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Abstract

This thesis concerns the theoretical modelling and analysis of a two-dimensional
Im of a perfectly conducting Newtonian liquid coating a uniformly rotating hor-
izontal cylindrical electrode. The system is enclosed by a concentric outer elec-
trode, with the electric potential di erence between the inner and outer electrodes
inducing electrostatic forces at the liquid-gas interface.

The system is investigated for both thin and thick Ims. A thin- Im model,
derived using a classical lubrication approximation, incorporates the e ects of ro-
tation, gravity, viscosity, capillarity, and electric stress, whilst a thick- Im model,
derived using long-wave scalings and the method of weighted residuals, also in-
cludes the additional e ects of viscous dissipation and inertia.

First, as an essential precursor to the electrostatic case, the thin- Im model is
studied in the absence of an electric eld in the case in which the inner electrode
is stationary. A complete description of the late-time asymptotic behaviour of the
Im is derived that reveals three distinct regions of behavior, with the interplay
between gravity and capillarity resulting in a capillary-ripple structure.

Next, the full thin- Im model is studied. For a stationary inner electrode, under

conditions of weak electrostatic e ects, the qualitative behavior is unchanged from
the situation in which the electric eld is absent. For a rotating inner electrode,
a numerical parametric study reveals four distinct behaviors: steady, periodic,
transient, and outer contact (in which the Im touches the outer electrode in a
nite time). Linear stability and multiple-timescale analyses are performed and
reveal that electrostatic e ects induce instability, leading to outer contact.

Finally, the full thick- Im model is investigated, revealing qualitatively similar
behaviour to that in the thin- Im case. The spatiotemporal distribution of the
electric potential at the outer electrode is used to control the ow and, in particular,
the interface is successfully controlled towards complex target shapes using optimal
control.
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Chapter 1
Introduction

In Sections 1.1{1.7, we give a review of the current literature and background
theory regarding the subjects which form the basis of the research described in
this thesis. An overview of the contents of this thesis is provided in Section 1.8,
and the peer-reviewed publication and conference presentations that have arisen
from the results derived in it are listed in Section 1.9.

1.1 Free-surface ows

\Free-surface ow" refers to the ow of a uid in which one or more of the surfaces
bounding the uid are free to move, and hence whose positions are not knowan
priori and must be determined as part of the solution.

Free-surface ows have been the subject of a large number of scienti ¢ inves-
tigations [1{5] due to their central importance in a variety of contexts, as well as
being of intrinsic scienti ¢ interest in their own right. For example, they are vital
to our understanding of a wealth of natural geophysical and biological processes
such as the ow of lava [6], avalanches [7], and mud [8], in water transport in
plants [9], and the ow of liquid water on earth (for example, the ow of rivers
[10], oceans [11], glacial meltwater [12, 13], tsunamis [14], and waterfalls [15]). For
example, Figure 1.1 (a) shows an example of a free-surface ow, namely, an indoor
waterfall. Free-surface ows are also of fundamental signi cance in a vast range
of industrial settings such as in nanotechnology [17], chemical process engineer-
ing [18], and in a wealth of contexts in the marine, aerospace, and automotive
industries. For example, liquid can move around in partially- lled cargo tanks
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(@) (b)

Figure 1.1: (a) The tallest indoor waterfall in the world, located in Jewel
Changi Airport, Singapore. Image adapted from Pixabay. Pixabay License
https://pixabay.com/service/terms/#license. (b) Experimental sloshing states of
water in a rectangular container shown in (i) planar and (ii) wave breaking mo-
tion. Reproduced from Bauerlein and Avila [16], with permission from Cambridge
University Press. Copyright 2021.

on ships [19] and in the fuel tanks of cars [20] and aeroplanes [21], a behaviour
referred to as \sloshing". Sloshing involves complex free-surface ows which must
be understood as part of successful tank design in order to ensure stable vehicle
performance [22]. An experimental example of sloshing is shown in Figure 1.1 (b)
[16]. Another example of industrial free-surface ow arises in the aerospace indus-
try, in which the shape of the free surface of seas and oceans signi cantly a ects
emergency water-landing performance. Thus, precise modelling of various water
conditions is vital for accurate simulations during early aircraft design stages [23,
24].

Free-surface ows are particularly complicated to understand due to the fact
that, as mentioned earlier, the location of the interfaces are not knovanpriori, and
hence must be determined as part of the solution to the governing equations of the
particular system under investigation. In this thesis, we focus on the free-surface
ow of incompressible Newtonian uids, which are governed by the incompressible
Navier{Stokes equations [25, 26], namely,

r u=0; (1.1.1)

Du 2
— = + + 0 1.1.2
5c= Pt rfu+ g (1.1.2)
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where and are constants which denote the uid density and dynamic viscos-
ity, respectively, p and u are functions of space and time (where time is denoted
by t) which denote the uid pressure and the velocity vector eld, respectively,

g denotes acceleration due to gravity, and EDt = @=@t u r is the material
derivative. Equation (1.1.1) is referred to as the \continuity equation” and rep-
resents the conservation of mass within the uid, whilst equation (1.1.2) is often
referred to as the \momentum equation” and describes the conservation of momen-
tum within the uid. The Navier{Stokes equations (1.1.1) and (1.1.2) constitute

a system of challenging nonlinear partial di erential equations (PDEs). Due to
their inherent complexity, they are widely recognised as being di cult to solve
directly (indeed, proving the existence and smoothness of their solutions is one of
the seven Millennium Prize Problems formulated by the Clay Mathematics Insti-
tute [27]). Performing Direct Numerical Simulations (DNS) of the Navier{Stokes
equations (1.1.1) and (1.1.2) can have prohibitively high computational costs (of-
ten having wall-clock runtimes of weeks or months), whilst analytical solutions are
only possible in a small number of restricted special cases. However, there are
various mathematical simpli cations that can be applied in order to render the
Navier{Stokes equations more amenable to analysis. In this thesis, in the context
of free-surface ows, we focus on the development of \reduced-order models".

1.2 Reduced-order modelling of free-surface ows

The motivation for constructing high- delity reduced-order models is twofold:
rstly, to provide quantitatively accurate descriptions of the dynamics of uid
systems at a signi cantly reduced computational cost, and secondly, to facilitate
the interpretation of system dynamics through analytical investigations. A widely
adopted technique for the development of reduced-order models involves leveraging
inherent di erences in length scales within the system, whenever they exist. These
di erences give rise to one or more small aspect ratios, which can be used to sim-
plify the Navier{Stokes equations by transforming them into an asymptotically-
reduced structure, yielding simpli ed equations which can be treated as locally
unidirectional. Reduced-order models complement physical experiments and DNS,
allowing for detailed investigations of underlying phenomena.

This thesis focuses on studying the ow of liquids on curved surfaces, particu-
larly cylindrical substrates. However, in order to establish the foundation for the



Chapter 1: Introduction 4

Figure 1.2: Geometry of the system considered in Section 1.2, namely, a falling
Im on an inclined plane, as considered by Ruyer{Quil and Manneville [29]. Re-
produced from Ruyer{Quil and Manneville [29], with permission from Springer
Nature. Copyright 2000.

modelling techniques used later, we rst explore various methods of developing
reduced-order models in a simpler context. Speci cally, we discuss the relevant
aspect ratio along with what is commonly referred to as the hierarchy of reduced-
order models in the context of a falling Im (i.e., ow driven by gravity in which
liquid ows down the surface of a substrate to form a thin Im) on an inclined
plane in Sections 1.2.1{1.2.5 (see Kalliadaset al. [28] for a comprehensive ex-
planation of the models discussed herein). Throughout this section, we follow the
notation and nondimensionalisation of Ruyer{Quil and Manneville [29]. Accord-
ingly, the geometry considered in this section is shown in Figure 1.2 [29]. The
inclined plane makes an angle to the horizontal and x, y, and z denote the
streamwise, cross-stream, and spanwise directions, respectively. Throughout this
section, we restrict ourselves to the two-dimensional case in which the solution is
independent ofz. This simple system is a paradigm problem for more compli-
cated free-surface ows, and has therefore been widely studied and referenced in
the literature [28, 29], making it an ideal problem for introducing and discussing
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reduced-order models. Moreover, the techniques discussed in this section can be
extended to more complex scenarios, such as three-dimensional ow [29] and ow
over non-planar geometries [30, 31].

1.2.1 Aspect ratio of ow on a planar substrate

In this section, we discuss the relevant aspect ratio of ow on a planar substrate.
Note that for ease of comparison with the aspect ratios of ow on a curved sub-
strate, which are discussed later in Section 1.4.1, throughout this section we (un-
conventionally) phrase our discussion in terms of nondimensional parameters, but
choose not to specify the particular length scale used in the nondimensionalisation
(which could be, for example, a capillary length).

In the case of two-dimensional ow on a planar substrate, there are only two
length scales present within the system: a characteristic dimensionless cross-stream
length scale (typically a characteristic dimensionless Im thickness), which we
shall denote here byH, and a characteristic dimensionless streamwise length scale
(typically a characteristic dimensionless wavelength of the Im), which we shall
denote here by . In contrast to ows on curved substrates (which we discuss
in Section 1.4.1), here, the characteristic radii of curvature of the substrate are
in nite. Hence, the substrate has zero curvature which can therefore be ignored.

There are two situations in which a disparity in length scales within the ow
typically arises, and hence there are two ways to de ne the aspect ratio. The rst
is what we shall refer to hereafter as a \thin- Im approximation”, in which the
thickness of the Im is assumed to be small (compared to unity). In other words,

=01); wn=H 1 (1.2.1)

where i, denotes the thin- Im aspect ratio. A schematic of the relationship

between the two length scales present for ow on a planar substrate in the thin-
Im approximation is shown in Figure 1.3 (a). On the other hand, the second
is what we shall refer to hereafter as a \long-wave approximation”, in which the
length of the variations in the Im thickness are assumed to be large (compared
to unity). In other words,

H = O(1); ong =+ L (1.2.2)
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(@)

(b)

Figure 1.3: Schematic of the relationship between the two length scaldsand
present for ow on a planar substrate. (a) Thin- Im approximation. (b) Long-
wave approximation.

where |hg denotes the long-wave aspect ratio. A schematic of the relationship
between the two length scales present for ow on a planar substrate in the long-
wave approximation is shown in Figure 1.3 (b). Clearly, for a planar substrate
(such as that considered here) these two situations are equivalent, and so the terms
\thin- Im" and \long-wave" can be (and are often) used interchangeably. However,
for a non-planar substrate this is no longer the case due to the introduction of
additional length scales, and we need to be careful to distinguish between the two
approximations. We defer further discussion of this key point until Section 1.4.1
in which we discuss the aspect ratios for ow on a cylindrical substrate.

For brevity, throughout the remainder of this section (in which we only discuss
ow on a planar substrate) we exclusively use the terminology \thin- Im approxi-
mation" and drop the subscripts on and refer to the planar aspect ratio as simply

1.
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1.2.2 Gradient expansion method

We begin in this section by discussing the simplest form of reduced-order model.
Applying a thin- Im approximation to the Navier{Stokes equations (1.1.1) and
(1.1.2) yields a system of PDEs which can be solved order-by-order via a stan-
dard perturbation expansion in powers of . In the literature on the hierarchy of
reduced-order models, a standard perturbation expansion of this form is widely
referred to as a \gradient expansion” (a historical artefact originating from early
studies [29]) in order to distinguish between this classical method and the alterna-
tive perturbation methods which are described in Sections 1.2.4 and 1.2.5. Hence,
for consistency with the existing literature, we shall adopt the nebulous term \gra-
dient expansion" throughout this thesis.

The gradient expansion method leads to a single equation which describes how
the dimensionless Im thickness, denoted by = h(x;t), changes in space and
time (wheret denotes dimensionless time). Benney [32] was the rst to use this
method to describe a falling Im on an inclined plane. Hence, the resulting model
has come to be known as the \Benney equation”, namely,

ho+ e+ Zhoh, Bhdh,+ _heh =0: (1.2.3)
t 3 15 X 3 X 3 XXX . - . e
The parameter 2= 3= 43(gsin )*®) is a Kapitza number which is a di-

mensionless group combining certain powers of what was termed by Kapitza [33]
as the \kinematic surface tension” (i.e., the constant surface tension coe cient
of the free surface divided by the uid density ), the kinematic uid viscosity
(i.e., the dynamic uid viscosity divided by the uid density), and acceleration
due to gravity g. Note that, despite the fact that equation (1.2.3) is known as the
Benney equation, in the original equation derived by Benney [32], the surface ten-
sion term did not actually appear in their equation because it arises at third order
in . However, subsequent studies have demonstrated the critical importance of
including surface tension e ects at rst order [4, 5], hence it is common to assume
that the surface tension parameter is large enough such that it enters equation
(1.2.3) at rst order in . In other words, the original (unscaled) Kapitza number,
denoted by , has been rescaled as®= 2 in deriving equation (1.2.3), where
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9= O(1). The dimensionless parameter
B = cot (1.2.4)

compares the cross-stream and streamwise components of the gravitational force.
In particular, B quanti es the contribution of the hydrostatic pressure gradient,
which vanishes for ow down a vertical wall (i.e.,B = 0 when the wall is vertical
such that = =2). Following the notation and nondimensionalisation of Ruyer{
Quil and Manneville [29], the Reynolds number is de ned aRe = h3 =3, where

hn is the dimensionless thickness of the uniform base state of the ow. This base
state is often referred to as the \Nusselt at Im solution" and corresponds to a
ow with a semi-parabolic velocity pro le u = uy as obtained by Nusselt [34, 35],

1
un = hyy Eyz: (1.2.5)

The leading-order term in the square bracket in equation (1.2.3) represents the
convective e ect of gravity, whilst the rst-order terms represent inertial, gravi-
tational, and capillary e ects (namely, the second, third, and fourth terms in the
square bracket, respectively).

