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Abstract

This research concentrates on damage ship stability and means for assessing dynamic ship
performance in this state. A consolidation of many approaches for tackling damage ship dynémics
has been undertaken, culminating in the development of a numerical tool for simulating ship
behaviour while accounting for progressive flooding and the ensuing effects of floodwater motion.
General features that have been accounted for in a new purposely developed numerical program
PROTEUS3 include the following:

e Linear concepts regarding intact ship hydrodynamics based on strip theory and Rankine source
method (RSM). These are further utilised by convolution and spectral transformations in
deriving relevant time domain force realisations.

e Non-linear excitation/restoring forces calculated from pressure integration up to the
instantaneous undisturbed wave profile.

e Non-linearities in hydrodynamic properties arising from variation of mean underwater geometry
- due to occurrence of non-stationary asymmetries in mass distribution are taken into account by a

database approach.

e Forward speed in arbitrary heading.

e Progressive flooding through a ship with any internal subdivision and floodwater motion
simulations based on free-mass-on-potential-surface (FMPS) model.

o Non-linear treatment of the effects of cargo shift or floodwater motions on the overall ship

dynamic behaviour.

The underlying modelling has been explained by rigorous denvation of all the relevant equations
from first principles. Validity of the model has been tested comprehensively through comparison
with available physical model tests data. A thorough investigation on the new effects of modelling
advancements concerning the accuracy of the developed model has been undertaken and the results

are presented and discussed.

Despite the introduction of simplifying assumptions concerning floodwater behaviour, the
predictions show consistency with physical experimental data. It is believed that this pragmatic
approach constitutes a very efficient tool for predictions of vessel performance in extremely adverse

conditions. This effectiveness has been demonstrated by undertaking forensic analysis of two of the

most controversial accidents of the last two decades, namely the loss of MV Derbyshire and the MV

Estonia disaster.
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Nomenclature

L,Lpp Lift force, Ship length between perpendiculars

B Ship beam

B, Linear viscous damping coefficient

T time, period, ship draught

D Rotation matnx, Ship displacement

CB Block coefficient

D’ Rotation matrix

MM, M, Mass (total), ship mass, floodwater mass, cargo mass
m, Mass of a unit, e.g. particle, floodwater in compartment I
F A force (total) vector

f Function of, or a force component

M, M, Moments vector (total) relative to a given point “O” or “A”
P Linear momentum

K 0 K y Angular momentum relativé to point “O” or “A”

K, Wave number |

K, Impulse response function

K Correction coeflicient

v (Body) Velocity vector

7] (Fluid) Velocity vector

r Position vector

i, J,k Numerators

N Unit directional vectors

X, V,2 Coordinates

o Rotational velocity vector

@, Circular frequency of incident wave

@ Circular frequency of encountered wave

@, Natural roll frequency

A Wave length
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I Inertia matnx

p Density of water

n Normal vector to a surface

g Gravity vector

J7 Viscosity coefficient

() Fluid velocity potential (time dependent)

@ Amplitude of fluid velocity potential (time independent)
P | Pressure

2 Free surface elevation

U Ship speed

t Time

G Source strength

SrS5,8,,0 9, Control surfaces

S(w) Wave energy spectrum

a,.b, Sectional hydrodynamic coefficients (added mass, damping)
Ay, B 3D hydrodynamic coefficients for 3D hull (added mass, damping)
a, Amplitude of wave harmonic component

A Denotation of amplitude

A Amplitude of incident wave

A" Amplitude of reflected wave

A, Plan-form area

) Denotation of phase angle or boundary layer thickness
R Real part of

q, 7 mode of motion

V4 Ship heading angle, or {in attachment angle

H(w) Impulse response function

W (w) Windowing function

10, Finite Impulse Response (FIR) function

C, Drift coefficient

C. Current coefficient
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Roll amplitude
Lift coefficient
Reynolds number -

Stabilising fin effectiveness

£

Fin incidence angle

Differential operator (space derivative)

Space dernvatives

Global time dgrivative

Local time derivative
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1 Introduction

Technical evolution, the result of untamed progression of humankind innovation, has grown at an
ever-increasing rate in the last one hundred years, facilitating creation of the most complex
engineering systems on one hand but leaving the implications of their widespread utilisation
unexplored on the other. The lack of full disclosure of the consequences of technological advances
has mainly been the result of a quest for economical benefits deriving directly from the performance

and therefore treatment of the safety considerations as a secondary issue.

Perhaps, for clarity, it would be worthwhile at this stage to ponder on what safety means. As is

generally perceived and recognised, the term “safety” does not have a plain definition derived from

etymological considerations. “Freedom from danger”, as the word is simplistically referred to in the
Oxford Dictionary, does not encompass far-reaching scope of the expression nor does it specify a

precise state in absolute terms, as it cannot do anyway.

Safety is the measure of the relative freedom from risks or dangers. Safety is the degree of freedom
from risks and hazards in any environment. Safety is relative - nothing is 100% safe under all
conditions. There 1s no absolute safety in mathematical probability terms. These quotes reflect just a
few more attempts to apprehend the complexity of the meaning of the word in a single expression.
Even narrowing any reference to safety as only made in the context of dangers deriving from

utilisation of technology, as is intended in this thesis, one can hardly find satisfaction in these

explanations.

It is because of this feeling of uneasiness pervading the public and demanding additional and new
avenues to be explored that lead to evolution of a separate field of scientific endeavour aiming at
making available any new scientific findings, knowledge, and methods of research devoted to the
prevention of accidents by unveiling of their causes and consequences. The path, which finally led
to the Science_of Safety, constitutes an inevitable and necessary process, which now and in the

future, must be carefully shaped and controlled as this discipline is still at the beginning of its
development. An “infancy” state, as the progression of the science of safety could be reasonably
described, derives from the fact that many basic concepts it must use have not been fully

determined, neither have they been universally recognised. Whilst it is easy to suggest criteria, such

Andrzef Jasionowski February 2001
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22 (4

as “intrinsically safe”, “safe by design”, “fail safe”, “sate by procedure™, and so on, in practice the

exact definitions and meanings of these are not always, indeed hardly ever, clearly definable.

In an attempt to address these disputable qualities, the ultimate goal of the science of safety sets to

hold to an absolute minimum any damaging effects from handling modern technology, or, at least,

to keep them within tolerable limits. In so doing, it is a special task of safety science to determine

“the present state of the art in technology” under the aspects of safety and to submit 1t to critical

examination. Science of safety, in short, is the research and doctrine of safety.

