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Abstract

This research seeks to extend the understanding of optomechanical collective effects

particularly using modelling based on coherent scattering of light by cold atoms in

free space. We develop a microscopic model and use simulations where we will vary

the properties of the pump field including the use of structured light and bandwidth

modulation looking for distinctive behaviours in measurable outputs. Modelling is

developed based on a weak classical input light field and multiple two level atomic

states with minimal population of the excited states. Firstly we will seek to build and

validate a model based on coupled dipole theory with stationary atoms in regimes

where we would expect to see established collective effects such as superradiance.

We will then look to couple equations of motion based on cooperative optomechan-

ical forces such that we incorporate centre of mass motion into our modelling. We

can proceed to investigate established cooperative effects such as Collective Atomic

Recoil Lasing, (CARL) and optical binding and extend our understanding of these

by adding to existing models or varying key parameters of the cold atomic cloud

or pump field. An investigation of optical binding of multiple cold atoms using our

model is presented. Our results show the existence of stable and metastable config-

urations of atoms, and the occurrence of regular ‘breathing’ in a 2D atomic lattice

due to optical forces arising from cooperative scattering.

As well as the familiar homogeneous plane wave fixed frequency light we will be

considering orbital angular momentum in our pump field and looking to use modu-

lated partially coherent pump fields more consistent with broadband signals found

in nature.



Firstly we focus on CARL where previous work has been generally focused on pat-

tern formation due to mutual light field, atomic cloud interaction involving linear

momentum transfer. We look to investigate similar pattern formation or ’bunch-

ing’ specifically resulting from orbital angular momentum (OAM) in chapter 4.We

find that the light-matter coupling allows for the superradiant transfer of the atoms

between the discrete OAM states. Tuning the ring parameters and the azimuthal

mode number of the pump light, specific angular momentum states can be popu-

lated. Further to this we go on to investigate the effects of amplitude modulation

of the light field signal with a view to extending the frequency range of the light

field and extend prior work indicating enhancement of cooperative effects in the case

of phase modulation in the case of CARL in chapter 5. We successfully demon-

strate enhancement of measurable cooperative effects in our case corresponding to

the resulting temperature increase in the atomic cloud.



i

Nobody ever figures out what life is all about, and it doesn’t matter.

Explore the world. Nearly everything is really interesting if you go into

it deeply enough.

— Richard P. Feynman
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1 Introduction 1

1 Introduction

1.1 Light Matter Interactions

One of the earliest recorded examples of evidence of forces associated with light

fields was the observation that a comet’s tail always points away from the sun as

a result of observations by Johannes Kepler in the seventeenth century. Further

work to demonstrate these anticipated interaction forces consistent with Maxwells

electromagnetic theory of light were published in the early twentieth century by

Nichols et al. [1] and Lebedev [2]. The forces considered were extremely small and it

was not until the development of the laser that available intensity gradients allowed

the investigation of the acceleration and trapping of particles under strong light fields

particularly progressing with work such as Ashkin’s in the 1970s [3]. The following

sections in the introduction will be used to give an overview of relevant phenomena

in this field concerning scattering, optical forces and cooperative effects.

1.1.1 Scattering

In this work we consider semi-classical model of the light-matter interaction, where

the internal atomic dynamics (coherence, population) is described quantum mechan-

ically or microscopically, but the optical fields and the atomic centre-of-mass motion

are described classically or in macroscopic terms.

The process of scattering of electromagnetic radiation (which we shall refer to as light

generally) by matter is fundamental to this research and will be described further in
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this section. The scattering of light results in the dispersion of modes in the incoming

light field into other available modes potentially in different directions in an elastic

or inelastic interaction.

The majority of early studies of light transport and scattering in the natural world

dating from the early 20th century [4] considered a dense environment of scatterers.

These environments can be considered as multiple scattering regimes, in which case

the light field progressing through such a distribution would tend to be incoherent

and follow a diffusive path. We will generally consider a coherent single scatter-

ing regime in this work, however, several useful general concepts in light matter

interaction will be described further here and in section 1.2.

In response to a light field matter can display optical polarisation, P in terms of con-

stituent charged particles responding to an electric field, E, resulting in a transient

polarisation effect proportional to the size of the field and the susceptibility of the

material, χ(n)(ω), which is related to the refractive index, n, as discussed in section

1.2 . For example when subject to electromagnetic radiation different types of matter

which could include clouds of atoms will generally have an inherent polarisability,

P = ε0

(
χ(1)(ω)E + χ(2)(ω)E2 + χ(3)(ω)E3 + ...

)
, (1.1)

where ε0 is the vacuum permettivity.

When we refer to linear optics the polarisation effect responds linearly to the electric

field of the light involving only the first order term of the susceptibility tensor. It

is only for very high intensities of electric field (where the electric field strength is
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comparable to the atomic electric fields) that higher order terms become significant

and related non-linear optical responses will occur introducing new and harmonic

frequency responses.

1.2 Transport of Light Through Atomic Media

We will consider a plane wave monochromatic light field interacting with a simple 2

level atom. We will assign wavenumber, k to this field and introduce the detuning,

∆0 = ω0 − ωa which is the frequency difference between the light field, ω0 and the

resonant 2 level atomic transition, ωa. We will add some detail to the description of

the transport of light through a multiple scattering environment which will introduce

some useful concepts. We can consider a macroscopic model taking into account

wavelength and phase dependency. If we consider the complex susceptibility χ(ω)

[5] which will be familiar from the common formula for the refractive index of a

homogeneous medium, n2(ω) = 1 +χ(ω). This describes a measure of the dephasing

of a wavefront across a given medium, considering the length of travel across the

medium, L, the induced phase shift, ϕ(ω), and transmitted intensity, T (ω), will be

[6],

ϕ(ω) = Re(χ(ω))kL/2, (1.2)

T (ω) = exp[−Im(χ(ω))kL]. (1.3)

Equation 1.3 is often referred to as the Beer-Lambert law describing optical field at-
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tenuation. This provides a variable we will make further use of, the optical thickness,

b, which corresponds to the negative of the argument of the exponential in equation

1.3, which in the case of considering an atomic distribution of atomic dipoles with

an interaction cross section of σsc(∆0),

b(ω) = Im(χ(ω)kL) = Nσsc(∆0)L, (1.4)

[7] where N is the atomic density. The scattering cross section, σsc at detuning, ∆0

is related to the resonance cross section, σ0, by,

σsc(∆0) = σ0

1 + 4∆2
0/Γ2 . (1.5)

It is worth confirming as implied by equation 1.5 that the optical thickness also

diminishes rapidly with increasing ∆0 by an inverse square relationship (where de-

tuning is increased to values much larger than the linewidth) as follows,

b(∆0) = b0

1 + 4∆2
0/Γ2 . (1.6)

The optical thickness is clearly important in terms of the nature of the scattering

interaction between a pump field and a medium and is commonly referred to in cold

atom research around cooperative effects. If we use the approximation σ0 ≈ 1/k2

the resonant optical thickness, b0, following from equation 1.4 can be given as,
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b0 ≈ N

(kR)2 , (1.7)

where N is the number of atoms, which is commonly used, though there may be

a difference of a factor of 3 depending on whether the scalar or vectorial model is

being considered which is further described in section 1.6. The relevance of the

optical thickness, b(∆0) and the quantitative dependency on it for our simulations

are explained along with other assumptions in section 2.1.

1.3 Single Scattering

When we refer to a single scattering environment this can be understood as the most

likely outcome being a single scattering event for each wavefront that passes through

a distribution. This has implications for our model and related assumptions discussed

here which we will elaborate on in 2.1. A dilute distribution of particles will provide

such an environment and is representative of the cold atom clouds we will base the

modelling on in this research. We consider the atoms as point scatterers consistent

with Rayleigh scattering [8], where particles are much smaller than the wavelength

of the light field. The frequency of the light field will determine the interaction

strength, therefore the scattering length determining the likely distance between

scattering events and whether we have a single or multiple scattering environment.

The interaction strength depends on the light field frequency relative to resonances

where there is a permanent or induced dipole moment for atomic scatterers. The

interaction can be elastic or inelastic depending on whether the frequency of the

scattered light field is the same as the incoming field or whether there has been
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some removal of electromagnetic energy into non-radiative states. Where Rayleigh

scattering events occur independently for an unpolarised light field this results in

isotropic scattering (we will discuss examples of cooperative effects in the next section

1.5.

For comparison where the scattering particle is on the scale of the light field wave-

length, this is known as the Mie [9] scattering regime, for the example of a uniform

spherical scatterer the intensity of the scattered light field would be anisotropic usu-

ally favouring forward and backward scattering as shown in figure 1.1.

In the case where a scattering particle is much larger than the wavelength of the light

field, this would usually be described as geometrical optics. Therefore the standard

macroscopic laws of reflection and refraction as described in [10] would be sufficient

to describe the resulting intensity and direction of the light field for such interactions.

Figure 1.1: Incoming light field with intensity I0 and scattered light field intensity
indicated by size of arrows shown for (a) point scatterer (Rayleigh scattering) and
(b) wavelength scale uniform scatterer (Mie scattering)
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1.4 Optical Forces

Returning to our plane wave monochromatic light field interacting with a simple 2

level atom we can give an overview of the principles involved in light induced forces

used in the course of this research. We have introduced optical polarisation, P and

susceptibility, χ(n)(ω). At a low density of atoms which we will define in relation

to the light field wavelength as Nk−3 < 1, where the susceptibility is related to the

individual atomic polarisability, α(ω) by χ(1)(ω) = Nα(ω) [6]. We also work within

a regime of a linear first order polarisation response to the light field (the criteria for

which will be described further in 2.1). We can now consider the individual dynamic

atomic response to the light field in terms of the induced dipole moment which we

will label, d, where, d = α(ω)E.

Now we can define the dynamic interaction between the light field and the induced

dipole responsible for the optically induced forces we are interested in. Where we

have 2 level atoms in a light field with a small detuning compared to the transition

frequency this interaction potential is responsible for mixing of the 2 states of the 2

level atom in terms of populations and atomic coherences with a dependency on the

Rabi frequency, Ω0 which represents the oscillation rate between ground and excited

states in a 2 level atom in a constant monochromatic light field. The Rabi frequency

plays an important role in the Couple Dipole Model (CDM) described in section 1.6,

is introduced further in our boundary conditions and assumptions 2.1 and is key to

our model development in section 2.2.

The induced dipole single atom interaction potential can be described as [11],
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Udiplole = −1
2⟨d · E⟩ = − 1

2ϵ0c
Re[α(ω)]I , (1.8)

where the angular brackets here and throughout represent a time average, we are

considering the real part of the complex atomic polarisability and I is the light field

intensity which we define as, I = ϵ0c|E|2/2. The real component of the polarisability

is associated with the dispersive part of the interaction also known as the in-phase

dipole oscillation. Whereas the imaginary part is associated with the absorptive part

of the interaction also referred to as the out-of-phase dipole oscillation.

We can see from equation 1.8 that potential gradients and thus optical forces due

to the light field interaction with a single neutral atom (with a frequency dependent

polarisibility) are possible where there are variations in the light field intensity. For

example where we have a coherent light field in a single scattering environment

producing interference patterns.

Therefore the resulting dipole force is,

Fdiplole = −∇Udiplole. (1.9)

For our single atom model in a monochromatic light field there is another distinct

interaction force known as the scattering force or radiation pressure. This is the

principle force used in laser cooling or optical molasses which is defined in detail in

[12].

We will use a simplified explanation here, we will assume the light field is of a res-
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onant frequency with the 2 level atom (or close to resonance as there is a natural

linewidth related to the power absorption or emission from a given oscillating dipole

or our 2 level atom). There will be absorption and spontaneous emission of photons

described by the familiar Einstein A and B coefficients for absorption and sponta-

neous emission, these concepts are explained in further detail in [13].

The atom will experience a recoil momentum change in the absorption process and

later a second momentum kick in the emission process. Each absorbed photon gives

the atom a kick in the direction of the light field and the spontaneously emitted

photons will give a kick in a random direction for each absorption. We will consider

that over many absorption emission sequences that the second momentum kick in

each cycle averages to zero (resulting in slowed atoms exhibiting a diffusive motion

pattern similar to Brownian motion [14]). This infers that the resulting force ex-

perienced by the atom will be a product of the photon momentum, ℏk (where we

again have wavenumber k assigned to the light field) and the photon scattering rate,

Γscatter equating to one cycle of photon absorption and emission.

Fscatter = ℏkΓScatter. (1.10)

The relative scaling of the dipole force, the scattering force, the detuning and the

Rabi frequency is an important consideration with regards to observing cooperative

phenomena in different regimes. There is further explanation of this and a full

derivation in section 4.1 with equation 4.6 indicating the relative scaling of optical

forces in particular with detuning. This will be relevant in the parameter choices

made in relation to particular phenomena where the relative proportion of these



1 Introduction 10

forces is important. In summary the key relationships are,

|Fdipole| ∝ I
∆0

, (1.11)

|Fscatter| ∝ I
∆2

0
. (1.12)

1.5 Cooperative Effects

In the natural world there are various fascinating examples of unexpected and often

awe inspiring group behaviours with a large collection of interacting individual ele-

ments showing pattern formation or self-synchronisation due to driven interactions

between neighbouring individuals. This reinforcement of large scale observable co-

ordination within groups can be seen in ripples in the sand or dune formation in

the desert, large scale murmurations in flocks of starlings or regular light patterns

evolving from initially random individual flashing from large groups of fireflies [15].

Relevant to this research we will focus on the example of the scattering of a light field

by a cloud of cold atoms, the mechanics of this interaction are described earlier in this

section, here we will consider the intensity distribution of the scattered light field.

Where we have a coherent light field and we are in a single scattering regime detailed

further in 1.1.1 and 2.1, there is the possibility of interactions between individual

scatterers leading to observable cooperative effects.

The definition of cooperativity itself in this particular scenario is worthwhile here, a
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good starting point is the position that the term cooperativity should be ’reserved for

effects that could not be explained by the mean field approach of traditional optics’

[16]. This can be demonstrated using the coupled dipole model, (CDM), to calcu-

late the mutual evolution of the atomic distribution and resultant field properties

(calculation of which is detailed further in section 1.6).

In order to help with this definition there are experimental observables that are

generally extensive, i.e. that increase proportionally with the number of atoms, the

amount of scattered light in a multiple scattering regime would fall into this category.

There are also intensive observables for our cloud of atoms which are generally inde-

pendent of the number of atoms which would be the case for susceptibility, χ(n)(ω)

1.1.1. It is useful to make the assertion that if an extensive property under certain

conditions is no longer proportional to the number of atoms or if an intensive prop-

erty became dependent on the number of atoms (in reproducible circumstances with

the same findings for repeated observations), then consistent with other research

in the field [6] we would take this as a good indication of cooperative effects being

responsible.

