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Abstract

We nd accurate optical responses of metallic and dielectric symmetric
nanoparticles in the resonant region - where the particle haat least one
dimension comparable to the excitation wavelength - at any at in space
by de ning surface Green functions (SGF's) for the particles inerms of a
“nite number of exact solutions of the Maxwell equations. We stug both
the near and far eld properties of these particles, o®ering a °duiity that

is unsurpassed by alternative techniques. For each problem, warefully
monitor the convergence and error in our solutions to justify ur results, a
process often overlooked in similar studies. By optimizing thessGF's, we
minimize the error in our solutions and are able to study wide failies of
particles to examine how the size, shape and composition of tharpcles
a®ects their optical properties at all points in space.
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Chapter 1
Introduction

We shall begin in this chapter by examining the historical baadkound to
modern electromagnetic analysis and highlighting why the dipal properties
of nanoparticles have received constant and varied scienti nterest for well
over one hundred years. We will outline the fundamental elecimagnetic
theory required throughout our study and introduce several maern solution
methods used widely, speci cally their advantages and limitans. Finally
we will outline very brie°y the general problem we wish to solvenithis work.

1.1 A brief history of nano-optics

Nanoparticles are generally considered to be an invention ofoakern science,
although they have a history that dates back thousands of year3hey have
been used for their striking optical properties as decoration materials such
as glass and pottery, albeit unknowingly, since Roman times|[20f course, at
this time, there was no real understanding that the optical poperties of these
materials were due to the presence of very small particles whiead intriguing
optical properties. The use of nanomaterials in this capacitgontinued for
thousands of years without any understanding of the mechanisnas work.

It was the chemist, Michael Faraday, who provided the rst sciertc



study of the optical properties of nanoparticles in his semihd847 publica-
tion [3]. In this work he outlined his ndings that the optical properties of
gold colloids di®ered from those of bulk gold. Many consider thio be the
birth of the scienti ¢ eld of nanoscience, even though the proptes of these
metallic nanoparticles was not fully understood at this time

Some twenty- ve years later and in the eld of atmospherics, Lor&ayleigh
outlined theory that showed that the blue sky could be explairgk by the
scattering of light by small particles [4]. Assuming that the scatrers were
small in comparison to the wavelength of the incident light, Rg@eigh showed
that the scattered intensity was inversely proportional to thefourth power of
the wavelength of the incident light, and that this was in exellent agreement
with the spectral distribution of the light experimentally observed. Although
particles in air are typically smaller than the colloidal paticles described by
Faraday, Rayleigh's analysis made fundamental steps to the whcement of
nanoscience by providing a mathematical description to the tipal properties
of small particles.

In the intermediate period between Rayleigh's research anté beginning
of the 20" century, there was a large gap in the theory of the optical pper-
ties of nanoparticles. Very small particles could be adequdyedescribed in
the far eld by Raleigh theory, while geometrical optics [5]auld describe the
properties of large particles. The range between these two sxines where
the wavelength of excitation was comparable to the size of thmrticle - the
so called resonant region - remained a theoretical gap.

It was not until 1908 that the German physicist Gustav Mie outlired a
a theory for spheres that was independent of the relative sizé the particle
to the incident light [6]. Mie theory allowed the elds of intaest to be
determined at any point in space, but did not prove useful for dmdes to
come due to the enormous amount of calculations required im age before
the advent of the computer.

Decades later, with the advent of the computer Mie theory beene a



realistically usable theory and since WWII there has been an ekjsion in

the number of scattering theories reliant on computationaldgchniques. Due
to the breadth of the eld, we will not study all of the various techniques
in this work but we will investigate some of the important area®f modern

computational electromagnetics in more detail in Sectiorll.5. For now, we
shall move on to study from a modern perspective a few examplesrfr the

vast range of exciting particles that can be produced and theooesponding
optical properties of these nanoparticles.

1.2 Nanoparticle production and types

The eld of nanoscience is progressing at a rate faster than everedto mod-
ern production techniques allowing the fabrication of wideanges of sizes and
shapes of materials from an equally wide variety of materialsThe eld of
nanoparticle fabrication is a vast science in itself and we witiot study all
the production methods here. The main methods of fabricatp however,
are by attrition [7], pyrolysis [8] and wet chemistry techniqes [9]. Of pri-
mary interest to our study is the shapes, sizes and materials of piates that
can be produced via these various methods. We will concern ouves in
this study with particles having a rotational axis of symmetry This is not
a signi cant limitation as most fabrication methods in practie produce ro-
tationally symmetric particles. Also, many of the physical e®ectsf interest
we shall describe in Section. 1.3 are precisely due to the paldicsymme-
tries. In Fig. 1.1 [10] we show a selection of polystyrene nanopeles which
have been produced by so called "bottom down" techniques (spks that
have been reduced down by chemical processes to form new axiswtnin
particles). We can see in Fig. 1.1 a wide range of both oblate apdolate
nanoparticles and we will discover in our studies that these piggles can have
drastically di®erent optical properties. Examples of commaetly available
metallic nanoparticles are shown in Fig. 1.2. The elongated etallic par-



Figure 1.1: Examples of various shapes of both prolate and oblate dietéc
nanoparticles with a size range o600hm shown on each.

S
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Figure 1.2: Examples of commercially available elongated gold nanopares
of length % 1'm .
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ticles shown in Fig. 1.2 have particularly interesting practial applications
due to the high eld enhancements possible with such particles, wh we
discuss further in Section. 1.3. As can be seen from the examplessented,
elongated (and °at) nanopatrticles tend in practice to have nended edges
as straight edges tend to be ditcult to manufacture via the avédable pro-
duction techniques. As a result, in this work we shall model most piicles
with rounded ends to recreate practically produced nanoptecles faithfully.
These brief examples are by no means an exhaustive list of the iety of



nanoparticles that can be produced today, but serve to illusaite the vari-
ety of geometries available. Now that we have shown some of therigais
structures that can be produced with nanoparticles, in Sectinl.3 we shall
discuss some of the optical properties of these patrticles that kes them so
interesting.

1.3 Optical properties of nanoparticles

Throughout the rest of this work we shall con ne ourselves to studshe opti-
cal properties of axisymmetric nanoparticles in the resonamegion, between
the limits of the Rayleigh regime and the regime of geometat optics. We
note, however, this is by no means any real restriction due tté¢ wealth of
optical properties nanoparticles in this range produce. Weill brie°y intro-
duce some of the key properties of dielectric and metallic gares in both
the near and far eld.

1.3.1 Far eld properties of particles

Although the majority of recent interest in nanoparticles hasbeen in near
“eld e®ects, accurately modeling the far- eld properties of naparticles is
of great interest in many di®erent “elds. In atmospherics, the alify to
study how satellite communications are a®ected by clouds, dustdite is of
importance [11]. Also, the investigation of the optical propéies of cosmic
dust grains detected in astronomical objects is of importandge astrophysics
[12].

1.3.2 Near eld e®ects
Nanojets

Photonic nanojets are intense, narrow beams emerging frometishadow side
surface of plane wave illuminated dielectric cylinders or sphes of diameter
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greater than approximately one wavelength [13]. Nanojets waappear for
a wide range of diameters of the cylinder or sphere and for a ety of
refractive indices [14]. Typically, the jets can propagateith little divergence
for several wavelengths into the surrounding medium while maaining a
transverse beam width smaller than the illuminating wavelengt In fact,
transverse beam widths as small as3) have been reported [15]. We show
a real nanojet imaged via confocal microscopy in Fig. 1.3. Najets such as

Figure 1.3: Image of an experimentally observed photonic nanojet from a
dielectric sphere of radius2:5'm taken via confocal microscopy [1]. The in-
tensity of the eld has been sampled around the particle via afocal microscopy
and a composite image formed to show the spatial variation.

the example shown in Fig. 1.3 have received signi cant interesecently as
obtaining the nest possible optical resolution is of relevanceta wide range
of areas. Potential applications include high-density optal data storage
[15] and microscopy [16], where nanojet microscopy obviouslpltis many
advantages over conventional electron microscope based ta@dues, since in
biological applications the sample need not be killed to be mged.



Nano resonators

Ever since the discovery of very high quality factor micro resaors in spher-
ical particles [17] there has been constant interest in such sttures along
with a wide range of publications, many aiming to nd the largespossible Q
value particles. The interest in micro and nanoparticle resonars has been
driven by the diverse range of related studies from investigatns of strong
coupling in quantum electrodynamics [18] to ultra-sensitiveio-sensing [19].

Surface Plasmon Resonances

One of the most exciting properties of metallic nanoparticte rst described
by Mie in 1908 is that the interaction of light with the particle can result in
the collective oscillation of its free electrons. This oscillion is referred to as
the surface plasmon resonance (SPR) [20].

This SPR can produce large optical polarizations which reguh a huge
local electric eld enhancement at the nanoparticle surfacesavell as strongly
enhanced light absorption and scattering by the particle, praded the inci-
dent eld is at the SPR frequency. This SPR frequency dependononly
on the material, but also on the size and shape of the nanopartc[21, 22],
the dielectric properties of the surrounding medium [23], @hinter-particle
interactions [24]. These properties provide a large degrektonability to the
response of the particle to the incident eld.

These strongly enhanced and tunable absorption and scatteringgper-
ties of such metal nanoparticles have made them invaluable aptical and
spectroscopic tags for biological sensing and imaging [25] and bhiomedical
applications [26]. Also, the SPR sensitivity to the host medium feactive in-
dex and inter-patrticle interactions has also been used for tioptical detection
of biological and chemical species [27].

The huge local electric eld resulting from the SPR can lead to strong
enhancement of the spectroscopic signal from molecules in theinity of an
SPR active particle [28]. Important examples of this includ surface enhanced
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°uorescence [29], and surface-enhanced Raman scattering (SER®, 31]
with enhancement factors large enough to allow single moldaudetection
[32, 33].

A detailed understanding of the laws which govern electromagtics is re-
quired in our studies, and we shall present a brief introductiomiSection. 1.4.

1.4 Fundamentals of electromagnetics

The relationships showing the behavior of the macroscopic eiéc and mag-
netic elds in a media were formulated by James Clerk Maxwellral are of
the form [34]:

r€ E=j %t (1.1
re H:J+%t 1.2
r¢ D="2% (1.3)
r¢e B=0 (1.4)

whereE is the electric eld, H the magnetic eld, B the magnetic induction,
D the electric displacementJ the current density, Y%the free electric charge
density andt is time.
Also, itis trivial to show from Maxwell's equations the continuty equation
for electric charge is of the form
@%2

reJ+ o0 (1.5)

Since the Gauss magnetic eld law and the charge continuity egtion can
be obtained from the rst three Maxwell's equations, they are soatimes
thought of as being supplementary or dependent equations.

The charge and current densities are associated with free chasgand for
a source free mediumd = 0 and %= 0. For this case, only the rst two of



Maxwell's equations are independent.
Throughout our study, we shall assume that the elds and sources are
time harmonic with an angular frequency! and can be written in the form

E(r;t)= RefE(r)e " g (1.6)

With similar relations for the other elds of interest. Thus it can be seen
that in the time domain that the eld E(r;t) is a real quantity. However, in
the frequency domainE(r) is a complex quantity and Maxwell's laws in the
frequency domain are of the form

r£ E=i'B (1.7)
r£ H=Jj i'D (1.8)
r¢ D =% (1.9)

r¢ B=0 (1.10)

1.4.1 Boundary conditions

If more than one medium is involved, the elds at the boundary fotwo
media may be discontinuous. However, a boundary condition is assted
with each of Maxwell's equations. If we consider a boundary be¢en two
media separated by a surfac& which has an outward unitary normal (see
Appendix. C) vectort as shown in Fig. 1.4 it is possible to show that the
tangential component ofE is continuous while the tangential component of
H is discontinuous:

hE (Exj E;)=0 (1.11)

NE (Hzi Hy)= Js (1.12)



Where Js is the surface current density and, conversely, the normal commp
nent of B is continuous while the normal component oD is discontinuous:

NeD2j D)= % (1.14)

whereY; is the surface charge density.

N

n

Medium 2 *
/’_\

Medium 1

Figure 1.4: The interface between two linear isotropic media showing
outward unitary normal at the surface S.

1.4.2 Poynting's Theorem

Energy conservation follows from Maxwell's equations and Roting's theo-
rem in the time domain states that:

@B @ _
¢ (EEH)+ HE S +EC =i Ee) (1.15)

and the Poynting vector is given by:
S=E£fH (1.16)

which be interpreted as the power °ow density. By integrating wer a nite
domain D with surface S and using Gauss' theorem we nd that:

Z Z Z M 1

i E®dV= SmndS+ He® L Ec®@ v (1.17)

D s D @t @t
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Which simply describes that the power supplied by the sources wih the
volume is equal to the sum of the increase in electromagneticezgy °owing
out of the volume.

In a similar fashion, the Poynting vector can be represented irhe fre-
guency domain as:

r¢ (EEH)=i (BCH"| ECDY | E ¢J° (1.18)

where the asterisk denotes the usual complex conjugation. Thengplex
Poynting vector is de ned as:

S=EE£H® (1.19)

However, practically, it is not possible for real devices to respd at optical
frequencies and so what is actually measured is the time aveeaigpower °ow.
The time averaged Poynting vector is given by:

hSi = :—ZLRefE £ H% (1.20)

1.4.3 Constitutive Relations

The “rst three independent Maxwell's equations are, in themsegs, insuz-
cient to form a complete system of equations to solve for all unkwn scalar
functions since there are sixteen unknown scalar functions armhly seven
scalar di®erential equations.

If we consider a source free medium, the number of unknown scaflanc-
tions decreases to twelve with six scalar di®erential equationso make the
equations de nite additional information is required aboutthe interdepen-
dencies of the vector elds. This additional information is gien by consti-
tutive relations. We note that from this point onwards we will assume all
“elds to be time harmonic and so the frequency domain form of thaxwell
equations apply. The frequency domain constitutive relatims for isotropic
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media are:

D = 2E (1.21)
B=1H (1.22)
J=¥E (Ohm% Law) (1.23)

where? is the electric permittivity, * is the magnetic permeability andis the
electric conductivity. The above equations provide nine st relations that
make the number of equations and unknowns in Maxwell's equahs compat-
ible, and for the source free medium, only the rst two constitutie relations
are required. We draw special attention to Ohm's Law, which canti es
the conductivity (%3 of a medium. In this work we shall study the electro-
magnetic properties of real metallic materials that have rte conductivities
and as such support internal elds to the particle. For the case aghetallic
particles, the large conductivity produces rapidly attenuted internal elds.

In free space, the electric permeability and magnetic suscdgptity are
given by2, = 8:85£ 10 ?!Fmi *and?, = 4¥£ 10 "Hm' ! respectively. Inside
a medium, however, the permeability and susceptibility are dermined by
the electric and magnetic properties of the medium.

