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Abstract 

Electron injectors used in radiation sources such as Free-electron lasers (FELs) and 

medical linear accelerators (LINACs) can generate high peak current and low 

emittance electron beams. There are different types of electron injectors depending on 

their cathode. These are thermionic cathodes, photocathodes, and field emission 

cathodes. Each one of them has its own advantages and disadvantages. In this thesis, 

considering the advantages of a long lifetime, large current density and being cost-

effective, a thermionic cathode gridded electron gun for a particle accelerator was 

designed and modelled. Both theoretical work and numerical simulations were carried 

out to explore the relationship between important parameters like the bunch charge 

and the bunch length of the modulated beam. Two 2D simulation packages, the DC 

electron trajectory solver TRAK and Particle-In-Cell code MAGIC were utilised 

initially to optimise the Pierce-type electron gun and to simulate the RF field applied 

to the grid. Similar to existing guns the electron energy, pulse duration and charge of 

the electron beam bunch were predicted but the significant deviation from existing 

guns was the pulse length as the function of the bunch charge. The beam dynamics 

simulations showed that a minimum pulse length of 106 ps could be achieved with a 

bunch charge of 33 pC when the driving RF frequency was 1.5 GHz. Simulations at a 

higher RF frequency did not significantly reduce the micro-pulse length and the 

normalised emittance was measured to be 5.6 mmmrad obtained from the particle-in-

cell simulations. The results obtained with 2D simulation packages were compared 

with 3D simulations using CST Particle Studio with similar values for the pulse length 

at a value of 102 ps for 35 pC bunch charge observed. Different designs of grids, the 
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spider web grid and the pepper pot grid were simulated and their performance was 

examined and compared. The comparison resulted in similar values for the peak 

current and the bunch charge. Furthermore, other techniques for reduction of the bunch 

length like higher harmonics of the fundamental frequency, specifically the idealised 

case of a square wave, using CST Particle Studio are presented.  

Overall, the notable advance in science lies in obtaining the bunch length as the function of 

the bunch charge which enabled the calculation of the emittance as a function of time by post-

processing the output of the numerical simulations. This is vital information to be passed to 

the designers of the S-band (3GHz) LINAC as it enables the performance of the LINAC in 

terms of capture of electrons to be predicted.  
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Chapter 1  

1 Introduction   

 

Radiofrequency (RF) electron guns are basic components of linear accelerators 

(LINACs) which have a variety of applications in scientific research and industry. The 

development of high-current, low emittance and short-duration beam pulses has been 

necessary for the operation of coherent radiation sources like Free Electron Lasers 

(FELs) and the acceleration of electron bunches onto metal targets for the generation 

of X-ray radiation for radiotherapy treatment of cancers.  

There are different types of electron guns depending on their emission process from 

the cathode and their operation. These are thermionic cathodes, photocathodes and 

field emission cathodes. Thermionic cathodes are very robust due to their long 

lifetimes which can reach up to 100,000 hours, however the energy spread and the long 
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pulses at the exit of the LINAC are not ideal for certain applications. This problem is 

resolved by photocathodes which can achieve high current densities and very short 

pulses although photocathodes require a high power laser and ultra-high vacuum to 

operate. Lastly, field emission cathodes are able to generate very high current densities 

but are fragile and prone to damage due to vaporisation of the cathode tip.  

Another differentiation between electron guns lies in their operation which categorises 

them into two types, the diode type and the triode type. In a normal diode type electron 

gun, high voltage is applied between the cathode and the anode to create a continuous 

wave (CW) electron beam or long pulse (>100ns) duration electron beams. This type 

of gun limits the repetition rate to kHz or MHz at most due to the time it takes to switch 

on and off the high voltage power supply to the cathode. Triode electron guns 

incorporate a grid or modulated anode which is placed in front of the cathode 

controlling the current by switching on and off the beam. In the triode type, the current 

is controlled with a much smaller voltage achieving a much higher repetition rate.  

Designing an RF electron gun for a source like a medical LINAC or an FEL occurs 

through different stages. The first stage involves theoretical and simulation work 

where parameters like current density, beam size, emittance, bunch charge and bunch 

length are taken into account. Different simulation packages, both 2D and 3D are used 

to calculate and find the optimum/feasible parameters and the relationship between 

them while investigating fundamental concepts.  

In this thesis, an electron gun was designed and studied through a theoretical model 

and Particle-In-Cell (PIC) simulations in both 2D and 3D. The electron gun was based 

on a gridded thermionic cathode with a Pierce type configuration geometry which was 
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initially optimised using the 2D TRAK solver. This optimised geometry was 

transferred in MAGIC, the PIC simulation code, and based on the specifications of the 

LINAC the minimum achievable pulse length was established. Furthermore, the 

relationship between the bunch charge and bunch length was explored and the reason 

for certain discrepancies between the theoretical model and the simulation work were 

justified. The 2D simulations were verified with 3D simulations using CST Particle 

Studio and two different types of grid, spider web and pepperpot design, were used to 

investigate the effect on the current, bunch length and bunch charge. Moreover, 

different techniques on potentially reducing the bunch length, like the injection of 

higher harmonics was investigated.  

1.1 LINACs and their applications 

A LINAC is used to accelerate particles at almost the speed of light by injecting these 

particles in oscillating fields. The size of a LINAC varies depending on the required 

final kinetic energy of the particles. For example, the size of a LINAC for the 

production of X-rays is about 0.5-1.5m long however when serving as an injector for 

a synchrotron is about 10m long and the size of it can extend to thousands of meters 

for nuclear particle investigation. 

The major parts of a LINAC are the electron gun, the buncher and the LINAC itself 

[1]. The electron gun is the source of the electrons and the electrons are emitted from 

a cathode which has a negative electrical charge. In front of the cathode, depending on 

the type of the electron gun, a grid can be found. The purpose of the grid is to allow 

the beam to switch on and off at high repetition rates. After the electrons have made it 

through the grid they arrive at the anode which has a hole in it through which  the 
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electrons propagate to the accelerating cavity often refered to as the buncher. The 

purpose of the buncher is to accelerate the electrons and form them into bunches by 

receiving microwave radiation from an RF power generation system. The LINAC is 

an extension of the buncher where the electrons are getting accelerating and formed 

into tighter bunches reaching very close to the speed of light by the time they exit the 

LINAC.  

The application of LINACs can be divided into four different fields. These include 

medical, industrial, military and research applications [2-4]. Some of these 

applications are for cancer treatment like medical LINACs [5-7], radioisotope 

production for Positron Emission Tomography (PET) [8-10], X-ray radiography [11, 

12], neutron activation analysis [13-16], Free Electron Lasers (FELs) [17-23] and other 

techniques [24]. Research and development of new linear accelerators is continuing 

work as the demand for more advanced LINACs is expected to increase in the next 

decade. In this thesis, the focus has been on medical LINACs and FELs.
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1.2 Medical LINACs and FELs 

Both medical LINACs and FELs use an electron injector for the production of the 

electrons, however the final energy at the exit of the LINAC is much higher in the 

FELs. Medical electron linear accelerators (LINACs) are commonly used to produce 

MeV electron beams for radiation therapy. For medical LINACs there are three major 

linear accelerator vendors. These are Elekta, Siemens, and Varian. Specifications of 

each are given in Table 1-1. On the other side, the energies produced in FELs are tens 

of GeVs. For energy comparison, examples of energies for the X-ray FELs around the 

world are given in Table 1-2. 

Accelerator items Siemens (Artiste 

model) 

Varian (Truebeam 

model) 

Elekta (Synergy 

model) 

Pulse repetition freq. 200-400Hz 180-360Hz 200-400Hz 

RF power source Klystron Klystron Magnetron 

Acc. waveguide type Standing wave  Standing wave Travelling wave 

Max RF power level 5-10 MW 7-12 MW 2.5-5 MW 

Magnet type 270 bending magnet 270 bending magnet 90 Slalom bending 

Available energies  4-23 MeV  4-23 MeV 4-25MeV  

 

Table 1-1. Characteristics of the components of different commercial LINACS [25].   
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 European 

X-ray 

FEL  

Light 

Coherent  

Light 

Source  

Light 

Coherent  

Light 

Source II 

Light 

Coherent  

Light 

Source II 

SPRing-

8 

Compact  

FEL 

Swiss 

FEL 

Pohang 

Accelerator 

Laboratory 

X-ray FEL 

Location  Germany USA USA USA Japan Switzerland South Korea 

Accelerator 

technology  

Super-

conducting 

Normal Normal Super- 

conducting 

Normal Normal Normal 

Maximum 

electron 

energies  

17.5GeV  14.3 GeV   15 GeV 5 GeV 8.5 GeV 5.8 GeV 10 GeV 

Length of 

facility 

3.4km 3km 3km 3km  0.75km 0.74km 1.1km 

Peak 

brilliance 

5x1033 2x1033 2x1033 1x1032 1x1033 1x1033 1.3x1033 

 

Table 1-2.  Comparison of the different X-ray FELs [26]. 
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1.2.1 The system of medical LINAC 

A schematic of a medical LINAC is shown in Figure 1-1. This schematic provides a 

general layout of a medical LINAC’s components.  The main components of a medical 

LINAC are the Injection System, the RF Power Generation System, the Accelerating 

Waveguide and the Beam Transport System. All four components are explained in 

more detail in the following sections.  

 

Figure 1-1. Schematic of a modern S band medical LINAC [27]. 

1.2.1.1 Injection System  

The electron injection system for the LINAC is more commonly known as the electron 

gun. The electron gun is the provider of the electrons which form the beam. The 

electron gun contains a heated filament, a cathode and a cathode mount with heat 

shields, a heater, a grounded anode and a grid to control the current emitted from the 

cathode.  The design of the two different types of electron guns is shown in Figure 1-

2. 
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The process involves electrons being emitted from the cathode, formed into a beam by 

a focusing electrode and accelerated towards the anode through which they enter the 

accelerating waveguide. The electrostatic field needed to accelerate the electrons is 

supplied from the pulse modulator delivered to the cathode of the electron gun. The 

grid of the triode gun is normally held negative with respect to the cathode to cut off 

the current to the anode.  

    

Figure 1-2. Cross-sectional views of the two types of electron guns used in medical 

LINACS diode (left), triode (right) [28, 29]. 

1.2.1.2 RF power generation system 

The RF power generation system is responsible for producing microwave radiation for 

the acceleration of the electrons in the accelerating waveguide. This system consists 

of two major components, the pulsed modulator and the RF power source. 

The function of the modulator is to provide high voltage pulses to the microwave 

transmitter [30]. The high voltage/current and short duration pulses required by the RF 

power source and the injection system are produced by a pulsed modulator. 
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The RF power source is either a magnetron or a klystron. Both power sources utilise 

thermionic emission and use acceleration and deceleration in vacuum for the 

production of high power RF fields.  

A magnetron is a microwave power oscillator that belongs to the family of electron 

tubes called crossed field devices [31]. In these devices the magnetic and the electric 

field are produced in perpendicular directions so they cross with each other. The 

magnetron consists of an anode, a cathode and resonant cavities where oscillating 

magnetic and electric fields are produced [32]. Electrons are produced by thermionic 

emission and an electrostatic field is applied to push them towards the anode. An axial 

magnetic field is applied perpendicular to the radial motion of these charges causing 

them to move in a circle. The cavity exhibits a resonance which is equivalent to a 

resonant parallel circuit. When the electrons reach a point where there is an excess 

negative charge they are pushed back around the cavity where they are transferring 

energy to the oscillation at the natural resonant frequency of the cavity. This particular 

oscillation leads to the production of electromagnetic waves which is the output of the 

magnetron.   

 

Figure 1-3. Cross-section of a magnetron. 
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Klystrons belong to the class of devices called linear beam tubes. A schematic of a 

klystron is shown in Figure 1-4. The basic components of this beam tube are the input 

cavity, the electron beam and the output cavity. These cavities are electromagnetic 

cavities whose resonant frequencies are equal to the operational frequency of the 

amplifier. Once the electron beam is formed, it passes through the input cavity 

experiencing the electric field of the cavity in the gap region which modulates the 

veloctu of the electrons before entering the drift tube sections and then the output 

cavity which induces electromagnetic fields which decelerates  the modulate electron 

beam with the conservastion of energy resulting in an increase in amplitude of the 

electromagnetic wave. The input cavity plays an important role with some of electrons 

getting accelerated and some of them decelerated depending on the phase of the gap 

electric field. This velocity modulation permits bunching of the electrons while they 

are propagating in the drift tube section. The combined energy of the bunched electrons 

is transferred at the output cavity where an amplified version of the input signal is 

induced. 

 

Figure 1-4. Schematic of a two-cavity klystron [33]. 
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1.2.1.3 Accelerating wave structures 

There are two types of accelerating wave structures that have been developed for the 

acceleration of electrons. The travelling wave structure and the standing wave structure 

are shown in Figure 1-5. 

 

Figure 1-5. A schematic of a travelling wave structure (left) and a standing wave 

structure (right) [34]. 

In the travelling wave structure, the microwaves enter the wave structure through the 

RF input port of the device and the microwaves travel towards the high energy end of 

the structure. The microwaves will either exit the wave structure and be fed back or 

they will be absorbed. The design of the standing wave structure differs from the 

travelling wave structure by having each end of the guide terminated by a conducting 

disk. In this way the microwave power gets reflected resulting in the formation of 

standing waves from which it derives its name. 
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1.2.1.4 Electron beam transport 

In medium and high energy LINACs an electron transport system is necessary for 

guiding the beam to the X ray target. The system consists of different bending magnets 

and evacuated drift tubes. Three different systems have been developed. These are the 

90-degree bending, 270-degree bending and 112.5-degree bending as shown in Figure 

1-6. In addition to the magnets, steering and focusing coils are used to propagate the 

beam to target. 

 

Figure 1-6. The three systems of electron beam bending [34]. 
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1.2.1.5 The demands  of the medical LINACs 

Research on cancer treatment shows that about 57% of the cancer cases worldwide 

occur in low and middle-income countries (LMIC) [35]. Radiotherapy is one of the 

main forms of modern cancer treatment which combined with chemotherapy has a 

very high success rate [36]. The precision in planning and treatment has advanced 

majorly in the last two decades. Traditional two-dimensional radiotherapy has been 

replaced by three-dimensional conformal radiotherapy [37-39], intensity-modulated 

radiotherapy [40, 41] and image-guided radiotherapy [42-45]. All these radiotherapy 

treatments are delivered by medical LINACs which are specifically designed to deliver 

the required energy.  

LINACs are expensive medical devices that require continuous expensive 

maintenance. This becomes a major issue especially for the low and medium-income 

countries resulting in more than 50% of patients requiring radiotherapy not having 

access to treatment. The situation is even more dramatic in the low-income countries 

where the proportion is higher than 90% [35]. Current plans involve the construction 

of medical LINACs in low-income countries in order to create radiotherapy 

communities that could be the base for future expansion. The market demand and 

revenue on medical LINACs globally are shown in Figure 1-7 showing a constant 

increase every year. This increase implies a bigger demand for more efficient, robust 

and most importantly reliable electron guns which is the main investigation of this 

thesis.  
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Figure 1-7. Global Radiotherapy market revenue for 2014-2022 [121]. 
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1.2.2 FELs 

1.2.2.1 System of the FEL 

Classic optical lasers generate beams that are restricted to photon energies determined 

by discrete quantum states in an atomic gain medium resulting in defined wavelengths 

[46].  Contrary, the Free-electron lasers (FELs) use a relativistic electron beam from 

an accelerator as a lasing medium and are capable of operation over the entire 

electromagnetic spectrum ranging from the microwave to the ultraviolet region. The 

average power which could be achieved varies from several kilowatts for long pulse 

duration FELs, up to peak powers of gigawatts for short duration output pulses. 

Furthermore, FELs are capable of producing extremely bright, ultra-short pulses of 

femtoseconds (fs) of light which find the application in different fields of physics, 

chemistry, biology and medicine.  

The radiation of the FEL is produced when an electron beam passes through a periodic 

structure of alternating magnetic field formed in the part called undulator as shown in 

Figure 1-8. The wavelength of the emitted radiation is given by equation 1-1 [47] 

                                       𝜆𝑟 =
𝜆𝑢

2𝛾2 (1 +
𝐾2

2
)                                 (1-1) 

where λu is the undulator period, γ is the relativistic factor, and K is the undulator 

strength parameter defined as 

                                         𝐾 =
𝑒𝐵0𝜆𝑢

2𝜋𝑚𝑐
                                       (1-2) 

where B0 is the undulator’s magnetic field strength, m is electron mass, and e is the 

electron charge, and c is the speed of light.  It can be seen that the wavelength is 

strongly dependent on the undulator magnetic period and the strength of the magnetic 
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field in the undulator. All FELs consist of an electron accelerator and an undulator as 

the major parts but there are two main different types. The one known as low-gain FEL 

[48] where the generated light beam is accumulated through the constant interaction 

of the electromagnetic energy trapped in an optical cavity with electron bunches within 

the cavity. This type of FEL has a lower wavelength limit of operation due to cavity 

construction limitations. The other type of FEL is a high-gain FEL [49, 50] for which 

there is no need for a cavity to operate as all the emission energy is deposited in a 

single pass through a long undulator with a single electron bunch. The two types of 

free electron lasers are shown in Figure 1-8 and Figure 1-9. 

 

Figure 1-8. A low gain FEL with G-the electron gun, A-accelerator, U-undulator and 

M-mirror [51]. 
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Figure 1-9. A high gain FEL with superconducting electron accelerator modules. 1-

electron gun with laser-driven photocathode, 2-Superconducting modules of electron 

accelerator, 3-electron beam compressor (chicane), 4-electron beam collimator, 5-

undulator sections, 6-bending magnet, 7-electron beam absorber, X-ray radiation 

output [51]. 

1.2.2.2 Applications of FELs with some examples 

The FELs have some unique properties which are very different from radiation 

produced by other sources like synchrotron sources. These properties involve the pulse 

length, the peak brightness, and spatial coherence [52]. The pulse length is in the range 

of tens of femtoseconds, which is shorter than the atomic vibration periods in 

molecules and almost three orders of magnitude higher than the X-ray pulses from a 

synchrotron allowing ultrafast science to be developed. Another property is the peak 

brightness which is 109 times greater than a synchrotron source allowing the collection 

of data in a very short length of time enabling an image of the sample to be taken  

before radiation damages the sample. Some examples of key science challenges are 

given below. 

The development of novel catalysts and the design of new drugs are examples that 

require high time and spatial resolution. Understanding the intermediate steps of a 

chemical reaction, bond making and bond breaking can lead to the design of new drugs 

by mimicking transition states of biological catalytic processes. This could potentially 

open up new synthetic capabilities in organic and inorganic chemistry [23].  
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Another example where spatial resolution and time are necessary is for understanding 

the dynamics of structural changes in membrane and soluble proteins. This is feasible 

by capturing the structural dynamics of biological systems in real-time, allowing 

correlation between the reaction chemistry and protein structural changes. [53].  

Warm Dense Matter (WDM) [54] is of central importance in fusion science and laser 

plasma science. The very high intensities acquired by a tightly focused FEL beam 

provide the capability to isochorically heat the material to a very high and uniform 

temperature. Once the Warm Dense Material is created, it expands and cools very 

rapidly, so it can only be studied with an extremely rapid experiment. The pulses of 

10s of fs from an FEL make this possible. Furthermore, they can also be used to study 

the structural dynamics of the solid-to-plasma phase transition.  Another technique 

which takes advantage of the extremely high intensity of FEL when the beam is tightly 

focused is called diffraction before destruction [55].  With this technique, it is possible 

to allow a sample to be probed before it gets damaged due to X-ray radiation. This is 

possible because the pulse duration is much shorter so it allows more X-rays to 

propagate through the sample before it is damaged. This technique is critical for 

biological applications as these samples have a radiation-sensitive biological nature.  

Some more examples of FELs for each field and wavelength are given in Table 1-3, 

with our focus on Infrared (IR) FELs for which thermionic electron guns are used. The 

increased necessity of research using FELs is shown in Table 1-4. 
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Condensed Matter Surface Science IR 

-Catalysis IR 

-Adsorption IR 

-Selective excitation of 

surface layer or 

adsorbed molecule  

IR 

Semiconductors IR 

-High Tc SC bandgap IR 

-Carrier dynamics IR 

-Electron gas dynamics 

at metal-insulator 

junction  

IR 

Superconductors IR 

Magnetic properties IR 

Chemistry  Molecular vibrational 

excitation 

IR 

Reaction dynamics IR 

Photochemistry IR 

Molecular cluster, Van 

der Waals-molecule 

IR 

Electronic excitations UV 

Raman Spectroscopy UV 

Crossed Photon-

Molecular Beams 

UV 

Biology Microscopy, 

Holography, Cellular 

Dynamics 

1-3 nm 

DNA sequencing  0.1-1 nm 

Medicine  Surgery  3 μm 

Phototherapy-Selective 

absorption in pigmented 

elements  

0.7-1 μm 

 

Table 1-3. Examples of FEL applications [56].  
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Figure 1-10. List of the main parameters of short-wavelength FEL facilities in order 

of their coming online, and includes two facilities which are under construction and 

will be online in the next five years. The colour coding relates to the RF technology – 

superconducting (SC) or normal conducting (NC). The first facility to offer short-

wavelength FEL light to users was the pioneering FLASH in 2005, recently upgraded 

to FLASH-II by including gap tunable undulators. FLASH was originally constructed 

as an SC linac test facility and the technological advances it produced were critical to 

the design and success of the European XFEL. The first hard X-ray facility was LCLS-

I, which started operations in 2009, and has since been joined by facilities in Japan, 

the EU, Switzerland and South Korea [134].  
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1.3 The injector system of LINAC     

The electron gun is a basic component of all LINACs. Electron emission takes place 

through different emission mechanisms,  thermionic emission, photoemission and field 

emission. For all types of electron guns, the specification of the beam is focused on 

parameters like the beam current, beam emittance, emission current density and some 

other more specific parameters like bunch charge, bunch length and repetition rate. 

Examples of the different types of electron guns in literature are presented in the next 

section.  

1.3.1 Different types of the electron gun  

1.3.1.1 Thermionic guns  

Research on thermionic electron guns used has been conducted by various groups [57-

62] [63-66]. Most of them involve a Pierce type diode [57, 63] or triode electron gun 

[58, 60-62, 66, 67] which is optimised to specific values of beam current, electric field, 

beam size and any other parameters that are relevant to the specific beam dynamics 

required. Optimisation is carried out initially with the help of codes like, EGUN[57], 

TRAK[66], MAGIC[66], CST Particle Studio [68], TURBOWAVE [60], PARMELA 

[57, 60], MICHELLE [67], and Opera [62]. Typical values found in the literature for 

the current density, bunch length and bunch charge achieved with this type of electron 

gun was found to be 10-100A/cm2, 200ps and 6-100pC equivalently.   

Other techniques like the addition of higher harmonics have been implemented in order 

to generate shorter duration pulses with a repetition rate equal to the frequency of the 

RF LINAC [60]. Implementing this technique showed that a 96ps bunch length with a 

1nC bunch charge was achieved which is both a shorter and higher current pulse.  
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Another field of investigation has been focussed on the different materials for cathodes 

[69]. The main materials are single crystals of hexaboride (Ca, La, Ce, Pr, Gd, Ba) for 

which emission properties like the stopping range which corresponds to the distance 

penetrated by the electrons inside the cathode before they lose all of their energy and 

come to rest, the heat deposited by backbombardment and the current densities were 

taken into account. Out of all single crystals, CeB6  was the most promising material 

because of its excellent emission properties, like high and uniform emission density, 

and high resistance to contamination [59, 64].  

 

Figure 1-10. Thermionic electron gun showing the cathode and the heater mechanism 

for the electron extraction (photograph courtesy of TMD Ltd). 
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1.3.1.2 Photoemission guns 

The electron emission of photocathode guns is controlled by a short-pulse laser system. 

The advantage of the photocathodes is large current density and shorter pulses as the 

injected time of the laser can be adjusted such that electrons are not emitted when the 

RF phase is not suitable for electron acceleration. Work with this kind of cathode has 

been carried out by different groups [70-75]. Typical values for bunch length for 

comparison reasons are in the range of femtoseconds (fs) compared to picoseconds 

(ps) for the thermionic cathodes. Higher current densities could also be achieved with 

this type of electron gun.  However, the disadvantage of the photocathode is that the 

system needs ultra-high vacuum (10-9 Torr) and a high power drive laser.  

