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ABSTRACT

The emergence of spatio-temporal structures (patterns) in dissipative systems
has generated a great deal of interest, especially in recent years when the in-
creased power of computers has allowed the numerical investigation of simple
models of such systems in two spatial dimensions plus time. In this thesis we
examine pattern formation in the context of two nonlinear optical systems: a
two—level medium in a ring cavity and a four-level medium with feedback mirror.
In both systems we use a combination of linear and weakly nonlinear analysis and
numerical integration to identify parameter values where patterns are expected

and to investigate the questions of pattern selection and stability.

In the ring cavity we find that the system shows the formation of, and competition
between, roll, hexagon and inverted hexagon (“honeycomb”) patterns close to
threshold. As well as the three types of patterns displayed by the ring cavity the
feedback mirror system is able to produce squares and rhomboids for appropriate
parameter values. Finally, in the ring cavity we are able to show the existence of
solitary-wave structures in both one and two dimensions and to demonstrate a

technique for their control as bits in a possible optical memory.
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Chapter 1

Introduction

A simple first approximation which can be made in the study of nonlinear op-
tical systems is that the fields involved are plane-waves: that is, fields with a
well-defined direction of propagation and no structure in the plane transverse to
that direction. In the past decade or so, however, the important realisation has
been made that the complicated dynamics of the field-medium interaction which
exists in a nonlinear optical system can introduce spontaneous symmetry break-
ing through the formation of patterns, either stationary or time-dependent, in
the transverse plane. The implication is that even a plane-wave pump does not
necessarily mean plane-wave fields. Of course plane-waves are themselves only
idealisations of the physically meaningful situation of beams with finite trans-
verse extent; but when the ratio of the beam width to the length scale of the
pattern (the aspect ratio) is even moderately large a plane-wave analysis should
still have relevance. The experimental and numerical observation of patterns in

the presence of gaussian beam pumps bear this out.

Transitions (or bifurcations) from a homogeneous state to one with structure
have been observed in other branches of science when a dissipative system with a
mechanism for coupling different spatial points is subjected to external forcing [1]
and op. cit.. In optics spatial coupling is provided by diffraction, or a combination

of diffraction and diffusion in the medium, while the forcing is due either to the



incoherent pumping of the population inversion present in lasers or to the coherent
pumping by one or more external fields which drives passive media. Whatever
the system under consideration, though, the emphasis in optics, as in other fields,

is on simple models which capture the pattern—forming behaviour.

In passive systems, which are the subject of this thesis, a number of different con-
figurations have proved suitable for the study of pattern formation. Nonlinear
media in optical cavities have been of interest not least because of their impor-
tance in work on optical bistability [2]; in fact the earliest theoretical investiga-
tions of pattern—forming behaviour were carried out by Moloney and co-workers
in the context of mapping models of nonlinear cavities [3,4]. Their studies of
Kerr and saturable Kerr media showed the formation of solitary-wave structures
in one transverse dimension, while in two transverse dimensions the breakup of
rings into dynamic patterns of spots was observed. Later work by McDonald
and Firth [5] showed that the one-dimensional solitary waves could be selectively

addressed and thus, in principle, form the basis of an optical memory.

One simplifying approach which has been employed in cavity problems is the
elimination of the propagation direction through the application of the mean
field limit [6]. The technique applies to high—finesse cavities in which the effect of
the medium on a single pass is small, and relies on the assumption that in such
cases the changes along the propagation direction can effectively be integrated
out. Theoretical investigations of mean field models have predicted the formation
of many of the different planforms from which a rotationally invariant system can
select when its homogeneous state becomes unstable. A two-level medium in a
cavity has been shown to form stripes (rolls), hexagons and inverted hexagons
(“honeycombs”), both under conditions of fast relaxation of the atomic variables
(the good cavity limit) [7] and in the region of nascent optical bistability [8,9].
Studies involving Kerr media [10-12] predict the formation of either hexagons
in self-focusing media [11] or rolls, via a polarisation instability, in defocusing
media [12]. Despite much theoretical work, however, experimental investigation
of cavity patterns has been lacking to date, with the exception of [13] whose

results are in any case difficult to interpret: the earlier work in optical bistability



was arranged to frustrate transverse effects rather than encourage them.

The problem of counterpropagating beams in a nonlinear medium, on the other
hand, yielded the first experimental observation of hexagons in nonlinear optics in
the work of Grynberg and co-workers [14] and later of Pender and Hesselink [15]
both in sodium vapour, with later work done by the former on rubidium vapour
[16]. Work on the corresponding theoretical problem, restricted to consideration
of Kerr-like media, has been extensive [17-23]. The prediction of a pattern—
forming instability and numerical observation of hexagonal patterns in focusing
media, with both plane-wave [23] and gaussian-beam pumps [22], have been
encouraging. The impossibility of eliminating the propagation direction from
the problem, however, has meant that it is very difficult to work with, both
analytically and computationally. Even a restriction to the case where both input
fields are plane waves of the same intensity, while allowing the use of symmetry
arguments to predict the formation of hexagons in focusing media and of squares

in defocusing media [23], does little to increase the tractability of the problem.

A simpler system devised to remove the difficulties inherent in counterpropagation
consists of a thin slice of Kerr material separated from a feedback mirror by a
region of free space [24]. The propagation direction is still important, in that
diffraction is necessary to convert the phase-modulation of the input field into
an amplitude modulation which drives the medium. The thin slice assumption,
though, means that the propagation direction only involves free space and is thus
fairly easy to handle mathematically; in fact, it can be entirely removed from the
problem by integration of the equations. Analysis of this system in the plane-
wave limit [24,25] predicted an instability leading to the formation of hexagons
while computations carried out with a narrow gaussian input beam {26] showed

that patterns of spots may appear with other than hexagonal symmetry.

The simplicity of the feedback mirror system has made it attractive from an ex-
perimental point of view as well; several experiments have already demonstrated
pattern formation using either a liquid crystal [27,28] or the hybrid liquid crystal
light valve (LCLV) [29-33] as a Kerr-like material. The large Kerr coefficient of



the latter means that high enough power over a large enough area can be ob-
tained to view medium to large aspect ratio patterns. Experiments carried out
with the LCLV have thus been able to confirm predictions derived on the basis of
the plane-wave analysis: the formation of hexagons and the intrinsic length scale
of the pattern [29-31]. With the introduction of a rotation in the field during
the free space propagation it has also been shown experimentally [31] that rolls
and honeycombs can be seen as well as hexagons. In addition, a theoretical and
experimental investigation of the régimes in which the LCLV deviates from Kerr-
like behaviour [33] has indicated a very complicated bifurcation structure and the
existence of rolls, hexagons of both types and also many more unusual solutions.
Feedback mirror sytems have therefore proved a source of both useful compari-
son between theory and experiment and of varied and interesting pattern—forming

behaviour.

This brief review of a few of the areas of interest in transverse pattern formation
in passive nonlinear optics will now hopefully serve to place the work presented
here in some sort of context. We begin in Chapter 2 by showing how we derive the
type of coupled field-material equations which we will subsequently use to model
nonlinear optical systems. We also show how the mean-field limit is applied in
cavity problems to eliminate the propagation direction from the equations. The
following chapter considers such a mean-field model of a two-level medium in a
ring cavity. A combination of weakly nonlinear analysis and numerical integra-
tion allows us to predict and observe the existence of stable hexagon, roll and

honeycomb patterns for different parameter values.

In Chapter 4 we go on to examine a feedback mirror system where the nonlinear
medium is an alkali vapour rather than a Kerr-like material. Experiments on
such systems have already been performed by Grynberg and co-workers [34] with
rubidium vapour and by Ackemann and Lange [35] with sodium vapour, both
showing the formation of transverse patterns. We find that this time the system
is able to form squares and rthomboids as well as rolls, hexagons and honeycombs

for appropriate parameter values.



Finally in Chapter 5 we return to the two-level ring cavity problem and use the
knowledge gained in Chapter 3 to investigate a different type of solution from the
pure patterns examined in the previous chapters. These consist of isolated regions
of the pattern embedded in a background of a homogeneous solution. After
studying such solutions in both one and two dimensions we finish by suggesting

a method for their control in a possible optical memory.



Chapter 2

Mean-Field Maxwell-Bloch

Equations

2.1 Introduction

Our aim is to investigate some of the aspects of the interaction of intense, coherent
optical fields with collections of atoms, and to do this we require mathematical
models of the systems which we will be examining. The purpose of this chapter
is therefore to derive coupled matter—field equations appropriate to the problems
which we will deal with in subsequent chapters. In deriving these equations we will
introduce simplifying approximations based on our understanding of the physical
processes taking place, in order to develop a model which is reasonably tractable
mathematically, but which still captures the relevant physics. In particular, we
adopt a semiclassical approach in which the optical field is treated classically
and the material is described using quantum mechanics. It should be stressed
that the emphasis in this derivation is not on mathematical rigour, but rather
on providing reasonable justification for models whose usefulness in this field has

already been demonstrated.

We begin in Section 2.2 with Maxwell’s Equations and using known properties of



the fields generated by lasers, we arrive at a single, simplified partial differential

equation for the slowly-varying amplitude of the electric field.

Section 2.3 deals with the description of the material variables. Using a simple
quantum mechanical model we derive equations for a two-level system coupled
to the optical field through an electric dipole interaction. The investigation of
this system is the subject of two chapters of this thesis. At the same time, the
procedure used in deriving these equations is general and will be used again in
Chapter 4 where we deal with the more complicated situation of a four-level

system interacting with two optical fields.

Having derived equations for a system consisting of a field coupled to a two-level
medium, in Section 2.4 we place the medium in an optical cavity and use a mean
field approach to eliminate one of the spatial dimensions from the problem. The
resulting mean field Maxwell-Bloch equations will be the starting point for the

work in Chapters 3 and 5.

2.2 The Field Equation

We begin with Maxwell’s Equations:

0B
V-D = py (2.2)
. oD
VXHZJf-i-E“ (2.3)
V-B=0 (2.4)
B = uoH + M (2.6)

where E is the electric field, H is the magnetic field, D and B are the electric and
magnetic flux densities respectively, P is the polarisation and M is the magneti-

sation. p; is the density of free charge and jy is the free charge current density.
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We will be dealing with non-magnetic media which have no free charge so from

now on we assume that M = j; = 0 and p; = 0.

Operating on (2.1) with the vector operator Vx and using (2.3) ,(2.5) and (2.6)

we obtain the following equation

1 0’E 0*P
. I v = ——— = —_ 2.7
V(V-E)-V‘E T Mg (2.7)
where we have used the operator identity V x Vx = V(V-) — V2. In free space

(2.7) reduces to the wave equation.

Since we will be dealing in this thesis with passive systems driven by an external
C.W. laser field, and since such fields can be well described as slowly modu-
lated monochromatic wave trains (the Slowly Varying Envelope Approximation

or S.V.E.A.) we write the electric field, E, and polarisation, P, in the form

E = Fel™ %) Lcec.
= (F.+ sz)ei(kz"“’t) + c.c.
P = Pelwt pce
= (PL+ Pk)e* ) 4 cc. (2.8)

k is a unit vector parallel to the direction of propagation of the field. For later
convenience the fields have been separated into a transverse part (perpendicular

to k) and a longitudinal part (parallel to k).

Adapting the approach of [36], we aim to use (2.8) to reduce (2.7) to a simpler
form by eliminating higher derivatives in a consistent way. To do this, though, it
is necessary to know typical time and length scales for the variation of the slowly
varying amplitude F of the field. If F has a maximum transverse wavevector Kooz
then a length scale for the transverse variables, z and y, is given by A = 27 [ Kiag-
The longitudinal length scale can be obtained by considering Equation (2.7) in
free space. If we substitute (2.8) into (27) then, as long as the phenomena
considered do not involve changes on the scale of either an optical wavelength or
an optical period, we can assume

ﬁF_
at?

e
022

O_F
ot |’

L w

oF|
< k‘g . (2.9)
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Since the situations considered in this thesis only involve CW fields we can neglect
the second order derivatives in z and ¢t. We then have that F obeys
OF 10F
— =V
0z + cdt 2k *

where V2 = 8,2 + 0,2. Neglecting the terms in 0,2 and 9 is equivalent to

(2.10)

assuming that the curvature of the wave—fronts is small which is another way
of saying that K., is much smaller than k. This is known as the paraxial
approximation. Equation (2.10) then defines typical length and time scales, [
and 7, for F as the propagation distance or time over which a phase-shift of O(1)

occurs. Specifically we choose

4kn? . l
= = k%, ==, (2.11)

max

l

In this way the paraxial approximation defines a natural smallness parameter, ¢,
for assessing the relative magnitude of the various spatial and temporal derivatives

in Equation (2.7):

A 1
== __ 2.1
“TT7 %A (2.12)
We rescale the independent variables in terms of their natural scales
T — %, y—-»%, z— ;, t—+é. (2.13)

Then, using the definition of €, and splitting Equation (2.7) into transverse and

longitudinal parts, we obtain

. OF, O*F OF
2 37"z 2¢72 4 . 2
V_L(&Z V_L-F_L+Z€Fz+6 E)_EV.LFJ-—E: 522 — 21€ az =
azF_L 8F_L 62P_|_ aP_L
4 - 2 2 |4 - 2
—€ 52 + 21e 5 toC” |€ ErD — 21e FTale P,
(2.14)
for the transverse part and
53§(VJ_ -Fy) 41V, -F; —?ViF, =
z
O?F, JF 0P 0P
40 L2 - 201, 2| 40 12 . 2017
—€ 5 + 2ie 5 + F, — poc® | 5 — 2ie 5 P, (2.15)
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for the longitudinal part.

We expand the fields in terms of ¢

F, = FO 4P 4280 4 .
F, = FO 4 1 2F® 4
P, = &P 4+PY 4.

P, = PO 4pW 4 (2.16)
The choice |P| = O(¢?) will be justified in Section 2.3.4.
We now collect the terms in (2.14) and (2.15) at each order in &. At O(e°) we

find
F,=0. (2.17)

This shows that to lowest order the field is purely transverse, although higher
order longitudinal corrections must be added to ensure that the field will satisfy

Maxwell’s Equations.

At O(e) we get

FO = v, .FY? (2.18)
) S YG) 1
V2FO 42 2 = —;-(;P(f). (2.19)

At this order we produce a non-trivial equation describing the spatio-temporal
evolution of the transverse field, F(f) , and its coupling to the material via the
source term in ng)). Undoing the scalings by performing the inverse of transfor-
mations (2.13) and (2.16) and dropping the subscripts on the field variables, we

arrive at our simplified Maxwell equation

V?F + 2ik (%—E + %%—f) = —pow?P. (2.20)
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2.3 The Medium

2.3.1 Bloch Equations

Having derived an equation describing the dependence of the electric field on the
material we must now describe the behaviour of the medium and its dependence
on the field. We assume that each atom ' in the medium can be described by a
quantum mechanical state~vector, |¥), whose evolution is governed by the time-

dependent Schrodinger equation

L)

H=H,+ H; (2.22)

where H is the Hamiltonian operator for the system, H, is the Hamiltonian in

the absence of an external field and H describes the field/atom interaction.

We assume that the medium interacts with the field through an electric dipole
interaction so that H; can be written as

) N N -

Hi=edY Er=¢E.> r=-E.pu (2.23)

=1 i=1
where the sum is over the electron co-ordinates and g is the electric dipole
moment of the atom. We have used the fact that for optical frequencies E will
not vary significantly over atomic distances since E ~ e**? and kz <« 1. For
typical values of |E| and |r| (e.g. E ~ 10% to 10°Vm™ and r =~ 107'%m) this
means that the effect of the external field is small compared with the potential
energy terms already present in the system (for example the Coulomb potential
for an electron in an atom). We may therefore treat H; as a small perturbation
to Ho, and write the solution, |¥), to the perturbed problem as
N

[W(t)) =3 ai(t) i) (2.24)

i=1

tIn principle we could be describing some quantum mechanical system other than an atom;

we use the word “atom” for definiteness.
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where the {|4;}} are an orthonormal basis for solutions to the time-independent

eigenvalue problem

Holsp:) = E:lis) (2.25)
that is
(ilh;) = 6ij. (2.26)

Using the definition of the macroscopic polarisation, P, as the dipole moment per
unit volume, and writing n, for the number density of atoms in the system, we

have

P = —nee(¥|r|¥) = na ) piktte; = naTr(pp) (2.27)
ik

where the p,; are matrix elements of the electric dipole operator

Hi; = <¢k|ﬂ|¢j) (2-28)

and p;jr = ajaj are matrix elements of the density operator p [37]; it is these,
rather than the {a;} which correspond to observable quantities. In fact, from
(2.27) we see that we can describe the polarisation by writing down evolution
equations for the matrix elements of 5. This can be done by substituting (2.24)
into (2.21) and using the definition of H; and p (Equations (2.23) and (2.28))
and the orthonormality of the {;}. We get

, iE X iE X
Oupsk = —iwikpik + = > i — - > it (2-29)
=1 =1

where wj, = (E; — E¢)/h.

We remark at this point that the diagonal elements of g ({p:;}) are identically
zero since for these quantities the implied integrand in (2.28) has overall odd
parity and vanishes when integrated over all space. Thus the definition of P
involves only off-diagonal matrix elements of 5. The diagonal elements p;; of p
describe instead the probability of an atom being in state ¢ and are therefore

related to the populations of the various states of the system.
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2.3.2 Rotating Wave Approximation

From Equation (2.29) the relative magnitude of nonlinear to linear terms on the
R.H.S. is givén by

|E||p| (2.30)
hwjk

For optical processes this ratio is very small (typically 10~* to 10~7) so we must
ask why we cannot just neglect all but the first terms on the R.H.S. and integrate
(2.29) directly. The danger comes if the nonlinear part contains terms which are
resonant with w;; [38]. In that case there are forcing terms which are solutions
to the homogeneous problem and the solution for p;x is something like

. E .
pinlt) = pae(0)e-rt 4 ANl i (231)

with A some constant. The resonant nonlinear terms have an effect which grows
linearly in time so that for times ~ A/(|E||p|) they are O(1). It is for this reason
that all terms on the R.H.S. which are resonant, or nearly resonant, with wjx
must be retained while all others may be reasonably discarded. This procedure

is known as the rotating wave approximation.

