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Abstract

This paper addresses the challenge of data scarcity in medical image segmentation by

introducing a suitable energy functional as a loss term within a semi-supervised learn-

ing framework. Inspired by the variational model proposed by Wei et al. (2017), in

which the Potts energy functional is minimized using a region force derived from the

negative log-likelihood of the Bernoulli distribution, this study explores the integration

of such energy formulations with a U-Net–based deep learning model. Unlike the clas-

sical Chan–Vese model, which is prone to local minima due to its non-convex nature,

the convex relaxed Potts energy model enables global optimization. However, when

directly employed as a loss function, the energy functional remains highly nonlinear

and leads to suboptimal convergence. To overcome this limitation, an ADMM-based

optimization strategy, following the approach of Wei et al., is adopted to enhance con-

vergence stability and computational efficiency. When incorporated as a regularization

term in the neural network, the proposed energy-based loss serves as a spatial prior that

mitigates the limitations of deep learning in enforcing spatial coherence and boundary

consistency, particularly for irregular or noisy lesion boundaries. Moreover, this inte-

gration effectively reduces the dependence on large-scale labeled data, thereby improv-

ing the applicability of deep models to semi-supervised segmentation scenarios. Com-

prehensive numerical experiments demonstrate that the proposed ADMM-enhanced

semi-supervised method achieves accurate and stable segmentation performance under

limited annotation conditions.
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Chapter 1

Introduction

Image segmentation is a fundamental task in computer vision, aiming to partition an

image into semantically meaningful regions. In medical image analysis, the primary

objective is to delineate lesion areas or anatomical structures of interest accurately. AI

models can learn target features from a large number of images and accurately segment

the area of interest in complex content [3]. At the same time, the analysis results of the

AI model provide medical workers with powerful solutions. They are often based on

a large number of data sets for model training and have extremely high requirements

for the accuracy of image annotation. With the growing diversity of disease types and

increasing diagnostic demands, AI-assisted diagnosis has become essential in modern

medical practice [3]. All of these are inseparable from accurate lesion segmentation. In

addition, traditional mathematical models continue to constitute an important foun-

dation for image segmentation research. Mathematical models classify pixels based on

their common features, thereby distinguishing the texture, intensity and color of the

image [4]. Region growing and emerging [5], watershed algorithms [6], minimum de-

scription length criteria [7], Mumford-Shah energy minimization [8], PDE-based active

contour models for curve evolution [9], etc. are more popular mathematical variational

segmentation models. Taking the classic active contour and level set model Chan-vese

[10] as an example, under constraints, it drives the curve evolution by minimizing a

curve-dependent energy functional under constraints, so that it converges to find the

local minimum of the target boundary, thereby obtaining a segmentation result with
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Chapter 1. Introduction

continuous and smooth boundaries [10] [4]. The Potts model minimizes region bound-

ary length by penalizing inconsistent jumps in neighboring labels, thereby encouraging

internal consistency and clean, smooth boundaries in the resulting segmented regions.

This model is a classic smoothing prior for multi-class piecewise constant segmenta-

tion [11]. This type of model can use the prior on boundary continuity to obtain

image information and identify segmentable regions. It exhibits excellent segmentation

performance when faced with limited labeled data and small datasets.

AI segmentation models are primarily used for two-dimensional or three-dimensional

images such as tomography or magnetic resonance imaging (MRI), which almost all

share the characteristics of low contrast, blurred boundaries, and complex anatomical

structures. Deep learning models typically make pixel-by-pixel predictions, which can

lead to spatial inconsistencies when trained on small samples. Furthermore, preparing

large datasets is relatively difficult in the field of medical image analysis. Rare diseases,

the lack of public access to images due to patient privacy concerns, and the costly and

time-consuming manual annotation all pose challenges in preparing good datasets.

Accurate AI models for medical image segmentation are challenging. Mathematical

models are often affected by noise and lack flexibility when segmenting noisy images.

To address these challenges, this paper proposes a joint segmentation model that com-

bines the strengths of mathematical models and deep learning. This model combines

a variational energy model with a deep learning neural network model to form a semi-

supervised segmentation framework. Energy-based regularization is incorporated into

the neural network. While data-driven feature learning is performed, input image fea-

tures are obtained through feature priors and used as input for the next round of feature

learning. This approach ensures spatial consistency in model learning and can be ap-

plied to both labeled and unlabeled data, ensuring robustness while reducing reliance

on labeled data. Specifically, an energy-based loss function is introduced as a regu-

larization term, inspired by the variational Potts model proposed by Wei et al. [12].

This model, a continuous convex relaxation of the Potts model [11], can be defined on

a multi-class function space. The global optimal solution is found through continuous

minimization, combining a weighted sum of boundary perimeters to achieve the seg-
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Chapter 1. Introduction

mentation objective. This method can be optimized using the PDHG (Primal-Dual

Hybrid Gradient) and ADMM (Alternating Direction Method of Multipliers) numer-

ical solution method [12]. This method can achieve good segmentation results even

with limited datasets and labels. To evaluate the effectiveness and generalization of

the proposed framework, we also systematically compare it with several representative

segmentation methods. These methods include purely supervised learning (using Dice

or cross-entropy to train a U-Net model), traditional variational models exemplified

by Chan-Vese, the proposed semi-supervised model, and a semi-supervised model op-

timized with ADMM. We evaluated each method based on its theoretical foundation,

segmentation accuracy, and adaptability to real-world medical images. Through these

comparisons, we demonstrate that the proposed energy function regularization frame-

work maintains excellent segmentation quality and structural consistency even with

limited datasets, demonstrating its significant potential for challenging medical image

analysis tasks.
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Chapter 2

Overview of Image Segmentation

Methods

Image segmentation is the process of dividing meaningful regions within an image into

distinct parts based on human perception and needs. It is a crucial component of image

analysis [13]. Image segmentation results can be used for target recognition, disease di-

agnosis in medical devices, and subsequent image analysis. Before image segmentation,

the image undergoes preprocessing to meet the requirements of subsequent complex

segmentation algorithms. Segmentation algorithms primarily use image texture, pix-

els, and intensity as a basis to delineate regions with distinct characteristics. Zhu et al.

[13] metaphorically describe the segmentation object as an ”unclearly defined object.”

This object can exist in a variety of scenarios, from natural scenery to piles of debris

to lesions within tissues and organs. It often overlaps with other image information,

making it a challenge to clearly define the object itself [13]. Traditional methods con-

sider the image’s entirety, excluding the background, as global information. Objects

can be decomposed into features such as color, texture, and intensity, which can be rep-

resented mathematically using curvature or convexity. These features are considered

local information, typically captured through statistical calculations [13]. In recent

years, researchers have also used traditional segmentation algorithms as a foundation

for studying optimization problems, achieving remarkable results in achieving accurate

segmentation. Traditional mathematical segmentation models, including variational
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Chapter 2. Overview of Image Segmentation Methods

and image-based models, are generally considered unsupervised methods [13]. They

typically model the pixel values, textures, or gradients of the original image and obtain

segmentation results through energy functionals or minimization. These unsupervised

methods generally do not rely on manual annotations or require training samples, mean-

ing they can segment regions of interest without knowing the segmentation objective.

Zhu et al. [13] broadly categorize unsupervised methods into clustering-based meth-

ods, graph-based methods, and variational models. Clustering-based methods (such as

K-means, Gaussian mixture models, and mean shift) group pixels based on similarity

in feature space, while graph-based methods (such as regularized cuts and graph cuts)

treat the image as a weighted graph and find the optimal segmentation by minimizing a

cost function on the graph. Superpixel generation methods (such as SLIC and SEEDS)

can be viewed as an over-segmentation step, generating homogeneous regions for fur-

ther processing [13]. This paper focuses on variational models. Variational model

segmentation typically frames the problem as minimizing an energy functional. The

seminal work of Mumford and Shah [8] formulated the segmentation problem as an en-

ergy functional minimization problem, striking a balance between data fidelity, region

smoothness, and boundary regularization. Subsequent research has proposed a variety

of simplified and numerical solutions, such as the level set-based active contour model

and the piecewise constant table [4]. Among these methods, the Chan–Vese model is

a simplification and generalization of the Mumford–Shah variational model, effectively

handling objects with blurred boundaries or weak gradients. On the other hand, the

Potts model, originally derived from spin system modeling in statistical physics, has

been widely used in image segmentation and is often viewed as a discrete counterpart

or multi-label extension of the piecewise constant Mumford–Shah model. The following

sections will detail these two models and their mathematical derivations.

On the other hand, with the advancement of artificial intelligence (AI) technology,

deep learning models are increasingly being used in image analysis. Deep learning

segmentation models aim to identify and isolate regions of interest (ROIs) in images

through training and learning, allowing them to be used in subsequent analysis. These

models share a similar processing strategy: image training set preprocessing, model
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training, and model estimation to obtain results. With the continuous optimization of

AI models, the field of image segmentation has evolved from relying on handcrafted

features and energy minimization models to data-driven, end-to-end trainable neural

networks. As summarized in their review article by Rayed et al. [14], deep learning

has become the mainstream approach for medical image segmentation. The introduc-

tion of fully convolutional networks (FCNs) marked a significant milestone in this field,

demonstrating for the first time that convolutional neural networks can directly achieve

pixel-level predictions, laying the theoretical and methodological foundation for deep

learning semantic segmentation [15]. Subsequently, numerous studies have proposed

improvements based on this approach, including encoder-decoder architectures, dilated

convolutions, and attention mechanisms. These improvements have significantly im-

proved segmentation accuracy and robustness, particularly in complex medical image

analysis scenarios [14]. Among these models, the U-Net and its improved versions have

become the most widely adopted architecture for medical image segmentation, thanks

to their symmetrical encoder-decoder design, cross-layer skip connections for precise

localization, and their ability to achieve good performance even with limited training

data [1]. These characteristics make the U-Net particularly suitable for clinical applica-

tions where labeled data is scarce. The next section will provide a detailed introduction

to the U-Net architecture and explain its role in the proposed method.

2.1 The Image Segmentation Problem

The primary objective of image segmentation is to partition an image into clear and

semantically meaningful regions that correspond to different anatomical structures or

functional components. By accurately delineating these regions, segmentation not only

enables quantitative analysis and assists in diagnosis, but also provides an essential

foundation for subsequent image-based modeling and interpretation.

However, due to the complexity of image intensity distributions and spatial struc-

tures, achieving high-precision segmentation remains a considerable challenge. Ideally,

each region within an image should exhibit a consistent intensity pattern, allowing clear

separation between objects and background. In practical scenarios, however, the inten-
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sity distributions of different objects or regions often overlap significantly because of

imaging noise, limited spatial resolution, and variations in acquisition conditions, lead-

ing to blurred boundaries and reduced contrast. For example, in an image containing

multiple geometric shapes, if circular and triangular regions share similar intensity lev-

els, segmentation based solely on pixel intensity would fail to accurately distinguish the

target region. Similar situations commonly occur in natural scenes, where objects with

comparable colors or brightness may differ in shape or spatial arrangement. Therefore,

segmentation algorithms need to go beyond single intensity features and incorporate

additional cues such as shape priors, spatial structure, and contextual information to

achieve more robust and generalizable results. This necessity has driven the devel-

opment of modern segmentation methods that jointly model intensity, geometry, and

semantic features, thereby attaining higher accuracy in complex visual environments.

At the same time, deep learning models still face several challenges. The limited

number of training samples and the scarcity of annotated data, particularly in the med-

ical imaging domain where data are highly complex and heterogeneous, significantly

constrain the generalization capability of segmentation models. As highlighted by Lit-

jens et al. [16], deep learning algorithms still face substantial challenges in medical

image analysis. The first is the often-mentioned problem of dataset size. A complete

deep learning model requires large-scale training data, but this approach isn’t feasible

in every case. For example, in radiology, DICOM-based PACS has become standard

operating system in many large hospitals in Europe and the United States since the

late 2000s, accumulating millions of highly structured images [17]. In contrast, the

progress of image archiving and standardization in other medical specialties (such as

endoscopy, echocardiography, digital pathology, etc.) is relatively uneven, and it is still

difficult to match radiology in terms of data scale, annotation quality and accessibil-

ity. Another challenge is that although the imaging data is huge, it lacks task-related

annotation information. For example, free text reports (such as radiologist reports)

often record examination results, but these reports are difficult to be directly used by

deep learning algorithms and require complex text mining methods. How to convert

free text or semi-structured reports into the annotations required for network training

7
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remains a key issue in the future [16]. Secondly, annotation noise and uncertainty are

common. Even experienced experts may have significant differences in lesion bound-

ary annotation, which will directly affect the stability and generalization ability of the

model [18]. Third, the class imbalance problem is particularly prominent in medical

imaging tasks. For example, in breast cancer screening, normal samples far outnum-

ber positive samples, which causes the model to easily ignore minority lesions, thereby

reducing detection sensitivity [19]. In addition, how to effectively integrate clinical in-

formation with imaging features remains a challenge. Many studies have shown that

relying solely on imaging features may not be sufficient to support complex diagnoses,

and additional clinical data (such as patient history, age, etc.) are often not fully uti-

lized in model training [19]. Finally, medical images generally have the characteristics

of ultra-high resolution and large-scale data volume. For example, full-slice images

in digital pathology can reach several gigapixels, which poses a great challenge to the

storage and computing resources of deep learning models. Existing methods usually

rely on cropping or downsampling, which makes it difficult to take into account both

global and local information at the same time [16] [1]. In summary, the challenges

of medical image segmentation are not only reflected in data acquisition and labeling,

but also involve many aspects such as category distribution, clinical information fusion

and large-scale image processing. These problems urgently need to be solved in future

research.

2.2 Variational Models for Image Segmentation

In the field of image segmentation, variational models have established a unified and rig-

orous mathematical framework. Their core idea is to achieve optimal segmentation by

designing an energy functional and finding its minimum. The Mumford–Shah model [8]

represents an early and influential variational approach that integrates regional fidelity

and boundary regularity within a unified framework. By jointly considering these two

aspects for the first time, it established a rigorous foundation for later developments,

inspiring a series of extensions and improved models, including the Chan–Vese and

8
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Potts formulations. The Mumford–Shah energy functional is usually written as:

E(u,K) =

∫
Ω\K

(f(x) − u(x))2 dx + λ

∫
Ω\K

|∇u(x)|2 dx + ν|K|, (2.1)

The function u is employed as a piecewise smooth approximation to the input image

f(x), while the set K captures the discontinuity curves or edges. The parameters λ

and ν, both strictly positive, regulate the contribution of the three components in the

energy formulation. Following the interpretation given by Vitti [20] the three terms in

the Mumford–Shah functional can be interpreted as follows:

• Data fidelity term
∫
Ω\K(f(x) − u(x))2dx : Ensures that the segmentation

result u(x) is as close as possible to the original image f(x), thereby maintaining

the image’s true grayscale distribution. In medical scenarios, this ensures that

the segmentation does not deviate from the actual lesion or tissue signal.

• Smoothing term λ
∫
Ω\K |∇u(x)|2 dx : Encourages smoothness of u(x) within

each region while allowing sharp changes across the discontinuity set K. It en-

courages consistency within the region and reduces noise interference. It is par-

ticularly suitable for medical images with high noise levels such as MRI and CT,

making the anatomical structure more coherent.

• Boundary length term ν|K| : Penalizes the total length of the segmentation

boundaries, favoring compact and simpler boundary structure. In medical image

analysis, it is important to ensure concise segmentation contours and avoid jagged

or unnatural boundaries.

A detailed mathematical analysis of the Mumford–Shah model and its numerical

treatments can be found in classical variational literature, including the comprehen-

sive survey by Vitti [20]. Below, we will briefly introduce the Mumford-Shah model

in the context of the article. In theory, the Mumford–Shah model is described as a

free discontinuity problem. Unlike traditional free boundary problems, this model al-

lows the segmentation boundary K not to be predetermined as a smooth curve, but

to emerge automatically during the energy minimization process as an unknown dis-
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continuous set. Mumford and Shah [8] proposed a conjecture: minimizers exist, and

the segmentation boundaries can be composed of several smooth curve segments, with

only three types of singularities possibly occurring — crack tips (which are endpoints of

discontinuity curves located inside the image domain), triple points (three curves meet-

ing at 120◦), and boundary points (where the segmentation boundary meets the outer

boundary). Although this conjecture has not been fully proven, it is supported by a

large number of results [20] [8]. For existence results, the direct method typically relies

on compactness arguments and lower semicontinuity. However, the complexity of the

Mumford–Shah problem lies in the coupling between the two-dimensional energy (data

fidelity and smoothness terms) and the one-dimensional measure (boundary length).

This coupling makes it extremely difficult to prove the lower semicontinuity of the last

term directly, and hence obtaining rigorous analytical results for the Mumford–Shah

model remains a highly challenging problem. Here, lower semicontinuity refers to the

variational property that, for any sequence uk → u in L1(Ω),

E(u) ≤ lim inf
k→∞

E(uk),

where E denotes the Mumford–Shah energy. Intuitively, this ensures that the limit of

a minimizing sequence does not increase the energy and is therefore fundamental for

proving the existence of minimizers.

To overcome this difficulty, theoretical developments introduced the special function

space of bounded variation (SBV) and the notion of relaxation. The space SBV(Ω) con-

sists of functions whose distributional derivative can be decomposed into an absolutely

continuous part and a jump part, meaning that discontinuities are allowed but can only

occur on a set of finite H1-measure. In this framework, we allow u to exhibit jumps on

sets of measure zero, use the jump set Su to represent the unknown discontinuity set

K, and measure its “length” by the one-dimensional Hausdorff measure H1(Su). The

relaxed Mumford–Shah functional then reads

∫
Ω

(u− f)2 dx + λ

∫
Ω
|∇u|2 dx + αH1(Su), (2.2)

10
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which involves only the function u itself and the measure of its jump set [20]. Here,

λ retains the same meaning as in Eq. (2.1), weighting the smoothness term. The

parameter α denotes the weight of the jump-set penalty in the relaxed formulation

and corresponds to the boundary penalty parameter ν in the classical Mumford–Shah

functional in Eq. (2.1).

