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Abstract

The work contained in this thesis is a mathematical analysis of discrete
coagulation-fragmentation equations. Initially semigroup techniques are used to
investigate the existence and uniqueness of a global, non-negative strong solution
to a mass-conserving model. Minimal restrictions are imposed on the fragmenta-
tion rate but it is required that the coagulation rate is uniformly bounded. It is
also shown how a technique described by Ziff and McGrady in [58] leads to an ex-
plicit solution for a particular pure fragmentation equation. The semigroup tech-
niques are then applied to a pure fragmentation model with discrete mass loss to
derive similar existence and uniqueness results. A multi-component model with
reformation terms is then investigated. Finally, the coagulation-fragmentation
equation with an added time-dependent source term is analysed. Existence and
uniqueness of a strong solution can also be proved in this case provided the source

term satisfies certain conditions.

il



Contents

1 Introduction and Literature Review 1
1.1 The Coagulation-Fragmentation Equation . . . . .. .. ... .. 1
1.2 Previous Work: The Discrete Model . . . . . . . . ... ... ... 3
1.3 Previous Work: The Continuous Model . . . . . . . .. ... ... 6
1.4 Previous Work: Numerical Techniques . . . . . .. ... ... .. 7
1.5 The Shattering and Gelation Phenomena . . . . . . . . .. .. .. 8
1.6 Planof Action. . . . . . . . . . . ... 10

2 Preliminary Results and Definitions 12

3 The Discrete Coagulation-Fragmentation Equation with Mass
Conservation 32
3.1 Fragmentation: The General Case . . . . . . ... ... ... ... 34
3.2 Fragmentation: Particular Cases . . . . . . . . ... ... ..... 40
3.3  Uniformly Bounded Coagulation . . . . . ... ... ... ..... 44
3.4 Power Law Fragmentation . . . . .. .. ... ... ... ..., .. 53
3.5 Closed Form Solutions . . . . . . ... ... ... ... ...... 60

4 The Discrete Fragmentation Equation with Mass Loss 75
4.1 The General Mass Loss Case with Bond Annihilation . . . . . . . 75
4.2 Particular Cases . . . . . . . . .. ... 79
4.3 The Specific Case of Cai, Edwards and Han . . . . . .. ... .. 81
4.4 The General Mass Loss Case with Surface Recession . . . . . . . . 86

5 A Multi-Component Coagulation-Fragmentation Equation with
Reformation Terms 92
5.1 Wattis” Model . . . . . . . ... 94

v



5.2 The Modified Model . . . . . . . . . . . . . ... 101

5.3 Restrictions . . . . . . . . 112
5.4 Non-Additive Diameter . . . . . . . . . . . . ... 113
5.5 Discrete Mass and Continuous Diameter . . . . . . . . . . .. .. 118

6 The Coagulation-Fragmentation Equation with a

Time-Dependent Source Term 122
7 Conclusion 129
Bibliography 130



Chapter 1

Introduction and Literature

Review

Suppose that we have a system of particles in which each individual particle can
be characterised by a discrete quantity such as mass, size or age. (We shall call
this quantity size for the moment.) The evolution with time of the distribution of
each size class in such a system can be described by a population balance equation.
This type of equation models processes such as coagulation and fragmentation in
which the numbers in each size class either increase or decrease. In [17, Chapter
13] a population balance equation (PBE) is used by Belleni-Morante to describe
a population of bacteria in a culture. The author uses a method first employed by
Kato in [32] to determine when a solution to the PBE exists. Kato’s method has
since been extended by Voigt [55], Arlotti [6] and Banasiak [9] to give a general
perturbation result, often referred to as the Kato-Voigt perturbation theorem. We
shall use these more recent perturbation results to establish the well-posedness

of a number of coagulation-fragmentation equations.

1.1 The Coagulation-Fragmentation Equation

In this thesis we shall consider a system of clusters of particles which are initially
described by their mass. We shall later move on to the situation where a cluster
can be characterised by two variables, namely mass and diameter. We shall

describe different models in which we allow a mixture of processes to occur. On



the one hand clusters can break up or fragment. On the other hand, two clusters
will also be allowed to join together or coagulate. We shall also introduce the

processes of surface recession and reformation.

We begin by describing the general discrete coagulation-fragmentation equa-
tion. Suppose a cluster of particles is characterised by its mass. We consider
each individual particle to have mass one and we call this a monomer. A cluster
of m monomers, or n-mer, will thus have mass n. Let u,(t), n = 1,2,... denote
the number concentration of clusters having mass n. The discrete coagulation-

fragmentation equation is given by

dugt(t) = —anun(t) + Z ajbn,juj(t)
j=n+1
1 n—1 00
+5 2 K gtn—g (8)uy(t) — D ket (B)u (1) (1.1)
j=1 Jj=1

where, for all n and j, a,, b, ; and k,, ; are non-negative constants. Note that the
last summation is to be defined as zero when n = 1. Here a,, is the fragmentation
rate of an n-mer, b, ; is a distribution which gives the average number of n-mers
produced after the break up of a j-mer where j > n and k, ; is the coagulation

rate of an n-mer with a j-mer.

We shall now give an interpretation of the terms in (1.1). The first term on
the right-hand side of (1.1) gives the loss of n-mers due to them fragmenting.
The second term gives the gain in n-mers due to larger clusters fragmenting. The
third term on the right-hand side of (1.1) represents the gain in n-mers due to
two smaller clusters coalescing. Note that the factor of % ensures that we do not
double count the process of an (n — j)-mer coalescing with a j-mer and the same
j-mer coalescing with the same (n—j)-mer. The last term gives the loss of n-mers
due to them coalescing with other clusters. If we set a,, = 0 for all n we have the
pure coagulation equation which was first looked at by Smoluchowski in [53] and

similarly if we set &, ; = 0 for all n, j we have the pure fragmentation equation.

Note that the system described above allows for multiple fragmentation to

occur, i.e. a fragmenting cluster can break into two or more pieces. In some



of the previous studies of the coagulation-fragmentation equation, which will be
discussed below, only binary fragmentation has been considered. Naturally we
require our system to be mass-conserving (or density-conserving) unless we have

a built-in mass loss mechanism. This leads to the assumptions

S by =4, j=2.3,..., and a, = 0. (1.2)

The total mass of the system is given by

M(t) = inun(t), t>0 (1.3)

and for mass to be conserved we require that

> nug(t) =) nu,(0), t>0. (1.4)

As will be discussed later, we shall rewrite (1.1) as an Abstract Cauchy Problem
(ACP) in an appropriate Banach space. The norm on the Banach space is chosen

to correspond to the summation used to calculate M (t).

1.2 Previous Work: The Discrete Model

We shall now describe some of the work that has been carried out previously.
Many of the early engineering papers investigate exact solutions to the discrete
coagulation-fragmentation equation without any consideration of the criteria re-
quired for existence or uniqueness of solutions. In [52], Simha looks at the pure
fragmentation equation for polymers. He considers monomers to be joined in a
chain and NN; represents the number of molecules consisting of j monomers having
j — 1 links. He also places an upper bound n on the size of molecules so that
the system of equations is finite-dimensional. The author makes use of the rate
constant k;i(j ) to characterise breakage. Simha considers three different situations:
random breakage, surface recession and a fragmentation rate which depends on

the number of links in the chain. In the case of random breakage, k‘gj ) = k for all



1,7 and the fragmentation equation becomes

dN;

— :%i:]ZHNi_k(] —1)N;. (1.5)

Note that if we set £ = 1 above then we have the same equation as is discussed
by Ziff and McGrady in [58]. We shall give details of how a general solution to
(1.5) can be obtained in Chapter 3. In [52], a solution is given for homogeneous
initial conditions. In the case of surface recession the equation becomes

dN; , .

d—tf =2kUtON,;  — 2KVN;, n > 5> 2. (1.6)
We shall discuss the case where surface recession terms are combined with frag-
mentation terms with built-in mass loss in Chapter 4.

In [7] the fragmentation equation for polymers is again considered, this time

by Bak and Bak. The cases of bonds breaking with equal probability and of

molecules only splitting in the middle are considered. The generating function
G(z,t) = colt)z" (1.7)
n=1

is used to solve the rate equations, where ¢, (t) denotes the concentration of
molecules with molecular weight nM, M constant. The uniqueness of density-
conserving mild solutions to the discrete coagulation-fragmentation equation is
considered in [8] by Ball and Carr. The authors work with a finite-dimensional
version of (1.1) with binary fragmentation and prove that this system has a
unique non-negative, density-conserving mild solution. Ball and Carr then go on
to show, by taking limits of solutions of the truncated system, that there exists a
mild solution to the infinite-dimensional coagulation-fragmentation equation for

a coagulation rate k, ; (in our notation) satisfying
knj < K(n+j), Vn,j, K constant,

and this solution is density-conserving. They then go on to describe conditions
under which all solutions conserve density and show, by imposing growth condi-

tions on the coagulation and fragmentation rates, that there exists a unique mild



solution to the infinite-dimensional coagulation-fragmentation equation. Finally
they prove that if the coagulation rate is uniformly bounded, i.e. k,; < K for
all n, j, then there exists a unique mild, density-conserving solution. In [40], the
existence and uniqueness of mild, density-conserving solutions for the discrete
coagulation-fragmentation equation with multiple fragmentation is investigated
by Laurencot in a similar manner to [8]. Note that we shall prove a similar result
in Chapter 3 for strong solutions to the full coagulation-fragmentation equation
with multiple fragmentation using semigroup theory. Our theory does not rely on
taking limits of truncated systems and establishes the existence and uniqueness
of a strong solution.

The coagulation-fragmentation equation with collisional breakage is studied in
[41] by Laurencot and Wrzosek. Collisional breakage refers to the fragmentation
of a cluster after collision with another cluster. The collisional breakage rate is
proportional to the number densities of the size classes of the two colliding clusters
and allows for mass transfer between two colliding clusters. The probability of
colliding clusters with mass ¢« and mass j merging into one cluster is introduced
and the coagulation-fragmentation involves a collision rate, a; ;, for clusters. The
existence of mild solutions for general collision rates is shown by taking limits
of a truncated system. These solutions were not shown to be density-conserving
but it can be proved that density is non-increasing. The authors then show the

existence of density conserving solutions when the collision rate satisfies
a;; < A(i+j), Vi,j, A constant.

The large-time behaviour of the system is then studied for certain cases.

In [21] and [23] Carr and da Costa investigate the asymptotic behaviour of so-
lutions to the discrete coagulation-fragmentation with binary fragmentation with
certain assumptions made on the fragmentation rate. Again, solutions are taken
to be limits of mild solutions of the truncated coagulation-fragmentation equation.
The authors then study equilibrium solutions, i.e. time-independent solutions,
for these conditions. In [26] da Costa also studies the equilibrium solutions of a

finite-dimensional version of Smoluchowski’s pure coagulation equation.



1.3 Previous Work: The Continuous Model

The coagulation-fragmentation equation can also be written in a continuous form.
We shall now discuss some of the previous studies of the continuous equation.
Semigroup theory has not been used much to analyse the discrete coagulation-
fragmentation equation but it has been applied to the continuous model. As
with the discrete case, many of the early engineering papers focused on finding
exact solutions for particular rate coefficients without worrying about existence
and uniqueness results. In [28], the multiple fragmentation equation with an
added continuous mass loss term is studied by Edwards, Cai and Han. Exact and
asymptotic solutions are found for certain rate coefficients. Note that this paper

also describes a discrete fragmentation equation with discrete mass loss, namely,

du;t(t) = —nuy(t) + 2 Z u; (1) (1.8)

j=n+1

in our notation. We shall deduce the form of the unique strong solution to (1.8) in
Chapter 4 and show why the exact solution given in [28] is not a strong solution.

Aizenman and Bak [1] study the existence and uniqueness of solutions to
the full coagulation-fragmentation equation for rate coefficients of a specific type
using semigroup techniques and contraction mapping arguments. The authors
also show uniform convergence to equilibrium solutions for a general class of
initial data.

In [46], McLaughlin, Lamb and McBride consider a truncated multiple
fragmentation equation and show via semigroup theory the existence and unique-
ness of a strong mass-conserving solution for a locally bounded fragmentation
rate, i.e. a(z) < C, for all z € (0,n]|, n > 0 where the sequence {C,,} may be un-
bounded. They then take limits of the truncated solutions and show that there is
a unique strong, mass-conserving solution to the infinite-dimensional system. The
results in [46] are then extended in [47] to show existence and uniqueness of a so-
lution to the full coagulation-fragmentation equation, with a uniformly bounded
coagulation rate, using a contraction mapping argument. McLaughlin et al. then
go on [48] to study a non-autonomous multiple fragmentation equation, i.e. the
fragmentation rate depends on time. The method of proving the existence of a

unique strong solution for the truncated system and then taking limits is again



used. This time, solutions are given in the form of evolution families.

In more recent work, the Kato-Voigt perturbation theorem has been used to
prove the existence of unique strong solutions to the coagulation-fragmentation
equation. The application of this theorem removes the need to look at the trun-
cated system first. In [38], Lamb shows that the solution given by the application
of the Kato-Voigt perturbation theorem is indeed the same as the solution found
in the truncation/limit approach. In [12], Banasiak and Lamb use semigroup
techniques to show existence of a strong solution to the pure fragmentation equa-
tion with continuous and discrete mass loss. The results in [12] are then extended
in [13] to show the global existence and uniqueness of strong solutions to the full
coagulation-fragmentation equation with continuous and discrete mass loss. Ba-
nasiak and Lamb also use semigroup theory in [15] to investigate existence and
uniqueness results for the continuous coagulation-fragmentation model in a more
abstract setting. The same authors also analyse coagulation, fragmentation and

growth processes in a size-structured population in [14].

1.4 Previous Work: Numerical Techniques

It should be noted that some numerical techniques have been developed for
solving the coagulation-fragmentation equation. Although we shall not pursue
this, we shall briefly describe some of the literature. The non-linearity of the
coagulation-fragmentation equation makes it particularly difficult to write down
exact solutions. Over the years, numerical techniques for solving the coagulation-
fragmentation equation have been used to combat this problem and give an idea
as to how the system behaves under certain conditions. The main obstacle when
solving the coagulation-fragmentation equation numerically is verifying that the
numerical technique is providing you with the correct solution. Such verifica-
tions can be carried out by comparing numerical solutions to experimental data
or comparing them to the exact solutions known for particular cases. In [20], a
method of characteristics is developed to solve the partial differential equation

satisfied by the moment generating function

o) = S N), ] <1
k=1



where N, denotes the number density of clusters of k particles. The authors
consider a product coagulation rate, i.e. k,; = Knj, K constant, and a con-
stant fragmentation rate. Kumar and Ramkrishna developed the Fixed Pivot
Technique for solving population balance models using discretisation in [37]. The
Cell Average Technique, which is shown to be more accurate than the Fixed
Pivot Technique for solving the pure coagulation equation, is described in [36].
Kostoglou extends the Cell Average Technique in [33] to create an even more
accurate method for solving the coagulation equation numerically. Kumar et al.
then develop the Cell Average Technique to solve multi-dimensional aggregation
equations in [35]. These methods split the cluster size range into a finite number
of intervals and assume that the clusters in each interval are of the same size.
These methods are known as internally consistent since the balance equations for
each interval are constructed in such a way as to ensure mass conservation (or

any other integral property of the system) is maintained.

1.5 The Shattering and Gelation Phenomena

In some particular cases of the pure coagulation and pure fragmentation equa-
tions, the system appears to lose mass even though no mass-loss has been built
into the model. These phenomena are known as gelation in the coagulation case
and shattering in the fragmentation case. Gelation can occur when clusters co-
agulate at a ‘fast’ rate to form an infinitely large cluster in finite time and it
appears that mass has been lost from the system. Shattering occurs essentially
from the opposite effect to gelation, i.e. clusters fragment into infinitely small
dust particles which are not detected. Note that setting a; = 0 in the discrete
equation will eliminate shattering. Investigations into the conditions under which
these phenomena occur have been carried out in [20], [22], [26], [30], [42], [45],
[54] and [59].

In [22], Carr and da Costa obtain a condition for instantaneous gelation in

the discrete coagulation equation, namely, if the coagulation rate satisfies
n® + 5% <k,; < (nj)ﬁ for B>a>1

(in our notation) then any non-zero size distribution has zero (instantaneous)



gelation time. In [20], Brunelle, Owens and van Roessel consider the discrete
coagulation-fragmentation equation with a constant binary fragmentation rate,

b, and the bilinear coagulation rate
knj = (a+Bn)(a+Bj) fora,BeR.

Characteristic equations are used to help calculate the gelation time and post-
gelation mass when a =0, 3 > 0and b =0 and when o =0, 3 > 0and b > 0. In
[26] the existence of an infinite family of gelling solutions of a truncated version
of the Smoluchowski coagulation equation is proved for a general coagulation rate
by da Costa. In [54], van Dongen proves that, for a homogeneous coagulation

rate k(i, j) satisfying, for j >> i,

k(ai, aj) = a*k(i, j) = a*k(j, ),
k(i,j) ~i"5", j — oo,i fixed, A\ = p + v,

instantaneous gelation occurs if and only if v > 1.

The shattering effect in the continuous fragmentation equation is considered
by McGrady and Ziff in [45]. The fragmentation rate and distribution are given
by

a(y) =y

and
b(zly) = f(y)z”

respectively, where
v+ 2

f(?/):ﬁ, v> =2

is a mass conservation condition. It is deduced that, for § < —1 and for all
admissible values of v, the mass of the system is time-dependent. This reflects a
loss of mass due to the production of infinitely small particles.

In [30], Ernst and Pagonabarraga compare the shattering effect for collisional

and linear continuous fragmentation models for the fragmentation rate

a(x) = z°.



It is shown that in the collisional breakage model, shattering always occurs at a
finite time, ¢t # 0. In the linear fragmentation model, shattering occurs instanta-
neously, i.e. at t = 0, for a < 0. Banasiak applies semigroup theory to ascertain
conditions under which shattering occurs in the continuous pure fragmentation
model in [10].

We will not concern ourselves with the phenomena described above as we
shall be looking for solutions which exhibit the physical properties built into
the model. For example, if mass is to be conserved, we are interested in mass-
conserving solutions. If our system has built-in mass loss, then we require that

we can calculate the mass lost exactly.

1.6 Plan of Action

The main focus of this thesis is to investigate the existence of unique strong,
non-negative, conservative solutions to various forms of the coagulation-

fragmentation equation. We shall make use of the theory of semigroups of opera-
tors in a similar fashion to [12], [13], [14] and [15], to show under which conditions
these solutions exist. In Chapter 2 we begin by introducing some preliminary re-
sults from semigroup theory and we outline the procedure we shall follow to show
the existence of unique strong solutions. In Chapter 3 we analyse the coagulation-
fragmentation equation with mass-conservation. Initially we look at the linear
fragmentation terms before the semilinear coagulation terms are added in. We
shall prove that for general a,, and b, ; (satisfying the mass-conservation condi-
tion) and a uniformly bounded coagulation rate, i.e. k,; < k for all n, j, where
k is a constant, that there exists a unique globally defined, non-negative, mass-
conserving strong solution to the corresponding ACP. We also use a technique
described by Ziff and McGrady in [58] to determine the exact solution for the
pure fragmentation equation with a, =n —1 and b, ; = j%l In Chapter 4 the
pure fragmentation equation with discrete mass loss in investigated. Again, we
can show that for general a,, and b, ; there exists a unique strong solution. More-
over, we can calculate the expected mass loss. We also look at the case where
there is an added surface recession process. In Chapter 5 we look at a multi-

component model with reformation terms introduced by Wattis in [56]. We make

10



some modifications to the model and for each of the new models we can prove
the existence of unique strong solutions for a general fragmentation rate and a
uniformly bounded coagulation rate. Finally, in Chapter 6 we apply the theory
found in [49] to show that a strong solution to the coagulation-fragmentation with
a time-dependent source term exists provided that the source term is continuously

differentiable with respect to time.

11



Chapter 2

Preliminary Results and

Definitions

We shall begin by introducing the basic theory that will be applied throughout
this thesis. As mentioned in the previous chapter, the main aim is to use the
theory of semigroups of operators to show that there exist unique, non-negative
solutions to a variety of coagulation-fragmentation equations. A Cy-semigroup

(strongly continuous semigroup) is defined as follows.

Definition 2.1. A Cy-semigroup of bounded linear operators on a Banach space
X is a famaly
{T(t)}e=0 € B(X)

such that
(i) T(0) = I, the identity operator on X
(11) T(s)T'(t) =T(s+1t) forall s,t >0
(11i) for each fizred f € X, T(t)f — f ast — 07.
We can find a growth bound for the norms of the operators {7'(¢)}+>o.

Theorem 2.2. Let X be a complex Banach space and let {T(t)} C B(X) be a
Co-semigroup. Then there exist constants w € R and M > 1 such that

IT@)] < Me! (t=0). (2.1)

12



We write Co(M,w) to denote the class of semigroups satisfying (2.1).

Proof: See [29, Proposition 1.5.5].

It is now possible to prove the following.

Lemma 2.3. Let {T'(t)} C B(X) be a Cy-semigroup of class Co(M,w) and, for
t >0, define S(t) € B(X) by

S(t) = e “'T(t). (2.2)

Then the family {S(t)}i>0 is a Co-semigroup of class Co(M,0).