Dielectric materials can be characterized by two terms, ongeke space
term and one polarization vector term,P, such that:

D =2E+P (1.24)

where the polarization vector is the average electric dip@lmoment per unit
volume and is quanti ed by:

P = 2,A.E (1.25)

where A is the electric susceptibility. Similarly, magnetic materiés can be
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described by a free space term and magnetization vector teri,, such that:
B =1oH+ 1M (1.26)

whereM is the magnetic dipole moment per unit volume:
M = A,H (1.27)

whereA,, is the magnetic susceptibility. Throughout our study we shall da
only with nonmagnetic media where the permeability is givey * = 1.
For isotropic media, the permeability and susceptibility can b written as:

2= 202 = 20(1+ Ap) (1.28)

Il

N
|
N
N

I

olr = Lo(1+ Ap) (1.29)

1.4.4 Index of Refraction

For source free media, the simplest solution to Maxwell's equatis is the
vector plane wave solution. The behavior of the plane wave igtrmined by
the dispersion relation

k=1Par (1.30)

which relates the angular frequency of the wave,, to the wavenumberk.
The dimensionless quantity

n=c = PP (1.31)

is the refractive index of the medium where c is the speed offtig(c=1 P Z050),
2, and ! are the free space permittivity and permeability anc,, 1, are the
relative permittivity and permeability of the material in question.
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1.5 Computational electromagnetics

There are countless real-world situations where the interaon of electromag-
netic radiation with structures is of great importance. Exarples include the
design and modeling of telecommunication systems, antenna, sadsatellite
communication systems, the study of nanophotonic devices, highesa sil-
icon electronics and medical imaging. However, very few ofdbe problems
are analytically solvable and as a result numerical methods rsube em-
ployed. The multitude of methods that are employed in the sotion of this
broad range of problems forms the wide and growing eld of comfational
electromagnetics. The typical aim of computational electragnetic tech-
nigues is to solve the problem of computing the electric and rgaetic elds
in and around some object, which is subject to an incident exeition. Some
solution methods allow the solution elds to be found across all ape, while
others only allow the elds to be found in a prede ned area or gti There
are a wide variety of computational electromagnetic techques and the exact
method employed to solve a particular problem depends on thature of the
object being studied and the area for which a solution is desiredimost all
methods aim to take advantage of natural symmetries and thresimensional
problems can often be reduced to problems of lower dimensioroyding a
speci ¢ symmetry exists. In this work we are mainly interested in tb simula-
tion of how electromagnetic elds interact with axisymmetricnanostructures,
and a brief overview of some of the main techniques used in thisldeas well
as advantages and disadvantages of each will be outlined. Sipeally, we
will brie®y outline Mie theory, the Finite Di®erence Time Doman method,
the Discrete Dipole Approximation and the Extended Boundary ©ndition
Method with Distributed Sources. Currently, these are the most wely used
techniques in the study of the optical properties of nanopaidles.
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1.5.1 Mie Theory

As we discussed in Section. 1.1, Gustav Mie's motivation was theashcteri-
zation of the optical properties of colloids, which were maiyin the resonant
region of the incident excitation, i.e. between the Raylelgand geometrical
optics limits. Mie ultimately formulated a solution to the scatering of elec-
tromagnetic plane waves by spheres and so Mie scattering theasynamed
after him.

Unlike Rayleigh scattering, Mie theory is applicable to all asgct ratios
of particle size to incident light wavelength and is one of théew analytical
solutions of the Maxwell equations for particles electromagtics. It repre-
sents the various incident, internal and scattered elds as eapsions of a set
of functions and is an exact solution to Maxwell's equationsrpvided in nite
expansions are used. As previously discussed, at the time of its iptten, Mie
theory's viability was questionable since it required a larggumber of compu-
tations. The computer age has allowed the fast and accurate cpatation of
these large sums of special functions, and as a result Mie's paperi°uence
continues even today and in fact Mie's original paper reces¢ around 160
citations each year.

As we outlined in Section. 1.2, modern production techniqudsave al-
lowed the manufacture of a wide range shapes of nanopartictesl Mie theory
cannot be directly used to solve problems involving non-spheail particles.
However, since scattering of a plane electromagnetic wave by depe is one
of the few analytically solvable problems in electromagnes, Mie theory is
frequently used as a standard reference to validate methodssggned for more
complex electromagnetic problems.

1.5.2 Finite Di®erence Time Domain Method

The Finite Di®erence Time Domain (FDTD) method is a time domai method
which involves the direct solution of Maxwell's time depend# curl equations
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[35]. It uses simple central-di®erence approximations [36] évaluate the
space and time derivatives of the "elds of interest. The regioneling studied
is represented by two interlaced grids of discrete points. Oneig contains

the points at which the magnetic eld is evaluated, the secondoatains the
points at which the electric "eld is evaluated. By alternatey calculating the

electric and magnetic elds at a series of time steps, the elds ofterest are
propagated throughout the grid. Time stepping is continued ntil a steady
state solution with appropriate precision is reached. The maiadvantages
of the FDTD method are that is does not involve the solution of sstem of
linear equations and frequency domain results can be obtadhby applying a
discrete Fourier transform to the time domain results. Also, the pdicle be-

ing studied can be of arbitrary shape and this makes the methodgicularly

suited to the study of non-axisymmetric particles. There are hosver some
signi cant disadvantages of the FDTD method. Firstly, the elds d interest

can only be found on the prede ned grid and, because the basic mtnts
are cubes, curved surfaces on a scatterer must be stair- cased astiated

in Fig. 1.5. Of course, by increasing the resolution of the FDTD ethod
the area which is not modeled can be decreased arbitrarily, toin reality

the computational requirements of the FDTD method are signi ant and in-

creasing the resolution comes with signi cant additional compational cost.

Furthermore, no matter how high the resolution is made, therwiill always be
areas which are not modeled. Probably the most major disadvage of the
FDTD method, however, is that if either the particle or input eld change,
the entire calculation must be performed again. Since one calation can
take hours or even days to complete, it makes evaluating theebavior of
a particle for a range of incident elds ditcult. For these reasos, FDTD

methods tend to be used to periodically con rm the results of o#r more
excient computational methods.
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B High refractive index cell

/\ B Low refractive index cell

Staircased particle
boundary

Figure 1.5: A diagramatical representation of a staircasing e®ect in thenear
“eld of a particle calculated via the FDTD method.

1.5.3 Discrete Dipole Approximation

One of the most most well known and widely used methods in comptitnal

scattering analysis is the Discrete Dipole Approximation (DDA) 37]. Using
DDA, an arbitrarily shaped particle is treated as three dimensinal collection
of dipoles. When subject to an incident eld, the points acquiredipole
moments which interact with one another as well as the incidé eld. For

this reason the DDA is also sometimes referred to as the couplegpae
approximation. By taking into account the interaction of al the dipoles with
each other and the incident "eld, it is possible to form a linear stem of
equations, and, by solving this system the elds of interest may bednd.
DDA has the main advantage that the dipoles that form the objet can be
placed in any con guration and so even irregularly shaped padies without
any symmetry can be studied. However, the main disadvantage of BOas
with FDTD) is that the linear equations generated need to be $eed for each
incident "eld which can be computationally demanding.
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1.5.4 Extended Boundary Condition Method with dis-
tributed sources

The Extended Boundary Condition Method (EBCM) is a multipole method
which connects the coezxcients of the expansions of the scattdrand incident
“elds in terms of a complete system of the vector basis functiongava matrix

commonly known as the T-Matrix. It was rst described by Waterman in

his seminal paper [38]. Due to the matrix relations between ¢ghexpansion
coezxcients being at the heart of the theory, the EBCM is often eferred
to as the T-Matrix method. There have been many modi cations fothe

EBCM since its inception, for elongated or °at particles the mst important

modi cation of the EBCM is use of distributed multipole sources whin the

particle, as opposed to sources de ned from a single origin [39].

The main advantages of the distributed source formulation ohe EBCM
are the low computational costs and wide range of particle shap, materials
and sizes that can be modeled [40]. One of the major drawbackistioe
EBCM, however, is the inability to model the near eld e®ects ofmany
of the particles it can model in the far eld. This is due to the &ct that
the method can only determine the elds inside and outside the picles
smallest and largest circumscribing spheres respectively as shawikig. 1.6.
The volume of space that cannot be modeled in the near eld inases as the
aspect ratio increases, making this method unsuitable for nearldestudies
in non spherical particles. Due to this limitation, the methodis primarily
used in far eld studies where this disadvantage is not important

1.6 Statement of our problem

In this study, we wish to characterize the electromagnetic eklat all points
in space due to an input eld being imposed on an axisymmetric napar-
ticle. We assume that the nanoparticle and surrounding mediumra both
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Particle Inscribing
surface sphere

.. Circumscribing
sphere

Unknown
fields

Figure 1.6: Near eld diagram showing the area between the inscribing and
circumscribing spheres that the EBCM with distributed souces cannot nd,
the main limitation of the model.

linear and isotropic, and that the surrounding medium is in niely extended.
A diagramatical representation of a particle with an input ed incident upon

it is shown in Fig. 1.7. We note in Fig. 1.7 that the particle is &isymmetric
since it is produced by the revolution of the generatrix abouthe symmetry
axis (the z-axis). We will make use of both Cartesian and spherical polar
coordinates in this work, the relationship between the two igjiven in Ap-
pendix. A.
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> Revolution about z
produces surface

Figure 1.7: The geometry of a general particle we wish to model showing
the surface S separating the internal and external domain®' and DS, the
incident, internal and scattered “elds f%"S (which can be electric or magnetic),
the outward unitary normal to the surface i and the major and minor semi
axesA;B along z and x, respectively. The surface of the particle is produced
by the revolution of a line, or generatrix, about thez axis.
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Chapter 2

Electromagnetic Properties via
the Surface Green Function

In this chapter we shall lay down the theory that will enable usto nd
the electromagnetic properties of axisymmetric nanoparties as described in
Section. 1.6.

2.1 Multipole expansions in electromagnetics

In this study, we represent electric and magnetic elds as expsions over
some set of appropriate functions. We deem functions to be apprate
if they satisfy certain criteria. Firstly, we require that the functions are
exact solutions to the Maxwell equations. In this way, we can bassured
that any linear combination of these functions we produce via multipole
expansion are also solutions to the Maxwell equations. We also veg that
our functions (and hence eld expansions) satisfy the radiationondition at
in nity [41]:

££p1_3H3+p2§ES=O(i—L); as ri1 2.1)

The radiation condition assures that the scattered elds propage away from
the particle i.e. the energy of the scattered eld propagatesutward from
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the particle and assures uniqueness in our solutions. Additionglwe require
that the set of functions we use is complete and linearly indepdent [42].
Requiring the functions to be complete ensures that we can mgsent any
“eld in our multipole expansions to an arbitrary precision by caying out
the expansion to high enough order. Linear independence erssithat the
there is no degeneracy in our system of functions. There are masgts
of functions which satisfy these criteria [43] , although we cloge to work
with the Spherical Vector Wavefunctions (SVWF's)M and N which are
introduced in detail in Appendix. B.

The expansions of the various elds are written in terms sums avéhe
SVWF's such that for the internal eld:

T
EI = almnM mn + HmnNmn (2'2)

n=1l m=in
and for the scattered eld

XX
ES= B M3+ BN, (2.3)
n=l m=jn
where m; n are the indices of the SVYWF'sM and N (m is the azimuthal
mode andn is the order of the Legendre polynomial within the SVWF),
1; 3 specify the type of radial function within the SVWF (1 speci es he
regular functions used for expanding the incident and intead elds in terms
of Bessel functions and 3 speci es the radiating functions used fexpanding
the scattered “elds which are in terms of Hankel functions.) ands and
kS, are the expansion coexcients for the internal and scattered “etd There
are of course similar relations for the magnetic elds.
Practically, however, we must use truncated expansions and scetBums
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in the above expressions become:

XXX W
! (2.4)

n=1 m=jn n=1 m=j M
whereN; M are the truncation parameters forn; m that control the size of
the sum.

Throughout our study, we will refrain from writing out such bulky ex-
pansions, instead we use the compact notation which combines takectric
and magnetic elds as:

jFEs >= JEFS; HP >= S FSS > (2.5)

whereF' represents the internal electric and magnetic “elds we wish tgpa
proximate, ¢, contains the expansion coexcients, is a multi-index that con-
tains both m and n, Fo contain the SVWF's such thatF, = jM%;j iC'N} >
forl1. °. °y=2andF, = jNi;j iC'M} > for°y=2+1- ©° . %, and
oy is the nu&nb_er of functions we use in the expansion of the interhalds
whereC' =  Z. There are similar expressions for the scattered “elds, for
which the index and total number of functions used in the expasion are
1-1 v, since we need not use the same number of functions for the intakn
and external "eld expansions, which we shall discuss in more detkiter.

2.1.1 Surface Green Functions

The surface Green function (SGF)G, gives an exact relation between the
internal and scattered “elds and the incident "eldsF ©, in terms of the surface
integral [44, 45], 7

F= GF%s; (2.6)
S

where F represents the internal elds inside the particle and the scatted
“elds outside the particle. The SGF is a function solely of the pécle in
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guestion (not the incident eld), and, once calculated, can besed to nd
the eld at any point from any incident eld. We show in this section how to
“nd numerically excient approximations of Eq.(2.6) by using the boundary
conditions onE,H at the particle surface.

We can enforce the boundary conditions at the particle surfady match-
ing the expansions of the elds in SVWF's so that the residual of theurface
“elds is minimised around the particle in a least squares sense [46pnsider
U,, Dp, an auxiliary system of (possibly generalized) vector functienwhich
are linearly independent and have the component orthogont S identically
null. Using a nite subset of these functions withp - N, and the boundary
conditions, we can de ne the matrix equation relating the indent elds ,
FO, to the internal and scattered “elds

" , #r o o#" #

<UpiFd > < U jF? > G _ <UpF°> ; 2.7)

<DyjFd > <D jjFs> i ¢ <D ,F°>
where we use the notatiorx ajb >= RS a” dbdsto indicate the surface integral
of the scalar product of complex vector functions over the sateS. Note
that we can nd a least-square solution for the expansion coetciwdzj
even when the left hand side matrix in Eq. 2.7 is rectangular bgalculat-
ing, through Singular Value Decomposition (SVD) [47], the Mae-Penrose
pseudo-inverse, a generalised matrix inverse de ned for non-sgri@omplex
matrices which we will discuss in greater detail in Section 23 By solving
Eq. 2.7, we can nd an approximate surface Green function,

"#
o 1 . | u
Gt mwiNe = [l FRIGILLL, Dp ; (2.8)

p

wherel; is 1 inside the particle and O elsewherég is O inside the particle
and 1 elsewhere, andli ! is the pseudo-inverse of the left hand side matrix
in Eq.(2.7). For xed °y;'wm, the value of N, at which one reaches conver-
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gence depends on the choice bf, D,. It can be shown that by increasing
°w;tm and Np, G **mNe converges toG [48]. The algorithm requires
O(Ng) operations, but uniquely determines the elds at all pointsn space.
Furthermore, onceG’™ **™ Ne has been determined, it need not be evaluated
for each individual input "eld, o®ering a computational savingver methods
such as the Finite Di®erence Time Domain technique and DDA.

In this study we take advantage of the fact that, for axisymmeifc scatter-
ers, the azimuthal modes decouple and we can thus project orclednarmonic
exp (imA) and solve each azimuthal mode individually. We consider pacies
whose surface can be parametrized by the angleand A and use generalised
projection functionsjU, >=[up; 0", jD,, >=[0; up]" with

y4

BES DS I0G) £ A ] ) £°S (1 AldudA
= 2%/4 & M ALY £ A; A] ¢N(1) £S (h; AdA;  (2.9)
fori- p- N,and
z gimh . ) )
S T i ) AGA e £ (1 AldudA
= 2%4 e ™A (o) Su(kos A | AL(k)S: (Ho; AIdA;  (2.10)

for Np+1 - p- 2N,. In this work we choosep as an index for points on
the surface where the boundary conditions are matched is the unitary
vector alongA in spherical polar coordinates(l,) is the Dirac delta at the
point W, on the surface of the particle anah(,) £ A(Ho; A): A(u; A are tangent
to S and orthonormal. This choice of functions leads to a point niehing
system, where the matrix equations must be overdetermined, .i.the number
of points must be larger than the number of functions used in thexpansion
of the elds.

Now that we have described the formulation of the SGF method weust
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“nd reliable and accurate ways of numerically calculating th SGF for various
particles. The formulation requires that we invert a non-squa& matrix, and
we will discuss practical methods of doing so in Sections. (2.223..6).