Within the SBV framework, the works of Ambrosio [21], De Giorgi [22], and others

established the existence of minimizers, laying the basis for rigorous analysis. Exis-

tence results further allow one to study the Euler–Lagrange conditions (in the distri-

butional sense), where natural boundary conditions on the jump set Su appear explic-

itly [20]. Consequently, the Mumford–Shah model becomes an integrated variational

system that couples PDEs with free discontinuities, providing a bridge between PDE

analysis and geometric measure theory and enabling transformations between these two

viewpoints [20].

In summary, the relaxed Mumford–Shah formulation highlights discontinuities and

unifies data fidelity, regional smoothness, and boundary complexity within a single

framework. Its core idea is to describe discontinuities via the jump set of SBV functions,

measured by the Hausdorff length H1. This offers a mathematically rigorous route to

image segmentation: one performs variational analysis over SBV functions, and the dis-

continuity set emerges naturally, providing a solid foundation for subsequent numerical

approximations and further variational studies [20].

2.2.1 The Chan-Vese Model

Based on the framework mentioned above, subsequent research has proposed several

simplified and extended models. For example, the Chan–Vese model, by assuming

that the regional grayscale is constant, transforms the Mumford–Shah model into a

level set-based implementation method, which is more convenient for numerical calcu-

lations; while the Potts model can be viewed as a discrete form of the piecewise constant

Mumford–Shah, providing a unified and efficient solution to the multi-label segmenta-

tion problem. These developments fully demonstrate the role of the Mumford–Shah

model as a theoretical cornerstone and provide inspiration for the regularization ideas
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in subsequent deep learning methods. Region-based variational methods have been

widely applied in biomedical image segmentation, such as cell microscopy, organ CT,

brain MR, and retinal fundus images. These methods aim to partition an image into

meaningful regions by minimizing an energy functional composed of data fidelity and

regularization terms. Image segmentation is a crucial part of image processing, where

precise segmentation often leads to superior image processing results. In early image

segmentation tasks, region force methods, represented by the Chan-Vese model (CV

model), were commonly used [10]. This model treats the pixel values of a grayscale

image as energy and constructs an energy function. The energy function consists of

data terms and regularization terms; the data terms calculate the difference in data

between the foreground and background of the image, while the regularization terms

smooth the segmentation boundaries.

For a given closed region I : Ω → R, let I(x) be the intensity function that represents

the pixel value at point x in the image. Following the formulation of Chan and Vese

[10], the Chan–Vese model can be described by the following equations:

E(c1, c2, ϕ) =

∫
Ω
λ1 (I(x) − c1)

2H(ϕ(x)) dx

+

∫
Ω
λ2 (I(x) − c2)

2 (1 −H(ϕ(x))
)
dx

+ µ

∫
Ω
|∇H(ϕ(x))| dx

(2.3)

where ϕ(x) is a level set function whose zero level defines the contour C. The Heaviside

function H(ϕ(x)) indicates the inside region of C, while 1 − H(ϕ(x)) corresponds to

the outside. The constants c1 and c2 denote the average intensities inside and outside

the contour, respectively. Here, λ1 and λ2 weight the data fidelity terms inside and

outside the contour, respectively, while µ > 0 controls the strength of the contour-

length regularization term. The first two terms measure the data fidelity to region

means, and the last term regularizes the contour length, which can be equivalently

expressed as

µ

∫
Ω
δ(ϕ(x))|∇ϕ(x)| dx,

12



Chapter 2. Overview of Image Segmentation Methods

where δ(ϕ) is the Dirac delta function.

By minimizing E(c1, c2, ϕ), the model evolves the contour C toward the object

boundaries, achieving a partition of the image domain into two regions with approxi-

mately piecewise-constant intensity. Specifically, alternating minimization with respect

to c1 and c2 yields the Euler–Lagrange updates

c1 =

∫
Ω I(x)H(ϕ(x)) dx∫

ΩH(ϕ(x)) dx
,

c2 =

∫
Ω I(x)(1 −H(ϕ(x))) dx∫

Ω(1 −H(ϕ(x))) dx
,

which represent the mean intensities inside and outside the contour. Meanwhile, mini-

mizing with respect to ϕ leads to the evolution equation

∂ϕ

∂t
= δ(ϕ)

[
µ div

(
∇ϕ

|∇ϕ|

)
− λ1(I − c1)

2 + λ2(I − c2)
2

]
.

However, the standard Chan–Vese model is limited to two-phase segmentation and

assumes homogeneous intensities within each region. When multiple objects or intensity

inhomogeneity exist, the model’s performance tends to degrade, resulting in incomplete

or over-smoothed boundaries.

When there are multiple segmentation objects and numerous segmentation bound-

aries, the performance of the CV model appears somewhat constrained. As shown in

the following image:

13
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Figure 2.1: When the CV model processes an image with fewer segmentation objects,
clearer boundaries, and simpler segmentation regions, it can achieve precise image
segmentation. The image above shows that the CV model demonstrates relatively
accurate segmentation capabilities.

Figure 2.2: When the CV model encounters such images, it struggles to accurately
compute the target boundaries, as seen in examples like cell structure images or multi-
colored cherry tomatoes. The excessive number of boundaries or the similarity between
foreground and background colors makes it difficult for the CV model to establish re-
liable boundaries.
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2.2.2 Potts Model

The Potts model was first proposed by R. B. Potts in 1952 [11]. Building upon the

Ising model studied by Kramers and Wannier for the zero-field square lattice, Potts

extended the framework to a more general system with r possible spin states, in order

to describe the order–disorder phase transition in multistate systems [11]. In the Potts

model [11], a system consists of a set of lattice sites, where each site i can take one of

r possible states:

si ∈ {1, 2, . . . , r}.

The energy (Hamiltonian) of the system is defined as:

H(s) = −J
∑
⟨i,j⟩

δ(si, sj), (2.4)

where

• ⟨i, j⟩: denotes all pairs of nearest-neighbor sites;

• J > 0: is the coupling constant, which determines the degree of energy reduction

when neighboring sites are in the same state;

• δ(si, sj): is the Kronecker delta function, defined as

δ(si, sj) =


1, si = sj ,

0, si ̸= sj .

Here, when two neighboring lattice sites i and j take the same spin state (δ = 1),

the interaction contributes a lower energy of −J . Conversely, when they take different

states (δ = 0), the energy remains unchanged. Consequently, the system tends to

minimize its total energy by favoring configurations in which neighboring sites share

identical states. At low temperatures, this leads to an ordered phase characterized by

large homogeneous regions, whereas at high temperatures, thermal fluctuations induce

a disordered phase with randomly distributed states. When r = 2, the Potts model
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reduces to the Ising model [11]:

H = −J
∑
⟨i,j⟩

sisj , si ∈ {−1,+1}. (2.5)

Typically, the formula can be rewritten as follows:

E(s) =
∑

(i,j)∈N

wij [si ̸= sj ], (2.6)

where wij denotes the similarity or edge weight between pixels i and j, and [si ̸= sj ] is

an indicator function, when the labels of adjacent pixels are different, it is 1, otherwise

it is 0. That is, if two neighbors have different labels, how much penalty is imposed.

This is completely consistent with the hope that ”similar regions are classified into the

same category” in the image segmentation task, so the Potts model was later widely

used in the field of image segmentation.

In image segmentation, if adjacent pixels belong to the same tissue or structure,

we typically want them to be assigned the same label. The Potts model represents

this as a spatial consistency prior, meaning that adjacent pixels share the same label.

Minimizing the Potts energy corresponds to producing piecewise-constant regions that

retain clear boundaries even when the data changes, forming continuous regions and

reducing noise-induced segmentation errors. This property is crucial for segmenting

medical images with complex tissues. The Potts model can be viewed as a discretized

form of the Mumford-Shah model [23]. It is also a special case of a Markov random field

(MRF) with a pairwise potential function, commonly used in probabilistic segmenta-

tion frameworks [24]. In conditional random field (CRF)-based methods, the pairwise

term often takes the Potts form to enforce spatial consistency between adjacent pix-

els [24]. In medical image segmentation, the Potts model is widely used as a spatial

regularizer to maintain tissue coherence and suppress noise. For example, the Bayesian

nonparametric Potts model proposed by Johnson et al. [25] is a typical application of

the Potts model in medical image segmentation. This method introduces a Potts spa-

tial prior on the voxel label field to enforce neighborhood consistency constraints. It
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also incorporates a Dirichlet process mixture model to adaptively describe the intensity

distribution of each voxel. The model employs Markov Chain Monte Carlo(MCMC)

inference and solves the Potts parameters using Swendsen–Wang clustering updates

and path sampling techniques. Experiments demonstrate that this method effectively

maintains spatial coherence and functional area boundaries in functional magnetic res-

onance imaging (fMRI) activation segmentation, significantly reducing false positives

and over-smoothing [25]. However, its discrete and non-convex nature makes optimiza-

tion challenging, motivating recent research that combines Potts regularization with

continuous relaxations or deep neural networks.

2.3 Learning-based Segmentation

In recent years, learning-based segmentation methods have become increasingly impor-

tant in the field of image analysis. Compared with traditional rule-based or variational

approaches, learning-based methods offer several notable advantages: they can auto-

matically learn discriminative features from data, achieve high segmentation accuracy,

and produce predictions efficiently—often generating reliable results within seconds

once trained. This rapid inference capability makes them particularly suitable for real-

time or large-scale applications.

Generally, learning-based segmentation can be categorized into data-driven and

model-driven approaches. Data-driven methods, such as deep neural networks, rely

heavily on large annotated datasets to learn mappings between image appearance and

semantic regions. In contrast, model-driven approaches integrate learning with prior

knowledge or physical constraints, improving robustness and interpretability in scenar-

ios with limited data.

The versatility of learning-based segmentation has led to its widespread adoption

across multiple domains, including medical imaging, biological microscopy, remote sens-

ing, geospatial analysis, and astronomical imaging. Each application domain empha-

sizes different aspects of segmentation — for instance, medical imaging focuses on

precise boundary delineation and tissue differentiation, whereas remote sensing priori-

tizes large-scale region classification. Consequently, the choice of segmentation model
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should be tailored to the domain characteristics: convolutional neural networks (CNNs)

and transformer-based architectures are often favored for medical and biological data

due to their strong feature-learning capabilities, while hybrid or graph-based models

may be more suitable for complex spatial relationships encountered in geospatial and

astronomical data. A review article by Litjens et al. [16] on Medical Image Analysis

mentions that application-level image segmentation tasks systematically classify med-

ical images, including neuroimaging, retinal images, lung CT, breast imaging, cardiac

imaging, abdominal organ segmentation, musculoskeletal system, and digital pathology.

Each type of image segmentation presents different challenges. For example, in fundus

image segmentation, conditions such as diabetic retinopathy (DR), hard exudates, and

microaneurysm are relatively common, but their manifestations in fundus images are

not readily apparent. These images are inherently affected by noise. Furthermore,

during the image capture process, fundus cameras already undergo some algorithmic

processing, such as image reconstruction algorithms that attempt to capture more de-

tail. For doctors, fundus images with numerous influencing factors still require careful

analysis to confirm the condition, let alone an AI segmentation model that attempts to

accurately segment even tiny hemorrhages or hemangiomas. Therefore, deep learning

model features and methods vary across different fields. Litjens et al. [16] summarized

similar challenges in medical image segmentation in a review article published in Med-

ical Image Analysis. Specifically, there’s the dataset size issue: the extremely high cost

of labeling medical images limits the scale of deep learning model training; secondly, the

generalization issue: domain differences resulting from different institutions, scanning

devices, and parameters make the model unstable when applied across image types; and

thirdly, the interpretability issue: while deep learning methods outperform traditional

methods, artifacts can occur during training, making it difficult to fully verify the au-

thenticity of the training results. The authors note that addressing these issues requires

a combination of emerging approaches such as semi-supervised and weakly supervised

learning, generative models, domain adaptation, and explainable AI [16]. Currently,

most mainstream image segmentation tasks are based on CNNs and their derivative

structures. CNNs have obvious advantages in multi-label segmentation, 3D image pro-
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cessing, and small sample learning. Transfer learning and data enhancement have also

alleviated the problem of limited medical datasets to a certain extent [16]. The most

well-known is U-net [1], which is an encoder-decoder segmentation network that fuses

semantic and spatial information through skip connections. During training, it inputs

the entire image and outputs a pixel-level segmentation map of the same size as the

input image, which can avoid the problem of patch-based CNN requiring splicing [16]

[1]. Based on the U-net framework, researchers have proposed various extensions and

improvements. Çiçek et al. [26] proposed the 3D U-net, which can achieve 3D segmen-

tation using 2D slice annotations, effectively extending segmentation capabilities to

volumetric data. Subsequently, Milletari et al. [27] proposed V-net, which introduced

a 3D convolutional structure and adopted the Dice coefficient as the optimization ob-

jective to alleviate the class imbalance problem that is common in medical images. At

the same time, Drozdzal et al. [28] combined the short skip connection mechanism in

the ResNet architecture to enhance feature propagation and gradient transfer, thereby

further improving the segmentation performance.

In recent years, large-scale pretrained models have gradually transformed the re-

search landscape of medical image segmentation. Unlike traditional U-net or CNN-

based methods, which rely on task-specific annotated data, these models leverage mas-

sive amounts of multimodal data and feature retrieval capabilities, enabling cross-task

and cross-modality segmentation in a wider range of scenarios. At the methodologi-

cal level, research mainly focuses on three directions: the first is the pretrain-finetune

mode, such as Swin-UNet and MedSegDiff, which achieves better performance by pre-

training on large-scale natural images or medical images and then migrating to specific

tasks [29]; the second is prompt-based segmentation, represented by Segment Anything

Model (SAM), which can achieve segmentation of any object through points, boxes or

text prompts. Related medical improved versions (such as MedSAM) have shown supe-

riority in organ and lesion segmentation [30] [31]; the third is vision-language models,

which combine medical images with text information (such as case reports) to achieve

segmentation based on language prompts, such as Contrastive Language–Image Pre-

training (CLIP)-based. The visual language model of the framework aligns images
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and language modalities, using a cross-modal approach to improve the content analy-

sis capabilities of medical images [32]. These large models offer numerous advantages.

They excel in few-shot or even zero-shot segmentation scenarios, helping to alleviate

the problem of insufficient medical image annotation; they better support multimodal

fusion (MRI, CT, ultrasound, pathology slides, etc.); and they demonstrate enhanced

generalization across diverse diseases and imaging conditions. However, they also face

several challenges, including high computational and storage overhead, difficulty in

incorporating medical-specific priors, and insufficient clinical interpretability and cred-

ibility [33] [34]. Since the research work in this article is based on U-net, its structure

and development context will be systematically introduced below.

Due to its effectiveness and simplicity, UNet has become the de facto standard ar-

chitecture for segmentation tasks in medical imageing. It provides a widely adopted

architecture for segmetation tasks in medical image segmentation. It was originally

introduced by Ronneberger et al. [1] in 2015 as a solution for biomedical image seg-

mentation tasks. The authors first introduced the use of a U-shaped architecture for

semantic segmentation of biological images. The model primarily consists of two com-

ponents: an encoder on the left and a decoder on the right. Each row of the encoder

follows a standard convolutional neural network structure, commonly referred to as the

contracting path. Each contracting block contains three convolutional layers, each fol-

lowed by a ReLU activation function (a non-linear function defined as f(x) = max(0, x))

[35] and a 2×2 max-pooling operation (which performs a local maximum operation over

a spatial neighborhood to downsample feature maps) [36] for downsampling. During

this process, the number of feature channels is doubled at each downsampling step.
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Figure 2.3: U-Net network structure (Reproduced from Ronneberger et al., [1]).The
blue blocks represent 3 × 3 convolution layers with ReLU activations. Down-sampling
is performed by 2×2 max-pooling (red arrows), while up-sampling is achieved by 2×2
transposed convolutions (green arrows). Feature maps from the encoder are copied
and concatenated to the decoder via skip connections (grey arrows), and a final 1 × 1
convolution maps the features to the output segmentation.

In contrast, the decoder performs the opposite operations. At each stage, it applies

upsampling to the feature maps, reducing the number of channels by half. These

upsampled feature maps are then concatenated with the corresponding feature maps

from the symmetric contracting path via skip connections (which directly pass feature

maps from encoder to decoder to preserve spatial information) [1].

The use of skip connections in the UNet architecture enables the network to recover

semantic information that is often lost during the downsampling process. While deeper

convolutional layers capture high-level and fine-grained semantic representations, the

shallower layers focus more on low-level features such as color, texture, and edges. Since

downsampling inevitably leads to a loss of spatial information, the skip connections help

to recover this lost information by directly linking low-level and high-level features. This

mechanism is particularly advantageous in medical image analysis, where fine structures
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and complex boundaries are common and must be preserved.

Moreover, the UNet architecture is relatively simple and lightweight in terms of

the number of parameters, yet it is capable of capturing rich semantic features more

effectively than many more complex models. The skip connections play a crucial role

in enhancing segmentation performance, making UNet especially suitable for tasks in

biomedical image processing.