2.3.3 Irreversible Terms

There is one more ingredient required when writing down a set of Bloch equa-
tions and that is the inclusion of dissipative (or irreversible) terms [37,38]. These
arise from a number of physical processes which we have so far failed to include.
First of all there are the phenomena of spontaneous emission and inelastic col-
lisions between atoms, both of which induce transitions between levels. These
are associated with a loss of energy and affect all elements of the density matrix.
Secondly there are elastic collisions which induce no transitions but which change
the phases of the wavefunctions and which therefore only affect the off-diagonal
elements of the density matrix. A detailed discussion of these processes is beyond
the scope of this thesis; in particular, a proper treatment of spontaneous emission

requires us to quantise the electromagnetic field. Here we simply add phenomeno-
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logical decay terms to the Bloch equations to account for these processes. Thus,

Equation (2.29) is generalised to

_ E X iE X N X
Ocpje = —wwikpik + 2= D Hplk 7 D Hwpit = X D Viktmpime  (2-32)
=1 =1 =1 m=1

2.3.4 Two Level Bloch Equations

Now that we have discussed Bloch equations in some generality we derive such
equations for the specific case of a system with only two levels. We first of all
assume that the electric field, E, is plane—polarised in the x—direction and write
it as

E = (Fe ™' + F*e™")%. (2.33)

For the purpose of calculating the driving terms in the Bloch equations factors
of e**? have been omitted since, as already stated in Section 2.3.1, for optical
frequencies and atomic scales kz < 1. We assume that the field induces electric
dipole moments in the atoms parallel to the field polarisation so that we can write

the macroscopic polarisation as
P = (Pe**=it 4 premihetivtyg (2.34)
and the non—zero dipole matrix elements as
s = 5, = pX. (2.35)
 is assumed to be real without loss of generality.
From Equations (2.27) and (2.34) we can make the identification
Neppy = Pe'* 1, (2.36)

The Bloch equations are obtained by following the procedure outlined in Sections

2.3.1 to 2.3.3.

: oF :
Oipa1 = —(7L + twa)pn + T(Pu — pag)e”
a _ _ 22” —iwt‘ * x  fwt
Won = p22) = —(prn = par = 1) — == (Fprae™" — Fpjpe™). (2.37)

17



The decay rates of py; and (p11 — p22) have been written in the standard way as

v, and 7y respectively. We have assumed that there is no loss of population to

other levels (py1 + p22 = 1).

Since p;; is coupled to (p11 — p22) we define a new macroscopic variable
N = na(pn — P22) (2-38)

which represents the population difference between states 1 and 2 (state 2 is

assumed to correspond to a higher energy than state 1).

The equations for P and N then read

. ip?
&P = —y (1+::A)P+ —‘h—FN

9;
OGN = —y(N—ng)+ %(F*P _FPY (2.39)
where we have introduced the atomic detuning, A
A W) (2.40)
TL

Equations (2.39) together with Equation (2.20) for the electric field form a closed

system: a set of Maxwell-Bloch equations for a two-level medium.

At this point we can try to justify the choice P = O(e?) which we made in Section
2.2 to obtain the field equation. An estimate of the order of magnitude of P is
given by the magnitude, P, of its steady—state value
nop?
hyy
= 2e¢palF. (2.41)

P, F

where, from Equation (2.12), €2 = 1/kl, a is the absorption coefficient of the field

on resonance given by

2
"al (2.42)

“= 2hy1 €
and [ is the longitudinal length scale defined in Section 2.2. When we take the

Mean Field Limit of the Maxwell-Bloch equations in the next section we will

18



require that the loss per pass through a thin medium be small so that ! should

also be small and Equation (2.41) will indeed imply that P = O(e?).

One last task that we will perform in this section is to rescale the variables F,
P and N in order to put the Maxwell-Bloch equations into a form which is

used in the literature and which is slightly more convenient. We perform the

transformation
: N
Fo—t _p p= (E)P N ==
R(yem)? et \ | na
Finally, then, the Maxwell-Bloch equations take the form
OF 10F i .,
2 teer Ty TP
JP :
N 1
B = N-1+ 3 (FP*+ F*P)|. (2.43)

2.4 Mean Field Limit

We have now derived a closed set of model equations and at this point we are
forced to admit that they are too much for us to handle. Equations (2.43) form a
set of nonlinear partial differential equations in three spatial dimensions plus time
and such problems, as well as being difficult to treat analytically, are at the limit
of what anything other than a supercomputer can integrate in any reasonable
time. In this section we are going to place the nonlinear medium in an optical
cavity since that is one common technique for providing both feedback and large
fields, and we will see that by imposing certain conditions on the system we will
be able to remove the z—dependence of the variables [6]. An alternative approach
to the one given here, valid for nonlinear Fabry—Perot cavities and employing a

pole analysis is given in [39].

The geometry we choose is that of a ring cavity of length £ with flat mirrors
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Figure 2.1: Schematic of the ring cavity.

containing a thin nonlinear medium of length L. The intra—cavity field is denoted
by F and the system is pumped by an external field E; (Figure 2.1). We will
assume that the medium is thin enough that diffraction can be neglected within
it. Then inside the medium the field equation takes the form

0F 10F

The boundary condition on the electric field at z = 0 (the entrance to the non-

linear medium) is

5 —L
F(z,y,0,t) = el F (x,y,L,t — (L: - >) +TE((z,y) (2.45)

where '
D=InR—ib+(L—L) ;—kvz (2.46)

is a propagation operator. R =1 — T is the reflection coefficient of mirrors M1
and M2 and & is the cavity detuning defined as

8o = (“’_”c“i)ﬁ (2.47)

with w, the frequency of the longitudinal cavity mode closest in frequency to w,
the frequency of the input field. E;(z,y) in Equation (2.45) is the input field at

the entrance to the nonlinear medium and need not be a plane wave.
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In order to simplify the boundary condition on the field at the entrance and
exit of the nonlinear medium we make a transformation of both dependent and

independent variables. (z,t) is transformed to (2',t'):

!

7 = z
¢ = t+ (L — L) z (2.48)
c L
0 10 0 L o
T AR T 2.49
= 0z + cdt 0z + cL ot (2:49)
We also define a new field variable, F(z,y, 2',t)
!
F(z,y,2,t) = D F(2,y,2,t) + TE(,y) 7 (2.50)
where
~ 2
[ =exp (ZD) . (2.51)
Then the boundary condition on the field becomes
F(z,y,0,t) = F(z,y,L,t) (2.52)

that is, the boundary condition is specified in terms of fields at the same time and
is periodic in 2. By rendering the longitudinal boundary condition in this form by
means of transformation (2.50) we have transferred the information on the free-
space propagation which was previously contained in the boundary condition into

the field equation, which now reads

- - o r—1 / _ !
OF  cLoF _ %[(IDR_MOJFZ(E L)vz)r (F—TE12—>

50 T Lo 2k L t
+f‘%—§] N f‘%% n cTﬁEI
- % [(mR— 160 + i(%; L)W) f; (F— TEI%,H
cTEEz 3 ggﬁzg Pp. (2.53)

We can see that while we may have simplified the boundary condition it appears
to have been at the cost of complicating the field equation. At this point, how-
ever, we introduce some assumptions about the cavity which allow us to simplify

Equation (2.53) and show that this exercise has some benefits.
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We assume

<1

oLl ~0(T) kK 1

C =aLl/T ~0(1)

6 = &/T ~ O(1)

a = (L — L)/2kT ~ O(1).

T < 1 implies that the cavity has high finesse so that the frequency spacing
between longitudinal modes is large compared to their bandwidth. This condi-
tion, together with the assumption that é < 1, ensures that the field is only
interacting with one longitudinal mode of the cavity. The entire set of conditions
is a requirement that any one element of the system only have a small effect on
the field on a single pass, although the cumulative effect after many round trips

of the cavity will be significant.

Now that we have made these assumptions we are able to simplify the field
equation (2.53). We expand the operator [ in the equations for the electric field,
polarisation and population difference in powers of the smallness parameter T' up
to the first order at which the coupling between the variables is introduced; this
means expanding to O(T') in the field equation and to O(1) in the polarisation
and population difference equations. Another way of saying this is that we only
keep those terms in each equation which produce coefficients of O(1). We then

arrive at the following set of equations

%%+%g_§ = & [-F —i0F +iaV?F + By — 2CP]
oP - :
ON L (pp 4 B
N e

where k = cT'/L is the cavity decay rate. We still have an explicit z'~dependence

in the equation for the electric field. However, since the longitudinal boundary
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condition (2.52) on the electric field is periodic we can expand each of the variables
F, P and N as a Fourier series. Only the coefficients of the zero—frequency term
in each of these series will be non—zero since this is the only mode which the
input field will interact with under the assumptions that we have made. This
means that £, and hence P and N, will be independent of z’ and so we can drop
the 0, F term from the field equation. The Mean Field Maxwell-Bloch equations

that we end up with are therefore

?a% = K [—F —i0F +iaV2F + E; — 2073]

oP . )

aN ]- TTy* 1%

5 = [N —1+3 (FP + F 73)] : (2.55)

Equations (2.55) are the model equations that we have been aiming to arrive
at and they form the basis for the work in Chapters 3 and 5. Before leaving
this section, however, it is worth summarising what we have actually done since
the procedure we have adopted is quite complicated. By defining a new electric
field variable, and also new z and ¢ variables, we have been able to integrate out
formally the propagation of the field through the free space part of the cavity.
The new field on one side of the nonlinear medium is then simply related to
the field on the other side at the same time. In fact, both of these fields are
arranged to be equal so that an expansion in a Fourier series in z is possible. The
imposition of mean field conditions then ensures that only one term in the Fourier
expansion is non-zero and therefore allows the removal of the z—dependence from
the equations. Finally we end up with Bloch equations of the same form as when
we started and a field equation which has the effects of propagation around the

cavity incorporated but which has no dependence on the propagation direction.
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2.5 Conclusion

The main aim of this chapter was to derive a manageable set of equations to
model the interaction of the electric field with a set of two-level atoms. Starting
from Maxwell’s Equations and the Schrédinger Equation we were able to derive a
closed set of equations describing the evolution of the optical field, the polarisation
of the medium and the difference in population between the two levels of the
medium. We then placed the medium in a cavity which we assumed to satisty
mean field conditions, and were able to eliminate the propagation direction from
the problem. We arrived finally at a set of coupled nonlinear partial differential

equations in two spatial dimensions plus time.

The important assumptions made in deriving these equations have been pointed
out as they have been introduced in order to make clear the situations under
which the equations may be expected to fail, as well as to justify their use in the

chapters which follow.
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Chapter 3

Two—Level Medium in a Ring

Cavity

3.1 Introduction

In the previous chapter we derived equations for a two-level medium in a ring
cavity under mean-field conditions and now we go on to examine the pattern-
forming behaviour exhibited by such a system. The experimental motivation for
this work lies mainly with atomic vapours since, for example, studies of bistability
in sodium vapour in the eighties used this model [2], albeit with the deliberate
suppression of transverse effects by the use of narrow gaussian beams. More
recently, a cavity experiment involving sodium vapour [13] has shown pattern
formation in the transverse plane although our model is not directly relevant to

that system.

We choose to analyse the equations in the good cavity limit, where the atomic
variables can be adiabatically eliminated and the system reduces to a single equa-
tion for the intra—cavity field. Unlike in the case of the laser equations [40], the
adiabatic elimination procedure in the passive case introduces no spurious insta-

bilities and in fact the stability analysis of the reduced equation gives exactly
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the same threshold curves for steady-state bifurcations as does the full set of

Maxwell-Bloch equations [6].

We first of all review the linear stability analysis of the model equation for the
case where the pump field is a plane-wave, an analysis first performed in [6]. Since
this reveals the purely absorptive case (A = 0) to be the easiest to work with we
concentrate on that initially. A weakly nonlinear analysis close to threshold allows
the reduction of the problem to the study of a single partial differential equation
in one real variable and predictions about the patterns expected are then made
on the basis of amplitude equations. We then tackle the problem for arbitrary
A, generalising the approach adopted for A = 0. We find, in particular, that
there is no qualitative change in the predicted behaviour of the system when A
becomes non-zero, so that the interesting pattern-forming behaviour is captured

in the purely absorptive limit.

Finally, numerical integration of the original P.D.E. confirms many of the predic-
tions made on the basis of the nonlinear analysis, showing the power, as well as

the limitations, of the amplitude equation approach.

3.2 Model Equation

We start from the mean-field Maxwell-Bloch equations derived in the previous
chapter which describe the evolution of the electric field, E, polarisation, P, and
population difference, N, for a two-level medium in a high—finesse ring cavity

driven by an external pump field, E; (Figure 3.1)

36_67 _ n[—E—i()E+iaV2E+E1——20P]

opP .

I v [NE —(1+iA)P]

ON | ,

= —m|[N-1+3(EP +EP) (3.1)
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Figure 3.1: Schematic of the ring cavity.
with an obvious change of symbols with respect to Equations (2.55).

In the good cavity limit, when «y,, -y 3> &, the electric field evolves on a much
slower time scale than the atomic variables. If the separation of time scales is
large enough, the electric field will be effectively constant throughout the period
that the atomic variables are evolving towards equilibrium values. Looked at from
the other end, on the time scale on which the field is evolving, the polarisation
and population difference relax almost instantaneously to values determined by
the value of the field at that time: that is, they follow the field adiabatically. In
that case, we can set the time derivatives of P and N to zero and solve for them as
algebraic functions of the field, E, a process known as adiabatic elimination [41].

It is then possible to reduce the problem to a single nonlinear P.D.E. for the field.

If we carry out this procedure we find that the values of P and N in terms of the

field are given by

o E(1 —iA)
[E[2 + 1+ A2
1+ A?
N = —— "2 .
EP + 11 A2 (32)
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so that the equation for the electric field reads

2C(1 — i)

—_— Er+iaV?E 3.3
EF+1ta7) t ot (33)

OE=—-E|(1+:0)+

where the time has been scaled by the cavity decay time 1/«. This is the model

equation which we will study.

3.3 Linear Stability Analysis

Equation (3.3) has stationary, homogeneous solutions, F,, whose moduli are given

by solutions of

20 : 20 A ?
7= |E* |1 6 — 3.4
E=lER I\t pprya:) TV Err e (3-4)
and whose phases are then obtainable through the expression
E
By = Izc 1-i4) (3-5)

Since we are interested in solutions with some kind of spatial structure we want
to find out when the system is not attracted to the solution given by (3.4). A
sufficient condition for this to be true is that the solution E; be linearly unstable:

that is, a small perturbation to E, will grow in time. We therefore perturb £,
E=F,+6F (3.6)
and examine the solutions to the resulting linear problem in éE and 6 E*

OF
OE"

Ly
OE~

) (3.7)

= L(V?)

where
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[ —(1+10) + 20(1=iA)|E,|? 20(1-ia) B2

(IEsl2+1+42) (IEs|2+1+42)

___20(1-:4) 72
E.P+itar T arV

L(V?) = . (38)

2C(1+iA)E}? —(1—i6) + 2C(1+14)[E.|?

(1Es[?+1+4%) (IEs[?+1+A%)

L |Es2+1+4% E

Since this is a linear problem we can take the Fourier Transform in which case
V? - —K?. Then

0E
SE*

SE

O | .
OE”

= L(—K?) (3.9)

where a tilde denotes the Fourier Transform. The general solution to such a
problem is given by a linear combination of terms exp(\;t) where the {A;} are the
eigenvalues of the matrix £(—K?). The real part of any of the eigenvalues being
greater than zero implies exponential growth of the perturbation and therefore
linear instability of E,. If we denote by A, the eigenvalue with largest real part,
then the locus of points in the parameter spaée defined by the condition Re(A,) =
0 constitutes a threshold surface (or stability surface) separating the region in

which F; is stable from the region in which it is unstable (Figure 3.2).

The two eigenvalues of £ are given by

20(1 + A?)
(EF+1+ A7

e = —1-—

o — (0 K?)| . (3.10
(|E,2+14+ A2 |(JE,|2+1+ A2)? (0 +aK?)| . (3.10)

J 4|E,[*C(1 + A?) 2CA(1 + A?) 2

It is obvious from (3.10) that for Re(A) > 0, A must be real so that the possibility
of a Hopf bifurcation () pure imaginary) is excluded and only “steady-state”

bifurcations are possible. The threshold condition (Re(A4) = 0) then implies the
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following relation

AC* 1+ AY[IP — (1 +AY)] + 4C(1+ AYH[AG —1][1 + A%+ 1]
— [1+0}1+A%+1P=0 (3.11)

where
I=|E], ©=0+adK? (3.12)

We can obtain the relationship between the values of (§+aK?) and I at the lowest

threshold ((6 + aK?) and I, respectively) by differentiating Equation (3.11) with

respect to (6 + aK?) and setting d(|E,|?)/d(8 + aK?) to zero !. This gives

2CA(1 + A?)

(1+ A2+ )%

K. is then the magnitude of the most unstable wavevector and defines the length

(0 + aK?) = (3.13)

scale of the pattern which will emerge above threshold.