The principles of safety do not find straightforward implementations, however, even if derived from
advanced scientific considerations, due to afore mentioned debatable nature of the levels of safety
educing from its relativity. It 1s the economical implication of safety enhancements that leads to

safety relativity in the societal perception sense, as 1s demonstrated in Figure 1.

UNACCEPTABLE

Risk cannot be justified except
REGION

In extraordinary circumstances

Tolerable only 1f nsk reduction
1s impracticable or if 1ts cost 1s
grossly disproportionate to the

improvement gained

Tolerability Region
(ALARP)

Necessary (0 maintain
assurance that  nsk
remains at this level

Broadly Acceptable
Region

NEGLIGABLE
RISK

Figure 1 Levels of risk and ALARP, [ 200 |

Although, the intuitively preferable frequency of any hazard state and consequences of 1t
materialising are that of the “NEGLIGABLE RISK™, to achieve an economically viable design, a

compromise must be established. This compromise constitutes the acceptability of a given safety

level and is mostly a result of debate between ethical and economical considerations.
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It is a fact that the ethical considerations as derived from human psychology have always been
motivated mostly by accidents of catastrophic nature, 'distinctive example being that of ship
disasters. The established explanation lies in the fact that the difference in the psychological
reaction between one, ten or one thousand people being killed simultaneously due to the same cause

and in the same place is highly non-linear.

Light could be shed upon the ethical aspects by the following excerpt from the report on one of the
most tragic maritime accident of the last decade, [ 188 ], which also highlights a need for cntical
revision of the safety levels currently prevailing in the world-wide shipping industry. To elucidate
the scale of the problem it is also worth mentioning that about 1500 marine accidents and dangerous

incidents to vessels and personnel are reported each year in the UK alone, [ 210 ].

“...A few (passengers) lay down on the floor and started to drag themselves up to the doors using

the tables which were fixed to the floor. One (passenger), who was together with his mother, took
off his shoes and socks and dragged himself from one table to another, helping his mother by
pulling her across the floor table by table. They had to move upwards towards the centre line of the

ship and then another 10m aft to reach a door. ... Clinging to a pillar, two tables from the port
doors, she begged him to leave her and continue by himself. She told him that she did not have any
more strength. He shouted at her in vain to continue. ... He managed to drag himself out to the

open aft deck and ... eventually to the port side of the hull. ... ”

He survived. His mother and 851 others did not.

It should be borne in mind, however, that it is not always that financial investments limit safety,
quite the reverse, the economical considerations will prompt improvements towards safety, as

safety, particular lack of it, costs money.

Avoiding engaging in any further moralising about the relative merits of duty and inclination, 1t is
worth to summarise that safety is an entity subject to design, where common sense optimisation
procedures seeking compromise between a series of conflicting determinants, 1s the engine towards
future safety enhancements in a cost-efficient manner. Such balancing of cost, efficiency, reliability,
time and other constraints with regards to safety is, however, a very complex process and general

methodologies, especially applicable in naval architecture, have only recently started emerging, not
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least because of their elaborate and interdisciplinary character, but also because of the prevailing
design philosophies. Safety in ship design is treated superficially, for being a minimum requirement
of rule-conformant it is not an integrated part of the design process, and therefore by approach ships

are not safety-oriented and safety-optimised.

This currently dominant deterministic approach 1is direcﬂy chaliengéd by statistical deductions,
which demonstrate that most of the accidents are caused by an event or physical phenomenon
entirely predictable at the concept design stage. Therefore it is the design stage where the safety

must be inherently catered for, see Figure 2.

—

Regulations

Safety Authorities Manufacturing

Board of directors, 1
Marketing, Chicf designer

l l l- H
£,
-

Figure 2 Safety comes down to the designer “in the end”, [ 199 ]

Designers should use available methods to recognise the hazards inherent in their design, and
design the hazards out of the ship. Safety should be designed into a ship right from the start, rather
than being tackled after accident ‘data have pointed out the designer’s original mistakes. Therefore

the key to safety is a proper design, where the recognition of hazards and determination of levels of

severity in the eaily design stages 1s one of the primary themes of the design process.
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Prime example of this philosophy advocated for ship design 1s the Design for Safety as
demonstrated by practical implementation in an integrated ‘software environment (blackboard
system), [ 207 ], where the emphasis put is on linking three interdependent actions allowing safety
to be inherently catered for duning the design stage. These are:

(a)  Safety performance prediction through the utilisation of appropriate technical tools.
(b) . Safety assessment deriving from risk-based methodologies.

(c). Daisparate design activities and issues.

Association of these three elements permits formalisation of the Hdesign for safety methodolqoqu,
which by adopting iterative solution scheme allows for balancmg between different performance

qualities (resistance, seakeeping, survivability, structural desi gn, passenger evacuation, stability,

etc.) while efficiently compromising between risks and costs.

It 1s 1mportant to emphamse again that the mentioned risk assessment addresses both the frequency
and consequences of an undesirable event occurring and risk reductions would involve both of these
elements. Obviously since the level of reduction relates to costs some acceptance criteria need to be
established. It is postulated in [ 207 ] that although the level of risk can be reduced by reduction in
frequency of occurrence of undesirable events (mainly fatality), there will be a level of

consequences that cannot be tolerated. Therefore some maximum tolerable consequences must also

be defined.

In view of the above reasoning it becomes clear that technical tools for performance assessment,

also applicable for estimations of consequences must be developed.

This thesis sets to actively support the evolution of the above discussed goal of implementing satety
in a ship at the design process by providing destgners with high level consequence analysis tools for
assessment of ship dynamic stability while in limit state conditions and exposed to extreme

environments.

Full use will be made of the knowledge generated since 18" century, which by integration into a
specific model addressing ship dynamics, will form the core of the delineated safety assessment

methodology and therefore contribute to the increase of quality and safety of life.
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Following the renowned early works of Newton, Euler, Froude, Stokes, Green, Rayleigh and other
advancers of mostly fundamental sciences, an era of modern approaches to ship dynamic response
in a random seas can be distinguished with an advent of the superposition principle by St Denis and
Pierson in 1953. This was followed by the first ship motion theories suitable for numerical
computing introduced ‘in fifties, notably by Grim or Korvin-Kroukovsky and Jacobs in 1957.
Middle of the century has seen countless number of such advances contributing to developments of
intact ship motion prediction tools: multipole expansion method of Ursell 1949, Kim’s application
of the Ursell’s method to Lewis forms in 1969, close-fit method of Frank, 1967, 5dof strip theory
with forward speed of Salvesen at al 1970, pioneering calculations of 3D hydrodynamics of semi-
submerged heaving sphere by Havelock in 1955, first successful applications of an integral equation
techniques in 3D by Hess & Smiths in 1958 or Yeung application of this method for arbitrary 3D

bodies oscillating on free surface in 1970.