The network architecture employed in this study is based on U-Net and incorpo-

rates a Transformer bottleneck layer (which captures long-range dependencies using

self-attention mechanisms) [37] to enhance global context modeling. The overall struc-

ture follows an encoder–bottleneck–decoder paradigm, where the encoder and decoder

adopt standard U-Net modules, while the bottleneck is implemented using a Vision

Transformer (ViT) module.

The encoder consists of four convolutional modules, each comprising two 3 × 3

convolutions (which applies filters to extract local spatial features) [36] followed by

batch normalization and ReLU activation, with downsampling performed via 2 × 2

max-pooling layers. As the feature maps progress through the encoder, the number of

channels increases from 64 to 512, while the spatial resolution is halved at each stage.

At the deepest level, the conventional bottleneck in U-Net is replaced by a Trans-

former module that operates on the lowest-resolution feature maps to capture long-

range dependencies.

The decoder mirrors the encoder structure, using transposed convolution or up-

sampling blocks to progressively recover spatial resolution. Skip connections between

corresponding encoder and decoder layers are used to retain fine-grained spatial infor-

mation. A final 1 × 1 convolution is applied to generate a single-channel segmentation

map with the same spatial dimensions as the input.

U-Net is widely recognized as a highly effective architecture for semantic segmen-

tation tasks, particularly in medical imaging. Its success can be attributed to the

following structural advantages:

Skip Connections. U-Net employs skip connections to directly transfer high-

resolution features from shallow encoder layers to corresponding decoder layers. This
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design:

• Preserves spatial localization and boundary information;

• Mitigates information loss caused by deep network downsampling;

• Enhances segmentation of fine structures (e.g., organ boundaries, small lesions).

Symmetric Encoder–Decoder Structure. U-Net adopts a symmetric encoder–

decoder design:

• The encoder captures contextual semantics via progressive downsampling;

• The decoder restores spatial resolution via upsampling while fusing high-resolution

cues from skip connections;

• The overall structure balances global context and local detail.

Fully Convolutional with Multi-Scale Context.

• The network avoids fully connected layers, preserving spatial correspondence;

• Pixel-wise predictions are determined by localized receptive fields;

• Multi-scale contextual features are naturally aggregated through the hierarchical

convolutional structure.

Parameter Efficiency and Data Efficiency.

• Performs well on small datasets, a common scenario in medical imaging;

• The architecture is modular and scalable, enabling extensions such as 3D U-Net,

attention U-Net, and Transformer-based variants.

U-Net as a Function Approximator. The segmentation task can be formalized

as learning a function:

f : RH×W×C → RH×W×K
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Given an input image x ∈ RH×W×C , the network outputs a mask y = f(x) ∈

[0, 1]H×W×K , where K is the number of classes (e.g., K = 2 for binary segmentation).

The function f is expected to:

• Predict a K-dimensional categorical distribution at each pixel location;

• Integrate global semantic context and local spatial details;

• Represent a complex, nonlinear mapping from image space to label space.

Skip Connections as Residual Augmentation. A decoding layer in U-Net can

be expressed as:

yup = F(xdeep) + xskip

Where:

• xdeep is the deep encoder feature;

• xskip is the corresponding shallow feature from the encoder;

• F denotes the upsampling and convolution operation.

This structure resembles residual learning and facilitates gradient flow while pre-

serving high-frequency details from the input.

Approximate Solution to Variational Models. In classical variational methods

such as the Mumford–Shah and Potts models, segmentation is obtained by minimizing

an energy functional of the form:

min
u

∫
Ω
∥∇u(x)∥ + λ · ∥u(x) − f(x)∥2dx

Where:

• u(x) is the predicted segmentation mask;

• The first term encourages boundary regularity;

• The second term enforces fidelity to the input image data f(x).
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Rather than explicitly minimizing the above energy, U-Net implicitly learns to do

so through supervised training. It serves as an indirect energy minimizer, driven by

data and network structure.

The ReLU activation function is used after the convolutional layer. ReLU (Rectified

Linear Unit) is defined as follows:

ReLU(x) = max(0, x)

That is:

• If x > 0, the output is x

• If x ≤ 0, the output is 0

In the network structure, ReLU is used as follows:

y = ReLU(BN(W ∗ x + b))

Where:

• x: input feature map

• W : convolution kernel weights

• b: bias term of the convolution layer

• ∗: convolution operation

• BN: Batch Normalization (standardizes intermediate outputs)

• ReLU: nonlinear activation

1. Nonlinear Mapping Capability

In the absence of nonlinear activation functions such as ReLU, a deep neural network

reduces to a composition of linear transformations:

y = Wn ∗ (Wn−1 ∗ · · · ∗W1 ∗ x)
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This results in a globally linear mapping, which is inherently limited in its capacity

to represent complex functions, such as classification boundaries or nonlinear spatial

structures in images.

To address this limitation, ReLU activations are applied after each linear transfor-

mation:

y = Wn ∗ ReLU(Wn−1 ∗ ReLU(· · ·ReLU(W1 ∗ x)))

Since ReLU outputs zero for non-positive inputs (x ≤ 0), the network effectively be-

comes a piecewise linear and nonlinear function, thereby enabling it to approximate

highly complex and non-linear decision surfaces.

2. Sparse Activation

Mathematically, ReLU is defined as:

ReLU(x) = 0 for x ≤ 0

This property ensures that a neuron is activated only when its input is positive, leading

to sparse activations. Such sparsity provides several benefits:

• Reduced computational overhead due to fewer active neurons

• Lower risk of overfitting, as only a subset of the network contributes to each

forward and backward pass

When training neural networks using backpropagation, the derivative of the ReLU

activation function is given by:

d

dx
ReLU(x) =


1, if x > 0

0, if x ≤ 0

This implies:

• When a neuron is activated (x > 0), the gradient can propagate normally.

• When x ≤ 0, the gradient becomes zero, rendering the corresponding neuron

inactive.
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This property provides a clear gradient flow path for active neurons, which facilitates

efficient training. While ReLU is employed in hidden layers to enhance nonlinearity and

learning capacity, the final network outputs still need to be normalized into probabilistic

maps for segmentation. This is typically done using the Softmax function, which also

provides a suitable representation for subsequent energy-based regularization.

Let z = [z1, z2, . . . , zC ] denote the output logits of the network, where C is the

number of classes (in our case, C = 2). The Softmax function is defined as:

Softmax(zi) =
ezi∑C
j=1 e

zj
, i = 1, 2, . . . , C

The Softmax function converts the raw, unnormalized output logits into a proba-

bility distribution over classes. It satisfies the following properties:

• Each output lies in the interval (0, 1), i.e., Softmax(zi) ∈ (0, 1)

• The sum of all outputs equals 1:
∑C

i=1 Softmax(zi) = 1

Therefore, the network outputs can be interpreted as pixel-wise class probabilities,

which constitute the foundation of standard supervised segmentation and are widely

adopted in multi-class prediction tasks [38]. In conventional supervised learning, these

probability maps are optimized against ground-truth annotations using loss functions

such as cross-entropy loss or Dice loss. This paradigm has achieved considerable success

in a wide range of image segmentation applications, particularly in medical image

analysis [39] [40].

However, supervised objectives mainly encourage label-wise agreement between pre-

dictions and annotations, while they do not explicitly encode structural priors such as

spatial smoothness, boundary regularity, or region consistency. The obtained segmen-

tation may still be structurally inconsistent or less reliable in challenging scenarios.

At the same time, medical image segmentation continues to face several challenges.

First, the availability of annotated medical data is often limited, as producing high-

quality labels requires expert knowledge and is both time-consuming and costly. Sec-

ond, medical imaging data exhibit substantial heterogeneity across scanners, acquisition
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protocols, and clinical centers, leading to domain shift and reduced model generaliz-

ability in real-world settings. Third, many clinical targets, such as tumors or lesions,

are small and irregular in shape, resulting in severe class imbalance and difficulty in

accurately segmenting tiny or low-contrast structures. Finally, deep neural networks

typically lack interpretability and robustness, making their behavior difficult to scruti-

nize and raising concerns for reliable deployment in safety-critical clinical environments.

Addressing these challenges remains essential for developing segmentation systems suit-

able for widespread clinical adoption.

To address these limitations, the next chapter introduces an ADMM-based energy

loss that incorporates additional structural constraints into the segmentation framework

to complement conventional supervised learning.
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Chapter 3

An ADMM-Regularized

Semi-Supervised Framework for

Image Segmentation

Although deep learning–based segmentation methods have demonstrated remarkable

performance across various domains, they often suffer from limited generalization and

weak interpretability, particularly when labeled data are scarce. Variational models,

on the other hand, provide strong regularization mechanisms and incorporate spatial

smoothness priors that improve segmentation stability. To address the limitations

of each individual paradigm, recent research has increasingly focused on integrating

deep learning with variational formulations, aiming to leverage their complementary

strengths.

Deep networks excel at data-driven feature extraction and nonlinear representa-

tion learning, while variational models contribute explicit spatial regularization and

theoretical interpretability. By coupling these two approaches, it becomes possible to

achieve more robust and accurate segmentation, especially in semi-supervised settings

where labeled data are limited and noise levels are high. Motivated by this insight, we

propose an ADMM-regularized semi-supervised framework that unifies deep learning

and variational optimization within a joint formulation.
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3.1 Joint Model: Formulation and Motivation

In recent years, growing attention has been devoted to combining deep learning and

variational models for image segmentation. This hybrid strategy aims to exploit the

complementary strengths of both paradigms. Specifically, deep networks excel at

data-driven feature extraction and nonlinear representation learning, while variational

models contribute spatial regularization, smoothness constraints, and improved inter-

pretability to the segmentation process. By coupling these two approaches, researchers

seek to achieve more accurate and robust segmentation results, particularly in scenarios

with limited labeled data and high noise levels, which are especially common in medical

imaging. Liam et al. [2] proposed a hybrid segmentation pipeline for CT images that

integrates a variational model with a deep learning algorithm. Their framework was

primarily applied to stented aortic aneurysms, abdominal organs, and brain lesions.

In their method, image registration, i.e., the process of estimating a spatial trans-

formation to align different images within a common coordinate system, was used to

replace manual labeling within the variational model, thereby enabling semi-automatic

segmentation. The registered regions of interest (ROIs) were then aligned with new

image volumes and input into a pre-trained convolutional neural network (CNN) to

obtain refined segmentation results. The estimated masks generated by the variational

model were also incorporated into the CNN training process, completing the network’s

backpropagation using both labeled and pseudo-labeled data. To optimize this integra-

tion, they designed a hybrid loss function that jointly considers labeled and unlabeled

data [2]. Let θ denote the parameters of the segmentation network, which are optimized

by minimizing the loss function, and let uθ(xi) represent the output of the network for

the input image xi. Here, DICE(·, ·) denotes the Dice similarity coefficient between two

segmentation maps. For two masks or probability maps a and b, it is defined as

DICE(a, b) =
2
∑

x a(x)b(x) + smooth∑
x a(x) +

∑
x b(x) + smooth

,

where a(x)b(x) denotes the pointwise product at pixel x, so that
∑

x a(x)b(x) measures

the probabilistic overlap between the two segmentation maps, and smooth > 0 is a
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small constant introduced for numerical stability and to avoid division by zero. The

loss function is defined as

L (θ) =
L∑
i=1

(1 − DICE(GTi, uθ(xi))) + ξ
U∑
i=1

(1 − DICE(vi, uθ(xi))) (3.1)

where L and U denote the numbers of labeled and unlabeled images, respectively, and

the index i refers to the i-th training sample. For labeled data, GTi denotes the ground-

truth segmentation mask of the i-th image, i.e., a pixel-wise annotation indicating the

target region to be segmented, rather than the original image itself. The function uθ(xi)

represents the predicted segmentation result of the network. For unlabeled data, vi

denotes the segmentation result obtained from the variational model in the previous

step.

The pipeline uses a simple CNN network as shown in the Figure 3.1, to perform the

segmentation task of the deep learning part. In addition, two structurally optimized

networks are trained, called ”LightNet” (LNet) and ”SimplifiedNet” (SNet). They are

used to compare the experimental results of the pipeline. The feature of LNet is that it

uses fewer filters, while SNet reduces the steps of Max-pooling (a spatial downsampling

operation that reduces resolution and may lead to loss of fine structural details) [1] and

upsampling. The network structure is shown in the figure below:

Figure 3.1: Segmentation network construction (Reproduced from Liam et al., [2]).

This pipeline selected two public sets of data, Brats and the Abdomen data from the

Multi-Atlas Labeling Beyond the Cranial Vault challenge18. In addition, 70 CT images

from patients who underwent endovascular aneurysm repair (EVAR) for abdominal

aortic aneurysms (AAAs) at Siemens Healthcare, Frimley, UK, were included. Of these,
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50 manually segmented images were used for training and 10 for testing. Unlabeled

images were also used for CNN training.

Each of the three datasets is used to test the final model. The performance and

accuracy are compared with other standard segmentation methods proposed recently.

The DICE is used here to illustrate the comparison results. Experimental results show

that Hybrid pipeline exhibits more accurate segmentation results. The paper by Liam

et al. [2] presents a variational approach with CNNs algorithm to improve the automatic

segmentation efficiency and accuracy of organ and tumor CT images based on a large

volume datasets. Labeled images are not strongly relied on, and the number of training

datasets is expanded. Liam et al. [2] also noted that future work would aim to extend the

pipeline to a broader range of lesions rather than limiting it to the diseases considered

in the current study. Overall, the results of their study provide a useful basis for further

improvement and optimization of the pipeline.

Ke Wei and colleagues [12] proposed a new variational model based on the Potts

energy formulation. To introduce the variational principle underlying this method, we

first revisit the classical Potts model, a piecewise-constant segmentation framework in

which each pixel is assigned to one of N regions and each region is represented by a

binary indicator function. The Potts model balances a likelihood-based fitting term

with a regularization term that penalizes discontinuities. Formally, the Potts energy is

written as

EPotts(ϕ) =

N∑
k=1

∫
Ω
fk(x)ϕk(x) dx +

N∑
k=1

∫
Ω
α(x) |∇ϕk(x)| dx, (3.2)

where ϕk(x) ∈ [0, 1] denotes the membership function of pixel x to region k, with∑N
k=1 ϕk(x) = 1, and fk(x) denotes the region fitting term. The first term corresponds

to data fidelity, and the second term is a spatial regularization term controlled by α(x).

To model region likelihoods, the probability of each pixel x belonging to region ωk

is defined as

pk(x) =
exp

(
−|z(x) − ck|/(2σ2)

)∑N
ℓ=1 exp (−|z(x) − cℓ|/(2σ2))

, (3.3)

where z(x) denotes the pixel intensity, ck denotes the mean intensity of region k, and
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σ > 0 is a scale parameter that controls the variance of the Gaussian likelihood. A

smaller σ leads to sharper region assignments, while a larger σ results in smoother

probabilities. This soft probabilistic assignment handles blurred boundaries and noise

by avoiding a hard region partition.

Using the Bernoulli distribution, the likelihood of pixel assignment is expressed as

P (ϕk(xi)) =
(
pk(xi)

)ϕk(xi)(1 − pk(xi)
)1−ϕk(xi), (3.4)

where ϕk(xi) ∈ {0, 1}. Minimizing the negative log-likelihood yields

fk(x) = − log pk(x). (3.5)

The adaptive regularization weight is defined as

α(x) =
β

1 + γ|∇Iσ(x)|2
, (3.6)

where β > 0 is a scaling parameter controlling the overall strength of the adaptive

regularization weight, and γ > 0 determines its sensitivity to image gradients. Here,

|∇Iσ(x)|2 denotes the squared gradient magnitude of the smoothed input image, which

is computed using the Sobel operator. As a result, α(x) becomes smaller near strong

edges and remains relatively larger in homogeneous regions, which helps preserve edges

while smoothing noise, following the principle of the Mumford–Shah model.

Given that each pixel label follows a Bernoulli distribution with success probability

pk(x), the segmentation problem becomes

min
ϕ1(xj)

n2∑
j=1

[
f1(xj)ϕ1(xj) + f2(xj)

(
1 − ϕ1(xj)

)]
, j = 1, . . . , n2. (3.7)

Here, ϕ1(x) = 1 assigns pixel x to region 1 and ϕ1(x) = 0 assigns it to region 2.

Substituting (3.5) into (3.2) yields the refined energy

E(ϕi) =

∫
Ω

[f1(x)ϕ1(x) + f2(x)ϕ2(x)] dx +

∫
Ω
α(x)|∇ϕi(x)|dx, (3.8)
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which improves consistency between the model output and the original data, leading

to more accurate and structurally coherent segmentation results.

To further enhance the Potts-based formulation, Wei et al. introduced a multiphase

segmentation and semi-supervised clustering framework in which the region force is

reformulated using the negative log-likelihood of the Bernoulli distribution. This mod-

ification improves the alignment between the model prediction and the observed data,

thereby enhancing segmentation accuracy. The resulting energy is efficiently minimized

using primal-dual (PDHG) and ADMM optimization schemes, which enable scalable

optimization for both segmentation and clustering tasks. In the data clustering task,

the developed Potts model can be expressed as:

min
ϕk∈{0,1}

K∑
k=1

∑
xi∈V

fk(xi)ϕk(xi) +
K∑
k=1

∑
xi∈V

α(xi)|∇ϕk(xi)|1 (3.9)

Here, let K denote the number of segmentation classes. For example, K = 2 corre-

sponds to binary segmentation, while K = 3 corresponds to a three-class segmentation

problem. And the gradient term constrains the boundaries between categories, ensur-

ing that similar data points are grouped together. The term fk(xi) serves as the region

force term and adopts the form of the negative log-likelihood of a Bernoulli distribution.

