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Abstract 

With the development of nuclear engineering, there is an increasing demand for 

structural integrity assessment for the design and life extension of nuclear reactors. 

The high operating temperature and cyclic loading conditions could significantly affect 

the longevity of nuclear components, causing creep and fatigue damage. The Bree 

diagram has been proposed for the quick determination of structural response and 

cyclic plasticity behaviours. As a series of direct methods, the Linear Matching Method 

(LMM) framework has also been proposed to provide a complete solution for high-

temperature structural integrity assessment. 

In this work, the Bree-like diagrams are extended for structural design and 

assessment. At lower temperatures, the shakedown limit is extended by considering 

kinematic hardening materials. Constant low cycle fatigue life curves are also added 

to the Bree-like diagram. At higher temperatures, the creep rupture limit can be plotted 

considering cyclic loads. Constant creep-fatigue life curves are also added to the 

Bree-like diagram. Meanwhile, the LMM framework is further developed for the 

evaluation of extended Bree-like diagrams. In the LMM shakedown algorithm, a two-

surface kinematic hardening model is implemented. In the LMM creep rupture 

algorithm, a Unified Creep Rupture Equation (UCRE) is implemented for the 

interpolation of creep rupture curves. Based on the LMM DSCA algorithm, a Unified 

Procedure for Fatigue and Ratchet Analysis (UPFRA) is developed to evaluate the 

constant fatigue life curves and ratchet limit. Based on the LMM eDSCA algorithm, an 

extended UPFRA is developed to evaluate the constant creep-fatigue life curves. In 

addition, several engineering examples are presented in this work and the 

mechanisms of creep and cyclic plasticity behaviours of high-temperature structures 

have been investigated and discussed.  

Therefore, the capability and functionality of the existing LMM framework have been 

improved by implementing multiple numerical procedures for different aspects of 

structural integrity assessment. The Bree-like diagram has also been enhanced in 

various ways to provide a reliable engineering tool for high-temperature design and 

assessment.  
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 Introduction 

1.1 Research background 

With the economic growth and increasing demand for electric energy, supercritical 

and ultra-supercritical water reactors have been widely constructed and deployed 

worldwide. Compared to fossil fuel power plants which burn natural gas and coal, 

nuclear power plants have less greenhouse gas emissions and environmental 

pollution. Also, nuclear fuels produce millions of times of more energy density than 

fossil fuels which significantly reduces the transportation cost and the effect on the 

international economic situation. In the UK, around 21% of the electricity is generated 

by 15 nuclear power plants across the country. However, by 2025, almost half of 

reactors are expected to be retired. Therefore, there is an increasing demand for high-

temperature structural integrity assessment of key components in the reactors to 

extend the service life of existing reactors and design a new generation of reactors. 

As a new generation of design of nuclear reactors, the Generation IV reactors have 

been developed with two main types: the fast reactors and the thermal reactors with 

three systems each [1, 2]. Generally, the efficiency of nuclear power plants can be 

significantly improved by increasing operating temperature [3]. The Very High 

Temperature Reactor (VHTR) is a typical thermal reactor whose primary outlet 

temperature can reach 1000 °C during the  operation process.  

The tsunami in Japan and the following Fukushima Daiichi nuclear accident have 

raised the alarm of the danger of nuclear meltdown and radiation leaks [4]. Therefore, 

the safety of nuclear reactors has become a high priority, while a robust standard is 

needed to regulate the design and assessment procedures. Popular international 

design codes for high-temperature structures include the ASME Boiler and Pressure 

Vessel Code (NH) [5] from the American Society of Mechanical Engineers in the USA, 

the RCC-MR Code [6] in France, and the R5 procedure for Assessing the High 

Temperature Response of Structure [7] in the UK. These rule-based codes provide 

comprehensive procedures to standardize the design and assessment of pressure 

vessels based on elastic Finite Element (FE) analyses. For safety concerns, the 

results obtained with the rule-based methods are highly conservative to allow margins 

of error and extreme loading conditions. Also, due to the limitation of standardized 

procedures, high-temperature design codes are only applicable for typical 
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engineering components and specific materials. For complicated geometry and 

loading condition, inelastic FE analyses are suggested to consider sophisticated 

constitutive equations and damage models. The nonlinear FE analyses are highly 

accuracy and less conservative, but they can be computational consuming and 

difficult to converge. Therefore, an alternative method is widely demanded among 

industries which can perform structural integrity assessment with high accuracy and 

efficiency.  

The traditional FE analyses and alternative methods can be used for physical 

characterization and evaluation of the cyclic response of structures at high 

temperatures. They can be further used to evaluate the creep, fatigue and thermal 

fatigue damage which could greatly affect the lifespan of nuclear components [8]. 

Creep behaviour can cause a change in dimension, which leads to distortion, leakage 

and cavitation at critical locations, such as steam pipes, boiler headers, superheated 

reactor tubes, turbine serrations and blades [9]. The load-bearing capacity of steel 

may also degrade at high temperatures while the structure would rupture at a 

relatively low stress level. Fatigue behaviour is another common failure mechanism 

induced by cyclic loading conditions, which can interact with creep behaviour in 

various ways. Fatigue induces transgranular cracks at the surface of components, 

while creep induces intergranular cracks within the body. The interaction between 

creep and fatigue can cause significant damage to the component leading to many 

failure cases [10]. Depending on the stress type in the load cycle, the failure 

mechanism can be dominated by either creep or fatigue. Cyclic thermal stress is 

common and dominant in rotor grooves and blades, which is often caused by thermal 

gradient and thermal expansion differences [9]. For components operating in 

relatively low temperatures, the creep effect can be neglected, but low cycle fatigue 

becomes the major concern where the number of cycles to failure is lower than 5 × 

104 [11]. An interaction diagram has been introduced by Bree [12] so that the structural 

response can be determined directly for various combinations of thermal-mechanical 

loads. Several cyclic behaviours are differentiated by the shakedown and ratchet 

boundaries in the Bree diagram: elastic shakedown behaviour, plastic shakedown 

behaviour leading to low cycle fatigue damage, and ratchetting behaviour leading to 

incremental collapse. Therefore, the Bree diagram has become a useful tool for 

structural integrity assessment.  
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To calculate Bree-like diagrams and provide an alternative method for structural 

integrity assessment, the Linear Matching Method (LMM) framework has been 

proposed by previous researchers [13] based on a series of direct methods. The 

original LMM framework consists of several modules for different types of industrial 

problems, including shakedown analysis, creep rupture analysis, ratchet analysis, low 

cycle fatigue analysis and creep-fatigue analysis. Several algorithms have been 

adopted to support the various modules within the LMM framework, including the 

Linear Matching Method (LMM) algorithm [14], the extended LMM algorithm [15], the 

Direct Steady Cycle Analysis (DSCA) algorithm [16-18] and the extended Direct 

Steady Cycle Analysis (eDSCA) [19, 20]. The LMM framework has also been 

implemented in the commercial FE software ABAQUS/CAE [21] as a plug-in for better 

usability and adopted to solve a number of academic and industrial problems. It can 

also be coupled with the rule-based codes mentioned above to reduce the 

requirement of inelastic FE analyses. In this thesis, the LMM framework is further 

extended and improved in various ways to assist in solving a broader range of 

engineering problems.  

1.2 Key issues to be solved 

Although the existing LMM framework has covered several aspects of structural 

integrity assessment, it can still be improved in several ways. The classical Bree 

diagram can also be extended for better functionality. Four different issues are listed 

below which need a deep investigation on solid mechanisms and computer algorithms 

to be solved: 

1) The Bauschinger effect [22] is often observed in materials under cyclic loads, 

which is caused by kinematic hardening. The shakedown analysis module in 

the current LMM framework only considers the Elastic Perfectly Plastic (EPP) 

model to describe the stress-strain relationship, which can be over-

conservative and inaccurate when the material hardening effect is significant. 

Sophisticated constitutive models have been proposed based on experimental 

results to describe the hardening effect. However, they are only suitable for 

cycle-by-cycle inelastic analysis and are not applicable for direct methods. 

Therefore, it is necessary to develop an extended shakedown theorem within 

the LMM framework to consider the kinematic hardening materials. 
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2) Based on an extended shakedown algorithm, the creep rupture analysis 

module has been developed by previous researchers in the LMM framework. 

To achieve the structural creep rupture boundary for a specific rupture time, 

the module adopts the temperature-dependent rupture strength of material to 

replace the yield stress in the LMM shakedown algorithm. However, the 

current rupture analysis module only adopts linear interpolation and 

extrapolation techniques to calculate the rupture stress based on input data 

points, which is considered inaccurate to describe the curved relationship 

between rupture stress, time, and temperature. Thus, a uniform creep rupture 

equation suitable for various materials is required to be implemented in the 

LMM framework. 

3) The constant life diagrams have been widely used for fatigue design among 

industries, but they are limited to the material level. Based on the concept of 

the Bree diagram, it is meaningful to extend the constant life diagrams to the 

structural level, on which the low cycle fatigue (LCF) or creep-fatigue life is 

constant. The DSCA subroutine has been adopted in the fatigue analysis 

module, and the eDSCA subroutine has been adopted in the creep-fatigue 

analysis module for the current LMM framework. Further development on the 

DSCA and eDSCA is required for the evaluation of the constant structural life 

boundary.   

4) The DSCA is combined with the shakedown algorithm to evaluate the 

structural ratchet boundary in the current LMM framework. However, the 

current ratchet analysis module is limited to solving Bree-like problems with a 

constant mechanical load and a cyclic thermal load. Thus, it is not suitable for 

complex loading conditions where both thermal and mechanical loads are 

cyclic. Therefore, it becomes crucial to develop a numerical procedure to fully 

utilize the DSCA subroutine to calculate the ratchet boundaries for structures 

subjected to arbitrary cyclic thermal-mechanical loading histories. 

1.3 Objectives and research methods 

The general goal of the study is to extend the Bree-like diagrams and solve the key 

issues mentioned above. A series of computational methods are to be developed to 

evaluate cyclic plasticity and creep behaviours of high-temperature structures. The 

computational methods are then programmed and implemented in engineering tools 
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based on ABAQUS for structural design and integrity assessment. To accomplish the 

goal, four main objectives and corresponding research methods are given as follows: 

1) Develop and implement an extended LMM algorithm for shakedown analysis 

considering the limited kinematic hardening effect. To achieve this objective, 

a two-stage numerical procedure is proposed. Melanôs static shakedown 

theorem is extended using a two-surface hardening model to evaluate the 

shakedown limit considering the unlimited hardening effect. Then the original 

LMM algorithm is adopted to evaluate the ultimate bounding shakedown limit. 

After the convergence of both stages, the shakedown limit considering the 

limited kinematic hardening effect is evaluated, which is bounded by the 

results from both stages. The numerical procedure is verified by comparing 

the calculated shakedown boundaries with results from the literature. 

2) Create a uniform creep rupture equation for the interpolation and extrapolation 

of experimental data for various materials. The equation can be implemented 

in the existing LMM creep rupture analysis module to evaluate the rupture limit. 

To achieve this objective, a Unified Creep Rupture Equation (UCRE) is 

developed based on the experiment results from the ECCC data sheet. The 

numerical model is verified by comparing the predicted creep rupture curves 

with ones from the literature.  

3) Develop a numerical procedure for the evaluation of the structural constant life 

diagram. To achieve this objective, a three-stage procedure is proposed. 

Bounded by the shakedown limit and limit load, the constant life diagram is 

evaluated using the Unified Procedure for Fatigue and Ratchet Analysis 

(UPFRA). The UPFRA is further extended to support the eDSCA module for 

creep-fatigue interaction. Both fatigue and creep-fatigue problems can be 

solved by iteratively running the existing DSCA and eDSCA modules, 

respectively. The numerical procedure is verified by the ABAQUS step-by-step 

(SBS) inelastic FE analysis.  

4) Develop an alternate procedure for the evaluation of the ratchet limit of 

structures subjected to arbitrary thermal-mechanical loading histories.  Based 

on previous works [23, 24], a small and consistent value of ratchet strain is 

found alongside the structural ratchet boundary. Therefore, this objective is 

achieved by utilizing the UPFRA to scale the thermal-mechanical loads and 

call the DSCA module iteratively. The ratchet limit is determined when the 
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ratchet strain induced by the load point converges to the specified value. The 

numerical procedure is also verified by the SBS inelastic analysis. 

A technology roadmap of the study is presented in Figure 1.1 for an intuitive illustration 

of the methodology of this thesis. The Bree-like diagrams are extended in four 

different ways, including the shakedown limit, creep rupture limit, the constant low 

cycle fatigue (LCF) life curves and the constant creep-fatigue life curves. This work is 

based on four different modules in the original platform of the LMM framework. A two-

surface model is implemented in the LMM shakedown analysis module to calculate 

the shakedown limit considering kinematic hardening materials. Temperature-

dependent material properties are considered. The UCRE has been developed and 

implemented in the LMM creep rupture analysis module. A general equation for the 

description of creep rupture curves of various types of steel is proposed. The UPFRA 

has been developed and implemented in the LMM fatigue analysis module. The 

extended UPFRA has been developed and implemented in the LMM creep-fatigue 

analysis module. A unified numerical procedure for fatigue, creep-fatigue and ratchet 

analyses is proposed for the evaluation of structural constant life diagram and ratchet 

limit. All the numerical methods stated above have been applied in several numerical 

examples, including benchmark cases and engineering cases. For benchmark cases, 

simple numerical examples are considered and the results are justified by comparing 

with either literature results or ABAQUS SBS analysis. For engineering cases, 

complicated numerical examples are considered and the structural cyclic plasticity 

and creep behaviours at high temperatures are illustrated and investigated.  

 

Figure 1.1: Technology roadmap of the study 
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1.4 Outline of the thesis 

This thesis is composed of seven chapters as given below: 

Chapter 2 presents a general review of high-temperature design and assessment 

methods. The theoretical backgrounds of the research are briefly introduced, 

including high-temperature structural cyclic response, R5 procedure and the current 

LMM framework.  

Chapter 3 proposes a limited kinematic hardening algorithm for shakedown analysis, 

including the introduction of the two-surface model, Melanôs extended shakedown 

algorithm and the implementation of the proposed method in the current LMM 

shakedown analysis module. Two numerical examples are presented. 

Chapter 4 proposes a mathematical equation for creep rupture analysis. A Unified 

Creep Rupture Equation (UCRE) is introduced and implemented in the current LMM 

creep rupture analysis module. The equation is used to fit the rupture curves of 

various materials and is utilized in the parametric study of an industrial component. 

The corresponding creep rupture limit diagrams are presented. 

Chapter 5 proposes a numerical procedure for fatigue and ratchet analysis. The 

Unified Procedure for Fatigue and Ratchet Analysis (UPFRA) is introduced to 

evaluate both the constant low cycle fatigue life curves and the ratchet boundary in 

the Bree-like diagrams considering arbitrary thermal-mechanical load histories. The 

procedure is integrated with the DSCA algorithm and implemented in the current LMM 

fatigue and ratchet analysis modules. Two numerical examples are presented.  

Chapter 6 proposes a numerical procedure for creep-fatigue analysis, which is 

extended from the UPFRA and used to evaluate the structural constant creep-fatigue 

life curves. The procedure is integrated with the eDSCA algorithm and implemented 

in the current LMM creep-fatigue analysis modules. Constant LCF life curves are 

included in the existing Bree-like diagram. Two numerical examples are presented. 

Chapter 7 concludes the outputs of the research and provides recommendations for 

future works.  
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 Review of high-temperature analysis 

and assessment methods 

2.1 Introduction 

The topics of creep and cyclic plasticity have been intensely studied by numerous 

researchers in the past decades. The cyclic response of structures at high 

temperatures is introduced and reviewed in this chapter to give insight into the basic 

concept and fundamentals of this work. Cyclic plasticity response and corresponding 

failure mechanisms are briefly discussed with consideration of the creep effect. In 

addition, rule-based methods such as ASME NH and the R5 procedure have been 

introduced for the structural integrity assessment at high temperatures. Inelastic FE 

analysis is suggested for complicated cases that are not suitable to be designed by 

rules. For these complicated industrial problems, the Linear Matching Method (LMM) 

is one of the most advanced direct methods proposed to replace the inelastic FE 

analysis. With years of development, the LMM framework has included several 

modules for different steps in the R5 procedure. Since most works in this thesis are 

based on the LMM framework, the development history, advantages, and numerical 

procedures of the LMM are fully reviewed.  

2.2 Cyclic response of structures at high temperature 

2.2.1 The Bree diagram 

When monotonic loads are applied within a structure, the load-bearing capacity of the 

structure is represented by the limit load. If the stress level reaches the limit load, the 

structure would fail by instantaneous collapse. However, the structural response 

becomes complicated when the loads applied are cyclic. An interaction diagram has 

been introduced by Bree [12] so that the structural response can be determined 

directly for various loading conditions. In Figure 2.1, a typical Bree diagram is 

presented for a cylinder subjected to constant pressure and cyclic thermal load. Both 

the mechanical and thermal stress has been normalised by the yield stress of material 

as the coordinate axes of the diagram. With different combinations of thermal and 

mechanical loads, four different structural responses are predicted in various regions 

separated by the Bree diagram.  
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When the applied stress is lower than the yield stress, the whole structure would 

remain elastic with limitless service life. When the applied stress goes beyond the 

yield stress but within the shakedown and ratchet limit, the elastic shakedown 

behaviour is expected. The stress-strain relationship becomes elastic after a few 

cycles, and the plastic strain remains constant. The lifespan of components operating 

in this region is often considered very long at more than 10000 cycles. When the cyclic 

thermal stress increases above twice the yield stress, the structural response of 

plastic shakedown would appear, and a closed hysteresis loop would form in local 

areas of the structure. In this case, the structural life highly depends on the strain 

range of the hysteresis loop with consideration of low cycle fatigue (LCF) damage. 

When the stress level increases over the ratchet limit, the ratchetting behaviour is 

observed where plastic strain accumulates at each cycle. The structure would fail by 

the mechanism of incremental collapse after a limited number of cycles. For most 

engineering problems, the component is usually designed to operate in the elastic or 

the elastic shakedown region for safety concerns.  

 

Figure 2.1: Typical Bree diagram [12] and cyclic response of structures 
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2.2.1.1 Elastic shakedown 

The elastic shakedown region in the Bree diagram is delimited by the shakedown limit. 

For the evaluation of the shakedown limit, Melanôs [25] and Koiterôs [26] theories have 

been widely adopted for structural analysis. Considering elastic-perfectly plastic 

material, Melanôs static shakedown theorem is given by:  

ñFor given cyclic loads, the structure will shakedown if a constant self-equilibrium 

residual stress field is found while the yield condition is satisfied for any composition 

of cyclic stress and residual stress.ò  

Koiterôs kinematic shakedown theorem is defined by: 

ñFor given cyclic loads ὖὸ over time period ὸ, the structure will shakedown if the 

kinematically admissible strain rate is found while the strain field is compatible with 

the displacement field ό satisfying specified boundary conditions and ᷿Вὖό

᷿᷿ ὈὨὠὨὸ, where Ὀ is the plastic dissipation rate corresponding to the admissible 

strain rate ‐.ò  

Melanôs theorem produces a lower bound shakedown limit which is lower than the 

actual elastic shakedown limit. It is thus considered conservative and highly affected 

by the local stress concentration in the structure. Koiterôs theorem provides an upper 

bound shakedown limit that is higher than the actual elastic shakedown limit. It is 

based on the global energy match between the internal and external work and is 

considered more reliable and accurate than Melanôs theory. However, Koiterôs 

theorem is also less conservative so that the actual elastic shakedown limit can be 

predicted between the upper and lower bound limits.  