The performance of a photocathode RF gun depends greatly on the properties of 

cathode material and the quantum efficiency (QE), which is defined as a ratio of the 

emitted electrons to the absorbed incident photons. Durable cathodes tend to have 

relatively low quantum-efficiency, while high-quantum-efficiency cathode materials 

are invariably very sensitive to vacuum conditions.  

 

Figure 1-11. A cesiated tungsten photocathode [123]. 
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1.3.1.3 Field Emission guns 

Field Emission (FE) occurs when the electric field pulls and accelerates the electrons 

away from the emitting surface. A metallic nano-emitter will emit electrons when a 

negative potential is applied. It can produce a focused spot having a radius smaller 

than 50 Angstrom and provide about 1000 times more intensity than a hot filament 

system. The increase in intensity is made possible by using a field emission electron 

source operating at a pressure of 10-9 Torr [76, 77]. Using this approach, much higher 

current densities have been measured compared to those from a hot filament tip 

reaching up to 928A/cm2 [76-80]. However, field emission cathodes can suffer from 

some well-known practical difficulties like their requirement of ultrahigh vacuum 

conditions and current instabilities something that will cause limitation for use in FELs 

and most importantly in medical LINACs.  

 

Figure 1-12. A Schottky emitter, a type of a field emission electron gun at different 

length scales [124]. 
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1.4 Objectives of the PhD study 

With the increasing demand for LINACs for applications like Medical LINACs and 

FELs, more efficient, long-lived and cost effective electron guns need to be designed. 

The main objective of this PhD project is to study the modulation of an electron beam 

produced by a thermionic cathode to significantly improve the portion of the electron 

beam that has the correct phase to be accelerated in various particle accelerator 

applications. Overall, the main motivation of this study was the design of a robust 

electron gun with long lifetime which is able to deliver a beam with low emittance and 

low energy spread at the entrance of the LINAC. Furthermore, to be able to provide 

higher capture efficiency of the injected beam into the LINAC compared to existing 

electron guns and finally develop tools which allow for accurate beam simulations. 

For the design of the electron gun certain specifications of the LINAC were given by 

our collaborator Dr. Boris Militsyn of ASTeC, Daresbury laboratory. The initial 

electron beam parameters of the proposed LINAC are listed in Table 1-4. Particular 

attention needs to be paid to the bunch length value which needs to be as short as 

possible and in this case <200ps. This value comes from the current literature where 

the minimum achievable bunch length obtained without magnetic compression 

corresponds to values between 100 and 200 ps. The bunch length is a crucial parameter 

as it determines how many of the electrons get captured in each of the RF acceleration 

buckets of the linac without getting lost to the acceleration process.   

Pulse modulation using a triode type of cathode can significantly increase the capture 

efficiency of the injected electrons by being able to match the RF acceleration buckets. 

A thermionic cathode is very robust however the longer pulses mean not all electrons 

are being able to fill the acceleration RF buckets. These electrons will either collide 
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with the cavity’s structure wall or back-bombard which is the transient heating of the 

cathode surface due to electrons emitted late in the RF cycle causing thermal issues 

which results to the shortening of the cathode’s lifetime. To investigate how this can 

be overcome, a theoretical model along with the design and simulation of a Pierce 

electron gun using different simulation packages was carried out. Both 2D and 3D 

simulation packages were used firstly for the optimisation process of the geometry of 

the electron gun and secondly for the investigation of its performance. A schematic of 

the thesis outline is shown in Figure 1-14. Out of this investigation questions studied 

include: what is the minimum pulse that can be achieved with the available driving RF 

frequency?; does the theoretical model agree with the simulation work?; what are the 

reasons for any discrepancies that may arise?; how are different parameters like bunch 

charge and bunch length related?; what is the emittance for the minimum pulse length 

achieved and how do different designs of the grid affect the current, bunch 

length/charge? To answer these questions 2D simulations were carried out using 

TRAK and MAGIC for the static and the RF gun respectively. Using TRAK,  the 

optimisation of the static gun was carried out and the optimised geometry was 

transferred in MAGIC where the RF modulation took place and its performance was 

examined. Furthermore, 3D modelling using CST Particle Studio was used to compare 

with the above findings along with investigation of two different designs, spider web 

and pepper pot grid on the performance of the electron gun. Implementation of higher-

order harmonics of the driving RF frequency as another technique of potentially 

shortening the pulse length was also investigated.  

Overall, a gridded thermionic cathode electron gun has many advantages including a 

compact demountable configuration, long lifetime, no requirement for a drive laser 



 
 

27 
 

and taking into account the resulted values of bunch length, bunch charge and 

emittance we came into conclusion that this gun design is perfectly suitable for infrared 

FELs and Medical LINACs.   

Beam energy (MeV) 6 

LINAC Acceleration frequency (GHz)  3 

Repetition rate (Hz) 300 

RF pulse length (μs) 7.5 

RF gated frequency (GHz) 1.5 

Bunch charge Q (pc) 33.3  

Bunch length 𝜏 (ps)  < 200ps 

Peak current (A) Q/𝜏 

Pre-acceleration voltage (kV) 25  

Beam radius (mm) <2.5 

 

Table 1-4. Specifications of the LINAC courtesy of Dr. Boris Militsyn of ASTeC, 

Daresbury laboratory. 
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Figure 1-13. Thesis outline where each stage describes the process followed for 

designing the electron gun.  
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      Summary  

The aim of this chapter was to provide an introduction to the project along with the 

objective of this PhD study, the applications of this type of electron gun for 

different applications like Medical LINACs and Free Electron Lasers (FELs) and 

the existence of different types of electron guns depending on the type of the 

electron emission used.  
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Chapter 2 

2 Theory of Electron Guns  

Electron guns have different emission mechanisms depending on the type of their 

cathode. These are thermionic emission, photoemission and field emission. These 

mechanisms are described in more detail in this chapter. Furthermore, the design of a 

Pierce electron gun for overcoming the electron repulsion forces and the concept of 

emittance and brightness is explained.  

2.1 Production of electrons and emission mechanisms 

2.1.1 Fermi-Dirac distribution law 

Metals contain mobile electrons that can conduct electric current. Most electrons in 

metals are tightly bound to atoms and only the free electrons, the valence electrons are 

able to conduct current. These valence electrons obey Fermi-Dirac quantum statistics. 

 The number of electrons (dN) occupying the energy states between E and E+dE is  
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                                                  𝑑𝑁 =  𝐷(𝐸)𝑓(𝐸)𝑑𝐸                                  (2-1) 

Where D(E) is the density of states function equation 

                                                            𝐷(𝐸)  =  
4𝜋(2𝑚0)

3/2

ℎ
3 √𝐸                          (2-2) 

 And f(E) is the Fermi-Dirac distribution function.  

                                                 𝑓(𝐸)  =  
1

1+𝑒(𝐸−𝐸𝐹)/𝑘𝐵𝑇                              (2-3) 

Where, 

N(E) and F(E) are the density of states and Fermi-Dirac distribution functions, 

respectively 

h   = Planck’s constant 

me = Electron mass 

kB  = Boltzmann’s Constant 

T   = Temperature 

E   = Energy 

EF  = Fermi Energy 

At 0 K the electrons occupy the lower energy states. The highest energy state amongst 

them is the Fermi level. No electron would be found in energy states above the Fermi 

level. However, as the temperature increases, the electrons gain energy, rising from 

energy levels just below EF to levels above EF. This result can be expressed 

schematically as shown in Figure 2-1 [81]. 
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Figure 2-1 (a) Density of states, (b) Fermi-Dirac probability factor, and (c) Electron 

energy distribution function versus electron energy [132]. 

.The population of electrons in the high energy ‘tail’ of the distribution is strongly 

dependant on temperature, where an increase in temperature increases the population 

in the ‘tail’. Only electrons in this region have sufficient energy to overcome the work 

function and escape from the emitter. This is the basis for thermionic emission. 

 

Figure 2-2. Fermi-Dirac distribution at different temperatures T3> T2>T1 [126]. 
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2.1.2 Work function and conditions of electron emission  

The escape of electrons from a metal surface is determined by the relative magnitude 

of the energy and momentum of the electrons. An electron must possess energy greater 

than work function energy eΦ where Φ is the work function corresponding to the 

minimum amount of energy for the electron to leave the metal surface. Increasing the 

electron’s energy so electrons have higher energy to escape the surface can occur by 

the following methods:-  

1) Increasing the temperature T of the metal (thermionic emission). 

2) Supplying the electrons energy E by external radiation (photoemission). 

3) Reducing the effective work function Φ of the metal with the application of 

an applied electric field (Schottky effect). 

4) A combination of 1), 2) and 3) 

Another way to extract electrons from a metal surface is by field emission. When a 

very strong external electric field is applied, the width of the potential barrier is 

reduced so that electrons can tunnel through the barrier and escape even though they 

don’t have sufficient energy to overcome the barrier. Each one of these emission 

mechanisms is examined in the next sections. 

2.1.3 Thermionic emission  

One way to make electrons escape the metal is by increasing the temperature of the 

metal.  By increasing the temperature, the electrons gain kinetic energy so they have 

enough energy to overcome the work function potential barrier of the metal to escape 

into vacuum. This is demonstrated in Figure 2-3. Electron emission resulting from the 

heating of a surface is referred to thermionic emission [81]. 
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     Metal   Vacuum 

 

          Interface 

Figure 2-3. Condition for thermionic emission to take place, 𝐸 ≥ 𝐸𝑓 + 𝐸𝑤. 

Electrons are emitted when the temperature is raised such that the component of their 

energy in a direction perpendicular to the cathode surface is Ef + Ew  or greater.  This 

gives rise to a critical momentum required for an electron to overcome the material 

work function. 

                             eEmu
m

P
x

xc  0

2
2

2

1

2
                (2-4) 

If the number of electrons per unit volume, ne, having momentum Px > Pxc can be found 

then the emission current density, J, can is given by: 

                                  𝐽 =  𝑝 𝑢𝑥  =  𝑒  𝑛𝑒𝑢𝑥                            (2-5) 

Using this method the current density can be calculated and is given by 

                                          𝐽𝑅𝐷  =  𝐴0𝑇2exp 
[−

𝑒𝜑

𝑘𝐵𝑇
]
 (A/m2)               (2-6) 



 
 

35 
 

which is known as the Richardson-Dushman equation for thermionic emission where 

A0 is a constant having the value 1.2 x 106 Am-2 K-2 and T is the cathode temperature 

in Kelvin (K) and 𝑘𝐵 is the Boltzman’s constant, 8.617 x 10-5 eV.K.  

JRD    = Richardson Dushman  thermionic emission current density 

A0  = )/hkem(4π 32

B = 1.2 106 Am-2 °K-2  

φ   = surface potential (eφ = work function energy). 

The most significant aspect of  equation 2-6 is the exponential variation of the current 

density with work function () and temperature (T). The T2 term is, by comparison, 

negligible.  Experimentally, the value of A0 is found to be significantly lower than 

predicted (about a quarter to a half the value).  This is because the work function was 

assumed to be independent of temperature, when in reality it normally varies 

approximately linearly.  

The Richardson-Dushman can be rewritten in an attempt to account for this variation: 

                                          𝐽 =  𝐽𝑅𝐷 exp 
[−

𝑒𝛼𝜑

𝑘𝐵𝑇
]
 (A/m2)                  (2-7) 

It is assumed that the work function is constant across the entire surface of the emitter.  

If this is not the case then the vast majority of the emission will be from the lower work 

function region, reducing the effective area of the cathode. 

From the Richardson–Dushman equation it is clear that to obtain high values of 

emission, the work function must be low and the temperature must be high. Materials 

with low work function tend to have a low melting temperature. Barium has a low 

work function but has a moderate melting temperature. Therefore, barium is 
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commonly used in thermionic cathodes often in the form of barium oxide. However, 

modern cathodes operate at temperatures around 1000 oC leading to Barium 

evaporation. Once the barium is evaporated the cathode can no longer produce the 

required electron emission current density. But by having a reservoir of barium in the 

porous tungsten the barium is continually replenished allowing cathode lifetimes of 

100,000 hours to be achieved, depending on the temperature of operation. The higher 

the temperature of operation, the shorter the lifetime of the cathode. Work functions 

of different materials and their melting points are given in Table 2-1. 

 

Table 2-1. Work function and melting points for various typical materials used in 

vacuum devices [82]. 

 

 

 

 

Material 

 

φ (eV) 

 

Melting point (K) 

 

Caesium 

 

1.81 

 

301 

 

Barium 

 

2.48 

 

1000 

 

Cerium 

 

2.90 

 

1072 

 

Lanthanum 

 

2.36 

 

1193 

 

Molybdenum 

 

4.3 

 

2895 

 

Nickel 

 

5.0 

 

1725 

 

Thorium 

 

3.4 

 

2118 

 

Tungsten 

 

4.52 

 

3655 
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2.1.4 Space Charge Limited Emission and Child Langmuir law   

Most cathodes operate at a temperature high enough to begin life in the space-charge-

limited (SCL) emission region. During operation and in a region near an emitting 

cathode where many electrons are present, there is a reduction in the resultant electric 

field. However, in absence of electrons, the potential increases linearly with the 

distance across the gap between the cathode and the anode. In such a system there is 

an equilibrium condition at which point, should the potential start to become positive, 

more electrons flow to depress it and should the potential become negative, fewer 

electrons flow raising the potential. When the electric field at the cathode surface is 

forced to zero by the electron cloud near the cathode surface the emission is said to be 

space charged limited [83]. 

Emission in space charge has numerous benefits. For example, the cathode 

temperature and surface condition do not affect the emission and so the temperature 

across the cathode needs no longer be uniform to obtain uniform emission. The relation 

between voltage and current in a space charge limited diode is given by the Child-

Langmuir law  

                                𝐽 =
4

9
𝜀0√2𝜂

𝑉3/2

𝑥2
                           (2-8) 

Where J is the current density (I=JA, with A being the area of the cathode), 𝜀0 is the 

dielectric constant of free space, 𝜂 is the electron charge to mass ratio, x is the distance 

from the cathode to the anode and V is the potential at x. 
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For a parallel-plane diode  

                                                       𝐼 = 𝑃𝑉3/2                                         (2-9) 

                   

 

Where the assumption  A>>d2 has been made, and 

I   = Space charge limited (S.C.L.) emission current 

P  = Perveance of the diode  (A/V) 

V  = Gap Potential Difference (V) 

d  = Electrode spacing   (mm) 

A  = Electrode area   (mm2) 

η  = Electron charge to mass ratio (kg/C) 

 

P is known as the diode perveance, the value of which describes how significant the 

space charge effect is on the beam’s motion. I is the emitted current and V is the 

potential between the cathode and the anode. Importantly, perveance is a function only 

of diode geometry.  The perveance may also be readily evaluated for co-axial and 

cylindrical geometries. For more complex geometries it may be possible to evaluate 

the perveance numerically. Whilst the perveance varies from one geometry to the next, 

all geometries obey the equation I=PV3/2. 

2.1.5 Photoemission  

Photons having energy greater than or equal to the cathode work function can cause 

electron escape from the metal’s surface. Based on the quantum theory of 

photoemission, a three-step model for photoemission was developed. According to it, 

the photoemission process can be divided into 3 steps:  


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1. Optical absorption and photoexcitation of an electron in a solid. 

2. Transport of the electron through the solid to the surface. 

3. The escape of the electrons through the solid surface into vacuum. 

This three-step process is shown in Figure 2-4 [84]. 

  

Figure 2-4. Three-step model for photoemission. Initially photons are absorbed and 

photoelectrons are excited moving towards the surface. These photoelectrons 

experience inelastic scattering which leads to the creation of secondary electrons. 

Finally, these photoelectrons escape to vacuum.   
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2.1.6 Photocathodes  

For typical work functions from 3 to 5 eV the required wavelength, λ range from 250 

to 410 nm. However only after coherent laser sources evolved were the UV photons 

fluxes high enough to be interesting for photocathode applications.  

Given a laser that supplies sufficient energetic photons, the total current available from 

a photocathode is given by  

                                  𝐽 =  𝑃laser 𝑥 (𝜆laser/ℎ𝑐) 𝑥 𝑄𝐸                             (2-10) 

Where QE is the quantum efficiency for photoelectron creation and escape which is 

usually dependent on λlaser.  

Photocathodes can be divided into two classes based on quantum efficiency. These are 

the low QE which are characterised by having reduced vacuum requirements and are 

relatively easy to use and the high QE ones. High QE photocathodes usually require a 

good vacuum and have a more sophisticated fabrication procedure. 

2.1.7 Schottky effect and field emission 

Another way for electrons to escape and increase emission is when an electric field is 

applied to an emitting surface. The reason for this observation is due to the effect the 

applied field has on the energy barrier of the emitter causing more electrons to 

overcome it and escape as shown in Figure 2-5 [85]. By applying an electric field to 

an emitting surface, the surface potential is depressed, and the energy barrier that an 

electron must overcome to escape from the emitter is reduced. This is known as the 

Schottky effect. 
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Figure 2-5. Effect of the external field on the potential energy results in the increase 

of the emission current demonstrating Schottky effect. Near the cathode surface the 

electric field, Efield reduces the barrier electrons need to overcome in order to be emitted 

so more electrons are emitted.  

 

In effect, the work function is reduced by eΔφ and can be included in the Richardson 

Dushman equation accordingly. Equation 2-11 highlights the required modification. 
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               (2-11)
 

Where, J is the emission current density and 

2/1

04 

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


eE
, where E is the strength of the Electric field and ε0 is the 

permittivity of free space. 

The Richardson Dushman current density JRD is sometimes reffered to as the ‘zero 

field’ current density, and is a useful parameter for comparing the performance of 

different cathodes. 

Now as the electric field applied to the surface of a cathode is increased to 109-1010 

V/m, it is found that electron emission increases very rapidly, in violation of the 

behaviour predicted from the Schottky effect. Furthermore, the increase in emission is 
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almost independent of cathode temperature. In this case, quantum tunnelling takes 

place leading to field emission.  

In field emission, the large E-field results in distortion of the shape of the potential 

barrier between the cathode surface and vacuum. The electron energy profile is like 

that for the Schottky effect except that the applied field is much larger. The barrier 

becomes thinner and lower thus some electrons can quantum mechanically tunnel 

through as shown in Figure 2-6 [86]. 

 

Figure 2-6. Diagram of work function potential at surface of material under 

application of a very strong electric field (~109 Vm-1). 

This narrowing of the potential barrier at high field levels allows for the possibility of 

electron tunnelling. Due to the quantum mechanical nature of the electron, electrons 

in the bulk of the cathode with energy insufficient to ‘ride over’ the barrier, may in 

fact, with a certain quantum probability (dependant on the barrier dimensions, which 

in turn are solely a feature of material and electric field strength), pass through the 

barrier. The tunnelling current is only observable when it becomes a significant 
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fraction of the total emission current density, but then it increases exponentially with 

electric field strength to become the dominant emission mechanism. 

Fowler and Nordheim [127] calculated the tunnel probability through the barrier and 

derived the following relationship between the current density J and the electric field 

E, for a perfect metal with a Fermi-Dirac electron density at 0 K: 

                                            𝐽 =
𝐴.𝐸2


exp (−𝐵

3/2

𝐸
)                                      (2-12) 

where 𝐴 = 1.5410−6 A/V2 and 𝐵 = 6.83109 𝑉/𝑚 

E  = Electric field in Vm-1 

J   = Current Density in Am-2 

  = Work function in electron volts 

 

A and B are largely independent of electric field in the range considered. 
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Figure 2-7. Distortion of the potential barrier shown for both the Schottky effect and 

Field Emission. The energy profile for the Field Emission is like that for the Schottky 

effect. However the width of the potential barrier is narrower which increases the 

probability of an electron tunnelling through which leads to an increase in the emission 

current density [128].  

2.1.8 Field emission cathodes  

Field emission cathodes promise extremely high current densities with no external 

source, instant-on (no heater warm-up) and have the potential for achieving extremely 

high-frequency emission modulation. 

Field emission modifies the shape of the barrier both by lowering it due to the Schottky 

effect and by thinning it due to the applied field so that electrons may quantum 

mechanically tunnel through the barrier from the metal into the vacuum. Thus an 

electron at the Fermi level EF has a finite probability of tunnelling through the modified 

barrier. 

As with other cathode types, a field emitter cathode can be damaged by ion 

bombardment. Energetic ion impacts can damage the low Φ surface, thereby leading 

to non-uniform emission. Stable field emission current requires stable emitter 

geometry. Thus long-lived field emission devices generally require clean ultrahigh 
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vacuum environments to minimise the presence of gases that could lead to such 

damaging ion back bombardment of the cathode.  

2.1.8.1 Field emission arrays 

In this type of cathode, an array of microscopic silicon or metal spikes (nanometres in 

diameter) is separated from an anode grid with an insulator. The anode is situated in 

very close proximity to these spikes and as such, when a voltage is applied across the 

anode cathode gap, the electric field enhancement at the tips becomes large enough for 

the extraction of electrons via electric field emission. This type of cathode can be 

pulsed very quickly and is therefore good for applications requiring high duty cycles. 

However, these cathodes are very expensive to fabricate and are easily damaged. In 

particular, they are susceptible to damage through ion bombardment which has proved 

difficult to avoid over a reasonable operation lifetime.  

2.1.9 Domains of emission  

The mechanism by which electron emission is constrained is dependant on the 

accelerating electric field due to the applied anode voltage, and the cathode 

temperature. Figure 2-8 illustrates the mechanisms dominating current flow in a 

thermionic diode, with variation in anode voltage. At low voltages, the cathode can 

supply sufficient current to satisfy the Child-Langmuir law and operate in the space 

charge limited regime. As the potential difference between the anode and cathode is 

increased there is a transition region where some parts of the cathode surface are 

unable to supply the required current and enter the temperature limited regime, while 

other parts maintain operation in the space charge limited regime. This can be seen in 

Figure 2-8 as the knee in the curve between space charge dominated and temperature 
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dominated emission. Once the potential difference is high enough, the diode is fully 

temperature limited and the current increases slowly with an increase in applied 

voltage. As the potential difference is increased to very high voltages (~109 Vm-1), the 

electric field at the cathode surface reaches a high enough level that the tunnelling of 

electrons from the surface makes a significant contribution to the total current. Here, 

the cathode is now operating in the field emission regime. Particular care must be taken 

in the manufacture of the beam forming electrodes as microprotrusions from the 

surface of the material can cause field enhancement of several orders of magnitude, 

thrusting these areas into the field emission regime at much lower voltages than 

expected and causing degradation of the electron beam. 

 

Figure 2-8. Mechanisms dominating current flow through a thermionic diode [132].  



 
 

47 
 

2.1.9.1 Oxide cathodes 

The first thermionic cathodes were made from pure tungsten but because of the high 

work function there was a need for high operating temperature too. However, a 

tungsten cathode was robust with a high current emission and wasn’t prone to 

poisoning. For some applications, a small percentage of thorium was mixed with the 

tungsten. Thorium diffuses to the surface of the tungsten, reducing the work function 

therefore permitting the use of lower operating temperature.  

A mixture of barium, strontium and calcium carbonates is commonly used for a 

specific kind of cathode which is so-called oxide cathodes. These are applied to a metal 

base (usually nickel) and then activated in vacuum. Activation consists of heating and 

reducing carbonates to oxides.  

The manufacturing process of an oxide cathode involves either painting or spraying of 

a Barium-Strontium-Calcium carbonate emission layer onto a nickel cathode base 

[87]. These carbonate powders are mixed with nitrocellulose binder which eventually 

is burned off converting to oxides. However, once converted these oxides can be easily 

poisoned by the presence of water vapour, oxygen, CO2, so the cathode must be kept 

under good vacuum conditions. Oxide cathodes have low work function Φ between 

1.2 and 1.8 eV.  

2.1.9.2 Dispenser cathodes  

A dispenser cathode is more robust against poisoning however it has a higher work 

function Φ of about 1.8 to 2 e V. These dispenser cathodes are capable of electron 

current densities of 2-4 A/cm2 with a lifetime of 100,000 h. Dispenser cathodes are 
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divided into 2 classifications: reservoir and impregnated. Both types are discussed 

below. 

For the reservoir type of cathode, barium is stored in a reservoir. As the cathode is 

heated barium migrates from the reservoir through the tungsten and up to the cathode’s 

surface where it helps maintain low Φ. Some of the difficulties associated with this 

cathode are the slow rate at which barium is supplied and the possibility of blocking 

the tungsten pores with by-products thereby restricting or cutting the barium supply. 

Significant improvements have been made by modifying the barium compounds 

increasing the control over porosity and adding thin top coatings such as osmium or 

osmium/ruthenium.  