Proof: See [43, pp. 42-43].
0

Definition 2.4. Let {T(t)}:+>0 be a Cy-semigroup of bounded linear operators on
a Banach space X. The family {T(t)}i>0 is called

(i) a Cy-semigroup of isometries if |T'(t)f|| = ||f|| for allt >0, f € X
(i1) a Cy-semigroup of contractions if || T(t)|| <1 for allt > 0.
The infinitesimal generator of a Cy-semigroup is defined by
Definition 2.5. Let {T'(t)}>0 € B(X) be a Cy-semigroup of bounded linear

operators on a Banach space X and for each t > 0, let Q, € B(X) be defined by

Qr = : (2.3)

The infinitesimal generator of {T(t)} is the operator Q : X O D(Q) — X
defined by

D(Q) ={ f e X :Q.f tends to a limit (in X) ast — 04}
Qf = Jim Q. (2.4)

We shall need the following definition of the resolvent operator.

13



Definition 2.6. Let X be a complex Banach space and let A: X D D(A) — X

be a linear operator.

(i) The resolvent set, p(A), of A is the set of complex numbers

p(A)={ eC: M\ -A)"eB(X)}. (2.5)
(ii) The spectrum, o(A), of A is the complement of p(A),
g(A) = C — p(A). (2.6)
(iii) For X € p(A), we write
R\ A) = (M — A~ e B(X). (2.7)

We call R(\, A) the resolvent operator of A (at \).

The following theorem, developed by Hille and Yosida, gives us the conditions

under which @ is the infinitesimal generator of a Cy-semigroup of contractions.

Theorem 2.7 (The Hille-Yosida Theorem). Let X be a complex Banach space
and let Q@ : X O D(Q) — X. Then Q is the infinitesimal generator of a Cy-

semigroup of contractions on X if and only if

(i) Q is a closed linear operator and D(Q) is a dense linear subspace of X

and
(it) p(Q) contains {\ € R: A >0} and R\, Q)| < 5 VA >0

or

(it)” p(Q) contains {\ € C: Re A >0} and |R(\,Q)|| < 7 for A € C
with Re A > 0.

Proof: See [43, p. 65].
U

The Hille-Yosida theorem was then extended to give conditions under which

@ is the infinitesimal generator of a general Cy-semigroup.

14



Theorem 2.8 (The Hille-Yosida-Phillips-Miyadera-Feller Theorem). Let X be
a complex Banach space and let @ : X 2 D(Q) — X be a linear operator.

Then @ is the infinitesimal generator of a Cy-semigroup of class Co(M,w) on X,
M > 1,w e R, if and only if

(i) Q is a closed linear operator and D(Q) is a dense linear subspace of X
and

(ii) p(Q) contains all real numbers A\ such that A > w and

M

IRO.Q"N < =0

A>w, n=1,2... (2.8)

or
(i1)” p(Q) contains all complex numbers X\ with Re\ > w and

M

IROLQ)" < oo

ReA>w, n=1,2,.... (2.9)

Proof: See [43, pp. 69-70].
L]

Throughout the thesis we shall be studying abstract Cauchy problems (ACPs)
which often take the form

du
E = AU(t), t>0,

w0) = wup€ X, (2.10)

where A: X D D(A) — X is a linear operator and X is a complex Banach space.
Let us define a solution to the ACP (2.10) by the following

Definition 2.9. Let X be a Banach space, A : X O D(A) — X be a linear

operator and let ug € X. A function u : [0,00) — X is a solution of the ACP
(2.10) if

(i) w is continuous on [0, 00)

(i1) u is continuously differentiable on (0, c0)

15



(111) u(t) € D(A) fort >0
(iv) the equations in (2.10) are satisfied.

It is important to show that our ACPs are well-posed, i.e. a solution exists,
this solution is unique and it depends continuously on the initial data. The

following results give conditions under which such solutions exist.

Theorem 2.10. In the ACP (2.10) let A be the infinitesimal generator of a Cy-
semigroup {T'(t) }+>0 € B(X) and let ug € D(A). Then the problem has a unique
solution u (in the sense of Definition 2.9) given by

u(t) = T(Hue, > 0. (2.11)

Proof : See [43, p. 111].
U

Theorem 2.11. Let X be a Banach space, A be a linear operator and let {g,}2,
be a sequence in D(A) converging to zero with respect to the norm on X . Let u,,
be the unique solution (in the sense of Definition 2.9) of the ACP

du
— = A
7 u, t >0,
u(0) = gn. (2.12)

Then {u,}>2, converges uniformly to zero on any interval of the form 0 <t <t
with t(] > 0.

Proof :See [43, p. 114]

U
A non-homogeneous form for the ACP (2.10) would be
du(t
Zy = Au(t) + f(2), t>0,
u(0) = wup (2.13)

where f:[0,00) — X is a given vector-valued function.

A solution u : [0,00) — X of the ACP (2.13) is as in Definition 2.9 (modified

appropriately). The form for the solution is given in the following theorem.

16



Theorem 2.12. Let X be a Banach space and let A : X DO D(A) — X be
the infinitesimal generator of a Cy-semigroup {T'(t)}i>0 C B(X). If the function
f:]0,00) = X is continuously differentiable and uy € D(A) then the ACP (2.13)

has a unique solution given by
t
u(t) = T(t)uo +/ T(t—s)f(s)ds t>0. (2.14)
0

Proof : See [43, pp. 116-117].
L]

We shall now give some results which are true when working in a Banach space
of the type Y = L'(Q, u) where (2, i) is a measure space. Particular classes of

Cy-semigroups can be defined as follows.

Definition 2.13. (See [11, p.159]) Let {T'(t)}1>0 be a Cy-semigroup on Y =

LY(Q, p) with the usual norm, where (S, i) is a measure space.

(i) {T(t)}1>0 is a substochastic semigroup if, for each t >0, T'(t) > 0 (i.e.
Tt)f €Yt forall f €Y™) and | T(t)| < 1.

(1) {T(t)}i>0 is a stochastic semigroup if, in addition, |T'(t)f| = ||f|| for all
t>0and feY™

where Y is defined by
YT:={feY:f>0}

and similarly for other sets.
We shall also require the following result for multiplication semigroups.

Lemma 2.14 (Multiplication Semigroup). Let q : Q@ — C be a measurable func-
tion such that —Re q is (essentially) bounded above and define

Tot)f =ef, feY,t>0,

where Y = L' (Q, ). Then {Tg(t) }i>0 is a Co-semigroup on'Y and has infinites-

imal generator, Q, given by the multiplication operator

Qf :=—qf, D@Q):={feY:qfeY}
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Proof: See [29, p.65].

Example 2.15. Suppose we define an operator A on'Y by
Af :=—af, D(A):={f€Y af €Y},

where a : @ — RT. Then A is now the infinitesimal generator of the substochastic

semigroup {Ta(t) }i>0 on'Y given by
Tat)f =e “f, feY,t>0.

Later on we shall apply this result for the specific case of sequences {a, } and

a weighted [! space.

We shall use the following decomposition for real-valued functions throughout
the thesis.

Notation 2.16. Let f be a real-valued function in' Y = L*(Q, p). Then we may

express this as

f=ft—f (2.15)
where f(x) = max{f(x),0} and f~(x) = max{—f(x),0}.

Let u : [0,00) — Y. Throughout this thesis we shall be studying the existence

and uniqueness of solutions to various forms of the Abstract Cauchy Problem

d%;it) Au(t) + Bu(t) + Ku(t) + N(t)
i o) — £ (2.16)

where A is the generator of a substochastic semigroup on some space Y, B is a
linear perturbation of A, K is a nonlinear operator on Y and N(t) is a continu-
ously differentiable function of ¢t in Y. In each of the different variations of the
ACP (2.16) that we study we follow the same basic procedure to deduce that

there exists a unique strong solution to our ACP. This routine is outlined below.

Firstly we shall define what is meant by a mild and a strong solution of an
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ACP of the form

dzzlit) = Gu(t) + F(t,u(t))
tl_igiu(t) _ (2.17)

where G is the generator of a substochastic semigroup {7 (¢)}i>0 on Y and
F:[0,00)xY =Y.

Definition 2.17. A mild solution of (2.17) is a continuous solution u : [0, 00) —
Y of
t
u(t) =Tg(t)f +/ Te(t — s)F(s,u(s))ds. (2.18)
0
Definition 2.18. A function u is a strong (strict) solution of (2.17) on [0,00) if

u is continuous on [0, 00), continuously differentiable on (0,00), u(t) € D(G) for
t €10,00) and (2.17) is satisfied on [0,00).

In order to establish whether a unique strong solution of any version of (2.16)

exists we begin by studying the linear part, i.e.

dz;_it) = Au(t) + Bu(t), t >0, (2.19)
tl_i)%rl+ u(t) = fe DA+ B). (2.20)

The following theorem is used throughout the thesis to show that there exists a

smallest extension of A + B which generates a substochastic semigroup.

Theorem 2.19 (Kato-Voigt Perturbation Theorem). Let (A, D(A)), (B, D(B))

be two linear operators in the Banach space Y such that

(i) (A, D(A)) generates a substochastic semigroup {Ta(t)}+>0 on'Y,
(it) D(B) 2 D(A) and Bf >0 for all f € [D(B)]",
(iii) for all f € [D(A)]", /(Af C Bf)dp = —c(f) < 0. (2.21)
Q

Then there exists a smallest extension G of A+ B which generates a substochastic

semigroup {T(t) o on Y.

Proof: See [11, Corollary 5.17].
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Note 2.20. The substochastic semigroup {Tg(t)} is the smallest substochastic
semigroup generated by an extension of (A+ B) in terms of an order relation on
X. If G’ is another extension of (A+ B) then

Tgf(t)f — Tg(t)f >0 fO?” all f c D(G)+

We shall make use of the following theory found in [11, Section 6.3] to prove
that, in certain circumstances, G = A + B, the closure of the operator
(A+B, D(A)). Firstly we shall need some preliminary results involving extensions
of the operators in the model. As above, let Y = LY(Q, ) where (Q,pu) is a

measure space.

Definition 2.21. The sets of functions E' and Ey are defined by

E = Lo(Q,du) = the set of u-measurable functions defined on Q
and taking values in R, the set of extended
real numbers; (2.22)
E; = the subspace of E consisting of functions that are finite
almost everywhere. (2.23)

It follows that Y C By C E.

Let A, B and L denote extensions of A, B and R(1, A) respectively. We
require these extensions to have domains and ranges in Ey. We also need B and
IL to be positive operators on their domains. These extensions are obtained in

the following way.

Definition 2.22. Let F' C E be defined by

F = {f € FE: for any non-negative and non-decreasing sequence ( f,)

satisfying sup,, fn = |f| we have sup, R(1,A)f, € Y}. (2.24)

We now make the extra assumptions that f € D(B) < f*, f~ € D(B) and,
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for any two non-decreasing sequences (f,,), (g,) € D(B)*
sup f, =supg, = sup Bf, =sup Bg,.

These additional assumptions are satisfied in the cases where we apply these

extension techniques.

Definition 2.23. Let H C Y be defined by

H = {feY: if (fn) is any non-negative, non-decreasing sequence of
elements of D(B) such that sup,, f, = |f| then sup, Bf, < oo a.e.} .
(2.25)

It can be shown that D(A) C H C Y C F C E. We can now state the
following properties ([11, Lemma 6.17]):

(i) feFtand0<g< f=g€F™,
(11) FCEf,

(i) f € FT and f = sup f,, = supg,, where (f,), (¢,) C Y are both non-
decreasing = sup R(1, A) f, = sup R(1, A)g,.

We shall now define appropriate extended mappings.

Definition 2.24. Let B, L be defined by
B:D(B)" — E;; D(B)=H,
Bf :=sup Bf,, fe DB,
L:Ft—YT"
Lf:=supR(1,A)f,, fe€FT,

where 0 < f,, < fas1 Yn and sup,, f, = f. Note that B and L are well-defined

due to the assumption made on B and part (iii) above.

As explained in [11, Theorem 2.64], these mappings can be extended to pos-

itive linear operators on all of D(B) and F respectively. This follows from the
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fact that if @ : Xt — Y is an additive operator, i.e. Q(f + g) = Qf + Qg for
all f,g € X, then () extends uniquely to a positive linear operator from X — Y
by

QI =Q(f = f)=Qf -Qf,

where f* and f~ are the positive and negative parts of f € X respectively as in
(2.15).

It can be shown that L is invertible ([11, Lemma 6.18]) and this leads to the

following definition of the extended operator A.

Definition 2.25. The operator A is defined by A : D(A) — F;
A:=f—-L"' DA)=LFcCY.

From [11, pp. 171-172] we have

(i) Af =Af Vfe DA,

(ii) Af e Y < f e D(A),

(ii) Bf = Bf VY f € D(B),

(iv) Lf =R(I;A)f VfeY.
The following result can now be proved.
Theorem 2.26. If for any g € F* such that —g + BlLg € Y and ¢(Lg), with c
as in (2.21), exists such that

/Q Lody + /Q (—g +BLg)du > —c(Lg) (2.26)

then G = A+ B.

Proof. [11, p. 176].
U

After analysing the linear part involving the operators A and B we shall then
move on to the nonlinear part F'(t,u(t)), which is dealt with using theory found

in [49]. The main theorems and definition we shall require are given below. Note
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that we are now working in a general Banach space X and not just in an L' space
of the form Y. We shall firstly define a local Lipschitz condition on F'(¢,u(t)).

Definition 2.27. [/9, p.185] We say that F(t,u) is locally Lipschitz continuous
in w, uniformly in t on bounded intervals if, for every t' > 0 and constant r > 0,

there is a constant L(r,t") such that
[E(t,u) = F(t, )| < L(r, ) lu— vl (2.27)

holds for all u,v € X with |Ju|| <, ||v]] <r andt € [0,t].

The following theorem then gives conditions for a mild solution to the full
ACP (2.17).

Theorem 2.28. [/9, Theorem 1.4, p.185.] Let F' : [0,00)x X — X be continuous
int fort > 0 and locally Lipschitz continuous in w, uniformly in t on bounded
intervals. If G is the infinitesimal generator of a Cy-semigroup {T(t)}i>0 on X
then, for every f € X, there is a tyae < 00 such that the initial value problem

(2.17) has a unique mild solution u on [0, tyaz). Moreover, if tye, < oo then

lim ||u(t)| = oco.

t—tmaz

Proof: [49, p.186].
U

We shall state the following which gives a sufficient condition for the mild

solution to (2.17) to be a strong solution.

Theorem 2.29. [/9, Theorem 1.5, p.187] Let G be the infinitesimal generator of
a Co-semigroup {Tg(t)} on X. If F: [0,00) x X — X is continuously differen-
tiable from [0,00) X X into X then the mild solution of (2.17) with f € D(G) is

a strong solution.

Proof: [49, pp.187-188].
L]

We shall make use of the following definition of the total derivative of a function.

23



Definition 2.30. /5, p.346] A function g : [0,00) x X — X is said to be differen-
tiable at (to, ¢o) € [0,00)x X if there exists a linear operator S, ¢y : [0,00)x X —
X such that

g(to + &, ¢o + ¢) = g(t07 (bO) + S(t07¢0)(t7 (b) + ||(t7 ¢)H[0700)><XE(150,¢>0)(T'7 ¢)7

where the error term E, ¢\ (t, @) — 0 in X as (t,¢) — (0,0) in [0,00) x X. The
operator S, 60) 5 usually denoted by g'(to, ¢o). Note that

1(Z, )lj0.000xx = [t} + [|0]] x-

In Chapters 3 - 5 we consider the case when N(t) = 0 for all ¢ > 0, i.e. we
only need to deal with the operator K. We shall need the following specific form

of definition 2.30 in order to deduce some results for the reduced semilinear ACP.

Definition 2.31 (Fréchet Differentiable). Let X be a Banach space and let

K : D(K) C X — X. Suppose that Do(K) is an open subset of D(K) and
consider c¢,c + 6 € Do(K) for all sufficiently small §. If a linear operator K, €
B(X) exists such that

K(c+6) = K(c)+ K.+ R(c,0), (2.28)

where the remainder R satisfies

(RO
uihrfo{ 191 }‘0’ (2.29)

then we say that K is Fréchet differentiable at ¢ € Do(K) and K, is the Fréchet
derivative of K at c. If the operator K is Fréchet differentiable at any ¢ € Do(K)
then K is said to be Fréchet differentiable on Dy(K).

We shall use the following two theorems to deduce the existence of a strong
solution to the ACP (2.16) with N(¢) = 0.

Theorem 2.32. [19, Theorem 3.30] Let X be a Banach space and assume that

(i) G is the infinitesimal generator of a Cy-semigroup on X,
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(i) K : D(K) — X satisfies the local Lipschitz condition
1K (c) = K(d)]| < Clle = d]] (2.30)

for all ¢,d € B(f,r) C D(K), where C and r are positive constants (r
suitably small),

(111) K is Fréchet differentiable at any ¢ € B(f,r) and the Fréchet derivative K,
is such that | K.d|| < Cy||d|| for all c € B(f,r) and d € X, where Cy is a

positive constant,

(iv) the Fréchet derivative is continuous with respect to ¢ € B(f,r), i.e.
| Keyd — Keyd|| — 0 as ||e; — caf| = 0, ¢1,¢0 € B(f, 1) (2.31)

for any given d € X,

(v) f € D(G).

Under these assumptions, the continuous solution on [0,t1] of (2.18) belongs to
D(G) for all t € [0,t1] and is the strong solution of the semilinear ACP (2.16)
with N(t) = 0.

Proof: This is described in [19, pp. 132-134].

Note 2.33. This is just a special case of Theorem 2.29.
The following inequality is used in Chapter 3.

Lemma 2.34 (Gronwall’s Inequality). Let ¢¢ be a non-negative constant and h(t)
be a continuous non-negative function defined over [t1,t3]. Then any continuous

non-negative function ¢ = ¢(t) that satisfies the inequality

o(t) < g + / h(s)p(s)ds, t € [tr, 1)

t1

18 such that
0 < o(t) <P(t) Vit e [t,ts]
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where Y(t) is the unique continuous solution of the equation

Y(t) = ¢goexp ( [ t h(s)ds) .

Proof: See [17, Lemma 3.2].
O

Another result which we shall use to justify taking limits inside summations

is the following.

Theorem 2.35 (Dominated Convergence Theorem). Let (€, 1) be a measure
space and let {f,} be a sequence of integrable functions which converges almost
everywhere to a real-valued measurable function f. If there exists an integrable

function g such that |f,| < g for all n, then f is integrable and

/fd,u: lim [ f.dp. (2.32)
Q Q

n—oo

Proof: See [16, pp. 44-45].
O

Throughout the thesis we shall make use of the following theorem to justify

interchanging the order of summations.

Theorem 2.36 (Fubini’s Theorem). [51, p. 140] Let (21, My, 1) and
(Qo, My, 11o) be o-finite measure spaces and let f be a (M; x Msy)-measurable

function on £, x Qo and
e for each x € Qy we define f.(y) = f(z,y) on Qa,
e for each y € Qs we define f¥(x) = f(x,y) on §,
for a function f on 1 x Q.

(i) If 0 < f < oo and if

d(x) = | fadpe, Y(y) = /Q fldpy (v €,y €()

Qo

then ¢ is Mi-measurable and 1) is Ms-measurable, and
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b = / Fd(i % ) = [ s, (2.33)
Ql leﬂg QZ

Note that the first and last integrals in (2.33) can also be written as

/Q o) [ fa)daly) = / dn(y) [ fay)dm(e).  (234)

Qo Q1

(i1) If f is (My x My)-measurable and if

/Q din(e) [ 11 )ldiaty) < o (2.35)

then the iterated integrals (2.34) are finite and equal.

In Chapter 5 we will require to change the order of four summations/integrals
and so we will need an extended version of Fubini’s Theorem. The following
shows how we can extend Theorem 2.36 to a product of three measures. We wish

to prove

Theorem 2.37. Let (Qq, My, p1), (Qo, Ma, pi2) and (23, M3, u3) be o-finite mea-
sure spaces and let f be a My x My x Ms-measurable function on €21 x 2y X 3.
Then, if 0 < f < oo, we have that

[z, y, 2)(dp X dpg X dus)

—

Ql XQQ XQS

= // f(x,y,?«’)dusduzdul:// f(x,y, 2)dpsdpdps
Ql Qz Qg QS Q1 Q2

= // f(ijjz)dﬂldude:// f(z,y, 2)dpadpsdp,
Qz Qg Ql Q1 QS Q2

= // f(ijjz)dﬂldmdlts:// f(x,y, 2)dpsdpdps.
Qg Qz Ql Q2 Q1 QS

Also, we can prove a result analogous to (2.85) for three measures.

Proof: Let X = Q; x Qy, Y = Q) x Q3 and Z = )y x 3. We have that
(X, Mxy,vy), (Y,My,vy) and (Z,Mz,vz) are o-finite measure spaces with
My = My x My, My = Myx Mz, Mz = Myx Mg and vy = g X g, Vy = g X i3,
vz = X pus. If 0 < f < oo, let
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p1(z) = [ fodps, zx€EX,

Q3

¢2(£) = fgd,u% g € y7
Q2

¢3(§) = fgdﬂla z € Zv
Q1

where

e for cach x = (z,y) € X we define f, on Q3 by f.(2) = f(z,y, 2)
o for each y = (7,2) € Y we define f, on Oy by f,(y) = f(z,y, 2)

e for cach z = (y,2) € Z we define f, on Q by f.(x) = f(z,y, 2).