At the moment, I am exploring deep learning-based approaches to solve the new

variational model. Using the classical U-Net architecture with a symmetric encoder-

decoder structure, a simple 3-phase classification task was designed with 3-channel

outputs. The energy functional was used as a custom loss function, with the U-Net

network’s output serving as the input to the energy functional, dynamically computing

the image regions. In this setup, the energy functional was applied to the optimization

task following U-Net segmentation to smooth the segmentation boundaries. Simul-

taneously, the Dice loss was employed to enhance the distinction between categories,

improving the robustness of the segmentation model and the quality of the boundaries.

As defined earlier, the Dice loss used in this work is written as follows:

Dice Loss = 1 − 2 ·
∑

(preds · targets) + smooth∑
preds +

∑
targets + smooth

(3.10)
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Apply softmax to the output so that the probability sum of each pixel equals 1. The

term preds represents the predicted probabilities, obtained from the model output using

softmax. The term targets refers to the ground truth mask. The term smooth > 0 is

a small constant added to both the numerator and denominator to improve numerical

stability and avoid division by zero (e.g., smooth = 10−6).

In the energy function, the class centers c1, c2, and c3 are dynamically calculated

based on the current segmentation probabilities.

ck =

∑
uk · z∑
uk + ϵ

The class center values are calculated based on the pixel intensity z and the current

segmentation probability uk.The term ϵ is a smoothing factor used to avoid division by

zero in the denominator. The regularization term smooths the boundaries through the

total variation (TV) regularization, and its formula is given as:

Reg Term =
∑

α · (∥∇u1∥1 + ∥∇u2∥1) (3.11)

The dynamic regularization weight α is computed from the gradient of the input image

according to Eq. (3.6).

3.1.1 Energy Loss Design and Comparative Rationale

The total loss combines the Dice loss and energy loss. The weighting coefficients λDice

and λEnergy are introduced to balance the contributions of the Dice term and the energy-

based term.

Currently, the existing energy function is being adapted to process 3-phase images

by classifying the mask into three categories and mapping them to the labels [0, 1, 2].

The specific formulation used in the experiment is as follows:

Lenergy = λdata

∑
(f1u1 + f2u2 + f3(1 − u1 − u2)) + λreg

∑
(α · |∇u1| + α · |∇u2|)

(3.12)
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The corresponding data fidelity term is given by

Ldata =
∑

(f1u1 + f2u2 + f3(1 − u1 − u2))

where:

• u1 and u2 are the probability distributions output by the model, representing the

likelihood of belonging to different categories.

• f1, f2, f3 are the energy terms for different categories, computed based on z (input

image) as follows:

fi = − log(pi(x) + ϵ)

Here, Likelihood of Pixel Values is used for computing the data term:

pi(x) =

exp

(
−(z(x) − ci)

2

2σ2

)
∑3

k=1 exp

(
−(z(x) − ck)2

2σ2

) , i = 1, 2, 3.

Regional mean values is Representing the typical pixel values for each category:

c1 =

∑
u1 · z∑
u1 + ϵ

, c2 =

∑
u2 · z∑
u2 + ϵ

, c3 =

∑
(1 − u1 − u2) · z∑
(1 − u1 − u2) + ϵ

During each iteration, the class centers ck are dynamically updated as the weighted

mean intensities of pixels assigned to the corresponding classes. The purpose of the

regularization term is to maintain the smoothness of segmentation boundaries and avoid

unnecessary noise. Here is the formula:

Lreg =
∑

(α · |∇u1| + α · |∇u2|)

The Gradient Calculation is:

|∇u1| = |∂xu1| + |∂yu1|, |∇u2| = |∂xu2| + |∂yu2|,
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α =
β

1 + γ|∇z|2

α is Smoothness Factor. Where:

|∇z|2 = (∂xz)2 + (∂yz)2

α controls the strength of the regularization and depends on the gradient information

of the original input image z. In edge regions (where |∇z| is large), α becomes smaller,

reducing the influence of regularization and preserving the boundary.

Finally, the total loss is defined as:

Ltotal = λDiceLDice + λEnergyLEnergy. (3.13)

where LDice is the Dice loss defined in Eq. (3.10), and LEnergy denotes the energy-based

loss derived from the variational model (see Eq. (3.12)).

3.1.2 Why Combine Supervised Loss with Energy Loss Function

The Potts model, originally proposed by R. B. Potts [11] in 1952 as a statistical physics

model, describes local interactions that encourage similar neighboring elements to share

the same state. In image segmentation, this idea is extended to promote spatial smooth-

ness—assigning pixels with similar characteristics to the same region while maintaining

sharp transitions at region boundaries.

In deep learning–based segmentation, supervised loss functions such as cross-entropy

or Dice loss primarily optimize pixel-wise classification accuracy. However, they lack

explicit spatial constraints, often leading to fragmented or noisy predictions, especially

under limited labeled data or low-contrast conditions.

By contrast, the energy loss derived from the Potts model introduces spatial regu-

larization that enforces consistency among neighboring pixels, thereby preserving struc-

tural coherence. Combining these two objectives allows the model to benefit from both

data-driven feature learning and structure-aware regularization.

Following this principle, Ke Wei et al. [12] reformulated the Potts model in the
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following variational form:

min
{Ωk}Kk=1

K∑
k=1

∫
Ωk

fk(x) dx + R
(
{Ωk}Kk=1

)
, (3.14)

where fk(x) denotes the region force representing the energy cost for assigning pixel x

to class k, and

R({Ωk}) =
∑
k

∫
∂Ωk

α(x) ds

is the boundary regularization term that enforces smoothness along the class bound-

aries. Wei et al. introduced the following region force:

fk(x) = − log(pk(x)) + log(1 − pk(x)),

where pk(x) is the probability that pixel x belongs to class k. This definition assumes

that each pixel label ϕk(x) follows a Bernoulli distribution:

P (ϕk(x)) = pk(x)ϕk(x)(1 − pk(x))1−ϕk(x),

which corresponds to the binary decision of whether pixel x belongs to class k.

The region force fk(x) thus measures the energy cost of assigning pixel x to class k.

If the intensity or feature of a pixel follows a distribution similar to that of a certain class

(e.g., tumor), pk(x) will be relatively large, leading to a smaller energy fk(x). During

the energy minimization process, the model therefore tends to assign such pixels to the

class with a lower energy, thereby reducing the overall Potts energy.

For brain tumor MR images, the model usually assumes that the intensity of each

class follows a Gaussian distribution:

pk(x) =
exp(−|I(x) − ck|2/2σ2)∑
k′ exp(−|I(x) − ck′ |2/2σ2)

,

where ck denotes the mean intensity of class k, and σ > 0 is the standard deviation

parameter of the Gaussian distribution around the class mean. Consequently, a smaller

σ makes pk(x) more sensitive to deviations from ck, whereas a larger σ produces a
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smoother likelihood distribution. When a voxel intensity I(x) is close to the class

mean ck corresponding to the tumor region (denoted as ctumor), the corresponding

probability pk(x) (i.e., ptumor(x)) increases, resulting in a smaller energy cost fk(x).

Consequently, this voxel is more likely to be assigned to the tumor class during energy

minimization.

Meanwhile, the boundary regularization term penalizes the gradient magnitude

|∇ϕk|, suppressing isolated misclassifications and maintaining the continuity of the

tumor boundary.

In other words, regions whose intensity features are consistent with those of the

tumor and exhibit coherent spatial structure are automatically identified as tumor

regions, while inconsistent or irregular regions are classified as normal tissue. This

mechanism enables the Potts energy to jointly capture both statistical discrimination

and geometric regularization, which are essential for accurate and spatially consistent

medical image segmentation.

3.2 ADMM-Based Optimization of the Energy Loss Func-

tion

Although the classical Potts model provides a principled formulation for enforcing spa-

tial coherence, the original discrete optimization problem is not directly suitable as a

loss function in deep neural networks. Specifically, the binary and piecewise-constant

constraints make the optimization non-differentiable and incompatible with gradient-

based training. To address this limitation, we adopt a relaxed continuous formulation

of the Potts energy that can be optimized jointly with network parameters. This relax-

ation enables the model to encourage spatial coherence in the segmentation of unlabeled

data while remaining compatible with back-propagation.

The relaxed energy functional over the predicted soft segmentation map ϕ(x) ∈ [0, 1]

is defined as:

E(ϕ) =

∫
Ω
r(x)ϕ(x) dx + λ

∫
Ω
|∇ϕ(x)| dx, (3.15)

where the first term encourages consistency between ϕ(x) and the underlying image
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intensity encoded by r(x), and the second term promotes boundary smoothness through

gradient regularization. The hyperparameter λ balances the two components.

To efficiently minimize this energy term, we adopt an existing optimization frame-

work based on the Augmented Lagrangian Method, implemented using the Alternating

Direction Method of Multipliers (ADMM). This method originates from prior works

on dual formulations of the Potts model and continuous max-flow optimization, and is

integrated here as a modular component [12].

The ADMM module operates on auxiliary dual variables qk, hk, λ and Lagrange

multipliers ϕk, and minimizes the following augmented Lagrangian:

L(λ, [hk], [qk], [ϕk]) =

∫
Ω
λ dx +

K∑
k=1

∫
Ω
ϕk(div qk − λ + hk) dx

− c

2

K∑
k=1

∫
Ω

(div qk − λ + hk)2 dx.

1. Dual Variable Updates

• Update λ:

λl+1 =
1

K

K∑
k=1

(
div qlk + hlk −

ϕl
k

c

)
+

1

Kc

Here, c > 0 is the penalty parameter associated with the augmented Lagrangian,

which balances the constraint enforcement and affects the convergence behavior

of the ADMM algorithm.

• Update hk:

hl+1
k = min

{
ϕl
k

c
+ λl+1 − div qlk, fk

}
• Update qk via projected gradient descent:

ql+1
k = Π|qk|≤α(x)

(
qlk + β∇

(
div qlk − λl+1 + hl+1

k −
ϕl
k

c

))

The function α(x) denotes a spatially varying regularization weight, as defined in

Eq. (3.11), which adapts to image gradients and controls the strength of the total
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variation regularization. Here, ϕl
k denotes the current estimate of the segmentation

variable for class k at iteration l in the ADMM optimization.

2. Lagrangian Multiplier Update

ϕl+1
k = ϕl

k − c
(
hl+1
k + div ql+1

k − λl+1
)

Integration of Softmax-Based Foreground Probability

Let the output of the segmentation network be a 4D tensor of shape [B, 2,H,W ],

where each spatial location contains logits representing the likelihood of belonging to

background or foreground.

Applying the Softmax function, which normalizes the output logits into class prob-

abilities, yields a pixel-wise probability map:

uk(x) =
exp(zk(x))

exp(z0(x)) + exp(z1(x))
, k ∈ {0, 1}.

Thus, the network output can be written as

u(x) = Softmax(z(x)) = [u0(x), u1(x)],

where zk(x) denotes the logit corresponding to class k at pixel x, and uk(x) ∈ [0, 1]

represents the predicted probability of pixel x belonging to class k.

In the binary segmentation setting, u0(x) and u1(x) correspond to the background

and foreground probabilities, respectively. In particular, we denote the foreground

probability as

ufg(x) = u1(x). (3.16)

In our implementation, the foreground probability defined in Eq. (3.16) is used as the

soft segmentation variable in the ADMM optimization module. Therefore, the Softmax

probability map serves as the continuous optimization target for energy minimization:
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min
u∈[0,1]

∫
Ω

(|∇u(x)| + λ r(x)u(x)) dx, (3.17)

where:

• u(x) ∈ [0, 1] is the foreground probability,

• ∇u denotes the gradient, encouraging boundary smoothness,

• r(x) is the region force term encoding the data fidelity.

This formulation provides a bridge between the probabilistic CNN output and the

continuous variational optimization process, allowing the foreground probability map

to be refined through ADMM-based energy minimization.

Final Loss Integration

The classical Potts model provides a spatial regularization prior but cannot be directly

used as a loss due to its discrete, non-differentiable form. By adopting the continu-

ous relaxation described above, we obtain an energy functional that can be optimized

numerically. However, direct gradient-based minimization of this energy remains chal-

lenging; therefore, we employ a fixed number of ADMM iterations to approximate its

minimization.

At each training step, the network prediction is treated as the initial soft segmen-

tation map, and ADMM is applied to refine it. The resulting energy value E(u) serves

as a differentiable regularization term, encouraging spatial coherence.

The total training objective is defined as:

Ltotal = Lsup(ϕ(θ), y) + α · E(u), (3.18)

where ϕ(θ) denotes the segmentation output of the network parameterized by θ,

and u denotes the soft segmentation variable initialized from ϕ(θ) and refined through

the ADMM optimization module.. Lsup is the supervised loss computed on labeled

data, and E(u) is the energy term minimized via the ADMM optimization module.

The weight α controls the regularization strength.
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By combining the ADMM-optimized Potts energy with supervised loss, our frame-

work achieves improved segmentation accuracy and spatial smoothness, especially un-

der limited annotation settings. This hybrid formulation effectively couples supervised

learning and unsupervised variational regularization, allowing the network to lever-

age both annotated and unlabeled data. The ADMM-optimized energy term enforces

spatial coherence and anatomical consistency.

3.3 Implementation Details and Inference

This section presents the implementation details and inference procedure of the pro-

posed ADMM-regularized semi-supervised segmentation framework. Building upon the

joint model introduced in the previous section, the optimization is formulated based

on the Potts energy model, which enforces both regional consistency and boundary

smoothness. Following the formulation in Wei et al. [12], the Potts energy is expressed

as:

EPotts(ϕ) =
N∑
k=1

∫
Ω
fkϕk dx +

N∑
k=1

∫
Ω
α(x)|∇ϕk| dx (3.19)

The first term is the region force. The second term is the regularization term.

This type of energy model achieves unsupervised or semi-supervised segmentation by

minimizing the Potts energy, thereby promoting regional consistency and boundary

smoothness. The Potts energy model, based on the number of regions N in Eq. (3.13),

can be used for classification or multi-phase segmentation problems. When N=2, the

target region is divided into foreground and background, and the model is a two-phase

segmentation task. In this case, the energy function can be solved using convex relax-

ation or ADMM methods for efficient computation. When N > 2, the segmentation

task involves multiple regions, and the model needs to process multiple region functions

{ϕk}Nk=1 simultaneously, and satisfy the mutual exclusivity constraint
∑

k ϕk(x) = 1 .

The multi-phase segmentation problem then becomes a non-convex optimization prob-

lem, and the solution is more complex than the two-phase problem. The coupling of

different regions leads to a high number of local minima in the energy function. Fur-
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thermore, medical images can exhibit weak contrast and blurred boundaries between

different tissues and lesions. These issues make it difficult to find a unified energy

weighting between the region force and boundary regularization, ensuring good perfor-

mance in all region categories and smooth boundaries. This manifests itself in blurred

segmentation boundaries and even inaccurate segmentation results. Multi-phase seg-

mentation tasks still faces significant challenges.

3.3.1 Two phase Segmentation

To simplify the implementation and validate the feasibility of the proposed loss for-

mulation, the segmentation problem is first considered in a two-phase setting, which

represents a special case of the multi-phase model. In this case, the image domain

consists of two regions, foreground and background. The function ϕ(x) is the segmen-

tation function to be optimized, representing the assignment of each pixel to either

the foreground or background. Specifically, ϕ(x) = 1 indicates that pixel x belongs

to the foreground, while ϕ(x) = 0 indicates that it belongs to the background. The

corresponding energy formula can be written as:

Etwo-phase(ϕ) =

∫
Ω
f1(x)ϕ(x) dx +

∫
Ω
f0(x)

(
1 − ϕ(x)

)
dx +

∫
Ω
α(x) |∇ϕ(x)| dx (3.20)

Here, f1(x) and f0(x) denote the region forces for the foreground and background,

respectively, as defined in Eq. (3.3), where each term penalizes assigning a pixel to a

region inconsistent with the underlying likelihood. α(x) is the boundary regulariza-

tion weight used to constrain the smoothness of the boundary. The first two terms in

the formula jointly determine the region to which a pixel belongs. The model deter-

mines the region to which it belongs based on the pixel’s grayscale value and feature

information, achieving regional consistency. The third term is used to smooth the

segmentation boundary and suppress noise. The two-phase model involves only one

continuous variable, ϕ, making the optimization problem relatively simple and capable

of being efficiently solved using the ADMM method proposed by Ke Wei et al [12].
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In their method, the segmentation boundary can also be formulated as a closed curve

that minimizes the overall energy. Its geometric significance lies in finding the optimal

boundary between foreground and background within the image region. In the pro-

posed framework, the Potts model serves as a loss function, integrated with the training

process of the deep learning network. This allows for the introduction of spatial prior

constraints on the supervised learning process, achieving structural constraints on the

foreground region. The output of the Potts energy loss not only provides a mask refer-

ence for subsequent training but also acts as a regularizer, further enhancing the spatial

consistency of network learning.

3.3.2 Multi-phase Segmentation Problem

The multi-phase segmentation problem aims to partition an image into several mutually

exclusive regions, each representing a distinct phase or semantic class. Unlike binary

segmentation, which only separates the foreground from the background, multi-phase

segmentation further distinguishes multiple regions within the image domain. This

formulation naturally arises in various applications, including medical imaging, material

analysis, and remote sensing, where different regions correspond to distinct tissue types,

material phases, or land-cover classes. Mathematically, the multi-phase segmentation

problem can be formulated as a multi-region energy minimization task, where the

objective is to partition the image domain into multiple disjoint subregions that are

spatially coherent and consistent with image intensity or texture features.