2.1.2 Physical Interpretation of SGF system

Much work in the area Greens functions is mathematically dese but this
need not be o®-putting as the underlying physical concept isryestraight-
forward. Greens functions simply allow us to represent the e&din one area
of space to the elds at di®erent area of space. They are simply a rpapy
of how the known "elds in one area are combined to produce the dd in
some other area. In our case we know the elds at the particle suckvia
the boundary conditions of Maxwell's equations and wish to ndhe solution
“elds at di®erent points in space away from this surface. Sincedharea in
which we know our elds is a surface, the resultant Greens funoti mapping
is referred to as a Surface Green Function. So, physically&lSGF we derive
is simply a set of mathematical rules which tell us how we can ctme the
“elds at the surface to approximate the elds at all other pointsin space. In
other works Free Space Green Functions and Volume Green Ftinas are
often referred to, these are simply a di®erent variation to theG where the
“eld is known not just on a surface, but in free space and within a vome.
Furthermore, the compact notation used in this work may be soméhat
opaque at rst glance. It is used such that bulky systems of equatismeed
not be written out multiple times. So, for the avoidance of dobot, we show
in Fig. 2.1 a more physical representation of the point matchg equation
matrix at the heart of our method (L in Egn. 2.8). From Fig. 2.1we can see
that we are using two sets of projection functions; and D;) to project
the electric and magnetic elds at the particle surface. The els shown in
this diagram are the superpositions of the internal and scatted elds at the
particle surface, since the incident eld it contained on the ght hand side
of the system of equations. The width of the matrix depends on homany
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Width a function of expansion order of fields
-

A D, - (E field expansion @ point 1 ...)

D, - (E field expansion @ point Np, ... )

D, - (H field expansion @ point 1 ...)

D, - (H field expansion @ point Np ...))

Height a function of number of matching points

Figure 2.1: Boundary condition matrix at the heart of the SGF approach
presented in this work. N, is the number of matching points on the surface.

expansion functions we use in our solution while the height depes on how
overdetermined our system is. We can see from this diagram that veee
simply sampling the electric and magnetic elds along two dir¢ions on the
surface of the particle.

2.1.3 Matrix inverses

Matrix inverses are used in many areas of mathematics, statistiesd the
sciences and are crucial in the solution of linear systems of etjaas. A
brief introduction to matrix inverses is given in Appendix. D. Since in our
study we aim to nd the matrix inverse of a rectangular matrix, weem-
ploy the Moore-Penrose pseudoinverse as described in Appendix3DThe
pseudoinverse can be calculated in a variety of ways using foraexple QR-
factorization [49] and iterative methods [50]. The most popar method,
however, due to its computational simplicity and accuracy ighe calculation
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of the pseudoinverse via Singular Value Decomposition [47], i we will
introduce in the Section 2.1.4.

2.1.4 Singular Value Decomposition

The SVD is a matrix decomposition which is one of the methods wdfi can
be used to calculate the Moore-Penrose pseudoinverse. We shadinixe the
underlying theory of the SVD carefully as it is crucial to our slution and
will become increasingly important in our analysis in Chapter3.

The SVD exists for any matrix A with entries a; 2 C and decomposes
the matrix into a product of three matrices:

A = Usv" (2.11)

whereU is an m £ m unitary matrix with entries u; 2 C, V isann£ n
unitary matrix with entries v; 2 C and S is anm £ n matrix which is zero
everywhere except for the main diagonal which contain en&g$% 2 R with
% ., 0. The diagonal entries ofs are usually ordered in decreasing magnitude
such that % - % forj , i. Thus, when using SVD on a £ 3 matrix, the
structure of the matrix S would be:

2
% 0 O
0 % O
0 0 % (2.12)
0 0
0O 0 O
with
Yo, Y, Ya: (2.13)

In this simple exampleU would be a 5£ 5 square matrix andV is a 3£ 3
square matrix.
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2.1.5 Singular values and vectors

The diagonal elements of are referred to as the singular values k. For
each singular value there are corresponding left and right simigr vectors
which are stored in the matricesU and V respectively. A singular value
for which we can nd two left (or right) singular vectors that are linearly
independent is said to be degenerate. Non-degenerate singualues always
have unique left and right singular vectors, consequently, iflssingular values
of A are non-degenerate and non-zero, then its singular value datposition
iS unique.

2.1.6 Pseudoinverse via SVD

The singular value decomposition can be used for computing thequdoin-
verse of a matrix. The de nition of the SVD

A = UsvH (2.14)

was de ned in Section. 2.1.4. We know sincd,V are unitary and from
trivial matrix properties that the pseudoinverse of the matrk is then given

by:
Ail=yHgi1yH (2.15)

Where we have calculated the inverses of the unitary matricésV by taking
the Hermitian conjugate. The inverse of the matrixS is also trivially found
by taking the reciprocal of the non-zero diagonal elementsd transposing
the matrix. It can therefore be seen that calculation of the SVIdf a matrix
essentially produces the pseudoinverse of the original matriaside from a

few matrix operations.
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2.1.7 Quality of results and errors

We have now laid down the basic theory for the SGF method and hastudied
some of the tools we use to enable us to approximate SGF's for peles. We
must now ensure we have a robust measure of the error in our solusosuch
that we can justify the validity of our simulations. In our point matching
implementation of the SGF our aim is to solve a linear system of egtions
which minimizes the sum of the residual eld at the particle surfee in a least
squared sense such that:

ifo fl+ £552 (2.16)

is minimal across the surface of the particle, where we have udetb denote
the tangent components we are point matching along at the pticle surface:

jfots > = jelis; n0ts > = ja £ EYS AL HOS > (2.17)

where i is the outward unitary normal at the particle surface. The paits
p at which matching occurs are usually chosen to be equally spacawund
the particle generatrix. From this we can de ne the error at a sgci ¢ point

p on the surface to be _
ij i fi+ f5j2
+ = o P (2.18)

jf5i

Wherefg?‘;S are the elds evaluated at the pointp. This gives us the fractional
size of the residual at the particle surface with respect to the égident eld at
that point. We can also study the maximum and average errors asfanction

of matching point position, and these are de ned by:

tmax = Max() (2.19)
and =)
Np
doy = —E2 P (2.20)
Np
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We note that in similar studies, the far eld results have been showto be
stable provided that the surface erroe,, - 10 2 [51]. This is the cuto® that
we shall use in this work for the maximum error we deem acceptabl

2.2 Precursor to results

Before we progress to study the electromagnetic properties\@frious exam-
ples using the SGF method, we will brie°y introduce some of the salts we
shall be studying. Some of these results are produced as standarchearly
all scattering studies, such as the scattering cross sections. Some kss
common, such as the near eld to the particle and the surface errgaria-

tion as a function of matching point position. It is useful befte continuing
to review the geometry and parameters associated with of our qpiale in

Fig. 1.7.

2.2.1 Excitation eld

We can excite our particle with any incident eld we wish such as glane
wave, Gaussian beam or spherical wave. However, throughout thi®rk we
will consider all particles to be illuminated by an in nitely extended plane
wave, which we expand in terms of SVWF's consistent with the noten
used in [52, 34]. This is the standard excitation eld used in mositérature
and allows us to easily compare our simulations to accepted rdsu We
shall characterize the input eld by the direction of propagabn with respect
to the particle's symmetry axis (-¢x). - ¢ is the angle the wavevector of
the incoming plane wave makes with the symmetry (z) axis of thparticle
as shown in Fig. 2.2. The patrticle coordinate system (x,y,z) is etwn in red
while the input eld coordinate system is shown by dashed lines. Thughout
this work axial incidence is taken to mean y = 0=.
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Figure 2.2: For an input in nitely extended plane wave, the incident angé
of the wavevector is speci ed by , the eld can be polarized in any direction
by the rotation of E;H aboutK. In this diagram the direction of polarization
of E and H is shown to beDg and Dy respectively.

2.2.2 Particle descriptors

Itis typical to label particles with characteristic dimensim (i.e. largest length
along one of the semi axes A,B as shown in Fig. 1.3)by their size parameter

(SP):
2Yv.D

SP = (2.21)

5

whereD = max(A;B). The aspect ratio, AR, is de ned from Fig. 1.7 as:

AR = (2.22)

A
B
whereA is the real dimensional length of the semi-axis along thedirection
and B is the real dimensional length of the semi axis along the direction.
Note that the size parameter and aspect ratio are dimensionless. Ation-
ally, we use the convention of calculating the aspect ratio ohé particle as
AR = A=B (always the semi axis length along the-axis on the numerator)
such that prolate particles haveAR > 1 and oblate particles have aspect
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ratio AR < 1.

We generalize our study further by using adimensional units inllaour
calculations, such that all lengths are scaled by%2=, (the wavenumber in
free space) and are thus dimensionless. We can then re-label oartigle
lengths with a = 2%A=, and b = 2¥%B=,, the rescaled dimensionless sizes
along z and x respectively, such that the characteristic dimension is now
d = 2%D=, and the size parameter and aspect ratio are rede ned as:

SP=d (2.23)

and

AR = (2.24)

olo

where all variables are adimensional. This adimensional foatation means
that all solutions that we shall solve in this study are applicald to a fam-
ily of scalable particles, which could be of any physical size asng as the
wavelength of excitation is in the same ratio with respect to té particle size
as the solution. This is of course providing that the dispersioretation [53]
for the refractive index is a constant over the range we consigl@vhich may
or may not be a reasonable approximation depending on the matd and

range considered. We will discuss this fact in greater detail wh we begin
demonstrate our results for real metallic particles. We note #t with this

rescaling, the new dimensionless free space wavenumbétsis 1 while the

internal wavenumber is simplyk; = n,g, the relative refractive index of the
particle we are considering with respect to the surrounding maadn.

2.2.3 Di®erential scattering cross-section

The di®erential scattering cross-section (DSCS) is an importanteasure used
in scattering analysis and gives the angular distribution of ettric eld in-
tensity as the observation point tends to in nity [54]. The DSCSused in this
work has units of area. It is also a very useful test of the convesgce of scat-
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tering methods as it should theoretically converge on constadistribution
as we expand the scattered elds with progressively more functis.

Y%.s = lim je KTTES 4)° (2.25)

where the P and S polarizations refer to thep and A components in the
far eld respectively. It is standard practice when comparingdr eld re-
sults from various methods to use theotal DSCS by adding the P and S
polarizations over the range which they are evaluated:

% =%+ R (2.26)

where %2 is the total cross section. Throughout this study, we will take
DSCS to mean the total DSCS unless otherwise stated. Due to typity
large order of magnitude variations in the DSCS's as a funcin of angle we
plot DSCS's on a logarithmic scale. When we plot the DSCS's thengular
range will be over the range 'DSCS angle’, such that a particiduminated
axially will have a maximum in the DSCS at a DSCS angle of*Qi.e., the
forward direction.

In order to evaluate the DSCS we make use of the asymptotic forni o
the SVWF's. We may denote these asymptotic forms b1 ;N and are
given by [55]:

My » SPKD iy A +0( 3) (2.27)

expiksr
N » S ER G 1) N (13 + O —) (2.28)
where the functionsm,,, and n,,, are the angular part of the SVWF's, i.e.
the SVWF's with the Hankel functions removed. Note the radial vaation

is contained within an exponential multiplier which decayss &r. We build
the asymptotic form of the electric eld in the same way as our ustiaeld
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expansions:
Xs W
E! = ammM L+ b N (2.29)

n=1 m=j M

where a,,, and b,, have been determined from our SGF applied to a par-
ticular incident "eld and N is the number of functions used to expand the
scattered eld, i.e. the number of functions contained withirthe multi-index
1w in Section. 2.1.1.

2.2.4 Near eld plots

There has been a signi cant increase in interest recently in thewsty of the
near eld properties of nanoparticles. One of the main advaniges of our
SGF formulation is that we are able to nd the "elds at any point in space,
whether internal or external to the particle. We plot near et electric eld

intensity plots in order to view the distribution of energy in aad around
particles. We use colour plots to picture the near eld plots, ana typical

example along with the colour scale is shown in Fig 2.3. It shoulek noted
that these colour plots are on a linear scale and each image haaximum

numerical value of the brightest point set equal to unity whenhe colour map
is applied.

2.2.5 Error plots

For particles we study we will show the corresponding error plas function
of position on the particle surface, as well as the maximum andverage
errors. This enables us to gain an overall impression of how acate the
solution is for a particular particle, as well as showing how #herror varies
across the surface. This could be of relevance to applicationkich involving
multiple particles in contact with each other. In such cases waay wish to
drive down the error at the point of contact, for instance at tle pole of the
particle.
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Figure 2.3: An example of a near eld plot slice through thex i z plane
showing the colour key that will be used in this work.

2.2.6 Convergence plots

We will also study how various measures converge as we change atsmwi
parameter. For instance, we may study how the error varies as wecrease
the number of functions we use in the solution of our problem.

One of the standard tests for far eld results to ensure convergesés to
monitor how the cross section varies when more functions are dse the
solution of the problem. Typically, convergence is said to betained when
a certain percentage of the DSCS elements remain within someldrance
of each other when the problem is solved for two consecutive nbers of
functions. So a single point on the DSCS plot is said to be convery if:

(1i #pscs)DSCS, - DSCS)™ - (1+ #pscs)DSCS] (2.30)

where DSCSL*1 is the DSCS at an angle indexed by poinp evaluated for
i + 1 functions, DSCS@, is the same DSCS element evaluated for one less
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function and tpscs is a variable parameter which controls how closely the
points must match in order to be said to be convergent. The engrDSCS
is then said to be convergent if a certain fraction of all the pgots on the
scattering cross section ful'll this criteria. Thus, if the numbe of points
convergent across the DSCS is N, and the total number of angles for
which the DSCS is evaluated ifNpscs then the cross section is said to be
convergent if:

N
. € opscs (2.31)
Npscs

Where ¢pscs is our DSCS convergence fraction. Typical tolerances that
are used in literature aretpscs = 0:05 and C¢pscs = 0:8 [55], i.e. cross
sections are said to converge if 80% of the points on the DSCS avi¢hin
5% of their previous value when the problem is solved for onesgefunction.
This standard convention will be used in this work.

2.3 Simulations for spherical particles

We shall now study the results of our simulations for spherical pacles,
and we will study both dielectric and real metallic particles.As previously
discussed, there are very few analytical solutions in computahal electro-
magnetics, however, for spheres there is an analytical solutjonamely Mie
theory. By implementing widely available routines for Mie heory [56], we
can compare the far eld results calculated via SGF's to exact kions.
The functions we use for the solution of spherical particles ateke SVWF's,
de ned at the origin of the particle as shown in Fig. 2.4.

2.3.1 Dielectric spheres

We will begin by studying some examples of dielectric spheres.cBunanopar-
ticles have been of increasing interest in recent years due tppdications
such as photonic nanojets. In our rst example, we will consider a kgrical
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Figure 2.4: A spherical particle with SVWF sources de ned at the origin of
coordinates.

nanoparticle with refractive indexn = 1:50 andSP = 10, typical values that
can be produced practically [13]. In Fig. 2.5 we study the avage error in
our solution as a function of the number of functions used in thealculation
of the SGF, for a particle illuminated axially. We can see thathe error

EG——+FIMaximum error -

R e e N A-----A Average error

Error
=)

10

10°

I RN B

10" ‘
15

—
=]

Nrank_s

Figure 2.5: Variation of +,, and %y, for a dielectric particle with SP=10,
AR=1, n=1.5 illuminated axially for increasing numbers of solution functions.
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varies strongly as a function of the number of functions used ie expan-
sion. By selecting the appropriate number of solution functia (Ns = 25
in this case) we see that errors of the ordet,, = 10 *® are obtainable. As
we increase the number of functions beyond this value, the sbn becomes
more unstable and eventually becomes unusable. Such behav&common
for methods based on sources de ned from the origin of coordieat such as
the non distributed source formulation of the EBCM, which can hve narrow
ranges of solution convergence.