Using Equations (3.10) and (3.13) we find, in fact, that I. is given by the smaller

of the two roots of the following quadratic in the dummy variable 2
2:2C(1+ A%z — (14 A2 +2)?—20(1+ A?) =0 (3.14)

that is,

L=C(1+ A% — (1+A%) — /O +A2)(C—2)—20(1+A23.  (3.15)

Since the source of the nonlinearity in Equation (3.3) saturates as |E|? increases,
then if the driving field becomes large enough the homogeneous solution E; will
become stable once more. This means that the instability region in the (I, 0)-
plane should be bounded by a closed curve (such curves are in fact cross—sections
through the full stability surface defined in (I, ©,C)-space). The other root of
(8.14) therefore defines the value of I which corresponds to the other extremum
of that curve (Figure 3.3). For both of these two roots to be real (that is, for an
instability region to exist at all), Equation (3.15) shows that C must satisfy

C > 201+ (14 AY3] = Cour. (3.16)

tBy lowest threshold we mean the lowest value of I for which the stability surface is crossed

for a given value of C.
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Figure 3.2: Representation of the stability surface in (I,aK?, C)-space.
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Figure 3.3: Section through the stability surface for A =1 in the plane C = 8.
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This means that as well as a threshold value which the modulus of the field must
exceed for each value of C there is a value of C' below which no instability can
occur no matter how hard the system is driven. The reason for this is that, since
C represents the strength of the coupling between the nonlinear medium and the
field, if this coupling is too weak then the field saturates the nonlinearity before

it can become strong enough to drive an instability.

Notice that the linear analysis only provides a condition on the magnitude, K,
of the wavevector of the perturbation. This is due to the fact that transverse
effects only enter the problem through the operator V2 which is invariant under
rotations. Notice also that § and aK? only appear in the combination § +aK? so
that the only effect of changing 6 is to shift the threshold surface parallel to the
aK? axis if the surface is plotted in (I, aK?,C)-space. Finally, we remark that
the threshold surface can be crossed by varying either I or C or some combination
of both. In the subsequent analysis we consider C to be the parameter which is
varied (the “control parameter”) since the resulting algebra is simpler. In an
experiment this would correspond to varying the number density of the atomic

sample.

3.4 Weakly Nonlinear Analysis

3.4.1 Amplitude Equations

We know from the linear analysis where the homogeneous solution of Equation
(3.3) becomes unstable and also the characteristic length scale of the instability.
As mentioned in Section 3.3 the linear analysis only gives a condition on the
magnitude of any wavevector that is unstable. This means that above and close
to threshold the range of values of K? which the linear analysis predicts will go
unstable corresponds to an annulus in Fourier space. The fact that the unstable
set is restricted to lie within this annulus means that the analysis of the problem,

at least close to threshold, can be simplified.
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We first of all have to admit that we cannot deal with the problem by analysing
functions whose Fourier Transform is non-zero only within an annulus. Instead
we inject some assumptions about what we expect to happen in the problem.
Pure patterns which emerge as solutions from the bifurcation at the instability
threshold can be described as a linear combination of a finite number of modes,
each with a different amplitude, and each having a wavevector of magnitude K,
since that is the value of K which first becomes unstable. Thus
1/

E-E, =3 (; AeKix 4 c.c.> . (3.17)
The continuum problem in Fourier space has then been reduced to the consid-
eration of a discrete (and finite) set lying on the circle of radius K. (the critical
circle). The spatio—temporal evolution of the pattern can be described by making
the {A;} slowly varying functions of time and space [41]. The spatial dependence
of the {A;} is something of an extra, introduced to capture some of the contin-
uum behaviour of the problem, and is usually only useful in the study of defects
in patterns. On the other hand, the temporal dependence is indispensible since
without it we cannot describe evolution of any kind. We introduce “slow depen-
dence on time” by considering “dependence on slow time”; that is, we introduce
slow time scales. This is more than a mathematical gimmick since it will be seen
that the introduction of multiple slow time scales is a necessary device in the type
of calculation that we are going to undertake. This needs some elucidation so we

resort for the moment to a formal treatment of the problem.

We write our original P.D.E. in the form
AV = L(VHV + N(V). (3.18)

V contains the dependent variable(s), £(V?) is a linear operator and Nisa
nonlinear function. We have assumed without loss of generality that V = 0 is
a solution; if it is not, it can be made so by a simple linear transformation of
the dependent variables in the starting equation (see for example Equation (3.31)

below).

We assume that close to the bifurcation point, the point where the instability

surface is crossed and where a new, modulated solution appears, the amplitude
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of the modulated solution is small. We then connect this amplitude to the (scaled)
distance above threshold, x4, through some smallness parameter e. We also assume
that the bifurcation is steady-state. Expanding V and g in powers of ¢ and

introducing slow times T3, T, ... defined such that
O = 68]‘1 + 628’1‘2 + ... (3.19)
we can write the problem as

(ﬁo(vz) + 6[:1(v2) + 52[32(V2) + )(€V1 + €2V2 + €3V3 4+ )
= (€0, + €%, +..)(eV1+ eV, +e¥Va+ )

—62N2(V1,V1) e 63N3(V1,V2) — ... (320)

The expansion of L results from the fact that it will also depend on p.

At O(¢g) we recover the problem solved in the linear stability analysis
Lo(VHV; = 0. (3.21)

From this we see that the condition that V; be nontrivial is that Lo is singular.
We know this is true since Lo has a zero eigenvalue at threshold with V2 — — K2,

Thus we write

1 (X .

Vl = EVI (Z Ai(Tl, TQ, ...)elKi.x + C.C.) (322)
=1

with |K;| = K. and with the N wavevectors making angles of #/N with each

other, since this is sufficient to describe the pure patterns which are usually

observed.

At O(e?) we get
Lo(VHVy = —L1(V)Vy + 05, Vi — Na(Vy, Vy). (3.23)

This is no problem for terms with K # K, since in that case L£o(V?) is in principle
invertible. For terms with K = K., however, L, is singular (Equation (3.21)).

We therefore have a problem of the form

£0V2 = Sz (324)
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where Lo cannot be inverted. The only way to resolve this is to invoke the
Fredholm Alternative Theorem [41] which states that for (3.24) to have a solution,
Sz must be orthogonal to the null-space of L}, the adjoint of £o. This is just
equivalent to ensuring that S, lies in the range of £y. To see this, note that if

S2 = LoV for some V, then if U is in the null-space of [Z}; we have that

(UlLoVa) = (L3U[Vy)
= 0 (3.25)

where (-|-) denotes an inner product and we have used the definition of the adjoint.
For example, consider the case where V, and S, are vectors in R® and Ly is a 3x3
matrix with a one-dimensional null-space. The Fredholm Alternative theorem is
then saying that for (3.24) to be solvable S, must lie in the plane perpendicular

to the eigenvector of [38 corresponding to a zero eigenvalue: that is, in the range

Of ﬁo.

Returning to the case of interest to us, Equation (3.23) shows that S, contains
time derivatives of the {A;} with respect to 7, so that the solvability condition
comes out in the form of a set of ordinary differential equations which the {A;}
must satisfy. The purpose of the introduction of the slow time scales is thus to

allow a sufficient degree of freedom in S, for the problem to have a solution.

Calculations at higher orders follow the same pattern as that at O(g?), yielding
further equations for the {A;} in the other slow time scales. At the end of the
calculation all of these equations are added together and the scalings undone to
give a final set of amplitude equations for the time-evolution of the amplitudes
{A;} in terms of the unscaled time ¢. It can be seen that this result depends upon

the introduction of multiple time scales.

The introduction of spatial dependence in the {A;} has a different motivation.
The intention is to allow more of the full spatio-temporal dynamics of the original
equations to be captured by the amplitude equations so that such things as defects
in patterns may be studied. From Figure 3.4 and the previous discussion we

know that above threshold an annulus of wavevectors of width 6K = O(e) is
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Figure 3.4: The annulus of unstable wave-vectors. The figure shows that the
unstable region around a particular waeve-vector on the circle |K| = K. has a

width O(g) parallel to the wave—vector and a length 0(5;') perpendicular to it.

excited. Since a small width in Fourier space corresponds to large length scales
in real space, the field can be described by allowing the {A;} to be slowly varying
functions of z and y. As with the time dependence, this is accomplished by
introducing “slow” space variables. We have to be careful, however, in the relative

scalings that we employ for z and y [42].

Figure 3.4 shows that if we choose the K, -direction to lie along one of the
wavevectors in the pattern, the set of unstable wavevectors around that mode
has different extents in the K,~ and K,—directions:- O(¢) in K, and, by a sim-
ple geometrical construction, O(/€) in K,. We therefore choose slow spatial
variables X and Y such that .

0 0 J

a—.’L‘- - 8w0 + 68)(1

0 0

— = — 3.2
By A (3:26)

This also means that the calculation is simplest if we allow a set of different
co—ordinate axes, one for each mode of the pattern: (;,y:) is chosen such that
K, is parallel and K,; perpendicular to the wavevector of mode i. Then in each

amplitude equation the spatial terms will be of the same form but will refer to
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different co—ordinate bases.

It turns out that it is necessary to carry out the multiple scales calculation to
3\ o .

at least O(e”) since that is the first order at which the pattern solution may

appear as a stable, bounded solution of the amplitude equations. In that case

the amplitude equations will take the form

A = pA; + aAT AT A2 A; _ .
ik IE 1 i | Al +o < o 3K 63/,') A;. (3.27)

Here p represents a linear growth and is proportional to the distance above thresh-
old. The ~;; are coefficients of the cross— and self-cubic nonlinear terms which
saturate the linear growth. The strange spatial operator'is known as the Newell-
Whitehead derivative and is characteristic of amplitude equations derived in sys-
tems with rotational invariance [42]. Its form is a result of the different scalings

in z and y necessary in such systems. !

K,

K,

Figure 3.5: The triad of wavevectors which make up a hexagonal pattern.

The quadratic coefficient a is non-zero only if K;+XK,;+ K, = 0 since only in that

case will the wavevectors corresponding to A} and A} have a sum which is resonant

tThis may not be the only spatial term in the amplitude equations. When such equations

are derived it may turn out that there are terms involving derivatives of nonlinear functions of

the amplitudes. We omit them here because they are not generic, nor will such terms appear

anywhere in this thesis.
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with that corresponding to A; (Figure 3.5). Such a triad of wavevectors in Fourier
space corresponds to a hexagonal pattern in real space. Because they have this
mutual reinforcement property which no other pattern possesses, namely that the
sum or difference of any two different wavevectors gives another wavevector in the
pattern, hexagons are observed close to threshold in systems where the quadratic
coefficient a does not vanish identically. For this reason we normally restrict our
expansion to the three modes of a hexagonal pattern when quadratic coupling is
present. In that case the amplitude equations for the three amplitudes, A, B and

C of the active modes take the form

BA = pA+aBC"—(|APA—A(|B] +ICP)A

d i 0%\’

Equations for B and C' are obtained by cyclic permutation of [ABC] in (3.28). In
this form the amplitude equations are known as the Ginzburg-Landau Hexagon

(GLH) Equations. They have several different stationary, homogeneous solutions

[43]:

1) A= B = C = 0: stable for u < 0; unstable for p > 0.

2) A=,/u/Ce’*, B =C =0 (Rolls): stable for g > a?/(y—()* = ps; unstable
for p < p3.

3) A= IA|6i¢1, B = |B’6i¢2, C = IC'€i¢3 with !Al = IBI = ICI = AO where AO

is given by a root of the equation
(C+2)A2—ado—p = O
and either

a) ¢1+¢a+¢s =0 (H' hexagons): stable for a > 0 and p; = —a?/(4({+
27)) < p < pg = o*(y +20) /(v = {)?

or
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b) ¢1+ ¢2 + ¢3 =« (H~ hexagons or “honeycombs”): stable for a < 0
and 1 = —o [(4(C +27)) < i < pa = (7 +2()/ (7 = ¢)*-

4) A= Re'*| B = Re%2 C = Ue'®s and any circular permutation with U =
acos(dr+ o+ 6s)/(v= (), B = (u—(U?)/(y+() and ¢1+¢o+¢3 = 0 (7)
for a > 0 (< 0) (mixed states): these exist only for y > ys and are always

unstable,

“Rolls” consist of a cosinusoidal modulation of the field and appear as a pattern
of stripes. The H* hexagons take the form of hexagonally co-ordinated intensity
peaks on a background while the H~ are intensity “holes” in the background.
The H* are stable close to threshold when the quadratic coupling coefficient «

is positive and the H~ when « is negative.

We can sketch the form that these solutions take as functions of 4 on bifurcation
diagrams such as Figure 3.6 which indicates the general behaviour of the co-
existent roll and H™* solutions for positive « in the six-dimensional hexagon
phase-space. The amplitude of the hexagon solution is finite at ¢ = 0 and the
solution extends below threshold, disappearing at p = pg;. It exhibits what is
known as a subcritical bifurcation of transcritical type. The hexagon solution
remains stable with respect to the roll solﬁtion up to p = p4 after which it
becomes unstable. The roll amplitude, on the other hand, emerges continuously
from zero at threshold via a supercritical bifurcation. Rolls are unstable with
respect to hexagons up to u = pj after which they become stable. All of this
behaviour is revealed through a simple linear stability analysis of the different

solutions of the normal form equations represented by (3.28).

Implicit in the previous statements on the existence and stability of the different
kinds of solutions is the assumption that the cubic coefficients are positive. If  is
found to be negative then a single mode (roll) solution cannot be found because
the amplitude equation for a single mode has no stable, bounded solutions. In
that case the perturbation calculation would have to be carried out to the lowest

order which produces nonlinear terms of the correct sign to saturate the linear
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Figure 3.6: The form and relative stability of solutions in the full siz—dimensional
hezagon phase-space. The figure shows the amplitudes of (a) hezagons and (b)
supercritical rolls as functions of the linear growth rate p. The dashed lines rep-
resent unstable solutions while the solid lines denote stable solutions. The linear

instability threshold corresponds to yu = 0. The unstable mized states are not

represented.
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growth. For rolls this means proceeding to at least fifth order in which case the

roll amplitude is obtained as a stationary solution of an equation of the form
A = pA — (AP A — k|A|A. (3.29)

Then the bifurcation to the roll solution becomes subcritical (Figure 3.7) and,as
in the hexagon case, there is a region below threshold (—(?/(4k) < p < 0)
where a stable roll solution exists. We note that it is not usual to carry out the
perturbation calculation to fifth order but that a change of sign of ( is sufficient

to indicate the transition from a supercritical to a subcritical bifurcation.

A
LAl

Figure 3.7: The form of the solution as a function of the linear growth rate p for
subcritical rolls. The dashed lines represents an unstable solution. The solution
branch represented by the solid line is stable in one dimension but part of it may
be unstable to hexagons in two dimensions.

Similarly, when 2y 4+ ¢ < 0 the hexagon solutions cannot be found from the
amplitude equations derived at third order. Unlike for rolls, though, this has
no serious implications about the nature of the bifurcation, which is already
subcritical, but merely affects the exact shape of the solution curve which, for

the case of quintic saturation, becomes quartic rather than parabolic.

There is one final caveat. If the quadratic coefficient a in Equation (3.28) is too
large, for example O(1) then, with ¢ and v O(1) too, the hexagon amplitude at
threshold will be O(1). This means that the multiple scales calculation, which is
based on the assumption that the amplitude of the pattern is O(g), will be invalid

and the amplitude equations will be meaningless. We still expect that hexagons
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will be the stable pattern close to threshold, but we cannot make quantitative
predictions about the location of the hexagon solution branch or its stability. On
the other hand, if « is O(e?) then with | B| and |C| both of O(¢) the quadratic term
in Equation (3.28) is properly of higher order. This means that the amplitude
equations derived at O(e®), which are expected to describe the behaviour close
to threshold, will strictly contain no quadratic coupling term. Thus if « vanishes
identically for some parameter values we may expect that for nearby parameter

values, where « is small but not zero, we will still not see hexagons.

All of this is a bit abstract and will become clearer when the procedure is applied

to specific problems in the sections which follow in this chapter, as well as in the

next chapter.

3.4.2 The A =0 Case

We analyse this case first since it illustrates the techniques adopted later for the
more general case and because for A = 0 the instability has a clear physical

interpretation.

From Equation (3.13) we see that K., the transverse wavevector which first be-

comes unstable on crossing the stability surface, is defined by
0+ aK?=0. (3.30)

This means that the system generates an instability with a transverse wavevec-
tor which exactly cancels the effect of the cavity detuning. The field travelling
off—axis has a larger resultant wavevector than a field propagating on—axis and
hence oscillates at a larger frequency we = ¢(k* 4+ K 2)2. By choosing the correct
transverse wavevector the system can make this new frequency equal to that of
the input field and this, according to Equation (3.30), is what is happening. By
this interpretation we therefore only get a patAtern—forming instability for negative
0 since for positive 8 the cavity frequency is already larger than the frequency of
the pump field and the difference between the two can only be increased by off-

axis propagation. This mechanism whereby the off-axis emission compensates
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for a detuning has also been identified in both lasers [44] and optical parametric
oscillators [45].

