Conclusion

This chapter has examined how direct network benefits, advertising effec-
tiveness, and advertising disutility jointly determine advertising spending,
user participation, and platform profitability in ad-based digital platforms.
By extending the analysis to environments with multi-homing and potential
platform mergers, the chapter provides a richer and more detailed under-
standing of user welfare under different market structures.

The model shows that a stronger direct network benefits lower advertiser
prices, increases advertiser participation, and raises both advertiser and user
surplus. This combination improves the profitability of the platform and sup-
ports strategies focused on user acquisition and network growth. In contrast,
improvements in advertising effectiveness allow platforms to charge higher
prices without deterring advertisers’ participation, further boosting revenues.
However, the results also reveal a key trade-off: excessive ad nuisance under-
mines user experience, reduces surplus, and discourages participation.

Advertising spending remains roughly stable at moderate levels of ad disu-
tility because higher prices offset the decline in advertiser numbers. Yet,
beyond a critical threshold, user attrition becomes so severe that advertiser
demand and platform profit collapse. This dynamic clarifies both the gains
from expanding user networks and improving ad performance and the limits
imposed by user tolerance of advertising.

Turning to multi-homing, the chapter challenges the widely held assumption
that accessing multiple platforms is always beneficial to users. When plat-
forms provide sufficiently distinct stand-alone value, multi-homing increases
user welfare because it allows users to connect with different networks, dis-
cover unique features, or access differentiated content available on only one
platform.

However, as the substitutability parameter ; increases, reflecting greater du-
plication in content, user interactions, or experience, the marginal benefits of
multi-homing diminish. Beyond a certain threshold, duplicated content and
higher cumulative ad exposure reduce user surplus, making single-homing
preferable. This finding diverges from earlier studies that suggested consis-
tent welfare gains from multi-homing, showing instead that its benefits are
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conditional on platform differentiation.

The analysis also offers a fresh perspective on mergers. In price-based digi-
tal markets, a merger to a monopoly platform typically reduces user surplus
through higher prices and reduced competition. However, in ad-based plat-
forms, allowing mergers between highly substitutable platforms can, under
specific conditions, increase user surplus. This occurs through the elimina-
tion of duplicate content and advertising, lower cumulative ad nuisance, and
stronger consolidated network effects. In such cases, a monopoly platform
may deliver higher welfare than a competitive multi-homing environment.

This result highlights the need to evaluate mergers not only through the lens
of competition but also by considering the structure of user benefits and costs
in ad-based markets. When platforms are close substitutes, consolidation can
reduce redundancy and improve efficiency; when they are complementary,
mergers may instead harm users by removing variety and choice.

The findings carry several important implications for policy and regulatory
oversight of digital advertising markets:

(i) Encouraging network effects: Policies that support open access, inter-
operability, or data portability can strengthen direct network effects.
In the model, stronger direct network effects are associated with greater
user participation and lower equilibrium prices for advertisers, which
can improve user surplus and overall market outcomes.

(ii) Monitoring ad effectiveness and targeting: Since improvements in ad
performance allow platforms to raise prices without losing advertisers,
regulators should focus on transparency of targeting practices and their
effects on both advertisers and users. This ensures that efficiency gains
do not come at the cost of reduced consumer welfare.

(iii) Limit advertising nuisance: The model identifies a natural limit to
monetisation through more frequent or intrusive ads. Guidelines on
acceptable ad load or ad quality standards could protect user experi-
ence, benefiting users, advertisers, and the long-term sustainability of
the platform ecosystem.

(iv) Assessment of mergers in ad-based markets: Merger reviews should
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weigh not only the risks of market concentration, but also the poten-
tial welfare gains from eliminating duplicate content and advertising
when platforms are close substitutes. This is particularly relevant for
competition authorities to evaluate large-scale platform consolidations.

This chapter advances the understanding of ad-based digital platforms by:

(1)

Demonstrating how network effects and advertising effectiveness inter-
act to influence advertisers’ participation, advertising expenditure, and
platform profitability.

Establishing that multi-homing does not universally enhance user wel-
fare, and can lead to welfare losses when platforms are close substitutes
with high ad nuisance.

Providing a structural rationale for how platform mergers can, under
a restricted set of parameter values, improve user welfare in ad-based
digital markets, contrasting with standard results in price-based com-
petition settings.

Taken together, these insights show that platform policies and regulatory
interventions must balance the interests of users, advertisers, and platforms
by promoting healthy network growth, fair advertising practices, and safe-
guards against excessive ad nuisance. They also suggest that merger reviews
in ad-based platform markets should be more nuanced than traditional com-
petition analysis, accounting for both the risks and potential welfare gains of
consolidation. This framework provides a solid foundation for future research
and policy evaluation in the rapidly evolving landscape of digital platforms
and online advertising.
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Thesis Conclusion

This thesis set out to deepen the understanding of how digital platforms func-
tion, compete, and affect user surplus by developing and applying unified the-
oretical and simulation-based frameworks. Traditional models of industrial
organisation provide powerful insights into market competition and efficiency.
Through three interconnected chapters, this research contributes to bridging
that gap by integrating price-based and ad-based platforms within a single
analytical framework and by examining how network effects, mergers, and
advertising strategies jointly shape welfare outcomes.

Chapter 1 established the conceptual and theoretical foundation by develop-
ing a unified and flexible model for analysing digital platform markets. This
framework integrates both price-based and non-price-based platforms into a
single structure, enabling consistent analysis of market strategies, user par-
ticipation, and welfare outcomes. By allowing smooth transitions between
different monetisation approaches, the model provides a comprehensive an-
alytical base for studying digital ecosystems that range from subscription-
based to ad-supported and hybrid configurations. This unified framework not
only strengthens the theoretical foundations of platform economics but also
enhances the ability to evaluate regulatory and policy interventions across
diverse digital markets.

Chapter 2 applied this framework to examine how competition and mar-
ket consolidation influence user surplus in price-based digital markets. Us-
ing a simulation-based approach, the chapter showed that mergers can yield
welfare gains when strong network effects outweigh the loss of competition,
particularly in the transition from triopoly to duopoly. However, further
consolidation from duopoly to monopoly consistently led to welfare losses,
even under strong network effects, due to higher prices and reduced com-
petitive pressure. By incorporating both symmetric and asymmetric market
structures, this analysis demonstrated that the welfare implications of merg-
ers are context-dependent and shaped by network intensity and platform
heterogeneity. These findings provide important insights for policymakers,
suggesting that merger assessments in digital markets should account for the
quantitative strength of network effects and the degree of asymmetry among
competing platforms.
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Chapter 3 extended the analysis to ad-based platforms, focusing on how
network effects, advertising effectiveness, and ad disutility jointly determine
advertising expenditure, user participation, and welfare. The chapter also
introduced multi-homing users engaging with multiple platforms, and showed
that its welfare effects depend critically on platform differentiation. When
platforms are distinct, multi-homing enhances user welfare; when they are
close substitutes, duplicated content and higher ad exposure reduce it. Unlike
price-based markets, mergers among ad-based platforms can, under specific
conditions, improve user welfare by reducing redundancy and ad nuisance.
These results call for a more nuanced approach to merger evaluation in digital
advertising markets, recognising that consolidation can sometimes enhance
efficiency and welfare if platforms are highly substitutable.

Together, the three chapters provide an integrated view of how digital plat-
forms operate under different monetisation models and market structures.
The thesis advances both theory and policy by:

(i) Developing a unified, switchable framework that captures price- and
ad-based platform behaviour within one structure.

(ii) Demonstrating how network effects, asymmetry, and market concen-
tration interact to shape welfare outcomes.

(iii) Challenging conventional wisdom by showing that merger impacts de-
pend on platform characteristics and the nature of user interactions.

(iv) Highlighting the conditional nature of multi-homing benefits and the
welfare trade-offs between advertising intensity, user engagement, and
market power.

While this thesis advances the understanding of digital platform markets, a
few limitations remain and open opportunities for future work. The analysis
is largely static, capturing equilibrium outcomes but not dynamic processes
such as innovation or technological change. Although user heterogeneity is
considered, behavioural aspects could be explored further. Some results rely
on numerical simulations due to analytical intractability, suggesting scope for
empirical validation with real-world data. The study extends from monopoly
to duopoly and triopoly, implicitly addressing market entry, but future re-
search could examine multi-market or vertically integrated platforms. Fi-
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nally, as most platforms use hybrid monetisation models, further work could
explore pricing—advertising trade-offs and their effects on user welfare.

Overall, this thesis develops a unified framework for analysing digital plat-
form markets that bridges gaps between existing theories of industrial or-
ganisation and the evolving realities of digital markets. By integrating price-
based and ad-based competition within a single structure, it advances a more
coherent understanding of how network effects, platform strategies, and mar-
ket structure shape welfare. While the analysis remains theoretical, it offers
a foundation for both empirical validation and policy application in areas
such as merger regulation, advertising standards, and platform governance.