We can also study the convergence of the scattering cross sectidnaoh is
shown in Fig. 2.6 , where we use the standard de nition of converyz used
in section 2.2.6. We see that the DSCS converges (80% of pointgerge

120

100

80

60

40

percentage of DSCS angles converged

20

—_
wn
(35
(=]
(3]
w
)
(=]
(9%]
wn

Nrank_s

Figure 2.6: Convergence of the DSCS for a dielectric particle with SP=10
AR=1, n=1.5 illuminated axially for increasing numbers of solution functions.

within 5% of their previous value) atNg = 24, ultimately progressing to total
convergence alNg = 25 where it remains converged over the range considered.
If we then select the solution with the number of sources at whicle obtain
the lowest error result we can study how the error varies over treurface of
the particle, which we show in Fig. 2.7. The surface erroey) at the surface
varies by almost three orders of magnitude and is maximal at éhpoles and
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Figure 2.7: Variation in %, as a function of matching point on the particle

surface for a dielectric particle with SP=10, AR=1, n=1.5 ill uminated axially
for Ng = 25 functions, showing+,, = 4:477£ 10 16

equator of the sphere. These results satisfy our requirements of@vergent
DSCS with average error less tharm,, = 10i ° as outlined in 2.1.7. We are
therefore con dent in the quality of our solution and proceedd calculate the
scattering properties in both the near and far eld. We show the @ar eld

and DSCS in Fig. 2.8 and note the exceptional agreement with i&theory

for the DSCS. We can see the formation of a strong intensity spot ahe

shadow side of the particle which is close to a photonic nanojetithough we

shall study the formation of jets in more detail in the next sectn.

Nanojets

We may carry out a systematic calculation of the near eld propdies of
families of various sizes of dielectric spheres. By examiningese results, we
are able to nd particles which exhibit photonic nanojets andstudy the jet
properties. We saw in our example Fig. 2.8 that we had what appesl to
be the beginnings of a jet like structure. By increasing the sizearameter
of the sphere in question we nd that atSP = 16:2 we nd a very strong
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Figure 2.8: Near eld and DSCS for a dielectric particle with SP=10, AR=1,
n=1.5 illuminated axially for Ns = 25 functions. We overplot the results of
Mie theory in the DSCS for comparison and see that the agreemé between
results is excellent.

photonic nanojet as shown in 2.9. This nanojet is typical of sailts found in

Figure 2.9: A dielectric sphere withn =1:5, SP =16:2 and AR =1, under
axial incidence from a plane wave showing a photonic nanojein the shadow
side of the particle. The jet extends for several wavelengthand has a Full
Width at Half Maximum (FWHM) of 0:62, .

literature, with a full width at half maximum less than the wavelength which
extends outwards from the particle for several wavelengths.
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2.3.2 Metallic spheres

As previously discussed, the optical properties of metallic naparticles makes
them one of the most interesting areas in nano-science, and suchterials
possess complex refractive indices. With these complex refraetindices, the
arguments of the spherical Bessel and Hankel functions used in tt@mputa-
tion of the SGF also become complex. The complex nature of thegaments
causes the functions to oscillate extremely rapidly, which igeneral makes the
modelling of such particles more ditcult than for dielectric @rticles. This
has in fact been a widely known problem in computational eleomagnetics
for many years, and intuitively it is understandable that the nodelling of a
real metal is more ditcult than a dielectric particle, due to he more rapidly
oscillating elds. Accordingly, the range of the size parametelf the spheres
which are able to be accurately modeled via the SGF method is alier for
metallic particles than for dielectrics. We shall see throughm this work,
however, that we are still able to accurately model metallic goticles over a
a wide range.

Refractive index of metallic particles

Very careful consideration must be taken when selecting the ra€tive in-
dex of the metallic particles we consider. Obviously, in gerarall materials
possess a frequency dependent refractive index, that is, theyhéit disper-

sion. However, for metallic particles the refractive index istrongly frequency
dependent (much more so than for dielectrics) and so for the adaince of
ambiguity we must select a material and frequency of incidentxeitation.

Due to its wide range of potential applications, we choose go& our stan-
dard metallic material and the refractive index to be that ofgold in the range
, ¥4600j 700nm, which isn ¥ 0:32 + 3:18 [57].
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2.3.3 Results for metallic spheres

We examine gold particles in much the same way as we did for dietric
particles. First we ensure that we have convergent solutions Witrespect to
our surface errors and scattering cross sections, and then we stutlg near
and far eld properties of the particles. The variation in the aerage surface
error as a function of the number of expansion functions is shown Fig. 2.10.
We can again see that the error varies strongly as a function di¢ number
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Figure 2.10: Variation of +,, and £yax for a metallic sphere withn %, 0:32+
3:18/, SP = 3 and AR = 1 illuminated axially for increasing numbers of
solution functions.

of functions used in the expansion and by selecting the approaté number
of solution functions (Ns = 13), we obtain errors in the ranget,, = 10' 16,
The convergence of the scattering cross section is shown in Figl2 We
see that the DSCS converges for a lower number of solution fuizects than
for the larger dielectric particle we considered in Sectior2.3.1, as we would
expect due to the smaller size relative to the excitation wavehgth. We
also observe strongly convergent behavior in the DSCS. If we thetudy the
solution with the number of sources at which we obtain the lowestalue of

+,v We can view how the error varies over the surface of the pargglwhich we
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Figure 2.11: Convergence of the DSCS for a gold particle wit ¥ 0:32 +
3:18, SP = 3 and AR = 1 illuminated axially for increasing numbers of
solution functions.

show in Fig. 2.12. The average surface error at the surface varigy around
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Figure 2.12: \Variation in +, as a function of matching point on the parti-
cle surface for a gold particle withn ¥ 0:32 + 3:18, SP =3 and AR =1
illuminated axially for Ng = 13 functions showing+, = 1:942£ 10 16,

two orders of magnitude and is maximal at the equator of the sghe. These
results satisfy our requirements of a convergent DSCS with aagje error less
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Figure 2.13: Near eld and DSCS for a gold particle withn % 0:32 + 3:18,
SP =3 and AR = 1 illuminated axially for Ng = 13 functions. We over-
plot the results of Mie theory in the DSCS for comparison and ee that the
agreement between results is excellent.

than +,, = 10 ® as outlined in 2.1.7. We are con dent in the quality of our
solution and proceed to calculate the scattering properties iboth the near
and far eld. We show the near eld and DSCS in Fig. 2.13 and note ¢
exceptional agreement with Mie theory for the DSCS. Obviougl metals are
opaque in the visible region and as a result the internal eld isrpsent only
within a very small skin depth. We note, however, the presence strong hot

spots on the surface of the sphere. These are common features ofaitie

particles we will see throughout our study.

2.4 Elongated particles

We now turn to consider the properties of elongated (prolateparticles. It

is important to have clearly in mind the geometry we are studyig since the
terms prolate and oblate are often confused. For prolate pactes, it is often

helpful to think of the particles as being elongated or streted, resembling a
grain of rice as shown in Fig. 2.14. This geometry has very di@et scattering

properties to oblate particles which we will consider in Seicn. 2.5.
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Figure 2.14: Geometry of an elongated (prolate) rounded top cylinder.

2.4.1 Limitations of the SVWF's for non-spherical par-
ticles; Localized and Distributed sources

If we apply the SGF method we used for spheres in Section. 2.3oleiongated
particles, we nd that although the problem can be solved to a higquality
for particles with low aspect ratio, the errors associated witharger aspect
ratio particles rapidly increase making such solutions unusahl This is illus-
trated in Fig. 2.15. We can see that the error rapidly increasess a function
of aspect ratio, the same is true if the particle is °attened to aidk shape
also. The error increases as the problem is poorly posed. As the edpratio
increases, the distance from the origin to the matching pointsnahe surface
varies over a wide range and as a result the matrix elements mesponding to
these points can vary by orders of magnitude. The pseudo-ing&n of such
a matrix is dixcult, and the matrix and corresponding system of eqgations
is said to be ill-conditioned. Obviously, this is much less of arpblem for
spheres as the distance from the origin to each of the matchingipts is a
constant.

Since we know that the reason our matrix becomes ditcult to inve
is due to these large variations in matrix elements, we can aino ttry to
alter our SGF method such that we minimize the ill conditioniig of the

46



10 =E5E

107

Error

AR=1 . AR=4
Aspect ratio

Figure 2.15: +,, and £y, as a function of aspect ratio for a dielectric particle
with n = 1:5 and SP = 10 showing a marked increase in surface errors as the
particle becomes more elongated.

matrix which produces the SGF. One of the most successful techn&s aimed
at improving the conditioning of problems involving elongted particles is
the use of distributed sources [58]. Instead of having our usual sgst of
SVWF's which are de ned from one origin of coordinates, we canstead
use a spatially distributed set of functions which are de ned on niiiple
origins as illustrated in Fig. 2.16. The distributed functiors we choose
to use are the lowest order SVWF's for a particular azimuthal moa m,
and are distributed along the axis of symmetry of the particle.Using the
symmetry axis ensures that surface integrals over such funct®meduce to
line integrals as in Section. 2.1.1. The third indexj in Fig. 2.16 allows us
to index the spatially distributed sources. The termmax(1;jmj) is present
to ensure that the indexn 6 0 since the SVWF's are zero for this case and
n ., m,ie. to ensure that the angular quantum number is high enougto
produce the azimuthal quantum number of the speci ¢ mode we astudying.
Physically, we usdowest order functions so that the functions at the surface
are as regular as possible to help improve the conditioning dfe matrix since
lower order functions vary less rapidly. Also, walistribute the functions
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Figure 2.16: The spatial distribution of SVWF sources along the symmetry
axis of an elongated particle.

such that each point on the particle surface has a source close tpthis
ensures that we no longer deal with matrix elements which vargver many
orders of magnitude. Of course, we still have the same requiremeon our
functions that was discussed in Section. 2.1, namely that the fations we
use are complete, linearly independent solutions of the Maxivequations.
It is possible to show that the distributed lowest order SVWF's do ideed
satisfy these criteria [55]. We will henceforth refer to the disbuted lowest
order SVWF's as distributed sources. Correspondingly, we shallfee to the
functions de ned at a single origin as localized sources. In orde distinguish
the localized and distributed sources, we will label the distrilted sources as
Nt m.q (with a tilde) where we have contracted the rst two indices to asingle
index m (they are both functions of onlym) and the second indexg is the
index of the position of the source.
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2.4.2 Formulation of the SGF method with distributed

sources.

Since our distributed sources satisfy all the criteria we requérto be used in
our electromagnetic problem, we can use the results of sectioec8on. 2.1.1
directly and de ne our SGF in exactly the same way, the only di®ence is
that the internal and scattered elds are now expanded as sums a@vdis-
tributed sources:
I
E"™ = i NTES + B NS (2.32)

g=1 m=j M

Where there are also corresponding terms for the magnetic elds.

2.4.3 Asymptotic form of distributed SVWF's

We saw in Section. 2.2.3 that the localised SVWF sources had capending
asymptotic representations which we used in the calculation tfie far eld
properties of particles. In order to nd the far eld propertiesof particles
modeled with SVWF sources, we need to nd the asymptotic form of tise
functions also. Consider the geometry illustrated in Figure..27. Obviously,

r=a+ b= L cos() + r°cos®): (2.33)

However, as the pointP moves further from particle,r ' 1 and ®! O,
therefore it can be shown that

r°' ri L cos) (2.34)

and

°1 (2.35)
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Figure 2.17: Geometry of distributed SVWF sources. Consider a source
point denoted by a cross located a distanck along the axis from the particle
coordinate origin O. The angle of an observation pointP is given by p; 1P
for the global and source origins respectively and, simildy, the distance toP
is given byr;r% The angle betweerr and r®is ® and the distancer can be
subdivided into a and b which are separated by the normal ta which passes
through the source.

and also obviously
A= A: (2.36)

From these relations we can de ne the asymptotic form of the disbuted
functions as a modi cation to Eqns. 2.28, where each individuaource on
the symmetry axis is deposited some distandg, from the global origin:

expr|ksr(i i)n0+1m(u;A)m;n0+O( riz) (237)

eXpriksl’ (i i)non(li;A)m;nO +0( riz) (2.38)

M g » exp (i iksLqcosp)

Nfg > exp( iksLgcosp)

with n®=max(1;jmj) and m(i; Ao N(K; A .00 the vector spherical har-
monics. Thus we have expressed the asymptotic form of the distriteal
spherical wavefunctions as an exponential term which is a faion of the
source position multiplied by a corresponding spherical harman This al-
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lows us to readily compute the scattering cross sections for etfated particles
calculated via distributed sources.

2.4.4 Elongated particle results

We shall now progress to study the optical properties of elongad nanoparti-
cles using the SGF via distributed sources. We should note that threeare no
analytical solutions for the general problem of elongated asymmetric par-
ticles and so we do not have exact solutions to compare our resuéigainst.
Instead, we will compare our far eld results to the results of Dou et. al.
[55] (where available, these solutions do not apply to metatliparticles) who
implement the Extended Boundary Condition Method (EBCM) asdiscussed
in Section. 1.5.4.

2.4.5 Elongated dielectric particles

We will begin our analysis of the electromagnetic propertiesf elongated par-
ticles by studying an illustrative example of a dielectric ronded top cylinder.
We choose our rounded cylinder to have = 1:50, SP = 13 and AR =4:33.
First, in Fig. 2.18, we check the behavior of the surface erroes a function
of the number of solution functions. We can see form Fig. 2.18 ththe error
varies as a function of the number of functions used in the expsion. We
see that the behavior in the error is di®erent to that which washserved
for spheres, the error decreases steadily and is still decreasinghe end of
the range considered. For larger numbers of sources the erra@cdeases by
a small amount, but there is signi cant additional computatioral expendi-
ture for little error reduction. By selecting the largest numker of functions
considered N = 50 in this case) we see that errors of the ordet,, = 10i ®
are obtainable. At rst glance this seems larger than the errorfor spheres,
but errors in this range are typical for nonspherical partids, however the
average error is still below our cuto® of,, = 10i 3. In Chapter. 3 we will
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Figure 2.18: Variation of *,;, and nax Surface errors for a dielectric particle
with n = 1:50, SP = 13 and AR = 4:33 illuminated axially for increasing
numbers of solution functions.

study ways of optimizing our solutions in order to decrease tharer, but
for the time being our errors are suzciently low for us to be abléo accu-
rately model the near and far eld properties of a wide range gfarticles.
The convergence behavior of the DSCS is shown in Fig. 2.19. Wetenthat
by the standard de nition of convergence, we would deem the DSCto be
converged atNg = 10 functions, where the surface error is still appreciable.
With more solution functions, there is a dip in the percentage anversion
before the graph rises to 100% where it remains converged ogexide range.
Careful attention must be paid to such convergence behavior sethe DSCS
may seem to converge but the large error indicates a poor qugliof the
solution. In fact, the shape of the DSCS curve at the rst point whee it
“rst becomes "converged" often bears no appreciable similayito the cor-
rect curve found with a higher number of solution functions ashlower error.
These "false convergencies" are common in the particles we stsildy, and
highlight a major °aw in using the convergence criteria of the BCS as the
sole measure of convergence in our solution. This is one of theimaasons
we also study the error conversion plots, and we are con dent in osolutions
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Figure 2.19: Convergence of the DSCS for a dielectric particle witm = 1:50,
SP =13 and AR = 4:33illuminated axially for increasing numbers of solution
functions.

only when we have a converged far eldnd low average error. If we then
select the solution with the largest number of sources (and lowesitror) and
plot the surface error variation we obtain Fig. 2.20. The ernmoat the surface

Error

10° 1 1 !

0 50 100 150
polar angle of matching point / degrees

Figure 2.20: Variation in +, as a function of matching point on the particle
surface for a dielectric particle with n = 1:50, SP = 13 and AR = 4:33
illuminated axially for N = 50 functions #,, = 1:214£ 10 °.
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Figure 2.21: Near eld and DSCS for a dielectric particle with n = 1:50,
SP =13 and AR = 4:33 calculated for Ng = 50 functions. We overplot the
results of the EBCM in the DSCS for comparison and see that thagreement
between results is excellent.

varies by a larger range than for spheres, varying by around verders of
magnitude. It can be seen that the error at the top pole of the pécle is
extremely small and there are two distinct peaks in the error wére it climbs
towards +, = 10' 3. These peaks coincide with the location of the discon-
tinuity in the derivative of the surface curvature, since we a modelling a
particle formed by joining a cylinder with two hemisphericatops. However,
we are satis ed that average error in our solution is low enough forovide
convergence we proceed to calculate the scattering propediin both the
near and far eld which we show in Fig. 2.21. We note from Fig. 212that
there are strong intensity spots within the particle and, againthe formation
of a jet like structure on the shadow side of the patrticle.

