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Abstract

Premanufactured shelled microbubbles composed of a protein shell are currently
licensed in the UK as ultrasound imaging contrast agents. Current research is
focussing on using the shelled microbubbles as transportation mechanisms for lo-
calised drug delivery particularly in the treatment of various types of cancer. The
aim of this PhD study is to identify how the shell’s material parameters influ-
ence the collapse and relaxation times of the shelled microbubbles. A theoretical
model is proposed which utilises an analytical approach to predict the dynamics
of a stressed, compressible shelled microbubble. This model can be used to iden-
tify the optimal material parameters for the shells. A neo-Hookean, compressible
strain energy density function is used to model the potential energy per unit vol-
ume of the shell. A stress is applied to the inner surface of the spherical shell
whilst setting the outer surface’s stress to zero. The collapse phase of the stressed
shelled microbubble is then considered. Applying the momentum balance law,
a dynamical model is used to predict the dynamics of the collapsing shelled mi-
crobubble. An analytical approach is adopted using an asymptotic expansion. A
second model is then constructed to model the deformation of an open, shelled mi-
crobubble. This is achieved by considering a reference configuration (stress free)
consisting of a shelled microbubble with a spherical cap removed. This is then
deformed angularly and radially by applying a stress load to the free edge of the
shell. This forms a deformed open sphere possessing a stress. This is used to
represent the change in geometry of a shelled microbubble. The third and final
model focusses on developing a Rayleigh-Plesset equation for an incompressible,

thin shelled, gas loaded shelled microbubble with a shell that is composed of a



liquid-crystalline material. The technique of linearisation is used to predict the
shelled microbubble’s natural frequency and relaxation time. The influence of the
material properties of the shell on the natural frequency and relaxation time are

discussed.
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Chapter 1

Introduction

1.1 Ultrasound Contrast Agents (UCAs) as drug
carriers

Premanufactured shelled microbubbles are currently licensed in the UK as ultra-
sound imaging contrast agents. Current research is focussing on using the mi-
crobubbles as a transportation mechanism for localised drug delivery specifically
in the treatment of various cancers [1-9]. Ultrasound contrast agents (UCAs) are
shelled microbubbles typically composed of a layer or several layers of a protein
shell encapsulating a perfluoro gas that helps to stabilise the microbubble when it
is injected into the bloodstream [10-12]. The shelled microbubbles have a typical
radius of between 1 and 4 ym allowing them to propagate through the capillaries in
the human body and a shell thickness that varies between 4 and 100 nm depending
on whether the UCA is a monolipid or polymer variant [13]. A typical shear mod-
ulus value for a monolipid UCA is 20MPa with a Poisson ratio of v = 0.48 [14,15].
UCAs create a contrast with the surrounding tissue primarily due to an impedance

mismatch and the production of higher harmonics. Microbubbles resonate with



typical frequencies in the range of 1 to 10 MHz producing nonlinear, multiple har-
monic signals that enhance the quality of the medical imaging process [16]. There
has been research momentum growing in recent years to use the UCAs as localised
drug delivery agents [17]. Much progress has been made but much remains to be
done before this can be deployed routinely in patients [18]. Hence there is a need
to develop virtual simulation tools to better understand the challenges. This thesis
contributes to this effort by identifying how the material parameters of the shell
influence the dynamics and collapse time of the shell where the collapse time is
defined as the time taken for a stressed shelled microbubble to collapse back to its
stress free state. The outer shell of the shelled microbubbles will be coated with
chemical receptors which act as a targeting mechanism for cancerous tumours and
encapsulated within the shell will be cancer treating drugs [19]. The practitioners
have laid out a vision wherein microbubbles will be injected into the bloodstream
and the blood flow will pump them around the body [20]. The region of the body
which possesses the tumour is then subjected to ultrasound chirps typically in
the range of 3 - 7 MHz [13]. Acoustic microstreaming generated by shelled mi-
crobubbles near the cellular walls will result in the formation of cavitation bubbles
that collapse rapidly to produce shock waves that create pores in the capillary
walls. This enhancement of the porosity of the capillaries is known as sonopora-
tion [21-27]. The pores provide a doorway to the surface of the tumour where
the chemical receptors will guide the shelled microbubbles onto the surface of the
tumour where they will be burst by a further high power ultrasound pulse in a
controlled and highly localised manner. This procedure aims to minimise the per-
nicious side effects associated with current conventional chemotherapy treatments.
It is worth emphasising that there are competitor technologies being proposed and,

for example, some studies have focussed on exploiting the photothermal properties



of gold and silver coated shelled microbubbles (and nanorods) to kill the cancer

cells [28-30].

1.2 Sonoporation and material identification

At present the mathematical modelling behind sonoporation is still in its infancy
with only a handful of articles attempting to quantify the physical mechanisms
behind sonoporation [31,32]. In vitro experiments performed on phantoms have
shown that high frequency chirps significantly enhance the sonoporation procedure
when used along with shelled microbubbles [4,13,21,33-35]. This is because the
microbubble populations have a spread of radii and therefore a distribution of reso-
nant frequencies. Since maximum sonoporation will occur when each microbubble
shears against the capillary wall at its resonant frequency, it is no surprise that
the chirp containing a range of frequencies performs better. Fundamental to the
sonoporation efficiency are the material parameters of the shell which can include
the thickness of the shell, its stiffness (shear modulus) and its Poisson ratio. The
fundamental goal of the work presented here is therefore to identify the most suit-
able material parameters for the shelled microbubbles. As a possible experimental
mechanism for testing the efficiency of the shells is in the bursting phase of the mi-
crobubble, this PhD will focus on developing mathematical models for evaluating
the material parameters’ influence on the collapse and relaxation times for shelled
microbubbles. The relaxation time is defined as the time taken for the amplitude

of an oscillating shelled microbubble to decrease to 1/e of its original amplitude.



1.3 Rayleigh-Plesset model

Most current shelled microbubble models are based on the Rayleigh-Plesset equa-
tion for a free gas bubble, which is derived by balancing the pressures acting on
the inner surface of the shelled microbubble with those acting on the outside of

the shelled microbubble’s surface and the surrounding liquid. This gives [36-3§]
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where R(t) is the instantaneous radius of the microbubble, R = dR/dt, R =

RR +

d?R/dt*, k is the polytropic index, P, = P,+20/R, is the equilibrium pressure in-
side the microbubble, R, is the radius of the microbubble at rest, i, is the viscosity
of the liquid, P, is the ambient pressure in the surrounding liquid, o is the surface
tension at the liquid-gas interface and P,.(t) is the acoustic pressure applied by the
ultrasound. The Rayleigh-Plesset equation assumes that the microbubble oscilla-
tions are purely radial and that the surrounding liquid is incompressible. The gas
in the shelled microbubble is assumed to behave adiabatically despite its polytropic
index being relatively close to one which is associated with isothermal behaviour
[39]. The damping contributors are the viscosity of the liquid that surrounds the
microbubble, thermal damping between the gas and the surrounding liquid, and
damping associated with liquid compressibility via the external acoustic energy.
The thermal damping can be accounted for by selecting the appropriate value for
the polytropic index, x [39]. The Rayleigh-Plesset equation can be modified to
take account of the compressible nature of the surrounding liquid, implying that
the Mach number for the microbubble wall given by R/ ¢, where c is the speed of
sound in the liquid, is no longer negligible when compared to unity [39]. Two ex-

amples of Rayleigh-Plesset models which allow for compressibility are the Herring



and Trilling equation [40,41] and the Keller-Miksis model [42,43].

1.4 Shelled microbubble modelling

Marmottant et al. [44] modelled lipid shelled microbubbles using the following

version of the Rayleigh-Plesset equation
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where the term o(R) is defined as the effective surface tension and k; is the surface
dilatational viscosity. This model assumes that when the shelled microbubble oscil-
lates, the elastic region holds only for a small range of radii. However, the model is
capable of describing nonlinear effects particularly the compression only behaviour
observed in the analysis of certain monolipid shelled microbubbles. This was the
first model wherein the surface tension of the shell varies during various stages of
its oscillatory motion. This was achieved by expressing the surface tension as a
piecewise function dependent on the shell’s area density with the shell experiencing
a smaller surface tension when the shell itself is smaller. This is due to the area per
molecule decreasing during contraction resulting in a smaller number of molecular
interactions and therefore a smaller surface tension. Paul et al. [45] developed
a Rayleigh-Plesset model using an effective surface tension that incorporated a
dilatational elasticity term which was a function of the surface area change. The
dilatational elasticity term was modelled using both quadratic and exponential
terms with each approach giving similar results and predicting the subharmonic
response with a reasonable level of accuracy [45]. Both of these models rely heavily
on experimental observations for one particular type of UCA. Several other models

also adopt an empirical approach which involves incorporating additional terms
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into the Rayleigh-Plesset equation based on physical observations of experimental

data. One such model has been developed by de Jong et al. [46-49].

1.5 Encapsulated interfacial shelled microbubble
models

Church [50] developed a model for an encapsulated shelled microbubble incorpo-
rating both the inner and outer radii and the interfacial surface tension. This
approach was developed using rigorous mathematical arguments rather than re-
lying on an empirical method. Church assumed that the incompressible spherical
encapsulated gas shelled microbubble was surrounded by an unbounded incom-
pressible liquid and experienced radial oscillations when it was subjected to an
external acoustic pressure. The model uses two surface tension expressions: a sur-
face tension for the outer shell/liquid interface and an interfacial surface tension
between the shell’s inner radius and the gas layer. Church exploited the Rayleigh-
Plesset equation and assumed that the shell material behaved as a viscoelastic

solid obeying the Kelvin-Voigt constitutive equation

ou ov
(s) — 9 ~ Lo — 1.3
Trr Hs or s or’ (1.3)

where pg and 7, are the shear modulus and the shear viscosity of the material,
u(r, t) is the radial displacement inside the shell and v(r, t) is the radial component
of the velocity inside the shell. Experimental evidence indicates that this model
is more suited to albumin shelled bubbles with shell thicknesses of the order of 15
to 20 nm [39]. Note that the Kelvin-Voigt model is analogous to an elastic spring

in parallel with a dashpot (damper).
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Doinikov and Dayton [51] suggested a model for lipid encapsulated microbubbles
where the shell is treated as a viscoelastic fluid that obeys the Maxwell constitutive
equation

ot v

() y N2 —9p 2~
Trrl A ot ns@r’

(1.4)
where )y is the relaxation time and 7y is the shear viscosity of the shell. This ap-
proach models the shell as an intermediate material between an elastic solid and a
viscous fluid. Incorporating a Maxwell viscoelastic behaviour into the model helps
to explain some of the experimental data that contradicted previous assumptions
that the lipid shell behaved like a viscoelastic solid. The model predicts that a
shelled microbubble possessing a viscoelastic fluid shell can have both higher and
lower resonance frequencies than a free bubble. This depends on the choice of the

shell parameters us and 7, [39,51]. The Maxwell viscoelastic fluid model involves

modelling an elastic spring in series with a dashpot (damper).

Doinikov et al. [52] proposed a modification to this model where the shell’s vis-
cous constant, kg, was replaced by a function of the shell’s shear rate. Despite
numerous Rayleigh-Plesset models existing for UCAs, experimental observations
have been made that challenge the current, existing models [39]. The experimental
observations of compression only behaviour for monolipid coated UCAs is high-
lighted by the asymmetrical oscillation curves that are experimentally observed
and that were subsequently modelled empirically by Marmottant et al. [44] who
separated the shell elastic behaviour into three different regions. According to
current models, the shell’s material parameters such as viscosity and elasticity,
display a dependency on the initial radius of the shelled microbubble. However,

large shelled microbubbles possess a greater mass and surface area yet should still
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have the same viscosity and elasticity for the same type of material. This highlights
a current flaw in the modelling of the rheological properties of monolipid UCAs
which clearly requires a more fundamental and mathematically rigorous treatment

[39].

1.6 Shelled microbubble collapse

The literature pertaining to the mathematical modelling of shelled microbubble
collapse is very limited. Bogoyavlenskiy’s paper [53] on the differential criterion of
microbubble collapse is an analytical approach that exploits the Rayleigh-Plesset
equation specifically for a viscous, Newtonian liquid. This work derives a general
collapse condition relating to the viscosity of the surrounding fluid but it deals only
with a gas microbubble and not a shelled, viscoelastic microbubble [53]. Rayleigh’s
[36] original work from 1917 contains an analytical solution for the collapse time
of a ruptured microbubble but it is valid only for a gas microbubble (not shelled)

in an inviscid liquid.

1.7 Collapse of shelled microbubbles and nonlin-
ear elasticity

There currently exists very little literature pertaining specifically to UCA mod-
elling using nonlinear elasticity, which is the standard approach for modelling large
deformations of elastic materials and in particular soft materials such as in bio-
logical settings [54-59]. There are however, numerous publications relating to the
dynamics of spherical bodies using nonlinear elasticity [60]. Tsiglifis and Pelekasis

[61] used constitutive laws from nonlinear elasticity alongside the Kelvin-Voigt vis-
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coelastic model to study the physical behaviour of various UCA types ranging from
monolipids to polymer UCAs. They reported that the polymer based UCAs were
consistent with the neo-Hookean model whereas monolipid UCAs were consistent
with the Mooney-Rivlin constitutive law due to the presence of strain softening be-
haviour. Strain softening behaviour occurs due to the area density of the monolipid
decreasing as the material stretches radially outwards. This behaviour has been
observed in monolipids typically used in UCA shells such as Sonovue [39,61,62].
Gaudron et al. [63] have developed Rayleigh-Plesset models describing cavitation
bubbles in soft tissue. They achieved this using nonlinear elasticity in conjunction
with the Kelvin-Voigt viscoelastic model. They utilised both the neo-Hookean
and the Mooney-Rivlin models to develop their Rayleigh-Plesset equations. De-
spite this work being directly relevant to cavitation, a similar analytical approach

could be adopted to consider the nonlinear behaviour of UCAs.
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1.8 Outline of Thesis

The aim of this PhD thesis is to understand and identify how various material pa-
rameters such as the shear modulus (stiffness), Poisson ratio and thickness of the
shell influence the collapse and relaxation times and natural frequency of shelled

microbubbles.

Chapter 2 proposes an analytical model developed using an asymptotic expansion
for a stressed, compressible shelled microbubble that oscillates about its equilib-
rium position and considers how varying the shear modulus, Poisson ratio and

shell thickness influences the shell’s collapse time.

Chapter 3 discusses the physical model for the deformation of an open microbubble
shell. An opening angle approach is used with the original stress free configura-
tion being represented by an open, deformed and incomplete shelled microbubble
which is stressed via a hoop stress in order to subject the shell’s surface to both a
radial and an angular deformation. Future work will focus on modelling both the
forward (inflationary) stage and the collapse phase of the shell and the influence

of the material parameters on the collapse time.

Chapter 4 develops a Rayleigh-Plesset equation describing an incompressible, thin
shelled, gas loaded microbubble with a shell composed of a liquid-crystalline ma-
terial. Time-dependent perturbation theory is used to linearise the physical model
and the relaxation time and natural frequency of the shelled microbubble and
their dependency on the material parameters (Leslie viscosities [64]) of the shell

are considered.
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The original work in this thesis is:

Chapter 2 proposes an analytical model for a stressed oscillating shelled microbub-
ble and identifies how the key material parameters influence the dynamic behaviour
of the shelled microbubble. No previous study has isolated and identified the in-
fluence of these physical parameters nor has any previous study developed a model

for a compressible shell.

Chapter 3 proposes for the first time an analytical model for an angularly and
radially deformed, open shelled microbubble by exploiting an opening angle ap-
proach for a shelled microbubble. There is no spherical model in the literature
that has used an opening angle approach to model a stressed shelled bubble nor

is there any model that has attempted to model the shell’s surface unfolding.

Chapter 4 develops a model for a shelled liquid-crystal microbubble. Despite
there being numerous Rayleigh-Plesset models for shelled microbubbles there is
no existing model that views the shell as a mesophase. This is the first serious
attempt at modelling a shelled microbubble which exhibits both solid and liquid
characteristics by utilising liquid-crystal theory [65-67]. The model is linearised
and expressions are determined for the relaxation time and the natural frequency
of the shell. The influence of the material parameters of the shell on the relaxation

time and the natural frequency are discussed.
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Chapter 2

The analysis of the collapse of a

shelled microbubble

2.1 Introduction

In this chapter a theoretical model is proposed to predict the dynamics of an oscil-
lating shelled microbubble. A compressible, neo-Hookean [54] strain energy density
function is used to model the potential energy per unit volume of the shell. Previ-
ous studies by Tsiglifis and Pelekasis [61] and Efthymiouhas et al. [62] show that
thick shelled ultrasound contrast agents (thicknesses of the order of 15nm and
above) can be modelled by using a neo-Hookean strain energy density function
whereas monolipid shells (thicknesses of the order of 4nm) are consistent with a
Mooney-Rivlin strain energy density function. This study will focus on microbub-
ble shells with thicknesses between 20-50nm whose shell can be be described via a
compressible, neo-Hookean strain energy density function. A neo-Hookean strain
energy density function has the added advantage of being among the simplest of

nonlinear models to study. Nonlinear elasticity can account for large scale defor-
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mations and has been used in numerous studies pertaining to modelling rubber
mediums and soft tissue [54,68]. Experimental studies [14,15] have shown that
the Poisson ratio of a typical ultrasound contrast agent is between 0.48 and 0.49
which is similar to rubber. The standard approach to modelling rubber is to utilise
nonlinear strain energy density functions which are either neo-Hookean or Mooney-
Rivlin [69]. The third invariant describes the compressibility of the material and
requires the use of Poisson’s ratio. Including Poisson’s ratio in the modelling pro-
cess allows us to identify how this parameter influences the collapse time of the
shell whereas a neo-Hookean or Mooney-Rivlin strain energy density function only
uses the shear modulus [69]. In the approach adopted here, a stress is applied to
the shell by applying a series of radially directed small stress steps to the inner
surface of the shell and setting the outer surface’s stress normal to the surface to
zero. This stressing process is quasistatic and is thus independent of time. The
spatial profiles of the Cauchy radial and angular (hoop) stresses that are created
within the shell during this process are evaluated using an asymptotic expansion.
The nonlinear model is linearised primarily to give some analytical insight into
how the material parameters influence both the inflationary phase of the shell and
its subsequent collapse time. The derived nonlinear model displays a level of com-
plexity that does not lend itself to being easily solved analytically or numerically.
Linearising circumvents the necessity of large scale numerical schemes since solving
the nonlinear model computationally is a formidable task due to the complexity of
the model, the stiffness of the equations and the required convergence of the nu-
merical scheme. The stress applied to inflate the shell (commensurate with typical
values used in sonoporation) works out to be around 1% of the shear modulus of
the shell [15,21]. This small stress load makes the asymptotic expansion possible.