In another kind of dispenser cathode, the Ba compounds are impregnated throughout 

the porous tungsten matrix with no underlying reservoir. For these types of cathodes, 

the lifetime is limited by the finite amount of impregnated materials, the application 

of thin overcoating and also the addition of enhancing metals such as osmium, 

ruthenium, iridium or rhenium to the porous tungsten matrix [88]. In more detail, the 

emissive mix is impregnated into the porous tungsten cathode pellet. The most 

common mix consists of five parts BaO, three parts CaO and two parts Al2O3 and is 

frequently referred to simply as 5:3:2 [89]. The whole process involves the cathode 

being heated to the operating temperature so barium is released from the interior of the 

tungsten matrix by reactions of the emissive mix with the tungsten. The freed barium 

then migrates to the surface of the emitter creating some so-called “islands”. The sizes 

of these “islands” depend on the temperature and age of the cathode. As the 

temperature is increased, the rate at which barium migrates to the surface increases as 

well the size of the islands. As the cathode ages and the pores in the cathode surface 
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are depleted, the rate of migration of barium to the surface decreases, and so the islands 

become smaller. In those portions of the emitter surface covered by barium, the barium 

atoms interact with and reduce the work function of the surface. In those regions not 

covered by Barium the work function is that of the base-emitter material. Because of 

the large differences between the work functions of the areas covered by barium and 

those not covered by barium, some portions of the cathode operate in space-charge 

limited condition and others operate in the temperature-limited condition.  

2.1.9.3 Scandate cathodes 

A new cathode with work function similar to an oxide cathode but with the ease of use 

of a dispenser cathode was created when scandium oxide (Sc2O3) was added to the 

barium compounds of a dispenser cathode. It was found that the work function was 

decreased and the current density increased [90]. 
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2.2 Cathode Designs and Applications 

An electron gun is used to form electrons emitted from the cathode into a beam. The 

requirements put on electron beams varies greatly depending on the type of application 

in which the electron beam will be utilised. The two basic problems which must be 

overcome are the divergence of the electron beam due to self fields, and the fact that 

the current density required for most applications is far higher than the emission 

density of the cathode. In this section the two main types of electron gun are presented. 

2.2.1 Pierce Type Gun – Design and Principle 

The two basic problems of beam divergence due to self fields and the requirement of 

current densities higher than can be provided by the emission current density of the 

cathode, can be tackled in two ways. The first of these involves purely a consideration 

of the geometry of the gun with respect to the repulsion forces in the beam. The second 

solution utilises the focussing effects of the electrostatic fields in the diode. A typical 

Pierce type gun is shown in Figure 2-9. 

 

Figure 2-9. Schematic of a typical Pierce type electron gun [133]. 

 

The Pierce type gun uses so called Pierce focussing electrodes to create smooth, 

spherical equipotential profiles in the region of the cathode in order to produce a 
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uniform laminar electron beam. The use of the Pierce focussing electrodes can be 

simply explained through consideration of a parallel plane diode, and subsequently 

these ideas can be extended to a spherical diode and to the Pierce type electron gun 

geometry illustrated in Figure 2-9 above.  

2.2.2 Parallel Plane Geometry 

Consider firstly an electron leaving the cathode, taking into account space charge 

forces in the beam. The electron will follow trajectories as shown in Figure 2-10.  

 

 

Figure 2-10. Schematic of equipotential profiles in a diode without electrons (dashed 

lines) and with electrons (solid lines) [133]. 

To begin, the equipotential profiles in the diode containing no electrons are parallel 

and equally spaced, denoted by the dashed lines in Figure 2-10. In the presence of 

electrons, these equipotential profiles are deflected as indicated by the solid lines. 

Electrons tend to move perpendicular to the equipotential profiles and so the electron 

trajectories diverge as they move away from the cathode. This is simply describing the 

electron repulsion forces due to self fields in terms of the equipotential profiles. 
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 To stop the divergence of the beam, a set of electrodes must be constructed to account 

for the deformation of the equipotential profiles in the presence of electrons. The 

geometry of such electrodes is shown in Figure 2-11 and was the result of the analytic 

derivation of Pierce, which gives a self consistent solution for a space charge 

dominated cathode.  

 

Figure 2-11. Geometry of planar Pierce gun showing calculated equipotential lines 

within in both the beam and vacuum regions [133]. 

Pierce’s analysis showed that by expressing the electrostatic potential in terms of 

trigonometric functions, a result could be derived which states the source electrodes 
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orientation must obey Equation 2-13, and the anode orientation must obey Equation 2-

14.   

    2/3/4       (2-13) 

 

   1)3/4cos()/( 3/4  d    (2-14) 

 

 

Where, 

θ  = Angle of the electrode with respect to the beam edge 

ρ  = Length of the electrode 

d  = Electrode seperation 

 

The most important component is the electrode adjacent to the cathode, described by 

Equation 2-13, which corresponds to an electrode at an angle of 67.5˚ with respect to 

the electron beam edge. This surface is known as a Pierce electrode, and generates 

focussing forces to balance the defocusing self fields of the beam. Although this 

treatment holds only for this special case, it gives valuable insights into the design of 

more complex guns. 

2.2.3 Converging Beams 

To obtain an electron beam current density greater than the emission current density 

of the cathode, a converging beam is required. To analyse converging beams it is 

convenient to take the starting point as a spherical diode, the perveance of which is 

analytically calculable. A conical segment of the spherical diode can now be 

considered, giving the desired convergent flow, although space charge forces will 

cause the beam to diverge, as in the parallel plane diode. This can be dealt with in the 

same manner as detailed above, and an electrode angled at 67.5 degrees to the beam 
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edge has the desired effect on the equipotential profiles. However, to remove electrons 

from the diode, it is necessary to cut a hole in the anode, which distorts the 

equipotential profiles. 

At this point it is important to consider the perveance of the diode. Cutting a hole in 

the anode distorts the equipotential profiles such that there is a reduction in the electric 

field at the centre of the cathode and a defocusing effect towards the anode. The impact 

of this effect is dependant on the perveance of the diode as follows. 

The effect of the aperture is found to be small if, 

 

           2ra<<d     (2-15) 

Where, 

ra  = Aperture radius 

d  = Cathode to anode spacing 

 

In this case the motion of the electrons is close to that predicted by Pierce. If the 

opposite is true, then the gun geometry must be modified to obtain a uniform current 

density. Application of this result to a perveance consideration, it can be shown that 

the effect of the aperture is small when the perveance satisfies equation 2-16, 
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Where all symbols are as previously defined. 

Electron gun design can now be classified into low perveance (≤0.1μperv), moderate 

perveance (0.1-1μperv), and high perveance (>1μperv), with the problems encountered 

increasing in difficulty as perveance increases. In a low perveance gun, the beam 

convergence angle is small and the Pierce electrodes suffice. In medium perveance 
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guns, the field distortions are concentrated in the vicinity of the anode and converging 

flow can be analysed analytically starting from the perveance of a spherical beam. In 

a high perveance gun, the electric field is distorted throughout the diode and the 

addition of classic Pierce electrodes is not enough to completely smooth out the 

equipotential profiles across the entire cathode. This requires a more complex 

modification of the focus electrode. Due to the difficulty in creating smooth 

equipotential profiles at the cathode, the electric field in the centre of the cathode can 

become depressed, with the result that the current is predominantly drawn from an 

outer annulus of the cathode as shown in Figure 2-12. For this reason, high perveance 

guns often use annular emitting regions. 

 

Figure 2-12. Schematic of a electron emission and beam focussing in a high 

perveance electron gun [133]. 

2.2.4 Conclusion Pierce gun 

This, in the main, is the electron gun of choice for linear beam devices. This technology 

is very well established and as such, high quality electron beams with very low velocity 

spread can be formed using the typical Pierce geometry. The geometry is designed 

such that the electron beams formed have minimal velocity components in directions 

other than the axial direction. Furthermore, for better control of the beam current grid 

elements are used.  
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2.2.5 Electron emission from the grids  

The basic concept is to form the grid so that its shape is identical to that of an 

equipotential contour near the cathode surface. Then, if the grid is at the potential of 

that contour and intercepts negligible current, electron flow will undisturbed. To 

interrupt the current flow, the grid voltage is switched negative with respect to the 

cathode.  

A grid must be thin enough to allow the flow of the electrons however at the same time 

has to be thick to withstand shock and vibration and to be robust against thermal 

expansion. Most grids are made from tungsten or molybdenum. Materials such as 

pyrolytic graphite a unique form of graphite have been sued as grids as the material 

can handle high operating temperatures whilst retaining its shape. The material of the 

grid plays a big role as ideally one wants to stop the grid from being a primary emitter.  

In order to avoid this, the use of high work function materials can be implemented 

along with the use of lower operating temperatures for the thermionic emitter. Coating 

the grid with a higher work function material is also an option.  

Oxide cathodes are of particular importance due to barium evaporation on the grids. 

The rate of evaporation is a function of both time and cathode temperature. If the grid 

temperature is high enough the barium will evaporate from the thermionic emitter onto 

the grid , it will deposit on the surface of the grid forming an emitting surface. To 

mitigate this affect the thermionic cathode should berun at a low enough temperature 

to achieve the required current density as well as outgassing the  gridto remove 

contaminants from the grid surface.  
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Figure 2-13. Example of a pepperpot type control grid widely used for a Pierce 

electron gun. (photograph courtesy of TMD Technologies Ltd). 
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2.3 Electron beam physics 

2.3.1 Phase and trace space description of an electron beam 

To understand the performance of an electron injector, we need to quantify the quality 

of the electron beam. Phase space is the basic tool by which charged particle beam 

transport is characterised.  

A particle follows a trajectory described by the position vector [x(t), y(t), z(t)] and the 

velocity vector [vx(t), vy(t), vz(t)] using a 6-D mathematical space with axes in both 

space and velocity [x, y, z, vx, vy, vz] called phase space. A phase space plot is for a 

specific location (time) in the accelerator, since the particle positions and momenta 

evolve as a beam propagates. For relativistic particles the phase space is defined in 

terms of position and momentum [x, y, z, px, py, pz]. For an electron beam, the 

trajectories of the electrons will not cross in phase space because no two electrons can 

have the same velocity at the same point in space. This means that the 6-dimensional 

phase space can be separated into one transverse 4-D phase space [x, y, vx, vy] or [x, y, 

px, py] and one axial 2-D phase space [z,vz]  or [z, pz]. Now suppose that at some time 

an arbitrary closed surface S in phase-space is chosen as shown in Figure 2-13 which 

is bound by volume V.  Liouville’s theorem states that the phase-space volume V 

bounded by the surface S is constant, provided that only conservative forces act on the 

particles. [91]. Furthermore, Liouville’s theorem is still valid for large numbers of 

particles, referred to as “beams” or “bunches” important concepts in accelerator 

physics.  
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Figure 2-14. Graphic representation of phase space. The particles in the beam can be 

viewed as an ensemble in phase-space (distribution) evolving in time including the 

constraint of Liouville’s theorem. The lattice ellipse can be filled with particles 

evolving in time [130].  
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2.3.2 Emittance of an electron beam and beam brightness 

Emittance is the property of a particle beam that characterises beam quality. The 

emittance is related to the volume occupied by a bunch, or some part, of it, in phase-

space. Sometimes motion in each plane is very weakly coupled; in this case it may be 

possible to treat the motion in each plane independently. Suppose a beam is directed 

along the z-axis and x and y are the transverse coordinates. The angle a particle makes 

with the beam axis of symmetry is given by x
dx

dz
   and y

dy

dz
  . The co-ordinates (

,, ,x yx y  ) are functions of z and describe the trace of the particle orbit. The co-

ordinate space ( ,, ,x yx y  ) is the “trace” space. Roughly, emittance is an area or 

volume in the phase space of the particles. The hyperemittance is the product of the 2-

D emittances 

Where                            

                                 x

dxdx


 


   and 𝜀𝑦 = ∬

𝑑𝑦𝑑𝑦′

𝜋
                          (2-18) 

The emittance normally used in accelerator physics is referred as normalised RMS 

emittance and is given by Equation 2-19.  

                                                    𝜀𝑛𝑜𝑟𝑚 = 𝛽𝛾𝜀𝑥                                           (2-19) 

Where 𝛽  and  are the relativistic functions and 𝜀𝑥 is the root mean square (RMS) 

transverse beam emittance is defined as  

                                  𝜀𝑥 = √〈𝑥2〉〈𝑥′2〉 − 〈𝑥𝑥′〉2                                 (2-20) 

                                      
                      Hyperemittance x y   (2-17) 
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where angle brackets indicate averages of the bracketed quantities over the entire 

bunch. 

Beam brightness quantifies the maximum focused power flux of a beam and is a 

function of emittance, 

The brightness B is measured in units of Am-2rad-2 where I  is the current of the beam. 

As it can be seen from equation (2-21) the smaller the emittance the better the beam 

quality with the brightness defined as the current of the beam divided by the transverse 

emittance. To increase the brightness, one needs to increase the peak current, or to 

decrease the emittance, or both. There are different techniques for both increasing the 

peak current and decreasing the emittance like compressing the electron bunches into 

shorter time–length and dilute effects such as non-linear fields for the emittance. 
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Summary  

The purpose of this chapter was to provide the introductory theory for the operation of 

electron guns. This involved the different emission mechanisms for electron 

production, the different types of electron guns and cathodes, the way the electrons are 

formed into a beam and the techniques used to overcome the electrostatic repulsion 

between the electrons to form a high brightness, low emittance beam.  
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Chapter 3 

3 A Theoretical Model of a Modulated Electron Gun 

 

Ideal features of an electron gun used in a LINAC involve the absence of back- 

bombarding electrons, low energy spread and a short length of the bunches. This thesis 

aims to investigate the modulation of the electron beam, produced by a thermionic 

cathode, to significantly improve the efficiency of the electron beam acceleration. The 

method to achieve this is by the use of a grid to gate the electron beam. This method 

has attracted a great deal of interest as the electron micro-pulses can be matched with 

the acceleration RF buckets. From this investigation, important parameters like bunch 

charge, bunch length and emittance have been studied. Their relation was firstly 

obtained from a simplified theoretical model and further studied by particle-in-cell 

simulations. In this chapter, the configuration of the RF gun and the RF cavity is 

discussed. Furthermore, the operation mode of the electron gun and its validity for our 

case along with a theoretical model of the RF gun is presented. 
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3.1 Initial electron beam parameters for the LINAC 

The initial electron beam parameters of the proposed linear accelerator (LINAC) 

supplied by Dr Boris Militsyn, AsTeC Daresbury are listed in Table 3-1. The study 

was to design a thermionic cathode RF gated gun to meet the required beam 

parameters, and also to investigate the properties of the electron bunch, including the 

bunch charge, bunch length and emittance.  

Beam energy 6𝑀𝑒𝑉  

Acceleration frequency 3 𝐺𝐻𝑧 

Repetition rate 300 𝐻𝑧 

RF pulse length 7.5 𝜇𝑠 

RF gated frequency 1.5 𝐺𝐻𝑧 

Bunch charge Q 33.3 𝑝𝐶 

Bunch length τ < 200𝑝𝑠 

Peak current 𝑄/𝜏 (𝐴) 

Pre − acceleration voltage 25𝑘𝑉 

Beam radius < 2.5𝑚𝑚 

 

Table 3-1. Specifications of the LINAC. 

 

It is important to notice the value of the bunch charge which is one of the requirements 

and the bunch length which needs to be as short as possible which in this case means 

<200ps. The relationship between these two parameters was investigated and the 

minimum bunch length for 33pC bunch charge was obtained from the theoretical 

model described in this chapter. 
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3.2  Modulation of an electron gun  

The electron gun structure is used for generating and shaping a beam of electrons 

which is injected into an accelerating field. These electron guns can operate in different 

modes, continuous or pulsed. Bursts of electrons can be generated depending on the 

method of electron extraction from the cathode.  

The configuration of an electron gun could be a diode or a triode. Diode type is 

configured by the cathode, the focussing electrodes and the anode. Triode type shares 

the same configuration however a grid is placed at a very close distance in front of the 

cathode. Diode guns are normally used to generate continuous electron beam or 

operate at a very low repetition rate to generate electron beam pulses that do not have 

a short bunch length. Therefore, the electron beam capture efficiency is low in the 

application as the electron beam source for an RF LINAC. At the same time, one 

significant disadvantage of the diode gun is the continuous supply of electrons leading 

to the back bombardment effect (BBE) of the cathode [92, 93]. This is due to the 

electrons that are emitted in the late phase of the accelerating RF period before the 

electric field reverses direction. This leads to additional heating of the cathode which 

causes a ramp in the emission current and  shortening of the cathode’s lifetime. This 

problem can be partially solved by using the triode-type configuration, by adding a 

grid in front of the cathode, and controlling the timing of the electron beam injection 

by negatively biasing the grid in the electron gun structure. The negative bias on the 

grid suppresses the electron emission which combined with direct RF modulation via 

a coaxial cavity can produce a high current bunched electron beam. The configuration 

of two possible different geometries and the decision of our choice to develop a triode-
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type gridded thermioinic cathode electron gun as the electron beam source for the RF 

LINAC are explained in the next section. 

3.3  Configuration of an electron gun with RF gating  

There are two possible configurations of the gridded electron gun. Both configurations 

are shown in Figure 3-1. In both cases the emitted electron current is modulated by an 

RF voltage which is applied between the cathode and the grid.  

Starting with a simpler geometry, the RF gun in Figure 3-1(a) is placed at the entrance 

of the RF acceleration cells, and the electron beam will be directly accelerated by the 

electric field in the cells [63, 94]. However, this presents a problem when the cathode 

needs to be dismounted as the whole structure (RF gun and LINAC) needs to be vented 

to atmospheric pressure and disconnected from the LINAC which will result in having 

to re-condition the RF linac making maintenance a complicated task.  

The configuration in Figure  3-1(b) contains an additional DC acceleration section. In 

this case, the electrons get emitted by the cathode and are pre-accelerated resulting in 

a better beam quality by achieving a smaller beam radius and divergence. Furthermore, 

with this configuration, the cathode and the acceleration cells are separated enabling 

the gridded electron gun to be demounted from the RF LINAC reducing the cost of 

replacing the whole LINAC and reducing the maintenance costs. This configuration is 

more desirable due to the ability to remove and replace the thermionic cathode without 

affecting the cavity’s parameters hence this configuration is studied in this thesis. 
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Figure 3-1. Two different configurations of the RF gun, (a) without DC pre-

acceleration, (b) with DC pre-acceleration. 

3.4  Capacitively-loaded coaxial cavity for the RF electron gun  

The RF input signal is applied between the cathode and the grid which is aligned and 

positioned close to the cathode’s front surface. The RF voltage can be driven through 

a coaxial cavity and the cathode-grid gap plays the role of a cavity gap and contributes 

to the interaction between the electron beam and the input RF signal. The cathode-grid 

gap is small to ensure efficient modulation takes place for sufficient bunching of the 

electrons. A schematic diagram of the cavity structure  placing the cavity onto the 

cathode-grid gap is shown in Figure 3-2  .  

 

Figure 3-2. The schematic of the coaxial input cavity. 

 

This type of cavity structure is similar to a radial cavity whose inductance, capacitance 

and resonant frequency can be estimated from equations (3-1), (3-2), (3-3) [131]  

where 𝐿 is the inductance produced in the cavity wall, µ is the permeability, 𝐶 is the 
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capacitance in the cavity gap, 𝜀0 is the permittivity of free space, 𝑓𝑟 is the resonant 

frequency, 𝜀𝑟is the relative permittivity of the material of the cavity, 𝑎 and 𝑏 are the 

radius of inner and outer conductor respectively, 𝑑 is the cathode-grid gap, 𝑙 is the 

height of the cavity and 𝑐 is the velocity of light in vacuum. The parameters 𝑎, 𝑏 and 𝑑 

are determined by the electron gun geometry and the resonance frequency which 

depends on the cavity length as described in equation 3-3.  

                            𝐿 =
𝜇𝑙

2
ln (

𝑏

𝑎
)                                (3-1) 

𝐶 = 𝜀0 [
𝑎2

𝑑
− 4𝑎 ln(0.765/√{𝑙2 + (𝑏 − 𝑎)2})]           (3-2) 

         𝑓𝑟 =  
𝑐

2√𝜀𝑟√{𝑎𝑙[
𝑎

2𝑑
−

2

𝑙
𝑙𝑛(

0.765

√[𝑙2+(𝑏−𝑎)2]

)]𝑙𝑛(
𝑏

𝑎
)}

               (3-3) 

The dimensions of the whole cavity, inner and outer conductor, are decided depending 

on parameters like the cathode diameter, the resonance of the desired frequency and 

the cathode-grid gap. The cathode radius (a) and the cathode-grid distance (b) was 

decided depending on the values used in existing electron guns manufactured in TMD 

Technologies Ltd.  The cathode has to be placed within the inner conductor of the 

cavity. Therefore, the estimation of the inner conductor’s diameter is taken from the 

cathode diameter. The values of the cavity’s dimensions and the resulted values of 

inductance, capacitance and resonant frequency of the cavity are given in Table 3-2.  
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𝐶𝑎𝑡ℎ𝑜𝑑𝑒 𝑟𝑎𝑑𝑖𝑢𝑠, 𝑎 (𝑚𝑚) 4     

𝐶𝑎𝑡ℎ𝑜𝑑𝑒 𝑔𝑟𝑖𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒, 𝑑 (𝑚𝑚) 0.16     

𝑏 =  𝑑 + 𝑎 (𝑚𝑚) 4.16     

𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑐𝑎𝑣𝑖𝑡𝑦, 𝑙 (𝑚𝑚) 96 

𝐼𝑛𝑑𝑢𝑐𝑡𝑎𝑛𝑐𝑒, 𝐿  (𝑛𝐻) 0.99 

𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑎𝑛𝑐𝑒, 𝐶 (𝑝𝐹) 2.56   

𝑅𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦, 𝑓𝑟(𝐺𝐻𝑧) 1.5   

 

Table 3-2. Dimensions of the coaxial cavity and resulting values of inductance, 

capacitance and resonant frequency obtained from equations (3.1), (3.2) and (3.3) 

respectively. 

 

As mentioned above the resonance frequency is strongly dependant on the cavity 

length. The variation of the resonant frequency to the cavity length for different 

operation modes is shown in Figure 3-3. For the 1.5 GHz frequency the second mode 

of operation is chosen corresponding to 96mm cavity length.  
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Figure 3-3. Variation of resonant frequency with the cavity length. 

 

One of the most important dimensions is the cathode-grid gap. The gap needs to be 

small so that efficient modulation takes place for sufficient bunching of the electrons. 

On the other hand, decreasing the gap distance below a specified value may result in 

RF breakdown issues.  

3.5 Breakdown Physics  

Generally, the operation of a structure in the presence of a high electric field is limited 

by a phenomenon known as vacuum RF breakdown. RF breakdown is a major 

phenomenon affecting and causing irreversible damage to RF structures where the 

electic field rises above a threshold and the structure casn no longer mainting the field 

and a vacuum arc occurs. 

RF breakdown limits the input power that can be coupled to the structure as breakdown 

produces irreversible surface damage inside the structure, electron gun region and RF 

components. Imperfections on the surface of the structure can be created via the 

breakdown process, which in turn can lead to further breakdown [95].  
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One of the main ways that the limit of breakdown in an RF structure can be calculated 

is known as Kilpatrick’s Criterion. This is where breakdown is considered to occur 

when regular field emission is enhanced by a cascade of secondary electron ejected 

from the surface via ion bombardment. The probability of field-emitted electrons and 

the linear dependence of secondary electron on the ion energy, leads to the relation  

                        𝑊 𝐸𝐾
2 exp (

𝐾1

𝐸𝐾

) = 𝐾2                      (3-4) 

where W is the maximum possible ionic energy, EK is the electric field gradient on the 

surface of the structure, K1 = 1.7 × 105 V/cm, and K2 = 1.8 × 1014 V/cm. The maximum 

possible energy of an ion of mass M0 and charge e, which is accelerated across a large 

gap between parallel plates, taking into account the transit time, was found to be  

                       𝑊 =  
0.153 𝑒𝐸2

𝑀0  𝜋 𝑓2                                (3-5) 

where f is the frequency of the RF power. Assuming that the ion is hydrogen, the 

Kilpatrick criterion [96] is then derived as 

                                               𝑓(𝑀𝐻𝑧) = 1.65 𝐸𝐾
2𝑒−8.5/𝐸𝑘             (3-6) 

This criterion provides a conservative estimate of the voltage at which RF breakdown 

occurs, and takes the form where 𝑓 is the frequency in MHz, and 𝐸𝑘 is the breakdown 

field in units of MV/m. Varying one parameter and assuming all others to be fixed, 

associated limits can be found using the scaling law [97] 
𝐸𝐾

6 𝑡𝑝

 𝐵𝐷𝑅

1
5

= 𝑐𝑜𝑛𝑠𝑡. 
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3.5.1 Modified Poynting Vector 

The quantity which limits the electric field that can be sustained by a structure was 

long considered to be the surface electric field due to its direct role in electron field 

emission. The quantity which limits the accelerating gradient of a structure was long 

considered to be the surface electric field due to its direct role in electron field 

emission. However, it was found that the power flow in the structure is important due 

to local heating of potential breakdown sites due to field emission currents [98]. 