Then ¢, is M y-measurable, ¢, is My-measurable and ¢3 is M z-measurable

and we can apply Theorem 2.36 to deduce that

/X¢1d’/x = /y@dVy = /Z¢3d’/z = /QMQQXQSJC(%?J;Z)C[(M X fig X pi3), (2.36)

where the first three integrals in (2.36) can be written as
/ dV;\{(.T,y) f(x7yaz)d/vb3(z>
X Q3
= [aw(s) [ Fey i
Y Qo
= [avztu.2) [ Sy 2o (237)
Z Q1
We also have that if f is M; x My x Ms-measurable and if

/ dva(e,y) [ 1@y 2)ldus(z) < o0
X Q3

then the three iterated integrals in (2.37) are finite and equal. To get the required

result (2.36) for three measure spaces we need to apply Theorem 2.36 a second
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time. First we shall now look at the integral
/ ¢1(z)dvy = / ¢1(x, y)d(pa X p2)
X Ql XQQ

where

(bl(x?y) = 0 f(:c,y)d,u3 >0
3

since ps is a positive measure. We can write

Y1(z) :/Q (1)2dptn, z€X

() = [ @i, ey
where
e for each x € Oy we define (¢1), on Qs by (¢1).(y) = é1(z,v),
e for each y € Qs we define (¢1), on 4 by (¢1),(x) = ¢1(z,y).
Then ), is Mi-measurable, 1y is Ms-measurable and

Yrdpy = / Grd(py X p2) = [ odpy (2.38)
Ql leﬂz

Q2
by Theorem 2.36. Again the first and last integrals in (2.38) can be written as

the iterated integrals

Q2 Q1

/Q (o) | or(o.9)daty) = / dis(y) [ dlep)dm@).  (2.39)

We can also apply the final result in Fubini’s Theorem to say that if ¢(z,y) is
(M; x Mj)-measurable and if

/Qdul(x) g |p(x, y)|dua(y) < oo

then the iterated integrals in (2.39) are finite and equal.
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Similar results can be obtained for
[ sty = [ ezl x
;)J Ql XQg

and

/Z¢3(§)d1/z = /szgg ¢3(y, 2)d(p2 X p3).

We can now put all of our results together to get

[ re s x < )

QlXQQXQS

— / flx,y, 2)dus(z)d(py X p2)(x,y)
leﬁz Qg

— /Q f(x,y, 2)dps(2)d(pe X p1)(y, v)

Q1 JQ3

f(x,y, 2)dps(2)dpe(y)dp (v)

PICAYE

[z, y, 2)dps(2)dp (z)dpsa(y),
Q3

and
/ f('r7y7z>d(u1 X fg X :u3>
Q]XQQXQ3
- / / (2,9, 2)dpa(y)d(pn X ps)(z, 2)
Ql><Q3 Qg
= / / f x,Y,z d,U/Q :u’3 X ,ul)(z,x)
QgXQl Qg
= / / / [y, z)dps(y)dps(2)dp (x)
01 Jas Jas
= / / / [z, y, z)dps(y)dp (z)dps(z)
Qs Jo1 Ja,
and

fx,y, 2)d(pr X pa X pu3)
QlXQQXQS

= /Q . Qf(x,y,z)dul(ff)d(ﬂz><,U3)(y72)
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f(@,y, 2)dp (2)d(ps X p2)(2,y)

Il
S—

Qg XQQ Ql

_ /Qz /93 Q1f z,y, z)dp (x)dps(2)dps(y)
_ / / | @)

We can also say that if f is (M; x My x M3)-measurable and if one of the iterated
integrals is absolutely convergent, then all of the above iterated integrals are finite

and equal. [l

It is possible to use techniques similar to those above to extend Fubini’s the-
orem to four measure spaces. This would result in 4! iterated integrals, all of
which are equal under appropriate conditions. We shall require the version for

four spaces for some of our calculations in Chapter 5.
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Chapter 3

The Discrete
Coagulation-Fragmentation

Equation with Mass Conservation

We shall begin by investigating the discrete coagulation-fragmentation (C-F)
equation with mass conservation. The basic form of the C-F equation that we

are concerned with is

d o
d_tu"(t) = —ayu,(t) + Z a;jbp ju;(t)
j=n+1
1 n—1 0o
+5 > kg tns i (Oui(t) = Y knjua(Bu(t),  (3.1)
j j=1

Il
—~~ =

Un(0) = [, n=123,.), (3.2)

where w,(t) is the number concentration of n-mers at time ¢ > 0. Physical

conditions lead to the following assumptions:
(A].) a; = 0
(A2)  b,; =0forj <n.

We shall also assume that k,, ; = k;,,. To ensure that we have mass conservation

we also assume that

(A3) S0 nb; =3, (j=2.3,..).
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Mass is clearly conserved since by a formal argument we have

d d [ & = d
%M (t) = 7 <; nun(t)) = ;nﬁun(t% (3.3)

where M (t) = >"7°  nu,(t). Since

Zn (—anun(t) + Z ajbwuj(t))

Jj=n+1
~ 0 i1
= — Z natn(t) + Z aju;(t) Z nbn,j
n=1 Jj=2 n=1

= — Z na,u,(t) + Zjajuj(t) by (A1)

- (3.4)

and

n—1
1
(5 Fp—j jun—;i(t)u;(t kaun Ju;( )

Jj=1

Z nk:n_jvjun_j(t)uj(t) - Z Z nkmjun(t)uj (t)

nljl

(l—Fj)kljul Zan Jun u]

1 n=1 j=1

Uy jun (8)u (1) + % SN gk ()

1 =1 j=1

- Z > ki (t)uy (1)

n=1 j=1

J

III\E%_‘8 ﬁ Mg

I
Fﬁ};
Mz 1

<
Il
—
o~
I

I
.“E'Jg
[M]¢

<
Il
—

l

= 0, (3.5)

it follows that ¢

L — 0, i.e. M(t) = M(0) =M for all t > 0.

Note that most of the following results have been published in [44]. We shall
present an extended version of [44] in this chapter. We shall begin by analysing

the pure fragmentation equation (i.e. k, ; =0 for alln,j =1,2,...) for a general
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sequence {a,}22 ; of non-negative numbers. We shall then move on to the specific
cases when {a,}°°, is bounded and {a,}> ; is monotonic increasing. We choose
to look at the monotonic increasing case since it is feasible to assume that larger

clusters of particles will break up at a greater rate than smaller clusters.

3.1 Fragmentation: The General Case

When coagulation is removed, the pure fragmentation equation takes the follow-

ing form:
d o0
Eu"(t) = —ayun(t) + j:EnH a;by, ju;(t) (n=1,2,3,...). (3.6)

Since we are looking for a mass-conserving solution there is a natural Banach
space X in which to study the abstract Cauchy problem (ACP) corresponding to
(3.6).

Definition 3.1. Let X be the space of all real infinite sequences {fn}oe, such
that

[e.e]

IFI = nlfal < oo (3.7)

n=1

The expression (3.7) defines a norm with respect to which X becomes a Ba-
nach space. Note that X is a weighted [' space. Also, X is a particular case of
Y = L'(Q, ) used in Chapter 2 where 2 = N is the set of positive integers and,
for any subset M of N,

Zm if M is finite
w(M) = ¢ mem (3-8)

00 if M is infinite.

We shall make use of the following operators defined in X.

Definition 3.2. Define operators A and B in X by

[Afln = —an fn; D(A) = {feX:Znan|fn\ <oo}, (3.9)

n=1
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[Bfln=>_ ajbu;f;; D(B)= {feX > nl Y agbafi| < oo}. (3.10)

j=n+1 n=1  j=n+1

Lemma 3.3. As sets D(A) C D(B).

Proof: Let f € D(A). Then

oo oo oo j—1
IBFI < > n > aibas|fil = a;lf] (anm)

= j=n+1 j=2 n=1
= Y Ja;lfil = Al <o (by (A1) and (A3)),
j=1
so that f € D(B) and D(A) C D(B). O

Notation 3.4. We shall denote the set D(A) simply by D.

When the pure fragmentation equation (3.6) is converted into an ACP we

obtain:

Problem 3.5. (ACP for (5.6).) Find a function u : [0,00) — X such that

%u(t) — Au(t) + Bu(t) (t>0) (3.11)
tl_i)%}i_u(t) = feD. (3.12)

Later we shall show that a unique strict solution to (3.11) and (3.12) will
always exist when {a,} is either bounded or monotonic increasing. However,
for more general sequences {a,}, we have to modify Problem 3.5 slightly by
replacing the operator sum A + B that appears on the right-hand side of (3.11)
by an appropriate extension G (namely, the closure of (A + B, D)). In this case
the corresponding ACP has a unique strict solution for any f € D(G).

Note that we also want a solution to be non-negative and mass-conserving.

Thus we require

feDt=u(t)e D" forallt>0, (3.13)
lu(®)|| = ||f]] forallt>0. (3.14)
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Omne approach to dealing with the case of a general sequence {a,} is to consider
the operator C' in X defined by

[Cf]n = [Af]n"‘[Bf]n%

D(C) = {f € X Zn‘[Cf]n

< oo} . (3.15)

We can think of D(C) as the maximal domain of existence of the right-hand
side of (3.11) while D is the minimal domain (in which Af and B f separately
belong to X). If we replace (3.11) by

%u(t) = Cu(t) (3.16)
we obtain an ACP involving C. By a method similar to [17, Chapter 13], it
can be proved that a restriction of C' exists that generates a strongly continuous
semigroup on X. Consequently, this ACP has a unique, strict solution which
can also be shown to be non-negative and mass-conserving for suitably restricted
initial data f. However, this solution does not necessarily satisfy (3.13). The
method in [17] uses results related to the Kato-Voigt perturbation theorem but

we choose to use this theorem directly.

Theorem 3.6. Let X, A, B be as in Definitions 3.1 and 3.2. Then there ex-
ists a smallest extension G of A+ B which generates a substochastic semigroup
{Tg(t)}tzo on X.

Proof: As stated earlier, X is the space L'(N, ) with Q = N and u given by
(3.8). Consequently, we can apply the Kato-Voigt theorem (Theorem 2.19) to
the ACP (3.11) and (3.12). We must therefore check each of the conditions in
Theorem 2.19.

(i) From Lemma 2.14 it is clear that A generates the substochastic semigroup
{Ta(t)}+>0 on X, where

TA(t)fln = e f  (n=1,2,..). (3.17)

(ii) Certainly D(B) O D(A) by Lemma 3.3. Also it is immediate that Bf >0
for all f € D(B)™.
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(iii) For f € D(A)*,

/Q(Af + Bf)d:u = Zn <_anfn + Z a’jbn,jfj> =0= _C(f)
n=1

j=n+1
by the calculations in the proof of Lemma 3.3.

The result therefore follows from Theorem 2.19. O

We shall now obtain a precise characterisation of G namely, G = A+ B. In
order to do this we need to show that we can apply the results involving extended
operators described in Chapter 2. In what follows we shall use the notation of
Definitions 2.21 - 2.25. As mentioned previously, the appropriate space to work
inis X = L*(N, ). If we let [ denote the space of all sequences, then | = E; C E.
(The inclusion is strict because E can contain sequences with an arbitrary number
of infinite entries, whereas a sequence in £y must contain no infinite entries, since

the only set with measure 0 is the empty set.) Also

F:{fel:{ Jo }OO € X}

I1+an),_4

and therefore
nfn
1+a,

feFt = > <00, fo>0.
n=1

Further we have

o= 2 jer

[A.ﬂn = fn - (1 + an)fn = _a'n.fna

D(A):LF:{feX:f:{li"a } gE€F)

o0

Bfln= Y abu;f;,
j=n+1
D(B) = H = {f € X : for any non-negative, non-decreasing sequence {f"}

in D(B) such that sup f" = |f|, i.e. sup f = |fm| Ym,

we have sup Bf" < oo, i.e. sup Bf)! < oo Vm} ,

n n
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Theorem 3.7. In the context of Theorem 3.6, G = A+ B, the closure of the
operator (A+ B, D).

Proof: We shall use Theorem 2.26 with ¢(f) := 0. We must verify that, for any
g € F* such that —g + BlLg € X, we have

> n(Lg)n + Y n(—gn + (Blg)n) > 0. (3.18)

n=1

Let
fn = (Lg)n = (1 +an)_lgna n = 1727 )

so that f € XT. Since

(Lg)n —gn = (1 + an)_lgn —gn = _a'n.fna (319)

equation (3.18) holds if, for any f € X such that Af +Bf € X, we have

> n(=anfo+ Bf)n) > 0. (3.20)
n=1

Now

n=1
N 00
= val_rgoz:ln (—anfn + Zlajbmjfj) (321)
n= j=n+

and we know that, for any finite N € N,

N N
Znanfn < 0o and Zn(Bf)n < 00
n=1 n=1

the latter following from the fact that Bf € [*. Therefore (3.21) can be written

as
Jim_ < Znanfn+z Z na; ,”f]) : (3.22)

n=1 j=n-+1
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Now

n=1 j=n-+1
N /51 oo N
= E nby; | a;f; + E E na;by, ; f
Jj=2 \n=1 j=N+1n=1
N
= E jCLjfj"i‘SN
Jj=2

where

00 N
SN == Z Znajbn,jfj ZO VN.

j=N+1n=1

Thus from (3.22) we have

N N oo
lim (— Z nanfn + Z Z najbn,jf])
N=oo n=1 n=1 j=n+1
N N
n=1 n=1
= lim SN Z 0.
N—o0

Hence we have satisfied the conditions of Theorem 2.26 and we can conclude that
G=A-+B. O

From [11, p. 159], if G = A+ B, then for u(t) € D(G) there exists a sequence
(u"(t))nen of elements of D(A) such that u"(t) — u(t) and (A4 B)u"(t) — Gu(t)

as n — oo in X. This leads to

/ Gu(t)dp = lim [ (A+ B)u"(t)dp =0

n—oo 0

If f € D(G)", then u(t) = Tg(t)f € D(G)* for any ¢ > 0 and we have

Gl = [ 500 = [ Gutta—o
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i.e. in our space X = L'(N, 1) we have

%MM=§){%@L=ZMWWW:O

n=1

It follows immediately from Theorem 3.7, in conjunction with the above dis-
cussion, that the ACP

d

ult) = Gu(t) (t>0) (3.23)
tli%%ru(t) = f, (3.24)

has a unique, strict, non-negative and mass-conserving solution u : [0,00) —
D(G)* for each f € D(G)" and hence for each f € D(A)". This solution is
given by u(t) = Tg(t)f, with G = A+ B. In the next section we shall show
that, under certain additional constraints on the sequence {a,}, the set D(A)*

is invariant under T¢(¢).

3.2 Fragmentation: Particular Cases

Let X, A, B be as in Definitions 3.1 and 3.2 and let G = A + B, as in Theorem
3.7. Since D = D(A) C D(G) we know that

feD"=u(t)e D(G)" for all t > 0.

However we are not able to deduce in general that (3.13) holds. We shall now

look at two special cases where progress can be made.

Case 1: {a,} bounded.

Suppose that |a,| < M (M a positive constant) for all n > 1. Then
[AFI =D _nanlful < MY _nlfa = M]|f]| < oo (3.25)
n=1 n=1

In this case D(A) = X and A is a bounded linear operator on X. Also, by the
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calculations in the proof of Lemma 3.3, we obtain

IBAI< D n D agbuglfil = [Af]] < oo (3.26)

n=1 j=n+1

for any f € X. Hence B is also a bounded linear operator on X (with D(B) =
D(A) = X).

It follows that G = A + B and {Tg(t)}is0 = {eTP)},50 is a uniformly
continuous (and hence strongly continuous) semigroup on X with D(G) = X.
Theorems 3.6 and 3.7, together with the comment thereafter, guarantee that
{T(t)}i>0 is stochastic. Since u(t) = T (t)f is the unique solution of Problem
3.5 under the given conditions, we deduce that (3.13) holds.

We have therefore proved

Theorem 3.8. In the case when {a,} is bounded, Problem 3.5 has a unique

strict, non-negative, mass-conserving solution for each f € X, given by
u(t) = @B (t>0).

Case 2: {a,} monotonic increasing.

We shall adapt an argument used by Banasiak in [10, Example 6.4] for a

continuous fragmentation equation, with kernels
a(z) = 2% a>0and b(z,y) = (v +2)z" /[y, —2<v <0,

to prove the following result.

Theorem 3.9. Let X, A, B and G be as in Theorem 3.6 and, in addition to
assumptions (A1)-(A3), let {a,} be a monotonic increasing sequence. Then
D (= D(A)) is invariant under the semigroup {T(t) >0 -

Proof: We proceed in a number of steps.
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Step 1 Let D be equipped with the graph norm

1Al = A+ lAf (f e D)

n=1

and define operators Ap and Bp on D by

(ADf)n = —ap fn ; D(AD) = {f eD: ADf € D}, (327)
(Bofln = Y ajbu;fi; D(Bp)={f€D:BpfeD}. (328
Jj=n+1

Thus Ap (respectively Bp) is the part of A (respectively B) in D.

Then Ap generates a substochastic semigroup {7'(¢) };+>0 on the Banach space
(D, [[ - [la) with
[T(t)fl, = e ™'f, for f e D,t>0. (3.29)

Step 2 D(Ap) € D(Bp) and f € [D(Ap)|" = Bpf € [D(Ap)]".

For f € D(Ap), by calculations similar to those in the proof of Lemma 3.3,

I1Bpflla = [IBofll+[[A(Bof)ll
< Yon ( > %’bn,j\fj\) +> nan > ajbalfil
n=1 j=n+1 n=1 j=n+1

IN

[%S) j—1 [e%S) j—1
Zaj|fj| (anmj) +Za§|fj| <ann,])
j=2 n=1 j=2 n=1

(since{a, }; is monotonic increasing)

= D alfili +dadlfili
j=2 J=2
= [[Apf |+ || A(Apf) [|=]| Apf ||a< 0.

Hence D(Ap) C D(Bp). Positivity of Bp is immediate from its definition.

Step 3  Verify that the appropriate version of (2.21) is satisfied.
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For f € [D(Ap)]*, the left-hand side of (2.21) becomes

> (n+nan)[—anfa+ Y ajbafi]
n=1 j=n+1
= — Z(n + nay)an fr + Z(n + nay,) Z ajbn ;i f;
n=1 n=1 Jj=n+1

= — Z(n + nan)an fr + Z a; fj i(n + nan)bn,;

< Zn+nan anfn+z.]+]a’]>a]f]_0

7j=2

since a; = 0 and, for n =1,...,j — 1 (where j > 2)

j—1 Jj—1
Z nj+Znan g < 1+a])ann,j:j(1+aj)
n=1 n=1

by (A3) and monotonicity.
Step 4  Apply Theorem 2.19.

Steps 1-3 show that the hypotheses of Theorem 2.19 are satisfied. Hence there
exists an extension Gp, say, of (Ap+ Bp, D(Ap)) which generates a substochastic

semigroup {7, (t) }i>0 on (D, || - ||4)-

When f € X has bounded support (so that f, = 0 for all sufficiently large
n), f € D(Ap) and T, (t)f = Te(t)f for all t > 0, where {T(t)}i>0 is the
stochastic semigroup on X generated by G = A + B. By continuity and density,

Te,(t)f =Ta(t)f for all f e (D,|-|la) and t > 0.

Thus Tg, (t) is the restriction of T(t) to (D, || - ||a) and hence D% is invariant
under the semigroup {7¢(t) }+>o0- O

Remark 3.10. Since

A< T+ NALIE =W f1la - (F e D)
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(D, || - la) is continuously imbedded in (X,|| -||). Hence Gp is the part of G in
(D, |- |la) so that

Gpf = Gf; D(Gp)={f€DG)ND:Gf € D}
i.e. Gpf = (A+B)f; D(Gp)={feD:(A+B)feD}. (3.30)

Note this means that when {a,}%, is a monotonic increasing sequence we
have that the solution to @« = Gu is also the solution to @« = (A + B)u for
f € D(A). Hence we are actually solving the original problem.

Note 3.11. In Section 3.4 we shall analyse in detail a particular form of mono-

tonic increasing fragmentation rate, namely,

a,=n%—1, «a>0.

3.3 Uniformly Bounded Coagulation

We now study the full coagulation-fragmentation equation (3.1). By analogy with
Problem 3.5, the corresponding (nonlinear) ACP takes the form

d

Eu(t) = Au(t) + Bu(t) + Ku(?) (3.31)
tl_igiu(t) = feD (3.32)

where the coagulation operator K is given by
1 n—1 o0
(K fln= 5D bnmsifamifi = D knifuli, fEX. (3.33)
j=1 Jj=1

As mentioned previously we shall assume that the coagulation kernel is symmet-
ric. In addition to this we also assume £, ; is uniformly bounded, i.e. &k, ; = k; ,,

and there exists a constant k such that
(A4) kn; <k foralln,j=12...

Definition 3.12. Given the coagulation operator K in (3.33), define K on X x X
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;Zk" .iCn—j0 Zk‘mcn (3.34)

where ¢,d € X.