As digital markets continue to expand and diversify, understanding their eco-
nomic mechanisms becomes increasingly vital. Future research building on
this framework can contribute to more effective policies that balance innova-
tion, competition, and welfare in the digital age.
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Appendix A: User Surplus Calculation

Chapter 2: User Surplus Calculation

Integration step by step in the case of Monopoly Full Market Cov-
erage: The utilities are specified as

A

U (s{') = s + an + B! — p;

A 7

UAs?) = 83-4 + Bnit — p]A

Jj\°j

Group-i average surplus on A. By definition

hA hA

— A i 1 1
st - /l U (52 % gy xds = /l (st +anf+ fnd—pi) oy tp xds

Split the integral into the s{-term and the constant terms:

A

h? A A A hA
= A 1 oA, A, 0Ty +ﬁn]’ —D; /1 A
Ust = —— A s 1ds’
1 hf—m[;515z+ [T PR

hA
A A A
+ an; + 5’flj —D;

1 [@ﬁQ

CRA—IA | 2

i

Evaluate the quadratic term:

R N A D AR DS Ry

]

2hf =1y 2Rt -1 2

Hence

U—SA . h?—l—lfl

(Interpretation: the average of the s{-term is the midpoint (h* +1#)/2 and
the other terms are constants that simply add.)
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Group—j average surplus on A. By definition

7oA nt Ar A 1 A & A A A 1 A
US; :/A U; (sj)th_ledsj :/A (sj+6ni —pj)th_ledsj
l j j I J J

Split the integral into the s}“—term and the constant terms:

hA A _ A b4
FoA 1 DA, P /J A
US.:—/ 55 dst + ——— lds;
TR Ty 1

hA
1 G A A
A_JA

Evaluate the quadratic term:

(h)? = ()? (W = I + 1) b+ 2
2(ht —14) 2(ht —14) 2
Hence
_ hA 1A
st = ot =

(Interpretation: the average of the s'-term is the midpoint (hZ' + 14)/2 and
the other terms are constants that simply add.)
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Integration step by step in the case of Monopoly Partial Market
Coverage:

Group—: average surplus on A.

_ 1 B!
US?:hA—AA/ s;“—%anf%—ﬁnf—pf‘ds;“
i ST JaA

1 & A 5 A A A A & A
:m / s;dsi + (an] +,6nj —pi)/gA 1ds;

NG A
TR { 2 " (ani + Bngt — p) (ki — 87")
L ()2 = (5)? A
T ( S anf o+ B = ) - 5
) 4

Group—j average surplus on A.

hA
Fad 1 7oA A A 5 A
USj —W/A Sj +/8n2 _pj de
J J 7S5
_ 1 hJA A A A A h? A
- J J
1 (s5)% s A A A sA
el R PR A
J

b — A — st;*>)
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Thus, the average surplus for a user in group-i and j is:

_ hA 4+ g4 _ hA 1 54
USf:%iZ)—i-anf—kﬁnf—pf‘ : USf:%—l—ﬂnf—pf

178



Proof for Simulation Finding 1 (Figure 2.1 (a))

Monopoly Platform A: h = 60, | = 20 (Partial Market Coverage)

a=B=0|a=f=1|a=B=2|a=B=3|a=B=4|a=B=5
P_i 30 30 30 30 30 30
P_j 30 30 30 30 30 30
n_i 0.75| 0.78897| 0.83113| 0.87695| 0.92697| 0.98182
n_j 0.75| 0.76972| 0.79156| 0.81577 0.8427| 0.87273
Min. s_i value 30| 28.4413| 26.7546| 24.9218| 22.9213| 20.7273
Min. s_j value 30 29.211| 28.3377| 27.3691| 26.2921| 25.0909
Aggregate US_i 11.25| 12.4494| 13.8157| 15.381| 17.1854| 19.2793
Aggregate US_j 11.25| 11.8495| 12.5313| 13.3097| 14.2028| 15.2331
Total US (i+j) 22.5| 24.2989 26.347| 28.6907| 31.3882| 34.5124
Profit 45( 46.7607| 48.6807| 50.7818| 53.0899( 55.6364

Duopoly_Sym: A = B: 60, 20, s = 40, Duopoly_Asym: A: 60, 20; B: 50, 30

a=B=0|a=f=1|a=B=2|a=B=3|a=B=4|a=p=5
US_SYM_2 40 44,5 49 53.5 58 62.5
US_ASYM_2 60 64.5 69 73.5 78 82.5
US_SYM (1-2) -17.5 -20.2011| -22.653| -24.8093| -26.6118( -27.9876
US_ASYM (1-2) -37.5| -40.2011| -42.653| -44.8093| -46.6118| -47.9876

Proof for Simulation Result 1 (Figure 2.1 (b))
Monopoly Platform A: h = 60, | = 20 (Full Market Coverage)

a=B=0|a=f=1|a=Bf=2|a=B=3|a=B=4|a=p=5
n_i 1 1 1 1 1 1
n_j 1 1 1 1 1 1
P_i (I + a*n_i + B*n_j) 20 22 24 26 28 30
P_j (1 + B*n_i) 20 21 22 23 24 25
Average s_i 40 40 40 40 40 40
Average s_j 40 40 40 40 40 40
Aggregate US_i 20 20 20 20 20 20
Aggregate US_j 20 20 20 20 20 20
Total US (i+j) 40 40 40 40 40 40
Profit 40 43 46 49 52 55

Duopoly_Sym: A = B: 60, 20, s = 40, Duopoly_Asym: A: 60, 20; B: 50, 30

a=B=0|a=f=1|a=B=2|a=B=3|a=B=4|a=B=5
US_SYm_2 40 44.5 49 53.5 58 62.5
US_ASYM_2 60 64.5 69 73.5 78 82.5
US_SYM (1-2) 0 -4.5 -9 -13.5 -18 -22.5
US_ASYM (1-2) -20 -24.5 -29 -33.5 -38 -42.5
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Proof for Simulation Finding 1 (Figure 2.1 (d))
artial

Monopoly Platform A:

Proof for Simulation Finding 1 (Figure 2.1 (c)) |
60, 5 (Partial Market Coverage) |

Monopoly Platform A:

5 (Parti

Market Coverage)

=0
30)

=3 | a=4 | a=5

B=0 B

B=3
3

30)

30|
I

30 30 3
0.85714]  0.8792] 090258 0.92739)]
077198

513] 5
Min. s_ivalue Min. s i value 68
Min. s_j value Min. s_j value
[Aggregate Us i [Aggregate Us i
[Aggregate Us j [Aggregate US|
[Total US (i+) [Total Us (i+])
Profit Profit 50.9312| 52.4083]
Duopoly_Sym: Duopoly_S uopoly_As
Us_sym_2 Us_sYm_2

Us_ASYM_2

US_ASYM_2

Us_SYM (1-2)

US_ASYM (1-2) -45.6122

-46.2406]

US_SYM (1-2)

-27.9876)

US_ASYM (1-2)

215561 -23.1211] 24
~41.5561| -43.1211] -44.5624)

-47.9876|

Proof for Simulation R

sult 1 (Figure 2.1 (e))

Proof for Simulation Result 1 (Figure 2.1 (f))

Monopoly Platform A: h = 60, 1 =

0,B=5 (Ft

Il Market Coverage)

Monopoly

Platform A: h = 60, I = 20 a = 5 (Full Market Coverage)

Duopoly_Sy

az0 [ a-1 a=3 | a- | ass
n_j n_i
P_i(I+a*n_i+p*nj) P_i(I+a*n i+p*nj)
Pi(1+B*n, Pi(1+B*n )
[Average's [Average's i
[Average's | [Average's |
|Aggregate Us T [Aggregate Us
|Aggregate US_j |Aggregate US_j
[Total Us (i+]) [Total Us (i+])
Profit Profit

Duopoly_S

YM (1-2)

[Us_Asym (1-2)

Us,
[us_asym (1-2)

275 305 335|365
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Appendix B: Users and Advertisers Surplus
Calculation

Chapter 3: Users and Advertisers Surplus Cal-
culation

Integration step by step in the case of Monopoly Partial Market
Coverage:

Group—: average surplus on A.

_ hi 1 hi 1
USz = / Ul(Sl) X h — X dSZ' = / (Si + a;n; — )\mAd) X h — X dSZ'
E i — Si E i i

7 2

_ 1 B h; hq
US; = . / sids; + (qin; — A\inaq) / 1dsz}

% i

1] (2™

T h—5 | 2

+ (ami — )\znAd)ULz — §z)]

8;

Evaluate the quadratic term:
(ha)® = (8:)% _ (hi = 3:)(hi + 3)

Hence

N

hi—FSi
2

USZ = + a;n; — )\inAd

Group—Ad average surplus on A. By definition

B haa 1 had 1
USaa= / Uada(84a) X 7—————Xds4q = / (5ad+Badni—paan;) X ————— xds;
844 haa — Sad 544 haa — 544

Split the integral into the s44-term and the constant terms:

3 1 r rhaqa haa
USaa = . - / Saddsaq + (Baan; — paani) / 1 dSAd]
Ad — SAd | Js4, $44
1 [ S A4 2 1had A
= - (50) + (Baan; — paani)(haa — $44)
hag —3Saa | 2 |4,
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Evaluate the quadratic term:

(had)® — (344)° _ (hag — 344)(had + 544)
2(hAd - §Ad) 2hAd - §Ad

Hence

— haqg + Sa
USas = % + Baani — padani

Step-by-Step Integration of Multi-Homing User Surplus:

The average surplus for a multi-homing user of type i is given by:

B
_ 5 1
US?’B = (/ (S + Oél /\AnAd) ﬁ X dS?)