It is eighties that can be considered the time of extended efforts on numerical modelling of the
dynamics of ships in waves in flooded conditions, such as techniques to deal with water on deck
developed by Dillingham in 1981, or Turan numerical model of Ro-Ro vessel dynamic stability and
survivability, 1993. The latter approach, has attracted great interest from the ferry industry, who

were keen on seeking optimal stability-criteria-conforming design and cost-effective retrofitting

solutions to meet new strict rules.

Such numerical treatment of damage stability is deemed to evolve into a viable alternative of
physical model testing, once fuller understanding of the overly complex processes involved in ship
foundering is gained and reliable methods for modelling them become adequately validated.
Henceforth these tools, by achieving widespread utilisation in routine design practices would
contribute significantly to ship safety improvements, as by enabling systematic identification of
stability deficiencies and survivability assessment, they would allow safety to become an inherent

feature of new designs.

This research addresses fundamental advances in modelling techniques achieved in the pursuit of
the aforementioned goals, by detailed explanation of the underlying theoretical considerations. In so
doing, after statements of aims in §2, literature review in §3 and an outline of the approach adopted
in §4, the first technical chapter §5 Ship dynamics, explains principles adopted 1n modelling of
floodwater or cargo shifting effects on the ship behaviour. §6 Ship hydrodynamics, addresses 1n

great detail the 1ssue of modelling of ship hydrodynamics for a damaged ship whilst §7 Internal
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effects, explains key points in modelling actual motions of floodwater or cargo shift. Key aspects of
numerical implementation are discussed in §8 Numerical algorithms. Finally §9 demonstrates
validation studies undertaken to provide confidence in the use of the developed tools, together with

its practical application. §10 offers a review of the research presented in this thesis and §11

concludes the study performed.
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2 Aims of research

The primary aim of this research work is to advance the existing state-of-the-art in mathematical
modelling of the dynamic behaviour of damaged ships undergoing progressive flooding and
exposed to random extreme seas by addressing the key elements pertinent to limit state performance

in these conditions.

Building on the wealth and variety of available knowledge and experimental data concerning

predictions of ship performance, the specific objectives of the project are formulated as follows:

e To resolve existing ambiguities in the development of the generalised mathematical ship motion
model. ;

e Enable the model to account for speed effects by including the relevant non-linearities arising in
the equation of ship dynamics. -

e Model cargo shifting as a dynamic phenomenon, taking place during extreme motions.

e Develop a methodology for simulating ship response when exposed to extreme environmental
conditions whilst accounting for extreme undesirable events.

e Develop techniques for predictions of internal fluid motions allowing for interactions with ship
dynamics.

e Study the effects of these advancements on the quality of ship performance assessment by
comparison with experimental data.

e ' Demonstrate through case studies the potential and practicalities of the developed tools.

Deriving from the above stated aims the review of the relevant literature available is carried out in

the next chapter.

Andrzej Jasionowskl February 2001



An Integrated Approch to Damage Ship Survivability Assessment Page 17
3 Literature review

Exploration of the published literature pertaining to the aims of this work, can only be addressed to
a greatly limited extent given the enormity of the progress that has been achieved as regards ship
dynamic responses in a seaway in intact or damaged conditions. Therefore, rather selective
appraisal was completed, targeting mainly key issues deemed of fundamenta] importance In
meaningful representing phenomenon of ship dynamics. Three general themes encompassing such

details were identified as is discussed below.
3.1 Predictions of interactions between ship and the external fluid

Modelling techniques of the interaction between the fluid and the submerged rigid hull 1s the very
essence of a science of predicting motions of a ship in seaway, or shortly seakeeping theory. The
literature, [ 27 ] - [ 76 ], addressing the subject of ship hydrodynamics, the prime element of ship
motion predictions process, provides a plethora of choices for application purposes with varying
degree of prediction accuracy and modelling complexity. Only the theories deriving from the

assumption of an 1deal fluid model will be discussed here.

There are two types of approach for prediction of the interactions between ship and sea that can be
distinguished: classical seakeeping theory based on linear potential flow and the recent advances in

explicit time domain simulations, accounting to some extent for body-geometrical and free surface

non-linearities.

The origin of classical seakeeping theory could be attnibuted to the work of Grim [ 38 ], and
Korvin-Kroukovsky and W.R. Jacobs, 1957, who provided the first usable method for calculating
the coupled heave and pitch motions of rigid ship in regular, deep water sinusoidal waves, [ 42 ].
Their pioneering approach used slender-body theory as a basis for predicting the hydrodynamic
properties of a series of sections (strips) along the rigid hull of a vessel. The ensuing “strip

theories”, most classical examples being [ 50 ] or [ 66 ] developed on the basis of scientific and
pragmatic considerations, [ 42 ], have evolved to an adequate level for practical use within a range
of parameters deriving from the inherent assumptions. The most recent review of the slender body

theories has been presented in [ 48 ] together with some discussion on their accuracy, see Figure 3.
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Figure 3 Order of parameters valid for various slender body theories, [ 48 ].

y 2 |
The free surface boundary condition (:‘-a}E -U Ei—) ¢+g-§£ =0, can be considered in order to

highlight recommended limitations of strip theories, which should not be applied when the

expression containing operator- — 1n the first part of this equation becomes predominant. Firstly

Ox
large values of the gradient operator itself (blunt-shaped ships) would directly violate the main
assumption of small longitudinal gradient of the velocity potential. High speed would accentuate

this expression even if the longitudinal gradient of the velocity potential was small. Low frequency

range, @, ~ 0, renders the first expression very small in comparison to the second one. Therefore,

most of the strip theories should not be applied for cases of high speed, to hulls that are not slender
or for long waves. Note, however, that in the latter case hydrostatic forces dominate the motions
and therefore the error in using strip theories at low frequency is negligible. Also the reported
success of strip theories, e.g. [ 47 ],] 48 ],[ 50 ], to predict motions at zero to low speeds even for
non-slender hull forms supports the robustness of the strip theories and their practicability for ship

motion predictions.