Once a certain radial deformation is reached, the stress load at the inner radius is

18



switched off causing the shell to collapse and oscillate about its equilibrium (stress
free) position. The inflated shell configuration is used as an initial condition to
model the time evolving collapse phase of the shell. The collapse phase is modelled
by applying the momentum balance law and mass conservation. The model is then
used to show the influence of the shell’s thickness, its Poisson ratio and the shear

modulus on the collapse times of the shelled microbubble.

2.2 Stressing a shelled microbubble

2.2.1 Defining the coordinate frames

Consider the reference configuration of a stress free, fully formed spherical shell
with inner and outer radii of R; and Ro respectively ([70],p246). A configuration
of a body is defined as a one-to-one correspondence that maps the particles of the
body onto their locations in Euclidean space ([70],p77). Figure 2.1 illustrates such

a scenario.
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X1

Figure 2.1: Reference configuration for a stress free spherical shell.

The reference configuration of the system is a spherical shell possessing no
stress. A spherical polar coordinate system with coordinates (X!, X? X3) =
(R, ©, ®) has the coordinate transformation (Cartesian coordinates) (X, Xa, X3) =
(Rsin® cos @, RsinOsin®, RcosO). The reference configuration basis vectors

er, o and eg can be written in terms of the Cartesian basis vectors e, es, €3

to give
er = sin O cos Pe; + sin O sin Pey + cos Oeg, (2.1)
ee = cos O cos Pe; + cos O sin Pey — sin Oes, (2.2)
and
ep = — sin Pe; + cos Pe,. (2.3)

The following relationships for the basis vectors hold

20



863

50 — 8 O cos Pe; + cos O sin Pey — sin Oeg = eg, (2.4)
663 . . . .
5 = sin © sin ®e; + sin O cos Pey, = sin Oeg, (2.5)
869 . . .
55 — Sin O cos Pe; — sin O sin Pey — cos Oez = —ep, (2.6)
66@ .
55 = cos O sin ®e; + cos © cos Pey = cos Oeg, (2.7)
8eq>
— =0 2.8
a@ ) ( )
and
66@ . .
5 — o ®e; — sin Pey = —sin Oer — cos Oeg. (2.9)

The current configuration is an inflated spherical shell possessing a stress. Let
the current configuration basis vectors be represented by e,, ey and es where e, ey

and e are the standard Cartesian basis vectors, and so

TO

v

€r9

Tl

Figure 2.2: Current configuration for a stressed spherical shell.
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e, = sin f cos ey + sin 6 sin gey + cos fes, (2.10)

eg = cos 0 cos pe; + cos 0 sin pey — sin fes, (2.11)

and

ey = — sin ¢eq + cos ges. (2.12)

2.2.2 Tensor theory and vector fields

Consider the following discussion from Ogden ([70], p55) regarding curvilinear
coordinates. Let 1) : 2 — R? represent a one-to-one continuous mapping whose

inverse ¢)~! is also continuous. If € Z then

Y(x) = (2, 2%, 2°), and o = (2}, 2% 2°). (2.13)

Assuming that 1 and ¢»~! have continuous derivatives up to infinity, given 1 and

2, there are three scalar fields ¢ : 2 — R, such that

U(@) = (W' (2),¥*(x),¥%(2)), =€ 2. (2.14)

The fields 9)¢ are the coordinate functions of 1) on 2, v is a coordinate system on
2 which is a coordinate neighbourhood. The coordinates x* of the point x in the

coordinate system 1 are given by

7' = ' (x). (2.15)
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They are called the curvilinear coordinates covering 2 where z° represents the
curvilinear coordinates and x; denote the Cartesian coordinates [70]. Equation
(2.15) can be used to define a subset of 2 called an x’-coordinate surface of ¥ in
2 such that

r' = 1)'(x) = constant. (2.16)

The natural basis of ¢ at x is written as

ox;
gi(x) = 8—;(3% (2.17)

where g; is a vector field on 2 and g, is a tangent to the z’-coordinate curve of 1.

A reciprocal basis ¢' of g; at each point = of 2 may be defined such that
g'(x) - gj(z) =9 (2.18)

where 5;- is the Kronecker delta and {g;}icf1,2.3) represents a fixed set of general
basis vectors whose elements are assumed to be non-zero and non-parallel to each
other. The general basis vectors are linearly independent [58]. The reciprocal

general basis vectors are defined as
: or'
‘(x) = =—e;. 2.19
g (.T) axj 6] ( )

From equation (2.18), let I denote the identity matrix, such that

I=g'(z) ®gi(z) = gi(x) @ g'(2), (2.20)
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for each z in &. The contravariant and covariant components of I are denoted by

g"(x) and g;;(x) respectively, where

g'(x) =g'(x) - ¢ (2),  gi;(x) = gi(x) - g(2).

g'(x) = g"(x)g;(),  gi(x) = gi;(2)g’ (), (2.21)

and the mixed components are 5]2 To distinguish between the reference and current
vector fields, we employ an uppercase (G) for the reference configuration and a
lowercase (g) for the current configuration. Using equations (2.17) and (2.18), the

vector fields for the reference configuration are

Gy = en, (2.22)
G' = ep, (2.23)
G9 = Rcos O cos Pe; + R cos O sin Pes — Rsin Oeg = Reg, (2.24)
1
G? = 7o (2.25)
G3 = —Rsin O sin Pe; + Rsin O cos Pey = Rsin Oeg, (2.26)
and
o1 eo (2.27)
Rsin® '
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Similarly, for the current configuration

g1 = €,
1

g = ér,

g2 = 1 cos 0 cos pe; + 1 cos 0 sin pey — rsinfes = rey,
5 1

g = ;697
g3 = —rsinfsin ¢ge; + rsin  cos ey = 1 sin fey,
and

1
3
= ——¢y.
rsing ¢

(2.28)
(2.29)
(2.30)
(2.31)

(2.32)

(2.33)

Using the identities from equation (2.21) the reference and current configura-

tions can be written as

and

g =1 0 r? 0

0 0 r2sin’6

The g;; and g" are commonly referred to as the metric coefficients and determine

the geometrical characteristics of a given basis [58].
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2.2.3 The gradient and divergence of a tensor

For a tensor field T of order n, grad T' is written as V ® T and represents a tensor
field of order n + 1. If v is a vector field, the scalar field V - v (the divergence of
v), is defined as

divov=V-v=tr(Veuv), (2.34)

where tr represents the trace which is defined as the sum (V ® v),,. The divergence
operation is the contraction of the second order tensor field V ® v. Consider the
vector field v, then

ov(x)
8.’,13']‘

grad v(z) =V @uv(z) = R ej, (2.35)

where v = v;e;. Contraction of equation (2.35) gives the component expression for

div v. Hence

0v; ()

. = ) 2.36
Vo) = 228 (236)

For a vector field v where v = v,g* then it follows that ([70], p65)

vy i k j

Veuv= %—ijvi 9" ® ¢, (2.37)

(note that I}, = I'},) where the Christoffel symbols are ([70], p58)

i g’

Iy = =g 5o (2.38)

For a tensor field 7" of order n, equation (2.35) generalises to

or

T:
Ve oz,

®6i7
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— 2 Qe e, R ... Qe ey, (2.39)

T=
V® oz,

where the components T;,;, ;, are scalar fields. For a second order tensor ([70],

p65)
T=Ti®¢. (2.40)

2.2.4 Calculating the gradient of the deformation

The applied stress is due to a stress load that is applied to the interior surface
of the microbubble’s shell. The formal derivation of the deformation gradient of
an inflated sphere will be included to prepare the reader for the novel derivation
that will be performed in Chapter 3. The deformation gradient F' is a two point
tensor (mixed tensorial basis) with a deformation, y = y;g%, where the gradient

of the deformation is defined as F' = V®y. From equations (2.37) and (2.38) we get

O , & . (0. g ,
Vex =gy () @6 = (a;éjg *X"a)go') s

o % i dg i j
—(ang T XigNg gzg)®G,

_ oxi dg’ i j
= (anJrXZW-gZ)g ® GY. (2.41)

The magnitude of the change in the basis vectors via the Cauchy stress is readily
evaluated using the Christoffel symbols. Note that the Cauchy stress is not based
on a mixed tensorial basis and is described by the area and the force in the cur-
rent configuration. In spherical polar coordinates the current configuration can
be transformed into physical components ([70],p64) to give x19' = x16, = X,€,
resulting in x; = x,. The yp term is x29? = x260/7 = Xgeg resulting in xu = ryy.

The x, term is x39° = xzes/(rsin ) = xyes where x3 = rsinfx,. Using equation
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(2.41) we can determine the gradient of the deformation where the deformation is
defined by x1 = 7 (R), and x2 = x3 = 0. Assuming 0 (©) = © and ¢ (®) = P, the

terms for equation (2.41) are

0 dg' or de, )
(V& X),gerer = (8;?1 + Xla)g;l '91) g'@G" = (% o er) e,®er = r'e,Rep,
(2.42)
axl 8g1 / Er & €o
(V®X),0er®ee = (axz +X16X2 919 @G = (reql 'GT)T =0,
(2.43)

0 Og* Oe, . .
(V&X),qper@ee = ( X +x1 g3 -91) g'eG? = (r c er) er®ee _ (rsinfeyd’ - e,) ;fneg =0,

0X3 0X 00 Rsin ®
(2.44)
X2 dg* de, eo D er
(V@X)9R€9®€R:(aXl—FXlaXl'gQ g2®G1: T6R~T€9 . :0,
(2.45)

0 dg! dgt eg Qe
(V®X)ee€6®€9:< X2+X1 g '92)92®G2=(X18—§2'92) GTRQ

0X? 0X?2
. Tﬁer re € ® €o - (Lel) e ® e (2 46)
Voo ) yr T \p)TTT® '

N X2 dg' 2 3 de, ey @ eq
(V®X)9<p€9®e<1>—(3X3+X13X3'g2 g e = "9% ") "Rsin©
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. g Qe
= (rsinfeyd - reg) ﬁ =0, (2.47)

_ ([ 9xs dg' 501 [ O eg Der
(V®X>¢R€¢>®€R— (6)(1 +X18X1 g3 ) °RGT = T%'Tsme% m_(L
(2.48)
6X3 891 3 2 00 . €y X eo o
Ve X>¢® co®eo = (3X2 - Xl@XQ 93 ) 9OG = re(;% rsinbey rRsinf 0
(2.49)

and

- Ix3 891 3 3 de, . €p X ey
(V@ X)4 €6@c0 = (8)(3 +X1@x3 193 | 9RGT = "0 rsinfe rRsin 6 sin ©

rsind
- (Rsm@(b/) oo (230)

The gradient of this deformation is a two point tensor, given by F' =V ® ¥,

i.e.

"0 0
F=1o %, 0 , (2.51)
0 0 £32%¢
If 0 =0 and ¢ = P, then
r 0 0
F=1fo0o % 0 (2.52)
0 0 %
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2.2.5 Defining the appropriate strain energy density func-
tion

If we assume that the shell material is hyperelastic then there exists a strain
energy density function expressing the potential energy per unit volume. The
strain energy density function that will be used here to model the microbubble
shell is a neo-Hookean strain energy density function [54,58,71], W (F'), which
includes a compressible term that is used to model the change in volume of the
shell of the microbubble as it is inflated. The strain energy term associated with the
compressibility of the shell was developed by Blatz ([72], p23-45). The determinant
of F' (denoted by J) gives a measure of how the volume of the spherical shell
changes as it maps from the stress free, reference configuration to the stressed,

current configuration. The determinant is given by

r'r
J =" (2.53)
The neo-Hookean strain energy density function is ([54], equation (5))
M T K —28
W(F) = 5 (tr(FF") —3) + 2 (J7#=1), (2.54)

where FFT is defined as the left Cauchy-Green deformation tensor ([58],p81),  is

the shear modulus, v is Poisson’s ratio and 5 = v/(1 —2v). Consider the following
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trace properties

0 0 1
(detF') = <—€ijk€pqrEijqur) )

OF - OF,, \6
= < eurar GindnFyaFir & FilindnFir + Fip i)
= % (€mjk€ngr EFigFlr + €imk€pnr FipFlr + €ijmepgnFipLliq)
= % (€mjk€ngr FiqFlr + €mik€npr FipFlr + €mij€npgFipElq)
= %emjkenququkr, (2.55)

and premultiplying equation (2.55) by F,, leads to

1
Fyn g (AetF) = Semgicngs Fyn il
1
— §€m]k (detF) Epjlm
1
— §€mjk€pjk (detF) 5

= £ (20) (detF)

= (detF) ,p. (2.56)

Multiplying equation (2.56) through by (Fﬁl)qp results in

6Fa (detF) = (detF) (F—l)qm, (2.57)
mq
which can be written as
oJ _ _
5F = \F|(F YT =JF T, (2.58)
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Similarly for the trace, where tr (FFT) = (FFT) = F};F}j, the derivative with

1

respect to F' gives

0
57 (F;Fyj) = 2F,,, (2.59)
Pq
or
FFT

The stresses can be described using the first Piola-Kirchhoff stress tensor which
is the transpose of the nominal stress tensor, relating the force in the current
configuration to the area in the reference configuration [54]. Recall that the Cauchy
stresses relate the force in the current configuration to the area in the current
configuration. The first Piola-Kirchhoff stress tensor, S(F), is given using equation

(2.58) and equation (2.60) along with equation (2.54), to give ([54], equation (5)),

oW 1 951 0J
S(Fy =220 —Popy 4 £ _opy-2122
(F)=3F =3+ 93 ( BT R
=pu(=J?FT+F). (2.61)
Substituting equation (2.52) into equation (2.61) gives
1
S=p(-J =41 )e@er+p —J725§+L €9 @ eg
! r R

s R
—+ 1% <—J 2[3? —+ ﬁ) € X Cp. (262)

2.2.6 Calculating the divergence of the first Piola-Kirchoff

stress tensor

This subsection will formally derive the divergence of the first Piola-Kirchoff stress

tensor for an inflated, shelled microbubble. This task will be performed to prepare
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the reader for the novel derivation of the divergence of the first Piola-Kirchoff
stress tensor for an open shelled microbubble in Chapter 3. For the static solution
of a stressed shelled microbubble, the divergence of the first Piola-Kirchhoff stress
tensor will be equal to zero. To determine V - S, we need to be able to relate
the physical coordinates for the mixed tensorial basis to the general basis vectors
represented by the components g; and G; where ¢ € {1,2,3}. The first Piola-
Kirchhoff stress tensor is represented by ([70], p34), S = Sij g'®G; where Sij are the
left-covariant components of S. Converting physical coordinates into generalised

coordinates using equations (2.4) to (2.27) and equations (2.28) to (2.33)

Sllgl ® Gl = Sller Xer = SrRer X €R,

where
oal
ST‘R =K (_J 26; + rl) ) (263)
2 2 o R
Sy g ® Gy =S, 769 ® eg = Speey @ eo,

where

r r?