Theorem 3.13. Under Assumption (A4), K defines a bilinear, continuous form
mapping X x X into X and ||Klc,d]|| < 2k||c||||d]|.

Proof: It is convenient to write

(Kle, d))n = (Kile,d]) — (Kole,d])n

where

1
(ch d))n 2an j.iCn—id; , Kgc ), an]cn - (3.35)

We first prove that K maps X x X into X. Indeed

1K fe.dl = > nl(Kile,d))l
n=1
]{7 e ) n—1
< S50 leasl di] by (A9)
n=1 j=1
k 0o 0o
= BSOS e 1)

<
Il
—
S
I
<.
+
=

o

= —ZZ (Uerl [ds) + Gleal 15
< —r|c||2j\d|+ ||d||21|q|

= Kllc] HdH <00 (3.36)

[\]

Similarly,
[ K2le, ]l < Eliell fld]l- (3.37)
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From (3.36) and (3.37) it follows that
1K e, d]|| < 2kle]| [|d]|. (3.38)

This shows that K|c,d] € X and that K[-,-] is bounded, and hence continuous,
in each argument separately. It is a routine matter to show that K is bilinear. [J

We now use Theorem 3.13 to derive properties of K given by (3.33).
Theorem 3.14. Under Assumption (A4),
(i) K: X — X,
(i1) K is locally Lipschitz on X,
(i11) K is Fréchet differentiable on X.

Proof:  The proof follows similar lines to that given in [39, Section 3] for a

continuous coagulation-fragmentation equation.

(i) By (3.38),

|Ke|| = || Ke, d|| < 2k|¢]|? < o0 Vee X. (3.39)
(ii) For ¢,d € X,
|Kc— Kd| = ||K[c—d,d+ K[d,c—d]| (by bilinearity)
< 2k[le—dl| el + 2k||d] le — d]| (by (3.38))
= 2k[[c=d[(llcll + lId]]) - (3.40)

If we fix f € X, then Ve,d € B(f,r) :={g€ X :|lg— f|]| <r},
|Ke— Kd|| < C(f,r)|le—d|

where C(f,r) =4k(||f|| + ).

(iii) Let ¢,d € X. Then

Klc+ 6] = Ke+ Kle, 8] + K[6,¢] + K0 .
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For fixed ¢, K[c,-] + K[, ] is in B(X) by (3.38) and
1K e, 0]+ K[6, | < (1K, o)]| + K6, ]| < 4kl [13]] V6 € X.

Also, for § # 0,

Ko
w < 2k||0|| = 0 as ||6]| — 0.

Therefore K is Fréchet differentiable at each ¢ € X and the Fréchet deriva-
tive K|g at c is given by

Kgd = Kle,d] + K[d,¢] Vd € X. (3.41)

O
Theorem 3.15. The Fréchet derivative K| is continuous with respect to c.

Proof: For ¢, cy € X we have

1Kpend = Kiegdll < [|K[er — eo,d]|| + || K[d, e — e
< dkller = ol [ld]] (by (3.38))

— 0as|lcg — e — 0.

O
Having established the behaviour of the coagulation operator K subject to
Assumption (A4), we now combine this with the results obtained earlier on the

fragmentation equation.

In the general case when the sequence {a,} is constrained only by Assumption
(A1), we know that G = A+ B generates a positive semigroup of isometries
denoted by {7T¢(t) }i>o0. In view of Theorems 3.14 and 3.15, we may deduce from
Theorem 2.32 that, for any f € D(G), the semilinear ACP

%u(t) — Gu(t) + Ku(t) (3.42)
tli%i u(t) = f € D(G) (3.43)
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has a uniquely defined strongly differentiable solution

w:[0,t0) = B(fir) :={g € X:lg = fll <r}

for suitably small positive constants ¢y and . Our aim is to show that this solution
exists globally in time. First we establish that w(t) € D(G)T whenever f €
D(G)™. To do this, we apply an elegant argument used, in a different context, by
Belleni-Morante in [18, Chapter 8]. This hinges on recognising that the solution
u of (3.42) and (3.43) is also the unique strongly differentiable solution of

%u(t) - (G[u(t)] - au(t)) - (au(t) - K[U(t)])

for any o € R. Hence u is the unique solution of the integral equation
t
u(t) = e Tg(t) f +/ e T (t — s)Ku(s)]ds, 0<t<to,
0

where K% := K + ol.

Lemma 3.16. Let f € D(G)* and let a > k(|| f|| + 7). Then K% € X for all
ce B(f,r)*t.

Proof: We have

(K%), = ac, + (Kile, d])n — (Kae, ¢))n = acy + (K16)n — (Ka¢)p.

Now

i
L

(ch)n = kn_j,jcn_jcj >0 Ve e X+ .

1

N | —

J

Also, if ¢ € B(f,r)" then

(K2e)n =Y kngenc; < kllellen < k(LFIl+7)cn.

j=1

Hence

acy — (Kac)n = acy = k(|[f| +7)cn 20 if o = E([|f[| +7)
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and therefore K%c € Xt for all c € B(f,r)* if a > k(|| f]| + 7).
U

Theorem 3.17. Let f € D(G)" and let u : [0,ty) — B(f,r) be the unique strict
solution of (3.42) and (3.43). Then there exists t; € [0,ty) such that u(t) € X+
for allt € 10,t1).

Proof: Let Y = C([0,t], X) with norm ||v|]y := max{||v(t)|| : 0 <t < t;}, let
YSi={veY:o(t)eB(f,r)" Vtel0,t]}, where0<r, <r,

and define an operator ) on X by
t
(Qu)(t) = e To(t)f + / -t — ) KO[o(s)]ds, 0<t<t
0

for « > k(|| f]| + ). Note that t; is chosen later.

Firstly we shall show that Q(X) C Y. Let v € ¥ and t,t5 € [0,¢;]. Then

1(Qu)(t) — (Qu)(t)ll < Nle™™'T(t)f — e T (ta) f
+H /0 eI — §) Ko [u(s)]ds

- / e—alta=) (g, — S)Ka[v(s)]dSH.

0

The first term on the right-hand side gives

le™'T()f — e T (t2) ||
= [le™T@)f —e T (A)f + e *T(t)f — e T (t2)f||

< e T f — e T @) f]| + le™ T () f — e T(t2) f|
< e = e R IT@f + e T () f = T(t2) ]
< e —e Il + e =T f — T(t2) ]

( since {T'(t)}+>0 is a substochastic semigroup)

— 0 ast —ts.
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The second term on the right-hand side gives

n/’-ﬁts (t - 9K [()M&—A e IT 1y — 6K ofu(s))ds]
n/‘ﬂ“St—s Hnw—/e<www—ﬂmwﬂwu

0

IA

+||/ —o(tz—s) T(t — s)Ku[v(s)]ds —/0 e‘o‘(t2_s)T(t2 — 8)K,[v(s)]ds||
:=n/ ~alt=5) _ g=alts=)) (¢ — 5K, [o(s)|ds|
WeM[‘ (Tt - 5)[o(s)] — Tt — $)[u(s)]) ds]

— 0 ast —tsy.
Altogether we have

1(Qu) (%) — (Qu)(to)|| — 0 as t — ts.

Hence Q(X) C Y, as required.

It is also clear that (Qu)(t) € X Vt € [0,t] since Tg(t) : XT — XT and
K*v(s)] € Xt for all v(s) € B(f,r1)". Now let v,w € ¥. Then

[@Qu)(t) — (Qu)(#)]
sgméefatsnﬂ;t—snnkv[<n Ko u(s))ds
< Ae K2 [o(s)] - KO uw(s)]|ds
_ A “a(o(s) - w(s)) + Klo(s)] - Klw(s)]llds

IN

/ e allv w(s)|| + 2k((lv(s) [l + lwls) v (s) —w(S)H}dS
(by (3.40))

< m+cufmée--|w@—wwmw,

[e=]
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where C(f,7) = k(|| f]| +r), as before. So
Qv = Quly < [a+ () o — wly b
Also
@O -1 < 1Tt = 71+ | Tale = 5)Klols) s
< N To(0f — 7+ [ IR o],

since {T(t) }+>0 is a substochastic semigroup. Now

K ()l = K% o(s)] = K°F + K]
< &K o(s)] = KOFI + (K]
< la+C(f)llvls) = Fll+allfll+ K FIF by (3.40)
< la+ O )l + el f] + I

Therefore

1Qu)®) = fII < le™™Te(@)f = fIl+ {fa+ (L)l + all fll + K Sl o

Let

altr) = — max { | e Ta()f — I} +—{ o+ COrr +all 7l + 157 .

71 0<t<t 1

Then, for all v,w € ¥,

[(Qu)(2) = fIl < rig(t1) and [|Quv — Qully < q(t1)]lv — w]y-

Now ¢(t;) — 0+ as t; — 0+. Hence we can choose t; so that 0 < ¢(¢;) < 1 in
which case we have Q(X) C ¥ and (@) is a contraction. Hence there exists a unique
solution u € ¥ of u = Qu so that the integral equation has a unique solution
u e C([0,t], XT).

O

Theorem 3.18. Let the maximal interval of existence of the strict solution of
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(3.42) and (3.43) be [0,T). Then u(t) € X* for all t € [0,T) whenever f €
D(G)*.

Proof: Let T, € (0,T) be arbitrarily fixed and define
Tmax = sup{0 <7< Ty : u(t) e Xt Vte[0,7]}.

Suppose Tmax < To and consider the semilinear problem

%v(t) =Gu(t)+ Kv(t), t >0; v(0) = u(Tmax) -
By continuity, v(0) = u(Tmax) € X, and so, arguing as before, we deduce that
there exists to € (0,7h — Tmax) such that a unique (mild) non-negative solution of
this problem exists on [0, tg]. Since v(t) = u(t + Tmax), this means that u(t) € X+
for all t € [0, Tmax +1o], Which is a contradiction. Hence u(t) € X+ forallt € [0,7)
whenever f € XT.

U

Theorem 3.19. The solution to the ACP (3.42) and (3.43) ezists globally in

time.

Proof: From Theorem 2.28, all we need to show is that the unique, local solution
u does not blow up in finite time. Since w is strongly differentiable and non-

negative, we have

d d o o o
el == D () = nlGu(t)la+ > n[Ku(t)], .
n=1 n=1 n=1
By the discussion on pages 39-40 and by the same calculations as in (3.5) we have
that the derivative is equal to zero, and therefore

lu()ll = lu(0) = I fIl, ¥t € 0,T).

Hence the local solution cannot blow up in finite time so we have global existence
of a strict non-negative solution to our ACP (3.42) and (3.43).
O
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As was the case with the fragmentation equation for general {a,}, it should
be noted that f € DT does not guarantee that the solution wu(t) of (3.42) and
(3.43) is in D™ for all £ > 0. In the following section we discuss a specific class of
fragmentation kernels for which it is possible to prove that w(t) remains in D7
for all ¢.

3.4 Power Law Fragmentation

We now consider the specific case of (3.31) and (3.32) when the fragmentation

rate a, is defined by the power law
a, =n"—1, aeR.

Note that when ae = 0, a,, = 0 for all n and we are dealing with pure coagulation.
Also, when o < 0 the sequence {a,} is bounded and so we have the existence
and uniqueness of a non-negative strict solution to (3.31) and (3.32) for any

f € D = X. Consequently, we shall restrict our attention to the case when o > 0.

If, initially, we consider only fragmentation, then since {a,} is a monotonic
increasing sequence, D(A) is invariant under the semigroup {7¢()}i>0, where
G = (A+ B, D) by Theorem 3.9. Moreover, the graph norm || - || 4 now takes the

form

1flla =D {n+nm* =D} fal = > 0" fal. (3.44)
n=1 n=1

It is therefore convenient to introduce the following spaces.

Definition 3.20. For o > 0, define the space (Xa, | - |la) by
Xo = {f ={fulr : Zno‘|fn| < oo} (3.45)
n=1
||f||04 = Zna|fn‘7 f S Xa-
n=1

(Note that our original space X corresponds to o =1.)

Lemma 3.21. For each a > 0, X,11 is compactly embedded in X,. We shall
denote this by Xoyp1 —— X4.
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Proof: Define J : Xoy1 — X, by Jf = f, f € Xoi1. It is clear that the
embedding J is a bounded, linear mapping from X,,; into X, since an easy
calculation shows that [|Jf||o < |[fllas1 for all f € X,i1. To prove that J is

compact, we introduce operators {J,}>°, defined on X,;; by

fno n=1..r
0 n>r+1.

(Jrf)n = {

Then, for f € Xq11,

e flle =Y o0 fal <D0 fal = (1 fllasr
n=1 n=1

so that J, € B(Xa11,X,) for each r = 1,2, .... Moreover, each J, is a finite rank
operator with R(.J,) = span {ey, ..., e, } (where ¢, is the standard canonical basis
vector with zero entries in all positions except for the n'" which is 1) and hence
compact. Finally, for f € X, with f # 0,

o e}

(0% 1 «
9f=0fle = 3 wlhl= 3 e
n=r+1 n=r—+1
< S a2
B T+1n=7”+l n_’f’—|—1 e

Hence ||J—J,|| < =5 — O asr — oo, where ||-|| denotes the norm in B(Xa41, Xa).
It is a standard theorem ([34, Theorem 8.1-5]) that the norm limit of a sequence
of compact operators is a compact operator. Thus J is compact.
U
From the derivation of (3.44), we see that (D, || ||a) = (Xa+1, || - [|as1) for the
case when

(Af)p = —(n®—1)f, (a>0). (3.46)

Corollary 3.22. For the operator A in (3.46) and G = (A+ B, D), Xa41 is

invariant under {T¢(t) }i>o-

Proof: This follows from Theorem 3.9 and the preceding remarks.
O
Note also that the proof of Theorem 3.9 and equation (3.30) show that, for
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{an}2, = {n*—1}52, and t > 0, the restrictions T¢,,, (t) of T¢(t) to Xay1 form

a substochastic semigroup on X,.; with generator G, where
Ga+1f = (A + B)f, D(Ga+1> = {f S Xa+1 . (A + B)f c Xa+1} . (347)

Our aim now is to obtain a similar result for the semilinear ACP (3.42) and
(3.43), that is, to show that if f is a suitably restricted element in D = X1,
then u(t) € X,41 for all t > 0, where u is the uniquely defined strict solution of
(3.42) and (3.43). This will then imply that (3.31) and (3.32) has a unique strict
solution. To accomplish this, we shall study the ACP

d :
Ev(t) = Go1v(t) + Kv(t), t>0; tl_l)%}r u(t) = f, (3.48)
in the space X,11 where G, is given by (3.47) and f € D(Gay1).

First we note that, for any 3 > 0,

[e'9) 00 n—1 00
Znﬁ(Kf>" - %Znﬁz n—jjfn—ifi — Znﬁzkn,jfnfj
n=1 n=1 j=1 n=1 j=1

I
N —
Mg

Y 0 kngifamifi =Y 0 Y kashs
J+1 n=1 j 1

1 n=j

Zl“‘] kl]flf] Znﬁfnzknjf]

=1

<
Il

I
N —
NE

<.
Il
—

(n_l'] n]fnf]__znﬁfnzknjf]
_5 Z.jﬁfj ij,nfn
7=1 n=1
ZZ{ n_'_] 6_jﬁ}kn,jfnfj

I
Fﬂ};
NE

<
Il

-
3
Il

_

N | —
-

since k,, ; is symmetric).
7‘7 y
We shall also make use of the inequality

(n+7)° <2°(n’ +4°), p>0and n,j=1,2, ... (3.49)
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Inequality (3.49) follows easily from the fact that
n>j = (n+j)" <20 <2°(n” + ;7

and similarly for j > n. This then leads to

1 o0 o0 .
Zn (Ef)n <53 27 =)0 + ) ks fuf;
7j=1 n=1
and, in particular,
1 [e.e] [e.e]
Zna—i-l Kf), < 5 Z Z 2a+1 notl +ja+1)kn,jfnfj- (3.50)
j=1 n=1

We now consider properties of the restriction K, of K to the Banach space

) (2)

Xo41 —— X. Corresponding bilinear forms K1, K5 . {1 and K/, are defined

by analogy with (3.35). In particular

(Ranled) = (EQied) — (Kled) .

Lemma 3.23. Let C, = 2"k and D, = Co+k where k is the constant in (A4).
Then Ve, d € Xoy1,

1)
1K dllast < Callellatalldlast, (3.51)
2)
1K e dllavr < Kllellasldlass, (3.52)
IKarile.dllarr < Dallefasilldllatr- (3.53)

Proof: For (3.51), we have

o0 n—1
~ k o
B e dllanr < 500 Y leasylld;]
n=1 7j=1
k’ o0 [e.9] a+1
= 52 > e ld;|
Jj=1n=j+1

Z L+ 5)" elld;]

1 =1

I
NN
Mg

<.
Il
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< 2% Y > I allds| + 0 alldg]] by (3.49)

=1 =1

= 2%k | _dillicllass + Y lalldlass

j=1 =1
< Callellaslldllasr-

The proof of inequality (3.52) is similar and (3.53) then follows immediately. O
Theorem 3.24. Let K1 denote the restriction of K to X,y1. Then

(i) Kos1: Xat1 — Xat,

(i1) Koi1 is locally Lipschitz on X1,
(111) Koy is Fréchet differentiable on X1 .

Proof. The proof is very similar to that given in Theorem 3.14 for the case

a=0.

(i) It follows directly from (3.53) that, for ¢ € X1,

IKasicllats < Dallellay -

(ii) On using the bilinearity of K, together with (3.53), we obtain
[Kat1¢ = Katadllapr < Dalle — df|ata(leflasr + [dllarr)
for all ¢,d € X,41. Consequently, if we fix f € X, then
[Karic = Katrdllasr < O(f,7)lle = dllasr Ve, d € B(f,7)

where
B(f,?“) = {g € Xa+1 : ||g_ f”oe-i—l S T}

and
C(f,r) =2Da(r + | fllas1) -
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(iii) Arguing as in the proof of Theorem 3.14(iii), we find that the Fréchet deriva-

tive of K11 at any given ¢ € X, is given by
(Kot1)gd = Kopile,d) + Koqald,c]  Vd € Xop .

Note also that (Kq41)[g is continuous with respect to c.

O
As before, we can now use Theorem 2.32 to deduce that the ACP (3.48) has

a uniquely defined strict solution

v:[0,t9) = B(vo,7) =19 € Xat1:lg — vollas1 <7}

for suitably small ¢y and r. Moreover, analogues of Lemma 3.16 and Theorems
3.17 and 3.18, with X, K| || f|| replaced by X,11, Koy1 and || f||a+1 can be proved
by identical arguments. Consequently, if [0, T) denotes the maximal interval of
existence of the strict solution v of (3.48), then v(t) € Xf,, fort € [0,T) whenever
fe X

Since X,.1 is compactly imbedded in X = X;, and G, and K, are
restrictions of G and K respectively, it follows that v also satisfies the integral

equation

v(t) =Tat)f + /Ot Te(t — s)K[v(s)]ds in X .

Also, if f is in D(Gay1)T then f is also in D(A)™ C D(G)™ and so we deduce
that v agrees on [0,7') with the unique (globally defined) strict solution u of the
ACP (3.42) and (3.43) posed in the space X. Hence, if f € D(Gay1)" then
u(t) € D(A)* for all t € [0,T) . It remains to show that T’ = co.

Theorem 3.25. The solution v of (3.48) is global in time.

Proof: For each n =1,2,3,..., we have
i) = fut [ [(Ganloo)) + (Kunlets)),

- b+ [(Ae) +(Bi)) + (kb)) Jds,

| as
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since, on Xoy1, Gor1 = A+ B and K, = K. Consequently,

[o@)larr < [ llats

+Zna+1/ { > by (% = Duyls) — (no‘—l)vn(s)}ds

j=n+1

+Zna+1 / ( v(s)])nds

||f|!a+1

/{Zzna“bm © ~ 1uy(s)

n=1 j=n+1
- Z n°+(n® — 1>Un(s)} ds

/0 (g f: f: (2°‘+1 ) (naﬂ +ja+1)vn(s)vj(s)> ds

7j=1 n=1

IA

by (3.50). If we take the second term on the right-hand side and change the order

of summation we obtain

/0 {Z i n*tb, (5% — 1)v(s inaﬂ (n® — 1)v,(s )}ds
n=1 j=n+1 n=1
oo j—1 oo

/ {ZZna+1bn] Lv;(s Znaﬂ (n® — 1)u,(s )}d
j=1 n=1 n=1

/0 {Zja‘ﬂ(ja — 1)Uj(5) — Zna‘f‘l(no‘ — l)vn(s)ds} =0,

where we have used (A3). So overall we get

O = ”“”/o{ S (va () larrs(s)
+ Z ||U(5)||a+1vn(8))ds
n=1
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t
= HfHa+1—+“/q k(20! — j{:zhl )[o(s)||arids

t
S R HUHMQJM

t
= |Ifllas +/ k(2% — D)||v(8)lasill fllds (by mass conservation)
0

t
oo < Ifllasrexp ([ K= = Dlfllas) v e 0.7
0
(by Gronwall’s inequality, see Lemma 2.34)
:|WMwm@wM—mm@<mmMM<m.

Hence ||v(t)]|as1 cannot blow up in finite time and therefore v is defined
globally in time.