SB 1
+ s + n )\Bn X —g——x X ds?
</§f‘ Ad sy — & ' )
+ a;(n AB) - 5;4 . min(slA, s; ) +0; - mln(/\AnAd, /\BnAd)

Step 1 — evaluate the first integral:

B

[AZ (s + a;ng )\AnAd) %xdsf‘

: % %

B _ B
1 A A ant =Xty [T 4
= B oA Si X dsi + B ~A dSi
S — 87 JsA SsY — &4 34
1 1

K3 K3

1 (s7)? — (37)° i — A (sB — 54
sB— 3 2 sB— 34 ’ ¢
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Step 2 — evaluate the second integral:

B
Si 1
B - B B. B B
34 Si 8
B B
s ~ B B, B s
- 1 ‘B B a;ny — A MRy ‘.. B
= 55— s; X ds; + ) ds;
S — S gA S~ — S; gA
(A 1 Si i 1 Si
B\2 AAN2 B B, B
_ 1 (s)° = (57) iy — A7 NiRg (SB B §A)
sP — §Z-A 2 sP— §iA ¢ ¢

1 . -
= S(s7 480 + ami’ — APn

Step 3 — substitute back the evaluated integrals and the final expression is
as follows:

B A B | A
Usit = (57 +57) ;SZ ) + i — Anig + (s +5)

' +%@_ﬁﬁ4

B | Ay (B o 2A
+ o;(n*P) — 62 - min <<S’ ;82 ), (s ;— i )> + 6; - min(Andy, APn® )
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Proof for Simulation Result 1

Group-i: h_i = 20; I_i = 2; Group-Ad: h_Ad =10; |_Ad=2;B_Ad=2;A_i=6
ai=1|oi=11]| ai=12 | ai=13| a_i=14 | a_i=15| a_i=1.6 | a_i=1.7 [ a_i=1.8 | a_i=19 [ a_i=2
P_Ad 6.6695 6.6389 6.6083 6.5777 6.5471 6.5166 6.486 6.4554 6.4248 6.3942| 6.3636
n_i 0.92607 0.93139 0.93677 0.94221 0.94771 0.95328 0.95892 0.96462 0.97039 0.97623| 0.98214
n_Ad 0.70946 0.70992 0.71038 0.71085 0.71133 0.71181 0.71229 0.71278 0.71328 0.71378| 0.71429
s"_i 3.3307 3.235 3.1382 3.0402 2.9412 2.8409 2.7395 2.6368 2.533 2.4278| 2.3214
s”_Ad 4.3243 4.3207 4.3169 4.3132 4.3094 4.3056 4.3017 4.2978 4.2938 4.2898| 4.2857
s_i 11.6653 11.6175 11.5691 11.5201 11.4706 11.4205 11.3697 11.3184 11.2665 11.2139( 11.1607
s_Ad 7.1622 7.1603 7.1585 7.1566 7.1547 7.1528 7.1508 7.1489 7.1469 7.1449| 7.1429
Individual Utility_i 8.3347 8.3825 8.4309 8.4799 8.5294 8.5795 8.6303 8.6816 8.7335 8.7861| 8.8393
User Surplus_i 7.7185 7.8074 7.8978 7.9898 8.0834 8.1787 8.2757 8.3744 8.4749 8.5773| 8.6814
Individual Utility_Ad 2.8378 2.8397 2.8415 2.8434 2.8453 2.8472 2.8492 2.8511 2.8531 2.8551| 2.8571
User Surplus_Ad 2.0133 2.0159 2.0186 2.0212 2.0239 2.0267 2.0294 2.0322 2.0351 2.0379| 2.0408
User Surplus (1+11) 9.7318 9.8233 9.9164 10.0111 10.1074 10.2054 10.3051 10.4067 10.51 10.6152| 10.7223
Profit/ Ad Spending 4.382 4.3897 4.3976 4.4056 4.4136 4.4218 4.4301 4.4385 4.447 4.4556| 4.4643
Ad ing per Advertiser 6.1765 6.1834 6.1905 6.1976 6.2048 6.2121 6.2195 6.227 6.2346 6.2422 6.25
Proof for Simulation Result 2
Group-i: h_i = 20; I_i = 2; Group-Ad: h_Ad =10;|_Ad=2;a_i=2;A_i=6

B_Ad=1[B_Ad=1.1[B_Ad=1.2[B_Ad=1.3[B_Ad=1.4[B_Ad=1.5[B_Ad=1.6]B_Ad=1.7[B_Ad=1.8[B_Ad=1.9[B_Ad=2
P_Ad 5.6355 5.7076 5.7799 5.8524 5.925 5.9977 6.0706 6.1436 6.2168 6.2902| 6.3636
n_i 0.99813 0.99647 0.99482 0.99319 0.99157 0.98996 0.98837 0.98679 0.98523 0.98368| 0.98214
n_Ad 0.67164 0.67608 0.68047 0.68483 0.68915 0.69343 0.69767 0.70188 0.70605 0.71019| 0.71429
s”_i 2.0336 2.0635 2.0932 2.1226 2.1518 2.1807 2.2093 2.2377 2.2659 2.2938| 2.3214
s”_Ad 4.6269 4.5914 4.5562 4.5214 4.4868 4.4526 4.4186 4.3849 4.3516 4.3185| 4.2857
s_i 11.0168 11.0318 11.0466 11.0613 11.0759 11.0903 11.1047 11.1188 11.1329 11.1469( 11.1607
s_Ad 7.3134 7.2957 7.2781 7.2607 7.2434 7.2263 7.2093 7.1925 7.1758 7.1593| 7.1429
Individual Utility_i 8.9832 8.9682 8.9534 8.9387 8.9241 8.9097 8.8953 8.8812 8.8671 8.8531| 8.8393
User Surplus_i 8.9664 8.9366 8.907 8.8778 8.8489 8.8202 8.7919 8.7639 8.7361 8.7086| 8.6814
Individual Utility_Ad 2.6866 2.7043 2.7219 2.7393 2.7566 2.7737 2.7907 2.8075 2.8242 2.8407| 2.8571
User Surplus_Ad 1.8044 1.8283 1.8522 1.876 1.8997 1.9234 1.947 1.9705 1.994 2.0175| 2.0408
User Surplus (1+11) 10.7709 10.7649 10.7592 10.7538 10.7486 10.7436 10.7389 10.7344 10.7302 10.7261| 10.7223
Profit/ Ad 3.778 3.8452 3.9127 3.9806 4.0488 4.1172 4.186 4.2552 4.3246 4.3943| 4.4643
Ad Spending per Advertiser 5.625 5.6875 5.75 5.8125 5.875 5.9375 6 6.0625 6.125 6.1875 6.25

Proof for Simulation Result 3
Group-i: h_i = 20; I_i = 2; Group-Ad: h_Ad = 10;|_Ad=2;0_i=2;B_Ad=2
Ai=6 | Ai=6.1 | ALi=6.2 | Ai=6.3 | Ai=6.4 | Ai=6.5 | Ai=6.6 | Ai=6.7 | Ai=6.8 | A_i=6.9 | Ai=7

P_Ad 6.3636 6.3902 6.4168 6.4436 6.4706 6.4977 6.525 6.5524 6.5799 6.6076| 6.6355
n_i 0.98214 0.97807 0.974 0.96995 0.96591 0.96188 0.95786 0.95385 0.94986 0.94587| 0.9419
n_Ad 0.71429 0.71327 0.71225 0.71124 0.71023 0.70922 0.70822 0.70721 0.70621 0.70522| 0.70423
s”_i 2.3214 2.3948 2.4679 2.5409 2.6136 2.6862 2.7585 2.8306 2.9025 2.9743| 3.0458
s”_Ad 4.2857 4.2939 4.302 4.3101 4.3182 4.3262 4.3343 4.3423 4.3503 4.3583| 4.3662
s_i 11.1607 11.1974 11.234 11.2704 11.3068 11.3431 11.3792 11.4153 11.4513 11.4871| 11.5229
s_Ad 7.1429 7.1469 7.151 7.155 7.1591 7.1631 7.1671 7.1711 7.1751 7.1791| 7.1831
Individual Utility_i 8.8393 8.8026 8.766 8.7296 8.6932 8.6569 8.6208 8.5847 8.5487 8.5129| 8.4771
User Surplus_i 8.6814 8.6095 8.5381 8.4672 8.3968 8.3269 8.2575 8.1885 8.1201 8.0521| 7.9846
Individual Utility_Ad 2.8571 2.8531 2.849 2.845 2.8409 2.8369 2.8329 2.8289 2.8249 2.8209| 2.8169
User Surplus_Ad 2.0408 2.035 2.0292 2.0234 2.0177 2.012 2.0063 2.0006 1.995 1.9893 1.9837
User Surplus (I+11) 10.7223 10.6445 10.5673 10.4907 10.4145 10.3389 10.2638 10.1891 10.115 10.0414| 9.9683
Profit/ Ad dii 4.4643 4.4579 4.4516 4.4452 4.4389 4.4326 4.4263 4.4201 4.4138 4.4076| 4.4014
Ad Spending per Advertiser 6.25 6.25 6.25 6.25 6.25 6.25 6.25 6.25 6.25 6.25 6.25
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Chapter 2: Analytical solution to Monopoly
model