—Spe =u | —J % 4 — 2.64

R0e ,u( + RQ)a (2.64)
and

€y .
S2g° ® Gy = Sggrsine ® Rsin Oeg = Syapey @ €s,

where # = O, results in

r

_ 7
7S =4 (—J 2+ ﬁ) : (2.65)
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Calculating the divergence of S using equations (2.37), (2.38) and (2.40) results in

0 i
VS = o (Sg'®G;) - G*. (2.66)

Only S)', S5 and S5 need to be evaluated because the off-diagonal elements are
all equal to zero. Calculating each of the terms in V - S using equation (2.66) and
equations (2.22) to (2.33), gives

@(e@e).e —aill
oR VT TR TR TR

(S/'9'®Gy) -G = €. (2.67)

oX?t

Similarly we get

0 0
o (52970 G) -G = o (52—®Re@) er
0 R
= ﬁ (»3227) (69 ® 6@) ceRp = 0, (268)
since (eg ® eg) - eg = 0. Similarly
(S3g3®G3)-G1:i(S3 ®Rsm@eq>>-
ox 3 OR rsin 6
3 Rsin©
8R ( rsin 0 ) €s & 6«;1; cER — 0, (269)
since (ey ® eg) - eg = 0. Additionally
0 e S2 0
) 2(52292®G2)'G 8@ (52 ®R€@>'§:T%(€e®€@) €o
S [ Oe Oe Sy2 [ Oe S.2
5 (6_g®e@+ee®8_g) co= 2 (859/ ) o= "Le, (270)
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since § = 1 and S5 depends solely on r, 7" and R. Similarly

0 €
X2 (51191 ® Gl) LGP = 90 (S1ler ® 6R) "R
1 1 1
= % (F'eg @ ep+e,Reg) - eo = % (e, ®eg) o = %er, (2.71)

since (eg ® eg) - eg = 0. Continuing

0 Rsin®\ eg
3 3 . P—
(85" ® Gs) - & = 55 (S € ® rsin@) R

_533 LTI sm@+ ®aﬁ sin © - 0 (sin®© 0
"R \90 T sime Y90 \sne ) T %90 \smg ) ) T

(2.72)

0X?

and similarly

0 €p Sl Oe Oe R
Y ot 3 _ 9 (a1 ‘ _ r 9¢r
ox (519" © G1) G =5 (Sler @ er) s = Fane (acb Gertes acb)
S o _ St Slte,
= Rsiln@ (sinf¢'ey ® er + €, @ sinOeg) - € = Fﬁ (e, ®eq) o = 1R . (2.73)
Other terms are
0 5 o 0 o R ep  S¢ 0
0X3 (SQ 9@ GQ) G* " 00 (S e e@) Rsin®  rsin® 0d (co®eo)-e
% (99 ¢ oot o5 ® 29 ) ew =~ (¢ con ey ® co + 0 ® ea cos O)-ca
~ rsin® \ 9@ ¢ + 0 ce "~ rsin® CO5 P & €6 T €0 ) Co COS
2
_ Mee’ (2.74)
T
and
9, 5 . s Rsin® o S0
0X3 (859" @ Ga) 7 = 0P < > rsinf Coe CD) Rsin®  rsinf 0d (€5 ®eo)-co
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B S3 dey deg B S3 . ,
=l (8—<I> Rep + €5 ® 8—q))~e¢ = inp (—¢'sinfle, ® ep — ¢’ cosbey ® eg)-€q

S3¢! S3¢' cot 0

S.3 S.3 cot 6
= — 67’ ___36 J— 3

- r €p.
T T T

(2.75)
Gathering together equations (2.67) to (2.75) and substituting into V- .S =0
gives the following radial and angular equations

M1 it T 2 3 —
58 T R r(52+53) 0, (2.76)

Sypcot®  Sicotf
r ro

0, (2.77)

since Sy* = S3* due to § = ©. This results in the polar and azimuthal stresses hav-
ing the same dependency on the radial deformation. Equation (2.76) is equivalent

to the first Piola-Kirchoff stress in Daniel et al. [68].

2.2.7 Formulating the Cauchy stresses for the radial equa-
tion

To formulate the Cauchy stresses the radial differential equation (2.76) has to
be rewritten in terms of the physical coordinates. Calculating the various terms
in equation (2.76) using equations (2.63),(2.64) and (2.65) gives, from equation
(2.53),

aR- R R R

_+___

oJ  r'"r? 2(r)?r 27“’7“2:J P2t 2 | (2.78)
7! T R
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aSll d —20 1 l —28—1 0J 1 —28 1 ? " "
_— = — — — = 2 - _
R — R (,u( J T,+r o\ 28J 8Rr’+J wl I +7r

=y <r” <1 + W) + J% (% — ;—f/)) . (2.79)

ST e
_f22 - <Jjﬁ - %) , (2.81)
and (2.82)
_533 — <Jjﬁ - %) | (2.83)

Substituting equations (2.79) to (2.83) into equation (2.76) and dividing through-

out by p and multiplying by J~%? gives

7,//(14_%)4_‘]26(%_%— 2 _'_2)_'_27«’ QTZO

and rearranging,

()2 + 1+ 28) = <4f;/ - 46(:/)2 + %/ — —2(::/)2> + J <2T(T/)2 — 2<T/)3> :

(2.84)

To determine the Cauchy stresses in the radial and angular directions, equation
(2.84) is solved for the inner surface of the shell being subjected to a load stress
and the outer shell’s surface being stress free. Using equation (2.63), at R = R;

(the inner radius), this inner boundary condition is
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Sep=—pJF . (2.85)

Hence from equations (2.151) and (2.53)

—pr?(R
Syn(Ry) = %, (2.86)
T
where p represents the stress load on the inner shell. From equation (2.63)
1 —pr?(R
B I T _ (R
(R) R=Fy B
R=R;
Hence
—28
PR T R
=Ry _ =T "R 2-0 2.87
p = - W' B)| =0 (28)

S.r=0
Hence
1
—J7 R =0,
'r/(R)‘ R=Ro
R=Ro
and so
2w\ 2
mifto R=Ro _ 1
R% (R ’
R=Ro
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Rearranging gives the following boundary condition for R = Rp,

Equation (2.84) can now be solved subject to the boundary conditions given by

equations (2.87) and (2.88). The Cauchy stresses represented by 7 ([58], p111) are

then obtained from the first Piola-Kirchhoff stress tensor given by equation (2.61)

S = %—V; =JrF T (2.89)

and rearranging gives

1
T = jSFT. (2.90)

The radial and angular stresses are evaluated using equations (2.52), (2.90) and

(2.62)
- % (=72 4 (r")?), (2.91)
Too = Top = % (_J_Qﬁ + (%)2) ' (2.92)

2.3 Nondimensionalising the quasistatic and col-
lapse phases

Nondimensionalisation is used to assist in solving the quasistatic and collapse
phases of the shelled microbubble. This is achieved by using the reference config-

uration’s inner radius, R;. Let

Y =— (2.93)
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and

r(R)
Y) = 2.94
o) =", (294
so Yy =1and Yo = Ro/R;. This results in
or Ay
- - 27 2.
OR Y’ (2.95)
and
0?r 1 [ 0%
— = == . 2.96
0R?> Ry <8Y2> (2.96)
The Jacobian given by equation (2.53) is then
y'y°
= (2.97)

which on substituting into equation (2.84) leads to

12\ 28 / N2 / 72
y" ((@/)2 <yyy2) +1+2B> = <4§y —46(;/) +27y——2(z))

N (yy/f)% (291(/92/)2 - 2(5?///)3> . (2.98)

Nondimensionalising the boundary condition at the inner radius given by equation

(2.87) and rearranging gives

(o] ) s (awm| ) -wo| =0 @)

where p = p/p. Similarly, nondimensionalising the boundary condition at the

outer radius represented by equation (2.88) leads to

v\ 28/(+D)
© ) (2.100)

o), = (50

40



2.4 Linearisation of the inflationary process

The inflationary process, which is purely radially dependent, applies a small stress
to the inner radius, with a stress of the order of 1% of the shear modulus of
the shell. Applying such a small stress allows us to linearise the model for the
inflationary process by assuming that the stress is a small perturbation where

0 < p < 1. Assuming that the shell will be deformed by a small amount denoted

by pf(Y) gives
y(Y) =Y +pf(Y), (2.101)

The Jacobian is linearised, resulting in

2
Jz1+ﬁ(f'+?f). (2.102)
Determining .J?° using equation (2.102)
4535
JP =~ 14 28pf + @. (2.103)

Using equations (2.101), (2.102) and (2.103) and substituting into the first term

in equation (2.84) leads to
Y ()T +1428) = pf" (26 +2). (2.104)

Considering the linearisation process for various terms in equation (2.84) leads to

2y(y')? 2(y)? 2pf  2pf’
28 ~
! ( iy )Ty v (2.105)
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and substituting into equation (2.84) and rearranging results in
Y2 42V f —2f =0. (2.106)

The second order differential equation (2.106) is solved by using the algebraic
substitution f(Y) = Y¢q(Y) leading to

Y3¢" +4Y% = 0. (2.107)

Equation (2.107) is solved using separation of variables to give

A
qY) = Vi + B, (2.108)
where A and B are parameters determined using the boundary conditions of the
physical system. Substituting equation (2.108) into f(Y) = Y¢(Y) and combining
this with equation (2.101) yields

yY)=Y +p (% + BY) . (2.109)

Linearising and nondimensionalising the Cauchy radial stress given by equation

(2.91) results in

7A_yy % = j (_J_Qﬁ + (y,)Q)
=¥ (@ + (28 + 2) f’) . (2.110)
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Linearising the Cauchy hoop stresses represented by 749 and 7,44 given by equation

(2.92) where Tpg = 199/t leads to

. . 1 - 2
7'99=T¢¢:j(—J 26+(%> )

~ P <M+2ﬁf’). (2.111)

The boundary condition at the inner radius is

Tyy (1) = —».
Linearising using equation (2.91) gives

(26+2) (V)| _ +46f(1) +1=0. (2.112)

Linearising the boundary condition at the outer radius using equation (2.110) and

the boundary condition given by equation (2.100) yields

/ o _26 f(YO)
PO = GeT ( v ) (2.113)

Substituting f(Y) from equation (2.109) into the boundary condition given by

equation (2.113) leads to the relationship
%
A= 70 (38+1) B. (2.114)

Using equation (2.114) along with the linearised boundary condition for the inner

radius given by equation (2.112) and f(Y) gives the following expressions for the
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parameters A and B

Y5
— 2.115
e (2.115)
and
1
B = (2.116)

(68 +2)Y5 — (66 +2)

The radial deformation y(Y) is from equations (2.109), (2.115) and (2.116) where

R Y3 Y
y”7:Y+p<Y%@%—4>*@6+%K§—mﬂ+m>' (2.117)

Substituting equations (2.115) and (2.116) into equations (2.110) and (2.111) for

the Cauchy radial and hoop stresses where Tpy = 744, respectively gives

Y33
Ty =D | =—=———"— 2.11
= (g —

and

~

; Yo 1 (2.119)
Top = . :
WP \ysvi—2) T Y3 -1

2.5 Linearisation of the time evolving collapse

phase of the shell

Applying the momentum balance law where p, denotes the density in the reference

configuration, v represents the velocity and ¢ denotes the time, gives

Dv
2y, 2.120
Po VR ( )
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where the radial component of the material derivative is given by Dwv,/Dt =

v [0t + (v - V)v, — vg/r — v3/r ([70],p143-p145). Writing equation (2.120) in
terms of the Cauchy stress leads to

=V, 2.121

P = Ve T (2.121)

where v = v,e,, vy, = 0 and vy = 0 (radial dependency only) ([73], p354-p355).

To collapse the shell a change in the boundary conditions has to be applied at the

inner radius of the shell. In the inflationary picture there is a stress applied at the

inner radius, directed radially outwards, but to collapse the shell the stress at the

inner radius is set to zero. The right hand side of equation (2.121) is given by

v, r— (87” L2 (7 — 799)) e, (2.122)
T

where 7,, and Typg are given by equations (2.91) and (2.92). Let v, = 0r/0t where

7 = r(R,t). Using the chain rule

A 2/\
0 (87“)_8}% 07 (2.123)

or \ot) ~ Or OROt’

Equation (2.121) can be rewritten as

0*r  OFr OR O*r
pOJ <@+§§8R6t) GT—VT-T. (2.124)

To nondimensionalise time we use t = vt which results in

(30
o vy \ot)’

45



and
O _ R 0%
o2 V2 o2’

and the convective derivative (in component form) becomes

ot 2 9t Oy Y O

@g or  Rpoyoy 04
ot Or

The left hand side of equation (2.121) is

otz ot Oy Y ot

2 24 0 29
Dv _ p.Rry” (31/) (3 v, 0yoy o7 )er, (2.125)

Dt~ 2 v2 \oy

with the right hand side of equation (2.121) reducing to

2
M g (2, PPy (OY\T 2 [0V
V,- T R ((26+1)J <y+8Y2 3y v {5y er
n(PPy 20y 2
o <8Y2 +v (8Y> Y2> er. (2.126)

Setting v = /p,R?/p and substituting equations (2.125) and (2.126) into equation

(2.121) leads to the nondimensionalised momentum balance

2 25 N 2 2 2
V(00 (0 D50V B0 yu e (2 Py (VNP2 (0¥
Y2 \oY ) \oi2  oi Oy 9y oi y 0Y2\ 0y Y \ Oy
1 (0% 2 [0y 2y
+3(W+?(8_Y)_W) (2.127)

Applying the boundary conditions at the inner and outer radii where the stress is

set to zero such that 7,,(Y;,0) = 0 gives

%y

| = (1,8)) 2y (2.128)

1.0)
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and —26/(B+1)
o) _(vlod) (2.129)
Y l(vo.d) Yo ' ’

where the nondimensionalised initial conditions are given by the inflated solution

y(Y,0) =Y +pf(Y), (2.130)
and
8_1{ = (2.131)
ot 1(v,0)

Linearisation is performed once again where

y=Y +pg(Y,). (2.132)

Linearising the left hand side of equation (2.127) reduces it to

2 2.7 ~ Y 2. 2
J (@) <8y+8y8 8‘”) ~ LY (2.133)

ve\ay ) \oiz " 9oy avei) " Vo

and the various terms on the right hand side of equation (2.127) are

Oy (OY\® 2 2 [9Y 9%g  2pg 2p [ 9y
2 (= - ~ P — 2 —Z 2.134
oY? <8y) Ty ( ) i ( ) (2.134)

vy \ay) “Pav2 " vz Ty \ay
and
Cop 2pg . Jg
-1 1 — (2 N[ = +p=—= 2.1
J 1) (24522 ). (2135)
and so
sy [ O%y (OYN? 2 2 [OY 0%2g  2pg  2p [ Dg
28—1 g il = _ = il ~ I s = —J
@8+ 1)J <8Y2<6y) *3 Y<ay)>”(25“)<pay2 Y2+Y<6Y>)'
(2.136)
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Other terms on the right hand side of equation (2.127) linearise to give

Py 2 [y 2y 9% 2p(0g 2pg

Substituting equations (2.136) and (2.137) into the momentum balance law (2.127)

and cancelling out the small nondimensional parameter p gives us

Pg g, (4B+4) (99 (48+4)g
o (28 + 2)8Y2 + v (8—Y) v (2.138)
The initial conditions are given by
9(Y,0) = f(Y), (2.139)
and
99| _ (2.140)
Ot 1(v,0)

with boundary conditions that are stress free at both the inner and outer radius

given by
dg 203 .
-7 1,1) =0, 2.141
5y (17f)+ <6+1)g( ) ( )
and
g 28 g(Yo,1)
— =0. 2.142
Y lvon T (B+1) Yo (2.142)

Applying a Laplace transform to equation (2.138) and applying the initial condi-

tions leads to

G 2dG  2G

(25 + 2) (m + ?W - W) = SQG(K S) - Sf(Y), (2.143)
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where G(Y,s) = [ g e~stdi. Setting a® = 1/(2 + 2) results in

2
YQ;Z—Yi + QYZ—}(i — (2 + a’Y?s 2) G = CYQYQSf(Y), (2.144)

Consider first the case when s = 0. Here equation (2.144) becomes

d*G dG
2 _
Yios 2y - 26 =0, (2.145)

which has solution G(Y,0) = E/Y? + FY, where E, F' € R. The Laplace trans-
formed boundary conditions arising from equations (2.141) and (2.142) result in
E = F = 0. Hence the solution pertaining to the case s = 0 is the trivial solution
G(Y,0) = 0. From now on we consider the case when s # 0. The homogeneous

equation has the solution

G(Y,s) = A(s)[1(asY) + B(s)Ki(asY), (2.146)

Hom

where [;(asY’) is the modified spherical Bessel function of the first kind of order
one and K(asY) is the modified spherical Bessel function of the second kind

of order one ([74],p443-445) and ([75],p633-634). The modified spherical Bessel

functions can be written in terms of more familiar functions as

Il(ZL‘) = ' s

T (r+1)
K (SL’) = 72
The particular integral solution is
Y
GPI<Y7 8) = f(s )7 (2147>
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since f(y) satifies equation (2.106). The general solution is then given by

G(Y,s) = A(s)[1(asY) + B(s)Ki(asY) + fff) (2.148)

Taking the Laplace transform of the stress free boundary conditions given by
equations (2.141) and (2.142) and substituting equation (2.148) into the Laplace

transforms of (2.141) and (2.142) gives

A(s) (ngfm Lt ;f 1)11(as)> T B(s) (L%;‘SY) | (62751)K1(a5))

* é (agg> )Y:l i (5Qfl)f(1)) =0, (2.149)

and

A <%)H@ i (625 ) Il(?/ZYO))*B(S) (%’y% i (BQf 1) Kl(ngO))

1 (0f(Y) 26 f(Yo)
+g( )% ’YYO+ (B+1) Yoo ) =0 (2150

Using equations (2.112) and (2.113), we can write equations (2.149) and (2.150)

as the matrix equation

Als 1
M(s) () — s(26+2) ,
B(s) 0
where
oI (asY OK1(asY
i léy )’Y:1 + (52f1)[1(043) gy )’Yzl + (;fl)Kl<a5)
(s) = O (asY) 4 28 _N(osYp) 9Ki(asY) | 28 Ki(asYo)
oy Y=Y (B+1) Yo oY Y=Yo (B+1) Yo

(2.151)
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Equation (2.151) leads to

Als) = detzM) (3(2ﬁl—|— 2)) (8[(18(;{8}/) }YYO N (Bzfl) Kl(;{jYO))  (2152)

B(s) = detEM) <s(25_ir 2)) (811é§z/sY) ‘yyo * (52f1) [1<032YO)) , (2.153)

where the determinant is given by

detlM) = <%)y t o 1)11(0‘30 <%’w Y ED K1(32Y0)>

B (8&8(;81”) |+ %Iﬁ(as)) (Wlé(;ﬂ”) - (52f1> h(c;%Yd) |

(2.154)

The matrix M becomes singular when the determinant given by equation (2.154)
is equal to zero. This corresponds to the poles of the integrand in the inverse
Laplace transform formulation. The location of the poles in the complex plane was
empirically observed by producing an exhaustive set of contour plots of |det M (s)]
where s = re + iw, over an extensive range of real and imaginary values of s and
a range of material parameters given by 0 < § < 25 and 1.02 < Yy < 1.05 [15].
Figure 2.3 illustrates one of the many contour plots that has been produced for

one set of material parameters where § = 12 and Yy, = 1.02.