Results for - 60

We note that the plots shown in Figs.(2.18-2.21) are all for a gjte input
wave which is axially incident. Additionally, in section 2.31 we did not study
the properties of spheres for non axial incidence since the g@ua elds are
simply rotated by the same angle at which the input eld is rotatd. However,
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for non spherical particles this symmetry disappears and we aqawt obtain
the scattering properties at di®erent incident angles by theraple rotation
of the solution "elds of the same particle illuminated at axial mcidence. We
thus have to calculate the electromagnetic properties foraeh incident eld
individually. This means that for each input eld for the same prticle, we
have individual convergence and surface error variations. Weill refrain
from showing all of these convergence and error plots for eacariicle and
incident eld we study, we do however observe exactly the same #pof
behavior in these plots as for axial incidence. For non axiah¢idence, we
will simply show the near and far elds and state the average surfaerror,
in this way we can be clearly quantify the quality of our solutbns. We
will therefore study the near and far elds for this particle asa function of
input beam angle. If we illuminate the particle at angles x = 30%; 60%; 90
and solve for an appropriate number of azimuthal modes (usuplbetween
M =3 to M = 6; in this case M = 3), we produce the near and far eld
results shown in Figure. 2.22. We can see that the intensity dishution is
very sensitive to the input beam angle. For the axially incidencase, the
majority of the intensity is located within the particle whereas at -, = 90*
we see that almost all of the intensity is located outside the padle. As
with the spheres studied in Section. 2.3.1, most of the intensitg located
in the forward direction, which is re°ected in the scattering mss sections

also. We shall study the e®ect of size, shape and material on near eld

energy distribution in more detail in Chapter. 3 where we shalinake some
gualitative arguments to justify what is observed in our simuldons. For the
cross sections, we can see that the position of the maximum rotatas the
input beam angle is varied, as expected. We can also see that flae eld

results are in excellent agreement with those calculated witihe EBCM.
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Figure 2.22: Near elds and DSCS's for a dielectric particle with SP=13,
AR=4.33, n=1.5 illuminated at - \ = 30%;60%, 90 (from top to bottom). The
corresponding errors are g, = 1:332£ 10 5, #,, = 3:904£ 10/ ° and #, =
2:360£ 10 °, respectively.
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2.4.6 Elongated metallic particles

We may also use the SGF method with distributed sources to study matals
with a complex refractive index. We shall study a gold particlevith n %
0:32 + 3:18, SP = 4 and AR = 2 and in the same way as was previously
discussed we may view the convergence of the average surfacerearal
scattering cross section in Figs.(2.23-2.24) respectively. Agaiwe see in
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Figure 2.23: Variation of %, and #nax surface errors for a gold particle
with n %, 0:32 + 3:18, SP =4 and AR = 2 illuminated axially for increasing
numbers of solution functions.

Fig. 2.23 that the error decreases to around,, = 10i  where it appears
to vary by a small amount, although the smallest error is for thedrgest
number of functions used in the expansion. In Fig. 2.24 we see ththe
DSCS converges rapidly for this particle, after displayingafse convergence
for a lower number of functions. The lowest error solution is obtned at
Ns =50 and we study how the error varies over the surface of the paete in
Fig. 2.25. The error at the surface varies by around ve orderd mmagnitude
and is maximal at the poles where the error is large, but the W average
error makes us con dent in the quality of our solution and we preeed to
calculate the scattering properties in both the near and far Ie in Fig. 2.26.
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Figure 2.24: Convergence of the DSCS for a gold particle witt ¥ 0:32 +
3:18, SP = 4 and AR = 2 illuminated axially for increasing numbers of
solution functions.

Figure 2.25: \Variation in #, as a function of matching point on the parti-
cle surface for a gold particle withn % 0:32 + 3:18, SP = 4 and AR =2
illuminated axially for Ns = 50 functions showing+s, = 1:822£ 10 4.

Results for non axial incidence

We can study the near and far eld variation as a function of inpubeam
angle for this metallic particle, which is shown in Fig. 2.27.We note that
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Figure 2.26: Near eld and DSCS for a gold particle withn % 0:32 + 3:18,
SP =4 and AR =2 calculated for Ng = 50 expansion functions.

the surface hot spots change position as the beam rotates andcofirse, the
internal "eld is almost zero throughout due to the small skin depi.

2.5 Flat particles

We now turn to study the electromagnetic properties of °at (okate) particles.
Again, it is important to have clearly in mind the geometry we & studying.
For oblate patrticles, it is often helpful to think of the particles as being °at
or squashed, resembling a pancake as shown in Fig. 2.28.

2.5.1 Modi cations to distributed sources; imaginary

sources

We saw in Section. 2.4.4 that the conditioning of our matricesould be
greatly improved by using distributed sources which were distruted on the
symmetry axis of the particle, such that all points on the paritle surface had
a source within close proximity. By doing so we found that we cadilaccu-
rately model much more elongated particles than with convéional localised
sources. However, for °at particles the major axis does not coide with the
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Figure 2.27: Near elds and DSCS's for a gold particle withn ¥ 0:32+3:18i,
SP =4 and AR = 2 illuminated at - \ = 30%; 60*; 90* (from top to bottom).
The corresponding errors are+,, = 3:597£ 100 4, +,, = 4:419£ 101 4, +, =
5:110£ 10 4
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Figure 2.28: Geometry of an °at (oblate) rounded cylinder

symmetry axis and so there is no bene t to distributing sources irhis way.
We require a modi cation to our theory and we shall see that this aturally
leads us to the idea of sources of radiation deposited in the cpliex plane.

2.5.2 Complex Sources

For °attened particles, it can be understood from an intuitive vewpoint that

depositing sources along the symmetry axis of the particle lemacgain to a
poorly conditioned problem, in much the same way as the locaéid source
solution would be ill conditioned. Furthermore, we choose ndb deposit
the sources in some other area in real space (other than the symmedxis),

since our surface integrals would not simplify to L d integrals and so would
become more complicated and time intensive to evaluate. Inder to solve
this problem, we use analytic continuation to generalize th&VWF's into

the complex plane [59] such that the sources are distributed asasin in

Fig. 2.5.2. These complex distributed sources ful Tl our critéa of being
complete, linearly independent solutions of the Maxwell e@tions [60].

2.5.3 Asymptotic form of imaginary distributed SVWF's

In order to nd the far eld properties of particles modeled wih complex
SVWEF sources, we need to nd the asymptotic form of these functiongsa.
Consider the geometry illustrated in Fig. 2.30. By studying Fig2.30 we
may make an analogous argument for the complex sources as weied out
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Figure 2.30: A source deposited in the complex plane.
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for the sources deposited in the real plane. We can thus show thas$ the
observation point moves to in nity:

rOt ri iL cos( (2.39)

wherelL is real number that determines the distance of the source poiatong
the imaginary axis from the particle coordinate system. Furtarmore

W (2.40)
and
A1 A (2.41)

From these relations we can show that the asymptotic form of theomplex
distributed functions, where each individual source on the cqgotex axis is
deposited some real distance, from the origin:

ex p|k r ( )n0+ln,.|(|»l A)mn0+o(_) (242)

ex p' )G Aamno+0(—) (2.43)

M 5q » exp (Kskqcosp) ——5—

Nfg » exp (KsLqCcosp) ——5—

where the imaginary terms in the rst exponents have eliminateach other.

2.6 Simulations of °attened particles

In order to illustrate the di®ering electromagnetic propergés of prolate and
oblate particles we shall study the corresponding °at dielecti particle to
the elongated particle studied in Section. 2.4.4. We thera® choose our
rounded cylinder to haven = 1:50, SP = 13 and AR = 0:231. First, in
Fig. 2.31, we check the behavior of the average surface erra e alter
the number of solution functions: We can see from Fig. 2.31 thergral
trend that increasing the number of solution functions decress the error,
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Figure 2.31: Variation of %, and tnax surface errors for a dielectric particle
with n = 1:50, SP = 13 and AR = 0:231 illuminated axially for increasing
numbers of solution functions.

although there is a noticeable variation in the error levelThe minimum error
is approximately +,, = 10i ® and is reached atNs = 37 functions. We study
the convergence of the DSCS is Fig. 2.32. We see that the DSCFig. 2.32
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Figure 2.32: Convergence of the DSCS for a dielectric particle withn =
1:50, SP =13 and AR = 0:231illuminated axially for increasing numbers of
solution functions.
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displays false convergence but eventually convergesM{ = 18, ultimately
progressing to 100% converged &8s = 24 where it remains converged over
the range considered. We may then select the solution with the mber of
sources at which we obtain the lowest error result and study how ¢herror
varies over the surface of the particle, which we show in Fig. 33. The error

Error

o

50 100 150
polar angle of matching point / degrees

Figure 2.33: \Variation in +, as a function of matching point on the particle
surface for a dielectric particle with n = 1:50, SP = 13 and AR = 0:231
illuminated axially for Ng = 37 functions #,, = 5:097£ 10 °.

at the surface varies by around two orders of magnitude and isaximal at
the discontinuities in the derivatives of the surface curvatte. After studying
these results we satisfy our requirements that our results are a@ngent with
low average and maximum errors. We are con dent in the quality foour
solution and proceed to calculate the scattering properties iboth the near
and far eld in Fig. 2.34.

Results for - (60

We may now study the near and far elds for this particle as a furion of
input beam angle. If we illuminate the particle at angles x = 30*; 60*; 90
and solve for an appropriate number of azimuthal moded = 4 in this
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Figure 2.34: Near eld and DSCS for a dielectric particle with n = 1:50,
SP =13 and AR =0:231 We overplot the results of the EBCM in the DSCS
for comparison and see that the agreement between results excellent.

case), we produce the near and far eld results shown in Figure.33. We
can see again that the intensity distribution is very sensitive tdhe input
beam angle and that the cross sections are in excellent agreemasith those
calculated with the EBCM.

2.6.1 Flat metallic particles

Next we progress to study a gold particle withn %2 0:32 + 3:18, SP = 4
and AR = 0:5 and in the same was as previously discussed we may view
the convergence of the average surface error and scatteringpss section
in Figs.(2.36-2.37) respectively. We can see that the error inigure. 2.36
approachest,, = 10i ® as we increase the number of solution functions, and
appears to converge smoothly. We also show the convergence & BDSCS
in Figure. 2.37. We observe that the DSCS in Figure. 2.37 comges to total
convergence alNg = 13 functions where it remains converged over the range
considered. If we select the solution with the number of sourcesvahich we
obtain the lowest error result we produce Fig. 2.38. Again, in Bure. 2.38,
we see that the surface error is maximal at the points on the suda where
there is a discontinuity in the derivative of the surface curvaire. We plot
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Figure 2.35: Near elds and DSCS's for a dielectric particle with SP=10,
AR=0.231, n=1.5 illuminated at - = 30% 60%; 90" (from top to bottom).
The corresponding errors are+,, = 8:527£ 100 °, +,, = 7:663£ 101 °, +,, =
9:419£ 10 5.
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Figure 2.36: Variation average and maximum surface errors for a gold par-
ticle with n % 0:32 + 3:18, SP = 4 and AR = 0:5 illuminated axially for
increasing numbers of solution functions.
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Figure 2.37: Convergence of the DSCS for a gold particle witim ¥4 0:32 +
3:18, SP = 4 and AR = 0:5 illuminated axially for increasing numbers of
solution functions.

the near and far eld for this particle in Fig. 2.39.
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Figure 2.38: \Variation in +, as a function of matching point on the particle
surface for a gold particle withn % 0:32 + 3:18, SP = 4 and AR = 0:5
illuminated axially for Ng =50 functions. showing+,, = 1:498£ 10 °.
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Figure 2.39: Near eld and DSCS for a gold particle withn ¥4 0:32 + 3:18i,
SP =4 and AR =0:5.

Results for - (60

We may study the near and far eld variation as a function of inpttbeam
angle for this metallic particle, which is shown in Figure. 20
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Near "elds and DSCS's for a gold particle withn ¥ 0:32+3:18i,
SP =4 and AR = 0:5 illuminated at - = 30%; 60%; 90* (from top to bottom).
= 6:497£ 10 °, +,, = 5:503£ 10 °, +,,



2.6.2 Particle shapes

The analysis throughout this work is applicable to any shape gbarticle,
provided it is axisymmetric and is generated by the rotation ba genera-
trix about the symmetry axis. As we have discussed, the main partelwe
shall study in this work is the rounded cylinder owing to its simarity to
the majority of practically produced oblate and prolate naoparticles and its
dixculty to model due to the combination of straight and curved sections.
However, we can just as easily generate our particle from the ation of any
generatrix about the axis of symmetry. In Fig. 2.41 we show theear eld
plots for a dielectric prolate cylinder withSP =12, AR =6, n =1:5 solved
for Ng = 40 functions and a gold oblate ellipsoid withSP = 3, AR = 3,
n ¥ 0:32 + 3:18 also solved forNg = 40 functions. The DSCS's for these
particles and incident elds (not shown) match to a very high pecision. Note
the higher value of the error in Fig. 2.41 for the cylindricaparticle. One of
the most ditcult challenges in the modelling of particles in cmputational
electromagnetics (beside dealing with complex refractivadices) is the pres-
ence of edges in the particle to be modeled. For the cylinddghe system
of functions is no longer complete on the surface (one of thenflamental
requirements we speci ed in for our functions) due to the presemof sharp
edges. We note however the ability of the method to model withhe particle
albeit with reduced accuracy. Contrastingly, the ellipsoidiaparticle has no
edges whatsoever and as such the surface error is corresponglitegs even
though it is metallic. These examples illustrate the °exibiliy of the method,
however, for the rest of this work the majority of the examplesve study will
be rounded top cylinders as previously justi ed.
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Figure 2.41: Near elds for a dielectric prolate cylinder illuminated at - x =
0F; 45%; 90° (left column and from top to bottom) and an oblate gold ellipsid
illuminated at the same angles (right column). The correspoding errors are
+5yinder = 8:491£ 101 4,9:492£ 101 4,9:566£ 101 4 and 5" = 1:319£

10 6;1:679£ 10 6;1:372£ 10' © from top to bottom.
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Chapter 3

Improvements to the SGF
approach

In Chapter. 2 we laid down theory which enabled us to nd the etdgromag-
netic properties of axisymmetric nanoparticles via Surfac&reen functions
at any point in space, whether internal or external to the paitle. We have
discussed the practical evaluation of these Green functions \&ngular Value
Decomposition and outlined the modi cation of our theory to dal with par-

ticles that were either elongated or °at. We have used this thep to model

several example particles, while studying the convergence pesties, errors
and near and far eld behavior of these particles. In the followg chapter we
will make considerable re nements to our theory, we aim to de nthe error
in our solutions in a more mathematically correct manner and d e®ective
methods for evaluating these errors. We also investigate the ptacal evalua-
tion of the SGF via SVD and modify our approach in an attempt to improve
the accuracy of our solutions. We also aim to study the relative iportance
various parameters have in our solution error, in much the sanmeay as we
studied the surface error as a function of the number of solutiofunctions
in Chapter. 2. By doing so, we aim to nd optimized SGF's which mmimize
our error for all possible excitation elds incident on our paiicle. By car-
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rying out this optimization, we shall see that we can study wideamilies of
particles with a tight control over the surface error. This eables us to study
these families of particles to investigate how the size, shapedacomposition
of the particles a®ect the distribution of near eld intensity ad measurable
far “eld intensity.