2.2.1.2 Plastic shakedown 

The plastic shakedown region in the Bree diagram is delimited by both the reverse 

plasticity limit and the ratchet limit. For load cases inside the plastic shakedown region 

in the Bree diagram, the failure mechanism of low cycle fatigue (LCF) is observed, 

which significantly affects the predicted life of structures. LCF induces local failure in 

high-stress areas and crack initiation. Unlike high cycle fatigue (HCF), which is 

estimated using the stress amplitude „ and stress-life (S-N) curves, LCF considers 

the total strain range ɝ‐ as the main factor of damage evaluation. The total strain 



 

11 
 

range ɝ‐ is considered to be made up of two parts, the elastic strain range ɝ‐ and 

the plastic strain range ɝ‐: 

 ɝ‐ὔ ὅ (2.1) 

 ɝ‐ὔ ὅ (2.2) 

where ‌, ‌, ὅ, and ὅ are material constants corresponding to fatigue ductility. The 

Coffin-Manson [27, 28] relationship has been proposed to describe the relationship 

between the total strain range ɝ‐ and the number of cycles to failure ὔ : 

 ‐ ςὔ  (2.3) 

where „ denotes the fatigue strength and ‐ is the fatigue ductility strength of the 

material. However, the Coffin-Manson model is based on several assumptions and 

lacks consideration of acceleration effects caused by stress relaxation and creep 

behaviour [29]. Based on the Coffin-Manson relationship, Manson has worked with 

other researchers and proposed a number of improved methods, including the 

Universal Slope Method (USM) [30] and the Modified Universal Slopes Method 

(MUSM) [31]. In addition, some other numerical methods have also been proposed 

for a better description of experiment curves, including the modified four-point 

correlation method [32], Mitchellôs method [33], the Modified Mitchellôs method [34], 

the Uniform material law [35], and the Medians method [36].  

2.2.1.3 Ratchetting 

The ratchetting region in the Bree diagram is delimited by both the ratchet limit and 

the limit load. When the load level is large enough to reach beyond the ratchet limit, 

the failure mechanism becomes incremental collapse where the plastic strain 

accumulates cycle by cycle. Ratchetting is a global behaviour and can be observed 

in multiple regions of the structure. It is considered dangerous for structures to operate 

in the ratchetting zone as the component's lifespan becomes extremely short after a 

few cycles. Therefore, ratchetting behaviour is usually avoided during the design 

process as recommended by design codes and assessment procedures.  

There are several differences between the ratchetting behaviour observed at the 

material and structure level. At the material level, ratchetting is found in open 
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hysteresis loops caused by non-zero mean stress or zero mean stress with tension-

compression asymmetry [37]. It is investigated in the bar experiment with cyclic 

tension loads, which creates a homogeneous cyclic stress field without residual stress. 

Material ratchetting involves a variable accumulation rate, and various complicated 

constitutive models have been proposed to describe the behaviour [38]. On the 

contrary, at the structure level, ratchetting can be detected in part of a component 

when the structural ratchet limit is reached. In this case, the cyclic stress field 

becomes inhomogeneous with complex residual stress. For the sake of simplicity, a 

constant accumulation is assumed for steady-state stress-strain behaviour. Also, the 

Elastic Perfectly Plastic (EPP) model is often used for the evaluation of the ratchet 

limit in engineering design and structural integrity assessment [39]. A two-bar 

experiment is presented in [40, 41] to further explain the structural ratchetting 

behaviour.  

2.2.2 Material hardening under cyclic loads 

2.2.2.1 Isotropic hardening 

Plastic deformation can cause metals to harden under cyclic loads. In this case, the 

strength of the material would increase, which is related to the accumulated plastic 

strain ὴ: 

 ὴ Ὠ᷿Ⱡ Ⱡ᷿Ὠὸ (2.4) 

where Ⱡ is the plastic strain rate and ὨⱠ is the effective plastic strain increment. In 

the 2D stress space, as shown in Figure 2.2, the yield surface expands when the 

stress level goes above the initial yield stress. The reverse yield stress also increases 

so that the material behaves elastically during the unloading stage while the overall 

strength grows. Since the yield surface expands uniformly in all directions, the 

hardening behaviour is considered isotropic [42]. The yield function is given by: 

 ὪⱭȟὴ „ „ ὴ π (2.5) 

where the effective stress „ ⱭȡⱭ . „ ὴ is also given by: 

 „ ὴ „ ὶὴ (2.6) 
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where „  denotes the initial yield stress and ὶὴ represents an isotropic hardening 

function. To simulate an exponential stress-strain curve that gradually approaches a 

constant value, one of the most common forms of ὶὴ is given by: 

 ὶὴ ὦὗ ὶὴ (2.7) 

where ὗ and ὦ are material parameters. Integrating equation (2.7) with ὶπ π: 

 ὶὴ ὗρ Ὡ  (2.8) 

where the mathematical constant Ὡ ςȢχρψ. The maximum size of the expended yield 

stress is determined by ὗ while the growth rate of the yield stress is dependent on ὦ.  

 

Figure 2.2: The yield surface and stress-strain curve of isotropic hardening behaviour 

 

2.2.2.2 Kinematic hardening 

For monotonic loading, isotropic hardening models can be considered reasonable to 

describe the stress-strain behaviour. However, for reversed loading cases, the 

isotropic hardening models would predict a large elastic region during the unloading 

stage. Thus, another type of hardening model ï the kinematic hardening is introduced 

for cyclic loading cases, which produces smaller elastic regions. Instead of expansion, 

a translation of the yield surface is assumed in the stress space, which is also named 

the Bauschinger effect [22]. As shown in Figure 2.3, the yield surface translates 

upward by a back stress ȿ═ȿ when the stress reaches beyond the yield strength. The 

reversed yield stress also increases so that the elastic region during the unloading 

stage is twice the yield stress ς„, while for isotropic hardening, the elastic region is 

ς„ ὶ. The consistency and normality conditions are still satisfied regarding the 
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plastic flow, so that the load point lies on the yield surface and the plastic strain is in 

the direction normal to the tangent line of the yield surface [42]. The yield function 

considering kinematic hardening then becomes: 

 Ὢ Ɑ ═ ȡⱭ ═ „ (2.9) 

A general form is considered to describe the back stress ═ in non-linear kinematic 

hardening: 

 Ὠ═ ὧὨⱠ ‎═Ὠὴ (2.10) 

where ὧ and ‎ are material constants.  

 

Figure 2.3: The yield surface and stress-strain curve of kinematic hardening behaviour 

 

Over the years, many constitutive models have been proposed [43-45] to describe 

the cyclic hardening behaviour based on experiment results. Nevertheless, these 

models usually require a specific loading spectrum and evaluate the explicit back 

stress evolution, which can be complex and unrealistic to be implemented in direct 

methods. A two-surface model has thus been proposed [46] to simplify the problem 

by assuming the movement of the yield surface is constrained by an ultimate bounding 

surface. 

2.2.2.3 Combined isotropic and kinematic hardening 

For a component subjected to cyclic loading conditions, the isotropic and kinematic 

hardening behaviour can be observed simultaneously. The kinematic hardening 
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process is prominent as observed in each individual cycle, while the isotropic 

hardening process also accumulates cycle by cycle until saturation is achieved. The 

hysteresis loop is then formed when plotting the stress-strain relationship over the 

cycles. The increase of peak stress and strain in the hysteresis loop caused by the 

accumulated isotropic hardening is also called cyclic hardening [42]. By combining 

equations (2.8) and (2.9), the yield function considering combined hardening is then 

given by: 

 Ὢ Ɑ ═ ȡⱭ ═ ὶὴ „ (2.11) 

The consistency condition is also given by: 

 
Ɑ
ϽὨⱭ

═
ϽὨ═ Ὠὴ π (2.12) 

Considering Hookeôs law and equations (2.7) and (2.10), the consistency condition 

becomes: 

 
Ɑ
Ͻ╒ὨⱠ ὨⱠ

═
Ͻ ὧὨⱠ ‎═Ὠὴ ὦὗ ὶὴ Ὠὴ π (2.13) 

where ╒ is the elastic stiffness matrix. According to the normality hypothesis of 

plasticity: 

 ὨⱠ Ὠὴ
Ɑ
 (2.14) 

The effective plastic strain increment Ὠὴ can then be calculated by rearranging 

equation (2.13) and substituting equation (2.14): 

 Ὠὴ Ɑ
Ͻ╒Ⱡ

Ɑ
Ͻ╒
Ɑ Ɑ

Ͻ═
Ɑ
Ͻ
Ɑ

 (2.15) 

The effective plastic strain increment Ὠὴ can also be determined by the increment of 

stress: 

 Ὠὴ Ɑ
ϽⱭ

Ɑ
Ͻ
Ɑ Ɑ

Ͻ═
 (2.16) 
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2.2.3 Creep mechanism in structures subjected to monotonic load 

Creep is a mechanism that affects the load-bearing capacity of materials at high 

temperatures. Influenced by time, pressure and temperature, the creep behaviour can 

be expressed in a creep strain versus time plot, as shown in Figure 2.4. There are 

three distinct stages in a tensile creep test curve: primary stage, secondary stage and 

tertiary stage. For the primary stage, the creep strain rate gradually reduces due to 

the hardening effect. For the secondary stage, the creep strain rate remains constant 

at a relatively low level. Intergranular damage can be observed during this stage. After 

that, the tertiary stage is reached while the creep strain rate progressively increases 

until creep rupture occurs. For some materials, the tertiary stage has a short period 

of time, which can be dangerous since the material would fail quickly. The 

microstructural mechanism of creep failure includes dislocation slipping, grain 

boundary sliding and diffusion of vacancies [47].  

2.2.3.1 Primary and secondary creep 

For the description of primary and secondary stages of creep, a Norton-Bailey law is 

proposed in the form of: 

 ‐Ӷ ὃ„ὸ  (2.17) 

where ‐Ӷ denotes the effective creep strain rate, „ denotes the effective von-Mises 

stress, ὸ denotes the dwell time, and ὃ, ὲ, and ά are power-law parameters. As 

shown in Figure 2.4, the first two stages predicted by the Norton-Bailey law agree well 

with experimental curves. The total strain is then the sum of elastic, plastic and creep 

strain. For some materials, the primary stage of creep has a relatively short time 

period so that it can be neglected. The Norton law can then be adopted by setting 

ά π in equation (2.17) so that the equation becomes time-independent. 

Considering the non-isothermal effect, creep parameter ὃ is temperature-dependent 

with application of the Arrhenius law: 

 ὃ ὃᶻÅØÐ  (2.18) 

where ὃᶻ denotes the frequency factor, ὗ denotes the activation energy, Ὑ is the 

global gas constant, and Ὕ denotes the local temperature.  
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Figure 2.4: A tensile creep test curve interpolated by the Norton-Bailey law 

 

2.2.3.2 Tertiary creep and creep rupture 

At the end of the tertiary stage of creep, the creep rupture behaviour would occur due 

to the development and coalescence of micro voids in the structure. The fracture is 

initiated by three main factors. The first factor is the reduction of cross-section caused 

by the deformation of the whole component. The second factor is the recrystallization 

and the precipitation behaviours in the material caused by high operating temperature. 

The third factor is the stress concentration and intergranular cracking induced by the 

growth of original defects. Therefore, it is vital to study the relationship between creep 

rupture stress, temperature, and time to rupture in order to avoid the occurrence of 

creep rupture during the design stage.  

The European Creep Collaborative Committee (ECCC) was established in 1991 to 

create systematic standards and design codes on creep rupture assessment for 

Europe. A ñguidance for the assessment of full size creep rupture datasetsò was 

published by the ECCC in 1996 to provide recommendations on the approaches for 

Creep Rupture Data Assessment (CRDA) [48]. A vast amount of creep rupture 

experiments have been performed by various members of ECCC, and the results 

have been collated and included in the ECCC data sheets [49]. Since many creep 

rupture tests are conducted in a short period of time at higher stress levels and 

temperatures, several extrapolation methods have been proposed for the prediction 

of long-term rupture data. The linear interpolation and extrapolation techniques are 

widely used due to their simplicity of implementation. However, these techniques are 
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often considered inaccurate to simulate curves with significant nonlinearity. The 

concept of temperature-dependent parameters is then proposed to combine rupture 

curves at different temperatures into one curve. The combined curve can be easily 

described with polynomial or exponential equations. One of the methods using this 

concept is the Larson-Miller parameter [50] with the form of: 

 ὖ Ὕ ςχσȢρυϽÌÏÇὸ ὅ (2.19) 

The Larson-Miller parameter assumes the presence of coincidence for all the iso-

stress curves which is controlled by the material parameter ὅ. For most steel, ὅ is 

usually considered between 20 and 22. However, the Larson-Miller parameter may 

produce unreliable results for cases involving high temperature and low stress [51]. 

To solve this problem, the Manson-Haferd model [52] is then proposed, which 

contains two material parameters: 

 ὖ  (2.20) 

In addition, the Ordd-Sherby-Dorn parameter [53] is proposed considering the 

physical and thermal behaviours of the material: 

 ὖ ÌÏÇὸ  (2.21) 

The Ordd-Sherby-Dorn parameter includes the activation energy ὗ and the universal 

gas constant Ὑ. Compared to models mentioned before, the Ordd-Sherby-Dorn 

parameter is capable of considering a wider range of temperatures. In decades, many 

other models [53-55] have also been proposed to improve and optimize the fitting 

process of creep rupture curves. However, most models mentioned above are only 

suitable to be applied for specific types of steel. They are not applicable for a wide 

range of materials and can be difficult to be implemented in direct methods. A 

numerical scheme has been developed in the Stress Compensation Method (SCM) 

[56, 57] for creep rupture assessment. However, this direct method is not considered 

user-friendly and its computational efficiency could be further improved. 

2.2.4 Creep mechanism in structures subjected to cyclic load 

Creep and fatigue are different structural mechanisms, but they interact with each 

other in various ways. On the micro level, the creep mechanism induces intergranular 
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damage with the growth of cavities, while the fatigue mechanism induces 

transgranular damage with the propagation of cracks [58]. Four different scenarios of 

interaction between creep and fatigue have been introduced in [59, 60]. The first 

scenario is pure fatigue behaviour, and surface crack is the primary failure mechanism. 

The second scenario is transgranular competing, where the cavity growth starts 

during creep dwell with the presence of transgranular cracks. The third scenario is 

mixed interaction, where intergranular damage gradually becomes dominant over 

transgranular damage. The fourth scenario is pure creep behaviour, where the creep 

dwell period is so long that the load cycle can be simplified to monotonic loads. 

Different creep mechanisms have various impact on the cyclic plasticity behaviour. A 

thermodynamically based model [61] has also been proposed to describe the 

interaction between creep and plasticity behaviours. 

The effect of creep dwell on the stress-strain behaviour of typical cyclic responses 

has been presented in Figure 2.5. A simplified load cycle is considered with three 

stages: loading, creep dwell and unloading. A reduction of stress is often found in 

high-stress regions with the structure during the creep dwell stage. The phenomenon 

is called stress relaxation, which is caused by the conversion of elastic strain to creep 

strain. The reduction of elastic strain results in the decrease of stress under certain 

boundary conditions. When the overall stress is lower than the yield stress, the stress 

relaxation is observed with no plasticity in the structure, as shown in Figure 2.5(a). 

With the increase of stress level, the cyclic response becomes elastic shakedown with 

plasticity in the first few cycles, as shown in Figure 2.5(b). It can be observed that the 

curves at stress dwell follow the relaxation curve under monotonic load marked in red 

dashed lines. In Figure 2.5(c), a longer creep dwell time is applied in the load cycle, 

and a larger amount of stress relaxation is thus observed, which induces a higher 

level of residual stress at the unloading stage. Therefore, additional reverse plasticity 

is enhanced by creep dwell, and the stress-strain behaviour forms a closed loop. 

Figure 2.5(d) shows the plastic shakedown behaviour due to the high level of cyclic 

stress in the structure. The reverse plasticity is further enhanced by creep dwell and 

is observed at both loading and unloading stages. Both Figure 2.5(c) and Figure 2.5(d) 

show closed hysteresis loops, and the creep behaviour is also affected by cyclic 

plasticity. For each cycle, the creep strain and accumulated creep damage are 

enlarged due to the higher stress level at the start of the creep dwell stage compared 

to the monotonic load case. Therefore, this phenomenon is called ñcyclically 

enhanced creepò [47]. 
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The presence of creep dwell can also cause an open hysteresis loop which is known 

as the creep ratchetting behaviour. Ratchetting can be driven by the high level of 

either mechanical or thermal load while the plastic strain accumulates in each cycle 

[62, 63]. Although the cyclic behaviour without creep is elastic or plastic shakedown, 

structural ratcheting behaviour is still possible with the inclusion of the creep dwell 

period. Therefore, the creep ratchetting is a complex mechanism controlled by dwell 

time, load type, stress level and material properties. Two typical hysteresis loops of 

creep ratchetting are shown in Figure 2.5(e) and Figure 2.5(f). When the creep strain 

is relatively large, but the stress relaxation is small, the creep strain dominates and 

the hysteresis loop shifts toward the direction of creep strain (right), as shown in 

Figure 2.5(e). When the creep strain is relatively small but the stress relaxation is 

large, the reverse plastic strain dominates, and the hysteresis loop shifts toward the 

opposite direction (left), as shown in Figure 2.5(f). The enlarged amount of reverse 

plasticity is caused by the residual stress field after the stress relaxation behaviour. 

This phenomenon of creep-fatigue interaction is called ñcreep enhanced plasticityò 

[47]. Similar to regular ratchetting behaviour, the creep ratchetting can induce large 

creep-fatigue damage and should be avoided as possible during the design stage.  

 

Figure 2.5: Effect of creep dwell on cyclic responses of (a) pure elastic (b) elastic shakedown (c) 
creep enhanced reverse plasticity (d) creep enhanced plastic shakedown (e) creep ratchetting 

dominated by creep strain (f) creep ratchetting dominated by plastic strain 
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2.2.5 The evaluation of creep-fatigue damage 

2.2.5.1 The saturated hysteresis loops 

To evaluate the creep and fatigue damage, it is important to plot the hysteresis loop 

at steady-state cycles. An example saturated hysteresis loop is presented in Figure 

2.6(a). The nonlinear cyclic stress-strain relationship can be described by the 

Ramberg-Osgood (R-O) relationship by: 

 ɝ‐ ɝ‐ ɝ‐ (2.22) 

 ɝ‐  (2.23) 

 ɝ‐  (2.24) 

where ὃ and ‍ are material parameters. Several parameters obtained from the 

hysteresis loop are crucial, including the start of dwell stress „, the elastic follow up 

factor ὤ and the effective total strain range ɝ‐Ӷ. The elastic follow up factor ὤ is 

calculated by dividing the effective creep strain ‐Ӷ by the decrease of elastic strain 

during creep dwell: 

 ὤ  (2.25) 

where „ denotes the effective stress at the end of dwell the effective elastic modulus 

Ὁ . The value of ὤ highly depends on the boundary conditions. For extreme 

cases observed in experiments, ὤᴼЊ when the specimen is stress-controlled or the 

load applied is primary, while ὤ ρ when the specimen is strain-controlled or the load 

applied is secondary. With ὤ and „ available, the stress relaxation curve can be 

plotted and the average stress „  during creep dwell can also be evaluated, as 

shown in Figure 2.6(b).  
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Figure 2.6: (a) Saturated hysteresis loop (b) stress relaxation curve (c) creep rupture curve (d) 
strain-life (E-N) curve (e) creep-fatigue interaction diagram 

 

2.2.5.2 The evaluation of creep damage 

With the assumption that the creep damage is unrelated to the loading sequence of 

stress, a linear damage accumulation rule has been proposed which is known as the 

Time Fraction rule (TF) rule [64]. The creep damage is determined by the limited creep 

life: 

 ‫ ᶻ ȟ
 (2.26) 

where ‫  denotes the creep damage accumulated per cycle, ɝὸ denotes the time of 

creep dwell, and ὸᶻ denotes the time to creep rupture. ὸᶻ can be evaluated by 

substituting the „  and the temperature Ὕ in the creep rupture curve shown in Figure 

2.6(c). The TF rule has also been adopted in ASME BPVC Section III Subsection NH 
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[5] for the evaluation of creep damage of structures subjected to varying tension loads. 

The TF rule is simple to use but lacks prediction accuracy [65]. 