51



4000}

3.2183

2.8183

3000~

Ind
EN
©
@

2.0183

3 2000+

1.6183
1.2183
1000+

0.8183

0.4183

-400 -200 0 200 400
re

Figure 2.3: Contour plot of |detM (s)| (evaluated using equation (2.154)) over a
range of real and imaginary values where s = re + iw for § = 12 and Yy = 1.02.

Figure 2.3 shows a contour plot of |detM (s)| over a broad range of s where s =
re+iw with f = 12 and Yy = 1.02. The scale on the right hand side of the contour
plot corresponds to the values of |detM(s)| with the dark blue regions of the
contour plot indicating values of |det M (s)| which are below ~ 0.5 and potentially
equal to 0. Note that there is a symmetry in Figure 2.3 along the vertical line
re = (0. This is characteristic of all the contour plots that were constructed.
Constructing three dimensional plots of log, (|detM(s)|) over an extensive range
of real and imaginary values with 0 < 8 < 25 and 1.02 < Yy < 1.05 shows that
there is a series of approximately periodic minima. Figure 2.4 shows one such plot

for the material parameter set § = 12 and Yy = 1.02.
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Figure 2.4: Plot of log, (|detM (s)|) (evaluated using equation (2.154)) over a range
of real and imaginary values where s = re + iw for § = 12 and Yy = 1.02.

Figure 2.4 highlights the series of approximately periodic minima. Due to the
complexity of the expression for the determinant given by (2.154) it is not possible
to prove that the poles are all purely imaginary for all of the parameter space and
hence we have resorted to this numerical investigation. For the remainder of this
study we shall therefore assume that the solutions of equation (2.154) are purely

imaginary. Setting s = iw in equation (2.154) gives

2i(Yo — 1) (2 + Yoa?(1 + B)w?) cos((Yo — 1)aw)

Y3a3(1+ B)%w?
i (8 —4a(1 —2Yp + B+ Y3(1 + B))w? + 2Y3a (1 + B)%w?) sin((Yo — 1)aw)
2Y3a4(1 + B)2w? '

det(M) = —

_|_

(2.155)

To enable some analytic headway we shall consider an asymptotic expansion of
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equation (2.155) and examine the limit as w — oco. This results in

det(M) = 510 «Y}O/O_ Dow) | o), (2.156)

The poles are therefore approximately periodic and are given by

NoLES)

Wy~ (n—1)m Y, 1

(2.157)

where n € N. Equation (2.157) holds for the typical parameter regime of this

study, for example when § = 12 and Yy = 1.02 then w, ~ 800.

The inverse Laplace transform of G(Y,s), L7' : s — £, is given by

" 2mi

R 1 a+ico
g(Y,t) / e G(Y, s)ds. (2.158)

—100

The poles can be used to determine the inverse Laplace transform by utilising the

Bromwich contour C' = C; U Cy as shown in Figure 2.5 ([76], p151-174).
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a + vy

a — 1y

Figure 2.5: Mlustration of the Bromwich contour which is required to calculate the
inverse Laplace transform.

Here (] is the portion of the circle of radius R centred at the origin and C
is the vertical line at = a where a = € which lies to the right of all the poles
(as they lie on the imaginary axis). The integration on equation (2.160) is in the
anticlockwise direction (as indicated in Figure 2.5). We must consider R — oo to
encircle all the poles, and in Cy, v = v/R? — a®. By the Residue Theorem ([76],

pl151-174) we have in the limit as R — oo

(e o]

L GY, s)ds = Z res(w;), (2.159)

271
c oo

where w; are the poles and where res(w;) is

1 R 1 a-+100 R 8}
I%KI;O (2—7I'Z Ll GStG(Y, S)ds) + 2—7I'Z /aioo GStG(Ya S)dS = jzzoo IGS(Wj). (2160)

95



If we can show that the first term on the left hand side of equation (2.160) is

identically zero then from equation (2.158) we have that

o0

g(Y, 1) = ) res(w)). (2.161)

j=—o0

In the integral over C; the substitution s = Re’® was made in the term G(Y,s)

which leads to

1 ‘ 2Y3 1+Yp)? Ni N
GY,s) = —o b i 0 0+ Yo) RSN
2R(1+Yp) —-14+Y3 —-2-68+Y3(2+63) D D
(2.162)
where

i®
N, — 8v/Ze~¢°R(1+Y0)/(2/TTTD) (1 L e R(1+ Yo))

2v/2 420
_ 2 0O Y, 0 Y, ) i© Y,
—evee o Cos £ o +(4+e sin £ o ,
2V2ORY Yo 4 4 ¢¥® R?Y2) sinh Yo
VITP 2120 V2+ 208

and

10
Ny = 8v/2e—¢'RYo/ V228 <_4 — ezi@Rng — M)

VI+P
<ei@R(1 +Yo) cosh (ei@R(l + Yo)) . (ez’@R(l i Yo)))
2v/2+2p 2v/2+ 20 242+ 273 ’
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with

e Z. 4¢© RY,
D=¢ RYo /V2+28 (4\/§+ \/562 ®R2Y02 + )

V1+ 3
Mﬂ cosh (ﬁ) _ (4 + 622‘932) sinh <ﬁ)
JIt B 2125 NoEST;

_i(—)R/m 210 152 4€i®R
—e° A4V2 + V25O R +

Vith
2v/2¢° RY,, e®RY, 0i6 129 s e®RYp
(ﬁ COSh (ﬁ) — (4 + e R YO) Slnh <7m)> .

We will now consider an asymptotic expansion of equation (2.162) as |s| — oo.
Since there are hyperbolic functions contained within equation (2.162) we will
assume that R(s) is negative. Using Mathematica [77] to perform an asymptotic

expansion of equation (2.162) to order O(R™') gives

QY3/(Y3 =1+ (1+Y0)*/(—2 =68+ Y3(2+60))
2R(1+Yp)?
- GR\/1/(26+2)*(R(1+Yo)/2)\/1/(2[3+2)YO /26 +2)
2V2R(1+Y0)?\/1/(1+ B)
eR\/1/(2[3+2)7(R(1+Yo)/2)w/1/(26+2)YO 1726 + 2)

_ NS AV +O(R™*). (2.163)

G(Y,R) =

Since Yp > 1 the resulting exponential terms in equation (2.163) are raised to a

negative power which in the limit as R — oo tends to zero. This reduces to

(2Y5/(Y5 = 1) + (1 4+ Y0)* /(=2 — 68 + V(2 + 68))
2R(1+Yp)?

G(Y,R) ~ . (2.164)

which tends to zero as R — oo. Hence by applying Jordan’s lemma ([76], p54)
limp_,oo (ﬁ fcl es'gG(Y, s)ds) — 0 for £ > 0. The poles w; were identified nu-

merically using FindRoot in Mathematica [77] which uses the Newton method to

o7



identify roots. The residuals were also evaluated numerically using N Residue in
Mathematica [77] for a range of 5 and Yy values. The general form of the solution
is given by

Z A, (Y)eent, (2.165)

which simplifies to

Z2A ) cos(wnt), (2.166)

where A,(Y) denotes the amplitude of each residual whose pole is given by s =
+iw,. Now equation (2.166) is a Fourier series. The amplitudes for higher har-

monics are very small in comparison to A; (refer to Table 2.1).

Table 2.1: Magnitude of residuals at Yy (outer radius)
Harmonic no. | Magnitude of residual
2.24
412 x 1077
1.93 x 107°
1.52 x 1077
4.82 x 107°
3.29 x 107
2.14 x 1076
1.20 x 107°
1.21 x 1076
5.65 x 10710

© 00 O U W N+~

—_
e}

Table 2.1 shows that the amplitudes of the higher harmonics are very small in
comparison to A;(Yp). Hence the collapse time is dominated by the first angular
frequency wy. Every component in expression (2.166) independently satisfies the
boundary conditions given by equations (2.141) and (2.142). The collapse time ¢*,
which is the time taken for the stressed shell to collapse to its stress free state, is
therefore given by t* = 7/(2w;). To validate this analysis the original linearised
PDE given by equation (2.138) is solved numerically using the NDSolve built

in solver in Mathematica [77]. This solver uses the method of lines to evaluate

o8



equation (2.138).

2.6 Results for the inflationary phase of the shelled

microbubble

m =~ 0.92 for p = 0.01

1.05|
1.047

1.03]

1.02}

1.01;

gradient,m = 1 for p = 0

1.005 1.010 1.015 1.020

Figure 2.6: Graph of the nondimensionalised radial deformation versus the nondi-
mensionalised reference configuration’s radial coordinates for different nondimen-
sionalised internal stress loads given by p = 0,0.001,0.002,...,0.01 where v =
0.48, f = 12 and the initial thickness is Yp — 1 = 0.02. This is calculated using
equation (2.117).

Figure 2.6 plots the radial deformation of the inflated shell given by equation
(2.117) as a function of the reference configuration for a series of stresses applied
to the inner surface of the shelled microbubble. The red vertical arrow indicates

the direction of increasing applied stress. As the applied stress increases the slope
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of each successive line decreases slightly. The gradient of y(Y) when p = 0.01
varies from roughly 0.915 to 0.92 over the range of Y plotted. This is due to
the material being compressed more at the inner radius than at the outer radius.
Using equation (2.117) we can determine how the change in thickness of the shell
for the linearised model depends on the various material parameters of the shell.

Evaluating y(Yo) — y(1) — (Yo — 1) using (2.117) results in

—p(—2+ Yo + 38Yo + Y3(1 + 38))

Y(¥o) ~ (1) — (Yo — 1) = PG S e O

(2.167)

which shows that the change in thickness of the shell varies linearly with p. The
negative sign highlights that the shell’s thickness decreases as the applied stress
increases. This is a result of the shelled microbubble expanding radially and the
thinning of the shell is indicative of a compressive stress in the radial direction.
Equation (2.167) also highlights the slightly more complicated dependency on the
Poisson ratio on which # depends and on the thickness of the shell which is given
by Yo —1. The linearised Jacobian which measures the change in the local density
of the shell as it inflates can be simplified using equations (2.102), (2.115) and

(2.116) to give

3p
(68 +2)(Y5—1)

Jr1+ (2.168)

Equation (2.168) shows that as p increases the Jacobian of the shell increases
linearly which implies that the density of the shell is decreasing. The change in
density at the final applied stress of p = 0.01 is approximately 0.7% of its original
density which is the same order of magnitude as the nondimensionalised stress
load. Note that the Jacobian of the shell is independent of Y but depends on both

the Poisson ratio and the thickness of the shell Yo — 1.
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Figure 2.7: Graph of the normalised mass of the shell versus the nondimension-
alised stress load where where v = 0.48, 5 = 12 and the initial thickness is Yoy —
1 = 0.02. This is calculated using py = pJ alongside equations (2.102) and (2.117)

Figure 2.7 plots the normalised mass versus the nondimensionalised applied
stress up to a value of p = 0.01; the normalised mass is obtained by dividing
the mass at each stress step by the mass at the initial stress p = 0 resulting in
the equation m/mg = (y(Yo)* —y(1)®) /(Y3 — 1)J). Figure 2.7 shows that the
mass error is approximately proportional to p? as one would expect for a linearised

model.
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Figure 2.8: Graph of the nondimensionalised radial Cauchy stress of the shell
versus the nondimensionalised radial deformation for various nondimension-
alised internal stress loads where p = 0,0.001,0.002,...,0.01, v = 048, § =
12 and the initial thickness is Yo — 1 = 0.02. This is calculated using equations
(2.117) and (2.118).

Figure 2.8 shows the relationship between the nondimensionalised Cauchy ra-
dial stress 7,,, and the nondimensionalised radial deformation, y(Y"), for a series
of stresses applied to the inner surface of the shelled microbubble. The Cauchy
radial stress is greater at the inner radius than at the outer radius. This is because
the stress is zero at the outer radius and nonzero at the inner radius during the
inflationary process. Figure 2.8 illustrates a Cauchy radial stress which is nega-
tive, indicating that the stress is compressive. This is a consequence of the shell
thinning down during the inflationary process. Note that the Cauchy radial stress

at the inner radius is equal in magnitude to the stress applied to the inner radius
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of the shell.

Ton
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Figure 2.9: Graph of the normalised Cauchy angular stress (hoop stress) of the
shell versus the nondimensionalised radial deformation for various nondimension-
alised internal stress loads where p = 0,0.001,0.002,...,0.01, v = 048, [ =
12 and the initial thickness is Yo — 1 = 0.02. This is calculated using equations
(2.117) and (2.119).

Figure 2.9 illustrates the relationship between the nondimensionalised Cauchy
angular (hoop) stress (7y9) and the nondimensionalised radial deformation for a
range of applied stress values up to a nondimensionalised inflationary applied stress
of p = 0.01. The graph shows Cauchy hoop stresses that are linear and essentially
flat over the range of radial deformations varying from the inner to the outer radii.
The Cauchy hoop stress 7y is equal in magnitude to 7,4 due to the spherically
directed nature of the radial deformation and is positive indicating stretching. The

Cauchy angular stresses are significantly larger than the Cauchy radial stresses
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which were represented by Figure 2.8. This would suggest that the hoop stresses
play the key role in dictating the collapsing of the shelled microbubble. It is
interesting to note that the Cauchy angular stress is very slightly larger at the
inner radius than the outer radius which is a result of the material particle spacing

in the shell changing radially.

Too
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0258} — v =20.40
- v =048
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. . . , Y
104 105 106 107 108/ (Y)

Figure 2.10: Graph of the nondimensionalised hoop stress of the shell versus the
nondimensionalised radial deformation for two different Poisson ratios where p =
0.01 and the initial thickness is Yo — 1 = 0.02. This is calculated using equations
(2.117) and (2.119).

Figure 2.10 illustrates how the nondimensionalised hoop stress varies against
the nondimensionalised radial deformation for a particular shell thickness but with
two different Poisson ratio values for a nondimensionalised radial stress of p = 0.01.
Figure 2.10 shows that the hoop stress is independent of the Poisson ratio and that

shells with smaller Poisson ratios experience larger radial displacements.
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Figure 2.11: Graph of the nondimensionalised hoop stress of the shell versus the
nondimensionalised radial deformation for two different Poisson ratios where p =
0.01 and the initial thickness is Yo — 1 = 0.10. This is calculated using equations
(2.117) and (2.119).

Figure 2.11 illustrates how the nondimensionalised hoop stress varies against
the nondimensionalised radial deformation for a thicker shell than Figure 2.10 but
with the same two Poisson ratio values as Figure 2.10 for a nondimensionalised
radial stress of p = 0.01. Figure 2.11 when compared with Figure 2.10 highlights
the relationship between the hoop stress and the thickness of the shell with thinner
shells experiencing a significantly larger hoop stress. Note that the hoop stress
given by equation (2.119) is influenced by the applied stress p, the thickness of the

shell, and the inner and outer radii.

2.7 Results for the collapse phase of the shelled
microbubble

Having produced results for the inflationary phase of the microbubble’s evolution,

this can be used as an initial condition to model the collapsing shell. The collapse
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is achieved by setting the boundary condition on the inner surface of the shell to

be stress free.

g(Y, 1)

- g(lv E)
- 9(Yo, 1)

>
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0.0 0.1 0.2 0.3 0.4

Figure 2.12: Graph of g(Y,) at the nondimensionalised inner and outer radius
of a collapsing shell versus the nondimensionalised time where v = 0.48, § =
12, and the initial thickness is Yo — 1 = 0.02. This is calculated using equations
(2.154) and (2.166).

Figure 2.12 plots g(Y,#) at the nondimensionalised inner and outer radius of a
collapsing shell versus the nondimensionalised time for an initial condition based on
an inflationary stress load that is 1% of the shear modulus of the shell (p = 0.01).
The resulting nonlinear trend is a sinusoidal function with a collapse time, t* ~
0.47. There are no dissipative, damping terms in the momentum balance law such
as viscoelastic terms connected to the viscosity of the shell and the surrounding
fluid. Neglecting the fluid resistance results in a simple harmonic behaviour with
no resulting energy dissipation to the surrounding medium. Both the inner and
outer radius of the shell experience the same collapse time despite their radial
deformations being different with the inner radius experiencing a slightly larger

radial deformation.
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1.000

Figure 2.13: Graph of the nondimensionalised numerical solution of a collapsing
shell versus the nondimensionalised time where v = 0.48 and S = 12. This is
calculated using equation (2.138).

Figure 2.13 plots the nondimensionalised numerical solution for the collapsing
shell versus the nondimensionalised time for an initial condition based on an in-
flationary stress load that is 1% of the shear modulus of the shell (p = 0.01). The
resulting nonlinear trend is characteristic of Figure 2.12 with approximately the
same collapse time £*. Note that the collapse time is the same for each section of

the shell lying between 1 <Y < Yp.
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Figure 2.14: Graph comparing the nondimensionalised numerical and analytical
solutions of a collapsing shell at the inner radius versus the nondimensionalised
time where v = 0.48 and § = 12. The analytical solution is calculated using
equations (2.154) and (2.166) whereas the numerical solution is calculated using
equation (2.138).

Figure 2.14 compares the analytical and numerical solutions to equation (2.138)
for the nondimensionalised parameters v = 0.48 and § = 12. Figure 2.14 shows

that there is good agreement between the numerical and analytical solutions.
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Figure 2.15: Graph of the absolute difference between the nondimensionalised
numerical and analytical solutions of a collapsing shell at the outer radius versus
the nondimensionalised time where v = 0.48 and = 12. The analytical solution
is calculated using equations (2.157) and (2.166) whereas the numerical solution
is calculated using equation (2.138).