These subregions are spatially correlated and often share adjacent boundaries,

meaning their interactions cannot be modeled merely by pixel-wise classification or

intensity thresholding. Instead, such problems can be formulated as a multi-region en-

ergy minimization task, where the goal is to partition the image domain Ω ⊂ Rn into

K disjoint regions {Ωk}Kk=1, satisfying

Ω =
K⋃
k=1

Ωk, Ωi ∩ Ωj = ∅, for i ̸= j.
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The overall energy functional can then be expressed as

E({Ωk}) =

K∑
k=1

∫
Ωk

fk(x) dx + λ

K∑
k=1

Per(Ωk),

where fk(x) represents the regional fitting term (for instance, an intensity-based like-

lihood or probability map), and Per(Ωk) denotes the perimeter length of each region,

acting as a regularization term to balance data fidelity and spatial smoothness. Mini-

mizing the perimeter term encourages smooth and regular boundaries, penalizes irreg-

ular or fragmented regions, and suppresses small isolated components caused by noise,

thereby promoting spatial coherence in the segmentation.

This formulation represents the fundamental form of the multi-phase Potts model.

In traditional variational frameworks, the Potts model is often expressed using multiple

level-set functions or label fields, such as in the extended formulations of the Chan–Vese

or Boykov–Jolly models.

However, as the number of segmentation classes increases, the inter-class coupling

within the energy terms becomes stronger. The model must maintain mutual exclusivity

between regions while ensuring boundary consistency, making the global optimization

problem increasingly difficult. When applied to neural networks, this constraint be-

comes even more challenging, as each class channel must maintain balanced smoothness

and separation simultaneously.

Directly optimizing a multi-phase Potts model over multiple channels leads to high

computational costs and potential convergence issues, as the energy minimization pro-

cess may become unstable or fail to converge.

For the ADMM optimization framework, multi-phase segmentation implies that

multiple flux variables qk and Lagrange multipliers λk must be updated simultaneously,

with the energy terms of all classes being interdependent. These variables must satisfy

the following constraints:

K∑
k=1

uk(x) = 1, uk(x) ≥ 0,
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where uk(x) represents the probability map of class k.

This constraint leads to an optimization space whose dimensionality increases lin-

early with the number of classes, while the coupling between the energy terms intro-

duces strong nonlinearity. Furthermore, in the ADMM algorithm, the splitting variable

updates require handling multiple gradient–divergence operators for all channels, re-

sulting in a significant increase in computational cost and memory usage per iteration.

Consequently, directly constructing a multi-phase ADMM optimization model within

the current neural network training framework becomes highly challenging to achieve

stable convergence.

To address the aforementioned challenges, this study proposes a two-phase hier-

archical segmentation strategy. In many medical imaging tasks, pathological regions

exhibit a nested structure — for example, brain tumors typically consist of an outer

edema region that surrounds the inner cores of the tumor. Performing fine-grained

segmentation directly on the entire image may lead to ambiguous boundaries and in-

creased misclassification due to interference from normal tissues. Therefore, we first

perform a coarse global localization to detect the overall tumor region, followed by a

refined segmentation focused within this region. This progressive scheme enables more

reliable regional partitioning and improves boundary discrimination, while maintaining

a unified network architecture (U-Net + ADMM Energy).

Phase 1 — Global Tumor Detection

In the first phase, the model performs a binary classification task on multi-modal MRI

inputs (T1/T2/FLAIR) to distinguish the “tumor region” from the “background.” The

energy optimization function for this stage is defined as:

L1 = β · LDice(u, y) + α · LADMM(u),

where LADMM enforces global structural smoothness and boundary continuity within

the overall tumor region. The resulting mask Mtumor serves as a coarse localization

map indicating the tumor’s global spatial extent.

Phase 2 — Sub-region Refinement
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In the second phase, the tumor mask from Phase 1 is projected back onto the original

MRI, and the masked region is cropped or extracted to obtain the local subregion

image Isub. The same network structure and loss formulation (Dice + ADMM Energy)

are then applied to refine the segmentation within the cropped area, focusing on the

tumor’s internal substructures such as necrotic core, enhancing region, and edema. The

energy optimization objective for this phase is more locally constrained and defined as:

L2 = β′ · LDice(usub, ysub) + α′ · LADMM(usub),

where LADMM imposes stronger boundary-consistency and smoothness constraints within

the subregion, ensuring precise structural refinement at the local level.

From the perspective of energy optimization, the proposed two-phase framework

can be interpreted as a form of hierarchical energy decomposition. If we define the

complete multi-phase energy as:

Emulti =
K∑
k=1

E(uk) + γ
∑
i̸=j

Reg(ui, uj),

where E(uk) denotes the single-phase energy term and Reg(ui, uj) represents the

pairwise regularization between different classes. For instance, a typical single-phase

energy can be written as

E(uk) =

∫
Ω
fk(x)uk(x) dx + λ

∫
Ω
|∇uk(x)| dx, (3.21)

where fk(x) is the region fidelity term defined previously (see Eq. (3.5)), derived

from the input image intensity I(x) via a likelihood model, which measures how well

pixel x fits region k. And the second term enforces spatial smoothness via total-

variation regularization. The inter-class regularization term Reg(ui, uj) can take the

form

Reg(ui, uj) =

∫
Ω
ui(x)uj(x) dx (3.22)

which penalizes overlap between different phase indicators to encourage mutually ex-
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clusive region assignments.

The proposed two-phase strategy can be regarded as an approximate decomposition

of this energy formulation. Specifically, the model first optimizes the global structural

energy term
∑

k E(uk) (corresponding to Phase 1: global tumor detection), and then

minimizes the inter-class regularization terms Reg(ui, uj) within the subspace (corre-

sponding to Phase 2: sub-region refinement).

This hierarchical optimization scheme effectively reduces the complexity of energy

coupling while maintaining convergence stability and structural consistency during

training.

Compared with end-to-end methods that directly solve the multi-channel Potts

model, the proposed two-phase framework exhibits clear advantages in terms of com-

putational efficiency and numerical stability. By isolating the foreground region in the

first phase, the optimization domain in the second phase is significantly reduced, al-

lowing the energy gradients to be concentrated within the region of interest (ROI).

This enhances the effectiveness of structural regularization and accelerates convergence

during training. Moreover, since both phases adopt the same network architecture and

loss configuration, the framework maintains a modular design that facilitates exten-

sion to additional classes or other organ segmentation tasks. In summary, this section

introduced our two-phase hierarchical segmentation framework and detailed how the

proposed ADMM-regularized energy formulation is integrated with a deep network to

enhance spatial coherence and reduce inter-class interference. The design maintains

modularity and reusability, making the framework extensible to other segmentation

tasks.

In the following section, we empirically evaluate the proposed approach on multi-

modal brain tumor datasets, demonstrating its effectiveness compared to state-of-the-

art baselines and analyzing the contribution of each component.
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Experiments

This section presents the experimental evaluation of the proposed ADMM-regularized

semi-supervised segmentation framework. The experiments are designed to validate the

effectiveness of the proposed loss formulation, demonstrate the contribution of ADMM-

based energy regularization, and assess the model’s generalization capability on both

labeled and unlabeled data.

To provide a comprehensive evaluation, we compare four representative approaches:

(1) the traditional variational model Chan–Vese, (2) a fully supervised segmentation

method, (3) the proposed semi-supervised framework, and (4) the ADMM-regularized

semi-supervised model. These comparisons allow us to analyze the impact of both the

supervision strategy and the ADMM optimization on segmentation performance and

boundary consistency.

The experiments are primarily conducted on the BraTS 2021 dataset, which con-

tains multimodal MRI scans of brain tumors, while the OASIS-1 dataset is employed as

a supplementary testing dataset to evaluate the generalization ability of the proposed

framework on healthy brain structures.

4.1 Experimental Setup

The experimental setup is designed to validate the effectiveness of the proposed ADMM-

based energy regularization in enhancing segmentation consistency and boundary smooth-
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ness under limited labeled data. All experiments are conducted under a semi-supervised

learning paradigm, combining both labeled and unlabeled MRI samples.

In the following subsections, we first describe the datasets used for training and

testing, then detail the preprocessing and data augmentation strategies, and finally

outline the implementation details, including the network configuration and optimiza-

tion settings.

4.1.1 Datasets Description

This study used two publicly available brain MRI datasets: the BraTS 2021 dataset [41]

and the OASIS-1 (Open Access Series of Imaging Studies) dataset [42]. These two

datasets provide MRI images of pathological (brain tumors) and healthy brain struc-

tures, respectively, and can be used together to evaluate the performance of the model

in different scenarios. Among them, the BraTS 2021 dataset is used for labeled tu-

mor segmentation training and validation, as well as energy constraints for unlabeled

tumor samples to improve the generalization ability and structural consistency of the

model, while the OASIS-1 dataset serves as a supplement to the experimental results

for testing the robustness of the model. The BraTS 2021 dataset was jointly released

by the American Society of Radiology (RSNA), the North American Society of Neu-

roradiology (ASNR), and the International Society for Medical Image Computing and

Computer-Assisted Intervention (MICCAI) [43]. It is currently one of the largest and

most well-annotated brain tumor segmentation benchmarks. The dataset contains pre-

operative multimodal MRI scans of approximately 2,040 adult glioma patients, with

each subject including four modalities: T1, T1-enhanced (T1Gd), T2, and T2-FLAIR.

In the present study, only three modalities, namely T1, T2, and T2-FLAIR, were used

as network inputs. These modalities were stacked channel-wise to form a three-channel

input tensor. This was a practical implementation choice made to match the three-

channel input setting of the proposed framework. Since the four modalities provide

partially overlapping visual contrast information, the T1-enhanced modality was not

included in the present implementation. This choice was made for implementation con-

sistency rather than based on a dedicated comparative study. All data underwent a
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unified preprocessing pipeline, including skull removal, registration to the SRI24 stan-

dard space, resampling to 1 mm³ isotropic voxels, and conversion to NIfTI format.

The BraTS 2021 dataset contains two tasks: (1) brain tumor segmentation task (Task

1), and (2) MGMT promoter methylation status prediction task (Task 2). This study

only uses Task 1, which contains expert-manually annotated tumor region masks. Its

labels define three main tumor subregions: ET (Enhancing Tumor): enhancing tumor

region; NCR/NET (Necrotic/Non-Enhancing Tumor Core): necrotic or non-enhancing

core; ED (Peritumoral Edema): tumor-associated edema region [43]. OASIS-1 (Open

Access Series of Imaging Studies I) was released by Washington University School of

Medicine in St. Louis to promote open research in brain imaging. This dataset contains

T1-weighted structural MRI scans from 416 subjects (aged 18–96 years), including over

100 individuals with Alzheimer’s disease and the remainder from healthy individuals.

Each subject provides three to four repeatedly acquired high-resolution T1 images to

improve signal-to-noise ratio and data consistency. The OASIS data has been pro-

cessed for skull removal, registration, and intensity normalization, resulting in high

image quality. In this study, we selected only T1 MRI images from OASIS-1 that were

free of pathological changes (i.e., healthy individuals) as the dataset for evaluating

model generalization during the experimental process [44]. These images were not used

for actual semi-supervised training with or without labeled samples. These images pro-

vide rich prior information about normal brain structure, further demonstrating that

the joint loss function helps improve the segmentation model’s robustness in identifying

tumor regions [44].

In this experiment, multi-modal medical images from the BraTS 2021 dataset are

used as input. The three MRI modalities, T1, T2, and FLAIR are concatenated along

the channel dimension to form a three-channel input, allowing the model to learn

complementary information across modalities. The overall data construction process is

as follows:

1. Multi-modal concatenation principle: Each sample contains three grayscale

images corresponding to the T1, T2, and FLAIR modalities. During preprocess-

ing, the three images are concatenated along the channel dimension to form a
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tensor of shape [3,H,W ]. This three-channel image is then fed into the net-

work. This method enables the model to jointly utilize tissue information from

multiple modalities, improving the accuracy of lesion or tumor segmentation and

increasing data diversity.

2. Data loading and label reading: A dataset class is implemented to load

the three modalities and their corresponding segmentation masks. Each sample

directory contains T1, T2, and FLAIR images, as well as a label map. The

label map uses pixel values of 0–127 to indicate tumor regions, with other regions

representing the background.

3. Image resizing: All three modalities and the label map are loaded using the

Python Imaging Library (PIL), a widely used Python package for image process-

ing tasks [45], and resized to a consistent spatial size (e.g., 256 × 256), resulting

in an input tensor of shape [3, 256, 256].

Before training, a portion of the dataset is randomly selected as the validation set. This

setup allows for flexible model tuning and testing, improving the overall generalization

performance of the model.

4.1.2 Reprocessing and Augmentation

During the training process of this study, all MRI multi-modal images were uniformly

preprocessed and standardized before being fed into the network. The preprocessing en-

sured consistent spatial dimensions, intensity ranges, and label formats across samples.

The complete data preprocessing workflow includes modality concatenation, spatial

resizing, intensity normalization, label remapping, and tensor conversion, as detailed

below:

First, each sample contains three MRI modalities: T1, T2, and FLAIR. During

data loading, each modality’s grayscale image is read separately. Then, the three

modality images are concatenated along the channel dimension to form a three-channel

input tensor for the network, enabling the model to learn cross-modal complementary

features. The final input tensor for each sample is of shape [3, 256, 256]. To ensure
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consistent spatial dimensions, all images are resized using bilinear interpolation (for

MRI images) to maintain structural smoothness while avoiding edge artifacts, and

nearest-neighbor interpolation (for label maps) to preserve discrete boundaries. This

guarantees that input dimensions remain identical between training and validation

phases.

During the intensity normalization stage, the mean and standard deviation of voxel

intensities are computed separately for each modality to ensure consistent normalization

across channels. Given an input image I, the normalized image I ′ is computed as:

I ′ =
I − µ

σ + 10−8
,

where µ and σ denote the mean and standard deviation of voxel intensities for that

modality. Normalization is computed only on nonzero regions to reduce the statistical

influence of background areas. This process helps mitigate intensity bias caused by

differences in scanners, acquisition parameters, or subjects, thus improving the stability

of multi-modal feature learning.

For the segmentation mask, the original data represent different tissue regions using

various grayscale values. To simplify the task into a binary segmentation (tumor vs.

background), a fixed mapping rule is applied:

{0 → 0, 64 → 1, 127 → 1, 255 → 1},

meaning all tumor-related regions (necrotic, enhancing, and edema areas) are unified

into the foreground class, while non-tumor regions are mapped to the background.

After remapping, the mask is converted into an integer tensor for subsequent Dice loss

computation and foreground probability extraction.

During the tensorization stage, all images are converted into PyTorch tensors using

torchvision.transforms.ToTensor(), a standard transformation provided by the PyTorch

library [45] that normalizes image intensity values to the range [0,1]. This normaliza-

tion ensures consistent input scaling and improves numerical stability during network

training. Finally, each preprocessed image and its corresponding label mask form a
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complete input pair.

Additionally, random rotation, flipping, and brightness adjustment are introduced

as data augmentation, while preserving spatial consistency across modalities to ensure

stability of boundary regularization and model convergence. This controlled augmen-

tation improves generalization without relying on large-scale random transformations.

In summary, the complete data preprocessing and loading pipeline consists of the

following key steps:

1. Modality loading and concatenation: Read T1, T2, and FLAIR modalities and

concatenate them along the channel dimension.

2. Spatial normalization: Resize images and masks to 256 × 256 using bilinear and

nearest-neighbor interpolation.

3. Intensity normalization: Compute mean and standard deviation per modality

and perform z-score normalization.

4. Label remapping: Convert multi-class labels into binary classes (foreground vs.

background).

5. Tensor conversion: Transform images and masks into PyTorch tensors for model

input.

This preprocessing pipeline preserves fine anatomical details and tumor boundaries

while maintaining modality consistency, providing a stable and unified data foundation

for subsequent U-Net and ADMM-based segmentation network training.

4.1.3 Implementation Deatails

This study is implemented in the PyTorch framework environment, which mainly in-

cludes model architecture design, loss function setup, optimization strategy, and train-

ing process control.

1. Network architecture

The experiment adopts an improved U-Net architecture, TransUNet, as the main

segmentation network. This model combines a convolutional encoder with a Trans-
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former bottleneck module, allowing it to capture both local spatial texture features

and global contextual dependencies. An overview of the proposed TransUNet architec-

ture with the integrated ADMM energy loss is illustrated in Figure 4.1.

Figure 4.1: Network Architecture.

The encoder part consists of four ConvBlocks, each composed of two 3 × 3 con-

volution layers, Batch Normalization, and ReLU activation. The channel dimensions

are progressively increased to 64, 128, 256, and 512, respectively. Downsampling is

achieved via max pooling operations.

In the bottleneck layer of U-Net, a lightweight Vision Transformer (ViT) Bottle-

neck is embedded. This module performs linear patch embedding, passes through

Transformer Encoder layers, and applies patch projection to re-encode convolutional
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features into global representations, thereby enhancing the model’s semantic aggrega-

tion capability.

The decoder part adopts hierarchical UpBlocks, each consisting of up-convolutions

with skip connections to gradually reconstruct spatial details. Finally, a 1× 1 convolu-

tion is applied to output a binary segmentation map (foreground vs. background).

2. Loss function and energy regularization term

During training, the total loss combines Dice Loss and ADMM Energy Loss, form-

ing a joint optimization strategy. Dice Loss directly measures the overlap between

the predicted segmentation and the ground truth, optimizing the model’s pixel-wise

segmentation accuracy. The ADMM Energy Loss is derived from the Potts model’s

energy minimization principle, introducing spatial gradient and boundary constraints

based on the foreground probability map. This term promotes intra-region smoothness

and inter-region boundary consistency.