With similar assumptions, another linear accumulation rule has been proposed which 

is known as the creep Ductility Exhaustion (DE) rule [66, 67]. The creep damage is 

determined by the limited creep strain: 

 ‫
ȟ

 (2.27) 

where ‐Ӷ denotes the creep strain rate and ‐Ӷ is the uniaxial creep ductility calculated 

from the creep strain rate and temperature Ὕ. The DE rule has been adopted in the 

R5 procedure [7]. The DE rule provides better prediction accuracy but lacks 

consideration of creep-fatigue interaction [65]. In addition, some improved methods 

have been proposed based on the DE method, such as the Stress Modified Ductility 

Exhaustion (SMDE) method [68-70]. The effect of stress has been taken into account 

in the function ‐Ӷ by: 

 ‫
ȟȟ

 (2.28) 

To improve the systematic prediction of creep-fatigue life considering multiple 

materials, the energy-based ductility exhaustion method (SEDE) has been proposed 

[71]. The creep damage at a saturated cycle ‫  is given by: 

 ‫ ᷿
ȟ
Ὠὸ (2.29) 

where ύ  denotes the energy density rate of inelastic strain, ύ  denotes the failure 

strain energy density. The SEDE rule has both physical meaning and good prediction 

accuracy [65]. To consider the influence of multiaxial ductility, the multiaxial ductility 

factor (MDF) can also be multiplied in the denominator of creep ductility exhaustion 

rules described above. The MDF from the R5 procedure is given by: 

 ὓὈὊ ÅØÐὴρ ή  (2.30) 

where „ denotes the maximum principal stress, „  denotes the mean stress, ὴ and 

ή are material constants.  
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2.2.5.3 The evaluation of fatigue damage 

The fatigue life of materials can be described in three different forms: stress-life, 

strain-life, and energy-life [72]. The high cycle fatigue (HCF) damage can be 

determined by the stress amplitude „ and stress-life (S-N) curves, while the low cycle 

fatigue (LCF) damage can be evaluated based on the strain-life (E-N) diagram of the 

material and the effective total strain range ɝ‐Ӷ, as shown in Figure 2.6(d). The S-N 

curves are not suitable for the evaluation of LCF life for EPP models when the stress 

is unable to rise above the yield stress. Other methods for the LCF damage calculation 

have been mentioned in Section 2.2.1.2.  

A linear accumulation rule known as the Palmgren-Miner rule [73, 74] has been 

proposed for the evaluation of fatigue damage. With the number of cycles to fatigue 

failure ὔᶻ available, the fatigue damage per cycle ‫  is given by: 

 ‫  z (2.31) 

The total fatigue damage Ὀ  is then determined by the number of cycles ὲ: 

 Ὀ В‫  z (2.32) 

The failure of material occurs at Ὀ ρ when the capacity of fatigue life is exhausted.  

2.2.5.4 The evaluation of creep-fatigue damage 

After the calculation of creep and fatigue damage separately, the total damage can 

then be evaluated using the creep-fatigue interaction diagram, as shown in Figure 

2.6(e). R5 procedure introduces the linear damage summation (LDS) rule as follows: 

 ‫ ‫ ‫  (2.33) 

where ‫  denotes the total damage. The structure is considered safe without issues 

of crack initiation when ‫ ρ. ASME NH and RCC-MR [6] suggest the use of a bi-

linear relationship for the evaluation of total damage: 

 Ὀ Ὀ Ὀ (2.34) 

where Ὀ  and Ὀ  are accumulated creep and fatigue damage, and Ὀ denotes the 

creep-fatigue damage factor for the material. In addition, a nonlinear model has been 
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proposed in [75] to evaluate the combined creep-fatigue damage. When the total 

damage is smaller than 1, the concave failure locus is given by: 

 ρ (2.35) 

The LDS rule is simple to use but is unable to describe the creep-fatigue interaction 

properly. The strain range partitioning (SRP) model [76] is then proposed to address 

this issue. Based on the tensile or compressive portion of the cycle, the SRP divides 

the inelastic strain into three parts: ‐ , ‐ , and ‐ . Each part is described by a 

power-law relationship: 

 ‐ ὅὔ  (2.36) 

The accumulative damage is calculated by: 

 Ὀ Вὲ  (2.37) 

The creep-fatigue failure occurs when Ὀ Ὀ Ὀ ρ. The SRP model can 

predict the creep-fatigue interaction better than the LDS rule, but it can be highly 

difficult to separate the strain components in the hysteresis loop. Therefore, several 

numerical models have been proposed based on the mechanics of creep-fatigue 

interaction. A crack growth model [77] has been introduced based on the creep 

fracture mechanics: 

  (2.38) 

 ὅɝὐ  (2.39) 

 ὅὅᶻ  (2.40) 

where ɝὐ  denotes the effective range of ὐ-integral and ὅᶻ denotes the time-

dependent path integral. Both creep fracture parameters are dependent on the crack 

size of the structure. Assuming the fatigue damage is determined by the crack size ὥ 

while the creep damage is determined by the cavity size ὧ, another mechanism-based 

model [78] has been proposed as follows: 
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 ρ ‌ÌÎ ȿ‐ȿ‐  (2.41) 

 ȿ‐ȿ‐  (2.42) 

where ὧ denotes a threshold cavity size for the evaluation of the interaction between 

the growth of crack size and creep cavity. Based on the Kachanovôs damage model 

[79], a unified damage model [80] is further proposed by: 

 ‫ȿ ȟ  (2.43) 

 
ȟ

 (2.44) 

 ‫ȟ ὄ„  (2.45) 

 ‫ȟ ὄɝ„ (2.46) 

where ‫ȟ are the growth rate of creep and fatigue damage when ‫ȟ and ‫ π, ὄ 

and ὄ are temperature-dependent parameters, Ὧ, ί, ὶ and ή are positive parameters, 

and is the common damage parameter for the description of creep-fatigue ‫ 

interaction damage. For a clear and intuitive demonstration of the proposed numerical 

methods in this thesis, the TF rule is adopted for the creep damage evaluation, the E-

N diagram is adopted for the fatigue damage evaluation, and the LDS rule is adopted 

for creep-fatigue damage evaluation, as presented in Figure 2.6. 

2.3 The R5 high-temperature assessment procedure 

A preliminary version of the high-temperature assessment procedure was firstly 

proposed by the UK Central Electricity Generating Board (CEGB). The procedure is 

further developed by EDF Energy to include sections of defect, weldment, etc. Hence 

the R5 procedure has been proposed and widely adopted in nuclear industries in the 

UK. The R5 procedure provides a series of step-by-step instructions for engineers to 

assess the failure mechanism, crack initiation, crack propagation and life prediction 

for high-temperature components subjected to cyclic loads. In this section, the 

ñvolume 2/3: Creep-fatigue initiation procedure for defect-free structuresò of the R5 

procedure is introduced. This volume provides comprehensive step-by-step 

procedures to assess the number of cycles to crack initiation and the total creep-
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fatigue damage. The last two steps have been neglected here since they are 

considered irrelevant to the scope of this study. The other 16 steps in the R5 volume 

2/3 are briefly described below. 

Step 1: resolve load history into cycle types. 

The realistic loading history is simplified to reduce the number of service cycles for 

following fatigue assessment procedures. Standard techniques for the simplification 

process include the rainflow method or the reservoir method.  

Step 2: perform elastic stress analysis. 

The elastic analyses can be performed with Finite Element analysis or analytical 

solutions. The critical locations are selected where the maximum stress level or 

temperature is observed. Then the von Mises equivalent stress and strain ranges can 

be computed before the calculation of key equivalent stress values ὖ , ὖ, ὖ, ὗ and 

Ὂ through the thickness of the structure.  

Step 3: demonstrate sufficient margins against plastic collapse. 

It is ensured that the plastic collapse does not occur upon the first loading process 

before the steady cyclic state is reached. The following conditions should be satisfied: 

 ὖ πȢφχὛ (2.47) 

 ὖ ὖ Ὓ (2.48) 

 ɝὖ ὖ ὗ ςȢπὛ for ferritic steels (2.49) 

 ɝὖ ὖ ὗ ςȢχὛ for austenitic steels (2.50) 

where Ὓ Ὓ „  for typical ferritic and austenitic steels. The satisfaction of 

equations (2.49) and (2.50) means the steady cyclic state operates within the global 

shakedown region. If the above conditions are not satisfied, further inelastic analyses 

may be required for the demonstration of margins. 

Step 4: determine whether creep is significant. 

The significance of creep strain depends on the type of loading cycle and temperature. 

The creep effect can be neglected when the following condition is satisfied: 
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 Вὔ ρ (2.51) 

where ὔ denotes the total number of cycles of each type of cycle Ὦ, ὸ denotes the 

creep dwell time and ὸ  denotes the allowable time at the reference temperature Ὕ . 

The insignificant creep curves have also been provided for the evaluation of ὸ  for 

different materials.  

Step 5: demonstrate that creep rupture endurance is satisfactory. 

Creep rupture is caused by primary loads on the structure so that the primary load 

reference stress is required. Together with Step 3, the primary loads are limited to 

prevent plastic collapse and creep rupture failure. For a simple geometry with a 

rectangular cross-section, the primary load reference stress „  is given by: 

 „ ὖ  (2.52) 

Then the rupture reference stress „  is calculated by: 

 „ ρ πȢρσ… ρ „  for creep ductile materials (2.53) 

 „ ρ … ρ „  for other materials (2.54) 

where ὲ is the parameter from the Norton law and the stress concentration factor …

„ȟ Ⱦ„ . Here „ȟ  denotes the maximum equivalent stress that is evaluated 

elastically. For the above equations, it is acceptable to use … τȢπ. Otherwise, it is 

suggested to consider existing defects in the structure using the R5 volume 4/5. The 

creep usage factor Ὗ is evaluated by: 

 Ὗ Вὔ
ȟ

ρ (2.55) 

where ὸ denotes the allowable time before rupture, which is derived from the creep 

rupture curves based on „  and Ὕ . 

Step 6: perform simple test for shakedown and check for insignificant cyclic 

loading. 
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With the satisfaction of global shakedown conditions in Step 3, a test for the 

shakedown state can be conducted by assuming a zero residual stress field. The 

linearised equivalent elastic stress „ȟ  at every location ὼ in the structure over the 

time period ὸ is limited by the modified yield stress: 

 „ȟ ὼȟὸ ὑὛ (2.56) 

where ὑ is a material constant. Also, the region of cyclic plasticity should satisfy the 

following condition: 

 ὶ ὶ πȢςύ (2.57) 

where ύ denotes the section thickness. When the equations (2.56) and (2.57) are 

both satisfied, Step 7 can be skipped. In addition, it may be possible to determine the 

insignificant cyclic loading where the fatigue and creep behaviours are not affected 

by the cyclic loads applied. In this case, Steps 8 to 14 can be skipped. The insignificant 

cyclic loading is determined by the following criteria: 

a) The load cycle operates within the elastic limit of the material. 

b) The total fatigue damage is less than 0.05. 

c) The creep behaviour is not affected by cyclic loading. 

Step 7: perform global shakedown check and calculate cyclic plastic zone size. 

For a detailed check on the shakedown status of the structure, both primary and 

secondary loads are considered. A constant residual stress field ”ὼ should be 

evaluated manually or achieved by post-processing the elastic analysis results. When 

checking the shakedown state manually, the stress at steady-state „ ὼȟὸ is given 

by: 

 „ ὼȟὸ „ ὼȟὸ ”ὼ (2.58) 

where „ ὼȟὸ denotes the elastic stress field. The equivalent stress at steady-state 

„ ὼȟὸ should satisfy the following shakedown criterion: 

 „ ὼȟὸ ὑὛ (2.59) 

where ὑ  is a material constant. When using the post-processing technique, it is 

essential to present contours that distinguish shakedown and non-shakedown regions. 
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If the shakedown criterion is satisfied at over 80% of the thickness of each section, 

the whole structure may be considered to operate in the shakedown state.  

Step 8: calculate shakedown reference stress, reference temperature and the 

start of dwell stress. 

The steady-state equivalent stress from Step 7 is adopted to calculate the shakedown 

reference stress „  at the reference temperature Ὕ . The overall creep 

deformation and the creep rupture life can be further evaluated based on „  and 

Ὕ . When the structural response is global shakedown, a conservative creep usage 

is predicted. When the structural response is elastic shakedown, the start of dwell 

stress is considered identical to the primary load reference stress „ . Therefore, the 

start of dwell stress „ is given by: 

 „ ɝ„ȟ ὑὛ  (2.60) 

For load points outside the shakedown limit, the predicted „ may go above yield 

stress. In this case, a realistic value of „ can be achieved by evaluating the steady-

state hysteresis loop with cyclic stress-strain curves. 

Step 9: estimate elastic follow-up factor and associated stress drop during 

creep dwell. 

For components subjected to relatively large thermal stress and small mechanical 

loads, the stress relaxation and increase of strain may be observed during the creep 

dwell period. To describe the stress relaxation behaviour, the elastic follow up factor 

ὤ is given by: 

 ὤ  (2.61) 

where ɝ‐Ӷ denotes the equivalent creep strain increment and ɝ‐Ӷ denotes the 

equivalent elastic strain increment. Three simplified methods have been provided to 

evaluate the elastic follow up factor for different types of load cycles: 

a) The stress relaxation is neglected by assuming ὤᴼЊ. This will lead to a 

conservative estimation of creep damage.  
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b) If the maximum variation of temperature in the structure is lower than 10 °C 

and the primary loads are much smaller than the secondary loads, it is 

conservatively assumed that ὤ σ when the following inequality is satisfied: 

 ὖ ὖ πȢς„  (2.62) 

c) An inelastic elastic-creep computation is required with monotonic loading 

conditions applied. The alternation plasticity and creep behaviours are not 

considered to simplify the procedure. In this case, the elastic follow up factor 

is given by: 

 ὤ  (2.63) 

where ɝ‐Ӷ denotes the total strain increment, Ὁ σὉȾςρ ’ denotes the 

effective Youngôs modulus and ɝ„  denotes the drop in stress. If ὤ ρ, ɝ„  

is taken from experiment results; if ὤ ρ, ɝ„  is replaced by ɝ„ which is a 

constant value from the cyclic relaxation data. 

Step 10: calculate the total strain range. 

To determine the strain range for fatigue assessment, the elastic stress history 

„ ὼȟὸ from Step 2 is used. A simplified method considering the enhancement of 

plasticity and creep is then given to estimate the maximum equivalent fatigue strain 

range ɝ‐Ӷ for each loading cycle type. The elastic stress range is enhanced by the 

stress relaxation value ɝ„  to compute the increased elastic stress range ɝ„ȟ: 

 ɝ„ȟ ɝ„ ɝ„  (2.64) 

The corresponding elastic strain range ɝ‐Ӷȟ is given by: 

 ɝ‐Ӷȟ
ȟ (2.65) 

The steady-state cyclic stress-strain curves can be described by the Ramberg-

Osgood (R-O) model by: 

 ɝ‐  (2.66) 
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where ὃ and ‍ are material parameters. The equivalent total strain range ɝ„ is 

achieved by solving the following equation: 

 ɝ„ȟɝ‐Ӷȟ ɝ„  (2.67) 

The total strain range ɝ‐Ӷ is then given by: 

 ɝ‐Ӷ ɝ‐Ӷ  (2.68) 

where ɝ‐Ӷ  denotes the enhancement caused by constant volume deformation, 

which is defined by: 

 ɝ‐Ӷ ὑ ρɝ‐Ӷȟ (2.69) 

where 

 ὑ  (2.70) 

 ’Ӷ πȢυρ  (2.71) 

 Ὁ  (2.72) 

where Ὁ denotes the secant modulus.  

Step 11: check limits on cyclically enhanced creep and calculate creep usage 

factor. 

The shakedown reference stress „  and the reference temperature Ὕ  from Step 

8 can be used here to check the enhancement of creep strain induced by cyclic 

thermal stress. To consider the effect of stress controlling deformation, the core stress 

is proposed which represents the stress level within the cross-section. For 

components subjected to constant primary loads and cyclic secondary loads, the load 

parameters ὢ and ὣ are first calculated by: 

 ὢ  (2.73) 
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 ὣ  (2.74) 

where „  denotes the reference stress from Step 5, and ɝὗ denotes the maximum 

elastic thermal stress range within the structure. The core stress „  is then given 

by: 

 „ ὣ ςὣρ ὢ ρὛ            ὣρ ὢ ρ (2.75) 

 „ ὢὣὛ                                          ὣρ ὢ ρ (2.76) 

The core stress „  is considered to be less conservative to replace „  in the 

following calculation. The limit on the creep usage factor ὡ is given by: 

 ὡ Вὲ
ȟ

ρȢπ (2.77) 

where ὲ denotes the total number of cycles for cycle type Ὦ, ὸ denotes the time period 

when creep is significant, and ὸ denotes the allowable time from the creep rupture 

curves. 

Step 12: summarise assessment parameters. 

A number of important parameters are summarised in this section to be used for the 

evaluation of creep-fatigue damage in Steps 14 and 15. The parameters required are 

listed as follows: 

ὶ: The size of the cyclic plastic zone is given in Step 7. It is further adopted in Step 

14 for the estimation of initiation crack size. 

Ὕ  and „: The shakedown reference temperature and stress at the start of creep 

dwell are given in Step 8. They are both used in Step 15 for creep damage evaluation. 

ὤ and ɝ„: The elastic follow up factor and the drop of stress during creep dwell are 

given in Step 9. They are both used in Step 10 for the evaluation of the total strain 

range and in Step 15 for creep damage evaluation. 

ɝ‐Ӷ: The total strain range is given in Step 10 and is used in Step 14 for the evaluation 

of fatigue damage. 
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ὡ: The creep usage factor is given in Step 11. It is essential to ensure that ὡ ρȢπ 

during the lifetime of the structure, but the value of ὡ is not necessarily used for the 

evaluation of creep damage in Step 15.  

Step 13: treatment of weldments. 

For welded structures, the weldments are normally treated similarly to the parent 

material with several exceptions: 

a) Differences in material properties between parent and weldment materials.  

b) Welding defects introduced during the welding procedure.  

c) Large residual stress introduced during the cooling process. 

d) Differences in surface finish between ñdressedò and ñundressedò weldments. 

With the presence of conditions listed above, it becomes necessary to treat the 

weldments differently from the parent material. The detailed procedure is not 

described here since it is out of the scope of this review. 

Step 14: calculate fatigue damage per cycle. 

The fatigue damage per cycle ‫  is calculated by: 

 ‫  (2.78) 

where ὔ  denotes the number of cycles to crack initiation with a crack size of ὥ. It 

can be computed by the procedure given below: 

a) The fatigue endurance data is acquired as well as the fatigue strength 

reduction factor for the consideration of ageing and environment.  

b) The fatigue endurance data is divided into curves that show the relationship 

between the number of cycles to failure and the total strain range. The number 

of cycles to crack nucleation ὔ and crack growth ὔ  are given by: 

 ÌÎὔ ÌÎὔ ψȢπφὔ Ȣ  (2.79) 

 ὔ ὔ ὔ (2.80) 

c) Assume the initial crack size ὥ grows to size ὥ and the number of cycles 

ὔ ὓὔ . The value ὓ is given by: 
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 ὓ            for ὥ ὥ  (2.81) 

 ὓ            for ὥ ὥ  (2.82) 

where ὥ πȢς ÍÍ. The fatigue endurance ὔ  for crack size ὥ is then given by: 

 ὔ ὔ ὔ  (2.83) 

Step 15: calculate creep damage per cycle. 

If the insignificant cyclic loading criteria in Step 6 are satisfied, the creep damage per 

cycle ‫  is calculated by: 

 ‫  (2.84) 

where ὸ denotes the creep dwell time and ὸ„  denotes the creep rupture time of 

the material at the rupture reference stress „  from equation (2.54). For cases with 

significant cyclic loading, the ductility exhaustion method is adopted to evaluate creep 

damage ‫ : 

 ‫ ᷿ Ὠὸ (2.85) 

where ‐Ӷ denotes the equivalent creep strain rate and ‐Ӷ‐Ӷ  denotes the 

corresponding creep ductility.  