Where there is no interaction or a weak interaction between individual scatterers in

simple terms the scattered light field intensity will be proportional to the number

of scatterers. However in the case of a strong interaction in a similar fashion to the

examples from nature described above there can be correlation in the scattered field

due to evolving synchronisation of coherent scattering. A significant result in this

case is that the scattered field intensity can evolve in proportion to the number of

scatterers with a power law larger than one.

Several terms exist describing this phenomena for which we will give a brief overview
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here. Where we have a scattered intensity distribution showing an intensity pattern

favouring particular directions with a relationship of, Iscatter ∝ Nγ, where γ > 1, this

is generally termed superradiance [17]. Where a cloud of independently excited cold 2

level atoms emit radiation due to relaxation to the ground state a collective evolution

to cooperative enhanced emission patterns as described can be observed, in this case

labelled as superfluorescence by Bonifacio [18]. Where a probe field propagates

through a gain medium which has not reached the threshold for amplification by

stimulated emission required for lasing, conditions for superradiant intensity profiles

also occur and in these circumstances this is labelled amplified spontaneous emission

[19].

1.5.1 Superradiance, Subradiance and the Collective Lamb Shift

We will return to the particular case of the cooperative scattering of a light field by

a cloud of cold 2 level atoms resulting in superradiant behaviour as described in the

previous section. Additionally considering areas of lower intensity scattered field in

particular directions due to cooperatively induced reduced scattering rate known as

subradiance [20] and cooperative resonance shifts also known as the collective Lamb

shift [21] in the linear optics regime. We will take a closer look at the nature of these

phenomena which have generated more interest in recent years with the study of

different varying densities, materials, geometries and weak fields approaching single

quanta of energy interaction regimes termed as single photon superradiance [22].

Initial studies by Dicke [23] suggested that cooperative effects in special cases of light

matter interaction such as superradiance would only occur with clouds of atoms on

a scale of a wavelength or less where Nk−3 ≫ 1, again using the atomic density,
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N and radiation field wavenumber of k. In recent years it has been established

theoretically and experimentally that the weak field regime (further defined in section

2.1) allows for the study of coherent cooperative effects in dilute larger cold atom

clouds. Significantly this provides more opportunity for experimentally reproducible

modelling [24].

Superradiance emerging from a cloud of strongly coupled cold atoms will result in

absorbed light being emitted in a shorter timescale and hence a higher intensity

than it would be based on the standard spontaneous emission time of a single atom.

This is a coherent light mediated effect with a dependency on the relative positions of

atoms within the cloud, resulting in a collective decay rate, ΓCooperative [25]. This has

a dependence on the optical thickness, b(∆0) and a geometry dependent numerical

structure factor in the order of 1 that we shall label, ζShape,

ΓCooperative = ζShape
N

(kR)2 Γ, (1.13)

where N is again the number of atoms for a distribution approximating to a 2

dimensional profile of R2 in the dimensions transverse to the light field propagation

direction. In optimal conditions for superradiance revealed by experimental results

[26] this corresponds to γ = 2, for Iscatter ∝ Nγ and values of ΓCooperative ≊ 2.5Γ.

It is perhaps helpful to also consider the scattering rate in terms used in 1.4 in terms

of dipole interaction potential and atomic polarisibility. In this case we can define

the scattering rate to be the power absorbed by the atom divided by the energy of

an emitted photon which would give us,
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ΓScatter = ⟨ḋ · E⟩
ℏωa

= 1
ℏϵ0c

Im[α(ω)]I . (1.14)

We can see that the very nature of the strong field-dipole and dipole-dipole interac-

tions consistent with the described nature of cooperative effects can in this case lead

to the development of a macroscopic dipole response. If we look at equation 1.14 we

can see that the individual induced dipole term will be subject to the development

of the macroscopic dipole response resulting in deviation from the standard single

atom values.

Subradiance is a coherent cooperative effect which can be considered as a result of

destructive interference. Due to the related extended time taken for scattered ra-

diation to propagate from a distribution it can be easily confused with a simpler

radiation trapping effect in a multiple scattering regime. Again taking into consid-

eration the induced dipole response of the atoms to the light field there are cases

where dipoles will be oscillating in-phase with each other corresponding with a su-

perradiant response and there will also be cases where dipole are oscillating out of

phase with each other leading to a subradiant response. Investigation of these states

has proven difficult experimentally [20] due to these states being very fragile and

potentially being disrupted by various non-radiative decay mechanisms.

We will make use of the Dicke model [27] which considers cold atomic cloud samples

which are less than a wavelength of the light field. In-phase symmetric superpo-

sition of induced dipole states results in superradiant behaviour and out-of-phase

antisymmetric superpositions of such states correspond to subradiant behaviour.

In spite of the difficulties subradiant behaviour has been observed experimentally in
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line with the Dicke model for 2 ions [28] and a subradiant decay rate in one radiation

mode for N ≫ 2 atoms [29].

We now know as a result of this and further research that in the dilute larger scale

environment in the case of N ≫ 2 atoms long range dipole-dipole interactions will

induce superradiant and subradiant effects. It has also been found that collective

states due to long range interaction can be suppressed by short range interactions

[30]. Therefore in a departure from the small and dense atomic cloud geometry of

Dicke’s original study but using the model concepts and later results, a large and

dilute atomic sample would be more favourable for the observation of the described

subradiant states.

Returning to the collective lamb shift whereby an observable shift can be observed

from the single atom transition frequency due to a cooperative contribution to the

Lamb shift. This effect which occurs under the same conditions as superradiance

and subradiance, first theorised by Lamb [31] is described as an energy shift to

the transition atomic levels related to interaction between the atom and vacuum

electromagnetic field modes. Again due to coherent dipole dipole interaction there

is a cooperative contribution which can be identified using the CDM which will be

described in detail in following sections. The resultant collective dipole response of

the atomic cloud has a real component describing the cumulative cooperative decay

rate and an imaginary cumulative term describing the cooperative Lamb shift which

will be described in section 2.2 with reference to equation 2.13.
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1.6 The Coupled Dipole Model (CDM) with Stationary Atoms

Our area of interest requires a representation of a cold atomic distribution in a weak

coherent homogeneous pump field. It would be helpful here to illustrate a simplified

model of an electromagnetic coherent pump field interacting with a distribution of

cold atoms which for our purposes represent point dipoles this is shown in figure

1.2. This will enable modelling effects taking account of the scattered radiation

field and coupled forces acting on the atomic ensemble. Classical analogies have

been developed [32] with a view to deriving a set of coupled differential equations

for the time development of atomic dipole amplitudes (atomic coherences, generally

referred to as β) equivalent to those established via a fully quantum model which

will be developed in chapter 2.

For our atomic cloud we have a system of N two level atoms (treated as point

dipoles in our modelling) with amplitude βj, position rj, initial condition βj(0) = 0

and spontaneous decay rate, Γ or linewidth of the atomic transition, where ωa again

represents the atomic transition frequency. k0 is the pump field wave vector and

k0 = 2π/λ0 is the wavenumber. It is important to point out that this methodology

is representative of a scalar model of interaction which is valid for our simulations

following assumptions described in 2.1. This means that polarisation characteristics

of the field are ignored and near field dipole-dipole interaction terms are ignored

which with our assumptions 2.1 do not have a material effect on the measurable

outcomes we are looking to explore further. At this point we are considering a cloud

of stationary cold atoms from which our microscopic model will be able to provide

data which can be used to determine scattered field profile and related information
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Figure 1.2: Simplified diagram of pump field aligned along Z axis, unpolarised in the
transverse XY plane, interacting with a cold atom distribution which can be 2D or
3D.

about collective state lifetime of the scattered field.

1.7 Collective Atomic Recoil Lasing (CARL) and Coopera-

tive Centre of Mass Motion

Collective Atomic Recoil Lasing (CARL) was based on theory developed by Bonifacio

et al. [33]. This is an opto-mechanical phenomena based on collective effects in cold

atomic systems. This is described by simultaneous evolution with mutual feedback

of optical fields and density of the atomic distribution. The initial model for CARL
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was based on a strong optical pump field interacting with a cloud of 2 level cold

atoms, resulting in a scattered field usually in a direction influenced by available

cavity mode directions or potentially geometry of the distribution. Where the atomic

cloud has a principle axis similar to a 3D cigar shape or a 2D ellipse the scattering

modes along this axis will dominate as has been demonstrated experimentally using

a Bose-Einstein condensate showing the emergence of ’end-fire’ modes [34].

In the case of a typical cavity example of CARL the scattered field is counter-

propagating to the pump field. Initially this field corresponds to Rayleigh scattering

from individual atoms, where we have long coherence time or enhanced interaction

time e.g. within a cavity there will be interference between pump and backscattered

or probe field creating a varying potential field. Where there is a potential gradient

cold atoms are displaced to locations of minimum interaction potential which results

in a grating effect of atomic distribution corresponding with a period of half the

wavelength of the pump field as shown in figure 1.4.

The theory has since been confirmed experimentally [35] and further investigations

involve for example multimode CARL in free space [36]. A feature fundamental to

CARL is the preferred direction of the scattered field which can be influenced by the

shape of the atomic distribution particularly if there is a principal axis or by available

modes in a cavity. At a microscopic level the exchange of linear momentum between

the pump field and atomic distribution also leads to atomic grouping in momentum

space due to preferred scattering direction which will be revisited in later sections

considering CARL involving the exchange of orbital angular momentum with the

pump field rather than linear momentum.

We will need to extend our model to incorporate atomic centre of mass motion
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based on the optical forces described in 1.4 in order to model bound states, pattern

formation and CARL in different regimes.
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Figure 1.3: CARL evolution initial state at t=0 showing pump and initially random
2D elliptical distributed cloud of atoms.

Figure 1.4: CARL evolution at t>0 showing pump, probe (scattered) field and result-
ing pattern from atomic motion induced by CARL. The initially random 2D elliptical
distributed cloud of atoms tends towards the grating formation corresponding to re-
sultant optical field interference giving rise to potential gradients.
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1.8 Cold Atom Physics in Relation to Broadband and As-

trophysical Phenomena

Experimental studies of interactions involving light and atomic gases are usually

relatively modest in scale, typically involving gases with dimensions in the regions of

mm to cm. However features of these interactions occur on much lager spatial scales

in astrophysical situations. An example of this is the similarity in character of a cloud

of cold atoms scattering a light field in a magneto-optical trap (MOT) commonly

used in cold-atom experiments and a star. Although vastly different in size, both rely

on a balance between radiation pressure forces and opposing, compressing forces. In

the MOT, the compressing force is produced by the magnetic trap, whereas in the

star the compressing force is produced by gravitational attraction.

Laboratory analogues of astrophysical radiative phenomena have been proposed e.g.

”photon bubbles”. Photon bubbles in astrophysics arise when a stellar atmosphere

with uniform luminosity across its surface becomes unstable. The result of this insta-

bility is a stellar surface with highly non-uniform density and non-uniform luminosity.

Laboratory analogues of similar instabilities have been predicted by Mendonca et al

[37] and experimentally observed by Giampaoli et al [38].

Another example of interactions with relevance to astrophysics are those involving

broadband or thermal radiation sources which can also be described as blackbody

radiation. In astrophysics, such sources are far more common than coherent, laser-

like radiation. Theoretical studies by Sonnleitner et al [39] have predicted that a

body emitting blackbody radiation can exert an attractive force on a nearby mass,

and that this attractive force can dominate the force of gravitational attraction. The
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existence of this temperature and spatially dependent attractive force was confirmed

experimentally by Haslinger et al [40] using Caesium atoms detecting this force with

atomic interferometry.

Again in the stellar example huge light field intensities are considered in order to have

a significant impact on the surrounding high energy particles. This is more consistent

with a multiple scattering regime the conditions for which are described earlier in

the Introduction and further within model assumptions 2.1. In this non-coherent

regime at larger optical thickness it is possible to investigate the coupling of field

intensity to density in cold atom fields with a view to observing similar oscillations

and structures as to those described in the stellar regime. Without going into detail

the multiple scattering environment can be described by diffusion equations similar

to energy transport via Brownian motion [14]. For areas of high electromagnetic

radiation intensity the multiple scattering sometimes also referred to as radiation

trapping can be considered to generate a coulomb like repulsive force on the atomic

media which has previously been demonstrated experimentally [41].

We think these examples show mechanisms by which there can be a reasonable

comparison between effects observed using cold atom physics and larger scale natural

and astrophysical phenomena with thermal rather than monochromatic radiation.

1.9 Thesis outline

This thesis consists of six chapters. Following this introduction which serves to

provide context, chapter 2 presents a technical overview of developing and validating

our model considering signature cooperative effects from a stationary atomic cloud
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using the Couple Dipole Model (CDM). In particular we describe the phenomena

of superradiance using data generated from simulations to evaluate scattered field

intensities. In chapter 3 we couple the model to centre of mass motion resulting

from light matter interaction forces with a more detailed derivation of a microscopic

model. This allows us to look at the phenomenon of optical binding [42] taking

the opportunity extend the atom numbers involved. This is the basis for the code

developed for our model used throughout [43].

Chapter 4 describes superradiant CARL considering a light field with Orbital Angu-

lar Momentum (OAM) [44] extending work done on CARL. This work also considered

azimuthal pattern formation measured by optical magnetisation, M described fur-

ther in 4.2.2 also described as bunching in cold atom distributions considering OAM

transfer rather than with light fields solely carrying linear momentum. Further to

this we took the opportunity to investigate if OAM could be transferred form a first

trapped atomic ring using a plane wave pump field to a second trapped atomic ring.

Chapter 5 describes a model of interactions where the optical field is no longer

perfectly coherent but instead is partially coherent. Enhancement of cooperative

effects in particular cases under pump field modulation was investigated.

Chapter 6 summarises our results and conclusions with reference to opportunities to

apply to current research and potential for extension and continuing development of

ideas.
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2 Cooperative Scattering of Light by a Gas of Sta-

tionary Atoms

In this chapter we describe cooperative effects in light matter interaction with the-

oretical and experimental precedent. We seek to construct a microscopic model to

allow further investigation of light matter cooperative phenomena. We will derive a

set of equations based on the CDM [45] from which we can determine behaviour of

the scattered field and look for signature cooperative behaviours. We will also de-

scribe the required conditions and assumptions that are necessary or provide optimal

conditions for these phenomena.

2.1 Boundary Conditions and Model Assumptions

Further to the introduction and initial description of light matter interactions and

cooperative effects that we are interested in there are certain criteria applicable to

both the light field and the atomic distribution which are required for the CDM

regime. We will specify here particular assumptions that will be applied throughout

this research to the fully cooperative model based on coupled dipole theory which

we will use for running simulations. Where any additional parameters or slight

variations to these conditions are applied that will be specified in the particular

section concerned.

• The light field is considered to be monochromatic and time harmonic with negli-

gible amplitude variation in the region in which the model operates.
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• The atoms are considered to be point dipoles with thermal velocities v satisfying

the frozen model approximation k0v ≪ Γ, where Γ is the two level atom (dipole)

transition linewidth.