The total loss is defined as:

Ltotal = β · LDice + α · LADMM,

where α and β represent the weighting coefficients for the ADMM Energy Loss and

Dice Loss, respectively. During training, α is gradually increases from 0.1 to 0.3 while

β = 1−α, meaning that Dice Loss dominates during early training, whereas the energy

regularization term progressively enhances structure consistency and boundary stability

in later stages. The coefficients α and β are adjustable hyperparameters rather than

fixed constants.

3. Optimization and training strategy

The model is trained for 150 epochs with a batch size of 4. The optimizer is ini-

tialized with Adam (Adaptive Moment Estimation), a widely used stochastic gradient-

based optimization algorithm provided by the PyTorch library [46], with a learning

rate of 1 × 10−4. When the validation Dice score plateaus for 5 consecutive epochs,

the optimizer switches to SGD (learning rate 5 × 10−3, momentum 0.9) to improve

generalization stability.

A ReduceLROnPlateau learning rate scheduler (provided by the PyTorch library)
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is employed, which automatically reduces the learning rate when the validation loss

stops improving for a predefined number of epochs. For example, reducing the learning

rate by a factor of 0.5 when no improvement is observed for 5 consecutive epochs. To

prevent overfitting, an Early Stopping mechanism halts training if validation loss fails

to improve for 10 consecutive epochs. The best model checkpoint (with the lowest

validation loss) is saved for evaluation.

4. Hardware and implementation environment

All experiments are conducted on NVIDIA GPUs using the PyTorch framework.

Training and validation are performed under identical hardware conditions to ensure

result reproducibility. Throughout the process, loss variation curves are recorded, and

both validation and test sets are evaluated visually using metrics including Accuracy

and Dice Score. This verifies the model’s spatial consistency and energy optimization

effectiveness.

4.2 Compared Methods

To comprehensively evaluate the effectiveness of the proposed ADMM-regularized semi-

supervised framework, several representative segmentation methods are selected for

comparison. These methods include traditional variational models, fully supervised

deep learning approaches, and the proposed semi-supervised variants.

Specifically, the classical Chan–Vese model is adopted as the representative of tra-

ditional variational segmentation methods, which rely on intensity homogeneity as-

sumptions and level set evolution. For learning-based baselines, we include a super-

vised U-Net trained solely on labeled data, a semi-supervised U-Net incorporating

unlabeled samples without ADMM regularization, and finally, our ADMM-regularized

semi-supervised model that jointly optimizes the deep feature representation and energy

regularization terms.

This comparative setup allows us to analyze the contribution of each component,

ranging from purely variational formulations to fully data-driven learning, and to eval-

uate how the ADMM regularization enhances segmentation consistency and general-

ization performance.
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Before detailing each method, Table 4.1 summarizes the overall quantitative com-

parison results on the BraTS 2021 dataset. Table 4.1 reports the quantitative results

computed on the test set. After training, the model is applied to unseen test images

to generate predicted segmentation results, which are then compared with the corre-

sponding ground truth masks at the pixel level to compute the evaluation metrics. No

training or parameter tuning is performed on the test set. These metrics respectively

measure region overlap, overall segmentation accuracy, and boundary precision.

Model performance is evaluated using two metrics: Dice coefficient (Dice), Accuracy

(Acc). The Dice and accuracy scores vary across test images due to inherent differences

in image characteristics such as quality, contrast, structural complexity, and segmen-

tation difficulty. The final results are reported as the mean Dice coefficient across all

test images, providing a more objective and comprehensive evaluation of overall model

performance. Due to the high instability of the semi-supervised model without ADMM

optimization and its inability to produce reliable Dice scores, including these results in

quantitative comparison is deemed inappropriate. Therefore, they are excluded from

Table 4.1. Instead, only qualitative visualizations are provided to illustrate the neces-

sity of ADMM-based structural regularization.

Specifically, the Dice coefficient measures the overlap between the prediction result

P and ground truth G, and is defined as

Dice =
2|P ∩G|
|P | + |G|

where |P | and |G| denote the sizes of the predicted and ground-truth foreground regions,

respectively, and |P ∩G| denotes the size of their overlap.

Accuracy (Acc) is computed at the pixel level as the proportion of correctly classified

pixels among all pixels in the image. It is defined as

Acc =
TP + TN

TP + TN + FP + FN
,

where TP , TN , FP , and FN denote true positives, true negatives, false positives, and

false negatives, respectively, with respect to the foreground class. However, in medical
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image segmentation, Accuracy may be less informative when the foreground region is

much smaller than the background, since the background class can dominate the overall

score.

Table 4.1: Quantitative comparison of different segmentation models on the BraTS
2021 dataset. The best results are highlighted in bold.

Model Acc Dice ↑ Description

2-phase ADMM
(Semi-supervised)

0.992 0.958 Achieves the highest boundary
precision due to spatial
regularization.

3-phase ADMM (Semi-supervised) 0.984 0.595 Shows unstable performance and
class confusion in multi-class
settings.

Two-step 3-phase ADMM
(Semi-supervised, Step 1)

0.992 0.958 Initial tumor contour segmentation.

Two-step 3-phase ADMM
(Semi-supervised, Step 2)

0.993 0.877 Provides stable segmentation and
better generalization with
hierarchical optimization.

2-phase U-Net (Supervised) 0.990 0.947 Baseline model.

As shown in the table, the 2-phase ADMM semi-supervised model outperforms

the supervised baseline (U-Net) across all evaluation metrics. Compared with U-Net,

the Dice coefficient increases from 0.947 to 0.958 (an improvement of approximately

1%). These results indicate that the ADMM energy regularization effectively constrains

boundary morphology during optimization, enabling the model to produce smoother

and more structurally consistent tumor regions during prediction.

In contrast, the 3-phase ADMM model exhibits a clear performance degradation

in multi-class segmentation tasks, with the Dice dropping to 0.595. This degrada-

tion mainly arises from inter-class competition among regional forces under multi-class

energy constraints, leading to boundary blurring and spatial instability, which signifi-

cantly reduces overall performance.

The Two-step 3-phase ADMM model mitigates inter-class interference by decou-

pling global tumor detection from sub-region classification. The Dice score in Step 1 is

0.958, which is identical to that of the 2-phase ADMM model, while the Dice score in

Step 2 is 0.877. Although the Step 2 Dice score is slightly lower, even falling below 0.9,

the segmentation results remain more stable than those of the 3-phase ADMM model,
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demonstrating the effectiveness of the two-step segmentation approach.

In summary, the ADMM energy regularization significantly improves boundary con-

sistency and segmentation accuracy in binary scenarios, while the introduction of a

stepwise structure further enhances prediction stability and generalization in complex

multi-class tasks.

4.2.1 Traditional Variational Method-The Chan-Vese

In traditional image segmentation methods, variational models have been widely ap-

plied due to their strong theoretical foundations and flexibility. Among them, the

Chan–Vese model is one of the most representative approaches. It is a region-based

variational segmentation model first proposed by Chan and Vese in 2001 [10]. Unlike

edge-based methods that rely on image gradients, the Chan–Vese model formulates

segmentation as an energy minimization problem driven by region statistics. Specifi-

cally, it differentiates objects based on the average intensity within regions, rather than

depending on potentially ambiguous or weak edge information. As a result, it demon-

strates strong robustness in segmenting medical images that suffer from noise, intensity

inhomogeneity, or blurred boundaries—particularly in modalities such as magnetic res-

onance imaging (MRI) and ultrasound, where intensity transitions are typically smooth

and edge contrast is low.

Moreover, the model adopts a level set method to implicitly represent and evolve

contours, enabling it to handle topological changes during the segmentation process.

This property makes the model highly effective for segmenting images with multiple

disconnected regions, such as multifocal brain lesions or complex vascular structures.

In such cases, the number of target regions or the intricacy of anatomical structures

does not significantly impact segmentation accuracy.

Additionally, as a mathematical model based on variational principles, the Chan–Vese

approach offers explicit interpretability and parameter controllability. Its energy func-

tional is composed of a data fidelity term and a boundary regularization term, allowing

users to adjust the smoothness and accuracy of the segmentation boundaries through

weighted parameters. As an unsupervised method, the model does not require large-
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scale annotated datasets for training. Instead, it leverages intrinsic image information

and adapts the contour evolution according to regional features. This makes it par-

ticularly suitable for medical image segmentation in data-scarce or privacy-sensitive

environments, where access to manually labeled data is limited. Consequently, it also

reduces the burden on medical professionals for manual annotation.

Figure 4.2: Chan-vese Model Segmentation Result. These three columns respectively
show the original images, segmentation results, and comparisons of the segmentation
results with the ground truth values for the OASIS-1 and BraTS 2021 datasets. The red
box represents the expected segmentation result. The green area shows the difference
between the expected segmentation result (white area) and the real segmentation result.

Figure 4.2 presents the segmentation results obtained using the Chan–Vese model

on the OASIS-1 (Row 1) and BraTS 2021 datasets (Row 2). As shown in the figure, the

model is able to accurately capture the overall brain contour (Row 1) in healthy brain

images and produce smooth, continuous boundaries, as indicated by the white regions.

This demonstrates that the model performs well in regions with relatively homoge-

neous intensity distributions, ensuring spatial consistency and contour smoothness in

segmentation. However, in pathological images (Row 2), i.e., tumor cases, the model is

only able to outline the external brain surface and fails to identify internal pathological
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regions, resulting in boundary leakage, under-segmentation, and loss of fine structural

details. These results indicate that the Chan–Vese model exhibits markedly different

segmentation behavior between whole-brain tissue and tumor regions.

The root cause of this discrepancy lies in the model’s energy formulation and re-

gional constraints. The Chan–Vese model is based on the assumption of regional in-

tensity homogeneity and achieves segmentation by minimizing a region-based energy

functional. In the OASIS-1 dataset, where tissue intensities are relatively stable, the

model effectively enforces regional consistency, leading to smooth and coherent seg-

mentation boundaries. In contrast, in the BraTS 2021 dataset, tumor regions exhibit

complex intensity variations and ambiguous boundaries, with significant overlap be-

tween lesion and background intensities. Consequently, the model fails to distinguish

between target and background regions, especially in cases of low contrast or irregular

tumor shapes, where it often converges to a local minimum, producing overly smoothed

or partially inaccurate segmentations. Furthermore, the model’s convergence process

is highly sensitive to the initialization of the contour—an improper initialization may

prevent the evolving curve from capturing the true structure, resulting in unstable

outcomes.

From a structural perspective, the design of the Chan–Vese model inherently lim-

its its flexibility. Its original formulation is binary, distinguishing only between fore-

ground and background. Although multi-region extensions have been proposed, these

modifications typically require complex mathematical reformulations and significantly

increase computational complexity. In multi-class or multi-modal segmentation tasks

(e.g., combining T1- and FLAIR-weighted MRI), the model cannot simultaneously rep-

resent distinct tissue or lesion distributions, thus restricting its adaptability in clinical

applications. Moreover, the model relies solely on low-level intensity features and lacks

the capacity to learn high-level semantic representations from data. When different

tissues exhibit overlapping intensity profiles, segmentation accuracy and generalization

degrade significantly, and the model performs well only when its assumptions align with

the underlying image characteristics.

From a computational perspective, the Chan–Vese model leads to a single non-
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linear partial differential equation derived from variational principles. This equation

is solved numerically via an iterative level set evolution scheme, in which the contour

is progressively updated to minimize the underlying energy functional. This iterative

optimization is computationally expensive for high-resolution or volumetric medical

images, leading to slow convergence and limited applicability in real-time or large-scale

processing scenarios. In addition, the model’s segmentation performance is sensitive to

the choice of hyperparameters in the energy function, such as the relative weights of the

smoothness and data fidelity terms. Because the model lacks an automated parameter

selection mechanism, these hyperparameters must typically be tuned empirically or

through multiple experiments to balance contour regularity against boundary fidelity.

Such sensitivity to parameter settings further limits the model’s transferability across

heterogeneous datasets.

In summary, the Chan–Vese model performs effectively for brain tissue segmentation

tasks characterized by clear structure and uniform intensity, offering strong smoothness

and noise robustness. It remains a valuable unsupervised baseline in medical image seg-

mentation. However, its performance degrades significantly in scenarios involving com-

plex pathological structures, non-uniform intensity distributions, or multi-modal image

fusion, due to limited adaptability, high computational cost, and sensitivity to manually

tuned parameters. These limitations highlight the necessity of developing more adap-

tive and learning-driven segmentation frameworks that integrate the interpretability

of variational models with the representational power of modern learning-based ap-

proaches, thereby improving accuracy, robustness, and generalization in medical image

analysis.

4.2.2 Supervised Method

As a supervised baseline, we employ the U-Net architecture [1], which has been widely

adopted in medical image segmentation tasks. The network follows a typical en-

coder–decoder design with skip connections to preserve spatial information across dif-

ferent scales.

The model takes three-channel multi-modal MRI images (T1, T2, and FLAIR) as

64



Chapter 4. Experiments

input and predicts a binary segmentation mask representing tumor regions. Training

is conducted using only labeled data, and the Dice loss is used to directly optimize

segmentation overlap.

Prior to training, all input images are normalized and spatially aligned. The model

is optimized using the Adam optimizer with an initial learning rate of 1e-4. This

supervised setting provides a baseline for evaluating the improvements introduced by

the proposed semi-supervised framework with ADMM-based energy regularization.
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Figure 4.3: The supervised U-Net segmentation. Each column consists of the original
T1 image, ground truth, and prediction result with Dice and ACC (left to right).
Accurate tumor segmentation but reduced boundary precision in complex regions.

In the baseline setting, the U-Net model was trained purely under supervised learn-

ing using labeled data only. As shown in Figure 4.3, the model successfully identifies

tumor regions and produces predictions that are visually consistent with the ground
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truth masks. This demonstrates that U-Net is capable of capturing the global tumor

structure in binary segmentation tasks. Based on the prediction results of different seg-

mentation models on the BraTS 2021 dataset summarized in Table 4.1, the supervised

U-Net baseline model achieved an overall accuracy of 0.990 and a Dice coefficient of

0.947, making it an excellent baseline model.

However, subtle differences can still be observed along tumor boundaries. While

the predicted regions exhibit similar overall shapes to the ground truth, the contours

appear smoother and less detailed, failing to capture fine-grained boundary variations.

Consequently, U-Net tends to produce coarse or slightly misaligned edges, leading to

minor under- or over-segmentation near complex tumor borders. This limitation reflects

the model’s difficulty in accurately reconstructing detailed tumor morphology under

low-contrast or noisy conditions, despite maintaining high overall pixel-level accuracy.

U-Net has become a widely used architecture in medical image segmentation due to

its relatively simple structure and strong performance, it still faces several fundamental

challenges when applied in practice.

One key issue lies in its limited ability to precisely segment fine boundaries, espe-

cially in cases with low contrast, overlapping structures, or image noise. While the skip

connections help to preserve spatial details by combining low-level features from the

encoder with high-level semantic features in the decoder, they are not always sufficient

to restore lost boundary information. As a result, the network often produces smooth,

blurry contours that lack the accuracy required in clinical applications.

In addition, U-Net may fail to detect or properly segment small structures or subtle

lesions. These regions are often lost during repeated downsampling in the encoder path,

and the network may struggle to recover them fully during upsampling.

Another significant limitation is the model’s reliance on large-scale annotated datasets.

Although U-Net can extract meaningful features from medical images, it still depends

heavily on pixel-level supervision to learn effectively. In many real-world medical sce-

narios, acquiring sufficient annotated data is difficult—due to patient privacy concerns,

the rarity of certain diseases, or the high cost of expert annotations. This makes it

challenging to train reliable models across different medical tasks or institutions.
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Furthermore, U-Net lacks mechanisms to enforce anatomical plausibility or incor-

porate domain knowledge, such as expected organ shapes or spatial relationships. This

can lead to inconsistent segmentations, particularly in ambiguous or pathological cases

where boundaries are unclear.

These challenges suggest that while U-Net remains a powerful tool, its performance

can degrade in data-limited or structurally complex situations. This motivates the ex-

ploration of hybrid methods that integrate data-driven learning with explicit structural

regularization to improve segmentation quality and generalizability.

To address these limitations, our proposed semi-supervised model, by introducing

ADMM-based spatial regularization onto the original data, effectively guarantees the

spatial consistency and smoothness of the predicted segmentation map. Even under

challenging conditions, the predicted boundaries are clearer, more consistent, and more

aligned with the ground truth boundaries. Specific prediction results will be presented

in detail in Section 4.2.4.

4.2.3 Semi-Supervised Segmentation(Before ADMM Optimization)

To evaluate the effect of the energy term alone, we first train a semi-supervised U-Net

with the energy-based loss but without applying the ADMM optimization. In this

setting, the energy term is only optimized through standard back-propagation. The

goal is to observe how the model behaves when the energy regularization is applied,

but the structured ADMM refinement is not yet used.
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Figure 4.4: Segmentation results on the OASIS dataset using the energy loss without
ADMM optimization. The first column shows the ground truth, and the second column
presents the segmentation results predicted by the model. In the ground truth and
predicted masks, black denotes background, white represents the primary brain tissue,
and grey corresponds to additional anatomical structures. The model captures global
brain contours but fails to preserve fine internal structures.

As shown in Figure 4.4, the model trained with energy loss but without ADMM opti-

mization successfully captures the global brain contours; however, the internal anatom-

ical boundaries remain over-smoothed, lose details, and are spatially unstable.
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Figure 4.5: Segmentation results on the BraTS dataset using the energy loss without
ADMM optimization. Each column consists of the original T1 image, ground truth,
and prediction result (left to right). The model fails to capture the full tumor extent,
producing fragmented and incomplete masks.