Step 16: calculate total damage. 

The total damage Ὀ is evaluated by the sum of total fatigue damage Ὀ  and total 

creep damage Ὀ  over the cyclic history: 

 Ὀ Ὀ Ὀ  (2.86) 

 Ὀ В ВὲὨ  (2.87) 

 Ὀ ВὲὨ  (2.88) 
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where ὲ denotes the number of cycles of type Ὦ and ὔ , Ὠ  and Ὠ  denote the 

corresponding values of ὔ , Ὠ  and Ὠ  of type Ὦ. A crack initiation envelope can then 

be plotted on which Ὀ Ὀ ρ. For an assessment point ὈȟὈ  located inside the 

envelope, Ὀ ρ and the crack initiation does not occur. For the assessment point 

outside the envelope, Ὀ ρ and crack initiation occurs. A further creep-fatigue crack 

growth assessment is then required, which is given in the R5 volume 4/5.  

2.4 The Linear Matching Method (LMM) framework 

In the R5 procedure and ASME codes, the incremental Finite Element (FE) analysis 

is recommended as the primary approach during the design by analysis process. The 

incremental FE analysis can be performed on complicated engineering structures 

subjected to cyclic thermal-mechanical loads. Also, sophisticated constitutive models 

can be applied to describe the inelastic stress-strain relationship of realistic 

engineering materials. However, it is often considered time-consuming and difficult to 

converge. In addition, a large number of repetitive simulations are required when 

plotting the structural response boundaries, such as the Bree diagram. Therefore, 

numerical direct methods have been developed to replace the incremental FE 

analysis gradually. Based on a few assumptions, the direct methods can provide 

results with similar accuracy but also with better efficiency compared to the 

incremental FE analysis.  

Over the past decades, many direct methods have been proposed, including the 

mathematical programming methods [81-86] and a number of modified elastic 

modulus methods [14, 87-90], including the Reduced Modulus Method [87], the 

Generalised Local Stress-Strain (GLOSS) Method [88, 91], the Elastic Compensation 

Method (ECM) [89, 92], the Modified Elastic Compensation Method (MECM) [93], the 

Non-linear Superposition Method [94], the Stress Compensation Method (SCM) [95] 

[96], and the Linear Matching Method (LMM) [14, 90]. Among them, the LMM 

framework is one of the most advanced and versatile tools for structural integrity 

assessment.  

2.4.1 The general numerical procedure of the current LMM 

Consider a body with volume ὠ and surface Ὓ. It is subjected to cyclic temperature 

‗—ὼȟὸ in ὠ and cyclic pressure ‗ὖὼȟὸ on the part of the surface Ὓ . The 
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remainder part of the surface Ὓ is restricted to have zero displacements. Here ὼ 

denotes the location in the body, and ὸ is constrained by the time cycle π ὸ ɝὸ. 

Assume the body is constructed with an elastic-perfectly plastic (EPP) material. The 

linear elastic stress history in the structure is then given by: 

 „ ὼȟὸ ‗„ ὼȟὸ ‗„ ὼȟὸ (2.89) 

where „  and „  are the linear elastic solution calculated with —ὼȟὸ and ὖὼȟὸ, ‗ 

and ‗  are the thermal and mechanical multipliers which are used to construct 

arbitrary combinations of loading history. The general stress field is then given by: 

 „ ὼȟὸ „ ὼȟὸ ”Ӷὼ ” ὼȟὸ (2.90) 

where ”Ӷὼ denotes a constant residual stress field that is self-equilibrium and 

independent of time, ”  denotes a varying residual stress field that is dependent on 

time. For elastic shakedown problems, the varying residual stress field is ignored so 

that ” π. Considering a kinematically admissible strain rate history ‐ , a 

minimization procedure has been proposed to evaluate various structural limits and 

cyclic responses. The simplified minimization function is given by: 

 Ὅ‐ȟ‗ В Ὅ (2.91) 

 Ὅ ɝ‐ȟ‗ ᷿ „ɝ‐ „ ὼȟὸɝ‐ Ὠὠ (2.92) 

 ” ὼȟὸ В ɝ” ὸ  (2.93) 

where ὔ denotes the number of load instances in a load cycle, ὸ denotes the current 

load instance, ‗ denotes a general load multiplier which is applied on all loads in the 

structure, ɝ”  denotes the varying residual tress increment and ɝ‐  denotes the 

strain increment. To iteratively solve the minimization problem, a series of linear 

equations are defined by: 

 ɝ‐ȟ ὸ „ ὸ ”ȟ ὸ ɝ”ȟ ὸ  (2.94) 

 ɝ‐ ȟ ὸ π (2.95) 
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where symbol ᴂ denotes the deviatoric stress component, Ὧ is the iteration number 

and ‘Ӷ denotes the iterative shear modulus, which is constantly revised to match the 

yield condition. At iteration Ὧ ρ, the shear modulus is updated by: 

 ‘Ӷ ὼȟὸ
ȟ ȟ

ȟ ȟ
 (2.96) 

where ” ὼȟὸ  denotes the summation of constant and varying residual stress 

fields at different load instances. „ ὼȟὸ  denotes the iterative yield stress. It can be 

a constant value for the EPP model or a strain-dependent value based on the 

Ramberg-Osgood (R-O) model to consider cyclic hardening behaviour. For evaluation 

of creep rupture limit, the yield stress is revised by the rupture strength of the material. 

For load cycles with creep dwell, the yield stress is revised by the creep flow stress. 

The original LMM algorithm for shakedown analysis is shown below. All the other 

modules in the LMM framework are based on the concept of the original LMM 

algorithm. A detailed introduction of the numerical procedures for different modules in 

the LMM framework is given in the following chapters.  

2.4.2 The original LMM algorithm for shakedown analysis 

2.4.2.1 Melanôs static shakedown theorem 

For the computation of the lower bound shakedown limit, Melanôs static shakedown 

theorem [97] has been adopted. The total linear elastic stress field is first calculated 

by: 

 ‗„ ‗„ ‗„  (2.97) 

where „  and „  are linear elastic stress fields generated by —ὼȟὸ and ὖὼȟὸ. 

A residual stress field is observed in the structure when steady-state is reached during 

the time cycle π ὸ ɝὸ: 

 „ ὼȟὸ ‗„ ὼȟὸ ”Ӷὼ ” ὼȟὸ (2.98) 

where ”Ӷὼ  denotes a self-equilibrium constant residual stress field, while ” ὼȟὸ 

denotes a varying residual stress field. For shakedown problems, ” ὼȟὸ π. 

Melanôs static shakedown theorem is then given by: 
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The structure will shake down, when a constant residual stress field can be found so 

that the steady-state stress field satisfies the von Mises yield condition for arbitrary 

load paths from a specific loading domain: 

 Ὢ‗„ ὼȟὸ ”Ӷὼȟ„ ὼ πȟᶅὼɴ ὠȟᶅὸ (2.99) 

2.4.2.2 The LMM theorem 

The LMM method considers a kinematically admissible strain rate history ‐ , which 

matches a compatible strain increment ɝ‐ : 

 ᷿ ‐Ὠὸɝ‐  (2.100) 

which is also compatible with a displacement increment field: 

 ɝ‐  (2.101) 

The upper bound shakedown limit is calculated by: 

 ‗ ᷿ ᷿ „‐ ὨὸὨὠ᷿ ᷿ „‐ ὨὸὨὠ (2.102) 

where „  is the stress at yield state, „  is the elastic linear solution from equation 

(2.97). Adopting the corresponding flow rule, equation (2.102) can be further 

simplified by: 

 ‗
᷿ ᷿

᷿ ᷿
 (2.103) 

where ‐Ӷ ‐‐  denotes the effective strain rate. 

A series of linear equations is then defined using the general programming skill given 

in [98]. The final plastic strain rate history ‐  is derived from an initial kinematically 

admissible strain rate history ‐ : 

 ‐ ‗ „ ”Ӷ  (2.104) 

 ‐ π (2.105) 
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 ‘  (2.106) 

where ”Ӷ is a constant residual stress field defined in equation (2.98). The symbol ᴂ 

denotes the deviatoric component of a tensor. The shear modulus ‘ is defined by 

matching the stress state to elastic perfectly plastic material at the start of each 

iteration. Over the time cycle, equation (2.104) can be integrated so that: 

 ɝ‐ ”Ӷ „  (2.107) 

 „ ‘Ӷ᷿ ‗ „ ὸὨὸ (2.108) 

 ᷿ Ὠὸ (2.109) 

The linear problem described above would produce a monotonically decreasing 

shakedown multiplier which becomes a converged minimum upper bound eventually 

using equation (2.103): 

 ‗ ‗  (2.110) 

2.4.2.3 Implementation of numerical procedures in ABAQUS 

For the convex yield condition, the load history is described by straight loading paths 

in load space. Plastic strains are only observed at the vertices of the loading space. 

The vertices are expressed by individual load instances, which simplified the problem 

proposed above. The integration process of the strain rate history is then replaced by 

the sum of values at load instances: 

 ɝ‐ В ɝ‐  (2.111) 

An initial stress field is then defined to solve the linear problem in equation (2.104): 

 „ ‘ӶВ ‗„ ὸ  (2.112) 

 В  (2.113) 

where 
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 ‘  (2.114) 

To implement the procedure described above in ABAQUS, an iterative process is 

proposed using the user subroutine UMAT and URDFIL [99]. At the first iteration Ὧ

ρ, ‘Ӷ ρ. „ ὸ  is calculated with external loads without scaling. At the Ὧ ρ  

iteration,  

 ‗ ‗  (2.115) 

 ‘  (2.116) 

where 

 ‐Ӷ ‐Ӷɝ‐  (2.117) 

 В  (2.118) 

Then the Jacobian matrix ὐ  is defined with updated shear modulus ‘Ӷ  in UMAT, 

which describes the relationship between stress and strain. The initial stress field is 

then given by: 

 „ ‘Ӷ В  (2.119) 

The constant residual stress field is computed by: 

 ”Ӷ ὐ ɝ‐ „  (2.120) 

The strain rate at the vertices of load space is calculated by: 

 ɝ‐ ὅ ”Ӷ „ ὸ  (2.121) 

where ὅ  denotes the stiffness matrix calculated with ‘Ӷ . Using the energy 

output function in ABAQUS, the volume integration ᷿ „В ‐Ӷ Ὠὠ and 

᷿ В ɝ‐ „ ὸ Ὠὠ are then calculated. The shakedown multiplier is 

determined by: 
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 ‗
᷿ В

᷿ В
 (2.122) 

2.4.3 The development of the current LMM plug-in 

As one of the most advanced Finite Element software, ABAQUS/CAE provides a 

comprehensive solution for FE modelling, visualization and process automation. 

Based on the ABAQUS platform, Abaqus/Standard is a generalised FE analysis 

programme with a powerful nonlinear solver, a user-friendly graphic interface and a 

versatile development platform [21]. ABAQUS plug-in is a tool located in the 

ABAQUS/CAE interface, which provides a programming environment for user 

customization. As shown in Figure 2.7(a), there are two main types of ABAQUS plug-

in: kernel plug-in and GUI plug-in. Kernel plug-in directly issues commands to the 

kernel to accomplish simple tasks such as setting viewport and display options. For 

more complicated tasks, the GUI plug-in is user-friendly and can be constructed using 

the GUI toolkit or the RSG dialog builder. The RSG dialog builder is a built-in plug-in 

in ABAQUS and contains basic widgets for the execution of kernel commands. The 

GUI toolkit is an advanced option for the creation of a GUI plug-in. It provides over 

500 Python classes to control the pre-processing, modelling and post-processing 

stages during the simulation process. It can also work with user-subroutines based 

on FORTRAN to describe material constitutive equations and configure user-defined 

elements. A complete GUI plug-in typically consists of several elements, including 

start-up script, application object, main window, GUI modules, modes, dialogs, and 

widgets. As shown in Figure 2.7(b), the ABAQUS GUI plug-in is based on Abaqus, 

Python and GUI, which are also mutually connected. Firstly, the kernel of 

ABAQUS/CAE is scripted by Python, which is an open-source, object-oriented 

programming language. Python has become one the most popular language in the 

world with high efficiency, high compatibility and short development periods. Also, 

ABAQUS/CAE provides a GUI toolkit for the creation of a user-defined interface. In 

addition, GUI commands include both basic Python modules and Abaqus kernel 

scripts. The GUI plug-in interacts with the kernel by a series of procedures, including 

post dialog box, process query, execute commands and handle exceptions [21].  
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Figure 2.7: (a) The main types of ABAQUS plug-ins (b) The composition of the ABAQUS GUI 
plug-in  

 

At the early stage of development, the LMM is written in FORTRAN as ABAQUS user 

subroutines. Since the use of subroutines requires sufficient knowledge of FORTRAN 

programming and LMM algorithms, it becomes difficult for engineers to learn and use 

the LMM subroutine. Users are prone to make mistakes due to the large number of 

modifications needed when employing the LMM in industrial cases. Therefore, the 

LMM subroutines are gradually updated to the version of an ABAQUS GUI plug-in. 

The LMM plug-in is capable of gathering information in a graphic interface, modifying 

the FE model for LMM computation, and updating keywords for LMM outputs. Users 

can firstly configure the FE model for elastic analysis in ABAQUS/CAE, before running 

the LMM plug-in and filling in the material properties and load cycles. The LMM job is 

then created for submission. The whole process is straightforward and user-friendly, 

while the chance of encountering errors is minimized. In addition, the LMM plug-in 

enables the use of multiple processors when submitting the job, which dramatically 

improves the overall computational efficiency. The main progression during the 

developing history of the LMM is given in Figure 2.8(a). In 2001, the LMM subroutine 

for shakedown and limit analyses for 3D structures was created [14]. In 2003, the 

LMM subroutine for creep rupture analysis was developed based on the extended 

shakedown algorithm [15]. Then in 2010, the Direct Steady Cycle Analysis (DSCA) 

subroutine was proposed for ratchet and fatigue analysis [16]. In 2014, the LMM plug-

in was developed with LMM and DSCA subroutines included [17, 18]. In the same 

year, the extended Direct Steady Cycle Analysis (eDSCA) subroutine was developed 

for creep-fatigue analysis based on the DSCA subroutine [19]. In 2017, the LMM plug-

in was further extended by including the eDSCA subroutine [20]. Therefore, the 

original version of the LMM plug-in is comprised of 5 different modules for different 
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types of industrial problems, as shown in Figure 2.8(b). An LMM framework has been 

established with the implementation of shakedown, creep rupture, ratchet, low-cycle 

fatigue and creep-fatigue modules, which provides a complete solution to structural 

integrity assessment problems.  

 

Figure 2.8: (a) The history of the development of the LMM (b) Original modules in the LMM 
framework 

 

As presented in Figure 2.9, there are several main features of the LMM framework. 

Firstly, the LMM plug-in is based on ABAQUS/CAE, which is a popular commercial 

FE software with a large user base. Secondly, as a direct method, the LMM calculates 

much faster than the inelastic step-by-step FE analysis but with similar accuracy. The 

LMM procedure is also easier to converge, especially for complicated geometry and 

loading spectrum. Thirdly, the LMM framework has been successfully adopted in 

many industrial and research projects and produced satisfactory results. Fourthly, as 

an Abaqus plug-in, the LMM is designed to be easy to install and simple to use for 

engineers among industries. Fifthly, the LMM framework is continuously being 

developed and updated with new features added and bugs fixed by the Structural 

Integrity and Life Assessment (SILA) group based at the University of Strathclyde. 

Lastly, the LMM framework has been developed to be an alternative method for 

international codes and procedures, such as ASME, R5 and RCC-MRx.  
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Figure 2.9: Main features of the LMM framework 

 

The LMM framework can be used to support the computation of several main steps 

of the R5 volume 2/3 introduced in Section 2.3, as shown in Figure 2.10. For some 

steps, full inelastic analyses are suggested by R5 for the evaluation of some key 

parameters. Since full inelastic analyses require a lot of computational resources and 

detailed constitutive equations, they are often not viable and efficient enough for 

engineering problems. The LMM framework is thus developed to solve the main steps 

in the R5 procedure with high efficiency and reliability. The R5 procedure starts by 

defining the load, temperature and material properties. The linear elastic FE analysis 

is then performed for both thermal and mechanical loads. This process is also 

performed in the pre-processing module in the LMM framework. Then in R5, the safe 

margins against plastic collapse are assessed, as well as the rupture limit if creep is 

significant. The limit analysis is done using a special case in the LMM shakedown 

module, and the creep rupture analysis is done using the LMM extended shakedown 

module. After that, the shakedown analysis is recommended by R5 by considering 

the residual stress field. This part is performed by the LMM shakedown module, which 

provides both upper and lower bound solutions. The LMM can also produce the 

ratchet limit of the structure to prevent incremental collapse using a combined 

shakedown and DSCA module. If reverse plasticity is significant, R5 recommends a 

low cycle fatigue assessment by evaluating the total strain range. This part is 

conducted in the LMM DSCA module, which produces the hysteresis loop and fatigue 

damage per cycle. When the creep is considered significant during the load cycle, R5 

suggests the creep-fatigue analysis, where the creep and fatigue damage is 

evaluated separately. This part can be accomplished in the LMM eDSCA module, 

which calculates the saturated hysteresis loop with creep dwell and creep-fatigue 

interaction damage. Therefore, the LMM framework provides a viable solution for 

nearly every step in the R5 volume 2/3 for a complete structural integrity assessment. 
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Figure 2.10: The use of the LMM framework in support of the R5 procedure 

 

2.5 Summary 

In this chapter, the cyclic response of structures at high temperatures is 

comprehensively reviewed. The Bree diagram and corresponding failure mechanisms 

have been introduced for the time-independent cyclic response. The differences 

between HCF and LCF, structural ratchetting and material ratchetting, have been 

discussed. The material hardening under cyclic loads and numerical models have 

also been introduced, including isotropic hardening, kinematic hardening and 

combined hardening. In addition, the creep mechanism in structures subjected to 

monotonic load has been reviewed, including the introduction of primary, secondary 

and tertiary creep stages. The creep rupture behaviour is also reviewed, as well as 

popular numerical models to describe the relationship between rupture stress, time to 

rupture and temperature. Finally, the creep mechanism in structures subjected to 

cyclic load has been introduced where the creep and fatigue behaviours interact with 

each other. The creep ratchetting behaviour is also discussed, as well as creep-

fatigue interaction phenomena such as ñcyclically enhanced creepò and ñcreep 

enhanced plasticityò. The evaluation of creep-fatigue damage is further introduced 

based on several international design codes such as ASME NH, R5 procedure and 

RCC-MR. 

The main steps in volume 2/3 of the R5 procedure have been reviewed in detail due 

to their correlation with the scope of the thesis. Some key concepts in R5 have been 

introduced, as well as the rule-based procedures for complete structural integrity 

assessment. For complicated cases where rules are not suitable to comply with, 
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inelastic FE analysis is suggested for the evaluation of specific parameters. As a 

replacement for the inelastic FE analysis, the LMM framework is proposed by previous 

researchers as one of the most advanced direct methods. The LMM consists of 

several modules to support each step in the R5 volume 2/3, including the shakedown, 

fatigue, ratchet, creep rupture and creep-fatigue modules based on different 

algorithms. With decades of development by the SILA group, the LMM plug-in has 

become a versatile, efficient and reliable engineering tool for structural integrity 

assessment.  
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 The evaluation of the shakedown limit 

considering limited kinematic hardening 

material 

3.1 Introduction 

To evaluate the load-bearing capacity of structures undergoing cyclic thermal-

mechanical loads, the shakedown analysis is often performed as part of the structural 

integrity assessment. By allowing a relatively small amount of plastic strain, the 

shakedown limit has been considered as an essential indicator when the total plastic 

dissipation is bounded in the structure [100]. The shakedown factor is then proposed, 

which scales the external loads proportionally to the limit of structural failure. Two 

failure mechanisms are often observed when the loads exceed the shakedown limit: 

low-cycle fatigue and incremental collapse [101]. Many approaches have been 

proposed to evaluate the shakedown factor, as introduced in Chapter 2. The Linear 

Matching Method (LMM) is one of the direct methods that calculate the shakedown 

limit considering elastic-perfectly plastic (EPP) material. The LMM theorem is based 

on a small deformation assumption without considering any creep effect. It consists 

of Koiterôs kinematic theorem [26] for the upper bound shakedown solution, as well 

as Melanôs static theorem [97] for the lower bound shakedown limit calculation.  