• The model operates in the weak driving or low excitation regime. This is described

where the saturation parameter, s ≪ 1, where,

s = 2Ω2
0

(Γ2 + 4∆2
0)

. (2.1)

Where we introduce the Rabi term which has a determining factor on inter-

action strength, Ω0(r) = Ω0 exp{ik0 · rj}, Ω0 = dE0/ℏ. Using variables from

figure 1.2 and consistent with treating atoms as point dipoles, d, the dipole

interaction term would be the dipole matrix element for the 2 level atomic

transition. In some cases the condition of s ≪ 1 is considered comparable to a

single excitation within the distribution which has been the assumption used

in previous research into collective effects in the cold atom regime including

single photon superradiance [22].

• Further from section 1.4 with the saturation parameter, s defined as above with

further derivation we can rewrite the equations for the optical dipole and scat-

tering forces as [46],

Fdipole = −ℏ∆0

6
1

1 + s
∇s, (2.2)

Fscatter = ℏk0Γ
6

s

1 + s
. (2.3)
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We can see from equation 2.3 that the scattering force will saturate as s in-

creases which is not the case with the dipole force. Where s ≪ 1 this is termed

the ’weak field’ regime in which the population of two level atom states can be

considered to be in the ground state.

• The first Born approximation [47] is applied which in effect defines single scatter-

ing rather than multiple scattering per incident light field wavefront passing

through a distribution. In view of the scattered field being weak in comparison

to the incident field, the incident field is considered to be the same throughout

the distribution.The single scattering regime can be considered the case where

the saturation parameter condition 2.1, s ≪ 1 is applied, and the optical thick-

ness is small in the region of b(∆0) ≤ 10 .

• The Markovian approximation is applied. This considers system evolution in time

frames much greater than photon interaction time with the cloud of atoms

[48], therefore the dynamic evolution of the system depends only on its current

state.

• The Rotating Wave approximation is appropriate in this regime where the incident

field frequency is in a similar order of magnitude to the atomic transition

frequency such that derived terms in the interaction Hamiltonian HI with

phase oscillation at a frequency of (ω0 + ωa) are ignored and terms with phase

oscillation at the detuning frequency of ∆0 = (ω0 − ωa) are kept.

• It is assumed that the incident radiation field is scalar considering a single ex-

citation state where the polarisation of the light field is not specified. This

is relevant to the calculation of scattering cross section and optical thickness

which are pertinent to field amplitude and intensity calculations.
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• The scattering process is considered to be completely elastic, no frequency re-

distribution mechanisms are considered (no Raman, Brilliouin interactions or

Doppler related shifts in absorbed or transmitted frequency for example).

• Our model assumes classical atomic motion and interaction models. This condition

is met and maintained where the superradiant scattering rate is greater than

the single atom recoil frequency [49]. The linear recoil frequency is, ωr =

ℏk2/2m. This condition applies in cases of recoil resulting from both linear

momentum and orbital angular momentum (OAM) which will be defined in

section 4.2.1. We define a superradiant scattering rate, Γk′ , into scattered

mode, k′, of,

Γk′ = Ω0

∆0

√
ΓωrN
(k0R)2 , (2.4)

• For the start of simulations unless indicated otherwise the initial atomic coherence

values are βj(0) = 0.

• The atomic coherences, βj will relax to equilibrium in the timescale of Γ−1 which

is negligible in comparison to the timescales of relative atomic motion for our

models. This is generally referred to thoughout as the adiabatic approximation.

2.1.1 Experimental Values for Comparison with Simulation Assumptions

We will attempt to provide here some comparable values for the assumptions we

have provided in terms of variables applied in experimentation with cold Rubidium

atoms in a dilute single scattering interaction with the pump field.
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The relevant values for an on resonant pump field for the D2 transition of 87Rb atoms

shown in figure 2.2 [50] are provided here.

The wavevector, k0 = 8.053x106m−1, the transition wavelength λD2 = 780.2nm and

the transition linewidth Γ = 6.065x106(x2π)s−1 [51].

For a theoretical 3D distribution of Rubidium atoms we might have N , the number

of atoms being 1x106 for a distribution with k0Rx,y = 100, considering Rx,y to be the

transverse dimension (considering a cigar type shape with the long axis along the Z

axis for convenience) as shown in figure 2.1.

Figure 2.1: Ellipsoid 2 level atom 3D distribution.

This equates approximately to a resonant optical thickness, b0 1.7 of around 100

for a major minor elliptical axes ratio of around 5. Where we introduce detuning

and consider b(∆0) 1.6 this rapidly decreases to values below 1 for a detuning value
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of 5 for example (we will use units of linewidth, Γ, throughout for Rabi term and

detuning values of the pump field).

A pump field operating at 1.65mWcm−2 has been used in experimentation [52] repre-

senting a weak field near resonance appropriate for cooperative coherent scattering.

This represents around 0.02 of the saturation intensity for the Rb D2 transition [52].

For simulations incorporating atomic motion considered here from chapter three 3.

The ’slow’ atomic motion model approximation is useful , k0v ≪ Γ, with thermal

velocities, v representing an rms value for velocity. We can then take temperature,

T = mv2/2kB considering 2 degrees of freedom in this case we can evaluate that

we would be considering temperatures of much less than 100µK for our simulations

or in equivalent experimental settings. For context the Doppler cooling limit is

approximately 150µK with a theoretical recoil temperature of afew µK [53].
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Figure 2.2: Diagram showing Rubidium atomic states and typical doublet transitions
of alkali metals commonly used in experimentation and simulations as 2 level atoms.
We will use the D2 transition data (given to six significant figures here for reference)
for our two level atom modelling throughout [51].

2.2 Classical Derivation of the Coupled Dipole Model

We will develop our light field, 2 level atom interaction picture with a more detailed

view of the 2 level atom. It is useful here to add to our original interaction diagram

with a little more detail on the internal atomic picture.

Our 2 level atoms have a single outer shell electron which enables us to treat tran-

sitions between available energy levels in a simple hydrogenic fashion. The starting

point is an equation of motion for the outer shell electron behaving as a classical
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Figure 2.3: Simplified diagram of pump field aligned along Z axis, unpolarised in the
transverse XY plane, interacting with 2 level cold atoms with key features shown.
The atoms in the cloud have positions rj

harmonic oscillator with frequency ω, from which point we will develop a picture

of the evolution of the internal atomic dynamics interacting with a classical field

[32][54].

∂2rj(t)
∂t2

+ ω2rj(t) = e

m
E(t, rj), (2.5)

where E(t, r) is the electric field, e and m are the charge and mass of an electron,
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respectively. For correlation with microscopic Maxwell equations it is useful to define

the current density j(t, r),

j(t, r) =
N∑
j=1

e
∂rj(t)
∂t

δ(r − rj), (2.6)

Using the curl of the Maxwell-Faraday equation, substitution of Ampere’s Law, ap-

plying the vector calculus identity, ∇ × ∇ × E = ∇(∇ · E) − ∇2E and as a result of

initial assumptions taking ∇ · E = 0, due to balanced charges over the slow varying

E field amplitude considered, the following equation can be derived,

∇2E − 1
c2
∂2E
∂t2

= µ0

N∑
j=1

e
∂2rj(t)
∂t2

δ(r − rj). (2.7)

Ansatz solutions for the E field and electron position, rj are helpful in line with

dipole approximation, consistent with [32] we look for solutions in the form,

E(t, r) = A(t, r) exp(−iωt) + E0 exp(−iωt+ ik · r), (2.8)

rj(t) = βj(t) exp(−iωt), (2.9)

where A(t, r) and βj(t) are slowly varying functions in comparison to ω. Substitution

of 2.8 and 2.9 into 2.5 and 2.7 provides initial differential equations representing

dipole amplitudes.
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∂βj(t)
∂t

= ie

2ωm
[
A(t, rj) + E0 exp(−iωt+ ik · r)

]
, (2.10)

∇2A+ k2A = −ω2µ0e
N∑
j=1

βj(t)δ(r − rj). (2.11)

Now we can find a solution for A(t, r) using a spatially retarded Green’s function

transformation applied to the Helmholtz type equation 2.10 which produces the

result,

A(t, r) = ω2µ0e

4π

N∑
j=1

βj(t)
exp(ik0 |r − rj|)
ik0 |r − rj|

. (2.12)

The result for A(t, r) in equation 2.12 can be substituted into 2.11 and now we have

a resulting equation which is familiar and matches terms defined in the commonly

accepted Coupled Dipole Model [24].

∂βj(t)
∂t

= −Γ
2βj − i

Ω0

2 exp(ik · rj) − Γ
2
∑
m̸=j

βm
exp(ik0 |rj − rm|)
ik0 |rj − rm|

, (2.13)

We have used the substitutions for the linewidth, Γ = ω2e2/8πϵ0mc
3 and Rabi term,

Ω0 = dE0/ℏ introduced in section 1.6. We will also use the detuning, ∆0 = ω0 − ω,

representing the difference between the driving frequency and the oscillator fre-

quency, where ∆0 ≪ ω. This is the source of an ei∆0t factor on the βj(t) term, in

most cases in our time frames βj(t) can be considered to be equivalent to βj(t)ei∆0t.

The cumulative cooperative third term on the RHS of the equation represents dipole-
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dipole interaction and as such applies influence of atoms rm relative to the atom in

position rj. Further description of these terms is available in [25].

This is what has been termed the Coupled Dipole Model (CDM) in [55, 25], where

each atomic dipole βj is driven by a combination of the pump field and the field

generated by the other atomic dipoles.

2.2.1 Using the CDM to Determine Cooperative Scattered Field Prop-

erties

We can express the scattered field radiated in a particular mode direction k using

constants, calculated coherences and atomic positions rj,m which for now are fixed.

This allows us to run simulations with various distributions and scattered field modes

for the purpose of validating the model.

A further simplification in terminology is introduced using k vector terms appropriate

in the far field limit represented by k0 |r − rm| ≈ k0r − k · rm with k = k0(r/r) [24].

We will make use of the following equation consistent with our model for a coherently

scattered field in mode k [48]. There is further explanation on the derivation of this

equation in 2.3.

Es(k, t) = −ℏΓ
2d

exp(ik0r)
k0r

N∑
m=1

βm(t) exp(ik · rm). (2.14)

Intensity, I, where,
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I(k, t) = cϵ0 |E|2

2 , (2.15)

in direction k can then be expressed as,

I(k, t) = ϵ0cℏ2Γ2

2(dk0r)2

(
N∑
m=1

|βm|2 +
N∑
j ̸=m

βjβ
∗
m exp[ik · (rj − rm]

)
. (2.16)

We can now integrate intensity over all directions k providing a formula for the total

scattered power, Pr, making use of the equality [24],

∫
dk̂ exp

(
ik0k̂ · d

)
= 4πsin(k0 |d|)

k0 |d|
, (2.17)

Pr = −d2k4
0c

2πε0

(
N∑
m=1

|βm|2 +
N∑
m ̸=j

βjβ
∗
m

sin(k0 |rj − rm|)
k0 |rj − rm|

)
. (2.18)

In equation 2.18 it can be observed that the first term is representative of an inco-

herent summation of contributions from individual dipoles. The second term can be

considered an interference term. In the case of a small cloud in terms of the wave-

length the phase difference in contributions is minimal and it would be expected

that this term results in a cooperative build up of total radiated power realising an

expected relationship of Pr ∝ N2 described theoretically [56] and experimentally in

many papers since Dicke’s work.

For simulations in this research where we require coherence calculations 2.12 or

related values even we use a substitution in simulations to avoid a discontinuity

with small parameter ϵ, defined in equation 2.19. This does not change the nature
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of interactions and effects in our distributions which would be considered dilute.

This has precedent in gravitational force simulations [57] and allows particles to

pass each other without changing the general behaviour. For an equivalent atomic

distribution in an experimental set up we have given equivalent values for density

and other parameters in section 2.1, though most experimental set ups would be in

3D and our simulations are generally 2D. The value for ϵ most commonly used in

our simulations was equivalent to a value of k0ϵ = 0.1 which corresponds to around

1/60 of a wavelength in dimensionless units used in formulae. This is consistent with

CARL multimode research from Strathclyde [36] and superradiance research from

Université de Côte D’Azur [17].

|rj − rm| →
√

|rj − rm|2 + ϵ2, (2.19)

2.3 Quantum Derivation of Coupled Dipole Model

Using coupled dipole theory introduced in section 1.6 we have developed our mi-

croscopic model with a view to describing cooperative effects such as superradiance

[17] based on coherent scattering of monochromatic light. The atomic distribution

is modelled as a small fixed sample of atoms with two internal energy states. It is

of particular interest to examine the weak field regime which can be modelled as a

single excitation shared amongst the atomic ensemble. This model has been used

as a basis for a quantum derivation of the coupled atomic coherence equations 2.13

[24, 25, 58] derived classically in section 2.2. The quantum derivation is included for

completeness, specifically quantum effects will not be considered in this research.
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It is useful to reference the standard field interaction Hamiltonian [48] which enables

modelling evolution of field properties for the purpose of comparing our model with

published results. We can refer back to key parameters used in this model illustrated

in figure 2.3

HI = ℏΩ0

2

N∑
j=1

[
σ̂j exp(i∆0t− ik0 · rj) + h.c.

]

+ ℏ
N∑
j=1

∑
k

[
gkσ̂j â

†
k exp(−i∆kt+ ik · rj) + h.c.

]
,

(2.20)

where Ω0 = dE0/ℏ represents the Rabi frequency of the incident field and ∆0 =

ω0 − ωa is the detuning between the field and the 2 level atomic transition. k

represents the emission mode of scattered photons which in this elastic scattering

description has the same frequency as the incoming field but variable direction per

emission. Also used in equation 2.20 σ̂j = |gj⟩ ⟨ej| is the lowering operator for the

jth atom, â†
k is the photon creation operator for the mode k in the scattered field,

and gk = (d2ωk/2ℏϵ0Vph)1/2 is the single photon Rabi frequency coupling the atomic

transition to vacuum mode k, where d is the dipole transition matrix element and

Vph is the mode volume associated with vacuum mode k.

Initially we can look at the dynamic evolution of the radiated field operator âk for

which we can solve the Heisenberg equation

dâk

dt
= − i

ℏ
[
H, âk

]
. (2.21)
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The electric field operator for the scattered field contributes to providing a mecha-

nism for considering output scattered field and intensity variations against baseline

conditions. The aim is for the model to take into account dynamic coupling to

atomic motion due to collective recoil effects considered in addition to variations of

geometry, optical thickness and introduction of partial coherence to input radiation

within assumption boundaries. This operator is given by a summation across all

available modes with respect to the positive frequency component given as

Ês(r, t) =
∑

k
εkâk(t) exp(ik · r − iωkt), (2.22)

where, εk = (ℏωk/2ϵ0V )1/2. Setting a boundary condition of zero for the initial value

of the radiated field operator and following integration of the resultant of equation

2.21 based on our Hamiltonian and insertion into equation 2.22 provides a scattered

electric field operator, Ês, with terms dependent on incident radiation wave number,

atomic transition frequency and position of fixed atoms, assuming an initial condition

of âk(t) = 0. This derivation has been described in more detail in [24].