O

As an immediate consequence, we deduce that, when a,, = n®—1, the solution

u(t) of (3.42) and (3.43) remains in D(A)" = X', for all ¢ > 0 whenever

f S D(Ga+1>+'

3.5 Closed Form Solutions

We shall now show that the explicit solution to a specific version of the discrete
pure fragmentation problem given by Ziff and McGrady in their paper [58] is the
same as the unique strict solution that has been shown to exist by our semigroup

analysis in Section 3.1. The speciﬁc equation we consider is obtained from (3.6)

by setting a, =n — 1 and b, ; = . This leads to
du, (t )
7 —(n — Du,(t) + 2];1% (3.54)

Note that this represents a binary fragmentation process since

-1

<.

an’ =2 fOI‘j Z 2.

n=1
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In [58], Ziff and McGrady describe a technique for obtaining a solution to (3.54).
We shall provide full details here of how their solution was obtained. The first

step is to consider the case of monodisperse initial conditions i.e.

1, n=k
) n )

where k € N is fixed. Note that u,(t) = 0 for n > k since our initial condition
means we are starting with only clusters of size k and, as fragmentation is the
only process that occurs, larger particles will never be created. So u(t) satisfies

the initial-value problem

duk(t)
dt

= —(k — Dug(t), w(0) =1,

from which it follows immediately that

u(t) = e (3.56)

Similarly uy_; satisfies
dUkC;tl(t) = —(k — 2up_1(t) + 2uk(t), wp—1(0) =0, (3.57)

le. dup (1)

+ (k= 2up_q (t) = 2=V 1(0) =0,

dt
and therefore
Up_1 (1) = —2e~*=DE 4 9= (k=2 (3.58)

Continuing with this procedure, we obtain

duy_o(t
ukd;( ) _ —(k = B)up_a(t) + 2up_1 (1) + 2u(t), up_2(0) =0 (3.59)

which leads to
Uk—z(t) — (k=D g (k=20 4 3o (k=3)t (3.60)

and, similarly
Up_5(t) = 26~ B8 _ g k=3t 4 go= (k=) (3.61)
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On obtaining corresponding expressions for uy_4(t), ug_5(t), a noticeable pattern

emerges which indicates that

e~ k=Dt n==k
un(t) =
(1—n+k)e V4 2n—k)e™ + (k—n—1)e " n <k
(3.62)

We shall now go on to prove by induction that this form for the solution is correct.
We have shown that the form for the cases n =k, k — 1,k — 2,k — 3 in (3.62) is
correct. Now assume this form is true for n = k,k — 1,k — 2,...,k — 7, where
1<k—2 Forn=k—1—1 we have

n

= —(k—i—up_ia(t) +2 Y uilt), we—i1(0)=0.  (3.63)

j=k—i

dug_;—1(t)
dt

By assumption, the right-hand side can be written as

—(k =i = 2)up_i1 () + 2 (1 + d)e” 7710 — 24~ (R0
(i — 1)e”FmHDE | jem(k=it _9(; _ 1) (kmi+ D
(i = 2)e BT 9em (R gem (kD y o= (kDt)

This is a telescoping sum which reduces to
—(k =i — up_i_1(t) + 2(1 4 i)e~ k77Dt _ 94~ (=01,
Consequently, uy_;_q satisfies

dup—;—1(t ‘ | | | |
ule() = —(k—1—2)ugp_i—1(t) +2(1 + Z)e—(k—z—l)t — 9je=(h=it,

uk—i—l(o) = 07
and on solving this first order linear ODE, we obtain

Up—i_1(t) = —2(1 4 7)e”*717DE o= (R=t L (9 4 4)e=(k=i=2) (3.64)
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which agrees with (3.62) when n is replaced by k —¢ — 1. Hence by induction the
formula holds for all n =0,1,2,..., k.

From the linearity of the problem, a likely candidate for the corresponding
solution in the case of general initial conditions w,(0) = f,, n = 1,2,3,...,
can then be obtained by superposition as is described by Ziff and McGrady in
[58]. To create a particular solution for general initial conditions we take a linear

combination of the above solutions for the monodisperse initial conditions. Hence

up(t) = foe V4 Z Fefem Dt _ o=(nt D)t

k=n+1
—I—(k . n)[ —(n—1)t _ %% —nt + e—(n—l—l)t]}

= foe T 4 Z fre L — e 4 (k—n)(1 — e}
k=n+1

(3.65)

Our general theory establishes that the ACP associated with this choice of
n, by ; has a strongly differentiable solution u(t) = S¢(t) f with f € D(G) where
{Sa(t)}i>0 is the stochastic semigroup generated by G = A+ B. Since {a, }>°,
is a monotonic increasing sequence we have further that S¢(t)f € D(A) vVt > 0
whenever f € D(A). We shall now show that Sg(t)f is given explicitly by the
formula (3.65) found by Ziff and McGrady.

Firstly, we shall show that (3.65) is indeed a solution of (3.54). We note that

on rearranging (3.65) we have

Un(t) = fpe (D4 (=Dt (1- e —n(l—e” Z I
k=n+1
+e D] — et Z kf. (3.66)
k=n+1

Since f € X, each of the infinite series appearing in (3.66) is absolutely conver-
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gent. We obtain

up(t) = —(n—1)fpe” "

+H[—(n—1De " V(1 —e —n(l—e) Z Ix

k=n+1

e (I (272 —2p(1 — e7t)e Z i
k n+1

—(n —1)e=™ V1 — )2 i k f

k=n-+1

+2e” (D] — et Z k f
k=n+1

= —(n— l)fne_(”_l)t

+[~(n—1)e ™D 4 (n — 1)e~ "] Z fx

k=n+1
+n(n—1) (e_(”_l)t 2e ™ 4 (D! Z I
k n+1
+ [26—(n+1)t _ 2n(e—nt —(n+1 Z fk
k=n+1

_(n _ 1) (6—(n—1)t — % —nt + e—(n—i—l Z kfk
k=n+1

+ (26—nt —(n+1)t Z kfk

k n+1
= —(TL - 1)fn6_(n_1)t

+ [(n = 1)2e= D —2pZe™ 4 (n + 1)%e~ ("] Z Ix
k= n+1

+[=(n— e~ =Dt 4 ope™t — (n 4 1)~ (WD Z k fr.
k=n+1

(3.67)

Now we shall substitute (3.65) into the right-hand side of (3.54). We have
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—(n = 1) fre” "7V (3.68)

[e.e]

—(n=1) Y e 1 — e 4 (k—n)(1-e )’} i (3.69)
k=n-+1
—|—2 Z [fj6_(j_1)t
j=n+1
+ > e e (k=) (L — ')} il - (3.70)
k=j+1

We can rearrange the expression in (3.69) to get

—(TL _ 1) [e—(n—l)t _ 6—(n+1)t . n(e—(n—l)t 9e— Mt +e (n41)t Z fk
k=n+1

_(n _ 1) [e—(n—l)t P +e (n+1 Z kfk

k=n+1
= [(n —1)2e~ =Dt _op(n —1)e™™ 4+ (n? — (n+1 Z £
k= n+1
+ [—(n — 1)6_("_1)t +2(n—1)e ™ —(n — —(n+1)t Z kfi.  (3.71)
k=n+1
Interchanging the order of summation in (3.70) produces
j=n+1
[es) k—1
e 5 o
k=n4+2 j=n+1
20 Y Ze“ — )i
k=n+1j=n+1

Using the substitution r = (k — j) we get
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k=n-+2 r=1
00 k—n—1
+(1 _e—t>2 Z e—(k—l)tfk ret
k=n+1 r=0
0 t(1 _ o(k—n—1)t
—2t (k—1)t e'(l—e )
1= 3 ¢ (55
o d 1— e(k—n)t
12 —(k=1tp @
e Y e fkdt( — )
k=n+1
e'(1—e?) - “(k=1)t -t
e
k= n+2
1— —t\2
_|_<( € )2) Z fe (k—1)t ( _n)e(k—n)t
) k=n+1

+(k —n — 1)ttt 4 et

~(1+e) (Ze =0t py — ‘”thk>

k=n+2 k=n+2
—2t Z fk e _1) —(n—1)t _6—(n—2)t+6—(k—2)t]
k=n+1
(ze gt 3 )
k=n+2 k=n+2
e e — 1) Y (k—n)fi—e ™ Y fi
k=n+1 k=n+1
+€—t Z e—(k—l)tfk
k=n-+1
e (z Ry B S f)
k=n+1 k=n+1
Fe 1) Y k—n)fi— e Y
k=n+1 k=n+1
+€_t Z 6_(k_1)tfk.
k=n+1
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After further manipulation we see that (3.70) simplifies to

2 ((n+ 1)e-(mt0 Z i

k=n+1
+2 (€7 — e (n Z k f. (3.72)
k n+1
Combining (3.68), (3.71) and (3.72) we get
—(n—1)e 700,
+ [(n o 1)2 —(n—1)t 2n(n . 1)e—nt + (n2 —(n+1)t Z fk
k=n+1
+2 ((n+ 1)e”DF — pe Z fe
k n+1
+ [~(n—1)e ™V 4 2(n — 1)e™™ — (n — 1)e~ "D Z kfy
k=n+1

492 (e—nt —(n+1 Z kfk

k=n+1

= —(n—=De VS,

+ [(n = 1)2e= D —2p%e™™ 4 (n + 1)%e” (T Z i
k=n+1

+[-(n— De~ ™=Vt 4L ope™ — (n +1)e _("H Z kfr  (3.73)
k=n+1

which agrees with (3.67).

We shall use formula (3.65) to define a family of operators {S(t)}:>o on X by

(SOl = eV,

[e.e]

+e TN L — e (1= 27 + ) (j = n)lf

j=n+1
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— e—(n—l)tfn

e ST (1= )+ (1= e =0 — LIS,

feXx,t>0. (3.74)

The next step is to show that S(t) € B(X) for all ¢ > 0 and that S(¢) f is strongly
continuous with respect to ¢ on [0, 00) for each f € X. It is easy to see that when
t=0,[S0)f], = fa,n=1,2,..., and so S(0) = I, the identity operator on X.
Fort >0 and f € X,

IS = - n|(SO)n
n=1
< Snet g 29 55 3wty
n=1 j=n-+1
+(1—e? ZZne =Dt —n —1)|f;]. (3.75)

n=1 j=n+1

We shall now look at each of the three terms on the right-hand side of (3.75).

The first term gives us

> nem VL <N Tnlfal = |1 £]
n=1 n=1

since e~ Dt <1 for n =1,2,.... The second term gives us
213 3 e g £ 20 S e Sl
n=1 j=n-+1
= m”f”
since

> o d =~ . _d 1 B et
> ne ——E<Ze >__£<1—e—t)_(1—e—t)2‘ (3.76)
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The third term on the right-hand side of (3.75) gives us

(=23 S ne (- 1)

nlj n+1
= e(1—-et Zne ”tz (7 —n—1)If;
jn—l—l

_ 1o Zne”tZJlf]+n+1|

< ef(l—e Zne NtZ]+”+1)|fj+n+l|
7=0
< Ul by 67)
Hence S(t) € B(X) Vt > 0, with
2
I5)71 < (2+ 7= ) 1) (3.77)

If we take f € X then we can obtain a sharper result than inequality (3.77). In

this case we have that

ISt fll = (Zne—mfn+2 (1—e? Z Z ne " f;

n=1 j=n+1
+(1—e? 2iie”tn n—l)f)
n=1 j=n+1
= (Zne " +2(1—eh) Z(i )fj

j=2 \n=1

o j—1

+(1 —e™)? Z JZ(jne_"t —nle ™ — ne_"t)fj)
j=2 n=1

d 1—e 9t
— Zn€_ntfn 22 1_6 — (7_) f]
( = d 1—et
. d [1—et
—(1 e Zal_(l—e
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j=2
. d [1—et
—£\2
Hi-c )Z£<1_e_t)fg)
j=2
since . -
j— j— _
d d [(1—e 7t
-nt _ 7 —t\n - _
St () - (5)
and

in%_m — d_2 -
dt2 \1—et )’
Expanding these terms and cancelling we get
el (Z ke M fi+ ey ki — Y ke ™ fk>
k=1 k=2 k=2
= ¢ (e_tfl +e ! Z k:fk)

k=2

= > kfe=|IfIl
k=1

(3.78)

(3.79)

Thus we have shown that ||S(¢)f|| = ||f]| for all f € X*. Tt is also clear that
S(t)f € Xt Vfe XT. Using the decomposition (2.15) we can now deduce that

[e.9] o0

ISl = D nllS®flal = D nlS@F ) = SE(F )l

n=1 n=1

=SSO+ S nSEO e = I+ 157

— |7

(3.80)

so [|S()fll = || fIl Vf € X. Finally we need to show that S(t) is strongly contin-

uous on [0, 00), i.e.

1S(t)f —S(s)f]] = 0ast— s.
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Let

va(t) = eV, (3.82)

wn(t) = 29()e™" " Y f; (3.83)

wt) = (g Y (G-n-1f (3.84)
Jj=n+1

where g(t) =1 —e".

We shall first establish continuity on (0, 00). Let s > 0 be fixed and consider
(3.82). Then

[e.e]

lo(t) —o(s)]| < D mlem D — e £
n=1
< I Jer e — e
n=1
<

||f|| (f: e—(n—l)t + f: e—(n—l)s)
n=1 n=1

< 21D eI for st € [, T].
n=1

It can be shown that this summation is convergent by the ratio test and thus we
can now apply the dominated convergence theorem (see Theorem 2.35) to justify
taking the limit as t — s inside the summation. It follows that v(t) — v(s) in X

ast — s.
Next we shall look at (3.83) where

lw(t) —w(s)l| < 2 nlgt)e "V —g(s)e™ 5 Y | fj]

Jj=n+1

< 21D nlg(t)e Y — g(s)em |
n=1

N

< A fI D e for st € [, T,

n=1
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since |g(t)| < 1 and |g(s)| < 1. The ratio test can again be used to show that the
summation is convergent and we can apply the dominated convergence theoreom
to deduce that w(t) — w(s) ast — s.

Similarly for (3.84) we have

l2(8) = 2(s)| < D nl(g(®)e ™D = (g(s))%e "1 Z (7 —n =Dl
< D nllg()e "I = (g(s))%e "] Zﬂfjl

< 2 f1D S ne "V for st € [e, T,
n=1

since |g(t)| < 1 and |g(s)] < 1. Thus 2(t) — z(s) as t — s upon using Theorem
2.35. Putting these results together we have that S(t)f — S(s)f as t — s for
5> 0.

To establish one-sided continuity at 0, we consider

ISt f— fIl < Z e~ (Dt —1||fn|+22 DE—g(0) > 1A

n=1 j=n+1
+ Zn((g(t))ze‘("‘”t —(9(0)*) > (G —n—DIfl
j=n+1
= > nfemr —1an\+22 (1 —e t)e (-1t Z £l
n=1 j=n+1
—i—Zn(l — e e N (= n = 1)[ . (3.85)
n=1 j=n+1

Changing the order of summation gives us

72



j—1

Sl g 23S (1 — et g

n=1 ]:2 n=1

#3303l — e - = )
< Zn(l—e O fu] +2(1 — e~ Z]‘fg

+(1—e Z] | /]

since eV < 1 for allt > 0 and n < j. Hence we have that ||S(t)f — f|| — 0 as
t — 0% for each f € D(A). Since D(A) is dense in X, it follows that S(t)f — f
in X ast — 0% for each f € X.

We have now shown that u(t) = S(t)f satisfies the system of ODEs (3.54)
pointwise for each f € X. Moreover S(t)f € X whenever f € Xt ||S(t)f] =
| f|| for all ¢ > 0, showing that mass is conserved, and the family of operators
{S(t) }+>0 is strongly continuous in ¢ on [0,00). The last step is to show that
S(t) = Sg(t) on X. We shall make use of the family of operators { Py }%_, where
for f € X, Pvf ={f1, fo,-.., fn,0,...}. Clearly Py € B(X) for each N, with
|Pv|]| <1and Pyf — fin X as N — 0.

Moreover, a strong solution of the ACP

N
du (t):GuN()t>() hmu():PNf
dt t—0t

is given by
uMN(t) = S(t)Pn f.

By uniqueness of solutions,

Sa(t)Pyf=S(t)Pnf (3.86)

and, letting N — oo, we obtain the required result
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Se(t)f = S(t)f, Vfe X. (3.87)

Thus we conclude that an explicit formula for the stochastic semigroup associated
with the system of ODEs (3.54) is given by the solution obtained by Ziff and
McGrady in [58].
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Chapter 4

The Discrete Fragmentation

Equation with Mass Loss

We shall now consider the case where mass can be lost during a fragmentation
event. In our model we have chains of monomers, e.g. n-mers. During a frag-
mentation event a monomer can be annihilated either at the surface or in the

interior of these n-mers, which results in the loss of mass.

4.1 The General Mass Loss Case with Bond An-
nihilation

The fragmentation equation (3.6) still models the mass loss case but now a; need
not be 0 so we discard (A1). We will still need assumption (A2) but this time we

have mass loss so we require the condition

(A3)* S b, ;= (1—-))j for j>2

n=1

where 0 < )\; < 1 is the discrete mass loss fraction. With no coagulation occur-

ring, the calculation which produced (3.4) now leads to
M(t) = —arus (t) = > jAjazu;(t). (4.1)
=2
This collapses to M = 0 when a; =0 and A\; =0 for j > 2.
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Again, the natural Banach space X in which to study the problem is the
weighted [! space defined in Definition 3.1. In analogy with Problem 3.5 we wish

to solve

Problem 4.1. Find a function u : [0,00) — X such that

dz;(:) Au(t) + Bu(t) >0 (4.2)
Jimu(t) = feD(A)

where A and B are defined as in Definition 3.2.

We have already shown that D(A) C D(B) in Lemma 3.3 for the case when
A; = 0. Similarly, for f € D(A) and \; # 0 we have

IBFI < > n > aibas|fil = a;lfl (anm)

n= j=n+1 =2
= > (L=\)ja; 151 <D daslfsl = |Af] < oo, (4.3)
j=1 Jj=1

i.e. D(A) C D(B). Again, we require our solution to be non-negative so we need
feDA)T = u(t) e D(A)™.

First we shall look at the case of a general sequence {a,}. We can prove the
following for our operators A and B

Theorem 4.2. Let X, A and B be as in (3.1), (3.9) and (3.10). Then there
exists a smallest extension G of A+ B which generates a substochastic semigroup
{Tg(t>}t20 on X.

Proof: This is more or less the same as the proof for Theorem 3.6 apart from

part (ii7) where now we have
JAF+ BN = —afi= Y oty = =) <0 (@)
=2

for f € D(A)™. O

Theorem 4.3. In the context of Theorem 4.2, G = A+ B, the closure of the
operator (A+ B, D(A)).
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Proof:  Along similar lines to the proof of Theorem 3.7, we wish to apply
Theorem 2.26 but this time with

C(f) = a1f1 + Zj)\jajfj.

Let all spaces and operators be defined as in the proof of Theorem 3.7. We wish
to show that for any g € F'* such that —g + BLLg € X we have

> n(Lg)n+ Y n(—gn+ (BLg)) > —arfi = Y jAja; f. (4.5)
n=1 n=1 7j=2

n=1
N N 0o
_— (—ZnanfnJrZ 5 najbn,jfj>, m
n=1 n=1 j=n+1

i.e. (3.21) and (3.22). We can now write

N o
Z Z najbn,jfj

n=1 j—n+1
= E a]fjg nby, ; + E E na;by, ; f;
Jj=2 j=N+1n=1

= Z] Aj)a;fi + Sy
N
= Zjajfj — a1f1 — Zj)\jajfj + SN
j=1 j=2

where Sy is the same as in the proof of Theorem 3.7. Substituting into (4.6) we

end up with

N—oo

N
lim (—a1f1 — Zj)\jajfj + SN) . (47)
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As shown in the proof of Theorem 3.7, limy_., Sy is non-negative. Putting

everything together we have

> n(lg)n+ > n(—gn + (BLg),)

n=1

= —arfi— Y _jNafi+ Jim Sy

Jj=2

> —aifi— Y jNasf;
j=2

and thus we have shown that G = A + B. O

Along similar lines to the comments after Theorem 3.7, we can deduce that
the ACP

%u(t) = Gu(t) (t>0) (4.8)
B = o

has a unique strict, non-negative solution u : [0,00) — D(G)* for each f €
D(G)* and hence for each f € D(A)*. This solution is given by u(t) = Tx(t)f,
with G = A+ B.

From the discussion on pages 39-40 we can show that the C-semigroup
{T'¢(t) }+>0 is substochastic and the solution is not mass-conserving (unless \; = 0

V7 and a; = 0) since

d — . N

Zllu@®l = ;k‘uk(t) (since u(t) € X+)
= —Zkakuk(t)+2k Z a;by ju;i(t)

k=1 k=1 j=k+1

o] o) 7j—1
= - Z k:akuk(t) + Z ajuj(t) Z k‘b]w'
k=1 Jj=2 k=1

=(1=X;)j
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= =Y kagur(t) + (1= \j)jaju(t)
k=1 Jj=2

= —ayuy(t) = Y Ajjau,(t)
=2

< 0. (4.10)

Note that the calculations leading to (4.10) show rigorously that the mass loss is
exactly that predicted by the formal calculation (4.1).