Generally the size and shape of potential breakdown sites are not known before 

breakdown. Therefore, a standard picture is used where there are small features present 

on the surface that enhance the local surface electric field. The features are considered 

to be a cylindrical protrusion of height h and radius r with a rounded top [98]. 

These protrusions enhance the field by the so-called field enhancement factor 

                                                               𝛽 =  
ℎ

 𝑟
                              (3-7) 

at the highest point of the tip, such that the local electric field at the tip is βE, where E 

is the homogeneous electric field around the tip. The most natural way to describe the 

power flow in a structure is via the Poynting vector. 

𝑺 = 𝑬 x 𝑯 

where E and H are the electric and magnetic field vectors respectively. Due to the 

electric field at the tip, a field emission current is induced which heats the tip.  The 

current creates a corresponding magnetic field, which gives a power flow PFN, which 

transfers the energy from around the tip through the tip and then along the electron 
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flow to the outer volume where it is absorbed by the electrons. This process is 

schematically shown in Figure 3-4.  

 

 

Figure 3-4. A schematic diagram of the power flow near a protrusion on the surface 

of an accelerating structure which would lead structure to breakdown. 

Assuming that a normal conducting structure is being considered, then the surface is 

most likely to be made of copper. Copper is a very good conductor of both heat and 

electricity, therefore the amount of power lost in the tip due to heating is much smaller 

than the amount of power flowing along the tip. As the only source of electromagnetic 

power flow in the structure is provided by the RF input, the following relationship can 

be made 

                      𝑃𝑙𝑜𝑠𝑠 ≪   𝑃𝐹𝑁 ≪ 𝑃𝑅𝐹                           (3-8) 

where Ploss is the power loss in the tip due to Ohmic heating, PPN is the field emission 

power flow and PRF is the input RF power flow. Assuming a harmonic time 

dependence of the electric field, the RF power flow is 

 𝑃𝑅𝐹(𝑡) =   𝐸0 𝐻𝑅𝐹
𝑇𝑊 sin2(𝜔 𝑡) +   𝐸0 𝐻𝑅𝐹

𝑆𝑊 sin(𝜔 𝑡)  cos(𝜔 𝑡)       (3-9) 
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where HTW and HSW are the parts of the RF magnetic field which are in phase and 90◦ 

out phase with the electric field respectively. The first term on the RHS of Equation 3-

9 represents the active power flow, whereas the second term presents the reactive 

power flow, which are 90◦ out of phase with each other.  The phase difference between 

the active and reactive power flows is significant as the reactive power is less efficient 

in providing power for field emission due to it being zero at the time when the field 

emission is maximum. Also, the active power flow and field emission power are in 

phase with each other. The real part of the complex Poynting vector R{S} gives the 

active power flow and the imaginary component I{S) gives the reactive power flow. 

The modified Poynting vector can then be defined as 

                                                     𝑺𝑪 = 𝑅{𝑆} + 𝑔𝑐𝐼{𝑆},                     (3-10) 

where gc  is a weighting factor typically taken as 1/6 which can be used to describe the 

high gradient performance limit of metal structures in the presence of vacuum RF 

breakdown. The scaling law given in Equation 3-11 can be expressed in terms of the 

modified Poynting vector as [95] 

                                   
𝑆𝐶

3 𝑡𝑝

 𝐵𝐷𝑅

1
5

= 𝑐𝑜𝑛𝑠𝑡.                             (3-11) 

The study of RF breakdown is an area of active investigation and its application to 

gridded gun structures requires further investigation [99]. 

3.5.1.1 Gated electron gun operation below RF breakdown  

To operate the RF gated gun, the applied total voltage between the cathode and grid 

should be lower than the breakdown threshold. Figure 3-5 shows the breakdown field 

as the function of the operating frequency 
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Figure 3-5. The Kilpatrick formula for conservatively calculating the breakdown 

potential for a given operating frequency. 

Note for a given frequency the equation needs to be solved iteratively for 𝐸𝑘 . 

Assuming the operating frequency of 1.5GHz, the breakdown electric field 

corresponds to 33 MV/m. Therefore, by defining the gap distance the maximum 

voltage applied can be estimated.  This value was compared with the yielded 

measurements for the electric field obtained with the initial CST simulations. Figure 

3-6 shows the electric field which corresponds to 105 which in our case is well below 

the breakdown value of 33 MV/m for the 1.5GHz operating frequency.  
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Figure 3-6. Electric field between the cathode and the grid for 0.16mm cathode-grid 

spacing. 

Furthermore, some more initial simulations were made considering different gap 

distances and the effect on the collected current along with the CST model is shown 

in Figure 3-7. It can be seen that as the gap distance increases, the current decreases. 

Considering the above results for the breakdown potential, the desired current value 

and being a physically attainable distance when assembled, the chosen 0.16 mm gap 

distance satisfies all these requirements. From practical experience of gridded electron 

gun manufactures such as TMD Ltd  a similar gap distance (0.13-0.17mm) was used. 

This was the closest distance the grid could be located to the hot thermionic emitter 

while still maintaining its geometry and shape even when undergoing thermal 

expansion due to the heat generated by the thermionic cathode. The acceptable 

tolerance between the cathode and grid distance is about 10% which corresponds to a 

distance of 0.01mm. 
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Figure 3-7. CST model of the electron gun geometry (top), collected current at the 

anode for different values of cathode-grid spacing (bottom).  
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3.6 Operation of the RF electron gun  

The basic emission laws used to describe the generation and emission of electrons from 

the cathode, the electric/magnetic fields and trajectories of electron beams are given 

below. For the case when the electric field extracts all the thermally generated 

electrons then the emission current density is given by Richardson Dushman's law  

                                                   𝐽 = 𝐴𝑇2exp (−
𝑒

𝑘𝑇
)                            (3-12) 

Where 𝐴 is a Richardson’s constant with theoretical value 120 A/cm2K2, while  is 

the cathode work function and 𝑇 is the temperature of the cathode. For space charge 

limited emission, the emission current density of electrons is given by Child-

Langmuir’s law 

                                     𝐽 = 𝐶 (
𝑉3/2

𝑑2 )                                     (3-13) 

Where 𝐶 is Child’s constant with a value of 2.33 × 10−6 mA V-3/2, 𝑉 is the potential 

difference between the cathode and the anode lying at a distance 𝑑. The electric field 

in the gun is first calculated using Poisson’s equations derived from Maxwell’s 

equations in the absence of the magnetic field. The electron trajectories are then 

calculated using the Lorentz force equations. The governing equations of the fields are 

the time-independent Maxwell’s equations given by: 

                                                           ∇E =
𝜌

𝜀0
                                      (3-14) 

where 𝐸  is the electric field, 𝜌  is the charge density and 𝜀0 is the permittivity of 

vacuum. The electron trajectories are determined by Lorentz force given by 

                                             𝐹 =
𝑑𝑃

𝑑𝑡
= 𝑞(𝐸 + 𝑣 × 𝐵)                             (3-15) 
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which simplify to (there is no magnetic field) 

                                            𝐹 =
𝑑𝑃

𝑑𝑡
= 𝑞𝐸                                        (3-16) 

The above equations form the basis of any theoretical calculations and simulation 

packages. The thermionic electron gun can operate in the space charge limited or 

temperature limited regimes. The space charge-limited current density follows Child's 

law, which is determined by the field strength at the emitter surface, while the current 

density at the temperature limited regime follows Richardson's law and it is mainly 

determined by the temperature at the emitter surface [60]. 

In more detail, gridded guns may be operated in three regimes, namely, saturation, 

amplification and cut-off, determined by the applied voltage [100]. In saturation, the 

current is limited by space charge and is governed by the Child-Langmuir equation. If 

the magnitude of the grid voltage is increased sufficiently, the gun will be brought into 

triode amplification mode, where the current is governed by 

                                                 𝐽 = 𝐾𝑇 (𝑉𝑔𝑘 +
𝑉𝑎𝑘

𝜇
)

3/2

                               (3-17) 

where 𝐽 is the current density produced from the cathode, 𝐾𝑡 is a constant depending 

on the geometry of the triode, 𝑉𝑔𝑘 is the voltage between the cathode and the grid, 

𝑉𝑎𝑘is the voltage between the cathode and the anode, and µ is the triode amplification 

factor [100]. If the magnitude of the grid voltage is increased even more so the term 

inside the parenthesis is less or equal to zero 

                                                     𝑉𝑔𝑘 +
𝑉𝑎𝑘

𝜇
≤ 0                                      (3-18) 
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the gun will be driven in to cut off so that no electron will escape. If the gun is operated 

in pulsed mode, the voltage applied between the grid and the cathode will contain both 

a dc component (bias voltage) and a pulsed component (RF voltage). Normally, the 

bias and the RF voltage will be adjusted to drive the gun fully into cut-off or fully into 

saturation, producing a flattop beam pulse.  
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3.7 Validity of the Child Langmuir law for high RF voltage  

To be RF gated, the electron gun should operate at the space charge limited regime to 

totally switch off the electron beam. Furthermore, when the electron gun is operating 

in the space charge regime there are certain benefits to the lifetime of the cathode.  

The maximum steady-state current density that can be transported across a gap of 

spacing 𝑑  and potential difference 𝑉𝑔  is described by the one-dimensional Child-

Langmuir (CL) law  

                                                  𝐽𝐶𝐿 =
4𝜀0

9
√

2𝑒

𝑚

𝑉𝑔
3/2

𝑑2                                    (3-19) 

When (V𝑔 > 0) and where 𝑒  and 𝑚  are the charge and mass of the electron, 

respectively, and 𝜀0 is the free space permittivity.  

However, when the frequency of the RF voltage increases and the pulse length of the 

electron beam is less than the transit time from the emitter to the grid, the classical 

Child-Langmuir law is not valid and there are certain corrections for calculating the 

current density. A classical short-pulse law has been derived which shows that the 

current density can be obtained by applying a correction factor to the equation which 

is given by [101]  

                                                 
𝐽𝑆𝐶𝐿

𝐽𝐶𝐿
= 2

1−√1−3𝑋𝐶𝐿
2 /4

𝑋𝐶𝐿
3                                   (3-20) 

where 𝑋𝐶𝐿  =
𝜏

𝑇𝐶𝐿
≤  1 is the normalized transit time and 𝑇𝐶𝐿 =  

3𝑑

√2𝑒𝑉𝑔/𝑚
 is the 

gap transit time of the 1D classical Child-Langmuir law. 
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One thing that is needed to be investigated in our theoretical model is if in our case the 

classical law stands or the modified version need to be taken into account. Using the 

equations for 𝜏  and 𝑇𝐶𝐿  for the thermionic RF gated gun studied in this thesis, it was 

found that the transit time and the pulse length duration are ~60 ps and ~100 ps 

respectively. These calculations show that the transit time is less than the pulse length 

so the classical law is still valid.  

3.8 Control voltage and emitted current  

The grid voltage is a combination of the bias and the RF voltage. Figure 3-8 shows the 

typical waveforms of the control voltage and the emitted current. In the LINAC, the 

required electron beam current is relatively small and the beam energy is low.  

 

Figure 3-8. Time dependence of the grid voltage and the electron current. 

 

One term that is important and is used for the derivation of the emitted current, bunch 

charge and bunch length is the conduction angle. Conduction angle θ is the angle at 

which the triode conducts. To determine the conduction angle, we need to determine 

the angles at which the triode starts and ceases conduction.  
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For a sinusoidal drive with amplitude 𝑈𝑟𝑓, the conduction angle, 2𝜃, is given by 

                                             𝑐𝑜𝑠𝜃 = (−𝑈𝑏 + 𝑈𝑐)/𝑈𝑟𝑓                                 (3-21) 

Where 𝑈𝑏 is the dc bias voltage on the grid and 𝑈𝑐 is the cut-off voltage. Under the 

assumption of a purely linear relation between 𝐼𝑎 and 𝑈𝑔, the peak beam current is 

                     𝐼𝑝 = 𝐺𝑒𝑚𝑖𝑡(𝑈𝑏 + 𝑈𝑟𝑓 − 𝑈𝑐) =  𝐺𝑒𝑚𝑖𝑡𝑈𝑟𝑓(1 − 𝑐𝑜𝑠𝜃)               (3-22) 

Where 𝐺𝑒𝑚𝑖𝑡 is the emission coefficient and is defined as 𝐺𝑒𝑚𝑖𝑡 =
∆𝐼𝑎

∆𝑈𝑔
  which is in the 

range of 10-30 mA/V for practical cathodes [102]. Both emission coefficient and cut-

off voltage depend on the cathode material and geometry. As the actual field in 

between the cathode and the grid is affected by the field penetration from the anode 

they are also depending on the anode voltage. 

The time-averaged beam current is  

                                           𝐼0 = 𝐺𝑒𝑚𝑖𝑡𝑈𝑟𝑓(𝑠𝑖𝑛𝜃 − 𝜃𝑐𝑜𝑠𝜃)/                    (3-23) 

and the first harmonic component which has a frequency of 1.5GHz in our case as 

determined by Fourier decomposition is  

                                          𝐼1 = 𝐺𝑒𝑚𝑖𝑡𝑈𝑟𝑓(𝜃 − 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃)/                      (3-24) 

The RF voltage amplitude can be eliminated by substitution of equation 3-21 resulting 

in 

                                       𝐼0 = 𝐺𝑒𝑚𝑖𝑡(−𝑈𝑏 + 𝑈𝑐)(𝑡𝑎𝑛𝜃 − 𝜃)/                    (3-25) 
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Equation 3-25 gives us the emitted current. The other two important parameters that 

need to be taken into account are the bunch charge and the bunch length. The charge 

per bunch 𝑄 can be expressed as 

                                      𝑄 =
2𝐺𝑒𝑚𝑖𝑡

2𝑓
𝑈𝑟𝑓(𝑠𝑖𝑛𝜃 − 𝜃𝑐𝑜𝑠𝜃)                       (3-26) 

where  

                                             𝑐𝑜𝑠𝜃 = (−𝑈𝑏 + 𝑈𝑐)/𝑈𝑟𝑓                               (3-27) 

denotes when the electrons are allowed to travel and 𝑓 is the RF frequency.  The bunch 

length of the emitted current is determined by θ given by equation (3-28) 

                                             𝜏 =
𝜃

2𝑓
.                                       (3-28) 

Using the above equations, the parameters for our theoretical model were calculated 

and the relation between bunch charge, bunch length and applied voltages could be 

calculated. The bottom threshold of the emitted bunch length for a given bunch charge 

(33pC in our case) was obtained and shown in the next section. 
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3.9 The theoretical model of bunch length and bunch charge 

The theoretical model provides the emission process of the electron beam, as well as 

the relationship between the electron bunch length, bunch charge, and the applied RF 

and bias voltages. Furthermore, this model is investigating the minimum possible 

bunch length obtained and the relation between its value and the bunch charge which 

will be compared with the simulation results in chapter 5.  

In developing this theoretical model, some simplifications were made. These include, 

ignoring the space charge effect and considering the electric field between the cathode 

and the grid as a uniform distribution. Under these circumstances, the electrons will 

travel to the grid under the applied electric field. The electron’s longitudinal position 

follows 

                               �̈�(𝑡) =
𝑒

𝑚

𝑈𝑔𝑟𝑖𝑑

𝑑
                              (3-29) 

These electrons may experience both accelerating and decelerating electric fields. The 

electrons that travel during the positive half cycles of the microwave input voltage 

𝑈𝑔𝑟𝑖𝑑 , travel faster than the electrons that passed the gap when 𝑈𝑔𝑟𝑖𝑑  =  0 . The 

electrons that travel during the negative half cycles of the voltage 𝑈𝑔𝑟𝑖𝑑, travel slower 

than the electrons that passed the gap when  𝑈𝑔𝑟𝑖𝑑 =  0. Only the electrons emitted 

before time 𝑡’ are able to pass through the grid and escape the cathode grid region to 

the anode. If these electrons don’t make it, they will be reflected back to the emitter.  

The time 𝑡′ is the time that determines the bunch duration from the emitter, and is 

defined as  
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                                   𝐿(2𝜏)  −  𝐿(𝑡′)  =  𝑑                               (3-30) 

Ideally 𝑡′ needs to be close to 2𝜏 to reduce the beam current lost which means the gap 

distance 𝑑 needs to be as small as possible. As it has already be seen there are both 

physical limits and restraints on the voltage between the cathode and the grid. The first 

arose due to physical limitations on how close it is possible to place the grid in front 

of the cathode and the second due to the RF breakdown. 

The theoretical model developed in this section provides the emission process of the 

electron beam, and the relationship between the different required parameters and the 

grid voltage. The bottom threshold of the emitted bunch length for a given bunch 

charge was obtained by solving equations (3-21), (3-22), (3-26), (3-28) and (3-30) to 

obtain the values for each of the parameters.  

For these simulations a gap distance of 0.16 mm was used, an emission coefficient 

𝐺𝑒𝑚𝑖𝑡 of 18 mA/V, and a limit of 𝑈𝑟𝑓 + |𝑈𝑏𝑖𝑎𝑠| = 600V was chosen. The relationship 

between the bunch charge and the bunch length is given for different conduction angles 

in Figure 3-10. With these values, the bottom threshold of the bunch length possibly 

attainable has been established. Two different operating frequencies were used in these 

calculations to investigate the effect on the bunch charge/bunch length. The results for 

operating frequencies of 1.5 GHz and 3GHz are shown in Figure 3-10 top and bottom 

respectively. With a bunch charge of 33.3 pC which is the specific requirement for the 

LINAC at 1.5 GHz, the smallest bunch length corresponds to about 68 ps when the 

conduction angle is 𝜃 = 40°.  For the 3GHz case a bunch charge of 16.7 pC with a 

bunch length of about 23 ps can be achieved when 𝜃 = 45°.  
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Figure 3-9. Relationship between bunch charge and bunch length for 1.5GHz (top) 

and 3GHz (bottom) operating frequency. 
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Summary  

This chapter aimed to develop a theoretical model for the gridded thermionic electron 

gun based on the initial electron beam parameters of the LINAC. The configuration of 

the electron gun with RF gating and the coaxial cavity for this configuration was 

discussed and the waveform of the control voltage and the emitted current was 

obtained along with other important parameters like bunch charge, bunch length. The 

minimum bunch length for the required value of bunch charge was established from 

this theoretical model and was found to be  68ps. Operating at higher frequency 

showed that the minimum bunch length had a lower value of 23ps.  
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Chapter 4 

4 Design and Simulation of an Electron Gun in 2D  

 

The electron gun studied in this thesis was a Pierce electron gun and was designed 

using two different simulation programs, TRAK for the static, DC electron gun, and 

MAGIC for the RF electron gun. In the previous chapter, a theoretical model of this 

electron gun was developed. However, in this analysis effects like space charge, 

thermal emission distribution and beam dynamics between the grid and anode were 

not taken into account for simplification purposes. The design of a Pierce electron gun 

using Vaughan synthesis and the TRAK simulation software was developed. This 

design was the basis for the RF gun described in the chapter 5.  
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4.1 Pierce electron gun  

Electrons are emitted by the cathode and get accelerated across the gap between the 

cathode and the anode by applying a potential. At high current densities, space charge 

is building up distorting the equipotential lines resulting in the beam spreading out. 

This problem can be avoided by adding an electrode at the edge of the beam. The angle 

at which the electrode needs to be placed to counteract the distortion effect is derived 

below by firstly make the following assumptions.  

1) The magnetic field effect and the thermal velocities of the traversing electrons 

are neglected 

2) Only the electrostatic forces are considered.  

Under these assumptions, the electron velocity (𝑣𝑒 ) at any point is specified by a 

potential  and at  = 0, 𝑣𝑒 = 0. The charge density (𝐽/𝑣𝑒) is continuous where 𝐽 is 

the current density which is constant throughout the flow and 𝑣𝑒  is the electron 

velocity as specified by  . The one-dimensional Poisson's equation for the region 

between the electrodes is given by equation  

                                       
𝑑2𝜑

𝑑𝑥2
=  

−𝑍𝑒.𝑛(𝑥)

𝜀0
                                                    (4-1) 

where in a steady-state the current density 𝑗0 = 𝑍𝑒. 𝑛(𝑥). 𝑣𝑥(𝑥)  is the same at all 

positions in the gap. The particle density as a function of the position is given as 

                                      𝑛(𝑥) =
𝐽

𝑍𝑒

𝑣𝑥(𝑥)
                                               (4-2) 

 

Considering the electrostatic potential to be zero at the particle source the particle 

velocity is  
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𝑚0𝑣𝑥

2

2
= 𝑍𝑒                                        (4-3)    

 

Rearranging the two above equations (4-2) and (4-3) and substituting into (4-1) 

Poisson’s equation can be rewritten as   

                                     
𝑑2𝜑

𝑑𝑥2
= −

𝐽

𝜀0√2.𝑍𝑒.𝜑/𝑚0
                                   (4-4) 

 

Equation (4-4) needs to be solved with the appropriate boundary conditions. Firstly, 

conservation of energy and particle flux is used to express the beam density as a 

function of the field quantity,  and secondly Equation (4-4) can be more efficiently 

rewritten by introducing the dimensionless variables 𝜉 = 𝑥/𝑑 and  = /𝑉0 

Equation (4-4) becomes  

                                        
𝑑2

𝑑𝜉2
=

𝛽

√
                                     (4-5) 

 

Where  

                                           𝛽 =
𝐽.𝑑2

𝜀0.𝑉0√2.𝑍𝑒.𝑉0/𝑚0
                                      (4-6) 

 

Equation (4-5) is solved by multiplying both sides by 2′ where ′ =
𝑑

𝑑𝜉
 

 

                                                             2.′.′′ =
2.𝛽.′

√
                                         (4-7)  

 

The left-hand side is an exact differential of ( ′)2 Equation 4-7 is then integrated both 

sides for the regime, x=0 (the source position), to x=x position.  
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                                       [′(𝜉)]2 = 4. 𝛽. √(𝜉)                             (4-8) 

Equation 4-8 can be rewritten as  

  

                                                       
𝑑

1/4 = √4. 𝛽. 𝑑𝜉                                         (4-9) 

 

Integrating both sides of equation 4-8 

                       

                                                   3/4 = (
3

4
) . √4. 𝛽. 𝜉                                        (4-10) 

  

At the boundary condition  = 1 implies 𝛽 = 4/9. Substituting 𝛽 from above and 

solving for the current density 𝑗0 the space charge is calculated from the well-known 

Child-Langmuir law for space charge limited extraction 

                                                   𝑗0 =
4.𝜀0

9
. √

2.𝑍𝑒

𝑚0
.

𝑉0
3/2

𝑑2
                                   (4-11)  

The value of 𝑉0 is obtained as 

                                          𝑉0 = [
9.𝑗0

4.𝜀0
. √

𝑚0

2.𝑍𝑒
]

2/3

. 𝑑4/3                (4-12)                              

For space-charge-limited flow, the variation of electrostatic potential with the position 

is given as 

                                              𝜑(𝑥) = 𝑉0. (
𝑥

𝑑
)4/3

                               (4-13) 

Where 𝑉0 is applied voltage, d is the gap between cathode to anode and x is the variable 

position between cathode and anode.  

Substituting 𝑉0 from Equation (4-12) into (4-13), the ultimate expression of the space 

charge potential distribution is written as  
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                              𝜑(𝑥, 0) = [−
9.𝑗0

4.𝜀0
. √

𝑚0

2.𝑍𝑒
]

2/3

. 𝑥4/3
                            (4-14) 

 

The potential distribution as given by 

 

                                𝜑(𝑥, 𝑦) = [−
9.𝑗0

4.𝜀0
. √

𝑚0

2.𝑍𝑒
]

2/3

. 𝑅𝑒(𝑥 + 𝑗𝑦)4/3                       (4-15) 

 

It satisfies the Laplace equation ∇2 , outside the beam. Reducing the equation (A) at 

y = 0, zero electric field or zero potential gradients is obtained normal to the beam 

edge. It implies that 
𝜕

𝜕𝑦
= 0 at y = 0.  