We can apply this operator to a baseline state of atoms and photons with terms

describing a single excitation among the atoms and a single scattered photon ignoring

virtual transitions [32], such that

Ês |ψ⟩ = Es exp(iω0t) |g1...gN⟩ , (2.23)
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Es(r, t) = −ℏΓ
2d

N∑
m=1

βm(t)exp(ik0 |rj − rm|)
k0 |rj − rm|

. (2.24)

This is a significant result from defined initial conditions and assumptions from which

it can be determined that the radiated field can be represented by a summation of

spherical waves originating from atomic dipoles. Here βm(t) which can be described

as the atomic coherence represents the coefficient of the state where there is one

excitation among the atoms and no photon. Significantly this equates to the term

βj introduced in 1.6 as the dipole amplitude in the classical derivation.

To further investigate the evolution of the cooperatively scattered optical field it

is useful to solve for the dipole amplitude terms βj for j = 1 to N in an atomic

ensemble. Initially this is done for the steady state, solving equation 2.13 for βj.

2.3.1 Simulation of Superradiance using the Coupled Dipole Model

We are now in a position to run a simulation using the CDM to calculate evolving

values for the atomic coherences, βj and resultant scattered field intensity values,

I(k, t). This allows us to benchmark our model against published work detailing

numerical results for expected cooperative effects. For this purpose we will look at the

evolving scattered field profile in a superradiant regime [17]. We can run our model

with the same initial conditions as presented in the paper and present the results for

intensity evolution in the XZ plane where the Z axis is in the direction of the pump

field. We apply the adiabatic approximation specified in 2.1 to coupled equations

2.13 for our simulation and use equation 2.16 to calculate intensity evolution in all
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directions in the XZ plane.

We are replicating an experimental set of results measured from a dilute sphere of

cold 2 level atoms in a Gaussian distribution which are driven to a steady state by

a continuous collimated weak field laser in the Z direction. Results for scattered far

field intensity are taken after the pump field laser is switched off and the decay rate

measured against the peak initial intensity in different directions is observed over

time. In this experiment off-axis measurements are taken in the XZ plane at an

angle of θ = π/2 from the Z axis and at θ = 0 in the forward direction corresponding

to the pump field direction along the Z axis.

An illustration of the experimental set up is shown in figure 2.4. We use the same

parameters specified in [17] and present our results in figure 2.5.
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Figure 2.4: Experimental set up for scattered intensity evolution results from Nice
group [17] which we seek to emulate using our model.
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Figure 2.5: Superradiant signature cooperative behaviour from our simulation based
on parameters from [17] which for reference correspond to b0 ≊ 12, R, the radius of
the approximate sphere in our case ≊ 2λ, N ≊ 500, ω0 ≪ Γ, Nλ3 ≊ 5, ∆ ≊ 10Γ.
Again the measured intensity is normalised to the steady state value, I0, which is
much larger for θ = 0.
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We can compare the key features of results from our simulation with published work

[17]. We have observe same signature behaviour for far-field forward and off-axis

intensity evolution. What is not immediately obvious from the graph is that the

zero on the time scale corresponds to a time where after reaching a steady state, in

terms of collective and individual dipole response from the atomic cloud, the pump

field is turned off and the behaviour of the scattered field is observed from that point

with the standard single atom decay behaviour is shown by the dotted line. The

intensity evolution is normalised against the initial intensity value in that direction.

The time scale is normalised to the state lifetime of the excited state τat = Γ−1.

At these time scales the positions of the atoms can be assumed to be fixed as they

are much shorter than an absorption emission cycle based on the recoil frequency,

ωr, which is indicative of the timescales involved in changes in atomic motion and

position. The intensity evolution shows an accelerated decrease from the initial value

shows a faster cooperative relaxation of the distribution indicative of superradiance.

In our case the gradient indicates a situation where ΓCooperative ≊ 2.5Γ for θ = π/2

and ΓCooperative ≊ 1.8Γ for θ = 0 where Γ ≫ ωr which is consistent with results for

superradiant behaviour in [17].
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3 Modelling Cooperative Effects Including Centre

of Mass Motion

3.1 Optical Binding and the Addition of Centre of Mass

Motion to the Model

Investigation of the mechanical effects of light fields upon microscopic particles was a

natural progression from initial work on atomic manipulation with light successfully

applied in laser cooling [59] [60]. This would lead to work in trapping or manipulation

of particles with no physical contact. These particles would typically be in colloidal

solution form with an additional viscous force compared to atomic modelling work

in this area as described in [61]. In terms of looking at the forces involved which

can translate between the point dipole and nanoscale objects (in the region of a

wavelength in size) it is useful to make reference to gradient and scattering forces

introduced in section 1.4 with a view to coupling the resultant motion into our model

such that we can further examine CARL and other cooperative phenomena.

The gradient force is the result of the interaction between a permanent or induced

dipole with the gradient of the resultant field intensity. This is the principal cause of

self-consistent pattern formation where particles will either be attracted to or repelled

from areas of high or low field intensity (in our case depending on the frequency

dependent complex atomic polarisability described in equations 1.8 and 1.9) which in

turn contributes to the developing distribution pattern. The scattering or radiation

pressure force is dependent on the momentum change in the light field due to an

absorption and re-emission of the input pump field which will vary depending on the
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emission field profile but will usually predominantly generate forces principally in the

direction of propagation of the pump field. The relative contribution of these force

terms depend on the detuning of the pump field as defined in 2.1. The cooperative

nature of the interaction has a dependency on the coherent summation of pump

and scattered field which would normally require a weak field (in the atomic case

weak excitation), a single scattering environment and dilute distribution of particles

such that the phase profile of the resultant field is conserved. In the alternative

multiple scattering environment not applicable here the phase profile would rapidly

average out leading to familiar radiative transfer equations and diffusive models for

propagation of light fields [62]. Particularly in the case of the optical binding regime

for cold atoms we seek to build upon equations and assumptions applied in previous

work describing two atom optical binding [42]. The main components of this model

are illustrated in figure 3.1 which shows multiple atoms involved in binding further

to the original two atom situation.
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Figure 3.1: Multiple atom 2D Optical binding model. Six Atoms shown but simu-
lations may have varied distributions with motion confined to the XY plane. Weak
field trapping incident radiation propagates along the Z axis from coherent sources
as shown.

3.1.1 Coupling of Atomic Motion to the Model

We can consider a fixed atomic distribution interacting with a pump field tuned close

to resonance with the D2 transition similar to the 2 atom optical binding case [42].

We have derived formulae for calculating the atomic internal degrees of freedom, the

coherences, βj, calculated in equation 2.13. These are given in the multiple atom
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case consistent with our environment and model by,

∂βj(t)
∂t

=
(

i∆ − Γ
2

)
βj − iΩ0 − Γ

2

N∑
l ̸=j

βl
exp(ik0 |rj − rl|)

ik0 |rj − rl|
. (3.1)

There is a difference in the coefficient of the Rabi term, Ω0 between equations 2.13

and 3.1, this is accounted for in treating the pump field as a counterpropagating

plane wave. We can assume that the ring of atoms is motionless in the Z plane.

Although the radiation pressure force would become more prevalent close to reso-

nance in environments such as those used to demonstrate optical binding in which

the detuning, ∆ and Rabi term Ω0 are small in comparison to the linewidth, Γ, the

counterpropagating nature of the pump field means there is no favoured direction

for a radiation pressure force term and spontaneous emission is also limited by the

weak excitation.

We want to couple the external degrees of freedom (evolving position and velocity)

into our model so we will proceed using the equations and definitions describing

optical interaction forces from section 1.4.

We will continue to describe 2 level cold atom distributions as behaving like point

dipoles. We will define a potential in terms of a Hamiltonian representing a per-

turbation due to the individual and collective atom field interaction. We can then

derive and define our force terms in a familiar manner by taking the negative spatial

derivative of the potential field.

Therefore taking the Hamiltonian representing the perturbation as HI = −d · E we

have,
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F = −∇HI = ∇(d · E) = (d · ∇)E, (3.2)

where in this case we shall use familiar terms for the dipole moment, d, and for the

electric field,

E = 1
2(A0 (r) exp(−iω0t) + c.c.)ê, (3.3)

where ê is a unit transverse vector of the field.

We can see the direct correspondence between the derivation carried out here based

on 3.2 and the defined optical forces we are considering described in section 1.4.

For a 2 level atom we represent the state using,

|ψ(t)⟩ =
∑
j=1,2

aj(t) |ϕj⟩ = a1(t) |ϕ1⟩ + a2(t) |ϕ2⟩ , (3.4)

where |ϕ1,2⟩ are unperturbed states consistent with usual treatment of orthogonal

Dirac states ⟨ϕi|ϕj⟩ = δij. Introducing density matrix notation,

ρ̂ = ⟨ψ|ψ⟩ =

ρ11 ρ12

ρ21 ρ22

 =

a1a
∗
1 a1a

∗
2

a2a
∗
1 a2a

∗
2

 , (3.5)

where, ρij = aia
∗
j as shown in equation 3.5. The dipole operator,
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d̂ =

 0 ⟨ϕ1| d · E |ϕ2⟩

⟨ϕ2| d · E |ϕ1⟩ 0

 =

µ11 µ12

µ21 µ22

 , (3.6)

is also shown as a matrix in equation 3.6 with µij representing matrix elements for the

dipole operator in this case. The dipole operator matrix terms follow the convention

that µ11 = µ22 = 0 since the dipole operator is an odd function and µ12 = µ21

is real. That is, the dipole operator would normally introduce a coupling between

states without influencing the state energies themselves therefore we would expect

⟨ϕn| d · E |ϕn⟩ = 0.

We can expand the expectation value of the dipole moment, ⟨d⟩,

⟨d⟩ = Tr(d̂ρ̂) = a1a
∗
1µ11 + a2a

∗
1µ12 + a1a

∗
2µ21 + a2a

∗
2µ22. (3.7)

Then we can simplify to,

⟨d⟩ = (ρ21 + c.c.)µ21. (3.8)

We can now substitute this simplified dipole moment to the force equation 3.2 which

can be written,

F = 1
2(ρ21 + c.c.)(∇A(r) exp(−iωt) + c.c)(µ21 · ê), (3.9)

In order to complete the derivation of the force term for our microscopic model
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we make use of the Bloch equation formalism [63] for a 2 level atom in a coherent

monochromatic field. The optical Bloch equations will be referred to again and are

significant in our force derivations terms so the main principles will be summarised

here. We take a Hamiltonian for a 2 level atom including an interaction term con-

taining the atomic dipole and light field, −d·E as described earlier. The Schrödinger

equation is applied to a wavefunction representing the two available states. A density

matrix methodology can be used to determine the time evolution of states we are

interested in where we take density matrix terms, a1a
∗
1, a2a

∗
2 representing state pop-

ulations and a1a
∗
2, a2a

∗
1 representing atomic coherences. The optical Bloch equations

provide the time evolution for these states incorporating the Rabi term and spon-

taneous emission rate (or transition linewidth) allowing us to make determinations

about state population and atomic coherence behaviour which will vary depending

on the relative size of the Rabi term and the transition linewidth, Γ.

Further to state and perturbation definitions introduced in 3.2 and 3.4 we use the

Schrodinger equation for state evolution and state level energy eigenvalues for the

unperturbed Hamiltonian, H0.

iℏ
∂ |ψ⟩
∂t

= (H0 + HI) |ψ⟩ , (3.10)

H0 |ϕ1,2⟩ = E1 ,2 |ϕ1,2⟩ , (3.11)

where E1 ,2 are the energy eigenvalues corresponding to the unperturbed Hamiltonian

for atomic states |1⟩ and |2⟩.
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Substituting our state equation 3.4 into the Schrodinger equation 3.10 and applying

⟨ψ1,2| to the resulting equations, we retrieve the following dynamic equations for the

coefficients given in 3.4,

da1

dt
= −iω1a1 + i

ℏ
a2E · µ12, (3.12)

da2

dt
= −iω2a2 + i

ℏ
a1E · µ21, (3.13)

Again following established Quantum Electro-Dynamic models in the semiclassical

regime [64] we can make use the standard definitions for state frequencies ω1,2 = E1 ,2
ℏ

and for the dipole matrix elements, µij = e ⟨ϕi| r |ϕj⟩.

In all cases for our model the atoms are weakly driven where s ≪ 1 2.1 which means

we can apply the assumption a2 ≈ 0 and a1 ≈ 1 and recalling that ρij = aia
∗
j provides

the coherence rate equation,

dρ21

dt
= −i(ω2 − ω1)ρ21 + i

ℏ
E ·

(
|a1|2µ21 − |a2|2µ12

)
. (3.14)

Consistent with the interaction model used here, the CDM described in section 2.2

and in other published works with further derivation in [48], ρ21 = β exp(−iω0t) also

applying ∆ = ω2 −ω1 −ω0 and including a boundary condition of |ψ(t = 0) = |ϕ1⟩⟩,

dβ

dt
= i∆β + i

A
2ℏ ê · µ21. (3.15)
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We can compare this with the derived solution across research groups for the coupled

coherence rate equations [65],

dβj
dt

=
(
i∆ − Γ

2

)
βj − iΩ(r) − Γ

2
∑
m̸=j

βm
exp{(ik0 |rj − rm|)}

ik0 |rj − rm|
. (3.16)

We can apply incoherent damping as described in the Bloch equation model for

coherences [63] to introduce the −Γ
2βj term. This leads to a conclusion that the

following values have an equivalence in the CDM derivation,

A(r)
2ℏ ê · µ21 = −2Ω(r) + iΓ

∑
m̸=j

βm
exp{(ik0 |rj − rm|)}

ik0 |rj − rm|
, (3.17)

This is a significant result in that it confirms the expected result of the single scat-

tering model inferring that the total electric field is a summation of the position

dependent pump field and a first order scattering term from other atomic dipoles.

Now referring back to the force equation 3.9 we can perform a substitution using 3.17

to provide an equation from which we can resolve cumulative forces on individual

atoms based on coherence values, Rabi term, transition linewidth and position.

Fj = −ℏ(βj∇Ω∗
j(r) + c.c) + iℏ

Γ
2

( ∑
m̸=j

βmβ
∗
j∇

exp{(ik0 |rj − rm|)}
ik0 |rj − rm|

− c.c

)
, (3.18)

We can see from the nature of the resulting force equation 3.18 that the first term

depending on the light field (via the Rabi term) is a single atom force term and
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the second term is a cooperative interatomic force term. Given that the complex

conjugate is subtracted in the second cumulative term we can rewrite an equation

for the force on one atom due to another atom in a distribution in this regime. If

we again consider the set up in figure 3.1, given that we have coherent counter-

propagating light fields we will create a stationary field with no transverse gradient

in the XY plane. Therefore for the specific case of the optical binding regime in this

section we can approximate the single atom force term to be zero on this occasion.