However, for materials subjected to cyclic loading with reverse plasticity, the 

Bauschinger effect [22] may be observed so that the yield strength would be different 

from the one with monotonic loading. Due to the kinematic hardening effect of 

materials, the shakedown limit computed using the EPP constitutive model may be 

over-conservative and inaccurate. A two-surface model [46] is adopted in this work to 

describe the translation of yield surface. This model has been combined with Melanôs 

static theorem [97] and adopted in many direct methods [46, 100, 102-109] to consider 

the influence of kinematic hardening on the shakedown limit. Unlike unlimited 

kinematic hardening where the yield surface translation is unrestricted [110, 111], 

limited nonlinear kinematic hardening is considered in this work where the back stress 

is implicitly restricted by the ultimate bounding surface [100]. Some researchers have 

also considered linear hardening laws for the bounding of back stress known as 
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limited linear kinematic hardening [104, 109], but it is only applicable for specific types 

of material.  

Although many researchers have considered thermal stress in their research [108, 

109, 112, 113], few have investigated the effect of temperature-dependent material 

properties. It is widely acknowledged that the yield strength of some materials greatly 

varies due to the non-isothermal effect in a component. The corresponding 

shakedown limit also significantly differs from the case when constant material 

parameters are applied throughout the structure. In this work, the LMM algorithm has 

been extended to include limited nonlinear kinematic hardening for general materials 

using the two-surface model [114]. Temperature-dependent material parameters 

have also been considered and applied in the computation of shakedown boundaries 

for complex engineering structures. The LMM subroutines have been newly updated 

so that the shakedown boundaries considering EPP materials, unlimited hardening, 

and limited kinematic hardening can be calculated simultaneously. In addition, since 

the LMM framework uses the concept of the shakedown theorem in the ratchet 

analysis module [16, 24], the ratchet limit considering kinematic hardening has also 

been realized.  

In this study, the Bree-like diagram is extended by including the shakedown limit 

considering limited kinematic hardening material. The description of the extended 

LMM algorithm considering limited kinematic hardening material in Section 3.2. Two 

numerical examples are given in Section 3.3 to demonstrate the reliability and 

usability of the proposed method.  

3.2 Extended LMM algorithm considering limited kinematic 

hardening material 

3.2.1 Extended Melanôs static shakedown theorem 

Considering an isotropic material with limited kinematic hardening, which satisfies the 

two-surface hardening model. The yield surface is bounded by an initial yield stress 

„ and an ultimate strength „ . 

A two-surface model proposed by [46] has been considered here to simulate the 

limited kinematic hardening behaviour. The yield surface can freely move inside the 

bounding surface, where the size of both surfaces is fixed, as shown in Figure 3.1. 
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The back stress is denoted by ὃ ὼ  which is the translation tensor of the yield 

surface centre. The stress at yield is denoted by „ , where „ ὼȟὸ ‗„ ὼȟὸ

”Ӷὼ . Within the original yield stress, the reduced stress is denoted by ’ ὼȟὸ, so 

that: 

 Ὢ „ ὼȟὸ ὃ ὼȟ„ ὼ π (3.1) 

The stress at yield „ ὼȟὸ is also bounded by the outer bounding surface: 

 Ὢ „ ὼȟὸȟ„ ὼ π (3.2) 

Since the stress at yield can be expressed as „ ὼȟὸ ‗„ ὼȟὸ ”Ӷὼ , the 

extended Melanôs static shakedown theorem is given as follows: 

The structure will shake down, when a constant residual stress field and a constant 

back stress field can be found so that both the von Mises yield condition and the 

bounding condition are satisfied for arbitrary load paths from a specific loading domain: 

 Ὢ‗„ ὼȟὸ ”Ӷὼ ὃ ὼȟ„ ὼ π (3.3) 

 Ὢ ‗„ ὼȟὸ ”Ӷὼȟ„ ὼ π (3.4) 

The theorem has been explained in [108], where no particular hardening rules are 

adopted. It has also been implemented in several direct methods as a general 

nonlinear kinematic hardening law. No explicit back stress field is calculated during 

the iteration process, so the extended shakedown theory has been greatly simplified 

with only two parameters: the yield stress and the ultimate stress. However, it is worth 

mentioning that there are a number of assumptions in the theorem as stated in [115], 

such as the maximal dissipation hypothesis, the positive hysteresis postulate, the 

multiaxial Bauschinger hypothesis, and the strictly-stable hardening hypothesis.  



 

51 
 

 

Figure 3.1: A two-surface model for the description of limited kinematic hardening behaviour in 
the deviatoric plane 

 

3.2.2 The effect of temperature-dependent material properties 

Since the performance of material can significantly degrade with increasing 

temperature, it is vital to consider the non-isothermal effect during FE analysis. In this 

work, both the yield stress „ and the ultimate stress „  in the two-surface model are 

defined to be temperature-dependent. Linear interpolation and extrapolation 

techniques are adopted when evaluating parameters at integration points in the 

structure. The ultimate stress is often defined as follows: 

 „ ὑ„ (3.5) 

where ὑ is a constant hardening factor. Due to the consideration of the non-

isothermal effect, the hardening factor also becomes a dynamic ratio between the 

ultimate stress and the yield stress: 

 ὑὝ  (3.6) 

For the selection of material parameters mentioned above, it is recommended in [116] 

to take the ñfatigue limit for arbitrary high-cycle loadingò for „ and the ñhigh-cycle 

ratchettingò for „ . However, these material properties are rarely mentioned in other 

literature and corresponding experimental data are also limited. Thus in this work, 0.2% 

proof stress „ Ὕ  and the ultimate tensile strength 543Ὕ  are selected for the 

numerical examples in Section 3.3, so that: 
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 543Ὕ ὑὝ„ Ὕ (3.7) 

3.2.3 A two-stage numerical procedure 

The proposed numerical procedure of the extended shakedown algorithm consists of 

two stages. Two stages are operated in the UMAT subroutine simultaneously to 

satisfy equations (3.3) and (3.4). Based on the maximum work principle: 

 „ ὃ ‐ „ᶻ ὃ ‐  (3.8) 

The strain increment ɝ‐  is compatible and is the integration of the kinematically 

admissible strain rate history ‐ : 

 ᷿ ‐Ὠὸɝ‐  (3.9) 

A displacement increment field ɝό is also given by, 

 ɝ‐  (3.10) 

Stage 1 evaluates the shakedown limit considering unlimited hardening, which 

satisfies equation (3.3). The corresponding shakedown factor ‗  is defined by: 

 ‗ ÍÉÎ  (3.11) 

where „ denotes the effective von Mises stress. Stage 2 utilizes the original LMM 

shakedown subroutine to evaluate the shakedown multiplier ‗ which satisfies 

equation (3.4): 

 ‗
᷿ ᷿

᷿ ᷿
 (3.12) 

where the effective strain rate ‐Ӷ ςȾσ‐‐ . The shakedown factor considering 

kinematic hardening ‗  is then calculated after the completion of both stages: 

 ‗ ÍÉÎ‗ ȟ‗ (3.13) 

A series of linear equations are then given to solve the numerical problem described 

above. The shear modulus is updated iteratively at every gauss point in the structure 
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to match the von Mises yield condition, as shown in Figure 3.2. For stage 1, the linear 

problem is: 

 ‐ ‗ „ ὸ ”Ӷ ὃ  (3.14) 

where the shear modulus ‘ ὸ „ ὝȾ‐Ӷ‐ . The symbol ᴂ denotes the deviatoric 

component of tensors. ‐  denotes a kinematically admissible strain rate history. 

”Ӷ  denotes a constant residual stress field. ὃ  denotes the back stress. Equation 

(3.14) is further integrated over the time cycle: 

 ɝ‐ ᷿ ‗ „Ὠὸ ᷿ Ὠὸ ”Ӷ ὃ  (3.15) 

For unlimited hardening limit, ɝ‐ π. ”Ӷ ὃ  can then be solved by: 

 ”Ӷ ὃ
᷿

᷿
 (3.16) 

Equation (3.16) is then substituted into Equation (3.14) for the evaluation of ‐ . The 

unlimited hardening limit multiplier ‗  is finally calculated with Equation (3.11). 

 

Figure 3.2: The matching procedure of the LMM considering kinematic hardening behaviour 
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For stage 2, the original LMM shakedown algorithm is adopted as given in Section 

2.4.2.2. Instead of using the yield stress „, the ultimate strength „  is adopted here 

when evaluating the shear modulus. The linear problem is given as: 

 ‐ ‗„ ”Ӷ  (3.17) 

where ‘ „ ὝȾ‐Ӷ. Equation (3.17) is then integrated over the time cycle: 

 ɝ‐ ”Ӷ „  (3.18) 

where „ ‘Ӷ᷿ ‗„ ὸὨὸ and ᷿ Ὠὸ. A monotonically decreasing 

upper bound multiplier ‗ is finally evaluated with Equation (3.12).  

3.2.4 Implementation of numerical procedures in ABAQUS 

The numerical procedure described above has been fully implemented in ABAQUS 

using the FORTRAN subroutine. Similar to Section 2.4.2.3, the integration function 

over the time cycle has been simplified to the sum operator at each load instance. 

The iteration process is presented in a flowchart, as shown in Figure 3.3. 

1) For iteration number Ὧ ρ, the initialization procedure is firstly performed: 

 ‘ ‘ ȟ‗ ‗ ρ (3.19) 

where ‘ denotes the shear modulus, Ὁ denotes Youngôs modulus, ὺ denotes the 

Poissonôs ratio, ‗ denotes the shakedown multiplier. The elastic stress history „ ὸ  

is also calculated during the first iteration. 

2) For the Ὧ ρ  iteration, stage 1 given in Section 3.2.3 is conducted by: 

 ‗ ‗  (3.20) 

 ‘  (3.21) 

The equations (3.14) ï (3.16) have been simplified by: 

 Ὠ‐ ‗ „ ὸ ”Ӷ ὃ  (3.22) 
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 ”Ӷ ὃ
В

В
 (3.23) 

Meanwhile, stage 2 from Section 3.2.3 is performed in parallel: 

 ‗ ‗ (3.24) 

 ‘  (3.25) 

 В  (3.26) 

 „ ‘Ӷ В  (3.27) 

Then a Jacobian matrix ὐ  is built based on the updated shear modulus ‘Ӷ . The 

constant residual stress field ”Ӷ  is given by: 

 ”Ӷ ὐ ɝ‐ „  (3.28) 

After that, the compliance matrix ὅ  is constructed as an inverse matrix of ὐ . 

The strain rate at load instances ɝ‐  is computed by: 

 ɝ‐ ὅ ”Ӷ „ ὸ  (3.29) 

3) At the end of Ὧ ρ  iteration, the user subroutine URDFIL is called for post-

processing. The unlimited hardening multiplier ‗  is calculated by: 

 ‗ ÍÉÎ  (3.30) 

The shakedown multiplier bounded by the ultimate stress „  is also calculated by: 

 ‗
᷿ В

᷿ В
 (3.31) 

After the load multiplier at both stages has satisfied the corresponding convergence 

criteria, the shakedown multiplier considering limited kinematic hardening ‗  is 

computed with equation (3.13). 
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Figure 3.3: Flowchart of the extended LMM algorithm for shakedown analysis considering 
limited kinematic hardening material 
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3.3 Numerical examples 

3.3.1 A thin cylindrical pipe 

3.3.1.1 FE model and material parameters 

As a typical benchmark problem, the thin cylindrical pipe has been used by several 

researchers [108, 109, 112, 113] for shakedown analysis considering kinematic 

hardening material. The geometry from [109] has been adopted in this work, which is 

a 2D axisymmetric model with the radius Ὑ and the thickness Ὠ πȢρὙ, as shown in 

Figure 3.4(a). A reference pressure ὖ ρ -0Á and a temperature of 204.38 ºC are 

subjected to the inner surface, while a temperature of 0 ºC  is applied on the outer 

surface. A thermal difference ɝὝ is created and the steady-state temperature field is 

presented in Figure 3.4(b). The FE model is further meshed into 500 CAX8R elements 

in Abaqus/CAE. The loading domain for shakedown analysis consists of four load 

vertices: ὠρ ὖȟπȠὠς πȟɝὝȠὠσ ὖȟɝὝȠὠτ πȟπ , as shown in 

Figure 3.4(c). The corresponding loading spectrum is presented in Figure 3.5.  

 

Figure 3.4: (a) The geometry of a typical thin pipe [109] (b) FE mesh and temperature 
distribution (c) The loading domain for shakedown analysis 

  

 

Figure 3.5: The loading condition for shakedown analysis 
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3.3.1.2 Results and discussions 

The shakedown and ratchet analyses on the cylindrical pipe considering kinematic 

hardening material have been performed, as shown in Figure 3.6. The extended 

shakedown algorithm described in Section 3.2 has been adopted for the shakedown 

analysis, while the LMM DSCA module has been used for the ratchet analysis. The 

inner pressure ὖ and temperature ɝὝ have been normalised by the limit load ὖ and 

the reverse plasticity limit ɝὝ, respectively. A number of fictitious hardening factors 

ὑ have been chosen, ranging from 1.2 to 1.5. 

It can be observed in Figure 3.6 that the ratchet boundaries enlarge proportionally 

with increasing ὑ. Since the ratchet limit is controlled by the failure mechanism of 

incremental collapse, it is greatly influenced by the ultimate bounding stress „ . In 

addition to incremental collapse, the shakedown boundaries are controlled by another 

failure mechanism ï reverse plasticity. This mechanism can be demonstrated by the 

unlimited hardening limit [110]. The unlimited hardening limit is only determined by 

the yield stress „. Therefore, the lower part of shakedown limit is bounded by ratchet 

limit, which intersects with the X-axis at ὖȾὖ ρȟρȢςȟρȢσυȟρȢυ. Meanwhile, the upper 

part of the shakedown limit is bounded by a uniform unlimited hardening limit, which 

is unaffected by the hardening factor ὑ. 

 

Figure 3.6: Ratchet and shakedown limit of the thin pipe with various fictitious hardening 
factors 
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3.3.1.3 Verification of results 

To validate the calculated boundaries, the results from the extended LMM algorithm 

have been compared with ones from the literature. As shown in Figure 3.7, the 

shakedown limit with a hardening factor of 1.35 generally agrees well with the results 

from Heitzer [109] using the modified basis reduction method. As shown in Figure 3.8, 

the shakedown limit with various hardening factors also matches well with the results 

from Simon [108] using the interior-point algorithm. Some minor deviations can be 

observed when compared with the literature, which are mainly caused by model 

processing and numerical errors. To further verify the accuracy of the proposed 

method, the shakedown multipliers ‗ are selected in radial directions to compare with 

the corresponding data points provided in the literature [108, 109, 113]. As shown in 

Figure 3.9, all the comparison data points can fit in the region with a deviation factor 

of 0.7, with a coefficient of determination Ὑ πȢωψ. Therefore, the reliability of the 

extended LMM method has been proved for shakedown analyses considering limited 

kinematic hardening material.  

 

Figure 3.7: Comparison of shakedown boundaries with results from Heitzer [109] 
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Figure 3.8: Comparison of shakedown boundaries with results from Simon [108] 

 

 

Figure 3.9: Comparison of the shakedown multiplier ɚ from the LMM and literature 

 

3.3.2 An aero-engine turbine disk 

3.3.2.1 FE model and material parameters 

In the field of the aerospace industry, turbine disks are significant components for the 

generation of thrust power in an aero-engine. Since they are operated at high speed 

in a high-temperature environment, cyclic thermal-mechanical loads are often 

subjected to turbine disks for typical loading conditions. The structural integrity 

analysis is crucial for the reliability and lifespan of the engine [117], so the shakedown 
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analysis has been conducted considering limited kinematic hardening material for 

improved accuracy and usability in engineering problems.  

An axisymmetric FE model has been created to simulate a rotating turbine disk, with 

its dimensions given in Figure 3.10. It should be noticed that the mounting parts and 

tiny bores in the structure have been neglected for the sake of simplicity. The model 

has been meshed into 1975 elements of type CAX8R, as shown in Figure 3.11. For a 

typical loading condition, the turbine disk is subjected to the centrifugal force Ὂ due to 

the rotating speed ‫ ρχψπȢςτ ÒÁÄȾÓ, the equivalent pressure ὖ ρτψȢψσυ -0Á at 

the end of the disk due to the reaction force caused by connected turbine blades. The 

cyclic thermal stress is also considered in the body caused by the temperature 

difference ɝὝ. Beside the axisymmetric boundary condition, the normal displacement 

at the bottom edge of the disk has been restricted to prevent rigid movement in the 

axial direction.  

 

Figure 3.10: The geometry of a typical turbine disk (dimensions in millimetres) 

 

 

Figure 3.11: The FE mesh and a typical operating condition 
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A simplified load spectrum and the corresponding loading domains have been 

presented in Figure 3.12. Some fluctuations in the loading spectrum have been 

neglected due to the path-independency of the extended LMM algorithm. Two 

different loading conditions are considered here for comparison. Loading domain  

consists of cyclic thermal loads and cyclic mechanical loads with two load instances 

ὠρ πȟπȟὠς ὓȟɝ—. Loading domain  consists of cyclic thermal loads and 

constant mechanical loads with two load instances ὠς ὓȟɝ—ȟὠσ ὓȟπ, 

where ὓ indicates mechanical loads while ɝ— indicates temperature difference.  

The turbine disk is manufactured from a nickel-based superalloy GH4169. The 

material is widely used in the aerospace industry due to its superior high-temperature 

performance, weldability and formability. Temperature-independent and temperature-

dependent material parameters of GH4169 are given in Table 3.1 and Table 3.2, 

respectively. The non-isothermal effect on the material performance is considered by 

using a dynamic parameter ὑὝ 543ὝȾ„ Ὕ based on temperature dependent 

yield stress and tensile strength from [118].  

 

Figure 3.12: Simplified load spectrums and the corresponding loading domains 

 

Table 3.1: Temperature-independent material parameters of superalloy GH4169 

Conductivity, k [W/(mĀºC)] 23.6 

Density, ɟ [g/cm3] 8.24 

Youngôs modulus, E [GPa] 177 

Poissonôs ratio, v 0.3 

Thermal expansion coefficient, Ŭ [10-6/ºC] 17 

Specific heat capacity, c [J/(kgĀºC)] 573.4 
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Table 3.2: Temperature-dependent material parameters of superalloy GH4169 

Temperature, T (ºC)  „ (MPa) UTS (MPa) K 

0 1177 1377 1.170 

350 1156 1294 1.119 

450 1088 1196 1.099 

550 1117 1215 1.088 

600 1078 1215 1.127 

650 1000 1166 1.166 

700 951 1039 1.093 

750 764 862 1.128 

 

3.3.2.2 Results and discussions 

The elastic analysis is first performed to generate the von Mises stress filed „  for the 

shakedown analysis. Steady-state thermal analysis is also conducted to compute the 

temperature field at the loading stage, as shown in Figure 3.13(a). The heat is 

conducted from the high-temperature turbine blade to the connected turbine disk. A 

temperature gradient is thus formed with the highest temperature of 624.1 ºC  at the 

outer edge of the turbine disk, as well as the lowest temperature of 252.9 ºC  at the 

inner part of the disk. The thermal stress is then calculated by importing the predefined 

temperature field into an elastic analysis, as shown in Figure 3.13(b). With the 

centrifugal force Ὂ and the equivalent pressure ὖ  applied, the mechanical stress 

field can also be evaluated, as shown in Figure 3.13(c). It is worth mentioning that the 

stress concentration in the mechanical stress field can be found at the inner edge of 

the disk, while thermal stress concentrates at the outer edge of the disk.   