The Benney equation (1.2.3) is successful in capturing the critical Reynolds
number for the onset of instability (often referred to as the \instability thresh-
old") obtained from the linearised Navier{Stokes equations (known as the Orr{
Sommerfeld equations) which shows that solutions are unstable fee.,;; 5B=6
[28]. However, Pumiret al. [36] identi ed that the Benney equation (1.2.3) has
a signi cant drawback in that solutions experience spurious unphysical \blowup"
close to the instability threshold, even in the presence of the regularising e ects
of surface tension. In particular, the Im thicknessh becomes in nite in a nite
time, a non-physical behaviour which does not, of course, occur in experiments or
in DNS of the full Navier{Stokes equations [37]. The occurrence of blowup is a
direct consequence of the highly nonlinear inertial termhfh,), contained in equa-
tion (1.2.3). Blowup occurs for moderate to large inertial e ects; speci cally, it
occurs when the Reynolds number exceeds a limiting value which is greater than,
but close to, the instability threshold Reyi;. The exact value of the Reynolds
number at which blowup occurs depends on the Kapitza number and the incli-
nation angle of the plane , but typically is of order unity [28, 38]. The blowup
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phenomenon persists even when higher-order terms are included in the gradient
expansion, as this leads to the emergence of increasingly nonlinear terms [39, 40].
The main reason that the Benney equation (1.2.3) struggles to describe non-
linear behaviour for moderate to large Reynolds numbers is due to the fact that
all ow variables are dependent on the Im thickness (for example, the uxq is
an explicit function of h, hence the velocity depends oh via g). In Sections 1.2.4
and 1.2.5, we show that introducing more degrees of freedom through averaging
techniques allows us to describe the dynamics of the Im su ciently far from the
instability threshold [29].

1.2.3 Weakly nonlinear method

Weakly nonlinear equations are, in general, more amenable to analysis than fully
nonlinear equations. The weakly nonlinear model for a falling Im on an inclined
plane is widely known as the Kuramoto{Sivashinsky equation, which emerged as
a result of Kuramoto's work on reaction-di usion systems [41] and Sivashinsky's
investigations into ame front propagation [42]. Sivashinsky and Michelson [43]
applied weakly nonlinear theory to the Benney equation (1.2.3) in order to derive
an evolution equation forh that is valid in the presence of inertia. They considered
small interfacial perturbations about some uniform steady statg = h by setting
h=h+ hin (1.2.3) whereh = h(x;t) and 1 are the shape and size of the
perturbation, respectively. Additionally, they performed a Galilean transformation
by rescaling the space and time variables and t respectively asx = x t and

t = t in order to transform the equations into a moving frame of reference that
removes the convective gravitational term but has no e ect on the dynamics of
the system. This yields the Kuramoto{Sivashinsky equation, namely,

he + hhy + hyy + hyyux = 0; (1.2.6)

in which the second, third, and fourth terms represent gravitational, inertial,
and capillary e ects, respectively. Notably, unlike the Benney equation (1.2.3),
the Kuramoto{Sivashinsky equation (1.2.6) does not exhibit blowup [29]. The
Kuramoto{Sivashinsky equation (1.2.6) is applicable to a wide range of physical
systems, such as interfacial ows [44, 45], and has also been widely used in control
theory [46, 47] (which we discuss in Section 1.7). Previous analytical [48] and
computational [43, 49, 50] studies have shown that solutions to the Kuramoto{
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Sivashinsky equation (1.2.6) display a wealth of complex behaviour including pe-
riodic, quasi-periodic, and chaotic solutions. However, note that equation (1.2.6)
relies on the assumption that the magnitude of the perturbation is small rela-
tive to the steady stateh, and, as a result, is only valid in this particular situation
(this assumption could be appropriate for a system with, for example, high surface
tension).

1.2.4 Integral boundary layer (IBL) method

Shkadov [51] introduced the integral boundary layér(IBL) method in an attempt

to address the blowup that arises in solving the Benney equation (1.2.3). Most at-
tempts to accurately model ows with moderate Reynolds numbers revolve around
relaxing the constraint that the velocity is a function of only the Im thickness
(i.e., relaxing the condition that g = q(h)). This is necessitated by the fact that in
this regime, q (and potentially other parameters) evolve independently and can-
not accurately be described as functions df only [28]. Indeed, it can be seen
from the Navier{Stokes equations (1.1.1) and (1.1.2) thati, for example, evolves
independently. The IBL method combines the assumption of a semi-parabolic ve-
locity pro le within the Im with the Karman{Pohlhausen averaging method from
aerodynamic boundary-layer theory [28, 29, 57], which was initially applied to Im
ows by Kapitza [33].

The rst step of the IBL method is to apply a thin- Im approximation to the
Navier{Stokes equations (1.1.1) and (1.1.2) from which a boundary-layer equa-
tion, which we denote byB(u) = O, for the dimensionless streamwise velocity
u = u(x;y;t) is derived. Note that we do not give an account of the process of de-
riving a boundary-layer equation here as a comprehensive example of this process
will be given in Chapter 2. The velocityu is assumed to always be of the same
locally-parabolic form coinciding with the Nusselt at Im solution (1.2.5). The
boundary-layer equationB(u) = 0 is then integrated across the Im thickness and
evaluated subject to appropriate boundary conditions. This methodology vyields a

INote that the term \boundary layer" is used somewhat inaccurately here, as it does not
describe a traditional high Reynolds number viscous boundary layer. Nevertheless, the equation
that we derive shares structural resemblances to the Prandtl equation in boundary-layer theory
[28]. Due to this parallel, the term has gained widespread acceptance in the literature [29, 31,
37, 52{56], leading us to adopt it in this thesis.
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two-equation model for the Im thicknessh and the dimensionless volume ux,
Z h
g= q(x;t) = u dy: 1.2.7)

0

In the case of a falling Im on an inclined plane, this process yields

5 5 5B 2 50
% éh + éq + 2% + ?h % hy ?hxxx =0; (1.2.8)

NI ol

along with the integral form of the kinematic condition, namely,
hi+ g =0: (1.2.9)

Equations (1.2.8) and (1.2.9) constitute a closed system governing the evolution
of the Im thickness h and the ux g, and is known as \Shkadov's model" [29,
51]. As explained earlier in Section 1.2.2, to obtain equation (1.2.8), Shkadov
[51] rescaled the original Kapitza number as °= 2, where °= O(1) and
retained terms up to and including rst order in . The rst two terms in (1.2.8)
correspond to streamwise gravitational acceleration and viscosity, respectively, the
third, fourth, and sixth terms are inertial terms, and the fth and nal terms
represent the stabilising e ect of gravity and capillarity, respectively. Contrary
to the Benney equation (1.2.3) in which all variables are dependent dm the
IBL method provides greater freedom to the velocity, allowing it to have its own
evolution via q (which evolves independent oh). The solutions to Shkadov's
model (1.2.8) and (1.2.9) remain free from blowup, and it has been shown to be
successful in describing nonlinear regimes at moderate Reynolds numbers [28].
However, Shkadov's model (1.2.8) and (1.2.9) has its limitations: performing a
gradient expansion ory (i.e., expandinggasq= @+ 1+ :::) in Shkadov's model
and solving to rst order in  yields an expression foq that is inconsistent with
the accurate expansion given by the Benney equation (1.2.3). In particular, the
expression is identical to the terms in the square brackets in the Benney equation
(1.2.3) with the exception of a coe cient of 1=9 for the inertial term instead of
the correct coe cient of 2=15. This leads to an inaccurate estimation of the linear
instability threshold, yielding Re.i = B instead ofRey; = 5B=6 [28]. Hence, the
IBL method fails to accurately predict ow behavior near the instability threshold,
which therefore limits the use of Shkadov's model [28]. This issue arises from the
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assumption of the semi-parabolic velocity pro le because rst-order corrections
to the velocity prole play a crucial role in precisely predicting the instability
threshold [58]. Some authors have attempted to rectify this disparity by including
higher-order terms [59] or surface tension corrections [60] but were unsuccessful,
with the inaccurate instability threshold being recovered in both cases. Hence,
to overcome this limitation, a more precise treatment of the rst-order terms is
necessary [28, 61].

1.2.5 Weighted residual IBL (WRIBL) method

The limitations of the Benney equation (1.2.3) and Shkadov's model (1.2.8) and
(1.2.9) were overcome by Ruyer{Quil and Manneville [29] who described a weighted
residual IBL (WRIBL) approach. The WRIBL method extends the IBL method

by combining a gradient expansion with a weighted residual technique which uses
polynomials iny as test functions. This results in models that o er an e cient,
yet highly precise, means of describing the ow dynamics.

In the WRIBL method, is considered to be an \ordering" parameter: speci -
cally, it is used to assert the expected relative magnitudes of particular terms and
their derivatives during the calculations rather than having an explicit value of its
own, and hence is set equal to unity in the nal model. This approach has been
used and validated extensively by many authors including Ruyer{Quit al. [29,
52, 62, 63], Kalliadasiset al. [28, 54], Scheicet al. [37], Oron and Heining [53],
Thompsonet al. [64, 65], and Wrayet al. [31, 56]. As in the IBL method explained
in Section 1.2.4, the rst step of the WRIBL method is to derive a boundary-layer
equation. In the case of a two-dimensional falling Im on an inclined plane, to
second order in this is given by

B(uy=  (uy+1)+ (u+uu+vuy+Bhy  Tyy)
2 Uy + (Uxjy=n), + O( %) =0; (1.2.10)
. R, o .
wherev can be written in terms ofu asv = o Ux dy from the continuity equation

(1.1.1) [29]. The tangential stress balance at the interface is

(Uy)yep = 2[8hUx Vilpops (1.2.11)
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the no-slip and no-penetration conditions are
Ujy=0 = Vjy=0 = 0; (1.2.12)
and the kinematic condition is
(h¢ + uhy V) jy=n =0: (1.2.13)

The improvement in the performance of the IBL method over the gradient
expansion method rests on the treatment of the leading-order viscous temm,
in equation (1.2.10). As we shall see, the WRIBL method produces models that
correctly predict the linear stability threshold, do not experience blowup, and cor-
rectly describe the nonlinear dynamics for a broader range of Reynolds numbers
than the Benney equation (1.2.3). It has been shown to be successful in describ-
ing the dynamics of falling Ims on vertical and inclined planes for intermediate
Reynolds numbers [28], and has subsequently been used by many authors in var-
ious contexts [37, 52, 63, 66, 67], most relevant to the work in this thesis being
the recent work by Wray et al. [31, 56] which will be discussed in detail in Section
1.4.4.

Ruyer{Quil and Manneville [29] formulated three WRIBL models: a two-
equation system that is accurate tdO( ) (referred to as the \rst-order WRIBL
model"), a four-equation system that is accurate t@( 2) (referred to as the \full
second-order WRIBL model”), and a two-equation system which is a hybrid be-
tween the two previous models in terms of complexity and accuracy (referred to
as the \simpli ed second-order WRIBL model"). We discuss each of these in turn
in Sections 1.2.5.1{1.2.5.3.

1.2.5.1 First-order model

To outline the WRIBL method, we begin by deriving a model that is accurate to
rst order. Following the methodology proposed by Ruyer{Quil and Manneville
[29], we seek a solution fau in the form of a series expansion based on a separation
of variables,

X
u(x;y;t) = ao(x; t)fo(y) + al (x; 1)f W (y) + O( ?); (1.2.14)

n=1
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complete set of basis functions in the cross-stream coordinatefor the space of
su ciently smooth functions suchthat 0 y  h which satisfy the no-slip and no-
penetration conditions (1.2.12), the tangential stress condition (1.2.11) to leading
order, and the kinematic condition (1.2.13). The \(1)" superscript denotes that
the terms are rst order in . Speci cally, the leading-order solution foru, which
we denote byug, namely,

1
Uo(y) = hy Sy (1.2.15)
requires choosing o(y) = Uo, where thea, and a5’ (for n = 1;:::;N) are ampli-
tudes which are to be determined. Note that when the Im is uniform, the velocity
distribution is semi-parabolic and every amplitudeaﬁl) (forn=1;:::;N) vanishes

(except for ap). Therefore, theal” terms account for the deviation of the veloc-
ity pro le from the leading-order semi-parabolic solution (1.2.15) induced by the

can be determined by substituting the expansion (1.2.14) into the boundary-layer
equation (1.2.10) and matching powers of. However, this is, in general, an oner-
ous process, even at rst order [29, 55]. Ruyer{Quil and Manneville [29] showed
that this procedure may be simpli ed signi cantly by the use of a weighted integral
method. Speci cally, we assume that the function space is equipped with an inner

product, de ned as 7
h
h i o= 1 2 dy; (1.2.16)
0
for some functions 1.,. We use weight functionsy; = w; (x;y;t) (forj =0;:::;J),
which are to be determined, to de ne the residual®; = R;(x;t) (for j =0;:::;J)
as
R; = hw;;B(u)i for j =0;:::;3; (1.2.17)

whereu is given by (1.2.14) andB(u) is given by (1.2.10) (neglecting second order
terms). Setting the residuals (1.2.17) to zero (i.e., setting; = 0) yields a system

in general, we require] = N [29].