A series of graphs of ||gnum — Ganay|| have been produced where the number
of modes in the analytical solution were varied between one and nine. Very little
change was observed between these plots and the oscillations that can be seen in
Figure 2.15 persisted throughout. This suggests that these oscillations are caused

by numerical instabilities in the method used to numerically solve equation (2.138).
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Figure 2.16: Graph of the redimensionalised collapse time of the shell
versus the redimensionalised shear modulus where § = 12, v =
0.48 and the initial stress free thickness is Rp — R; = 0.02nm. The density of
the shell p, = 1100kgm =3 [14] and its inner radius is R; = lum. Typical shear
modulus values are within the range of u = 20 — 100MPa [14,15]. The collapse
time is calculated from the zeros of the determinant of the matrix M (s) in equation
(2.154) and is redimensionalised using ¢ = vt where v = \/p,R2/ 1.

Figure 2.16 highlights the nonlinear relationship between the redimensionalised
collapse time of the shell and the redimensionalised shear modulus. The nondi-
mensionalised angular collapse frequency is evaluated using equation (2.151) where
the nondimensionalised collapse time is given by * = 7/(2w). We redimensionalise
the collapse time using t = v¢ where v = \/m Figure 2.16 shows that as the

shear modulus increases the microbubble shells experience shorter collapse times.
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Figure 2.17: Graph of the nondimensionalised collapse time (* = 7/(2w;)) of the
shell versus the nondimensionalised original thickness of the shell (Yo — 1) where
£ =12 and v = 0.48. This is calculated from the zeros of the determinant of the
matrix M (s) in equation (2.154).

Figure 2.17 shows the relationship between the collapse time of the shell and
the nondimensionalised original (stress free) thickness of the shell. Thinner shells
will strain more to balance the tensions that they are subjected to which will
result in larger radial deformations. The hoop stresses play a key role in the
collapse phase of the shell with thinner shells experiencing a larger hoop stress as
illustrated by Figures 2.10 and 2.11. Thinner shells also possess a smaller mass
and it is the combination of the mass and the hoop stress that must be considered
when determining the collapse time. Figure 2.17 illustrates that thicker shells have

slightly longer collapse times.
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Figure 2.18: Graph of the nondimensionalised collapse time (£* = 7/(2w;)) of the
shell versus the Poisson ratio (v) of the shell’s material where the initial stress
thickness is Yp — 1 = 0.02. This is calculated from the zeros of the determinant of
the matrix M(s) in equation (2.154).

Figure 2.18 highlights the approximately linear relationship between the nondi-
mensionalised collapse time and the Poisson ratio v. Equation (2.157) shows that
the angular frequency is approximately proportional to the square root of 5, where
g =v/(1—2v). Since 0 < v < 1/2 then § > 0 and monotonically increases as v
increases and so as the Poisson ratio increases the angular frequency w, increases

which results in a shorter collapse time (as t* = 7/(2wy)).
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2.8 Conclusion

This chapter described an analytical approach to modelling the inflationary pro-
cess of a shelled microbubble via a quasistatic radially directed stress load applied
to its inner surface. The stress load was switched off (a stress free boundary condi-
tion was applied) and the time for the microbubble’s shell to collapse back down to
its equilibrium position was determined by applying the momentum balance law
and the forward picture’s inflated radial deformation as an initial condition. Key
material parameters such as the thickness of the shell, its Poisson ratio and the
shell’s shear modulus were varied to determine their influence on the collapse phase
of the shell. A typical redimensionalised collapse time for a shelled microbubble of
interior radius 1um, a shell density of p = 1100kgm =3, a redimensionalised shear
modulus of ¢ = 20MPa and a Poisson ratio of v = 0.48, subjected to a redimen-
sionalised stress load of p = 200kPa, is of the order t* = 0.47 x \/(p,R3/1) ~ 3.5ns
where £* = 0.47 is the nondimensionalised collapse time. Shells with a larger shear
modulus possessed shorter collapse times. As the thickness of the shell increased
the collapse time of the shell increased in a linear manner. Shells with a larger
Poisson ratio had shorter collapse times. The stress profile within the shell of the
microbubble in the radial direction in the inflationary stage (quasistatic) differed
from the stress profiles during the collapse phase due to the unloading at the inner
shell as a consequence of the change in boundary conditions (switching off of the
stress load at the inner shell). The complexity of the Laplace transformed col-
lapsing deformation (G(Y,s)) made the process of obtaining an explicit form for
g(Y,t) challenging. The complex integrals were therefore evaluated numerically
and a numerical solution of the original PDE used to validate the analysis. It
would be extremely advantageous to have a numerical solution for the nonlinear

model to not only validate the linearised model’s solution but also to enable us to
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extend this study into the regimes of higher, non-perturbative stress loads where
an asymptotic expansion would be inappropriate. However, the development of a
numerical solution for a nonlinear model is a formidable challenge and is a possi-
ble area for future study. The chief legacy of this study is the qualitative insight
that it gives us into how the material parameters such as the shear modulus, the
thickness of the shell and the Poisson ratio influence the collapse time of the shell.
This study highlighted the key role that the hoop stresses played in the potential
rupture and collapse time of the shell. Figure 2.10 indicated that the hoop stresses
were not only larger than the axial (radial) stress but were also positive which is

indicative of a stretching behaviour.

Having studied the collapse of a stressed shelled microbubble that remains as
an intact sphere throughout the deformations, it seems natural to then extend
the analysis to a situation where the shell has ruptured. In the next chapter we
will study this situation and observe the static model of a stressed, open shelled

microbubble which experiences both a radial and an angular deformation.
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Chapter 3

Rupture of a shelled microbubble

3.1 Introduction

In this chapter a theoretical model is proposed to model a ruptured shelled mi-
crobubble. A compressible, neo-Hookean [54] hyperelastic strain energy density
function is used to model the potential energy per unit volume of the shell which
is subjected to a stress via an opening angle [54]. A stress is generated in the shell
by deforming a shelled microbubble with a spherical cap removed in the south polar
region; the original shelled microbubble represents the reference configuration. An
angular stress is applied to the rim of this open shelled microbubble resulting in it
experiencing both a radial and a polar angular deformation. This stressed shelled
microbubble then represents the current configuration and possesses both radial
and hoop stresses which are evaluated using the hyperelastic strain energy density
function in conjunction with the relevant boundary conditions and the momentum
balance law. The application of the deforming stress is done via a quasistatic
process and is thus independent of time. The quasistatic process implies that the

divergence of the stress is equal to zero. The radial stresses at both the inner and
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outer radii of the compressible shell are set to zero. An opening angle 7 — ©,,, is

chosen that is small compared to 7w (see Figure 3.1).

© op

cap

Figure 3.1: Figure illustrating the opening angle, 7 — ©,,.

Since the shell is modelled as compressible this results in a small change in the
volume and thickness of the shell as it is deformed. The change in density (and
thickness) of the shell is described using the Jacobian of the shell which displays
a radial and an angular dependency. The deformation used to link the reference
configuration to the current configuration has both an angular and a radial de-
pendency and so produces two differential equations: one describing the angular
deformation and the other the radial deformation. This necessitates two different
sets of coupled boundary conditions, one set for the polar angle and the other set
for the radial behaviour. The process of deforming the initial shelled microbub-
ble will be referred to as the forward picture. Developing a model for the radial
and angular deformation of an open angle shelled microbubble is fundamental to
studying shelled microbubble rupture and collapse. Future work will use numeri-
cal analysis to solve both the forward picture and the collapse phase of a stressed

open shelled microbubble and its dependency on various material parameters. A
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collapse model for a ruptured shell would capture the unfolding shell imaged by

Miiller and Stannarius [78].

3.2 Calculating the deformation for the forward
picture

Let us consider the reference configuration of a stress free shell. The reference
configuration in Cartesian coordinates is defined as (X', X2, X?) and is more gen-
erally denoted as X' whereas the current configuration, representing the stressed
shelled microbubble, is defined using the Cartesian coordinates (z', 22, z3) which
can be generalised to x'. The stress free, open shell has inner and outer radii
described by R; and Rp respectively whilst the deformed stressed shell has inner
and outer radii denoted by r(R;,0) and r(Rp,©). A deformation acting on the

stress free, open shelled microbubble, is represented by
x =1(R,0)e,, (3.1)

such that the polar angle in the current configuration can be expressesd as a
function of the polar angle and the radius in the reference configuration where
0 = 0(R,0) and e, represents the radial component of the standard basis in
spherical polar coordinates ([70], p66). This implies that for any given angle © in
the reference configuration, all points within the shell that lie along R; < R < Rp
are not restricted to move in the same direction in their current configuration since
e, depends on R. However, to reduce the complexity of the analysis we shall place
a kinematic constraint on this deformation such that # = 6(©). This simplified

assumption means that for a given angle of © in the reference configuration, then
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all points within the shell that lie along R; < R < Rp are constrained to move in
the same direction as e, now only depends on ©. We will use a mixed tensorial
basis and define the deformation gradient as ' = V ® x ([70], p83-84) where F is
given by equation (2.41). In spherical polar coordinates the current configuration
is transformed into physical components ([70], p64) yielding x1 = X;, x2 = rug and
X3 = rsinfy, where the physical coordinates preserve the units. Using equation
(2.41) we can determine the gradient of the deformation defined by equation (3.1)
where y; = 7(R,0) and ys = x3 = 0. For the opening angle approach ¢ =

0(©) and ¢ = ® resulting in a deformation, F', that is given by

1

ox1 dg 1 1
(V®X),zer ®er = (6)(1 JeraX1 '91)9 ® G-,

- (20 ®
— aR TaR €r | € €R,

= (ﬁ) e, @ er, (3.2)

OR

0 dg*
(V®X),0tr®eo = <8)>?2 +X18§2 '91> ¢t ® G2,
(e Yesce
-~ \9 e R 7
1 /or
—E(ag)er@wg, (3.3)
0 dg*
(V& X),p6r @ep = <8)>?3 +X18§3 -91) 79" ® G,
_ (9 \e®ca
99 ") Rsin®’
= (rsinfey¢’ - e,) aneg =0, (3.4)
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de, ey @ eR
9 _
< R rsin %) rsinf 0

xs

1

(V®X)¢@6¢®€® = (8)(2

+ X1
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oxs

1

(V@ X)gp €6 ® € = <8X3

Ger
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+ X1

0
8;;3 : 93) 93 X G37

e X eq

rsinfe, | — 22
e e¢) rRsinfsin®’

rsind ®
Rsin® €9 & Ca-

(3.7)

(3.8)

(3.9)
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Combining equations (3.2) - (3.10) and writing them as a 3 x 3 matrix, since the

gradient of the deformation written as F' =V ® x is a two point tensor, gives

or 1 or
9R  To6 0

F=[0 2(2) o (3.11)
0 U

on 0 0
Fr=1-10h G % 2@ o |- (312)
0 0 Bsin©

3.3 Hyperelastic strain energy density function

Let us assume that the shell’s material is hyperelastic so that there exists a strain
energy density function (expressing the potential energy per unit volume), that is
neo-Hookean [54,58,71], W (F'), and let it include a compressible term that is used
to model the change in volume of the shell as it is stressed. The determinant of F'
gives a measure of how the volume of the spherical shell changes as it maps from
the stress free, reference configuration to the stressed, current configuration. From

equation (3.12), the Jacobian (determinant of F) is

r? [ Or 00\ sin@
/= R? (@) <%) sin®" (3:13)

The neo-Hookean strain energy density function is given by equation (2.54) ([54],

equation(h)). Substituting equations (3.11) and (3.12) into equation (2.61) leads
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to the first Piola-Kirchoff stress

S = Syrer ® er + Spees @ e + Sgaey @ ep + Sree, @ eg + Sorey @ e,

OR  Or R0\ r [0
—= — 725— e — 726— —_— e -
“(‘] ar+aR)”®eR+“(‘7 r(@é>+R<8@))@®e®

: "y
+u<—J25RSln®+ e )e¢®e¢+ﬁ<g—g) e, ® eg

rsin g Rsin©® R

uJ=28 (OR\ [ Or\ 0O
L &% 96 ) a0 @ er (3:14)

Note that equation (3.14) identifies the physical components for S, g, Spe, Sge and

SO O1n.

3.4 Calculating the divergence of the first Piola-
Kirchoff stress tensor for the forward picture

The reference configuration shelled microbubble is deformed by applying a stress
directed towards the pole and applied on the rim of the open surface at the opening
angle. The applied stress causes a quasistatic deformation. This implies that the
divergence of the first Piola-Kirchoff stress tensor must satisfy V-5 = 0. We need
to be able to relate the physical coordinates for the mixed tensorial basis to the
general basis vectors represented by the components g; and G; where i € {1,2,3}.
The first Piola-Kirchhoff stress tensor is represented by ([70], p34), S = Sij g ®G;
where Sij are the left-covariant components of S. Converting physical coordinates

into generalised coordinates using equation (3.14) yields

51191 ® Gy = 51167» X erp = STRer X eR,
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where

and

thus

and

resulting in

Similarly

where

and

resulting in
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Calculating the divergence of S,

requires the quantity
(51g1®g).glzﬁll<e ®eg)-e :ﬁe
axt \! ! orR TR T R T
Similarly we get
9 2 2 0 260
8X1 (SQQ ®G2) G = ﬁ <SQ 7 ®R€@> * €R,
0 R
—= @ (5227) (eg ® 6@) cER — O
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9 3.3 0 3_6%¢ :
X1 (S79°® G;) -Gt = R (53 om0 ®Rsm@eq>> - en,
0 3 Rsin®©
—@ <S3 rsin@ ) <€¢®€¢)-€R—O.

The off diagonal terms are

and

0 Lo v (08 eg S} [or
oxi (5207 ©Gh) G _(8}% r 2 \9R)
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Other terms are

d 11 2 511
X2 (Slg ®G1) -G zf(&»@e@)-e@,
Sl Sl
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Other components are

8€R
9X3 (51191 ® Gl) G = <S1191 9P ) -G,
. €p S 1
= (Sller ® sin @ecp) ' Bem® = ?%er,
and
eg— (S 292 ® Gg) : G S ® i (Re@) Co
ax3 \7? 2 oD Rsin®’
) _cp _ Sfcot®
=9, . ® RcosOeg e . €y,
also
0 3 3 5 0 €¢
0X3 (S3g ®G3).G 5358 0o (rsin@)’
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= ——e, — €o,
r r
similarly
9 21 0 €p
axs (519 8 G2) &7 = Si'er @ 55 (Ree) - o
e
= Sfer ® cos Oeg - sinq)@ = cot @Sfer,
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Oe e St
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3.5 Radial and angular equations

Combining equations (3.21) to (3.35) and substituting into equation (3.20) results

in the radial and angular equations

8i11+2511 S22 (00 S3 052
OR R r

56 )" 5 T g ot 0857 =0, (3.36)

and

L9515y (or 1987\ 57 (or
r \ OR 2 \OR r \ 00 r2 \ 0O

52 (%) 25,1 N Sy cot® S5 cotd _

s 0. (3.37)

Rr T r

The first Piola-Kirchoff tensor is related to the Cauchy stress tensor via
1 T
T=5 (SFT), (3.38)

where J, the Jacobian, is given by equation (3.13) and F is described by equation
(3.11) [54]. Using equation (3.38) in conjunction with equations (3.15) to (3.19),
alongside equations (3.11) and (3.38) results in Cauchy stress terms that are given

by the expressions

(
(e (B v m () ow
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alongside

1
J 0
_n <J () (%)2) | (3.40)

and
~ Sge ((rsinf \  pu Y rsing \?
e <Rsin@) T < T\ wame ) ) (3:41)
The off diagonal term is given by
1 r (00 pr 00\ or
_ 1 L L I L B 42
o= (Se) (a@) JR? (a@) 90 (342)

The radial equation can be written in terms of r(R, ©) and 6(©) by substituting

equations (3.15) to (3.19) into equation (3.36), where

oJ 2 ([ or OR\ 0*r 2

or ~ 7 (2 (@) * (a_) oRE ﬁ) ’ (3.43)
and

oS [ o*r a5 (OR? a5 (4B 4B (OR
(3.44)

Similarly
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Sz (00N [T r (00
T (%)ﬂ‘( ; _ﬁ(%) ’ (3:46)
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and

3 —9283 .2
_5_3 :,u(J rsin‘é ) (3.47)

r r R2sin’ 0O

The off diagonal terms are

oS2 [ &r
Eg—ﬁG@W (348)
and
cot OS2 = “C;@ <g—g) . (3.49)

Substituting equations (3.44) to (3.49) into equation (3.36) yields

0%r o5 (OR? a5 (4B 4B (OR\ 2 (OR\ 2
E§G+@ﬂ“” (EJ>+J (7—§(aﬁ—ﬁ<ﬁ)+ﬁ
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For the angular equation given by equation (3.37), the following is required

9 _ 0 (1 (or (90 sing
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r r 0
s (43 (90 (ORY 0r 1 (90 &r (OR\ 1[0\ (0R\' or (v
H rR \ 00 or ) o r \ 00 ) OROO \ Or r \ 00 or ) 00 \ OR2 ’

(3.53)
similarly
2 —2p
SEE )G %) e
and
1 —2p
_i_22 (5_;) _ _“‘; (%) %, (3.55)
where
1 —2p
w5 (3) o () 59
and
S (;ot@ . < Jjﬁ ot @%_CZ i L t@%) (3.57)
Other angular terms lead to
3 L, :
_537,C0t9 . (J BTCOtH B 7’}5%12118;9;20(599) (3.58)
and
52 (%) _ % (g_(;) %' (3.59)
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Combining equations (3.51) to (3.59) and substituting into equation (3.37) gives

r o georR "+ \aw) a2 T &
Ly (@281 cot® (90N (28+1) (90 (OR)® (or Pr
r iz -\ )\ar ) \88) o2
Lo (22841) (0ONOR (Or\\ 2 (00N Or v 00
'R \a0)ar\o0)) R \o6) o6 " Raer
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5 | a5 t0 — ———— =0. )
* R? <6@) cot © R?2sin’0© 0. (3.60)