Before beginning our nonlinear analysis we perform a transformation of variables

which shifts the time-independent, homogeneous solution E; to the origin
E = E,(1+ A). (3:31)

In terms of the new variable .4 Equation (3.3) becomes

2C(1 + A) 2C

OA = —(14+10)A + aiV3A — :
t (L4 i0)A+as T+ 10+ A+ A+ A9 " 1+1

(3.32)

where I = |E,|*. If we assume |A|?> < 1 (or more accurately, A + A* + |A]*> <
(14 I)/I) we can re-write this as

2C 2C
oA == (1+i(0 - a¥” e .
: +i0=aV) 4 o JA- T+ A (3.33)
where
= I(A+ A* + AAY)
. 3.34
5= 5 (FAA ey (3.34
We now write 4 = R+ 1S, with R and S real, and 6 = —aK? to give
_ 20 s g 20(1+R)
OR = (1+ 1+I)R—a(V +EHs- RS
2C 5 9 2CS
= = _ 22 3.35
0.5 = — (143 = )S+a(v + KR - = (3.35)
The linearised version of (3.35), which determines the dynamics at threshold,
reads
[ 2c(1—-1) )
= - T 6 —aV* S
R 1+ T ]R+[ av?]
[ 2C
= — S V? - 0| R. 3.36
9,8 _1+(1+I)] +[a } (3.36)

From Equation (3.14) C is related to I at threshold through the relation 2Cy =
(14 I)%/(I — 1), so that the solutions to these equations are given by

(V2 + K2)*R=0, (V'+K2)S=0 (3.37)
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and R and S define the marginal (A = 0) and stable (A = —2I/(I 1) < 0)
eigenvectors respectively. Since we are at threshold, where K = K., Equation
(3.37) reduces to

(V2+ KHR=0, S=0 (3.38)

This means that at threshold the behaviour of S is purely relaxational: it goes
to zero. Above threshold this will still be approximately true i.e. to lowest
order. The real part, R, of the field becomes unstable while S has no growth but
simply takes on a form determined by R: S is slaved to R and can therefore be
adiabatically eliminated. This involves solving formally for S in terms of R and
substituting this solution into the equation for R to obtain a single P.D.E. for
the real field R. When we do this, remembering to keep only terms which will
contribute up to third order in R since our perturbation analysis will proceed no
further than this, we get for §

(1+1)? 4CIR

A D r2c r )] [1 TarrEreoa )«

Vi4+ K2R (3.39)

and so our approximate equation for R reads

_ (20U -1) g (L+ DV + K
Okt = ((1+I)2 1)R iy1420 ©

a?4C1I
“aT Ty 20)2(v2 + K?) [R(V* + K?)R]

_2CI(I=3) pp | 2CI(1+1)* = 8I)

(1+1)3 a+1)° R®*+ O(R*).  (3.40)

Now, applying the technique discussed in Section 3.4.1, we write

R = 6R1 -+ €2R2 -+ 63R3 + ...
9, = €O, +€*0r, + ...

= 9 + e 9
8:13,' o 8z,~0 8X,‘1
9, 0
dy; ve Y
C = CO + /116 + ,lL262 + cee . (3.41)
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At O(€) we just recover the results of the linear analysis:

_ [1 4+ 26o(1 - I)] L a*(I — 1)(V3 + K?2)?

(1+1)? 21 o (342)
which has solutions given by
1+1)?
2C, = (1+— 1) , (Vo + K2R, = 0. (3.43)

Bearing in mind that with quadratic coupling present we expect hexagons we

write
1
Ry = 5 (Aexp(Ki.r) + Bexp(Kz.r) + Dexp(Ks.r) + c.c.) (3.44)
where |K1| = |K2| = |[K3] = K, and K7 + K2 + K3 = 0-a hexagon.

At O(e?) we get

Oor, Ry = %(T{";)—?l)& — (—I—%Il)—ai(vg + K?)?R, — ig: i’)) R3. (3.45)
For the resonant terms (those with K = K_) this gives
R
o = B =
or,D = 2’(‘;:{ ;)21) - fg - f)) A*B*. (3.46)

Writing R, as

1
R2 = R20 -+ 5 (R24 exp(K1 — Kz).l‘ - R25 exp(K1 — K3).I‘

+ Ry exp(K2 — K3).r + Ror exp(2K1).r + Rysexp(2Kz2).r (3.47)

+Rj9 exp(2K3).r + c.c.)

and defining

I*(I - 3)

$= - D(F - 1)aiKs
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we get

Rao = —¢(JAP+ B +|DP)
AB*
Ry = —
24 ¢ 5
AD*
Ry = —
25 13 5
BD*
Ry = —
26 ¢ 3
A2
Ry = ¢
27 69
B?
Royg = —¢—
28 59
D2
Ry = —6—
29 Id o
(3.49)
At O(e®) we have
2ua(I — 1) 2ur(I —1
Or, Ry + 0, Ry = 2£2 R, 4+ 2t )
2 T, i1 1 +1) 1+ L+ 1) R,
I —1)a? o 9 2 \?
_( ) 2 + 0 Ry
21 O0zio 0 X oY,
g 0d 0?
+2(VZ+ K? (2
( 0 C) O0zio Oxin +6Yi1 ke
+(Vo + I<3)2Ra}
a? (I -1
~UL (91 4 k) [Ra(V3+ KR
p (I~ 1)%a 2 242 2I(1 - 3)
Coul(I—-3) , I+ —8)
a0 Bt uonaane (3:50)

Looking at only the resonant terms, for example, those with K-vector K1, we
get the solvability condition obeyed by A at third order:

— 2R2(] -1 92 \?
2ua (1 1)A+ 2a2K3( ) o z’ 3} 4
(1 -+ 1)2 I 8XA1 21‘{: 8YA1

oz, A
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+

2I%(1 - 3)? 194 _ 5|B  sIDI?\ ,
(I = 1)(I2 —1)2a2K4 \ 18 i T3

I((1+1)2—8I) (3|A]?- 3|B|* 3|D|?
(1—1)(1+1)2< 1 5 T3 )A

_2mIU~3)

(1+1)3 B D" (3.51)

Now we can add together Equations (3.46) and (3.51) and unscale the variables
according to (3.41). Using Equation (3.46) to get an expression for y; in terms
of the steady-state amplitude and defining

A—ocA
B —¢B
D —eD (3.52)

we can finally write the amplitude equations up to third order:

2(I —1) 4a?K2(I —1) [ @ i 9%\’
- — — € . A
%A (1+1)? (C—Co)A+ 21 dzs 2K.0ya
I(I — 3) * Yk I?(I — 3)2A0 * Yk
———(12_1)BD s B*D

37 _ 932 2 2 2
213(I - 3) 19141, 5IB[  51DPY ,
(I —1)(I* - 1)26% \ 18 4 4

I((1+ I —81) (3|AP 3|B]*  3|DJ?
(1—1)(1+1)2( r Tttt )A
(3.53)

with two other equations for the amplitudes B and D obtained by cyclic per-

mutation of [ABD]. Ao represents the value of the steady-state, homogeneous

solution of system (3.53) given by A= B =D = Ao.
These equations become more transparent when written in the form of (3.28)

8,A = pA+aB D" —ClAPA—+(BI’+|D)A
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+a( 9 _ &\
Org 2K, 0y, A. (3.54)

The explicit forms of the various coefficients are obtained from a comparison
between Equations (3.53) and (3.54) while the types and stability of the homo-

geneous solutions of (3.54) were discussed in Section 3.4.1, to which reference

should be made.

Since from Equation (3.53), sgn(a) = sgn(3 — I), we expect, roughly, that H*
will be observed for I < 3 and H~ for I > 3. This is quite reasonable: the
nonlinearity is provided by a saturable term, in this case purely absorptive, and for
low values of I the effect of the background field on the nonlinearity is small and
the system can form a pattern composed of intensity peaks; whereas if I is larger,
the background field has gone some way towards saturating the nonlinearity and
in that case it is easier for the system to form a pattern made up of intensity
dips. In fact, the situation is slightly more complicated. If we imagine keeping
C constant and varying I across the instability region in parameter space, the
value of p will go from zero to some maximum and back to zero again since the
threshold surface is closed in the (I, K?)-plane. In that case we might expect
that for some ranges of I, for both 1 < 3 and I > 3, the value of g will be such
that it exceeds 4, the value above which the hexagon solution becomes unstable
to the roll solution. Thus we anticipate a region around I = 3 where we observe

neither H* nor H~ but a roll solution instead.

When I = 3 the quadratic coupling vanishes identically and, strictly speaking,
we cannot deduce what pattern is likely to be observed from the analysis that
we have done at this stage. However, since a roll pattern is expected to be seen
on either side of I = 3, at least for C large enough, it seems quite likely that

rolls will be the stable structure to emerge at I = 3 as well. We can actually

demonstrate fairly plausibly that this should be the case.

Let us consider the case where the quadratic coeflicient vanishes and assume that

we have a pattern consisting of N modes. Omitting spatial terms, our set of
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amplitude equations takes the form

N
OuAi = pAi — 3 7| Aj[° As — (| A As. (3.55)
7=1
J#L
If we define

1 N N . N
= — MZ | Al - = 21: ZI%IA 214507 - Z Al (3.56)
=1 j= i=1
i)

then we can write the amplitude equations as

0A; 0§
a5 —57:. (3.57)
We then have that
oG i\,: G 314* 0G 0A;
ot £ \oAr ot T o4 Bt
2
= a3l = (3.58)

Since G is a decreasing function of time except at fixed points of the amplitude
equations, where it is stationary, the behaviour of the system can be described as
a relaxation of G towards one of its local minima, corresponding to a stationary
fixed point of the original system. A function with this property is known as
a Lyapunov function and a system for which such a function exists is called
gradient. T We expect that in such a system the dynamics will seek out the fixed
point corresponding to the global minimum of G. Although we cannot guarantee
this, since the initial condition may lie in the basin of attraction of one of the

other fixed points, it is a reasonably good guide to what the system is likely to
do.

To determine the exact form of the Lyapunov function G we must find the form

of the coefficients v;; = v(?;;) in Equation (3.56). These coefficients describe the

tWhen spatial terms are present a Lyapunov functional can be defined as an integral over
the spatial domain of a functional density. The partial derivative in Equation (3.57) is then

replaced by the variational (or functional) derivative. Again, the inclusion of spatial terms is

here an unnecessary complication and so we stick to space—independent amplitudes.
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cubic coupling between two modes labelled i and J whose wavevectors make an
angle 9;;. (We assume chiral symmetry so that ;; = +;;.) The exact form of the
7i; can therefore be found from an examination of the two—mode problem: that
is, by writing amplitude equations for a two mode pattern where the wavevectors
of the two modes are orientated at an arbitrary angle and then extracting v(?)

from the resulting amplitude equations at third order.

When we do this we find

1 1

1) ==FD M+ G T T Zem@))?

—g(I) (3.59)

where

2I3(F — 3)?
K12 — 1)2(1 - 1)

_ 3I((A+1)*—81)
g(I) = 2 DI ) (3.60)

We see that when I = 3, where the quadratic coupling term vanishes, we have
the useful result that v is independent of 9. In that case G can be evaluated
explicitly for a pattern consisting of N modes:

2\
2(y(N—1) +()

From this expression for G we have that

_ w2 —=9)
2N + Q(v(N =1) +0)

G(N) = — (3.61)

>0 if v, (,N>0
and v > (. (3.62)

G(N +1)—G(N)

Since for I = 3 we have that v = 2¢ = 9/8 while G(N =0) =0 > G(N = 1)
we conclude that N = 1 corresponds to the global minimum of G. This analysis
leads us to expect that a pattern consisting of a single mode (i.e. a roll) will be

observed at (and around) I = 3 where the quadratic coupling disappears.

This more or less concludes the nonlinear analysis for the A = 0 case. Before
going on to generalise to arbitrary values of the detuning in the next section,

we point out the utility of Equation (3.40) in indicating the pattern—forming
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phenomenology of the original equation (3.3). From (3.40) it is easy to see that
the quadratic coupling changes sign on either side of, and vanishes at, I = 3.
Knowing the implications of this on pattern formation one can predict the H*
to roll to H~ transition on varying I which we have been led to expect from
the amplitude equations. In addition we see that the coefficient of the cubic
term can change sign and therefore that we can expect to see both sub— and
supercritical rolls in one transverse dimension. This is quite a lot of information.
The reason that we go on to derive amplitude equations rather than just sticking
with Equation (3.40) is that the amplitude equations should be able to provide
more quantitative information on such things as pattern selection and stability,

pattern amplitudes and the nature of the pattern-forming bifurcation.

3.4.3 Arbitrary A

For general A the most unstable wavevector is given by

2Co(1 + A?)A
(1+A2+1)%

0+aK?= (3.63)

Unlike for the zero detuning case, there is no general interpretation of the insta-
bility as compensating for a detuned cavity because the medium contributes a

nonlinear dispersion and therefore an intensity dependent phase-shift.

To make things slightly easier we start by rescaling the fields and some of the

parameters. We define

_E
(14 A?)%

. E
(1+A?)z

¢
(1+ A?)

(@Y
I

S S ’ (3.64)

(1+ A?%)

?
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We also define z = (1 + A?)z. The field equation (3.3) then becomes

=—FE|(1+:6)+ - L V2
( ) YT + E; + aitV2E. (3.65)

The most unstable wavevector K. is now given by

2CoA
0+aK?= 20 3.66
(14 1)2 ( )
and the relationship between C and I on the threshold surface is
2C, 1
2 (3.67)

Q+02 (I-1)
Once more we rewrite (3.65) in terms of the new variable 4 where E = E,(1+.4):

A= — (1 +i(6 — aV?) + g_c%) A - %(1 +A)> (3.68)

where again

(3.69)

& (I A+ A+ ALY
Z_;< 1417 »
In general, however, the linearised version of (3.68) is not diagonalised at thresh-
old when written in terms of the real and imaginary parts of A, R and S respec-

tively. In fact we have at threshold, with K = K.,

R s | R
0y = (3.70)
S S
where o o
I(1-2) Al
A 1
= —= 3.71
T (I -1) (3.71)
| AT —I(1+2)
Lo has eigenvectors
(z+1)
Vi = (x=10)
—-A
(3.72)
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(3.73)
A

Vy = Ao 2z Y (3.74)
(z+1) (= - 1))

We therefore define new variables p and o such that

R . (z+1) A p
=R (3.75)
S -A  (z+41) o
or
V=XV (3.76)

with V = [R, S]T, V' = [p,0]T and X the orthogonal matrix defined by (3.75).

If we write Equation (3.68) in the form

oV = LV+N(R,S)
= L(XV')+ N (R(p,a),S(p,0)) (3.77)

where £ and N denote the linear operator and nonlinear terms respectively, then

we have
BV = (XTUEX)V'+XTIN (R(p,0),S(p,0)) (3.78)

with X~1£X diagonal at threshold. In terms of p and o the linearised version of

(3.68) can be written as

201 —2D)] 9 9
Op = —_1+_(1—+T)2__p—a[v +K]0'
[ 26’(14'-?2)’ 2 2
6t0' fd —-1+—(—1—+—j)7"-0'+(1[v +I(]p (379)

Now we are at the same stage as we were with Equation (3.36) for the A=0

case. After expressing the nonlinear part in terms of p and o rather than R and

S we can adiabatically eliminate o to give

o~ o [a(V2 + K*p+ a2pa(V:+ K*)p + asp® + a4p3] (3.80)
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with

a; = - (1 + I~)2 _
[(1+ )2 +26(1 + I2)]
v = 4CI(z+1) [2(T - 1) + 2] |
| (222 +22)3(1+ 1) [(1 + 1)2 + 20(1 + I=))|
o 201 [2(1 +3) +2|
T @i+
o 4eea (217 + 2] - 3) + 42(I +1) + 4]

21+ D)1+ D)2+ 2001 + I2)]

2CIA [2(I? + 21 — 1) + 2]]

+ =
z(1 4+ I)*

. (3.81)

Substituting (3.80) into the equation for p we get the following equation which is
the generalisation for arbitrary A of Equation (3.40)

(V2 + K%)?p

20(ZI~ —1) 3 1] a*(1+ I)?

Op = [ (1+1)2 a [(1+i)2+20(1+zi)}

2CI(1+2) [(I-1)-2] , 201 (1 —1)? — 2221 — 21]
- 1 1 P + T
(222 +22)2(1 + 1)3 - z(1+1)*

P

2aCIA [z(f +3) + 2]
(1+ 1) [+ D)2 +20(1 + 1)

(V2 + K?)p?

[ Lo

+
(222 + 2z)

4aCIA [2(I - 1) - 2]
T @2+ 22) A+ D[+ D2 2001+ 2D)

nmm—

p(V2 4+ K*)p

4a2CI(1+ 2)(1 + I [z(f —-1)+ 2]
(222 +22)7 [(1+ 1) +2C(1 + 2I)]

(V2 + K2) [p(V2 + K?)p]

72
. a(l4+1)a4 __(V? + K?%)p°

[(1+ D)2 +2C01+ 21)]
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8C2IPA? [o(1 +3) + 2] [2(7 - 1) - 2]
0,2 = = = —p°> + O(p"). (3.82)
(222 +22)(1 + D* [(1 4+ 1)2 + 2C(1 + 21)]
This equation looks considerably more complicated than Equation (3.40) but the
same sort of information can be gained from it. All the terms which can lead
to quadratic coupling vanish when I = (2 + z)/z which is the value of I which
corresponds to the absolute minimum threshold: that is, the value of I at the

“base” of the threshold surface (see Equations (3.15) and (3.16) and Figure 3.2).

Thus we expect the same kind of pattern phenomonology for general A as we
predict for the specific case A = 0: namely, the Ht to roll to H~ transition
on varying I with € constant. In addition Equation (3.82) indicates that the
cubic coefficient of p can change sign and so again we anticipate the existence
of subcritical bifurcations. Lastly, it is easily verified that when A =0, p = R,
I=1Tand C = C, (3.82) becomes (3.40).

We now proceed to do the multiple scales analysis on Equation (3.82) for a hexag-
onal pattern, this time omitting multiple space scales as an unnecessary compli-
cation. The procedure is exactly the same as that described in Section 3.4.2 but

with a lot more algebra, so we quote only the final result:

DA = pA+aB D* —(|APA— (B +|D[)A (3.83)
with
l26~'(zl~ -1) 1]
g 1+ 1)
I+ [2(1 — T) +2]  Ao(z+1) [z - T) +2]
T Gra2GI-N+D) | @421+
51z +1) [0 - D +2]  PaGE+D[:01-D+ 2]
TS T iK1+ DA —1)° zal?(1+ D)2(el — 1)

~

I
T 422(1 + D)2(2] — 1)

[6z [z(f— 1)? — 2722 ~ Qf]

—(z—1) [« +3) + 2| [2(1— 1)+ 2)|
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_j&ﬁ@+1”41—ﬂ+ﬁr B5AT(z 4 1) [2(1 - 1) +2]
18a2K3(1 + 1)2(2] =13 32aK2(1 + 1)2(2] — 1)2

N 37
4z(1 + D)2(2] — 1)

|2(F = 1)? - 212> — 2]] (3.84)

and Ao again represents the value of the steady-state solution of system (3.83)

given by A= B =D = A,.