Therefore in this case for our optical binding scenario described in figure 3.1 we have

a final force equation of,

Fj = ℏΓIm
 N∑
l ̸=j

r̂jl
(

exp(ik0 |rj − rl|)
|rj − rl|

+ i exp(ik0 |rj − rl|)
k0 |rj − rl|2

)
βjβ

∗
l

 . (3.19)

This provides us with equations of motion for our distributions coupled to the posi-

tion dependent atomic coherence equations 3.15.

We can solve these coupled equations numerically to dynamically calculate the ex-

ternal degrees of freedom of the atoms from initial position data and evolving atomic

coherences from equations. This allows us to incorporate centre of mass motion due

to optical forces into our model which is described in the following section 3.1.2.

3.1.2 Implementation of Coupled Dipole Model Including Atomic Mo-

tion and Optical Forces

From here we can generate a series of first order ordinary differential equations using

momenta and position of atoms. This allows us to use integration methods with our
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model to produce results for the evolving position of atoms in time consistent with

our aims to investigate cooperative phenomena of the nature described in section

1.5.

For the purposes of using the results generated for the atomic coherences 3.1 and

the related resultant Force equations 3.18 to generate position evolution data for

atomic clouds in the cooperative regimes we are interested in it is useful to define

dimensionless variables.

We use, Rj = krj, τ = Γt, ∆̄ = ∆/Γ, Ω̄ = Ω/Γ, based on previously defined

variables for position, time, detuning and the Rabi term. For actual calculations we

would have seperate differential equations for X, Y and Z dimensions as required.

For clarity we will use a single dimension for position.

Now we can rewrite the force equation 3.18 making use of the notation, qjm =

k |rj − rm| and the unit vector r̂jm pointing in the direction of rjm as,

d2Rj
dτ 2 = −ℏk2

mΓ(βj∇̄Ω̄∗
j(r) + c.c) − ℏk2

mΓ
∑
m̸=j

βmβ
∗
j

(
sin qjm
qjm

+ cos qjm
q2
jm

)
r̂jm. (3.20)

We will take the X component of acceleration due to cumulative force which will

take the form,
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d2Xj
dτ 2 = −2ω̄r(βj

∂Ω̄∗
j(r)
∂X

+ c.c) − 2ω̄r
∑
m̸=j

βmβ
∗
j

(
sin qjm
qjm

+ cos qjm
q2
jm

)(
Xj −Xm

qjm

)
,

(3.21)

where ω̄r = ℏk2

2mΓ is a dimensionless recoil frequency. We will define the dimensionless

momentum, P = mv
ℏk . Now we can rewrite as a series of first order ODEs,

dXj
dτ

= 2ω̄rPx, (3.22)

dPx(j)

dτ
= −(βj

∂Ω̄∗
j(r)
∂X

+ c.c) −
∑
m̸=j

βmβ
∗
j

(
sin qjm
qjm

+ cos qjm
q2
jm

)(
Xj −Xm

qjm

)
, (3.23)

Given a state vector representing the initial state of an atomic cloud in terms of

position and momenta in the dimensions required and using our 1st order ODEs

we can use a Runge-Kutta 4th order integration method to numerically model the

evolution of the position and momenta values for our distributions. This is the

method used in simulations within this research.

3.1.3 Optical Binding Simulations

In this section we will describe optical binding as shown in figure 3.1 for two atom,

three atom and multiple atom regimes. We first validate our model by simulating

optical binding of two atoms as described in [42]. It was found that collective light
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mediated forces can act to form a bound or metastable state depending on whether

detuning of the counter-propagating pump field is positive or negative. Figure 3.2

shows the same behaviour on the same timescales using similar data as original find-

ings [42]. The position data for 2 atom optical binding results from the integration

of equations 3.1 and the following equation of motion between atoms using 3.18,

r̈jl = ℏΓ
m

Im
[
∇r

exp(ik0 |rj − rl|)
ik0 |rj − rl|

βjβ
∗
l

]
, (3.24)

between atoms identifed as j and l. Position data can then be obtained by solving

these ODEs as described in section 3.1.2.

The signature two atom optical binding behaviour described in [42] involves evolution

of the separation of 2 atoms and the existence of a stable bound state, a metastable

state or an unstable state where the two atoms quickly separate with a dependency

on the detuning of the pump field and ratio of detuning, linewidth and Rabi term of

the pump field. The particular characteristics of optically bound states as presented

in [42] are that positive detuning results in a metastable bound state and negative

detuning results in a long term bound state with some reduction in the difference

between maximum and minimum separation over timescales of milliseconds. These

effects will be used as indicators of optical binding behaviour for our simulations and

are further examined in [66].
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(a) Detuning of pump field normalised to the linewidth of the
Rb D2 transition ,∆/Γ=1.0 and Rabi term Ω0/Γ=0.1

(b) Detuning of pump field normalised to the linewidth of the
Rb D2 transition ,∆/Γ=-1.0 and Rabi term Ω0/Γ=0.1

Figure 3.2: Simulation results for comparison with results from [42] for a 2 atom
arrangement in the XY plane shown in 3.1. The same conditions are applied where
initial motion is considered negligible in the time scales observed prior to the intro-
duction of the pump field. r12 represents atomic separation between atoms 1 and 2.
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Figure 3.2 shows results for 2 atom optical binding as calculated from a numerical

solution of equations 3.1 and 3.24. It shows examples of metastable and stable state

behaviour respectively in the case of positive or negative detuning in agreement with

[42].

3.1.4 Optical Binding of 3 Atoms

We now use our model to look for characteristics of optical binding in the case of

three atoms. Results for both positive and negative detuning are shown in figures 3.4

and 3.5. It is worth observing that the system behaves in a similar fashion to 2 atom

optical binding in that during stable or metastable periods of interaction we have

a rotationally symmetrical formation in the XY plane so the atoms are equidistant.

This means that plots for the evolution of the interatomic distance rjl are the same

for r12, r23, r31.
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Figure 3.3: 3 atom 2D optical binding, ∆/Γ=1.0, Ω0/Γ=0.1, (lines show paths atoms
follow back and forth over multiple cycles, bordered dots are final positions).

The atomic trajectories for the 3 atom bound state in the XY plane is shown in

figure 3.3.
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(a) Detuning of pump field normalised to the linewidth of the Rb
D2 transition ,∆/Γ=1.0 and Rabi term Ω0/Γ=0.1

(b) Detuning of pump field normalised to the linewidth of the Rb
D2 transition ,∆/Γ=1.0 and Rabi term Ω0/Γ=0.1

Figure 3.4: 3 atom optical binding simulation results, rjl represents atomic separation
between atoms j and l.



3 Modelling Cooperative Effects Including Centre of Mass Motion 61

(a) Detuning of pump field normalised to the linewidth of the Rb
D2 transition ,∆/Γ=1.0 and Rabi term Ω0/Γ=0.1

(b) Detuning of pump field normalised to the linewidth of the Rb
D2 transition ,∆/Γ=-1.0 and Rabi term Ω0/Γ=0.1

Figure 3.5: 3 atom optical binding simulation results, rjl represents atomic separa-
tion between atoms j and l. For negative detuning shown in (b) the evolution of
separations r12, r13, r23 are identical.
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In the simulated 3 atom case we can see patterns corresponding to metastability and

loss of the bound state for positive detuning shown in figure 3.4 and 3.5. We can

also see a stable bound state with a slight overall decrease in the maximum atomic

separation which is identical for any two out of the three atoms in the distribution in

the case of negative detuning also shown in figure 3.5. If the characteristics of optical

binding as described in [42] are taken to be a signature of optical binding behaviour

then figures 3.4 and 3.5 show evidence of optical binding behaviour extended to 3

atoms.

3.1.5 Optical Binding of Many Atoms

It has been observed in simulations consistent with macroscopic optical binding work

in [61] that rotationally symmetric distributions of a few atoms show increased sta-

bility in terms of the lifetime of metastable states. This appears to be related to the

maintenance of radial symmetry in the collective inter-atomic potential. An inter-

esting feature of some distributions of many atoms was the existence of a ‘breathing’

behaviour where the radial position of the optically bound atoms oscillates.
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Figure 3.6: Breathing behaviour of 13 optically bound atoms (lines show atom tra-
jectories, bordered dots are final positions). Simulation was run over a timeframe of
2.0ms with ∆/Γ=1.5, Ω0/Γ=0.1.
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An example of this ‘breathing’ is shown in figure 3.6 for the case of 13 atoms initially

distributed in a ‘star-like’ pattern. This pattern is stable for multiple bound state

oscillations for several milliseconds in this simulation which is unusual for larger

numbers of atoms. It is worth re-iterating that these atoms have free movement in

the XY plane and other regular formations were attempted which did not show the

same stability as this hexagonal based arrangement. The values of the Rabi term

and the detuning in relation to the pump field remain very similar to the original

work on 2 atom dipole optical binding [42].

3.2 Modelling Multimode CARL

We will now show the derivations involved in the CARL model compared to the

model used for this work identifying resultant equations for the forces experienced

by individual atoms as a result of cooperative and single atom interactions. Firstly

to briefly review our model, complex dipole amplitudes (i.e. atomic coherences) are

derived for low levels of excitation corresponding to the linear optics regime, where

s ≪ 1 referred to in section 2.1. With this condition the model can operate in

high detuning typical of CARL and lower detuning sometimes as applied in optical

binding simulations [42]. Evolution of the complex dipole amplitudes is provided by

the N coupled equations for β̇j 3.1,

We again consider 87Rb atoms with the D2 transition representing our 2 level system

and atomic mass ofm. In this case Γ ≫ ωr , where the recoil frequency, ωr = ℏk2/2m.

Working in timescales in the domain of the inverse of the recoil frequency, ω−1
r , we

can adiabatically eliminate the internal degree of freedom taking β̇j ≊ 0. We then
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use the force equation 3.18 derived in section 3.1.1,

F(rj) = −2ℏRe
(
βj∇Ω∗

j

)
−ℏΓIm

 N∑
l ̸=j

r̂jl
(

exp(ik0 |rj − rl|)
|rj − rl|

+ i exp(ik0 |rj − rl|)
k0 |rj − rl|2

)
β∗
jβl

 .

(3.25)

Using the same assumptions force equations based on the position gradient of a two

component Hamiltonian (pump/atoms interaction and atom/vacuum mode interac-

tion) are calculated in the multimode CARL model shown in the following equation

3.26 [36].

ṗj = Γℏk0

(
Ω0

2∆0

)2 N∑
l ̸=j

{
(ẑ − r̂jl)

sin [k0(rjl − zjl)]
k0rjl

− r̂jl
cos [k0(rjl − zjl)]

(k0rjl)2

}
. (3.26)

Where rjl = |rj − rl| and r̂jl = (rj − rl)/rjl, which is the unit vector along the

distance between rj and rl. This model described by equation 3.26 assumes classical

atomic motion which is realised when the superradiant scattering rate is larger than

the recoil frequency 2.1. The condition in order to neglect quantum effects in the

atomic motion is that the superradiant rate Γk′ which will be associated with a

particular scattering mode in both single mode [49] and multimode CARL [36] must

be larger than the appropriate recoil frequency. We will compare available results

from the multimode model with our results based on forces calculated using the full

cooperative model per equation 3.25.

The scattered intensity in the far-field limit based on coherent spherical waves, single
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scattering in the dilute cooperative regime we have described for r ≫ rj, is [36]

Is(k) = I1N
2|M(k, t)|2, (3.27)

where I1 = (ℏω0Γ/8πr2)(Ω0/2∆0)2 is the single-atom Rayleigh scattering intensity

and

M(k, t) = 1
N

N∑
j=1

R(ρj)ei(k0−k)·rj(t) (3.28)

where,

R(ρj) = e−ρ2/w2
(√

2ρ
w

)ℓ
, (3.29)

M is the optical magnetisation and R is a factor representing the field amplitude at

a given radius ρ with a beam waist w which becomes significant for values of ℓ ̸= 0

which will be considered in chapter 4. For the moment we will only consider plane

waves where ℓ = 0. The direction of the scattered field is determined by the wave-

vector k in equation 3.28, which depends on the spatial distribution of the atoms

which for the purpose of our simulations will be in the XZ or XY planes.
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3.2.1 Simulations of Multimode CARL Using the Coupled Dipole Model

Including Optical Forces [36]

The multimode CARL model was used to determine the evolution of elliptical cold

atom distributions in the XZ plane in [36] based on calculations using equation 3.26

and applying assumptions described relevant to the Couple Dipole model. We will

use similar key variables for our simulations and compare the results presented in [36]

and our own results from the coupled dipole theory model coupled to atomic motion

(full cooperative model). Our results are presented in figures 3.9, 3.11. Dimensionless

variables are used substituting factor A into the force equation and setting it to be

A = 1.0 as was used in [36] for the following results, where,

A = Γ/ωr(Ω0/2∆0)2, (3.30)

with values for the Rubidium D2 transition applied this implies a ratio of ∆0 ≊ 15Ω0

whilst maintaining the saturation parameter, s ≪ 1.0.

Our results will be presented for simulations using our model incorporating centre of

mass motion for a plane coherent pump field with a 2D elliptical cloud of cold atoms

as shown in figure 3.7.

The aim here is to demonstrate the emergence of signature cooperative behaviours

which were observed in [36] using our model. Similar values for density, axes ratio,

pump field properties and atomic properties will be used and described. Measurable

specific outcomes will be shown and compared to results which would demonstrate

cooperative behaviour in multimode CARL.
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Figure 3.7: A Z direction plane pump field and an elliptical atomic distribution in
the XZ plane with a main axis along Z (shown) or X.
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Figure 3.8: The set up this time has a single Z direction plane pump field and an
elliptical atomic distribution in the XZ plane with a main axis along Z at t = 0.

Figure 3.9: Pattern formation observed with a main Z axis ellipse using our model
based on coupled dipole theory and coupled with atomic motion as described in sec-
tion 3.1.2. The axis scales are chosen to provide a clearer view of pattern formation.
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Figure 3.10: The set up this time has a single Z direction plane pump field and an
elliptical atomic distribution in the XZ plane with a main axis along X at t = 0.