3.1 Surface errors revisited

In Chapter. 2 we de ned our surface error at a point on the surfacas the
ratio of the eld residual at that point respect to the incident eld at the
same point. oty psi
i +

£ = “"Jf% (3.1)
and correspondingly we de ned average and maximum errors. Theage
indeed well de ned and useful measures of the error, especiallyem studying
the surface error variation, but we believe that a more usefulierall de nition
of the error makes use of the Euclidean norm of the "elds on the $ace. The

L,, or Euclidean, norm of a functionf (x) de ned on an interval (a; b) is [61]

93 Z b ﬂ%
L2[f ()1 = jif (X)ij2 = jf ()jfdx (3.2)

a
For surface integrals, this can be generalised to the surface mor
nZ s
L2s[9] = jigii2s = SJ'@JJ'ZdS (3.3)

where g is a vector function de ned onS. From this de nition of surface
norm, we can de ne an overall error for a single particle via

_0it9+ £ fliids
0z

(3.4)

4o

We therefore have a new de nition of the error we wish to minime in
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our problem which is de ned using surface integrals. We have a faptions
on how to proceed in the calculation of these surface integral§irstly, we
note that for axisymmetric particles, the azimuthal integraton is carried out
analytically and as a result the surface integral reduces to aé integral:

Z Z 3Ly, X Zy,
jgj?ds = jgj? r? sinpdudA= jOmj?r?sinudu  (3.5)
S A=0 p=0 m  H=0
whereg,, are them components of an azimuthally symmetric vector eldy
de ned at the surface. So in order to nd the surface integrals fawur error
we in fact only have to perform a much simpler line integrals ip.

3.1.1 Evaluating errors via numerical integrals

For the case as in Chapter. 2 where we solved our electromagogiroblem
on a set of equally spaced points i, we may calculate the surface integral
via the crude numerical sum:
Z Rip
jgirdsS= jgSire?singe; (3.6)
S p=1
where the superscript e signi es that the points are equally spateps are
the set of discrete angles at the matching points and are the corresponding
radial coordinates of the points.

However, there are far more accurate, stable and reliable metts of cal-
culating these types of integrals that involves Gaussian Legeére quadrature
[62]. One possibility is that we could continue to solve our préém by point
matching at arbitrary equally spaced points along the genendx and then
re-evaluating the elds at the Gaussian quadrature points to fon the error.
However, this is computationally wasteful and may not give théest measure
of the error. Instead we can choose to point match and solve ourgiiem at
the Gaussian quadrature points which are used in the calculatiof the error.
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This saves computational time by removing the need for "eld revaluation.
The new form of the sum using Gaussian quadrature would be:
Z NP
jgizds= " jgSjPwCrS?sin€; (3.7)
S p=1
where the superscriptG signi es the matching points are chosen via Gaus-
sian quadrature, the factorwff is the Gaussian weighting factor and\lg is
the number of matching points with Ng = maxfNp; Ngg where Ng is the
number of points required in the Gaussian integration to haventegral con-
vergence. Obviously, we must ensure that the number of matchinmpints is
large enough so that the integral converges..
We can, however, take our evaluation of the error one step fimtr. As
previously discussed, we aim to minimize the residual at the pacte surface
in a least squares sense such that

jfg + 10 flg,j2 = . jfr*fj2 (3.8)
p p

IS minimal wherefrf* is the total residual summed over all "elds. However,
since our errort 2 is de ned in terms of surface integrals, we can instead
choosenot to minimize the sum of the residuals around the particle but
instead minimize+ > directly. We can do this by taking advantage of the fact
that we are evaluating the functions at the particle surfacetahe Gaussian
quadrature points and by rescaling the functions in our lingasystem such
that:

fC 1 qu werS?sinp = fRC (3.9)

p-p

WherefR¢ denotes the rescaled functions evaluated at the Gaussian quagr
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ture points. In this way, our least squares solution now minimize

£ wergesingSi? = jfCPwr S sinps (3.10)
P P

which is exactly the de nition of the surface integral which fams our error

in Eqn. 3.7. Thus by rescaling the functions used in our linear siem and

point matching at the Gaussian quadrature points we can minirae the 4 »

error directly.

3.1.2 Comparison of error calculations

We will now study the relationship between the various errorshiat come
from the di®erent possible methods of calculating the surfaceegrals. To
recap, we will study the error formed by:

1. Point matching our problem at equally spaced matching pois and
evaluating our integral error by re-evaluating our surface les at the
Gaussian quadrature points.

2. Point matching our problem at the Gaussian quadrature poist and
calculating our integral error using the "elds de ned at these pats.

3. Point matching our problem at the Gaussian quadrature poist with
rescaled functions and calculating our integral error usinghe elds
de ned at these points.

In theory, methods one and two should give a similar error as thkasic
principle is the same, method one just requires an additionabmputational

step of re-evaluating the elds at a di®erent set of points than th problem
was solved for. This additional computational step has the possiity of

introducing error. The third method should give lower error stimates since,
as discussed, we minimize the surface integral directly. We evate these
errors for an example particle in Fig. 3.1. It can be seen fromid= 3.1 that
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error

10”

azimuthal mode

Figure 3.1: 4 , for the various azimuthal modes for a prolate (°at) dielec-
tric rounded ellipsoid (SP=12, AR=6, n=1.5) illuminated by a n plane wave
at - « = 45*. The errors are evaluated with 1) equally spaced matching pus,
“eld re-evaluation and Gaussian quadrature integration (triangles) 2) Gaus-
sian quadrature matching points and Gaussian quadrature iregration (dia-
monds) and 3) Gaussian quadrature matching points with resded functions
and Gaussian quadrature integration (squares).

the errors become progressively better for all modes as we mdrkan the
simple method of solving our problem on a set of equally spaced rdaing
points to using matching points at Gaussian quadrature nodes thirescaled
functions. Thus we can see that by rescaling our functions and ogi an
appropriate set of matching points we can decrease the erroranr solutions.

Comparison of #, and %,

In this work we have studied the errors of simulations of partles in terms
of two errors. In Chapter. 2 we introduced the measurg,,, which was the
average size of the residual with respect to the incident eld aeh matching
point. In this chapter we have introduced4 ,, the integral norm error. We
highlight this distinction for clarity, the reasons behind the di®ering error
selections are mostly historical. In reality, both errors areseful. Sincet,, is
de ned in terms of the average error at all the points on the suate, it (and

78



+,) enable us to study how accurate our eld solutions are at di®erepoints

on the surface, which could be of crucial importance in the stydof surface
e®ects of particles. Thet , error is more useful in providing an overall
estimate of the error for the particle and has a more strict matgmatical

formulation in terms of the Euclidean norm.

3.1.3 Azimuthal and total errors

We must also be careful in this work to understand the di®erence theen
the total error for a particle  , which takes into account elds from all az-
imuthal modes considered in the solution, and the individualamuthal mode
errors 1" . Extra care must be taking when comparing errors from di®erent
azimuthal modes since a large error calculated for only one d®does not
necessarily mean that summing across all modes will produce a ol that
is invalid, since the mode in question may contribute a vanishgly small
contribution to the solution eld. In fact, in general, as the ader of the az-
imuthal modes increases, the errdior that mode increases while the eld
contribution of that mode to the total solution eld decreases. Therefore
we cannot simply add the errors in the nal error estimate as the sn of the
individual azimuthal mode errors.

h, 86 1 (3.11)
Instead we must sum the errors as

jifs + fo i foizs

5, = ; (3.12)

jifpiizs
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such that the vanishingly small contributions in the elds from arger az-
imuthal modes are given their proper weighting in the evaluen of the total

error.

3.2 Modi cations to the SVD

The pseudoinverse via SVD described in Chapter. 2 could be cakted to

an arbitrary precision by using every singular value to calcuta the pseu-
doinverse. Practically, however, the SVD is calculated usingpomputational

methods and as a result there are numerical issues which can a®betac-
curacy. For instance, we will see that in the solution of electrmagnetic
problems there can be tens of orders of magnitudes betweer tmagnitudes
of the largest and smallest singular values and as such the small silagy

values can be heavily in°uenced by numerical noise and need te breated
carefully. However, since we know the many of our singular vakienay be
a®ected by noise we may take steps to minimize the error we intioz into
our solution. We can, in fact, choose a value below which the surgr values
are discarded, thus building a so called truncated SVD. This se¥s to remove
the singular values which are most susceptible to numerical noise&e will

see that using the truncated SVD can be advantageous in our ansaly, and
study it in more detail in 3.2.1.

3.2.1 Truncated SVD

Consider the general form of the SVD as discussed in Section. 2.ivHere

we decomposed our original matrix via:
A = UsvH (3.13)

whereU was anm £ m unitary matrix with entries u; 2 C, V was ann£ n
unitary matrix with entries v; 2 C and S was anm £ n matrix which is zero
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everywhere except for the main diagonal which contained thentries 3% 2 R
with %, O.

The truncated SVD of the same matrix is de ned in a similar way, al-
though instead of using all of themin (m;n) singular values of the matrix
we only use ther largest values, whereg < min (m;n), thus producing the
approximation [63]:

A YU, SV (3.14)

whereU, is anm £ r unitary matrix with entries u; 2 C, V, isanr £ n
unitary matrix with entries v; 2 C and S; is anr £ r matrix with the r
largest singular values on the main diagonal in decreasing maigisle. This
change in structure of the matrixS! S, is illustrated in Egn. 3.15.

2 3

% 0 O

0 % O " #
% O

0 0 %1 (3.15)
0 %

0O O

0O 0 O

Where we stress that there matrice¥) and V are reduced in size also, such
that the matrix multiplication which forms the approximati on is well de ned.
The truncation of an SVD can be of use not only in decreasing the mber
of numerical calculations needed in the evaluation of the $Gbut can also
serve to remove values dominated by noise which are detrimehta the error
in the solution. In practice we may choose to truncate o® any vas with
¥% < 2! where2! is the truncation parameter. We e®ectively de ne a °oor in
the singular value spectrum below which we assume the singular we$ are
dominated by noise and so will not be used in our decomposition. Wall
see later that the value of the paramete?! can drastically a®ect the error
in our solution, and we will aim to nd the best parameter for a paticular
problem that minimizes this error. The e®ect of truncated SVDsidiscussed
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in greater detail in Section. 3.2.2.

3.2.2 Truncated SVD and error

In order to understand the implications of using the truncatedSVD on the
solution of our linear systems, it is helpful to have a clear ideaf the re-
lationship between the singular values. The singular value spegm for a
matrix used in the evaluation of a SGF for a typical particle (arounded
cylinder with n =1:5, SP =9 and AR = 4:5 for the m = 1 mode) is shown
in Fig. 3.2. Note the spectrum in Fig. 3.2 is for one azimuthal nde only.

10°

magnitude of singular value

10 L e

107 ‘ ‘ ‘

50 100 150
index of singular value
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Figure 3.2: A typical singular value spectrum encountered in the evalu#on
of the SGF of a particle.

There are of course similar graphs for the rest of the azimuthalodes used
in the solution of the problem in question. We can identify thre distinct
areas in the singular value spectrum from Fig. 3.2:

1. For the largest singular values, there is a gentle but noticbke decrease
in the magnitude of the singular values

2. At a particular singular value index, there is a rapid trandion in the
spectrum where the magnitude of the singular values decreas@iciy.
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3. For the lowest singular values, there is e®ectively a plateauthe spec-

trum.

The relative positions and proportions of these spectrum feates change
from particle to particle, but are almost always present in allspectra, for
all particles and azimuthal modes we consider in our study. At st glance,
it is natural to treat the smallest singular values with cautionsince their
numerical value relative to the largest singular value is of #nsame order as
the precision of our calculations (the machine precision in dble precision).
We thus suspect that these values may have be subject to numericalise
and including these may be detrimental to our approximation foour SGF
and ultimately the error in the solution of our problem. We wil thus study
the e®ect of truncating the SVD of our matrix at various levelsrothe error in
the solution when a particular excitation eld is incident upa our particle.
We can envisage the structure of the truncated matrices used byamining
the singular value spectrum with the various truncation leved as shown in
Fig. 3.3. If we then choose to have the particle in question hawe plane

magnitude of singular value

0o

100 150
index of singular value

(=]
wn
(=)

Figure 3.3: The singular value spectrum from Figure. 3.2 with possiblertin-
cation levels shown as horizontal dotted lines. The lowesbhizontal line repre-
sents no truncation while the highest is total truncation. Aswe move vertically
from one truncation line to another we produce smaller trunated matrices.
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wave incident upon it with - , = 45* and study the error in our solution as a
function of the truncation levels as shown in Fig. 3.3, we pratge Fig. 3.4.

Strong truncation

_
<,
AL IR R

No truncation

error in solution

—
OA

]0-15 1041() 10‘?
truncation parameter

Figure 3.4: L, error as a function of truncation parameter for the particle
corresponding to Figure. 3.2 when subject to a plane wave at, = 45*. We see
that there is an optimum level of truncation at which the errg is minimal. In
this case, the optimum truncation level corresponds to thehtird horizontal line
from the bottom in Fig. 3.3 with corresponding optimal error  , = 2:360£
10 5,

If we study similar graphs to Figs.(3.3-3.4) for a wide variety foparticles
and input elds we nd a very common trend about the optimal levé of
truncation. We nd that the optimal place to truncate our singular value
spectrum is at the last point before the lower plateau in the sp&gom be-
gins. This gives quantitative evidence to support our concesrthat the lower
plateau may contain singular values which are signi cantly a®& by noise.
We thus refer to the lower plateau from now on as the noise leyelnd we
aim to always truncate our system at this optimal point. We will discuss
the practical aspects of doing so when we discuss optimizationanbroader
sense, in Section. 3.3.

84



3.3 Optimization

We have previously discussed the fact that one of the main advages of
the SGF method is that once we calculate a suitable approximan of the
SGF, it may be stored and re-used for any possible incident eld. lis
therefore important to ensure that our initial evaluation ofthe SGF is to
a suzciently high quality to be able to produce results with low eors in

any given situation. We therefore aim to optimize our analysiand be able
to calculate optimal SGF's for particles, as the additionalnitial e®ort in

calculating the optimized SGF is justi ed since it is being storé ad re-used
potentially many times. We de ne our SGF's to be optimal if theyare
constructed via a speci ¢ set of parameters which minimize ourrer for all

possible incident elds. Before we proceed it is important to havan idea
of some of the fundamental concepts in the eld of optimizatioand we will
outline some of the basic concepts of optimization in Sectio.3.

3.3.1 Global and Local minima

The "eld of optimization is a broad with many analytical and canputational
techniques depending on the particular problem in questiorand a broad
overview can be found in [64]. We aim to highlight some key costs,
advantages and limitations through a simple example. Supposee solve
some general numerical problem computationally and the solah has an
error associated with it. Let us further assume that we have na priori
method of calculating the error of this problem, but we wish taninimize
the error in our solution. If the problem is one involving two ariablesa and
b, and the error function is denoted byf (a;b), we wish to nd the values
of a and b such that f is minimal. We can think of our error function f
as being a surface plot of the two variablea and b as shown Fig. 3.5. In
Fig. 3.5 we aim to highlight the distinction between the localand global
minimum for the problem. A local minimum is de ned as being anyoint
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Parameter a

Parameter b

Figure 3.5: A contour plot of the error in a general numerical problem as a
function of two independent variables showing both a globahd local minimum,

Mg and M, respectively. We assume that the entire parameter spacerfthese
variables is shown.

in the parameter space where moving some in nitesimal distanceoaly any
direction results in a larger error. Furthermore, the globaminimum is simply
the lowest overall local minimum in the entire parameter space Finding
global minimum is, in general, a computationally expensive pcess as a
very high number of calculations need to be performed. Adddnally, the
parameter space may not be bounded and so the lowest minimum in s&m
subset of the space is not necessarily the true global minimum. loranalysis
we do not attempt to nd the global minimum in our parameter spae as
this would be computationally very demanding. We can, howev, optimize
our SGF's such that we can nd local minima in our parameter spaceith
relatively low cost. In this way, we aim to drive down the erraos in our
solutions and study wider ranges of particles than would be pobk without
any optimization procedures. The procedure in nding a local mimum is
shown in Fig. 3.6. We see in Fig. 3.6 that we begin our optimizatn procedure
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Parameter 1

>

Parameter 2

Figure 3.6: A diagramatical representation of the search for a minimum n
a general parameter space. The circles represent a grid at \idh the error
in the solution can be evaluated, darkened circles represethe "walk" of the
optimal error through the space until a local minimum is fourd. The explicit
shape of the function we are sampling at the grid points is hdtnown at points
o® the grid, although it is shown for illustrative purposes.We can see that
di®erent initial guesses of parameters can lead to di®erent mima found by
the optimization procedure.

by guessing some combination of parameters at point 1. We may theample
the errors at the nearest neighbors of the initial parametengess combination.
By selecting the surrounding point with the lowest error and repating the
same procedure at this new point we "walk" through the parametr space
always moving to a point with a parameter combination with laver error.
Eventually we reach a combination where a speci ¢ point is a latminimum
and the optimization procedure stores the parameters for thiocal minimum.
We can see from Fig. 3.6 that the selection of the initial guessrca®ect the
minimum where the optimization procedure stops.