According to Equation (4-15), equipotential surfaces are observed to be those for 

which 𝜃 = 𝑡𝑎𝑛−1(𝑦/𝑥) 

                                (𝑥2 + 𝑦2)
2

3. 𝑐𝑜𝑠 (
4

3
. 𝜃) =

𝑉

[
9.𝑗0
4.𝜀0

.√
𝑚0

2.𝑍𝑒
]

2/3                      (4-16) 

The zero potential V = 0 is a plane, whose intersection with y-x plane is given by 𝑦 =

𝑥 tan 67.5°. The angle of 67.5º arises from the power 4/3 in equation (4-14) and is 

called Pierce angle hence the name of the Pierce electron gun. 

4.2  Modelling of a Pierce electron gun  

A Pierce electron gun is divided into three regions as shown in Figure 4-1. The first 

region is the cathode which is spherical in shape and the focus electrode which 

produces equipotential surfaces to match the cathode’s curvature. In region 2, the 

equipotential surfaces may get distorted due to the anode hole so a divergent 

electrostatic lens exists to counteract this effect. In region 3, the electrons are only 
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under the influence of space charge forces and some form of magnetic focusing is 

sometimes required. Using Vaughan synthesis [103], the design of a Pierce type 

thermionic cathode electron gun is described in the next section.  

 

 

Figure 4-1. Overview of a Pierce gun including the three regions of interest [104]. 

 

4.2.1 Vaughan synthesis, input and output parameters 

The design of Pierce guns has been based on graphical methods and on the designer’s 

intuition in the past, however this approach is not reliable and a more robust method 

is needed. Vaughan synthesis is a procedure that allows the designer to specify the 

desired beam and calculate the configuration needed to produce it. 

The primary requirements for the gun design, known as input parameters are the beam 

voltage (𝑉), the current (𝐼), the beam diameter which refers to the waist diameter (2𝑟𝑤) 

and a fourth parameter can be assigned and this is the current density (𝐽𝑐). These four 

parameters are not arbitrarily chosen. They are all related to the beam quality and the 

lifetime of the cathode.  These  four  quantities 𝑉, 𝐼, 𝑟𝑤 and 𝐽𝑐, define a unique Pierce 

gun.  



 
 

95 
 

The outputs for a basic gun design include the convergence half angle (θ), the cathode 

disc (rc) and spherical radii (Rc), the anode-cathode spacing (zac) and the radius of the 

anode aperture (ra). A schematic representation of both the input and output parameters 

is shown in Figure 4-2. 

 

Figure 4-2. Schematic representation including the input and output parameters of a 

Pierce electron gun [105]. 

The initial geometry of our gun was generated based on the Vaughan synthesis with 

the four input parameters. The primary beam parameters for the particle accelerator 

which dictates the design of a Pierce type thermionic cathode electron gun were 

specified as follows: Beam voltage (25kV), current (502mA), beam waist radius 

(0.5mm) and current density (1A/cm2).  These initial parameters were chosen for an 

ideally low emittance beam and a longer lifetime for the cathode by choosing a 

moderate current density. For higher electron emission current density, the higher the 

temperature of operation needs to be and the shorter the lifetime of the cathode. To 

ensure a cathode lifetime is over the lifetime of the other components in the linac, an 

electron emission current density of 1 A/𝑐𝑚2 was chosen.  
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After having specified the input parameters for the electron gun, the output parameters 

were obtained using the Vaughan synthesis. The input and output values are 

summarised in Table 4-1 and Table 4-2 respectively.  

 

 

𝑷𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓 𝑽𝒂𝒍𝒖𝒆 

𝐶𝑎𝑡ℎ𝑜𝑑𝑒 𝑉𝑜𝑙𝑡𝑎𝑔𝑒 25000 𝑉 

𝐶𝑎𝑡ℎ𝑜𝑑𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 500 𝑚𝐴 

𝐶𝑎𝑡ℎ𝑜𝑑𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 1 𝐴/𝑐𝑚2 

𝐵𝑒𝑎𝑚 𝑤𝑎𝑖𝑠𝑡 𝑟𝑎𝑑𝑖𝑢𝑠  0.5 𝑚𝑚 

 

Table 4-1.  Input parameters for the design of the Pierce electron gun. 

 

 

Table 4-2. Output parameters determined with Vaughan synthesis. 

 

 

𝑫𝒆𝒔𝒊𝒈𝒏 𝑷𝒂𝒓𝒂𝒎𝒆𝒕𝒆𝒓𝒔 𝑺𝒚𝒏𝒕𝒉𝒆𝒔𝒊𝒔𝒆𝒅 𝒅𝒂𝒕𝒂  

𝐵𝑒𝑎𝑚 𝑃𝑒𝑟𝑣𝑒𝑎𝑛𝑐𝑒 (𝜇𝑃) 0.16 𝜇𝑝𝑒𝑟𝑣𝑠 

𝐻𝑎𝑙𝑓 𝑏𝑒𝑎𝑚 𝑐𝑜𝑛𝑒 𝑎𝑛𝑔𝑙𝑒 𝜃 12.0𝑜 

𝐶𝑎𝑡ℎ𝑜𝑑𝑒 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑟𝑎𝑑𝑖𝑢𝑠 𝑅𝑐 20.1 𝑚𝑚 

𝐴𝑛𝑜𝑑𝑒 𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙 𝑟𝑎𝑑𝑖𝑢𝑠 𝑅𝑎 9.8 𝑚𝑚 

𝐶𝑎𝑡ℎ𝑜𝑑𝑒 − 𝑎𝑛𝑜𝑑𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 (𝑍𝑎𝑐) 10.2 𝑚𝑚 

𝐴𝑥𝑖𝑠 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑏𝑒𝑎𝑚 𝑤𝑎𝑖𝑠𝑡 (𝑍𝑤) 39.1 𝑚𝑚 
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4.2.2 Emittance  

Emittance is an important parameter for the quality of the beam as explained in Chapter 

2. When designing the electron gun, one of the requirements is as small emittance as 

possible. Some initial work was carried out before deciding the values of the 

parameters for a lower emittance beam. Several sources contribute to the overall beam 

emittance. This contribution comes from the finite cathode temperature, the magnetic 

field on the cathode, the roughness of the cathode and the emittance of the grid wire 

[60]. The equations giving the emittance due to the different sources are given below 

and summarised in Table 4-3. 

For the finite cathode temperature equation, the emittance is given by equation (4-17)  

                                                 𝜀𝑛,𝑇 = (
1

2
)𝑅𝑐(

𝑘𝑏𝑇𝑐

𝑚𝑐2)1/2                                (4-17) 

where 𝑅𝑐 is the radius of the cathode and  𝑇𝑐 is the cathode temperature.  

The emittance due to magnetic field is given by            

                                              𝜀𝑛,𝐵 = 𝑞𝐵0𝑅𝑐
2/2𝑚𝑐2                             (4-18) 

where 𝐵0 = 0.5𝐺 is the assumed magnetic field on the cathode from the Earth.  

The emittance due to roughness on the cathode is given by 

                                𝜀𝑛,𝑅 = 𝜋ℎ/(2𝑙)𝑅𝑐(
𝑞𝐸𝑠ℎ

2𝑚𝑐2)1/2                                 (4-19) 

where ℎ is the amplitude of surface roughness and 𝑙 is the period of the roughness. 

Some typical values for ℎ and 𝑙 are 1 μm and 20 μm [60]. Finally, the emittance from 

the grid wire is given by 
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            𝜀𝑛,𝑔𝑟𝑖𝑑 ≈ 𝑅𝑐〈𝛽𝑥〉 ≈
2𝜇1(𝑎)

3
(

𝑎

𝑧𝐺
) 𝑅𝑏

|𝐺−(
𝑧𝐺
𝑧𝐴

)𝐴|

(
𝑧𝐺
𝑧𝐴

)1/2𝐴
1/2               (4-20) 

Where 〈𝛽𝑥〉 is the averaged normalized electron velocity and 𝜇1(𝑎) is the shielding 

parameter due to one wire. The potential on the grid relative to the cathode is denoted 

by 𝐺(𝑡) and consists of a dc bias and rf component while the anode potential is 𝐴(𝑡) 

The grid wires form an infinite array located at 𝑧 = 𝑧𝐺 . The grounded cathode is 

located at 𝑧 = 0 and the anode at 𝑧 = 𝑧𝐴. 

The total emittance is the sum of the emittance risen by all of the sources given by   

                      𝜀𝑡𝑜𝑡𝑎𝑙 = √𝜀𝑛,𝑟
2 + 𝜀𝑛,𝐵

2 + 𝜀𝑛,𝑅
2 + 𝜀𝑛,𝑔𝑟𝑖𝑑

2                           (4-21) 

The relation between the emitter radius, the cathode voltage and the emittance was 

investigated to establish the values used for the design of our electron gun. The results 

are shown in Figure 4-3. Figure 4-3 (top) shows the relation between the cathode radius 

and the emittance. The bigger the cathode radius the higher the emittance which 

implies a smaller cathode radius with an adequate current density is preferred. Another 

parameter that was investigated was the cathode voltage and the effect on the 

emittance. Figure 4-3 (bottom) shows that the beam voltage does not increase 

emittance significantly. In this case, a slightly higher beam voltage of 25kV was chosen 

to have larger energy entering the acceleration structure.  
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Figure 4-3. Effect of the emitter radius on the emittance (top) and the effect of the 

cathode voltage on the emittance (bottom). 

.  
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4.3  Modelling using TRAK  

4.3.1 Finite Element Method 

TRAK 8, Field Precision LLC is a program for charged-particle optics with a variety 

of applications. These applications include electron and ion guns, particle accelerators, 

ion sources and electron guns for microwave sources. TRAK operates using the Finite 

Element Method (FEM) which has been applied to model the electron trajectories from 

the Pierce type electron gun. It has the advantage of ease of treating boundary 

conditions and an efficient method of selecting the mesh size. First the potential 

distribution is calculated by solving Poisson's equation in an axially-symmetric case 

in cylindrical co-ordinates given by equation (4-22) 

                           
𝜕2𝑉

𝜕𝑟2 +
1

𝑟
  

𝜕𝑉

𝜕𝑟
+  

𝜕2𝑉

𝜕𝑍2 =  − 
𝜌

𝜀0
                 (4-22) 

where V is the electric potential, 𝜌 is the space charge, 𝜀0 is the dielectric constant of 

free space, r is the radial coordinate and z the axial coordinate. Secondly the electron 

trajectories are computed by solving the momentum equations of the electrons, 

equation (4-23 and 4-24).  

                                                
𝜕2𝑟

𝜕𝑡2 = −𝜂.
𝜕𝑉

𝜕𝑟
                                (4-23) 

                                    
𝜕2𝑍

𝜕𝑡2 = −𝜂.
𝜕𝑉

𝜕𝑍
                                 (4-24) 

 

where η is –e/m, e is the charge of the electron and m is the mass of the electron.  

These two parts are not independent as the trajectory influences the potential 

distribution through the space charge, and this potential distribution directly influences 

the trajectory. Figure 4-4 is a block diagram of computations carried out in TRAK.  
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Figure 4-4. Block diagram of FEM computations. 

The first step in a finite-element solution is to divide the solution volume into small 

pieces or cells called elements. This process produces the so-called mesh. There are 

two steps in the mesh generation procedure. These involve firstly, fill the solution 

cross-section with a set of triangles of appropriate sizes and secondly shift nodes so 

that the element facets lie close to material boundaries as shown in Figure 4-5. In the 

next section the TRAK process is analysed and the simulation results are presented.  
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Figure 4-5. Definition of terms in a triangular formed mesh. 
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4.3.2 Simulation using TRAK (E-static electron gun) 

A Pierce-type electron gun is appropriate for producing an electron beam with constant 

current density for a linear beam. The electron gun consists of an electron emitter, a 

focus electrode held at cathode potential and a grounded anode with shaped electrodes 

to modify the equipotential profile due to the effect of the anode aperture. This 

structure of an electron gun was simulated using TRAK along with the Mesh and the 

Estat features. Estat carries out electrostatic calculations and the potential is 

determined at the nodes and the material characteristics are assigned to the triangle 

volumes. Certain orders must be kept when using TRAK. First the Mesh feature is 

used to create the gun design including all the input and calculated output parameters. 

The input and output parameters can be found in Table 4-1 and Table 4-2 respectively.  

Taking into account our parameters, the electron gun geometry is divided into 4 

regions as shown in Figure 4-6 (top). These are the cathode, the anode, the focusing 

electrode and the vacuum. The outline of the Mesh is shown along with information 

about the filled (F) and unfilled regions (U). Once the initial geometry was created, 

Estat was used to obtain information about the distribution of the equipotential line in 

the different regions of the electron gun. The profile of the electric field is shown in 

Figure 4-6 (bottom). The beam waist position and beam waist radius in the electron 

gun are also presented. Because of the anode aperture, the equipotential surfaces are 

bent into the anode aperture and make the beam diverge in region 2. Furthermore, there 

is no electric field in drifting region 3 and the electron motion is then affected by space 

charge. The laminarity of the electron gun indicates the electron beam quality in the 

focusing electromagnetic field and the defocusing electromagnetic field. 
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Taking a first look at the results, the first observation made is that some of the electron 

beam is blocked by the anode. This is an indication that the geometry of our electron 

gun needs to go through the process of optimisation. When optimising the electron 

gun, the radius of the focusing electrode, the distance between the anode and the 

cathode and the emitter radius should be concerned in the optimisation of the electron 

gun. The optimisation process is shown in the next section.  

It needs to be mentioned that the Pierce-type gun is normally with a curved emitter 

surface as shown in Figure 4-6. The reason for this is to achieve a large beam 

compression ratio. However, it is not a critical parameter when it comes to the RF gun 

since a large beam radius is acceptable. The process of the optimisation for this 

purpose used a flat surface and furthermore, the flat emitter surface also helped to save 

the simulation time since a less dense mesh grid could be used to represent a flat 

surface as compared to a curved cathode surface.   

 

Figure 4-6. Regions of the electron gun using the feature Mesh (top) and Estat for 

the electric field distribution (bottom). 



 
 

105 
 

4.3.3 Optimisation of the electron gun from the initial geometry 

The initial geometry obtained with Vaughan synthesis was used as the starting point 

for further optimisation to get more accurate simulation results and to further improve 

the electron beam quality, including good laminarity and a small emittance. Moreover, 

there are requirements for the total emitted current (𝐼) and the beam waist radius (𝑟𝑤), 

values that need to be achieved through the process of optimisation. Beam waist radius 

is the measure of how much the beam confines, that is the minimum beam radius.  The 

required values for these parameters are given in Table 4-3. 

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟  𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑣𝑎𝑙𝑢𝑒 

𝑇𝑜𝑡𝑎𝑙 𝑒𝑚𝑖𝑡𝑡𝑒𝑑 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 (𝐼)  1 𝐴 

𝐵𝑒𝑎𝑚 𝑤𝑎𝑖𝑠𝑡 𝑟𝑎𝑑𝑖𝑢𝑠 (𝑟𝑤)    1 − 1.5 𝑚𝑚 

 

Table 4-3. Required parameters for the optimised electron gun.  

 

The emitter surface used in these simulations was a readily available, commercial 

gridded cathode. The model chosen was the NJK2221A gridded thermionic cathode 

from Japan Radio Co. Ltd. It has a flat emission surface with a radius of 4.0 mm, and 

a grid distance of 0.16 mm.  The cathode specifications and the outline are given in 

Table 4-4 and Figure 4-7 respectively. The flat emitter surface of this particular 

cathode helped to save the simulation time since a less dense mesh grid could be used 

to represent a flat surface as compared to a curved cathode surface. 
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𝐶𝑎𝑡ℎ𝑜𝑑𝑒 𝑡𝑦𝑝𝑒 𝐼𝑟 𝑐𝑜𝑎𝑡𝑒𝑑 𝑑𝑖𝑠𝑝𝑒𝑛𝑠𝑒𝑟 𝑐𝑎𝑡ℎ𝑜𝑑𝑒 

𝐶𝑎𝑡ℎ𝑜𝑑𝑒 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 8𝑚𝑚 

𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 10 𝐴/𝑐𝑚2 

𝐻𝑒𝑎𝑡𝑒𝑟 𝑣𝑜𝑙𝑡𝑎𝑔𝑒 6.7𝑉 

𝐻𝑒𝑎𝑡𝑒𝑟 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 1.6𝐴 

 

Table 4-4. Specifications of the emitter surface used in the simulations.  

 

 

 

Figure 4-7. Schematics representation of the NJK2221A gridded thermionic cathode, 

dimensions are expressed in mm. 

 

The initial geometry of the electron gun was obtained using TRAK and optimisation 

was carried out by investigating parameters like the cathode radius, the cathode-anode 
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gap distance and the focusing electrode angle and how these parameters affect the 

beam current and the beam waist radius. Figure 4-8, 4-9 and 4-10 show the variation 

of the emitted current and the beam waist radius with the cathode radius, cathode-

anode gap distance and the focusing electrode angle respectively.  

 

 

Figure 4-8. Resultant values for the total emitted current and beam waist radius for 

different cathode radiuses. 
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Figure 4-9. Resultant values for the total emitted current and beam waist radius for 

different gap distances between cathode/anode. 

 

 

Figure 4-10. Resultant values for the total emitted current and beam waist radius for 

different focusing electrode angles. 
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From figures, 4-8, 4-9, 4-10, it is clear that when the beam current is increasing, the 

beam waist radius is increasing too, potentially making the beam focussing harder. In 

Figure 4-8 it can be seen that the cathode length is directly related to the beam current 

something which is expected from the Child-Langmuir law. On the other side, in 

Figure 4-9 it is shown that as the gap distance between the cathode and the anode is 

increasing, the emitted current decreases. This is due to the change in the electric field 

as the gap distance changed. More specifically, as the distance increases the electric 

field strength decreases. The beam waist radius follows a similar trend due to space 

charge forces decreasing. The electric field for different cathode-anode distances is 

shown in Figure 4-11.  

 

Figure 4-11. The simulated electric field as a function of gap distance. 
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Similarly, to the gap distance, the focusing electrode angle has a direct effect on the 

modification of the electric field thus on the beam waist radius as seen in Figure 4-10. 

The last parameter examined, wasn’t involved in the optimisation of the electron gun’s 

geometry but it examined the effect of the cathode temperature on the emitted current. 

As it has been mentioned in chapter 3 operating in the space charge regime has 

numerous benefits. One of them is that the cathode temperature has no effect on the 

emission and so the temperature across the cathode need no longer be uniform in order 

to obtain uniform emission. Figure 4-12 shows the variation of the current with the 

cathode temperature which shows only a slight difference in the emitted current as the 

temperature increases.  

 

Figure 4-12. Values of current for different cathode temperatures. 
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The beam trajectory of the optimised geometry simulated is shown in Figure 4-13. The 

geometry chosen was corresponding to values of 1 A for the emitted current, and 1.5 

mm for the beam waist radius. These values are in accordance with the values in Table 

4-4.  

 

Figure 4-13. Optimised geometry to achieve the desired values for the beam 

parameters. 

The beam trajectories from the TRAK simulations were exported for post-processing 

and calculation of the emittance. The root mean square (RMS) normalised transverse 

beam emittance defined by 𝜀𝑥,𝑅𝑀𝑆 = √〈𝑥2〉〈𝑥′2〉 − 〈𝑥𝑥′〉2 at the exit of the anode was 

1.0 mm⸱mrad, where 𝑥 and 𝑥 ′ were the position and angle of the electrons in x 

coordinate. The normalised emittance which is given by 𝜀𝑛𝑜𝑟𝑚 = 𝛽𝛾𝜀𝑥,𝑅𝑀𝑆  

corresponded to 0.3 mm⸱mrad. 

Beam waist position (mm) 
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Figure 4-14. TRAK simulation used for calculating for the emittance at the exit of the 

anode. 
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Summary  

The intention of this chapter was the design and the simulation of the static electron 

gun using a Finite Element Method code called TRAK. Initially, the electron gun was 

designed based on Vaughan synthesis and was further optimised for better beam 

laminarity using the TRAK code. Parameters like the cathode radius, the cathode-

anode gap distance and the focusing electrode angle and how these parameters affect 

the beam current and the beam waist radius were investigated. Furhemore, it was 

validated that operating in the space charge regime resulting in the cathode temperature 

to have no effect on the emission. The root mean square (RMS) normalized transverse 

beam emittance defined by 𝜀𝑥,𝑅𝑀𝑆 = √〈𝑥2〉〈𝑥′2〉 − 〈𝑥𝑥′〉2 at the exit of the anode was 

1.0 mm⸱mrad. This design was the basis of our RF electron gun whose performance 

will be compared with the developed theoretical model from chapter 3. 
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Chapter 5 

5 Particle-in-Cell Simulations of the RF Gun 

The optimised geometry of the static electron gun was obtained using the 2D TRAK 

code. This geometry was transferred into an FDTD-PIC code, MAGIC, where the RF 

signal was introduced and the performance of the electron gun in terms of bunch 

charge, bunch length and emittance was investigated. 

5.1 Particle-in-Cell (PIC) Method  

Particle in Cell (PIC) is a numerical method that simulates the motion of charged 

particles. Charged particle motion involves simulation between charged particles and 

electromagnetic fields which could be quite complicated, however the PIC simulation 

method has some reduced computational procedures. These procedures involve a 

simulation region that is divided into cells with discrete charge and current density 

defined in each cell. The two quantities that play an important role in these calculations 
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are the charge density and the current density. The charge density results from the 

number of the particles in the specific cell with the charge of each divided by the cell 

volume. The current density is a product of the average velocity of the particles and 

their charge divided by the cell area. In order to generate an electromagnetic field, 

Maxwell’s equations, the current density equation and space charge are solved 

together. The PIC process can be visualized from the flow chart shown in Figure 5-1 

[106]. Each step of the cycle is described below.  

 

Figure 5-1. Particle In Cell simulation cycle. 

A PIC simulation starts by defining the particle positions and their initial velocities. 

The emission sources are identified and position vectors for particles are defined over 

the surface. The velocities are initialised by Maxwell-Boltzmann distribution function 

or can also be set to zero, depending on whether the particles are emitted with initial 

velocities which could play an important role in the overall dynamics of the system.  

The next step involves assigning the charge of all particles inside a cell and relate the 

exerted forces on the particles due to the fields defined at the cell nodes. There are 

different ways to do this depending on the accuracy required and the computational 

cost. One of the ways implemented is called the Nearest Grid Point (NGP) [107]. 
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The Nearest Grid Point (NGP) is a weighting scheme where the force is calculated 

from the nearest grid point from the particle position and the same procedure is applied 

to the charge deposition as shown in Figure 5-2. If we consider a one-dimensional 

mesh for simplicity reasons with corresponding mesh nodes separated by a distance H 

as shown in Figure 5-2 then the weighting function for the NGP scheme can be written 

as 

                         𝑊(𝑥 − 𝑥𝑝) = {
1, |𝑥 − 𝑥𝑝| ≤

𝐻

2

0, |𝑥 − 𝑥𝑝| >
𝐻

2
 
}                           (5-1) 

where, 𝑥𝑝 is the position of the particle and x is the position of the grid point. Now the 

force interpolation function can be written as 

                                  𝐹(𝑥𝑝) = 𝑞𝑝
∑  𝑊(𝑥 − 𝑥𝑝)

𝑁𝑝−1

𝑝=0 (𝐸
𝑝

+ 𝑣 × 𝐵𝑝)                        (5-2) 

where, 𝑁𝑝 is the number of grid points, 𝑞𝑝 is the charge and 𝐸𝑝is the electric field and 

Bp the magnetic field at the grid point. Similarly, the charge deposition over the grid 

can be written as, 

                    𝜌(𝑥) = ∑  
𝑞

ℎ
𝑊(𝑥 − 𝑥𝑝)

𝑁𝑝−1

𝑝=0                               (5-3) 

 where 𝜌(𝑥) is the total charge density at a grid point 𝑥 and 𝑞 is the charge of the 

particle located at 𝑥𝑝.   
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Figure 5-2. The Nearest Grid Point (NGP) scheme. 

5.2 Finite-Difference Time-Domain (FDTD) 

PIC method solves Maxwell’s equations in each mesh cell. The nature of Maxwell's 

differential equations is that the time derivative of the magnetic field (H) depends on 

the curl of the electric field (E), and the time derivative of the electric field is dependent 

on the curl of the magnetic field. These interdependent properties were the key reason 

for introducing the Finite-Difference Time-Domain (FDTD) technique. At any point 

in space, an updated value of an E/H-field in time is dependent on the stored value of 

the E/H-field, and the numerical curl of the local distribution of the H/E-field in space.  