The particular weighted residuals method is determined by the selection of
the weightsw;. Common methods include the collocation method, the method
of moments, and the Galerkin method, each using speci ¢ weight functions: dirac
delta functions for the collocation method, polynomials iry=h for the method of
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moments, and the test functions directly for the Galerkin method [28]. Increasing
the number of residuals (i.e., increasing the value df) expedites the convergence
to the solution [28].
Upon truncating the boundary-layer equation (1.2.10) at rst order in , cal-
culation of the residuals (1.2.17) yields
Z h

Rj = i wWi(Y)[ (uy +1)+ (u+ uux+ vuy + Bhy )] dy: (1.2.18)
Whilst di erent weights w; will yield di erent systems of equations, all will ulti-
mately produce the same coe cients [29]. However, as we shall see, a judicious
choice of the weights can make determination of the velocity substantially simpler.
The key point in determining the optimum choice of weightsy; arises from the

in , and hence can only enter the rst-order truncation of equation (1.2.18) via
the leading-order viscous termuy,. Hence, if this term can be written explicitly

agl) .....

the weighted average of the leading-order viscous tera), yields
yA h YA h

0 Wi (y)uyy dy = [Wj uy]y:O [U(Wj)y]y:h + o U(Wj)yy dy; (1.2.19)
where we have used two applications of integration by parts and applied the no-slip
condition (1.2.12) and tangential stress balance (1.2.11). As mentioned earlier, in
general, the number of weights that are required is equal to the number of basis
functions (i.e.,J = N) [29]. However, notably, a single weight functiony,, su ces
if we select this speci ¢ weight function in a manner that removes the dependence

choosewy such that
Wojy=o = 0;  [(Wo)yl,-, =0;  (Wo)yy = C; (1.2.20)

for some non-zero constant, which is free to be chosen. The rst and second
conditions in (1.2.20) are chosen such that the rst and second terms in (1.2.19)
are zero, respectively, and the nal condition is chosen such that the nal term in
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(1.2.19) reduces to exactly the ux (1.2.7) for= 1. Solving the system (1.2.20)
with the particular choice c= 1 yields the weight function,

Wo = hy %yz; (1.2.21)

which is identical to the leading-order solutiorf, (1.2.15). Indeed, as we recalf,o
corresponds to the solutiorug to the leading-order problem for the velocity,

Uojy=o = 0; [(Uo)yly=h =0; (Ug)yy = 1 (1.2.22)

Therefore, when we take into account the two instances of integration by parts
used to derive (1.2.19), the likeness between the weighy and the test function
fo can be linked to the self-adjoint nature of the linear operatot. @, in the
space of functions satisfying the boundary conditions (1.2.22) [28, 29, 56].

With this choice of wp, this corresponds to the Galerkin weighted residual
method, wherein, as mentioned earlier, the test functions are used as the weight
functions [29, 56, 57]. The Galerkin method is the most e cient WRIBL method,
leading to a minimum amount of algebra [28, 62]. Note that it is not always the
case that the weight functions and test functions coincide: in some geometries,
the operator of the leading-order viscous term is not self-adjoint, resulting in a
disparity between the test functions and the basis functions [29].

In practice, it is more convenient to eliminateay (which has no physical signif-
icance) in favour of the ux q (1.2.7) as this is a quantity which can be measured
physically and, in addition, simpli es the resulting equation. Substituting the ex-
pansion foru (1.2.14) into (1.2.7) and truncating to rst order yields an expression
for ag in terms of g, namely,

P R
9 pad g fidy

Qfody

a = (1.2.23)
Hence, evaluating the zeroth residuaR = hwp; B(u)i and setting it equal to

zero yields

17qq , 5B q 2 50

5 9
% gh+ g+ f+ Toh o 00 he Sohe =00 (1.2.24)

NI ol

where a; has been eliminated in favour ofy (1.2.23) [29, 52]. Equation (1.2.24)



Chapter 1: Introduction 17

along with the integral form of the kinematic condition (1.2.9) constitute a closed
system governing the evolution of the Im thicknes$ and the ux g, and is known

as the \rst-order WRIBL model". Note that this model resembles Shkadov's
model (1.2.8) and (1.2.9) but with di erent numerical coe cients for the inertial
terms. Speci cally, the third, fourth, and sixth terms in equation (1.2.24) have
di erent coe cients than the corresponding terms in equation (1.2.8). Indeed,
Shkadov's model is a particular case of a simple weighted residuals modelling
approach; if we instead choose/, = 1 rather than (1.2.21) then evaluation of
Ro = hl; B(u)i recovers Shkadov's model (1.2.8) and (1.2.9).

The rst-order WRIBL model does not exhibit blowup and, upon perform-
ing a gradient expansion org, recovers the Benney equation (1.2.3), and hence
accurately predicts the linear instability threshold. Notably, as a result of incor-
porating deviations from the semi-parabolic pro le into the velocity eld, it also
captures nonlinear ow characteristics well [28, 29]. Figure 1.4 shows the results
of Cimpeanuet al. [68] who compared results from the rst-order WRIBL model
(1.2.9) and (1.2.24) with those from the Kuramoto{Sivashinsky equation (1.2.6)
(with slightly di erent coe cients due to di erences in scalings), showing that the
WRIBL model yields excellent agreement with DNS.

1.2.5.2 FRull second-order model

Ruyer{Quil and Manneville [29] also developed a model that is accurate to sec-
ond order which, in particular, incorporates the second-order viscous terms. The
derivation of this extended model is cumbersome, hence here we only outline the
key points and refer the reader to Ruyer{Quil and Manneville [29] or Kalliadasis
et al. [28] for a comprehensive description.

The rst key step is to determine the minimum number of polynomials that
are required to provide an expression fan that is accurate to rst order, which
corresponds to the number of independent elds that are needed to ensure consis-
tency at second order (for example, in Section 1.2.5.1, only one extra elg, was
necessary in addition toh to ensure consistency at rst order). Ruyer{Quil and
Manneville [29] showed that only two additional elds are necessary to ensure con-
sistency at second order. We seek a solution foiin the form of a series expansion
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Figure 1.4: Results of calculations by Cimpeanat al. [68]. The top panel shows
(left-to-right) the Im thickness as obtained from calculations based on the Ku-
ramoto{Sivashinsky equation (1.2.6), the rst-order WRIBL model (1.2.9) and
(1.2.24), and DNS. The bottom left-hand panel shows the evolution of the Im
thickness and the bottom right-hand panel compares saturated interface shapes,
both for the rst-order WRIBL model (1.2.9) and (1.2.24) (orange) and DNS
(blue). Reproduced from Cimpeanwet al. [68], with permission from Springer
Nature. Copyright 2021.
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based on a separation of variables,

X X
u(x;y;t) = ao(x;t)fo(y) + G f )+ 2 aR )i P (y)+ O )

n=1 m=1
(1.2.25)
where, analogous to the M and af” in Section 1.2.5.1, thef 2 and a? (for
m = 1;:::;M) are chosen test functions and amplitudes, respectively, which are

to be determined, and the \(1)" and \(2)" superscripts denote that the terms
are rst and second order in , respectively. In a similar manner to the rst-
order case, an optimum choice of weight functions; can make evaluation of the
residuals (1.2.17) signi cantly simpler by avoiding the requirement to compute the
£ and a (for m=1;:::;M). To obtain an expression foru (1.2.25) that is

and Manneville [29] showed that at rst orderu involves three basis functions,
which we denote here by, F1, and F,, and hence can be written as

h i
u= ag(xt)Fo(y) + aFai(y)+ a’Fa(y) + O( ?): (1.2.26)

whereFy = fo, F1 is a linear combination off , and £ forn = 1;2, andF; is
a linear combination offo and f{" for n = 1;2;3;4. Sinceu given by (1.2.26)
involves three basis functions, it therefore requires three weight functiong for
] =0;1;2. As a result, there are three residuals (1.2.17) to evaluate.

In a similar manner to in the rst-order case, the key term term in the calcu-
lation of the residuals is the leading-order viscous termyy,, since the unknown

to O( ) via this term. A similar argument to the rst-order case given in Sec-
tion 1.2.5.1 yieldsw; = F; forj =0;1,;2, coinciding, as before, with the Galerkin
method. As before,ay can be eliminated in favour ofg, and an expression fou
can be obtained, namely,

3 1
u=2@ s ) % 5 + T2p, P, L1 (@227)

y 2 4% y . 2105, y
h

wheres; = s;(x;t) and s, = s,(x;t) are inertial terms that account for the devi-
ation of the velocity pro le from the leading-order semi-parabolic pro le (1.2.15),
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and P1(y=h) and P,(y=h) are fourth-order and sixth-order polynomials, respec-
tively [29].

Evaluation of the three residualsR; = 0, R, = 0, and R3 = 0, along with
the kinematic condition (1.2.9) yields a coupled system of four partial di erential
equations forh, g, s;, and s,. The full model is cumbersome to write down,
and so the reader is referred to equations (11) and (38){(40) of Ruyer{Quil and
Manneville [29]. Notably, the full second-order WRIBL model includes the e ect
of viscous dissipation, which was absent from the rst-order WRIBL model (1.2.9)
and (1.2.24) since, as previously explained, the viscous terms arise at second order
in the boundary-layer equation (1.2.10) and the tangential stress balance (1.2.11).
The full second-order WRIBL model does not exhibit blowup and yields excellent
agreement with experiments and DNS [29]. In particular, upon performing a
gradient expansion org, s;, and s,, it recovers the second-order Benney equation
(see equations (5.13){(5.14c) of Kalliadasiet al. [28, 29, 39]).

1.2.5.3 Simpli ed second-order model

The complexity of the full second-order WRIBL model restricts its amenability to
both analytical and numerical analysis. A simplied version, widely referred to
as the \simpli ed second-order WRIBL model" was derived by Ruyer{Quil and
Manneville [29]. The simplied model neglects second-order inertial e ects by
the ad hocelimination of s; and s, in the velocity expansion (1.2.14), whilst still
retaining second-order streamwise viscous e ects. Ruyer{Quil and Manneville [62]
noted that, by a linear stability analysis, it can be shown that the relaxation times
of s; and s; (i.e., the characteristic times taken bys; and s, to return to a state of
equilibrium) are signi cantly shorter than those of q (which takes longer to settle
down after being disturbed), therefore partly justifying thead hocassumption that
s; and s, can be neglected. Under this assumptiors; and s, may enter into the
calculation at O( ?) via the terms
Z h
u(Fj)yy dy; (1.2.28)

0

which appear in the evaluation of the residuals (1.2.17) as shown in equation

(fo)yy = 1,51 and s, do not appear in the evaluation ofR;. Hence, only the
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leading-order term agf 3 of the velocity expansion (1.2.25) (and thus, only the
leading-order basis functionwy) is required. Hence, the model involves only two
elds (rather than four), namely, h and g. Therefore, evaluating the zeroth residual
Ro = hwg; B(u)i yields

59 5 179q 5B 9 q 2 50
T YTt oM 7 M ghe
2 4Q(h2) éq‘h eqL“ + S0 =0: (1.2.29)

The second-order terms in (1.2.29) arise from the termsug + (Uxjy=n), in the
boundary-layer equation (1.2.10) and the terms on the right-hand side of the tan-
gental stress balance (1.2.11), and incorporate the e ect of viscous dissipation
that is not present in the rst-order WRIBL model (1.2.24), but does not include
the second-order inertial e ects related tos; and s, that are present in the full
second-order WRIBL model.

Equation (1.2.29) along with the kinematic condition (1.2.9) constitute a closed
system governing the evolution of the Im thicknes$h and the ux g. This model
predicts the correct linear stability threshold [29], however, it does lose its second-
order accuracy: speci cally, it does not recover the second-order Benney equation
(equations (5.13){(5.14c) of Kalliadasiset al. [28]) upon performing a gradient
expansion ong. Speci cally, the coe cient of one of the inertial terms is 212525
instead of the correct value 125315 [37]. Nonetheless, the simpli ed second-order
WRIBL model is signi cantly more amenable to both analytical and numerical
investigations in comparison to the full second-order WRIBL model [29], and is
more accurate than the rst-order WRIBL model (1.2.9) and (1.2.24) [29, 62].
Hence, many studies make use of the simpli ed second-order WRIBL model rather
than the full second-order WRIBL model [31, 37, 52, 55, 56, 69]. In this thesis,
we derive a simpli ed second-order WRIBL model in the context of our problem.

1.3 Analysis of free-surface ows

Reduced-order models are more amenable to analytical and numerical analysis
than the Navier{Stokes equations (1.1.1) and (1.1.2). In this thesis, we employ
linear stability analyses, multiple-timescale analyses, and numerical methods used
in solving nonlinear ordinary di erential equations (ODEs) and PDEs. We brie 'y
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outline the theory of each of these in Sections 1.3.1{1.3.3, respectively, as essential
precursors to both the work in this thesis and to the discussions that follow in the
remainder of this chapter.