We now move form this general example of an optimization predure to
our electromagnetic problem, where we must nd a suitable set ohppmeters
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to optimize over.

3.3.2 Selection of optimization parameters

For our electromagnetic problem we saw in Chapter. 2 that di®eg num-
bers of solution functions had an e®ect on our error. There areowever,
several solution factors which can a®ect our error which we keginstant in
Chapter. 2. Explicitly, factors which a®ect the error in our slotions are:

1. The total number of solution functions used (which we have stlied in
Chapter. 2)

2. The ratio between the number of functions for the internadind external
“elds

3. The number of matching points used on the surface (i.e. howerde-
termined our linear system is)

4. The position of the distributed sources within the particle
5. The number of singular values in the solution which are used

Each of these factors can a®ect our error, although some are momgor-
tant than others. It is important to nd a minimum set of factors we wish to
optimize over since the number of operations needed in our aptzation pro-
cedure increases exponentially with the number of paramesewe optimize
over. The ratio between the number of functions used for the ternal and
scattered elds is important, however it has been shown in reletl electro-
magnetic studies [51] that the optimal ratio should be equal tthe relative
refractive index between the two materials. In this way, we useore func-
tions for the expansion of the internal eld than the scattered &. The
number of matching points (i.e. the degree to which our systens ioverde-
termined) can also be set at a xed level betweeni2 4 [51] times the total
number of solution functions used for the problem, such that theystem is
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overdetermined but not unnecessarily so. We thus do not need tptonize
over these parameters since well established criteria alreadyist.

However, we have already seen in Chapter. 2 that the overall errin our
solution varies strongly with the number of functions used in ta solution and
so we choose this to be one of our optimization parameters. Additially, we
have seen in Section. 3.2.2 that by making use of the truncate®B, we can
greatly decrease the error in our solutions, we thus choose thimcation
level to be our second optimization parameter. Finally, we suspt that the
error in our solution may vary with the position of sources with the particle,
but a quantitative analysis is needed, which we shall now study.

Error as a function of distributed source location

In Chapter. 2 we discussed the fact that we placed the distributedources
evenly on the symmetry axes when modeling elongated or °at pates. We
distribute sources such that they are evenly spaced but we haventwl over
how close we allow the sources to come to the particle surface,irdicated
in Fig. 3.7. We give the lengthL .« as the percentage distance from the
surface with respect to the size parameter of the particle. Thefore, if we
were to place sources over only half the total length of the synetry axis
we would havel ;o = 25%. We may study how our surface error varies
as we change the proximity of sources to the surface for examplarticles,
and we show these results in Figs.(3.8-3.9). We can see from Fig8{3.9)
that the surface error does indeed vary signi cantly with the poximity of
the sources to the surface. These results are typical of the beravfor a
variety of particles, the lowest errors are typically found wln L pox < 10%.
However, the precise optimum value of o, for di®erent particles does not
vary in a predictable way and so we choose to optimize this parater also
in our optimization set.
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SP

Figure 3.7: A typical prolate particle showing the location of the distibuted
sources on the symmetry axis, with minimum separation from lie surface
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Figure 3.8: #, for the m = 1 mode as a function ofLyox for a prolate
dielectric ellipsoid with n = 1:5, SP =9 and AR = 4:5, illuminated at - x =
45" for Ng = 30 solution functions.
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Figure 3.9: 4, for the m = 1 mode as a function ofLox for an oblate
dielectric ellipsoid with n = 1:5, SP = 9 and AR = 0:22, illuminated at
- « = 45* for Ng = 30 solution functions.

3.3.3 Practical optimization considerations

Now that we have identi ed the three main parameters that we wh to
optimize, namely the number of solution functions, the SVD trunation pa-
rameter and the distributed source surface proximity we may carder the
practical implementation of our optimization procedure. Rcall that we re-
quire to solve our problem for a range of azimuthal modes, and sisch there
are two ways main ways in which we can choose to optimize our ptems:

1. Optimize for one set of parameters that are used in the calculation of
all azimuthal modes. We produce a global set of parametePs: =
f ®ypt; opt; :::g Which are used in the solution for each modeM - m -
M, where®, is the optimum value of some paramete® which a®ects
our error. Similarly for , and any other parameters we optimize over.

2. Take advantage of the natural azimuthal mode decoupling the prob-
lem and optimize each azimuthal mode individually, thus prducing a

set of optimal parameters indexed by each modR,pi .m = f ®optm; optm; i
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foreach modg M - m - M. Here, the optimal parameters have only
been optimized forone azimuthal mode.

Since the problem we are solving naturally decouples into a &= of problems
over a set of azimuthal modes we should be able to produce a loveeror
by optimizing over each mode individually, rather than optinizing all modes
together.

Next, before we begin our optimization procedure we must dee@dvhich
error we wish to minimize. Throughout we shall always use th# , error,
but we may either optimize the average or maximung ,. We highlight the
distinctions and outline our general optimization procedws in Fig. 3.10. The

Select
parameter set

Repeat with new parameter
set until 8,,,, Or ,,1S
locally minimized

gk: 6l —> 8[
* 8max
: """""" Qk: en—FSn U o= O O 68‘,
= O

e

%

Figure 3.10: An optimization cycle, where the errors are the# , integral
errors for each input “eld. The cycle continues until we nd a local minimum
in either the maximum or average# , for all the input elds considered.

optimization procedure in Fig. 3.10 involves
1. Selecting an initial guess set of parameters

2. For this parameter set, calculatingt , for a series of input elds for
various - i incident upon the particle
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3. Comparing the 4., errors calculated for each input eld and storing

either the maximum or averaget , error

4. Repeating this cycle a number of times with a series of newrpaneter
sets until a set is found that locally minimizes the average or aximum

2.

Very careful attention must be paid to the notions of averagerad maximum
errors used in this context. Explicitly, these refer to the maxnum and
averaget , surface integral errors ofa series of input elds . That is,
each input eld incident upon the particle has a single surfacetiegral error
associated with it. So a series afl input elds would produce a series of
n errors which we aim to minimize in a maximum or averaged sensehi$
is di®erent form the notions of average and maximum errors dissed in
Chapter. 2, where the maximum and average refer to the erroas a function
of angular position of the matching point for asingle input eld

We now have a clear understanding of the meaning of the averaged
maximum #_, surface errors, we must decide on which measure we wish to
optimize. Since we aim for our SGF's to be as °exible as possibledato be
able to nd accurate solutions for any incident eld, we choose ithis work
to optimize on the maximum error. In this way, providing we sulect our
particle to a suzciently high number of incident elds in our optimization
procedure, we can state the optimized surface error in such a wénat any
incident eld on the particle will produce an error result bela our optimized
value. In this way, our optimized maximum surface integral eor + , forms
an upper bound on the error for the particle in question, thus wpntifying
the error in the solutions for this particle in a well de ned andsuccinct
manner. Furthermore, if we evaluate the average and maximueq, errors
we see that they are often comparable, thus indicating that #& maximum
error is reasonable choice for the overall level of the errar our optimization
procedures.
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one parameter setf separate parametet

for all modes sets for each mode
Dielectric particle, averaget; , 5:792£ 10 ° 2:167£ 10 °
Dielectric particle, maximum 4, 7:629£ 10 ° 3:840£ 101 ©
Gold particle, averaget 5:629£ 10 ° 2:968£ 10 °
Gold particle, maximum 4, 9:854£ 10 ° 3:227 £ 10i °

Table 3.1: Comparison of the optimization calculations for two examp par-
ticles, an ellipsoidal prolate dielectric with SP = 12, AR = 5:5 and a gold
oblate rounded cylinder withSP = 5:5, AR = 3. The selected optimized er-
rors for these particles are shown in bold.

We can tie up our discussion regarding the optimization optionwith re-
spect to treatment of azimuthal modes and speci ¢ error measures which
to optimize in Table 3.1, where we compare the options for twigpical exam-
ple particles, both calculated forM = 4 modes and subject to ten incident
“elds during the optimization procedure between = 0*::90*. From Ta-
ble 3.1 we can see that optimizing on each mode individually ds indeed
produce lower errors than optimizing for all modes with onegrameter set.
We also see that the average and maximum , surface integral errors are
comparable. Throughout the rest of this work, the stated, , surface integral
errors will refer to the optimized maximum errors over a set ahput elds
unless otherwise stated.

3.3.4 Optimization results; families of particles

We aim for the SGF method presented in this work to be applicablfor a
wide range of axisymmetric particles and we have laid down ire€tion. 3.3.3
an optimization procedure which aims to maximize the rangef articles
that can be studied by minimizing our maximum integral surfacerror over
a range of input elds. We aim in this section to highlight the °exbility of

the SGF method by studying families of particles which rangadm being
elongated to °at, as depicted in Fig. 3.11.
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Decreasing aspect ratio

Figure 3.11: A diagramatical representation of a family of axisymmetric
particles ranging from prolate to oblate, highlighting thedrastically di®erent
geometries.

Results for particle families

If we carry out an optimization procedure on families of golénd dielectric
particles, ranging from elongated to °at we may study the errom our solu-
tions as a function of aspect ratio as shown in Fig. 3.12. For tke families we
optimize each particle over a set of ten input waves rangingdm - , = 0*::90
in equally spaced increments. As we make note of in the captiorhet error
in Fig. 3.12 is the total error for the particles, i.e. we have mimized each
mode individually thus producing a set of optimal parameterfor each mode
and then evaluated the total errors by summing the errors foraeh mode as
outlined in Egn. 3.12. We note that the optimization produce a wide and
°at distribution of errors across the families of aspect ratios. fiere is only
signi cant deviation at the extreme edges and when the partielis close to
spherical, as we would expect.

Additionally, we may directly observe the action of the optimzation pro-
cedure as it minimizes the error as we "walk" through the paraeter space.
We show in Fig. 3.13 the various steps in the optimization prodere for a
dielectric particle of AR 1=5 for the modem = 1 contained in Fig. 3.12.
Note that although each step in Fig. 3.13 decreases the error etloptimiza-
tion procedure in fact evaluates a range of parameters betreeach step and
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Figure 3.12: The variation in total (summed over all m) optimized maximum
surface integral errors 4 , as a function of aspect ratio Sx=S, where S.; are
the lengths of the particle along thex and z axes respectively) for families of
dielectric (circles) and gold particles (stars).

“nds the lowest error out of these intermediate parameter sets drselects it
as the next optimization point. These intermediate spikes wit higher error
have been omitted from the graph as they are not optimal errgyoints in the
section of the parameter space that has been examined at eachpstdhe
process is repeated until the last point (a local minimum) is eched.

3.4 Experimentally measurable optical e®ects

So far in this study in the far eld we have only studied the DSCS. Ahough
the DSCS is a very useful measure of the electromagnetic profpes of par-
ticles, it is experimentally not practical to measure and as sacwe aim to
study properties which can be easily evaluated experimentallProbably the
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index of parameter space step

Figure 3.13: # , maximum surface error for a dielectric particle as a function

of position in the three dimensional parameter space of our gtimization. Each

iteration in the process moves the error to a lower (or equalerror value until

a local minimum is obtained at step 17. The value at step 17 isup optimized

error for the mode m = 1 for this particle. Note that the index of iteration

physically corresponds to a move along any of the three ortbonal directions
in our parameter space, the direction of the "walk" in the paameter space is
not indicated.

most simple property of a particle that can be easily measured ie¢ amount
of power that it removes from a beam incident upon it. The poweremoved
from the beam is due to scattering and absorption by the partiel and is
determined by the the extinction cross sectionCey. The extinction cross
section is de ned in the optical theorem [65]- a fundamental #orem in wave
scattering theory as:

44

Cext = m

ImfEg ¢Es; (e )0 (3.16)

This gives the relation between the total amount of radiatio scattered or
absorbed as a function of the amplitude of the scattered eld irhe forward
direction e. , . Because of this relationship, the optical theorem is sometirse
referred to as the extinction or forward scattering theorem. This simple
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formulation allows us to readily compute the extinction cres section from
the asymptotic form of the electric eld in the forward direction, which we
already calculate as part of the DSCS. The extinction cross ¢@n quanti es

the combined e®ect of two physical processes, namely the amounpoiver
both absorbed and scattered by a particle. We therefore de ne sapte cross
sections for the various processes:

Cext = Cscat + Cans (3.17)

where Cqc4 IS the total scattering cross section and,ys is the absorption
cross section. For the total scattering cross section we move fréhe concept
of the relative angular amplitude of the scattered radiatiorat in nity (the
DSCS) to a measure of théotal amount of radiation scattered by the particle
over the solid angle - = 4% Thus the total scattering cross section is de ned
in terms of the integral [65]:
1 Z
Cscat = ——  ¥4d- (3.18)

JE0i? 4,

where we have integrated the DSCS over the solid angle - =*4 and divided
by the amplitude of the incoming wave such thaiCs.,; gives the fractional
size of the incoming wave amplitude scattered by the particlever - = 4 ¥,
In much the same way as we de ned the total scattering cross sectjame can
de ne an absorption cross section as a coexcient which indicatdsetamount
of power absorbed by the particle. Since we can calculate ditly C., and
Cscat, by using Eqn.(3.17) we can ndCyys trivially via:

Cabs = Cext i Cscat (3.19)

We note that for non-absorbing particles (such as the dieledtss we study in
this work) Caps = 0 and s0 Ceyy = Cgeat, I-€. the only removal of power from
the incident beam is due to scattering by the particle.
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We have now de ned the cross sections of a particle which quantifiow
much power has been removed form a beam incident upon it andifa rela-
tions that relate the proportions of power lost via the processeof scattering
and absorption. However, typically, we study these parametersa function
of the size parameter or aspect ratio of a range of particles. As buthe cross
sections are not directly comparable as the size of the varioparticles is not
constant. In order to account for this we de ne three correspomml particle
exciencies, which are given by the ratio of the cross sections thed cross
sectional area of the particle perpendicular to the directio of propagation,
G, (i.e. the area of the particle "seen" by the incoming wave):

C C C
ce;xt Qscat = _z;cat Qabs = ébs:

Qext = (3.20)

By de ning these ezxciencies, we may study the relative ability of i®er-
ent sized patrticles to absorb and scatter radiation incident um them. In
Fig.3.14 we show the scattering exciencies of the optimized doparticle
family we studied in Section. 3.3.4. The e®ect of the angle ofcidence is

100

_ Axial incidence
,,,,,,, Normal incidence

10

Qscat

AR=1

Figure 3.14: The scattering exciencies (arbitrary units) of the family of
optimized gold particles studied in Section. 3.3.4. AtAR =1 the particles are
spheres.
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very obvious in Fig.3.14, this shows that depending on the alegof incidence,
the scattering properties of the particles can be very di®erten

3.5 Near eld detail and internal eld

One of the major advantages over the SGF method over methodéieh dis-
cretize the particle volume or have areas where the eld soloti is unknown
(such as FDTD and EBCM respectively) is the ability to resolve tke elds
of interest at any point in space. The limitations of the EBCM inthe near
“eld are apparent, as there are large areas between the insdni¢p and super-
scribing spheres to the particle where the eld is unknown. Howey; this is
a method principally used for far “eld simulations. With discretzing meth-
ods such as FDTD, however, the method is primarily targeted atear eld
modelling. One of the main disadvantages of this method is thahere is
always a degree of staircasing in the solution, as discussed in 8ettl1.5.2.
This is where there are discontinuities in the eld at the partile edges due
to the discretizing of the space that are an unavoidable aspedttbe solution
method. For certain materials, particularly real metals, themost interesting
area we wish to study is precisely the surface of the particle ité@nd so this
can be problematic. With the SGF method, however, there is nstaircasing
in the boundary and as a result we may produce near eld plots omg scale
without showing eld discontinuities due to approximations inthe surface
shape. This makes the SGF method an ideal approach in studyinge near
“eld and surface e®ects of particles, particularly in real metl We have
shown many such examples throughout this work.