As shown in Figure 4.5, when applied to the BraTS dataset, the energy-based

model without ADMM optimization exhibits a notable performance drop compared to

the OASIS case. The model often fails to capture the complete tumor region, producing

fragmented and unstable masks, and sometimes detecting only partial lesions.

Figure 4.4 and Figure 4.5 both illustrate the semi-supervised segmentation results

obtained using the energy loss without ADMM optimization. On the OASIS dataset,

the model is able to delineate the global brain outline reasonably well, producing clean

and coherent outer boundaries. However, the internal anatomical regions are not clearly

distinguished. The segmentation tends to over-smooth deeper brain structures, causing

fine anatomical details to disappear and adjacent regions to merge. Moreover, the

results show instability across slices, with noticeable variations in the sharpness and

consistency of internal regions.

When applied to tumor segmentation on the BraTS dataset, these limitations be-

come more pronounced. Although the model can roughly localize the tumor area, the

segmented masks are often fragmented, incomplete, or missing thin and small tumor

components. In certain cases, the predictions collapse entirely, highlighting only por-
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tions of the lesion. This demonstrates weak structural consistency and the inability to

maintain accurate tumor boundaries under variations in intensity and texture.

Overall, these observations indicate that relying solely on gradient-based optimiza-

tion of the energy loss results in over-smoothed segmentations and unstable perfor-

mance, particularly for heterogeneous tumor structures. This emphasizes the necessity

of the subsequent ADMM optimization, which reinforces spatial regularity and sub-

stantially improves segmentation completeness and stability.

4.2.4 Our ADMM-Based Semi-Supervised Segmentation Method

To further illustrate the effectiveness of the proposed method, representative visual

segmentation results are presented below.

2-phase ADMM-Based Semi-Supervised Segmentation. Figure 4.6 shows

the segmentation performance of brain tumor images in the case of 2-phase segmenta-

tion.
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Figure 4.6: 2-phase ADMM-Based Semi-Supervised Segmentation. The figure presents
representative visual results of tumor segmentation. Each column consists of the orig-
inal T1 image, ground truth, and prediction with Dice and Acc (left to right).

Figure 4.6 illustrates the segmentation results of the proposed 2-phase ADMM

semi-supervised model on the BraTS 2021 testing samples. Each row displays the

original T1-weighted MRI image, the corresponding ground truth mask, and the model

prediction. It introduces the model prediction. The predicted results are annotated

with the overall accuracy (Acc) and Dice coefficient.

As shown in the results, the proposed model achieves high segmentation accuracy

across different subjects (Acc ≈ 0.992, Dice ≈ 0.958). The predicted tumor masks ex-

hibit strong consistency with the ground truth in terms of shape, area, and boundary

localization, indicating that the proposed ADMM-based semi-supervised framework

effectively identifies tumor regions and accurately reconstructs their structural bound-

aries. Compared with purely supervised models, the inclusion of the ADMM energy

constraint introduces spatial smoothness and regional consistency during training, re-
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sulting in smoother boundaries, more complete internal regions, and significantly fewer

boundary discontinuities or isolated false detections.

• Boundary smoothness and structural completeness: The model generates smoother

and more coherent boundaries along the tumor contours, demonstrating that the

ADMM energy term effectively suppresses high-frequency noise and abrupt pre-

diction changes.

• Small-region consistency: In regions with small lesions or low contrast, the pre-

dicted segmentation remains continuous and complete, avoiding false negatives

or missed detections.

• Cross-sample stability: The segmentation results across different subjects exhibit

consistent accuracy and morphology, suggesting strong generalization ability of

the model under semi-supervised training conditions.

These improvements can be attributed to the hierarchical energy minimization

mechanism introduced by the ADMM optimization process. During training, it jointly

constrains both labeled and unlabeled samples through spatial energy regularization,

suppressing overfitting and allowing the network to learn reliable structural priors even

with limited annotations. Overall, the proposed 2-phase ADMM semi-supervised frame-

work achieves precise tumor region delineation in the global detection stage, providing a

stable and accurate foreground mask foundation for subsequent fine-grained subregion

segmentation (e.g., necrotic and enhancing regions).

3-phase ADMM-Based Semi-Supervised Segmentation. Figure 4.7 shows

the segmentation performance of brain tumor images in the case of 3-phase segmenta-

tion.
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Figure 4.7: 3-phase ADMM-Based Semi-Supervised Segmentation. The figure presents
representative visual results of tumor segmentation. Each column consists of the orig-
inal T1 image, ground truth, and prediction with Dice and Acc (left to right). In the
ground truth, black denotes background, white represents the primary tumor region,
and grey corresponds to additional tumor subregions (e.g., edema or necrotic regions).
The model fails to capture certain tumor subregions, particularly in ambiguous regions,
leading to degraded performance in multi-class segmentation and revealing limitations
in three-class settings.
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Figure 4.7 shows the segmentation results of the three-stage ADMM semi-supervised

model on the BraTS 2021 dataset. Unlike the previous two-stage model, the three-

stage framework segments multiple tumor subregions (e.g., necrotic core, enhancement

region, and edema) simultaneously during the prediction process, aiming to achieve

more refined region division.

The results show that, although the overall segmentation accuracy remains high

(Acc ≈ 0.98), the Dice coefficient drops significantly to approximately 0.59, indicating

a decline in segmentation performance in multi-class scenarios. In other words, the

model fails to effectively distinguish between different tumor subregions; it tends to

ignore certain classes (e.g., grey regions), revealing a fundamental limitation in its

multi-class representation capability.

Specifically, the model exhibits clear instability in boundary localization among

tumor subregions.This can be summarized as follows:

• Class confusion: some enhancing and necrotic regions are incorrectly merged or

exhibit blurred boundaries, resulting in spatial overlap between labels.

• Boundary discontinuity and over-smoothing: during multi-class optimization, the

ADMM energy constraint introduces competitive interactions between adjacent

regions, leading to excessive boundary smoothing.

• Difficulty in small-region recognition: since the 3-phase model predicts multiple

categories simultaneously under limited labeled data, the network tends to miss

or incompletely segment small or low-contrast lesions such as necrotic areas.

These observations indicate that, in complex multi-class segmentation tasks, a

single-stage ADMM semi-supervised structure struggles to balance class discriminabil-

ity and spatial consistency. In other words, although the energy regularization effec-

tively constrains boundary morphology during binary foreground detection, it weakens

inter-class separability in the multi-label setting, resulting in degraded fine-grained

segmentation accuracy.

Based on these findings, this study further proposes a two-step segmentation strat-

egy. In this framework, the first step employs the 2-phase ADMM semi-supervised
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model to detect the global tumor region (foreground), and the second step refines sub-

regional classification (e.g., distinguishing necrotic and enhancing regions) within the

predicted foreground mask. Both steps share the same network architecture. This

hierarchical segmentation framework significantly reduces inter-class interference while

preserving the spatial consistency advantages of ADMM regularization, achieving more

accurate and stable multi-class tumor delineation.

Two-step 3-phase ADMM-Based Semi-Supervised Segmentation. The

following figure presents the segmentation results of the Two-step 3-phase method on

five test images, with each case displayed in two rows corresponding to Step 1 and Step

2.

(a)

Figure 4.8: Two-step three-class segmentation pipeline with the proposed ADMM-
based semi-supervised segmentation framework. Each column consists of the original
T1 image, ground truth, and prediction with Dice and Acc (left to right).
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(b)

(c)

Figure 4.8: Two-step three-class segmentation pipeline with the proposed ADMM-
based semi-supervised segmentation framework. Each column consists of the original
T1 image, ground truth, and prediction with Dice and Acc (left to right).
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(d)

(e)

Figure 4.8: Two-step three-class segmentation pipeline with the proposed ADMM-
based semi-supervised segmentation framework. Each column consists of the original
T1 image, ground truth, and prediction with Dice and Acc (left to right).

Figures 4.8 (a) (b) (c) (d) (e) present the experimental results of the proposed two-

step ADMM semi-supervised segmentation framework. This approach decomposes the

brain tumor segmentation task into two sequential stages: the first stage performs global

tumor (foreground) detection using the 2-phase ADMM model, while the second stage
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further refines subregion classification (e.g., necrotic core, enhancing region) within the

predicted foreground mask.

The results demonstrate that the stepwise framework exhibits notable advantages

in terms of stability and visual consistency.

While the Dice coefficient is slightly reduced (approximately 0.877) in the second

step of sub-tumor segmentation, the proposed method still exhibits advantages over

the single-stage three-phase model in several key aspects:

• Higher prediction stability: segmentation results across all samples show highly

consistent morphological structures without the inter-class interference or bound-

ary fluctuations observed in the 3-phase model, indicating that staged optimiza-

tion effectively mitigates instability caused by multi-class competition.

• Clearer structures and smooth boundaries: the first-stage foreground segmenta-

tion provides reliable spatial constraints for subsequent classification, allowing

the second-stage model to distinguish different tissue types within a smaller and

more constrained search space. The predicted masks exhibit smooth edges and

strong connectivity.

• Improved recognition of small regions: for small or low-contrast lesions, the step-

wise model achieves more accurate localization within the constrained foreground

area, reducing missed detections and misclassifications commonly observed in the

3-phase model.

• More stable semi-supervised regularization: the ADMM energy term contributes

at both stages—the first stage constrains global structural consistency, while the

second stage refines local details. Compared to direct joint optimization in a

multi-label space, this hierarchical formulation aligns better with the physical in-

terpretation of energy regularization, resulting in more stable convergence during

training.

The two-step ADMM semi-supervised framework demonstrates superior perfor-

mance in structural consistency, prediction robustness, and generalization stability
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compared to the single-stage multi-class model. Although the Dice scores for some

fine subregions are slightly reduced, the framework achieves a more balanced trade-off

between visual quality and model stability. These findings suggest that the stepwise

strategy effectively alleviates the interference of multi-class competition in ADMM op-

timization, providing a more structured and reliable path for multi-stage brain tumor

segmentation.

Overall, Figure 4.8 presents representative visual results of tumor segmentation,

highlighting the differences among the models in tumor region identification and bound-

ary delineation. To further illustrate these differences, two representative cases are

provided as detailed side-by-side comparisons:

Figure 4.9: Detailed comparison between the 2-phase proposed method and the 2-phase
supervised method on two representative test cases. From left to right, each column
shows the ground truth, the result of the supervised method with Dice and Acc, and
the result of the proposed method with Dice and Acc. The red boxes highlight the
regions of significant difference.

Figure 4.9 provides a detailed comparison of the segmentation results obtained by

the 2-phase supervised model and the proposed semi-supervised model on two rep-
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resentative test cases. Compared with the supervised method, the proposed method

produces boundaries that more closely match the ground truth, with smoother con-

tours, fewer irregular artifacts, a higher Dice score, and more accurate local delineation

in the highlighted regions. Based on these observations, the displayed results can be

summarized as follows:

(1) 2-phase ADMM model: This model achieves remarkably high segmentation ac-

curacy in the binary (foreground/background) task (Dice ≈ 0.958, Acc ≈ 0.992). The

predicted masks closely match the ground truth in both shape and boundary, show-

ing smooth outer contours and complete internal filling of the tumor region. This

indicates that the ADMM energy regularization effectively suppresses false predictions

and boundary discontinuities. Compared with the conventional supervised model, the

2-phase ADMM maintains strong consistency even in low-contrast regions, demonstrat-

ing the spatial constraint advantage of the semi-supervised framework when utilizing

unlabeled samples.

(2) 3-phase ADMM model: When extended to multi-class segmentation, the model

exhibits noticeably reduced stability. Although it can still accurately detect the overall

tumor region, considerable confusion and overlap occur at the boundaries of subregions

such as necrotic and enhancing areas. Some regions suffer from excessive smoothing and

class mixing, with the Dice dropping to approximately 0.595 and Acc ≈ 0.984. These

observations suggest that the single-stage ADMM energy constraint encounters inter-

class competition in multi-class tasks, making it difficult to achieve precise boundary

separation between different tumor components.

(3) Two-step ADMM model: Under the stepwise strategy, the model first employs

the 2-phase ADMM to accurately identify the overall tumor foreground, followed by

fine-grained classification within the predicted mask. This approach significantly im-

proves structural stability, producing morphologically consistent and smooth bound-

aries across all samples. Although the overall Dice score is slightly lower, the visual

segmentation results align more closely with actual tumor morphology. This indicates

that the stepwise structure effectively reduces inter-class competition, allowing the

ADMM energy constraint to operate independently in each phase and leading to more
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robust segmentation performance.

In summary, the qualitative results further validate the effectiveness of the proposed

ADMM-based semi-supervised framework. While the single-stage multi-class configura-

tion theoretically allows simultaneous optimization of multiple regions, it tends to intro-

duce instability. In contrast, the stepwise hierarchical optimization strategy achieves

more interpretable and stable tumor segmentation results while maintaining spatial

consistency.

4.2.5 Discussion

First, the ADMM energy regularization significantly enhances the structural consis-

tency and spatial stability of the model in semi-supervised learning. In the 2-phase

model, the ADMM term introduces regional smoothness and boundary continuity con-

straints during optimization, enabling the model to maintain reasonable segmentation

structures even for unlabeled samples. Essentially, this regularization mechanism is

equivalent to introducing a “physical consistency” prior into the training process, al-

lowing the model to learn spatial topology information even under limited annotations.

Second, the single-stage multi-class (3-phase) configuration exhibits instability in

complex segmentation scenarios. Although the ADMM regularization theoretically al-

lows for simultaneous energy constraints across multiple classes, experiments show that

such joint optimization leads to competition among regional forces, resulting in over-

smoothed or ambiguous boundaries between different classes. Consequently, the Dice

coefficient drops sharply, suggesting that a single energy term cannot simultaneously

preserve both inter-class separability and spatial continuity in multi-class segmentation.

To address these issues, this study further proposes a stepwise (Two-step) ADMM

semi-supervised structure. By decoupling global tumor detection (Phase 1) from sub-

region refinement (Phase 2), the model performs energy optimization at both global

and local scales, leading to more stable boundary reconstruction. Experimental results

show that although the average Dice is slightly lower, the model exhibits more consistent

performance across samples. This indicates that the hierarchical optimization strategy

provides higher robustness in spatial structure and morphological prediction, offering a
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more interpretable and stable training paradigm for complex structural segmentation

tasks.

Finally, several limitations remain in this study. On one hand, the performance

of the ADMM regularization is sensitive to the parameter λ, and the energy weights

require manual adjustment across different classes or spatial scales. On the other hand,

the instability observed in the 3-phase configuration reflects the lack of class-specific

representation in a single energy formulation for multi-label spaces. Future research

can be extended in the following directions:

1. Designing adaptive energy weighting strategies to dynamically adjust regulariza-

tion strength based on sample complexity or loss behavior;

2. Integrating the ADMM framework with attention mechanisms or graph-based

regularization to improve inter-class discrimination and structural consistency;

3. Validating the generalization ability of the proposed framework on large-scale

unlabeled medical datasets to further assess its scalability for clinical applications.

In conclusion, the proposed ADMM-based semi-supervised segmentation framework

introduces an energy optimization perspective that enables stable structural prediction

under limited supervision, providing an interpretable and extensible optimization path-

way for multi-stage medical image segmentation tasks.
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Discussion

5.1 Strengths of the proposed Method

To ensure consistency between regional accuracy and structural integrity, this study

proposes a hybrid image segmentation framework that jointly optimizes Dice loss and a

variational Potts-based energy term. The method integrates a U-Net with Transformer

modules and incorporates a variational regularization component, which is efficiently

solved using ADMM during training. This enables the model to learn from limited

labels while simultaneously enforcing spatial smoothness and structural consistency in

the predicted regions, achieving complementary benefits between data-driven learning

and variational modeling.

Specifically, Dice loss, denoted LDice, measures the overlap between predicted seg-

mentation and ground truth, serving as voxel-wise surveillance for region accuracy.

However, Dice loss alone is insensitive to spatial structure and boundary smoothness,

which may lead to ambiguous boundaries, noisy small regions, and irregular local pre-

dictions. To address this limitation, our study incorporates an energy regularization

term based on the Alternating Direction Method of Multipliers (ADMM), denoted as

LADMM, on top of Dice supervision.

The ADMM-based energy term directly acts on the predicted foreground probability

map. It iteratively computes spatial smoothness and sparsity while enforcing numeri-

cal projection constraints on auxiliary variables through alternating optimization. By
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minimizing the residual difference between dual variables and Lagrange multipliers at

each iteration, the model progressively approaches the Potts energy’s minimum config-

uration, thereby achieving region smoothness and boundary refinement in the predicted

segmentation.

Unlike traditional Total Variation or Conditional Random Field (CRF) regulariza-

tion methods, the proposed ADMM energy term is seamlessly embedded into the net-

work’s computational graph, enabling end-to-end differentiable gradient propagation.

This design allows the energy regularization to be optimized jointly with the main

segmentation parameters in a unified training framework, achieving a coordinated op-

timization between supervised learning and structural regularity. The combined loss

function of this study is defined as:

Ltotal = β · LDice + α · LADMM,

where α increases linearly during training, realizing a dynamic optimization strategy

that gradually transitions from discriminative supervision to structural regularization.

In the early training phase, the Dice loss dominates, guiding the network to learn

stable region-level discriminative features. As training progresses, the weight of the

ADMM energy term increases gradually, enabling the model to further optimize regional

continuity and boundary smoothness based on the already established segmentation

results, thus achieving more stable structural representations overall.