To summarnse 1t 1s worth underlining that the main source of any ixiferiority in the prediction of ship
hydrodynamics by strip theory as compared to more sophisticated 3D-based approaches denves
from the inherent assumption of small longitudinal grédient of the velocity potential as well as no
interaction between the vessel strips (longitudinal component of vector normal to body surface

1ignored and velocity potential solved separately for each strip). Figure 4 to Figure 6 demonstrate
quantitative comparison between different approaches mentioned in Figure 3, 3D techniques and
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experimental results, [ 48 ]. As exemplified by the radiation coefficients in yaw in Figure 4 for the
zero speed case, the unified theory overcomes any deficiencies deriving from these assumptions.
Furthermore, the enhanced unified theory of [ 48 ], validated for low speeds (Fn<0.3-0.4) takes into
account the 3D wave diffraction effects in x-direction near the ship ends. In case of higher Froude

numbers (Fn>0.3-0.4) the high-speed slender-body theory seems to be adequate, Figure 6.
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Figure 4 Added-moment of inertia and damping coefficient in yaw of a half-immersed spheroid of
L/B=5 at zero speed, [ 48 ]
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Figure 5 Radiation force coefficients of a frigate hull (CB=0.55) due to heaving at Fn=0.35
(computed by Newman and Sclavounos (1980) using unified theory), [ 48 ]
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L

It can only be concluded that strip theories shall be recognised as practical calculation methods.

As can be found in some published ‘studies, strip theories have even found application for
predictions of the effects of the damage opening on the flow over the hull. In the work presented in
[ 127 ], a strip method with the hull bound perturbation flow concept is used to predict
hydrodynamic pressure on the hull surface for a damaged ship in-a seaway, in which a two
dimensional Green function approach is applied to determine flow parameters around hull sections
including normal and damage sections. The main aim was prediction of the wave loads encountered
by the damaged ship hull. The computational results showed that these loads are of identical order
as for the intact ship case. This implies little effect of the opening on the fluid flow over the hull in

oscillatory vessel motions. This research, however, has not been backed up by any experimental
data.

2\ Lspr. (3w, 1968)
aJ omph ¢+ O DT, .8m

e Trantient Formgla tion
anuvenes § tee@ . Thaory
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Figure 6 Radiation force coefficients of a frigate hull (CB=0.55) due to heaving at Fn=0.35
(computed by Yeung and Kim (1981) using high-speed slender-body theory), [ 48 ]
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The recently emerging class of solutions to the problem of hydrodynamics due to interaction
between floating body and fluid, performed explicitly in the time domain, can be further divided
into two techniques: one employing complex time-dependent pulsating source distribution and the
second relying on Rankine singularities. Pnme example of the first application is the work [ 28 ]
where studies into transient motions of floating bodies at zero speed have been performed. The
method allows taking into account geometrical non-linearities arising from large amplitude motions
but linear free surface condition is retained. Techniques with Rankine source distribution, for
instance [ 31 ], [ 32 ], [ 37], allow in principle to account for all of the non-linearites including those
of the free surface condition and therefore become more and more popular, [ 77 ]. In fact potential
flow predictions based on Rankine source distribution have recently been applied in work of [ .49 ]
for studies on hydrodynamics of a damaged ship involving instantaneous water ingress/egress,
where the mixed Eulerian-Lagrangian (MEL) time stepping technique is used to predict linear
hydrodynamics of the hull and the interaction between the internal and external fluid flows in time
domain simulation is achieved by domain partition. The approach has been successfully compared

with experimental data.
3.2 Hybrid time domain motion simulations and ship damaged state

The time-domain solutions of the mentioned type, however, have a common feature preventing
them from widespread application in routine design practices. Namely, they are both difficult to

use, require extensive pre- and post- processing effort, and are computationally demanding.

Therefore, to resolve the problem of predicting ship behaviour in a seaway in an efficient yet
considerably meaningful manner, another class of approaches evolved based on what can be
referred to as hybrid modelling. The problem is solved in two steps: predictions of ship
hydrodynamics based on linear potential flow theory, and then via spectral and convolution
techniques (impulse response function) a general non-linear model of ship dynamics is set and
solved in time domain. A comprehensive overview of the state of the art concerning modelling of
intact ship dynamics in this fashion available in 90s is given in [ 95 ], where common resolutions to

many problems in such modelling are discussed.
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Early application of this motion prediction technique in developments addressing assessment of the
effects of water on deck on the vessel motions were undertaken by Dillingham [ 146 ], where the
seakeeping characteristics of a small fishing vessel with large flat deck and possibility of water
ingress/egress were investigated. The vessel was considered as a two-degree-of-freedom system and
the equations of motion in sway and roll were formulated in the time domain using the mentioned
impulse response technique. An approximate  solution to a non-linear hyperbolic system of
equations describing the flow of the water on deck was obtained numencally using the random-
choice method, also known as Glimm’s method. From this solution the static and dynamic forces
exerted on the vessel by the deck water were computed and then added to the external wave
excitation forces to obtain a complete time-domain solution for the motion of the vessel and the
deck water. Water ingress/egress was modelled by Bernoullt’s equation with empirical  discharge

coefficient. The model was successfully verified by available experimental data.

Another such approach focusing more on the ro-ro type damage ship survivability was developed
by [ 117 ] where the hydrodynamic reaction forces were taken for one frequency, corresponding to
the peak of the sea spectrum, and the linear excitation was simulated based on-the spectral
approach. The water ingress/egress was again modelled by Bernoulli’s equation with a purposefully
derived coefficient. The linearised equations of sway-heave-roll motions were solved
simultaneously with a simplified floodwater motion model, where the latter was based on two
assumptions: that the free surface is flat and 1t rotates in phase with the ship rotations. Gravity
forces as well as change in inertia due to the floodwater were accounted for. Despite great
simplicity of the approach, the numerical simulations were used to derive the physical measure of
ship resistance against capsize in terms of significant wave height, the boundary survivability

curves, [ 134 ], and successfully compared with experiments.