Once again an examination of the two-mode problem shows that the cubic cross-
coupling coefficient is independent of the angle between the two modes when

quadratic coupling is absent (I = (2 + 2)/z):

31 2(1 ~1)? — 2221 — 2]]
22(1 + )2(2I = 1)

Vi = (3.85)

and v;; = v = 2(. The result derived on the basis of the Lyapunov function for
the A = 0 case therefore carries over to the general case: namely, that rolls are

the expected pattern when the quadratic coupling vanishes.

3.5 Numerical Analysis

We have developed two numerical codes to integrate Equation (3.3) on a square
grid with periodic boundary conditions: the principal one using a split-step
method, the other a finite—difference Hopscotch algorithm (Appendix A). Our
initial condition is generally chosen to be small amplitude noise whose Fourier
Transform is filtered to avoid large gradients in the initial field, and the length of
the computational box is set at eight times the critical wavelength A (= 27/ K.).

Since the same kind of behaviour is seen with positive, negative and zero values
of A, we concentrate on the A = 0 case initially because analytically it is the
simplest. We also choose 6 = —1 and a = 1 to give a convenient length scale
(K. = 1). Sequences of simulations are carried out by keeping one of the two

control parameters, C or I, constant, and varying the other. In this way the
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Figure 3.10: Comparison between numerical and analytic values of the roll am-
plitude as a function of C for A=0, 0 = —1, I1=3.
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Figure 3.11: Comparison between numerical and analytic values of the heragon

amplitude as a function of C for A=0,0=-1,1= 2.2.
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numerical comparison with the curve in Figure 3.12 we therefore use a hexagonal
field as the initial condition so that we are determining the upper bound on the

stability of the hexagons in the numerics as we are in the analysis.

Hs—px103
6(X).OO i ' l

550.00 |~ : Iy
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400.00 - -
350.00 |- -
30000 /™y _
250.00 (- § i
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-0.00 - o £ -

-50.00 7 |

10000 T o i

Figure 3.12: Plot of py— p as a function of I for C' = 4.4, 6 =—1, A =0 showing
the expected pattern.

We find from simulations that the Ht go unstable to rolls somewhere in the
interval I € (3.1..3.3) and that the H~ become unstablein I € (4.3..4.5). It can be
seen from Figure 3.12 that the agreement between the analysis and the numerics
is not too good and a reason can be found for this. One of the first assumptions
we made when performing the weakly nonlinear analysis of Section 3.4.2 was
that A + A* + |A]? < (1 +I)/I where Anaz =~ Rmar = 3Ap for a hexagonal
pattern. A glance at Figure 3.11 shows that for I = 2.2 this condition is violated
even quite close to threshold. Since the amplitude of the hexagonal pattern at
increases, where « is the quadratic coupling coefficient,

threshold increases as |

this situation becomes even worse the further we move from I = 3. Therefore,
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while it may give the correct qualitative behaviour, the quantitative predictions

of the weakly nonlinear analysis cannot be guaranteed for any significant distance
above threshold.

In principle the situation is slightly better for rolls than for hexagons since at
threshold the roll amplitude is zero and continuous while the hexagon amplitude
is already non—zero. However, even for rolls the analysis eventually breaks down.
For example, a hexagonal pattern is a stable solution when I = 3 and C = 4.4
(10 % above threshold) indicating that the perturbative result that the quadratic

coefficient should vanish at I = 3 no longer holds.

Results for the case A # 0 are broadly similér to those for A = 0. For example,
on increasing I with C held constant we see the same H* to roll to H~ transition
in the observed stable pattern. The vanishing of quadratic coupling is again
confirmed by the observation of roll patterns close to threshold for I = (2 + 2)/z.
The amplitude equations also correctly predict the supercritical to subcritical
transition for rolls. However, the same limitations on the validity of the nonlinear

analysis obviously exist as for the A = 0 case.

So far in this chapter all of the analysis and simulations have treated the case
where the external pump field, parameterised by E; in Equation (3.3), is a plane-
wave. This enables us to obtain quantitative analytical predictions which we can
compare with the results of simulations. In an experiment, however, the pump
will have a variation, probably gaussian in shape, in the plane transverse to
the direction of propagation. In the final part of this section we therefore briefly

address the more realistic case where the pump field has a finite transverse extent.

An examination of the derivation of the mean—field model in Chapter 2 shows
that we are free to regard £ in Equation (3.3) as a function of the transverse co—
ordinates so long as the spatial extent of this function is larger than the scale of
the pattern. This function should represent the transverse variation of the pump
field at the entrance to the nonlinear medium. With this in mind, Equation (3.3)

can then be used with the constant Ej replaced by a function of the transverse
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full problem (equation plus boundary conditions) [26]. With a pump field which
is radially symmetric the symmetry of the problem corresponds to the O, group,
rather than to the euclidean group E, of the plane-wave pump case. This means
that the constraint of bifurcation to patterns with discrete translational symme-
tries is no longer applicable i.e. in principle we are not restricted to patterns
which will tile the plane. We may then expect amongst other things solutions

with patterns of spots corresponding to the subgroups D,, of O,, rather than the

hexagons or rolls of the plane-wave case.

In numerical simulations of Equation 3.3 with a finite pump we observe the for-
mation of patterns with varying numbers of “spots”, consisting of both peaks on
the background and dips in the background (Figure 3.13). We also see patterns
consisting of concentric rings, which are just rolls bent around on themselves by
the strong effects of the boundary, as in Figure 3.14. More importantly, the tran-
sition from a pattern consisting of peaks to rings to a pattern consisting of dips is
observed as A is increased (Figure 3.14), just as in the plane-wave case when the
pump amplitude is varied across the instability domain. It can be seen that even
for the relatively narrow pump size used for Figure 3.14 the patterns of spots are
still almost hexagonally co-ordinated. This suggests that the plane-wave pump

results also have some relevance to the situation where a finite pump is used.

3.6 Conclusion

In this chapter we have examined pattern formation in a simple model of a two—
level medium in an optical cavity. After identifying the instability domain, we
used a weakly nonlinear analysis to obtain a guide to the type of pattern we would
expect to see for different parameter values. While many of these predictions were
borne out by numerical simulation, it was also possible to identify places where

the nonlinear analysis broke down and also why. The limited range of validity

of normal form equations such as (3.27) is something that should always be kept

in mind. Nevertheless, their usefulness in identifying possible structures and
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the nature of bifurcations has been demonstrated and the understanding of this

system which they allow will be put to further use in Chapter 5.

Finally, the fact that the rich behaviour of this system may persist even when the
pump beam is quite narrow leads us to hope that the same variety of patterns

could be seen in an experimental realisation of this sytem as have been observed

here.
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Chapter 4

Four Level System with

Feedback Mirror

4.1 Introduction

In the previous chapter we examined the pattern—forming characteristics of a
two-level medium in an optical cavity. Such a configuration is just one way of
providing the feedback necessary for a nonlinear optical system to exhibit self-
organising behaviour. Another technique, valued by both theorists and experi-
mentalists because of its elegance and simplicity, is the use of a single feedback
mirror. Feedback mirror systems involving Kerr media have already proved to be
very useful for the purpose of comparing simple theoretical models and numerical

simulations with experiments [24-33]. The results of such comparisons have been

fairly impressive.

The system studied in this chapter consists of a thin sample of an alkali vapour
medium placed in front of a flat feedback mirror and driven by an incident optical
field which we allow, in general, to consist of two orthogonally polarised compo-

nents. The frequency of the field is chosen such that it interacts with what is

effectively a four-level medium. For the special case in which the input field is
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circularly polarised the system can be described by a scalar field model. It should
be noted, though, that the nature of the nonlinearity is such that the material is
not describable as a Kerr medium so that even in this instance the model equa-
tions do not reduce to those of D’Alessandro and Firth [24,25). The system itself
is based on an experimental arrangement used by Grynberg and co-workers [34]
and is also similar to the setup used by Ackeman and Lange [35], both of which

systems have recently been shown to display pattern—formation.

Following the usual approach, our linear and nonlinear analysis, as well as our
numerics, examine the case where the driving fields are plane-wave, which is valid

when the real fields are broad in comparison with the length scale of the pattern.

4.2 Model Equations

The system that we aim to study is shown schematically in Figure 4.1. As already
mentioned in the Introduction, it consists of an alkali vapour cell placed a distance
d in front of a feedback mirror which has arﬁplitude reflection coeflicient r. The
medium is driven by two optical fields which have different polarisations but the
same frequency, chosen such that they are nearly resonant with a J; = 1/2 —
J, = 1/2 transition in the medium (Figure 4.2). We will assume that there is no

external magnetic field and hence no splitting of the Zeeman sublevels.

The relevant physics in the pattern—forming process can be described quite simply.
The nonlinearity is provided by an optical pumping process [46]. The left (o-)
and right (o) circularly polarised components of the field drive the transitions
in the medium shown in Figure 4.2 so that, with fast relaxation of the population
from the excited state to the ground state, the effect of each field component is
to transfer population from one ground state Zeeman sublevel to the other. Any
difference in population between these two levels results in a non—zero value for
(J.), the expectation value of the z—component of the angular momentum. This

in turn means that the medium will rotate the x— and y- components of the field
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Figure 4.1: Schematic of the feedback mirror configuration.
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Figure 4.2: Energy level diagram for the four-level system.
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by means of the Faraday effect. This rotation is the equivalent of a phase change
in each of the circular components, and if we recognise the fact that the medium

properties can vary in space, we have the possibility of a spatially dependent

phase modulation of the electric field.

After passing through the medium there is then a region of free—space prop-
agation, including reflection from the mirror, by which the phase-modulation
produces an amplitude modulation. This is necessary since the medium is only
driven by the intensity of the optical field and a purely phase-modulated feed-
back beam would carry no information to the medium. With the diffraction
present, however, any spatial dependence of the medium excitation results in a
spatially varying forcing when the field returns after its round—trip to the mir-
ror and back. We have then provided the final necessary conditions for pattern

formation: namely, that the nonlinear medium be able to “look at itself”.

To model this process we must first of all write Bloch equations for the four-
level medium. This follows the general procedure outlined in Chapter 2 and is
done in Appendix B. Since in the alkali vapour media that we are modelling the
relaxation from the excited state to the ground state is fast, we assume that there

is essentially no population in the upper state so that

p3z = 0 (4.1)
pas = 0 (4.2)
p34 ~ 0. (4.3)

We also assume that we can adiabatically eliminate pi3, p14, p2s and paq. When
we do this (Appendix B) the system reduces to an effective two—level system
consisting of the ground state Zeeman sublevels which are coupled to each other

via the excited state. The medium can then be described in terms of the variables

u, v and w where

u = piz2t+pn
v o= i(pm - P21)
w = P11 — P22 (44)
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In the absence of an external magnetic field the equation for w decouples from

t t i it 3 .
he others and since it is (Jz) = —hw/2 which provides the interaction with the

electric field we can reduce our description of the medium to the single equation

for w.

The interaction with the medium is most easily described if we express the electric

field in terms of circularly polarised components. We therefore write the field £

as

1 o : . -
€= —5 (B_e™ey — Breme_ 4 Byc'e. — Bje e, (4.5)
where
. 1.
éx = 3137'2' (éx L 1éy) (4.6)
so that
1
E+ = —% (Ez' +3Ey)
1
E_. = —
\/2 (Ez ZE!/)
1
E, = —(E -
g By~ )
E, = __z_(E++E_). (4'7)

Then the equation for w reads (Appendix B)

BB + IE_P)) wt LEUEC 1By )
4RI (1 + A?) 4R°T(1+ A7) |

ath——('y—i—

where pg is the reduced electric dipole matrix element, I' is the decay rate of
the coherences pi3, p14, p23 and pag, A = A/T where A = wo —w is the atomic
detuning and wo is the frequency of the atomic transition. The intrinsic relaxation
time, 1/, of w is on the order of microseconds [46]. Note that w is driven by the

difference between the two polarisations’ intensities, while its decay rate increases

with their sum.
We can define a polarisation for the medium using the relation

P = n.Tr(pp) | (4.9)
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with n, the atomic number density and
1 . '
P == wits * _—twt A twt A '
> (P_e ey — Ple™e_ 4 p ete_ — Pjﬁe‘“"té+) . (4.10)
Doing this we find (Appendix B)
Py = atb(B—10)
: 2RT(1 + A?)
= 60XiEi- (4—11)

The influence of the medium on the field can therefore be described in terms of
complex nonlinear susceptibilities x4 which in turn depend on the electric field
via the variable w. To simplify the problem we assume that our medium exists
as a thin slice so that, for reasonable detunings, we can neglect absorption [34];
in other words we ignore the imaginary part of x4. In this way we have that w

is independent of z, making the problem reasonably tractable both analytically

and numerically. In that case we write
Pe = eoxoll £w)Es (4.12)

where )
Napt A

Xo = oI

2hF60(1 + A2)

Now we note that in this system we actually have both forward and backward

(4.13)

propagating fields of each polarisation:

E+ — F+6—tkz + B+e+1kz

E. = F_e* 4 B et (4.14)

We will neglect the terms which go like cos(2kz) resulting from the interfer-

ence between the counter—propagating beams, assuming that the atomic motion
“washes out” the effect of these tefrns, in which case

|EL|> = [Fl* + B

|E_]? = |F-I+|B-[". (4.15)

Equations (4.12) and (4.13) show that the polarisation is basically of the same

form as the polarisation for the two-level system and therefore the field equation
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(2.19) is applicable here. If in addition we assume that the dynamics of the
fields are almost instantaneous on the slower time scale of the medium dynamics,
we can make an adiabatic approximation and write the equations describing the

propagation of the forward and backward travelling fields through the medium
as .

ik
0.Fy = —22X°(1:l:w)Fi
tkxo
9,By = — 5~ (1F w)Bs. (4.16)

Along with these we have the equation which describes the medium dynamics
to which we will add a term to represent diffusion in the medium since this is a

process which is likely to be taking place:

z(E |2+|E__|2) 2(IE_I2_|E lz)
Ow = — + pE(Ey £ p Ey , |
t (7 4h2F(1 + A?) w + 4h21‘(1 T AY) +~yDVi*w  (4.17)

where D = [% is the diffusion coefficient and Ip is the diffusion length.

To make things easier to handle and to make sure that the parameters and vari-

ables are all roughly of O(1) we perform the following rescalings

(z,y,2) — Ip'(z,y,2)

t — At
Ll
E — = (4.18)
2h\/Ty(1 + A?)
and define
6 = —zv
K = kip
a = k'xo (4.19)
Then in the medium we finally have that
9,Fy = ZiadFy | (4.20)
0.By = FiogBs (4.21)
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0b = = (LH1FP +|Bf + |F_P + B 6
1
+5 (|F+|2 + By P = |F_]? - (B_|2) + V2. (4.22)
Notice that we have omitted the terms in (4.20) and (4.21) representing a constant

phase shift. Because of the nature of the driving terms in (4.22) these constant

phase shifts play no réle in the field~medium interaction and leaving them in just

makes for unnecessary algebra.

To close the system we have to add equations governing the propagation of the

optical fields to the mirror and back through free space. These are

?

0.Fy = S=V'Fy (4.23)
8.By = —-Qf]?szi. (4.24)

The set of equations (4.20) to (4.24) then constitutes our model of the feedback

mirror system.

At this stage a small quirk of nomenclature should be pointed out. After reflec-
tion from the feedback mirror a circularly polarised field changes its polarisation:
o+ — oz. However, the direction of the vector representing the angular momen-
tum carried by the field does not change on reflection so that the field drives
the same transition on its way back from fhe mirror as it does on its way to
the mirror. For this reason we use the subscript “+” to refer to a field which
drives the J, = 1/2,m = —1/2 — J. = 1/2,m = 1/2 transition irrespective of its
polarisation. Similarly, the “—” subscript denotes a field which drives the other

transition. Thus the longitudinal boundary condition at the mirror (z = d) reads

Bi(z = d) =rFs(z =d). (4.25)
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4.3 Linear Stability Analysis

The system (4.20) to (4.24) possesses a homogeneous, time-independent solution

given by

|[F212+ | B2 — |FO|2 — |B°J?

o
24 2(|F217 + 1B + [F212 + |B2)

(1 + R)(Iy — 1)
2+ 20+ R) Iy + 1)

(4.26)

F(z) = eFtatoz F9(0)
0<z< L
B:(!J:(z) — re:tia¢0(2L—z)F:(t)(0)

where R = |r|? and I, = |F9|> = |BY|*/R, I_ = |F°|> = |B°|*/R.

The linear stability analysis of this solution is most easily performed by formally
integrating the field equations and reducing the whole system to a single nonlir.ear
P.D.E. for . We will do this in any case when we turn to nonlinear analysis to
investigate pattern selection. For the linear analysis, however, we will follow a
procedure similar to that adopted for the Kerr slice problem [24] which has the

advantage of making clear the physical origins of the pattern-forming instability.