Figure 3.11: Pattern formation observed with a main X axis ellipse using our model
based on coupled dipole theory and coupled with atomic motion as described in sec-
tion 3.1.2. The axis scales are chosen to provide a clearer view of pattern formation.
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(a) Main axis Z Ellipse showing Optical Mag-
netisation 3.28 in the 2D XZ plane for random
distribution as shown in figure 3.8 at t = 0ω−1

r

(b) Main axis Z Ellipse showing Optical Mag-
netisation 3.28 in the 2D XZ plane for ran-
dom distribution as shown in figure 3.8 at
t = 0.25ω−1

r

Figure 3.12

(a) Main axis X Ellipse showing Optical Mag-
netisation 3.28 in the 2D XZ plane for random
distribution as shown in figure 3.10 at t = 0ω−1

r

(b) Main axis X Ellipse showing Optical Mag-
netisation 3.28 in the 2D XZ plane for ran-
dom distribution as shown in figure 3.10 at
t = 0.25ω−1

r

Figure 3.13
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There are some main points to be highlighted in the comparing our results shown in

figures 3.9, 3.11 and those published in [36]. Firstly we start with random uniform

distributions for t = 0 shown in figures 3.8 and 3.10. The saturation parameter

condition is maintained as described and we choose values for the simulations in 3.9,

3.11 of Ω0=10Γ and ∆0=150Γ reflecting the ratio of ∆0/Ω0 ≊ 15 identified in [36].

We have a slightly smaller ellipse dimension with the same ratio of major to minor

axis (of approximately 5:1) and a similar density of atoms of around 25 atoms per

unit squared space in k0X, k0Y dimensionless units used in figures. Notable signature

behaviours in the multimode CARL model in [36] are the grating formation with a

main Z axis ellipse or some diagonal bunching with a main X axis ellipse with a

gap of approximately 2.5 in dimensionless k0 space. The grating pattern in similar

dimensions can be seen in 3.9 for our full cooperative model simulation, the diagonal

pattern is there though slightly less well defined with less atoms in our simulation.

Significantly the optical magnetisation evolution shows the same patterns in both

the main X and main Z axes ellipses for both models including the width, relative

size and position of the lobes with our results shown in figures 3.12 and 3.13. A

slightly more subtle similarity can be seen in the main Z axis ellipse simulations in

that there is an increased level of ’escape’ from the distribution at the ’top’ of the

distribution in terms of Z position.

This strong correlation of results demonstrating specific signature cooperative be-

haviours from simulations is taken as validation of our full cooperative model with

centre of mass motion that we have described and implemented for simulations.
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4 CARL with Orbital Angular Momentum (OAM)

In this chapter we extend the CARL model to include pump fields possessing orbital

angular momentum (OAM). The work described in this chapter contributed to a

collaboration with the research group of Dr N Piovella of the University of Milan

with results published in [44].

4.1 Definition of Model and Dynamics for CARL with OAM

The description of CARL in 1.6 highlighted the significance of the transfer of lin-

ear momentum between light field and a cold atomic distribution resulting in the

enhancement of scattered light field modes consistent with cooperative interactions

between the light field and the atomic distribution. As a natural extension to this

light may also carry spin angular momentum, SAM [67] and orbital angular momen-

tum, OAM [68]. OAM of a light field is related to an azimuthal phase dependence

(eiℓϕ). It is well established that it is possible to transfer OAM from light to atoms

in the absence of competing effects and many examples are available [69]. The work

described here describes an equivalent CARL effect involving collective exchange of

OAM between a pump and a scattered field as proposed in [70, 71]. Considering

OAM transfer in a similar manner to the description of CARL for the transfer of

linear momentum 1.7, the proposed model uses a light field propagating along a

central Z axis. The helically phased wavefront of light carrying OAM is most often

described using a Laguerre Gaussian (LG) mode description [72]. We will use LG

modes, LGnℓ with a radial node index n of zero which have a characteristic trans-

verse intensity profile which consists of a single ring which can be seen in the light
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field representation in figure 4.1. The azimuthal index, ℓ, defines a magnitude of

OAM of ℓℏ per photon and corresponds to the number of overlaid helical 2π phase

profiles per wavelength. The value of ℓ can be varied in simulations.

Figure 4.1: As for linear CARL described in 1.6 mutual momentum transfer (OAM)
between light field and atoms determines preferred ’bunched’ state. Initial atomic
positions are random with no preferred scattering mode. In our case atoms are
radially trapped at a fixed value of Z with free motion around the resulting ring in
the XY plane. The pump light field is represented by a single concentric ring showing
the radial intensity profile for LG0ℓ OAM modes as described in 4.1

The cold atom distribution is composed of a ring confined to a fixed radius in the XY

plane. The pattern formation potentially enhancing a favoured scattered OAM field

mode would be described by an azimuthal density modulation of the ring distribution
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in a similar manner to the CARL process where density modulations evolve along

the Z axis.

We again consider the atomic grouping as a collection of point scatterers consistent

with our model assumptions described in section 2.1. Using the accepted scalar

model for dipole-dipole coupling taking into account interference effects we assume

a single scattering interaction between the pump and the atomic distribution. We

apply the Laguerre Gaussian field profile which applies to the Rabi term, Ω(r), which

is proportional to the pump field amplitude. Applying the OAM field profile to our

model in the Rabi term component based on our existing equation 3.16 derivatives

of complex dipole amplitudes are described by the equation [72],

∂βj(t)
∂t

=
(

i∆ − Γ
2

)
βj − iΩ0(L|ℓ|

n ) 1
w0

(√
2rj
w0

)|ℓ|

exp
(

iℓΦj −
r2
j

w2
0

)

− Γ
2

N∑
l ̸=j

βl
exp(ik0 |rj − rl|)

ik0 |rj − rl|
.

(4.1)

For simplicity we will consider interactions occurring in the XY profile perpendicular

to the pump field propagation as shown in 4.1. The field component of the Rabi term

follows the normal radial profile for a LG0ℓ with a dependency on the radius from

the Z axis of the field. Φ is the azimuthal angle for any given atom in the XY plane.

L|ℓ|
n is the generalised Laguerre polynomial of order n and degree ℓ. w0 is the pump

field 1/e waist, position relative to which determines the amplitude of the LG mode.

For our purposes we have a system of N dipoles with complex coherence βj, position

rj, initial condition βj(0) = 0 and Γ the state linewidth defined in section 1.6, Ω0 is
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the peak Rabi value based on the pump field maximum amplitude.

Similar to the example of a matrix/vector representation given in 3.1 we can gen-

erate a set of N coupled equations for a population of N dipoles based on 4.1. For

simplicity we show an example based on 2 dipoles, again Ajl represents the final term

in equation 4.1.

β̇1

β̇2

 =


(

i∆ − Γ
2

)
A12

A21

(
i∆ − Γ

2

)

β1

β2

 =


iΩ0(L|ℓ|

n ) 1
w0

(
√

2r1
w0

)|ℓ|

exp
(

iℓΦ1 − r2
1
w2

0

)

iΩ0(L|ℓ|
n ) 1

w0

(
√

2r2
w0

)|ℓ|

exp
(

iℓΦ2 − r2
2
w2

0

)
 .

(4.2)

In cases considering pattern formation of atoms and bound states we are working in

timescales of the order of the inverse of the recoil frequency, ω−1
r . Again for the 2

level atom in our model we are using the D2 transition of 87Rb. Therefore we have a

value for the recoil frequency, ωr of ℏk2/2m. Consistent with our assumptions listed

in section 2.1.1 the time derivative of the atomic coherences will be taken as zero as

the states reach equilibrium in the timescale of Γ−1 which is negligible in comparison

to the timescales of relative atomic motion for this model. The atomic coherence, βj,

represents the internal degree of freedom resulting from the induced atomic dipole

interaction with the field. As described we can consider these internal degrees of

freedom at equilibrium and use this adiabatic approximation for our calculations.

Such that the set of N coupled equations 4.1 are equal to zero.

We are now in a position to further develop our full dynamic cooperative model fur-

ther and apply force and resulting position data to simulations as described including
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OAM in the pump field.

4.1.1 Optical Forces Produced by Beams Possessing OAM

Under our approximations of a single plane where the pump field interacts with our

atomic distribution as described and consistent with accepted theory presenting the

quantum derivation of the CDM [24] of the field atom interaction Hamiltonian in

this case takes the form,

HI = ℏ
2

N∑
j=1

[
σ̂jΩj(r) exp{i(∆0 + ℓΦj)} + h.c.

]
, (4.3)

Considering our assumptions and timescales within the derivation of equation 4.1

in the two level atom case σ̂j can be represented by the complex dipole amplitude

value βj [58]. We can consider the adiabatic approximation described earlier in this

section in which the dipole relaxation time is negligible such that the LHS term of

equation 3.1 is equal to zero. In which case βj = αΩj(r). If we consider the resulting

force equation 3.18 and for the moment we will consider only the single atom field

component which will require further calculation due to transverse variation of the

Rabi term.

⟨F(rj)⟩ = −ℏ
2
(
α∗Ω∗

j∇rΩj + h.c.
)
. (4.4)

From stationary solutions to the 2 level Bloch equations, the normalised atomic
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polarisability, α = 1/(∆ + iΓ
2 ) and making use of gradient operator identities the

force equation can be written in a form corresponding to our earlier description of

optical forces in section 1.4. Expanding equation 4.4 for the instantaneous force we

have,

F(rj) = − ℏ
(∆2

0 + Γ
4 )

[(
∆0 − iΓ2

)
Ω∇Ω∗ +

(
∆0 + iΓ2

)
Ω∗∇Ω

]
. (4.5)

Using the identities Ω∇Ω∗+Ω∗∇Ω = ∇(ΩΩ∗), Ω∇Ω∗−Ω∗∇Ω = Ω2∇
(

Ω∗

Ω

)
and where

we apply the simplification Ω = |Ω| exp(iϕ) we can retrieve this final single atom and

field interaction force equation expressed with radial and azimuthal derivative terms,

F(rj) = −ℏ
(

∆0

∆2
0 + Γ2

4

)
∇ |Ωj(r)|2 + ℏΓ

(∆2
0 + Γ2

4 )
|Ωj(r)|2 ∇Φ. (4.6)

We can see two contributions to the resultant force experienced by a two level atom

in a light field shown in equation 4.6. These forces correspond to the dipole force,

Fdipole proportional to the intensity gradient and the inverse of the detuning and the

second term is the scattering force, Fscatter proportional to the phase gradient and

the inverse of the square of the detuning.

In order to solve these position dependent equations of motion for cold atom dis-

tributions with a weak pump field incorporating OAM for a LGnl pump field as

described we need the spatial derivative of the modulus squared of the Rabi term

and of the azimuthal phase term.
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∇r |Ωj(r)|2 = Ω2
0(Lℓ

n)2 ∂

∂r

( 1
w0

(√
2rj
w0

)|ℓ|

exp
{(

−
r2
j

w2
0

)})2
 r̂j, (4.7)

We can develop equation 4.7 in the case of n = 0 and various integer values of l ,

∇r |Ωj(r)|2 = Ω2
0(Lℓ0)2

−
2|ℓ|+1

(
r
w

)2|ℓ| (
2r2

j − |ℓ|w2
0

)
exp

{(
− 2r2

j

w2
0

)}
w4

0rj

 r̂j, (4.8)

∇Φ = ℓ

r
Φ̂j (4.9)

Using solutions to equation 4.7 we are now able to calculate the single atom dipole

interaction force for individual atoms and combine with cooperative dipole forces

given by equation 3.19 and model dynamics where we have starting positions, Rabi

term, detuning, LG mode and beam waist size w0 and two level atom linewidth.

Now we can express a final force equation for atom j in position rj where the inter-

atomic cooperative term is also reincorporated for other atoms l. Therefore our final

force equation which can be used in our model incorporating centre of mass motion

as described in section 3.1.2 will be,



4 CARL with Orbital Angular Momentum (OAM) 80

F(rj) = −ℏ
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− ℏΓIm
 N∑
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r̂jl
(

exp(ik0 |rj − rl|)
|rj − rl|

+ i exp(ik0 |rj − rl|)
k0 |rj − rl|2

)
β∗
jβl

 .

(4.10)

4.2 Azimuthal Bunching of Atoms Due to Cooperative Scat-

tering of Light Possessing OAM

4.2.1 Emergence of Azimuthal Bunching

For this study [44] we used an initially circular ring of atoms in the XY plane as in

4.1, located at the maximum mode intensity. It is useful in this case to use the same

cylindrical coordinates adopted in the resulting paper [44] i.e. at ρ = ρmax, where

ρmax = ω0

√
ℓ/2 is the tranverse radius of this intensity peak as can be determined

from the transverse profile of an LG0ℓ light field. The initial position of atoms is

an even distribution along the entire circumference of this maximum. Again as was

referenced in section 3.2 in order to neglect quantum effects in the atomic motion is

that the superradiant rate Γk′ which will be associated with a particular scattering

mode must be larger than the appropriate recoil frequency. In the OAM case the

azimuthal recoil frequency [44],
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ωϕ =
ℏk2

ϕ

2m = ωr
k2

0ρ
2 , (4.11)

where consistent with terms defined in the application of an OAM field to atoms

distributed in a ring formation in the XY plane, for which we can define the azimuthal

wavenumber, kϕ =
√

2/w = 1/ρ. This can now be applied to the superradiant

scattering rate, Γk′ as defined in section 2.1, in the case of a pump with OAM.

We have looked at simulations containing 20-30 atoms in this ring formation with

weak OAM pump where the azimuthal mode number, ℓ has been set at values be-

tween -10 and 10 and calculated the evolution of the azimuthal bunching term [44];

Bn = 1
N

N∑
j=1

einΦj = |Bn|eiψn . (4.12)

We are then able to look for patterns in timescales based on several recoil periods ω−1
r .

We are interested in position dependent dynamic development of instabilities which

in this case show a relationship to the field azimuthal mode number. The detuning,

peak Rabi frequency, cut-off value (k0ϵ), ring radius, number of atoms all have a

bearing on interaction strength and the emergence of any patterns. We have chosen

a smaller Rabi term and larger detuning for these simulations over longer timescales.

We have maintained the cut-off value of k0ϵ = 0.1. The following results show that

the field azimuthal mode number can correspond to the initially dominant bunching

mode. Results are shown for two sample values of ℓ displaying atomic positions

and dynamic development of bunching modes. Figures include a snapshot of atomic

positions on the circular ring at a time which demonstrates the emergence of the

dominant bunching mode compared to other modes and corresponding grouping is
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observable.
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Figure 4.2: ω0/Γ = 0.1∆/Γ=-750, l=+4, 22 atoms in a trapped fixed ring, radius ≊
4.0λ.

Figure 4.3: ω0/Γ = 0.1∆/Γ=-750, l=+4, tωr=0.0.
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Figure 4.4: Ω0/Γ = 0.1∆/Γ=-750, l=+4, tωr=4.8.