syms h_.i_ Ah_j_ A1 i Al jAabp.lp2n.1ln.2;

eql = n_1 == ((h_i_ A -1_3iA) +a*n1l+bx*n2
+ 1. i A-p.1) / (h_i_A - 1_i_A);

eq2 = n_2 == ((h_j_A - 1_j_A) +Db *xn_1

+ 1_j_A -p.2) / (h_j_A - 1_j_A);

sol = solve([eql, eq2], [n_1, n_2]);

disp([’n_1 = ’, char(sol.n_1)]);
disp([’n_2 > char(sol.n_2)]1);

expr_1 = sol.n_1 * p_1 + sol.n_2 * p_2;
result_1 = diff(expr_1, p_1);
result_2 = diff(expr_1, p_2);

result_1;
result_2;

exprl
expr2

solutions = solve([exprl, expr2], [p_1, p_21);

disp([’p_1 = ’, char(solutions.p_1)]1);
disp([’p_2 = ’, char(solutions.p_2)]);

n_1_expr = subs(sol.n_1, {p_1, p_2}, {solutions.p_1, solutions.p_2});
n_2_expr = subs(sol.n_2, {p_1, p_2}, {solutions.p_1, solutions.p_2});

n_1_expr = simplify(n_1_expr);
n_2_expr = simplify(n_2_expr);

-
|

= ’, char(n_1_expr)]);
>, char(n_2_expr)]);

disp([’n_
disp([’n_2
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Analytical solution to duopoly model

syms n.1n2n3n4x1x2p.1lp2hi A1 i AhiB
1. iBh j A1l j_Ah jB1l_j_Bab;

eql = n_1 == ((h_i_ A +1_i A)/2 + a* (n_1 - n_3)

+b*x (n2-n4) -x1+x2-1_1iB) / (h_i_B - 1_i_B);
eq2 = n_2 == ((h_j_,A +1_j_A)/2 +b* (n_1 - n_3)
-p.1+p2-1_jB) / (h_j_B-1_j_B);

eq3 =n_3 =1 -n_1;

(0}

g4 =n_4 ==1-n_2;

solution = solve([eql, eq2, eq3, eq4]l, [n_1, n_2, n_3, n_4]);
disp([’n_1 = ’, char(solution.n_1)]1);
disp([’n_2 = ’, char(solution.n_2)]);
disp([’n_3 = ’, char(solution.n_3)]);
disp([’n_4 = ’, char(solution.n_4)]);

expr_1 = solution.n_1 * x_1 + solution.n_2 * p_1;
result_1 = simplify(diff(expr_1, x_1));
disp(result_1);

expr_2 = solution.n_1 * x_1 + solution.n_2 * p_1;
result_2 = simplify(diff(expr_2, p_1));
disp(result_2);

expr_3 = solution.n_3 * x_2 + solution.n_4 * p_2;
result_3 = simplify(diff(expr_3, x_2));
disp(result_3);

expr_4 = solution.n_3 * x_2 + solution.n_4 * p_2;
result_4 = simplify(diff(expr_4, p_2));
disp(result_4);

result_1;
result_2;

exprl
expr2
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expr3 = result_3;
expr4d = result_4;

solutions = solve([exprl, expr2, expr3, expr4], [x_1, p_1, x_2, p_2]1);

disp([’x_1 = ’, char(solutions.x_1)]);

disp([’x_2 = ’, char(solutions.x_2)]);

disp([’p_1 = ’, char(solutions.p_1)]);

disp([’p_2 = ’, char(solutions.p_2)]);

n_1_expr = subs(solution.n_1, {x_1, x_2, p_1, p_2},
{solutions.x_1, solutions.x_2, solutions.p_1, solutions.p_2});
n_2_expr = subs(solution.n_2, {x_1, x_2, p_1, p_2},
{solutions.x_1, solutions.x_2, solutions.p_1, solutions.p_2});
n_3_expr = subs(solution.n_3, {x_1, x_2, p_1, p_2},
{solutions.x_1, solutions.x_2, solutions.p_1, solutions.p_2});
n_4_expr = subs(solution.n_4, {x_1, x_2, p_1, p_2},
{solutions.x_1, solutions.x_2, solutions.p_1, solutions.p_2});

n_1_expr = simplify(n_1_expr);
n_2_expr = simplify(n_2_expr);
n_3_expr = simplify(n_3_expr);
n_4_expr = simplify(n_4_expr);

disp([’n_1 = ’, char(n_1_expr)]);
disp([’n_2 = ’, char(n_2_expr)]);
disp([’n_3 = ’, char(n_3_expr)]);
disp([’n_4 = ’, char(n_4_expr)]);

Three Platform Model

syms nl n2 n3 n4 nb n6 s q_1 9.2 9.3 9.4 q9q5q6r_1r2r_3
r4r5r6x1p1nl1ln?2x2x3p.2p.3n.3n4;

h_i_A = input("input the value for h_i_A: ");
1_i_A = input("input the value for 1_i_A: ");
h_j_A = input("input the value for h_j_A: ");
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1_j_A = input("input the value for 1_j_A: ");

h_i_B = input("input the value for h_i_B: ");

1_i_ B = input("input the value for 1_i_B: ");

h_j_B = input("input the value for h_j_B: ");

1_j_B = input("input the value for 1_j_B: ");

h_i_C = input("input the value for h_i_C: ");

1_.i_C = input("input the value for 1_i_C: ");

h_j_C = input("input the value for h_j_C: ");

1_j_C = input("input the value for 1_j_C: ");

a = input("enter a: ");

b = input("enter b: ");

eql = q.1 == (s +a* (q_1 - q_3) +

b*x (g2 - q4) - x.1+x2-11iB)/ (hiB-1_i B);

eq2 = q2==(s+b*(q1-93 -p1l+p2-17jB) / (h jB-1_jB);
eq3 = 9.3 == (s + a x (q_3 - g_b) +

b *x (q4 -96) - x2+x3-1.1C) / (h_i C - 1_.i_C);

eqgd = g4 ==(s+bx* (q.3-95) - p.2+p3-1_j.C / (h_j_C-1_j_C);
eqb = 9.5 == (s +a* (q_5b - gq_1) +

b*x (g6 -9g2) -x3+x.1-13iAa) / (h_i A - 1_i_A);

eq6 = q_6 == (s + b *x (9.5 - q_1) - p3 +p_1-1_j A / (h_j_A - 1_j_A);
eq7 =r_1 == (s +ax* (r_.1 - r_5) +

b* (r2-1.6) -x1+x3-13i0C) / (hiC -1 0);

eq8 =r 2 == (s +bx* (r_1 -r.5) - p_.1 +p3-1_jC / (b_j_C-1_j_C);
eq9 =r.3== (s +ax*x (r.3 - r_1) +

b*x (r.d-r.2) -x2+x.1-1_i4) / (h_i_ A - 1_i_A);

eql0 =r 4 ==(s+b* (r.83-r_1) - p.2+p_1-1_3_A) / (h_j_A - 1_j_A);
eqll = r 5 == (s +ax* (r_.5 - r_3) +

b*x (r.6 -r_4) -x.3+x.2-1iB)/ (h.i B - 1_i_B);

eql2 =r 6 ==(s+b* (r.5-r3) -p3+p2-1_3jB) / (h_j_B-1_j_B);

% Solve equations separately
g_solutions = solve([eql, eq2, eq3, eq4, eq5, eqf],
(-1, 9-2, 9_3, 9_4, 9_5, q_61);

r_solutions = solve([eq7, eq8, eq9, eqlO, eqll, eql2],
[r.1, r .2, r.3, r_ 4, r 5, r_6]);
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% Display solutions

disp(qg_solutions.q_1);
disp(g_solutions.q_2);
disp(q_solutions.q_3);
disp(q_solutions.q_4);
disp(q_solutions.q_5);
disp(q_solutions.q_6);
disp(r_solutions.r_1);
disp(r_solutions.r_2);
disp(r_solutions.r_3);
disp(r_solutions.r_4);
disp(r_solutions.r_5);
disp(r_solutions.r_6);

eql3 = n1 == int((g_solutions.q_1 * r_solutions.r_1
* 1/ (h_ilA - 1.1 A)), s, 1_i A, h i A);

eql4 = n2 == int((g_solutions.q_2 * r_solutions.r_2
* 1/ (h_j_A - 1_j_A)), s, 1_j_A, h_j_A);

eql5 = n3 == int((g_solutions.q_3 * r_solutions.r_3
* 1/ (h.iB-1.1B)), s, 1_.i_B, h_i_B);

eql6 = n4 == int((g_solutions.q_4 * r_solutions.r_4
* 1/ (h_j_B -1_j_B)), s, 1_j_B, h_j_B);

eql7 = nb == 1 - nl - n3;

eql8 = n6 == 1 - n2 - n4;

sol = solve([eql3, eql4, eqlb5, eql6, eql7, eql8], [nl, n2, n3, n4, n5, n6]);

disp([’n_1 = ’, char(sol.n1)]);
disp([’n_2 = ’, char(sol.n2)]);
disp([’n_3 = ’, char(sol.n3)]);
disp([’n_4 = ’, char(sol.n4)]);
disp([’n_6 = ’, char(sol.n5)]1);
disp([’n_6 = ’, char(sol.n6)]);