1.3.1 Linear stability

In Chapter 4, we perform linear stability analyses which involve analysing the tem-
poral growth rates of perturbations to \base state" solutions (i.e., steady states,
such as a uniform Im coating the surface of a substrate in the context of uid
ows). The perturbations can either grow, decay, or remain constant over time,
indicating linear instability, stability, or neutral stability of the base state, respec-
tively [70].

For example, consider a uid system described by the nonlinear PDE

@

ot FW (13.1)
whereu = u(x;t) denotes the solution vector,x denotes the spatial coordinate
vector, t denotes time, and- denotes a general nonlinear di erential operator. We
consider the stability of a known steady state solution of (1.3.1) which we denote
by ug = ug(x) (i.e., such that F(ug) = 0). To investigate the linear stability of ug,
we introduce a small perturbationu = u(x;t) 1 such thatu = up(x) + u(x;t)
and substitute this into the governing equation (1.3.1) to yield

@@{ucﬁ u) = %t: F(uop+ u): (1.3.2)

We linearise the system (1.3.2) by expanding the right-hand side of (1.3.2) as a
Taylor series aboutu, up to rst-order in u, yielding

@ _ g u Au; (1.3.3)

@t @ -,
whereA is the \stability matrix”, the spectrum of which determines the stability
of the base stateu,. To determine the eigenvalues oA, we assume that the
solution for the perturbation u is of the formu = (x)e " and substitute this
into (1.3.3) to yield
(A+itl) =0; (1.3.4)
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where | is the identity matrix of same dimensions asA, (x) are eigenvectors
which represent the spatial structure of the perturbation, and i! denotes a com-
plex eigenvalue of the spectrum, wherk is the angular frequency. We seek solu-
tions of the form (x) = e™, representing spatially oscillating perturbations with
wavenumbern. Finally, we set det(A + i! I) = 0 in order to obtain a non-trivial
solution for (x), which in turn yields the \dispersion relation" which describes
the relationship between! and n. Analysing the dispersion relation allows us to
understand the stability properties of the system as the real part of the eigen-
value i! determines the temporal growth rate of the perturbation. Speci cally,
if Re( i!' ) =0 the perturbation remains constant, hence the steady statay is lin-
early neutrally stable; if Re( i! ) < 0 the perturbation decays, hencey is linearly
stable; and if Re( i! ) > 0 the perturbation grows, henceug is linearly unstable.

1.3.2 The method of multiple scales

In Chapter 4, we perform a multiple-timescale analysis using the method of multi-
ple scales. In this section, we provide a brief overview of this method, which nds
extensive applications in, for example, applied mathematics, physics, and engi-
neering (see, for example, Sanchez [71], Nayfeh [72], and references therein). This
method is useful for analysing systems which involve multiple timescales, which
arise in systems in which \slow" and \fast" processes evolve simultaneously.

A multiple-timescale analysis involves constructing a temporally uniformly-
valid asymptotic description of problems whose solutions evolve on more than
one (asymptotically distinct) timescale. Typically, the presence of more than one
timescale is manifested by the presence of secular terms (i.e., terms which grow
with time) in a nasve asymptotic solution that can be eliminated by the introduc-
tion of one of more additional timescales. For example, consider the linear damped
oscillator [72]

Ug +u=2u; (1.3.5)

whereu = u(t) and 1 is a small parameter. We begin by performing a nasve
expansion on (1.3.5) by assuming thati(t) can be represented by an expansion of
the form

u= uo(t)+ us(t)+ 2uy(t)+ O(3); (1.3.6)

where for the expansion to be asymptotically valid we require that"** u,4, (t) is
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smaller than "u,(t) (for n =0;1;2;:::). Substitution of (1.3.6) into (1.3.5) yields

(Uo)re + Uo = 0; (1.3.7)
(Ue + Ut = 2(Uo)y; (1.3.8)
(U)e + Uz = 2(up)y; (1.3.9)

at leading, rst, and second order in , respectively, which have solutions

Up = acost + ); (1.3.10)
up = atcost+ ); (1.3.11)
Up = g t?cost+ )+ tsint+ ) ; (1.3.12)

respectively. Hence, the solution (1.3.6) is

u= acosf+ ) atcost+ )+ ;‘ t?cost+ )+ tsintt+ ) +0O(3); (1.3.13)

which contains secular terms at rst and second order. This is due to the solutions
for u; (1.3.11) andu, (1.3.12) exhibiting a resonance e ect due to the forcing terms
(i.e., the terms on the right-hand side of the ODEs (1.3.8) and (1.3.9)) containing
terms which also arise in the complementary functions af; and u,. This reso-
nance leads to the accumulation of energy at one or more resonant frequencies,
causing the amplitude of the solution to grow without bound as time progresses,
hence causing the perturbation expansion to break down. In other words, the nawve
asymptotic solution becomes nonuniform. Speci cally, (1.3.13) becomes nonuni-
form whent = O( 1), at which time the rst order u; term has grown to become
the same size as the leading order, term.

The method of multiple scales allows us to obtain uniformly-valid solutions for
systems with multiple timescales, such as the one described above, by eliminating
these secular terms. We introduce \slow" and \fast" timescale variables and treat
these as though they were independent. Speci cally, the timescales are de ned as

Th= "t (1.3.14)

for n = 0;:::;N, where the timescaleT,.; is slower thanT,. In general, we
assume that the solution for the unknown functioru(t; ) can be represented by
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an asymptotic expansion of the form

ut; )= uo(To; Ty Tosii) + Ua(To T Tor i)+ 2ua(To; Te; Topii) + O( 3);
(1.3.15)
where the number of timescales required depends on various factors such as the
desired order to which the expansion is carried out and the orders at which secular
terms arise in the nasve expansion (1.3.6) (which is often a result of the physical
phenomena that are incorporated into the original model). Substitution of (1.3.15)
into the relevant governing equation (such as (1.3.5) in the example above) and
balancing terms at each order yields a system &f + 1 ODEs which are solved
order-by-order. In order to ensure that the solution (1.3.15) is uniform, the secular

their coe cients to zero and solving the resulting system of equations.

The calculations involved in applying the method of multiple scales to the
example discussed above are lengthy, and so the reader is referred to Section 6.1.1
of Nayfeh [72] for details. A complete example of this method will be given in
Section 4.4 in the context of our problem. The reader is also referred to Hinch and
Kelmanson [73] for a sophisticated example in the context of uid ows.

In summary, the method of multiple scales e ectively captures the dynamics of
both \slow" and \fast" processes, and hence accurately describes the nonuniform
solution behavior, whilst avoiding the divergence caused by secular terms in the
standard perturbation expansion.

1.3.3 Numerical methods

Reduced-order models are, in general, challenging to solve analytically, and it
is therefore uncommon to be able to derive explicit expressions for the solution
variables. Hence, a widely-used approach is to solve reduced-order models numeri-
cally in order to complement results from asymptotic analyses. For example, in the
context of the planar falling- Im system discussed earlier in Section 1.2, numerical
solutions allow us to explore the dynamics of the system in the nonlinear regime in
addition to enabling qualitative and quantitative comparisons with experimental
ndings. As discussed in Appendix A, we use the method of lines to solve various
governing PDEs throughout this thesis and impose periodic boundary conditions
on the system. The method of lines is a technique for solving PDEs by discretising
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them into a system of nonlinear ODESs. In this thesis, for the reasons outlined in
Appendix A, we use the centred nite-di erence method for spatial discretisation

in conjunction with either the backwards Euler method or the trapezoidal method

for time integration. In this section, we provide a brief overview of these meth-
ods (see references [74, 75] for further details of the numerical methods discussed
herein).

1.3.3.1 The nite-di erence method

The nite-di erence method is a numerical technique used to approximate solu-
tions to ODEs and PDEs. Instead of obtaining the exact solution everywhere, the
method obtains an approximation to the solution at a discrete set of grid points
in both the spatial domain and in the time domain.

Consider a PDE of the form

hy = G (h;hy; hyy ;i) (1.3.16)

on a domain of lengthL given by O<x <L , whereh = h(x;t) and G is a function
of h and its derivatives. Equation (1.3.16) is subject to the initial condition

h(x; 0) = ho(X); (2.3.17)

and periodic boundary conditions

@h _ @h

— = — 1.3.18

@R x=0 @R X=L ( )
forn = 0;1;2;:::. To solve this system, the spatial variablex is discretised as
x = X (for i =1;:::;M) onto a uniform grid with M grid points with step size

X = L=(M 1). The time variable is discretised as = t; (for j =0;:::;N) with
step size t =1t t; 1 (which is not necessarily uniform). In what follows, we
denote the discretised solution corresponding to evaluated atx = x; and t = t;
by h{ = h(xi;tj). Hence, the periodic boundary conditions (1.3.18) are rewritten
as

@n, _ @n,
@R x=0 @R X=L

(1.3.19)

forn=0:1;2;:::.
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Derivatives in the PDE (1.3.16) are approximated using discrete di erence
approximations. As mentioned previously, in this thesis, we use centred nite-
di erences. For example, the rst and second derivatives dfi with respect to x
can be approximated by using the centred di erence formulae,

h,, M

: h, 2hl+h
i1 2y. | i+1 i i
> T ol X)) h

hj' X I xx ( X)2

=+ O(( x)%):
(1.3.20)

The centered di erence method yields a second-order approximation for the deriva-

tive. This means that the error between the exact derivative and the approximation

decreases quadratically with the grid spacing x. In comparison, one-sided dif-

ference approximations (for example, forward or backward di erences) only o er
rst-order accuracy, leading to a larger truncation error (i.e., the error between
the numerical solution and the exact solution which is introduced by neglecting
higher-order terms in the Taylor series expansion).

Note that, in many physical systems, certain regions may arise in which the
solution changes rapidly in time or has signi cant spatial variations. Hence, it is
often advantageous to instead use a nonuniform spatial grid in order to focus the
grid points more densely in these regions, thus providing higher resolution and
accuracy where it is required without wasting computational resources where the
solution changes slowly (see, for example, Sundqvist and Veronis [76], Chakraborty
et al. [66], and Mooreet al. [77]).

1.3.3.2 Time-stepping techniques

For time-dependent problems, a time-stepping technique is used to advance the
solution from one time step to the next. Commonly used time-stepping methods
include the backwards Euler method and the trapezoidal method.

The backwards Euler method is an implicit numerical method for solving ODEs
and PDEs that involve a time derivative. It approximates the time derivative at
the current time stept; using the value of the solution at the next time steg; . .
Speci cally, this method discretises the time derivative using a backward di erence
approximation, namely,

i+l i
u: (1.3.21)

After applying the centred nite-di erence formulae (1.3.20), substituting the

j+l
i,
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backwards di erence approximation (1.3.21) into the PDE (1.3.16) and rearranging
for h{ *1 vields the backwards Euler method, namely,

h*=h+ G h* (1.3.22)
| | |

The backwards Euler method provides rst-order accuracy and o ers better sta-
bility and accuracy for sti problems (i.e., problems in which the solutions change
rapidly over certain regions) compared to explicit methods such as the forwards
Euler method.

Similarly, the trapezoidal method is also an implicit time integration method.
Unlike the backwards Euler method, which discretises the time derivative using a
backwards di erence approximation, the trapezoidal method arises from approxi-
mating the integral of (1.3.16) over the time intervalt; t t;4,, i.e,,

tj+1 Z tj+1

(hi)e dt = G [hi; (hi), 5 (hi)

tj tj

0] dt (1.3.23)

XX ’
by using the trapezoidal rule for numerical integration to yield

W hl = _t

| = G h:ii +G h™ (1.3.24)

Rearranging equation (1.3.24) foh{ *1 yields the trapezoidal method, namely,

. . t
1 _
h*t=h+ —

G hi;:iii +G h* (1.3.25)

The trapezoidal method provides second-order accuracy and o ers better stability
and accuracy for sti problems compared to explicit methods.

Applying the aforementioned discrete approximations converts the time-dependent
PDE (1.3.16) into a system of algebraic equations involving values of the function
at di erent grid points. This system of equations can then be solved at each time
step using various numerical techniques, such as the Newton{Raphson method
(see Leveque [74] or Iserles [75] for an explanation of this well-known algorithm)
in order to obtain a numerical solution.
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(a) (b)

Figure 1.5: (a) Coated micro-needles fabricated using a dip-coating technique.
Reproduced from Lianget al. [82], with permission from Elsevier. Copyright
2020. (b) Flow-visualisation paint on a race car after testing. Image courtesy of
Formula One Digital Media Limited [84].

1.4 Flow on curved substrates

This thesis concerns a particular category of free-surface ows wherein a uid
Im coats a solid, curved substrate. The potential scope of applications for this
particular type of ow is extensive [78]. For example, these ows play a signi cant
role in biological contexts such as in coating the cornea of the human eye [79]
and the lining of the lungs of land animals [80]. In addition, they are crucial to a
vast range of industrial settings, such as creating edible Ims in the food industry
for preservation against contamination and perishability [81], producing coated
micro-needles for transdermal drug delivery in the pharmaceutical industry [82]
(as shown in Figure 1.5 (a)), and in the painting of the bodies of automobiles
[83]. For example, in the automotive and aerospace industries, engineers design
vehicles with curved surfaces to achieve speci c aerodynamic characteristics [85].
During vehicle development, engineers paint test models with speci ¢ coatings,
enabling them to make air ow patterns visible for analysis, a technique referred
to as ow visualisation. Figure 1.5 (b) shows a race car after testing with ow
visualisation paint, consisting of uorescent powder mixed with paran. As the
para n evaporates, it reveals visible air ow patterns, aiding engineers in their
analysis [84]. A wide variety of methods and processes are used in the application
of industrial coatings, such as chemical vapor deposition (in which a solid material
is deposited from a gaseous phase through a chemical reaction with the substrate),
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Figure 1.6: Copper condenser tubes that are uncoated (left) and coated
with graphene (right). Reprinted with permission from MIT News
http://news.mit.edu/ [93].

physical vapor deposition (in which a solid material is vaporised inside a vacuum
chamber, which then condenses onto the substrate), and dip coating (in which an
object is immersed into a pool of coating material and then withdrawn) [86].