We consider a perturbation, Ag¢, to the medium excitation which in turn produces
perturbations in the fields propagating forwards through the medium. After
travelling to the mirror and back these perturbations re—enter the problem as

perturbations to the backward fields which drive the medium. Thus we write

¢ = ¢otAo
B, = Bi(l1+bi(z,1))
B_. = B°(1+b_(z,t)) (4.27)

and substitute (4.27) into (4.22), the equation for the medium, keeping only terms
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up to first order in A¢ and by:

(Ad) + A¢ — VHAP) + (1 + R)(I, + I_)A¢
R
= 5 (e +00)(1—260) = L_(b_+57)(1 +260) . (4.28)

We can relate the Fourier transform of b, to the Fourier transform of A¢ at an
earlier time by using first Equation (4.20) to propagate the input fields through

the nonlinear medium and then (4.23) and (4.24) to propagate to the mirror and
back. The result is

bi(t+tr, K) = iaLe PAd(t, K)
b_(t+tp,K) = —iaLe ®Ad(t,K) (4.29)

where a tilde denotes the Fourier Transforrh, tgr is the round—trip time to the

K%d
6= : .
2 ( o ) (4.30)

mirror and back and

At an instability threshold we can write A¢ = BRe(e**) where we allow for the
fact that the bifurcation may be Hopf rather than steady-state. Substituting this
into the Fourier Transform of Equation (4.28) gives the defining equation for the

stability surface

L : 6 Qg
14 K24 (14 R)(Iy + 1) —iQ = Ralsin(6)e

" TT 0 R0 (It + - +4(1+ R) I, 1).

(4.31)

As a first step in analysing (4.31) we can show that the steady-state bifurcation
(Q = 0) has the lowest threshold and is therefore the relevant one.

From Equation (4.31) we have

0| (14 + - +4(1 + R)I, 1) _ psec(tn)| (4.
(1+(1+R)(1+if_))(1+1(2+(1+R)(I++I_)) [sec(tr)] (4-32)

where ' = RaLsin(f) and Q is a solution of

—Q

1+ K2+ (1+R)(I+ + 1) = tan(Qg). (4.33)
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There are obviously an infinite number of solutions to (4.33), but Q = 0 is the
one which minimises the right hand side of (4.32). Since the left hand side of
(4.32) is a function which is zero when there is no input field and is continuous
for all physically meaningful values of its arguments, the threshold for @ = 0 is
the one which will be crossed first when either I, or I_ (or both) is/are increased

from 0. From now on we will therefore ignore the case Q # 0.

With © = 0 in Equation (4.31) we immediately obtain the condition aL sin(6) >
0. For a > 0 (a “self-focusing” medium) this can first be satisfied for 0 < 8 < =
while for o < 0 the condition is first satisfied for # < 6 < 2r. This means that

the spatial scale of near threshold patterns for focusing media will be larger than

that for defocusing media.

The problem can now be analysed in the space of the parameters I, I_ and K2

We can write (4.31) in the form
F(I,,I_,K*)=0 (4.34)

with F(Iy,I.,K?) = F(I_,1;,K?). The symmetry with respect to exchange of

I, and I_ suggests that we work with the new variables

1 1
33:7—‘2‘(1++1-) y=7§(l+

in which case the equation for the stability surface can be written as

~ L) (4.35)

2(1+ R) [(1+ R) - T] 2 + vVZ[(1 + R) (2+K%) -T2
+20(1 + R)y* + (1 + K?) = 0. (4.36)

For each value of K? Equation (4.36) obviously represents a conic section in the
(I;,I-)-plane if it represents anything at all. In fact, it 1s straightforward to
show that (4.36) defines a meaningful curve if and only if

A=T-(1+R)>0 (4.37)
in which case the level curves K? = constant are hyperbolae of the form

22— by2 = c? (4.38)
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where

b = (1+R)(i+ . )

A (14+R)
1 1+ K?) 1
C =
W) ( NIRRT R)) (4.39)
with asymptotes given by
z
Yy =+——. (4.40)

Vb

Equation (4.37) defines a necessary and sufficient condition for the existence of
an instability region. Since A is periodic in K? what we in fact have is a series
of surfaces whose cross—sections in the planes K% = constant are hyperbolae and
which are “sandwiched between” (i.e. asymptotic to) the planes A = 0. These
surfaces are obviously symmetric with respect to the plane I, = I_. In the
absence of diffusion these surfaces would just be copies of each other, displaced
with respect to K?2. Diffusion, however, favours lower wavevectors so that the

“lowest-lying” surface is also the one with the lowest threshold.

We imagine that a stability surface is crossed by, for example, fixing one of I or
I_ and varying the other. If, say, we increase [ sufficiently, keeping I_ constant,
then Figure 4.3 shows that we will eventually pass outside the instability region
once more: as we would expect, the nonlinearity saturates. From Equation (4.31)
the value of I, where the stability surface is first crossed, the threshold value IY,

is given by the smaller of the two roots of

(1+ R+ [(1+R) 2+ K> +201+ B)I- - 4TI_) = T| I,
+{a+ R (2+ K+ 1+ R)L) +(1+ K% —TI|=0. (441)

The value of K? which minimises I{ then corresponds to the critical wavevector

which determines the pattern scale close to threshold. No explicit expression
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Figure 4.3: Level curves of the stability surface in the (Iy,I_)-plane for four
different values of K?, indicated next to each curve, and 0 = 1, R = 0.9 and
K=3J.
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exists for this value of K2

(4.41) in each case.

and it has to be found numerically from Equation

One question that we can ask is whether it is possible to produce an instability
with an input field of only one circular polarisation. This is equivalent to asking
whether the asymptotes to any of the hyperbolae which make up the level curves
of the stability surface intersect the lines y = 4z for positive z. That is, with
reference to Equations (4.39), we want to know if the line y = (z—a)//bintersects
the line y = « for z > 0. Since b > 1 always, this will only happen if a < 0 which
implies

I'>(1+R)2+ K?). (4.42)

It is possible to satisfy Equation (4.42) with a suitable choice of parameters.
It is clear, however, from considering the geometry of the stability surfaces in
parameter space that driving with a circularly polarised input field represents

the highest threshold in terms of total intensity (I, + I_).

At the other extreme we have that the absolute minimum of each stability surface
occurs for y = 0 (I = I_ = I). This is the situation which obtains when the
input field is plane-polarised and is therefore convenient physically, as well as
giving the lowest threshold in terms of total power. We will also see in the next
section that this choice of parameters is interesting from the point of view of

pattern selection. It is therefore worthwhile to investigate it as a special case.
For I, = I_ = I and Q = 0 Equation (4.31) becomes
1+ K? =2I(RaLsin() — (1 + R)) (4.43)

so that the threshold intensity, lo, is given by

1+ K?
2(Rasin(0)L — (1+ R))

I = (4.44)

The magnitude squared of the critical wavevector, K2, is given by minimising /o

with respect to K? and is therefore the smallest solution of

Ral [sin(aKz) —o(1+ K?) cos(JK2)} = (1 + R) (4.45)
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where

o= 0 = d
= 7a =2 5;;,) (4.46)
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Figure 4.4: Threshold curves for I, =1.,0=1, R=10.9 and £ = 5. The shaded

parts represent the regions where the homogeneous solution is unstable.

Again, K? has to be computed by solving (4.45) numerically. An example of
the threshold curves obtained for this case where I, = I_ is given in Figure 4.4.
These curves represent the intersection of the stability surfaces in (I4,1_, K?)-
space with the plane I, = I_. Since this plane contains the transverse axis of

each of the hyperbolic level curves, the threshold curves in this case are open:

the nonlinearity does not saturate.
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4.4 Nonlinear Analysis and Numerics

A glance at Equations (4.20) to (4.24) reveals that they have the interesting

property that they are invariant under the following discrete transformation:

[U+7U—’¢] - [U—’U+7_¢]' (4'47)

This, by itself, reveals a lot about the expected pattern—forming behaviour of
the system. First of all we know that with all other parameters the same
#(z,y,t; 14, 1_) and —¢(z,y,t;1_, I,) must both be solutions. In the case where
I, = I_ = I this means that if ¢; is a solution —¢; must be as well. This in
turn means that in any expansion in powers of ¢ that we may make, for example
in a multiple scales calculation, all even power terms must vanish identically; in
particular there will be no quadratic coupling term and so we would not expect

the system to form hexagons.

When I, # I_ quadratic coupling will be present and we may expect hexagons
close to threshold, but of what type? Suppose that (I, — I_) > 0 and that close

to threshold we may make an expansion of the form

Ovpr = p11 + (11@53 + ’Yl<l3:13 + 0(45‘11)' (4.48)

Now take the corresponding situation where we exchange I, and I_ so that
|l — I_| is the same as before but now (I — I-) < 0. Starting from the same

initial condition our new solution will be ¢ = —¢1 and will obey

Oibs = pads + azds + 1205 + O(43)
= J(—¢1) = —padr + i —1d] +O(41)- (4.49)

For consistency we must have that p; = pe, 01 = —2 and y; = 7. From this
we can see that changing the sign of (I —1-) has the effect of changing the sign
of the quadratic coupling. For one sign of (I, — I.) we therefore expect that ¢
will form H* patterns while for the other sign of (I — I_) we anticipate H~
patterns. Which sign of pattern goes with which sign of (I — I_) is something

which cannot be determined by this symmetry argument alone but will have to

await the derivation of amplitude equations.
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We must now ask what effect the different types of hexagonal patterns will have
on the optical fields since it is these, after all, which are observable rather than
the excitation of the nonlinear medium. Equations (4.20) and (4.21) show that a
positive value of ¢ acts to focus o light while a negative value defocuses it. The
opposite is true for o_ light. This means that if the medium excitation organises
itself into an H* pattern, the peaks of ¢ will act as focusing lenses for the o
component of the field and this will then form hexagonally co-ordinated intensity
peaks: the oy component will take on the same pattern as ¢. The o_ component,
on the other hand, will see a set of defocusing lenses and so it will have intensity
minima at the places where ¢ has its maxima. In contrast to the o, component,
the o_ field will form an H~ pattern. If, instead, ¢ forms an H~ pattern, the oy
field will also exhibit this pattern while the o_ field will exhibit an H* structure.

We have deduced quite a lot about the sytem from this simple symmetry argument
but to get any further we must do some weakly nonlinear analysis. As a first step
we remove the electric field variables from the problem by formal integration of
the propagation equations, reducing the system to a single nonlinear P.D.E. for

¢, the medium excitation:

. _ _ o
0ip = —[1+ L+ RI [ =m0 LRI [eo7tnemie? K
+';— [I+ + RI; Giovz—tﬁatei'@ 7 I_—RI_ ei"vz‘tRate—imﬁ 2]
+V7*4 (4.50)
where ;
o =2 (2_/?) , k=al. (4.51)

The delay in the system has been included via the formal operator exp(—tr0:)
so that all of the terms in ¢ on the right hand side of (4.50) are evaluated at the
same time. Since the round trip time, tg, will be on the order of nanoseconds
and so orders of magnitude smaller than the time scale of the medium dynamics
(~ 1us) it is a reasonable approximation to neglect the delay anyway and so

that is what we will do, both in the subsequent analysis and in our numerical
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simulations.

Now we write ¢ = ¢ -+ 1) where $o is the homogeneous solution of (4.50) defined
in Equation (4.27), and expand (4.50) in powers of 1 keeping terms up to O(¥?).
For convenience we also define

L= e""w.. (4.52)
The result of this expansion is

2

+

op = —[1+I++RI+ 5 -

E (1 ing— K242 ~ i&31/)3)

a 2,02 s 3,03
I_+RI_|£(1—z'm/)—K2¢ +“‘6’/’>

] (¢o + )

2 2 6

2]

+V%% + O(4*) (4.53)

1
+_ [I.{_ + RI+

/j (1 N i‘,ﬂ/, B 52'(/)2 B iK3¢3> 2

2,12 r 3,13
1_—31_14:(1—1‘@—“2’/’ +“6¢)

or

(£67) + 2 (20°) (£19) + 10 +

iK3

op = _R¢O{(1+—1_) [in (Lv) - =

(Ip + 1) {%2 (Lv) (£'v) - f; (£e?) + H.C.]}

{1+ (L+ R) (I + L)+ R(Iy = 1) [ix (L) + HC

+R(I4 + 1) [f; (Lv) (L) - 523 (L9?) + H.C.H

B 1 [ (80) =i (007) 445 (26 (E10) 4 o

F (I - L) [% (6) (£1%) - % (697) + H'C'”
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TV 4 0. (4.54)

H.C. is used to denote the Hermitian conjugate.

4.4.1 I, =1I_ (Plane polarised driving field)

Equation (4.54) shows that when I, = I_ all terms quadratic in 3 disappear
as we deduced from symmetry considerations. As this is potentially the most
interesting situation (everywhere else we just expect hexagons) we will examine
it first. The techniques we will employ are those used in Chapter 3: amplitude

equations and the Lyapunov function formalism. So once more we write

Y = ey +elhy + P34 ...
I = Io+611+€212+...
8, = €O, +€e*0p, + ... (4.55)

Again we have omitted multiple space scales to avoid unnecessary complications.

We substitute (4.55) into (4.54) and get at O(g)
[~1— K2 —2(1+ R)lo + 2IoRx sin (0K2)] 41 =0 (4.56)

assuming that V2; = —KZi1. As we showed in Chapter 3 the key to the
pattern selection problem in the absence of quadratic coupling lies in the study

of the two—mode problem. We therefore write
P = % (A exp(K;.x) + Bexp(Ka.x) + c.c.) (4.57)

with |K;| = |K2| = K. and KK/ K2 = cos(¥).

At O(e?) we have

Oy = —[1+2(1+ R)o]v2 — 2I;(1 + R)¢r
+Rilo [ilhz — iLY4, | |
VRl [ilan — L] + Vs (4.58)
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Since th i
Il( Kere 1Ei.re n'o nonlinear terms at this order 1, need only contain terms at
| | = K. which implies that all terms in ¥ vanish. The remaining equation in
1y 1s then
I (1+ K?)

IO ’l)bl
If I is non—zero (4.59) implies that on

this time scale 1; grows or decays exponentially, depending on the sign of I;. To

aTl "/)1 =

where we have used the result at O(e).

(4.59)

obtain a bounded, non—zero solution for 1 our only choice is to set I; = 0 in
which case 919, = 0. In fact, when there is no quadratic coupling present we

can save some time by omitting I; and 87, from the start [41], as this calculation

shows.
At O(e®) we get

Ot = —[1+42(1+ R)lo]vs — 2I5(1 + R)hy
—2RTor* [(£42) (£191) = 3£ (4) — 321 (82)]
~RI® [ (83) - £ (£ (#)) (£'9) - 527 (49)

2 (81 (82)) ()]

™|

+RIox [iLyps — iLls| + RIw [ilps — 1Ll + Vs, (4.60)

For terms with |K| = K. all terms in s vanish. The remaining terms in ¥

require a lot of algebra to work out, but after unscaling through the inverse of

transformations (4.55) and defining

A—ecA B—eB (4.61)

the end result 1s

A = [2(1— L) (Brsin (0K?) - (1 + R))| A
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1
+RIgk? [5 cos (10 K?2) — % + gsin (30k2) - %sin (01(3)] 1A A

+RIyx? [cos (201(3 (1 + cos(z?))) — 2 + cos (201{;" (1 - cos(ﬂ)))

K . 2
+-2— sin (alxc (1+ 2005(19)))

K
— Q] -2
+2 sin (O‘IXC (1- 2008(19))) — Ksin (oKf)] |B* A (4.62)

with a corresponding equation for B.
The cross—cubic coefficient, v(9), is given by

¥(¥) = RIyk? [2 — cos (20[(02 (1+ COS(’L9))) ~— cos (20[(3 (1-— cos(t?)))
—g sin (JKC2 (14 2005(19))) - gsin (UKC2 (1- 2cos(19)))

+£sin (01{3)] . (4.63)

A comparison with Equation (3.59) shows that, unlike in the case of the two-level
ring cavity problem of Chapter 3, here the dependence of v on ¢ is not trivial.
In fact its dependence on the other parameters of the system is not trivial either
since K? is an implicit nonlinear function of R, & and o and has to be calculated
by solving a transcendental equation. This means that no hard and fast rules
can be given about the precise conditions under which different patterns may be

found. We will, however, demonstrate that the system has the potential to show

both one (rolls) and two (squares) mode patterns.

We first of all recall the definition of the Lya,punov function given in Equation

(3.56)

N A2 1 ii -~|A-|2|A-|2—— £i|A~l4 . (4.64)
Gg=— ”,;l il -'51_:1 j=17u i J 2=
iy

86



(G/u?) x10°

6.60 - T T [ :
-6.80 |- .
-7.00 A T
7.20 .

-7.40 |-

7.60 |-

-7.80 |- .

8.00 |-

-8.20 |-

8.40 |-

8.60 |-

8.80 |- 7]
9.00 |- 7
9.20 |- ' ]
-9.40 - —
9.60 |- ]
9.80 |- . |
-10.00 |- |
-10.20 |- _
-10.40 |- _
-10.60 |- _
-10.80 | _
1100 - _
-11.20 | | | [ N

Figure 4.5: Plot of G/u® as a function of N, the number of modes for k = 3,
o =1 and R = 0.9 showing that the two-mode pattern minimises G.
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Figure 4.6: Plot of G/p® as a function of N, the number of modes for k = 3,
o0=1 and R = 0.9 showing that the one-mode pattern minimises G.
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Figure 4.9: Comparison between numerical and analytic values of the square am-
plitude as a function of I for k =5, 0 =1 and R=0.9.
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Equation (4.63).

We restrict ourselves to the two-mode cage and write the Lyapunov function as a

function of 4 which in turn is a function of the angle, 9, between the wavevecto
T TS

of the two modes:

2

G(two modes) = —_ ¥
. ) C+ () (4.65)
At the same time, the value of G for a rol] pattern is given by
2
N
G(roll) = 4. (4.66)

The first question to be answered is whether we can expect a two-mode pattern

at all: that is, whether rolls give a lower value of G than any pattern characterised
by two wavevectors. We see that rolls are stable with respect to rhomboids iff
() > ¢, V 9 € [0,2x). If, however, there exist ranges of values of ¥ such that
{ > 7(J) then two-mode patterns corresponding to values of ¥ in those ranges
will be stable with respect to rolls. Furthermore, the value of ¥ which minimises

7 also minimises G.