Figure 4.5: Ω0/Γ = 0.1∆/Γ=-750, l=+4, tωr=5.3.
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Evolution of |Bn| for modes 1-12 for given resultant field azimuthal mode l=+4

in 22 atom ring distribution. In each case the cut-off value k0ϵ is 1.25. 4.2 shows

the time evolution of the azimuthal bunching term for modes 1-12 showing a value

of tωr where the first emergent mode looks to be dominant. Then we have a time

series from the initial postion of atoms, 4.3, to atomic positions at a time where the

dominant bunching term should be evident, 4.4, to final positions in which bunching

becomes more mixed, 4.5.
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Figure 4.6: Ω0/Γ = 0.1∆/Γ=-750, l=-5, 22 atoms in a trapped fixed ring, radius ≊
4.0λ.

Figure 4.7: Ω0/Γ = 0.1∆/Γ=-750, l=-5, tωr=0.0.
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Figure 4.8: Ω0/Γ = 0.1∆/Γ=-750, l=-5, tωr=4.8.

Figure 4.9: Ω0/Γ = 0.1∆/Γ=-750, l=-5, tωr=5.3.
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Evolution of |Bn| for modes 1-12 for given resultant field azimuthal mode l=-5 in

22 atom ring distribution. In each case the cut-off value k0ϵ is 1.25. 4.6 shows the

time evolution of the azimuthal bunching term for modes 1-12 showing a value of

tωr where the first emergent mode looks to be dominant. Then we have a time

series from the initial postion of atoms, 4.7, to atomic positions at a time where the

dominant bunching term should be evident, 4.8, to final positions in which bunching

becomes more mixed, 4.9.

It is important to distinguish for the simulations illustrating the emergence of bunch-

ing described here we consider that the atoms would be trapped at a fixed radius in

the XY plane with free azimuthal motion consistent with simulations used in [44].

The relationship between the initial development of a dominant azimuthal bunch-

ing mode n (within bunching term Bn) and field azimuthal mode number ℓ shown

in figures 4.2 through to 4.9 results have been reproduced for multiple field modes

from l=-10 to l=+10. The apparent distinctive behaviour is that the first azimuthal

bunching term to emerge, Bn corresponds to n = |ℓ| where ℓ is the azimuthal mode

number of our counterpropagating pump field. The cut-off value based on the small

parameter ϵ defined in equation 2.19 corresponds to around 0.2 of a wavelength which

is consistent with the assumptions made in using the scalar model. There may be

options to investigate further with model development to accommodate more atoms,

adjustment of size and shape of the atomic distribution and variation within limits

of the cut-off value.

This collaborative research and resulting paper [44] consisting of results from a CARL

based model confirmed by results from our fully cooperative model presented here

show superradiant scattering of an optical field possessing OAM. The cold atom
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distribution has been a trapped ring transverse to the pump field direction such

that only azimuthal motion is permitted. The evolution of the scattered field has a

dependency on the emergence of azimuthal modes. This was explained further in our

paper where the established relationship between directional scattered field intensity

in the plane of the trapped atomic ring and OM, M is derived further to show the

relationship with azimuthal bunching modes, Φm.

We observe that, if ρ = w/
√

2 = 1/kθ, the torque on the j-atom is proportional to

the angular recoil frequency ωθ = ℏk2
θ/2m rather than to the recoil frequency ωr.

When ρj is constant OM can be written as

M(θ) = R(ρ)
N

N∑
j=1

e−ik0ρ cos(θ−ϕj)+iℓϕj = R(ρ)
∑
m

(−i)mJm(k0ρ)Φm−ℓe
imθ, (4.13)

where

Φn = 1
N

N∑
j=1

e−inϕj (4.14)

It was shown that a regular distribution of atoms throughout the ring becomes

unstable when illuminated with a far-detuned optical pump field. This instability

evolves exponentially typical of superradiant mode development [44]. The resulting

rotation of the gas can be seen to favour particular bunching modes dependent on the

pump OAM index, ℓ, and the fixed ring radius, ρ. An extension to the work here is

a relaxation of some of the assumptions used, e.g., the restriction to solely azimuthal

dynamics to include also radial and even longitudinal dynamics to describe more

complex spatial structures, and the extension to include polarization effects, as was

done for CARL in [73]. This would allow study of interactions involving exchange of



4 CARL with Orbital Angular Momentum (OAM) 90

both OAM and SAM. Additionally, extension from cold, thermal gases to quantum

degenerate gases opens up possibilities for new methods for creation of vortices and

persistent currents in BECs, in addition to those described in [74, 75].

4.2.2 Collective Rotation of an Atomic Ring

Further to results from 4.2.1 which indicate some variation in resultant azimuthal

forces with the cooperative term as evident from equation 4.10 accounting for the

differences. In the course of running few atom simulations generally considering rota-

tionally symmetric two dimensional distributions it was observed that the resultant

force on the component atoms of the distribution would be consistent in size and

direction corresponding to either clockwise or anti-clockwise torque, attractive or re-

pulsive forces from the centre or a combination of tangential and radial components.

Specifically measuring the resultant collective interatomic dipole forces, given by the

second term in equation 3.18, for regular ring distributions gives examples of this

effect. Figures 4.10 to 4.13 demonstrate this in the three atom case where the radius

of the ring is varied. This is consistent with figure 4.1 however, in these cases we

will not apply an annular trap and atoms will have free motion in the XY plane.
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Figure 4.10: ∆/Γ=-200, Ω0/ωr=0.8, initial adjacent separation ≊ 1.49λ.

Figure 4.11: ∆/Γ=-200, Ω0/ωr=0.8, initial adjacent separation ≊ 1.75λ.
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Figure 4.12: ∆/Γ=-200, Ω0/ωr=0.8, initial adjacent separation ≊ 1.99λ.

Figure 4.13: ∆/Γ=-200, Ω0/ωr=0.8, initial adjacent separation ≊ 2.24λ.



4 CARL with Orbital Angular Momentum (OAM) 93

This series of figures 4.10 to 4.13 show the evolution of position in the XY plane

of 3 atom ring distribution in a weak pump field with OAM of LG0l applied with

l =-1. The dashed ring shows the transverse ring intensity peak of the pump field.

Position evolution of atoms is shown in a dimensionless time period based on the

recoil frequency of tωr = 0.12 with the path of atoms shown and the final positions

highlighted. Adjacent atomic separation is increased by approximately a quarter

wavelength from 4.10 through 4.13. As described we are interested in any patterns

of behaviour due to the cooperative second term in 3.18.

Figures 4.10 to 4.13 reference results based on the resultant value of the collective

dipole force term (which is much larger than the single atom term in these cases).

This is the only force term in equations 4.6 and 3.18 which has a variable response

in direction depending on atomic separation. In our case for regularly spaced dis-

tributions this results in a consistent torque or radially attractive or repulsive force

across the distribution.

In most cases in the absence of cooperative terms it would be expected that rotation

of a distribution resulting from OAM in an applied field would be consistent with

expected direction of radiation pressure due to the phase gradient in correspondence

with the azimuthal mode number [76] (clockwise for a positive value of l) as is ev-

ident from equations 4.4 and 4.9. Figure 4.14 demonstrates full simulation results

with the same initial conditions apart from atomic separation and shows that resul-

tant rotation can be clockwise or anti-clockwise in cases where the azimuthal mode

number of the pump field remains the same.

It should be noted in the case of figure 4.14 the radial oscillation around the circular
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dotted line indicating the intensity maximum of the pump field is not necessary.

This serves to show we are still in the region of stable optical binding parameters

and makes it easier to see the difference in rotation. The effect will still occur with

atoms located exactly on ring situated on the intensity maximum.
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(a) ∆/Γ=-200, Ω0/ωr=0.8, initial adjacent separation ≊ 1.99λ.

(b) ∆/Γ=-200, Ω0/ωr=0.8, initial adjacent separation ≊ 1.89λ.

Figure 4.14: Evolution of position in XY plane of 7 atom ring distribution in weak
pump field with OAM of LG0l applied with l =-1 in both cases. Dashed ring shows
transverse ring intensity peak of the pump field. Position evolution of atoms is shown
in excerpts from full simulations for periods of 0.05-0.075ms which equates to around
2 atomic recoil frequency time periods with a highlighted border on final positions.
Adjacent atomic separation is larger in (a) other initial conditions are the same.
Resultant force is calculated based on all identified interaction forces.
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We investigated the scenario when the full force equation 3.18 is applied that we

might see rotation due to the OAM carried by the pump field resulting in rotation of

the atomic distribution in direction opposite as to what would be expected due to the

helical phase profile of the OAM phase front. This would be the simple single atom

response to a field with a phase gradient which can be seen in the second term of

equation 4.6. This simulation runs within the boundaries of our assumptions but with

a much weaker pump field than has been used in other OAM simulations for which

we apply a annular trap condition to maintain atoms in their ring formation. We

can see that under certain conditions principally dependent on the radius of the ring

distribution the cooperative term of the resultant force can be tangential or radial

and can result in distribution rotating against the expected direction corresponding

to the radiation pressure force due to the phase profile of the wavefront evident from

equation 4.6.

4.3 Cooperative Transfer of Angular Momentum Between

Two Atomic Rings

The model developed here allows for study of opto-mechanical effects in cold atomic

systems including the transfer of momentum between light fields and atomic distri-

butions following particular ordered patterns where the interaction is coherent. We

postulate that OAM possessed by one trapped ring of atoms may be transferred to

a second ring of trapped atoms by optically mediated forces where the pump light

field is a plane wave with no OAM.

We use approximations previously described in section 2.1 for the CDM and 3.1 for
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conditions favourable to optical binding.

The simulation in principle follows the initial description of the environment used to

demonstrate optical binding shown in 3.1 extended with an additional concentric ring

of atoms and for the purposes of this investigation rings would be trapped radially

in the XY plane so free to move azimuthally.

In order to investigate if this transfer of OAM is possible between one atomic ring

and a second ring purely by optically mediated forces with a plane pump field we

investigate optimal ring locations using our model. We find a stable arrangement

with evidence of OAM transfer for rings with a radius of a wavelength and around

15 atoms per ring.

The following results will show the dynamic evolution of the position of both rings

the inner ring having initial uniform angular velocity for each atom in the ring and

the outer ring being stationary relative to the inner ring. We have chosen fixed radius

distributions at a radius similar to that used in optical binding simulations and with

a seperation distance over which we can see momentum transfer in a timescale in

the order of ω−1
r similar to previous simulations.
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(a) Radius1 = λ, Radius2 = 1.1 λ. The outer ring is initially
stationary. OAM is transferred back and forward between rings.
Atom positions with paths showing clockwise motion are shown
after ωrt = 0.25 where both rings have shared clockwise OAM.

(b) Radius1 = λ, Radius2 = 1.1 λ

Figure 4.15: OAM transfer results showing position and average OAM transfer to
initially stationary outer ring normalised to initial OAM of moving inner ring.
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This has purposefully been a relatively focused investigation to particularly look at

the feasibility and nature of OAM transfer between two rings of atoms trapped in a

concentric ring formation with free azimuthal motion on their fixed radii.

In all cases we have shown results for the evolution of the average angular velocity

of the outer ring which was initially stationary. This average angular velocity is

normalised against the initial average angular velocity of the inner ring. We can

see in figure 4.15 that angular momentum is transferred fully between rings in a

continuing cycle back and forward.

There is a dependency on the relative radii of the rings for the rate of the transfer

as would be expected illustrated by the dependency of the resultant force equation

3.19 on interatomic distances.

This was an area of interest rather than a focus of this research so was not investigated

in further detail than confirming the possibility of this momentum transfer.
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5 Cooperative Scattering of Amplitude Modulated

Light by Cold Atoms

In this chapter we explore the application of partial coherence to the pump field [77].

We look for the emergence of new effects which can be specifically identified as a

result of pump modulation.

5.1 Inclusion of Pump Amplitude Modulation

As a stepping stone towards investigating cooperative scattering involving partially

coherent or incoherent i.e. thermal/blackbody radiation, we introduce modulation

to the pump field in our simulations of cooperative phenomena looking to extend

understanding or for opportunities to emulate effects or scenarios seen elsewhere in

other fields of physics or the natural world. Specifically we would like to investigate

new behaviours in the case of optical binding and CARL further to chapter 3.

We apply a temporal modulation to the pump which will then apply to the Rabi

term, Ω, we again use the adiabatic approximation assuming a steady state of the

internal degree of freedom setting β̇j = 0 in our set of resultant N coupled equations.

In the case of amplitude modulation we would have,

Ω0(AM) = Ω0(1 + εAM(cos(ΦAM t))), (5.1)

where εAM is the size of the modulation relative to the original pump field amplitude,
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ΦAM is the frequency of the sinusoidal amplitude modulation. The sinusoidal inten-

sity modulation defined in 5.1 corresponds in the frequency domain to the presence

of two frequency sidebands at frequencies ω0 + ΦAM and ω0 − ΦAM .

It was observed and is not unexpected that if simulations are run for times 5-10

times larger of the recoil timeframe period, ω−1
r there is evidence of some edge effects

involving distortion of pattern formation and increased density at the boundaries of

an elliptical distribution where the dimension is in the order of a few wavelengths.

Also some particle loss is observed at the end points of the main axis consistent with

[36].

It is useful in view of previous results to confirm the parameters which will be used

for the investigation of a partially coherent pump field in this section. We decided

to use a one dimensional distribution trapped along the Z axis of the pump direction

in the order of tens of wavelengths to simplify the model and ensure a consistent

cooperative response. This means that almost all atoms have neighbouring atoms

on both sides. We use an atomic density similar to that used in section 3.2.1. The

set up for this configuration is shown in figure 5.1.

We choose the size of the rear facing optical magnetisation lobe of a type which

can be seen in figure 3.12 which emerges during CARL simulations for XY or XZ

ellipse distributions and also for 1D distributions along the Y or Z axis as a measure

of the strength of the preferred scattering mode associated with CARL. We take a

normalised measure of the area of the backscattered lobe for a distribution with an

axis along Z.
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Figure 5.1: Simplified diagram of pump field aligned along Z axis interacting with a
cold atom distribution with fixed motion along the Z axis.

5.2 Enhancement of Collective Scattering Due to Amplitude

Modulation of Pump Field

We want to be consistent with models used for multi-mode CARL findings where our

model has proven to agree with published results [36] as demonstrated in section 3.2.1

so we choose a 1D Z axis distribution shown in figure 5.1 with inter atomic distances

and dimensions on an equivalent scale. Therefore for these simulations we have

200 atoms regularly distributed along a distance corresponding to 20 wavelengths

of the pump field such that CARL type banding patterns could occur over multiple

iterations well within the ends of the distribution. This results in an interatomic
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distance of 0.1 of a wavelength. We apply a Rabi term, Ω0, of 20Γ to the pump field,

a detuning value, ∆0, of -400Γ and a cutoff parameter k0ϵ = 0.05 corresponding to

less than 0.01 of a wavelength.

Simulations were run using different values of the pump modulation frequency ΦAM .