T (ma_@ (38_3) or (2641 <a@>2 920 (2B+1)cow>

Both the radial and angular equations given by (3.50) and (3.60) can be rearranged
and expressed in terms of their respective second partial derivatives with respect

to © resulting in

82,’,. B 2627, 28 aR 2
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The radial and angular equations are nondimensionalised using y = r/R; and

Y = R/R;. The equation for the quasistatic radial momentum represented by

)

equation (3.61) gives

Q
<

0%y 0%y
@“Waw 1+ ( 26+1J—2ﬁ(
2
+J—2ﬁ( o +46Y(

o (3)-

where the Jacobian given by equation (3.13) becomes

2 .
y* [ Oy 00\ sinf
=== — ) .64
y? <8Y) (8@) sin © (3.64)

The quasistatic polar momentum equation represented by equation (3.62) reduces

SRR
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) sin? © 00’ (363)
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and the Cauchy stresses given by equations (3.39), (3.40), (3.41) and (3.42) lead

2
I Ay 1 9y
Tyy = n o J < S <8Y) T2 00 (3.66)

to
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alongside

o L s,y (0
Tog = B _J< J +(Y> (8@ ; (3.67)

and
s _Too _ L[ _joes  (ysing 2 (3.68)
T T Y sin © ’ '
with the off diagonal stress term given by
N Tyo Y 00\ Oy
=== | =] = 3.69
W= T gy (a@) 90 (3:69)

At the opening angle O,, the polar hoop stress represented by equation (3.107)
is subjected to the nondimensionalised stress p where p = p/u. The boundary

condition is then

7199 (@op) - ﬁ (370)

The boundary conditions at the inner and outer radii of the shell are that the

Cauchy radial stresses vanish,

Trr(R1) = 7r(Ro) = 0. (3.71)

3.6 Linearisation

Linearisation can be applied to both the radial and angular equations provided
that the applied stress p is small compared to p. Now consider the linearisation

of the nondimensionalised radial equation (3.61) where

y(Y,0) =Y +pf(¥,0), (3.72)
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and

0(©) = © +pg(O), (3.73)

where p = p/p and is small in magnitude, pf(Y,©) represents a small radial
perturbation and pg(©) denotes a small angular perturbation. Linearising the

Jacobian, J, given by equation (3.64) gives

g Hpf)” (1+ ﬁ) (1+pd9) (1+ pgcot O),

Y? Pay do
~1+@+ 8}Ji+pd@+ﬁgcot@, (3.74)
and hence
J P ~1-28p <2f - 2—3]; + % + g cot @) (3.75)

Terms in equation (3.63) become

2
14+ (2684+1)J°% <g—§> ~14(28+1) (1—26 <%+a—f+—+gcote>) <1—2 ﬁ)

aYy do Yoy
~2(8+1) —2(26+1)p (ﬁ +(B+ )g—}{ +6— +ﬁgcot®)
(3.76)
and
Py oY 0% f
2 Y _oy2

-Y PYe] <1+(26+1)J (&y) ) 2Y*(1+ B)p Poye- (3.77)

To linearise the following term in equation (3.63)

2 2
J2P (—MY +48Y (a—Y) +2Y (ay) — K) : (3.78)
y dy dy Y
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we use the linearised terms

—4BY?  —4BY?

= — ~ —48Y + 4pBf, 3.79
y (Y +pf) vl B2
and
Y 48Y . <8f)
4 | — | = —————=—~ =~ 48Y —46pY | = |, 3.80
also
oYy 2Y - Of
2Y | — )| = ———5— =~ 2Y — 2pY —, 3.81
<8y> (1+paL) "oy (3:81)
similarly
—2Y? —2Y?
= T oy oy, 3.82
y Y +5pf) v (382)
to give
_ 4P5Y* oY oY 2Y? of
2 - — — | —-— | = D — — .
/ ( y +463/(5‘.@)+2Y<5’y) Y ) 2(26+1)p<f Y(é‘Y))
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Linearising the following terms from equation (3.61) results in

Iy o (Of
also
=@ 2—(Yﬂ“f) 14l 2~Y+2AY 99 1 gy (3.85)
Y\9o) ~ P Pag) © Y 19 ) TP :
similarly
ysin? 6 ) A 5 . K
e — (Y +pf)(1+pgeot©)" =Y +2pYgeot© + pf, (3.86)
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and

9\ Of
—cot © <%) ~ —cot© (p8@> : (3.87)

Collecting the expressions (3.77) and (3.83) to (3.87) reduces equation (3.63) on

rearrangement to

of dg
— (4B+4)Y8Y +(4ﬁ+4)f+2chot@+2Yd@
of &f 2 *f
which can be further rearranged and results in
of of *f 2 *f
dg
= —2Ygcot® — 2Y —. .
gcot © ) (3.89)

Linearising the angular equation given by equation (3.65) requires the following

expressions

—28 M) <8_@> <8_Y> 82y N _(25+1)A an

simplifying cot 6 yields

cos (O + pg)

to = :
T S (0 + hy)

~ cot © — pgcsc? O, (3.91)
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leading to

—(28+1)cotl —(2841)(cot ©® — pgcsc? ©)
y (Y +5f) ’

~ w (cot@ pgesc? © — i cot @) : (3.92)

~<

which results in

J-28 (28+1)cotd —(26+1)cot® (26+1)(48+ 1)pf cot©
— ~ +
Yy Y Yy?

+w(5+1+50052@)%02@
+26(26+1) < t@dg

Y

of
o t@a—y) . (3.93)

Counsider

(3.94)

y 0 Y y Pie

(26 +1)cot® (00 (26 +1)cot© ) f dg
(@)= ()

and combining expression (3.94) with J—27 gives

J*25<26+ 1)cot® (00 (264 1) cot ©
Y (89) Y

(28+1)cot©

d
B T <(1+45)f+Y((25+ )dg)+26gcot@+26 f))

(3.95)

On the third line of equation (3.65) the following term can be approximated as

follows

o040 (2 () (2) 8- S50 ) - +8F) (0) 2
y 20 )\ay ) \8e)av: ~ v +pn " Pae Pay ) \Pae ) Payz =Y

(3.96)
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Similarly, the next term

—2(28+1) (00 (Y By _ —225+1) . (Of
o (50) () se= v (56). @

which on combining with J~2% results in

() BB e

Terms on the fourth line of equation (3.65) become

-2 (00 dy —2p ([ Of
7 () (38) ~ 7 (). (99
and
—ycot© (90 N—cot@_pcot@ dg _pfcot@ (3.100)
vz \9e) Y Y \de y2 o '

Now since sin # & sin © + pg cos O similarly, cos ~ cos © — pgsin O, resulting in

sinf cos 6 ~ sin © cos © + pg (1 — 2sin* O) (3.101)
then
ysinfcosf 1 pf . 9
 —  ~ 1 t 0 —1 .102
Vo2 6 v << + = v ) <o O + pg(cot“® — 1) |, (3.102)

also, on the first line of equation (3.65)

(28 + 1)J*25 (@)Q_i_ Y

y o0 y?'
_(28+1) pf dg 2f Of 1 pf
N (1—7—2——2ﬁ (— a—Y‘i‘%_" cot@)) Y(l—l—Y)
(3.103)
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which on combining equation (3.103) with 9*6/00? leads to

28+ 1)p [ &2 5 [ d? 28+ 1)p [ &2
( ﬁ; . (d@g?) ty (d@g?) = (5; . (d@%)' (3104

Combining and substituting equations (3.90), (3.92), (3.93), (3.95) to (3.100) and

(3.102) and (3.104) into the angular equation (3.65) results in

—Y (1428 + cos?©) gese? © + 2Y (1 + f3) cot © (;l@)

+2Y(1 +ﬁ)@ +4(1+p) (gé)

0*f
JY 00

+Y(1+28) —0. (3.105)

The Cauchy radial, polar and azimuthal stresses given by equations (3.66), (3.67)
and (3.68) respectively are linearised using equations (3.72) and (3.73) which re-
sults in

af

(28 +2) = + 2/3— + 28g cot @) : (3.106)

) (461‘
Y

Tyy Np

alongside

Top & P ((46 + 2)1"; +28 (gé) + (28 +2) <5é) + 2Bg cot @) (3.107)

and

Top =P ((46 + 2);; +26 <g{;) +28 <5@) + (28 4 2)g cot @) . (3.108)

respectively. Equations (3.106) and (3.107) will be used to evaluate the boundary

conditions for the deformation of the open shell (forward picture).

98



The boundary conditions at the nondimensionalised inner and outer radii of the
shell (which are represented by 1 and Yy respectively) are obtained using the
nondimensionalised Cauchy radial stresses, 7,, (1) = 0 and 7, (Yo) = 0. Using
equation (3.106) and setting 7,, = 0 at both the nondimensionalised inner and

outer radii Y70 leads to

481 (Y10, 0) of dg
I ) (28 4 2) 2L 2B—= +2 —0. 1
Yio + (26 + )ay (YI/O7®)+ Bd@+ Bgcot® =0 (3.109)

The angular boundary condition at the rim, ©,,, is given by equation (3.70). This

simplifies using equation (3.107) to give

(46+2)f
Y

of dg _
+2ﬁ8_Y+<25+2>% oo, + 28g cot ©,, = 1. (3.110)

To solve the coupled linearised radial and angular PDEs for the quasistatic phase
denoted by equations (3.89) and (3.105) respectively, we have to use the linearised
boundary conditions given by equations (3.109) and (3.110). Future work will focus
on solving both the radial and angular equations numerically using a relaxation

scheme.

3.7 Conclusion

Chapter 3 discussed the deformation of an open shelled microbubble. The opening
angle approach was used with the original stress free configuration represented by
an open, deformed and incomplete shelled microbubble. This can be thought of as
a spherical shelled microbubble with a spherical cap removed. A radial and angu-
lar deformation was applied via a polar hoop stress and an asymptotic expansion

was used to simplify the complex radial and angular equations. This model was
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developed in order to study the rupture of a shelled microbubble. The opening
angle approach attempted to model the change in geometry of a deformed shell.
Future work will focus on modelling numerically the linearised quasistatic phase
using a numerical relaxation scheme. A similar approach could be used to solve
the collapsing, perturbed shell. Solving both the quasistatic stage and the collapse
phase of the open shelled microbubble would represent a formidable challenge due
to the coupled nature of the angular and radial PDE equations as well as the

boundary conditions for both the radial and hoop (angular) stresses.

Literature pertaining to the modelling of UCAs adopts a Rayleigh-Plesset ap-
proach [36,39,44,45 50-52], modelling the shell as linearly elastic and viscoelastic
in nature. Certain proteins are smectic A liquid crystals implying that some thin
protein shelled UCA microbubbles could possibly be modelled using continuum
liquid crystal theory. Understanding how the material parameters influence the
natural frequency and relaxation time of the shelled liquid-crystal microbubbles is
of considerable importance. To this end, Chapter 4 develops a Rayleigh-Plesset

model for such a liquid-crystal shelled microbubble.
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Chapter 4

Liquid-crystal shelled

microbubble

4.1 Derivation of the Rayleigh-Plesset equation

One particular type of shelled microbubble displays the physical behaviour that is
characteristic of a liquid crystal and such shelled microbubbles could have potential
advantages as drug carrying vehicles [39]. This chapter uses the Leslie-Ericksen
theory for liquid crystals to build up a model for the dynamics of such a shelled
microbubble. This is the first study that has used liquid crystal theory to model
UCAs.

The research literature pertaining to the mathematical modelling of ultrasound
contrast agents involves the use of some modified version of the Rayleigh-Plesset
equation [36-39,42-45,50-52]. Despite the extensive use of this well known equa-
tion and the numerous modifications made to it, most of the published literature

fails to derive the Rayleigh-Plesset equation using arguments based on the mo-
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mentum balance law [44,50-52]. The derivation of the Rayleigh-Plesset equation
by applying the momentum balance law is included in Appendix A on the grounds
of completeness. This derivation will be used in conjunction with liquid crystal
theory to develop a Rayleigh-Plesset model for a shelled microbubble that exhibits

mesophase type behaviour.

4.2 Calculating the viscous stress of a liquid-
crystal shell

This section focusses on deriving an expression for the viscous stress of an incom-
pressible liquid-crystal shell of known inner and outer radii. It is assumed that the
shell’s composition is a liquid crystal that can be described dynamically using the
nematic theory developed by Leslie and Ericksen ([65], p133-159) where five Leslie
viscosities [79] are required to determine the stress in the shell. Certain ultrasound
contrast agent shells exhibit both solid and fluid like characteristics and, therefore,
can be described as a mesophase [39]. Some proteins [67] exhibit the characteristic
behaviour of a smectic A liquid-crystal where the molecules are arranged in layers
and exhibit greater long range positional ordering than a nematic liquid-crystal
([65], p6). Smectic A liquid-crystals are slightly more viscous than nematic liquid-
crystals due to the layer interactions within the smectic [66]. However, the model
in this chapter will use nematic theory as an approximation to smectic A [66].
Continuum modelling of liquid-crystal theory assumes that the molecules are rod
like in nature and are described by a unit vector n which is called the director.
The molecules are arranged in layers with the director aligning perpendicular to
the layers and parallel to the layer normal ([65],p6). We shall assume spherical

symmetry of the liquid-crystalline shell with the director pointing radially out-
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ward everywhere and the smectic layers consisting of concentric spherical shells.
The director describes the local direction of the average molecular alignment and
is a unit vector (so n = e;z;/r) ([65],p6). The viscous stress 7;; for a nematic

liquid-crystal is given by

Tij = O[lnkAkaLpTLiTLj + QQNZ'TLJ‘ -+ agniNj + Oz4Aij + Oz5TLjAZ‘k’I’Lk + O[GTLZ‘AjkTLk, (41)

where ay, ag, ...., o are the Leslie viscosities, A;; is the rate of strain tensor and N;
is the co-rotational time flux of the director n ([65], p151). The co-rotational time
flux is a measure of the rotation of the director, n, relative to the material. These
terms are explicitly defined as n; = x;/r, Aix = (vik+vg;)/2 where v; ; = Jv; /Ox;,
N; = n; — Wi;n; where the superposed dot signifies the material time derivative
n; = On; /0t + v;0n;/0x; and W;; = (v;; — v;,)/2 is the vorticity tensor. For the
spherically symmetric case we have a velocity profile given by v = ve, = v which

18 rewritten as

vT;
P = ) 4.2
v=" (12)
Hence
0 <:clv> w“ij 0 <v) Uéik—i— 0 (U) or
Vik = = = Tim—\— | = Ti—\— ) =—.
ok Ooxp \ 7 r oxy \r r or \r/ Oxy,
Since r? = x4,
or
2r—— =2
T@xk T,
and so
or T
—_— = 4.3
oxy, r (4.3)
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Equation (4.2) can then be written

V0 X;Tp O (v
- — (= 4.4
Visk r + r or (r)’ (4:4)
and since 0y, = Opy,
U0y :L‘k:L‘pg v
Ay = r i r Oor (r) (45)

Substituting equations (4.4) and (4.5) into the first term on the right hand side of

equation (4.1) gives

(4.6)

T2V . oz 0 (v)

73 r  Or \r

Calculating the second term on the right hand side of equation (4.1) using N; =

n; — Wi;n; requires an expression for W;;. From equation (4.4)

1
Wi,j = 5 (Ui,j - ’Ujﬂ') =0. (47)
Using this to calculate N; leads to
on; on;
Ni = Ty : Z7
" 875 Uk 8xk

r r3
VT VTLTiTk
7»2 7»4 )
VI; VI;
My, (4.8)
T T
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Therefore the second term on the right hand side of equation (4.1) is

OZQNZ'TLJ‘ = 0.