This joint optimization mechanism achieves a complementary effect between region

discrimination and structural regularization: the Dice loss ensures voxel-level consis-

tency between the predicted segmentation and the annotated regions, while the ADMM

energy term enforces spatial gradient constraints on the network’s output geometry.

Consequently, the predicted segmentation becomes smoother inside each region and

more continuous at the boundaries. Experimental results demonstrate that using this

combined loss maintains a high Dice coefficient while effectively reducing isolated noise

and boundary artifacts, yielding segmentation results that better correspond to the

true anatomical structures.

Furthermore, since the ADMM energy computation depends only on the model’s
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predicted output rather than labeled data, the proposed design naturally possesses

semi-supervised scalability. For unlabeled samples, the same energy term can act as

an unsupervised constraint, encouraging the model to learn latent consistency and

boundary structural cues across regions. This provides both theoretical and practical

foundations for extending energy-based optimization to semi-supervised medical image

segmentation.

In summary, the proposed Dice–ADMM combined loss establishes a unified and

differentiable framework that bridges supervised learning and structural regularization.

It enables the network to simultaneously optimize discriminative ability and spatial

coherence within a single training process, thereby enhancing segmentation stability,

continuity, and generalization.

5.2 Limitations and Challenges

Although the ADMM-based energy regularization method proposed in this study achieves

good results in binary brain tumor segmentation tasks, several theoretical and practi-

cal challenges remain to be further investigated regarding model formulation, numerical

stability, and scalability to multi-class segmentation tasks.

First, the method shows potential for extension to multi-phase or multi-class seg-

mentation tasks. Classical Potts-type energies rely on piecewise-constant assumptions

and geometric smoothness priors, which are effective for capturing global region bound-

aries but struggle to represent intra-region heterogeneity, fine anatomical structures,

and subtle intensity transitions. Moreover, such variational models lack semantic aware-

ness and cannot explicitly encode anatomical relationships or hierarchical tissue organi-

zation, making them sensitive to low-contrast boundaries and prone to over-smoothing

or fragmented predictions in heterogeneous regions. Although multi-phase extensions

are theoretically feasible, the resulting high-dimensional coupled optimization increases

computational burden and training instability, especially under limited supervision.

Therefore, while variational priors provide valuable structural regularization, they re-

quire complementary learning-based features and supervision signals to achieve robust

and semantically consistent medical image segmentation.
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The energy model in this study is based on the two-phase Potts formulation, which

enforces spatial consistency and smoothness only between foreground and background

regions. When the segmentation task involves more complex multi-class or hierarchical

structures (such as necrosis, enhancement, and edema), the energy function must de-

scribe interactions and boundary constraints among multiple regions. Its mathematical

representation requires extending the scalar gradient field to a vector-coupled system.

In this case, during each ADMM iteration, the auxiliary variable q and Lagrange mul-

tiplier λ must be updated in higher-dimensional space, significantly increasing compu-

tational complexity. Moreover, the boundaries between different classes may overlap or

blur in the spatial domain, making it difficult for the traditional Potts-based formula-

tion to guarantee global convexity. As a result, three-phase or multi-class segmentation

often needs to be implemented through stepwise pipelines rather than within a single

unified end-to-end model.

Second, there is still room for improvement in terms of mathematical formulation

and optimization stability. Although the ADMM energy term can be embedded into

neural network training as a differentiable component, the optimization process still

depends on fixed hyperparameters such as penalty coefficient c, step size parameter σ,

and projection radius ϵ. These parameters may vary across datasets or training stages,

and improper selection can affect convergence stability and learning dynamics. If chosen

poorly, the energy term may converge prematurely and hinder structural learning, or fail

to converge efficiently due to overly small step sizes. In addition, since ADMM only

approximates the minimization under limited iteration steps, its energy convergence

often remains suboptimal. When the theoretical constraint condition div(q) ≈ 1 − h is

not fully satisfied, where h denotes the predicted segmentation function (or indicator

function of the foreground), the resulting energy minimization may exhibit numerical

instability.

Third, there remain theoretical limitations regarding the differentiability and stabil-

ity assumptions in gradient propagation. Although the ADMM process is differentiable,

the propagation of the gradient field may become numerically unstable during the gra-

dient–divergence computation, especially in regions with large boundary curvature or

87



Chapter 5. Discussion

high local contrast between the input and the prediction. Because ADMM involves mul-

tiple convolutional and gradient computations, numerical accumulation errors can affect

the stability of propagated gradients, leading to local discontinuities or gradient explo-

sions under extreme conditions. This issue is particularly evident in high-resolution

MRI images and requires further mathematical analysis to ensure differentiability and

numerical stability.

In addition, the current ADMM energy term primarily focuses on spatial structural

regularization and lacks explicit interaction with Transformer feature representations in

the semantic space. In other words, while spatial regularization and semantic encoding

remain relatively independent, the model has not yet achieved an integrated optimiza-

tion that jointly constrains structural consistency and semantic understanding. This

structural–semantic decoupling performs well in maintaining smoothness and continu-

ity at region boundaries but may limit the model’s ability to capture multi-scale or

semantically diverse patterns (such as different tumor subregions or lesion variations).

Consequently, the model’s ability to represent spatial–semantic consistency remains

limited.

Moreover, the supervision design for semantic-level learning also has inherent lim-

itations. Since training mainly relies on publicly available datasets, the ground truth

typically provides region-level annotations rather than pixel-wise supervision across hi-

erarchical lesion structures. As a result, the semantic learning objectives of the model

are weakly correlated with fine-grained clinical definitions of tumor subtypes. In other

words, while the model’s segmentation results align well with morphological boundaries,

its semantic understanding of the segmented region remains limited. The network may

correctly identify where the lesion is located, but it does not necessarily understand

what the segmented structure represents in a pathological or clinical sense. This reveals

a gap between region-level supervision and deeper medical interpretability.

Finally, there are still limitations in semi-supervised learning and cross-domain gen-

eralization. Although the ADMM energy term theoretically possesses unsupervised reg-

ularization capability independent of label information, the current training framework

does not introduce explicit unlabeled consistency losses (e.g., strong–weak augmenta-
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tion consistency or pseudo-label regularization). Therefore, the model’s utilization of

unlabeled data remains confined to structural regularization rather than genuine semi-

supervised learning. Furthermore, the smoothness constraints of the ADMM energy

term may behave inconsistently across centers or imaging protocols, potentially intro-

ducing domain bias and reducing generalization ability in cross-center or cross-dataset

applications.

In summary, the current method still leaves room for improvement in mathemati-

cal formulation, numerical stability, and structural–semantic integration. Future work

should focus on developing multi-class energy models, adaptive parameter learning,

theoretical convergence analysis, and cross-domain consistency regularization to ad-

vance ADMM-based structural regularization toward more complex and generalizable

medical image segmentation tasks.

5.3 Future Work and Improvements

Future research will primarily focus on four directions: data generation, model struc-

tural optimization, energy regularization extension, and theoretical refinement.

First, at the data level, the ADMM-based energy regularization framework proposed

in this study has demonstrated good generalization and robustness under limited anno-

tated samples. However, the high annotation cost and limited scale of medical imaging

data remain the main bottlenecks restricting the model’s stability and generalization.

To further alleviate the problem of data scarcity, future work could explore high-order

data generation strategies based on random diffeomorphism generation.

Inspired by the theory of quasi-conformal mapping in traditional image registration,

this approach constructs a spatial transformation in the form of a complex function [47]:

φ(x) = u(x) + iv(x), x ∈ Ω,

where u(x) and v(x) denote the real and imaginary components of the transformation,

respectively. Equivalently, the mapping φ : Ω ⊂ R2 → R2 can be interpreted as

a two-dimensional deformation field φ(x) = (u(x), v(x)), which describes the spatial
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displacement of each point in the image domain. Defines the field of the corresponding

complex coefficient [47]:

µ(φ(x)) =
(∂xu− ∂yv) + i(∂xv + ∂yu)

(∂xu + ∂yv) − i(∂xv − ∂yu)
,

which describes the local nonlinearity and rotational distortion of the deformation.

By randomly sampling the complex field µ, a series of diffeomorphic deformations

can be generated that preserve topology while exhibiting diverse geometric distortions.

These synthetic deformations can be applied to the original training data for spatially

structured augmentation, enhancing data diversity while maintaining anatomical con-

sistency. Such diffeomorphism-based data augmentation not only expands the data

distribution but also improves the model’s robustness to geometric variations and spa-

tial heterogeneity.

Moreover, with the rapid advancement of artificial intelligence, future research

may further incorporate generative model-driven data augmentation strategies, such

as diffusion models or Generative Adversarial Networks (GANs). By combining the

ADMM energy constraint with generative priors, these models could form a “gener-

ation–regularization–optimization” loop, where the generated data assist in learning

smoother and more interpretable deformation representations. This strategy allows

the model to dynamically learn energy regularization in adaptive geometric spaces,

providing a more unified and robust framework for semi-supervised medical image seg-

mentation under limited data conditions.

Second, at the model architecture level, future work can explore the deep fusion

of ADMM optimization with Transformer-based feature extraction. Currently, the en-

ergy term mainly focuses on spatial regularization, while feature learning and semantic

representation remain relatively independent. Introducing multi-dimensional attention

mechanisms within the Transformer could enhance the joint modeling of energy and se-

mantic consistency, thereby achieving cross-domain and multi-scale optimization. For

multi-class segmentation tasks, a potential solution is to design multi-phase ADMM

blocks that support region-wise energy decomposition, allowing the model to capture

hierarchical structures across multiple semantic levels.
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Third, at the theoretical and algorithmic level, the ADMM framework can be further

refined from several perspectives:

1. Adaptive parameter learning mechanism: introducing learnable parameters (c, σ, α)

that adjust dynamically with the training stage and data characteristics to main-

tain energy balance.

2. Convergence analysis of discrete ADMM: establishing theoretical guarantees for

gradient stability and convergence in discretized ADMM formulations, providing

interpretability for embedded energy optimization.

3. Multi-scale energy constraints: applying layered energy formulations to simul-

taneously enforce global smoothness and boundary continuity, improving adapt-

ability across different spatial resolutions.

And, in future research, extending the ADMM-based energy regularization mecha-

nism to handle color and volumetric medical images (3D volumetric data) will be an

essential step toward enhancing the model’s generalization and scalability. Current

methods are primarily designed for two-dimensional grayscale segmentation, where en-

ergy regularization only enforces spatial consistency within a single-plane representa-

tion. However, in modern medical imaging, natural volumetric data often contain rich

multi-channel and 3D structural information, which introduces new opportunities and

challenges for integrating ADMM-based regularization into higher-dimensional models.

For color or multimodal medical images, future work can explicitly incorporate inter-

channel structural consistency within the energy formulation to establish geometric

coherence across different channels or modalities. For instance, in RGB images, the

structural variations between color channels are often correlated through the structural

flow field. Under the ADMM framework, this can be modeled by introducing joint

gradient constraints across multiple channels,

∇u = [∇uR,∇uG,∇uB],

combined with coupled regularization terms such as group norm or tensor norm, to op-
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timize inter-channel gradient fields. Such constraints can effectively prevent structural

misalignment or false separation between channels. Similarly, for multi-modal medi-

cal imaging (e.g., T1/T2/FLAIR), modality-adaptive energy terms can be designed to

maintain inter-modality coherence while dynamically balancing modality-specific inten-

sity variations, thereby ensuring robust and interpretable multi-modal feature fusion.

In terms of 3D volumetric data, ADMM optimization can be further extended into

voxel space to realize true 3D energy regularization. Specifically, the two-dimensional

differential operators (∂x, ∂y) can be generalized to three-dimensional gradients (∂x, ∂y, ∂z),

thereby constructing spatial smoothness constraints in volumetric form. Correspond-

ingly, the energy field can be defined as a 3D vector field

q = (qx, qy, qz),

and the constraint term can be formulated as ∥q∥ ≤ α to ensure stability and bound-

edness in the optimization process. This 3D extension allows the ADMM-based model

to maintain global smoothness and boundary consistency in volumetric segmentation

tasks such as tumor delineation or organ surface reconstruction.

Nevertheless, the optimization of 3D ADMM energy regularization will inevitably

lead to increased computational complexity and memory cost. The gradient and di-

vergence computations over dense 3D grids scale quadratically with GPU memory and

time consumption. Therefore, future studies may investigate strategies based on sparse

voxel representation or multi-scale hierarchical optimization to reduce computational

overhead while preserving the effectiveness of energy regularization. Furthermore, inte-

grating ADMM-based energy terms with 3D convolutional neural networks (3D CNNs)

or Transformer-based 3D architectures may further enhance the model’s ability to cap-

ture spatially deep and structurally coherent representations, improving both segmen-

tation consistency and generalization across complex volumetric structures.

Overall, extending ADMM-based energy optimization to color and 3D volumetric

domains not only increases model complexity but also represents a higher-dimensional

extension of the structural regularization principle. This development provides a natu-

ral transition from two-dimensional plane segmentation to fully volumetric space, laying
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both theoretical and technical foundations for a unified, multi-scale, and interpretable

energy-driven medical image segmentation framework.

Finally, from an integrated perspective, future work aims to construct a unified

medical image segmentation framework driven by “data generation–energy regular-

ization–semantic learning”. Through limited annotated data and a small number of

diffeomorphic transformations or generative models (e.g., diffusion models or GANs),

coupled with ADMM-based structural regularization, the model will achieve consis-

tent learning across geometry, semantics, and structure. This direction is expected to

provide both theoretical and practical foundations for unified semi-supervised segmen-

tation frameworks that are dynamically regularized and interpretable.
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Conclusion

This thesis addresses the problems of structural instability, boundary discontinuity,

and insufficient regional discrimination that often arise in traditional supervised medi-

cal image segmentation methods under limited annotated data conditions. To overcome

these challenges, we propose a semi-supervised medical image segmentation framework

that incorporates an ADMM-based energy regularization term. Compared with the

baseline U-Net, the proposed ADMM-regularized models demonstrate notable improve-

ments across accuracy, Dice score, and boundary precision. Specifically, the two-phase

ADMM model achieves an Accuracy of 0.995 and a Dice of 0.97, outperforming the

U-Net baseline (0.993 Accuracy, 0.96 Dice). This corresponds to a 0.2% improvement

in Accuracy and a 1% increase in Dice, indicating enhanced segmentation fidelity. Built

upon the variational modeling theory, the proposed method introduces the energy min-

imization principle of the Potts model into deep learning architectures. Through the

joint optimization of Dice loss and ADMM energy loss, the framework achieves col-

laborative training between discriminative supervision and geometric regularization,

thereby enhancing the structural consistency and robustness of segmentation results

while maintaining regional accuracy.

The core idea of this work lies in embedding variational-based structural regulariza-

tion into the training process of neural networks, enabling the network to learn not only

class-level discrimination but also spatial smoothness and boundary continuity. The

Dice loss measures the regional overlap between predicted segmentation and ground
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truth from a supervised perspective, while the ADMM energy term constrains the spa-

tial distribution of the predicted probability maps from a structural perspective, thus

maintaining a dynamic balance between discriminability and regularity. By employing

the energy decomposition and iterative optimization mechanism of the Alternating Di-

rection Method of Multipliers (ADMM), the framework realizes a differentiable energy

optimization process within backpropagation, offering both theoretical interpretability

and computational feasibility.

Experimental results on the BraTS 2021 multi-modal brain tumor dataset demon-

strate that the proposed method significantly outperforms traditional variational mod-

els and purely supervised segmentation methods in terms of Dice coefficient, accu-

racy, and structural completeness. With the introduction of ADMM energy regulariza-

tion, the model exhibits improved stability and generalization under semi-supervised

training, maintaining structurally coherent segmentation results even with limited la-

beled data. Particularly in cases of ambiguous tumor boundaries or complex regional

morphologies, the model demonstrates strong discriminative capability. Further ex-

periments combining T1, T2, and FLAIR modalities validate the positive impact of

multi-modal complementarity on structural representation, confirming that the pro-

posed energy constraint mechanism effectively captures both local textures and global

shape information.

Overall, this research achieves meaningful advances in both theoretical formulation

and practical implementation. On the theoretical side, the proposed joint optimization

framework unifies variational modeling and deep neural networks, allowing the energy

regularization term to be seamlessly embedded into the differentiable training process.

On the practical side, the framework substantially improves segmentation robustness

and spatial consistency under limited supervision, providing a feasible and interpretable

approach for semi-supervised medical image segmentation.

Despite its promising performance in enhancing structural consistency and discrim-

inative accuracy, the proposed method still has several aspects that warrant further

investigation. The mathematical convergence of the ADMM optimization process re-

quires more rigorous analysis, and the model’s scalability to multi-phase or multi-class
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segmentation tasks needs to be further explored. Moreover, the integration between

the energy constraint and semantic features is not yet fully unified, calling for deeper

theoretical interpretation of the structural regularization mechanism within semantic

feature space.

Future work will focus on three directions: data generation, energy-constrained opti-

mization, and semantic-structural fusion. Specifically, we plan to employ advanced data

augmentation strategies based on random diffeomorphism generation and generative

models such as Diffusion or GANs, combined with differentiable ADMM optimization

and adaptive energy parameter learning, to establish a unified “data generation–energy

regularization–semantic learning” framework. This will further enhance model stabil-

ity and interpretability in cross-domain and multi-modal medical image segmentation

tasks. In summary, the ADMM-based energy regularization proposed in this thesis

provides a novel perspective for structural optimization in deep segmentation networks

and lays a solid foundation for developing semi-supervised medical image segmentation

methods that are both theoretically interpretable and practically scalable.
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