4.2 Particular Cases

Now we shall look at how the additional mass loss condition affects the results

for the particular cases discussed in Section 3.2.
Case 1: {a,} bounded.

First, consider the case where the sequence {a,}32, is bounded i.e. a, < M
forn =1,2,3,.... We have already shown in (3.25) that Vf € D(A) = X,

IAf]| < M| f|| < oo.

Also for f € X we have

IBFI < Y jalfil
j=1
= |JAf|| £ M||f]| < o0,

by similar calculations to those in (3.26). Hence we have D(B) = D(A) = X. By

arguments similar to those preceding Theorem 3.8 we can prove the following.

Theorem 4.4. In the case when {a,} is bounded, Problem 4.1 has a unique

strict, non-negative solution for each f € X, given by
u(t) =B (t>0).
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Case 2: {a,} monotonic increasing.

Now we shall look again at the case when {a,} is a monotonic increasing

sequence, but not necessarily bounded.

Theorem 4.5. Let X, A, B and G be as in Theorem 4.2 and, in addition to
assumptions (A2) and (A4), let {a,} be a monotonic increasing sequence. Then

D(A) is invariant under the semigroup {T(t) }i>o -

Proof: The details are very similar to those in the proof of Theorem 3.9 and

thus we shall only highlight the minor differences.
Step 1  This is exactly as in Theorem 3.9.

Step 2 For f € D(Ap)

IBoflla < Y (1= Ndaslfil+ D (1= X)jall £
=2 =2
< Zjaj|fj| +Zja§|fj|
j=2 J=2
< |l Apll + [[A(Apf)|]
= [[Apflla < oo
Step 3 For f € D(Ap)*
Y (n+nay)[—anfa+ Y asbu;f;]
n=1 j=n+1
< - Z(n + nay)an fn + Z(l — )il +aj)a;f;
n=1 j=2
= —(I+a)afi — Z Aij(1+ aj)a; f;
i=2
< 0.

Step 4 This is the same as in Theorem 3.9. Note that the discussion following
Step 4 in Theorem 3.9 also applies here. O

Note 4.6. We can now add in coagulation terms as we did in Section 3.3. The
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analysis of these terms will be identical to that shown previously so we have omit-
ted the details.

4.3 The Specific Case of Cai, Edwards and Han

In [28] Cai, Edwards and Han look at the specific case when a,, = n and b, ; = %

so that we have
duy,(t)

dt

= —nu,(t) + 2 i u;(t). (4.11)

j=n+1
Note that in the specific case studied in Chapter 3 for the mass conservation
model we looked at a,, =n —1 and b, ; = ]%1 If instead we substitute the value
bn; = % into (A3)* we see that

j—1 j—1 J—1
2n 2
Dby = D =5 n
n=1 n=1 J J n=0
2(j—-1)j .
= = =9 —1. 4.12
i j (4.12)

We know that (1 — A;)j = (j — 1) and thus \; = % Substituting a, = n and

bn; = % into (4.1) we see that the mass loss in this case is
M(t) = —ayuy(t) — Z Ajjajui(t) = —ua(t) — Zjuj(t)
j=2 j=2
= Y juy(t) = —M(1). (4.13)
j=1

If we now solve the ODE (4.13) we get

M(t) = M(0)e™, t>0. (4.14)
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Notice that we can write

dun(t) =
e —nuy,(t) + 2 Z u;(t)

j=n+1
= —(n = Dun(t) —un(t) +2 > uy(t) (4.15)

j=n+1

so that

du, ()
- W(t) = —(n — Duy(t +2Zuj

j=n+1

1.e.

j=n+1
If we substitute v, (t) = e'u,(t) we get
dv, (t )
p —(n — v, (t) + 2J;1v] (4.16)

which is in fact the same form as equation (3.54) which was discussed in Section
3.5. Since the solution v, to (4.16) is given by (3.65), it follows that w,, is given
by

un(t) = un(0)e™™ + Y u;(0)e {1 —e + (j—n)(1—e )} (417)

Jj=n+1

The ACP associated with (4.15) is now

dlctiit) (A+ B)u(t) —u(t) = (A+ B = Du(t)
iy o) — 1 (4.18)

where [ is the identity operator on X and

[Af]n = —(n—1)f, (4.19)
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and

[Bfln:=2>_ f; (4.20)

j=n+1

are defined on appropriate domains. From the work carried out in Section 3.5

we know that G = (A+ B, D(A)) is the generator of a stochastic semigroup
{T(t)}i>0 on X. Also, from the general theory in Section 4.1 we know that G; =
(A+ B —1,D(A)) is also the generator of a substochastic semigroup {7, (t)}+>0
on X. We wish to show that

Tg, (t) = e "Tg(t) Vt>0. (4.21)
Notice that
[T, () fIl = lle " Ta() fl = e "N Ta(t) Il = e~'||f|| for f € D(G)  (4.22)

which agrees with (4.14). To show that (4.21) holds we need to show that {7, (¢)}
and {e""T¢(t)} have the same infinitesimal generator. In order to do this we need

to prove the following

Lemma 4.7. Let A and B be as in (4.19) and (4.20). Then

A+B-1=A+B-1.

Proof: Let f € D(A+ B) = D(G). Then, there exists a sequence {f"} C D(A)
such that
P fin X

and

(A+B)f" - g=(A+B)f in X.
It follows that

(A+B-I1)f"—-(A+B)f—f=9g—f in X

and hence f € D(A+ B — 1), with

A+B-1)f=(A+B)f—f=A+B-Df
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Therefore

(A+B-1)f=(ATB-1)f Vfe DAT D).

Now let f € D(A+ B —I). Then, there exists a sequence {f"} C D(A) such
that
f*—=f inX

and
(A+B-1)f"—-g=(A+B—-1I)f in X.

It follows that
A+B)f"=A+B-Df"+f"—>A+B-D)f+f=g+f inX

and hence f € D(A+ B) with

(A+B)f=(A+B-Df+f=9g+ [
Therefore
(A+B-I1)f=(A+B-I)f Yfe DIA+B-1).

We have thus shown that A+ B—-I=A+B—1. O

Note 4.8. For the remainder of this section we shall define the operators A,
B and G to be those associated with the ACP resulting from the ODE (4.11).
Therefore

[Afln = —nfn, D(A)={f€X:> n’[fs] < oo} (4.23)

and

(Bfla=2 > f;, DB)={feX:> n| > f]<oo} (4.24)

j=n+1 n=1 j=n+1

and G = A+ B with A and B defined as in (4.23) and (4.24).
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Our rigorous analysis shows that the only strong solution of the ACP

dq;gf) Au(t) + Bu(t), t>0 (4.25)
tliréa+ u(t) = 0

is u(t) = 0. However, in [28] Cai et. al introduce the alternative solution
ve(t) = (1 —e ™2™ k=12, .. (4.26)
Clearly v(0) = 0. Also
i K lu(t)] = i (1 —e™)%e™]
k=1 k=1

_ /{?2(1 _ e—t)2e—kt
k=1

_ (1 N e—t)2 Zk26—kt
k=1

= (1— e‘t)z% (Z e‘kt>

k=0
d? 1
_ 2 @7
= (- )dt2 (1—6_t)
2—2t
— e_t+1€ - <oo V>0,
—e

showing that v(t) € D(A) for all t > 0. Note that, for each k € N and t > 0,

[Av(t) + Bo()]y = —kue(t)+2 Y v;(t)
j=k+1
= —keM(1—e)? 42 Z eI (1 —et)?
j=k+1
kt £42 pae BV
= —keT™(1—e")"+2(1—e7) —

— _k,e—k‘t(]_ o e—t)2 + 26—(k2+1)t(1 _ e—t)
= o(t) (4.27)
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so that (4.11) is satisfied pointwise. Furthermore, for ¢ > 0,

fm>

’Uk(t —+ h) - Uk<t)

. — [Av(®)]x = [Bu(®)]«

— 2%; Ok(O4(R) = 0x(8)], £ < O(R) <t D

= 0 (4.28)

using arguments similar to those in Chapter 3. However, we can show that

lox ()] = Zk(l_e—t)2e—kt

k=1
= (1-—e t)22k6_kt
k=1

d = —kt t\2

= (e e
k=0

B d 1 2
B dt(l—e—t)( )

i.e. (4.26) is not strongly continuous at ¢ = 0 in X and hence it is not a strong
solution of (4.25).

4.4 The General Mass Loss Case with Surface

Recession

We shall now go on to look at the general discrete fragmentation equation with
mass loss as above but with added surface recession terms. We shall now con-
sider the case where not only is mass lost during fragmentation but clusters also
experience recession of particles at their surface. This type of equation could be
used to model processes such as evaporation. We shall investigate the case where
monomers are lost at the surface of clusters at a specific rate. The equation we

wish to analyse is
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duy,(t) =
T —anun(t) + Z ajbyn jui(t) + cpni1tng(t) — cpun(t) (4.29)

j=n+2

where wu,(t), a, and b, ; have their usual meanings and ¢, is non-negative and
represents the surface recession rate of an n-mer. Note that the summation now
starts at 7 = n+ 2 instead of j = n+1 as in the previous case. This is due to the
fact that if a cluster of mass n + 1 was to break up to produce a cluster of mass

n and a monomer then this would be equivalent to a surface recession event.

We can rewrite (4.29) as

dun, (t -
4 dt( ) _ —(an + c)un(t) + Y Bujus(t)
j=n+1
= —antn(t) + > Bujuy(t). (4.30)
j=n+1
where
Oy = Gy, + Cp,
and
ﬂ . Cn+1, ] =n-+ 17
" ajbw-, j:n—|—2,n+3,

We shall apply the mass loss condition (A3)* here but, as a consequence of the
above discussion, the summation will run from n = 1 to j —2. Note that equation
(4.30) is in the form of our usual discrete fragmentation equation but with a,
replaced by «,, and a;b, ; replaced by £, ;. In analogy to Problems 3.5 and 4.1

we wish to solve

Problem 4.9. Find a function u : [0,00) — X, where X is as in Definition 3.1,
such that

dz;(:) Au(t) + Bul(t) £>0 (4.31)
limu(t) = feD(A).
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where

[Af]s = —anfe; D(A) = {f €X Y kaylfi| < oo} (4.32)

and

[Bfle = > Buifi; D(B) {fGX Zk:

j=k+1

Z Brjfi

j=k+1

< oo} (4.33)

Similarly to Lemma 3.3 we can prove the following

Lemma 4.10. D(B) D D(A).

Proof: Let f € D(A). Then

IBAIL < D> n > Bilfl

n=1 jn+1

- Z Z a; "J|fJ|+Z”Cn+1|fn+1|

n=1 jn+2

ZZ”“J "J|-fj| + chn|fn

7j=3 n=1
- Za'j|f] ]+chn|fn
Zj@j\fjHchﬂfﬂ
s j=1

= > e+ ey)lfl
=1
= [Af]l.

IN

IA

Hence we have D(B) 2 D(A).

We are now in a position to prove

Theorem 4.11. Let X, A and B be as in (3.1), (4.32) and (4.33). Then there

exists a smallest extension G of A+ B which generates a substochastic semigroup
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{Tc(t) }>0 on X.

Proof: Again we wish to apply Theorem 2.19 and the details are very similar to

those in the proof of Theorem 3.6 so we will only highlight the differences here.

(i) The semigroup {7a(t) }+>0 generated by A is now given by
[T4(t)fln =€ fn (n=1,2,...). (4.34)

(ii) We proved that D(B) 2 D(A) in Lemma 4.10. It is also clear that Bf >0
for all f € [D(B)]".

(iii) For f € D(A)T we have

[t + B
_ §:n<ﬂ%%@y+§jﬁwwu0
Jj=n+1
= —Znanfn—l— Z a; njfj+zncn+1fn+1
n=1 j=n+2

(.

—Z;"’gz 1"aJ bn,j [

= - Znanfn chnfn + Z 1—X)ja;f; + chn-l-lfn-i-l

- _alfl - 2a2f2 - Z n)\nan.fn + Z n (Cn-l-l.fn-i-l - Cn.fn) = _C(f)
n=3 n=1
0

IN

since

e e}

Z n (Cn-i-lfn-i-l - Cnfn)

n=1
oo

> (4 Densrfurt — neafn)

n=1
—c1fi
0.

I IA

IN
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O

Theorem 4.12. In the context of Theorem 4.11, G = A+ B, the closure of the
operator (A+ B, D).

Proof: This is very similar to the proofs of Theorems 3.7 and 4.3. We wish to
apply Theorem 2.26 but this time with

C(f) = alfl + 2a2f2 + Zn)\nanfn - Zn (Cn—i-lfn—i-l - Cnfn) .
n=3 n=1

Let all spaces and operators be defined as in the proof of Theorem 3.7 but with
a, replaced by a, and a;b, ; replaced by 3,,; . We wish to show that for any
g € F* such that —g + BLg € X we have

[e.9]

ZnLgn—l—Zn + (BLg),)
n=1
> —a1fi1 —2a2f2 — Zn/\nanfn + ) n(Cnsiforr —nfa) . (4.35)
n=3 n=1

We follow the same procedure found in the proof of Theorems 3.7 and 4.3 to

reach the point
n=1

- 1\}1—{20( Znanfn+z Z nﬁnjfj>. (4.36)

n=1 j=n-+1
We can now write

N 00
Z Z nﬂn,jfj

n=1 j=n-+1

N N N e
= Z Z nﬂn,jfj_'_z Z nﬂn,jfj

n=1 j=n-+1 n=1 j—N+1

= chn-i-lfn—i-l_l'z Z na; njf]+SN

n=1 j=n+2
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N N Jj—2

= Z NCp1fnt1 + Z a;f; Z nby,; + Sn
n=1 j=3 n=1
N N

= Z NCni1fnr1 + Z(l — An)nan fr + Sy
n=1 n=3

where Sy = 32N > jeny1MBnifj = 0 VN, Substituting into (4.36) we have

N—oo

N N N
lim <_ Znanfn + Z ncn—i—lfn—i—l + Z(l - )\n>nanfn + SN)
n=1 n=1 n=3

N—oo

N
= lim <—6L1f1 — 2a3 fy — Zn)\nanfn
n=3

N
+ Z n (Cn-i-l.fn-i-l - Cn.fn) + SN) (437)

n=1

by the calculations in part (i7i) of the proof of Theorem 4.11. Note that since
Sy is again non-negative, limy_.o, Sy is also non-negative. Putting everything

together we have that

> n(lg)n+ > n(—gn + (BLg),)
n=1 n=1
= _alfl - 2a2f2 - Zrn)\nanfn + Zn (Cn+1fn+1 - Cnfn) + J\ll—{noo SN
n=3 n=1

Z _alfl - 2a2f2 - Zn)\nanfn + Zn (Cn-i-l.fn-i-l - Cn.fn)
n=3 n=1

as required. O

We have shown that there exists a unique strong solution to the pure fragmen-
tation equation with mass-loss through bond annihilation and surface recession
for a general fragmentation rate. We can also add in our usual coagulation terms
and, under assumption (A4), can show that there exists a unique strong, non-

negative solution to the full C-F equation.
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Chapter 5

A Multi-Component
Coagulation-Fragmentation
Equation with Reformation

Terms

In the previous chapters we have considered a system of particles with evolving
size and we have obtained existence and uniqueness results for strong solutions.
Now we shall investigate a system in which not only the cluster size can change
but also the shape profile, namely the diameter of a cluster of particles, can evolve.
We shall analyse the model described by Wattis in [56] to obtain existence and
uniqueness results. This model builds in coagulation and reformation events
which we shall later modify to include also fragmentation and a greater range
of reformation events. In the model discussed in [56], Wattis considers a system
where the particles have been scaled so that a monomer of mass one has diameter
one. The clusters are grouped by their mass and diameter and so we represent
the number concentration of clusters of mass n and diameter j by u, ;. In one
version of the model in [56] a cluster with mass n is considered to have diameter j
where 1 < j < n. In our investigations we shall consider particles to join together
in a lattice formation. We shall take the diameter of a particular formation to be

the maximal extension in a direction of an axis. For example,
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(a) (b) (c)
in diagram (a) the diameter would be 4, in diagram (b) the diameter would be 3
and in diagram (c) the diameter would be 4.

In this situation the minimum physically possible diameter is always going to
be

dmin2p(N) = [\/ﬁ—‘

where [z] represents the smallest integer > x . This is the case if we are in a 2D

system. If we consider 3D, the minimum diameter will be given by
dmin3D(n> = ’73\/ﬁ—|
The following diagrams illustrate why this is true for the 2D case:
® 00 00 :: 000
® o0

() (d) (e) ® (9)

(¢) n =150 dpinzp(1) = [V1] = 1. (d) n =2 50 dpminap(2) = [V2] =2
(€) =350 dminan(3) = [V3] = 2. (f) n =4 50 dpinap(4) = [V4] =2
(2) n =580 dpmin2p(5) = [V/5] = 3.

It is a case of building squares as the mass increases since a square is the most
compact configuration that particles in a lattice can take. Similar considerations

apply in 3D but we are working with cubes instead of squares.
In [56] mass and diameter are considered to be additive in a coagulation event,
ie.
unvj + uT’,S - un-{-r,j—i-s' (5'1)
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Let dypin(n) represent the minimum possible cluster in either 2D or 3D. Then,

the general model is given by

Ay,
: = Fun—Lpn— n,nUn,n,
dt 7 " Ynntin,
duy, ; .
a Foj— Lnj+ Ynj+1Un 41 — Tnjlng, dmin(n) +1 <7 <n
duy, ; .
dt Fn,j - Ln,j + Yn,j+1Un,j+1, J = dmzn(n) <n (52)
where n =1,2,..., and
1 n—1 j—1
Fn,j = 5 Z kn—r,r,j—s,sun—r,j—sur,s (53)
r=1 s=1

is the gain in clusters of mass n, diameter j due to the coagulation of clusters u,
and u,_,;_s. Note that F}, ; = 0 for n =1 or j = 1 since there cannot be a gain

in clusters of mass one or diameter one due to a coagulation event. Similarly

Ln,j - Z Z kn,r,j,sun,jur,s (54)

r=1 s=1

is the loss of clusters of mass n, diameter j due to the coagulation of clusters w,, ;
and u, . The coefficient %, ,, s ; represents the rate of coagulation of clusters w, g
and u, ;. The reformation coefficient v, ; gives the rate at which a cluster w,,;
will reshape to create a cluster with smaller diameter, w, ;_;. Clearly, since the

maximum diameter of a cluster of mass n is n, we have u, ; = 0 for j > n.

5.1 Wattis’ Model

We shall begin by looking at the case that is studied in [56]. Here the coagulation
kernel k,., s ; is considered to be constant, k, say. Also the reformation coefficient
Vn,; 18 independent of n and is given by y(j — 1) with v constant. We shall first

consider the case d,in(n) = 1, as in [56]. If we put these assumptions into model
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(5.2) we get

,_.
,_.

n—1 j—

dun 5 (t)
dt

o0 o0
Kty () tpn—r j—s( E 5 k. s(t)un ;(t
r=1 s=1 r=1 s=1

+Yjun 1 (t) — (G — 1)un;(t) (5.5)

N | —
Il
Il

for j <n. Note that if n = j > 1 the third term will disappear, since u,,,,+1 =0,
which coincides with the first equation in (5.2). Observe that if n = 7 = 1 then
(5.5) will reduce to ;7 = —L; ; which still agrees with the first equation in (5.2).
If j = dypin(n) = 1 the fourth term disappears, thus matching the third equation
n (5.2) (notice the first term also disappears since F,; = 0). For 2 < j < n the
equation (5.5) is the same as the second equation in (5.2). Therefore (5.5) covers
all cases in (5.2) so that we study (5.5) instead.

The total mass and total diameter of the system are given respectively by

i inum(t) = i inuw(t), since u, j(t) = 0 for j > n, (5.6)

n=1 j=1 n=1 j=1

and

DD dung(t) =YD juaylt). (5.7)

n=1 j=1 n=1 j=1

In the case where no mass loss occurs, we require
DY () =0 nu;(0),  VE>0, (5.8)
n=1 j=1 n=1 j=1

As both total mass and diameter should be finite quantities, the natural space to

work in is the Banach space Y = L*(€, u) given by the following

Definition 5.1. Let Y be the Banach space of all real doubly-infinite sequences

{fnitei=1, with norm

1A =D nlfuyl < oo (5.9)

n=1 j=1
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Here Q=N x N and = 1 X puo where

Zn if My C N is finite
ul(Ml) = neM

00 if My is infinite
and

Z 1 if My CN is finite

,uz(M2) = JEM>

00 if My is infinite

so that
Zn if M CN x N s finite
(M) =< (mjeM (5.10)
00 if M s infinite.

Since we wish to impose the condition u, ; = 0 for j > n we shall work in the
subspace X of Y defined by

X ={feY:f,;=0forj>n}, (5.11)

i.e. the space of doubly-infinite lower triangular matrices. It is possible to prove

the following

Lemma 5.2. The space X given by (5.11) is a closed subspace of Y and hence

1 also a Banach space.

Proof: Let {f*} be a sequence in X such that for each k, f¥; = 0 when j > n.
Suppose that
ff = f inY.