From Equation (4.63) the conditions which identify stationary points of (1) are
sin(9) =0 or 20KZcos(d) = nx. (4.67)

Equations (4.44) and (4.45) show that for x > 0 (focusing) /2 > ocK? > 0 and
0K? = 7/27 as 0 — oo; while for £ <0 (defocusing) 37/2 > cK? > w/2 and
0K? — 37 /27 as 0 — oo; in both cases we must have that |«] > 2. This means
that the extrema defined by sin(d) = 0 are local maxima of v while the others
are local minima for n even and local maxima for n odd. It also means that for
k> 0 the second condition, 20 K2 cos(d) = n7, can only be satisfied for n = 0
(squares) and the stationary points defined in this way are minima (Figure 4.10).
For k < 0, on the other hand, extrema may be found for n = 0,£2 (minima) and

n = +1 (maxima). The values of ¥ corresponding to n =
but since n = 0 and n = £2

42 can in principle

yield rhomboidal patterns which are not square;

give the same value for G, the one that is observed will depend on which basin of

attraction the initial condition lies in (Figure 4.11).
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120 T T T

Figure 4.10: Plot of both v, the cross—cubic coefficient, and (, the self-cubic
coefficient, as functions of the angle ¥ in radians for k =5, 0 =1 and R =0.9.
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Figure 4.11: Plot of both vy, the cross—cubic coefficient, and (, the self-cubic
coefficient, as functions of the angle ¥ in radians for k = =5, 0 =3 and R =0.9.
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We can check thij ;

e 1s hypothesis for the barameters corresponding to Figure 4.11
c : _ .

or which we predict that there is a stable square solution and one consisting

of rhomboids corresponding to an angle of about 48 degrees between the two
wavexiectors. When we run the simulations with a square grid and square periodic
domain we find that the system always selects the square pattern. When the

system of equations is integrated on a non-orthogonal grid (one whose lattice

points lie at the vertices of a set of parallelograms rather than a set of squares) it
is found that the system can instead select the rhomboidal pattern. This indicates
that the square grid may introduce a slight bias in the pattern selection process
which favours the square pattern over the rhomboids. This is most likely to be an
effect of the boundary conditions since the square pattern produced is not always
aligned with the grid. It does give an example, however, of how computational

parameters can influence the evolution of a dynamical system.

442 I, #1

Now we tackle the more general situation where I, # I_. Equation (4.54) shows
that in that case we have quadratic coupling and so we will perform our multiple
scales analysis based on a lowest order solution which consists of a hexagon. It is
just a matter of grinding through the by now familiar procedure and seeing what

comes out the other end.

We define
By = (I +1.), p-=(—1L) (4.68)

and expand in the following way

b = ey +ePa+ 33 + ...
By = PBrotebut e2Bya + -
B = P-ot ef_1 +E B2+ -

8, = edn +€0n,+ .
(4.69)
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We must also remember that %o, the homogeneous solution, depends on 8, and

B- and must therefore be expanded in powers of ¢ as well:

Po=fot+efi+elfy+.. (4.70)

Now we just write

. .
Y1 = 5 (Aexp(K1.x) + Bexp(Ka.x) + Cexp(K3.x) + c.c.) (4.71)

with K1 + K2 + K3 = 0, and substitute all these expansions into (4.54) solving
at each order in €. After completing the calculation up to O(e®) and unscaling

in the usual way we get a set of equations for A, B and C of the form
0A = pA+aB*C* - (|APA —~(|B)® + |C]?)A (4.72)

with

b= {R“ sin (UKf) [(B+ = B+o) = 2(B-¢o — B-ofo)] — (1 + R) [B+ — ﬂ+0]}

a = Rkp- {% (1 - coe (0K2)) (1 +(1-1+R)ﬂ+> 2o (01{3)}

( = —Rk {%2 (foﬁ_o — %) (3 sin (al‘(z) — sin (301{3))

#E88) (oo - 52 (e (1K) — o (oK)

B0 /. o K2 A(4)sin (40 K?
_T(sm( K?2) (2A(0) + A(4)) + A(4) ( )

_ fii+0 (1 — cos (40[{02))}

4 = —Rk {-’;—2 ( foBo — %i‘l) (2sin (¢K?) —sin (201(3))

D) (0= B3 (con (212) - con (71))
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B-o
=~ ((A©0) + A(3)) sin (c&2) + A(3)sin (30K2))

KB+o 2
5 (2 — COos (OKC) — cos (30](3))} (4.73)

and

A(n) = Rk? (1 — cos (roK2)) (B_o — 2B10fo) —4RkPB_gsin (0 K2)
1+ nK2 + (1 4 R)Byo — Resin (naK2) (Bro — foP—o)

(4.74)

(@ (5)

Figure 4.12: The asymptotic states reached by the backward fields for 1, = 0.57,
]{z‘—l(—i: 3, k=5 0=1and R=10.9 (K? = 1.21): (a) the oy field, (b) the o_
eld.

The coefficients in the amplitude equations are quite complicated. The one im-
portant point, however, is that the quadratic coefficient, «, is proportional to
B = (I4 — I_) so that a change of sign of §_ implies a change of sign of a.
While we can make no firm statement about the sign of the term multiplying 5
we can at least determine it for a given set of parameters. For example, Figure
4.12 shows the asymptotic states reached by the oy and o_ components of the
field for a set of parameters which give o > 0. In this case we predict that the
medium excitation, ¢, forms an H* pattern and, by the argument of Section 4.4,

so does the oy field, while the o field forms H~. Figure 4.12 indicates that this
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1s so. If the simulation is run with the opposite sign of A_, but all other param-

eters th .
¢ same, we find that the patterns in the circularly polarised components

of the electric field switch: H~ for oy and HY for o

Figure 4.13: The asymptotic states reached by the backward ld for I, =

I- =053 ,xk=5,0=1and R=0.9. Y ackward oy field for Iy = 0.65,
We also note that when |1, — I_| is small, we get either distorted squares (rhom-
boids) or rolls, depending on whether squares or rolls are the preferred pattern
when I, = I_. The distorted squares (Figure 4.13) are a sort of intermediate

state between the pure squares and the hexagons.

A final interesting implication of the antisymmetry in o with respect to exchange
of I, and I_ is that if the system is driven with a single circularly polarised input
field, the observed pattern will be independent of whether the field is oy or o_.
This has been confirmed numerically. If energy is put into only one component of
the field, the other component will be zero at all times since the only effect of the
medium is to provide a phase modulation and there is therefore no mechanism
for the transfer of energy. This means that in some sense this situation is like
a saturable version of the Kerr slice with feedback mirror [24,25]. As stated in
Section 4.3, however, driving with a circularly polarised field gives the highest

threshold in terms of total power and is therefore the most inefficient way, in this

system, of generating a pattern—forming instability.
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4.5 Addition of Quarter—Wave plate

o o
__,Z r

Z

B

Figure 4.14: Sketch of the feedback mirror configuration with a quarter-wave plate
present.

In the system we have been studying, the only effect of the feedback mirror, apart
from reducing the energy in the field, is to reverse the direction of propagation of
the field so that each circularly polarised field component interacts with the same
medium transition on its way back from the mirror as it did on its way to the
mirror. As we have seen, the system can then be described by the self-contained

equation for ¢

eiaV2 —tRo: eindz

4 I_+RIL

L o2 12
eza‘V tnate znd)‘ ] ¢
2]

+V?¢. (4.75)

B = -—[1+I++RI+

. o2 _
ezaV tRa,e ik}

’ [ —RL

. o2 .
ezo’V tro:t em¢v

1
+'2“ [I+ + RI+

If we were to put a A/4 plate in front of the feedback mirror (Figure 4.14) then

the longitudinal boundary condition would be instead

Bi(z =d) =rFz(z = d) (4.76)
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and the corresponding equation for ¢ would read

8 = — 1oV2— ;
e [1 + Iy + RI, |V ~trOugin|” | 1 | B |gioVP—trd gmind 2] é
+l I 10V2_tpd Y
5 [+ + RI_|e ROtg—ingl® _ ; RI, iTV2—tRD: ing 2]
+V34.
¢ (4.77)

A comparison of Equations (4.75) and (4.77) shows that in general there is no
transformation of parameters or variables which will take one into the other. In
the special case when the pump field is plane—polarised, however, there is such a
transformation, namely x — —«: that is, putting in the \/4 plate is equivalent
to changing the sign of the detuning. Since for x > 0, 0 < 0 K? < 7/2 while
for Kk < 0, 7/2 < 0 K? < 37 /2, the addition of the quarter-wave plate should
produce a change in the length scale of the pattern. This is an effect which should

be experimentally verifiable.

4.6 Conclusion

In this chapter we examined a feedback mirror system where the nonlinear medium
was an alkali vapour driven by an external field with two orthogonally polarised
components. We found that the patterns formed by the system could be predicted
by a combination of an argument based on a simple symmetry of the model equa-
tions and a multiple scales analysis. The analytical predictions were borne out
by numerical simulations. In particular, we found that the system could form
stable squares, rolls and rhomboids, as well as both types of hexagon. Finally,
we predict that a simple modification of the system should lead to an experimen-

tally observable change in the length scale of the pattern under conditions of a

plane-polarised driving field.
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Chapter 5

Localised States in the Two

Level Ring Cavity

5.1 Introduction

In the previous two chapters we have examined, both analytically and numerically,
the near-threshold pattern forming behaviour of two nonlinear optical systems.
In this chapter we will point out a further type of behaviour which may exist in
such systems below the modulational instability threshold. As well as being of
intrinsic interest as are the previous phenomena studied, the structures which we
are going to look at here may have the possibility of being used in applications,

albeit quite a long time in the future.

The basic idea is that if we have a system where there are two dynamically
stable fixed points then there is a possibility that there may also exist solutions
which connect these fixed points. This is an idea which has been explored, for
example, in the context of complex Ginzburg-Landau equations [1,48,49] where
such solutions correspond in one dimension to kinks or anti-kinks. In the systems
we have been looking at a coexistence of stable solutions can be found below the

bifurcation point when there is a subcritical bifurcation, either to a roll solution
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in one di 1 ion i
mension or to a hexagon solution in two dimensions

The solutions which we specifically refer to as localised states connect a homo-
geneous solution of the system to one which corresponds to a pattern. What
this amounts to is that we may produce a localised region of the pattern solution
embedded in a background of the homogeneous solution. Such solutions have
already been found in several areas, including optics [50]. In fact, the existence of
solitary-wave structures in one-dimensional cavity models was already demon-
strated in the early eighties by Moloney and co-workers [3], while the possibility
of creating such structures using address pulses in a 1D optical memory was

investigated by McDonald and Firth [5].

Since we wish to study this phenomenon in the context of one of the optical
systems which we have dealt with previously, we choose the two-level ring cav-

ity system of Chapter 3 and for simplicity we restrict ourselves to the purely

absorptive (A = 0) case.

In two transverse dimensions an isolated peak of a hexagonal pattern suggests
itself as a potential optical “bit” for the stofage of information. If, for example,
we can control the position of such 2D localised states as well as being able to
create and destroy them, we have the basis of an optical memory. We turn our
attention to these issues at the end of the chapter after we have made some sort
of preliminary investigation of localised states in both one and two transverse

dimensions.

5.2 Localised States in 1D

Localised states are more easily visualised in one spatial dimension than in two

and so that is where we begin. We recall that the model which we are using is

20(1 — i)
|E]? + 1+ A2

OE =—E [(1+10)+ + E; +1iaV’E (5.1)
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with A = 0. A stable localised state (L.S.)

, that is one which is time-independent,

can be descri i .
escribed in terms of the four—dimensional dynamical system that we get

wh :
en we take Equation (5'1) and set ;F = 0. It is more convenient to discuss

things, though, in terms of the equation for A where E = E (1 + A), since then

the fixed point corresponding to the homogeneous solution lies at the origin. We
therefore write

KA = —(1 +i0)A + aiVZA — 20(1 + 4) + 2¢ (5.2)
1+ I(14+ A+ A+ A7) 141 '

where we have set A = 0. After setting 9,4 = 0 the remaining problem can then

be written as the following “dynamical system” in z

dUu

S~ WR+S+ 205

dz 1+1(1+2R+ R?+ 5?)

R _ g

dz

dVv

V' 4s_Ra 2C(1 + R) L2

dz 1+71(14+2R+R*+5?) 1+1

ds

1 = 14 (5.3)

where R and S are the real and imaginary parts of A respectively and I = |E,|? as
in Chapter 3. We also set @ = 1 since it can always be scaled away by a suitable
rescaling of the transverse variables. We can think of time-independent solutions
to the full P.D.E. as fixed points or orbits in the four-dimensional phase space
of the variables (U, R,V,S). Thus the homogeneous solution corresponds to a
fixed point at the origin while the roll solution is a limit cycle. A localised state,
which approaches the plane-wave fixed point as £ — —00, passes “near” the

roll solution and then returns to the fixed point as z — oo is then a homoclinic

orbit [51].

From the above argument one necessary condition for the existence of localised
states is that the origin have both an unstable manifold along which the homo-
clinic orbit leaves the origin and a stable manifold along which the homoclinic
orbit approaches the origin [51]. We can, in fact, determine the nature of the
origin by a linear stability analysis (one of the few things which we can do ana-

lytically). This is most easily done in terms of the variables A, A*, d;A = A and
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dxA* = /‘i* rath
ather than U, R,V and S although the result is obviously the same.

Then when we linearise around the origin we get

1
A 0 1 0 0][64 ]
d | 6A —f— 2Ci_ i
alaa | _Jo-ioggz o g ol
0 1| | 64
A ] | -2 0 0428, 0] | sar )

The eigenvalues of the stability matrix are given by

Below the modulational instability threshold of the full P.D.E., which is a neces-

sary condition for the dynamic stability of the plane-wave fixed point, and hence
of the localised state, the quantity under the square root sign in Equation (5.5)

is negative and A? can therefore be written as
X =0 tia (5.6)

where a is real and positive. The four eigenvalues then take the form

N = o a==171¢
—y K
with
K*=~*+ Kf > Kf, 29K = ta. (5.7)

From this it is obvious that the origin is always a fixed point with two stable

directions and two unstable directions.

Of course the other thing we must do is identify where a subcritical roll solution
exists and we can do that analytically using the amplitude equations which were
derived in Chapter 3. All we have to do is find regions where the self-cubic
coefficient becomes negative. For the parameter values we concentrated on in
Chapter 3 (A =0, 0 = —1) and which we will also use here, the bifurcation to the

roll solution is supercritical for I € (2.143...,4.167...) and subcritical elsewhere.
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We have identified two of the necessary conditions for the existence of localised
states. To actually look at these structures and examine their dynamical stabil-
ity we turn to numerical integration of Equation (5.1). The L.S. is initialised by
using an initial condition which is a narrow pulse (for example, a gaussian) of a
height comparable to the amplitude of the subcritical roll and a width of about
one wavelength of the roll pattern. An example of an L.S. is shown in Figure
5.1 together with a plot of the corresponding roll solution for comparison. The
similarity between the L.S. and a single “peak” of the roll is evident. A better
comparison between the L.S. and the roll can be obtained by plotting Im(E)
against Re(E) for both on the same diagram. This is done in Figure 5.2 which
shows that the L.S. follows the roll solution closely until it goes off to the homo-
geneous solution for large z. It should be noted that there is no overall phase
change accumulated in going across a localised state so that, while they can be
classed as defects, they do not appear to be topological, a fact already suggested

by the phenomenology of their creation.

We find that the L.S. is not stable in time at all points where the subcritical roll
solution exists. There is a dynamic stability threshold above which the presence

of a pulse of sufficient amplitude causes the whole field to switch up to the roll
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Figure 5.2: Im(E) plotted against Re(E)
stable roll solution. The localised state spirals out from the plane-wave fired point,
tracks the roll solution and then spirals back in to the fized point. A =0,0=—1,
I =153 and C = 5.1
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Figure 5.3: Re(E) plotted as a function of the transverse co-ordinate for (a)
two isolated localised states and (b) a multiple—peaked localised state. In both cases
the initial condition was a gaussian of F.W.H.M. (full width at half-mazimum)
equal to 30 space steps but for (a) the peak amplitude of the gaussian was 50 units
while for (b) it was 10 units. A=0,0 =1, 1 =153 and C =35.1

solution by means of switching waves which propagate outwards from the location
of the initial spike. For values of the control parameter C below this instability
threshold, the localised states exist and are stable in time until the point where
the subcritical roll solution disappears. We also find that in the region where the
L.S. is dynamically stable the amplitude of the initial pulse must exceed a certain
threshold value or else the field does not form the L.S., but instead collapses to
the homogeneous solution. On the other hand there seems to be no upper limit
on the pulse amplitude: even amplitudes of up to 1000 units seem incapable of

switching the field up to the pure roll solution.

The existence of a threshold for dynamic stability suggests that below this thresh-
old a front separating regions of the pattern solution and the homogeneous so-
lution tends to favour the latter. The reason that the homogeneous solution
does not take over completely is due to a pinning of the switching-wave fronts
on the diffraction ripples of the localised state, a mechanism investigated by
Rosanov [52] in the context of so—called diffréctive autosolitons. This observation

from numerics then suggests that the dynamic stability threshold is associated
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with a transition from the situation where the roll solution will invade the homo-

geneous solution to one where the homogeneous solution wants to invade the roll
solution.