5.2.1 Maxwell’s equations  

The differential form of Maxwell’s equations are  

                               
𝜕𝑫

𝜕𝑡
= ∇ × 𝑯 − 𝑱                                         (5-4) 

                                 
𝜕𝑩

𝜕𝑡
= −∇ × 𝑬                                           (5-5) 

                                      ∇ ∙ 𝑩 = 0                                            (5-6) 

                                       ∇ ∙ 𝑫 = 𝜌                                            (5-7) 

Where 𝑫 is the electric flux density, 𝑯 is the magnetic field density, 𝑩 is the magnetic 

flux density, 𝑬 is the electric field density, 𝑱 is the electric current density and 𝜌 is the 
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electric charge density.  Equations 5-6 and 5-7 represent differential form of Gauss’s 

laws for electric and magnetic fields, equation 5-5 represents differential form of 

Faraday’s law and 5-4 represents the differential form of Ampere’s law. 

Constitutive relations, equation 5-8 and equation 5-9, allow manipulation of 

Maxwell’s equations and relate B to H and D to E   

                                 𝐁 = μ𝑯                                (5-8) 

                                 𝑫 = 𝜀𝑬                                 (5-9) 

Here 𝜇 = 𝜇0𝜇𝑟 and 𝜀 = 𝜀0𝜀𝑟 with μ0 and ε0 the permeability and permittivity of free 

space respectively and μr and εr the relative permeability and permittivity of a specific 

medium respectively.   

5.2.2 Finite-Difference Time-Domain (FDTD) Technique  

The FDTD technique was originally introduced by Yee in 1966 and is based on the 

time and spatial discretization of Maxwell’s equations to obtain solutions for the 

electromagnetic field in the time domain [108] [109].  

The technique is numerically implemented by continuously sampling the 

electromagnetic field over the wave propagation in the medium which is discretized 

into a grid. This grid is popularly called the Yee lattice, and is a numerical three-

dimensional space lattice comprised of multiples of Yee cells. Figure 5-3 (top) [110] 

shows a standard Cartesian Yee cell. 



 
 

119 
 

 

Figure 5-3. Standard Cartesian Yee cell used for FDTD technique(top) and the 

leapfrog method where the position and the velocity is calculated between two 

consecutive forward and backward time value (bottom).  

As it has been shown in the picture by dashed lines, there is a time step difference 

between electric field (E) and magnetic field (H). Due to the central difference 

approximation technique in time, the magnetic field is present at 𝑡 = (𝑛 +
1

2
)∆𝑡 where 

"n" is an integer and electric field is known at integral multiples of the time step. These 

half-time steps are introduced to perform the finite difference computation of electric 

field based on the magnetic field and vice versa. After calculation of initial conditions 

with satisfaction of Maxwell’s equations, the electric and magnetic fields are then 

advanced in time using finite-differenced forms of Ampere’s law and Faraday’s law, 

and Equations (5-4) and (5-5). Also, other Maxwell’s equations, which were illustrated 

through Equations (5-6) and (5-7), remain satisfied in time. The FDTD method 
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approximates both temporal and spatial derivatives of Maxwell’s equations through 

substitution with finite differences, discretising in both time and space to iteratively 

step the electric and magnetic fields, advancing the fields such that the unknown future 

fields are predicted from the known past fields and particle trajectories, the leapfrog 

method, as shown in Figure 5-3.  Updated at each time step are the six vector 

electromagnetic field components associated with each grid cell and the positions and 

velocities of each particle in the simulation.  The difference equation using the leapfrog 

method becomes  

                                 𝐹𝑖
𝑛 = 𝑞𝐸𝑖

𝑛 + 𝑞 (
𝑢𝑖

𝑛+1/2
+𝑢𝑖

𝑛−1/2

2
) × 𝐵𝑖

𝑛                         (5-10) 

where 𝐹𝑖
𝑛  is the Lorentz force on the ith particle due to electric field  𝐸𝑖

𝑛  and 𝐵𝑖
𝑛 

magnetic fields and q the charge of the particle. 

The Yee algorithm incorporates edge elements (used to define a vector value along 

edges between nodes) of one field type (electric or magnetic) with centre point 

evaluation of the other.  The Yee unit cell, Figure 5-3, forms the computational grid 

with the magnetic field vector components known at points situated at half cell offsets 

between the electric field nodes in each dimension and vice versa. 

Hence the Yee cell is constructed such that all electric field components are centred 

on and surrounded by four ‘circulating’ magnetic field components.  Conversely all 

magnetic field components are centred on and surrounded by four ‘circulating’ electric 

field components i.e. the centre point evaluation method. Calculations are interleaved 

in both domains with only adjoining cell interactions being considered when the fields 

are advanced. 
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FDTD codes can be computationally intensive as the entire system to be simulated 

must have a continuous structured grid, with the grid resolution sufficiently high to 

resolve both the smallest geometrical entity comprising the system and the smallest 

wavelength with enough sampling points.  A typical constraint on this grid resolution, 

to produce accurate results, is that the mesh cell dimensions should be one tenth (or 

less) of the wavelength calculated for the highest frequency of interest.  From this grid 

cell resolution the maximum time step can be calculated [111]. 

 Electromagnetic waves propagating in free space cannot exceed the speed of light, c, 

and as such this provides a physical limit to give a relationship between the spatial and 

temporal domains.  This limit is referred to as the Courant stability criterion, where 

the maximum time step is selected to be smaller than the smallest possible transit time 

for a particle across a unit cell. 

                      ∆𝑡 ≤  
1

𝑐√
1

∆𝑥2+ 
1

∆𝑦2+ 
1

∆𝑧2

                         (5-11) 

This condition ensures the stability of a system and means that energy cannot 

propagate beyond one spatial grid cell in one time step [112]. 

5.3  Modelling using MAGIC (RF gated gun) 

The Particle-in-cell (PIC) based MAGIC Toolsuite 2D software tool has been used in 

this thesis for simulating the Pierce electron gun. MAGIC is a 2D and a 3D numerical 

simulation code that self-consistently solves the full set of time-dependent Maxwell's 

equations and the complete Lorentz force equation to provide the interaction between 

space charges and electromagnetic fields. FDTD electromagnetic algorithms are 
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combined with PIC approaches to provide fast, accurate, time-dependent calculations 

of the fields and particle motion in phase-space.  

The accuracy of the simulation results in MAGIC (which is based on the PIC method) 

is highly dependent on the size and number of the grids or cells. As a general rule, 

having more cells with finer sizes leads to higher accuracy in the results. However, a 

simulation with finer grids takes more time and computational costs. MAGIC is used 

to provide a reliable solution for the interaction between charged particles and 

electromagnetic fields. MAGIC code is able to represent structural geometries, 

material properties, incoming and outgoing waves and particle emission processes. 

These emission processes include explosive emission, field emission, photoelectric 

emission, thermionic emission and secondary emission.   

Explosive emission results from plasma formation on a material surface. A simple, 

qualitative explanation for initiation of the explosive emission is that an applied 

external voltage creates high electric fields (in the 107–108 V/cm) at cathode micro-

protrusions or “whiskers”. Electrons are then emitted from the surface by processes 

such as field emission. The current density is given by the Fowler-Nordheim equation 

as seen in Chapter 2. In thermionic emission, thermal energy is required to overcome 

the work function. In this condition, the current density is given by Richardson’s law. 

For secondary electron emission the incident electrons provide the required energy for 

overcoming the potential barrier of the function. 

In MAGIC, rectangular grids are used and the spatial grid is the primary determinant 

of accuracy. The grid dimensions, such as ∆r and ∆z, must be defined in the program. 

The results of a FEM model must be independent of mesh size. A convergence study 
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was carried out to ensure the FEM model captures the systems behaviour, while 

reducing the running time. This can be shown in the following graph where the running 

time (s) and the collected current (A) is plotted against the number of the mesh cells. 

As expected, the addition of mesh cells increases this time. However, at a point there 

is no more refinement in the solution. Refinement past this point is an inefficient 

application of FEM. 

 

Figure 5-4.Running time and collected current at the anode against the number of 

mesh cells showing convergence at 120,000 mesh cells. 

 

Using this mesh size, the optimised geometry of the E-static electron gun obtained 

from TRAK simulations was transferred into MAGIC. For this case an RF field was 

introduced through the coaxial cavity as described in the previous chapter and our 

theoretical model including the grid structure. The eigenmode solver of CST 

Microwave Studio was used to calculate the eigen-frequency of the input section for 

the RF gun (please refer to chapter 6). The complete configuration including the input 

cavity together with the grid structure is shown in Figure 5-5.  
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Figure 5-5. Geometry of the RF electron gun using MAGIC. 

 

Using MAGIC, when the electron gun is driven by a combination of an RF voltage 

and a bias voltage, an electron bunch was generated. Figure 5-6 shows the spatial 

distribution of electrons at different time frames, corresponding to the process of bunch 

emission from the emitter, bunch acceleration by the electric field and bunch at the 

exit of the anode. The running time for each simulation corresponded to 1h and 50 

minutes.  
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Figure 5-6. Different time frames showing the evolution of the beam bunching at the 

different regions. 

5.4   Effect of different combinations of RF and bias voltage on the emitted 

current 

The simulated results of the peak emitted current as a function of the applied voltage 

are shown in Figure 5-7. At different bias voltage, 𝑈𝑏𝑖𝑎𝑠 but same total voltage, 𝑈𝑔𝑟𝑖𝑑 

as indicated in the graph, the emitted current is linear over a wide range of the total 

voltage. This observation validates the approximation of equation 5-11 and 5-12 used 

in our theoretical model.  

                             𝑈𝑔𝑟𝑖𝑑 =  𝑈𝑟𝑓 cos(2𝑓𝑡 − 𝜃) + 𝑈𝑏𝑖𝑎𝑠                                (5-11) 

                                          𝐼 = 𝐺𝑒𝑚𝑖𝑡(𝑈𝑏𝑖𝑎𝑠 + 𝑈𝑟𝑓 − 𝑈𝑐)                               (5-12)  

From Figure 5-7, the value of the 𝐺𝑒𝑚𝑖𝑡 for this particular cathode can be extracted 

from the linear fit. This value was about 18 mA/V. 
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Figure 5-7. Relationship between the grid voltage and the emitted current. 

 

5.5  Discrepancies between the theoretical model and simulation 

Before starting the comparison between the theoretical model and the simulation 

results, it needs to be mentioned that the theoretical model did not include the effects 

of space charge at the emitter, thermal emission distribution and the beam dynamics 

between the grid and anode. This potentially could be a reason for any discrepancies 

risen between them.  

Figure 5-8 shows the emitted current from the cathode and the collected current at the 

entrance of the acceleration cavity at 𝑈𝑟𝑓 = 170 V and 𝑈𝑏𝑖𝑎𝑠 = −115 V. The first 

comparison involved the waveform of the emitted current which matched well with 

the theoretical model in Chapter 3. The second comparison involved the amplitude of 

the collected current pulse waveform of the emitted current which was about 40% of 

the emitted current. By integrating the current, the charge in the collected and emitted 

current pulse was calculated. The calculated values corresponded to 72 pC for the 
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collected current pulse and 43 pC for the emitted. The ratio between them was about 

60%, which indicated that 40% of the electrons emitted from the cathode back 

streamed to the emitter surface due to the deceleration voltage. Comparing the PIC 

simulation values to the values of the theoretical model for the emitted bunches which 

were 33pC, the simulation results in a much larger value to the theoretical prediction.  

 

Figure 5-8. The emitted current from the cathode and the collected current at the 

entrance of the accelerator cavity. 

Another comparison between the theoretical values and the values obtained by 

simulation involves another parameter which is the bunch length. The Full-width-half-

maximum (FWHM) lengths of the emitted and collected bunches were 72 ps and 107 

ps respectively from the simulation. Again in this case these values are much larger 

compared with the theoretical prediction for emitted bunches of 68 ps as shown in 

Chapter 3. As mentioned at the start of this section some effects were not taken into 

account when the theoretical model was developed. Considering these effects, further 

simulation work was carried out to quantify these factors that lead to much larger 

values thus widening the bunch. Each one of them is described below. The values 
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obtained by the theoretical model and the simulation for the bunch length are 

summarised in Table 5-1.  

Bunch length(ps) Theoretical model Simulations 

1.5 GHz 68 106 

3.0 GHz 23 100 

 

Table 5-1.  Summarised values for the bunch length at 1.5 GHz and 3.0 GHz for both 

the theoretical model and simulations. 

5.5.1 Reasons for bunch widening  

The different grid voltages as a function of time are one of the major reasons for the 

widening of the pulse. Taking into account the head of the bunch which had larger 

energy compared to the tail when driven by the RF field, further work was carried out 

for different grid voltages. The results showed that a time difference arises when 

electrons are accelerated by different grid voltages for the same travelling distance. As 

an example for grid voltage of 10V and 30V the time difference for travelling distance 

of 0.36 mm which is the grid distance plus the grid thickness the time difference was 

81 ps which is quite a large value which majorly contributes to the widening of the 

bunch. The second contribution comes from the different distances the electrons have 

to travel from the cathode. The electrons emitted from larger emitter radius travel 

longer distances. The difference in the traveling time from the TRAK simulation was 

28 ps.The last contribution comes from the space charge which was not taken into 

account when developing the theoretical model. The space charge force accelerates the 

head of the bunch and decelerates the tail of the bunch which in our case there was 
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about 16 ps additional contribution to the pulse length due to space charge effects. One 

way of preventing space charge effects is when operating at a smaller beam current. 

5.6 Transverse emittance of the RF gun 

The sliced transverse emittance was calculated by statistically counting the electrons 

at the exit of the anode. The emittance along with the current is shown in Figure 5-9. 

The two regions of the bunch, head and tail have different values of emittance. The 

emittance was lower at the head of the bunch and larger at the tail. The region around 

the tail exhibits some noise due to the statistical variation caused by a small number 

of electrons. The major part of the bunch had a normalised emittance of less than 5.6 

mm.mrad. There are two types of emittance calculated. These were, the geometrical 

and the normalised emittance. The relationship between these two types of emittance 

is given by  

                                                    𝜀𝑛𝑜𝑟𝑚 = 𝛽𝛾𝜀𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐𝑎𝑙                             (5-13) 

Where 𝛽 & 𝛾 are the relativistic functions.  

The value for the normalised emittance at the exit of the anode for the static, DC 

electron gun was 0.3 mm⸱mrad which is a much smaller value compared to the PIC 

simulation result. The reason for this discrepancy is assigned to the weak acceleration 

field due to the RF voltage applied between the cathode and grid, as well as the uneven 

space charge force on the bunch resulting in higher emittance for the RF gun compared 

to the DC gun.  
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Figure 5-9. The emittance of the electron at the exit of the anode . 

The major part of the bunch had a transverse or geometric emittance of less than 17 

mm⸱mrad, corresponding to a normalised emittance of 5.6 mm⸱mrad. The emittance 

was lower at the head of the bunch and it increased as a function of the bunch charge. 

The noise of the emittance at the end of the bunch was due to the unstable statistical 

variation due to the small number of electrons. The PIC simulation showed a much 

bigger emittance compared to the static electric field case, due to the energy spread 

and space charge effect in the RF gun. 
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5.7 Relationship between bunch length and bunch charge at 1.5 GHz and 3.0 

GHz RF frequency 

Figure 5-9 (top) shows the simulation results at different combinations of 𝑈𝑟𝑓 and 𝑈𝑏𝑖𝑎𝑠 

at a driven frequency of 1.5 GHz. Investigating how the 𝑈𝑏𝑖𝑎𝑠 and the 𝑈𝑟𝑓 affect the 

bunch charge and the bunch length it was observed that when fixing 𝑈𝑏𝑖𝑎𝑠 while 

increasing 𝑈𝑟𝑓 both larger bunch charge and longer bunch length were growing in a 

linear trend, which was different from the theoretical prediction. The theoretical model 

showed that a larger 𝑈𝑏𝑖𝑎𝑠 value which corresponds to a smaller 𝜃 helps to reduce the 

bunch length which also got verified with the PIC simulations however the impact on 

the bunch length was very small compared to the predicted value. By increasing the 

bias voltage from -80 V to -170 V, the difference in the bunch length was about 5 ps 

only at the same bunch charge. The minimum bunch length of 106 ps could be 

achieved with a bunch charge of 33.3 pC. 

Another prediction of the theoretical model involved the reduction of the bunch length 

by operating at the higher RF frequency. The PIC simulation proved the trend, 

however, it was found that more electrons were back streamed to the emitter when 

operating at a higher frequency. The bunch length and bunch charge at different grid 

voltages with RF frequency of 3.0 GHz is shown in Figure 5-10 (bottom). The 

minimum bunch length of 100 ps could be achieved with a bunch charge of 16.7 pC, 

which means the bunch length at the entrance of the LINAC was reduced slightly at a 

higher frequency. As we saw in the previous sections the main two reasons for the 

pulse widening were mainly determined by the electron gun structure. In this case no 

significant advantage was to be gained by operating at a higher RF frequency as this 

does not reduce the pulse width or shorten the bunch length. When operating at a 
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higher frequency, the emitted current had to have larger compensation due to the 

higher ratio of the backstreaming electrons. The space charge force, therefore, became 

larger and resulted in longer pulse widening. It also results in larger emittance. 

 

 

 

Figure 5-10. The relationship between the bunch length and bunch charge at 

different grid voltages with RF frequency of 1.5 GHz (top) and 3.0 GHz (bottom). 
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Summary  

In this chapter the performance of our RF electron gun was presented. The developed 

and optimised static electron gun using TRAK was used as a basis while introducing 

an RF signal in our design. This time a FDTD code, MAGIC, was used to simulate the 

RF electron. The effect of the combination of the RF and a bias voltage on the emitted 

current and the relationship between the bunch length and bunch charge was examined. 

The minimum pulse length of 106 ps could be achieved with a bunch charge of 33.3 

pC when the driving RF frequency was 1.5 GHz. These values indicate a longer bunch 

length compared to 68ps obtained from the theoretical model in Chapter 3. The main 

reason for the bunch lengthening was the energy difference of the electrons passing 

through the grid which lead to different travel time of the electrons. Lastly, the average 

normalised emittance was 5.6 mm⸱mrad.  
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Chapter 6  

6 3D Simulation of RF gated Gun using CST Particle Studio 

CST Particle Studio, Simulia Dassault Systemes, is used to simulate charged particle 

dynamics under electric and magnetic fields. In this thesis, 3D simulation work was 

carried out using CST Particle Studio to be compared with the 2D simulations results 

obtained in Chapter 5. In Particle Studio, there are four different solvers namely 

Particle Tracking, Particle-in-Cell, Eigen Mode solver and Wakefield Particle solver. 

No frequency domain simulations were carried out using CST Microwave Studio. For 

this work, the Particle Tracking and the Particle-In-Cell code were used for the static 

and the RF gun respectively. Most of the simulations were done using the time domain 

FDTD solver in CST to complement the simulations carried out using MAGIC 

presented in chapter 5. Particle Tracking Solver track particles in pre-calculated 

electromagnetic fields by using Lorenz force equations. The gun iteration option takes 

into account space charge effects on electromagnetic fields as shown in Figure 6-1. 
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Particle Tracking Solver is suitable for the problem types which do not include time 

variation and RF field while Particle-in-Cell solver takes into account particle and 

time-varying electromagnetic fields. 

 

 

Figure 6-1.  Gun iteration algorithm including space charge. 

In CST simulations, the emitted particle can be an electron, a proton or a helium ion. 

Furthermore, the particle type can be defined with its charge and mass. There are three 

types of emission models which are thermionic, space charge and field emission. The 

space charge emission model is based on the Child-Langmuir model and particles are 

emitted according to Child’s law. The thermionic emission model is based on the 

Richardson-Dushman equation. The last emission model is the field emission in which 

particle extraction occurs due to a high electric field and is governed by the Fowler-

Nordheim equation.  

In this part of the thesis, a parametrical analysis of the Pierce electron gun was carried 

out in 3D to compare with the 2D simulation results. Some of the geometrical 
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parameters examined with TRAK (cathode radius, cathode-anode gap) and one 

electrical parameter (cathode voltage) were investigated for direct comparison to our 

2D simulation work. Furthermore, 3D simulation work of the RF electron gun was 

conducted to be compared with results obtained with MAGIC 2D.  

6.1 Beam dynamics comparison between 2D and 3D simulations  

6.1.1 Static electron gun 

Simulation results of investigating the effect of different geometrical and electrical 

parameters of a Pierce electron gun on the beam quality are directly compared to the 

results obtained with 2D simulations (TRAK). This analysis was carried out by 

examining one electrical and two geometrical parameters and the effect they have on 

the collected current at the anode. These results were compared with the 2D 

simulations. These parameters included the cathode voltage (electrical parameter), the 

cathode-anode gap and the cathode radius (geometrical parameters).  

 

Figure 6-2. Schematic diagram of the 3D geometry of the static electron gun using 

Particle CST Studio. 
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6.1.1.1 Cathode Voltage  

The voltage potential between the cathode and anode is produced by inserting a 

negative voltage value into the cathode body. It is expected that the current rises with 

cathode voltage. This expected pattern is observed in Figure 6-3 where the value of 

the current is increasing with the cathode voltage. The CST results showed a similar 

trend as the TRAK results however a slightly lower value of current was obtained for 

higher voltages as seen in Figure 6-3. One possible reason for this discrepancy at 

higher voltages could be due to space charge which would be higher in a 3D surface 

compare to a 2D area suppressing in this way the current. The space charge effects 

would be more prominent at higher values of cathode voltage thus the observation at 

these values.  

 

Figure 6-3. Collected currents for different cathode voltages and comparison between 

the results obtained with TRAK 2D and CST 3D. 
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6.1.1.2 Cathode-anode spacing  

Another important parameter in gun design is the anode-cathode gap. Seven different 

values of the cathode-anode gap were used. The current versus the cathode-anode gap 

is given in Figure 6-4. As the emitted current decreases, the cathode-anode gap 

increases. Again, for this set of simulations slightly higher value of current was 

obtained with TRAK 2D than CST 3D. The decreasing trend of the current as the gap 

distance between the cathode and the anode increases is due to the change in the 

Electric field as shown in Figure 6-5. 

 

Figure 6-4. Collected currents for different gap distances between the cathode and 

the anode. 
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Figure 6-5. Electric field variation for different cathode-anode distances. 

 

6.1.1.3 Cathode Radius  

Cathode radius is one of the most important parameters influencing the beam current 

as the cathode area is directly related to the current according to the Child-Langmuir 

law  

                                               𝐽 =
4
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Figure 6-6 shows the emitted current for different cathode radiuses. From Figure 6-5 

it can be seen that as the cathode radius is increasing, the beam current follows the 

same trend as expected. Once more, TRAK gave slightly higher values of collected 

current compared to CST.  
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Figure 6-6. Collected currents for different cathode radiuses. 

 

6.2 CST modelling of the RF electron gun 

The time domain CST solver of Maxwell’s equation in integral form using the Finite 

Intergration Technique (FIT) was used to model the RF electron gun. The integral form 

of Maxwell’s equations given by equations 6-2 to to 6-5 can be obtained by applying 

the divergence theorem to the differential form of Gauss’ law and Gauss’ law of 

magnetic fields in section 5.2.1. 

        ∮ 𝐷. 𝑑𝑠 =  ∮ 𝜌 𝑑𝑉
𝑉𝑆

                (6-2) 

             ∮ 𝐵. 𝑑𝑠 = 0
𝑆

                        (6-3) 

with the conversion from the differential form of both Faraday’s law of induction and 

Ampère-Maxwell’s law to their integral forms requiring Stokes’ theorem which can 

be written as 

      ∮ (∇ ×  𝐻) . 𝑑𝑠 =  ∮ 𝐻. 𝑑𝑙
𝐶𝑆

               (6-4) 
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where S is any surface bouded by C, and ds is the differential surface area combined 

with the unit vector in the direction determined by the righ-hand rule from Stokes’ 

Theorem 

       ∮ 𝐸. 𝑑𝑙 =  − 
𝜕

𝜕 𝑡
 ∮ 𝐵. 𝑑𝑠

𝑆𝐶
             (6-5) 

∮ 𝐻. 𝑑𝑙 =  
𝜕

𝜕𝑡𝐶
 ∮ 𝐷. 𝑑𝑠 +  ∮ 𝑗. 𝑑𝑠

𝑆𝑆
      (6-6) 

 

The transient solver of CST Microwave Studio based on the FIT with the perfect 

boundary approximation (PBA) solving electromagnetic finite integral equations (6-2 

to 6-4) was used. The Perfect Boundary Approximation (PBA) technique applied to 

the FIT algorithm maintains all the advantages of structured Cartesian grids while 

allowing accurate modelling of curved structures. 