Different hybrid combination was employed in [ 138 ], where again the focus of the research was to
determine the vessel’s dynamic response when water is present on deck. A numerical 3DOF ship
motion model, sway-heave-roll, was built, where the fluid forces were derived based on linear strip
theory, and the water sloshing was simulated by means of the non-linear shallow water wave
equation solved by random choice method (Glimm’s method). Although the model was only
developed for testing in regular harmonic waves, useful conclusions were drawn. Correlation of

numerical predictions of ship responses with expenment was also shown.
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An 1nteresting reasoning on the dynamics of a ship with flooded compartments in a seaway was
presented by [ 135 ], the aim of which study was the discussion of peculiarities of the analytical
calculation technique for predicting the forced motions of a ship with flooded compartments in
regular beam waves. Three types of compartment flooding were considered namely fully flooded,
partially flooded and compartment with an opening to the sea. It was assumed that three-degree of
freedom (sway-heave-roll) harmonic ship motions and liquid sloshing in flooded compartment are
linear. The linear hydrodynamic coefficients in the equations of ship motions were considered for
geometry resulting from asymmetrical flooding. The essence of the technique was introduction of
additional terms (corrections) in frequency-domain equations of motions due to floodwater mass
motion as well as variation. The analytical corrections addressed inertia, restoring (in terms of
metacentric height), damping as well as wave excitation. The results presented correlated with the
experiment. * .

v, -

The model introduced by [ 119 ] and detailed later in [ 120 ] was the first known attempt to take
into account all six degree of freedom ship motions, whilst in damaged state. Building on the
experience of [ 117 ], the model featured lincarised to some extent general set of ship motions
equations with terms accounting for derivatives of mass variation. The model in the form of two

- vectors for linear and angular motions 1s summarised below:

-Linear e f Angular
—) — SO
d——"? [d -"—""*1 : d d
Mw'[;}} GsGw™ (‘;‘,‘“’ )’”’ GsGw| ¥ Y| "GsGw” (dth‘G"’ i dtVG-’)} '
d — d | e S RUUIC S —Y =' %
¥ de W '(szGw) M + }}‘Mw '[erwa (VGJ+szGw)] * ( 1 )
¥ (MJ*'MW)'(E;?GJ) + (E;Mw)'vGJ-F . + (I.'-l- w) %‘m + (g-tfw)-m HMGJ -

The floodwater 1ngress/egress as well as the fluid behaviour was modelled in similar manner as
[ 117 ]. A step forward was made in an attempt to account for non-linearities due to hull

asymmetries arising from progressive flooding and asymmetric floodwater distribution. This has
been tackled by a DATABASE approach, whereby a set of hydrodynamic forces and coefficients
are pre-calculated from the aforementioned linear potential flow theory and the corresponding
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values are instantaneously interpolated from the storage: No firm conclusions have been reached as
to the effect of inclusions of these non-linearities other than that they are qualitatively small for a
typical mono-hull vessel. Also, no distinctive differences between [ 120 ] and [ 117 ] 1n dentved

aggregate result of ship survivability predictions were obtained.

Another development addressing full six-degrees-of-freedom ship motion in irregular seaways
model was presented by [ 94 ]. The simulation combined non-linear equations for roll and surge
motions with a linear treatment of heave, pitch, sway and yaw, using the stnip method. The volume
of water in each damaged compartment was corrected at each time step. Special emphasis was
placed on simulating realistically the motion of water on deck. Similar to [ 146 ] application of
Glimm’s method was used for simulations of floodwater motions for low tank filling ratios and
single degree of freedom for rotation of the liquid free surface assumed plane. The forces and
moments due to the interior fluid motion in partly flooded rooms and on the vehicle deck were
determined and added to the other moments due to wave excitation, etc. The simulation method was

comprehensively validated by comparisons with model tests.

Noteworthy 1s the research of [ 145 ], where deterministic chaos analysis of flooded ship motions
were performed. The mathematical model used was a single degree of freedom roll motion of a
two-dimensional box-shaped ship with free water, where the water motion was described by an
equivalent pendulum equation and no water ingress/egress was considered. Based on the results
derived and verified by physical experiment, the authors concluded that such simplified modelling

is meaningful and that chaos control techniques can be applied for studies on capsize prevention. -

The work presented in [ 130 ][ 131 J and [ 132 ] is yet another example of growing variability and
sophistication of dealing with ships in damaged state, where in a similar approach to-the above
mentioned work of [ 120 ] (floodwater treated as rigid body), an innovative treatment of floodwater
behaviour has been proposed. It was still assumed that the floodwater free surface is flat, but its
motion was represented as a free mass moving on a prescribed trajectory. The results showed good

correlation with experimental data.

Even more sophisticated advances have been achieved taking advantage of the hybnd modelling

where the floodwater behaviour and effects on motions have been represented by RANS techniques.

A good example has been given by the work published in [ 126 ] where physical and numerical

experiments with water held captive on the deck of an inshore type-fishing vessel were undertaken.
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Particular emphasis in the tests was placed on ensuring that numerical simulations could be
compared to the experimental results with minimum of uncertainty in the conditions of the model
and its dynamics. The results of the tests were compared to those of a time domain simulation code
(MOTSIM) used 1n conjunction with a 3-dimensional Navier-Stokes solver (FLOW3D). Apparent
problems with numerical simulations of manoeuvrability of the vessel in waves were observed. An
ad-hoc procedure was adopted to mend the differences between ship heading onto the waves,
namely a mean yaw correction term was applied. This proved to solve the discrepancy. The
experiments themselves showed a peculiar effect of water on deck for ship in astern seas, where the
vessel rolled with amplitude of approximately 22 [deg] when there was no water on deck but only 2
[deg] when some amount of water on the deck was allowed. Numerical simulation showed the same
trend.

To gain more understanding of the dynamics involved in the ship foundering process due to

progressive flooding, a number of experiments have been executed and results made available.

For instance in the research [ 125 ] an investigation on the dynamic effects on a Ro-Ro ship due to
entrained water on deck and ensuing consequences on stability and survivability in beam sea
conditions was undertaken. The emphasis was put on investigating the water motion without the
effects of progressive flooding and that of the opening on ship hull hydrodynamics. A standard Ro-
Ro ship 1n 1:60 scale was built and tested at SOLAS damage with 0.5 m of water on the closed
deck. The experiments confirmed analytically derived values of liquid oscillation frequency.
Interesting to note were the dynamic pressures of double amplitude of the corresponding static

values. The vessel survived sea states of Hs=9.0m with 0.5m of water on the ro-ro deck.

Another research shown in [ 129 ] presents experimental and numerical research on the fluid
dynamics related to progressive flooding and sloshing inside a typical ship compartment. Model
tests have been carried out to investigate transient flooding following the occurrence of sudden
damage. Forced oscillation tests were carried out with the same compartment geometries as for the
transient flooding tests. The compartment geometries consisted of several engine room layouts and
accommodation spaces including cross-flooding arrangements. The experimental results provide
validation data for a numerical model to simulate the dynamics of a damaged ship. The authors
underlined that indeed little is known about the internal flow dynamics and about the interaction
with ship motions, especially during the initial stages of flooding, during which process the ship

may experience large amplitude transient roll not considered by current regulations.
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3.3 Water ingress/egress

Whilst dealing with predictions of damaged ship behaviour in the manner described above, a very
complex problem commonly approximated by all models 1s the water ingress/egress. The applied
steady flow continuity equation corrected by an empirical coefficient by no means can be accepted
as the ultimate procedure. Many problems remain not addressed, e.g. the influence of the circular
velocity of fluid particles due to progression of waves, the radiation and diffraction fields

introduced by the presence of the ship body, ship kinematics, highly non-steady flow character, etc.