One dominant and two duopoly model:

eql3 = nb == int((g_solutions.q_5 * r_solutions.r_b
* 1/ (h,i_C - 1.i.C)), s, 1_.i_C, h_i_C);
eql4 = n6 == int((gq_solutions.q_6 * r_solutions.r_6
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* 1/ (_j_.C-1_j.C)), s, 1_j_C, h_j_C);
= n3

eqld = n3 ==
x 1/ (h_i_B
eql6 = n4 ==
x 1/ (h_j_B
eql7 = nl ==
eql8 = n2 ==

sol = solve([eql3, eql4,

disp([’n_1 =
disp([’n_2 =
disp([’n_3 =
disp([’n_4 =
disp([’n_5 =
disp([’n_6 =

eql3 = nl ==
1/ (h i A -
eql4 = n2 ==
1/ (h_j_A -
eqld5 = n3 ==
1/ (h.iB -
eql6 = n4 ==
1/ (h_j_B -
eql7 = nb ==
1/ (i C -
eql8 = n6 ==
1/ (h_j_C -

sol = solve([eql3, eql4,

disp([’n_1 =
disp([’n_2 =
disp([’n_3 =
disp([’n_4 =
disp([’n_5 =
disp([’'n_6 =

int ((g_solutions.q_3 * r_solutions.

-1.iB)), s, 1_i_ B, h_i_B);

int((g_solutions.q_4 * r_solutions.

-1.j.B)), s, 1_j_B, h_j_B);
1 - n3 - nb;
1 - n4 - n6;

> char(sol.n1)]);
> char(sol.n2)]);
> char(sol.n3)]);
> char(sol.n4)]);
> char(sol.nb)]);
> char(sol.n6)]);

int((g_solutions.q_1 * r_solutions.

1_i_A)), s, 1_i_A, h_i_A);

int((g_solutions.q_2 * r_solutions.

1_j_A)), s, 1_j_A, h_j_A);

int((q_solutions.q_3 * r_solutions.

1.iB)), s, 1.1 B, h_i_B);

int((g_solutions.q_4 * r_solutions.

1.j_B)), s, 1_j_B, h_j_B);

r_3

r_ 4

eqlb5, eql6, eql7, eql8], [nl1l, n2, n3, n4, n5,

r_1

r_2

r_3

r 4

int((g_solutions.q_5 * r_solutions.r_

1.i.C)), s, 1.i_C, h_i_C);

int ((g_solutions.q_6 * r_solutions.r_

1.3.0)), s, 1_j_C, h_j_C);

> char(sol.nl1)]);
> char(sol.n2)]);
> char(sol.n3)]);
>, char(sol.n4)]);
> char(sol.nb)]);
> char(sol.n6)]);
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expr_1 = sol.nl * x_1 + sol.n2 * p_1;
result_1 = diff(expr_1, x_1);
disp(result_1);

expr_2 = sol.nl * x_1 + sol.n2 * p_1;
result_2 = diff(expr_2, p_1);
disp(result_2);

expr_3 = sol.n3 * x_2 + sol.n4 * p_2;
result_3 = diff(expr_3, x_2);
disp(result_3);

expr_4 = sol.n3 * x_2 + sol.n4 * p_2;
result_4 = diff(expr_4, p_2);
disp(result_4);

expr_5 = sol.nb * x_3 + sol.n6 * p_3;
result_5 = diff(expr_5, x_3);
disp(result_5);

expr_6 = sol.nb * x_3 + sol.n6 * p_3;
result_6 = diff(expr_6, p_3);
disp(result_6);

x_lexpr = matlabFunction(result_1, ’Vars’, {x_1, p_1, x_2, p_2, x_3, p_3});
p_lexpr = matlabFunction(result_2, ’Vars’, {x_1, p_1, x_2, p_2, x_3, p_3});
x_2expr = matlabFunction(result_3, ’Vars’, {x_1, p_1, x_2, p_2, x_3, p_3});
p_2expr = matlabFunction(result_4, ’Vars’, {x_1, p_1, x_2, p_2, x_3, p_3});
x_3expr = matlabFunction(result_5, ’Vars’, {x_1, p_1, x_2, p_2, x_3, p_3});
p_3expr = matlabFunction(result_6, ’Vars’, {x_1, p_1, x_2, p_2, x_3, p_3});

initial_guess = [0; 0; 0; 0; 0; 0];

equations = @(vars) [x_lexpr(vars(l), vars(2), vars(3), vars(4),
vars(5), vars(6));

p_lexpr(vars(l), vars(2), vars(3), vars(4), vars(5), vars(6));
x_2expr(vars(1l), vars(2), vars(3), vars(4), vars(5), vars(6));
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p_2expr(vars(l), vars(2), vars(3), vars(4), vars(5), vars(6));
x_3expr(vars(1), vars(2), vars(3), vars(4), vars(5), vars(6));
p_3expr(vars(1), vars(2), vars(3), vars(4), vars(5), vars(6))];

options = optimoptions(’fsolve’, ’Display’, ’off’);
solutions = fsolve(equations, initial_guess, options);

x_1val = solutions(1l);
p_lval = solutions(2);
x_2val = solutions(3);
p_2val = solutions(4);
x_3val = solutions(5);
p_3val = solutions(6);

disp([’x_1 = 7, num2str(x_1val)]);

disp([’p_1 = 7, num2str(p_1val)]l);

disp([’x_2 = ’, num2str(x_2val)]);

disp([’p_2 = 7, num2str(p_2val)]);

disp([’x_3 = 7, num2str(x_3val)]);

disp([’p_3 = 7, num2str(p_3val)]l);

n_1_val = double(subs(sol.nl, [x_1, p_1, x_2, p_2, x_3, p_3],
[x_1val, p_1val, x_2val, p_2val, x_3val, p_3vall));

n_2_val = double(subs(sol.n2, [x_1, p_1, x_2, p_2, x_.3, p_3],
[x_1val, p_1lval, x_2val, p_2val, x_3val, p_3vall));

n_3_val = double(subs(sol.n3, [x_1, p_1, x_2, p_2, x_.3, p_3],
[x_1val, p_1lval, x_2val, p_2val, x_3val, p_3vall));

n_4_val = double(subs(sol.n4, [x_1, p_1, x_2, p_2, x_3, p_3],
[x_1val, p_1lval, x_2val, p_2val, x_3val, p_3vall));

n_5_val = double(subs(sol.n5, [x_1, p_1, x_2, p_2, x_3, p_3],
[x_1val, p_1lval, x_2val, p_2val, x_3val, p_3vall));

n_6_val = double(subs(sol.n6, [x_1, p_1, x_2, p_2, x_3, p_3],
[x_1val, p_1lval, x_2val, p_2val, x_3val, p_3vall));
disp([’n_1 = ’, num2str(n_1_val)]);

disp([’n_2 = ’, num2str(n_2_val)]);

disp([’n_3 > num2str(n_3_val)]);
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disp([’n_4 = ’, num2str(n_4_val)]);
disp([’n_5 = ’, num2str(n_5_val)]);
disp([’n_6 = ’, num2str(n_6_val)]);

U_1
U_2
U_A
U_3
U_4

(h_i_A
(h_j_A
(U_1 =
(h_i_B
(h_j_B
(U_3 *
(h_i_C
(h_j_C
(U_5 *

U_A + U_B

disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value

n_1_val
n_3_val
n_b_val
z A+ 2z B

N N N N
hhQ w =
nn

disp([’Value
disp([’Value
disp([’Value

+1_3.C)/2
n_5_val) +

+ U_C;

of
of
of
of
of
of
of
of
of
of
of
of

Uu_1:
Uu_2:
U_A: ’
U_3: "’
u_4:. >’
U_B:
U_b:
Uu_6: ’
u_c: ’
U_i:
U_j: "’
U: "’

* x_1val
* x_2val
* x_3val
+ z_C;

of
of
of

N N N
QW =

+(a
+ (b

+ (a
+ (b

+(a
+ (b
(U_e

= (U_1 *x n_1_val) + (U_3
(U_2 * n_2_val) + (U_4

X X X X X X X X X * ¥

+

n_1_val)
n_1_val)
n_2_val);
n_3_val)
n_3_val)
n_4_val);
n_b5_val)
n_5_val)
n_6_val);
n_3_val) +
n_4_val) +