In addition to a single—peaked L.S. we can produce solutions corresponding to
orbits in the phase space of system (5.3) which wrap around the roll limit cycle
more than once before returning to the fixed point at the origin (Figure 5.3).
Loosely speaking, the number of peaks produced depends on the width of the
initial condition. However, things are slightly more complicated than this. We
can choose a pulse width equivalent to a L.S. of m peaks and above a certain
threshold amplitude this is what we will see. If the amplitude is increased, though,
to the point where there is sufficient power in the wings of the initial pulse, the
system will instead form separated localised states located near the wings of the
pulse, corresponding instead to an orbit which leaves the origin, wraps around
the limit cycle, returns close to the origin, returns to wrap around the limit cycle
and returns to the origin again. For example, the differences in Figures 5.3(a) and
5.3(b) were produced simply by changing the amplitude of the initial condition.
Thus a variety of different stable structures can be obtained simply by varying

the initial condition.

This is about all we have to say about the one-dimensional localised states. Our
basic understanding of them comes from a consideration of the phase space of the
time-independent problem while investigation of their dynamic stability requires,
at this moment in time, numerical simulations. Nevertheless, we have been able
to demonstrate fairly convincingly that they do exist and are stable in time for

certain parameter régimes.

5 3 TLocalised States in 2D

The nature of localised states is more difficult to visualise in two transverse di-

mensions, since even when 9,A = 0 there are still two independent variables, =
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and y, in E i . :
Y, 1n Bquation (5‘2)' Despite this the system can be reduced to a one di-

mensional i i . .
one in the special case in which we look for what we suppose will be

a radi i s .
radially symmetric single localised state. If we work in cylindrical co-ordinates

and define a variable W = 1/r

(5.2) can be written in the following autonomous

form when there is no dependence on the azimuthal co—ordinate

It

dU
@ = TWURORE St e

2
ar +2R + R? + 57)
dr

dv |
e A G p—_ ) ;-
a 1+T(1+2R+R*+8?) ' 1+1
=Y
i_v_v. — W2

= U

We can do a linear stability analysis of the fixed point (U, Ro, Vo, So, Wo) =
(0,0,0,0,0). By inspection the only difference between the analysis for system
(5.8) and that for (5.3) at the origin is that in the former case there is an ad-
ditional eigenvalue (A = 0) and associated eigenvector (parallel to the W-axis)
attributable to the translational invariance of the solution. The other eigenvalues
are the same as in the 1D case and the origin therefore has both a stable and an

unstable manifold.

A numerical investigation of the localised states in two dimensions reveals be-
haviour which is similar to the 1D case. Agéin there is a threshold for dynamic
stability, above which a pulse will either collapse to the plane-wave solution or, if
its amplitude is sufficiently large, will initiate a switching wave which propagates
outwards and switches the entire field to a space-dependent solution; the pattern
formed in this way may be highly defected due to the curvature of the switch-
ing wave fronts as Figure 5.4 shows. We can infer, as in the 1D case, that the
dynamic stability threshold is associated with an exchange of relative stability

between the homogeneous and hexagon solutions.

Below the dynamical stability threshold an initial pulse of sufﬁciently large am-

plitude will create a single-peaked localised state (Figure 5.5) or, if it is broad
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Figure 5.8: Im(E) plotted against Re(E) for both the 2D localised state (blank
squares) and the stable hezagon solution (solid black curve). The localised state
spirals out from the plane—wave fized point, tracks the hezagon solution and then
spirals back in to the fized point. The spread in the lower left part of the curve
representing the hexzagon solution is due to the variety of “routes” that the field can
follow in two dimensions in going from a mazimum of the pattern to a minimum.

A=0,0=—1,1=153 and C =54.
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Figure 5.9: Re(E) for the 2D localised state plotted against the radial co—ordinate
r as calculated both by integration of the full P.D.E. and by integration in r of the
time—independent dynamical system (5.8). A=0,0=-1,1= 1.53 and C = 5.4
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of Equation (5.2)
the ﬁeld at r =

in the radial co-ordinate by making a guess at the value of

0 and then integrating outwards (a shooting method [47]). In

gene.ral the solution will integrate forwards for a certain distance and then start
to diverge. As our initial guess gets closer to one which actually corresponds
to a solution of the equation, the distance to which the program can integrate
before diverging increases, allowing us to home in on a solution. This process
can be automated to some extent. We select a function, f, of the field which we
wish to be minimal at some distance from the origin: for example, f = |d,A|%.
We then select a value of r out to which we want to integrate so that we can
calculate f for any pair of values we choose for Re(A) and Im(A) at the origin
(the derivatives of both Re(A) and Im(A) must be zero at » = 0 in order to
avold a singularity). By this procedure we have defined f to be a function of
two variables and so we just use a standard numerical technique (an AMOEBA
routine [47]) to minimise f and give the closest approximation that we can find
to the solution we are looking for, if it exists. When we do all of this we find
that after a certain distance the integration method starts to diverge anyway due
to numerical errors. It does allow us to integrate far enough, though, to get a
solution which we can compare with the result from integration of the full P.D.E.
As Figure 5.9 shows the agreement is quite good providing some evidence that

the localised states are not just phenomena induced by the numerical grid.

5.4 Control of 2D Localised States

Equation (5.2) is translationally invariant which means that we can create a
localised state at any point we wish and it should remain there; this is borne
out by simulations. It also means, though, that the L.S. is neutrally stable with
respect to changes in its position. In an experiment (or even a device) external
perturbations which are inevitably present can therefore cause the L.S. to wander
around after it has been created by a local address pulse. This is something to
be avoided. In addition, for the purpose of writing and storing information we

would like a system which allows a degree of imprecision about where our “pixels”
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are written: a i i
s long as we write to approximately the right position, the system

should be able to take the L.S. and put it exactly where it belongs.

1/:.11 :}f] :}:tsa:aj’f::;mpzlii :1 biz (zf a tfﬂl or'der but i'n pr.inciple there is a way do
152) ol wtich b b Ofserie;l.l 1nvar1a§ce Wh.ICh is poic,sessed by Equation

in another nonlinear cavity model [53]. If we
consider putting in a pump field which is tilted by an angle o with respect to
the longitudinal axis of the cavity then it will take the form Ej = Ej,e%X where
|K| = ksin(e) and & is the component of the pump wavevector along its direction
of propagation. We then expect a cavity field E of the form E = Fe'¥*. From
Equation (5.1) F must obey

D,F = —F —i[0+aK®F + Ey,

_20(1 —iA)F
14+ A2 4 |F|?

+ aiV?F. (5.9)

Not surprisingly we see that the cavity detuning has been changed with respect to
the one seen by a field driven by an on-axis pump. We also find that the partial

derivative with respect to time has been changed to the convective derivative
D, = 0; + (2aK.V). (5.10)

The implication of this is that the solution we see should move with a velocity
given by 2¢K. In other words, the effect of tilting the pump beam is to produce
solutions which, instead of being static, move in the transverse plane (assuming

that the alteration of § produces no qualitative change in behaviour by itself).

A solution which is uniformly translating is interesting but not very useful. Con-
sider, however, generalising the above approach to the case where the input field

has a space-dependent phase modulation:

By = By, e (5.11)

and again look for a cavity field of the form

B = Feden). (5.12)

116



This time I obeys

D' = —[14a(V2)F —i[0 + a(Ve).(V$)|F + Ey,
201 —iA)F
14 A2+ [F? + atV*F (5.13)
with ‘
Di= 8+ (v.V) (5.14)

where v = 2a(V¢). Again we have essentially the same form of equation as
when the pump field is unmodulated, only now with spatially varying damping
and detuning coefficients. More importantly, though, the velocity of the moving
solution has acquired a spatial-dependence and is proportional to V¢. This
means that if we initialise a localised state at some point it should move towards

a local maximum of ¢(z,y) and remain there.

If, for example, we choose ¢ to be of the form

¢ = B [cos(mnz /L) + cos(mmy/L)] (5.15)

then we create a square array of local maxima which act as read/write locations
for our “memory”. All we have to do is fire a localised state into the region
around the location to which we wish to write and the system itself will move the

“pixel” into the correct place.

This is the principle but there is one thing about which one has to be careful.
Since Equation (5.13) contains a spatially dependent damping the modulational
instability threshold changes throughout the domain. If an L.S. is created at
a point of the domain where it 1s dynamically stable and then starts to follow
the phase gradient of the pump, it will see a steadily decreasing damping and
will therefore be moving closer to the point where it destabilises in favour of the
hexagon solution. This is what happens in the simulation shown in Figure 5.10.
The localised state has not managed to reach the local maximum of ¢(z,y) before
V24 becomes large and negative so that it destabilises and initiates a switching

wave which spreads outwards and switches the whole field to the hexagon state.
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One final question that we can ask ; 1s what happens if two localised states are
written to the same point, for example as the result of a writing error in a device.
Simulations show that in this case both spots move towards the appropriate
location and when they get close enough to interact they lock onto each other’s
diffraction ripples and so remain stable. It might be preferable if the localised
states annihilated each other so that the error could be corrected by simply writing
to the required memory locations a second time. However, at least in this way

the error does not corrupt the information stored elsewhere but remains local and

can still be detected and corrected.

5.5 Conclusion

In this chapter we have provided numerical evidence for the existence of localised
states in the mean-field model of the two-level ring cavity in two spatial di-
mensions. The next step should be to try to determine analytically, or semi-
analytically, their existence and stability properties, although it is not obvious
how to do this at the present time. In addition we have suggested one method
for the control of such solutions in two transverse dimensions and demonstrated
that it works, at least in simulations. Although the two-level ring cavity is not
a realistic system for a practical optical memory, the study and control of lo-
calised states in simple systems such as this one will be necessary if they are to

be exploited for applications at some time in the future.
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Chapter 6

Conclusion

This thesis has been about transverse pattern formation in passive nonlinear opti-
cal systems, and in particular about behaviour close to the region where a homo-
geneous solution becomes unstable with respect to one with transverse structure.
In the two systems examined we used standard mathematical techniques of linear
stability analysis, weakly nonlinear analysis and finally numerical integration to
locate the instability threshold of the flat solution and to determine the nature
of the pattern which will emerge above this threshold, with reasonable success.
We also made use of the knowledge gained by this process in the two-level ring
cavity system to begin a study of the solitary wave structures known as localised
states, demonstrating their existence and one possible method for their control.

It only remains, now, to point out some of the ways in which this work can be

continued and extended.

In the feedback mirror system we examined the case of plane-wave pumping but
the effects of a finite pump should also be looked at, particularly in the light of
the experimental results published in [34] which show flower—like patterns in the
system on which Chapter 4 is based. It is also possible to generalise the model
of Chapter 4 to take into account the effects of external magnetic fields which

would allow it to describe the experiment of [35].
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In neither the two-level cavity nor the four-level feedback mirror system has any

attempt been made to study secondary bifurcations. It is possible that the uni-

form pattern solution itself becomes unstable far enough above threshold leading

perhaps to solutions which oscillate in time or even to weakly turbulent behaviour.

Finally, it is necessary to try to find analytical or semi-analytical approaches to

investigate the questions of existence and dynamical stability of localised states
rather than relying simply on numerical integration of the model P.D.E. While

the latter is indispensible a deeper understanding of these structures is, at the

very least, desirable.
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Appendix A

Numerical Methods

In this appendix we outline the two techniques used in this thesis to integrate

P.D.E.s numerically: the split-step method [54] and the hopscotch method [55].

A.1 The Split—step Method

We consider equations of the form
&E =LE (A.1)

where L is an operator which contains no explicit time-dependence. Equation

(A.1) can be formally integrated to give F at some time in terms of its value at

an earlier time:

E(t + dt) = e*CE(t). (A.2)
Now assume that £ can be written as the sum of two terms
L="L+ L, (A.3)

and further assume that the error introduced by neglecting [[:1,[:2] is of high

enough order that we can write (A.2) as

Bt + dt) ~ e*“1e 2 E(t). (A-4)
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In fact, it can be shown that the error introduced by neglecting [£;, £3] can be
reduced if we write (A.2) as |

E(t + dt) ~ el#/2) L2 pdtly e(dt/2)ﬁ2E(t)‘ (A.5)

E(t + dt) is now calculated in three steps. We first calculate E’ as the solution
at t = dt/2 of the equation

OF = LoF (A.6)
with initial condition F(0) = E(t). Then we solve for E” given by F(dt) where

OF = L[1F (A.7)
and F'(0) = E’. Finally, E(t+ dt) is given by solving (A.6) at time t = dt/2 with

initial condition given by E”.

To calculate E(t = ndt) the above procedure is carried out repeatedly. Thus
E(t) = edt/2ﬁ2 edtél edtézmedtégedtél edt/2ﬁ2E(0). (A.8)

The motivation behind this method lies in finding a splitting of £ such that
Equations (A.6) and (A.7) can each be solved fairly easily. Equations studied in

optics, for example the ring-cavity equation of Chapter 3, often take the form
8,E = aV*E + g(E) (A.9)

where ¢ is a nonlinear function which contains no spatial dependence and a 1s a

complex number. The most obvious splitting then reduces (A.6) and (A.7) to

0,F = aV*’E (A.10)

and

A,E = g(E) (A.11)
respectively.

Equation (A.10) is solved easily in Fourier space by using a Fast Fourier Transform

[47] and then taking the inverse transform to convert back to real space, a process

which is O(ds") where ds is the space step and N is the dimension of the grid.
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Since (A.11)

conta i .
s no spatial dependence it can be solved at each point of

the numerical grid using a standard technique for the solution of O.D.E.s. For

1
xample, the code used to produce the results described in Chapter 3 used a
second order Runge-Kutta method (O(dt?)) [47).

A.2 The Hopscotch Method

This technique is used for equations of the form

&E = LE + g(E) (A.12)

where L is a linear operator and ¢ a nonlinear function. The method relies on a

partition of the lattice points (7,;) of the numerical grid into two sets, denoted
“odd” and “even”
ODD GRID = {(7,7): 7+ j is odd}
EVEN GRID = {(¢,7):t+ jis even} (A.13)

so that each lattice point is surrounded by four nearest neighbours on the other

grid.

The first step of the algorithm involves advancing the solution from time t = ndt

to time t = (n + 1)dt on the odd grid by means of an explicit method:
E™' ~ E" + dt [LE™ + g(E™)]. (A.14)
We then advance the even grid by an implicit method
E"' ~ E" 4 dt [LE™ + g(E™)]. (A.15)

To carry out this step we have to be able to solve (A.15) for E™**. This can be
done for the linear part if the only spatial dependence contained in £ is of the
form aV?, as it is in many ‘of the equations in which we are interested. Then we

2.
can use the standard four—point finite difference approximation for V*:

V2E1] = h E1 ]+1 + Ez] 1 + E1,+1 ] + E -1 ] 4El,]) (A'IG)
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where £ is the space step, assumed to be the same in both the z and y— directions.

Since this expression involves only the nearest neighbours to the point (z,7) all

of which lie on the odd grid and whose values are now known at time (n + 1)dt,

we can solve the linea n¥l i
r part for E7". In general we cannot solve the nonlinear

part, so we make an approximation to g(Er!):
’J *

; (A.17)

g(EMY) ~ g <Ei,j+1 + Eij1+ B + Ei—l,j)
This enables us to advance the even grid by one time step so that we now know
the entire field at time (n + 1)dt. The algorithm now proceeds by performing the

explicit step on the even grid and the implicit step on the odd grid and so on.

The speed of the method can be improved by omitting the explicit steps except
for the initial one at t = 0. We advance the odd grid by one time step using the
explicit step. We then advance the even grid by one time step by the implicit

step. Now we advance the even grid by a further time step using the expression
E™t? ~ 2F™ ! - BT (A.18)

We then advance the odd grid by two time steps and so on. It is this alternate

advancement of the two grids that gives the method its name.

For equations of the form (A.9) the finite difference expression used to evaluate
V2 means that the method is second order in space as well as being second order

in time.
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Appendix B

Four—Level Bloch Equations

—1/2 l 4 +1/2

Jg=1/2

J=1/2

Figure B.1: Energy level diagram for the four-level system.

In this appendix we apply the procedure of Chapter 2 to write down Bloch equa-

tions for the four—level system shown in Figure B.1 and studied in Chapter 4.

Our treatment follows [46] whose notation we use.

We use a circular basis and write the electric field as

— __;_ (E-_eiwté+ _ E:e—iwté_ + E+eiwté~ _ E’_"*‘_e_i‘”té+) (Bl)
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the d— . )
ground-state variables is longer than the scale of the evolution of the other

variables; then we can adiabatically eliminate P13, P14, P23 and pas. We then have

piz = b P12
. —84
p famed
14 Atig
. _ B
P23 At 2.76,022
=B
P24 = A+ i’)‘spm. (B6)
Now we define .
_ x_ A |B<|?
’)’—2’)’1, F:’)’,A:—,A :——:—t———_—-————-
° I’ 7T +4Y) (B.7)
and the new variables
U = p12+ p21, v = i(P12 - le), w = p11 — P22- (B-8)

The remaining Bloch equations written in terms of u,v and w are then

Ou = —(Ap+A_+7)u—(A-—Ay)Av
8{0 = —(A++A_+'7)v+(A_——A+)Au
8t'w = — (A+ + A_ + ’)’) w + (A... — A+) . (Bg)

It can be seen that the equation for w is decoupled from the other equations.

We now want an equation for the polarisation, P, which we decompose onto the

circular basis as we did for the electric field -
1 .
P = —§(P_e’ +— Pre —wtg 4+ Py e - —Pje —lwtg )
= n.Tr(pp) (B-10)

where n, is the number density of atoms. Using Equations (B.6) we find the

following expressions for Py

pH(A — 1)
P:t = —2_71?(—1_4{_-_——)(1 + w)Ei
= GOX:i:Ei' (Bll)

We therefore see that Py depend only on w so that the medium can be described

by the equation of motion for w in Equations (B.9).
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