 

Figure 3.13: Elastic analysis contours of (a) temperature field (b) thermal von Mises stress (c) 
mechanical von Mises stress 
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Based on the elastic analysis results, the shakedown analysis considering kinematic 

hardening with loading domain  has been performed, as presented in Figure 3.14. In 

the diagram, both mechanical and thermal loads are normalised by the reference 

value given in Figure 3.12. For normal operating conditions, the load point 

ὓȾὓȟɝ—Ⱦɝ— ρȟρ is found inside the shakedown envelope, so the structure 

would not shake down during the standard operation process. Unlike a typical Bree-

like diagram [119], the reverse plasticity limit is not horizontal for load domain  with 

cyclic thermal-mechanical loads. It is due to the counteraction effect between the 

thermal and mechanical loads, where the stress concentration is cancelled out with 

the application of both loads.  

The shakedown boundary is plotted by scaling the loads proportionally with various 

fixed ratios between mechanical and thermal load: – ὓȾɝ—. The diagram can be 

divided into two sections by the load ratio – πȢψ, as shown in Figure 3.14. Two 

distinct failure mechanisms are observed for load points in each region. For – πȢψ, 

the thermal load is dominant, and the failure mode is low cycle fatigue in local areas 

of the structure. It can be observed that the reverse plasticity limits are identical for 

the EPP model and limited kinematic hardening model, which are both bounded by 

the unlimited hardening limit. For – πȢψ, the mechanical load becomes dominant, 

and the failure mode is incremental collapse which is a global structural behaviour. 

After load point ρȢρςȟρȢτπ, the unlimited kinematic hardening limit separates from 

the EPP shakedown limit. The shakedown limit considering limited hardening is then 

bounded by both the unlimited hardening limit and the ratchet limit controlled by the 

temperature-dependent UTS. Two load points beside the separation point have been 

chosen for further clarification of the failure mechanism, as presented in Figure 3.15. 

The coordinate for load point (1) is πȢωφȟρȢσψ and the local failure location caused 

by the dominant thermal load is spotted at the corner of the outer edge of the disk. 

The coordinate for load point (2) is ρȢςψȟρȢςψ which is mechanical load dominant. 

The corresponding failure mechanism is global, initiated from the inner edge of the 

turbine disk.  
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Figure 3.14: Shakedown analysis considering kinematic hardening and temperature-dependent 
material properties for loading domain  

 

 

Figure 3.15: The failure mechanism for two different load cases 

 

3.3.2.3 The effect of temperature-dependent material parameters 

To further investigate the importance of using temperature-dependent material 

properties, the shakedown analysis has been performed again using temperature-

independent yield stress and UTS, as presented in Figure 3.16. The loading domain 

 from Figure 3.12 is considered with a cyclic thermal-mechanical load. Constant 

material properties are selected from Table 3.2 with the temperature at 0 ºC . It can be 

observed that when the temperature level is low, the shakedown boundaries 

calculated with both temperature-dependent material parameters and constant 
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parameters are nearly identical. With the increase of thermal load, the shakedown 

limit obtained with temperature-dependent material parameters become more 

conservative, which is also found in [120]. The largest difference between the 

shakedown envelopes is found at the transition point when the thermal and 

mechanical stress counteracts with each other.  

The parametric study has also been performed considering load domain  with 

constant mechanical load and cyclic thermal load, as shown in Figure 3.17. A typical 

Bree-like diagram [119] is obtained with a horizontal reverse plasticity limit on which 

the scaled thermal stress is twice the yield stress. With the increase of temperature, 

the influence of using the temperature-dependent material properties becomes more 

substantial. It can also be observed that the adoption of non-isothermal parameters 

has a more significant effect on the shakedown boundary considering limited 

kinematic hardening at lower temperature levels, suggesting that the shakedown 

analysis with hardening material could be more sensitive to temperature-dependent 

parameters. Therefore, it is essential to implement non-isothermal material 

parameters as part of the proposed extended LMM method for more accurate and 

conservative results.  

 

Figure 3.16: Comparison of shakedown boundaries considering temperature-dependent and 

constant material properties for loading domain  
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Figure 3.17: Comparison of shakedown boundaries considering temperature-dependent and 
constant material properties for loading domain  

 

3.4 Summary 

In this chapter, a shakedown algorithm considering limited kinematic hardening 

material is introduced and implemented in the extended LMM shakedown module. 

The material properties considering the non-isothermal effect are adopted using the 

proposed direct method. Based on the two-surface hardening model, the method uses 

fictitious hardening factors calculated from temperature-dependent yield stress and 

UTS. A thin cylindrical pipe has been modelled and analysed with the extended LMM 

shakedown module. The result shakedown boundaries match well with ones from 

literature with a deviation factor of 0.07, where the reliability and accuracy of the 

proposed method are successfully validated.  

A case study on an aero-engine turbine disk has also been conducted to show the 

versatility of the extended LMM shakedown algorithm for generic industrial problems. 

Two distinct failure mechanisms have been observed in the structure, which are 

caused by different loading combinations with dominant thermal or mechanical loads. 

Due to the counteracting effect between thermal and mechanical loads, a transition 

point in the shakedown boundaries has been spotted. Two failure modes are 

separated by the transition point. The shape of the shakedown envelope is affected 

by the choice of loading domain. The size of the shakedown envelope is affected by 

the use of temperature-dependent material parameters. Compared to constant 

material properties, the shakedown limit considering temperature-dependent material 
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parameters would be much more conservative at high temperatures. Therefore, the 

benchmark example of the thin cylindrical pipe indicates that the results from the 

extended LMM shakedown module agree well with the ones from literature. The 

engineering example of the aero-engine turbine disk illustrate the versatility of the 

proposed method. In addition, an extended Bree-like diagram considering limited 

kinematic hardening and non-isothermal effect has also been plotted and discussed.  
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 The evaluation of the creep rupture limit 

using a unified creep rupture equation 

4.1 Introduction 

With superior heat transfer efficiency and compactness, the Printed Circuit Heat 

Exchangers (PCHE) have become increasingly popular in the nuclear industry. Due 

to the large surface area inside the channels, they are highly suitable for gaseous 

heat transfer in high-temperature gas-cooled reactors (HTGRs) [121]. Helium loops 

are often used as coolants, and the temperature in the channels could reach over 

950 °C [122]. Time-dependent behaviours such as creep are often found in such 

engineering structures when the operating temperature reaches the materialôs creep 

range. In the circumstances when the components are affected by both plasticity and 

creep behaviour, the load-bearing capacity of structures would be significantly 

reduced. Therefore, creep rupture analysis has been introduced to study the load-

carrying limit of a component before reaching the creep rupture state [15]. The creep 

rupture analysis has thus become highly important as part of the structural integrity 

assessment of a PCHE core. Although the creep effect on the PCHE has been 

considered by some researchers with experiments and Finite Element (FE) analysis 

[123, 124], the structural creep rupture limits and the creep rupture mechanisms have 

been rarely discussed in the literature.  

The R5 procedure [7] has been widely adopted for comprehensive structural integrity 

assessment, including shakedown, ratchet, creep, and fatigue analyses. A series of 

simplified inelastic methods have been introduced in R5 to replace inaccurate elastic 

analyses or costly cycle-by-cycle plastic analyses. Regarding the creep rupture 

endurance, R5 defined a rupture reference stress „  for the evaluation of structural 

creep rupture life based on rupture data of the material. The reference stress of a 

constant primary load is used to calculate „ , with further correction of the stress 

concentration factor …. The bounding limit can then be predicted based on the creep 

rupture data conservatively. According to the R5 procedure, the shakedown boundary 

would reduce correspondingly when the structures experience creep behaviour during 

high-temperature operation. Some modifications can be made to evaluate the creep 

rupture boundaries based on traditional shakedown theory. For locations in a 

structure where the temperature is below the creep range, a temperature-dependent 
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yield stress „ Ὕ can be applied. While for areas with higher temperature above the 

creep range, the yield stress is substituted by the rupture stress „ ὸȟὝ which is 

based on both temperature Ὕ and time to rupture ὸ. Therefore, existing shakedown 

theorem can be directly used to solve creep rupture problems with provision of the 

creep rupture strength. 

As introduced in Section 2.4, the Linear Matching Method (LMM) framework has been 

integrated with ABAQUS [21] for comprehensive structural integrity assessment. An 

extended shakedown algorithm has also been implemented in the LMM framework 

for creep rupture analysis. The creep rupture module was developed in [15] and has 

successfully solved many engineering problems [13, 20, 125-129]. The main 

technique used in the LMM for evaluating the temperature-dependent rupture stress 

„ ὸȟὝ is linear interpolation and extrapolation. The linear technique is simple to 

implement but sometimes difficult and unreliable to use. For instance, a large number 

of data points for various rupture times need to be entered in the LMM plug-in to 

simulate nonlinear rupture curves. Also, linear extrapolation may produce inaccurate 

results for some materials due to the nonlinearity of creep rupture curves. In addition, 

it can be time-consuming to input all the data manually when conducting parametric 

studies with different materials. Therefore, it is crucial to develop a numerical scheme 

for rupture strength evaluation with better usability and reliability.  

To generate the master equations to describe the relationship between rupture stress, 

temperature and time to rupture, several numerical models have been adopted by the 

European Creep Collaborative Committee (ECCC), including the Larson-Miller 

parameter [50], standard ISO 6303 method [130], and Manson-Haferd model [52]. 

These models have been proved to be more accurate and reliable than linear 

interpolation and extrapolation, but they are often limited to being used for specific 

materials. This actively demonstrates that the form of equations heavily depends on 

the type of material, so it is challenging to implement them respectively in the LMM 

framework by including a uniform material database. To solve this problem, a Unified 

Creep Rupture Equation (UCRE) has been proposed to simulate the creep rupture 

curves for a broader range of materials. The UCRE refers to the format of the 

traditional Larson-Miller parameter method with the advantages of fitting the rupture 

curves for most steels included in the ECCC data sheets [49] with good efficiency and 

reliability. A Matlab script [131] has been developed to extract and fit the curves 

automatically, and fitted parameters have been exported into a database. A 
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modification has also been made in the LMM creep rupture module to implement the 

UCRE equations. Therefore, it becomes more practical and efficient to use the LMM 

creep rupture module to determine the most suitable material for engineering 

structures by performing parametric studies.  

In this study, the Bree-like diagram is extended by including the creep rupture limit 

and a unified mathematical equation is introduced for the evaluation of rupture 

strength. The current LMM algorithm for creep rupture analysis is briefly introduced in 

Section 4.2. Then the UCRE is proposed and compared with other numerical 

schemes for the description of creep rupture curves in Section 4.3, followed by a 

comprehensive validation of the proposed mathematical equation using the ECCC 

guidelines in Section 4.4. Finally, a numerical example of creep rupture analysis on a 

PCHE core is presented in Section 4.5. Several parametric studies have been further 

conducted by changing the material, channel shape and channel dimensions to show 

the usability and reliability of the proposed mathematical equation. 

4.2 The current LMM algorithm for creep rupture analysis 

According to the R5 procedure [7], the shakedown boundary of the structure would 

reduce when the thermal loads are significant, and the creep effect is involved. The 

creep effect can be represented by applying a temperature-dependent revised yield 

stress „ Ὕ for each integration point in the component. The creep rupture limit for 

constant a rupture time can then be calculated with an extended LMM shakedown 

analysis. In the original LMM subroutine, this problem is addressed by introducing 

functions Ὑ and Ὣ [15]. The revised yield stress for a point in the body at time ὸ is 

given by: 

 „ ὼȟὸ ÍÉÎ„ Ὕȟ„ ὸȟὝὼȟὸ  (4.1) 

where the creep rupture stress „ ὸȟὝ is calculated by: 

 „ ὸȟὝ Ὑ Ὣ  (4.2) 

where Ὑ is a function of the ratio of creep rupture time ὸ to reference time ὸ, and Ὣ 

is a function of the ratio of local temperature Ὕ to reference temperature Ὕ. 

However, it becomes difficult to define these functions for many realistic engineering 

problems. A simplified numerical scheme to describe the revised yield stress has been 
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proposed in [126]. The LMM subroutine has been modified by including both linear 

and the Larson-Miller parameter [50] for the calculation of creep rupture stress „ for 

given rupture time. The revised yield stress „  can then be computed with Equation 

(4.1) by comparing „  with the yield stress „  of the material. The field of „  is 

updated iteratively at every integration point based on a scaled temperature field. The 

general procedure of the extended shakedown algorithm for creep rupture analysis in 

the LMM is presented as follows. 

Considering an isotropic, EPP material that forms a body with volume ὠ and surface 

Ὓ. The body is subjected to cyclic mechanical stress ‗„  on the part of surface Ὓ 

and thermal stress ‗„  in ὠ. On the remaining part of surface Ὓ, the displacement 

rate ό π. The linear elastic stress field is then given by: 

 ‗„ ‗„ ‗„  (4.3) 

where ‗ denotes the load multiplier for creep rupture analysis. The strain rate history 

‐  is considered to be incompressible and kinematically admissible, forming a 

compatible strain increment ɝ‐ : 

 ᷿ ‐Ὠὸɝ‐  (4.4) 

The displacement increment is also related to the strain increment: 

 ɝ‐  (4.5) 

Combined with the flow rule, the upper bound creep rupture limit multiplier is given by: 

 ‗
᷿ ᷿

᷿ ᷿
 (4.6) 

where the effective strain rate ‐Ӷ ‐‐  and the revised yield stress „  is 

calculated by Equation (4.1). An iterative linear process has been developed in [98] 

to solve the creep rupture multiplier. The process begins with an initial kinematically 

admissible plastic strain rate history ‐  to derive a final kinematically admissible strain 

rate history ‐ : 
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 ‐ ‗„ ”Ӷ  (4.7) 

 ‐ π (4.8) 

 ‘  (4.9) 

where (ᴂ) denotes the deviatoric component of stress or strain, ”Ӷ is a constant 

residual stress field. The shear stress ‘ is modified linearly to match the perfectly 

plastic material. Equation (4.7) is further integrated over the time cycle: 

 ɝ‐ ”Ӷ „  (4.10) 

where 

 „ ‘Ӷ᷿ ‗„ ὸὨὸ (4.11) 

 ᷿ Ὠὸ (4.12) 

where „  is the scaled linear stress over the time cycle, ɝ‐  is the plastic strain 

increment. A final creep rupture multiplier ‗  is then found by substituting ‐  into 

Equation (4.6). By repeating the process described above, a monotonically reducing 

‗ is computed iteratively so that: 

 ‗ ‗ (4.13) 

When the difference between ‗  and ‗  becomes considerably small, the scaled 

stress at every integration point is lower or equal to „  while the convergence is 

achieved. The process can be further simplified for a convex yield surface, where load 

histories are described by connecting vertices in the load space with straight lines. 

Thus, the plastic strain can only be observed at the vertices of a loading history. The 

strain rate history can then be evaluated as follows: 

 ɝ‐ В ɝ‐  (4.14) 

where ὲ is the number of load instances. Equation (4.11) then becomes: 
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 „ ‘ӶВ ‗„ ὸ  (4.15) 

where 

 В  (4.16) 

 ‘  (4.17) 

The simplified procedure reduces the use of the integration function, which benefits 

the implementation process in commercial FE software. Based on user subroutines 

and Python scripts in ABAQUS [21], the LMM algorithm for creep rupture analysis has 

been implemented as an individual module in the LMM plug-in [20]. 

4.3 Numerical schemes for the evaluation of creep rupture 

strength 

To evaluate the creep rupture strength in Equation (4.1), many numerical schemes 

have been adopted, including different interpolation and extrapolation techniques that 

can predict the creep rupture properties of materials based on limited data points from 

experiments. Creep rupture experiments can be highly time-consuming when the 

stress or temperature applied to the specimen is relatively low, so it is crucial to 

develop a reliable and unsophisticated mathematical model to describe the creep 

rupture behaviour.  

One of the most commonly used techniques is linear interpolation or extrapolation. 

Being simple and mostly conservative, this technique has been implemented in the 

LMM plug-in to calculate the temperature-dependent revised yield stress based on 

the input data points [18]. However, the accuracy of linear interpolation heavily relies 

on the number of data points provided. If the database is small, the non-linear material 

behaviour would not be adequately described. Also, linear extrapolation is often 

considered unreliable when the temperature is scaled beyond the range of input 

values, which is a common scenario during the operation of the LMM algorithm given 

in Section 4.2.  

Another method used to fit creep rupture data is the Larson-Miller parameter [50]. It 

has been widely used in industries to predict long term rupture data based on short 
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term experimental data. The Larson-Miller parameter has also been adopted to 

generate master equations for a number of materials to demonstrate the relationship 

between rupture stress, temperature, and rupture time. The form is defined by: 

 ὖ  (4.18) 

where ὖ  is the Larson-Miller parameter, Ὕ is the absolute temperature, ὅ is a 

constant, generally between 20 and 22, and ὸ is the creep rupture time in hours. After 

processing the rupture data using this technique, the creep rupture curves would 

ideally become a single curve of ὖ  versus ÌÏÇ „. Then a third-order polynomial 

form can be used to fit this curve using the least square method: 

 ÌÏÇ„ ὄ ὖ Ὕ ὄ ὖ Ὕ ὄὖ Ὕ ὄ (4.19) 

The Larson-Miller equation has been proved to be robust and accurate while fitting 

the creep rupture data for some materials. It has also been included in the LMM 

algorithm as a tool to interpolate and extrapolate creep rupture stress [126]. The 

Larson-Miller parameter relies on the assumption that all the iso-stress curves would 

coincide at one single point. However, for many ferritic steels and nickel base alloys, 

such assumption may not be fully satisfied as the experiment data points are unable 

to converge to a single curve after applying the Larson-Miller relationship.  

Based on the concept of the Larson-Miller parameter and other similar models, a 

Unified Creep Rupture Equation (UCRE) has been proposed to fit the creep rupture 

data for a broader range of steel types. It combines the form of logarithm and 

polynomial by: 

 „ ὪὝÌÎ ὸ ὪὝ (4.20) 

 ὪὝ ὥὝ ὥὝ ὥὝ ὥ (4.21) 

 ὪὝ ὦὝ ὦὝ ὦὝ ὦ (4.22) 

where Ὕ is the absolute temperature and ὸ is the creep rupture time in hours. Instead 

of fitting a 3D surface equation with variables of „ , Ὕ, and ὸ, the procedure is 

simplified by fitting two 2D curves with the least square method. Thus, the fitting 

process becomes both efficient and accurate, which can produce material parameters 

within the 95% confidence bounds of the 3D surface fitting. To show the capability of 
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the proposed method, the UCRE has been used to fit the creep rupture curves for 

different types of steels from the ECCC data sheets [49], including carbon-

manganese steels, low alloy ferritic steels, high alloy ferritic steels, austenitic steels, 

nickel-base alloys, and high temperature bolting steels. A Matlab script [131] has also 

been developed to read and process the rupture data from the ECCC data sheets. In 

this way, the UCRE parameters for various materials can be fitted automatically so 

that the fitting process becomes highly efficient. The UCRE parameters for the 

materials to be mentioned in the following sections are provided in Table 4.1.  