+

+

num2str(U_1)]1);
num2str(U_2)]1);
num2str(U_A)]);
num2str(U_3)]1);
num2str(U_4)]);
num2str(U_B) 1) ;
num2str(U_5)]);
num2str(U_6)]1);
num2str(U_C)]);
num2str(U_i)]);
num2str (U_j)1);

+ n_2_val * p_1lval;
+ n_4_val * p_2val;
+ n_6_val * p_3val;

num2str(U)]);

num2str(z_A)]);
num2str(z_B)]);
num2str(z_C)]1);
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(b * n_2_val)
p_1lval;

(b * n_4_val)
p_2val;

(b * n_6_val)
p_3val;

- x_1val;

- x_2val,;

- x_3val,;

(U_5 * n_5_val);
(U_6 * n_6_val);



disp([’Value of Z: ’ num2str(Z)]);

Two Platform Model

syms s_.i s_.jabhi AhiBh jAh jBI1 i A1 iB1_j_A1l_j_B
x.1x2p.1p2n1n2n3nj4;

exprl = (s_i + ax(n_1 - n_3) + b*x(n_2 - n_4) - (x_1 - x_2)
- 1.iB)/((h_i_B - 1_i_B)*(h_i_A - 1_i_A));

expr2 = (s_j + bx(n_1 - n_3) - (p_1 - p_2)

- 1_j_B)/((h_j_B - 1_j_B)*(h_j_A - 1_j_A));

I_1 = int(exprl, s_i, 1_i_A, h_i_A);

I_2 = int(expr2, s_j, 1_j_A, h_j_A);

disp(I_1)

disp(I_2)

syms x_1 x_2 p_.1 p.2n.1n2n_3 n_4;

h_i_A = input("input the value for h_i_A: ");

1_i_A = input("input the value for 1_i_A: ");

h_j_A = input("input the value for h_j_A: ");

1_j_A = input("input the value for 1_j_A: ");

h_i_B = input("input the value for h_i_B: ");

1_i_B = input("input the value for 1_i_B: ");

h_j_B = input("input the value for h_j_B: ");

1_j_B = input("input the value for 1_j_B: ");

a = input("enter a: ");

b = input("enter b: ");

eql = n_1 == ((h_i_ A + 1_i_A)/2 + a * (n_1 - n_3) +
b* (n2-n4)-x1+x2-11iB)/ (hiB - 1_i_B);
eq2 = n_2 == ((h_j_.A +1_j_A/2 +Db * (n_1 - n_3) -
p_1+p_2-1_jB) / (h_j_.B - 1_j_B);

eq3 =n_3 ==1-n_1;

eqd =n 4 ==1-n_2;

sol = solve([eql, eq2, eq3, eq4l, [n_1, n_2, n_3, n_41);
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disp(sol.n_1);
disp(sol.n_2);
disp(sol.n_3);
disp(sol.n_4);

expr_1 = sol.n_1 * x_1 + sol.n_2 * p_1;
result_1 = diff(expr_1, x_1);
disp(result_1);

expr_2 = sol.n_1 * x_1 + sol.n_2 * p_1;
result_2 = diff(expr_2, p_1);
disp(result_2);

expr_3 = sol.n_3 *x x_2 + sol.n_4 * p_2;
result_3 = diff(expr_3, x_2);
disp(result_3);

expr_4 = sol.n_3 * x_2 + sol.n_4 * p_2;
result_4 = diff(expr_4, p_2);
disp(result_4);

p_lvalue = solve(result_2 == p_1, p_1);

p_2value = solve(result_4 == p_2, p_2);

disp([’p_1 = ’, char(p_1value)]);

disp([’p_2 = ’, char(p_2value)]);

x_lexpr = matlabFunction(result_1, ’Vars’, [x_1, p_1, x_2, p_2]);
p_lexpr = matlabFunction(result_2, ’Vars’, [x_1, p_1, x_2, p_21);
x_2expr = matlabFunction(result_3, ’Vars’, [x_1, p_1, x_2, p_21);
p_2expr = matlabFunction(result_4, ’Vars’, [x_1, p_1, x_2, p_21);

initial_guess = [0; 0; O; O];
equations = @(vars) [x_lexpr(vars(1l), vars(2), vars(3), vars(4));
p_lexpr(vars(1l), vars(2), vars(3), vars(4));

x_2expr(vars(1l), vars(2), vars(3), vars(4));
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p_2expr(vars(1l), vars(2), vars(3), vars(4))];
options = optimoptions(’fsolve’, ’Display’, ’off’);

solutions = fsolve(equations, initial_guess, options);

solutions(1);
solutions(2);
solutions(3);
solutions(4);

x_1val
p_1lval
x_2val
p_2val

[
-

disp([’x_1 = 7, num2str(x_1val)]);
disp([’p_1 = ’, num2str(p_1ival)]l);
disp([’x_2 > num2str(x_2val)l);
disp([’p_2 = ’, num2str(p_2val)]l);

n_1_val = double(subs(sol.n_1, [x_1, p_1, x_2, p_2],
[x_1val, p_1lval, x_2val, p_2vall));
n_2_val = double(subs(sol.n_2, [x_1, p_1, x_2, p_2],
[x_1val, p_1lval, x_2val, p_2vall]));
n_3_val = double(subs(sol.n_3, [x_1, p_1, x_2, p_2],
[x_1val, p_1lval, x_2val, p_2vall));
n_4_val = double(subs(sol.n_4, [x_1, p_1, x_2, p_2],
[x_1val, p_1lval, x_2val, p_2vall));

disp([’n_1 = ’, num2str(n_1_val)]);

disp([’n_2 = ’, num2str(n_2_val)]);

disp([’n_3 = ’, num2str(n_3_val)]);

disp([’n_4 = ’, num2str(n_4_val)]);
Ul=(h_iA+1iA)/2+a*xn1val +b *xn_2_val - x_1val;
U_2=(h_j_ A+ 1_j_A)/2 + b_A *n_1_val - p_1lval;
UA=U_1x*xn_1_val + U_2 * n_2_val;

U3 =(h_i B+ 1_i B)/2 + a_B *n_3_val + b_.B * n_4_val - x_2val;
U_4 = (h_j B+ 1_j_B)/2 + b_B * n_3_val - p_2val;

UB=U_3 *xn_3_val + U_4 * n_4_val;

U_i =U_1 *n_1_val + U_3 * n_3_val;

U_j =U_2 *xn_2_val + U_4 *x n_4_val;
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U =U_A + U_B;

of
of
of
of
of
of
of
of
of

disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value
disp([’Value

n_1_val x*
n_3_val x*
z_A + z_B;

N N N
W =
Il

disp([’Value of
disp([’Value of

U_1:
U_2:
U_A:
U_3:
U_4:
U_B:
U_i:
U_j:
U: "’

> num2str(U_1)]1);
> num2str(U_2)1);
> num2str(U_A)]);
> num2str(U_3)1);
> num2str(U_4)]1);
> num2str(U_B)]);
> num2str(U_1i)]);
> num2str(U_j)1);
num2str(U)]) ;

x_1lval + n_2_val * p_1lval;
x_2val + n_4_val * p_2val;

z_A:
z_B:

> num2str(z_A)]);
> num2str(z_B)]);

disp([’Value of Z: ’ num2str(Z)]);

Monopoly Platform Model: Partial-Market Cov-

erage

syms p_1 p_.2 n_1 n_2;

N~ N -

sol

input ("Input the
input ("Input the
input ("Input the
input ("Input the
input ("Enter a: ");
input ("Enter b: ");

solve([eql, eq2],

value for
value for
value for
value for

[n_1, n_2]);
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")
")
")

= (.t -11)+a*nl+bx*xn2+11-p1)/ (.1-1_1);
(.2 -12)+b*n1+12-p2) / (h2-1.2);



disp(sol.n_1);
disp(sol.n_2);

expr_1 = sol.n_1 *x p_1 + sol.n_2 * p_2;

result_1 = diff(expr_1, p_1);

result_2 = diff(expr_1, p_2);

p_lvalue = solve(result_1 == p_1, p_1);
p_2value = solve(result_2 == p_2, p_2);
disp([’p_1 = ’, char(p_1value)]);
disp([’p_2 = ’, char(p_2value)]);

p_lexpr = matlabFunction(result_1, ’Vars’, [p_1, p_21);
p_2expr = matlabFunction(result_2, ’Vars’, [p_1, p_21);

initial_guess = [0; 0];

equations = @(vars) [p_lexpr(vars(1l), vars(2));
p_2expr(vars(1l), vars(2))];

options = optimoptions(’fsolve’, ’Display’, ’off’);

solutions = fsolve(equations, initial_guess, options);

solutions(1);
solutions(2);

p_1lval
p_2val

disp([’p_1 = 7, num2str(p_1ival)]);
disp([’p_2 = 7, num2str(p_2val)]);

n_1_val
n_2_val

double(subs(sol.n_1, [p_1, p_2], [p_1val, p_2vall));
double(subs(sol.n_2, [p_1, p_2]1, [p_ival, p_2vall));

disp([’n_1 = ’, num2str(n_1_val)]);
disp([’n_2 > num2str(n_2_val)l);
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= p_lval - a_A * n_1_val - b_A * n_2_val;
p_2val - b_A * n_1_val;

n w0
N =
I

disp([’Value of s_1: ’, num2str(s_1)]);
disp([’Value of s_2: ’, num2str(s_2)]);