There does not seem to be much of a direct research aiming at devising procedures for more in-
depth modelling of water ingress/egress where these effects would be catered for. However, studies
like the work presented in [ 124 ] could be made use of. In this work a method of predicting the
duration of inflow onto the deck and the thickness of the inflow layer over the bulwark top are
sought after. The proposed method makes use of the linear potential theory (based on Lewis forms)
for prediction of diffracted wave amplitude and this is used to simulate the dynamic swell-up
effects. The calculated values agreed reasonably well with the experiment. The key factor was the
correct prediction of wave elevation relative to the deck edge and then the derivation of a flooding
coefficient, which in this case proved to be K=0.583. The estimated quantity of the shipping water

on the deck using the duration and the thickness for fixed two-dimensional bodies in beam seas was

successfully compared with a purposely designed experiment.

3.4 Summary

Taking into consideration of the literature review, as presented above, a preferred general outline of

the sought cluster of methods to be implemented 1n the modelling emerges.

It is felt that to arrive at a practical model, the fully non-linear time domain solutions to waves-body
interaction cannot be applied and therefore the linear, frequency domain solutions seem to be the
suitable choice. Moreover, the 2D approach instead of the 3D appears to be a good compromise
between efficiency (for instance perceived data pre-processing) and accuracy. However, the applied

technique would have to address the cases of geometry asymmetries and speed. Furthermore, an
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option can be facilitated to evaluate the exciting F-K and restoring forces up to the instantaneous
wave profile for prediction of motions in extreme environments.

Also for the modelling of floodwater behaviour it does not seem to be feasible within the time
constraints of this work duration to aim at fully non-linear CFD simulations of water motion.
Instead a simplified approach can be pursued involving a combination of floodwater flat free-
surface and independent mechanism for its behaviour,

The equations of motion of ship dynamics in all 6dof can be resolved and all the resultant terms

retained for the sake of accuracy and completeness of the mathematical model.
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4 Approach adopted

In addressing the goal of development of robust modelling techniques capable of representing
damaged ship dynamics with sufficient accuracy and hence allowing for routine utilisation 1n
design, exploration of approaches denived from first principles 1s of vital importance. However to
“exactly” model ship dynamics a multitude of physical phenomena has to be considered, each of
which needs development of highly sophisticated mathematical representation with even more
elaborate numerical coding, an approach one can easily deem impractical for the sheer costs
involved. Therefore, for this modelling to integrate into an application for use in practical naval
architecture, adoption of simplifications, which by their very nature are more or less disputable,
becomes necessary. Here literature offers an extensive set of options for implementation and,
therefore, the choice by necessity driven by .pragmatism leaves a large scope for -creativity,
consequences of which are numerical tools for simulation of ship dynamics with acceptable

accuracy.

Deriving from this philosophical preamble, the following specific tasks, chosen techniques and

appropriate simplifications are adopted to address the set objectives of this work.

e Full set of equations for modelling of intrinsic effects of floodwater dynamics on ship
behaviour, to be re-derived based on rigid body motion theory, with emphasis on retaining all
arising non-linearities.

e Treatment of non-linear damaged vessel hydrodynamics based on intact hull properties tackled
by database approach to be improved by development of efficient strip-theory for asymmetric
geometries.

e Flooding process modelled by stationary fluid momentum equations with empirically denived
correction coefficients.

e The ensuing floodwater behaviour to be predicted by a pendulum-like motion equation (free
mass constrained by surface motion) resolved in Cartesian coordinate system. The motion space

to be formulated by appropriate geometrical database.
e Cargo shifting to be formulated as a point-mass planar motion due to acceleration field.

e Non-linear flow phenomena such as viscous flows or higher order eftects addressed by

empirical formulations.
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S Ship dynamics ' o S S

For advanced desdription of rigid body motions rigorous derivation of equat;:bhsj from first
principles is required. This chapter deals with basic dynamics theorems and geometrical issues,
aiming to establish a basic mathematical model for the description of ship motions whilst

accounting for free mass (ﬂoo&ﬁater and cargo) shiﬁing effects.

5.1 Inertial Coordinate Systems

In nonrelativistic dynal;licé it is assumed that there is an absolute space, which 1s Euclidean, and an
absolute time, which is independent of space, [ 97, p.3]. A coordinate system must be employed to
measure and describe a motion. It was Galileo who showed that there exists a preferred reference
system for which the acceleration has its simplest possible form. Such a reference frame is called an

inertial- or Galilean- coordinate system. The acceleration measured with respect to inertial
coordinate system can be called absolute, and hence the frame can be referred to as absolute or

global.

An inertial frame of reference may be defined as a coordinate system that does not rotate and whose
origin is either fixed in space or if it translates, then it moves 1n a straight line at a constant velocity.
The nearest one can come to a “fixed” reference system i1s the primary inertial system or
astronomical frame of reference, [ 107, p.222], which 1s an 1imaginary set of axes attached to the
fixed stars. All other reference systems, then, are considered to move in space, including any
reference system attached to the moving earth.. The accelerations of points attached to the earth as
measured in the primary system are quite small, however, and can normally be neglected for most
earth-surface measurements. For example the acceleration of the centre of the earth in its near-

circular orbit around the sun considered fixed is 0.00593 m/s’.

Deriving from the above, the earth-fixed, "inertial” reference frame EX®Y"Z" is assumed to

delineate space. The EXEYE plane is fixed on the calm water level and the EZ" axis points upwards,

see Figure 7.

Ship motions can be decomposed into two components: steady and unsteady, the first denoting the

ship moving forward with constant velocity at a given mean position and the second 6dof
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oscillations around her mean position. Following this, to simplify the motion description, a second

inertial co-ordinate system OXYZ can be adopted. The OXY plane 1s placed on the calm water
level, and the OZ axis points upwards, see Figure 7. This system moves with the mean, rectilinear
motion of the ship, 1.e. in case of no ship oscillations, the origin “O” of the system 1s located at the
intersection between water-plane, centre-line-plane and mid-ship-plane of the ship, see Figure 8.
The OX axis points towards the bow of a ship and OY to port side. The angle between the EX" and
OX axes, S, defines the heading of the ship with respect to the oncoming waves, the propagation

direction of which is assumed to be along the EX" axis.