Table 4.1: The UCRE parameters fitted for several materials 

Material ╪  ╪  ╪  ╪  ╫ ╫ ╫ ╫ 

5CrMo -3.20E-05 7.58E-02 -59.69 15605.03 2.44E-04 -5.66E-01 434.09 -109799.51 

2.25Cr1Mo 4.66E-06 -1.24E-02 11.05 -3299.84 -7.03E-05 1.88E-01 -169.16 51018.72 

11CrMoVNb 1.37E-05 -3.14E-02 23.87 -6084.54 -7.94E-05 1.78E-01 -135.54 35828.53 

18Cr11Ni 2.94E-06 -8.61E-03 8.39 -2739.02 -3.26E-05 9.66E-02 -95.97 32090.30 

31Ni20CrAlTi 7.80E-08 -4.08E-04 0.65 -329.76 -3.96E-06 1.54E-02 -19.99 8679.64 

Alloy 617 -5.10E-07 1.45E-03 -1.25 297.31 -9.68E-07 7.72E-03 -14.68 8232.79 

Alloy 800H 7.42E-07 -2.51E-03 2.86 -1096.63 -1.21E-05 4.10E-02 -46.61 17881.59 

 

To compare the accuracy and performance of the numerical schemes mentioned 

above, they have been adopted to fit the data points of the carbon-manganese steel 

ï 5CrMo (normalised and tempered), as shown in Figure 4.1. During the fitting 

process, instead of using the realistic data points, only 13 of them are used to 

demonstrate the potential ability to interpolate and extrapolate experimental creep 

rupture data. Equations (4.18) and (4.19) are used for the Larson-Miller fitting process. 

The fitted parameters are given as follows: ὄ πȢππρπχȟὄ πȢπφσσȟὄ

ρȢυρφȟὄ ρυȢτρχȟὅ ςπ. In practice, this material is not suitable to be fitted by the 

Larson-Miller parameter as the curves for various creep rupture times are poorly 

superimposed after being processed by Equation (4.18). Thus in Figure 4.1, it can be 

observed that ñLM 3rd orderò curves deviate heavily from the real data points for 

rupture time ὸ ρπ ËÈ and ὸ ςππ ËÈ. For rupture time ὸ ρππ ËÈ, the Larson-

Miller method is also slightly conservative when the temperature is lower than 763K 

or higher than 803K.  
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In terms of the linear technique, linear interpolation can provide acceptable results but 

predicted curves are still not able to pass all the realistic data points. Extrapolated 

results from the linear technique are generally too conservative, so the predicted 

curves fail to pass the actual data points at the end of the curves. Therefore, the linear 

technique is unable to predict non-linear curves correctly when the amount of 

available points is low. On the other hand, the curves fitted by the Unified Creep 

Rupture Equation (UCRE) can almost pass through all the real data points, showing 

the best performance of all three methods. The UCRE is better than the linear 

technique when describing the nonlinearity of creep rupture curves and more reliable 

than the Larson-Miller technique when predicting the curves for different creep rupture 

times. The accuracy and reliability of the proposed mathematical equation will be 

further justified in the next section.  

 

Figure 4.1: Interpolation and extrapolation of experimental creep rupture data using three 
different methods 

 

4.4 Validation of the proposed mathematical equation 

Since a large number of numerical models have been proposed for Creep Rupture 

Data Assessment (CRDA) on various materials, a general procedure has been 

provided by the ECCC to give guidance on model development and select appropriate 

models as shortlisted ones in the ECCC guidelines. Four main steps are involved in 

the procedure, including data pre-assessment, model fitting, Post Assessment 

Testing (PAT), and comparison of independent models to finally determine the models 

adopted by the ECCC. Although it is recommended by ECCC PATs to use different 
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models for various materials, the UCRE is developed to describe the creep rupture 

behaviour of a broader range of steels in a simple but effective form. So that the UCRE 

can be easily implemented in the LMM framework, and a linked database can also be 

created for the storage of the material parameters.  

Four different types of steel have been considered to verify the credibility of UCRE, 

including low alloy ferritic steel (2.25Cr1Mo), high alloy martensitic steel 

(11CrMoVNb), and austenitic steel (18Cr11Ni and 31Ni20CrAlTi). The creep rupture 

strengths at the main temperatures generated by nine individual models are 

presented in Table 4.2. Eight of them have been adopted by ECCC PATs [132] due 

to their high effectiveness and credibility. For each material, the creep rupture 

strengths with rupture times of 100,000 hours and 300,000 hours from two ECCC 

shortlisted models are given and compared with the values from UCRE. It can be 

observed that for 2.25Cr1Mo and 18Cr11Ni, the UCRE is more conservative than 

other models, while for 11CrMoVNb and 31Ni20CrAlTi, the UCRE is less conservative 

than other models. The overall rupture strengths predicted by UCRE are comparable 

to other models, with a maximum margin of error of ρπϷ. The most considerable 

difference can be found when comparing the rupture stress of austenitic stainless 

steel. It is suggested by ECCC that to pass the PATs, the 100,000-hour rupture 

strengths at main temperatures should be within 10% of two different models, and the 

300,000-hour rupture strengths should be within 20% [132]. Therefore, the numerical 

errors between the UCRE and other models are within the acceptable range given by 

the ECCC PATs. 

Table 4.2: Creep rupture strength for various materials at the main temperatures predicted by 
several numerical models 

 

 

The creep rupture curves simulated by UCRE and ECCC shortlisted models have 

been further compared in Figure 4.2. The material properties for both steel types can 

be found in Table 4.1. It can be observed that for 2.25Cr1Mo at 550 °C, the UCRE 
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produces overall lower rupture strengths compared to the other two models. For 

11CrMoVNb at 550 °C, the creep rupture strengths predicted by UCRE are slightly 

higher than other models when the rupture time is shorter than 700,000 hours, and 

then the curve gradually becomes lower than the other models when the rupture time 

is longer than 700,000 hours. Nevertheless, the deviation of curves is potentially 

caused by the form of equations and regression techniques adopted by different 

models. It can be concluded that the UCRE is capable of fitting the creep rupture 

curves for four different types of steel mentioned above precisely and versatilely. 

 

Figure 4.2: Comparisons of creep rupture strength predicted by UCRE and ECCC shortlisted 
models for (a) 2.25Cr1Mo at 550°C (b) 11CrMoVNb at 550°C  

 

To further validate the proposed model, the creep rupture curves of more than 40 

different materials from the ECCC data sheets [49] have been fitted by UCRE, as 

given in Appendix A. The comparisons of predicted creep rupture strengths using 

UCRE with the observed ones from ECCC data sheets have been presented in Figure 

4.3. Three different creep rupture times (10000, 100000 and 200000 hours) have 

been chosen and grouped by various colours. The data points are collected by 

comparing the calculated creep rupture stress with the original database at equivalent 

temperature and rupture time. It can be seen that all the data points are situated 

alongside the mean line, within the boundaries of a deviation factor of 0.55. The 

predicted creep rupture strengths particularly agree well with the observed ones when 

the rupture stress is high, and the temperature is low. While at the higher temperature, 

the rupture stress becomes lower, and some predicted creep rupture strengths 

deviate from the observed ones. Most deviations are considered to be conservative 

as the predicted values are lower than the observed ones. In addition, more minor 

deviations can be found when the creep rupture time is longer and the overall 



 

80 
 

coefficient of determination Ὑ πȢωωωςχ. Therefore, despite a few materials that are 

not compatible with the numerical scheme proposed, the UCRE is capable of 

predicting the creep curves for most of the steels listed in the ECCC data sheets 

correctly, with minor conservativeness at high temperatures for several materials.  

 

Figure 4.3: Comparisons of predicted creep rupture strength using UCRE with the observed 
rupture strength from the ECCC data sheets 

 

4.5 Numerical examples 

4.5.1 Creep rupture analysis on a PCHE core 

To demonstrate the usability of the proposed mathematical equation, a 

comprehensive creep rupture analysis has been performed on a typical PCHE core 

and a series of creep rupture boundaries have been derived considering variable 

materials, geometry shape and dimensions. The PCHE channels are manufactured 

by photochemical etching on a number of metal plates before stacking them together, 

as shown in Figure 4.4(a). Instead of conventional welding, the diffusion bonding 

technique is used to merge the plates into a single component [133]. Thus numerous 

semi-circular channels are formed in the component without having weld joints, filler 

materials and heat-affected zones. To simplify the problem, a 2D unitary cell model 

has been considered by a few researchers [134, 135], as given in Figure 4.4(b). The 

plane strain condition has been applied to simulate the sufficiently long body for the 

sake of conservativeness. Also, a quarter model is created by applying symmetry 

boundary conditions on the right and bottom edges while any rigid body movements 

have been prevented in the meantime. The normal displacements on the top and left 
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edges have been coupled to consider the repetition of the unitary model along these 

edges, which simulates the pattern of channels on the cross-section surface of a 

PCHE core. The hot channels, marked in red, are subjected to relatively high pressure 

ὖ  and high temperature Ὕ ; while the cold channels, marked in blue, are subjected 

to relatively low pressure ὖ and low temperature Ὕ. To avoid numerical singularity 

during FE analysis, a fillet radius r is applied at the corner of each channel. The FE 

model is then meshed into 5357 quadratic elements of type CPE8R in Abaqus/CAE. 

 

Figure 4.4: (a) Plate stacking of a PCHE core (b) The geometry, mesh and boundary conditions 
of a unitary cell model (dimensions in millimetres) 

 

For loading conditions, the PCHE channels are subjected to constant inner pressure 

and cyclic temperature gradient, as shown in Figure 4.5. For hot channels, the initial 

pressure ὖ ςυπ -0Á and the initial temperature Ὕ Ὕ ɝὝ ὸ with extreme 

temperatures of 0 °C and 100 °C; for cold channels, the initial pressure ὖ ρππ -0Á 

and the initial temperature Ὕ Ὕ ɝὝ ὸ with extreme temperatures of 0 °C and 

90 °C. The temperature field is then evaluated by a steady -state thermal analysis, and 

the thermal stress — is caused by the temperature difference between the hot and 

cold channels. After the linear elastic analysis with both the initial pressure and 

temperature, an extended shakedown algorithm is employed to scale the loads by a 

multiplier to reach the creep rupture boundary for a given rupture time.  

Operated at high temperature and high pressure, the preferred materials for 

Intermediate Heat Exchangers (IHX) are alloy 617 and alloy 800H [133]. As described 

in Section 4.2, the revised yield strength is determined by the smaller value between 

the yield stress of the material and the creep rupture stress calculated by the UCRE, 
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as shown in Figure 4.6. The temperature-dependent yield stress is obtained from 

ASME BPVC Section II [136], and the parameters for creep rupture stress evaluation 

are given in Table 4.1. Two different creep rupture times Ὕ are also considered for 

both materials: 10000 hours and 100000 hours. It can be seen in Figure 4.6 that yield 

stress is dominant for lower temperature and the creep effect dominate for higher 

temperature. For alloy 617, the transition temperature is around 700 °C ( ὸ ρππππ È) 

and 650 °C ( ὸ ρπππππ È); for alloy 800H, the transition temperature is around 

650 °C ( ὸ ρππππ È) and 575 °C ( ὸ ρπππππ È). The overall allowable stress of 

alloy 617 is higher than alloy 800H. Other material properties used in this work are 

temperature-independent for the sake of simplicity. For alloy 617, the Youngôs 

modulus Ὁ ςρρ '0Á and the thermal expansion coefficient ‌ ρȢυψρπ Ј# ; 

for alloy 800H, the Youngôs modulus Ὁ ρωφȢυ '0Á and the thermal expansion 

coefficient ‌ ρȢττρπ Ј# . 

 

Figure 4.5: The loading history considered for the creep rupture assessment of the PCHE core 

 



 

83 
 

 

Figure 4.6: The revised yield strength with various rupture times for alloy 617 and alloy 800H 

 

The shakedown and creep rupture limits of the PCHE core manufactured of alloy 617 

with creep rupture time ὸ ρπππππ È are firstly evaluated and presented in Figure 

4.7. The pressure difference ɝὖ between the hot and cold channels is presented in 

megapascal [MPa], and the temperature difference ɝὝ between the hot and cold 

channels is shown in degrees Celsius [°C]. The creep rupture limit denotes an 

envelope on which the time to rupture is constant for any load case applied. It is 

calculated by specifying the ratio • ɝὖȾ— between thermal and mechanical loads, 

before scaling both loads to the rupture boundary by the extended shakedown 

algorithm. Compared to the shakedown boundary, the effect of creep becomes 

significant with the increase of temperature. When ɝὝ φφ Ј#, the creep rupture 

boundary is controlled by original yield stress only; when ɝὝ φφ Ј#, the boundary is 

controlled by the creep rupture strength instead. The contours of the temperature field 

and corresponding revised yield stress for load point (B) are shown in Figure 4.8. It 

can be observed that the upper part of the component is affected by the creep rupture 

strength due to high temperature while the lower part is not.  

Unlike Bree-like diagrams, which contain reverse plasticity limit segment and ratchet 

limit segment, the creep rupture limit comprises three distinct segments divided by 

the grey dashed line in Figure 4.7. Similar phenomena have also been reported in [56, 

126]. To further study the difference in failure mechanisms, three cyclic load points 

have been chosen from various segments in the diagram with their effective strain 

increment ɝ‐  given in Figure 4.9. For load point (A) (10.5, 81), the failure 

mechanism is local creep rupture with maximum ɝ‐  appears at the corner of the 
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cold channels caused by dominant thermal stress. For load point (B) (50.8, 72), the 

failure mechanism is global creep rupture with a strain zone across the body starting 

from the corner of the hot channel. Similarly, for load point (C) (97.2, 25), the failure 

mechanism is global plastic rupture with a strain zone at the upper part of the structure. 

There are slight differences between Figure 4.9(b) and Figure 4.9(c), which are 

caused by the interaction between creep and plasticity, proving the distinction 

between the global creep rupture and global ratchetting. A similar contour of failure 

mechanisms of PCHE cores can also be found in [135], proving the accuracy of the 

proposed direct method. 

 

Figure 4.7: The shakedown and creep rupture limit of the PCHE core manufactured of alloy 617 

 

 

Figure 4.8: The temperature field and corresponding revised yield stress for load point (B) 
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Figure 4.9: The failure mechanisms for three different load points 

 

4.5.2 Effect of changing material 

The shakedown and creep rupture analyses have also been performed on the PCHE 

core manufactured of alloy 800H considering identical boundary and loading 

conditions compared to previous analyses. The comparisons of the shakedown and 

creep rupture boundaries of the PCHE core manufactured of both materials are given 

in Figure 4.10. Although similar patterns of shakedown and creep rupture boundaries 

can be found for 800H, the overall boundaries are smaller than the structure made 

from 617 because the overall revised yield stress of 800H is lower than 617, as shown 

in Figure 4.6. For alloy 800H, the creep effect becomes significant when the 

temperature reaches 64 °C ( ὸ ρππππ È) and 62 °C ( ὸ ρπππππ È). It is worth 

noting that there is a minor difference in reverse plasticity limits on shakedown and 

creep rupture boundaries for alloy 800H at ὸ ρπ ËÈ. The reason is that the failure 

mechanism at that load point is local creep rupture and the damage concentrates at 

the corner of the bottom channels, similarly in Figure 4.9(a). However, after scaling 

the thermal stress to the reverse plasticity limit, the revised yield stress at the corner 

of cold channels is not affected by the creep rupture stress since the temperature is 

around 675 °C. With the increase of pressure, the failure location shifted to the hot 

channels, making the creep rupture limit deviate from the horizontal reverse plasticity 

limit. Another notable difference of the boundaries between 617 and 800H lines in the 

segment of ratchet limit. A concave ratchet limit for alloy 617 can be observed due to 

a sharp decrease in yield stress when the temperature is low. The parametric study 

with different materials has been dramatically simplified by the implementation of 

UCRE in the LMM framework. Instead of inputting the temperature-dependent rupture 
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stress manually, the rupture behaviour can be readily described by entering several 

material constants. 

 

Figure 4.10: Comparisons of the shakedown and creep rupture limit of the PCHE core 
manufactured of alloy 617 and alloy 800H 

 

4.5.3 Effect of changing channel shapes 

It has been reported that the shape of channels may be distorted to semielliptical after 

the process of diffusion bonding [123]. Therefore, a PCHE core with semielliptical 

channels with corner radius ὶ φϷὙ has been modelled as shown in Figure 4.11(a). 

The shakedown and creep rupture analyses have been performed considering ὸ

ρπππππ È, as shown in Figure 4.11(b). The results have been compared with the 

shakedown and creep rupture boundaries of the PCHE core with semicircular 

channels considering identical corner radius and rupture time. It can be observed that 

the limit load and the ratchet limit of the PCHE core with semielliptical channels are 

slightly smaller than the one with semicircular channels. However, the reverse 

plasticity parts of the boundaries are unaffected by the change of channel shape. The 

reason is that the change of reverse plasticity parts of the boundaries mainly depends 

on the corner angle. In contrast, the change of ratchet parts of the boundaries mostly 

depends on the thickness of the material. In this case, both semicircular and 

semielliptical channels share the same corner radius, but the obtuse angle of 

semielliptical channels at the bottom corner causes a loss of material, which slightly 

reduces the thickness of structure at that location. Therefore, it can be concluded that 

the change of channel shape has a limited influence on the shakedown and creep 

rupture limits. 
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Figure 4.11: (a) The geometry and mesh of the PCHE core with semicircular and semielliptical 
channels (b) Comparisons of the shakedown and creep rupture limit of the PCHE core with 

different channel shapes 

 

4.5.4 Effect of changing channel dimensions 

Since a PCHE core can be designed in various scales and dimensions depending on 

its working condition, an investigation of the effect of changing channel dimensions 

becomes highly significant. The shakedown and creep rupture limit of the PCHE core 

with various channel radius R, and corner radius r have been evaluated and presented 

in Figure 4.12, where R [mm] is taken as 0.65,  0.75, 0.9, and 1; r is taken as 1%, 3%, 

6%, and 10% of the channel radius R. For parametric studies, r remains constant at 

10%R when R is variable; R is kept constant at 0.75 mm when r is variable. The shape 

of the channels is semicircular, and the material adopted is alloy 617. The reverse 

plasticity limit and limit load have been extracted from the curves and plotted in Figure 

4.13 for further comparison. For the shakedown boundaries considering various 

channel radius R in Figure 4.12(a) and Figure 4.13(a), the limit load reduces 

significantly with increasing R due to the loss of material in the component. The 

reverse plasticity limit, on the other hand, increases with increasing R. The reason is 

that in this case, the ratio of corner radius r to the channel radius R is fixed at 10%. 

Thus an increase of R also results in a growth of r. Since low cycle fatigue is highly 

related to the stress concentration in the local region, the reverse plasticity limit would 

increase correspondingly with an increasing r. A similar trend can be observed in the 

creep rupture limits when the temperature reaches around 650 °C and the creep 

rupture boundaries begin to separate from the shakedown boundaries. As presented 
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in Figure 4.12(b) and Figure 4.13(b), the effect of changing the corner radius r is also 

considered for the shakedown. The limit load is barely affected in this case, but the 

reverse plasticity limit significantly increases with increasing r due to a lower stress 

concentration at the corner of channels. In terms of the creep rupture limit, the effect 

of global creep rupture becomes notable when the temperature is higher than 650 °C, 

making the creep rupture boundaries shrink towards the Y-axis. It is worth mentioning 

that for the case ὶ ρϷὙ, the temperature at the reverse plasticity limit is lower than 

650 °C. In this case, the creep effect is negligible and the creep rupture limit becomes 

identical to the shakedown limit.  

 

Figure 4.12: Comparisons of the shakedown and creep rupture limit of the PCHE core with (a) 
various channel radius R (b) various corner radius r 

 

 

Figure 4.13: Comparisons of the reverse plasticity limit and limit load from the shakedown and 
creep rupture limits 

 

4.6 Summary 
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In this chapter, a Unified Creep Rupture Equation (UCRE) has been developed to 

describe the creep rupture curve for a broader range of steel types. A Python code 

has also been developed to facilitate the fitting process and generate a database for 

material parameters storage. Furthermore, a modification has been made in the 

current LMM framework to include the proposed equations for creep rupture analysis 

as part of structural integrity assessment.  

The UCRE has been comprehensively compared with two other numerical schemes: 

linear interpolation/extrapolation and Larson-Miller parameter. The UCRE shows 

better accuracy than the other two techniques when predicting the creep rupture 

curves for 5CrMo with insufficient data points. The UCRE has also been adopted to 

fit the rupture strength for four other types of benchmark steel and agrees well with 

the results from several individual models shortlisted by the ECCC. Further validation 

of the proposed method has been performed by comparing predicted creep rupture 

stress using UCRE with the observed rupture stress from ECCC data sheets for more 

than 40 different steels. For most steels, the predicted rupture strengths are either 

identical or slightly more conservative than the observed ones within the deviation 

factor of 0.55, proving the reliability of the proposed technique.  