Then,
||fk_f|| :anvrlf]—fnﬂ —0Qask — o0

n=1 j=1
which implies that
|frlf,j - fn,j| —0 \V/TL,]

Hence we must have
|0 — fn7j| =0 VJ >n,

ie. f,; =0for j >mn andso f € X. The result now follows.

96



Note that

DD alfugl =D 0D Il since j < n. (5.12)

n=1 j=1 n=1 j=1

At first we shall look at the reformation part of (5.5) given by

dumj(t)

—agr = U = Dun() +yjtn g (8). (5.13)

In analogy with Problems 3.5, 4.1 and 4.9 we can transform (5.13) into the fol-
lowing ACP:

Problem 5.3. Find a function u : [0,00) — X, where X is as in (5.11), such

that
dz;ff) —  Au(t) + Bu(t) t>0 (5.14)
Jim u(t) = feD(A)

where the operators A and B are defined by

[Af]mj = _7(j - 1)fn,j7 [Bf]mj = f}/jfn,j—i-la (515)
with
D(A) = {feX:) > n(j—1)ful < oo}, (5.16)
n=1 j=1
D(B) = {fe€X:> Y njlfassl < oo} (5.17)
n=1 j=1

It is clear that A maps D(A) into X and likewise B maps D(B) into X.
Notice that by a simple change of variable in the domain given by (5.16) we have

co n—1

DA)={feX: Zznj|fn,j+1| < oo}

n=1 j=1
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We can also write
co n—1
D(B)={fe€X:> Y njlfujnl < oo} (5.18)
n=1 j=1
since f, 1 = 0 for f € X. It follows that D(A) = D(B).

We are now in a position to prove

Theorem 5.4. Let X, A and B be as in (5.11), (5.15), (5.16) and (5.17). Then
there exists a smallest extension G of A + B which generates a substochastic

semigroup {Ta(t) h>o on X.
Proof: Again we wish to apply Theorem 2.19.

(i) A is the generator of the substochastic semigroup {7'4(¢) }+>0 on X given by
(Ta)flng =9 oy ¥, (5.19)
(ii) We have shown that D(B) = D(A). It is also clear that
[Bflnj =i fajr1 >0 VfeD(B)".

(iii) As discussed previously, X is a closed subspace of Y = L}(N x N, u) with
p defined as in (5.10). For f € D(A)" we have

= _Zzn7j_1 fn]+zzn7]fn]+l

n=1 j=1 n=1 j=1
= _szn(j_ fn]—F’}/Zan—lfnl
n=1 j=1 n=1 =1
= 0= —c(f). (5.20)
Thus all of the conditions of Theorem 2.19 are satisfied. O

Along similar lines to Theorem 3.7 we wish to apply Theorem 2.26 with
c(f) := 0 to show that G = A+ B. As mentioned previously, the appropriate

98



space to now work in is X defined by (5.11). If we let I denote the space of all
double sequences (0 when j > n), then | = E; C E. ( This is a strict inclusion
because F can contain sequences with an arbitrary number of infinite entries,
whereas a sequence in Ey must contain no infinite entries, since the only set with

measure 0 is the empty set.) Also

_ . f
F=ifet: (Hv(j—l))n,jd}
and
[Lf]n,j:#7 feF;
Aflng = fo; — QA +50G = D) fng =0 — 1) [y,
_ _ o In,j )

Bfln; =77 faj+1,
D(B) = H = {f € X : for any non-negative, non-decreasing sequence {f"}
in D(B) such that sup f" = |f], i.e. sup f, ;= |fmj| Ym,J,

we have sup Bf" < oo, i.e. sup Bfy, ; < 00 Vm,j} )

n n

We can now prove the following.

Theorem 5.5. In the context of Theorem 5.4, G = A+ B, the closure of the
operator (A + B, D(A)).

Proof: We must verify that for any g € F'* such that —g + BlLg € X we have

Do g+ DY 1 (—guj + (BLg)n,) > 0. (5.21)

00
n=1 j=1 n=1 j=1

Let
fog =g =1+7(G —1) " gn;

so that f € X*. Then equation (5.21) holds if, for any f € X* such that
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Af+Bf € X, we have

> 2 (=90 = Dfug + (Bf)ug) 20 (5.22)
n=1 j=1
since
Lg)ns—Gng = Q+70—1)""9nj — 9ny
v(j—1)

RESTrEnEE
= _7(j - 1)fn,j'

Now (5.22) can be written as

]\}I_IT(IX,ZZ fn] +’7jfnj+l)

n=1 j=1
N n N n
= lim (— Z Z;m(j — 1) fos + Z Z; mjfn,j+1> . (523)
n=1 j3= n=1 3=

Also,

N n N n
Z Zann,jH = Z Zny(l — 1) fos

n=1 j=1 n=1 =1

on using the change of variable j + 1 — . Thus from (5.23) we have
N n
lim (—le;m(j 1) fu +Z;Z;m fnj) = 0. (5.24)
n=1 j= n=1j

Hence we have satisfied the conditions of Theorem 2.26 and we can conclude that
G=A-+B.
O

Note 5.6. Following Theorem 5.5 and the discussion on pages 39-40 we can say
that the semigroup {1 (t)}i>o0 generated by G is stochastic since c(f) := 0.
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We can now deduce that the ACP

%u(t} = Gu(t) (t>0) (5.25)
tli%i u(t) = f, (5.26)

has a unique strict, non-negative and mass-conserving solution u : [0,00) —
D(G)" for each f € D(G)" and hence for each f € D(A)*. This solution is
given by u(t) = T (t) f, with G = A+ B.

Note 5.7. Since the coagulation terms will remain the same for each variation
of the model described in this section we shall analyse them at the end to avoid

repetition.

5.2 The Modified Model

We shall now modify the above model so that we have a general reformation rate
Yn,j- We shall still consider the case where d,;,(n) = 1 for all n and u,, ; = 0 if

J > n. For the model to make physical sense we will need
1 =0 for n=1,2,.... (5.27)

We shall begin again by considering the reformation terms only

du,m (t)
dt

= ~Vnln,j () + Ynjr1Un+1(t). (5.28)
We are now looking to solve

Problem 5.8. Find a function u : [0,00) — X such that

%u(t) — Au(t) + Bu(t) (t>0) (5.29)

Jim u(t) = f € D(A),

where
[A.ﬂn,j = _’Vn,jfn,ja [Bf]n,j = ’Vn,j-&-lfn,j-i-la (5-30)
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with

D(A) = {fe€X:) > nyulfail < oo},

n=1 j=1

D(B) = {fe€X:> Y mymjplfasil < oo} (5.31)

n=1 j=1
We can again prove that D(A) = D(B) by a simple change of variable.

We now wish to prove

Theorem 5.9. Let X, A and B be as in (5.11), (5.530) and (5.81). Then there

exists a smallest extension G of A+ B which generates a substochastic semigroup
{Tg(t>}t20 on X.

Proof: Again we need to check that the conditions of Theorem 2.19 are satisfied.
Since the details are very similar to those in the proof of Theorem 3.6 we shall
only highlight the differences here. The substochastic semigroup {74(t)}:>0 on
X generated by A is given by

[Ta(t)fln; =€ ™ fo;  Vn,j. (5.32)
We know that D(B) = D(A) and it is clear that [Bf],; >0 Vf e D(B)*. Also
for f € D(A)"

/Q(Af + Bf)dp = ZZ”[_%,jfn,j + Vnjr1fnjri]
n=1 j=1

= =D Whgfait YD Wnifu
n=1 j=1 n=1 [=1

= 0= —(f)

by (5.27) and since f,, ,+1 = 0.

We can now go on to prove the following

Theorem 5.10. In the context of Theorem 5.9, G = A+ B, the closure of the
operator (A+ B, D(A)).
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Proof: This is essentially the same as the proof of Theorem 5.5 with vy(j —1) f,..;
replaced with v, ;f,; and vjf, j+1 replaced with 7, ji1fnj+1 and so the details

are omitted. O

We now make a further extension to the model by examining the case where
any cluster with diameter greater than j can reform to produce a cluster with

diameter j. For this we will need to replace the third term, 7, j+1un j+1, in (5.28)
by
n

Z Vn,spn,j,sun,s (533)

s=j+1
where 7, s is the reformation rate of a cluster with mass n, diameter s and p,, ; s
is the probability that a cluster with mass n, diameter s will reform to produce a
cluster with mass n, diameter j. Note that again we have u,, ; = 0 for j > n and

dmin(n) = 1. Naturally, since p, ;s is a probability, we require

s—1
anujvs = 17 O S pn,j,s S 1 (534)
j=1

Note that p, ; ; = 0 since we assume that a reformation event always changes the
diameter of a cluster. Also, for physical reasons we require p,, ;s = 0 if 7 > n or
s > mn. Foreach n =1,2,... and j < n the evolution of clusters of mass n and

diameter j due to reformation is then described by

0o -1

du, ;(t e

T;U = ) YnsPrigustins(t) = D Yo iPuijtinj(t): (5.35)
s=j+1 =1

This time we wish to solve

Problem 5.11. Find a function u : [0,00) — X such that

Cult) = Au(t) + Bult) (¢ >0) (5.36)
tli%i u(t) = f € D(A)
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where

j-1 0
[Aflng = =D WniPaiifas = =mifngs [Bflng= Y sbnjsfus (5:37)
=1 s=j+1

with

D(A> = {feX:ZanVn,j|fn,j‘<oo};

n=1 j=1

DB) = {f€X: 33 0| 3 dnsbngofas| <ok (539)

n=1 j=1 s=j+1

We follow the same procedure as before and hence we start by proving the

following
Lemma 5.12. As sets D(A) C D(B).

Proof: For f € D(A)

IBFAI < D23 0 D> Yasbuislfusl

n=1 j=1 s=j+1

co oo s—1

= Z Z Z n’)/n,spn,j,s|fn,s|

n=1 s=2 j=1
0o 00

— Z Zn7n7s|fn,s\ on using (5.34)

n=1 s=2

= ||Af|| on using (5.27)

< 0o0.

Hence D(A) C D(B).

We are now in a position to prove

Theorem 5.13. Let X, A and B be as in (5.11), (5.37) and (5.38). Then there

exists a smallest extension G of A+ B which generates a substochastic semigroup
{Tg(t>}t20 on X.
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Proof: Again the details are similar to those in the proof of Theorem 5.9 and

so we shall only point out the differences here.
(i) This is exactly the same.

(i) D(B) 2 D(A) was shown in Lemma 5.12 and it is clear that
[Bfln; >0 VfeD(B)*.

(iii) From the calculations in the proof of Lemma 5.12 we have

Jo(Af + Bf)dp = 0.

Next we shall prove

Theorem 5.14. In the context of Theorem 5.13, G = A+ B, the closure of the
operator (A + B, D(A)).

Proof: Again the details are essentially the same as those given in the proof
of Theorem 5.5 with v(j — 1) f,,; replaced with v, ;f,; and vjf, ;+1 replaced by

Z;’ij 41 YnsPnjsfn,s- We follow the same procedure to reach the point

> 3o (sfug + BF)ny)

n=1 j=1
N n 00
= ]\}I_Iil)oz:l z;n <—’7n,jfn,j + Zl 'Vn,spn,j,sfn,s> . (539)
n=1 j= s=j+

We know that

=2
3

e}

Z Zn Z f}/n,spn,j,sfn,s

n=1 j=1 s=j+1

on using (5.34) and (5.27) and since f,, s = 0 for s > n. Thus we can deduce that
the limit in (5.39) is 0 and hence we have proved the required result. O
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As a final extension, suppose we look at the model (5.28) with general ref-
ormation rate and added fragmentation terms. For n = 1,2,..., and j < n the
evolution of clusters of mass n and diameter j due to reformation and fragmen-

tation is described by

du,, ;(t) SR
Té = _an,jun,j(t) + Z Z ar,sbn,j,r,sur,s(t>
r=n+41 s=j
FYng+1Un,j+1 (L) = Ynjtin,j(t)
- _(an,j + ’yn,j)un,j(t) + Z Z a'r,sbn,j,r,sur,s(t) + ’Yn,j—l—lun,j—i—l(t)
r=n+1 s=j
= _anvjun,j(t) + Z Z ﬁr,sur,s(t) (540)
r=n s=j
where
Qnji = Qpgj + Yn,j (541)

Tnj+1 When r =n,s = j+1
Brs = Owhenr=n,s=4j+2,j+3... (5.42)

ay,sby ;s Otherwise.

Here a, ; is the general fragmentation rate of a cluster with mass n, diameter j
and by, ;, s is the number of clusters of mass n, diameter j produced due to the
break-up of a cluster of mass r, diameter s. Again v, ; is the general reformation
rate of a cluster with mass n and diameter j. Notice that equation (5.40) is
very similar to equation (4.30) which represented a system of fragmenting clus-
ters incorporating mass loss and surface recession, except this time we have a
multicomponent equation. For physical reasons we require

ay1 = 0, (543)

)

b jrs =0 for j>n (5.44)

and

r—1 s
DD nbpjes =1 (5.45)

n=1 j=1
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The latter relates to conservation of mass in the system.

The problem we wish to solve this time is

Problem 5.15. Find a function u : [0,00) — X such that

%u(t) — Au(t) + Bu(t) (t>0) (5.46)

tli%i u(t)=f e D(A).

where

[Aflns = —njfngs  [Bflng = Z Z Br,s fr.s, (5.47)

r=n s=j

with

D(A) = {feX:) Y naylfa;l < oo},

n=1 j=1

DB) = {feX:> > DD nfrs| < oo} (5.48)

n=1 j=1 r=n s=j

Note that in all previous cases it has been clear that A maps D(A) into X and B
maps D(B) into X. Now we are working with more complicated operators and

so we shall prove

Lemma 5.16. Let X be as in (5.11) and (A, D(A)) and (B, D(B)) be defined as
in (5.47) and (5.48). Then A maps D(A) into X and B maps D(B) into X.

Proof: It is clear that A maps D(A) into X since, for f € D(A),

[A.ﬂn,j - _an,jfn,j - _an,jfn,j + ’Yn,jfn,j =0forn < ]

For f € D(B)
[Bf]n,j = Z Z 6r,sfr,s
r=n s=j
= Vn,j—l-lfn,j—&—l + Z Z Ar s bn,j,r,s fr,s
—_————— ot = ~——
—o for n<j —o for n<j

= 0 forn<jy.
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Thus B maps D(B) into X. O
Following the same strategy as before we can now prove
Lemma 5.17. As sets D(B) 2 D(A).

Proof: For f € D(A)

oo o 0 0

IBA < DD 3N 0Bt

n=1 j=1 r=n s=j

- Z Z Z Znansbnvjms|fr,s| + Z Z”%,j+1|fn,j+1|
n=1 j=1 r=n+1 s=j n=1 j=1
oo oo r—1 s oo 00

= Z Z Z Z nar,sbn,j,r,s|fr,s| + Z Z n’yn,j+1‘fn,j+1|
r=2 s=1 n=1 j=1 n=1 j=1

- Z Zrar,s|fr,s| + Z Zn’yn,l|fn,l|
r=2 s=1 n=1 [=2

= Z Z Tar,s|fr,s| + Z Zn’)/n,l|fn,l|
r=1 s=1 n=1 [=1

= (A7l

on using (5.27), (5.43) and (5.45). O

We are now in a position to prove

Theorem 5.18. Let X, A and B be as in (5.11), (5.47) and (5.48). Then there
exists a smallest extension G of A+ B which generates a substochastic semigroup
{Tg(t>}t20 on X.

Proof: Again this is very similar to previous cases and so only brief details are

given. We wish to show that our operators satisfy the conditions of Theorem 2.19

(i) The semigroup generated by A on X is
[Ta(t) fln; = € " frj vy, n. (5.49)

(i) D(B) 2 D(A) was shown in Lemma 5.17 and it is clear that
[Bfln; >0 YfeD(B)".
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(iii) For f € D(A)", [(Af + Bf)dp = 0 from the calculations in the proof of
Lemma 5.17.

Thus all of the conditions of Theorem 2.19 are satisfied. O

We can finally prove

Theorem 5.19. In the context of Theorem 5.18, G = A+ B, the closure of the
operator (A + B, D(A)).

Proof: The details are essentially the same as those found in all previous cases

and thus have been omitted.
O

Note 5.20. For each of the above cases we have shown that the corresponding
ACRP of the form

du(t)
i Gu(t), t >0,

lim u(t) = f

t—0t

has a unique strict, non-negative and mass-conserving solution u : [0,00) —
D(G)" for each f € D(G)" and hence for each f € D(A)". This solution is
given by u(t) = Tg(t) f, with G = A+ B.

As mentioned previously the coagulation terms that will be added to each of
the above cases will be the same and so we only need to analyse them once. We
shall adopt the same technique used in Section 3.3 for the regular one-component
coagulation terms to analyse the multicomponent coagulation terms. The non-

linear ACP which we wish to solve for each A and B above takes the form

%u@ — Au(t) + Bu(t) + Ku(t) (5.50)
tl_i)I(g_u(t) =fe D(A) (5.51)

where the coagulation operator K is given by

kn—r,r,j—s,sfn—r,j—sfr,s - Z Z kn,r,j,sfn,jfr,s- (552)

r=1 s=1 r=1 s=1

(K flng =
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Note that we can show that

o0

>N K fla,; =0

n=1 j=1

by calculations similar to those leading to (3.5). We will place similar restrictions
on ky, ;s as we did in Section 3.3, namely k,, ;s = k., s; and there exists a

constant £ such that
(A4)* knrjs <k foralln,r=1,2,... andj<n,s<r.

Definition 5.21. We define K on X x X by

n—1j—1 0o 00
(K[f7 g])n ; = % Z Z kn—r,r,j—s,sfn—r,j—sgr,s - Z Z kn,r,j,sfn,jgr,s (553)
’ r=1 s=1 r=1 s=1

with f,g € X.
In analogy with Theorem 3.13 we can prove

Theorem 5.22. Under Assumption (A4)*, K defined in (5.53) is a bilinear,

continuous form mapping X x X into X.

Proof: Again, it is convenient to write

(&1r.01), = (Rilr.al), -~ (Rlfol)
where
(Kl f; g]>nj - % 3 Kn—rrj—s,sfn—rj—sGrs,
’ r=1 s=1
(kﬂf,g])nj = iikn,m’sfn’jgr,s,
’ r=1 s=1

Note that (Ky[f, g])n; = 0 if either n = 1 or j = 1.

We can show that (f(l[f, g]) =0for j>n, f,g € X. Indeed if s > r then
gr,s = 0 while if s < r then j — s’]> n —r so that f,_, ;_s = 0. Thus all terms
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in the sum defining (f(l |f, g]) ~are zero when j > n. Clearly (f(g |f, g]) =
n,j n,J
> > knrjsfnigrs = 0 for j > n since f,; =0 for j > n.

Also, for f,g € X we have

1&gl = 3> al (Kilfq)) |

IA
N | =
NE
3
I+
s
§.

<
Il
—
3
Il
3
+
=
»
Il
—_
<.
I
»
+
—

(onputtingl=n—r, m=j—s)

= 320 (U sl |Gl + 71 Frel | G1m])

r=1 [=1 s=1 m=1

L 0o 00 k © o0
— §ZZ\fMH|gH+§ZZ\glm|’|f|’

r=1 s=1 =1 m=1

KILf gl (5.54)

IN

Similarly we have
1L gl < Kl A9l

So we have K : X x X — X. Also, we have that K[-,] is bounded, and hence
continuous, in each argument separately. It is easily checked through calculations

similar to those found in the proof of Theorem 3.13 that K is bilinear. O

Notice that the bounds on K 1 and f(g found in the proof above are identical
to those found in Section 3.3. This means that all that the results following
Theorem 3.13 can be reproduced identically here and thus we omit the details.

We can now state the following
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Theorem 5.23. There exists a global, strong, non-negative, mass-conserving so-
lution to the ACP

ﬁu(t) = Gu(t) + Ku(t) (5.55)
tl_i)IgEr u(t) = f € D(G) (5.56)

where G is any of the generators from this chapter.

Proof: This follows from the results analogous to those in Section 3.3. O

5.3 Restrictions

We now consider the case discussed in the introduction to this chapter where in
2D

Amin2p (1) = (\/ﬁw
and in 3D
dmm?,D(n) = [3\/51

As before, let d,;,(n) represent the minimum possible diameter of a cluster in
either 2D or 3D. For all the models described in Sections 5.1 and 5.2 (and the orig-
inal Wattis model) to make physical sense we shall require the further restriction
that

Upj =0 if j < dpin(n).

Also, we must be careful when considering the reformation coefficients. We have
to make sure that our coefficients do not allow for the formation of an ‘illegally-

sized’ particle. For example, in the original Wattis model where we have
Ynj = Y(j — 1) with v a constant
we need to specify that

v —=1) if dpin(n) <j—1<n,

Tn,j =
0 if j—1<dnin(n).
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In our first modified model with general 7, ; we would need to have
Y =0 if 7 —1<dpn(n).

In the second modified case it is not so simple. Here a particle of size n with any
diameter s larger than j can reform to produce a particle of size n, diameter j.
The added restriction here would be

Pnjs =0 if j < dpin(n) or s < dpin(n).

Adding in these extra restrictions will not affect the above existence/uniqueness

results.