The value of the relative amplitude of the modulation, εAM , is found to be optimal

at a value of 0.35 for which we have observed significant changes in the relative

size of the normalised rear facing optical magnetisation lobe which can be seen in

figure 5.2 where the optimal ΦAM in our simulations can be seen to be ΦAM ≊ 4.0ωr
(where ωr is the single atom recoil frequency). For context we also show a figure

5.3 using values of ΦAM above and below the value found to be optimal. We will

use these stated optimal values and results in assessing pump amplitude modulation

impact on the size of the cooperative effect measured using the rear facing optical

magnetisation lobe .
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Figure 5.2: Effect of pump AM frequency, ΦAM , variation showing plot of the nor-
malised rear facing OM lobe size for a modulation amplitude, εAM at an optimal
value of 0.35 against a range of modulation frequencies.

Figure 5.3: Effect of pump AM amplitude, εAM variation showing plot of normalised
peak rear lobe size for 3 AM frequencies around the optimal value against a range
of AM amplitudes.



5 Cooperative Scattering of Amplitude Modulated Light by Cold Atoms 105

Results with these parameters show consistency with earlier simulations comparing

our model with results for a 2D ellipse of atoms shown in 3.12 where lobe size peaks

in the region of 1 atomic recoil timescale (ωrt ≊ 1). Typically in a single run of

results for a single pump frequency as shown in figure 5.4 we will see the lobe size

growing exponentially consistent with similar cooperative self-organisation phenom-

ena [78, 79], then declining from an initial peak based on optimal pattern formation

to enhance the backscattered field and then varying around a value somewhere below

the peak as shown in figure 5.4. This would indicate strong initial pattern formation

then some loss of optimal positioning potentially due to many atoms in close prox-

imity, more atoms with momenta outside of the range for optimal interaction with

optical potential resonances which will be described further in this section.
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Figure 5.4: Example of the evolution of the amplitude of the rear facing OM lobe
size normalised to the forward lobe for an unmodulated pump field consistent with
parameters described in this section. We have used ∆ /Γ=-400, Ω0 /Γ=20, k0ϵ=0.05
for 200 atoms regularly spaced over 20 wavelengths along the Z axis as described by
figure 5.1.

The graph shown in figure 5.2 provides a series of results which are consistent in

terms of there being a significant increase in the region of around 30% in the size of

the rear facing optical magnetisation lobe which we are using as a measure of the

size of the cooperative interaction between the pump and the atomic distribution.

This variation in the size of the cooperative effect could be consistently observed
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with regular or randomly spaced distributions and could also be reproduced with a

similarly spaced 2D elliptical XZ atomic cloud. The black dotted line in the graph

shows the peak size of the backscattered rear lobe with zero modulation and the blue

line plots results for 15 different values of modulation frequencies used for amplitude

modulation in our simulations as described in equation 5.1.

Further work is required to determine the nature of the relationship between the

frequency used for the amplitude modulation of the pump field and the apparent

enhancement of the cooperative backscattered lobe. In the case of the cited example

[77] a phase modulated pump produces enhancement of the cooperative effect with

a dependency on the relative size of the pump modulation frequency, ΦAM in our

amplitude modulation case, compared with a factor known as the collective recoil

frequency which we will label, ωr−coll. This is equivalent to atomic recoil frequency,

ωr multiplied by a factor called the CARL parameter, ϱ shown in equation 5.2. The

CARL parameter has a dependency on the atomic density, N, the pump Rabi fre-

quency, pump detuning from the atomic transition and the atomic recoil frequency

as previously defined in 1.4 and 3.2.1. In the case of the cited work [77] this re-

sults in a collective recoil frequency about 40 times larger than the atomic recoil

frequency. The CARL parameter is a useful way of demonstrating the potential for

cooperative effects to affect an intensive property such as atomic recoil frequency.

This particular example has been used in the case where CARL is demonstrated in

a cavity environment rather than in an open multimode model such as the one used

in the simulations here, however the concept of a collective recoil frequency is useful

in hypothesising on these results.
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ϱ =
(

Ω0g
√

N
2∆0ωr

) 2
3

, (5.2)

where, g =
√

ω0d2

2ϵ0ℏ is the atom mode coupling constant.

The finding in relation to enhancement of the cooperative effects in works using phase

modulation [77] leading to CARL enhancement makes use of the ratio of modulation

frequency to the collective recoil frequency which we will label Ωm. We will use

amplitude modulation show optical potentials due to modulation each of which move

with a phase velocity which is proportional to a multiple of the modulation frequency

i.e. Ωm. Therefore there can be resonance with an atom when the atomic momentum

meets the condition pj ≊ Ωm, where we take pj to represent atomic momenta. For

clarity resonances are shown in figure 5.5. This potentially could lead to enhanced

momentum diffusion amplifying the response of the distribution again measured by

the amplitude of the scattered or probe field.

Our results in terms of a clear amplification of the CARL response using our chosen

measure of the size of the rear facing OM lobe indicate an optimal value for the

modulation frequency of 4 times the recoil frequency. We can see that values either

side of this result in amplification, but the amplification is about three times larger at

the optimal value. We would hypothesise a similar relationship as was established in

[77] between the modulation frequency and a collective recoil frequency stimulating

enhanced interaction between optical potentials with atoms possessing particular

momenta represented in figure 5.5. This requires further work as the collective recoil

frequency has previously been defined for interactions within a cavity.
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it would be useful to present the results shown in 5.2 demonstrating the optimal

enhancement of cooperative effects for an amplitude modulated pump in more fa-

miliar terms. Our simulation generates position and velocity data for atoms in the

distribution throughout the course of the simulations by generating a state vector

containing momentum and position 3.18 for a Runge-Kutta 4th order integration

method.

If we take the momentum data for the atomic distribution we can calculate the

variance of the Z axis momenta for the distribution. This has been plotted for

both simulations with no pump modulation and with the optimal pump amplitude

modulation shown in figure 5.2 where εAM = 0.35 and ΦAM = 4.0ωr and the baseline

parameters for the pump field are kept the same as described in 5.4. Since the

variance measures the spread of the square of the distribution momenta from the

mean this gives a value which represents a spread of the square of the atomic velocities

which gives us a measurement we can use to be representative of temperature. This

is based on the equipartation of energy theory [80] for atoms or molecules in thermal

equilibrium in our case considering only the translational degrees of freedom in one

dimension along the Z axis,

EK = 1
2mv

2
z = 1

2kT, (5.3)

where, EK is the average kinetic energy per atom in the distribution, k is the Boltz-

mann constant and T is the distribution temperature.
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Figure 5.5: Interaction resonance frequency schematic using the same theory as [77]
due to optical potentials in this case for amplitude modulation relative to cooperative
recoil frequency. This is intended to show the likelihood of resonant interation with
atomic momenta under system evolution. An example spread of positive and negative
atomic momenta is shown in the initial stages of interaction with the pump field
indicating how additional resonant interaction would occur.
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Figure 5.6: Variance of Z axis momentum with and without AM. The dotted lines
represent the point in time where our measure of cooperative behaviour the rear OM
lobe size reaches its peak. The red line shows Z momenta variance for an amplitude
modulated pump and the green line an unmodulated pump with the same parameters
described earlier in this section.
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Figure 5.7: Graph showing spread of Z axis momenta against Z axis position for all
the atoms in the distribution for optimal amplitude modulation at time of ωrt = 1.29
close to peak rear lobe with Optimal AM shown in fig 5.6.

Figure 5.8: Graph showing spread of Z axis momenta against Z axis position for all
the atoms in the distribution for optimal amplitude modulation at time of ωrt = 0.99
close to peak rear lobe with no AM shown in fig 5.6.
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The results shown in 5.6 provide a comparison between an unmodulated pump field

and an amplitude modulated pump field which we postulate is responsible for an

enhancement of the cooperative effect. One of the factors which demonstrates the

enhanced effect is the temperature which we represent by using the variance of the

Z axis momentum throughout the simulation. We can see there is an increase of

250-300% in this measure corresponding to the point in the simulation where the

peak rear facing optical magnetisation lobe is recorded which we have identified as

an effective measure of the size of the cooperative effect. The dotted lines indicate

the point in both the modulated and unmodulated pump simulations where the

peak rear facing optical magnetisation lobe occurs which also seems to indicate that

our variance of momenta measurement tends to correspond with the size of the

cooperative effect as suggested.

It is helpful to consider the results graph 5.6 in tandem with the corresponding graphs

5.7 and 5.8 which show all the atoms in the distribution with their Z axis momenta

plotted against their Z axis position which provides a clearer picture of what is

happening to individual atoms during these simulations. A physical representation

of the initial environment is given in figure 5.1.

As expected there are momentum shifts due to cooperative effects in both positive

and backward directions compared to the pump direction as the cooperative forces

are dominant compared to the single atom forces consistent with the regimes chosen

for optimal cooperative action demonstrated in 3.2.1. The following graphs help to

demonstrate the banding nature consistent with cooperative CARL pattern forma-

tion showing the spread of atomic momenta along the Z axis.
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Figure 5.9: Graph showing distribution of Z atomic momenta for all the atoms in the
distribution for optimal amplitude modulation at time of ωrt = 0.5 where momenta
spread and banding can be seen.

Figure 5.10: Graph showing distribution of Z atomic momenta for all the atoms in
the distribution for an unmodulated pump field at time of ωrt = 0.5 where momenta
spread and banding can be seen.
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Due to the cumulative nature of the cooperative momentum exchange term applica-

ble in the CARL model here given in equation 3.25 and some variation in cumulative

effects approaching the edge of the distribution there is a spread in atomic momenta

bandings and therefore the pattern formation which is evident in figures 5.7 and 5.8

which are intended to demonstrate the relative size of the cooperative effect.

We can however give a clearer picture of the momenta evolution of atoms showing the

favoured momenta states in this simulation corresponding to the pattern formation

and cooperative nature of CARL using the following graphs, figures 5.9 and 5.10 of

momenta distribution for both modulated and unmodulated pump fields consistent

with the theory described in section 1.7.
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6 Conclusions and Further Work

The aim of this work was to extend our understanding of cooperative effects using the

CDM theory of interactions between light and atomic distributions. We also wanted

to extend our model outside the normal boundaries of cold atom research to include

consideration of non-monochromatic light including modulated pump fields seeking

evidence of effects which may become apparent for a broadband pump field where

research into or comparison with naturally occurring phenomena is more likely.

Our coupled dipole theory based model is semi-classical using a scalar light field

working within appropriate approximations which are detailed in section 2.1. After

confirming signature results for cooperative phenomena such as superradiance from

our model against published research, a subset of our results are provided in section

2.3.1. We then looked to extend work to include centre of mass motion. This allows

simulations to develop into the areas of CARL and optical binding [42] extending

the number of atoms included in optical binding and varying the parameters of the

pump field in CARL.

A theoretical investigation of optical binding of multiple cold atoms using a coupled

dipole model was performed. We found that the identifiable behaviours of optical

binding in terms of the patterns of stable and meta-stable distributions were evident

consistent with the application of near resonant positive and negative detuning in the

pump field. We extended this work to see if stable, bound, rotationally symmetric

distributions would be possible. It was successfully demonstrated in the simula-

tions that a 13 atom bound configuration was possible showing a regular ‘breathing’

pattern in a 2D atomic lattice 3.1.



6 Conclusions and Further Work 117

Optical manipulation of atoms and nanoparticles is an active field of research. The

capacity to maintain multiple particles or atoms in a non-contact stable pattern

within the pump field is subject of studies within optical manipulation, light induced

trapping and assembly of nanoscale structures [61] [81] [82]

In a collaboration with the research group in Milan under Dr Nicola Piovella we

took the opportunity to research with a pump field with OAM using their mul-

timode CARL model and our fully cooperative model as detailed in 4.2.2. This

follows our intention to explore cooperative effects in the interaction of cold atoms

and non-uniform pump beams e.g. beams with non-uniform spatial phase profiles

or partially coherent light fields. This was a natural progression from previous work

from both groups concerning CARL and the emergence of superradiant modes based

on linear momentum transfer. This time exploring the relationship between distri-

bution, pump field properties, LG mode of the pump and bunching of the atoms

measured in terms of optical magnetisation, M , indicating preferred modes of the

scattered field due to emerging instabilities enhanced by cooperative interaction.

The multimode CARL model and the fully cooperative model described in 3.1 and

3.2.1 observed certain assumptions consistently as follows. No initial assumption

about the spatial structure of the scattered field was made. Atoms in a uniform

angular distribution were observed to be unstable when interacting with a far detuned

optical pump field. These instabilities were superradiant in character, resulting in

emerging rotation of the atomic ring and formation of atomic bunches around the ring

and scattered light whose phase profile is dependent on the pump OAM azimuthal

mode number and the atomic ring radius.

This resulted in the paper [44]. The preferred modes of the scattered field are found
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to have a dependency on the azimuthal mode of the OAM characteristic of the pump

field and the radius of the fixed cold atomic ring distribution.

There are opportunities to progress this research by developing the model further.

This could include radial and even longitudinal dynamics to describe evolution and

characteristics in three dimensions. There is also an opportunity of extension to

include polarization effects, as for CARL in [73]. This would allow study of interac-

tions involving exchange of both OAM and SAM. Another area for further research

is substituting cold, thermal gases for quantum degenerate gases opening up possi-

bilities for new methods for creation of vortices and persistent currents in BECs, in

addition to those described in [74, 75].

Our next area of investigation involved extending the model to include the effect

of pump amplitude modulation specifically the collective scattering of an amplitude

modulated (AM) pump field. Our results show that pump amplitude modulation can

enhance the backscattered light and increase the temperature of the atomic cloud.

We postulate that these effects may be due to chaotic momentum diffusion. This

effect has been demonstrated previously in the case of a phase modulated pump

[77]. In the cited work there is an experimental set up similar to 1.4 where we have

counter-propagating pump and probe (backscattered) fields. The slight difference

from our description being that there is a slight detuning between the two fields and

phase modulation is applied to the pump field. A key parameter in the theory and

results of this work is the size of the modulation frequency applied to the pump in

comparison to the collective recoil bandwidth.

An interesting recent field of research which has several areas of crossover with work

carried out in the research presented here is the area of discrete and continuous time
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crystals [83] [84]. In these cases we have a cold atomic cloud or BEC in a high

finesse cavity subjected to a perpendicular pump field with a scattered probe field

developing in a coupled cooperative response with the atomic distribution in this

case focusing on the occupation of available momentum modes in the cavity. There

is an inherent property of the interaction known as the limit cycle phase and in a

similar fashion to the effects noted by phase modulation in [77] in the case of the time

crystal where the pump is amplitude modulated in the region of the limit cycle phase

frequencies having a stabilising effect. The evidence for this effect is the intracavity

photon number showing consistent oscillation favouring particular modes consistent

with a stable limit cycle phase frequency. There are clear parallels with the work

carried out here and an opportunity to take the models and simulations developed

to investigate in line with our approximations the extent of these responses varying

the limits of density, cavity, relative fields and modulation.
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