The special case in which the substrate is cylindrical has received signi cant
attention, both due to its relevance in various industrial contexts and as a useful
paradigm for more complex scenarios. For example, it occurs in confectionery pro-
duction [87], in printing methods such as exographic printing [88], in the coating
of tablets in the pharmaceutical industry [89], in the lubrication and protective
coating of engine components in the automotive industry [90, 91], and in heat
transfer applications, such as condensation within a heat exchanger [92]. An ex-
ample of the last of these is shown in Figure 1.6, which shows an uncoated copper
condenser tube (left) and a graphene-coated tube (right). At 10Q, the steam
condenses to form a thin Im of water that coats the surface of the uncoated tube
(bottom left), whereas the coated tube exhibits desirable dropwise condensation
which has a higher surface area and hence yields enhanced heat transfer rates
(bottom right) [93].

Although the term \coating ow" refers to the general situation in which a
liquid Im coats a substrate, in this thesis, we consider only horizontal cylindrical
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substrates. Hence, in order to distinguish between the scenarios in which the
cylinder is rotating and in which it is stationary, throughout this thesis, we use
the term \coating ow" when referring to the situation in which the cylinder is
rotating, and use the term \draining ow" when referring to the situation in which

it is stationary. We discuss the relevant aspect ratios for ow on a cylindrical
substrate in Section 1.4.1. The existing literature surrounding coating ow and
draining ow will be discussed in Sections 1.4.3 and 1.4.4, respectively. Finally,
we brie y discuss ow on other curved geometries in Section 1.4.5. Throughout
these sectionsa is the radius of the circular cylinder (where applicable), is the
constant rotation rate of the cylinder (where applicable)g is acceleration due to
gravity, isthe uid density, isthe uid viscosity, is the constant coe cient of
surface tension, andhg is the initial uniform Im thickness (i.e., the Im thickness

at time t = 0).

1.4.1 Aspect ratios of ow on a curved substrate

In this section, we discuss the relevant aspect ratios of ow on a curved substrate.
Note that, as in Section 1.2.1, throughout this section we phrase our discussion
in terms of nondimensional parameters, but choose not to specify the particular
length scale used in the nondimensionalisation (which could again be, for example,
a capillary length).

As discussed earlier in Section 1.2.1, in the case of a planar substrate, there are
only two length scales present within the system, namely, a characteristic dimen-
sionless cross-stream length scate (which, as before, is typically a characteristic
dimensionless Im thickness), and a characteristic dimensionless streamwise length
scale (which, as before, is typically a characteristic dimensionless wavelength of
the Im). However, in the case of ow on a curved substrate, the two characteristic
radii of curvature of the substrate are not necessarily in nite, and hence there are
two additional length scales present within the system. Therefore, although for a
planar substrate the thin- Im and long-wave situations are equivalent (and so the
terms \thin- Im" and \long-wave" can be used interchangeably), for a non-planar
substrate this is no longer the case and we must be careful to distinguish between
the two approximations [31, 56].

In this section, we outline the di erence between the thin- Im and long-wave
approximations on curved substrates. In particular, in what follows, we discuss
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Figure 1.7: Schematic of the relationship between the three length scalds
and R present for ow on a cylinder. (a) Thin- Im approximation. (b) Long-wave
approximation.

two-dimensional ow on a cylindrical substrate, in which case one of the character-
istic radii of curvature is the dimensionless radius of the cylinder, which we denote
here by R. The other is in nite and therefore can be ignored (similarly to the
radius of curvature in the planar case). The discrepancy between the two approxi-
mations is a key point, and is central to our ability to accurately model the ow of
\thick" Ims, which are de ned as Ims for which the dimensionless characteristic
Im thickness is of the same order as the dimensionless characteristic radius of
curvature of the substrate. Note that the principles discussed in this section can
also be applied to curved substrates that have two nite radii of curvature, such
as a sphere or an ellipsoid.

1.4.1.1 Thin- Im approximation
As before, in the case of ow on a curved substrate, the thin- Im approximation
assumes that the thickness of the Im is small (compared to unity). In other words,

R=0(); =0(@1); =H 1 (1.4.1)

where denotes the thin- Im aspect ratio on a curved substrate. A schematic of
the relationship between the three length scales present for ow on a cylinder in
the thin- Im approximation is shown in Figure 1.7 (a).
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1.4.1.2 Long-wave approximation

The assumptionH 1 used in the thin- Im approximation (1.4.1) is quite restric-
tive for all but the thinnest of Ims. Indeed, it is often the case that reduced-order
models are derived based on the thin- Im approximation, but are utilised to de-
scribe a ow in which the thickness of the Im can become larger than the thin- Im
approximation is designed to handle (for example, localised thickening may occur
in Ims that are initially uniformly thin). For example, in the context of coating
ow, the results of Petersonet al. [94] showed increasing error for models de-
rived using a thin- Im approximation for increasing values of the Im thickness
(speci cally, they analysed the model derived by Pukhnachev [95], which will be
discussed in Section 1.4.4). In addition, Wragt al. [56] showed that for coating
ow in the absence of inertia and in the limit of zero gravity, the linear growth
rates of the ow described by their thin- Im model display poor agreement with
DNS of the Stokes equations for moderately thick Ims, nding that the agreement
becomes signi cantly worse as the Im thickness increases. This result is shown in
Figure 1.8, which shows the linear growth rate (denoted in their notation bg) as

a function of the unperturbed Im radius (denoted in their notation by h) for the
azimuthal wavenumbers (a)n = 2, (b) n =4, and (c) n = 6. In particular, Fig-
ure 1.8 shows that, in general, their thin- Im model (solid black) displays strong
disagreement with DNS of the Stokes equations (solid red) for all but the smallest
values ofh. As a consequence, the majority of studies that consider thick Ims
have relied on numerical computations of the velocity pro les, height evolution,
and pressure [96].

Wray et al. [56] revealed that it is possible to relax the restriction that the Im
thickness is small by instead using a long-wave approximation. In the case of a
curved substrate, the long-wave approximation di ers from the thin- Im approxi-
mation (1.4.1) owing to the presence of the extra length scale. In the long-wave
approximation, variations in the Im thickness are assumed to be large (compared
to unity). In other words,

R=0(1); H=0@); "= ' 1 (1.4.2)

where" denotes the long-wave aspect ratio on a curved substrate. A schematic of
the relationship between the three length scales present for ow on a cylinder in
the long-wave approximation is shown in Figure 1.7 (b). Note that the long-wave
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Figure 1.8: Plots by Wray et al. [56] of the linear growth rates as a func-
tion of the unperturbed Im radius h for the problem of thick- Im coating ow
(in the absence of inertia and in the limit of zero gravity) calculated from their
second-order thick- Im WRIBL model (dashed green), thick- Im gradient expan-
sion model (dot-dashed blue), thin- Im model (solid black), and DNS of the Stokes
equations (solid red) for the azimuthal wavenumbers (a) = 2, (b) n =4, and (c)

n = 6. Reprinted from Wray et al. [56] with permission. Copyright 2017 Society
for Industrial and Applied Mathematics. All rights reserved.

approximation assumes thatR = O(1) and H = O(1), thus relaxing the assump-
tion that the Im thickness must be small and hence permitting the development
of models which are valid for both thin Ims and thick Ims.

1.4.2 Long-wave methodology for thick Ims

Based on the long-wave approximation (1.4.2), Wragt al. [56] formulated what
we shall refer to hereafter as the \long-wave methodology” for modelling thick
Ims on curved substrates. In essence, the long-wave methodology is the introduc-
tion of appropriate scalings on the relevant parameters in the unscaled governing
equations. Variations in the streamwise direction are assumed to be small (whilst
those in the radial direction are not), for which we introduce the scaling

@7 "@: (1.4.3)

Here," is an ordering parameter which, as discussed earlier in Section 1.2.5, asserts
the expected relative magnitudes of particular terms and their derivatives during
the calculations and is hence set equal to unity in the nal model [28, 29, 37, 53].
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In systems involving thick Ims, bulges may develop which have high interfacial
curvature relative to the characteristic radius of curvatureR. Hence, in order to
accurately model these bulges, a common approach is to use the full form of the
interfacial curvature rather than neglecting dependencies on higher-order terms
[97]. Although these higher-order terms are typically neglected in a consistent
asymptotic expansion, they have been shown in the literature to aid agreement
with experiments and DNS [31, 56, 98, 99].

As explained by Wray et al. [31, 56], variations in the azimuthal direction
are assumed to be small rather than rescaling itself owing to the fact that
has a xed domain length of 2 and therefore cannot be assumed to be \long".
Consequently, the long-wave methodology explained herein does not constitute a
formal asymptotic approach when applied to a circular cylinder. Indeed, whilst in
systems with an explicit small aspect ratio (such as in the planar case discussed
earlier in Section 1.2.5) the WRIBL method is asymptotically consistent (hence
accurately recovering the Benney equation up to second order upon a suitable
gradient expansion), in other systems this may not always be valid [31, 56]. We
therefore treat” as an ordering parameter, with the method being essentially data
driven: the orders at which the respective velocity elds are retained are based on
experience, the output of numerical experiments, anpost hocvalidation.

Reduced-order models derived using the long-wave methodology described herein
have been shown to yield good agreement with DNS, even outside their range of
formal validity (speci cally, in the short-wave regime). As shown in Figure 1.8,
Wray et al. [56] found that their reduced-order models derived using a long-wave
approximation yield signi cantly better agreement with DNS than those derived
using a thin- Im approximation for both thin and thick Ims. Speci cally, their
thin- Im model (solid black) performs poorly and their thick- Im gradient expan-
sion model yields some improvement in accuracy (dotted blue). However, their
second-order thick- Im WRIBL model (dashed green) yields excellent agreement
with DNS, even when the Im is as thick as the cylinder radius (i.e., foh = 2). In
addition, although the n = 6 mode (shown in Figure 1.8 (c)) is outside the range
of formal validity of the long-wave approximation (since the wavelengths are not
\long"), their second-order thick- Im WRIBL model still yields good agreement
with DNS. We defer further discussion of the results of Wrayt al. [56] until
Section 1.4.4.
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1.4.3 Draining ow

Draining ow has been investigated extensively by various authors, dating back
to the pioneering work of Nusselt [34, 35] who considered steady draining ow of
a thin Im fed by a prescribed ux of liquid delivered at the top of the cylinder.
They showed that the thickness of the Im varies agcos j 3, where is the
azimuthal angle measured anticlockwise around the cylinder from the horizontal.
This result indicates that the Im displays left-to-right symmetry as well as top-
to-bottom symmetry, and that the Im extends in nitely at top and bottom of
the cylinder, correspondingto = =2 and = =2 respectively. Whilst this
behaviour violates the thin- Im approximation, it can be understood as the Im
cascading onto the top of the cylinder and subsequently falling o at the bottom
of the cylinder. This analysis was later generalised to steady ow on a uniformly
rotating cylinder by Duy and Wilson [100], which we discuss in Section 1.4.4.

Unsteady draining ow has also been investigated by a variety of authors. For
example, Reisfeld and Banko [101] theoretically investigated unsteady draining
ow of a thin Im, developing a model which incorporates viscosity, gravity, cap-
illarity, thermocapillarity, and intermolecular (van der Waals) forces, and studied
both isothermal and non-isothermal situations. In particular, when the Im is
isothermal and van der Waals forces are negligible, they found that steady solu-
tions only exist when the Bond number (de ned by Reisfeld and Banko [101] as
Bo = gas®=(hag ), Where h,,q is the average dimensional Im thickness), which
is a measure of the strength of the e ect of gravity compared to surface tension, is
zero. They showed that the Im thins on the upper part of the cylinder and that
the interface develops a pendant-drop-like shape on the lower part of the cylinder,
as shown in Figure 1.9 (a) which shows snapshots of the isothermal interface pro le
for Bo = 102 from dimensionless time (denoted in their notation by ) =0 to

= 4. They also showed that two symmetric regions of local thinning of the Im
occur, and that these regions move upwards and eventually coalesce into a single
region at the top of the cylinder as gravity is reduced, as shown in Figure 1.9 (b),
which shows interface shapes at time = 4 for various values ofBo.