The FIT was first proposed in 1977 by Weiland [113] and is based on the full set of 

Maxwell’s equations in integral form discretised on a two grid system, known as the 

primary and dual grid, Figure 6-7. In the FIT, magnetic and electric grid voltages and 

grid fluxes are assigned to spatial objects of the grid, defined as integrals of the 

magnetic and electric field vectors associated with the grid, Figure 6-8 [114]. 
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Figure 6-7. Illustration of the primary and dual grid cells used in the FIT [115]. 
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Figure 6-8. Allocation of voltages along edges and fluxes through surfaces in the 

FIT. 
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represent Maxwell’s equations on the grid since in this method discretisation is based 

entirely on the mathematical properties of the integral [117]  

The inclusion of matrices however, which describe material properties, allow 

electromagnetic problems to be solved but introduce numerical approximations. FIT 

is not restricted to a Cartesian coordinate gird and can be applied to non-orthogonal 

and irregular grids, a prime advantage over the FDTD method [118]. However on a 

Cartesian coordinate grid system the FIT and FDTD methods are effectively 

equivalent[117]. 

6.3 RF electron gun 

Figure 6-9 shows the electron gun along with the coaxial cavity and the added alumina 

insulator which was inserted to isolate the potential of the grid from the port the RF 

excitation signal is injected. In CST PIC simulations, thermionic emission or space 

charge is not an option so another model of emission was used. This emission model 

was the field emission model. The field emission equation for the current density is 

given by Equation 6-7 

                                             𝐽 =
𝐴.𝐸2


exp (−𝐵

3/2

𝐸
)                                     (6-7) 

Where A and B are the linear and exponential parameter respectively. The field 

emission parameters were adjusted to fit the Richardson equation for space charge 

emission with the use of MATLAB. The values for A and B resulted in 8x10-7A/V2 

and 1.1x106V/m respectively for a moderate current density of 1A/cm2.  
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Figure 6-9. Electron gun with the coaxial cavity using 3D CST Particle Studio. 

 

Two different voltages, a bias (Vdc) and an RF (Vrf) were used. The negative bias on 

the grid, suppresses electron emission which combined with direct RF modulation of 

the cathode-grid circuit via a coaxial feed line which was able to produce an electron 

beam that is bunched at the RF frequency. The RF modulation is introduced through a 

coaxial line that feeds the cathode-grid circuit. Different combinations of Vdc and Vrf 

were used and the effect on the beam was examined. The number of mesh cells 

corresponded to 2,170,000 and the running time for each simulation was about 4 hours.  

The primary bunch diagnostics of interest in our simulations are the emitted current 

from the cathode, the collected current at the anode, the total charge per bunch and the 

bunch length for different values of Vdc and Vrf. The emitted and the collected current 

is given in Figure 6-10. The emitted current is lower than the cathode current due to 

interception by the grid.  
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Figure 6-10. Emitted current from cathode and collected current at anode as a 

function of time for many pulses. 

 

Figure 6-11. Emitted current from cathode and collected current at anode as a function 

of time for one pulse. 

 

 



 
 

146 
 

Initially, the amplitude of the RF voltage was set to 15V while varying the value of the 

bias voltage. Figure 6-12 presents the signals obtained for the collected current at the 

anode at Vrf =15V and Vdc = 50, 100, 150, 200 V. From these signals the values of the 

current (A) and subsequently the bunch length and bunch charge can be measured. 

Figure 6-12 shows the values of all the above parameters.  From these graphs certain 

observations about the effect of Vdc on the beam can be made. Firstly, the collected 

current is decreasing as Vdc is increasing something which is expected as the purpose 

of the negative bias voltage is to switch off emission. Secondly, the bunch length is 

increasing as Vdc is increasing. Lastly, both the current and the pulse length depends 

on Vdc.  

 

Figure 6-12. Collected currents for different Vdc voltages and Vrf=15V.  
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Figure 6-13. Collected current (A), bunch length and bunch charge for different 

values of bias voltage and Vrf=15V (top to bottom). 
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From the above graphs the value of bias voltage which gives the highest current pulse 

and the smallest pulse length corresponded to Vdc = 50 V. For the next set of 

simulations the effect of Vrf was examined while keeping the bias voltage constant. 

The values for Vrf used were 20, 25, 30, 35, 40 V. For these simulations the collected 

current, bunch charge and bunch length are given in Figure 6-14. As the amplitude of 

Vrf increases the collected current increases as well similar to our previous simulations 

for the different values of Vdc. However, this time the pulse length is not affected as 

much by the Vrf as it does with the Vdc. Overall, the two main observations made from 

this set of simulations were that the peak collected current depends on both Vrf and Vdc 

and the pulse length depends mainly on the Vdc.  

 

Figure 6-14. Collected current for different Vrf voltages and Vdc = 50V. 
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Comparing the results obtained with MAGIC 2D, it was observed that when fixing 𝑉𝑑𝑐 

while increasing 𝑉𝑟𝑓 both larger bunch charge and longer bunch length were observed. 

In 3D CST Particle Studio, a similar trend was observed however the change in the 

bunch length was much smaller for different 𝑉𝑟𝑓 and 𝑉𝑑𝑐 had more impact on the value 

of the bunch length. Moreover, MAGIC showed the minimum bunch length of 106 ps 

could be achieved with a bunch charge of 33.3 pC which is a similar value to 102ps 

bunch length for 34.6pC bunch charge obtained with CST for Vdc=50V and Vrf= 25V. 

Overall, there is a good degree of consistency between 2D and 3D simulations.   
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Figure 6-15. Collected current (A), bunch length and bunch charge for different 

values of Vrf and Vdc = 50V (top to bottom). 
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6.4 Effect of different designs of grid on the performance of the RF gun 

The performance of the gridded cathode assembly gun was investigated in the previous 

section using 3D CST Particle Studio and more precisely, its PIC solver where the 

optimised 3D geometry was carefully modelled including a grid. Initially the grid was 

modelled as a 99% transparent lossy material (graphite) which was biased in order to 

limit the beam current exiting the cathode.  In Figure 6-16 three different types of the 

modelled grid used in this set of simulations is shown. These are, lossy transparent 

material, spider web grid and pepper pot grid (top to bottom). These types of the grids 

chosen to be modelled are not arbitrary. The pepperpot and the spider web type grid 

are the main types of control grids used in electron guns for beam current control.  

The cathode-grid structure shown is composed of the emitting material (cathode), 

which is connected to the heater power system and a thin grid of 0.16mm thickness, 

represented in blue and which is connected to the bias voltage supply. The material of 

the grid was set to graphite and the grid is isolated from the cathode. This time the 

number of mesh cells was increased to 12,000,000 and the running time corresponded 

to around 28 hours. The CST simulation results are presented in the following graphs.  
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Figure 6-16. Three types of grid including a)transparent lossy material b)spider web 

grid and c) pepperpot grid (top to bottom).  

 

 

 

a) 

b) 

c) 
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Figure 6-17 illustrates the current pulse which is collected at the exit of the anode for 

all three types of grids used for modulation. The peak current obtained is much higher 

almost 63% more for the lossy transparent material while for the spider web grid and 

the pepper pot grid were quite similar. The primary difference between the types of 

grid is that the spider web and the pepper pot grid simulation contains radial grid wires. 

Each radial grid wire appearing in the 3-D geometry partially shields the cathode from 

the RF fields in the cavity. This shielding effect reduces the electric field at the cathode 

surface immediately behind the wire and therefore reduces the emitted current density 

at this location. Note also that the collected current pulse is largest at the head of the 

bunch, with a rapid rise time followed by slow decay into a low-charge tail. A more 

numerical comparison is shown in Figure 6-18 and 6-19 where there is a direct 

comparison for different values of Vrf and Vdc for the two types of grid. The 

information obtained by these results concerned the peak current (A), the bunch length 

(ps) and the bunch charge (pC).  Both the spider web and pepper pot grid give quite 

similar values for both the current and bunch charge.  

 

Figure 6-17 Current pulse at the exit of the anode for the the three types of grids. 
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Figure 6-18. Collected current at the exit of the anode, bunch length and bunch 

charge for different values of Vrf and Vdc=50V.  
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Figure 6-19. Collected current at the exit of the anode, bunch length and bunch 

charge for different values of Vdc and Vrf=25V. 
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6.5 Modulation of the RF-gated grid at higher harmonics of the fundamental 

frequency.  

An RF thermionic electron gun is capable of operating simultaneously at the 

fundamental frequency and higher frequency harmonics. The main concept of using a 

higher harmonic frequency is to modify the slope of the RF voltage. According to 

Fourier series, square waves are mathematically equivalent to the sum of a sine wave 

at that same frequency while adding a series of odd-multiple frequency sine waves at 

decreasing amplitude. Basically, a square wave is made from a series of ever-

increasing harmonics. The Fourier transform of a sequence of rectangular pulses is a 

series of sinusoids. The Fourier series is therefore  

                                           V(𝑡) = 𝑉0 ∑
1

𝑁

∞
𝑁=1,3,5,… 𝑠𝑖𝑛 (

𝑁𝜋𝑡

𝑇0
)                                  (6-8) 

Figure 6-20 shows a graphical representation of equation 6-8 for an increasing number 

of harmonics. The second sine wave corresponds to the fundamental one. The third 

harmonic has an amplitude which is one-third of the fundamental and three times the 

fundamental frequency showing three periods. Same for the fifth harmonic amplitude 

which is one-fifth of the fundamental and shows five periods. Addition of the 

increasing harmonics results in a square wave (top). 
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Figure 6-20. Addition of higher harmonics to form a square wave. 

 

The addition of the harmonics is potentially a way of reducing the bunch length by 

modifying the RF voltage waveform. The effect of adding higher harmonic 

components to the fundamental could potentially better control the duration of the peak 

field which expands into a flattop. This may significantly reduce the energy difference 

of the electrons, which is the main reason for the pulse broadening as seen in the 

previous section. For example, adding a 3rd harmonic to the fundamental frequency 

can be written as  

                         𝑉𝑠𝑢𝑚(𝑡) = 𝑉0 sin(𝜔1𝑡 + 𝜑1) + 𝑉3 sin(3𝜔1𝑡 + 𝜑3)               (6-9) 

where 𝜔1 is the angular frequency of the fundamental field, 𝑉3 is the amplitude of the 

3rd harmonic field, 𝜑3 is the phase of the 3rd harmonic fields and t is time. We can 

choose to set 𝜑1 = 0 and we can also write 𝑉3 =  𝑉1 where  is a proportionality 

constant. 

Investigation of the effect of insertion of higher harmonics of the fundamental 

frequency of the excitation signal to potentially reduce the pulse length was carried 

out in CST 3D. For this set of simulations, it has to be mentioned that an idealised case 
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of the insertion of a square wave instead of a series of sinusoidal waves for forming a 

square wave was implemented. The excitation signal of 1.5GHz (sinusoidal) and the 

square wave is shown in Figure 6-21. The resulted current pulse for both excitation 

signals is shown in Figure 6-22. It can be seen with the square excitation signal a higher 

peak current value thus higher bunch charge could be achieved. The bunch charge and 

bunch length for the 1.5 GHz excitation signal for this preliminary simulation 

corresponded to 96pC and 146ps respectively. For the square wave these values were 

163pC and 179ps. From this result it can be seen that a longer bunch length was 

obtained but the bunch charge was much higher for this case. Based on these results it 

was decided to further investigate the effect of the duration of the excitation signal on 

the minimum possible bunch length. 

        

Figure 6-21. Excitation signal of 1.5GHz and square excitation signal. 
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Figure 6-22. Collected currents for 1.5GHz sinusoidal excitation signal (red) and for 

a square excitation signal (green). 

The different duration square pulses were obtained using MATLAB and the function 

of CST which allows a user input signal was used. The different duration signals are 

shown in Figure 6-23. The values of the bunch charge and bunch length achieved are 

shown in Figure 6-24. The minimum possible bunch length value obtained was 87ps 

corresponding to 94pC bunch charge for the 0.22ns excitation signal. Comparing the 

result obtained for the 1.5 GHz excitation signal to the 0.22ns square excitation signal, 

the bunch charge was almost the same for both signals however the square signal 

resulted into a much shorter pulse of 87ps compared to 146ps implying higher 

harmonics could potentially be a way for reducing the bunch length. Further simulation 

work could be carried out as future work to investigate the effect of adding a phase to 

the excitation signal to the peak current and the bunch length/charge.  
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Figure 6-23. User input excitation signals for the different time duration. 

 

 

 

Figure 6-24. Bunch length and bunch charge values for different signal widths. 
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Summary  

In this chapter, the performance of the electron gun was examined using 3D CST 

Particle Studio. Initially, the static electron gun was simulated using the Particle 

Tracking solver and the values were directly compared with the results obtained with 

TRAK. Results were broadly in agreement with slightly lower values for the current 

for our 3D simulations. Following the verification of the results in 2D and 3D, the RF 

electron gun was examined using the CST Particle Studio PIC simulations. Two 

different voltages Vrf and Vdc were used for this set of simulations and the effect of 

each on the bunch dynamics was analysed. The values of the bunch length for 34 pC 

bunch charge corresponded to 102 ps which is in agreement with 2D MAGIC results. 

Furthermore, different types of grid design were modelled and their effect on the gun’s 

performance was examined. Lastly, the effect of the idealised case of a square 

excitation signal via the the use of harmonic signals on the 1.5GHz fundamental 

frequency RF grid voltage showed that a fuller higher current 0.87A electron beam 

pulse was obtained as compared to 0.6A when no additional harmonic signals were 

used.  
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Chapter 7 

7 Conclusions 

This chapter summarises the main conclusions of this thesis and the future work based 

on the current findings.  

7.1 Summary   

Medical LINACs and high average power FELs require short duration and high peak 

current electron bunches. These requirements place strict constraints on the electron 

gun. The investigation that was undertaken for this thesis was the design and the 

modelling of a thermionic gridded electron gun. The development of this electron gun 

was an important basis for the design of more efficient thermionic electron guns able 

to achieve short, high current electron bunches for particle accelerator applications.  
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The design of the electron gun was carried out in three steps which involved a 

theoretical model, simulation of both the static and the RF electron gun in 2D and 

validation of the results with 2D MAGIC and 3D CST Particle Studio simulations. The 

computational results for using MAGIC 2D and 3D CST Particle studio have been 

benchmarked against each other for similar parameter sets.  

Initially in chapter 3, the development of a theoretical model for the gridded thermionic 

electron gun based on the initial electron beam parameters of the LINAC was carried 

out. From this theoretical model the waveform of the control voltage and the emitted 

current was obtained along with other important parameters like bunch charge, bunch 

length. One of the main aims from this model was to establish the minimum bunch 

length for the required value of the 33pC bunch charge (LINAC requirement) which 

was found to be 68ps for 1.5GHz modulation. Higher values of modulating frequency 

(3GHz) was investigated to examine the effect on the bunch length. Operating at this 

higher frequency of 3GHz showed that the minimum bunch length had a lower value 

of 23ps.  

Theoretical model Bunch charge (pC) 

Bunch length (FWHM) 

(ps) 

1.5GHz 33 68 

3GHz  16.7 23 

Table 7-1. Theoretical prediction of bunch charge and bunch length with respect to 

frequency of the RF applied to the grid.  
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Having some estimated values for the above parameters, the design and the simulation 

of the static electron gun using a Finite Element Method code, TRAK was shown in 

Chapter 4. Firstly, the electron gun was designed based on Vaughan synthesis and was 

further optimised for better beam laminarity using the TRAK code where parameters 

like the cathode radius, the cathode-anode gap distance and the focusing electrode 

angle were investigated. Furhemore, the emittance which is another crucial parameter 

for a LINAC was measured to be 1.0 mm⸱mrad at the exit of the anode. This value 

corresponded to the transeverse emittance which is given by 𝜀𝑥,𝑅𝑀𝑆 =

√〈𝑥2〉〈𝑥′2〉 − 〈𝑥𝑥′〉2   while  the normalised emittance 𝜀𝑛𝑜𝑟𝑚 = 𝛽𝛾𝜀𝑥,𝑅𝑀𝑆 

corresponded to 0.33 mm⸱mrad. This developed and optimised static electron gun 

design was used as a basis to introduce an RF signal in our design. This time a FDTD 

code, MAGIC, was used to simulate the RF electron gun. The effect of the combination 

of the RF and a bias voltage on the emitted current and the relationship between the 

bunch length and bunch charge was examined while a comparison of these values with 

the theoretical values was made. The minimum pulse length of 106 ps could be 

achieved with a bunch charge of 33.3 pC when the driving RF frequency was 1.5 GHz. 

Higher values of bunch length were obtained compared to the ones in the theoretical 

model. Further simulation work showed the main reason for the discrepancy between 

these values was the electron velocity differences due to different grid voltages as a 

function of time. This effect resulted in the head of the bunch having larger energy 

compared to the tail when driven by the RF field contributing to almost most of the 

widening of the pulse compared to the theoretical values. The value for the normalised 

emittance at the exit of the anode for the static, DC electron gun was 0.3 mm⸱mrad 

which is a much smaller value compared to the PIC simulation result. The reason for 
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this discrepancy is assigned to the weak acceleration field due to the RF voltage 

applied between the cathode and grid, as well as the uneven space charge force on the 

bunch resulting in higher emittance for the RF gun compared to the DC gun. 

Furthermore, operating at higher frequency (3GHz) didn’t show much effect on the 

bunch length compared to the theoretical model.  

PIC Simulations Bunch charge (pC) 

Bunch length (FWHM) 

(ps) 

1.5GHz 33 106 

3GHz  16.7 100 

Table 7-2. Prediction of PiC imulations of bunch charge anad bunch length with 

respect to frequency of the RF applied to the grid. 

The reason for the PIC simulations having a longer bunch length than predicted by 

theory was due to the energy difference of the electrons passing through the grid 

leading to different travel time of the electrons which was not taken into account in 

theory alone. This was the major contribution to the lengthening of the electron beam 

pulse and to a lesser extent the space charge effect at the head and tail of the electrons 

in the bunch.  

7.2 Comparison of 2D MAGIC and 3D PIC simulations of the RF gated e-gun 

The average transverse emittance predicted by MAGIC 2D was about 17  mm⸱mrad 

calculated by statistically counting the electrons at the exit of the anode which resulted 

in an average normalised emittance for the RF gun was about 5.6 mm⸱mrad which is 

much higher than the static electron gun. To build further confidence, the performance 

of the electron gun was examined using 3D CST Particle Studio.  The RF electron gun 

was examined using the PIC code for two different voltages Vrf and Vdc in this set of 



 
 

166 
 

simulations with the effect of each on the bunch dynamics analysed. The values of the 

bunch length for 34 pC bunch charge corresponded to 102 ps was obtained from 3D 

CST PS which is in agreement with 2D MAGIC results. Moreover, different designs 

of grids, the spider web grid and the pepperpot grid were modelled and their effect on 

the performance of the electron gun studied. Both sets of simulations showed that there 

is not much difference in the parameters in terms of current and bunch charge when 

using the two different grids indicating that either option could be used for the 

modulation of the RF electron gun.  

7.3 Conclusion 

The minimum pulse length of 106 ps could be achieved with a bunch charge of 33.3 

pC when the driving RF frequency was 1.5 GHz. The average transverse emittance 

was about 17  mm⸱mrad calculated by statistically counting the electrons at the exit of 

the anode. The major part of the bunch had a normalised emittance of less than 5.6 

mm⸱mrad.  

Increasing the driven RF frequency helps to reduce the pulse length of the emitted 

current. However, the improvement to the collected current was not significant. The 

velocity spread due to the different grid voltages as the function of the time is the main 

reason for the widening of the pulse from the emitted current to the collected current 

at the entrance of the acceleration cavity. It is not dependent on the driving RF 

frequency and is mainly determined by the grid distance and thickness of the grid 

structure. 

Lastly, the effect of higher harmonics and in this case the idealised case of a square 

imported signal showed that the smallest bunch length possible corresponded to 87 ps 
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which is smaller than the 106ps bunch length obtained with the 1.5GHz excitation 

signal without the addition of harmoinics. This could be potentially a way of achieving 

smaller bunch length while keeping the bunch charge the same although further 

simulation work is needed to examine the effect of the phase of the excitation signal 

on the bunch length/charge.   

Considering all the benefits of a thermionic cathode such as large current densities of 

1-50 A/cm2, long lifetimes (100,000 hours for 1A/cm2 current density), cost-effective 

(£30,000) for entire gridded thermionic cathode electron gun and ability to deliver a 

high power electron beam along with the results of this extensive research we 

concluded that this thermionc gun is a good candidate for medical LINACs and 

Infrared FELs.  

7.4 Future work 

The results presented, demonstrate a promising electron gun for particle accelerator 

applications for achieving short, high current pulses. The level of confidence in the 

simulation models used in this thesis is high as three simulation programs, TRAK, 

MAGIC and 3D CST Particle Studio, were used for acquisition and comparison of the 

results. The first step of this work involved the optimisation of the electron gun 

obtained using the Vaughan synthesis where one parameter at a time was changed 

observing its effect on the beam dynamics. One consideration for the future work is 

the variation of more than one parameter at a time. Once this work is carried out, the 

next proposed work would the fabrication of the electron gun for comparing and 

ideally validating the simulations with the experimental work.  
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The first step for the experimental work would involve construction and assembly of 

the electron gun according to our optimised geometry for minimum bunch length and 

minimum normalised and transverse emittance at 1.5GHz. The experimental set could 

also investigate the use of higher harmonics of the RF frequency so the RF drive for 

the cathode-grid circuit needs to be produced by a multifrequency amplifier to 

accommodate the frequency used for the fundamental frequency of 1.5GHz and any 

higher harmonics. Furthermore, to examine apart from the higher harmonics the effect 

of the phase (another parameter which could be examined as future work of 

simulations), a phase shifter could be used to allow control of the relative phase 

between the fundamental and higher harmonic signals. Once this set up is complete, 

the RF gridded thermionic cathode electron gun can be in operation with both the 

cathode to anode voltage and the grid voltage adjusted to obtain optimum performance 

in terms of buch charge, pulse length and emmittance. The electron bunches generated 

from the gun can be collected by a fast Faraday cup. To take into account any bunch 

spreading due to space charge spreading and velocity spreading the Faraday cup needs 

to be placed as close as possible to the electron gun’s output.  The current collected by 

the Faraday cup can through calibrated attenuators and be recorded by a digital 

oscilloscope where the amplitude and length of the pulses can be examined when 

different experimental variables like the Vgrid and higher harmonic RF drive.  

Another critical parameter for the bunches produced by the electron gun is their 

emittance. In this case, one of the ways to measure the beam emittance is by employing 

a slit-base measurement [61, 119, 120]. This measurement involves a horizontal 

tantalum slit which is scanned across the beam and the electrons passing through the 

slit are intercepted in most cases by a yttrium aluminum garnet (YAG) screen. In turn, 
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the fluorescent screen is imaged and recorded using a digital CCD camera controlled 

by an appropriate software.  
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 

Abstract—In this paper, the design and simulation of an 

electron injector based on a thermionic RF modulated electron 

gun for particle accelerator applications is presented. The electron 

gun is based on a gridded thermionic cathode with the geometry 

based on a Pierce-type configuration. Both theory and numerical 

simulation were used to explore the relationship between the 

bunch length and charge. The reasons for the pulse widening were 

also analyzed. The beam dynamics simulations showed that a 

minimum pulse length of 106 ps could be achieved with a bunch 

charge of 33 pC when the driving RF frequency was 1.5 GHz. The 

average transverse emittance was about 17 mm⸱mrad from the 

particle-in-cell simulations. Operating at a higher RF frequency 

did not significantly reduce the micro-pulse length. 

 

Index Terms— RF gun, thermionic electron gun, particle 

accelerators.  

I. INTRODUCTION 

Electron beam sources in radio-frequency (RF) electron guns 

which generate high peak current and low emittance electron 

beams in a particle accelerator are core to the operation of 

coherent radiation sources such as Free-electron lasers (FELs) 

[1] and medical linacs [2]. There are three main types of RF 

electron guns used as injectors, including thermionic cathodes 

[3], photocathodes [4], and field emission cathodes [5]. In 

thermionic RF guns, the cathode is heated and electrons are 

continuously emitted and accelerated during the half RF period. 