(h_1 + s_1)/2;
(h_2 + s8_2)/2;

s_1i
s_J

double(s_1i);
double(s_j);

s_i_val
s_j_val

disp([’Value of s_i: ’, num2str(s_i_val)]);
disp([’Value of s_j: ’, num2str(s_j_val)]);

=g _i+ax*xmn_1_val +b * n_2_val - x_1val;
s_j + b_A xn_1_val - p_lval;

n_1_val *x U_1;

=n_2_val x U_2;

U_i + U_j;

n_1_val * p_lval + n_2_val * p_2val;

e =N =
]

U_1_val
U_2_val

double(U_1);
double(U_2);
U_i_val = double(U_1i);
U_j_val = double(U_j);
U_val = double(U);
z_val = double(z);
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Chapter 3: Ad-based Monopoly Platform

syms p_A n_i n_A;
h_i = input("Input the value for h_i: ");
h_A = input("Input the value for h_A: ");
1_i = input("Input the value for 1_i: ");
= input("Input the value for 1_A: ");

1_A

a_i = input("Enter a_i: ");

b_A = input("Enter b_A: ");

1 = input("Enter 1: ");

eql = n_i == (h_i + (a_i * n_i) - (L * n_A)) / (h_i - 1_i);
eq2 = n_A == (h_,A+ (b_A *xn_i) - (p_.A *n_i)) / (h_A - 1_A);
sol = solve([eql, eq2], [n_i, n_Al);

disp(sol.n_i);
disp(sol.n_A);

expr_1 = sol.n_A * p_A * sol.n_i;

result_1 = diff(expr_1, p_A);
p_Avalue = solve(result_1 == p_A, p_A);
disp([’p_A (symbolic) = ’, char(p_Avalue)]);

%» Define p_Aexpr as a MATLAB function
p_Aexpr = matlabFunction(result_1, ’Vars’, [p_Al);

% Set up fsolve with proper initialization
initial_guess = 0; % Single initial guess for p_A

equations = Q@(p_A) p_Aexpr(p_A);
options = optimoptions(’fsolve’, ’Display’, ’off’);

solutions = fsolve(equations, initial_guess, options);
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p_Aval = solutions;
disp([’p_A (numerical) = ’, num2str(p_Aval)]);
% Substitute back to find n_i and n_A values

n_i_val = double(subs(sol.n_i, [p_Al, [p_Avall));
n_A_val = double(subs(sol.n_A, [p_Al, [p_Avall));

disp([’n_i = ’, num2str(n_i_val)]);
disp([’n_A = ’, num2str(n_A_val)]);
s.1=1x%xmn_A_val - a_i * n_i_val;

s_2 = p_Aval * n_i_val - b_A * n_i_val;
s_1_val = double(s_1);

s_2_val = double(s_2);

disp([’Value of s_i: ’, num2str(s_1_val)]);
disp([’Value of s_Ad: ’, num2str(s_2_val)]);

s_i= (i + s_1)/2;
s_Ad = (h_A + s_2)/2;

s_i_val = double(s_i);
s_Ad_val = double(s_A);

disp([’Value of s_i: ’, num2str(s_i_val)]);
disp([’Value of s_A: ’, num2str(s_Ad_val)]);

Ul =s_i_val + a_i * n_i_val - 1 *x n_A_val;

U_2 = s_A_val + b_A * n_i_val - p_Aval * n_i_val;
U_i =mn_i_val *x U_1;

U_Ad = n_A_val * U_2;

U =7U_i + U_Ad;

z =n_i_val * n_A_val * p_Aval;

A =n_i val * p_Aval;
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U_1_val = double(U_1);

U_2_val = double(U_2);

U_i_val = double(U_i);

U_Ad_val = double(U_Ad);

U_val = double(U);

z_val = double(z);

A_val = double(A);

disp([’Value of U_1: ’, num2str(U_1_val)]);
disp([’Value of U_2: ’, num2str(U_2_val)]);
disp([’Value of U_i: ’, num2str(U_i_val)]);
disp([’Value of U_Ad: ’, num2str(U_Ad_val)]);
disp([’Value of U: ’, num2str(U_val)]);
disp([’Value of z: ’, num2str(z_val)]);
disp([’Value of A: ’, num2str(A_val)]);

Ad-based Monopoly Analytical Solution
syms h.i h A 1.i1AaibApAn.inAl;

% Define the equations
eql = n_i == (h_i + (a_i * n_i) - (L * n_A)) / (h_i - 1_i);
eq2 = n_ A == (h_ A+ (b_,A *n_i) - (p_.A *n_i)) / (h_A - 1_4);

% Solve the equations for n_i and n_A
sol = solve([eql, eq2], [n_i, n_Al);
disp([’n_i = ’, char(sol.n_i)]);
disp([’n_A > char(sol.n_A)]);

% Define the expression and differentiate
expr_1 = sol.n_A * p_A * sol.n_i;
result_1 = diff(expr_1, p_A);

exprl = result_1;

% Solve for p_A
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solutions = solve([exprl], [p_Al);

% Check if ’solutions’ is a symbolic array or structure
if isstruct(solutions)
p_A_sol = solutions.p_A; % Access as a field
else
p_A_sol = solutions; 7% Single symbolic solution
end

disp([’p_A = ’, char(p_A_sol)]);
% Substitute p_A in n_i and n_A

n_i_expr = simplify(subs(sol.n_i, {p_A}, {p_A_sol}));
n_A_expr = simplify(subs(sol.n_A, {p_A}, {p_A_sol}));

>, char(n_i_expr)]);
>, char(n_A_expr)]);

disp([’n_1i
disp([’n_A

p_A = (a_i"2%h_A"2 + h_A"2*¥h_i"2 + h_A"2%1_i"2 - 2%a_ixh_A"2xh_i
+ b_Axh_Axh_i"2 - a_i"2xh_A*1_A + 2%a_ixh_A"2*%1_i + b_A"2xh_ixl

- b_Axh_172%1_A - h_Axh_i"2%1_A - 2xh_A"2xh_ix*1_i - h_Ax1_Ax1_i"2
2%a_ixh_Ax1_Ax1_i - b_Axh_A*1x1_i + b_Axh_ix1_Ax1_i

+ 2xh_Axh_i*1_A*x1_i - a_i*b_Axh_Axh_i - a_ixb_Axh_Axl

+ a_ixb_Axh_i*1_ A + 2%a_ixh_Axh_i*1_A + b_Axh_Axh_i*]1 - b_Axh_ Axh_ix1_1i)/

(2%h_Axh_i"2 - 2xh_i"2%1_A - 2%a_i*h_Axh_i + a_ixh_Ax1 + 2%a_ixh_i*x1_A
+ b_Axh_i*1 - h_Axh_i*1 - 2xh_Axh_i*1_i + h_A*1x1_i + 2*h_i*1_Ax1_i)

n_i=-(2«h_A*h_i"2 - 2%h_i"2*1_A - 2*xa_ixh_Axh_i + a_ixh_Ax1l

+ 2xa_i*h_i*1_A + b_Axh_ix1 - h_A*h_i*1 - 2%h_Axh_ix*x1_i

+ h_Ax1*1_i + 2xh_i*1_Ax1_i)/(2*(a_i - h_i + 1_i)

*(a_i*1_A — a_i*h A + b_Ax1 + h_ Axh i - h_Ax1_i - h_i*1_A + 1_Ax1_i))

n_ A =-(a_i*h_A - b_Axh_i - h_Axh_i + h_Ax1_i)/
(2%(a_i*1_A - a_i*h_ A + b_A*x1 + h_ Axh_i - h_A*1_i - h_i*1_A + 1_Ax1_i))

212



Ad-based Monopoly Model Differentiation Re-
sults

syms h_.A h i 1.i1Aa.ibAlp.A

f_a = (a_i"2*¥h_A"2 + h_A"2%h_i"2 + h_A"2%1_i"2 - 2%a_ixh_A"2%h_i

+ b_Axh_Axh_i"2 - a_i"2xh_Ax1_A + 2%a_ixh_A"2x%1_i + b_A"2xh_ix*1l

- b_Axh_172%1_A - h_Axh_i"2%1_A - 2xh_A"2xh_i*1_i - h_Ax1_Ax1_i"2

- 2%a_ixh_Ax1_Ax1_i - b_Axh_Ax1x]1_i + b_Axh_ix1_Ax1_i

+ 2xh_Axh_ix1_Ax1_i - a_i*b_Axh_Axh_i - a_ixb_Axh_Ax1 + a_i*b_Axh_ix1_A
+ 2%a_ixh_Axh_i*1_A + b_Axh_Axh_i*1 - b_Axh_Axh_ix*x1_i);

g_a = (2xh_Axh_i"2 - 2%h_i"2%1_A - 2%a_ixh_Axh_i + a_ixh_Ax1
+ 2%a_ixh_i*1_A + b_Axh_ix1 - h_A*h_i*1 - 2%h_Axh_ix*x1_i
+ h_Ax1x1_i + 2xh_ix1_Ax1_i);