Evanset al. [102] theoretically investigated the unsteady ow of a thin Im on
the outer surface of a rotating horizontal cylinder, developing a three-dimensional
model which incorporates viscosity, gravity, capillarity, and centrifugation. In
the special case of a two-dimensional ow on a stationary cylinder, they showed
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Figure 1.9: Numerical solutions of the isothermal model of Reisfeld and Banko
[101]. Snapshots of the interface with (aBo = 102 for various values of , and
(b) = 4 for various values ofBo. Reproduced from Reisfeld and Banko [101],
with permission from Cambridge University Press. Copyright 1992.

numerically that, in agreement with Reisfeld and Banko [101], a pendant drop
forms on the lower part of the cylinder. In particular, Evanset al. [102] showed
that this pendant drop approaches a steady state at late times, and obtained
numerical solutions for its steady-state shape. The steady-state interface shapes
are shown for various values of the dimensionless rotation rate (de ned by Evans
et al. [102] asW = ( a=g*™?) in Figure 1.10 (a). Speci cally, Figure 1.10 (a)
shows steady-state interface shapes fé&f = 0;0:002 and 0:.004, in which the solid
black line corresponds to the stationary cas&/ = 0. They also showed that the
Im thickness h = h(;t) (wheret denotes dimensionless time) at the top of the
cylinder (located at = 0 in their geometric setup) decreases monotonically, but
does not reach zero in a nite time. This is shown in Figure 1.10 (b), which shows
the evolution of the Im thickness at the top of the cylinder for various values of
W.

Subsequently, Takagi and Huppert [103] theoretically and experimentally in-
vestigated the instantaneous release of a constant volume of liquid at the top of
a stationary cylinder and a stationary sphere. The unsteady ow of the thin Im
with an advancing front that forms is studied. In particular, in both geometries,
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Figure 1.10: Numerical solutions of the model of Evanst al. [102]. (a) Steady
state interface shapes for dimensionless rotation rat&¥ = 0;0:002 and 0.004.
(b) Evolution of the Im thickness h evaluated at the top of the cylinder =0

for various values ofW. Reprinted from Evanset al. [102], with the permission of
AIP Publishing. Copyright 2004.

they developed models which incorporate viscosity, gravity, and capillarity, and
derived asymptotic solutions for the Im thickness near the top of the substrate at
late times. They found that at late times the front advances as'=? for the cylin-
der and ast™ for the sphere, and that in both cases the Im near the top of the
substrate thins ast 2. They carried out their experimental investigations for the
cylindrical and spherical cases by pouring various liquids onto a perspex cylinder
(the setup of which is shown in Figure 1.11) and a vinyl beach ball, respectively.
Figure 1.11 (a) shows the ow on the cylinder soon after release at dimensional
time T = 0:7 s (note that this is a \late" time within this parameter regime), at
which time the bulk ow is approximately two-dimensional. They observed good
agreement between their theory and the experimental results near the top of the
substrate. However, they found that as the liquid front progressed it would eventu-
ally form rivulets. Subsequently, upon reaching the lower part of the cylinder, the
rivulets would fall from the surface. This behaviour is shown in Figure 1.11 (b),
which shows the ow at dimensional timeT = 2:7 s, at which time rivulets have
formed and continue to extend until they drip from the underside of the cylinder.
Cachile et al. [104] theoretically and experimentally investigated unsteady
draining ow of a thin Im and developed a model that incorporates viscosity,
gravity, and capillarity. They observed good agreement between theoretical and
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() (b)

Figure 1.11: Snapshots of an experiment conducted by Takagi and Huppert [103]
by releasing pure glycerine on a cylinder. Results are shown at dimensional times
@ T =0:7sand (b) T = 2:7 s. The numbers on the cylinder indicate the
perimeter in centimetres from the top of the cylinder. Reproduced from Takagi
and Huppert [103], with permission from Cambridge University Press. Copyright
2010.

experimental results, the latter of which involved completely covering a steel cylin-
der with silicon oil. Speci cally, they found that on the upper part of the cylinder
there is a region in which the Im thins monotonically in time as the liquid drains
towards the lower part of the cylinder. They also found that a Rayleigh{Taylor-like
instability occurs on the lower part of the cylinder, and determined the wavelength
of the fastest-growing linear mode.

It is important to note that none of the aforementioned studies attempted to
obtain a complete description of the late-time behaviour of the Im, but rather,
each focused on speci ¢ regions of the ow (such as, for example, the Im thickness
near the top of the cylinder or the pendant drop which forms on the lower part of
the cylinder). None of these studies determined how the solutions in the di erent
regions connect together to give the complete description. A recent study which
did attempt to do this, albeit for ow on a sphere rather than a cylinder, is that
by Qin et al. [105]. However, we defer discussion of this important work until
Section 1.4.5 in which we consider ows on non-cylindrical geometries.
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1.4.4 Coating ow

Following the publication of the in uential papers by Mo att [106] and PukhnacheV
[95], coating ow (and the closely related problem of \rimming ow", which de-
scribes the corresponding ow on the inside of a cylinder [109]) has gained recogni-
tion as a paradigm problem in the examination of free-surface ows. Consequently,
the system has garnered signi cant theoretical and experimental interest. Indeed,
the literature surrounding this well-studied problem is vast. Hence, in this section,
we focus on what we consider to be the key works with regards to the problem
studied in this thesis. For a comprehensive overview of the study of coating ows,
the reader is referred to the review articles by Ruschak [110] and Weinstein and
Ruschak [111], and to the work by Petersoet al. [94].

Most theoretical investigations into coating ow are conducted in the limit in
which the liquid Im is thin so that a thin- Im approximation can be used (as
described in Section 1.4.1). Early investigations into coating ow were primarily
motivated by the aim of determining the maximum supportable weight of liquid on
the cylinder, often referred to as the \Mo att{Pukhnachev problem". Mo att [106]
theoretically and experimentally investigated steady coating ow and developed
a thin- Im model that incorporates the e ects of rotation, viscosity, and gravity
(and notably neglects capillarity), namely,

hi+ h %h%os =0; (1.4.4)

where is measured anticlockwise from the horizontal at the right-hand side of
the cylinder. The rst term inside the bracket in (1.4.4) represents the e ect of
rotation, and the second term represents gravitational e ects. The model (1.4.4)
admits a steady solution governed by the equation

h %h%os = Q; (1.4.5)

where Q is the constant dimensionless azimuthal volume ux per unit length.
Mo att [106] sought steady solutions for the Im thicknessh which coat the entire
surface of the cylinder, known as \full- Im solutions". They derived a condition
for the existence of a steady solution, nding that, for a given rotation rate, the

2Note that this author's name has been transliterated from Russian and is sometimes also
spelled as \Pukhnachov" [107, 108].
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condition can be expressed in terms of a maximum load and, for a given load, in
terms of a minimum rotation rate. In particular, Mo att [106] showed that the
steady equation (1.4.5) admits such solutions only ® remains within the range
0<Q Qit, whereQ.it = 2=3 is referred to as the \critical" value of the ux.
The solution for h corresponding toQ = Qi is denoted byh.; and is referred to
as the critical solution. The dimensionless maximum load that can be supported
on the cylinder occurs forQ = Qit, and is given by M 4:4427F which is
referred to as the critical mass. For 8 Q  Qit, Duy and Wilson [100] showed
that the full- Im solution of (1.4.5) can be given explicitly as

8 2 1
%Hsinh Z“sinh 'B ; forcos < O
jcos j 3
h= pzzcos 2— }coslB ; forcos > 0 (1.4.6)
E cos 3 3
" Q; forcos =0;
where 3 0
B = 7ngn(cos) jcos j: (2.4.7)

The full- Im solution (1.4.6) is shown in Figure 1.12 (a) for several values a@
in the range 0< Q Qcrit- In particular, Figure 1.12 (a) shows that the full-
Im solution (1.4.6) displays top-to-bottom symmetry and exhibits a maximum at
= 0, where gravity and rotation act in opposition to each other, and a minimum
at = , where gravity and rotation act in harmony. Full-Im solutions are
smooth for 0< Q < Q it (often referred to as \subcritical” values ofQ), whereas
the solution forms a corner at =0 for Q = Q;. Figure 1.12 (b) shows polar plots
of the full- Im solution (1.4.6) for two subcritical values of Q and for Q = Qg , in
which the corner structure at = 0 can be obviously discerned. In practice, the
corner will not be sharp but will be rounded o by higher-order and/or otherwise
neglected physical e ects. In particular, in practice one would expect smoothing
of this feature due to the e ect of capillarity [95, 96]. Finally, Mo att [106] also
conducted experiments which showed the existence of a steady state for a certain
range of parameters. By lowering a rotating perspex cylinder into a trough lled
with golden syrup, they found that, as the rotation speed was increased, the Im
changed from being approximately uniform at the initial instant to displaying

3Note that this numerical value was originally erroneously given by Mo att [106] as M ¢t
4:428.
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(@)

(b)

Figure 1.12: The full- Im solution (1.4.7) for (a) Q = n=15 forn = 1;2;:::;10,
shown as a Cartesian plot and (bQ = 1=15; 1=3; and Q;, Shown as a polar plot.
The dotted circle in (b) shows the location of the cylinder and the arrows show
the direction of increasingQ (straight arrow) and the direction of rotation (curved
arrow). Note that the Im thickness in (b) has been exaggerated for illustrative
purposes.
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periodic uid rings. At higher speeds, an asymmetrical uid lobe formed which
rotated slightly slower than the cylinder.

The approach to the critical solutionh; of Mo att [106] as Q! Qgit was later
investigated theoretically by Tougheret al. [112]. They performed a matching
procedure between an inner solution (which is valid near = 0) and an outer
solution (which is valid away from = 0) to derive what we shall refer to as the
\composite” critical solution, which we denote here byhcomp, Namely,

P S
h = hgie + 6 ! + 1 + _2
comp — Herit 20 | 1 hgm COS 6

as ! 0"; (1.4.8)

which is valid nearQ = Qgit, where = Qgit Q 1 (which we note is not the
same small parameter as the thin- Im aspect ratio). Using (1.4.8), they obtained
a corresponding expansion for the critical weightV.i; , namely,

Were ' 4:44272+ ( 499001+ 122474In)+ o ) as ! 0O  (1.4.9)

The validity of the critical condition for coating (and rimming) ow given
by Mo att [106] was investigated experimentally by Preziosi and Joseph [113]
who considered the ow of various oils on dierent rotating rods using a very
similar experimental apparatus to that used by Mo att [106]. They concluded
that, provided the maximum thickness of the liquid coating the outside or the
inside of the cylinder is not too large compared to the radius of the cylinder, and
that the Reynolds number is su ciently small, the critical criterion from Mo att's
[106] analysis is mostly accurate.

Pukhnachev [95] proved the existence and uniqueness of steady full- Im coating
ow solutions of the Navier{Stokes equations, and subsequently derived a model
similar to that of Mo att [106] which includes the additional e ect of capillarity,
namely,

hi+ h %Gh%os +%Ch3(h +h) =0; (1.4.10)

whereG = 2ga=( ) is a dimensionless gravity parameteiC = 3=( a)isan
inverse capillary number, and 1 is the small thin- Im aspect ratio as de ned in
Section 1.4.1. Note that when capillarity is neglected in (1.4.10) (i.e., f&@ = 0),
the model of Mo att [106] (i.e., equation (1.4.4)) is recovered up to di erences in
scalings. Note that, although Mo att [106] and Pukhnachev [95] focused primarily
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on coating ow, the results arising from their leading-order equations also apply
to rimming ow. Speci cally, if we take the (nondimensional) free surface to be
located atr = R+ h( ) for coating ow, then for the corresponding rimming ow
problem we taker = R h( ). Consequently, within the con nes of the thin- Im
approximation, the two problems are mathematically equivalent at leading order
[114]. However, it is crucial to point out that this equivalence does not persist at
higher orders (see, for example, Lopext al. [115]).

There have been many extensions to the Mo att{Pukhnachev problem. As dis-
cussed, in addition to rotation, Mo att [106] considered only leading-order gravi-
tational and viscous e ects, neglecting those of capillarity, the hydrostatic pressure
gradient, and inertia, whilst Pukhnachev [95] was the rst to incorporate capillar-
ity as a a leading-order e ect. The treatment of these e ects in subsequent work
varies. Capillarity is either neglected [116], treated again as a leading-order e ect
[73, 101, 107, 108, 117{119], or as a rst-order e ect [102, 120{122]. The hydro-
static pressure gradient is included in various higher-order models [116, 119{124],
whilst, although commonly neglected, there are certain studies which explore the
impact of inertial e ects [121, 124]. In addition, a few authors have relaxed the
strict requirement that the Im of liquid be thin [56, 96]. Let us now discuss some
of these extensions.

The seminal work of Hansen and Kelmanson [96] investigated steady coating
ow under the in uence of gravity, viscosity, and capillarity without imposing any
restrictions on the thickness of the Im. They compared their numerical ndings
with the thin- Im results presented by Mo att [106] and found that, regardless of
the thickness of the Im, the minima and maxima of the free surface are always
located at = and =0, respectively, in agreement with the result of Mo att
[106]. Moreover, they found that the critical mass consistently aligned closely
with the predictions made by Mo att [106]. However, notably, they found that
the critical mass was also consistently slightly higher than Mo att [106] predicted.
As expected, they found that, with capillarity included, the corner at =0 in the
critical solution hgg that is shown in Figure 1.12 does not appear. As alluded to in
Section 1.4.3, a combination of the draining ow problem considered by Nusselt [34,
35] and the coating ow problem considered by Mo att [106] was investigated by
Du y and Wilson [100], who considered steady two-dimensional ow of a thin layer
of liquid falling onto and o from the outer surface of a rotating cylinder. Using
lubrication theory, they showed that four other solution branches exist in addition
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to those in equation (1.4.6) which are unbounded at the top and bottom of the
cylinder (i.e., at = =2)referred to as \curtain" solutions. They also identi ed
partial- Im (i.e., in which parts of the cylinder surface are left uncovered) curtain
solutions, which occur forQ = 0, and the occurrence of jump solutions, which
involve a shock transitioning from a full- Im solution branch to a curtain solution
branch. Kelmanson [118] derived a thin- Im model which incorporates rotation,
viscosity, and gravity (also notably neglecting capillarity). However, contrary to
Mo att [106], they retained the rst order rotation term, h?=2. They found that
the retention of this term results in a correction to the result for the maximum
supportable load calculated by Mo att [106] which aligns better with the numerical
results of Hansen and Kelmanson [96]. However, subsequently, Wilsgiral. [125]
theoretically investigated further the maximum supportable load problem posed by
Mo att [106], nding that the agreement with Hansen and Kelmanson [96] instead
deteriorates upon consistently retaining all rst-order terms. By including terms
up to O( 4), they revealed a marginally higher true critical mass than the prediction
of Mo att [106], achieving improved agreement with Hansen and Kelmanson [96],
and found that the corner in the full- Im leading-order critical solution h; is
smoothed by higher-order e ects, even in the absence of capillarity, and con rmed
this numerically.