There are further problems with methods that approximate mels as
being perfect conductors when in reality they have nite conaktivity. In
these methods the internal “eld is arti cially set to zero. In theSGF method,
however, by using the real nite conductivities of materials & can model
how the internal eld varies even within real metals. In Fig. 3l5 we show
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Figure 3.15: A standard near eld image of a gold rounded cylinder illumi-
nated axially and a near "eld contour plot on a log scale of theame particle.

a regular near eld image of a gold prolate rounded cylinder aler axial
incidence (-x = 0%). Observing near eld variations within the particle is
dixcult on a linear scale and when using colour plots. We thereferalso show
on Fig. 3.15 a log contour plot of the intensity in the interiorof the particle
showing the “eld variation. We note that this plot is somewhat ati cial
since it is on a log scale, but it does serve to highlight that we kia eld
permeating into the particle (albeit a vanishingly small intasity) and being
attenuated to a very low level at the center.

3.6 Qualitative near eld analysis

For the particles investigated in Section. 3.3.4 our optimaion procedure
leads to errors below the convergence threshold. This allows to study
the e®ect of the particle's shape and the direction of incidemceld on sur-
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face elds.. The optimal distribution of distributed sources andthe ana-
lytical form of their elds allow us to analyze qualitatively the position of
the sharpest and most intense spots around the particle, a probleoh great
practical relevance. The brightest and sharpest spots will be ia region of
space where a relatively large number of multipole "elds havene or two
components in phase. This will depend on the phase of the coexuie of
our expansion functions that, for a given incident eld, depeds on the ge-
ometry and the relative refractive index of the particles. Bylooking at the
optimal distribution of the distributed sources and at the anaftical form of
their elds we can see that points along the symmetry axis for redhave two
special properties: they have the same angular coordinates il spherical
systems centered on the multipolar sources, and the radial compemnt of the
total eld at these points is the sum of the radial components oftte multi-
poles, and similarly for each of the two tangential component3Ne can see
that these points are most likely to have many multipoles with ne or two
components in phase when the direction of incidence is at. OThis produces
a bright or a dark region depending on the relative phase betee the cor-
responding components of scattered and incident elds. For diskssimilar
situation happens at points on the equatorial plane when theiction of
incidence is at 90. In both cases, the incident wave is perpendicular to the
smallest section of the particles. This analysis does not distinigh between
backward and forward directions but, for the dielectric andmetallic parti-
cles considered here, we expect the sharpest and brightest irgiy spots to
appear on the shadow area because, for these angles of incidetiee°ow of
energy is larger in the forward than in the backward directin. Bright spots
can be found in other positions for di®erent angles of incidendut will in
general be less sharp. When the direction of incidence is orgumal to the
largest section, a similar analysis shows that multipoles of a gn order have
“elds components that are almost in phase on straight sections éxdgonal to
the direction of incidence, if the expansion coezcients are iphase. When

102



the incident eld is a plane wave, this leads to the formation fostanding
waves in the backward direction, even when most energy is saatd in the

forward direction.

Figure 3.16: Near eld electric "eld intensity plots for elongated and °at
dielectric particles with incident excitation at 0* (left column), 40 (middle
column) and 90 (right column) to the symmetry axis.

This qualitative analysis is con rmed by a quantitative numercal investi-
gation. We show the near eld results for both dielectric and mellic prolate
and oblate particles calculated in our optimization proceadre in Figs.(3.16-
3.17). For dielectric rods the region of highest intensity ma@s from the inside
to the outside as the incidence varies from*Go 90" degrees. For these par-
ticles, the most intense points on the surface are not necessarilgan the
regions of highest curvature. This is very di®erent in dieledt discs, where
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Figure 3.17:  Near eld electric eld intensity plots for elongated and °at
metallic particles with incident excitation at 0* (left column), 40 (middle
column) and 90* (right column) to the symmetry axis.

the region of highest intensity are mostly outside the particlerad away from
the surface, except at 90 In both cases, sub-wavelength jets appear on the
shadow side, in agreement with the fact that the di®erential sdatring cross
section (not shown) is larger in the forward than in the backwat direction.
For metals, internal elds are con ned very closely to the surfagdecause
of the very strong absorption and small skin depth. High intensity pints on
the surface are mostly in the regions of high curvature and arershgest in
the shadow regions. In agreement with the previous analysis, tlsharpest
structures are observed with incidence at*0and 90 for rods and discs, re-
spectively. We also observe the formation of standing waves ingtbackward
direction when the long side is illuminated for both dielecics and metals.
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Chapter 4

Conclusions and Future Work

4.1 Conclusions

In this work we have found accurate optical responses for realetallic and
dielectric axisymmetric rods and disks at any point in space inetms of a
“nite number of exact solutions of the Maxwell equations, by ap@ximating
the surface Green function of the particles. We have shown thahe¢ choice
of the functions we use to carry out this analysis depends on thgarticle
we ultimately model. We found that for spherical particles, weould obtain
accurate results by using a set of functions de ned solely at theigin of the
particle. However, the rapid deterioration in the quality ofthe solution as
the particles became more elongated from spherical requiradnodi cation
to our theory. For prolate particles, we found that we could gratly improve
the conditioning of our system and ultimate error by depositingpur sources
of radiation on the symmetry axis of the particle. Furthermoe, for oblate
particles, we have shown that by placing our sources on analogofethe sym-
metry axis in the complex plane, we could also greatly improwvaur ability to
accurately model °at particles. Using these three distinct systemd éunc-
tions; localized, real distributed and complex distributed wehave studied
both the near and far eld optical properties for a variety of @rticles. In
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doing so we shown that in the far eld our results match exactly tole ac-
cepted results in literature, namely Mie theory for spheres anthe Extended
Boundary Condition Method (EBCM) for elongated and °at particles. How-
ever, since the eld solutions for the SGF method are valid at afpoints in
space, we have also been able to study the near eld properties aftfcles,
a feat not possible with the EBCM. We have examined near eld e®sactor
dielectric particles, such as photonic nanojets, which are arctiave and excit-
ing area of current research with many potential application For metallic
particles, we have seen that we could e®ectively nd the positiorf surface
hot spots on the particle, without approximating our particke as being spher-
ical, in nitely extending or perfectly conducting - approximations often used
in computational electromagnetics. The complete optical eracterization of
these real metallic particles is one of great current interesicross many areas
of nanoscience, for instance in Surface Enhanced Raman Spestopy and
Surface Enhanced Fluorescence.

In Chapter. 3, we made several important re nements our theornand
method. We formulated mathematically well de ned representans of our
errors and outlined excient numerical methods of evaluatinthese errors. We
also examined in detail the relative importance of various pameters on our
solution error. By doing so, we saw that we could nd optimized SGE& which
minimized our error for a series of input elds and de ned the mamum error
for our solutions for any input eld at any point in space. By carying out this
optimization, we studied wide families of dielectric and rdanetallic particles
with a tight control over the surface error. This enabled us taaccurately
investigate how the size, shape and composition of the particla®ected the
distribution of near eld intensity. We also investigated the belvior in the
far eld of particles which can be measured experimentally, @nhave shown
high resolution near eld images without staircased boundariesd with real
internal “elds.
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4.2 Future work

There are several potential modi cations to our method that a& currently
being developed or could possibly be implemented.

By using our optimization procedure, it is theoretically possile to de ne
an a priori estimate to the error for any possible incident eld on a particwr
particle. This would be a signi cant improvement on our methodsince in
the work presented we have only aa posteriori error which is found by the
solution of a particular problem. Work in this area is currenly partially
complete.

As discussed, one of the major problems in dealing with metallicap
ticles is the complex refractive index which causes rapid olafions in the
special functions we employ at the particle surface. One posshhodi ca-
tion would be to rescale the special functions such that the ragpioscillations
are minimized [66]. At present, the rescaled functions have d&® partially
implemented.

The procedure outlined in this work could also be implementetd solve
the reciprocal problem of the scattering of a bubble inside a mieim, in this
case we would require more functions to expand the scattered dethan the
internal eld, the opposite of the case for the problems we solve this work.
This work has not been yet studied, however the computer codes their
current form could be used to solve this problem with minimal gting.

We discussed that the truncation parameter of the SVD was one oféh
parameters over which we optimized. By studying the error tharesulted
from the solution of linear systems at di®erent levels of truncain within
our singular value spectrum, we found, semi-quantitatively tat the optimal
position of the truncation should be just above the lower plataain the
spectrum. We assigned this plateau to be the noise level, and desd
optimization procedures to locate it. A more excient method boptimization,
based on this analysis would be to curve t the total spectrum of th singular
values and truncate at the last value below the maximum in the send order
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derivative of the spectrum. In this way, the singular value spé&wm would
not need to be sampled at various levels during the optimizatn procedure
and computational cost could be saved.

More general future research involves using the theory laid @a in this
work to try to determine the position and orientation of singlemolecules and
examine optical trapping forces especially with respect to gjite molecules.
Additionally, this work could be expanded to determine resomeces and hot
spots of photonic particles and clusters of such particles and talculate of
the the energy levels of the composite system made of a multilegaantum
system and a photonic cluster as a function of the relative posith and
orientation between the molecule and photonic structure.
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Appendix A
Coordinate systems

Throughout this work will use both Cartesian and spherical polacoordi-
nates and the relationships between these must be clearly esiabéd for the
avoidance of doubt. The diagramatical representation of thee relationship
between the two systems is shown below in gure A.1:

Z
A

X P (5y2); (10,0)

7=

X

Figure A.1: Diagramatical relationship between a point expressed in it the
Cartesian and Spherical Coordinate systems.

where
X;y;z2 (i1 ;1) (A1)
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and

r2[o;1) (A.2)
u2 0% (A.3)
A2 [0;2v) (A.4)

From Fig. A.1, it can be seen that:
r is the distance from the origin to a given point P

K is the angle between the positiveg-axis and the line formed between

the origin and P.

A'is the angle between the positiva-axis and the line from the origin

to the P projected onto thex j y-plane.

Explicitly: 0
r= x2+y2+ 22 (A.5)
L= arccosz=r (A.6)
A = arctan y=x (A.7)

and, conversely

X = r SiNCOSA (A.8)
y = rsinpgsinA (A.9)
Z = r Ccosu (A.10)

As a result, the unit vectors can be related by the matrix:

2 32 , , 3 2 3
r SiNUCOSA sinpsinA  cosp R

§ il ég COSHCOSA CcospSInA sinué = g s é (A.11)
A i sinA cosA 0 2

It should be noted that this matrix is orthogonal, and as such,ts inverse is
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simply its transpose :

2 32 ' ' '3 2 3
R SiNUCOSA COSUCOSA | SInA r

gy Zg sinpusinA cospsinA  cosA £ = g il Z (A.12)
2 cosp i sinp 0 A
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Appendix B

Spherical Vector
Wave-Functions

A basic understanding of various special functions used in thisovk will be

assumed, although the reader is directed to [67] for further tils of fun-

damental special functions. We shall highlight the structure ofome of the
important vector functions used in this work which are built fom a combi-
nation of these basic special functions. The Spherical Vector W&functions
(SVWF's) are de ned (in such a way as to be consistent with [34]) as ¢h
product:

M (1 A) = 23 (kr) M (45 A); (B.1)
NES (G A) = 223k Nma (A = KT E MES (A (B.2)
where the indices 13 refer to the regular and radiating functions and:}(kr)

are the spherical Bessel and Hankel functions respectively. Thegalar func-
tions my,; nmn are the vector spherical harmonics and are given by

i A M

Mmn (A = p m(“sinpi A@)Ymn (15 A); (B.3)
P [ A A IM _,
Nenn (G A) = pﬁ(“@"‘ A%)Ymn(ll,ﬁ) (B.4)
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whereY,,, are the usual spherical harmonics [68].
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Appendix C

Unitary normal and elemental
area

It is necessary in our analysis to nd both the unitary normal at a stface
of a particle as well as the unitary area element. The unitaryjormal at a
point on the surface in spherical polar coordinates is given by

G G
Ny = @E—@ (C.1)
@u” @A
wherer is the vector from the origin to the surface point and
@r. @r
— £ — = r?sin r sin r— C.2
oif @ IS rsnugli 1A €2

wherer = jrj, i.e. r = rf. In our studies we consider particles which are
axisymmetric in A and we solve our problem on the generatrix. In this case,
the last term in Eqn. C.2 is zero. Also of importance to our analysiis the
element of surface area on the scattering objeaA. This is related to the
unitary normal by

@
@

®|I©I |

dA = (C.3)

>
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Appendix D

Matrix inverses

D.1 Matrix inverses

Matrix inverses are used in many areas of mathematics, statistiesxd the
sciences and are crucial in the solution of systems of equationsed2nding
on the speci c nature of the matrix which is to be inverted, we ma use
di®erent techniques to calculate the inverse, if one exists.

D.2 True inverse

There is often confusion surrounding the nature of inverses ofatnices, and
the term 'inverse' is often used to refer to di®erent procedureepending on
the speci ¢ matrix in question. The true matrix inverse is de ned aly for
square matrices, but not all square matrices have an inverse. A tria A
which has an inverseA i ! is said to be invertible and the original and inverse
matrices are related by

AA 1= ATIA = |, (D.1)

where A and Ail are both n £ n matrices andl, is the identity matrix,
also of sizen £ n. Invertible matrices have many additional properties whic
we may not make use of and need not discuss here, but an exhaustise df
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these properties is provided in [69]. As previously mentionedot all matrices
are invertible and matrices which do not have an inverse are ltsd singular
or degenerate. Below, we give two simple examples of2matrices, one of
which is invertible and one of which is singular. For@2 matrices, there is a
simple formula which provides the inverse of a matrix:
" #i1 " #
1 d ib

1 @ b _
A c d adi bc ;¢ a (b-2)

So it can be easily seen that the matrix

" #
6 2
(D-3)
9 3
has an inverse sincadj bc6 0, while the similar matrix
" #
6 2
' (D.4)
i9 3

does not since the termadj bc= 0 produces a singularity. For larger matri-
ces, analytical expressions become numerically intractablewever there are
techniques which can be employed to nd the inverse of inverfil matrices,
such as Gaussian elimination [70].

D.3 Generalized inverse

For non square matrices, the matrix inverse is not de ned. Thereogs ex-
ist, however, a generalization of the matrix inverse which hasome of the
properties associated with real inverse but not necessarily afl them. This

generalized inverse is often called the Pseudoinverse or the dv®Penrose
pseudoinverse, described independently by E. H. Moore and R. Pese in
1920 and 1955 respectively [71, 72]. Throughout this work ttierm pseu-
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doinverse will be used to refer to the Moore-Penrose pseudoirser The
pseudoinverse of am £ n matrix A with entries a; 2 C is the n £ m matrix
A* which also has entriesa% 2 C. A unique pseudoinverse exists for any
matrix and must must satisfy the criteria:

1. AA"A = A. Note that AA * is not in general the identity matrix.

2. ATAAT

A+

3. (AA ")H
Therefore AA * is Hermitian.

AA *. Where H is the Hermitian, or conjugate transpose.

4. (A*A)H = ATA. A" A is also Hermitian.

As with the real inverse, the pseudoinverse has many propertiehich we
will not discuss here, but an exhaustive list is provided in [49].
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