Similarly, the next term in equation (4.1) is

OégniNj = 0. (49)

Continuing in this way for the next term in equation (4.1) we use equation (4.4)

to give

asAi; = — (vij +vj4) (4.10)

r
0441)5ij QYT 5 0 (’U)
= —. 4.11

r * r Or \r (4.11)

For the next term in equation (4.1) we use equation (4.5) to give

T v0; rixr O (v x
oo () (2222 (1)) 2

asTjxy (Vg TixE O (v
r r r or \r

_ sV, . asT;x; 0 (v) | (4.12)

73 r  Or \r

and finally the last term in equation (4.1) is

N Ajpng = + —
B r3 r or

(4.13)

QT TV 0Ty O (v)

r
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4.3 Determining the Leslie viscosity terms in spher-
ical polar coordinates

In this section we will calculate an expression for the right hand side of the momen-
tum equation (A.13). This will be achieved by taking the divergence of the viscous
stress given by equation (4.1) and then integrating this in the radial direction be-
tween the inner and outer radii of the shelled microsphere. The microbubble’s shell
is assumed to be incompressible and consists of a thin liquid-crystal shell with a
radially directed flow. Since the shell is incompressible its volume, V', and density
will be time independent. For a shelled microbubble with inner and outer radii
given by R; and Ry respectively, the following relationship holds

av._d (4 3 3\
=g (grm-ry) o

This results in R2Ry — R?Ry = 0 from which we can deduce that
R?R, = R2R,. (4.14)

Equation (A.3) can be rewritten in terms of the inner radius of the shelled mi-

crobubble R; as

v RR
- = ;3 L (4.15)
Hence
0 v 0 R%Rl —3R%R1
o () —§< 3 )‘ o (4.16)

106



So let us calculate the contributions to the right hand side of equation (A.13) by
systematically working through each of the Leslie viscosity terms. The Leslie vis-
cosity contribution due to oy given by equation (4.6) on substituting in equations

(4.15) and (4.16), becomes

Ty oqriry 0 (v RiIR, \ miz; oqxx; [ —3RIRy
oy S (S) = | ) B ),
r r  Or \r r r r r

_ Q1T (Rle) 30T (R§R1>

rd rd

o s
—20nx;w; RY Ry

7D

(4.17)

Calculating the divergence of the viscous stress associated with a; in component

form gives
0 —2a1x'ij%R1 o O (x4
i — 9 R’R (’ﬂ,
8@( rd @ 18@ rd
_ 2 11 1Yy ] 7
__QQIRIRI( 7o + P56 (7))’

. (3. N
:_QalRiRl(ﬁ+ﬁ_ﬁ>’

rd rd rd

_ 2(X1}%%Z%11b

= (4.18)

Since the shelled microbubble moves solely in the radial direction then in spherical
polar coordinates r = re,, with 7? = z;z;. The jth Cartesian component of e, is
given by x;/r. Equation (4.18) is integrated between the inner and outer radii of

the shelled microbubble to give one component of the right hand side of equation
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(A.13) (see Appendix)

/R2 20&1R%R‘1 dT _ —20&1R%R1 i o i
BT 3 \m R’

—2&1 R%Rl R1
= -——. 4.19
3 ( RS R1> (4.19)

The stresses for the viscosities oy and a3 are both zero since N; = 0 and N; = 0.
The a4 term is associated with a conventional Newtonian fluid, and so it will
exhibit purely isotropic behaviour. Combining equations (4.11) and (4.15) results

in

r r Or

73 r  Or

a4v5ij X QY T;T 5 0 (g) _ &4R%R152‘j 4 &4l‘il‘j2 (R%R1>
r rs ’

. &4R%R152‘j _ 30&41‘2@‘]‘ R%Rl
B r3 r rd )7
&4R%R152‘j 3OZ4ZL‘Z‘I‘]‘R%R1

(4.20)

3 7D

Calculating the divergence of the stress associated with ay using equation (4.20)

and equation (4.3) and writing it in component form gives

8x,~
4 Jj J ) :

rd rd r7

0 a4R%R15ij _ 30&41‘iZL‘jR%R1 _ —3&4R%R15L‘i52j _ 3&4R%R1i (ZL‘ZZL‘j> ’
ox; r3 rd rd rd
. —3Q4R%R1{L‘j
= —TEJ
- TR g i (4% 22,
r r r r

— 30&4R%R1 (

=0.

This is consistent with Brennan ([80], p49-50).
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Determining the contribution to the viscous stress from s using equations (4.12)

and (4.15) gives

7o r Or

A5VT;T 5 + 065.1’1'37]‘& R%Rl . 045.1’@'.1’]'R%R1 + Q51T 5 0 R%Rl
r3 roor\ r3 )7
045.1’@'.1’]'R%R1 _ 3a5xiij%R1
rd rd
—2045R%R1.§UZ'SL’]'

rd

9

(4.21)

Evaluating the divergence of the stress contribution associated with ay results in

0 —2045R%R.1.T2‘.’Ej 2 73 0 Tyl
P ( p= = —2&531318—% ( 5 ) )

— 21

7o 7o 7o

5“1‘] {L‘Zézj 5{L‘Zl‘ll‘]
+ - )

_ 20(5R%R1.Tj

= (4.22)

Integrating this expression to give another term in the right hand side of equation
(A.13) where r? = z;x; and the jth Cartesian component of e, is given by x;/r

leads to

/RQ 205 R2 R, P —205R{R; (1 1
R ré 3 RS R3)’

_ 25 (RIR R (4.23)
s \ R R '
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Determining the contribution to the viscous stress from g using equation (4.13)

follows a similar derivation to give

Rz 2&6R%R1 —2&6 R2R1 R1
e = L= . 4.24
/Rl T3 B R (424)

Collecting all the contributing viscous stresses from equations (4.19), (4.23) and
(4.24) results in a stress contribution on the right hand side of equation (A.13)

given by

— — 4.25
Ry Rl R% ( )

e 2 R RiR
/ (V-T)drzg(a1+oz5+a6) ! L e,

where V - 7 is the viscous stress. The Miesowicz viscosities are the physically
measurable quantities ([81], p209-231) and can be related to the Leslie viscosities
using the expressions for the Miesowicz viscosities given in ([65], p158), [82] which

allows this equation to be rewritten in radial component form as

= 2 R, RR
/R (V-7)dr = 3 (M2 + 21 + 2me — 4n3 — 71) <§1 — }1%% Le,. (4.26)

Note that 7, is the rotational viscosity which determines the rate of relaxation of
the director whereas n,7,, and 73 are related to the orientation of the director

and the flow velocity of the liquid crystal.

4.4 The elastic energy density for a shelled mi-

crobubble

The liquid-crystal shell has both a viscous stress associated with the Miesowicz
viscosities and a stress due to the elastic energy of the liquid crystal. This latter

stress will add a further term to equation (4.1) as calculated below. The following

110



strain energy density function was proposed for a bilipid membrane by De Vita
and Stewart [67]
1

1
W =K (V- a)’ + 5K (V- n)?

1 1
+ 5190|v\1/|*2 (1—|VI))*+ 5B (1—(n-a)?)+ B> (V-n)(1-|VY[),

(4.27)

where K1,, K1, By, B1 and B, are material constants, a is the unit normal to the
layer, ¥ defines the layer structure of a smectic A liquid crystal and |[V¥|~! repre-
sents the current local interlayer distance. The first term on the right hand side of
equation (4.27) refers to the bending energy while the second term represents the
splay energy contribution. The By term represents the compression-expansion en-
ergy, By is the energy associated with the coupling between n and a, and Bs is the
term associated with the coupling between the splay and compression-expansion
of the layer. Note that the strain energy density represented by equation (4.27) is
associated with smectic A liquid crystals rather than nematic. This strain energy
density function has been chosen since it is the simplest model available requiring
only a splay contribution. It is assumed that the shelled microbubble is a bilipid
membrane with a typical thickness of 4nm ([65], p4). Generally |V¥|~! =£ 1 al-
though for an undistorted liquid-crystal such as planar layers it is useful to define
V|~ such that [V¥|~! = 1. Assuming that [V¥|~! = 1 implies that the energy

density of the bilipid layer given by equation (4.27) reduces to

1 1 1
W = §K1a (V . a)2 + éKln (v . n)2 + 531 (1 - (niai)z) . (428)
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For an undistorted smectic A liquid-crystal n = a [66]. Since n-a = n;a; = 1 the

energy term associated with the coupling between n and a becomes
1
531 (1-=(n-a))=0. (4.29)

The strain energy density equation represented by equation (4.27) reduces to

1 1
W= K (V- a)® + 5K (V- n)?. (4.30)

where we assume that K;, = K, = K;. Assuming that n = a then we can

conclude that the contribution from the elastic energy density reduces to
W =K, (V-n)’. (4.31)

The stress associated with the elastic constant arising from the splay and the
bending energies given by Ki(n;;)? is determined via (—9W/dn,, ;) n,,; and is rep-

resented by 7Tyastic ([65],p151) where W is given by equation (4.31). So

ow

— n .
yux)
ony,j

(Telastic)z‘j -

= —2K (ny,) N,

= _QKIa%, () ai (5)
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Using equation (4.3) gives

J LpL 0ij 1T
(Telastic)ij = —2K, (ﬂ - ﬂ) <_ _ J) ’

r r3 r r3
1 i T

T T T T

52‘j {L‘il‘j

Calculating the divergence of equation (4.32) using equation (4.3) gives (in com-

ponent form)

8—xi (Telastic)ij = —4K, o <_J _ J) ’

T2 T4
—25”1‘2 (5“.1’] .Tzézj 4.1’@2.1’]
= —4K, < o + 6 ’
—QI‘]‘ 3[L‘j X 4[L‘j 8K1{L‘j
:—4K1< 7’4 —F—F—i—ﬁ — 7’4 . (433)

The integral of the divergence of the stress associated with the elastic energy

density contributions due to n and a is

ftz 11
Ll (V . Telastic) dr = —4K1 (R—% — R_%) Cr. (434)

Combining equations (4.25) and (4.34) gives the total stress in the shell as

Ro 2 R R 1 1
/ <V'TS)dT: g(Oél"—Oégj‘i‘OéG) ﬁi _ﬁz €r+4K1 <R_% _R_%) €r, (435)

Ry

where 7¢ represents the total stress in the shell.
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4.5 A Rayleigh-Plesset model for a liquid-crystal
shelled microbubble

In this section we will now bring together all the different stress contributions to

find a form for the momentum balance law (A.13).

Figure 4.1: Illustration of the three media of a shelled microbubble.

Calculating the left hand side of equation (A.12) with reference to Figure 4.1

gives

r 214 T 24

. .. . Ro> . . . o)
—2RR?* — R?R  R'R? —2RR? — R’R  R'R?
Ps + +pL + .

R Ro

This gives a revised version of the momentum balance law (A.13) as

- oL =— | (V-o)dr
Rs Ro or: | )€ (V-o)dr

2 <2 . .2 . )
- 3 - RiR 2R R R2R 2R R R2R RiR 1 [
R1R1+—R12+ 141 vy 1 1+/)L 1411 + 14 141 =
2 2R2 Rg Rg ps PSS JRr,y

That is

; ps —pr\ R ;2 (3 <PSPL) (4R1R§Ri‘>>) L=
RiR{(1-— — |+ R - — e = V.o)dr.
( ' 1( ( ps >Rz) ! <2 Ps 2R, ( :

pPs Jr,
(4.36)

A pressure balance has to be applied in order to determine the right hand side of
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equation (4.36). The pressure of the gas phase inside the shell and the surrounding
ambient fluid pressure have to be considered as do the surface tensions and the
shell and fluid viscosities we have defined in Sections 4.3 and 4.4. The divergence

of the stress o can be expressed as

V-o=-VP+V-T,

where P denotes a pressure term and 7 represents the stress in the shell and the
stress due to the surrounding Newtonian fluid. Rewriting the right-hand side of
equation (4.36) in terms of V-0 = —VP + V - 7 and integrating over the various

media leads to

/I:(V-U)dr:/:(—VP—i-V-T)dr

Ro o)

(V- TS)dT+/ (V- 711)dr,

:(PS(Rht)*PS(RQ,If)‘FPL(RQ,t)*Poo(t))eer/ ;

Ry

(4.37)
where Pg, Py, and P,, are the pressures in the shell, the surrounding Newtonian
fluid, and at infinity, respectively. The viscous stresses in the shell and the stress
associated with the surrounding fluid viscosity are denoted by 75 and 7, respec-
tively. It is assumed that there is no mass exchange at the shell’s interface. The
boundary conditions on the momentum at the inner and outer radii of the shell’s
surface [50] which are obtained by balancing forces and using the Young-Laplace

law for surface tension, are

Rol o 271
P t) =P, t) — — 4.
S(R17 ) g <R1 ) + TS,T‘T‘(R17 ) Rl ) ( 38)
and
2
Ps(Ry.1) = Pu(Bat) + 7 (R, ) + 57 = 70(Bas ), (4:30)
2

115



where 7g,, denotes the stress in the radial direction. Note that P, in equation
(4.37) describes the atmospheric pressure plus any external applied pressures and
is given by P,, = P, + P4sinwt where P4 and w represent the externally applied
pressure and angular frequency respectively. Substituting equations (4.38) and

(4.39) into equation (4.37) gives

o R, \>" 2 2
/R1 (V-0)dr = <Pg (?11) + 7o (R1,t) — Tspr(Ra, t) — Rill _ Rl; _ PO> e

+ (—=Pasinwt + 71 (Ro, t)) e,

+/R2 (v.TS)dr,»Jr/oo (V- 7)dr. (4.40)

Ry R2

The stress due to the viscosity of the surrounding Newtonian fluid at the outer

surface is denoted by 71 (Rs, t) where ([50], [80] p50)

0 [ R2R,
— Y — 2
r=Rg pr or ( 72 )

whereas the term [ (V - 71) dr in equation (4.40) ([73], p354-p355) becomes

> (10 [ ,0v 2v
/B2 (V-1p)dr =g /R2 <T_2§ (r 5) — ﬁ) e dr = 0. (4.42)

0
7L (Ra, t) IQMLa—:j

Ry
= —4du;,— 4.41
r—R, KL RQ ) ( )

It is important to recognise that the term | I;j (V - 71) dr is zero for a velocity profile
given by v = R3R,/r?. Substitututing equations (4.35), (4.41) and (4.42) into

equation (4.40) and using equations (4.17), (4.20), (4.21) and (4.32) to calculate
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Tsrr(R1,t) and 7g,..(R2,t) results in

> Rol o 4 Rl RQ 1 1
Ll (va)dT:<Pg(R1) —§<041+Oé5+0é6)<R—1—§2 —4K1 ?%_ﬁg €y

Ry . 2 2%
A2 p, P po S 2R (4.43
+ ( L s 4 sin w T er, (4.43)

where R, is the unperturbed inner radius. To simplify the notation let o =

3 (o1 4 a5 + ag). Substituting equation (4.43) into the right-hand side of equation
(4.36) leads to

- Ps — PL R1 -2 (3 (ps — pL) <4R1R§ — R%))
Rify (1—(BE—LE) 20 LRy (2 -
: 1< < ps )Rz) ' <2 ps 2R;
1 2 27 1 1 Ra\™ 2m 27 ,
= —( (P, AR (= — — SR _p._p t
Ps <( "Ra Ra (R?A R?ﬁ)) (Rl R Ry s (el

1 Rl RQ 1 1 4NLR2
a2 ik, (= - = . (4.44
Ps <a (Rl R2> A <R% R%) N Ry ) (4.44)

4.6 Linearisation and time-dependent perturba-

tion theory

The technique of linearisation is used to determine the natural frequency and
relaxation time for the shelled microbubble whose dynamic behaviour is described

by equation (4.44). The time-dependent perturbations for the inner and outer

radil are

Ry =Rou (1+x(t), (4.45)

and

Ry = Roy (1 +y (1)), (4.46)

117



respectively, where RS — R} = R3, — R3,, since the shell is assumed to be incom-

pressible, and |z|, |y| < 1. Hence

Ry — R~ R, (1+3y) — R?, (1+ 3z),

which can be simplified to give

Rol 3
— . 4.47
y (&Jx (4.47)

To linearise equation (4.44) we have to assume that the externally applied forcing
pressure P4 (in some appropriate sense) is of the same order of magnitude as |z
and |y|. Consider a small parameter € such that |z| = O(¢) and |y| = O(¢e) where
x=eX,y =¢€Y and Py = eP, P, where X,Y and P} are O(1) quantities. Then

linearising equation (4.44) leads to

ol Ps R02

1 27 27, 1 1 2 2%y .
= — (-3 P, — +4K| | — — — - P t

m( “x< R R 1(3& f%))*zm+R@ asin (1)

1 . Ry \*\ | 8Kiy 8Kz .
- — 1— — 4 . (448
m@“( (&J>+J% r, ) 0

Dividing equation (4.48) throughout by R?, and substituting equation (4.47) into

it gives

. ( (/)s—pL) Rol)
F(1— (P8 PL) ot
1253 Ro2

- 2n | 202 1 1 2yiz | 292 (Ra\’ .
= =3k ( B L) (CH [ _p .
Pk, < " < ! Ro1 ’ Roz i <R31 332)) * Ry * Roo \ Ro2 v asin (w1)

1 . R \* 8K1 (Ro1\’ 8Kz Roi\’ .
- 1-— — ——— +4 . (4.49
pSRgl <ax < (ROQ) ) - R32 Roo ! Rgl + oL Roo * ( )
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Dividing equation (4.49) throughout by 1—((ps — pr)/ps) Re1/ Ro2 and rearranging

reduces equation (4.49) to

P (1)
psBa (1= ((ps — pr)/ps) Ror/Roz)’

F 4 240 4+ wir = (4.50)

where 74 represents a damping coefficient where P(t) = P4 sin (wt), and w, is the
natural angular frequency of the shelled microbubble. The term, P(t), represents
the sinusoidal, external ultrasound signal which forces the shelled microbubble.

The damping coefficient is given as

a (1= (Ro1/Re)?) + 4pur, (Ro1 ) Rop)”

Vd = ; (4.51)
2ps 5 (1= ((ps — pr)/ps)BRo1/ Ro2)
which is related to the relaxation time by
trelax = 7 (4.52)

'Yd.

The natural frequency, f, = w,/(27), is given by

1 /N
Jo= %\/g, (4.53)

where

N = 3/€RolRig (P, 4 271/ Ro1 + 272/ Ro2) — 271322 - 272R§1R02

+ (125 — 8)K R,/ Ryt + 8K R, — 126K, R2, Ry, (4.54)

and

D = (05321322 — (ps — pr) 331332) : (4.55)
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4.7 Results

R (pm)

— linearised

... nonlinear

ot (1)

Figure 4.2: The linearised and nonlinear models of the radial displacement of
a lpum shelled microbubble versus time for a shell thickness of 4nm which is
subjected to an acoustic pressure of Py = 100kPa at a forcing frequency of
f = w/(2r) = 5MHz which is very close to the natural frequency. The Leslie
viscosities for MBBA are a=0.035Pa s ([65], p330) and the densities of the liquid-
crystal shell and the surrounding fluid are pg = 1060 kgm =3 and p;, = 1000kgm 3
respectively. The polytropic index of the gas, the viscosity of the surrounding
fluid and the interfacial surface tension and the exterior radius’ surface tension
are k = 1.095, u;, = 103Pa's, v, = 75 = 0.072Nm ! respectively. The graph is
produced numerically by solving the ordinary differential equation (4.44) and from
equation (4.49).