5.4 Non-Additive Diameter

Now we shall consider the case where the resulting diameter after a coagulation
event is not necessarily additive, but can in fact take on a range of values. Con-
sequently, after the coagulation of a cluster with mass n and diameter j with a
cluster with mass r and diameter s the resulting diameter [, say, could take any
value in the range min{j,s} < [l < j+ s. Note that we would still have the

restrictions j < n and s < r.

Previously the coagulation part of the evolution equation took the form

nljl
dun]

kn—r,r,j—s,sun—r,j—s(t)ur,s (t> - : : z : kn T‘,j sun7.] uT,S (t)‘
r=1 s=1 r=1 s=1
(5.57)

If we are now assuming that the diameter is no longer additive the first term in
(5.57) will change. We will now have a gain in clusters u,, ; due to the coagulation
of clusters u,; and w,_,,, where | < r and m < n —r. Consider the probability

function, 0 < p/, . < 1, which gives the probability that a cluster of diameter j

0 Lm
will be produced by the coagulation of a cluster with mass n and diameter [ with

a cluster with mass 7 and diameter m. Note that p;, ., . = 0if j < min{l,m}
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or j >1+m. Also

Zp;r’j,l,m =1 foreach n,r,l,m (5.58)

J=1

and p/, . for all j. The term

o
K )j7l7m - p/r7n)j7m7l

n—1

0o 00
/
> D kst sttt (5.59)

1 =1 m=1

N —

%
Il

will replace the first term in (5.57). Note that the second term will not change
since the loss of clusters u,, ; due to the coagulation of a cluster u,, ; with another
cluster will always result in a cluster with mass greater than n since mass is

additive. The new evolution equation for coagulation is thus

,_.

WE
NE

n—

dun,j (t)

1
dt 5 kn—r,r,l,mp;_r,r%l’mun—r,l (t)ur,m(t>

Il
—_
—
Il
—
I
—_

T

M
NE

kn7r7j,sun,j (t)ur,s(t), (560)

1

ﬂ
Il
—
»
Il

where we still have d,,;,(n) = 1 for all n. Again, we can show that
> 2 K flag =
n=1 j=1

We will analyse these coagulation terms using the same strategy as in the previous
section. Again, we shall assume that k,, , ; ; is symmetric in the sense that k,, , ; s =

kyn.s,; and is uniformly bounded by a constant k.

Let

—_

n—

0o 00
§ : z : /
kn—r,r,l,mpn_nnj,l,mfn—r,lfr,m

1 /=1 m=1

Z kn,r,j,sfn,jfr,s (561)

1 s=1

N —

[K fln.

T

Mg

T
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and define K on X x X by

—_

n—

5 1 o0 o o o
(K[f g ) = 5 Z Z kn—r,r,l,mpél_nr’j’l’mfn—r,lgr,m - Z Z kn,r,j,sfn,jgr,s
r=1 l=1 m=1 r=1 s=1
(5.62)
with f,¢g € X. Similarly to Definition 5.21 we have
Definition 5.24. We define K on X x X by
(Klr.9)) = (Kilfal) — (Ralfl) (5.63)
with )
5 1 n— o o0
(Kl [fv g]) = 9 Z Z kn—r,r,l,mpéz—r,r,j,l,mfn—r,lgr,m (564)
" r=1 |=1 m=1
and

(f(z[f g) ii EnrjsfnjGrs: (5.65)

Note that (f(l |f, g]) =0 for n = 1. We can now prove

n7j

Theorem 5.25. Under Assumption (A4)*, K defined in (5.63) is a bilinear,

bicontinuous form mapping X x X into X.

Proof: We can show that (Kl |f, ]) = 0 for j > n. We have min{l,m} <
j <1+ mso that n < j <1+ m which 1rflphes that n — [ < m. If we have m > r
then g,, = 0. On the other hand if » > m then n —{ < rie. n—1r </, thus
fan—ri = 0. It is easily shown that (f(g[f, g]) =0 for j > n since f,; = 0 for

n7j

J>n.

For f,g € X we have

K Lfogll = D nl(Ealf: g)ngl

IA
o |
WE
WE

iz -
<
5
>
=
ER



IN

i
L

NE

np/n—r,r,j,l,m|fn—r,l | |gr,m|

,Mg
||M8
NE

3
[
[\
N
Il
—
<
Il
—_
o~
—_
Il
—

np/n—r,r,j,l,m‘fn—r,l |1Gr.m|

%
Il
—
3
Il
3
_l’_
LN
<
Il
—_
—
Il
—
Il
—

NE
WK
M
WK
NE

(s+ T>p/s,r,j,l,m| Jsi | |gr,m|

\z
Il
—_
»
I
—_
<
Il
—
-
Il
—

WE
WE
NSL
NE
iygE

(o

putting s =n —r)

=}

NE
NE
M
NE
NE

%
Il
—
vl
Il
—
<
Il
—
o~
I
—_
Il
—

(Sp/s,r,j,l,m|f8,l | |gr,m| + Tp/s,r,j,l,m‘f&l‘ ‘gr,m‘)

(S‘fS,ngr,m‘ + T|f$,lH9an by (5-58)

DD Mfallglh+>> ||f|||gr,m|>

s=1 [=1 r=1 m=1

KILf gl

\z
Il
—_
»
I
—_
—
Il
—
I
—_

NE
WE
NE
NE

Similarly we have

1K L1, glll < KILAIgl)

This shows that K : X x X — X and that K[, ] is bounded, and hence continu-
ous, in each argument separately. It is easily shown through calculations similar
to those found in the proof of Theorem 3.13 that K is bilinear.

Notice that the bounds on K; and K, found in the proof above are again

identical to those found in Section 3.3. This leads to the following result.

Theorem 5.26. There exists a global, strong, non-negative, mass-conserving so-
lution to the ACP

Eu(t) = Gu(t) + Ku(t)
lim u(t) = f € D(G)

where G is any of the generators from this chapter.

We now consider the minimum diameter d,,;,(n) of a cluster with mass n
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and diameter j to be given by either d,inop(n) or dyimsp(n), depending on how
many dimensions we are working in, so that u, ; = 0 for 1 < j < d,n;,(n). Thus
we would be working in the Banach space X as in (5.11) but with the added
restriction f,; = 0 for 1 < j < dyn(n). We need to check that the above

calculations still follow through. Our evolution equation would now be

>_A

du (1) =
dt - 5 Z Z kpn rrjlmun rl(t)uq«m(t)

r=1[= dmm(n T)m dmzn(r)

—Z Z Kt (£) . (1) (5.68)

r=1 s= dmzn()

This time

> > kb jimfariGrm (5.69)

r=1 l:dmm(n r m:dmzn(r)

(Kl[fug]> = %

n?.]

and

(Kﬂf’g) Z Z EfniGsr (5.70)

r=1 s= dmzn()

For f,g € X we have

1K Lfogll = D> nl(Kalfs gl)ngl

n=2 j=1

oo 00 1 n—1
. /
- § n‘ 5 § § kpn—r,r,j,l7mf7"7lgn—7‘,m|
n=2 .]:1 r=1 = mzn(r) m= dmzn(n T‘)
co oo n—1 0o 0o

S o Z Z Z Z pn—r,r,j,l,m‘fﬁl"gn—hm|

n=2 .7 1 r=1 l:dmzn T‘ m= dmzn(n T‘

< K[lfllgl
since o o - -
Z n—rl9r.m = Z Z fn—r,lgr,m-
=1 m=1 I=dmin(n—7) m=dpmin ()
Similarly

1ELS, glll < KILFINgl-
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Thus we have the same bounds on our K 1 and Ké as we have throughout this
chapter and thus our Theorem 5.26 still holds.

5.5 Discrete Mass and Continuous Diameter

In the previous sections we have looked at a multi-component C-F model in
which a cluster of particles is identified by both its mass and diameter, each of
which is assumed to take only positive integer values. Now we examine the case
where we have a cluster described by a discrete mass variable but a continuous
diameter variable. We let wu,(y) represent the concentration of clusters with mass
n = 1,2,... and diameter y € RT. We shall consider the situation where the
mass and diameter of a monomer have been scaled so that a particle of mass
one has diameter one. Thus the largest diameter we can have in a cluster of n
particles will be when the particles are joined in a single straight line and thus
un(y) = 0 for y > n. We shall consider the coagulation equation for discrete mass

and continuous diameter, which is given by

A (y, t) RSWE
T — 5 ]2 /;zo kn—j,j(y — Z, Z)”n—j(y — Z, t)’UJ(Z, t)dZ

- Z /: ko (4, 2)un(y, t)u; (2, t)dz (5.71)

where £k, ;(y, z) is the coagulation rate for a cluster with mass n and diameter
y < n with a cluster with mass j and diameter z < j. Note that the first term is

zero when n = 1 due to the empty sum and we have that
knj(y,2) =kjn(z,y) <k foralln,j=1,2,... andy <n,z<r.

The total mass and total diameter of the system are given respectively by

g/ooo nuy (y)dy = g/on nug(y)dy (5.72)
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and
Z/O yun(y)dy = Z/O yun(y)dy. (5.73)

The natural space to work in is the Banach space X of all infinite sequences of

real functions {f,(y)}>2;, y € R such that f,(y) =0 for y > n with norm

= - n dy = N ' n d )
T Z/ l )l dy Z/ l fuly)dy < oo

If we wish to prove a theorem analogous to Theorem 5.22, then we are required

to show, for example, that

1 n—1 y
5330 [ Foisl = 52 fussly = 252 < o0
j=1 z=0

or

12 / : o, (ys 2) fu(y) f(2)dz]| < oo.

In order to prove these results we will need to be able to interchange the order of

the summation and the integral. For example

H% § /Zio kn—jj(y — 2,2) fa—j(y — 2) f5(2)dz

< %fj /Z [ bnlgucsty = 21z
- giz [ttt = ey
_ gii [ttty = s
- gi";“’ [ o i@

on puttingl=n—jand x =y — 2
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k 0 n no
< o2 [T [ U os@isei:
ke [" S [
-/ Il + 53 | s
< Kk|[f|* < oo since f € X. (5.74)

As mentioned in Chapter 2, we must apply Fubini’s Theorem extended to
a product of four measures to enable us to carry out this change in order of
summation /integration . Let Q; = Q3 = N, Qy = Q4 = RT, let uy = ug be the
usual Lebesgue measure, let 3 be the usual counting measure on N and define

i1 on N by
pi(M) =Y "m, McCN.

meM

Then we can write

n n—1

& ,
2 ;/yzo ;/Zzon‘f”‘j(y — 2)|[f;(2)]dzdy

oL L] e XG0ty = M) dpa)o(n)

where Xp, X; and Xy are the characteristic functions of the sets F' = [0, n/,
G={1,2,3,...,n— 1} and H = [0, y| respectively.

We can now apply the four-space version of Fubini’s Theorem. By a simple
change of variable we can write f,_;(y — 2)f;(2) as ¢»,;(y,2) = f;i(2)fn(y) and
this is (€21 x Qg X Q3 x Q4)-measurable. Also, since one of the iterated integrals,

namely,
ke © X o
5;/220;/:0:0(] + DI f;() fi2)|dzd=z

can be shown to be finite then all of the iterated integrals are finite and equal.
Hence, we can justify changing the order of summations/integrals and carry out

all of the required analysis to show that the operator K defined by
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K flnly) = % X_: / io b (U — 2, 2 (y — 2,t)u;(z,1)dz
-2 / : kg (4, 2)un(y, t)us(z, t)dz (5.75)

satisfies the conditions of Theorem 2.32. It is possible to show upon pairing these
coagulation terms with any of the reformation terms described previously in this
chapter, but within the discrete/continuous setting, that there exists a unique

non-negative solution to the appropriate ACP.

We have shown that there exists a unique strong, non-negative solution to
various versions of the discrete multi-component coagulation equation with ref-
ormation terms. We also have a strong solution when the equation is extended
to include fragmentation terms. We were then able to verify that if we wished
to have diameter as a continuous variable and mass as a discrete variable, we
would still be able to carry out our usual semigroup analysis to deduce the ex-
istence of a strong solution. In the final chapter we shall return to our regular
one-component C-F equation. We shall investigate what restrictions are required
on a source term N(¢) in order for there to be a unique strong solution to the full

equation.
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Chapter 6

The Coagulation-Fragmentation
Equation with a

Time-Dependent Source Term

Thin films are increasingly being used in physical applications such as optical
coatings and semiconductor devices. There have been many studies into the way
in which thin films grow. Submonolayer growth is an important stage in the
development of thin films and is studied in the form of coagulation and fragmen-
tation equations with monomer input in, for example, [2], [3], [4], [31] and [50].
In these studies there is a ‘capture zone’ around particle clusters and correlations
between size of clusters and the corresponding capture zones are taken into ac-
count when looking at the long-term behaviour of cluster-size distributions. An
investigation into similarity solutions for the Becker-Déring system with a time-
dependent input of monomers of power-like type is carried out in [24] and [57].
In [25] the Becker-Déring system is again studied but this time with a constant
input of monomers. The long-term behaviour of the Smoluchowski equations
is investigated in [27] where the concentration of monomers is to be kept at a

constant level by an input source.

In our regular one-component C-F equation we can consider what would hap-
pen if we added in a source term (dependent on time) which introduced new

particle clusters. If we wished to include a source for each cluster size our C-F
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equation would now look like

du,(t) =

o = —ayu,(t) + j;l a;bn,ju;(t)
" Z b tn5 (58 = 3 Ko (051
HIN@)a, (6.1)

un(o) = fna (712172,3,)

where u,(t), a,, b,; and k,; have their usual meanings and [N(t)], is non-
negative for each n and represents the concentration of n-mers added to the
system from some source. We shall assume that our system without the source
term is mass-conserving and we shall again impose conditions (A1) — (A4). Note

that if we only had a source of monomers we would have

g(t) forn=1
[N(@)]n = .
0  otherwise.

If we transform (6.1) into an ACP in the usual way we have

= Au(t) + Bu(t) + Ku(t) + N(t), (6.2)

where A, B and K are as in Definition 3.2 and (3.33) defined in the Banach space
X of Definition 3.1. We also require that N(t) € X Vt > 0.

From our analysis in Chapter 3 of the ACP

du(t)
i Au(t) + Buf(t), (6.3)

u(0) = f

we know that G = A+ B is the generator of a Cy-semigroup, {7¢(t)}1>0, on X.
So now we can look at the ACP
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= Gu(t) + Ku(t) + N(t), (6.4)
u(0) = f.

For convenience we shall rewrite this as

duft)
= Gult) + Pt u(t) (6.5)

u(0) = f

where F(t,u(t)) = Ku(t) + N(t).

We shall now apply the theory described in Chapter 2 to determine when a

solution of (6.5) is a strong solution.

Theorem 6.1. Let N : [0,00) — X be continuous and non-negative. Then the
ACP (6.5) has a unique mild solution u : [0,ty) — X for every f € X.

Proof: We show that the function F : [0,00) X X — X defined by
F(t,u) = Ku+ N(t), (6.6)
satisfies the conditions of Theorem 2.28. For u € X and t1,t5 > 0

[E(t,u) = F(ta,u)| = [Ku+ N(t) — Ku— N(t)]|
= [IN(t1) = N(t2)]]
— 0 as tl —>t2

since N is continuous on [0, co).

Also, from the proof of Theorem 3.14 we have, for u,v € X,

[F(tu) = Pt o)l = [[Ku+ N(t) — Kv = N(#)]|
= [[Ku— Kl
< 2k[lu = wl|([[ull + f|v]]).
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Hence,
|F(t,u) — F(t,v)|| < L(r,t)||lu — v, Yu,ve B(f,7),

where

L(r,t") = C(f,r) = 4k(|| f]| + )

as in Chapter 3. The result now follows from Theorem 2.28. U

The next aim is to establish a similar result for a strong solution. This will
require imposing a further restriction on N to ensure that the conditions of The-
orem 2.29 are satisfied, i.e. that F(¢,u(t)) is continuously differentiable from

[0,00) x X into X. We can now go on to prove the following

Theorem 6.2. Let N : [0,00) — X be continuously differentiable and non-
negative. Then the ACP (6.5) has a unique strong solution u : [0,ty) — B(f,r)
for each f € D(G).

Proof: The assumption that NV is differentiable allows us to write

F(to+t,¢0+¢) = K(do+ o)+ N(to+1)
= K¢o+ Klgo, ¢] + K[o, o] + K¢
+ N(to) + N'(to)t + tEy, (t)
from [5‘,rp. 346]

(6.7)

= K¢+ K40 (9) +K¢
—

Fréchet Derivative
+N(to) + N'(to)t + tEy, (¢)

= K¢o+ N(to) + K4 (¢) + N'(to)t + Ko + tEyy (1)
= F(t07 ¢0) + S(f07¢0)(t7 (b) + K¢+ tEy, (t)a

where K is as in the proof of Theorem 3.13 and S, 40)(t, ®) = Ky, () + N'(to)t.
It is easily checked that S, 4)(t, @) is bilinear in ¢ and ¢. From its definition
N'(to)t is a linear function of t. We also have that Ky, (¢) is linear in ¢ by
Definition 2.31.
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We now need to check the conditions on the error term. From Definition 2.30

we have that
1 (, &) |l10,00)x x Eto,00) (£ @) = K + tE(to)(t).

Thus
Ko +tE(ty)(t) Ko+ Jy(t)

Eto 0 t7 - -
N [O6] (Gl
where J;,(t) = tE(ty)(t). From its definition J;, () = o([t]) i.e.

B0l
12

—0 as [t|—0.

Hence, given § > 0 there exists § > 0 such that
i ()] < gm for 0 < [t| < 6.

If ||(t, 9)|| <9, then |t] < § and ||¢] < ¢ and

156+ T < IK6]+ 11 7@
€
< 2k))* + St

< (2klloll + 3)(llell + 1)
by (3.39). Therefore, for (t,¢) # (0,0),

K¢+ Jiy (@)

€ €
< 2%||o| + < < 2k6 + <.
[t + o]l 2 2

If we choose § < %, then

K6+ Ju (1)
i+ lell

1.e.

[ K¢+ i, (1)]]

—0 — (0,0

as required.

Since we now know the total derivative S, 4,) of F(to, o) we can check
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whether this is continuous. If we take to,f; > 0 and ¢, ¢; € X then

1S (t0.60) (t; @) = Sttr,00) (£, D)l0,00)x x

[(N'(to) = N'(t:)tlx + [ Ko (¢) — Ko, (0)llx

< tIN"(to) = N'(t)llx + [ Ko (8) — Ky, (9)]1x

0 as (ti, 1) — (to, o) (6.8)

IA

}

since N’ is continuous on [0, c0) and the Fréchet derivative Ky, is continuous with
respect to ¢ € X. O

Theorem 6.3. The unique strong solution u : [0,ty) — B(f,r) of ACP (6.5) is
non-negative for all f € D(G)*.

Proof: The arguments are similar to those found in the proof of Theorem 3.17.
O

Finally, to show that this solution exists globally in time we need to show
that it does not blow up in finite time. Since we know that the unique solution

is strong we have that

Sl = S nfGult)+ 3 nlKu)+ S nIN (),
— IN@IL >0 (6.9

lul = / IN(s)] ds

t
S Mt/ lds
0

= M, (6.10)

since [|[N(s)|| < My Vs € [0,T] for some T" > 0 by continuity where M;, Mr
are constants. Thus we do not have finite-time blow-up and our unique strong,

non-negative solution exists globally in time.

Note 6.4. In the specific case of monomer input discussed at the beginning of
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this chapter we have that

It can be shown that if N(t) has a finite number of non-zero components and
each of these components is continuously differentiable, then N(t) is continuously
differentiable. Thus, in order for the solution to the corresponding solution to be

strong we require that g(t) is continuously differentiable.

We have shown that our regular mass-conserving C-F equation with assump-
tions (A1) - (A4) and an added time-dependent source-term has a unique, non-
negative solution provided that N is continuously differentiable. A possible fur-
ther extension would be to consider a multi-component system, similar to that in
Chapter 5, with an added source-term. It is easy to see that we would require the
same condition of continuous differentiability for the source-term in order for a
unique strong solution to exist. We would also expect similar results if we allowed

mass to be lost during fragmentation events.
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Chapter 7
Conclusion

In this thesis, semigroup-based techniques for showing existence and uniqueness
of strong solutions to the continuous coagulation-fragmentation equation have
been extended to the discrete coagulation-fragmentation equation. In Chapters
3-5 the Kato-Voigt theorem has been used along with perturbation results to show
that unique, non-negative strong solutions exist for various versions of the equa-
tion. In Chapter 3 the system was mass-conserving, in Chapter 4 the system had
discrete mass loss built into it and in Chapter 5 we considered a multi-component
version of the equation. In Chapter 6 conditions under which a unique strong so-
lution to the coagulation-fragmentation equation with an added time-dependent
source term exists have been established. In all cases we imposed minimal re-
strictions on the fragmentation rate but we required the coagulation rate to be
uniformly bounded. The work in Chapters 3 and 4 extends existing results for
the continuous model to the discrete model. Explicit solutions to particular cases
of the pure fragmentation equation were also investigated. Although we have
made some progress in applying semigroup techniques to a variety of coagulation-
fragmentation models, there are still possibilities to extend our work futher. In
particular, to the best of our knowledge, the semigroup approach has not previ-
ously been applied to a continuous version of the multi-component model. An-
other possible extension, as mentioned previously, would be to add a source term

to the multi-component model.
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