More recently, the focus of coating ow analyses has moved away from the
challenge of determining the maximum supportable load towards exploring the ex-
istence, stability, and behaviour of solutions for the many variations of the coating
ow system. For example, as discussed in Section 1.4.3, in the special case of a two-
dimensional cylinder Evanset al. [102] theoretically investigated unsteady coating
ow, deriving a model that incorporates rotation, viscosity, gravity, capillarity,
and centrifugation, namely,

1
_h2 ~h3 L4 _ Rh3
(1+|{(12?)ht+ U h+|h} cos 3h +|h} +380h (h +h )
a EZ EZ

(0 (©

§h3h W2 sin =0; (1.4.11)
whereBo = ga?= is a Bond number,W = ( a=g*? is a dimensionless rotation
rate (as de ned earlier) andU = V =( 2V) is a dimensionless ratio of the cylinder
velocity V. = ato the characteristic velocityV = gh3= . Evanset al. [102] nu-
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merically solved their model (1.4.11) using a nite-di erence method (see Section
1.3.3.1). In order to simplify their numerical calculations, they neglected three
rst-order terms in their model, labelled as (a), (b), and (c) in equation (1.4.11),
which arise due to the curvature of the cylinder surface. Upon solving the model
(1.4.11) with these terms neglected, they showed a diverse array of behaviors which
emerged depending on the rotation rat®V/. They performed a parametric study
in which they varied the rotation rate W, the results of which are shown in Figure
1.10 (a) which, as discussed previously, shows the Im thicknebksat the top of
the cylinder (which, as we recall from Section 1.4.3, is located at= 0 in their
geometric setup) over time for several values 9. They found that a bulge forms
on the lower part of the cylinder, the location of which increases upwards on the
right-hand side of the cylinder asW is increased, as shown in Figure 1.10 (b).
Upon reaching the critical rotation speed, they observed that the solution reaches
a steady state in which the bulge is held on the right-hand side of the cylinder and
the interface displays top-to-bottom symmetry. When the rotation speed exceeds
this critical value, the bulge begins to rotate around the cylinder.

More recently, Lope<et al. [115] theoretically investigated the dynamics of both
coating and rimming ow under the in uence of gravity, viscosity, and capillarity
by developing three distinct models. The rst is the most commonly used model
which is the \standard lubrication model” (SLM), which assumes that the Bond
number is order unity (the model derived by Pukhnachev [95], for example, is an
SLM). The second is the \extended lubrication model" (ELM) which, unlike the
SLM, assumes that the Bond number is small (the model derived by Evaret
al. [102], for example, is an ELM). The nal model is the \variational lubrication
model" (VLM) which was derived by Lopeset al. [115] using a variational approach
(see, for example, Xwet al. [126]). Unlike the classical SLM and ELM, the VLM
retains the full form of the curvature rather than neglecting higher-order terms.
They performed DNS of the full Stokes ow equations and compared their ndings
with the results of the three aforementioned models. Lopes al. [115] found that
the VLM yielded improved agreement compared to the SLM and ELM models
and successfully captured scenarios in which, for particular parameter regimes,
multiple solutions were possible (with some parameter sets displaying up to two
solutions). These instances of multiple solutions were not predicted by the SLM
and ELM models, which they ascribed to the neglect of higher-order curvature
terms.
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The linear stability (see Section 1.3.1) of coating (and rimming) ow in the
presence of additional physical e ects, such as capillarity, inertia, and the hy-
drostatic pressure gradient, has been the subject of studies by many authors,
including Hosoi and Mehadevan [120], O'Brien [127, 128], Benilov and O'Brien
[121], and Benilov and Lapin [122]. For leading-order rimming ow (and conse-
guently, for leading-order coating ow), O'Brien [127] established that subcritical
two-dimensional full- Im solutions exhibit neutral linear stability. They inferred
that a conclusive investigation of the stability of rimming ow solutions necessi-
tates the incorporation of higher-order terms within the thin- Im approximation.

In a companion paper, O'Brien [128] built upon this study by considering the sta-
bility of subcritical imming ow solutions under the in uence of gravity, viscosity,
and capillarity. They retained higher-order terms in the thin- Im approximation
and found that the linear stability of the steady state solutions depends on various
parameter values. Speci cally, they noted that increasing the rotation rate of the
cylinder or increasing the strength of capillarity could act as stabilising in uences,
whereas the absence of both resulted in instability. Benilov and O'Brien [121] in-
vestigated the in uence of weak inertia, a weak hydrostatic pressure gradient, and
weak capillarity on the linear stability of normal modes in thin- Im rimming ow

by including them as higher-order terms in the lubrication model. Speci cally,
their model is

hi+ h %h3cos+ Eh6h (cos )? ih7sin cos 3h5sin

15 315 15
% .
+zh’(h +h )+ 5?13h sin  =0; (1.4.12)
where = Z2a=g = %= ga?), and%=[ =(ga)]*?. The rst two terms in
the curved brackets in (1.4.12) represent rotation and leading-order gravitational
e ects, whilst the terms with coe cients of , , and %represent inertia, capil-

larity, and the hydrostatic pressure gradient, respectively. Benilov and O'Brien
[121] considered perturbations to a nonuniform base state and found that the dis-
turbances are neutrally stable at leading order, in agreement with the result of
O'Brien [127]. At rst order, they found that inertia is a destabilising in uence,
capillarity has a weak but noticeable stabilising e ect, and the hydrostatic pressure
gradient has no discernible impact on the stability. They found that the destabil-
ising e ect of inertia can be o set by increasing the viscosity of the liquid until
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the timescale of the growth becomes su ciently large so as to e ectively stabilise
the solution. We defer giving explicit details of their lengthy calculations until
Section 4.1.2 in which we revisit their calculation in the context of our problem.
For now, we note that they sought series solutions fan and ! (where! is the
angular frequency as de ned in Section 1.3.1) in powers of 1, 1, and
% 1, from which they obtained their growth rate, denoted by Im{ ), to be

Im(')= Im(! )+ Im(! )+ O(%; 2 %%:%; ); (1.4.13)

where Im( ), and Im(! ) are

Z, d 1Z 2 b
Im(! )=12 — —L1d; (1.4.14)
- ° o Co 0 C03
2 g 7% B 1
Im(! )=12 — —+ 1 = 12+4Cy(C 11 (Co)? d;
m( ) 0 0 CO 0 Cg Cg 0 0( 0) ( 0) 1
(1.4.15)
respectively, whereCy, B1, D1, and! o are given by
Co=1 (h®)2cos; (1.4.16)
Bi= 2h@h®Wcos + h3(h@ + h@)y; (1.4.17)
2
D, = 1—5(h(°))6(cos )2 (1.4.18)
z, 4 1
lo=2n — 1.4.19
0 . G ( )

whereh© = h©@( ) and h® = h®( ) are the leading-order and rst-order solu-
tions for h (see equations (15){(17) of Benilov and O'Brien [121] for details) and
n is the integer wavenumber of the perturbations. Figure 1.13 shows the growth
rate Im(! ) of the rst mode n = 1 plotted over the range 0 g Gt (wWhere
the ux is denoted by g in their notation) for = 0:1 calculated from the numeri-
cal solution of the governing equation (1.4.12) (solid) and the asymptotic solution
(1.4.13) (dashed) for the special case in which inertia and the hydrostatic pressure
gradient are negligible (i.e., = %= 0). In particular, Figure 1.13 shows that
Im(! ) < O for all g, hence indicating that capillarity has a stabilising in uence. In
the general case (i.e., the case in which, , and %are all non-zero), Benilov and
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Figure 1.13: The growth rate calculated by Benilov and O'Brien [121] in the case
in which = %= 0 plotted as a function ofq for n =1 and = 0:1 calculated
from the governing equation (1.4.12) (solid) and the asymptotic solution Inh()
(1.4.13) (dashed) toO( ). Reprinted from Benilov and O'Brien [121], with the
permission of AIP Publishing. Copyright 2005.

O'Brien [121] calculated the growth rate of the rst mode in the limit of smallq,
which they found to be
1
Im(!) -—q°® 3q’ 1.4.20
m(!') £9° 349 (1.4.20)

forg 1. Hence, in the limit of smallg, instability exists if and only if

q E: (1.4.21)
Figure 1.14 shows regions of stability and instability in the € ; hhi) plane, where
hhi is the average dimensionless Im thickness. In particular, Figure 1.14 shows
that, perhaps counter-intuitively, thinner Ims are more unstable than thicker
Ims. We return to this point in detail in Section 4.1.2.

In the same work that was discussed earlier in this section, Evaes al. [102]
also performed a linear stability analysis on their model in the analytically tractable
limit of zero gravity. Note that their equation (1.4.11) has been nondimensionalised
using the characteristic velocityV = gh3= . However, this is not suitable in the
context of zero gravity in whichg = 0. Hence, to consider their governing equation
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Figure 1.14: Results of the linear stability analysis of Benilov and O'Brien [121].
Regions of stability and instability in the (=; hi) plane calculated from the
governing equation (1.4.12) (solid) and the smatf-limit (1.4.20) (dashed). The
shaded region corresponds tQ > q.i:. Reprinted from Benilov and O'Brien [121],
with the permission of AIP Publishing. Copyright 2005.
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Figure 1.15: Growth rates calculated by Evangt al. [102] for the instability due
to centrifugal acceleration forS = 0;50; and 100 calculated from their analytical
(1.4.23) (crosses) and numerical (circles) results. Reprinted from Evaeisal. [102],
with the permission of AIP Publishing. Copyright 2004.

(1.4.11) under zero-gravity conditions, Evan®t al. [102] instead considered the
dimensional form of (1.4.11), yielding

he+ h h®h +h +Sh] =0; (1.4.22)

3a*

for g = 0, where S = 2a%= is a Weber number, representing the ratio of
centrifugation to capillarity. The linear stability analysis is tractable in this special
case due to the fact that a uniform Im is a solution of (1.4.22). Performing a linear
stability analysis, they obtained the linear growth rate

3

— H h0 2 4 .
I = ni + 344 1+ S)n° n* ; (1.4.23)

which is shown forS = 0; 50, and 100 in Figure 1.15, calculated from both (1.4.23)
and from numerical solutions of the governing equation (1.4.22) (note that Evaes$

al. [102] denoted their wavenumber bk rather than n, however, here we choose to
usen for consistency with the rest of the work presented in this thesis). They found
that when the cylinder is stationary and hence there is no centrifugal acceleration
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(i.e., for S = 0), solutions are neutrally stable forn = 1 and all wavenumbers

n > 1 have negative growth rates and are therefore stable. When the cylinder is
rotated, the ow becomes unstable for wavenumbers below the cuto wavenumber,
which we denote byn., given by

o=l 1+ Sc (1.4.24)

where b c represents the largest integer smaller than the argument. The fastest
growing wavenumber, which we denote by, IS given by

n r #
1+S
Nmax = 5 (1.4.25)

where [] represents the integer closest to the argument. For example, (1.4.25)
yields Npmax [5:0498] = 5 and Npax [7:1063] = 7 forS = 50 and S = 100,
respectively. Evanset al. [102] found that in the presence of centrifugal e ects,
small perturbations grow due to centrifugation which results in the formation
of bulges of liquid around the circumference the cylinder. As will be discussed in
detail in Section 4.1.1 (in which we carry out a similar calculation for our problem),
the value of (1.4.25) predicts the number of bulges which are expected to arise in
numerical results. Indeed, Figures 1.16 (a) and (b) show interface shapes in the
absence of gravity forS = 50 and S = 100, respectively, in which 5 and 7 bulges
have formed by the respective times.

The complex large-time dynamics of unsteady coating ow has also been an
area of interest in more recent years. Hinch and Kelmanson [73] considered a
model that includes the e ects of gravity, viscosity, and capillarity, which is the
same as that of Puhnachev [95] (i.e., equation (1.4.10)) up to di erences in scal-
ings. In the case in which gravity and capillary e ects are weak, they found that
an initially uniform Im evolves on four di erent timescales. They proposed a
multiple-timescale analysis approach (see Section 1.3.2) via a two-timescale ex-
pansion of the Im thickness to explain the structure of the evolution. They found
that as perturbations to the free surface decay, they experience a gravity-induced
phase lag relative to the cylinder due to the interactions between rotation, grav-
ity, and capillarity. The decay of the fundamental mode is shown in Figure 1.17,
which demonstrates how the interplay between gravity and capillarity in uences
the evolution of the Im attimes t =0 (top row) and t = (bottom row). Figure
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(@) (b)

Figure 1.16: Interface shapes in the absence of gravity calculated by Evaeisal.
[102] for (a) S = 50 at time t = 10* with nya = 5 and (b) S = 100 at time
t = 2000 with nyax = 7. Reprinted from Evanset al. [102], with the permission
of AIP Publishing. Copyright 2004.