This results in a long electron beam pulse and a wide energy 

spread at the exit of the linac. The problem of energy spread and 

pulse duration control is solved by using photocathode RF guns, 

where a laser pulse is used to extract the electrons from the 

cathode material. Short laser pulses generate short electron 

bunches with higher current densities. However, the 

performance of photocathodes is limited by the availability of 

the high power laser. Another type of RF gun is based on field 

emission which uses a needle-shaped cathode placed in a high 

electric field but it is fragile and prone to damage by 

vaporization of the cathode tip when generating high current 

density electron pulses. 
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The photocathode can generate the ideal electron bunch for 

the accelerator. It has the advantages of large current density, 

short pulse and low intrinsic emittance to match every 

acceleration RF bucket, and high quality producing low 

emittance electron beams [4, 6-9]. However, there are 

challenges involved in operating photocathodes such as in-

vacuum photocathode replacement systems to improve lifetime, 

requirements of ultra-high vacuum, as well as use of a high 

power drive laser which limits its applications to particle 

accelerators that require the very lowest emittance beams. 

As a comparison, the thermionic cathode can produce high 

average power electron beams and has the advantages of a long 

lifetime, proven in many vacuum electronic devices which have 

operating lifetimes of longer than 100,000 hours. The 

thermionic cathode is also cost-effective and can produce large 

current densities of 10-100 A/cm2  with increased lifetime 

achieved the lower the current density due to a more modest 

emitter operating temperature [10]. A thermionic RF gun is 

compact in structure and is relatively simple to operate. It also 

can be operated at high repetition rates.  

Normally a diode or triode type thermionic electron gun is 

used. In a diode-type cathode, the high voltage is applied 

between the cathode and the anode to produce a CW electron 

beam. The electrons that fill the acceleration RF bucket are 

accelerated. The electrons outside the acceleration RF bucket 

will either strike the acceleration cavity’s wall or back bombard 

on the cathode surface. It can cause significant thermal issues 

and shorten the cathode’s lifetime as well as producing stray X-

ray radiation. 

The object of this paper is to investigate the modulation of 

the electron beam, produced by the thermionic cathode, to 

significantly improve the efficiency of electron beam 

acceleration. The diode-type cathode can be gated by switching 

on/off the high voltage power supply. However, its repetition 

rate is very low. A triode-type cathode which has an additional 

electrode between the cathode and anode can achieve a much 

higher repetition rate since the required drive voltage is much 

lower. It can be driven by an RF voltage to gate the electron 
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beam and has attracted a great deal of interest as an electron 

beam source in RF linacs [11-14] as the electron micro-pulses 

can be matched with the acceleration RF buckets as well as 

achieving control of the emitted electron beam.  

The charge, length and emittance of the generated electron 

bunch are important parameters for the thermionic RF 

modulated gun used in linacs. In this paper, their relation was 

obtained from a simplified theoretical model and further studied 

by particle-in-cell simulation through the design of an RF gun 

for a  linac [15]. Section II discusses the configuration of the 

RF gun as well as the RF cavity. The theoretical model of the 

RF gun and the relationship between the bunch charge and 

bunch length is presented in section III. Section IV describes 

the design process of an RF electron gun. The performance, 

including the relationship between the bunch charge and bunch 

length and the reasons for the widening of the bunch length is 

discussed in section V.  

II. CONFIGURATIONS OF THE RF GUN 

The configuration of the electron gun with RF gating is 

shown in Fig. 1. The emitted electron beam is modulated by the 

RF voltage, applied between the cathode and the grid. The RF 

gun in Fig. 1(a) is placed at the entrance of the RF acceleration 

cells, and the electron beam will be directly accelerated by the 

electric field in the cells [3, 11, 13, 14]. It has the advantage that 

the cathode structure is simple. However, since the cathode is 

also a part of the RF acceleration circuit, it is difficult to be 

demounted because it may change the cavity parameters, and it 

is hard to avoid RF heating of the grid. The configuration in 

Fig. 1(b) contains an additional DC acceleration section. It 

enables pre-acceleration of the electron beam and focusing of 

the emitted electrons to achieve a smaller radius and divergence 

since an optimal focusing electrode can be used [16]. Another 

advantage is the design of the cathode and the acceleration cells 

can be decoupled. The RF gun can be demountable to save the 

cost of replacing the whole linac as well as reducing 

maintenance. The electron gun in the linac requires long 

lifetime, low cost and needs to be easily maintained on a limited 

budget, hence a demountable capability can be very attractive. 

Therefore, the configuration in Fig. 1(b) is studied in this paper. 

 
Fig. 1.  The configuration of the RF gun, (a) without DC pre-acceleration, (b) 
with DC pre-acceleration. 

 

The initial electron beam parameters of the proposed linac 

are listed in Table 1. The study was to design a thermionic 

cathode RF gated gun to meet the required beam parameters, 

and also to investigate the properties of the electron bunch, 

including the bunch charge, bunch length and emittance.  

Table 1 the specifications of the linac 

Beam energy 6 MeV 

Acceleration frequency  3 GHz 

Repetition rate 300 Hz 

RF pulse length 7.5 us 

RF gated frequency (GHz) 1.5 or 3.0 

Bunch charge Q (pc) 33.3 @ 1.5 GHz 

16.7 @ 3.0 GHz 

Bunch length 𝜏 (ps) As short as possible 

Peak current (A) Q/𝜏 

Pre-acceleration voltage (kV) 25 

Beam radius (mm) <2.5 

III. A THEORETICAL MODEL OF THE BUNCH LENGTH 

The RF voltage can be driven through a capacitively-loaded 

coaxial cavity. Its basic geometry is shown in Fig. 2(a) and its 

eigenfrequency 𝜔0 can be estimated with 
1

𝑍0
cot(𝛽𝐿) − 𝜔0𝐶 = 0         (1) 

where 𝑍0  is the impedance, 𝛽 is the wavenumber, and the 

capacitance of the cavity 𝐶 = 𝐶1 + 𝐶2 =
𝜀𝜋𝑎2

𝑑
+ 4𝜀𝑎 ln

𝑏−𝑎

𝑑
. 

The eigenfrequency is more sensitive to the cavity length L, 

therefore it can be used for fine-tuning after the other 

dimensions are determined.  

A practical structure of the input cavity for the RF electron 

gun is shown in Fig. 2(b) [17]. The parameters 𝑎, 𝑏 and 𝑑 are 

determined by the electron gun geometry. Its eigenfrequency 

can be tuned by the cavity length. Fig. 2(b) also shows its 

electric field pattern calculated using the 3D EM simulation 

software CST Microwave Studio at a resonance frequency of 

1.5 GHz.  In the simulation, the grid structure is simplified as a 

perfect electrical conductor (PEC) since the sizes of the grids 

are much smaller than the wavelength of the operating mode. 

 
Fig. 2. The schematic of a coaxial input cavity (a) and the electric field pattern 
from the eigenmode simulation (b). 

 

The thermionic electron gun can operate in the space charge 

limited or temperature limited regimes. The space charge 

limited current density follows the Child Langmuir law [18], 

which is determined by the field strength at the emitter surface, 

while the current density at the temperature limited regime 

follows with Richardson's law and it is mainly determined by 

the temperature at the emitter surface [19]. To be RF gated, the 

electron gun in the linac should operate at the space charge 

limited regime to totally switch off the electron beam. Also 

operating at lower temperatures and smaller current density, an 

electron gun with a long lifetime and low emittance is possible. 

The current density in the space charge limited emission regime 

applied with a static electric field is given by 

𝐽 =
𝐼

𝑆
=

4𝜀0

9
√

2𝑒

𝑚

𝑈𝑔𝑟𝑖𝑑
3/2

𝑑2      (𝑈𝑔𝑟𝑖𝑑 > 0)          (2) 
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where 𝑈𝑔𝑟𝑖𝑑  is the total voltage across the cathode and the grid, 

𝑑 is their distance, and 𝑆 is the area of the cathode. When driven 

by a RF voltage 𝑈𝑟𝑓, the emitted current will also be modulated 

with the same frequency. However, when the frequency of RF 

voltage is high, and the pulse length of the electron beam is less 

than the transit time from the emitter to the grid, the classic 

Child Langmuir law will no longer be valid. The current density 

for a short current pulse can be obtained by applying a 

correction factor to the steady-state value of the classic Child 

Langmuir law, which is given by [20] 

𝐽𝑠ℎ𝑜𝑟𝑡 = 2
1−√1−3𝑋𝐶𝐿

2 /4

𝑋𝐶𝐿
3 𝐽            (3) 

where 𝑋𝐶𝐿 = 𝜏/𝑇𝐶𝐿 ≤ 1  is the normalized transit time and 

𝑇𝐶𝐿 = 3𝑑/√2𝑒𝑈𝑔𝑟𝑖𝑑/𝑚 is the transit time from the emitter to 

the grid. For the thermionic RF gated gun studied in this paper, 

the transit time is ~ 60 ps, and it is smaller than the pulse 

duration (~100 ps). The classic Child Langmuir law is still 

valid. 

Eq. 2 indicates that the current emits from the cathode at half 

of the RF cycle when 𝑈𝑔𝑟𝑖𝑑 > 0. To control the emission time, 

a negative bias voltage 𝑈𝑏𝑖𝑎𝑠 can be applied to stop the emission 

of the electrons, and the total grid voltage becomes 

𝑈𝑔𝑟𝑖𝑑 = 𝑈𝑟𝑓 cos(2π𝑓𝑡 − 𝜃) + 𝑈𝑏𝑖𝑎𝑠       (4) 

Fig. 3 shows the typical waveforms of the control voltage and 

the emitted current. In the linac, the required electron beam 

current is relatively small and the beam energy is low. A large 

beam aperture can be used and results in a small current density. 

In this case, a linear approximation of the emitted current in 

Eq. 5 can be used. 𝐺𝑒𝑚𝑖𝑡 is the emission coefficient which is in 

the range of 10 – 30 mA/V for practical cathodes. 𝑈𝑐𝑢𝑡𝑜𝑓𝑓  

describes the cutoff voltage which can be obtained from 

previously published results [21]. 

𝐼 = 𝐺𝑒𝑚𝑖𝑡(𝑈𝑔𝑟𝑖𝑑 − 𝑈𝑐𝑢𝑡𝑜𝑓𝑓)         (5) 

 
Fig. 3 The driving voltage and the emitted current  

 

The bunch charge, bunch length and emittance are important 

parameters of the RF gun in the linac. The bunch charge can be 

integrated from the emitted current and is 

𝑄 = ∫ 𝐼(𝑡)𝑑𝑡 =
𝑈𝑟𝑓

𝑓

2𝐺𝑒𝑚𝑖𝑡

2𝜋
(sin 𝜃 − 𝜃𝑐𝑜𝑠𝜃)    (6) 

where 𝑐𝑜𝑠𝜃 = (−𝑈𝑏𝑖𝑎𝑠 + 𝑈𝑐𝑢𝑡𝑜𝑓𝑓)/𝑈𝑟𝑓  denotes when the 

electrons are allowed to be emitted. The bunch length of the 

emitted current is determined by the phase 𝜃 with 𝜏=𝜃/2𝜋𝑓.  

The electrons will travel to the grid under the applied electric 

field. To simplify the calculation, the space charge effect is 

ignored and the electric field between the emitter and the grid 

is regarded as a uniform distribution, as shown in Fig. 2. The 

electron’s longitudinal position follows Eq. 7.  

�̈�(𝑡) =
𝑒

𝑚

𝑈𝑔𝑟𝑖𝑑

𝑑
           (7) 

The electrons may experience both accelerating and 

decelerating electric fields. Only the electrons emitted before 

time t’ is able to pass through the grid and escape the cathode-

grid region to the anode. Otherwise they will be reflected back 

to the emitter by the decelerating electric field. The time 𝑡′ 

determines the bunch duration from the emitter, which is 

defined by Eq. 8. 

𝐿(2𝜏) - 𝐿(t′) = 𝑑          (8) 

It is preferred to have t′  close to 2𝜏  to reduce the beam 

current lost, since the backstreaming electrons will reduce the 

lifetime of the cathode. In this case, the gap distance 𝑑 should 

be as small as possible. However, it has a physical constraint of 

about 0.16 mm. The gap length also sets a limit to the voltage 

between the cathode and the grid, which is 𝑈𝑟𝑓 +  |𝑈𝑏𝑖𝑎𝑠|, due 

to the vacuum breakdown.  

The theoretical model provides the emission process of the 

electron beam, as well as the relationship between the electron 

bunch length, bunch charge, and the applied RF and bias 

voltages. The bottom threshold of the emitted bunch length for 

a given bunch charge can be obtained by solving the Eq. 4-8. 

Fig. 4 shows the results at 1.5 GHz and 3.0 GHz, respectively. 

In the calculation, the gap distance of 0.16 mm was used. A 

reasonable emission coefficient 𝐺𝑒𝑚𝑖𝑡  of 18 mA/V, and the 

limit of 𝑈𝑟𝑓 +  |𝑈𝑏𝑖𝑎𝑠|  = 600V was chosen. With a bunch 

charge of 33.3 pC at 1.5 GHz, the bunch length is about 68 ps 

when 𝜃 = 40°. With a bunch charge of 16.7 pC at 3.0 GHz, the 

bunch length is about 23 ps when 𝜃 = 45°. For this idealised 

case operating at higher frequency helps to reduce the emitted 

bunch length. 

 
(a) 

 
(b) 

Fig. 4.  The relation between bunch length and bunch charge at different 

operating frequencies, (a) 1.5 GHz, and (b) 3.0 GHz. 
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IV. DESIGN OF THE ELECTRON GUN GEOMETRY 

The theoretical analysis does not include the effects such as 

the space charge, thermal emission distribution and the beam 

dynamics between the grid and anode. In this section, a practical 

electron gun is designed. The performance was investigated 

through numerical particle-in-cell simulations.  

The design of the RF gun is based on the Pierce-type 

configuration which is commonly used in the conventional 

vacuum electronic devices, such as traveling wave tubes, 

klystrons and inductive output tubes (IOTs) [22]. The initial 

geometry was generated based on the Vaughan synthesis [23] 

with 4 input parameters, including the beam voltage, beam 

current, emitter radius as well as the beam waist, as listed in 

Table 1. The initial geometry was then used as the starting point 

for further optimization to get more accurate simulation results 

and to further improve the electron beam quality, including 

good laminarity and a small emittance. Ideally, the finite-

difference-time-domain method and particle-in-cell (FDTD-

PIC) simulation which is able to simulate the beam dynamics 

when driven by RF field is required. However, it is time-

consuming as a fine mesh has to be used to represent the thin 

grid structure. In the optimization, it was more practical to use 

2D DC-voltage gun design code EGUN to simulate the electron 

beam trajectory since only 5% of the simulation time was 

required. The optimal geometry was then applied with the grid 

structure to investigate further beam dynamics with the RF 

driving field using the FDTD-PIC code MAGIC. 

The Pierce-type gun is normally with a curved emitter 

surface to achieve a large beam compression ratio, however, it 

is not a critical parameter of the required RF gun since a large 

beam radius is acceptable. The emitter surface was therefore 

simplified by using a readily available, cost-effective, 

commercial gridded cathode. The model chosen was the 

NJK2221A gridded thermionic cathode from Japan Radio Co. 

Ltd. It has a flat emission surface with a radius of 4.0 mm, and 

a grid distance of 0.16 mm. The flat emitter surface also helped 

to save the simulation time since a less dense mesh grid could 

be used to represent a flat surface as compared to a curved 

cathode surface.  

The beam trajectories of the optimized geometry simulated 

by EGUN are shown in Fig. 5(a). The acceleration voltage 

between the cathode and anode was 25 kV and the emitted 

current was 1.0 A. The radius of the beam waist was ~1.5 mm. 

The beam trajectories ware exported for post-processing the 

emittance. The root mean square (RMS) normalized transverse 

beam emittance defined by 𝜀rms = √〈𝑥2〉〈𝑥′2〉 − 〈𝑥𝑥′〉2 at the 

exit of the anode was 1.0 mm⸱mrad, where 𝑥 and 𝑥′ were the 

position and angle of the electrons in x coordinate [24]. Its 

geometry was then simulated with MAGIC. The complete 

configuration including the input cavity described in section II 

together with the grid structure is shown in Fig. 5(b). When the 

gun is only driven by the DC acceleration voltage without the 

RF voltage, the simulation results are the same as EGUN. When 

driven by an RF voltage and a bias voltage, the electron bunch 

was generated. Fig. 6 shows the spatial distribution of electrons 

at different time frames, corresponding to the process of bunch 

emission from the emitter, bunch acceleration by the electric 

field and at the exit of the anode. 

 
(a) 

 
(b) 

Fig. 5 The optimized geometry of the gun from EGUN (a) and the model of the 

RF gun including the input coupler used in simulations with MAGIC (b). 
 

  
Fig. 6 The spatial distribution of electrons at different simulation time frames, 
(a) bunch emitted from the emitter, (b) bunch acceleration by the electric field, 

(c) bunch at the exit of the anode. 

V. PERFORMANCE OF THE RF GUN 

The performance of the RF gun was studied by applying 

different combinations of the RF and bias voltages. The 

simulated results of the peak emitted current as a function of the 

applied voltage are shown in Fig. 7. At different DC bias 

voltages, the curves are close to each other at the same total 

voltages 𝑈𝑔𝑟𝑖𝑑 = 𝑈𝑟𝑓 + 𝑈𝑏𝑖𝑎𝑠. The results show good linearity 

of the emitted current over a wide range of the grid voltages, 

which validates the approximation of Eq. 4. The value of 𝐺𝑒𝑚𝑖𝑡  

from the linear fit was about 18 mA/V.  

Fig. 8 shows the emitted current from the cathode and the 

collected current at the entrance of the acceleration cavity at 

𝑈𝑟𝑓 = 170 V  and 𝑈𝑏𝑖𝑎𝑠 = −115 V.  The waveform of the 

emitted current matched well with the theoretical prediction. 

The amplitude of the collected current pulse waveform of the 

emitted current was about 40% of the emitted current. The 

charge in the individual collected and emitted current pulse was 
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calculated by integrating the current and they were found to be 

72 pC and 43 pC, respectively. The ratio between them was 

about 60%, which indicated that 40% of the electrons emitted 

from the cathode backstreamed to the emitter surface due to the 

deceleration voltage. The PIC simulation shows a much larger 

value than the theoretical prediction.  

 
Fig. 7 The relationship between the grid voltage and the emitted current. 

 

 
Fig. 8 The emitted current from the cathode and the collected current at the 
entrance of the accelerator cavity. 

 

The Full-width-half-maximum (FWHM) lengths of the 

emitted and collected bunches were 72 ps and 107 ps 

respectively from the simulation. It is much larger than the 

theoretical prediction. The theoretical model did not include the 

effect of space charge at the emitter, thermal emission 

distribution and the beam dynamics between the grid and anode. 

Further simulations were carried out to identify and quantify 

these factors which resulted in the widening of the bunch. they 

include: 

 (1) Velocity differences due to the different grid voltages as 

a function of the time. The head of the bunch had larger energy 

and the tail had less energy when driven by the RF field. 

Considering electrons accelerated by grid voltages 30 V and 

10 V, the time difference was 81 ps with a traveling distance of 

0.36 mm (the grid distance plus the grid thickness) in the PIC 

simulation which takes into account the space charge at the 

emitter. It is the major reason for the widening of the pulse. 

(2) Different path lengths of the electrons. The electrons 

emitted from different positions traveled with different paths. 

The electrons emitted from larger emitter radius travel longer 

distances. The difference in the traveling time from the EGUN 

simulation was 28 ps.  

(3) The space charge force accelerates the head of the bunch 

and decelerates the tail of the bunch. EGUN simulations show 

there was about 16 ps additional contribution to the pulse length 

due to space charge effects. The space charge force would have 

less impact when operating at a smaller beam current. 

The sliced transverse emittance was also calculated by 

statistically counting the electrons at the exit of the anode. 

Fig. 9 shows the correlated emittance and the current of the 

electron bunch as the function of the simulation time. The 

emittance was lower at the head of the bunch and it increased 

as a function of the bunch charge. The major part of the bunch 

had an emittance of less than 17 mm⸱mrad. The tail of the bunch 

has larger emittance however the current contained in this part 

of the bunch was small. The noise of the emittance at the end of 

the bunch was due to the unstable statistical variation due to the 

small number of electrons. The PIC simulation showed a much 

bigger emittance compared to the static electric field case. The 

relatively weak acceleration field due to the RF voltage applied 

between the cathode and grid, as well as the uneven space 

charge force on the bunch were the main reasons for the high 

emittance of the RF gated gun. 

 
Fig. 9 The emittance of the electron at the exit of the anode. 

 

By varying the RF and bias voltage, the bunch length and 

bunch charge of the collected current change accordingly. 

Fig. 10(a) shows the simulation results at different 

combinations of 𝑈𝑟𝑓  and 𝑈𝑏𝑖𝑎𝑠  at a driven frequency of 

1.5 GHz. When fixing 𝑈𝑏𝑖𝑎𝑠  while increasing 𝑈𝑟𝑓  both larger 

bunch charge and longer bunch length were observed. 

However, the growing of the bunch charge as a function of 

bunch length follows a linear trend, which was different from 

the theoretical prediction shown in Fig. 4. The theoretical model 

showed that smaller 𝜃 (equivalently larger 𝑈𝑏𝑖𝑎𝑠 value) helps to 

reduce the bunch length. The PIC simulations also show the 

same trend. However, its impact on the bunch length was very 

small. By increasing the bias voltage from -80 V to -170 V, the 

difference in the bunch length was about 5 ps only at the same 

bunch charge. The minimum bunch length of 106 ps could be 

achieved with a bunch charge of 33.3 pC.  

The average transverse emittances at different RF and bias 

voltages were also studied. When fixing 𝑈𝑏𝑖𝑎𝑠 while increasing 

𝑈𝑟𝑓 , a higher grid voltage can be achieved and it helped to 

reduce the transverse emittance. A minimum transverse 

emittance of 12 mm⸱mrad could be achieved. At different bias 

voltages, the trend of transverse emittance was similar. Since 

the DC acceleration region was also a main source of the 
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emittance, it is possible to improve the emittance by further 

optimizing the geometry of the cathode and anode. 

Fig. 4 shows that the length of the emitted pulse can be 

reduced by operating at the higher RF frequency. The PIC 

simulation proved the trend, however, it was found that more 

electrons were backstreamed to the emitter when operating at a 

higher frequency. The bunch length and bunch charge at 

different grid voltages with RF frequency of 3.0 GHz are shown 

in Fig. 10(b). The minimum bunch length of 100 ps could be 

achieved with a bunch charge of 16.7 pC, which means the 

bunch length at the entrance of the linac was reduced slightly at 

a higher frequency. Since the first two reasons for the pulse 

widening were mainly determined by the electron gun structure. 

In this case no significant advantage was to be gained by 

operating at higher RF frequency as this does not reduce the 

pulse width or shortens the bunch length. When operating at a 

higher frequency, the emitted current had to have larger 

compensation due to the higher ratio of the backstreaming 

electrons. The space charge force, therefore, became larger and 

resulted in longer pulse widening. It also results in larger 

emittance.  

 
(a) 

 
(b) 

Fig. 10 The relationship between the bunch length and bunch charge at different 

grid voltages with RF frequency of (a) 1.5 GHz and (b) 3.0 GHz. 
 

VI. CONCLUSION 

In this paper, a thermionic RF gun for particle accelerator 

applications was investigated. The electron gun was based on a 

commercially available gridded cathode and the geometry was 

optimized based on the Pierce-type configuration. A theoretical 

model was used to predict the relationship between the bunch 

length and charge. However, it is limited by ignoring the effect 

of space charge at the emitter and the beam dynamics between 

the grid and anode. The performance of the electron gun was 

further studied by PIC simulations. The reasons for the pulse 

widening have been analyzed. 

The minimum pulse length of 106 ps could be achieved with 

a bunch charge of 33.3 pC when the driving RF frequency was 

1.5 GHz. The average transverse emittance was about 17  

mm⸱mrad. Increasing the driven RF frequency helps to reduce 

the pulse length of the emitted current. However, the 

improvement to the collected current was not significant. The 

velocity spread due to the different grid voltages as the function 

of the time is the main reason for the widening of the pulse from 

the emitted current to the collected current at the entrance of the 

acceleration cavity. It is not dependent on the driving RF 

frequency and is mainly determined by the grid distance and 

thickness of the grid structure.  

Compared with the photocathode injection gun, the 

emittance of the proposed RF gun is much larger, which limits 

its applications in linacs that can operate with electron pulses of 

a certain brightness. However, by combining the merits of 

compact, demountable, and long lifetime, applications can be 

found in medical and industry linacs where the ultimate 

brightness is not required.  
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