%» Differentiate numerator and denominator with respect to a_i
df _da = diff(f_a, a_i);
dg_da = diff(g_a, a_i);

% Differentiate numerator and denominator with respect to b_A
df _db = diff(f_a, b_A);
dg_db = diff(g_a, b_A);

% Differentiate numerator and denominator with respect to 1
df _dl = diff(f_a, 1);
dg_dl = diff(g_a, 1);

% Apply the quotient rule for differentiation
dp_da = (df_da * g_a - f_a * dg_da) / g_a"2;
dp_db = (df_db * g_a - f_a * dg_db) / g_a"2;
dp_dl (df_dl * g_a - f_a * dg_dl) / g_a"2;

% Simplify the resulting expressions
dp_da_simplified = simplify(dp_da);
dp_db_simplified = simplify(dp_db);
dp_dl_simplified = simplify(dp_dl);
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disp(’The derivative of p_A with respect to a_i is:’);
disp(dp_da_simplified);

disp(’The derivative of p_A with respect to b_A is:’);
disp(dp_db_simplified) ;

disp(’The derivative of p_A with respect to 1 is:’);
disp(dp_dl_simplified);

The derivative of p_A with respect to a_i is:

-((2xh_A"2*h_i - 2*a_i*h_A"2 - 2xh_A"2*1_i + b_A*h_Axh_i + 2%a_ixh_A*1_A
+ b_A¥h_A*]1 - b_Ax¥h_i*1_A - 2xh_Axh_i*1_A + 2%h_Ax1_Ax1_i)*(2xh_Axh_i~2
- 2xh_i"2%1_A - 2%a_ixh_Axh_i + a_i*h_Ax*x1 + 2xa_ixh_i*1_A + b_Axh_ix]1
h_Axh_i*]1 - 2xh_Axh_i*1_i + h_A*x1*x1_3i + 2xh_i*1_Ax1_1i)

- (h_A*1 - 2*%h_Axh_i + 2xh_ix1_A)*

(a_i*h_A - b_A*h_i - h_Axh_i + h_A*1_i)=*

(a_i*1_A - a_i*¥h_A + b_A*1 + h_Axh_i - h_A*1_i - h_i*1_A + 1_Ax1_i))/
(2%h_Axh_i~2 - 2xh_i"2%1_A - 2%a_ix*h_Axh_i + a_ixh_Ax]

+ 2%a_i*h_i*x1_A + b_Axh_i*1 - h_Axh_ix1 - 2%h_A*h_ix*x1_i

+ h_ Ax1x1_i + 2xh_i*1_Ax1_3i)~2

The derivative of p_A with respect to b_A is:

((h_A*h_i"2 - h_i"2*1_A - a_i*h_Axh_i - a_ix*h_A*1 + a_ixh_i*1_A

+ 2xb_Axh_i*1 + h_Ax¥h_i*1 - h_A¥h_i*1_i - h_A*1x1_i + h_ix1_Ax1_i)=*
(2%h_Axh_i"2 — 2%h_i"2%1_A - 2*a_ixh_Axh_i + a_ixh_Ax1 + 2%a_ixh_ix1_A
+ b_Ax¥h_i*]1 - h_Axh_ix]1 - 2xh_Axh_i*1_i + h_A*x1x1_i + 2xh_i*1_Ax1_3i)

+ h_i*1*(a_i*h_A - b_Axh_i - h_A*¥h_i + h_A*1_i)*(a_i*1_A - a_ixh_A

+ b_A*¥1 + h_A*h_i - h_A*1_i - h_i*1_A + 1_Ax1_1i))/

(2¥h_Axh_i"2 - 2%h_i"2%1_A - 2%a_ixh_Axh_ i + a_ixh_Ax*]

+ 2%a_ixh_i*1_A + b_Axh_ix1 — h_A*h_ix*1 - 2%h_Axh_ix1_i + h_A*x1*x1_i

+ 2%h_i*1_A*1_i)"2

The derivative of p_A with respect to 1 is:

-((h_A - 1_M*(a_i - h i + 1_i)*(a_i*h_A - b_Axh_i - h_Axh_i
+ h_Ax1_i)"2)/(2*¥h_Axh_i"2 - 2xh_i"2%1_A

- 2%a_i*h_A*h_i + a_ixh_Ax1 + 2*a_ixh_i*x1_A + b_Axh_ix*1l

- h_Axh_i*1 - 2*%h_Axh_i*1_i + h_A*1*1_3i + 2*h_i*1_A*x1_i)~2
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Numerical Simulation Results

The derivative of p_A with respect to a_i is:
% Assign values to variables

h_A = input("Input the value for h_A: ");

h_i = input("Input the value for h_i: ");

1_i = input("Input the value for 1_i: ");

1_A = input("Input the value for 1_A: ");

1 = input("Input the value for 1: ");

b_A = input("Input the value for b_A: ");

a_i = input("Input the value for a_i: ");

eql = -((2xh_A"2xh_i - 2%a_i*h_A"2 - 2%h_A"2%1_i + b_A*h_Axh_i + 2%a_ixh_Ax*1_A

+ b_Axh_A*]1 - b_Axh_i*1_A - 2xh_Axh_i*1_A + 2%h_Ax1_Ax1_i)*(2xh_Axh_i~2
2%h_i1"2%1_A - 2%a_i*h_A*h_i + a_i*h_Ax1 + 2%a_ixh_i*1_A + b_Axh_ix1
h_Axh_i*1 - 2xh_Axh_i*1_3i + h_A*1x1_i + 2xh_i*x1_Ax*1_1i)

(h_A*1 - 2%h_Axh_i + 2¥h_i*1_A)*

(a_i*h_A - b_A*h_i - h_Axh_i + h_Ax1_i)x*

(a_i*1_A - a_i*h_A + b_A*1 + h_Axh_i - h_A*1_3i - h_i*1_A + 1_Ax1_i))/
(2%h_Axh_i"2 - 2%h_i"2%1_A - 2%a_ixh_Axh_i + a_ixh_Ax]

+ 2%a_ixh_i*1_A + b_Axh_ix1 - h_A*h_i*1 - 2%h_Axh_ix*x1_i

+ h_Ax1*1_i + 2xh_i*x1_Ax1_i)"2;

disp(’eql =’);
disp(eql);

The derivative of p_A with respect to b_A is:
% Assign values to variables

h_A = input("Input the value for h_A: ");

h_i = input("Input the value for h_i: ");

1_i = input("Input the value for 1_i: ");

1_A = input("Input the value for 1_A: ");

1 = input("Input the value for 1: ");

b_A = input("Input the value for b_A: ");

a_i = input("Input the value for a_i: ");

eq2 = ((h_Axh_i"2 - h_i"2%1_A - a_ixh_Axh_i - a_ixh_Ax1 + a_i*h_i*1_A
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+ 2xb_Axh_i*1 + h_Axh_i*]1 - h_Axh_i*1_i - h_A*1x1_i + h_ix1_Ax1_i)x*
(2%h_Axh_i"2 - 2%h_i"2%1_A - 2%a_i*h_Axh_i + a_ixh_A%1 + 2%a_ixh_ix*x1_A
+ b_Axh_i*1 - h_Axh_ix*1 - 2xh_Axh_i*1_i + h_A*1x1_i + 2xh_i*x1_A*x1_i)

+ h_i*I1*(a_i*h_A - b_Axh_i - h_A*h_i + h_A*1_i)*(a_i*1_A - a_ixh_A

+ b_A*1 + h_Axh_i — h_A*1_i - h_i*1_A + 1_Ax1_i))/

(2%h_Axh_i"2 - 2%h_i"2%1_A - 2%a_ixh_Axh_i + a_ixh_Ax]

+ 2%a_i*xh_i*1_A + b_Axh_ix1 - h_A*h_i*1 - 2%h_Axh_i*1_i + h_A*xIx1_i

+ 2%h_i*x1_Ax1_1i)~2;

disp(’eq2 =’);
disp(eq2);

The derivative of p_A with respect to 1 is:
% Assign values to variables

h_A = input("Input the value for h_A: ");
h_i = input("Input the value for h_i: ");
1_i = input("Input the value for 1_i: ");
1_A = input("Input the value for 1_A: ");
1 = input("Input the value for 1: ");

b_A = input("Input the value for b_A: ");
a_i = input("Input the value for a_i: ");

eq3 = —((h_A - 1_A)*(a_i - h_i + 1_i)*(a_i*h_A - b_A*h_i - h_A*h_i
+ h A*1_i)"2)/(2xh_A*h i~2 - 2%h_i~2x1_A

- 2%a_i*h_A*h_i + a_ixh_Ax1 + 2*a_ixh_i*x1_A + b_Axh_ix*l

- h_ Axh_i*1 — 2%h_Axh_i*1_i + h_A*x1x1_i + 2xh_i*1_Ax1_i)~2;

disp(’eq3 =7);
disp(eqg3);
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