Figure 4.2 illustrates how the radius of a 1um shelled microbubble with a thickness
of 4nm varies with time when it is subjected to a forcing frequency of f = 5MHz
(calculated using equation (4.53)) and an external acoustic pressure of amplitude
P, = 100kPa. Figure 4.2 displays a characteristic transient growth during the first
couple of oscillations of the shelled microbubble. The linear model has a larger
amplitude than the nonlinear model at a forcing frequency that is very close to
the linearised model’s natural frequency (f, = 5.03MHz). Figure 4.2 shows that

there is also a time lag between the nonlinear and the linear models.
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Figure 4.3: The relaxation time of a shelled microbubble of exterior radius
1pem (thickness 4nm) versus the Leslie viscosities o where ov = 3 (o + a5 + o).
The densities of the liquid-crystal shell and the surrounding fluid are pg =
1060 kgm ™= and p;, = 1000kgm 3 respectively. The polytropic index of the gas,
the viscosity of the surrounding fluid and the interfacial surface tension and the ex-
terior radius’ surface tension are £ = 1.095, u;, = 10~3Pa s, 71 = 72 = 0.072Nm !
respectively. The graph is constructed using equations (4.51) and (4.52).

Figure 4.3 illustrates the relaxation time’s dependency on the Leslie viscosities
where o = % (o + a5 + ag). As « increases the relaxation time ¢4, decreases in a
nonlinear manner. This is because a more viscous shell will dampen the oscillatory

motion of the shell faster.
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Figure 4.4: The relaxation time of a shelled microbubble of exterior radius
R, = lum (and thickness 4nm) versus the density of the shell ps. The den-
sity of the surrounding fluid is p;, = 1000kgm 3 and the Leslie viscosities are
a = 0.035Pa s. The polytropic index of the gas, the viscosity of the surrounding
fluid and the interfacial surface tension and the exterior radius’ surface tension
are k = 1.095, u;, = 103Pa s, v, = 75 = 0.072Nm ! respectively. The graph is
constructed using equations (4.51) and (4.52).

Figure 4.4 shows the relaxation time’s dependency on the density of the shell
ps. The relaxation time increases by a very small amount in an approximately
linear manner as the shell’s density increases . The increase in relaxation time is
so small that it is almost independent of pg. This is due to the thinness of the shell

which can be seen by substituting R,y = Ry (1 + €) where ¢ < 1 into equation
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(4.51) giving

a(l— (1) (1o
T 2psRL(1— (1= pr/ps)(1+e)V
_ 3ae+4ur(1 — 3e)

2pL R (1 —€)
[ Bae+4pur(1 — 3e)
N < 2pL %

Vd

Ja+o,

+O(e). (4.56)

Equation (4.56) shows that the damping is dominated by the viscous fluid.

trelax(us>
50¢
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Figure 4.5: The relaxation time of a shelled microbubble of exterior radius R, =
1um versus the thickness of the shell Ry — R,1. The density of the surrounding
fluid and the shell are p;, = 1000kgm =2 and pg = 1060kgm 3 respectively and the
Leslie viscosities are o = 0.035Pa s. The polytropic index of the gas, the viscosity
of the surrounding fluid and the interfacial surface tension and the exterior radius’
surface tension are x = 1.095, u;, = 1073Pa s, v = 75 = 0.072Nm ! respectively.
The graph is plotted using equations (4.51) and (4.52).

Figure 4.5 shows how the relaxation time decreases nonlinearly as the thick-
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ness (Roe — R,1) of the shell increases. Equations (4.51) and (4.52) highlight the
dependency of the damping coefficient and the relaxation time on the radii of the

shell. Rewriting equation (4.51) as

a(l = (Ro1/Rep)* (1 — 4y /)

Yd = , 4.57
2051 (L ((p5 — p1)/05) Ron/ Fo) (457)
and rearranging for a fixed «a, g, Ro1, ps and py, gives
1—aR3
Yi= ——=—, 4.58
T R (4.38)

where a = 1 — 4pup /o, b = (ps — pr)/ps, R = Ruz/Re and 44 = 2psR2,74/ .
Note that 4, can increase or decrease as a function of R depending on the values
of a and b. Substituting the values of uy, a, ps and p;, that are used to construct
Figure 4.5 (see caption) satisfies the condition a > b. Hence as R increases and
the shell thickens, the damping coefficient 74 increases which results in a shorter

relaxation time (since ¢.q)4 = 1/7a).
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Figure 4.6: The natural frequency f, of a shelled microbubble of exterior radius
Ry = 1pm and thickness 4nm versus the surface tension of the shell v = v, = 7.
The polytropic index of the gas is k = 1.095 and K; = 6 x 107*2N. The density of
the surrounding fluid and shell are p;, = 1000kgm = and pg = 1060kgm —3; and the
Leslie viscosities are @ = 0.035Pa s. The graph is plotted using equation (4.53).

Figure 4.6 illustrates how the natural frequency f, of the shell increases as the
inner v, and outer v, surface tensions of the shell increase where vy, = 7,. This is
due to a greater restoring force arising from a larger surface tension acting on the

surface of the shell.
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Figure 4.7: Natural frequency f, of a shelled microbubble of exterior radius R, =
1pum and thickness 4nm versus the density of the shell pg. The polytropic index
of the gas is Kk = 1.095 and K; = 6 x 107!2N. The density of the surrounding
fluid is p;, = 1000kgm 3 and the Leslie viscosities are o = 0.035Pa s. The graph
is plotted using equation (4.53).

Figure 4.7 illustrates how the natural frequency f, of the shell decreases by a

very small amount as the density of the shell pg increases.

4.8 Conclusion

A modified Rayleigh-Plesset equation has been derived for a shelled microbubble
with an incompressible shell composed of a liquid-crystal material, surrounded by
a Newtonian fluid. The model considers the gas inside the shelled microbubble, the
shell’s material and the surrounding Newtonian fluid. This model is then linearised
using time-dependent perturbation theory to determine the relaxation time and
the natural frequency of the shelled microbubble. The relaxation time exhibits a

dependency on both the thickness of the shell and the Leslie viscosities (these are
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dependent on the type of liquid-crystal material that the shell is made from). This
model is anisotropic unlike previous Rayleigh-Plesset equations which model the
shell of the microbubble as an isotropic solid. Liquid crystals are non-Newtonian
fluids, exhibiting shear thinning whereas all previous Rayleigh-Plesset models use
Newtonian fluid mechanics. Current experimental evidence indicates that some
contrast agents are viscoelastic with mesophase type behaviour [51] which, by
definition, constitutes a liquid-crystal material. The radial displacement exhibited
a symmetrical oscillatory pattern. As the Leslie viscosities increased in value the
relaxation time decreased in a nonlinear manner. The relaxation time increased
linearly as the density of the shell increased. As the thickness of the shell increased
the relaxation time decreased nonlinearly. The natural frequency increased linearly

as the surface tension increased.
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Chapter 5

Conclusion

5.1 Motivation

The aim of this PhD thesis was to understand and identify how various mate-
rial parameters such as the shear modulus, Poisson ratio and thickness of the
shell influenced the collapse, relaxation times and natural frequency of shelled mi-
crobubbles. Chapter 2 proposed an analytical model for a stressed, compressible
shelled microbubble that oscillated about its equilibrium position and considered
how varying the shear modulus, Poisson ratio and shell thickness influenced the
period of oscillation. Chapter 3 discussed the physical model for the deformation of
an open shelled microbubble whose geometry evolves. An opening angle approach
was used to model this geometrical change (folding shell) with the original stress
free configuration being represented by an open, deformed and incomplete sphere
which was stressed via a hoop stress in order to deform the shell’s surface both
radially and angularly. This model used an asymptotic expansion (linearisation)
to model the quasistatic phase. Chapter 4 developed a Rayleigh-Plesset equation

describing an incompressible, thin shelled, gas loaded microbubble with a shell
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composed of a liquid-crystalline material. Time-dependent perturbation theory
was used to linearise the physical model and the relaxation time and natural fre-
quency of the shelled microbubble and its dependency on the material parameters

(Leslie viscosities [64]) of the shell was considered.

5.2 Results

Chapter 2 described an analytical approach to modelling the inflationary process
of a shelled microbubble via a quasistatic radially directed stress load applied to
its inner surface. The stress load was switched off and the time for the microbub-
ble to collapse back down to its equilibrium position was determined by using
the Cauchy momentum equation and the inflated radial deformation as an initial
condition. Key material parameters such as the thickness of the shell, its Poisson
ratio and the shell’s shear modulus were varied to determine their influence on
the collapse phase of the shell. A typical collapse time for a shell with a shear
modulus of 1 = 20MPa and a Poisson ratio of v = 0.48, subjected to a stress
load of p = 200kPa, was t* ~ 3.5ns. Shells with a larger shear modulus results in
shorter collapse times. As the thickness of the shell increased the collapse time of
the shell increased in a linear manner. Shells with a larger Poisson ratio possess

smaller initial radial deformations and therefore exhibited shorter collapse times.

Chapter 3 considered a deformed open shelled microbubble with a spherical cap
removed. The stress free, open angle shelled microbubble was subjected to a polar
directed stress which was applied to the rim of the shell. The deformation had both
a radial and angular dependency. This model attempts to consider the change in

geometry of a ruptured shelled microbubble.
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In Chapter 4, a modified Rayleigh-Plesset equation was derived for a shelled mi-
crobubble with an incompressible shell composed of a liquid-crystalline material,
surrounded by a Newtonian fluid. The model considered the three physical me-
dia of the shell; inside the microbubble, the shell’s liquid-crystalline material and
the surrounding Newtonian fluid. This model was then linearised using time-
dependent perturbation theory to determine the relaxation time and the natural
frequency of the shelled microbubble. The relaxation time exhibited a depen-
dency on both the thickness of the shell and the Leslie viscosities. The relaxation
time decreased nonlinearly as the Leslie viscosities increased in magnitude. It also
increased linearly by a very small amount as the density of the shell increased.
For thickening shells the relaxation time decreased nonlinearly. The natural fre-
quency increased linearly as the surface tension of the shell increased. The nat-
ural frequency decreased linearly by a very small amount as the density of the
shell increased. The radial displacement of the oscillatory shelled microbubble
was symmetric whereas the experimental results for UCAs exhibit an asymmetric

behaviour [44].

5.3 Further work

Chapter 2 could be extended by applying an external stress load to the outside
surface of the shell to represent atmospheric pressure. The viscoelastic behaviour
of the shell and the influence of the surrounding fluid could be modelled by using
a Maxwell fluid model. Future work could also focus on solving numerically both

the forward and collapse phases for the nonlinear model.
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The linearisation of Chapter 3 could be evaluated numerically to solve the ra-
dial and angular partial differential equations in conjunction with their respective
coupled boundary conditions. Further work could consist of solving the linearised
collapse phase numerically. The influence of varying material parameters on the

collapse time could also be considered.

Chapter 4 models the shell using nematic viscosities rather than smectic A vis-
cosities. A Rayleigh-Plesset model could be developed for a smectic A shell which
requires thirteen viscosities rather than the five Leslie viscosities associated with
a nematic. The liquid-crystal model could be applied to consider the influence of
various physical parameters of the shell on the wall shear stress. Currently, there
are very few mathematical models that have been developed to understand sono-
poration via acoustic microstreaming [31], [32]. Such a model could consider how
the thickness, density and Leslie viscosities of the shell influence the magnitude of

the wall shear stress.

This PhD modelled the influence that various material parameters had on the
collapse time, the natural frequency and relaxation time of shelled microbubbles.
Chapter 2 considered how varying the shear modulus, the Poisson ratio and the
thickness of the shell influenced the collapse time. Chapter 3 focussed on mod-
elling the rupture of the shell of a typical UCA shelled microbubble. Chapter 4
considered the shell of the shelled microbubble as a mesophase exhibiting both lig-
uid and solid characteristics. Hopefully such models will aid soft matter scientists’

understanding of UCA localised drug delivery and gene therapy.
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Appendix A

Justifying the Rayleigh-Plesset

equation

Assuming that the fluid flow in the surrounding fluid and in the shell is in the
radial direction only, then the velocity, v, of the flow can be related to a fluid
potential, ¢, via v.= V¢. Applying the conservation of mass to an incompressible
shell in an incompressible liquid medium gives ([65],p138-139), V - v = 0, and so
V - V¢ = V?¢ = 0. Converting this into spherical polars for a radially symmetric

flow gives

which is solved giving

do _ A(t)
or 2
¢ = _’i(t) B(t).
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Defining the potential such that ¢ — 0 as r — oo results in B(t) = 0 and so
¢ = —A(t)/r. The equation ¢ = —A(t)/r is a fluid potential ([65], p138-139)which

can be either positive or negative and can be written as

where C'(t) can be either positive or negative. Using this equation along with the

definition of the velocity, v = V¢, results in

At this point let us assume that the inner and outer radii of the shelled microbub-
ble, R, are a function of time alone such that R = R(t) [83]. Defining the velocity
of the shelled microbubble as R at 7 = R leads to

—C(t)
RQ

€r = Rera

v¢|r=R =

which on rearranging gives C'(t) = —R?R. From equation (A.1) then, the fluid
potential, ¢, and the radial velocity component of the bubble, v, are given by
—R’R
¢ = , (A.2)

r

and

0o  RR
or 2

v (A.3)

Assuming that the influence of gravity is negligible due to the small density con-

trast between the contrast agent and the surrounding fluid, the momentum balance
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law is given as [83]
0
pa—Zij(v-V)V:V-a, (A.4)
where p denotes the fluid density and o represents the Cauchy stress. The following
derivation focusses on the radial direction of the perturbed, spherical, liquid-crystal

shelled microbubble. Equation (A.4) gives

v v
il - -V A.
<p8t+pvar)er V.o, (A.5)
or alternatively
ov 100 1

Using equation (A.3), this gives

G (@) do

and if we assume
9 (00 _ 0 (09
ot\or) or\ot)’

then equation (A.7) can be rewritten as

o (00Y 1o ((0\N, Lo (A8)
or\ot) " 20r \\or P

which can be rearranged to give

o [0 1 [0p\* 1
(a(aﬁ(a)»e’:#w)' A9
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This can be integrated across r € [R, 00) to give

9 (06 1[0p\> 1
L5<5+§(E)>erdr—;/R V - odr.

Using equation (A.2) gives

¢  R'R 2RR?
o r r’

and substituting this and equation (A.3) into equation (A.10) gives

- B opp 4 e
/ é R hilt +R}j erdr:—/ V - adr.
r Or r 2r pJr

Evaluating the integral in (A.12) leads to

.. . 1 [
(RR+ §R2) e, = —/ V - odr.
2 PJR

Polytropic gas and the role of surface tension

(A.10)

(A.11)

(A.12)

(A.13)

The gas encapsulated by the shelled microbubble is assumed to be adiabatic and is

modelled using a polytropic equation P, V,® = pV" where x denotes the polytropic

index which is a dimensionless parameter [45,50], V, is the equilibrium volume of

the gas filled shelled microbubble at a gas pressure of P, and p is the pressure

of the gas during the expansion/contraction phases. Assuming that the shelled

microbubble is a sphere with a volume given by V = (4/3)mR? where R denotes

the time varying radius of the shelled microbubble, then
4 " 4 "
P, <§7TR§) =p <§7TR3) ,
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which gives
R 3K
=P, (= A.15
v=r (%) (A15)

where R, is the initial (equilibrium) shelled microbubble radius when the total
pressure inside the shelled microbubble (p) is equal to the initial gas pressure

inside the shelled microbubble (F,).

Figure A.1: Tllustration of the gas pressure, surface tensions and the stress associ-
ated with the elastic energy density acting on a thin shelled microbubble.

Figure A.1 illustrates the pressure balance acting on an isolated shelled mi-
crobubble surrounded by a Newtonian fluid with an inwardly acting pressure given
by pr, and a gas pressure acting outwards represented by P,. There is also a stress
associated with the elastic energy density of the liquid crystal denoted by 7,1, tic-
There are two surface tensions in Figure A.1 where 7, represents the interfacial sur-
face tension between the inner shell and the encapsulated gas layer and v, denotes
the surface tension between the outer shell of the shelled microbubble and the
surrounding Newtonian fluid [51,52]. Shelled microbubbles are assumed to have a
finite, ultra thin thickness with an initial thickness given by the difference between

their unperturbed inner and outer radii R, — R,;. The surface tension terms are

used to determine their respective pressure terms via the Young-Laplace formula
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([84],p230-234). Note that this model assumes that the surface tensions v, and v,
are constant and do not vary with the area density as the shelled microbubble

expands and contracts.

Justifying the pressure terms for the surface tensions

The energy (work done W) associated with the surface tension of the shelled

microbubble is given by

T 21
W = //yds = 7/ / R?sin 0dfd¢ = 27yR?* (cos )y = AryR2.
o Jo

Using the definition of work done from thermodynamics and rewriting the partial

derivative using the chain rule results in

_ oW IOW IR
P=%v =~ R ov

Applying these definitions to the case of a spherical shelled microbubble leads to

ov

i AT R?,
and
aa—g = 8mYR,
which gives
p % -2 (A.16)

This is the well known Young-Laplace equation describing the pressure contribu-

tion of the surface tension of a spherical object such as a shelled microbubble [84].
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Balancing the pressures acting in Figure A.1 where p;, = P, gives

271 27 1 1
P, =P, 1K1 | —— — =), A.17
g i Rol i Ro2 * ' (Rgl R?JZ) ( )

where P, represents the surrounding ambient liquid pressure and 4K (1/R?, — 1/R2,)
is the stress associated with the elastic energy density of the liquid crystal and is

given by equation (4.34).
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