1.17 (a) shows the in uence of gravity. At timet = 0, the Im is thinner near

=0 and thicker near = due to the fundamental mode disturbance caused by
gravity, which slightly reduces the thickening at = 0 and increases the thinning
at = . Attime t = , the behavior is reversed: the Im is thicker near =0
and thinner near = , as the fundamental mode disturbance induced by gravity

changes sign. Figure 1.17 (b) shows the in uence of capillarity. At timé = O,

the top and bottom of the Im experience positive capillary pressure, causing a
slowing down and thickening of the Im in the rst and third quadrants, whilst the
sides experience negative pressure, leading to thinning in the second and fourth
guadrants. At time t = , this behavior is reversed. Figure 1.17 (c) shows the
combined in uence of gravity and capillarity. Gravity slows down the Im in the

rst and fourth quadrants and speeds it up in the second and third, leading to

a net convergence at = 0, whilst the opposite happens at = , resulting in
a net divergence. As a result, the Im becomes thicker near = 0 and thinner
near = . The amplitude of the disturbance gradually decreases over time. The

growth rate of the Im thickness (which we denote here by ) was found to be

81
| = JE— X
! s O (1.4.26)
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(a) (b) (©)
Figure 1.17: The decay of the fundamental mode. The two rows show the distur-
bance attimet =0 and t = , respectively. (a) Gravity acts on the fundamental

mode to create the rst harmonic in (b). (b) Capillary pressure gradients act to
create the phase-shifted rst harmonic in (c). (c) Gravity acts on the phase-shifted
rst harmonic to create a rate of change of amplitude of the fundamental mode.
Reproduced from Hinch and Kelmanson [73], with permission from The Royal So-
ciety. Copyright 2003.
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Figure 1.18: Drift of the four-term, two-timescale expansion derived by Hinch and
Kelmanson [73] (solid) compared to their numerical results (circles and diamonds)
for =0:0532 and =0:0048 attimes (&) 0 t 10,(b)90 t 100, and
(c)990 t 1000. Reproduced from Hinch and Kelmanson [73], with permission
from The Royal Society. Copyright 2003.

where = 2=(3 a)is an inverse capillary number. Equation (1.4.26) indicates
that the solution decays unconditionally to a steady state at large times for> 0,
and that for = 0 the system is neutrally stable. Speci cally, the steady state
is approximated by equation (5.1) of Hinch and Kelmanson [73] and is uniform
to leading order in 1 (where = 2ga=(3 ) is a dimensionless gravity
parameter). The drift of the four-term, two-timescale expansion for the Im-
thickness is shown in Figure 1.18. Recently, Mitched#t al. [129, 130] generalised
this result to include the e ect of a steady two-dimensional irrotational air ow

with circulation, and found the growth rate to be

!
10F* (1+2KF)?
= 8 + 0; 1.4.27
(1+36 2)(1+1296 2) 1+ 144 2 ’ ( )

where F and K are dimensionless measures of the speed of the far- eld air ow
and the circulation of the air ow, respectively. Equation (1.4.27) shows that in
the presence of the air ow, the solution again decays unconditionally to a steady
state at large times for > 0 and that for = 0 the system is neutrally stable.
We discuss the details of the lengthy calculations of Hinch and Kelmanson [73] and
Mitchell et al. [130] in Section 4.4 in which we revisit the analysis in the context
of our problem.

Kelmanson [124] extended the model given by Pukhnachev [95] to include in-
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ertial e ects and revisited the work of Hinch and Kelmanson [73]. They identi ed
a two-timescale asymptotic solution for the evolution of the Im thickness (which
is initially uniform) in the regime of weak capillarity, in which the asymptotic
solution found by Hinch and Kelmanson [73] is no longer valid. In addition, they
discovered that including both capillarity and inertia causes the location of the
maximum Im thickness to shift away from its location at =0 [106] downwards
towards the lower part of the cylinder. Building on the work of Kelmanson [124],
Groh and Kelmanson [131{133] conducted subsequent studies investigating the
large-time behavior of unsteady coating ow. Firstly, Groh and Kelmanson [131]
proposed a multiple-timescale analysis approach via am-timescale expansion
of the Im thickness, which yielded improved agreement with their numerically
obtained solutions for the Im thickness evolution when compared to the two-
timescale expansion. Next, Groh and Kelmanson [132] generalised thi@¢imescale
expansion by removing the requirement that the initial condition is a uniform Im,
demonstrating that the multiple-timescale asymptotic approach could yield highly
accurate solutions for the Im thickness not only in the cylindrical coating ow
problem, but also in more general free-surface thin- Im problems. Finally, Groh
and Kelmanson [133] incorporated inertia into the models derived in their previous
works [131, 132]. They used the multiple-timescale approaches developed therein
to describe the transition from stability to instability dependent on the strength of
inertia, nding that their asymptotic solution exhibited excellent agreement with
their numerical results.

The coating ow (and draining ow) problem has been extended to include
a variety of external physical e ects. For example, non-isothermal e ects have
been included by various authors including Reisfeld and Banko [101] (as men-
tioned in Section 1.4.3), Duy and Wilson [134], and Leslieet al. [135, 136].
Dewetting e ects have been included by, for example, Thiele [137] and Lat al.
[138], and surfactant e ects have been included by, for example, Weidner [139]
and Li and Kumar [140]. As we have just mentioned, recently, Mitchelét al.
[129, 130] extended the work of Mo att [106] to include a nonuniform pressure
distribution due to an irrotational air ow with circulation which they showed can
lead to behavior which di ers from that of Mo att [106]. Speci cally, they found
that when the circulation of the air ow is in the same direction as the rotation of
the cylinder, the maximum supportable load is consistently lower than that found
by Mo att [106]. Conversely, when the circulation is in the opposite direction to
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the rotation of the cylinder, the maximum uid mass can surpass that found by
Mo att [106]. The e ect of an external magnetic eld was considered by Weidner
[141], who investigated theoretically how a magnetic liquid (i.e., a \ferro uid")
coating a conducting stationary cylinder responds to an induced electric current.
They derived a model which incorporates the e ects of rotation, gravity, viscos-
ity, capillarity, and magnetic e ects, and found that magnetic forces counteract
gravity, thus slowing drainage, delaying drop formation, and potentially leading
to complete cylinder circumference coverage for strong magnetic elds. Notably,
the e ect of a radial electric eld is one which has not been considered thus far in
the coating ow literature. The observation of this omission from the literature,
in addition to its potential usage as a control mechanism (see Section 1.7), is the
main motivation for the problem considered in this thesis, in which we consider the
e ect of an external electric eld on coating and draining ow. We defer further
discussion of electrohydrodynamic ows until Section 1.6.

In this thesis, we consider the e ect of an electric eld on both thin- Im and
thick- Im coating ow. As discussed in detail in Sections 1.4.1 and 1.4.2, Wray
et al. [56] developed a novel approach which permits the modelling of thick Ims
on curved substrates. They outlined important di erences between the thin- Im
and long-wave approximations for ow on curved substrates, based on which they
proposed a long-wave methodology which allows the Im thickness to be of the
same order as the radius of curvature of the substrate, in conjunction with the
WRIBL method (see Section 2.3). The long-wave methodology allows us to develop
what we shall refer to hereafter as \thick- Im models" (in contrast to \thin- Im
models", which are derived using a thin- Im approximation). In the context of
coating ow, Wray et al. [56] derived a second-order thick- Im WRIBL model
in the absence of inertia which includes the e ects of rotation, viscosity, gravity,
capillarity, and streamwise viscous dissipation, and found that it yields signi cantly
closer agreement with the results of DNS than their thin- Im model (which notably
recovers that of Mo att [106] (1.4.4) up to di erences in scalings). Wrayet al. [56]
found that for moderate values of the dimensionless rotation rate (denoted in their
notation by cy), the thick- Im coating ow system reaches a steady state. Figure
1.19 shows the behaviour of their thin- Im model (dotted green), their second-
order thick- Im WRIBL model (dashed red), and DNS (solid blue) in a system with
moderate values of, . In particular, Figure 1.19 focuses on two key parameters:
the maximum value of the interface height (denoted by,.«) and the position of
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Figure 1.19: (a) Steady state shapes of thick- Im coating ow foh =1, ¢, = 0:8,

=0:5, andCa=0:2. (b) The maximum interface heighth,x of a steady state
(top) and azimuthal position of the maximum .« (bottom) for a range of values
of the dimensionless rotation ratec,. Lines represent DNS (solid blue), their
second-order thick- Im WRIBL model (dashed red), and their thin- Im model
(dotted green). Reprinted from Wrayet al. [56] with permission. Copyright 2017
Society for Industrial and Applied Mathematics. All rights reserved.
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this maximum (denoted by na). Figure 1.19 (a) shows the steady-state shape
calculated forh = 1, ¢y = 0:8, = 0:5, and Ca = 0:2 where, in the notation
of Wray et al. [56], h is the dimensionless unperturbed interface location, is
the dimensionless cylinder radius, an€Ca = U= (where U is a characteristic
velocity) is a capillary number. Their thin- Im model cannot accurately model
the free surface of the Im and does not preserve mass. On the other hand,
their second-order thick- Im WRIBL model agrees closely with the DNS results.
Figure 1.19 (b) showshmax (top) and max (bottom) plotted as functions of oy .
In particular, Wray et al. [56] found that, over the range @ < cy < 1, their
thick- Im model yields a maximum error of only 5% and 0025 radians forhmay
and nax, respectively, whilst their thin- Im model performs less well, yielding
maximum errors of 18% and @2 radians for the respective quantities.

Recently, Wray and Cimpeanu [31] extended the work of Wragt al. [56] to
include inertial e ects. Their thick- Im model is

n 2
_ 4 2 o : q _ Cv 2
8(1 h* +4h=In h) Ca + Re(hsin ) 2Rehz 1 q+ > a h9
(1 h?)2(1+ h?)h q N 2@ h)(@+ h*+2h%(In%h 1)) q
2h3 hz 1 4h? hz 1
. Re 2 6 q f :
+ 16( 1+2h“+2h> h*@+4Inh)) he 1 t+ Mz 12 ;

(1.4.28)

with the kinematic condition (1.2.9), which together constitute a closed system
governing the evolution of the interface heighh and the ux g. Here," is an order-
ing parameter as de ned in Section 1.4.1Re= (ag)*™?= is a Reynolds number,
ov = a( ag) 2 is a dimensionless rotation rate, an€Ca = (ag)*™?= is a cap-
illary number. Note that their model is a simpli ed second-order WRIBL model
in which second-order inertial e ects have been neglected (see Section 1.2.5.3). In
the absence of the inertial terms (i.e., foRe = 0), equation (1.4.28) recovers the
model by Wray et al. [56] up to di erences in scalings. The term 2Re ¢¢=(h?> 1)

in equation (1.4.28) is an important contribution: it represents centrifugation, the
inclusion of which transpires to be vital for accurate modelling. They found that
their model yields excellent agreement with DNS of the Navier{Stokes equations
and, in addition, they investigated regimes which were previously inaccessible to
thin- Im models by performing a parametric study of the interfacial behaviour in
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Figure 1.20: Results of the parametric study indz; cy) parameter space by Wray
and Cimpeanu [31] for (a)We = 0:59 (capillarity is strong compared to inertia)
and (b) We = 18:8 (capillarity is weak compared to inertia). Solid lines represent
the boundaries between ow regimes as predicted by the thick- Im model (1.2.9)
and (1.4.28) and symbols correspond to DNS representing ow regimes which
are steady (squares), periodic (circles), and multivalued (diamonds). Reproduced
from Wray and Cimpeanu [31], with permission from Cambridge University Press.
Copyright 2020.

(cr; cv) parameter space, wheregr = hg=adenotes the dimensionless initial radius
of the Im at time t = 0. Figure 1.20 shows the results of the parametric study
for two di erent values of the Weber numberWe = Re Ca (which represents the
ratio of inertial to capillary e ects). Figure 1.20 (a) shows that when capillar-
ity is strong compared to inertia, steady states, periodic states, and multivalued
states can arise, the last of which can include behaviours such as dripping or other
forms of rupture. On the other hand, Figure 1.20 (b) shows that insu cient cap-
illarity prevents steady states from occurring. Figure 1.20 shows that increasing
the Im thickness or rotation rate eventually yields multivalued states. Wray and
Cimpeanu [31] explored the steady and periodic states that arise using both their
thick- Im model (1.2.9) and (1.4.28) and by using DNS. However, the model is
insu cient to describe multivalued states due to the fact that they have param-
eterised by the azimuthal angle . Moreover, the long-wave approximation is no
longer valid in this regime because the interfacial slopes are so large. Hence, these
behaviours must be analysed via DNS of the Navier{Stokes equations. Some rep-
resentative steady, periodic, and multivalued states are shown in Figures 1.21 (a),
(b), and (c), respectively.
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