4
Y Y-
' X
O S N
B

Figure 7 Definition of inertial co-ordinate systems

The ship-environment interaction will be expressed in the OXYZ co-ordinate system. Note here that
the predicted vessel motions will be expressed in this coordinate system at its initial position (t=0),

and for convenience this system will be referred to as o'’ YOZO, see Figure 23.
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Figure 8 Inertial co-ordinate system in relation to ship with no oscillations
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5.2  Ship as a rigid body

Classical definition of a ngid body describes it as a system of ‘'n mass points, with masses m,,

which are joined by rigid links. The major implication of this assumption is that elastic or plastic
deformation of a given body is ignored in both the interaction of material particles between each
other as well as interaction between the body as a whole with the surrounding environment. The
former 1s of major interest for engineering dealing with fatigue whereas the later is a main study
subject for vibration and hydro-elasticity. Both these aspects, however, are beyond the scope of this
thesis and will not be addressed here. Therefore, the assumption of rigidity of the ship will hold
throughout this work. Moreover, this definition will be extended onto any “free mass” within the

ship like floodwater or shifting cargo, where such masses will be generalised as separate rigid
bodies of given mass. The theory on kinematics and dynamics of multi-body systems will then be

used to model the mutual interactions between ship and free masses.

Deriving from the above, the mass of the system composed of the ship and any free mass, treated as

rigid bodies, will be assumed to be:

Z Zm +Zm =M +M, | (2)

Where
M, Total mass of an intact ship
M, - - Total free mass (e.g. flood water or cargo)

It should be noted that unless otherwise indicated, the index “i” corresponds to a single fluid
particle. It is worth highlighting it due to indeterminable discretisation resolution that can be used i1n

defining ship spaces that could undergo flooding and which spaces would intuitively be identified

by the index “i”. Therefore for the sake of simplicity in the derivation process, the term M from

i‘ .

now on should be interpreted as a composition of a number of particles “i” into one body of mass

M, and that the body represents one flooded/loaded space within the ship. Naturally there will be

many such units within the ship.
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5.3 Conservation of momentum

Motion of any rigid body in space can be described by virtue of conservation of momentum, the

general theorem of classic dynamics.

g

D - : : L
—b—;P =F Conservation of linear momentum (3)
}% K,=M, Conservation of angular momentum (4)
Where:
Y Resultant of all external forces and moments
e relative to point O, acting on the body
P= me a7 ~ Linear momentum of the translating body (5)
!
Mass of a single, finite element of the body (mass
m
‘ point)
v, Total velocity of the mass point

- ~ - Angular momentum relative to point O of th
KO =Zr0,><m,-v, e . PO c (6)
; translating and rotating body

T, Posttion vector of the mass point

Note that all vectors are expressed in the inertial co-ordinate system OXYZ. It is easily noticeable

that equation ( 3 ) with definition ( 5 ) is fairly simple to solve numerically. It is difficult or

L

impossible, however, to instantaneously determine the position vector r,, and velocity ;: of each

single particle of the system, denoted by equation ( 6 ), relative to the origin of the inertial co-

ordinate system OXYZ. For this reason, derivations of solvable equations of motions will be carried

out starting with identity (4 ) and ( 6 ) first.

To simplify equation ( 6 ), the motion of the body can be decomposed into its rotation around an

arbitrarily chosen point A and its linear displacement relative to the point O, see Figure 10.
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- Figure 9 Body moving in the inertial co-ordinate system

The position vector may then be rewritten as:
I, =F,+T, (7)

Hence applying ( 7 ) to equation ( 6 ) leads to the following:

I

Ko=) (F+F)xm,-¥,
;
Eo=(axzmﬂﬁ)+(2ﬁxm§'§:] (8)
: :

Applying further definitions ( 5 ) and ( 6 ) to equation ( 8 ) gives:

I?O=axp+k:! : 3 v ; i 51,..(9)
Where:
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KA =Zri xm; v,
i

When equation ( 9 ) is inserted into equation ( 4 ) the following is obtained:

t Dt A
e = D = - D
V, XP+—K, =M,-r, X—
A Dt 4 7% 47y
. = D5 -

Angular momentum of the rotating body but now

relative to point A

Whei'e use has been made of eqﬁatic;n (*3 ):

b

Dt

Page 34

(10)

(11)

Figure 10 Decomposition of motion of the body into rotation around point A and its displacement
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5.4 Absolute velocity vector

For equation ( 11 ) to be further elaborated, the absolute velocity vector, ;: . seen in both definitions

( 5) and ( 10 ) must be explored in more detail. In an inertial co-ordinate system this velocity can be

found as:
G, = F, == (7, +7)
i DtOl Dt A 1
Y -.-.—I-)—-F +—Q-F-if' +—l—)—?
1= AT 1T VaT (12)

Where equation ( 7 ) has been made use of. Due to the rotation of the rigid body the vectors 7, and

. C D - : : : : : :
their denvatives, -b—;r, , seen 1n equation ( 12 ), are still too difficult to express instantaneously in

the 1nertial co-ordinate system OXYZ, see Figure 10. It is known, howéver, [ 113, p.59], that the
position of these points in space can be described in any coordinate system, provided their
orientation with respect to the inertial system 1s known. So, to overcome this difficulty let some co-

ordinate system be fixed to the rotating body with the ongin located at the arbitrarily chosen point

A. Unit vectors, denoted as ', ', k', describing uniquely this system in the inertial (OXYZ) one can

be found from the following relation:

i'=D?.i
j'=D".j (13)
k'=D7".k

Where the definition of the time-dependent rotation tensor D = D(¢), [ 113, p.63], can be found in

Ry amiy  aadiy

Appendix 1. The unit vectors i,j,k (also called vector basis for the space, [ 113, p.44]), used above

and describing the inertial co-ordinate system OXYZ are defined as follows:
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j=[o 1 of - (14)

n=x-i+y-j+z-k (15)
Or:
'};,; — xl:{i + yt_j-'t + Z'E'E' | , | .- 1 , ( 1 6)

where its coordinates in the second definition, x', y' and z' are now expressed with respect to the

body-fixed reference system. It can be shown that:

iy o b

X i +y-j+zok=x"+y-J+2"k'

v sl —— -l =iy

xi+y-j+z:k=x"D'i+y"D"-j+2"D7 -k

x-?+y'f+z-fc'=D'l-(x'-7+y'-}+2'-g) (17)
And by denoting: 1
Flo=xi+ Y] +2'k (18)

equation ( 17 ) can be written as

F=D".F Orthogonal transformation operation, [ 112,p.52]  (19)
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See also equation ( 227 ). Equation ( 17 ) to ( 19 ) are shown at this moment for clarification

purposes only but are useful later. The main interest is in equation ( 16 ). If for simplicity, this

definition of vector 7, is used, the second term of equation ( 12 ) can be written as:

—r =—\Wx 'y 2k ) = =X i — Y | 2+
Dt Dt( 7 )[ ) [y)J( )

+x'{£—?’)+ Sy +z' ﬁ'—/}')
a' ) @ )T

which follows from the fact that the unit vectors of body-fixed coordinate system are now time

(20)

dependent, see equations ( 13 ) contrary to equations ( 14 )! Based on the analysis of infinitesimal
rotations in Appendix 1, the time derivatives of unit vectors of body-fixed reference system seen in

equation ( 20 ) take the following form:

d=_ - =
—i'=@xi
{
_C_{ N 4 O ’ | | N
) =OXJ D (21)
g—E’ =dxk'
dt
Where:
&=, i+, '+, k' Cartesian rotational velocity vector (22)

See equations ( 238 ) and ( 243 ) of Appendix 1. Once equations ( 21 ) are inserted into equations
( 20 ) the following is derived:

-2-?; = i?; + @ X (x'-?'+ y'-f'+z'-l-c")

Dt dt

D._d_ -

Det gt T (23)
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d : - : :
Where, — denotes differentiation only over vector co-ordinates expressed in the body-fixed system

dt

of reference. The above can now be used to express equation ( 12 ) as follows:

Y . o d. L
Vi“",-t"';.?’}"'w X (24)
Note that the vectors E, g}-}: and @ are expressed from now on by equation ( 16 ) and ( 22 ),

respectively. Although their coordinates are expressed in body-fixed reference frame, the vectors

correspond to global coordinate system, OXYZ, because of definitions ( 13 )!

The terms in equation ( 24 ) can be interpreted in the following way:

vV, Velocity of translation of point A relative to point O. *
Velocity of translation of mass point “1” relative to point A, which results from
ii-; differentiation only of coordinates of r, vector, expressed in body-fixed reference
“ system. Because of definition ( 13 ) this vector 1s expressed in the OXYZ system.
Velocity of translation of mass point “1” due to rotation around point A, which results
@ XT, from differentiation of unit vectors of body-fixed reference frame. Again, because of

definition ( 13 ) and ( 22 ) this vector is expressed in the OXYZ system.

Note that the coordinate system OXYZ can translate with some constant velocity ¥, =[U 0 0f

and in this case the translation vector should account for this: ¥, =¥, +7,.

Following the logic of equation ( 2 ) and inserting equation ( 24 ) into ( 5 ) and ( 10 ), which are to
be used for further elaboration of equation ( 11 ), the following is obtained:
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Where
VXV, Y m =0 I B (25)
i . | . -
. d. . . d-. d . - d_. l *
vAmei';};’;=VAX(Ms'z?d(}s+Mw":i?rAGwJ=vAXMV'E;rAGw | N (26)
Note here, that —%ﬂa; =0 as both of the points, 4 and Gs belong to the same rigid body and hence

the distance between them is always constant. Note also the following definition:
zma‘ hEM-1;
I

In a similar manner the remaining equations can be expanded:

pux{ @3 T | 5uxlx (M M, ) (27)
!
th'EXFA:‘(Ms'aGJXFA)'l'(Mw'aGwXFA) (28)
i

- d_. (. d . - d . . d .
Zr; X m, ";i“;’} = (rAGS x M, '3}"'.403) +(rAG’w X A{w “‘c}}“"Aan = Fyow XM, * 7 TaGw (29)
Y Fx(@xm, %)=k, (30)

All equations ( 25 ) to ( 30 ) except ( 29 ) are the result of a simple mathematical deduction.
Equation ( 29 ), however, requires some justification as it is not mathematically correct averaging of

a summation of cross product of two discrete vectors. Physically it implies that the sum of angular
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momenta with respect to point A resultant from motions of mass points m, relative to point A with

oal” B . . . .,
velocities — 7 can be approximated by an angular momentum with respect to point A of a single

dt

. .. . . - . _ . .
mass point M, undergoing motion with average velocity — 7, . For justification of this operation

dt

it should be reminded that the index “1” denotes here fluid particle and the term “A7_ ™ corresponds

to single flooded space within the ship (or single shifting mass unit). These two subtle points
already indicate that the error in making assumption ( 29 ) will be of limited importance as it will be
confined to this single shifting umit. Figure 11 demonstrates motions of two fluid particles in a
flooded space. Although the particles are assumed to belong to the same rigid body, their motion is
independent as it relies on geometrical constraints imposed by the space. Here already for this
reason it can be clearly seen that the equation is imprecise. This imprecision, however, will be

ignored in this study, as it seems that it will be locally limited to single flooded compartments.

For the case of a shifting cargo, which unlike the ideal model of point mass assumed here has some
dimension and therefore space mass distribution, the same equation will not be correct in the
situation of cargo undergoing rotations with respect to body fixed system of reference as in this case
each particle of the cargo would have different velocity. However, 1n this work the moving cargo

will undergo only rectilinear motions with respect to body-fixed system, and therefore equation

( 29 ) 1s vahd.

Figure 11 Motion of fluid particles in a closed tank
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Note furthermore, that equation ( 30 ) can be expressed in more convenient form by applying

identity (47 ):
=Zé'mﬂ( 7)- Z’i m, +(&-7;) (31)

It 1s worth to write equation ( 31 ) in a scalar form for better clarity:

I:Zm ’}:I Zmi-x,-(x,-a)x+y,-a)y+2,'a),)

[Zm: 5 ]_th 'yi'(x: D, tY,- 0,2 'a’z)
i

[Zm T ]-—Zm, z-(x, -0, +y, ‘0, +72, ‘®,)
]

After simple manipulations it can be further rewritten as:

Zm (yz +212) th Xi* Vi '”Zmi'xf'zi a;x

Zmi Vi % Zm: (xl +z) Zm ‘Y0z || @,
"'th 2y X —Zm "2 Vs Zm (x +}’,) ©:
: |

g'q" a—g

And when the following is introduced:

J I I Zmi (yz+zi2) Zm "Xy Vi _Zm('xj'zg

J
xy "Zm "Vit Zmz (‘xl +*<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>