To illustrate the utility of the proposed approach, a creep rupture analysis has been 

performed on a typical PCHE core. The UCRE has been adopted to generate the 

temperature-dependent revised yield stress in the structure. The shakedown and 

creep rupture boundaries have been presented considering cyclic thermal-

mechanical loading conditions. Three different failure mechanisms have been 

observed in the creep rupture boundary: local creep rupture, global creep rupture and 

global plastic rupture. A series of parametric studies have also been conducted 

considering various materials and geometries. Compared to alloy 800H, alloy 617 is 

more suitable for PCHE cores considering the load-bearing capacity at high 

temperatures. The shape of PCHE channels has a limited effect on the creep rupture 

boundary, while the channel dimension has a great influence on the rupture limits. 

Therefore, by comparing the creep rupture curves fitted using UCRE and other 

numerical models from literature, the UCRE has shown good accuracy and reliability 

for the interpolation of material parameters for various materials. With a numerical 

example of a PCHE core, the UCRE has shown good applicability for engineering 

cases. In addition, the Bree-like diagram is further extended by considering the creep 

rupture curves.  
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 The evaluation of the structural constant 

fatigue life diagram and ratchet limit 

5.1 Introduction 

For the evaluation and extension of the lifespan of large-scale pressure vessels in 

various industries, it has become essential to conduct a structural integrity 

assessment during the design and assessment procedures [137-139]. Having been 

investigated by many researchers [140-145], fatigue and ratchetting are two critical 

problems during the structural integrity assessment. Although these two problems are 

both caused by cyclic loading conditions, there are still some distinctions between 

them. Low cycle fatigue usually induces local crack initiation, while ratchetting would 

lead to incremental collapse, which is a global behaviour. 

For the assessment of structural ratchetting, the Bree diagram has been proposed 

[12] as the foundation of NB-3222.5 in ASME III [146]. The classic Bree problem 

considers a thin cylindrical pipe subjected to constant internal pressure and cyclic 

thermal stress. Different ratio of thermal and mechanical loads is considered and the 

loads are scaled proportionally to form the Bree diagram. For arbitrary thermal-

mechanical loading conditions, the modified Bree problem is proposed [24, 147], 

considering cyclic thermal stress and cyclic mechanical stress. Several numerical 

methods have been proposed for Bree-like problems, including analytical solution [12, 

147], incremental Finite Element (FE) analysis, Direct Cycle Analysis (DCA) [148-150], 

Noncyclic Method [151, 152], and several direct methods [14, 81-85, 87-90]. As one 

of the direct methods, the Linear Matching Method (LMM) framework features high 

accuracy and computational efficiency compared to other approaches.   

As another crucial part of structural integrity assessment, fatigue problems are split 

into two categories, high cycle fatigue (HCF) and low cycle fatigue (LCF) [153, 154]. 

For HCF problems, the structure typically operates in the elastic region, and the typical 

number of cycles to failure is higher than 5 × 10 4. The HCF life is calculated using the 

materialôs stress-life (S-N) curves based on the alternating stress [155]. For LCF 

problems, plasticity may be observed in the structure, and the typical number of cycles 

to failure is lower than 5 × 10 4 [11]. The LCF life can be evaluated using the materialôs 

strain-life (E-N) curves based on the total strain range or plastic strain range. 
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Numerical formulae have also been proposed for LCF life prediction, including the 

Coffin and Manson Law [27, 28]. At the material level, the constant life diagram has 

been introduced for LCF design, where the constant amplitude cyclic loading is 

depicted for constant fatigue life [156]. The constant life diagram is often plotted with 

alternating stress versus mean stress [157]. In this work, the concept of constant life 

diagrams is extended from the material level to the structure level. The LCF life 

boundary is plotted with the thermal load versus the mechanical load, where the 

number of cycles to failure is constant for any load combinations on the LCF life 

boundaries. The fatigue life can then be rapidly determined for arbitrary loading 

conditions in structural design.  

Several numerical approaches have been proposed for the evaluation of strain range, 

including Neuber's rule [158-160], the elastic-plastic method in ASME VIII-2 [161], and 

the Direct Steady Cycle Analysis (DSCA) method [20, 90] in the Linear Matching 

Method (LMM) framework. Neuber's rule uses linear elastic analysis to estimate the 

plastic strain range in areas with stress concentration. This method is considered safe 

and efficient, but it is restricted to local geometry and can be over-conservative for 

cases with sharp notches [162]. The elastic-plastic method is based on cycle-by-cycle 

analyses in Finite Element (FE) software using nonlinear constitutive models. 

Therefore, this method is usually accurate but highly time-consuming. On the other 

hand, the DSCA method is a direct method with both high accuracy and efficiency. 

Several linear elastic equations are introduced to evaluate the residual stress and the 

plastic strain range iteratively. The stress and strain at steady state is calculated 

directly for the plotting of saturated hysteresis loops and the evaluation of fatigue 

damage.  

A generalised method [23, 24] has been previously proposed for the evaluation of the 

ratchet limits of structures subjected to arbitrary thermal-mechanical load histories. 

To further evaluate the LCF life boundaries effectively, a Unified Procedure for Fatigue 

and Ratchet Analysis (UPFRA) [163] is proposed in this work as a one-stop solution 

for the ratchet and fatigue analysis considering arbitrary thermal-mechanical load 

conditions. Based on a bisection scheme, the DSCA subroutine is called iteratively 

for the evaluation of structural ratchet limit and LCF life boundaries considering 

different target LCF lives. The boundaries are then combined with the shakedown limit 

to form a complete interaction diagram. Temperature-dependent material properties 
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are also considered and implemented in the procedure for better accuracy and 

usability.  

In this study, the Bree-like diagram is extended by including the constant fatigue life 

curves. The numerical methods for ratchet and fatigue analysis are extensively 

introduced in Section 5.2, including the introduction of DSCA in Section 5.2.1, the 

current LMM algorithm for ratchet analysis in Section 5.2.2, and the UPFRA in Section 

5.2.3.  Then two numerical examples are presented to show the advantages of the 

UPFRA for practical engineering problems in Section 5.3. 

5.2 Numerical procedures for ratchet and fatigue analysis 

For Bree-like problems, the load condition considered is usually composed of cyclic 

thermal loads and constant mechanical loads. In the LMM framework, the DSCA [164, 

165] and Koiter's kinematic shakedown theorem [166] are adopted together to 

evaluate the structural ratchet limit. A two-stage procedure has been proposed, where 

the fixed cyclic load amplitude is firstly considered using the DSCA algorithm before 

the constant load history is scaled using the shakedown algorithm to reach the ratchet 

boundary.  

For modified Bree problems or engineering problems concerning arbitrary thermal-

mechanical load histories, a three-stage procedure has been proposed, which is 

included in the UPFRA [163]. The load ratio between two types of loads is first 

selected before the loadings are scaled proportionately to reach the ratchet boundary 

or the fatigue boundary. The load ratio can then be adjusted to achieve different points 

on the diagram.  

5.2.1 The current DSCA algorithm 

A body of volume ὠ and surface Ὓ is considered, with cyclic temperatures —ὼȟὸ 

applied in ὠ and cyclic surface loads ὖὼȟὸ on the part of the body surface Ὓ. The 

displacement rate ό π on the other part of the body surface Ὓ. Considering time 

cycle π ὸ ɝὸ, the load history is decomposed into the thermal and surface load by: 

 Ὂὼȟὸ —ὼȟὸ ὖὼȟὸ (5.1) 

where —ὼȟὸ is the thermal load history, and ὖὼȟὸ is the mechanical load history. 

The linear stress history is then calculated by: 
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 „ ὼȟὸ „ ὼȟὸ „ ὼȟὸ (5.2) 

where „ ὼȟὸ and „ ὼȟὸ are linear stress fields calculated from the linear elastic 

analyses with —ὼȟὸ and ὖὼȟὸ, respectively. The cyclic steady state is reached after 

a few cycles, so that: 

 „ ὼȟὸ „ ὼȟὸ ɝὸ and ‐ ὼȟὸ ‐ ὼȟὸ ɝὸ (5.3) 

The cyclic solution at steady-state is composed of three components: 

 „ ὼȟὸ „ ὼȟὸ ”Ӷὼ ” ὼȟὸ (5.4) 

where ”Ӷὼ is a constant residual stress field with the satisfaction of zero surface 

traction on Ὓ . ” ὼȟὸ is a varying residual stress field with the satisfaction of 

” ὼȟπ ” ὼȟɝὸ π. The von Mises yield function Ὢ„ π indicates a convex 

yield surface. Based on the flow rule: 

 ‐ ‌ ,   Ὢ π (5.5) 

where ‌ denotes a plastic multiplier. According to the maximum work principle: 

 „ „ᶻ‐ π (5.6) 

where Ὢ„ π and Ὢ„ᶻ π. „  denotes the stress at yield while „ᶻ the stress 

state with the satisfaction of the yield condition. The function Ὅ is defined by: 

 Ὅ‐ ᷿ ᷿ „‐ „ ὼȟὸ ” ὸ‐ ὨὸὨὠ (5.7) 

where ‐  denotes the kinematically admissible strain rate at yield and ” ὸ ”Ӷ

” . For the sake of simplicity, the time integrations are replaced by the sum of values 

at ὔ time instants: ὸȟὸȟὸȟȣȟὸ. The cyclic history is discretized into several time 

instants ὸ and plastic strain is only observed at the vertices of stress history. The 

function Ὅ is then simplified by: 

 Ὅ‐ В Ὅ (5.8) 

 ɝ‐ В ɝ‐  (5.9) 



 

94 
 

 Ὅ ɝ‐ȟ” ὸ ᷿ „ɝ‐ „ ὸ ” ὸ ɝ‐ Ὠὠ (5.10) 

 ” ὸ ”Ӷ В ɝ”  (5.11) 

 ɝ‐ ὅɝ” ɝ‐  (5.12) 

where ɝ”  satisfies equilibrium condition and ɝ‐  is compatible. The minimization 

procedure of functions Ὅ  is then introduced. Assuming ɝ‐ ɝ‐ , the shear 

modulus is given by: 

 „ ς‘Ӷ‐Ӷɝ‐  (5.13) 

where „ denotes the yield strength. A linear problem is then proposed by: 

 ɝ‐ ɝ” ɝ‐  (5.14) 

 ɝ‐ ɝ”  (5.15) 

 ɝ‐ „ ὸ ” ὸ ɝ”  (5.16) 

where 

 ” ὸ ” ὸ ɝ” ɝ” ɝ” Ễ ɝ” ȟ” ὸ ”Ӷ (5.17) 

To solve the linear problem, the varying residual stress ɝ”  is evaluated at load 

instance ὲ and iteration number ά, where ὲ ρȟςȟσȟȣȟὔ and ά ρȟςȟσȟȣȟὓ. The 

convergence criterion В ɝ” π is met at ὓth iteration, where the constant 

residual stress is given by: 

 ”Ӷ В ɝ” В ɝ” В ɝ” Ễ В ɝ”  (5.18) 

The plastic strain amplitude at ὸ is given by: 

 ɝ‐ ὸ „ ὸ ” ὸ  (5.19) 

The equivalent ratchet strain over the cycle is calculated by: 
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 ‐Ӷ ‐ӶВ ɝ‐ ὸ  (5.20) 

The total strain range ɝ‐Ӷ over the cycle can also be evaluated by: 

 ɝ‐ӶÍÁØ‐Ӷὸ ‐Ӷὸ ȟ   ᶅὥɴ ρȟὔȟᶅ ὦɴ ρȟὔ  (5.21) 

5.2.2 The current approach for the evaluation of ratchet boundary 

For Bree-like problems where the mechanical load is constant, a procedure with two 

stages has been given in [16]: 

¶ Stage 1: the varying residual stress field caused by fixed cyclic loads is 

evaluated with the DSCA algorithm. 

¶ Stage 2: the constant residual stress field is evaluated by scaling the constant 

loads to the ratchet limit with Koiter's kinematic shakedown algorithm.  

Koiter's shakedown theorem [166] is given by: 

 ᷿ ᷿ „‐ὨὸὨὠ᷿ ᷿ „‐ὨὸὨὠ (5.22) 

where 

 „ ‗„ „ ὼȟὸ ” ὼȟὸ (5.23) 

where ‗ denotes the load multiplier, „  denotes the constant stress field, „ ὼȟὸ 

denotes the cyclic stress field, ” ὼȟὸ denotes the total residual stress field from 

Equation (5.11). Based on the flow rule and time discretization: 

 ᷿ ᷿ „‐ὨὸὨὠ᷿ В „ ɝ‐Ὠὠ ᷿ В „‐Ӷɝ‐ Ὠὠ (5.24) 

where 

 ‐Ӷɝ‐ ɝ‐ɝ‐  (5.25) 

The upper bound ratchet limit multiplier is then calculated by: 

 ‗
᷿ В ᷿ В

᷿ В
 (5.26) 
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The difference between the ratchet and shakedown analyses in the LMM framework 

is that ratchet analysis includes a varying residual stress field calculated in Stage 1 

as the input condition for Stage 2. 

5.2.3 The Unified Procedure for Fatigue and Ratchet Analysis (UPFRA) 

For modified Bree problems, cyclic thermal load and cyclic mechanical load are 

subjected to a component, where no phase shift is defined between both loads. An 

illustration of the typical shakedown limit, ratchet limit and constant fatigue life curve 

for modified Bree problems has been presented in Figure 5.1. The cyclic mechanical 

load ὖ is normalised by the limit load ὖ  and the cyclic thermal load „ is normalised 

by the yield stress „. The shakedown limit intersects with X-axis at the limit load and 

with Y-axis at twice the yield stress. An example constant low cycle fatigue life curve 

is also given, on which the load points would yield identical the target number cycles 

to failure ὔ . For load points above, the number of cycles ὔ ὔ ; while for load points 

below, ὔ ὔ . The failure mechanisms in different regions are also shown in Figure 

5.1, which are separated by the plotted boundaries. The evaluation of shakedown 

boundary and limit load has already been considered in the existing LMM framework. 

To calculate the ratchet limit and fatigue boundaries for arbitrary thermal-mechanical 

loading conditions, a Unified Procedure for Fatigue and Ratchet Analysis (UPFRA) 

has been proposed in this work. 

 

Figure 5.1: An illustration of typical shakedown limit, ratchet limit and constant fatigue life 
curve for modified Bree problems 
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It can be postulated that ratchet limit and fatigue boundaries always lie between the 

limit load and shakedown limit. Thus, a general procedure with three stages is 

proposed for faster calculation: 

¶ Stage 1: the shakedown limit is evaluated for load ratio Ὑ using the LMM 

shakedown module. 

¶ Stage 2: the limit load is evaluated using a special case in the LMM 

shakedown module. 

¶ Stage 3: the ratchet limit or the constant life load multiplier is evaluated using 

the UPFRA. 

A flowchart of key procedures in the UPFRA is given in Figure 5.2. The DSCA module 

has been modified to include damage models, and Python scripts have been 

developed to implement the numerical procedures in the UPFRA. Several input 

parameters are required for the procedure, including the load ratio R, convergence 

parameters CONV1, CONV2, lower bound multiplier ‗  and upper bound multiplier 

‗  at first iteration. Here ‗  is the shakedown multiplier from Stage 1; while ‗  is 

the limit load multiplier from Stage 2.  

The analysis mode can be chosen at the start of the script. For fatigue analysis, it is 

required to input a target number of cycles to failure ὔ . The bisection numerical 

scheme is then used to call the DSCA repeatedly until the convergence condition is 

met. For the first iteration, the load multiplier  ‗ ‗ ‗ Ⱦς. For the Ὥth 

iteration, the load multiplier ‗ is computed by: 

 ‗
‗ ȟὔ ὔ

‗ ȟὔ ὔ
 (5.27) 

 ‗
‗ ȟὔ ὔ

‗ ȟὔ ὔ
 (5.28) 

 ‗
ȟὔ ὔ

ȟὔ ὔ
 (5.29) 

where ‗  and ‗  denote the lower and upper bound load multiplier at the Ὥth 

iteration. The structural loads applied are then scaled by the multiplier ‗  and 

substituted into the DSCA subroutine. When the DSCA calculation is completed, the 
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minimum number of cycles to failure ὔ within the component can be evaluated at the 

post-processing stage. Finally, ὔ is compared with the target life ὔ  to determine the 

convergence of UPFRA. The whole procedure is repeated several times until the 

difference between ὔ and ὔ  satisfies the convergence criterion.  

For ratchet analysis, it is required to provide a target equivalent ratchet strain ‐. 

Considering acceptable numerical errors for direct methods, ‐  can be taken as 

0.02%/cycle [24]. For the first iteration, the load multiplier ‗ ‗ ‗ Ⱦς. For 

the Ὥth iteration, the load multiplier ‗ is computed by: 

 ‗
‗ ȟ‐ ‐

‗ ȟ‐ ‐
 (5.30) 

 ‗
‗ ȟ‐ ‐

‗ ȟ‐ ‐
 (5.31) 

 ‗
ȟ‐ ‐

ȟ‐ ‐
 (5.32) 

where ‗  and ‗  denote the lower and upper bound load multiplier at the Ὥth 

iteration. Unlike fatigue analysis, the maximum equivalent ratchet strain ‐  is 

evaluated and compared to ‐ to check convergence status. The UPFRA script has 

been fully optimised so that a number of different load ratios can be specified at the 

beginning, and a result CSV file is automatically generated at the end.  
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Figure 5.2: Simplified flowchart of the UPFRA 

 

5.3 Numerical examples 

5.3.1 A holed plate 

5.3.1.1 FE model and material parameters 

The holed plate has become a simplified but effective model to simulate the tubesheet 

in a heat exchanger [96]. As shown in Figure 5.3(a), the dimensionless geometry of 

the holed plate is taken from [24], where ὈȾὒ πȢς and ὨȾὒ πȢπυ. The full plate is 

further simplified with a quarter model by applying symmetry boundary conditions. An 

axial pressure „ and a temperature gradient ɝὝ Ὕ Ὕ is also applied in the model. 

The model is meshed into 642 quadratic hexahedral elements of type C3D20R, 

followed by a steady-state thermal analysis to compute the thermal field at loading 

stage, as shown in Figure 5.3(b). 
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Figure 5.3: (a) The geometry of a holed plate [24] (b) The temperature distribution and FE mesh 

 

The ratchet analysis on the holed plate subjected to arbitrary thermal-mechanical load 

histories has been introduced in [24]. Based on that work, the fatigue analysis and 

non-isothermal effect are further considered in this work. The X2CrNiMo17-12-2 steel 

is considered here, with its temperature-dependent material parameters for the EPP 

model given in Table 5.1. Ramberg-Osgood (R-O) model has also been adopted to 

describe the cyclic stress-strain behaviour, where the steady-state total strain ranges 

are given by: 

  (5.33) 

The temperature-dependent material parameters for the R-O model are given in Table 

5.2. As shown in Figure 5.4(a), the yield stress in the EPP model is taken as the 0.2% 

proof stress from the R-O curves. The effective Youngôs modulus Ὁ used in EPP 

model is derived from the elastic modulus Ὁ in R-O model by: 

 Ὁ  (5.34) 

where the Poisson's ratio ’ πȢσ. Linear interpolation and extrapolation techniques 

have been adopted to calculate values based on the local temperature in the structure. 

It should be mentioned that all the material parameters considered here are from [165].  

The fatigue curves of X2CrNiMo17-12-2 steel at various temperatures have been 

given in Figure 5.4(b) for fatigue damage evaluation. A bilinear interpolation technique 

has been employed to compute the number of cycles to failure ὔ based on local 

temperature Ὕ and total strain range ɝ‐. Then the lowest ὔ in the structure is derived 


























































































































































